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ABSTRACT

ABSTRACT

Fracture mechanics plays an important role in the material science, structure design nd indu
trial production due tthe failure of materials angtructures are paid high attention in human activ
ties. Thisdissertationconcentrates on some of the fractural aspects of shaft and conwloisite

havebeing increasingly used in modern structumemsistfour chaptersvithin two parts

Chaptes 1 to 4 are included in part.ln the first chapter, the basic knowledge about the stress
and displacement fields in the vicinity of a crack tip is introduced. A review involves the general
methods of calculatg stress intensity facterarepresented. In Chagt 2, two simple engineering
methods for a fast and close approximation of stress intensity factors of cracked or notched beams
under tension, bending moment, shear force, as well qsetare presented. New formulae foil-ca
culating the stress intensitgdtors are proposed. One of the methods named Section Method is i
proved and applied to the three dimensional analysis of cracked circular section for calculating
stress intensity factors. The comparisbetween the present results and the solutions laséclby
ABAQUS for single mode and mixed mode atadied In chapter 3fracture criteria fora crack
subjected to mixed mode loading of tdmension and thredimension are reviewed. The crack
extension angle for single modsd mixed mode and the crtical loading domain obtained by
SEDF and MTS are compared. The effects of the crack depth and the applied force ratio on the
crack propagation angle and the critical loading are investigated. Three different methods calcula
ing the crack initiation anglfor threedimension analysief various crack depth and crack position
are compared. It should be noted that the stress intensity factors used in the criteria are calculated in
section 2.1. In Chapter # reveal the accuracy and effectiveness of thesirgensity factors ta
culated in section 2.2, a number of numerical examples are given for dynamic characteristics of free
vibration of Timoshenko beams with transverse-pavpagating open cracks. The coupling+ b
tween tension and bending is considermdcircular cross section beams subjected to bendog m
ment- axial force- shear force and bending momerghear force torque.The nondimensional
bending modes, rotational modes, tension modgsvell as t@ion modes as functianof crack

depth raticand crack location ratio are graphically researched.

Chapter 5 to 8 included iRart Il ceaing with the fractual properties of composite matesal
Chapter 5 focuses on the fra@uprocess connected with a finite central cradaglthe planen-
terface between two bonded dissimilar materials under biaxial loading. The analytical solution,
based upon the complex potential technique, stedirom the boundary value problem formulated

for the interfacial crack model subjected to ldoading at infinity. Numerical solutions of the-i
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terfacial crack problem, based on a Finite Element Method (FEM) formulation, are worked out with
reference to external loadings applied at the boundary of a bonded finite plate with the saase interf
cial crack. The noflinear stresstrain response of this model is investigated. Models of different
material properties, interface crack lengths, biaxial loading conditions and interfacial fracture
strengths are investigateltt Chapter 6, thgeometrymodelused in Chapter 5 subjected to the in
plane general loading is analyzed. The elastic solution is obtained by the application of the complex
variable technique coupled with the principle of the superposition. The normalized circumferential
stress the norméized maximum shear stresas well as the strain energy density factor near the
crack tip are describe@he influence of the she#ension force ratio, biaxial factor and the distance
ahead of the crack tip are investigatedChrapter 7two popular angimple fracture criteria fonk
terfacial crack proposed by He and Hutchinson {¢fiterion), Piva and Viola (Priterion) are
introduced. The critical value of applied tensile stress of a function of the biaxial factor, the force
ratio and material combation according to the R¥titerion is studied. Crack propagation angle in
several situations of naterial systemor homogeneous materials are calculated. The etk is
focused on the improvement of R¥riterion by introducing the interface toughsesn the last
chapterthe aspects dExtended Finite Element Method (XFEMjuch as crack discontinuous-e
richment, crack tip enrichment, level set method, areditced Specially, or the interfacial crack,

a special enrichment function which can be spanned thetipedisplacement field aresalized

The fracture criterion proposed in section B.6sed to track the crack propagation trajectarin-
terfacial crack Several numecal examples for stress intensity factor of interface crack and the

crack extension trajectory are given by MATLAB codes.
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Chapter 1 Introduction and basic know

Chapter 1

Introduction and basic knowledge

1.1 Introduction

Fracture mechanics in the broad sense ofdbmeept includes the part of science of strengthaf m
terial and structures which relates to a study of the carrying capacity of a body with or witiout co
sideration of initial cracks and also to a study of various laws governing crack development.

Omitting a historical review of the subject matter, the present report is concerned with a study of the
equilibrium and growth of macroscopic cracks within the framework of continuum mechaaics. N
ture and the practical activity bumanpermitted of observing venus modes of fracture. A special

case is perfectly brittle or elastic fracture, which is not encountered in practice among metallic m
terials. The fracture of such materials is accompanied by plastic deformation. There is singly a po
sibility of introduchng into consideration a small (compared with the characteristic dimension of a
crack) plastic zone due to stress concentration at the crack edge. According to Irwin, the size of this
plastic zone is proportional to the square of the ratio of the stremssityt factor to the yield
strength[1]. This zone is surrounded by the field of elastic strain whose value is related directly to
the stress intensity factors calculated from the solution of the elastic problem. If the plastic zone
must be taken intaccount, its length artificially increases the extent of the crack. This fonal a
tion enables an easy analytic transition from the description of elastic fracture to that of elastic
plastic fracture. Thus, the determination of the stress intensity faatbits critical value includes

both the above modes of fracture.
1.2 Stress and displacement fields in the vicinity of a crack tip

Before proceeding to the solution of the-prob
capitulate some basielations of the theory of elasticity which will be needed in what follows.

Considerable mathematical difficulties involved in solving general equations of elasticity call for
the construction of solutions for more or less wide classes of special cadesasStite class of

Apl ane elasticity problemso which incorporate
of a long cylinder by force, the same in all planes, applied to its lateral surface and lying in planes
perpendicular to the generatorstbé cylinder; (b) the deformation of a plate by force lying in its

plane and applied to its perimeter.
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Every elementary course in elasticity gives the derivation of the equilibrium equations for the plane
elasticity problem (in this case we have thredldaium equations, with neglect of body forces and
inerti al terms) . We present the complete sysH

body in plane strain

ToTo ™ ToaTo " PP
, _—c¢-h , _—c¢-h t t P8
o th T Fure -
N L
To! o
The relations in eq. (1.3) are obtained on tF

body when the derivatives of the displacement components with respeahtoare so small that

their square and products may be neglected.

The systen of five equations (1:1.3) with firstorder partial derivatives in five unknown functions

. »» » T ,0,0is the system of basic equations in plane elasticity.

By using the set of formulas (2113), it is easy to derive both a system of ¢igma containing o-

ly displacements
‘ —. ‘36 mh C—, ‘30 T p&

and equations involving only stresses, for which purpose to the relations of eq. (1.1) and eq. (1.2)

must be added one more equation
3‘ ” ” n p8)

If use is made of the representations toéss and displacement components in terms of the stress
function™Y afto introduced in 1862 by the English astronomer G. B. Airy

Ty uﬁ Ty
T T o o
then from eq. (B) it follows that™Y afwo is a biharmonic function
Y ™ P&
Back as far as to 1898, E. Goursat proved that evdmgrononic function might be expressed in

terms of analytic fuctions of a complex variab[&]. In particular, he suggested the following+e

2
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resentation of a Hharmonic function in terms of two analytic functighsnd? of a complex var

able as

5 Saf 6 . o)

From the foregoing relations and eq. (1.8), one obtains the complex representation of solutions of
the plane elasticity problem, which underlies the methods of application of complex function theory

in elasticity developed by G. V. Kolosov and N. I. Muskhelishvili.

Omitting rather simple computations, we present the expressions for the complex representation of

displacements and stresses obtained by G. V. Kolosov in[2P09

” ” c B (ix B (ix p&)
sooow G coBar wa pP T
¢'O IG¢ oiNg y @ P p
where

e Mo 0aQd ya qaQa PP C
O o0 QU PP O

andll o Tt isfor plane strainl o ' Tp ' isforplane stress.
It may be shown that for any values(ofx andy & the functions, ,, T ,0 andv as dete

mined fromegs.(1.9-1.11) satisfy the basic equations (4113). In other words, eqgs. (11911) are

the general solutions of the plane problem eqgs-113) of the theory of elasticity. In solving pra
tically important problems, however, we have to impose some additional conditions on the quant
ties into consideration on the boundary of the region, which leads to-ttaled boundary values
problems, and relations (21911), in spite of their generalitgre not the specific solution of these

boundary value problems.

Two special cases of relations (IL9.1) are associated with the name of H. M. Westergddrd

Assuming, for example, that

5 & Eah W & ana 0B T

from relations (1.91.11), we obtain
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. e Cw'O@ PP @
T W YR PP X

The solution furnished by these equations possesses the property thab whert mtand

By using Hookds | aw andbfremens. €41s3) imtermstofithe stdss s p | a
es determined by relations (1:15L7), the following expressions for the case of plane strain

(- T7) are obtained.

6 — p ¢ YO wOhdhod — PP
0 pT ¢p 0@ YR PP W
Let now

¢ CO0MF wa OB @ Qg o8 T

From the same relations (31911),then we have
s GOdd P& p
. (0@ ¢qw'YR P& C
t YO »0a PR O

This solution possesses the property that malong thdinew T

In a similar way, the displacements can be determined.

6 —c¢p 'O wY®Rh ® — P8 T

0 pT P ¢ YO wOa p& L
One of the most important features in the design of structural elements with cracks is theazonsider
tion of stress redistribution resulting from the formation of slits and cracks under the action of e
ternalloads. The crack tip is then the location of the highest stress concentration and the origin of
the likeliest further fracture. The analysis of the state of stress at the crack tip therefore assumes a
special importance. The most general case of strairs@ess fields at the crack tip can be obtained

by superimposing the stresses due to the following three particular modes of deformation (Fig. 1.1).
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2

Mode | Mode Il Mode Il

Fig. 1.1 Basic modes of deformation of crack surfaces.

The first mode is associated with an operdigplacement in which the crack surfaces move tirec

ly apart in opposite directions (symmetrically about the xy and xz planes). The second mede corr
sponds to displacements in which the crack surfaces slide over one another (symmetrically about
the xy plame, but skewsymmetrically about the xz plane). The third mode is connected with anti
plane strain (cutting with the scissors) in which one surface slides over the other parallel t-the lea

ing edge of the crack (skesymmetric strain about the xy and xaipés).

We now revert to Wester gaar dganalysicor thetemtie megiona n d
with the exception of some segments of the real axis, in the following form
o

® Pg @
G O a w

If "Qa is a reasonably smooth function, this expression will furnish the solution of the problem of a
crack situated along the real axis, & @ ® T since, T min this interval. From this

it follows that

AR MW O W P& X

For example, this function giving the solution of the problem of a crack subjected to uniaxial te
sionn at infinity and free from stress in the intervak ® G w T1Uis of the form
na

Na «

P& Y

By making a change of the variable & ®in expression (1.26), then
 Q , 7 g W

In the vicinity of the crack tipp @ i.e., for small value of s from (1.26) and (1.27) it follows
that the functionQ, is sufficiently smooth and thens© T, it may be replaced by a real constant
WS o — €I I EI¢" P® T
<, §®
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Fig. 1.2 Coordinate system and stress components at a crack tip.

Eqg. (1.30) is substituted in egs. (1-147) and transformed to polar coordingtesi’'Q in these
relations (Fig. 1.2)By rejecting terms of higher order thateasily, formulas for stress fields are

obtained giving a good approximation in a region whegesmall compared, for example, with the
crack length

0 ~ —y - S~ - =
" N | -Op OEIOE+H
Ve i ¢ C
) ~ . —= e, O—
., —AiOp OEOEL
M1 G C
” ’ ” ” p& p
0) — ..~ .. O—
T - OEAT-@AI-©O
M1 ¢ C S
T T T

The displacements in the vicinity of the cragk are obtained by substituting eq. (1.30) in egs.
(1.181.19) and transforming to polar coordinates

|

n(bl

—AT-0p ¢ OE

gl
N
h-|—>|

z

OElc¢ ¢ Al

N

P® ¢

o
N
PO

Relations (1.30), (1.31) an(d@.32)represent asymptotic expressions for the stress and displacement

fields in the vicinity of the crack tip for the first mode of deformation associated with an opening
displacement.

We now proceed to the second mode of deformation in which the crack susfiaesover onera

other. Similarly from the above it can be concluded thgt$8 min the vicinity of the crack tip

6
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Dg o C_é‘u') $‘I§EI'QT,(I) P O

Substituting eq. (1.33) into egd..21-1.25), it can be obtaingtiat the following asymptotic regr

sentations in polar coordinates for this case of deformation

L') . = ~ o= . O—
" ——OEI¢ Al-GAI-O
SRS S
L') -~ oo, —= .. O—
" ——AI-OEIAT-O
nNc* 1 C C C
” ’ ” ” p&- T
0] - — . =, O—
T - Al-Op OEIOE+H
ng" 1 C C
T T 1
, U To =X ' AT &
0 "O 13 c c c
by L TAiDp ¢ OET &
UV ——= — U
O ¢ C P C P
1 ]

The last of the abovmentioned special cases is connected with@atie strain in which one su
face slides over the other paedlto the leading edge of the crack. In this gase] & is the
only nonzero displacement componerit ( 0 1) , and the equilibrium

law assume the following form

0 c%iwhf L) CHO P& X

from which it follows that, upon substitution of eq. (1.37) in eq. (1.36), theadispient satisfies

Laplaceds equation
¥ m PS Y

If1 1 ofw is chosen in the form

Odb P W

ol®
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then from (1.37) it will be dfained
T odht YQ® p8& T

In the vicinity of the tip of a cracks{ 1o ™) with head at the poind Tt Tt the stress

function® is of the form

Dg o CTé‘lf) $‘I§EI'QT,(I) P8 p

Substituting eq. (1.41) in eq. (1.39) and eq. (1.40), expressions for displacements and stresses at the

crack tip in the case of artiane strain can be obtained

0 L =
T ——OE
ne“ 1t ¢
0 . .—
T ——A1-0O
hng“ 1t ¢
" " , T T P8 ¢
6 L T
o i e 8
—| “O “ c p 0

The relations obtained involve three quantitiesd and0 , termed the stress intensity factors
for the three modes of deformation discussed above. These factors play extremely impostant role

the mechanics of brittle fracture.

The stress intensity factors are often designated by the symbibhout a suffix implying that ie

ther the mode of deformation is clear from the problem or the factor may apply to any mode.
1.3 Stress intensity factors
1.3.1Stressmtensity factos

Thedesign of a body for strength is closely related to the determination of its state of stress. This is
necessary not only for the purpose of finding a dangerous point and the components of stress at it
but also for assessing the strength of material apthig since most criteria for the occurrence of a
dangerous state are expressed in terms of the components of stress. For many practically important
shapes of bodies and loading conditions the determination of the state of stress concertration fa

tors. These factors represent the ratio of the maximum value of any component of the stress tensor
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to the corresponding nominal value and are thus expressed ljimensional numbers. Thesd
termination of the state of stress and hence of stress concentratisuligeat to which entire
branches of continuum mechanics are devoted, such as elasticity theory and plasticity theory, which

are presently thoroughly studied.

|
|
\
¥

Fig. 1.3 Distribution of stresg ahead of the tip of a brittle crack. I, Region of #iorear strains and of realization of

fracture mechanism; Il, region of validity of asymptotic formulas, 0ZUC* & lll, region of nominal stresses.

The problem of determining the state of stress near the crack tip differs from the usual problems of
determining stress concentration in that the geometrically linearized formulation of boundafy cond
tions and the physically linear theory of elasticity lead to infinite stresses and infinite strass grad
ents at the end of a thin cut. The concept of thesstconcentration factor becomes meaningless.
However, it is sufficient to know the nature and intensity of the state of stress in a regiondsurroun
ing the end of cut together with a small volume where the fracture mechanism is concentrated (Fig
1.3). Thismeans a rejection of the stress concentration factor in favor of the asymptotic represent
tion of the state of stress at the end of the cut. The radial and angular distribution for the asymptotic
representation of the state of stress is independent ofdbk length, the body shape and thelloa

ing conditions. The intensity of this distribution, however, is depends only on a singleUfactor
which, in contrast, is independent from the coordinates of points near the end of the cet. Cons
guently, all fractoe processes in materials are initiated and governed by the intensity of the stress
field (surrounding the crack end) through the stress intensity factior contrast to the conceatr

tion factor, the stress intensity factor is dimensional quantity @hithdimension kgf/mi? in en-
gineering). From the above discussion one can see the dominant role of the stress intensity factor in
fracture mechanics, a fact which accounts for the consideration of the stress intensity factor as the

subject of analytic oexperimental investigation.

The concept of stress intensity factor is a result of thdirbensional analysis of the stress field at
the crack tip. This analysis was carried out by WilligBjst aki ng i nt o account W
[4]. Using coordinats y st em centered in the crack tip an
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stress field components near the crack tip are proportion4d 1o, wherei is the radial distance
from the tip. For each node, the stress field in the crack tip region campiessed using stress- i

tensity factor from eq. (1.31) and eq. (1.34) as

e
| Ei  — —

© ng” i

el g 8 1
S P
Pei 2

=T

wherei and—are the polar coordinates in the system of axes having the origin at the crack tip Fig.
1.4. According to Williamséd analysis, the com
expressions, from this expansion, thess intensity factor can be calculated from the stress field in

the crack tip.

Fig. 1.4 Cracked plate and the local coordinate system.

1.3.2 Calculating the stress intensity factors

Generically there are two kinds of methods for evaluating the stiessity factors: the analytical
methods and the numerical methods. The analytical methods have been the basis for the develo
ment of fracture mechanics. They have delivered the basic equations for the crack tip stress and di
placement field, which stiberve as the starting point for many other solutions. The knowledge that
these fields for either fracture mode always take the same from offering the possibility to determine
the stress intensity factor in an indirect way. However, these methods arasthiatieresting from

an engineering point of view, because in general they try to satisfy the boundary conditions exactly
and it is possible in case of infinite plate only. Basically, the analytical solution tries to find an Airy

stress function that for dbtle | stress problems takes the form of Westergaard stress fupddtion

10
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Other forms of complex stress functions are develoPeeé of them is developed by Muskhélis

vili [5] as mentioned in the Section 1.2.

If a straightforward solution of the equatiasshot possible, numerical procedures can be applied to
obtain approximate figures. Various numerical methods have been developed to derive stress inte
sity factor. For instance a conformal mapping technique can bgGjstedtreat the important tbe

nical problem of a crack emanating from a hole. Boundary collocation method starts off aset of |i

ear algebraic equations and replaces the elastic differential equations. The series expansion is
adapted to satisfy the boundary conditions. This method hasusedrnto solve many crack fro

lems of plate with finite siz§7, 8]. The method mentioned above is a combination of conformal

mapping and boundary collocation meth 6

Boundary collocation method starts off a set of linear algebraic equations and sepaetastic
differential equations. The series expansion is adapted to satisfy the boundary conditions. This

method has been used to solve many crack problems of plate with finifgGsiié]

1.3.3 Numerical methods

In this section, some numerical theds for calculating stress intensity factor will be presented.
1.3.3.1 Compounding method

The compounding method, proposed by Cartwright and Rd@&eis used for stress intensitycfa

tor determination in complex structures, starting form availabldisoiifor simper problems. This
method consists of decomposing a cracked structuredwlithundaries int@ ancillary configua-

tions, each one containing one boundary and for which stress intensity factor solutions are available.
The stress intensity faar for a crack tip can be expressed as a functiah arficillary stress inteirs

ty factor values

O 0 O 0 & U

where0 is the stress intensity factor for the same body withmundaries and is the stresanr
tensity factor for the body with the boundaryWhen boundaries interact one with another, stresses
at the location of these boundaries will be different, leading to an increase or decrease ofstress i
tensity facto values. Due to this effect, another teom, corresponding to the boundatoy

boundary interaction is added in eq. (1.45)

11
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If a crack crosses a boundary, adification in equations (1.45) and (1.46) will be required in order

to account for the effect of the stress originated by this boundary at the crack tip. This effect is not
taken into account in the preceding considerations, but must be considered bédaeishange in

stress and displacement fields at the crack tip due to the boundary. In these circumstances, the stru
ture with a crack lengthcy containing a boundary crossed by the crack, is converted into an equi
alent structure without the bounddout with an equivalent crack lengtldeeThe stress intensity
factor calculation takes into account the other boundaries interacting with the crack tomditk-

ing into account that 0 U , where0 is the stress intensity factor for configuratioron-

taining a crack of lengthdy the stress intensity factor can be rewritten in-dionensional form,

dividing all terms by, U ¢obtaining

v v p v p P8 X

1.3.3.2 Displacement extrapolation method

The displacement extrapolation method was developed in order to obtain crack tip singular and
stress intensity factors using only nodal displacements of elements around thd 8fatke near
crack tip displacement field may be expressed as a series in function of the stress intensity factors,
distance to the crack tip and the angle with the propagation directions- Fbr(along the crack

line) and using the first term of this &=, the displacements are given by

0 b T I
co ¢ P
. L I 8
O T"O C“ p p l‘IJ
5 cL T
0
wherell o 1’ inplanestressarld o ' Tp ' inplane strain. From thesewaions, a

relationship between displacements and the apparent stress intensity fastobtained. Using a

linear extrapolation to T, the stress intensity factor at the crack tip can be estimated with high
accuracy. This technique can be more aateuusing the quarter node point or collapsed elements,
when finite elements are used. Furthermore, for these situations modifications are required in the
equations irf14].

1.3.3.3 Force method

12
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Fig. 1.5 Definition of the distanad for a generic grid.

The force method is an alternative to the displacement method, using nodal reactions obtained in a
finite element model which proposed by Raju and Newman in 1977. A recent publicatioo-by M
raig15] applying this method to isotropic centmacked infinite plates and orthotropic beamcspe

imens showed good results.

Considering an orthotropic body subjected to mixed mode loading (Mode | and Mode Il) under
plane stress or plane strain conditions, tlaekiis assumed to be oriented along one of the material

symmetry axis. Therefore, stresses along ta&ig and in the vicinity of the crack tip are

0
T —
N w
0 & 1
” MCT(A) p
The total forces over thd i "Qaligeent can be expressed as
O 0 ,Qw v —h O 0 T Qu v — pd p
whereoi s t he platebs thickness, a n d rcasnd-E modelsa | u e :

Moreover, as in the displacement extrapolation method, the linear relation b&Byé&@and

allows a similar stress intensity evaluation procedure based amd0 versusw plots. It is worth

noting that eq. (1.51) demand finite element meshes that contain element faces along the crack
w T1iplane (see Fig. 1.5). Nevertheless, more general meshes can also be used with appropriate
force direction correctiond 6]. It is also onvenient that the element length is kept constant in the
vicinity of the crack tip. So far the stress intensity factor has been calculated in the followimg exa

ples by using an extrapolation technidug].

It is worth notice that definition ab and rodal forces need to be considered. In fads taken in

the middle of the positions of the last grid point of the-daimain element whose force will benco

13
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sidered and the next grid point. As far as the solution which concern a displacement fleld is o
tained from the static analysis and the internal stresses are derived from the plate displacement, the
stress intensity factor estimation can be done as follows

0 — “Oﬁh 0 — “Oﬁ pPB ¢

and0 , U are subsequently calculated by extrapolatingpto 1, the linear approximation o
versusw andy versusw plots, respectively. One advantage over the displacement extrapolation
method is obvious: there is meed to know the frequently complicated stress intensity factors
displacements relations. Secondly, force summations which take over a properly @hosen

distances are likely to be more accurate than point measurements of displacement jumps.
1.3.3.4 $hgularity subtraction technique

The Singularity Subtraction Technique (SST) uses a singular solution of the stress field in order to
calculate the stress intensity factor. From W
equations from stics, stress tensor components in any location close to the crack tip are known,
and may be used for calculating stresses in any direction. If alpoiose to the crack tip where

the stress components are known is selected, the streakulatedin 0, at a distance from the

crack tip, is related with the nedvandd components that are obtained using the followingaequ

tions

O Ol h O O Wi pB o
where for the stress intsity factor determination the valueiofs independent from and it is c&
ibrated from known stress intensity factor solutions.

1.3.3.5 dintegral

One of the most accurate methods consists in calculating strain energy release rates and using their

relations with stress intensity factors, which are quite simple for isotropic materials.

The Jintegral is a contour integral characterizing the stragrggnrelease rate for an elastic non
linear material. The stress field is related to the strain energy density as

" & PB T
'|' -

wherelz is the strain energy. From the ddfiion of potential energy along a contour, work theorem
and the previous equation, Ri¢&7] defined an integral independent of integration consour
around the crack tip as

14
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* nAU 4—A0O P® U

wheren is strain energy density per unit volurdeis the traction vecto  Ai , Ois the displae-
ment vector antlis the direction perpendicular to the crack line. For linear orlinear elastic
materials, the strain energy release rate is equal to the st@rgy release rate along a contour at
crack tip vicinity * : ; this parameter is related to the stress intensity factor as ¥%in

plane stressor ¢ +7%p & in plane strain.

1.3.3.6 Virtual crack closure technique

Fig.1.6. Modified virtuakrack closure technique

The Virtual Crack Closure Technique (VCCT) is based on energy release rate when the crack grows
with an infinitesimal increment. It is based on the calculation of the strain energy release rate, using

the energy variation when antersion of crack length is imposed

1Y 5 5

1o A PB @

This technique was proposed by Rybicki and Kanninen in [B8]7 however it requires two anal

sis in order to calculate the stranergy release rate for a specific crack length. Some other reviews

of VCCT can be found in literatuf@9, 20]. A modified version is proposed where only one model

is needed to calculate the energy release rate which is based on the same assumpg@iGisias V

two steps, but in addition it is assumed that the conditions at the crack tip are significantly altered
when the crack extends by an increnmAtfrom a crack length 3Ato a lengthA ¢ A This

implies that the displacements of a region closénéocrack tip, when the tip is at specific nd@e

are approximately the same as the displacements at the same location when the tip is at the previous

node, at which the displacements are computed.

The energy variatioa Riecessary to close the crack a@endistance-Ais

3R gc’b'Q() WQUL PR X

15



University ofFheaoilsogna PhD

Whered® and® are the nodal forces at poifdQ éand’Q tare the node displacements at the node
besideQTherefore, the informatiorequired for the calculation of the energy variation is obtained
from a single numerical analysis. After obtaining the energy variation, the energy release tate is ca

culated as

3R 3R

3 3ADA P& W

wherea! is the surface area created by a crack propagatie#ah the case of plates with a
thicknessA, this area is:AJA The calculation of strain energy release rates for each mode is made
using the displacements and nodal forces correfipg to the strain energy of that mode. Thus, for
the case of Fig. 1.6, the energy release rate is

oo

C(g w P w
—mQ06

W&
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Chapter 2

Calculation of stress intensity factors

2.1 Introduction

There is an important class of crack problems, involving sudfaneage in the form of pattirough

cracks in round bars or beams, where a three dimensional analysis becomes necessary. Valiente [1]
numerically obtained two solutions by the finite element method, firstly, on the basis of the-comp
tation of the sample copliance and the energy release rate on the basis of the former, and- secon
ly, using the stiffness derivative technique on the basis of the virtual crack extension to calculate the
energy release rate. Levan, Royer and Couroneau[2, 3] calculated the ®igdifbars with trast

verse circular cracks using the boundary integral equation method. Daoud and Cartwright [4, 5]
computed SIFs in a circular bar with a straiffbinted crack under tension and bending using finite
element numerical procedure. Ng anchiker [6] built a threelimensional finite element model

with both straight and circularc crack fronts in an edge cracked circular bar to compute SIFs in
tension and bending. Shin and Cai [7] applied experimental backtracking and finite element method
on stress intensity factors of an elliptical surface crack in a circular shaft under tension and bending.
Carpinteri [8] computed the dimensionless SlIFs for strefigint and semelliptical cracks using

the finite element method and 3D isoperimetric elaseh 20 nodes. Si [9] presented normalized
stress intensity factors as a function of crack depth for round bars under tension and bending based
on reviews. Naik and Maiti [10] presented the formulation for analyzing the triply coupledifree v
bration of bams based on compliance approach in the open edge crack in an arbitrary anrgular or
entation. Some reviews of the stress intensity factor solutions for surface cracks in rount-bars su
jected to tension loadingreintroduced in Ref. [11, 12]. Some of thesedeling techniques have
already been overviewed in this introduction. Because of the complexities of the problems, exact
solutions for edge cracks in round bars under tensiorbanding are obtaine&or engineering &
timations of the strength of crackéddies, the use of procedures involving a smaller amount of

computational workcan be suitable, even if a lower accuracy is involved.

In this chapter, twaimple engineering methods for a fast and close approximation of stress-intens
ty factors of cracke or notched beamare presented. The firsimple and conveniemhethodpro-
posed by Kienzler and Herrmafit3] is to estimate the stress intensity factors of circular section

beams with notched crack. This method is based on an elementary beam theunygassu the
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strain energy release ratdor crack extension is equal to that for crack widening so that the well
known I r wielationscan be used to determine the stress intensity faBawant [L4] sug-
gested that this hypothesigas approximately valid within a correction facttrat can be dete
mined only through optimungting of the exact solution as fdaimed. Gao and Herrmarji5]
showed, by contrast, that this correction factuuld be obtained through simple asymptotic rhatc
ing with standard limiting crack solutioRicci and Viola [16] presented an extension of thishmet
od to T-section cracked beam and addressed the coupled beodsian vibration of cracked-T

beams within the context of the dynamic stiffness matrix methagalyzing structures.

Another methodnamedsection method, proposed by Parton and Morozov fijpased orequ-

librium condition for internal forces evaluated in the cresstion passing through the crack tip, t

the stress singularity at the tip af elastic crack into account. This method has been modified and
applied by Nobile [18, 19]. An extension of this method has been presented by Ricci and Viola [16]
to estimate the stress intensity factors of crackéadms.

2.2Kienzler-Her r mannoés met hod

A remarkably simple method for close approximatiom oin notched beams watiscovered by
Kienzler and Herrmann (198613]). The method was derived from a certain unproven hypothesis
(postulate) regarding the energy release when the thickness of the fractungdsancreasedA
different derivation of this method (Bazant, 198B4]) is showed, thais simpler and at the se

time indicaing the hypothesis used by Herrmann et al. might not be exact but merely apgood a
proxi mation. Al so, Herrmannds method relies

seem more complicated than necessapbtain the resuidt

IIEREREY LR BEE
Aera AA 1= a €)
Energy
Release
Zone b
5 Y Ah/2 a
2 6 fh::::::::%i\__ —
7 A‘ /7 Ah/2 paooss==2
k k y
ka
a Ag) E v U M
a

Fig.2.1 (a) Line crack advance; (b) crack band widening; (c, d) corresponding stress relief zones; (e) notched beam u

der constant bending moment
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Let us estimate the energy release raby considering the expansion of the stress relief zone at
crack exensionpé@a nd empl oying the simplified fAdqkress
see Figure 2.1 a, c. Consithgy now that instead of crack extensi@nithe crack is widened into a
crack band of widthJQ see Figure 2.1 b, d. This wideth® stress relief zone from area 1231rto a

ea 45784 as shown by arrows in Figure 2.1 d. Since the triangular area 56725 in Figure&.1 cis s

condorder small ifw cvas small, the increments of the stress relief zones 123876541 in Figure
2.1c and d are &htical provided that- T w.(lherefore (at fixed boundary displacements, for

whicht V),

. 1Y 1Y

e 91 @
(Bazant, 1990 14]), @ thickness of body. The case p coincides with the hypothesis of
Kienzler and Herrmann in 19883]. However, there seems no reason to assumeé thap, and
numerical results ilBazant, show that more accurate results can be obtained if the empinieal co

stant] is allowed to differ from 1.

