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Chapter 1
Introduction

Let (A, -) be an associative algebra. Then the commutative product
1
aobzi(a-b—kb-a)
and the skew-commutative product

[a,b]==(a-b—Db-a)

DNO| —

define on A a Jordan algebra and a Lie algebra structure, respectively. A deep rela-
tionship between these two kinds of algebras is given by the so-called Tits-Kantor-
Koecher construction (TKK) [30, 35, 56], which establishes a bijection between iso-
morphism classes of Jordan algebras and isomorphism classes of Lie algebras en-
dowed with a short grading induced by an s{(2)-triple.

Motivated by the work of M. Koecher on bounded symmetric domains [36],

K.Meyberg extended the TKK correspondence to Jordan triple systems [42].

Definition 1.1. [25] A Jordan triple system (JTS) is a vector space V endowed with a

trilinear map (-, -,-) : ®*V — V satisfying the following axioms:
(w,v, (x,y,2)) = ((w,v,x),y,2) — (x, (v,u,y),z) + (x,y, (u,v,z)) principal identity
(x,y,2) = (2,9,%) commutativity
These are in fact particular examples of the so-called Kantor triple systems:

Definition 1.2. [31] A Kantor triple system (shortly, KTS) is a vector space V with a

trilinear product (, , ) such that, in addition to the principal identity, it satisfies
KKu,v(X),y = K(yxu),v — K(yxv),u Kantor identity
where u,v,x,y,z € Vand K, : V — Vs defined by K, ,(z) = (xzy) — (yzx).
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Kantor triple systems are also known as generalized Jordan triple systems of the
second kind or (—1, 1)-Freudenthal-Kantor triple systems. We will refer to K, ,, as the
“Kantor tensor” associated to x,y € V. Note that a Jordan triple system is precisely
a KTS all of whose associated Kantor tensors vanish.

Another class of triple systems, closely related to Jordan triple systems, is that of
N=6 3-algbras. They were introduced in J. Bagger and N. Lambert’s [7] as a model
for a particular case of superconformal Chern-Simons theories in three dimensions
and J. Palmkvist in [49] extended the TKK to N=6 3-algebras.

Definition 1.3. [7]An N=6 3-algebra is a vector space with a trilinear product (, , )

which satisfies the principal identity and

(x,y,z) = —(z,y,x) anti-commutativity

In this work we will deal with linearly compact systems which may have infinite-
dimension. In this case we also assume that triple products are continuous.

Simple finite-dimensional Jordan triple systems over an algebraically closed field
were classified by O. Loos [39]. The first aim of this work is to systematically address
the case where not all Kantor tensors are trivial. On the other hand, simple finite-
dimensional N=6 3-algebras over an algebraically closed field were classified by
J. Palmkvist in [49], however, the classification for the infinite-dimensional linearly-
compact ones was obtained only later by N. Cantarini and V. Kacin [14]. The second
aim of this thesis is to embed JTS and N=6 3-algebras inside a new class of super-
symmetric triple systems, namely e-super symmetric Jordan triple systems, in order
to unify the TKK construction for JTS and that for N=6 3-algebras and get a more

general version for sJTS.

Definition 1.4. Let € € Z,. An e-super Jordan triple system ( e-s]TS ) is a super vector
space V = V5 @ Vi with a trilinear product compatible with the Z,-grading, i.e.
(Vi, V3, Vi) € Vi, 5, & and satisfying the following identities:

(LL,V, (Xayvz‘)) = _(_1)a(u,v,x)+e\u|(x’ (Vuuay)y Z)+
+((w, v, %), Y, 2) + (1) Py v) (x y, (u,v,2)) super-principal identity 1.1)
(x,y,z) = (=1)*>xv:2) (2 y, %) super-commutativity

where [x| = 1if x € V5, a(u, v, x) = [ulv] + WIx| + [ullx], B(u, v, x,y) = (lul + W) (Ix] + [y]).

S. Okubo and N. Kamiya in [45] introduced a notion of b Jordan-super triple systems
which satisfies identities similar to our super-principal identity and
super-commutativity, anyway, their notion coincide with ours only in the case of
§=1land e = 0.
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Definition 1.5. A subspace I C V of a (super)triple system V is called:
(i) anideal if (VVI) + (VIV) + (IVV) C ],
(ii) a K-ideal if (VVI) + (IVV) C I,
(iii) a left-ideal if (VVI) C L.
If V is linearly compact, we also assume that I is closed in V.

We say that V is simple (resp. K-simple, resp. irreducible) if it has no non-trivial
ideals (resp. K-ideals, resp. left-ideals).

We remark that such a triple system is either K-simple or it is polarized, i.e.,
it has a direct sum decomposition V = V© & V~ satisfying (V*VFV*) c V* and
(VEVEV) =0 (see, e.g., [2]). The classification problem is thus reduced to the study
of K-simple linearly compact KTS and e-s]TS, that is the primary object of study of

our work.

Definition 1.6. Let V and W be two triple systems. A bijective linearmap ¢ : V - W

is called:
(i) anisomorphism if @ (x,y,z) = (@(x)@(y)e(z)) forall x,y,z €V,

(ii) a weak-isomorphism if there exists another bijective linear map ¢’ : V — W such

that ¢(x,y,2) = (¢(x)¢'(y)e(z)) forall x,y,z € V.
If V.and W are linearly compact, we also assume that ¢ and ¢’ are continuous.

Starting from a (finite-dimensional) Kantor triple system V, I. Kantor construc-
ted a Z-graded Lie algebra g = g_» @ --- ® g» with g_; ~ V and endowed with a
C-linear grade-reversing involution o : g — g (see Section 4 for the definition). The
Lie algebra g is defined as an appropriate quotient of a subalgebra of the (infinite-
dimensional) universal graded Lie algebra generated by V (see also e.g. [29, §3]) and
if V is a Jordan triple system then g_» = g, = 0. Kantor then used this correspond-
ence to classify the K-simple finite-dimensional KTS, up to weak-isomorphisms [31].
Dealing with weak-isomorphisms instead of isomorphisms amounts to the fact that
triple systems associated to the same grading but with different involutions are ac-
tually regarded as equivalent. The structure theory of Kantor triple systems (up to
weak-isomorphisms) has been the subject of recent investigations, see [2, 21, 48, 19].

The classification problem of K-simple KTS up to isomorphisms has been com-

pletely solved only in the real classical case by H. Asano and S. Kaneyuki [6, 29]. The



exceptional case is more intricate and an interesting class of models has been con-
structed in the compact real case by D. Mondoc in [44, 43], making use of the struc-
ture theory of tensor products of composition algebras pioneered by B. Allison in
[3]. Upon complexification, the finite-dimensional K-simple KTS obtained in [43]
correspond exactly to the class of KTS of extended Poincaré type that we introduce in
terms of spinors and Clifford algebras.

Although various examples of K-simple KTS are available in literature, a com-
plete list is still missing. Our work aims to fill this gap and it provides the classific-
ation of linearly compact complex K-simple KTS up to isomorphisms.

On the other hand, V.Kac in [26] extended Kantor ideas to Jordan superalgeb-
ras, the super generalization of Jordan algebras. He obtained a bijection between
finite-dimensional simple Z-graded Lie superalgebra g = g_; @ go ® g1 with an
sl(2)-triple and finite-dimensional simple Jordan superalgebras. The classification
was later extended to infinite-dimensional linearly-compact Jordan superalgebras in
N. Cantarini and V.Kac’s [11]. The direct continuation of this work is given by the
TKK for N=6 3-algebras which gives an equivalence between simple N=6 3-algebras
and simple Z-graded Lie superalgebra g = g_1 & go & g1, with the constraint of con-
sistency between the Z and the Z,-grading: g5 = gox, and a graded conjugation. We
follow these lines to achieve the TKK for e-sJTS.

In Chapter 3 we give the main examples of triple systems which will appear in the
final classification. Section 3.1 is devoted to the K-simple KTS which are associated
to the classical Lie algebras. They are the special linear KTS, series fsl, with their or-
thogonal and symplectic subsystems fso, Rsp and the peculiar case of anti-reflexive
matrices, Rar. We point out that some of them have different non-equivalent triple
products. In Section 3.2 we give the examples of finite-dimensional e-s]JTS which
appear in the classification of the K-simple finite-dimensional ones. A broad class
of examples is obtained starting from a superspace of rectangular matrices and con-

sidering the supercommutative product

(Xay72) = X¢(U)Z+ (—1)“(7(7971)2(1)(9)7(;

where ¢ generalizes the notion of superinvolution or superantinvolution (cf. Re-
mark 3.8). We also construct 3 different types of subsystems of the previous one.
The other examples of e-s]TS consists of: a vectorial triple systems, which are a gen-
eralization of the N=6 3-algebras C3(2n) (see e.g. [14]); a family of 4-dimensional
e-s]TS depending on a complex parameter « which are associated to the exceptional
Lie superalgebra D(2, 1; «); a 10-dimensonal e-sJTS associated to the exceptional Lie

superalgebra F(4).



8 1. Introduction

In Section 4.1 we extend the TKK for N=6 3-algebras to the case of a non-consistent
grading and relax the requirement of graded conjugation. We thus obtain the TKK
for e-s]TS , which associates bijectively K-simple e-sJTS and simple 3-graded Lie
superalgebras with a grade-reversing e-involution (see 4.3 for its definition). In Sec-
tion 4.2 we give a simplified version of Kantor’s original correspondence V < (g, 0),
which makes use of N. Tanaka’s approach to transitive Lie algebras of vector fields
[54, 55] and can easily be adapted to linearly compact KTS. We reduce the problem
of classifying KTS to the problem of classifying such pairs. Furthermore, in Section
5.2 we develop a structure theory of grade-reversing involutions which holds for all
finite-dimensional simple Z-graded complex Lie algebras and establish in this way
an intimate relation with real forms (see Theorem 5.8).

The isomorphism classes of finite-dimensional K-simple KTS can be deduced by
an analysis of the Satake diagrams, which is carried out in Section 5.3 and sum-
marized in Corollary 5.12. In Theorem 5.13 we show that also the Lie algebra of
derivations of any finite-dimensional K-simple KTS can be easily read off from the
associated Satake diagram as well.

It is worth pointing out that the results contained in Section 5.3 hold for gradings
of finite-dimensional simple Lie algebras of any depth and therefore provide an ab-
stract classification of all the so-called generalized Jordan triple systems of any kind
v > 1 (v =1 are the Jordan triple systems, v = 2 the Kantor triple systems).

A complete list of simple, linearly compact, infinite-dimensional Lie algebras
consists, up to isomorphisms, of the four simple Cartan algebras, namely, W(m),
S(m), H(m) and K(m), which are respectively the Lie algebra of all formal vector
fields in m indeterminates and its subalgebras of divergence free vector fields, of
vector fields annihilating a symplectic form (for m even), and of vector fields mul-
tiplying a contact form by a function (for m odd) [16, 22]. It can be easily shown
using [26, 28] that none of these algebras admits a non-trivial Z-grading of finite
length and hence, by the TKK construction for linearly compact KTS (Theorem 4.14

and Theorem 4.16), we immediately arrive at the following result.
Theorem 1.7. Any K-simple linearly compact Kantor triple system has finite-dimension.

Note that, consistently, a similar statement holds for simple linearly compact
Jordan algebras, see [52].

In the finite-dimensional case a complete list, up to isomorphisms, of K-simple
KTS consists of eight infinite series, corresponding to classical Lie algebras, and 23

exceptional cases, corresponding to exceptional Lie algebras.



The classical KTS are described in Section 3.1 and they are the complexifications
of the compact K-simple KTS classified in [29] (see Theorem 6.1).

The KTS of exceptional type can be divided into three main classes, depending
on the graded component g_, of the associated Tits-Kantor-Koecher algebra g =
g2 @ - @ go. (Some authors refer to this Lie algebra simply as the Kantor algebra.)
We say that V is:

(i) of contact type if dimg_o = 1;

(ii) of extended Poincaré typeif g_» = U and g, is the Lie algebra direct sum of so(U),

of the grading element CE and of a reductive subalgebra acting trivially on g_»;
(iii) of special type otherwise.

We determine these KTS in Sections 6.2, 6.3 and 6.4 respectively; we start with those
of extended Poincaré type as this requires some preliminaries on Clifford algebras,
which turn out to be useful for some KTS of contact type too. Our description of the
products of extended Poincaré type in terms of spinors gives an alternative realiza-
tion of the KTS studied by D. Mondoc and it is inspired by the appearance of triple
systems in connection with different kinds of symmetries in supergravity theories
(seee.g. [23,33]). In particular, we use some results from [4, 5] and rely on Fierz-like
identities which are deduced from the Lie bracket in the exceptional Lie algebras.
The KTS of contact type are all associated to the unique contact grading of a simple
complex Lie algebra and they are supported over S3C?, AJCS, A*CS, the semispinor
module S* in dimension 12 and the 56-dimensional representation § of E7. We shall
stress again that a contact grading has usually more than one associated KTS; for
instance § admits two different products, with algebras of derivations Es & C and
sl(8, C), respectively. Finally, there are two KTS of special type, which are supported
over V = A?(C5%)* ® C? and V = A3(C")*, and associated to the Lie algebras Eg and
E;, respectively.

All details on products, including their explicit expressions, are contained in the
main results ranging from Theorem 6.9 in Subsection 6.2.1 to Theorem 6.31 in Sub-
section 6.4.2.

In Chapter 7 we recall the simple classical (see [27]) Lie superalgebras and study
their 3-gradings, starting from their classification given in [14]. We point out that
for the ”strange” series p(n) we changed its presentation slightly in order to get
a consistent embedding of all the 3-graded classical Lie superalgebras, except for

the ones which give rise to the vectorial e-sJTS, in the same 3-grading of sl(m,n).
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The classical 3-graded simple Lie superalgebras corresponding to the vectorial e-
sJTS , on the other hand, can be viewed as degenerations of series of 5-graded Lie
superalgebras, this is pointed out more precisely in Remark 7.6.

Finally, in Chapter 8 we carry out the classification of the grade-reversing e-
involutions of the classical simple 3-graded Lie superalgebras introduced in Chapter
7, this amount to all the finite-dimensional cases except the Lie superalgebra of
Cartan type, H(0,n). To achieve our goal we focus on the action of the automorph-
isms on the even part of the Lie superalgebras. Depending on the irreducibility of
the odd part, in many cases this is enough to obtain the classification. In particular,
in the exceptional cases we start from the action on the even part and we reconstruct
the action on the whole Lie superalgebra.

We point out that the explicit description of the triple products of the e-sJTS
corresponding to the exceptional Lie superalgebras, namely D(2, 1; ) and F(4), are
carried out in detail. The classification of the infinite-dimensional linearly-compact,
as well as the case of H(0, n), is still in progress and, for completeness reasons, it will

not appear in this thesis but will be the subject of further studies by the author.



Chapter 2
Preliminary definitions

We begin with the classical algebraic structures and introduce their supersym-

metric generalization which will be studied in the rest of the work.

Definition 2.1. A Jordan triple system (JTS) is a vector space with a trilinear product
(,, ) such that:

(u,v, (x,y,2)) = ((u,v,x),y,z) — (x, (v,u,y),z) + (x,y, (u,v,z)) principal identity
(x,y,2) = (z,9,%) commutativity
Example 2.2. An example of JTS is given by the space M., (C) with product
(abc) = ab'c +cbta
where x' the usual transpose. We denote this JTS by J(n, t).

Definition 2.3. Let V be a vector space with a trilinear product (, , ) and let K, ,(x) =
(u,x,v) — (v,x,u). We say that V is a Kantor triple system, or simply KTS, if the fol-
lowing identities hold:

Kkun(x)y = Kyxew)w — Kiyxov)u auxiliar identity

(w,v, (x,y,2)) = ((w,v,x),y,2) — (x, (v, u,y), 2) + (x,y, (w,v,2))  principal identity

The linear map K, is called the Kantor tensor.

Remark 2.4. It follows at once that a JTS is a KTS for which the Kantor tensor is
trivial, i.e., K., = 0. Moreover, it is possible to view JTS’s and KTS’s as special cases
of a more general type of triple systems introduced by I. L. Kantor in [32] and called
generalized Jordan triple systems of the v-th kind (v-GJTS), with v € N. In particular, JTS
are 1-GJTS, while KTS are 2-GJTS.

11
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Definition 2.5. An N=6 3-algebra is a vector space with a trilinear product (, , ) such
that:

(u,v, (x,y,2)) = ((w,v,x),y,z) — (x, (v,u,y),z) + (x,y, (u,v, z)) principal identity
(x,9,2z) = —(z,y,x) anti-commutativity
Example 2.6. We denote by N(n, t) the space M,,(C) with the N=6 triple-product
(abc) = ab'c —cbta.

Definition 2.7. A super vector space is a Z,-graded vector space V = Vi@ Vi. If v e V3
then v is said to be homogeneous of parity i and its parity is denoted by |v| € Zs.
A homogeneous element is said to be even if v € Vj and odd if v € V. We will
write dim(V) = (m/n) if dim(V5) = m and dim(V1) = n. A subspace of a super vector
space is a subspace of V as a vector space with the induced Z,-grading. We will
say that a multilinear product defined on a super vector space V is compatible with

the Z,-grading whenever (Vi,,..., Vi) C Vi,+. 4i,. A super vector space with trivial
Zo-grading, i.e. V = Vj, is simply a vector space.
Moreover, we will write V = (vq,...,vy|wy, ..., wy) to denote the span of

the elements vy, ..., vy, Wy, ..., Wy, with [vi| = 0 and jw;| = 1.

Definition 2.8. A super vector space V is said linearly-compact if V is a topological
super vector space which admits a fundamental system of neighbourhoods of zero

consisting of subspaces of finite codimension and V is complete.

We refer to [11], Chapter 2, for the details on linearly-compact spaces. Here we
simply recall that any finite-dimensional (super) vector space with the discrete to-
pology is linearly-compact.

In the following we will implicitly suppose linearly-compactness of all the su-
per vector spaces and if ¢ : V — W is a map of linearly-compact vector spaces we

suppose that ¢ is continuous.

Definition 2.9. Let € € Z,. An e-super Jordan triple system (e-sJTS) is a super vector
space | with a trilinear product compatible with the Z,-grading and satisfying the

following identities:

(U.,V, (X7y7 Z)) = _(_1)“(u7V7X)+€|u‘(XJ (V7u79)72)+

—}—(('LL, v, X) 'Y, Z) + (_1) Bluwv.xy) (Xa Y, (u7 v, Z)) Super_prinCipal ldentlty (21)

(x,y,2) = (=1)*92) (z,y,X) super-commutativity

where a(u,v,x) = fulv] + viix| + [ullx], B(u,v,x,y) = ([ul + V) (Ix] + [yl).
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The reason why e is introduced is clarified by the following remark.

Remark 2.10. Let | be an e-s]JTS. Then ] is a JTS. On the other side, if e = 1, 1 is an
N=6 3-algebra. This follows form a simple check on the sign functions of Definition

2.9 when restricted to J5 or J 5.

Definition 2.11. Let ], ]’ be a triple system. A homomorphism ¢ : ] — ]’ is an even

linear map of superspaces such that

d(x,y,2) = (d(x), b(y), b(2))’

where (,, ) and (,, )’ are the triple products of | and ]’ respectively. The concepts
of endomorphism and isomorphism are the usual ones.

A closed subspace I C ] is
e anideal if (J,],1) + (J,LD + (L],]) € L;
o aKideal if (J,],1) + (L],]) C L

We say that ] is simple (resp. K-simple) if it has no non-trivial ideal (resp. K-ideal).
Note that an ideal is a K-ideal, hence if ] is K-simple then it is also simple.

We call center of ] its subspace Z(]) defined as follows
Z(I) :{X € J| ((l,X,b) = 07 vavb € ]}

Remark 2.12. Note that the center is an ideal. Indeed, if we denote the center by Z, by
definition Z is a closed subspace, (J,Z,]) = 0 C Z and, by the super-principal iden-

tity’ (]7 (Z7]7])7J) = (I7Z7 (I?]7]))+((]’Z’])7]7J)+(I7I7 (]727])) :Ohence (27171) g Z'

Proposition 2.13. Let | be a simple triple system. Then ] is either K-simple or polarized,
i.e. there exist two K-ideals 1 and 1~ of ] such that ] = 1T @ I, (I, 1%,]) =0.

Proof. Let I be a nontrivial K-ideal which is not an ideal. Let I" := I and I :=
(J,1%,]) ¢ T*. T~ is a Kideal: indeed (J,J,17) = (1,7, (1,14, ) = ((,1.)),1,]) +
(J,J, 1,15, 1) + (J,I*,(J,],])) € I and similarly it can be shown that (I",],]) C I".
We have that V = I + I is an ideal. In fact a sum of two K-ideals is still a K-ideal
and (J,V,]) = (J,I* +1I7,]) = (J,I",]) + (J,17,]), the first summand is by definition
I~, while the second summand is (], (J,I*,]),]) = (I*,],(J,],1)) + (I, ], ), ],]) +
(J,],(I*,],J)) CI'.SinceV # 0isanideal it mustbe V =]. We have that V' =1t NI~
is an ideal of ] too. Since V'’ is a K-ideal we just need to show that (J,V’,]J) C V'. We
have that (J,V’,]) C (J,I",]) =1~ and (J,V',]) C (J,I,]) C I simultaneously. It
mustbe V' = 0since V' C I # ] is a proper ideal. We also have (I, 1%,]) C ItNI~ =
0. O



Chapter 3
Examples of triple systems

In this chapter we give the main examples of e-sJTS and KTS. Before giving the
explicit examples of KTS and e-s]TS we fix some notation which will be useful later

on. We denote by S,, the square matrix of order p with (S,)i; = 8; p11-; and we set

0 S
Jop = ( p). If x € My, »(C) we denote by x® = S,x'S,, the reflex of x . We

S, 0
0 0 S,
setSpq=| 0 Idgs O |, Ipq=Diag(ldy,—1dg), Iop2q = Diag(l, 4, —1q,) and
S, 0 0

H:l: — 0 Ipvp
4p .
:l:Ipap 0

3.1 Examples of KTS

Example 3.1. Let A be an associative algebra and * : A — A an antinvolution of A.

Then A @ A with triple product
<<X1) (Ul) (h)) _ <X1UTZ1 +21Yixg — U§X2Z1) 3.1)
X2 Y2 22) ) « XaY3Zy + ZoYsXe — 29X Y7
is a KTS.

For instance, if A = M,,(C) and * is the usual transposition, then A & A with the
triple product (3.1) is a KTS. The same holds if n = 2k is even and * is the symplectic
transposition

SUox e Jax o (3.2)

More generally, one can consider M, ,(C) @ M, ,»(C) and an invertible linear
map
e Mm,n((c) @ Mr,m((c) — Mn,m((c) @ Mm,r((c)

14



3.1 Examples of KTS 15

which is compatible with the two direct sum decompositions and satisfies the prop-
erties:
(x1Y1z1)" = 21Y1X] ,  (X9Y32,)" = 23Y9x5
(X3Y221)" = 21Y3%y » (22Y1%1)" =X1Yiz5
for x1,y1,21 € My n(C), x2,Y2,22 € My n(C). Then My, 1 (C) & M, 1, (C) with triple
product (3.1) is a KTS. Note that if m = n = r, then property (3.3) precisely says that

(3.3)

* is an antinvolution.
We introduce the triple systems &sl(m, n, r; t), given by the vector spaces M, ,(C)&®
M. m(C) with triple product (3.1) and

. [ Xi
: > )
X2 x5
Likewise, if m = 2h, n = 2k and r = 2l are even, it is easy to see that the map
. (Xl) n <I2k><§ IE&) 7
X2 Jan x5 ]!
satisfies (3.3) and we denote the corresponding KTS by RKsl(m,n, r; st).

Example 3.2. Let ¢ : M;y 1 (C) - My (C) and ¥ : My, 10 (C) — M, 1 (C) be any

invertible linear maps of the form
@e(x) =BxA,  WY[(x)=AxB,

for some A € GL,,(C) and B € GL,,(C) which satisfy B> = +Id. Then M, »(C) @
My, m (C) with the triple product

<<X1> <91> <Z1>> _ (Xlll)(w)ll +z1h(y2)x1 — @(91)X221>
x2) \y2) \z « X290 (Y1)za + 220 (y1)x2 — z2x1P (Y2)
is a KTS.

In particular, we will use the notation £s((m, n; k) for the KTS associated to A = Id
and B = Diag(—Idy, Idm_).

Example 3.3. Let A € GL,(C), B € GL,,(C) be such that B? = €ld, ¢ = +1, and let us
consider the associated KTS structure on M, »(C) & My, 1 (C) described in Example
3.2.

For any x € M, »(C) we define

x' =S, x'Sp . (3.4)
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and set

M = {(X1> € Mimn(C) & My m(C) [ x2 = x1} .
X2

One can check that M is a subsystem of M, (C) @My, 1 (C) whenever A’ = €A, B’ =
eB. (Note that A’ = A means that A is reflexive while A’ = —A anti-reflexive.) If this
is the case, projecting onto the first component yields a KTS structure on M, »(C)

with the triple product
(x,y,2z) = xAy'Bz 4+ zAy'Bx — ByAx'z ,

forall x,y,z € M, 1 (C).

The reflexive matrices

0 0 Sy
A=Id, B=|o0 1d,.0. 0],
S 0 0

give rise to a family of KTS over C which we denote by fso(m, n; k). Another natural

class is obtained when n = 2j, m = 21 are both even and A, B anti-reflexive; we let
A = J2;S95 , B = 1iJ21Sa1,
and denote the associated KTS by fso(m,n;]JS).

Example 3.4. Let A € GL,(C), B € GLy,(C) be such that B> = ¢ld, e = +1, and
consider the associated KTS structure on Mgy (C) @ My, 2m (C) of Example 3.2.

