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Introduction

In the theory of fully nonlinear elliptic equations a crucial role is played
by the Krylov-Safonov’s Harnack inequality for nonnegative solutions to the
linear equations in non-divergence form and rough coefficients. The key point
of this celebrated result is that the Harnack’s constant is independent of the
regularity of the operator coefficients, but it depends just on the bounds for
the eigenvalues of the coefficient matrix. After the proof of this profound
result in [24], the analysis developed by Caffarelli in [7] about fully nonlinear
operators pointed out a deep relation between the Krylov-Safonov-Harnack
inequality and the Alexandrov-Bakelman-Pucci maximum principle: nowa-
days the importance of this maximum principle for proving the result in [24]
is well-recognized (see e.g [17], Section 9.7-9.8).

On the other hand, in several research areas such as Complex or CR Ge-
ometry, there are fully nonlinear equations which are characterized by an
underlying sub-Riemannian structure and are not elliptic at any point, see
e.g. [29],[33],[30],[31],[9],[11],[28]. The existence theory for viscosity solutions
to such equations is well settled, mainly thanks to the papers [33],[30],[11].
On the contrary, the problem of the solutions regularity is still widely open.
This is mainly due to the lack of pointwise estimates for solutions to lin-
ear sub-elliptic equations with rough coefficients. In this context, a long-
standing open problem is an invariant Harnack inequality of Krylov-Safonov
type for positive solutions to horizontally elliptic equations on Lie groups, in
non-divergence form, and rough coefficients. Similarly, an analogous of the

Alexandrov-Bakelman-Pucci estimate in these settings is still unknown.
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However, Di Fazio, Gutiérrez, and Lanconelli in [I5] developed an axiomatic
procedure to establish a scale-invariant Harnack inequality in very general
settings like doubling Holder quasi-metric spaces. This approach allows to
handle both divergence and non-divergence linear equations. They proved
that the double-ball property and the e-critical density are sufficient condi-
tions for the Harnack inequality to hold. What are these notions? These
properties arose just from the techniques in [7] for uniformly elliptic fully
non-linear equations. They were then extended to the linearized Monge-
Ampere equation in [§], where Caffarelli and Gutiérrez proved an invariant
Harnack inequality on some suitable sets. In [I§] (Chapter 2) these notions
have been treated in depth for the classical case of linear uniformly elliptic
equations, and the Krylov-Safonov’s result have been there proved using this
alternative approach. In [I5] the double ball and the critical density found
an abstract statement and the techniques for proving an Harnack result have
been generalized for the purpose of being used in general settings. A key role
is played in particular by a Besicovitch-type covering lemma which yields
a crucial power decay property. In [19] this general approach has been ex-
ploited in the setting of the Heisenberg group H: Gutiérrez and Tournier
proved, for second order linear operators which are elliptic with respect to
the vector fields generating H, the double ball property and, under an extra-
assumption on the coefficients of the operator, the critical density. Recently
we have investigated the double ball property in step two Carnot groups and
the critical density in H-type groups (respectively in [34] and [35]). In the
present thesis we want to show the results of these studies, develop them fur-
ther and give also a general presentation of the problem by trying to make

this manuscript as much self-contained as we can.

At the beginning of any chapter there is a very short introduction about
the topics analyzed therein. Here we want to give the general outline of the
thesis and to exhibit the main results.

In Chapter [l we present the powerful approach adopted in [I5]. The double

ball property and the critical density are displayed as the main notions. We
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will try to give a special attention to their close relationship and to their dif-
ferences even by discussing and changing the definitions. Moreover we treat
the power decay property and how it implies an abstract Harnack inequality.
We show also two possible proofs for the Holder regularity result in this con-
text: one resulting from Harnack and one from a critical density estimate.
In Chapter 2] we talk about the uniformly elliptic operators and the appli-
cation to this case of the axiomatic approach, that is the Krylov-Safonov’s
result. To this aim we mainly follow [18], most of all for the presentation of
the critical density theorem. Regarding the double ball property, we show
a new proof of this fact based on the weak maximum principle and on the
barrier functions of the classical Hopf’s Lemma.

In Chapter Bl we investigate the application of the axiomatic approach to
the particular context of the homogeneous Carnot groups and for general
stratified groups. The horizontally elliptic operators are central for this dis-
cussion: they are peculiar second order degenerate elliptic operators which
are elliptic only with respect to the vector fields generating the first layer of
the Lie algebra. We will see how much the validity of the double ball and of
the critical density are intrinsic in these settings.

In Chapter dl we highlight as the double ball property is related to the solv-
ability of a kind of exterior Dirichlet problem for horizontally elliptic oper-
ators in homogeneous Carnot groups. More precisely, it is a consequence of
the existence of some suitable interior barrier functions of Bouligand-type.
By following these ideas, we prove the double ball property for a generic
step two Carnot group, which is in fact our main result in [34]. If the step of
nilpotence is 2 we have indeed an explicit characterization of the vector fields
defining the operator which allows us to construct explicit barriers. We also
give a different proof for the particular case of the Métivier groups.

Finally, in Chapter Bl we generalize to the setting of H-type groups some ar-
guments regarding the critical density adopted in [19]. We recognize that the
critical density holds true in these peculiar contexts by assuming a Cordes-

Landis estimate for the coefficient matrix A. As a matter of fact we assume
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that A satisfies the following condition

(Tr(A(:U)) + (Q + 2 — m) maxXje||=1 <A(x)§7 €>
minje|=1 (A(x)§, )

where m and () are some characteristic constants of the setting. We follow

sup
x

)<Q+&

the main points of the powerful arguments by Gutiérrez and Tournier in
the Heisenberg group, even if the condition on A they found is different. A
condition similar to ours was exploited by Landis in [26] in order to prove
an invariant Harnack inequality of Cordes type. We will use it for the same
purposes at the end of the thesis by showing our main result in [35], that is an
invariant Harnack in H-type groups (of Cordes-Landis type). The constants
appearing in such inequality will be uniform in the class of A with prescribed
bounds for the eigenvalues and satisfying a Cordes-Landis condition. They
will be thus independent of the regularity of the coefficients of the matrices A
in that class. This final proof will put together most of the notions discussed
through the thesis.
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Chapter 1
An axiomatic approach

We want to show here the axiomatic approach presented by Di Fazio,
Gutiérrez, and Lanconelli in [I5]. As they did, we are going to present it in
the abstract setting of doubling quasi-metric Holder spaces. We will highlight
the notions of double ball, critical density, and power decay and their crucial

role for obtaining an Harnack inequality.

1.1 The main notions
In order to clarify the setting we want to fix, we need some definitions.

Definition 1.1.1. LetY be a non empty set. We say that'Y s a quasi-metric
space if there ezists a function d :' Y xY — [0,+00) which is symmetric,
strictly positive away from {(xz,y) € Y XY : x =y} and such that, for some

constant K > 1, we have
d(z,y) < K(d(z, 2) +d(z,y))

for all x,y,z € Y. We will call d a quasi-distance. The d-ball with center
o € Y and radius R > 0 is given by

Br(zg) :=={y €Y : d(zo,y) < R}.
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Definition 1.1.2. Let (Y,d) be a quasi-metric space and p be a positive
measure on a o-algebra of subsets of Y containing the d-balls. We say that p

satisfies the doubling property if there exists a positive constant Cy such that

0 < p(Bar(20)) < Cap(Br(xo))
forall zg € Y and R > 0. In particular, this implies

Ry

Q
W(Bry (o)) < Ci (E) (B, (20)) (L1)

for any 0 < Ry < Ry, where Q :=logs(Cy).

The previous definitions clarify what we mean for a doubling quasi-metric
space. Any doubling quasi-metric space is in particular of homogeneous type

(see [15], Definition 2.1, and the references therein).

Definition 1.1.3. Let (Y, d) be a quasi-metric space. The quasi distance d is
said to be Holder continuous if there exist positive constants § and 0 < a < 1
such that

ld(x,y) — d(z, 2)| < Bd(y, 2)* (d(z,y) + d(z, z))'
forall x,y,z €Y.

A space satisfying all the three previous definitions is said to be a doubling
quasi-metric Holder space. Of course, R" with the Euclidean distance and
the Lebesgue measure is the first example to be recalled. Another remarkable
example is given by the homogeneous Lie groups. This case will be discussed
in Chapter [3 and it is pivotal for the main results of the thesis. Even the
Carnot-Carathéodory spaces identify a setting where the approach might be
applied: we will mention how at the end of the next Section.

Thus we fix a doubling quasi-metric Holder space (Y,d, ). In such a
space, let 2 be an open subset of Y. Let us give two more definitions in

order to complete all the structural assumptions we need.
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Definition 1.1.4. We say that (Y, d, 1) has the reverse doubling condition
in S if there exists 0 < § < 1 such that

1(Br(zo)) < dp(B2r(wo))
for every Bagr(zo) C £2.

Definition 1.1.5. We say that (Y, d, ) satisfies a log-ring condition if there
exists a nonnegative function w(e), with w(e) = o((log(%))™2) as ¢ — 0T,
such that

p (Br(zo) N Bu—oyr(20)) < w(e)u(Br(xo))

for every ball Br(xo) and all € sufficiently small.

Following the notations in [I5], we denote by Kgq a family of y-measurable
functions with domain contained in 2. If u € Kq and its domain contains a

set A C Q, we will write u € Kq(A). We suppose that
(I) Kq is closed under multiplications by positive constants.

We are ready to give the statements of the double-ball property and the

e-critical density.

Definition 1.1.6. (Abstract Double Ball Property) We say that Kq
satisfies the double ball property if there exist np > 2 and v > 0 such that,
for every B, r(xo) C Q and every u € Ko(B,,r(x0)) with infg,yu > 1,
we have

inf w>n.
Bar(z0) =7

Definition 1.1.7. (Abstract c-Critical Density) Let 0 < ¢ < 1. We
say that KCq satisfies the e-critical density property if there exist no > 2 and
¢ > 0 such that, for every B, gr(zo) C Q and for every u € Kqo(B,.r(zo))
with

p({z € Bar(wo) = u(x) =2 1}) = ep(Bar(wo)),

we have

inf u>ec.
Br(zo)
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Actually, with respect to [I5] we have changed a little bit these definitions.
There the constants np and 7n¢ are fixed to be 4, whereas here we allow them
to change. Nonetheless, as we will see, this fact does not infer the results

they proved and the very meaning of these notions.

Remark 1.1.8. We stress that the e-critical density property implies the &’-
critical density for any ¢’ > ¢ (with the same constants nc and ¢). Moreover,
if KCq satisfies the double ball property for some 7p and 7 (respectively, the
e-critical density property for some ¢ and ¢), then it satisfies the double ball
property also for any 7p > np and the same 7 (resp., the e-critical density
for any ¢ > ne and the same ¢): in our notations we have in fact that
Ka(A) CKq(A)if AC A C Q.

The two properties under investigation refer to an abstract family of func-
tions KCq. We will see in Chapter 2land in Chapter [Blthat we should interpret
Kq as the family of the nonnegative functions u satisfying Lu < 0 for an el-
liptic or sub-elliptic operator £ (see respectively ([2.2) and (B.4)). In the
following sections we are going to show how the critical density and the
double ball property imply an abstract invariant Harnack inequality for the
non-negative solutions: this is in fact the main result in [I5]. From such Har-
nack inequality, an Holder regularity theorem follows by standard arguments.
On the other hand, it is also known that the e-critical density property with
e < 5 is sufficient to get the Holder regularity result (see [20], Theorem 4.10).

We now give a complete proof of this fact in our notations and settings.

Theorem 1.1.9. Let us suppose Kq satisfies the e-critical density with e < %

(and for some nc,c). Assume also that the following conditions hold true:
- u € Ko(Bgr(x)) and u < M in Br(xg) = M —u € Kq(Bgr(xg));
- u € Kqo(Bgr(zo)) and uw > m in Br(zg) = u—m € Kq(Bgr(zo)).

There ezists v € (0,1) depending just on ¢ such that, for any locally bounded

function w € Kq(B,,r(%0)), we have

Br(x0) Br(zo) Bag(zo) Bap(20)

sup u — inf u§V< sup u — inf u)
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Proof. Fix a locally bounded function v € Kq(B,.r(z0)). Let us denote
W(R) 1= supp,, () ¥ — infpy(z) u. By the local boundedness we can also put

s = sup u, and (o= inf w.
Bar(z0) Bar(20)

By the assumption () and the additional hypotheses in the statement, we

have
u — Pa oy — U
and
Qg — 52 Qg — 52

It is simple to verify the following equivalences

€ Ka(Byor(20))-

1 u — ﬂg 1

> — & > —

1 g — U 1

<z > —.

u_2(a2+ﬁ2)<:> Py~ 2

Thus, it holds true at least one of the following two cases:
2(u(z) — 1
i ({x € Bar(xo) : 2ulx) = B) > 1}) > —u(Bagr(zo)) or

g — [ 2

2(ag — u(x 1

[ ({a: € Byr(xo) : 2az = ulw)) > 1}) > —u(Bag(xo)).
g — (o 2

In both cases, we can exploit the critical density property by reminding
Remark [LT.8 We get respectively

c c
inf uw>0By+ =(ag—pFa) or sup u< as— =(az— fa).
Br(xo) 2 Br(wo) 2

Let us set now

ap = sup v and [y = inf w.
BR(wo) BR(xO)

Since a; < ap and B > 9, we have in any case that
c
w(R) = = B < (1= 5) (02 = B) = vz = B) = vw(2R).
O

With very standard arguments (see [17], Section 8.9, for the elliptic case)

we can deduce the Holder regularity result from the last theorem.
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Corollary 1.1.10. Under the hypotheses and the notations of the previous
theorem, there exist C kg > 0 and oy € (0,1] such that, for any locally

bounded function u € ’CQ(B”ITCR(I'O)), we have

d(f; y))‘”’

ule) - uly)] < C (

sup |u| Va,y € Br(x).
Br(wo) o

The constants C, kg and aq depend just on ne, ¢ and the fact that € < %

Proof. Fix kg = K(1+2K) and put r = %. Thus we have B, (y) C Bgr(zo)

for any y € BTR (x¢). Take u as in the statement. For any fixed y € Bkﬁ (o),
°0 0

let us denote by w(p) the oscillation of u in the ball B,(y) as before. The

previous Theorem tells us that w(3p) < vw(p) if 0 < p < r. Hence, for any

positive integer m, we get w(557) < v™w(r). For any 0 < p < r there exists

a positive integer m such that 2%,17’ <p< 2,,1%17“. Since the function w is

non-decreasing, we have

1 ym

w(9) <0 (gamr) <Vl = Str) < 5 (£) Lt

log v

14 r

where the last inequality is justified by the fact that

log v 1

me(@F o L
T 2m

Rl RS

log %
log 2

of r and the fact that w(r) < 2supg, () |ul, we get

w(p) < C(£)" sup Jul

Br(zo)

Fix ap = (which is less than 1, since ¢ < 1). By recalling the definition

for a suitable positive constant C' depending on K,r. For any z € B B (o)
0

2KR

we have d(z,y) < =% = r. If we put p = d(x,y), the last inequality implies

u(z) —uly) Sw(p) < C (@)ao

sup |ul.
Br(zo)

By the symmetry in x and y, the proof is complete. 0

Critical density and double ball property are in general independent but,
as already noticed in [I5] (Proposition 4.3), if the e-critical density holds true
for e sufficiently small, then this implies the double ball property.
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Proposition 1.1.11. Suppose Kq satisfies the e-critical density property for
some ) < e < 0%3' Then Kq satisfies the double ball property.

Proof. We are going to prove the double ball property with np = 21 and
v =c. Let By, r(20) C Q2 and u € Ko(Bay,r(2o)) such that infg ) u > 1.

Suppose by contradiction that infg, 4, v < c. Then we get

p({x € Bar(wo) : u(r) > 1}) < ep(Bar(wo)).

Since Bgr(zg) C {x € Byg(zo) : u(xz) > 1}, by the doubling condition we
would have
p(Br(0)) < ep(Bar(0)) < eCap(Br(z0)),

which is a contradiction if £ < % O
d

This is not the only relation between critical density and double ball
property. In Section [I.4] we will single out other aspects of this relationship.
Here and in the next Section we want to show how they can work together
(see [15], Proposition 4.4 and Lemma 4.5).

Note 1.1.12. In the fixed setting (Y, d, p), if the family of functions Kgq
satisfies some properties, we will call structural a constant depending just on
the setting and the constants appearing in the definition of such a property.
For example, if KCq satisfies Definition [.T.6] and Definition [LT.7, the constant
may depend on ¢, n¢, ¢, np, v, the constant K of the triangle-inequality, and

the doubling constants Cy and §. Analogously for future properties.

Proposition 1.1.13. Assume that Kq satisfies the double ball property and
the e-critical density property for some 0 < e < 1. Fizn = %max {ne,mp}-
Then, for any o > 0 and any u € Kq(Byr(xo)) with

p({z € Br(wo) : u(r) > a}) > ep(Br(xo)),

we have

inf u > acy.
Bgr(wo) K
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Proof. It is straightforward by applying first the critical density to the func-

tion = and then the double ball property to the function -=. This can be
done thanks to () and the definition of 7. U

Lemma 1.1.14. Let Kq satisfy the double ball property and the e-critical
density for some 0 < e < 1. There exist structural positive constants o, M,
6 satisfying the following condition. If u € Kqo(Bgr(xo)) with inf g,y v < 1
and o >0, p < 2K R, y € Bg(xg) are such that

p{z € By(y) : u(x) > a}) > eu(B,y(y)),
then p < (21)7R.

