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CHAPTER 1

Introduction.

Since the development of quantum mechanics it has been natural to analyze
the connection between classical and quantum mechanical descriptions of physical
systems. In particular one should expect that in some sense when quantum mechan-
ical effects becomes negligible the system will behave like it is dictated by classical
mechanics. One famous relation between classical and quantum theory dates back
to early days of quantum mechanics and it is due to Ehrenfest [Ehr27|. This result
was later developed and put on firm mathematical foundations by Hepp [Hep74].
He proved that matrix elements of bounded functions of quantum observables be-
tween suitable coherents states (that depend on Planck’s constant h) converge to
classical values evolving according to the expected classical equations when A — 0.
Furthermore he also provides information about the quantum fluctuations of the
system in the classical limit: their dynamics is obtained linearizing quantum evo-
lution equation around the classical solution. His results were later generalized by
Ginibre and Velo [GV79), [GV80] to bosonic systems with infinite degrees of free-
dom and scattering theory. Recently Ginibre, Nironi and Velo applied this method
to perform a partially classical limit of the Nelson model [GNV06] where only the
number of relativistic particles goes to infinity while the number of non-relativistic
particles remain fixed. Even more recently some authors used the results of [GV79)]
to obtain estimates on the rate of convergence of transition amplitudes of normal
ordered products of creation and annihilation operators in the mean field limit of
bosonic systems; it has first been done by Rodnianski and Schlein [RS09] and then
refined by Chen and Lee [CL11] and by Chen, Lee and Schlein [COS11].

In this work we will analyze the complete classical limit of the Nelson model
with cut off, when both non-relativistic and relativistic particles number goes to
infinity. We will prove convergence of quantum observables to the solutions of
classical equations, and find the evolution of quantum fluctuations around the clas-
sical solution. Furthermore we analyze the convergence of transition amplitudes of
normal ordered products of creation and annihilation operators between different
types of initial states. Below we describe the main setting of the problem and give
a heuristic preview of the results, stripped from most technicalities.

1. Introduction to Fock Space.

Since the theory we want to study is set in a Fock space, we will introduce its
basic notions here. The Fock space and second quantization were introduced by
Vladimir Fock [Foc32] and put on a firm mathematical basis by Cook [Coo51]. Let
J be a Hilbert space, and denote J7;, its n-fold tensor product 47, = #' ®...Q.7 .
Now on %, define S,, the symmetrizing operator. In the case where 7 = L%(R),
S, is the subspace of L?(R") of all functions invariant under any permutation
of the variables. Set ) = C, we define the symmetric Fock space over J7:

7.(6) = D S,
n=0
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The basic operators of the Fock space are the annihilation and creation operators.
We will define them only for /7 = L%(R); formally we introduce the following
operator-valued distributions, defined by their action on J,:

(a(2)®)n(z1,. . yxn) =Vn+ 1Dy (2,21, .., 20)

(a*(x)(l))n(l‘l, . 71‘“) = \/15;5(.% — xj)(bn,l(xl, . 7.’f3j, . ,LL’n) R

where #; indicates this variable has been omitted. Then for any f € L?(R) the
annihilation and creation operators are defined as:

Formally a and a* satisfy the following commutation relation:
[a(z),a"(2)] = 6(z — 2')
[a(z),a(2")] = [a" (x),a"(2")] = 0.
For a more rigorous definition of these operators and a list of useful properties the

reader can consult the Appendix. Another useful operator is the number particle
operator

N = / dz a* (z)a(z)

This operator “counts the number of particles” of a state in the Fock space, in fact
acting on a vector ®,, € %, we have

N®, =nd, .

2. The Quantum Theory.

The system we want to study has been introduced in physics and was called
the polaron model; in particular it has been discussed by Gross [Gro62]. In math-
ematical physics it was introduced by Edward Nelson [Nel64], and still is referred
to as the Nelson model. He used it to describe the mathematical existence of a
theory of non-relativistic nucleons interacting with a meson field. However recent
developments in condensed matter theory, especially regarding the so-called optical
lattices, showed this model could be used also to describe systems of bosons trapped
in an electromagnetic field.

