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1 Introduction 
 

Huge improvements in seismology were driven in the last centuries by the 

availability of powerful computers and by the progress in the digital technology, 

which permitted to verify complex mathematical models and to analyze a large 

amount of data with the modern approaches of signal processing. Recently, a 

further burst to this discipline, was given by the installation of high-quality 

permanent and mobile digital networks of seismic stations displaced all over the 

world.  

While in the past seismologists theoretical, numerical and experimental 

approaches from other disciplines, today seismology is not only aimed at 

understanding physics of the earthquakes, but their methods are exported in 

oil/gas industry to seek for natural reservoirs, in the structural engineering, to 

build structures that can avoid or limit the damage due to the ground shaking, 

and also for monitoring purposes. Moreover, concepts developed in seismology 

can be found in applications where non-invasive approaches are required, e.g. in  

echography, where the image of the inner parts of the human body are retrieved 

from the backscattered wave field, in aerospace industry to detect some micro 

fractures and small defects not observable at visual inspection, in helioseismology, 

were the sun can be investigated  from noise cross-correlation. (Dainty et al., 1981). 

All these disciplines share a similar mathematical framework concerning waves of 

different nature, propagating inside complex media, and the knowledge of the 

propagating speed and how this deforms the wave amplitude is a common road 

to learn about the structure of the medium crossed by the waves and its time 

variation. 

 One of the most important applications in seismology is the monitoring of natural 

areas, or structures. In the first case, a dense network of receivers is displaced 

around the region of interest and using a continuous data acquisition, variations 

in the waveforms are analyzed to track changes in the physical properties of the 

medium. For instance, before and after an earthquake occurrence the wave 

velocity into the medium might change, owing to the interaction between the 
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rupture and the surrounding medium. If some physical conditions vary when the 

faulting zone is approaching to the failure, such variations can be used as a proxy 

for the earthquake occurrence (Brenguier et al., 2008). Many efforts are made to 

apply monitoring methods in volcanic areas to detect variations in the physical 

state of magmatic chamber. However, this application is a great challenge, 

because the magmatic chamber is a multiphase system and it is not 

straightforward to associate variations in some parameters to the magma ascent. 

Moreover the magma chamber is a low-velocity zone with respect to the 

surrounding medium, and its exploration could suffer of poor ray coverage, which 

decreases the quality of the information (Brenguier et al., 2008). 

At shallower depths, the subsoil monitoring is intimately connected with the 

energy production. Oil extraction of, the natural gas storage, and geothermal 

energy imply the injection of over pressured fluids that can induce earthquakes 

with a magnitude as large as 5.0 or more. The aim of the monitoring is the 

detection of a critical state of the system that may approach to the failure, allowing 

to stop or reduce the extraction activity. The structural monitoring deserves to 

detect variations in the health status of a structure by means of thermal, ultrasonic 

or electromagnetic methods (Doherty et, 1987), which highlight structural 

anomalies. In addition, methods typical of the seismology such as the coda wave 

interferometry or the measurement of the ambient noise can be applied to track 

variations in the wave velocity that reflects the presence of damage in specific 

areas of the building. 

In this framework, the experiment RICEN (Repeated and InduCed Earthquake and 

Noise) has been designed at Solfatara (Festa, 2015), to monitor and track the 

variations in the elastic properties of the medium through repeated observations 

over the time. The Solfatara is a volcano of the Campi Flegrei caldera, where there 

is a strong hydrothermal activity, whose intensity varies over the time. Because of 

the volcanic nature of the investigated area, the Solfatara is a highly 

heterogeneous medium, where scattering properties are expected to be 

dominant. Indeed the application of standard imaging techniques may be limited, 

and methods exploiting data from dense array are more suitable. In this 

experiment, the source-receiver configuration involved 240 receivers and about 

100 sources. The large number of sources and receivers allow for data gathering 
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to obtain an enhancement in the signal to noise ratio and a more robust estimator 

for the average properties of the medium. Moreover, the density of the network 

allows to recover small wavelengths, which are more sensitive to the anomalies 

embedded in the medium and to their variations. 

The scientific results presented in this thesis are mostly oriented to the discussion 

about the experiment RICEN, although some connected activities, which use 

similar methods are also discussed. The thesis is composed of four parts: 

- In the first chapter, we provide some elements of the continuum 

mechanics. We start with the definition of the strain and stress tensors, 

through the second principle of the dynamics, and after introducing the 

elasticity, we write the elastodynamic equation. We discuss the solutions 

of the equation, their properties, and how they interact with the interfaces. 

We describe the surface waves their dispersion characteristics, and how it 

is possible to estimate the phase and group velocity dispersion curves. 

Once the generation and the propagation of the seismic waves has been 

addressed, we focus on what can modify a propagating wave. Therefore, 

we dedicate a section to the scattering and the inelastic attenuating 

properties of the medium. From the scattering properties of the medium 

we describe the physical processes involved in the seismic coda generation 

and the different scattering regimes, which can be met in a more or less 

heterogeneous medium.  

 

- In the second chapter, we will describe the volcanic system located close 

the city of Naples: the Campi Flegrei caldera. We specifically focus on one 

of the most active points of such a volcanic area: the Solfatara. This place 

is the top of the hydrothermal system and therefore a large amount of gas 

emission is recorded. Moreover, since the Solfatara is a highly 

heterogeneous medium, it is a suitable place where testing non-standard 

imaging techniques which make use of ballistic waves. We focus on this 

area because here the RICEN experiment was performed. In this chapter, 

we will summarize all the information we have on this place. 
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- In the third chapter, the experiment RICEN is explained. Moreover, the 

different phases are shown, from the data acquisition to the data 

processing to retrieve the Green’s function. After, we describe the different 

steps required to determine a three-dimensional model in term of S-waves 

velocity of the investigated area. Since receivers and sources are located 

at the surface, the seismograms are dominated by surface waves, 

therefore we measure the dispersion curves for the phase and the group 

velocities. We face the problem of splitting the receiver gird in smaller 

subgrids where it is possible to apply a 1D approximation. In this way, using 

the software GEOPSY (Whatelet et al., 2004), we recover layered models 

for each subgrid. The collection of all these models provides the three-

dimensional structure of such area. 

The Solfatara is a highly heterogeneous medium because of the presence 

of gas and water sacks, stratification of rocks having different elastic 

properties and a seismic wave propagating in such medium it is subjected 

to numerous scattering events. In such a medium, it is not possible to 

localize the scatterers but we are able to compute some statistical 

parameters of the scattering process. We discuss the estimate of the mean 

free path (MFP), from the ratio between the coherent and incoherent 

intensities (Roux and De Rosny, 2001), and the transport mean free path 

(TMFP). We also infer some mechanical properties of the scatterers 

through the inversion of the MFP curve as a function of the frequency 

using the theoretical model of a cylindrical anomaly.  

- In the fourth chapter, we will face the interferometry. In the first section we 

will introduce the coda wave interferometry (CWI), starting with the 

definition and the properties of the seismic coda.  We will see that the 

coda is not a completely random process, but it is composed by waves 

which travelled for longer times into the medium, and becoming  sensitive 

to the smallest variations occurred into the medium (Snieder, 2006). We 

can take advantage from these properties and use them to measure the 

variations in the wave velocity of a monitored structure. Specifically, we 

measure and quantify the velocity variations suffered by a progressively 

damaged bridge (Ratdomopurbo and Poupinet, 1995). 
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Subsequently, we briefly discuss the theory of the ambient noise cross-

correlation and the assumptions under which the cross-correlation 

function converges to the Green’s function between a couple of stations 

(Shapiro and Campillo, 2004). We cross-correlate three year of ambient 

noise acquired at the stations of the seismic network ISNet (Iannaccone et 

al., 2010). Moreover, from the recovered Green’s function, we measure the 

group velocity and finally we retrieve a three-dimensional model of the 

investigated area.    



6 

 

2 Mechanics of elastic waves 
 

2.1 Elements of continuum mechanics 

 

Different materials form the Earth, most of which are silicates, iron, nickel and 

chemical compounds of these elements, subjected to different pressure and 

temperature. They behave in a different way under external load. In general, the 

Earth responds elastically if the load perturbation acts for a small time, as in the 

case of earthquakes, whereas it has viscous behavior if long period forces are 

considered, e.g. the convection in the mantle. Earthquakes are transient 

phenomena, at least far from the source: particles crossed by seismic waves move 

from their equilibrium position and start to oscillate around it, the amplitude of 

the oscillations decay with the time because of the inelastic attenuation. 

Therefore, it is possible to assert that the Earth behaves as an elastic solid at in 

the whole time scale of earthquakes, ranging from several seconds (body waves) 

up to some days after the occurrence of the earthquake (free oscillations of the 

Earth), this latter being the case of the earthquakes having higher magnitude 

(M>8). 

The easiest way to describe elastic phenomena is the well-known Hooke’s law. It 

establishes a linear relationship between the force acting on the considered body 

and the associated small deformations, through a constant depending on the 

material. The Hooke’s law is not able to take into account the different conditions 

that single particle can undergo along different directions. The particles could be 

stretched and compressed at the same time, moreover also the elastic response 

of the body could be different along the different directions. To fully describe such 

kind of physical phenomena, a new tensor formulation for the elastic 

deformations has been developed. This formulation makes use of the formalism 

of the continuum mechanics with the Lagrangian approach, where a particle is 

labelled at the initial time and its evolution followed. This approach is the most 

natural for seismology because the seismogram, that is the prince object of this 
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discipline, is the recorded motion of the Earth particle on which the instrument is 

located. 

 

2.1.1 The strain tensor 

 

The motion of a rigid body is fully determined knowing the motion of the mass 

center and how the Euler angles evolve with time; six parameters are sufficient for 

this description because a rigid body can undergo rotations and translations. In 

the case of a deformable body, we should know the position of each point 

constituting it, this making the problem cumbersome and unsolvable also using 

modern calculators. This situation can be duped thanks to the theory of the 

elasticity. 

The elasticity takes into account the internal deformation of the body; to describe 

the deformation we need to know the relative position of two points in the initial, 

B0, and final configurations, Bt. We can identify with ξ and ξ+dξ two near points 

in B0 and with x and x+dx the same points in Bt (Figure 2-1). If we call χ, the 

transformation from the initial configuration to the actual one, we have: 

 ( ) ( )d d    x ξ x x ξ ξ   (2.1) 

therefore, the differential dx as function of dξ is: 

 i
i j

j

dx d









  (2.2) 

i and j are the coordinate axes: 1 ,2 and 3. The lengths of the elements dx and dξ 

are respectively dl and dL, so using the relation (2.2) and posing F=∂χi/∂ξj: 

 
2 2( ) ( ) ( )i i j j ik il kl l kdl dL dx dx d d F F d d           (2.3) 

posing again C=FTF, the previous relation can be written as: 

 
2 2( ) ( ) ( )kl kl l kdl dL C d d       (2.4) 

where C is called Cauchy right tensor. If C=I there is no deformation. 
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Instead of considering the position of two points and their evolution, we can 

evaluate the displacement u: 

     u x ξ x ξ u   (2.5) 

 

 

Figure 2-1: Representation of a deformable body in the initial, B0, and actual configuration B1.  

 

Deriving it, making use of the relation (2.2), calling H=∂ui/∂ξj the equation 

becomes: 

  F I H   (2.6) 

This last relationship allows us to rewrite C as function of H: 

 ( )( )T T T T       C F F I H I H I H H H H   (2.7) 

In the approximation of small deformations, which works well in most of practical 

applications, we can neglect higher order terms, therefore: 

 T  C I H H   (2.8) 

Moreover, the following relationship also holds: 
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i i k i k i

kj

j k j k j j

u u x u u u

x x x


  

      
           

  (2.9) 

The small deformation approximation allows us to replace the derivation with 

respect to ξ with that with respect to x. This statement is fundamental in the 

formulation of the deformation because we can define the strain tensor in the 

actual configuration: 

 
1

2

ji
ij

j i

uu

x x


 
     

  (2.10) 

the equation (2.4) can be reviewed as follows: 

 
2 2( ) ( ) 2 ij i jdl dL d d      (2.11) 

Starting from the eq. (2.10), we can analyze the components of ε. We choose two 

vectors dα and dβ respectively along the directions 1 and 2: 

 1 2( ,0,0) (0, ,0)d d d d  α β   (2.12) 

following the relation (2.2), in the actual configuration the vectors are: 

 1 2

1 2

i i
i ida d db d

 
 

 

 
 
 

  (2.13) 

and in term of components for the (2.6) we can write: 

 3 31 2 1 2
1 2

1 1 1 2 2 3

1 , , ,1 ,
u uu u u u

d d d d 
     

      
     

        
a b   (2.14) 

Now we can compute the square modulus of the vector da and neglect the terms 

to second order: 

 
2 21

1

1

1 2 ( )
u

d d d d


 
    

 
a a a   (2.15) 

using the Taylor expansion, it descends: 



10 

 

 

1

2
1

1 11 1

1

1 2 (1 )
u

d d d  


 
    

 
a   (2.16) 

or more explicitly: 

 1

11

1

d d

d









a
  (2.17) 

ε11 represents the relative compression or stretching along the 1-st direction. Of 

course the same discussion can be repeated for the other components; therefore 

the diagonal elements εii represent the relative compression or stretching along 

the 1-st, 2-nd or 3-rd directions respectively. To understand the elements out of 

the diagonal we can use the same approximation as before and compute the 

scalar product: 

 12 1 22d d d d   a b   (2.18) 

We also know that alternatively the scalar product can be written involving the 

cosine of the angle between the two vectors, therefore: 

 12 11 22 1 2 12cos (1 )(1 ) cosd d d d d d         a b a b   (2.19) 

comparing the equations (2.18) and (2.19), and neglecting higher order term: 

 
12

12

11 22

2
cos

1




 


 
  (2.20) 

Finally, we can expand the denominator obtaining: 

 
12 12

1
cos

2
    (2.21) 

The same holds for other components, and in conclusion the elements out of the 

diagonal, εij with i≠j, are related to the shear deformation of the body since they 

are proportional to the cosine of the angle between the i-th and the j-th direction. 

