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Abstract

This thesis provides a necessary and sufficient condition for asymptotic efficiency of
a nonparametric estimator of the generalised autocovariance function of a Gaussian sta-
tionary random process. The generalised autocovariance function is the inverse Fourier
transform of a power transformation of the spectral density, and encompasses the tra-
ditional and inverse autocovariance functions. Its nonparametric estimator is based on
the inverse discrete Fourier transform of the same power transformation of the pooled
periodogram. The general result is then applied to the class of Gaussian stationary
ARMA processes and its implications are discussed. We illustrate that for a class of
contrast functionals and spectral densities, the minimum contrast estimator of the spec-
tral density satisfies a Yule-Walker system of equations in the generalised autocovariance
estimator. Selection of the pooling parameter, which characterizes the nonparametric es-
timator of the generalised autocovariance, controlling its resolution, is addressed by using
a multiplicative periodogram bootstrap to estimate the finite-sample distribution of the
estimator. A multivariate extension of recently introduced spectral models for univariate
time series is considered, and an algorithm for the coefficients of a power transformation
of matrix polynomials is derived, which allows to obtain the Wold coefficients from the
matrix coefficients characterizing the generalised matrix cepstral models. This algorithm
also allows the definition of the matrix variance profile, providing important quantities
for vector time series analysis. A nonparametric estimator based on a transformation of

the smoothed periodogram is proposed for estimation of the matrix variance profile.
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Chapter 1
Introduction

Spectral analysis can be applied to any type of process which fluctuates in some form.
Here the object of the analysis is the study of records from a random process.
The analysis of time series can be conducted by operating either in the time domain, or
in the frequency domain. Spectral analysis, or frequency domain analysis, is equivalent
to the time domain analysis, but it provides an alternative way of viewing the process,
which can highlight some aspects of the series and be more illuminating for some appli-
cations (Brockwell, Davis, and Calder, 2002).
A time series {x1,...,xy} is a realization of a stochastic process {X;},t € T, i.e. a
sequence of random variables indexed by time, where T' is a parametric space. A com-
plete probabilistic time series model for the sequence of random variables {Xi,..., X,,}
would specify all of the joint distributions of the random vectors (X3, Xo,..., X)), n=
1,2,.... Since each time series is just one realization of the stochastic process, such a
specification will contain far too many parameters to be estimated based on a small set
of data, and is rarely used. Instead we specify only the first- and second-order moments
of the joint distributions, i.e., the expected values E[X;] and the expected products
E[X:Xn],t =1,2,..., h=0,1,2,..., focusing on the properties of {X;} that depend
only on these. This requires that the process is (weakly) stationary.
For this reason the autocovariance function plays an important role for characterizing a
stationary process. The autocovariance function and its Fourier transform, the spectral

density function, characterize the temporal dependence structure of a stationary stochas-



tic process, and are of fundamental importance in time series analysis and prediction.
For Gaussian stationary processes they provide, along with the mean, a complete char-
acterization of the probability distribution of the process as well as the basic ingredients
for optimal (minimum mean square) prediction based on time series observations.

The autocovariance function is estimated nonparametrically by the sample autocovari-
ance function. This estimator has a long tradition in time series analysis, and its prop-
erties are demonstrated and discussed in time series textbooks, such as, for instance,
Brockwell and Davis| (1991} ch. 7), where it is shown that under regularity conditions
it has an asymptotically normal distribution and that the elements of the asymptotic
covariance matrix are given by the celebrated Bartlett’s formula.

The literature has further addressed the important question as to what classes of
parametric linear processes admit the sample autocovariance as an asymptotically effi-
cient estimator, i.e., an estimator whose variance achieves the Cramér-Rao lower bound.

This issue has been investigated by Porat| (1987) for Gaussian autoregressive (AR)
moving average (MA) mixed processes, based on state-space representations and matrix
Lyapunov equation theory. For Gaussian ARMA(r, q) processes with 7 > ¢ the sample
autocovariances are asymptotically efficient only in a restricted number of cases, while
if ¢ > r none of the sample autocovariances is asymptotically efficient. See also Walker
(1995) for an alternative derivation of this result. The result implies that the variance
and the first r autocovariances of a pure AR(r) process are efficiently estimated by the
sample autocovariances, while for a pure MA process none of the sample autocovariances
is asymptotically efficient.

Kakizawa and Taniguchi| (1994) derived in the frequency domain a necessary and
sufficient condition for asymptotic efficiency of the sample autocovariances that applies
to the more general class of Gaussian stationary processes. Kakizawa (1999) extended the
previous results to the case of vector processes. [Boshnakov (2005)) studied the efficiency
of the sample autocovariances for processes obtained by a finite linear transformation of
a pure autoregressive process.

The generalised autocovariance (GACV) function was defined in [Proietti and Luati
(2015) as the inverse Fourier transform of the pth power of the spectral density func-

tion. It encompasses the traditional autocovariance function (p = 1) and the inverse



autocovariance function (Cleveland, |1972)), which is the sequence of the coefficients of
the Fourier expansion of the inverse spectrum (p = —1).

In this thesis asymptotic efficiency of the nonparametric estimator of the GACV
considered in |Proietti and Luati| (2015) is studied. Following Hannan and Nicholls| (1977)
and [Luati et al.| (2012), the estimator is based on powers of the pooled periodogram over
m non-overlapping consecutive frequencies, where m is the pooling parameter. Proietti
and Luati (2015) established consistency and asymptotic normality of the estimator.

We establish a necessary and sufficient condition for asymptotic efficiency in terms of
the spectral density and its derivatives for general Gaussian stationary processes, which
nests as a particular case the result of Kakizawa and Taniguchil (1994), which holds for
p=1.

After characterizing a class of processes for which the nonparametric estimator is fully
efficient, we consider the case when the process is Gaussian ARMA(r, ¢). We show
that asymptotic efficiency of the nonparametric estimator of the GACV for positive and
negative integer powers p depends on the exisistence of a solution to a trigonometric
polynomial equation. Investigation of conditions on the order of the trigonometric poly-
nomials involved imply that if p = 1, the nonparametric estimator of the GACV is
asymptotically efficient for » > ¢ and 0 < k < r — ¢, which coincides with the result by
Kakizawa and Taniguchi (1994). These results also show that the asymptotic variance
of the nonparametric estimator achieves the Cramér-Rao lower bound as m — oo for
p=—1whenr=0and 0 <k <gq,i.e. it estimates efficiently the first ¢ inverse autoco-
variances when the true generating process is pure MA(q), thereby complementing the
results by Bhansalil (1980) and Battaglia (1988). The inverse autocovariance function is
useful in interpolation problems and for the identification of ARMA models. The results
obtained include as a special case the results for the sample autocovariance function by
Porat| (1987) and |[Kakizawa and Taniguchi (1994)). Some numerical examples also illus-
trate the rate of convergence to the Cramér-Rao bound.

We also illustrate that for a class of contrast functionals and spectral densities, the
minimum contrast estimator of the spectral density satisfies a Yule-Walker system of

equations in the generalised autocovariance estimator.



The pooling parameter m, which characterizes the nonparametric estimator of the
GACYV, plays a crucial role. It allows asymptotic efficiency of this estimator, since in-
creasing m reduces the variance of the estimator. However, it inflates the finite-sample
bias, determining a bias-variance trade-off. Its selection has been addressed in [Proietti
and Luati (2015) by the use of the Jackknife to estimate the MSE of the estimator.
This thesis proposes the use of a multiplicative periodogram bootstrap (MPB) (Meyer,
Paparoditis, and Kreiss, |2018) to estimate the MSE and to select the value of m that
minimizes it. This procedure is motivated by viewing the estimator of the GACV as a
periodogram-based estimator of a spectral mean. A real data application suggests that
estimation of the GACV by the nonparametric estimator considered should proceed via

a small value of m > 1.

Investigation of the properties of the generalised autocovariance function and its non-
parametric estimator motivates further research to extend the generalised autocovariance
function to the multivariate context, to study the properties of vector time series. Simi-
lar to the univariate case, the spectral density of a stationary vector process provides a
complete characterization of the serial correlation structure of the process, and all infor-
mation for prediction and interpolation. Frequency domain models for the spectrum of
vector time series allow to avoid some difficulties arising with the time domain specifi-
cation of models for stationary vector time series. Vector autoregressive moving-average
models are often used to model vector stationary time series, and are specified in the
time domain as difference equations. However, it requires to impose some restrictions
on the coefficient matrices, which may increase computational cost. Frequency domain
models for the matrix spectrum provide a recently extensively investigated alternative.
In particular, [Holan et al.| (2017)) defined the vector exponential model (VEXP), which
extends to vector time series the exponential model by Bloomfield (1973)). The VEXP
model has some advantages over vector ARMA models, since it is stationary and invert-
ible, with unconstrained parameters, allowed to take any real value. The VEXP model
assumes that the logarithmic transformation of the spectral density matrix can be rep-
resented by a finite Fourier polynomial. The Fourier coefficients of the log-spectrum are

called cepstral matrices, and their collection is the matrix cepstrum, in analogy with



the cepstral coefficients and the cepstrum for scalar time series. In the univariate case,
the cepstral coefficients are related to the coefficients of the Wold representation of the
process by a recursive formula by |Pourahmadi (1983). A multivariate extension of this
formula for the exponential and log transform of a matrix polynomial is non-intuitive,
and is provided by Holan et al.| (2017) to relate the cepstral matrices to the Wold coef-
ficient matrices.

The VEXP models can be extended by defining the generalised matrix cepstral models
Cavicchioli et al.| (2020), which provide a multivariate version of the generalised cepstral
models defined by [Proietti and Luati| (2019). The generalised matrix cepstral mod-
els specify a linear model for the Box-Cox transform of the spectrum, represented by
a finite Fourier polynomial, characterized by the generalised cepstral matrices. These
models include as special cases the VEXP model by Holan et al| (2017), and also AR
and MA models, by varying the transformation parameter. In analogy with the gen-
eralised cepstral coefficients for scalar time series, the generalised cepstral matrices are
connected to the multivariate extension of the generalised autocovariance function, which
provides several important quantities for the analysis of vector time series. The gener-
alised cepstral matrices are related to the Wold coefficient matrices that characterize the
process. In the univariate case this relation is described by a recursive formula provided
by (Gould, 1974), which is not easily generalised to the matrix coefficients in the mul-
tivariate case. This thesis provides an algorithm to obtain the coefficients of a power
transformation of a matrix polynomial, which can be used to obtain the coefficients of
the Wold representation of the process from the generalised cepstral matrices. The Wold
coefficients are useful for forecasting and assessing goodness-of-fit of the model.

As will be illustrated in the following discussion, the generalised autocovariance function
can be interpreted in terms of the traditional autocovariance of a power-transformed pro-
cess, whose coefficients can be determined from the Wold coefficients characterizing the
original process by a recursive formula by Gould| (1974)). Such a definition of an auxiliary
process is useful to define and study the GACV and other quantities related to it, like the
variance profile (Luati et al., 2012). Hence, to determine a multivariate extension of these
quantities for vector time series, it is of interest to define a vector power-transformed

process by its Wold coefficients. This aim is accomplished by determining a relation



between the coefficients of a given matrix polynomial and the coefficients of its power
transformation, for any real power transform. |[Karampetakis and Tzekis (2005)) derived
a recursive relation for the coefficients of a power transformation of a matrix polyno-
mial for positive integer powers, while Holan et al.| (2017)) derived these formulas for the
exponential and logarithmic transform. Specification of the matrix variance profile in
terms of an auxiliary process allows to give a useful interpretation to this measure, and
analytical results in terms of the coefficients that characterize the process dynamics. The
matrix variance profile nests as special cases the unconditional variance-covariance ma-
trix of the process, the variance-covariance matrix of the one-step-ahead prediction error,
and the variance-covariance matrix of the interpolation error. The power-transformed
process is related with the definition of both the matrix variance profile and the gener-
alised autocovariance matrix, and, if considering the inverse transform, it coincides with
the inverse process mentioned in Heyse and Wei| (1985) for the definition of the inverse
autocovariance matrix function, which provides a useful tool for identification of ARMA
models.

In Chapter 2 provides the basic concepts of spectral analysis, including the definition of
the spectral density function, and the periodogram as its natural estimator. Asymptotic
properties of the periodogram are presented, which suggest a smoothed version of the
periodogram to overcome some drawbacks of the raw estimator of the spectrum. Some
recent advances, including a description of the generalised cepstral models, and the defini-
tion of the generalised autocovariance function, and its nonparametric estimator are also
presented in this chapter. A mathematical appendix shows analytical tools to express
the asymptotic variance of the estimator of the GACV in terms of the spectral density
function. Chapter 3 contains the main results of the project, concerning the asymptotic
efficiency of the estimator of the GACV. A necessary and sufficient condition for asymp-
totic efficiency of the estimator is derived, and it is checked for the class of Gaussian
ARMA processes. Selection of the pooling parameter is also addressed in this chapter by
the use of a frequency domain bootstrap. The appendix at the end of the chapter shows
the derivation of the Fisher information matrix for a Gaussian stationary process, which
is used in the chapter to define the Cramér-Rao bound. Also, the appendix derives the

limit as m — oo of a multiplicative factor that determines asymptotic efficiency of the



estimator. Chapter 4 concerns the multivariate extension of some concepts of spectral
analysis introduced in Chapter 2 for scalar time series, including the generalised matrix
cepstral models and the generalised autocovariance matrix. The relation between the
coefficients of a given matrix polynomial and those of its power transformation, for any
real power is investigates. This also leads to a multivariate extension of the variance
profile, based on the definition of a power-transformed vector process. A nonparamet-
ric estimator of the matrix variance profile is proposed, based on a transformation of
the smoothed periodogram matrix. Chapter 5 contains some concluding remarks, and

possible future developments of the project.



Chapter 2
Spectral analysis

A time series can be analysed using two different approaches: one operating in the
time domain, by means of the autocovariance function, and one operating in the fre-
quency domain, in terms of the Fourier transform of the autocovariance function: the
spectral density function.

Every stationary process admits both a time domain representation and a frequency do-
main representation, and its characteristics can be described equivalently by either the
time domain or frequency domain approach.

Spectral analysis of time series refers to the analysis of stationary time series by means
of their spectral representation, which decomposes a time series into a sum of sinusoidal
components with uncorrelated random coefficients, that represent the latent components
of the series. This allows to determine the relative contribution of each frequency com-
ponent to the total variation of the process. The spectral representation of a time series
is associated to the spectral decomposition of the autocovariance function.

We first introduce some important quantities for the spectral analysis of time series,
which are at the basis of the definition of the generalised autocovariance function and

its estimator.
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2.1 The spectral density function

Let {X;} be a zero-mean stationary stochastic process with autocovariance function
Ve = E[X; Xy g, with v, = vy, satisfying > "2 |y, < co. The spectral density func-
tion of {X}} is the function f(-) defined as the Fourier transform of the autocovariance

function:
o0

1 |
flw)=5- kz ey, —m<w<m (2.1)

=—00
In turn, the autocovariance function is the inverse Fourier transform of the spectral

density function,
Vi :/ f(w)e™* dw :/ f(w) coswk dw, (2.2)

that is, the autocovariances of a stationary time series with absolutely summable ACVF
are the Fourier coefficients of the nonnegative even function f(-) defined in ,
(Brockwell et al., [2002).

For k = 0, one recovers vy = ffﬂ f(w) dw, the variance of the process. Thus, the spectral
density function can be seen as a measure of the contribution to the total variance of
the process, given by each periodic component. A large peak in the spectral density
function, at a specific frequency w indicates the presence in the time series of a strong
sinusoidal component at (or near) w.