We will call ## the Hilbert space of the theory, and it is the tensor product of
two symmetric Fock spaces over L?(R?). Define

Hyn = {@pn + Pp (X Ky) € LA(RPPT)}

where X, = {z1,...,2,}, K, = {k1, ..., kn} and @, is separately symmetric with
respect to the first p and the last n variables. So we have that

e &
p,n=0

The vacuum state will be denoted by €2 (namely the unit vector of 7 o). We will
use freely the following properties of the tensor product of Hilbert spaces

%,n = %,0 & %,n ;
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and
o= (@) o (@) -
p=0 n=0 p=0
with
Iy = Ko ® é Hon -
n=0

We will call ) (f) the annihilation and creation operators corresponding to the
p Fock space, a”(f) the ones corresponding to the n Fock space (the # stands
for either nothing or *). On %, we define the following operators: let f €
L>®(R3P, L*(R3)), then:

(B(F)®)pn (Xp; Kn) = VT T / dk £(Xp; k) mir (Xpi b K)
O ()0 (X Ko) = % S (X )1 (X Ko \ )
j=1

The Hamiltonian operator describing our system, the Nelson model with cut
off, is formally the following:

H= ﬁ/dm (V)" (z)Vip(x) +/dkw(k)a*(k)a(k)
[ dopla) @) s wik) = V572

M >0, u >0 and A > 0. Furthermore:
_ dk 1 ikx * —ikx :

" lif k| <o
XY =3 04t k> 0 -

It is the sum of two bilinear terms, representing the free evolution respectively of
a Schrodinger and a Klein Gordon field, and a trilinear Yukawa-type interaction
between them. The cut off x in the interaction guarantees that the theory is well
defined even for large momenta of the Klein Gordon field. As we will see the closure
of this operator is self-adjoint on a suitable domain. We will call U(¢) the evolution
generated by H, Uy(t) the evolution generated by the free part Hy:

1
Hy= / dz (V)" (2)Vib(x) + / dk w(k)a* (k)a(k)
Let u and o € L?(R3), then we define the Weyl operators as

C(u,a) = exp{(w*(u) - ¢(ﬂ)) + (a*(a) — a(@))} )

These operators, when acting on the vacuum state 2 of the Fock space, generate
the so-called coherent states. Formally the average of ¢# (x) and a# (k) on such
states is:

(C(u, ), 9% (2)C(u, 0)Q) = u* (2)
(C(u, @), a (k)C(u,a)) = o (k) .
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The Weyl operators are treated in greater detail and with mathematical rigour in
the Appendix. We write here a formula to be used later in this introduction:

Clu, ) P(x)C(u, @) = P(z) + u(x)
C(u,a)*a(k)C(u, o) = a(k) + a(k) .

3. The classical equations.

We use the following convention for the Fourier transform f of f:
R 1 —ikx )
f(k):(%)g/z/dl“e f(@)
then the inverse transform f such that f =f= f is
1 ikx
f(k?):(%)?,/g/dxe f(z).
In the Heisenberg picture the quantum evolution of the fields 1 (t) and a(t) is given
by
i0yp(t) = [v(t), H]
10a(t) = [a(t), H]

which can be explicitly written as

1
10 = ———A A
00 = =2 AU+ Ay

. X TN
i0a wa—&—)\m(d) )
Let s be the initial time, we will write ¥ (s) = v, a(s) = ao. 77/13# and a# are
the usual creation and annihilation operators of the Fock space we defined above,
however when we consider evolution in the Heisenberg picture we will use this
notation to avoid confusion with the time evolved operators ¥#(¢) and a*(t) (since
sometimes we omit the explicit dependence on ¢, as in the equation above).

We will denote by u(x) and a(z) the classical counterparts of v and a respec-
tively, in a sense that will be explained in the following section of this introduction.
Classical evolution is then dictated by the following system of equations:

(3.1)

(3.2) 10yu = fﬁAu + (27) 732 (¢ % A)u

0y = wa + (27) 732 (2w) V2 * |ul?
where A = (2w)~'/?(a + @) and for all ¢

(wia)(e) = (2m)7%" [ d e (i + [€)7724(6).
To be precise a(x) is the classical correspondent of a, the Fourier transform of a.