We define &(x) = S,x'J5,. for all matrices x € My, ,(C) and set

X
M = {< 1) S MQm,n(C) @ Mn,Qm((C) | Xo = 5(761)} .
X2
If A’ = —eA and B*®' = €B (recall (3.2), (3.4)), then M is a subsystem of My, »n(C) &
M., 2m (C) and upon projecting onto the first factor My, (C) one gets a KTS with
triple product
(x,y,z) =xA&(y)Bz + zAE(y)Bx — ByAg(x)z,

for all x,y,z € Momn(C).

We note that the matrices A = Id and B = J,, satisfy the required conditions
with e = —1 and denote the corresponding KTS over C = C by fsp(2m,n;J).

If n = 2lis even, we may also consider A = JSo; and B = Diag(—Idy, Idom—ok, —1dy),

as they satisty the conditions with e = 1. The associated KTS is denoted by fsp(2m, n; k).
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Example 3.5. We let far(n) = C* @ Aref,(C) be the KTS with triple product

<<X1> <Ul> (Zl>> _ < X1Y1Z1 + Z1Y1Xy — YsXez )
X2/ \Y2/ \2z2 XaY3Zs + ZoYxs — 2oyt — (Y1) 'x{2,

where Aref,, (C) is the space of complex anti-reflexive n x n matrices (see (3.4)) .

3.2 Examples of e-sJTS

Definition 3.6. Let V, W be super vector spaces. The space of linear maps from W
to V, Hom(W, V) inherits a grading from the gradings of V and W in the follow-
ing way: Hom(W,V); = {¢ € Hom(W,V) | b(W5) C V5, i} If dim(V) = (my|my)
and dim(W) = (nyny) we identify Hom(W, V) with M., 4 my.n,4n,(C) and we de-
note this superspace by M n,jm,),(nin»)(C). When dealing with block matrices we
will use the following notation to denote the dimension of blocks. When we write

n N2

M (41 | 412 ) we mean that a;; is an m; x n; block, i,j = 1,2, and the horizontal
My \ Q21 | A22

and vertical lines separate even elements from odd ones.

The Z,-grading of M (1, m,),(n1n) (C) is given by

(M(imyma).(niine) (Co = {X € Mm,tmamytny (C)X = M1 [ X 0}
my \ 0 |y

(M (1my o). fma) (€)1 = X € Mimysmamysng) (C)X = ™1 (0 ] 2y
my \w | 0

The particular case V = W gives rise to Hom(V, V) := End(V) and if dim(V) = (m/n)
we identify End(V) with M (imn),(min) (C) := M(mn)(C). The superspace End(V) with
composition is an associative superalgebra, where the condition of associativity in the

super case is the usual one.

Proposition 3.7. Let € € Zj, let A be an associative superalgebra and let ¢ be an auto-

morphism of A satisfying one of the following conditions

b((xd(y)z)) = (1) Vb (x)yd(z), (3.5)
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b((xd(y)z)) = (—1)*W= Wi (2)yd(x) . (3.6)

Then A with triple product
(x,Y,2) = xdp(y)z + (—1) =z (y)x (3.7)
is an e-s|JTS.

Proof. Let x,y,z,u,v be homogeneous elements of A. Expanding the triple product

and using the definition of the sign functions « and 3 one obtains

('LL,V, (XaU,Z)) - ((uavax)7yaz’) - (_1)B(u,v,x,y)(xjy’ (u7v7z))+
+(_1)o¢(u,v,x)+e|u\ (Xv (V, u, y)a Z) =

= —(=1) P Vxp (y)ud (v)z — (—1)* Y Ixd (viud(y)z—
(= etwvrelixg (v (w)y)z + (—1)xtwvtelravuvlyg (yd(u)v)z—

_(_1)04((u,v,x),y,z)zd)( )ud)( ) _(_1)(B(u,v,x,y]+o¢(u,v,z}+o¢(xy w,v,z) Zd)( )u(l)(y)x+
+(_1)(cx(u,v,x)+e|u\+cx( ,(viu,y) Zd)( d)( ) )X+

+(_1)(oc(u,v,x)+e|u\+(x(v7uyy)Jr“(x v,au,y) Zd)( d)( ) )X
(3.8)

By equation (3.8), the triple product satisfies the principal identity if the following
system holds

(=P ¥ b (y)ud(v) + (1) p(viud(y) =

— (_1)a(u,v,x)+e|u\q)(vd)(u)y) + (_1)(oc(u,v,x)+e|u\+oc(v,u,y))d)(yd)(u)v)_
(_1)oc((u,v,x),y,z)d)(y)ud)(v) + (_1)([3(u,v,x,y)+o¢(u,v,z)+oc(x,y,(u,v,z)))d)(v)ud)(y) —
— (_1)(a(u,v,x)+e\u\+oc(x ,(vauyy), (b(vd)( ) )

_|_(_1)(oc(u,v,x)Jrelu\Jroc(v,u,y)+(x(x ,(vauyy), d)(yd)( ) )

A direct check shows that if ¢ satisfies either Equation (3.5) or (3.6) the system is
satisfied. O

Remark 3.8. Recall that a superinvolution (resp. superantinvolution) of an associat-
ive superalgebra is an automorphism ¢ such that ¢(ab) = ¢(a)P(b) (resp. d(ab) =
(—1)lellp(b)d(a)) and p?(a) = a. Condition (3.5) (resp. (3.6)) extends the concept of
super1nv01ut1on (resp. superantinvolution). Indeed, if ¢ is a superinvolution (resp.

superantinvolution) then it satisfies Equation (3.5) (resp. Equation (3.6)) with e = 0.
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Remark 3.9. Even though the space of homomorphisms is not an associative al-
gebra it is possible to use Proposition 3.7 to define on Hom(W, V) (and Hom(V, W))
a structure of sJTS.

Let us embed Hom(W, V) (resp. Hom(V, W)) into End(W & V) by

Hom(W,V)sf—=sfeEndWaV) flw,v)=(0,f(w))
(resp. Hom(V,W)>g—=ge End(Wa V) gw,v)=(g(v),0))

Let @ be an e-superinvolution or an e-superantinvolution of the associative superal-
gebra End(WaV) and suppose that ¢ := @ ;omw,v) maps Hom(W, V) to Hom(V, W).
The composition of elements of Hom(W, V) with those of Hom(V, W) is well defined
and the subspace Hom(W, V) is closed under the triple product (3.7),
hence Hom(W, V) is a subsystem of End(W & V). In the finite-dimensional case this
yields a structure of e-sJTS over M (m, m,),(n,In,) (C) Where the associative product is
replaced with the usual product between (possibly rectangular) matrices.

It is also possible to prove an analogue of Proposition 3.7 for Hom(W, V) but this

would result rather technical.

Example 3.10. Let M = M(m1|m2)7(n1m2)(C) and M’ = M(m1|m2)7(n1m2)(C). We intro-
duce the following maps from M to M":

alb at | —ct
T: — = :
c|d bt | 4t
ST T 1
alb Jm, O alb Jn, O
ST: — = 7
c|d 0 Jm, cld 0 Jn,

if mq, my, nq, Ny even;

0sT T —1
osT: |[—— = , if my, my even;
cld 0 Im2 cl|d 0 ]nQ
alb a|—b .
L: > —1, 1fm1:n1,m2=n2;
c|d c|—
alb dlc .
- —— ] = | —— |, ifm =1 = my =ny;
c|d bla
a b dt _bt )
Mt : — | - ,ifmp =ny =my =no.
cld ct at

Let 6; be the map satisfying (5i)\M6 = Idm, and (61)|M1 = ildm ;, with itheimaginary
unit. We denote by (M, ¢) the space M with triple product defined by

(x,Y,2) = xd(y)z + (—1)*¥=2 2z (y)x (3.9)
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where ¢ is either one of the maps just introduced or the identity map. We list which

one of them is an 0-sJTS and which is an 1-sJTS:

e=0: (Mmmn)(C),1d), (M(m,jms),(2n;i2ns)(C), 08T),
(M (mm) (C), TT), (M(om)(nj0)(C), Id), (M(mm)(C),TIT).
] (3.10)
e=1: Mmm)(C),1), (Mm,ims),(nins) (C),T),

(M (2m,[2ms),(2n:112n5) (C), 8T), (M(mm)(C),TTT 0 8;).

We shall see in the following sections that these are all K-simple non-isomorphic

e-s]TS and that they are all related to the Lie superalgebra psl.

Example 3.11. Let Vij2n = M(mj2n)(10)(C) and ¢ be one of the maps from
M (mizn)(110) (C) to M(1j0)(mzn) (C)

. a a Spm 0
Sl m,qn — - :
b b 0 Iq2n—2q

a a Spm | O
SJpmmn: — ’ :
b b 0 Jon

with 0 < p < [%],0 < g < [§]. Then V,; o, with triple product

(%,Y,2) = xb(y)z + (1) ¥z (y)x — (xd(y))**z. (3.11)

is an e-s]TS, denoted (Vi 2n, ¢). The super-principal identity and super-
commutativity can be checked directly using the properties of ¢, ost and noting
that the first two summands in the product satisfy already the axioms of e-sJTS
since they give the product of Example 3.10. We instead will derive this fact from
Remark 7.6 and Chapter 8. We get the following 0 and 1-sJTS’s

0: (Viman,Shhman), 0<p < (31,0 < q < [5);

i : (Vm,2n7 SIp,m,n); 0< p< [%]

€

(3.12)
€

Different choices of p, q yield K-simple non-isomorphic e-sJTSrelated to a particular
3-grading of the Lie superalgebra osp(m, 2n).

Example 3.12. Let M = M) (C) and consider the following subspaces of M:

a |b
Nmn ={x € Mlx = — | ,a=—ak, d=dR},
—bR | d
a|b
N/ ={xeMx= — | ,a=aR,d=dR}.
7 bR | d
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Notice that these are the subspaces of matrices in M fixed by the maps f: x — Ax™B
and f’ : x — Bx"A respectively, with A = Diag(Sm,—Sn), B = Diag(Swm, Sn). Suppose
that ¢ : M — M is an automorphism which exchanges N.,, , and N/ | and satisfying
condition (3.6) or (3.5) and let (, , ) be the corresponding 3-product of (M, ¢), cf.
Example 3.10. Using the fact that 7 is a superantinvolution and that A? = B? = 1d
one gets

f(xdp(y)z)

(—1)*¥ 2 (AzTH(y)™x"B) = (—1)*¥=) (Az"BBd(y)"AAXB) =
(=1)*Cw=) (f(2) (d(y))f(x)) -

It follows that f(x, y, z) = (x,y, z), hence Ny, ,, is a sub e-s]TS of M with product (, , ).
We shall denote this e-sJTS by (N, n, $).

Notice that each of the following maps exchanges N,,, , and N;_ :

al|b . al|b .

SI: | —+—| — AdDiag(Sm,I4.q) , if n=2q;
c|d c|d
al|b . a|b .

IJ: —+— | — AdDiag(I4,S) ,if m =21,
c|d c|d
al|lb . al|—b

S]: | —+—| — AdDiag(Swm, Sn) ;
c|d c|—d
al|b . —a|b .

IT: —? — AdDiag(li, Iq,q) 1 ) ,ifm=21,n=2q.
c _

Hence (N n, ¢) is an e-s]TS . In particular, we get the following 0 and 1-sJTS's:
e=0: (Nin2n, SI), (Nom o, IJ);

(3.13)
(Nm,na SI), (N2m,2ny H)

[l

€ =

We will see that this are all K-simple non-isomorphic e-sJTS related to a particular

3-grading of the Lie superalgebra osp(2m, 2n).

b
Example 3.13. Let M = M(1yn)(C), Qmn = {x € MJx = (H») }and, if m = n,
a

al b
P, ={x € M|x = - ,b =bR ¢ = —c®}. We have that Q,,, ,, (resp. P,,) are
c|—a
the spaces of matrices which are fixed by IT (resp. AdDiag(Sn,Sn) o TTT). With the
same arguments as in the previous example, it can be shown that P,, and Q. , are

sub e-sJTS of (M, ¢) if ¢ is one of the following maps:
P : Id; o;.

Qmn: Id, m=mn; tod;i; sTod;,m,n € 2N.
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We denote such e-sJTS by (P, d) and (Qm n, ¢) respectively. It follows that

0: (Pn,1d), (Qnn,1d);
T: (Pnaéi)a (Qm,naToéi)a (QQm,QnasToéi)'

€

(3.14)
€

These are all K-simple non-isomorphic e-sJTS related to the Lie superalgebras p(n)

and q(n) respectively.



Chapter 4
TKK construction

This chapter is devoted to the construction which relates e-s]JTS to Lie superal-

gebras and KTS to Lie algebras.

Definition 4.1. A Lie superalgebra g is a super vector space with a bilinear product,
[,], compatible with the Z,-grading which satisfies the following identities

[x,yl = (=1)*VIfy, x] super anti-commutative

4.1
[x, [y, zl]l = [[x,y],z] + (—1)*Ry, [x, z]] super Jacobi identity (1)

A Lie superalgebra is said Z-graded if g = ;. g: and the bracket is compatible
with the Z-grading. Moreover, a Z-graded Lie superalgebra is said

o transitive if for a € g;,1 > 0, [a,g_1] = 0 implies a = 0;

o fundamental if g_y = g*;

o (2k + 1)-graded if g; = 0 for [i| > k;

e consistent if g5 = ) ;. 921 and, consequently, g1 = > ., 92111,

e admissible if dim(g;) = dim(g_;) when the g;’s are finite-dimensional or if g; has

same growth and size of g_; whenever they are infinite-dimensional;
o of finitedepth dif g, =0forallp < —dand g_q #0,d € N.
The negatively graded partis g = @, _, i
We refer to [10] for the definitions of growth and size.
Definition 4.2. Let g be a Z-graded Lie superalgebra and E € g. If
[E,x] =ix,Vx € g;, Vi€ Z (4.2)
we call E the grading element of g.

23
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Definition 4.3. Let e € Z, and let g be a Z-graded Lie superalgebra. An automorph-

ism ¢ of g is said:
o grade-reversing if ¢(gi) C g_i;
e grade-preserving if ¢(g;) C gi;
e an e-involution if ¢p>(x) = (—1)*x.

Remark 4.4. Let g be a Z-graded Lie superalgebra. A necessary condition for the

existence of a grade-reversing e-involution is the grading being admissible.

Proposition 4.5. Let g be a 3-graded Lie superalgebra. g is simple if and only if the following

conditions are satisfied:

e g acts irreducibly on g_,;
e g is transitive;

e [g_1,01] = goand [a,g1] = 0 with a € g, implies a = 0.
Proof. For a proof of a more general version see [27], Proposition 1.2.8. O

We recall from [13] the definition of universal Lie superalgebra associated to a

superspace:

Definition 4.6. Let V be a superspace. We define W_,;(V) = V and for k > 0 we let
Wi (V) be the space of (k + 1)-linear supersymmetric functions on V, i.e. f € Wy (V)
if f: VOl — V gatisfies the following property

f( 7X7y7"') = (_1)|X|‘y‘f( 7y7X7"')'

Let W(V) = ;> ; Wk(V) and define on W(V) the following Lie bracket: for f €
W (V), g € W4(V),

[f, gl = f0g — (—1)"191g0f € W;,1.4(V)
where the square product is defined by:

fOg(xo, - Xprq) = > SIOF(G(Xigs -5 Xig)s Xigirs - Xigiy);
1'.0<---<1'.q
iqe1<<ipiq

with T the permutation t(j) = i; and s(t) = (—1)N(, N being the number of inter-
changes of indices of odd x;’s in the permutation .

Note that for linear functions the box product is the usual composition of func-
tions and for any v € VitisvOf = 0 for all f € W(V). Furthermore W(V) is transitive,
indeed if f € W,,(V),p > 0, [f,v] =0, Vv € W_;(V) then f(v,wy,...,w,) = 0 for all
w; € V which implies f = 0.
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4.1 TKK construction for e-sJTS

Proposition 4.7. Let (g,0) be a pair consisting of a 3-graded Lie superalgebra g with a

grade-reversing e-involution o. Then J(g, o) := g_1 with triple product
(x,y,2) =[x, 0(y)], z]
is an e-sJTS.

Proof. Due to the super Jacobi identity, the super anticommutativity and the the fact
that g is 3-graded we have, for u,v,x,y,z € g_1:
(X7y7 Z) = [[X7 O-(y)]a Z] = [Xa [G(y)7 Z]] - (—1)|X|Iy‘[0'(y)> [X, ]] =
= —(—)XWI+ED[[o(y), 2], x] = (—1)*xY¥2) (2, y, x),

(w,v, (x,y,2)) = [[w,o(v)], [[x, o(y)], 2] = [[lu, o (V)] [x, o(y)l], 2]+
H(=1)PCY Y [[x, o(y)], [w, o(v)], 2] =
= [llu,0(v)], x],0(y) 1,2l + (=DM [, o(v)], o(y)ll, 2]
H=DPY Y (xy, (u,v,2)) =
= ((w,v,%),y,2) — (1)< [[x, [[o(v), ul, o(y)]], 2]
H=DPYRY (xy, (u,v,2)) =
= ((wv,x),y,2) — (1))l (x, (v, u,y), 2)
H=DPYY (xy, (u, v, 2))
O
Definition 4.8. Let (g,0) and (g’, 0’) be pairs consisting of a 3-graded Lie super-
algebra and a grade-reversing e-involution. If there exists a grade-preserving iso-

morphism ¢ : g — g’ such that oo = o’odp wesay that (g, o) and (g’, o’) are equivalent

pairs and if, moreover, g = g’ we say that o and o’ are equivalent involutions.

Remark 4.9. It is straightforward to see that (g, o) and (g’, 0’) are equivalent pairs if

and only if J(g,0) = J(g’, 0').
Proposition 4.10. Let ] be a centerless e-s]TS. We define the following operators:
Lx,y (Z) = (nyaZ)7 (px(yvz) = _(_1)|X‘Iy‘(y7xvz) (43)

and set Ly y| = IX| + [yl and [@x| = [x].
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Then the 3-graded superspace

Lie(]) 1 Lie(])o Lie(]): 44
Lle(]) = I b <Lx,y|xay € ]> b <(Px|X S ]>
with product
[va] = 07 U—-X,y7z] = (vaaz) ) [(pX7y] = _(_1)‘X‘|y‘l—y,x
“—u,V7 Lx,y] = L(u,v,x),y - (_1)[5(u,v,x,y)Jre\ulLX’(y’u’v) ) (45)

“—x;gu (pz] = _(_1)‘XHU|+€‘X|(p(y,X,Z) y [(an (py] = 07

is a subsuperalgebra of W(]). Moreover, the following map is a grade-reversing e-involution

of Lie(]):
G(X) = —0Px, G(Lx,y) = _(_1)‘Xl‘y|+€‘ylLy,X7 G((px) = _(_1)€‘X‘X

Proof. The map ¢, € W;(]): of course by supercommutativity of the triple product
we have @, (y,z) = —(—1)¥Vl(y,x,z) = —(=1)XIE+E=NI(z x y) = (=D, (z,y).
The fact that the product (4.5) is the one induced by W(]) is a direct consequence of
the defining identities of e-s]JTS, for example

Luy, @y)(x,2) = LuyOey(x,z) — (=)W @ O (%, 2) =
= Luv(oy(xz)) = (-1)VI+Mgy (L, (x), 2)—
—(—1)‘9“‘“'*'”'”"‘”2‘(py(Lu’v(z),x) =
= —(=1MI (v, (%, 2)) = (0, v,X), Y, 2)
—(=DPYY(x y, (u,v,2))) =
— _(_1)\x\lyHoc(u,v,xHe\u\(X, (v,u,y),z) =
— _(_1)\u\|\)\+€|u\(p(v7ujy)(X’Z)

[Lu,w Lx,y](z) = Lu,v“—x,y (Z)) - (_1)B(u,v,x,y)LX7y (I—u,v(z)) =
= ('LL,V, (X;U»Z)) - (_1)ﬁ(u,v,x,y](x7y7 ('LL,V, Z’)) =
= ((ua \Z X)a Y, Z) - (_1)a(u,v,x)+€\u| (X7 (V, u, U)> Z) =

= (I—(u,v,x),y _ (_1)B(u,v,x,yHe\ulLXy(yyum)(Z)

[ox, 9yl, 2l = [y, [@y, 2l + (1) [[@y, 2], o] = —(—1) =g, L, ,]—
_(_1)\2Hy\+|x|\2|[]_z7x7 0y =

= (=DMl 4 (=D gy =0



4.1 TKK construction for e-sJTS 27

The fact that o is a morphism is a straightforward check. Besides, o is injective:
indeed if o(x) = ¢, = 0 then [[y, ¢4],z] = (y,x,z) = 0 for any y,z € ] and this
means x is in the center of J, hence it must be 0, and similarly if o(L. ) = +L,x =0
implies L, x(u,v,x) = (u,v,(Lyx(z))) = (Lyx(u),v,z) = 0 for all u,v,z € J, hence
(u,Lyy(v),z) = 0 implies Ly, = 0. Surjectivity of o follows from the definition of
Lie(]) at once. 0

Theorem 4.11. Let ] be a centerless linearly-compact e-s]TS and Lie(]) its associated Lie

superalgebra.

(a) Lie(]) is a 3-graded transitive Lie superalgebra and the product on ] is given by
(Xa Y, Z) = [[X, O'(U)] ) Z]/

(b) [Lie(J)_1,Lie(])1] = Lie(]J)o and a € Lie(])o, [a, Lie(])1] = 0 implies a = 0;

(c) ] is K-simple (resp. finite-dimensional or linearly compact) if and only if Lie(]) is

simple (resp. finite-dimensional or linearly compact);

(d) two centerless e-s[TS ], ] are isomorphic if and only if Lie(]) and Lie(]'), with their

relative grade-reversing involutions, are isomorphic pairs.

Proof. (a) Lie(]) is transitive since is a subalgebra of W(J]) and Lie(])_1 = W(])_1 = .
The second part is clear.

(b) The identity [Lie(])_1, Lie(]J):1] = Lie(]J)o is immediate. Suppose a € Lie(]J)o and
[a, Lie(])1] = 0. If we apply the grade reversing involution o we get [o(a), Lie(])_1] =
0 and by transitivity o(a) = 0 hence a = 0.

(c) Let Lie(]) be simple and I # 0 a K-ideal of J. We have (],],I) C I which in
terms of the Lie product is [[Lie(])_1, Lie(J)1],I] = [Lie(])o,I] C I. Since Lie(])o acts
irreducibly on Lie(]J)_; and I # 0, by Proposition 4.5, it necessarily is I = J.
Conversely, suppose ] is K-simple and I # 0 is a reducible Lie(])o-submodule of
Lie(J) 1 = J. Then (], ], 1) = [[Lie(J) 1, o(Lie(J) 1)}, 1] = [Lie(J)o, ] C I and by com-
mutativity (I,],]) C I. This shows that I is a non-zero K-ideal of ], hence I = J. The
fact that finite-dimensionality and linearly-compactness are preserved follows from
the fact that Lie(]) is a subalgebra of W(]), cf. [11].

(d) If J,]J’ are isomorphic e-s]JTS and ¢ : ] — ]’ is an isomorphism then ® :
Lie(J) — Lie(J), with ®(x) = ¢(x), O(Lyy) = Lox),ewy) s P(Px) = @¢(x), iS an iso-
morphism of pairs.

On the other hand, if @ is an isomorphism of pairs ® : Lie(]) — Lie(J’), then
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the restriction of ®; := ¢ : ] — J' ( @ is grade preserving and even) is an iso-
morphism of e-sJTS. In fact ¢((x,y,z);) = ¢([x, o(y)],zl) = [$(x), d(o(y))], d(z)] =

[ (x), o' (d(Y))], d(2)] = (¢(x), d(y), d(2))y.
]

4.2 TKK construction for KTS

Proposition 4.12. Let (g, o) be a pair consisting of a 5-graded Lie algebra g with grade-

reversing involution . Then K(g, o) := g_1 with triple product
(Xayv Z) = [ [X7 O—(U)LZ]
isa KTS.

Proof. Let K = K(g,0). The proof that K satisfies the principal identity (2.1) is the
same as the one for Proposition 4.7 with elements only in gg.

Notice that in K we have the following relation

Remark 4.13. As for e-sJTS, if (g, o) and (g’, 0’) are pairs consisting of 5-graded Lie
algebras with grade-reversing involution K(g, o) = K(g’, 0’) if and only if there exists

a grade-preserving isomorphism ¢ : g — g such that o g = g’ o ¢.

We recall that the maximal transitive prolongation (in the sense of N. Tanaka) of a
negatively graded fundamental Lie algebra m = @,_, m; of finite depth is a Z-graded
Lie algebra

=P (4.6)

i€Z

such that:
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(i) g*° =m as Z-graded Lie algebras;
(ii) g* is transitive;

(iif) g* is maximal with these properties, i.e., if g is another Z-graded Lie algebra

which satisfies (i) and (ii), then g C g as a Z-graded subalgebra.

The existence and uniqueness of g is proved in [54] (the proof is for finite-

dimensional Lie algebras but it extends verbatim to the infinite-dimensional case).
The maximal transitive prolongation (4.6) can be described as follows. First g§° =

derg(m) is the Lie algebra of all 0-degree derivations of m and [D,x] := Dx for all

D € gi and x € m. The spaces g¢° forall i > 0 are defined inductively: the component

g ={D:m—> magld - dg,) st (i) Dlx,yl = [Dx,yl + [y,Dx] ,Vx,y € m
(i1) D(mq) C 5%, forall j < 0} (4.7)

is the space of i-degree derivations of m with values in the m-modulem @ g & --- @
g%° . Again [D,x] := Dx, forall D € g{°, i > 0, and x € m. The brackets between non-
negative elements of (4.6) are determined uniquely by transitivity; for more details
and their explicit expression, we refer to the original source [54, §5].

In the infinite-dimensional linearly compact case the prolongation can be con-
structed in complete analogy, provided we take continuous derivations.

We shall now associate to a centerless Kantor triple system V, a 5-graded Lie
algebra

g=Le(V)=g 20 - Do

with an involution o : g — g such that K(g, o) = V.