The summability condition on the autocovariances implies that the spectral density func-

tion exists and is a real-valued continuous function of w. By the Euler’s formula:

et = cosw F isinw, (2.3)

and noting that for a stationary process v, = 7_g, the spectral density function f(-) can

also be written as:
1 o
flw) = %{% + 2;% coswk}, —m<w<m. (2.4)

Since the cosine function has period 27, so also does f(w), and it is also a nonnegative
even function, i.e. f(w) = f(—w), and f(w) > 0 for all w € (—m, 7|, and it suffices to

confine attention to the values of f on the interval [—7, 7].
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The autocovariance generating function G, (z) represents a mathematical tool that
allows us to derive an analytic formula for the spectral density function of linear processes,

which is easy to compute. G,(z) is defined as:
G, (2) = Z 2 =0 + Z’yk(zk + 27 (2.5)
k=—o00 k=1

k
Hence, £2:G,(0) = .

The autocovariance generating function evaluated at e~ gives
Gy(e™) = Y wle™) = > ne ™ =2rf(w), (2.6)
k=—0o0 k=—o00

which is the spectral density function of the precess characterized by the autocovariance
function .

Let us consider a zero-mean stationary process {X;}, with Wold representation
X =VU(B)ey =1+ L+al’+..)e=> ey, &~WN(0,0%)
=0

. . . o
The autocovariance function of @ is vx = > -2 ¥4
Then,

Giz)= > " =0" Y ) W =" U(L)Y(LT),

k=—o00 k=—o00 =0

and thus, for the linear process {X,}, we have
2 (@) = Gy o) = FW(E)W(e) = o W(e) 2.7)

This formula provides a useful tool for the computation of the spectral density function of

a specific model, by expressing it as a function of the parameters that govern the process.

One of the most popular estimators of the spectral density function is the peri-
odogram, which is described next, and will be central in nonparametric estimation of the

generalised autocovariance function.
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2.2 The periodogram

If {X;} is a stationary time series with ACVF 7 and spectral density f(-). Denote

A the sample autocovariance function of the observations {x1,xs,...,2x} :

~ %Zi\;kﬂ(xt_f)(xt—k—f), k=0,...N —1,

Tk =
A k=-1,-2,...,—N+1.
where T is the sample mean.
The periodogram of {zy,zs,...,zyx} is the function
1 N 2
Iy(w) = o ‘ tz:;(xt — Z) exp (—iwt) (2.8)

Then, just as the sample ACVF 3, of the observations {1, xs,...,2x}, can be re-
garded as the sample analogue of ~;, so also can the periodogram Iy (w) of the observa-
tions be regarded as the sample analogue of f(w) (Brockwell et all [2002), as stated in

the next proposition.

Proposition 1. (Brockwell et all (2002)
If {x1,x9,..., N} are any real numbers and wy, is any of the nonzero Fourier frequencies
2rk

wr = 57 in (=7, 7|, then

1 ~ —thw
In(wg) = o Z Ape e, (2.9)
|h|<N

where Ay, is the sample ACVF of x1,xs,...,xn. Hence Iy(w) is a natural estimate of

the spectral density f(w).

The relationship between the periodogram and the sample autocovariance mimics
that between the spectral density and the autocovariance function. Iy(w) can equiva-

lently be written as:
N—1

L. N .
In(w) = o [70 +2 Z%‘ COSW]},

=1

and the sample autocovariances are the Fourier coefficients of Iy(w). Then,

%:/ Iy (w) cos wk dw,

—Tr
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and the area under the periodogram gives the sample variance 7 :
™
Ao = / In(w) dw
Similarly to the spectral density function, the periodogram is a nonnegative, even
function, i.e. In(—w) = Iy(w),w € (0,7), with period 2.
Some asymptotic distributional results for the periodogram are presented in the next

section.

2.2.1 Large sample properties of the periodogram

Based on the previous discussion, one possible approach to estimate the spectral
density function is provided by the periodogram of the observations. However, using
the raw periodogram ordinates to estimate the spectral density function presents some
limitations. Asymptotic distributional results for Iy(w) are available. [Fuller| (1976)
showed that for N sufficiently large, and w # 0, 7 :

2]]\7(&))

2
~ (2 2.10
) (210)
where x?(2) is a Chi-square random variable with df = 2 degrees of freedom. Equivalently
I]’CV(E}“;) is approximately an exponential random variable with unit mean:
Iy(w)
~ Fxp(1l
flo) B0

While, at w = 0, 7 the random variable I}\’(g‘;) ~ x2(1) is approximately distributed as a

Chi-square with 1 degree of freedom.
f(w) FN)
By the properties of the Chi-square random variable with 2 degrees of freedom, or, by

and are approximately independent.

The random variables

the properties of the standard exponential random variable, one has for w # 0, 7 :
Elly(w)] ~ f(w)

Hence, the periodogram Iy(w) is an asymptotically unbiased estimator of the spec-

tral density function f(w). However, it is an approximately unbiased estimator of the
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spectral density function only for some processes and some frequencies. Moreover, the
periodogram is not a consistent estimator of the spectral density function, since its vari-
ance does not reduce with increasing sample size N. Instead, as N — oo its variance
converges to a nonzero value as we are trying to estimate as many parameters as the
observations available. To overcome this inconsistency problem in practice, smoothing

techniques are often applied to the periodogram.

The periodogram is a central element in nonparametric estimation of the generalised
autocovariance function, as will be illustrated in the following sections.
Based on the fundamental concepts of spectral analysis presented, let us introduce some

recent advances in the context of frequency domain analysis of time series.

2.3 Recent advances

As illustrated in the previous chapter, the spectrum of a stationary process provides
a complete characterization of the serial correlation structure of the process, and hence,
all information needed for linear prediction and interpolation. One of the most popular
models for the spectrum of a time series is the exponential model by [Bloomfield| (1973),
which specifies a linear model for the log transform of the spectrum, represented by a
finite Fourier polynomial. The Fourier coefficients of the expansion of the log-spectrum
are called cepstral coefficients, and their collection forms the cepstrum, where cepstral
and cepstrum are anagrams of spectral and spectrum (Bogert,, [1963).
This idea is further developed by the introduction of the generalised linear cepstral
models, defined by [Proietti and Luati (2019).

2.3.1 Generalised linear cepstral models

The generalised linear cepstral models specify a linear model for the Box-Cox trans-
formation of the spectral density f(-).
. . . . . . ™ ; k
Let {X,} be a stationary stochastic process with autocovariance function v, = ["_e™* f(w) dw,

k=0,+1,£2 ..., where f(-) is the spectral density function, satisfying
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J7 In f(w) dw > —oco, and ["_ f(w)*dw < oo for all X € R. The Box-Cox transform of
27 f(w) is:
[2mf(w)]*~1 A#£0
9(w) = ’
In [QWf(w)]a A =0,

where A € R. Assume that ¢(-) can be represented by a finite Fourier polynomial:

K

g(w) =cyo+2 Z Cak COS Wk (2.11)
k=1

The generalised cepstral coefficients are defined as the inverse Fourier transform of g(w) :
1 ™

Cak = 2—/ g(w) cos (wk)dw, k=0,1,..., K. (2.12)
™ —T

For A = 0 we obtain the exponential model for the spectrum (Bloomfield, [1973). ¢ are
the cepstral coefficients, and their collection is the cepstrum (Bogert, [1963)).

The generalised linear cepstral models nest several spectral models: the exponential
model (obtained for the logarithmic link), the moving-average model (identity link), the
autoregressive model (inverse link). The generalised cepstral coefficients are also used to
evaluate the mutual information between the past and future of the process, and they
are related to important characteristics of the process: 1/(1 — c_1) is the interpolation
error variance, while exp (cg) provides the one-step-ahead prediction error variance, by
the Kolmogorov-Szego formula, and c; o + 1 = 7 is the unconditional variance of the
process.

The generalised linear cepstral models can be estimated by maximization of the Whittle

likelihood. Based on the distributional results for the periodogram I(w) discussed in the

previous section, the log-likelihood of the periodogram In(w;),7 = 1,...,[(IV — 1)/2]
with w; = %, is:
- In(w;)
I\ 6)) = — ]Zl [lnf(wj) - m] ,
where 6\ = (cx0,Cr1,--.,Cr k) 1s the vector of parameters.

The maximum likelihood estimate of A is obtained by maximization of the profile (par-

tially maximized with respect to 8,) Whittle likelihood. The truncation parameter K is
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selected by minimizing an information criterion, like AIC or BIC.

The generalised cepstral coefficients are linked to the generalised autocovariance func-
tion, defined as the inverse Fourier transform of the pth power of the spectral density

function (Proietti and Luati, [2015), which is described in the next section.

2.3.2 The generalised autocovariance function

The generalised autocovariance function extends and includes as special cases the
traditional autocovariance function and the inverse autocovariance function. Some of
its main applications are in model identification, in cluster and discriminant analyses of
time series, as it leads to a more general measure of distance. It also allows the definition
of a class of White Noise tests with improved size and power properties, which can serve
as goodness-of-fit tests. The GACV is related to the generalised cepstral coefficients
(Proietti and Luati, 2019), which can be estimated by maximization of the Whittle like-
lihood. An alternative estimation method is represented by a nonparametric estimator,
proposed in [Proietti and Luati (2015), which we will consider in the next sections. First,
let us provide the definition of the GACV.

Let {X;}ier, with T € N a discrete time set, denote a zero mean stationary Gaus-
sian process with autocovariance function v, = E(X;X; ),k € Z, and spectral den-
sity fo(w) = > ope ke ™", w € [—m, 7], both depending on an s x 1 vector of pa-
rameters @ = (0,...,60,)" € R®. Assume that the spectral density is positive, that
J7 log f(w) dw > —o0, and that |7 [f(w)]P dw < oo.

For p € R the generalised autocovariances, denoted ~,;, are defined as the Fourier
coefficients of [27 fy(w)]P (Proietti and Luati, 2015), i.e.,

27 fo()]? = ) ke F =750 + 2> i coswk,
k=—o0 k=1
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or, equivalently,
1 s
Yok = 2—/ 127 fo(w)]P cos(kw) dw. (2.13)
[

Obviously, 71x = &, while 7_; is the inverse autocovariance function, see Cleveland
(1972)) and Battaglial (1983)).

The generalised autocovariance function can be given a further interpretation in terms

of the traditional autocovariance function, by defining a new process starting from the
original one.
Let us consider a purely non-deterministic process {X;}, with Wold representation X; =
U(L)e; = (14 WL+ UyL? + ... )¢, with coefficients satisfying 37 W3 < oo and
& ~ WN(0,0?), where L is the lag operator (L’ X; = X;_;), and such that all the roots
of the characteristic equation W(L) = 0 are in modulus greater than 1.

The traditional autocovariance function of the process {X;} is

%Z”zzq’ﬂfﬁkakzoal,u., Tk = Tk
j=0

The power-transformed process u,, is defined as:

(W(L)Pe = (WL e, forp >0,
(WL = (WL )P[U(L) ey, for p < 0.

upt =

where L~! is the forward operator. For any real p, the power transformation of the
original polynomial is still a power series, with new coefficients determined recursively
from the original ones (Gould, [1974). For p > 0,[U(L)]? = > 2 ;L7 and for p <
0,[T(L7YHP = Z;io @;L™7, with:
1 J
pj = ;;[h(P+ 1) = jl¥npjon, j >0, ¢o=1 (2.14)
The spectral density function of the process uy is fu(w) = (2m) to?| (e ™)|? =
(2m)to?p(e~™)|2. Then:

2 f(w)]F = o [W(e™) | = 27 fu(w)(0*)" (2.15)

Yok = (@) = 0> 004k, (2.16)
=0
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where 7, is the autocovariance function of the process .

This relation with the autocovariance function of the power-transformed process allows
to give the GACV an analytic form, and to derive it for many stationary processes. We
will use this to interpret the results about the asymptotic efficiency of the nonparametric
estimator of the GACV.

The GACYV is related to the variance profile, defined as the power mean of the spec-
trum of X (Luati et al., 2012):

P

o, :{%mf(w)]p} , (2.17)

1
and for p # 0 we have v, = 7. Analogously we can observe that

1
1 P
Up :{VCLT(”LLPO;} 0-2.

The variance profile provides, depending on the value of p the unconditional variance
of the process, corresponding to the arithmetic mean of the spectral density (p = 1),
the interpolation error variance, given by the harmonic mean of the spectrum (p = —1),
or the one-step ahead prediction error variance, the geometric mean of the spectrum,

obtained as a limiting case when p — 0.

The generalised autocovariances are also linked to the generalised cepstral coefficients,
defined as the Fourier coefficients of the Box-Cox transformation of the spectral density
of the process (Proietti and Luati, |2019), introduced in the previous section. By simple

algebra, one has:
1 1
= — -1 = - k #£ 0.
Cxo )\(’YAO ), Ca )\%\k, G

In |Proietti and Luati (2019)) estimation of the generalised cepstral coefficients by max-
imization of the Whittle likelihood is described. This represents an estimation method
also for the GACVs, by their relation with the generalised cepstral coefficients, shown

above.
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An alternative option for estimation of the GACYV is given by the nonparametric esti-

mator proposed by Proietti and Luati (2015]), which we describe next.

2.3.3 Nonparametric estimation of the GACV

The nonparametric estimator of the generalised autocovariance function proposed by
Proietti and Luati (2015) is based on the same principles as the estimator of the variance
profile, which generalises Hannan and Nicholls| (1977)) estimator of the prediction error
variance. Hannan and Nicholls (1977) proposed to estimate the prediction error variance
o? by:

52(m) = {iMll [l »w I(w; )] —w(m)} (2.18)

°(m) = mexp M; og m; T (Wim+k , :
where M = |¥1], |-] denotes the integer part of the argument, and 1(-) is the digamma
function. By the distributional properties of the periodogram, 1)(m) represents a bias cor-
rection term. The estimator 62(m) generalises the estimator proposed by Davis and Jones
(1968) by replacing the raw periodogram ordinates (m = 1) with the non-overlapping
averages of m consecutive ordinates, resulting in a smaller mean square estimation error.
The estimator of the variance profile is based on a bias corrected power mean of the

pooled periodogram over m non-overlapping consecutive frequencies.

Up(m) = m{% Z_; [% ;2ﬂl(wjm+k)r%}p, (2.19)

where M = |2=1]. The introduction of m > 1 in (2.19) is needed for estimation of the
interpolation error variance (p = —1) and, more generally, for estimation for negative p.

Let us now introduce the nonparametric estimator of the GACV.

Given a time series of N consecutive observations, {z;,t = 1,2,..., N}, we denote
I(wj) the periodogram defined in where w; is the Fourier frequency w; = 2% €
(0,m), 1< j < [M5].