4. The classical limit.

As we said we want to study the behaviour of the system in the classical limit.
This limit can be thought as a mean field limit, when the number of non-relativistic
particles and excitations of the relativistic field tend to infinity. We expect that in
the limit the wave function describing a nonrelativistic particle is coupled with the
classical field. In order to see that is the case, we need to choose a suitable series
of states to average the quantum fields, such that the number of both particles
increases to infinity. We will use the Weyl operators introduced before. If p and
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n are positive integers, the sequence of operators C’(pl/Qu,nl/za) applied to any
fixed state ® is such that

(C(p"u,n' )@, v (£)C (1" *u,n'/20)®) ~ p!/?

(C(PPu,n'2a)®, a® (f)O P 2u,n'Pa)®) ~n'/?
that goes to infinity in a suitable way when the number of particles p and n goes to
infinity (since the annihilation and creation operators behave like the square root
of the number particle operator in Fock spaces). However, in order to obtain a non
trivial limiting equation for when p,n — oo we need to relate A to p and n,
according to p = n = A2, So the mean field limit is also a weak coupling limit.
From now on we will use A — 0 as the parameter to perform the classical limit. We
want to find the classical counterparts of 1) and a, however their average over any
fixed state goes to infinity in the classical limit; on the other hand the averages of
A and Aa have a finite limit when A — 0, so we expect such operators to have
classical limits.

In the following we will explain how to find such limit. Let 6* > 0, & €
D((P+N)®") astate that does not depend on A such that ||®|| = 1; u, o, f € L*(R?).
We call (u(t), a(t)) the solution of with initial data (u, ) and define uy = u/A,
ay = a/A. Then we know that at time zero

<C(U)\, O‘/\)(I)’ Aqﬁ#(f#)c(%\’ O‘/\)(I)> = <f7 u># :

What happens if we introduce evolution in time, as dictated by Nelson’s hamilton-
ian? We have to study

(Cux, an)®, UT(OAM# (FF)U (1) C (ur, ax) ®)
in the limit A — 0. We use the following equality, valid for all y, z € L?(R?):
Ut (9™ (FF)U () = UT(£)Cly, 2)CT(y, )07 (F)Cly. 2)CT(y, 2)U (1)
= U ()C(y, 2) (" (fF) + (f,9)F) CT(y, 2)U (1) ;
to obtain
(Cux, ax)®, UT(O)MF (F)U()C (ur, ax)®) = (f,9)*
= MC(ux, ax)®,UT(H)C(yn, 22)0% (F7)CT (y, 2)U (£)C (un, ax)®) -
Taking the absolute value and using Schwarz’s inequality we obtain:
(C (ur, )@, UT(E)MN* (f#)U (£)C (un, on) @) — (f,9)*]
<M [W# (FF)CT (ya, 20)U (£)Cun, ) ®||

then using standard estimates (proved in appendix) of creation and annihilation
operators we have

(C (ur, )@, UT(E)MN* (fF)U (1) C (un, 0a) @) — (f, ) %]
<Al [P+ 1)Y2CT a2 U Cun, 002
<Al ||(P+ N+ 12T (gr, 20U (C (i, )@

We remark that the left hand side of last inequality is a linear functional of L?(RR?)
applied to f; and that on right hand side f appears only as || f||,. Then by Riesz’s
Lemma we can deduce that

{C (ux, ax) @, UT ()M (YU (1)C (u, @) @) = 57 ()| 1o o)

<P+ N+ D)0 g, 2 U (C(n, a0)2|
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If we can bound, in a suitable way in A, the norm on the right hand side of this
inequality we are done. However for general y and z we are able only to give an
estimate of the type

[P+ N+ D)Y20T (2, 20U () Cun, a0 ~ A7 [[(P+ N + 120

That would lead to a divergent quantity in the limit A — 0. Only for a particular
choice of (y,z) we are able to obtain a bound convergent in A. We have to set
(y,z) = (u(t), a(t)) solution of the classical equations. In fact define

Wi(t,s) = CTux(t), ax()) Ut — $)C(ux(s), ax(s))er3) |

with
1 t

Mts) == [t [ d (v @ya )
then we are able to prove estimates of the type

[(P+ N+ 1PW(t, )8 < Ki(t,5)(1 + A)eMslHKalt)

2
H(P + N+ 1)65+3/2<1>H :

where K1(t,s) and Ks(t, s) are independent of A and ¢ is integer. So if we choose
§* > 6+ 3/2, then ® € D((P + N)%t3/2) and we obtain