The advantage a&#q. @.1) is that it can be used even in problems where the initial stressdield b
fore the appearance of the crack is-omiform. The reason is that, approximately, the widening of
the crack into a band haserely the effect of shifting the stress field as a rigid body along with the
shift of the triangular stress relief zones as indicated by arrows in Fig. 2.1d, while the strain energy

in the band can be easily estimated.

Following Kienzler and Herrmann, their methmdbest illustrated by considering a beam with a
single edge crack subjected to a bending momeint Fig. 2.1e Assume that the beam has bending
stiffnessO "@t the uncracked crosection anddO at the cracked crossection. HereGandO de-

note the moments of inertia of uncracked and cracked sectio®iarel t he Youngdés mo
material. Then from the elementary beam theory of bending, the widening of the cra€ksbg-

fective to reducehe bending stiffness froi@® ‘@ ‘COalong the lengtldQ and the corresponding

change in energy of the beam is

WY U_ £ L WO ce]
' ¢ 0000 *

whereYis the potential energy available for crack growks.«3Q° T, the incremental strain ene

gy gives
TY 0

p P
0 00 O ®
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The argument leading ty. (2.3) may be extended taehns unde axial force, togueand shearing

force.

For bars and beams under tensile Idadhe incremental strain energy as following is analogous to
eq. (2.3),

Y 0
Ly 2 e P 8
TQ ¢cO o 0
whereO odenotes the tension stiffnegs,0 being the crossection area of uncracked and cracked

beam portions, respectively.

For beams subject to a torqéit also can be shown that

TY Yopop
¢ O U

e &

where' wenotes the torsion rigidity with 'Ofg p the shear modulus, amdd being the

polar moments of inertia of the uncracked and cracked portions, respectively.

According to the expressions j§5] for the loading conditions presented above, for beams gubjec

ed to a shedorce0, the following equatiortan be obtaied

&

where_is the shearing factor.

The drain energy release rateis the energydissipatedduring fractureper unit of newly created

fracture surface area.

~

Y

I
According to the welknown Irwind s -K f&lation
p . : P,
— U 0 0
Cee © o
whereO OF p ' isfor plane strainD  Ois for plane stresisYoungds anddul us
isPoi ssonds coefficient.
Therefore, thenergy release rate due to crack extension is as following
Py 'YO I )
T Ve T ¢
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where— ¥ 'Y is the dimensionless crack depth (crack ratim} the crack depthyis the a-

dius ofthecircular sectionandv is the stress intensity factor.

The equations presented above allow one to calculate the stress intensity factorseipr{2igh
once the factdr (slope of the stress diffusion lines) is determined. The stress intensity factors may

be further evaluatethrough the following equations

0 T ae

" 75 & o
0 %Y_Tfer%.go P p
o tem e
R o

wheref I OFO. In most of case discussed in the literatyrthe slope factof isf  p. In
plane stressseff P, one can obtain the following dimensionless formulas of stress intensity fa

tors

2.2.1Beams under tensigqh

An axial tensile load applied to a singkedgenotch circular section leads to a combined tension

and bending moment, since the neutral asidahe ligament is shifted b§as following

: T
~ P - -
Q = T
= P
€
o \ X
| 1 <
o] %
© a N,
A‘ ‘ ACrack
Yyyy
Fig. 2.2. Cracked beam and cracked circular esession.
which gives rise to a bending moment
0 Q0 ¢ L
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Fromegs (2.10) and (2.11), when the circular section is subject to the tensile) fattee following

relationship for the stress intensity factor can beobtained

p 0 T e
5

L3 B B A &
5 ¢ Y- - T 0 0

T @ o

where the bending momeinat in eg. (16) is derived froneg. (15). Substituting the expressions of
0,0 ,"@GndOandsdting T p in eg. (16),onecanobtain

: o
v 'Y_TO_ P X

where’O — is the geometric function of crack ratio represeimettie following

L v L
o rEEEEEL ,Lum 1 g,
with
L A AT Op ¢— ¢p ¢ - —
L A AT Op ¢ ¢p ¢ - —
3 —_ _ P w

2.2.2. Beams under bending moment

For the circular section beams subjected to the bending mamehée formula for the stress imie
sity factorsv  is given by eq. (2.11). Substituting the expressions@O and setting p, one

canobtain the following expression

0 I ee p P 0
Y- - 7% 0 vr°o° & m

where’O - is the geometric function of crack ratio expressed as

. & p

witht ,U , 3 are already defined in eq. (2.19).

2.2.3. Beams under mue "y
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When a torquéYis appliedto the cracked circular section beam, substituting the expressiong of
and settind pin eg. (2.13),0ne carobtain the following expression for the stress intensity fa

tor

Y _d e P
C 0 0

Y.

where’O — is the geometric function of dimensionless crack depth expressed as

O —

N
c
&
:lh

LIJp -3 &0

p
(3 ¢ O «w
with L , 3 are already defined in eq. (2.19).

2.2.4. Beams under shear fofge

For the circular section beam under shear forcthe formulaof the stress intensity factobs is
given by eq. (2.12), settinghearing factor.  @fu,T & p, Poi ssonds m&aadesth-f i ci e
stituting the expressions of the crastion area of uncracked and cracked beam paitamdo .

One carobtain the following expression

C_ fep

P p 0,
Y- - 75 &5 «~w7TO- N

c
N|cr

where'O — is the geometric function of dimensionless crack depth is represenégd (2y25)

O @Yo

lﬂg & U

@HO

with . h3 are already defined ieq. (2.19).
2.3 Section method

In this section we shall show the possibility of applying the method of segiiopssed byParton

and Morozov [14] a method well known in structural mechanics, to calculate the stress intensity
factor. Consideing a plane crack problenwe isolate a part of the body by an imaginary section
(which may be a broken one) so that this section passes through the crack fipth&tewrite

down the conditions for the equilibrium of external and internal forces exerted on the remaining
part of the body. In setting up these conditions we take into account the asymptotic expressions for
stres=qg. (1.19).
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The additional force arilsg at the crack tip from an increase in stresses is equal to
, QI & @

whereccan be determined from the condition thaati  @is equal to the nominal stress.

Thus, the equilibrium condition expresses the fact that the force not transmitted through the crack
line is compensated for by an additional force due to the stress concentration at the crack tip. Below
is given example of the calculation of the intensitydacsing the method of sections.

For example, the Griffith problem: an infinite plate with a single crack of len@hextended by a
uniformly distributed stress perpendicular to the crack line. The force not transmitted through the

crack is¢q, , and the increased stress at the ends of the crack produces an additional force equal to

¢. . QI The value otois found from the condition
” ‘l (I) ” C& X
ie.,
- cE W
n“ o
from which
® o & w
c“ ”
The equilibrium condition becomes
cq, ¢ , Qi m CO M
Substituting the value
0 C® p
R TS
we find the stress intensity factor
o LU a C&C

which coincides with its exact value.

The section method was modified by Nobile [7, 8] and appliedlteams and curved bean®on-
sider a straight beam of constant circtdessssection the zaxis coincides with the geometrical

axis while the x and yaxis coincide with the principal axes of the crgsstion. Loading involving

26



Chapter 2 Cal deun saittiyonf aocft osrtsr ess i n

a couplebending moment , tensile forceN , shearing forc® are considered. Assume that a
transverse crack ofegrth a would not alter the stress resultant on the esession passing through
the crack tipthe singular stress distribution at the crack tip takes the form

0

" — &0
ng* 1 ¢

with the conditions that acts at a distance=b from thecracktip. The nominal stress is eval

ated by thewell-known stress distribution of the reduced solid cisestion passing through the

crack tip (ligament). The stress distribution doesta&e into account the presence of the crack.
Then, the equivalent condition between singular stress and nominal stress resultant at the crack tip
determines) approximately.Note that the approximation is better for b < a such that the elastic

singularstresses are small as compared to geometric dimension of beam or crack length.

2.3.1. Pure bending

For pure bendinghe normal stress acting on the reduced esestion is evaluated by thveell-
known stress distribution of the reduced solid pasinrgugh the crack tip is given by

0 w &
” "O C T

wherel is the bending moment afidis the moment of inertia of the crack section.

The forcenot transmitted throdgthe crack section equal to

M € ) y R- a
EV =V & S(R2- V22 + ev(R2 - V2)V2 + eRRtar < 235
(y) Icg 3( y)?? +ey( y2)Y2 + eR tan —\/WQR b ( )

The singular stress component is related to the Model | stress intensity factor as

(N

0 &
" = S
ng“ 1 ¢
Accordng to Fig. 2.3the stress resultant arising at the crack tip is egual
a2K \/%(Wfi-f) x¢z
(2.37)

a2K \/7 (\/E-\/i) X>Z

wheren is the number of dided strips.

x:\/RZ— (R- a- ib)z
n
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2= R (R-a- oy (2.38)
. Crack
b 4 |n
i
<’

Fig. 2.3Thegeometry of calculatingtress resultant arising at the crack tip

The upper limit of integration is determined from the condition thas equal to the normal stress

ati & whichcan be expressed as

o* b . s
—. =Y Q 0 C®d w
ne o O

Substitutingeg. (2.39) toeg. (2.37), anddllowing the hypothesis tha® “Qthe distancebcan be
solved by numerically method. Rabstitutingointo eq. (2.39), the approximate stresseimsity

factorfor mode Ican be obtained as following

)
0° ‘Y_T“O - c8 1

where'O — is the dimensionless geometric function of crack ratio.

2.3.2. Pure tension

Consideringpure tension, as described in the foregoing section, a central axial tensile load applied
to a transverse straight front crack beam gives rise to combined tension and bending since the ne
tral axis of the reduced crack section passing through the cratiftisd by an amourRas &-

pressed ireg. (2.14)
The normal stress on this cressctioncan be expressex$

0 0Q R
" 5 .,Ow ca p

The forcenot transmitted through the crack secti®as following

e 3 o2 0 -
F=¢6 ZN—Ce(RZ- y2)3’2+geﬁc+ Nfz @(RZ- yHY2 + R? tan'l—zy - R-a (2.42)
g 31 8% I 2 IR?- y» YJR-a- b
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The singular stress compongntand he stress resultant arising at the crackatipthe same to

bending momentThe singular stress component is related to the Maleessintensity factors as
ineq. (2.43.

b . LTQ‘Y (ORNARR) c8
T, T = 0]
N w O (@)

The procedure for determining the approximate stress intensity factor is similar to that used for pure
bending.The approximate stress intensity fadmr mode | of pure tensiocan be expressed as

e 0

0 NT O - c8 1
where"O — is the geometric function of dimensionless crack depth.

2.3.3. Sheaforce

When a shearinfprce0 is applied to cracked beartheaverage shearing stress acting on the li

ament cross section passing through the crack tip takes the form

T oo 8
T~ )
a) C
where0 is the sheang force,0° is the first moment of area of the part of the reduced cross section
bounded by. Ois the moment of inertia of ligament cross sectiis. the width of the ligament

cross sectioat the current calculation stress poiftte shearing stress can be written as

00’
T 8 o
cCcOY w
where
Q* :g_ E(RZ- y2)3’2+ey(R2- y2)1/2+eR2tan-1 y aR- a (2_47)
83 VR g Y

The normal stress is evaluatby the weltknown stress distribution of the reduced solid circular

section passing through the crack tip (ligament). The force of the area before crack spoequal

0 R-a X R-a &
F=2 { (fi oo o )=~ crdy (2.48)
S JRE-y? R-a-b2| R - y R-a-b

The singular stress component riglgto Modell stress intensity factaran be written as

(R

0
g™ i

g8 w
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The stress resultant arising at the crack tip is calculated

Q
o
™ s |

)

@ qy T h -

_ - — ¢® 1
»n L4 Cd) p Q L
© T g & h -

where , — aredefined ineq. (2.38).

The upper limit of integration is determined from the condition thats equal to the normal stress

ati @ and itcan be epressed as

L4

0 00° @ p
N @ ¢coy Y & &
where
e - R- a
—a S(RE- VA2 +eu(R2 - VAV2 +eRtant—Y ¢ 2.52
Q=g SR - YY" reyR - )" eR tan \/WQR_a_b (2.52)

Substitutingeq. (2.51) toeg. (2.52), anddllowing the hypothesis tha&0  "Qthe distanceocan be
solved. Sibstitutingointo eq. (2.51), the approximatdress intensity factaran be obtained aslfo

lowing

. 0 .

0 NT O - ® o
where"O — is the geometric function of crack ratio.

The torsion problem of circular bars with a transverse crack is rather complicated. It can be o

tained by harmonic function continuation technique. It will be investigatteeimearfuture.
2.4 Numerical results andcomparisons

The foregoing sections, derived for the geometric function are illustrated for a straight fronted edge
cracked circular sectioneamsubjected to bending moment, normal stress, shear force and torque.
It is also considexd here for the comparms and the agreement between the present results and

those previous appear to be satisfactory.

In reference [1]Valienteproposed an experimental formula of Mode | stress intensity facten-of

sionas
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K, (1)/spa=14408 36364 +19.351" - 34.7849° +36.8446" (2.54)

Ng [6] listed the stress intensity factors of a transverse cracked circular section beam subjected to

tension and bending moment. The details of the results are listed in Table 1.

Table.1. Results for the variation of the stress intensity factor along a stnaigktfront--tension and bending

a/D 0.1 0.159 0.217 0.257 0.297 0.353 0.407 0.453 0.500 0.547 0.594

Tension 0.98 1.07 1.17 1.24 1.35 1.57 184 214 254 310 3.77
Bending 0.87 0.84 0.85 0.87 0.89 0.93 1.00 1.10 1.23 1.40 1.59

For the straightdged crack model, James and Mill&] have concluded literature results and-pr
sened thedimensionless stress intensity factdrMode I. In the followingit is showed that the
stress intensity factors versus crack dept @ — 1@ V) for a straightedged crack subjected to

axial loading and bending by uagj the polynomial approximation, are as follows

K, (h)/sVpa=0926- 1771 +26.42¥° - 78481° +87.911" (2.55)
K, (1)/s,pa=063+0035- 3.3367" +134067° - 6.0027* (2.56)

And they claimed that the solutions are only approximate and should be treated as an engineering
estimate. They are based on other solutions, none of valhéxxact or rigorous, and engineering

judgmentis employed to synthesize them into a single cldset equation.

Daoud and Cartwright et §4, 5] have also formulated the dimensionlssgss intensity factoisf

the shaft under tension and bending moment from finite element results and shown as folewing r

spetively
K, (15, Jpa=111- 35% +24870° - 533%°+57.2%", 0.06¢/¢0.7 (2.57)
K, ()]s Jpa=104- 3641+16861° - 325%° +2841°, 0.0625¢ /1 ¢ 0.625 (2.58)

Shih and Chen7] evaluatedstress intensity factorgy collapsed singular element with detailed
mesh on crack front and appropriating adjacent area. The dimensionless fornstilassointensity

factorsfor bars under tension drbending cases as following

K, (1)/spa=-064+137h- 5492h° + 783" (2.59)

K, (1)/s Jpa=-017+5131- 192667 + 2655° (2.60)
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—&— Section method---present work

—e—Kienzler and Herrmann's method---present work

g8+ —+ Valiente(FEM)

—4—Daoud(FEM)

—*—Shih and Chen

6l —¢—Jamese and Mills
—%—Ng CK

Geometric function

0.2 0.3 0.4 0.5 0.6 0.7 0.8
Dimensionless crack depth a/2R

Fig.2.4. Geometric functions for circular section of beam under tension

12 T T T T T T
—8—Section method---present work
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10 —&—Daoud(FEM)

——Jamese and Mills p
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—=—Shih and Chen

Geometric function

I

0.6 0.7 0.8
Dimensionless crack depth a/l2R

8.1 0.2 0.3 0.4 0.5

Fig.2.5. Geometric functions for circulaection of beam under bending moment

From the Fig. 2.4, the great agreement between present works and the literature results dan be obv
ously observed, except the result by Shih and Chen. Moreover, the geometric functions addressed in
this paperare adequa and more broadly. Fig. 2.5 plots the geometric functions against non
dimension cracldepth for straighfronted cracks under bending moment, this plot is that of the
maximum differences between all the solutions and thus the trend is the same. ketbé $hih

and Chen, the trend is a little different.
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—8—Section Method---present work
- —e—Kienzler and Herrmann's Method---present work
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Fig.2.6. Geometric Function for circular section of a beam under a shear force
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Fig. 2.7. Geometric Function for circular section of a beam under a torque

Figs. 2.6 and 2.7 show the comparisonsiogéar force and tque between the present researches
and T a dlknave reules [20]. Hereby, the stress intensity factors of Tada are at the arack ce

tre of straightfronted cracks (the deepest crack point). The geometric functions given in tha prese
investigation in Fig. 2.6 are good agreement with each other and that in the literature. Result of se
tion method in Fig.2.6 of this paper shows an increase of stress intensity in the vicinity of the crack
tip when the crack depth trends to zero. Fig. shows that the agreement is good betweenethe r

sults for values of dimensionless crack depth from 0 to 0.7. However, the difference is ob\iously a

ter the dimensionless crack depth exceeds 0.7, and the deeper the crack, the larger the difference.
Thepesent result is much | arger than Tadaodos r e:

2.5 Stress intensity factos for three-dimensioral problems
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The probleminvolving surface damage in the form of prtoughcracks in round bars or beams,
as solved in the last sectionsnecessaryo use aghree dimensional analysiSection methods go-
plied again to the three dimensional analysis. The megthoplosed by Parton and Morozad/7],

states that the additional force arising at the crack tip from an increase in stresses is equal to
, 'Q1 wheretcan be determined from the condition tha@ti  @is equal to the nominal

stress. That is the distan@és the length of DK (or CJ), the force in the area of ABDCA equals to
the force in the area of CFIKJC in Fig. 2.8 (a).

Nobile [18, 19 modified the section method that the additional stress due to crack, in the area of
CFIGC in Fig. 2.8 (a), is equal to the force in the area of CEIGC. The distance b can be determined
when singular stress equals to normal stress after neutradhaftesd, in the Fig. 2.8 (a) is CG. But
from Fig.2.8 (a), itdéds clearly that, the for.

Therefore, the modified suppose &8[ 19 is not accurate.

! ‘ c b/ E _F ! 1__@ D/ lh S
2l HHe B < 2" [THo A=A T
2 b* el : Os 2 b Y. Gs
Cl T )
o M ) M

M v:r'ﬁi 3 M /

,/'/ /

(a) (b)

Fig. 2.8 Section method

In this work, based on the original section method of Parton and Morozov and the modified method

by Nobile, we improve the section method again. The additioned due to the stress concentr

tion at the crack tip, in the area of COGDOEOF
ted the crack I|ine, in the area of AOBODOHOGGO
dition that, s ,» S —.in  Fi g. 2. 8(b) oistheaistangedrormthe néufial wh

axis of the reduced cross section to the crack tip.

As a verified example, considering a rectangular section beam with an straight, opened and through
transverse crack bjected to a bending moment M, the section is unit thickness and the height is h
with crack depth adanbesea imfFeg.288(bhemati ¢ di agr am

The distribution of normal stresses on the integrated cross section is

0,
" TOOO C®p
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The distribution of normal stresses on the reduced cross section passing through the crack tip is

0

W C® ¢

whereO is the moment of inertia for the reduced part of the cross sedtiong Qis the longr

tudinal axis in the new coordinaendQ ¢ &is the shift of the neutral center.

The singular stress component riglgtto the mode | stress intensfgctor is

0

” ~ — c 0
ng* 1 ®
The equation of equilibrium is
7
. QW . QI CH T
The value of b is found fro the equality
0 0 o @
ne o O

After some necessanlgebraicallycalculation, the stress intensity factor for mode | can be obtained

as following
v —0O- CH o
0Q
where t is thickness of rectangular sectien, Qs crack depth ratiodD—  ——, with
i - - - form® - 7 T
- = - for others (2.67)

Thegeometridunction "O— can be compared with the expressions given by Nobe19, Tada
[21] and Brown R2].

Brown [22] examined the geometric function usiegst square fittingnethod The formula shows
the errors ratio less th&n2% for— 1@.

O- " pPCCPd R X®e p8Y pBE ® Y

Tada[21] investigated the geometric function of this situafimnanycrack depth ratie-, the result

showsbetter than 0.5%ompared with experimental resulhe formula is in Eq. (2.69).
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———TBC OTP W@ | QE:

"O- CO & — — CH w
G wE T
Nobile[18, 19] proposed a formula by modified section methdalésving
L]
"O- :LIJc ¢ m
p —_

For easy comparisome four different results amgraphically showed in Fig. 2.9he comparison
in Fig. 2.9 shows the results of Brown and Tadaraeecordnce very well. The presented result is
better than that of Nobile, especially for & and agreement very well with the result of Brown

and Tada.

4.5 ‘F

—5—Nobile
—>—Present
—t+—Brown
—4~—Tada

S
T
e

w
1
T

N
1 w
T T
=)

N
T

Geometric function F()

e

o
"

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Crack depth ratio h

Fig. 2.9 Geometric function for rectangular section beam

As the result presented herdnswell agreement with the weknown calculation in the literature.
It is extended into a circular section as follows. Due to the symmetry (for bending and shear) or
central symmetry (for torque), only the right half section is considered in the next presentatio

Fig. 2.10 Cracked circular section
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The cracked circular section is considerededallvided into strips of widtbthat are independence

from each other, i.e. there are no tractions between two successivesgteipsg. 2.10This is not

true neathe ends of the crack tip. In order to apply the method proposed in previews, every strip is
regarctdas a rectangular section.

For a given radiu¥ and deepest crack depththe heightQand the crack depth of each strip

depending on the lotian pointi, can be expressed as follows

QY i, | - Y ®© ¢ p
2.5.1 Beams subjected bendingmoment

The distribution of normal stresses on the integrated cross section is

O

” Tooo ¥ ¢

where'Gs the moment of inertia for the uncracked circular section.

The distribution of normal stresses on the reduced cross section passing through the crack tip is

0

" %w ¢ o

whereO is the moment of inertia for the reduced part of the circular cross section.

The singular stress component is related to the mode | stress intertsitysfac

- &t
N TS
The equation of equilibrium is
7

, QW . Qi ¢ v

The value ofois found from the equilibrium

0 2 6 C&

he o 00 7 P

After some basic algebra calculation, the stress intensity factor can be obtained as following

: VI
U 'Y_SO_ C& X

where"O—- is the geometric function of crack depth raticcan be expressed as following
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"0 YoUe 0 | Q & Y
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with— | 7Qis crack depth ratio.
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Fig. 2.11 Geometric function of bending

The geometric function of Eq. (2.78) is graphically compared with that in literature in the Fig. 2.11.
It has been pointed out that the square root singularity does nenéndgexist at the surface point

[22]. The usual meaning of stress intensity factor breaks down here. A plot gédheetricfunc-

tion against the place ratio shows typically that the results at the surface point deviate markedly
from the trends indicateldy the interior points. Thetress intensity factorat the surfacere de-

duced by extrapolating the trends exhibited by the interior poiimg agjuadratic curve fitting/].

2.5.2 Beams subjected to shear force

Consider the circular cross sectionFig. 2.12. We shall now argue that the direction of thestran

verse shear stress depends (in general) on the lateral location of interest at disgniteniRhe

neutral axis. We can no longer assume that all of the shear stresses act parallel tosthEhys

the direction of shear stress changes alorg)(RHoweverjt can beeasily demonstratethat at a

point on the boundary of the cressction, the shear strebacts tangent to the boundary. Thisieo

clusion follows from the fact that the outaurface of the beam is free of stress, and therefore the
shear stress acting on the cresstion can have no component in the radial direction (because shear
stresses acting on perpendicular planes must be equal in magnitude). This complicationiean inval
date the engineering mechanics expression for estimating the magnitude of the transverse shear

stress. Accordingly, we restrict our analyses to situation where it is clear that the shear stress dire
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tion is parallel whereo 'Y for members with circularross section, and the same with that mecta

gular cross section.

ZCro

\ T

a
Y
@ ‘Czy‘[
£y

bt

Fig. 2.12 Transverse shear stress direction and distribution in circular section
The stress due to shear force can be divided into two components. The vertical shear stess comp
nent is a costant along of the crack front, as the following
TOOE +— TOY
oY oY

whereA -6 ,Q Y .

At the neutral axiso T, the vertical shear stre$s is maximum and equats

W
O.H 'Y CE&J T

The vertical shear stress contributes to mod@dl.described in19], assunng that the average
shearing stress acting on the reduced esesfion passing through the crack tip may be approx
mated with the average shearing stress acting esragked cross sectipifor the shear condition
the method of computing stress intensitgtéa is not differenfrom that of Parton and Morozov

[17].

The singular stress due to crack relatesltmle Il SIF as follows

0
T 8 S
e & p
The equation of equilibrium is
7
T Qw T Qi & ¢

The upset integral limitatiotis determined by the condition that
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T s T s o
ie.,
_Tw'Y 2 |
V] N w G“,c Yt
Substituting Eq.2.84) irto Eq. @.82) gives the value ah

Insertingointo Eq. @.84) it could beobtaine

v W O— o
where the geometrfunction is
TY E |
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Fig. 2.13 Geometric function far due to shear

Fig. 2.13 shows the comparison between the presgetaahetricfunction and the results in QR

The shear coefficien20.is 9/10 in Tadads for mu

As shown in Fig. 2.12, the shear stress has twgpoments due to the shear stress directs tanthe i
tersect of the two tangential lines of the surface points. Otine igertical shear stre$s which is
contributes to Mode I, as described in Eq. (2.81). The other qragadlel shear streds which is

contributes to Mode llas follows(KIII due to shear

LR 100D DEehG
cQ WE—F N oY & X
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The singular stress due to crack relatelgltale 11 SIF as follows

0
T —
e Ry
The equation of equilibrium is
T
T Qw t Qi R w
The upset integral limitatiotis determined by the condition that
T s s cBoTI
i.e.,
Twi=" |
v —S— V" @ cBop
: o'’y
Substituting Eq.2.91) irto Eq. .90 gives the value oh
. Q| 8o
¢Q ¢
Insertingointo Eq. €.91), one can obtain
v ,Y—8 Os ¢ o
where the geometrfunction is
Ti Q |

0.16 ; T T T

—©—a/D = 0.2, Present
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Fig. 2.14 Geometric function far due toshear
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2.5.3 Beams subjected to tue

The direction of the normal stresses on the integrated cross section due to torque is vertical to radius
in circular section. The torsional shear stress component which parallel to the crack tip is related to

Mode IllI, as follows

oLy,
te =" wéi sw Cdou
0 0

wherevis the polar moment of inertia for circular section.

AYY
1
3 i
N
o
| :x'

T 5

Y

Fig. 2.15 Torsion stress direction and decomposition in circular section

Assume that torque distribution in the reduced cross section is like that in integrated circular section
except the neutral axis shifted a distance e from the coordinate original. Therefore, the distribution

of normal stresses on the reduced cross sectiomgdksough the crack tip is

v
Tee T B0 @

where0 is the polar moment of inertia for the reduced part of the circular cross section.
The singular stress componedating to the mode Il stress intensity factor is
Ll) .

N 1

Tee Cdo X

The equation of equilibrium is

v % cdoy
N @ 0

The value of b is found from the equality
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fe Qw T Qi CBw

According to Eq. (2.98) and Eq. (2.9%)e upset valuécan be obtained. Institutirginto Eq.

(2.98), the Mode llI stress intensity factor due to torque is as following

: Y,
(VI ‘Y_SO_ ¢CPpmm

where the geometric fution "'O— is in the Eq. (2.101).

. Y% 0 :
O- Mc“""o_E | Q ¢ TP

The comparison of the geometric function with

1.5z

—e—a/D=0.2, Tada
—6e—a/D=0.2, Present
—A—a/D=0.4, Tada
—&— a/D=0.4, Present
—8—a/D=0.6, Tada
—8—a/D=0.6, Present

0 0.2 0.4 0.6 0.8
Position ratio s/hl

Geometric function F

Fig. 2.16 Geometric function far due to torque

The vertical shear stress due to torque is relatdtboide 11, equals to
N
tae —0” i Q¢ -w P 1M ¢

This value is independent on the crack depth. In the middleok ¢ipw T it has minimum via

uetee 1 the maximum value is at YOEi —° 0, tee -Y .

The same as that described in the foregoing section, the stress of beam under torque has two co

cepts. The concept relating to Moldlean be expressed as

v
fee o 8tpo
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and its singular form is

0
tee — CHR T
' Ng“ 1 @

According to the definition of the stress intensity factor

" i P
——_ I TV
" TR

N
VI L,)—i N w ¢ T
The upset valuécan be determined by the assumption of section method, as following
T
fe Qw  tee Qi ¢P Y

According to Eq. (2.106) and Eg. (2.107), the vahig dbtained as

~ 10
¢ U

Py

Substituting Eg. (2.108) to Eq. (2.106), the Mode Il stress intensity factor of torque is

. Y
V) . ,Y—SO— Cfﬁ)T[(JL)

The geometric functiofO— can be expressed as following

Y& .
"O- O—i N « Cppm

25 L L L L
—e—a/D=0.2, Tada
—e—a/D=0.2, Present
2L —A—a/D=0.4, Tada
—&— a/D=0.4, Present
—&—a/D=0.6, Tada
—8&—a/D=0.6, Present

15

Geometric function F

0.5

0.2 0.4 0.6 0.8
Position ratio s/h1

Fig. 2.17 Geometric function far due to torque
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2.6 Three-dimension numerical calculation of mixed mode stress intensity facter

In order to consider the general loading states, a structure with two perpendicular circular section
beams subjected atical concentration lod@at the end of the structure is considered here. The
lengths of beams ateand07¢, respectively. The crack is loeatin the middle of the beam whose

length isD. The ralius of the section isY and the depth of the deepesint location of the crack is

@ From the structure mechanicsisieasily to knowthat,on the crack section, the shiearforce is

6 & the bending & f¢; the torquet & AC. ltés a fracture mechal

mode and thredimensional.

NN
IE—

NN

Fig. 2.18 The structure of beams

In generally, the totally stress intensity factor of each mode can be obtained by algebraically su
ming all the componés of this mode. According to section 2tbe geometric functions of the-t
tally stress intensity fasts about all the thrddodesappear in Fig. 2.18re calculated as follang

.0

) ,Y—SO— C@pp
v v v '\(_80_ P pC
U (VI (VI ‘Y_SO_ ¢Cppo

The geometric function of the totally SIF for opening mode is the se®epressed in the section
2.5due to only one component cabtutes toMode |. Combining the second and the third stness i
tensity factors produced by shear daacjue by algebraically summinthe geometric functions of

all the stress intensity factors are compared with the results proposed in literatabteamed from
ABAQUS using XFEMby an interaction integral metho@3] in Figs.2.19-2.21 For the ABAQUS
result of OXFEM (structure)d means that t he
showed in Fig. 2.18, only a concentrated fo@sa pp |l i ed. The model of 06X

like the second figure as showed in Fig. 2.18, a beam with I&maytld circular section with radius
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Y, a crack with deptlblocates in the middle of the beam. For different modes, different farees

applied.

Geometric function F Geometric function F

Geometric function F

Fig. 2.19 Comparison of Mode | geometric function for different crack depth ratio (&), (b)—
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Chapter 3

Mixed modecracking in transversecracked shaft

3.1 Introduction

Many structural components are under developing and growing cracks during their service life.
Brittle fracture is one of the major modes of failure in these cracked components and structures.
Crack growth in brittle materials like ceramics, glasses, raks$ some polymers often takes place
very fast and arises serious consequences. Therefore, it is important to define an appropeiate proc
dure for predicting the onset of brittle fracture in cracked specimens. In many practical situations,
cracked componesitare subjected to a combination of mode | and mode Il loaehimged mode.