Following Hannan and Nicholls (1977) and Luati et al.| (2012), Proietti and Luati

(2015)) proposed the following nonparametric estimator of the generalised autocovariances
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based on the inverse discrete Fourier transform of the pth power of the corrected pooled

periodogram,
| M-l
ok = 57 2 V)" cos(@;k), (2.20)
5=0

where M = L%j and, defining the pooled periodogram over m > 1 non-overlapping

consecutive frequencies as

[_j = Zj(wjerl)?
=1

- I'm
Y® = (2w1j)p#.
’ I'(m +p)
The frequencies W; = Wjmy(m+1)/2 are the mid range frequencies and m is the pooling
parameter. The multiplicative factor F(Frﬁ;) is a bias-correction term, and its need is

shown by the following distributional properties. It is known (Koopmans, 1974)) that

_ e p
(2ml;)? = (Z 27T[(wjm+k)> = [27 fo(wjpm 4 ms1 )P X7,
k=1

where X; ~ Ga(m, 1), with E[X7] = %. Hence,

_ I'(m)
(P _ _
E[Y;™] = E[(27T[j)p]r(m—+p) = 27 fo(w)pmq mer )]

To ensure the existence of the second moment of the pth power of the gamma random
variable with parameter (m, 1) some restrictions on m and p are needed In the Gaus-

sian case we need p > —m/2, while in the more general ITD case it has to be p > 1—m/4.

Let v, = [Ypo, Vp1,-- -, Ypk|" be the vector of the generalised autocovariance func-
tions up to lag K and 4, = [Y0, Yp1; - - -, Ypi|  the corresponding estimator. Under the

stated assumptions and additional assumptions on m and on the coefficients of the Wold

representation of the process Proietti and Luati (2015) showed that:

\/Nﬁ’p —Yp) 7 N(0,V) (2.21)
where V. = {vy, k, 1 =1,..., K}, with
vg = m (C(m;p,p) — 1) Z (Vo +kVpg+t + Vot Vpi—1) + Kaven, (2.22)

j=—o0



2.3 Recent advances 20

or, equivalently,

v =m (C(m;p,p) — 1) % /_7T 27 fo(w)]? cos(wk) cos(wl) dw, (2.23)
where . o T
C(m;p,p) = (?Jm]jz pgm) :

and I'(+) is the Gamma function. Equivalence between and is proved in
the appendix Form=1landp=1 and coincide with the asymptotic
covariance between the sample ACV at lag £ and the sample ACV at lag [

These asymptotic results are used to study asymptotic efficiency of the nonparametric
estimator 4, of the GACV.
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2.4 Appendix

Let us prove equivalence between equations and for the covariance
between 4, and 4,;. Starting from we derive Eq. , which is expressed
in terms of the spectral density function, and is used in the derivation of results about
asymptotic efficiency of 4, in Theorem
The fourth cumulant k4 is zero for a Gaussian process. Thus we have:

lim (N — m)COU{&p,ma 'S/p,n}

N—oo
oo

= Z [7p,l+m7p,l+n + ’Yp,lerer,lfn]

l=—o00
0o

= Z [’Yp,l%,l+n—m + %,Wp,l—(n+m)]

l=—00

= Z Vol Vp,itn—m + Z [Vp1Vp.— (ntm) (2.24)

l=—00 l=—00

Now we know that the generalised autocovariance function is the inverse Fourier
transform of the pth power of the spectral density function: 7, = F([27 fo(w)]P).

Applying the Convolution theorem we can write:

S i ptinm = F (2 o)) = — / 2 folw) P expiw(n — m) de.

27
l=—0 —T

By the Euler’s formula, and some trigonometric identities, we obtain:
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Z Vp i Vpi+n—m T Z Ip,l Vp,l—(n+m) =

l=—00 l=—00
1 [7 1 [7
=5 [27 fo(w)]?? expiw(n — m) dw + gy / 27 fo(w)]? exp —iw(n + m) dw =
T ), ),

- % /:[27Tf9(w)]2p[exp iw(n —m) + exp —iw(m + n)] dw =

1 ™
=5 / 27 fo(w)]*[cos w(n — m) +isinw(n — m) + cosw(n +m) —isinw(n + m)] dw =
1 ™
= 5— | [Rrfo(@)lcosw(n —m) + cosw(n +m)] dw =
L
1 ™
=5 / [277 fo(w)]? [cos nw cos mw + sin nw sin mw 4 cos nw cos mw — sin nw sin mw) dw =
™) _r

= (2m)% ! / [fo(w)]?* 2 cos (wn) cos (wm) dw
which coincides with ([2.23]).

This result implies that the asymptotic variance of 4, is:

™

lim NV {5} = (2m)7" / [Folw)]2? 2 0082 (wh) dow (2.25)

—T



Chapter 3

Efficient nonparametric estimation of

generalised autocovariances

Consistency and asymptotic normality of the estimator 4, of the GACV are estab-
lished in [Proietti and Luati (2015)). Here we study asymptotic efficiency of this estimator.
We establish a necessary and sufficient condition for asymptotic efficiency in terms of
the spectral density and its derivatives for general Gaussian stationary processes, which
nests as a particular case the result of Kakizawa and Taniguchi (1994)), which holds for
p = 1. The results also show that the nonparametric estimator 4, achieves the Crameér-
Rao lower bound as m — oo for p = —1, i.e. it estimates efficiently the first ¢ inverse
autocovariances when the true generating process is pure MA(q). The inverse autoco-
variance function is useful in interpolation problems and for the identification of ARMA
models.

We check this the condition for asymptotic efficiency for the class of Gaussian ARMA(r, q)
processes. Analytical results for integer powers show that the nonparametric estima-
tors of the GACV of order k, for p = 1 are asymptotically efficient for r > ¢ and
0 <k <r—gq, while for p = —1 asymptotic efficiency holds for » = 0 and 0 < k < q.
Hence, efficient estimation of the inverse autocovariance function by the nonparametric
estimator of the GACV with p = —1 holds for MA processes. Some numerical results
for noninteger powers are available, which also illustrate the rate of convergence to the

Cramér-Rao bound. The results obtained include as a special case the results for the

23
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sample autocovariance function by Porat| (1987) and Kakizawa and Taniguchi (1994)).
This chapter also illustrates that for a class of contrast functionals and spectral den-
sities, the minimum contrast estimator of the spectral density satisfies a Yule-Walker
system of equations in the generalised autocovariance estimator.

Selection of the pooling parameter m, which controls the resolution of the estimate, is dis-
cussed for large samples first. Considering asymptotic distributional results, we provide
a preliminary overview of the behaviour of the asymptotic variance as m varies. Since
the estimator is asymptotically unbiased, selection of m in large samples is based only on
minimization of the asymptotic variance. Preliminary investigations and analytical and
theoretical results suggest that varying m has a different impact on the variance of the
estimator, depending on p. More specifically, increasing m implies a stronger variance
reduction for estimation of the GACV for negative powers p.

However, a very large sample is required for asymptotic unbiasedness to hold. Since in
finite samples its bias is nonzero, we estimate the finite-sample distribution of the esti-
mator (bias and variance) and, hence, its MSE for selecting the optimal value of m. This
is allowed by the multiplicative periodogram bootstrap, whose reasoning is illustrated in

this chapter, together with a real data application.

3.1 Asymptotic efficiency of the estimator of the GACV

Let us first recall the definition of asymptotically efficient estimator of an unknown

parameter.

Definition 1. A sequence of estimators T,, is asymptotically efficient for a parameter
7(0) if
VAT, — ()] = N(0,0(6)) (3.1)

and

() = — (3.2)
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that is, if the asymptotic variance of T, achieves the Cramér-Rao lower bound.

Let {X;}ier, with T' € N a discrete time set, denote a zero mean stationary Gaus-
sian process with autocovariance function v, = E(X;X; 1),k € Z, and spectral density
fo(w) =300 ke ™" w € [—m, 7, both depending on an s x 1 vector of parameters
0= (0q,...,0,) € R°

Impose the following assumptions:

Assumption 1. There exist two positive constants ¢ and ¢ such that

0<c< folw) <¢< o0, for w e [—m, 7.

Assumption 2. The generalised autocovariances and their partial derivatives, 7y,/00;,

satisfy the summability conditions > ;- | k|| < 00, D oo k|0Vp/00;] < 0.

Assumption 3. The s x s matrix

i/” Ofp(w) Ofg(w) dw
4w 20 00" fi(w)

—T

is positive definite.

The first assumption restricts attention to short memory processes, ruling out long
memory and non-invertible ones, see Hassler|(2018). Assumptionimplies that [7_[fo(w)]" dw <
oo and fy(w) is differentiable with respect to 6;, and dfy(w)/06; is continuous and dif-

ferentiable with respect to w, with continuous derivative.

Hence, the GACV estimator 7, in (2.20) is asymptotically efficient if its asymptotic

variance, vg; converges to the Cramér-Rao lower bound

a’7/pk

~ 8’)/ koo
RB = Pyl .
tth 0 O] fo(w)]
Yok . T ) D
= (2 p _ N/
50 (2m) /_7r 50 cos(kw) dw,
and Jy(0) is the Fisher information matrix associated with X;,..., Xy,

3(6) L/’r Ofs(w) Dfs(w) 1

" ir 96 00 FRw)

—T
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whose generic element iy (j1, jo) is:

o Olog L(0) 0log L(0 o
31\/(]1,]2):]53{ 8 L(6) Olos ()} Ji,d2=1,...,s.

00, 00,
The generic element of the Fisher information matrix in terms of the spectral density

function is derived in the appendix |3.6] and is given by:

oL [T Ofp(w) Ofp(w) 1
ZN(]l?jQ) - E /_7r 89]'1 86]'2 ng(w) dw (34)

Under assumptions 1 — 3, and by (2.23)), vy > CRB{4u} gives the following in-
equality:

™

lim NV {5} = m(Clm:p.p) — 1)(2m) >~ / o )] 2 cos? (wh) dw >

A}gr(l)o NCRB{4p } :{(27r)p_1 /7r WCOS(M}) dw}

—T

LT ofw)oflw) L N [T Ol |
{E/ 90 00 2 dw} {(27r) /Tcos(kw)dw} (3.5)

—T —Tr

We first recall the following Lemma by Kakizawa and Taniguchi| (1994)), which allows

us to compare the asymptotic variance of 4,; and its Cramer-Rao lower bound:

Lemma 1. Let A(w) and B(w) be r X s,t X s matrices, respectively, and let g(w) be a

function such that g(w) > 0 almost everywhere (a.e.) on [—m, 7]. If the matrix

" B)BW) B
{/7r @ }

exists, then
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where > means the left-hand side minus the right-hand side is positive semi-definite.
Here the equality holds if there exists an r X ¢ matrix C' which is independent of w such

that:
g(w)A(w) + CB(w) = 0.

This can be seen by substituting A(w) = Cg]?()) in the inequality:
" CB(w) B(w)'C' "(=C)B
t/ () B(w) g@omdz{/“< )B() ()dw}

gw)  gw) 9w
(

)
S B@Bey (VBT
{/_7r o } {/_W Ry & } 30

Since C' does not depend on w we can take it outside the integral, and write:

" Bw) w) dw | C’ " Bw) w) dw p x
C(/_wg(w)B()d>Czc{/_ﬂgw)B()d}

(
™ Bw)B(wy— " Bw) By . _
) R A

o [ )
_C</7r g(W)B( ) >C

fo(w)" p10o(w)
# = plfo(w)] 00"

and simplifying some constants, the inequality (3.5)) becomes:

m(C(m;p,p) —1) [T % cos? (wk) dw
LD [ () cost (k) do >

{ /_7r [fe(w)]p—a lnﬁjg/(w) cos(kw) dw}

{[ialna%(W)alna?,(W) dw} {/_:[fe(m]pal%#;,(m cos(kw) dw}. (3.7)

or, equivalently:

By noticing that:
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(L% i} { Lo 2 wan) s

Asymptotic efficiency of 4,, occurs when vy, achieves the CRB on the right hand
side of , or, equivalently if in (3.8) equality holds. This requires a condition on the
spectral density of the process that will be stated in Theorem
To asses asymptotic efficiency of the estimator, note that inequality takes the

following form:

{/7r A(w)B(w)'dw}{ /7r % dw} {/7r A(w)B(w)’dw} : (3.9)

with A(w) = cos (kw)[fo(w)]P™!, B(w) = afgé‘”), g(w) = fZ(w), and K = %.

The attainment of the CRB thus depends also on the term %, involv-

K _ﬂ Aw)A(w) g(w) dw >

ing both the power p and the pooling parameter m, and, as it is evident from (3.8),

m(C(m;p,p)—1)
2

. — 1 is required.



3.1 Asymptotic efficiency of the estimator of the GACV 29

3.5

25 /

0.5

Figure 3.1: Plot of ¢ = % vs p with m = 30.

As shown in figure this factor has a minimum point at p = 1, where it attains
unity. It is possible to show that K — 1 as m — oo, and the proof is provided in the

appendix [3.6]

Hence, inthecasesp:lorp%landm%mw:1.pr7é1and
m — oo, the Cramér-Rao inequality (3.8)) becomes:

{/n 8f§éw) ageg;d) fg%w) dw} {/7r [fe(w)]p_l%éiu) cos(kw) dw} . (3.10)

—Tr

Applying Lemma 1 by setting:

A(w) = cos (kw)[fo(w)]P~!, Bw) =

implies the following result.
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If p £ 1 and m — oo, the following theorem provides a necessary and sufficient condition

for asymptotic efficiency of 4, for Gaussian stationary processes:

Theorem 1. Suppose that assumptions 1-3 are satisfied and that m and M are large
enough for asymptotics and 3; 1s small enough for f to be constant over frequency in-
2mm

tervals of length 25 and m(C(m,p,p) — 1) — p*. Then, A, is asymptotically efficient

if and only if there exists an s-dimensional vector c, independent of w, such that:

6f9 (w)
00

Theorem [1| provides a necessary and sufficient condition for asymptotic efficiency of

[fo(w)]"* cos (kw) + ¢’

=0, (3.11)

Ap. Which is valid for general Gaussian stationary processes. It is expressed in terms
of the spectral density function, which makes it easy to check for various models. This
result embodies in a single equation the condition for asymptotic efficiency of the sample
autocovariance function (p = 1), of the estimator §_;; of the inverse autocovariance
function (p = —1), which at lag k& = 0 provides the inverse of the interpolation error

variance, and of the estimator 4, for general real powers p.

We can use the relation with the autocovariance function of the power-transformed
process, described in section to interpret the results about the asymptotic efficiency
of the nonparametric estimator of the GACV.

In view of the relation between x; and wu,;, observe that:

AV {3} = m(C(m;p,p) — 1)(0)*P DAV {7, } (3.12)
1
IN = PIN(UW)
CRB{Ap} = ()P Vp*CRB{Fu s} (3.13)

where AV{7,x} and CRB{%,} are the asymptotic variance and CRB of the sample

autocovariance of the process w,;, denoted by ¥, . Then, one has:

AV i) mlCOmipp) — 1) AV
CRB{’AVpk} p? CRB{’S/U}

The relation between asymptotic efficiency of the nonparametric estimator of the

GACYV for a given process x; and asymptotic efficiency of the sample estimator of the
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ACVF of the power process u,, is governed by the positive factor m((% We know
that its value decreases as m increases. This function has a minimum point at p = 1 and
it increases as the distance of p from unity increases.

Some implications of Theorem [1| are given below.

Corollary 1. Consider the process with spectral density function fo(w) = [ )} %, with
0(w) the trigonometric polynomial 6(w) = Oy + 2 Z] L0 cos (w), so that 2 ew =qw) =
[1,2cos (w),2cos (2w), ..., 2cos (wK)]'. Then,

8f9(w)

1
o) - —(emp )P e
Condition (3.11)) in Theorem [1] becomes

[fe(w)]”“{cos () — 2TV

dﬁ@}z&

which is satisfied if ¢ = [O,O,...7ﬁ,0,...,0}/. This implies that for p = —1 the
process is moving-average of order K and the first K inverse autocovariances y_1 x =
[Y-11,--- ,’y,LK]' and y_1 can be efficiently estimated as N — oo by the estimator of
the GACV 4_1 x with large m.