H <C(U)\, O‘A)(I)7 UT(t)/\’(/J#(~)U(t)C(U)\, O‘>\)®> - u#(ta ')HLZ(]R?’)
< AKL(t, 8)(1 4 \)/2eQt=sl+Ka(t))/2 H(P+ N+ 1)6+3/2(I)H — 0.
N

An analogous result can be proved with ¥ and o (t) instead of 1/# and u#(t). So
we have made clear in what sense the quantum operators AM# and A\a# converge to
the classical solutions u and «: we have the convergence of time evolved transition
amplitudes of such operators (between coherent states), in the L?-norm. Then we
can write
# L*(R®) 4
{UO)C (ur, @)@, X7 (YU ) C(ur, ax)®) =" u™ (t)
# L*(R®) 4
(U@)C(uxn, ax)®, Aa™ () U (t)C(ux, ax)®) e (t) .

Now that we know the classical limit of creation and annihilation operators, it
is natural to study the behaviour of the quantum fluctuations around the classical
limit. In order to make clear what we mean by fluctuations we analyse in more
detail the evolution of quantum operators by Heisenberg equation. First of all
observe that if we write H as a function of A and Aa we have that

H = \"2h(\), Aa) ,
with
1
h(¢p,a) = m/dx (V) Vi + /dkwa*a + /dz oYY .
The time evolution of Ay and Aa is then dictated by Heisenberg equations
1N = M), H
(1) O ¢ = [\, H]
i0:Aa = [Aa, H]

If we call (u, ) the classical solution, we would like to expand h around (u,«) as
follows:

h(Ap, Aa) = h(u, @) + hi (M) — u, Aa — a) + ho (M) — u, Aa — )
+h-?)(Aqb —u, Aa — O[) )



4. THE CLASSICAL LIMIT. 11

where h1, ho and h3 have total degree 1, 2 and 3 respectively in the variables Ay —u,
Aa — « and their hermitian conjugates. In particular we have:

1
hi(,a) = — YV dz Auyp™ + /dkwaa* + /da: (5 lul® @
+ (X * A)wp*) + hec.

ha (v, a) :ﬁ/dx(VQL)*Vz/)Jr/dkwa*aqL [/dz (%()“(*A)@/)*d)

+ uww*) + h.c} ,

hs (1, a) Z/dx oYY
Now we define
i (4, @) = [, hie (), )]
hia(¢,a) = [a, hi (¢, )]
Equation then could be rewritten as
10 + 10 (MY — 1) =h1y + hoyp (A —u, Aa — )
+ hg,p (AN — u, Aa — @)
i0;a + 10t (Aa — a) =hy 4 + ho o (A — u, Aa — )
+ h3,0(A — u, Aa — )
Since (u, o) is the classical solution, we obtain
42 { i04(1) — un) =ha,y (Y — un, a — an) + Mg (1 — ur,a — ay)
i0(a — ay) =ha o (Y —ur,a — an) + A3 o (Y — ur,a — ay)

with k& = 1,2, 3.

)

where as before

1
U/\:Xu

1
Oé,\:Xa

We want to study equations (4.2)), in particular their limit A — 0; in fact, since
(u, ) is the classical solution, these limit equations will describe the quantum
fluctuations around the classical solution in the mean field limit. However we have
to define new variables with suitable initial conditions, independent of A: define
6(t) and ¢(t) by

0(t) = C(ux(s), ax(s)) (1 () — ur(t))C(ur(s), ax(s))

c(t) = Clur(s), ax(9))(al(t) — ax(t))C(ux(s), ar(s))
such that 6(s) = 1 and ¢(s) = ag. So the initial problem (4.1)) is now reduced to
finding two families of operators 6(t) and ¢(t) satisfying the initial conditions

0(s) = o

c(s)=ap ’
and equations
43 Zate :h2,¢(0, C) + /\hgﬂb (0, C)
( ’ ) iatC :hg,a(G, C) + )\hg’a(a, C)

Furthermore we want to take the limit A — 0 of (4.3]) in a suitable sense.
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It can be seen that formally the solution of (4.3)) is given by
{ e(t) :WT (ta S)wOW(ta 5)

)

c(t) =WT(t, s)agW (t, s)

where W (t, s) is the unitary two-parameter group introduced before. We said this
solution is formal: in fact, as we will discuss in the main body of the work, W (¢, s)
is not differentiable in ¢ or s on a suitable subset of J; however the operator in the
interaction picture W (t, s) = Ul (£)W (¢, s)Uy(s) is differentiable on a dense domain
(Up is the free evolution group).

