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Introduction

Complex projective structures on a surface are geometric structures locally mod-
elled on the geometry of the Riemann sphere CP! = C U {oo} which is defined by
its group of automorphisms PSL,C acting by Mobius transformations

PSL,C x CP' — P!, [ @ 0 ) » 0y B0
c d cz+d

More precisely such a structure is the datum of local charts which take values in open
sets of CP! and are such that the change of coordinates is given by the restriction
of a global Mdbius transformation g € PSLyC. Given such an atlas, local charts
and local change of coordinates can be analytically continued along paths on the
surface to obtain respectively a map dev : S — CP! on the universal cover S of S
and a representation p : m(S) — PSLyC of its fundamental group; dev is called the
developing map and p the holonomy of the structure, and dev is equivariant with
respect to p, i.e. the following equation holds

devory =p(vy)-dev VY vyem(S)

Since PSL,C acts holomorphically on CP!, a complex projective structure has clearly
an underlying complex structure. Indeed historically these structures appeared at
first in the classical work of Poincaré (see [31]) on the uniformization problem for
Riemann surfaces, which consists in realising a Riemann surface as a quotient of
an open domain in CP! by a discrete group of biholomorphisms. When the genus
of the surface is ¢ > 2 this theory guarantees that one can always choose the
domain to be the upper-half plane Ht c C c CP! and the group to be a discrete
torsion-free subgroup I' C PSLyR, a so-called Fuchsian group (see [12, Chapter
IV]). Later Bers extended this theory in [6] to consider the problem of simultaneous
uniformization of two Riemann surfaces: the new problem was to realise a couple
of Riemann surfaces as quotient of two disjoint open domains in CP! by the same
discrete group of biholomorphisms. To achieve this one needs to allow for more
general discrete subgroups I' C PSLy;C which are known as quasi-Fuchsian groups
and arise as quasi-conformal deformations of Fuchsian groups. In both cases one
obtains a complex projective structure on the surface for which the developing map
dev is a diffeomorphism with a disk-like subset of CP!. Maskit was then able a few
years later in [27] to obtain many examples of exotic structures by applying to the
previously known examples an explicit geometric surgery, known as grafting. This
deformation consists in replacing a simple closed curve v on S with an annulus of
the form (C \ iR")/(z — Az) for some suitable A € R*. The peculiarity of the
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structures obtained in this way is that their developing map is no longer injective,
but is surjective onto CP!. Contrary to what one might expect, these turned out
to be quite far from being an isolated curiosity: in [16] Goldman proved that all
complex projective structures with quasi-Fuchsian holonomy are actually obtained
by this construction.

This thesis is concerned with the study of the moduli space of a class of geo-
metric structures which generalise this classical setting by introducing ramification
phenomena into the picture; these are known as branched complex projective struc-
tures (BPS in the following) and were at first considered by Mandelbaum in [25] in
relation with the study of projective bundles on Riemann surfaces. More precisely
we allow for points around which the geometry is not necessarily modelled on CP!
by a local diffeomorphism, but possibly by a finite branched cover; in other words a
local chart can now be a map of the form z — zF*1. This can be interpreted as the
introduction of conical singular points of angle 2w (k+ 1) for £ € N. This is of course
motivated by an extension of the classical uniformization problem for metrics with
this type of singularities (see Hitchin [19] and Troyanov [34]); it is a more general
framework in which one can study also singular metrics with constant curvature
the value of which would be forbidden in the unbranched case by Gauss-Bonnet
theorem: for instance flat surfaces (as the one arising from rational billiards) are
examples of BPSs.

Another motivation comes from the theory of ODEs on Riemann surfaces; namely
let X be a Riemann surface of genus g > 2 and let us consider the following equation
on the holomorphically trivial vector bundle X x C?

du = Au

where A € H(X, K ® 5[,C) is an sl,C-valued holomorphic 1-form (i.e. an SL,C-
Higgs field on X x C?). The datum of A gives us a monodromy representation
pa : m(S) — SLyC which encodes the behaviour of the analytic continuation of
local holomorphic solutions of the equation. The Riemann-Hilbert problem asks for
a characterisation of the representations which occur in this way, and is so far quite
open; for instance it is not known if real or discrete representations can be obtain
in this way. The study of BPSs has turned out to provide a geometric approach
to this analytic problem. First of all Gallo-Kapovich-Marden proved in [13] that a
representation p : m(S) — PSLyC can be realised as the holonomy of some BPS
with at most one branch point if and only if it is non-elementary (i.e. its image
has no finite orbits on CP!), and one should remark that this condition is generic
in the space representations. More recently Calsamiglia-Deroin-Hue-Loray proved
that the fact that a representation p is realised as the monodromy of an ODE as
above is detected by the geometry of a certain slice of the moduli space of BPSs
which is defined in terms of p itself (see [10]).

A solution of this analytic problem would in turn be interesting from a geometric
point of view, since it is linked to the problem of existence of holomorphic curves
inside the homogeneous spaces of the form PSLyC/I", where I' C PSLyC is a discrete
torsion-free subgroup (e.g. one of those used to solve the uniformization problems
discussed above). These manifolds arise as the frame bundles for the hyperbolic
3-manifolds of the form H?3/T", and the non triviality of the problem stems from the
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fact that they are 3-dimensional complex manifolds which are non quasi-projective
in general; for instance Huckleberry and Margulis proved that in general they do
not admit complex hypersurfaces (see [20]).

In this work we focus on the geometric study of the branching behaviour of a
BPS and on the geometry of certain slices of the moduli space of BPSs obtained
by fixing some geometric and combinatorial parameters (e.g. the number of the
branch points, the underlying complex structure, or the holonomy representation).
This is carried out through the analysis of the interactions between three geometric
surgeries which preserve the holonomy of a BPS, whose definition and individual
study is the main theme of Chapter 1. One of them is the grafting surgery (1.4.1)
which has already been introduced above; the inverse surgery is known as degrafting.
The second one is called bubbling (1.4.3) and is a surgery which allows to introduce
branching behaviour on a given structure; more precisely it consists in replacing an
embedded arc 8 on S with a disk of the form CP\ 3 for some embedded arc 3 C CP;
topologically it is just a connected sum with a sphere. Once it is performed, two
new branch points appear at the ends of 8, and a whole copy of CP! is glued to the
surface, so that the developing map becomes suddenly highly surjective and highly
non injective. The inverse surgery is known as debubbling. The last deformation
is called movement of branch points (1.4.4); it is a continuous deformation which is
defined in a neighbourhood of a branch point and consists in a local deformation of
the branched local chart. As said above, graftings have been introduced by Maskit
in the context of Kleinian groups in [27]. As far as movements are concerned, they
were specifically introduced by Tan in [32] for BPSs, but actually analogous local
deformations known as Schiffer variations are a classical tool in the study of Riemann
surfaces and their moduli spaces (see [30]). On the other hand the bubbling surgery
has only been introduced by Gallo-Kapovich-Marden in [13] as a tool to produce
ramification; in that work they ask the following question as Problem 12.1.2:

Problem: Given two BPSs on a surface S with the same holonomy, can one pass
from one to the other via a sequence of grafting, bubbling, degrafting and debubbling?

For unbranched structures the answer to this question is well-known to be pos-
itive even without using bubbling and debubbling in the case of quasi-Fuchsian
holonomy thanks to Goldman’s work in [16]: more precisely he proved that any un-
branched complex projective structure with (quasi-)Fuchsian holonomy p : m1(S) —
PSL,C is obtained by grafting a finite disjoint collection of simple closed geodesics
on the hyperbolic surface H?/p(71(S)). More recently Baba has extended Goldman’s
result for the generic case of purely loxodromic holonomy (see [2]), and Calsamiglia-
Deroin-Francaviglia have improved Goldman’s theorem by showing in [9] that in
quasi-Fuchsian holonomy degrafting is not needed and indeed a sequence of two
(multi-)graftings is always enough. Our main result on unbranched structures is
that on the other hand also grafting is not needed if one uses bubbling and debub-
bling, and indeed one also gets better bounds on the number of necessary surgeries;
more precisely we obtain the following Multi(de)grafting Lemma, which allows us to
replace a long sequence of multiple graftings and degraftings by a simple sequence



of one bubbling and one debubbling.

Theorem (see 3.6.8). Let S be a closed, connected and oriented surface of genus g >
2, let p: m(S) — PSLoC be a quasi-Fuchsian representation and o an unbranched

complex projective structure with holonomy p. Then there exist an arc  C o and
an arc 8, C o, = H?/p(m1(S)) such that Bub(c, 8) = Bub(o,, 3,).

As far as the branched case in concerned, the only result available in the literature
is the work [8] of Calsamiglia-Deroin-Francaviglia, where they show that the answer
to the above question is positive in quasi-Fuchsian holonomy if we add “movements
of branch points” to the list of allowed surgeries: what they actually prove is that
given a BPS with quasi-Fuchsian holonomy it is always possible to move branch
points in a suitable (and quite drastic) way on it so that a bubble appears. The
main result of this thesis is the following.

Theorem (see 3.5.6). Let S be a closed, connected and oriented surface of genus
g >2andletp:m(S) — PSLyC be a quasi-Fuchsian representation. Then the space
of structures obtained by a bubbling on some unbranched structure with holonomy p
is a connected, open and dense subspace of full measure in the moduli space My, of
structures with holonomy p and 2 branch points.

In other words we generically remove the need of moving branch points. As
a joint application of the two results (3.6.8 and 3.5.6) we obtain that for a generic
couple of BPSs with at most 2 branch points and the same quasi-Fuchsian holonomy
it is possible to pass from one to the other in six steps, via a finite sequence of at
most three bubblings and three debubblings (see Corollary 3.6.9). This provides an
explicit generically positive answer in our setting to the question by Gallo-Kapovich-
Marden.

The above theorem relies on a fundamental property of quasi-Fuchsian structures,
that is the fact that a quasi-Fuchsian representation preserves a decomposition of
CP! into a Jordan curve and a couple of disks: for example just consider the PSLyR-
invariant decomposition CP! = H* URP! UM~ where H* denote the upper/lower-
half plane in C. This decomposition induces a geometric decomposition (2.1) of the
surface itself with rich geometric and combinatorial features, which have already
been investigated by Goldman in [16] for the unbranched case and by Calsamiglia-
Deroin-Francaviglia in [8] in the branched case. The proof of the above theorem
consists of two main steps, quite different in nature. The first is a “static” one and
is carried out in Chapter 2: it involves an analysis of the properties of this geometric
decomposition for a given structure, and culminates in a complete classification of
the elementary pieces which can appear in it (see Theorem 2.4.5); in particular
it follows that either the two branch points live in the same piece or they live in
adjacent pieces. Packing together structures whose geometric decomposition looks
the same (in some precise sense), we also obtain a decomposition (2.1.21) of the
moduli space My ,; the second step, which is the “dynamic” one, occupies Chapter
3 and consists in understanding what happens when moving branch points on the
surface with respect to its geometric decomposition, i.e. what happens when moving
a structure around in the moduli space with respect to its decomposition. Roughly
speaking, the key observation is that deformations which happen inside a fixed piece
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of Ms , can be performed in a quantitatively controlled way, so that they preserve
the property of “being obtainable by a bubbling on an unbranched structure” (see
Theorem 3.5.1). On the other hand the analysis of Chapter 2 can be combined with
results from [8] to show that this property is ubiquitous in the moduli space (see
Proposition 3.5.5).

The last Chapter 4 is concerned with understanding how a movement of branch
points can be related to the problems coming from analysis on Riemann surfaces
introduced above. As anticipated, the fact that a representation p occurs as the
monodromy of some ODE is detected by the geometry of the moduli space My,_s , of
BPSs with 2g—2 branch points and holonomy p: more precisely Calsamiglia-Deroin-
Hue-Loray in [10] have obtained a correspondence between ODEs on a Riemann
surface X of genus g with monodromy p and embedded holomorphic spheres in
My ,, and Calsamiglia-Deroin-Francaviglia asked in [8] for which representations
mo(May_2,) = 0. In particular, given an ODE, there is a 1-dimensional family of
BPSs in this moduli space which enjoy some special features, namely they all have
the same underlying complex structure X (tautologically, by construction) and the
collection of branch points is a canonical divisor on X (see 4.1.6). More generally
we can prove that having a non canonical branching divisor is an obstruction to the
existence of deformations preserving both the holonomy and the underlying complex
structure; the main result of this chapter is the following.

Theorem (see 4.3.9). Let S be a closed, connected and oriented surface of genus
g > 2, p:m(S) = PSLyC be a non elementary representation, k < 2g — 2 and
o € My,. If the collection of branch points of o is not a canonical divisor on the
underlying Riemann surface X, then any movement of branch points on o induces
a non trivial deformation of X.

This is the used to prove in 4.3.12 that for k < 2g — 2 the holonomy fibre My ,
does not contain compact complex submanifolds: this shows a significant relation
between the geometry of the branching divisor and the complex geometry of the
moduli space. Motivated by the search for partial converses to this theorem in
genus g = 2, we have included in 4.4 a study of hyperelliptic BPSs (branched com-
plex projective structures on a hyperelliptic Riemann surface for which the hyper-
elliptic involution is a projective automorphism), through the explicit construction
of several geometric examples and some explicit computations with the classical
parametrization via meromorphic quadratic differentials (see [25]).






Chapter 1

Branched complex projective
structures

In this section we define the structures we are interested in, as well as some
classes of deformations thereof; we fix some notations and terminology and prove
some basic facts about them.

1.1 First definitions and examples

The focus of this thesis will be on a class of geometric structures on closed, con-
nected and oriented surfaces of genus g > 2, but we begin with the most general
setting, so let S be just an oriented surface, i.e. a 2-dimensional real topological
manifold. These structures are locally modelled on the geometry of the Riemann
sphere CP! and its group of automorphisms PSL,C. Even if their study is a tradi-
tional topic in surface theory, dating back to the works on the uniformization prob-
lem for Riemann surfaces, the study of branched structures was first introduced by
Mandelbaum in the 1970s in the series of papers [25], [24] and [26].

Definition 1.1.1. A branched complex projective chart on S is an open subset
U C S endowed with a finite degree orientation preserving branched covering map
¢ : U — p(U) C CP! onto an open subset of CP', which we consider as a local
projective coordinate on U. A point p at which ¢ is not a local homeomorphism
is called a branch point (or critical point) of ¢, and ¢(p) is called a branch value
(or critical value). A chart (U, ) is said to be unbranched if it has no branch
points, i.e. if it is a homeomorphism. Two charts (U, ) and (V) are compatible

if 4 g € PSLyC such that v =gp on UNV.

Definition 1.1.2. A branched complex projective atlas on S is an open cover by
branched complex projective charts. A branched complex projective structure
on S (often abbreviated BPS in the following) is the datum of a maximal branched
complex projective atlas.

Notice that a local chart (U, ¢) can always be shrunk to ensure that U contains
only one branch point p of ¢ and both U and ¢(U) are homeomorphic to disks.
In particular branch points are isolated, hence in finite number as soon as S is
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compact. Moreover such a branched cover induces a genuine finite covering map
¢ : U\{p} — ©(U\{p}) between punctured disks, hence it is topologically equivalent
to the covering D* — D*, z = 2F*1 of the punctured unit disk in C, for some integer
k € N, which we call the order ord(p) (or multiplicity) of the branch point p with
respect to the chart (U, ). Since elements of PSL,C are invertible, compatible
local charts assign the same order to the same branch point, so that the following
definition is well-posed.

Definition 1.1.3. If S is endowed with a BPS, a point p € S is said to be a branch
point of order k € N if there is a chart which is a branched cover of degree £ + 1
branching exactly a p. If moreover S is compact, we define its branching divisor to
be div(o) = > g ord(p)p and we define the order of the structure to be the degree
of its branching divisor. We can also specify precise patterns of branching: for a
partition A = (A1,...,A,) € N” we say that a branched projective structure has
order A if div(o) = > | Aip;. The structure is said to be unbranched if every chart
is unbranched, i.e. its branching divisor is empty.

Remark 1.1.4. A BPS on S induces a complex structure on it: namely, for a
given branched covering space of a complex disk U — D there is a unique complex
structure on U such that the projection is holomorphic. Roughly speaking, in these
complex coordinates around a branch point p the local projective chart looks like
z = 2P for k = ord(p) (see 4.3.1 below for more details). From this point of
view, U can be thought of as being a domain inside the Riemann surface of *Y/z.
Moreover this local complex structure is preserved by the change of coordinates of
a BPS, simply because PSL,C acts holomorphically on CP!; therefore we have a
well-defined complex structure on S induced by the BPS. This complex structure
will be referred to as the underlying complex structure of the BPS. The total angle
(with respect to the associated conformal structure) around a branch point of order
kis 2m(k +1).

Remark 1.1.5. A BPS on S can be considered as a generalised (PSL,C, CP!)-
structure, for which the developing map may have critical points, corresponding to
branch points. A developing map for such a structure is an orientation preserving
smooth map dev : S — CP! with isolated critical points and equivariant with respect
to a representation p : m(S) — PSLyC, which we call the holonomy of the structure.
Given such a dev, an atlas is obtained by precomposing dev with local inverses of the
universal covering projection. Conversely analytic continuation of local charts and
change of coordinates of a given projective atlas give rise to a couple (dev, p), which
is a standard construction in the theory of geometric structures (see for instance
[33, Chapter 3]). Notice that in general these geometric structures are not complete
structures (i.e. they are not locally homogeneous symmetric spaces): indeed S is
not even homeomorphic to CP! as soon as S is not a sphere.

Understanding which structures have the same underlying complex structure or
the same holonomy representation is a problem of major interest, to which we will
come back later in 1.3. Let us end this preliminary section with some basic examples,
to show how ubiquitous these structures are in the study of surfaces.



Example 1.1.6. Every Riemann surface X admits a non-constant meromorphic
function f, which realizes it as a branched cover of CP' of finite degree. This
endows X with a BPS with trivial holonomy and developing map given by f itself.
The pattern of branch points depends on f and has to obey the Riemann-Hurwitz
formula

X(X) = 2deg(f) = (ordy(f) — 1)

peEX

Example 1.1.7. Every surface admits a complete Riemannian metric g of constant
curvature k, = —1,0 or 1, which realises it as a quotient of S*, E? or H? by a group
of isometries acting freely and properly discontinuously: this follows directly from
Poincaré-Koebe Uniformization theorem (see [12, Chapter IV]). Each one of these
three geometries has a conformal embedding in the 1-dimensional complex projective
geometry (PSLyC,CP'), hence provides an example of an unbranched projective
structure, with holonomy landing respectively in the subgroups PSU(2), PSO(2)xC
and PSL;R of PSLyC. The value of the curvature depends on the topology of the
surface according to Gauss-Bonnet theorem

27x(S) :/k‘g dvol,
s

However if we allow metrics with cone singularities of angle 27 (k + 1) for some
k € N, then we obtain many more examples of BPS. Consider for instance the flat
cone structure obtained on a surface of genus g by gluing the sides of a regular
Euclidean 4g-gon. More generally, it follows from the work of Troyanov in [34] that,
given p1,...,p, € S and ky,...,k, € N, there exists a Riemannian metric with
cones of angle 27(k; + 1) at p; and smooth elsewhere, with curvature —1,0 or 1 if
the quantity x(S) + > 7, k; is < 0,= 0 or 1 respectively.

Example 1.1.8. If ' is a finitely generated torsion free Kleinian group (i.e. dis-
crete subgroup of PSL,C) with domain of discontinuity Qr € CP!, then by Ahlfors
finiteness theorem (see [22, Theorem 4.108]) Qr — Qp/I" is a (possibly disconnec-
ted) covering over a (possibly disconnected) Riemann surface of finite type, which
is clearly endowed with a uniform unbranched projective structure with holonomy
group I'. More generally it is shown in [13] that if S is connected, closed and oriented
of genus g > 2 then a representation p : m(S) — PSLyC is the holonomy of a BPS
on S with at most one branch point of order 1 if and only if it is non elementary
(i.e. its image has no finite orbits on CP!). Of course also many elementary repres-
entations (e.g. many affine ones) arise as holonomy of some BPS, but more branch
points are needed.

Example 1.1.9. Let X be a Riemann surface and 7 : P — X a holomorphic CP*-
bundle with structure group PSLy;C. Consider a smooth holomorphic codimension 1
foliation F of P whose leaves are transverse to the fibres of 7. Then any holomorphic
section s : X — P which is generically transverse to the foliation can be used to
define charts for a BPS on X with holonomy the monodromy of F: namely fix a
fibre and compose the section with parallel transport along the leaves; branch points
occur at points where s(X) is tangent to JF, if any. The basic example is obtained
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by taking P to be the trivial CP!-bundle with the natural foliation {z = 20}.,ccp1;
holomorphic sections are just meromorphic functions, and we are back to the first
example. More interesting examples can be obtained by choosing an ODE on X,
which will be discussed in 4.1.

1.2 Projective maps and orbibranched complex
projective structures

In this section we want to define the “right” notion of map between BPSs in order
to obtain a reasonable category to work with. The most straightforward definition
would be to say that a continuous map f : (S,0) — (T, 7) between surfaces endowed
with BPSs is a projective map if it is given as the restriction of an element of PSL,C
in any couple of local charts. Unfortunately this turns out to be not very useful:
since M6bius transformations are biholomorphic, such a map would be holomorphic
and without critical points, in particular it would be a genuine covering map, which
imposes rigid conditions on the topological type of S and T, regardless of their
geometric structures.

Since a biholomorphism of CP! is automatically projective, the real difference
between a complex atlas and a projective one is that in the first case we allow change
of charts to be local biholomorphisms, whereas in the second one we want them to be
restrictions of global biholomorphisms: the stress is not on regularity (holomorphic
vs algebraic), but on the domain of definition (local vs global). We take therefore
the following approach.

Definition 1.2.1. Let M(CP') = {F : CP! — CP! | F is holomorphic} be the
algebra, of holomorphic self-maps of CP!, also known as the algebra of meromorphic
functions on CP'. The subset of elements invertible with respect to composition is
the group PSL,C of automorphisms of CP*.

Definition 1.2.2. Let (S,0) and (T, 7) be surfaces endowed with a BPS. We define
the set of projective maps between them as

Proj(o,7) ={f:S — T | f is locally the restriction of some F € M(CP")}

We say that f € Proj(o, 1) is a projective isomorphism (or projective diffeomorph-
ism) if it is a diffeomorphism.

The following is immediate from the definitions.

Lemma 1.2.3. Projective maps are holomorphic with respect to the underlying com-
plex structures.

Denoting by C(z) the algebra of rational functions in one variable over C, we
have this classical fact.

Lemma 1.2.4. Let F : CP' — CP!; then the following are equivalent.

1. F € M(CP)

10



2. FeC(z)
3. dq1,...,9, € PSILLC: F=g¢gy...9,

We can obtain the following characterisation, which brings us back to the initial
intuition of being projective in the sense of being locally in PSL,C.

Lemma 1.2.5. Let S be a closed surface of genus g > 2, o be a BPS on S and
f: 8 — S bebijective. Then f € Proj(o,0) if and only if f is locally the restriction
of some g € PSL,C.

Proof. One inclusion is clear since PSL,C C M(CP'). For the other one let f
be bijective and locally the restriction of some F' € M(CP!). We want to show
that actually F € PSL,C. To do this we prove that also f~! is locally represented
by a function in CP*°, which implies that both local representations are not just
holomorphic self-maps of CP!, but they are indeed biholomorphisms. But notice
also that by 1.2.3 f is a biholomorphism of the underlying complex structure; by
a classical result of Hurwitz f has finite order. Therefore f~! is a power of f. It
is now straightforward to check that powers of f are again locally represented by
functions in M(CP'). Indeed let U be a local chart and choose n € N and local
charts on f*(U) for k =1,...,n. Then we can locally read f : f*"(U) — f*(U) as
a map Fj, € M(CP!). Then the composition F}, o---o F; € M(CP!) is exactly how
we read [ : U — f*(U). O

This implies in particular that the set of projective bijections of a BPS forms a
group under composition.

Definition 1.2.6. If o is a BPS on S, we denote by Proj(o) the group of projective
diffeomorphisms of o.

This is naturally a subgroup of the group of biholomorphisms of the underlying
complex structure by 1.2.3. With respect to the description of BPS as a branched
(PSLyC, CP!)-structure, we have the following characterisation of projective auto-
morphisms.

Lemma 1.2.7. Let 0 = (dev, p) be a BPS on S and f € Diff(S). Then f €
Proj(o) if and only if for any lift f: S — CP! there exists g € PSLyC such that

devof:godev

Proof. It is enough to observe that local inverses post composing local inverses of the
universal cover projection S — S with dev provides an atlas of branched complex
projective charts on S for o with respect to which the statement follows by a direct
computation. ]

According to 1.2.3 projective maps are holomorphic with respect to the under-
lying complex structure, hence from a topological point of view they are branched
covers. It is therefore natural to try to transfer a BPS from a surface to another via
a branched cover.
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Lemma 1.2.8. Let f: T — S be a branched cover and o a BPS on S. Then there
is a natural BPS on T on T such that f € Proj(r,o0). Moreover if f has multiplicity
[ at some point p € T and f(p) € S has order k with respect to the structure o, then
p will have order I(k + 1) with respect to T.

Proof. We just define an atlas on T' by precomposing charts of o with f. Then f is
locally given by the identity of CP!. The statement about orders is easily checked
in local coordinates, where f looks like z +— 2! and a local chart for ¢ looks like
w — whth O

This generalises 1.1.6 to an arbitrary holomorphic map between Riemann sur-
faces. Notice that the structure on 7" will be branched as soon as f is, regardless
of the fact that ¢ is branched or not. Of course the reverse direction, i.e. pushing
a BPS downstairs with respect to a branched cover is less straightforward. We are
interested in branched covering coming from a group action and, as usual, this forces
us to consider orbifold points. In the context of more common geometric structures
(e.g. complex structures) one can usually forget about this because orbifold charts
can be reuniformized to obtain genuine charts; for Riemann surfaces this is usually
done by analytic methods as in [12, p. II1.7.7], or by algebraic methods as in [29,
p. I11.3.4]. The former relies on transcendental mappings which are far from being
projective (i.e. global), but even the latter is not sufficient in our setting, since the
change of coordinates between charts around an orbifold point for the candidate
atlas on the quotient surface involves a non trivial product of local expressions of
the elements of the local orbifold group of that point, which is locally in M (CP?!)
(and with non zero derivative on the involved charts) but in general not in PSLyC.
The best we can get on the quotient surface is a BPS with some special points with
orbifold behaviour, which we will shortly define more carefully. We are not going
to enlarge the category of structures we consider by including these ones; rather,
we use them when needed in order to prove results about BPSs, for instance in the
study of hyperelliptic structures in 4.4.

Definition 1.2.9. An orbifold branched complex projective structure on S
(often abbreviated OBPS in the following) is the datum of a maximal open cover
{U;}ier of S with finite degree branched covering maps 7; : (Z — U; on which
finite degree branched covering maps ¢; : U, — V; C CP! are defined, with the
requirement that the needed changes of coordinates are in PSL,yC .

Of course we can always restrict charts so that in each ﬁ, there is at most one
branch point for both 7; and ¢;, and the maps are regular elsewhere. Notice that
in particular an OBPS induces an orbifold complex structure on S. As for BPSs,
the local degrees of the map involved provide a well defined notion of order of
orbibranching at any point.

Definition 1.2.10. If at a point p € [72 we have ord,(m;) = n; and ord,(y;) = m;+1,
then we call the ratio = the order of the structure at the point p = m;(p).

If BPSs should be thought of as a generalisation of complex projective structures
where we allow cone points of angle 2w (k + 1) for k& € N, then OBPSs should be
thought as a generalisation where we allow cone of angle 2rg for ¢ € Q. Namely if
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a point has order ™%, then the angle at it is 27rm1+1 Notice that when n; =1 (i.e. p

is has not an orblfold behav1our) this definition agrees with the one given for BPSs
in 1.1.3.

Remark 1.2.11. By the classification of 2-dimensional orbifolds (see for instance
[33, Chapter 13]), we know that most of them are good, i.e. are covered by some
manifold, the only exceptions being a sphere with at most two cone points and a
disk with at most two corner reflectors. We will not be interested in taking covers of
such orbifolds, hence we can always view an OBPS on S as a development-holonomy
pair (D, p) where D is a developing map for a BPS on some manifold cover of S and
p is a representation of the corresponding automorphism group. For instance we can
take the cover to be the orbifold universal cover S°® and p to be a representation
of the orbifold fundamental group m¢"%(S).

Example 1.2.12. Any constant curvature metric on a surface with cone points
with angle of the form 27q for ¢ € Q clearly endows it with an OBPS, generalising
1.1.7. All good orbifolds are known to admit such a metric, the sign of the curvature
depending of course on the orbifold Euler characteristic. These structures arise for
instance as quotients of surfaces with smooth constant curvature metrics by finite
groups of isometries, and the results in [34] provide many more examples.

As announced above we can prove the following fact.

Lemma 1.2.13. If ¢ is a BPS on a closed surface S of genus g > 2 and G C
Proj(o), then the quotient surface S/G carries a natural OBPS o/J, with respect
to which the quotient map s projective.

Proof. The maps ; : U — U, in the definition are restrictions of the quotient map,
and the maps ¢; : U — CP! are exactly the projective charts of . Notice that
an automorphism of a BPS is in particular a biholomorphism for the underlying
complex structure, therefore such a group is always finite, by a classical result of
Hurwitz. Therefore the maps m; are finite branched covers, as required. We just
need to check that the transitions lie in PSLyC, but this is guaranteed by the fact
that G acts by projective automorphisms. O

Conversely we also have the following result which allows to lift an OBPS to a
BPS by suitably branching over the points with orbifold behaviour. Recall that we
are not interested in bad orbifolds, so that we always implicitly assume that either
S has positive genus, or that the induced orbifold is not a sphere with one or two
cone points.

Lemma 1.2.14. Let f : T — S be a branched cover between surfaces and let o be
an OBPS on S. Suppose that

1. if a point of S has non integer order, then it is a branch value for f,

2. if p is a branch point of f of order k and f(p) has non integer order ™, then
n==k.

Then T is naturally endowed with a BPS (no orbifold behaviour involved) with respect
to which f is projective.
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Proof. 1f p is not a branch point of f, then f is a local diffeomorphism around it,
hence we just lift the structure from S. If f(p) has integer order, then a projective
chart of ¢ is already defined around it, hence we just compose it with f as in 1.2.8.
The case we are left with is the one in which p is a branch point of f of order k£ and
f(p) has non integer order ™. Let p € V; and let f(p) € Us, 7; : U, ™ Ui, @i : U,
CP! be as in the definition of OBPS. Since by hypothesis n = k, we can lift f|s-1 ;)
with respect to 7; and obtain a diffeomorphism f; : V; — (/fz Composing it with ¢;
gives a projective coordinate on V;; notice that p has integer order in the resulting
structure. This defines possibly branched local coordinates to CP' on the whole T
and transition maps are in PSL,C since they come from those of o. m

Remark 1.2.15. In particular, as soon as the covering is normal, the structure
on S is the quotient of the structure on 7" from the previous lemma by a group of
projective automorphisms in the sense of 1.2.13. Indeed S is a quotient of its orbifold
universal cover S by the action of its orbifold fundamental group 7§"°(S), with
Serb s T as intermediate covering with a torsion-free group of deck transformations.
In other words there is a group G of projective automorphisms of 7" which w¢"%(S)
extends by m (1), i.e.

1= 7 (T) = 79%(S) = G — 1

In particular the holonomy representation for the structure on 7' is just the restric-
tion of the holonomy representation for the OBPS on S.

1.3 Deformation spaces

We want to study the moduli space of marked branched complex projective
structures on a give surface. So we let S be a closed, connected and oriented surface
and give the following usual definitions.

Definition 1.3.1. A marked branched complex projective structure on S is a couple
(o, f) where o is a surface endowed with a BPS and f : S — o is an orientation
preserving diffeomorphism, called the marking. Two marked BPS (o, f) and (7, g)
are declared to be equivalent if gf~! : ¢ — 7 is isotopic to a projective isomorphism
h € Proj(o, 7). We denote by BP(.S) the set of marked branched complex projective
structure on S up to this equivalence relation. The subset of unbranched structures

is denoted by P(.5).

If (o, f) is a marked BPS, then by the results in 1.2 we can pullback the BPS via
f to obtain a BPS f*o on S. From this point of view two marked BPS (o, f) and
(7,9) are equivalent if there exists a diffeomorphism of S which is isotopic to the
identity and projective as a map f : f*o — ¢*7. It is also straightforward to check
that associating to a BPS the underlying complex structure defined in 1.1.4 provides
a well defined map 7 : BP(S) — T(S) to the Teichmiiller space of S, i.e. the space
of marked complex structures on S up to the analogous equivalence relation.

To have yet another perspective on this space, we recall that by 1.1.5 a BPS on
S can be seen as a (PSLyC, CP!)-structure with branch points, therefore a maximal
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atlas is the same as an equivalence class of development-holonomy pairs (dev, p),
where dev : S — CP! is an orientation preserving smooth map with isolated critical
points which is equivariant with respect to a representation p : m(S) — PSL,C
and two such pairs (devy, p1) and (devy, p;) are equivalent if 3 g € PSLyC such that
devy = gdevy and py = gp1g~t. The group Diffy(S) of diffeomorphisms of S isotopic
to the identity acts on the set of such equivalence classes of pairs by precomposition
on the first factor (and the trivial action on the second). The quotient is still the set
BP(S) defined above. From this description we obtain an easy way to put a topology
on BP(S), namely we put the compact-open topology on the set of development-
holonomy pairs and then take the quotient topologies with respect to the action
of PSL,C and Diffy(S). Moreover, by composing the holonomy of a marked BPS
with the map induced by the marking on fundamental groups, we also get a well
defined holonomy map hol : BP(S) — x(5) to the PSLyC-character variety of m(.5),
which is by definition the GIT quotient x(S) = Hom(m(S), PSLyC)//PSLyC of the
representation variety by conjugation.

We have so far defined two maps from our deformation space BP(S) to some
other moduli spaces which are well known in the literature:

T(S) << BP(S) 22 y(9)

The study of these maps is of major interest in the understanding of branched
complex projective structures

Remark 1.3.2. Already at the level of a BPS as a maximal atlas, there is no
well defined map to the representation variety Hom(m(S), PSLyC), because the
holonomy of such a structure is only defined up to conjugation, i.e. as a map to the
character variety. However in the following we will need to choose a representation
in its conjugacy class, i.e. to fix a representative representation of the holonomy of
a structure. First notice that in general if H is a subgroup of a group G with trivial
centralizer in GG, then any subgroup of G conjugate to H has trivial centralizer, so
that it makes sense to say that a structure has holonomy with trivial centralizer. If
o is such a structure, then for any choice of representative representation p there is a
unique developing map for ¢ which is equivariant with respect to that representation
(of course up to an isotopy of S). This is seen as follows: suppose that dev; and
devy are developing maps for o equivariant with respect to p. Then 3 g € PSL,C
such that devy, = gdev; and for any v € 71(S) and any z € S we have

p(y)gdevi(z) = p(y)devs(x) = deva(y.2) = gdevi(v.x) = gp(y)devi(x)

so that (p(7)g)*gp(7) is an element of PSL,C fixing every point of dev;(S). Since
a developing map has isolated critical points, there is some point of S at which it is
a local diffeomorphism, hence its image has non empty interior. But a Mobius trans-
formation fixing more than three points is the identity of CP!, hence (p(7v)g) *gp(y) =
td. This means that g is in the centralizer of the image of p, which is assumed to be
trivial, so that ¢ = ¢d and the two developing maps coincide.