Remark 1. The estimator can be viewed in the wider context of estimation of
functionals of the spectral density, which are related to many important quantities in
stationary time series. Setting m = 1, for p > 0, Yjp is the inverse Laplace transform
of [27f(w;)]~ PV evaluated at 271(w;), proposed by [Taniguchi (1980) for estimating
27 f (w;)]P. Asymptotic efficiency of this estimator is studied in [Taniguchi (1981), who
establishes that this estimator is asymptotically efficient if p = 1 and the spectral density
is constant over [—m, 7]. The nonparametric estimator 4, further generalises these results
to any real power transform, including negative p. Furthermore, the introduction of the

pooling parameter m allows asymptotically efficient estimates also for p # 1.

Remark 2. By setting the power p and the pooling parameter m to 1, inequality ((3.8))
reduces to the asymptotic Cramér-Rao inequality for the sample estimator of the au-

tocovariance function analysed by Kakizawa and Taniguchi (1994). Note also that for
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p = 1, by the properties of the Gamma function, the constant m(C(m;p,p) — 1) does
not depend on the pooling parameter m. By the properties of the Gamma function we

have:

m(C(m:1,1) — 1) = m(F(m+2p)F(m) B 1) _ m(F(m—irZ)F(m) B 1)

I'?2(m +p) I'?2(m+1)
_ m((m + H)'(m + 1)T'(m) B 1) _
m2['2(m)
B (m + 1)mI?(m) _ m(m+1) _ _
(SR ) )

Hence, m(C(m;1,1) — 1) = 1. This implies that if we consider estimation of the tradi-
tional autocovariance function, the asymptotic variance of the nonparametric estimator
Y1k does not depend on the pooling parameter m. Indeed, %, is the Riemannian sum ap-
proximation over the Fourier frequencies of the sample autocovariance at lag k, denoted
by p:
L(N-1)/2] ™
lim __ Z 211 (wj) cos (w;k) :/ I(w) cos(wk) dw = Ay,
N=oo [(N —1)/2)

j=1 -

with I(w) = &= > jnj<n Yncos (wh). Hence limy_oc 11 = Yk, and their asymptotic vari-
ances, as N — oo, are equivalent. As a matter of fact, by setting p = 1, Theorem [I] pro-
vides the condition for asymptotic efficiency of the sample autocovariances by Kakizawal

and Taniguchi| (1994).
For p = 1 inequality (3.5 specialises to:
(47r)/ [fo(w)]? cos? (wk) dw >

" 0fp(w)
{ T cos(kw)dw}

L on@one) 1\ [ o '
{5/ 0 00 () d‘”} { o0 COS('“’””} (3.14)

—r -7

In this case (p = m = 1), by setting in Lemma 1:

Aw) = cosks, gw) = iw), Blw)= 20
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the condition for asymptotic efficiency of #4;;, and hence 7, is stated in the following

theorem by |[Kakizawa and Taniguchi| (1994):

Theorem 2. (Kakizawa and Taniguchd, |1994)
Suppose that assumptions 1-3 are satisfied. Then, the sample autocovariance 7 is
asymptotically efficient if and only if there exists a s-dimensional vector ¢ which is inde-

pendent of w such that:

Ofp(w)
00

The validity of Theorem [l| can be analysed for stationary Gaussian ARMA(r, ¢)

[ (w) cos (kw) + ¢’ =0 (3.15)

processes to establish the constraints on r, ¢, k allowing for asymptotic efficiency of 4.

3.2 Asymptotic efficiency of 4, for ARMA processes

Let {X¢}ier be a zero-mean stationary and invertible Gaussian ARMA(r, ¢) process,
with spectral density function
o B eiw B efiw
fluw) = ZOEDIET)
2 ¢(e)p(e)
where B(e™™) = 14+ 379 Bje™™7, 1+ 321,82 #0 <= |2/ < 1, and ¢(e™™) =

L= e, 13701627 #0 < |2 < L.
For an ARMA process we ask if 4, is an asymptotically efficient estimator as p varies.

By Theorem 1, asymptotic efficiency of 4, with sufficiently large m requires the exis-
tence of a s-dimensional vector ¢ which is independent of w such that Eq. (3.11)) is satis-
fied. In this case s = r+¢+1is the number of parametersin @ = (o, ¢1, ..., ¢y, f1, ..., 5,)".

First, we illustrate analytical results for positive and negative integer values of p.
Then, in the next section, numerical results show how asymptotic efficiency of 4, varies

with real powers p.
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Let us first restrict our attention to positive integer values of p. Note that we can
multiply both sides of Eq. (3.11)) by the nonzero factor [¢(e™)¢p(e~™)]P™!, so that we

only need to check whether there exists a vector ¢ such that:

[(%)Hlﬁ(eiww(e*iwﬂpﬂ cos (kw) = —C’[¢(€iw)¢(eiw)]p+lafg—g‘)) (3.16)

By Euler’s formula and trigonometric identities we can express both the left-hand side
and the right-hand side of (3.16]) as Fourier polynomials. The existence of ¢ depends on
the degree of these polynomials. Defining the space of 27-periodic functions admitting

a finite Fourier polynomial representation as
M, ={F|F(w) =cy+crcosw+---+¢cos (lw),c # 0},

for the specified ARMA(r, q) process we have:

[B(e)B(e™) [P+ cos (kw) € Mpr1)g+k
(D) ple )P € My
[Cb(eww(@_w)]pﬂ%é@ € Miao((p-1yr+q+iprta—i)y J=1,---,7
BN € Myairsgirrs T = Lyoor
These imply that can be written as:
v'(1,cosw,...,cosw|(p+1)g+ k]) = —c'A(1,cosw, ..., cosw(pr + q))’ (3.21)

where v has length (p+1)g+k+1 and contains the Fourier coefficients of [5(e™) 8 (e~™)[P*! cos(kw)
and the j-th row of the sx (pr+g+1) matrix A contains those of [¢p(e™)d(e~™) [P fo(w)/D0;.
The left-hand side of (3.16]) is:

[B(e*)B(e™™)]PT! cos (kw) = vg 4+ v1 COSW + + + + + Vipi1)gk €08 [(p + 1)g + klw

To see this, first remind the following identities:

e = cos (wn) % isin (wn),

) 3.22
(™™ 4+ e~™™) = 2 cos (wn),
)

3.23

(cos (a+ ) + cos (a — ), 3.24

N | —

cos (a) cos (B) =

o N T
~— N N e

cos (—w) = cos (w). 3.25
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Consider a polynomial 3(z) = By + B12 + B22% + - - - + B,2% Tt is clear that [3(2)]" =
by + biz + -+ 4 b,q2"? for n a positive integer. Analogously, if p is a positive integer,
[B(2)]PH = eg+e1z+ -+ ez P = e(z). By simple algebra, it can be shown that
B(2)B(z Y] =ao+ar(z+271) 4+ - +a,(27+277), and, similarly, [B(z)[PT[B(z"1)PT =
Go+g1(z +271) + - + gy (FTDT 4 279 By (B.23):

BBz P = go + g12cosw + - - - + Gp+1)g2 cos ([(p + 1)q]w)
Then, if we consider k¥ < (p+ 1)q, by (3.24):

[B(e™)B(e™) P cos (kw) =

go cos (wk) + g1 (cos (k + 1w + cos (k — 1)w) + g2( cos (k + 2)w + cos (k — 2)w) +

+ -+ 4 g (cos (2k)w + cos (k — k)w) + -+ + gpa1)g(cos ((p+ 1)g + k)w + cos ((p + 1)g — k)w) =
= Vo + V1 COSW + V3 €08 2w + - -+ + V(pi1)grk €O ((p + 1)g + k)w, (3.26)

otherwise, if £ > (p + 1)g the leading term in (3.26)) is null. Eq. (3.26) coincides with
(3.17). (3.18])- (3.20) can be derived analogously.

Relations (3.17)) - (3.20) imply:
v'(1,cosw,...,cosw|(p+1)g+ k]) = —c'A(1,cosw, ..., cosw(pr + q)), (3.27)

Counsider (p + 1)q + k < pr + q. Denote d = (1, cos (w), ..., cosw[(p+ 1)qg + k])" and
d; = (cosw|[(p+ 1D)g+k+1],...,cosw(pr+q))’. Then, Eq. (3.27) becomes:

v'd=—cA(d,d). (3.28)

Note that if p = 1, the square matrix A € R**® is nonsingular by assumption. In this
case the condition for asymptotic efficiency is satisfied by setting ¢ = —(A")~!(v’,0,...,0)".
Hence, for p = 1, 4, is asymptotically efficient when » > ¢ and 0 < k < r — ¢, which
coincides with the results in Kakizawa and Taniguchi (1994)).

On the other hand, if p # 1,A € R*® 4+ ig not square in general. In particular,
by assumption 3 A € R**®+9+1) hag full row-rank, s = r 4+ ¢ + 1. Investigation of the
existence of a solution for to the matrix equation allows to establish asymptotic
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efficiency of the estimator for positive integer p.

Let us consider the case when the power p + 1 is a negative integer (p < —1). By
multiplying both sides of Eq. (3.11)) by [3(e™)B(e~*)]~®*V the condition to be checked,

that guarantees asymptotic efficiency of the estimator, becomes:

(%)pﬂW(ei“’)qb(e_iw)]_(pﬂ) cos (kw) = —C,[ﬁ(eiw)ﬁ(e_i“)]_(p“)a{;—éw) (3.29)

By the same arguments used in the proof for positive integer p, the following relations

are valid:

[6(6)(e™ )]~ cos (kw) € M-y

[6(ezw)5(ezw)](p+l)% € M—pq—r
w —iw\]— 8f W .
[B(e™)B(e™™)] (pﬂ)% € Miaz(—pg—r—j—pg—2r+5), J=1,...,7
J
w —tw\]— af W .
L R L 1 VS T )
J

Note that —(p + 1)r is a positive integer, and so is —p. Hence, the previous relations

imply:

vi(1,cosw,...,cosw[—(p+ 1)r+k]) = —c'B(1,cosw,...,cosw(—pg — 1)), (3.30)

where v; has length (—(p+1)r+k-+1) and contains the Fourier coefficients of [¢(e™)¢p(e™™)] =P+ cos (kw
and the j-th row of the matrix B € R**(=P4=+1) contains those of [3(e™)B(e~™)]| =PV fs(w) /0.

Analogous considerations as those for positive integer p imply that for p a negative
integer asymptotic efficiency of 4, is determined by establishing the conditions of exis-

tence of a solution for the equation (3.30]).
Note that for p = —1 Eq. (3.29) becomes:

afg (w)
00

cos (kw) =
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or, equivalently:
vi(1,cosw,...,coswk) = —c'B(1,cosw,...,cosw(q—r)), (3.31)

InEq. (3.30),whenp = —1,v{ = (0,0,...,1),and B € R#*(@=7+1) ig 3 nonsingular square
matrix if r = 0. In this case, for 0 < k < ¢, we can specify ¢ = —(B')"}(v’,0,...,0)".
This result is contained in Corollary 1, and implies that for a moving-average process of
order g the nonparametric estimator 4, of the GACV with p = —1 and sufficiently large
m is asymptotically efficient for 0 < k < ¢ and, hence, it estimates efficiently the first ¢

inverse autocovariances.

3.2.1 AR(1) example

Let us consider an example to show what the elements of ¢, v and A are, and their
role in assessing asymptotic efficiency of the estimator 4,;. For simplicity, consider an

AR(1) process {X;}, and asymptotic efficiency of 41;. The spectral density function is:

o 1

Jolw) = 211 — 2¢ cosw + ¢2

(3.32)

For a stationary AR(1) process the estimator 4y, of the traditional autocovariance func-
tion is asymptotically efficient for £ = 0, 1.

We find the elements of the vector ¢ that satisfies .

Let us set kK = 0. Consider the left-hand side of :

¢* (™)™ (™) fi (w) cos (kw) =
2 1

20wy 420 —iw\ O _

- ¢ (6 )¢ (6 )47T2 ¢2(eiw)¢2(67iw) CO8 (]CW) -
2 2

= %cos(kw) = zf? =0

(3.33)
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On the right-hand side of (3.16|), the elements of the matrix A are:

iw —iw af w 1 —iw w
Fe)g?e i) Do) - L omioy iy
do 2
1 —2pcosw + ¢?
= = @11 + a12 COSW
27
1+ ¢? —¢
a1; = y @12 = —
27 T
. i Ofo(w)  o(2cosw — 29)
27 jiw\ 42 iw _ —
¢ (6 )¢ (6 ) a¢ - A1t
o oo
= —COSW — — = @21 + Q22 COSW
T T
oo o
Qo1 = ———, Q22 = —
T
Hence, A is:
1+¢°  —¢
_ 2 s
A= _9b ¢
And

_2m_ 2n¢
(A1 = 1—¢2 1—¢?

Then, the vector c is given by:

2 2n¢ o a2
_ 1—¢2 1—¢2 in2 | _ 27 (1—2)
27 m(1+¢%) 0 __ oo
o(1-¢?)  o(1-¢2) 2m(1-¢?)

Then, Eq. (3.11) for an AR(1) holds.

3.3 Numerical illustrations

Some specific cases of ARMA processes are considered and the performance of the
nonparametric estimator of interest is compared to that of the sample estimator of the

sample autocovariance function, asymptotically approximated by 4.
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Let us start by analysing an AR(1) process {X; }ier. Its spectral density function is:

Y 1
211 —2¢cosw + @2

fo(w)

The parameter vector is @ = (¢, 0?)". We denote the asymptotic variance of 4, by

AV {3} = m(C(m: LA L ” cos? (hw) d
Ak} = m(C(m;p,p) — )7/_ﬂ<1—2¢cosw+¢2> cos” (kw) dw.

Tables and refers to the AR(1) process with parameters parameters ¢ = 0.8
and o = 1. Tt displays the values of AV{4,.}, CRB{4,} and their ratio for different
values of m and p. Recall that for Gaussian processes it must be m > —2p. Values
greater than one measure the inefficiency of the estimator . As we know, the
sample autocovariance function 4 is asymptotically efficient for £ = 0,1. Except for
this case, exact equality between the asymptotic variance and Cramér-Rao bound of 4,

never holds, but it is approximated as m increases.
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Table 3.1: Asymptotic efficiency of 4, for an AR(1) model with ¢ = 0.8 and

o =1.
k P m AV CRB AV/CRB  k AV/CRB
1 1.35-10° 9.94-10*  1.36 1.38
9 9 1.26-10° 9.94-10*  1.26 1.29
30 1.09-10° 9.94-10*  1.10 1.12
1 3.09-10° 2.81-10®°  1.09 1.11
3/2 9 3.03-102 2.81-10%  1.07 1.09
30 291-10° 2.81-10°  1.03 1.05
1 1 1 6.75-10 6.75-10 1.00 2 1.01
1.24 1.02 1.29 1.25
1/2 9 1.20 1.02 1.17 1.20
30 1.14 1.02 1.12 1.15
12 9 0.89 0.11 7.08 1.20-102
) 30 0.42 0.11 3.79 5.70 - 10
: 3 1.38-10  1.64 8.43 00
) 30 4.93 1.64 3.01 00
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Table 3.2: Asymptotic efficiency of 4, for an AR(1) model with ¢ = 0.8 and

o2 =1.

k p m  AV/CRB  k AV/CRB  k AV/CRB
, 30 1.21 1.28 1.53
50 1.20 1.27 1.52
30 1.15 1.25 1.59
3/2
50 1.15 1.25 1.59
) 1 1 1.16 - 1.31 . 1.88
30 1.56 1.99 3.58
1/2
50 1.56 1.99 3.58
30 5.02-10? 1.06 - 10° 3.9 103
1/2
50 4.94-102 1.04-10° 3.85-10%
! 30 1.61 8.48 3.46
50 1.56 8.25 3.37

For positive values of p no constraint on the pooling parameter is needed, so we
let m vary from 1 to 30 for k£ = 1,2, to show the effect of pooling. As it is shown in
Table for p = 2 and k = 1 the asymptotic variance (and also the relative CRB) of
the estimator of vo; has a strong increase with respect to the case for p = 1. However,
pooling has a positive effect on the asymptotic efficiency of the estimator, as a value
of m = 30 reduces its asymptotic variance by 18.7%. For negative powers, the pooling
parameter m has a strong effect on the variance of 4,; (keeping p fixed). If we consider
estimation of the inverse autocovariance function y_; x, it must be m > 2. For m = 3
the asymptotic variance of 4_1; is AV{9_11} = 13.82, while, considering m = 30 gives
AV{A_11} = 4.93, with a reduction of 64.3%.