Consider now the limit equations of :

(1.4) {l@% =ha,y (12, az)
i0;az :hz,a(¢2,a2)
with initial condition as before
Ya(s) = o
{ as(s) =ag
The formal solution of such system is
{@@:@@@%wmg

)

as (t) :U2 (t, S)GQUQ (t, S)

where Us(t, s) is a two-parameter unitary group we will define precisely later. Again
is Us(t, s) = Ug(t)Ug(t, 5)Up(s) rather than Us(t,s) to be differentiable.

A crucial result we will prove is the convergence in the strong topology of
W(t,s) to Us(t, s):

s-lim W (t, s) = Us(t, s) .
A—0

Since Uy, W(t,s) and ffg(t,s) are unitary operators this implies also the sought
convergence:

s-lim W (¢, s) = Us(t, s) ;
A—0

and that clarifies in what sense problem converges to when A — 0.
Furthermore this strong convergence implies that, for any family of bounded and
suitably regular functions (R;(¢), R;(a)) and for any family of times {¢;} and {t;},
i=1,...0,j=14+1,...m:

l m
s lim C(u, o) [T RiCw(ts) = ua(t)) J] Rilalty) - axty)
i=1 j=i+1
(4.5) l -
Clur,an) = [[ Ri(ea(t:)) T Rilaa(ty)) -
i=1 =141

This convergence can be interpreted in terms of correlation functions on coherent
states.

5. Normal ordered products of creation and annihilation operators.

As we just stated in equation we could prove a convergence in terms of
correlation functions of bounded functions of creation and annihilation operators.
Then it is natural to ask if we could say something about unbounded functions of
creation and annihilation operators. We focused on the analysis of normal ordered
products of creation and annihilation operators at a fixed time ¢. We studied the
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average of such products not only between coherent states, but also between fixed
particle states.
Let ug, ap € L%(R?), with norm one. then for any p,n € IN we define

A =C(ypuo, vVnag)d;
U =ul" @C(Vnag)Q e J;
O =us” ®al" € K,

By definition A is a coherent state; ¥ is a tensor product state of a fixed number p
of non-relativistic particles state and a coherent relativistic particles state; © is a
state with p non-relativistic and n relativistic particles. Each state has norm one.
We remark that in the classical limit p and n will go to infinity as A~2, as discussed
before. The quantum evolution of such states is dictated by U(¢) so define:

A(t) = U®)A,
U(t) = UV,
o) = U)o .

Consider now the following transition amplitudes:

FA(t)(Xq+’I"7 z+] HMP xa H Mﬁ Tp H)\a

b=q+1

ﬁ Aa(kq)A(t

d=i+1
Ly () (Xgrs Kigj) =(¥ (1), H “(za) H A (xp HAQ c)
a=1 b=q+1
J
H Aa kd
d=i+1
Loty (Xq4r; Kit;) =(O(1), H “(za) H A (xp HAQ c)
a=1 b=q+1
J
H Aa kd
d=i+1

we are interested in their behavior when A — 0 (or equivalently p,n — oo as

~2). We will show that T's¢;), Ty () and Tg € L?(R3(@+7+i49)) and prove their
convergence when A — 0 in that space.

The idea is to use the estimates of ||(P + N + 1)°W (t, s)®|| discussed in the

previous section, and the convergence result of W (t,s) towards Us(t,s) to obtain
a better convergence rate in A\. We can manage to write fixed particle states as
particular combinations of coherent states, so we can apply the method to any
initial state.

We will prove the following results:

—®q ®7‘ ®7. ®J <)\2CA(t)

[Faco e o

Qi ®]

|Pat = dwrif ufad ol | < dpr2Ca(t),

where Cj () and Cy(t) are functions of time independent of A, 4, equals 1 when g =
r and is zero otherwise, and (u, ;) is the solution of the classical equations (3.2)
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with initial data ug, 9 € L?(R®). The norm |||, is the L2(R3(@++i+9) one. So
we see that not only time ordered products of annihilation and creation operators
converge to products of the classical solutions in L? when A — 0, but also that they
do it with a rate of convergence at least of A\? (this also enhances the rate of the
convergence stated above of AM# and Aa# to the corresponding solutions of the
classical problem).

