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Introduction

It is a classical fact that a convex function u : R — R is locally Lipschitz
continuous [58]. Therefore one can apply Rademacher’s Theorem to deduce that
a convex function u is almost everywhere differentiable. At this point a question
arises naturally: what can we say about the points at which wu is not differentiable?
How many non differentiability points do we have?

We can study these questions by considering a generalization of differentiability.
Let u : R” — R be a function and let z € R™ be fixed. We call the subdifferential
of u at the point = the (possibly empty) set defined as

ou(z) = {y e R" |u(z) > u(z) + (y,z —x),Vz € R"}.

Clearly, if  is a differentiability point of u and Ju(x) # then Ju(x) is single valued
and it holds that du(x) = {Vu(z)}. Moreover, if u is a convex function, one can
prove that, for every x € R™, Ju(x) is non empty.

To better understand what is our task, we suggest now a simple example. Let
u:R" — R be u(x) = ||z

is non empty for every x € R"™. Trivially, u is differentiable in every = € R™\ {0}.

r[} It is a convex function, the subdifferential Ju(x)

Moreover, one can easily check that du(0) = B(0, 1), the closed ball with center 0

and radius 1. To summarize, it holds that

B(0,1), ifz=0,
o if © #£ 0.

lzllrn

ou(zx) =

IThroughout the dissertation, if there is not danger of misunderstanding, we will write shortly

| - | to denote the Euclidean distance in R™.
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In this example, we can see that dim du(x) = n, just for one point z = 0. What
happens for a general cost function? Is it possible to classify points z € R”
according to the dimension of du(z)? In this regards, we define the k-th singular

set of u as the set
YF(u) = {r € R"| dim (Qu(x)) > k}.

In 1992, Alberti, Ambrosio and Cannarsa [3] gave a Hausdorff dimension esti-
mate of k-th singular sets of a convex function. More generally, they proved that
the set ¥*(u) is countably (n — k)-rectifiable, for every k = 0,...,n. This result
has an important application in optimal mass transportation theory.

Let us briefly recall some facts related to this topic, as a motivation to our work.
In 1781, Monge [75] formulated the following question: given two sets X and Y C
R" of equal volume, find the optimal volume-preserving map between them, where
optimality is measured against a non negative cost function ¢ : R* x R* — R.
Roughtly speaking, one can see the set X as being filled with mass and ¢(z,y) as
being the cost per unit mass for moving material from z € X toy € Y.

The optimal map minimizes the total cost of redistributing the mass of X to
Y. More specifically, if i and v are probability measures supported on X and Y

respectively, the goal is to minimize the functional

17] = /X (2, T(x)) du(z),

over the set of all measurable maps 7" such that T#p = v. Originally, Monge
considered as cost function ¢(z,y) = |z — y|. An answer to this problem was first
given by Sudakov in 1979 [90]. He showed that such a map exists.

It is really surprising that Monge’s problem is a prototype for many other
questions arising in differential geometry, infinite-dimensional linear programming,
functional analysis, mathematical economics and in probability and statistics (see,
for instance, [64] and [79]). The Academy of Paris offered a prize for its solution,
which was claimed by Appell [11]. Moreover, Kantorovich received a Nobel prize
in 1975 for related works in economics.

The approach of Kantorovich was slightly different from the original one. He

formulated a more relaxed version of Monge’s problem. His task was to minimize
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the functional
I = [ clog)dntay)
XxXY

over the set of all probability measures m on X x Y with marginals p and v.

Recently, two groups of authors studied Monge’s problem for the cost function
¢(z,y) = 3|lx—y[*>. On one side Brenier and on the other Knott and Smith, Cuesta-
Albertos, Matran and Tuero-Diaz, Riischendorf and Rachev, and Abdellaoui and
Heinrich realized that, for the quadratic cost, an optimal map exists, that it is
unique ( [18], [17], [1], [27]). They also proved that it is represented by the gradient
of a convex function ( [63], [17], |87], [85], [17]).

Using Kantorovich’s approach to Monge’s problem, we are led to the study
of singular sets of convex functions. Indeed, one can prove that a probability
measure ™ on X X Y is optimal if and only if its support is a cyclical monotone
set. This condition is equivalent to the fact that 7 is supported on the graph of the
subdifferential of a convex function w. If the dimension of the set of those points
x for which du(x) is not single valued is negligible in some sense, then one can
conclude that, up to a “small” set, supp(w) is the graph of Vu, which turns out
to be the desired optimal map. Thanks to Alberti, Ambrosio and Cannarsa, we
know that dim X!(u) < n — 1; therefore, for the quadratic cost, Monge’s problem
is solved, when the probability measure ;. does not give mass to sets of dimension

at most n — 1.

In a second step, it is quite natural to investigate the same problem for a more
general cost function. In this direction, many authors gave answers according to
the properties of c.

As already mentioned, optimal transport map for quadratic cost is character-
ized by the gradient of a convex function. Analogously, it turned out that, for a
general continuous cost function, optimal map is related to a generalization of con-
vexity, called c-convexity, and of subdifferentiability, called c-subdifferentiability,
and their counterparts: c-concavity and c-superdifferentiability.

Under certain hypothesis on ¢, one can prove that 7 is a solution to Kan-

torovich’s problem if and only if it is supported on a c-cyclical monotone set,
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which is the c-superdifferential of a c-concave map:

Op(y) = {r e X|VseY, oy) +c(z,y) > p(s) +c(s,y)} .

It is clear that the study of the set of points in which the c-superdifferential is
not single valued has a central role in the pursuit of solutions to Monge’s problem.

Many authors proved results in this direction. For instance, Riischendorf [84],
Knott and Smith [88] and Gangbo and McCann [51], [52]. In [52], the authors
considered strictly convex, and also strictly concave, cost functions in R™. For
the case of strictly convex cost functions in R”, also Ambrosio, Gigli and Savaré
obtained some results using “approximate differentials” [§].

Finally, we recall the result of McCann [70] about uniqueness of a cyclically
monotone transport in R™. In his work, McCann introduced a condition on the
cost function c: he asked that the function x — c(x,y) is locally semiconcave,
locally in y. We recall that a function f : R” — R is semiconcave if there exists

a continuous function w : RY — R* with w(r) — 0, as » — 0, such that
w(zy) < (1 —t)u(ze) + tu(zr) + (1 — t)w(|xe — 21]),

for every xy and z; € R", t € [0,1] and z; = tz; + (1 — t)zo. With this new
hypothesis, one can generalize Alberti, Ambrosio and Cannarsa result and prove
that if u : R® — R is a c-concave function, then the c-singular set of u, i.e. the

set
Yu) = {z € R"|#0%(zx) > 1},

has Hausdorff dimension at most n — 1.
In the first part of our dissertation, the main goal is to find a way to avoid
the hypothesis of semiconcavity. We introduce a new assumption, called gradient

continuity condition, on the cost function ¢ : R” x R" — R:

Assumption. For any compact set K C R", for any € > 0 and for any n > 0,
there exists § = d(e,n) > 0 such that if py, p}, p2,ph € K and x € K are so that
[p1 = p2| >, |pr = Pi] <0, [p2 — py| < 6 and 2 € C(pr) NC(ph) N Cp2) NC(ph),
then either

Vac(z, p1) — Vac(z,py)| < € (1)



or

|Va;C(JJ,p2) - ch(m7pl2)| < e (2)

This condition means that the map y — V,c(x,y) can not have too many
discontinuities close to each other. This gradient continuity condition, in addition
to more classical assumptions (Assumption and Assumption , see Section
, lets us prove the following:

Theorem 0.1. Let u : R® — R be a c-concave function. If the cost function

c:R" x R" — R satisfies the assumptions introduced above, then
dimpy ¥°(u) < n—1.

The main ingredient of the proof is a result due to Mattila [67] about a di-
mension estimate for porous sets. Following this theory, we introduce a sufficient
condition for a set to be porous and apply it to prove Theorem [0.1]

As an application, we can show that, under the hypothesis of Theorem [0.1]

there exists a solution to Monge’s problem:

Theorem 0.2. Let o and v two probability measures in R"™ such that p does not
give mass to (n—1)-dimensional sets. Then, under the same hypothesis of Theorem
there exists an optimal transport map T : R™ — R™ transporting p to v such
that

/n c(x, T(x))du(x) < /n c <m,T(x)> du(x),

for any measurable map T : R —s R™ such that T#p = v. Moreover, there exists

a c-concave function u such that T'(x) = 0°u(x), for p-almost every x € R™.

The classical literature about optimal mass transportation theory provides deep
results also in settings different from the Euclidean one. For instance, the first
optimal transport theorem on a Riemannian manifold was given by McCann [71].
Later, this result was extended by Bernard and Buffoni [15] to general Lagrangian
cost functions. More recently, Shao and Fang [31] rewrote McCann’s theorem in

the formalism of Lie groups. They used this reformulation as a starting point to
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derive theorems of uniqueness and existence of the optimal transport on the path
space over a Lie group.

At this point, we would like to cite the work of Ambrosio and Rigot [10], the
paper which inspired the second part of this dissertation. Ambrosio and Rigot ex-
ended McCann'’s results to the subriemannian setting, in particular to the Heisen-
berg group H". As cost function they chose the squared Carnot-Carathéodory
metric or the squared Koranyi metric. Their proof required a delicate analysis
of minimizing geodesics and differentiability properties of the squared distances.
Analogously to the classical cases, Ambrosio and Rigot proved that the optimal
transport map can be represented by the total gradient of a c-concave (and locally
Lipschitz) function.

Our goal is to generalize Ambrosio and Rigot result to a more general cost
function ¢ : H" x H" — R. Therefore, analogously to the strategy applied in the
Euclidean case, it is interesting to study singularities of c-concave functions in H".
At the moment, we are still far from a deep understanding of this problem, either
for the case of ¢ equals to the squared Carnot-Carathéodory metric or the squared
Koranyi metric.