By definition, ε is symmetric. 
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2.1.2 The stress tensor 

 

Two kinds of forces act on a deformable body: body forces and contact forces. 

The first ones arise from the presence of an external force field, e.g. gravitation 

and electromagnetic fields; they are indeed proportional to the volume of the 

body; Contact forces act at the surfaces of a body and are linked to the molecular 

interaction, therefore they are short-range forces. We can subdivide the body in 

small elements of volume dV having small external surfaces ΔA, on which the 

force ΔF acts. We can define the traction vector as: 

 
1 1 2 2 3 3

0
ˆ ˆ ˆ ˆ( ) lim

A
T T T

A 


   



F
T n x x x   (2.22) 

It is a force acting on the surface element of the volume dV having normal 𝒏̂. 

Choosing a suitable reference system, we define: 

 

1

1

1

1
11

0
1

2
12

0
1

3
13

0
1

lim

lim

lim

A

A

A

F

A

F

A

F

A







 

 

 
















  (2.23) 

where σij are the components of the stress tensor σ and the elements of the force 

are defined as: 

 1 1 2 2 3 3
ˆ ˆ ˆF F F    F x x x   (2.24) 

The first subscript in σij is related to the direction of the normal at the considered 

surface, i, whereas the second one, j, is the force direction (Figure 2-2). It is 

possible to demonstrate, starting from the forces balance acting on a tetrahedron 

with three faces parallel to the coordinate planes, that the relationships linking the 

traction acting on a surface and the normal of the same surface are: 

 ˆ( , , )i ij jT t nx n   (2.25) 
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it means that the traction T and normal at the surface 𝒏̂ are linked by the stress 

tensor σ. Finally, it also possible to observe, using the conservation of the angular 

momentum, that σ is symmetric (Lay and Wallace, 1995). 

 

 

Figure 2-2: Components of the stress tensor acting on the element of volume dV. 

 

2.2 The linear elasticity: the elastodynamic equation 

 

We can imagine a continuous body like a discrete medium composed by a large 

number of small elements of volume dV. The second principle of dynamics for a 

continuous medium is: 

 
V V S

d
dV dV dS

dt
    v f T   (2.26) 

The force contribution is split in a term of body forces acting on the volume dV 

(f) and in a term of forces acting on the surface of the elements of volume (T). In 

the equation (2.26) we can substitute the traction T with the (2.25). Considering 

the density ρ not dependent on time, the Stokes’s theorem and assuming that 

the equation is verified for any volume, we obtain: 
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d

dt
  

v
f σ   (2.27) 

This equation is called the equation of motion for a continuum system. In order 

to derive the equation that governs the elastodynamic phenomena we need to 

introduce a relationship where the displacement or its derivatives appear. In 

literature, many laws relating the stress tensor to the strain one are present, 

usually indicated as constitutive laws. They are more or less complicated relations, 

in order to explain the different behavior of materials due to pressure, 

temperature, saturation and the past history of the material. In general, for our 

applications, if we want study phenomena away from the seismic source and 

under small deformations a linear elastic behavior holds. The term “elastic” means 

that a body under a load is instantaneously deformed, after removing the load, it 

instantaneously returns to the initial configuration. The most simple and general 

constitutive law is: 

 :σ c ε   (2.28) 

or in term of components: 

 
ij ijkl klc    (2.29) 

where cijkl is a fourth order tensor called the stiffness tensor; it should have 81 

independent components, but from the symmetry of σ, σij=σji, we have cijkl=cjikl, 

from the symmetry of ε, εkl=εlk, we have cijkl=cjilk, and from the symmetry of 

elastodyanmic energy form we also have  cij=cklij. Finally c is symmetric with 

respect to the exchange of all the indices and only has 21 independent 

components. For most of the rocks modelled in geophysics the isotropy 

approximation can be assumed, with this further simplification we only have 2 

independent coefficients, with the exception of the Earth mantle where 8 

coefficients are required. The independent constants λ and μ are the Lamé 

coefficients and allow to write the (2.29) as follows: 

 2ij kk ij ij       (2.30) 

The first one coefficient λ has no physical meaning, whereas the second 

coefficient μ is the shear modulus and it is the link between the shear stress and 
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the shear deformation: σij=2μεij with i≠j. For a fluid μ=0 because no resistance to 

the shear stress is observed, whereas the higher μ the smaller the deformation. 

From combination of λ and μ, other parameters can be defined, such as the 

Young’s modulus, the Poisson’s ratio and the bulk modulus. 

To obtain the elastodynamic equation, we have to introduce the elasticity 

condition in the equation of the dynamics. Therefore we can put the generalized 

Hook’s law (2.30) in the eq. (2.27). Considering a homogenous medium, where 

the Lamé constants are independent of the considered point, and using the vector 

identity ∇2(u)= ∇(∇· (u))-∇ ×∇× (u), we obtain the elastodynamic equation: 

 ( 2 ) ( ) ( )          u f u u   (2.31) 

The elastodynamic equation is valid for the theory of the linear elasticity and it 

describes the motion of a particle in a homogeneous and isotropic body under 

small deformation.   

 

2.3 Wave-like solutions 

 

To understand to which kind of motion are submitted particles whose evolution 

in time is described by the elastodynamic equation we need to manipulate 

equation (2.31). Moreover, since we are interested in the motion after it has been 

induced by the source, we will focus on the propagation of the energy, while 

discarding the forcing term and considering the homogeneous equation. 

Applying the divergence at both members of the (2.31), considering the 

properties of the nabla operator: ∇ ∙ ∇= ∇2 and ∇ ∙ (∇ × 𝐮) = 0, and under 

appropriate regularity assumptions, we can invert the order of spatial with the 

temporal derivation: 

 
2

2

2

( ) 2
( )

t

 



  
  



u
u   (2.32) 

Now, applying the curl operator at the equation (2.31), and using ∇×∇u=0 

property, we can recover: 
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2

2

2

( )
( )

t





 
  



u
u   (2.33) 

The equations (2.32) and (2.33) are respectively the scalar wave equation and the 

vector wave equation. Since these results directly descend from the elastodynamic 

equation, in an uniform, infinite isotropic solid is loaded by an external 

perturbation, the energy propagates inside the medium as two wave- modes with 

different velocities. 

 

2.4 P- and S-waves 

 

In this section, we want to study the nature of the motion associated to the 

propagation of the energy inside the medium. We are authorized to use as a test 

solution, as discussed in the previous section, a wave-like solution; moreover, 

without loss of generality and to simplify the mathematical treatment, far away 

from the source, we can approximate the wave front as a plane wave: 

 ( )( , ) i tt e    k x
u x U   (2.34) 

The above solution represents a monochromatic wave propagating along k 

direction. We can substitute it in the (2.31), yielding an algebraic equation in the 

domain of the frequencies, (ω), and wave numbers, (k). This equation is reached 

using the relations: 

 ; ; ;i i i           u k u u k u u k u   (2.35) 

The symbol  refers to the tensor product. Than we obtain: 

  2 2k        U k k 1 U   (2.36) 

which can be easily connected to an eigenvalues problem: 

   21 ˆ ˆ c  

    
 

k k 1 U U   (2.37) 

where c= ω/|k| and 𝒌̂ = 𝒌/|𝒌|. 
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Choosing a coordinate system with the x-axis along the propagation direction of 

the plane wave, the unit vector of the wave number is reduced to 𝒌̂ = (1,0,0), 

and remembering that ab=aTb, the first member of the equation in matrix form 

can be written as follows: 

 

0 0 1 0 0 2 0 0
1 1 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

   


  



      
     

      
     
     

  (2.38) 

We have a first mode along the direction of propagation of the wave (x-axis) and 

a second one with double degeneration, orthogonally to the propagation 

direction (y and z-axes). Moreover for the properties of the vector product k×u=0 

and the scalar one k·u=0, using the analogy between the wave numbers domain 

and the space one it is verified that the first solution is curl free, while the second 

one is divergence free. We can define: 

 0P S   u 0 u   (2.39) 

and replace the two field of displacement, uP and uS,  separately in the (2.31), 

leading to: 
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2 2

2 2

2 ) SP
P S

t t

  

 

  
   

 

uu
u u   (2.40) 

They both satisfy the wave equation and propagate inside the medium, hence 

they are referred to as body waves (Figure 2-3). Looking at the two wave 

equations, the longitudinal waves propagate inside the medium faster than the 

transversal ones. It Is well known that after an earthquake, far enough form the 

source, the P-waves arrive first at a given target point, this characteristic being 

exploited in all the earthquakes early warning systems, to mitigate the damages 

due to the more energetic late S-waves. Furthermore, the double degeneration 

of S-waves means that they can induce displacements in two mutually orthogonal 

directions. These directions are also orthogonal to the direction of propagation 

of the wave. They are called SV and SH waves: The SV wave propagates in the 

vertical plane containing the source and receiver, while the SH in the direction 

orthogonal to the vertical plane. 
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Figure 2-3: Longitudinal (on the top) and transversal (on the bottom) deformations induced by 

the P-wave and the S-wave respectively on a material block. 

  

 

2.5 Surface waves 

 

2.5.1 Rayeigh waves 

 

The wave front is the set of points of the space reached by the perturbation at 

the same time. To follow the propagation of a wave rather than looking at the 

wave front it is possible to draw locally the curve normal to the wave front; this 

curve is referred to as the ray. In agreement with the ray theory when a P-wave 

meets an interface between two materials with different velocity of propagation, 

it is reflected and transmitted as P-wave and converted in S-wave , in order to 

preserve the boundary conditions at the interface (continuity of the traction and 

the displacement). The same occurs for the S wave. To describe the behavior of 
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a seismic ray at the interface, the well-known law of the geometrical optics, the 

Snell law holds: 

 
sin( )i

k
c

   (2.41) 

Here i is the incident angle defined with respect to the normal to the interface, c 

is the propagation velocity of the wave in the medium and k is a constant. It is 

trivial to demonstrate, that incident and reflected P-waves (S-waves) have the 

same angle with respect to the normal. In the case of converted/refracted phases 

the ray approaches or moves away from the normal if the wave velocity is higher 

or lower than the incident one, respectively (Figure 2-4). Following the same 

argumentation as before, in a medium where the velocity increases with depth, 

rays will move away from the normal, when they deepen, while they approach it 

when going toward the free surface. This situation is typical in the Earth; because 

of the lithostatic load, the Lamé constants increase faster than the density; this 

also explains the characteristic shape of seismic rays and why P-waves have a 

dominant component on the vertical component of seismometers and S-waves 

on the horizontal ones.  

Let us consider the free surface of the Earth, the velocity of the P-waves in the 

Earth is higher than in the air and in this last there are not S-waves. If an SV-wave 

arrives at the surface, a reflected SV-wave is generated with an angle that is the 

same of the incident wave. The converted P-wave deepens with a larger angle. 
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Figure 2-4: P- and S-waves rays approach or move away from the normal passing from a slower 

(1) to a faster (2) medium. With c we indicated the velocity, with the subscripts the kind of waves 

and with the superscript the medium. 

  

Therefore, there is a critical angle for the existence of the P-wave:  

 
sin( ) sin( 2)

arcsin( )
S

Si S
i

S P P

c

c c c

 
     (2.42) 

Beyond this angle, conversion in evanescent surface waves takes place. To 

investigate the properties of the surface waves we can consider a monochromatic 

plane wave, u(x,t)=Uei(kx-ωt). This representation is general because any wave can 

be considered as linear combination of plane waves: 

 ( , ) ( , ) i tt u e d





 

ω
u x x ω   (2.43) 

In a reference system like figure 2-5 k is decomposed as: 

 (sin( ),cos( )) ( , )i i xk p
c


       (2.44) 

where we have used the relationships: c=λν then c=ω/k, and we have defined: 

 
sin( ) cos( )i i

xp
c c

 
    (2.45) 
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Figure 2-5: Wave number projection in a system having the x1-axis parallel to the interface and the 

x3-axis orthogonal to the interface. α is the incident angle between k and the normal to the surface.  