The result concerning O states is quite unexpected and deserves a comment. If
(ug, a) is the solution of with initial data (ug, ), we define (u¢(6), oz (0)) to
be the solution of the same equation but with initial data (ug,e~*?ag). We remark
that the classical solution depends continuously on initial data in the L? topology,
so (ut(0), a¢(6)) converges to (ug, o) in L? when 6 — 0.

Now we are able to state the result about © states:

2
[Fow =60 [ Grac @ @) 0)a 0)], < 6,370 (0.

So the classical limit of product of operators in such case is not purely classical;
we mean that the limit is not simply the expected product of classical solutions,
but some sort of average of such a product over different initial conditions. This
result, as we mentioned, is quite unexpected and could suggest that fixed particle
states are not very useful when dealing with a field theory that does not preserve
the number of such particles.

6. Future developments.

The previous results concern the classical limit of the Nelson model with cut
off. The next question is to study the classical limit of the same model without
cut off. In that case the quantum hamiltonian of the theory is ill defined because
of ultraviolet divergences. The standard procedure to handle that situation is to
introduce a cut off which allows us to subtract to the hamiltonian operator a suit-
able scalar quantity, depending on the cut off in such a way that the renormalized
hamiltonian has a limit when the cut off is removed. This leads to a new hamilton-
ian with however domain of definition different from that of the free hamiltonian.
This is the source of the main difficulties in the treatment of the Nelson model.
See [Gro62), [Nel64), [Fro74]; also [Amm00] and the references thereof contained
for more recent developments.

Preliminary attempts to deal with the classical limit for the full theory without
cut off show unexpected difficulties. As an example it appears that the Us evolution
of fluctuations around the classical solution does not exist. The natural continuation
of this thesis is to extend its results to that more singular situation.



CHAPTER 2

The classical Klein-Gordon/Schrédinger system of
equations.

We recall the convention for the Fourier transform f of f:

~ 1 )
flk) = W /dac e_””’f(x) ;

and of the inverse transform f:

1 ikx
f(k)zw/dxek flx).

Furthermore let o € RT, then we define the function x € LP(R3) for all 1 < p < oo
as following;:

lif |z| <o
X@ =3 0 a] > 0 -

Let ag, up € L2(RR?), and define Up; (t) = exp(iAt/2), Upa(t) = exp(—iwt), with

(o)) = (2n) 5% [ g+ 16PV2a(6) > 0

We consider the following system of integral equations:

¢
u(t) = U()l(t)uO - i(27T)_3/2 / dr U(n(t - T)U(T)()v( * A(T))
0
(E) R (2r)=3/2 [t
at) = 02 t Qo — ——
V2 Jo
where A(t) = w™?(a(t) + a(t)). We want to prove the existence of a unique
solution of the system in €°(R, L?(R?) ® L?(R?)). We follow the method used by
Bachelot [Bac84] to study more singular potentials.

dr Uga(t — 7)™ Y25 = (Ju(r)]?)

1. Existence and uniqueness of solution.

LEMMA 1.1. Let V € €°(R,L>(R3)). Then, for all ug € L*(R3), 3u €
€ (R, L?(R3)) solution of

(1.1) u(t) = Upy (t)ug — z’/t dr Up1 (t — 1)V (T)u(T) .
Furthermore if ’

u;(t) = Unn (t)uo — i /t dr Uy (t — )V (r)us (r) with = 1,2
we have the following estimate:o

[ur (t) = ua()ll; < !|uQ;‘5°([07tLL2)|I/O dr [[(Vi = V2)(7) |

(| [ ar o)

(1.2)
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Finally if V' is real then ||u(t)|y = ||uo||y for all t (the charge is conserved).

PrROOF. We start with uniqueness. Let u and u’ be solutions of (1.1)), then
u_(+) = (u—u')(-) satisfies:

u_(t) = —i/ dr Up1(t — )V (T)u_(1) ,

0
lu—(®)ll; < 4 V) lso lu=(Dl2

so applying the Lemma of Gronwall we have u_ = 0.
Now we turn to existence. Let ug(t) = Upy(t)uo; then for all j > 1 we define
iteratively:

(1.3) uj(t):uo(t)—i/o dr Ups (t = 7)V (F)uy1 (7).

