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Abstract

In this thesis we present an axiomatic approach to an invariant Harnack inequality for non
homogeneous PDEs in the setting of doubling quasi-metric spaces. We adapt the abstract
procedure developed by Di Fazio, Gutiérrez and Lanconelli, for homogeneous PDEs taking into
account the right hand side of the equation. In particular we adapt the notions of double ball
property and critical density property: these notions arise from Krylov-Safonov technique for
uniformly elliptic operators and they imply Harnack inequality. Then we apply the axiomatic
procedure to subelliptic equations in non divergence form involving Grushin vector fields and

to X-elliptic operators in divergence form.






Introduction

Harnack inequality was first introduced in 1887 for non negative solutions of harmonic
functions. Since then, it has been extended to non negative solutions of a huge variety of
PDEs both in divergence and non divergence form and in Euclidean and non Euclidean
setting. The importance of this type of inequality is widely recognized as it is a fundamental
tool in the investigation of regularity of solutions of partial differential equations. Moser
iteration technique ([39]) for elliptic operators in divergence form and Krylov-Safonov’s
measure theoretic approach ([32, 33, 40]) for linear equations in non divergence form and
rough coefficients are cornerstones in the development of Harnack inequality procedures. The
works [8] and [7] by Caffarelli and Caffarelli Cabré, where the Krylov-Safonov’s technique
is simplified and adapted to fully nonlinear operators, and the extension to the linearized
Monge-Ampere equation in [9], enlightened the key role of the Alexandrov-Bakelman-Pucci
maximum principle and the geometrical nature of the proof. It is indeed this last observation
that inspired axiomatic procedures to Harnack inequality in the general setting of quasi metric
spaces.

The term axiomatization of Harnack inequality refers to procedures that fix a quasi metric
space and a set of real valued functions on this space and aim to find sufficient conditions on
the set of functions considered in order to imply Harnack inequality over the balls defined
by quasi distance of the underlying space. This kind of approach was established by Aimar,
Forzani and Toledano in [2] for some families continuous functions, while Di Fazio, Gutiérrez
and Lanconelli in [14] substituted the regularity assumption on the functions with a more
natural requirement on the geometry of the underlying quasi metric space. Despite different
assumptions, both results rely on covering lemmas and state that the Harnack inequality is
a consequence of the power like decay of the distribution function of each element of the
considered family. In both works [2, 14], the power decay property is a consequence of the
validity of two other properties: the double ball and the critical density (see [14] for the
definitions). These two notions, that are hidden in the works by Krylov and Safonov, arise
from the analysis of the previously mentioned works by Caffarelli and Gutiérrez. Another type
of abstract approach was established by Indratno, Maldonado and Silwal in [30]. Here the
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authors substitute the double ball property with an integral condition (see [30, equation (2.14)]
) which makes the approach better suited for variational operators. These three axiomatic
procedures have been used to prove Harnack inequality for non negative solutions to equations
in divergence and non divergence form with underlying sub-Riemannian structures, see for
example [1, 37, 41, 27].

Unfortunately none of the axiomatic approaches above mentioned can be directly applied to
a PDE with non zero right hand side, indeed they can only handle functional sets closed under
multiplication by positive constant, while the set of solutions of a linear non homogeneous
PDE does not satisfy this requirement. However, a remark is in order. If a maximum principle
holds true in a form that permits to establish pointwise-to-measure estimates for super solutions
of the non homogeneous equation and if the existence of a solution for the Dirichlet problem
for the corresponding homogeneous PDE is guaranteed, then it is possible to obtain the non
homogeneous Harnack inequality from the homogeneous one by an elementary argument as in
[25, Theorem 5.5]. However, when dealing with subelliptic PDEs in non divergence form, it is
not known if a maximum principle holds true in a form that permits to establish pointwise-to-
measure estimates for super solutions such as [24, Theorem 2.1.1]. For non divergence PDEs
its proof depends in a crucial way upon the maximum principle of Aleksandrov, Bakelman and
Pucci, see for example [22, Section 9.8]. This principle for some subelliptic PDEs has been
recently studied, for example in [9, 6, 37, 13, 26, 3, 42]. However, nowadays this is still an
interesting open problem for subelliptic PDEs in non divergence form and this lack precludes
one from extending the method of [25, Theorem 5.5] to obtain a non homogeneous Harnack
inequality in general subelliptic settings and motivates our interest in the study of an axiomatic
approach.

Very recently in [23] we dealt with the problem of establishing an approach of this type in a
form that permits to handle both homogeneous and non homogeneous equations in divergence
and non divergence form in the general setting of quasi metric spaces. The purpose of this
dissertation is to present the results of this investigation and their application to Grushin type
and X-elliptic type operators, and some further developments.

The dissertation is organized in three main chapters followed by an Appendix. Here we
give an outline of the thesis and briefly present our main results.

In Chapter 1 we present the abstract approach to non homogeneous scale invariant Harnack
inequality obtained in [23, Section 2]. We recognize that the double ball and the critical density
properties are again the right assumptions to make in order to obtain Harnack inequality. On
the other hand, since the abstract approach has to be directly applicable to the case of PDEs
with possibly non zero right hand side, we need to modify these two notions in order to take

into account the non homogeneity. We will show how these two properties imply the power
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decay property, which in turn leads to a scale invariant Harnack inequality and consequently
Holder regularity estimates.

In Chapter 2 we apply the results of the previous chapter to the case of X-elliptic operators.
These are second order operators in divergence form which are elliptic with respect to the
vector fields generating the underlying metric space. In the proof of the critical density property
we follow the ideas of [14] and we make use of some results by Uguzzoni [43]. In this last
mentioned work the author proves a scale invariant Harnack inequality, via Moser iteration
scheme, for non negative weak solutions to a class of X-elliptic operators that is more general
than ours. The purpose of this chapter is to show that the abstract approach of Chapter 1 is well
suited to operators in divergence form.

In Chapter 3 we extend, to the non homogeneous case, the Harnack inequality for non
negative classical solutions to Grushin type equations proved by Montanari in [37]. The
equations considered are of the type Lu = x% f with L a subelliptic non divergence form operator
with measurable coefficients and involving Grushin vector fields and the right hand side is such
that x1 f € leoc. When the right hand side is not of this type, Harnack inequality remains an
interesting open problem, indeed the Alexandrov-Bakelman-Pucci estimates, which are a key
tool towards the Harnack inequality, do not hold in general as shown in Theorem 3.7 and the
subsequent Remark. The proof of the double ball and the critical density properties will require
the construction of ad-hoc barriers in combination with a weighted Alexandrov-Bakelman-
Pucci maximum principle by Montanari. From these two properties, again by means of the
abstract procedure developed in Chapter 1, we deduce a non homogeneous scale invariant
Harnack inequality and Holder regularity estimates. This is, in fact, our main result in [23,
Section 3]. After the preprint of this last mentioned work had been posted on arXiv:1709.03810
we learned that Diego Maldonado in [36] extended our example in [23, Section 3] to a larger
class of non homogeneous PDEs with right hand side of the same type considered in this thesis.
We will discuss his deep results at the end of Section 3.4. Then, we also prove Holder regularity
estimates for the X-gradient.

Finally in the Appendix we show how Grushin type operators are related to the prescribed
Levi curvature equations in cylindrical coordinates. These equations are fully nonlinear subel-
liptic equations in non divergence form that arise from the problem of finding characterizing
property of the domains of holomorphy in terms of a differential property of the boundary;
they are therefore an important model of subelliptic operators related to the analysis in several

complex variables.






Table of contents

Introduction

1 An axiomatic approach to Harnack inequality
1.1 Definitions and preliminaries on quasi metric spaces . . . . . . . . . . . . . .
1.2 Double ball, critical density and power decay properties . . . . . . . .. ...
1.3 Proof of the abstract Harnack inequality . . . ... ... ... ........
1.4 Holderregularity . . . . . . . . .. ..

2 Application to X-elliptic operators
2.1 Definitions and main assumptions . . . . . . . . ... ...
2.1.1 Reverse doubling property . . . . ... ... ... .. ... .....
2.1.2  Segmentproperty . . . . . . . ... oo e e
2.2 Assumptionsontheoperator L . . . . . . . . . ... L.
2.3 W! weak solution for the operator L . . . . . . . ... ... ... ......
2.4 Critical density property for X-elliptic operators . . . . . . .. ... ... ..

3 Application to Grushin type operators
3.1 Some definitions and useful results . . . . . . . ... ...
3.1.1 Grushin metric and sublevelsets . . . . . ... ... .........
3.1.2  Grushin type operators . . . . . . . . . ... ..o
3.1.3  An Alexandrov-Bakelman-Pucci maximum principle . . . . . . . ..
3.2 Double ball property for Grushin type operators . . . . . ... ... .. ...
3.3 Critical density property for Grushin type operators . . . . . . ... .. ...
34 Harnackinequality . . . . ... ... .. ... L
3.5 A priori Holder estimates for the X-gradient . . . . . . . .. ... ... ...

Appendix The prescribed Levi curvature equation in cylindrical coordinates

List of Symbols

vii

24

27
27
29
31
32
34
36

47
47
48
55
56
62
67
76
79

85

91



xii

Introduction

References

93



Chapter 1

An axiomatic approach to Harnack
inequality

In this chapter we develop an abstract theory to obtain Harnack inequality for non ho-
mogeneous PDEs in the setting of doubling quasi metric Holder spaces. Our approach is
a generalization of the one settled by Di Fazio, Gutiérrez and Lanconelli in [14], where an
abstract theory to homogeneous Harnack inequality is established.

As usual in the axiomatic approaches to Harnack inequality, the idea is to consider a
particular family of functions, and to prove that if this family satisfies certain properties (in our
case the double ball and the critical density: Definitions 1.2.5 and 1.2.4), plus some structural
conditions on the underlying space, then it satisfies the Harnack property (Definition 1.2.7).
When the abstract theory machinary is applied to prove Harnack inequality for solutions to
specific PDEs, the family of functions is chosen to be a subset of the set of non negative solution
to the considered PDE (in [2] the solutions must be continuous while in [14] they just need to
be measurable). In [2, 14, 30] they need to require the family to be closed under multiplication,
precluding in this way the possibility to deal with non homogeneous PDEs. The novelty of our
approach is that it permits to consider PDEs with non zero right hand side. Since we want to
take into account the right hand side f we will need to introduce a function 8¢ s to maintain
some kind of control on it. The role of this function will be made clearer in the next who
chapters where two applications of the abstract theory are presented and the function 8¢  will
be chosen explicitly. For the moment it can be thought as some L” norm of the right hand side.

At the beginning of this chapter some definitions and well known results about quasi metric
spaces theory are recalled. Then we introduce the notions of critical density, double ball, power
decay and Harnack property. With the aid of two Covering Theorems proved in [14] we show
that under some structural conditions on the quasi metric space, the double ball and critical

density properties imply the power decay property (Theorem 1.10). Finally in Theorem 1.11 we
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prove that the power decay property lead to the Harnack property, and consequently to Holder

regularity estimates. Results contained in this chapter have been published in [23, Section 2].

1.1 Definitions and preliminaries on quasi metric spaces

We recall some definitions and well known results about quasi metric spaces that will be

extensively used in the sequel.

Definition 1.1.1. (Quasi distance) Let Y # 0, we say that a functiond : Y x Y — [0, 40| is a

quasi distance if
* d(x,y) =d(y,x), forevery x,y € Y;
* forevery x,y €Y, d(x,y) =0 if and only if x = y;

* (quasi triangle inequality) there exists a constant K > 1 such that

d(x,y) <K(d(x,z) +d(z,y)) foreveryx,y,z€Y.

In this case the pair (Y,d) is called quasi metric space and the set
By (x):={yeY:d(xy) <r}

is called a d-ball of center x € Y and radius r > 0 (by abuse of notation, in the sequel, we will
write "ball" instead of "d-ball").

Definition 1.1.2. ([11, p.66]) We say that the quasi metric space (Y,d) is of homogeneous type
if the balls B, (y) are a basis of open neighborhoods and there exists a positive integer N such
that for each x and r > 0, the ball B,(x) contains at most N points x; such that d(x;,x;) > r/2
with i # j.

Definition 1.1.3. (Doubling space) Let (Y, d) be a quasi metric space and p a positive measure
on a c-algebra of subsets of Y containing the d-balls. We say that the measure u satisfies the

doubling property if there exists a constant Cp > 0, called the doubling constant, such that
0 < u(By(x)) < Cpu(B,(x)), forallxe¥ andr>0.

In this case the triple (Y,d, i) is called a doubling quasi metric space.
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In the sequel we will assume Cp > 2 and we will use the notation Q = log, Cp. We recall
that every doubling quasi metric space is of homogeneous type. For a proof of this fact we refer
the reader to [11]. In the sequel it will be useful the following lemma that contains a different
version of the doubling property.

Lemma 1.1. Let (Y,d, 1) be a doubling quasi metric space with doubling constant Cp and
quasi triangle constant K. We define Q = log, Cp, then we have

y 0
(B (09) < Co 2 ) (Ba(0), for every < ()
0
w(Br(»)) < Cp (”—R) W(B(x)) for every By(x) C Ba(y). (1.2)

Proof. Let k € N be such that 25~ 1| < r, <2%r|. Clearly we have

log, Cp r
n2 - <2logz(rz/r1>>1°g2CD _ OB s ok
r D =*D

and by repeatedly applying the doubling property we get

Q
- r
(B () < 1By, (1) < CoCly (B () < Co (2) (B (2
This proves (1.1). Since B,(x) C Br(y) C Bakr(x), inequality (1.2) follows directly from (1.1)
taking r, = 2KR, r; = r and recalling that p(Bg(y)) < u(Bagr(x)) - O

Definition 1.1.4. (Holder quasi-distance) We say that the quasi distance d is Holder continuous
if there exist positive constants 3, o« €]0, 1] such that

|d(x,y) —d(x,2)| < Bd(y,2)*(d(x,y) +d(x,2))! "% forallx,y,z €Y. (1.3)

In this case, the pair (Y, d) is said to be a Holder quasi metric space.

Remark 1.2. Every metric space is a Holder quasi metric space. Indeed by the triangle

inequality, for every x,y,z € Y we have
d(x,z) —d(y,z) <d(x,y) < d(x,2) +d(y,2)

thus |d(x,y) —d(x,z)| < d(y,z) and (1.3) holds true with o = § = 1.

The simplest example of Holder doubling quasi metric space is the space R" equipped with

the Euclidean distance and the Lebesgue measure. More interesting examples are homogeneous
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Lie group equipped with the Gauge distance and Lebesgue measure (see [14, Remark 2.5]).
In the sequel we will always assume d to be a Holder quasi-distance. This requirement on
the regularity of d is not a restrictive assumption. Indeed, Marcias and Segovia [35, Theorem
2] proved that given a quasi distance d, it is always possible to construct an equivalent quasi
distance d’ which is Holder continuous and such that d’-balls are open sets with respect the
topology induced by d’. Moreover we recall that any Holder doubling quasi metric space is
separable (see [35]), consequently open sets are measurable as they are countable union of
d-balls and u is a Borel measure.

In the sequel we will also need two extra structural conditions on the quasi metric space
(Y,d,u). Letus fix QC Y.

Definition 1.1.5. (Reverse doubling condition) We say that the doubling quasi metric space
(Y,d, 1) satisfies the reverse doubling condition in Q if there exists a constant § €]0, 1[ such
that

1(Br(x)) < Su(Bar(x)),

for every By, (x) C Q.

Definition 1.1.6. (Ring condition) We say that the doubling quasi metric space (Y, d, 1) satisfies
the ring condition if there exists a non negative function @(€) such that ®(€) — 0 as € — 0"
and for every ball B,(x) and all € > 0 sufficiently small we have

1 (Br(x)\ B(1—g),(x)) < 0(&)u(By(x)).

Moreover we say that (Y,d, ) satisfies the log-ring condition if it satisfies the ring condition
with w(€) = o ((log %)72> as€ — 0T,

1.2 Double ball, critical density and power decay properties

Let us consider a Holder doubling quasi metric space (Y,d, i) and fix an open set Q C Y.
As we have already said, we aim to build an axiomatic procedure that permits to prove non
homogeneous Harnack inequality for non negative measurable solutions to a possibly non
homogeneous PDE. For that reason we modify the notions of critical density, double ball, and
power decay property given in [14] in order to take into account the non homogeneity of the
PDE. We also need to consider families of functions that depend on the possibly non zero right
hand side f. With these new definitions we prove that, under some additional hypotheses on
the space (Y,d, i), the double ball and the critical density properties imply the power decay

property.
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Let B(Q) = {B,(x) : B,(x) C Q} be the set of all the quasi metric balls contained in Q
partially ordered by inclusion. We fix a set

F(Q) C{f:Q—R, fis u-measurable}

such that
o if f € F(Q), then A f € F(Q) for every A € R.

Also, we fix a function

S :B(Q) X F(Q) — [0,+00[
such that

* 8q is order preserving in the first variable, that is Sq(B,(y), f) < 8a(Bg(x), f) for every
B,(y) C Bg(x) and for every f € F(Q).

* S8q is homogeneous in the second variable: for every A € R, f € F(Q) and B,(x) C Q,
we have 8q(B,(x),Af) = |A|8q(Br(x), f).

Definition 1.2.1. We define
L(Q)={feF(Q): 8a(B/(x),f) < 4oo for every B,(x) C Q}.

Let us give a simple example of a space £(Q). If we consider R” with the Lebesgue mea-
sure 1 and the Euclidean distance, F(Q) = {f : Q — R, f measurable} and 8¢ (B/(x), f) =

1/
<fBr(x) \f]l’du> " We have that L£(Q) is exactly the space L! (Q).

loc

Remark 1.3. By the homogeneity of the function S¢ with respect to the second variable we
have that if f € L(Q), then Af € L(Q) for every A € R.

Definition 1.2.2. For f € £(Q) we define Ko ; a family of non negative measurable functions

with domain contained in Q
Ko rC{u:A—Rsuchthat A C Q, u>0and u is yi-measurable}

such that the following two conditions hold:
* Ifu € Ko s then Au € Kg 5 ¢ forall A > 0.

* If u € Kq,r then for every 4,7 > 0 such that 7 — Au > O we have T —Au € K _; .
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In particular if u € Kq r and its domain contains A C Q we will write u € Kq £(A).

In Chapters 2 and 3, where we will apply the abstract theory to specific operators, the
definition of the family K¢  will be clarified. Roughly speaking, Kq ¢ will contain all the non
negative measurable solutions u with domain contained in Q of an equation of the type Lu = f,
where L is a second order partial differential operator.

As a convention, throughout this chapter, we do not specify the center of a ball if the center

is a point xp € Q, namely we write Bg instead of Bg(xp).

Definition 1.2.3. (Structural constant) We say that c is a structural constant if it is independent
of each u belonging to the family Kq ¢, of f € £(Q) and of the balls defined by the quasi
distance considered.

We are now ready to state the critical density, double ball and power decay property that

will be crucial in the sequel.

Definition 1.2.4. (Critical density) Let v €]0,1[. We say that Kq ¢ satisfies the v critical
density property if there exist structural constants €-p, ¢ €]0, 1] depending on v and a structural

constant 1cp > 1 such that for every ball By, C Q and for every u € Kq ¢(Bn.,r) With

u({x € Bru(x) > 13) > via(Bp),
we have
infu>c or 8qo(Bnr,f) > €p-
Bg/»

In this case we say that the family K¢  satisfies the v critical density CD(v,c,ecp,Nep)-

Bncpr Bnepr

Bg Bg

ﬁ or SQ(BnCDR,f) > Ecp

-l = {u>1} B ={u>c}

covers at least (100 x v)% of Bg

Fig. 1.1 Critical density property CD(V,c,&cp,Ncp)

The critical density property CD(V,c, &cp, Ncp) illustrated in Figure 1.1 can be interpreted

as follows: any u € Kq ¢(Bn,r) is such that the information that the measure of the region of
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Bg where u > 1 is at least the (v x 100)% of the measure of Bg is enough to conclude that
8a(Bneprs f) = €cp or u > ¢ on the whole ball of halved radius.

Definition 1.2.5. (Double ball property) We say that K,  satisfies the double ball property if
there exist structural constants €pp, ¥y €]0, 1] and npp > 1 such that for every Bypr C Q and
for every u € Kg ¢(Bnpzr) With

infu>1 and SQ(BTIDBR7f) < €pp
Bg/»

we have

infu > v.
Bg =7

In this case we say that the family Kgq s satisfies the double ball property DB(Y, £pp, NIpB)-

Brpgr Brpgr

Br

and SQ(BTIDBR’f) < EDB q

- = {y>1} = ={u27}

Fig. 1.2 Double Ball property DB(7, €pg, NMps)

The double ball property DB(Y, epp, Npp) illustrated in Figure 1.2 can be interpreted as
follows: if 8 (Bn,sr, f) < €pa, for any u € Kq ¢(Bn,zr) such that u is greater or equal 1 on
the ball Bg », we have that u is grater than a positive constant ¥ on the whole ball of doubled
radius Bp.