 

As stated by the Lamé theorem, we can represent the P and S-wave propagation 

by means of a scalar and vector potentials ϕ and ψ. To satisfy the propagation of 

the S-wave in the vertical plan, the potential must have component just along y-

axis, such that: 

 ( )x Si p x z t
e
  

ψ U   (2.46) 

Therefore, remembering that uS= ∇× ψ we have: 

 ( ) ( )
( , ) ( , )x S x Si p x z t i p x z t

Si x S Sr x Si U p e i U p e
         

  u u   (2.47) 

respectively for the incident and reflected S-wave. Similarly it is possible to define 

the scalar potential in order to recover the displacement induced by the 

converted P-wave: 

 
( ) ( )

( , )x P x Pi p x z t i p x z t

Pc x PCe i C p e
        

 u   (2.48) 

Looking at (2.42) if αS
i is greater than the critical angle, it does not admit solution 

in the real field, therefore the value: 

 
2

2

2 2

cos( ) 1 sin ( ) 1i i
xp

c c c

 



      (2.49) 
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For the P-wave becomes imaginary: 

 2 2

2 2

1 1
ˆ

P x x P

P P

p i p i
c c

        (2.50) 

And substituting it in the (2.48): 

 
ˆ( ) ( )x P x Pi p x z t i p x t z

Ce Ce e
       

    (2.51) 

we obtain the expression of a P-wave propagating along the direction of the 

interface but decaying exponentially along the z-direction. It is possible to 

demonstrate that such kind of P-wave exists until incident S-waves feed it with the 

same angle. We are interested in waves that can propagate independently of the 

continuous activation of their source. We indeed investigate the possibility than 

an evanescent wave comes from a combination of P and SV-waves. The scalar 

and vector potential associated to the evanescent wave are, respectively: 

 
ˆˆ( ) ( )x x SPi p x t i p x t zz

Pe e e e
     

 ψ S   (2.52) 

The displacement will be a combination of the two ones: u=uP+uS=∇ϕ+∇×ψ, 

where explicating the previous expressions: 

 
ˆˆ( ) ( )ˆ ˆ( , ) ( , )x x SPi p x t i p x t zz

P x P S S xP ip e e ip e e
       

  u u S   (2.53) 

and it has to satisfy the boundary conditions of free surface, that is, σzz|z=0=0 and 

σxz|z=0=0. 

The first request, paying attention to divide by the density, yields: 

 
2 2 2

0
0

ˆ( 2 ) (2 1) 2 0x z
zz S x S S xz

z

u u
P c p c iS p

x z
    




 
      

 
  (2.54) 

in the same way for the off-diagonal component of the stress tensor:     

 
2 2

0
0

ˆ ˆ( ) 2 ( ) 0x z
xz x P S xz

z

u u
Pip S p

z x
   




 
     

 
  (2.55) 

The two equations admit a solution different from the trivial one if the determinant 

of the system is zero: 
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2 2 2

2 2

ˆ2 1 2

ˆ ˆ2

S x S S x

x P S x

c p c i p

ip p



 

  
 

 

  (2.56) 

Using the link between P and S velocity through the Lamé constants, the 

determinant is: 

 2 2 2 2 2ˆ ˆ ˆ ˆ( 2 ) ( ) 4 0P x S x S P xp p p               (2.57) 

It is also called Rayleigh denominator because in the analysis to the interaction 

between surface waves and the free surface of the Earth, it is possible to 

demonstrate that it appears at the denominator of the free surface reflection 

coefficients. We can solve the previous equation looking for a solution of px, if 

such a solution exists, it is the slowness of the horizontally propagating wave at 

the interface: px=1/cR. So, replacing ῆP and ῆS for the corresponding expressions 

as a function of px we have: 

 

2
2 2 2

2 2 2
2 4 1 1 0R R R

S P S

c c c

c c c

 
     

 
  (2.58) 

To simplify the (2.58), we can pose 𝛼𝑅 =
𝑐𝑅

𝑐𝑃
 and 𝛽𝑅 =

𝑐𝑅

𝑐𝑆
, and in order to search 

for its solutions we can solve it using the hypothesis of Poissonian medium: 

c2
P=3c2

S, therefore: 

 8 6 4 23 24 56 32 0R R R R         (2.59) 

We can further simplify the equation as follows: 

 
3 23 24 56 32 0x x x      (2.60) 

where x=β2
R, the equation has 3 solutions: 

 1 2 3

2 2
4 2 2

3 3
x x x       (2.61) 

Just the third one is a solution of the problem, because it is the only one providing 

a value smaller than 1. We remember that in order to have an evanescent wave, 

ῆS has to be imaginary, it means: 
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1 1 1

1x R

S R S

p
c c c

       (2.62) 

and therefore the only solution satisfying this condition is: 

 0.919R Sc c   (2.63) 

It is demonstrated that cR ranges between 0.9cS and 0.85cS for Poisson’s ratio 

between 0.2 and 0.4. Furthermore, since the equations of the system (2.56) are 

dependent (the determinant is zero), from one of these two equations it is 

possible to write the ratio of the amplitude of S wave with respect to the P wave 

component: 

 
2

2 2 2

2 1ˆ2

ˆ 2 1

Rx P

S x R

iipS

P p



 


   

 
  (2.64) 

For a Poissonian medium S=-iPγPS with γPS=1.47. Therefore we can express the 

displacement induced by a Rayleigh wave as: 

 
ˆˆ ˆ ˆ( ) ˆ ˆ( , )x SP P Pi p x t zz z z

x S PS P x PSP e ip e i e e p e
          

   u   (2.65) 

The relationship shows a shift of π/2 between the horizontal and the vertical 

components, therefore we can indicate the displacement (except for a common 

normalization constant) along the axis as follows: 

 

1

2

( ) sin

( ) cos

R

R

x
x c z t

c

x
z c z t

c





 
  

 

 
  

 

  (2.66) 

At the surface c1=-0.42 and c2=0.62, as said before the ratio between the vertical 

and the horizontal components is 1.47 indeed, indicating that the wave has an 

elliptical polarization with the major axis along the vertical axis (Figure 2-6). The 

motion is retrograde near the surface, the coefficient changes its sign with depth 

and the motion becomes prograde. The inversion happens at about 1/5 of the 

wavelength of the Rayleigh wave (Lay and Wallace, 1995). 

 



24 

 

 

Figure 2-6: Normalised horizontal (H) and vertical (V) displacement amplitude of a Rayleigh wave 

in a homogenoous half-space. 

 

2.5.2 Love waves 

 

Let us consider now the S-wave propagating in the horizontal plane, to which we 

referred to as SH-wave. In a homogenous medium, for the boundary condition, 

an SH-wave cannot be converted into a P-wave, therefore such waves are not 

generated. In order to have horizontally polarized S waves confined below the 

surface, the presence of a waveguide is required. In the case of the Earth, we are 

thinking to ma horizontally stratified medium. To understand the crucial points of 

the Love wave propagation, we can consider a simplified Earth model where we 

have a layer in which SH-waves propagate with velocity c1, above an half space 

with higher velocity c2: c1<c2. In a such kind of medium a wave reflected at the 

free surface and that after meets the interface between the layer and half space, 

according to the Snell law (2.41), moves away from the normal. As for the Rayleigh 

waves, it exists a critical angle for which the wave is trapped in the low-velocity 

layer, and it is evanescent in the half space. Such waves are demonstrated to 

propagate with velocity between the S wave of the two media, and in general 

faster than Rayleigh waves. 

The motion induced by Rayleigh and Love waves is shown in the figure 2-7. 
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Figure 2-7: Deformations induced by the Rayleigh-wave and the Lowe-wave, respectively on the 

top and on the bottom, in a material block. 

 

 

 

2.5.3 Dispersion of surface waves 

 

If a heterogeneous medium is taken into account, Rayleigh and Love waves are 

dispersive, that is, their velocity depends on the frequency c(ω). Now, the phase 

and the group velocity characterize the propagation of the surface waves. To 

understand the meaning of these two velocities, we can start looking at the 

propagation of two monochromatic signals. We choose signals having 

frequencies and wavenumbers close to each other, propagating along the x 

direction. The ratio between the angular frequency and the modulus of the 

wavenumber is still a velocity, referred to as the phase velocity. With this choice, 

the two signals are: 
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 1 1 1 2 2 2cos( ) cos( )u t k x u t k x       (2.67) 

and their superimposition (Figure 2-8): 

 1 2 1 1 2 2cos( ) cos( )u u u t k x t k x         (2.68) 

Using Simpson’s formulas, we can handle the (1.68) in order to highlight important 

characteristics of the solution: 

 1 2 1 2 2 1 2 1cos cos
2 2 2 2

k k k k
u t x t x

         
     

   
  (2.69) 

 

  

Figure 2-8: Two monochromatic waves (A and B) and their superimposition (C) at the two position 

x=0 km and x=1.5 km. We can notice that the envelope propagates slower than the single waves. 
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The total displacement is the product of two periodic functions, one with pulsation 

and wavenumber computed as the average of the initial ones and a second one 

having pulsation and wavenumber, being the semi-difference of the initial ones.  

From inspection of Figure 2-6 the resulting signal has an intermediate frequency 

between the initial ones, which are very close each other, modulated by a low-

frequency wave. Again, looking at Figure 2-8, the sum of the signals is still a 

periodic signal. We can define the period and the wavelength of this signal, by 

measuring the distance between two maxima (minima) in time (Δω) and in the 

space (Δk), respectively. Finally, we can define the velocity: 

 
gC

k





  (2.70) 

In the limit of superimposing signals with very close frequency, the previous 

relationship is the group velocity: 

 
0

limg
k

d
c

k dk

 

 


 


  (2.71) 

In general, we do not deal with the superimposition of discrete monochromatic 

waves; the acquired signals are deriving from a continuous superimposition of 

waves. Signals emitted by the Earth (Earthquakes and noise) have a wide spectrum 

and also if signals are filtered, we never isolate a single frequency contribution to 

the seismic wave but we always maintain a wave packet. The filtered signal can 

be written as: 

 
0

0

/2

/2

cos( ( ))u A t k d

 

 

  





    (2.72) 

Here ω0 is the central frequency of the filter and Δω is the bandwidth of the 

filter. The amplitude of the single monochromatic signals can be considered 

independent of the frequency and therefore carry out of the integration. The 

more valid this approximation, the smaller the filter bandwidth. The 

wavenumber is a function of the frequency and can be expanded as a Taylor 

summation around ω0  at the first order: 

 

0

0 0( ) ( )
dk

k k
d  

  
 

 
   

 
  (2.73) 



28 

 

We can put the above relationship in the (2.72): 

 
0

0

/2

0 0

/2

cos
dk dk

u A t x k x
d d

 

 

 
 





    
       

    
   (2.74) 

Integrating the equation and manipulating it thorough the prosthaphaeresis 

formulas, we obtain: 

 0 0cos( )
2

dk
u A t k x sinc t x

d


 



  
     

  
  (2.75) 

The displacement is a monochromatic wave having frequency equal to the central 

frequency of the filter, modulated by the sine cardinal function having 

propagation velocity equal to the group velocity (Figure 2-9). 

 

 

Figure 2-9: A monochromatic wave (red curve) is multiplied for a sinc function (blue curve). The 

result is a wave packet (magenta curve). 

 

Considering the definition of the group velocity, we have that: 

 
( )

g

d d kc dc
c c

dk dk dk


      (2.76) 

there is a relation between the group velocity and the phase velocity. Focusing 

on the second term of the second member, it can be rewrite as: 
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2

2

(2 / ) 2

2

dc dc d dc d k dc dc

dk d dk d dk k d d

   

    
        (2.77) 

and therefore, the relationship between group and phase velocity is: 

 
2

2
g

dc
c c k

d



 
    (2.78) 

Since, in the Earth it is observed that the S wave velocity, to which surface waves 

are more sensitive, is increasing with depth, waves with larger wavelengths 

propagate deeply in the subsoil and travel faster, therefore the term dc/dλ>0, and 

consequently the group velocity is smaller than the phase velocity. 

 

2.5.4 Phase and group velocity measurement 

 

From the equation (2.78) the phase and the group velocities are therefore both 

dependent on the P and S wave velocity models of the subsoil; measuring the 

dispersion curves it is possible to infer the elastomechanical properties of the 

medium. The dispersion curve is the curve of the phase or group velocity as a 

function of the frequency. 

The measure of the group velocity is more intuitive, because it is directly linked to 

the velocity at which the energy propagates. In the case of the surface waves, a 

filtered signal at different receivers appears as wave packet propagating among 

stations. Therefore, if the distance between two stations is known, the ratio 

between the distance and the arrival time of the wave packet is the group velocity; 

changing the filter band, we obtain the measure of the group velocity as a 

function of the frequency (Figure 2-10). Some precautions must be taken in order 

to have an accurate measure of the group velocity: the previous approach works 

if the stations are aligned with the source, if it is not the case, we obtain the 

measure of the apparent velocity, which is larger than the real speed; therefore 

the wave front has to be projected along the direction between the two stations. 

It is also possible to measure the group velocity using one station. 
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Figure 2-10: Seismograms of the Mongolia earthquake 1967, filtered in several decreasing narrow 

frequency bands .For each trace is indicated the central period of the band. On the top there is 

the unfiltered trace. Each trace look like a wave packet. 