The study of the subspace BP(X) = 7 1(X) of BP(S) made of BPSs with a
given underlying complex structure X € T(S) is well established in the literature,
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both in the unbranched case and in the branched case: in the former an analytic
parametrization via the Schwarzian derivative is available, from which it follows that
the map 7 has the structure of a holomorphic affine bundle (see [11] for a good sur-
vey); in the branched case some singularities appear, but a parametrization of fibres
via meromorphic differentials with a given branching divisor has been established
in [25]; we will review this case later in 4.4.1. On the other hand, we will be mostly
interested in subspaces of BP(S) obtained by fixing the holonomy representation.

1.3.1 Holonomy fibres and their strata

Here we focus on subspaces of BP(S) given by the fibres of the holonomy map
hol : BP(S) — x(S). We remark that the character variety is an algebraic variety
which can exhibit quite wild behaviour, and is not smooth in general. To avoid
difficulties which are unnecessary with respect to what we will need in the following,
here we restrict to the setting of non elementary representations of the fundamental
group of a closed, connected and oriented surface S of genus g > 2. These can be
characterised as representations whose image does not have finite orbits on CP!, but
see the Appendix for details. They are in particular irreducible, therefore the locus
they define in x(S) turns out to be a smooth subset in the Euclidean topology.

Definition 1.3.3. For a given p € x(S) we define the holonomy fibre to be
M, = {o € BP(S) | hol(c) = p}
and for kK € N and A a partition of k£ we also define
My, ={o € BP(S) | ord(c) = k, hol(o) = p}

My, ={o € BP(S) | ord(c) = A, hol(0) = p}

where the order of a structure is the one defined in 1.1.3. We call the principal
stratum of M, , the subspace given by the partition A = (1,...,1), i.e. the one in
which all branch points are simple (2 — 2% in suitable local coordinates).

When p is a non elementary representation the results in the appendix of [8] imply
that the space M, , carries a natural structure of complex manifold of dimension
k and that the subspace determined by a partition A of length n is a complex
submanifold of dimension n. In particular the principal stratum is a connected,
dense and open complex submanifold of M, ,. For more details see 1.4.22 below
and the comments after it. We find it convenient to extend the notation as follows:
for any subspace X of M, , and A a partition of k we define

Xy={o € X |ordlo) =\}

A useful feature of this topology is that local neighbourhoods of a structure ¢ inside
the whole M, , or inside a specified stratum M, , are easily described in terms of
concrete geometric surgeries on o which preserve the holonomy of the structure; the
same holds for standard ways to jump from M;, , to M2, and all these deforma-
tions are described in the next section.
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1.4 Surgeries on a branched complex projective
structure

In this section we describe how to perform some geometric operations on a given
BPS to produce other structures; these deformations preserve the marking and the
holonomy representation of the structure, hence they are well defined as operations
on the deformation spaces BP(S) and M,. However they do not preserve the
underlying complex structure in general, as will be proved in 4.3. Throughout this
section let S be an oriented surface and o € BP(S5).

1.4.1 Grafting

The first surgery consists in replacing a simple closed curve with a large annulus
endowed with a projective structure determined by the structure we begin with;
in particular it is topologically trivial. It was first introduced by Maskit in [27]
to produce examples of projective structures with discrete holonomy and surjective
developing map; here we review it mainly to fix terminology and notation.

Definition 1.4.1. Let v C S be a simple closed curve, and let (dev,p) be a
development-holonomy pair defining 0. We say that v is graftable with respect
to o if p(v) is loxodromic and 7 is injectively developed, i.e. the restriction of the
developing map to any of its lifts v C S is injective.

Since the developing map is p-equivariant, if v is graftable then a developed
image of it is an embedded arc in CP! joining the two fixed points of p(7). Notice
that p(7y) acts freely and properly discontinuously on CP!\ dev(7) and the quotient
is a Hopf annulus, i.e. an annulus endowed with a complete unbranched complex
projective structure.

Definition 1.4.2. Let 0 € BP(S) and v C S be graftable with respect to o. For
any lift v of v we cut S along it and CP' along dev(7) and glue them together
equivariantly via the developing map. This gives us a simply connected surface S
to which the action 7;(S) ~ S and the map dev : S — CP! naturally extend, so
that the quotient gives rise to a new structure o’ € BP(S). We call this structure
the grafting of o along v and denote it by Gr(ao,~).

n Gr(o,7)

Figure 1.1: Grafting a surface
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Notice that o\ 7y projectively embeds in Gr(c,~) and that the complement is the
annulus A, = (CP"\ dev(7))/p(7), which we call the grafting annulus associated
to . This construction can of course be extended to perform simultaneous graftings
on a disjoint collection of graftable curves. It is also possible to attach an integer
weight n € N to a graftable curve and to perform an n-fold grafting along it by
gluing not just one copy of CP'\ dev(7) but n copies of it, attached in a chain
of length n along their boundaries. The corresponding region in the surface is a
chain A, = Up_,; A% of n copies of the annulus (CP'\ dev(%))/p(7), which we call
the grafting region associated to nvy, and we reserve the term grafting annulus
for the individual A,,’s. This generalisation allows to perform a grafting along any

graftable multicurve; we call this operation multigrafting.

Example 1.4.3. The main example of the grafting construction consists in grafting
simple geodesics. On a genuine hyperbolic surface every simple essential curve 7 is
graftable, since the holonomy is purely hyperbolic and the developing map is globally
injective (actually a global diffeomorphism dev : S — H?). Since the holonomy is
also real, it preserves RP! inside CP!, therefore the grafting annulus A, carries a
natural decomposition in a couple of annuli coming from the quotient of the upper-
half plane with the developed image of v removed, a couple of simple closed curves
Ir, 1z coming from the quotient of RP! with the fixed points of p(7) removed and
a negative annulus coming from the lower-half plane. The boundary of A, consists
of a couple of closed geodesic 73,7} coming from v and developing to the positive
part of the invariant axis of p(7).

SR EE e

lr, lr

Figure 1.2: Grafting annulus from a geodesic on a hyperbolic surface

Notice that this surgery preserves the holonomy and does not introduce any new
branch point, so that it induces a map

Gr: My, x GMC(S) = M,,

where GMC(S) is the set of graftable multicurves on S and A is any partition of
some natural number. Notice that for any structure ¢ and any graftable curve
on it the structure Gr(c,v) has surjective developing map onto CP!; in any case
Gr(o,7) is nor a complete structure, neither a uniform one, i.e. it is not isomorphic
to the quotient of an open domain of CP! by a discrete subgroup of PSL,C.
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Of course if a structure displays a grafting region A, it is possible to degraft it,
i.e. to remove the interior of A and glue the resulting boundaries together, which
results in a new structure on the same surface with a distinguished graftable curve.
The main result in [16] implies that any two unbranched structures on the same
surface with the same quasi-Fuchsian holonomy (see 2.1.2 below for definitions) are
related by a sequence of grafting and degrafting along suitable multicurves. This
was improved in [9, Theorem 1.1], where it is shown that actually a sequence of two
multigraftings is always enough.

1.4.2 Cut and paste

In this section we show how to put a BPS on the connected sum of two surfaces,
i.e. we give a complete proof of [8, Lemma 2.8]. In particular taking the connected
sum with a sphere gives what is called a bubbling, which will be the subject of a
following section. We need some preliminary results.

Lemma 1.4.4. Let g € PSLyC, g # id have two fized points z* € CP' and U C CP!
be a g-invariant (i.e. gU = U) connected simply-connected" open set with z= € U.
Then U = CP*.

Proof. Having two fixed points, ¢ can be either elliptic or loxodromic.

Suppose that g is loxodromic; then z* are respectively the attracting and re-
pelling fixed points. Suppose U # CP! and let p ¢ U; then K = {p} is a compact
subset of CP! \ {27}. Since U is an open neighbourhood of 2, by the convergence
property of loxodromic transformations we can find some n € N such that ¢"(p) € U.
But g-invariance of U would imply that p € U, which contradicts the choice of p.

Now suppose that g is elliptic. Then CP! \ {z*} is foliated by simple closed
curves ¢; such that each ¢; is the union of the g-orbits of its points and this foliation
is isomorphic to the foliation of S* x [0, 1] by curves of the form k; = {(6,t) | 6 € S*}
for ¢t € [0, 1].

Since U is connected and open, we can join z~ to 2 by a continuous embedded
path ~; we have that gv is contained in U, by g-invariance of U. Moreover since
m(U) =1, we can find a homotopy H : [0,1] x [0,1] — U, (s,t) — Hs(t) relative to
z* from v to g7.

By construction each path H, must intersect? each c¢;. Fix some ¢; and let p be
the first intersection between v and c¢;; then gp is the first intersection between gy
and ¢;, and ¢; is divided in two subarcs a; and b; with endpoints p and gp. We claim
that at least one of these two subarcs is contained in the image of H (and thus in
U).

Indeed, if we could find a point A on a; and a point B on b; not contained in the
image of H, then H would realize a homotopy between v and g in CP* \ {A, B}.
But these curves are not homotopic in that space by construction: namely following
v and gy we obtain a path in the annulus CP! \ {A, B} which winds around at
least once. Since both a; and b; contain a fundamental domain for the action of ¢

INeeded only in the elliptic case to avoid trivial counterexamples.
2We cannot in general take a v which intersects each «; exactly once. Or hope that v and g~y
intersect each other only at z*.
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on the leaf ¢;, we can conclude that the whole leaf ¢; is contained in U, since it is
g-invariant. Since CP'\ {z*} is foliated by such leaves and by hypothesis z* € U
we conclude U = CP!. O

Lemma 1.4.5. Let S and T be compact surfaces with one boundary component
whose interior is endowed with a BPS; let U C S andV C T be collar neighbourhoods
of the boundaries and f : U — V be a homeomorphism which is a projective dif-
feomorphism of their interiors. Let Xy be the surface obtained as Xy := SU T/Nf,
where S 3 x ~ f(x) € OT. Then there exists a unique BPS on X; compatible
with those on S and T'. Moreover, if g : U — V is another homeomorphism which
is projective on the interiors and such that g~ f extends to a homeomorphism of S
which is projective in the interior, then X, = S T/Ng 1s projectively diffeomorphic
to Xf.

Proof. We just have to check that the only possible choice works. Define an atlas
for Xy by putting together all the charts from S and T". The change of coordinates
between an S-chart and a T-chart is exactly given by f, which is projective by
hypothesis.

Let g be another gluing map such that ¢! f extends to a projective diffeomorph-
ism h of S. Then the map

‘ _f Mx) zeS
H.Xf%Xg,H(x).—{m v eT
is well defined by construction of X; and X, and establishes a projective diffeo-
morphism between them. O

Lemma 1.4.6. Let S and T be surfaces with a BPS, let U C S and V C T be open
subsets, let v : [0,1] — U and n : [0,1] — V be embedded continuous arcs. Then
there is at most one projective diffeomorphism f :U — V' such that fy =n.

Proof. In local charts such a map is given by Mobius transformations and has fixed
behaviour on more than three points (actually infinitely many); then f is uniquely
determined in every chart. ]

Definition 1.4.7. Let S and T be be closed surfaces with a BPS, v C U C S
and n C V C T two simple continuous arcs contained in open connected simply
connected neighbourhoods in S and T respectively and let f : U — V be a pro-
jective diffeomorphim such that f(v) = 7. We cut S and T" along the two arcs and
compactify the resulting surfaces to get surfaces with boundary S’, 7" (for instance
take the metric completion of S\ v and 7'\ n with respect to any hyperbolic metric
on them for which the end has trivial holonomy). Notice that f can be uniquely
extended to the boundary components in a consistent way. Then we define X; to

be Xy := S’ T//Nf (notations as in 1.4.5). We will call X the cut and paste of
S and T along the arcs v and 7.

Lemma 1.4.8. (the BPS on a cut and paste) Let S and T be surfaces with a BPS,
H :[0,1] x [0,1] = S, H(s,t) = 7s(t) and K : [0,1] x [0,1] — T, K(s,t) = ns(t) be
isotopies relative to endpoints of embedded continuous arcs. Let U and V' be open

20



connected simply connected neighbourhoods of Im(H) and Im(K) respectively such
that Vs € [0,1] there exists a projective diffeomorphism fs : (U,vs) — (V,ns). Let
X be the cut and paste of S and T along s and ns. The all the X are projectively
diffeomorphic.

Proof. By lemma 1.4.5, X, carries a unique BPS compatible with those of S and
by lemma 1.4.6 the gluing maps f, are uniquely determined. We claim that f, = fy
for any s. We consider g := f,f; " : U — U. By construction g is a projective
transformation which fixes two points (namely ,(0) and 70(1)) with an invariant
connected simply connected open set (i.e. U). By lemma 1.4.4, since U cannot be
a whole CP!, g must be the identity, i.e. f, = fy. But then g extends trivially to an
automorphism of S (namely the identity), hence X = X, by lemma 1.4.5. O

Let us conclude this section with a few remarks. From the topological point of
view, the cut and paste is a connected sum; in the case one of the two surfaces
involved is a sphere it is a topologically trivial operation, hence it preserves the
holonomy. Two new branch points of order 1 are created at the endpoints of the
arcs used to perform the construction. It is true that the isomorphism class of the
resulting BPS depends only the relative isotopy class of the arcs only if at each
time of the isotopy we are still able to continuously define a projective isomorphism
between uniform neighbourhoods; on the other hand independent isotopies of the two
arcs can result in non isomorphic structures, already when one of the two surfaces
is a sphere, as we will show in the next section.

1.4.3 Bubbling

We apply the construction of the previous paragraph in the special setting in
which T is a sphere endowed with the standard projective structure of CP! (the
only unbranched one), in order to fix terminology and notation. In the following o
isa BPS on S.

Definition 1.4.9. Let § C S be a simple arc, and let (dev, p) be a development-
holonomy pair defining 0. We say that [ is bubbleable if it is injectively developed,
i.e. the restriction of the developing map to any of its lifts  C S is injective. An
isotopy [; of such an arc relative to endpoints is said to be a bubbleable isotopy if
for any time (3, is still bubbleable.

Definition 1.4.10. If 3 is a bubbleable arc, let U be a connected simply connected
neighbourhood of 3. Then the restriction of a developing map dev establishes a

projective diffeomorphism dev : (U, ) — (dev(U), dev(3)) C CP! for any lift. We
can perform a cut and paste of S and a copy of CP! along E and dev(g) for any
lift in an equivariant way to obtain a new BPS on S. The action of m(S) on S
clearly extends to an action by covering transformation on it, using the action via
the holonomy representation inside the glued copies of CP!, so that we get a well
defined BPS on S. We call this structure the bubbling of ¢ along 8 and denote it
by Bub(o, ).

An immediate consequence of the previous discussion is the following.
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Figure 1.3: Bubbling a surface

Corollary 1.4.11. The bubbling of a BPS along a bubbleable arc carries a unique
BPS, whose isomorphism class depends only on the bubbleable isotopy class of the
arc.

Remark 1.4.12. The above result is not true if we allow non bubbleable isotopies,
i.e. isotopies which at some time produce an embedded path whose developed image
is not embedded. An explicit example is given below in 1.4.14.

The following lemma gives some more details: we can indeed always do some
very small deformations; in other words, a bubbleable arc always admits bubbleable
isotopies.

Lemma 1.4.13. Let 0 be a BPS on S. Let v C S be an embedded arc having
embedded developed image and not going through branch points (except possibly at
its endpoints). Let H : [—1,1] x [0,1] — S be any isotopy relative to endpoints such
that H(0,.) = ~. Then 3 € > 0 such that ¥V s €| — ¢,¢[ the arc vs = H(s,.) is still
mjectively developed.

Proof. By contradiction let s, — 0 be a sequence in [—1,1] such that ~, = 7, is
not injectively developed, i.e. ¥ n,3 t,,t, € [0,1] such that devy,(t,) = devy,(t,).
By compactness we can extract convergent subsequences of t,, and ¢/, and take ¢,t’
as the limits. By continuity of H in the couple (s,t), we can pass simultaneously to
the limit and get devy(t) = devy(t'). Since «y is known to be injectively developed,
necessarily ¢ = t'. But then we have

Tn(tn) = F(t) = (') = Tnlty)

thus for large n we have points very closed to ¥(t) and such that devy,(t,) =
devy,(t) (by the hypothesis of contradiction). If ¥(¢) is not a branch point, then
dev is locally injective around it. If 7(¢) is a branch point then we can assume it is
the initial point of v (i.e. t = 0). Even in this case we still can get an absurd: let
us say 7(0) is a branch point of order k, then a neighbourhood of it decomposes in
k + 1 sectors of angle 27; since 7, is an isotopy of ~, for n large enough its initial
segment belongs to the same sector which contains the initial segment of +; but the
developing map is injective on each of these sectors. O]
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In other words the set {s € [—1, 1] | 75 is bubbleable } is open. Once more, there
is no reason why it should be closed, and indeed it is not in general. The following
is an explicit example of two non isomorphic structures obtained as bubbling on two
arcs which are isotopic relative to endpoints, but via an isotopy which does not keep
the developed arc embedded at every time. The same technique was already used
in [9] to produce a similar example in the case of grafting.

Example 1.4.14. To describe this example we will use some of the terminology and
basic facts about structures with quasi-Fuchsian holonomy which are introduced in
the next Chapter 2. Let S be a genus 2 surface and fix some hyperbolic structure o,
on it. Let v be an oriented closed geodesic which disconnects S into two one-holed
tori. Let n be an oriented embedded geodesic arc on .S with one endpoint x on v and
orthogonally intersecting v only in x; call y the other endpoint, which we assume to
be on the right of v. We want to perform a grafting of o, along v and then show
how to perform two different bubbling on Gr(c,,~) along two different extensions
of . As observed in 1.4.3, on Gr(o,,7) we have two distinguished curves 4% coming
from v and bounding the grafting annulus A,. We also have two marked points
¥ € v* coming from the point x, and an arc coming from 7, which we still denote
by the same name, which starts at 2= € 4% orthogonally and moves away from the
annulus.

There is a natural way to extend 7 by analytic continuation to an embedded arc
reaching the other point £~ € 47: namely consider the extension of the developed
image of 1 (which is a small geodesic arc in the upper half-plane) to a great circle
n on CP'. This gives an embedded arc on Gr(c,,~) which is geodesic (outside the
real curve), but which is not injectively developed: its developed image goes twice
over the developed image of n. Therefore we can not bubble on it.

Figure 1.4: Analytic extension of  in Gr(o,,7)

To obtain bubbleable arcs we slightly perturb this construction; in CP! consider
an embedded arc which starts at the developed image ¥ of x and ends at the de-
veloped image ¥ of y, but leaves Z with a small angle § with respect to 7, stays close
to it, and reaches y with angle 6 on the other side, crossing 7] just once at some
point in the lower-half plane (see left side of Picture 1.5). This arc can be chosen
to sit inside a fundamental domain for p(7y), so that it gives an embedded arc inside
the grafting annulus A, of Gr(o,,v) starting at x~, reaching v at a point z* close
to 7 and ending at y. Changing the value of # in some small interval | — ¢, e[ we
obtain a family of embedded arcs oy in Gr(o,,~) which are isotopic relative to the
endpoints 7,y and are all injectively developed, except ay = 7.

Fix now some small 6 and consider the BPS obtained by bubbling along a4,
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Figure 1.5: The bubbleable arc apy in CP' and Gr(o,,7)

ie. oy = Bub(Gr(o,,7),asg). We now proceed to show that these two BPSs are
not isomorphic: they can be distinguished by looking at the configuration of certain
curves, which we now define. The first curve we need is the analytic continuation
of v* into the positive part: namely we extend it inside the bubble by following its
developed image. The result is a curve which hits the real curve and reaches x~,
and we still denote it by v*. The other curve is the unique geodesic ¢ between z~
and y inside the bubble, which develops isometrically onto the developed image of
the original geodesic segment 1 of o,. Notice that the whole construction can be
made in such a way that this is indeed the shortest geodesic between its endpoints
in the positive region. Indeed, let ¢’ be a shorter geodesic in the positive region
between the same pair of points. Since it is a CAT(-1) space, we can look at the
unique geodesic representative w in the free homotopy class of ¢’d~1, whose length is
bounded by twice the length of §. Therefore it is enough to choose on o, the points
x,y to be very close with respect to the systole of .

Now we look at the tangent space at z—. The tangent vector to v* at x~ sits
on the right or on the left of the tangent vector to § (with respect to the underlying
orientation of S) depending on the fact that we look at o, or at o_. But a projective
isomorphism between the two structures should be orientation preserving at z~.
Notice that consistently saying that a tangent direction comes to the left or right of
another requires a check of the amplitude of the angles involved; but the angle we
are interested in is clearly less the 27 (since both curves enter the bubble), i.e. less
then half the total angle at .

Following the ideas of 1.4.13, we can also prove the following lemma, which
similarly allows to perform local deformations of an injectively developed path in an
injectively developed way.

Lemma 1.4.15. Let o be a BPS on S. Let~y :[0,1] — S be an embedded arc having
embedded developed image and not going through branch points (except possibly at

its endpoints). Then there exists an injectively developed subset U C S such that
v C U and v(]0,1]) C int(U).

Proof. Let us choose a lift ¥ and work in the universal cover for simplicity. If ~
does not go through any branch point at all, then we just consider a sequence of
nested open neighbourhoods U, C U, of v and prove that for n large enough U,
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is injectively developed. Assume by contradiction that V n € N we can find a couple
of distinct point z,,y, € U, such that dev(z,) = dev(y,). By compactness of S
these sequences subconverge to z,y € 7. Since the path is injectively developed
we get x = y and since it does not go through branch points we reach an absurd,
exactly as in the proof of 1.4.13. If one endpoint (let us say it is v(0)) of v is a
branch point of order k, then clearly every set containing it in its interior is not
injectively developed. Once again we observe that nevertheless a sufficiently small
neighbourhood €2 of 7(0) decomposes as a disjoint union of injectively developed
sectors Aj, ..., Ary1, and that an initial segment of v belongs to one of them (let
us say it is Ap); so we can simply pick a sequence of nested sets V,,.1 C V,, such
that for every n € N and for every € > 0 we have that v(0) € V,,, V,, N Q2 C A; and
V,, contains 7(Je, 1 — €]) in its interior, and apply the previous argument to obtain
a couple of sequences x,, # y, € V, converging to x = y € . The non trivial case
to discuss is the case in which the limit is a branch point, i.e. x =y = ~(0); by
construction of V,,, for n large enough the points x,,, y, must fall inside A;, which is
injectively developed, hence we reach a contradiction exactly as in 1.4.13. ]

Let us get back to the description of the properties of this particular case of cut
and paste. As noticed before, this surgery preserves the holonomy and introduces a
couple of simple branch points corresponding to the endpoints of the bubbling arc;
thus it induces a map

Bub : M), x BA— Mjyya,1),

where BA is the set of bubbleable arcs on S, A is any partition of some natural
number £ € N and A + (1, 1) is the partition of k£ + 2 obtained appending (1, 1) to
A. Notice that for any structure ¢ and any bubbleable arc  on it the structure
Bub(o, 3) has surjective developing map onto CP!; in any case it is nor a complete
structure, neither a uniform one.

Once we have performed a bubbling, we see a subsurface of S homeomorphic to a
disk and isomorphic to CP' cut along a simple arc, the isomorphism being given by
any determination of the developing map itself. It is useful to be able to recognise
this kind of subsurface, since there is an obvious way to remove it and lower the
branching order by 2; therefore we find it convenient to give the following definition.

Definition 1.4.16. A bubble on ¢ € BP(S) is an embedded closed disk B C S
whose boundary decomposes as 0B = 5'U{x,y}US” where {z,y} are simple branch
points of o and (', 5" are embedded injectively developed arcs which overlap once
developed; more precisely there exist a determination of the developing map on B

which injectively maps ', 8" to the same simple arc B\ C CP! and restricts to a
diffeomorphism dev : int(B) — CP! \ §.

Of course if § is a bubbleable arc on ¢ with endpoints x,y, then the structure
Bub(o, §) displays a subsurface which is a bubble. As said above, the nice things
about bubbles is that they provide a standard way to lower the branching order of
a structure.

Definition 1.4.17. Given a bubble B on a structure o, we can define a new structure
Deb(o, B) by removing int(B) and collapsing 0B to a single arc §. This structure
is called the debubbling of ¢ with respect to B.
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Figure 1.6: A bubble

Of course the two operations of bubbling and debubbling are one the inverse of
the other. Of course it is possible to perform simultaneous bubbling on any collection
of disjoint bubbleable arcs.

Notice that BPS obtained by bubblings from unbranched structures have by
definition an even number of branch points and surjective developing map. As a
consequence branched hyperbolic structures with an even number of branch points
do not arise as bubblings, as their developing map takes value only in the upper-half
plane. By the work of [34] these structures exist on every Riemann surface of genus
g > 3. This example was already mentioned in [§].

Even in the case of surjective developing map, it is not at all clear in general
whether a BPS with an even number of branch points is a bubbling. For instance
consider any BPS o, perform a bubbling, then perform another bubbling on an arc
intersecting the bubble. Of course the introduction of the second bubble destroys
the first one, thus it is not clear a priori that this new structure is still obtainable
as a simultaneous bubbling of ¢ over a couple of disjoint bubbleable arcs. From this
point of view the grafting operation is more stable: it was proved in [9, Proposition
3.3] that a structure obtained by two consecutive graftings on transverse multicurves
can actually be obtained by a single multigrafting on the same underlying structure.
The following question is posed as Problem 12.1.2 in [13]

Problem: given 0,09 € M,, is it possible to pass from one to the other using
the operations of grafting, degrafting, bubbling and debubbling?

The main result in [8] provides a positive answer in the case of quasi-Fuchsian
holonomy (see next Chapter 2 for definitions) and if an additional surgery, to which
we dedicate the next section, is allowed.

1.4.4 Movements of branch points

In this section we introduce deformations obtained by replacing a chart of a given
atlas by a new chart. This construction works for any kind of branched (G, X)-
structures on a manifold, i.e. structures for which charts are possibly branched
covers over open subsets of X and change of coordinates are given by restriction of
elements of GG, but we stick to the case of BPSs on a surface.

We need to fix some notations. Let S be a compact surface endowed with a
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BPS 0 € BP(S). Let U = {(U,p)} be an atlas of projective charts defining o.
It is not restrictive to assume that each chart contains at most one branch point
and that pairwise intersections of chart domains do not contain branch points. By
compactness we can also suppose that U is finite. Let p € S and (A,d) € U be a
chart with p € A. By the previous assumptions we have that A\ Uy pyeu,uzaU is
a neighbourhood of p with non empty interior. In particular we can find an open
set B such that p€ B C Aand UN A C A\ B for any chart domain U # A. Now
consider a map d’' : A — CP! such that d = d on A\ B and which is a branched
cover onto its image, with finite degree and finitely many critical values on CP!.

Then let U =U\ {(A,d)} U{(A,d)}.

Lemma 1.4.18. U’ is a branched complex projective atlas on S.

Proof. By construction elements of U’ provide a cover of S by branched complex
projective charts. We need to check the change of coordinates. So let (U, ¢) be a
chart with UN A # @; since U was a legitimate atlas, there exists some gy € PSL,C
such that gyop =don UNA. Bt UNAC A\ Band d =don A\ B, hence
gu o =d on UN A, which implies that the change of coordinates between ¢ and
d' is still given by the restriction of gy € PSL,C. O

Definition 1.4.19. We say that the BPS ¢’ defined by the maximal atlas containing
U' is a BPS obtained from o by a local deformation at p.

It turns out that performing a local deformation at a non branched point without
changing the codomain of the local chart results in an isomorphic structure.

Lemma 1.4.20. If p is not a branch point for o, nor for d', and if d(A) = d'(A),
then the BPS o' obtained by local deformation at p is isomorphic to o.

Proof. Let us keep using the above notations, and let us define a map F : (S,U) —
(S,U') to be F(x) =z for x ¢ A and F(x) = d~'d(x) for x € A. Notice that this is
well defined because d(A) = d’'(A), because the local charts at a non branched point
are diffeomorphisms and because d = d’ on A\ B. Then F is a diffeomorphism which
is read as the identity in every chart: the unique non trivial computation being the
one relative to the chart (A, d) in the domain and (A, d’) in the codomain:

doFod'=dod 'odod ' =id
In particular it is projective. O

Examples of this kind of trivial deformations are obtained as follows. In the
above notations, let f : d(A) — d(A) be a diffeomorphism compactly supported
inside d(B); then define d = f od. If p is not a branch point for d then it is
not a branch point for d’ and the lemma applies. On the other hand when p is a
branch point, even this simple kind of local deformation turns out to provide a rich
deformation theory. For instance one can replace the branched cover d : B — d(B)
with any other branched cover d' : B’ — d(B) taken from a suitable space of
deformations of it, which we now define, following [8].
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Definition 1.4.21. Let D denote the closed unit disk in C and let U be a closed disk.
Consider a smooth branched cover 7 : U — D of degree m with critical values in the
interior of D and a diffeomorphism f : 9D — OU such that 7o f(z) = 2™ for z € ID.
We consider the set Def(U,n, f) = {(U', 7', f') | U'is a closed disk,n" : U —
D is a smooth branched cover of degree m without critical values on 0D, f : OU —
OU’ is a diffeomorphism such that 7 = 7’ o f/ on OU}. We impose an equivalence
relation on Def(U,n, f) by declaring (Uy,m, f1) ~ (Usa, e, f2) if and only if the
diffeomorphism f5 o fi L. 09U, — 0U, can be extended to a diffeomorphism F :

Uy — Us such that m; = my 0 F.. The quotient H(r) = Def(U,, f)/N is called the
Hurwitz space of the (marked) branched cover 7 : U — D.

In [8, Lemma 12.7] the space H(m) is shown to be in bijection with on open
subset of a (m — 1)-dimensional complex vector space of polynomials, which endows
it with the structure of a complex manifold of dimension m — 1. Moreover, by
sending a branched cover to the divisor given by its critical values we obtain a map
Crit : m — Sym™ ' which realises the Hurwitz space as a holomorphic branched
cover over a (m — 1)-dimensional complex manifold.

Now, if 0 € My, ,, p € o is a branch point of order m and (A, d) is a local chart
at p for o, we can consider the Hurwitz space H(d) (notice that up to a projective
transformation we can always assume that charts take value in the unit disk D).
For any other branched cover d’ € H(d) we can perform a local deformations in the
sense of 1.4.19, the diffeomorphisms of the boundaries of the disks being used to
perform the gluing in a well-defined way. This is explained in detail in [8, §12.5].
There it is also shown that performing local deformations parametrised by Hurwitz
spaces at all branch points of o provides a parametrisation of a full neighbourhood
of o in My, , as soon as the holonomy representation is complicated enough. More
precisely they prove the following.

Theorem 1.4.22. Let S be a closed, connected and oriented surface of genus g > 2
and p : m(S) = PSLoC a non elementary representation. Then My, , is a complex
manifold of dimension k, with an atlas valued in suitable products of Hurwitz spaces.

Indeed their proof shows that for any partition A of k the stratum M, , is a
smooth complex submanifold of dimension equal to the length of A. In particular
the principal stratum M 1), is an open dense submanifold, and the inclusion

Ma,..1),p = My induces a bijection on the sets of connected components. Also
notice that all of this is consistent with 1.4.20, since in that case d = 1.

We want now to give a description of these deformations in terms of geometric
surgeries on the surface. To simplify the discussion we consider only the deformations
that preserve the structure of the branching divisor of ¢, i.e. the partition A\ defining
the stratum o lives in. These come from elements of the Hurwitz space which are
mapped by the map Crit : 7 — Sym™ 'D inside the same generalized diagonal
defined by A, so that we can reduce the situation to a lower-dimensional unbranched
cover; in other words, these deformations do not involve any collapsing or splitting
of branch points. We will come back to these more general deformations at the end
of this section (see 1.4.27).
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Let 0 € M, ,. By the above discussion, the deformations keeping the structure
inside its stratum come in a n-dimensional family, where n is the length A, i.e. the
number of branch points of ¢; in other words we have to consider a 1-dimensional
family of local deformations at each point. We want to define explicit local deform-
ation which are geometrically easy to visualise and control and which realise this
1-dimensional family of deformations.

So let p € o be a branch point of order m and let us choose an atlastd = {(U, ¢)}
defining o with the properties used in the definition of local deformations above (see
1.4.19), namely let (A, d) be alocal chart at p and B an open set such that p € B C A
and U N A C A\ B for any chart domain U # A. Now pick any point ¢ € d(B)
and let ¢, be an isotopy of d(A) with compact support inside d(B), such that that
t — ¢4(d(p),t) describes a continuous embedded curve p from d(p) to g. Then
dy: A— d(A),d; = ¢, 0d gives us an element in H(d), with which we can perform
a local deformation, and if we take the preimage of 1 in S with respect to d, we
obtain a collection of m + 1 embedded paths p = {1, ..., ftme1} which meet at p,
are disjoint otherwise and end at points ¢, ..., ¢n11 such that d(g;) = q.

Definition 1.4.23. We call this local deformation at p determined by the choice of ¢
a movement of branch point at p towards q. We also refer to u as the embedded
twin (m + 1)-pod of the movement and say that the deformation is a movement of
branch point along . We will denote the resulting structure by Move(o, p).

Since a neighbourhood of d(p) is 1-dimensional, by the above discussion this
gives a full description of the local deformations at p which preserve the structure of
the branching divisor. In other words, if o € M, ,, then these deformations account
for a full neighbourhood of ¢ inside M, ,.

Remark 1.4.24. The choice of ¢ is actually the only parameter in the deformation,
so we can always choose the isotopy ¢, to be a straight-line isotopy on its support,
i.e. we can always choose the curve ji(t) = ¢,(d(p),t) to be the straight-line segment
from d(p) to g. We will find this useful in the following chapters, but do not really
need it here.

It was already noticed in [32] (for simple branch points) and [8] (in the general
case) that the structure Move(o, 1) can be obtained by the following cut-and-paste
construction on S: cut S along p to open a star-like buttonhole, then glue a side to
the other adjacent side to close it (see Picture 1.7 for the case of a simple branch
point, i.e m = 1). This gives a deformation of the structure around p such that the
new chart is the branched cover d, defined above. Notice that we can reverse the
deformation by considering the inverse isotopy gp;l or, equivalently, by operating a
cut-and-paste construction on the induced collection of arcs ¢’. The above cut-and-
paste construction is actually defined without any reference to local charts, local
isotopies or Hurwitz spaces: it just needs any configuration of arcs which satisfies
the following definition.

Definition 1.4.25. If p is a branch point of o, then an embedded twin n-pod
based at p is a collection v = {71, ..., 7, } of n embedded paths which meet at p, are
disjoint outside p and injectively develop to an embedded arc ¥ C CP!, i.e. there
exists a determination of the developing map (i.e. a local chart) d at p which maps
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Figure 1.7: A movement of branch point

diffeomorphically 7; to 7. When n = 2 we also call v = {71,72} an embedded
twin pair.

The structure obtained by the above cut-and-paste surgery along an (m + 1)-
pod « at a branch point of order m is still denoted by Move(o,~) and called the
movement of branch point at p along «. Since, as already observed, the structures
defined in 1.4.23 fill a full neighbourhood of local deformations of ¢ at p, we are not
really introducing any new deformations here, just a different point of view. In the
first definition the stress is on the point we want to move to, in the second one it is
on the path we want to use for the journey. To safely exploit this second point of
view, we need to check the dependence on the choice of the (m + 1)-pod among all
the (m + 1)-pods with the same endpoints, similarly to what we have done for the
bubbling operation.