In general, from tables[3.1] [3.2]we can see that as the distance of p from unity increases

the estimator of v, gets far from the condition for asymptotic efficiency, as expected
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from the previous considerations. For p # 1, pooling contributes in reducing the variance
of the estimator, and especially when p is negative pooling has a sizeable impact on the

variance, as shown by the important reduction achieved for p = —1.

AVICRB
10
I

Figure 3.2: Plot of AV/CRB vs k for p = 1.5 and p = 1 for an AR(1) process with
o=1,6=08.

If we consider values of k larger than 1, neither the sample estimator 7 nor 4, is
asymptotically efficient, and the results get worse as the lag k increases, ceteris paribus.
For instance, for k = 2 the ratio between the asymptotic variance and CRB for 4, with
p = —1/2 dramatically increases, and approaches infinity for p = —1. However, for k£ > 1
AV/CRB for some of the GACVs estimators tend to unity as m increases. Note also
that for k£ > 4 the estimator of the GACV 4, for several values of p has better results
than the sample estimator of the ACVF (p = 1), since the ratio AV/CRB relative to the
first estimator is closer to unity, as shown in Table 2. For instance, with k = 7 the ratio
AV /CRB for 4, 7 (or equivalently 47) is AV/CRB = 1.88, while the same ratio for 4, 7
and 3757 is 1.59 and 1.53 respectively, with m = 30. The ratios AV/CRB relative to
Api and 415 both increase as k increases, and the difference between them also becomes
larger in favour of the estimator of the GACV for several values of p. This is clear from
the plot in Figure of the ratio AV/CRB against k, where the red dashed line refers
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to the estimator of the GACV for p = 3/2 and the black solid line refers to the SACVF.

Let {X;} be a zero-mean Gaussian AR(2) stationary process. The spectral density

function is:

o? 1
w)=—
fo() 21 (1 + @2 + @2 + (20102 — 2¢1) cos (w) — 26, cos (2w))
The vector of the parameters is @ = (¢1, ¢z, 02). Let us investigate asymptotic

efficiency of the estimator 4,;, as the power p and the pooling parameter m vary, and

compare the results with those relative to an AR(1) process.

Table 3.3: Asymptotic efficiency of 4, for an AR(2) model with ¢; = 0.7, ¢9 =
01,0 =1.

k P m AV/CRB k AV/CRB k AV/CRB
1 1.26 1.30 1.45
2 2 1.18 1.21 1.36
30 1.02 1.05 1.18
1 1.06 1.08 1.22
3/2 2 1.04 1.06 1.20
30 1.007 1.02 1.15
1 1 1 1.00 2 1.00 3 1.17
1 1.09 1.17 1.56
1/2 2 1.05 1.13 1.50
30 1.004 1.08 1.43
2 2.34 6.35 54.70
-1/2
30 1.11 3.01 26.00
. 3 3.39 10.29 00

30 1.21 3.67 00
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From Table we can see that the results are coherent with those relative to an
AR(1) process: as p gets far from unity, the ratio between the asymptotic variance and
the CRB of 4, increases. As before, for p # 1 the pooling effect is stronger for negative
values of the power p, and as the lag k increases the results get worse. We can note
that the estimators of the functions 73/, and 7y /9, at lag k = 1 perform very well, as
the relative ratios between the asymptotic variance and CRB are respectively 1.007 and
1.004, very close to unity. In this case we also have better results for 4,, with p < 0 and
kE=1,2.

It should be noted from Table B.3| that for k& = 3 the sample autocovariance, approxi-
mated by 7 3, is not asymptotically efficient, as expected, and the ratio of its asymptotic
variance and CRB is 1.17. In this case the estimator 423 with m = 30 and the sample
ACVF perform equally well. The ratio AV/CRB in this case decreases towards unity
as m increases. The ratio AV/CRB relative to the estimator 4,3 with p = 3/2 is equal
to 1.15. So in this case the nonparametric estimator 4, performs better than the sam-
ple estimator of the autocovariance function. Note that considering this AR(2) process,
some other combination of the power p and the lag k produce better results in terms of
efficiency, with respect to the AR(1) case: the estimators of o, v3/2k, 71/2 at the lags
kE=1,2.

The following table refers to a moving-average process of order 1.
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Table 3.4: Asymptotic efficiency of 4, for an MA(1) model with 6§ = 0.7.

k P m AV/CRB k AV/CRB
1 9.32 30.26
9 30 1.89 24.60
50 1.88 924.44
1 1.97 78.73
3/2
30 1.86 74.95
1 1 1.85 ) 2.02
1 9 2.30 4.36
1/2 30 1.09 2.07
50 1.07 2.04
3 3.00 4.15
-1 30 1.07 1.48
50 1.04 1.44
, 5 6.62 7.78
) 50 1.16 1.36

Table 3.4 shows a specific example of results about moving-average processes. In these
cases results about asymptotic efficiency of 4, for positive and negative powers p are
reversed with respect to the autoregressive case: the numerical results in the table above
show good estimates for negative powers p, improving as m increases. As an example,
the ratio AV/CRB for the estimator of the inverse autocovariance function (p = —1) is

1.07 for m = 30 and 1.04 with m = 50, very close to unity.

3.4 Minimum contrast estimation
Let us consider the process with spectral density function

27 fo(w)” = [O(w)] ", (3.34)
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where 6(w) > 0 is the trigonometric polynomial 6y + 23 1, 8y, cos(wk). Writing 0(w) =
Ool(e™) 2, p(e™™) = 1 — 31| ¢je™, such that 0, = 0> 1" ¢;bj4k, and setting
2 = ¢;"', it can be seen by integrating both sides of over w € [—m, 7|, that
Ypk 18 the autocovariance function of the AR(K') process U; = Zj’=1 OiUi_j + o€, 64 ~
iid. N(0,1).
Following [Taniguchi (1987)), let us consider minimum contrast (MC) estimation of
the spectral density fp(w) using the contrast functional

K(z:p) = In(2?) + —,

2P

applied to fo(w)/gn(w), where gy(w) is the corrected pooled periodogram, gy(w) =
w) /T (m) /T (m + p) such that E{[gn(w)]P} = [fo(w)]?.

Deﬁne
| M
= Z Apre™* w € [—m, 7],
—M+1
so that 9,1 = 7Y (w)e“Fdw, and gy (w) = [Y (w)]"/7.
The MC estimator of (¢1,...,¢x,0%) is the minimizer of

/—ZK <%,p> dw = /_:rr {ln02 —In|p(e™™)|* —InY (w) + %Y(W)|¢(e_“)|2} dw.

The MC estimator of 02 is 6% = L [T Y (w)|¢(e )|’ dw. Replacing in the contrast
function (and noticing [™_|¢(e=)|%dw = 0), the MC estimator of ¢ = (¢1,...,¢,) is

the minimizer of the criterion function

™

cao¢>=:jf Y (@) (e Pdw.

Writing

6™ = 1 - 2¢'b(w) + ¢'B(w)b
where b(w) = [cosw, cos(2w), . .., cos(wK)] and B(w) = {cos(w(h—k)),h,k =1,2,..., s},
differentiating with respect to ¢ and setting the derivatives equal to zero yields

a_Q_ T

9p _WY(w)(b(w) — B(w)¢)dw =0,
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which is the generalised Yule-Walker system of equations:
K
Yok = quj’?p,k_j, k=1,2,..., K.
j=1

Hence, an asymptotically efficient estimator of (¢, 0?) and thus of 8 can be obtained
by solving a generalised Yule-Walker system base on the GACV estimator ([2.20)).

3.5 Choice of the pooling parameter m

As we have seen, an important issue to be addressed for estimation of the GACV is
the choice of the pooling parameter m, since it allows (m — oo) the asymptotic variance
of the estimator 4,; to achieve its lower bound. However this parameter also has an
influence on other properties of the estimator, that have to be considered to have a good
estimate of the GACV. These properties, and hence selection of m, will strongly depend
on the power p. First of all, asymptotic theory requires M and m to be sufficiently large
and 77 sufficiently small. For negative powers p we need to impose apconstraint on m
to ensure the existence of the variance of the r.v. <27r Sy I(wjm+l)> . Moreover, the
asymptotic properties of the estimator of the GACV depend on the power p, and for
instance, its asymptotic variance is higher for negative p, in which case increasing m has
a strong effect.

Note that the estimator of the GACV uses a Daniell-type estimator for the spectral
density, which is plugged in the whole expression. Here m plays the role of a smoothing
parameter, controlling the resolution of the estimator. In our specific case the pooled
periodogram ordinates over m consecutive frequencies are used. Hence, we need 7 to
be sufficiently small for f(w) to be effectively constant over frequency intervals of length
QJ’C—Im, and M and m to be sufficiently large for the asymptotics to be valid. For a fixed
sample size N, increasing m reduces the variance of the estimator, producing a smoother
estimate, but increases the finite sample bias, as the pooled periodogram ordinates over

m frequencies are used instead of the raw ordinates at each frequency.
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3.5.1 Choice of m in large samples

Let us consider a time series of length N large enough for asymptotics to be valid. The
estimator 4, is asymptotically unbiased, hence the optimal selection of m will be based
on minimizing the asymptotic variance, given by (3) with & = [, for a Gaussian stationary
process. Minimization of this quantity consists in minimizing the multiplicative factor
m(C(m;p,p)— 1), which is a nonincreasing function of the pooling parameter m for each

given value of p. This can be easily seen graphically, by looking at the plot in Figure [3.3

0
------ p=-
o | — p=

- o --- p=05

T 9 _ p=05
s s p=1

E o p=15
o 7 . =
F =R
] __—'-:'___' ''''''''''''
I I I I [ I
5 10 15 20 25 30

Figure 3.3: Plot of m(C(m;p,p) — 1) vs m at different values of the power p

The Gamma function I'(2) is an analytic function whose only finite singularities are
z=0,—-1,-2..... In our case we consider m > —2p. The plot confirms that the factor
m(C(m;p,p) — 1) (and hence the asymptotic variance of 4,;) decreases as the pooling
parameter m increases. From the plot we can also observe that as the distance of the
power p from unity increases the value of m(C(m;p,p) — 1) also increases, and the latter
is greater for negative p than for positive p. This behaviour reflects on the variance of

the estimator, as we saw in the previous ARMA examples.
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The derivative of m(C(m;p,p) — 1) with respect to m, with m > —2p, is given by:

L(m+2p)T'(m+1)

{\If(m+2p) +W(m+1) —2‘I/(m+p)} -1

[T(m +p)?
_oInl(z) _ T(2) - . . . .
where ¥(z) = =2 = o) 1 the Digamma function, which has simple poles at
z = 0,-1,-2,.... From Figure m(C(m;p,p) — 1), for a given value of p, is a

nonincreasing function of m, with a horizontal right asymptote. As shown in Appendix

A, the horizontal asymptote h(p) of m(C(m;p,p) — 1) as m — oo is:
h(p) = p*

The pooling parameter m can be selected as follows. We implement a code with R
consisting of a function that increments the value of m by 1 unit, and evaluates the
reduction in m(C(m;p,p)—1). The optimal m selected is the one at which this reduction

is small enough. Let us define
A = |mip1 (C(misr; p,p) — 1) — mi(C(mi;p,p) — 1)],

We initialize A and set a tolerance level, say €, small enough. The function takes as
arguments an initial value for the parameter m, (m > —2p), the value for the power p,

and the maximum number of iterations that we want.
e Initialize m and the iteration number it;

e while A > ¢ AND it < it.max

— update the iteration number t;

update m;

evaluate m(C'(m;p,p) — 1) at m;

evaluate A;

e return the value of m, m(C(m;p,p) — 1) and the iteration number.
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Table [3.5] reports the selected values of the pooling parameter m for some values of
the power p. The maximum number of iterations is 100 and the tolerance level € is chosen
as 1% of the range of the function for each value of p considered, as these functions have
different slopes. For instance for p = —2 the curve is steeper than the others and we

need € = 0.21. Note that the selected m strongly depends on the tolerance level chosen.

Table 3.5: Selected values of the pooling parameter m for p =
2,3/2,1/2,—1/2,—1,—2.

P min max range epsilon m

4 ) 1 0.01 14

3/2 2.25 2.39 0.14 0.014 )
1/2 0.25 0.27 0.02 0.002 D
—1/2 0.25 0.54 0.29 0.0029 12
—1 1 3 2 0.02 13

—2 4 25 21 0.21 15

The table shows that as p gets far from unity a higher value of m is selected, and the
greatest value selected is 15 for estimating 7,; with p = —2, while the lowest selected m
is b for both p =3/2 and p = 1/2.

3.5.2 Choice of m in finite samples

As we have seen, selection of m based on the asymptotic properties of the estimator
of the GACYV gives different results depending on p. However, these results are based on
the assumption that the asymptotic distribution of 4, is valid to a good approximation,
and we know that this requires a very large sample. As an example, with a size N = 200
and m =5 M is only 19.

One method to select the optimal value of m based on a given sample is the use of
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the Jackknife (Quenouille, [1949)), as indicated by [Luati et al. (2012)). Here we propose
the use of a generalization of the frequency domain bootstrap MPB (multiplicative pe-
riodogram bootstrap), as described in Meyer et al.| (2018), which is valid for Gaussian
stationary processes, and is based on the assumption of asymptotic independence of the
periodogram ordinates. The MPB approach is often used to estimate the distribution of
periodogram-based estimators M (p, In) = ["_ @(w)I(w) dw of a spectral mean M (¢, f).
The integral in the estimator M (¢, Iy) is commonly approximated by a Riemann sum
over the Fourier frequencies w;, j € G(N), with G(N): ={j € Z:1 < [j| < [N/2]}.

We can view the estimator 4, of the GACV as an estimator 4, = 5= M (cos (wk), [2mL;]P (m+)p)

of the spectral mean v, = 5= M (cos (wk), [27 f (w)]?). We know that for M and m large
enough and ¥ + 1s small enough, 2nl; = 2m f(w;) X;, with X i.i.d. Gamma random vari-
ables, X; ~ Ga(m, 1) and w; are the mid range frequencies defined in section 2.1. By fol-
lowing the same reasoning as the standard MPB procedure, we can generate the pseudo-
innovations U7 as i.i.d. Ga(m, 1) r.v.s. Then define U;” = [U]? Fm@p J € Gi(N), where
Gi(N —{geZ 0<j<M-1}.

