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Abstract

The present thesis focuses on the problem of robust output regulation for minimum phase
nonlinear systems by means of identification techniques. Given a controlled plant and an
exosystem (an autonomous system that generates eventual references or disturbances),
the control goal is to design a proper regulator able to process the only measure available,
i.e the error/output variable, in order to make it asymptotically vanishing. In this
context, such a regulator can be designed following the well known “internal model
principle” that states how it is possible to achieve the regulation objective by embedding
a replica of the exosystem model in the controller structure. The main problem shows up
when the exosystem model is affected by parametric or structural uncertainties, in this
case, it is not possible to reproduce the exact behavior of the exogenous system in the
regulator and then, it is not possible to achieve the control goal. In this work, the idea is
to find a solution to the problem trying to develop a general framework in which coexist
both a standard regulator and an estimator able to guarantee (when possible) the best
estimate of all uncertainties present in the exosystem in order to give “robustness” to
the overall control loop. It is important to underline that the design procedure presented
is valid when the steady state control law and its time derivatives up to a certain order
are assumed to satisfy a regression formula with known regression vector. Speaking of
structure, from one side, it is possible to design continuous internal model regulators
by means of high-gain methods; this can be useful to cast everything in a semiglobal
setting and to get really good performance also in presence of unsatisfying identification
performances (the high gain keeps the regulation error bounded and small in any case).
On the other side, the proposed control structure combines continuous time dynamics
and “hybrid identifiers”; the fact of considering hybrid systems is essentially motivated
by the goal of setting up a general framework where many design strategies can be used.
The identifier can model classical continuous adaptive laws developed so far in literature
and also a particular case, typical of the identification field, in which the designer deals
with a sample data set and discrete prediction models. The final idea underlined in the
thesis is the joined work done by the regulator and the identifier to achieve the control
goal; in other words the main interest is the investigation of the interplay between control
and identification in order to develop an overall control structure able to guarantee the
best performances of the loop, estimating the steady state control law by minimizing

the asymptotic regulation error.
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Chapter 1

Introduction

In this chapter the reader can find two main sections: the first is a general introduction
about the work developed in the present thesis, in particular, the state of the art, some
relevant references in the requlation field and the general idea of the problem faced and
solved in the mext chapters; the second part describes the structure of the thesis and the

organization.

1.1 General Introduction

Although the nonlinear regulation theory has reached a maturity stage, there are some
crucial aspects still open as far as the design of robust regulators are concerned. In
particular, a systematic design of robust regulators having the so-called internal model
property in presence of steady state laws affected by parametric or structural uncer-
tainties is definitely an open research field. So far, many researchers dealt with this
problem using adaptive techniques as in [1] and [2], while others faced the problem
using techniques typically adopted in the context of adaptive observers design, achiev-
ing interesting results both in the linear and in the nonlinear case and in global and
semi-global context, see [3], [4] and [5]. More recently, some authors have proposed
regression-like methods by developing adaptive and learning algorithms for nonlinear
internal models to deal with uncertainties in the steady state control law, see among
others [6]. Relying on the same philosophy, in [7], the authors have shown how to de-
sign regression-based internal model regulators using static adaptation laws, instead of
standard dynamical estimation schemes, to offset parametric uncertainties in the steady
state control law. Something inherent to the field of hybrid systems has been developed
in [8], in which the interconnection of a feed-forward model of the exosystem with a hy-

brid adaptive law is presented. In this thesis can be found a different perspective to the

1
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problem of adaptive regulation in which prediction error identification methods, which
are routinely used in robust control contexts ([9], [10]), can be adopted to design robust
nonlinear regulators. The point of departure is the design procedure presented in [11]
in which the steady state control law and its time-derivatives up to a certain order are
assumed to satisfy a regression formula (with known regression vector) by which internal
model regulators can be designed by means of high-gain tools. The regression formula
in this context is thought of as a prediction model relating the “next” time derivative of
the steady state control law to the “previous” derivatives through a unknown regression
vector. The proposed control structure combines continuous-time dynamics and “hybrid
identifiers”, the latter specifically designed to estimate the actual regression vector. The
fact of considering hybrid systems as identifiers is essentially motivated by the goal of
setting up a general framework where many design strategies can be cast. In fact, on
one hand, the proposed approach aims to capture continuous-time adaptive regulator
design procedures, proposed so far in literature, as particular cases. On the other hand,
the aim is to open the doors to identification tools that typically rely on sampling the
available data set and to update the prediction model in a discrete-time fashion. In
this context the kind of result claimed is practical output regulation with an asymptotic

error that depends on the prediction error.

The theory presented in this work is clearly linked to the literature of identification in
connection to robust control design (][9], [10]), and specifically to the issue of interplay
between identification and control (see [12]) according to which identification methods
must be synergistically used with control design methods to optimize closed-loop perfor-
mances. In the actual framework the transient performances of the closed-loop system
are not taken in count. Rather the main interest is to optimize the steady state error
by “synergistically” designing the internal model and the identifier in order to estimate
the steady state control law by minimizing, in some sense, the asymptotic regulation
error. The controller has essentially an high-gain structure with an high-gain observer
estimating the “dirty derivatives” of the ideal steady state control law. The latter are

then processed by an identifier adaptively tuning the internal model.

1.2 Thesis Organization

The thesis is organized as follows:

e In Chapter 2 the basics about nonlinear output regulation are given. Furthermore,

the problem of robustness is analyzed and the main idea is presented;
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e Chapter 3 shows all the mathematical details of the new framework that solves

the problem of robust output regulation;

e In Chapter 4 there are two particular cases of study: the first is the identification of
the uncertain parameters in case of linear parametric model, by means of the well-
known Least Squares method, while the second case deals with a linear parametric
model for what the identification procedure is nested in the regulator structure

allowing a static adaptation;

e In Chapter 5 some simulations on simple examples are reported. The idea is to

validate numerically the theory presented in the previous chapters of the thesis.

e In Chapter 6 there are the conclusions about the work done and eventual future

developments concerning the remaining still open problems of the actual approach.

In the two Appendices there are auxiliary results useful to understand some parts of the
work. In particular these results regard hybrid systems and hybrid input to state stable
Lyapunov functions for that kind of systems and also the small-gain theorem governing

the interconnections of hybrid systems in presence of average dwell-time.






Chapter 2

Nonlinear Output Regulation
Theory

In this chapter, the basics of nonlinear output regulation are shown. In the first section
the emphasis goes on the high-gain tools used to generalize the structure of the regqulator,
while the second part deals with the problem of the robustness, giving the idea at the basis

of the overall thesis.

2.1 Nonlinear Output Regulation Background

In this section we briefly recall some basic concepts regarding the nonlinear output
regulation with high gain methods ([13], [11]) that are instrumental for the main result
of the overall work. It is possible to start by considering the following nonlinear system

modeled by equations of the form

éi:€i+1 2':1,...,7“—1 (2.16

ér = q(z,w,e) + b(z,w, e)u. (2.1d

In the previous system one can recognize two main subsystems: the first, described by
(2.1a), is the so-called ezxosystem with state w € W C R® generating possible references
signals to be tracked and/or possible disturbances that must be rejected. The set W
is a compact set that is assumed to be invariant for the exosystem dynamics (2.1a).

The second subsystem is the controlled plant given in (2.1b), (2.1c), (2.1d) in which
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(z,€1,...,6,) € R" x R" is the state, u € R is the control input, and e is the regulation
error. All functions in the overall system, i.e. s(-), f(+,-,-), q(+,-,-) and b(-, -, -) are smooth
in their arguments, with the function b(-, -, -), the so-called “high-frequency gain” of the

system, that is assumed to be bounded from below by a positive number b, i.e

b(z,w,e) >b>0 V(z,w,e) e R" x W x R".

The main results presented in the thesis do not rely on perfect knowledge of the functions
s(+)y £, ), q(v,+,+) and b(+, -, ) but rather on certain structural properties that will be

detailed next.

In this framework, the problem of semiglobal asymptotic output regulation can be for-
mulated as follows: given the sets W C R®, Z C R"™ and E C R" of initial conditions
for the system (2.1a)(2.1d), design an error-feedback controller with state ¢ € RY, for
some positive d, and initial condition in a compact set = C R? such that all trajectories
of the closed-loop system starting from W x Z x E x = are bounded and

lim e(t) =0

t—o0

uniformly in the initial conditions.

We shall approach the previous problem under assumptions that are customary in the
literature of output regulation. In particular we assume the existence of a smooth

function 7 : R® — R"™ that solves the so called “regulator equations”

Lsuym(w) = s(w) = f(r(w),w,0), (2.2)

for all w € W. This implies the existence of a compact set
A:={(w,z) e WxR" : z=mn(w)}
that is invariant for the dynamics

w = s(w), Z = f(z,w,0). (2.3)

The previous system is the zero dynamics of system (2.1a)-(2.1d) relative to the input
u and to the output e. As in most of the literature about output regulation, we make a

minimum-phase assumption on system (2.3) that is formalized as follows.
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Assumption. (Minimum Phase)
The set A is globally asymptotically and locally exponentially stable! for (2.3) with a

domain of attraction of the form W x R". «

In the design of the regulator a crucial role is played by the function ¢ : W x R® — R
defined as
c(w,z) = —q(w,z,O)/b(w,z,O) . (24)

This function is the so-called “friend” associated to the zero dynamics of system (2.1a)—
(2.1d) (see [14]). In the context of output regulation, the output signals generated by
system (2.3) with output (2.4) with initial conditions ranging in A are the steady state
control inputs that must be generated by the controller in order to keep the regulation
error identically to zero. It is thus apparent that system (2.3) restricted to the set 4
with output (2.4) plays a crucial role in the design of the regulator.

All the considerations done so far, address the problem of output regulation in the
case of any relative degree for the controlled system. In what follows, without loss of
generality, the problem will be considered for the simpler case of r = 1, the reason this
can be done, follows from classical results about output feedback stabilization briefly

summarized here just for sake of completeness.

First of all, consider the following change of variable for the system (2.1a)-(2.1d)

eiHyi::k;(i_l)ei, t=1,...,r—1,

er = 0, = e, + k" Lager + kT 2ates + -+ + kear_ge,_q,

where k. > 1 is a design parameter and the all the other parameters a;, : =0,...,7r —2,

are such that all roots of the polynomial
N g, oAt a A ag =0

have negative real part. After this change of variable, system (2.1a)-(2.1d) becomes a

system of the form
w = s(w)

z= f(z7w7y1)
v = k.Agy + B,
Oc = G(w, 2,y,00, k) + b(w, 2,y, 0, ke )u

!The forthcoming result can be extended to cover the case in which the set A is only locally asymp-
totically stable with a domain of attraction of the form W x D with D an open set of R™ such that
Z CD.
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where y = (y1,...,Yr—1), Ap is a Hurwitz matrix and g, b are smooth functions with

b(w,z,y,00, k) >b>0  Y(z,w,y,0.) ER" x W xR xR

and for all k. > 0. Note that, by definition, y; = e1. Let EeR!bea compact set
such that e e F — y € E and note that, if k. > 1, the set E can be taken independent
on k.. System (2.5), regarded as a system with input v and output 6., has relative

degree one and zero dynamics

w = s(w)
zZ= f(z7wayl) (26)
Y= kcAHy’

For such a system, under the minimum phase assumption, can be used classical results
([15]) to show the existence of a k¥ > 1 such that for all k. > k}, the set A x {0} is
locally asymptotically stable for (2.6), with a domain of attraction of the form W x 15,
with D D Z x E. Suppose now that a controller, function of 6., solves the problem
of output regulation for the system (2.5). This controller is driven by the regulated
variable . and not by the actual regulated output y;. However, by construction, 6. is a
fixed linear combination of the components y, ..., y, of the partial state e of the original
system (2.1a)-(2.1d). In this case, e; coincides with the (i — 1)—th time derivative of the
actual regulated output e;. In order to secure asymptotic convergence to the desired
target set, e,..., e, can be replaced by appropriate estimates é,...,é, provided by a
high gain observer driven only by e;. Using these estimates to replace the expression
of A, in the controller, yields a final regulator able to solve the problem for the original
plant (2.1a)-(2.1d).

On the basis of these arguments, in what follows, it is possible to restrict the discussion
to the case of systems having relative degree » = 1, which, for notational convenience,

are rewritten in the following normal form

w = s(w) (2.7)
z = f(z,w,e) (2.8)
é=q(z,w,e) +b(z,w,e)u. (2.9)

As a matter of fact it is a well-known fact ([16]) that the output regulation problem is
solved by a continuous-time regulator if one is able to design smooth functions M : R? —

R? G : R — R and v : R? — R, such that, for some smooth function 7 : R® — R¢
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and with 7 the compact set defined as
Ti={(w,§) e W xR? : £ =r1(w)},
the set A x T is locally asymptotically stable for the system
w = s(w), z= f(w,z,0), £ = M(&) + G(€)c(w, 2) (2.10)

with a domain of attraction W x R™ x C with C an open set of R? satisfying C O Z, and,
in addition,
V(1 (w)) = c(w, m(w)) YweW. (2.11)

In this context, in fact, the continuous-time controller that solves the problem at hand

is a system of the form

§ =M +G(H(E) +v) (2.12)

() + v,

= —#(e)

where k() is a properly defined class-K function. As a matter of fact, the closed loop
system given by (2.7)-(2.9) and (2.12) is a system that has relative degree one relative to
the input v and output e and has a zero dynamics precisely given by (2.10). Furthermore,
due to (2.11), the set Ax T x {0} is an invariant set for the closed loop system with v = 0.
Under these circumstances, standard high-gain arguments can be used to show that an
“high-gain” function? () succeeds in making the set A x 7 x {0} locally asymptotically

stable with a domain of attraction containing the compact set of initial conditions.