Under mixed mode loading conditions, fracture of cracked components and structures may grow
along curvilinear paths and not necessarily along the direction of original cradkerfuste, when

an estimate of crack arrest is required, the direction of fracture initiation from existing cracks must
be determined particularly under mixed mode loading. Therefore, the investigation of the fracture
initiation angle and the fracture prodign path under mixed mode loading is an interesting and
important subject for researchers. There are a number of theoretical models and varigus exper
mental techniques to investigate mixed mode crack growth of materials. It will be reviewed in the

following section.

In this work a review about fracture criteria of single mode as well as mixed mode is proposed in
the beginning Two popular and convenient fracture criteria nameakimum tangential stress
(MTS) criterion andminimum strain energy densitgctor (SEDF) criterion are studied in detail and
compared for crack initial angle and critical load domain for mixed nibae.crack initiation and
direction under mixednode conditions are studied for a shaft with transverse arsicig MTS
criterion and EDF-criterion The crack extension direction is predicted by both of the criteria in
terms of crack depth ratio and loading ratio. The crack orientation depends on the mixed of the

modes. Mode | dominants in the crack grow process.

A criterion proposed bRrichard for threalimension crack propagation is introduced and applied to
transverse cracked shaft. The results are compared with that obtained byrildfi8n and SEDF

criterion as well as ABAQUS results for single mode and mixed mode.

3.2 Fracture criteria
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Various fracture criteria for crack subjected to mixeddeloading have been introduced for the
determination of the propagation direction and the critical stress. Griffith [1] introduced a criterion
to determine the conditions to initiate the @gation of a crack. The maximum energy release rate
criterion (MERR) [2, 3] followed the Griffith condition and stated that crack growth feltbive
orientation of maximum energy release rate. Erdogan and Sih [4] developed the maximum tange
tial stress aterion (MTS) which was one of the first conditions predicted critical stress and crack
growth orientation. MTS criterion stated that the crack growth would occur in the direction of the
maximum tangential stress and would take place when the maximumtiahgé&ress reacklea
critical value, which only contaed the first Mode strength toughness. Due to the simply formula
and easily calculation, MTS became one of the popular criteria in the fracture mechahics. Pa
aniswamy and Knauss [5] introduced thei@erion which dealt with a criterion of maximum ene

gy release to determine both the initial crack propagation direction as well as the conditions of crack

instability in terms of fracture stress,, crack orientation anglg,, and crack lengtta. Sih [6]

proposed the minimum elastic strain energy density criterianmi{&ion) based directly on the total
strain energy density, thatas, the sum of its distortional and dilatational components. Hellen and
Blackburn [7] presentedcriterion in anattempt to use patimdependent line integrals to study the
problem of crack growth under mixédode loading. Theocaris and Andrianopoulos [8] proposed

the named Tcriterion which stated that a crack staito propagate when the dilatational stram e

ergy T, at a point in the vicinity of its tip reached a critical valiye and the curve of evaluation of

T, around crack tip the elastplastic boundary was used as it was obtained from the Mises vyield

condition Papadopoulos {21] invented Detcriterion whichwas based on the determinant of the
stress tensor, andwasused to study crack extension angle and the critical stress of fracture under
biaxi al | oadi ng. The | ocal symmetry conditior

1974 required thatrack propagation occured along with the path of vanistjing

Many modifications on those criteria have been done by a lot of researchers. Both critical-load va
ue and crack path or surface growth have been predicted by different criteria in termsco$ietast
gular stress states andsfress component. Ramulu and Kobayashi [13] extended SED criterion to
dynamic mixedMode crack propagation. Chen, Adams and Silva [14] proposed a more suitable
failure criterion based on a specific strain energy criteriorchwhad been used Modd the crack
initiation and propagation in a single lap joint with a brittle adhesive and a ductile adhesive. Nobile
et al. [15, 16] applied the strain energy density theory to determine crack initiation and direction in
orthotropicsolids, cracked -beams and circumferentially cracked pipBgan and Kim [17] and

Bian and Taheri [18] investigated two criteria based on the relative minimum plastic zone radius
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(MPZR) and maximum ratio defined for prediction of fatigue crack initiatiogles which could be
applied to inclined surface crack specimens and througtk specimens under mixétbde load-

ing. Kidane et al. [19] evaluated the crack growth direction as a function of temperature, non
homogeneity parameter and cragk velocity for functionally graded materials using both max
mum tangential stress and minimum strain energy density criteria. Ayatollahi et al. [20], Maccagno
and Knott [21] investigated the brittle fracture behavior of composites under Moeell/Il load-

ing wherethe experimental results were used to evaluate the minimum strain energy density (SED),
maximum tangential stress (MTS) and maximum energy releaseGateriteria, with the first ar

terion showing the best agreement. Fatigue crack propagation was gatesktiunder nen
proportional mixedviode loading by Plank and Kuhn [22], and the deviation angde well pe-

dicted via the MTS criterionilThe crack propagation problems in orthotropic and piezoelectic m
diawerestudied in [2328]. A modified maximum tensile stress criterion had been proposed by V
ola and Piva [29] and Piva and Viola [30] to predict the crack paths in sheets of brittle manerials u
der biaxial loadingThe Modes of crack growth in mixe#lode condtions were reviewed for the
plane and thredimensional in reference [31]. Sorather aspects relag to the present investyg

tion can be found in [336].

3.2.1 Strain energy density factor criterion (SEDF)

Within the framework of brittle fracture, theelirknown strain energy density theory provides a
more general treatment of fracture mechanics problems by virtue of its ability in describind-the mu
ti-scale feature of material damage and in dealing with mixed Mode crack propagation problem.
The strain pergy density factor theory is allowed to predicting unstable crack growth in mixed
Mode. The main advantages of this criterion lie in its ease and simplicity, as well as its ability to

handle various combined loading situations.

From the linear theory a$otropic and homogeneous elasticity, the strain energy density faction is
found to possess a singularity of the ordfr near the crack front and can be expressed in terms of
three stress intensity factars 'Q pltio .
Qw 7Y
Qo 1
wherew is the strain energy, ardis the volume.

The core of the Sriterion is the parameter of stain energy density factahich is a function of

the stress intensity factors for linear elasticity, can be defined as

Y —Hoo p(p‘AT%’DwU CwULUUL WUV w v og

53



University of Bol ogna PhD Thesi s

where® are auxiliary functions depending on the elastic progeuiethe material, modulus of

elasticityO, shear modulus of elasticitya nd P o i s’s and éngolar anglemeasured from

the crack tipg , as following

&) o U Al-6p AT-D (3.3)
& ¢OE+AT-© p ¢ o8
& tp ' p AT-© p AT-©0AOp oR)
@ T o

andy are stress intensity factors for Modes |, Il and lll, respectively.

Briefly the application of the -Bactor to predicthe crack initiation and direction is based on two

hypothesizes which are given as following

(1) Crack initiation occurs when the strain energy density factor S reaches a critical factor value i.e.
Yoty YO —ho %o o¥

The paramet€lY is , in fact, directly related t0 by the relation

o P p <
Y C“ 'O v O-&J

(2) The initial crack growth takes place in theediton of minimum strain energy density. mini-

mum of 'Y—H%o is searched on a sphere centered at each point on the crack front [10]. The- contin
ous formulatio’Y—%o exhibits a local minimum at—%o in the region * — *“, “7¥¢

% “7Tc, provided"Y—FPo  "Y—H%o [11]. It should be noted that+%o © p¥A 1% so
"Y—H¥oattains a local minimum always in the normal plane to the crack front, the¥@forein

our case and direction of the crack growth does not depend. @o, a minimum ofYis searched

on a circle centered at each point on the crack frent

T "¥Hbo 1 Y—Hko .
f TTA | Af TTA @ TT o

Substituting the values 0§ andu from Egs. (3.23.6) into Eq. (3.9) and afterftérentiation, se

ting’ 1@, the result is as following

Yo . oo o 2 foon A .
;—_OE—I—AI—QTBL') Al©OAl-0m™@ OE+qLU OE+m@ oAl T

(3.10)

with
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ro P OEIAIS ¢
T — o0 ATHY ¢ P

T P
T 56 AT

GAIT-OAT-©0¢ p ¢OE+ o p

To P
T — 00 AT

OEtp ¢ O0AI-O

3.2.2 Maximum tangential stress criterion (MTS)

The maximum tangential stress criterion (MTS) formulated by Erdogan and Sih [4], is one of the

first conditions predicting critical stress aodack growth orientation. It requires that the crack

branching angle— at a very short distance from the crack tip satisfies the following fracturé-cond

tions

—a

T R T oP G
0

” R — op o
ci

The stress series of the mixgbde are represented as

. —PL A0 p Ai-© ov OEL
¢ 1 G
. —P_ 0o AiGAI D0 GAiI-0pOE] o T
97 q G
P _Rio OEL 0 0Ai-O p
¢t 1 G

Substituting the first equation in Eq.13) to the first equation in Eq. (B), one gets
OV OE+ U dAT-©6 p 1 oP v
Solving Eq (3.15), the crack propagation angle is obtained as

.. .a0 O Wwo
0 W

o ¢

where the crack propagation angleis measured with respect to the crack plane-and mtrepre-

sents the crack propagation in the stra@jntad direction—  T1tif 0 m,— Tif o T

3.2.3Comparison between SEDF and MTS
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The crack extension angles as functions of stress intensity factors predicted by SEDF criterion (Sc
theory) aad MTS criterion (Ketheory) are shown in Fig. 3.1. For pure Mode | loadingZD

), the crack propagates along its own plare 1as mentioned before, for both crack criteria.

For pure Mode Il loadingi( 70 ), the crack extension anglekKkc-theory and S¢heory are

70.5 and-80.34, respectively. When the value of Mode | stress intensity factor equals to the value
of Mode I, the crack extension angles &8.13 and-51.91 according to the K¢heory and the
Sctheory, respectivelyror both criteria the crack extension angle increases monotonically with the
value of0 70 increases from 0 to 1 and from 1H®

-90 T . . .
4 Sc-theory -82.34°
C -E__E__E_
ﬂ_'E“E--B__E_ Kc-theory -53.13°
60 Kc-theory-70.5° - B \,
—~ P
T e O/
s - Sc-theory -51.91
.25
-30 % —a— Sctheory-K /K |
—e—Sc theory——K”/KI
--EF- Kc theory—-KI/K||
--e-- Kc theory—-K“/KI
0¢ L r r r
0 0.2 0.4 0.6 0.8 1
KI/KII ! KII/KI

Fig. 3.1. Crack propagation angle as a function of stress intensity factor ratio.

The critical condition only contains the filstode toughnes® . Substituting the first equation in

Eq. (314 to the second equation in Eq.X3), one gets

== . ~. — O, A .
Al-Ouv Al & -uv O v oP X
S ¢ Q
In order to apply the crisis curves to each material, thedimoensional stresmtensity factors are
introduced as follows
0

. 0
02 —h ’ 0 O&LIJ

V)

C..

In Fig. 3.2 the analysis of crack growth direction based on Bd.7f and Eqg. 8.18 incorporates
only wheno is presented. In the surface, the same color (the planexaggconstitutes a curve.
It means for a fixed crack extension angle that there are ehtfeombinations of nedimensional

stress intensity factors Model andModell.
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Fig. 3.2. Crack extension angle versus nordimensional stress intensity factar$ andv *

The curves in Fig3.3 represent the relationship betwaghandu ® in the various crack propag

tion direction according to EDF criterion and MTScriterion expressed by Eg3.00 and Eq.
(3.17. Those two curves of Ktheory are the intersection between the crack propagation amgle su
face and the coordinate surface in B, and the sameay occurs for St¢heory curvesThey are
valid for all materials and are symmetrical with respect toln the present figure, they are only
traced in the quadrant”® TtO* T, for Sctheory with’  1@. In other words, Fig3.3 indi-
cates the possible combinationshdbde | and Mode Il stress intensity factors for different crack

extension.

--e-- Kc-Theory
—&—Sc-Theory

00 0.2 0.4 0.6

K

Fig. 3.3. Relation betwean” andu *

For mixed mode crack, which bending moménand $earing force) are involved, the mixed
loading ratig is introduced as 0 70 "YThe crack propagation angle versus the crack depth r

tio— 'Y for several mixed loading ratios according to E3}16) is presented in Fig§.4. It
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shows that therack propagation angle decreases with the increase of crack depth ratio at different
loading ratios under mixed loadindue tothe difference irthe increase ratio of the stress intensity
factor forMode | andMode ll. The same trend can be obtained v8triterion, when the beam is
subjected to single loading, e.g. loading ratio 1 (Puremodell) and| © H (Puremodel),

the crack propagation angl e does/no thhacdh amge wi

the crack propagates on its own plare 1T and— X ® Jrespectively.
'80 L L U U
-70- 4
-60F- i
——a=0
-50+ —+—g=2 4
6::3 40+ —F—a=4 i
o —t—a=6

Fig. 3.4 Initial crack propagation angie for crack depth ratie- according to MT &riterion.

The effect of loading ratio on nedimensional stress intensity factors are shown inFgand Fig.
3.6. TheMode | non-dimensional stress intensity factor is much bigger tadell even ifj p.
Particularly when crack depth ratio tends to be close kdotie | is predominant in the crack gro
agation. For the EDF criterion, the nordimensional stress intensityctars have the same trend as

predicted by MTSriterion that is not listed here, for the sake of brevity.

1
0.95-
¥ 0.9
—+—a=2
0.85F —F—a=4|
—+—a=6
O 8 r r r a:8
"0 0.2 0.4 0.6 0.8 1

Fig. 3.5 Nondimensional stress intensity factof versus crack depth ratia

58



ChamptiMéexed modetcmnaskengeinracked shafts

0.4 : T v

0.3

T

0.2

T

K%,

0.1r

Fig. 3.6 Nondimensional stress intensity factof veraus crack depth ratie.

3.2.4 The criterion proposed by Richard Threedimensional crack extension

Though there are numerous fracture criteria proposed for 2D stressMwodielr, Mode Il and their
mixed Mode conditions, such athe maximum tangentialstresscriterion (MTS) the minimum
strain energy densitfactor criterion (SEDF)the maximum energy release rataterion (MERR)
andthe local symmetrycriterion (LS) but only several 3D fracture criteria lealveen proposed
within which the related xperimental work is limited. And it is well known that unddode Il
loading the crack kinks with a kink angtg that undeMode Il loading the crack front grows into
a new planavhich twisted about the angfe referred to the prerack planesee Fig3.7. Both the
wellknown criteria to 3D cases extended by Sih and Gipand the extension of stress triaxiality
condition (Mtcriterion) presented by Kong et &g can only predict tilt angl&e not depend on

twist angle .

Fig. 3.7 Schematiclilstration of the negative tiftoand subsequent twist angles

In order to investigate the initiation of crack front, a recently developed 3D fracture critesion pr
posed by Schollmann and Richar®][3s utilized, which carbe taken into account all three basic
fractureModes 1, Il and lIl. This is so called maximum principle strés§ A O E O Avbichithe

GNjis the maximum principle stress on a virtual cylindrical surface around the crack front) reduces
to the weltknown MTS citerion, in case of plane mixediode | and Mode Il loading conditions

along the crack front, and thus can be taken as its 3D generalization.
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According to the criterion, the kink tilt angl® can bedetermined by the following equation

~

N W pold @G vV @ pd co Gp @

0 po oD p @

oPp w
wheret OA+ ,0,0 ,0 are the stress intensity facsdor Model, Il and III.
And the twist angle can be calculated using
P . cu
—0 WE ——=% 7 = : s n
[ C O Owé (%f¢ ¢l UV o o Q¢ i o8,

wherefi s Poi ssonds rati o.

Unstable crack growth will occur if the comparative stress intensity factogaches the fracture

toughness valué . where

. p.,.,,%o e, Yo O, . .. e, %o O, . .. .
L —WEH— LVLWEI— —U0 OE%. VWE I — —U0 OE%. TU
C qC C C C C

og p

The comparisons of the crack initial angle along the three cr{fEn@ maximum tangential stress
criterion, Strain energy density factor criterion and Schollmemd Ri c har @andtheeer i t e
sults obtained bABAQUS for different crack depth ratiare shown in Fig. 3.8The stress intensity

factors used in the three figures are the same, which obtained from ABAQUS. It should be noted
that the angle from ABAQB exported fre@raEkspooyagatpon d
same with thabbtained by the aximum tangential stress critericdtue to both of them usy the

same criterion. As described in the preview section, the first two criteria only cohkide | and

Mode II. In other words, those two criteria supptss the twist angle is zero. Therefore, in order

to compare the same crack propagation direction values along the three criteria, only tilt angle in the
third criterionis drawn in the follwi ng f i gur es. ltés easy to see
good agreement with each other. Some other comparisons about different caiteba found in
literatures [3940Q].
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Fig. 3.8 Comparison of the crack initial anglecording to those three criteria for different crack depth ratio (a)
o ™R, (b)YO 18, (c) MO 1.
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3.3 Crack initial propagation of singlemodes

It is obvious that the direction of the crack initiation is only determined by stress intensoiys fac
according to the fracture criteria mentioned in section IB.2 well known that the knowledge of

the stress intensity factors plays an important role in fracture control. In structural applications, the
combination of standard loading conditiongeof involvesy ,0 and0 simultaneously. Stress
intensity factors (SIFs) for marmgonfigurationsare available41-43]. In the present sectiothe de-

rived simple formulae oftress intensity factors calculatediBye r r ma n n éase combirieth to d
SEDF criterion to predict crack growth direction and initiation $argleloadingmodes. Thedetails

of the stress intensity factor calculation can be seen in section 2.2, Chapterr@sditeeare d

cussed comparg with those obtainetly MTS criterion.

3.3.1 Initial angle for Bams under tension N

About the direction of crack initiation, it can be obtained from SEDF criterion. Settingy
ando 0 1T in Eq. (3.10), considerifg "W — 11, the crack propagationréiction core-
sponds te— T1twhich implies that the crack runs in its own plane. A graphic presentatiom-of no

malized strain energy density factdt p ¢ ‘Y "WO as a function of angle-is shown in Fig

3.9.
9 T I
"’W\/ﬂ\’ s
8 —+—a/2R=0.3 |
/ \ |

7 —8—a/2R=0.5 |
—6—a/2R=0.6

353 25 2 15 1 05 0 05 1 15 2 25 3 35
g (rad)

Fig. 3.9.Normalized strain energy density fact¥r p ¢ “Y "WO versus angle-under tension.

3.3.2 Initial angle for beams under bending monint

Information on the direction of crack initiation can be calculated by saitingd andv
0 mtin Eq. .10, and considering the condition that'Wi! — 11, the propagation angle of

the crack is— Tmwhich means the crack runs in its own plane. This corresponds to the direction

6 2
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where the dilatational effect dominates. A plot of normalizedrsteaergy density factoy

p & “Y MU as a function of angle-is shown in Fig.3L0.

18 feeq\ fﬁ's& T T
—A— a/2R=0.2
16 4 N ——a/2R=0.3 ]
j( \ ——a/2R=0.4
14 —8—a/2R=0.5]
—o—a/2R=0.6

12

20 / *

v
v
v

AAAA

8
6
4
2
955 25 2 15 1 05 0 05 1 15 2 25 8 85
q (rad)

Fig.3.10 Normalized strain energy density facdr p ¢ “Y "WO versus angle-under bending moment.
It is worth to note thalY corresponds to location of yielding, in the present ease p® v WO

Crack instability is then assumed to take place when equals to critical valué&’ which only

depends on the material. The critical load can be determined as

'\{ T clli “\(
O- p ¢

3.3.3 Initial angle for beams under shear fdgce

Consideringhata cracked beans subjected to shear force, setting 0 andv U in
Eq. 3.10 and paying attention fo "Wt — T, the crack runs following the angle p& o X p
A plot of normalized strain energy density factér p ¢ “Y "WO as a function of angledis

shown in Fig3.11

It is worth noting thatY corresponds t@ocation of yielding, in the present case Tu Crack n-

stability is then assumed to take place whén equals to critical valugy that depends only on

the material. The critical load can be determined as

. 4 pe -y
nO _ C ca 1
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Fig.3.11. Normalized strain energy density fac¥r p ¢ “Y "WO versus angle-under shear loading.

From Figs. 8.9-3.11), it can be obviously seehat the crack propagation direction of shaftb-su

jected to single loading is independé&oim crack depth ratio.
3.4 Crack initial propagation of mixed modes

Considering the case of a shaft with a transverse straight frontisrsihjected to a bendingo-
ment and a shear force, the cracked section is in a rivirelé | andModell condition. Setting that
0 mtin Eq. 3.2) and substitutinghe stress intensity factomsto Eq. @3.2), the strain energy

density factor S becomes
— Q2 [ 22 2 ] 3 2
Smi>< - mg alla FM (/7) + 2a12aFM (h)Fs(h) + azst (h) ( . 4)

wherel 0 70 "Mis the mixed loading ratio of bending moment and shear loading.

Based on the EDF criterion that assuing the crack could initiate on the direction™sf i.e.,

T ¥— mand "W — 11 theexpressions can be reported bellow
< , ;99 2F2 (h)sing(cosqg - 1+ 2n1) g
Honmx Qm? &+ 2aF,, (1) Fq (h)[cosq(cosq - 1+2n)- sin® q]u =0 (3.5)
Ha & FZ(h)sing(L- 27 - 3cosg) i

g , @a’F] (/7)(- cosg + 211 cosg +cos’ g - sin’ q)g
““qr;“x = 8pQ g+ 2aF,, (h)Fs(#)sing(1- 2n - 4cosq) 3> 0 (3.26)
& F2 (/7)[(1— 2n1)cosg - 3(cos2 g- sin? q)] u

The normalized strain energy densiti¥sof mixed Mode as functions of crack depth ratio armt a

gle for different mixed loading ratios of mixedode are graphically presented in Figg123.14
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According to Scriterion, crack instability is assumed to take place when equals to the critical

valueY that depends only on the material and crack propagation directions. For differeit cond
tions, the crack initial angle is plotted in the Figsl23.14according to &DF criterion. Obviously

it could be seen from those graphs that the strain energy density gets bigger value when the depth of
the crack increases. The same trend of strain graggsity occurs to mixed loading ratio from

| T to| p I

Fig. 3.15 and Fig.3.16illustrate the normalized strain energy density as a function of the angle for
different mixed loading ratios considering crack depth ratiost& and— 1. The nornalized

strain energy density factor increases when crack depth ratio and mixed loading ratio increases.
However, the crack initiation angle increases when mixed loading ratio decreas8sl Figma-

strates the initiate propagation direction angle aanation of mixed loading ratio for different

crack depth ratios. As it is illustrated in F&17, when mixed loading ratio s T, the directions

of crack growth for different crack depth are the same, in factrt means only shear loading acts

on the leam. It can be seen when the mixed loading rafto Hb, the crack initiation direction get

close to zero, which means that the cracked beam is only subjected to bending moment. Those two
results are the same as in the foregoing section. It can be ob#®avétk crack propagation dire

tion angle decreases quickly when the mixed loading ratio increases. For the same mixed loading

ratio, the bigger crack depth, the smaller crack growth angle reaches.

150 / X ] .......... a/2R=0.5
/ ! ) ~ crack propagation direction
for a/2R=0.5

___crack propagation direction
for a/l2R=0.4
—a/2R=0.3
____crack propagation direction
~ for a/2R=0.3
210\% ./ A —crack

180

270

Fig.3.12 Normalized strain energy density fac¥r p ¢ “Y"Y 70 versus angle-for mixed Mode bending o

ment and shear for¢e 1.
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Fig.3.13 Normalized strain energy density factr p ¢ “Y"Y 7F0 versus angle—for mixed Mode bending o

ment and shear for¢e ¢.
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Fig.3.14 Normalized strain energy density fac¥r p ¢ “Y"Y ¥0 versus angle<for mixedmode bending m-

ment and shear for¢ce p 1
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Fig.3.15 Normalized strain energy density fac¥r p ¢ “Y Y ¥0 versus angle<for mixedmode bending m-

ment and shear forc@ 18'Y.
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Fig.3.16 Normalized strain energy density facdr p ¢ “Y"Y 7F0 versus angle-for mixed Mode bending o

ment and shear forc@ p&'Y.
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Fig.3.17 Initial crack propagation angte versus mixed loading ratjo according to SEDF criterion.
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Fig. 3.18 Comparison of initial crack propagation angleising Se and Ketheories as a function of force ratio.
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The comparison of initial propagation angles as functions of crack depiy) SEDF criterion and
MTS criterionis shown in Fig3.18 The extension angle, derived from the two theories mentioned
above, is different when the loading rati¢ is T@®. It means that the shearingpdeis in charge of

the difference between the twadteria.

As shown in section 3.3 and section 3.4, the derived simple formulas of stress intensity factors in
section 2.2 Chapter 2 are used to predict the crack initiation and propagation angle in both uniaxial
and mixed loading by strain energy densdygtbr criterion. The crack runs in its own plane under

the loading of tension or bending, 82.34 degrees for shear loading. The strain energy density gets
bigger value when the depth of the crack and/or the loading ratio increase under mixed loading.
Howevae, the crack initiation angle decreases when the crack depth increases for a fixed lading r
tio. The comparison between the strain energy density criterion and maximum tangential criterion is

presented graphically.
3.5 Mixed mode cack propagation in three-dimensioral

As mentioned in section 2.5 Chapter 2, the stress intensity factors of a beam with a transverse crack
have to be calculated in the thv@ienensional mode. e crack propagation angles calculated by
SEDF <criteri on an dnvésiigatédanrtiee present sectiomeBtrese intensity e |
factorsinvolved in the two criteri@ o me f r om T a {4a]6the rebult arelin deadianik.5
Chapter 2and ABAQUS, respectivelyt should be noted thathe direction of crack initiatiopre-

sented inPABAQUS resultsis calculatedy the maximum tangential stress criterion.

Accor di ng t oltshald hednstedrthats thel ctack propagation angieshe surface

where the place ratio equal to 1 are missing due to the stress intensitydattiogsclose taero. It

has been pointed out before that parameters, such as stress intensities, at the surface point are diffe
ent or out of trend from thatf the points inside. Therefore, the crack propagation angles ofrthe su
face in the above figures, represegin the ABAQUS element includg crack line and cylindrical
surface, are singularitHowever , the surface poiementsdidhees n ot

sults with each other.
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Fig. 3.20 showshie crack initial angle comparison according to the fractnterion of Richard

[39] for different crack depth ratioSame with Fig. 3.19, the stress intensity factors used in those
three different criteria come from ABAQ&S cal
sent 0 means calamd attheed drna cCkh aprteepa at i onsangl ¢

results are missed. The good agreements of those results are shown in this figure.
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Chapter 4

Dynamic behavior of crackedshafts

4.1 Introduction

Many engineering structures may have structural defects such as cracks duetéonhosgrvice,
mechanical vibrations, applied cyclic loads &amerous techniques, such as {@structive mo-

itoring tests, can be used to screen the condition of a structure. Novel techniques to inspeet structu
al defects should be explored. Crack occurring in structural elements such as shafts, beams and
plates, ¢ads to local changes in the stiffness of these elements, and consequently theiystatic, d
namic characteristic (changes in natural frequencies, modes of vibration, amplitudes of iforced v
bration, etc.) of structures has been the subjects of many investigialn view of that, the natural
frequencies and mode shapes of the structure hold information relating to the place and dimension
of the damage. Vibration analysis allowing online inspection is an attractive method to detect cracks
in structures. Invegyation of dynamic behavior of crack structures has attracted the attention of
several researchers in recent years. The vibration analysis of cracked beam with circulaccross se
tion and shafts is one of the most important branches. Dimarogonas anddéapasifi], by using

the theory of cracked shafts with dissimilar moments of inertia, investigated the vibration of
cracked shafts in bending. Papadopoulos and Dimarogonas [2] studied the free vibration of shafts
and presented the influence of the cracktenvibration behavior of the shafts. Kikidis and &ap
dopoulos [3] analyzed the influence of the slenderness ratio of-eotaiimg cracked shaft on the
dynamic characteristics of the structure. Zheng and Fan [4] studied the vibration and stability of
cracked hollowsectional beams. Dong et al. [5] presented a continuous model for vibration analysis
and parameter identification of a nastating rotor with an open crack. They assumed that the
cracked rotor was an Euidernoulli beam with circular croseation. Kisaet al [6] presented a

novel numerical technique applicable to analyze the free vibration analysis of uniform and stepped
cracked beams with circular cross section in which the finite element and component moele synth

sis methods were used tolget.

One of the goals of this chapter is to determine the vibration characteristics of circular cross section
beams with a single edge crack, under axial force, bending moment, shear forces and torque, by
employing EulerBernoulli and Timoshenko theoriesnd by using the lingpring model. The line

spring mode has the features of having two nodes and zero length. A general method for extending
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fracture mechanics through the compliance concept to the analysis of a structure containing cracked
members is caidered in Okamura et al [7]. The beam is detached into parts from the crack section.
These substructures are joined by using-§peng model in which the flexibility matrices taking

into account the interaction forces derived by virtue of fracture mechéheory as the inverse of

the compliance matrix found with the appropriate stress intensity factors and strain energy release
rate expressions. The stiffness matrix is derived from an integration of stress intensity factors. As
the linespring elemenincludes the three degrees of freedom commonly associated with nodes in
beam element, the governing matrix equation of the cracked structures is derived by assembly of the
conventional beam element in conjunction with gpging model. The resulting eigealue prd-

lems are solved to find the natural frequencies and the associated mode shapes. The influences of
the crack depth and position on the natural frequencies and corresponding mode shapes- are exa
ined for structures graphically represented. The tiaria of the natural frequencies with the crack

depth can be used to estimate the crack size in the structures. Furthermore, the sudden changes ir
the higher mode shapes of vibration may be used to accurately determine the crack position in the
structures.The stiffness matrix is derived starting from an integration of stress intensity factors.
Since the linespring element includes three degree of freedoms commonly associated with nodes in
beamelements, the governing matrix equation of the cracked stascisi derived by assembly of

the conventional beam elements in conjunction with thedpreng model. Numerical and graphical

results for the conventional EulBernoulli and Timoshenko plane structures are presented and
compared. The equation of motiaf the Timoshenko model includes translational and rotatory

mass matrices.

Two examples of a transverse open crack have been carried out for various crack depths and crack
locations. The first study is about a beam of uniform circular cross sectionrangvérse crack
subjected to axial force, bending moment and shearing force. The coupling effect of tension and
bending is considered. The crack is represented byalpe i ng el ement . The Ca
is used here to compute the coupling conmalés of the cracked beam section. A cantilever cracked
beam subjected to bending momentshearing forcéYand torqueYis the second example. The
line-spring model is featured with two nodes and zero length, therefore the shearing force S does
not interact with the bending moment. The compliance matrix for thesjineig model can beed

rived according to Okamurt al[7] and Carpinteret al[8] theory which is based on the relatio

ship between load and deflection. As with simple beams, the beadihtprsional motions arenu

coupled. The natural bending mode, tension mode and rotation mode shaping as a function of crack

depth ratio and crack locations are studied.
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To reveal the accuracy and effectiveness of the offered method, a number of nuexanaales

are given for free vibration analysis of beams with transversgrapagating open cracks. Nurme

ical results showing good agreement with the results of other available studies, has addressed the
effects of the location and depth of the crackstlte natural frequencies and mode shapes of the

cracked beams.
4.2 Differential equations of motion for the cracked system

The net ligament effect of a cracked beam can be replaced by an elastic hinge connecting both the
crosssections of the beaseparated by an ideal plane containing the crack. About the elastic line
hinge assume that the crack is a threagitk and the crack represents the net ligament effect by
certain axial force, bending moment, shear force angueacting directly on thedaces of this
throughcrack. The spring has the features of having two nodes and zero length. The expressions of
the stress intensity factors evaluated above can be used for determining the stiffness matrix of a
line-spring with which the cracked sectionabeam can be modeled. Consider that two undamped
components A and B join together by means of springs capable of carrying axial, bending, shearing
and torsional effects are shown in Fig. 4.1.