Let us come back to the Euclidean case and consider the quadratic cost ¢(z,y) =
%|x — y|?. With some simple computations, if ¢ : R® — R is a c-convex func-
tion, one can prove that there exists a convex function u : R — R such that
¢(z) = u(x) — 1[z|*. In this way, we have a correspondance between c-convexity
and classical convexity. Therefore, in this particular case of quadratic cost, the
study of c-subdifferentials is reduced to the study of classical subdifferentials.

Is it possible to argue similarly in H"? We decided to do a first step in this
direction by considering H-convex functions and their horizontal gradients, which
are the generalizations, in the Heisenberg groups, of the notions of convexity and
subdifferentiability ( [28], [21], [20]).

Let us recall the definition of H-convex function. We say that a function

u: H" — R is H-convez if

u(p-ox(p~"-p)) < ulp)+A(u®) —ulp)),

for every p € H", p’ € H, and X € [0,1]. Its horizontal subdifferential at a point
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no € H" is the set

Ouu(no) = {p € Vilu(n) = u(no) + (p,&1(n) — & (m)) , foreveryn € Hy,}.

It is very important to notice that the set valued map defined as n — dyu(n) is

H-monotone, i.e. it satisfies the following condition:

(&) —&0)p—p) >0,

for every n and i € H" such that n € H,y and for every p € du(n) and p’ € du(n’).
Thanks to this last property, we decided to focus our attention to the study of
H-monotone set valued maps and their singularities.

Using the recent paper [13], we conjecture a result which would like to be the
subriemannian counterpart of the Euclidean result of Alberti and Ambrosio [2].
They proved that if T : R” = R” is a maximal monotone set valued map, then
the k-th singular set of T,

YHMT) = {z € R"| dim T(z) > k}

is at most (n — k)-rectifiable. The proof is based on this fact: the resolvent
(T +1)"': R" — R™ is a Lipschitz function. Unfortunately, this is not the case
in H". Therefore, we needed to change completely the approach. Our conjecture

is the following:

Conjecture 0.1. Let T : H' = V; be a mazimal H-monotone set valued map with
dom(T") = H™. Then, for every 0 < k < 2n, the Hausdorff dimension of the set

SH(T) = {p € H' | dim (T(p)) = k}
1s at most 2n+2-k.

The first step towards the proof of the conjecture is the main theorem of the
second part of the dissertation. We restrict ourselves to study the Hausdorff di-
mension of the set of points p € ¥¥(T) such that T'(p) is contained, in some sense,
in a horizontal subgroup of H". This fact allows us to use the machinery about

decomposition in homogeneous subgroups of H” and intrinsic Lipschitz functions
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introduced by Franchi, Serapioni and Serra Cassano ( [44], [45], [46], [48] and also
the more recent paper [49]). We denote by X% (T) the restriction to those special
points of ¥*(T"). Since T'(p) C R*" is a convex set, there is an affine subspace of
R?" containing it. Let us denote by V}, the unique linear vector space generating

that affine subspace. In this way we can define
Sh(T) = {peH"|V, e G"(2n,k)},

where G (2n, k) is the Grassmannian of horizontal k-dimensional subspaces of R*"
defined as

GH(2n,k) = {V € G2n, k)| (v, Ju) =0, Vo,u € V}.
With these notions, we are able to prove the following:

Theorem 0.3. Let T : H" = Vi be a maximal H-monotone set valued map with
dom(T) = H". If 1 < k < n, the Hausdorff dimension of X% (T) is at most
2n+2—k.

The structure of the dissertation is the following. The first part, Singular set of
c-convez functions, is divided in two chapters. In Chapter [T}, which is motivational
for the second one, we recall the main results and definitions from optimal mass
transportation theory in R" endowed with the Euclidean metric. We state the
problem as Monge and Kantorovich formulated it and we present the main results,
existing in literature, about existence and uniqueness of the solution to Monge’s
problem, when c is a cost function with some general properties.

Chapter [2] is devoted to the exposition of the result obtained avoiding the
classical property of semiconcavity on c¢. We introduce our new assumptions, we
justify them with some examples and, finally, recalling the notion of porosity of a
set, we give the proof of our result.

In the second part, Singular set of H-convexr functions, we investigate H-
monotone set valued maps and their singular sets. In particular, we recall that the
horizontal gradient of an H-convex function is a maximal H-monotone set valued

map.
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In Chapter [3] we state the main properties about Lie groups and Carnot groups
in particular. We emphasis on their most relevant peculiarities, such as homoge-
neous dilations, graded coordinates and the structure of left invariant vector fields.
We will recall also their basic metric properties.

Chapter [ is devoted to the study of the Heisenberg group and its homogeneous
subgroups. We stated some results of Franchi, Serapioni and Serra Cassano, useful
for our purpose, and we prove that the set of vertical homogeneous subgroups,
which give rise to a decomposition of H", is a compact metric space. The Chapter
ends with a brief digression about intrinsic Lipschitz functions and the Hausdorff
dimension of their graphs.

The last chapter, Chapter |5, contains the results about the dimension of singu-
lar set of H-monotone set valued map. We recall the Euclidean counterpart and
we list the needed ingredient from [13]. Finally, before giving the proof of the main
theorem, we prove that a set, which is locally contained in intrisic cones with axis

a vertical group of algebraic dimension d, has Hausdorff dimension at most d + 1.
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Singular sets of c-convex functions






Chapter 1

Optimal mass transport and

c-convex functions

This first chapter is devoted to recall results about optimal transportation the-
ory which already exist in literature. In particular, we want to focus our attention
on some possible relations between Kantorovich’s problem and Monge’s problem.
The two formulations are quite different but we will discover that, under some
special assumptions, there is a precise relation between them.

In Section [I.1] we give the formulations of the optimal transport problem as
Monge and Kantorovich did. We also propose some examples to highlight the
differences between the two approaches.

In Section we recall some notations and some basic facts about convex
analysis. These results will be used in the remaining sections of this Chapter.

Section is devoted to the study of solutions of Kantorovich’s problem. It
is here that we need to introduce a generalization of concavity and convexity:
c-concavity and c-convexity.

In Section [I.4] we approach the study of solutions to Monge’s problem, intro-
ducing the Kantorovich duality. This tool will be largely used in Section[I.7, where
we look to the specific case of quadratic cost function.

The short Section lets us link solutions of Kantorovich’s problem to solu-

tions of Monge’s problem.



In Section , following Alberti, Ambrosio and Cannarsa [3], we recall some
results about singular sets of semiconcave and semiconvex functions.

The Chapter ends with Section [I.8] Here we present, without giving proofs,
some results which provide conditions for existence of an optimal tranport map.
These conditions are exactly those we want to modify in order to improve classical

results.

1.1 Formulation of the optimal mass transport

problem

The first formulation of the optimal transportation problem is due to Monge,
in 1781. In this very first section, we would like to give a quick and selfcontained
introduction to this problem. We will focus on its formulation as Monge intro-
duced it and also on the more recent (and relaxed) Kantorovich optimal mass
trasportation problem. For a deeper excursus on this topic, we refer the reader to
the first and second Chapters of [92].

Assume that we have two sets X and Y C R” of equal volume. We can imagine
that the set X is uniformly filled with mass normalized to 1. The task is to move
this mass from the set X to the set Y. We can model the masses of X and Y
with two probability measures p and v, respectively. We write p € P(X) and
vePY).

Performing this movement needs some efforts. These efforts are modelled by a
cost function c, which is a non negative function from R™ x R™ to R. Informally,
¢(x,y) represent the cost per unit mass for transporting material from = € X to
y € Y. Therefore, the main task is to minimize the total cost of redistributing the
mass of X through Y.

Let us explain this problem in a more formal way. First, we have a question:
how can we define a way of transportation? We define a transference plan as a
probability measure on the cartesian product X x Y. Clearly, we do not want to

loose or gain mass, then we need that our transference plan in admissible. This
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means that 7 has marginals 1 and v, i.e.
T(AxY) = pu(Ad), 7(XxB)=wv(B), (1.1)

for every measurable sets A C X and B C Y. An equivalent formulation can be

the following

/ny (o(z) + ¥(y)) dr(z,y) :/

X

o(@)dpu(z) + /Y b(y)du(y),

for every couple of test functions (¢, 1) € LY(X, u) x L'(Y,v).

Notation 1.1.1. We denote by II(p, v) the set of all probability measure on X x Y
such that relations (|1.1)) holds.

Remark 1.1.1. The set I1(p, v) is always not empty, since the tensor product u®v €
I, v).

Let us propose the formulation of the mass transportation problem as given
by Kantorovich, who was the one who first tried to give an answer to Monge’s

question (see [62], [61]). We will refer to this problem as Kantorovich’s problem.

Minimize the functional I[r] = / c(z,y)dn(z,y), formell(p,v). (1.2)

XxXY

Let 7 be a given transference plan. We call I[n] the total transportation cost
associated to 7. Notice that I[r] is non negative and it could be infinite. The
optimal transportation cost between p and v is the value

Te(u,v) = inf I[n].

mell(p,v)

If there exists m € II(p, v) such that T.(u,v) = I[r], we call 7 a optimal transfer-
ence plan.

As already mentioned, the optimal mass transport problem was first formulated
by Monge. His problem was a bit stronger than the one of Kantorovich. Indeed, it

additionally requires that each point x € X is associated to a unique point y € Y.
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In other words, there is no splitting of mass: we are looking for a measurable map
T : X — Y, which sends the mass in X to Y. We can translate this fact in terms
of transference plans. This means that the plan 7 in ((1.2) has the form

7w = (Id x T) #u, (1.3)

for a suitable measurable map T : X — Y. More specifically, it holds that

/XyC(x,y)dwT(x,y) = /qu?T(x))d/i(x),

for every non negative integrable test function ( on X x Y. Here, we introduce
the subscript T" in the notation of transference plan 7 to stress that it is related

to the map T'. In particular, the associated total transportation cost is
Ier) = [ oo, 7)) duta).
X

In Kantorovich’s formulation, we were looking for an optimal transference plan
among the probability measures belonging to II(u,v). Therefore, also in this case
we need a condition under which 77 belongs to II(x,v). This condition can be
recovered from equation . One easily obtains that

/X (6 o T)(@)dpu(z) = /Y b(y)du(y),

for every non negative ¢» € L'(Y,r). When this condition is satisfied we write
v = T, i.e. the probability measure v is the push forward of u through 7.