Definition 1.2.6. (Power decay) We say that the family of functions Kgq f satisfies the power
decay property if there exist structural constants y € [0, 1[, p €]0, 1[ and np, M > 1 such that
for each u € Ko r(Bn,r) with

illglfu <1 and SQ(BT]PR7f) < &p
R

we have
p({x € Bgy s u(x) > MR < y",u(BR/z) for every k € N.
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In this case we say that the family Kq,  satisfies the power decay property PD(M,v,&p,Np).

M4 1

infp,u <1 M3 |

and — 0|

Sa(Bnyr, f) < €p wl
xo —MpR -8 0 x4+28 xo+MpR

Fig. 1.3 Power Decay property PD(M, v, €p,Np)

The power decay property PD(M, v, ep, np) illustrated in Figure 1.3 can be interpreted as
follows. If 8o (Bny,r, f) < €p, for any u € Kq (By,r) such that u is smaller or equal 1 on the
ball B, we have that the measure of the region inside the ball of halved radius By, where

u > M* decays with rate y* as k increases.

Definition 1.2.7. We say that the family of functions Kgq ¢ satisfies the Harnack property if
there exist structural constants 1 > 1 and C > 0 such that for each u € Kq s(Byg) locally
bounded we have

supu <C (supu—l—SQ(BnR,f)> .
Bgr Bgr

In this case we say that K¢ ; satisfies the Harnack property H(C, 7).

It is not restrictive to require the critical density and the double ball properties to hold with
the same constants cp = Npp and &cp = €pp, indeed

Remark 1.4. If the family Kq ¢ satisfies the v critical density property CD(V,c,&cp,Nicp) and
the double ball property DB(Y,€pp, Npp) then it satisfies CD(v,c,€,n) and DB(y,€,n) with

€= min{sDB, SCD} and n= max{nDB, rlCD}-

The double ball and critical density properties are in general independent. However, the
The following proposition shows that, for sufficiently small values of v, the v critical density
property implies the double ball property.

Proposition 1.5. Let Cp be the doubling constant, if Kq ¢ satisfies the v critical density
property CD(V, ¢, €cp, Ncp) for some v €]0,1/Ch|, then Kq ¢ satisfies the double ball property
DB(c,ecp,2MpB)-



1.2 Double ball, critical density and power decay properties

Proof. Suppose by contradiction that there exists u € Kq ¢ (anCDR) with Byp.,,g C €, such that
infg, pUZ 1 and 8¢ (Banyr, f) < €cp but infg, u < c. Then by the v critical density property

we have
[.L({X € Bog : u(x) > 1}) < V‘U,(BzR) or SQ(BZT]CDR7f) > Ecp.

If the second inequality holds we have an immediate contradiction. Otherwise if the first

inequality holds, since Bg/, C {x € Bog : u(x) > 1}, we find

1(Bg)2) < u({x € Bog 1 u(x) > 1}) < vit(Bog) < VChU(Brya) < 1(Bg2)
a contradiction. ]
Notice that it holds the following

Remark 1.6. If the family Kq ; satisfies the V critical density property CD(V,c,€cp,Ncp)s
then it also satisfies CD(V,c,€cp,Ncp) for any v > V, but, in general, it is not possible to

prove the same for v < V.

Now we want to prove that in a Holder doubling quasi metric space (Y,d,u), if Kq ¢
satisfies the double ball and critical density properties plus some other structural conditions on
(Y,d, ), then Kq s has also the power decay property. We will need few preliminary results
and two covering theorems obtained by Di Fazio Gutiérrez and Lanconelli in [14]. These

covering theorems will play a key role in the proof of the power decay property.

Covering Theorem 1. Let (Y,d, ) be a doubling quasi metric Holder space satisfying the
log-ring condition for all balls B,(x) and for all € sufficiently small. Assume that there exist
a ball Bg,(z) and a constant & €]0,1[ such that iL(Bg,(z)) < Si(Bar,(z)). Then there exists
a constant c(8) €)0,1[ such that for any p-measurable set E C Bg,(z) with W(E) > 0, there
exists a family of balls {By(x;)}7_, satisfying

i) rj <3KRq forall j € N. Here K the constant in the quasi triangle inequality for d;
ii) all x; are density points of E with respect to u';
iii) E C U7Z By;(x;) a.e. in the measure y;

M(Brj(x.i)ﬁE)

V) BE) < e(8)p (Ur By (x)))

! We recall that x € Y is a density point for X C Y if

iv) =0 forany j€N;

L(Br(x)NX)

TCAC) lasr— 0t
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Covering Theorem 2. Let (Y,d, ) be a doubling quasi metric Holder space and suppose
the function r — W(B,(x)) is continuous. Moreover, we assume that there exist a ball Bg,(z)
and a constant 6 €)0,1] such that L(Bg,(z)) < OU(Bar,(z)). Then there exist two constants
c(8) €]0,1][ and Cs > O such that for any |-measurable set E C B (z) with W(E) > 0, there
exists a family of balls {By(x;)}7_, satisfying

i) rj < CsRp forall j € N;
ii) all x; are density points of E with respect to |i;
iii) E C 72 By;(x;) a.e. in the measure [;

W<5f0ranyjeN;

v) & <

v) W(E) < c(8)p (UFz Bry(x))) -
For the proof of Covering Theorem 1 and Covering Theorem 2 we refer the reader to [14,
Theorems 3.3 and 3.4] respectively.

Proposition 1.7. Suppose Kq s satisfies the double ball and the v critical density properties
DB(v,€,m) and CD(v,c,e,m) for every f € L(Q). Then there exists a structural constant

My = % > 1 such that for any positive constant & and for any u € Kq y(Byr) with

p({x € Bg:u(x) > a}) > vi(Bg),

we have

. o
%}qu > M, or 8q(Bnr.f) > eoc.

Proof. Since u € Kq r(Bnr) we have i € K, (Byr). By the v critical density property of
Kg s follows either infg, , & > ¢ or So(Bng, f) = a€ > oce. In the second case we are done,

otherwise J- € Kg L (Bnr) and so, either 8q(Byr, f) > oic€ or we can apply the double ball
1

property to obtain infp, o~ > ¥. Defining yc := g e conclude the proof. ]

Lemma 1.8. Suppose Kgq ¢ satisfies the double ball and the v critical density properties
DB(v,e,m) and CD(v,c,g,n) for every f € L(Q). Define 6 := K(1+4nK) > 1 with K the
constant in the quasi triangle inequality. Let u € Kq ¢(Bor),

infu <1
Br

and suppose there exist structural constants o¢ > 0, p < 2KR and y € Bg such that

H({x € Bp(y) : ulx) > a}) > VI (Bp(y)- (1.4)
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Then there exist positive structural constants 6, M| such that

eoacy?
My

(1.5)

M (o)
p < (;1) R or 8q(Beg,f)>

Here M| = (4K)1/ OMy, My is defined in Proposition 1.7, ¢ = igii and p € N is chosen so
that 2P~ 'p < 2KR < 2Pp.

Proof. If the second inequality in (1.5) holds, the proof is completed. Thus we suppose
S8a(Ber, f) < Sacy ; this implies

eacy?

Sa(B,().f) < 557

for every B,(¥) C Byg. (1.6)

Since Byp(y) C Bgr and inequality (1.4) holds, we apply Proposition 1.7 and taking into
account (1.6) we deduce

inf u> > 1.7)
By (y) My

Moreover if p is chosen as in the statement, since y € Bg, it follows Bary p(y) C Bgpg and so
(1.6) implies

acy’ _ gocys

Sa(Bakrin,y (v), f) < Mo forevery0 <k<p-—1. (1.8)

Hence we can repeatedly apply the double ball property to % in Byeiiy p(y), where k =
0,...,p—1, obtaining
(04
inf u>y’— (1.9)
Bopp(y) My
Indeed by (1.7) we have inpr o) ”TMO > 1, this and (1.8) with £ = 0, allow us to use the double

ball property of K _u, to get infsz o) u% > 7. Now we have inf32p o) u%’, > 1. Again, by

Q7f7
(1.8) with k = 1, and the double ball property, infg 10 (y) u% > y?. We repeat this procedure p

times to find (1.9) and consequently

o
1 >infu> inf u>9y"—
Br Bopp () My

From the first and the last inequality in the expression above we get y” < %. Since y° =1/2,

raising both side of the inequality to the power o, it follows 277 < (%) ° Finally, multiplying
both sides by 2”7 p and keeping in mind the definition of p in the statement we get the thesis. [
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Lemma 1.9. Under the same hypotheses of Lemma 1.8 we have

M\ °
p < ? R or SQ(BQR,f) > Ec.

Proof. Let us define § := ‘%p < 1. We shall prove that if 8¢ (Bgg, f) < €c then § < 1. Indeed,

if So(Bgr, f) < €cd then by the proof of the previous lemma § < 1. On the other side, if ecd <

S8a(Bgr, f) < €c, then obviously d < 1. Since in both cases 6 < 1, then p < (%)GR. ]

The next theorem shows that the double ball and the critical density properties combined,
imply the power decay property. We will prove it under two different set of hypotheses on the

Holder doubling quasi-metric space. The proof follows the ideas in [14].

Theorem 1.10 (Power decay). Let (Y,d, 1) be a Holder doubling quasi-metric space and con-
sider Q C Y open, f € L(Q). Suppose there exists 6 €]0, 1] such that pL(B,(x)) < Su(Ba(x))
for every By, (x) C Q and one of the following pairs of conditions holds

(Al) Kq r satisfies the double ball and the v critical density properties DB(Y,€,1M) and
CD(v,c,e,n) for every f € L(Q).

(A2) (Y,d, ) satisfies the log-ring condition.
or

(B1) Koy satisfies the v critical density property CD(v,c,€,n) for a v €]0,1/C3[ and for
every f € L(Q). Here Cp is the doubling constant.

(B2) The function r — W(B,(x)) is continuous.

Then the family Kq 5 satisfies the power decay property.

Proof. First of all we define 7 := max{v,§}, by Remark 1.6, Ko / satisfies the critical density
property CD(7,c,v,n) for every f € £(Q). That said, throughout the proof we will write v
instead of 7.
In order to prove the theorem under assumptions (A1), (A2) we consider u € Kq ¢(By,r) and
set

Ep = {x € By, : u(x) > M*}, forevery k € N.

Moreover, we suppose

Bnpr C Q, infu S 1 and SQ(BnPr,f) < 8P (1.10)

I
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where np,M > 1 and 0 < €p < 1 are structural constants that will be soon determined (see
(1.15) and (1.18)). We shall prove that there exist structural constants ® €]0, 1] and M>1
such that

u({x €B,j:u(x)>M'}) < 0"u(B,)) foreveryreN.

Notice that the second inequality in (1.10) implies
Sa(Bp(x),f) < ep forevery By(x) C By, (1.11)

We claim it is possible to construct a family of balls By of radius #; and concentric to By, such
that r=1y >t >t >--->r/2and

W(Biy1 NEgy2) <c(V)U(BNEgy1), c(v) <1, keN. (1.12)

In particular we will construct this family by choosing #;, = T;r where T are defined by

- B’ Zk 04’ k>2
. Ter1 = Ti— Big*™2, k> 1
T2:3/4—[31q Le. (1.13)
T, = 3/4.
T, =3/4

Here
q:=1/M°% By:=(2K)""*BMC*(1+MP)'~ % (1.14)

0, M, are defined in Lemma 1.8; o, B are the constants in Definition 1.1.4 and K is the quasi
triangle inequality constant. Assuming the claim for a moment, from (1.12), we get

H({x € B, u(x) > M*}) < p(fx € By, su(x) > M2))
(e u(By)
(c(v))epu(B r2) forevery k € Ny.

VAN VAN

where Cp is the doubling constant. Consider a positive integer kg such that (c¢(v))*Cp < 1, if
we define M = M**2, from the last inequality, for any # € N, we have

H({x € Byya i u(@) > M'}) < ({x € By ulw) > M1}

< (c(v)*Cp(c(v)) 1(B,)2)
¢(v))'u(B,),) foreveryreN.

~—~

IN

Hence Kg ¢ has the power decay property PD(M,c(V),€p,Np).
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We now explicitly define np and M (these specific choices will be motivated in the proof of
the claim) such that

np > max{K(3nK+1),6},

— (1.15)
M > max{My,M},

where M is a positive constant big enough to have

1 1 1 1
) J— < -
max{ﬁl Mzooc B M?)aa j;ﬁ.{o 7/ } 4
and My and 0 are defined in Proposition 1.7 and Lemma 1.8 respectively. We remark that the
definition of M and 7} implies

1 3
3 <Ti < 1 for every k € N. (1.16)

To complete the proof of the Theorem 1.10, we are left with the proof of claim (1.12). We will
explicitly show it in the case k = 0 and then for a generic k € N, for the sake of clarity we will
subdivide each proof in five steps.

Proof of the claim for k =0

Step I Consider ¢; = Tyr = 3/4r. Since By NE; C B, C By, C Q, the Covering Theorem
1 by Di Fazio Gutierréz and Lanconelli ensures the existence of a level v covering
F1 = {B(xp,ry)} of B NE, where x, are density points of By N E,, r, < 3Kr for every

h e N and

v— H(Brh(xh)mBl NE) <

(B, (xn) N Er)
1(Br, (xn)) '

(B, (xn))

(1.17)

Step I We show that
By, (xp) CEy, forevery h e N.

Since np > K(3nK +1) and r, < 3Kr we have By, (x,) C By, so thatu € Kg ¢(Bn, (x4))-
By (1.17) and Proposition 1.7 it follows infg (., )u > M? /My > M or 8o (Bny, (x1), f) >
gcM?. Tt suffices to choose

Ep = €cC (1.18)

in (1.10) and recall that, by definition we have M > M > 1 to exclude the latter alternative
and get By, (x,) C Ej.

Step I Now we prove r, < 2Kr for all h € N. Suppose by contradiction that there exists a

Jj € N'such that r; > 2Kr. Then By, (x;) C Bakr(x;) C By;(x;). By Step I, infg_(, yu >
J

J
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Step IV

Step V

M?/My > 1 and so infp, (y yu> 1. In addition, since x; is a density point of By N
E», it follows that x; € B,. Finally, recalling that t; < r, we have B, C Bokr(xj) and
consequently infg u > 1. This contradicts (1.10).

‘We next show that
By, (x3) C By, forevery h € N.

First of all notice that since np > 6 we have u € Kg f(Bg,.). This, (1.17) and Step 111
allow us to apply Lemma 1.9 with y, p and « replaced by xy,, 7, and M?, obtaining

(e}
rp < (W) r or 8q(Bg,f)> &c.

Since €p = €c and (1.11) holds, we conclude the first alternative take place. Now, if

z € By, (x), inequality (1.3) and the quasi triangle inequality imply

d(z,x0) < d (0, %0) + B(d (03, 2))*(d . x0) +d(x0,2)) ¢
< d(xp,x0) + (2K)' = B(d (x1,2)) * (d (x, %0) +d (x4, 2)) '~

M oo M o -
§t1+(2K)l_aﬁ(V;) ra(lﬁ—(ﬁ) r) .

keeping in mind #; = 71r we get
d(z,x0) < r(Tl—i—(ZK)l BPMP* (T, +MT g2 )™ >
l-ap 21500 o\l-«
§r(T1+(2K) Bg"M7*(1+MY) )
<r(Ti +Biq)

where 3 e g are the positive constants defined in (1.14). In virtue of our choice of #; and
M we have Ty + B1¢*> < 1 and so, By, (x;,) C B, concluding the proof of Step IV.

By Covering Theorem 1 (v) we have

u(BiNE) < ¢( (U By, (xp )
heN
on the other hand Step II and Step VI imply B, (x) C BoN E; and hence

(UBrh Xp ) (V)n(BoNEy),

heN
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combining inequalities above we get (1.12) for k = 0.

Proof of the claim for a generic k € N

Step I

Step 11

Step III

Step IV

Consider t | = Ty r, where T, is defined in (1.13). Since By NEy1» C By C By, C Q,
the Covering Theorem 1 by Di Fazio Gutiérrez and Lanconelli ensures the existence
of a level v covering Fy; = {B, (xs)} of Bi+1 N Ej+2 where x;, are density point of
Byi1NEgs0, 1y <3Kr forevery h € N and

v — H(Br () N Byt NEira)  W(Br, (n) NEgs1)

u(B,y (%)) u(B,, (n)) (19

We show that
By, (xp) C Exy1, forevery h e N.

Since np > K(3nK +1) and r, < 3Kr we have By, (x,) C By, sothatu € Ko ¢(By, (x4))-
From (1.19) and Proposition 1.7 it follows that infBrh (o) U > M2 /M or Sa(Byr,(xn), f) >
ecM 2, By (1.11), the definition of €p, and our choice of M we exclude the latter alter-
native and get By, (x;,) C Eg41.

Now we prove that r, < 2Kr for all h. Suppose by contradiction that there exists a

Jj € N such that r; > 2Kr. Then By, (x;) C Bog,(xj) C By, (x;). By Step Il infp_(,.yu >
J

M**2 /Mo > 1 so that infg, (. )u > 1. In addition, since x; is a density point of By N

Ej42, it follows that x; € By ;. Finally, recalling that #;. | < r, we have B, C Bok,(x;)

and consequently infg u > 1, on the other hand (1.10) holds and we reach a contradiction.

We next show that
By, (xp) C By, forevery h e N.

First of all we notice that since np > 6 we have u € Kq r(Bg,). This, the second
inequality in (1.19) and Step III allow us to apply Lemma 1.9 with y, p and o replaced
by x;, r, and M**+2 obtaining

M; \°
rp < (W) r or 8q(Bgf)> &c.
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By (1.11) and the choice of €p we made, we can conclude that the first alternative take

place. Now, if z € By, (x;,), inequality (1.3) and the quasi triangle inequality imply

d(z,x0) < d (o, %0) + B(d (03, 2))*(d(xn, x0) +d(x0,2)) ¢
< d (o, x0) + (2K) ' B(d (x,2))*(d (x, x0) +dl (x,2)) '~

- Ml oo Ml c 1-o
<trp1+(2K)' B (MHZ) r’ (fk+1+ (W r ~

Moreover, since #1 = T+ 1r we have

d(z,x0) < r(T/H—l +(2K) OB M (T + M7 g* T2/ ) l_a)

< r(Tk+1 +(2K) "B M (1 +M16)1a)
< r(Tjr + B1g" )

where B; e ¢ are the positive constant defined in (1.14). Keeping in mind (1.13) and

(1.16), we have Ti, | + ﬁlqk+2 Tx < 1 and so B, (x5) C B, concluding the proof of
Step IV.

Step V. One one hand by Covering Theorem 1 (v) we have

U (Biy1 NEgy2) < ¢ (U B, (xp )
heN

on the other hand Step II and Step VI imply B, (x;) C Bx N Ey; and hence

(U By, (xn ) (V)i (Bx N Egt1),

keN

combining inequalities above we get (1.12) for general k € N.

This proves the claim and completes the proof Theorem 1.10 under assumptions (A1) and (A2).

Now suppose hypotheses (B1) and (B2) hold, the proof proceeds exactly as before with
Np :=2max{K(3nK+ 1), 60}, by using Covering Theorem 2 instead of Covering Theorem 1.
Moreover (1.17) and (1.19) have to be replaced by

< KBy () NBiINEy) _ p(By, () NE)

v
Cop =~ u(By(w) H(Bp, (xn))
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and
W (Br, (Xp) N Bi1 NEgr2) _ W(Br, (Xp) N Eg41)

(B, (x)) K (B, (xn))

respectively. L

< <

v
Cp

We explicitly remark that in theorem above the power decay property has been proved for
every family Kq ¢ with f € £(Q).

1.3 Proof of the abstract Harnack inequality

This section is the core of our work, here we prove that the Harnack property is a conse-
quence of the power decay property. We recall that our arguments are an adaptation to the ones
given in [14]. In particular we will show that

Theorem 1.11 (Harnack inequality). Let (Y.d, 1) be a doubling quasi metric Holder space,
suppose Kq s satisfies the power decay property PD(M,y,ep,Np) for every f € L(Q).

Then, Kq  also satisfies the Harnack property for every f € L(Q), that is for every Byg(xo) C
Q, ifu € Ko r(Bnr(x0)) is locally bounded, there exists a positive structural constant C such
that

sup u < C( inf M+SQ(BnR(xO),f)).
Br(xo) Br(xo)

Here n =2K(2Knp+ 1) and K is the constant in the quasi triangle inequality.