We will now restrict to the case of a simple branch point (i.e. m = 1), since we
will need the second point of view only in this case. So let us consider a simple branch
point p on a BPS ¢ and two embedded twin pairs u = {1, po }, v = {11, 2} based at
p. By the above discussion, if i and v are entirely contained in a chart around p and
developing to arcs fi,7 with the same endpoints, then Move(o, ) = Move(o,v).
Notice that in this case u; and v; are isotopic relatively to their endpoints through
an injectively developed isotopy. However we can more generally consider p and v
ending the same points without being contained inside a single chart; in this case
the isotopy class of the arcs in the embedded twin pair we use might be relevant,
and different choices might give rise to non isomorphic structures. We can prove the
following reassuring result.

Lemma 1.4.26. Let 0 € My, , and let p be a simple branch point. Let p = {1, pi2}
and v = {v1, 0} be embedded twin pairs based at p with the same endpoints, and let
q; be the common endpoint of pu; and v; for i = 1,2. Suppose that there exists an
isotopy H : [0,1] x [-1,1] — S such that

1. H is an isotopy from p tov i.e. H(0,t) = py(t) fort € [—1,0], H(0,t) = ua(t)
fort €[0,1], H(1,t) = 11 (t) fort € [-1,0] and H(1,t) = vs(t) fort € [0,1]

2. H is relative to endpoints, i.e. H(s,—1) = qi, H(s,0) = p, and H(s,1) = ¢
for all s € 0, 1]
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3. H is an isotopy of embedded twin pairs, i.e. o = {af = H(s,[—1,0]), a5 =
H(s,[0,1])} is an embedded twin pair for all s € [0, 1]

Then Move(o, i) = Move(o,v).

Proof. First of all notice that each path o appearing in an embedded twin pair o*
is in particular an embedded arc which is injectively developed and goes through
exactly one branch point, which is p. Therefore we can pick an injectively developed
set U7 containing of \ {p} in its interior as in 1.4.15. We can choose this set in such
a way that U® = Uy U U; is an open neighbourhood of o*: for instance we can take
U; such that its developed image is an open neighbourhood of the developed image
of o, then pull it back via the developing map, so that U® is the domain of a local
projective chart which simply branches at p and contains the whole embedded twin
pair o®.

The sets U® provide an open cover of Im(H); by compactness we extract a finite
subcover indexed by some sqg = 0,s1,...,5y = 1. Up to taking an intermediate
finite subcover between {U*°,... U*N} and {U?® | s € [0, 1]} we can assume that the
local chart U® contains not only a® but also a*#!. Then we conclude by observing
that a® = p and o®¥ = v and that, as remarked above, the results in the Appendix
of [8] imply that Move(o, a®) = Move(o, a®+), because a® and o*+! are contained
in a single local chart. [l

Let us conclude this section with the following observation, which is actually not
needed in the sequel.

Remark 1.4.27. The above description works also for local deformations which do
not preserve the partition A encoding the structure of the branching divisor. For
instance by a local deformation we can split a branch point of order m into lower-
order branch points. This can be done by choosing a point ¢ in a local coordinate
(A,d) around p and an embedded twin n-pod strictly contained in the embedded
twin (m 4+ 1)-pod at p induced by ¢, for some 2 < n < m. Of course this does not
only depend on the choice of ¢, but also on that of the n-pod, which can be done
in (") ways, corresponding to the fact that the map Crit : H(d) — Sym™d(A)
genuinely branches along generalised diagonals. As a result we can not write the
new chart as the old one postcomposed with an isotopy, as we did in the discussion
above, but we need to pick a branched cover in the Hurwitz space H(d) with a
different branching structure. This point of view extends the deformations defined
in [32] for simple branch points to higher order branch points.
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Chapter 2

Combinatorics in quasi-Fuchsian
holonomy

Throughout this chapter we are interested in structures on S whose holonomy
preserves a decomposition of the model space CP! into two disks separated by a
Jordan curve. The key feature of such a representation is the presence of a canonical
decomposition of the surface into pieces which carry complete hyperbolic structures
with ideal boundary.

2.1 Geometric decomposition of a quasi-Fuchsian
BPS and real decomposition of holonomy fibres

Let S be a closed, connected and oriented surface of genus g > 2.

Definition 2.1.1. A Fuchsian (respectively quasi-Fuchsian) group is a subgroup
of PSL,C whose limit set is RP! (respectively a Jordan curve) on CP!.

We refer to the appendix (see 5.2) for more background on (quasi-)Fuchsian
subgroups and a collection of equivalent definitions. In particular we are interested
in the fact that a finitely generated quasi-Fuchsian group I' preserves a well defined
decomposition CP! = QfUArUQL of the Riemann sphere into a pair of disks QF and
a Jordan curve Ar, i.e. the two components of the domain of discontinuity and the
limit set of I'. When I is Fuchsian this is the decomposition CP! = HT URP'UH™T,
where H* denote the upper and lower-half plane in C, which allows us to distinguish
between Q" and Q. (see 5.2.6 in the appendix for more details).

Definition 2.1.2. A faithful representation p : m(S) < PSL,C is a Fuchsian (re-
spectively quasi-Fuchsian) representation if its image is a Fuchsian (respectively
quasi-Fuchsian) subgroup and there exists an orientation preserving p-equivariant
diffeomorphism f : § — Q;r(m(s)). A structure o € BP(S) is said to be Fuchsian or
quasi-Fuchsian when its holonomy is.

In our setting p is an isomorphism between m;(S) and a subgroup of PSLyC;
since S is assumed to be closed, the first one is finitely generated, hence the above
discussion applies and this definition is well posed. We will adopt the notation
Q:I: — Q:t

p

pim(sy) A Ap = Ay ().
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Ar

Figure 2.1: Geometric decomposition of CP! under a quasi-Fuchsian group T'.

Notice that the action on fo admits an invariant complete hyperbolic metric
df, since the action is conjugated to the action of a Fuchsian group on HZ? We
can therefore obtain an extended metric d, on CP! by considering the path metric
associated to df: a point in one disk has infinite distance from any point of the
other disk. Given a quasi-Fuchsian representation p, by definition we have an ori-
entation preserving p-equivariant diffeomorphism f: S — Q:[. This descends to an
orientation preserving diffeomorphism F' : S — QF/Im(p), giving us a (marked)
unbranched complete hyperbolic structure on .S with holonomy p; we can use it as

a base point in the moduli space M, so we give it a special name.

Definition 2.1.3. If S is a closed, connected and oriented surface and p : m(S) —
PSL,C is a quasi-Fuchsian representation, then o, = Q7 /Im(p) is called the uni-
formizing structure for p.

More generally, if dev : S — CP'is a developing map for a BPS on S with
quasi-Fuchsian holonomy p, then the decomposition of the Riemann sphere induced
by p can be pulled back via the dev to obtain a decomposition of S. Since the
developing map is (m1(S), p)-equivariant, this decomposition is 7 (.S)-invariant and
thus descends to a decomposition of the surface into possibly disconnected subsur-
faces o, o® and o, defined as the subset of points developing to Qlj, A, and Q7
respectively.

Definition 2.1.4. We will call S = 0" Uo® Uo~ the geometric decomposition
of S with respect to the BPS defined by the pair (dev,p); we will call oF the
positive/negative part of S and o the real curve of S.

We already observe that, despite their apparent symmetry, the positive and
negative part play very different role in the geometry of o, because of the special
role played by Qj in the definition 2.1.2 of quasi-Fuchsian representation. This is
a phenomenon already exploited by Goldman in the unbranched case ([16]), which
we will explore in the branched case below.

Notice that a priori the decomposition of the surface depends not only on the
representation, but also on the choice of a developing map. However this ambiguity
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Figure 2.2: Geometric decomposition of a quasi-Fuchsian structure with ¢ =2 = k.

can be fixed by choosing a representation p in its conjugacy class, which is possible
by the following easy observations.

Lemma 2.1.5. A quasi-Fuchsian group T has trivial centraliser.

Proof. A centralising element should commute with every element in I', hence have
the same set of fix points of any element of I'. But quasi-Fuchsian groups are non
elementary, hence they contain a couple of loxodromic transformations whose fix
points are different, and an element of PSLy;C has at most 2 fix points. O]

It has already been observed in 1.3.2 that this is enough to assign a unique
developing map to each representative representation in the conjugacy class giving
the holonomy of the structure.

Corollary 2.1.6. If {(dev,p)} is an equivalence class of development-holonomy
pairs defining a quasi-Fuchsian BPS, then for each representation pgy in the conjugacy
class there is a unique developing map devy in its equivalence class which is pg-
equivariant.

Proof. Two different development-holonomy pairs for the same structure differ by a
Mobius transformation, i.e. they are of the form (dev, p) and (gdev, gpg™") for some
g € PSL,C. Since the centralizer of a quasi-Fuchsian representation is trivial, we
have that p = gpg~! implies g = 1, hence (dev, p) = (gdev, gpg™?). O

As a result, the decomposition of S depends only on the structure o = {(dev, p)}
and not on the choice of particular representatives. In particular many combinat-
orial properties of the geometric decomposition (such as the number and type of
components, the adjacency pattern,...) are well defined; these invariants are the
main focus of the following section. Also notice that, as already observed by [16],
the key feature of quasi-Fuchsian structures is that the pieces of the induced decom-
position carry (possibly branched) geometric structure, namely hyperbolic outside
the real curve and real projective on the real curve, as established by the following
result.

Lemma 2.1.7. If S is endowed with a BPS o, then o* is a finite union of sub-
surfaces carrying complete hyperbolic metrics with cone points of angle 2m(k + 1)
(k € N) corresponding to branch points of order k of the BPS, and o® is a finite 1-
dimensional CW-complex on S; moreover if branch points are not on the real curve,
then o® is a finite union of simple closed curves with a (PSLyR, RP! )-structure.
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This is proved in [8, §3], together with more detailed results about the geometric
properties of the components of this decomposition. Moreover this motivates the
following terminology.

Definition 2.1.8. If S is endowed with a quasi-Fuchsian BPS o, a connected com-
ponent C' of o\ o® will be called a geometric component of the decomposition;
a connected component C' of o* will be called a positive/negative component. A
connected component of o® will be called a real component.

Notice that the components of the real curve can be canonically oriented by
declaring that they have positive regions on the left and negative regions on the
right. Some examples are in order.

Example 2.1.9. A hyperbolic structure on S is an example of an unbranched pro-
jective structure with Fuchsian holonomy. Any developing map is a diffeomorphism
with the upper-half plane H*. The induced decomposition is 0+ = 5,0~ = @ = o*.
Hence there is only one geometric component, which is the whole surface.

Example 2.1.10. If we graft a hyperbolic surface along a simple closed geodesic we
obtain an example of an unbranched projective structure with Fuchsian holonomy
with surjective and non injective developing map to CP'. As anticipated in 1.4.3
there will be a negative geometric annulus bounded by two essential simple closed
real curves and two or one positive geometric components, depending on the fact
that the geodesic we use is separating or not.

The main result in [16] claims that every unbranched structure with quasi-
Fuchsian holonomy arises via a multigrafting of the uniformizing hyperbolic struc-
ture; one of the key observations is the fact that geometric components of an un-
branched structure can not be simply connected, i.e. they can not be disks. This
completely fails for branched structures as the following easy example shows.

Example 2.1.11. If we bubble a hyperbolic surface along a simple arc we obtain
an example of a branched projective structure with Fuchsian holonomy with sur-
jective and non injective developing map to CP!. There will be a negative geometric
disk bounded by a contractible simple closed real curve and one positive geometric
component containing the two branch points. The same type of geometric decom-
position is obtained by grafting a simple closed geodesic on a hyperbolic surface and
then bubbling along an arc crossing transversely the grafting region.

The location of branch points with respect to the geometric decomposition is of
course something we want to care about in the following, therefore we introduce the
following definitions.

Definition 2.1.12. Let ¢ € M,. A branch point of ¢ is said to be geometric
(respectively real) if it belongs to o (respectively to o®). The structure is said to
be geometrically branched if all its branch points are geometric; it is said to be
really branched if it has some real branch point, and purely really branched if
all branch points are real. We will denote by M]}f? , the subspace of really branched
structures of My, .
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The space M]}i , could be naturally decomposed by looking at how many branch
points actually are on the real curve and how they are grouped. The minimal
stratum is given by structures with a single branch point of order £ on the real
curve, which has real dimension 1, and the maximal stratum is given by structures
with only one simple branch point on the real curve, which has real codimension 1
in My, ,. Up to a very small movement of branch points, we can always assume that
the branch points do not belong to the real curve o®; more precisely, MIE’ , has real
codimension 1 inside My, ,. We will come back to the study of certain structures
with points on the real curve in Section 2.4.2, and now we focus on geometrically
branched structures. Under the hypothesis that no branch point belongs to the real
curve, some index formulae are available, which give a relation between the geometry
and the topology of the pieces of the geometric decomposition. This approach was
already exploited by Goldman in [16] for unbranched structures and extended to the
general case in [8]. We now introduce the terminology to state the formula; see [8,
§3-4] for more details.

Definition 2.1.13. Let o be a geometrically branched BPS and [ be a real com-
ponent on it. Let p € A, be a fix point of p(l) and [ is any lift of /. The index of
the induced real projective structure on [ is the integer I(l) = #{dev‘jl(p)}.

!

The index of a real component can be thought as a degree of the restriction of the
developing map to it, as a map with values in the limit set of p, and it can a priori
assume any value. However if p(l) is trivial then the index must be strictly positive:
this follows by the classification of RP!-structures on S given in [8, Proposition
3.2], which we recall for future reference.

Lemma 2.1.14. Two unbranched RP'-structures on an oriented circle with non
elliptic holonomy are isomorphic if and only if they have the same index and con-
jugated holonomy. The only case which does not occur is the case of index 0 and
trivial holonomy.

Definition 2.1.15. For a quasi-Fuchsian representation p let £, be the induced flat
RP!-bundle on S. For any subsurface i : C' < S we denote by p¢ the restriction of p
to 4,m (C). For any component | C dC we define a section s, : | = E,|; by choosing
the flat section passing through a fixed point of p(l). Then the Euler class eu of
pc is defined to be the Euler class of the bundle E,, = E,|c with respect to this
choice of boundary sections.

Finally we say that a subsurface C' C S is incompressible if the inclusion is
injective on fundamental groups; equivalently if all the boundary curves are essential
(i.e. not nullhomotopic) in S. The following index formulae hold.

Theorem 2.1.16. (/8, pp. 4.1-5]) Let p be a quasi-Fuchsian representation and
let 0 € M, be geometrically branched. Let C C oF be a geometric component
containing ko branch points (counted with multiplicity) and with 0C = {ly,...,1,}.
Then

teu(pe) = X(O) + ke =y 1(L)
i=1
Moreover if C is incompressible (e.g. C' = S) then eu(pc) = x(C).
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Under the same hypothesis of 2.1.16 the following can be deduced

Corollary 2.1.17. If k* denotes the number of positive/negative branch points of
o, then 2x(oc™) = kT — k™.

In particular in quasi-Fuchsian holonomy there is always an even number of
branch points, so that My, are all empty. On the other hand the spaces My, ,
admit a decomposition into pieces defined by the combinatorial properties of the
geometric decomposition induced by the structures they contain, as we now explain.

Definition 2.1.18. Let o € My, be geometrically branched and let S = o* U o®
be the induced geometric decomposition. The combinatorics of ¢ is defined to
by a finite labelled 1-dimensional CW-complex ¢, with a vertex for any geometric
component and such that two vertices are joined by an edge if the corresponding
components are adjacent along a real curve. Every vertex is labelled by the sign, the
Euler characteristic and the number of branch points of the corresponding geometric
component, and every edge is labelled by the index of the corresponding real curve.

For instance the following picture shows the combinatorics for the geometric
decomposition of Picture 2.2.

0 0 1

& — 06— 0

(+,—-1,0) (-,0,0) (+,-2,2) (-,1,0)

Figure 2.3: Combinatorics for the geometric decomposition of Picture 2.2.

In this complex there are no loops, but bigons may occur, so ¢, is not a simplicial
in general. The information encoded in ¢, is enough to recover the Euler numbers of
every component, by the above index formula 2.1.16; it is also enough to determine
the topology of the pieces that occur in the geometric decomposition and how to
glue them to reconstruct S. On the other hand not all labelled graphs are allowed:
for instance the vertex labels must sum to the total Euler characteristic and the total
number of branch points of S. The following is immediate from the definitions.

Lemma 2.1.19. Let 0 € My, ,. Moving a branch point inside its own component
does not change the geometric decomposition (as a collection of subsurfaces of the
surface S); in particular it does not change the associated combinatorics ¢, .

Definition 2.1.20. Let ¢ be a finite labelled graph of the type occurring in 2.1.18.
We define the subspace of structures having a fixed combinatorics equal to ¢ as

by =10 € My, | ¢ =c}.

By the above observations we have that Mj  is an open smooth complex sub-
manifold of My, ,, which is possibly disconnected (see 2.1.22 below for more details).
The complement of the union of all the subspaces of the form M  is given by the
subspace of really branched structures, which we have denoted by /\/lﬂ,f, p

Definition 2.1.21. We will refer to the decomposition My, , = My U, M;, , of
the holonomy fibre as the real decomposition of M, ,; any connected component
of My, \ Mj;, will be called a piece or cell of the real decomposition of My,.
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We conclude with the following remark which shows that spaces with fixed com-
binatorics M  can fail to be connected in a quite drastic way.

Remark 2.1.22. If the information encoded in a combinatorics ¢ is enough to
reconstruct the topology of the pieces of the geometric decomposition and the gluing
pattern, it is not enough to determine them as subsurfaces of the marking surface
S. Indeed, the collection ©, of the isotopy classes of the essential real curves of
o is another natural invariant of a BPS which takes values in the set of isotopy
classes of multicurves' of S, which we denote by MC(S). This is well-defined for
geometrically branched structures, and is invariant under small local deformations
of ¢ by 2.1.19. Therefore we obtain a map

My, \ My, = MC(S),0 — O,

which is constant on the pieces of the real decomposition; in particular it can be used
to distinguish connected components of Mj . In the unbranched case combinatorics
have almost trivial labelling, Mﬂi , is empty, My, is discrete, and Goldman’s result
(see [16]) implies that this map is bijective; on the other hand we can construct
unbranched structures with the same combinatorics. For instance we can simply
graft the uniformizing structure o, along non isotopic non separating simple closed
geodesics 71, 72 to obtain two unbranched projective structures oy, o5 with the same
combinatorics ¢ (a bigon with the same labellings in both cases) but such that
O,, =M # 72 = O,,. Bubbling these structures in a suitable way (for instance
along an arc which simply crosses one of the real curves and is disjoint from the
other one) gives infinitely many examples of structures with the same combinatorics
¢ but different sets of isotopy classes of real curves for any even number of branch
points; such structures belong to different components of Mj .

2.2 Locating branch points

As shown above, BPSs generally can have geometric disks (hence compressible
components) in their geometric decomposition: we can just perform a bubbling on
a hyperbolic surface to see them appear. We now show how to control the presence
of compressible geometric components and to use them to locate branch points with
respect to the geometric decomposition. Throughout this section, we only care
about geometrically branched structures, i.e. those with no points on the real curve.
We begin by noticing that even if the structure has branch points, nevertheless
unbranched components are quite well behaved. In the following o € M, , will
denote a quasi-Fuchsian BPS with total branching order k£ on a surface S.

Lemma 2.2.1. Let 0 € My, be geometrically branched. If C C o is unbranched
component then either it is a disk or it is incompressible.

Proof. We know that unbranched disks can occur. If C' is not a disk and is not
branched, then it carries a complete hyperbolic structure such that the index of
each boundary component is zero; by 2.1.14 we know that it can not have trivial

'Recall that a multicurve is a finite collection of disjoint essential simple closed curves.
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holonomy. But quasi-Fuchsian representations are in particular injective, hence this
implies that each boundary component must be essential in the surface S, hence C'
is incompressible. O

We are now ready to see the first manifestation of the asymmetry between posit-
ive and negative regions hinted at before, and which is a consequence of the special
role played by Q,j in the definition 2.1.2 of quasi-Fuchsian representation.

Corollary 2.2.2. Let 0 € My, be geometrically branched. If C is an unbranched
and negative component, then either C is a disk or C' is an incompressible annulus.

Proof. By 2.2.1 if C' is not a disk then C' is incompressible, so that we may apply
the index formula and get —x(C) = —eu(pc) = x(C) + ko — > 1coc L(1) = x(C),
hence x(C) = 0. O

Notice that the same strategy gives a useless identity in the case of a positive
component. In an unbranched structure all geometric component are non simply
connected ([16]) and carry complete hyperbolic metrics, hence all the real compon-
ents have index 0 by the following easy dichotomy.

Lemma 2.2.3. Let 0 be a complete hyperbolic structure on a surface S. Then
o X H?/T for some Fuchsian group T'. Moreover we have the following dichotomy

1. if ' =1, then S is a disk and the ideal boundary of o has index 1 and trivial
holonomy

2. if ' # 1 then S is not a disk and every component of the ideal boundary has
mdex 0 and hyperbolic holonomy.

Proof. For complete Riemannian structures the developing map is a covering map,
and H? is simply connected, so that the developing map is actually an isometry. If
[ #1,let v € T'\ {1}; then the covering H*> — H?/T factors through H?/ < ~ >.
Each real curve of this structure develops to a fundamental domain of ~, which does
not contain its limits points, hence it has index 0. O

In a BPS the appearance of disks (or more generally of real components of
positive index) can be used to locate branched points.

Lemma 2.2.4. Let 0 € My, be geometrically branched. Let l be a real component
and C,C" be the components of o= which are adjacent along . If I(1) > 1 then

1. at most one of C,C" is a disk
2. any non disk component is branched
3. at least one of C,C" is branched

Proof. To prove 1) observe that C,C’ can not both be disks, otherwise we would
get an embedded sphere in S (indeed the same is true even if I(l) = 0). To get
2) observe that being unbranched and having ideal boundary with positive index
implies indeed being a disk with boundary index 1, by Lemma 2.2.3. Then 3) follows
by putting 1 and 2 together. O
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Corollary 2.2.5. Let 0 € My, , be geometrically branched. The (unique) component
adjacent to a disk of the geometric decomposition of o is branched.

Proof. The boundary of a disk has always strictly positive index. Since S is not a
sphere, the adjacent component can not be a disk, therefore it is branched. O

Example 2.2.6. It may happen that none of the two components adjacent to a
real component with positive index is a disk. For instance graft the uniformizing
structure o, along a geodesic v, and then perform a bubbling on a small simple arc
which has one endpoint inside the negative component of Gr(c,, y), crosses one of the
real components, and then reaches a point in the adjacent positive component; see
Picture 2.4, left side. The resulting structure will have an essential real component
of index 1 such that both adjacent components are non disks and are both branched.

' Gy

Figure 2.4: Examples for 2.2.6 and 2.2.7.

Example 2.2.7. There are structures with negative components with essential
boundary with index 0 which are nevertheless branched; the easiest example is
obtained as follows (see Picture 2.4, right side). Graft a non separating geodesic y
on the uniformizing structure o,, then bubble Gr(o,,7) along an arc with endpoints
inside the negative annulus but which is not itself contained inside the negative
annulus. The resulting structure has one real component, a positive unbranched in-
compressible component and a negative incompressible component containing both
branch points.

From the above results, in particular we obtain a bound on the number of branch
points contained inside a disk of the geometric decomposition of a quasi-Fuchsian
structure o € My, ,.

Proposition 2.2.8. Let 0 € My, be geometrically branched. Let D C o* be a

disk with branching order kp on a quasi-Fuchsian BPS o with total branching order
k>2. Then kp <k — 2.

Proof. By 2.2.5 we already know that a disk can not contain all the branching. So
we assume by contradiction that it has branching order kp = £ — 1. The boundary
of D is a real component [ of index I(l) = kp + 1 = k. Let C be the component
adjacent to D; then we know it is branched by 2.2.5, so k¢ > 1. Indeed kp =k — 1
implies that k¢ = 1. The boundary of C' a priori could contain also m more non
essential boundary components and n essential ones. Notice that all components
of oF different from C, D are unbranched, simply because C'U D contains all the
branching.
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Therefore if I’ £ [ is a non essential component of dC, then p(I') = id hence
I(I') > 1 by 2.1.14, and then by 2.2.4 the geometric component after it must be
an unbranched disk D’ and !’ must have index 1. Let [,[},...,l/ be the non essen-
tial components of dC, D, D}, ..., D! the corresponding disks; then I(l) = k but
I(l}) = 1,kp, = 0 for i = 1,...,m. On the other hand, if [" is an essential bound-
ary component, then the geometric component after it is a non simply connected
complete hyperbolic surface, hence I(I") = 0.

Now observe that the subsurface £ = C' U D U D U ---U D! has essential
boundary by construction, hence it is incompressible. Therefore the index formula
2.1.16 gives us that

et (p1.,e, ) = X(B) = x(C) + (D) + > x(D}) = X(C) +1+m

On the other hand, since disks have trivial Euler class, we obtain, again by 2.1.16,
that

m

eu <p|7f1(E)) =cu <p|n<0>) Teu <p|7r1<D>> T cu <p|m<D;>> - cu <p|7r1<0>> =

i=1

m

=+ (X(C)Jrkc—f(l)—zf(lé)—

=1

11:

[(l;’)) =+(x(C)+1—k—m)

where the sign depends on the sign of C' (hence of that of D). We are now going
to compare the two expressions for the Euler class of E. If C C o' then we
get 2m + k = 0 which is absurd since m > 0,k > 2. If C' C o~ then we get
2x(C) = k—2 > 0. But C can not be a disk, hence x(C) = 0, i.e. C is an
annulus. Its boundary consists of [ and another curve I’ homotopic to it; so I’ is
non essential too, hence of positive index. The component adjacent to I’ can not
be a disk, otherwise S would have genus g = 0, hence it must be branched; but by
construction all branch points live in C'U D, so we have a contradiction. O]

Notice that so far C' could be either positive or negative. Indeed, by performing
suitable bubbling, we can find structures with either positive or negative disks,
either branched or not. We recall the following useful lemma, which was proved
in [8, Lemma 10.3] for the positive part (but the proof is exactly the same for the
negative part too).

Lemma 2.2.9. Let 0 € My, be geometrically branched. If all branch points live in
ot and C C ot is a branched component with n adjacent disks, then ke = 2n. If all
branch points live in 0~ and C' C o~ 1is a branched component then ko = —2x(C).

Proof. Suppose all branch points live in the positive part or in the negative part,
and let C' be a branched component. The hypothesis implies that all components
adjacent to C' are unbranched, therefore by 2.2.1 and 2.2.3 a boundary real com-
ponent of C' has index 0 if it is essential or index 1 if it is non essential, and in the
second case it bounds a disk. Let ly,...,[, be the non essential boundary compon-
ents of C' and let Dq,..., D, be the adjacent disks. We introduce the subsurface
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E=CUD;U---UD,, which is clearly incompressible. By 2.1.16 and the remark
that disks have trivial Euler class we obtain

X(C) +n= X(E) = eu (p\wl(E)> =cu (p\w1(0)> =cu (p\w1(0)> + Zeu (p|7r1(Di)> =
=1

+ (X(C) the— ) I(h)) =+ (X(C) + ke —n)
i=1
from which the statement follows. O

The previous results were concerned with the localisation of branch points with
respect to different components, i.e. they clarify which components have to be
branched. The following results aim to specify the location of a branch point inside
a branched component. We start with the following definition.

Definition 2.2.10. Let ¢ € M, be geometrically branched. Let C' C % be a
geometric component and [ C d a real component in its boundary. We call the
peripheral geodesic of [ in C' the unique geodesic representative v in the free
homotopy class of . The end of [ in C' is the connected component E; of C'\ v
which has [ in its boundary.

Figure 2.5: A geometric component with one end.

In Picture 1.2 we have shown the geometric decomposition of a grafting annulus
for Fuchsian structure: it is the union of a negative annulus (entirely made of the
two ends relative to its real boundaries, joined along the peripheral geodesic) and
two positive ends coming from the adjacent positive component(s). We insist on the
fact that in our terminology the grafting annulus contains also these two positive
ends, and properly contains the negative annulus.

It is shown in [8, §3.3] that ends are embedded open annuli and ends associated
to different real components are disjoint. However peripheral geodesics are not
necessarily embedded, i.e. the closure of an end is just an immersed annulus.
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Lemma 2.2.11. Let 0 € My, be geometrically branched. Let C C o* be a geomet-
ric component, | C o® N AC a real component in its boundary and v the peripheral
geodesic of l in C'. If v self-intersects at a point p, then p must be a branch point.

Proof. A geodesic always makes an angle of at least m at any of its points; therefore
if it self-intersects at p then the total angle at p must be strictly larger than 27. [

Notice that the converse does not hold, i.e. an embedded peripheral geodesic
can go through branch points. For instance let 8 a bubbleable geodesic arc on a
hyperbolic surface o,; then Bub(o,, ) has a trivial real component whose peripheral
geodesic coincides with the boundary of the bubble, hence is embedded and goes
through both branch points.

Lemma 2.2.12. Let 0 € My, be geometrically branched. Let C C o* be a geomet-
ric component, | C o® N AC a real component in OC and v the peripheral geodesic
of l in C. Assume that I(1) > 0 and that C' is not a disk. Then C is branched and
at least one of its branch points lives in the closure of the end of | in C.

Proof. By 2.2.4 we already know that C' must be branched. Assume by contradiction
that the closure of the end of C relative to [ does not contain any branch point.
Then it is an embedded annulus homeomorphic to S' x [0, 1] with an unbranched
hyperbolic structure with one geodesic boundary and one real boundary of positive
index, which is absurd: namely if the holonomy around the annulus is loxodromic
then the real boundary can not have positive index, and conversely if the holonomy
is trivial the geometric boundary can not be geodesic without the introduction of
branch points. O

Of course branch points can live in the interior of an end: take one of the
structures of 2.2.6 such that the bubbling arc is entirely contained in the grafting
annulus. On the other hand notice that end closures are not necessarily disjoint:
for instance let v be a geodesic on o, and consider a geodesic bubbleable arc 3
on Gr(o,,7) with one endpoint x on the boundary of the grafting annulus A, and
entering the convex core of the adjacent component. Then o = Bub(Gr(o,,7), 5)
has a positive component C' containing both branch points; dC contains two real
boundaries (there is one more if v is non separating) whose peripheral geodesics
come respectively from the geodesic boundary of A, and from 3, and they intersect
at z, even if each end closure is an embedded closed annulus.

2.3 Fuchsian models and the divisor map

Let S be a closed, connected and oriented surface of genus g > 2, and let
p : m(S) — PSLyC be a quasi-Fuchsian representation. In [8, § 7] the authors
introduce a standard way to associate to any component C' of a geometric decom-
position a complete hyperbolic surface Cryens together with a branched covering
map D¢ : C — Cpyens which is a local isometry outside branch points. We exploit
this construction to define a natural map on the geometric part of the moduli space

: R
Mk’p, 1.e. On Mk,ﬁ \ Mk,p’
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Definition 2.3.1. Let o € My, be a geometrically branched structure and C' C o™
be any geometric component. Choose a lift C of Cto S. Let G¢ be the stabiliser
of C inside m;(S) in the action by deck transformations. We define the Fuchsian
model of C to be the complete unbranched hyperbolic surface Cryens = Qpi /p(Ge).

The restriction of the developing map dev_ : C — Q? is (G, p(Ge))-equivariant,
hence descends to a map Do : C' — Cpyens which is a branched cover, locally
isometric outside branch points.

As observed in [8, Lemma 7.5], if C'is incompressible then G¢ = 7 (C) and thus
the component is diffeomorphic to its own Fuchsian model. However, notice that Do
does not extend continuously to the real boundaries, not even in the incompressible
case.

Lemma 2.3.2. Let 0,09 € My, be geometrically branched. If ¢,, = ¢,,, then there
18 a bijective correspondence between the pieces of the geometric decomposition of oy
and the one of oo such that corresponding geometric components have diffeomorphic
Fuchsian model.

Proof. It was already observed that the combinatorics of a structure completely
determines the topological type of the pieces occurring in the geometric decompos-
ition. If there are more components of the same topological type (e.g. if there are
several grafting annuli), then we can use the adjacency pattern of the combinatorics
to construct a bijection between the two sets of geometric components. In particu-
lar, corresponding components induce isomorphic subgroups in 7 (S). Since quasi-
Fuchsian representations are injective and since the Fuchsian model of a subsurface
1 : C — S depends only on its sign and on the restriction of the representation to
i.(m (C)), the statement follows. O

The following notion is thus well defined.

Definition 2.3.3. The Fuchsian model of a combinatorics ¢ is the space

Sc = H S’ymkc (CFuchs)

Cec

where the product is taken over the vertices of ¢ (i.e. geometric components) and k¢
is the number of branch points contained in C' as usual. We also define the divisor
map for ¢: let us denote by div(o) the branching divisor of o and define

D.: M;, — S0 || De(div(o)nC)

Cecd
by sending a structure to the image of its branching divisor via the maps Dg¢.

It is understood that the symmetric power of order 0 of a space is a point, so that
unbranched components do not actually show up in the above product, and there are
at most k of them. Since symmetric products of 1-dimensional complex manifolds are
smooth complex manifolds, S, carries actually the structure of a connected complex
manifold of dimension k, the same dimension of My, ,.
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Remark 2.3.4. As already observed in 2.1.22, the space Mj , is not connected
in general, as there might be structures in Mj , with non isotopic collections of
real curves. When this happens, Fuchsian models of corresponding components
are diffeomorphic (by 2.3.2) but not isometric in general. For a concrete example
consider the construction in 2.1.22: pick two non isotopic non separating simple
closed geodesics 71, 2 on the uniformizing structure o, along, graft along them and
the bubble along an arc crossing once a real curve and disjoint from the other.
The resulting structures have corresponding negative annuli Ay, A, whose Fuchsian
models are respectively the Hopf annuli H?/p(y;) and H?/p(v2) which are very likely
to be non isometric (i.e. non biholomorphic), since p is injective. However this
clearly does not happen for two structures belonging to the same piece of the real
decomposition, since their geometric decompositions consist of the same subsurfaces
of S. Nevertheless even when Fuchsian models are isometric the developing maps
are different, hence they induce different maps D¢ 1, Dea 1 C — Cryens for any
geometric component C' C S. As a consequence of these observation, we see that
the Fuchsian model S, as a complex manifold actually depends on the choice of
a piece of the real decomposition, whereas as a real manifold it only depends on
the combinatorics of the piece (by 2.3.2). Since here we are only interested in the
topology of D, : M, p S., we will consider it as a topological space associated
only to the combinatorics, to avoid more complicated discussion and notations.

With the caveat of the above remark, the map D, defines a continuously-valued
function on the moduli space outside the locus M],? , of really branched structures.
Since My, , is connected, a discrete invariant would not be very interesting. Let us
now discuss some examples.

Example 2.3.5. Let 0 € M, , be obtained as a standard bubbling of the uniformiz-
ing structure o,. The associated combinatorics ¢ has a negative disk D, a non essen-
tial real curve and index 1 and a positive component C' with both branch points. In
the above notations G¢ = m1(S5) and Gp = 1, so that Cpyens = 0, and Dpyens = H ™.
The divisor map for this combinatorics is a map D, : M5 , — Sym?(o,). Tipically
the target space has non trivial topology in every degree of homotopy and homology;
for instance in genus g = 2 it is canonically identified with a blow-up of Pic?(c,), the
moduli space of line bundles of degree 2 over the Riemann surface underlying o,; its
exceptional divisor is given by the canonical locus and provides a non homotopically
trivial sphere.