As shown in [17], functions M (-), G(-) and ~(-) with the desired properties can be
always constructed by following a design procedure that, however, is not, in general,
constructive. A relevant context where a constructive design procedure can be given is
the one originally presented in [11] in which, by letting u* : W — R the restriction of
(2.4) to the set A defined as

uw (w) = e(w, (w)), (2.13)

it is asked that the following regression formula

LYy (w) = o(u* (), Lyyu*(w), ..., L ur(w),  Ywe W (2.14)

s(w (w)

is fulfilled for some positive d and some known locally Lipschitz function ¢ : R4 — R.

In this case, in fact, the theory of high-gain observers ([18]) can be used to show that

2The x(e) can be indeed taken as a linear function ke with k a sufficiently large gain if the set A x T
is also locally ezponentially stable for (2.10).
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the above properties are fulfilled with
G(§) = G = col(Mig, Aag?s ..., Aag”) (2.15)
where g is a design parameter and the \;’s that are coefficients of an Hurwitz polynomial,

M(g) = C01(£2, s 7£d7 7908(5)) - GEI ; (216)

where () is a uniformly bounded and locally Lipschitz function, and v(§) = &;. By
choosing M (-), G, and ~(+) in this way, by letting

7(w) = col(u*(w),. .. ,Lg(_u})u*(w)) , (2.17)

and by choosing ¢s(-) so that it agrees with ¢(-) for all £ = 7(w), w € W, it turns out
that there exists a ¢* > 1 (depended on the Lipschitz constant and on the bound of
©s(+)) such that the set A x T is locally asymptotically stable for (2.10) and (2.11) is
fulfilled.

The previous high-gain design methodology can be also proved to be robust to possible
residual bias in the relation (2.14). Specifically, in [7] it has been shown that if there
exists a known locally Lipschitz function ¢ : R? — R such that, instead of (2.14),

Liu*(w) = p(u*(w), Lyu*(w), ..., LY (w)) + v(w), VweW (2.18)

for some continuous function v : W — R, then there exists g* > 1, only dependent on
the Lipschitz constant of ¢(-), such that for all ¢ > ¢g* the same regulator presented
above guarantees that the closed-loop trajectories originating from the given compact
sets are bounded and the regulation error fulfils

C
: - ,
Jim sup [[e()]] < P max [lv(w)] (2.19)

where ¢ is a positive constant. Practical, instead of asymptotic, regulation is thus

achieved with a residual error that depends on the entity of the residual bias v(w).

2.2 The Issue of Robustness and Main Idea

The previous high-gain framework and relation (2.14) are at the basis of the robust
regulator design. The main idea developed in the thesis is to regard the function ¢(-)
in (2.14) as unknown and to estimate it on line by adopting prediction error identi-

fication methods, [9]. In particular, relation (2.14) is regarded as a prediction model
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of the d-th time derivative of the signal u*(w(t)) at time ¢ using the regression vector
(u*(w(t)), Lsu*(w(t)),. .., LS u*(w(t))), with the identification objective that is to es-
timate the function ¢(-) “best fitting” the data associated to the actual u*(w(t)). The
goal is to design a practical regulator in which the asymptotic bound on the closed-loop
regulation error is a function of the asymptotic value of the prediction error between the
actual value of the d-th time derivative of the signal u*(w(t)) and its estimated value

obtained by processing the regression vector.

If the signal u*(w(t)) and its derivative up to the order d were known, the problem could
be addressed by running identification algorithms to compute the best fitting function
from the data set. Since u*(w(t)),..., Lu*(w(t)) are not measurable in our output
regulation context, the idea that is pursued in the thesis is to estimate their value by
employing the “dirty derivative” (using the terminology in [19]) features of the internal
model of the form indicated in the previous section. Namely, the ability of the £-system in
(2.10), with M(-) and G given in (2.16) and (2.15) to roughly estimate asymptotically
the function u*(f) and its time derivative up to the order d — 1, with an estimation
error that can be arbitrarily decreased by increasing g, regardless the specific form of
©s(+) in (2.16) (provided that a bound on the Lipschitz constant is fixed). Since the
identification problem potentially requires the knowledge also of Lglu*(w), the regulator
that is presented later has dimension d + 1, namely one more with respect to the one
presented above. The extra state variable {411, that is redundant as far as the internal
model property is concerned, has precisely the role of providing a “dirty estimate” of

L%u*(w) that is used in the identification algorithm.

In the present approach, the dynamical system providing the estimation of the d-th
derivative according to the regression vector is an hybrid system combining continuous
and discrete-time dynamics, [20]. The fact of considering hybrid systems as identifiers is
essentially motivated by the goal of setting up a general framework where many design
strategies can be cast. In fact, on one hand, the proposed approach aims to capture
continuous-time adaptive regulator design procedures, proposed so far in literature, as
particular cases. On the other hand, the aim is to open the doors to identification tools
that typically rely on sampling the available data set and to update the prediction model
in a discrete-time fashion. The jump times and flow intervals of the hybrid identifier
will be triggered by a clock variable that will be required to fulfill average dwell time
and reverse average dwell time constraints (see [21]) in order to enforce appropriate
asymptotic properties to the closed-loop system. From a formal view point the clock
hybrid dynamics will be described by differential and algebraic inclusions able to model
a number clock dynamics that are not necessarily uniform in time. From a practical
view point the clock will be triggered by a “supervisor” selecting the appropriate flow

and jump rule for the identifier according to real-time information. Fast or slow clock
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timing can be dynamically selected according to the available data (such as the actual
value of regulation error) and the a priori knowledge of the exogenous dynamics. The
requirement behind the hybrid identifiers will be given in a quite general setting as
presented in the next chapters. A schematic of the control structure is shown in Figure
2.1. The final observation is that in the proposed framework the dimension d of the
regulator can be regarded as an independent design parameter to be chosen also in
relation to real-time and implementation constraints (which, very often, prevent one to
choose large value of d). The choice of d, in general, entails a trade off between the
minimization of the asymptotic error bound (typically asking for large values of d) and

the computational burden that typically limits the maximum value of d.

> Plant

Internal Model =

¢ | & clock|  Supervisor
Y 2

Identifier

FIGURE 2.1: Schematic of the control structure.



Chapter 3

Robust Nonlinear Output

Regulation

In the actual chapter the idea is to present all the mathematical details of the main idea
shown in Section 2.2 for achieving robust requlation. The first section gives the tools
for the construction of the overall requlator; the second section proposes the fundamental
requirements for the identifier (used for the best estimation of all the uncertainties in
the regulation scheme), while the third section analyzes the asymptotic properties of the
overall control loop, i.e the interconnection between the controlled plant, the regulator
and the identifier (Figure 2.1).

3.1 The Regulator Structure

In this paragraph it is shown the structure of the overall controller able to guarantee the
regulation to zero of the considered plant. In details, first of all, consider the identifier

as an hybrid dynamical system whose flow dynamics and jump map are described by

.C 6 FC C
7 (77 ) } (77677767u77) € C, x R™ x Rd+1
Ne = Fe(nevun)
(3.1)
S Je(ne
Ne (77 ) } (77677767un) c Dc x R™ x Rd—i—l
77;_ = Je(neaun)
with output
o= Fn(neaunl) (3-2)

13
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where (1¢,me) € RxR™, m >0, F, : C. = R and J. : D, = R are outer semicontinuous
and locally bounded set-valued functions, C. and D, are closed intervals of R, u, =
col(ty1, Up2), With u,y € R? and uy2 € R, is a vector of inputs, and F;, : R™ xR 5 R™
Jo : R™ x R — R™ and T, : R™ x RY — R are smooth functions, with Jo(-) and
I',)(+) that are globally Lipschitz. The scalar variable 7. plays the role of clock governing
the length of the flow intervals and the jump times according to the definition of the
flow and jump sets C. and D.. Both discrete-time and continuous-time dynamics can

be captured by the previous description.

With 7(w) defined as in (2.17), the hybrid identifier (3.1) should be ideally driven by
the inputs u,; = 7(w), representing the regression vector in the interpretation given in
Section 2.2, and u,2 = Lgu*(w), representing the “next” derivative, yielding an estimate
@(t) =Ty (n(t), 7(w(t))) able to best predict LIu*(w(t)) on the basis of the values of the
regression vector. Since 7(w) and L%u*(w) are not accessible, the hybrid identifier (3.1)
is fed with the state & = col(&,&441), € € RY, €441 € R, of an “extended” internal model
unit!, namely

Un1 = 67 Un2 = §d+1 ) (33)

governed by the hybrid system

. < 3 >:< SE+ Bay1 + Gu )
’ €ar1 Lrs(m,€e) + Aaprg™tto

(€esm,v) € R % (C. x R™) x R

(Ol "
‘ g(—i‘r—‘rl Tn(Je(ne,ée),é)

(&e,m,v) € R x (Do x R™) x R
u = C&+v

where (S, B, C) € R4 x R¥*1 x R4 is a triplet in prime form?, G is defined in (2.15),
g is a design parameter, the \; i = 1,...,d+1, are coefficients of an Hurwitz polynomial,
v is a residual input and F;?S : R™ x RY — R is a locally Lipschitz bounded function

obtained by appropriately saturating the function

, T, (ne, a
Fﬁ(ne’ge) = %Fn(%,ge) + Z
=1

8F77 (77e, g)

9, &t - (3.5)

The adjective “extended” has to be interpreted with respect to the internal model considered in
Section 2.1 of dimension d.

2That is S is a shift matrix (all 1’s on the upper diagonal and all 0’s elsewhere), BT = (0---0 1)
and C'=(1 0---0).
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Details on how the saturation level of I} (-) has to be chosen are presented later. The

regulator is thus (3.1), (3.3), (3.4) where v is the residual input that will be chosen as

with x a design parameter.

The flow time intervals and the times at which jumps occur are uniquely determined
by the clock dynamics. The fact of modeling the latters as differential and algebraic
inclusions allows one for considering a number of clock timing not necessarily “uniform”
in time. Fast and slow clocks might be dynamically triggered according to real time
information. The only constraint that will be imposed by the forthcoming analysis to
the clock dynamics is to fulfill average and reverse average dwell-time conditions. In
particular, to make sure that continuous-time dynamics present in the loop exhibit their
asymptotic properties, the forthcoming stability analysis will rely upon a condition ask-
ing that flow intervals are “persistently” present and last “in the average” a guaranteed
amount of time. From a formal viewpoint the notion of average dwell-time ([22]) is
used to rigorously fix the required property. I would like to recall ([22]) that the clock
subsystem satisfies an average dwell-time if there exist Ny > 1 and § > 0 such that of
all (t,7) and (s,7) belonging to the hybrid time domain of the clock with ¢ + 7 > s+
the following holds

j—i<d(t—s)+ No. (3.6)

In the previous relation 1/6 denotes the average dwell-time, while Ny denotes the max-
imum number of consecutive jumps that might occur not separated by flow intervals.
The average-dwell time condition expressed above might be eventually completed with
a “reverse” condition asking that clocks are also “persistently” enforced. This condition
might be crucial in order to design the hybrid identifier with the desired asymptotic
properties detailed in the next Section 3.2 in certain discrete-time identification settings
(as, for instance, in the case presented in Section 4.1). From a formal viewpoint the no-
tion of reverse average dwell-time ([21]) is used to rigorously fix the required property. I
would like to recall ([21]) that the clock subsystem satisfies a reverse average dwell-time
if there exist Ny > 1 and 6 > 0 such that of all (¢, ) and (s,7) belonging to the hybrid
time domain of the clock with ¢t 4+ 5 > s 4 ¢ the following holds

t—s5<6(j—i)+ Noo. (3.7)
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3.2 Identifier Design Requirements

A crucial role in achieving small (possibly zero) asymptotic regulation error will be
clearly played by the design of the hybrid identifier (3.1), namely by the design of the
functions Fe(-), Je(-) and I';(-), and of the sets F¢, J., C; and D.. According to the
identification literature ([9]), the design of the identifier entails the choice of a certain
model structure for the function ¢(-) and to choose an estimation method to select
the “best” member in the family defined by the model structure. In the selection of
the model structure, different approaches can be followed in relation to the amount
of knowledge about the steady state input (and, specifically, about the fulfillment of a
relation of the form (2.14)) one has a priori, and to the value of d governing the dimension
of the regulator. Gray bor models, in which the candidate model for ¢(-) is properly
parametrized by using, for instance, linear regression laws, as well as black-box models
are possible alternatives ([9]). About the estimation method, minimization of estimation
functional of some function of the prediction error, such as least squares methods, are
routinely adopted. The methods are typically “trajectory based”, namely optimization
is performed with respect to a specific data set. In our context the specific data set with
respect to which optimization is performed is given by the steady state input u*(w(t))

associated to the specific exosystem trajectory w(t).

The requirements assumed for the design of this system are precisely presented below.
The first requirement is existence of an exponentially stable “steady-state” for (3.1)
driven by the “ideal” input u, = col(r(w), Lu*(w)) (denoted by 1. = o(ne,w) in the
following). As (3.1) is not driven by the ideal input (7(w), L¢u*(w)) but, rather, by the
available dirty derivatives state col(&,£441), a robustness property of such a steady state
is required. It is given in terms of input-to-state stability with respect to a disturbance,
referred to as d. in the following, additive to the ideal input (r(w), L%u*(w)). The
previous properties are the ones playing a role in the asymptotic stability analysis. In
addition, it is assumed that the output I'y(-) of (3.1) evaluated along the steady state
trajectory of the identifier is the “best guess” of the “next” time derivatives Ldu*(w),
namely the function able to minimize the prediction error (which will be denoted by ¢).
In the following we refer to J(e) the functional that is behind the selection of the best
guess. The expression of J(¢) is deliberately left unspecified at this level of the analysis
since it does not affect the stability analysis. A possible choice is then presented in

Section 4.1 when a specific hybrid identifier is designed.