Axial Torsional

\

\
A Translational Rotational B

Fig.4.1. Model of the components connected by spring

By apgying the standard finite element method to this system, the differential equation of motion

for free vibration is given as
M (K + K, )x=0 (4.1)

whered B 0 andv B 0 are global consistent mass niatind the stiffness matrix for the
entire structure without crack, respectively, with and0 are the extend forms of mass matrix
& and stiffness matriXQ for the finite beam element without craékis the number of the finite

elementy is the stiffness matrix for the line spring model expressed in the extended form in order

to incorporate the linspring stiffness matrix into the assembly procedure of the global stiffness
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matrix for the entire structure<:[r1, h,q./.,3 .r,h,q./.,3 ,rn,hﬂqn,/'n,]T is the generalized sl

placement vector.

After imposing the appropriate end conditions, if the global nodal displacement wéstassumed
to be harmonic in time with circular frequenoy 0°'Q w i) the equation will become ai e

genvalue problem of the standard form
(K- W"M)A =0 (4.2)
whered® is a vector of displacement amplitudes of vibration.

The solution of the above eigenvalue problem yields the natural frequencies and the corresponding
mode shapes of the crackstructure which depends on the crack position, crack size, geometric

dimensions of the structure, the boundary conditions and mechanical parameters of the material.
4.3 Cracked cantilever bears subjected to tension, bending moment and shear force

As anapplication example of the stress intensity factors obtained by section method, a beam of un
form circular cross section with transverse crack of deyshbjected to axial force, bendingom

ment and shearing force, see Fig.4.2, is investigated. The ngusfect of tension and bending is
considered. The Castiglianobés theorem is use

cracked beam section.

S1, h't
Ml,()]( 1 \Mz, 02
—_ e Fo—
N1 '\ * /N2, 12
1 a = Crack ’
} S2, h"2

Fig. 4.2. Cracked beam under tension, bending and shearing force

4.3.1 Stiffness matrix of theracked section

According to Castigliano's second theorem, if the strain energy of a linearly elastic structure could
be expressed as a function of fofcethen the partial derivative of the strain energy with respect to
force gives the displacemetin the direction of . As could be seen from above this can also be

expressed as

, Y
0 — 1%
0

—n
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Combining the strain energy release rafoposed by Irwin [9]represents the elastic energy in

relation to a unit increase in length ahead of the crack front,

o, P
Cee 0O

0 18

whereO OF p ' s for plane strain® Ois for planestressOi s Young®o'sis modu
Poi ssono6s0 @oandd iaceisteesstintensity factors for Mode |, Mode Il and Mode lll,
respectively, calculated by section method in the present application. The details of the stress inte
sity factors can be found in section 2.3, Chapter 2.

Eq. (4.3) gives the expression between displacement and strain energy release rate as

u :H%r"g%(Kf+Kﬁ)+1%7K,ﬁ gdA (4.5)
1A

In the present application, the flexibility coefficients as fimection of the crack shape and the

stress intensity factors for involved Mode | and Mode Il can be introduced as following
2

The flexibility coefficientst are obtained from the fracture mechanics mettroggsed by B

marogonas and Paipetis [10].

Fig. 4.3. The geometry of the cracked circular cross section

For the crack of maximum depth the crack is bounded in tledirection by "Q andQ, and in

thewdirection by 0 andd The boundary width of the crack at eaghcan be calculated usinyP

thagorean Theorem from Fig. 4.3.

h =JR- y? =R~ (R- 2)? 4.7)

77



University of Bol ogna PhD Thesi s

Substituting the forces and stress intensity factors into Eq. (4.6), the flexibilitycmrds are b-
tained as following and plotted in Fig.4.4.

2

o Rl s 2

L€
R+e- z- b)y dxdz
SAC 1o )H

2

qs:w\i/lluN ﬁE(ZK,NK,M)dA——““,/ |° (R+e- z- bm)ae—+—(R+e z- b)odxdz

2 1 oy ;2
T et

(4.8)

5)

o= (e USRS 1 St B
¢

0-h

E

y

G =Gy =Cp=C3p =0, G5, =Cp5

whered ,"0,'Qand0” are functions of coordinate varialiieco and® are the values under tbn

ing and tension, respectively. All the constants can be found in section 2.3 in Chapter 2.

1.0E+4¢
g © —e—Cm ]
g 1.0E+3& —=—Cmn E
o F —>—Cmm
® 10E+2 Css 3
R E |
© [ ]
S 1.0E+1:
2 : ]
c L ]
GE) 1.0E+0§‘ E
3 ’ f
S 1.0E-1k
Z b 3
l.OE_ I I I I I I I I
8.1 02 03 04 05 06 07 08 09 1

Crack ratio a/D
Fig. 4.4. Nondimensional flexibilities coefficients (Cmsn, Section method)

Since the shearing force does not contribute to the operoag wf the crack, the compliancem

trix, in relation to displacement vector, can be written as

écll 0 cCue
C=g €0 c, O 3 (4.9)
@231 0 caf
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The inverse of the compliance matéx as the stiffness matrix of the nodal point carubed to

further analysis and given as

~ ~

QO (4.10)

4.3.2 Stiffness matrix for a beam finite element

For general loading, a local stiffness matrix relates forcessfgacements. According to Okamura

et al [7], cracked element can be separated at the cracked section and both portions maythe connec
ed by a spring with spring constafits, $ ,$ , corresponding to bending moment shear force

3 and axial force , repectively.As an extension version of stiffness matrices of Nobile and Viola
[11], for a beam finite element subjected to general plane loading, including bending moment M,

shearing force S and axial force N, the strain energy of a beam element witlsttis cra

1 4 S5 M) 1NI 154
E.=——aM3i- MSP + ——+ == 4.11
s 2EI?A 8 2 A 2 (4.11)

whereOi s t he Y ouhnigthe sheaondoduludgissthe length of the beam elememntis
the area of the cross section and ! [ , a coefficient depends on the shear coefficfewhich

[ o¥p Tis for circular section. [12]

The flexibility matrices of uncracked element with constrains Fig.4.1 may be calculated by means
of Castiglianods theorem

=WE/URWP,  i,]=123456 (4.12)

&, 0 0 ¢, 0 Og
e u
O Cp Cs 0 Gy Cosyy

C_SO Cp Gy 0 Gy 0363 (4.13)
&, 0 0 ¢, 0O Oy

€0 G G 0 G Gl
éo 062 C63 0 065 CGGQ

The stiffness matrix for the uncracked element can be derived as
KON (4.14)

According to Eg. (4.14) and simple algraic calculation, we obtain the uncracked element stiffness

matrix expressed as
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é AE - AE 2
¢ 0 o 4 0 0 1
e 12El - 6EI - 12E| -6E1 Y
e 0 u
é +Qor @+ol? @+0Q1P @+0Q)I% y
¢, -6El  (4+QE 6EI  (2- GEIU (4.15)
ke:g 1+G12  (1+0) a+GI12  @+0) 3
- AE AE N
€ u
& 0 0 T 0 0 N
é - 12El 6El 12El 6EI U
€ O 3 2 3 2 u
& @1+o® @+o)l @+QI*F @+G)I*
é -6El  (2-QEl 6El  (4+QEIQ
3 1+QI1* (@+o)l 1+oI*? @+ol Y

124El . . . : . .
where G= > Is for Timoshenko beams. If settimg=0 is the stiffness matrix reduced tceel

ments of the classical Eut&ernoulli beam model.

4.3.3 Mass matrix for a beam finite element

The mass matrices can be derived by using the Kinetic energy of the beam element of length
:%ﬁ 8 dx+ rrAaéﬁ dx+ = rrl aé*—qo dx (4.16)

where” is the mass density of the materialis the area of cross sectid@s the area moment of
inertia and , "Qand—are the translational displacement of axial and shearing force and rotation of

bending, respectively. The total mass matrix of thedialement is
i | | i (4.17)
The consistent translationial andi and rotational mass matrices are assumed the same both

for cracked and uncracked elemeihistting

i i i P Y
wherel s the total translational mass matrix, E417) yields

i i (4.19)

The following ma&s matrices will be derived
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&1+0G)? 0 0 (1+G6)? 0 0 [
e 6 ;
é 13, 7G, (32 411 116G _G'Q 9,3,C 413 3G, G'§
7 —t—t+— % — —8 0 —t—+— §T+7+—a <
é 35 10 120 242 70710 6 §420 40 2420 (4.20)
& G. G4, 413 36, G§ 41 G, Gg.q '
: 21.0.08: cg 41,0, G
_ rAl € & 60 1202 g 20" 20" 249 ¢l40 60 1202 U
- e u
1+09°%¢ 1+0)? 0 0 N
é 3 u
e 13,76, G 411 116 Gzau
é symm —t—+— g —+—+—4du
é 3510 3 g 10 120" 249 0
g a1 +E+E323
6 ¢los 60 1202 |
&0 0 0 0 0 0 2
é 6 al Gg 0 6 al G8 U
¢ 5 Ho 22 5 Ho 28
e > N 5 u
é 42 G ng a1l G al G ngu (4.22)
> +—+— —-—87;
o ¢ fs 6 3¢ ~ "Fo2: Hoe el
7 I(1+G)2e 0 0 0 a
é 6 ail 68 U
~ symm = -—= N
¢ ¥ 5 glio 25 U
Z 2 A <
€ a2+§+g§29
& d5 6 37 |

The above mass matrices depend up@amd both these matrices reduce to the EB&mnoulli

model by setting T

4.3.4 Numerical studies

Considering a Timoshenko cantilever beam with circular cross section, the geometrical properties

of the beam are length p I,

pm A,

slenderness rati@7¥,

T ,

Poi s s @ nisoand mas$ densitn X8 p nE @

Youngos%

qptdul us

. shear coefficient

? p #w The cantilever beam discretized into 40 finite elements and the numerical resuks are e

pressed in terms of the following dimensionless parameéters:! * T

plitude ratio,

I z

is thel

depth ratio.

z

wheré * is thel

is the displacementna

computed displacement amplite of the cracked structure, and

exact displacement amplitude of the corresponding uncracked strif@turepf0
& 8 @ is the dimensionless crack position parametersandf$ @@ @ is the crack

by

L1 }

Fig.4.5.Cantilever beam with a transverse crack
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The results obtained by the present work for slenderness ratio 0.1, crack depth ratio 0.4 and crack
position 0.4 are compared with uncracked beam, and those of Kisa and Gurel [6], and as is noticed
from Fig.4.6, anxcellent concurrence has been found to belong the results.
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Fig. 4.6. Comparisons of natimensional natural bending modes for crack depth Aftlo 1@, crack slenderness
ratio2¥, 1@, crack location @#  1@&, (a) the first mode, (he second mode, (c) the third mode
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Figs.4.74.11 illustrating the first fifth natural bending mode shapes as a function of crack aepth r
tio for crack locations #  T&M& & and slenderness ratk¥, 1. The deeper the crack

and higher the mode numat the clearer the position of crack, as is expected.
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Fig. 4.7 First natural bending mode as a function of depth, for slendernessftatior®, and different crack position
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Fig. 4.8 The second natural bending mode as a function of depth, for slendernexg ratio®, and different crack
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Figs.4.124.14 illustrate the modes of the first, second and third flexural vibration, respectively. As
expected the modes for cracked shaft show discontinuitieg atdlk location. It is apparent that

the change in mode shape can become an efficient sign for crack identification. It can belzlearly o
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served that as the crack progresses, the discontinuities show progressively large difference which
can be used to idéfy the depth of the crack.
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Fig. 4.12. First natural rotational mode as a function of depth, for slendernessfatior®, and different crack pes

tion (a)y a‘r TE, (b), ﬁ, T8, (C)v a‘v T[@
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Fig.4.13. Second natural rotational mode as a function of depth, for slenderne23$atiaw®, and different crack
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Fig. 4.14. Third natural rotational mode as a function of depth,dodskness ratid¥$ 1, and different crack@

sition (a), @ &, (b), @& ™8, (c), & T@.
The same situation is observed for the longitudinal vibration, as is show in Figé.#71tor the
previous first three modes, although, one of the three modes as the crack location L1/L=0.2 just on

the dip of the amplitude, is excepted.
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4.4 Cantilever cracked beam subjected to bending moment, shear force, and torque
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4.4.1 Stiffness matrix dheline-spring

As mentioned in section 4.2, a schematic illustration of thesjpmeng model for edgeracked

beam is gien in Fig. 4.1. The lingpring model features with two nodes and zero length, therefore
the shearing force S does not interact with the bending moment. The compliance matrix for the line
spring model can be derived according to the theory presented lyu@kat al [7] and Carpinteri

et al [8] which based on the relationship between load and deflection. The static equilibrium of a
cantilever cracked beam subjected to bending momershearing forcéYand torquéYrequires

that

S1, hi
M
1, 0 - \Mz, 02
/ \\.
T1, @1 o /) T2, 2
N e
S2, h2

Fig.4.18. Enctonditions for forces and displacement of the beam element.

g=/.,.M,h=/S j=/T (4.22)

in which the rotations—ande and the deflectioifdacross the linspring are expressed in terms of
the nodal displacements — —, ¢ o e andQ Q "Q (see Fig.4.18). ,_ and

are compliances for bending moment, shear force agddaespectively.

Moreover, compliances are rtdd to the connection between energy release rades stressn-
tensity factors given by Irwin and Kies [13]. Compliances for the cracked beam element are derived

by the following equations

1- n? M as..
G, =2 K, == (4.23)

1'/72 2 _SZ%

Gs :? Il —7 dA (424)
1+n T2 d/
G = |||T - 2 d;\ (4.25)

After integrating, the compliance components of-lspeing are obtained by the following relations

_21-n) /7)

@Ao dA (4.26)
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2(1 n)

@&Q dA (4.27)

21+n ARK. O
24+m) fgko dA (4.28)
whereOi s Youngo&'se qmaad Bl WPs0,i s s o-strails and zero foropladsi@ssQ @ | an e
is an infinitesimal incremental of crack area, is the Mode | stress intensity factor caused by
bending momend , 0 is the Mode Il stress intensity factor caused by sfmae™Y andv  is
Mode 1l stress intensity factor caused by thejt@”Y The details of the stress intensity factors can

be found in section 2.2, Chapter 2.

Substituting the stress intensity factors into Eqgs (4.26) to (4.28), the lochllitgxdue to the crack
can be obtained as the same geometrical boundary limit in the foregoing section, and can be written

as
2(1- n?) 2,
/= (E R/'Z )0 |:FM (z/ D)dxdz (4.29)
21-n?) %Y,
. :W phfyFS (z/ D)dxdz (4.30)
ah
/ = 2A1+n) Aff2(z/ D)dxdz (4.31)

ER°

0-h,
The numerical integration methods are adopted reensionless flexibility coefficients arelea

culated numerically along with the subsequent expressions and drawn in Fig.4.19.

1.0E+4¢ T T T T
1.0E+3;‘
1.0E+2;
1.0E+1k
1.0E+0
1.0E-1¢
1.0E-2k
1.0E-34;

Non-dimensional flexibilities

1.0E-4 8

1.0E-55 0.2 0.4 0.6 0.8 1

Crack ratio a/D

Fig. 4.19.Non-dimensional compliance coefficients as a function of the crack depth ratio a/D.
I =ER/__ (4.32)

95



University of Bol ogna PhD Thesi s

I'.=E'R/ (4.33)
I =E'RY, (4.34)

The matrix of rigidity of the cracked element puts the vector of the nodal displacements
qa. =[h.,q./,,h.q,./ ,]in relation with the vector of the nodal forces=[S,M,,T;,S,,M,,T,]. The

stiffness matrix of a linspring Q is given as follows

I
~

el1// 0 o -1/, O 0 o
S0 Ul O 0 -Ulp, 0 §
kf=§ 0 0 1/, 0 0 -1//n3 (4.35)
glUl, 0 o 1/, 0 0 g
g o ~-1//, O 0 /., 0 3
6 0 o -1/, O 0 1/, ¢

4.4.2Mass matnrt and stiffness matrix acinuncracked beam element

The beam element will be assumed to be straight bar of uniform cross section capable of bending
moment and shearing f® in the plane of its cross section, and twisting moments abouinis ce
troidal axis. The stiffness matrix of such a beam element is of @rdegif all the forces are ao

sidered independently of each other. The stiffness properties for a uniform beanteldirbe -

rived directly from the differential equations for beam displacements used in the generalrenginee
ing theory of beams subjected to loads. The derivation details of the stiffness can be found in the
literature [14].

& 12El 6EI - 12E 6EI o
g(1+G)|3 1+G)I? a+QI® @1+0)? g
¢ 6El  (4+QE -6El_ (2-QE
é1+G)I*?  @1+Gl 1+Ql1> @a+o)l u
é m - mu (4.36)
é 0 0 T 0 0 —u

K=C 1B - eEl o 1Bl -eEl oy
é1+QI* (1+0)? 1+Q1* @1+0Q)l? u
€ 6El (2- QEI - 6El  (4+Q)EI u
&— 0 i 0ou
&1+ Gl @+aq)l @+a)l @+aQ) U
é - 3 m u
= 0 0 - 0 0 =5
& | | H

wheredis the length of the beam elemedt, s t he Y o u g thesmomentdofiiherias qf
the cross sectionis the polar moment of inertia of the cross sectiorepresents shear defo
mation pararater.3 p 4§ ‘OFO@ is for Timoshenko beams.can be taken as zero fitre class

cal EulerBernoulli beam which leads to a fordesplacement relationship in which the effects of

shear deformations are neglectedepresents shear modulus.
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For theuncracked elements, the mass matrices can be derived by using the Kinetic energy of the

beam element of length

| ° 2
E == rrAaé"ﬂo dx+ ; Al ?5‘%‘70 dx+= rYJaéy—o dx (4.37)
G

0

where” is the mass density of the materialis the area of cross sectié@s the area moment of
inertia, 0 is the polar moment of inertia, af@d—ande are the translational displacement of shea

ing force, rotation of bending and torque, respectively.

Letd& G & denotes the total mass matrix of the finite elenvath & the total mass m
trix of translational mass inertia and torsional mass inértiarepresents the rotatory inertia of the

beam. They are firstly derived independently by Archer and by McCalley.

€13 7G, G 511 116 . G 9§ 9 3G & 413 .36 G 2
et —+— B/ +— 7§ 0 == i Bt 78 0 g
@5 10 3 &10 120" 249 70 10 6 920 40 249 B
é 41 G a 813 36, G§ 41 G &4, u
p 4 2 0 o0 22 2 a4 2 2 0
g éﬁ 60 1208 ?420 40 24@ g 20" 60 120§ u (4.38)
é 1+63%J 0 0 1+G%Ju
- rA ¢ 3A 6A U
97 3,76, _gu 16,65,
é 35 10 3 65210 120 24% u
g 41.,6,068, N
é symm 105" 60 1200 a
: ¢
e
é wg
é 3A 0
% 4l G 6 1 Gj o
& Ho2d ° s Hy .l O
&  clo 2: g0 2=y
6 a2 G G4, 41 Gg a1 G G4, -
> =+ 0 - = o 4 . <
¢ ds'e 38 Ho 22 0 6 6§ y (4.39)
n g 0 0 0 03
"Tla+o7 e 6 %3_98 U
¢ 5 clo 2+ u
e ~ u
é 42 G, . G8, .U
7 symm B—+—+— 07
é g s 6 00
¢ ou
e u

4.4.3 Numerical studies

The example geometrical and material parameters are the same with those in section 4.3-Figs.4.20
4.24 showing the first five natural bending mode as a function of crack depth ratio for slenderness
ratio R/D=0.1 and crack position [1=0.2, 0.4 and 0.6.
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Fig. 4.20. First natural bending mode as a function of depth, for slenderne&ftatior, and different crack pes
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Fig. 4.21.Second natural bending mode as a function of depth, for slendernefgatiori, and different crackq
sition (@), @ &, (b), @ T8, (c), @ T
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Fig. 4.22. Third natural bending mode as a function of depth, for slendernessfatior, and different crack pos
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Fig. 4.23. Fourth natural bending mode as a function of depth, for slenderneg@d$atiorip, and different crack pos
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Fig. 4.24. Fifth natural bending mode as a function of depth, for slendernesafi&tio Tip, and different crack pos

tion(a), @ m&, (b), @ 1@, (c), @ T

The first three flexural vibration modes are shown in Figs.-4.28, respectively. Those plots

show the same discontinuities characteristics as described in the section 4.3.
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Fig. 4.25. First natural rotational mode as a function of depth, for slendernessftatior, and different crack pos

tion (a) ) a‘r i, (b), ﬁ, g, (C) ) a‘v T[@
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Fig. 4.26. Second dimensionless natural rotational mode as a function of depth, for slenderr&ks ratig, and

different crack position (a) @, &, (b), @ 1@, (c), @ .
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Fig. 4.27. Third dimensionless natural rotational mode as a function of depth, for slendern@¥$ratio®, and di-
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Chapter 5

Numerical analysis and comparison for annterfacial
crack under biaxial loading

5.1 Introduction

As it is well known, the fracture property of composite materials can be strongly affected by the
toughness of the interface between constituents. Therefore, the problem of a crack lying along the
interface of two dissimilar materials has become very impomadéscribing the fracture meaha

ics behavior. Such a problem was first studied by Williams [1], who discovered for the firshéme
stress and displacemaeautcillatory charactein proximity tothe cracktip. England [2] showd that

the upper and lowetrack faces would wrinkle and overlap near the crack tips. Erdogan [3] and
Rice and Sih [#derived the expressions of the stress field near the crack tip soduced the
complex stress intensity factorhe framework of fracture mechanics analysisifbverface cracks

was outlined by Willis [5].

In order to avoid the oscillatogingularity of stress and straimear the crack tip, various attempts
have been made over the past decades. Comninou [6] introduced the contact zone mdedel that a
lowedthe crack faces to come into contact near the crack. Piva and Vigolafid] Viola and Piva

[8] reported the analytical elastic solution of theplane biaxial loading of two dissimilar materials

with a crack along their common interface. The complex varitsdadhnique coupled with the pri

ciple of superposition of effects was applied to compressible as well as incompressible materials.
Rice [9] reexamined the elastic fracture mechanics conceptsh® isotropic interface cradk-

cluding stress field neaipt complex stress intensity factor, contact zqgulastic zone as well as

some possible definitions of stress intensity factor of classical type. Leguillon [10] numeneally i
vestigated the interface crack tip singularity under the assumption thatwtbel® bea conact

zone along the crack front; he fri cti on contact cwereexammed Cou
Comninou [11] presented an overview of the interface crack problem and described sonie prelim
nary experimental results in the fatigue andtiree of interface crack. Mykhailova et al. [123-d

voted tothe application of boundary integral equatidos solvingthe problem of linear crack -

cated on the dissimilar interface under tiheemonic loading. Cornetti et al. [13] provided a Imet

od to cetermine the load cging delamination along an interface in a composite struddilie.and

Barber [14]discussed the properties of elastic solutions to interface crack problems in both open
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and unilateral formulations. They showed ttiadhe contact zne was sufficiently small compared
with the other dimensions in the problem, the unilateral solw@rbe approximated by emte
ding a universal contact field within the surrounding asymptotic field of the open solutitins
case, the open solutionraining all the information could be relevant in determining fractare u
ing a Linear Elastic Fracture Mechanics (LEFM) criteriShi et al. [15] used the eigenvalue Ipro
lem to determine asymptotic stress and displacement fields near the interface Aqraidr.ince-

pendent conservative line integral was used to obtain the stress intensities.

Another important problem in fracture mechanics is the prediction of crack growth path mnder i
posed loading and of its rate of growth. The most popular and sincpikesta arethe maximum
tangential stress criterion (MTS) [16he strain energy density factor criterion (SEDF) [17] &mel
maximum energy release rate criterion (MERR) [18, T8@fre are also other criteria proposed in
the course of years by diffeteauthors.The T-criterion proposed by Theocaris and Andrianopouls
[20]. Papadopoulos [2lintroduced the Detriterion which wa based on the determinant of the
stress tensor. Goldstein and Salganik [@&ablished a conditiorequiing that crack propgation
occuedalong the path of vanishirtge Mode Il stress intensity factofang and Qin [23] proposed
a numerical method capable of modeling interfacial cracking-ofdierials and damage in coaip
sites with either weak or strong interfaces. Coreetil [24] introduced a failure criterion in the
framework of finite fracture mechanics. The models of crack gromtmixed mode conditions
werereviewed for the plane and thrdenensionaktates of stresa referencg25].

As regards the fracture critarfor a crack at interface between dissimilar materials, Piva and Viola
[7] proposed a fracture criterion based on the MTS criteti@micouldbe used to assess whether an
interface crack wuld extend along the interface or into one of the two adjacent materials in the
plane perpendicular to the direction of maximum circumferential stress evaluated at a small distance
from the crack tipHe, along withHutchinson [26] suggested a criterion basadhe energy release
rate for predicting the kinking angle. They shaalthat the competition between crack advance
within the interface and kinking depesdion relative toughness of the interface to that of the-joi

ing material Moreover,the kinking ocaredin the direction where the energy release vas ma-

imum. Yuuki and Xu [27] and Yuuki et al. [28] carried out fracture tests of aluminum epsxy di
similar materials with an interface crack under comprehensive mixed mode conditging.the
brazilnut-sandwich compression testsey showed thahe fracture angleserewell predicted by

the criterion proposed by the authtiiemselvesAyatollahi and Mirsayar [29] developed a fracture
criterion, referred to as themodified maximum tangential stressterion which ok into account

the effect of Fstress in addition to the stress intensity fector predicting the kinking angle in the

interface cracks. Rudraraju et al. [30] presented a variational multiscale approach to predict mixed
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mode inplanecohesive crack propagatiofh.compaative studyof numericalresults with the coe-
spondingexperimentalobservations of crack propagation in laminate fiber reinforced composite
panelwasalso presented

Furthermore, there are some experimental and dpeseaarcheshat deserve to be mentioned
Theocaris and Andrianopoulos [31] introduced the Mises elpktgtic boundary to define the core
region They used the minimum value of the radium of the elgdéistic boundary for defining the
direction of cack propagationSpyropoulos [32] constructed taene ofyield initiation for the n-

terface crack problemsingthe Mieses vyield criterion according to the tigrm stress solutione-

ported in [7] In [33] the strain energy density criteriavas appliedd determine the direction of

crack initiation for various biaxial load factors and material combinations. Buyukozturk and Hea
ing [34] investigated fracture of twghase composites in terms of parameters that influence the
crackng scenarios in the interfal regions and affect the fracture behavior of the concrete. Nume

ical and physical model tests were perforn@atudy the influence of constituent fracture prepe

ties on the behavior of concrete composifeseries of interfacial crack experimemtere condut

ed by Choi and Chai [34]sing biaxial loading device for various mixed modes. Lee et al.r§36]
visited the criterion to prevent kink of a crack out of -araiterial interface under the presence of in
plane residual stresseBhey predicted thatn-plane residual stresses control the energeticieond
tions to prevent crack kinking out of the interfadee change in the stress state near the crack tip
due to its own contribution to the singular stress field like globally applied loadesgsequird. In

other words, the problem at issue cannot be handled in purely local terms, but a global approach
should be adoptedKayupov and Dzenis [37] modeled the crack propagating under-sfasisi
loading and in fatigue life by nonlinear finite element analySisyal et al. [38] proposed a new
strengthfracture model for decohesion elements intlgdhe geometic nonlinearty of the adhe

entand adhesiveThe initiation and progression of interfacial cracks and/or cohesive oraaks
simulatedby positioning decohesion elements at the adheaadhesive interface and between bulk
adhesive elemenft an earlier date, the awdts had postulated an irreversible cohesigeohesive
constitutive law for modeling the delamination process using interfacial surface discontinuities [39].
Yang et al. [40] calculated the critical stresses, taking into account the influence of thetgujace
angle and the crack size, for the initiation of crack propagation in the transverse direction and in the
tunneling direction of a crack embedded in the central layer of a composite larmayeshowed

that transverse crackingas a more possiblerdcture mode ircomposite laminates with initial
cracklike defects Kaminski [41] pointed a mathematical model and its numerical realization of the
composite materials with stochastic interface defects. The composite was discretized using the

Boundary Elenent Method.
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Although greatprogress habeen made in solving elasticity problems involving lines of discont
nuities, the mathematical formulation of the problem of interfacial cracks remains inadequately
treated. Recently, several authp42, 43] have &tempted to solve thmterfaceproblem byusing
thedislocation methodwvhich can remove the oscillation singularity. For engineering estimations of
the strength of cracked composite, the use of numerical method involving a simpler calcutation pr
cedure an be suitable, even if a little bit lower accuracy is involvégwe geometries of the invest
gation cracked models are differelnt.the present paper, the comparison between numerical results
and analytical solutions of an interfacial crack is preserihd. influences of size effect, biaxial
loading factor and radius distance on the stresses components distridattageszone and the
crack extension angle are studied. The conclusion shows an excellent agreement between the n
merical results and the alytical calculations.

This paper focuses on the fracture process connected with a finite central crack along the plane i
terface between two bonded dissimilar materials, subjected to biaxial loading at infinity. The local
fracture criterion, for the dargad composite elastic system, involves a suitable defined rashial di
tance from the crack tip, a biaxial loading condition, as well as singular andingrar stress

terms. The analytical solution, based upon the complex potential, stems from the baahaary
problem formulated for the two bonded media model subjected to biaxial loading at infinity. Using
the proposed Finite Element Method, numerical solutions to the interfacial crack problems are
worked out with reference to external loading conditiapglied at finite distances from the interf

cial crack. Models of different materials properties, interface crack lengths, biaxial loading cond
tions and interfacial fracture strengths have been investigated. The analytical and numerical results
of this stuidy are also examined to see their similarity and differences. As far as the crack initiation
angle is concerned, the present results are compared with the ones reported in liiérateifects

of the model dimension, the radial distance from the ctipcknd the biaxial factor on the stress
distribution are studied. Particular attention is paid to the size of oscillatory area, as well as-the pla
tic zone. Then the crack propagation angle obtained from the global fracture criterion ane the n
merical metod is represented graphically. The conclusion shows an excellent agreement between

the numerical results and the analytical calculations.

The main novelty of this study consists of finding the ratio of finite distances of loading and crack
lengths forwhich the above analytical and numerical solutions, involving models of damamgped co
posite bimaterial systems, which are comparable. The finite critical distance from the crack tip
should be specified to provide stress and stain states, as well as tarapphy of crack extension

at the interface, or its extension into one of the two dissimilar media.
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5.2 Theoretical background

A central linecrackof lengthc Aies onthe interfacebetween twdbonded dissimilar isotropicoa
mogeneous materials shimgin Fig.5.1.0,” and* (i= 1, 2) are the Youngbo
sonds rati os an dmaterralel asdmaterial 2espedivel Withoutdass of any
generality, the length of the crack is assumed to be uniin other words, &lthe length parae

ters are normalized by the crack length 2a.

bttt

Material 1 AY

kT

Vo

o@r
Material 2 AX

b

Fig.5.1. Geometric model and loading contribution for analysis.