Example 2.3.6. Let 0 € M, , be obtained by grafting the uniformizing structure
0, and then bubbling it along an arc with one endpoint of different signs (as in
the left side of Picture 2.4). Then ¢ has the property that every component of the
geometric decomposition contains at most one branch point. The divisor map takes
value in the product of two complete unbranched hyperbolic surfaces, which is an
aspherical space.

We now proceed to investigate the topological structure of the divisor map.

Definition 2.3.7. In the above notations, let Ax be the generalised diagonal of
Symke (Cpyens), i.e. the closed subspace of points with at least two coinciding
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coordinates. We then define the simple part of the Fuchsian model

SSC = H Symkc (CFuchs) \ AC

Cced

and the subspace of simply developed structures SM;, , = D" (SS.) C Mj, .

Of course if a combinatorics is such that all branched components have exactly
one simple branch point, then A¢ = &, so that §S, = S and SM;, , = k,p- More
generally we have that:

Lemma 2.3.8. S5, is an open dense connected submanifold of S. and SM;,, is an

open dense connected submanifold of ME1,~~~,1),p'

Proof. The first part is classical, and follows from the fact that the generalised
diagonals are defined by complex equations, so they have complex codimension at
lest 1. Let o be a BPS with a non simple branch point. Then the divisor map
sends ¢ inside Ag by construction. Therefore a simply developed structure belongs
necessarily to the principal stratum. On the other hand if a structure is in the
principal stratum but is not simply developed, then there are at least two points
inside the same component which develop to the same point in the Fuchsian model
of that component. If we want this condition to be preserved, then once we choose
how to perform a local deformation of one of them the deformation of the other is
uniquely determined. In other words the space of non simply developed structures
has complex dimension at least 1. O

Example 2.3.9. If 3 is a bubbleable arc on a hyperbolic surface o,, then ¢ =
Bub(o,, ) is simply developed, because the developing map for o, is injective. More
precisely if C' is the positive branched component of o, then we already know that
Cruchs = 0, and actually D¢ maps the boundary of the bubble to j itself, i.e. D¢
is a debubbling map.

Remark 2.3.10. Conversely, there exist simply branched structure which are not
simply developed, i.e structures contained in the principal stratum whose image
via the divisor map does not land in the simple part of the Fuchsian model. The
easiest example is obtained by bubbling a grafting annulus along an arc having
endpoints on a couple of twin points on the boundary of the annulus. A more
interesting example can be obtained by bubbling a hyperbolic surface and then
moving both branch points inside the bubble along suitable arcs, without crossing
the real curve (i.e without changing the combinatorics ¢ and actually staying inside
the same component of M5 ). This means that the divisor map provides a tool to
prove that a structure can not be obtained as a bubbling of a hyperbolic surface,
which is more refined that the invariant given by the combinatorics.

To proceed in the study of the structure of D, we will extensively use the following
lemma which is just a reformulation of [8, Lemma 6.1-2]. Recall that an embedded
twin pair is what we need to perform a movement of branch points.

Lemma 2.3.11. Let 0 € My, be geometrically branched. Let p € C be a branch
point of o and iy, e be a couple of geodesics starting at o and contained in C such
that Do (p1) = De(pz) is a properly embedded geodesic in Cpyens. Then py, po are
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an embedded twin pair. In particular we can always move the branch point p at a
distance which is at least the injectivity radius of Crychs-

Theorem 2.3.12. The restriction of the divisor map to any connected component
X of SM, , is a covering map D, : X — SS..

Proof. First of all recall that each branched geometric component has its own Fuch-
sian model and the Fuchsian model S; is a direct product of symmetric products
thereof, hence we can assume that in ¢ there is only one branch component C'. This
is just to simplify notation and discussion.

Let 0 € X and div(0) = Y1, #; and 7; = De(a;). Let dij; = dey,.,. (7, 7;) and
let d* = min{d, ;}. For any 0 < ¢ < d* we consider the metric balls B.(z;) C C
and B.(T;) C Cryens and observe that Do maps the former to the latter. Moreover
T; € B.(z;) if and only if i = j, thus Hle B.(7;) projects diffeomorphically to a
neighbourhood V. of D(c) in 8S, = Sym*(Cryens) \ Ac. Also notice that moving
branch points inside the balls B.(z;) provides a full parametrisation of a neighbour-
hood U, of ¢ inside X. We claim that D, : U. — V} is a diffeomorphism. Injectivity
is clear and surjectivity can be proved as follows: for any point Zle y; € V. choose a
geodesic segment y joining 7; to y; inside B.(Z;). By 2.3.11 branch points on ¢ can
be moved along the embedded twin pairs Dal(ui); the resulting structure o’ € U, is
such that D.(c') = Zle y;. This proves that the map is a local diffeomorphism.

We can use the same idea to prove that it is also surjective. Let Zle y; € SS;
be a generic point. We can find a path 7 : [0, 1] — SS; with v(0) = D.(0) = ¢ | &
and v(1) = Ele y;, and such that the induced paths v1,...,7 : [0,1] = Cruchs
such that 7;(0) = Z; and ~;(1) = y; are piecewise geodesic and disjoint. Then we
take a subdivision {y™} of 4 such that each piece of the induced subdivision {7/}
of each ~; is an embedded geodesic arc. By 2.3.11 we can move branch points on
o along v!' to obtain a structure o; and iteratively we can move branch points on
om—1 along 7™ to obtain a structure o,,. After a finite number of steps we obtain a
structure whose branching divisor develops to Zle Yi, as desired.

Now let again Zle y; € SS¢ be a generic point and let o; € X be the struc-
tures such that D.(o;) = Zle y;. Let R be the injectivity radius of Cryuchs,
d* = min{de,.,.,..(¥i,y;)} and 0 < ¢ < min{R, d"}. Let V. be the neighbourhood of
Zle y; and U, ; be the neighbourhood of o, defined as above via the balls B.(y;).
By the above discussion D, : U.; — V. is a diffeomorphism, hence it is enough to
prove that U, ; N U.; = @ if j # [. If this is not the case, then for some j # [
there is a structure ¢ in the intersection; it is possible to move its branch points
along two different collections of geodesic embedded twin pairs pu and v to obtain
o; and o; respectively. When projecting all these arcs to the Fuchsian model, we
see (at least) one piecewise geodesic loop based at some y; which is made of two
geodesic segments each of length less than . Since the e-balls on Cp,s are uniquely
geodesic, this loop must be essential. But then the geodesic representative in its free
homotopy class is a simple closed geodesic shorter than the systole of Cryens, which
is absurd. O

Since generalised diagonals have real codimension at least 2, the inclusion of the
simple part of a symmetric product induces an epimorphism on fundamental groups;
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since the fundamental group of a symmetric product equals the first homology group
of the space, the target space in the above statement is not simply connected.

Corollary 2.3.13. The restriction to any connected component X of M , is a
branched covering map branching over the generalized diagonals of S..

As far as the branching locus is concerned, it can be decomposed according to
the partition of the branching divisor div(o) and the one of the developed divisor
D.(0); the simply developed structures correspond to the choice of the maximal
partition (1,...,1) for both divisors. The same techniques developed above can be
used to prove that the divisor map is a covering map when suitably restricted to
strata of the branching locus with a given couple of partitions. Notice that the map
has indeed non trivial branching behaviour around non principal strata.

When the combinatorics is such that it prevents the presence of branching, it
is easy to use the above theorem to deduce information about the topology of the
corresponding cells of the real decomposition.

Corollary 2.3.14. If a combinatorics ¢ is such that all branched components contain
ezactly one simple branch point, then the universal cover of every component of M;_,
is diffeomorphic to a product of k-copies of H2. In particular every component of

¢ )
k.p US aspherical.

Proof. A structure with combinatorics ¢ lies necessarily in the principal stratum.
Moreover, as already remarked, for such a combinatorics we have that SS. = S, =
[Iccco Cruchs and SM;., = M, ,- Therefore by 2.3.12 we obtain that each com-
ponent of Mj is a cover of a product of complete unbranched hyperbolic surfaces,
whose universal cover is H?2. O

The same conclusion holds for structures whose developed divisor is a single
branch point of order k, since in this case the divisor map takes value in the pure
diagonal of the symmetric product, which is a copy of the Fuchsian model itself.
However as soon as there is a branched component with more than one branch point,
the Fuchsian model contains non trivial symmetric products, which are highly non
aspherical.

Remark 2.3.15. The cells of the real decomposition are not simply connected in
general, as shown by the following construction. Let S be a genus g > 2 surface and
7 be a simple closed geodesic on the uniformizing structure o,. For any z € v let 3,
be a bubbleable geodesic arc orthogonal to v at x and short enough to be contained
in a collar neighbourhood of 4. Then let 0, = Bub(o,, ;). This defines a map B, :
v — M5, where ¢ is the combinatorics of a standard bubbling. The divisor map
D, : M5, — S. = Sym?(0,) induces a map (D), : m (M5 ) — m(S.) = Hy(S,Z).
Then we have that (D,).(B,) = [7] € H1(S,Z) by construction. Therefore any non
separating geodesic gives rise to a non trivial element in m (M3 ).

2.4 Structures with k£ = 2 branch points

In the simple case in which we have just £ = 2 branch points we can obtain
a very neat description of the combinatorics which are allowed in the geometric

49



decomposition of S. Throughout this section S is a closed, connected and oriented
surface endowed with a BPS ¢ with quasi-Fuchsian holonomy p and k£ = 2 branch
points. We begin by assuming that the branch points are not on the real curve, to
apply the index formulae; in 2.4.2 we will add some considerations about structures
with real branch points.

In 2.2.2 we observed that in general an unbranched negative component which
is not a disk is automatically an incompressible annulus. Under the hypothesis of
having two branch points we obtain a precise statement about branched negative
incompressible components.

Lemma 2.4.1. Let o0 € My, be geometrically branched. Let C' C o~ be a branched
negative incompressible component containing ko branch points. Then

1. either ke =1, C is an annulus with 0C =1 U 1" such that I(1) =0,1(l) =1
2. or ke =2, C is a pant or a once-holed torus and ¥ I C 0C we have I(l) =0

Proof. Since C' is incompressible we can applying the index formula and we get

~X(C) = =t (pp0)) = X(O) + e = 3 1) = 2x(C) + ko = 3 1(4) > 0

lcoC

and here we look for integer solutions with the constraints that x(C') < 0 (being
incompressible, C' is not a disk) and ke < 2. We see that the only possibilities are
the following

1. k¢ = 0,x(C) = 0, so that C is an unbranched annulus (which we discard,
since C' is assumed to be branched)

2. ke = 1,x(C) = 0, so that C' is an annulus; we get »_ I(l) = 1, which means
that one boundary component has index 0 and the other has index 1

3. ke =2,x(C) =0, so that C' is again an annulus and ) I(l) = 2; in particular
there is a boundary with positive index and the adjacent component should
be branched, but C' already contains all the branching (so we do not have this
possibility)

4. ke =2,x(C) = —1, and we have ) I(l) = 0, which implies that all boundaries
have zero index.

]

Notice that performing a bubbling over a grafting of a hyperbolic surface in a
suitable way we can obtain structure realising each of the possibilities allowed by
the lemma. On the other hand a description of compressible negative branched
components follows from the main theorem below (2.4.5).

To do a similar study for positive branched components we need some preliminary
results. A straightforward consequence of 2.2.8 is that disks are always unbranched
when we have only £ = 2 branch points; in particular a real component bounding a
geometric disk has index 1. We want to prove an analogous statement for essential
real components.
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Lemma 2.4.2. Let 0 € My, be geometrically branched. If a component C C o* is
not a disk and contains a single simple branch point, then the inclusion i : C' — S
can not be nullhomotopic (i.e. i,(m(C)) C m(S) is not the trivial subgroup).

Proof. By contradiction assume i, (m(C)) C m(S) is trivial. In particular C' must
have genus 0 and its boundary consists of m > 2 (it is not a disk) non essential
boundary components [y, ..., 1l, with index I(l;) > 1. Since i,(m(C)) is trivial in
m1(S), the flat bundle associated to p is trivial on C', hence the Euler class vanishes.
Applying the index formula we obtained

Ozﬂ:eu(p‘ﬂ(m) zx(C)ij‘c—ZI(li) <2—m+kc—m< ke —2
i=1

which contrasts with the fact that ko = 1. n

Proposition 2.4.3. Let 0 € Ms, be geometrically branched. If | C o™ is any real
component, then I(1) < 1.

Proof. Suppose by contradiction we have a real curve [y C Sk of index I(ly) > 2.
We distinguish two cases according to the fact that the real curve [y is trivial or not.

In the case [y is homotopically trivial, it bounds exactly one subsurface D homeo-
morphic to a disk one one side and another subsurface S’ which is not a disk on the
other side. This subsurface D can either be a geometric disk, or it can consist of
more than just one single geometric component. In the first case it is unbranched
by 2.2.8 hence [y has index 1; in the second case the geometric component C' of D
which has [y in its boundary is a non disk component, hence it must be branched;
since S" must be branched as well, C' contains exactly one branch point, but then
2.4.2 applies and we get a contradiction with the fact that C' is contained in a disk,
hence its inclusion is homotopically trivial.

Suppose now [ is essential. Let us call C* the adjacent geometric components.
Then C* are branched; more precisely kc+ = 1, they are not disks since [ is es-
sential and all other components are unbranched, since C* U C'~ contain all the
branching. The two components C* may have m > 0 more boundaries in com-
mon, let us call them [y,... l,. Moreover each of them can have more boundary
components, either essential or not. Let us focus on C'"; its boundary consists of
lo, 1, ..., L, and possibly of some other non essential components /], ...,/ and some
essential ones I, ..., l;’ , for some n,p > 0. Clearly the non essential components
1y- -+, 0, must bound unbranched disks Dj,..., D (hence they have index 1), and

the essential components [, ..., l] must bound unbranched components which are
not disks (hence they have index 0 and are essential).
We consider the subsurface E = CtUD] ... D, and we see that it is incompressible:
If,...,1; are essential by definition, [y,...,l,, are non separating curves in S (C*
and C'~ are adjacent along [y in any case), hence they are essential as well, as soon
as m > 1. The only case we need to check is when m = 0, but we are currently
discussing the case in which [y is essential.

Then we apply the index formula and get

et (p1) = X(E) = X(C*) + 3o (D) =X(©) 4
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On the other hand, since unbranched disks have trivial Euler class, we obtain

et () = et () = (O + ko — 1) = 3100 = 37 1) = 3718
i=1 =1 h—1

= x(C)+1—1I(ly) — Z I(l;) —n

By comparing the two expressions we obtain that

m

20+ I(lo) + Y I(l) =1

i=1

Now we only have that the left hand side is a sum of non negative integers and that
I(ly) > 2 by hypothesis, therefore in any case we reach an absurd. O

Now we can deal with positive branched components and prove the following
result about them. Notice that a loxodromic element in a quasi-Fuchsian group is
necessarily non elliptic, since the representation is injective and surface groups are
torsion-free.

Lemma 2.4.4. Let 0 € My, be geometrically branched. Let C C ot be a branched
positive component. Then

1. if C is incompressible then ko = 1 and there is a unique boundary curve of
index 1, lozodromic holonomy and the component beyond it is branched;

2. if C 1s compressible then ko = 2 and there is a unique boundary curve of index
1, trivial holonomy and the component beyond it is an unbranched disk.

Proof. 1f C'is incompressible then we apply the index formula and get k¢ = >, 5 I(1).
Moreover every boundary component is essential, hence by 2.4.3 its index is at most
1. Therefore we have exactly ko components of index 1 (and possibly some com-
ponents of index 0). Being essential, they do not bound disks, hence the adjacent
components are branched. In particular if k¢ = 2 then there are two boundaries
with index 1 and thus some branched component is adjacent to C'; but C' already
contains all the branching, hence ko = 1 and there is a unique real component of
index 1. Since it is essential and we are in quasi-Fuchsian holonomy, the holonomy
around the curve will be loxodromic. Of course the component beyond it is branched
by 2.2.4.

If C' is compressible, then let us say there are m > 1 non essential boundaries
l1,...,ln (which have index 1 by 2.4.3, since non essential curves have strictly pos-
itive index) and n > 0 essential boundaries l1, ...,/ ny of which have index 1 (and
the others have index 0 by 2.4.3). Then we can cap C' with these adjacent negative
disks and apply the index formula to the resulting incompressible subsurface F

X(C)+m = x(FE) =eu (,0|mE)> = eu (mmc)) =X(C) + ke — m —nyg

2m + Ng = kc
Since m > 1 bu k¢ < 2, this implies that indeed k¢ =2, m = 1,ny = 0. O]
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The above study was focused on a single branched component, but now we go
global.

Theorem 2.4.5. Let S be a closed, connected and oriented surface of genus g > 2,
p: m(S) = PSLyC be a quasi-Fuchsian representation and o € Ms, be geometric-
ally branched. Let k* denote the number of branch points in o*

1. If k™ = 2 then both branch points live in the same positive component; more
precisely there exists a unique negative unbranched disk and the branch points
live in the positive component which is adjacent to it.

2. If k= = 2 then both branch points live in the same negative component; more
precisely there exists a negative component of Euler characteristic —1 contain-
1ng both branch points. Moreover it has at most one non essential boundary
component (with trivial holonomy and index 1), while all essential boundaries
have loxodromic holonomy and index 0.

3. If k* = k= = 1 then the two branched components are adjacent along an
essential real component with index 1 and loxodromic holonomy; the negative
branched component is an incompressible annulus.

Moreover in each case all the other positive components are unbranched incompress-
wble and all the other negative components are unbranched incompressible annuli and
all the other real curves have index 0.

Proof. 1. We have 2x(S™) = kT — k= = 2, so x(S7) = 1, thus there must be a
negative disk D. Let C be the positive component adjacent to D. By 2.2.9
C' contains 2 (i.e. all) branch points and indeed there are no other negative
disks.

2. We have 2x(S™) =kt — k= = =2, 50 x(S7) = —1. By 2.2.9 negative compon-
ents are either unbranched incompressible annuli or components with Euler
characteristic —1 and 2 branch points; hence there is exactly one of the latter
kind. If it is incompressible, then it has the required boundary behaviour by
2.4.1. If it is a pair of pants and it has one non essential boundary component,
then the adjacent component is a disk (because it is unbranched), hence the
index is 1. If it had two non essential boundaries, then also the third bound-
ary would be non essential, but then all the components adjacent to the three
boundaries must be disk and S would be a sphere, so this case is absurd.

3. Let C be the positive branched component. Since it has only one branch
point, by 2.4.4 it is incompressible and has a unique boundary component of
index 1 and hyperbolic holonomy. The negative component adjacent along it
can not be a disk, hence it is branched, with one branch point. By 2.4.1 it
is an incompressible annulus and the other boundary component has index 0.
Moreover notice that the only negative disks could appear at the boundary of
C, but this is forbidden since it is incompressible.

The rest of the statement follows from the initial discussion: the non branched

components can not be disks, hence they are incompressible and with zero index
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boundary by 2.2.1. The negative ones are annuli by 2.2.2. As a consequence all real
curves have zero index, except the boundary of the disk in the case k™ = 2 and the
curve separating the branch points in the case k™ = 1, which have index 1. O

This gives a description of negative branched components also in the compressible
case, which was still missing so far.

Remark 2.4.6. Notice that in the case kT = 1 = k= we can always satisfy the
hypothesis of [8, Theorem 7.1], hence we can move branch points without crossing
the real curves to obtain a structure which is a bubbling. This is a key fact in the
proof of the main theorem below (3.5.6).

We conclude by observing the following funny application of 2.4.5.

Corollary 2.4.7. Let 0 € My, be geometrically branched. Then the number of
branch points contained in o™ and the total number of real components always sum
to an odd number.

Proof. If k™ = 0,2 then there is a negative component of Euler char 1. In both
cases it has an odd number of boundary components. All the other negative com-
ponents are incompressible annuli. The total number of real components is therefore
odd. if k* =1 then the positive branched component is incompressible and there is
exactly one index 1 real boundary, beyond which the negative branched component
sits. And it is an annulus. All other negative components are annuli too, hence we
have an even number of real components. O

2.4.1 Classification of combinatorics

Theorem 2.4.5 gives some restrictive conditions for a combinatorics to be allowed,
i.e. to be the combinatorics of a geometric decomposition of a quasi-Fuchsian BPS
with two branch points. For instance it implies that the interesting part of the
structure, such as branch points and real components with positive index, is quite
localised, and that the structure of the negative part is almost the same as in an
unbranched structure; more precisely we have the following statement.

Lemma 2.4.8. Let 0 € My, be geometrically branched. Then, up to moving branch
points in their geometric component, every unbranched negative incompressible com-
ponent is contained in a grafting annulus.

Proof. We already know by 2.2.2 and 2.2.3 that such an unbranched negative in-
compressible component is an annulus A bounded by two real curves [y, [y with
loxodromic holonomy and index 0. It is enough to prove that the ends F; and FEs
of [; and [y inside the adjacent positive component(s) do not contain branch points
and that their peripheral geodesics 71,72 are embedded, so that £; U AU E5 carries
the complete unbranched structure of a grafting annulus. If k¥ = 0 then this is
obvious. In the other cases a component C adjacent to A contains branch points
if and only if it has exactly one additional real boundary ly # [y, ls of index 1 (for
instance by 2.4.5). But in this case it is enough to move these branch points in C' so
that they leave the closure of the ends Ej, Es (recall that a peripheral geodesic can
self-intersect only at a branch point by 2.2.11). In the case k™ = 1 this movement
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is possible because by 2.2.12 the branch point must live in the closure of the end
relative to lp; moreover ends are disjoint by [8, Lemma 3.13], hence it is enough to
move the branch point so that it does not belong to the closure of E;, F, but only
to the closure of Ey. In the case k™ = 2 we apply the degeneration dichotomy of
[8, Proposition 8.1]: either we can collapse the two branch points to a single branch
point of order 67 or a bubble appears. In the first case the argument is similar
to the previous one, i.e. we just move this branch point so that it belongs to the
closure of Ey but not of E7, E». In the second case, the bubble which appears must
necessarily intersect the real curve [y, simply because there are no other real curves
of index 1 around. But for such a bubbling actually both branch points must belong
to the closure of the end FEjy; once again, it is thus enough to move them a little bit
so that they do not belong to the closure of E;, Es. O]

Lemma 2.4.9. Let ¢ be an allowed combinatorics. If ¢ has k™ = 2,1 or 0 re-
spectively, then it can be degrafted to a combinatorics ¢’ with at most 1,2 or 3 real
components respectively.

Proof. Let 0 € M5 ,. By the previous lemma, up to a a movement of branch points
which does not cross the real curves, hence does not change the combinatorics, every
negative unbranched incompressible component can be degrafted. Therefore we only
need to look at real curves bounding non essential or branched negative components.
By 2.4.5 when kT = 2 there is only one negative disk, when kT = 1 there is
only one branched annulus and when k™ = 0 there is only one branched negative
component with one or three real boundaries, and all other negative components
are incompressible unbranched annuli. O

Motivated by these observations, we now proceed to the explicit classification
of combinatorics having at most 3 real components. Moreover we show that each
of them can be realised by performing a grafting and bubbling of the uniformizing
structure along suitable curves.

We begin with structures with a single component of the real curve. We know
by 2.4.7 that either both branch points are in the positive part, or both are in the
negative part.

1. In the first case we have a negative unbranched disk and a genus g positive
component glued to the disk and containing both branch points; the index
of the real curve is 1. Notice this combinatorics is obtained by a standard
bubbling on a hyperbolic surface

2. In the second case there is a negative branched component containing both
branch points with Euler characteristic —1. Since there is a single real com-
ponent, it is necessarily a once-holed torus. The real curve has index 0 and
there is just another positive unbranched component of genus g — 1 glued to
it. Notice this combinatorics is obtained by taking a bubbling over a non
separating grafting of a hyperbolic surface (as in the right side of 2.4).

Now we consider structures with two components of the real curve. By 2.4.7
we know branch points have different signs, hence there is a real component [ of
index 1 which is shared by a positive branched component with one branch point
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and a negative branched incompressible annulus with one branch point. We have
two cases here

1. If the positive component has another boundary besides [, then it must be
the other boundary I’ of the annulus. In this case the positive component has
genus ¢ — 1. This combinatorics is obtained by bubbling a non separating
grafting of a hyperbolic surface (as in the left side of 2.4, but with the grafting
done on a non separating geodesic).

2. If the positive component has no other boundaries, then it has some genus
g1 and there is another positive component of genus g — g; adjacent to the
other boundary " of the annulus. This combinatorics is obtained by bubbling
a separating grafting of a hyperbolic surface (as in the left side of 2.4)..

Finally we come to structures with three real components. In this case by 2.4.7
we have kT = 0 or 2. We begin with the case kT = 2. As above, in this case there
is a negative disk and a positive branched component C' adjacent to it.

1. if C' has two more boundaries, then it has genus g — 1 and there is a negative
annulus joining the two extra boundaries. This combinatorics is obtained by
bubbling a non separating grafting of a hyperbolic surface (outside the grafting
annulus).

2. if C' has only one more boundary, then it has some genus ¢g; > 0, beyond
the other boundary there is a negative annulus, and then another positive
component of genus g — g;. This combinatorics is obtained by bubbling a
separating grafting of a hyperbolic surface (outside the grafting annulus).

Now consider the case k¥ = 0. In this case by 2.4.5 the negative branched com-
ponent C'is either a pair of pants (with at most one non essential boundary) or an
incompressible once-holed torus.

1. If C'is an incompressible torus, then adjacent to its boundary we find a positive
incompressible component of genus g; > 0 with another boundary, then a
negative incompressible annulus, and finally another positive incompressible
component of genus g — g;. This combinatorics can be obtained by grafting a
structure with one real component and k™ = 0 along a geodesic in the positive
part (as the one coming from the right side of 2.4).

2. If C is a pair of pants with a non essential boundary, then this curve bounds
a positive disk, and thus we have the following cases

e if the other two boundaries are adjacent to the same positive component
C, then it has genus g — 1. This combinatorics is obtained by bubbling
a non separating grafting of a hyperbolic surface (inside the grafting
annulus).

e if the other two boundaries are adjacent to different positive components,
then they have genus ¢, ¢” > 0 summing to g. This combinatorics is
obtained by bubbling a separating grafting of a hyperbolic surface (inside
the grafting annulus).
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3. If C is an incompressible pair of pants, then we have the following cases (see
Picture 2.6 below):

e if all boundaries are adjacent to the same positive component C’, then it
has genus g — 2. This combinatorics is obtained by grafting a hyperbolic
surface along two nearby non separating geodesics and then bubbling
along an arc with one endpoint in each negative annulus;

e if one of the boundaries is adjacent to a positive component C’ while
the other two are adjacent to another single component C”, then C” has
genus ¢’ > 0 and C” has genus g — ¢’ — 1 This combinatorics is obtained
by bubbling a separating grafting of a hyperbolic surface along an arc
with endpoints in the negative annulus but not itself contained inside it;

e if each boundary is adjacent to a different component, then the three
components have genus ¢, ¢”, ¢ > 0 summing to ¢ (this requires g > 3).
This combinatorics is obtained by grafting a hyperbolic surface along
two nearby separating geodesics and then bubbling along an arc with one
endpoint in each negative annulus.

Figure 2.6: Examples of bubbling for the third case.

This concludes the classification of allowed combinatorics with at most three real
components. Notice that it is possible to obtain each of them as the combinatorics
of a structure which is a suitable bubbling over a suitable grafting (with at most
two grafting annuli) of the uniformizing structure. This means that a combinatorial
analysis of the geometric decomposition can not provide any obstruction to the fact
that a given BPS with quasi-Fuchsian holonomy is a bubbling over some unbranched
structure.
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2.4.2 Really branched structures

In the previous sections it was always assumed that all branch points were outside
the real curve. The index formula 2.1.16 from [8] has been used to obtain an explicit
description of which combinatorics can arise for such a decomposition. In this section
we want to obtain analogous results for really branched structures as an application
of what we know about the geometrically branched ones.

Remark 2.4.10. If o is a really branched BPS, then the real curve o® is a fi-
nite union of disjoint closed curves on S (i.e. a finite but possibly disconnected
1-dimensional CW complex), which we will call the real graph, to stress the fact
that it has singular components. A real branch point of order k gives rise to a vertex
of order 2(k + 1) on this graph. Moreover the orientation of the surface induces a
cyclic order on the (germs of) edges at a vertex, and edges carry a canonical orient-
ation such that the positive (respectively negative) part sits on the left (respectively
right) side of the edge, as in the non really branched case. Therefore we can view
the real graph as an oriented ribbon graph.

We are now interested in understanding which are the allowed combinatorics for
such a graph and for the resulting geometric decomposition. The strategy will be to
combine an analysis of the branched (PSLy;R, RP!)-structure on the real curve with
an analysis of “neighbouring structures”, i.e. those obtained by a tiny movement
of branch points outside the real curve, and maybe also a splitting of a double
branch point into two simple ones. To cover all the possibilities occurring when
the total branching order is 2, we need to consider the cases in which a double
branch point, two simple branch points or one simple branch point live on the real
graph. To simplify the discussion we also begin with assuming that the real graph
is connected.

Let us start by considering the case of a BPS o with one double real branch
point. In this case the singular point p of the real graph has order six. We cyclically
label the six germs of edges at p as (1,1",2,2,3,3') in such a way that the germ cor-
responding to 1 is oriented outwards. Given such a local picture, the combinatorics

s = (123) s = (132) s = (12)

triangle non planar inverse triangle nested

Figure 2.7: The four possibilities for the real graph for structures with a double real
branch point.

of the whole real component containing p is determined by the choice of a way to
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join each germ with label m with a germ with label n’, i.e. a choice of a permutation
in G3. It is easily checked that the three transpositions give rise to the same graph,
hence we are left with the following four cases, which we label by the correspond-
ing permutation s € S3 (in cycle notation): the triangle s = id, the non planar
s = (123), the inverse triangle s = (132) and the nested s = (12), shown in Picture
2.7. Then the whole structure on S is obtained by gluing geometric components
along a tubular neighbourhood of this graph, recalling that positive components lie
on the left of the edges, and negative components to the right. The one obtained
from s = (123) is not planar as a ribbon graph: a tubular neighbourhood of it inside
the surface is a torus with two holes. Moving branch points outside the real curve
and studying the resulting structure allows to forbid some of the above possibilities.

Lemma 2.4.11. There can be no real graph with permutation s = (132).

Proof. Assume that o is a really branched BPS with a real graph I" of type (132). No-
tice that the neighbourhood of this graph in S is a sphere with four holes; moreover
the external boundary is adjacent to a positive component, whereas the three inner
boundaries are adjacent to some negative component(s). Moving the branch point to
the positive part, we get a structure ¢’ with three real components and k* = 2. By
assumptions there are no other real components, hence by the above classification
we know that the negative part consists of an unbranched disk and an unbranched
annulus. But then on o we have that one loop of I' bounds a negative disk, hence
the developing map is surjective (onto the limit set of p) along it, while on the other
hand the concatenation of the three loops gives the external boundary and bounds
a positive unbranched non contractible component, thus the developing map along
it should be injective, absurd. O]

Remark 2.4.12. This graph is not allowed even if we allow for more real compon-
ents (beyond the singular one). Indeed suppose that the real graph contains some
other component. As we have seen, moving the point to the positive component
gives a structure with three real components; by 2.4.7 the extra real components are
in even number. The same argument of the previous proof shows that a geometric
component adjacent to the singular real component can not be a disk, hence it must
be an annulus, the other boundary of which is either on another loop of the singular
real component or on a regular real component. But then if we move to the negative
component, we see that the singular component gives rise to a single real component
and we get a structure with a negative component containing two branch points and
having two or four boundaries, hence even Euler characteristic, which is absurd by
the classification in 2.2.9.

Lemma 2.4.13. There can be no real graph with permutation s = (12) (or any
other transposition).

Proof. Assume that o is a really branched BPS with a real graph T" of type (12).
Then we consider a movement of branch points which blows up the double point
into two simple branch points and moves one to the positive part and one to the
negative part. By assumptions there are no other real components, hence we would
get a structure with k* = 1 and an odd number of real components, which is absurd

by 2.4.7. O
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Remark 2.4.14. The graph associated to transpositions can be realised as a com-
ponent of the real graph of a BPS, but we need to allow for at least one non singular
component beyond the singular one. If we do so, we can realise this structure as a
(limit of) bubbling: graft o, along a geodesic, then bubble along a subarc of one of
the two real curves; finally move branch points away from each other along the real
curve to get a doubly branched structure.

We now show that graphs of type id and (123) are indeed realised.

Example 2.4.15. (The triangle id) This combinatorics is obtained by (degrafting)
the structure called “the triangle” constructed in [8] as an example of a Fuchsian
structure on a surface of genus 2 with a real component whose peripheral geodesic
in the positive part is not embedded. This construction relies on the choice of a
Schottky group of a pair of pants I' =< «a, 8 > and of a basepoint z € RP! such
that x, a(z), fa(z) appear in cyclic order.

Example 2.4.16. (The non-planar (123)) We produce a structure on a genus 2
surface. First of all we “compute” what is the expected combinatorics. Since the
neighbourhood of the graph is a twice-holed torus, to get a surface of genus 2 we
can only add a disk and a once-holed torus. Moving the branch point to the positive
part we get a structure with a single real component and 2 branch points in the
positive region; by the classification this is the combinatorics of a standard bub-
bling, therefore necessarily the disk is negative and the holed torus is positive. A
substantial difference with the triangle should be noticed here: none of the loops
a, b or c of the graph is a geometric boundary, but only their concatenations abc and
acb are. This makes it trickier to follow the developing map along the real graph.
Nevertheless we can adapt the construction of the triangle from [8] starting with a
Schottky group of a one-holed torus I' =< «a, 5 >.

We conclude this chapter by saying that a similar analysis can of course be carried
out for real structures inside the principal stratum, i.e. structures with two simple
branch points on the real curve or with one simple branch point on the real curve and
one simple branch point in some geometric component. There will clearly be more
possible combinatorics for the real graphs, and we could try to understand how these
can vary when moving, collapsing and splitting branch points inside M]§’ ,- However
the resulting picture is not so well behaved as one might expect: for instance any
really simply branched structure whose branch points belong to different connected
components of the real graph can not be deformed into a really doubly branched
structure by a deformation inside ./\/15 p» simply because moving branch points on
the real graph does not change the number of its connected components. As a result
it is not even clear if My  is a connected hypersurface inside Ms,.
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Chapter 3

Spaces of bubblings

As mentioned in 1.4.3, given an unbranched projective structure with holonomy
p we can produce many examples of BPSs with the same holonomy and two simple
branch points by performing a bubbling along an embedded arc which is injectively
developed. This gives rise to a subspace of the principal stratum My ) ,, which
we denote by BM i 1),, and in this chapter we are interested in its topology: we
will prove that in quasi-Fuchsian holonomy it is an open and dense subspace of full
measure (see 3.5.6). More generally we will use the following notation.

Definition 3.0.17. Let p : m(S) — PSL,C be a representation. If X C My ), is
any subspace, we denote by BX the subspace of X consisting of all the structures
o of X which are obtained by bubbling some unbranched structure oq € M, ,.

Notice that there is in general no “underlying unbranched structure”, i.e. a
structure o can be a bubbling over different unbranched structures along differ-
ent arcs; in 3.6 below we will study this phenomenon in detail and exploit it to
reduce multi(de)graftings to bubbling/debubbling constructions on quasi-Fuchsian
structures.