We are now ready to state the Monge’s optimal mass transportation problem:

Minimize the functional I[T] = / ¢(z, T(x))du(x), (1.4)
b's
over the set of all measurable maps T" such that TH#pu = v.

We present now a very simple example which can clarify the nature of Monge

optimal transport problem.



Example 1.1.1. Let a € R™ be a fixed point. Let p be a probability measure in R”
and let v = J,, the Dirac mass supported at a. The goal is to move all the mass
represented by p to the point a in an optimal way. Obviuosly, we have a unique

possibility: T'(x) = a, for every x € R™. Therefore,

Te(p,0a) = /Xc(a:,a)d,u(x).

As already said, it could happen that there exists a solution for the Kantorovich
problem but not for the Monge problem. Here we propose an example, taken

from [93], in which we have splitting of mass.

Ezample 1.1.2. Let X = Rand also Y = R. Wedefine y = dp and v = (61 +9_1) /2
In this case the Monge problem has no solution, indeed there is no map such that
TH#p = v. On the other hand, one can check that the optimal transport plan is
given by %50 X 0_1+ %50 X 07.

With the formulation of the optimal mass transportation problem, we can
address the study of the solutions. There are two main aspects that we should
consider. The first one is the existence of a solution: do there exist minimizers
for problems or ? The second step is referred to the characterization
of these minimizers. Can we say something about the nature of these solutions,
depending on our knowledge about the probability measures p and v? As we will
see in what follows, the answers to these major questions depend strictly on the
properties of the cost function c.

Let us consider some examples in the case when X = R" and Y = R", the cost
function is given by c¢(z,y) = |x — y|?, for 0 < p < 0o, and p and v are compactly

supported probability measures.

Ezxample 1.1.3. We assume that p > 1. This implies that ¢ is strictly convex.
It holds that, if u and v are absolutely continuous with respect to the Lebesgue
measure, then there is a unique solution to the Kantorovich problem and it is also
a solution of the Monge problem.

A step further can be done. We can weaken the condition on p, asking that u

does not give mass to any set with finite (n — 1)-dimensional Hausdorff measurd].

'We recall that, given E C R™ and k > 0, the k-dimensional Hausdorff and Spherical
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This fact will be a key point in Chapter [2| of this dissertation.

Ezxample 1.1.4. If p = 2, we refer to ¢ as a quadratic cost. In this case it turns out
that an optimal map exists and it is unique. These facts are due to Brenier, Knott
and Smith, Cuesta-Albertos, Matran and Tuero-Diaz, Riischendorf and Rachev
and Abdellaoui and Heinich (see [1§], [26], |17], [1], [27]). Moreover, the optimal
transport map can be represented by the gradient of a suitable convex function on

R™ (see [63], [18], [B7, B3], [7]).

In Section [I.7, we will focus our attention to this case.

Ezrample 1.1.5. There exist probability measures 4 and v on R", which give mass to
some sets of Hausdorff dimension at most n— 1 and such that optimal transference
plans in Kantorovich problem have to split mass. In this case it could happen that

a solution to the Monge problem does not exist.

The questions about the existence, uniqueness and characterizations of a so-
lution to the Kantorovich problem, and then of Monge problem, were for long
time studied. It should be apparent that the solution would not be unique. This
aspect was studied by Appel |11] and by Kantorovich [62]. About the existence
of the solution we need to go back to the first who tried to give the solution to
the Monge problem as originally formulated. Sudakov [90] tried to give a solution
of the problem for the case when c¢(z,y) = |z — y|. Unfortunately the argument
was not completely correct, as pointed out by Alberti, Kirchheim and Preiss. The

interested reader can find the fixed proof in [5] and in Sections 1 and 8 of [9].

Hausdorff measures of E are defined, respectively, by

oo

Hk(E) ;= lim inf { Z (diam E,)k

50

E c |} Ei, diam E; < 5}

=1 =0

= hm inf { Z (diam B;)
=1

»n
=
=

|

*|Ec | B, diamB; <4, B CR" balls} :
=0



1.2 Some facts from convex analysis

In this section, we interrupt our investigation of optimal transportation theory
with the purpose of building a little background on convex analysis. The reader

who wants to have a larger view on this topic is referred to [82] and [30].

Definition 1.2.1. Let ¢ : R* — R U {+00} be a propeif| function. We say that

@ 1s a convex function if it holds that

p(tr + (1= t)y) < to(z) + (1 —t)e(y),
for every x and y € R™ and for every t € [0, 1].

Remark 1.2.2. We define dom(p) as the set of those points on which ¢ is finite.
We point out that dom(¢p) is a convex set. This implies that its boundary is a set

of Hausdorff dimension at most n — 1.

Proposition 1.2.1. Let ¢ : R" — RU{+o0} be a proper conver function. Then
¢ 18 locally Lipschitz continuous on Int(dom(yp))

Remark 1.2.3. Since a proper convex function ¢ is locally Lipschitz in the interior
of its domain, one can apply Rademacher’s Theorem and prove that V¢ is well
defined almost everywhere and locally bounded. Furthermore, it turns out that

the set of points where Vg is not defined has dimension at most n— 1 (see Section
19).
Now, consider just the points x at which Vi is well defined. Then it holds

that, geometrically, the graph of ¢ lies above its tangent hyperplane atthe point
x. More specifically, it is true that

p(2) = w(@) +(Ve(z), (2 = 2)),

for every z € R™. In particular, this can be restated by saying that the map Vo
is monotone, i.e.

(V(z) = Vp(2),z — 2) >0,

2We say that a function ¢ : R® — R is proper if for every x € R® f(x) # —oc and it is not
identically +o0.



for every differentiability points z and z € R™.
How can we deal with the points at which a proper convex function is not

differentiable? We introduce a generalized notion of gradient.

Definition 1.2.4. Let ¢ : R" — R U {+o0} be a proper convex function. We
define the subdifferential of ¢ at the point x € R™ as the set

dp(r) = {y e R"[0(2) > p(2) +(y,2 — 1), Vz € R"}.

Remark 1.2.5. Obviously, it is well defined the set valued map = — 0p(z) (see
Deﬁnition, whose graph lies in R” x R"”. From its definition, it is quite simple
to prove that this set valued map is monotone (see Definition . This means
that

(Y1 — Yo, 21 — w2) 2> 0,
for ever y; € Op(z1) and ya € dp(x2).
Remark 1.2.6. Using the Hahn-Banach separation Theorem, one can prove that,
for every x € Int(dom(yp)), dp(x) is non empty. Moreover, ¢ is differentiable at a
point z if and only if Op(x) is a singleton, which is V().

Proposition 1.2.2. Let ¢ : R* — R U {+o0} be a proper convex function. If
@ 15 lower semicontinuousﬂ then the multivalued map Oy is continuous, i.e. if

xp — x and v, € Op(xy) —> Yy, as k — oo, then y € dp(x).

We give now the definition of convex conjugate functions and we state some

properties, very useful in what will follow.
Definition 1.2.7. Let ¢ : R" — R U {400} be a proper function. We call its

convex conjugate function, or the Legendre transform, the function defined as

©*(y) = sup (z-y—o(x)).

3A function F, defined on a metric space €, is called lower semicontinuous if, for any = € €,

F(z) < liminf F(y).

Yy—x
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By definition, it holds that ¢* is a proper convex semicontinuous function.

Moreover, the following inequality is valid

-y < @)+ 9" (y),

for every x and y € R".
The notion of convex conjugate function gives rise to a characterization of the

subdifferential of a convex function.

Proposition 1.2.3. Let ¢ : R* — RU {400} be a proper convex lower semicon-
tinuous function. Then, for every x and y € R™, x -y = ¢(x) + ¢*(y) if and only
if y € 0p(x), or, equivalently, x € dp*(y).

Proof. See [92], Proposition 2.4. O

We conclude this Section with a proposition about Legendre duality for convex

function.

Proposition 1.2.4. Let ¢ : R" — R U {400} be a proper function. Then the

following three statements are equivalent
(1) ¢ is convex lower semicontinuous;
(i1) @ = * for some proper function 1;
(iir) @™ = (p")" = o

Proof. See [92], Proposition 2.5. O

1.3 Optimality conditions for transference plans

Let us come back to the Kantorovich’s problem and try to investigate a possible
solution. We want to understand the structure of optimal plans. We start by
considering a particular case.

Let X =Y = R" and let ¢(z,y) = 3|z —y|* be the quadratic cost function. We

assume that p and v are two probability measures supported on two finite sets.

11



One can show that a tranference plan m € II(u, v) is optimal if and only if it holds

that
N

1 N
Zg’fﬂi —yil* < Z
=1

i=1

‘»’Ui - ya(i)‘za (1-5)

N | —

for every N € N, (x;,4;) € supp(m) and for every permutation o of the set
{1,...,N}.
Now, let us perform some computations in . Expanding the squares, we
get
N N
<xi7yi> < Z <£Bi7ya(i)>, (1~6)
i=1

=1
for every N € N, (z;,4;) € supp(w) and for every permutation o of the set
{1,..., N}. Inequality (|1.6) means that the support of the measure 7 is cyclically

monotone:

Definition 1.3.1. We say that a set I' C R™ x R™ is cyclically monotone if, for
every choice of points (z;,y;) € I, fori=1,.... N, with N € N,
N
(Yi, Tig1 — x3) < 0.

=1

This is a surprising property for a set. Indeed, the next theorem tells us that
there is a correspondance between cyclically monotone sets and graphs of the
subdifferential of convex and lower semicontinuous functions. In particular, this

gives a characterization for an admissible tranference plan to be optimal.

Theorem 1.3.1. Let I' C R" x R™ be a set. T" is cyclically monotone if and only
if there exists a convex and lower semicontinuous function ¢ : R* — R U {400}
sucht that T' is included in the subdifferential of .