From sake of compactness, we rewrite system (3.1) as

77 € Fn(n7u77) (T],’U,n) € OT? x Rd+1
ntoe Jn(777u17) (naun) € Dy x R4+
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where 17 = col(7c, 7e), and where the set-valued functions F, (-), J,(:), and the flow and
jump sets (), D, are suitably defined. Furthermore, we let 7. : R® — R*! be the

smooth function defined as

Te(w) = col(7(w), Lgu*(w)).

Identifier Design Requirement.
The hybrid system (3.1) with output (3.2) is said to satisfy an “Identifier Design Re-

quirement” if the following properties hold:

(a) there exists a smooth function o : R x R® — R™ such that the hybrid system

b= s(w) (w,n, Te(w) +de) € W x C,) x REFL
n € Fy(n,1e(w) +de)
v 9

(w,n, 7o (w) +d.) € W x D, x RIH!
77+ € Jn(nﬂ—e(w) +de) } !

is pre-ISS (Input-to-State Stable) with respect to the input d. relative to the set
B = {(’U),?]) €W x (077 UDW) P le = J(ncvw)}

without restrictions on the initial state and non-zero restriction on the input, and
with linear asymptotic gain. That is (see [23]), there exists a locally Lipschitz
function V;, : W x R™*1 — R, such that the following holds:

— there exist locally linear Koo functions a,, &, such that for all (w,n) € W x

Rm—l—l

o, ([[(w,)ll5) < Vy(w,n) < ay((l(w,n)s);

— there exist positive 7, x;, and ¢, such that for all (w,n) € W x C), and for all
d. fulfilling ||d¢|| < r we have

Valw,n) Z xqlldell = V;?((w,n),v) < —cy(Vy(w,n))

Vve < s(w) ) ;
F??(na Te(w) 4 de)

— there exists a positive constant A, < 1 such that for all (w,n) € W x D,, and

for all d. fulfilling ||de|| < r we have, with the same x,, as in the previous
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item,
Vn(V) < maX{/\nVn(w,n), X??HdeH}

Vve ( s(w) ) .
Jﬁ(naTe(w) +de)

(b) Let € : R®* x R — R be the smooth prediction error function defined as

e(1e, w) = Lw* (w) = Ty(o(ne, w), 7(w)) . (3.9)

Then, for all n.(t,j) € C. U D, solution of the clock subsystem in (3.1) and for all
w(t,j) € W solution of the exosystem, the hybrid identifier is optimal with respect

to some estimation functional J(g(n.(t,7), w(t,7))).

With the function o(-) introduced in the item (a) above, the tuning of the regulator
(3.1), (3.3), (3.4) can be then completed by specifying I (7, {) as any locally Lipschitz
bounded function that agrees with I} (ne, &) for all (n, &) € (C, U Dy) x R such that

[(w, )5 < ¢, [[(w,&)]|grr. < c for some positive ¢, where

gr7e = {(wage) eW x R e = Te(w)} :

3.3 Asymptotic Properties of the Closed-Loop System

In this section we are going to study the asymptotic properties of the closed-loop system.
We will show how, for an appropriate tuning of the regulator, the resulting closed-loop
hybrid system is pre-ISS relative to a compact set, whose projection on the error space is
the origin, with respect to a “disturbance” input given by the prediction error e(n., w).

The overall closed-loop system is a hybrid system flowing according to

w = s(w)

2 = f(z,w,e)
E = ( 3 >:< S¢ + Bi1 + Gu )
‘ £d+1 F%s(ne, Ee) + Aar19tT0

77 € F77(777£e)
2 = q(z,w,e) +b(z,w,e)(CE — ke).

when (w, z,&.,m,e) € W x R? x R x C, x R, and jumping according to

wh = w 2t =

£+ = ¢ 5(—1:_1 = Fn(Je(neyge)>£)
77+ € Jn(n7§e) et = e

z
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when (w, z,&.,m,e) € W x R? x R x D, x R. By letting x = col(w, z, &, e, €) such

a system is rewritten in compact form as

} (M, x) € C x Cx,

nd e Je(ne)

o = Jx(x)} (1e, %) € De x Dx (3.10)

where the functions Fx(+), Jx(-) and the sets Cx, Dy are appropriately defined. The main
result is presented in the next theorem claiming that the regulation error is asymptot-
ically bounded by a (linear) function of the prediction error provided that the clock

subsystem satisfies an average dwell-time.

Theorem 3.1. Consider the closed-loop system (3.10) with the zero dynamics of the
requlated plant fulfilling the minimum-phase assumption and with system (3.1) fulfilling
the identifier design requirement. Furthermore, for all (t,7) and (s,i) belonging to the
hybrid time domain of (8.10) such that t + j > s + i, assume that the average dwell
time condition (3.6) is fulfilled for some 6 > 0 and Ny > 1. Then, for any compact set
X C W x R* x R x R™ x R, there exist 6* > 0, g* > 0 and k*(g) > 0 such that for
all 0 € (0,6%), g > g*, k > Kk*(g), and for all (t,j) belonging to the hybrid time domain
of (3.10) with flow and jump sets restricted to C, x (Cx N X) and D, x (Dx N X) the
following holds

lim suple(t,f)] <p lim suple(ne(t, f), w(t, ) (3.11)
t+j—00 t+j—00

with p a positive constant. <

It is worth noting that the asymptotic estimate (3.11) holds as long as the state of
the closed-loop system remains in a fixed (arbitrarily large) compact set X, with the
latter that affects the value of 9, g and k. Namely, the result is semiglobal in the state.
Forward invariance of the set X by the closed-loop system is not claimed in the theorem.
In case the trajectories exit from the restricted flow and jump set, the solution stop to
exist according to the result above. However, arguments similar to the ones that are
used below show that the same control structure can force the state of the closed-loop
system, with initial value in any arbitrary compact set, to be bounded for sufficiently

high value of §, g and k.

The proof of Theorem 3.1 is presented in the rest of the section.
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The closed-loop system has unitary relative degree between the input v and the output

e and zero dynamics described by the hybrid system flowing according to

w = s(w)
z = f(z,w,0)
£ = SE+G(c(z,w) - C8)
Sar1 = The(me, &) + Aar198 (c(z,w) — C€)
o€ Fy(n&e)

when (w, z,&.,n) € W x R? x RH1 x C}, and jumping according to

wht = w

2t

§+
gl—j:_l = Fn(Je(ne,fe),f)
ntoe Ty, &)

when (w, z,&,n) € W xR" x R+ D,,. In the following we study the asymptotic prop-

erties of the zero dynamics. It is worth regarding such a system as the interconnection

of three subsystems. The first is the hybrid system

e € Fe(ne)
w = s(w)
£ = SE4G(c(z,w) - CF)
Car1 = (e, &) + Aar19% (c(z,w) — C€)

(n,w,2,&) € Cy x W x R" x RIH1

77(—:’_ € Je(ne)

wt =

&= ¢
53_4_1 = Fn(Je(neage)ag)

(n,w,2,&) € Dy x W x R x R4+

(3.12)

regarded as a system with state (1., w, &) and exogenous inputs (w, z, 7, ), interconnected

to a second hybrid system that is the system (3.8) with state n and input d. taken as

de := & — Te(w). The previous interconnection is then in cascade with the continuous-

time system given by (2.3), see Figure 3.1. We will show that such a interconnection is

pre-ISS relative to a certain compact set with respect to an exogenous input represented

by the prediction error (3.9). To this purpose we start by studying system (3.12) that,
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by letting ¢ = col(w, &), is compactly rewritten as

Te € FC(T/C)’ ¢ = F§(<7 (w,ne,z))
(3.13)

nde Jene), st o= J(s, (w,ne, 2))

with flow and jump conditions respectively given by (7,¢, z) € C, x Cc xR™ and (n,¢, 2) €
D, x D¢ xR™, where the functions F(-), J.(-) and the sets C; and D, are properly defined.
The next result shows that if g is taken large and if an average dwell-time constraint is
fulfilled between consecutive jumps of the clock, then the system is pre-ISS relative to
a compact set with respect to inputs given by the prediction error (7., w) and by the

functions ¢ (w, z), ¢2(n, w) defined as

bi(w, 2) = c(w, 2) — U*(w) ) lo(n,w) = ne — (e, w) .

l &(e, w)

0 (w, z)

(0.2) | ta(mw) | (e w, &) e S~ Te(®)

(w,m)

F1GURE 3.1: A graphical sketch of the zero dynamics hybrid interconnection.

Proposition 3.2. With 7, : (C.U D.) x W — R the locally Lipschitz function
Te(1e, w) = col(r(w) , Ty(o(ne, w), 7(w))),
let C be the compact set defined as
C={(e,w,&) € (CcUDe) x W xR+ & =T (e, w)}

Furthermore, for all (t,j) and (s,i) belonging to the hybrid time domain of (3.10) such
that t+j > s+1, assume that the average dwell time condition (3.6) is fulfilled for some
6 >0 and Ny > 1.

Then, there exist 67 > 0 and gy > 0 such that for all positive § < 67 and g > g7, system
(3.12) is pre-1SS relative to the set C with respect to the inputs €(-), £1(-) and l2(-) with

linear asymptotic gains. Furthermore, for all compact set Z C R™ and positive constants
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T and e, there exists a g5 > 0 such that for all g > g5 the following holds

“£E(t7j) - Te(w(t7j))H <e

forallt > T and (t,j) belonging to the hybrid time domain of (3.18) with flow and jump
sets respectively given by C,) x C¢ X Z and Dy X D¢ X Z. <

The proof of the proposition is presented in Appendix A. For the following developments
it is worth noting that the property of pre-ISS with respect to the set C claimed in
the proposition is equivalent (see [21]) to the existence of a locally Lipschitz function
Ve : (CoU D) x (Ce U D¢) = R, such that the following holds:

e there exist positive constants a, a. such that for all (ne,<) € (CoUD,) x (CcUDx)

o (e, s)lle < Velne,s) < g% ac [[(ne, )l ; (3.14)
e there exist positive x, and ¢, such that for all (n,<,2) € C, x C; x R" we have
d 1
Ve(ne, <) = xe max{g®|{1(w, z)| , §H€2(777w)\\7|€(77c,w)\}
= V(e 9),v) < —ecVel(ne, <) 5

for all v € col(Fe(ne), Fe(s, (w,ne, 2)));

e there exists a positive A; with A¢ < 1, such that for all (n,<,2) € D, x D¢ x R" we

have, with the same y. as in the previous item,

Ve(v) € max{A Vi (1c, <), x|l (w, 2)|, xcl[l2(n,w)l|, xcle(ne, w)|}

for all v € col(Je(ne), Je(s, (w,ne, 2))).

We now consider the interconnection of system (3.12) and system (3.8) that, denoting

by x = col(s,w,ne) the combined state, is compactly rewritten as

”7'0 € FC(UC)v X = FX(X7 (w,z)) (WC,XJU,Z) € Cc X CX X W X Rn ( )
3.15

nde (), xT=Jx (w,2)) (e, Xy w, 2) € De x Dy, x W x R™

where the functions F\(-), J,(-) and the sets C,, D, ara properly defined. This system
is studied by restricting the state x to an arbitrary compact set denoted by K, namely
we restrict the flow and jump sets of (3.15) respectively to C. x (Cy N Ky) x W x R"
and D, x (Dy N K,) x W x R",
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As far as system (3.8) is concerned, let (7¢p,wp) € (Ce U D) x W be such that

(e, w, &e)lle = 11(ne; w, &) = (Neps wp, Eep)

with &, = Te(nep, wp) and note that the input de can be bounded as (using the fact
that 7.(-) is locally Lipschitz and that C;, D, and W are compact)

[1dell 1€e = Te (e, w)l| = [1€e = Te (e, w) + Te(1e, w) = Te(ne, )|

< lge = Te(nes W) | + [1Te (e, w) — Te(ne, w)|
e — Rl )] + (e, w)
= ||&e — &ep + Eep — Te(ne, w) || + |e(ne, w)| <
10 — Eepll & ep — (s )| + |<rer )]
< 101er9)lle + 17 leps ) — Toi1er )] + [erer )]
< 101es9)lle + 7l 0leps ) — (s w) | + e (e, w)
< @+ D09l + et )] < TV (0, 6) + le(erw)].

—<

Using the previous bound and the conditions fulfilled by V;,(w,n) according to the hybrid
identifier requirements, it turns out that for all (7., x) € Cc x (Cy, N Ky) we have that
if [|[del] <7

Vo (w,n) = x5 max{Ve(ne, <), le(ne, w)|} = Vi ((w,n),v) < —eyVy(w,n)  (3.16)

for all v € col(s(w), Fy(n,e(w) + de)), where x; is a positive constant. Furthermore,

for all (ne, x) € De x (Dy N K, ) we have that if ||dc|| <7 then

Vi (v) < max{\,V; (w,m), X, Ve(e, ) xple(ne, w)[} (3.17)

for all v € col(s(w), Jy,(n, Te(w) + de)), where, without loss of generality, the constant

X;7 has been taken the same as the one considered during flows.