As a warm-up, in the first section we show that if the holonomy is the trivial
representation, then any structure in BM i 1), has actually genus 0 and is realised
as a bubbling of the Riemann sphere. The other sections are concerned with the
case of non elementary holonomy (and in particular with the quasi-Fuchsian case).
In this context moving branch points provides coordinates for the moduli space (as
established in [8]), hence we will address some problems that arise when bubbling
and moving branch points interact.

3.1 Trivial holonomy

In this section we let p : m(S) — PSLyC be the trivial representation p = id.
Under this assumption it is easy to prove “by hands” (i.e. without developing more
technology) that a structure in M 1,1),ia is indeed obtainable as a bubbling. The trick
is that such a structure can occur only in genus g = 0 and therefore the developing
map is just a self-map of CP! of degree 2.

Lemma 3.1.1. A BPS on S has trivial holonomy if and only if it is induced by a
finite branched cover S — CP! (i.e. a non constant meromorphic function).
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Proof. As already observed in 1.2.8 a branched cover f : S — CP! endows S with
a branched projective structures o with a branch point of angle 27 (k + 1) at every
branch point of order k; the map f defines a developing map for o, equivariant with
respect to the trivial representation. Conversely suppose we have a developing map
dev : S — CP! which is equivariant with respect to the trivial representation; then
dev(yz) = dev(z) for any x € S, hence dev induces a map f : S — CP! which is a
branched cover (since dev is) of finite degree (since S is compact). O

Here the developing map is a branched cover defined already on the surface; we
will use the branch values as an analogue in this context of the developed divisor on
the quasi-Fuchsian model in the case of quasi-Fuchsian holonomy (see 2.3). Hence
we can accordingly extend the definition of simply developed structure, by saying
that a BPS with trivial holonomy is simply developed if the branched cover defining
it maps injectively branch points to branch values, or, equivalently, if the branching
is total (i.e. the fibre over a critical value consists of one critical point of multiplicity
equal to the degree of the cover).

Lemma 3.1.2. If S admits a branched covering map f : S — CP! with exactly two
branch values, then S is a sphere and the branching is total.

Proof. Let x,y € CP' be the two branch values. Let z; and y; be the points in the
fibre above x and y, with orders )\; and p; respectively, fori =1...m,j =1...n
Notice that the sum of the branching order over all points above the same value
equals the degree of the cover f. Then Riemann-Hurwitz implies

n

X(S) = deg(F)X(CPY) = 3 (N =1) = 3 (u; = 1) =

J=1

= 2deg(f) —Z/\i—z,uj—i-m—i—n:m—l—n
i=1 j=1
In particular the characteristic of S does not depend on the degree of the cover and
is always x(S) = m+n > 2, hence S is always a sphere. This implies that actually
2 =x(S) =m+n, hence m =n = 1. O

We can now prove the following.

Proposition 3.1.3. Let S be a closed surface and o € M1 ,1)4. Then S is a sphere,
o 18 simply developed and it is a bubbling over the Riemann sphere.

Proof. Since the holonomy of ¢ is trivial, it is defined by a branched cover f : S —
CP! by 3.1.1. A Riemman-Hurwitz computation as the one above shows that there
are no branched covers S — CP! with a single branch value, hence f has exactly two
branch values, which implies that ¢ is simply developed (and also that deg(f) = 2
and the branching is total). By 3.1.2 then S is a sphere. Let p,q € S be the branch
points of f and p, ¢ be the corresponding branch values on CP!. Let v : [0,1] — CP!
be a smooth arc between p and g. Then CP! \ v is a disk avoiding branch points,
hence we can lift it to an open disk D C S\ {p,¢}. The boundary of D will be
given by a couple of paths 71,72 between p and ¢, each of which is embedded and
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injectively developed (since v is a simple arc). Moreover the two paths are indeed
disjoint outside branch points since they live in S\ {p, ¢} which is an unbranched
structure (on an open surface). Therefore D is actually a bubble on o. O

Since the trivial representation preserves the standard round metric on the
sphere, we have the following straightforward consequence.

Corollary 3.1.4. Any spherical metric on S* with two cone points of angle 4 is
obtained by a bubbling of the standard round sphere.

3.2 Standard BM-configurations

In this section let p : m(S) — PSLyC be a non elementary representation. It
is proved in the Appendix of [8] that moving branch points gives coordinates for
the moduli space My, , (for the definition of this deformation see 1.4.23). Hence it
is natural to try to analyse the topology of the subspace of bubblings BM, , by
moving branch points. To do this we need to understand what happens when we
try to move branch points along an embedded twin pair based at one of the vertices
of a bubble.

Definition 3.2.1. Let 0 € BM(,1),. A BM-configuration (Bubbling-Movement
configuration) on o is the datum of a bubble B together with an embedded twin pair
p based at a vertex p of B (i.e. at a branch point of o). We denote the configuration

by (B, i1, p).

We introduce now the nicest type of BM-configuration, which will allow us to
perform local deformations of the structure preserving the bubble.

Definition 3.2.2. A BM-configuration (B, u,p) on 0 € BMy), is said to be
a standard BM-configuration if either all the arcs are disjoint and disjointly
developed outside the obvious intersections (i.e. 9B N u = {p} and dev(9B) N

dev(p) = {dev(p)}) or the embedded twin pair is entirely contained in the boundary
of the bubble (i.e. u C IB).

Notice that, given a standard BM-configuration (B, u, x) of the second type, a
very tiny isotopy of the bubble (which is allowed by 1.4.13) reduces (B, u,x) to a
standard BM-configuration of the first type. Namely in any projective coordinate
we can push the developed image of the arc of bubbling slightly to the left or right
of itself; when referring to a standard BM-configuration we will really always think
of the first case. We have the following characterisation.

Lemma 3.2.3. Let 0 € BMq,), and let (B, i1, p) be a BM-configuration on it. Let
B be the induced bubbleable arc on oy = Debub(o, B). Then (B, u,p) is a standard
BM-configuration if and only if i induces an arc ' on o¢ such that the concatenation
of B and p' is a bubbleable arc on oy.

Proof. When debubbling o with respect to B we naturally end up with an un-
branched structure oy endowed with a bubbleable arc 5 such that Bub(oy, ) = o.
One of the two arcs contained in the embedded twin pair, let us say us, starts outside
the bubble, hence its germ survives in g, and we can try to analytically continue it
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H1 H2

Figure 3.1: A standard BM-configuration

to a path g which has the same developed image of p. If the BM-configuration is
standard then ps never meets the bubble, thus pg is a simple arc on oy, which does
not meet 8 away from p; in other words the concatenation of 5 and g is a simple
arc on oy. Moreover the developed image of this arc is given by the concatenation
of the developed image of B and p, which are disjoint. Thus this arc is bubbleable
on og. Conversely, if this arc is bubbleable, then when we perform the bubbling
we can reconstruct the embedded twin pair p by looking for the twin of pg inside
the bubble. Since the whole [ is bubbleable and we are bubbling only along the
subarc (3, we see that the developed image of the remaining part does not cross the
developed image of 5. This means exactly that the twin starting inside the bubble
will not leave it. Therefore the induced BM-configuration is standard. O]

The interest in standard BM-configurations is motivated by the following lemma.

Lemma 3.2.4. Let 09 € BMq 1y, and (B, p,p) be a standard BM-configuration
based at p; let o, be the BPS obtained by moving branch points on oy along p up

to time t, where t € [0,1] is a parameter along the developed image of u. Then
oy € BMqy, for allt € [0,1].

Proof. This directly follows from the characterisation in 3.2.3 together with [8,
Lemma 2.9]. Indeed, with the above notations we have that o, = Move(og, u') =
Bub(og, Si't) =, where u' and p'* are the subarcs of p and p’ respectively from time
0 to time t. Concretely, moving a branch point along a standard BM-configuration
gives rise to a 1-parameter family of BPS which can actually be obtained by bub-
bling a fixed unbranched structure along increasing subarcs of a fixed bubbleable
arc. [

We are now ready to prove the following result.

Theorem 3.2.5. Let p : m(S) — PSLyC be a non elementary representation. Then
BM4), is open in M1y, (hence in Ms,).
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Proof. By 3.2.4 it is enough to show that given oo € BM(y ), there is a small neigh-
bourhood U of it such that any structure in U is obtained by moving branch points
along a standard BM-configuration on og. This easily follows from the fact that
moving branch points gives a full neighbourhood of oy in the moduli space, because
local movements of branch points can always be performed along embedded twin
pairs which are in standard BM-configuration with a given bubble on oy: namely
a local neighbourhood of the developed image of a branch point is path connected,
and still is if we remove the developed image (3 of the boundary of the bubble, so
that we can move to any point in that neighbourhood by means of an arc which
either avoids f§ or is entirely contained in it (depending on the fact that the point

is outside 3 or on it). O

Notice however that a priori more complicated BM-configurations might arise,
which can not be used to move branch points preserving the bubble; namely if the
embedded twin pair intersects the boundary of the bubble (or if this holds for their
developed images), then moving branch points results in the break of the bubble: the
aspiring bubbleable arc is either not embedded or not injectively developed. In this
case it is not clear if it is possible to find another bubble. This heuristic argument

Figure 3.2: A non standard BM-configuration

can be made more precise by the following observation: moving branch points on
a standard BM-configuration preserves the isotopy class (relative to endpoints) of
the bubble; in particular it does not change the underlying unbranched structure.
On the other hand it is not difficult to produce examples of movements of branch
points which do not preserve the underlying unbranched structure.

Example 3.2.6. Let p : m(S) — PSLy;C be a Fuchsian representation,  be a
bubbleable arc on the hyperbolic surface o, = H?*/p and 0 = Bub(o,, ). Notice
that ¢ is simply developed (see 2.3.7 for the definition). On the other hand it is
possible to move branch points on ¢ along suitable embedded twin pairs 4 and v with
both endpoints inside the bubble in such a way that the resulting structure does not
have this property (see Picture 3.3). This prevents the structure Move(o, ) from
being a bubbling over o, for instance by 2.3.9. Of course the BM-configuration on
o is not standard.
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CP!
Figure 3.3: Picture for Example 3.2.6.

3.3 Taming developed images and avatars

One of the main technical issues about CP!l-structures is that the developing
map is dramatically non injective (already in the case of unbranched structures),
hence it is quite difficult to control the relative behaviour of the developed images
of some configuration of objects on the surface, even when the configuration is well
behaved on the surface. In this section we introduce the collection of avatars of a
given object on the surface, and prove some technical lemmas to handle it. The
first definitions can be given in full generality, but we will soon focus on unbranched
quasi-Fuchsian structures.

Definition 3.3.1. Let 0 be a BPS on S and let U C S be any subset. We say that
U is tame if for some lift U of U we have that a developing map for o is injective
when restricted to U,eq, (s)7.U.

Notice that a tame simple arc is in particular bubbleable, and that a tame simple
closed curve is in particular graftable as soon as it has loxodromic holonomy. The
following lemma provides an easy criterion to prove tameness in this case of quasi-
Fuchsian holonomy.

Corollary 3.3.2. Let p : m(S) — PSLyC be quasi-Fuchsian . Then any subset of
the uniformizing structure o, is tame. More generally if 0 € Mo, and C C 0F is a
geometric component, then any subset of the convex core of C' is tame.

Proof. The first statement follows directly from the fact that the developing map of
o, is globally injective. For the second one we observe that a subset of the convex
core avoids all grafting annuli. Therefore the collection of its developed images is
the same that we would see if we removed all grafting annuli, i.e. the same that we
see on the uniformizing structure. O

The following easily follows from the previous results.

Corollary 3.3.3. Let p : m(S) — PSLyC be quasi-Fuchsian and o € M, ,. If o
is a bubbling of some oy € My, along a tame arc or along an arc contained in the
convex core of a geometric component, then o is simply developed.
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Being able to control the collection of developed images of a given object on the
surface will not be enough in the following. For example, even if we start with a very
well behaved structure oy (e.g. a hyperbolic surface), when we perform a bubbling
or a grafting we introduce in our structure oy a whole region R whose full developed
image is the whole model space CP!; as a result inside R we “see” a lot of developed
images of any given object O C oy. The following definition aims at making this
more precise.

Definition 3.3.4. Let p : m(S) — PSLy;C be a representation, o € My, and
U C o be any subset. An avatar of U is any subset V C o such that there exist a
lift U of U and a lift V of V such that dev(U) = dev (V).

Of course, by equivariance of the developing map, if V' is an avatar of U then for
any lift of U there exist a lift of V' with the same developed image. Let us discuss
some examples.

Example 3.3.5. If a structure has an injective developing map, then having the
same developed image means being the same set, so that there are no non-trivial
avatars. This happens for the uniformizing structure o, for a quasi-Fuchsian repres-
entation p : m(S) — PSLyC.

Example 3.3.6. This example wants to show that the concept of avatar extends
the one of non simply developed structures in quasi-Fuchsian holonomy. Let p :
m1(S) = PSL,C be a quasi-Fuchsian representation and o € M, , be a geometrically
branched BPS. Let x,y be two branch points belonging to the same component
C C o%; if Do(z) = Dc(y) then z and y are avatars: indeed there exist lifts
T,y Whose developed image differ by some g = p(y) € p(m(C)) by definition of
Do : C = Cryens; but then z,~y are lifts witnessing that x and y are avatars.
The converse does not hold in general, simply because branch points might live in
different components, but of course if £ = 2 then x,y are avatars if and only if o is
not simply developed: if the points are avatars then they have the same sign, thus
they belong to the same component by 2.4.5.

Example 3.3.7. Let p : m(S) — PSLyC be a quasi-Fuchsian representation and
o€ My, Let C C ot be a positive geometric component (the same analysis works
for a negative one) and U C C. Let us fix a lift C of C to the universal cover, a lift U
of U contained in it and let U = dev(ﬁ ). Then we have that 7[7 sits in C' if and only
if v € m1(C) and that the whole collection 1 (S)U develops to the upper-half plane.
Now recall that geometric components of o carry complete unbranched structures,
hence the restriction of the developing map to any lift of C' is a diffeomorphism with
the upper- half plane (in particular it is surJectlve) Therefore the whole collection
{p(7)U | v € m(S)} can be pulled back to C: elements with v € m,(C) will give
the collection of lifts of U to 5, whereas those coming from v ¢ m(C) will give
us a collection of sets not corresponding to lifts of U to C but which still develop
in the same way as some lifts of U in other lifts of C; projecting these ones to C'
gives a lot of non-trivial avatars of U in C'. As we will see in detail below, the
avatars of U in C can be labelled by the cosets of m(C) in m;(S). Of course we
can do the same construction for any component of the geometric decomposition of
the structure to produce avatars of U in components different from C, but with the
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same sign (otherwise the collection turns out to be empty by definition). Namely
the collection of avatars of U in some component C” is given by

T (devfc} (dev (Wl(S)ﬁ>>>

where 7 denotes the universal cover projection and U is any lift of U to the universal
cover. The idea is that any geometric component will see avatars of the chosen subset
U, and actually infinitely many of them, so the situation can in general be quite
complicated.

However in quasi-Fuchsian holonomy we have a well-defined notion of size for
subsets avoiding the real curve, which allows us to control the collection of avatars
of a small set, as the following result shows. Let us denote by sys(p) the systole
of the uniformizing structure o, or, equivalently, the minimum of the translation
lengths of the elements in p(m(S)).

Lemma 3.3.8. Let p: m(S) = PSLyC be quasi-Fuchsian and o € Mg ,. LetU C o
be a connected set with diam(U) < sys(p) and which is m -trivial (i.e. 1.(m(U)) C
m1(S) is the trivial subgroup). Then U sits inside a geometric component, it is tame
and its avatars are disjoint.

Proof. Recall that when the holonomy is quasi-Fuchsian there is a well defined hy-
perbolic metric on the complement of the real curve, which blows up in a neighbour-
hood of it; hence we can define a generalised path metric on the whole surface. Any
connected subset of ¢ which intersects the real curve must have infinite diameter
with respect to this metric, because any path intersecting the real curve has infinite
length. Therefore U can not intersect the real curve, hence it is contained in some
geometric component.

Since U is m-trivial, it lifts homeomorphically to the universal cover. To prove
tameness, assume that there are two lifts U; and U, which overlap once developed,
ie. 3 x; € U; such that dev(xy) = dev(xs). Let v € m(S) be the unique deck
transformation such that 7(71 = Us. Then we have the following absurd chain of
inequalities

sys(p) < d(p(y)dev(ar), dev(ar)) = d(p(y)dev(er), dev(xs)) =

= d(dev(ya), dev(z)) < diam(dev(Uy)) = diam(U) < sys(p)

where d denotes the hyperbolic distance on CP! \ RP! and the last equality follows
from the fact that the developing map is an isometry for each geometric component.

Finally let us prove that the avatars in each geometric component are disjoint.
Let C be a geometric component, and choose a lift C' of it and a lift U of U. By the
above discussion, we have to check that the collection

me (dev! (dev (m(8)0)))

is a disjoint collection. By tameness we know that the collection dev (771(5 )[7 ) is

disjoint, and the same is true for alev‘_c1 (dev <7r1(5 )(7 >>, since the restriction of the
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developing map to each geometric component is a diffeomorphism. So we only need
to prove that the projection m does not overlap things too much. Let us introduce
the following notation: if v € m1(S) then

v % U:= dev|_cl (dev (7(7))

With this notation what we want to prove now is that if there exist ;1,72 € m1(.59)
such that 7 (71 * [7) nm <72 * [7) # & then actually 7 (fyl * (7) =7 (72 * [7) So

let x; € ;% U such that 7(x1) = m(x2). Then 3 v € m(C) such that yz; = zo. If
we develop these points we see that

dev(xq) = dev(vyxy) = p(y)dev(xy)

and that dev(s) € dev(o % U) = p(72)dev(U) and p(v)dev(zy) € p(v)dev(y, xU) =
p(yy1)dev(U). Since we already know that U is tame, we can conclude that p(yy1) =
p(72), hence that yy; = 7, since quasi-Fuchsian representations are faithful. But

then we have that
2020 = ()0 = deoi? (de0 (328)) = dew? (pto)den ()

The last term is indeed equal to 'ydev|_cl (dev (71[7>>, because v € m(C). So we
have proved that ~, * U= y (71 « U ) for v € m(C), which of course implies that
T <71 * (7) =7 (72 * (7) as desired. [

Notice that the proof above shows that in the collection dev, Y(dev(m,(S)U))

either two elements differ by an automorphism of the universal cover 7 : C - C
and project to the same set on C', or they project to disjoint sets on C. In other
words the avatars of U in C' can be labelled by the cosets of m(C) in m1(S); the
index of 71 (C') in m1(S) is 1 in the case of the uniformizing structure (where there
are no non-trivial avatars, as already observed), and infinite otherwise, because in
all the other cases any geometric component is a non compact (incompressible)
subsurface and free subgroups of surface groups have infinite index. We conclude
with the following technical lemma which says that it is always possible to nicely
isotope a bubbleable arc in order to minimise its intersections with a sufficiently
small neighbourhood of its endpoints.

Lemma 3.3.9. Let p : m1(S) — PSLyC be quasi-Fuchsian and o € M, ,. Let f C o
be a bubbleable arc with endpoints x,y, with x & o®. Let U C o be a connected
1 -trivial neighbourhood of x with diam(U) < sys(p) and not containing any avatar
of y. Then there is an injectively developed isotopy (relative to x and y) from B to
another bubbleable arc ', such that 3 does not intersect any non-trivial avatar of
U and B' NU is connected (i.e. 3 does not come back to U after the first time it
leaves it).
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Proof. First of all notice that if U does not contain avatars of y, then in particular
y is not an avatar of z. Moreover no avatar of U contains avatars of y; in particular
no avatar of U contains y. We also know by 3.3.8 that U is geometric (i.e it avoids
the real curve), tame and its avatars are disjoint. Since U is geometric, for € > 0
small enough the e-neighbourhood N (U) of U satisfies the same properties.

Let {U;}icr be the collection of avatars of U crossed by . Going along (3 from
x to y we see that, apart from the initial segment starting at x inside U, every time
[ enters one of the U;’s it crosses it and leaves it (this is exactly because no avatar
contains the second endpoint y). Therefore we can isotope all the arcs given by
SNU; to arcs living in N_(U;) \ U;, for each i € I, without touching the first segment
starting at x; since the chosen neighbourhood is tame this can be done in such a way
that the isotopy is injectively developed. Since all the N.(U;) are disjoint, this gives
an isotopy on o from S to an arc 8’ which intersects the whole collection of avatars
only in the initial segment starting at x in U. It is still a bubbleable arc because it
coincides with 8 (which is bubbleable) outside the N.(U;)’s, and the deformations
inside these sets do not produce any new intersection because N.(U) is tame. [

Figure 3.4: Pushing an arc outside the avatars of a neighbourhood of one endpoint.

To get a visual intuition of what can go wrong if we are not able to verify
the hypothesis that avatars of U are disjoint and do not contain avatars of y, just
consider what happens in this picture if the second endpoint y belongs to one of the
avatars: there is no guarantee that the deformation that we want to perform is a
bubbleable isotopy.

s - e

Figure 3.5: Avoiding avatars may result in self-intersections.

3.4 Visible BM-configurations

This section is about a class of BM-configurations with the property that, roughly
speaking, the embedded twin pair survives after debubbling the structure; these
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should be thought as a strict generalisation of standard BM-configurations, which
can still be dealt with by exploiting the underlying unbranched structure, where
deformations are more easily defined and controlled. Once more, we give the main
definitions in the general case, then specialise to the quasi-Fuchsian case.

Definition 3.4.1. Let 0y € M, ,, B C 0o a bubbleable arc and o = Bub(oy, 3) €
M, , with distinguished bubble B coming from 3. Let p be a branch point of o and
1 an embedded twin pair based at p with developed image ji. Notice that the germ
of p is well-defined on 0. We say that the BM-configuration (B, u, p) is a visible
BM-configuration if we can take the analytic continuation of this germ on oy to
obtain a properly embedded path pg on og which develops to ji.

Ho
Bo

Figure 3.6: A visible BM-configuration.

Example 3.4.2. A standard BM-configuration is visible: as already observed in
3.2.3, the boundary of the bubble and the embedded twin pair of a standard BM-
configuration induce a pair of adjacent embedded arcs on the debubbled structure,
whose concatenation is actually a bubbleable arc itself.

Example 3.4.3. If ¢ is a standard bubbling over a hyperbolic surface and we
pick an embedded twin pair g which intersects the real curve, then the resulting
configuration is not visible: the debubbled structure is the uniformizing hyperbolic
structure, which has no real curve, so there can be no path on it developing as
needed; the analytic continuation of the germ of p is a geodesic which wraps around
the surface without converging to a compact embedded arc.

The next result shows that (under suitable conditions) visible BM-configurations
can be deformed to standard BM-configurations in a controlled way.

Proposition 3.4.4. Let p: m(S) — PSLoC be quasi-Fuchsian, oo € My, B C o

a bubbleable arc. Let x,y be the branch points of 0 = Bub(og, ) and B the
bubble coming from B. Assume o is simply developed and x ¢ o®. Let K =
inf cx (s d(dev(x), p(v)dev(y)) €]0,400] and let 1 be an embedded twin pair based at

x such that (B, u, x) is a visible BM-configuration and with length I(11) < min{sys(p), K}.
Then there is another bubble B' C o such that Debub(o, B') = 0¢ and (B', u,x) is a
standard BM-configuration.
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Proof. Since the BM-configuration is visible, after debubbling ¢ we can define an
arc o on oy starting at x and developing as p. By hypothesis this arc is shorter
than sys(p) and K; in particular it can be put inside a connected contractible
neighbourhood U of x with diam(U) < sys(p) and which does not contain any
avatar of y. By 3.3.9 there is an injectively developed isotopy from S to a bubbleable
arc (3’ which avoids all non trivial avatars of U and intersects U just once at the
starting segment at x. Since this isotopy is injectively developed, bubbling oy along
B’ gives a structure isomorphic to o by 1.4.11. Moreover the fact that © C U and
that 8" avoids all non trivial avatars of U and does not come back to it after the first
time it leaves it implies that the concatenation of p and /3’ is a bubbleable arc; this
is equivalent to saying that the resulting BM-configuration (B’, y1, ) is standard by
the characterisation in 3.2.3. O]

Figure 3.7: Deforming a visible BM-configuration into a standard one.

Remark 3.4.5. The above result means that moving branch points on a given
bubbling by a very small displacement (with respect to the representation) does
preserve the [bubbleable isotopy class of the| given bubble. In particular the un-
derlying unbranched structure can be left unchanged throughout the movement.
Notice that the hypothesis on the constant K is indeed necessary: namely we can
bubble a hyperbolic surface and then move one branch point to obtain a doubly de-
veloped structure, which can not be a bubbling of the hyperbolic surface, as already
mentioned in 2.3.9.

The condition of being visible is a bit obscure, if compared to that of being
standard, in the sense that we have to debubble the structure to check visibility,
and we do not have a simple characterisation as the one in 3.2.3 for standard BM-
configurations; but visibility is always at least locally available at geometric branch
points, as shown by the following result.

Lemma 3.4.6. Let p : m(S) — PSLoR be quasi-Fuchsian, oo € My,  C 0o a
bubbleable arc such that o = Bub(oy, 5) € Ma, has a branch point x not on the real
curve. Let p be an embedded twin pair based at x of length l(pn) < sys(p). Then the
resulting BM-configuration is visible.

Proof. Let us fix a developed image T of x and pi for p. Since (i) < sys(p), it is
contained in a fundamental domain for p, and a fortiori in a fundamental domain for

72



p|y» for any subgroup H < m(S). Therefore it projects injectively to every quotient
H?/p(H). Now consider the debubbled structure og, and let C' be the geometric
component of gy containing x; since gy is unbranched, C' is incompressible and the
developing map induces an isometry Do : C' — Cryens = H?/p(m1(C)), where 11
projects injectively to an embedded arc. Pulling that arc back by D¢ gives the
desired arc on gy, which proves the visibility of the BM-configuration. O]

Remark 3.4.7. We want to remark that it is not possible to apply these ideas to a
movement of a branch point which sits on the real curve. Indeed, here geometricity is
used to produce neighbourhoods of the relevant objects which have disjoint avatars.
On the other hand if a point belongs to the real curve, then any of its neighbourhoods
will contain infinitely many avatars of both branch points, and actually of whatever
object we want to consider. This follows from the fact that if I' is a Fuchsian group,
then the collection of fixed points of its hyperbolic elements is dense in the limit
set Ap = RP'. Therefore if x € ¢® and U C o is an open neighbourhood of =,
then there exists some v € m(S) such that the attracting fix point of p(v) lies
in dev(U) N RPY; the p(y)-orbit of the developed image of any subset V C o will
converge to that point, hence definitely intersect dev(U), which of course implies
that we see infinitely many avatars of V' inside U.

3.5 Bubbles everywhere

In this section we prove that bubblings our quite ubiquitous in My ,. The
strategy is to show first that if a geometric component of the real stratification
(i.e. a connected component of a space with fixed combinatorics M5 ) contains a
bubbling, then the subspace of bubblings is actually dense in it. Then we prove
that every cell is adjacent to one which contains a bubbling, and that this is enough
to obtain that actually every cell contains a bubbling. What is left out of this
approach are the subspace of really branched structures ./\/15 , and the subspace of
non simply developed structures Mj , \ SMs ,, which have real codimension 1 and
2 respectively; of course both of them have non trivial intersection with the space
of bubblings, i.e. this result can be improved. Recall from 3.3.6 that a structure
with two branch points is simply developed if and only if the branch points are not
avatars, and that it is geometrically branched if all branch points are outside the
real curve, by definition.

Theorem 3.5.1. Let p : m(S) — PSLyC be quasi-Fuchsian. Let X = {oc € My, | o
is simply developed and geometrically branched} and Y a connected component of X
containing a bubbling. Then every structure in Y is a bubbling.

Proof. As usual let us denote by BY the subspace of ) made of bubblings. By
hypothesis is it non empty; moreover it is open in Y because BY = Y N BM, , and
the second one is open in My, by 3.2.5. We will prove that BY is also closed in Y
and conclude by connectedness of ).

Let 0o € YNBY. By hypothesis the branch points 2., and y. of oo are outside
the real curve of o, and not avatar of each other. Fix any developed image 7., of
Too and Yoo Of Yoo; then define Ko = inf cr, (s) d(Zoo, p(7)Vso). The distance here is
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the one induced by the hyperbolic metrics on the domain of discontinuity of p; K
is strictly positive since the branch points of 0., are not avatars, but can be +o00 in
the case they have opposite sign. Then let A = min{sys(p), 1 K}

Choose L < A and consider the neighbourhood N (04) of oo in Y obtained
by moving branch points by a distance L < A (this is well defined since o, is
geometrically branched; also notice that neighbourhoods in ) are the same thing as
neighbourhood in M, , since ) is an open submanifold). Since o is in the closure of
BY, N1 (0s) will contain a bubbling o € BY. Let ¢ be an embedded twin pair based
at T, and £ be an embedded twin pair based at y,, such that Move(o,(,§) = 0.
By construction they can be chosen to have length smaller than L. Let Z and 2 be
the developed images based at Zo, Yoo, and let oy € My, and 3 C o be such that
o = Bub(oy, 5). Also let x,y be the branch points of o corresponding to Zuo, Yoo
respectively.

We are now going to show that o, is actually a bubbling over the same 0. First
of all notice that by 3.4.6 both BM-configurations are visible, since both embedded
twin pairs are shorter than the systole of the representation. Moreover, by definition
of A, the two movements are independent from each other; more precisely they do
not interfere with each other in the sense that each twin pair avoids all avatars of
the other twin pair. We begin by focusing at x; let us denote by 7, ¥ the developed
images of x,y which are seen at the endpoints of ( and £&. We have that for any
7 € m(S)

Koo < d(Too, p(7)Yse) < d(Too, T) +d(T, p(7)y) +d(p(7)Y, p(V)Yoo) = 2L +d(Z, p(7)Y)

so that
d(Z, p(7)y) > Ko — 2L

and we get

~

inf (d(&, p(1)§)) > K — 2L > 3L 2L = L = 1(Q)
yem1(S)

by definition of A. Therefore we can apply 3.4.4 and replace § by a new (but
isotopic) bubbleable arc which is in standard BM-configuration on o with respect
to (. We now let ¢’ = Move(o, (), which is still a bubbling over o by 3.2.4.

Too

Ly
8)

<)

)

NL(O-OO) C y C MZ,p (C]Pl

Figure 3.8: The neighbourhood N7 (04 ) and the movement of points in CP*.
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We now want to play the same strategy again at y to get back to o.; to do
so, we just have to check that the movement is small enough with respect to the
distance between the two branch points of ¢’, which now develop to T, and y. But
this is easily checked: if v € 71(.S) then

Koo < d(Too, p(7)Ysc) < d(Too, p(1)Y) + d(p(1)Y, p(7)Vee) = L + d(Too, p(7)Y)

so that
d(Too, p(7)Y) = Koo — L

and we get

~

inf (d(Too, p(7)7)) > Ko — L >3L—L > L=1()

ye™1(S)

So we can apply 3.4.4 again and replace the bubbleable arc with an isotopic one
which is in standard BM-configuration and safely move branch points along £&. This
movement results in our structure o, and does not break the bubble by 3.2.4. In
other words this proves that o, € B)Y (and indeed the underlying unbranched
structure is the same as that of o and ¢'), so that BY is closed. By connectedness
we get YV = BY, i.e. ) is entirely made of bubblings. O]

We now apply this result to geometric components of the real decomposition
of My,, i.e. connected components of the space M; , for some combinatorics c.
Notice that structures in a geometric component are geometrically branched and
recall that, given a combinatorics, we denote by k* the number of positive and
negative branch points. As far as the sign of branch points is concerned, for k = 2
we have three types of combinatorics, namely kT = 0,1,2. At this point, one of
them is easily dealt with.

Corollary 3.5.2. Let p : m(S) — PSLyC be quasi-Fuchsian. Let C be a geometric
component of the real decomposition of My , whose combinatorics has k™ = 1. Then
C is entirely made of bubblings.

Proof. First observe that C does not contain doubly developed structures, since
branch points have different sign, hence C = SC. Let 0 € C. By 2.4.5 it satisfies
the hypothesis of [8, Theorem 7.1]. Therefore it is possible to move branch points
inside their own geometric components so that a bubble appears, which proves that
C contains a bubbling. Now apply 3.5.1 with Y = C = &C. O

We now have to care about geometric components of the real decomposition of
M, whose combinatorics has k* = 0,2. Let us fix such a combinatorics ¢ and a
connected component X of Mj ,, and prove that X" actually contains a bubbling.
The results in [8, Proposition 8.1, Lemma 10.5-6] imply that in some cases points
can be moved inside their own geometric components so that a bubble appears, but
it is not clear how to verify a priori when this occurs. On the other hand we know
by the discussion in 2.4.1 that all combinatorics can be realised by bubbling suitable
unbranched structures, which means that fixing a combinatorics does not provide
any obstruction to the existence of bubbles; but here we are not just looking for a
bubbling in M, : indeed we look for a bubbling in the chosen component &', and
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we have already remarked in 2.1.22 that the spaces Mj , are quite far from being
connected. The strategy will be to look for bubblings in the components adjacent to
X and drag them from there back into X'. In trying to do so, two problems occur:
on one side if we naively take a bubbling in some component adjacent to X and
move branch points on it beyond the real curve, then it is quite difficult to control
that we are actually moving to the chosen component X’; on the other hand if we
start with a structure ¢ € X and move branch points on it across the real curve
to get to a bubbling, then it is quite difficult to check that when we move branch
points to get back to o we do not break the bubble. Some lemmas are in order to
guarantee that we can handle these issues. Recall that a path o on a quasi-Fuchsian
BPS ¢ is said to be geodesic if a N o™ is a collection of geodesics.

Lemma 3.5.3. Let ¢ be a combinatorics with kT = 0 or 2, X a connected com-
ponent of M5, and o € X. Then there exists a combinatorics a with k=1, a
connected component Y of M5 , and a geodesic embedded twin pair . on o such that
Move(o, ) € Y. In particular X and Y are adjacent in Moy,

Proof. This is just a reformulation of the results in [8, §9], which say that it is always
possible to move a branch point along a geodesic embedded twin pair reaching the
real curve. L

Even if we will not need it, notice that in general there will be many different
components adjacent to X to which we can geodesically move, possibly with many
different combinatorics. We remark that in the process of moving a branch point
towards the real curve with the techniques of [8, §9] a bubble might appear before
actually crossing the real curve; this would be fine for us, since our ultimate goal
now is to prove that X contains a bubbling; therefore we will forget about this detail
in the following.

Of course it is interesting to move to a component whose combinatorics has
k* = 1 because we already know by 3.5.2 that such a component ) is entirely made
of bubblings, so we have a lot of freedom in the choice of the bubble. We can obtain
a satisfying level of freedom also in the choice of the embedded twin pairs to be used
in the movements of the branch point as indicated by the following lemma.

Lemma 3.5.4. Let 0 € My, be a geometrically branched BPS and 1 = {pi1, po} an
embedded twin pair on o. Suppose that ju; crosses o™ at only one point r;. Then there
exists a geodesic embedded twin pair v on o such that Move(o, u) = Move(o,v).