Proof. See [83], Theorem 12.25. O

Remark 1.3.2. We stress that the previous Theorem implies that the following

statements are equivalent:
(i) m € I(u,v) is optimal;

12



(ii) supp(m) is cyclically monotone;

(iii) there exists a convex and lower semicontinuous function ¢ such that 7 is

supported on the graph of the subdifferential of ¢.

What happens for a much more general cost function? In the previous example,
the notions of cyclical monotonicity, convexity and subdifferential play a key role,
but they were linked to the special nature of the quadratic cost. Now we need to
study some generalizations. From now on, if it is not specified, ¢ is a generic non

negative continuous cost function.

Definition 1.3.3. Let I' C R™ x R™ be a set. We say that I' is c-cyclically
monotone if, for every choice of (z;,y;) € I', 1 = 1,..., N, with N € N, it holds

that
N N

ZC(%‘ayz‘) < ZC(%yo—(i)),

i=1 =1

for every permutation o of the set {1,...,N}.

Definition 1.3.4. Let X and Y be two subsets of R™. We say that a function
0 X — RU {400} is c-convex if it is proper and there exists a function
¢:Y — RU{£o0} such that, for every z € X,

Y(x) = sup (C(y) — c(z,y)) .

yey

Remark 1.3.5. Roughly speaking, a c-convex function is a function whose graph
can be, locally, approximated from below with a tool whose shape is the negative

of the cost function.

Definition 1.3.6. We define also the c-transform of ¢ as the function ¢ :Y —
R U {400} defined as

V(y) = inf (P(x) + c(z,y)).

zeX

The functions i and ¥° are said to be c-conjugate.
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Definition 1.3.7. Let ¢ : X — RU{+o0} be a c-convex function and let x € X
be a given point. We call the c-subdifferential of v at the point x the set

OY(z) == {y €Y |[¢(y) — ¥(x) = c(z,9)},

or, equivalently,

Ocp(x) == {y €Y [Vz e X, ¢(x) + c(x,y) <¢(2) +c(2,9)}

We have also the analogous definition for c-concavity.

Definition 1.3.8. With the same notations of Definition [1.5.4), a function ¢ :
Y — RU{—o00} is a c-concave function if it is not identically —oo and there
exists 1 : X — RU {£oo} such that

p(y) = inf (c(z,y) —¥(x)).

rzeX

Its c-superdifferential at a point y € Y is the set

Ip(y) = {r € X|p(y) +¢°(z) = c(z,y)},

or, equivalently,

p(y) = {r e X|Vs €Y, c(r,y) —p(y) > c(s,y) —p(s)} .

Remark 1.3.9. There are some relations between c-convexity and c-concavity. For
instance, ¢ is c-concave if and only if —p is c-convex. Moreover, % = J.(—y).
The proofs of these facts are quite trivial and they need just some computations

with the related definitions.

Proposition 1.3.2. Let ¢ : X — RU{+4o00}. Then ¢ is c-convezx if and only if
Y =, where Y = (¢Y°)°.

Proof. See [93], Proposition 5.8. O

Let us consider a simple example which links this generalization with the clas-

sical notions.

14



Ezxample 1.3.1. Let X =Y = R” and let ¢(x,y) = —x - y. In this case one
can easily see that a set is c-cyclically monotone if and only if it is cyclically
monotone. Moreover, a function is c-convex if and only if it is convex and lower
semicontinuous. Its c-subdifferential is the classical subdifferential. Obviuosly, an

analogous statement holds for c-concave functions and their c-superdifferentials.

We are now ready to state a fundamental theorem in optimal transport theory.
The main part is that, under certain assumptions on the cost ¢, every c-cyclically

monotone set can be obtained as the c-superdifferential of a c-concave function.

Theorem 1.3.3. Let X and Y C R" be two set and let ¢ : X x Y — R be non
negative and continuous. Let y and v be two probability measures supported on X

and Y, respectively. We assume that
c(z,y) < alz) +b(y),

for some a € LY X,p) and b € LY(Y,v). If 7 € T(u,v), then the following

statements are equivalent:
(i) ™ is an optimal transference plan;
(11) the set supp(m) is c-cyclically monotone;

(iii) there exists a c-concave function ¢ such that max{0, ¢} € LY (X, u) and 7 is
supported on the graph of 0%p.

Proof. See [51], Theorem 2.7 and Corollary 2.8. O

Remark 1.3.10. It holds a statement stronger than Theorem If supp(m) is
contained in graph(d°p), for some optimal transference plan 7= € II(u,v), then

supp(7) C graph(0°p), for every 7 € II(u, v).

1.4 The Kantorovich duality

In what follows, we want to give a powerful tool, the Kantorovich duality, used
in the study of the geometry of optimal transport maps. For sake of simplicity, we

introduce a couple of pieces of notation.
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Notation 1.4.1. Let X and Y be two subspaces of R". We define ®. the set of all
measurable functions (¢, ) € LY(X, u) x LY(Y,v) satisfying

p(z) +(y) < c(z,y), (1.7)

for p-almost every x € X and for v-almost every y € Y.

Notation 1.4.2. If 1 € P(X xY) and (p,v) € LY(X,u) x LY(Y,v), we define

) i= [ clwinto.y) and Jpw) i= [ ple)dnto) + [ vl

Theorem 1.4.1 (Kantorovich duality). Let p and v two probability measures sup-
ported on X C R™ and Y C R™ respectively and let ¢ : X x Y — R* be a lower
semicontinuous cost function. Then

inf I[r] = sgp J(p, ). (1.8)

(p,v)

Moreover, the infimum in the left-hand side of (1.8) is attained.

Remark 1.4.1. We point out that one can restrict the definition of ®. to functions
(p,1) which are continuous and bounded. This restriction does not change the
value of the supremum in the right-hand side of (|1.8)).

We will skip the rigorous proof of Theorem [1.4.1] The interested reader is
referred to the first Chapter of the book [92]. The proof is essentially based on
a minimax principle due to Fenchel and Rockafellar (see [82]), based on Hahn-
Banach Theorem.

For completeness, we aim to prove the easiest part of Kantorovich Duality

Theorem.

Proposition 1.4.2. Under the same assumption of Theorem [1.4.1], it holds that

sup J(p,¢) < inf I[x]. (1.9)
o, I(p,v)

Proof. Let m € II(p, v) and (p, ) € @, be fixed. By definition of II(u, v), we have
that

ﬂ%wzAymmm+wawwzéyww+wmmmw
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Now, inequality holds m-almost everywhere in X x Y. Indeed, let N, C
X and N, C Y be such that u(N,) = 0 and v(N,) = 0 and holds on
Ng x N;. We know that 7 € II(y,v), this means that it has marginals ;4 and v.
Therefore, m(N, x Y) = u(N,;) = 0 and n(X x N,) = v(N,) = 0, implying that
™ ((Ngx NE)) =0.

Consequently, we have that

| e+ vtoany) < [ ety = Il
XxY XxY

Taking the supremum on the left-hand side and the infimum on the right-hand
side, we obtain inequality , concluding the proof of this simplified version of
Kantorovich Duality Theorem. O]

Let us conclude this section with the proof of a stronger version of the Kan-

torovich duality: we ask for the continuity of the cost function c.

Theorem 1.4.3. Let p and v two probability measures supported on X C R™ and
Y C R", respectively. Let c: X XY — R be a non negative and continuous cost

function. We assume that
c(z,y) < alz)+ b(y),
for some a € LY(X, ) and b € L*(Y,v). Then

sup J(p,v) = inf I[x].
@c

H(pv)

Moreover, the supremum is attained and the maximizing couple (,v) is of the

form (o, ¢°) for some c-concave function p.

Proof. Let m € I1(u, v) and notice that if (¢, 1) € ®., then it holds that

/Xyc(x,y)dﬁ(x,y) > /X Y(sO(fff)W(y))dﬂ(%y) = /}(@(I)du(w)+/y¢(y)dV(y)~

This implies that the minimum of the Kantorovich’s problem is larger than or
equal to the supremum of the dual problem.

We prove now the opposite inequality. Let 7 € II(u, ) be an optimal transfer-
ence plan and apply Theorem to find a c-concave function ¢ such that 7 is
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supported on the graph of 9°¢, max{0, ¢} € L*(X, u) and max{0, ¢°} € L'(Y,v).
Then we have that

p@)dula)s [ o )avty)

X Y

| cowina) = [ @@ - [

and [y, c(z,y)dr(z,y) € R. Thus, ¢ € L'(X, ) and ¢ € L'(Y, v), which shows
that (¢, ¢°) is an admissible couple in the dual problem and gives the thesis. [

1.5 Existence of optimal maps and c-singular sets

In this short section, we want to motivate why the study of c-singular sets is
so important. Our goal is to prove existence of a solution to Monge’s problem
passing through Kantorovich’s problem, for which we know that a solution exists.
As already pointed out, it is in general not true that there is a correspondance
between optimal tranference plans and optimal transport maps. Furthermore, it
could happen that there exists a solution to the Kantorovich’s problem but none
for the relative Monge’s problem. We remind that the problem of existence of
optimal transport maps consists in looking for optimal plans 7 which are induced
by a map T : X — Y. In other words, we are looking for plans 7 such that
7w = (Id X T)#u, where T is some measurable map.

The question is: given p and v probability measures and a cost function ¢, is
that true that at least one optimal plan 7 is induced by a map? To approach the

answer, we have a proposition.

Proposition 1.5.1. Let X and Y C R™ and let p € P(X) and v € P(Y). Let
m € (p,v). Then w is induced by a measurable map T : X — Y if and only if
there exists a w-measurable set I' C X x Y such that supp(w) C I' and, for p-a.e.
x € X, there exists a unique y = T(x) € Y such that (z,y) € T.

Proof. See |7, Lemma 1.20. O

By Theorem [1.3.3, we know that optimal transference plans are supported on
c-cyclically monotone sets. Moreover, we know that these c-cyclically monotone

sets are given by c-superdifferentials of c-concave functions. The main problem
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now is to understand “how often” the c-superdifferential of a c-concave function
is single valued. It is here that we discover the importance of the study of the

singular set of the c-superdifferential of a c-concave function.