We consider now the ¢-subsystem. By using the same arguments used above to bound
de, using this time the fact that o(-) is locally Lipschitz and that q, (-) is locally linear,

it possible to claim the existence of constants ¢, > 0 and a, such that

1e2(w, | < coll(w,m)lls < ceasy (Vo(w,m)) < agVy(w,n)

for all (ne, x) € Ce x ((CyUD,)NK,). Using this bound and Proposition 3.2, it follows
that for all (nc, x, (w,2)) € Ce x (Cy, N Ky) x (W x R")

1
Ve(eys) > XL max{g? |1 (w, 2)|, gVn(w,n),IE(m,w)l}
= Vo((1e,6),v) < —cVe(ne,s)

(3.18)
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for all v € col(Fe(ne), Fe(s, (w,n, 2))), where x{ is a positive constant. Furthermore, for
all (ne, X, (w, 2)) € Do x (Dy N Ky) x (W x R")

Vev) > max{AVi(ne,s), xLlbi(w,2)|, xLVy(w,n), XL le(me, w)|} (3.19)

for all v € col(Je(ne), Jo(s, (w,7n,2))), where x{ is a positive constant taken, without loss

of generality, equal to the one used during flows. Now let g5 be such that
93 > Xe Xy -

Using (3.16), (3.17), (3.18), (3.19), and the fact that the hybrid system under study
satisfies an average dwell-time between two consecutive jumps, it turns out that for all
g > g5 the interconnection of system (3.12) is pre-ISS relative to the set B x C. As a
matter of fact, by following [24], it turns out that a hybrid time domain of the clock
subsystem that satisfies (3.6) necessarily coincides with the domain of some solution of
the hybrid system flowing according to 7. € [0, 4] if . € [0, Np], and jumping according
nd =mne—1if ne € [1, No]. This implies that system (3.15), given by the interconnection
of system (3.12) with system (3.8), fits in the framework of Theorem B.2 in Appendix
B. In particular, there exist a3 65 > 0 and a locally Lipschitz function Vi @ (Ce U
D.) x ((Cy U Dy) N K,) = R>q such that for all positive dwell-time § < 65 and for all
g > max{g}, g5} the following holds

e the exist locally linear class-KC, functions «
(CcU D) x (Cy, UDy) NKy) x (W x R™)

() and @y (+) such that for all (7., x, (w,

a, ([[(me; X)lIBxc) < Vi(e, X) < ay(I1(ne, X)lIBxe) ;
o for all (1, x, (w,2)) € Cc x (Cy N Ky) x (W x R™) we have that if ||de|| < r then

Vie(ies X) = Xy max{g? |61 (w, 2)|, [e(e,w)[} = V(e x), v) < = Va (e, X)

for all v € col(Fe(ne), Fy(x, (w,2))), for some positive constants x, and c,;

e for all (1c, x, (w,2)) € D x (Dy N K,) x (W x R™) we have that if ||de|| < r then

Vi (v) < max{ A\ Vi (1c, X) » Xy [€1(w, m)|; Xy le(ne, w)|}

3Since X. depends on the compact set K, the value of 65 depends in general on the latter (see the
poof of the result in the appendix). This is the first point motivating why the average dwell time §*
mentioned in the statement of the main theorem depends, in general, on the compact set X. Note that
such a dependence disappears if gn(~) is linear.
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for all v € col(Je(ne), Jy (X, (w, 2))), for some positive A, < 1, with x, the same

positive constant specified in the previous item.

We consider now the cascade connection of x and (w,z) subsystems, namely the zero
dynamics of the closed-loop system. In the following we construct a locally Lipschitz ISS
Lyapunov function for the cascade. In this study we restrict the state z to an arbitrary
compact set Z C R". Furthermore, with € and T fixed so that ¢ € (0, r) and T any
possible positive constant, we let g5 the positive constant introduced in the second part

of Proposition 3.2 and we fiz once for all the constant g > ¢* := max{g7, g5, 95}

By letting « = col(x, w, z), the zero dynamics is compactly rewritten as

e € Fc(nc)a T = Fz(x)(n(:ax)eccxcz

(3.20)
N € Je(ne), =t = Ju(x)(Ne,w) € De x Dy

where the set valued functions F,(-), J;(-) are properly defined and the flow and jumps
sets are respectively given by C, = (Cy, N Ky) x W x Z, D, = (Dy N K,) x W x Z.
By the minimum-phase assumption and by converse Lyapunov results (see Theorem 4

in [16] ), there exists a locally Lipschitz function V, : W x R™ — R such that

o ([[(w, 2)[.4) < Va(w, 2) < az([[(w, 2)]|.4)

and
Vo((w, 2), Fy(w, 2)) < —c,V,(w, z)

for all (w,z) € W x R™, where a,(-) and a,(-) are locally linear class-K, functions, c,
is a positive constant, and F(w, z) = col(s(w), f(w, z,0)). For (w,z) € W x R", let
wp € A be such that [|(w,2)|4 = ||(w, 2) — (wp, m(wp))|. By the fact that c(-,-) and
m(-) are locally Lipschitz functions and that W is a compact set, there exist a locally
Lipschitz function p. : R>g — R>g and a positive constant 7, such that the following
holds

[£1(w, 2)]

|e(w, 2) = c(w, m(w))] < pe(llz = w(w)]])
pe(llz = m(wp) +m(wp) —m(w)l))

< pelllz = m(wp)[| + (|7 (wp) — w(w)][)
< pelll(w, 2)[la + 7w — wy)

< pelll(w, 2)[|a + 7/ (w, 2)]|.4)

= pe((147)|(w, 2)]4)

< pe((147) as (Va(w, 2)))

for all (w,z) € W x R™. Using the previous estimate of V), the fact that o (-) is
linearly bounded and the compactness of Z, the bound on |¢1(-)| implies that for all
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(Ne, z) € Ce x Cy we have that if ||de|| < 7 then

Vie(me,X) = xy max{g?eV.(w,2), [e(ne,w)|} = V2((1e,x),v) < —cx Vi (e, X)

for all v € col(Fe(ne), Fy(x,(w,2))), for some positive constants ¢. Similarly, for all
(Me,z) € Do X Dy we have that if ||de|| < r then

Vi (v) < max{ A\ Vy(1e; X) , Xy €Va(w, 2) , Xy le(ne, w)[}

for all v € col(Je(ne), Jy (X, (w, 2))).

Now let Wy, : (C. U D) x (Cy U Dy) — R>qg be the locally Lipschitz function defined as

Wz(nmm) = maX{Vx(Tle, X)7 gdez(w, Z)}

where p is a constant such that p > x,¢. Simple arguments, show that there exist locally

linear class-Ko, functions o/ (+) and @, (-) such that

(|, @) || axBxe) < Wa(ne, x) < & ([|(ne, )| axBxe)

for all (ne,z) € (C.U D) x (Cp U D). We now study W,(-) during flows. For all
(e, z) € Ce x Oy such that Vi (e, x) > g%pVi(w,2) (namely W, (ne,z) = Vi(ne, X)), we
have that if Wy (ne, ) > xy|e(ne, w)| then

VX(”Ca X) 2 ma‘X{XX|E(77C7 w)| 7gdpvz(w7 Z)} 2 maX{XX|E(77C7 w)| 7gd XX E‘/;(wa Z)}

and hence, if [|de|| < 7, W2((Ne,x),v) < —c Vi(Ne,x) = —c Wa(ne,x) for all v €

col(Fe(ne), Fy(x)). On the other hand, for all (n.,z) € C. x C such that V) (ne,x) <
9oV (w, z) (namely W(1e, ) = ¢%pV.(w, 2)) then

ng((nc,x)a") = gdpvo((wvz)7FZ(wvz)) § —gdpcsz(w,z) = _CZWI(T]C’x)

for all v € col(F,(ne), Fz(x)). Finally, using the fact that, for all (n.,z) € C. x C; such
that Vi(ie, ) = 9pVa(w, 2), We((1es 2),v) < mas{V2((1e, X)s vi)s 9oV ((w, 2), F (1, 2)))
for all v = col(vy, F.(w,2)) € col(Fe(ne), Fy(x)) (see [25]), we conclude that for all
(e, ) € Ce x Cy if ||de|| < 7 then

Wr(ﬁmw) 2 XX|€(7707w)| = Wf((nmw),V) S —C;Wr(%al”)

for all v € col(Fe(ne), Fi(x)), where ¢/, = min{c,, ¢, }. Consider now W(n.,z) during
jumps. By bearing in mind the definition of W, the jump rule of V, (1., x), and the fact
that V,(w, z) doesn’t jump, we have that if ||de|| < r
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W (v) < max{A Vi (7 X) » X @Va(w, 2) 5 Xy le (e, w)] ghoVi (w, 2)}
< maX{)\xW:c(% ZL') ) Xxévz(wa z) ) Xx|5(77m w)| Wr(nm 17)}

cC
< max{ A W1, 2) | %Wz(m,m), Xole(e, w)| W (6, )}

= max{W (e, ¥) , Xx|e(ne, w)[}
for all v € col(Je(ne), Jo(x)). When &(n.,w) = 0 the function W,(:) is decreasing

during flows but not necessarily during jumps. As above we can use Proposition B.1 in
Appendix B to construct an ISS-Lyapunov function. As a matter of fact the fulfillment
of the average dwell-time condition (3.6) guarantees that the clock subsystem in system
(3.20) can be thought of as flowing according to 7. € [0,0] if n. € [0, Ny], and jumping
according n = n.—1if . € [1, Np]. This implies that system (3.20) fits in the framework
of Proposition B.1 in Appendix B that guarantees that for all § > 0 then the locally
Lipschitz function V,, = exp(Lne)Wy(ne, ) with L € (0, ¢, /9) satisfies the following:

e the exist locally linear class-K, functions o, () and a(-) such that for all (7., z) €
(CoU D) x (Cp UDy)

2 (e, @)l axBxe) < Ve(ne ) < du(l|(ne, )l axBxc) ;
e for all (n.,z) € C. x C, we have that if ||de|| < r then

Vm(ﬁc#”) > Xz |5(77C7w)| = Vmo((ncvx)7v) < —CzV:c(nc,l“)

for all v € col(Fe(ne), Fx(z)), for some positive constants y, and cg;

o for all (n.,z) € D, x D, we have that if ||de|| < r then

Ve(v) < max{AVe(ne, 7) , Xele(e, w)|}

for all v € col(Je(ne), J=(x)), for some positive A\, < 1, with x, the same positive

constant specified in the previous item.

The final part of the proof addresses the interconnection of the zero dynamics with the
error dynamics. We start by putting the flow dynamics of the closed-loop system in

normal form ([14]) by considering the change of variables

1

w0

B e 1 B e
¢ 5E=¢-G /0 T G =t = G = daag™! /0
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Denoting by = the state variable that coincides with x except the & entry that is substi-
tuted with (&, &4,1), simple computation shows that the closed-loop system in the new

coordinates reads as

770 S FC(nC)

- — Fx _ A _’

:I'j (:E) ’ F(:E e)e (7707'7:76) S OC X Cz X R

e = qo(T) + q(T,e)e +b(7,e)v

v e (3.21)
773- € Je(ne)
T = Jo(Z)+As(@,e)e (e, r€) € Do x Dy xR

6+ = e

where Ap(-), Ay(-) and go(-) are properly defined functions, F(-) and J(-) are the
same of (3.20), qo(Z) = c(w,z) — C¢ and where, with a mild abuse of notation, we
let b(z,e) = b(z,w,e). Note that go(Z) = 0 for all z € A x B x C. We study the
interconnection by restricting the error e to some compact set £ C R. We start showing
that the (1., Z) subsystem is ISS relative to the set A x B x C with respect to the inputs
(e,e). To this purpose we observe that, for all (n.,z,e) € C. x C, x E and for all
v € col(Fe(ne), Fo(Z) + Ap(z, e)e), if Va(ne, Z) = Xale(ne, w)] and [|de[| < 7 then

V(s ), v) =
Va(col(if, &) + hv) = Va(nl, )

lim sup
(Ué@/)*(nmi), h—0+ ., h L
— lim sup Vx((%,x ) + hVI + hV2) - Vx(ncyx )
(névi/)_)(ncvi)v h—0+ 1 h

= lim sup —(Va((nL, @) + hvi + hva)—
(@)= (ne,Z), ot P

Va((ne, @) + hv) + Vo ((ne, ) + hve) — Vi (e, ')
< PV”V2H - Csz(Tl&i’)

where vi € col(F.(n.), Fr(Z)) and vy € col(0, Ap(Z,e)e) are such that v = vy + vy, and
pv is the Lipschitz constant of V,(-) on C. x C, x E. Using the fact that ||va| < vae
for all (z,e) € C, x E with va a positive constant, the previous expression immediately
yields that for all (7,7, e) € C. x Cy x E if ||de|]| < 7 then

2va py

€T

_ o _ o _
Ve(ne, @) > max{xz|e(ne, w)], e[} = V2 ((ne, @),v) < —5Vsc(77c,$)
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and for all v € col(Fe(ne), Fx(Z) + Ap(Z,e)e). We now study Vi (

-) during jumps. For
all (n.,z,e) € D, x D, x E and for all v € col(J.(n.), J.(Z) + Ay(Z,e)e), if ||de|| < r

Ve(v) = Vi(vi+ve) = Vie(vi) + Vi(vi + ve) — Vi(vy)
)5 Xele(me, w)[} + pv[vall
< max{2A;Vz (1, T) , 2Xzle(ne, w)|, 2pvvalel}

A

max{\;V;(nc, T

with vqi and vy defined as above.
Consider now the e system endowed with the clock subsystem?. Let V. (1., e) = |e| and
note that, by simple computations, there exist positive constants k7, Xe, ce such that

for all k > k] and for all (1., z,e) € C. x Cy x E we have
Xe _ 0
Ve(ne,€) < == lao(@)] = V((1ne, €),v) < —ccVe(ire, )

for all v € col(F.(ne),qo0(-) + q1(-)e + b(-)v) Furthermore, during jumps, V. (1., e) =
Ve(ne, €).