 

On a sphere, when an earthquake happens, the surface waves spread in two 

directions with respect to the considered receiver, the shorter path between the 

source and the receiver is the minor arc, while the longer path is the major arc. In 

the literature the minor arc arrivals are indicated with odd numbers: R1,R3,R5,… 

whereas the even passages are related to the major arc: R2,R4,R6,… . In all of these 

cases, the distance between one passage and the next one is the maximum 

circumference of the Earth (Figure 2-11). 
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Figure 2-11: Representation of the minor (R1, R3, R5) and major (R2, R4) arcs. The earthquake location 

is indicated with star, the station with box. 

 

The measure of the phase velocity can be performed roughly in the case of a very 

dispersed seismogram. In that case, we are able to recognize the arrival times of 

the single phases, this procedure is possible only if the different frequencies do 

not envelope each other (Figure 2-12). Another way is computing the Fourier 

transform of the seismogram: 

 
0 ( )

( )
( , )

i t x
c

u A x e d


  

 

    
 



    (2.79) 

and focusing on the phase spectrum: 

 0 ( ) 2
( )

t x N
c


    


      (2.80) 

The terms in the phase are: ϕ0(ω) the phase at the source and 2πn the periodicity 

of the function. The difference of the phase spectrum of two signals acquired at 

two stations on the same circumference, or at the same station at successive 

passages of the wave is: 

 1 2 1 2 1 2( ) ( ) ( ) ( ) 2
( )

t t x x M
c


     


        (2.81) 

in this way the knowledge of the phase at the source is no longer required, and 

it is possible to recover the dispersion relationship for the phase velocity: 
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    



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  (2.82) 

M is the cycles difference in term of 2π (Lay, et al., 1995). 

 

 

Figure 2-12: Representation of very well dispersed seismogram. The tilted line connect the same 

maxima acquired at two stations. The slope of the lines is the phase velocity. 

 

Nowadays due to the large availability of sensors, techniques based on arrays 

have been developed. MASW (multichannel analysis of surface waves) methods 

make use of Rayleigh waves to recover the dispersion curve, and today they are 

widely used for the characterization of the first meters of the subsoil. There are 

different criteria to transform the space parameters in order to obtain the best 

parametrization for the curve of the energy in the frequency domain. Here we 

briefly discuss two algorithms that are exploited for this goal: the f-k transform 

and the τ-p transform. For the first method the original space is transformed into 

the frequency wavenumber f-k domain and then the dispersion relationship v=f/k 

pointing to the phase velocity is recovered. This procedure suffers of low quality. 

The τ-p algorithm is composed by two transformations, the first is to represent 

data in the space of the ray parameters p and τ, where τ=t-px. The second 

transformation is a Fourier transform. This method is preferable to the first one 

because is not sensitive to the preliminary data processing. The Fourier transform 

is required for the decomposition of the acquired wave field in plane waves after 

a linear move-out and the traces are summed over the offset axis. This procedure 

is also known as the slant stack transform. The transformation is: 
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x

S p P x px     (2.83) 

Where S(p, τ) is the monochromatic wave having ray parameter p=sinθ/v. The 

complete mapping of the τ-p domain is computed by changing p. In such a way, 

the asymptotic behavior of the hyperbola in the t-x domain, which is the velocity 

of the considered wave, p=1/v, is mapped in the vertical tangent to the curve in 

the τ-p domain (Figure 2-13) (Yilmaz, 2001). Another technique, which uses more 

than two stations is the spatial autocorrelation method, SPAC, introduced by Aki 

(Aki, 1957). Aki showed that if the wave field is stationary both in time and space 

the following relationship is valid: 
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where: 
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is the azimuthal average spatial autocorrelation for couple of stations separated 

by the distance r, and J0 is the Bessel function of the first kind and zero order. 

With this relation is possible to recover the dispersion curve for the phase velocity 

c(ω) by the measured spatial autocorrelation coefficients. A good array 

configuration would be a semicircular array with a receiver in the middle. 
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Figure 2-13: In this figure is represented a wave-front in the natural offset-time domain, and how 

it appears in the τ-p domain. 

The knowledge of the dispersion curves of the phase and the group velocity 

allows for the determination of the structure of the medium crossed by seismic 

waves. The stronger the velocity gradient of the medium the larger the dispersion. 

Usually, phase velocity curves are monotonic, whereas group velocity curves can 

have a minimum. The group velocity is strictly linked to the propagation of the 

energy therefore, the presence of a minimum implies the simultaneous arrival of 

a big amount of energy increasing interference effects. This condition is called the 

Airy phase. 

 

2.6 Attenuation of seismic waves 

 

Up to now, we described the Earth as a perfect elastic body, and the amplitude 

attenuation of the signals, in all the previous formulas, was conceived just due to 

the geometric attenuation; ideally once a perturbation was produced it 

propagates indefinitely in a bounded elastic medium. Of course, that situation is 

not experimentally observed, but the seismic waves attenuate due to the 

mechanism of energy conversion in heat and spreading of the energy along 

directions different from the initial one. A seismogram do not only consists of 

direct P, S and surface waves , but it englobes a multitude of arrivals that cannot 
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only be explained in terms of reflections, refractions, conversions at interfaces 

present in the propagation medium. The one-dimensional description is not 

enough to understand the complexity of the real data, since it is able to explain a 

limited quantity of energy in waves. The scattering of the seismic waves with small-

scale heterogeneities produces most of the late arrivals; they are gathered under 

the name of coda. At each scattering event, waves change their direction, and 

continue to propagate in the medium until their energy is completely converted 

in heat due to friction. To understand its importance, we can compare the records 

of a “moonquake” with an earthquake. The acquisitions on the Moon show highly 

spindle shaped signals that last for a long time, on the Earth the coda waves are 

weaker. This difference is interpreted by considering the Moon as a medium 

poorly attenuating but highly scattering (Dainty et al., 1981). 

A lot of attempts were performed in order to explain the coda waves, but early, it 

was clear that coda waves are not waves directly coming from the source but they 

are scattered waves coming from all directions. These waves cannot be explained 

using the classical deterministic approaches such as the ray theory, but they need 

of a theory that can take into account the scattering events, wither produced by 

single or multiple scatterers turning into radiative or diffusive regimes. 

 

2.6.1 Single scattering model 

 

Here we do not want to provide a deep mathematical description of the scattering 

theory but just some elements, in order to understand the problem. If we consider 

the simple problem of the energy propagation in an inhomogeneous infinite 

medium, we can define the amount of energy through the solid angle dΩ per 

unit time as J0, and in the same way the scattered energy with J1. Therefore the 

differential scattering cross-section is defined as: 

 21

0

Jd
r

d J





  (2.86) 

Where r2dΩ is the surface element at a distance r from the source of the radiation. 

The medium in which waves propagate can be assumed as homogenous, having 
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propagation velocity v0, filled with randomly distributed point-like scatterers, 

having density n. It follows that the scattering power per unit volume for the 

considered medium is: 
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
  (2.87) 

p has the dimension of the inverse of a length and it is related to the differential 

scattering cross section. Integrating the (2.87) on all the possible directions: 
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Where σ0 is the total scattering cross-section, and l is called mean free path. This 

parameter gives a statistical global description of the medium, indicating the 

average path travelled by a wave between two scattering events. Aki and Chouet 

(Aki and Chouet, 1975) gave the first description for the scattering through the 

theory of the single backscattering model. In a three-dimensional medium a 

scatterer is located at distance r from the source of radiation of the energy W. 

Because of the geometry of the problem, the energy propagates along spherical 

wavefronts. The scatterer is reached by the energy flux density equal to: 
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where the geometrical spreading and the delay time are taken into account. In 

such kind of model, the single backscattered energy flux density is: 
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Now the time delay is twice that of the formula (2.89) because we have to consider 

the round trip between source and receiver and the subscript π is used to indicate 

the angle at which energy comes back at the source. Starting from the (2.90), 

considering a medium with randomly distributed scatterers and dividing by the 
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velocity of the medium, we can recover the energy density of the single 

backscattered wavefield: 
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Replacing the (2.87) into the above equation and integrating in the spherical 

coordinate system, yield: 
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H(t) is the Heaviside function. In this example, we considered the origin of our 

system located at the source, but with the same considerations we can achieve 

the solution of a more general problem where the source and receivers are in 

generic points of the space: 
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We have introduced the function K(v) with v=v0t/|r| which is defined as: 
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in a prolate spheroidal system where (w,v,ϕ) are the coordinates. Dealing with 

surface waves the solution for a two-dimensional medium is more useful. If the 

source is at the origin of the reference frame, we have: 
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In the three-dimensional approach the root mean square of the coda, in the same 

point, is attenuating as t2, whereas in a two-dimensional medium it attenuates as 

t (Sato, et al. 2012). 
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2.6.2 Radiative transfer model 

 

The single scattering approximation can be used if we are close to the source or 

if a small lapse time is considered, otherwise multiple scattering becomes 

dominant and the interference effects of incoherent waves destroy the phase 

information. The transition from the single scattering regime to the multiple one 

is not a threshold phenomenon but we can have a superimposition of them. 

Typically, we can split the process of multiple scattering in radiative and diffusive 

behaviors. The radiative transfer model is the solution of the Boltzmann equation 

also known as radiative transfer equation; its long time limit is the diffusive 

solution. Hemmer (Hemmer, 1971.) gave the solution of this equation in one-

dimension, whereas exact solutions were founded in the Fourier space for a two 

or four-dimensional medium; finally numerical results are available for three-

dimensional media. For sake of simplicity will give just the two-dimensional 

solution. The expression of the solution of the Boltzmann equation in the Fourier 

space for a two-dimensional medium is: 
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I(r,t), in the real space, is defined as the sum of the partial intensities IN: 
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that is, the total intensity is obtained summing the separate contributions coming 

from N=0,1,2,3,… scattering events. To write the solution in the real space we 

invert the relationship (2.96), without taking into account the ballistic wave 

contribution, N=0. This term is modelled as a delta function shifted in time, and 

will be added to the solution later. Therefore, the intensity in the real space for a 

generic n-th scattering event is: 
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for N≥1, and, summing over N contributions and adding the direct wave, we can 

write: 

 

22 21/2
/ 2

2 2

1
( , ) ( ) 1 ( )

2 2

c t ctct l

l
N

e r
I t ct r e H ct r

lct c t


 

    
     

 

r

r
r

  (2.99) 

The first term of the solution is the ballistic wave, whereas in the last term is 

contained the long time term, when the solution tends to the diffusive regime 

(Paasschens, 1997). 

 

2.6.3 Diffusive model   

 

Following the previous discussion, it is possible to affirm that in a medium with 

randomly distributed scatterers, having small l or when waiting for enough time, 

the energy originated by an impulsive source function diffuses in the medium 

following the diffusion equation: 
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The coefficient D is called the diffusivity and is related to the mean free path 

through the relationship D=v0l/d, and d is the dimensionality of the system in 

which we are solving the problem. The solution of the equation is: 
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The energy decays slower than in the previous cases, and the large number of 

scattering events destroy the direct waves arrivals, such that they are no longer 

detectable on the seismograms and a smoother coda is observed (Sato et al., 

2012). 
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2.6.4 Anelastic attenuation 

 

The energy during the propagation process is converted from mechanical one to 

heat, owing to internal friction. We gather in this expression a large variety of 

complex molecular processes, which we don’t want to individually interpret 

because we are interested at their collective effects at larger scale. The simplest 

model of the anelastic attenuating process is an oscillating mass on a spring that 

moves on a plane with friction.  

We start considering a mass m, attached to a spring having spring constant k, 

without friction between the plane and mass. The equation of the motion is: 

 0mx kx    (2.102) 

This is a second order differential equation, and its general solution is: 
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Where ω0=√𝑘/𝑚 and, A and B are two constants that can be determined solving 

the related Cauchy problem. The (2.102) does not involve any attenuating term, 

and it describes an oscillating motion with natural frequency ω0 that continues 

indefinitely. If we add a damping force, the equation (2.102) becomes: 

 0mx x kx     (2.104) 

γ accounts for the friction which opposes the motion. The solution is: 
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where ε= γ/mω0 and the term A0𝑒−𝜀𝜔0𝑡 is the amplitude of the oscillation, if ε=0 

no attenuation is present. The damping factor ε can be expressed in term of the 

so called quality factor Q: 
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which is a measure of the energy loss per cycle. From this definition, large Q 

values imply small attenuation, whereas low Q values imply high attenuation. The 

relationships that links ε and Q is: 
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therefore, the amplitude becomes: 

 
0

2

0( )

t

QA t A e




   (2.108) 

The energy is proportional to the square of the amplitude of the waves, and the 

fractional energy loss can be written as: 
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If we consider the variation of the amplitude on the distance equal to the 

wavelength λ: 
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From the equation  (2.110) and using the dispersion relationship λ=2πc/ω we 

obtain: 
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that is a generalization of the (2.108) for all the frequencies. The amplitude A0  

refers to the time t=0 or alternatively, to the position r=0. It is evident that higher 

frequencies attenuate faster than the lower ones, since in a given interval time, 

higher frequencies complete more cycles and loose more energy. 
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Figure 2-14: Representation of the Maxwell (A) and Kelvin-Voigt material (B). The letters ε, σ 

indicates respectively the deformation and the stress, the subscripts D and S referred to the 

dashpot and the spring. 