We remark that in virtue to [35, Theorem 2] it is not restrictive to require d to be a
Holder quasi distance, since if d do not satisfies this hypothesis, one can always consider
equivalent Holder quasi distance d’. We prove Harnack inequality using the following lemma

and proposition.

Lemma 1.12. Let (Y,d, ) be a doubling quasi metric space, suppose Kq s satisfies the

power decay property PD(M,,ep,p) for every f € £(Q). If So(Banyr(20),f) < &b, u €
KQ,f(BanR(ZO>) is such that infBZR(ZO) u<l, u(xQ) > M* and sz (X()) C BR(ZO), then

sup u > u(xp) (1 + i) ) (1.20)
Bp(x0) M

/Q
Here xo € Br(z0), k> 2, p = %CIR, 0 =log,(Cp), c1 < <

constant and K is the quasi triangle inequality constant.

rea-y!'e
Cpy 4K mp

), Cp is the doubling
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Proof. We shall prove the statement by contradiction. Suppose (1.20) is not true and define

Ay = {x € Bg(zo) : u(x) > M1},
Ay = {x € By /(2n,)(%0) : w(x) > M}

where
_ulxo) (14 5) —ulx) _
w(x) := M(A)f[% =M+1- u(x())u(x) € KQF,}K{;) (Bp(x0))-

Since w(xg) =1, inpr/np(XO) w(x) < 1. Moreover 8q (B, (xo), —%f) =8q(Bp(x0), f) u(]‘fo) <

epM~F+1 < gp, so the power decay property for Kq _ Ay and Kq r implies respectively
! u XO

1(A2) < Y1(Bpanp) (x0)) and  p(A;) < 7' (Br(zo))-

Recalling that B, /(2y,,,) (X0) C Bp(x0) C By(z0) we can show the inclusion B, 25,) C A1 UA,.
Indeed if x € B, /(oy;,,) but x ¢ A; then u(x) < M*=1 5o w(x) > M and hence x € A5, vice versa
if x € B,(z0) but x & Ay then w(x) < M so u(x) > u(xo) > M* and hence x € A;. Consequently
we estimate the measure of B, /(y,,,) (X0) by

1(Bp (2np) (%0)) < (A1) + 1(A2) < ¥ u(Br(z0)) + Y1 (Bp y(2np) (0))-

Now, since By /(2n,)(X0) C Br(z0) C Bakr(xo), recalling Lemma 1.1, the last inequality be-

comes
4KRTIP

K(Bp (2np) (X0)) < <VHCD ( ) ’ + Y) 1 (Bp j2n, (x0))

where Q = log,Cp. From the strict positiveness of the measure of B, /(znp)(xO) and the
definition of p and c; given in the statement, we get

4KRnp\ ¢ e
1—y§yk1CD< pTIP> :CD(4KT]PC])Q’)/(7:7D<4KT]PC])Q

. . . 1/Q(1-9\1/Q
that is equivalent to ¢q := ﬁ(‘tl{ npc1)? > 1. On the other hand, since ¢; < (—7C12427P )
D

we have ¢y < 1 reaching a contradiction.

Proposition 1.13. Let (Y,d, ) be a doubling quasi metric space and suppose Kq ; satisfies
the power decay property PD(M, v, ep,np) for every f € L(Q). Consider Byg(xo) C &, and
u € Ko r(Bnr(xo)) and locally bounded. Then, if infg, . u < 1 and Sq(Byr(xo),f) < €p,
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there exists a positive structural constant C such that

sup u <C.
BR(X())

Proof. Consider Bg(z) with z € Bg(xo) and define

D:= sup u(x)g(x,R)
XEBR(z)

where

g(x,R) = <I%(X,z))5/a,

0 is a structural constant that will be soon defined and « is the exponent in the Holder property
for d (see Definition 1.1.4). We claim that D is bounded from above by a structural constant C.

Deferring the proof of the claim for a moment we have

6/a
R
u(x) < C(W) , forall x € Bg(z) and for every z € Bg(xp), (1.21)

thus the thesis follows taking x = z in (1.21).
Hence we are left with the proof of the claim, to this aim choose

1
8>0 such that — = y°/¢
> such tha M }/5 ,

—a/d =
B. >2(2K)' 7B (1_(”1\%) > > 2B(2K)' ¢,

keN, k> %log (cl (2ﬁ—1)>,

where M, p, v and c| are defined in the statement of Lemma 1.12, a, B are as in Defini-
tion 1.1.4, and Q = log, Cp. Notice that k is a structural constant whose definition implies
(14 %)l_a =(1+ ykc—/lQ) =% ~ 2 for every k > ko and since u is non negative and locally
bounded, +o0 > D > 0. If D > 0 pick D* € (0,D), it suffices to show that D* is bounded from
above by a structural constant C to prove the claim. Since u# > 0 is not identically zero, there
exists x. € Bg(z) such that D* < u(x,)g(x.,R), if u(x,) < 1 we are done otherwise choose
k € 7 such that M* < u(x,) < M**!. For clarity sake we consider three different cases.
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Case I If k < kg then
D* <Mk+1g(x*,R) SMk0+1.

§/a

Case I Tf k > ko and 2.8 < B2/%, clearly D* is bounded above by MB5—.
Cl

Case III k > kg and %c‘f > [33 / % We will show that this is never the case.

" /0 .
So let us assume k > kp and Dﬁc‘f > ﬁf/a. For p = "J(C—IR as in Lemma 1.20, we have

5
1Zg(x*7R)>W—M(3/<) —ﬁ(clﬁ :

hence, combining inequalities above and the definition of g we compute
d(x.,z) < R—B.R"%p?. (1.22)

Now, if y € By (x,), by the Holder property of the quasi distance and the quasi triangle inequality,
the definition of ko and B, for every k > ko we have

d(y,2) <d(z,x.) + (2K)' B (d(x., ) * (d(x.y) +d(zx.))
<R—B.R'"*p%+(2K)' " *Bp*(p+R)' ¢
SR_B*leapoc+2(2K)17aBleap(x
<R,

hence
By (x*) C Bgr(2). (1.23)

We can apply Lemma 1.12 with R, zg and x( replaced by KR, z and x, respectively to obtain

sup u > u(xy) (l—f—i) > ol (l—i—i) . (1.24)

Bp(x*) M g(x*,R) M

Indeed since Bakrn,(z) C Byr(xo), we have infg, . u < infp, . u, and since Br(xp) C
Bokr(z) we get u € Kg ¢(Bakrn,(2)); moreover u(x.) > M* and Sq(Bakgrn, (2), f) < €p. Thus
all the hypotheses of Lemma 1.12 are satisfied.
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By (1.23), for y € By (x)

1 D « R
sup u<D sup = sup g(xe R) . (1.25)
By (xy) YEBp (x4) g(yaR) g(X*,R) YEBp (x4) g(yaR)

Moreover by the Holder property, the quasi triangle inequality and (1.22) we have

(g(x*,R)>06/5 _ R—d(z,xs)
g(va) R—d(y,z)
< R—d(z,xs)
= R—(d(z,x.) +B(2K)!~p%(d(z,x.) +p)'~%)
1

<
| _ BCK)%p%(Rp)! e
ﬁ*palea

1

= | _ 2BCK)@
B

Combining (1.24), (1.25) and the inequality above we obtain

5/
M B
D* <D . 1.26
<0 () (5=aptzr=) (120
. .. . M B /a .
hence taking the limit for D* — D in (1.26) we find 1 < <1+M) (ﬁ 38 (EK)HX) from which
we get
1 +M\o/é l—q (1 +M\o/8
((5) 1) -2Be) () <o
5.((5) peK)
M+1\-—0/0\ —1
B. <2B(2K)(1- <T+> )
which is in contrast with the previous choice of f,. O]

8o (Byr(xo),f)
ep

Proof of Theorem 1.11. Tt suffices to prove supp, .\ u < CM forevery M = infp ) u+ +

0, with 6 > 0. Consider
_ . u f

i:= i € KQ’J;, where f:= =

<
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clearly infg, ()% < 1 and 8(Bnr(x0), f) < &p, so that by Proposition 1.13 we find SUP (xp) U <
CM, hence

sup u < £( inf M+SQ(BnR(x0),f>+8).
BR(X()) gP BR(XO)

By letting 6 — 0" we get the thesis. O

We have just showed that in the setting of doubling quasi metric Holder spaces with the
reverse doubling property and satisfying the log-ring condition, for a family of function Kq ¢
it is enough to satisfy the double ball and the critical density property to conclude that it has
the Harnack property. We are going to prove that also the converse is true. Hence the Harnack

property is equivalent to the double ball and the critical density properties jointly considered.

Theorem 1.14. Suppose that Kq ¢ satisfies the Harnack property H(C,n). Then, the fam-
ily Kq r satisfies the double ball and the v critical density property DB (%, %,Zn) and
CD(v, %, %, n) for any fixed k > 1 and for every u locally bounded.

Proof. Since Kq  satisfies the Harnack property H(C,n), there exist structural constants
C > 0and 1 > 1 such that for each u € Kq f(Bn r), locally bounded, the function u satisfies
the inequality

supu <C (igfu—i—S(Bm,f)) :
B, r

We start proving the double ball property, so we assume

1
supu > 1 and S8a(Bayr, f) < — forafixedk > 1.
B, kC
Then

1
1< iélrfu < SBqu)u <C (%I;fu+89(32nraf)) <C (g;rfu-i- E)

from which we get the desired estimate for infp,, u,

) k—1
infu> ——.
By, Ck
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Now we want to prove the critical density property CD(V, %, %, n) for each k > 1. Let us
suppose that inf;_z;r/2 u< % and 8¢ (By, f) < %, k > 1, then

supu <C (ilIngM+SQ(Bnraf)>
B, r
k—1 1 k-1
<Clinffu+—+ | <C|—=+—|=1.
(éf‘/z” kC ) (kcJr kC )

Hence pu({x € B, : u(x) < 1}) > u(B,) > eu(B,) for any € €0, 1[. Clearly, from this property
we deduce that if there exists a constant v €]0, 1] such that

p({xe B, :u(x) <1}) < (1-v)u(B)

u({x € B, :u(x) > 1}) > vu(By)

then we must have infBr/zu > % or 8o (Byr, f) > kk;cl, k> 1. O

1.4 Holder regularity

We briefly discuss how to obtain Holder regularity estimates in the abstract setting we
have presented. It is well known that from the scale invariant Harnack inequality it is possible
to obtain an oscillation inequality which in turns gives Holder regularity estimates (see for
example [22, Section 8.9]). We report the procedure with some minor modifications that are
necessary to adapt classical arguments to our abstract setting. It will be needed the following
Lemma.

Lemma 1.15 ([22] Lemma 8.23). Let @ and o be two non decreasing functions on an interval
10, R] satisfying the following inequality

o(tp) < yo(p)+o(p)
for any p < R and for some constants 0 < 7y, T < 1. Then, for any 0 < u < 1 we have

w(p) <M ((%)“ O(R)+ c(p“Rl—“>) forany p <R,

where o0 = (1 —u)%’ and M = M(y,7) > 0.
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In the next theorem will use the notation

M,= sup u, m,= inf u, oscu=M,—m,
By (xp) B (xo) By (xo)

and we define

Ko s C {u:A— Rsuchthat A C Q, uis y-measurable}

such that the following three conditions hold:

* Ko CKoy

* Ifu € Kq s then Au € K 5 f forall 2 > 0.

« If u € Kq s then for every 4,7 > 0 such that T— Au > 0 we have T — Au € KQ,,M.
In other word KQ r 1s obtained from Kgq ¢ by removing the condition u > 0.

Theorem 1.16. Suppose the family Kq y has the Harnack property H(C,n) (Definition 1.2.7)
and assume that for every ball Bg(xo) C Q and u € Kq (Br(x0)), if 2 € R is such that

u—A >0, wehaveu—A € Kq r(Br(xo)). Then, there exists two positive structural constants
c and o €]0,1[ such that

8o (B upi-
OSC u S C}"a (R—OC Sup |I/l| + Q( rMR1 U(XO)?f)>
Br(xo) roc

BR(X())
for every u € K s(Br(x0)) locally bounded, r €]0,R] and p €]0,1].

Proof. In the proof we denote positive structural constants by C (even if the value of the
constant may change at each occurrence). The functions M, — u and u — m, are non negative

so they belong to the family Ko _ r(Br(x0)) and Kq s(Br(xo)), respectively. By the Harnack
property we get

M, —m,;y <C(My—M, +8a(Br(x0),f)) foreveryr <R
M,y —my < C (m,y —m,+8a(Br(x0),f)) forevery r <R.

Summing up the two inequalities above we find

oscu+ osc u<C| oscu — osc u+28q(Br(x0),f
By(x0)  B,/p(xo) (Br(XO) B,/ (x0) (B:(x0). f)
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from which we get the following oscillation inequality

Cc—1
osc u<——oscu+2
Br/n(XO) C+ lB,(x()) C+1

Sa(By(xp),f) foreveryr <R.

Since osc u and 8o(B,(xp), f) are non decreasing with respect to r, for every r €]0,R| we

Br/n(x())
can apply Lemma 1.15 with @(r) ~ Bo(sc)u, o(r) ~ ZCLHSQ(Br(xo),f), T ~> % and y ~» %
r{X0
We obtain

oscu<c ((I%)a 0SC U+ 8¢ (Bugi—u (x())af))

B (xo) Bg(xo)

for every r €]0,R] and u €]0, 1]. The thesis follows recalling that o(sc U < 28Upg(y) Ul O
Br(xo

As a conclusion to this chapter we want to recall some literature regarding different
axiomatic approach to Harnack inequality in the general setting of doubling quasi metric spaces.
The first work we want to mention is [2] by Aimar Forzani and Toledano, where the authors
prove Harnack inequality for some class of continuous functions as a consequence of the double
ball and the power decay properties. Then, Di Fazio, Gutierrez, and Lanconelli in [14] proved
the right covering argument, necessary to relax the continuity assumption in [2]; under an
additional assumption on the underlying quasi metric space, namely the ring condition, they are
able to consider family of just measurable functions. Another type of approach was introduced
by Indratno, Maldonado and Silwal in [30], where the authors replace the double ball property
with an integral condition that makes their approach better suited for variational equations.
In all these works the considered functional set is assumed to be closed under multiplication
by positive constants, this assumption precludes one to directly apply the abstract procedures
to family of solutions to PDE with non zero right hand side. In this chapter we have shown
that it is possible to extend the approach in [14] making it well suited for non homogeneous

equations.



Chapter 2
Application to X-elliptic operators

In this chapter we apply the abstract theory we have developed in Chapter 1 to a class of par-

tial differential equations in divergence form related to a family of locally Lipschitz vector fields.

We first recall the notion of Carnot—Carathéodory distance, set the main assumptions on
the metric space and we define the class of PDEs we want to deal with. Then we recall the
definition of Sobolev spaces related to a family of vector fields and the notion of W! weak
solutions. Finally, making use of some results obtained in [43, Section 2] we prove the v
critical density property for non negative measurable weak solutions to the considered equation
for every v €]0, 1]. This property will allow us to set in motion the abstract theory machinery
(Theorem 1.10 under hypotheses (B1)-(B2) and Theorem 1.11) to prove Harnack inequality
and Holder regularity estimate. We recall that Uguzzoni in [43] proved a Harnack inequality

for a class of operator more general then ours by means of an adapted Moser iteration technique.

2.1 Definitions and main assumptions

In this section we recall the definition of Carnot—Carathéodory distance and set the main
assumptions on the metric space and the class of operators considered.

On RY we consider X = {Xj,...,X,,} a family of vector fields with real valued locally
Lipschitz coefficients d j;

N
X = Zdjkam forevery j=1,...m.
k=1

We endow R" with the Lebesgue measure |- |.
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Definition 2.1.1. Let y: [0;T] — R" be a Lipschitz curve. We say that ¥ is subunit if there

exist a vector valued function ¢ : [0,7] — R such that
m
1) = Z 0, ()X, (y(¢)) almost everywhere in [0, T]
n=1

and

m %
sup ¥ lanP) <1
ZG[O,T] n=1

The Carnot—Carathéodory distance or control distance associated to the family X is then

defined as follows

Definition 2.1.2. (Carnot—Carathéodory distance) Given x,y € R", we define
dx(x,y) =inf{T € Rs.t. y:[0,T] — R" is subunit, y(0) = x, y(T) = y}.

If the points x and y can not be connected through a subunit curve we set dx (x,y) = eo.
From now on we assume the family X to be such that

(C) The Carnot—Carathéodory distance dy related to the family of vectors fields X is well
defined (i.e. for every x,y € RV there exists a subunit curve joining x and y) and

continuous with respect to the Euclidean topology.

We recall that in general on a bounded set of RV, the topology generated by the control
distance is stronger than the Euclidean one. Indeed one has the following well known result

(see for example [28, Proposition 11.2].)

Lemma 2.1. Let K C Y be compact. Then there exists a constant C > 0 depending on K and 'Y
such that
|x —y| < Cdx(x,y), for every x,y € K. (2.1)

Hence, under assumption (C) we have that on an open bounded set the Carnot—Carathéodory
topology is equivalent to the Euclidean one. We recall that (C) is true for a large class of vector
fields satisfying the so called Hormander condition (See for example [5, p.191 assumption
(H2) 1) which includes Carnot groups and Grushin type vector fields. We will denote by B, (x)
the ball of center x € R" and radius r > 0 defined by the distance dy. We also assume the

following "local" properties:

(D) (Doubling condition) For each compact set K C R" there exist positive constants Cp > 1
and Rg > 0 such that
0 < [Bar(x)| < Cp|Br(x)|
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for every dx-ball B,(x) with x € K and r < Ry.

(P) (Poincaré inequality) For each compact set K C RY there exists a positive constant C and
q y P |y

Ry > 0 such that
][|u—ur]dx§Cr][ | Xu| dx
B, By,

for every C! function u and for every d-ball B, (x) with x € K and r < Ry.

Here we have denoted the mean value of u by u, = fB,” dx := |B—l‘ f p, 4 dx and the X-
gradient of u and the norm of the X-gradient respectively by Xu = (Xju,...,X,u) and |Xu| =

1
( ) |X ju\z) *. The number Q0 =log, Cp is called the local homogeneous dimension relative
to the compact set K. Notice that, enlarging the doubling constant Cp in (C) if needed, we can

always assume (and we do this) Q > 2.

From now on we let K C RN be compact and Y C K be open and connected. The space
(Y,dyx,|-|) is then a doubling metric space for balls of small enough radius and, by Remark
1.2, dx has the Holder continuity property (1.3). Since we want to apply the abstract theory
machinery presented in Chapter 1 we need to show that the structural hypotheses of Theorems
1.10 and 1.11 are satisfied. In particular we have to show that the function r — |B,(x)| is

continuous and the reverse doubling property (Definition 1.1.5) holds true.

2.1.1 Reverse doubling property

Under the assumptions (C) and (D), a local version of the reverse doubling property has
been proven by Di Fazio, Gutiérrez and Lanconelli in [14, Theorem 2.10]. In particular they
have proved the following

Proposition 2.2. Suppose Y is open and connected and (Y,dx, |- |) satisfies (C) and (D). Then,
for every K C Y, K #Y, there exists a positive constant Ry depending on K and Y such that
there exists a structural constant 6 > 0 and a radius Ry > 0 depending on K and Y such that

6|Bar(x)| > [B/(x)|

for every By, (x) C K with r €]0;Ry.

They proved the proposition above as a special case of a more general theorem stated in the

context of doubling quasi metric Holder spaces.
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Theorem 2.3 ([14], Theorem 2.9). Let (Y,d, 1) be a doubling quasi metric Holder space and
suppose there exist two constants 1,0 such that 1 <1 <20 < 2 and the ring Byg,(x) \ By,(x)
is non empty. Then, there exists a constant 6 = 8(1n,0,K,Cp, a, ) €]0,1[ such that

S1(Boy(x)) > (By(x)) for every Bay(x) C Q
Here a, B are as in (1.3).

Proof. Let y € Bog,(x) \ By,(x). First of all we want to show that there exists a constant
o €]0,1] depending on a and B such that Bg,(y) C By,(x) \ Br(x). Indeed if z € Bs,(y) we
have

d(x,z) > d(xvy) _ﬁd(zvy)a (d(z,y) +d(x7y)>l_a
> nr—ﬁ(cr)a(6r+2r)l_a
=(n-PBo%(c+2)'"%)r

and

d(z,y) < d(x,y) + Bd(z,y)* (d(z,y) +d(x,y)) *
< 29}’—}—[3(67‘)“(6}’—{—2}’)170‘
= (20+B0c%(c+2)""*)r.