The solution of the plane elastic problem is reduced to the calculation of the potential finction

B U andw URE plt of the complex variable @ E Id related to stresses and displacements

by the weltknown equation of KoloseiMuskhelishvili[44]:

" " ¢B a B of )
; , ¢CQ  qdBed wa L&
¢¢o .3 a o of C of L&
3 & B aQd ¢ a W aQa vg

In egs. (5.35.4),A ,A andA are the stress tensor components with respect to a Cartesian c
ordinate system centered in the cratk, o 14 for plane strain and o 4 Tp u for
plane stresO 6 "Q is the complex displacemetti, plt refer to the rateriall and 2, e-

spectively. The four potential functiozs andw can bedetermined by the boundary conditions
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and the conditions at infinity [7The crack surfaces are free of traction and the twodbed mae-
rials are subjected to biaxial load at infinityt 6 s worthy to note tohat t

nent which isdiscontinuous across the bond lzan be expressed as

" Q 1Y Ld®
where
P - | o p o . ‘ ‘
. h h | - - §]
P p | ®
| isrelate to one obundurs parameters[45].
| —xEQE L

The solution of the elastic problem is obtained by the application of the principle of superposition as

is already presented spreview paper [7].

— — @ QO © Qe a£QE O
6 0 . g (5.9
— — @ VMo OQof a£Qhgs @
C— — @ R O o QO a£0fs @
6 a . g (5.9
— — @ Vo Qo a£Qhgs @
wherg  —is the weltknown bielastic constant.

It appearghat the displacemeffield verifies the continuity condition on the bond line and over the

crack surface gives rise to the dislocation

W p .. p
¢ p |

36 B0 O OO0 a2 0B T

W W
From the expressions of displacemegs. (5.85.10) it notes that the biaxial load parameter has the
same effet on the displacements in the two mediat does not affect the dislocation over the crack
surface. As pointed oum [2-4], the relative displacement described above oscillates rapidly near
the tips of the crack and is thus physically unreasonable $ethe interpenetration of the material
on either side of the crack is predicted at such points. The extent of contact zone proposed by
Comninous [6] is unknown, but can be obtained from the oscillatory solution computing the largest
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distanceO from the cack tip at which the crack opening displacement becomes zero [9]. Irethe pr

sent investigton, it is expressed as
) is0 BO m LR p
Then the contact zone siZ is estimated byhe transcendental equatidh | i€ mor

normalized with the crack length 2a as

~

O P

CAp AT U ¢

For example, wheto ph% p e 1e 1M phA THE 1T From Abaqus mo-

€, the interpenetration is shown in Fig.5.2he dislocationof the two crack faces on the crack tip

is infinite according to eq. (5.10), but it also can be considered on the bonded interface line. So the
value is set to zero here, see Fig 5.2) atr®. The dashed line means material 1 interpenetrates

into material 2the crack face onore compliant materiahterpenetrateinto thecrack face of stiff
material. The ratio of interpenetration distaizéo crack lengtlt AsO¥c A p& v T ¢ T, the

same wih the value obtained from eq.(5.1Zheser e sul t s have good asgreem
timation[2]. For the interface crack in tension the contact zone model provides a contact zone of the

order of 10 of the crack length for 1@, diminishing to zero as approaches to zero.

—

x 107

N,
.,
.,
.

Fig. 5.2. The interpenetration displacement.

Confining our attention to the right tip region, by considering the transformation:
G & — 1Qh 1 1TOL p v o

and expressing the eqs. (M) as power series expansions, one can obtain the following approx

mate expressions for the complex stress distributions
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The explicit expressions of the Cartesian stress compwiererms of the polar variableish—

whereO- QwnQl 1-G_

can be obtained. Moreover, the distribution of the local circumferential stregssn be evaluated

as following
" " P., — "
” - - Y Q_ ” ” c Q U& (p
q ¢ -F
10X 10°
8 % —a—4000Xs$) |
6 4 —e—4000'xs\) ||
VN
4 1 —+—40002ng) L
5 —e—4000%%xs® | |
X V: N Yy
A
n 0 P
A
. ?
_4 VN
-6
A
%o -40 -20 0 20 40 60

log(r)
Fig.5.3,,  Oscillatoryfront of thecrack tip.

Those stress components as the analytical solutions will be compared with finite elemena€omput
tions presented in the next sectiéing. 5.3 graphically presents the oscillatory of the vertical stress
front of the crack tip. HoweveHutchinson et al. [@] tabulated strain values qnandy for six rep-
resentative material comlgitnons and found thgt was quite small for most of thembinations.

Therefore, the oscillation zone ignored here is reasonable.

5.3 The nonlinear stressstrain response
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It is possible by a simple procedure, to obtain the compenehthe strain corresponding to the
componentYof the applied load forsoner acks configuration. lon fac

rem we have

T w
- T—$ L X

where"Y® is a typical limit point stress for crack length @ is the average strain energy per unit
volume coresponding to the model of Fig.5aith fixed bond cracks of lengiloaded to the level
Y& . We can write

[ I ¢V IV I W W v Y

where "Q ph; are the average strain enieof materialQuithout crack ando is the ave-

age strain energy contribution due to crack.

The stain energy density in model vatit crack can be evaluated by the usual method using results

from thetheoretical analysis in section 5.2

P : : ~
CT) ” ” C ” ” C p ” Q(l) U$) w

5001 YODODDI (%o
in which V is the volume of the model.

For thebimaterial system withoutrackon the interfacethe d¢ress components in the above &qu

tion can be obtained by substituted the solutions, 0 to the eq. (5.1) and eq. (5.2).

where
ko)
B Pry L& T
T
p Q
q —"Y vg p
C
’i‘Q r p
B - Y L& ¢
Ko
a I p.,Y V& O
C
Thestresses can be calculated as
" QTy, N, T Vg T
” TQ‘ r Y]H "Y]" T[ U& U
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therefore

&) — 0 p ¢ vg @

@ — Q' 7 p ¢ Q7 vg X
The strain energy due to the presence of ceacis evaluated using the stress intensity factams (e

ergy release rate). Theading terms of stress componentsh, along interface— Ttin the \-

cinity of the crack can bexpressed 48, 9]
Q b8! vg Y
” SR I:

where'Qlenotes the imaginary unii, h0 are the stress intensity factords the radial distance

from the crack tipgis a reference length, ands the bielastic constant.

0 Nl , wéi g | QEO Vg W

, M1, GEL N [ QD

L —F vd TT
w €D

whered 7 & & .
Thestrainenergy release rate ftre actual field, which is the loading condition for the crackopro

lem under consideration, can be related to the stress intensity factors as follows

o~ P P ‘
06UU 6U U] L& p

where0 is thecomplex conjugate af , and

[ p o B o & C
O p@l OFF ‘
The stain energy due to presence of crack is
Yo T
W S "0Q P T | ‘ P ‘ P L O
W Tp | UL

Hereby, the dimensionless average strain energy for crack presence is defined as

., w0 &

w ~ LS T
where

P P P
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Fig. 5.4 Dimensionless crack average strain energy against crack length ratio.

Fig. 5.4shows thalimensionlessrack average strain energjich independent on biaxial factéx
against crack lengtratiof or vari ous values ofltbse Wouhbpgst

this relationship is the same for switching the Ypuns mod ul i of the two

those curves are the samben— —.

2.5 T T T
2‘ -
—=k=1
——k=0
S 15 ——Kk=-1 -

.........

.......

Crack ratio a/L
Fig. 5.5 Dimensionless strain eneffgy various biaxial loading factors.

Fig. 5.5shows thedimensionlessstain energy of théiomaterial systemd* @ O¥’Y against
crack lengthratio for different biaxial loading factor and the same material combin&QigQ
™. It s w o r tthatthe onpaict ofgbiaxial loading factor on the strain energy is much greater

than crack length.

By calculating eg (5.26), (5.27) and (5.33)it could beobtairedfrom eq. b.17) a stressstrain law

in the following form
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~ ~

y
‘Qpc"Qa'Q‘F p ¢ Q7

o p 1] ... p ... P
¢p |0 ‘ ‘

vd @

The stresstrain law is linear, fofixed value of the crack lengtit must be terminate at the critical

value”Y of “Ywhich causes therack extension.

It follows that a noflinear response, due to progressive bond separation, can be obtained by co
sidering the sequence of critical point§h-  on the linear response curves corresponding ¢e su

cessively larger valugs of &

From the debonding criterion described if],[the dmensionless criticaloading”Y and strain *

can be expressed in the following fam

V&® X

S — LY Y

For a bimaterial system with dimension p 17i T3t vand unit thicknessDfO 1@,
’ ’ T®, the stresstrain responses for varies biaxial loading dacre showed in Fig. 5.6.
Fig. 5.7 shows the effects of material combination on the sttesis response fof mandQ

p. The characteristic of nelinear stresstrain response of biaxial loading fact@r is more -

vious than that o) p for thesame material combination.

0.25 : : : T :
0.2+ .
0.15} —A—k=-1 -
* —=—k=0
= ——k=1
O.l‘ —a= O -
0.051 o
0 r r r r r
0 0.2 0.4 0.6 0.8 1 1.2

e*

Fig. 5.6 Influence of the biaxial loading factor on the ststssin response.
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Fig. 5.7 Material combination effect on the strestgain response for (&) 1, (b)Q p.

5.4Numerical model

The twodimensional interfacial crackystemshown in Fig5.8is used for the mechanical analysis.
Dissimilar linear el astic mat¥% rumfl | doomaberiah at i o
1,% p il | for material2 and Pratiossts cdn OT®, constitutes the domain of

the model. An interfacial crack with sharp crack tip is embedded at the center of bond line.

In order toinvestigatethe effect ofthe modeldimension on the mechanical parameters, different
scale models are involved. Keepittge crack length; A p, but changing the model dimension

,  ¢®fp AT A mespectively, thdollowing ratios between model dimension and half crack
length , FA vfp fy TA T A TTan be consideredhe analysis is carried out using finite element
code Abaqgs [47]. The wholecracked systeris modeledas is shown in Fig. 5.9 where theite d-

ement mesh ialsoillustrated 8-nodes isoparametric quadrilateral generalized plane stress elements
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are used for this analysis. The ring zone completely surroundingraéick tip from one crack face
to the opposite crack faclr creating collapsed-Bode isoparametric elements and calculatireg
J integral will be illustrateth detaik in the following.

Material 1 _
Crack tip

ring zone

Material 2

_

e L -

Fig.5.8. Two-dimensional model of interfacial crackdlissimilar media.

— {7 +—

AT

(a) (b)
Fig. 5.9. Finite element mestif the cracked system whén5 (a) Model for the whole system, (b) Mesh near the-inte
face crack.

Sharp cracks are usually modeled using sitadlin assumptions when geometric nonlinearities are
ignored. Itis noted that for a sharp crack the strain field becomes singular at the cratngver

the largestrain zone is very localized@he accuracy of the-ihtegralandthe stress intensity factors
can be improved when the singularity is includethim stress and strain calculationsOi$ the ds-
tance from the crack tip, the strain singularity in srstithin analysis for linear elastigiis

® O hl pXc . For interface crack, the singularity of the crack tip is pfc K. As intro-
duced in [48], for the present particular case 18t o,the singularity of  pf¢ EKcan be well

approximated by the singularity of pf¢. The crack tip is modeled with a ring of collapsed
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guadrilateral elements, as shows in Fitj0 generally secondrder elements are used and tres el

ments are collapsed as follows

4 7 3 4
7
3
8 b6 8 6
2
5
1 5 2 1

Fig. 5.10 Collapsed twalimensional element.

Collapse one side of @&inode isoparametric element (CPE8R, for example) so that all three nodes
--3, 6 and 2-have the same geometric location (on the crackMpye the midside nodes on the

sides connected to the crack tip to & -point nearest the crack tinecan ce at e fAquar
point 0 s pac iondayisopdramatric elememswihen you generate nodes for a region of a
mesh.This procedurés able tocreate the stain singularity

RO - —AQ°n LE W

Abaqus/Standard offers the evaluation of several parameters for fracture mechanics studies based
on either the conventional finite element method or the extended finite element nsettfodstie

stress intensity factors, the contour integral, tiheation of cracking initiation and so on.

The stress intensity factors of two dimensiengand+ in homogeneous material are related to the

energy release rate-idegral, calculated directly in Abaqus/Standard) through

0 0 vg ™

olo

where% %is for plane stressarfd % p ¢ isfor plane stain.
5.5Resultscomparison
5.5.1 Circumferential stress

In order tosimplify the comparison, the loadidg pis used in both analytical and numericdt ca
culation. Therefore, the circumferential stress and Mises stress can be considered as dimensionless.
In the numerical calculations of thpresent pape v h% pne 4 T andE

phrtphe fo are assumediccording to eq.5.12), OT¢c A o® X o ¢ Tt , the oscillatory zone is

so small that can be omitted.
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Fig. 5.11 Comparisons of circumferential stresses for various biaxial factor®and the ratios Z\when0F® v
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Fig. 5.12 Comparisons of circumferential stresses for various biaxial factor®and the ratios Toowhen0¥®d p 10
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Fig. 5.13 Comparisons of circumferential stresses for various biaxial factor®and the ratios 7&owhen0¥®d ¢ 1
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Fig. 5.14 Comparisons of circumferential stresses for various biaxial factor®and the ratios Toowhen0¥®d 1 10
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Comparisons of circumferential stress at the front othe crack tip under varies biaxial factors in
terms of polar anglg are shown in Figs.11-5.14f or di f fer ent cdsynoeseesi on
that the circumferential stresses on the crack surface (A AT A4 are zero as assumed in the
boundary conditionand the circumferential stress continue across the bonded linet, A

A . The analytical results are always smaller than threarical results. Obviously, the dimension

of the model effects on the accuracy of the numerical results. The bigger the dimensias, féetor
closer the numerical results to the analytical results, no matter how close to the crack tip and the b
axial factor.However, wherthe dimension ratio excegdne threshold value, the numerical results
tend to become the same of the analytical oResthe sake of saving the computation expense, the
dimension ratio approximately equals to 20 accordinghéopresented results. The closer to the
crack tip, the greater of the circumferential stress, due to the stress concentration of the linear elastic

theory.
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k=-1

rO/a =0.005

Material 2
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Fig. 5.15. Comparisons of circumferential stresses for various dimension8Z®and the ratios foowhenQ  p.
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Fig. 5.16. Comparisons of circumferential stresses for various dimensiongfcand the ratios TcowhenQ Tt
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Fig. 5.17. Comparisons of circumferential stresses for various dimensiong¥dand the ratios ToowhenQ p.
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Fig. 5.18. Comparisons of circumferential stresses for various dimension8Zand the ratios TodowhenQ .
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Fig. 5.19. Comparisons of circumferential stresses for various dimension8Zand the ratios TdowhenQ o.
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The effects of biaxial factors and distantegore the crack tip to the circumferential stresses are
studied. From Figs.5t19, the circumferential stress law against the polar angle seriously depends
on the biaxial factoE. However, according to the expressions of the stress components, the infl
ence of the biaxial loaid only on the normal stregs as reported in [7]. For a crack embedded in

a homogeneous, isotropic and linearly elastic material, when the effect of the normal stress collinear
to the plane of the crack is discarded, any faikkordition is evaluated at a very small, but u
known, radial distanc® from the crack tip [16]. The importance of the distaBchas been exte

sively discussed in the literatures,[#4nd for the uniaxial loading conditions it is found that all the

experimental results considered except one are in the area between two curves corresponding to
— pm AT A pm vg p

For a better comparison of the influence of the dimension size, biaxial #axtdhe distance from
the crack tip on the difference between analytical and numerical results, the relative errors of ci
cumferential stress between those two results are calculated from the following formula for various

dimension ratios, biaxial factoesd distances from crack tip aadeshown in Fig5.20

— : : h Q phe v8 ¢

where the superscript j is the index of materials, the subséripdi O lare anbytical and -

merical results, respectively.

Fig. 5.20(a) and (b) correspond to Fi§.19 (b) and Fig.5.13 (e), respectively. Figs.20(c) is a
comprehensive graph of Fif§.13(a-€). It clearly shows from Fig.20 (a) that the relative errors
expressé as the different between the analytical and numerical solutiorgetileg smalleas the
dimension size ratip¥Aincrease. For, TA v the error is up to the maximum 20%. When

, A ¢ Tithe errors are very close to each other and less than 2 excepsitienp where cirom-
ferentialgetclose to zero due to the character of the relative error definition. This character should
be considered also in all the following analysis. Eor p A 1 # the circumferential stress curves
have two intersections with horizontal axis, respectively, there are four singular points due to the
reasos mentioned before. Ignoring the singular points in Big0(c), the relative errors tend bz

close tozero Dr different biaxial factors. It means the numerical calculation can be used for various

biaxial factors. The difference of analytical and numerical solutions among the various distances

from crack tip is compared in Fi%.20 (b). All the errors are lesthan 10, especially for

@t TA T #81 pthe numerical and analytical resudisvery close to each other.
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Fig. 5.20Angular variation of the relative errors between analytical and numerical solutions for circumferential stress

(a) various dimensions, (b) various biaxial factors, (c) various distances from crack tip.
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5.5.2 Mises stress

For plane stress condition, the Mises equivalent stress can be written in the following form

A A A

whereA , A andA

Eis the usual material index.

7
oA v o

are the normal and shear stresses at points close to the tip of the crack, and

Material 1
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Fig.5.21 Angular variation of the equivalent Mises stress for various values of theé r&doand dimension87
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Fig.5.22 Angular variation of the equivalent Mises stress for various values of theé r&doand dimension87

whenQ 1
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Fig. 5.23 Angular variation of the equivalent Mises stress for various values of theé r&icand dimension87¢

whenQ p.
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Fig.5.24 Angular variation of the equivalent Mises stress for various values of theé r&doand dimension87

whenQ c.
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Fig. 5.25. Angular variation of the equivalent Mises stress for various values of the r&dcand dimension8¥
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The Mises stresses around the crack tip for different dimension models against to polar amgle for b
axial factork phrtphcho, respectively, are shown in Figgl-25. The dashed curves refer the
infinity dimension models which come from the analytical results. The Mises sterss#xained

from eq. 6.43. From every single picture, the numerical results for dimension parariféterc Tt

are the most approximate to thealytical results for all the values of distazend biaxial factor

E I t 6 s ingthat,tdiffeyent framtcircumferential stresses, the Mises stresses are not continue
at both crack interface and bonded line. It can be noted that, the Misesstiase the same shape

(t he c ur ntersect)hnabutle af thet medvehen biaxial loading parameter exceeds zero and
the bigger the biaxial loading parametée bigger the Mises stresses.

—+—k=-1

——k=0
—+—k=1

Material 1

Fig. 5.26. Effect of biaxial factor k on the Misesjuivalentstresses foldf& p mandi 76 T8t v

The influence of biaxial factdfon the Mises stress distribution foFA p rTandOTA T8t Us
shown in Fig.5.26. It shows that the biaxial factor effects on Mises stresses for stronger material

more than weaker one.

Similar to analysis of circumferential stress, the relative error of Mises stress is defined as

A A . L
S l/( : h E pht v8 T

where the superscript j is the index of materials, the subséipeddi O iare analytical andwus

merical results, respectively.

The Mises stress differences between numerical and analytical solutions are pldtigd5i@7,
they also indicate use of the numerical solutdnch will be in the desired accuracy as testified in

circumference stress.
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5.5.3 Small plastic zone

The tendency of real materials, especially metaltsch exhibiting a yield stress should be taken i

to account. In fact, there is always a region, although very small, around the crack tip, where plastic
deformation occurs and stress singularities are not allowedcr@lk tip distanc® of which the

stress has to be evolutishould exceede fractue core zone for insurinte linear elastic theories

are suitable. Therefore, the crisis distance of the external border of the-giastiic zone is very
important. The characteristic dimension of the plastic zone, when one or both of the joined solids
deforms plastically, depemdt) on the material properties, including the yield strerfgtiof the
weaker of the two materials, the ratios of yield strengths, and dimensionless propertie® describ
strain hardening and ratios of elastic constants. To imatstihe effect of the biaxial load and d
mension size on the size of plastic zone near the tip of a crack at the interface, Mises yield cond

tions can be applied

. , hQ phg Lvg v
whereA are the Mises equivalent stresses @nd are the uniaxial yielding stresses.

According to Mises criterion, the solid semicircles in B8 refer to the values of load ldge

K ¥4 @inmateriall andA 74 in material2, respectively. It may be observed that, for the

fixed loading conditions, up to some distan@efrom the crack tip and in almost the whole angular

range, the equivalent strefs will exceeds thgield stress , i.e. plastic deformation occurs. But

the above elastic analysis allows only a rough estimate of the plastic behavior of the two dissimilar
media in a small neighborhood of the interface crack tip due to the Mises stress obtainarkfom li

el astic t he oedyersion df methodaintreaducedpbly Thieocaris and Andrianopoulos
[20].

From Fig.5.28 (a)(c), it verifies again that when dimension ratifA ¢ mthe numerical studies
can betaken the place adnalytical investigate, in other wador some research objects thaaan
Iytical resultsareimpossible or difficult tdbe obtainedespecially the practical objects, researchers

can use numerical approachesreateand calculate the model.

The Misesstresses on the interface front of the crack tip calculated in dissimilar media against to
the ratio of the distance from crack tip to crack length are graphically shown B.28iglt is
worthwhile saying that for varies biaxial factors the plastic lesigin the bonded line in both media

are different. In the present case, the bigger the biaxial factor is, the larger the plastic region is.
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Fig. 5.28. Plastic zone according to Mises criterion for varies distaneed different biaxial factor§
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Fig. 5.29. Mises stressemn the interface front of cradlp (a) Material1, (b) Material2. Dashed lines refer to the values

of load levels, TY ¢,, TY u respectivelyD¥® ¢ T

It must be emphasized that although means uniaxial yielding stresses, the material constant
which shown in Fig. 5.28 the two semicircles in both media, the Mises stress is not a circular distr
bution around the crack tip. Therefore, according teebliviterion, the plastic zone is not a circular
region around the crack tip, but depends on the polar angle, as shown in Fig. 5.30 for load levels
0 74 @andl 74 Yand Fig. 5.31are for different load levels. Note that f&r  p the

compressive lodadg paralleling to the crack axis gives increased maximum distances to the zones
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created as indicated in [32]. It also illustrated that the plastic zone in the weaker material is bigger
than that in the stronger one. Fig. 5.31 (a) and (b) demonstrateflttence of the various yield
stress levels on the zones of plastic for biaxial load factoig andE p, respectively. It can be

seen thathe smaller the yield stress level is, the bigger the plastic zone i& Faor the plastic

zones wider but lowehanE 1 On the bonded line, the Mises vyikld initiation boundaries are

much smaller in weaker material for listed yield load leveldforc, but inversely folE p.

Material 2

Fig. 5.30Mises yield initiation boundary for different values of biaxial factorléad levels, T'Y ¢,, 7Y W

Materil Material 1, e, .

Material 2 Siniminiin Material 2" %S0
sgIT=5

@) (b)

Fig. 5.31Mises yield initiation boundary for different valulesd levels(a) Q ¢ and (b}Q  p.

5.6 Remarks and conclusions
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In this paper, analytical and numerical solutions concerning the fracture process of an interfacial
crack between dissimilar materials under biaxial loading are compared and discusssfteCE fueé

several parameters on the model response is investigated. The examined parameters ara: the dime
sions of the finite geometrical model, material combinations, the biaxial loading factor, strength at
interface and the characteristic distance atctiuritical conditions must be evaluated. The model
response includes the circumferential stress, the Mises equivalent stress, shape and extension of the
plastic zone, the crack extension angle of the damaged system. The study of the stress field around
the singular points is of particular interest, since the stress state affects the behavior of the cracked
composite system. It appears that the fracture propagation takes plaoaarb the two bonded

media or along the bond line, depending on the fraghuoperties of the two materials, the kind of

bond and the biaxial loading factor. One of the aims of this study consists in finding the dimension
of the finite interfacial crack system for which the analytical and numerical solutions are aempar

ble. In his way, the analytical solution can be used for assessing displacements, stresses and strains

of damaged systems of finite dimensions.

In order to point out some aspects connected with the proposed approach, in the following a number

of general observatns are reported.

a) As far as a crack embedded in a homogeneous, isotropic and linearly elastic matenal is co
cerned, any failure condition is evaluated at a very small, but unknown, radial diStémee the

crack tip, when the effect of the norméless collinear to the plane of the crack is discarded-Ho

ever, the analysis involving only singular terms in the stress and displacement expressions may not
be adequate [536]. The omission of the second term of the series representation for thessgesse
arbitrary and equivalent to ignore the biaxiality of the applied load. When the nonsingular term in
hand is considered, the critical conditions of related stress quantities must be evaluated at a small
and specified radial distance from the crack 8pch a distance, which generally include the core
region affected by damage and nonlinear deformation, is known as characteristic distanpe and re
resents an unknown parameter to be specified experimentally or analytically [7, 25, 54, 55]. The
characterist distance under discussion can be considered as a material property. In conclusion, to
make possible the application of criteria of crack extension at the interface, or its deviation into one
of the two dissimilar bonded media, a small distance froneridek tip has to be specified.

b) Regarding the application of fracture mechanics to investigate the static behavior of composite
structures, in this study the mathematical model of the interfacial crack between two dissanilar m
terials is reviewed. The af such a model in the analysis of adhesive joints has been the subject of
debate for at least five decades, since Malyshev and Salganik [51] proposed the energy release rate
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G as the fracture parameter for a crack propagating on the interface. Hothew@parameter aa

not represent the inflection of the mixed mode ratio, therefore the use of stress intensity)factors

0 as the fracture parameters have been introduc&q 4B, 4850]. In analyzing interface crack
problems in composite structs, the crack advancing process and the failure mechanisms affecting
the interface and the bonded dissimilar materials need to be determined. The knowledge of the
toughness parameter, which is a function of the radial direction starting from the craalotws

the calculation of the applied critical load for the cracking process in heterogeneous media [2, 7
53].

c) Damaged regions at the interface between two dissimilar media can be modeled as line cracks
which tend to enhance the initiation of tai by fracture [5%62]. The stress and displacement
fields near the crack tip have to account for the influence of the load parallel to the crack direction.
The finite critical distance from the crack tip should be specified to provide stress andtatesn s

as well as to apply criteria of crack extension at the interface, or its extension into one of the two
dissimilar materials. In fact, the interfacial crack model has three possible paths when the loading is
increased. The most possible path is alttreginterface when the bonding strength of the interface

is weaker than the strength of the adherent materials. However, the interface crack kinks into one of
the bonded media when the fracture parameter at a certain distance from the crack tip assumes it
maximum value along a radial direction different from the interface itself. In bonded composite
structures, the prediction of the growth of an interface crack between two dissimilar materials, or its
deviation into one of the two adherent media, corsstthe most important problem involving the
fracture process of composite structures. Such a problem is generally solved on the assumption of
Linear Elastic Fracture Mechanics (LEFM). However, the experimental evidence for the problem
under discussion sggsts that the effects of nonlined@formation and damage accumulation at
crack tip should also be included. As a matter of fact, the fracture process should be based upon
physical models accounting for damage processes in front of the crack tip. Hotlvevexact d-

scriptions of these processes need further investigations.

d) The interfacial crack model in a composite structure can also be described by assuming that the

adherents are joined along the common part of their boundary by a continuoustcstalb linear

springs of proper stiffness, which simulate the presence of the adhesive. Such an interface model is
able to represent the behavior of a thimn, sof
faceo, Aweek ifndcetr fiarcteedr foac efid.mpWhen t he | ayer

stiffness of the springs vanishes. Moreover, if the two adherents of the interface model are made of

the same material, the strong interface case corresponds to a crack in a homogengalis mate
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In this paper two kinds of interface have been considered. For strong interfaces, cracks sometimes
kink out of the interface itself and then extended into one of two adjacent materials. In addition, a
fracture criterion is used for predicting the limg angle of interface crack between two dissimilar
isotropic elastic media. As said above, for the prediction of the initial crack extension the fracture
criterion takes the effect of the nsmgular stress terms into accoulttis worth noting that té
prediction of crack propagation, coupled with the evaluation of the corresponding critical external
loading, is a valuable resource for ensuring structural integrity and damage tolerance of structures

of relevant interest.

e) When a fracture criteria &pplied, at a constant distar@efrom the crack tip, to predict crack
propagation the circle with radi®c ent er ed at the crack tilpisis r
importantto emphasize that, from the physical point of vievack propagation is a process inxol

ing the configuration change of a body, since new surfaces are created. In order to reflecvthe evol
ing domain boundaries, tlggid of the numerical discretization have to be changed. An incremental
grid refinement ath remeshing is required. As a matter of fact, cracks can also be represented as
displacement discontinuities in the continuum domain. The magnitude of the displacemenit discont

nuity is physically represented by the magnitude of the crack opening.

The concpt of discontinuous displacement fields have to be mathematically treated to develop a
numerical framework for the problem of strong discontinuities due to strain localization [30]. The
formation of new surfaces is controlled by surfaces laws, which Hegedit from the constitutive

laws of continuum.

f) The general interface fracture problem is of paramount importance for many micromechanics
models and numerical problems of fracture mechanics. It has been shown that there is ttee oscillat
ry singularity rear the interface crack tip, which is physically unreasonable since it leadsrio ove
lapping near the ends of the crack. In order to correct such unsatisfactory feature, a nuntber of pr
posals of interfacial crack models have been put forward over the guzdes. Initial studies on
crack problems with interfaces revealed that the stress singularities exhibited an inverseostjuare
and the size of contact zone was very small in comparison with the crack length in a tensile field [1
4,7, 9]. In order to deulate the critical interfacial fracture mechanics parameters, such asstress i
tensity factors and energy release rates for particular materials groups, the insertion of @ thin, is
tropic, homogeneous layer at the interface and the location of thewithok the interlayer have

also been performed. This technique converts the interface crack problem into a homogeneous crack
problem. Even if the interlayer is not physically present, it was artificially introduced for calculating

the interfacial fracturparameters.
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The interface fracture problem addressed by the present paper arises in numerous engineering a
plications and is anything but closed. Recently, a study upon the problem at issue preseits a mod
fied interface dislocation model to remove theiltet@on singularity for interface fracture [43]. The
critical interfacial fracture mechanics parameters, such as the stress intensity factor, thexnode mi
ity and the energy release rates can be calculated. It is noticed that the Dirac delta functeon can b

approached by a localigistributed continuous function.

When fracture mechanics problems are analyzed, fracture processes are often assumed to occur
within the boundary of the local singular stress field of the crack of concern. The assumption under
discussion, referred to as-#ominant field, enables the use of infinite geometry, which eliminates

the necessity of the consideration of geometrical shape. In this approach, only local properties and
information around the primary crack tip are taken intmaat [36].

g) In this study, nonlinear phenomena connected with crack initiation and propagation, damage or
large deformations are not considered. Within the framework of LEFM, the fracture itselfhand ot
ers nonlinear phenomena that precede it are assutméake place only within local regions which

are small compared to the dimensions of cracks. As a matter of fact, composite materials, because
of their intrinsic heterogeneities, are often affected by several nonlinear phenomena causing micro
structuralevolution, such as void growth, mieovacking and interfacial debonding. These damage
mechanisms, in conjunction with eventual contact interaction between crack faces, strongly affect
the behavior of composites. As a result, it is essential to anakyzdfdcts of micrestructural ple-

nomena on the macroscopic failure behavior of composite materials and structures. The analysis of
the mechanical behavior of composite taking into account nonlinear phenomena, such asierack init
ation and propagation, reges a computational effort. In [37], a nonlinear finite element model for

a cracked singkap adhesive joint with laminate adherents was developed. It was also shown that
stresses, energy release rates, and stress intensity factors vary nonlineahyg witick length. It

should be emphasized that crack initiation analysis can be developed by using a coupled stress
energy approach, in order to study fracture onset in proximity of singularity and stress @sncentr
tion.
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Appendix

The Cartesian components of the stress tensor near the right tip of the interface crack are
readily obtained from [7]. We have in the medium 1, fom i¥®L pandm — *“, the fd-

lowing expressions
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The biaxial parameter k affects the stress alone through a term which independent of the

radial distance from crack tip, as in the homogeneous.