We start with the negatively graded m = m_; @ m_; defined by
m. =V, m_z = <Kx,y | X,y € V> ) (48)

where the only non-trivial bracket is [x,y] = Ky, for all x,y € m_, (if V is a Jordan
triple system, then m_y = 0 and m = m_; is trivially fundamental). The Lie algebra
g=g_2® - & g, we are interested is a subalgebra of the maximal prolongation g
of m.

We set g; = 0 for all [i| > 2, g; = m; for i = —1, -2, introduce linear maps L, , :

m—m, @:m—m_; &gy and Dy, :m — g§° @ gf° given by

U—-X,yaz’] - (X7UaZ) ) [(pX72] = I—-Z,X ) [DX,yaz] = _(pr,y(Z] )

U—x,ya Ku,v] — KKu’\,(y),x 5 [(pxa Ku,v] - Ku,v(x) 3 [Dx,ya Ku,v] - I—Ku,v(y)x - I—Kuﬂv(x]y 5
4.9)
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where u,v,x,y,z € V. Here gy = (Lyy [x,y € V), g1 = (¢x|x € V) and
g2 = (Dxylx,y € V).

Proposition 4.14. The vector space g = g_o @ --- ® go defined above is a fundamental
transitive subalgebra of g>. It is finite-dimensional (resp. linearly compact) if and only if V

is finite-dimensional (resp. linearly compact).

Proof. By axiom (ii) of Definition 1.2, we have

[LX71J7 [u7 v]] = [Lx':y7 K'LL,V] = KKU,V(U)X = K(X7y)u)av - K(X7y7v)7u

= [U—x,y7u],v] + [U., U—&yav]] )
hence L, , € gi°. We also note that, by axiom (i) of Definition 1.2,

[“—u,w I—x,y]az] = H—u,v; (Xay,Z)] - “—x,ya (uava z)] = (uava (X;y,l)) - (X,y7 (u7v7 z))

= ((u7v7x)7yvz) - (Xa (V7uay)7 Z) = [L(H,V,X)»y - LX,(V:UJJ)?Z]

for all z € V, hence, by transitivity,

[I—u,\M Lx,y] = I—(u,v,x),y - I—x,(v,u,y) y (410)
for all u,v,x,y € V and g, is a subalgebra of g3°. In a similar way

[(Pm [LL, vl] = [(an Ku,v] = Ku,v(x) = (u,x,v) - (v,x,u)
= [[ox, ul, vl + [u, [@y, V]

and ¢, € g°; we note that the inclusion [g;, g_2] C g_1 and the equality [g1,g-1] = g0

hold by construction. Furthermore

[[Lu,\m (px]a Z] = U—u,va Lz,x] - [(pxa (LL,V, Z)] = I—(u,wz],x - Lz,(v,u,x) - L(u,v,z),x

- _]—z,(v,u,x) - _[(p(v,u,x)az]

for all z € V, hence
[Lu,w (px] = —PQw,ux) (411)

for all u,v,x € Vand [g1, go] C g1 as well.
To prove Dy € g%, it is first convenient to observe that [¢«, ¢,] € g3° and then

compute

[[(Pm (PyLZ] = [(px> [(\0971]] + [[@x,z]; (py] = [(px; I—z,y] + [LZ,Xy (py]

= Pyzx = Pxzy = —PK, y(2)
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and

[[(Pm (Py], Ku,v] = [(p><7 [(py7 Ku,v]] + [[@x; Ku,v]; (py] = [(px; Ku,v (y)] + [Ku,v(x)u (py]

= LKu,v(U)vx - LKu,v(X)ay ’

where u,v,x,y,z € V. In other words

[(pX7 (py] = Dx,y 9 (412)
hence D, ,, € g3° and [g1, g1] = g2. We also note that

I—uvaljx = Luw X5 = I—uw x1s X5 Luva
(L., ul = Ly, [0x, @yll = [[Luy, @x, @yl + [0, [Luy, @yl] (4.13)

— _[(p(v,u,x)a (Py] - [(pX7 (P(v,u,y)] = _D(v,u,x),y - Dx,(v,u,y)

for all u,v,x,y € V; in particular [go, g2] C go.

Finally, we consider [¢@.,, Dy ] € g3° and compute

[[(pu, Dx,y], Z] — [(Pu, [Dx,ygz]] + [[(Pml], Dx,y] == [(pKX,y(z)a (pu] + [I—z,uy Dx,y]

= DKX,y (Z),'LL - D(uzz’x)vy - DX,(U,ZJJ) Y

for all u, x,y,z € V. Applying both sides to v € V immediately yields
[[[9w, Dxyl, zl,v] = @y, where

W = _Knyy(z),u(V) + K(u,z,x),y (V) - K(u,z,y),x (V)
=0 ,

by axiom (ii) of Definition 1.2. In summary [¢,, Dyy] = 0 by a repeated applica-
tion of transitivity, [g1,g2] = 0 and [g2, 2] = [g2, [g1,91]] = 0. The first claim of the
proposition is proved.

The second claim is straightforward. We only note here that if V is linearly com-
pact then g is linearly compact too. This can be shown by the same arguments as
[12, Lemma 2.1]. O

Now we define 0: g — g by

G(Lx,y) = _I—y,x and (414)
G((Px) =X, G(Dx,y) = Kx,y )

where x,y € V. It can be easily checked that it is a well defined map as the center of

V is zero; using (4.8)-(4.9) one gets the following.
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Lemma 4.15. o is a grade reversing involution of g.

Proposition 4.16. Two centerless KTS, V,V' are isomorphic if and only if Lie(V) and

Lie(V’), with their relative grade-reversing involutions, are isomorphic pairs.

Proof. 1t is proved with the same arguments used in Theorem 4.11. O



Chapter 5

Z-graded Lie algebras and

grade-reversing involutions

In this chapter we study the Z-gradings of simple Lie algebras and their grade-
reversing involutions. This will allow us to obtain the classification of KTS and will

also be used in the classification of e-sJTS.

5.1 Preliminaries on real and complex Z-graded Lie al-

gebras

We recall the following relevant result, see e.g. [55, Lemma 1.5].

Proposition 5.1. A finite-dimensional simple 7Z-graded Lie algebra g = @, 9, over F

(F = C or F = R) always admits a grade-reversing Cartan involution.

In other words, there exists a grade-reversing involution 0 : g — g such that the
form

Bolx,y) =-B(x,0y),  xycg, (5.1)

is positive-definite symmetric (F = R) or positive-definite Hermitian (F = C), where

B is the Killing form of g. Note that ® : g — g is antilinear when F = C — for

uniformity of exposition in this section, we will still refer to any R-linear involutive

automorphism of a complex Lie algebra as an “involution”.

Due to the results of Section 4.2, our interest is in a related but slightly different
problem, i.e., classifying grade-reversing C-linear involutions of Z-graded complex
simple Lie algebras, up to zero-degree automorphisms. We will shortly see that the
solution of this problem is tightly related to suitable real forms of complex Lie al-

gebras.

33
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We begin with an auxiliary result — the Z-graded counterpart of a known fact in
the classification of real forms. Here and in the following section, we denote by (g, o)
a pair consisting of a (finite-dimensional) Z-graded simple Lie algebra g = ., gp
over F = R or C and a grade-reversing involution o : g — g. We let G, be the

connected component of the group of inner automorphisms of g of degree zero.

Proposition 5.2. For any pair (g, o) and a grade-reversing Cartan involution 8 : g — g,

there exists & € Gg such that ¢ o 0 o ¢~ commutes with o.

This result is proved in a similar way as in [34, Lemma 6.15, Theorem 6.16] and
we omit details for the sake of brevity. The following corollary is proved as in [34,
Corollary 6.19].

Corollary 5.3. Any two grade-reversing Cartan involutions of a simple g = @, 9, are

conjugate by some ¢ € Gy.

5.2 Grade-reversing involutions and aligned pairs

We now introduce the main source of grade-reversing C-linear involutions on
complex simple Lie algebras. Let
=P (5.2)
PEZ
be a real absolutely simple Z-graded Lie algebra and 0 : g° — g° a grade-reversing
Cartan involution. The complexification g of g° is a simple Z-graded Lie algebra

g = @D,z 9p and the C-linear extension of 0 a grade-reversing involution o : g — g.
Definition 5.4. The pair (g, o) is the (complexified) pair aligned to g° and 6.

Definition 5.5. Two aligned pairs (g, o) and (g’, 0’) are isomorphic if there is a zero-

degree Lie algebra isomorphism ¢ : g — g’ such that o 0 = 0’ 0 ¢.

Proposition 5.7 below says that the isomorphism class of an aligned pair does
not depend on the choice of the Cartan involution but only on the real Lie algebra.

To prove that, we first need a technical but useful result.

Lemma 5.6. Let g° and g° be Z-graded real forms of a Z-graded simple complex Lie algebra

g. If the grade-reversing Cartan involutions
0:9°—g°, 0:3° —g°, (5.3)

have equal C-linear extensions 0,6 : g — g then g° and g° are isomorphic as Z-graded Lie

algebras.
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Proof. Letg® =t®pand g°® = £ @ p be the Cartan decompositions associated to (5.3).

In other words, the real forms u® = £ & ip and 11° = £ @ ip are compact and

‘Sgo :‘SuoOO-:O—O‘Suo,

(5.4)

850 :‘Sﬁo 08:60‘850 s
where 94, ..., are the antilinear involutions of g associated to the real forms
g°,...,u°. It follows that 9, and 9;. are grade-reversing Cartan involutions of g

and 950 = ¢ odyo 0 ! for some zero-degree automorphism ¢ of g, by Corollary 5.3.

We replace g° with the isomorphic Z-graded real Lie algebra
8= ¢ (g°)
with grade-reversing Cartan involution 6 = ¢p'08o¢ : §° — §°. By construction the
compact real form 1° = ¢! (1°) coincides with u® and it is therefore stable under the
action of both ¢ and the C-linear extension 6 of 0. We also note that 6 = ¢p~loGod =
¢~ o 00 ¢, where the last identity follows from our hypothesis ¢ = o.

The Lie algebra gy = Lie(Gy) of the connected component G, of the group of

zero-degree inner automorphisms of g decomposes into

go = (goNu®) @ (go Niu°),

as Y0 (go) = go. We denote by U the analytic subgroup of G, with Lie algebra
Lie(U) = go N u® and note that the mapping

D:(goNniu®) x U — Gg, D (X, u) = (expX)u,

where X € go Niu°, u € U, is a diffeomorphism, cf. [24, Theorem 1.1, p. 252] and
[34, Theorem 6.31]. In particular ¢! = p o u, for some u € U and an element

1

p € exp(go N iu°) which commutes with uo o ou™!, cf. a standard argument in the

proof of [24, Proposition 1.4, p. 442]. It follows that
G=uoocou !
and ulg : g° — g° is the required isomorphism of Z-graded real Lie algebras. O
We now deal with the isomorphism classes of aligned pairs.
Proposition 5.7. Let (g = g°®C, o) and (g’ = ¢'°®C, o’) be aligned pairs with underlying

=P, =Py (5.5)

pEZ PEZL

real Lie algebras

Then (g, 0) and (g', o’) are isomorphic if and only if g° and g'° are isomorphic as Z-graded

Lie algebras.
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Proof. (<=)If the Z-graded real Lie algebras g° and g’° are isomorphic, then, without
any loss of generality, we may assume that they coincide. Hence 0,0’ : g — g are
the C-linear extensions of grade-reversing Cartan involutions 6,0’ : g° — g° and,
by Corollary 5.3, there exists a zero-degree automorphism 1 : g° — g° such that
P o6 =0’o01. The C-linear extension ¢ : g — g of \ is the required isomorphism of
aligned pairs.

(=) Let ¢ : g — g’ be a zero-degree Lie algebra isomorphism such that ¢ o 0 =
o’ o ¢. We replace g’° by the isomorphic Z-graded real Lie algebra g° := ¢—'(g’°)

with grade-reversing Cartan involution 8 = ¢~ 08’ o ¢lz0 : §© — §°. The C-linear
extension of 8is 0 = ¢~ o6’ o : g — g, hence Lemma 5.6 applies and g° and g° are

isomorphic. O
In summary, we have proved most of the following.

Theorem 5.8. Let (g,0) be a pair consisting of a Z-graded simple complex Lie algebra
8 = D,z 9p and a grade-reversing involution o : g — g. Then (g, 0) is the aligned pair
associated to a Z-graded real form g° = €D, oy of 9. Isomorphic pairs correspond exactly

to isomorphic Z-graded real forms.

Proof. In view of Proposition 5.7, it remains only to show that (g, o) is an aligned
pair. By Proposition 5.2, there exists a grade-reversing Cartan involutiond : g — g
which commutes with o, we denote by u° the associated compact real form of g. We
note that o(u°) = u° and let u® = ¢ @ ip be the +1-eigenspace decomposition of of,..

Let g° = ¢ @ p be the real form of g with Cartan involution 6 = oz : g° — g° and
E the grading element of g, that is, the unique element E € g satisfying [E, x] = px for
all x € g,. We have

cE=—E=FEecpdip,
YE=—E=FEcitdyp,

hence E € p C g°. It follows that g° is a Z-graded real form of g and o is the C-linear

extension of the grade-reversing Cartan involution 0 : g° — g°. O

5.3 Classification of finite-dimensional Kantor triple sys-

tems

In this section, we describe all fundamental 5-gradings g = g_>®- - - @ g, of finite-

dimensional complex simple Lie algebras and their real forms. When dimg,, =1,
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such gradings are usually called of contact type; in the general case we call them
admissible. Admissible real gradings are in one-to-one correspondence with finite-

dimensional K-simple complex KTS, cf. Theorems 4.14, 4.16, 5.8.

We first recall the description of Z-gradings of complex simple Lie algebras (see
e.g. [46]). Let g be a complex simple Lie algebra. Fix a Cartan subalgebra h C g,
denote by A = A(g, h) the root system and by

g% = {x €g|H,X = «(H)X forall He h}

the associated root space of x € A. Let hg C h be the real subspace where all the

roots are real valued; any element A € (hy)* ~ hr with A(«) € Z for all « € A defines

a Z-grading g = @ gp on g by setting:

pPEZ
go = b@@g“, gp = @g“,forallpezx,
xEA xEA
A(ox)=0 Alax)=p

and all possible gradings of g are of this form, for some choice of hh and A. We refer
to A(o) as the degree of the root «.

There exists a set of positive roots A* C A such that A is dominant, i.e.,, A(«) > 0
for all « € A*. Let IT = {oy, ..., ot} be the set of positive simple roots, which we
identify with the nodes of the Dynkin diagram. The depth of g is the degree d =
A(otmax ) of the maximal root opnax = Zle m;o;. A grading is fundamental if and only
if A(t) € {0, 1} for all simple roots « € TI. Fundamental gradings on g are denoted by
marking with a cross the nodes of the Dynkin diagram of g corresponding to simple
roots o with A(x) = 1.

The previous arguments prove to the following result:

Proposition 5.9. There exists a bijection between isomorphic simple Lie algebras with a

fundamental (2k + 1)-grading and Dynkin diagrams with marked nodes. In particular
(i) 3-gradings correspond to Dynkin diagrams with one marked node o« with label 1;

(ii) 5-gradings correspond to Dynkin diagrams with either one marked node o, with label

2 or two marked nodes «, o; with label 1.

The Lie subalgebra g is reductive; the Dynkin diagram of its semisimple ideal
is obtained from the Dynkin diagram of g by removing all crossed nodes, and any
line issuing from them.

We now recall the description of Z-gradings of real simple Lie algebras, cf. [15].

Let g° be a real simple Lie algebra. Fix a Cartan decomposition g° = ¢4 p, a maximal
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abelian subspace h, C p and a maximal torus b, in the centralizer of h, in ¢. Then
h° = he @ b, is a maximally noncompact Cartan subalgebra of g°.

Denote by A = A(g, ) the root system of g = g° @ C with respectto h = h° ® C
and by hr = ihe @ h, C b the real subspace where all the roots have real values.
Conjugation 9 : g — g of g with respect to the real form g° leaves h invariant and
induces an involution « — & on by, transforming roots into roots. We say that a root
o is compact if ®* = —a and denote by A, the set of compact roots. There exists a
set of positive roots AT C A, with corresponding system of simple roots IT, and an
involutive automorphism ¢: TT — TT of the Dynkin diagram of g such that & = —« for
allx e TTNA,, e(TT\ A,) CTT\ A, and

x=¢e(a) + Z bygB forallx e TT\ A, .
BETINA,
The Satake diagram of g° is the Dynkin diagram of g with the following additional
data:

1. nodes in TTN A, are painted black;
2. iftx e T\ A, and ¢(«) # « then « and ¢(«) are joined by a curved arrow.

A list of Satake diagrams can be found in e.g. [46].

Let A € (b})* ~ bg be an element such that the induced grading on g is funda-
mental. Then the grading on g induces a grading on g° if and only if A = A [18,
Theorem 3], or equivalently the following two conditions on the set
D= {oc el | AMa) = 1} are satisfied:

HOoNA, =0; 2)if x € ® then ¢(ax) e ®.

There exists a bijection from the isomorphism classes of fundamental Z-gradings
of real simple Lie algebras and the isomorphism classes of marked Satake diagrams.
In the real case too, the Lie subalgebra g, is reductive and the Satake diagram of its
semisimple ideal is the Satake diagram of g° with all crossed nodes and any line
issuing from them removed. A grading of g° is admissible if and only if the induced
grading on g is admissible.

We have just proved the following result:

Theorem 5.10. Let g be a (2k + 1)-graded Lie algebra and let Ty = {o,, ..., «, ) be the
simple roots of degree 1. There is a bijection between grade-reversing involutions of g, up to

equivalence, and Satake diagrams for which

o the nodes corresponding to simple roots in T1y are not black;
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o if « € 1y and there is an arrow between « and (3, then 3 € TT;.

When in the situation of the previous proposition we will call the grade-reversing
involution with the name of the real form corresponding to the Satake diagram. The
list of Satake diagrams can be found in [47].

To better fix the ideas we give an explicit example .

1 2 2
Example 5.11. Let g = so(7,C). The Dynkin diagram of gis o—o==0. By Propos-
ition 5.9 the following (2k + 1)-gradings are defined on g:

1 2 2
k=1 g—o:r:o

The Satake diagrams corresponding to the real forms of g are

so(1,6) so(2,5) so(3,4)

1 2 2 1 2 2 1 2 2
oO—e—0 oO—O=——0 O—O=0

By Proposition 5.10 we can conclude that the 3-grading of g has 3 non-equivalent
grade-reversing involutions corresponding to the real forms so(p,7—p), p =1,2,3
while the 5-grading of g given by marking the second node (resp. third node), has
the 2 involutions corresponding to so(2,5) and so(3,4) (resp. the involution corres-

ponding to so(3,4)).

Theorem 5.10 and a simple computation using the tables of Satake diagrams
gives the enumeration of the finite-dimensional KTS with given Tits-Kantor-Koecher

Lie algebra.

Corollary 5.12. Let g be a complex simple Lie algebra. Then the number K(g) of the K-simple

KTS up to isomorphism with associated Tits-Kantor-Koecher Lie algebra g is:
(1) g =sl(t+1,C) with > 1:

- if = 2m + 1 is odd with m even then K(g) = Tm*+10m,
- if ¢ = 2m + 1 is odd with m odd then K(g) = Tm*+l0m=1,

- if £ = 2m is even then K(g) = W%?

(2) g =s0(20+ 1,C) with € > 2 then K(g) = “52;
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(3) g=sp({,C) with L > 3:

- if0=2m+ 1is odd then K(g) = ™2™,

- if ¢ = 2m is even then K(g) = _m2+gmf4;
(4) g =s0(20,C) with € > 4:

- if € =2m+ 1 is odd then K(g) = 2m? + 2m;
- ift=4then K(g) =5;

- if € = 2m is even with m > 2 then X(g) = 2m? — 1;
(5) if g = Go then K(g) = 1;
(6) if g =Fy then K(g) = 3;
(7) if g = Eg then K(g) = §;
(8) ifg =E7 thenK(g) =T7;

(9) if g = Eg then K(g) = 4.

5.4 The algebra of derivations

In this section we study the Lie algebra
der(V) ={0:V = V| d(xyz) = ((6x)yz) + (x(dy)z) + (xy(62))}

of derivations of a KTS V. This is an important invariant of a K-simple KTS and, as
we will shortly prove, it can easily be described a priori by means of Theorem 5.8.

In Chapter 4 we saw that isomorphisms of V correspond to those of (g, o). It fol-
lows that det(V) consists of (the restriction to V = g_; of) the 0-degree derivations of
g commuting with o. If V is K-simple, then g is simple, any derivation is inner and
der(V) ={D € go | 0(D) = D}. Now note that g, is o-stable reductive with the center
which is at most 2-dimensional. When the grading corresponds to a positive subal-
gebra that is maximal parabolic, the center of gj is 1-dimensional and generated by
the grading element E. Clearly o(E) = —E. Otherwise, the marked Dynkin diagram
of g has two crossed nodes, this happens for all admissible gradings of sl(¢ + 1, C),
two of s0(2¢, C) and one of Eg.

In summary, both the center and the semisimple part g§* = [go, go] of go decom-

pose into the direct sum of +1-eigenspaces of o and

der(V) = (D € gi* | o(D) = D} ,
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possibly up to a 1-dimensional central subalgebra.

Let g° be a real form of g compatible with the grading and (g§)** = £, @ p, the
Cartan decomposition of the semisimple part of g§. The following result holds since
0 :g — gis the C-linear extension of the Cartan involution 6 : g° — g° of g°, whose

restriction

Ol(gg)ss : (90)°° — (g0)°°

to (gg)®* is still a Cartan involution, see e.g. [5, Lemma 1.5].

Theorem 5.13. Let V be a K-simple KTS and (g = g° ® C, o) the associated aligned pair.
Then
oer(V) =8 ®C

possibly up to a 1-dimensional central subalgebra.

The list of Cartan decompositions of real semisimple Lie algebras can be found
in [46]. Theorem 5.13 and an a priori identification of the algebra of derivations
as the following example shows will be crucial ingredients to classify the KTS of

exceptional type.

Example 5.14. By Corollary 5.12, there is just one KTS V with associated Tits-Kantor-
Koecher algebra g = G,. The aligned real form g° is the split form with marked

Satake diagram

O==0
X

From the list of Dynkin diagrams and Satake diagrams one obtains that (g§)®* ~

s[(2,R), the maximal compact subalgebra £, ~ so(2, R), hence der(V) ~ s0(2, C).



Chapter 6

The classification of KTS

6.1 The classification of classical Kantor triple systems

The list, up to isomorphism, of all K-simple classical KTS over R is due to Kaneyuki
and Asano, see [29, 6]. We give here the classification over C, written accordingly to

the examples and conventions of Section 3.1.

Theorem 6.1. A K-simple KTS over C with classical Tits-Kantor-Koecher Lie algebra is

isomorphic to one of the following list:

e Rsl(r,m,n—m—r;t), n>3 l<m<n—1/2,1<r<n—m-—1;

e Rsl(2r.2m,2(m—m—71);st), n>3, 1<m<<[(n—1)/2,1<r<n—m-—1;

e Asl(n —2m, m; k), n>31<m<[(n-1)/2,0<k<[(n—2m)/2;
e fs0(n —2m, m; k), n>7,2<m<[(n—-1)/2,0<k<[(n—2m)/2l;
e Rs50(2(n — 2m), 2m; JS), n>42<2m<n—1;

e Rsp(2(n—m),m;J), n=z3 l<m<<n—1;

e Asp(2(n —2m), 2m; k), n>32<2m<n—1, 0 <k <[(n—2m)/2;

e Rar(n), n>4.

The ranges of natural numbers are chosen so that there are no isomorphic KTS in the above
list.

Proof. By Theorem 5.10 specialized to 5-gradings, complexification of the classical
KTS of compact type classified in [29] exactly gives the classification of all classical
KTS over C. [

42
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Remark 6.2. We remark that the Lie algebras associated to the KTS fsl(m,n,r;t),
Rsl(m, n, ;st) and Rsl(m,n; k) are all isomorphic to sI(N, C), for some N, but with
different gradings and involutions. In particular the involution is outer in the first
two cases and inner in the last one. We also point out that Lie algebras associated to
the KTS’s of type Rso, resp. Rsp, are all orthogonal, respectively, symplectic.

On the other hand, the Lie algebra associated to the triple system fat(n) is so(2n+
2, C) with the grading given by marking the first and last node. The grade-reversing

involution is the Chevalley involution.

Remark 6.3. From the description of classical KTS in Section 3.1, there are natural

embeddings of triple systems

RKso(m,n) C RKsl(m,n),
RKep(2m,n) C RKsl(2m,n) .

The system Rar(n) has a different interesting embedding, which is dealt with in the

final remark of this section.

We recall that the so-called generalized Jordan triple systems of the v-th kind
are those systems with associated Tits-Kantor-Koecher Lie algebra that is (2v + 1)-
graded. In particular those of the 1-st and 2-nd kind are the usual Jordan and, re-
spectively, Kantor triple systems.

An interesting phenomenon happens for some JTS. The 3-graded Lie algebras
associated to the JTS 4,5, 11,13 of Table III, of [29, p. 110], i.e., the orthogonal Lie
algebras with only the first node marked, are in a natural way graded subalgebras
of some s[(N, C) with a 5-grading. This gives rise to an embedding of the associated
JTS in a special KTS. In other words, simple KTS admit suitable subsystems which
are of the 1-st kind and yet simple.

A similar fact holds for far(n), which admits a natural embedding in a simple

generalized Jordan triple system of higher kind.