Let T]* = UJ’-‘p[QﬂfN(wj)}p, where fy is a consistent (e.g. kernel-type) estimator of

the spectral density f based on a sample of size N. The random variables T%(w;) are
then supposed to mimic the behaviour of [271;]P (F(m)) The distribution of L,y =

= Mg, (p, 27 L;]P F(77(1+)1))) — =M (g, [2m f]7) is approximated by the distribution of

L Moy (0. T7) — Mg, (o, 2 fu]?),

Vi = —
PN T gp 2
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3.5.3 Real data illustration
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Figure 3.4: Quarterly growth rates of US Gross Domestic Product (1947.2-2012.1)

and spectrum estimates.
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An empirical illustration of the theoretical results obtained is given by investigation
of the quarterly growth rate series of the US Gross Domestic Product (GDP), whose
cyclical nature has been largely inspected. Values of the power p different from 1 can
help in identifying the cyclical features of the series. This can be achieved by solving a
generalisation of the Yule-Walker system of equations. As p varies, the following expres-
sion describes a wider class of spectral models, from which the AR, MA, or fractional

models are obtained as special cases:

0.2

3=

o f(w) = [ T a— (3.35)
Pp(e™)Pp(e™™)
where ¢,(e™) =1 — ¢p1e™ — ¢pe®™ — ... e, For positive values of p, ¢,(B) char-

acterizes the autoregressive approximation of the process u,;, from which the AR or MA
approximation of the original process can be obtained recursively.

Given a time series realization, one can select the optimal value of p by minimizing a mea-
sure of deviance based on the Whittle’s likelihood, Deuv(p) = SV [{(wj) + lnfp(wj)].

J=1 Ip(wj)
Estimates of the GACYV for several powers p are needed to compute the spectral es-

timates fp by the YW method. However, an important issue to be addressed before
estimation of the GACYV is the choice of the pooling parameter. Here we use the fre-
quency domain bootstrap procedure described above for selecting the optimal level of
pooling m for several values of p considered. The length of the series is 260, and we
used B = 10000 bootstrap replications to estimate bias, variance and MSE of the es-
timators of the GACVs. A smoothed periodogram estimator with a Gaussian kernel is
used as a consistent estimator f Figure shows some of the results obtained, for
p = —1,1.5,2,2.5 and k£ = 3. From the plot, a suitable value of m would be 3 for
k=3,p=15and p=2, or 4 for p=2.5. The GACV estimates, obtained with optimal
pooling parameters according to p, are used to solve the YW equation system to get the
estimates of the parameters that characterize the AR approximation of the process .
The corresponding estimates of the spectrum for some positive p are shown in Figure [3.4
together with the plot of the series. From the plot it is evident that powers p greater than
1 emphasize spectral peaks, revealing the cyclical nature of the series. By optimization of
the above measure of deviance we select p = 2.5. The corresponding spectrum estimate

characterizes a new model. It is given by the red line in Figure |3.4) with peaks showing
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a cyclical pattern. The coefficients of the AR approximation of the power-transformed

process for p = 2.5, estimated by the YW method, suggest an AR(3) model for w,.
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3.6 Appendix

Let us derive the expression for the Fisher information matrix Jy associated with
Xq,..., XN

Let us consider a Gaussian stationary process. The likelihood function is:
1
L(0) = (2m) N2 ny|Y/2 eXp{—éXJ/VE]_VIXN}
with
LN = (0)j12

where:

(0)j1.g2 = fo(w)expi(ji — jo)w]dw  j1,jo=1,...,N
The derivative of the log-likelihood function with respect to 6; is:

0l L6 1 ; 1 ;

a9, >
where, for j =1,...,s,
E%) - (O-J('z,)jz)
g aajhjé _ " o . 0f9(w) o
O-jZJQ o 80] - /ﬂ' exp [Z(.]l - jQ)W} 89] d J1sJ2 = ]-7 s 7N

The following lemmata are useful for the derivation of the matrix Jy

Lemma 2 ((J. R. Magnus and Neudecker, 1979)). Let A and B be symmetric non-

random matrices of order N. Then,

Theorem 3 ((J. Magnus and Neudecker, 1999)). Let X be a r.v. with E[X]| = p and

VIX]| =%, and let A be a symmetric non-random matriz. Then

E[X'AX] =tr(AY) + p'Ap (3.37)
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Lemma 3 ((Taniguchi, [1986))). Let D and D* be spaces of functions on [—m, 7] defined
by:

D = {flf(W) = > a(w)exp—iw,a(u) = a(~u), Y |ulla(u)] < OO}

U=—00 U=—00

D* = {f]f(w) €ED0<F < flw) <F<oofor we [—7T,7T].}

For g1, g2 € D* we define I'1, 'y, A1, Ay, the N x N Toeplitz matrices, by:
r,— ( / exp{iljs — jo)w} fs(w) dw)

A, = ( / " expli( — jo)w}gs(w) dw)

Ji,je=1,...,N,s =1,2. Then
1 - a1 M Aw)fe(w) _
—trDy A oAy = — dw+ O(N7Y). 3.38
Rl B maey K (3.38)
Under the assumptions 1-3 we can derive the expression for the Fisher information

matrix applying the definition given and by using the cited theorems and lemmata.
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in(ivda) = E { dlog L(0) dlog L(6) }

00,

1 . 1 ) 1 ) 1 )
-k [(§X'EE12%1)E&1X - §tr27v12%“) (EX’E;&E%”EIVIX - 5151“2]_\,125‘\’,2))] _

1

1

= EIXSSRS X XOS SRS X ¢

—EIXSYERYS XerSy ) +

1 . .
—JE (S SR XSV SRS X +

1 . ,
+tr (SN SR (S ERY) =

1 , :
= Jtr(SY SRS SN (S SR Sy Sw) +

1 . .
+§tr(zyvlEgﬂzpzNz;z%ﬂz;zN) +

1 A ,
—Ztr(zj—vlz:%?’)la X'Syeiei X +

1

4

Now we can apply Lemma [3] considering

ry = Z%l) :/ exp {i(j1 — jo)w} 09< )d Iy = E(”)

A = Ay= Sy = /W exp {101 — jo)er} fo(w) dew

—T

So that fi(w) = 2@ £, (w) = @fe andg( ) = ga(w) = fo(w).
Applying the Lemma gives:

—fr(E;}E%”)E (X'S s n X +

1 . .
+otr(SYEY e (ERE) =
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dw +

iNUhh)IZﬁﬁh5ﬁ”ﬁdzfzﬁb+__/9 fo(w) dfp(w)

Am J_r aeﬁ aeﬂé fg(w)
1 4 .
— (SN SRE (XS SRS X +
_ltr(E—lz(b))E [X’E_IE(jQ)Z_IX] + 1tT<E_1Z(j1))tr(E_IE(jQ)) .
4 N =N N =N &N 1 N &N N &N )T
(3.39)

Now we can use Theorem

E[X'AX] =tr(AXy) + p'Ap
where in our case we have: p = 0. In the first expectation A = E]_VIE%I)Z]_VI, SO
E[X'SyEUSX] = tr(33'8YVS1 Sy) + 0. While in the second expectation A =
2&12%2)2;,1, giving E [X’E]’VlEg\Jf)Zjle] = tr(ZZ’VlE%Q)E]’VlZN) + 0. Using these results

we obtain:

iy L sy ety L [T 9fe(w) Ofp(w) 1
in(j1,J2) = itr(lezg\J/ ))tT<EN12% )> + _/ ggg( : geg( ) [ (w) ot
—Tr J1 J2 0
1 1

41
—Z—ltr(EleZE{f))tr(E&lzg\{l)Z]}lZN) - Ztr@;z%“)tr(z;z%ﬂz;m) =

1 L L L [T O0fs(w)0fp(w) 1
_ Z ]_z(jl) E 12(]2) _/
NI+ o | a0 e, )

1 . .
—5tr (SN SR (S R =

. i /7r 6fg(w) 8f9(w) 1
Cdw ) 08, 08, fiw)

which provides the generic element of the Fisher information matrix.

—T

dw

Asymptotic efficiency of the estimator of the GACV depends on the factor m(Clmipp)=1)

Here we prove its convergence to 1 as m — oc.

We start by using a result about the approximation of the ratio of two Gamma func-
tions, obtained by the use of the Stirling’s series (Erdélyi, Magnus, Oberhettinger, and
Tricomi, |1954):

) _ e (a=B)(a+B-1)
Tz+p) i 22

+0(12172)] (3.40)
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as z — oo, where o and 8 are bounded. By using this approximation we can rewrite

['(m)I'(m + 2p) p (—=p)(p—1) p(3p — 1)
~ 14 ZPAPT N ply  POPT Y
C(m+p)Tm+p)] [+ 2m }n[+ 2m ]
4m? + dmp? — 3p* + 4p3 — p?
= 41
4m? ’ (3-41)
and substitute it in the whole expression:
L'(m)T'(m + 2p)
C'(m; —-1) = —1) =
m©mip2) =) = (1, T+ ] )
4m? + 4mp? — 3p* + 4p® — p?
~7n< g —1) (3.42)

By applying the change of variable ¢t = % we can use the De L’Hopital theorem to

find the limit as t — 0T

(4t*2+4p2t*1—3p4+4p3—p2 _ 1)

. 42

lim =
t—0+ t

Q 4t_2+4p2t_1*3p4+4p3*p2 i 1
. ot 42 9
= lim - =p (3.43)
t—0+ it
ot

Hence the horizontal asymptote h(p) of m(C(m;p,p) — 1) as m — oo is:

h(p) = p? (3.44)

m(C(m;p,p)—1) __ 1.

and, lim,,, . 2 =



Chapter 4
Multivariate extensions

In studying a phenomenon, we often encounter many variables, X;;,7 = 1,...,r,
and the observations are taken over time. For convenience we use a vector, X; =
(X14, Xot, ..., X,t) to denote the set of these variables, where X is the ith component
of the random vector at time ¢. A realization from the vector process X, is a vector (or
multivariate) time series. We will consider discrete time series, with ¢ € T, where T is
a discrete time set. The fundamental characteristic of a multivariate time series is that
its observations depend both on component i and on time ¢ (Wei, |2019)).

We first introduce some basic concepts of multivariate time series analysis, in both the

time domain and the frequency domain.

As shown in the previous chapters for scalar time series, the definition of an auxiliary
process, based on a power transformation of the original process, allows the definition and
investigation of many important quantities in time series analysis, nested in the GACV.
Proietti and Luati (2015)) defined the power-transformed process u,;, whose Wold co-
efficients can be obtained recursively from the Wold coefficients of the original process
(Gould, |1974). This allows to give the GACV (and the quantities related to it, includ-
ing the variance profile) an analytical form in terms of the coefficients that govern the
process.

Formulae for the coefficients of powers of Taylor series have been known since a long

time. In the work by Gould (1974)) several forms of formulae for the coefficients of any

62
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real power of Taylor series are proved and put in a logical order. These formulae are
useful in the definition of the generalised linear cepstral models (Proietti and Luati,
2019), characterized by the generalised cepstral coefficients, directly connected with the
GACYV, and hence the variance profile. The generalised linear cepstral models are lin-
ear models for the Box-Cox transform of the spectral density. The exponential model
(Bloomfield, [1973), which arises as a special case, is a linear model for the log-spectrum.
A recursive formula for the coefficients of the log-transform of a polynomial is provided
by [Pourahmadi (1983). A multivariate extension of the latter formula to matrix polyno-
mials and of the exponential model is provided by Holan et al.| (2017). We aim at deriving
a method to get the coefficients of a power transformation of a matrix polynomial, valid
for any real power. This allows analytical definition (in terms of the power-transformed
process) of the matrix GACV, the matrix variance profile, and generalised linear cepstral

models for vector time series.

In this chapter we will consider vector stationary time series. An rdimensional vector
process X, is a stationary process if each of its components is a univariate stationary

process, and its first two moments are time-invariant.

4.1 Multivariate spectral analysis of time series

Let X; = (X1, Xoy, ..., X, )" be a rdimensional real-valued vector process, with
mean vector p and lag k covariance matrix function T'y = E[(X; — p) (X — )] =
[%M];”j:l, where ;5 is the covariance between X, and X, yx, while for i = j, v
is the autocovariance function for the ith component, X;;. It can be easily seen that
I'y, =T",, and that T’y is the variance-covariance matrix of the processX;.

The correlation matrix function of the process is defined by:
pr. =D’ D72,

where D is a diagonal matrix in which the ith diagonal element is the variance of the ¢

component X ;.
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Let us consider the Wold representation of the vector process X, : X, = U(L)e;, where
{€:} is a vector White Noise process with mean zero and covariance matrix >. Then, the

covariance matrix function is given by:

Tp=> U, X0 (4.1)

Jj=0
Given a realization of length N, x;, from the vector process X;, the covariance matrix
function can be naturally estimated by the sample covariance matrix function, given by:

1 N—k

f"f:ﬁ;@t_j)(xt%_j),? 0<k<N-1, (4.2)

where & is the sample mean.

Results for spectral analysis of univariate time series can be readily generalised to a
r dimensional vector process.

The spectral representation of the covariance matrix function is given by:

I = /ﬂ e“kdF (w), (4.3)

where F'(w) is the spectral distribution matrix of X;. The diagonal elements F;;(w) are
the spectral distribution functions of X;,, and the off-diagonal elements F; ;(w) are the
cross-spectral distribution function between X, ,, and X ,.

If the covariance matrix is absolutely summable, in the sense that each of the r x r

sequence ; ;r is absolutely summable, then, the spectral density matrix exists and is

given by:
f(w)dw = dF(w) = [fi;(w)dw]. (4.4)
Thus, _
Ty = / e f(w) dw, (4.5)
and

Flw) =5 30 Tue ™ = [fiyfw)] (16

=—00
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where

1 S —iw
fig(w) = Gy Z Yigwe . (4.7)

k=—o0
The diagonal elements f;;(w) are the spectral density functions of X;;, and the off-

diagonal elements f; ;(w) are the cross-spectrum of X, and X .

when £ = 0 we have I'y = fjﬂ f(w)dw. hence, the area under the multivariate
spectrum is the variance-covariance matrix of the process.It can be easily seen that the
spectral density matrix function f(w) is positive semidefinite, that is ¢’ f(w)e > 0 for

any nonzero rdimensional complex vector ¢’ (Wei, 2019). Also, f(w)is Hermitian, i.e.

frw) = f(w).

For a vector process{X,;} with Wold representation X, = V(L)e;, where {€} is a
vector White Noise process with mean zero and covariance matrix X2, the spectral density

matrix function is given by:
Fflw) = U(e @)DT (™). (4.8)

Given a realization of length N @, from the vector process X, the periodogram matrix
represents the sample analog of the spectral density matrix. Similar to the univariate

case, the periodogram matrix, or sample spectrum matrix, is defined as:

N 2
1 .
IN(CL)J) = m Z.Xteilet 3 (49)
t=1
and it can be shown that:
1 N-1
In(wy) = o > Tre ™k (4.10)
k=—(N-1)

The periodogram matrix, as the periodogram for scalar time series, is also a poor es-
timate of the spectral density matrix, and to overcome this issue, smoothing techniques

for the periodogram matrix are often used.

Similar to univariate time series, models for the spectrum of a vector time series can

be specified. [Holan et al. (2017) extended to vector time series the exponential model
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for scalar time series defined by |Bloomfield| (1973)).