As far asthe stress region is concerned, we shall assume that the quantity controlling the &ra

ture initiation is the circumferential stress evaluated at a small radial distance from the
crack tip.

We have in the medium 1, fort 1oL pand— T, the following expressions
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Chapter 6

Explicit solution for an interfacial crack under general
loading

6.1 Introduction

Many structures are composed of different materials formed in layers for botmatsand nat

ral origin. The layers are bonded together along interfa&geEe the last two decades, thm-
portance of composite materials has increased very rapidly in engineering applications because of
their high strength and light weight. However, there are flatbe interfaces of composite bodies
because improper adhesion may lead to serious danger, thus a better understanding of interface fra

ture mechanics is needed.

The asymptotic elastic field of a semfinite crack lying along an interface between digfar iso-

tropic materials subjected to static loading was first considered by Williams [1] for plane strain
condition. A number of solutions for the stress and the displacement field near the crack tip were
obtained by England [2], Erdogan [3] and Rice &ild [4]. Extensions to anisotropic elasticity for

the near tip field have been made by Gotoh [5], Bogy [6], and Kuo and Bogy [7], as well as Ting [8,
9]. The elasticity solutions for a variety of such crack problems involve oscillatory singularities
havebeen worked out. Some progress have been reported from this point of view by Atkinson [10]
who has resolved the anomalies of the elastic fields near the tip of an interfacial crack bg-introdu
ing a realistic model of the interface, and subsequently by @a@oril11-13] who has shown that

the stress singularities lose the oscillatory behavior near the tip of an interfacial crack, by assuming
that the crack is not completely open and that its surfaces are in contact near the crack tip. The exact
full field solutions of interface cracks in anisotropic dissimilar media are obtained by Ma and Luo
[14].

The boundary value problem of an interfacial crack under biaxial loading is solved on the basis of
the weltknown complex variable technique and the superpostiimciple by Piva and Viola [15].

The stress and displacement fields near the crack tip are completely determined, and the effects of
the biaxial load parameter are pointed out. In a later article [16], the method mentioned apeve is a
plied to incompresslb materials. For the model with a crack lies on the interface betweenawo is
tropic materials subjected to tension and shear, Salganik [17] presented the exact solution of the

stress distribution on theaxis in the vicinity of the crack tip.
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In this wok, we describe the process of fracture induced by a central line crack initially irbequili
rium at the interface of two dissimilar media, which is subjected at infinity to a system of general
loading. Each medium is assumed to be homogeneous, isotrodioeardelastic. The explicitos
lutions of stresses around the crack tip are obtained by complex variable techriiduskbélish-

vili and the superposition principle.
6.2 Theoretical analyses

Fig. 6.1 shows the general configuration near the crack tipeomterface bonded by two dissimilar
isotropic homogeneous materials. Material 1 with the subscript 1 is above the intshéeenae-

rial 2 with the subscript 2 is beloW@, £ and* ( i = 1, 2) are the Youngo

ratios and the shear modulus of the respective mataralshown below

1171t

Medium1 - Ay

Fig. 6.1. Crack between dissimilar media under general loading

The solution of plane elastic problem is reached through thekwelln complex equilibrium egu
tions of KolosovMuskhelishvili

” » Y@ a PPR

. . CQ  cdiNg q a PP

¢¢0  ..0G ou & oy of PR

0 a 0 aQd y « q ¢x PHQ
where, ,, and, are the stress tensor components with respect to a Cartesian coordinate

system centered in the crack, elastic parameter ¢ 1% is for plane strain and..

o ¥ Tp 1t isforplane stres) 6 "Q is the complex displacemer® plt refers to
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the medium 1 and 2, respectively. The four potential functiorend( will be determined by the

boundary conditions and the conditions at infinity.

By assuming the following conditions at infinity for mediurd 1

) b ~QFY i} b % i b % _| b T (p&

where k is the biaxial load parameter andenotes the rotation, the conditions at mediuin 2n-

finity for will be expressed in the following form
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If the traction free conditions on the crack surfaces andrédotion and displacement continuity
conditions along the bond line are assumed, the potential functions corresponding to the conditions

egs. 6.2 and 6.3)can be written as
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These solutions can be obtained by a slightly different method developed by Sih and, Rige [
which involves combining the method of eigenfunction expansions with complex function theory.
From eq. 6.1) and eq. §.5 the stresses and displacements &t@int of the two media can be

computed.

Viola and Pivd16] have reported the behavior of a crack between two dissimilar media under plane
strain conditions and biaxial and shear loading at infinity. They asstiratttie two bonded media
are incompresBle, therefore, the oscillatory behavior of the elastic fields disappears and thie simpl

fied stress expressions are obtained.
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It is well known that, the stresses ahead of an interface crack remains proportipii tas in the
case of a homogeneous exddl, but they possess an oscillatory character of stress and displac

ment fields near the tips of the interfacial crack.
In particular, confining our attention to the crack tip region, taking

a & — 1Qh m iTOL p [0
and expressing G as power series expansions, we obtain the following approximate expressions

for the complex stress distributions
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- maq 7 B0 /E

Substituting eqs.6(8) and 6.9) to eq. 6.7), the Cartesian coordinate stress components in medium

1 and medium 2 can be obtained as showing in Appendix .
For the polar stress components which are of relevance for the following, these complex relations
can be written as

P - . "
EYQ1 ” :In_” ” CQ (p& TA

" -'0a- , " QR oP A

Therefore, the corresponding approximate polar stress expreasgoobBtained by substituting €a

tesian coordinate stress components to@&#0) as showing in Appendix I.

For the same model in Fig. 1, Salganik [17] presented an exact solution of the stress distribution on

the xaxis in the vicinity of the crack tip as

Mo“p ¢OFY QYi
Vg | @

, Q P p

The solutions in eq. (6.11) are the same with the solutions in the present egs. (Al.2) and (Al.3),
which can be simply wrign as
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It can be easily seen that, the same with the solutionmBberial system under biaxial loading, the
circumferential stress coincides with the stressalong the interface bonded line-( ), i.e. it is
continuous across the interface, and becatisieis property it shows a suitable quantity in view of

the interfacial fracture analysis.
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The load parallelling to the crack affects the circumferential stresses though tbiaguaar terms.
In the next section it will be shown that the rplayed by these terms in the correct description of
stress related quantities and fracture interpretation.

The biaxial parameté@only affects the stress along through a term which is independent of the
radial distance from the tip, as in the homogeneous case and inrttatdnial system under thoe

axial loading.As pointed out by Piva and Viola [15], the arbitrary omission of this term leads to
significant errors in the calculation of the quantities related tsuch as the tensile stress, the
maximum shear stress, etc. and limits severadypttevision of the angle of incipient crack exte
sion. The shear loadinyonly produces the singular stresses among,, and, . The influ-

ence of the loading ratio between tenSWfand sheafYon the circumferential stress, maximum

shearstress and strain energy density will be investigated in the next section.

The SIFs of an interface crack according to the originally definition proposed by Erdogan [3] are

related with the stresses along thaxis near the right crack tip as

0 0 Q i o T
" Mgkl a
where0 andu are the mode | and mode Il SIFs of an interface crack respectively.
0 Q@ PP Y TYQEdw ¢ P v
where thee candthee ccorrespond to the right and | eft
moduli and Poi ssonos prmad idd sp apmd 0saad t o 1ide

respectively. The corresponding biomaterial constantis T8t x v .y ¢

Using the definition by Erdogan [3], the relationship between the energy releasearatéhe SIFs
is expressed as the following equations by Malyshev argh&ial[19]

o 0 (00

6.3 Numerical results

In the previous analysis the local fields of elastic stresses in the immediate neighborhood-of the i

terfacial crack tip is obtained.his knowledge is essential in the application of fracture theories to
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cracked materials. The aim of this section is to point out the effect of the biaxial load factor and

loading ratio on the circumferential stress, the maximum shear stress and thenstrgyndensity.

6.3.1Circumferential stress

The dimensionless circumferential stressediQ plt evaluated at- T8t vare represented in
Fig. 2 for differently value of the biaxial load paramé@for the same material combinations, i.e.

— ™,’ ' 1. Each curve corresponds to a fixed value of the ratio between shear loading

and tensile loading. It appears that, according to expressions (circumferential stresses),

at— 11, the circumferential stresses amntinuous across the bonding interface and are depending
on the both ratios of shear loading and tensile loadimgradial distance from the crack tip and
crack length either on the loading effect param@évioreover, the circumferential stress iseait

at the crack surfaces of both the materials.
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In special case when the two bonded medizaaseimed to be incompressible and plane strain, i.e.
' mh.. o
reported in the literaturelf]. WhenO 'O and’ ’

T’ AQ plt, the expressions of stresses and the foregoing results reduce to those
the crack is embedded into a horaeg

nous medim and the foregoing results reduce to those presented in the liteP&u?d [

The following figures in Fig6.3 show the effect of biaxial loading paramé@an dimensionless
circumferential stress for different loading ratio of shearing load arsilédoad' W'Y i.e. 0, 0.1, 1,

3 and 10, respectively, and the same material combination§ f@. T1®),’ ' i@ at the

same location before crack tipfo 1. It is noted that, the maximum value,of 7Yis, generk
ly, a function of biajal loading parametéfin both materials. In the next section, this dependence
of,, ¥'Yon the load biaxiality will enter into use for the purpose of formulating a fracture criterion

and the influence of the loading ratio on the prevision angleitidliorack extension will be di

r

cussed. Further, the effect of location before crack tip which calculate the stress components on the

circumferential stress is comparing in Fég¢ and Fig6.3(c).
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Fig. 6.4. Dimensionless circumferential stresses for different biaxial load parameter am#t pand ™'Y p.
6.3.2 Maximum shear stress
The maximum shear stre$s at points close to the tip of the crack can be expressed as follows
T
P
E ” ” T” (@ LIJ

where, ,, and, are the Cartesian components of stress.

In Fig. 6.5, the angular variation of the dimensionless maximum shear stress evaluatedwtis

illustrated for media combinatiorr T@® and’ ’ 1@ under various loading conditions
- 1ph-fphofp Tand loading ratidcQ) ~ vh oh phrtphotv, respectively.

It can be noted from those figures that the maximum shear stresses are not continuous across the

bonding line owing to the dcontinuity of, . The maximum shear stress can be used to determine
the plastic zone according to Tresca criterion. The contents about plastiwildres discussed in

the future
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6.3.3 Stairenergydensityfactor

The energy density field— in the vicinity of the crack border may be expressed in thekmelvn

form

Yo
I_ € EEI

Qw
Qw

The coefficient of- in the above equation is referred to as the strain energy density factor. Since

Q¢ 60 i d@oil

0P w

the strain energy density- approaches infinity aistends to zero, a finite— is evaluated at a ckt
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cal distance . The region inside where the matéal is expected to be nonlinear elastic andgpla

tic is called the core region.

The intensity of the strain energy density for the state of plane stress at a critical distamcke

written as
w (o
Q6 %8 T
or
v 2 ¢ ¢p o8 p
C!O ” ” ” ” ”

where the nossingular termsand higher order terms in have been dropped. S ip# energy
singularity function near the crack tip. It also can be rewritten as a dimensionless formula as follows

32

3%
7 ®& <

where— — —.

By substituting the stress components eqs A)(bf interfacial crack to the relation e§.Z1), we
can obtain a generalized form of the strain enelgysity factor for bimaterial body in general
loading, which contrary to the strain energy density factor of homogenous isotropic fracteral mat

rial, dependhg on the radial distance from the crack tip.

The following figuresin Figs 6.66.11 show the dimesionless strain energy density factér
against polar angle-around the crack tip with 7&> 1@ for different biaxial factofQand traction

ratio "¥"Yin homogeneous material and dissimilar material combination.

Neither as the maximum circuméantial stress continues across bonded interface in both emog
nous material and dissimilar material, nor as the maximum shear stress discontinues across bonded
interface in both homogenous material and dissimilar material, the strain energy thetsityon-

tinues across bonded interface in homogenous material but discontinues in dissimilar snaterial
combination It is well known that, the crack propagation angle in homogenous material can be d
termined according to strain eggrdensity factor criterion22]. Unlike the circumferential stress,
continuing across the interface, which can be used as a fracture criterion according to maximum
tangential criterion, the strain energy density discontinues across the interfacial bonded line. The
strain energy dertyi factor fracture criterion only can be used in material 1 and material 2 separat

ly. In order to apply the SEDEriterion to all the range of the model including the interfage b
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Fig 6.7 shows the dimensionless strain energy density factor against polar angle centered on the

crack tip of dissimilar materials combinati@®i@f¥O 1@ for various biaxial load parameter

£

p i phriphp mand force rati®@f4 T Bp. As mentioned atve, the strain energy

r

density factor curves are continuous in both material 1 and material 2, but discontinuous across the

interface. This characteristic of strain energy density factor curves also appears in the next figures

6.8-6.11 for different variales. In Fig 6.86.10, it can be found that only when the materials in the

both sides are the same, the strain energy density factor is continuous across the bond line. This

characteristic corresponds to Fig 6.6.
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6.4 Conclusions

As the widely application of the composite, the strength quantity of composite has became more
and more important, especially the strength of composite with flaws. The cohesion failure is the
most possible damage of composite. In this chapter, an interfaa@d atong the bond lineeb
tween two dissimilar materials subjected to general loading is investigated. The explicit solutions of
stresses around the interfacial crack tip are obtained by complex variable techrivtuskloélid-
vili and the superposition principle. The circumferential stress, maximum shear stress and the d

mensionless strain energy density factor around the timeake presented graphically.
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Appendix

Substituting egs.6(8) and 6.9) to eq (6.7a) and(6.7b), the Cartesian coordinate stress components
in medium 1 are obiaed as following

—M—m— 60 Y YMIDae e & YYOET aéQ

- Q Y d MTDaex ¢ "YYOEN aé& G 1 o
T | Q&Y "QEd & 'O~ “Yoéfiaé G- (ALl

—'”—M_ 0 Y4 HET aER Y QF aée

Q Yo WET aE Y Raéx L—=0p
T | QF¥ QEd &€ '~ YOEiaé - (A2

S/ = Q Y g Y Qg aé G d YVYOET aER

Q Y F YR AER®  F YYOEFace AL o
T | Q&EYoEfi & & -  "Yi Qta & 'O~ (AL3)

Substituting egs.6(8) and 6.9) to egs. §.7c) and 6.7d), the stress components in medium 2 are
obtained as following
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W

, R pY — ——— 00 Y g MIiDaeRdr  § Y
YOETT aé¢'Q Q Y MIDaéed R g YYOEN aé @
I p T QEVEQEAER- YR aE e (ALY

, —“_M_ Q Y o MET e F YYD QR aéQ

Q Yo WET A d YYD QR aé G U/ — P
T 0 QY "QEaé "0~ "YOEfiaé G- (AL5)

, —”_M_ Q Y YR AERE  F YYOET aéQ

Q Y VR AER  F YVYOET aEQ U/ — P

T | QFYoEfi aé Q-  "Yi QEd & '~  (AL6)
The polar stress components can be obtained tstigumg eqgs. Al(16) to eq. 6.10) as following

. Y— — p Qi == Y d WMEfae- g Y
"Yi QF 0 & "O— —V'_M_ Y G YCOETF A€ OET A& -

g YYc Qe ae™ > i Qg ae& Q= U = YOET GEQ

~

GEFT aé"—  Yi QR A& i OF aé'G— (AL7)

. Y— —iee S Y § YORaER  § YYOET GETQ
— LY g YR A § YYOET aE Q-
i OEveEfi aé R Vi QEaE R (ALB)

n

for medium 1.

C— — p dGic— M v § e ae- g Y

N
Yi OF & & O “—M_ Yo YChHET aEQ DET aé o
G YV QFae i Qgas A —— Y& T aeQ

OET & - Yi QR 0 i OF 6 &G~ (AL9)
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[

CV— — e — Y § VR aE d YYRET aéQ
— —”_M_ Y o4 VOR aE—  F YYOET aé e
”7{ VEVHET 6 &G Yi Qi £ G (AL10)

for medium 2.
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Chapter 7

Fracture criteria and crack propagation of the interf a-
cial crack

7.1 Introduction

In chapter 3, most criteria are introduceddoack propagation irsotropic homogenous elasticam

terial. Among those criteria, strain energy density factor criterion (SEDF) [1], maximum tangential
stress criterion (MTS) [2] anthe maximum energy release rate criterion (MERR) [3ré] most
popular due tahesesimple formulae and easy asHowever the difficuliesalways arise irthe in-
terfacial crack propagi@n. Due to asymmetry in loading and elastic properties across the interface,
many interfacial fracture problems are inherently mixed mode. In mixed mode, both normal and
shear stresses aatross the interface ahead of the tip of the interfacial crack, and both opening and
shearing displacements occur on the crack faces behind the tip. Thus interfacial fracture in two
dimensional geometries involves mode 1 (opening) and mode 2 (shearasg) istensity factors,

and one must allow for a toughness characterization which, in general, is a function of the relative
amounts of mode 1 and mode 2. This is one of the main differences between interfacial fracture m
chanics and fracture mechanics if®otropic homogenous materials in which médeughnesse-

ceives predominant emphasfss regards the fracture criteria for a crack at interface between di
similar materials, Piva and Viola [5] proposed a fracture criterion based on the MTS criterion, tha
can be used to assess whether an interface crack will extend along the interface or into one of the
two adjacent materials in the plane perpendicular to the direction of maximum circumferential
stress evaluated at a small distance from the crach tight different version, to take account of

the shear loading was proposed by Viola and PivaHé]and Hutchinson7] suggested a criterion
based on the energy release rate for predicting the kinking angle. They showed that the competition
between cracldvance within the interface and kinking depehoin relative toughness of the inte

face to that of the joining material. Moreover, the kinking oedur the direction where the energy
release ratevas maximum. Yuuki and Xug8] and Yuuki et a[9] carriedout fracture tests of alum

num epoxy dissimilar materials with an interface crack under comprehensive mixed mode cond
tions. Using the brazihutsandwich compression tests, they showed that the fracture avegies

well predicted by the criterion propakdy the authors themselves. Ayatollahi and Mirsagéf [
developed a fracture criterion, referred to as the modified maximum tangential stress criterion,

which ok into account the effect of-$tress in addition to the stress intensity factors for ptiadic
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the kinking angle in the interface cracks. Rudraraju et 4]. ptesented a variational mukcale
approach to predict mixed modepiane cohesive crack propagation. A comparative study-of n
merical results with the corresponding experimental easiens of crack propagation in laminate
fiber reinforced composite panel was also preserfedriterion based on the relative minimum
plastic zone radius (MPZR)as investigated for prediction of fatigue crack initiation angles of
mixed mode by Bian andim [12]. Based on the complex stress state at the crack tip, a maximum
ratio criterionwas developed to determine the crack propagation for a given inclination angle by
means of an opening mode theory by Bian and Taheri [tl&sumd that the crack bemto prq-

agate then the maximum value of ratio approddke critical value, and the direction of crack

propagation coincidg with the direction of maximum ratmwasdefined.

Furthermore, there are some experimental and special researches that webervaentioned.
Theocaris and Andrianopoulos4]lintroduced the Mises elastfiastic boundary to define the core
region. They used the minimum value of the radium of the elpktstic boundary for defining the
direction of crack propagation. Spyroposil[15] constructed the zone of yield initiation for thre i
terface crack problem using the Mieses yield criterion according to theetmostress solutiorer

ported in [5]. In [B] the strain energy density criterion was applied to determine the dirextion
crack initiation for various biaxial load factors and material combinations. Buyukozturk and Hea
ing [17] investigated fracture of twphase composites in terms of parameters that influence the
cracking scenarios in the interfacial regions and affexfriéicture behavior of the concrete. Nume

ical and physical model tests were performed to study the influence of constituent fracture prope
ties on the behavior of concrete composites. A series of interfacial crack experiments were conduc
ed by Choi and Gdi [18] using biaxial loading device for various mixed modes. Lee et 9].rgt

visited the criterion to prevent kink of a crack out of -anaiterial interface under the presence of in
plane residual stresses. They predicted thgtiane residual stressesntrol the energetic conrd

tions to prevent crack kinking out of the interface. The change in the stress state near the crack tip
due to its own contribution to the singular stress field like globally applied loadesgsequired. In

other words, the pfidem at issue cannot be handled in purely local terms, but a global approach
should be adopted. Kayupov and Dzerfi§] [modeled the crack propagating under cusdatic
loading and in fatigue life by nonlinear finite element analysis. Goyal eRHlpfoposed a new
strengthfracture model for decohesion elements, which includes the geometric nonlinearity of the
adherends and adhesive. The initiation and progression of interfacial cracks and/or cohesive cracks
weresimulated by positioning decohesion elerseat the adhereraidhesive interface and between

bulk adhesive element. At an earlier date, the authors had postulated an irreversible -cohesive

decohesive constitutive law for modeling the delamination process using interfacial surfane disco
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tinuities [22]. Yang et al. [3] calculated the critical stresses, taking into account the influence of
the adjacent ply angle and the crack size, for the initiation of crack propagation in the trarisverse d
rection and in the tunneling direction of a crack embeddéhla central layer of a composite lam
nate.They showed that transverse crackimgs a more possible fracture mode in composité-lam
nates with initial crachike defects. Kaminski [4 pointed a mathematical model and its numerical
realization of the comgsite materials with stochastic interface defects. The composite was-discr
tized using the Boundary Element Method.

For each material pair, a universal singular crack tip field exists at the crack tip according to linear
elasticity theory for a tractiefree line crack. For the plane problems, the normal and shear stresses
of the singular field acting on the interface is distanabead of the tip, and ¢an be written in the
compact fAcd2bpl exo form

O Qi

” Q N
e X$

where’Q W p and the oscillation indéxis the bimaterial constant depeing oni according to

p. p 1
T cu p X&

From the above equation, we note that the dimension of complex stress intensity faabor
"Q is OOOA BD O E whereas that of its amplitugesis the familiar OO OA O COE

In plane condition, the crack face displacements ardistabehind the tip are given by

T pfO pfO

' — e Q@ Wi &
1 0 N P CQweR" T X

where
0 i & Gig ol Qi i
— jagizo oo PR

The amplitude factors) andvu , depenihg linearly on the applied loads and on the details of the
full geometry of the body, will be illustrated below. These stress intensity factors are defined to be
consistent with corresponding stress intensitydiactor cracks in homogeneous problems. Tine e
ergy release rate per unit length of extension of the crack in the interface is related to the-stress i
tensity factors by

pfO p1O
CHER T

181



University of Bol ogna PhD Thesi s

which is the generalization of I rwinds famous

When i p, and then) andv are conventiondly interpreded as mode 1 and mode 2
stress intensity factors measuring the singularity of normal and shear stresses, respectively, on the

interface ahead of the tip.

Wheni  m, the relative proportion of normal and shear stresses on the interface in the singular
field varies slowly accordingto AT7G 1T “@HETI 1, and this feature complicates the
implementation of interfacial mechanics in several respects. Whem, the tractiorfree line

crack solution is not fully consistent since the solution of displaceimglies that the crack faces
interpenetrate behind the tip. Although seemingly troublesome, this inconsistency will usually be
inconsequential since the distance of the contact region behind the tip is generally exceedingly
small compared to the zonemdnlinear deformation or fracture processes. More problematic is the
fact thatb and0 cannot be interpreted in a straightforward way as mode 1 and mode 2 intensity
factors directly linked to normal and shear stresses.

In the following sections, twéracture criteria about interfacial crack are introduced in detail. The
first criterion is proposed by He and Hutchins@h (for simplicity, hereafter designated by HH
criterion) which based on the competition between the ratios of the energy releadantatdace
cracking substrate crackinghe interface and substrate toughness. The second failure criterion is
proposed by Piva and Viola [5] (for simplicity, hereafter designated bgrR&tion) combining the
maximum normal stress criterion with tbbenomenological criterion. It can be considered as an

extension of MTS criterion for interfacial crack propagation.
7.2 HH-criterion [ 7]

Analyzed by He and Hutchinso#][ a plane strain cradk kinkedout of the interface between two
dissimilar isotrofr elastic solidsThe focus is on the initiation of kinking and thus the segment of

the crack leaving the interface is imagined to be short compared to the segment in the interface. A
cordingly, the analysis provides the stress intensity factors andyeredegse rate of the kinked

crack in terms of the corresponding quantities for the interface crack prior to kinking. Roughly
speaking, the energy release rate is enhanced if the crack heads into the more compliant material
and is diminished if it kinks o the stiff material. The results suggest a tendency for a crack to be
trapped in the interface irrespective of the loading when the compliant material is tough and the stiff

material is at least as tough as the interface.

A fracture mechanics of intedal separation istartingto emerge, although there are still cqnce

tual difficulties to be overconaeassociated with the nonstandard oscillatory square root singularity
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of some interface cracks. He and Hutchinson analyzed a crack kinking out of &acewdrich is

carried out with the aim of providing the crack mechanics needed to assess whether an interface
crack will tend to propagation in the interface or whether it will advance by kinking out of the inte
face. The geometry analyzed is shown in Fid@. The parent interface crack lies on the interface
between two seminfinite blocks of isotropic elastic solids with differing elastic moduli. A straight
crack segment of lengthand anglg (positive clockwise) kinks downward into material The
length®is assumed to be small compared to the length of the parent interface segment of the crack,
and thus the asymptotic problem for the sarfinite parent crack is analyzed. The stress field prior

to kinking © ) is therefore the singularifield of an interface crack characterized by a complex
intensity factorpy 0  "Q , to be specified precisely. The crack tip field at the end of the kinked
crack is characterized by a combination of standard mode | and mode Il stress intensityofactors,
and0 . The analysis provides the relationship amongndy for the kinked crack and and

0 for the interface crack as dependent on the kink anglad the material moduli. The energy r

lease rate of the kinked crack is also edab the energy release rate of the interface crack.

A2

r
},h, Vi /{ X1
!

U2, V2 /<\a O _x;
b
X1

Fig. 7.1 Geometry of kinked crack

The stress field for the sesmifinite interface crackd ) has the form
., YQO ¢t T, — X®

where’Q W p,i and—are planapolar coordinates centered at the origin, 0  “Q is the
complex interface stress intensity factors, and oscillation indexn eq. 7.2). The angular e
pendence —is complex in general, but universal for a given material pair. On the interface

ahead of the tip the tractions are reduced as7ef. (

The results for the kinked crack proposed by He and Hutchinson can be used to assess whether an
interface crack wilpropagate in the interface or whether it will kink out of the interface. The si
plest approach is to assume that the condition for propagation in the interface is and that

for propagation in material 2is : . If : is sufficiently largecompared to , the crack will
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never kink into material 2. When is comparable to there will still be a loading range, i.e.,
m T , ( is the phase angle will be defined in next section) such that the crack stays in the
interface, viile forf [ , the interface crack will kink into material 2. The interface toughness

will be discussed in the next section.

In plane strain, the energy release rate 24) can be written as

p p ' 00

THER T x®
in the new normalization. The energy release raiéthe kinked cracko Ttis given by
p ' ¢ 0 0 X&

A similar analysis can bearried out when depends op . This can be expected when thecfra
tured interface has some roughness, increasing with . The important point is that the level
of :  required to prevent kinking out of the interface will depend on the interface toughneds

the loading anglge applied. When there is no dissimilarity in the elastic properties of the materials
across the interface, the directions of kinking asgedi with the maximum energy release rate and

with O Ttare virtually the same.

This criterion is modified simplify the analysis for effective simulation using the finite element
method by Yangd6], thus making the simulation acceptable engineerumpgses. The modifec

~
~

tion is described as: if [ L @ hi , the crack is assumed to remain at the interface for an arb
trary phase angle of loading, as the flaw meets the condition for continuing advance in the interface
at an applied load lower than that essary to advance the crack into the substrate. On the other
hand, ifl G andld L @ , the crack is assumed to remain at the interfacg forr, the
crack will kink out of the interface and propagate in material 2 fortandl [ TG p 1T
The functiony [ can be expressed approximately as

e it 7

3T L I L X&)

mah N “Tth ¥
The value of interface toughnesis] , dependingn the phase angle of loading and will be-di
cussed later. The definition pff doesndét have any physical me ar

|l tds just for makinglynumeri cal analysis conve

7.3 PV-criterion [5]
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Generally, for a crack in a planar arti®pic medium the crack extension conditions are established
by comparison of the elastic stress ve&#and the strength vectdf[27]. It is assumed that crack
extension occurs when the stress vector, calculated at a small radial distance fraokitip as a
function of external loading, coincides with or exceeds the strength vector which is a function of
material of material properties. Referring to FiR(a), where the polar contowsand_ of the
strength and stress vectors respectivelyrapgesented, we observe that failure will occur along

with the direction— which does not coincide with the direction of the maximum stress vector.

R

crack

(a) (b)
Fig. 7.2 (a) Fracture criterion for amisotropic material; (b) Strength regions for an interfacial crack between dissimilar

materials.

For a fixed system of applied loads, it has been observed that the stress distribution around the tip of
the interfacial crack depends on the el astic
Oand Poi s s oMo@dorakadwn tesnal state, fracture initiation and propagatien d

pend on the critical stress intensity factors and0  of the two media and on the adhesive
strength of the bond through the critical parametewhich is associated with the propagatiof

tensile bond cracks.

Owing to the fact that both materials are assumed, separately, linearly elastic, homogeneous and

isotropic, the critical stress intensity factors andu  are independent of the radial direction

from the crack tipConsequently, the strength region assumes the appearance showrvia(b)g.

if, for examplepy 0 O . The boundary * P 0 is discontinuous along the axis of

the crack where the poidtis representative of the interfacial strengthicy connected withy .
Moreover, as far as the stress region is connected, we shall assume that the quantity controlling the

fracture initiation is the circumferential stress evaluated at a small radial distance from the crack tip.

In view of the paitular anisotropy involved in the interfacial crack problem, a failure criterion is

proposed combining the maximum normal stress criterion with the phenomenological criterion
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mentioned above. The following assumptions are made referring to a right pmidinate system

with the origin at the crack tip:

(1) The crack extension occurs along the maximum tangential stress direction or in to one of the
two adjacent materials in the plane perpendicular to the direction of maximum circumferential
stress evaluated at a small dista@c&om the crack tip. (2) fie initiation of the crack extension

occurs as soon as one of the following conditions is satisfied:

¢i, s , 0 h m — = X80
¢i, s , U A * — m X$ T
¢‘i, s+ Oh— m XPp

where[ ,[ are the angles corresponding to the crack inftrapagation direction in the two

media, andt ,+ and+ are the critical stress intensity factors of the two media and trek bon

ing face, respectively.

The first assumption states the possibilities of the crack to extend into one materiabiether
along the interface for any system of external illgdThe second assumption statimlgich of the
above possibilities is chosen by the crack and the corresponding values of the critical load and of

the biaxial parametéfallowing the initiatio of the extension. As soon as one of the conditidns
egs. 7.9-7.11) is satisfied among the others, the crack extension initiates along the direction

— in the corresponding medium, or alorg Ttat the interface. These various possilgitiare

indicated, for example, in Fig3 where the failure criterion is shown in a plane polar reprasent

(2mro)c WNU /\
Q

crack kgy cr ack crack em
\(2mro)o

(@) (b) (c)

Fig. 7.3 Representation of the fracture criterion

tion.

The polar expression of , calculated at the radial distaricd is proportionally influenced by
the applied loads. Then, an increas&at a fixed value ofY and vice versa, causes a proportional
increase of the stress region up to some point of the boundary of the strength region and at this point

fracture initiation occurs.
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The configuration of Fig7.3(a) corresponds to the interfacial crack propagation, whereasrthe co

figurations of Figs7.3(b) and (c) correspond to the crack extension into the medium 1 or 2iwith d

rections of extensiof ,[ , respectively.