Hence we can choose ¢ > 0 satisfying fo%*(c +2)!"% < min{2(1—-6),n —1} so that
Bosr(y) C Bar(x) \ B(x). Now Lemma 1.1 implies

o

log, Cp
W(Bor(x)) = W(Br(x)) + w(Bor(y)) = H(B(x)) + (CD (4—K) ) 1 (Bar(x))

1
and the thesis follows for § =1 — <CD (4K )10g2 CD) ) O

Let us prove Proposition 2.2 by showing that the space (Y,dy, |- |) satisfies the hypotheses
of Theorem 2.3

Proof of Proposition 2.2. By Theorem 2.3 it is enough to prove that d B, (x) # 0 for every x € K
and r €]0,Ry[. So we let y € Y \ K and consider the compact set KU {y}. By Lemma 2.1 we
know that |x —y| < Cdx(x,y) for a suitable constant C = C(Y, K U {y}) but on the other hand
be can choose Ry > 0 so that [x — y| > CRy for every x € K, hence dx(x,y) > Ry. Now let
v: [0,1] — Y be a continuous curve connecting x and y. Clearly the function 7 — dx (x,y(¢)) is



2.1 Definitions and main assumptions

31

continuous and dx (x, ¥(0)) = 0 while dx (x,y(1)) > Ry. Thus, for every r €]0, Ry[ there exists
at €)0, 1] such that dx (x,y(¢)) = r. This proves that dB,(x) # 0 as desired. O

2.1.2 Segment property

Another property that the space (Y,d,, |- |) must satisfy in order to set in motion the abstract
procedure is the property of continuity of the measure of the balls with respect to the radius. In
[14], in the general setting of doubling metric spaces, this fact is proved to be a consequence of
the following property.

Definition 2.1.3. (Segment property) We say that the metric space (Y,d) has the segment
property if for every x,y € Y there exists a d-continuous curve y: [0,1] — Y such that y(0) = x,

y(1)=yand
d(x,y) =d (x,y(t))+d(y(t),y), foreveryte|0,1]. (2.2)

More precisely we have

Lemma 24. Let (Y,d, ) be a doubling metric space. If (Y,d, L) has the segment property,
then for every x € Y, the function R — [L(Bg(x)) is continuous.

Proof. Since

Jim p(By(x)) = p(Br(x)) and  lim p(B,(x)) = pu(Br(x))
it suffices to prove that u(dBg) = 0. For every y € dBg(x) we consider a d-continuous path
connecting y and x such that d(x,y) = d(x,z) + d(z,y) for every z € y. The existence of
such curve 7y is guaranteed by the segment property. We fix 7 € ¥ so that d(x,Z) = 7, then
B;(2) C Br(x)NB(y) and B,(y) C B 3 .(2). Hence the doubling property (1.1) implies

U(Br(x)NB,(y)) > u(B5(2)) > Cp3"°2Pu(B3,(2)) > Cp3'2Pu(B,(y))

3
2

ie. w(Br(x)NB.(y))

1(B(y))
Since y is arbitrary, we deduce that dBg(x) C S where

> CD310gz Cp

S= {er : 1im][ XBa(x) dm&o}. (2.3)
r—0 B,(y)
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On the other hand the Lebesgue differentiation Theorem [29, Theorem 1.8] implies
0= () > p(IBr(x))

concluding the proof. [

We recall that in the particular setting of Carnot-Carathéodory spaces satisfying assumption
(C) and (D), the continuity of the function r — |B,(x)| for every for ball of small enough radius

was proved in [12, Proof of Proposition 2.8]. We write the statement below for future reference.

Proposition 2.5. Consider the space (Y,dx,|-|) and assume (C) and (D) holds true. Then
there exists a radius Ry > 0 such that the function r — |B,(x)| is continuous for every r < Ry.

2.2 Assumptions on the operator L

In this section we define the operator we want to deal with and set the assumption on it. Let
us recall that K is a fixed compact set, Y C K is open and we consider the space (Y,dx,|-|) and
assumptions (C), (D) and (P). In the open set Q C Y, we consider linear second order partial

differential operators of the type

N
Lu= Z 8i(b,~jo7ju) + Z b;diu 2.4)

N
—1

i,j=1 i
where b;;, b; are measurable functions and B = {b; j} i,j=1..N 18 @ symmetric matrix. More-

over we allow the coefficients of L to have degeneracy controlled by the family of vector fields

X. More precisely we assume L to be uniformly X-elliptic in a bounded open set Q C R¥:

Definition 2.2.1. (X-Elliptic operator) We say that the operator L is uniformly X-elliptic in an
open subset Q C RY if there exist positive constants 0 < A < A and a non negative function y
such that, for every x € Q and £ € RN

L3 000,87 < (B0 &) < A 100,87
] )

J

(b(x).E < P) Y (%;(x),)°.

j=1
Here we use the notation b = (by,...,by) and (-,-) is the standard inner product in R

We recall that the definition of X-ellipticity was first explicitly introduced by Lanconelli

and Kogoj in [34] where an homogeneous Harnack inequality for operators in principal form
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(i.e. of the type (2.4) with b; = 0) is proved. X-elliptic operators have also been studied in
[15, 25, 4, 43].

Applying the abstract theory developed in Chapter 1 we prove the non homogeneous
Harnack inequality for non negative weak solution (in an appropriate sense that will be specified
in the sequel) of the equation

Lu=f. (2.5)

As in the elliptic case (see for example [22, Section 8.5]) we consider a right hand side f that
include a divergence form term
N
f=g+) ol
i=1

In particular, since it is possible to write the equation Lu = f as

N N
Lu—f = Z 8,-(b,~18ju—h,-) +Zbi8,-u—g =0

ij=1 i=1

and L is X-elliptic, our assumption on divergence form term & = (hy,...,hy) are the following:

h is a measurable function and there exists a non negative function 7y satisfying
m
(h(x),E)? < B (x) Y (X(x), £)? for every x € Q,& € RV, (2.6)
j=1

Also, we assume the following conditions on the low order terms b and on the right hand side
f. For a suitable p > % it holds

(LT) yc L (Q).
R) w € L?(Q) and g€ LP(Q).

We remark that the operator L here considered does not contain first order terms, so it is a
simplified version of the one studied by Gutiérrez, Lanconelli [25] and Uguzzoni [43] where
they prove Harnack inequality using an adapted Moser’s iteration technique. This restriction
on the class of operators considered is motivated by the fact that in order to apply the results
presented in Chapter 1 we need to require the family of solutions to be closed under sum of
constants. Authors in [25] require dilation invariance of vector fields and a positivity condition
on the operator ([25, equation (2.3)]), while in [43] these assumption are dropped. Since all
our assumptions are of "local nature", the Harnack inequality will be obtained for balls with
small radius and the constants appearing will depend on the compact set fixed. Very recently,
in [4] Battaglia and Bonfiglioli obtained an invariant non homogeneus Harnack inequality for



34

2. Application to X-elliptic operators

solutions to a class of sub-elliptic operators in divergence form under global doubling and

Poincaré assumptions but no restrictions on the diameter of the set 2.

2.3 W! weak solution for the operator L

In this section we recall the notions of Sobolev spaces modeled after a family of locally

Lipschitz vector fields and of W' weak solution to the equation Lu = f.

First of all we recall that assumptions (C), (D), (P) imply the local Sobolev inequalities
|u|| 20 < C(D)||Xul|» forevery u € C5(D) (2.7)
0-2

for every open set D with sufficiently small diameter and closure contained in the interior of K
and
ul|*so < Cr||Xull3 forevery u € C}(B,(x)) (2.8)
02

B,(x) C Q, 2r < Ry For a deeper discussion on this result see [17, 20, 28].

For every D bounded domain supporting the Sobolev inequality (2.7) we define the space
W, (D,X) to be the closure of C} (D) with respect to the norm u — || Xu|| 12(D)-

Now we want to introduce the notion of weak X-gradient. For any j = 1,...,m the formal

adjoint of X is the unique operator X}‘ such that
/ uXjyde= [ vXjudx forallu,ve Cy(RY),
RV RN
moreover given u € L(D) if there exists a function ¢; € L?(D) such that

/(p(Z)jdx:/uX;‘ngx for all ¢ € C5' (D)
D D

we say that X;u = ¢; exists in the weak sense. Hereafter Xu denotes the weak X-gradient of
u€ Wy (D,X): Xu= (Xu,...,Xnu). The Sobolev space W!(D,X), is the space

W!(D,X) = {ucL*(D): Xjuc L*(D) forevery j=1,...,m}.

On W!(D,X) we consider the norm ||u||y1 = [ull 2y + [|Xull2(p) (see [20, Theorem A.2]).

We adopt the usual notation

Wil.(D,X) = {u: for every D'open, D' CC D we have u € W!(D',X)}.
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Since we will deal with functions that are solutions to Lu = f in a weak sense, the following
Meyer-Serrin type result will be very useful in the sequel. The result was proved independently
in [20, Theorem 1.13] and in [18, Theorem 1.2.3].

Theorem 2.6. The set C*(D)NW!(D,X) is dense in W1 (D, X) with respect to the norm || - ||yy1.

By means of theorem above and an approximation argument it is possible to states assump-
tion (P) for functions in W!(D,X) and the Sobolev inequality for functions in W, (D, X).

In order to introduce the notion of weak solution to the equation Lu = h we consider the
bilinear form

L(u,v) = / (BVu,Vv) — (b,Vu)vdx foru e C'(D), ve C}(D)
D
and the linear functional
Sv) = / (h,Vv) —gvdx forve Cl(D).
D

Gutiérrez, Lanconelli in [25] and Uguzzoni in [43] showed respectively that £ can be
extended continuously to W!(D,X)NL"(D) x Wy (D,X), where % = % + ﬁ and § can be
extended continuously to WO1 (D,X). Indeed, due to the positiveness of the matrix B, the

X-ellipticity assumption, the Sobolev inequality and assumption (LT), we have

—_

1£(u,v)| < / (BVu, Vi) 2 (BVv, V)2 + (b, Vi) ||v] dx
D

§A/|Xu||Xv|dx—|—/|Xv||u|)/dx
D D

< AllXull2[IXvl2+ XVl llall-[Vl]2p
S Xl (IX |2+ [Jullr[Vll2p)-

Moreover by assumption (R) and the Sobolev inequality we get
50) < [ lxol+ v as

< wll2lXvll2+ gl 20 (V]| 20
0+2 0-2

S Ixviz(ll2p + llgllp)-
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Thus, by density, £(u,v) and F(v) can be uniquely prolonged to operators

£: WD, X)NL" (D) x W) (D,X) — R,
3: W) (D,X) =R,

Observations above give meaning to the following notion of weak solution

Definition 2.3.1. (Weak solution) We say that a function u € Whl) -(Q,X) is a weak subsolution
(resp. supersolution) to Lu = f in Q if, for every domain D, D C C Q supporting the Sobolev

inequality, we have
Lu,v) <Fv) (resp. £(u,v) >F(v)) foreveryv>0,ve W (D,X).

We say that u is a solution if it is both a supersolution and a subsolution.

In the proof of the critical density property we will use of some arguments borrowed
from the Moser iterative scheme, hence it will be crucial to have cut-off functions. In two
independent works, Garofalo and Nhieu [21, Theorem 1.5] and Franchi, Serapioni e Serra
Cassano [19] proved the existence of cut-off functions for Carnot-Carathéodory balls under

assumption (C):

Theorem 2.7. Assume (C). Let Bg(x) be a bounded metric ball. Then, for every 0 < R| < R, <
R, there exists a dx-Lipschitz continuous function ¢ : RN — [0, c0[ such that ¢ is W'(Bog(x),X)

and
s ¢ =1o0nBg,(x) and ¢ =0 on RN\ Bg,(x),

* |X¢| < Iﬁfor almost every x € RV,

2.4 Ciritical density property for X -elliptic operators

In this section we show that non negative weak solutions to (2.5) have the v-critical density
property for every v €]0, 1], thus the Harnack inequality follows from Theorem 1.10 under
hypotheses (B) and Theorem 1.11. However, in order to set in motion the abstract machinery,
all the structural hypotheses of Theorem 1.10 must be satisfied. Here we have considered and
proved structural properties of "local nature" ((D), (C), Proposition 2.5 and Theorem 2.3 ), for
this reason we need to require the following

(O) The dx-diameter of Q is small enough to have the double ball property, the reverse dou-
bling, the continuity of the function r — B,(x), the Poincar¢ and the Sobolev inequality
for every Bg(x) C Q.
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Let us now reformulate the problem using the notation of the abstract approach. We set

1=1

N
F(Q)= {f =g+ Z d;h;, satisfying (2.6) and (R) }

and for every f € £ := F(Q), Br(xo) CQ,R<rp, 0 =1— % we define the function

Sa (Br(x0), ) =R%100]l 2 (8y(x0)) + B2 181110 (Ba(x0))
and consider the family
Ko ;= {u € W,,.(Q,X) : u> 0 is a weak solution to (2.5)}.

It is easy to see that the definition of 8¢ (Bg(xo), f) is consistent with the abstract definition
given in Chapter 1. Moreover, for every non negative u € Kq r and 4 > 0 we have Au € Kq 5 ¢
andif T—Au>0then T—Auc Kq _; #> 50, also the definition of Kgq ; is consistent with the
abstract one (Definition 1.2.2). We will prove that Kgq r has the critical density with the aid
of three lemmas. The first lemma ensures the local boundedness of solutions to (2.5). This

fact has been proved by Uguzzoni in [43] for a class of more general operators, indeed it is a

fundamental step towards the proof Harnack inequality by means of the Moser iteration scheme.

For the sake of completeness we report here the statement and the proof.
In the sequel we will abbreviate Bg(xg) = Bg for any R > 0 and the center xo to be
understood.

Lemma 2.8 (Local boundedness). Let u be a weak solution to (2.5) in Q, then u is locally
bounded.

Proof. Let us consider a ball B4g, such that B4z C Q and recall that we have assumed (O). We
defineu=u"+ o, forallc >0and H, : [0,+o) = R

sP s € [o,n]
Hn(s): s l’lEN,ﬁzl.
BrP~l(s—n)+nP s>n

Clearly H, is non decreasing, C' and the sequence (H,),cn converges to sB. Moreover we set

G(t) = /I(H,;)zdx, and v=n>G(@)

(e
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where 1 € C(% (B4r) is a given cut-off function as in Theorem 2.7. Since u is a weak solution to
(2.5) and v € W (Bag,X), it holds £(u,v) = §(v). Using an approximation argument we can
assume u and v to be smooth, then

0=5)—L(u,v) = —/

Bag

(BVu—h,Vv) dx~|—/ ((b,Vu) —g)vdx

Byg

< — / (BVu™,n*G'(@)Vu")ydx— [ (BVu,2nG(@)Vn) dx+
Byr

Bur

+/B (h,n*G'(@)Vu" +2nG(@)Vn) dx+/ ((b, Vu) — g)n*G (@) dx.

Byr

Let D = B4g N {u > 0}. Exploiting (2.6), the fact that L is X-elliptic (Definition 2.2.1) and

moving the terms around we have

A 2
/ 126 @) Xuf dr <27 / NG(@) XullXn] de+ > / nG@pllXn] dvt
D D D
1
45 [ G @ ol e 29
D
1
45 [ rxullg) 6@ ax
D

In order to estimate each of the four term in the right hand side of inequality above we set

1
N A
a= (AZ taeit s (2.10)

and we recall that

Hy(s) < sH)(s) < BHa(s),  G(1) <1G'(1),
X (H,(@)* = & @IXul 20y

Then we have

A A2
25 [ ncmixulxniacs [ (S anf s nxule) 6@ a
A? o —\2 2 2 2
< e [ @@ dvve [ wx @)
D D

2
7 [ nG@hnlxniar< [ @@ @n*+xnP) ar< [ @) @0+ xnP) ax
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1 1
1 [ e @il e <3 [ w6 @) (xuP + ) ax
<3 [ m @ a5 [ n? ) e
3 [ rlehmrema < [ o (e v+ )
A Jp D 4e

<e [ i @P acs [ rem? (14 ) o

We plug estimates above in (2.9), then choosing € small and moving terms around we get

n*|X (Hy(@))]> dx < CB* [ Hu(@)*(|Xn|* +1%a%) dx

Bygr Bug

Here C is a positive structural constant, in the sequel a structural constant will be always

denoted by C even if its value differs at each occurrence. Let us use the standard notation
1

ull7, = Hqup(B (\Br fB uf dx) from inequality above we deduce

I )25 < B (I1H @ XT 25,0+ 1 @12 5,)-

By the Sobolev inequality (2.8) we get
INH @) a(a) < CRB+1) (I1Hn@) X012 5, + IHa(@ala,y) @D

where g = 5=5. Now we focus on the term ||H,(#)nal|;, We use Holder inequality and

(Bar)"

ol
then the interpolation inequality ||v||;: < &||v||jo +€7 v ||v[[}v (valid for v < 7 < @ ) with

T=2

T @=¢q, V= 2 obtaining

* * —\ 1% Qo —\ ||
||Hn(ﬁ)na||L2(B4R) < ||a||L2p(B4R) <8||an(”)||Lq(B4R) +8Q72p||an(”)HL2(B4R)> - (212)

We choose

g=(2Ca*(1+B))"" witha*(r) = sup (P”a”ZZp(BP)) ~
p<4r

Let us notice that we can choose o so that a* is controlled by a structural constant. Indeed if

wesetd =1— — by the doubling condition (D) we have

L
2

@ (1) < (11 an ) + 20022500 + 0 o))
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So that, if [|g[| 1r(8,,) = 0 and [| 70| 12r(5,,) = 0, @ is bounded by a structural constant; otherwise
one takes 0 = 8o (Bug, f) obtaining

| —

1
a(1) < C (PN g +2) " < C (RN g +2) (2.13)
as desired. Substituting (2.12) in (2.11) we find
o) < OB+ 1) (R X0+ @)

with v = %L_Q, then we let n — oo to get

<+ (Rwixnl],

I

L? B4R)) .

Inequality above holds true also for n € WO1 (Bar), so we choose 7 to be a cut off function as in
Theorem 2.7, with R < R} < R, <2R. This choice of 1 and the doubling property (D) give

[,

L9(Byg) L?(Bug)

P <cB+n"v (1 H—ﬁ 2.14
H L9(Bg,) — (B+1) ( Jr1’32—131 12(Bg,) @19
It is convenient write inequality above using the following notation
¢(s,R) = HEHB(BR)
Then, (2.14) reads as
%
o(Ba.r) < [c(p 1)+ (14 )| op ko @15

for any B > 1, and any R, R; such that R < R; < R, < 2R. Starting from this inequality we
can set in motion the celebrate Moser iterative scheme to conclude the proof. To this aim let us
choose 7 € |2,¢[ and, for any n € Ny we set

B, = r(%’)”, rw=R(1+27").

At the n-th step of the iteration we consider inequality (2.15) with (2B,R1,R2) = (Bu,7u+1,7n)-
So that, starting from inequality (2.15) with the choice B = 1, Ry = r|, R, = 2R (which

corresponds to the case n = 0) it is possible to iteratively estimates the left most hand side
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obtaining

o ((2)") < (CaPrIIELKCIa (e 2R), forevery n> 1

here C > 1 is a suitable structural constant. Recalling that limy . (s, R) = supg, @, and g > 2,

letting n to infinity we get

supit < C||i|z(pyp)
Bg

with i = u+ 0. In particular, letting T — 2 we find

1

2
sup u < c<][ T dx) (2.16)
Bg(xo) Bag(x0)
hence u™ is locally bounded. The above argument applies also to u~, indeed —u solves
L(—u) = —f. This concludes the proof. O

Remark 2.9. We explicitly notice that in order to prove estimates (2.16) for i = u* + o we

have just used the fact that u is a weak subsolution to (2.5).

Notice that in the proof it has not been used the fact that the solution u is non negative, this

fact will be crucial in the proof of the next result instead.

Lemma 2.10 (Estimates for | X 1og| ;2(g,))- Let u be a weak solution to (2.5) in Q, then there

exists a structural constant ¢ > 0 such that

C
Xlogi|? dx < —

for every Byg C Q. Here i = u+ o, with 6 = 8¢q(Bagr, f).