Proof. In order to make the arguments easier, we can assume that no =
np =: 1 by Remark [[LT.§] We are going to prove this lemma with
log 2 1
_ i, M= —( K)i.
logy~! Y

Fix u, a, p, and y as in the statement. By the last Proposition we get

0=K(1+2Kn), o

inf u> ac
Bp(y) B 7

since Bu,(y) C Bor(zo). Since also By,(y) C Byr(o), by the double ball
property we have

inf u > acy?.
B2p(y) B 7

We could iterate this argument if Boy-1,,(y) C Bgr(xo): in this case we would
have

inf u > acy?™.

BQPP(y)

Let us now choose an integer number p > 1 such that 2P~ < % < 2P,

With this choice the following inclusions hold true

Br(0) C Barp(y),  Bar-14p(y) C Bor(o).
Thus, we have just proved that

1> inf w> inf u>acy?™.

Br(zo) Bap,(y)
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Since 2 =77, we get

p <AKR2™P =4KRy?? < AR R =R (%) .

1.2 Power decay

In the previous section we have presented the critical density and the
double ball property as the main notions of this thesis. Their importance is
due to the fact that they can imply a power decay property for the functions
in Cq. This last property is crucial to get an Harnack inequality result. Let

us start with the definition.

Definition 1.2.1. The family Kq satisfies the power decay property if there
exist constants 1y, My > 1, and 0 < vy < 1 such that, for any u €
Ko (Bnor(®0)) with infp, ) u < 1, we have

L ({x € Bg(xo) s u(r) > Mé“}) <Ak (Bg(:vo)> fork=1,2,....

To prove such a property, Di Fazio, Gutiérrez, and Lanconelli established
a result of Besicovitch type for the metric balls in (Y, d, 1) (see [15], Lemma
3.1). From this result, by exploiting the log-ring condition of Definition [LT.5]
they proved the following theorem.

Theorem 1.2.2. Assume that (Y, d, 1) satisfies the log-ring condition. Sup-
pose also that p(Br,(&0)) < du(Bagr,(&)). If E C Bg,(&o) is a p-measurable
set with u(E) > 0, then there exists a constant c(§) € (0,1) (depending just
on ) and a family of balls { B; := B,,(7;)}32, with r; < 3K Ry satisfying

p(Br(;)NE)

W(Bo () 108

(1) for any j the points x; are density points for E, i.e.

r—0";
(i) E C U2, B; p-almost everywhere;

(iii) %zéforjzl,l...;
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(iv) p(E) < c(8)n (U3, B;).
We say that the family {B; := B,,(7;)}32, is a covering of E at the level §.

We refer the reader to [15] (Theorem 3.3) for the proof. Here, we are
mainly interested in the properties of the functions. That is why we want
to show the statement and the complete proof of the power decay for Kq
starting from the double ball and the critical density (Theorem 4.7 in [I5],

set of assumptions (A)).

Theorem 1.2.3. Let us assume that the log-ring condition and the reverse
doubling condition in Q hold true in (Y,d, ). Suppose that Kq satisfies the
double ball property and the e-critical density for some 0 < ¢ < 1. Then,
the family Kq satisfies the power decay property for some suitable structural

constants.

Proof. By Remark [[LT.8 we can assume that ¢ > §, where 0 is the constant
in the reverse doubling condition. We are also going to keep the notations
of # and M used in Proposition and Lemma [LT.T4l Let ny and M,
be positive numbers we will determine later. Fix u € Kqo(B,,r(zo)) with

infp,(z0) v < 1 and denote n = max {nc,np}. Let us put
Ey ={z € Byyr(wo) : u(z) > MJ}, fork=1,2,....

We claim that we can build up a family of balls By, := By, (x) for a suitable
sequence R =:ty >ty >ty > ... > %R such that

1(Byy1 N Eiyo) < c(e)u(Br N Egyq), for k=0,1,.... (1.2)

The constant ¢(¢) € (0,1) is the one appearing in Theorem [[L221 Once we
have proved it, we are done. As a matter of fact, we would have p({z €
Bg(mo) cu(z) > MF?}) < u(Biyi N Egys) for any k and thus we get

p({o € Bylao) : ule) > ML) < () u(Baleo))

< () Can (By(0))
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by the doubling property. Let us now choose a positive integer kg such that
c(e)"Cy < 1 and set v = c(e). If My = MlkOH, we deduce

[ <{x e Bg(@'o) u(z) > Mé“}) < u ({x € Bg(af;o) su(x) > Mlk+k0+1})

< You (Bg (fvo)> :

That is why it is enough to prove (L2) for any k£ =0, 1,.. ..
Case k = 0. Let us apply Theorem [[L2.2] to the set B; N Es at the level e: we
will fix ¢, later. The theorem gives us the existence of the covering {5, (z;)},

where the z,’s are density points for By N £y and

1% (Brj (Ij) N Bl N EQ) % (Brj (lL']) N Eg)

12 (BTj (ZL'3>) n 1% (BTj (‘rj>)
Moreover we have r; < 3Kt; < 3K R for any j. We want to choose ¢; such
that

€= (1.3)

Brj(xj)CBoﬂEl VJ:1,2,

Thus the condition (iv) of Theorem would imply (L2) for k = 0. We
first prove that B, (z;) C Ej for any j. If g > K(1+2Kn), then B, (z;) C
Byor(x0) since x; € By. Hence u € Kao(Bu,,;(z;)) and the equation (L3) says
that

p{x € By, (2))  u(x) = M{}) = ep(B,, ().

By Proposition [LTT3 we get u > MPcy in By (x;). If we pick My >
we thus have B, (r;) C E;. For the second inclusion, we want to show that
r; < 2KR for any j. By contradiction, suppose this is not true for some

fixed j. Then Bygr(x;) C B,,(z;). Since z; € By and t; < R, we get

inf w> inf w> inf u2M1207>M1>1
Br(zo) Bakr(x;) By, (z;5)
which is a contradiction. We are now ready to prove that B, (r;) C By for all
j by exploiting Lemma[[L.TI4. In our notations y = x;, p = r;, and o = M?,

If o > 6 we obtain r; < <%>U R. For £ € B, (x;), the Holder property of
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Definition [LT.3] yields

d(f,l‘o) < d('rjvx())"i_ﬁ(d(xjﬂf)) ((ac],xg d@‘ﬁ?é

< t1+5(%)mRa <t1+< )
1

Let us write t; = T1 R. By denoting 3, = SM?%,we get

s (e (ne (15)) )

Choose Ty = 2. If M} > 45 M, the last inequality implies

3 1
(57 -:EO) ( + Bl Mlgo—a) R
If M is big enough such that fy13= < 3, we have B, (x;) C Bg(zo) and

1
the case k = 0 is done.

Case k = 1. We argue similarly. For some ¢y, we apply Theorem to the
set By N E3 at the level e. Thus we have a covering {B,,(x;)} for suitable
r; < 3Kty < 3KR such that the inequality corresponding to (L3) holds
true. In order to conclude, we want as before a t, = ThoR < 17 = %R SO
that B, (v;) C By N E, for any j. The inclusion B, (x;) C E is implied
by Proposition for the same choice of ny of the case k = 0: we have
indeed that

inf w > My > M2
By (x;)

The arguments of the previous case yield also that 7; < 2K R (since 7; € By).
Hence we can apply Lemma [LT.14] and obtain

M\’ .
rj < (W) R for any j.
If £ € B,,(x;), from the Hélder property of d we get

(d(z;, xo):r d(gl;]_.,f))l—a
or
) )

d(§,x0) < d(zj,20) + B (d(w;, )
s (2 e (s

1
_l’_

1
— (n+s—— (T
(2+51M13M< 2

«
2



1.2 Power decay

We note that 15 + (%) < T+ <%> < 1 with the choice M? > 47 M.
1 1

This implies
1
d(&, zg) < (T2 + 51@) R.

The choice Ty =T — 51@ gives us the desired inclusion and concludes the
case k = 1.

For the sake of clearness, let us try to sum up the proof for the general k.
We can fix gy =60 > K(1+ %Kn). We are going to fix also a positive number
M, > max{é,ﬁ\/ﬁ}. Let us denote ¢ = 3755. We choose the sequence
ty = TR, for k=0,1,..., with

k—2
3
Th = R, Tl:Z’ Ty =T —pq’, ..., Tk:T1—51q3§ql-

We fix M, big enough such that
+oo 1 '
A’ lz:; ¢ < 7 in particular we have T}, > 3 vk

No more choices are needed. Theorem [L2.2] provides us a covering { B, (z;)}
for the set By N Ejyo at the level . The property

1t (Br, () N Byga N Ejyo) <M (B, (z;) N Egio)
% (BT’j (l'])) B % (BTj ({L‘]))
allows us to say that u > M{"cy > M in B, (z;). Hence B, (z;) C Eji1.

Moreover, arguing as before, we get r; < (% R. Thus, for £ € B,,(7;),

E =

we have
M oo . M g l-a
e < s (120) 0 (e (20) )

We note that Ty.1 + (#) <T)+ (%) < 1. Therefore we deduce
1 1

d(&,20) < (Thpr + $1d"™?) R =Ty R



14

1. An axiomatic approach

and B, (z;) C By. The last condition in Theorem yields

$(Bri1 N Eipa) < e(e)p (U2 By (7)) < c(e)p( By N Eyr)

and the equation (L2) is finally proved. We have already showed how to
conclude with the right choice of M. O

In [15] it has been recognized another set of assumptions under which
the power decay property holds true. The general setting is always the one
of doubling Holder quasi-metric spaces and the reverse doubling condition
is still assumed. The assumption which has been dropped is the log-ring
condition (Definition [[L.T.5]). We will see in Section B.1] that this condition is
easily satisfied in homogeneous Lie groups, which is the setting we will fix
from ChapterBlup to the end. Nonetheless, it might be difficult to verify this
condition without knowing explicitly the measure of the balls. The weaker
condition they took in consideration in [15] is the continuity of the metric

balls, i.e. they assumed
r+— pu(Br(zg)) is continuous for any zq € Y. (1.4)

Any doubling metric space satisfying the segment property verifies this conti-
nuity condition ([15], Lemma 2.8). The Carnot-Carathéodory spaces related
to families of vector fields in RY (with the Carnot-Carathéodory distance,
or control distance) do satisfy the segment property. Thus, this new set of
structural assumptions is enough general for being applied to the whole class
of Carnot-Carathéodory spaces. Without further comments, we just report
the statement of this alternative approach to the power decay proved in [15]

(Theorem 4.7, set of assumptions (B)).

Theorem 1.2.4. Let (Y, d, 1) be a doubling Hélder quasi-metric space where
the reverse doubling condition hold true in an open set 0 C'Y . Suppose that
the condition (1.4) is satisfied. Then,

if KCq satisfies the e-critical density for some 0 < e < C%,
d

the family Kq satisfies also the power decay property for some suitable struc-

tural constants.
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1.3 An abstract Harnack inequality

We have mentioned everywhere throughout the thesis that the aim of this
approach is to get an Harnack inequality. For the sake of completeness, we
want to show the details of the last step in this direction: the power decay
property implies an abstract Harnack inequality result. We verbatim proceed
as in [I5] (Theorem 5.1 and Theorem 5.2).

Theorem 1.3.1. Let (Y,d, ) be a doubling quasi-metric Hélder space and
let Q CY be an open set. Suppose that Kq satisfies the power decay property.

Let us assume in addition that
if u € Ka(Bgr(xo)) and u < M in Bgr(xg), then M —u € Kq(Br(x)).

Then, there exist positive constants n,C independent of u, R, and xy such

that, if u € Ko(Byr(xo)) is nonnegative and locally bounded, we have

sup v < C inf wu.
BR(:E()) BR(xO)

We start with the proof of the following lemma.
Lemma 1.3.2. We assume the same hypotheses of Theorem [I.31. Let
Mo, Mo, Yo be the constants of the power decay and let Q) be the constant ap-
pearing in (L1). Let u € Kq(Ban,r(20)) be such that infp, () u < 1. Then,

there exists a structural constant ¢ such that,
if 1o € Br(2) and k > 2 are such that u(ze) > M”

&
and B,(x¢) C Bgr(z) with p = cy5* R,

then

1
sup u > (1 + ﬁ) u(zo).

Bp(wO) 0

Proof. Fix u, z¢, k, and p as in the statement. By the power decay property

we have

(A1) == p ({z € Br(z) : u(z) > My™'}) <75~ u(Br(=0)).
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Let us argue by contradiction. In particular, by the assumptions on Kq, we
suppose that the function
My

u(xo)

w(z) =My+1— u(z)

belongs to Kqo(B,(z9)). By definition we have also w(xy) = 1 and then

infp , () w < 1. We thus can apply again the power decay and obtain
70

p(Ao) = i ({r € By (wo) - w(x) 2 Mo} ) < vom (Bg (w0)).

In our notations we have B » (z9) C A1 U As. As a matter of fact, since
10

B%(xo) C B,(x9) C Br(2), if x € B%(xo) \Aj then u(z) < MF™ and so
My

w(z) > Mo+ 1— 0

> M, which means x € A,. Therefore we get
# (Bog (w0)) < (A1) + p(A2) < A~ w(Br(z0)) + 201 (B e (w0) )

Since Br(z0) C Bakr(xo), the doubling property (L] gives us

B < nBaraton) < € (S (8 ).

Hence we have

Since M(Bﬁ(ato)) > (, this implies

4Kn0R>Q e (4Kn0)Q
o c .

1—7 <~57'Cy (
By choosing ¢ big enough we have a contradiction. 0

Proof of Theorem [.3.1]. Fix n = K(1+ 2K7n,). We want to prove that,
for any fixed u as in the statement with in addition infg, 4, v < 1, we have
SUPp,(se) U < C. To this aim, we will prove that, for any ball Bg(z) with

z € Br(xg), we have

u(z) < C (R_%M)) " vae Br(z)
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for a structural constant v, where « is the exponent in the Holder property of
d. Once we have proved this, by taking x = 2z we get the desired inequality.
Q 1

Fix v > 0 such that 'yoé = i where here and in what follows we keep the

notations of the power decay property. Let us denote

fem) = (=)
and define
D := sup u(x)f(z,R).

z€BR(2)
Since for D = 0 there is nothing to prove, let us assume D > 0 and let
0 < D* < D. We want to bound from above D* by a structural constant C'.
Take z* € Bg(z) such that D* < u(z*)f(z*, R) and let k be an integer such
that
ME <wu(x*) < MEFH

Let k be a structural constant we will fix later on. If & < k, then
D* < MF f(z*, R) < MF!
and we are done. Thus, suppose that k > k. We have

f(z*, R) >

MFT T M, 0 T My \eKR

k.
with p = ¢y’ KR and ¢ as in Lemma[[.3.2l We now assume by contradiction

that, for any possible structural constant (., we would have always
LA 3
M()CVKV
By the definition of f we would get
R—d(z* z) > B.R'"p* thatis d(z* 2) < R— B.R'"“p" (1.5)
For any y € B,(x*), the Holder property of d implies that

d(y,2) < d(z,2%) + B(d(z",y))*(d(z", y) +d(z,27))' 7"
< R—B.R"p" + Bp*(p+ R)'"™.
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Let us fix & (bigger than 2) such that, for any k > k,

1-a £\ 7@ E\ 1T
(14_%) = (1+0K70Q) < (1+CK70Q> < 2. (1.6)

With this choice, if in addition g, > 23, we get
d(y,z) < R— B.R"™p* +2B8p°R"* < R

which means B,(z*) C Bg(z). Since z € Bgr(xo) , we know also Bygr(z) D
Bpr(zo) and infp,, -y u < 1. We recall that u(z*) > M} and we note that
u € Ko(Bak iy (2)). Therefore we are in the position to apply Lemma 3.2
This gives

>(*)<1+1>> = <1+1>
sup u > u(x — S — .
B, (z*) MO f(l‘*vR) MO
On the other hand, since B,(z*) C Bg(z), we have

sup u < D sup L = D sup M
B, (z*) N yEBy(x*) f(ya R) f(x*v R) yEBy(x*) f(y7 R) '

Using again the Holder property, we deduce

(f@:*,R))‘J _ R—d(za) _ R — d(z.a*)
fy, R) R—d(y,z) = R~ (d(z.2*) + Bp>(d(z,2*) + p)'=*)
1 1
< 1 _ Berldza*)+p)t = < 1- 28
ﬁ*POLRlia 6*

where we have exploited the relations (LH) and (L6)). By putting together

the two bounds for supg (,-) u we obtain

QIx

1 D . o
I+ —< b :
MO D+ ﬁ* - 26
Letting D* — D, this leads to a contradiction since, for 5, big enough (in
particular bigger than 2/3), it is not possible that

1 B, \a
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v
. . l )* - .
Hence, for a suitable choice of %y WE have Ve o < Pl For what we said
) ’ Mocv K

at the beginning of the proof, this completes the argument. Il

The Holder regularity result readily follows.
Corollary 1.3.3. In addition to the hypotheses of Theorem [1.3.1] we add
if u € Kq(Bgr(xo)) and u > m in Br(xg), then u —m € Kq(Bg(o))-

Then there exist n > 2, C ko > 0 and og € (0,1] such that, for any locally

bounded function u € Kqo(Byr(xo)), we have

ju(z) — u(y) so(@) Cswp ful Vg€ Bae)

Br(zo)

Proof. We could say that the Harnack inequality implies the e-critical den-
sity for any ¢ (see Remark below) and then conclude via Theorem
and Corollary [LI.T0. Since the implication “Harnack = Holder” is classical
in the literature, we want to use the standard arguments (as in [15], Theorem
5.3). Let 1, C be the constants in Theorem [[31] Fix ky = K(1 4 2K) and
put r = %. Thus we have B,(y) C Bg(xg) for any y € B%(xo). Take
a locally bounded function u € Kq(B,r(zo)), with o as in the statement.
For any fixed y € B & (x0), let us denote by

M(p) := sup u, m(p) = inf u, w(p):=M(p)—m(p)
B, (y) By(y)

for 0 < p < r. We can apply the Harnack inequality to the nonnegative
functions M(p) —u and u — m(p). This gives respectively

Mip)=m (50) < sup (M1(p) = 0) < C fnf (M(p) — ) < MG (30).