According to the analysis above, it is possible to know whether the crack extension occurs along the
interface or into one materiand, in the second case, the angle of incipient fracture. The procedure

for obtaining the crack extension previsions can be illustrated by the following schematicrreprese

tation. Letv , 0,0 ,"Q phc be known quantitieshen, the curves e@sponding to the ratios
. (V. (@)
0. U—FOZ o XP ¢

can be drawn, for example, i@show in Fig.7.4.

T\/( 27TL) A Ae0 Material 1
Kb K(ﬁ) R/ 2
KO\ Oc =
\
N\ O 1 le k
AN I kAkC I kD >
Nk o o
Lk k& > -m/2 Material 2
AKcKs Kp

a b
Fig.74 Explanatio(n )of the procedure to obtain the previsions of the frz(ac)ture criterion.
From Fig.7.4 (a) it follows that wher2 "Q the condition eq.710) is satisfied before all thehst
ers and the crack extension occurs along the interface. Whe with™Q Q  Q, the ver
cal lineQ "Q meets first the curvé, , then the conditiorq. .8) is satisfied before all thetot
ers and crack extends in the medium 1 along the direetiobtained from Fig7.4(b). In the same

way, whenQ "Q, for example, the crack extension occurs in the medium 2 along the direction

When™Q "Q the two conditions eq.7(9) and eq. {.11) are contemporaneously satisfied, but it
seems that the crack will not grow along the interface. In fact, for the extension of the crack along
the interface a constaiitis needed while the extension of the &acthe medium 1 requires &4d

creasing tension. In the same way, wi@n "Q the extension occurs in the medium 2.

Two other cases in addition to those shown in Figgmay occur. It is possible that for any value of

"Qand for a fixed ratiw, HQ phc the corresponding curve is above or below the debonding line.

In these cases the extension occurs along the intaafatiae mediuniQrespectively. In the fer
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going description the particular importance of the contribution due to thaingularterms cb-
pending on the biaxial parameter has been shown in order to explain the deviation of the crack into
one material or the other. The singular solution alone is generally insufficient to account fr the b
havior of the crack tip. In fact, in the castich isshown in Fig.7.4(a), for example, we can see

that, if the effect due to the biaxial parameter is neglected, the crack should extend only atthe inte

face.

In order to summarize the main results concerned with the above criterion we reitefaiteiineg

points. Principally, it is important to note that for a fixed state of stress the behavior of the crack tip
is strictly dependent on the ratio 70 andu 70 . If the adhesive strength of the bond is not
sufficiently strong, i.e0 70 are very high, it is possible that the crack extension takes place at

the interface even though the angle corresponding to the maximum,valder a fixedi 7& does

not occur at the bond line- T1u In addition, if the bonding strength of the interface is great
enough, depending on the fracture properties of the adjacent materials, the fracture propagation can
occur into one of the two media, even though the circumfalesitess has its maximum in thér-ot

er medium. Practically, the availability of the foregoing method is submitted to the knowledge of

the quantitie©,” ,0 "Q phg andoy 8

A slightly different versions, to take account of the sheaatiing, the P\criterion modified by the

authors §] by only changing eq.7(11) to
¢‘i , mh , m 7 0 XP o

0 isthe critical parameter taking account of the adhesive strength of the bond and associated with
the coplanar crack propagation. It should be pointed out that the debonding conditi@riagis(

valid in the absence of frictional effects, i.e. when Tt
7.4 Interface toughness

One commorcharacteristidn the two criteria ighe strength of the interfagespecifically h HH-

criterion is the energy release rate of the interface and torffion is the critical stress intensity

factor of the interfee.For a crack between two dissimilar materials difficulty always arises, i.e. the
interface toughnes&fforts to measure interfacial toughness under mixed mode conditiores, as r
viewed by Liechti and Hanson [28] and Volinsky et al [29]. Parallel efforts have also been under
way to develop mixed mode fracture specimens designed to measure the delamination toughness
associated with ply separation in polymermatrix composites [3@frfes of experiments [$33]

have focused on the interface between epoxy and glasses, metals and plastics. Thouless [34] has
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carried out mixed mode toughness experiments for crack propagation in the interface between a
brittle wax and glass. In all thesgstems, the interface toughnessos a single material parameter
rather it is a function of the relative amount of mode 2 to mode 1 acting on the interface.

The toughnes@ [ of the interface can be thought of as an effective surface energy that slepend
on the mode of loading. An overview of various mechanisms responsible for the strong dependence
of interfaced toughness on mixed mode is given by Evans et al. [35]. Two primary mechanisms are
asperity contact and plasticity. Asperities on the fracturéases will tend to make contact for
some distance behind the tip when mode 2 is present along with mode 1. Awaatranics model

of shielding of the tip due to asperity interaction was presented by Evans and Hutchinson [36]. That
model led to a predian ofl [ in terms of a nomimensional measure of fracture surface teug

ness. Crack tip plasticity also depends qrwith the plastic zone in plane strain increasing in size
as$ sincreases, with held fixed [37]. The approach for the time being &t tihe interface hasez

ro thickness and is modeled by the toughness fungtion which, in general, must be determined

by experiment.
A simple, one parameter family of mixed mode fracture criteria is

Q 0 0 : X 1
The parametes-adjusts the influence of the mode 2 contribution in the criterion. Theadimip is
the fAideally brittled i nt er ffaal enodecombimations Thisi at i
limit coincides with the classical surface energy criterion. W&ent, crack advance only depends
on the mode 1 componestis equal to 0.3 for the plexiglas/epoxy system [32]. For any valee of

is the pure mode 1 interface ¢tare toughness. The strain energy release rate criterion can be

cast in the form where the mixed mode toughness function is
ar : p _ pOEf X v
The toughness is plotted as a function dbr various values of in Ref [25].

Other phenomenological criteria have been proposed to characterize mixed mode toughness data for
interlaminate fracture, e.g., Kinloch [30]. Two alternatives to 245( are given which have gisal

tative featureshat may more realistically reproduce data trends for interfacial fracture

ar : p OAlp _7 XP @

and

[t}
©
©

(@]

>
=

_ 04 X® X
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Both coincide with eq.{.15) in the limit_ T i.e., they reduce to a criterion based on a critical
value of0 , independent ad . Both are ideally brittle with ~ p. According to eq. {.16), the
toughness increassharply as © w# Eq. (7.17) models théoughness leveling off as© w A

for all_ p. While this feature should not be taken literally, it did emerge in the simple model of
mixed mode interface toughness due to asperity contact of Evans and Hutchinson [36]. Of the three

formulas forli [ , eq. {.17) reflects the trends of that modebst accurately

Egs. 7.15) and 7.17) are tweparameter criteria for neascillatory materials. But since these efit
ria assuminghat the toughness has a minimum at T, these criteria should be modified in dsci

latory birmaterials as [38]

ar = p _ pOET T X® Y

and
ar : p p _OAT 7 XP w

wherel is a phase shift. These are thpsgameter models [39] , _and[ must be determined
from experimental data. Charalambidgsal [40] hasproposed a similar model with three pasam

ters.

Whenb T, the notion of a mode 1 or a mode 2 crack tip field must be defined precisely, and the
possibility of contact of the crack face within the region dominated by the nd&figfls must be
considered. As noted by Rice [41], a generalized interpretatitreohode measure is the mast i
portant complication raised by the oscillatory singularity. First, a definition of a measure of the
combination of modes is made that generalizes7etg).

The phase angfe is a measure of the relative proportion of stieanormal tractions at a charaete
istic distancarahead of the crack tip. The phase angie an important parameter in the characte
ization of interfacial fracture toughreed et dbe a reference length whose choice will be discussed
later. Noting the stress distribution on the interface fromKiiield, defing’ through the relation
[4]] as
BAT ‘Oava &
~ o~ Tt
( YQa X
where0 0 "Q is the complex stress intensity factor. For a choicavathin the zone of

dominance of the&K-field, eq. {7.20) is equivalent to

r OAT — X& p
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Moreover, the definition reduces to OAT U 70 whenb T, sinced p whenj T

Wheni 1, @ mode 1 crack is one with zero shear traction on the interface a distdreaeiof

the tip, and a mode 2 crack has zero normal traction at that point. The measure of the proportion of
Amode 20 to Amode 10 in the vicinity of nthe ¢
tity since the ratio of the shear traction to nortnattion varies (very slowly) with distance to the

tip whenb 1L

The choice of reference lengilis somewhat arbitrary. It is useful to distinguish between a choice
based on an iplane lengthb of the specimen geometry, such as crack length, and a choice based
on a material length scale, such as the size of the fracture process zone or a plastic zone at fracture.
The former is useful for discussing the mixed mode character efmateirial cracksolution, ing-

pendent of material fracture behavior, while the latter is advantageous in interpreting mixed mode

fracture data.
7.5 Crack propagation of interfacial cracks

A crack lying in the interface between two brittle elastic solids can advance lejtteontinued
growth in the interface, see Fig5 (b), or by kinking out of the interface into one of the adjoining
materials, see Figl.5 (c) and (d). The competition can be assessed by comparing the ratio of the
energy release rates for interfaceckiag and for kinking out of the interface to the ratio of inte

face toughness to substrate toughn&gsor depending on the ratios of substrate toughness to the

interfacial toughness 70 [5].

The most likely path is along the interfdoecause the bonding strength of the interface is weaker
than the strength of the homogeneous material, in general. However, the crack sometimes kinks into
either material out of the interfacg) if the bonding strength of the interface is strong enough a

the crack is subjected to shear stres8gshd (ii) depending on the state of stress near the crack tip

i.e. even though the interface bond is weak, the crack may kink into the adjoining material under

mixed mode loading [5].
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Material 1 Material 1
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Material 2 Material 2
(a) (b)
Material 1 Material 1

o 4 8

-d a

Material 2 Material 2

(©) (d)
Fig. 7.5 (a) Three distinct possibilities for the interface crack between two bonded dissimilar materials, (b) extension

along the interface, (c) deviation into material 1, (d) penetration into material 2.

7.5.1 Interfacial crack under biaxial loading

In the frst situation the interfaceassumed very well bondebh another word, the crack will nox-e

tend along the interface. Pdfiterionis used herandthe angles at the maximum values of the ci
cumferential stresses are obtained in both media, as a fundtibe biaxial loading factoffor
various values of the dimensionless radial distabgafrom the righthand tip of the craclare
showedin Fig.7.6. As mentioned ing] the angle of maximum circumferential stress in the weaker

of the two bondednaterials can be well above the value of zero also for negative valbexiail

force factorQ For the stronger material the angle at the maximum circumferential stress occurs is,
on the other hand, zero whbiaxial force factofQis negative and cae greater than zero for pos

tive value ofQ We note that the angular position of theximum circumferential stress in gen-

eral highly influenced by the small distar@efrom the crack tip at which the circumferential
stresses are evaluated. Thergtrathe radium distance, the smaller the crack extension angla-in m
terial 2, as well as in material 1 f@ "Q as shown in Fig7.6. Q is a threshold, in FigZ.6 it is

about 2. Moreover, a&° Ho, the angle of maximum circumferential stress ocdar§ © w Tt J

The different shapes poad in Fig 7.6 are obtained from Chapter 5 by ABAQUS of the mode
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0fw ¢ mand the same material combination with the analysis mode. An excellent agreement b
tween the numerical results and the analytical calculationissisrved for the different biaxial force

factor and distance from the crack tip in both materials.

qgl) 90 [~ Material 1

60

15 20

or/a=0.1
ArO/a: 0.05
+r0/a: 0.01
o rO/a: 0.005

@
Ay -90 [~ Material 2

Fig. 7.6 Comparisons of crack propagation angles in both mediagfior ¢ mSolid curves are analytical results.

Moreover, as the crack propagation anglstrongly depened on the value ofOTA which is a
very small distance from the crack tip hsiunknown, also some researchers declared that $he di
tance is not a circular cunimit can be improved by the boundf the plastic zone. But most of the
criteria have been proposed?] are calculated from the linear elastic theory based on continuum

mechanics analysis.

Moreover, there araumerous studiestB, 44] demonstrahg that including the nonsingular terms
T-stress effect into the fracture criterion can improve the accuracy of the proposed crack growth

orientation. As shown in the Cartesian coordinate stress componentssttiesslis

v v O T
P P

From the circumferential stress expression, the biaxial factor effects on the crack initiation angle

X& ¢

just and only according to-3tress and the span approximating 90 degrees canot

For the most popular material combinatelnominumepoxy B5, 46], the mechanical properties are

presented in Tablél.

Table.7.1 Material properties for epoxy and aluminum

Materials Youngbs mod Poi sson
Material 1 : Epoxy 1.52 0.33
Material 2 : Aluminum 68.9 0.33
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Fig. 7.7 Circumferential stresses and crack extension angles-tbcémbination

Table.7.2 Crack initiation angles in epoxy- for various dimensionless radial distances

D Wang et al. 46] Spyropoulos  Spyropoulos45| Present Present
Experimental [45] MTS SED Analytical Numerical
0.001 35° 29° 36° 35.5° 34.5°
0.005 19° 27° 24° 24°
0.01 15° 23° 19° 19.5°
0.03 9° 17° 10.5° 11.5°
0.05 6° 14.5° 6.5° 7.5°

Table.7.3 Crack initiation angles in epoxy- for variousQ

0 -10 -5 -1 0 1 5 10
Spyropoulos45] SED 33° 345° 355° 36° 36.5° 395°  45°
Present Analytical 215° 279 335° 355° 375° 465° 57°
Present Numerical 22° 27° 33.5° 345° 37° 46° 57°

Fig. 7.7 shows the circumferential stresses obtained by analytical and numerical methods and the
crack extension angles according to the criteammentioned above. In Tablg2 the results are
presented for different methods of the dissimilar materials bieTal, uniaxial loading & 1),
various radium distances an@A ¢ tfor numerical method. It shows the Spyropoulés] [SED
method andhe present results have very good agreement with experimental resdlfdor p Tt .
Furthermore, the present reswudtevery similar to Spyropoulostp] SED results foOTA p 11,
but to Spyropoulos4p] MTS results folOFA p 11 . The crack extension angles in epoxyneo
puted by different methods for various biaxial fact@arepresented in Tablé 3. This table shows
that the present crack initiation angles are yield to SpyropodsSED only forsss  p. From
Table7.2 and7.3, the cack initiation angles increase, @slium distancelecreasednd biaxial fa-
tor increased The present analytical and numerical resaltgays have excellent agreement with

each other.
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In the previous analysis, the interface between the two substrates is supposed perfect bonded in any
material combinations and loading conditions. In fact, fembterial system or composite mater

als, thedamage generally occurs in the interface firstly due to the interface is always weaker than
any other substrates. Therefore, the interf ac

and in the crack propagation analysis.

The P\fcriterion is usd to obtain the crack extension angle for the perfect bonded interface crack
penetraing into one of the two substrates. When the criterion is applied to the interface crack that
the interface could be debonded, the limitation of thecR¥érion is the iterface critical stress

tensity factor) which is unknown For the mode for the time being is that the interface has zero
thickness evethe interface betweem bi-material systenis actually a very thin layer of a third
phase and is difficult to define and measure the critical intensity factor. Fortunately, the giobal fra
ture criteria are essentially based on the energy balance, i.eritdkon, and are generally appl

cable uer the conditiosthat crack propagates along an interface. Even more, some extensions of
the energy balance criterion have been reported to study the mixed mode crack problems:. The HH
criterion is used here for the crack extends along the inteHmeeever, the assumption of constant
interface toughness does not seem to be realistic in the mode for the crack onset, specially mixed
effects obviously, the fracture mode mixity at the tip of the crack situated along the interfaice signi
icantly dependsmthe phase angle. It is well known that such variations of fracture mode mixity in

an interface crack are usually associated to relevant variations of interface fracture toughness.

As described in HFtriterion, the initiation of crack advance in the nfdee when the crack tip is

loaded in mixed mode characterized bythe critical condition is
3T X& o
The toughness of the interfage] , can be thought of as an effegtisurface energy that depends

on the mode of loading. The condition €62Q) is also assumed to hold for qustsitic crack d-

vance when crack growth resistance effects can disregarded.

The energy release rate of the crack advance in the interfacinisddey Malyshev and Salganik
as[47]

v 0 X& T

where—= - — — ,asOisdefinedineq.{3).Eq. 7. 24) wi | | reduceato ¢c

tionship in theabsence of mismatch. EJ.24) and eq.q.4) can be reexpressed using the commre

tionp | IO ED “ 7 .
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The toughness of interface is discussed in sedtidneq. 7.18) will be used here as the critical
crack onset value. Special attention shoulgpéiel to several material parameters in the interface

toughness definition. Firstly, the phase anglés defined as

.. Q

[ OWwE ) X& L
Secondlythe pure mode 1 interfadceughness , in general, must be determined by experiment.
Actually, DCB (double cantilever beam) test specinsarsually used to determine the pure mode 1
toughness as in Fig8. There is a crack lies on one side of interface of DCB specimen.o@le |
applied to the cracked side according to the two rigid blocks attached in the substrates.eFhe corr
sponding curve between the applied load and the displacement in several iterations is recorded, as
that shown in Fig7.9. The corresponding crack extemslength with the applied loading also

neeadto record.

DCB specimen

Apply force here

Fig.7.9 Typicald 1 curve of the interfacial mode | fracture toughness test.
Based on LEFM, the pure modaterfacial toughness of DCB specimen can be calculate2bis [

01 6

BT o X& o
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wherel is the critical loading of the interfacéis the crack lengthj is the width of the DBC
specimenando is the flexibility of the DBC specimenmvhich can be determinei usethe follow-
ing formula

|

° ¥ X& X

wherg is the displacement correspamglto load.
Here we introduce three methods for calculating the pure mode | toughness.

Beam theory method, the DCBonsidered as two cantilever beam together with crack tipsoare c
incide. Basing on beam theory,

W 4w
d0°0 5 @ Xa v

whereOis bending modulusD 60 fp ¢ the second moment of inerti@,is the half thickness
of DCB. According to eqs.7(26) and 7.28),
o0
co @

X& w

wherg s the displacement corresponding to the critical loading
But for the situations of big displacement, shear deformation and the crack tip rotatioq, the e
(7.29) should be modified by changing the crack lengttb asy [48]. ¥ can be determined by the

approximate line o#10 ¢ The value is the same with the intercept of the approximate line on the

araxis therefore, the pure mode | interface toughnessigbs as

ol &
I Xem
The second method is flexibility method proposed by Bet#}, [suppofg the flexibility can be
expressed as

0 Yo X& p
EQ. (7.26) can be determined as
0 &
B O X9 6

where¢ and'Y can be determined by fittingg  wrelationship.

The third method is area method, which the pure mode | toughness is determined by area of the

load-displacement curve. After one iteration, a crack length changes dstod Yy the stain
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energy deaase due to crack propagation can be expressed by the area of tisptazEment

curveYd, so the critical strain energy release rate can be calculated as

w

Y0
50 X® O
Sothe new interface fracture criterion is producke crack propagation will take place along the
interface or into one of the two adjacent materials along the direetiorQ plt , for which the
normal stress, evaluated at a small distanéeom the crack tip, is maximum. And the crack pro

agation along the interface will occur when the following condition satisfied
3 h— ™ X& T

If the condition eq. (7.34) is not sated, the crack will kink out of the interface as soon as one of

the following conditions is satisfied:

l, $ U h T — X& U

i, s . 0N — m X® ¢

where0 ,0 are the critical stress intensity factors of the material 1 and material 2. Therefore,

the crack propagation angle can be determined once the stress state and material toughness, i.e

O ,0 and3f ,are obtained. It is important to note that, the critical distantesmall can-

pared to crack size but exceeds oscillatory zone and/or contact zone and for different materials the
i is different. Rice 41] claimed that thecritical distancewas given by finding the largestfor

which the opening gap of crack surface behind the crack tip vanishes. On the other side, for the un
axial loading conditions, on comparing the crack extension angle with experimental results, a good
agreementvas found forp m 1 ¥ p 1 [50. This new criterion will be used in the next
chapter in numerical modeling of an inteitdarack propagation after a little bit of maddtion

for simplifying the numerical analysis.

7.5.2 Interfacial crackinder general loading

According toPV- criterion, furthely we suppose the interfage perfecty bondedioo, the crack -
tension angle of different material combinations against to biaxial loading fawct@r general

loading butshear loadingY Ttis illustrated in Fig. 7.10The results illustrated here are the same

with that in a published paper by authors previdls

As the material combinations change the crack extension angles in both media ard. dhange

ever, comparing Figiz.10(a)to( , it 6s easy to find that the e
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the crack extension angle in the soft material is much prominent than in the stiff one, especially in
the rage of Q T In the stiff material, the crack extension angle increasethebiaxial loading
parameter increase for every fixed material combin&d®© and trends t6 7¢, the normal dire-

tion of interface. The value of crack extension amgleery close to each other for different material
combinatioriO 7O at all the value of biaxial loading parameter exé@pt tdw . The most diffe-

ent focus on therage of "Q o. It isnamed process zone of biaxial parameter for stiff material.
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ie)
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o
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Fig. 7.10Crack extension angle of different material combinatiagainst to biaxial loading factor for shear loading

“Y 1of (a) medium 1, (b) medium 2

In the sideof the soft material, the relationship among crack extension angle and material aembin

tion and biaxial parameter is sheain Fig. 7.10(b). The crack extension angles increase asithe b
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axial loading parameter increase for all the material combinations. The additions are very gradual in
the rage ofQ Tmtand obvious ifQ Tt Furthermore, different with that in stiff material, thereis
process zone of biaxial parameter for soft material only in the material combi@afion p. The
influence of material combination to the ckgpropagation angle is obvigube bigger thenaterial

combinationdO YO are, the morgradualthe crack propgation angle curves.

ltds worth to note that the absolute values o
exceed' 1¢. This character will change if the shearing loadivig consideredand thawill be dis-

cussed in the following.

For the dissimilar material combinati@h#O  p, the model degenerates to homogeneuatei-
al. Fig.7.11shows the shear loading and biaxial loading factor effect on the crack propagation angle
in a homogenous material and dissimilar material. Compafigg7.11(a) with Fig. 7.11(c), the
crack propagation angle curves are symmetric in both sides in homogenous material, butsnot in di
similar material, if only change the shear loading to opposite direction. From.Fig.b ) , it 0s

to seethat when- T1tthe crack extension angle curves in both media are symmetric due to the

model is in the symmetric material and loading. Further, the crack extends along the interface when

"Q 0, but kinks into the injected matessals soon a¥) o. This is also cabe found in Fig7.1Q

Different from the interface crack propagation inntéterial system under biaxial loading, when
force ratio"W Yexceeds one and biaxial fact@exceeds a threshold valubge crack propagation
angles are exceédlc. This is beause when biaxial fact@reaches to the threshold value, the
load parallels to interface crack transfers to the dominating force in the biaxial loading, and the

phase angle of the-bnaterial system has been changed By.

The interface debondinga n 6t b e | gmaterialanterfacenfractute erocbsmr the crack
extendingalong the interface, the circumferential stresses are

2. g}

NG E as‘;a"g G YUY OR aé&"g X& X

2 g}

Y g Y Q& %"Q g "YYRE T a %("Q X& P
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Substituting the stress above into extension condition/elf)( the criterion can be written as

Yl C
5 X®wW

i
p & Y & WY &
This condition represents a glolzaiterion and its dependence on the process zone size is only fict

tious. In fact, it also can be written as
Y Y d Y T o o X8 T
Becausehe critical stress intensity factor of the interface crack is unknown, a dimensiopless a

plied critical force is defined 4 “Y ¢“1 70 . The dimensionless applied critical tensisn

represented as a function of the biaxial parani@gerd various material combinations based on the

assumption that 0 0 ,"WY mandi & 18t un Fig. 7.12 The solid line in Fig.

7.12corresponds to the vallii¥ ¢i FAp 11X of the dimensionless force allowing the bond
failure for thematerial combinatioi® fO p mThe debonding dimensit@sscritical tension is
depentihg on the crack lengththe distance from the crack iipand the bimaterial oscillatoryn-
dexX. This value is the same with that 8] for incompressible materi# the oscillatory index is
neglected. The other curves correspondinthéoinitiation condition thathe crack extessinto the
medium- por- ¢ respectively. The dashed line refers to two media are the gacembination
OTO p, the bimaterial system degenerated as an isotropic homogenatesial. The coirie
dence of the curves with the solid line up to some positive v@lwé Omeans that the maximum

value of, occurs at— Ttjust up to the valu&® "Q, which increass with the ratid 7O .

0.35

0.3

0.25

0.2
M —— E1/E2:0.5, M1
'—
015 |—e—E,/E,=0.5, M2
----- E1/E2=l 0
0.1r | —a— E1/E2=10, M1
— E1/E2=10, M2
0.050 | — Debonding

-%0 -15  -10 -5 0 5 10 15 20 25

Fig. 7.12Critical values of the applied tension @or various material combination ai@4 1t
In Fig. 7.13 the critical values of applied tension as a functiohiakial force factofQfor "W4 Tt
and"W4 p are presentefbr OT%  ptt Thecritical stress intensity factaf two mediais as-
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sumed a® ¢®0 ando ¢80 , due tothat the interface toughness generally smaller
than the toughness of mediaclearly to see, that the applidtmensionless critical value for imte

face debonding 04  Ttis bigger than the value 04 p, this situation also happens in @at

rial 2. The critical dimensionless applied load that the interface crackngimto material 1 of

"4  mis smaller tharthe valueof "W4  p. Comparing the two figures in Fig@.13, the easiest
initiation of the interface crack for biaxial fact@less than a threshold vali®@ (Q for

"4 Tm°Q p dor'W4 p)is extending along the interfackfter biaxial factor exceeding the
threshold value, the crack will kink into material 1 due to the critical dimensionless applied force is

the smallest value.
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Fig. 7.13 Critical values of the applied tension®f% pmand (a)W¥4 1, (b)"™W4 p
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Fig. 7.14Critical values of the applied tension vs k for various stress ratiosQufh  pr1, U ¢®0 , U
cO
In Fig 7.14 the critical values of the applied tensibhagainst biaxial factok) for various stress
ratios "W4 arerepresented. As far as the critical load level is concernednitbeseen that the
stress ratioW4 affects the twamedia n different ways. The critical values of applied tension are
increasd with theincrease obtress ratio$%4 in mediuml. The situations are opposite in medium
2 andfor interfacedebondinglt also can be inferred that when the loading fat#drand biaxial

force ratioQarrive to a thresho|dhe interface crack will be kinked into material 2 first.
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Chapter 8

Crack propagation trajectory using XFEM

8.1 Introduction

The extended finite element method (XFEM) is a numerical method that enables a local enrichment
of approximation spaces. The method is useful for the approximation of solutions with pronounced
nonrsmooth characteristics in small parts of tleenputational domain, for example near diséont
nuities and singularities. In these cases, standard numerical methods such as the FEM or FVM often
exhibit poor accuracy. Theaim advartageis that XFEM offers significant advantages by enabling

optimal convegence rates for these applications.

The basic idea and the mathematical foundatioKFEM arethe partition of unity finite element
method (PUFEMWhich wasdiscussed by Melenk and Babuskhdnd Duarte and Ode2] Later
Belytschko and Black3 presented a minima remeshing finite element method by addingeisco
tinuous enrichment functions to the finite element approximation to account for the presence of a
crack.The methodwas then improved by Moext al [4] and Dolbow p] and called the eXteredl

Finite Element Method (XFEM)The new methodology allowed for the entire crack to beerepr
sented independently of the mesh and constructed the enriched approximation from the interaction
of the crack geometry with the med¥fiore contributions from Dolbw et al [6-8], Dauxet al [9]

and Sukumaet al [10] extended the method for thrdemensional cracknodelingand arbitrary
branched and intersecting crack$fie use of level set methods to represent the crack location was
studied by Stolarsket al. [11], Belyschkoet al [12], Sukumaret al [13], Moeset al. [14].

Fracture of composite structures constitutes a major part of recent studies related to LEFM and
EPFM. Dolbow and Nadeau [15] employed the extended finite element method to simulate beha
iour of microstructured materials with a focus on functionally graded materials. Then Dolbow and
Gosz [16] described a new interaction energy integral method for the computation of mixed mode
stress intensity factors at the tip of arbitrarily orientealksan functionally graded materials. In a
related contribution, Remmees al.[17] presented a new formulation for the simulation of delam

nation growth in thidayered composite structures.

Interface crack propagation is rapidly gaining wide attent8uch a crack growth is exceedingly
important for delamination and debonding analysis in composite materials, and can be extended to

other brittle and serfrittle materials such as concrete and rock crack interf&iesly of bt
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material interface cracksas performed by Sukumat al [18] by developing partition of unityre
richment techniques. Nagashiraegal.[19] and Nagashima and Suemasu [20] described thé appl
cation of XFEM to stress analysis of structures containing interface cracks between drssia@}

rials. This chapter is dedicated to describing the applications of the XFEMnratarial interface

crack. Fundamental aspects of the extended finite element method were reviewed mainly for crack
propagation problems. Then it was further extendesirhulate other localization problems in solid

mechanics, especially in-bmaterial and composite applications.
8.2 Basic theory
8.2.1 Standard finite elememtethod

Isoparametric finite elemenare the mostly used element in standard finite element mdthtids
section the basic knowledge of isoparametric finite elesismeviewed. Consider a domain in the
state of equilibrium discretized by a femode quadrilateral finite element meshdagpicted in Fig.
8.1 According to the finite element methodology, the coordinates @U are interpolated from

the nodal valueé )
0 S P

where’Eis the matrix of finite element shape functions.

0O T
4l "
m 0 U
nA AY
n=1 3 %
4 3 A
g
- 4
=1 —1 2
1 2 ] §
=1 -

(a) (b)
Fig. 8.1 An isoparametric finite element (a) Bilinear element in the Natural Coordinate; (b) Bilinear element in the

Physical Coordinate

~

In an isoparameteric finite elemenpresentation, displacement fields O RO are similarly

interpolated from the nodal displacements valltes OO :
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The strain field is computed directly from abguation

N

where the matri¥Ais defined in terms of derivatives of the shape functions

And the chain rule is invoked to determine the coefficienta of

T 0. 1 UII
n’_!l o
@ g b
lTl_q"l |T|_Q’.
g & Y
wheret is the Jacobian matrix
1L o7 @
L L
Coherd
a9 -1 Y
RGNS
S R
ARQT ol &
ut -1 U

Finally, the following discrete system of linear equations is obtained:

€ "H "H

)

Usgo

where"Hs the vector of nodal unknows, aficand’Hre the global stiffness matrix amoternal

force vector, respectively. The stiffness matrix and the force vector are computed on anlgjement

element basis and assembled into their global counterparts through the usual assembly procedure.