 

The previous relationships indicate a Q frequency independent; it is true in the 

frequency range 0.001 to 1 Hz, but at higher frequencies it has been 

experimentally showed to be a function of the frequency. To understand the 

nature of this relation we have to introduce the standard linear solid model (SLS). 

This model is used to represent from a mathematical point of view the viscoelastic 

behavior of rocks. It is a one-dimensional mechanical model composed by a 

spring and a dashpot, coupling the elastic with the viscous behavior. Before 

focusing on the SLS model, we deal with two simpler models. Although a 

combination of spring and dashpot will be considered, the dynamics of the total 

system can be obtained from the constitutive law of the single elements. This two 

elements can be combined in series or in parallel, resulting in a Maxwell material 

or Kelvin-Voigt material (Figure 2-14) models, respectively. In the Maxwell material 

the total stress and strain are: 
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the subscript D indicates stress and strain related to the dashpot, D, the equivalent 

S is for the spring. Taking the derivative of the strain with respect to time, we 

obtain the constitutive law: 
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E is the elastic modulus and η s the viscosity. If this material is suddenly deformed, 

the stress decays with a characteristic time, η/E, and if a sudden stress is applied, 

the elastic element instantaneously responds whereas the viscous one 

accommodates it at constant rate. It is important to notice that if the stress is 

released at the time t* the presence of the dashpot doesn’t permit to the spring 

to come back at the rest position. Therefore the energy associated to the dashpot 

deformation, t*σ0/η, is lost. If the spring and the dashpot are connected in parallel, 

we get the Kelvin-Voigt model. Due to this configuration, the strain for the two 

elements is the same, whereas the stress is the sum of the ones for the single 

elements: 
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From these equations, we can achieve the relationship that governs the stress and 

strain variation with the time: 
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As discussed before if a sudden stress is applied, the body approaches to the 

deformation of a pure elastic body with an exponential growth: 
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Differently from the previous case, if the stress is released the system comes back 

to initial position in a certain characteristic time, E/η and the deformation is 

reversible.  
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The Maxwell model doesn’t expects recovery, whereas the Kelvin-Voigt model is 

lacking in describing the stress relaxation. The SLS better describes the real 

materials, taking into account both the phenomena. This system is built 

connecting in parallel a Maxwell arm with a spring (Figure 2-15). The relationships 

which link stress and strain in the global system are: 
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  (2.117) 

The subscript M identifies the Maxwell arm, S1 and S2 are related to springs 1 and 

2. Combining these relationships and their derivatives, we can recover the 

equation that describes the system: 
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The physical behavior of the SLS is easily predictable, if the mass is shifted, the 

system instantaneously responds with a restoring force, generated by the springs. 

If the mass is hold shifted from the rest position, the restoring force diminishes 

with time owing to the dashpot action. The energy spent in the relaxation of the 

dashpot is not recoverable, therefore, this system is anelastic. The dynamics of 

the system is contained in the complex elastic moduli defined as: 
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Where ΔM=MU-MR, MU=τεMR/τσ, MR, is the relaxed elastic moduli, τσ  are τε are 

the stress and strain relaxation time. From this relationship is also possible to 

obtain an equation for Q: 
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The equation presents a peak, known as Debay peak, in a limited frequency range, 

around ωτσ=1,  and attenuates for higher or lower frequencies (Lay and Wallace, 

1995). 

 

 

Figure 2-15: The standard linear solidi is a composition in parallel of a Maxwell arm and a spring 

The Q value measure can be performed in the time or frequency domains; in both 

cases the measure is obtained looking at the signals acquired at different 

distances. If we identify a particular phase in a seismogram and we follow it during 

its propagation, in the time domain, the main effect of the attenuation is the 

reduction of the amplitude of the signal and the dispersion of the phase, when 

increasing the source receiver distance. For a point-like source the relationship 

between the half duration of an attenuated pulse and Q is: 

 0 ( )
t

C Q
Q

     (2.121) 

where τ0 is the half duration of the pulse at the source, t is the propagation time 

to the considered receiver and C(Q) is a coefficient depending on the source time 

function. Repeating this measure at different distances, it is possible recover the 

Q value by means of a linear regression. In the time domain the measure of Q is 

also inferred looking at the envelope of the seismograms at difference distances. 

As showed in the (2.111) , the amplitude is exponentially attenuated;  if we take the 

logarithm of the amplitude of a seismogram, the coda attenuates as a linear 
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function. The slope obtained from the linear regression is related to the Q value. 

Since the attenuation is a parameter typical of the investigated area, the envelope 

of a multitude of seismograms acquired in the same area would almost show the 

same envelope decay in the coda, better constraining the final estimate.     

In the spectral domain, the spectrum of a seismic phase is computed and it is 

analyzed as a function of the distance and the frequency. A station close to the 

source, less polluted by the attenuation effect, can be assumed to provide the 

spectrum at the source: 

 0( , ) ( )A r k S    (2.122) 

At a generic distance r from the source, the spectrum amplitude is: 
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and therefore, the ratio of the previous equations in a log scale is: 
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k is a constant which takes into account the source effects. Through a linear 

regression, we can infer the Q value from the slope of the best fit curve. We can 

also exploit the functional form of the displacement spectrum for an earthquake: 
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Ω0 is the amplitude of the spectrum at lower frequencies, ωc is the corner 

frequency and n is a value ranging from 2 and 3. For small earthquakes, for which 

the corner frequency is enough large, the spectrum level diminishes in agreement 

with the attenuation of the medium: 
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again, from the slope of the best fit linear curve we can estimate the Q value. 
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Finally, it is worth to note that usually we are not able to distinguish the effects of 

the scattering attenuation from the anelastic one and they will be mixed and 

appear as one single Q value. Nevertheless, they are two completely different 

phenomena: the scattering properties of the medium allow a transfer of the 

energy from the ballistic to the coda waves, so it can be considered as an effect 

of energy redistribution; whereas, the second one is just an energy loss (Zollo and 

Emolo, 2011). 

  

 



48 

 

3 The Solfatara 
 

The Campi Flegrei caldera is a resurgent and restless volcano located on the 

western coast of Southern Italy, close the city of Naples, a densely inhabited 

region. It covers an area of about 400 km2 and it is one of the two active volcanic 

systems in the south of the Italian peninsula. In the last years, this area has shown 

uplift events, variations in gas composition of fumaroles and variable seismicity 

linked to the ground deformation. For such a reason the alert level has increased 

and the area has become object of numerous studies. Analysis of gravity data, 

geoelectric and geomagnetic surveys, seismological active or passive campaigns 

with dense networks of instruments have been performed. Some of them were 

realized in conjunction with other ones, some others independently, but all of 

them were aimed to understand the shallow or the deep structure of the volcanic 

area, the fluids circulation, the sources of ambient noise and in general the 

variation over the time of the physical properties governing the volcanic system. 

During its past history, the Campi Flegrei area has experienced an intense eruptive 

activity. There are different interpretations to explain the actual conformation of 

the caldera, but the idea of two big eruptions is generally accepted. The 

Campanian Ignimbrite eruption occurred about 39 kyr ago, when 300 km3 of 

magma where erupted, and the Neapolitan Yellow Tuff eruption occurred about 

15 kyr ago, producing 40 km3 of pyroclastic material (Figure 3-1) (Orsi et al., 2004; 

Acocella, 2008; Fedele et al., 2008; Pappalardo & Mastrolorenzo 2012). 

Furthermore, to understand the potentiality of such a volcano, we report that the 

Campanian Ignimbrite eruption is the biggest one in Europe in the last 200 kyr 

(Costa et al. 2012). 
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Figure 3-1: Satellite images of the Pozzuoli bay where the rims of the Ignimbrite Campana caldera 

(a) and Neapolitan Yellow tuff caldera (b) are highlighted (red lines). 

 

After the Neapolitan Yellow Tuff eruption, geologists have recognized traces of 

more than 70 smaller eruptions (Di vito et al., 1999; Di Rienzo et al., 2011). The last 

eruption is dated 1538 and produced the Monte Nuovo tuff cone (Guidoboni & 

Ciuccarelli, 2011). In the periods 190-72 and 1982-84 two major bradyseismic crises 

occurred (Del Gaudio et al., 2010) with a cumulative uplift of about 3.5 m. They 

were associated to the magma intrusion from depth (D’Auria et al., 2015; Trasatti 

et al., 2015). Due to the ground deformation, also a small seismic activity was 

observed during the first episode of bradyseism, whereas it was intense in the 

second one. The deformation of the soil, the temperature increase and the rising 

of the table water is never turned at the levels before the crisis of the seventies 

and eighties years. Today, the activity consists mainly in fumaroles, due to the 

interaction between heat coming from depth and meteoric water, and a ground 

uplift that started around 2000. 

In general, the large scale structure of the Campi Felgrei caldera is pretty well 

known. The shallower part of the area was investigated by means of local 

earthquakes, gravity, magnetelluric experiments, while the temperature profile 

was recovered through boreholes analysis (De Lorenzo et al., 2001). Geophysical 

data consistently agree with the presence of a layer at about 3 km depth, that 

separates the older caldera from saturated rocks. In the zone above this interface, 
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there are fractured rocks saturated with supercritical fluids, also recognized to be 

the barrier of the hydrothermal system (Zollo et al. 2008; Vanorio et al., 2005), 

whose effects are clearly  visible at Pisciarelli and Solfatara. To have a global 

knowledge of the caldera, in the 2001, the seismic survey SERAPIS was realized in 

the bays of Naples and Pozzuoli. The geometrical source receiver setup permits 

to obtain tomographic images of a volume of 13×13×5 km3 (Judenerch and Zollo, 

2004). Results showed that at 8 km depth there is a partial melting zone where 

the VP decreases from about 6 km/s to 3 km/s, but at the same time the ratio 

VP/VS increases up to about 2.5. Active seismic analysis (AVO) also showed that 

this layer has an areal coverage of 30 km2 and about 1 km of thickness. Moreover, 

despite of the different magma composition it is supposed that this layer could 

also feed the Vesuvius volcano (Zollo et al. 2008). It is established that different 

temperatures, velocities and different settle times can generate differentiation in 

the magma at Campi Flegrei (De Lorenzo et al. 2006). From gravity data, in the 

area under Pozzuoli a negative anomaly was founded, interpreted as the buried 

caldera of a huge volcano filled with marine and continental sediments; in 

agreement with other surveys, also gravity puts the bottom of the caldera at about 

3 km (Fedi et al. 1991). Gravity data coming from different campaigns were then 

assembled (Capuano et al. 2013) to refine the geostructural conformation of the 

area and to infer the variation in the thermal and gravitational maps of the area 

which are expected to be a proxy of the underlying volcanic activity because such 

variations are associated to fluid injection from depth. Through a P-wave 

attenuation tomography obtained from SERAPIS data, an arch-like structure was 

individuated with QP of about 70. In the light of seismic analysis, this structure can 

be interpreted as the rim of the Campi Flegrei caldera. Bodies having QP values 

of 30 have also be found, indicating a strongly attenuating medium correlated to 

unconsolidated pyroclastic material filling the caldera (Serlenga et al., 2016). 

The Solfatara volcano is one of the dozens craters of the Campi Flegrei caldera, 

it is a 600 m tuff cone located at 100 m above the sea level. Here the most of the 

fumarolic activity is concentered. About 3000 tons/day of CO2 and gas mixture 

are released in the atmosphere. Solfatara is assumed to be the top of the 

hydrothermal system located in the shallower part of the caldera (Chiodini et al., 

2001). The Solfatara volcano is not a medium with simple structural signatures, it 
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is a mixture of different materials subjected to different physical extreme 

conditions, which can also alter their chemical composition. It is noteworthy that 

the soil temperature at just 30 cm depth can reach temperatures of 80 °C, 

because of the latent heat due to the condensation of the large amount of 

ascending steam. The understanding of the Solfatara feeding system is also 

important for the hazard assessment; due to the morphological complexity and 

the large heterogeneity of the medium, it is a place where new experimental 

techniques can be developed and evaluated. 