Remark 6.4. Let A = My, n, (C) & My, 1, (C) & My, 1, (C) with the 3-product

t t t
X1 Y1 Z1 X1Y1Z1 +Z1Y1X1 — YoXoZy
_ t t t t
X2 Yo ) = | X2YaZy + ZoYsXy — Z9X Y| — Y3X3Z9
t t t
X3 Ys z3 X3Y3Z3 + Z3Y3X3 — Z3X9Ys

It can be shown that the product satisfies only condition (i) of Definition 1.2 and

that it is a generalized JTS of the 3-rd kind. We are interested in the case

n=ng=1, no=n3=n, (6.1)
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for which the associated Tits-Kantor-Koecher Lie algebra is s{(2n + 2, C) with the
7-grading given by marking the nodes {1,n + 1,2n + 1}.

Letny,...,ny as above and consider the subspace of A given by

X1
!/ /
M:{ X9 €A|X3:—X1,X2=—X2}.

X3

The space M is a simple subsystem of A of the 2-nd kind and it is isomorphic to
Rar(n).

To see this, it is sufficient to consider the subalgebra so(2n+ 2, C) of anti-reflexive
matrices of s[(2n+2, C) and note that so(2n+2, C) inherits a grading from s((2n+2, C)
that is actually a 5-grading, the one mentioned in Example 3.5. Finally, the Chevalley
involution of s[(2n + 2, C) restricts to the Chevalley involution of so(2n + 2,C) and

our claim follows.

6.2 The exceptional Kantor triple systems of extended

Poincaré type

This section relies on the so-called gradings of extended Poincaré type, see [5, The-
orem 3.1], which have been extensively investigated by third author both in the com-
plex and real case. We recall here only the facts that we need and refer to [4, 5] for
more details.

Let (U,n) be a finite-dimensional complex vector space U endowed with a non-
degenerate symmetric bilinear form n and C{(U) = C¢(U); & C¢(U); the associated
Clifford algebra with its natural parity decomposition. We will make use of the

notation of [38] and also of [1]; in particular, we adopt the following conventions:
e the product in C{(U) satisfies uv + vu = —2n(u,v)1 for all u,v € U.

e the symbol S denotes the complex spinor representation, i.e., an irreducible

“"_7

complex C{(U)-module, and Clifford multiplication on S is denoted by “o”.

e the cover with fiber Z, = {+1, +i} of the orthogonal group O(U) is the Pin
group Pin(U), with covering map given by the twisted adjoint action Ad :
Pin(U) — O(U).

e if dim U is even, then S is so(U)-reducible and we denote by S* and S its irre-

ducible so(U)-submodules (the semispinor representations).
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e we identify A*U with C{(U) (as vector spaces) via the isomorphism

1
up A Aug = ] Z sgn (T Wr(1) + Un(k)

) neSy

and let any « € A*U act on S via Clifford multiplication, i.e. x os for all s € S.

e we identify so(U) with AU via (uAv)(w) =n(u, w)v—m(v, w)u, where u,v,w €
U. We recall that the spin representation of so(U) on S is half its action as a 2-
form:

(UAV)-s==(uAv)os

DN —

foralls €8S.

We will sometimes need the usual concrete realization of the representation of the
Clifford algebra on the spinor module in terms of Kronecker products of matrices.

Let us consider the 2 x 2 matrices
10 0 —i i 0 0 i
E = s T = . s 91 = . s 92 = . y
0 1 i 0 0 —i i 0

{1ﬁjisodd;

2 if j is even.

and set
«(j) =
If dim U = 2k is even then a Clifford representation is given by the action of

Cl(U) ~ M2(C) ® - - - ® M(C) = End(S)

k—times

onS = C?®---® C? with the elements of a fixed orthonormal basis (e]-)]?il of U
| ——

k—times
realized as

g ER  QERgy;)@T® T, (6.2)

—_—

[J%]—times
forallj =1,...,2k. Note that the basis elements satisfy e]? = —1asmn(ei, ej) = dy for
all i,j. It follows that the volume vol = e; - - - egy squares to (—1)* so that S* are the
+1-eigenspaces of the involution i* vol. In this paper, we will not need a concrete

realization for dim U odd.

Definition 6.5. [1] A nondegenerate bilinear form § : S® S — C is called admissible
if there exist T,0 € {1} such that f(uwos,t) = tA(s,uot) and B(s,t) = op(t,s) for all
uel, s, tes.
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Admissible forms are automatically so(U)-equivariant. If S = S* @ S, we also
require S and S~ to be either isotropic or mutually orthogonal w.r.t.  (in the former
case we set1 = —1, in the latter1 = 1). The numbers (T, 0), or (1, 0,1), are the invariants
associated with 3.

Setm o=U,m_; =S, m=m_y®m_;. If toc = —1 we define on m a structure of

graded Lie algebra with Lie bracket given by the so-called “Dirac current”
n(ls, thu) =Bues,t),
fors,teS,ue U

Definition 6.6. Any graded Lie algebra as defined above is called an extended trans-

lation algebra.

The main result of [4, 5] is the classification of maximal transitive prolongations

=P

PEZ

of extended translation algebras. The following result is also important.

Proposition 6.7. [5, Theorem 2.3] If dim U > 3 then forallp > 0and X € gy, if [X,g_2] =0
then X = 0. In other words, elements of g, p > 0, are uniquely determined by their action

on g_o.

6.2.1 Thecaseg=F,

There are 3 inequivalent KTS with Tits-Kantor-Koecher pair (g = F4, o), cf. Co-
rollary 5.12. In particular the grading of F, with marked Dynkin diagram

0O—0==0—0
has two grade-reversing involutions, corresponding to real forms FI and FII, cf. Table
9 of [47, p.312-317].

In this case (U,n) is 7-dimensional and S is the 8-dimensional spinor module.
(There are two such modules up to isomorphism, and they are equivalent as so(V)-
representations. We have chosen the module for which the action of the volume
element vol € C¢(U) is volos = s for all s € S.)

More explicitly the graded components of the 5-grading of g = F4 are gy ~ so(U)®
Ctand g.o ~ U, g1 ~ Sasso(U)-modules. The negatively graded partm = g_,®g_4
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is an extended translation algebra w.r.t. a bilinear form  : S® S — C with the
invariants (T, o) = (-1, 1).

For any s € S we introduce a linear map s: m — g_; & go of degree 1 by

St = _1® 1
8.6 = =T (s,1) + 5B(s, UE | 63

[s,ul =uos,
wheret €S, u e Uand
r?:ses—so(U),
n(r® s, thu,v) = p(uAvos,t).
Using Proposition 6.7 (see also [5, Lemma 2.5]) one can directly check that g; =

(s]s € S). Similarly we define a map U : m — gy & g; of degree 2 for any u € U by

[U,s] = —uos,
(6.4)
[ﬁu V] = )\(U./\V) + ].,LT](U.,V)E )
where s € S, v € Uand where A, 1 € C are constants to be determined.
Lemma 6.8. If A\ =2and p=—1then U € g, for all u € U.

Proof. By so(U)-equivariance and transitivity, the action of g, on m is necessarily of
the above form for some A, . We then compute
0=[,ls,vll = [[W,s],v] +[s, i, v]]
= —[wos,v] —A[uAv,s] + un(u,v)s

A A
= (—1+Z—g)vouos—(z—|—g)uovos7
for u,v € U, s € S. The claim follows from the fact that the two terms vanish separ-

ately. O

The Lie brackets between elements of non-negative degrees are directly com-
puted using transitivity and (6.3)-(6.4). They are given by the natural structure of
Lie algebra of gy and

A sl =A AUl =Au
Egza&[QJZ%L’EWZEE, ©2)
where A € so(U), 5,t € g; and U € go. We give details only for the third and last
bracket. First compute
[A, 1], v] = [A, [, v]] — [, Av]
=2[A, u/Av] — [u, Av]
=2Au/A\v—n(Au,v)E

= [Au,V]
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and

A~ A~

[5,9,W = 5, uotl —[t,uos

%B(s,uot)E — %B(t,uo s)E mod so(U)
B(s,uot)E =-m([s,t],u)E mod so(U)

—_

[[s,t],u] mod so(U),

forall A € so(U), s, t € S, u,v € U. The brackets follow from these identities, Propos-
ition 6.7 and the fact that the action of i on g_» is fully determined by its component
on E, cf. (6.4).

The algebras of derivations of the two KTS on S are the complexifications of the
maximal compact subalgebras of so(7, R) and so(3, 4), respectively (see Table 9 of [47,
p-312-317] and Theorem 5.13):

ver(S) ~ s0(7,C) for FII,
ver(S) ~ 50(3,C) @ so(4,C) for FI.

The following main result describes both triple systems in a uniform fashion.

Theorem 6.9. Let U be a T-dimensional complex vector space with a non-degenerate sym-
metric bilinear form v and S the associated 8-dimensional spinor C{(U)-module. Let f : S®
S — C be the unique (up to constant) admissible bilinear formon Sand T'?) : S®S — so(U)
the operator given by

n(rs, thu,v) =p(uAvos,t),

where s,t € Sand u,v € U. Fix an orthogonal decomposition
Uu=wewt

of Uwith dimW = 7 (i.e. with W+ =0, W =U) or dim W = 3 and let I = voly, € Cl(U)
be the volume of W. (1 acts on S as the identity if dim W = 7 and as a paracomplex structure
if dimW = 3).

Then S with the triple product

(rst) = T3 (r,Ios) -t + %[S(r, [os)t, r,s,teS, (6.6)

is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = F4 and deriva-
tion algebra
so(U) if dimW =17,

oet(S) = stabg, (1) =
s0(W) @ so(WH) if dimW =3.
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Proof. It is immediate to see that I € Pin(U) covers the opposite of the orthogonal
reflection Ty : U — U across W, that is Ad; = —t, and that B(Ios,t) =P(s,Iot) for
alls,teS.

Let o : g — g be the grade-reversing map defined by

—_

o(u) =Ty, o(s)=1Ios,
o(A) =rwArw, o(E)=—-E, (6.7)
o(s)=1Ios, o) =rwu,

where u € U, s € Sand A € so(U). Clearly 0 = 1 and we now show that ¢ is a Lie

algebra morphism. First note that o[A, s] = o As and [6(A),0(s)] =1,

t=[rwArw,los]
=IoA(lolos)
=IoAs,

hence o[A,s] = [0(A), o(s)] for all A € so(U), s € S. Identity o[A,s] = [0(A), o(5)] is

analogous. Similarly o[, s] = —o(uos) = —Iouos while
[o(1), o(s)] = —[Io/\s,rwu]

:—(Twu)olos:AvdI(u)oIos
=—louos,
proving o[u, s] = [o(u), o(s)] and, in the same way, o[u,s] = [o(u), o(5)] forallu € U,
s € S. The remaining identities are straightforward, except for ofs,t] = [o(5), o(t)],
s,t € S, which we now show. We have
n(ofs, the,v) = —n(o(T? (s, t))u,v) + B(s, tn(w,v)
= _n(r(2) (Sv t)rWu7 T‘WV) + B(S) t)n(u7v)
= —B((rwuw) A (rwv) o s,t) + B (s, t)n(u,v)

and

A~

n(lo(s), o(t)u,v) = —T]([I/o\t, Ioslu,v)
=@ (Tot,Tos)u,v) + B(Iot,Ios)n(u,v)
=B(IouAvolot,s)+ p(s,t)n(u,v)
= B((rwuw) A (rwv) o t,s) + B(s, t)n(u,v)
=n(ofs, thy, v)
for all u,v € U so that ofs, t] = [0(5), o(t)].

The triple product (6.6) is the usual formula (rst) = [[r, o(s)],t] and the rest is

clear. =
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6.2.2 The case g = E;

The grading of g = E¢ associated to

X X
is of extended Poincaré type and all the 4 real forms of E are compatible with this

grading, leading to 4 non-isomorphic KTS with algebra of derivations equal to

50(4,C) ®s0(4,C) for EI,
5,C 3,C) f EIL
oce(S) = s0(5,C) @ s0(3,C) for ; 6.8)
s50(7,C) for EIII,
50(8,C) for EIV,

possibly up to a 1-dimensional center. We note that this is the unique 5-grading
of a simple exceptional Lie algebra whose associated parabolic subalgebra is not
maximal. The fact that the center of g, is 2-dimensional makes our previous (and
usual) approach to describe KTS practically inconvenient. In this subsection, we will
use another approach and exploit the root space decomposition of Es to describe the
KTS associated to EIV. The remaining products will be reduced to this case by a
direct argument.

Let U be an 8-dimensional complex vector space, n a non-degenerate symmetric
bilinear form on U and S = S* & S~ the spinor module, where each semispinor
representation S* is 8-dimensional. Let E be the grading element and F the operator
acting as the volume vol € C{(U) on S and trivially on U. It clearly commutes with

E and so(U). The grading of g = E¢ is then given by
g+1 :S, do :EU(U)@CE@CF, gﬂ:U.

We shall fix an isotropic decomposition of U = W & W* and consider the natural
so(U)-equivariant isomorphisms ST = A®Ve"W* and S~ = A°4dW*. With these con-

ventions, the action of the Clifford algebra on S reads as

wox=—21,0,
(6.9)
woax=w"NAu«,
forallw € W, w* € W* and « € S. There is an admissible bilinear form on S with the
invariants (7, 0,1) = (+,+, +); to avoid confusion with the elements of S we simply
denote it by

e = (—1)[%(deg(°‘)+1”iw(o¢/\ B),
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where o, 3 € S, [[] is the “ceiling” of a rational number, i.e., its upper integer part,
deg(o) the degree of « as a differential form and w € A*W a fixed volume.

We depart with the KTS of type EIV. Throughout the section, we denote the unit

9 9
axl7"‘7ax4

(dx!,...,dx") of W* and induced Hodge star operator x: S — S.

constant in S by 1 and consider a basis ( ) of W, with associated dual basis

Theorem 6.10. Let U be an 8-dimensional complex vector space with a non-degenerate sym-
metric bilinear form n and fix an isotropic decomposition U = W & W*. Then the associated
16-dimensional spinor representation S = A*W* is a K-simple Kantor triple system with the

triple product given by

(Si’S:F’S) =0,
. , o o (6.10)
(1, dx'#* dx') = (') 1, ) = (dd* dxt, dx'®?) = (dx!, dd* 1) =0,
and, for all other homogeneous differential forms, by
(xoB)y+(Boy)ax—(xey)p if o B,yeS*
(—1)[3ldealed sy ((a Ay) AXB)  if o B €SE, y € ST,
(o, B,v) = (6.11)

deg(a) + deg(y) < 4,
(—1)la(@ea(@+ D]y L Axy) AR if o« p €SE, yeST,
deg(a) + deg(y) > 4.

The product is so(U)-equivariant and its associated Tits-Kantor-Koecher Lie algebra is Eg.

Proof. Identities (i) and (ii) of Definition 1.2 can be checked by tedious but straight-
forward computations, using the root space decomposition of Es and so(U)-
equivariance of (6.10)-(6.11). We here simply record that so(U) is generated by the
two abelian parabolic subalgebras which exchange W and W* so that so(U)-equivariance
follows from the equivariance under the action of these subalgebras. The latter can

be directly checked using (6.9). O

To proceed further, we first note that any KTS of type EI, EII, EIII is a modification,
in Asano’s sense [6], of the KTS of type EIV. In other words, we consider new triple

products of the form
(OC7B7V)® :(OC,q)(B),'Y) ) (612)

where the product on the r.h.s. is the EIV product described in Theorem 6.10 and
® : S — San involutive automorphism of it. It is known that a modification of a KTS
is still a KTS.



52 6. The classification of KTS

Note that @ has to be der(S)-equivariant, where det(S) is detailed in (6.8) for all
cases. Furthermore, since any endomorphism of S is realized by the action of some
element in the Clifford algebra, we are led to consider det(S)-equivariant elements
in C{(U), which are also involutive automorphisms of the triple product of type EIV.

We introduce the required maps

*O for EI,

O(x) = ¢ dx! A (k) —1 o (%)) for EII, (6.13)
ox!
dx' Nae—1 5 ) for EIII,
ox!
where * is the modified Hodge star operator given by & = e(a) » & with e(x) = —«

when deg(a) = 1,2 and e(a) = « when deg(a) = 0, 3, 4. It is easy to see that any © is
the volume, up to some constant, of a non-degenerate subspace of U of appropriate
dimension and hence realized as the action of an involutive and det(S)-equivariant
element of the Pin group. As an aside, we note that conjugation by @ in case EIII
is nothing but the outer automorphism of so(U) associated to the symmetry of the

Dynkin diagram exchanging S* and S~.

Theorem 6.11. Let U be an 8-dimensional complex vector space with a non-degenerate sym-
metric bilinear form v and fix an isotropic decomposition U = W & W*. Then the associated
16-dimensional spinor representation S = A*W* is a K-simple Kantor triple system with the

modification
(OC,B,’}/)@:(OC7(D(B),Y) ) 0(7[5,'}/68, (614)

of the triple product described in Theorem 6.10 by any of the three endomorphisms (6.13) of
S. Each product is der(S)-equivariant, see (6.8), and its associated Tits-Kantor-Koecher Lie

algebra is Eg.

Proof. The KTS described in Theorem 6.10 is so(U)-equivariant, hence equivariant
under the action of the connected component of the identity of Pin(U). It immedi-
ately follows that the map @ in case EI is an automorphism of the KTS. A similar
statement is directly checked for EIII and, consequently, for EII too. Hence, general

properties of modifications apply. O

6.2.3 The caseg=E;
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The grading

i X
of g = E7 is of extended Poincaré type. Let (U,n) be a 10-dimensional complex
vector space with a non-degenerate symmetric bilinear form and S = S* @ S~ the

decomposition into semispinors of the 32-dimensional spinor so(U)-module S. We

have gy ~ so(U) @ sl(2, C) & CE, where E is the grading element, and
g1=STRC, g=SKC,
g2 = u ) g2 = u )

with their natural structure of gy-modules. There are 3 compatible real forms EV,
EVI, EVI], and the derivation algebras of the corresponding triple systems are re-
spectively given by so(5,C) @ s0(5,C) @ so(2,C), so(3,C) @ s0(7,C) & sl(2,C) and
50(9,C) @ s0(2,C).

We recall that in our convention (6.2) the Clifford algebra C¢(U) acts on

S=C’®---®C*, k=5,
_
k—times
and that S* are the +1-eigenspaces of the involution ivol = T® --- ® T. There is a
unique (up to constant) admissible bilinear form 3 : S® S — C on S with invariants

(t,0,1) = (—1,—1,—1). Itis given by
B(x1 ® - @X5,Y1 ® - @Y5) = w(x1,Y1) < Xa,Yy2 > -+ w(xs5,Ys) , (6.15)

where < —, — > (resp. w) is the standard C-linear product (resp. symplectic form)
on C? and xi,y; € C?, i =1,...,5. We note that semispinors S* are isotropic and
(S*)* ~ ST,

We consider so(U)-equivariant operators

MSesS—u,
(6.16)
n(l(s,t),u) = P(uos,t),
and
rzl.ses —so(U),
(6.17)

n(M? (s, hu,v) = B(uAvos,t),
wheres, t € S, u,v € U. They are symmetric and satisfy I'(S*, ST) = I'?)(S*,§*) = 0.
The structure of graded Lie algebra on m = g_, & g_; is a mild variation of the

usual Dirac current:

s®c,t®d =T(s,t)w(c,d),
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where s, t € ST, ¢, d € C% The Lie algebra g, acts naturally on m by 0-degree deriva-
tions and we now in turn describe g; and g,. The general form of the adjoint action
on m of positive degree elements of g is constrained due to go-equivariance: for any

reS,ceC?andu e U, wehave thatr® c € g; and 1 € g, act as

rocted =ciT?(r,t)w(c,d) + cop(r,t)w(c,d)E + csp(r,t)cod |,
—_—

—_————
element of so(U) element of CE element of s[(2,C) (6 18)

r®c,vl]=vor®c,

and respectively

U,t®d=-—uot®d,

~ (6.19)
[W,vl=cs uAv + csn(u,v)E |
element of so(U) element of CE
forallt € S*,d € C?> and v € U. The values of the constants cy,...,c5; are now
determined.
Proposition 6.12. ¢; = —1,co =1, cs=—landcy =2, ¢5 = —1.

Proof. Weletr € S—,t€ ST, ue U, c,d € C? as above and depart with

0=[r®ct®d, ul
=lrected,u+ted recul
=w(c,d)(ciT?(r,t)u— 2B (r, t)u—T(t,uor)) .

Abstracting w(c, d) and taking the inner product with any v € U yields

O=ciBuAvor,t) —2cof(r,t)n(u,v) + B(uovot,r)
= (i +DBuAvort)+ (—2co + 1)B(r, thn(u,v),
where we used uov = u/A\v—(u,v). Since S* ~ (S7)* and End(S™) ~ A*UGA2UBAU
acts faithfully on S—, the two terms vanish separately and the values of ¢; and c
follow.

The proof of c; = —1 relies on the explicit realization (6.2) of the Clifford algebra.
Letr € S, t € ST and choose ¢, d € C? satisfying w(c, d) = 1, then

redteocted]=T(ttored

and

reodltectedl=redtod,ted +txc,redteod]
=—ci T (rt) - t@d+cof(r, t)t @ d+ 3csB(r,t)t @ d .
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Abstracting d, substituting the values of ¢; and c; already determined and rearran-

ging terms, we are left with the Fierz-like identity
F(t,t)or=T®(r,t) - t+ B(r,t) (3 + 3c3)t . (6.20)

We now choose suitable spinors

() ()

and use (6.2) and (6.15) to get B(r,t) = 321 and I'(t,t) = 0. A similar but longer

computation says that
1
r(r,t) = ) % B(r,er Nemot)er Aem

=— Z B(r,et Nerrrotler Nery
Lodd

=1 Z B(r,t)et Neiyr

lodd
=32 ) eleu,
lodd
from which I'?(r, t)-t = i80t. In summary, identity (6.20) turns into 0 = i80t-+i32(1 +
3c3)t, so that c3 = —1. The values of the constants c4, c; relative to the adjoint action

of g, on m are determined by similar but easier computations, which we omit. [

The description of the Lie brackets of g = E7 is completed, with the exception of
the Lie bracket of two elements r ® ¢,s ® d € g =S~ X C?, which is

—

r®c,s®d =wl(c,d)l(r,s).

To prove this identity, it is sufficient to note that elements of g, are fully determined
by their adjoint action on g_» by (6.19) and check that the Lh.s. and r.h.s. yield the
same result there.

Theorem 6.13 gives 3 different KTS associated with the graded Lie algebra just
described.

Theorem 6.13. Let U be a 10-dimensional complex vector space with a non-degenerate sym-
metric bilinear formn and S = ST @ S~ the associated 32-dimensional spinor module. Let
B:S®S — C be the admissible bilinear form on S with invariants (t,o,1) = (—1,—1,—1)
and

rses—-u, r2:ses—so(U),
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the so(U)-equivariant operators defined in (6.16)-(6.17). Fix an orthogonal decomposition
Uu=waowt

of Wwith dimW =1, dimW = 3 or dim W = 5 and let I = voly, € CL(U) be the volume
of W. (Lacts on S as a complex structure if dimW = 1,5 and as a paracomplex structure
when dimW = 3.) Let | : C* — C? be the standard complex structure on C?, except for
dim W = 3 where we set ] := Id.

Then ST ® C? with the triple product

(xyz) = (TP (r,Ios) t+ %B(T, [os)t) ® w(b,]Jc)d
- B(T, Io S)t X ((U(b, d)IC + CU(]C, d)b) )

(6.21)

for all elements x =1 @b,y =s®cand z=t® d of ST @ C?, is a K-simple Kantor triple

system with Tits-Kantor-Koecher Lie algebra g = E7 and derivation algebra

50(9,C) ®s0(2,C) if dimW =1,
ver(ST ® C?) = staby, (1, ]) ~ ¢ s0(3,C) ® 50(7,C) @ sl(2,C) if dimW =3,
50(5,C) @ s0(5,C) @s0(2,C) if dimW =5.

Proof. It follows from the fact that the involution

o) =ruwu, ored) =Ior®]d,

o(A) :{ rwATw if A € so(U) R 622)
JAJ"Lif A € s1(2,C)

os®c)=Ilos®]d, o(u) =rwu,

whereu € U,r®d € STXC? s®c € STXC? is a Lie algebra morphism. The
proof is analogous to that of Theorem 6.9, making use of the explicit expressions
of the Lie brackets of g = E7, the fact that I € Pin(U) covers the opposite of the
orthogonal reflection ry, : U — U across W and the identity $(Ios,Iot) = (s, t) for
all s, t €S. H

6.2.4 The case g = Eg

The grading

: I
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of g = Eg is of extended Poincaré type, with g = so(U) & CE and the other graded
components given by gy, = S¥, g4o = U. Here (U,n) is a 14-dimensional complex
vector space with a non-degenerate symmetric bilinear form and S = S* @ S~ the
decomposition into semispinors of the corresponding 128-dimensional spinor so(U)-
module S.

There is an admissible bilinear form f : S® S — C with invariants (t,0,1) =

(—1,+1,—1) and usual operators

rses—u,
(6.23)
n(r(s,t),u) =PB(uos,t),
and
rzl.ses —so(U),
(6.24)

nr® s, thu,v) =p(uAvos,t),
s,t € S,u,v € U. We note that (S*)* ~ ST and that (6.23)-(6.24) are both so(U)-
equivariant and skewsymmetric. They also satisfy I'(S*,ST) = N2 (S, %) = 0.
The arguments used in Subsection 6.2.1 for F, extend almost verbatim to Eg. In
particular the non-trivial Lie brackets of g = Eg are given by the natural action of g

on each graded component and

[s1, 2] = T(s1,52) , [ti,vI=voty, [t1,s1] = =T (1, 81) 4+ 3B(t1, $1)E
M, vl =2uAv —n(u,vE, [, s =—uos;, [t,ta] =T(t1,ts),

forall s1,s9 € g1 >~ S*, ty,tp € g41 S, ve g o~ Uand u € g ~ U. The proof of

the following result is similar to the proof of Theorem 6.9 and therefore omitted.