The stiffness matri¥ of an elemenity can be determined from
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g "AVA Hm P T

where’Ais the material stresstrain or constitutive matrix ( A"Al ). Eg. 8.10 can be rewritten

in local curvilinear coordinatess:

8.2.2 Partition of unityinite elemenimethod

As mentioned before, the global solution of partition of unity finite element method (PUFEM) has
been the theoretical basis of the extended finite element method (XFEM). The basic mathematical
foundation of the PUFEM was discussed by Melenk and Babuska fidrtition of unity is defined

as a set ofi functions’Q w within a domainm such that

MQw p W ¢

It can easily be shown that by selection of any arbitrary fungtion, the following property iswa

tomatically satisfied:
NMw| o | w Up o

This is equivalent to the definition of the reproducing condition or completeness. The set Bf isopa

ametric finiteelement shape functioris also satisfy the condition of partition of unity

0 w p U T
where¢ is the number of nodes for each finite element. The concept of partition of unity provides a
mathematical framework for the development of an enriched solution.
8.2.3 Interaction integral method
The stress intensity factor plays a very important roleractéire mechanics. The most accurate
methodfor calculating SIFs of mixed mode is interaction integral method. In the interaction integral
method, auxiliary fields are introduced and superimposed onto the actual fields satisfying the

boundary value probleff21]. Stresses and strains for the auxiliary state should be chosen so as to

satisfy both the equilibrium equation and the traction free boundary condition on the crack surface
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in the0” area. These auxiliary fields are suitable selected in order ta fiathtionship between the
mixed mode stress intensity factors and the interaction integrals. The cbmtegral for the sum

of the two states can be defined as

* % * _ LI,Eﬁ) V)

where* and* are associated with the actual and auxiliary states, respectively, esnithe n-

teraction integral

, 16 . T N,
v o m W mA'i B ¢
, TO : TN,
0 L T @ | T_ch3 W X
16 16 Tn
- T e Y w mAG up Y

W o, - P w
) . - g 1

‘ P
) C . - g p

One of the choices for the auxiliary state is the displacement and stress fields in the vicinity of the

crack tip. From the relation of thentegral and mode | and Il stress intensity factors,

o%eeo o U8 C

The following relationship is obtained

G -
U gtV VIRV g o

Therefore, the mode | and Il stress intensity factors can be obfeaned

0 C_Ia% g T
C
by choosing) P, 0 mtfor mode | and) M0 p for mode Il.

Finally, application of the finite element method for evaluation ofithimtegral by the interaction

integral method is
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* ” Al ” . ” - (.| . A; LI'& U

* L L ' W s "’ ¢

—a

wherew is the Gauss weighting facter, @ the order of integration.

8.3 Extended finite element method (XFEM)
8.3.1 Governing equations

Consideringd, a point in an elastic finite element badyshown in Fig. 8.2. The boundasyis
composed of the segments3 ands . 3 is the force boundary which is imposed tractionss
is displacement boundary which is imposed displacentenile 3 is the traction free crack su

face.

to I'y

Fig. 8.2 A cracked body subjected to prescribed boundary tractions and disglats.

We consider small deformation elastostatics, which is governed by the equation of equilibrium

nd "H minm U X

accompanying with the constitutive lalv "Ade and the geometry equatidn 1 ¢, where is
the Cauchy stress tenshiis the small strain tensdkis the body force’A denotes the elastic neat
rial moduli matrix,0 is the displacement. is the gradient operator and is the symmetry grad

ent operator.

"l on3 g ¢p
T2 " ons g ¢
[ie) on 3 U& ¢
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o) on 3 g @

1 is the unit normal vecto, ands are the surfaces of the cragk respectively.
The variational formulation of the boundary value problem can be defined as
W o g w

The virtual work equation without body forces is given by
£ 4 "1Am O As & Tt
8.3.2 Discretization

Assume the arbitrary domamdiscretized into som& node finite elements. In the extended finite
element method, the following approximation is utilized to calculate the displacement for the point

0 locating within the domain2p)
T o Ul | 0 o0l O 67 0'H & p

where’l is the vector of regular degrees of nodal freedom irstidvedardinite element methodH
is the added set of degrees of freedom to the standard finite element mgdebaisdthe disca-
tinuous enrichment function defined for the set of nodes that the discontinuity has in its influence

(support) domain.

Enriched Support domain of
node F\ enriched node F

\

Support domain
of enriched
/interior node F'

=~ Enriched

interior node F'

Fig. 8.3 Support domains of an edge node and an interior node in a finite element mesh.

The support domain associatedatmode, located on an edge, consists of the elements containing
that node, whereas for an interior node (in higher order elements) it is the element surrounding the
node. Fig 8.3 illustrates definitions of the influence domain for a node located on édtgraans

as well as an internal node.
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The enrichment functioh 6 can be chosen by applying appropriate analytical solutions according

to the type of enrichment functions within an XFEM procedure can be expressed as the following:
1. Reproducing theingular field around a crack tip.

2. Continuity in displacement between adjacent finite elements.

3. Independent strain fields in two different sides of a crack surface.

4. Other features according to the specific discontinuity problem.

The first term orthe righthand side of eq8(31) is the classical finite element approximation ¢s d
termine the displacement field, while the second term is the enrichment approximation which takes
into account the existence of any discontinuities. The second ternesitddditional degrees of
freedom to facilitate modeling the existence of any discontinuous field, such as a crack, without

modeling it explicitly in the finite element mesh.

Moeset al [4] proposed thaeg. (8.31) be rearranged in order to model crackiates and tips in

the extended finite element method as below

T 0 7l | 0 07 O of OH O 0« 0'H & G

whered is the set of nodes that have the crack face (but not the crack tip) in their support domain,
while 0is the sets of nodes associated with crack tip in their influence doinaire the nodal g
placements (standard degrees of freeddinand™Hare vectors of additional degrees of nodal
freedom for modeling crack faces and crack tip, respectively* aadrepresent crack tip enhe

ment functions.

Discretization of eq. (8.30) using the XFEM procedure eq. (8.32), results in a discrete system of li

ear equilibrium equations:

€ "l H U® o

whereg€ is the stiffness matrixX] is the vector of degrees of nodal freedom (for both classical and
enrichment ones) antlis the vector external force. The global matrix and vectors are calculated by

assembling the matrix and vectors of each elenfeahd Hor each elemerare defined as

b ¢ H7 ¢ ‘HH ¢ ‘H™H w T
¢ "Hl ¢ "HH ¢ "H'H
","H ’;‘l"_|| 'rl'|_-’ ’;‘I“_||-| ’r|“_|-|-| 'r|“_|.|.| 'r|“_|.|.| l.l,@)- 0
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and’l is the vector of nodal parameters

| |l H™H "H "H "H Y& ¢
with
g A AA Am iH  CIAHRH U X
H 0 "HAs 0 "HAm U Y
i 0 "OHAs 0 "OHAm U
"Hy 0 "O'HA3 0 "OHAMm | plticAT A yg8

In the stiffness matriXAis the matrix of shape function derivatives,

3

Op
Al T Uy 48 p
O0p OUp
0l § m
"AH Tl Ol # g q
N
A A A A A g o
O § 1
A Tt Oe 5 1 plicAT A g T

O | 0 e

¢

The rest of the computation depends on the definition of the enrichment function.
8.3.3 Discontinuousnrichment
We now describe the construction of the discontinuous fungtiam in two dimensionsThe
Heaviside functioriO w is the mostly used in the literatures.
The distancé&from a pointo to an interface is defined as
Q m o0 k& yg v
whered is the normal projection af on3, as shown in Fig. 8.4.
The signed distance functiopnw can be defined as
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, @ [ EAd oA Q00o o g o

O N

wherei is the unit normal vector.

Fig. 8.4 Difinition of the signed distance function.

The Heaviside enrichment function is assumed to be the signed function

. ceat P buom
0, OEGI ol u T U8 X

Approximation of the discontinuous which is the second term in eq. (8.32), the displacement rewri
ten as

10 0 07l 0 0 OuH O 0« 0'H yg g

A simpleonedimensional representation of the step function is depicted in Fig. 8.5(a). Fig. 8.5(b)
illustrates the way the step function simulations the discontinuity.

|l tds easily found that, suppose the cregck tip
(8.32) is no longer an interpolation and the value of the field variable on an enriched nod@

is not equal to the nodal vallie
1 o6 I Ouv H I g w

A simple shifting procedure guarantees the interpolation
1 0 0 ol 06 6 v O, H O 0« 0'H yd 1t

Fig. 8.5(c) illustrates the effect of the modified approximation on thedonensional crack pts

lem. The overaljump in the displacement field can be obtained from
8 60 1T 6 1 6 E ¢ 0 OH B p
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1
-1
(@)
N,(OH(E)
L
(b)
N(OH(©)-H(E)] —
Ny(x)[H(E)-H(&)] —

1 2N 3

(©)

Fig. 8.5 (a) Sign function; (b) Effect of the sign function on shape functions; (c) Effect of shifting orfuehatjpns

Derivative of the Heaviside function is the Dirac delta function:

Q.1

which vanishes except at the position of the crack interface:

pA B OAED

Q. i OEAOXEOA

As a result eg. (8.42) can be rewritten as

0,0 m
"AH m 0350
0,0 0rO

To include the effects of inegolation,”O, should be replaced biO,

shifting amendments are required

AH T

8.3.4 Crack tip enrichment functisn
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8.3.4.1Crack inisotropic

The near tip enrichment functions have already been defined in terms of the local crack tip coord

nation systemi h—, The crackip enrichment functions in isotropic elasticity are [23]

.« ih— MTOEC—THATA'[E@TOE—E')EC—_TM‘OE—HT' 9_ B @
wherei and—are polar coordinates in the local crdigk coordinate system. Note that the first

function in the above equation is discontinuous across the crack.

(@)e (d-

Fig. 8.6 Crack tip enriched functions in isotropic

Similar to the discontinuous enrichment function, to include the effects of interpolation, the follo

ing shiftingamendments are required,

c
[ ]
°

5¢
=

A m O« = & 1 plivAl®A U X
l’j‘ . F] 6. L] ﬁ

The shiftingamendmentsvill be required in all the enrichment. To keep it simple, we will nat-me

tioned again in th&llowing description.

Derivatives of 1 h— with respect to the crack tip polar coordinatels— become

p L = m . .— .
* i —OEINe —AIl-O
" R TAlE 4o
P . .— — .
®* R TA' ® n —OHEKl
" O s ¢ Ve g
. P oEoEN ; W PAICDEL OERI-O UB ¢
/IS ¢ C
P ~— - - P —= -~ ~w——= . ,
e —AT-®EN ; M TOEOEL Ai-&i1-0 uB i@
G ¢ G R

and the derivatives of i h— with respect to the local crack coordinate systéseecan then be

defined as
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* K f‘_O - T * = tAlB
¢ Cn " 4l C
P ~.— P . —=
°*h TA' ® tOE—|
97 Eqn " 4l C
P . P — O—.
* K —OE+OEH) ; — OEl OE+AI-©O
9470 C 4l S C
e AI%B0EWR § - AT0 AT%AT-O
chi G chi C q

Finally, the derivatives in the global coordinates system are obtained,

ATIO «

[ ] Fl [ )

¢

e i e OET »

OKET

j=x

AT O

=x

wherg is the angle of crack path with respect todjexis.

8.3.4.2Interfacial crackn bi-material

d @

To model interfacial crackas showrnin Fig. 8.7within the X-FEM setting, Sukumaet al [18] use

the generalized Heaviside functiof®sw to model the crack interia , and the asymptotic crack

tip function « @ h

p¢ p ¢to model the crack tip for an interface crack. According to tee di

placement solution of an interface crack, the figacrack enrichment functions are written as

il AT 700 € @i
1’y C

T ATTO0 ¢ @ OEh M ATTON ¢ @ AT-0

N

>
1y

AV

Ur AT 508 ¢ @i O EZ_TO ERINATON ¢ @A

>
[ 4

OB G ¢ Wi OEC—_W‘TO Elaé @AT-O

r ., ., . e e =Y
U,I/I‘IOETIc‘xé'@‘lOEC—II "QH/]I—OETlGS'@IA|E® "Qsﬁ,—

UTOE a ¢ ©i o&z_mo Eloaé @ Ai-O

AT-0 rp

C v

v

C Y

[ A @ e
C

v

v

S Y

Y

C

>
1P

U p

wherei and—are polar coordinates in the local cragkcoordinate systerh is the bimaterial h-

dex
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Material 1

== a

Material 2

Fig. 8.7Interfacial crack

If the bkmaterial constant 1t (isotropic material), the span of the enrichment functions given

above is degenerated as that for a crack in isotropic maexig8.56)

Fig. 8.8 Enrichment functions famterfacial crack

The enrichment functi ons aswvay clgarhatpahthecfundtibry s h o v
ande are not continue across the crablerivatives of i h— with respect to the crack tip polar

coordinatesi h— and localcoordinate can be found in referent.§][

8.3.4.3 hterfagal crack perpendiculdo theinterface
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Consider a bmaterial with a crack perpendicular to the interfandthe crack terminates at the-i

terface. The nedip asymptotic field for this problem has been studied by many researchéi§][24

The elastic mismatch between the two elastic materials is characterized by Dundurs parameters [27]
| andf . The asymptotic displacement field near tipedf a plane crack in a {mhaterial takes the

form [26]

6 ih— 1  Of "0 _0déi _&dFQE ¢— Q0él ¢c— udg

where_ 1 _ p , which is the stress singularity exponent, is a function of the Dundurs gqaram

ters and igjiven by the root of the transcendental equatit#h [

v T |1

wel® ¢——p _ — I Y o
The value_as a function of andf is tabulated in Beuth2B]. In the case of no mismatch (
I 1) the stress singularity reduces to the classical invdrsgress singularity  pZc for ho-
mogeneous linear elastic materials. When material 2 is stiffer than material it , the singular
ty is weaker _  pA¢ , and if material 2 is more compliant that evél 1 | T, the singularity

is stronger_  pi¢ .

Material 1

Fig. 8.9 Bimaterial with a crack perpendicular to the interface
The crack tip enrichment functions for therbaterial crack problem ar29
e oh 1 i [ QeRDé HAL Q¢ ¢ Hwé L ¢ — e T
where the above functions span the asymptotic etipatisplacement expansion given in eq.(8.62).

Note that in this instance the first function and the third function in the above equation ane disco

tinuous across the ala— ‘.

8.3.4.4Interfadal crack terminates ttheinterface[30]

For a crack terminates at the interface, the order of the stress singularity is characterize@d-by the s

lution of the equation
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|1 p T 1 1 p Ald_ p 1t AIOAT_ O ¢—
“ 1 | T U v

(@)

p I OEL“ ¢— p 1 Al
whergl andf are the Dundurs bnaterial parameters— is the arbitrary angle between crack and
interface.

The enrichment functions are considered separately the case where the ri$tarastponent_is

real and the case where it is complex.

Real characteristic exponent:

* ®r ih— 1 OEl p-PAIO p4O0El p-RATO p— o
whereQis the number of the characteristic exponefis: p in case where _ is real single,
andQ c¢incasewhere _ h_isreal double.

Imaginary characteristic exponent:

In case of imaginary characteristic exponents, both_  E_ and its conjugatel _ E are
solutions of the eq. (8.65). The enrichment functions in case of a complex characteristic exponent

for a crack tip terminating at a-lmaterial interface are given by:

i Q

o WeELTTICATO phoeil TiICOETI ph,
- i QEITICAT O ph QeI TiCOEI p ho
7o BELITICAIO pMtLlliCOE] pfy
. . i QI TIWCAT O phH Qi lTiCOEI p h .
Bh ! M Q GeéilTICATO phoellTic OE_ p fit X
v i Q€1 TICAT O pH Qi lTic OEI p hY
Cy WELTTICAT O phoéeilTiCcOELI p Ay
Vg i QI TICATO ph QI TICOEI p

8.4 L evel set method

8.4.1 Level sefunctions

The level set method is a versatile method for computing and analyzing the evolution of an interface
w in two or three dimensions, which wagroduced by Osher and Sethian [31, 32], and invdstiga

ed by many researchers [11, 13, 33}je interface bounds an open regmnThe velocity of the
evolving interface can depend on position, time, interface geometry and the physics of the underl
ing problem. The level set function will be used for representing the material interface betveen th
fiber and matrix as well as the geometry of a crack. The level set fuctd is a continuous

function, wherddis a point in the domaim). The level set function has the following properties
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C g0 THQE MM m e P A
C g0 TmHQE de m e P A
C g0 ThEI@D 3 e P A

Therefore, the boundary of interest at any given timentbealocated by finding x that satisfies the
following equation
C a0 m &

the boundary is commonly referred to as the zero level setwdfich can be abbreviated @s.
Equation is coomonly referred to the level set equation. The typical approach to using the level set
eguation to propagate a moving front over time is to differentiate with respect to time which yields

" H®TH

O T O
The equation can be rewritten as

Ch BIAC T U p

wheredis the velocity field. This partial differential equationncdnen be solved numerically by
discretizing and using a finite difference approach to approximate the gradfenTé derivative

of ¢ with respect to the time t can be approximated using the forward difference method as

¢ ¢

N6 @ ¢ 11 U g

Which can be rewritten into a more convenient form for upda&tingtwo-dimensions are

¢ ¢ Y06 Iy U Tp U o
whereu and v are the x and y components of the evolving interface velocity. The timéQsep
governed by the CourafiriedrichsLewy (CFL) condition. The CFL condition ensures that the a

proximation of the solution to the partial differential equation givesq. (8.70)s convergent. The

limiting parameter for the time step in twdimensions can be written as
96 i A gavu
W X T
where Y@WYU represent the grid spacing in the x andingctions.

For modeling a composite material, a fiber in matrix will be considered. The level set function ass

ciated with a cylindrical fiber in the composite is denoted &and calculated as
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-0 W o W i U T
wherew andw are the coordinates of tf® node in the domaiy andw are the coordinates of

the center of the fiber and is the fiber radius.

The analytical form of the level set functias in eq(8.73) is limited for simple geometries. ld-a
dition, when the interface moves according t&@O 1, the new interface will not have a simple
analytical expression. Stolarsktaal.[11] introduced an extension of the level set method fod-mo
eling the evolution of on@limensional curve in a piecewise linear fashion with a particular focus on
representing the evolution of a crack. Instead of having analytical expression of the levetset fun
tion, a discrete value is assigned at each node of filgiteemts, and the location of zero level set is
found using interpolation. Sukumatd proposed additional enrichment via the level set method
for the modeling of holes and inclusions. Two level set funciioasd( are needed to track the
growth of an open curve in this case, one for the crack path and the other for the crack tip. In this
extension the crack path is represented as the zero level GeBY. The€ level set is oriented
such that its zero level spasses through the current crack tip and is oriented in the direction of the
crack tip speed function. The zero level sehoffO is then given by the line intersecting the-cu

rent crack tip and orthogonal to the zero level sét.of

For the level funébnsin andS , each grid point is assigned a distance from that point to the nearest
point of functionds zer o | eVievdl setsfundtion ispdsidve ani g n
the side counteclockwise from the direction of the crack tip spdeanction and negative on the
clockwise side. The sign of the distance function foritHanction is positive on the side in the d
rection of crack growth and negative on the opposite side. The crack is defined to the locations

where the following condibns are true
nao T & v A
CaA0 m & v A

8.4.2 Level set algorithm for modeling crack growth

Modeling onedimensional ack growth in a level set framework by representing the crack as the
zero level set function @0. An endpoint of the crack is represented as the intersection of the zero
level set of with an orthogonal zero level set of the functten@0, where'Qs the number of tips

on a given crack. For cracks that are entirely in the interior of the bulk of a material, two functions
are usedo and%o, one for each crack tip. For edge cracks only on funémnecessary. The
values of the level set funchs are stored only at the nodes. The functions are interpolated over the
mesh by the same shape functions as the displacement. Thus,
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~ A

%o A0 % O. @ U o A

I @0 r 0. @ ux @ A

N

Since the shape functions d@e the crack representation is alsa

The level set function representing the initial crack is constructed by computing the signed distance
function for the crek. A difficulty in doing this arises from the fact that, although the crack tip lies
within the domain, the level set function representing the crack must initially be constructed on the
entire domain. To circumvent this problem, the initial crack isreddd tangentially from its tip and

the signed distance functidb @O [ ET. m» wA&is constructed from this extended

crack.
The level set functions that represent the crack tip are initially defined by
% @t @ @ L W& X

where@¥ a unit vector tangent to the crack at its tip @nid the location of the ith crack tip. Given
the construction described by above eq. the planar furiétibas a zero level sethich is ortho@-
nal tof at the crack tip. The initial level set functionand%o., and the representation of the crack

are shown irFig. 8.10

extension
crack

\

Fig. 8.10 Construction of initial level set functions

An important consideration is that, although the actual crack is embedded inside a domain, the zero
level set of¢ cuts through the entire domain. In the level set framework, the crack is considered to

be the zero level set 6f, where bothn Tandn Ttin the case of an interior crack. In the
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case of an edge crack 1t This is consistent with the initial conditions and will continue to be

so as the level set functions are updated.

For the case of more than one crack tip, it is convenient to definela gingtionn @0 for the

crack tip level set representation by

nad | A@ U Y

The functionn allows us to define the location of the crack using only one function whether a crack

has one otwo tips. In other words, a crack is defined as the set

ag a0 nATAGDO n W

Fig. 8.11 Level set function update. Gray regiomis . Nongray region igm

Since only considering ordimensional curve crack, we can confine the level set representation to

a narrow band of elements around the crack. In addition we assume that once a part of a crack has
formed, that part will no longer change shape or move.€fts, thel , N and N functions need

only be updated on a small region of elements surrounding each crack tip. This narrow band is built
by surrounding the crack tip by a predetermined layer of elements. The number of surrowding el

ments is chosen soahtit is larger than the incremental growth length of the crack.

Crack growth is modeled by appropriately updatingithand¢ functions, then reconstructing the
updatedn function. A crack is extended at each tip in the same manner, regardless of bes afim
cracks and the number of crack tips on a given crack. The evolutionaofdS is determined by
the crack growth directioff, . In each step, the displacement of the crack tip is given by éie pr

scribed vecto& & M& . The magnitude of crack extsionA&£depends on the crack growth

law. The current location of the crack tip, @hU is also used in the equations of evolution.
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Let the current values of andG at step n b@ andG . The algorithm for evolution of the level

set functionh and¢ is as follows:

1.0 is updated using Equation &®nA T &is always the speed normal to the interface.
However,&is not necessarily orthogonal to the zero level sat of For this reason, we must first

rotaten so that&is orthogonaln after rotation is referred to & and given by

n el gul
| R pr Yap Tt

2. The crack is extended by computing new values of only wheren 1, which is referred to

asm . Let the region whera  1them

¢ ¢ Ey & p

. 3 & Lo &

The sign ot inm is chosen so that it is consistent with the current sign on a gidefi

the crack imm
3.n is computed usin@ &#nA TS0 that is represents the updated location of the crack
tip.

n n Yoes & o
where by constructiom, AN &£k p at all times. The rotated level set functionis calculated exactly
in eq@ g o0 — Uu u ;E) Sincen is calculated fronmn , it is important to note

thatin is also recalculated in each step rather than updated from the previous valuethef

recalculate oh andn is illustrated in Fig 8.11.

4.0ncealln &6s correspondi ng nt oisapdatedwsiogk ar e updat e
ngd | A@ & T

The location of the new crack tip i can now be determined by finding the intersection of the zero

level set ofn and the newly extendéd . The updated tip is used to determine a new region

of elements over which the level set computation will tdkeeg

8.4.3 Coupling the level set method and the extended finite element method
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The LSM and XFEM couple naturally to model crack growth. The vallée of andin are stored

at nodes. Any information needed for crack growth, such as the location of¢keipraan be b-

tained from these nodal values, making it unnecessary to store any other information pertaining to
the crack. The XFEM algorithm is an efficient finite element scheme that solves the elliptizal pro
lem which determines the evolution of lack on a mesh. The mesh is unchanged throughout the
computation of the evolution of the crack. For these reasons, the LSM and XFEM work quite well

together.

Moreover, the level set representation of the work facilitates the computation of the enrichment.
The enrichment function is defined so that the discontinuity is coincident with the crack. Because
the crack is represented as the zero level set afl values above or below the crack are either po

itive or negative. From Heaviside function

. , . pAEICOAD T

(U (-¢ao pEICOAO 1 Yap v
Therefore, to determine the location of a point relative to the crack, one merely has to determine the

sign of¢ as that point.

The crack tip enrichment functions are definecdcoordinates local to the crack tip. These cbord
nates can be determined by the level set function representing the tip. The function associated with
the tipsin is always planar witln&A p, and its zero level sets makes a natural coordinate sy
tem. The direction of the localaxis is determined byn. The direction of the local-gxis is then

simply = nn. In this local coordinate system, the arguments of the branch function can be e
pressed by the level set functions. That is, at pointexrdaldius from the crack tip and the angle of

the deviation from the tangent to the crack tip is given by

> A

. 5= — .. .. G @0
i n@OQQOwSQ-m U @

The nodes chosen for enrichment can be determined from thevabdes of¢ andin. In a given
element, let and¢ | respectively, be the minimum and maximum nodal valudsafi the
nodes of that element. h mand¢ ¢ 11, then the crack cuts through the element and
the nodes of the element are to be dmitwith Heaviside function. Similarly, lat andn
respectively, be the minimum and maximum nodal valuegs arfi the nodes of that element. If in
that elemenn n mand¢ C mithen the crack tip lies within that element, and its

nodes are to be enriched with crack tip function.

The coupling of the LSM and XFEM is illustrated in next figure. For a given crack, each iteration

begins by examining the level set functions at eacteraf each element in the narrow band and
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choosing the nodes which require enrichment from the nodal values of these functions. These nodes
are then enriched by the appropriate function and the stress field is determined by XFEM. Once the
stress field is étermined, the stress intensity factors are computed, and from these factorscthe dire
tion of crack growtlf is computed. The angJe is then used in updating the level set functions.

Once the level set functions are updated, the process is repeated.
8.5Interfacial crack growth
8.5.1 Fatigue crack growth criteria

Three essential factors should be carefully considered for the successful simulation of mixed crack
growth in composite relate to the criteria. First factor is the initiation of the graeith. The e-

cond factor is the r aB4mustbe exztended to thg mieeavdeltase, Pa r i
usually by replacing the Mode | stress intensity factor rafigewith an effective stress intensity

factor range/+  [35]. The third fator is the direction of crack growth. The maximum principal
stress criterion36, 37 and the minimum strain energy density criteri@8-fi0] are commonly

used. However, it was reportetl] that the difference between these two criteria is negligible.
ThePari sé6 Law i s expressed as

Qo ..

— +
o0 WY & X

where®is the crack lengthj is the number of fatigue loading cycles. The two constaatsld
are material parametedét+ is the Mode | stress intensity factor range. For extension to the mixed

mode case, it is replaced by

The equivalent Mode | stress intensity factor is calculated using the growth amglthe expre-

sion for the circumferential stress. We write

which after a few manipulations yields

. +A'|'c'Jc_ +A'|'§0'r 8 ©

Tanaka B5] derived the following formula for evaluating  in 3D case
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)

Y+ o+ + yBo p

where+ and+  are the SIFs corresponding to a maximum () and minimum £ ) ap-
plied loads, respectively. For static elastic crack propagation, researchers used to suppose a constan
crack growth rate.

After setting the crack growth angle and raegeach stage the equivalent stress intensity factor
+ is calculated. This can then be compared to the critical value for the material (if available), and

crack growth is said to occur if

o U8 G
where+ is the critical stress intensity factor, or fracture toughness of the material.

Stable fracture is characterized by a decreasing with increasing crack length, imhich event-

al crack arrest in expected. (for unstable fracture, in which either the equivalent stress intensity fa

tor remains above the critical value with increasing crack length or increasing applied load.)
8.5.2 Improved P\riterion

For sake of cledy, the improved P‘\criterion proposed in Chapter i reintroduced here. The

crack propagation will take place along the interface or into one of the two adjacent materials along

the direction— 'Q plt for which the normal stress, evaluated at a small distarftem the
crack tip, is maximum. Preferentially, the crack propagation along the interface will occur when the

following condition satisfied
3 h— m U8 o

If the condition eq. (8.93) is not satisfied, the crack will kink out of the interface as soon as one of

the following conditions is satisfied:
¢, 8§ , O h m — “ o T
i, 8 , U0 h “— 11 o v

whereb ,0 are the critical stress intensity factors of the material 1 and material 2. Therefore,

the crack propagation anglarc be determined once the stress state and material toughness, i.e.

U ,0 anda[ ,areobtained.
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8.6 Test in homogenous material
8.6.1Test 1Edgecracked plate under shear

Consider an edgeracked plate, as shown in Fig. 8.12(a), fia¢the bottom and subjected to a-un

form shear stres§ p applied at the top. The plate has the lerfgth p qunits, width7 X

units, and the crack lengthAs o®uni t s . Pl ane strain condition:
taken as 0. 3 lasnsdcho¥eo asnl@Odusits. fdd] &aur kinds of the FE discretization

are chosen: Mesh 1 as>@®9 elements, Mesh 2 asx®5 elements, Mesh 3 as>3@8l elements and

Mesh 4 as 2847 elements, as shown in Fig 8.12(He tip enrich range is & r&p8dt, using

branch enrichment. The deformed geometry is shown in Fig. 8.12(€)mixed mode SIF$ and

0 are investigated. The analytical stress intensity factors of the plane strain solution solved by
Wilson[43] are0 ¢ Brandu T® vCompaison between analytical SIFs and XFEM nume

ical solutions is listed in Table

O12 Finite Element Mesh Deformed Geometry

(a) (b) (c)
Fig. 8.12 Edgecracked plate under shear: (a) Geometry and load; (b) FE Mesh; (c) Deformed geometry

Table 1. SIFs for different meshes.
Mesh 1 /i Mesh 2 A Mesh 3 /i Mesh 4 /i
0.6 1.0 0.2 0.6 1.0 0.2 0.6 1.0 0.2 0.6 1.0
0 34.0 33.966 33.991 33.990 33.662 33.820 33.806 33.316 33.687 33.674 34.150 33.166 33.081
0 4.55 4519 4534 4.534 4.429 4526 4.525 4.373 4.519 4517 4.630 4.486 4.493

Analytical
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8.6.2Test 2Centratcracked plate under uniaxial tension

A crack lying on thecenter of a homogenous and isotropic infinite plate subjected to a rentote un
axial tension is considered. Only a half of the plate is modeled due to the symmetry. The geometry
model with boundary condition and loading condition is shown in &ig3a), whch the plane

strain condition is used and the width7is p mtthe length i  p & the half crack length is

A p. The left edge is symmetry boundary that is fixed in twbrection, the righthand edge is

fixed in the xdirection and the rigHbottom corer is fixed also ydirection the edge singularity.

The uniaxial loading is applied in the top and bottom edges with the magnitfide isp. The

model is divided int@ 1T TTp webements with the element size% 1@ as shown in Fig8.13Db).

The materialconatnt s i ncl ude %Ypumamgd sPmossdm@ds rati o

The calculated stress intensity factor of the crack is p& U gapd+ oPp X TP T

022 Finite Element Mesh Finite Element Mesh
A A
,’}}—C [
H
a &
}}_{, :I == ==
L
o
w
Z}F‘ -
Ty v
G2

(a) (b) (c)
Fig. 8.13 (a) Geometry(b) Mesh of the whole model; (c) Crack enrichment nodes (circle nodes), crack tip enrichment

nodes (square nodes) and thatégral (orange circle).

232



ChaptCemack propagation trajectory using

v Level Set ¢ Level Set

Il N

-0.040.02 0 0.020.04

Il =

006 0 0.05

(@) (b)
XX Oy
-0.5 o] 0.5 1 1.5 0 1 2 3 4
(©) (d)
Oxy Sy
| I
(e) ®

Fig. 8.14 (a) Heaviside level set function; (b) Level set function for crack tip; (c) Horizontal streggl) Vertical

stress, ; (e) Shear stress ; (f) Mises stress
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8.6.3Test 3Crack extension of test 2

In order to investigate the procedscrack extension, the model of test 1 is analyzed con MT& crit

rion. The crack increment is assumed one element length and the extensional steps are assumed 10
In Fig 8.15 the crack trajectory and enriched nodes are shown. It is clearly seen tbiacthex-

tends straight along ahead due to only Mode | appears8Hi§(b)and Fig 8.16 show the @-

formed geometryjn and€ level set functions, stress distributions of the plate.

Finite Element Mesh Deformed Geometry

(a) (b)

Fig. 8.15 (a) Finite element mesh and enriched nodes; (b) Deformed geometry near crack tip

(@) (b) (©)
Fig. 8.16 (a) Deformed geometry; (b) Level set function(c) Level set functio
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