4.2 The vector exponential model

The vector exponential model (Holan et al., 2017) represents a flexible frequency
domain model expressed in terms of the spectral density matrix, which extends to the
multivariate case the exponential model for scalar time series of Bloomfield| (1973).

The vector exponential model (VEXP) has some advantages over VAR and VARMA
models. The VEXP model is always invertible, which implies that the spectral density
matrix is non-singular at all frequencies, and it is also stationary. Although when es-
timation proceeds in an unconstrained fashion, VAR and VARMA processes need not
be stationary and invertible, there are practical scenarios in which restrictions on VAR
and VARMA processes are needed: non-invertibility of a vector process makes Whittle
estimation intractable, and also, for non-invertible vector processes long-term forecast-
ing filters are not well-defined (McCracken and McElroy, [2014). For a VEXP model

stationarity and invertibility are automatic, and the parameters are unconstrained.

The definition of the VEXP model involves the notion of matrix exponential (Artin,
1991)). Since the spectral density matrix is Hermitian, it can be written as f(w) = PAP*,
where P is a unitary matrix,P* = P~! and A = A(w) is diagonal with positive diagonal
elements. Then, exp f = Pexp (A)P*, where exp (A) is a diagonal matrix with diagonal

elements being the exponential of the diagonal elements of A. Hence, we can write:
f =exp[Plog(A)P"|.

Holan et al| (2017) noted that the matrix P log (A)P* can be expanded as:

Plog (A)P* = ) Ope ™, (4.11)

k=—00

where ©, are the Fourier coefficients of Plog (A)P*, and they are called cepstral matrices

(cepstral coefficients when considering scalar time series).
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Therefore, the spectral density matrix can be written as:

f=exp ( i ®k6_iwk) (4.12)
k=—00

To define the VEXP model, [Holan et al. (2017) denoted ¥(z) = exp €2(z), for some power
series (z) = 3,5, Qrz". When the cepstral matrices are all commutative ©(z) = Q(z).
The VEXP model is obtained by truncating the power series €2(z) to a polynomial. Then,
the Wold representation of the order ¢ VEXP model is defined to be:

W(z) = exp[Q4(2) (4.13)

The White Noise process has covariance matrix X = exp {)y, and the spectral density

function of the VEXP(q) process can be written as:

F(w) = exp {[2(e™)} exp () exp {[Q] ()} (4.14)

For the VEXP(q) process a condition is needed on the Wold power series, which is that
detW(z) # 0 for all z € D = {z € C: |z| < 1}. Conversely, whenever a cepstral power
series is also well-defined for z € D, then, exp §2(z) is well-defined. In particular, [Q2]](z)
is always convergent on C, so that the VEXP(q) is always invertible and stationary.
As established in Holan et al. (2017), the VEXP(q) process with ¢ < oo is stationary,

invertible and identifiable.

In the univariate case, one may differentiate Eq. with respect to z and match
the coefficients to get the recurrence relations in (Pourahmadi, [1983). This approach is
demonstrably false in the multivariate case, since differentiation of the matrix exponential
must allow for the non-Abelian algebra, as pointed out in Holan et al.| (2017). Instead,
they provide formulas relating the Wold matrix coefficients to the cepstral matrices,
by expanding the matrix exponential using a Taylor series. The Wold coefficients are
obtained by: l

\pkzzl—l'< > HQ) k> 1, (4.15)
1>1 Aeke A=l j=1
where A |= k denotes a partition of the integer k considering the order of the numbers

occurring in the partition. This is due to the (general) non-commutativity of the cepstral



4.2 The vector exponential model 68

matrices, since 21y # (2,€); in general, and they must be accounted as distinct terms in
the summation. Expanding the matrix logarithm, the relation of the cepstral matrices
to the Wold coefficients is provided by:

!
(—1)f
Q=) — > pr . (4.16)
1>1 Ak A=l j=1
Since the number of partitions involved in the formulas above quickly grows, Holan et
al.| (2017)) provide a simpler equivalent method to relate cepstral and Wold matrix coef-

ficients.

Formula allows to get the Wold coefficients characterizing the process, given
the cepstral coefficients, by expanding the exponential transformation of the matrix
polynomial [Q]9(z). The Wold coefficients are then used for computation of the spectral
density matrix, for forecasting, or assessing goodness-of-fit of the model.

As previously cited, in the univariate case the relation between the Wold coefficients
and the Fourier coefficients of the log-spectrum (the cepstral coefficients) is provided by
a recursive formula involving previously computed Wold coefficients and a finite set of
cepstral coefficients, described in |Pourahmadi (1983).

Recursive formulae for the coefficients of transformations of Taylor series and polynomi-
als have occupied attention of many scholars. In particular, recursive relations for the
coefficients of powers of Taylor series have been known a long time.

Many authors have expresses the relation between the coefficients of a given Taylor series
and its power transform in different implicit or explicit forms. |Gould|(1974) derived these
formulae for power transformations of Taylor series, for any real power, and put them

in a logical order. His paper provides recursive formulae also for powers of Dirichlet series.

In the next section we consider in the univariate case recursive formulae for trans-
formations of polynomials, and a recursive formula is provided, which nests those by
Pourahmadi| (1983) and by (Gould| (1974).
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4.3 Recursive formulae for powers of polynomials

Following Proietti et al| (2020)), in the univariate case we derive an encompassing

formula for the coefficients of the polynomial
L q
P(z) = [L+Ab(2)]3, b(z) = b2t (4.17)
k=1

Denote 0(z) =1+ Ab(2) = > 7_,0k2", 00 = 1,0, = Aoy, k > 1.
Differentiating both sides of ([f.17) with respect to z and denoting v (z) = Lyj(z),
b(z) = 4p(z), and 0(z) = 40(z),

T dz

U(z) = [1+Ab(z)]%—1i)(z)_
= (2)[1+ Ab(2)]71D(2).

Then, replacing 6(z) = \b(z), gives the identity
P(2)8(z) = A(2)8(2). (4.18)

Replacing 9(z) = S20° ((k + 1)r12* and 0(z) = S92 (k + 1)0412" and convoluting
the polynomials on both sides of (4.18) yields

[e’e) kNq 00 kNq .
2IPoCRRERINIEES ofpor Tl B

k=0 [j=0 k=0

Equating the coefficients of z* both sides

kAq kNng .
(K + Dtber + (k1= )ty = Y 305tk > L,
j=1 j=1
and rearranging yields
1 kNAq
Vi1 = P Z AT+ 1) = (4 1)) 0tp1—, Yo =1, (4.19)
j=1

which is Gould’s formula (Gould, [1974) p = A~1.
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Also, replacing 6; = \b;, gives the encompassing formula

=)

1 kA

V1 = Tl 1 L +A) =AMk + D] bjtbey1—y, o =1, (4.20)

<.
Il

which gives the formula by Pourahmadi| (1983) as a limiting case, for A = 0, providing
the coefficients of ¥ (z) = exp{b(z)} as Y41 = ng Ik

In the next section we are interested in finding the relation between the coefficients
of a given matrix polynomial, and the coefficients of its power transformation, for any

real power transform

4.4 Formulae for powers of matrix polynomials

Let ¥(z) be an r x r matrix polynomial of degree ¢, i.e., a polynomial in z with
matrix coefficients:

W(2) =W+ Uz + Wo2? + o + U, 27

with
This is equivalent to a square matrix whose elements are polynomials in z.
Let us consider:
(U(2)]P = Dp(2) = Ppo+ Pp1z + Ppoz® + -+ + D g 2", (4.21)

where @, = I, and p € R. The Taylor series expansion for the matrix polynomial ®,(2)
is (Gohberg, Lancaster, and Rodman), 2005)):

D,(z) = Ppl20) + @1(01)(20)(2 — 20) + ﬁq)z(v N20) (2 — 20)% +
1 1
R ﬁq);l)(ZQ)(Z - Z())l + -+ p—q'q)z()pq)(Z())(Z — Zo)pq, (422)

where q),(,l)(z) is the [th derivative of ®,(2).

Interest resides in finding a recursive relation between the coefficients of ®,(z) and the
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coefficients of W(z). Note that ®,(z) = U(2).

Let us start by first considering the case where p = k, a positive integer. The Taylor

series expansion of ®(z) = [W(2)]* about zy = 0 is:

1
Dy(2) = [U(2)]F = 04(0) + &V (0)2 + 5<1>§f>(0)z2 +
L Lo
ot l—!ég)(o)zl ot p_q!@,g 2(0) 2+ (4.23)
where CIDI(CZ)(O) = M|Z o is the /th derivative of [¥(z)]* evaluated at z = 0. Hence,
the Ith coefficient of the power-transformed matrix polynomial ®x(z) is given by ®;; =
I
124 (0).
The first derivative of [U(2)]* (for k a positive integer) is given by:
DIV = gt DY) i
— = Z yh= 4.24
D~ VO (1.21)
For A(z) and B(z) two r X r matrix polynomials, by the product rule for matrix
functions:
D[A(z)B(z)] DA(z) DB(z)
= B A(z)———.
Dz Dz (2) + A(z) Dz

Iterated use of ((1.24) and ([.25) allows to write the derivatives of [¥(2)].

(4.25)

Dq;)pj;)]k _ l]))Z[D\IJ’f } [Z\Iﬂ 1 )\Ijk ](2)]_

By writing the derivative of a sum of functions as the sum of the derivatives of the

functions, and using (4.24) and (4.25) we find that:

DU R iy, DU(2) o DU(2) i1 DP(2)
7_;{;w (z)D—Z\If B ) et - U (2) + W (z)D—ZQ‘I’ () +

k—j

DV(z)
Dz

+WI1(2)

@hl(z)%iz)\pkjh(z)}

il\g
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Analogously the third derivative of [¥(2)]" is:

DW(z)* D [DQ\II’“(Z)] _

J - D3 Dzl D2?

_ | =t DY) oy DU ()
_;{; ;\D )=,V e Y R )+
+Z v 1(2)%2(;)@-_1_1-(2) %f)‘lf’“_j(z)—i—

v (2 2 S gt () PR gt )| PO g )

5w 22 E D i) +

+Z w1 (2) 22 g1 | PEC) () P2 E o)

+ 5 [ 2 g P gy g
o1 2§ s ) D) gy

(o) D) 12 Py | 4

() 228 h:1w01<z>D§ZZ>whlo< )P goionz) | 4

P () 2L $ [ () D0 H_h(z)z +

LGl MRS k]:ihw—l( e >”
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The same proceeding can be applied to higher order derivatives.
To write the [th coefficient of ®4(2) = [¥(z)]* note that:

vD(0) = v,
T (0) = 20,
T3)(0) = 603

Hence, by the previous results we get the coefficients of @y (2) as ®5; = l—l!CD,(f)(O):

q)k:,O = -[7'
(I)k,l — k\Ifl
1
Dpo = 5/{:(/{: — 1)(¥,)? + kU,

k k
1 , 1 ‘ 1 .
iy = chlh = 1)(k = 2)(¥1)" + 5 > 2k —1— )Tyl + 3 ;(k — 24 )0, + kU,

j=1
A recursive relation among the coeflicients ®; is apparent, and it is given by

l
Py, = Z Pr—1,iVi—, (4.26)
i=0
which coincides with the result by Karampetakis and Tzekis (2005)).

Let us consider now [V(z)]? = ®,(2) with p a real number. In this case we can make
use of the results in Holan et al| (2017) about the exponential transform and the log
transform of a matrix polynomial.

For any complex-valued square matrix A, convergence of the matrix exponential exp { A}
is guaranteed by Proposition 8.3 of [Artin/ (1991). Let U(z) = exp{O(2)}, with O(z) a

finite degree matrix polynomial, and assume:

| L —(z) |<1Vze D (4.27)
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for some matrix norm |||| and D = {z € C : |z|] < 1} (Holan et al) 2017). (4.27)
guarantees invertibility of exp {O(z)}.

Let us get back to the power transformed matrix polynomial:
(I)p(Z) = [\P(Z)]p = q)p70 + (I)p712 + q)p’QZz + (I)p7323 + ...

If we take the logarithm in the previous equation, by the properties of the log transform

of matrix powers we have:

In {®,()} = n {[¥(=)]"} = pln {W(2)} = pOI2). (4.28)
At this stage we can derive the coefficients of ©(z) based on the coefficients in ¥(z)
using the recursion (4.16) in Holan et al.| (2017):

&—%%( 3 (ﬁw)) (4.29)

Let us set pO(z) = ©,(z). Each coefficient of ©,(z) is obtained from the coefficients of
©(z) by multiplying each element by p. Then:

In {®,(2)} = 6,(2)
and
Dy(2) = exp {Oy(2)}
Hence, the coefficients of the matrix polynomial ®,(z) can be obtained by using the
result in Holan et al.(2017, pag. 29):

X ¥ (T10w)) 30

k>1 AL =k j=1
Hence we are able to find the coefficients of the power transformed polynomial ®,(z)

starting from the coefficients of U(z). The reverse proceeding is also allowed.

This two-step-procedure described above to obtain the coefficients of a power trans-
formation of a matrix polynomial can be used for time series analysis purposes, in the
same spirit as univariate formulae are used as discussed in the previous chapters and

sections.
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4.5 The multivariate generalised cepstral model

The univariate generalised cepstral models, defined by [Proietti and Luati (2019)), in-
clude as special cases various univariate models, as shown in chapter 2, as the univariate
exponential model, or autoregressive and moving-average models. The generalised linear
cepstral models for the spectrum of a scalar time series can be extended to the multivari-
ate case to model the Box-Cox transform of the matrix spectrum of vector time series
(Cavicchioli et al., 2020).

Let X; = (X1, Xo4,...,X;t) be a r—dimensional stationary vector process, with
zero mean. As previously noted, the spectral density matrix is Hermitian, and it can be
expressed as f = PAP*, where A is a diagonal matrix with positive diagonal elements,
and P* = P~!. Then, the Ath power, with A € R, of the spectral density matrix is
f) = PAMP*, and

f = (PA P,

The matrix function f* can be expanded as:
PAMP* = ) Tye ¥, (4.31)
k=—00

where the matrix coefficients I'y; can be obtained as the inverse Fourier transform of
PANP*

1 [ :
Ta = o /_ ] PA*P*ek, (4.32)

Equation above (4.32)) provides a multivariate extension of the generalised autocovari-
ance function for scalar time series, and are called generalised autocovariance matrices

(Cavicchioli et al., 2020).

Let us introduce the Box-Cox transform g of the spectral density matrix f:

[f(w)]k—fr’ A 0,
gw)=d > 7 (433)
In [.f(w)]v A= 07
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Cavicchioli et al.| (2020) showed that:
[f )~ 1,

lim 3 = In[f(w)]
the matrix function g can be represented as:
g(W) = Z C)\ke_mk. (434)

k=—0oc0
In turn, the matrix coefficients C); are the inverse Fourier transform of g(w), and are
the generalised cepstral matrices:

1 [ ;
C)\k = % g(w)e“’k. (435)

—T
The generalised matrix cepstral model of order K, with transformation parameter
A € R arises by truncating the series in (4.34) and assuming that g can be represented

by a finite Fourier polynomial:
K
gw)= > Cue ™ (4.36)
k=—K

Hence, the vector exponential model by Holan et al. (2017)) is obtained as a special case
when A\ = 0. Also, for A = 1 the order K generalised matrix cepstral model coincides
with the vector moving-average model of order K, while for A = —1 it gives the VAR(K)
model.