Definition 1.5.1. Let X C R" be a set and let ¢ : X — RU{—o00} be a c-concave
function. We call the c-singular set of ¢ the set

S(p) = fo € X |#0°0(x) > 1}.

If we know that, under certain conditions on ¢, 3(¢) is “small enough” with
respect to the measure p, we can apply Proposition to have existence of an
optimal transport map associated to an optimal tranference plan, solution of a
given Kantorovich’s problem.

In the following sections, we will study the Hausdorff dimension of the sin-
gular set of semiconcave and semiconvex functions, which are a generalization of
concave and convex functions. Then, we will consider again the particular case
of the quadratic cost function and we will state the celebrated Brenier’s theorem
regarding the existence and the uniqueness of the optimal transport map. Finally,
we will come back to the general case and introduce some classical results from

the existing literature.

1.6 Study of singular sets of semiconvex and semi-

concave functions

In this section we give a small introduction to the paper of Ambrosio, Alberti
and Cannarsa [3], regarding an estimate for the Hausdorff dimension of the sin-
gular set of the subdifferential of semiconcave, or semiconvex, functions. For a
detailed references, one can give a look also to the book [23], about the theory of
semiconcave functions.

As preannounced, the main question is the following: if © : R — R is a

convex function and 0 < k < n is a given integer, how can we estimate the
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dimension of the k-singular set of u
Y (u) = {x € R"| dim (Qu(z)) > k}? (1.10)

It is clear that X%(u) = R™ and that ¥"(u) is at most countable. For the case
k = 1, the classical theory gives an answer to the question noting that Vu has
locally bounded first variation. This is true because the jump set of the function
u is H”’l-rectiﬁabldﬂ, or, equivalently, ¥!(u) can be covered with a sequence of
Cl-hypersurface, up to a subset of (n — 1)-dimensional Haudorff measure zero.
The interested reader is referred to [50] and [81] for the complete proof.

In [3], the authors give an answer to this problem showing that the k-singular
set of a semiconcave function has Hausdorff dimension at most n—k. In particular,
they prove that X*(u) is countably H" *-rectifiable. Their idea is to study the
dimension of the contingent cone (see Deﬁnition and give it an upper bound.

Let us start with some basic definitions.

Definition 1.6.1. Let Q C R”™ be an open and convex set and let u : Q@ — R
be a function. We say that u is semiconvex if there exists a continuous function

w:RT — RT with w(r) — 0, as r — 0, such that
u(zy) < (1 —t)u(zo) + tu(zy) + t(1 — Hw(|xg — 21]), (1.11)

for every xy and x1 € Q, t € [0,1] and x; = tay + (1 — t)zg. We denote by w,q
the least function w for which (1.11]) holds.

Remark 1.6.2. We point out that convex functions are particular cases of semicon-
vex functions. In this case the least w is simply the identically zero function.

Remark 1.6.3. A similar definition for semiconcavity is obtained in an obvious way

by reversing the sign of the inequality.

1We say that a set S C R" is H™-rectifiable if there exists a countable family of C' hyper-

surfaces I', € R”, h € N, of dimension m such that

H (S\ [j rh> = 0.

h=1
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We define the subdifferential of a semiconvex function, also in this more general

case. It turns out that du(x) is a closed and convex set.

Definition 1.6.4. Let u : Q C R® — R be a semiconvex function and let x € )
be fized. We define the subdifferential of u at the point x the set

y-a ly — ]

du(zr) = {p eR"

Remark 1.6.5. One can check that, in the case of a convex function, this definition

of subdifferential coincides with the classical one, given in Section [I.2]

In the next proposition we summarize the main properties of semiconvex func-

tions.

Proposition 1.6.1. Let u : @ C R* — R be a semiconvex function. Then the

following statements are true:
(1) w is locally Lipschitz continuous in §2;
(11) the set Ou(x) is non empty, conver and compact, for every x € €);
(111) a point p € Ou(z) if and only if, for every y € €2,

u(y) —u(@) —(p,y —x) > |y — zlw.olly — 2|);

(iv) the map x — Ou(x) is upper semicontinuous.
Proof. See, for instance, [3], Proposition 2.1. ]

We consider a semiconvex function u : 2 C R® — R. The goal is to study

the dimension of the

Notation 1.6.1. Let o > 0, we denote
Sh(u) = {z € X*(u) |3BE C du(z), withdiam(BE) = 2a},
where B is a ball of dimension k and radius a.
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Remark 1.6.6. It is clear that

2 u) = |J B, ().
peN
If one has that X% (u), for every o > 0, is countably H" *-rectifiable, it follows
also that 3*(u) is countably H" *-rectifiable too. Indeed, the previous union is

countable.

Remark 1.6.7. The same idea of splitting the singular set will be also one of the in-
gredient of the proof of Theorem of Section [2.3] where we prove an analogous

result for c-convex functions and their c-singular sets.

The idea of Alberti, Ambrosio and Cannarsa is to estimate the dimension of
the contingent cone. Then, it is time to introduce the notion and to give some

results.

Definition 1.6.8. Let S C R"™ be an arbitrary set and let x € S. We call the

contingent cone of S at the point x the set

Thp — T

T(S x) = {r@ r >0, lim

0 e =0, withz, € S\ {z}, z), = x}

We denote by Tan(S, z) the vector space spanned by T(S, ).

Proposition 1.6.2. Let S C R" and let x € S be fized. We assume that Tan(S, x)
has dimension not larger than m, for every x € S. Then S is countably H™-
rectifiable.

Proof. See [3], Theorem 3.1. O

Remark 1.6.9. The proof passes through a very classical result: if D C R™ and
f : D — R"™ is a Lipschitz continuous function, then f(D) is countably H™-

rectifiable. This fact is proved in [86], Lemma 1.1.

We are now approaching the main result of [3]. We need another preliminary
step. In order to apply Proposition [1.6.2] we need to know that the contingent

cone of ¥ (u) has dimension at most (n — k). First a notation.
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Notation 1.6.2. Let S be an arbitrary subset of R”. We denote by S+ the set
{p € H" | ¢ — (g, p) isconstanton S} .

Proposition 1.6.3. Let u : 0 C R" — R be a semiconvex function. Then the

set ¥ (u) is closed in Q0 and
Tan (S (), 2) C [Ju(z)]”,

for every x € $E(u) \ S (u). In particular, the dimension of Tan (3£ (u), z) is
not larger than (n — k), for any v € ¥F(u) \ ZF 1 (u).

Proof. See [3], Proposition 2.2. O
Remark 1.6.10. We point out that, from Proposition [1.6.3] it follows that

Tan (37 (u), 2) = {0},
for every x € X7 (u). This implies that X7 (u) is a discrete set.

Putting together all the results stated above, one can prove the desired result.

Theorem 1.6.4. Let u: ) CR® — R be a semiconver and Lipschitz continuous
function. Then, for every 0 < k < n integer number, the set ¥*(u) is countably
H"*-rectifiable.

1.7 Optimal mass transport for quadratic cost

function

In this section, our aim is to specialize Theorem to the case of quadratic
cost. Moreover, we want to give the statement of Brenier’s Theorem, which pro-
vides a unique solution to the Monge problem for this specific case. It turns out
that there exists a unique optimal tranference plan 7 and it is associated to the
gradient of a suitable convex function. This gradient will be the desired optimal

transport map.
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We recall that, according to Theorem [1.3.3] under some assumptions, an ad-
missible plan 7 € II(u,v) is optimal if and only if it is supported on the graph
of 9%, for some c-concave function ¢. In the specific case of quadratic cost, one
can simplify this fact, discovering that m € II(u,v) is optimal if and only if it is
supported on the graph of the subdifferential of a suitable convex function. This

is what the following proposition says.

Proposition 1.7.1. Let ¢ : R" — RU{—00} be a function not identically equal

to —oco. Then ¢ is c-concave if and only if ¢p(z) := 3|z|* — p(x) is convez and

lower semicontinuous. Moreover, y € 0°p(z) if and only if y € dp(x).

Proof. The proof follows by some simple computations. By definition of c-concavity,

there exists a function ¢ : R — R U {+o0} such that

p(z) = inf (%\-’B—y\z—w(y)>-

yeR™

Expanding the square, this is equivalent to say that

1 1
o) = glol* = inf (=a-yt 3~ v,

px) = sup (rc Y- (%Iyl2 - @b(y))) ,

which implies that ¢ is convex and lower semicontinuous.

or, equivalently,

Let us prove the second part of the statement. We have that y € 0°(x) if and
only if

1
p(r) = ¢°y) = Fle—yl’,
which is equivalent to
1 2 1 2 c
pla) = glal® = —x-y+ Slyl” = o (y). (1.12)

Now, it holds also that y € 0°p(x) if and only if

1 C
o(z) < §\z—y\2 —°(y),
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for every z € R". Equivalently,

1 1
o(z) — §|Z!2 < —y-z+ 5!@/\2 —°(y), (1.13)

for every z € R". Finally, we have that (1.12)) and (1.13]), together, are equivalent
to

1 1
p(2) = 2P < pl@) = Slal’ = (y, 2 — @),

for every z € R"™. This last inequality means that y € dp(x) ]

Let us now give a look at the existence of optimal transference plan and the
associated optimal transport map. The main result that we propose here is the
following: if ;1 and v are two probability measures with finite second order moments
(see Definition [1.7.1)), a trasference plan is optimal if and only if it is supported on
the subdifferential of a convex function. This fact was proved by Knott and Smith
in [63]. Moreover, if we ask for more stronger assumptions on the two probability
measures, Brenier’s Theorem assures the uniqueness of such transference plan.

First of all, we recall that the total transportation cost, in this case, is given
by

1 2
I = [ Sle—yPdn(ey)
R” xR"™

and also that
Hew) = [ p@n) + [ vty

Definition 1.7.1. Let p and v be two probability measures on R™. We say that

they have finite second order moments if

1 1
M, = / §|x\2d,u(x)+/ §|y\2dy(y) < +o00.