Theorem 6.14. Let U be a 14-dimensional complex vector space with a non-degenerate sym-
metric bilinear formn and S = ST & S~ the associated 128-dimensional spinor module. Let
B :S®S — C be the unique (up to constant) admissible bilinear form on S with invari-
ants (t,0,1) = (—1,+1,—1) and (6.23)-(6.24) the naturally associated operators. Fix an
orthogonal decomposition

Uu=waw"
of Uwith dimW = 3 or dimW = 7 and let I = voly, € CL(U) be the volume of W. (I acts

on S as a paracomplex structure.) Then S* with the triple product

(rst) = —T®(r,I05) -t—l—%B(T,Ios)t, r,s,teSt, (6.25)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = E5 and deriva-
tion algebra
50(3,C) @ s0(11,C) if dimW =3,

ver(S™) = stabg,u (1) ~
50(7,C) @ s0(7,C) if dimW =7
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6.3 The exceptional Kantor triple systems of contact type

6.3.1 The case g =G,

We now determine the Kantor triple system V with Tits-Kantor-Koecher pair
(g = Go, 0), see also Example 5.14. To this aim, we consider a symplectic form w on
C? and a compatible complex structure J : C* — C?, i.e., such that w(Jx, Jy) = w(x,y)

for all x,y € C2.

Theorem 6.15. The vector space S3C? with the triple product given by

(2 = = (@l Jy) (@ 2y 0.2 + @y, 2k @ 2) + S (wlx, )2

for all x,y,z € C*is a K-simple Kantor triple system. Its associated Tits-Kantor-Koecher

pair (g, 0) is the unique pair with g = Gy and its derivation algebra is ver(S*C?) = s0(2, C).

The proof of Theorem 6.15 will occupy the remaining part of the section. We first
recall that the unique fundamental 5-grading of G, is associated with the marked

Dynkin diagram o==o, with gy ~ s[(2, C) @ CE, where E is the grading element, and
X
g2 ~C, g+1 = $3C? )

as s((2,C)-modules, by a routine examination of the roots of G,. We fix a basis 1
of g_» and denote decomposable elements of g_; by x3, y*, where x,y € C% The

negatively graded part m = g_, @ g_; of g has non-trivial Lie brackets
[X37y3] = (w(xay))gl ) (626)

and g acts naturally on m by 0-degree derivations. In particular m can be extended
to the non-positively Z-graded Lie algebra g<o = m @ gy and it is well known that G,
is precisely the maximal transitive prolongation of g, see e.g. [57].

For any x* € S3C? we introduce a linear map x* : m — g_; & go of degree 1 by

[;(\371:;3] = %(w(xay))Q (X ® w(y7 _) ‘|‘U ® (U(X, _)) _%(w(xuy))sl:- )
element of s[(2,C) (627)

X3, 1] =x3,

where y® € g_;. A straightforward computation tells us that X is an element of the
first prolongation g; of g<, for all x* € S3C?, therefore g, = (x*|x? € $*C?). Similarly
go = C1,where1:m — go @ g1 is given by
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where y? € g_;. The remaining Lie brackets of G, can be directly computed using

transitivity and (6.27)-(6.28). They are given by the natural structure of Lie algebra

of go and
AT =AU, EG =103 3.0 = 37
[ ,g] Ay, ,g] v x*,9°] = (w(x,y))°T, (6.29)
A, 1] =0, [E, 1] =21,
where A € 5[(2,C) and X3,73 € g;.
Now we define a linear map o : g — g by
o(l)=1, o) =),
o(A) =—A', o(E)=-E, (6.30)
o(x%) = —x*, o(1) =1,

where we denoted the natural extension of | to a complex structure on S*C? by the
same symbol. Using (6.26)-(6.29), one sees that (6.30) is a Lie algebra morphism,
therefore a grade-reversing involution of G,.

The associated triple product is given by the usual formula and it is invariant
under the action of the stabilizer stabg2.c)(J) = s0(2, C) of J in s[(2, C) — this is indeed

the associated algebra of derivations, see Example 5.14.

6.3.2 Thecaseg=F,

The grading with marked Dynkin diagram 877772 admits one grade-
reversing involution, the complexification of the Cartan involution of the split real
form, see Table 9 of [47, p.312-317]. By Theorem 5.13, the derivation algebra of the
associated KTS is the complexification of the maximal compact subalgebra u(3) of
sp(6,R), i.e. gl(3,C).

To describe the triple system, we consider a symplectic form w on C® and set
V = AJCP to be the space of primitive 3-forms (kernel of natural contraction 1, :
APCY — C°® by w). Let J : C® — C° be a complex structure on C® compatible with w
and denote the natural extension to a complex structure on V by the same symbol.

We will tacitly identify S2C® with sp(6, C) by means of the symplectic form
XxXOy:z— wx,z)y+ w(y,z)x,
where x,y,z € C’, and introduce sp(6, C)-equivariant operators

o: A’V = C, (6.31)
V:S?V = sp(6,C) (6.32)
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on V. The first operator is the non-degenerate skewsymmetric bilinear form on V
given by
x/\B = (cxep)vol,
where «, € V and vol = §w? € ASCS is the normalized volume. The second
operator is symmetric on V and given by (a multiple of) the projection to S?C°® w.r.t.
the decomposition
SV~ (Vo V) S*C

into sp(6, C)-irreducible submodules of S?V. In our conventions this operator is nor-

malized so that ,
aVB=) piOqs
i=1
when o = p; Aps Apsand B = q; A g2 /\ q3, where {pi, q; | i = 1,2, 3} is a fixed basis
of C° satisfying w(p:,p;) = w(qs, q;) =0, w(ps, q;) = 8.

Theorem 6.16. The vector space V = A3CC with the triple product given by

(oo JB)Y + S (aV/ JB) -y

(xBy) = 5

DO —

forall «, B,y € V is a K-simple Kantor triple system with derivation algebra der(V) =
stabgy 6.0 (]) =~ gl(3, C) and Tits-Kantor-Koecher Lie algebra g = Fy.

Proof. The graded components of the 5-grading of g = F, are gy ~ sp(6,C) & CE and
g2 ~ C, g11 ~ Vas sp(6, C)-modules. The negatively graded part m = g_, & g_; of
g has non-trivial Lie brackets

[, Bl = (x o B)T , (6.33)

where 1 is a fixed basis of g_,. In particular m can be extended to the non-positively
Z-graded Lie algebra g<o = m & gy and F4 is the maximal transitive prolongation of

g<o [57].
For any « € V we introduce a linear map @ : m — g_; & go by

X =AaV e 3)E
[o, Bl = AV B + p(axc e BIE, (6.34)
[, 1] = o,

for all p € g_1, where A, u € C are constants to be determined imposing & € g;:

= u(cce B)[E, 1] + [B, o
=(—2u—1)(xep)L.
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Hence u = —% and a similar computation with & acting on g_» = [g_1,g_1] yields

1

A = —1. In other words we just showed that g; = (&|x € V) when p = A = —1;

similarly g, = CT, where T : m — gy @ g, is given by
1,pl=p, [1,1]=-E, (6.35)

for all B € g_;. The remaining Lie brackets of F4 can be directly computed using
transitivity and (6.34)-(6.35). They are given by the natural structure of Lie algebra
of go and

o — o~

Al =[Aa, [E,al=a&, [&B]l=(xep)l,
AT =0, [E, 1] =21,

I
Q)

(6.36)

[\]

—

where A € sp(6,C) and &, B € g;.
Using (6.33)-(6.36), one can directly check that the map o: g — g defined by

U(]l):i, O'(O():](X,
o(A)=—A', o(E)=-E, (6.37)

is a grade-reversing involution of F,. O

6.3.3 The case g = E;

The KTS with Tits-Kantor-Koecher pair (g = Eg, o) are 8, associated with 3 grad-
ings. We already saw 4 of them in Subsection 6.2.2 and we study here those associ-

ated with the grading of contact type

X

There are 3 non-equivalent grade-reversing involutions, related to the real forms
EL EII and EIII, with derivation algebras respectively so(6, C), (s((3,C) @sl(3,C))&C
and s((5,C) & C.

Let V = A3CS and vol € ASCS® a fixed volume. As for the case F, in Subsection

6.3.2 we introduce the sl(6, C)-equivariant operators

e A’V C,
V' :S2V = s5l(6,C)

with the e defined via wedge product as in Subsection 6.3.2 and V' defined by

(OC\/ B)(X) :icxo(B/\X) +iB.(O(/\X),
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for all «, B € V, where i,, is the contraction by ae € V* = A3(C%)*. We denote by

M;, M;, the endomorphism of CS represented by the matrices

00 00 0 1 0 0000 —1
00 00 —1 0 01000 0
00 01 0 0 0 0100 0

M = . Mo = (6.38)
00 10 0 0 0 0010 0
0 -1 00 0 0 00001 0
1 0 00 0 0 10000 0

and by n the scalar product on C° of signature (+ — + — +—). We let  : APC® —
A®~PCS be the corresponding Hodge star operator.

Theorem 6.17. The vector space V = A3C® with triple product

(xBy) = 5o xB)y — 5(aV+B) -y

for all «,B,y € V is a K-simple Kantor triple system with derivation algebra dex(V) =
stabge,c)(n) =~ s0(6, C) and Tits-Kantor-Koecher Lie algebra g = Eg.

Proof. The graded components of g are gy ~ s((6,C) & CE, g41 ~ V and gy ~ C.
Direct arguments similar to those made for the contact grading of F4 show that the

Lie brackets are given by the natural action of the Lie algebra g, and
o, B] = (e B)L, (@Bl = (xe )L,
@Bl =30V p—3(axePE, [&1]=a,

[]]-7[5]:[/3\7 [i7ﬂ-]:_E7
A& = A, o , AT =0,

with «,B € g1, &, B € g1, 1 € g, 1 € goand A € s1(6,C). The grade reversing

involution is given by

ol)=T1, o(x) = *& ,
o(A)=—-A', o(E)=—E, (6.39)
o@) =*x, ol)=1.

and the triple product follows at once. O

Theorem 6.18. The vector space V = A3CC with triple product

(aBy) = 5(aws MBJy — 5(aV/ MB) -y

forall «, 3,y € Vand M = My or My as in (6.38) is a K-simple Kantor triple system with

sl(3,C)@®sl(3,C)eC ifM=M,
ver(V) = stabgpc) (M)
sl(5,C) C ifM =M,

and Tits-Kantor-Koecher Lie algebra g = Eg.
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Proof. The restriction of the involution o to s((6, C) is either the complexification of
the Cartan involution of su(3,3) or su(1,5). By [46], one has that o(A) = MAM™!
for any A € sl(6,C), where M € GL(6, C) is conjugated to either Diag(Ids, —Ids) or
Diag(Ids,—1). In the first case we set M = M; and in the second M = M,.

If we extend the natural action of M on g4, to a grade-reversing involution of g

then necessarily

= Lo B)E+ IM(axV BIM

where we used that (M e M) = —(x e ) and (MaxV MB) = —M(x V B)M. In
particular o(aV B) = M(a V )M}, hence o(A) = MAM ™! for all A € sl(6,C) and

we arrive at the involution

o(1) :—i, o(a) :I\//l\oc,
o(A)=MAM!, o(E)=—F, (6.40)
o(&) = M« , o(l)=-1,

The claim on the algebra of derivations follows from stabs c) (M) ~ sl(k, C) & s[(6 —

k,C) & C where k = 3,1 for M is conjugate to M; and My, respectively. O

6.3.4 The case g =E;

The Kantor triple systems with Tits-Kantor-Koecher pair (g = E7, o) are 7, asso-

ciated to 3 different 5-gradings. The contact grading

g i
of E; admits 3 grade-reversing involutions, corresponding to the real forms EV,
EVI and EVII, with derivation algebras respectively so(6,C) & s0(6,C), gl(6,C) and
50(2,C) & s0(10,C).
The corresponding systems are close to those of extended Poincaré type studied
in Section 6.2. Indeed gg ~ so(U)®»CE and g+2 ~ C, g1+1 ~ ST as so(U)-modules. Here
(U,n) is a 12-dimensional complex vector space U with a non-degenerate symmetric

bilinear form 1 and
S=ST®Ss

the decomposition into semispinors of the 64-dimensional spinor so(U)-module S.
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In this section, we will make extensive use of the explicit realization (6.2) of the

Clifford algebra C{(U) as endomorphisms of
S=C?’®..--®C?, k=6 .
k—times

We note that in our conventions S* are the +1-eigenspaces of the involution
ivol=T®---®T,

that is the opposite of vol, as k = 6. There exists an admissible bilinear form {3 :
S ® S — C with the invariants (1, 0,1) = (—1,—1,1). It can be easily described using
(6.2): if < —, — > (resp. w) is the standard C-linear product (resp. symplectic form)

on C?, then
B(x1 ®- - ®X6,Y1 ® - @ Yg) =< X1,Y1 > W(X2,Y2) < X3,Yz > --- w(xg,Ys) , (6.41)

where x;,y; € C?>, 1 = 1,...,6. In particular S* are orthogonal. As in Subsection

6.2.1, there exists an operator

rzl.ses —so(U),
ﬂ(r(z)(&t)u;\’) = B(LL/\VO S>t) ;

where s,t € Sand u,v € U. It is a symmetric so(U)-equivariant operator.

We fix a basis 1 of g_, and write the graded Lie algebra structureonm = g_>®g_4
as
[57 t] = B(Sa t)]l )

for all s,t € S*. We now turn to describe the positively-graded elements of g. For

any s € ST we introduce the linear map s: m — g_; & gy of degree 1 by

[5,t] = Ar®)(s,t) + pup(s, t)E ,
5,1l =s,

(6.42)

wheret € ST and A, u € C are constants to be determined. We note that the equations
(6.42) are not identical to those encountered in the extended Poincaré case, see e.g.

(6.3), as here there is no Clifford multiplication of elements from g_» with g_;.

Proposition 6.19. The map s € g, forall s € St if and only if A = 5, n

N =

Proof. We compute
0=1[s,[t,1]] =[5, t], 1] + [t, [s, 1]]

= —2uB(s,t)1 + B(t,s)1
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for all s,t € S* and directly infer p = —3. The proof of A = § is more involved and it

relies on the explicit realization (6.2). We depart with

[s, [t, 7]l = B(t,7)s
and note that
[s, [t,7]] = [[s, t], v] + [t, [5, 7]]
= A (s, ) -1 —=ATP (s, 1) - t
+ %B(S,t)T - %B(S7T)t

for all s, t,r € ST. We now choose suitable spinors

®6 ®6
1 1
S =T = s ‘t:
i —i

and use (6.41) to get B(s,r) =0, B(s,t) = 64i. Longer but straightforward computa-

tions similar to those of Proposition 6.12 yield

r(2) (S, t) =64 Z €1 A\ €141

lodd

and ' (s,s) = 0.
We are therefore left with the identity

—64is = Al (s, 1) - s 4 32is
=64\ ) et Aery - s+ 32is

lodd

= —%6’4}\5 + 32is |

from which A = 1 follows. O

Finally we consider the generator T : m — go@g; of the 1-dimensional component

g2 of g defined by

and note that [§,t] = B(s,t)1 for all s,t € S*. This completes the description of Lie
brackets of g = E;. We now turn to the KTS associated with the 3 different grade-
reversing involutions.

The proof of Theorem 6.20 is similar but not identical to that of Theorem 6.9 and

we therefore outline its main steps.
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Theorem 6.20. Let U be a 12-dimensional complex vector space with a non-degenerate sym-
metric bilinear formn and S = ST @ S~ the associated 64-dimensional spinor module. Let
B :S®S — C be the admissible bilinear form on S with invariants (t,0,1) = (—1,—1,1)

and T2 : S® S — so(U) the operator given by
n(r®(s,t)u,v) = (uAvos,t),
where s, t € Sand u,v € U.
(1) Fix an orthogonal decomposition
Uu=waewt

of U with dimW = 6 or dimW = 2 and let I = ivoly, where voly, € CL(U) is
the volume of W. (1 acts on S as a paracomplex structure in both cases.) Then the
semispinor module S with the triple product
1 1
(rst) :—§F(2)(r,los) -t+§[5(r,los)t, r,s,te St (6.44)

is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = E; and

50(6,C) ® s0(6,C) if dimW =6,
0et(ST) = stabg,uy (1) ~ ( ) ( Vi
50(2,C) @ 50(10,C) if dimW =2.

(2) Fix a split decomposition U = W @& W* of U into the direct sum of two isotropic

6-dimensional subspaces and let

Id 0
I, = exp(tX) € Spin(U), X=[ " ,
0 —Idw-

be the complex 1-parameter subgroup of the spin group generated by X € so(U) =~
spin(U). If we set I = I for t = 17 then the semispinor module S* with the triple
product

(rst) :—%F(z)(r,los) ~t—|—%[5(r,los)t, r,s,teSt, (6.45)
is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra g = E7 and
ver(ST) = stabgeu) (1) ~ gl(W) .

Proof. (1) Let 0: g — g be the grade-reversing map defined by

G(ﬂ):—i, o(s)=Ios,
o(A) =rwArw, o(E)=-E, (6.46)
:IOS7 O'(/I]\_):—]].,

—

o(s
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where s € S* and A € so(U). It is a Lie algebra involution, as I € Spin(U) covers
the opposite of the orthogonal reflection ry, : U — U across W, i.e., Avdl = —rw and
B(Ios,t) =—P(s,Iot) foralls,t eS.

(2) First note that I acts as a complex structure on U via the spin cover Ad : Spin(U) —
SO(U). In particular I? € Spin(U) sits in the twisted center

tween CL(U) ={a € C{(U) | aov=—voa forall veV}

of C¢(U), which is known to be generated by vol, as dim U is even. It follows that
I? = acvol for some fourth root of unity « and a direct computation with exponentials

reveals that I? o s = —s for the positive-chirality spinor

. 26
s = est.
+1

In other words, I* = vol in the Clifford algebra (recall that ST = +1-eigenspace of
—vol) and I acts as a complex structure both on U and S*.

Let o : g — g be the grade-reversing map defined by
o(A)=1IAI"", o(E)=-E, (6.47)

and note that 0 = 1 by the above arguments. Using the expressions of the Lie
brackets of g = E7 and the equivariance properties

B(los,Tot)=RB(s,t), TP (los,Tot) =1 (s, t)I""

for all s,t € S, we get that o is a Lie algebra involution, with associated KTS (6.45).
O

6.3.5 The case g = Eg

Let

X
I (6.48)

be the contact grading of g = Eg, with even graded components gy = CE®E7, gio =C

and where g, is given by the defining 56-dimensional representation of E.
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There are two inequivalent associated KTS, which correspond to the split real
form EVIII and the real form EIX. The first has derivation algebra the (complexi-
fication of the) maximal compact subalgebra su(8) of EV, the second the maximal

compact subalgebra of EVII:

{5[(8, C) or

der(V) ~ (6.49)
Ec @ C.

We anticipate that the KTS with det(V) = Eg @ C is a variation of the triple system
historically first introduced by Freudenthal to describe the defining representation
of E7 [20]. We will introduce a paracomplex structure I : V — V which relates the
triple system of Freudenthal with ours, making evident that the KTS product is not
equivariant under the whole E; (as for the Freudenthal product).

We note that g = Eg with the grading (6.48) is the only 5-graded simple Lie al-
gebra with gy of exceptional type. Due to this, instead of looking for a uniform
description of g and in particular of the adjoint action of g, on g_, we shall use two
different presentations, for each one of the two KTS. We begin with some introduct-

ory background on Jordan algebras.

Preliminaries on cubic Jordan algebras and associated structures

We recall that a Jordan algebra ] is a complex vector space equipped with a bi-

linear product satisfying
AoB=BoA, (AoB)oAZ=A0(BoA?),

forall A,B € J. An important class of Jordan algebras is given by the cubic Jordan al-
gebras developed in [53, 40]; we here sketch their construction, following the present-

ation of [41].

Definition 6.21. A cubic norm on a complex vector space V is a homogeneous map

of degree three N : V — C such that its full symmetrization

N(A,B,C) := %(N(A+B+C)—N(A+B)—N(A+C)—N(B+C)+N(A)+N(B)+N(C))

is trilinear.

We say that ¢ € V is a basepoint if N(c) = 1. If V is a vector space equipped with

a cubic norm and a fixed base point, one can define the following three maps:

1. the trace form,
Tr(A) =3N(c,c,A), (6.50a)
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2. abilinear map,

S(A,B) = 6N(A,B,c), (6.50b)
3. a trace bilinear form,

(A,B) = Tr(A) Tr(B) — S(A, B). (6.50¢)

A Jordan algebra ] with multiplicative identity 1 = ¢ may be derived from any such

vector space V if N is Jordan.
Definition 6.22. A cubic norm is Jordan if
1. the trace bilinear form (6.50c) is non-degenerate;
2. the quadratic adjoint map §: J — J defined by
(A%, B) =3N(A,A,B)
satisfies (A*)f = N(A)A forall A € J.
We define the linearization of the adjoint map by
AxB:=(A+B)—-Af—B? (6.51)

and note that A x A = 2A*%. (We remark that other authors define A x B with an

additional factor 3, in their conventions A x A = A*f.) Every vector space with a

Jordan cubic norm gives rise to a Jordan algebra with unit 1 = ¢ and Jordan product
1

AoB:= 5(/\ x B+ Tr(A)B+ Tr(B)A —S(A,B)1). (6.52)

We conclude with the definition of reduced structure group; for more details on
cubic Jordan algebras, we refer the reader to the original sources [53, 40, 41], see

also e.g. [37, §2].

Definition 6.23. The reduced structure group of a cubic Jordan algebra J with product
(6.52) is the group

Stro(]) ={t:] = JIN(TA) =N(A) forall A € J}

of linear invertible transformations of | preserving the cubic norm.
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It is well known that over the field of complex numbers, there is a unique simple
finite-dimensional exceptional Jordan algebra, called Albert algebra. It is a cubic
Jordan algebra of dimension 27. The underlying vector space V is the space $3(4l) of
3 x 3 Hermitian matrices over the complex Cayley algebra 4l (=complex octonions)
and the cubic norm N : $3(4) — C the usual determinant of a matrix A € H3(4),
the only proviso being that the order of the factors and the position of the brackets
in multiplying elements from il is important. The interested reader may find the
explicit expression of N in e.g. [37, eq. (16)]. The trace forms (6.50a) and (6.50c)
associated to the identity matrix as basepoint coincide in this case with the regular

trace,

1
(A,B) = 5 T(AB + BA) ,

whereas the adjoint Af of A € $3(41) is the transpose of the cofactor matrix [37, pag.
934].

The reduced structure group Stro($H3(U)) of ] = $H3(U) is a simply connected
simple Lie group of type E¢ and the natural action on ] its 27-dimensional defin-
ing representation. Elements T € Str($)3(41)) can be equally characterized by the

following identity
T(A) x 1(B) = (T") (A x B)

for all A,B € $3(4l), where 1* is the transposed of T relative to the trace bilinear
form (6.50c). We recall that the defining representation J of E¢ and its dual J* are
not equivalent; in our conventions J* is still represented by the set ] but the action of
Stro(H3(H)) is T — (t*)~'. We will not distinguish between ] and J* if the action of
Stro($3(4)) is clear from the context.

We now turn to recall Freudenthal’s construction of the 56-dimensional defining
representation of the Lie algebra E; from the 27-dimensional Albert algebra [20]. It
is a special case of a more general construction by Brown in [9] which departs from
any cubic Jordan algebra, but for our purposes it is enough to assume ] = $3(4l) from
now on.

We consider a vector space § = §(J) constructed from J in the following way
§J)=CeCeJa]

and write an arbitrary element x € § as a “2 x 2 matrix”

A
x:(lo; ﬁ), where o, e C and A €], Be]J*. (6.53)



6.3 The exceptional Kantor triple systems of contact type 71

We note that the Lie algebra E; admits a 3-grading of the form

Er=]Jo(EsCG)D ",
deg(]) =-1 ) deg(EG @CG) =0 ) deg(l*) =1 )

(6.54)

where G is the corresponding grading element, and following [51] we will use the

shortcut
O=0(d,X,Y,v) € Ef

(beks, Xe], Y], ve(C),

to denote elements of E;. The action of E; on § is as follows, see [20] and also [51,
62.1].

Proposition 6.24. The representation of the Lie algebra E7 on § is given by

_1
®(¢7X>Y7V) x A = 0(‘V—|—(X7B) d)A 3VA+YXB+BX .
B B —¢*B+ 3VB+ X x A + Y —Bv+(Y,A)

In particular the grading element of (6.54) is given by G = (0, 0,0, —32).

Decomposing the tensor product § ® § into irreducible representation of E7, one

readily sees that there exist unique (up to multiples) E;-equivariant maps
and
X:§®F — Er

The first map is the standard symplectic form

[ A (v C
x-(B [3)7 y-(D 5), (6.56)

are elements of §. The second is the so-called Freudenthal product, an appropriate

where

extension of the operation (6.51) on J to the whole §, see e.g. [51, §2].

Proposition 6.25. For x,y € § as in (6.56), the Freudenthal product is given by x x y :=
(P, X,Y,v), where

HAVD+CVB)

X=-1(BxD-aC—vyA)

Y=1(Ax C—pD —§B)

v = 5((A,D) +(C,B) — 3(ad + By)),
and AN/ B € Eg is defined by (AV B)C = 1(B,C)A+ :(A,B)C— 1B x (A x C). The group
of automorphism of the Freudenthal product is a connected simple Lie group of type E7.

(6.57)
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We are now ready to describe the KTS with derivation algebra Es @ C.

The first product

In the following, we denote by I: § — § the paracomplex structure on § defined

by
| (oc A) _ ( x A )
B B B -
Note that I is invariant under the subalgebra Es & CG of E7 (6.54).

Theorem 6.26. The vector space § with the triple product given by
(xyz) = —4x x Iy(z) + %{x, Iy}z

forall x,y,z € § is a K-simple Kantor triple system with Tits-Kantor-Koecher Lie algebra Eg
and derivation algebra der(F) = E¢ & CG.