With the previous computations at hand, it is simple to cast the study of closed-loop
system (3.21) in the framework of Theorem B.2 in Appendix B. Specifically, note that,
by the fact that go(-) is locally Lipschitz and vanishing on the set A x B x C, and the
fact that «,(-) is locally linear there exist positive constants ¢ and g such that for all
(e, z) € (C. U D) x (Cp UD,) we have

\QO(J?’)\ < q/”(nmj)”AXBXC < q,Q;l(vz(n07j)) < qvx(ﬁc;«%) .

Furthermore, note that (see [24]) the fact that the hybrid time domain of the clock-
subsystem fulfills (3.6) implies that the 7. dynamics can be thought of as flowing ac-
cording to 7. € [0,0] if n. € [0, No|, and jumping according nS = n. — 1 if n. € [1, No].
By letting k% = (2vApv XeG)/cq, it is then immediately seen that for all k& > max{x7, K3}
system (3.21) fits in the framework of Theorem B.2 in Appendix B. In particular, there
exists® a §5 > 0 such that for all § € (0,0}) there exists a locally Lipschitz function
Vi : (CcU D) x (Cy U Dy) x E— Rxq such that the following holds:

o the exist locally linear class-Ko, functions ay (-) and ax(+) such that for all (n., z,e) €
(C.UD.) x (C,UD,) x E

o ([(ne; 7, €) ) < Vi(ne, T, €) < ax([|(ne, 7, €) )

“Formally the study of the interconnection (3.21) involves the study of the interconnection of the two
subsystems with state (n,Z) and (7., e), namely both the Z and e subsystems are endowed with the
clock dynamics.

5Since py and va depend, in general, on E, by following the proof of the results in Appendix, it turns
out that ;5 depends, in the general, on E. This is the second point motivating why the average dwell
time 6* introduced in the statement of the main theorem depends, in general, on the compact set X.
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with £L=A x B x C x {0}

e for all (n.,z,e) € C. x C, x E we have that if ||de|| < r then

Ve, T,€) > xx |e(ne, w)| = ViZ((0e, Z,e),v) < —cxVi(1e, T, €)

for all v € col(Fe(ne), Fr(x),q0(:) + q1(-)e + b(-)v), for some positive constants xx

and cy;

e for all (n.,z,e) € D. x D, x E we have that if ||de|| < r then

VX(V) g max{)\xvx(nm i‘v 6) ) XX|5(77C7 w)|}

for all v € col(J.(ne), J=(Z), ), for some positive \x < 1, with xx the same positive

constant specified in the previous item.

Now note that, by the second part of Proposition 3.2 and by the tuning of the parameter
g*, it turns out that for all (¢,7) in the hybrid time domain of system (3.21) such that
t > T we have ||de(t,j)|| < r. Thus, in finite time, as long as trajectories of (3.21)
stay in (C. U D.) x (C, U D,) x E, a Lyapunov function Vi with the properties above
exists. From this the claim of Proposition 3.1 follows with the asymptotic bound (3.11)

resulting from the arguments in [26, Proposition 2.7].



Chapter 4

Identification Tools for Robust

Regulation

In this chapter we are going to study the particular case of linear parametric models for
what concerns the regression law used for the adaptive part of the regulation framework.
In details, the firs part shows how it is possible to design a discrete identifier based on
the common Least Squares algorithm wused in classical identification. The second part
analyzes the case of nonlinear regression law affine in parameters using an alternative

method, i.e. the estimation of the uncertainties is nested in the regulator structure.

4.1 The case of Linear Regression Law and Least Squares
Method

In this section we develop the case in which the model structure relating L%u*(w(t)) and

the regression vector is assumed to be a linearly parametrized function of the form
Liu*(w(t)) = ¥ (7(w))d (4.1)

in which ¥ : R — RP, p > 0, is a locally Lipschitz known function, and § € © C R? is a
vector of uncertain parameters with © a known compact set. We are interested to design
a hybrid identifier of the form (3.1) fulfilling the basic requirements specified in Section
3.2, in which the estimation method used to select the best § € © is a discrete-time
least squares criterion. Specifically, let us consider a hybrid clock subsystem such that
for all initial conditions 7.9 = 7:(0,0) € C. U D. the associated hybrid time domain
E,o C R>p x N fulfills an average dwell-time condition of the form (3.6) (required by

the analysis in Section 3.3) and a reverse average dwell-time condition of the form (3.7)

31
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for some Ny > 1 and § > 0. The reverse condition is imposed in order to have persistent
jumps required by the discrete-time nature of the estimator we are going to develop.
With N > 1, let Z,,, = {(tj,,1),-- -, (tjy,Jn)} be an arbitrary set of N distinct hybrid
times such that (t;,,J;) € Ey,, and jumps occur at (tj,,7;), ¢ = 1,...N. Our goal is to
develop an hybrid identifier of the form (3.1) such that the basic hybrid requirement in

Section 3.2 are fulfilled with estimation functional given by

Tt ) wlt ) = 5 S0 <lnelts, ), iy, )

(tj 7j)€znco

by using (4.1) as prediction model structure. As usual in the context of least squares
identification methods we make a persistence of excitation assumption formulated as

follows.

Assumption. (Persistence of excitation)

There exists a © > 0 such that for all .y € C. U D,, for all sequence of N distinct jump
hybrid times 7, ,, and for all exosystem trajectories w(t,j) € W with (¢,7) € E,,, the
following holds

det > W(r(w(ty, ) U(r(w(t;, )" >v. <
(tj,3)€Lngq

Our identifier (3.1) has state (7¢,7e), with n. € R the clock and ne = col(n,n2,713),
m € RN, my = col(nar,...,man) € RPN my; € RP, i =1,...,N, n3 € RP the state of the

identifier. The system flows according to

ne € I¢ (770)

0

" (4.2)
72

N3 =

with flow conditions (1,71, 72,m3) € Ce x RV x RPN x RP, and jumps according to

772_ € JC(UC)

nt = Sm+ B (4.3)
ny = (S®L)p+ (B®I,)V(E)
ny = L(n,ng)

with jump conditions (1c,71,72,13) € De x RY x RPN x R, D, = [0, Nyé], and output

Ly(n,6) = (&) 13



Chapter 4. Identification Tools for Robust Regulation 33

In_
5:0N17B:0,
0 0 1

N
L(n1,m2) = Reas(m2) ™" i i
i=1

where

and L(-,-) is any globally Lipschitz function fulfilling

N -1 N

N
det(Y moim;) =20 = L(m,m2) = (Z 7722‘77%;) > i i -
i=1 i=1 i=1
System (4.2)-(4.2) implements a classical discrete-time least squares algorithm for the
estimation of the parameters 0. Specifically, the n; and 7y dynamics describe two shift
registers, the former storing the last IV samples of the “next” derivatives 441, and the
latter storing the last NV samples of the regressors W({). The variable 73, then, represents
an estimate of the uncertain vector © obtained by properly processing the value of 7,

and 7o.

Since the hybrid clock time domain fulfills a reverse average dwell time condition, ac-
cording to [21], the clock dynamics can be thought of as flowing according to 7. = 1
and jumping according to 7 = max{0, 1. — ¢} with flow and jump sets coincident and
equal to C. = D. = [0, Nyd|.

In the remaining part of the section we prove that the previous system fulfills the hybrid
identifier requirements specified in Section 3.2. Partitioning the exogenous disturbance
de as de = col(d,dgy1), d € R?, dgp1 € R, the n-subsystem of (3.8) reads as w = s(w),
1ie = 1,71 = 0, 172 = 0 and 73 = 0 during flows, and

n S+ B(tap1(w) +dgy1)
ny = (S®IL)p+ (B L)Y(r(w)+d)
ny = Lnf.n3)

during jumps. We start analyzing the n; subsystem. For all n. € C.UD, let 1.9 € C.UD,
be such that n. = 7.(t, N — 1) for some ¢t € R>¢ such that (¢, N —1) € E,; and let
©w(t,w) be the value of the trajectory of w = s(w) at time ¢ with initial condition w at

t = 0. Furthermore, with (t;,7) € E,,, i =0,...,N — 1, the hybrid jump times, let

T1(ne, w) = col(T11(ne, w) , ..., TiN(Me, w))
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with 71; : (CcU D) x W — R, i =1,..., N defined as (using the fact that 7. = 1)

T1i(Ne, w) = Tar1(Pw(t — tio1,w)) =
Ta+1(Pw (=N + ne(tn-1, N — 1) + (tn—im1 — tN—-1),w)).

Note that, by definition of (-, -), T (e, w) = 0. Furthermore , Ty;(nF, w™) = Thiv1 (ne, w),
i=1,...,N—1, and TlN(n(—:"_vw+) = Td-‘rl(w)‘

Consider Wi (ne,w,n1) = Zf\il ¢ilmi — T1i(ne, w)| where the constants ¢; are such that
¢ =8¢-1,1=2,...,N, and ¢; > 0. During flow, using the fact that 7; = 0 and that

T (M, w) = 0, we have W1 = 0. During jumps, bearing in mind the jumps rule for 7,

N
Wi(ne, w,m)* = ZQ’ME —Tu(nd,wh)|
N i=1
= Zcz’—1|771i —Tyi—1(nd,w)| + en|Tar1(w) + dar1 — Tin(ns, w)]
—2
ZN .
i—1
= > —ailmi — Tui(ne, w)| + enlrara(w) + dagr — 7ag1 (w)]
e " 1
= §W1(770,w,771) - §61|7711 — T11(Ne, w)| + en|dgs1]
1
< §W1(7707w7771) + en|dgga]-

Furthermore note that ci||m — Ti(ne, w)|| < cillm — Ti(e, w)|1 < Wi(ne,w,m1) <
enllm — Ti(me, w)|li < envVN||m — Ti(ne,w)||. The Wy(-) decreases during jumps (if
dgr1 = 0) but not during flows. In order to obtain an ISS hybrid Lyapunov function
we follow [23] and we take Vi(ne,w,m) = exp(—Lne)Wi(ne, w,m) with L > 0 such
that exp(Ld) < 2. During flow, using the fact that 7. = 1, we have Vi(ne,w,m) =
—LVi(ne,w,m). During jumps, using the fact that nt < max{0, n. — 6} and that

Ne < Nod, we have (using 1. — max{0,7. —d} < 9)

Vi(ne,w,m) " = exp(—=Lnd YW1 (ne, w,m )"

IN

exp(—L max{0,n. — 0})W1i(ne, w,n1) + exp(—Lmax{0,n. — d})cn|dgy1]

IN

exp(—Lmax{0,n. — })exp(Lnc)Vi(ne, w,n1) + cn|dai1]

IN

exp(LO) Vi (1, w,m ) + en|dai1]

> 00| 0ol 00|

Vi(Me, w,m) + en|dgq1]

1
where \ = gexp(Ld) < 1 Note that there exist a > 0 and a > 0 such that

allm = Ti(ne, w)|| < Vi(ne, w,m) < &|lm — T1(ne, w)|.
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We consider now the 79 subsystem. With the definition above of hybrid time domain
E,,, of (t,N—1)€ E,, and of (¢;,i) € E

eo > 1eo ? neos © =0,..., N — 1, in mind, we let

T5(ne, w) = col(Tor (e, w) , ..., Ton (e, w))
where Ty; : (C.UD.) x W — RP i =1,...,N are defined as

Ti(Ne, w) = V(T (pu(t — tim1,w)))
= V(7 (pw(=nc + nec(tn-1, N = 1) + (tN—i-1 — tn-1),W)).

As above, we observe that, during flows, Tg(nc, w) = 0, and, during jumps, To; (nd, w™) =
T2i+1(77C7w)7 = 17 s 7N - 17 and T2N(77;’_7w+) = \II(T(’UJ))

Moreover, having defined §(w,d) = ¥(7(w) + d) — ¥(7(w)), we note that ¥(7(w) +
d) = U(r(w)) + §(w,d) and, for any r > 0, there exists a constant § > 0 such that
|6(w,d)| < 6||d]| for all w € W and d € R such that ||d|| < r. Consider now

N

Wa(1e, w, m2) = Zcz’|7722‘ — T (1, w)|
i=1

where the constants ¢; are defined as above. The same steps presented above for Wy
lead to conclude that Wa(ne, w,n2) = 0 during flows and, by using the bound on §(-),
that

Waltesw,12)* < 5Walie,w, ) + B

during jumps. As above, by letting

Vo (e, w,m2) = exp(—Lne)Wa(ne, w, n2)

with the same L defined before, we obtain that

V2(77C7 w, 772) = _LV2(77C7 w, 772)

during flows and

Va (e, w,m2) " < AVa(ne, w,m2) 4 end||d||

during jumps (with the same A introduced before). Similarly to the analysis above,

moreover, it turns out that

alne — To(ne, w)|| < Va(ne, w,n2) < &||n2 — To(ne, w)||.