Remark 1.7.2. This condition implies that the total trasportation cost is always
finite on II(p, v). This fact is a simple consequence of the triangle inequality and

of the fact that = has marginals p and v.

In order of justify Definition [1.7.1] we start with a proposition about the ex-
istence of a minimizer for the functional /. In the proof the condition about the

second order moments of p and v plays a key role.
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Proposition 1.7.2. Let pn and v be two probability measures with finite second
order moments. Then there exists © € Il(u,v) such that

17 = inf Ifn].

mell(u,v)
Idea of the proof. First, we recall that II(y,v) is non empty. Moreover, by the
finiteness of the second order moments of p and v, we have that 7= € II(u,v)
implies that
/ (|z|* + y*) dm(z,y) < +oc.
R7 X R™

Therefore, one can deduce that II(u, ) is compact for the weak topology of prob-
ability measures.

Now, let (7 )ren be a minimizing sequence for I. We know that, eventually
restricting to a subsequence, there exists a limit point my € II(, ). We can write
the cost function ¢(z,y) = 3|z —y|* as the supremum of a non decreasing sequence
of bounded functions, (¢j)pen. Thanks to the Monotone Convergence Theorem,

we can conclude that

/ c(x,y)dmo(z,y) = lim cn(z,y)dmo(x, y)
R™ xR™

h—o00 R™ xRn

< lim limsup/ en(z, y)dmy (2, y)
Rn™ xR"

h—=oo k0o

< limsup/ c(x,y)dmy(xz,y) = inf I[x].
R7xR™

k—o00 well(p,v)

Hence, 7y is a minimizer of [ O

This Proposition is just a preliminary result of what we want. For the main
statement (Theorem [1.7.4)), we need to go back to the dual problem. For this
particular case of quadratic cost function, we can have a more precise result. First,

remember that a pair (¢,) belongs to @, if

o(x) +0(0) < lr — P

for p-almost every = and v-almost every y in R™. Since we have a specific formula

for ¢, we can rewrite this inequality in this way

vy < (glel = o)) + (G- vw)).
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It is natural to introduce a new pair of functions:

B(x) = glal” — p(x) and J(u) = ol ~ w(y).

Now, using Definition [1.7.1] one has that

inf I[r] = My— sup / x-ydr(z,y), (1.14)
mell(p,v) well(p,v) JR xR™
and also
sup  J(p,9) = Mp— inf_ J($,9), (1.15)
(<p,d>)€‘1>c (@7’¢')€©C

z-y < pa) +9(y), (1.16)

for p-almost every x and for v-almost every y in R™. Now, let us combine (|1.14])
and (|1.15]) with the formula of the Kantorovich Duality Theorem (|1.8). We obtain

a restatement of the duality

sup [ wydn(ey) = it J(5.9)
R xR% (

well(p,v) @)D,

Consider then (¢, 1)) € ®.. From inequality (T.16)), it holds that, for v-almost
every y € R™,

UV(y) > sup (z-y—¢) = ¢"(y).

As a consequence, we have that

J(@, ) > J(p, @) (1.17)

Analogously, one can obtain that, for p-almost every x € X,

P(r) > sup (- y—¢"(y) = ¢ (),

and therefore
J(@, @) = J(&™, ¢%). (1.18)
Now, we combine ((1.17)) and (1.18]) and we get

inf  J(o, b > inf  J(@™, 0.
(@ 0)ED, (%) BELL(R™ 1) (67, @)
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If we admit that (@™, 3*) € L'(R", ) x LY(R",v), we have that ($**,5*) € ..
This means that the infimum of J does not change if we restrict to a smaller subset
of .. The pairs of type (@™, 9*) € ®, are convex lower semicontinuous functions.
Indeed, they are the supremum of a family of linear functions. Following the book
of Villani (see [92]), we refer to this reduction of the set on which we look for
minimizers as the double convexification trick.

With this background we are able to give the idea of the proof of the following

proposition.

Proposition 1.7.3. Let u and v be two probability measures with finite second
order moments. Then there exists a pair (v, ¢*) of lower semicontinuous proper

conjugate functions on R™ such that

inf J = J(p, ).

ot
Idea of the proof. We use the double convexification trick. Let (¢, ¥r)ren be a
minimizing sequence of J. We assume that (¢, 1) are all pairs of convex con-
jugate functions. The first step is to prove that, eventually reducing to a sub-
sequence, g, — @ € LYR™, ), ¢, — ¥ € LYR™,v), (p,9) € &, and also
that

J(p, ) < hgglf J (ks Vr).

If one can prove these facts, then it follows that (¢, ) is an optimal pair. Applying

the double convexification trick, we can get what we want. O]
Remark 1.7.3. In the previous proof, it is important to keep in mind that we need
also that (¢x, ¥r) € LY(R", ) x LY(R™, v).

We are now ready to state the main theorem about the existence and uniqueness
of an optimal transference plan for the case with cost function ¢(z,y) = 3|z — y|*.

This theorem summarize what we saw in this Section.

Theorem 1.7.4. Let p and v two probability measures with finite second order

moments. Then the following three statements are true.
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(i) Knott-Smith optimality criterion. = € II(u,v) is optimal if and only if

there exists a conver lower semicontinuous function ¢ such that

supp(m) C graph(dy). (1.19)

(ii) Brenier’s Theorem. If i does not give mass to sets with Hausdorff di-
mension at most (n — 1), then there exists a unique optimal plan m which
18

7 = (Id x Vo)#u, (1.20)

where V¢ is the unique gradient of a convexr function such that Vo#u = v.

(111) Under the assumption of (ii), Vi is the unique solution to the Monge trasporta-

tion problem

/R o~ V() Pdua) = _inf / o= T Pa(a).

TH#Hp=v

The proof of this Theorem is quite long and complicate. We direct the reader’s
attention to the papers of Brenier and of Knott and Smith (see [1§], [63]). For a
more selfcontained digression, one can refer to Chapter 2 of [92].

Here, for a better understanding, we make a small remark.

Remark 1.7.4. Inclusion ([1.19) can be reformulated as follows: y € dp(x) for n-
almost every couple (x,y) € R™ x R”. In Brenier’s Theorem, the uniqueness of
the convex lower semicontinuos function ¢ has to be intended as a uniqueness up

to a p-measure zero set.

In Section (1.6, we saw that the singular set of the subdifferential of a convex
function has Hausdorff dimension at most n — 1. In part (ii) of Theorem [1.7.4] it
is requested that p does not give mass to sets with Hausdorff dimension at most
n — 1. This implies that we can ignore those points where supp(m) can not be

written as a graph, applying finally Proposition |1.5.1
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1.8 Optimal mass transport for general cost func-

tions

Let X and Y be two subsets of R” and let 1 and v be two probability measures
on X and Y, respectively. We consider a non negative and continuous cost function
c: X xY —R.

We recall that, by Theorem under some assumptions on c¢, it holds that
an admissible tranference plan 7 € II(u, v) is optimal if and only if it is supported
on the graph of the c-superdifferential, 0y, of a suitable c-concave function ) :
X — R

The main goal of this Chapter is to understand under what conditions the
existence of an optimal plan implies the existence of an optimal map, solution of a
Monge’s problem. Similarly to what we did for the case of quadratic cost, we want
to apply Proposition [1.5.1] This requires to know “how large” is the set X¢(v)).
Obviously, this depends on the properties of the function c.

Following [93], we introduce certain possible assumptions on ¢, among which

we will choose in the statements of the results we are going to present.

(Super) the function x — ¢(z,y) is everywhere superdifferentiable, for every y €
]Rn.

(Twist) if x, y and ¢ are such that V,c(x,y) = V.c(z,y'), then y = /;
(Lip) the function x — ¢(z,y) is locally Lipschitz, uniformly in y;
(SC) the function z — ¢(z,y) is a semiconcave, uniformly in y;

(locLip) the function x — ¢(x,y) is locally Lipschitz, locally in y;

(locSC) the function z — ¢(z,y) is a locally semiconcave function, locally in y;

(Hoo); for any 2 and for any measurable set .S for which 7'(.S, z) is not contained
in a half-space there is a finite collection of elements z1, ...,z € S, and a

small ball B containing x, such that for any y outside a compact set,
inf > inf LY);
inf c(w,y) 2 inf c(z,y);
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(Hoo)s for any x and any neighbourhood U of x there is a small ball B containing

2 such that

I inf - = —o0.
Jlim ilég;gU[C(z,y) c(w,y)] 00

Now, we list a serie of results concerning the differentiability of a c-convex
function. All together, these results allow us to give an estimate for the Hausdorff
dimension of the c-singular set of the c-superdifferential of a c-concave function.
In this way one can apply Proposition [1.5.1] and obtain the existence of an optimal

transport map.

Theorem 1.8.1. Let X C R" be a set. Let ¢ be satisfying Assumption (Hoo) and
let v : X — RU{+o0} be a c-conver function. Let us denote by Q the interior
of the set 1 (R). Then

(i) v R)\ Q is a set of dimension at most n — 1;
(11) 1 is locally bounded and c-subdifferentiable everywhere in $Q;
(111) if K C Q is a compact set, then also 0.(K) is a compact set.

Proof. See [93], Theorem 10.24. O

Theorem 1.8.2. Let X C R" be a set. Let ¢ be satisfying Assumption (Super)
and let ¢ : X — RU {400} be a c-convez function. Let x € X be a point such
that O.(x) # 0. Then 1 is subdifferentiable at x.

Proof. See [93], Theorem 10.25. O

Theorem 1.8.3. Let ¢ be satisfying Assumptions (Super), (Twist) and (SC).
Let ) : X — R U {400} be a c-convex function. Then 1 is locally semiconvex
and differentiable in the interior of its domain, 2, apart from a set of dimension

at most n — 1.

Proof. See [93], Theorem 10.26. O
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Remark 1.8.1. The previous three statements, combined together, give a final
result about the differentiability points of a c-convex function . If ¢ satisfies

Assumptions (Super), (Twist), (Hoo) and (SC), it follows that
dim{zx € Q| #0.Y(x) #1} < n—1.

Thanks to remark [1.8.1] one has finally the following theorem.