Proof. The Lie algebra g = Eg with the 5-grading (6.48) has negatively graded part

m=g o9g
=Clo3g
with Lie brackets [x,y] = {x,y} 1 for all x,y € §. Clearly go = E7 & CE acts on m by
0-degree derivations and it is known that Eg is the maximal transitive prolongation

of g<o [57].
We will denote elements of g; ~ Fby X,y : m — g_1 @ go and fix a generator

~

1:m — go® g: of go. By Er-equivariance, the adjoint action on m is necessarily of the

following form:

X,yl =ci(x xy) + co{x,y} E, [x,1] =x,

and

-~

mwy]:g? [ia ]]-] :C3E7

for some constants c1, ¢co, c3 to be determined. First of all

-~

0 =[L, [x, 1]] = [[L,x], 1] + [x, [T, 1]
- [&'\7 1] + C3[X7E] =X+ C3X )
and similarly
0=I[,1[y,1]] =[ca{x,y} E, 1] —{x,y} 1
— _(2C2 + ]-) {va}l]- 5
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for all x,y € §, whence c3 = —1, co = —%. On the other hand

X, ly,zll ={y, z}x (6.58)
and

(X, yl,z] + [y, X, zl] = [c1(x x y) + ca{x, Yy} E, 2] — [c1(x x z) + ca{x, 2} E, Y]
] ) (6.59)
=ci1x x y(z) + §{X7U}Z— cix X z(y) — §{X, zby .

1 0 .
Choosex =y = (0 1> andz = <0 1) sothatxxy = ®(0,0,0,—3), {x,y} = xxz =

0, {x, z} = {y, z} = —2 and get ¢; = 4 equating (6.58) with (6.59). The adjoint action of
the positively-graded part of g on m has been described. The remaining non-trivial
Lie brackets of g are given by the natural adjoint action of g, and [X,§] = {x,y} 1 for
allx,y € 3.

Using the explicit expressions of the Lie brackets, it is a straightforward task to
check that

o(l)=-1, o(x) = Ix,
o(®($p,A,B,v)) =0(p,—A,—B,v), o(E)=-E,
o(x) =Ix, o(l)=-1,
is a grade-reversing involution of g and compute the triple product. O

The second product

To get the second KTS associated to the contact grading of Eg, we employ a de-
scription of E7 dating back to Cartan [17].

The Lie algebra E; admits a symmetric irreducible decomposition
E; =sl(8,C) @ AYC?)*,

where the Lie subalgebra s1(8, C) acts in the natural way on A*(C®)*. To describe the
brackets of two elements in A*(C?)*, it is convenient to fix a volume vol € A8(C?), let
f: AR(CB)* — A3F(C?) be the map which sends any ¢ to ig(vol) and b : AS7%(C?) —
AK(C®)* its inverse. The maps f and b are s(8, C)-equivariant and can be thought as
the analogues of the usual musical isomorphisms when only a volume is assigned.
Let also
o : AK(C?) @ AM(C®)* — s1(8,C)
be the unique s((8, C)-equivariant map forany k = 1, ..., 7, which in our conventions
is normalized so that
K 8
el...koel'”k:8;Tk ei®ei—]§ Z e;®e,

i=1 j=k+1
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where (e;) is the standard basis of C® and (e!) the dual basis of (C®)*. With this in
mind, the Lie bracket of «, 3 € A*(C?)* is the element

[, Bl = * @ B

of s1(8,C).
The contact grading of g = Eg is given by go = E7 & CE, g2 ~ C and

g1 = A (CP) @ A%(CP)"
where the negatively graded part m = g_» ® g_; of g has the Lie brackets
X, Y1 = ("(y) —y" ()1

forall X = (x,x*),Y = (y,y*)ing_; = A%(C®)@A2%(C®)*. The action of g, as derivations
of m is the natural one of s((8, C) & CE together with

[o, X = (o Ax*)F k()

where o € A*(C8)*and X € g_;.
The next result follows from the fact that g = Es is the maximal prolongation of

m @ go [57] and from direct computations using s((8, C)-equivariance.

Proposition 6.27. For all X = (x,x*) € A?(C®) & A%(C®)*, the operator X:m—g_1®go
given by

o 1
X, Yl = (xey"+yex’) + (x"Ay*— (xA\y)’) ) (x"(y) —y"(x))E,

~
element of s1(8,C) element of A4(C8)* element of CE

X, 1] =X,

where Y € g_y, is an element of the first prolongation g,. Similarly T : m — go & g, given by

is a generator of gs.

It is not difficult to see that the remaining Lie brackets of g are given by the action
of E and

~ — o~ — —~ —

A, X =[A,X], [, X] = [, X] | X,Y = [X,Y] (6.60)

where A € 5((8,C), x € A*(C¥)* and X,Y € A%(C?) @ A2(C?)*.
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Theorem 6.28. The vector space A?(C®) & A?(C®)* with the triple product

(XYZ) =1 (12*(X/\y) + %(X*(y) +y*(x))z+ (xey* —yex*) - z+ (x* + Ay* /\Z*)li)

L AY) + 5 (Y) +y ()2t + (xey* —yex*) - z* + (x Ay Az)

forall X = (x,x*), Y = (y,y*), Z = (z,z*) in A*(C®) & A*(C®)* is a K-simple Kantor triple

system with Tits-Kantor-Koecher Lie algebra Eg and derivation algebra s((8, C).

Proof. The map defined by

o(1) =1, o(X) = (ix, —ix*) |
o(A)=A, ola) = — o(E) =-E,
G()A() = (—ix, ix*) , G(i) =1,

forall X = (x,x*), A € s1(8,C), « € A*(C®)*, is a grade-reversing involution of Es. [

6.4 The exceptional Kantor triple systems of special type

6.4.1 The case g = Eg

The Lie algebra Es admits a special 5-grading which is not of contact or of exten-

ded Poincaré type. It is described by the crossed Dynkin diagram
>< i

and its graded components are gy = sl(5, C) & sl(2,C) @ CE, where E is the grading
element, and

g =AC)RC?, g =ACKRC?,

g-2= A4((C5)* ) g2 = /\4@5 )
with their natural structure of gy-modules. In the following, we denote forms in
AZ(CP)* (resp. AY(CP)*) by «, B,y (resp. &,¢,1) and polyvectors by & € A2C5, ¢
A*C?, etc. Finally a,b,c € C? and we use the standard symplectic form w on C? to
identify s1(2, C) with S?C2.

In order to describe the Lie brackets of Eg, we note that fork =1, ..., 4 there exists

a (unique up to constant) sl(5, C)-equivariant map

o ARC® @ AR(C?)* — sl(5,C) .
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In our conventions, it is normalized so that

k 5
55—k .k A
e1..x® el"'k = —5 e; ® e — g E €; ® e’ ,

i=1 j=k+1
where (e;) is the standard basis of C° and (e') the dual basis of (C®)*. The structure
of graded Lie algebra onm = g_» @ g_; is given by
[x®a,B bl =w(a,blaAp,
while the adjoint action on m of positive-degree elements is of the form

[dx®@a,pbl=ci1izgPa®b + cr1zpw(a,b)E + czw(a,b)xef ,
M e —

element of s1(2,C) element of CE element of s[(5,C) (661)

[&@(171])] :l&ll)®(17

and
E,B@bl=—1E@Db,
E W] =ci;WE + cséoh (6.62)
——
element of CE €lement of s[(5,C)

for some constants ¢y, . . ., c5 to be determined.
Proposition 6.29. The constants in (6.61)-(6.62) are c; = 3, ¢ = —3, ¢3 = —1, ¢4 = 3
and cs5 = 1.

Proof. As usual, elements of the first and second prolongation act as derivations on
m.

First, let us choose a,b € C? such that w(a,b) = 1 and compute

O=la®a b i=[a®wapabl,+[Bxb,laxa ]
=—2c2(1aB)E +cs(axe B) - & — B A1xE
forall @ € A%C5, B € A?(C5)*, & € A*(CP)*. Choosing suitable forms and polyvectors
yields a regular non-homogeneous linear system in cy, c3. For instance if x = e,
p = e'? one gets
—2C2—§03:1, —2CQ+gC3:O,

taking & = e'?** and & = e?3%, respectively. In other words c; = —3, cs = —1. The
adjoint action of g; on g_ = [g_1,9_1] gives ¢c; = % with an analogous computation.

We now note that
0=[&,[B@b, ] =[[E B @bl +[B®b,[E ]
=—[pE@b, Yl +c5[B @b, Ee ] +ci(i;h)B @b
= 1P @b —cs(Eed) - BOb+ei(zh)p®D
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holds for all b € C%. Choosing & = eqos, b = €2 and, in turn, B = e'2 and then

B = e, yields a system of linear equations

§C5—|—C4:1, —§C5+C4:0,
whose unique solution is ¢4 = %, cs = 1. O

The remaining Lie brackets follows easily, as g = Eg is the maximal prolongation

of m = g_, ® g_;. They are given by the natural action of gy on g, p > 0, and by
[X®a,B®bl =—w(a,b)&AP

forall &, B € A2C% and a,b € C2.

By the results of Section 5.3 there is only one grade-reversing involution, namely
the Chevalley involution with derivation algebra so(5, C) & so(2, C). To describe the
associated KTS, we denote by 1 the standard non-degenerate symmetric bilinear

form on CP for p = 2,5 and extend the musical isomorphisms
b:CP — (CP)*, g:(CP)* - CP,

to forms and polyvectors in the obvious way. When p = 2 we also consider the

compatible complex structure ] : C* — C? givenbyn(a,b) = w(a,Jb) forall a,b € C2
Theorem 6.30. The vector space V = A*(CP)* @ C? with triple product

(a®@a) (BOD) (y®c)) = —%n(oc, B)(w(a,c)y ®]Jb+ w(Jb,c)y ® a)

+ 2nfa,BIn(a,bly @ c—nla, b)(Bea) @ c

forall «, B,y € A*(C%)*, a,b,c € C?, is a K-simple Kantor triple system with derivation
algebra der(V) = so(5,C) & so(2, C) and Tits-Kantor-Koecher Lie algebra g = Es.

Proof. Let o : g — g be the grade-reversing map defined by

o(&) = —&%, ocla®a) =o' ®Ja,
G(A) = _At ) G(E) =—Lk ) (663)
o@®a)=—&®Ja, off)=-¢&",

for all A € s[(2,C) @ sl(5,C) and forms &, &, polyvectors E, &, a € C% Clearly 02 =1
and by the explicit expressions of the Lie brackets of Es, one checks that o is a Lie

algebra morphism. O
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6.4.2 The case g = E;

The Lie algebra g = E; admits a special grading similar to that of Eg in Subsection

6.4.1,1i.e.,

X

with graded components gy ~ sl(7,C) & CE, g1 ~ A3(C7)*, g1 ~ A3CT, go ~
AS(CT)* and gy ~ ASC". There is only one grade-reversing involution, i.e., the Che-
valley involution. The symmetry algebra of the associated KTS is so(7, C).

Let 1 be the standard non-degenerate symmetric bilinear form on C’, which we
extend naturally to any A*C7, k > 0. As in Subsection 6.4.1 we consider the s[(7, C)-
equivariant projection

o : AC" @ A*(C")* — sl(7,C)
normalized so that
k 5
e, eel k= %QZei@ei—;Z e;®e
i=1 j=k+1
where (e;) is the standard basis of C" and (e') the dual basis of (C")*. We denote by

p and b the musical isomorphisms, inverse to each other, associated to 1.

Theorem 6.31. The vector space V = A3(C")* with triple product

(ay) = 2n(e B)y — (B* o ) -y

forall «, B, v € V is a K-simple Kantor triple system with symmetry algebra der(V) =
stabg(7.c)(n) =~ s0(7, C) and Tits-Kantor-Koecher Lie algebra g = E7.

Proof. The Lie brackets are given by the natural action of the grading element E, the
standard action (resp. dual action) of the Lie algebra sI(7, C) on A*C” (resp. A*(C")*)
for k = 3,6 and

[“76]:“/\67 [&,E]Z—&/\E,
(X, Bl =—21:BE—(xep), [& & =1ixé,
£, 0 = iad, [E0] = 3 pE+ (Ee),

with o, B € g_1, &, PB e g, &V Egoo, g e g2. The grade reversing involution is
O-(E) = _ah 3 U(OC) = _(xh )
o(A) =—-At, o(E)=-E, (6.64)
ofd) =—&, of(f) =&

and the triple product follows as usual. O



Chapter 7
3-graded Lie superalgebras

In this chapter we introduce the simple finite-dimensional Lie superalgebras and
their 3-gradings.

Let g be a classical simple Lie superalgebra, A = Aj + Aj its root system and b
a Cartan subalgebra. Any Z-grading of g is given by a degree function f on A and
setting

h < go,ex €0, e—« € gy if fa) =7, (7.1)

where e, is a root vector associated to the root . Whenever g is a matrix algebra §
will be a subspace of D, the set of diagonal matrices, and the roots will be expressed
in terms of €; the elements of the standard basis of D*.

When dealing with Z-gradings of matrix superalgebras we will write

0 15| 0 13
-1 0 |—17 O
0 1;1 0 1j

—1; 15 0
0 x|{0 O
0 0/0 0 ,
to denote that, for example, the elements of the form WW are in (g1)g,
0 0|0 O

while the places left empty remark that there are no elements of g with non-zero
entries in those positions.

The classification of 3-graded simple linearly-compact Lie superalgebras g with
admissible grading is given in [14]. The notation for the simple Lie superalgebras

follows [27].

79
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Proposition 7.1 (N. Cantarini, V. G. Kac [14]). A complete list of simple finite-dimensional

3-graded Lie superalgebras such that g_, and g, have the same dimension, is, up to isomorph-

ism, as follows:

1.

10.

11.

12.

Am, B, Cim, D, B, E7 with the Z-gradings, defined for each s such that a, = 1 by
f(as) =1, f(ay) = 0 for all i # s, where Y, a;«; is the highest root;

psl(m, n) with the Z-gradings defined by: f(e1) = --- = f(ex) =1, flexs1) = -+ =
flem) =0,f(81) =+ =F(8n) =1, f(Ons1) =+ =f(8,) =0, foreachk =1,...,m
andh=0,...,n—1;

osp(2m + 1,2n) with the Z-grading defined by: f(e1) = 1, f(e;) = 0 forall i # 1,
£(8;) = 0 for all j;

osp(2, 2n) with the Z-grading defined by: f(e,) = 1, £(8;) = 0 for all j;
osp(2, 2n) with the Z-grading defined by: f(e,) = 1/2, f(8;) = 1/2 for all j;

osp(2m, 2n), m > 2, with the Z-grading defined by: f(e1) = 1, f(e;) = 0foralli # 1,
(8;) = 0 for all j;

osp(2m,2n), m > 2, with the Z-grading defined by: f(e;) = 1/2, f(8;) = 1/2 for all

L)
D(2, 1; «) with the Z-grading defined by: f(e,) = f(e2) = 1/2, f(e3) = 0;
F(4) with the Z-grading defined by: f(e;) =1, f(es) =0 foralli#1, f(d) =1;

q(n) with the gradings defined by: f(e;) = f(&;) = —f(fi) = —f(fi) = ki, with ks = 1
for some s and k; = 0 for all i # s;

p(n) withn = 2h > 2 and the grading defined by: deg(en) = 1 on the even part and
on the odd part the one induced by the even part;

H(0, n) with the grading of type (|1,0,...,0,—1).

Remark 7.2. We point out that in the previous list all Lie superalgebras are classical

except H(0,n). The simple Lie superalgebra H(0,n) is a special case of the infinite-

dimensional Lie superalgebra of Cartan type H(m,n). For this reason we will not

deal with it in this work.
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Definition 7.3. The Lie superalgebra gl(m, n) is the Lie superalgebra of supermatrices,

ie.

the Z,-grading being

a|0
gl(ma Tl)(‘) =4XE gl(mvn” X = 01ld )

0]b

gl(m,n); = { x € glm,n)[ x = (

Here the bracket is given by the supercommutator [x,yl = xy — (—1)*Vlyx. We
denote by sl(m, n) the subsuperalgebra of gl(m, n) consisting of supermatrices with

zero supertrace, i.e.

m n
slim,n)={xeglimn)x= M ( a|b ), str(x) :=tr(a) —tr(d) =0 , ,
n \c|d

The simple Lie superalgebra g = psl(m,n) is defined by psl(m,n) =sl(m,n),m #n
and psl(n,n) = sl(n,n)/Idzy,.

If m # n (resp. m = n) the even part is isomorphic to sl(m, C) &sl(n, C) & C (resp.
sl(n,C) & sl(n, C)) while the odd part is the sum of two irreducible representations
of gg, namely g =VaV*, V=C"®C"®C (resp. V = C™ @ C") where C* is the
standard module for sl(k,C). We denote by a; (resp. ay) the copy of sl(m,C), resp.

0 010
sl(n, C), consisting of the elements of g of the form (%) (resp. (#) ) .

The root system of psl(m, n) is given in terms of linear functions ¢, ..., e, and

5 = €mats-..,0n = €min. The roots are
Ag={ei — €5, 6 —0j, 1 #j}, A1 ={F(ei —0;), 1 #j}

The grading of Proposition 7.1.2, denoted psl(m,n)y n, can be visualized with
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the following matrix

0o 1, | 0o 1,
k(—10 15 0\‘
\0
ho\-1;

If m # n the grading element is E = Diag(xIdx, (x—1)Idm_x, xIdn, (x—1)Idn_n), with
x = 1 — &1 If m = n the element E with E = Diag(xIdy, (x — 1)Idm_1, xIdn, (x —

m—n

k
m—
h
n—

—_
o Flo
|
_ O
ol
—_
o o
;

1Idn-n), and x = 1 — X1 satisfies Equation (4.2), hence it acts as the grading ele-
ment, and str(E) = (h — k), hence E ¢ psl(n,n), unless k = h in which case we have

E € g. Note that, in general,

dimg ;= (k(m—k)+h(n—h)|k(n—h)+h(m—k)) =

= dim M((m—kn—n), (kh))-

Remark 7.4. Notice that if g = psl(m,n),n and x,z € g_1,y € g1, then [[x,yl,z] =
xyz+(—)*xY:2)zyx. Indeed, we have [[x,y], z] = xyz—(—1)*Vlyxz—(—1)=x+uDzxy 4
(—1)xxv2)zyx and

0 yir | 0 yi2 0 0 0 0
0 O 0 O xi1 0 | x12 0
yxz = z =
0 yar | 0 ya 0 0 0 0
0 0 0 0 x21 0 x22 0
yuxin tYyiexer 0 | ynxiz +yiaxee 0 0 0 0 0
_ 0 0 0 0 z11 0 | z19 O _0
Yya1xi1 +Yaxar 0 | yY2uxiz +Yyooxee 0 0 0 0 0
0 0 0 0 zo1 0 | z22 O

Similarly, it can be shown that zxy = 0.

Moreover, if we project g_; to M (;n—kjn—n), (kin)(C), by

0 0 0 0
x11 0 x12 0 X11 | X12
%
0 O 0 O Xo1 | X22
xo1 0 | x22 O

and, in a similar way, g; to M (xn), (m—kn—n)(C), we get an isomorphism of e-sJTS

between the one associated to g, with a grade-reversing e-involution o, and
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M (m—kin—n), (kin) (C) with triple product defined by Equation (3.7), as explained in
Remark 3.9, and with the map ¢, = 0|, ,. The fact that ¢, satisfies the conditions

given in Remark 3.9 follows from o being a grade-reversing e-involution.

Definition 7.5. Let V be a finite-dimensional super vector space and b an even non-
degenerate bilinear superform on V, i.e. a non-degenerate bilinear form which is
symmetric on V3, antisymmetric on Vi and such that b(V3, Vi) = b(Vi,Vp) = 0.
Notice that in this case dim(V7) is necessarily even.

The orthosymplectic Lie superalgebra, denoted by osp(b, V), is the Lie subal-
gebra consisting of endomorphisms which annihilate the superform b, x € gl(m,n)
satisfying b(x(v),w) = —(=1)XMb(v,x(w)), Yv,w € V. If dim(V) = (m,2n), then
there is an obvious embedding of osp(b, V) in sl(m, n). In what follows we will con-

0
) and will denote this Lie superalgebra by

IQn

sider b associated to the matrix ( m

osp(m, 2n).

Let g = osp(2m + 1,2n), m > 0, be the odd orthosymplectic Lie superalgebra.

Then the elements of g are of the form

a u b X1 Xg
Vv 0 —ul|ly 1y

Z Z9

with a,b,c € My, b =—b®, ¢ =—c®, u,v' € M, 1(C), d,e,f € M,,, e =R, f =K,
X1,%2,21,22 € M n(C), Yy1,y2 € My, (C).

The even part of g is isomorphic to so(2m + 1, C) & sp(2n, C) while the odd part
is the irreducible gg-module C*™*! ® C?", where C*™*!, resp. C?", is the standard
module of so(2m + 1), resp. sp(2n,C). Its root system is given in term of linear

functions €1, ..., €m and &; = €241, ..., 0n = €amsn and the roots are

A@ :{:l:Gi + €5, :|:€i7 :t26i, +6; + 5)', i 75]}, Ai :{ﬂ:5i,:|:€i + 6]}

The only 3-grading of g, up to isomorphism, is the one given by Proposition 7.1.3.



84 7. 3-graded Lie superalgebras

The grading can be represented by the following grading matrix:

1 2m—1 1 n

1 0 15 1;
om—1 | -1, 15| 0

1 15 0 | —1g
om  \-1;y 0 1;] 0/

The grading element is E = Diag( 1, Oam—1, —1, O2n ).

Let g = osp(2, 2n) be the symplectic Lie superalgebra, whose elements are of the

a 0 X1 X

(0 —a |y yQ\
XZky‘; x5 | d }
b ]

witha e C, d,e,f € My, e=e?, =1 x1,%2,Y1,Y2 € My (C)
The even part is isomorphic to C @ sp(2n, C) while the odd part is the sum of two

form

irreducible gg-modules V(w;) @ V(w;)*, namely the first fundamental module and
its dual. The root system is given in terms of linear functions e; and §; = €3,..., 0, =

€n41 and the roots are
A() = {ﬁ:261, :l:él + 6)', i 75 ]}, Ai = {:l:el + 6]}
The grading of Proposition 7.1.4 is of the form:

1 n

1
1 0
1 0

2T1 \—11 11 ‘ 0 /

and the grading element is E = {Diag(1, —1, 02y ).
The grading of Proposition 7.1.5 can be visualized as follows:

1 1 n—-1 n-1
1 0 0 15
1 ( 0] —1; 0 \
n—1k 0 1;| o0 15 )

1 0| 15 0
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The grading element is E = {Diag(1,—1,Idn, —1d,).
Let g = osp(2m, 2n) be the even orthosymplectic Lie superalgebra. We have that

the elements of g are of the form
a b X1 X9
c —a®lyr yo

X:\y'; x5 d e )
—yf —xf | f —d®

with a,b,c € My, b=-bR c=—c® d,e,f € M,, e=eR ="k

X1,X2,Y1,Y2 € My o (C).

The even part is isomorphic to so(2m,C) & sp(2n, C) while the odd part is the
irreducible gg-module C>™ @ C?", where C?>™ is the standard module of so(2m, C)
and C*" is the standard module of sp(2n,C). The root system is given in terms of

linear functions €1, ..., e, and &; = €241, ..,0n = €2m4n. The roots are
A() = {:l:€i + €5, :|:261'_, :l:él + 6]', i 75 )}, Ai = {j:ei + 63}

The 3-grading given in Proposition 7.1.6 can be treated in a similar way to the
one of osp(2m + 1,2n) and the grading element is the same without the (m + 1)-th
row and column.

The 3-grading of Proposition 7.1.7 is of the form

m m n n
m/ 0 15| 0 13
m (—10 0| —15 0\
n \ 0 17| 0© 10}
n\-1; 0 |—1; 0

and the grading element is E = i Diag(Idm, —Idm, Idn, —1dy,).

Remark 7.6. Let g = osp(m+2, 2n) with one of the 3-gradings of Proposition7.1.3,4, 6.
If we identify g1 with M(m\Qn)(llO) ((C) and g1 with M(I\O)(m\2n) ((C) by setting

0 0 0 0 yr 0 |y

0
x1 0 01]0 X1 OO—leO(>
0 —xk 0|x|7\u)ad o o o | o |2\

0

e 0 0/ \o 0 w0/
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with x5 = x§Jan, Y5 = Janys. By a straightforward calculation it follows that the triple
product induced by (g, o) on M mjn)(1/0)(C) is the one given in Example 3.11 and the
triple product is

(%,¥,2) = xb(y)z + (=1)*C¥Hzh (y)x — (xd(y))°* "z

where ¢ : M(mj2n)(110) (C) = M(1)0)(mj2n) (C) is determined by o), , and ostis the map
defined in Example 3.10.
It can be easily shown that this grading is induced in a natural way by the 5-

grading of sl(m + 2, 2n) defined by f(e;) = —f(em+2) = 1.

Definition 7.7. The simple Lie superalgebra g = p(n),n > 2 is the Lie subalgebra of
sl(n,n) given by

a

c|—at

p(n) ={x €pslin,n),x = ( ) |aesln,C), b=>b", c=—c'}
We have that g = sl(n, C) and g7 is the sum of the two irreducible sl(n, C)-modules
A?(C™)* and S2C™.

The 3-grading of p(n), n € 2N, of Proposition 7.1.11 is not induced by psl(n, n)y n.
It is convenient for our purposes to consider instead of p(n) its image under the

isomorphism AdDiag(Id, S,,), which we still denote p(n), with

a

pn) ={x e psl(n,n),x = (
c|—a

b

- ) |a eslin,C), b=>bR, c=—ck.
With this identification, the 3-grading of p(n) is the one induced by psl(n,n)p n,n =
2h.