Finally we consider the ns subsystem. Let T3(n.,w) = L(T1(ne,w), T2 (ne, w)), and let
W3 (ne,w,n3) = ¢||n3 — T3(ne, w)||1 with ¢ a positive constant yet to be fixed. During
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flows we have W3 = 0. During jumps, by letting ¢ the Lipschitz constant of L(-,-) and

bearing in mind the definition of § above,

Wy (e, w,m3) = c|lng — Ts(ne, w) ¥ |1
= c||L(nf,n3) — L(T1 (e, w) ", To(ne, w) 7)1
< cl|\(nfnd) = (T (e, w) ™, To(ne, w) V)1

N N
< (Y mi = Tra (o, w)[ + D [noi — Toia (0 w) |1
i=2 i=2
741 (w) + day1 — Tain(nd )]
+H[T(r(w) +d) = Ton (e, w)l1)
N N
< (" Imi — Tii(ne.w)| + 3 ln2i — Tai(ne, w)l1 +
=2 =2

Tay1(w) + datr = Tap1(w)] + [[¥(7(w) +d) = ¥(7(w))][1)

< cl(|lm — Ti(ne, w)||y + [[n2 — To(ne, w) ||y + 6]|d[|1)
N

<c (Vi (ne, w,m) + Va(ne, w,m2)) + clV NG| de||

We now rescale W3 in order to obtain a Lyapunov function for the ns-subsystem that
is decreasing during flow (and without any special property during jumps). In partic-
ular, by letting V3(ne, w,n3) = exp(—Lnc)Ws(ne,w,n3), we have that Vi(ne,w,n3) =
—LV3(ne, w,n3) during flows and, during jumps,

Nexp(—L max{0,7. — d})

2
‘[3(7]& w, 7]3)+ =cC

- (V1(77c,w7771) +‘/2(77C)w7772)+5g||de”)
(N

< e——(Vi(e, w,m) + Va(ne, w, n2) + 0af|del])
Finally, we construct a Lyapunov function for the whole 1 system as V (n, w) = Vi (ne, w, n1)+

Vo(ne,w,m2) + V3(ne, w,n3). First note that there exist positive ¢, and @, such that

"
a,|[(w,nls < V(n,w) < ayll(w,n)||s with B defined as in Section 3.2 with

0(770’ w) = COI(Tl (”70’ w)’ T (”70’ w)’ 13 (”70’ w)) :

Furthermore, during flows, V (1, w) < —LV (n, w), while, during jumps,

(VN
v(nﬂw)+ = ()\+C )(Vl(nmwﬂ?l) +‘/2(7]C7w7772))
Fenldanl + endld] + BVl

AV (1, w) +¢f|de

IN

< max{2X;V(n, w), 2¢||del}
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VN

). The ISS property behind the
VN

where ¢ is a positive constant and A, = (A + ¢

identifier design requirement is thus fulfilled by taking ¢ so that ¢ < 1/4 with

Ay =2\, < 1.

The fact that proposed identifier is optimal with respect to the least squares functional
specified above immediately comes from the definition of I';(-) by using the persistence

of excitation assumption and the definition of o(-).

4.2 The case of Linear Regression Law and Implicit Adap-

tation

The starting point in this alternative design methodology, is the existence of a regression
formula that governs the k-th time derivative of the desired steady state input u*(w(t)).
The formula is specified in the next Assumption. For ease of notation, here and in the
following we let u‘[‘mb] = (u*(“), e ,u*(b))T, with 0 < a < b, the vector of time derivatives
of u*.

Assumption 1.

There exist k > 0, p > 0, locally Lipschitz functions h : R¥ — R and L : R¥ — RP such
that

u*®(w) = hlufy gy (w) + Lufy p_yy(w) 6% Vw e W. (4.4)

where 0* € RP is a vector of uncertainties. <

In the second part of this section we show how the previous assumption is fulfilled in a

number of relevant cases.

By differentiating ¢ > 0 times relation (4.4) and collecting the resulting equations, we

obtain the following set of equations

“[*k,kﬂ} (w) = Hz‘(u[*o,kﬂ_l} (w)) + Az’(u[*o,kﬂ_l} (w)) 0 (4.5)
where

Ai(Ufy pyiy) = col Lo(ufy p—qp) -+ Lilufy jpiqy) (4.6)

Hi(ufy jyyq) = col ho(ufg p—1)) -+ hi(ufy i)

where Lo(-) = L(-), ho(-) = h(-), Lj1() = L;(-), hja(-) = hy(-), j = 0,...,i — 1, and

where for compactness we have omitted the argument w of u*.

The proposed methodology relies upon the following crucial assumption.
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Assumption 2.

There exists a m > p and € > 0 such that

det(Ay, (U[*o,k+m— 1] (w)) Am (u[*o,k+m—1} (w))) = €

for all w e W. «

The previous assumption implies that
rank(Ap (U )W) =p YweW

and, in turn, that the uncertain vector 6* can be obtained from (4.5) as a function of
u* and its first (k 4+ m)-th time derivatives. In particular, taking the (m + 1)-th time
derivative of (4.4) and replacing 6* with the estimation () obtained by left-inverting

(4.5) for i = m, one obtains

wmth+l) — hm+1(U*o,k+m}) - Lm“(u[*O,Hm})'
WA T | L Y P (|

where A;rn represents a pseudoinverse of A,, given by

This relation, in turn, is equivalent to (2.14) for an appropriately defined ¢(-) with
d=m+k+1.

In the remaining part of the section we show how the previous assumptions are fulfilled
in a number of relevant cases in which u* is generated by nonlinear oscillators. The
three cases of Van der Pol, Duffing, and Lorentz uncertain oscillators are considered and

are dealt with in the following subsections.

4.2.1 Van der Pol Oscillator

As exosystem, we consider the Van der Pol oscillator described by

’Li)l = W2
T, I (4.7)
Wy = wwy + €(1 — wy)ws

in which w and € are uncertain parameters, and consider the case in which the desired

steady state input u*(w) = w;. the set W is the omega limit set where the steady state
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trajectories of the Van der Pol take place. It turns out that
i*(w) = —u*(w)w? + (1 — u*?(w))u* (w)e (4.8)

and thus Assumption 1 is fulfilled with x = 2, h(-) = 0, L(-) = (—u*(w), (1 — w**(w))i*(w))
and 0% = (w?, E)T. We start now to take time derivatives of (4.8) to identify an m > 2

for which Assumption 2 is fulfilled. By differentiating once, we obtain
ufy 51 (w) = Ax(ujo,9)0" (4.9)

where
) —ur (1 _ U*Q)ﬂ*
Al(u[O,Q}) = . (410)

—ur it = 211,*’[1,*2 o u*2’ii*

It turns out that there are points of W where A; is singular (see Fig. 4.1). By thus

taking a further derivative we obtain

ufp (W) = Aa(ufp g (w)) 67 (4.11)
with
—u* (1 _ U*Q)d*
Az(ufo ) = | i i — 20 — w2t (4.12)

—ii* u*(3) _ 2,&*3 — U — U*Qu*(?)) )

A numerical analysis of the minors of Ay (see Fig. 4.2) reveals that the matrix has rank

2 for all w € W and thus Assumption 2 is fulfilled.

15

10}

2 4 6 8 10
t(s)

FIGURE 4.1: Determinant of A; (uf ,;) on the limit cycle (w?=1and e=1).
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o
T
1

FIGURE 4.2: Limit cycle for the VAP oscillator with w? = 1, ¢ = 1 and singularity
points for each minors of matrix Ag(uf‘o 3]). The red points are the singularity points

for the minor A! := A'? having selected the first two rows of the starting matrix; the
magenta points for the minor A% := A'3 (first and third rows) and the cyan points for
the minor A% := A%® (second and third rows).

4.2.2 Duffing Oscillator

We consider now the case in which u*(w) is generated by the Duffing oscillator modeled
by

= (4.13)

Wy = —w{’a—wlﬁ

where o and [ are uncertain parameters and u*(w) = w;. the set W is the limit cycle
of the oscillator. It turns out that

ii*(w) = —u*3(w)a — u*(w)B, (4.14)

namely Assumption 1 is fulfilled with k = 2, h(-) = 0, L(-) = (—u*3(w), —u*(w)) and
0* = (o, B)T. By differentiating once relation (4.14) we obtain

*

ufz:ﬂ =4 (U[*o,l} )0

with

"k

_u*3 —ux
Ar(ufp ) = [—3u*2a* o ] (4.15)
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that is singular in some point of the limit cycle. Taking a further derivative we get
ufp,q) = A2(upp2)0
with
_u*3 —ux
A2(uf072}) = —3u*2y* —* (4.16)
—31.1:*11,*2 o 6U*?:L*2 —ir
that is still rank-deficient. By thus taking a further derivative we get
U[*275] = A3(U[*o73])9*
with _ -
_u*3 —u*
—3@6*2'&* —*
As(uy ) = (417)
7 —3ii*u*? — 6uru*? —ii*
_3u*(3)u*2 —18ururi — 6?:L*3 _u*(S)

which, finally, has rank 2 (see Figures 4.3-4.4).

25

FIGURE 4.3: Limit cycle for the Duffing oscillator with o =

1, B = —2. In the red
points at least one minor out of six (of matrix As(uf, 4)) is not singular.
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FI1GURE 4.4: The plot shows two of four singularity points of Fig. 4.3 in which is visible
that five out of six determinants pass always through zero but, in the same points, the
remaining one is always different from zero.

4.2.3 Lorentz Oscillator

As a third example we consider the case in which u* coincides with the w; component

of the Lorentz oscillator described by

’li)l = a(w2 — wl)
wy = wi(p —w3) —ws (4.18)
w3 = wiws — Pws

where (o, p, 3) are positive uncertain parameters. We let the set W coincide with the
Lorentz attractor by assuming a persistence of excitation condition of the oscillator.

Specifically we assume there exists a € > 0 such that

w? +wt = Hu[*OJ}HQ >e YweW.

We start differentiating «* in order to obtain the regression formula (4.4) and to fulfill
Assumption 1. We have w; = u*(w) and @*(w) = o(wy — u*(w)) from which wy =
u*(w) + 4*(w)/o. By differentiating further 4* we get

i = our(p—ws) —wy — u*

(4.19)
= —U" 4+ qu* + cu* + coutws

with ¢ :=o(p — 1), ¢cg := —o . Furthermore,
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w* (w)i (w)

g

*2(

wsg = u*(w) — Bws.

By differentiating once more (4.19) and using the previous expression of ws, we obtain
w®) = w0 — i 4 it + el + ou 4 (cot™ — cofu”)ws . (4.20)

Relations (4.19) and (4.20) can be compactly rewritten as

U[*Q,g} = P(U[*og]) +C(p,0) @(Ufo,z}) + M(o, ) U[*0,1] w3

up —u*
— [0,2] —
Y= < W ) P = < i — w2t ) (4-21)

a 0 OI,M;:[ “ 0]. (4.22)

where

and

0 ¢ ¢ o —c28 ¢

By taking advantage from the persistence of excitation condition, the previous relation

can be used to express ws as a function of u[*0’3], namely

1 T
Y8 = Yy g7 o M ! (pluina) + C oty )
or, equivalently,
* T * T
u ® plu
wy = 2l ) vect(M (o, 8) 1)+
ity o P
T
Uo ®90( [0,2})T

where ® denotes the Kronecker product and vect(7") is the column vector obtained by

taking row-wise the elements of the matrix 7.

Furthermore, by taking another derivative of (4.20) we get

D = 3t — 2 — B4
critr + ea(u®) + 4u?ir) — epfurd + furtic (4.23)
ea it = 280" + Bu*ws

by which, using the expression of w3 above and compacting the terms, we obtain

u™® = h(ufy g) + L(uf, 5)0* (4.24)
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with 6* € R10 defined as

9 = (07 50p7 /820'107 /630'107 /807 18207 5307 B’ 52’ /Bg)T

and where h(-) and L(-) are appropriately defined functions. This proves that Assump-
tion 1 is fulfilled. To check if there exists a value of m such that Assumption 2 is
fulfilled, we go further by simplifying a bit the analysis by assuming that the parameter
B is known. This implies, by rearranging a bit the terms in (4.24), that the following

relation
u™® = h(uffy o) + L(uf, 5)0* (4.25)

holds, where h and L are known functions (dependent on ) and 6* € R? is defined as
0* = (o, po)T.

By differentiating once the equation (4.25) we get the following compact form
Uly5) = ﬁl(u[*oA}) + Al(u[*oA])é*

with .

h(u[*0’3])

~ L(ut
- and Ay (uf, 4) == (u[0’3])
h * [074]
1 (Ul q)

I~{1(u*04) = [ .
[0,4] Ll(uf0,4])

To check whether the 2 x 2 matrix A; (u[*o 4}) fulfills Assumption 2, we ran simulations
with different values of the parameters and of initial conditions and we found that the
matrix is singular in certain points of the Lorentz attractor. A further time derivative

is thus taken by obtaining

in which ~ [
i (ufoz)) i Htfog)
Ha(ujog) = | ha(ufyq) | and Az(ujog) = | Lu(ufy )
ha(ufy 5) La(ufos)

with AQ(UFOﬁ]) that is a 3 x 2 matrix. Numerical tests obtained with different values of
the parameters and of the initial conditions showed that the three determinants of each
minor of the matrix are never simultaneously zero, namely that the matrix has rank 2
on the Lorentz attractor for the numerical values used in the simulation. Assumption 2
is thus numerically verified and we obtain that relation (2.14) is fulfilled with a W(-) of

the form

WD = ﬁg(ufo,ﬁ}) + i3(“[*0,6])A;(U[*o,5])(u[*4,6} - H2(U[*0,5}))-

where flg is the left inverse of flg.



Chapter 5
Examples and Simulations

This chapter is completely dedicated to some examples in order to give a numerical
validation to the presented theory. For the case of a hybrid identifier it is possible to
distinguish the two sub-cases of asymptotic and practical regulation, while for the case

of implicit identification is just given an example about the asymptotic scenario.