By (y) By (y) 2

M (30) = m(o) < sup (w0 =) < C ot u = m(p) < m (5p) = miy),

B, (y) By (y)

By summing up these inequalities we get

w(p) +w (%p> <C <W(p) —w (%p)) :
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which means

o) < Gaulo)
“\2f) = oV

Therefore we have obtained the result of Theorem [LT.9] by using the Harnack
inequality. The standard arguments in the proof of Corollary [LT.I0 allows

us to conclude the proof. 0

Note 1.3.4. We have already said that, if we want ICq to satisfy the critical
density and the double ball property (and then the power decay), we should
interpret it as the family of the nonnegative functions u satisfying Lu < 0
for some specific operators. The additional hypotheses we have just seen

regarding
- u € Kq(Bgr(zg)) and u < M in Br(xg) = M —u € Kq(Bgr(xg))
- u € Kq(Bgr(zo)) and u > m in Br(zg) = u—m € Kq(Bgr(xg)),

have to be interpreted as the request for g to be the family of the non-
negative solutions to the equation Lu = 0. As a matter of fact the classical
Harnack inequality and the Holder regularity result hold true for that family.
See also Theorem and Corollary [LT.T0l In Chapter 2] all these notions

and notations will be clearer.

Remark 1.3.5. Theorems and [[.37] tell us that the critical density
and the double ball property (with additional structural hypotheses) imply
Harnack inequality. We want to finish this Section by showing a kind of
reverse. To this aim, let us assume the Harnack inequality for Kq as in the
statement of Theorem [[3l If u € Kqo(Ba,r(zo)) is a nonnegative locally
bounded function with infpg, ) u > 1, then we have

1
inf u>— sup u> —
BQR(:DO) o BQR(I;)()) o C

and the double ball property is satisfied. On the other hand, for a nonnegative

locally bounded function u € Kq(Bayr(wo)) with infp, ) u < &, we have

sup v < C inf u< inf u<l1
BQR(I()) B2R(x0) BR(ZO)
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and thus we get

p({x € Bar(zo) : u(z) < 1}) = p(Bar(wo)) > ep(Bar(wo))

for any 0 < ¢ < 1. Therefore also the e-critical density is satisfied for any ¢.

1.4 Inbetween definitions

We have already mentioned that we changed a little bit Definition
[L1.7 with respect to [I5]. We have introduced the constants np and n¢,
instead of fixing them to 4. Here we want to consider other little variations.
We are going to allow the constant 2 to change: is the double radius ”special”

in some sense?

Definition 1.4.1. (”More” Abstract Double Ball Property) We could
say that Kq satisfies the double ball property if there exist n, > np, > 1 and
v > 0 such that, for every By p(wo) C 2 and every u € Ko(Byy r(wo)) with
infp, (w0 v > 1, we have
inf w>n.
Bn/DR(Q?())
Definition 1.4.2. (”More” Abstract c-Critical Density) Let 0 < € <
1. We could say that Kq satisfies the e-critical density property if there exist
ne > ne > 1 and ¢ > 0 such that, for every B,y r(zo) C Q and for every
u € Ka(Byy,r(z0)) with

p{z € By r(wo) : u(z) > 1}) > ep( By, r(20)),

we have

inf u>ec.
Br(zo)

Definition [L.I.6] and [L.I.7 seem to be less general than these ones. We are
going to show why and in which sense they are actually not. These modifica-

tions are not made just for speculative reasons. If we look at the proof of the

critical density and the double ball property in [18] (respectively Theorem
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2.1.1 and Theorem 2.1.2), we may see that the definitions are satisfied in this
latter and more abstract sense: we can also refer the reader to our Chapter
(Theorem 2.T.21 2. 1.3] and [Z1.4]). On the other hand, by investigating the
little gap, we take the opportunity to discuss more in details the definitions

we have given and their relationships.

Remark 1.4.3. If the double ball property with respect to Definition [[.41]
is satisfied with 7}, > 2, then it is trivial that the double ball property (w.r.t
Definition [[L.T.6]) holds true with np = n; and the same ~.

It is easy also the case of the e-critical density w.r.t Definition with
ne < 2. As a matter of fact, if this is satisfied, we put n¢ = 2n. (any number
greater than % will be fine). If u € Kqo(B,,r(%0)) is such that pu({z €
Bop(zo) : u(x) > 1}) > eu(Bag(zg)), then we get u > ¢ in B 2 R(xo) )
Br(xg). Thus, the e-critical density w.r.t Definition [L.T.7is satlsﬁed too.

Let us give a definitive answer to the problem of defining the double ball
property. We are going to exploit just that g is closed under multiplications

by positive constants (assumption ().

Proposition 1.4.4. Definition [1.7.1 "implies” Definition [L 6. Hence,

these definitions are equivalent.

Proof. Suppose the double ball property w.r.t Definition [[4.1] is satisfied

(with constants 17,,7,7). By the last Remark, we are left with the case

1 <np < 2. Let ng be the first positive integer such that ()" > 2. Put np

any real number greater than n(np,)™~!, for example let us fix np = 21},.

If u € Ko(By,r(z0)) with u > 1 in Bg(zo), then by hypothesis we get % > 1

in By r(zo). Moreover, by () we have ¥ € Kq(By,r(%o)). Thus, u > 7
"o

in By )23(:160) since NNy, < 2. We can apply this argument ny — 1 times

because we supposed np > 0% (7)™ 1. At the end we will get

u =" in By yno (o) 2 Bar(wo)-
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We can thus stop taking care of Definition [L4.It from now on, we refer to
Definition [[LT.60l when we talk about double ball property. The critical density
property is more delicate. The following proposition shows that Definition

[L.I.7and Definition[[.4.2 are equivalent if we assume the double ball property.

Proposition 1.4.5. Suppose Ko satisfies the double ball property. Then,
Definition [1].9 "implies” Definition [I.1.7 (with the same ¢).

Proof. Suppose the e-critical density w.r.t Definition is satisfied (with
constants ng, ng.c). By Remark [L43] we are left with the case np > 2.
We denote as usual by 7p,y the constants of the double ball property. Fix
ne = max{n/,np}. Let ng be the first positive integer such that 55 < %
If u € Ko(Byor(zo)) with u({z € Bagr(xo) : u(z) > 1}) > ep(Bar(zo)),
then by hypothesis we get = > 1 in B%R(xo) since ¢ > % Now we can
argue similarly to the proof of the last proposition. By using (1), we have
also % € Kq(B,.r(70)). By the double ball property, u > ¢y in B%R(xo)
since ng > 2:77—,013 We can apply this argument ny times because 7n¢ zyc;yp%.

At the end we will get

u=cy™ in By o (20) 2 Br(o).

n IC,

g

Roughly speaking, in Definition [[.4.2] we can always allow 7, to be larger;
but, if we want to make 7, smaller, we have to assume for example the double

ball property.

Remark 1.4.6. By applying the same arguments of Proposition [LT.11], we
can see how the e-critical density w.r.t Definition implies the double
ball property if € is small enough. To be precise, it has to be 0 < £ < W
(by exploiting (ILT])). Therefore, by the last Proposition, Definition and
[LT7 are equivalent if the first one is satisfied for small «.

On the other hand, allowing ¢ to be bigger, we can see the same fact in a

different way. Suppose the e-critical density w.r.t Definition [[.4.2] satisfied
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(with constants ns, g, ¢ and 1, > 2) for some € < @. Then, put ne = nf
and € = e(n;)?. Take u € Kq(B,.r(z)) with

n({z € Bap(xo) : u(z) = 1}) > €'u(Bar(2o)).

Since By r(79) D Bar(zo), by using (LI)) we get

5/

(n6:)?
Thus, u > ¢ in Br(z) and the &'-critical density w.r.t Definition [T is
satisfied.

p({x € Ban(:vo) cu(r) > 1}) >

(B r(20))-

Summing up, we have seen (beyond the problems of the definitions) how
the critical density and the double ball property are connected and once more
how they can work together. We would like to remark that the arguments we
used here are somehow similar to the ones in Proposition [[LI.13 and Lemma

[LT14] and they will reappear in the next chapters.



Chapter 2
The elliptic case

Despite the shortness, this chapter is the core of all the investigations
pursued through the whole thesis. The notions studied and the arguments
developed in Chapter [ find here a true justification. Furthermore, this is
the starting point for most of the discussions in the following chapters. We
are going to give complete proofs for the double ball property and the critical
density for uniformly elliptic operators: this gives us the Krylov-Safonov’s
Harnack inequality with a method different from [24]. To this aim, our main

reference is [18].

2.1 Uniformly elliptic operators

Let us consider a second order linear operator in non-divergence form

n

Ly = Z aij(z)0? for x € Q C R™ (2.1)

€Tixj0

ij=1
We suppose that the matrix A(z) = (ai(7))7;=; is symmetric and uniformly

positive definite, i.e. there exist 0 < A < A such that, for any z, we have

MIEI® < (Ax)g,€) < Allg]®

for every £ € R™. We are going to denote by M, (A, A) the set of the n x

n symmetric matrices satisfying these bounds. We will write simply A €

25
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M, (X, A) instead of writing A(z) € M, (A, A) for every z in the open set
2. With respect to the regularity of the coefficients of A(z), we can assume
they are smooth but we do not want that the estimates we are interested in
depend on this regularity.

We would like here to clarify the notations and the abstract language of
Chapter [l The properties introduced in Section [LI] will be showed for the

following families of functions
Ko :={uecCHV,R):V CQu>0and Lyu<0in V}. (2.2)

with A € M,,(\, A). We stress that the family K3 clearly satisfies the invari-
ance property (). In this situation, the doubling quasi-metric Holder space
is R™ with the euclidean distance and the Lebesgue measure: without fur-
ther comments we can say that it easily satisfies any structural assumption
needed in the exposition of Chapter [l In particular any ball Br(z) in this

Chapter will be euclidean and the euclidean norm will be denoted by ||-]|.

Remark 2.1.1. Keeping in mind the Krylov-Safonov’s result, we want some-
thing which depends on A just through the ellipticity constants A and A. To
this aim, the family K has to satisfy the double ball property and the critical
density uniformly for A belonging to the class M, (A, A).

Let us start with the double ball property. In [18] (Theorem 2.1.2) it is

proved the following theorem.

Theorem 2.1.2. Fiz 0 < A < A. There exists a positive constant v depend-
ing on n, A\, A such that for any A € M,(\,A), if

u > 0 classically satisfies Lau < 0 in Q D Bog(xp) with inf u > 1,

Br(zo)

we have

u >y in B%R(:UO).

The proof presented in [I8] compares some powers of the function v with
a suitable barrier function. Those arguments are taken from [§] (Theorem 2),

where Caffarelli and Gutiérrez proved a doubling property for some peculiar
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sections in their study of the linearized Monge-Ampere equation. Here we
want to give a different proof. Our arguments rely on some barriers intro-
duced by Hopf in his celebrated Hopf’s Lemma (see [21]). Our proof suggests
a kind of link between the double ball property and the Dirichlet problem in

the exterior of the euclidean balls. The statement reads now as follows.

Theorem 2.1.3. Fiz 0 < A < A. There exists a positive constant v € (1,2)
depending on n, A\, A such that for any A € M, (X, A), if
u > 0 classically satisfies Lau < 0 in D Bog(wo) with Bir(1f )u > 1,
R\(T0
we have

u > in Byr(xg).

N | —

Proof. We are going to prove the statement for R = 1 and xqg = 0. The
arguments hold true for any R and zy with the same constant v by rescaling
and translating the problem (we refer the mistrustful reader to our Remark
B28). Fix a point £ € 0B1(0) and take a ball B,(§,) which is tangent to
0B4(0) at & and strictly contained in B;(0), that is

B,(&) ~ {&} C Bi(0).

Let’s say & = %f and p = % For some positive constant « to be fixed,

consider the Hopf’s barrier function

h(z) = e~ — gmalle—6ol®,

We remark that h(€) = 0 and
{r€R" : h(z) < 0} ~ {€} C By(0).
Moreover a simple calculation shows
02, h(x) = 20e7I001 (5 — 20(2 — &)ilx — &);)
fori,j=1,...,n. For any A € M,(\, A) we thus get
Lah(e) = 20 W51 (Tr(A(r)) - 20 (A(x) (@~ &), (@ ~ &)
< 2qeCllz=6l? (nA — 20\ ||z — fo||2> =: H(z).
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The function H depends just on n, A, A: it is uniform for A € M, (A, A). We
note that

H<§> = 2Oé€—ap2 (nA — 2ap2/\) = 2qe” 1 (n/\ — %O&)\) .

A
A

borhood U of £ (depending just on H) where H is negative: with our choices

Hence, if we fix o = 4n%, we get H(£) < 0 and there exists an open neigh-

we can take Ug = B1 (€). Let us put Ve = (Ue N By(0)) ~ B1(0), we have that
h >0 and £4h <0 in V. Let us now consider the boundary 0V, = I'y UT,
where I'y = Ve N 0B,(0) and I'y = 0V \ I'y. The number m = infp, h is
strictly positive since {z € 9V : h(z) = 0} = {¢}. The function w = 1—+h
is thus well defined. We get

1
Low=—-—Lsh>01in Ve, w<1on Iy and w <0 on I's.
m
Take now a function w as in the statement. We have
Liu<Liw in Ve, uw>w on IV,

By the weak maximum principle for elliptic operators (see e.g. [17], Theorem
3.1), u > w in V. Since w(§) = 1, there exists an open neighborhood W of
¢ contained in Ug N By(0) such that w > 3 in We N V. The set W depends
only on the barrier function and on U. The compact set T(O) is contained
in the open set O := Bi(0) U (Ugean, 0)We). Hence there exists v > 1 such

that B,(0) C O. Therefore, we deduce

uw> = in B,(0)

DN | —

since u > 1 in B;(0) and v > w = wg in We N V. O

Theorem and Theorem are saying the same by Proposition
LA K4 satisfies (uniformly for A € M, (), A)) the double ball property. For
an identical reason (remind Proposition or Remark [L4.3)) the following
theorem is the e-critical density for Kj. We report here the very elegant

proof which can be found in [I8] (Theorem 2.1.1). This proof does not
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make use of the convex envelope, nor any explicit use of the Alexandrov-
Bakelman-Pucci estimate. The arguments follow instead an idea by Cabré
in [6] (Lemma 4.1), where he established a critical density estimate for some
non-divergent elliptic equations on Riemannian manifolds with nonnegative
sectional curvature. For any fixed ellipticity constants A and A we are going
to see that K3 satisfies (uniformly for A € M, (), A)) the e-critical density
property for every 1 > ¢ > 1 — (i)n We denote by |E| the Lebesgue

A
measure of a measurable set £ C R".

Theorem 2.1.4. Fiz 0 < A\ < A. Then, for any A € M,(\,A), if u >0 is

a classical solution of Lau < 0 in Byg(xg) such that

i€ Byalan) < u@) > 1} > (1 - <%>n> B (o)

we have

I

8
33
Proof. Fix A € M,(\,A). Suppose u > 0, Lyu < 0 in Bygr(zg), and

infp, ) < 1. We want to prove that

u > in Br(xo).

33 A" AN\
For any y € Br (x0), we put
R? 1
64(a) = u@) + 3l — ol

We look for the minimum of ¢,: it cannot be very far from z,. For z €

Brg(z0), we have ||z — y|| < 2R and thus
R 1/(5_\° 33

inf = 4+-(2R) =R
sy P <t (4 ) 32

On the other hand, if z € Byg(xg) B%R(xo), we have

3 9 36
o=yl 2 llz = zoll = lly —woll = SR and 6,(2) 2 SR® = TR
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Hence we get
inf ¢, = inf ¢,

Bar(zo) Bz p(xo0)
and there exists z € B%R(xo) such that ¢,(z) = infp,, 4y ¢y. Consider the
set
H = {z € Brp(xo) © Jy € Br(xo) such that ¢,(z) = inf gby}
4 * BBy (wo)
We remark that, if 2 € H and y is a related point as in the definition of H,

then we have

R? R? 1 9
ZU(Z) < IU(Z) t3 |2 = yll” = ¢y(2)
33
= inf ¢, < inf ¢, < —R%
Boyp) © Boplg) | 32
This implies
33
HC {x € Bip(wo) : u(z) < g} (2.3)

Since the points z € H are minimum points for some ¢,, we have
Voy(2) =0 and Hg,(2) >0,

where we denote by Hy, (2) the Hessian matrix of ¢, at z. Hence we get
there is just one point y related to z: we have indeed

R? R?
0=Vo,(z) = IVU(Z) +z—y, le y= ZVu(z) + 2.