In general, electromagnetic and electrical data are more sensitive to the fluids 

saturation therefore, they can be advantageously operated to distinguish different 

rock phases. From the resistivity point of view, the Solfatara area can be roughly 

split in two domains, one with higher resistivity in the northwestern part of the 

crater, which became thinner and thinner going toward the central zone of the 

Solfatara, where the Fangaia is located. The Fangaia is a mud pool where the 

water outcrops at the surface and a continuous stream of fluids and gas generates 

bubbling. Magnetotelluric data can penetrate deeply, showing that the region rich 

in water extends down to 400 m under the Solfatara (Figure 3-2a). Below the 

conductive body the resistivity increases, this observation being interpreted as a 

volume where there is a more important gas presence (Bruno et al. 2007). The 

great conductive body is split by an area having high resistivity, this anomaly has 

been interpreted as an ensemble of faults or fractures, which are exploited by 

gases to reach the surface. The injection of gas at high pressure and temperature 

push off the water from these degassing patterns and an increasing of the 

resistivity and of the seismic waves velocity was observed. Looking more in detail 

and shallower (Figure 3-2b) we can observe that the conductive body in the 

central part of the profile becomes thinner due to the presence of an anomaly 

resistivity zone, which again it has been interpreted as a volume where there is a 

more important gas presence (Bruno et al., 2007). 
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Figure 3-2: : The figure on the top (a) shows the clear splitting of the conductive body (B) by means 

of the presumed fractured degassing pattern (E). On the bottom (b) we can follow the progressive 

thinning of the resistive shallower layer going toward the “Fangaia” and also the presence of the 

resistive anomaly (E) again associated to a more rich in gas volume. 

 

Letort et al. 2012 reported similar phenomena; they performed a surface wave 

analysis, measuring the dispersion curve of the group velocity and deriving an S-

wave velocity model for the area. In their results, strong lateral variations were 

found. Additionally, at 6 m depth, there is a zone where they observed a drop in 

the S-wave velocity in correspondence of a strong gradient of temperature, being 

interpreted as  indicative of a fractured zone such as a fault that is filled by hot 

gas, which arrives at the surface (Figure 3-3). 
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Figure 3-3: Gradient of temperature on the left and S-wave velocity value on the right. From the 

comparison of the two figures it is possible to observe that the points were higher temperature 

variations are founded are the same ones where slower shear velocity are measured. These 

common features can be jointly explained imaging the presence of a fault (black solid line).     

  

Seismic refraction profiles in this area do not bring information at depths higher 

than 30 m, this depth being only reached in central part of the investigated area. 

At the edges of the model it is not possible to interpret results due to the lower 

ray coverage. The analysis is limited in depth because of the reduced array 

aperture, and because the low velocity propagation in the shallow part of the 

medium which doesn’t allow to follow coherent phases along the complete 

profile. In general, due to the very low mechanical properties of the medium, very 

low P-waves velocities are recovered. There is a shallower layer having velocity 

ranging from 300-800 m/s and a deeper one ranging from 1000-2600 m/s (Bruno 

et al. 2007). Low P velocity value possibly indicates that the rocks inside the layer 

are unconsolidated. In the second layer the velocity is higher, comparable to P-

wave speed in the water, but anyway is low with respect other rocks at the same 

depth. 

The noise analysis shows that there is a strong correlation with the cycle of the 

hydrothermal system, the activity is strongly variable and it is easily evaluable also 

from a visual inspection of the area (Vandemeulebrocuk et al. 2005). The noise 

activity is mostly concentrated in two hot spots of the Solfatara: Bocca Grande 
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and Bocca Nuova. The variations happen during the day and over the time scale 

of a year. Consequently if gas emissions change, because of a different water level 

or a different temperature, also the noise activity changes. During the RICEN 

experiment (we will discuss widely about it in the next section) the noise analysis 

was performed using data related to stations spread over the whole area of the 

Solfatara, which acquired data for a week. Through the cross-correlations of 

vertical data the Green’s functions were obtained (Pilz et al., 2016). A low velocity 

S-wave profile was obtained and the presence of a shallower soft layer was 

highlighted. In this analysis, S-waves velocities range from 120 m/s in north-

eastern part, up to 200 m/s in the south-western part. Moreover, they observe a 

velocity increasing below this first soft layer around 10-20 m.  Consistently with 

other works, at around 35 m the S-wave velocity increases up to an average value 

of between 850 m/s and 1200 m/s. Again, the investigated volume is split in two 

domains one having higher velocity, where most of the visible gas emission is 

located, and another one with lower velocity. Furthermore Petrosino et al. (2016) 

showed, for the array of smaller dimension, which have a better resolution at 

shallow depths, that there is a very thin shallow layer of unconsolidated material. 

For arrays having wider spacing, results showed that velocity at larger depth can 

reach values larger than 1500 m/s. De Landro et al. (2016) produced a 

tomographic model in terms of P-waves. Starting from the data acquired during 

the RICEN experiment, they used a multiscale approach in order to achieve a 

high-resolution three-dimensional image of the subsoil of the region close the 

Fangaia. They found low P-wave velocity for the first 10-15 m, ranging from 200-

700 m/s and corresponding to values typical of tephra, and going deeper velocity 

increases up to 1800 m/s that can be associated to more consolidated tephra 

owing to the lithostatic load. The value of 1800 m/s is reached in a high velocity 

anomaly, located at 25-30 m depth, which authors relate to a degassing structure. 

They also recovered the dual trends of the P-waves, which well match with results 

from the geoelectric profiles obtained in the same area during the same survey. 

P-waves and S-waves velocity decrease toward the Fangaia (Figure 3-4), where 

at the same time geoelectrics shows materials having more conductive properties 

with respect to the area toward North-East, where both the velocity and the 

resistivity increase. Also if between the more or less saturated zones there is not 
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a physical barrier, the variation in the abovementioned parameters in some point 

is abrupt. 

 

 

Figure 3-4: The P-wave analysis shows general very low velocity values at the surface which 

increase going deeper. At the same time the dual nature of the investigated domain is clear. The 

lowest velocity are recovered closer the Fangaia. 

 

The actual ground deformation of Campi Flegrei caldera, is governed by an uplift 

with a total displacement of about 0.40 m and an accelerating trend. The 

deformation started in the last decades, and were correlated to magma injection, 

the idea being supported by the variations in the chemical contents of the 

emissions. The CO flux which is sensitive to the temperature changes, increased 

in fumaroles  and at the same time, also the H20 fraction shows the same trend. 

Chiodini et al. (2016) simulated the injection of magma fluids subjected to typical 

conditions of the Campi Flegrei hydrothermal system and analyzed the 

production of CO and H20. They observed that the increasing trend of the CO 

emission follows the measured temperature trend, and when magma reaches the 

critical degassing pressure, more water is released. The water content seems to 

be a crucial parameter in such kind of eruptions because the heat convection 
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becomes more efficient and furthermore the water dramatically alters the rocks 

rheology, by decreasing the rock mechanical resistivity and increasing the fluid 

permeation. Therefore, the Campi Flegrei caldera could be approaching to the 

tipping point as already verified for other volcanoes in the world. This expectation 

is however questioned other effect that could change completely the final 

scenario are not taken into account (Figure 3-5). 

 

 

Figure 3-5: In this figure are showed the vertical displacement as function of the dimensionless 

time, fitted (black solid line) using an exponential law on the left (a), or a power law (b). The colored 

curves are the measured data at different volcanoes in the world located in hydrothermal areas. 

With the vertical dashed line is indicated the failure time.   
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4 RICEN 
 

RICEN is the acronym of Repeated and InduCed Earthquakes and Noise; it is an 

active and passive interdisciplinary survey. It involved geoelectric, megnetoteluric, 

active and passive seismic surveys and gas emissions measurements. The 

experiment was aimed to study the variations in the elastic properties of the 

medium, through repeated observations over the time. In the case of the seismic 

acquisition, the basic idea is that if we repeat the experiments in the same source-

receiver configuration the variations in the recorded waveforms are directly 

imputable to variations happened in the medium. There are several reasons to 

choose the Solfatara as investigation target, but it was principally selected 

because since the 2000 a slow but accelerating uplift was observed (Figure 3-5). 

This was also accompanied with an increasing gas emission having critical 

variations in the chemical composition. Therefore, more accurate analysis are 

required, using the modern techniques and thus bringing new information. 

Furthermore, the Solfatara is a strongly heterogeneous medium where standard 

imaging techniques are not applicable or the quality of the retrieved models can 

result critically lowered. Therefore this is a suitable place where refine existing 

techniques or apply new methodologies which make use of the information 

carried by the backscattered wave field and not from the ballistic waves. 

One of the most appreciable effects at Solfatara is the variation in fumarolic 

emissions at the scale of one day and one year. The activity is related to the 

interaction between the rainwater and the heat coming from depth. The 

mechanical propagation properties can vary significantly if the water content of 

the medium changes, therefore repeating the experiment with different weather 

conditions could produce different signatures in the acquired signals. The 

experiment is composed of three acquisition campaigns, spread over a period of 

two years. The initial phase was held from the 23rd to the 26th September 2013; 

this initial step was conceived in order to give preliminary results and to 

understand the feasibility, the repeatability of the experiment and the spatial 

resolution of the resulting velocity model. If we had not selected an adequate 

source-receiver spacing, we could be not able to resolve the different structures 
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in the investigated area, but we could obtain too big wavelengths, which 

smoothen the medium and cover the spatial heterogeneities. In this phase of the 

experiment, a regular grid of 240 vertical mono-component sensors was 

displaced on an area of 115×90 m2 in front of the Fangaia. They were arranged in 

10 lines spaced by 10 m each other (cross-line distance) and in each line, there 

were 24 receivers spaced by 5 m each other (in-line direction). In each line, the 

geophones were linked to the acquisition system Geode G24, having a dynamic 

range of 24 bits and a full-scale voltage of 2.8 V. We have the possibility to set 

the sampling frequency: for our purpose taking into account the spectrum of the 

source, we set it to 1 kHz. As the active source, the Vibroseis truck was used (Figure 

4-1). This device is equipped with a metal plate that can be lowered on the soil, 

sustaining the weight of the truck, and can oscillate. We opted for such kind of 

source because the oscillation is completely controlled in duration and frequency 

contents. In our case the oscillation lasted for 15 s and as a source function a linear 

sweep was used. 

 

 

Figure 4-1: The Vibrosesis showed in the figure is of the same kind we used during the RICEN 

experiment. 
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The linear sweep is a vibration where the frequency content linearly increases with 

the time; in our case it was set to start at a frequency of 5 Hz and to stop at 125 

Hz. About 100 energizations were performed following the distribution of an 

equally spaced grid by 10 m along the two directions; the source grid was 

staggered and it was internal with respect to the receivers grid (Figure 4-2);  

 

 

Figure 4-2: From the recursive zooms, it is possible to define the location in the space of the 

Solfatara. In the figure with red edges, it is displayed the source-receiver configuration of the 

RICEN experiment, with red circles we represent the shots positions and with blue triangle the 

stations positions.   

 

We tried to follow the described configuration as closely as possible but in some 

cases we had logistic problems. In the case of the receivers, the major problem 

was related to the presence of some hot spots. They made impossible to install 

stations in the specific points due to the high temperature or the gas emission 

that could damage the instrument in a short time. Anyway, this event occurred 

few times, so the experimental receiver grid was very similar to the designed one. 

the source grid was not as regular as the receiver one, the drawbacks were related 

to the irregular Solfatara floor, which made impossible for the Vibroseis to reach 

some areas. Therefore there are some differences between the real and the 
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designed grids and in some small regions we have a lower source coverage. In 

each vibration point, three energizations were realized in order to increase the 

signal to noise ratio .The vibrating plate is lowered and oscillates; at the end of 

the oscillation the plate stays on the soil and after a break time it performs a new 

vibration. Since the source function is controlled by a PC, it is ever the same, and 

the medium in such a short time has not changed, therefore the same signal is 

expected. Indeed, seismograms related to the same excitation point are 

automatically stacked. The acquisition system is completely radio-controlled, to 

ensure correct timing for all of the sensors.  when the Vibroseis starts to energize 

the soil, at the same time a radio signal is sent to the stations, in this way all of 

them start to record exactly at the same moment. The differences in the arrival 

times, of the considered seismic phases among stations, were due to the 

propagation of the seismic waves across the receiver network. At the same time, 

to record the seismic noise, 54 three-component stations were displaced in the 

whole area of the Solfatara crater and they acquired for a total duration of about 

16 h.  

The second and the third phases of the experiment were realized respectively 

from the 19th to the 23rd May 2014 and from the 10th to the 14th November 2014. 

In these two cases, the source-receiver grid was positioned in the same points of 

the first phase of the experiment, and the noise acquisition was performed using 

50 DSS-CUBE stations. The stations for the noise acquisition had a different layout 

in each of the three acquisition campaigns and for the second and third surveys, 

they continuously recorded for the whole duration of the experiment also during 

the night, when a lower anthropic noise is expected. Moreover, in the last two 

campaigns also two additional one-dimensional arrays were realized. They were 

400 m long, the stations were spaced by 2 m and the Vibroseis shots by 4 m. The 

arrays were not repeated along the same direction: in the second phase, the array 

was displaced in the NE-SW direction, whereas in the final experiment it was 

displaced orthogonally to the first one, along the NW-SE direction. Globally the 

experiment produced a huge amount of data, more than 75000 waveforms were 

collected during the whole experiment. They have been, checked, processed and 

stored on a ftp server under the University of Napoli “Federico II” responsibility. 
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4.1 Data Processing 

 

In general, in all the modern digital instruments, we do not directly measure the 

physical quantity of interest, but we have a measure in voltage. By means of 

conversion factors we can obtain the appropriate units, these factors are typical 

of the used instruments and the construction company furnishes them. Moreover, 

it is crucial to know the behavior of the instruments at different frequencies, 

because we could have amplification or damping in the signal that are not related 

to the medium. The characterization of the instrument is summarized in the 

response curve; to have the response of the medium to a given solicitation, the 

acquired signals have to be corrected for the response curve. Such curve is given 

by the factory that built the device, and in our case, we have not a single curve 

for each instrument but an average curve including all of them. For the 

geophones GS-11D 4.5 Hz, the response curve is flat above the cut-off corner 

frequency at 4.5 Hz.  Since the source has a cut-off at 5 Hz, therefore in our case 

this correction is just a constant. 