5.1 Output Regulation with Least Squares Method

In the actual section we show how it is possible to achieve both asymptotic and practical
regulation by means of the theoretical concepts presented so far. In details, we are going
to carry out some simulations by employing a simple but really effective example in
which, first case, we know exactly the exosystem we are having to do with (there is no
residual bias v(w)) and second case, under the minumum phase assumption, we suppose
not a perfect knowledge of the map m(w) solution of the regulator equation (2.2) (this

leads to a defective regression law as in (2.18)).

We consider a controlled plant described by the following nonlinear system

i1 (t) = —af(t) — wi(t) + x5(t) x1(0)
Bo(t) = pay(t) + u(t) — wi(t) z2(0)

T10

L20

in which the parameter p € {0,1} is just used to turn on/off the contribute of the term
x1(t), that represents the presence of the map m(w) in the steady state control law.
The exosystem, i.e. the system that generates the exogenous signal we want to track or

reject, is the following well known Van Der Pol nonlinear oscillator with dynamics given

45
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by
wy(t) = wa(t) w1 (0) = wig
wa(t) = — 0w (t) + 05(1 — wi(t))wa(t) w2(0) = wao
where 0* := [0%, 03] is a vector composed by two unknown parameters (for the Van

Der Pol system they correspond to the natural frequency of oscillation and the nonlinear
damping coefficient, respectively). By choosing the regulated variable as e(t) := x5(t)
and z(t) := x1(t), we notice that the system is still in the normal form described by the

equations (2.8)-(2.9), and in particular we can rewrite the plant as follows

2(t) = —=23(t) —w?(t) + €3(b) 2(0) = z10

é(t) = pz(t) + u(t) — wi(t) e(0) = 9.

5.1.1 Asymptotic Regulation

In this specific case (u = 0) it is quite simple to compute the steady state control law
able to guarantee the zero regulation error, i. e. u*(w(t)) = wy(t). Furthermore, we
note that the system is trivially minimum phase (7(w) = 0) and with d = 2, we have
that u*(w(t)) satisfies ezactly the regression formula stated in (2.14) (this fact implies
a third order internal model controller as seen in Section 2.2). Our goal is to achieve
asymptotic regulation by means of the internal model structure given in (3.4) and the
identification unit given in (4.2)-(4.3). For sake of compactness, in Table 5.1 we list all

the simulation parameters used to implement the overall regulation scheme.

(07, 03) = (1,1) (w10, w0) = (1, 1)
(x107$20) ( 71) (97 k,ﬁc) — (107 10071)
(10,620, €30) = (0,0,0) | (9e0, 7105120, M30) = (0,0,0,0)

TABLE 5.1: Output regulation with Least Squares method: list of parameters used in
the simulation.

In Figure 5.1 it is possible to see the error signals that approach zero asymptotically.
In particular, the regulated error e (t) (saturated only for visualization purposes) goes
to zero very fast and becomes different from zero just during the parametric adaptation
(from 0 to 15s). In the remaining pictures it is possible to notice the satisfying behavior
of the two estimation errors while the identification structure is performing the adapta-

tion (for ease of notation the two estimation are represented by the variables 0, (t) and

02 (1)).
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FIGURE 5.1: The pictures above show the behavior of the three main signals of the
simulation scheme, i.e. the regulated error e (t), the estimation error of the natural

frequency of the Van Der Pol oscillator 6% — 6, (t) and finally the nonlinear damping
estimation error 65 — 65 () .

5.1.2 Practical regulation

Now, we want to show how it is possible to achieve at least practical regulation also when
a perfect knowledge of the regression formula (2.14) is not possible. For this purpose,
consider the same controlled plant as before but with a different value of the parameter

u, namely p = 1. In this case the steady state control law becomes
u (w(t)) = wi(t) — w(w(t))

that fulfills the regression formula listed in (2.18).

In Figure 5.2 we have reported the regulation error e(t) and the estimation errors 6} —
01(t), 05 — 05(t) in presence of the uncertain map 7(w); obviously the values of the two
unknown parameters do not approach zero asymptotically, because of the presence of an
error on the model used for estimation, and also the regulated variable is different from

zero but still small thanks to the effect of the high gain ¢ in the internal model unit.
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FIGURE 5.2: The picture shows the regulation error e(t) and the estimation errors
07 — 01(t), 05 — 02(t) during practical regulation.

As final remark we want to focus the attention on the equation (2.19) showing some
comparison between three different practical regulation scenarios where we increase the
dimension d of the internal model regulator. With an eye to Figure 5.3, one can notice
that increasing the parameter d the error assumes very small values, this means that
also in presence of uncertain structure of the exosystem or in presence of uncertain
map 7(w) it is possible to achieve good performance of regulation just adjusting the
dimension of the controller. All parameters for the simulation are the same listed in
Table 5.1, with the difference of the structure of the controller, that is, for d =2 — ¥ =
(60 & — E362 — 26163), for d = 3 — W = [~E3: &4 — 263 — 66160 — £3€4] and finally for
d=4— U =[-£;8 — 126563 — 8616264 — £7&5 — 66163

5.2 Output Regulation with Implicit Adaptation Method

In the actual paragraph, the simulation shows the effective performance in case of robust

regulation with the alternative method presented in Section 4.2, i.e. the method in
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_1 1 1 1 1

0 10 20 30 40 50

FIGURE 5.3: Note the behavior of the three error signals during practical regulation
when the dimension of the internal model regulator is increased.

which the estimation of all uncertainties is nested in the structure of the internal model

regulator.

In the example we consider as controlled plant a linear oscillator (for simplicity, it is
possible to run simulation considering more complex nonlinear systems) described by

the following equations

:i‘l(t) = :L‘Q(t) :L‘1(0)
Zo(t) = —x1(t) + u(t) — wi(t) x2(0)

T10

T20

forced by the control variable u(t) and by a matched exogenous disturbance w (t) gener-

ated by a Van der Pol exosystem modeled (as in the previous example) by the equations

wy(t) = —0Tw (t) + 05(1 — wi (t))wa(t) w2 (0) = wao

with the same two uncertain constant parameters collected in the vector 6* := [07, 03] .

The control goal is to regulate x; to zero by means of a state feedback control law.



Chapter 5. Examples and Stmulations 50

Output feedback solutions can be easily obtained by the state feedback solution derived
below by means of standard arguments that are here omitted. In this case we can define
the error e = x1 4+ x5 and the variable z = x1; with the the previous choice at hand we

are able to write the system in the new coordinates

2(t) = —=z(t) + e(t) z(0) = z19
é(t) = e(t) +u(t) —wi(t) — 22(t) e(0) = z19 + 220

For this specific case, all the parameter used for running the simulation are listed in
Table 5.2.

(91(7 95) = (17 1) (wlOaw?O) = (2’570)
(%10, 220) = (1,0) (9, k) = (10,40)
(510) 5207 530) 5407 550) — (0) 07 0) 07 0) (>\17 R >\5) — (4) 16) 25) 19) 7)

TABLE 5.2: Asymptotic output regulation with Implicit Adaptation method: list of
parameters used in the simulation.

_20 1 1 1 1
0 5 10 15 20 25

FIGURE 5.4: The picture shows the regulated error e (¢) and the two errors 7 — 0, ()
and 05 — 02(t). The estimation is hidden in the regulator structure.
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By following the theory in Section 4.2 the function ¢(-) in (2.14) is of the form

() = |6 & — 66 — 12636 — 666 — 861664 0

with @ the vector of estimated parameters given by

b= Al(uly )€, €0 65] 7

where A; is the left inverse of As. This function has been properly saturated outside
7(w) to avoid peaking phenomena. As shown in Figure 5.4, the harmonic oscillator
starts from an initial condition with z1 = 1 and asymptotically converges to zero, and
also the “nested” estimation method exhibits really good performance as one can see

from the picture of the two estimation errors 0% — 61 (t) and 65 — 0a(t).






Chapter 6

Conclusions

In this chapter, final considerations and observations about the overall work are reported.
After the first section that describes briefly the work done so far, there is a second section
with all the main conclusions and eventual future developments regarding the robust

regulation topic.

6.1 Summary of the Thesis

The present thesis deals with the problem of robust output regulation for a particular
class of nonlinear systems, namely, such a systems in normal form, single-input single-
output, continuous and such that they satisfy the minimum phase assumption (that is
a restrictive hypothesis but really important in order to use high-gain techniques). The
work is based on the usage of such high-gain techniques introduced by Byrnes and Isidori
in 2004, that solved the nonlinear output regulation problem; in details, they developed
a constructive way to design a controller with the so called internal model property (a
controller that satisfies the internal model principle). In that work, the two authors
carried out an analysis of the asymptotic properties of the closed loop system with
the above-mentioned regulator, in which is possible to note that just in case of perfect
knowledge of the model of the exosystem, it is possible to obtain a regulator with the
internal model property, basically, in case of parametric or structural uncertainties of
the exosystem is possible solely to achieve practical regulation. In the new framework
proposed in this thesis, the problem of robust regulation in case of uncertainties (so
we deal with uncertain or completely unknown exosystems) has been studied, trying to
construct and analyze, from an asymptotic point of view, a general setup that allow
the designer to integrate an adaptive part able to help the existing controller; what we

have done is to work on the synergistic union and cooperation of the two main parts
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of the overall control system: the proper regulation part and the identification part,
modifying them, when possible, in order to generate an interplay between the two, able
to guarantee the best possible final regulation result (minimizing the regulation error).
In details, we have analyzed the interconnections between all the systems in the loop
namely, the controlled plant, the exosystem, the regulator and the identifier, developing
theorems to prove the good asymptotic properties of the closed loop system. Everything
has been supported by several simulations carried out on simple benchmark examples
and they have led to the validation of the presented theory also from a numerical point

of view.

6.2 Conclusions and Future Works

As conclusions of the overall work done, it is possible to say that the developed framework
is quite robust because is strongly based on high-gain techniques that intrinsically allow
a sort of robustness, but obviously, the main drawbacks are exactly those related to
that world: first of all, the poor robustness to the measurement noises (very significant
in the reality, they could affect the overall control system) and the classical peaking
phenomenon (the peak in the transient during the estimation of the time derivatives of
a signal using an high-gain/dirty derivative observer); both these situations should be
taken into account, in fact, they render the propose approach valid just from a theoretical
point of view but weakly applicable from a practical one. Just from these considerations
one could think about some new interesting ideas, among them, trying to develop and
use techniques able to avoid the peaking problems and at the same time techniques
able to decrease the sensitivity to noises related to the measures of signals that could
be dangerous during an eventual implementation phase of the control algorithm. As
underlined by the main idea of this work, the parameter “d” (the regulator dimension)
can be choose, in theory, to bypass the problem linked to the asymptotic amplitude
of the regulation error, in fact, we have proved that both the prediction error and the
regulation error are inversely proportional to the gain of the controller, but also to its
proper dimension; however, this is a drawback if one think to the fact that the dimension
of the state of the regulator must be huge in order to ensure the smallest regulation
error; this fact leads to an excessive computational weight because of the calculus of
a big number of derivatives that implies, also, the worst case of peaking phenomenon.
A possible solution could be to choose a small parameter “d” and to work instead, on
the identifier side. In fact, thanks to the approximation theory, would be possible to
estimate any regression law (linear or not) thanks to a surely linear model but with a
“selected” number of parameters; the word “selected” means that the designer could

choose the number of parameters for estimation such that the prediction error is as
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small as possible and, as direct consequence, the regulation error would be small; the
conclusion is that we do not create other problems for the regulator side but we just
increase the number of parameter for the identification side. The same kind of problems,
obviously, exist for the approach with implicit adaptation, nested in the regulator, with
the further applicative drawback of the necessary big dimension of the regulator; in fact
that dimension is fixed one for all, first, by the number of derivatives we have to calculate
in order to get the suitable regression law and second, by the number of derivatives we
have to take into account to satisfy the hypothesis on the rank of the matrix we want to
use for the estimation of all parameters. As happens in the case of the Lorentz oscillator,
this approach can be used just with more than 20 states for the regulator (difficult to
implement). For this kind of method, it is not so clear how to overcome the obstacle
and this is the reason why it could be an interesting starting point for further research

on the subject.
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Proof of Proposition 3.2

Consider the change of variables

e ge = Dg(fe — Te(Ne, w))

with Dy = diag(g?,g%',... ,1). We first compute the flow dynamics of ée component-
wise. The components fz-, i = ...d — 1, are described by (adding and subtracting the
term u*(w) defined in (2.13))

& = g G F Mgt (ur(w) — &) — T (w) + Mg (e(w, 2) — u*(w)))
= g(&r1 — N&1) + Mg (w, ).

As far as éd is concerned, the following dynamics can be computed

Ca = 9(€ar1 + g (ut(w) — &) = Tap1(w) + Aag™i (w, 2))
= g(&ayr — Tylo(ne, w), 7(w)) = Aal
+Ty (0 (ne, w), T(w)) = Ta41(w)) + Aag™ 1 (w, )
= g(&as1 — A1) + g(Ty(o(ne, w), 7(w)) = Tas1(w)) + Aag?™ 01 (w, 2)
= g(&ar1 — Mar) — g2 (e, w) + Aag™ i (w, 2).