Let us define the map
2

R
o(z) = ZVU(Z) + z.
By construction we have B %(xg) C ¢(H). Then, by changing the variables

inside the integral, we have

By < [ (o) da,

where J,(z) is the determinant of the Jacobian matrix of ¢ at z, that is
2

R
To(x) = det (Z”H,u(x) + ]In) = det <H¢<‘>($)> :
In particular, J,(z) > 0 for z € H since H () is nonnegative definite. Now

we exploit the following fact generalizing the arithmetic-geometric inequality:
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if M is a symmetric and nonnegative definite n x n matrix we have

A

det(AM) < ( =

for any symmetric n x n matrix A > 0.

In our situation M = RTQHu(x) + 1, and A € M,(\, A). We get

[Ba(w)| < % Hm@ <A(x) (RIz”Hu(x)Jan)))ndx

1 1 R? "
- — HM<I£AU(:E)+T1"(A($))) dx

< /H m (Tt (A(x)))" da

by reminding that Tr(A(x)H,(z)) = Lau(z) < 0 in Byg(rg) DO H. Since
A € M, (A, A) we have

Tr(A(x)) <nA and det(A(x)) > A"

and therefore A
‘Bg(%)‘ <5
By recalling (2.3) we deduce the inequality

n

‘Bg(xo)‘ < %

{x € Brpl) © u(z) < ﬁ}'

and we conclude the proof. U

2.2 Krylov-Safonov’s Harnack inequality

Since the double ball property and the critical density are satisfied for
the family K3 in (Z2), the machinery of Chapter [l can be triggered. In
particular, by Theorem [[LZ3] K3 satisfies the power decay property. The
constants involved in the power decay are what we called structural, i.e.
they depend just on the setting (R", |||, |-]) and on the constants of the

main properties (g, ¢, ¢, 7p, 7). Since we have seen that K satisfies these
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properties uniformly for A € M, (A, A), we have uniformity even for the power
decay.

Regarding the Harnack inequality and the Holder regularity result, we have
seen that Kq has to satisfy some extra assumptions (see Remark [[L3.4]). These
are trivially not satisfied by K3: after all, the nonnegative solutions (not the
supersolutions) to an elliptic equation are the candidates for satisfying such

a Harnack inequality. That is why we consider the following subset of X§
KA:={ueC*V,R):VCcQu>0and Lyu=0in V}.

Theorem [[.3.1] gives us the following Harnack inequality for IC_S which is
uniform for A € M, (A, A).

Theorem 2.2.1. Fiz 0 < X < A. Then there exist a positive constants
C,n depending just on n,\, A such that, for any A € M,(\A), if u is a

nonnegative solution of Lau =0 in Q D Byr(xg), we have

sup v < C inf wu.
Br(zo) Br(xo)

This is the celebrated result by Krylov and Safonov in [24]. Their original
method relied on some probabilistic techniques (see also [23]). The impor-
tance of this result is given by the fact that C' and n are independent of the
regularity of the coefficient matrix A. This independence transfers directly
to the Holder regularity result (see Corollary [[L3.3]). We already mentioned
in the Introduction the impact it had on the theory of fully nonlinear elliptic
equations. We have made the proof descend from the axiomatic approach of
Chapter [l in abstract settings. We refer the reader to [I§] for an exhaustive
study of these arguments in the euclidean setting and for the connections of

this problem with the theory of the Monge-Ampere operator.



Chapter 3
The sub-elliptic case

A remarkable example of doubling Holder quasi-metric space is given by
the homogeneous Lie groups. In this chapter we investigate the horizontally
elliptic operators as possible direction of application for the abstract theory
of Chapter [

3.1 An application

Beyond the double-ball property and the e-critical density, there are five
assumptions (from Definition [Tl up to Definition [LT.5]) in Chapter [0l con-
cerning just the structure of the setting we deal with. It had been already
stressed in [15] that an example where these structural assumptions are sat-

isfied is the setting of homogeneous Lie groups. Let us show the reasons.

Definition 3.1.1. Let G = (R¥,0) a Lie group on RY, where we denote by
o the group operation. We say that G is an homogeneous Lie group if there
exist N real numbers 1 < o1 < ... < on such that the dilation defined by

5)\:RN—>RN, 5)\({131,...,1’]\[):<)\01£L‘1,...,>\0Nx]v)
is an automorphism of G for any A > 0.

We thus fix an homogeneous Lie group G = (R, 0,d,). We will denote
always by g the Lie algebra of G. We refer the reader to [3] for any unclear

33
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notion we are going to exploit in these settings: where it is possible we try to
define everything we need in the exposition or to keep the notations adopted
there.

In such groups, the identity element is 0 and the exponential map Fxp :
g — G is a globally defined diffeomorphism with inverse denoted by Log
(see e.g. [3], Theorem 1.3.28). We want to define also the Jacobian basis and

some peculiar norms.

Definition 3.1.2. For any x € G, consider the Jacobian matrix J,, at
the origin of the left translation 7, (t.(y) := x oy fory € G). For any
Jj=1,...,N, consider the vector field Z; whose coefficients are given by the
j-th column of J,, . The set {Zy,...,Zx} is a basis of g and it is called the
Jacobian basis (see [3], Proposition 1.2.4-1.2.7 and Definition 1.2.15).

Definition 3.1.3. We call homogeneous symmetric norm on G any contin-

uous function d : G — [0, 4+00) such that

(i) d is 0x-homogeneous of degree one, i.e. d(6\(z)) = Ad(x) for any A > 0
and x € G;

(11) d(x) > 0 if and only if x # 0;
(iii) d(z~Y) = d(x) for every x € G;
(i) d is smooth away from 0.

In a relevant subclass of homogeneous Lie groups, homogeneous symmet-

ric norms do exist.

Remark 3.1.4. Let us build up a good candidate for being an homogeneous
symmetric norm. For any x € G, we can consider Log(x) = Z;VZI y;Z; where
{Z1,...,ZN} is the Jacobian basis. We may define

1
@) = (277 g7 oy P77 T

By exploiting the properties proved in [3] (Theorem 1.3.28 and Corollary

1.3.29) we can see that this function satisfies the conditions (i), (i7), and
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(¢79) in Definition B.T.3l Regarding the smoothness, it depends on the o;’s.
In the homogeneous Carnot groups (which is the setting we fix from the next
Section until the end), we can always take the o,’s as positive (consecutive)
integers and d is thus smooth. Therefore, in homogeneous Carnot groups d

is an example of homogeneous symmetric norm (see [3], Example 5.1.2).

Every homogeneous symmetric norm induces in a natural way a quasi-

distance in G. As a matter of fact, we can denote
d(z,y) = d(y ' ox) for z,y € RY.

By verbatim proceeding as in [3] (Proposition 5.1.6), we can say that there
exists K > 1 such that

d(z,y) < K(d(z,2) + d(z,y))

for all z,y,z € RY. Thus (RY,d) is a quasi-metric space.
It is possible to prove also an improved version of this pseudo-triangle in-
equality. In [I5] (Remark 2.5) it is indeed proved that there exist § such
that

d(z,y) < d(z,z) + pd(y, 2) Va,y,z€RY
(see also [3], Proposition 5.14.1). This inequality readily implies the Holder
property for d with respect to Definition with a = 1.

Furthermore, let us denote by |-| the Lebesgue measure in RY. By the

dx-homogeneity of the d-balls and the Proposition 1.3.21 in [3], we get
| Br(z0)| = |Br(0)| = R?|B1(0)] =: cqR?, (3.1)

where ) = Zf\il o; is the homogeneous dimension of G. Therefore, the
doubling property holds true with constant C;; = 29. This proves that
(RY,d,|-|) is a doubling Hélder quasi-metric space.

The equation (B.1) will be largely used in what follows. For example, it im-
plies also the other two structural assumptions involved in the approach of
Chapter [l The reverse doubling property is easily satisfied with constant

0= QLQ. Finally, also the log-ring condition holds true since we have

|BR($0) AN B(175)3($0)| = CQRQ(l — (1 — E)Q) S Q€ |BR(QZ())| .
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Hence, this section justifies the fact that it is worthwhile to investigate of the

double ball property and e-critical density in homogeneous Lie groups.

3.2 Horizontally elliptic operators

Suppose in addition G is stratified, i.e. G is an homogeneous Carnot
group (see e.g. [3], Definition 1.4.1 and Remark 1.4.2).

Definition 3.2.1. An homogeneous Lie group G is said to be an homogeneous

Carnot group if the following properties hold true

- RN can be split in RY = RN x RM x ... x RV and the dilations take

the form

on(x) = ox(zW, .. 20y = AW A22@ 2™y for 20 € RV

- let Zy, ..., Zy, be the left invariant vector fields on G such that Z;(0) =
%, then the smallest Lie algebra containing Z,...,ZN, has rank N

(i.e. it is the whole g).
We also says that G has step (of nilpotence) r and Ny =: m generators.

We denote by g; the linear subspace of g composed by the left-invariant
vector fields d),-homogeneous of degree one: at any x it is spanned by the
vectors Z1(x),. .., Zn(x) of the definition. Fix a generic basis { X7, ..., X,,}
for g;.

Remark 3.2.2. For j = 1,...,m, let us write explicitly the vector fields

Xj’s as
N

X,(0) = Y eale)

-1
By Proposition 1.3.5 in [3], the coefficients c;;(x) are polynomials for any
l=1,...,N and any j = 1,...,m: in particular ¢;;(x) are constants c;
for any 1 <[ < m. Also the vectors Z,...,Z,, are a basis for g; and we

have Z;(0) = 0,;. The m x m constant matrix C' = (c;;)"—; is thus the
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one bringing the basis of g; {Z1,...,Z,} into the basis {Xi,...,X,,}. In

particular, C' is a non-singular matrix.

Fix also an open set  C RY. We want to consider the linear second
order operator in non-divergence form

LA = Z aij(x)Xin for x € Q. (32)

ij=1
The symmetric matrix A(z) = (ay(x))=, is supposed to be uniformly el-
liptic: we recall it means that there exist 0 < A < A such that, for every z,

we have
AENI" < (Ax)g, &) < Al¢)®
for every £ € RY. As in the previous chapter, we denote by M,, (), A) the

set of the m x m symmetric matrices satisfying these bounds.

Remark 3.2.3. If A € M,,(\, A), then it is easy to see that the coefficients
of the matrices A(x) are uniformly bounded in x. For the diagonal elements

we get A < a;(x) = (A(x)e;, e;) < A for any i. For i # j we have
2\ S a”(l‘) + Cljj(l') + 2aij(x) = <A(IE)(€Z + Gj), (6,‘ + 6j)> S 2A

and then we deduce |a;;(z)] < A — X by the estimates for the diagonal

elements.

Definition 3.2.4. If A € M,,(\,A) for some 0 < X\ < A, the second order
linear operator in non-divergence form L defined in (3.3) is called horizon-

tally elliptic operator.

It is well known that some Maximum Principles for this kind of operators
hold true. Since we are going to exploit a Weak Maximum Principle for L4,

we report here the statement and a sketch of the proof.

Theorem 3.2.5. (Weak Mazximum Principle) Let L4 be an horizontally
elliptic operator, for some A € M,,(A,A). Let O be an open bounded subset
of RN. Suppose u,v € C(O) N C?(0) satisfy u > v on 00 and Lau < L v

in O. Then, we have u > v in O.
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Proof. In the notations of Remark [3.2.2] the operator £, take the form

La= Y (C@AGCE g + > b (33)
k=1 =1

where by(z) = 37" SV cin(@)ay () 2242 and C(x) = (cu(@)) is an mx N

matrix. Moreover, denoting C; = (c¢11,...,¢n1), we have Cy is a constant

non-zero vector of R™ by Remark B.2.21 Thus, we get the uniform bound
(C'(2)A(z)C(2))11 = (A(x)Cy, C1) > M||C1|)*. Furthermore, in the bounded
set O the functions b; are uniformly bounded since ¢j(x) are smooth functions
and a;;(x) are uniformly bounded by Remark B.2.3l Therefore, under these
hypotheses the Weak Maximum Principle can be proved as in [25] (Corollary
1.3). O

In [4] it is proved an invariant Harnack inequality for horizontally elliptic
operators L, assuming an Holder continuity for the coefficients of A. Here
we are interested in an Harnack inequality for horizontally elliptic operators
which is independent of the regularity of A(z). To this aim, we try to imitate

the case of uniformly elliptic operators (see (2.2])) and set
Ky ={uecCHV,R):V CQu>0and Lyu<0in V}. (3.4)

Once more we stress that K3 is closed under multiplications by positive
constants. We now fix the definitions of the double ball property and the e-
critical density for K3 in this specific context with the additional uniformity

condition with respect to the class M,, (A, A).

Definition 3.2.6. (Double Ball Property for horizontally elliptic
operators) Fir an homogencous Carnot group G = (RN, 0,8y) with m
generators. In G, fix an homogeneous symmetric norm d and the vector
fields X1, ..., X,, generating g1. In the doubling quasi-metric Holder space
(G,d,|-]), let Q be an open set. We say that the double ball property for hori-
zontally elliptic operators is satisfied if, for every 0 < A < A, K§ satisfies the
double ball property with respect to Definition for any A € M, (\A).
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The constants v and np have to depend on A just through the ellipticity

constants \, A.

Definition 3.2.7. (Critical Density for horizontally elliptic opera-
tors) Fiz an homogeneous Carnot group G = (RN, 0,d,) with m generators.
In G, fix an homogeneous symmetric norm d and the vector fields Xy, ..., X,
generating g1. In the doubling quasi-metric Hélder space (G,d,|-1), let Q2 be
an open set. We say that the critical density property for horizontally elliptic
operators is satisfied if, for every 0 < X < A, there exists 0 < € < 1 such that
K& satisfies the e-critical density property with respect to Definition[T.1.7 for
any A € M, (A, \). The constants ¢ and n¢ have to depend on A just through
the ellipticity constants X\, A.

Gutiérrez and Tournier considered in [19] the case of the Heisenberg group

H = H' with generators

20, and X, =0d, + %a@,

Xlzaml_ 9

They chose the homogeneous norm
d(ar, 22, 03) = (2 +23)° + puad)s

for some fixed constant p. They worked in R?, but all the arguments and the
results work in R*"™! (i.e. in H"). In that context, they proved the double
ball property for horizontally elliptic operators as we have just defined. They
proved also a e-critical density estimate by assuming a bound for the ratio
% (so the property is not verified for every A < A): they proved that K3
satisfies the critical density in H uniformly in the class of the matrices A

. . . . A
belonging to M,,(A, A) and satisfying a prescribed bound for 7.

Remark 3.2.8. If we look at the very definition of the double ball and
critical density properties, some relations have to be satisfied for all the balls
B,r(xg) C Q. The properties of our setting and the choice of g allows us
to check the relations just for some fixed R and xy. As a matter of fact,

suppose to have proved the property for a ball B, (0) C €2 and every function
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u € K§(B,(0)), for any given A € M,,(A, A). Let us now take another ball
B,r(ro) C Q and, for some fixed A € M,,()\, A), a function v € K3 (B,r(z0)).
We put

u(z) == v(xg o dr(x)).

Since the Xj’s are left-invariant and d)-homogeneous of degree one, we get

Lau(r) = R? Z aij(2)(X; X v) (20 0 6r(x)) = R*L z0(wg 0 6r(x)) (3.5)
ij=1m

where A(z) = A(éé (rg' ox)). Thus, u € lCé(Bn(O)) and we have assumed

to know it satisfies some properties. We note that the matrices A and A

have the same bounds of ellipticity, i.e. A and A belongs to the same class

M, (M, A). Hence, the properties under investigation transfer to v with the

same constants. In fact, we have

|Bor(zo)] = R%|Bs(0)],
{x € Byr(zo) : v(z) > 1} = R9|{x € By(0) : u(z) > 1},
and also inf v = inf w.
B (0) Br(o)

Remark 3.2.9. The hypothesis that our homogeneous Lie group is stratified
is crucial. The problem is not the one described in Remark 3.1.4] about the
existence of a homogeneous symmetric norm. The problem concerns the
properties we are asking to be satisfied by K4. Suppose G is an homogeneous
Lie group with the dilations given by consecutive integers from 1 up to r,
but assume G is not Carnot. Take a basis {X1,..., X,,} of the vector fields
dx-homogeneous of degree one and denote by Lie{ X7, ..., X,,} the smallest
Lie algebra containing { X1, ..., X,,}. Then the dimension as a vector space

of the set
{Z(z) : Z € Lie{Xy,...,Xn}}

is a constant (by left-invariance, see e.g. [3], Proposition 1.2.13) strictly less
than N. By Frobenius Theorem (see e.g. [32], 6-19, Theorem 5) there is a
local change of variables (y1,...,yn) =y = ¢(z) such that yy is not seen by
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the vector fields Xj’s, i.e.
X;on =0 for any j (at least locally).