Proof. Let p be the base point of the embedded twin pair u and y; be the endpoint
of p;. By hypothesis the subarcs ] C p; from p to r; are entirely contained in a
geometric component C. We let v/} be the unique geodesic in C' from p to r; which
is isotopic to u} relatively to {p,r;}. Then we can do the same in the adjacent
components to obtain geodesic arcs v? isotopic to the subarcs p? C p; from r; to y;.
The concatenation of these paths gives rise to a couple of geodesic paths v; from p
to y; which are isotopic to p; relatively to {p,r;,y;}. Each geometric subarc v; is
the geodesic representative of the embedded and injectively developed arc u;, hence
it is embedded and injectively developed; moreover the two geometric subarcs of v;
live in two adjacent component, hence their developed images are disjoint and v is
thus actually a geodesic embedded twin pair. The isotopy from u to v can be chosen
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to be an isotopy of embedded twin pairs, so that 1.4.26 applies and gives us that
Move(o, 1) = Move(o,v). O

Figure 3.9: Straightening the embedded twin pair.

Notice that this result does not hold for paths which cross more components:
subarcs of v contained in geometric components of the same sign could overlap once
developed, even if p is an embedded twin pair.

We are now ready to prove that all the pieces of the real decomposition of My,
contain a bubbling.

Proposition 3.5.5. Let p : m1(S) — PSLyC be a quasi-Fuchsian representation. Let
X be a connected component of the real decomposition of My ,. Then X contains at
least one structure which is a bubbling over an unbranched structure in My ,.

Proof. Let ¢ be the combinatorics of X. If it has k* = 1 then this follows directly
from 3.5.2. So let us assume that kT = 2, the case kT = 0 being the same up
to switching the signs of the branch points. We start by selecting an adjacent
component in which we know how to find bubbles. To do this we use 3.5.3: choose
some 01 € X and move branch points along an embedded twin pair pu to get to
a structure o = Move(oy, i) in some adjacent component ) C Mj5 , for some
combinatorics a with exactly one positive and one negative branch point. By 2.4.5
we know the combinatorial properties of the geometric decomposition of o5: all real
curves are essential, one has index 1 and the others have index 0. Let us call [
the unique real curve of index 1; the branch points p* live in the two geometric
components C* adjacent to [. By construction we have an induced embedded twin
pair v at p~ on o9 such that Move(oy,v) = 01. Here we know by [8, Theorem
7.1] that we can move both branch points inside their own components to get to
a structure o3 € Y such that the peripheral geodesics of [ go through the branch
points ¢& of o3 with angles {m, 37} and also such that it has a geodesic bubble B
(such a bubble can indeed be chosen in many ways, which will be exploited below).
Of course we have an induced couple of embedded twin pairs (¥ C o3 based at ¢*
such that Move(os,(*,(”) = 01, and we would like to operate this movement of
branch points on o3 without breaking the bubble B; unfortunately there is no reason
why (B, (*,¢*%) should be a standard BM-configuration.

However for our purposes we do not actually need to move branch points to go
back to oy: it is enough to move to a structure in the same component X without
breaking the bubble B. Therefore we can forget about the embedded twin pair (T,
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Figure 3.10: The structures oy, 09, 03,04 and o5 involved in the proof.

since we only need to move ¢~ to go back to that component. Since (™ crosses
the real curve just once, by 3.5.4 we can replace it with a geodesic embedded twin
pair £~ which is such that o4, = Move(o3,{™) = Move(o3,(~) € X. As mentioned
above, the bubble B on o3 can be chosen in a quite free way, and our aim now is to
prove that it is always possible to choose the bubble so that the BM-configuration
(B, &, q7) is standard, for some suitable truncation &_,, of the embedded twin pair
¢~; of course we still have that o5 = Move(os, &) € X.

First of all we recall from [8, §7] that the real curve [ carries a natural action of
the infinite cyclic group generated by p(l) and a natural p(l)-invariant decomposition
[ ={0}Ult U{oc} Ui, corresponding to the decomposition of the limit set of p
given by the fixed points of p(1); according to [8, Proposition 7.8] for any u € It we
can find a geodesic bubble B, intersecting [ exactly at u and p(l)~'u. Suppose we
pick one of these geodesic bubbles B, and look at the situation on C~, neglecting
for a moment what happens beyond the real curve /. Since the embedded twin pair
&~ and the bubble B, are both geodesic, when one of the paths of £~ enters the
bubble it can never leave it, and must reach the real curve [. One of them, let us
say & starts inside B, (up to an arbitrarily small displacement of ), hence hits [
at some point vy. If the BM-configuration (B,,£~,¢") is not already standard, it
means that the twin £, starting outside B, goes somewhere around the surface and
then comes back to intersect B, at some point x, and finally hits the real curve [
at some point vy, distinct from wvq, because £~ is an embedded twin pair. Now, let
us show that vy must live in [T. To do this, we choose u so that the bubble B, is
orthogonal at ¢~ to the peripheral geodesic of [. Since &, is a geodesic from ¢~ to
[, once it enters the end relative to [ it constantly increases its distance from the
peripheral geodesic; in particular, when it intersects the bubble at x it forms an
angle smaller than 7 with the boundary of B,. Since u is in I*, this forces v, € I*
as well. But then it is now possible to choose a different u' in such a way that the
arc a C [ from v’ to p(l)~*u containing 0 and co (i.e. the part of [ contained in B,,)
does not contain vs. This choice guarantees that vy is outside the bubble B,, hence
that & does not intersect B,, before crossing the real curve [. We have no tools to
control what happens beyond [, but we can truncate £~ to a sub-embedded twin pair
& Which ends beyond [ and which is in standard BM-configuration with respect to
the bubble B,,. By 3.2.4 o5 = Move(os,&,,) is still a bubbling. But we can clearly

cut
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Figure 3.11: The configuration in CP* and C~ C o3 when B, is the bubble ortho-
gonal to the peripheral geodesic.

Figure 3.12: A bubble in standard BM-configuration.

keep moving branch points on o5 along what is left of £~ to reach the structure
o4 = Move(os, &), which, as we already know, lives in the same component X
containing o;. Since this movement does not cross the real curve, the structure oj
lives in X too, which proves that X contains a bubbling. O

We can finally state the main result. Recall that a structure o is geometrically
branched if its branch points are outside the real curve o®, and that it is simply de-
veloped if for every branched component C' C ¢F the canonical map to the Fuchsian
model D¢ : C' — Cryens is injective on the collection of branch points.

Theorem 3.5.6. Let p : m(S) — PSLyC be quasi-Fuchsian. Then any simply
developed structure with at most one real branch point is a bubbling. In particular

the space of bubblings is a connected, open and dense submanifold of My, of full
measure.
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Proof. At first, let o be a geometrically branched and simply developed structure.
Since its branch points are outside the real curve it belongs to some space M , for
some combinatorics . Let & C M5 , be the connected component containing o. By
3.5.5 we know that X contains a bubbling. Moreover o avoids the subspace of X
made of non simply developed structures, i.e. ¢ € SX, which is still connected.
Then by 3.5.1 ¢ is a bubbling, since any structure in SX is. In the case ¢ has one
real branch point, we can perform a movement of that branch point to go from o to
some structure ¢’ in some geometric piece of the real decomposition with &T = 1.
Then the previous arguments apply verbatim, because the isotopy in 3.5.4 fixes the
points of intersection between the embedded twin pair and the real curve, so that
we are able to pick a bubble on ¢’ and move back to ¢ as in 3.5.5.

To prove the last claim, recall that by [8] M, , is a connected manifold of real
dimension 4 and observe that the subspace of structures left outside by this approach
is the union of the subspace of non simply developed structures and the one of
structures with both branch points on the real curve; the first one is a submanifold
of real dimension 2, whereas the second one is expressed in local charts by the image
of the limit set of p in the symmetric product Sym?(CP'): in the Fuchsian case it
is a real analytic subspace, and in the general quasi-Fuchsian case it is a closed
subset of measure zero (with respect to the Lebesgue measure class for the manifold

structure of My ,).
0

As a consequence we get a generically positive answer in our setting to the
question asked by Gallo-Kapovich-Marden as Problem 12.1.2 in [13], i.e. if any
two BPS with the same holonomy are related by a sequence of grafting, degrafting,
bubbling and debubbling. More precisely our theorem shows that, if {o,7} is a
generic couple of BPS with at most two branch points and a fixed quasi-Fuchsian
holonomy, then we can apply one debubbling to each of them (if needed), to reduce to
a couple of unbranched structures with the same holonomy {og, 70}. By Goldman’s
theorem in [16] we can then apply m degraftings on oy to obtain the uniformizing
structure o, and then n graftings on o, to obtain 7y, for suitable m,n € N.

1 debub m degraft n graft 1 bub
o 90 Tp 7o T

Actually it is possible to do even better, since we can remove the need for de-
graftings; by the proof of [9, Theorem 11], there exists a simple closed geodesic
on o, such that o, = Gr(o,,7) can be obtained by m' graftings on oy and 7y can
be obtained by n’ graftings on o, for suitable m’,n’ € N. Finally, according to 8,

1 debub m' graft n' graft 1 bub
g o) O~ To T

Theorem 5.1] every simple grafting can be realised by a sequence of one bubbling
and one debubbling; this implies the following, which shows that it is possible to
move around the moduli space only via bubblings and debubblings.
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Corollary 3.5.7. Let p : m(S) — PSLyC be quasi-Fuchsian. There is an open
dense subspace B C My, such that if o,7 € Mg, U B then T is obtained from o by
a finite sequence of bubblings and debubblings.

1 debub m’ bub n' bub 1 bub

o (o) Oy 7o T

m’ debub n’ debub

Notice that the length of this sequence depends on the choice of the bubbles
on o, 7, i.e. of the unbranched structures oy, 79; as we have already suggested a
BPS with two branch points can in general be realised as a bubbling over different
unbranched structures along different arcs. This will be discussed in detail in the
next section, where we will also improve 3.5.7 by providing an explicit uniform bound
on the length of the above sequence.

3.6 Multi(de)grafting via bubbles

The idea of the previous sections has been to deform a bubble within its isotopy
class, i.e. to work in the debubbled structure; now we consider the problem of
changing the isotopy class, i.e. of changing the underlying unbranched structure. In
this section we show how to remove a grafting region on a projective structure by
bubbling and debubbling it, extending [8, Theorem 5.1] with dealt with the case of
a simple grafting annulus. More precisely, given a bubbleable arc which crosses a
grafting region we show how to find (in the bubbled structure) a different bubble
whose boundary has strictly fewer intersections with the real curve.

To simplify the exposition we adopt here the convention that normal letters
denote objects on the surface and letters with a hat denote a developed image of
the corresponding object. For the same reason we will state and prove results for
Fuchsian representations; everything extends to the quasi-Fuchsian case by replacing
the hyperbolic plane by the positive component of the domain of discontinuity of p.

Let us fix a Fuchsian representation p : m1(S) — PSLyR and a projective struc-
ture o with holonomy p. By [16] ¢ is obtained by a multigrafting on the uniform-
izing structure o, = H?/p(m1(S)), hence it decomposes into a hyperbolic core of
finite volume (coming directly from o,) plus a certain number of grafting regions.
We will denote by A, = A,ly U---u A,Q/f the grafting region obtained by grafting M
times some simple closed geodesic 7y of 0,. Recall that in our terminology a grafting
annulus is made of a negative annulus and also of a couple of ends in the adjacent
positive component(s), see Picture 1.2. Notice that the structure on the interior
of each grafting annulus is uniformizable, in the sense that the developing image is
injective on the interior of the universal cover of the annulus.

Given a bubbleable arc § which crosses A, transversely from side to side, we
introduce some auxiliary objects which will be useful in the main construction. For
simplicity let us begin with the case in which the grafting is simple, i.e. M = 1,
and come back later to the general case. Let us denote by v, vg the two copies of
v appearing as the boundary of A,.
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Definition 3.6.1. Let 3 be an oriented bubbleable arc properly embedded in A,
(i.e. 0 = BNOA,). We call I (in) and O (out) the two points of 93 at which /5
respectively enters in the annulus and leaves it. Notice that there is a unique point
on 0A, which is different from I but is developed to the same point /. We will refer
to it as the twin of I, and similarly for O.

Definition 3.6.2. Let 3 be an oriented bubbleable arc properly embedded in A,.

We can define a preferred orientation for  so that in the developed image O sits
after I along 7 (since § is bubbleable, I # O, thus this is well defined). We refer to
it as the orientation of v induced by 5.

Otwin ° 6 » O
I ® Itwin g
i)/\
YL TR
A, CP!

Figure 3.13: An arc inducing In and Out points and an orientation.

Definition 3.6.3. Let 3, 3’ be oriented bubbleable arcs properly embedded in A,.

Then we say that ' is coherent with S if O sits after T/ along 7 with respect to the
orientation induced by . Otherwise we say that it is incoherent.

g g

/ \\
/B/ /ﬁ/

R
A

Y Y

Figure 3.14: Coherent and incoherent arcs.
Now let 8 be an oriented bubbleable arc which transversely crosses some grafting

annulus A,, i.e. every time it enters A, it crosses it and leaves it on the other side.
Then BN A, = 31 U---U Py is a disjoint union of oriented bubbleable arcs properly
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embedded in A, which we will call crossings; the labelling of 3i, ..., 8y is such that
they appear in this order along . For each crossing 8, we can define the entry and
exit point I and Oy, and the induced orientation of 7 as above. Since 3 is embedded
and bubbleable all these points are distinct, and the same holds for their developed
images. We agree to fix the orientation of v determined by the first crossing /;, but
of course more generally we can also decide if two given crossings are coherent or
not with respect to each other.

Let us introduce another useful way to order the crossings i, ..., Oy, according
to the way they appear when travelling along v with respect to the orientation of
~ induced by B;: set oy = (1, then let a1 be the crossing we meet after oy along
~ with respect to the chosen orientation. We get an ordering of the crossings as
aq,...,ay which is actually a Zy-order (i.e. ani; = aq); moreover there exists a
unique permutation o € &y such that oy, = Sy and (1) = 1. We keep track of
the coherence between crossings by defining the following coherence parameters

. 1 if ay coherent with ay = 34
71 =1 if ay incoherent with aq = 3,

S 1 if ag, oy coherent with each other
U =1 if oy, o incoherent with each other

Let us roughly describe the idea behind the main construction of this section.
Given a bubbleable arc which transversely crosses a grafting annulus, we would like
to perform the bubbling along it and then find another bubble which avoids the
real curve. The naive approach is to start from a branch point and follow the given
bubble until we meet the region corresponding to the grafting annulus at the points
coming from [; here one path can follow the curve coming from the boundary of
the grafting annulus until the twin of Oy, and the other one can follow its analytic
extension inside the bubble to cross the bubble from side to side. Notice that in doing
this it also crosses the grafting annulus from side to side; in particular it reaches
O;. Then they keep travelling along the boundaries of the grafting annulus in the
direction induced by (7, until they meet as. One of them will meet that crossing
before the other and will follow the analytic extension of 7 inside the bubble, while
the other one will follow the boundary of the annulus; the coherence parameters ¢,
and e;,; determine the order in which points are met, and the direction in which
the paths will go. Anyway they will reach points on the same side of the annulus,
but on opposite sides of the bubble, hence they can keep walking along the original
bubble. This works because at every crossing there is an analytic extensions of ~
inside the bubble which crosses it from side to side. However in general this naive
procedure does not result in a couple of disjoint embedded arcs: already in the case
of a single crossing (N = 1) the analytic extension of v inside the bubble is used
twice, hence we do not get a new bubble.

To fix this we consider a small collar neighbourhood Af of A,; this can be
obtained by slightly pushing the boundary curves of A, into the hyperbolic core
of the adjacent components (i.e. away from A,). More precisely it can be taken
to be the region bounded by the couple of simple closed curves v41 = {z € St
A, | d(x,v) = e}, for some small € > 0, which develop to the two boundaries of
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the region MV.(7) = {Z € H? | d(7,7) < €}. Notice that the developing image is no
longer injective in the interior of AZf

We have that N A*f = ﬁf& U---U ﬂﬁ is a disjoint union of oriented bubbleable
arcs properly embedded in AiﬁE and such that g C ﬁ,f, which we still call crossing.
Moreover each crossing B,f will intersect 8Af in two points; let us label them by
I,;l and O,:rl in such a way that [,;1, 1., Oy, Ok+1 appear in this order along (; then
label the curves vi; so that I;' € y_; and Of' € 74,. Notice that for the other
crossings it may happen that I, '€ ~41 and O,;H € 741, according to the fact that
5,? enters in Aﬁ on the same side as Bfﬁ leaves it or not; however this is not going
to be a relevant in our construction.

R S TR T+ V-1 2l Y1
Oc| Of \ Ok 5;}/
G — -
BY 9 &
L'\ L/ B
¢ &
I I,
A# CP!

Figure 3.15: The extended annulus Aﬁ and the auxiliary objects.

Now for any k = 1,..., N we consider in the developed image in H? the geodesic

segment Q/’; from I Lto 6; and the geodesic segment é; from IAk to O,jl. This defines
for us an arc (; in Aff \ A, starting from I, ! and ending at the twin of Oy, and an arc
& in A%\ A, starting from the twin of J;, and ending at O}". Since 3 is embedded
and bubbleable, all these arcs are disjoint; notice that the behaviour of (; and &
in Af essentially mimics that of §; (e.g. they wrap around A, the same number
of times), with the only difference that they are entirely contained in the positive
region, while 3} crosses the real curve twice inside A,. To simplify the exposition
we also find it convenient to introduce an action of Zy = {£1} on all the auxiliary
objects we have defined: we let 1 act as the identity, while —1 acts by exchanging
an “entry object” with the corresponding “exit object”, i.e.

1., =0, —1L'=0" —1.¢G=¢&

Moreover notice that all arcs involved are oriented; for any path u, let 4~! denote the
same path with the opposite orientation. We now have all the ingredients required
to prove the following result. Recall that we are restricting to the easier case of
simple grafting and that we will address later the general case.
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Proposition 3.6.4. Let p : m1(S) — PSLyR be Fuchsian and let 0 € Msy, be a
bubbling of some oy € My, along a bubbleable arc 3 C oy such that 3 transversely
crosses some grafting annulus A, of oy but avoids all the other grafting annuli of oy.
Then o is also a bubbling of some other of, € My, along a bubbleable arc ' C o
which avoids all the real curves of oy,.

Proof. We will prove this by directly finding a new bubble with the required prop-
erties on Bub(oy, 5). Pick an orientation of 3; then we have all the auxiliary objects
defined above, in particular fix the orientation of v induced by the first crossing
a1 = (1. We will define a new bubble roughly in the following way: each time the
bubble coming from [ enters Af in correspondence of some crossing oy we will de-
scribe how to leave A# in correspondence of the crossing a4 by suitably following
some of the auxiliary arcs (the sign depends on some coherence parameters); then
we keep following £ until we reach another crossing, if any, and we iterate.

Let us now define a procedure to handle the k-th crossing in the developed i 1mage
(see Picture 3.16). Suppose B enters V. (7) in correspondence of ay, = Ba at wl (k)

for some w € {£1}. We begin by following w@"(k), so that we get to wO (k). We
now distinguish two cases according to the relative position of the endpoints of the
two crossings aj and Qe

1. if wgk,kerekfa(ngk) sits after w@,(k) along 7+, then we follow 7*¢ until we
reach it; we meet iy e, at that point wey, jiwe, Lo(ktwe,) and then we can follow

E we

the arc weg gywe, &, ,ff;rak)’“
2. otherwise wek,kﬂ,ekf (k+wey,) Sits before wOU(k along 7*¢#, then the fact that
[ is embedded implies that —wek,mwskl (k+wey,) 18 after wO ; in this case we

msk k+w5k

can move a little off 5 along 5“ to meet the arc ng,k+wskfg(k+wgk)

a]: Jf:;e)’“ and reach We ke, 5+(1k o)
Then we are ready to leave N.(7) along 5“*##+~=. We use this rule to define a path
5 in CP!, starting from the first endpoint of ﬁ

We should explicitly remark that it is possible that [ goes around some topo-
logy of the surface between two crossings [§r and [.1; in this case its developed
image does not come back to the region N.(7), but to a different region g\ (¥) for
some Mobius transformation which depends on the topology around which 3 travels
between [y and ;1. However translating V. (7) with the holonomy of the structure
does not produce overlaps; this follows from the fact that the developed images of
the geodesic v for the underlying uniformizing structure o, are disjoint and the fact
that € > 0 can be chosen to be arbitrarily small. On the other hand, if the path
does not go around topology (so that [ keeps intersecting the same region N.(7)),
then it is enough to notice that the above procedure is completely reversible, in the
sense that at any point the knowledge of what arc we have used at the most recent
step is enough to know what arc to use to perform the next one, and viceversa. This
implies that the path 8 which is constructed by the above rules does not pass more
than once through any of its points. R

Finally let us consider what happens to the parts of 5’ which are outside the
region N (7) and its translates. By construction they come from portions of 8 which

In both cases we follow the arc wey piwe, &,
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Flgure 3.16: The path 6’ in CP': the k-th crossing in the case w = & = €11 = 1
and ]cr(k—l—l) sits after O (k) along 7.

are outside the grafting annulus A,; moreover by hypothesis 5 does not intersect
other grafting annuli. Therefore the developed images of these arcs are the same
they would be in the underlying uniformizing structure o,, in particular they are
all disjoint. This proves that the path B’ is embedded in CP!. Moreover since the
number of marked points ( w/l, ' and wij ) is finite, it definitively reaches the point
OJrl After that point we keep following 5 till the end, i.e. its second endpoint. To
sum up, B’ is an embedded path with the same endpoints as 5 but entirely contained
in HZ2.

We can now follow this path on Bub(oy, 3) to identify a new bubble (see Picture
3.17). We start at the branch point of Bub(oy, ) which is the first with respect to the
chosen orientation of § and follow the two twin paths developing to B which give the
boundary of the natural bubble of Bub(oy, ). Then we check that at each crossing
ay, there is a couple of embedded arcs developing to subarcs of B\’ which fellow travel

from the entry point wl (}g) to the exit point wek7k+w€k0j(1k twe)” This follows from

the fact that the auxiliary arcs ( and & intersect [f only at the points [, U and
O;', hence the copies of ¢, and & inside the bubble coming from 3 cross it from
side to side and at the same time they also cross the grafting annulus. As observed
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Figure 3.17: The new bubble on the surface: the k-th crossing in the case w =
€k = Ekpt1 = 1 and I, 41y sits after Oy along 7. (The two bubbles are shaded at
different angles).

before, the procedure does not use the same auxiliary object twice; this guarantees
that coming back to the grafting annulus does not result in new intersections, so that
these paths developing to 5’ are actually the boundary of a new bubble. Debubbling
with respect to this new bubble gives the desired unbranched structure o, with a
bubbleable arc 4" such that Bub(og, 3) = Bub(oy, 8'). Notice that by construction

3 does not intersect any real component of o, because 3’ sits entirely in H?. [

Depending on the intersection pattern between 3 and A,, we have different
possibilities for what of, looks like. We are in particular interested in the easiest
case, which is the one in which 8 crosses A, just once: the structure of, of the
previous result is exactly the one obtained by degrafting oy with respect to A, as
established by the following result, which provides a converse to [8, Theorem 5.1].

Corollary 3.6.5 (Degrafting Lemma). Let p : m(S) — PSLyR be Fuchsian. Let
oo € My,, A, C oy a grafting annulus and 3 C og a bubbleable arc which trans-
versely crosses A, just once. Then there exists o) € My, and a bubbleable arc

p' C oy such that oy = Gr(oy,y) and Bub(oy, ) = Bub(a), ).
Proof. In the previous notations, we have that ay = . Therefore the new bubble
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produced by the above procedure does a full turn around A, and encompasses the
whole real curve contained in it before leaving it. Debubbling with respect to this
bubble produces a structure which has no real curves in the homotopy class of ~.
By Goldman classification (see [16, Theorem C]), it must be the structure obtained
by degrafting oy with respect to A,. O

We now address the more general case in which S might cross a grafting region
coming from a multigrafting, hence we resume the notation A, = A; U---u A,]y for
the grafting region obtained by grafting M times the simple closed geodesic 7y of o,,;
recall that A, is obtained by taking M copies of (CP'\ ¥)/p(v) and gluing them in
a chain along their geodesic boundaries, so that we see M + 1 parallel copies of the
geodesic 7.

What we want to do is to subdivide A, in disjoint annular regions in such a
way that we are able to follow the procedure described above for the case of a
simple grafting inside each of them. The natural subdivision given by the grafting
annuli A’; does not work: the procedure described above makes use of auxiliary
curves parallel to v obtained by slightly enlarging the grafting annulus; if we did the
same here we would see a lot of overlaps. To solve this problem we consider more
auxiliary curves on each side of the grafting geodesic, as many as the number M of
grafting annuli which compose the grafting region A, = AL U---U A, For instance
we can consider the curves vy, = {z € 0, | d(x,7) = he} for h = 1,..., M and
an arbitrarily small ¢ > 0. They clearly develop to the boundaries of the regions
Nie(7) = {Z € H? | d(Z,7) < he}. Recall that the grafting annuli A? and A"
meet along a copy of the grafting geodesic 7, hence around each of these copies we
have well defined copies of the curves v, for j = —M, ..., M, which we denote in the
same way by a little abuse of notation; of course 7, is exactly 7 (see Picture 3.18).

Given an oriented bubbleable properly embedded arc § which transversely cross
A, from side to side, we can consider the crossings given by its intersections with
the grafting annuli A}VL. Let us label the grafting annuli and the auxiliary curves -;
so that the first annulus met by [ is A; and the first auxiliary curve is v_,;. We
obtain a doubly indexed family of crossings: 4 will be the k-th time (with respect
to the orientation of §) that 3 crosses the annulus Az. We explicitly remark some
preliminary facts. First of all the transversality assumption implies that once [
enters in A, it has to leave on the other side, so that in each annulus A;‘ we see
the same number of crossings, which we call N. Secondly since g is bubbleable and
all the grafting annuli have the same developed image, we get that the crossings
B, ..., BM have the same coherence and hence induce the same orientation of 7.
Therefore we can consistently orient everything using 3. As before this allows us
to order the crossings according to the cyclic order in which they appear along this
orientation; once again we obtain a doubly indexed family of crossings af = Bc’j(k)
for some permutation ¢ € Gy such that o(1) = 1. Notice that the permutation o
is the same for all the annuli A}W e ,Af‘f because 3 is embedded, and that the exit
point for 8 coincides with the entry point of B,i‘“.

Exactly as before we need to define some auxiliary points and arcs. Recall
that around each parallel copy of v we have a whole package of curves which we
have labelled v_p;,...,vy. Let us denote by Aﬁ the annular region containing A,
and bounded by 74/, and by A’;# the annular region contained in A#, bounded by
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Figure 3.18: The extended region Aﬁ and the auxiliary curves v; in the case M = 2.

Y_ma2on—1+1 and containing exactly two real curves, for h = 1, ..., M; roughly speak-
ing these regions are obtained by slightly moving A’; by a certain amount of € depend-
ing on the index h. Notice that the annuli A" have disjoint interior and meet pair-
wise along some ;: more precisely Ag# meets Ag*l# along v_pr4on. Let us define the

crossing 6,?# =p4N A’;# and label the intersections of BZ# with v_nrion_9, V- nrion—1

and y_ppyon by I M12h72 [oMA2L G ML O MA2h 4y guch a way that they
M+2h _ p=M+2(ht1)-2

appear in this order along 3. Notice that O, htl and that a point
whose apex is 7 belongs to an auxiliary curve labelled 47, according to the fact that
that crossing enters the grafting region on the same side as 3; or not.

Finally let us define (5 to be the geodesic from f;kM”h_Q to 6,;,3”“’1—1
J-M+2h—1 to 6—M+2h
hk hk

and
§hk to be the one from , in complete analogy to the case of a
simple grating. Then we apply the same procedure described in that case modifying
a crossing BZ# inside the annulus Az#. Notice that A’;# is almost as good as a
genuine grafting annulus, in the sense that the open annular subregion between two
copies of v_pr10n—1 is injectively developed.

Proposition 3.6.6. Let p : m1(S) — PSLyR be Fuchsian and let 0 € Msy, be a
bubbling of some oy € My, along a bubbleable arc 3 C oy such that 3 transversely
crosses some grafting region A, = A}/ U---u Ay of og but avoids all the other
grafting regions of oog. Then o is also a bubbling of some other o, € My, along a
bubbleable arc ' C o) which avoids all the real curves of o).

Proof. The strategy is the same as in the case of a simple grafting (i.e. M =1, see
3.6.4), with the only difference that the procedure which resolves the crossing ol
must take place inside the annular region A’;#. These regions are precisely defined so
that what happens inside one of them is completely independent from what happens
inside the adjacent ones. O

Now that the ideas and the main construction have been explained in detail, let
us consider the general case of an arc which crosses many grafting regions. Notice
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that under the assumption of the next theorem the endpoints of 3 are outside any
grafting region.

Theorem 3.6.7. Let p : m(S) — PSLoR be Fuchsian and let ¢ € My, be a
bubbling of some oy € M, along a bubbleable arc 8 C 0. Assume that every time
B intersects some grafting region of oo it actually crosses it transversely. Then o is
also a bubbling of some o € My, along a bubbleable arc ' C of, which avoids all
the real curves of oy,.

Proof. The strategy is to use the same technique used in 3.6.4 and 3.6.6 in any
grafting annulus or region met by 3. Notice that now between two crossing of a
grafting region A, it is possible that 5 meets some other grafting region As, for a
different homotopy class §. If we tried to resolve the intersections between 5 and
A, it would be impossible to control the behaviour of the developed images of the
subarcs coming from [ N Ag, i.e. to prove that the above procedure produces an
injectively path in CP!. A way to avoid this kind of problems, is to apply the
procedure of 3.6.6 simultaneously to all grafting regions met by [, without trying
to handle different grafting regions one by one. To check that everything works as
desired, it is enough to observe that any two different grafting regions A, and As
are disjoint and that also the p-orbits of their developed images are disjoint; this
follows from the fact that this holds for any couple of simple closed geodesic on
the underlying uniformizing structure. This construction realises Bub(oy, 5) as a
bubbling of another structure o(, along an arc 8’ as before; by definition it avoids
the real curves, exactly because we have replaced the portion crossing the grafting
annuli with small geodesic arcs entirely contained in H?2. O

We have already mentioned that [8, Theorem 5.1] states that any simple grafting
can be obtained via a sequence of one bubbling and one debubbling, and we have
proved an analogous statement for a simple degrafting in 3.6.5 under the assumption
of (quasi-)Fuchsian holonomy. Under the same assumption, we can now obtain the
same statement for any multi(de)grafting, by 3.6.7. In particular we can show that it
is possible to completely degraft a structure and recover the uniformizing structure
o, by just one bubbling and one debubbling.

Corollary 3.6.8 (Multi(de)grafting Lemma). Let p : m1(S) — PSLoR be Fuchsian
and o, the associated uniformizing structure. Let oy € My, and 8 C oo a bubbleable
arc which transversely crosses all the grafting region of og exactly once. Then there
ezists a bubbleable arc 5, C o, such that Bub(oy, 8) = Bub(o,, 5,).

Proof. Let A,,,..., A, be the grafting regions of og. By 3.6.7 in Bub(oy, ) we
can find another bubble avoiding all real curves. Debubbling with respect to this
bubble gives an unbranched structure without real curves, as in 3.6.5; once again by
Goldman classification in [16, Theorem C] it must be the uniformizing structure. [

Notice that the roles of oy and o, are symmetric in the above statement, in
the sense that the same proof also proves that any multigrafting on o, can be
obtained via a sequence of just one bubbling and one debubbling. By Goldman’s
Theorem this means that any unbranched Fuchsian structure can be obtained by
the associated hyperbolic surface by a simple sequence of one bubbling and one
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debubbling. We have already observed in 3.5.7 that our main result, together with
results from [8], [9] and [16], implies that generically we can go from a BPS o with
quasi-Fuchsian holonomy and at most 2 branch points to another structure 7 with
the same holonomy and at most 2 branch points by a finite sequence of bubblings
and debubblings. Now 3.6.8 lets us obtain an explicit and uniform bound on the
number of steps needed in such a sequence.

Corollary 3.6.9. Let p : m(S) — PSLyC be quasi-Fuchsian. There is a connected,
open and dense subspace of full measure B C My, such that if o,7 € M, ,UB then
T is obtained from o via a sequence of at most three bubblings and three debubblings.

Proof. 1f o and 7 are unbranched, then as already observed this follows directly from
3.6.8 above (and Goldman’s Theorem): a sequence made of one bubbling, one de-
bubbling, one bubbling and one debubbling is enough. To deal with branched struc-
tures we can take B to be the space of structures obtained by bubbling unbranched
structures provided by 3.5.6; then one more bubbling and one more debubbling are

enough to reduce to the unbranched case (see the following diagram). ]
1 debub 1 bub 1 bub 1 bub
o 90 Tp 7o T
1 debub 1 debub

Let us remark that this result provides an explicit generically positive answer
(in our setting) to the aforementioned question asked by Gallo-Kapovich-Marden in
[13, Problem 12.2].
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Chapter 4

The complex-analytical point of
view

If in the previous chapters we studied spaces of structures with a fixed holonomy
representation, in this one we want instead to look at the complex structure underly-
ing a BPSs (see 1.1.4). We will provide constructions of BPSs coming from complex
geometry (namely ODEs on a Riemann surface, or branched covers of CP') and also
consider the effect on the complex structure determined by a deformation inside
the holonomy fibre My, ,. The main technical result of this chapter is a criterion
which relates the geometry of the branching divisor of a BPS with the existence of
local deformations of it which preserve both its holonomy and its underlying com-
plex structure (see 4.3.9); we also discuss applications to the existence of compact
submanifolds in My, , (see 4.3.12).

4.1 Structures from ODEs on Riemann surfaces

We begin by recalling a classical construction of a family of BPSs having the same
holonomy representation and underlying complex structure. Let us fix a complex
structure X € 7(S) and denote by E = X x C? the holomorphically trivial rank
2 complex vector bundle on X. It is naturally equipped with a holomorphic linear
connection Vy = %. More generally, it is a standard fact that any other holomorphic
linear connection on F is of the form V4 = Vi, — A for some A € H°(X, K ® gl,C),
where K denotes the canonical divisor of X and gl,C denotes the endomorphism
bundle End(E) of the trivial bundle FE.

Definition 4.1.1. A (holomorphic linear rank 2) ODE on the Riemann surface X
is the datum of a holomorphic linear connection V, = Vy — A on the trivial bundle
E =X x C? for some A € H'(X, K ® 5l,C).

Of course this can be also seen as a SLyC-Higgs bundle with trivial underlying
vector bundle. Let us recall the following classical fact.

Lemma 4.1.2. A holomorphic linear connection on a holomorphic vector bundle
on a Riemann surface X is flat.
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Proof. If V' is a holomorphic vector bundle on X, then the curvature of a holo-
morphic connection on V' would be a holomorphic End(V')-valued two forms, i.e. a
holomorphic global section of (K A K) ® End(V'). But there are no holomorphic
2-forms on a Riemann surface, by dimension reasons. O]

The flat sections of V are the holomorphic sections of E for which Vq(s) = 0,
i.e. constant functions ¢ : X — C?; they give rise to a foliation of E by horizontal
surfaces of the form X. = X x {c} for ¢ € C?, which has trivial holonomy. More
generally the flat sections of V4 give rise to a foliation of E by surfaces transverse
to the fibres of E which are defined in local complex charts (U, z) by {(z,w) €
U xC? | w=u(z)} where u : U — C? is a solution of

2% (2) = Au(2)
We can lift the ODE to the universal cover, so that local solutions can be analytically
continued. A solution can therefore be seen as a holomorphic map u : X — C? which
is equivariant with respect to the action of m1(X) on X by deck transformations and
on C? by some monodromy representation pa : m(X) — SLyC which is determined
by A. The following question

Problem: Which representations p : m1(S) — SLyC occur as monodromy rep-
resentation of some ODE V 4 on a Riemann surface diffeomorphic to S?

is a formulation of the Riemann-Hilbert problem which is still open. For instance
it is not known whether real or discrete representations occur (whereas it is known
that unitary representations can not, see 4.1.7 below). One approach to this question
is based on the observation that if a representation is the monodromy of some ODE
on a surface of genus g > 2, then the holonomy fibre My, , inside the deformation
space of BPSs on S contains a holomorphic sphere. We are now going to explain
this classical construction.