Proof. We exploit the non negativeness of u to define the test function v = nzﬁﬁ with B £ 0
and 7 as in Theorem 2.7 with supp(1) C Bog and 11 = 1 in Bg. By Lemma 2.8 we know that
u€ Ly (Q), hence v € Wy (Bag,X ). We proceed as in the proof of (2.9) obtaining

loc

W Xu de < o— | AN [Xu||[Xn| det+ - [ @ |p||X 7| det

2
B | AIBI /b MBI Bar

Fq o i as g [ gl )’ s
B4R

Mﬁ!
(2.17)
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Let a be as in (2.10), then each of the four terms above can be estimated as follows

2 1 e o
5 ), AnuB\XuHXn\dx_Mm : (n%ﬁ XulAe + A2 (Ag) %ﬁ“\xmz) dx
4R 4R
1 2-B—1 2 6A / —B+1 2
< - nu" " | Xu|” dx+ u”Xn|C dx
o | B
Bl o
WP |yl [Xn| dx < = PHalxn|de< — [ @ (®n?+ |xn)?) dx
2B LT PIwlixn| |ﬁ| T X7 |ﬁ| - (@®n*+[xnP)

1
! / 27 |y Xu] dv < / 0% alXul dx
A Bur Bar

1 1
2 Bag 2 Bar

1
(v1Xu| +|gl) 27 dx < / (alXu| +a*7) 5P dx

AIBl /By 1Bl
1
S—/ |Xu|2ﬁle+auﬁ+1 >+an2ﬁ+1dx
ﬁ B4R
<i/ B1|Xu|2dx—l—( 3)/ a?n*eP ! dx
12 B4R Bl 1B Ju
Here we have chosen € = % Plugging those estimates in (2.17) and moving the terms around

we get

2uP- 1|Xu|2dx<(m1n{ ‘ﬁ’}) /ﬁﬁHFdx
B4R Bur

where F = <1 + 6%;) |Xn|?+n2%a®. For B = —1 and a suitable structural constant C, equation

/ |nX10gﬁ]2dx§C/ F dx.
Bagp Byr

Hereafter we will denote a positive structural constant by C even if its value may change at each

above becomes

occurrence. This last estimate can be found in [43, pp 176]. Recalling the doubling condition

(D) and the definition of 1, inequality above becomes

X log|? dx < ch][ F dx

Bog

1
gcf — t+a’dx
BZRR2

C
2(1—|—R2][ azdx).
R Bor

Bg
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Then, by using Holder inequality, we estimate the right hand side by

C 1/p
X loga|* dx < — [ R? aPdx)  +1
g R2
Bg Bog

< (@R +1).

Since (2.13) shows that a*(R) is bounded from above by a structural constant we get the
thesis. [

Lemma 2.11 (Fabes Lemma, [14] Lemma 7.4). Letv € WIIOC(Q,X), Br C Q and define
E ={x € Bg:v(x) =0}.
Then, if there exists 0 < € < 1 such that
|E| = &|Bg|

we have
v[? dx < CR2][ X v|?dx

Bg Bog

where C > 0 is a structural constant depending on €.

Proof. Let us use the notation vg = fE vdx and vg = fBR v dx. Then, since v =0 on E, we have

v(x)| = [v(x) —vg|
< |[v(x) —va|+|ve —VvE|

B|

< |v(x)—vB|+’— |v—vp| dx
E| JBg

1
< |v(x) —vp|+— |v—vp|dx
S Br

Squaring both sides, taking the average over Bg and then using the Poincaré inequality ! we

find 5
v2 dx < (1 + -+ —2> ][ v? dx < CR2][ X v|dx.
Bgr € € Br Bog

This concludes the proof. [

ere we use the the oincare inequalit Vv < Vv which 1s known to be implie
Ih he the L? Poi ¢ ineq 1'yBR 2 dx < CR? BZRX2dx hich is k be implied by
inequality (P) (see for example [20] )
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We recall that, by definition, a structural constant does not depend on u € Kq £ nor on the
balls defined by the quasi distance. On the other hand it may depend on the ellipticity constants
A, A, the doubling constant Cp, the constant in the Poincaré inequality (P), the Lipschitz
constant of vector fields {X;}; _,, and (HyH%p +1)1/2,

We are now ready to prove that the family K¢ ; satisfies the v-critical density property for
every v €]0,1].

Theorem 2.12. Let Bgg C Q, and suppose u € Ko, f(BgR). Then, there exist structural constants
€,c €0, 1], such that if u satisfies

|{x € Br: u(x) > 1}| > v|Bg| forsome v €]0,1]

then we have

infu>c or 8q(Bsg, f)> €.
Bgr/a

Here c =c¢(v) €]0,1].

Proof. Let 0 = 8q(Bgg, f) and define h(u) := max{—logu,0} with u=u+0o =ut + o,
notice that o > 0, in particular ¢ = 0 if and only if g = 0 and &2 = 0. We consider the function

2
w:= h(u) and we observe that the quantity ( J[‘BR w? dx) is bounded from above by a structural

constant. Indeed we have

[{x € Bg: w(x) =0}| = |{x € Bg : u(x) > 1}|
> |{x € Bg:u(x) > 1}| > Vv|Bg|,

hence, using the Fabes Lemma 2.11 and Lemma 2.10 we get

Iw(x)|? dx < CRZf IXw(x)|> dx < CRz][ X log(#(x))|* dx < C.

B Bog Bar

Now, if o = 0, the function w is a weak subsolution to Lu = 0 with L the operator defined (2.4),
otherwise, if & > 0 we have infg 7 > ¢ and w is a weak subsolution to

l;iaiw = f

M=

N
Lw= Z 8,-(b,-j8ja)) +
=1 i

Il
—
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with

N J.h:
“hifo<a< ] I e A B 3

- b;
bi prm—
b;, otherwise 0, otherwise

In both cases the the assumptions (LT) and (R) are satisfied, so, recalling Remark 2.9, we can

S
supw < ¢ ][ w” dx
Bg)» Br

where we have defined o, = SQ(BgR,f) and w =w+ o6,, <w-+2. So that

1 1

2 2
supw§supW§c<][ Wzdx) Sc(][ wzdx> +4.
Bg» Bg/» Bg Bg

1

apply Lemma 2.8 obtaining

2
But the term ( fBR w? dx) is bounded from above by a structural constant, hence

supw < ¢
Bg)a

from which we get

inf u(x) > e = cp.
Bg/»

So that, if 0 < &€ < 3 we find infp, , u(x) > co/2. O

Structural constants in Theorem 2.12 are independent of the right hand side f, so families
Kq 2 s and Kq _ s have the v critical density property CD(v,c,€,1) for every fixed 0 < v < 1,
for every A > 0 and f € £L(Q) = F(Q) (here we are using the notation presented at the
beginning of this section). Indeed if u € Kq ¢, then for every A > 0, u; = Au € Kg 5 and if
u_p:=T—Au>0,thenu_, € Kg ¢, so we can apply Theorem 2.12 to functions u, and
u_, . Moreover hypothesis (O) guarantees the reverse doubling property and the continuity of
the function r — |B,(x)|. In addition, in Lemma 2.8 it has been proved that any weak solution

u to (2.5), without sign assumption, belongs to L5 .

Thus, recalling the definition of Kq 3  and
8, we use Theorems 1.10 and 1.11 to get the following Harnack inequality.

Theorem 2.13. Let u € Wl(l) (Q) be a non negative weak solution to Lu = f in Q. Then there

exists a structural constant 1 such that for every By, C Q we have

: ) 26
supu < € (igfuct17 0 + el )
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Here C is a structural constant and 6 =1 — %.

Furthermore, from Theorem 1.16 we get he following Holder estimate

Theorem 2.14. Letu € Wl}) -(Q) be a non negative weak solution to Lu = f in Q, then for every
Br(xg) C Q we have

osc u < Cr® | R~ sup |ul + 1%l 120 (B (x0)) T 18112 (Br(x0))
BV(XO) BR()CQ)

for every r €]0,R).

Proof. Tt suffices to recall that 8o (Bg(xo), f) = R® 19011220 (B (x0)) +R26||g||Lp(BR(xO)) with § =
1— % and to choose u > % in the statement of Theorem 1.16. U

Corollary 2.15. Let u € Wl(l)c (Q,X) be a non negative weak solution to Lu = f in Q. Then,
there exists two structural constants C > 0 and o €)0, 1| such that

up 1) 40

s e <€ <<4r>—°‘sup|u|+||yo||L2p<Q)+||g||Lp<g)>

BSr

for every ball Bs, C Q.

Proof. Clearly it holds

|u(x) —u(y)] )

u(x) —u(y Bog(xy) (*

sup ———— < sup ——— (2.18)
X,yEB, dX(an)a X,YEB, dX(xay)a

Moreover, keeping in mind that By, (,. y)(x) C Bs,(x), by Theorem 2.14 we have

osc u<C(2d(x,y))* | (4r)"% sup |u]+ W20 () + llgllr() | -
BZd(x,y) (x) By, (x)

Now it suffices to use estimates above in (2.18) and recall that By, (x) C Bs, for every x € B, to
get the thesis. ]

We explicitly notice that in the statement of Theorems 2.13 and 2.14 we do not make
assumption on the radius because we have already made a stronger assumption on the diameter
of Q (assumption (0Q)). Moreover we want to recall again that the result contained in this
chapter are not new as they have been proved by Uguzzoni in [43] for a class of more general
operators (the author allows also the presence of first order term). What is new here is the
method used to obtain the result. This shows that the approach presented in Chapter 1 is well

adapted to divergence form operator.



Chapter 3
Application to Grushin type operators

In this chapter we apply the abstract procedure presented in Chapter 1 to Grushin-type
operators L, a family operators that are elliptic with respect to the Grushin vector fields but they
are not in divergence form. These type of operators arises from the geometric theory of several
complex variables, more details about this fact will be given in the Appendix. Grushin type
operators have been studied by Montanari in [37] where the author proves an invariant Harnack
inequality for non negative classical solutions to the the homogeneous equation Lu = 0. In this
chapter we improve the results obtained in [37] by considering the non homogeneous case;
nevertheless we make use of many results and ideas developed here. Very recently this type
of operators has been studied also by Maldonado in [36], we will give more details about his
results at the end of Section 3.4.

We first introduce the family of operators we want to consider and summarize few well
known facts about the Grushin metric. Then, we recall a weighted Alexandrov-Bakelman-Pucci
type maximum principle proved by A. Montanari in [37]. Then, we prove the double ball and
the critical density property by means of ad-hoc constructed barriers. Those properties will
lead to an invariant Harnack inequality, via Theorem 1.10 under hypotheses (A1)-(A2) and
Theorem 1.11. Finally, using the results in Chapter 2, we prove local Holder estimates for the
X-gradient of the solutions.

3.1 Some definitions and useful results

Here we recall some facts about Grushin metric and set the notation that will be used
throughout the chapter. We start by defining Grushin vector fields and by introducing two
quasi-distance functions that will be useful to prove the double ball and the critical density

properties by means of ad-hoc barrier modeled after sublevel sets of these functions. We show
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that the log ring condition holds true in some of these sublevel sets and we present some useful
ball-box theorems. Then, we define the class of operators we are concerned about and the
family of functions on which we perform the abstract procedure of Chapter 1. Finally, we recall
a weighted Alexandrov-Bakelman-Pucci type maximum principle proved by A. Montanari in
[37] and we show that in general it is not possible to estimate the supremum of the negative
part of u € WP by the L” norm of Lu with 0 < p < 3.

3.1.1 Grushin metric and sublevel sets

Let us consider the space (R?,dx, |- |), where | -| is the Lebesgue measure and dy is the
distance induced by Grushin vector fields

X1 = 8x1, X2 = xlaxZ. (3.1)

We recall that X7, X, satisfy the well known Hormander condition, so the control distance
dx (see Definition 2.1.2) is well defined. On the other hand X, X, are not left invariant with

respect to any group law on R2. It is also known that the group of dilations (&, );0,
§:R2 5 R? & (x) = (tx1,1%x) (3.2)

is such that the vector fields X; are 6,-homogeneous of degree one , i.e. for every u € C 1(R?),
x€R?*and >0

Xj(u0 8)(x) = 1(Xju) (8,(x)).

Using results proved by Franchi and Lanconelli in [16] it is possible to describe the structure of
balls
Bee(x,r) ={yeR?*: dx(x,y)<r}, x€R* r>0

by means of boxes, x = (x1,x2),
Box(x,r) :=]x; —r,x; +r[ X [xo — r(r+[x1]),x2 +r(r+ |xi|)[.

More precisely we have

Structure Theorem 1. There exists a structural constant C > 1 such that

Box(x,C'r) € Bee(x,r) € Box(x,Cr).
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Remark 3.1. We explicitly remark that the size of the Box depends on the first coordinate of
the center and in particular we notice that the Lebesgue measure of balls with center (0,x;)

and radius r is comparable to r°.

From Structure Theorem 1 we deduce the following chain of inequalities
C72Box(x,r)| < |Bec(x,r)| < C?|Box(x,r)|

for every x € R?, r > 0. This, makes the space (R?,dx,|-|) a doubling metric space, but
unfortunately it is not sufficient to conclude that the ring condition (see Definition 1.1.6 in
Chapter 1) holds true. In [37] this problem is overcome by introducing a new Holder quasi

distance

J(x,y)::|x1—y1|+ x%+y%+4|xz—y2|— x%+y% (3.3)

on the measure space (R?, |-|). The triplet (R?,d, |- |) turns out to be a doubling quasi metric

space satisfying the ring condition and the reverse doubling property. Indeed if we let
B(x,r):={yeR?:d(x,y)<r}, r>0,xcR?

be the quasi metric ball of center x and radius r, we have the following theorems.

Structure Theorem 2 ([37] Theorem 3.3). There exists a structural constant Cg > 1 such that
Box(x,Cglr) C B(x,r) C Box(x,Cpr) foreveryye€ R?, r> 0.

Hence
Cy|B(x,r)| < [Box(x,r)| < C3|B(x,r)|.

Proof. Let us show the first inclusion. If x € B(y, r), we have

|x1 —y1| <r and x%+y%+4\x2—y2|<r—|—\/x%+y%.

So that

2
4oz —yo| < <r+ \/X%+y%> — (i) =r <r+2\/X%+y?>

<r(re2yfl il 7)< 420 +0) <4+ bl
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Thus, x € Box(y, r). On the other hand, if x € Box(y,r), we have |x; —y;| < rand |x; —y2| <
r(r+|y1|). Then,

1 = y1]+Hy/xF 33 4+ 4o —yo| — /2T + 32 <

<r-+ x%+y%+4r(r+|y1|) — x%-l—y%

=r+a/xq+ (] +2r)2 =[x+

Srﬂxl\ﬂylHQV—\/X%ﬂL)’%§3r

Hence x € B(y,3r). Moreover

r

p
|Box(x,r)| < CI%C—B (CB

bl ) = GlBox(x. ;') < CHlB(x.r)
and
IBox(x,7)| > Cg?[Box(x,Cpr)| > Cg?|B(x,r)|.
This concludes the proof. [

We explicitly remark that theorem above implies the doubling doubling property in (R?,d, |-|),

indeed we have
|B(x,2r)| < Ca|Box(x,2r)| < (2Cp)*Box(x,r)| < 22Ca|B(x,r)|. (3.4)

Moreover the space (R?,d,|-|) has the reverse doubling property indeed we have the

following remark

Remark 3.2. Forevery r > 0andy € Q, the point (%r +y1,y2) belongs to the ring B(y,5r/3)\
B(y,4r/3) so hence the reverse doubling property follows from Theorem 2.3.

The ring condition is proved in the following theorem.

Theorem 3.3 ([37], Theorem 3.4). There exists a non negative function ®, such that for every
r > 0 and every sufficiently small value of € > 0

|B(x,r) \ B(x, (1 —€)r)| < o(€)|B(x,r)] (3.5)

with ®(€) — 0 as € — 0+.
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Proof. We fix y € R? and define the function f(r) = |B(y,r)|. Using Fubini’s theorem, it is

possible to write f as

yi+r
f(r) :/ / dxy | dx;
yi—r 4\X2—yz\<<r—\X1—y1\+\/m>2—(ﬁ+y%)

1 r
=5 | =P 420 -1y on 02 et e
—r

Differentiating f we get

r
0§f’(r>=/ (r— )+ /O +1)? +y2dt—r+/ Jor 4022 dt
sﬂw( <y1+r>2+y%)3r2+r<2ry1|+r><4r<r+|y1|>.

Now, the Lagrange mean value theorem ensures the existence of 8 €]1 — €, 1] such that

[B(x, 1)\ B(x,(1—€)r)| = £(r) = f(r(1 —€)) = erf'(6r) < 4er’(r+|vi])
= 4¢|Box(x,r)| < 4C3|B(x,r)).

The last inequality follows from Structure Theorem 2. U

We now define suitable sublevel sets of particular functions g, and A, in which we are able to

construct barriers that will be essential to prove the critical density and the double ball property.

2)(2*Q)/4

We construct these functions modifying the fundamental solution I'(x,0) = (x‘l¥ +4x5
with pole at the origin of the subelliptic Laplacian X 12 +X22 where Q = 3 is the homogeneous
dimension. As in [37], for every r > 0, y = (y1,y2) € R? we consider

p(ry) = (G =312 + 40 —y2)) ', (3.6)

and we define
p(x,y) if [y | <r

gr(x,y) = .
prP (ey) iy >

We denote the sublevel sets of the function g,(-,y) by

Gly,r):=={xeR?:g,(x,y) < r}. (3.7)
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In order to avoid two zeros of g, in G(y,r) we also define the function

p(x,y) if |y <r
gr(x.y) = { P’ (x,y) if[yi| > randxy; >0
400 if |y1| > rand x;y; <0

and consider its sublevel sets
G(y,r) == {x eR*: g,(x,y) < r}.

Moreover, for every r >0 and y € R2, we define

1/4
o(5,y) = ((F =317 + 27 (1 —31)” +4(x2 —y2)?) (3:8)
and
o(x,y) if [y <r
hr(x7y> = 1 2 .
570 (y) if [yl =
Sublevel sets of the function 4, (+,y) will be denoted by
H(y,r):={x € R*: h(x,y) < r}. (3.9)

Let us spend a few words to describe the main features of the sets defined above. The

G(y,r), are always symmetric with respect to the x; axis and they are connected for |y;| < r,

but when |y;| > r they have two connected components (see Figure 3.1 ).

G((1,1),1.1) G((1,1),09)

ot G

Fig. 3.1 Example of G sublevel sets

Sets of type G(y,r) coincide with G(y,r) when [y;| < r, and for |y;| > r they are the
connected component of G(y, ) that contains the center, so they are always connected (Figure
3.3).
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G((1,1),1.1) G((1,1),09)

i)

Fig. 3.2 Example of G sublevel sets

Sublevel sets H(y,r) are connected but they are not symmetric with respect to the x; axis
(see Figure 3.3).

H((1,1),1.5) H((1,1),0.9)

1 1 O

-2 2 -2 2
=] -1

Fig. 3.3 Example of H sublevel sets

Theorems below compare sublevel sets H(y,r) and G(y,r) with boxes Box(y,r), those
results are extensively used in the next section.

Structure Theorem 3. There exists a structural constant Cy > 1 such that for every y € R2
andr >0

Box(y,Cy;'r) C H(y,r) C Box(y,Crr).

Hence
Cy|H (y,r)| < [Box(y,r)| < CilH(y,r)].

Proof. To prove the inclusions we shall distinguish two case: |y;| < r and |y;| > r. If we
assume |y| < r and x € Box(y,r/4) then

i —yi| <r/d, o=yl <r/A(r/d+|yi]) < 1/4(1/4+ 1)



54 3. Application to Grushin type operators

and

6% (x,y) = (x1 = y1)* (x1 +31)> + 27 (1 —y1)> +4(x2 — y2)°
(1/4)2(|x1 |+ [yi > +4(1/4)>r* (1/4+ 12 +2(1/4)%*

( (et =y + 2l )2 +1/4r%(1/4+1)* +2(1/4)>*
(1/4)2(1 /4422 +1/4(1 /4 + 12 +2(1/4)%7*

= (

= (

hr(x7Y)4

<

<

<
(1/4)2(1/44+2)2 +1/4(1/4+1) +2(1/4)%)r
213/256)r <7

Hence x € H(y,r). Moreover if |y;| < r and x € H(y,r) we have

]x% —y%| < r2, 4|xp —y2|2 <

from which we get

2

-
1 —yi] [Jx1 =yil =2l <7, e —yal < > <r(r+1y1]).

, adding |y;|? to both sides of the first inequality above and

et =yil = 1| </r2+yil <2r

from which we easily deduce x € Box(y,3r). On the other hand if |x; —y;| < 2|y;| then

Consequently if |x; — y|
taking the square root gives

x € Box(y,3r). Hence we have proved the thesis for |y;| < r.
To prove the other case suppose |y;| > r and x € Box(y,r/4) then

i —yi| <r/d, o=yl <r/A(r/d+yi]) < 1/4(1/4+ 1)y |?

and

he(x,3)* 017 = 0 (x,) = (1 = y1) 2 (x1 4+31)* + 251 (11 = 31)* +4(x2 — 2)?
<(1/4) (|J61!+|y1!>2 P4+ 4(1/4)° 7y (1/4+1) +2(1/4)*r ¥
(1/4)*(|x1 = y1| 4201 [)>r? + 1/47% (1/4+1)+2(1/4)2r2y%
< (1/4)2(1/4 4222 +1/4r7y3(1/44+1) +2(1/4)*r%y3

= ((1/4)2(1/442)2 +1/4(1/44+1)24+2(1/4)*)r*y?