Theorem 1.8.4. Let X andY two subsets of R™ and let p € P(X) andv € P(Y).
Consider a cost function ¢ : X x Y — R such that

(i) ¢ is continuous;

(ii) ¢ satisfies Assumption (locSC), i.e. ¢ is locally semiconcave;
(iii) ¢ satisfies Assumption (Twist), i.e. ¢ is injective;

(iv) p does not give mass to sets of dimension at most n — 1.

Then there exists a unique optimal transference plan m between p and v and there
ezists a c-convex function 1 : X — R U {400} such that m(0Y).

Moreover, if we assume also that ¢ satisfies Assumption (SC), one can define
a continuous map x — T(x) on the set of differentiability points of 1 by the
relation T'(x) € 0, and the suppy = T (suppy)

Remark 1.8.2. We point out that if one can say that the set of points where the
function v is not differentiable is of dimension at most n — 1, then we have the
existence of a (unique) solution of the Monge problem. Actually, this is what
Remark [1.8.1] says. One of the key ingredients is the semiconcavity of the cost
function (Assumption (SC)). The goal of the next Chapter, in fact, is to find a

way to avoid this request.
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Chapter 2

Hausdorff dimension estimate of

c-singular sets

In Section [I.8] we stated some conditions over the cost function ¢, which imply
existence and uniqueness of the solution for the Monge-Kantorovich problem. This
solution is given in term of the c-subdifferential of a c-convex function. In this
chapter the main goal is to weaken these assumptions and preserve a result similar
to Theorem [L.8.4]

Section is devoted to introduce our new assumptions. Continuity, differen-
tiability and twist condition are preserved but the request for ¢ to be semiconcave
is missed. Here we also discuss some examples.

Section wants to be a very short recalling of the notion of porosity. We
also state and prove a geometric condition for a set to be porous. This will be the
central ingredient of the proof of the main theorem of Section [2.3] where we give

an estimate for the size of the set of singular points of a c-concave function.

2.1 A general class of cost functions c

Our setting here is the Euclidean space R". As already mentioned, we want to
list three assumptions on the cost function. The first and the second are totally

analogous to (Super) and (Twist). Indeed, Assumption (2.1.2) is a quantitative

33



restatement of injectivity. The third one is new. It says that the mapping y —
V.c(z,y) can not have too many discontinuities close to each other. This is the

condition which replace the semiconcavity assumption on c.

Assumption 2.1.1 (Differentiability Condition). The cost function ¢ : R™ x
R™ — R is a continuous function. For every p € R", the function x — c(x,p)

1s differentiable almost everywhere. We denote by
C(p) = {zr € R"|V,c(x,p) exists}.

We assume that for every x € R", there exists r = r(x) > 0 such that for
all 0 < r < r(x) there exists & € B(x,r) with the property that & € C(p) for all
p € R™. Furthermore, we assume that Taylor’s formula holds in the sense that

A

lim C(ZE,p) _ C(ZL‘,p)— < ch(l‘7p)v (I’ B ‘T) >
r—0 r

~0. (2.1)

Assumption 2.1.2 (Twist Condition). For any compact set K C R™ and for any
0 <n <1, there exists 0 < £ = £(n) < 2 such that if py,ps € K and z € K are so
that |py — po| > n and x € C(p1) N C(p2), then

|Vie(x,pr) — Vaec(z,p2)| > €. (2.2)

Assumption 2.1.3 (Gradient Continuity Condition). For any compact set K C
R™, for any € > 0 and for any n > 0, there exists § = 6(e,n) > 0 such that if
p1, P02, Py € K and x € K are so that |py — pa| > 1, |p1 — pil <0, |p2 —pb| < ¢
and x € C(p1) NC(py) N C(p2) N C(p)), then either

Vac(z,pr) — Vee(z,pi)| < e (2.3)
or
|VIC(ZL‘,p2) - vxc(xvpé” < €. (24)

Remark 2.1.1. We point out that, in the first condition, the required differentiabil-
ity at the point  does not necessarily imply the validity of Taylor’s formula in the
form that it is written in (2.1)). The reason for this is that in Taylor’s development

formula the radius » > 0 depends on the choice of the development point . On
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the other hand, in our case the radius r» = r(z) > 0 depends on x and not on &
and this is why we need to require in addition the validity of (2.1]). In practical
applications however it is rather easy to check this condition as for typical cost

functions the differentiability fails only on the diagonal x = p.

It is natural now to ask a question: is it really true that Assumption [2.1.3]is a
more relaxed condition with respect to (SC)? To give an answer we present some
examples.

Let us observe that the standard quadratic cost function: ¢ : R* x R* — R,
c(x,y) = 5|z — y|* satisfies Assumptions [2.1.1} [2.1.2] and [2.1.3]

The next example, the case of the linear cost function ¢(z,y) = |z — y|, shows
that the second assumption (Twist Condition) is necessary. In this case the first
and the third assumption (and not the second one) are satisfied. Moreover, as a
preliminary counterexample for Theorem [2.3.1] we also prove that there exists a

c-concave function u whose singular set 3¢(u) is of full dimension.
FExample 2.1.1. Consider the following cost function
c:R"xXR" — R
(@, y) — |o—yl.
This function is continuous and, for every y € R" fixed, z — |z — y| is

differentiable except for the point © = y. This shows that Assumption [2.1.1] is

satisfied. Moreover, for  # y we have that V,c(z,y) = ﬁ Since the only
discontinuity point of this map is at x = y it easy to see that Assumption [2.1.3]is
also satisfied. On the other hand we can observe that, V, c(z,-) is not injective,

i.e. there exist x,y; and y, € R™ such that y; # y» but

V:EC(SE? yl) = sz(fE, p2>

Let us fix = 0 and consider y # x. We have that

Y
V.c(0,y) = —=.
09 =y
Now, if 3, = A\ys, for some A\ € R, then
A
V.c(0,y1) = Vac(0, \ys) = _2 V.c(0,ys).
Al
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It is clear that this fact conflicts with Assumption [2.1.2]
Let us now indicate a c-concave function u : R — R such that dim X¢(u) = n.

Let 2o € R™ be fixed and consider the function

V() = |y — ol
We write the respective c-concave function
w(z) = inf (lz—y|l -y —z0l). (2.5)
yeR”

By the triangle inequality, it holds that
[z =yl = |y — x| = —|o— w0l
This implies that the infimum in is achieved when y = x. Therefore
u(z) = —|x — x|
We prove now that, for every x € R", it holds that
#0(z) > 1.

Let us choose an arbitrary x € R™. By definition of c-superdifferential, we have
that y € 0°(x) if and only if

[z =yl + ]z — 2o < [z —yl+ |z —z0l, (2.6)
for every z € R™.

Define now y; := zo + t(x — xo) for t € R. We want to show that y; satisfies
(2.6]) for every ¢t > 1. Let us perform some calculations:

|z —y| + |2 — 20| = |2 — 20 — t(x — 20)| + |2 — 20| = t|z — 20
= [t(x — 20) + 20 — wo| = [y: — 20l (2.7)
< lye — 2l + |z = 2ol
where the last inequality trivially follows from the triangle inequality and is true

for each choice of z € R™. This means that
{y: € R" |y = 2o + t(x — 0), with ¢t > 1} C 9u(x),
and, since x was choosen arbitrarily, implies that
¥(u) = R™.
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The next example is a cost function that is simply the sum of the two previously
considered cost functions. As we shall see all three Assumptions are satisfied and
so the statement of Theorem applies. On the other hand, it does not satisfy

the classical Assumption (SC) about semiconcavity .
FExample 2.1.2. Consider the cost function
c: R"xXR" — R
(z,y) — |z —yl+ o -yl
It is evident that ¢ is a continuous function and that, for every fixed y € R",
x +— ¢(z,p) is differentiable in R” \ {y}.

Let us prove that c satisfies the Twist Condition. First of all we compute the

gradient of the cost function with respect to the x variable:

T —y
|z — |

In order to proceed we need the following:

Vie(z,y) = +2(z —y). (2.8)

Claim. Let v and w be two nonzero vectors in R™. Then

O

Let us prove this Claim. For simplicity of notation, we set a := |v| and b := |w|.

Therefore, a +1 = ‘v + ﬁ

and b+ 1= ’w + ﬁ‘ Now, it is well known that

v —w| = \/a? + b2 — 2abcos 7,

where v is the angle between v and w on the plane spanned by the two vectors.

Analogously, we can compute

(v—l—%) - <w+&)‘ = V0a+1)2+B+1)2-2a+1)(b+1)cosy

= \/a*+ b —2abcosy + 2(1 +a + b)(1 — cos7)
> /a2 + b2 —2abcosy = |v—w|,

and this completes the proof of the claim.
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Fix 0 <np <1 and x € R*. We aim to show that there exists £ > 0, dependent
on n but not on x, such that, for every y;,y2 € R" so that y; # x # y, and
ly1 — ya2| > n, it follows

|ch($7y1) - ch(x>y2)| > 5

It is here that we need to apply the Claim:

r—1uy T —1Y2
V.c(zx, — V.c(x, = + 2(x — — +2(x —
Fuctes) - Vaclon)] = |(E2 20— m)) - (224 20 m)

> 2(z —y1) = 2(x —y2)| = 2ly1 — 2| > 2.
If we choose 21 > &, we can conclude that Assumption [2.1.2]is satisfied.
Let us check Assumption [2.1.3] Fix e > 0 and n > 0. For our purposes, we can

assume that ¢ < 1 and n < 2. Fix also x € R". We would like to find a suitable
d = d(g,n) > 0, not dependent on z, such that if y1, ¥} and ys, 5 € R™ are so that

1 —¥i] <9, |y2 —yal <O, [y1 — yo| > n and x ¢ {y1, Y, Y2, ¥4}, then either

|V$C(;€,y1) - VwC(JI,yi)’ <ée€ (29)

or
|Vec(z,y2) — Vaec(z,yh)| < e. (2.10)

We need to do some calculations, for i = 1, 2.