The recorded signal at a given position x is the convolution of the source function, 

S(ξ,t) acting at the position ξ, and the Green’s function of the medium G(x,t;ξ): 

 ( , ) ( , ) ( , ; )v t S t G t x x x ξ   (4.1) 

we used the symbol ∗  to refer to the convolution product. Since we are interested 

in the properties of the medium, we need to recover the Green’s function. We 

should then remove the source function from the acquired signal, either by 

deconvolving the source function or by cross-correlating the signal for its source 

function and there are advantages and disadvantages for both techniques. This 

problem has been widely studied in literature, the Vibroseis is used in the industry 

oil and many efforts have been made in order to preserve the high frequency 

content in the data, since the higher the frequency content the better the 

resolution.  

The deconvolution is the most intuitive procedure to remove the source function, 

because the equation (4.1) thanks to the deconvolution theorem in the frequency 

domain is: 
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 ( , ) ( , ; ) ( , )v G S  x x ξ ξ   (4.2) 

and therefore, the Green’s function can be retrieved through: 
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This procedure is correct from a theoretical point of view and it is appropriate if 

we consider a noise free acquisition, since in the spectrum of the recorded signal 

we find just the frequency content produced by the source, therefore no division 

by 0 is conceivable. If we take into account the seismic noise, its contribution is 

additive, therefore the recovered Green’s function is: 
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In such a case the noise is amplified and other processing is required in order to 

reduce it. Basically, this procedure can be performed following different ways: 

before the division, by means of a bandpass filter we have to remove the 

frequencies that are not excited by the source or alternatively, we have to add a 

small noise percentage to the sweep function or we can perform the water level 

regularization. The suggested methods are aimed to avoid the division by 0, 

removing in one case or adding some artificially frequencies in the other ones.  

The second method to remove the source function is the cross-correlation of the 

acquired signal with its associate source: 

 ( , ) ( , ) ( , ; ) ( , ) ( , ) ( , ; ) ( , )v t S t G t S t S t G t K t     x ξ x ξ ξ ξ x ξ ξ   (4.5) 

The symbol   denotes the cross-correlation and the function K(ξ,t) (Figure 4-3) 

is the autocorrelation of the source function, which is called the Klauder wavelet 

(Sheriff, 1990).  
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Figure 4-3: Autocorrelation of a sweep function by itself: the Klauder wavelet. 

 

The basic idea of this approach is that the cross-correlation is a measure of 

similarity between two functions, where one of the two ones is shifted in time; in 

the case of the autocorrelation the maximum is reached at zero shift time. 

Therefore, looking at the (4.5), the cross-correlation with the sweep function is 

equal to the convolution of the Green’s function with the Klauder wavelet, which 

acts as a filter because only the frequencies in the source spectrum are found in 

the final function, the other ones are rejected. As we did before, if we consider 

the problem adding some noise, we have: 

 ( , ) ( , ) ( , ; ) ( , ) ( , ) ( , )v t S t G t K t N t S t    x ξ x ξ ξ x ξ   (4.6) 

The noise is present in the final waveform but it is not amplified and it is 

automatically band pass filtered (Brittle, et al., 2001). The lower and upper corner 

frequencies are those set from the range of the sweep function (Figure 4-4). 
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Figure 4-4: In this figure the processing applied to the data is summarized. On the left, there are 

the acquired traces, in the middle, the sweep function and on the right, the results of the 

processing. For each trace, the related spectrogram is also shown.  

 

The Klauder wavelet is a zero-phase filter, while the Earth behaves as low pass 

filter, that is, a minimum phase filter which preserves the causality in the data. 

These two filters result together combined in a mixed-phase wavelet. Therefore 

we need to remove the zero-phase filter by means of a minimum phase 

equivalent to the Klauder wavelet (Gibson, et al., 1984). The sweep function is 

directly recorded on the vibrating plate, therefore looking at this seismogram it is 

possible to evidence if coupling problems between the soil and the platform 

occurred or other kinds of drawbacks arose. It is relatively simple to discover 

problems in the sweep function because they show anomalous amplitudes or 

interruption in the temporal sequence (Figure 4-5); such kind of sweep functions 

cannot be employed for the cross-correlation procedure because they would 

pollute the propagation function. This problem is easily overcome, considering 

that the function injected in the soil is the same at each shot and in each position, 

therefore we can substitute the wrong one with a sweep function obtained 

averaging the right ones.  
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Figure 4-5: Three sweep functions, the figure a) and b) are relative to functions which presents 

some problems due to the coupling with the soil or due to the sensor located on the plate. In the 

figure c) a regular sweep function is plotted.   

 

With the cross-correlation operation, we obtain a filtered Green’s function but the 

Klauder wavelet is an acasual filter. To preserve the causality in the data the 

introduction of a minimum phase filter is required. We also checked if there were 

relevant differences before and after the minimum phase filter. Data were 

superimposed in the first P-wave arrival and in the others more energetic seismic 

phases, but they showed a satisfactory matching. Finally, each trace is normalized 

by the maximum of its absolute value. We can adopt this kind of normalization 

because in the following analysis we will be interested in the phase coherency of 

the signal rather than in their absolute amplitude. This ensemble of procedures 

has been applied at each trace of the final dataset, for the data of the grid and 

also for those ones of the arrays. 
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4.2 S-wave model for the Solfatara 

 

To recover information about the medium composition in terms of velocity of the 

surface waves, we can use the simple assumption that waves related to lower 

frequencies can penetrate deeper in the medium, whereas higher frequencies are 

associated to waves which have travelled in shallower layers. Moreover, since both 

receivers and sources are located at the surface and the directions of the source 

and of the records are both vertical, signals are dominated by surface waves, 

therefore it is more suitable to use an approach that exploits the characteristics 

of the Rayleigh waves. To measure the dispersion curves for the phase and the 

group velocity of the Rayleigh waves, we need to adopt a method, which can take 

advantage from the large number of the recorded signals. The idea is to use a 

method similar to those of the section 2.5.4, according to which we stack the 

signals to increase the signal to noise ratio and to suppress the small-scale 

variability that we are not able to resolve in our velocity models. In this way, we 

also observe an enhancement in the coherence of the signals that allows us to 

follow emergent phases for longer distance. Since the stack can be performed 

over couples of source and receivers located at the same distance, such strategy 

works for horizontally layered media and for isotropic sources, since travelling 

waves meet the same interfaces along the path and therefore the deterministic 

part of the acquired signals is the same, whereas the random incoherent one will 

be reduced. The Vibroseis is an isotropic source also compared to the size of the 

investigated area, but the 1D approximation of the medium deserves a deeper 

discussion.  

In this approximation, we can sum all traces that have the same offset regardless 

of their locations in the space. The Solfatara, however, is not a one-dimensional 

medium since we observe a great variability in the arrival times, also when 

considering the seismic section filtered in the lowest frequency band used in this 

study (7-10 Hz), where most of the heterogeneities appear smoothened. 

Nevertheless, the coherence at short distance is verified (Figures 4-6 and 4-7). In 

general in the figures, we can notice the dispersivity and the heterogeneity of the 

medium, indeed, the wave packet is wider and wider when the source-receiver 

distance is increasing. Moreover, we are able to recognize the arrivals of the P 
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and the more energetic Rayleigh waves, but it is also clear that increasing the 

frequency band there are large variations in the arrival times even for the closest 

stations. To have a good estimator representative of the average signal, the sum 

over a great number of signals is required; at the same time, if signals come from 

different regions of the investigated area, they appear too different and they will 

interfere destructively. We have to find a compromise between the number of 

traces to be stacked and the area which can be assumed as a one-dimensional 

structure. 

 

 

Figure 4-6: Seismic section of one shot acquired at all the stations of the network. In this figure 

traces are not filtered. It is evident the dispersion of the seismic waves going farther and farther 

from the source.  

 

Moreover, when working with high frequency we face with smaller and smaller 

wavelengths and therefore they are more sensitive to small, local scale anomalies 

embedded in the medium. We then expect that if the coherency holds for high 
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frequencies, it will also hold for low frequencies (Figure 4-7 and 4-9). To evaluate 

the minimum grid size, for which the 1D approximation applies, we did several 

attempts starting with subgrids sized from 20×20 m2 up to 90×90 m2. The last 

choice was obliged by the size of the whole grid. I Ideally we would like to stack 

traces located at the same offset, but this is not possible because source and 

receivers are organized to form a rectangle, therefore, we divided the distance in 

smaller intervals, bins, and we computed the mean among traces falling in the 

same bin. 

 

 

Figure 4-7: The same seismic section as in Figure 4-6 but filtered in the lowest frequency band (7-

10 Hz) on the top (a) and the highest frequency band (17.7-25.3 Hz) on the bottom (b). When 
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increasing the frequency band, the medium appears more heterogeneous determining widely 

dispersed traces and different arrival times for contiguous stations. 

 

Also the dimension of the bin is important, because depending on the number of 

traces falling within the same bin: the smaller the bin the smaller the number of 

the traces in the stack but the more robust the average. Finally, we decide to 

select subgrids of 40×40 m2 where we obtain a coherent signal for source-

receiver distances up to 20 m (Figure 4-9), and a binning of 1 m that allows to 

have more than 10 traces for most of the bins (Figure 4-8). 

  

 

Figure 4-8: Number of traces falling in each bin as a function of the bin dimension for 1 m (a), 2 

m (b), 3 m (c) and 4 m (d). When increasing the bin dimension, more traces fall in the same bin 

producing destructive interference.  

 

Since the size of the subgrids is smaller than the whole gird, to investigate the 

entire medium covered by the stations, we considered 96 overlapping subgrids. 

The grids were obtained by shifting of 5 m the subgrid in the in-line direction and 

10 m in the cross-line direction. 
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4.2.1 Phase and Group velocity measurement 

  

The phase and group velocities were then measured in each subgrid as a function 

of the frequency. After selecting a subgrid, we collect the data acquired at all the 

stations and generated by sources both belonging to the considered subgrid. 

Given the subgrid dimension, we have at maximum 45 receivers and 20 shots 

within this subgrid and therefore, we dealt with 900 signals at maximum. We 

filtered the data and gathered the traces according their bin distance. The 

frequency bands were selected following the criterion that the ratio between the 

width of the band and the central frequency is constant. Since we lose any 

coherent phase in the binned seismic section beyond 25 Hz, we selected 14 

overlapping frequency bands, which central frequencies ranging from 8.5 Hz up 

to 21.5 Hz (Figure 4-9).  

 

Figure 4-9: Seismic sections for the phase (a, c, e) and group velocity (b, d, f) measurements, in 

three frequency bands. Starting from the top where lowest band is considered, it is clear how it is 

more and more difficult to follow the coherent profile of the surface waves when increasing the 

frequency.  
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The phase velocity was estimated along the seismic section as the speed providing 

the best alignment of the traces along the section. To find this speed we tested 

velocity values covering the interval 35-300 m/s with a step of 5 m/s. For each 

velocity value we shifted the traces along the seismic section for a time given by 

the ratio between the source-receiver distance and the test velocity, and we 

stacked all the traces (Figure 4-10). In order to smooth the stack function we 

performed the envelope of the stack, and we select the maximum of the stack 

function as representative of the quality of the stack for that test velocity. We 

repeated this processing for all the velocities in the considered interval, to build 

up a stack-quality function of the test velocity (Figure 4-10). s. Since we apply a 

filter in a narrow frequency band, the traces present a monochromatic shape: 

because of the destructive interference, the curve of the maxima of the stack as a 

function of the velocity presents a peak and decreases to very small values far 

from it. We then assumed the phase velocity as the velocity value at which this 

quality function has its maximum. 

For the estimation of the group velocity, that represent the speed of the 

propagating wave packet, we performed the envelope of the signals before the 

binning procedure. The related seismic section is plotted in Figure 4-11. As before, 

we searched for the group velocity as the speed at which we get the best 

alignment of the enveloped seismic section. A grid search was performed in a 

lower velocity range with respect the previous case, being the range 20-210 m/s 

with step of 5 m/s; this because the group velocity is generally smaller than the 

phase velocity. For each tested value, we aligned the traces, we computed the 

stack on the move-out section, and we took the maximum of the stack function 

(Figure 4-11). We collected all the maxima as a function of the tested velocity and 

finally we assumed the group velocity as the absolute maximum of this quality 

function. In this case, when we performed the envelope of the signals we obtained 

a positive function. Therefore in the binning procedure and in the stack function 

after the realignment, we do not observe destructive interference. Nevertheless, 

when signals are not in phase their stack will present a smaller value with respect 

to  the effective group velocity. This is reflected in the quality function of the stack, 
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that has not a definite peak but it often exhibits a plateau region around the 

effective group velocity of the considered subgrid (Figure 4-11). 