Definition 4.1.3. A fundamental matrix for the ODE V4 is a holomorphic map
® : X —SLyC whose columns are a basis for the vector space of solutions (on the
universal cover).

It is classical that such a map always exists and is p4-equivariant, i.e.
Vv € m(X), Py = @pa(y)”!

Moreover if @' is another fundamental matrix then " = ®¢ for some g € SL,C. We
are now going to use the tools we have introduced to define a family of BPSs on X.
The following is an immediate consequence of the uniqueness of solutions for the
Cauchy problem for the ODE.

Lemma 4.1.4. Let u: X — C? be a solution. If uw vanishes at a point, then u = 0.

As a result we can projectivize the whole picture. Namely let P = P(F) =
X x CP! be the trivial CP'-bundle on X. For any connection V4 as above we
get an induced flat Ehresmann conncetion F4 on P transverse to the fibres of P:
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the leaves of the corresponding foliations are given by surfaces locally defined by
{(z,w) € U x CP' | w = [u1(2) : us(2)]} where (U, 2) is a local complex chart on X
and u: U — C? is a solution of 2%(z) = A(z)u(z); notice this is well defined by the
previous lemma. In particular for A = 0 we recover the foliation of P by horizontal
surfaces of the form X, = X x {c} for ¢ € CP'. The monodromy of this foliation is
precisely the projectivization of the linear monodromy of V 4, which we still denote
by pa : m(X) — PSLyC.

As soon as A is irreducible (i.e. it has no non-trivial invariant subbundles) none
of the horizontal surfaces X, is flat for V4, therefore ¢ : X — X. C P defines a
section of P which is generically transverse to the foliation induced by A, and is
therefore endowed with a branched complex projective structure, which we denote
by 04.: namely, the parallel transport along F4 gives a way to map open sets of X,
to a fixed fibre of P. More precisely, as observed in [10], a developing map for o4,
is given by B

deva.: X — CP' deva(2) = ®(2)7'c

where ® : X — SL,C is a fundamental matrix for the ODE. By construction this
map is pa-equivariant, as the following direct computation shows: let v € m(X)
then we have that

devao(vz) = ®(y2)te = (D(2)pa(y) ™) e = pa(7)®(2) "'e = pa(y)deva(z)

P

Fa /\/

Figure 4.1: The flat projective bundle picture.

Moreover the branching divisor of o4, corresponds to the tangencies between
F4 and the horizontal section X x {c¢} C P; its degree can be computed by some
index formulae and turns out to be 2g — 2. The following, which is proved in [10,
Lemma 6.1-2], gives an complete dictionary between ODE’s on Riemann surfaces
and holomorphic spheres in the holonomy fibres My, o ,.

Proposition 4.1.5. Let X € T(S) and let A € H(X, K ® sl,C) be irreducible.
Then the map ¥4 : CP! — Mog_9,,,¢ = 0ac is a holomorphic embedding. Con-
versely, let p : m(S) — PSLyC be an irreducible representation which can be lifted
to SLyC. Then for any compact holomorphic curve f 1Y — Mayg o, there ewist
X e€T(9), Ae HY (X, K ®sl,C) and a meromorphic map h : Y — CP! such that
f=2%40h; in particular f(Y') has genus 0.
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In the following we will refer to ¥, : CP! — Moyg_3,, as the rational curve
induced by A through the ODE it defines. It is a sphere of structures which, by
construction, share the same underlying complex structure X and holonomy repres-
entation p4. Contrast this situation to the case of unbranched projective structures,
where, by a classical theorem of Poincaré (see [18, Theorem A and 15]), the projec-
tions from P(S) to Teichmiiller space and the PSLyC-character variety are transverse
(i.e. fibres intersect transversely). Here in the intersection between two fibres we find
a 1-dimensional family of structures; a local parameter is of course given by local
deformations (e.g. movements of branch points). The branching divisor of these
structures induced by ODEs enjoy a particular status, as shown by the following.

Lemma 4.1.6. Let A € H*(X, K ® sl,C) be irreducible, ¢ = (¢, c2) € C*\ {(0,0)}
and let o4, € Mag_s,, be the induced BPS. Then the branching divisor div(oa,) is
canonical for the underlying complex structure X.

Proof. As said above, the branch points occur exactly at tangencies between the
foliation F4 and the horizontal section X, = X X {[c; : ¢]} inside the projective
bundle X x CP!. A direct computation using the local expression for the foliations
shows that this occurs exactly at points z € X at which ¢ = (¢1, ¢g) is an eigenvector
for A(z). Since E = X x C? is the trivial bundle, we have that H(X, K ® s[,C) =
H°(K)®3; more explicitly, A can be written as

A= ( i i ) for a;; € H(X, K)

21 —a11

Then we see that z is a point at which ¢ = (¢, ¢2) is an eigenvector for A(z) if
and only if the following conditions are satisfied

{ c1a11(2) + ca12(z) = 1 A(2)
C1a91(2) — c2a11(2) = A (2)

where A € H°(X, K) is an eigenvalue of A. Since ¢y, ¢y are not both zero, let us
assume ¢; # 0, express A(z) = a11(2) + Zai2(2) and obtain therefore that

clag (2) — 2e1c0a11(2) — c3a12(2) =0

In other words the branching divisor of 04 . is exactly the zero divisor of the abelian
differential ©4 . = C%(lgl — 2¢1Coa11 — Caay9. O

We will obtain another proof of this fact below in 4.3.11 by more analytic tech-
niques. Let us conclude, for completeness, by recalling the following folklore obser-
vation, which tells us that unitary representations can not arise from ODEs; this
answers negatively the above Riemann-Hilbert-like question for these representa-
tions.

Lemma 4.1.7. Let p : m(S) — PSLyC be the monodromy representation of an
ODE Ou = Au on a Riemann surface of genus g > 2. Then the image of p can not
be contained in the unitary group PSU(2).
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Proof. Assume by contradiction that p(m(S)) € PSU(2). Then it preserves the
standard unit metric of CP! obtained by identifying it with the standard unit sphere
S?, since PSU(2)=SO3R=Isom™(S?). By the above considerations we know then
that My,_o , is not empty; structures in it will carry a natural Riemannian metric
with constant sectional curvature 1 and 2g — 2 cone points of angle 47. A direct
computation shows that this is absurd; namely we have

2 2m — 4w

X(S) = 5 =

=1

but by Gauss-Bonnet this computation should be equal to the volume of the metric,
which of course should be a strictly positive number. O]

In the next sections we look for conditions on a structure o € Mj , which
guarantee the existence of local deformations which preserve both the holonomy
and the underlying complex structure, keeping in mind this example of structures
induced by a BPS. For example, as we will see, having a canonical divisor is a
necessary condition for the existence of these deformations.

4.2 Interlude: Riemann-Roch computations

This section is devoted to proving the existence of holomorphic quadratic differ-
entials with a given behaviour by means of computations with the Riemann-Roch
theorem. Let X be a Riemann surface of genus g > 2. For any divisor F let us
denote by hY(E) the dimension of the space of global holomorphic section of the
holomorphic line bundle associated to E. We denote by K the canonical divisor of
X. We will freely confuse a divisor with the associated holomorphic line bundle,
and use the same letter to denote them, switching from additive to multiplicative
notation depending on the point of view.

Lemma 4.2.1. Let E be a divisor, and let L = 2K + E. Then
1. If 2 —2g < deg(E) <0 then h°(L) = 3g — 3 + deg(E).
2. If deg(E) =2 —2g and —FE # K then h°(L) = g — 1.
3. If deg(E) =2 —2g and —FE = K then h°(L) = g.

Proof. We will use the classical fact that a line bundle of negative degree has no
global sections, and that the only line bundle of degree 0 with non trivial global
sections is the trivial one, which has just constant functions as global sections. By
Riemann-Roch we get

h(L) = deg(L) +1— g+ h°(K — L) = deg(E) + 3 — 3g + h°(—K — E)
In the first case deg(—K — E) < 0 hence h’°(—K — E) = 0. In the second case
deg(—K — E) =0 but —K — E # 0, hence h°(—K — E) = 0 too. In the last case
deg(—K — F) =0 and —K — E =0, hence hl°(-K — E) = 1. O
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Notice that for £ = 0 this recovers the dimension of the space of quadratic
differentials Q(X) = H°(X, K?); for any divisor E let us also define Qg(X) = {a €
Q(X) | (o) + E > 0}. In particular if £ < 0 then Qg(X) consists of holomorphic
quadratic differentials vanishing on the points of ' with prescribed multiplicity.

Lemma 4.2.2. Let D = Z?Zl A;p; be a divisor on X of degree 0 < deg(D) < 2g—2.
Then the following holds:

1. if D # =K, then for any j = 1,...n and for any r = 0,...,\; there exists a
holomorphic quadratic differential with a zero of order exactly \; —r at p; and
with a zero of order at least A\, at p; for 1 # 7.

2. if D = —K, then for any j = 1,...n and for any r = 1,...,\; there exists
a holomorphic quadratic differential with a zero of order exactly A\; —r at p,
and with a zero of order at least N\; at p; for | # j; moreover a holomorphic
quadratic differential with a zero of order exactly A\; — 1 at p; and with a zero
of order at least \; at p; for I # j actually has a zero of order \; at p;.

Proof. Let us fix some index j. For r =0,...,\; we define
D, =rpj—D=—(\; —r)p; — Z)\lpl
1]

and get a chain of subspaces
Q-p(X) =@py(X) € ...Qp,,(X) C@p.(X)--- € Qp, (X) CQAX)

An element Qp, (X) \ @p,_,(X) is a holomorphic quadratic differential with a zero
of order exactly A\; — r at p; and with a zero of order at least A\; at p; for I # j.
Therefore to conclude it is enough to show that all the inclusions are strict. To do
this we compute the dimension of this space, by exploiting the fact that
Qp,(X)={ae€Q(X) | (a)+ D, >0} = H'(X,2K + D,)

and the dimension h°(2K + D,.) of the right-hand-side can be compute by the pre-
vious lemma: indeed we have deg(D,) = r — deg(D), so that 2 —2g < deg(D,) < 0.

Let us begin with the case deg(D) < 2g — 2. In this case 2 — 2g < deg(—D) =
deg(Dy) < D, < 0. Therefore by 4.2.1 we get

h°(2K + D,) = 3g — 3 +deg(D,) = 3g — 3 — deg(D) +r

which proves that in the above chain the inclusion Qp, ,(X) € @Qp,.(X) is 1-
codimensional.

Let now consider the case deg(D) = 2g — 2. In this case deg(D,) = 2—2g+7, so
that the previous discussion applies as soon as r > 0, but we need to check carefully
the case r = 0. Indeed, if D # —K, then by 4.2.1

W (2K + Do) =g—1
h'(2K + Dy) = 3g —3+deg(Dy) =39 —3+1—deg(D) +r =g

so that also in this case all the inclusions Qp, ,(X) C Qp, (X) are 1-codimensional.
On the other hand if D = — K, then

R’ (2K + Dy) = g = h°(2K + D))
i.e. in this case the first inclusion Qp,(X) C @p,(X) is actually the identity. O
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4.3 Schiffer variations from movements of branch
points

We have introduced in 1.4.23 a family of local deformations of a BPS o defined
around any branch point of o; when p : m(S) — PSLyC is non elementary these are
known (by [8]) to provide local coordinates to the moduli space Mj, ,, as already
mentioned in 1.4.22. Recall from 1.1.4 that any BPS has an underlying complex
structure. Here we want to understand how this changes through a movement of
branch points, i.e. to which extent a local deformation of the projective structure
induces a deformation of the underlying complex structure. We are going to do this
via an explicit computation of a Beltrami differential. This requires of course a more
analytic approach to the surgery defined in 1.4.23.

Let 0 € My, be a BPS on S, and let p be a branch point of order ord(p) =
A =m —1 > 1. The underlying complex structure X € T(S) is defined by the
requirement that for any local projective chart (A, d) the map d is holomorphic as
amap d: A — d(A) C C with respect to the restriction of this complex structure
to A. We begin by finding a normal local expression for the projective charts.

Lemma 4.3.1. If p is a branch point of order m — 1 on a BPS o with underlying
complex structure X, then for any projective local chart (A,d) for o at p there exists
a complex local chart (A, p) for X at p such that do @™ : p(A) — d(A) is given by
dop Hz) = 2™+ o(z™).

Proof. Let (A,1) be any complex chart on A for X. Then do ¢! : ¢(A) — d(A)
is a holomorphic map such that d o ¢~1(x(p)) = d(p). Moreover 1)(p) is a critical
point of order m — 1 for it, since p is a critical point of order m — 1 for d and
¥ is a diffeomorphism. Hence, if w is a complex coordinate on 1(A) we have an
expansion of the form d o ™' (w) = a(w — ¥(p) + d(p))™ + o((w — ¥(p) + d(p))™)
for some a € C*. Let us pick a A € C* such that A = a and consider the affine
transformation a : C — C, a(w) = Mw — (p) + d(p)). Replacing ¢ by ¢ = a o)
does not change the complex structure, since « is holomorphic. Then (A4, ¢) is still a
chart for X; if we use z = a(w) as a coordinate on ¢(A), then a direct computation
shows that

doyp™(z) =doy ™ oa™(2) =doyy T (A2 +9(p) — d(p)) =
=a(A ') +o((A12)™) = ad ™2™ + 0(2™) = 2™ + o(2™)
as desired. O

Let now fix some objects. Let o be a BPS defined by some atlas U, and p € o
be a branch point of order m — 1. Let (A,d) be a local projective chart at p, and
let (A, ¢) be a local complex chart for the underlying complex structure, chosen as
in 4.3.1. Let us pick an open set B such that p € B C A and such that for any
other projective chart (U,g) € U \ {(A,d)} we have ANU C A\ B. Let z be a
coordinate on ¢(A) and w on d(A) and let us denote by ¢ the holomorphic map
c=dopt:p(A) = d(A),c(z) = 2"+ o(z™).

By 1.4.24, we know that any movement of branch point (i.e. local deformation
which does not change the structure of the branching divisor of o, or, equivalently,
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which keeps it inside the stratum M, ,) can always be performed by deforming a
local projective chart via a straight-line isotopy. Therefore let us consider a point
q € d(A); then we can find a small neighbourhood C' C B of p and a smooth bump
function n : d(A) — [0, 1] which is compactly supported in d(B), n = 1 on d(C)
and also such that we get a well-defined isotopy H : [0, 1] x d(A) — d(A), H(t,w) =
w + tgn(w). In particular, the map H; : d(A) — d(A), H(w) = H(t,w) is a smooth
isotopy of d(A) which is projective on d(A)\ d(B) and on d(C), as it coincides there
with the identity and with the translation w — w + tq respectively.

@ dt - th

ueC

Ct = dt@t_IJ

@)

Hy(w) = w + tqn(w) ’

w € CP! v € CP!

Figure 4.2: Local analysis of the movement of a branch point.
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Let us define d; = Hyod : A — d(A), which gives an element in the Hurwitz
space H(d). Then replacing the chart (A, d) with the chart (A, d;) gives a new BPS
on S, which we denote by ;. Let us denote by X; the complex structure underlying
o;. With the same argument of 4.3.1, we can obtain a local complex chart (A, ¢;)
for the complex structure X, such that we get ¢, := d; o, ' : 0 (A) — di(A) = d(A)
is given by ¢(u) = tq + u™ + o(u™) for a coordinate u on ¢;(A). We can choose
a diffeomorphism F; : p(A) — ¢ (A) which lifts H, : d(A) — di(A) = d(A) (i.e.
Hyoc = ¢ o Fy); among the possible lifts, there is exactly one which satisfies
Fy 0 o = ¢, and we choose this one.

Notice that F; will be holomorphic ¢(A) \ ¢(B) and on ¢(C'), but not elsewhere;
also notice that if ¢(A) = ¢(A) then the deformation of the complex structure
would be trivial, as observed in 1.4.20. Anyway this is never the case: indeed F;
can be regarded as a sort of Schiffer variation of the underlying complex structure
(see [30]). To get a feeling of this we can try to get a geometric description of the
domain ¢;(A) as a subset of the complex plane with coordinate u € C. Without loss
of generality, we can assume that d(A) =D = {|Jw| < 1}; then d;(A) = {|v| < 1}.
Then the map ¢; will take the form v = ¢,(u) = tqg + >, exu’, with e,, = 1, and
the domain ;(A) of the u-plane is the one which is mapped by ¢; to the unit disk
di(A) = {|v| < 1} in the v-plane. A direct computation shows that

1= v = (tq +> ekuk> (tq+ Zéhﬂh> =

k>m h>m
= t*qg + 1q E epuf +tq E e + E E eneptuf =
k>m h>m 1>2m h,k>m;h+k=l

= tlq* +1 Z (qeru® + gex®) + e u"Enu™ + o(uP™) =
k>m
2m—1
= t*|q|* + 2t Z Re(Gegu®) + |u)®*™ + o(u®™)
k=m
In other words ¢;(A) is a domain bounded by a curve defined by an equation of the

form
2m—1

Plg)* +2t ) Re(geru®) + |ul*™ + o(u®™) = 1 =10
k=m
Example 4.3.2. Let us consider the easy case of a simple branch point in which
A =1,m = 2; let us also assume that the local charts take the form d(A) = {|w| =
1}, di(A) = {|v]| = 1}, w = ¢(2) = 2? and v = ¢;(u) = tq + u*. Then the above
computations tell us that ¢;(A) is the domain of the u-plane bounded by the curve

t*q|* + 2tRe(qu®) + |u|* —1=0

Plotting this curve for values such that t¢ = 1 — ¢, for € > 0 small enough, we can
really obtain pictures consistent to the one shown on the right in 1.7. The map
Fy : ¢(A) = ¢i(A) from the unit disk in the z-plane to this bean-like domain is
smooth and holomorphic near the boundary and around 0. However it will not be
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holomorphic also on the remaining annulus, since it should map it to an annular
domain inside ¢;(A) which has different modulus. We can directly compute, from
the definition of the maps involved, that

Fy(2)* +tq = ai(Fy(2)) = Hy(c(2)) = Hy(2%) = 2% + tqn(2?)

i.e. the map F; : p(A) — pi(A) looks like Fy(z \/22 +tq(n(z?) — 1), which
coincides with Fi(z) = z around z = 0 and with F(z ) = /2% — tq near the boundary
of p(A).

We are now going to compute the Beltrami differential of the identity map idg of
the surface S considered as a map between the marked Riemann surfaces X and X;.
For convenience, let us introduce the notation F(t,z) = F,(z) and u(t, z) = u(z).

Lemma 4.3.3. In the above notations, the Beltrami differential p; of ids : X — X
is zero outside A, and with respect to the coordinate z over ¢(A) it is given by the
following expression

817 oc
g (e(2)) 5 ()

LGl ) 5EC)

pu(t,z) = (

Proof. The identity map reads as the identity for any choice of charts, with the
exception of the choice of charts (A, ) for X and (A, ;) for X;; by construction,
in these charts it reads as the map Fy : p(A) — ¢;(A), hence we reduce to compute
the Beltrami differential of F;. We recall the relation ¢,(F(t,2)) = H(t,c(z)) =
c(z) + tgn(c(z)). Taking the derivative with respect to z we obtain

g(;t (F(t, z))g—f(t,Z) = %(z) <1 * tqg_l(dz)))

and taking the derivative with respect to Z we obtain

Ocy oF dc, . On
ey il
(1 2) o (1,2) = oo (st (e(2)
OF OF 4 )
Comparing the two equalities we get the desired expression for p;(2) = g; . O
- (t,2)
0z

Let us now compute the first-order approximation at ¢ = 0 for this 1-parameter
family of deformations.

22 (e(2) 2 (2)

o ow 0z 0 (OF

Lemma 4.3.4. n 0,2) = 3¢ =5\ (0, 2)
—aZ(Z)
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. . 0 :
Proof. We can take a derivative in ¢ in the expression of d i from the previous

lemma to obtain ot
b TN T ) t )
r e gDy )
)T 112 el) ~ 1 el)
e
) 5 ) |
ey

and then we evaluate at ¢ = 0 to get the first identity. For the second one let
us recall the notation ¢;(u) = .-, ex(t)u” and the relation c(z) + tgn(c(z)) =
H(t,c(z)) = c(F(t,2)). Taking the derivative with respect to t we obtain

from which we obtain

a—F(t 2) = qn(c(2)) = 2 pom €L F(E, 2)
ot dcy

and, since by definition F'(0,z) = z and ¢y(F'(0, 2)) = ¢(z), at t = 0 we obtain

OF qn(c(2)) = Do € (0)2F
S (0.2) = Gt
@(z)

In this expression the only non-holomorphic term is 1, hence we obtain

9 <8F(07Z)) _ 0 | an(e(2) = Fpom 4 (0)2

oz \ ot 0z Oc
&(2’)
- Tg(el2)) oo (2)
= L2 (ne(e))) = Py
@(2) &(2)
which proves the second identity. O
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Remark 4.3.5. Notice that the first-order deformation at ¢ = 0 has an elementary
O-primitive: namely by the above computations we get

o 9 [ qnlc(2))
E(O, Z) = % 80
5;(2)

This will turn out to be useful in the following computations.

We are now going to compute an expression for the contraction of the first-
order approximation fiy of pu; at t = 0. Let us recall that p has order A = m — 1,

c(z) = 2™+0(2™), and let us introduce the notation 8—6(2) = 2™71g(2); in particular
z

g is a holomorphic function such that ¢g(0) = m.

Proposition 4.3.6. Let a € Q(X) = H°(X, K%) be a holomorphic quadratic dif-
ferential on X, and let o = a(2)dz? be its expression in the coordinate z on p(A).
Then

2mig 0" afz)
(m—2)! 9272 g(z)

_ 2mig M a(z)
S A=D 922 g(2) |,

< avﬂo >=

z=0

<04,/10>—/04ﬂ0_/04/10_
s A

where we restrict the integral over A since pu; is compactly supported inside it for
any t € [0, 1]. Then we can go in local coordinates in p(A)

Proof. We begin with

= a(z)f(z)dzdz = ang c(2)))dzdz
[ e@iney=az= [ o) 7 2 ((el=))

where the last equality comes from the above remark 4.3.5 and the fact that n is
constant on ¢(p(C)) = d(C) and c¢(p(A\ B)) = d(A\ B). We now observe that

0| etz | = ~52E L etz
E;;(Z) E;;(Z)

because « is holomorphic and dzdz = 0. Then we can continue from above and
obtain

:—/ d %i(z)n(c(z))dz =
w0 | £0)

to which we now apply Stokes Theorem

— g0 (2) c(z))dz 90 () c(z))dz = —qa(z) dz
Lo o) o) ) [ e
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where the last equality comes from the fact that, by definition, 7 is 0 in the first

integral and 1 in the second, and from the definition of g(z) = —C(z)zl_m. Now
2

observe that everything inside the last integral is holomorphic, therefore we can
apply the Cauchy’s integral formula to obtain the desired expression
_ 2mig 0™ afz)
(m—=2)! 92m2 g(2)

z=0
]

Example 4.3.7. In the case of a simple branch point, i.e. m = 2, we have ¢(z) =
2?2 + 0(2?), hence ¢g(0) = 2 and the above formula reduces to

< a, fiy >= miga(0)

Remark 4.3.8. These expressions hold only for the first-order approximation /i
of our deformation, therefore they will give information about the projection to
Teichmiiller space only at first order. To obtain statements about the deformation
itself, i.e. to reproduce the same computations with the full expression of u(t, z),
we would need to solve one of the following equations

on dc an oc

tg—I(c(z))=—(z t—(c(z))=(z
qa%;( >>@Z<a>c _ %@72) N el (87)7)(%( ) _ %(m)
(1+tq%(c(z))) 5. (%) 1+t -(c(2))

for some smooth function w : [0, 1] x ¢(A) — C holomorphic on ¢(C) and such that
w(t,z) = 0 on p(0B). What is needed is indeed a closed expression for w, analogous
to the one obtained in 4.3.5 for .

Theorem 4.3.9. Let p : m(S) — PSLyC be non elementary, k < 2g — 2, A\ =
(A1, ..y An) be a partition of k and 7 : My, — T(S) denote the restriction of
the projection to Teichmiller space to the the \-stratum of the holonomy fibre. Let
o € My, and let div(c) = 377, \jp; be its branching divisor. If div(c) is not a
canonical divisor on the underlying Riemann surface X = w(o) then o is a regular
point for ™ (i.e. ™ is an immersion at o).

Proof. Tt is classical that a deformation of a complex structure on a surface is trivial
if and only if the contraction of its Beltrami differential with any holomorphic quad-
ratic differential is trivial. By the above discussion we know that local deformations
of o inside M, , are precisely given by movements' of branch points. If (A;,d;) are
local projective coordinates, we know that these deformations are parametrised by
the choice of a point ¢ = (q1,...,qn) € H?Zl dj(A;). We are now going to show that
all these deformations change the underlying complex structure, by showing that
they are non trivial at first-order, i.e. we will show that there exists a holomorphic
quadratic differential the contraction of which with the first-order approximation of

'Recall that a movement of branch points is a local deformation which preserves the structure
of the branching divisor, i.e. does not involve any collapsing or splitting of branch points.
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our deformations is non trivial. If (A4;, p;) are the local complex charts around p;

associated to (A;,d;) in the sense of 4.3.1, with coordinate z;, and if ¢; = j%’l
and g;(z;) = g? (z])z , then by 4.3.6 we can write the contraction between any

holomorphic quadratic dlfferentlal a € Q(X) = H°%X, K?) and the first-order ap-
proximation jiy of the Beltrami differential of this deformation as

3)\<71%
"\ 2mig g
<Oé,U0> Z)\_jl )\71](2’])
2;=0
Then we observe that
o124 a Aj—2 il L
_gﬂ(z.): 1 o 10‘1‘(2,)_ N ()‘j) gj (Z,)a% ' lgj(z.)
07" i) | oy T L) 92 T g

By the Riemann-Roch computations in 4.2.2, under our hypothesis for any r =
0,...,); there exists a holomorphic quadratic differential al”l € Q(X ) which has a
zero of order exactly A\; — r at p; (not higher!) and a zero of order at least \; at p,

for = 2,...,n. Let us choose r = 2 and compute that
e
8)‘J'_1L 1 8)\1*1 [2}
9j 0) 7=1
— 20 =] 5o o
% 0 j=2,....n

Since by definition ¢;(0) = A; + 1, we conclude that

. 2miqy 5”\1_104[12]
< >= 0)#0
A1—1 2]
where we have 82A—“11(0) #£ 0 by the choice of al? made above. As a result, any

1
deformations inside the stratum M, , is non trivial at first-order. O

Corollary 4.3.10. Let p : m1(S) — PSLyC be non elementary and k < 2g—2. In the
principal stratum M 1),, any movement of branch points on a non canonically
branched structure changes the underlying complex structure. In particular for k <
2g—2 any movement of branch points in the principal stratum changes the underlying
complex structure.

Proof. In the principal stratum every local deformation preserves the structure of
the divisor, since it is not possible to split simple branch points. For the second
statement just observe that a divisor of degree k < 2g — 2 is never canonical. O]

Let us define the canonical locus of My, , to be the subspace given by struc-
tures whose branching divisor is canonical for the underlying complex structure, i.e.
KMy, = {oc € My, | div(c) = Kr(»)}, where m : My, , — T(S) always denotes the
projection to Teichmiiller space. Of course KMy, , is empty for k # 2g — 2.
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Corollary 4.3.11. Let p : m(S) — PSLyC be non elementary, let X € T(S) and let
F be a positive dimensional submanifold of 7=1(X). Then F N Ma,.1)p € KM,.

Proof. Let 0 € F, then T,F C kerdm,. If 0 € M, 1), then T,LMq 1), =

T, My, so that actually T, F C ker drsY . Then by 4.3.9 we get that div(o) must
be canonical with respect to 7(0) = X. O

The issue with non simply branched structures is that 7,F might not be con-
tained in T, M, ,, for instance if F' intersect the stratum transversely, so a priori
4.3.9 does not apply in the same straightforward way; nevertheless we can prove the
following.

Corollary 4.3.12. Let p : m(S) — PSLyC be non elementary and k < 2g — 2.
Then My, , does not contain compact complex submanifolds.

Proof. Let Z C My, be a compact complex submanifold. Since Teichmiiller space
is a Stein manifold, the restriction of 7 : My, — T(S) to Z must be constant, so
that Z C 7= 1(X) for some X € T(S). Pick some o € Z; it will be contained in some
stratum M, ,. If T,Z C T, M, ,, then we can apply 4.3.9 as in 4.3.11 and conclude
that o is canonically branched. On the other hand if 7,7 is not entirely included
in T, M ,, then it means that it is possible to perform a splitting of branch points
on o, i.e. to find some ¢’ € Z which is contained in some M) ,, for a partition
A obtained by splitting some entries of \; iterating this argument, we find some
om ¢ My, for which T,m)Z C T,m) My , and we reduce to the previous
argument to conclude that (™ is canonically branched. In either case we obtain
that a structure of Z is canonically branched, which is not allowed by the degree of
its branching divisor. O

We explicitly remark that 4.3.11 gives in particular another proof that the holo-
morphic spheres of BPSs induced by an ODE on X entirely consist of structures
which have canonical branching divisor, which was already proved in 4.1.6 by more
algebraic techniques. On the other hand comparing 4.3.12 with 4.1.5 confirms the
idea that there is a tight relation between canonicity of the branching divisor and ex-
istence of compact submanifolds, showing a significantly different behaviour between
the k < 2g — 2 and the k = 2g — 2 case.

4.4 Hyperelliptic structures

We now focus on BPSs which are endowed with an order two automorphism.
We begin by reviewing standard material about complex structures which admit an
order two biholomorphism.

Definition 4.4.1. A Riemann surface X of genus g > 1 is hyperelliptic if it satisfies
any of the following equivalent definitions

e there exists a meromorphic map 7y : X — CP! of degree 2

e there exists a biholomorphism J : X — X such that J? = id and X/J = CP*
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e there exists a biholomorphism J : X — X with 2¢g + 2 fixed points

e there exists a polynomial P € C[z] of degree D with simple roots such that X
is biholomorphic to the Riemann surface obtained by compactifying the affine
algebraic curve {(x,y) € C? | y* = P(x)} inside the total space of the line
bundle O(d) on CP!, for d = % ord= % depending on the parity of D

The map J is called the hyperelliptic involution of X.

A proof of the only non trivial equivalence of the above conditions can be found
in [29, Proposition I11.4.11]. In the last description, the hyperelliptic involution
reads as J(z,y) = (z, —y), and the projection to CP* as wx(z,y) = x. Moreover the
fixed points of J are exactly the critical points of 7y, i.e. the Weierstrass points of
X. This allows for an explicit description of the spaces of differentials on X. The
following is proved for instance in [12, II1.7.5 Corollary 1-2]

Lemma 4.4.2. Let {(z,y) € C* | y*> = P(x)} define a hyperelliptic Riemann sur-
face. Then we have that

Yy Y

1. {l‘jdz j:(),,,,7g—1} is a basis of HO(X, K)

2. {w]y‘éZQ,j :O,...,29—2} U {%‘M,j :O,...,g—S} is a basis of HO(X, K?)

In particular we see that J acts as —id on the space of abelian differentials
H°(X, K), whereas the space of quadratic differentials decomposes as a direct sum
of two subspaces on which J acts as ¢d and —id respectively; notice that the J-
invariant part is a (2g — 1)-dimensional subspace given exactly by the image of the
product map

HY(X,K)x H(X,K) = H*(X,K?), (o, ) = a® 3

Recall that every Riemann surface of genus 2 is hyperelliptic. Also notice that for
g = 2 the anti-invariant part is the trivial subspace, so that J acts trivially on
H°(X, K?) in that case.

We are interested in the study of BPSs which admit a projective involution
analogous to the hyperelliptic involution of a hyperelliptic Riemann surface. Recall
from 1.2 that Proj(o) denotes the group of projective diffeomorphisms of a BPS o,
and from 1.2.3 that projective automorphisms are in particular biholomorphisms for
the underlying complex structure. However conversely there is in general no reason
why a biholomorphism of the underlying complex structure should be projective for
the chosen projective structure.

Definition 4.4.3. A structure o € BP(S) is said to be a hyperelliptic BPS if
the underlying complex structure X is hyperelliptic with hyperelliptic involution J
and J € Proj(o).

Recall from 1.2.7 that J is projective for a structure o = (dev, p) if and only
if for any lift J to the universal cover there exists some g € PSLyC such that
dev o J = godev. As a warm-up let us show that every unbranched structure on a
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torus is hyperelliptic, which follows from this characterisation and the classification
of unbranched projective structures in g = 1 (see for instance [23]).

Lemma 4.4.4. Fvery unbranched projective structure on a torus is hyperelliptic.

Proof. Unbranched projective structures on a complex torus X, = C/spanz(1, 1)
are parametrised by C and are obtained as affine deformations of the uniformizing
structure o, = C/spanz(1,7) (seen as a projective structure). More precisely the
uniformizing structure has developing map D : C — P!, 2z — 2z with monodromy
p:m(X) =2Z®Zr — PSLLC,p(l)z = z+ 1 and p(7)z = z + 7; the affine
structures are parametrised by ¢ € C* and are given by D, : C — P! z s e
with monodromy p. : m(X) = Z @& Z7 — PSLyC, p.(1)z = ez and p.(7)z = 2.
The torus X, carries a canonical hyperelliptic involution J given by the map J :
C — C, z + —z on the universal cover. When we look at J in the developed image
of the uniformizing structure we see D(J(z)) = D(—z) = —z = R(D(z)) where
R € PSL,C is the rotation of 7 fixing 0,00 € CP!. For the other affine structures
we get D(J(2)) = D(—2) = e = D(2)"! = S(D(z)) where S € PSL,C is the
inversion in the unit circle centred at 0. In both cases we see that the involution
reads as a projective transformation in projective coordinates, hence in both cases
the structure is hyperelliptic. O

Let us now move on to the study of branched structures. In the following
examples we are going to look at the properties of the branching divisor. Re-
call the following classical characterisation; we use the notation £(D) = {f €
M(X) | (f) +D > 0} for the space of meromorphic functions on X with poles
bounded by a divisor D and ¢(D) for its dimension.

Lemma 4.4.5. Let X be a hyperelliptic Riemann surface with canonical map m :
X — CP! and let zy € CP'. Then (g — 1)7(20) is a canonical divisor.

Proof. Let zy be a branch value for 7, so that 2p = 7 !(z) is a fix point of the
hyperelliptic involution (i.e. a Weierstrass point). Up to an automorphism of CP!
the canonical map can be chosen to have a double pole at p and be holomorphic
elsewhere, so that ¢(2p) = 2. The powers of 7 of course contribute with an extra
dimension in the dimension of spaces L£(2kp), so that ¢(2mp) = m + 1 for m =
0,...,9—1. In particular £((2g —2)p) = g¢; but the only divisors with g sections and
degree 2g — 2 are the canonical ones, hence (2g —2)p = (¢ — 1)2p = (g — 1)7(20)
is canonical. ]

Let us introduce a first class of examples of hyperelliptic BPS.