In this case an Harnack inequality for £ cannot be satisfied: in fact Bony
pointed out in [5] (Remarque 3.2) that for such operators we cannot hope
in a Strong Maximum Principle. We would like to stress here that in this
situation both the double ball property and the critical density for £4 cannot
be satisfied too. The reasons are similar. Let us first consider the double
ball property. For any fixed intervals I; C I C I, it is not difficult to build
up, for every v > 0, a positive function v, greater than 1 in I; and less than

~v somewhere in I,. The functions defined by

u() = Py (pn (7))

falsify the double ball property w.r.t. Definition [3.2.0]since £ u = 0: we can

indeed consider

I ;== on(Bgr(x)) and I := on(Bagr(zo))

for some Bg(xo) € G. About the critical density, for the same choice of I3, I5
and for any ¢ > 0, we can construct a positive function 1, less than ¢ in Iy
such that

{t € I : ¢.(t) <1}

is as small as we want. The functions u(z) = ¥.(¢n(x)) show that the

e-critical density cannot be satisfied for any 0 < ¢ < 1.

3.3 Independence of choices

Parallel to Section [[.4] we are going to discuss here Definition B.2.6] and
Definition B.2.7 They seem to depend on many possible choices we can do.
We would like to show why they actually do not and in which sense they are

somehow intrinsic.
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First of all, the definition of horizontally elliptic operator in (8:2]) depends
on the choice of the basis { X1, ..., X, } of the first layer g;. Let {Y7,...,Y,,}
be another basis of g;: this means there exists an m xm invertible matrix D =
(dij)i%=y such that Y; = Z;nzl d;;X;. We can consider, for any A € M,, (A, A),

the operator £, = > ie1 @i j(2)YiY;. By putting A(z) = D*A(z) D, we have
ij=1

The symmetric matrix A(z) is positive definite and we get A € M,, (), A) for
some \ < A which are in general different from A and A (see the Remark
below). Since the conditions in Definition and [3.2.7 have to be satisfied
for every A < A, we deduce that, if they hold true for a particular choice of
{X1,..., X}, then they hold true for every choice. Thus, these definitions

are independent of the choice of the basis of g;.

Remark 3.3.1. We explicitly stress that the ratio between the maximum
and the minimum eigenvalue increases by passing from A to A without know-
ing anything a priori about A and D. The best we can expect is, indeed,
)= Aop and A =AY D, Where op and X p are respectively the smallest and

the biggest eigenvalue of D'D. As a matter of fact, for any x, we get

ASp €] > AIDEI? > (A(x)e,€) = (A@@)DE, DE) > M| DEIF > Ao ]

S

> % and they are equal if and only

for every € € R™. Of course we have

if D is a multiple of an orthogonal matrix.

Note 3.3.2. By the last considerations, if we allow the ellipticity constants
A and A just to have a bounded ratio in the Definition and B.2.7 (and
not to be any possible A < A), the double ball property and the critical
density would not be stable under changes of basis. As we mentioned, this

is the case for the critical density in H proved by Gutiérrez and Tournier.

A very natural choice is the one regarding the Lebesgue measure. This is
the Haar measure for G: it is translation invariant and it is well behaved also

with the dilations of the group (see [3], Proposition 1.3.21). Hence, we are
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not going to change it. On the contrary, we would like to consider the choice
of the homogeneous symmetric norm. Let us take two different ones: let us
say dy and dy. In [3] (Proposition 5.1.3), it is proved that the homogeneous

norms on G are all equivalent, i.e. there exists a constant K > 1 such that

1
Edg(l‘) < di(z) < Kdy(x) for every x € G.

This means that, for the dj-balls Bk (zo) and the dyo-balls B%(z), there are

the following relations
Br(z0) € B p(20), B3(z0) € By p(x0) for every R > 0, zo € G.

By exploiting the considerations we did in Section [[L4] we can prove the

following.
Proposition 3.3.3. The double di-ball property is equivalent to the double
da-ball property.

Proof. Suppose the double ball property is satisfied with respect to the d;-
balls. By Proposition [[L4.4], this is equivalent to suppose that, for any A < A,
there exist v > 0 and 1 > 2K? such that, if

u € ICS(B,lzR(:UO)) with u > 1 in Bi(wo), we have u > v in B;pesp(o)

(for every A € M,,(X\,A)). Let us take a function u € K§(B2g(xo)) with
u > 11in B%(xg). In particular we have u € K4(BLg () with w > 1 in
K

B (z). Thus, we get

=

w>7 in Bygg(wo) 2 Big(xo)-

g

With regard to the critical density, its independence of the homogeneous
norm is more delicate. This is related to the discussions we had about Defi-
nition [LL.4.2]

Proposition 3.3.4. The critical density property for the di-balls implies the
critical density for the dg-balls w.r.t. Definition [1.4.3
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Proof. Suppose the critical density is satisfied with respect to the d;-balls.
This means that, for any A < A, there exist 0 < e < 1, ¢ > 0 and n¢ > 2

such that, if u € K§(BL () with infp1 () u < ¢, we have

ncR
[{z € Big(zo) : u(z) <1} > (1 —¢€) | Byg(zo)|-

Put 7¢, = K*ne and 1 = 2K?. Take u € Ké(ngR(IO)) C K (Biper(®o))
with infps ) u < ¢. Since Bj(zo) C Big(wo), we have infp i u < c.

Thus, we get

[{z € Bliap(wo) = u(z) <1} > |{z € Bigg(wo) : u(z) < 1}| >

> (1—¢) }B%KR@O)‘ > (1—¢) |B§R(l'0)‘ = 1KQQ ’Bsz xo){

By noting that 0 < I%g < 1, we can say that the (1 — 455 )-critical density

w.r.t Definition [[L4.2] is satisfied. O

From what we have seen before and in Section [L4], we can state that the
critical density is independent of the choice of the homogeneous norm if the
double ball property is satisfied for some (and then for any) norm.

Finally, we want to discuss what is going to happen if we change the Lie
group under isomorphism. With isomorphism we mean a diffeomorphism
with respect to the differential structure and an isomorphism with respect
to the group structure. It is known that homogeneous Carnot groups “are
not left in” homogeneous Carnot groups by isomorphisms (see [3], Remark
2.2.4). Since we know how to apply the axiomatic approach in the setting of
homogeneous Carnot groups, we could think of transferring this machinery
by isomorphism. Let us say that ¢ : G — G is an isomorphism where
G = (R¥,0,d,) is an homogeneous Carnot group. By fixing an homogeneous

symmetric norm d in G, we could define

d(yr,y2) = (6™ (1), 0 (y2) = d((67(32)) " 067 (1))

for any y1, 7, € G and u(E) = |¢~'(E)]| for any set E C G such that ¢ (F)

is Lebesgue-measurable. Then, d is an Holder continuous quasi-distance in
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G. Moreover, by definition we have Br(yo) = ¢(Br(¢ (1)) and so we
get (Bgr(yo)) = RP|By(0)]. In (G,d, ) all the structural assumptions of
Chapter [ are satisfied. For an open set Q = »(£2) in G we can define by

isomorphism also

Kg:={u:uo¢eKq}

(we apologize for denoting by o also the composition of functions): thus, the
double ball property (or the critical density) for Kg in this new setting is
equivalent by definition to the same property in the old one. What about
Definition and B.2.7? Do they have their own meaning in this new
setting? “To be a Carnot group” (not necessarily homogeneous) is an invari-
ant property under isomorphisms (see [3], Proposition 2.2.10). Moreover, if
91D. . .Dg, is a stratification for the Lie algebra of G, then do(g,)®. . .Bdo(g,)
is a stratification for the Lie algebra of G, where d¢ is the differential of the
isomorphism ¢ evaluated at the origin. Thus, fixing a basis Xi,..., X, of
g1, we have {Y; = do(X;)}JL, is a basis of the first layer of the G Lie algebra.
Since Y;(¢(z)) = d¢(X;(z)) for any x € G, we get

Ki: = {u:uogpeKy}t=
= {u602 R) : V. C Q, u(é(x)) > 0 and
Zam )XiXj(uoo)(x )SOforeveryer}:
1,j=1

- {u € C*(¢(V),R) : 6(V) C Q, uly) > 0 and

> (@ (1) YiY;(u)(y) <0 for every y € ¢<V>}
ij=1
for every A € M,,(\,A). Putting A(y) = A(¢~(y)), of course we have A €
M, (X, A). Hence, K 6‘ is exactly what we would have naturally denoted by
K é in order to define a double ball (respectively, a critical density) property
for horizontally elliptic operators with respect to {Y1,..., Y} in (G, d, p).
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Remark 3.3.5. Since we have already remarked that another choice for
the basis of the first layer does not affect the validity of our properties, we
could state that the double ball (critical density) property for horizontally
elliptic operators w.r.t g; in (G, d, |-|) implies the double ball (critical density)
property for horizontally elliptic operators w.r.t do(g;) in (G, d, ).

In [3] (Theorem 2.2.18) it is also proved that there is a “canonical” way
to build up an isomorphism from a Carnot group to an homogeneous one:
via the inverse of the exponential map we pass from the Carnot group to
its algebra and then we identify the algebra with RY by choosing a basis
for the algebra adapted to the stratification. Why is it “canonical” if it
depends on the choice of the adapted basis? After having fixed a stratification
g1. . .Bg,, if we choose two different bases adapted to it, we get two different
homogeneous Carnot groups G; = (RV,01,68,) and Gy = (RY,0y,4,). But
there is a linear isomorphism between them given by an invertible diagonal
blocks matrix C' (see [3], Remark 2.2.20), where the dimension of the i-th
blocks corresponds to the dimension of g;. By exploiting the block-form of C,
we can transfer any homogeneous symmetric norm in G; to any homogeneous
symmetric norm in Gy. Since the norms in an homogeneous Carnot group
are all equivalent, we have just seen how to handle them. That’s why we are

going to give the following definitions.

Definition 3.3.6. (Double Ball Property in G) Let G be an N- dimen-
sional Carnot group of step r with m generators. We say that the double
ball property holds true in G if there exists a stratification of g such that the
double ball property for horizontally elliptic operators is satisfied in (G, d, |-|)
with respect to X;’s (Definition [3.2.6) for every homogeneous Carnot group
G = (RY,0,8)) canonically isomorphic to G, for every homogeneous sym-

metric norm d in G and for every choice of the generators Xu, ..., Xpm.

Definition 3.3.7. (Critical Density in G) Let G be an N-dimensional
Carnot group of step r with m generators. We say that the critical density
property holds true in G if there exists a stratification of g such that the criti-
cal density property for horizontally elliptic operators is satisfied in (G, d, |-|)
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with respect to X;’s (Definition [3.2.7) for every homogeneous Carnot group
G = (RN 0,0y) canonically isomorphic to G, for every homogeneous sym-

metric norm d in G and for every choice of the generators X1, ..., Xm.

We have seen in this section it is enough to prove the double ball property
for one fixed homogeneous group G, for one fixed homogeneous norm d in
G and for a fixed set of generators. On the other hand, if the double ball
properties holds true in G for a certain stratification, in order to prove the
critical density it is enough to do it for some fixed G, d and {X1,..., X}

(w.r.t. the same stratification).

Note 3.3.8. Definition and [3.3.7 are the last (but hopefully not the
least) definitions we give about the double ball and the critical density prop-

erties.






Chapter 4

Double Ball Property

The starting point of this chapter is our proof of Theorem 2.1.3l The
idea that the double ball property is related to a kind of solvability for an
exterior Dirichlet problem is transferred here in the setting of homogeneous
Carnot groups. In the particular case of step two Carnot groups we prove
the validity of the double ball property: this result can also be found in our
work [34].

4.1 Interior barriers in homogeneous settings

We fix an homogeneous Carnot group G = (R, 0,4d,), an homogeneous
symmetric norm d and a system of generators Xj,..., X,,. The main tool
of the approach we want to outline is the existence of some interior barrier
functions. They have to play the role of the Hopf-type barrier in the proof of
Theorem 2.1.3] The important feature of these barriers for £, is that they
are uniform for A € M,, (A, A): they have to be independent of the coefficients
of the matrix A(z) and of their regularity. Let us give the definition.

Definition 4.1.1. Let O be an open set of RY with non-empty boundary. Fiz
g € 00 and 0 < X < A. A function h is an interior L a-barrier function
for O at zq if

- his a C? function defined on an open bounded neighborhood U of xy,

49
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- h and U depend just on O,zo, A,\ (and on G,d and the X;’s),
- Lah <0 in U for any A € M,,(\,A),

- h(xo) =0,

A{xeU : h<0}~A{xo} CO.

Looking at the definition, we can recognize that this is a kind of Bouligand
type barrier for the complement of O. In [34] we considered the case of step
two Carnot groups and we proved that the existence of an interior £ y-barrier
for B1(0) at every point of its boundary implies the double ball property.
Here we want to generalize this fact to every homogeneous Carnot group and

every bounded open neighborhood of the origin.

Lemma 4.1.2. Let T be a compact subset of a bounded open set O C RY.
There exists vy > 1 such that

0, T C O
for all v € [1,1y).
Proof. The sets T and RY \ O are close and disjoint. Thus, their distance
0 is a positive number. Since T is bounded, there exists M > 0 such that, if

x = (x1,...,2n) € T, we have |z;| < M. Therefore, for x € T" and v > 1,

we get

dist(6,(z),T) < ||0,(x) — x| < MZ(W —1).

It is easy to choose vy > 1 such that sup,., dist(0,(z),T) < ¢ for all v €
[1, V()]. 0]

Let us fix a bounded open set B C RY such that 0 € B. For any r > 0,
we denote by B, the set 0,.B. By the boundedness of B and the structure of
the dilations, there exist Ry > ry > 0 such that

B,, C B1(0) C Bp,. (4.1)
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Keeping in mind (34), we denote
K ={ueC*(V,R) : ByCV, u>0and Lau<0in By} = K;(Bo).

The following lemma generalizes what we have seen for Theorem 2.1.3] and is

the key fact: it is an application of the Weak Maximum Principle (Theorem

3.2.5]).

Lemma 4.1.3. Suppose that, for some 0 < X\ < A, there exists an interior
Ly a-barrier function for B at every xo € OB. Then there exists 1 < v < 2
such that, for any A € M,(\, A), if u € Kg* with w > 1 in B, we have

u> = in B,.

1
2
Proof. Fix A € M,,(A\,A) and 2y € 0B. Take the barrier function h = hy,,
which is defined in U = U,,. If we put V = (UN By) \ B, we have that
h>0and L h <0in V. Let us now consider the boundary oV =1'; U T,
where I'y = 0V NIB and 'y, = 9V \I'y. The number m = infr, h is strictly
positive since {x € OV : h(x) = 0} = {ao}. Thus, the function w =1— Lh
is well defined. We get

1
Law=——Lah>0inV, w<1onI; and w<0 on I's.
m
Hence, if u € K(f‘ with infg u > 1, we have
Lou<Law inV, u>w on V.

By Theorem BZ5, v > w in V. Since w(xg) = 1, there exists an open
neighborhood W, of zy contained in U N By where w > % The sets Wy,
depend only on the barrier functions and on B: they are in fact independent
of the matrix A. The compact set B is contained in the open set O =
UzocoBWao. By Lemma L 1.2 there exists v > 1 such that (B, \~ B) C O.
Therefore, we deduce

u > on B,

N —

for all u € K§'. g
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Now, in order to get the double ball property, we gather some considera-
tions present in Remark B.2.8 and Proposition 3.3.3]

Proposition 4.1.4. Suppose that, for any 0 < A < A, there exists an interior
Ly a-barrier function for B at every point of OB. Then, the double ball
property holds true in G.

Proof. The condition (41]) says that the sets xygo Bg are somehow equivalent
balls with respect to the d-balls Bg(zg). Proposition and Proposition
[3.3.3] suggest us how to handle equivalent balls. Let us give the details.
Fix 0 < A < A and A € M,,,(\,A). By putting np = 4?—;’, take a d-ball
B,,(0) C Q and a function u € K3(B,,(0)) with u > 1 in B;(0). Consider
the function v; = w0 §,,. By definition (see also ([B.5)), v, € /Cél(B%D (0))
with v1 > 1 in B%(O), where Ay (z) = A(,,(x)). Since we have B%(O) OQ B,
BnTD(O) 2 B, anod np > 2, we get v; € K¢ and v; > 1 in B. Bgf the last
lenima, the existence of a £y s-barrier function for OB (and the fact that
Ay € M, (A, A)) implies vy > % in B, for some fixed 1 < v < 2. Now we put
vy = 201 00, = 2u 0 d,,. Thus, since np > 4 > 2v, we have vy € KS‘Q where
Ay(z) = A1(0,(x)) = A(dpon()) € My(X, A). Moreover, v, > 1 in B. Hence,
Lemma [£1.3] implies again vy > % in B,, ie. v > % in B. If 2> 2]5—(;’ we
are done because in this case we get

1
u 2 Z_l in Bmlﬂ 2 BQRO 2 BQ(O)

If 2 < 2%, the argument can be reapplied. As a matter of fact, let ng be the
first integer such that v > 21;—5: the existence of ng is provided by v > 1.

For any positive integer n < ng, we put
Upt1 = 20, 06, = 2"01 0 Oyn = 2"U O Opyn.

We can iterate the procedure since at every step we have v,,; > 1 in B and,
ensured by np > 20", we have also v, € K{f”“ where A, 11 (z) = A, (6, (x)).
Therefore, at the last step we get v,, > % in B,, that is

1

9n0

u > =7 in B,yn 2 Bag, 2 By(0).
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In Remark B22Z.8 we have seen how to handle the case of generic d-balls
B, r(7o) C Q. Thus, if u € K4(B,,r(w0)) with u > 1 in Bg(z,), we have
u > v in Byg(xg) (with the same constants np,y). We stress that np depends
just on rg, Ry (i.e. on B,d,G) and 7 depends jut on v (i.e. on A\, A and the
barriers on 0B). O

Thus, the double ball problem is “reduced” to finding the barrier functions
we have described. The Hopf-type functions we have used for the euclidean

case works in our more general setting for a large class of points.