Definition 7.8. The simple Lie superalgebra g = q(n),n > 2 is the Lie subalgebra of
psl(n,n) given by

g(n) = fx € pslin, n),x = (%i) [ tr(b) = 0}
b|la

In q(n) we consider the two copies of sl(n, C) given by q(n)j and q(n)1, and denote
by e, and e, respectively, the root vectors of the even sl(n, C) and of the odd sl(n, C).
The 3-grading of q(n) of Proposition 7.1.10, denoted q(n)s, is that induced by

psl(n,n)s s and the grading element is the same of psl(n,n); ;.

Remark 7.9. Notice that in all of the preceding cases, except for so(m,2n) with

the 3-gradings of Proposition 7.1.3,4,6, if x,z € g_1,y € g1, then [[x,y],z] = xyz +
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(—)*¥:2)zyx. This follows from Remark 7.4 and the fact that all the Lie superalgeb-
ras are subalgebras of psl(m,n) with the induced 3-grading. As a consequence we

can view g_; as a sub e-s]TS of M (;_«n—n), (k) (C) . We list all the corresponding

subspaces
g g1
a |b

osp(2m,2n) {x € Mmn)(C)x = ( ) ,a=—ak d=dR¥}
—bR | d
al b

p(n) {x € M(nmn)(C)lx = (%) ,b=1bR c=—cF}
c|—a
alb

q(Tl) {X € M(mln) (C)lx - ( ) }
bla

In the first case the projection of g, is

al|b
{x € M(mm)(Cllx = (F‘T) ,a=—a®,d=ad"}

while in the other cases is equal to that of g_;.

Definition 7.10. Let o € C\{0, —1}. The simple Lie superalgebra D(«) = D(2, 1; &) is
0 1 «
the classical Lie superalgebra with Cartan matrix [ -1 2 0 |, see [27]. It has even

-1 0 2
partisomorphic to s1(2, C)@sl(2, C)@&sl(2, C), odd part isomorphic to the irreducible

go-module C? ® C? ® C? , where C? is the standard sl1(2, C)-module. We will denote
by a; = (hy, e, fi),1 = 1,2, 3, the i-th copy of s1(2, C) in g5 and we let C* = (w,,w_) be
the standard sl(2, C)-module, with [h{,w,] = £w,. We will write w(, ;) ® w instead
of w, @w, ®w € g;,w e C2

The root system of g is given by

Ap ={£2ei}, A ={te; L ex L €3},

where +2¢; are the corresponding roots of the i-th copy of s1(2,C). The product
between odd elements is given by:
W ®us ®@usz, vi ® v @ vl = Z (u0(1)7ch(l))](ucr(Q)aVO'Q))]WU(B)(uc(3)7v0'(3)) , (7.2)
cES
0‘36113;1
where (,); is the standard symplectic form on C? and V¥; is the map from C* @ C?

to the i-th copy of s1(2, C) defined by Wi (ui, vi)(w) = Ai((vi,w)juy — (w,ui)yvi) and
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A = %A = 3,A3 = —12%, Recall that D(a) = so(4,2) if « € {1,—2,—3} and that
D(a )%D(B)lfocz{(lﬂi)ﬂﬁ L —(55)*1), see e.g. [27].
Letx e C—{0,—1,1,—2, —%}. The 3-grading of Proposition 7.1.8 is given by

D(ot)i = (€i(2¢1), €i(2e2)|€i(e1+eates))s 1 = 1, D(0)o =sl(1,2) & CE. (7.3)

In particular, D(«); consists of the direct sum of two copies of s1(2, C) with the fun-

damental 3-grading and one with trivial grading. In terms of a; we have

D(x)11 = (es), )W) @w).

The purpose of the next remark is to calculate the triple commutator [[g_1, g1], g_1]
of g =D(«).

Remark 7.11. Let x € C—{0,—1,1, -2, —%} and let g denote D(«), as introduced in
Definition 7.10. Let x,z € g_1, and y € gy,

X = axe(—) + byep_) +w_) @wy,
Y = —aye(i) — by€ay) FWiip) @ Wy,
z=azen—)+bep ) +tw__)dw,,

with ay, ay, a;, by, by, b, € Cand wy, wy, w, € C2. We have

x,yl = laxen—) +bxep) +W_) @ Wy, —aye(i4) — byepr) + Wiy @Wwyl =
= axayhi +aw_ ) @wy
+bybyhy +byw ) @ wy
TayWi—) @ Wy +byw ) @ wy

+(WﬂW+)](W77W+)]W3(Wx,wy)

+Fw_, Wi )y (wy, wy )y (Wi (w_, wy ) +Wa(w_,w, )
= axayh; +bybyhy

+ (W, Wy )p(Arhy 4 Agho) + Wi (wy, wy)

+w_p) ® (awy + bywy)

+Wiio) ® (bywy + aywy)
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Hence, using the definitions of the bracket of g and since A; + A, +A3 = 0, we get

[x,yl,zl =[x, yl, azeq—) +bree ) + wi ) @w,]

= —2ayaya;eq—) — 2A1a.(Wy, Wy)jen—)
W) ® az(bywy + aywy)
—2by,byb.ea) — 2Ab, (W, Wy )je )
—W(_) ® b, (a,wy + bywy)
—(ayay +byby)w__y®@w,
—(A1+A) (Wi, wy Jyw— )y @ w,
Fwi) @ As((wy, wz)jwy — (wz, wi)ywy )
+w,wo)j((axwy +bywy ), w, )W (w_,w_)
+((bxwy + aywy ), wz)j(wi, wo)j¥a(w_,w_)

= —2(axaya; + M((wx, wyljaz — (W, wy)jax + (We, w2 )by ))en )
—2(bxbyb, + Ao (Wi, wy )b, — (W, wy )by + (W, W, )jay))e@ )
—Wi——) @ ((axay + bxby)w; + (azay + boby )wx + (axb, + byaz)wy)

1 — & U\l + AZ)((WmWy)]Wz - (mey)lwx + (mey)lwy) .
(7.4)

Definition 7.12. The exceptional simple Lie superalgebra g = F(4) is the classical Lie

0O 1 0 0
: -t 2 =20 . .
superalgebra with Cartan matrix 0 L9 .k The even part is isomorphic
0o 0 -1 2

to s1(2, C)@so(7, C), the odd part is isomorphic to the irreducible module C?® Spiny,
where Spiny; is the highest-weight module with highest weight w3, the third funda-
mental weight of so(7, C). The root system of g is given by

1
Ag ={tei e, L€, 8, i #j}, A1 = {§(i€1 +eytez3 0},

where b is the simple root of sl(2,C) and €;, i = 1,2, 3 generate the root system of
so(7,C).
Let (, ) A be the standard symplectic form on C?, (,)g be the, unique up to a scalar,

invariant symmetric form on Spiny, B a basis of so(7, C) and

Ya:S2C% = s1(2,0) : Ya(vi,va)(v) = (va,v)vi — (v, v1)ve,v € C?
Wg : A2Spiny — so(7,C) 1 Wg(s1,82) = ) ,cm(s1, —x' - s2)pX.

The product of odd elements, v; ® s; € C? ® Spiny, is given by (cf. [50])

4
(Vi ® s1,v2 ® s3] = _g(V17V2)AWB(517 $2) + (s1,82)BWA (Vi,V2),
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The simple Lie superalgebra of type F(4) has, up to equivalence, the 3-grading of
Proposition 7.1.9. We have
i, t==1,
gi, 1 9o (7.5)

(e, Cierr Ci(erter)s ei(€1ﬂ:€3)|e%(6+e1:|:62:|:e3)> osp(2,4) ® CE.

In particular, gg is the direct sum of sl(2, C) with the fundamental 3-grading and
so(7, C) with the 3-grading corresponding to the Dynkin diagram with the first node

marked.

In the next remark we give an explicit realization of g = F(4) and compute the

triple commutator [[g_1, g1], g—1] which will be needed in the next chapter.

Remark 7.13. Let U denote C” with the bilinear form (-, -) with matrix S;, let C{(U)
denote the Clifford algebra, whose product we denote by juxtaposition, with defin-
ing relation v = (v,v)1, where 1 denotes the identity element of C¢(U). Let C be
the basis of U consisting of u, = e,,1 <1 < 4,1 = es ,p = 1,2,3, where {e,}
is the standard basis of C” and consider the isotropic decomposition of U given by
U=WaoCus®W*, with W = (u;,i =1,2,3), W* = (uf,i = 1,2,3). We define the
action of u =w+cuy +w* € Uons € A*W by

Uos=V2WAs+iny(s)) + (—1)%e)cs,

where deg(s) is the degree of s as an element of the exterior algebra and i,,- denotes
the interior product induced by the dual pairing between W and W*. Since the action
of U satisfies the defining relation of C¢(U), it extends to an action of C¢(U), thus we
can identify Spin; with A*W as C{(U)-modules. Moreover, we identify so(7, C) with

AU C CLU),uA\v = %(uv —vu), by setting

(LAV)(W) = (v, wju— (w,uw)v, u,v,w € U,
and let A%U acts on A*W by
(WAV)-s = %u/\vo s = i(uv—vu) os.
In this way we get the isomorphism Spin; = A*W as so(7, C)-modules.

Let U’ be the subspace of U with basis €’ = {us, u3, us, uj, us}, with the induced
scalar product. Let so(5,C) be embedded in so(7,C) via the embedding induced
by AU’ in A?U. The restricted representation of Spin; = A*W to so(5, C) splits in
two irreducible representations isomorphic to Spins, namely Spin; =S, @Sy, S; =
AW 'Sy =y AA*W/, with W = (uy,u3) € W. The actions of C¢(U’) on U’ and

S1, Sy are the restricted ones.
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Let g denote F(4) with the 3-grading of Proposition 7.1.9, f, h, e € gg be the stand-
ard basis of s1(2,C) and let C?> = (v,,v_) denote the standard sl(2, C)-module with
[h,vy] = £v,. If we take as basis of the Cartan subalgebra of so(7, C) the set {h; =
w; Auffi = 1,2, 3} we have that, for example, u; /A u, is a weight vector with weight
(3.2, —1). Indeed, [hi, w1 Aus] = F(ui Aul) o (g Aug) = H(wuf —uiug) o (wg Aug) =
+1 (u; Auy), with the minus sign only if k = 3. Similar calculations yield the follow-

ing identifications:

(g )o=CfaWAL, (51)1=Cv 88,
(90)5 =Cha AU @ CE, (go)1=Cvi®S;8Cv_®S,,
(g1)o = Cedu AU, (1)1 =Cv, ®Sy,

with E = %h +u; Auj. Note that go = osp(2,4) @ CE in a non-canonical way, due to
the exceptional isomorphism sp(4, C) = so(5,C).

Letx,z€ g 1, x=af+u AU +v_®sy, z=a,f+u, Auj+v_®s,andy €
g1, Yy =—aye—w Auy +v, ®sy with ay, ay, a; € C,uy, uy,u, € U, sy, 5,5, € AW,
We have

Xyl = loaxf+u Auj +v_o @ s, —aye —ug Auy +v, @up Asyl =
= axayh+ awv_ @u Asy — [u, Auj,ug Auyl+
vy @ (U Auf - (ug Asy)) + ayvy ® sx+
o @ (w Atty) - (52) + Vo © 50, v, @ Asy] =
= axayh+ av_ @u Asy —u Auy + (U, uy)ug Auj+
1
V2

+v_ ® sy, v @up Asyl,

1
Uy 08y) + AyVe @ s + V- @ (—=w1 A (uy 0 (s4)))—

+vi ®
+ ( \/5
where we used [\)1 A\ V2,V3 A\ \)4] = (VQ,Vg)Vl A\ V4 — (V4,V1)V3 A\ Vo — (Vl,\/3)\)2 /\V4 +
(vo,v4)vi Avs, vi € U, 1 <1< 4
Using the invariance of the form (,)g, i.e. (x-s,t)g = —(s,x - t)g,x € A?U,s,t €
AW, if we fix (1, w)g =1, w =u; Aus Aug € AW, we get

deg(s)+1

(s,t)p = (—1)" 2 N (s A1),

where the square bracket in the exponent denotes the integer part. We claim that
(,)p is admissible with invariants (—1, 1) (see Definition 6.5). Let s, t be elements of
the standard basis of A*Wand k = 1,2, 3. If (uxos,t)g = 0 then (s,uot)g = 0, while
if (uy os,t)g # 0, we have

dcg

(s ot)s = V3(—1)! w (s A At)
\/5( 1) (des()tl) | deg (s s)i w (W AsAL)
(_1)[%]+deg( s)+ [w](uk os,t).
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A case by case check shows that (—1)!“*)+des(s)+ ") — _1_Gimilarly, the same

relation can be proved for u;, whereas for u, it is an immediate check.

In order to compute ¥y we consider the standard basis of AU (resp. of A2U),
denoted B (resp. B’), consisting of the elements v; A v;, where v;, v; are elements of
C (resp. €’). Note that, in particular, u; Auj € B and B D B’. Moreover, in term of
A?U the map x — —x* corresponds to u Av — u* Av*, if x is identified with u A v.

Let Wg/(s,t) denote the map from Spins @ Spins to AU’ given by

Wi (s, t) = (s, (U AVT) - (u At))p(uAv).
(uAV)eB’

We have

Vo ® sy, vy @u Asyl =
= _ng(SMul/\Sy)—(Sx,ul/\sy)gh,:
— —%WB/(Sxyul/\Sy)—I—%(Sx,ul/\sy)ul/\u’{

_(SXaul AN Sy)Bha

(7.6)

since (sx, (W Av*) - (ug Asy)) =0,if (uAV) ey AU @ U Awuj.

Summing up, we have

[X,y] = (axay - (SX7u1 /\Sy)B)h_
—u Ay — 3We(sx, up Asy)+
+((ux; uy ) Jwr Auj+

+V+®(( uxosy)+aysx)+

- @ ((—=w A (uy o (sx))) + axus Asy),

el
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hence
([x,yl,zl = —2a.(acay — (sx, w1 Asy)p)f+
+v_ @ (—(axay — (sx, w1 A'sy)p)sz)—
—(uy, w ) ue A+ (e, ug)uy Auj—
+V_ @ —3(ux Auy) os,—
—3[Wp(sx, u1 Asy),uz Aujl—
- @ (—5¥B(sx, w1 Asy) - s2)+
—((we, wy)Juz Auj+
Vo @ (=5 (U, Uy )sz)—
+v_® —az((%uX 0 8y) + aysy)+
+3¥(((J5ux 0 sy) + aysy),s2)+
V- @ (—(3uz 0 (Uy 0 (55)) + J5axU; 0 5y))—
—2((5w A (wy o (5x))) + axts Asy, s.)pf = (7.7)
= —2a;ayayf—
—2(ayxs; — azsy, U1 A\ sy)pf—
—V2(s2, w1 A (uy 0 (s5)))Bf—
+3ayWe(sx,s2)+
— (W, wy)uz + (1, wy Jus) Aui+
(g, w Juy Auj+
+ 292 (W (5, Uz 0 5y) — Wh(s2, 1y 0 8y))+
+v_ ® —(ayays, + a.aysy)+
Hvo @ (= 5@y + ) o sy )+
+v_ @ (—5((uxuy) o s, 4 (uzuy) 0 s5))+

V- ® (_%WB’(SM Sy) Sz + %(Smul N Sy)Bsz)

Note that in deriving Equation 7.7 we used the identities

(e, Uy) T+ (U Atty) = (e, Uy) T+ 3 (wty — uyuy)
= (uxauy)ﬂ +uxuy - (umuy)l

= (uxuy ) ;

—2Wp(sx, w1 Asy),uz Aujl = u, Auf, We(sx, u Asy)l
= %WB(SX7 (LLZ/\LLT) s U Asy)

= %WB(SMLLZ © Sy)

Note that [[x,y], z] = (—1)*WI+Wlizi+XI=[[z y] x] can be easily checked using Equa-
tion 7.7. In particular, in the last expression for the triple commutator the terms are

rearranged such that the summands of each row satisfy super-commutativity on
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their own, e.g.

_\/§(SZ7u1 N (uy ° (Sx)))Bf = _2(527 (ul /\uy) : Sx))Bf =
= 2((111 Auy) © Sz, Sx)Bf = \/5(111 N (uy © (Sz))7 SX)Bf =
= V2(sx, w1 A (wy o (s2)))sf,

where we used the fact that (, ) is invariant and symmetric.

Let s, t € A*W’'. We define (s, t)g: = (s,u; /A t)g. We have that (, ) is admiss-
ible with invariants (1,—1). The fact that (,)g is admissible is transferred to the
form (,)g’ and to check the invariants is immediate. As a consequence we have
that the form (, ) is invariant with respect to the action of A2U’. Moreover, setting

w’ =uy Aug € A°W’, we have

deg(s)+1
2

(s,t)pr = (s,uy At) =(s,t)p = (—1)! He(s Aup At)
— (_1)[%]+deg( )1( ’)*iu’{ (ul As/\t)
= (D) i (sAT),

where the identity (—1)73 ) = (—1) [“E3 2 deg(s) fo]lows from a direct check.

Lets,t € A*W/, then

Wp(s,t) =—) ycels, (i Au’) - thpuAu]
Zue@’ S, u1 Au* ) t)Bu/\u“{

_ \}izuee' s,up A (ufot))pu) Auj

= %Zuee' s,u*ot)gu) Auj.

We set

1yu/St Zsuotg/u

Note that v/2¥y,/ satisfies the equation (vV2¥y(s,t),v) = (vos,t)s: (cf. Section 6.2).
Furthermore, since u; anticommutes with the elements of C¢(U’), the following
identity holds

Wor(s,8) = 3 punwenr(s, (05 AV) - (1w A1) (wAY)
= 2 (uaven (S, m A (W AV) - 1)) (uAV)
= 2 (uaven (8 (W AV) -t (WAV) .

We, thus, get the following expression for the triple commutator of Equation 7.7



95

(x,yl, z] =

—2(axaya; + (axs; — azsx, sy)s/)f+

FV2(s2,uy o (s¢))prf+

+(3ayWur(sx, s2)) Auj—

— (e, wy iz + (Uz, uy )y — (g, uz)uy)) Auf+ 7.8)
HE2 (W (sy,uz 0 8y) — Wi (sz, ue 0 5y))) Auj+
+v_ @ (—ay(axs, + a,8x) — \%(azuX + axu,) o sy)+
+v_ @ (=5 ((ueuy) 0 sz + (Uzy) 0 53)+

Vo ® (_%WB/(SM Sy) Sz + %(Sxa Sy)B’)SZ) .



Chapter 8
Involutions of Lie superalgebras

In this chapter we classify the grade-reversing e-involutions of the classical simple
3-graded Lie superalgebras, we distinguish between the special and the exceptional
case. To do this, we will make use of the description of the group of automorphisms
of the simple Lie superalgebras obtained in [50]. Throughout the chapter we will

make use of the notations introduced in Chapter 7.

Lemma 8.1. Let g be a finite-dimensional simple Lie superalgebra, o an automorphism of
g and let o denote the restriction of o to g;. Suppose T is another automorphism of g such
that 05 = t5. Then o = T o b, where &, is the automorphism defined by (5,) 5 = 1dg and
(d0x)1 = Aldi, A =+1if g7 is irreducible, while if g1 = g_ & g is a sum of two irreducible
gg-modules then (8))5 = 1dg, (8x)1g, = Aldg. and (8)), =A"'1d, , A € C*,

Proof. Let g, o, T be as in the hypotheses. We have that § = t~!

o 0 is the identity on
gg and 87 is an isomorphism of the gg-module g1. Indeed §([A,Vv]) = [A,5(v)], VA €
g5, v € g1. By Schur’s lemma 6 acts as a scalar on each irreducible component.
Suppose g7 isirreducible and §(v) = Avthen 0 # [v,w] = §([v,w]) = A% [v,w], v,w € g1
thusA = £1. If g = g_ & gy ® g+, withgy two irreducible representations of g, then
d(vi) = Ay,vy € gy, for some AL € C*. In particular 0 # [v,,v_] = 8([vy,v_]) =

A A, [vy,v_] and the rest follows. [

Remark 8.2. Notice that if (g, o) gives rise to an e-s]TS and o commutes with §,, then
008, is an e’-involution, e’ € Z,, if and only if A* = 1 and if A = £i then € # €’ since
(82,)1 = —1dg,.

Lemma 8.3. Let g be a 3-graded Lie superalgebra, o an automorphism of g and let E be the
grading element. Then o is grade-reversing (resp. preserving), if and only if o(E) = —E
(resp. o(E) =E).

96
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Proof. The proof for the grade-preserving case is similar to the grade-reversing one
so we only treat the latter. Let o be a grade-reversing automorphism. We have, for
any x € gy,

—io(x) = [E, o(x)] = o([o~(E),x]),

which implies that 0~!(E) = —E, hence o(E) = —E.
Conversely, suppose o(E) = —E. Then

[Ey U(XH = G[_Ea X] = _:LO-(X) )

which implies o(x) € g_;. ]

8.1 e-involutions of special Lie superalgebras
In this subsection we give the grade-reversing e-involutions of the special simple
3-graded Lie superalgebras, i.e. all the classical ones except for D(o) and F(4).

Proposition 8.4. Let g = psl(m,n)yn. If m # n, a complete list, up to equivalence, of

grade-reversing e-involutions of g is the following:

0 1Id 0 Id
teon = AdDiag( “, "), ifm=2k n=2h;
Id, O (—1)€Idy, O

€ =0:08Tmnn = AdDiag(Sm,Jn,Jn-n) oT, if h,n € 2N;

e=1 ‘T STk,mhm = AleagUka Im—ka ]h; ]n—h) ) lfka m, h,TL € 2N.

If m =n, a complete list, up to equivalence, of grade-reversing e-involutions of g consists of

the previous ones together with the following:
e=0:15hnoll, if n=2h=2k;
Toll, ifk =h;
M, ifk=n, h=0;
e=1:10llod;, ifk=h.

Proof. Let m # n . An automorphism of g is either of the form Ad(Diag(A,B)) or
Ad(Diag(A,B)) o1, see [50], with

t
a b —a | —b —at| ct
T = = s
c d c | —d —bt | —dt
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A € GL(m,C) and B € GL(n, C).
Let 0 = Ad(Diag(A, B)) be a grade-reversing e-involution. Then

alv) /Z\aA—l\AbB—1 &)
cla ) | Bea? \BdB—l ' '

In particular, if E is the grading element,

(A o) (A o)
o(E) = —F <« + E— + —
0B 0B
XIdk 0 0
( Ao ) 0 (x—1)Idy y
<

0B . (xldh 0 )
0 (x—1DIdp_n
(xldk 0 ) .
- 0 (x—1)Tdy « Alo
- . <xIdh 0 ) ( 0 ‘ B )
0 (x — DIdn_n

0 A
Thus, o is grade-reversing if and only if m = 2k,n = 2h,A = (A Ol> ,B =
2

0 B
(B 01>, Ai,As € GL(k,C), By, By € GL(h, C). The condition (Y% = Id implies Ay =
2

«xA;! and B, = BB;', a,p = +1. As a consequence one computes ¢ = 5s. In

particular, t¢ i » is a grade-reversing e-involution of g. B

The restriction of o to a; (see Definition 7.3), resp. ay, acts by the inner auto-
morphism Ad(A), resp. Ad(B) and g induces a 3-grading on a;, resp. ay, which is
the one corresponding to the Dynkin diagram with the middle node marked, i.e. the
k-th, resp. the h-th. By Proposition 5.10, the only possibility is that Ad(A) and Ad(B)
are involutions corresponding to the real forms su(k, k) and su(h, h) respectively. We
can conclude that (. i is the only grade-reversing e-involution up to equivalence
of the form AdDiag(A, B).

Now suppose o = Ad(Diag(A, B)) o 1. We have

a b —AatAfl\ ActB—1
o = : (8.2)
c d _BbtA-! \—BdtB—l

In this case, the restrictions o; = 0,,,1 = 1, 2, actas the outer automorphisms oy =

—Ad(A)otof a; and oy = —Ad(B) ot of a; respectively, with t the usual transposition.
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Since on a; we have the 3-grading given by marking the k-th node and the trivial
grading if k = m and on a; we have the 3-grading given by marking the h-th node or
the trivial one if h = 0, by 5.10, one concludes that o, can be either of type sl(m,R)
or sl(m, H) if m, k € 2N and o3 can be either of type sl(n,R) or sl(n,H) if n,h € 2N.
As a consequence, see e.g. [47] for the classification of involutions, we have that
the matrices A, B must be either symmetric or antisymmetric. Hence, we set At =
oaA,B' = BB, «, = £1. Moreover, o(E) = —E is equivalent to AdDiag(A, B) being
grade-preserving, since T is grade-reversing. It follows from the description of E,
that A = (T)l :) and B = (Bg 0 ),with A; € GL(k,C),As € GL(m —k,C),B; €
2

Bo
GL(h,C),By € GL(n — h,C) with A} = «A; and B} = B, i = 1,2. We calculate

L0 b 0 —A(A-1)'bB'B-! 0 b
o = B B =—uaf
c 0 —B(B~1)tcAtA ! 0 c 0

The conditions derived for o are satisfied if € = 0 and o is 08Ty nn, Orif e = 1
and o is either T or sTy mnhn. Since they correspond to the real forms sl(m,R) &
sl(n, H), sl(m,R)@sl(n,R) and sl(n, H)$ sl(n, H) respectively, they cover all possible
grade-reversing e-involutions, up to equivalence.

Let m = n . In addition to the preceding cases, we also have the automorphisms
of the form Ad(Diag(A,B)) o TT, Ad(Diag(A,B)) o ITo T and their composition with
dx, A € C*, defined in Lemma 8.1.

Recall that unless h = k there is no grading element, however we can still con-
sider the element E introduced in Chapter 7. Since E € gl(n, n) the action of an auto-
morphism of psl(n,n) naturally extends to E and Lemma 8.3 still holds for E since it
satisfies Equation (4.2). It is convenient to split E as the following sum: E = E; +E,+
E’, with E; = Diag(aldp, (a — 1)Idn_x,0n), Es = Diag(On, bldp, (b — D)Idy i), E/ =
c(Idn,—Idn),a =1—Xb=1-2¢c =X " Wehave E|,E;, € gand E/ ¢ g (note
that E; and E, are the grading-elements for the induced 3-grading on a; and a, re-
spectively). Simple calculations show that AdDiag(A,B)(E) = AdDiag(A,B)(E;) +
AdDiag(A, B)(Ey) + E/, ©(E) = —E, TT(E) = I(E; + E») — E’ and 8, (E) = E.