Example 4.4.6. Let X be a hyperelliptic Riemann surface of genus g > 2. The
canonical map 7 : X — CP! can be taken as a developing map for a hyperelliptic
BPS on X with trivial holonomy and 2¢g + 2 simple branch points. Conversely,
given an even number n of points p,...,p, on CP! we can take a double cover of
CP! branched at those points to get a Riemann surface of genus ”T_2 endowed with a
hyperelliptic BPS with trivial holonomy and n simple branch points. Notice that the
branching divisors of these structures are invariant under the hyperelliptic involution
but not canonical. Also notice that these structures are easily deformed inside

Moy i24, simply by moving the points p; on CP'; generically these deformations do
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not? preserve the underlying complex structure, but they preserve the property that
the branching divisor is invariant under the hyperelliptic involution.

The easiest example with non trivial holonomy is the following Fuchsian example.

Example 4.4.7. Let X be a hyperelliptic Riemann surface of genus g > 2. We can
uniformize it to a hyperbolic surface X = H?/p(7(S)) for some Fuchsian repres-
entation p : m(S) — PSLoR. We usually denote by o, the resulting unbranched
projective structure. Since the hyperelliptic involution is an isometry for the hyper-
bolic structure of o,, and hyperbolic isometries are in particular projective trans-
formations, we easily get that o, is an unbranched hyperelliptic projective structure
with Fuchsian holonomy. We will see below in 4.4.20 that indeed any unbranched
projective structure on a surface of genus g = 2 is hyperelliptic. We can also get
branched examples as follows: let p be a non Weierstrass point on X; then J(p) # p
and we can find an embedded geodesic arc § joining p to J(p) such that the action
of J on 3 looks like the action of Z, on [—1,1] C C given by x — €™ x; in particular
[ goes through a Weierstrass point. The hyperelliptic involution clearly extends to
a projective automorphism of the bubbling ¢ = Bub(o,, f) which acts as a rotation
of m on the bubble. Then ¢ is a hyperelliptic branched structure with Fuchsian
holonomy and canonical branching divisor.

(= (o — O (o

Figure 4.3: Hyperelliptic bubbling of a hyperbolic surface.

We can do a variation of the first example 4.4.6 to obtain more geometric ex-
amples, with non trivial holonomy. This is done by taking, as above, a double cover
of a sphere, but now the sphere is endowed with a geometric structure which is not
the standard unbranched projective structure of CP*, so we will need the preliminary
discussion of OBPSs from Chapter 1.

Example 4.4.8. Let P,, be a right-angled geodesic polygon with m vertices in the
2-dimensional model space of constant curvature M?. We have Py C S* = M?,
Py, C E? = M and for m > 5 we have P,, C H?> = M?2,. Then let 2P,, be the
double of P, i.e. the (good) genus 0 orbifold obtained by gluing two copies of P,
along their boundaries. Notice that 2P, carries a natural metric of curvature 1,0
or —1 (depending on the value of m according to the previous trichotomy) and m
cone points of angle 7. We can regard this as an orbibranched complex projective
structure in the sense of Definition 1.2.9, with m orbifold points of order %

2This does not follow from the previous discussion, because the trivial representation is of course
elementary, but from the fact that hyperelliptic Riemann surfaces of the same genus are isomorphic
if and only if their canonical maps differ by a global automorphism of CPP!, which can not fix more
than 2 points.
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For m > 6 even, let us consider the branched cover 7 : X,, — 2P,, of degree 2
branching exactly over the m cone points of 2F,,. Then a X, is a smooth surface
of genus g = mT’2, by Riemann-Hurwitz. By 1.2.14 we know that it carries a unique
BPS o, for which 7 is a projective map. A direct computation shows that o, is
actually unbranched, and it is clearly hyperelliptic by construction; this construction
actually recovers an unbranched Riemannian metric of constant curvature on X,,.

More generally we can consider a branched cover 7’ : X! — 2P, of 2P,, branch-
ing also at some non-orbifold point; such a point will give rise to a couple of branch
points of angle 47 exchange by the hyperelliptic involution in the resulting BPS o/,
on X, . A developing map and the corresponding holonomy representation for this

structure are obtained by pulling back via 7 the developing map dev,, : ZNP,O:b — M?
and the representation p : m"*(2P,,) — Isom(M?) defining the OBPS on 2P,,. The
construction always gives rise to hyperelliptic structures whose branching divisor is
invariant by the involution, but it is not in general a canonical divisor.

The construction can be further generalised by considering more exotic OBPS
on the base sphere. In any case moving the branching locus on the sphere provides
non trivial deformations on the underlying complex structure, hence of the BPS.

Another main class of examples comes from ODEs on hyperelliptic Riemann
surfaces. Notice that by 4.1.6 we already know these have canonical branching
divisor.

Lemma 4.4.9. Let (X, J) be a hyperelliptic Riemann surface and let A € H*(X, K®
sl,C) define an ODE. The structures o4, in the rational curve ¥4 induced by A are
hyperelliptic, i.e. J € Proj(oa.).

Proof. As said above, a developing map for 04, is given by
devy, : X — CP', deva(z) = ®(2)"'c

where ® : X —>~SL2~C is a fundamental matrix for the ODE. Let us lift J to a
biholomorphism J : X — X and let du = Au; then

d(uoJ) = (du)oJ -dJ = —(du)oJ =—(A-u)oJ =—(AoJ)(uoJ)

This computation shows that ® o J is a fundamental matrix for the ODE defined
by —A o J. However on a hyperelliptic surface the hyperelliptic involution acts
as —id on abelian differentials, hence —A o J = A. As a result ® and ® o J are
fundamental matrices for the same ODE, which implies that they differ by some
Mobius transformation: ® o J = &g for some g € SLyC. Then we can compute that
deva.oJ: X — CP! is given by

(devaco J)(2) = (®oJ) (2)e= (Pg) ' (2)c =g '®(z) e =g 'deva.(?)
which of course is equivalent to saying that J is projective, by 1.2.7. [

In the previous examples all branching divisors are invariant under the hyper-
elliptic involution essentially by construction; some of them fail to be canonical for
cardinality reasons, i.e. they are not of the right degree 29 — 2. The next examples
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show that it is also possible to construct hyperelliptic BPS in genus g > 2 whose
branching divisor consists of 2g—2 points, is invariant by the hyperelliptic involution,
but is not canonical.

Example 4.4.10. In the setting of example 4.4.8 let us consider Py, i.e. a regular
right-angled square in the Euclidean plane. The double 2P is a flat orbifold of
genus 0 with 4 cone points of angle 7. We mark two more points on it and take a
double branched cover branching over the 4 cones and over the 2 additional regular
points. We obtain a hyperelliptic BPS ¢ in genus 2 whose branching divisor is of
the form p + ¢ with both p and ¢ Weierstrass points, so it is not a canonical divisor
by 4.4.5. Notice that o supports a flat metric with two singular points of angle 4;
its holonomy representation is of course not Fuchsian, not even real.

For a similar example with real holonomy consider the following.

Example 4.4.11. Let g € PSLsR be a hyperbolic element. The upper and lower
half planes #* C C C CP' are g-invariant, with quotients the Hopf annuli A7
Each of them carries an isometric involution with two fixed points, namely the one
which exchanges the two ends. The quotient is a disk with a complete hyperbolic
metric with two cone points of angle m and ideal real boundary of index 0. We
can glue these two disks (one positive and one negative) to obtain an OBPS on a
sphere with 4 cone points of angle 7; the holonomy of this structure is real and we
can see, by construction, a geometric decomposition which mimics the geometric
decomposition of a quasi-Fuchsian BPS. We can mark two addition point x,y on
this orbifold and pick a double cover branched over them and over the 4 cone points
to obtain a BPS ¢ in genus 2 with two points of angle 47 located at two of the
Weierstrass points; as above, this implies that the branching divisor is not canonical
by 4.4.5. Notice that o carries a natural decomposition in positive, real and negative
parts; the combinatorics of this decomposition of course depends on the position of
x,y with respect to the decomposition of the orbifold. If both live in the positive
(respectively negative) disk, then ¢ has a positive (respectively negative) component
of genus 1 adjacent to a negative (respectively positive) annulus; if z is positive and
y is negative, then ¢ is build from a couple of one-holed tori glued along a common
real boundary. None of these combinatorics is compatible with the classification
following from 2.4.5, so that o can not have Fuchsian holonomy.

We will actually see below that this pathology does not occur in quasi-Fuchsian
holonomy in genus g = 2 (see 4.4.24). A tool for the study of a hyperelliptic structure
o is of course the object obtained as the quotient ¢/J. This does not necessarily
exist in the category of branched projective structures, since it is not possible in
general to projectively uniformize local charts around a fix point of J, as one would
do for Riemann surfaces. Anyway it exists as an orbibranched projective structure
in the sense of 1.2.9.

4.4.1 Projective automorphisms

In this section we prove a criterion to recognise whether a given biholomorphism
f of a Riemann surface X is projective with respect to a given BPS ¢ on X, which
we will use for the study of hyperelliptic structures in genus 2 in the next section.
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We have already seen in 4.4.4 that unbranched structures are hyperelliptic in genus
1. We will see that the same holds in genus 2, but not for higher genus. We
recall from 1.2 that if 0 € BP(S) and f € Diff(S), then f € Proj(o) if it is
locally given by restrictions of Mobius transformations, and that it is in particular
a biholomorphism for the underlying complex structure X = m(c), where as usual
we denote by m : BP(S) — T(S) the projection to Teichmiiller space.

The criterion we will obtain is in term of a classical parametrisation of the fibre
BP(X) = 77'(X) in terms of meromorphic differentials on X via the Schwarzian
derivative, which we now recall following [11] and [25].

Definition 4.4.12. Let 2 C C be open and f : 2 — C be a holomorphic function.

" / 11 2

The Schwarzian derivative of f is defined to be S(f) = (’}—,) -3 (}}—/) .
It is clear that if f has no critical points, then S(f) is holomorphic. On the
other hand S(f) will have poles corresponding to critical points of f: more pre-
cisely a direct computation shows that where f has a critical point of order k (e.g.
f(2) = 281 4+ o(2%+1)) the Schwarzian derivative of f has a double pole with lowest

k(

coefficient in the Laurent expansion given by —kT_z). The basic properties of this

operator are the following.

Lemma 4.4.13. Let Q C C be open and f,g : Q@ — C be holomorphic functions
such that g(Q) C Q. Then S(fog) = (S(f)og)-g?+ S(g).

Lemma 4.4.14. Let Q) C C be open and f : 0 — C be holomorphic function. Then
S(f) =0 if and only if f is the restriction of a Mébius transformation.

A direct consequence is that given an unbranched projective structure oy € P(X)
over a Riemann surface X € T(5), the Schwarzian derivative of a holomorphic map
f: X — CP' is well defined as a meromorphic quadratic differential S,,(f) on X.
This differential will have exactly a double pole with residue —@ at a critical
point of order k of f, and will be holomorphic elsewhere. In particular if o € BP(.5)
is defined by a developing map dev : X — CP!, then we can define the Schwarzian
derivative S,,(0) of o with respect to oy. By fixing a section u : T(S) — P(S5) of
the projection 7 : BP(S) — T(S), we obtain a map

®, x : BP(X) = I'(X, M(K?))

CI)%X(U) = Su(X)(O')

where I'(X, M(K?)) denotes the space of global meromorphic sections of the square
of the canonical bundle of X, i.e. the space of global meromorphic differentials. For
instance one can fix the Fuchsian uniformisation u : 7(S) — P(S) C BP(S),u(X) =
H?/Tx, where I'x is the Fuchsian group uniformizing X. This map gives a way to
associate to any BPS o a meromorphic differential on X which measures how much o
is different from the chosen uniformizing structure u(X); of course Sy(x)(u(X)) = 0.
It is also clear that under this map, unbranched structures give rise to holomorphic
quadratic differentials

D, x :P(X) = H' (X, K?) = Q(X)
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It is a classical result that, in the unbranched case, this map is actually a bijection,
i.e. that any holomorphic quadratic differential is the Schwarzian derivative of some
developing map for some unbranched projective structure with underlying complex
structure X. This allows for a parametrisation of the space of unbranched struc-
tures by the cotangent bundle to Teichmiiller space; notice however that since the
identification P(X) = Q(X) relies on the choice of the uniformizing structure w, the
intrinsic structure of P(.S) is only that of an affine bundle.

Proving that &, x : P(X) — Q(X) is surjective of course involves the solution
of the differential equation S,(x)(w) = ¢ for a given ¢ € Q(X); this is obtained via
a reduction to a linear differential equation with holomorphic coefficients. However
for the general case of branched structures and meromorphic differentials the same
technique fails in general and some integrability conditions show up to control the
behaviour at the poles; for instance we have already observed that order of the poles
is always 2 and that the value of the residue is fixed by the branching order. In
[25, Theorem 3] these conditions are studied to show that the space of BPSs on X
with a given branching divisor D can be identified via ®,, x with an affine algebraic
subvariety of the (finite dimensional) vector space I'(X, M(K?))p of meromorphic
quadratic differentials on X with simple poles at the points occurring in D.

We are now going to consider the action of the biholomorphism group Aut(X)
of X on the space BP(X) = 7 }(X) of BPS on X. If 0 = (dev,p) € BP(X)
and F' € Aut(X), then F.o will be defined by the developing map dev o F1 for
some lift of F' to the universal cover. By the above discussion, if we fix a section
u: T(S) — P(S) then we get an identification @, x : BP(X) — T'(X, M(K?))
and we can look at this action on the space of meromorphic differentials. Let us
denote by F*w = w o F~! the usual action of the automorphism group on the space
of differentials by pullback. Then a direct computation using the properties of the
Schwarzian derivative in 4.4.13 shows the following.

Lemma 4.4.15. Let F' € Aut(X). If w = Syx)(o) for some o € BP(X) then
Fow=Frw+ SU(X)(Ffl).

Proof. By definition S,(x)(0) = Sy(x)(dev) and Sy(x)(F.0) = Syx)(devo FY. O

In other words Aut(X) acts affinely on Im(®, x) C I'(X, M(K?)), with linear
part given by the classical action by pullback. This action can be used to obtain
the following criterion.

Proposition 4.4.16. Let F € Aut(X), 0 € BP(X) and w = Syx)(0). Then
F € Proj(o) if and only if F.w = w.

Proof. Let dev be a developing map for o; then w = Sy(x)(dev). If F' € Proj(o)

then by 1.2.7 we have dev o F~' = g o dev for some g € PSLyC. Therefore F.w =
Sux)(dev o F71) = S,x)(g 0 dev) = Sy(x)(dev) = w by 4.4.13. On the other hand

if Syxy(devo F71) = Fw = w = Syx)(dev) then dev o F~' = g o dev for some
g € PSLyC by 4.4.13, which implies that F' € Proj(o) again by 1.2.7. ]

It is natural to ask if this affine action can be reduced to a linear action under
a suitable choice of the uniformizing section w. This turns out to happen for the
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Fuchsian uniformisation u : 7(S) — P(S) € BP(S),u(X) = H?/Ty, where I'yx is
the Fuchsian group uniformizing X.

Lemma 4.4.17. Let u be the Fuchsian uniformizing section. Then Aut(X) =
Proj(u(X)); in other words a biholomorphism of X 1is projective for the Fuchsian
uniformisation of X.

Proof. This follows from the fact that Aut(H?/Tx) = N(TI'x)/Tx, where N(TI'y)
denotes the normaliser of I'y inside Isom™H? C PSL,C. O

Corollary 4.4.18. Let u be the Fuchsian uniformizing section, F' € Aut(X) and
w € Im(®, x) CT(X, M(K?)). Then F.w = F*w.

Proof. By 4.4.15, it is enough to check that S,x)(F) = 0. But this follows directly
from 4.4.17. O

On the other hand, there are plenty of couples (o, F') where o is an unbranched
projective structure and F' is a non projective but holomorphic diffeomorphism, as
shown by the following result.

Corollary 4.4.19. Let F € Aut(X), F #idx. If X has genus 2, then also assume
F' is not the hyperelliptic involution. Let o € P(X) such that F' € Proj(c). Then
there ezists o' € BP(X) such that F' ¢ Proj(o).

Proof. Since o0 € BP(X), we have that S,(F) = 0. In particular if u is a uniformizing
section passing through o then the action of F' on Q(X) is the linear action F.w =
F*w by 4.4.15. This action is known to be faithful by [12, §V.2] if and only if F is
not the hyperelliptic involution of a genus 2 surface. Therefore under our hypothesis
Jw € Q(X) such that Flw = F*w # w. By 4.4.16 we have that F is not projective
for the projective structure o’ = @, (w) € P(X). O

For instance recall that by picking the Fuchsian uniformizing section we can
satisfy the hypothesis of this statement for any F' € Aut(X). With the same ideas
we obtain the following.

Corollary 4.4.20. Let X be a genus 2 Riemann surface and J its hyperelliptic
involution. Then for any o € P(X) we have J € Proj(o).

Proof. Let us fix the Fuchsian uniformizing section to reduce to a linear action of
Aut(X) on Q(X) and then just recall that holomorphic quadratic differentials are
J-invariant on a hyperelliptic surface of genus 2 by 4.4.2. ]

Notice that the same fails for hyperelliptic surfaces in higher genus. This also
fails in genus 2 for branched structures, as we will see in the next section.
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4.4.2 The genus g = 2 case

Let ¢ = 2, so that every complex structure is hyperelliptic. Let J : X — X
be the hyperelliptic involution of the complex structure X = 7(¢) underlying o.
Also recall from 4.4.2 that in genus 2 every holomorphic quadratic differential o can
be written as a« = 3 ® ~y for a couple of abelian differentials 8,7 € H°(X, K). In
particular J*a = « (but this fails for higher genus). Also recall that in genus 2 a
canonical divisor is always of the form p 4+ J(p) for some point p € X. We have a
sort of converse to 4.3.9.

Lemma 4.4.21. Let p : m(S) — PSLyC be non elementary, let 0 € My, be
hyperelliptic and let div(c) = p+ J(p) be a canonical divisor. Then there exist a 1-
dimensional family of movements of branch points inside M 1), which preserve the
complex structure at first-order; in other words dimker dn, > 1, where 7 : My, —
T (S) is the projection to Teichmiiller space.

Proof. Let us choose a projective chart (A,d) at p and an adapted complex chart
(A, @) according to 4.3.1. Since J € Proj(co), we have that (J(A),do J™!) is a local
projective chart at J(p); then a direct computation shows that (J(A), oo J7!) is a
complex chart at J(p) adapted to d o J~! in the sense of 4.3.1, and that J reads as
the identity map with respect to these local coordinates, both as a biholomorphism
and as a projective diffeomorphism. As a result the local deformations of o are
parametrised by the cartesian product d(A) x d(A); let us pick a generic parameter
(q,7) € (A) xd(A) and let u; be the Beltrami differential of the movement of branch
point defined by (tq,tr), for t € [0, 1].

Now let @ € Q(X). Recall from 4.4.2 that in genus 2 every holomorphic quadratic
differential is J-invariant, so that we have

ao(poJ )7 0)=aoJop (0) =aop }(0)

which means that in the local representation in the chosen coordinates « takes the
same value at p and at J(p). By 4.3.6 we can compute that, with a little abuse of
notation, we have

< fro, o >= mi(ga(p) +ra(J(p))) = wiA(g +7)

where A is the common value of a at p and J(p) (in the chosen coordinates). There-

fore we see that the family of local deformations of o defined by ¢ +r = 0 in
d(A) x d(A) is exactly the 1-dimensional family of deformations for which the first-
order contraction with any o € Q(X) vanishes. O

Remark 4.4.22. The same strategy does not seem to work for a double canonical
divisor, i.e. when 0 € M) ,, J(p) = p and div(c) = 2p. Indeed here we have only
one local parameter ¢ for deformations inside the stratum and the contraction gives

2miq
9

(a'(0)g(0) — a(0)g'(0))

which might very well be non zero for suitable choices of «. (However, since 2p
is canonical, by 4.2.2 we get that a(p) = 0 = o/(p) = 0). Anyway this is fine,
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since the rational curve ¥4 coming from an ODE du = Auw is clearly not inside
the minimal stratum M) ,, but is somehow transverse to it, since its structures
come from sections which are generically transverse to the foliation defined by the
(monodromy of the) ODE.

Indeed one can consider a map © : My, — T(S)® from M, to the tautological
bundle 7(S)® over Teichmiiller space whose fibre over X is Sym?(X), i.e. the
symmetric product of X, by sending a structure o to its divisor div(o) seen as an
element of the symmetric product of the underlying complex structure. In genus 2
we know that Sym?(X) is a blow up of the Jacobian of X, with exceptional divisor
given by the couples of points representing a canonical class of X. The map © is
then an isomorphism of ¥4 onto this exceptional divisor (for instance by 4.3.11),
and it is classical that in genus 2 a divisor of the form 2p is canonical if and only if
p is a Weierstrass point, and that there are exactly 6 of them. We see thus that >4
intersects M), exactly in (the structures corresponding via © to) these 6 points.

Remark 4.4.23. If the deformations of 4.4.21 can be integrated to deformations
which actually preserve the complex structure, then by 4.3.9 they keep ¢ inside the
canonical locus. In other words these deformations would preserve both the complex
structure and the fact that the divisor is canonical. This is exactly what happens for
structures induced by an ODE, by 4.1.6. On the other hand it is easily checked that
in the local charts used in the proof of 4.4.21 the hyperelliptic involution reads as
the identity map, essentially by construction; therefore it looks like J is suggesting
to move along ¢ — r = 0 to keep the divisor canonical, and not along ¢ +r = 0. Of
course this movement changes the underlying complex structure, since, by the above
computations, the contraction gives 2mia(p)q, so to get a non zero contraction it is
enough to contract with some o € Q(X) not vanishing at p, which exists by 4.2.2.

In 4.4.10 and 4.4.11 we have seen examples of hyperelliptic BPS whose branching
divisor is invariant under the hyperelliptic involution and of degree 2g — 2 but not
canonical. The second one in particular occurs with real holonomy. However the
following shows that this does not happen in quasi-Fuchsian holonomy (at least in
genus 2).

Lemma 4.4.24. Let g =2, p : m(S) — PSLyC be a non elementary representation
whose image is an infinite non cyclic Gromov-hyperbolic group, and let o € My 1),
If o is hyperelliptic then div(o) is canonical.

Proof. Let o be hyperelliptic and let J denote the hyperelliptic involution. Then by
1.2.13 the quotient O = ¢/J is naturally endowed with an OBPS. By construction
the holonomy of this structure is a representation of its orbifold fundamental group
Pt w97(0) — PSL,C. Since J has order 2, we have an injection m(S) < 7¢"°(O)
as an index 2 subgroup. Then we have that p(m1(S)) < p°*(79"*(0)); but a group
is quasi-isometric to any finite index subgroup, so p°®(7¢(0)) is itself an infinite
non cyclic Gromov-hyperbolic group. Since o is hyperelliptic, its branching divisor is
necessarily J-invariant. By 4.4.5 if it is not canonical, then it must be the sum of two
Weierstrass points. In this case the OBPS on O has 4 points of order % (i.e. angle
7) coming from the other four Weierstrass points. Let us consider the double cover
T — O branched over these four points. It is a torus, naturally endowed with an
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unbranched projective structure 7 by 1.2.14. Unbranched projective structures are
completely classified (see [23] for instance), and are known to be actually affine. In
particular the holonomy of 7 is a free abelian group of rank 2 (possibly non discrete)
which appears as an index 2 subgroup of the hyperbolic group p°(79(0)), giving
the desired contradiction. O

Corollary 4.4.25. Let p : m(S) — PSLyC be a non elementary representation
whose image is an infinite non cyclic Gromov-hyperbolic group and let o € M 1),
be hyperelliptic. Then there exist a I1-dimensional family of movements of branch
points inside M 1y, which preserve the complex structure at first-order; in other
words dimkerdn, > 1, where m : My, — T(S) is the projection to Teichmiiller
space.

Proof. By 4.4.24 we have that div(o) is canonical, hence we can apply 4.4.21. [

We conclude by observing that it is possible for a structure ¢ € BP(X) over
X to have a canonical branching divisor even if the hyperelliptic involution is not
projective, as follows from the following description. Let us fix a uniformizing section
u:T(S) = P(S) of X and let w = S, (x)(0) be the Schwarzian derivative of o with
respect to it. By 4.4.20 we have that S,(x)(J.0) = J*w+Syx)(J) = J*w. Therefore
o is hyperelliptic if and only if J*w = w, by 4.4.16. The J-invariance of quadratic
differentials in genus 2 is known by 4.4.2 (and as already observed means that any
unbranched projective structure in genus 2 is actually hyperelliptic), but here w is
meromorphic (with double poles on a canonical divisor). By [25, Theorem 3] we
know that if wy is any meromorphic differential arising as the Schwarzian derivative
of some BPS with two simple branch points, then w — wy is given by a meromorphic
quadratic differential with at most simple poles on the same points. Through this
parametrisation it is actually possible to write down explicit equations for the moduli
space of BPS with two simple branch points on a given canonical divisor on X and
to explicitly recognise the ones for which the hyperelliptic involution is projective.

Proposition 4.4.26. Let X be a Riemann surface of genus g = 2 with hyperelliptic
involution J. Let D = p+ J(p) be a canonical divisor on X and BP(X)p = {0 €
BP(X) | div(c) = D}. Then BP(X)p carries the structure of an affine algebraic
variety with two irreducible components; moreover the hyperelliptic structures fill an
entire 1rreducible component.

Proof. Let us fix a realisation of X as the compactification of the affine curve C' =
{(z,y) € C* | y* = h(x)} for some monic polynomial h(z) = S0_ arz* € Clz]
inside the total space of the line bundle O(3) — CP!. This is the line bundle on
CP! with transition functions (z,y) — (2 = 271, w = 273y). In particular X is
obtained from C' just by adding two points at infinity oo; whose coordinates are
(0,+1) in the (z,w)-coordinates; in these coordinates the equation of X becomes
w? = 22:0 a,z%7%. Moreover the hyperelliptic involution reads as J(x,y) = (z, —y)
and we have a couple of meromorphic functions A : X — CP!, \(z,y) = z and
p:X — CPYu(z,y) =v.

Without loss of generality we can assume that the divisor is at infinity, i.e. p +
J(p) = cox. Following [25] we fix an integrable meromorphic quadratic differential
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with double poles at D and residue —2, for instance —3z'y~2dz? and a basis for the

space of meromorphic quadratic differentials with at most simple poles on D and
residue 1 at the poles (if any), for instance

da? xzda? 2?da? (y+ 2%)da® (y — 2°)da?
ey P

Notice that the first three differentials are a basis for the holomorphic quadratic
differentials on X (see 4.4.2), whereas (y + 2®)y~?dz? has a simple pole at co..

Then any meromorphic quadratic differential on X with at most double poles at D

and residue —% is of the form

472 3\ 7.2 3\ 7.2 2 G 7.2
wra( ) = _3atde N 1(y—|—x2)d:v +t2(y x2)da: +Zij d2x
Y (Y =0 (
for some (t1,ts, S0, 51,52) € C°. Since x is a J-invariant function but y is anti-
J-invariant, the differential w; ¢ is J-invariant if and only if ¢, + ¢, = 0. On the
other hand it is integrable (i.e. corresponds to a BPS) if and only if its coefficients
(t1, 12, So, 51, S2) satisfy certain equations which can be obtained by looking at the
Laurent expansion of w; ; around the points at infinity ooy in the (z, w) coordinates,
which is the following

dz? 28 S Syt —t 3 (t1 + to)w
s 0) = (S 22 223 21 T 28 )

_ dz?
B ZZ:O akz6_k 2z 222 2z

. _i 3a5+t1—t2j:(t1+t2)
N 222 2z

t1 —1 3 t t

+s9+ A+ 0(1)) dz?

3 2 ty—to+ (t +t t+t
forA:—(a4;a5)—a5l 2 2(1+2)j:1j::2a

From [25] we get that w, ¢ is integrable if and only if

5 € C

t + %&5751 + %a5t2 + 25y — 3(as + a3) + %af’ =0
t5 — Sasty — zasly + 255 — 3(ag + a3) + Jas =0

These equations define BP(X)p as an affine algebraic subvariety of C%, of the form
V x C?, for some curve V C C3 defined by the same set of equations (which actually
involve only #;,%5 and sy). These equations can be summed and subtracted to get
an equivalent set of defining polynomials for V, which is

t%+t%+t1—t2+482+2B:0
124+ 2+2t +2t, =0

as — 3(as + a?) € C. Up to a change of coordinates X = t; + t,,Y =
,Z = 489 + 2B these equations reduce to

XYy +Z=0
XY =0
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and the J-invariance condition becomes X = 0. Up to another change of coordinates
n=2X,6 =2Y —2,( = Z the equations finally reduce to

{772+€2+C=1
n€—1)=0

and the J-invariance condition becomes n = 0. So we see that V has two irreducible
components, each of which is a parabola, and only one of them is contained inside
the plane n = 0. Only the BPSs corresponding to differentials from this component
will have a projective hyperelliptic involution. O

Unfortunately from this point of view it is not clear how to use additional in-
formation about the holonomy representation to determine the component a given
structure belongs to.
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Chapter 5

Appendix: subgroups of PSLyC

In this appendix we collect standard background material about the group of
Moébius transformations PSL,C and its subgroups, to fix terminology and notations.
We recall the fundamental dichotomy for elements of PSL,C.

Definition 5.0.27. An element id # g € PSLyC is called

e parabolic if it has one fix point in CP!, i.e. if it lifts to a non diagonalizable
matrix in SLyC; equivalently tr?(g) = 4

e loxodromic if it has two fix points in CP!, i.e. if it lifts to a diagonalizable
matrix in SLyC; equivalently tr?(g) # 4. We say that it is real if tr?(g) €
[0, +00[ and in particular that it is elliptic if t7?(g) € [0,4[, and that it is
hyperbolic if tr?(g) €]4, +o0l.

Notice that ¢r? is well defined, since PSLyC = SLyC/ = id.
We collect now standard facts about subgroups, to fix terminology and notation,
following [3].

5.1 Non elementary subgroups

Let I' < PSLy;C be a subgroup.

Definition 5.1.1. We define AY = {z € CP' | gz = z for some non elliptic lox-
odromic g € I'}. Its closure is denoted by Ar and called the limit set of I". The
complement Qp = CP! \ Ar is called the discontinuity domain.

The set Ar encodes a great amount of information about I'; it may be empty,
and it may coincide with the whole CP!.

Definition 5.1.2. T" is non elementary if Ar is not finite. ' is Kleinian if I is
discrete.

We collect results from [3, §5.3] in the following statements.
Theorem 5.1.3. If I' is non elementary, Ar is the smallest closed non empty I'-

invariant subset of CP'; moreover it is perfect and uncountable
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Theorem 5.1.4. If I" is Kleinian and non elementary, then Ar is the set of accu-
mulation points of any orbit and Qr is a maximal domain of CP' on which T acts
properly discontinuously.

Elementary groups are quite easy to understand, since they actually lie in smaller
subgroups of PSLyC (see [3, §5.1] for a detailed discussion). The possibilities are
actually the following ones

1. Ar is empty and up to conjugation I' < PSU(2)=S0O(3)

2. Ar consists of a single point and up to conjugation I' < Aff(C)=C x C*; in
this case we say that I' is reducible

3. Ar consists of two points and up to conjugation I' < {z + a2® | a € C*,s? =
1}; in this case we say that T' is completely reducible

The terminology is consistent with the one for subgroups of SLyC: the action of
PSL,C con CP! by Mobius transformations is exactly the projectivization of the
linear action of SLyC on C2, and fix points correspond to eigenspaces. In particular
abelian subgroups are elementary and non elementary subgroups are irreducible.

5.2 Quasi-Fuchsian subgroups

Traditionally a discrete subgroup I' of PSLsR is called a Fuchsian group of the
first kind if its limit set is the entire RP!, and of the second kind otherwise (i.e. if it
is a proper subset of RP!). Examples of Fuchsian groups of the first kind are given
by groups which uniformize closed Riemann surfaces of genus g > 2 as quotients of
the upper-half plane of C: they admit fundamental domains of finite area. Examples
of the second kind are given by elementary (e.g. cyclic) or Schottky (e.g. loxodromic
free) subgroups of PSLsR. In this work we are not interested in Fuchsian groups of
the second kind, thus we give the following definition.

Definition 5.2.1. A Fuchsian group is a discrete subgroup I' of PSLyR whose
limit set is the whole RIP!.

Notice that by definition a Fuchsian group preserves the following decomposition
of the Riemann sphere
CP' =HTURP'UH"™
where HT = {z € C | Im(z) > 0} and H~ = {z € C | Im(z) < 0} and acts by
isometries on H* with respect to the hyperbolic metric ds? = dﬂczy;zdyZ and by real
projective transformations on RIP!. This is the geometric property we are interested
in, and which is actually shared by a much wider class of subgroups of PSL,C.

Definition 5.2.2. A quasi-Fuchsian group is a discrete subgroup I' of PSL,C
whose limit set is a Jordan curve.

Once more we could define quasi-Fuchsian groups of the first and second kind
(see [5, Section 6]), but we are not interested in groups of the second kind, hence we
stick to this definition. Easy examples of quasi-Fuchsian are obtained by conjugating
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a Fuchsian group by quasi-conformal transformations of CP!. According to the
following result this is the only way to obtain the finitely generated ones.

Theorem 5.2.3. (Bers, [5, Theorem }]) A finitely generated quasi-Fuchsian group
15 a quasi-conformal deformation of a Fuchsian group, i.e. there exist a Fuchsian
group Ty C PSLyR and a quasi-conformal homeomorphism f : CP1 — CP! such
that fT f=* =Ty. In particular the limit set is a quasi-circle'.

It is immediate to observe that a quasi-Fuchsian group has a domain of dis-
continuity made of two invariant disks Q% This fact characterizes quasi-Fuchsian
groups among finitely generated discrete subgroups of PSL,C, according to the fol-
lowing results.

Theorem 5.2.4. (Accola, [1, Lemma 6]) Let T be a Kleinian group. If (21,s) is
a couple of non-empty disjoint I'-invariant domains which is maximal (with respect
to inclusion), then Qy and Qq are simply connected.

Theorem 5.2.5. (Maskit, [28, Theorem 2]) A finitely generated discrete subgroup
of PSLyC whose domain of discontinuity consists of two invariant components is a
quasi-conformal deformation of a Fuchsian group.

We will not be interested in non finitely generated groups, thus, thanks to the
above results, we consider the following as equivalent definitions of a finitely gener-
ated quasi-Fuchsian group:

e [ is topologically conjugated to a Fuchsian group

e [ is quasi-conformally conjugated to a Fuchsian group

the limit set Ar is a Jordan curve

the limit set Ar is a quasi-circle

the domain of discontinuity {2 consists of two disks

Remark 5.2.6. Given a Fuchsian group I, the orientation of CP' induces an ori-
entation on RP! = Ap such that H* lies on the left of RP' and A~ lies on the
right. Since quasi-conformal maps are orientation-preserving, we see that the limit
set of any quasi-Fuchsian group carries a natural orientation. We can therefore
distinguish the two components of the domain of discontinuity as a positive and a
negative region; more precisely if I' is quasi-Fuchsian and arises as a quasi-conformal
deformation of some Fuchsian group Ty (i.e. fTf~' =Ty), then QFf = f~1(H™).

ISince not all homeomorphisms of the sphere are quasi-conformal, not all Jordan curves are
quasi-circles. A cardioid is an example of a Jordan curve which is not a quasi-circle. However Bers’
theorem implies that if a Jordan curve is the limit set of a finitely generated discrete subgroup of
PSL>C then it is actually a quasi-circle.
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