Lemma 4.1.5. Let By be a bounded open set defined by
By={z cRY : F(z) <0},

where F' is a real-valued function. Fix xq € 0By. Suppose that F is smooth
near o and
VxF :=(XiF,..., X, F)#0

at xg. Then, for any 0 < X < A, there exists an interior L p-barrier function
for By at xg.

Proof. Since F' is smooth near xy and VF(zy) # 0, we can consider an
euclidean ball B;(fo) tangent to 0By at x( such that B_;(SO) ~A{xzo} C By. To

this aim, let us fix
VF(LC(])

— p—
IVE (z0)]]
with p small enough (depending on z, F). As in the proof of Theorem 2.T.3]

let us consider the function

§o = To

W) = e _ gmala=ol?,
The positive constant a will be fixed later on. This function is strictly positive
out of B5(&p) and it vanishes on the sphere. By using the notations of Remark
3.2.2 for 5 =1,...,m we can compute

J

X,h(z) = 2ae0le=5l Z cil(z)(z — &)y = 20e N6l (C(:U)(a: — &))) .
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For every A < A and A € M,, (A, A), by the formula ([B.3]) we get

Lah(z) = 2aecle=%l® ( r(C*(x)A )+ Z bi(z)(x — &o)i+

— 20 (A@) (C@)e - &) (C@ - %)) ) <

S 2a€—a|lm—§ou2 (NAEC + M)\7A - 201)\”0(1‘)(1‘ - fo)||2)
= H(x),

where we denoted by

Yo = max{c(x) : Ac(x) is eigenvalue of C*(z)C ()}
rE€Bo
(see Remark B3T]) and by M, = maxxego{zl]\il |by(z)] |(x — &)i|}. The
fact that we can take a bound for b;’s which is uniform for A € M,,(\, A)
is justified in the proof of Theorem B.2.5l That’s why we can state that
the function H depends on A, A, zg, F, X;, but it does not depend on the

coefficients of the matrix A. We also remark that

VXF(;U()) 7A 0

C(wo)(zo — o) = C(xo)VF (x0) =

HVF( o)l ||VF( o)ll

by our key hypothesis. Hence, if we choose

HVF(%)HQ NAY e + Mya
2 [VxFo)lP 27

9

we get H(xg) < 0. Therefore, there exists an open bounded neighborhood U
of zy (depending just on the function H) where L4h < H < 0. The function
h satisfies all the properties required to be an interior £y y-barrier function
for By at xg. O

Definition 4.1.6. Let By be a bounded open subset of RN with a smooth
boundary. We say that a point xy € OBy is characteristic for 0By (with
respect to the vector fields Xy, ..., X)) if all the vectors Xi(xg), . .., Xm(zo)

are tangent to 0Bqy at xg.
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Suppose By is given by By = {x € RN : F(x) < 0} for some smooth
real-valued function F such that VF does non vanish at any point of 0By.
Then, since the normal direction to 0By at xq is given by VF(xy), xo is

characteristic for OBy iff the horizontal gradient V x F(zq) = 0.

Since the vector fields Xj,..., X,, satisfy the Hormander condition, a
result by Derridj ([13], Théoréme 1) tells us that almost every point of 9By
(with respect to the surface measure on 0By) is non-characteristic for 0B,
provided that B, is a bounded open set with smooth boundary. Thus, by
Lemma [£. 1.5 we are able to build a barrier at almost every point of any open
bounded neighborhood B of the origin with smooth boundary. The hope of
finding such a B totally without characteristic points is frustrated by the

following example.

Example 4.1.7. In the Heisenberg group H = H', fiz the generators X; =
Opy — F0p, and Xy = Op, + 5 0,;. Take a bounded open neighborhood B
of 0 = (0,0,0) with a smooth boundary such that B is defined by a smooth
function F as in Lemma [{.1.5 Suppose B is homeomorphic to the sphere
S? ={x € R : ||z|| = 1}. Then, there exists at least one characteristic point
for 0By. As a matter of fact, for any v € 0B we can define
VFE(z) > VFE(z)

IVE@)/ IVE @)

V(z) = V(xy,x9,23) = (9, —21,2) — <(x2, —11,2)

By the regularity of the boundary, VF' is always different from 0 at the bound-
ary points and so V defines a continuous vector field. Moreover, for any
x € 0B, V(x) is tangent to OB at x (it is a projection on the tangent bundle
of the vector field (9, —x1,2)). Since we cannot comb OB (i.e. for S* we
have the hairy ball theorem), it has to exist xy € OB such that V(xy) = 0,
that is the non-null vector (29, —x%,2) has to be parallel to VF (xg). We
have chosen the vector field (x4, —x1,2) just because it is orthogonal at every
point to both the vectors Xy(x) = (1,0, =%) and Xy(z) = (0,1,%). Hence,
V F(xg) is orthogonal to both the vectors, i.e.

VXF<.I0) =0
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4.2 The case of step two Carnot groups

In this section we want to give a conclusive answer to the double ball
problem in the case of an N-dimensional Carnot group of step two with
m generators. Up to fixing a stratification and applying a canonical isomor-
phism (see [3], Theorem 3.2.2, and our Definition 3.3.6)), we can thus consider
an homogeneous Carnot group G = (RY, o, §,) such that the composition law
o is defined by

(z,t) o (x1,t1) = (m +xy,t+1t + % <Bw,x1)> , (4.2)

for (z,t),(z1,t;) € R™ x R* = RY. Here we have denoted by (Bz,x)
the vector of R™ whose components are <Bka7,x1> (for £k = 1,...,n) and
BY,...,B" are m x m linearly independent skew-symmetric matrices. The

group of dilations is defined as
oa((z,1)) = (Az, \*)

and the inverse of (z,t) is (—x,—t). We can choose as homogeneous sym-

metric norm the function d : RY — R such that
4 1
d((z.t) = (llz|* + [1£]7)*;

from here on we denote by ||-|| both the euclidean norms in R™ and in R".

Hence, we have Bg(xg) = x¢ o Br(0) where
Bg(0) = {(x,t) € RV : |l]|* + [[¢]* < R*}.

Let us fix m vector fields generating the Lie algebra of G, for example the

ones of the Jacobian basis: they are given by
1 ¢ .
Xi(z,t) = 0y, + 5 ;(ka)iatk fori=1,...,m. (4.3)

By exploiting the approach we have drawn, we want to prove the double ball

property for horizontally elliptic operators in this setting. In particular, in
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order to apply Proposition .T.4] we are going to find, for any A < A, explicit
interior £y p-barrier functions for B;(0) at every point of 0B;(0). At the
non-characteristic points of 9B;(0), we know how to do by Lemma A.T.5

Remark 4.2.1. We have already reminded that the set of the characteristic
points of 0B;(0) has surface measure zero. Actually, we can explicitly say
which points are characteristic. If we denote with F' the defining function of
B (0), i.e.

Fa,t) = d*((z,t) = |l + [[¢]* = 1,

we have
VxF(o,t) = (XiF,... XpuF)(z,t) = 4|z 2+ >t Bkx.
k=1

Since the matrices B*’s are skewsymmetric, the vectors z and B*z are or-

thogonal for every k = 1,...,n. This implies that
VxF(z,t)=0 < z=0.

Thus, the characteristic set is {(0,¢) : ||t|| = 1}, which is an n—1-dimensional
sphere.

For any to = (t9,...,t%) # 0, we know that the matrix > ,_, t9B" is not
the null matrix. Actually, for an homogeneous Lie group with a composition
law as in (£2)), the linear independence of the matrices B*’s is equivalent to

the Carnot property (see [3], Section 3.2).

Lemma 4.2.2. Let to = (t9,...,t2) be a unit vector such that the matrix
Son_ t9B% is non singular. Then, for any A\ < A, we can find an interior
L a-barrier for B1(0) at (0,to).

Proof. Consider the function

Tt (2, £) = =B — e B0l HI I +et0)).

where t' =t — (t,¢) to is the projection of ¢ on the orthogonal of ¢ty and f is
a positive constant to be fixed. If we define Uy = {(z,t) € RY : (¢,t5) > 0},
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we get that the set {(z,t) € Uy : hy(z,t) < 0} N {(0,%9)} is contained in
B1(0). Moreover, by denoting t' = (... ,t.), we have 9, ||/||* = 2. Thus,

a straightforward calculation shows that

Xjhar(at) = fe U+ +Eto) <4||x||2xj+2t;<3kx>g+
k=1

1 ¢ :
52152(3%)],) =: Be” BUlll*+11¢'[[*+(t.to)) v;(z, ).
k=1

For any A € M,,(\, A), by using that the product of a symmetric matrix and

a skew-symmetric matrix has zero trace, we get

Lahy(z,t) = Be Bl +IIP+(to) <4|\.:1:H2Tr(A(x,t))—|—

+ 8(A(z,t)r,x) + Y (tﬁ%ti) Tr (A(z, t)B¥) +

k=1

1 n n
-3 <A(x, t) Z 9B, Zthkx>
k=1 k=1

- LS a8 B —B(A(x,t)v(%t)W(%t»)

k=1

IN

e B I <4A||x|| m 2+ 5 3B+

2

. ~ BA (e, 1)

Zn: 1Bk
k=1

Put M = max{||B¥||}. Since }_;._, t) B* is non singular, we have

OB*z|| > o ||=|| for every x € R™,

where o = [|(3_, t9B¥)~!||. This fact and the orthogonality of z and B*z
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imply that
1 n n
lo(e ) = |42l e+ 5 Y thB's| = | > B
k=1 k=1
1 || o
> S|SB — I InM fall = (5 —nad ¢} Il
k=1

If ||t'| < ;%z, we have ||v(x,t)|| > § ||=||. Hence, for ||t'|| < ;%;, we get

2
Lahy(a,t) < g || =AUl +I# P+ (10)) ((Sm + 16+ nM2)A — (8 + ﬁ)%A)

which is not positive if § is big enough. Therefore, the function h,;, defined
in the domain U = {(x,t) € Uy : ||t'|| < ;5;}, is an Ly a-barrier. O

Remark 4.2.3. In the Heisenberg group H = H' with m = 2/ generators in
R+ there is just one (2) x (21) matrix B which is

0 -
B = .
L 0

Such a matrix is non singular: in fact it is an orthogonal matrix. By the last
lemma, we can find a barrier for B;(0) at (0,£1). Thus, we have found a
different proof for the result by Gutiérrez and Tournier ([19], Theorem 4.1)
in H'. We note that, despite the differences in our techniques, their approach

exploits some kind of barriers which have a paraboloidal shape similar to hy;.

In a generic step two Carnot group as in (A2]), the non-singularity of
the matrices y_,_, t? B* is not provided. Tt is easy, indeed, to build some
examples: if m is odd, the skew-symmetry implies the singularity. In the

following proposition, we overcome this difficulty.

Proposition 4.2.4. For any A < A, there exists an interior Ly x-barrier
function for B1(0) at every point of 0B (0).

Proof. By Lemma and Remark E.2.T], it is left the case of the points
(0,t9) € 0B1(0). Thus, fix to = (7,...,t2) with ||to|| = 1. Since we have
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proved Lemma 2.2 we assume that the matrix Y ;_, ¢ B* has a non-trivial
kernel. Let us denote by @ the orthogonal projector on Ker(>",_, t2B*) and
by P the orthogonal projector on Range(> ,_, t9B*) = Ker(}_,_, t2B*)*+
(also P is non-null because of the linear independence of the B¥’s). We

remind that © = Px + Qz and

z”: 9B
k=1

where o > 0 is the smallest positive singular value of Y__, tB*. Denote
by N; the rank of the matrix P: we know that 0 < Ny < m. We put also
M = max;, HB’“H For a fixed

> o ||Px|| for every x € R™,

>A 5m+15+m—]\71+5nM2
T3 \an, N, 16N,

Am—N;
A M

(in particular we note that v > 2 and v > ), we set
4 2 2 2
fla,t) = ll=lI” + (1Qx|l” = v |1 P[I")* + [[]]" + (¢, to) ,

where t' =t — (t, o) to as in Lemma 221 For a positive constant § to be

fixed later on, we consider
h(z,t) = e P — e Af@D),

The function h vanishes at (0,%y) and it is negative if and only if f < 1.

Thus, we have
{(l‘,t) €eR": h(l’,t) < 07 <t:t0> > 0} N {<07t0)} - Bl(o)
A straightforward calculation shows that

Xjh(z,t) = fe ?@0 (4 1 25+ 4(1Qx|)* =~ || Pz[|*)(Qx — 7 Pa),

n 1 n B .
+ Y (Bt + 2 Ztg(Bkm)j> = fe VX f(a,1).
k=1 k=1
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For every A < A and A € M,,(\, A), we get
Lah(z,t) = Be PI@b (4 | z|* Tr(A(z, 1)) + 8 (A(x, )z, z) +

+ 4(lQu|* = v (1 Pall’) ( Tr(A(z,)Q) — 7 Tr(A(z,1)P)) +
+ 8(A(z,t)(Qx — vPzx),Qr — yPx) +

1 n n
- 5<A(;z:, t)y t)B*z, Zth’“a:> +
k=1 k=1

+ %Z <A($7t)ka7ka> - 6 <A($vt)VXf<xvt)v va(xvt»)

k=1

IN

Be—BI () (4/\ z)|* (m + 2) + 8A(]|Qx||* + 2 || Pz ||*)+

+ 4(Qu|* = v (1 Pl’) ( Tr(A(z,)Q) — 7 Tr(A(z, 1) P)) +

b Br - 2 B
k=1 k=1

2

— BA||Vx f(z, )]

A ’I’I’L—Nl

Since v > 375

, we have
Tr(A(z,t)Q) — v Tr(A(z,t)P) < (m — Ni)A — yNi A < 0.

We are going to consider two cases. If || Pz’ < ,y% |Qx||?, then in particular

1Q||* — ~ || Px||* > 2||z||* (since v > 2). Hence, we get
B || |2 8
Lah(xz,t) < fe |lz]|” | 4mA + 24A + g((m—Nl)A—le)\) +
M2
n2 A) <0

because of our choice of 7. Otherwise, if | Pz|”* > 712 |Qz||, then || Pz|* >

1
1++2

|z||> and we have

4zl x + 4(1Qz|” — v |1P|*)(Qx — yPx)+

i t Bz
k=1

IVx [z, Ol =

>

1 n
+ 3 ;thkx




62

4. Double Ball Property

v

> @ BRal| — 1) > || Bt
k=1 k=1

o
> S 1Pl =t nM |z = (

1
2
g
——— — ||| nM ] ||2| .
Wi )H H

Here we have exploited the orthogonality of the vectors Y _,_, t2B*z, Pz and

e » , -
Qz. Then, if in addition ||| < pRvv oL we have
o
IVx f(, )] = —=—= |l

44/1 472

Therefore we get

Lah(z,t) < BePH@D ||z|? <4A(m 4 2) + 4y (YNiA — (m — N)A) +

M? X o2 o?
16AY? + An— — = — B .
T 1A A = s 0 16(1+72))

By choosing 3 big enough, we obtain £L4h < 0. Thus, the function A is

an interior £y y-barrier for By(0) at (0,%,) if we consider it on the domain

U:{(:c,t) Lt o) > 0, Ht’H<4+}. O

MA/1+~2

Putting together the last proposition and Proposition T4, we have

proved the following theorem, which is the main result of [34].

Theorem 4.2.5. The double ball property holds true in every Carnot group
of step two.

4.3 A naive proof in Métivier groups

The title of this Section forces us to start with a definition.

Definition 4.3.1. Let g be an N-dimensional Lie algebra and let us denote
by 3 its center. We say that g is a Métivier algebra (or an H-type algebra in
the sense of Métivier) if it admits a vector space decomposition g = g1 ©® g2
with

91,81 C 92 and g2 C3
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such that, for every n € g5, the skew-symmetric bilinear form on g1 defined
by
B”]:glxgl—>R B’](XuX,):TI([X7X/])

is non degenerate, whenever n # 0.
We say that a Lie group is a Métivier group (or an H-type group in the sense
of Métivier) if its Lie algebra is a Métivier algebra.

This definition implies that every Métivier group is a particular stratified
group of step two (see [3], Remark 3.7.2). Moreover, if we look it in coor-
dinates through a canonical isomorphism, we get an homogeneous Carnot
group with composition law as in ([£.2]), for which every non-vanishing linear
combination of the matrices B"’s is non singular (see [3], Proposition 3.7.4).
In particular, m has to be even. Every group of Heisenberg type is a Métivier
group ([3], Remark 3.7.5).

Remark 4.3.2. Hence, in an homogeneous Métivier group we have that, for
any unit vector to = (t7,...,t2) € R, the matrix >_,_, t9 B* is non singular.
By Lemma [£.2.2] we know that the paraboloidal shaped functions denoted
by hy work as £y p-barrier for By (0) at every characteristic point of 9B;(0).
Therefore, the proof of the double ball we have presented above is simpler in

the setting of Métivier groups.