Let o be of the form Ad(Diag(A, B)). If o is a grade-reversing e-involution then
E’ =0, since AdDiag(A,B)(E) = AdDiag(E;) + AdDiag(E2) + E/ = —(E; + Ex + E')
and h = k. Arguments similar to the case m # n let us conclude that t. \ x is a
grade-reversing e-involution. Since there is only one equivalence class, this part of
the statement is proved.

Similarly, for the case 0 = Ad(Diag(A,B)) o T one obtains the grade-reversing

e-involution of the case with m # n and we only have to check if T and st are equi-
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valent under the action of the outer automorphisms one gets in addition to the case
m # n. Let h = k,h,n € 2N. If ¢ is a grade-preserving automorphism of the form
AdDiag(P, Q) o IT then ¢(E) = E yields P = Diag(Pi, P2),Q = Diag(Q1,Q2),P1, Q1 €
GL(h,C), Py, Q2 € GL(n — h,C). We have

postodp = AdDiag(P,Q)oTToAdDiag(Jn, Jn—n;Jr, Jn_n)o

otolloAdDiag(P,Q) ! =

= AdDiag(P, Q) o AdDiag(Jn, Jn-h,Jn, Jn-—n)o
o(TToToTT) o AdDiag(P,Q) ! =

= AdDiag(P, Q) o AdDiag(Jn, Jn—n,Jn, Jn-n)o
ot0d_10AdDiag(P,Q) ! =

= AdDiag(P, Q) o AdDiag(Jn, Jn-n,Jn, Jn-—n)o
oAdDiag(Pt,Qt) otobs ;| =

= AdDiag(P1JnPi, P2Jn-nP3, QiJnQ1, QoJn-nQ3) 0 To b1

The class of congruence for the matrix J;, i € 2N does not contain the identity, hence
tand st are not equivalent under ¢. In the same way one checks that AdDiag(P, Q)o
tolT does not give an equivalence of T and st. The case (k, h) = (n, 0) follows as well.

Let 0 = Ad(Diag(A, B)) o IT be a grade-reversing e-involution. Then

b AdA~1 AcB7!
ol ¢ 7= ) (83)

c d BbA~! BaB™!
Since o exchanges a; and a, they need to have the same grading, hence they are
either both 3-graded and h = k or trivially graded, case (k,h) = (n,0). We compute

,[a b ABa(AB)~' ABb(AB)~!
O = .
c d BAc(BA)~! BAd(BA)!
It is clear that o can only be a 0-involution and that B = +A~,
Suppose h # 0. Then TT(E) = E, hence Ad(A, +A™!) is grade-reversing, which im-
0 A
pliesn = 2h, A = <A Ol>' Let ¢ = Ad(Diag(P,Q)) be a grade-preserving in-
2

volution, P = Diag(Py,P2), Q = Diag(Q1, Q2) with Py, P5, Q1,Q2 € GL(h,C). Since
Mo Ad(Diag(P,Q)) = Ad(Diag(Q,P)) o TT, we have

poocodp ' = Ad(Diag(P,Q)) o Ad(Diag(A,£A ")) o Ad(Diag(Q ', P~ 1)) olT=
— Ad(Diag(PAQ !, QAP 1)) oIT;

0 P1A1Q5!
By the generality of P, Q and the fact that PAQ™! = AiQ, we can
PgAngl 0

choose P; = A;! and thus obtain that o is equivalent to the involution tg,, , o TT. On
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the other hand, if h = 0, TT(E) = —E and Ad(A, £A™!) is grade-preserving. One gets
that o is equivalent to AdDiag(PAQ !, QAP™!) o IT for any invertible matrices P, Q.
Setting P = A1, Q = Id we get the 0-involution TT. We note also thatTTo 8y = §,-1 0Tl
and as a result (o 0 §,)? = o2.

Let 0 = Ad(Diag(A,B)) o IT o T be a grade-reversing e-involution. Similarly to
the previous case one derives that only the case k = h occurs, that AdDiag(A, B)
is grade-preserving which implies B = (A~!)* and A = Diag(A;,As) with A; €
GL(h,C),A; € GL(n — h,C). Studying the equivalence class of o we get that it is
equivalent to any involution of the same form with A; = P;A;Q;',i=1,2,P1,Q; €
GL(h,C), Py, Q2 € GL(n—h, C). We conclude that in this case the only grade-reversing
e-involution is T o TT. Finally, 0 0 8 = 8, o 0, hence o0 o §, is a l-involution, if

A=+v—1 [

Proposition 8.5. Let g = osp(2m + 1,2n) with the 3-grading of Proposition 7.1.3. A

complete list, up to equivalence, of grade-reversing e-involutions of g is the following:
e=0: Sip,2m+1,q,n = AdDiag(Sp 2m+1, i2q,2n) A<p<m—1,1<q<[5];

e=1: S]p,2m+1,n = AdDiag(Sp,Qerla 1271) ) 1 < P < m—1.

Proof. The automorphisms of g are all inner, hence Aut(g) = SO(2m+1, C)xSP(2n, C).
Let 0 = Ad(Diag(A,B)) with A € SO(2m+1,C), B € SP(2n,C) be a grade-reversing
e-involution. Then o5 induces grade-reversing involutions o,, o, on so(2n + 1, C)
and sp(2n, C) respectively. Due to Proposition 5.10, o, can be of type so(p,2m + 1 —
p),1 < p < 1, since so(2m + 1, C) has the 3-grading with the first node marked and,
since sp(2n, C) is trivially graded, o, can be of type sp(2n,R) or sp(2q, 2(n—q)), 1 <
q < [§]. Let & = AdDiag(P,Q) be a grade-preserving homomorphism. Then
dotodpt =AdDiag(PAP~!, QBQ!), hence matrices A, B with different spectrum

yield inequivalent grade-reversing e-involution.

0 0 1
Condition o(E) = —E impliesthat A = | 0 A; 0| withA; € SO(2m —1,C). If
1 0 0

weset A = Sgom-1,0 <k <m—1,and B = J,, or B = igkjgn, 1 <k < [5], we get
inequivalent grade-reversing e-involution since the choices for A; and for B all have
different spectrum and, by our argument on the real forms, these are also the only

. . . . 0 b 0 AbB~!
grade-reversing e-involution. Since of ) =
c 0 BcA™! 0

B = Jo,, then o is a 1-involution, while in all the other cases is a 0-involution. O

> we have that if
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Proposition 8.6. Let g be osp(2,2n) with the 3-grading of Proposition 7.1.4 and let g’ be
osp(2, 2n) with the 3-grading of Proposition 7.1.5. Any grade-reversing e-involution of g

is equivalent to one of the following
e =0:Slyqn = AdDiag(Sy, Iag2n), 1 < g < [%] ;

e=1: 812771 = Ale(lg(Sg, ]2n) .

Any grade-reversing e-involution of g’ is equivalent to one of the following

e =0:SH;, = AdDiag (Sz,Hy) , n = 21;

€ =1:SJon = AdDiag(S2,]2n) -

Proof. The automorphism group of osp(2, 2n) is the semidirect product of the inner
automorphisms and the outer involution, i.e. Aut(osp(2,2n)) = SO(2) x SP(2n) %

Ad(Diag(Ss,Idsn)). We first consider the case of g. Let 0 = Ad(Diag(A,B)) with A €
0

a
o(g1) € g—1. Suppose 0 = Ad(Diag(AS2,B)),A € SO(2,C), B € SP(2n,C) is a grade-

reversing e-involution. Similarly to the case osp(2m + 1, 2n) one gets that Ad(B) is

SO(2,C), B € SP(2n,C). Since A is of the form (a 1) we see immediately that

an involution of sp(2n, C), which is trivially graded, hence it is of type sp(2n,R) or
sp(2q,2(n—q)), 1 < q < [§]. Since g7 is the sum of two irreducible g5-modules, by
Lemma 8.1, we also have to consider 009, u? = 1, however, since Ad(ASs) exchanges
the irreducible components of g7, 008, = §,-100,and §x 000831 = 008, if A = p.
IfA=Idand B =Js, or B = igkgn, 1 <k < [§] we get inequivalent grade-reversing
e-involutions and by the real forms argument they are all, up to equivalence. In
particular o is a O-involution if B = igmn, 1 <k < [3]and a l-involution if B = J5,.

We consider the case of g’. As it happened in the case of g, the inner automorph-
isms are not grade-reversing, hence we only need to consider the case of a grade-
reversing e-involutiono = Ad(Diag(ASz, B)),A € SO(2), B € SP(2n). Since the copy
of sp(2n,C) is 3-graded, the one corresponding with the last node marked in the
Dynkin diagram, Ad(B) is an involution of type sp(2n, R) or sp(n,n) if n € 2N. These

are the only possibilities, since o and o o §, are equivalent. In particular, o(E) = —E
0 B

implies B = (B 01), B € SP(2n,C) implies By = —(S,B!S,,)~! and B? = +1d yield
2

B; = FSB!S. We conclude that B = Js, is the only I-involution up to equivalence,

resp. B; = By = Diag(Idy,—Idy) is the only 0-involution. O
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Proposition 8.7. Let g be osp(2m, 2n) with the 3-grading of Proposition 7.1.6 and let g’
be osp(2m, 2n) with the 3-grading of Proposition 7.1.7. A complete list, up to equivalence,

of grade-reversing e-involutions of g is the following:
€e=0: Sip,2m,q,n = AdDiag(Sp,me i2q,2n) ) 1 < P <m— 1 ) 1 < q < [g] ;

€ =1:S5],2mn =AdDiag(Spom,Jon), 1 <p<m—1.

A complete list, up to equivalence, of grade-reversing e-involutions of g’ is the following:

e =0:SH;,, = AdDiag(Som, Hy), n=21;
H™ Jin = AdDiag(H,, Jon), m =21;
e=1: S]Qm,n = Aleag(SQmu I2n) )

H™H, = AdDiag(Hy, Hj,), m =2L,n =2q.

Proof. The automorphism group of g is the semidirect product of the inner auto-
morphisms and the outer involution T, Aut(g) = SO(2m, C) x SP(2n,C) x T, or equi-
valently O(2m, C) x SP(2n,C).

Case g: Let 0 = Ad(Diag(A, B)) with A € O(2m, C), B € SP(2n, C). Since the copy
of so(2m, C) in g has the 3-grading represented by the Dynkin diagram with the first
node marked, the only involutions compatible are those of type so(k,2m —k),1 <
k < m, and since sp(2n, C) is trivially graded any involution is compatible, hence
Ad(B) can be either of type sp(2n,R) or sp(2q,2(n — q)),1 < q < [§]. The same
arguments made for so(2m + 1, 2n) let us conclude this case.

Case g': Let 0 = Ad(Diag(A,B)) be a grade-reversing e-involution of g’. In
this case, since both so(2m,C) and sp(2n,C) are 3-graded, the 3-grading being in
both case the one corresponding to the respective Dyinkin diagram with the last
node marked, by Proposition 5.10, the only compatible involutions are those of type
so(m, m) and, if m = 21, so*(21) of so(2m,C) and sp(2n,R) and, if n € 2N, sp(n,n)
of sp(2n,C). The same arguments used for osp(2,2n) lead us to B = Jo, or, if
n = 21, B = Hj;. We have that Ad(A) is a grade-reversing involution of so(2m, C)
if A = (ﬂ(\)l /El> with AR = £A,. Thus, A = Sy, and, if n = 2p, A = H, are
two inequivélent grade-reversing involutions of so(2m, C), since they satisfy all the
requirements. The rest follows by Lemma 8.1, together with the fact that g1 is irredu-

cible, and by evaluating the action of 6 on g7 in each of the 4 cases we obtained. [J
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Proposition 8.8. Let g be p(n) with the 3-grading of Proposition 7.1.11, n = 2h. A com-

plete list, up to equivalence, of grade-reversing e-involutions of g is the following:

€=0:tgnn-

€:1:L(),h,h06:l'

Proof. The group of automorphisms of g is Aut(g) = GL(n,C) x C* with GL(n,C)
generated by Ad(Diag(A, AR)) and C* generated by {5,}/{5AIA*™ = 1}. Recall that in
this case g7 is the direct sum of two irreducible gz modules.

Let 0 = AdDiag(A, AR) be a grade-reversing e-involution. We have that o acts
on g = sl(n, C) by the inner automorphism Ad(A, A®). Since sl(n, C) has 3-grading
the one with the h-th node marked and n = 2h, we have that Ad(A, AR) is of type
su(n,n). We conclude that the map (54, ;, is a O-involution of p(n) and is also the
only one, up to equivalence. Since ), commutes with 154, ;,, we have that (15,1, ©
§:)> = 8_1,1.€. Lgnn o 8 is a grade-reversing 1-involution, and since there is only

one equivalence class, the proof is complete. O

Proposition 8.9. Let g = q(n)s. A complete list, up to equivalence, of grade-reversing

e-involutions of g is the following:

€e=0:155s, N =2s;

e=1:1o 617 $T2s,2n,25,2n © 61'.7 s,mc 2N.

Proof. The automorphisms of g are of the form Ad(Diag(A,A)) or Ad(Diag(A,A))o
T0d;, A € GL(n,C). Let 0 = Ad(Diag(A,A)). Since the g5 = sl(n,C) has the 3-
grading given by the Dynkin diagram with the s-th node marked and o is an inner
grade-reversing involution of gg, we have that oj is of type su(n,n) and n = 2s.
Thus, the automorphism g,  is the only 0-involution of g, up to equivalence.

Let Ad(Diag(A,A)) o To §;. In this case we get that the o is an outer grade-
reversing involution of sl(n, C), hence either of type sl(n,R) or, if n € 2N, sl(n, H).
Since, as it was shown previously, (T o 5{)?> = 6_1, wehave that c = to06; and 0 =

S$Tos,2n,25,2n © O; are grade-reversing 1-involutions of q(n). The rest follows. O

8.2 e-involutions of exceptional Lie superalgebras

In this subsection we give the grade-reversing e-involutions of the exceptional

Lie superalgebras in terms of their action on the even part, whereas the action on
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the odd part is explicitly described in the proofs.

Proposition 8.10. Let « € C —{0,—1,1,—2,—1} and g = D(«) with the 3-grading of
Proposition 7.1.8. A complete list, up to equivalence, of grade-reversing e-involutions of g

is the following:

e =0:]J]JId222 = Ad(J2) x Ad(J2) x Ad(Id2);
€ — 1 . ]]]2’2,2 = Ad(]g) X Ad(]g) X Ad(]g) .

Proof. Let x € C—{0,—1,1,—2,—31} and suppose « # 1(—1+ +/=3). The automorph-
ism group of gis Aut(g) = SL(2,C) x SL(2,C) x SL(2, C) with the action on g; given
by the i-th SL(2, C) acting on a; = s1(2,C),i=1,2,3.

Let 05 = Ad(A;) x Ad(A2) x Ad(A3) be a grade-reversing involution of g5. Since
ai,i=1,2is 3-graded, Ad(A;) and Ad(A;) are grade-reversing involutions of type
sl(2,R), while Ad(A3) can be either of type s1(2,R) or the identity. Let A; = Ay =]
and Az = Id; or Az = Js.

We define the extension of o to g by setting
07(vi ® va ®v3) = A1(v1) ® Az(v2) ® As(vs).

We show that o is, in fact, an automorphism of g. Let a; € a;,vi,w; € V;,i=1,2,3.
Indeed we have [o(a; + as + a3), 0(vi @ v ®v3)] = o([a; + as + a3, vi @ va @v3]). Note
that each A; is an isometry of the symplectic product (,);, since AlJ,A; = J,, and
that

Wi(Ai(vi), Ailwi))(u) = A (Agwi), w)jAi(vi) — (1, Ai(vi))jAi(wy) )
= MA( (wi, AT W) v — (AT H W), vi)ywy )
= Ai(Yi(vi,wi))A ).

From this fact and the definition of the product of odd elements, e.g. Equation (7.2),
it follows that [o1(vi ® Vo ® v3), 01(W1 @ Wo @ w3)] = 05([Vi ® Vo ® V3, Wi ® Wy @ W3],
Finally, we have that JJIds 22 = Ad(J2) x Ad(J2) x Ad(Id), resp. J]J222 = Ad(J2) X
Ad(J2) x Ad(J2), is a O-involution, resp. 1-involution. They are also the only ones,
up to equivalence, by the real form argument, Lemma 8.1 and the fact that g7 is
irreducible.

If x = %(—1 +1/—3) we also have to consider the outer automorphisms generated
by d; which acts as the permutation (1 2 3) on the simple components of g5 (see [50]).
Since dj is not grade-reversing nor grade-preserving the equivalence classes of the

grade-reversing e-involutions are left unchanged. O
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Theorem 8.11. Let V = Vg Vi, with Vg = CaC, Vi = C?and let o« € C—{0,—1,1, -2, —1}.
We define
o,: V=V, p=12 (0,)=-1d, (o,)i(w) =]5"

Let X, Y,z V,x = (ambmwx);y = (ayabyawy)az = (alvblvwz)a with
Ay, Gy, @z, by, by, b, € C, wy, wy, W, € C*and set w), = (07,) 1(wy).

The super space V with triple product

(y,2)p = [ —2axaya: —af(wx, wi)jaz — (wz, wi)jax + (W, wz)jby)
—2bxbyb, — ((Wx, Wy )b, — (W2, wy)1by + (Wi, w2 )jay)
—(axay +byby)w, + (aay + b, by Jwy + (ayb, + bya, )w ;—
Giwy) )
(8.4)
is a K-simple 0-s]TS if p = 1 and 1-s]TS if p = 2 with associated Lie superalgebra D(x).

1+“((qu )Iwz - (WZ7W{J)]WX + (WX,W

Proof. Let o,,,p = 1,2, be the grade-reversing e-involutions of g = D(«) defined in

Proposition 8.10, namely oy = JJIds 22, 02 = J]J220. If we identify g.; with V via
ae(i+) + be(gi) FWersr) QW — ((1, b,W) ,

we have that, under this identification, o}, acts on the elements of g, by o;,. The
triple product of Equation 8.4 is the triple commutator of [[x, o}, (y)], z], by our iden-
tification of g_; with V and Equation 7.4. Hence, by Theorem 4.11, the statement
follows. [

Proposition 8.12. Let g = F(4) with the 3-grading of Proposition 7.1.9. A complete list, up

to equivalence, of grade-reversing e-involutions of g is the following:

e=0:]S, = Ad(J2) x Ad(Sp7),p=1,2;
e=1:JS, = Ad(J2) x Ad(S7) .

Proof. The automorphism group of g is Aut(g) = SL(2,C) x SO(7,C). Let 05 =
Ad(A) x Ad(B) be a grade-reversing involution of gj. Since the simple subalgebras
sl(2,C) and so(7, C) are both 3-graded (see Definition 7.12) , Ad(A) is of type s1(2, R),
while Ad(B) is of type so(p,7—7p),p =1,2,3. Thus, A=J,and B=S,7,p=1,2,3,
are all the inequivalent grade-reversing involutions of g5, up to equivalence in gg
(i.e. conjugation by grade-preserving automorphisms of gg), since the choices for B
have different spectrum.

Let o be the extension of o to g (cf. [27, Proposition 1.1.1]), which, by Lemma

8.1 and the fact that g7 is irreducible, is unique up to composition with 5.,. Let E be
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the grading element of g and consider the adjoint action of E to gg.It follows at once
that E is also the grading element for the 3-grading of g5. As a consequence, o(E) =
05(E) = —E, which proves that o is grade-reversing. Furthermore, (0%); = 0% = Id
implies that (02); = o2 is a gg-modules isomorphism. With the same arguments
used in the proof of Lemma 8.1, we conclude that 0% = +Id. This proves that any
extension o of g is a grade-reversing e-involution. Together with our arguments on
the equivalence classes of o, these facts conclude the proof, since, in this case, equi-
valence in g is completely determined by equivalence in g3, as previously discussed.
The following part is devolved to the explicit description of the extensions of o.

Let vol, € Ct(U),vol, = %(ul —ui) (U —up ) (up —up),p = 1,2,3. We

define the extension of (o,) 5 to g by setting
(op)i(v®s) =Jav@vol,os, if (0,)5=Ad(J2) x Ad(S;7), (8.5)

wherev ® s € C? ® Spin;.
We prove that (0},)1([g9,91)) = [(0p)0(g0), (0p) 1(g1)]. Let (X,Y) € ggand v s €
C? ® Spiny, then

(op) 1 (X, Y),v®s]) = (0p) 1(Xv @ Y(s)) = JaXv @ vol, o(Y(s)) .

It follows immediately that [oXv = J2X]J; ' Jov = (Ad(J2)(X))]J2v. Hence, we need to
prove
vol, o(Y(s)) = Ad(Sy,7)(Y)(vol, os).

Notice that the twisted adjoint of vol, covers S, 7. Indeed, if k < p, we have

Adyor, (ux) = (—1)P vol, ug vol ! =

= (1P A —uf) - (- ug) o (up — ud
(W —uj) - (e —ug) - (up —up) =

= (-1) "*‘”’]2%(uk—uk)uk(uk—uk)
((w ) S =g ) (e —ui ) - (up —up))? =

= (1) - uwe(we —up) =

= (1) 2”>;ukukuk=

— uk’

where we used the fact that (u; — *)2 = —21 and Vol2 =(=1)" e Similarly one

gets that, if k < p, Advol (up) = ux. If k > p, then Advol (ux) = u and Advol (up) =
uf, by anticommutativity. Note that via our identification of so(7,C) with A%(U),

the adjoint action of S, 7 on A%(U) is given by Ad(S,7)(x) = Sp7(wi) A Sy 7(us), if
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x € so(7,C) corresponds to u; Aus € A%(U). It follows that

(op)iluAv,s] = vol,o(3(uv —vu) o)
= l(vol,(uv—vu))os
= 1(((=1)P vol, wvol ") ((—1)P vol, v vol " vol,)) o s
—1(((=1)P vol, vvol, ') ((—1)P vol, wvol * vol,)) o s
= 3(Sp,7(W) A (Sp7(v)) o vol, 0s =
= [(op)o(uAv), (op)1(s)].

We turn our attention to [(0},)1(g1), (0p)1(g1)]. Suppose vol, is an isometry of
(,)s. Then

[(op)1(v®s), (op)1(w®t)] = (vol, os,vol, ot)gWa(Jav, Jow)+
—3(Jav, Jaw) aWg (vol,, os, vol,, ot) =
Ad(J2)((s, t)sYA (v, w)) — 5(v, W) a¥g (vol, os, vol, ot)

and
Wi (vol, os, vol, ot) = 3 _(vol, os, —xt - (vol, ot))px =
er , (vol,) ' o (—xt - (vol, ot)))px =
2 xen(s; (Ad(Sp 7)(—xY) . t)px =

= Zyeg/f( ,—yt t)BAdA(Sp7)(y) = Ad(Sp,7) (We(s, 1)),

with B” the basis of so(7,C) consisting of the images of elements of the basis B
under the action of Ad(S, 7). Hence if vol, is an isometry o, is a grade-reversing e-
involution. The fact that vol, is an isometry follows since () is an admissible form

with invariants (—1, 1) on Spiny.

P(p+1

Since voli =(—1) and J3 = —1 we obtain that (0},) isa O-involutionif p = 1,2

and a l-involution if p = 3. O

Theorem 8.13. Let U’ denote C* with the scalar product with matrix Ss, S denote A*W'’
and let V- = Vg @ Vi, with Vg = Co W, Vi = S, volj = 1,voly = M222) voly =

% (“3\;5‘%), vol,, € CL(U'), p = 1,2, 3, with the notation introduced in Remark 7.13. Let

X)yvz e V) X = (aX7uXJSX)7U = (ay7uy7sy)’z = (GZ,UZ,SZ), aX7 ayaaze C7u/x’uy,uz 6

U, sy, sy, s, € Sand let

o (y) = (—ay, —Sp_1,5(uy), VOI; 08y) .
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The super space V with triple product

(x,y,2)p = ( —2(ayaya; + (ays; — azsy, (volj osy))p:)+
+\/_ Sza p—1,5 uy))o(sx))B’

_((uX7 (Spfl,S(uy)))uz + (u27 (Spfl,S(uy)))ux_
_(umuz)(sp 15( )))

+3 aylyu’(SXaSz)‘F (86)

+ 292 (W (s, 1z © (vol; 08y )) — Wur (52, 1y © (vol;, 05y)))
_ay (axsz + azsx) - \/Li(azux + axuz) (VOl Osy)
_%((ux(sp—lﬁ(%))) 08, + (uz(sp—1,5(uy))) © Sx)

_ng’(Sxa (VOI;) Osy)) “Sz+ %(Sxa (VOI;) Osy))B’SZ )
is a K-simple 0-sJTS if p = 1,2 and 1-s]TS if p = 3 with associated Lie superalgebra F(4).

Proof. It follows from the realization of g = F(4) given in Remark 7.13 and the fact
that the grade-reversing e-involutions of F(4) defined in Proposition 8.12, namely

op,p = 1,2, 3, act on the generic elementy € g_;,y = ayf + uy Auj +v_ ® sy, by

012 0p(y) = Ad(J2)(ayf) + Ad(Sp 7)(uy Auj) +J2(v-) ® vol, o sy
= —aye—w NSy 15(uy) + v @up Avol os,, .

If we identify g1 withC @ U’ & A*W/, via af + uAuj +v_ ® s — (a,u,s) and
ae+u; Au+v, ®u As — (a,u, s), then, in these new coordinates, o}, corresponds to
o,,. Exchangingy with o7, (y) in Equation 7.8 we obtain the triple product of Equation
8.6 and, due to Theorem 4.11, the statement follows. O
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