= (213/256)r2y} < r?y3.
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Hence x € H(y, r). Moreover if x € H(y, r)
V2yille =yl <rlyil, 4=y <Pyl

consequently

riyi
vl <r byl <2< rp ),

hence x € Box(y,r). As in Structure Theorem 2, the chain of inclusions in the statement implies
the chain of inequalities C,%|H (x,7)| < |Box(x,r)| < CH|H(x,r)|. O

The next ball-box theorem compares the measure of sublevel sets G(x,r) with boxes
Box(x,r). The proof is similar to the one of Theorem 3.1.1, so it is omitted.

Structure Theorem 4 ([37], Theorem 3.6). There exists a structural constant Cg > 1 such
that for every y € R? and r > 0

Box(y, Calr) C G(y,r) C Box(y,Cgr).

Hence
C52|G(y,r)| < [Box(y,r)| < CElG(y, 7).

Whenever y = (y,0) € R?, from the theorem above we get

P (r+nl) 1G] < er(r i) (3.10)
sup |xi| < é(r+|yi) (3.11)

G(y,2r)
Cymax{r,r(r+|yi1])} > diam(G(y,r)) > Cymax{r,r(r+ [y1|)}. (3.12)

with ¢,é,Cy; > 1 and C,,, > O structural constants. Hereafter we denote the Euclidean diameter
of a set A by diam(A)

We now have introduced all the definitions and basic results concerning the Grushin plane
that will be needed in the following sections. So we move to the definition of the Grushin
operators.

3.1.2 Grushin type operators

Let Q C IR? be open and consider the Holder doubling quasi metric space (Q,d, | -|) with d
defined in (3.3). We define the second order linear operator

L:= ayy(x1,%)X] +axn(x1,%2)X5 +2a12(x1,%2) X1 X2, (3.13)
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where a;; : Q — R are measurable functions. We assume L is elliptic with respect to the
family of vector fields {X1,X5}, i.e. there exist positive constants, called ellipticity constants,
0 < A < A such that for every & = (£,&) € R? we have

AEP <an&f+anks +2anéié < AE2 (3.14)

Notice that in the definition of the operator L the term a1 X>X; is missing. Motivation to the
study of these type of operators arises from the geometric theory of several complex variables.
More precisely in the Appendix we show that, Levi curvature equations, which are fully
nonlinear equation in non divergence form, in cylindrical coordinates are non divergence PDEs
Lu = f with the operator L structured as in (3.13). In this dissertation we focus on equations of
the type

Lu = x% f

with
feF(Q)={g:Q — R, measurable and such that x;g € L2 .(Q)}.

When the right hand side of the equation is not structured as above, Harnack inequality remains
an interesting open problem. Indeed the Alexandrov-Bakelman-Pucci estimates, which are a
key ingredient towards Harnack inequality, do not hold in general as shown in Theorem 3.7
and the subsequent Remark.

In accordance with the notation of Chapter 1, for every measurable set A C € we define

8a(A, f) := diam(A)||x1 f|12(a)
L(Q)={feF(Q): 8a(B(x,r), f) < +oo, for every B(x,r) C Q}
Ko f:={uc C*(Q)NC(Q): Lu=x}f, u> 0}, forevery f € L(Q)

Here diam(A) denotes the Euclidean diameter of A. Since the operator L is linear and with no
zero-order term, if u is a classical solution to Lu = x% f, the function T — Au solves L(T — Au) =
—Ax1f, for every A, T € R. So that the definition of Kg s is coherent with Definition 1.2.2.

3.1.3 An Alexandrov-Bakelman-Pucci maximum principle

For classical supersolution to (3.1.2), a weighted Alexandrov-Bakelman-Pucci maximum
principle (ABP, henceforth) has been proved in [37, Theorem 2.5]; these kind of estimates are
extremely useful as it provides a pointwise bound on solutions in terms of a measure theoretic

quantity of the equation. We report the statement of the result for future references.
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Theorem 3.4 (ABP estimates). Let Q C R? be a bounded domain and assume u € C(Q) N
C%(Q), u> 0 on dQ is a classical solution to Lu(x) < x1f(x) in Q with x1f € L*(Q). Then

there exists a positive structural constant C such that

1
supu~ < Cdiam(Q) ( / (x1fH)? dx) " (3.15)
Q Qn{u=I,}

Here diam(Q) is the Euclidean diameter of Q, f*(x) := max{f(x),0}, T, is the convex
envelope' of —u~ (x) := —max{—u(x),0} in a Euclidean ball of radius 2diam(Q) containing
Q and u = 0 outside Q.

We remark that in [37, Theorem 2.5], the result is proved under the slightly more restrictive
assumption on f, precisely it is required f to be bounded. The same proof remain valid when it
is assumed x| f € [? (Q) because, in this case, the right hand side of (3.15) is bounded. For the
reader’s convenience, we give a proof of Theorem 3.4. We will need the following well known
results (see for example [24, Theorem 1.1.13, Exercise 1.1.14 and Theorem 1.4.5]).

Theorem 3.5. Let Q be open and u € C(Q). We denote by Du the sub-differential of u.> Then
B={ECQ:Du(E) is Lebesgue measurable}

is a Borel ¢ algebra. The function W, : B — R defined by W,(E) = |Du(E)| is a Borel measure

and it is finite on compact sets. Moreover, if u € CZ(Q) is a convex function on L, then

uu(E):/Edet(Dzu)(x)dx

for any Borel set E C Q.

Theorem 3.6. Let Q C R? be a bounded open set, assume u € C(Q), u > 0 on dQ and define

I'y is as in Theorem 3.4. Then there exists a positive structural constant ¢ such that
__d _ 1/2
supu~ < % (ur, (fu =T} @) /2.
Q

Proof of Theorem 3.4. We first prove the statement for u strictly convex on the contact set

{u=T,}. Under this assumption Du is a one-to-one map. Moreover, the contact set {u =T, }

'We recall that the convex envelope of a continuous function u in a convex set Q is the function I', defined as
follows: T, (x) = sup{w(x) : w <u, wis convex}

The sub-differential of u € C(Q), is the set valued function Du defined by Du(xp) = {p € R? : u(x) >
u(xo)+p-(x—xp) forall x € Q}
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do not intersects the line {x; = 0}, indeed (a;ju11)(0,x2) = Lu(0,x,) < 0, and since aj; is
positive then u1(0,x;) < 0 while u is strictly convex in {u = I',}. Notice that if u € C*(Q) is

convex then the symmetric matrix

X2u XX
X2y — 1u 221M _ Uil X;ulz (3.16)
XoXiu  Xyu X{u1p Xqu22

is nonnegative definite. Here we have denoted by u;; = d\, 8xju. Moreover, for u convex

(unixfum — (xqu12)?)  det(X2u) _ (trace(Aqu))2

(3.17)
x% x% 4x% detA

det(D*u) = (w1120 — ui,) =

for every A > 0 and A symmetric. Let B¢ be a Euclidean ball of radius 2diam(Q) containing
Q. The convex envelop I, is a convex function so, for each x) € Be N {u =T} C Q, ithas a
supporting hyperplane at xo. This hyperplane is also a supporting hyperplane for u at the same
point. Thus DI, (xo) C Du(xo) for xo € Be N{u=T,} C Q, and by Theorem 3.5 we have

DL, ({u =T} NQ)| < [Du({u =T} N Q)|

= / (detD?u)dx
{(u=T,}nQ (3.18)

< C/{ (Lu)zdx

2
u=>,}NQ X7

where C is a positive constant depending on A, A. The last inequality follows by applying
(3.17), indeed u is convex on the set {u = I,} N Q. Recalling that Lu(x) < f(x)x? = £ (x)x?
on the contact set and by applying Theorem 3.6 and (3.18), we get the desired estimate.

Now assume u is only convex in the contact set an define Sy = {x € Q : detD*u = 0}. By Sard’s
Theorem we have |Du(Sy)| = 0. Since E = {u =T,} NQ is a Borel set, EN Sy and E \ Sy are
also Borel sets. Hence

|Du(E)| = [Du(ENSo)| 4 [Du(E\ So)| = [Du(E\ So)|
and by (3.18) we have

IDT,(E)| < |Du(E)| = |Du(E\ So)| = /E y (det D*u)dx

L 2
<C / ( Z) dx<C | fldx<cC / 23dx.
E\So X1 E\So E
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This concludes the proof. [

Let us go back to the statement of Theorem 3.4. If we denote by F' = x% f the right hand
side of the equation to which u is a supersolution, we can notice that, dissimilarly to what
usually happens (see for example [7, Theorem 3.6]), supg #~ is not estimated by a quantity that
depends on the L? norm of F, but rather on the L? norm of F /x;.

In the following we show that the weight on the right hand side of (3.15) is crucial. Precisely,
we will show that ABP maximum principle of the type (3.15) can not hold in general for
solutions u of Lu < f with f € L>~¢ and any 0 < &€ < 3. We will proceed exactly as in [13]. In
that last mentioned article the authors consider a group of Heisenberg type of homogeneous
dimension Q, they construct a non divergence form operator Le and show the impossibility
of ABP type estimates for Wli’chg solutions as a consequence of a non uniqueness result for
solutions to the Dirichlet problem Leu = 0 in Q, u = 0 on dQ; hereafter Wli’cp (Q,X) indicates
the Sobolev space of functions u € L{Z)C having weak derivatives X;Xu € Lﬁ)c. Mimicking their

approach and taking into account Remark 3.1 we get the following result

Theorem 3.7. Let p(x,0) = (x} +4x2)"/* as in (3.6). We define By (0) = {x ¢ R?: p!/4(x,0) <
1} C R? be the ball of radius 1 and center the origin. Then, for every 0 < € < 3, there exists
an operator Lg of the type (3.13) with bounded measurable coefficients such that the following
Dirichlet problem

L:u<0 1inB; (0)

u=0 on dB;(0).

(3.19)

has a non trivial solution ug € W*3~¢(B1(0),X))NC(B1(0)).

1/4

Proof. We use the notation N(x1,x2) = p(x,0) = (x{+4x3) /". We choose the coefficients of

the operator L¢ as follows

_ (X1N)?

ajp =1+ 7(8) (XlN)2 T (XZN)Q
_ (X2N)?

an =1+ i oy
_ XINXoN

apn = }/(8) (XlN)z I (XZN)Z

where ¥ > 0 is a constant depending on € that will be chosen in the sequel. It will be convenient
to explicitly write the coefficients of the operator L by computing the derivatives of N with
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respect to the vector fields X; and X»:

VI TN — 2x1x2
N = N3 N = N3
12x2x3 6x}x 27
5 2 2 4 2
XZN = N17 z XoX|N = — 17 , XZN:N—;(x1—2 2)
So we have
4 2 2
X dx X .X'2
a11:1+}/(8)N—14 022_1+'}/(8)N_j 6112—2'}’( ) N4 ©

We look for a solution to (3.19) of the type ug = F(N):

LeF(N) = a XEF(N) +2a12X: X, F (N) + a2 X3 F(N)
= F"(N) (a11(XiN)* +2a12XiNXoN + axn(XoN)?) + F'(N)Le (N)

F'(N
= _N(l() ) ((xl +4XZ + )/xl )xl + Y8x1x2 —+ (xl +4x2 + ’)/4x2)4x1x2> —+

F'(N
]\7(]1) ((xl +4x 2+7x1)12x1x2 }/24x1x2)

F'(N)
Nll

_|_

o (1 403 + y403) 247 (xf — 23)

F"(N
= sz (y(xl +16x3 +8x1x3) + N*(x] +4x3)) +

x? ! !
— s (P02 ) vt

F'(N)
Nll

(Zx%N 8 _ }/4x%x%N4)

In particular we choose F(N) =N A(€) _ 1 and we want to determine A > 0 so that L:N*(€) <0,
thus we require

2

= (1+7)k (F”(N) +2 IF f;))N)

A ) (3.20)
:x%(1+y)N—_,1+4 (A—1+ (1+y)) =0

and

,F'(N
hy = y4x1x2% = yA4xIN 8 > 0. (3.21)
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Equation (3.20) holds true for

2
A=1——-<1 f 0. 3.22
1+}/< or y > ( )

Moreover for ¥ > 1 we have A > 0, hence also inequality (3.21) is satisfied. As we have
already said, for any 0 < € < 3 we want to construct a solution u, to Lug = 0 belonging to
W23-¢(B,(0),X). Since the solution will be of the type u = N*(€) — 1 it suffices to impose

2—Ae)3—€)<3 ie Ale)> max{O,l—é}

or equivalently

¥(e) > max{l, 6_838}. (3.23)

Now, for any 0 < € < 3 we define us = NAE) 1, Clearly it satisfies the Dirichlet con-
dition ue|gp, (o) = 0 and the choice of A(€) we made ensures Lug = LN*) <0 and ue €
W?23=¢(B1(0),X). This concludes the proof. O

From the above non uniqueness result we deduce the impossibility to obtain certain ABP

estimates, more precisely we have the following remark.

Remark 3.8. Let Q be a bounded open set and L be structured as in (3.13) and suppose
there exists u € Wlif(Q,X) a solution to Lu < f with f € L>*~¢(Q). Then, in general, it is
not possible to estimate the supremum of u~ on Q by the LP norm of the right hand side f
with p =3 — €. Indeed, if such an ABP maximum principle held true, using the result and the

notations of the above theorem, we would have

sup uy = sup (N*& —1)" <0
B(0) B, (0)

but N*(€)(0) = 0 and N*® = p(0,x)*®) is an increasing function of p(0,x), hence

Sup (NA,(E) — l)i = Sup l'nax{o7 1 _NA(E)} — 1
Bl(o) Bl(O)

reaching a contradiction.

Remark 3.9. The counterexample in the previous remark does not apply to the ABP maximum
principle (Theorem 3.4). Looking at the equations (3.20) and (3.21) we can notice that
LeF(N) = x3f with f that behaves like N*~* for a suitable A €]0,1[. On the other hand the
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function f does not satisfy the hypotheses of Theorem 3.4 indeed x f ~ xyN*~* € L*(B,(0)) if
and only if A > 3/2 but, by (3.22) the counterexample works for A €]0,1].

3.2 Double ball property for Grushin type operators

In this section we prove double ball property for sublevel sets H(y, r), and then extend it to
balls B(x,r) with the aid of Structure Theorems 2 and 3. The idea is to follow the procedure
presented in [37]. In [37] sublevel sets of g,(-,y) (see for the definition (3.7)) are considered,
however in this thesis we prefer to use sublevel sets of /,(+,y) (see for the definition (3.9)) in
order to avoid the two zeros of the function g.

Lemma 3.10. Let A, A > 0 be the ellipticity constants and & the function defined in (3.8). For
o <4 —10A/A, the function ¢ (x) = 6% is a classical solution to L$ > 0 in {c > 0}.

Proof. We begin the proof computing first and second partial derivatives of o:

Oy, =0 ((F = y1)x1 +yi(x1 —y1)) =0 (x — )
Gy, =26 > (x2—y2)

_ 2 _
Oun = =367 (x] —y}) +30 1
Oxx, = _30-_7 (x% _y?) <x2 _y2)
Oy, = —36’7(x2 —y2)2 +2073,

Using calculation above it is straightforward to compute
Lo = ao“’2((a = 1)(allcfxz1 +2x1c1126xz2 +x%a226xzz) + GLG)
— a0 2(ay, ((o— 1)631 +00y,x,) +2x1a12(( — 1)0y, Oy, + GGXIX2)>+

2 <x%a22((a — 1)%22 + GGX2x2)>.

Defining

Yi=aii(x; — 1) +4anxi (x) — 1) (2 — y2) +4axnxi(x — y2)*
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we get
Lo = ac®? ((05 ~4)5° (all(x% — 1)+ 2a12x1(x] —37)2(x2 —)’2)>
+ (o — 4)6_66122)6%4()62 —y2)2 —|—x%6_2(36111 + 2a22)>
= ao® 8 (o —4)y+xic*(3ay +2a2)).
From the assumption (3.14) on the coefficients of L, we deduce
Y> A (( ¥3)2 +4x3 (x, —y2)2> and 3ap; +2axn < 5A,

so that

Lg > ac®® ((a — A (e =) (0 4y +37)7 + 440 —32)?) +5Ax%o4)

= ac® (((a B0 +5A) (3123 +4((@ =42 +5A) (x2 — y2) 20+

2 (e — 1) (22 (0 — 4) (x1 + y1 s + A (o — 4)y1+1OAx2))

— ac® (((a A2 +5A) (3 —y3)203 +4((0 — DA+ 5A) (x2 — y2) 22+

)

D7 (

)

#3701 =12 (A (0 — 4) + S + 24 (@ — 4y + A - 4)7) )

= ac® (((a BA+5K) (3 3128 + 4 (@ = 4)A +5A) (12 — y2) 253+
D) ((A(

+y3(x1 —y1)?* (A0 —4) + 10A)xT + A (ot — 4)x3+

21 (O‘ —4)x1y1 + Ao —4)Y1))-

Now, the definition of ¢, implies ot(A (ot —4) +5A) > 0 and a(A (o —4)+ 10A) > 0, thus

Ly > Aa(a —4)Ga_8y%(x1 —yl)z(x% +2x1y1 +y%) > 0.

]

The next theorem uses lemma above to construct a barrier function & for the ring R(y, r,3r) :=
H(y,3r)\ H(y,r).
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Theorem 3.11. Let ¢ be the function defined in (3.8) and o as in Lemma 3.10. Then, there
exist positive structural constants My, My and 0 < y < 1 such that for every y € R* and r > 0
the function ® := M,c* — M, satisfies

« & e C*(R(y,r,3r)) NC(R(y,r,3r)),

L® > 0inR(y,r,3r),

D [5H(y3r=0,

D Hn(yn= 1,
* infriyron P 2 V.

Proof. We choose M and M, by imposing @ |z (,3,= 0 and @ |5, )= 1, and we show that,
with this choice, the constants M| and M, are positive. Since H(y, r) are defined as sublevel set
of the function £, (x,y) and the definition of this function changes in case |y;| < ror |y;| > r,
we have to distinguish four cases.

Case I |y1| < r, we have
o_3o

M, = % >0,M; = r“(1£3“) > 0 and we define M3 := & ’8H(y,2r): 21_7 >0

Case IT 3r < |y;|, we have
. 30/2 . 1 L . 00/2_30/2
Ml = 1—3—0‘/2 > 0, M2 = W > () and we deﬁneM3 =& yaH(y,Zr)_ 1—3—0‘/2
0

Case IIT r < |y;| < 2r, we have

_ 3@ _ 1
M = Gmarse = O M= e e =0

and we define M3 := @ |5y, = 2%-3% > 2037

(1 |/r)e2=3e¢ = 13 >0

Case IV 2r < |yi| < 3r, we have

_ 3¢ _ 1
M = mmerse > 0 Me = Grmar—gpen > 0

2 /23
and we define M3 := @ |31, = (2lyy|/r)/2—3% _ qa/2-3

(e se = 2arsa = 0

e [20-3% p@/2_30/2 Ga/2_3a
If we define y:= mln{ T30 | 30/2 1302 3

constant on the sets dH (y, p) and decreasing with respect to p > 0 get P | R(y,r2r)> Y- Finally,
by Lemma 3.10, L® > 0 on R(y,r,3r), concluding the proof. O

} we have @ |55 (,2,)= M3 > 7, and since P is

We are now ready to prove the double ball property for sublevel sets H.
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Theorem 3.12. (Double ball property in H(y,3r)) Let C and 7y be as in Theorem 3.4 and 3.11
respectively and define € < % < 1. Then if H(y,3r) C Q and u is a non negative classical
solution to Lu = x3 f in H(y,3r) satisfying

inf u>1 and diam(H(y,37))||x1fll 205 (y3r)) < €
H(y,r) ’
we have
inf u>0
H(y,2r)
where 6 = /2.

Proof. Let ® be the barrier function defined in Theorem 3.11 and consider @ = u — ®. Since
® € C2(R(y,1,3r)) NC(R(y,r,3r)), ® > 0 on IR(y,r,3r) and Lo < x3f in R(y,r,3r) we can
apply Theorem 3.4 to estimate @ :

sup (@—u)t)= sup o~

R(y,r,3r) R(y,r,3r)
< Cdiam(R(y,r,3r)) / (x1f+)2 dx
R(y,r,3r)
<Ce

in particular

sup ((®—u)") <Ce.
R(y,r,2r)

Writing —u = ® — u — ® and taking the supremum over R(y, r,2r) we find

sup (—u) < sup (P—u)+ sup (—P)
R(y,r,2r) R(y,r,2r) R(y,r,2r)

1.e.