We are going to give a different proof for the double ball property in
this setting. The approach we have described allows us to choose a basis of
the neighborhoods (i.e. to choose one bounded open neighborhood B of the
origin) which is different from the d-balls Bg(z¢) (i.e. from B;(0)). How can
we choose such a B? Looking at the proof of Lemma 1.5 we recognize that,
in order to find a barrier for B at z, we exploited the existence of an interior
euclidean ball centered at &, such that v = xy — & is a non-characteristic
direction at x( (that is v is not orthogonal to each X;(zy)). Since the points
(0,to) are characteristic for B;(0), it seems reasonable to us to consider a set
B as the one described by the following figure (the horizontal “axis” refers

to ||x|| and the vertical one to |[¢||)
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N

Let us fix a smooth and convex function g = [0, +00) — R such that
9(0) =0, g'(0) <0, g(R) =1, g'(R) >0

for some R > 0. Thus, there exists by convexity one point Ry € (0, R) such
that ¢'(Ry) = 0 and g(Ry) = ming < 0. Even if it is not needed, let us fix
g(p) = 4p*> = 3p: for such a function R = 1, Ry = £ and g(Ry) = —15. We
define

B = {(z,t) e RY : g(ll=]) + [I¢]* < 1}.
This set is an open neighborhood of the origin. Moreover it is bounded, since

we have

d
(@,0)€B = ol <RE=1 il <V1-g(Ro)=7.

Remark 4.3.3. The boundary 9B = {(z,t) € RN : g(||lz||) + ||t]|* = 1} is
a smooth hypersurface of RY except from the points (0,%y) with ||| = 1.
Thus, the set of non-regular points is an n — 1-dimensional sphere and it has

surface measure zero. The defining function of 0B is
2
Fa,t) = g(llzl]) + [l¢]]” = 1.

It turns out that the horizontal gradient of F' is non-vanishing at the regular

points. As a matter of fact, we have

/ n

x

VxF(z,t) = J |(|Hx”H)x + E tyB*x.
k=1

By the skew-symmetry, the vectors x and > _,_, tx B*z are orthogonal vectors

of R™. Since x # 0 at a regular point, we get

VxF(xo,t0) =0 g'([lzg]) =0 and Y 3B 2o =0
k=1
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for a regular point (z,ty) € OB where to = (t7,...,t2). Our hypotheses on g
imply that ¢/(||zo]|) = 0 iff ||zo|| = Ro. On the other hand, if >, ¢ B¥z, =
0, the fact that the group is Métivier implies that t{; = 0 and so we have
g(||zol|) = 1. Since g(Rp) # 1, it is not possible that Vx F(zg,t) = 0 at a

regular point. In other terms, each regular point of 9B is non-characteristic.

Hence, we know by Lemma [A.1.5 how to build a barrier at every point
(x0,t9) € OB with x # 0. The other points are going to be considered in the

following proposition.

Proposition 4.3.4. For any 0 < A < A, there exists an interior Ly -barrier

function for B at every point of 0B.

Proof. Fix 0 < A < A. By the last remark, we are left with the case of
the boundary points (0,%) for any fixed unit vector ty = (¢9,...,t%). We
are going to build a conic shaped barrier. To this aim, we fix a number

v > — = 2. If the point (z,t) satisfies v ||t — to]| < [|z||, we have

_2
g'(0)

gl ) + 121 < g(llz]) + (1t = toll + 1)* < g(llll) + (% [l +1)* = G([|[1)-

Since G(0) = 1 and G'(0) = ¢'(0) —|—% < 0, there exists § > 0 such that G < 1
in the interval (0,0). Thus we get

{(z,t) e RN =yt — o < [lzf| <6}~ {(0,%0)} C B.
Let us define the function
h(z,t) =1— ellwllkvzlltftoll?

We have just seen that {(x,t) : ||z|| < 0, h(z,t) < 0}~ {(0,%y)} C B. For

j=1,...,m, we can compute

Xh(z,t) = _ellalli®=?lit=to]* (2% — 42 Z(t _ to)k(BkSC)j)

k=1

2 2 2
. x| — t—t
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For A € M,,(\, A), a straightforward calculation shows that

2 n

Lah(z,t) = ellal*=2llt—to]|? <_2T7“(A(x, t)) + % Z (A(z,t)B*z, B¥z) +
k=1

- (A(m,t)v(:c,t),v(a:,t))) <

212 =~2 ([t —t0 2 72 -
< elelP=2le=tol <_2m)\+?A;HBkIH2 —Mlv(ﬂf,t)|!2> =

= : H(z,t).

By definition, we have H(0,ty) = —2mA < 0. Hence, there exists an open
neighborhood Uy of (0,ty) where £L4h < 0 for any A € M,,(\,A). The set
Uy depends just on the function H and thus it depends on A just through
A, A. Therefore the function h, defined in U = {(z,t) € Uy : ||z|| < d}, is an
interior £y p-barrier for B at (0, ). O

Let us recap we have just showed a different proof for the double ball
property in the Métivier case (and in particular for the Heisenberg case):
the approach is the same of Section [4.1], but there are different barriers and
“balls” with respect to Section 4.2l



Chapter 5
Critical density property

In this last chapter we generalize a result in [19] by Gutiérrez and Tournier
for the Heisenberg group by identifying a class for which the critical density
property is uniformly satisfied. Our approach works in any H-type groups.
The class we identify is different from the one in [19] and it is related to a
Landis condition. The resulting invariant Harnack inequality we report here

is also our main result in [35].

5.1 The case of H-type groups
We have to start with a definition.

Definition 5.1.1. An H-type algebra is a finite-dimensional real Lie algebra
(g,[,]) which can be endowed with an inner product (-,-) such that
J.’ 5J_]

(3 =3,

where 3 is the center of g. Moreover, for any fized z € 3, the map J, : 3+ —
3% defined by

<JZ(U)7w> = <Zv [va]> \V/'UJEjL
is an orthogonal map whenever (z,z) = 1. We say that a simply connected

Lie group is an H-type group if its Lie algebra is an H-type algebra.

67
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The H-type groups are particular Carnot groups of step two: a stratifica-

tion is just given by
=3 @3

We are going to denote b = 3t and ||q]| = {(q,q) for ¢ € g. Moreover,
we put m = dim(b) and n = dim(3). The associated homogeneity in the
Lie group is thus given by the dilations 6, ((zq), z2))) = (Aza), ANz (@) (for
(zay, z2)) € RY = R™ x R") and the homogeneous dimension is equal to
Q :=m+2n.
We now fix an orthonormal (with respect to (-,-)) basis Xi,..., X, for b
and an orthonormal basis Z1,..., 7, for 3. Then X;y,.... X,,,Z1,...,2, is

an orthonormal basis for g and we have

vtz=Y 0 X)X;+Y (2,Z)Z  Vveb, Vzey
k=1

j=1 =

For any z € 3, the map J, satisfies, among the others, the following properties
(Jo(v),0) =0 and || L()[| = [[z][|lv]  Vveb. (5.1)

A proof of these facts and other nice properties of H-type groups can also be
found in [12] (Section 6) and in [3] (Chapter 18).

Example 5.1.2. As it is well-known, the Heisenberg-Weyl group is a par-
ticular H-type group. If the generic point of R***1 is given by (1, ..., Tok, 2)
and the vector fields

X; =0, — JT““az, Xjh = Oy + Efaz (for j € {1,...,k}),

Z:Z1:8Z

form the usual basis of the Lie algebra, then the standard inner product in-
duced by the basis { X1, ..., Xox, Z} is the one needed for satisfying Definition
(5. 1.1 Furthermore, in this case the map J. is given by

2k k
JcZ (Z anj> = CZ(—aj+ka + CLij+k).

j=1 j=1
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Following Kaplan’s notations, we define the functions v : G — b and

z : G — 3 by the following relation
r = Exp(v(z) + z(x)), for x € G,

where Fxp denotes the exponential map. We remind that Fxp is a globally
defined diffeomorphism with inverse denoted by Log. Thus, for any x € G
we have

(Log(z X, and  z(z):= Z (Log(x), Zx) Z,

]:1 k=1
The approach of Chapter [l requires the choice of an homogeneous symmetric
norm in order to define a quasi distance d and the d-balls. In the H-type
groups there are some preferable choices. As a matter of fact, let us consider

the function
4 2y2=¢
p(z) = ([lo(@)[|” + 16 [|z(2)[I7) =
Kaplan proved in [22] (Theorem 2) that there exists a positive constant k such

that kyp is the fundamental solution at the origin (in the sense of Definition
5.3.1 in [3]) of the sub-Laplacian Ag = 3 7", X7.

Definition 5.1.3. A Ag-gauge on G is an homogeneous symmetric norm d,

smooth out of the origin and satisfying
Ag(d*9) =0 in G~ {0}.
If T is a fundamental solution at the origin for Ag, then

{ (T(x)7e if 2 #0

diz) = 0 if =0

is a Ag-gauge on G (see [3], Proposition 5.4.2).

Thus, as homogeneous symmetric norm we choose the following Ag-gauge

function

d(@) = ([[o(@)]|" + 16|=(2)]*)3. (5.2)



70

5. Critical density property

Danielli, Garofalo and Nhieu proved in [12] (Theorem 6.8) that d has also
the remarkable property to be horizontally-convex. A direct proof of the
fact that d is an homogeneous symmetric norm can be found in [3] (Remark

18.3.2). Hence, the d-ball of radius R centered at xy has the following form
Br(zg) =290 Br(0) =zgo{x € G : Hv(m)H4 +16 Hz(gv)H2 < R*}.

Note 5.1.4. In every homogeneous Carnot group the balls of the gauge have
a great importance in the analysis of the sub-Laplacian and more in general
in the geometry of the group. As a matter of fact, it is very well-known that
some mean-value representation formulas hold true on such balls (see e.g.
[3], Theorem 5.5.4). In what follows we will use the kernel of the surface

mean-value formula at 0. We recall it is given by

Vxd©)))?

Po(€) = and P

N GIR e aBR(O)@Z)o(é)dO(S)=1 (5.3)

for some positive constant 3. Here we have denoted by do the (N — 1)-
dimensional Hausdorff measure and, with an abuse of notations, by ||-|| even

the euclidean norms in R™ and in R¥.

For A € M,,(X\,A) we are interested in the horizontally elliptic operators
L4 as in ([B.2), where the X;’s are the orthonormal vector fields we have
fixed. We want to prove a critical density estimate for 3. To this aim,
we follow the main steps of the proof adopted in [I9]. The crucial point is
the existence of a very specific barrier function. To show this fact, let us
compute explicitly the horizontal gradient V xd and the horizontal Hessian

matrix (X;X;d)"_,. We put

ij=1"
¢ =d" = |lv(z)||* + 16 [|z(2)|*,

which is a smooth function in the whole G. If we define for any fixed x € G

the functions

¢j(t) = ¢(z o Exp(tX;)) and ¢ii(s,t) = ¢p(x o Exp(sX;) o Exp(tX;))
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for s,t € R and i,5 € {1,...,m}, by definition we have
92
= ———¢,;,;(0,0).
Gsat(b 4(0.0)
We remind that the Campbell-Hausdorff formula for step two Lie algebras
state that

X;o(r) = ¢5(0)  and X, X;0(z)

J

1
Exp(A) o Exp(B) = Exp (A + B+ i[A’ B]) VA BEeg.
Thus, since z(x) € 3, we get

Brp (vl o Bap(sX,) 0 BrpltX,) + 2(r 0 Erxp(sX,) 0 EapltX;)) =
= z o Exp(sX;) o Exp(tX;) =

= Exp(v(z) + z(x)) o Exp (SXZ' +tX; + %t[Xi, Xj]> =

= Exp (v(x) + z(x) + sX; +tX; + %t[XZ-, X+ g[v(x), X + %[v(x), Xj]).

Since we have
v(z)+sX;+tX; €b and
s

@)+ S X+ So(a), Xi] + Slol@), X, € 5

we deduce

v(z o Exp(sX;) o Exp(tX;)) = v(x) + sX; +tX; and

z(x o Exp(sX;) o Exp(tX;)) = z(x) + %t[Xi, X+ %[v(m),Xi] + %[v(x),Xj].
For s = 0, this gives also
v(zoFErp(tX;)) =v(z)+tX; and z(zo Exp(tX;))=z(z)+ %[v(z),Xj].

Now we have an explicit expression for ¢;(t) and ¢; ;(s,t) and we can perform
explicit calculations.
Remark 5.1.5. By definition we have
t
B0 = o(o) + 0" +16 s + St X

= (Jo@)|* + ¢ + 2t (v(2), X;))” +

# 16 (@I + 1) ) X1 + § 1) ).
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Since (z(z), [v(z), X;]) = (Jox)(v(x)), X;), by differentiating we get
Xip(x) =4 <Hv(a:)||2 v(z) + 4. (v(2)), X;) . (5.4)
On the other hand we have

Gij(s,t) = |v(@)+sX; + X" +
X, X+ o), X+ S[o(@), X
= (I@)|? + > + 2 + 25 (v(@), X2) + 2t ((z), X;) + st6;;)" +

o | 87t 5 | 8 2
o 16 (=@ + S5 X 0+ 2 o), X1 +

2

+ 16||z(x) +

+ tz v (@), X,)I1” + st (2(x), [Xi, X;]) + s (z(2), [o(2), Xi]) +

+ (o), (), X5]) + S0 (X X o), Xa) +

2
(fo(e), X1, [v<m>,Xj]>) |

512 st
+ 5 (X X (@), X)) 5

By differentiating this formula and observing that
([o(x), Xi], [o(@), X;]) = é (Jz,(v(2)), Xi) (Jz, (v()), X;)

we finally get

XiX;0(x) = 4llu(@)]? 65 + 8 (v(x), X,) (v(x), X;) + 16 (2(x), [Xi, X;]) +

+ 8 (U5 (v(2)), Xi) (Jz (v(@)), X;) . (5.5)
k=1
By the equality (5.4) and the properties in (5.1]), we deduce the relation

IVxo(@)|I” = 16 [[v(x)|” ¢(x),

which implies

vxd)t = 5L (5.6)
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This relation had already been remarked in [I12] (Lemma 6.3). On the other
hand, for i,j € {1,...,m} we get

XiXjd(a) = o Xud(w)X,d(0) + T XiXso(w) =
IV xd(@)||* ;; — 3Xd(2) X;d(x)

d(x)

T ﬁ <<v(fv>’Xz-> (v(x), X;) +2(2(2), [X;, X;]) +

+ Y (Jz(v(2)), Xi) <Jzk(v(x))>Xj>> :

k=1
If A e My,(\ A), since the matrix ((z(z), [X;, X;]))7,

and the product of a symmetric matrix with a skew-symmetric one has zero

i1 1s skew-symmetric

trace, we have

Lad(z) = ﬁ (Tr(A(2))Ln — 3A(2)) Vxd(x), Vxd(r)) +

+ % ((A( W ( )+ Z x)J,V(x JkV(w)>)(5-7)
where we have denoted the two vectors of R™
V() = ((v(z), X;))jey and  JV(z) := ((Jz, (v(2)), X;)) Ly

We are almost ready to prove our main Lemma, which is the counterpart
of Lemma 3.1 in [19]. Before doing it, let us state the following condition:
we say that a positive definite coefficient matrix A satisfies the J-Landis

condition in  if there exists d € (0, 2] such that

Tr(A(z))+(Q+2— m)ﬁ?“aﬁg( (2)€,&) < (Q+4— 5)|Eﬁm< (2)€,€) Vze.
(5.8)

We are going to fully discuss the meaning of this condition in the next section.

Lemma 5.1.6. Fiz 0 < A< A and 0 < 6 < 2. For any open set O such that
O C B1(0), we consider the function
1

W) = =5 /O (dz=" 0 €)) 9" dc.
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For e > 0, let n. € C*([0,+00)) such that 0 < n. < 1, n.(p) = 0 for
0<p<eandn.p) =1 for p>2e. Consider the C* function

___1 n-(d(z”" 0 §))
)= g5 e g

which converges uniformly to h as € — 0. Then, for any compact set
O' C O, we have

Lah(z) > CA Vo e O, (5.9)
for every A € M,,(\,\) satisfying the 6-Landis condition,
and for every 0 < 2e < d(0',00) :=inf{d(¢'ox) : z € O, & € 00}.
The positive constant C' has to depend just on 9, d, @), and the X;’s.