This analysis is repeated in each subgrid for different frequency bands, in order 

to compute the space distribution and variability of the dispersion curves for the 

phase and the group velocities (Figure 4-12). The phase velocity shows a 

monotonic decreasing and it is always larger than the group velocity, which is 

almost constant, with the presence of few spatially localized maxima and minima. 

The difference in the phase and group velocity values is indicative of a layered 

medium with increasing velocity with the depth, as shown in the relation (2.78). 

We expect that the determination of the phase velocity is better constrained with 

respect to the group velocity, but we also found cases where its determination 

was not simple. The waveforms quality degrades as the central frequency of the 

band increases, therefore bimodal or multimodal stack functions, with 

comparable amplitudes of the maxima, occur in some subgrids (Figure 4-13). 

Since, we adopted overlapping subgrids, when we moved from one grid to 

another one we changed a small number of stations and sources, therefore we 

did not expect a great difference in the velocity values among contiguous 

subgrids. The same applies for increasing frequency band, because also the 

selected bands are overlapping. In such cases, we add a smoothness condition 

on the velocity as an additional constraint, which guarantees smoother velocity 

variations in space and with frequency. In figure 4-14 the phase and group velocity 

maps are represented. The maps are not associated to specific depths but they 

are put in columns simply considering that lower frequencies are related to longer 

wavelengths and as a consequence, to deeper layers with respect to the higher 

frequencies. 

 

 

 

 



73 

 

 

Figure 4-10: Processing used for the phase velocity estimation. In panel  a) we represent the filtered 

seismic section, whereas in the following ones, we have the same section but shifted in time in 

agreement with several test velocities (70 m/s, 85 m/s,  105 m/s, 125 m/s and 140 m/s). The 

estimated value of the phase velocity is 105 m/s, in correspondence of which we have the best 

realignment of the section Finally, in panel g) the maximum of the stack function is represented 

as a function of the test velocity. 
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Figure 4-11: Processing used for the group velocity estimation. In panel  a) we represent the filtered 

seismic section, whereas in the following ones, we have the same section but shifted in time in 

agreement with several test velocities (50 m/s, 60 m/s, 75 m/s, 90 m/s and 105 m/s). The estimated 

value of the phase velocity is 75 m/s, in correspondence of which we have the best realignment 

of the section. Finally, in panel g) the maximum of the stack function is represented as a function 

of the test velocity. 
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Figure 4-12: Dispersion curves for a specific subgrid. The phase velocity is monotonically 

decreasing, whereas the group velocity curve is always below the phase velocity curve and it is 

almost constant.  

 

 

Figure 4-13: Increasing the frequency band, the signals are more sensitive to the heterogeneities 

of the medium and therefore the coherence of the signals is reduced. Such reduction determines 

a reduction in the stack coherence and, in turns, it may produce equivalent alignments of the 

seismic section for different values of the velocity.  
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Figure 4-14: Areal maps of the phase on the left and group velocities on the right. The two 

anomalies in the phase velocity maps are evident at the boundaries of the investigated area. We 

can also recognize the separation of the region in a faster domain and a slower domain.  

 

Looking at the phase velocity maps, the most significant features are the two 

anomalies at the boundaries of the investigated region. The one located at NW 

also corresponds to the highest measured phase velocity value and it is clearly 

recognizable in the whole frequency range, even if its presence is more important 

in depth. The SE anomaly has almost the same shape but with smaller velocity 

values. It is visible at lower frequency and it seems to disappear beyond 17.5 Hz. 

The group velocity maps are more constant but they have a maximum at low 

frequency that seems to correspond to the SE anomaly retrieved in the phase 

velocity maps. In general, from the comparison of the figures we can affirm that 

the medium presents a separation in two areas, with the NE region faster than 

the SW one. This situation is more appreciable at higher frequencies. In the same 

area, in the past, another experiment was performed using different experimental 

approach for the recovering of the phase velocity dispersion curves (Petrosino, et 

al., 2012)  and the retrieved velocities well superimpose on average to our values. 

The comparison is possible in a limited overlapping frequency range 7-12 Hz, 

since they used more distant stations and noise measurements, which investigate 

lower frequencies, with a lesser capability to resolve small-scale anomalies. 
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4.2.2 Inversion of the dispersion curves 

 

We can use the information contained in the phase and group velocities and in 

their behavior at different frequencies, to determine a velocity model of the 

investigated area. This purpose is achievable jointly inverting the dispersion 

curves. Specifically, we computed a one-dimensional model in each subgrid, and 

we interpolated the 96 one-dimensional models to obtain a three dimensional 

model of the area. For the retrieving of the one-dimension model, we used the 

Geopsy software (Wathelet, et al., 2004). The software searches for the best 

horizontally layered P-wave and S-wave models that fit the dispersion curves 

using the Neighborhood algorithm (Sambridge, 1999)The code requires in input 

the number of layers, the range of variability for the P-wave and S-wave speeds 

and the density of the medium. Starting from these parameters the algorithm 

subdivides the parameter space in Voronoi’s cells, where each cell is characterized 

by a set of parameters. The software use such parameters to construct a one-

dimensional layered medium and from this model, it computes the dispersion 

curves. The theoretical dispersion curves are compared with the real ones, 

through a misfit function. The misfit is given by 
 
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   where xdi is the 

measured velocity at the frequency fi, xci is the computed velocity at the frequency 

fi, σi is the uncertainty on the measurement of the considered frequency and nF is 

the number of frequency samples we have in our problem. At this point to 

optimize the search process to find the best-fit solution, the algorithm refines the 

parameter space only into the cells where the misfit is smaller, and the procedure 

continues until either the number of iterations is reached or the misfit function is 

reduced below a fixed threshold (Figure 4-15).  

 



78 

 

 

Figure 4-15: Schematic representation of the parameter space, as subdivided in Voronoi’s cells 

and the further refining in that cells where a lower misfit function is computed. 

 

In our case the parameters are initially set as follows: the density to 1500 kg/m3, 

the S-wave velocity  interval to 50-1250 m/s, the P-wave interval is linked to the S 

one through the Poisson’s ratio, which is allowed to range from 0.2 up to 0.5. 

They were chosen in agreement with literature values (Letort et al., 2012). The 

setting of the number of layers deserves more attention. We performed several 

tests to correctly set the number of layers and the maximum penetration depth 

of the Rayleigh waves. We started from a two-layered medium up to consider a 

four-layered model. This latter resulted in being the best choice, because the 

misfit between the simulated and expected dispersion curves significantly reduces 

up to one order of magnitude, whereas there is no further significant reduction 

when the number of layers is increased beyond this value (Figure 4-16). Of course, 

a further layer improves the misfit since it would be able to fit better and better 

the slope breaks that occur in some dispersion curves (Figure 4-17). Nevertheless, 

an additional layer does not justify such a small gain in the misfit function.  

The solutions are insensitive to the P-wave model (Figure 4-16). All the models 

around the best-fit solution provide a large range of P wave velocities. The S-

wave models are more constrained; therefore, the exploration was further limited 

to the to the S-wave velocity values and to the identification of the interfaces. 

Since our goal is to determine a single velocity profile for each subgrid, we need 
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of a criterion to choose which is the model that can be assumed as the best one. 

We have indeed many models with misfit comparable to the lowest one. 

 

 

Figure 4-16: Recovered P- (on the left) and S-wave (on the right) velocity models when increasing 

the number of layers. The reduction of the misfit function is large moving from 2 (a) to 3 (b) layers, 

and it is smaller but still relevant from 3 to 4 (c) layers. Different colors correspond to different 

misfit value. 
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Figure 4-17: Comparison between the measured dispersion curves for the phase (on the left) and 

the group velocities (on the right), represented with the solid black lines and the set of curves 

recovered by the software Geopsy. Such curves have a different behavior when compared to 

those shown in figure 4-12 because here the slowness is the quantity represented in the plots. 

 

Therefore, we did not select the best-fit model as the final model, but we 

extracted an ensemble of profiles having a misfit difference smaller than the 15% 

with respect to the minimum misfit. We assumed as the final model, which is 

representative of the one-dimensional medium, the average among the selected 

models. It is worth to note that the average profile is a smoother solution of the 

problem because, referring to the figure 4-16, all the models in the average are 

close to each other and they differ either by the velocity values or by the depth 

of the interfaces. On the contrary, if the selected family solutions had been spread 

in the parameter space, resulting in models with different patterns having close 
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misfit values, the average model would not have been  a good estimator of the 

1D model because the average would have been a model having different 

characteristics from the initial ones and possibly falling in an area where models 

with high misfit were founded. 

As a consequence, the average models are no longer layered, but they present 

an almost continuous variation of the velocity with depth. Finally, combining the 

96 velocity profiles of each subgrid we obtained the three-dimensional model, in 

term of S-wave velocity, of the medium by interpolation. The figure 4-18 is a slice 

representation of the S-wave model at fixed depth; in the same figure, we 

compare the resistivity model. 

 

 

Figure 4-18: Resistivity model (on the left) and the S-wave model (on the right) obtained with data 

acquired during the same experiment. On the top of each model, there is the thermal map. The 

shallowest features can be associated with thermal ones, whereas results at depth show the 

presence of a water-saturated medium. 
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In general in all the one-dimensional profiles we observe a very shallow layer, 

whose depth is always well constrained and it reaches a maximum value of 4 m. 

A second layer is more variable and it has depths ranging between 4 m and 8 m. 

Finally, the depth of the last interface and the velocity below it are not well 

constrained. This layer could be the interface between the unconsolidated shallow 

deposits and the aquifer beneath the Solfatara that emerges in the Fangaia. This 

indetermination could be also due to the very low velocity of seismic waves and 

to the considered range of frequencies, which limit the penetration of waves. The 

comparison of our results with other seismic acquisitions, (Petrosino et al., 2012), 

even if those are based on a larger space scale, lower frequency range and 

consequently larger penetration depth, are in agreement with ours. They also 

recover a shallower interface at about 5 m, which could correspond on average 

to the variation of S-wave velocity in the first two layers of our model. The 

uncertainty is given by the larger wavelengths that smoothen the medium, 

whereas we are able to distinguish also smaller shallower interfaces. 

We retrieved a relationship between the two NW and SE anomalies observed in 

the phase-velocity maps, and the region where we recovered higher velocity 

values. The NW anomaly can be associated to the spot that emerges at 4 m, and 

becomes more evident in terms of a velocity contrast at greater depths, whereas 

the SE anomaly appears at 8 m and remains unchanged at higher depths. One of 

the most important features which was recovered also in other works, and was 

also clear in the phase and group velocity maps, is the division of the investigated 

domain in two subareas: the SW domain is slower at all depths, as compared to 

the NE domain. This can be associated with a more water saturated medium, 

since the slower side is close to the Fangaia, where the water outcrops. . The 

geoelectric model obtained for the same area corroborates such an 

interpretation. This result comes from an acquisition performed during the RICEN 

experiment by means of direct current resistivity profiles, with sixteen, 115 m long 

profiles with NW–SE orientation and twenty-four, 75 m long orthogonal NE–SW 

profiles, all with 5 m spacing between the electrodes. The same Wenner–

Schlumberger configuration was used for all of the profiles, and the three 

dimensional inversion was obtained using the algorithm  detailed by Loke & 

Barker (Loke, et al., 1996) and implemented in the RES3DINV software (Loke, et 
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al., 2002). The normalized root mean square error of the resulting three-

dimensional model was 7.5%, and the data quality allows for a high-resolution 

resistivity model down to 15 m depth. Also, acquisition of the soil temperature at 

30 cm depth was performed at each electrode during the experiment. The 

geoelectric results are interesting for our purpose since they have good resolution 

in the discrimination of media that are richer or poorer in water. There is a 

correlation between the shallower slice and the temperature profile. High velocity 

value are linked to high temperature (here the temperature reaches 90-95 °C) 

where gas emissions are observed. Indeed, as interpreted by other authors the 

gas presence reduces the water saturation allowing an increase in the S-wave 

velocity. The slower areas are related to colder zones having temperature at 

about 50-60 °C, that are also reach in water content.   

The influence of the water content or over pressured gas can be highlighted 

plotting the isosurfaces of velocity (100, 150, 200, 300 m/s) and on the same figure 

the isosurface of the resistivity at 8.5 Ω·m (Figure 4-19). The resistivity surface 

shows a low level near the Fangaia, and at the same time the velocity surfaces 

deepen toward the Fangaia. For sake of completeness, the isosurfaces are 

obtained using the velocity values coming from the inversion with a spatial filter 

that smoothens the smallest velocity variations, and allows to be more focused 

on the general trend of the velocity gradient. 
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Figure 4-19: Isosurfaces of resistivity (magenta) and S-wave velocity (the other colors). The 

behavior of such surfaces show an another point of view about the duality of the investigated 

region. On the left, close to the Fangaia, there is more water, therefore lower shear velocities and 

resistivity are measured. 

 

Below we present the paper deriving from this work as it has been published on 

the journal: Geophysical Journal International 