Cavicchioli et al.| (2020) noted that Cy_, = C;’k, for every integer k < 0, and for
A = k = 0 the Kolmogorov-Szego formula for the prediction error variance, X, gives:

exp (55 | " In[£(w))ds) = exp (Con) = ¥

2 J_.

For A # 0 the generalised cepstral matrices are related to the generalised autocovariance

matrix: .
1
Cr = X(I‘AO —1I.), Cuw= XF)\k (4.37)
For A = —1, I'_; ; provides the multivariate analog of the inverse autocovariance func-

tion, I'px = O,x,, and Ty = I, up to a constant, while I, + C; o = I'; is the uncondi-

tional variance matrix of the process, and (I, —C} ) ! is the interpolation error variance.
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Let us consider the Wold representation of the vector process:
Xt = \I]<L)€t,

where {€;} is a vector White Noise process with mean zero and covariance matrix 3.
The spectral density matrix is f(w) = U(e )XW (™). Then,

F(w) = Bp(e ™) S0, (), (4.38)

where

K
(I))\(Z) = Z <I>>\7k2’k, (I)A70 = [r-
k=1

Then, when A # 0 the generalised cepstral matrices are:

K
1 :
Co =5 ( 3 0P, - I,,) (4.39)
k=0
1 K
C = 5 PR SN I S (4.40)
j=k

where we assume that det®,(z) # 0 for |z| < 1. For A = 0 the Wold coefficients can be
obtained from the cepstral matrix coefficients Cp, = ., as shown by Holan et al.| (2017)),
by formula in section As pointed out in section Pourahmadi’s recursive
formula for the log-transform of scalar polynomials does not hold in the multivariate
setting, since the algebra relating the Wold coefficients to the cepstral coefficients is no
longer Abelian (Holan et al., 2017).

For A # 0 we use the procedure described in the previous section, which relates the Wold
coefficients to the coefficients of ®,(z), instead of the formula provided at pag. 614 in
(Cavicchioli et al., 2020).

First, note that U(z) = [®,(2)]x, A € R, and In[¥(2)] = $In[@)(2)] = +6(2), where we
call In [®,(z)] = ©(z). Following the results by Holan et al.| (2017), the coefficients of
©(z) are obtained by:

91:2%< 3 (ﬁ@kﬁij)) (4.41)

AL A=k j=1
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Setting Oy = %@(2), obtained by multiplying each element of ©(z) by %, the coeffi-
cients of the Wold polynomial ¥(z) = exp ©,(z), are given by:

k
1
b= ( 3 (H @M])) (4.42)
k>1 AL M=k j=1

Hence, all the relevant information for prediction is available from the /K + 1 cepstral
matrix coefficients.

Estimation of the matrix generalised cepstral models is addressed in |Cavicchioli et al.
(2020) by maximization of the Whittle likelihood.

4.6 The matrix variance profile

The notion of Variance Profile introduced by |Luati et al.| (2012)) can be extended to
the multivariate setting by the definition of an auxiliary vector process, derived from a

power transformation of the original process.

Let X; = W(L)e; be a causal r—dimensional vector linear process, where € ~
i.i.d.N(0,%),
V(L) =149, L+VUyL?+. .., and L is the lag operator, L’ X, = X, ;. We assume that
|U(2)] =0 <= [z > 1, that [7_log f(w) dw > —o0, and that the powers [f(w)]? exist.

Define the power-transformed process:

w(L)Pst e, p>0,

Upt = (p-1)

[\IJ(L_l)]pE 2 €, p< 07

which is equivalent to

[w(L)Pn,  p>0,
(WL, p <0,

upt =

with n; ~ i.i.d.N(0,%?). Note that the pth power of the matrix polynomial V(L) is
still a matrix polynomial: [W(L)]? = ®,(L) = 377 ®,;L/, whose coefficients can be
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obtained recursively as illustrated in section @ The spectral density matrix of wu, is

(p—1) (r=1) _

fulw) = @, ) 27 £ @ (e )
= () P ()
— [U(e )P 2 [ ()P = [Fw)) (4.43)

and its autocovariance matrix is

1 [7 ,
Ly =— Fu(w)e™* dw
2 ),

Then, the matrix variance profile is defined as the power mean of the spectral density

matrix of the process X:

- {% " fuw) dw}p - {r} (1.44)

The definition of the multivariate variance profile in terms of the auxiliary process
turns out to be useful for interpretation and computational purposes.
The variance profile for specific values of p provides some important measures of variance

for vector processes.

e p=1:
the auxiliary process is u,; = V(L)e, = X, with €; ~ i.i.d.N(0, %) and

1 T
v = —/ f(W) dw = FO
2 ),

is the arithmetic mean of the spectral density matrix of the original process, and

it gives the unconditional variance-covariance matrix I'y of the vector process X.

1
limvpzlim{f‘uo} = lim {Zp} = .
p—0 p—0 p—0

e p—0:

3=
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As p — 0, v, gives the variance-covariance matrix of the innovation process €;, and,
. (p—1)

indeed, the power process u,, — 1, =% 2 € asp — 0.

Hence,

; - L[ p : _
hrnvp:hm{%/ [f (w)] dw} =3 (4.45)

p—0 p—0 o

Y] represents the variance-covariance matrix of the one-step-ahead prediction error,
and its estimation provides useful measures of the the linear feedback and depen-
dence between two multiple time series (Gewekel [1982) and is needed for computing
the multivariate analog of the AIC and BIC (Liitkepohl, 2005)).

e p=—1:
in this case the power process u_y; coincides with the inverse process considered
in the definition of the inverse autocovariance matrix function in [Heyse and Wei
(1985), i.e. u_y; = [U(L7Y)] oy, with 1y ~ i.0.d.N(0,X71). The spectral density

matrix of u_y; is f,(w) = [f(w)]™!, and its autocovariance matrix is:

1 T
| — o ewjk’[_f(cu)]_1 dw =T,
/ﬂ- —T7

where ', is the transpose of the inverse autocovariance matrix of X, following the
definition provided by Heyse and Wei (1985)). Similar to the univariate case, the
inverse autocorrelation matrix function provides a useful tool for model identifica-
tion, as in specific cases it admits a dual relation with the autocorrelation matrix
function. In particular, for vector autoregressive models the inverse autocorrelation
matrix function shares the same cut-off property as its univariate analog: for au-
toregressive models of order r the inverse autocorrelation function for both univari-
ate and multivariate time series are equal to zero for all lags greater than r. [Heyse
and Wei (1985) showed that for an ARMA(r, q) process Z;, ®(B)Z; = 0(B)ey,
where ®(B) is the AR polynomial of order r in the backshift operator and 0(B) is
the MA polynomial of order ¢, and e; a White Noise process with zero mean and
variance-covariance matrix X, the transpose of the inverse autocorrelation matrix
function of Z; coincides with the autocorrelation matrix function of the inverse pro-

cess, defined as U, = ®'(B)[0' (B)]'ay, where a, is a White Noise process with zero
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mean and variance-covariance matrix X ~!. Hence, in the multivariate setting, du-
ality between the inverse autocorrelation and the autocorrelation matrix functions
holds when ®'(B)[#'(B)]~! = [#'(B)]~'®(B). This means that, when the process
is vector moving-average of order ¢ the inverse autocorrelation matrix function will
not cut-off at any lag. While, if the process is autoregressive of order r the inverse
autocorrelation matrix function will equal zero for all lags greater than r.

For p = —1 the matrix variance profile is:

v = {%/:[f(w)]_l dw} = {Fi()}_lu

which provides the interpolation error variance matrix. As in [Pourahmadi| (1993))
(Theorem 3.1(b)), let X, denote the linear interpolator of X, based on { X, # 0}.

Then, the variance-covariance matrix ¥ of the error of interpolation is given by:
> = COV (X, — Xo) = D

where
1 27

Dy =— W) tdw.
0=5: [ 1f@)
This implies that v_y = Dy 1 = ¥ provides the variance matrix of the interpolation

€rror.

Estimation of the matrix variance profile can be addressed by using smoothing tech-

niques for the periodogram matrix, selecting a suitable kernel or spectral window.

4.7 Estimation of the Matrix Variance Profile

The matrix variance profile can be estimated by a power transformation of the
estimated spectral density matrix. A possible choice is to estimate the spectral density
matrix nonparametrically by smoothing the periodogram matrix, to obtain a consistent
estimate. A general form for the smoothed periodogram estimator of the spectrum matrix
is:

Flw) = / I Wi(w — v) dv, (4.46)

—T
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where W () is a spectral window. A discrete approximation of the expression above is

given by
gy b
flw) =+ > Iw)Wa(w —w;). (4.47)
j=—[N/2)

In particular, for a Daniell (i.e. rectangular) window with bandwidth 47mm/N, (4.47)

reduces to . ‘
flw) = 1 ) Z I[Qﬂ{v(w) + 7}

4.48
(2m+1 =, N (4.48)

)

where v(w) is the largest integer such that 2mv(w)/N is closest to w (Priestley, [1981)). In
each diagonal element of the spectrum matrix is estimated by averaging 2m + 1
periodogram ordinates. If the spectrum is assumed to be roughly constant over the band-
width of W (), then the distribution of (2m + 1) f(w) for w # 0,7 may be approximated
by the complex Wishart distribution with parameters 2m + 1, f(w).

Further investigation suggests the following form for the estimator (4.48) (Brillinger,

2002):

. J 2mj
= — Rel — 4.49
f(w) m; el |w+ =71, (4.49)
ifw=0,+2m,...,orif w=+7m,£37,..., and N is even, and the form:
F(w) 1§:RI Ty 21 (4.50)
w)=— el |lw— —+ — .
m N N |’

if w==+m,£37,..., and N is odd.

Assuming that the autocovariance function of the process, I'y, satisfies

and that the spectrum is nearly constant over the bandwidth of Wy (), then, each element

of f(w) is an asymptotically unbiased estimate of the corresponding element of f(w).

Estimation of the matrix variance profile is based on the Daniell-type estimator (4.48|)

of the spectrum matrix:
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}pBC}p, (4.51)

where M = %, andBC is a bias correction factor depending on the properties of powers
of the complex Wishart distribution. When p = 1, the estimator (4.51)) cioncides with
(4.48), where the averages of 2m + 1 periodogram ordinates are replaced by averages

X 181 & | 2n{km + 5}
”p:m{ﬁg{aZI[T

Jj=1

of periodogram ordinates over m consecutive non-overlapping frequencies. For the case
p = 1 the corresponding estimator is asymptotically unbiased, hence the bias
correction factor equals unity, BC' = 1. For p # 1, the diagonal elements of ¥, correspond,
up to a multiplicative factor, to the estimates proposed by [Luati et al.| (2012) for the
scalar variance profile. Hence, for p # 1, BC' needs to be determined by computing the

first order moment of powers of the complex Wishart distribution.



Chapter 5
Conclusions

This thesis has analysed asymptotic efficiency of a nonparametric estimator of the
generalised autocovariance function, defined by [Proietti and Luati (2015) as the inverse
Fourier transform of the pth power of the spectral density function. The GACV includes
as a special case the traditional autocovariance function, which is often estimated by
the sample autocovariance, whose asymptotic properties have been demonstrated and
discussed in the literature. Investigation of asymptotic efficiency of the sample autoco-
variance showed that it is asymptotically efficient only for some specific processes and
in a limited number of cases. [Porat| (1987) studied asymptotic efficiency of the sample
autocovariance for Gaussian autoregressive (AR) moving average (MA) mixed processes,
based on state-space representations and matrix Lyapunov equation theory. These results
showed that for Gaussian ARMA(r, ¢) processes with r > ¢ the lag k sample autoco-
variances are asymptotically efficient for 0 < k < r — ¢, while if ¢ > r none of the sample
autocovariances is asymptotically efficient. Kakizawa and Taniguchi (1994) derived in
the frequency domain a necessary and sufficient condition for asymptotic efficiency of
the sample autocovariances that applies to the more general class of Gaussian stationary
processes.

This thesis has established a necessary and sufficient condition in the frequency do-
main for asymptotic efficiency of the nonparametric estimator of the GACV proposed by
Proietti and Luati (2015)). The result generalises the condition for asymptotic efficiency

of the sample autocovariances provided by Kakizawa and Taniguchi (1994), and, hence,

84
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embodies in a single equation the condition for asymptotic efficiency of the sample auto-
covariance (p = 1), of the estimator of the inverse autocovariances (p = —1), and of the
estimators of the generalised autocovariances for general powers p. The results showed
that asymptotic efficiency of the estimator can be achieved when p = 1, or when p # 1
and the pooling parameter m, which characterizes the estimator, is sufficiently large. The
derived condition for asymptotic efficiency is expressed in terms of the spectral density
function, which makes it easy to check for various models. Analytical results derived
in this thesis showed that for Gaussian ARMA(r, ¢) processes, asymptotic efficiency of
the nonparametric estimator of the GACV for positive and negative integer powers p
depends on the existence of solutions to a trigonometric polynomial equation. Results
show that the estimator of the GACV with p = —1 and large m is asymptotically efficient
for r = 0 and 0 < k < ¢q. This result implies that the nonparametric estimator of the
GACYV estimates efficiently the first ¢ inverse autocovariances when the true generating
process is pure MA(q).

The results obtained showed that asymptotic efficiency of the nonparametric estima-
tor of the GACV depends also on the pooling parameter m, which plays the role of a
smoothing parameter. The estimator of the GACV is asymptotically unbiased, but in
finite samples its bias arises as the pooled periodogram ordinates over m consecutive
non-overlapping frequencies are used instead of the raw ordinates at each Fourier fre-
quency. Increasing m reduces the variance but increases the finite-sample bias. [Proietti
and Luati (2015]) proposed the use of the Jackknife to select the value of m. This thesis
proposed the use the of multiplicative periodogram bootstrap (Meyer et al. 2018) to
estimate the finite-sample distribution of the estimator of the GACV, and to select the
optimal (minimum MMSE) value of the pooling parameter m. This procedure is based
on asymptotic distributional results for the periodogram, and on the assumption of ap-
proximate independence of the periodogram ordinates. This procedure is motivated by
the possibility of viewing the estimator of the GACV as a periodogram-based estimator
of a spectral mean. Application to a real data examples showed that a small value of
the pooling parameter m is preferable for estimation of the GACV.

This thesis has provided a description of fundamental concepts of spectral analysis of

stationary scalar and vector time series, together with some of the most recent advances



86

in spectral modelling, including the vector exponential model (Holan et al., |2017)), and
the generalised matrix cepstral model (Cavicchioli et al., [2020). The VEXP model and
the generalised matrix cepstral model are characterized by the cepstral and generalised
cepstral matrices, respectively. The cepstral matrices are related to the Wold coeffi-
cients by a formula derived by Holan et al. (2017)). This thesis provided an algorithm
that relates the matrix coefficients of a given polynomial to the matrix coefficients of
its power transform. This algorithm, based on the results by Holan et al. (2017)), can
be used to derive the matrix coefficients of the Wold representation of the process, from
the generalised cepstral matrices. It is also used to define the matrix variance profile in
terms of an auxiliary process, which allows to give it further interpretation. A nonpara-
metric estimator of the matrix variance profile has been defined, based on the smoothed
periodogram matrix using a Daniell window. Possible future development of this project
could deal with the study of the distributional properties of this estimator. The study
of power transformations of the complex Wishart distribution, and the derivation of the
its moments allow to specify a bias correction factor for this estimator, as expected by
distributional results concerning its univariate analog. Possible future work may include
comparison of various smoothing techniques for the periodogram matrix, and comparison

of nonparametric and parametric estimation for the matrix variance profile.
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