Proof. Fix a = Q — 6. Put also g(€) = —1d=(€) and g.(6) = g(€)n-(d(£)).
By the symmetry of d, these functions are symmetric, i.e. g(§™!) = g(£) and

g-(£71) = g.(£). Thus, we have

he(w) = /O gela 0 €) de = /O g€ o) d

We note that, for € B;(0), we have B1(0) C By (z). The smoothness of
g- and the left-invariance of the vector fields imply, for every i,7 = 1,...,m,
that

XiXjh(z) = /O (XiXjg=(£ " o)) (x)de = /O (XiX;g.) (€' ox)de =
-/ | XX (e o)~ X, Xjg.(67 o 2)dé =

Bag (2)\O

= [ XX e - X, X.(€7" o 2)de.
Bok (0) Bak ()0
Since d€ is also inversely invariant and the balls are symmetric, we get

XszhE(l’) = / XZX]gé-(f)df — Xinga(é'—l (@) :L')d§ =
BQK( ) BQK(I)\O

Xid(§) |
- X9 do(€) — XX g (€ 0 2)de,
/GBQK( i9 (§)||Vd( T o (&) /BQK(I)\O 19:(§ 7 o x)dé
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where the last equality is justified by the divergence theorem: the vector
fields X;’s are indeed divergence-free because of the d,-homogeneity (see [3],
Remark 1.3.7). Assume now 0 < & < 1. Then, if £ belongs to a small
open neighborhood of B2k (0), ¢g-(£) = g(§). Moreover, let O’ be a compact
subset of O such that 0 < 2¢ < d(0',00). If v € O and £ € Bag(x) \ O,
then g. (6 'ox) = g(¢tox). Thus, for z € O, we get

XinhE(x) —
X;d(€)

- X d B XX “lox)de =
/8321((0) Jg(f)”Vd(f)” O'(f) /sz(:v)\O g(g l‘)g

X;d(§) Xid(€) B X, X;d(e o)
/832}{(0) (QK)aJrl ||Vd(£)” do-(f) /B2K(:B)\O (d(é‘fl o x))aJrl dg +

X d(E o) X;d(E o)
+ (Qf + 1) /B2K(Z)\O (d(fil o x))aJrZ dS

Hence, for A € M,,(\, A) and for x € O, we have

EAhE(x) =
(A(2)Vxd(€), Vxd(§))
/3321{(0) (2K)e+L|[Vd(©)|| do () +
/ Z?;:l g ($)Xind(§_1 ox)
Bak ()\O (d(f—l o x))a—i—l
(A(@)Vxd(¢ " o x), Vxd(§ ! o 2)

+ (CY + 1) /BQK(x)\O (d(g_l o l,))a+2 df Z

A IVxdOF | o (L4 d)(E " o)
> G S TR o e o 6

(A(x)Vxd(§ " o), Vxd(§ " o))
+ (CY + 1) /BQK(:B)\O (d(ffl O:L‘))a+2 dgv

where A¢(z) = A({ o z). By recognizing that the term % = 1(€) and
using (5.3), we have

d¢ +

A (Lad) (& om)

Lah(z) > Z(2K)97*7* — /B 00 (d(E=1oz))*H o

B
(A@)Vxd(E 1 0 2), Vxd(e1 0 2)
! (““)/BMW (A€ o) “
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Exploiting (5.7) and denoting by A4, = maxj¢j=1 (A(2)§, ), we deduce that

Lah(x) >

A o V(E o) + S, IV (E o))

Z(2K)9TT Y —2A,, ol o d
z 5K /me\o (€ tox)) ¢

((a+4)A(z) — Tr(A(z)L,) Vxd(E o), Vxd(E o)) p

* /Bzm)\o (d(&1 o x))**? :
_ Aypraia (4 2000, + Tr(AGD) [ofe 00

5) /B%(x)\o (@€ o) o

Vxd(¢1ox) V xd(¢ Yox) —1 2
<A(x) VxdE Toa)’ ||V§d(§710$)||> lo(€™" o )]

ey - i,
Basc (2)~O (d(&toa))™
where in the last equality we have used the second property in (5.I) and
the orthonormality of the basis Xi,..., X,,, Z1,...,Z,. Assuming that A

satisfies the condition (5.8]), then for any unit vector ¢ we have
(@ +4) (A(2)¢, () = (@ +4 = 0) (A(x)¢, €) = Tr(A(x)) + (2 + 2n) A4,
uniformly in x. Therefore we finally get

A A
Lah(z) > B2K)a+2-Q - B(2K)?—0

for any = € O'. O

Note 5.1.7. The proof of this Lemma is the only part of the arguments
where the condition (5.8)) is needed. In [19] Gutiérrez and Tournier made
different estimates for £4h and thus they found a different condition written
in terms of the maximum and minimum eigenvalue of A. See the next Section

for further comments between (5.8]) and other conditions.

We stress that the uniform convergence of h. (and the resulting continuity
of h) is given by the condition @ — § < @, that is § > 0 (see [3], Corollary

5.4.5). Moreover, in [19] it has been remarked the following nice fact.

Remark 5.1.8. Fix x € G. Among all the possible sets O with a fixed

measure, the one who maximizes the function

1
/O @atogr ©
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is the ball centered at x. As a matter of fact, consider the ball B,(x) where
p > 0 is such that |B,| = |O|, i.e. |By|p? = |O]. We have

|O N B,(z)| = |B,(x) ~ O] and

1 1 1
/()u(a:loa)“ * = /B o T o d“/o\Bpm @@ Tor ©

/OﬂB,,(x) —105)) d£+_|O\B< )

1
- /B -1os>> Lt g B0~ O
1

= /Bp (d(z71 o))" = & +/B,)(m)\o (d(zTog)” e

=y g

This means that

0= h) = - [ (o) e

«

By the behavior of the Lebesgue measure under translations and dilations,

for such p we get

Q—«
0> h(z) > -~
(6%

/B L@ =0t )

By keeping in mind the arguments in [19] (Theorem 3.2-3.3), we can now

prove the following theorem.

Theorem 5.1.9. Fiz 0 < A < A and 0 < § < 2. The family K§ satisfies
the critical density property for any A € M,,(\,A) satisfying the §-Landis
condition. The constants €,n¢, and ¢ depend just on X\, A,d, and the setting

we have fized.

Proof. Fix A € M,,(\,A) as in the statement. By Remark B.2.8 we can

prove the property for R = % and o = 0. Let us prove the critical density
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with ¢ = 4 and ¢ = Take u € K4(B2(0)) and suppose there exists a

1
5
point T in Bi (0) where w is less than 1. We want to prove that

{x € B1(0) : u(z) < 1}| > ¢|B1(0)]

for some 0 < € < 1 depending just on A\, A, d and the structural constants of
G.
In order to prove it, we use the barrier of the Lemma [(.1.6] and an auxiliary

function involving ¢ = d*. In our notations, by (5.5) we get
Lad(x) = 4lo(@)|” Tr(Alz)) +
+ 8(A@)V(2),V(x) +8>  (A(@)JiV (x), iV (x)) <
k=1
< AAN(m+2+42n) |v(2)]* < 4(Q + 2)A

for any x € By(0). If C is the positive constant in (5.9), we set

CA

w(r) = m(u(@ + ¢(x) — 1).

By the hypothesis £ u < 0, hence we have L w < %)\ in B;(0). Moreover,

w is nonnegative on 0B;(0) and

W) < - ) (1 1_1)_ 7C A

(Q+2)A

We put O := {z € B1(0) : w(x) < 0}. We remark that O is an open set
such that

2T T ) T TIRQr N

O C{z € B1(0) : u(x) < 1}.

This set is non-empty since T € O. With this choice of O, we build the
barrier A of Lemma and we consider the continuous function A — w.
We claim that h —w < 0 in O. We already know that this inequality holds
true on 9O since w > 0 on dB;(0). Suppose by contradiction that there
exists & € O such that h(§) — w(&) = 26 > 0. Of course, this implies the
existence of g9 > 0 such that h.(§) — w(&) > 0 if € < g5. Now, for any

compact set O" C O containing &y, by the weak maximum principle (Theorem
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B23) we would get maxpor (he —w) > 8 if &€ < min{3d(0’,00),e0} since
La(h: —w) >SN in O'. Letting £ — 0%, we deduce maxgos (b —w) > § for
any O" which is a contradiction since h —w < 0 on dO. Thus we have proved

the claim. In particular we get

7C

A 3 _ 5
_MK > w(T) > h(T) > —v]|0]|°

by the relation (5.I0). Therefore we have

{z e Bi0) : ux) < 1}] > 0] > (WSH)%) — ¢ |B(0)]

and the theorem is proved. Il

5.2 An invariant Harnack inequality under a

Landis condition

In this last section of the thesis we want to sum up and discuss the results
achieved. First of all we go back to the d-Landis condition (5.8). What does

it mean? Let us state it again in the following equivalent form

sup (Tr(A(x>) + (@ + 2 —m) maxjg— (A(2)E, )
min e =1 (A(x)¢, §)

) <Q+4.  (5.11)

€

This is a Cordes-type condition, in the sense that it imposes a limitation on

the spreading of the eigenvalues of the coefficient matrix A.
Remark 5.2.1. Suppose A € M,,(\, A) with
A
A_Qus
A Q+1
then the condition (5.IT]) is satisfied. Moreover, the constant ¢ in the §-Landis

condition can be taken as

A
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As a matter of fact we have

Tr(A(x)) + (Q + 2 — m) max)g=1 (A(x)§, )
mingj=1 (A(7)¢; )
Tr(A(x)) — minjg—; (A(2)§, )

- minej—1 (A(2)§, ) T@+2-m)

S(m—”%+@+2—m

+1

max|e|=1 (A(z)¢,€)
miannzl <A($)§> €>

>| =

+1:(Q+D%+¢

which is less than @ + 4 if % < % Moreover § can be chosen as we said

since

A B Q+3 A\ B
(Q+DX+1_Q+4_@+D(§:T_X>_Q+4 5.

Estimates of Cordes-type in subelliptic settings for operators in non-
divergence form are already present in the literature. They have been con-
sidered for the problem of interior regularity of p-harmonic functions in the

Heisenberg group in [I6] and in the Grusin plane in [14].

Remark 5.2.2. The original Cordes’ condition introduced in [10] is actually
not very similar to (5.I1]). For a symmetric positive definite m x m matrix A,
the Cordes’ condition involves the Frobenius norm of A (which is /Tr(A?))

and the trace: it is equivalent to asking that

T(A@?) _ 1
b (Tr(A(z)) ~m—1

Our condition involves the trace and the operator norms of A and A}, i.e.
the maximum and the minimum eigenvalue. It is closer in the aspect and
in the purposes to the one used by Landis in [26] (see also [27], Chapter 1,

Section 7). Landis’ condition reads indeed as follows

Tr (A(z))
et minye =1 (A(x)§, ) mEE

Before the work [24] by Krylov and Safonov, Landis proved in [25] an in-
variant Harnack inequality for non-divergence elliptic operator under this

additional condition. In this way Landis obtained the same result by Cordes
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but exploiting different techniques. In particular Landis used his extra con-
dition for a reason which is very similar to our needs inside Lemma [5.1.6]
That is why we have referred to (5.8) as the d-Landis condition.

For 0 < A < A, we denote by M,,(\, A, §) the class of all the A € M,,(\, A)
satisfying the d-Landis condition for some 6 € (0,2]. Both here and in the
previous section we have mentioned that 6 has to be between 0 and 2. The

reason is simple and we explain it now.

Remark 5.2.3. There are no matrices satisfying the J-Landis condition for
0 bigger than 2. We have indeed that

Tr(A(z))
min g =1 (A(z)§, §)
> m+Q+2-m=0Q+2

+(Q+2—m)

maxjej=1 (A()€ &)
5 2

3
min ¢ =1 (A(2)§, )

The same inequality shows us that
Ae M,(MA2) <= A=) and A=),

Furthermore we note that A € M,, (A, A, ) implies that A € M,,(\, A,d") for
any 0 < ¢ < 4.

With these new notations, let us summarize and state again the main

result obtained in the previous section (Theorem [£.1.9)).

Theorem 5.2.4. In an H-type group G, let { X, ..., X,,} be an orthonormal
basis of the first layer of g and let d be as in {5.2). Consider the horizontal
elliptic operators as in (32) built with such a basis. The family K& in (3.4)
satisfies the critical density property uniformly in the class M,, (X, A, 9).

Note 5.2.5. By Remark [£.2.7] this critical density property is uniform in

the whole class M, (X, A) if & < %

Analogously to Remark 33Tl and to the classical Cordes result, we stress
that also the class M, (X, A,d) is not stable under change of variables or

generators. That is why it is very important the right choice of the basis
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{X1,...,X,,}. For a better understanding, let us make a digression and
some concrete examples.

As remarked by Kaplan in [22] (Corollary 1), there exist H-type algebras
with center of any given dimension. We want to show here a representative
class. Since these algebras are nilpotent of step 2, we look at the model
described in Section &2l We recall that the composition law o in RY = R™+"
is given by

1
(x,t) o (x1,t1) = (x +x,t+t + 3 <B:c,:v1>> for (z,t), (z1,t;) € RN,

for some suitable m x m matrices B',..., B". According to [3] (Definition
3.6.1), such a group is called prototype group of H-type if the following

properties are satisfied:
- BJ is skew-symmetric and orthogonal for any j < n;
- B'BY = —BIB' for every i,j € {1,...,n} with i # j.

This class of homogeneous Lie groups belongs to the class of H-type groups
and any H-type group is isomorphic to one of these ([3], Theorem 18.2.1).
Consider the vector fields X7, ..., X,, of the Jacobian basis as in (£.3)). The
standard inner product on g with respect to the basis

0 19)
Xp, oo Xy o
Lo ot ot,,

induces on g the structure of H-type algebra. Moreover, in these groups the
exponential map is the identity map on RY and the gauge function d we have

exploited is
4 2
d(x,t) = [lz[|” + 16 [|Z]
(see e.g. [3], Remark 18.3.3).
Example 5.2.6. The Heisenberg-Weyl group is also a particular prototype
group of H-type. It is easy to see that the matriz B showed in Remark[{.2.5

satisfies the assumptions of skew-symmetry and orthogonality. The vector

fields X;’s of the Jacobian matriz are just the usual generators in Example
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0. 1.2
Let us take other examples from [3] (Remark 5.6.6). In R” = R* x R3, we

can consider the matrices

0 -1 0 0 0 01 0
g |2 0 0 g | 000 1
0 0 -1 100
0 10 0 10 0
0 0 01
B 10
-10 0
-1 0 00

These matrices satisfy the prototype H-type group conditions. This gives us
an example of H-type group with m = 4 and a center of dimension n = 3.

The jacobian vector fields can be easily constructed through ({4.3).

Despite the fact that any H-type group is isomorphic to a prototype one,
we have to be careful and we do think it is useful to give another example.
The problem has been already mentioned and it will be clear in a moment:
our result is not stable under a change of the basis {X3,...,X,,}. Let us

consider the Lie group on R® with the usual composition law as in (£2) and

-1 0

-2
0

o O = O

Here m = 4 and n = 1. The matrix B is not orthonormal and so it is not
a prototype H-type group, but it is an H-type group since it is isomorphic
to the Heisenberg group H?. This group is well-studied in the literature.
In [I] (Example 6.6) Balogh and Tyson gave an explicit expression for the
fundamental solution of the canonical sublaplacian Ag = ijl X ]2, where

X; = 0,, + 3(Bx);0, (j =1,...,4) are the horizontal fields of the Jacobian
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basis. If we look at that formula, we can recognize it is different from being
a power of |[v(z)||* + 16 ||z(z)||* (or to a power of ||z||* 4+ 16 |¢||* since also
here the exponential map is the identity). In [2] Bonfiglioli proved that
the gauge function associated to Ag is not even horizontally convex. The
problem is that the Jacobian basis is not orthonormal with respect to the
scalar product inducing in this group the structure of H-type group. Thus,
if we want to apply our result on the horizontally elliptic operator in this
group L4 = Zzljzl a;;(x,t)X;X; we need that our Cordes-Landis condition
is satisfied not for the matrix A but for the matrix D'A(z,t)D where D
brings an orthonormal basis in {Xj,...,X,,}. It is easy to verify that, in
this situation, the basis X;, X5, \%Xg, \/LEXLL is orthonormal. Hence, the right
choice of the vector fields is crucial: this allowed us in particular to make the

right choice of the gauge function related to the sub-Laplacian.

We can now put together the results obtained in the last two chapters and
the approach showed in Chapter [l We thus deduce an invariant Harnack
inequality in H-type groups for horizontally elliptic operators £4 with A €
M, (X, A, 0). The constants appearing in the Harnack inequality will depend
on A € M, (X A, ) just through the constants A, A, d, the structure of the
group, the orthonormal vector fields X;’s and the norm d. In particular, they
are independent of the regularity of A(z)’s coefficients. Once more we stress

Q+3

that, if we suppose % < Gii we have an invariant Harnack inequality which

is uniform in the class of A € M,,(\, A).

Theorem 5.2.7. Let G be an homogeneous Lie group whose algebra is of
H-type. Suppose 0 < X\ < A and 0 < 6 < 2. There exist constants C' and
n depending just on A, N, 0 such that, for any A € M, (A, A,9), if we have a

function u with
uw>0 and Lau=0 inQ D Byr(z),

then it has to be

sup v < C inf w.
BR(IQ) BR(l'O)
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Proof. Consider (G,d,|-|), where |-| is the Lebesgue measure and d is the
gauge function defined in (5.2]). By what we showed in Section 1] this is a
doubling quasi metric Holder space satisfying the reverse doubling condition
and the log-ring condition. Consider the horizontally elliptic operators L4 as
in (B2) and the family of functions K3 defined in ([B3.4]). By Theorem E2.5]
the family K§ satisfies the double ball property uniformly for A € M,,(\, A)
for any 0 < A < A. Furthermore, for a fixed § as in the statement, K3
satisfies the critical density property uniformly for A € M,,(\ A,¢d). By
Theorem [[L2.3, KJ satisfies also the power decay property uniformly for
A € M,,(\ A, 0). By keeping in mind Section 2.2 we define the following

subset of K3

IC_S:: {fuec C}(V,R): VCQu>0and Lyu=0in V}.

The family K3 verifies all the assumptions of Theorem [L3.1l Therefore that
theorem gives us the desired Harnack inequality. We thus complete the proof
and the thesis. U
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