Finally, using the fact that o (ne, w) = Fo(o(ne, w), Te(w)) for all (n.,w) € Ce x W, 5d+1

reads as

£d+1 = P%s(nen ge) - )\d—i-lggl - P%(U(nm w)7 Te(w)) + )‘d+lgd+1€l(w7 Z)

o7
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with the term I (ne, &) — I} (0 (ne, w), Te(w)) that can be elaborated as

Ll (1er ) = T (0 (s ), 7 (1) =
Pi?s(ﬁe, {e) - P%S(T]e, 77—6(7707 w)) +

= 01(1, e, w)
F;S(n& 77—6(7707 'LU)) - P;ys(nea TE(w)) +

= 92(777 w)
Ly (e; Te(w)) = T (0 (e, w), Te(w)) -

= 93(777 w)

Note that, by the definition of F%s(-), there exist positive constants c¢i, ¢o and c3 such

that

|Ql(777667w)| < Cl”Dg_lge”
|02, w)] < cale(rne; w)l
|03(n, )| < e3l|f2(n, w)|

for all (n,w,&) € (C, U D,) x W x R Putting together the expressions of &,

i=1,...,d+ 1, it turns out that the ée dynamics during flows can be written as
0
€ = gHE + 0 (A1)
—ge(ne, w)
01(n, e, w) + 02(n, w) + 03(n, w)

A1

Fg T | h(w,2)
Ad

Ad+1

where H is an Hurwitz matrix. Consider the positive definite function W (n.,s) =
\/ETPE, with P = PT > 0 such that PH + H'P = —I, and note that A\pl||&| <
W.(ne,s) < Apllée|| where Ap and Ap are, respectively, the square root of the lowest
and the largest eigenvalues of P. Note that, by assuming without loss of generality
that g > 1, We(ners) > Apll&ll > Aplige — (e w)l] > Apll(e,)lle- Moreover, let
(Mep, wp) € (CeU De) x W be such that |[(1c,<)lle = [|(ne,w,&) — (Nep, wp, Eep) || With
€ep = Te(Nep, wp). Then, using the fact that 7.(-) is locally Lipschitz and C., D., W are
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compact,
We(ne,) < Apll&ell < g®AplI&e — Te(ne, w)]|
= gAp||€e — Eep + Te(leps wp) — Te (1, w) |
< gdS\P(ng — &epll + [|7e(Neps wp) — Te(ne, w)||)
< g Ap([|(ne; O lle + 7l (Meps wp) = (e, w)1)
< g Ap(1+7)]| (e, S)lle

where 7 is positive constant. Namely, o’ ||(1c,s)[lc < We(ne,s) < g%a||(ne,s)|lc with
o, =Apand a, = Ap(1+7). We now consider W, during flows. By taking the derivative
of W, along the solutions of the previous system, by using the previous bounds on g1 (-),
02(-) and p3(-) and using W (nc,s) < Ap||&], one obtains that there exists a g& > 0
(dependent on the constant ¢;) such that for all ¢ > g7 the following holds

1
W (11e,s) > Xt max{ [e(ne, w)|, g1 (w, 2)], 5\\62(77710)\\ ¥
= <VW§(77C7<)’F§(£~6)77’2U7Z)> S _C/§W§(77C7<)

(A.2)

for some positive constant ¢, and x., for all (n.,<) € Ce. x C and (n,w, z) € C;) x W xR",
where Fg(-) is the right-hand side of (A.1).

We now consider the W (., <) during jumps. By bearing in mind the jump rules for &,
€441, n and w in (3.12), and the fact that o(ne, w)t = Jo(o(ne, w), Te(w)), it follows that

We(v) = \/C(n,w,§e)TPC(77,w,§e) for all v € col(Je(ne), J< (s, (w,Ne, 2))) where

( ( diag(g", .-, g) (€ = 7(w) ) |
Pﬂ(']e(nen 5@)7 5) - FU(JG(U(WQ w)? Te(w))7 T(w))

By using the fact that I';(-) and J.(-) are locally Lipschitz and bounded, the last element
of ((n,w,&) can be bounded as

Ty (Je(te, &), €) = Tn(Je(0 (e, ), Te(w)), T(w))] <

vil[2(n, w)l| + val|€e = Te(w)]| + w3[l€ = T(w)]| <

vi[[€2(n, w)l| + (v2 + v3)[[€e — Te(w)]| <

villl2(n, w)ll + (v2 + vs)llge — Te(w)]]
+(v2 + v3)[|Te(w) = Te(w)]| <

villl2(n, w)ll + (v2 + vs)llge — Te(w)l| + (v2 + v3)[e(ne, w)]

S

S
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for some positive v;, i = 1,2,3. Using (a + b+ ¢)? < 3a® + 3b% + 3¢? for all positive a, b,

¢, one easily obtains (by assuming, without loss of generality, that g > 1)

1€ (n, w, &)1 <ng e — mi(w)? + il (n, w)|?

=1
+[[€e — Te(w)|]* + v5|e(ne, w)|?

d
:Z L )& — (W) + vhl€a
n(U(??c, w), 7(w))[* + v [[€2(n, w)[[* + vole (e, w)[?
d
< @+5)> g MG — mi(w)? + (1 + vh) €4
=1

Ly (0 (e, w), 7(w)) |2 + v |2, w)|* + 5 e(ne, w)?

= (L+ v)llgel® + viliea(n, w)|* + v3|e(ne, w)

namely, using the fact that W (ne,s) > Apl&ll and Wo(v) < Ap||C(n,w, &) for all
v E COI(JC(T/C)v J§(g7 (wynev Z))),

We(v) < xgmax{We(ne, <), [Ia(n, w)ll, [e(ne, w)} (A.3)

where x! is a constant taken, without loss of generality, equal to the one in (A.2). Rela-
tions (A.2), (A.3) do not prove yet the desired result as W, is not necessarily decreasing
during jumps when ¢;(-) = 0, i = 1,2, and () = 0 (namely x_ > 1). The presence of
an average dwell-time plays a role to complete the proof. As a matter of fact, following
[24], it turns out that a hybrid time domain of the clock subsystem that satisfies (3.6)
necessarily coincides with the domain of some solution to the hybrid system flowing
according to 7j. € [0, 9] if 7. € [0, Np], and jumping according - = n. — 1 if n. € [1, No].
This implies that the existence of a ISS Lyapunov function V(7.,<) with the properties
specified just after the statement of Proposition 3.2 directly follows from Proposition
B.1 in Appendix B applied to the system flowing according to 7. € [0, d], fe = F.(-) and
jumping according to " = ne — 1, & = ((-) by taking V(1<) = exp(Lne)We(ne,s),
with L € (In(x!),c./d) and 6* = ¢, /In(x.).

For the proof of the second part, note that there exists a £ > 0 such that |¢1(w,z)| < ¢
for all (w,z) € W x Z. The result then follows by standard continuous-time high-gain
arguments by using now the change of coordinates & = Dy(& — 7e(w)) and using the
fact that I'4(-) and ¢1 (w, 2) are bounded for all (w,7, &, 2) € W x (C,UDy) x R x Z.



Appendix B

Auxiliary Results

B.1 Hybrid ISS Lyapunov Functions in Presence of Aver-

age Dwell-Time

Let H be the hybrid system

.C c 0,(5

g 0,9] (e, ,d) € [0, No] x Cy x Cy
&z € F(nex,d)

nd = ne—1

(UC,.I‘,d) c 1,N0 x D, XDd
xt e Je,z,d) } [ ]

for some 6 > 0 and Ny > 1. Assume that there exists a locally Lipschitz function
W : ([0, No] x Cy) U ([1, Np] x D) — R>q satisfying the following properties:

e there exist class-K functions o/(+), @/(-) such that for all z in the domain of W

the following holds

o/ ([(ne; x)lls) < W(ne, ) < & ([|(ne, )5

where S is a compact set;

e there exist a class-K function x/(-) and a positive ¢; such that for all (n.,z,d) €
[0, No] x C x Cy

W(ne,x) = xi(ld)) = W((ne, z),v) < =1 W (ne, )

for all v € col(]0, 4], F(ne,x,d));

61
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e there exist a class-Ko function x4 (-) and a positive constant ¢y and such that for
all (UC,$,d) S [1,N0] X Dy x Dy

W (v) < max{exp(cz) W(ne,2), x5(|d])}

for all v € col({n. — 1}, J(ne, x,d)).

Proposition B.1. Consider the hybrid system H and assume the existence of the lo-
cally Lipschitz function W with the properties specified before. If § < ¢1/co then H
is pre-1SS relative to the set S. In particular the locally Lipschitz function V(ne,x) =
exp(Lne )W (ne, x) with L € (ca, ¢1/6) satisfies the following:

e for all (ne,x) in the domain of V' the following holds

(e, ©)lls) < Ve, 2) < a([[(ne; 2)l|s)

with class-Ko functions a(-) = o/(+) and a(-) = exp(LNy)a/'(+).

e for all (ne,x,d) € [0, Ng] x Cp, x Cy the following holds
Ve, z) 2 xald)) = Ve, 2),v) < =cV (1, x)

for all v € col([0,0], F(ne,z,d)), with positive ¢ = ¢1 — L and class-Ko function
x1() =x1();

e for all (ne,x,d) € [1, Ng] x D, x Dy the following holds
V(v) < max{AV (ne, ), xa(ld])}

for allv € col({n.—1}, J(ne, x,d)), with positive X = exp(co— L) < 1 and class-Koo
Junction x2(-) = exp(L(No — 1))x5(+).

The proof of this proposition is in [24] (see Proposition IV.1).
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B.2 Small-Gain Theorem for Hybrid Interconnections with

Average Dwell-Time

Consider the hybrid interconnection

e € [0,9]

77072:7'7:7(1607]\7 XO XC XC
i € E-(nc,xl,xg,d)}( b2, ) € [0 Nof > G x O <

nd = ne—1

§+ c Jz(xl 9 d) } (7707$1,x2,d) S [].,No] X Dl X D2 X Dd

where ¢ = 1,2, for some § > 0 and Ny > 1, and assume that there exist two locally

Lipschitz functions V; : [0, Ng] x C; U D; — R>( such that the following holds

e there exists class-Koo functions q;(+), @;(+) such that for all (9, z;) € [0, No] x C; U
D;
a;([|(ne, zi)ls;) < Vine, zi) < @i(l|(ne, zi)ls;)

where §; are compact sets, ¢ = 1,2;

e there exist positive constants x1;, ¢; and class-Ko, functions oy;(+) such that for
all (UC,,Z‘l,I‘Q,d) c [O,No] x C1 x O X Cd

Vi(ne, zi) > max{x1;V;(ne, z;), o:i(|d))} = V2(ne,xi),v) < —¢;iVi(ne, xi)
Vv € col([0, ], F;(ne, x1,x2,d)), with 4,5 = 1,2, i # j;

e there exist positive constants xo;, X3i, and class-KC functions og;(-) such that for
all (ne, z1,x2,d) € [1,Ng] x D1 x Do X Dy

Vi(v) < max{x2iVi(ne, z:) , x3:Vj(ne, ;) , oi(|d])}

for all v € col({n. — 1}, J;(ne, €1, x2,d)), with i,7 = 1,2, i # 7;

e the following holds: y11x12 < 1.

In this framework the following result holds.

Theorem B.2. There exists a §* > 0 such that if § < 6* the interconnection is pre-1SS
relative to the set S = 81 X Sy with respect to d. In particular, by letting x = col(x1,x2),
C = Cy x Cy, D = Dy x Dy, F(e,x,d) = col(Fy(ne, z1,22,d), F2(1e, 21, 72,d)), and
J(Meyx,d) = col(J1(Ne, k1, x2,d), Jo(Ne, T1, x2,d)) , there exists a locally Lipschitz func-
tion V : [0, Ng|] x (C'U D) — R such that the following holds
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e for all (ne,x) in the domain of V' the following holds

([ (e, 2)lls) <V (e, 2) < alll(ne, z)lls)

e there exists a positive ¢ and a class-Koo function o(-) such that for all (ne,z,d) €
[0, No] x C x Cy

Vine,z) Zo(ld) = V°((ne,x),v) < =V (e, )

for all v € col([0,0], F(ne,z,d));

e there exists a positive A < 1 such that for all (ne,z,d) € [1,Ng] x D x Dy the

following holds with the same o(-) of the previous item

V(v) <max{\V(n.,z), o(|d))} Vv e -col{n.—1},J(ne,z,d)).

Proof. Let p > 0 be such that x11 < p < 1/x12. Let W : [0, Ng] x (C'U D) — R>¢ be
the locally Lipschitz function

W (e, ©) = max{Vi(ne, x), pVa(ne, )} .

Simple arguments can be used to prove the existence of class-Ko, functions ¢/(-) and &'(-)
fulfilling o/ (|(ne, 2)|s) < W(ne,x) < & (|(ne, z)|s) for all (ne, z) € [0, No]x (CUD) (details
are omitted). Following the small-gain Theorem III.1 of [23], it turns out that there exists
a positive ¢ and a class-Ko, function ¢/ (-) such that for all (n.,z,d) € [0, Ng] x C x Cy4

W (e, ) = o1(ldl) = W((ne, 2),v) < ='W (e, )

for all v € F(7e,x,d). On the other hand, for all (1., z,d) € [1, No] x D x Dy and for all
veJMne,x,d)

W(V) < HlaX{X21V1(77C,ZL'), X31‘/2(77C,ZL'), 021(|d|)7
px22Va(e, ) 5 pxz2Vi(ne, ), oa(ld])}
< max{x'W(ne, z),o35(|d])}

where x' = max{x21, x22, pX32, x31/p}, and o5(-) is the class-K, function defined
as 05(s) = max{o21(s), o022(s)}. The result then follows by Proposition B.1 taking
V(ne,x) = exp(Lne )W (ne, x), with L € (In(x), ' /d) and 6* = ¢/ In(y). O
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