Vacli ) = Vi)l = (22 420 -0) = (22 42010

|z — il i
T —Yi x—y§

- EY—
Tyl ooyl W%

Let us fix 6 = %775 and check that it is a good choice. We can assume that
|z —y2| > 7 and | — y5| > 1. If these inequalities are not satisfied, then we can
switch and consider the case |z —yi| > 7 and |z —y{| > 1. Let us prove why this
is true. Assume that [z —ya| > 7 and |z — y5| < 7. The cases with [z — | < 7§
and |z —y5| > 4, or with |z —y,| < 7 and |z —y5| < 7, can be treated in the same
way. First, we notice that, since € < 1,

15

1
Pl >l — el — g — ] > — —ne > -, 2.11
Yy —y2l > i — vl — ln — 4]l > 1 6" > 1" (2.11)
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Moreover, we can also write that

15 1 7
\%—%Hﬂ%—w—wrﬂHZﬂﬁ—Em=§n (2.12)
Extimates (2.12) allow us to conclude that
7T m 5 n
|x—%|2hé—%%4x—%\2§ i

On the other hand, it holds also that

1 n
Ix—ml2Mn—%%ﬂx—%\2\w—yﬂ—WQ—m%—W—yﬂ>n—ign—Z>

=~

This implies that it is not loss of generality if we assume that

|z —yo| > Z and |z —yp| > Z (2.13)

We are now ready to prove that, with our choice of 9, (2.10]) holds. First of all,

one has

Ty T /
Vac(e,y2) = Vac(z, 45)] = - —2(y2 — %)
N ’
Ty Ty /
< - + 2[ys — b (2.14)
o —yo| 2 — ’
x — x — yh 1
< Y2 y? + e
[z —ya| [z —wsl| 8
Writing r = |z —yz| and 7’ = |z —y}|, there exist two unit vectors v and v € R™
such that y, = x + rv and y, = = + 7’v". It holds that
_ o
T Tt |
[z =12l |z —

Without loss of generality, we can assume that r < r’. We have
lys — yp| = [rv—7"V| = |(r—rNv+7r"(v=2") > r|lo =2 = (" —r).

This inequality implies the following extimate

v —r |92_yé| 4 / /
r! + ! < E((r _T)+|y2_y2‘)
4 , , 8 , €
—(jx — —|r— + - < —lys — < -
p (Jo — 5| — |z — yal) + |y2 —13]) < n!y2 Yo 5

o =] <

<
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Let us come back to (2.14]). We have that

T—Y  T—Y et
|z —yol |r—wel] 8 2 8

’VIC(Z', y2) - VxC<l', yé)‘ <

which is exactly what we wanted.

In our final example we illustrate applications to our result to the case of sub-
Riemannian type singular metrics. For illustrative purposes we restrict ourselves
to the case of the first Heisenberg group (for more details, the reader can see
Section . Let us start by introducing the following:

Notation 2.1.1. We denote by & : R® — R?, & (z,y,t) = (z,y), the projection
to the first components and by & : R — R, &(x,y,t) = t, the projection to the
last variable.

Moreover, if we have two points p = (z1,y1,t1) € R? and q = (22,90, t2) € R?,

we introduce the Heisenberg group operation by

p g = (m2— @152 — Y1, to — b — 2(Tayr — T1Y2)) - (2.15)

Finally, we introduce this function

N:R* — R

(z,y,t) — ((a:2 + y2)2 + t2)}1 ,
that is the so-called Koranyi norm on the first Heisenberg group H!.
Example 2.1.3. We define a cost function as follows

c:R*xR* — R
(pa) — N*(p~'-q) +&(a—p)

Our aim is to show that Theorem [2.3.1|can be applied for this cost function, which
is not semiconcave. Clearly, the function p — ¢(p, q) is differentiable for every
p € R3 with p # ¢. This means that Assumption is satisfied.

Let us prove that Assumption [2.1.2]is satisfied too. First, we show that the

map
R*\ {¢} — R’

p — Ve(p, q)
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is injective for every ¢ € R3. Without loss of generality we can assume that g = 0.

Hence, one has that, for p = (x,y,t) # 0,

V,c(p,0) = “aNp) (4(2* + y*)z — 4ty, 4(z® + y*)y + 4tx, 2t) + (0,0, 2¢).
(2.16)
Now, let p; = (z1,y1,t1) and ps = (w9, Y2, t2) € R3\ {0} be such that
Vqc(p1,0) = Vye(pe,0). (2.17)

We want to prove that p; = py. From formula (2.16)), it is easy to see that, for
i=1,2,
161 (Vae(ps, 0) gz = 4 (27 + 7).

Hence, thanks to equality (2.17)), it holds that z7 + y? = 23 + y3 := k. Consider
now the third component of V,c(p;,0). If we show that the function

t
ft) = m + 2t
is injective, then implies that p; = po. This fact is clearly true, because f
is strictly monotone, and it guarantees injectivity of the map p — V,¢(p,0) on
R3\ {0}.
Let us consider Assumption 2.1.2] We argue by contradiction and we assume
that there exist a compact set K C R® and 0 < 1 < 1 such that for every

n € N there are pﬁ”), pgn) € K and ¢, € K so that p§”’ —pg") >N, qn €
C (pﬁ”)> nc (pé”)) and
n n 1
‘ch (p§ ),qn> ~ Ve <p§ ),qn> < (2.18)

Now, since {pgn)} , {pgn)} C K and (¢n),cy C K and K is a compact
neN neN

set, eventually restricting to subsequences, we can assume that there exist p{°, p5°

and ¢y € K such that pi™ —s p, p{™ — p° and g, —> qo, as n — co. Without

loss of generality, we can assume that gy = 0. We need to consider two cases:

(i) p$° # 0 and also p3° # 0;
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(ii) p® =0 or p3® = 0.
In the first case, it holds that, for : = 1, 2,

vo(p(n),qn) — vo<p;»>o,0),

)

as n — 0o. Hence, it follows that
|ch(p(1>o, O) - ch(pgo, 0)| = 0,

but we have a contradiction with the injectivity, because [p® — p°| > 7 .
Consider now the second case. Assume that p{® = 0, the other case is totally
analogous. By restricting to subsequence if needed, we can assume that the limit
v = lim,_,o V4e (p(ln), 0) exists. From explicit formula , one can easily see
that
v=lim Ve (pg”),o) e {0} x {0} x [~1,1]. (2.19)

n—oo
Again, we have two cases p3® = (0,0,t°) or p3° = (25°,y°,t°) ¢ {0} x {0} x R.

In the first case, we notice that

t
& (Ve 0))] = \@MQ 1

Therefore, V,c(p3°,0) ¢ {0} x {0} x [-1,1]. This fact, and (2.19), provide a
contradiction to ([2.18) for large values of n.
On the other hand, when p3° # (0,0,t3°), we know that

& (Ve (p3°,0)) = 4((25°)* + (1)) # 0.

Therefore, also in this case V,c(p3°,0) ¢ {0} x {0} x [-1,1]. Again, we have a
contradiction with and (2.19).

It remains to prove that this cost function satisfies Assumption 2.1.3] Let
K C R? be a compact set and let ¢ > 0 and n > 0 be fixed. We want to find
d = d(e,n) > 0such that if py, pa, P, Ph, ¢ € K are so that |py—ps| > 7, |pi—pl| <6,

fori=1,2,and ¢ € C(p;)NC(p})NC(p2) NC(ph), then one among (2.3) and (2.4)
holds.
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Set 9; < %776. With this choice of §;, analogously to Example m we can
assume that [py — ¢ > 7 and [py — q| > 7.

Let us denote
A, = {(Z%Q) €R’ xR’ ‘\p—QI < g}
and consider the continuous function
F:KxK\A, — R
(P, @) — Vqe(p, q)-
Since F' is a continuous function over a compact set, it is uniformly continuous.
Therefore, there exists do = d2(g,7) > 0 such that, if [p — p/| < ds, then
IVc(psq) — Voe(p', g)] < e

Now, if we set 6 = min{dy, d2}, Assumption is satisfied.

2.2 Dimension estimate of porous sets

This section is essentially based on [67] and the book of the same author [68], in
particular Chapter 11. We recall here an estimate of the Hausdorff dimension for
porous sets (see Theorem and we propose a sufficient condition for porosity.
The proof is very simple and based only on some geometrical observations.

Roughly speaking, a porous set A is a “sparse” set: in the neighbourhood of

each point of A, one can find a hole which does not touch the set.

Definition 2.2.1. Let ACR", x € R" and r > 0 be fixed. We set
p(A,z,7) == sup{p > 0| B(z,p) C B(z,r) \ A, forsome z € R"}
We call the (strong) porosity of A at the point x the number

p(A x) = liminfw.

r—0 r
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Remark 2.2.2. Notice that for any point z € A we have 0 < p(A,z,7r) <
Consequently, it follows that 0 < p(A,x) < %

5
Theorem 2.2.1. Let p €]0,1[. Then there exists d(p) € [n — 1,n] such that

limd(p) = n—1

p—3
and dim A < d(p), for every A C R™ with the property that p(A,x) > p, for every
x € A

Proof. See [68], Theorem 11.14. O

We can, now, give the proof of the preannounced geometric lemma, which will
be a key ingredient in the proof of Theorem and which generates a condition
for a set to be porous, for the details of this fact we postpone to Remark

Lemma 2.2.1. Let z € R", r > 0, w € S" ' and 0 < p < L be fized. If
2’ € B(z, (1/2 — p)r) where z = x + rw, then

<I/_x : w> > p. (2.20)

r

Proof. Let us write 2’ € B(z, (1/2—p)r) in the form 2’ = z+y where |y| < (3—p)r.
Since z = x + rwweobtama:—a:+—7"w+yfory€R” ]y|<( —p)r.
Observe that

/ 1 1 1 1 1
(@' —2,w) = §Tw+y,w =§T+(y, w) > 57"_‘?J’>§r—(§—p)r:pr>0.

Dividing this inequality by r > 0 yields the claim.
O

Remark 2.2.3. Notice that this Lemma provides a sufficient condition for porosity.
Let A C R" and let x € A 