— inf u<Ce— inf &.
R(y,r,2r) R(y,r.2r)

It suffices to recall that infg,, ,.>,) @ = ¥ and the definition of € to get

inf u> Y ,
R(y,r,2r) 2

moreover, since by hypotheses infz(,, ) u > 1 the thesis is proved. [
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In the next theorem we repeatedly apply the double ball property on sublevel sets of 4, to
get the same property for quasi metric balls B(y,r).

Theorem 3.13. (Double ball property in B(y,Nppr)) There exist structural constants 0 <

epp,Y < 1 and Npp > 2 such that if u is a non negative classical solution to Lu = x%f in

B(y,nppr) satisfying

Bi(nf)u >1, and diam(B(y, nDBr))||x1fHL2(B(y,nD3r)) < DB
y-‘r
then

inf u>vy.
B(y.2r) =7

More precisely we have Npp = 12C? with C = CyCg and Cy,Cp defined Structure Theorems
2 and 3; epp = €8P~ and y = 8P where p is chosen so that 2P~ (CyCp)~' < 2CyCp <
ZP(CHCB)_I; € and 0 are defined in Theorem 3.12.

Proof. First of all we notice that the definition of pg and p imply the inclusion H (y,2PC~'3r) C
B(y,Mppr), consequently for 0 < k < p — 1 we have

diam (H (y,2°C7'3r)) et f 2 prtc 130y < diam (B, Mosr)) 21.f 1L 2 8mmsn)

(3.24)
<edl 1,

Moreover, since infg,, , u > 1, H (y, C‘lr) C B(y,r) and (3.24) holds, we can use the double
ball property in H(y,3C~'r) (Theorem 3.12) obtaining

inf  u>90.
H(y,C12r)

In virtue of (3.24) we repeatedly apply (p — 1 times) Theorem 3.12 to < in H(y, 2kC13r)
where 1 <k < p—1 and get

inf  u>67’.
H(y,C—12rr)

So, recalling that the definition of p, C and Structure Theorems 2 and 3 imply B(y,2r) C

H(y,C~'2Pr), from the estimate above we deduce

inf u> 67.
B(y,2r)

This concludes the proof. [
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3.3 Critical density property for Grushin type operators

In this section we prove critical density property for balls B(y,r). Exactly as in [37] we
obtain some rough estimates for the solutions on balls G((y;,0),r) C Q centered on the x; axis
and then, by a dilation and translation argument, we refine the estimates and extend the result
to every set of type G(y, r). Once one has obtained the critical density property for every set
G(y,r) C Q, Structure Theorems 4 and 2 give the property on balls B(x,r) C Q.

We start with the construction of a barrier on sets G((y1,0),2r).

Lemma 3.14 ([37], Lemma 4.2). There exist positive structural constants C>0and M > 1
such that for every y = (y1,0) € R? and r > 0 there is a C? function ¢ : R*? — R such that

$>0 in R*\ G(y,2r),

¢ <2 in G(y, r),

¢>-M in R?,

L(x) < C 5 ¢ (%) in R?
r2(r+yl)? ’

where 0 < { < 1 is a continuous function in R? with supp & C G(y,r).

Proof. We just give a sketch of the proof. First of all it is considered the function p*(x,y) where
p isasin (3.6) with ¢ <2 — 32 it is proved that p% is a classical solution to L(p%*) > 0 on the
set {p > 0}. Then, the "radial" function @(x) = M; — M>p*(x,y) is defined on R?\ {p (x,y) =
0} and the constants M| and M, are chosen by using an argument similar to the one given in

Theorem 3.14. More precisely it is imposed

Pl =0 and  @lg,) =2 (3.25)

and the value —m = (p]c;(w /2) is considered. It is possible to show that M|, M,, m are positive;
M, and m are uniformly bounded and M, is such that

K K>

o a =M< (3.26)
r2(r+yil)> r2(r+|yif)2

with K and K structural constants. Since the defining function of sets G has two different
definitions depending on whether |y;| < r or |y;| > r, one has to impose (3.25) taking into
account four different cases: |y1| > 2r, |y1| < r/2,r/2 < |yi1| <r,r <|y1]| <2r.
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Let B € N and define

t, if —m<t
y(r) =

0 1 . )
—£+mmds—m, ift >—m

Since for t < —m it holds

, ! o 2Bl m)P]
S —) 1) =
v 1+(t+m)25> V) (14 (t+m)?B)2’
then w € C%(R). The function
50 VOO, i p(x.y) > 0.
[0 il ds—m, ifp(xy) =0
1.e.
¢ (), if —m < @(x)and p(x,y) >0,
O(x) = —f(g(x)m —1+£2!3 ds—m, if (x)<—mandp(x,y) >0
— [y ds—m, ifp(xy) =0

is constant on sets dG(y, r) and increasing with respect to 7, so that ¢ > 0 in R?\ G(y,2r) and
¢ < —2,in G(y,r). Moreover, recalling that Lo < 0, in G(y,r/2) it is possible to estimate L@
as follows

L = y"(9) (a1197 +2a12%1 @x, x, + X1a2205,) + 1 (@) Lo
<[ (@)|A((X19)* + (X20)%)
<y (@)|A ((—Maax; (x7 —y1)p* ™) + (—Maaxyx1 p®)?)
<[y (@)|AM5 0*x;p** 78 ((xf —y7)* +4x3) = [y (@)|AM; &’ xip>*
< ClAM21—2ﬁx%pa—4—2aB'

Observe that p < Cr2 (r+[y1))"/? in G(y,r/2) and chose B € N, B > max{1,1—4/a} so that
o —4—20p > 0. Hence, recalling (3.26) , we get

2
X1

~ 1-2 A ~
1§ < ity Pedpt P < o e
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Eventually we recognize that since Lp* >0, in {p >0}, we have L§ = Lo < 0in R>\ G(y,r/2)
and Lgﬁ < C2r2(+%|yl\2) in W Now it suffices to choose a continuous function 0 < § < 1
such that { = 1in G(y,7/2), { =0inR?\ G(y,2r/3), even in the first variable x; and satisfying
¢>-MinR?2 Lo(x) <C r+|y‘2§()1n]R2. O

Exploiting the barrier constructed in theorem above we prove some rough estimates for the

solutions on balls centered on the x; axis.

Theorem 3.15. Define & = (2C)~! where C > 0 is the structural constant appearing in Theorem
3.4. Let y = (y1,0), r > 0 and u € C*(G(y,2r)) NC(G(y,2r)) be a non negative solution to
Lu < x3f in G(y,2r) satisfying

inf u<1 and diam(G(y,2r))|x1f] 125 <&

Gow) G0:2r)
Then there exist 0 < v < 1, depending on € and M > 1 structural constant such that

{u < MYNG(y,3r/2)] > "

G(y,3r/2)|. (3.27)

maX{”*‘b’le}

Proof. The function w := u+ ¢ with ¢ as in Lemma 3.14 satisfies Lw < x7 < f+8(x )ﬁ)
in G(y,2r), w > 0 on dG(y,2r), and

inf w< inf u—2<-—1.
G(y,r) G(yr)

Thus it is straightforward to apply weighted ABP maximum principle Theorem 3.4 in G(y,2r)
and get

1< sup wo
G(y.2r)

- 1/2
) Cx; 2
< Cdiam(G(y,2r / (x + x—) dx .
b ”( R A T )
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Let us set U = {w =T,} N G(y,2r). Taking into account (3.11) and (3.12) we further estimate
the right hand side of inequality above by

1 < Cdiam(G (y,2r))<\|x1f|\Lz Gy27)) +m(/U<g(x)xl)2dx>z>

<C% +C€M</{;<C(x)xl)2dx)é

2(r41y11)?

< €&+ CCCumax{r,r(r+ vi[)} rim /Czdx

Moreover by Lemma 3.14, 0 < ¢ < 1 and supp ¢ C G(y,r), so that keeping in mind (3.10), we

have

max{1,r+ |y|}
r(r+y1l)
max{1,r+ |y|}

1—CE<K [{w=T.}NG(,2r)NG(y,r)|"/?

1

r(r+1y1l) it by |>1HW FW}TGG(; )2|é> ot
Kmax{l,r+b171\}|{w:Fw}mG(y,2r1)m(;(y, P2
(r+1yi])2 IG(y,r)|2
< Kmax{(r+y1)"2, (r+|y1])? }’{M<M}HG(y,2r?ﬂG(y,r)|i
G(y,r)|2

where K > 1 is a structural constant. Since w =1",, implies w < 0 and consequently u < —¢ <M

we have

(3.28)

1 —CE < Kmax{(r+|yi])"? (r—|-|y ) }|{u<M}ﬂG(y,2riﬂG(y,r)|z

Gy )l

Now recalling definition of & and that by Structure Theorems 2 and 4 we have |G(y,3r/2)| <
9C,./4|G(y,r)| we obtain

{u < MYyNG(y,2r)NG(y,3r/2)]2 |

: (3.29)
G(v,3r/2)|2

9
ISKCéEmaX{(r—Hle (r+1l)2 }

At this stage we proceed as in [37, Theorem 5.1]. We need to consider three different cases.
When |y;| > 2r the set G(y,2r) is the disjoint union of the two set G(y,2r) and G(—y,2r) and
G(y,3r/2) C G(y,2r), while for |y;| < 3r/2 we have G(y,3r/2) = G(y,3r/2). In both cases
we get G(y2,) NG(y,3r/2) = G(y,3r/2) and the thesis follows directly from the estimate above.
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On the other hand if 3r/2 < |y;| < 2r the set G(y,3r/2) is the disjoint union of G(—y, 3r/2) and
G(y,3r/2) so estimate above is not enough to conclude. The idea is to get (3.28) for a smaller
set so that conditions similar to the previous cases occur. We define p = 2r/3 and we proceed
exactly as in estimate (3.28) but considering the smaller set G(y,2p) instead of G(y,2r). We
remark that u € C2(G(y,2p)) NC((G(y,2p))) is a non negative solution to Lu < x3 f in G(y,2p)
and we can consider a function ¢:) as in Lemma 3.14 so that w = u + $ > 0on dG(y,2p). Let

_1 _1
T:max{(%p—i—bq]) 2, (3p+1y1l) 2},thenasin(?».28)weget

{u < M}NG(y,2p)NG(y,3p/2)| >
G(v,3p/2)[1/2
{u<M}NG(y,3p/2)|"/?
G(v,3p/2)[1/2

1 <2K7

=2K7

where the last equality follows from the fact that |y;| > 3r/2 > 2p. Relabeling 3p /2 = r we

get
1 <2K {( +| |)—1/2 ( +| |)1/2}’{MSM}QG(%F)‘I/2
= maxy\r-r Y1 y (' V1 |G(y,r2)|1/2
9 - [{u < M}G(y,3r/2)|"/>
<KC*2 1/2’ 1/2 )
< KCymax{(r+ )2 (4 ) PSSR B
from which we get the thesis. [

We use the same dilations and translations arguments performed in [37, Theorem 5.2], to

extend Theorem 3.15 to every sublevel set G(y, r) and improve constant in (3.27).

Theorem 3.16. Define gy = 58%—’”M. Let u € C*(G(y,2r))NC(G(y,2r)) withy € R?, r >0 be a
non negative solution to Lu < x3 f in G(y,2r) satisfying

Gi(nf)u <1, and diam(G(y,2r))|x1f2(Gp2r) < €0
»r

then there exist structural constants 0 < € < 1, depending on &y and M > 1 such that
{u<M}NG(y,3r/2)| > €[G(y,3r/2)]. (3.30)

Here C,,,Cyy are the structural constants appearing in (3.12) and € is as in the statement of
Lemma 3.15.
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Proof. The proof is organized in four steps, at each step we prove the critical density property

for a larger family of sets.

STEP1 Fixr=1,y; €[—1,1] and y, = 0. In this case we have max{ (r+ |y;|)"/?, (r+[y1])~"/?} <
2 and by applying Theorem 3.15, we find

{u < MING(3/2)| 2 11G(:3/2)].

STEPII Fix r > 0,

variables

yil <rand y;, € R. Keeping in mind (3.2) we introduce the change of
T(x) =T (x1,%2) = (rx1,y2 +17x2), (3.31)
obtaining

Xiii(x) = r(Xju)(T (x)), fori=1,2;
XoXqii(x) = r*(XoXqu) (T (x))

where ii(x) := u(T (x)). Moreover T (x) € G(y,r) if and only if x € G((y;/r,0),1). The
new operator L := a]lez +2d12X:X +522X22, with d@; j(x) :=a; j(T(x)), i < j e {1,2},
is of the type (3.13) with ellipticity constants A > A > 0. We apply L to i obtaining

Li=r’Lu(T (x)) < r*(T(0))1f(T (x)) = r'xi f(T (x)) = x1 f (x)

with f(x) := r*f(T(x)). We claim that i satisfies the hypotheses of Theorem 3.15 on
G((y1/r,0),2). The only not obviously satisfied assumption is

diam(Gx) ||x1 f(x) 26y <€ (3.32)
where we have denoted Gx = G((y;/r,0),2). Recalling (3.12) and changing coordinates

(x1 =&1/r,x2 = (& —y2)/r?) we have

r

<acu(1+2 ([ wanerge)’ 69

r

diam(Gx)||x1 f(x) 2(G4) < 4CMmax{1, 1+ m} (/G (x1f(x))2dx> b

<ACy (r+ i) 2IEF )l 2(6(an)
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on the other hand by hypothesis and (3.12)

- Cn .
&scy diam(G(y,2r) 181 £ (&) 12(Gy,2))

> Cupmax{r,r(r+ |yi])}&1£(§) 262

so that
& > 8Cyrmax{L,r+ Y11 f (&)l 2 (Gy2r)- (3.34)

Now, if r > 1, it is straightforward to concatenate inequalities (3.33) and (3.34) to obtain
(3.32). Otherwise if r < 1 and |y;| < r, again combining (3.33) and (3.34) we find

‘ i (333)
diam (G#)[lx1 F(¥) | 2y < 4Cu(r+ y1))r 2I1EF ) 2 (Gar)
< 8Cur |1 Ef(E)ll2(6(v2n)

< 8Cyrmax{1,r+|yi &£ (&)l 26,20

(3.34)
< &

Hence i satisfies hypotheses of Theorem 3.15 with y; /r € [—1, 1], so that, by STEP I we
get

i < MYNG((11/10),3/2)] 2 31G((11/1:0),3/2)]
and consequently
{u < M}NG(y3r/2)| = T ({i < M}NG((1/1,0),3/2))|
= PI{i < M}NG((1/r0),3/2)
> P21G((31/r,0).3/2)]
= 21G(37/2).

STEPIII Fix r > 0, |y;| =1 and y, = 0. If r > 1 we apply STEP II, otherwise, in case 0 < r < 1

we apply Theorem 3.15 and take into account that max<q r + |y | } < 2, so that

1
7 1]

[{u < M}NG((1,0),3/2r)] > 21G((31,0),3/27)].
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STEP IV Fix r >0, y1,y2 € R. If |y;| < r we use STEP IL. If |y;| > r apply the change of variable

defined in the second step with r replaced by |y | in (3.31). Again we want to make use

of Theorem 3.15 and again the only need to check that
diam(G™)||x1.f (%)l ;2(G+) < &, (3.35)

where f(x) := |y1|*f(T (x)) and G* = G((y1/Iy1],0),2r/y1]).
Recalling (3.12) and changing coordinates (x; = &1 /|y1], x2 = (& —y2)/|y1|?) we have

= ror r = 1/2
diam(G")||x1 f(x o <4Cymaxg —, — + —— / x1f(x 2dx)
( )” lf( )||L2(G) M {|y1| |y1| |y1|2}< G*( lf( ))
ACyr
< o a8 ©)llzotsan)
4Cyyr
< o I+ DIEF @) rzgivary

(3.36)

If [y;| > 1, it is straightforward to concatenate (3.36) and (3.34) obtaining (3.35). Other-
wise if 0 < r < |y;| < 1, we estimate the right hand side of (3.36) as follows

4C,
(vl 018 ) 2(apan)

1]
8Cys (3.37)
< Wr|ylH|§1f(§)||L2(G(y,2r))

diam(G™) [|x1 f(x) || 2 (g <

and then concatenate (3.37) with (3.34) and get the desired estimate.
Hence i satisfies hypotheses of Theorem 3.15 and using the third step we find

{u<M}NG(y,3r/2)| = T ({@ <M}NG((y1/I1],0),3r/(2ly1])))]
= [y1[{a < M}NG((v1/y1],0),3r/(2y1]))]

> 211G/ 11,0),3r/ @Iy )]

Y1G(y,3r/2)|.

> _
-2

Hence we have proved (3.30) with € = % and v as in Theorem 3.15 L]

Now we extend theorem above to quasi metric balls B(y, ).
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Theorem 3.17. Define & as in Theorem 3.16. Let u € C*>(B(y,2R)) NC(B(y,2R)) with y € R?,
R > 0 be a non negative solution to Lu < x% f in B(y,2R) satisfying

inf u<1, and diam(B(y,2R))|x1f|z25(2r)) < €0-

B(y,R/2C?)

Then there exist structural constants 0 < v < 1, depending on &y and M > 1 such that
{u<M}NB(y,R)| = v[B(y,R)|.

Here €, gy are defined in statement of Theorem 3.16; v = eC~* with C = CgCg with Cg and

Cp the constants in Structure Theorem 4 and 2 respectively.

Proof. First of all we define r := 2R/3, so R > r. Since inclusions B(y,R/2C?) C G(y,r/C)
and G(y,2r/C) C B(y,2R) imply respectively

inf u< inf u<1anddiam(G(y,2r/C))|x1f||L*(G(y,2r/C)) < &,
G(yr/C)  B(y.R/2C?)

by Theorem 3.16 there exist structural constants 0 < € < 1 and M > 1 such that
{u <M}NG(y3r/(2C))| = €[G(y,3r/(2C))].
With the aid of Structure Theorems 3 and 2 we estimate from below the right hand side by
€|lG(y,3r/(2C))| > €|Box(x,RCp/C?)| > eC*|Box(x,RCg)| > €C~*|B(y,R)|.

concluding the proof. O

Provided that we invert the relation of dependence between v and &), the negation of

theorem above and the double ball property (Theorem 3.13) give the following critical density
property

Theorem 3.18. There exist structural constants Nep,M > 1 and v,c,ecp €0, 1] such that if,
u € C2(B(y,ncpR)) NC(B(y,McpR)) withy € R%, R > 0 is a non negative solution to Lu < x3 f
in B(y,NcpR) satisfying

{u>M}NB(y,R)| > (1-V)|B(y,R)|

then

0t u>cor - diam(B0neoR)|f] 2w > €
Vs
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More precisely, Nep = 2Mpp, €cp = min{y’epp, &0}, ¢ = vy where vy, €pp,npp are the
constants defined in Theorem 3.13, M, v, & are as in Theorem 3.17, and p € N is chosen so
that 2P > C? > 2P~ with C = C;Cp, C and Cy are the constants in Structure Theorems 4 and

2 respectively.

Proof. The negation of Theorem 3.17 says that if
{u <M}NB(y,R)| < V|B(y,R)|

[{u>M;NB(y,R)| > (1-V)[B(y,R)|

then

inf wu>1 or diam(B(y,2R))|x1f|128(2r)) = €0-
B(y,R/2C?)

If the second inequality holds or diam(B(y, ncpR))||x1 /|12 > gcp there is nothing to

B(y,ncpR))
prove. Otherwise since by the definition of p, 27/ C? <2, for every 0 < k < p we have

diam(B(y, R2npp/(2C?)) I\xlfHL2 (3(

%npg
yaR 2C2

)) <diam(B(y, rICDR))HxlfHLZ B(yncpR)) < €CD

we can repeatedly apply the double ball property p + 1 times (for k =0, ..., p) in B(y,R/2C?)
obtaining

inf u> inf u>y"th
B(yR)  B(y2PR/C?)

3.4 Harnack inequality

In this section we use the abstract approach of Chapter 1 to prove Harnack inequality
for non negative classical solution to Lu = x% f in quasi metric balls B(x,r); then, Structure

Theorem 1 and 2 imply the desired result on Carnot—Carathéodory metric balls Bcc(x, r).

We recall that Q C R? is open and the Holder quasi metric space (Q,d,|-|) satisfies
the doubling and the reverse doubling property (see (3.4) and Remark 3.2) and the log-ring
condition ([37, Theorem 3.4] ). At the end of subsection 3.1.2 we have observed that, due to
the linearity of L and the absence of zero order terms in L, the family

Ko r:={ue CP(Q)NCQ): Lu=x3f, u>0}
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with f € £(Q) = {g: Q@ — R, measurable and x;g € L (Q)}, satisfies

loc

cucKoyr=AucKgq,sforallA >0.
*ucKqy, A, 7>0suchthat T—Au>0=1-AucKq_,;.

Itis also clear that the function 8q (B(x, ), f) := diam(B(x,r)) [x1 || 2(p(x,r)) is increasing with
respect to the first variable (here we think the family of all the quasi metric balls contained in
Q partially ordered by inclusion) and homogeneous in the second variable (Sq(B(x,r),Af) =
|A|8a(B(x,7), f)). Moreover the family Kq  satisfies the double ball and the critical density
properties (Theorems 3.13 and 3.18). Thus we use Theorem 1.10 under hypotheses (A1)-(A2)
and Theorem 1.11 obtaining the following invariant Harnack inequality on quasi metric balls B.

Theorem 3.19. There exist structural constants C,m > 1 such that if u € C>(Q)NC(Q) is a

non negative solution to Lu = x% fin Q, then

inf u+ diam(B(y,nr))|x1 f ||L2(B<y,nr>))

supu<C (
B(y,r)

B(y,r)
for every B(y,nr) C Q.

Now, Structure Theorems 1 and 2 ensures the inclusions Bee(x, ) C B(x,Cr) and B(x,Cnr) C
Bce(x,C*nr) with C = CpC, so, if the ball Bec(x,C?nr) is included in , the invariant Harnack
inequality for Carnot— Carathéodory metric ball B¢ (x, r) follows by applying theorem above
to quasi metric balls B(x,Cr).

After the paper [23], which contains the proof of Theorem 3.19, had been posted on
arXiv:1709.03810, we learned that D. Maldonado in [36] extended the example in this chapter
to a larger class of PDEs. He studies certain degenerate elliptic PDEs modeled after suitable

strictly convex function ¢, of the type
trace(A(x)D?u(x)) + (b, D* @~ 2Vu) + c(x)u(x) = f(x) (3.38)
where A(x) is a symmetric matrix such that for every £ € R”
AMD*71E, &) <(AE,E) S AD*Q'E,E), with0 <A <A< oo (3.39)

and @ is a strictly convex functions whose Monge-Ampere sections (see for example [24,
Definition 3.1.1] for the definition of section) are quasi-metric balls and whose Monge-Ampere
measure is doubling and satisfies the ring condition. Under some assumptions on ¢ and on

the lower order terms coefficients b and c, the author obtains an invariant Harnack inequality
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for continuous Wlicn solutions to (3.38). Then, as an example he considers the class of PDEs
defined by
xitrace(Ay (x)D?u(x)) + (b, D*@ ' /2Vu) 4+ e(x)u(x) = F(x) (3.40)

with A, and ¢ satisfying (3.39) in a open bounded set Q@ C R?, where

a a1
Ay = N Q= X%V + x_%
v a4 |’ (2v—-2)2v—1) 2

and
1Fx ¥ 2y lexy Vil 110xy Y llpags) < oo (3.41)

for every Monge—Ampere section S C Q. This operators are more general then the ones studied
in this Chapter where we have v = 1, b = ¢ = 0. Notice that in case v = 1 it suffices to rename
f = x%f to see that hypothesis (3.41) is equivalent to require ||x; f|| 12(s) <o which is indeed
our assumption. Maldonado’s approach to Harnack inequality for solutions to (3.38) deeply
relay on the ABP Maximum principle [22, Theorem Section 9.1 and Exercise 9.3.] and [10,
Chapter 6], and with this tool the author proves the critical density, the double ball, the power
decay properties and the Weak Harnack inequality on the quasi metric balls defined by the
Monge-Ampére sections of ¢. By taking into account the deep results in [36] it is easy to
recognize that, in absence of zero order terms, the abstract approach presented in Chapter 1
also applies to solutions to the class of PDEs defined by (3.38). On the other hand, there are
many subelliptic PDEs which are not contained in Maldonado’s class and which satisfies our
hypotheses. The easiest example is the Kohn Laplacian on the Heisenberg group H!, which is

a X -elliptic operator in divergence form and which writes as

Lu(&) = trace (A(§)D*u(&)) =0,
where D?u is the Euclidean Hessian of u and

10 2y
AG) =] o 1 “ox
2y —2x 4(x*+y?)

for all & = (x,y,¢) € H'. Obviously, the matrix A() has minimum eigenvalue identically zero
for all & = (x,y,¢) € H! and therefore, as a quadratic form, it can not be estimated a.e. from

below by the inverse of the Hessian matrix of a strictly convex function. More complicated
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examples of nondivergence subelliptic PDEs satisfying our conditions and which do not satisfy
Maldonado’s hypotheses could be find in [27, 41, 1].

3.5 A priori Holder estimates for the X-gradient

It is well known that invariant Harnack inequalities give Holder estimates for the solutions
of PDEs (see Section 1.4). However, to study regularity properties of fully nonlinear PDEs
one has to differentiate the equation and try to apply the theory to the equation solved by the
derivatives of the solution.

In this section we prove local Holder estimates for each component of the X-gradient of
a solution to the equation Lu = x; f. The idea is to prove regularity for each component of
the X -gradient by showing that it itself is a solution to an appropriate equation in divergence
form. More precisely, dy,u is a solution to the equation constructed by formal derivation of
Lu —x; f = 0 with respect to dy,, and the regularity for Xou is deduced from the regularity of
dx,u. Analogously, we show that the first component of the X-gradient is a solution to the
equation obtain by formal derivation of Lu — x1 f = 0 with respect to X;. The new equations we
obtained by formal derivation, result to be X-elliptic so we refer to Chapter 2 to deduce Ho Ider
regularity. We remark that this procedure is a modification to the one presented in [22, Section
12.2] and deeply relay on the fact that we are working with an equation that depends only on
two variables, in our case there is an added difficulty due to the non commutativeness of the

vector fields X, and X;. More precisely we will prove the following

Theorem 3.20. Let Q be a subset of R? with small enough diameter (cf. (0)) u € C3(Q) be a
solution to Lu = x f with L the operator defined in (3.13). Moreover assume f € L*?(Q) with
p> % Then there exist two positive structural constants C and o €)0, 1| such that for every
Bec(x0,57) € Q it holds

f

ail

sup ‘axzu<x) — aXQM(y)|

<C|(4r)™% sup |dnu|+
x,yEBcc(x0,r) dx (x,y)* ( -

Bcc(xo,57)

(3.42)
12P(Q)
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Moreover for every Bee(z,5p) C B, here B = Bcc(xo,r/2) we have

L2 (B)>

First of all we check that the setting is suitable for the purpose of applying results of Chapter

X —X
sup | X1u(x) 10164()’)| <C — sup X u| + Xli + 2|0yl
x,yEBcc(z,p) dx (x’y) 4p Bcc(z,5p) air L?F(B))
(3.43)
X —X 1
sup | Xou(x) 2au()’)| <c(— sup [Xou/+ xli 12 @axzu +2(00u
x,yEBcc(z,p) dx (x,y) 4 Bce(z,5p) arn a2
(3.44)

2. Let us consider the metric space (Q,dy, |-|) where dx is the control distance associated to
X1, X». Since {X;,X;} satisfies the Hormander condition, assumption (C) is satisfied and we
have already proved that the doubling property holds true in (Q,dy,|-|) (recall the Structure
Theorem 1), so assumption (D) is satisfied too. Moreover D. Jerison in [31], proved the
following Poincaré inequality on balls defined by the control distance associated with vector
fields satisfying Hormander condition and with small enough radius:

/ |u|? dx < Crp/ | XulP dx (3.45)
Bece(xo,r)

Bcc(xo,0r)

with u € C' (Bce(xo, a0r)), > 1, 1 < p < +oo. We recall that a Poincaré inequality for Grushin
vector fields has been proved by Franchi and Lanconelli in [16]. Hence also (P) holds true and

we are in position to apply the results of Chapter 2.

Proof of Theorem 3.20. We prove (3.42) by showing that w = dj, u is a solution to an equation
of the type (2.5). Let u be a C> solution to Lu = x; f in Q where L is the operator defined in

(3.13). Since by (3.14) we know aj; > 0 we can consider the equation

a2 ann
X12u +2—X>X; u+—X22u — X L =0.
aii ai aill

We formally differentiate equation above with respect to dy, and get

a a
X12W + 0y, (2£x1X1w + ﬁxlew — X1 L) =0.
arn arn ai

which is an equation in divergence form:

X (Xiw) + X (2@X1w n @sz) ~ X (i) . (3.46)
aill aill ati
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It is not difficult to recognize that the operator is of X-elliptic type (Definition 2.2.1). Indeed if
we let

1 0
B= ap 2ay | and bij=(B)ij, bi=di=c=0

2x1m an

and we define

2
Lu=Y" 0 (bijoxu) (3.47)
i,j=1
equation (3.46) reads as
Lw= 8th2

where h is the vector h = (hy,hp) = <O,x1 f ) . Recalling (3.14), for every & € R? we have

ary

! (an&f +2a12&1 (01&) +an(x16)?) < % (EF+ (x162)?)

((X1,)*+ (X2,)?)

(Bs,8) <

> > >

and analogously
(BE.&) > ((%1.8)+ (0.8)%)

moreover

M@V:(ljﬂn@ﬂ

ari

Since by hypotheses f € L2P(Q) and from (3.14) we deduce A < a;; < A, we have L €

ar

L?P(Q). Then assumptions (R) and (LT) are satisfied (it suffices to take ¥ = |f/a11] in (2.6))
so, by Corollary 2.15 we get (3.42). Consequently we can estimate ||dy,u|| 129 (B)> hereafter
B = Bcc(xo,r/2). This fact will be used in the sequel.

In order to prove (3.44) it will be convenient to use the notation
ui :Xlu and u :qu.
We notice that the function u; satisfies

Luy = &xlle + 6le32 in B
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with £ the X-elliptic operator defined in (3.47) and h = (hy,hy) = <2w X7 af +2x1 w“”)

ap )’
Moreover it holds

2
+2w@) (Xa,E)?

ai ansn

2
) (X0,€)2+ (X2, E)?).

(hE) < 2(2w) (X,E)2 +2 (x1

+2\w

f
X1—
a

gz(z\wH
11

azn

Again, since by hypotheses f € L??(Q) and we have just proved that w = dy,u € L*’(B), we
have y = (2|w| + ‘xl ‘ +2 ’sz > € L*?(B), so (R) and (LT) are satisfied and Corollary
2.15 can be applied to u,. This gives (3.44).

To get estimates for u; = Xju we proceed in a similar way. We consider the equation

_Xl +2—X2X1M+X2M )Cli =0

azn o))

which is well defined since by (3.14) we know that a; > 0, and we rewrite it as follows

ﬂXlul —|—2—X2u1 + Xouy —xli =0.
anz azp azn

Formally differentiating with respect to X; we find

X ( Xug +2—X2M1 — X1 i) + X1 Xou, = 0. (3.48)
an an) ann

Now we notice that
X1 Xour = X (x18 u) 2x18xzzu +X%Xlax22u: 2X2W—|—X22u1.

Hence equation (3.48) is in divergence form

X < Xjuq +2—X2u1> +X5 (Xoup) =X, <x1i> —2Xow. (3.49)
ann ann ann

Again, if we let

_ fan oy an 3 3 .
B = (a(z)z x;;”) , bl‘j = (B),‘j and h= (/’11,/’12) = (xli,—lew)
1
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equation (3.49) reads as
2

Z axi (Bijaxjul) = axlljll + 3x2’~12
1,j=1

and, for every & € R? we have % (6 + (x1&)?) = % ((X1,€)* + (X2,&)?) so that, recalling
(3.14) we find

(0,87 0,87) < (BE.8) < 2 (11,607 + (0,6).

Moreover it holds

2
(hE) <2 (xli) (X1,E)2 1+ 2(2w)% (X5, £

ar
<2

and the function ¥ = )xl f ‘ 4 2|w| belongs to L?”(B). Now Corollary 2.15 gives Holder

2
xlain‘+2|w|) (X1.E) + (%.E)?)

arr
estimate for Xju concluding the proof. ]






The prescribed Levi curvature equation in
cylindrical coordinates

Here we want to show that Grushin type equations, considered in Chapter 3, arises from the
prescribed Levi curvature equation in cylindrical coordinates. This fact was first recognized by
Gutiérrez Lanconelli and Montanari and motivated the investigation carried out in [37]. Since
the scope of this appendix is just to give a motivation to the study of Grushin type operators we
do not aim to make it self complete and we refer the reader to [38] for precise definitions and
further details.

Let Q C C""! be a bounded domain with boundary dQ. We consider f € C>(C"*!) a
defining function for Q = {{ = (z1,...,2,41) € C""1: £(&) < 0} such that 9 f|5q # 0. Here
we have used the notations

_9f _9f _
fi—a_Zi, fi_aziv af_(flv"'afn-l-l)'

Analogous notations will be used for second order derivatives. Then, the complex Hessian

matrix of the function f at a point p is

Hy(f) = (£,4())

Jjk=1,....n

and the complex tangent space to d€ at a point p is
Ty (0Q) ={heC"": (h,d,f) =0}

where we have denoted the standard Hermitian product in C"*! by (-, -) and 9,, f= ( fiseos fm) .

The Levi form of the function f at a point p is the restriction of the Hermitian form

C = Lyp(f, €)= (Hp(f)E,8)
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to the complex tangent space Tpc(aﬂ). We recall that a domain Q is said to be strictly Levi
pseudoconvex if the Levi form is strictly positive definite at each point of dQ. We also need to

introduce the notion of B-normalized Levi matrix, that is the n x n Hermitian matrix

L,(f.B) = (@wz <f>u,-,uk>)

Jj.k=1,...,n

with B = {uy,...,u,} an orthonormal basis for TE(&Q). We remind that the eigenvalues of
L,(f,B) only depend on the domain Q. Then the total Levi curvature is

Ky (99Q) = det(Ly (. B)).

In the work [38, Section 2] the authors proved that the eigenvalues of the normalized Levi form

for the boundary dQ are the eigenvalues of the matrix

axRo
<I"_T|a|2>A(f) (A.1)
where .
(a@a); =djo, of:= fﬁl’ jk=1,....n (A.2)
and
Alf) = (Ajj((f))jk_l onl
with
0 fr iy

Aj,l?(f) - det [ f; fj_‘/} fj,m

|fn+1|2
VLR SR S S e s

So we can compute

0o L 1

Tt

A;p(f) = —det ff_~jH Fig  fingn

1 fn+1,l’< fn+1,m

0 0 1

fi fi
=—det| 75 fii— fn_%f jnt1t Siwrt

(A.3)

N == R S =)
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that 1s

Jx f i fifk
A | fat

With this formula in hands it is very easy to compute the total Levi curvature because it can be

A () =TFix an it |2fn+1 —T- (A.4)

expressed in terms of the matrix A(f). We have

1 a® o _ |fn+1|2
PTG det ((ln— o Mz)A(f)) SlFraE detA(f). (A.5)

Let § = (z,z041) With z= (z1,--- ,z,). We introduce cylindrical coordinates

K )(ag)

Znel =t +1IT, r=/|z|
and we consider f in the form f(z,z,+1) = u(|z|,) — 7. We have

<j %

fj:urz; F= s I<j<n
1 1 :
foer =540, frgr = 5w =)
— -
ZjZk 26jkr —Zjlk .
fj/}:urr4r2 +uy 4,3 ) 1§],k§n
Zj Zj .
fjmzurrﬁ, fn+1j:“rtﬁa l<j=n
1
Surign = g
We can write (A.4) as
r Y -
A(u—T): 3 In+mZ®Z
with )
ur urut
= —— =2
Y (urr . 1+”r2 rt‘|'1 tzun)
Then X
u Y
o= ()" (1)
A=\ 5Ty
Moreover

axa u? 1.
(= 5ar) = (- T
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and we rewrite (A.5) as

2 _
) (9Q) — 2" 4 1 U\t ot Y
o = )7 ) G+a): (A.6)

The matrix in (A.1) can be written in cylindrical coordinates as

aR o Uy Y _ u? _
L, ——==_\A :<_1 v )1_ ;
<n 1—|—|06]2) (f) 21’"4—41’2Z®Z (n r2(1+u%+u,2)z®z>
Ur Y (1+u1f2) u% =
=L+ (-5 - ®
2r " (4r2(1+u%+u,2) 2r3(1 +u2 +u?) Lot
u
=L, +Bzi®z
2r

Since det(Z ®z) = 0 we have that

G : o

and this implies that 5~ is an eigenvalue of the Levi form with multiplicity n — 1. So, if we

denote by A the other eigenvalue of the Levi form, we have

aRQ o Uy B U

On the other hand we can compute

aR o Uy Uy 2
t - 222 A =Yg ) =nr
race(( 1—|—|(x|2) (f) > ) n2r+l3r

2
and consequently A = 5~ + Br? = (% + 2{) li,:;ﬁuz is an eigenvalue of the Levi form. We

summarize the above observations in the following theorem

Theorem A.1. The set Q = {(r,t,7) € R{ x R? : u(r,t) — T < O} with u € C? is strictly pseu-

doconvex if and only if

and

u
(1 +u,2) <7r +u,,> — 22Uy Uy + u%u,, > 0.
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In this situation the total Levi curvature of dQ is by (A.6)

()"

I
2 (@4 u2 1)

K" (0Q) = ((1 + u,z) <? + ur,> — 22U U Uy u%u,,) ) (A7)

Now we use the notation

v:%, q = Uy, K:K(")(QQ)

to rewrite (A.7) in the equivalent form

(1422 +q)"

(14 ¢ty — 2vqruy +v*rPuy = —(1+ ¢*)v+2K T

So, if we define X| = d, and X, = rd, , the equation above becomes

1+¢* — X2u XX
trace +e \;q e 221M = f(q,v.K)
—vgq % XoXiu  Xju

that is
Lu= f(q,v,K) (A.8)
n+2
with f = —(14+¢*)v+ 2K(1+Vz:2+2)2 and L = (1+¢?)X? —2vgXoX; +v*X3. In particular,
1+¢* —
if Q is strictly pseudoconvex, by Theorem A.1 we have v > 0 and A = +a \;q
—vqg v

strictly positive definite. If we further assume g and v to be bounded, then the operator L in
(A.8) is structured as in (3.13).






List of Symbols

Here is a brief list of notations frequently used in this thesis.

B, (x)
B,

quasi metric ball of center x and radius r > 0 (p. 2).

quasi metric ball of center an understood and fixed point xy and radius r > 0O (p.
2)

doubling constant (p. 2).

quasi triangle inequality constant (p. 2).

Euclidean diameter of the set Q (p. 55).

support of the function u (p. 41).

set of all the quasi metric balls contained in € and ordered by inclusion (p. 5).
particular subset of the real valued measurable functions defined on Q (p. 5).
non negative function on B(Q) x F(Q), order preserving with respect to the first
variable and homogeneous in the second variable (p. 5).

subset of F(Q) containing all the functions f such that S (-, f) is finite at each
ball in B(Q) (p. 5).

particular subset of the non negative real valued measurable functions with
domain contained in Q (p. 5).

particular subset of the measurable functions with domain contained in Q which
in particular contains Kgq  (p. 25).

oscillation of the function u over the ball B,(x), that is Supp, () u —infp, ) u (p.
25).

family of m vector fields X = {Xi,...,X,} on RN (p. 27).
Carnot—Carathéodory distance associated to the family of vector fields X (p. 28).
X-gradient of the function u, that is = (Xju, ..., Xu) (p. 29).
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Bcc(x, }”)

Box(x,r)

S

Cs
Cn
Co

ball of center x € R? and radius r > 0 defined by the Carnot—Carathéodory
distance associated to Grushin vector fields (p. 48).

rectangle in R? of center x = (x1,x) defined as Box (x, r) =]x; —r,x1 +7[ X |x3 —
r(r+|x1]),x2 +r(r+|xi1])[ (p. 48).

particular Holder quasi distance equivalent to the Carnot—Carathéodory distance
associated to Grushin vector fields (p. 49).

quasi metric ball of center x € R? and radius r > 0, defined by the quasi distance
d (p. 49).

sublevel set of the function g,(x,-), it might have two connected component (p.
51).

sublevel set of the function g,(x,-) (p. 52).

sublevel set of the function A,(x,-) (p. 52).

structural constant in the Ball-Box theorem for Carnot—Carathéodory balls B¢c .
(p. 48).

structural constant in the Ball-Box theorem for balls B. (p. 49).

structural constant in the Ball-Box theorem for sublevel sets H. (p. 53).
structural constant in the Ball-Box theorem for sublevel sets G. (p. 55).
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