By definition we have that

un(t) = uo(t) + Z(—i)j / dtq ... dtj U()l(t — t1>V(t1)
J=1 t>ty->t;>0

Un (tl — tQ)V(tQ) - U()l(tj_l — tj)V(tj)uo(tj) s

so for all n > m:

(tn —um)(t) = > (—i) / dty ...dt; Ui (t — 1)V (t1)
g=ml t>t1>1;>0

UOl(t1 — tQ)V(tQ) - Uol(tj_l — tj)V(tj)uo(tj) .

We then obtain the following estimate:

n

o~ un)®l< Y [ ddty [Vl Vi)

J=mAlysy l>t>0
sup [[uo(7)|l
0<r<t

n

> ([ wen) s me.

j=m+1"7"

So im0 u;(t) = u(t) in € (I, L*(R3)) for all compact interval I. Taking the
limit of both members of (1.3)) we see that u(t) satisfies (L.1)).
To prove ([1.2)) we write:

lur (8) = wr (D)l < /0 dr (IIVl(T) = Va(7)ll oo llu2(M)lz + Vi (7)o

Jer (7) = wa()l, ) -

Equation (|1.2)) then follows applying the Lemma of Gronwall.
To prove charge conservation we define u(t) = Upi(—t)u(t). So we have

t
u(t) = ug — z/ dr Up1 (—7)V(T)u(T) ,
0
then since Up; is continuous, @(t) is differentiable in ¢ and

i04(t) = Ut (—1)V (t)ult) .
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Now we can write:
O (u(t), u(t)) = 9 (u(t), u(t)) = 2Re(u(t), dyu(t)) = 2Im(u(t), i0yu(t))
= 2Im(u(t), Un (=0)V (H)u(t)) = 2Im(u(t), V(t)u(t)) =0,

since V is real. | |

Now we can prove the existence of a unique solution of the system , this is
done in the following proposition:

PROPOSITION 1. Let ug, a9 € L2(R3). Then I(u(-), a()) in €°(R, L*(R3) ®
L?(R3)) solution of the integral system (EJ).

PROOF. First of all we solve for all j =1,2,... the systems:

UKﬂ=uMﬂ—M%W“”A<hUm@—TMﬂﬂW*Afﬂﬂ)

(27T) 3/2
V2 o

with ug(t) = Uo1 (t)uo, ao(t) = Upa(t)ag. Observe that if a; € €°(R, L2(R?)), we
have using Sobolev’s inequality A; € €°(R, L3(R?)); so x * 4; € €°(R, L>®(R?))
by Young’s inequality. Furthermore if u; € €°(R,L*(R?)), X * (lu;_1(7)]*) €
%°(R, L*(R3)). Using Lemma u 1.1 we have a unique solution u; € €°(R, L%(R?))
of the first equation of (E , while the second equation defines a; € €°(R, L*(R?)).
We want now to prove that 3lim;_, o (uj, ;) in €°(I, L*(R?)) for a suitable com-
pact I. Let t € I, and define the map S on €°(I, L?(R3) ® L?(R?)) as

A7 Uga(t — 7w ™ 2% * (luj_1 (1))

; <u(t)> uo(t) — Z.(27T)73/2 /Ot d7r Upy (t — 7)u(T)(x * A(T))

) —3/2 t ’
17( ™) dr Upa(t — T)w™ /2%

ooft) ~i= = | X * (lu(r)?)

SO we can write as

ui(t)\ o ui-1(t)
<%m>‘5<%1w)'

So if S a contraction map on ¢°(I, L?(R3) @ L?(R3)) for a suitable I, the Banach
fixed point theorem provides that the limit exists in that space and is the unique
solution of . In order to do that we have to calculate the norm of

WO\ () (G0 (w0
S(m@)‘s<mw>‘<%@> <%w>’

where uy,us, 01,00 € €°(I,L*(R?)). Let I = [0,€]; we use estimate (1.2)) of
Lemma [I.1] and conservation of charge to obtain:

sup ly (1) = w0l < (2m) 722 [Juz; €°(1, L2)
te

/0th 1% % (A1 — A2) ()], exp<( )~ /<)th ||X*A1(T)“"°'>

< Cs(2m ) %e ||XH3/2 exp( %e ||X||3/2 max ||aj,<€0(l L2)||>

ma ||uj,?f° (1.2 o - s 81,22
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We consider now o — as:

2m)—3/2
sup ||a (2) — ah(t <(7Hw
tGIID” 1( ) 2( )||2 > \f

—1/2.¢

2/t dr H(|U1|2 - \U2\2)(T)H1
0
(2m)~

3/2 t
< Bl | ar (s + el s =) ()
<V2(2m) 7% ||XH2§£?’§ |uss €01, L2) || ||u1r — uo; €°(1, L%)]|

So choosing € small enough it follows that S is a strict contraction on ¢°(I, L?(R3)®
L?(R?)) and so admits a unique fixed point (u(t), a(t)) solution of (E) on that space.
The charge of u(t) is conserved as proved in Lemma so for all real ¢t we have
lu(t)|l, = lluoll,- Using this fact we can extend the solution to ¢°(R, L?(R3) ®
L3(R3)).

REMARK 1.1.1. If (u(t), a(t)) is the solution of (E|) in €°(R, L?(R?) ® L*(R3)),
define (u(t), a(t)) = (Uoi(— )u(t) Upa(—t)a(t)).
Then (u(t),a(t)) € €1 (R, L2(R?) ® L?(R?)) and we have that:
i0a(t) = (2m) 32U (1) (X « A(t))u(t) ,

3/2
(2m \)/5 Uoz(—t)(w V2% 5 |u(t)] ) )

2. Continuity of solution with respect to initial conditions.
LEMMA 2.1. Let (u1(:),1(+)) and (ua(-),aa(:)) be the solutions of in
CO(R, L*(R3) ® L*(R3)) corresponding respectively to initial data (ug,cp1) and
(ug, o) both in L? @ L2. Then if agy — 2 aoz, then (ui(-),a1(+)) — (u2(+), az(+))
in €°(R, L?(R3) @ L*(R?)).

PrOOF. Let 0 <t € [0,T] compact. From using equation ([1.2]) we find the
following estimates:

s (8) — (), < £(2) / ar (1 — a2)(7)])

10a(t) =

Y

la1(t) — az(t)lly < [[ao — aozll, +9(t)/0 dr [[(u1 — u2)(7)ll,

where both f and g are locally bounded positive functions. Using the first equation,
the second one becomes:

a1 (t) — az(®)lly < llaor — aozll, +9(t)/0 dr f(1)
| o = a1
0

t
< Jlaor — aoall, + C(T) / ar [[(a1 — a2)(7)l, -
0

so using Gronwall’s Lemma we obtain:
e (8) = a2 (D)l < llwor — oz |y €™,
so we have
l|ur — u2;€°([0, 7], L?)|], < C1(T) [lovor — o2l
{ [|r — az; €°(0, 77, L?)||, < Ca(T) laor — agall,

for any compact interval [0, T]. ]



CHAPTER 3

The quantum theory.

To describe the quantum theory we will use standard results on the theory of
operators in Hilbert spaces, that can be found for example in [RS72], [RS75].

The space where the quantum theory is defined is the tensor product of two
symmetric Fock spaces, representing the nonrelativistic and relativistic fields. As
in the introduction, for any p,n € IN we define

Hyn = {@pn + Pp (X Ky) € LAHRPH)}

where X, = {z1,...,2,}, K, = {k1, ..., kn} and @, is separately symmetric with
respect to the first p and the last n variables. The Hilbert space 7 of the theory
is taken to be the direct sum of the JZ, ,,:

A= é%n

p,n=0
We will use freely the following properties of the tensor product of Hilbert spaces:
%,n = ‘%?770 ® jﬁ],n )

and

A= (é%o) ® (é%n) =é%’;,

p=0 n=0 p=0
with

Ay, = Ao @ @D Hon -
n=0
We call 6y(P, N) the space of finite particle vectors; €o(P, N) is dense in 2. We
will eventually denote with Z(.%) the space of bounded operators of ¢, and |||-|||
its norm. If B is an operator in L?(R?3) with domain D, we call d',(B) the operator
on P, 7,0 that acts on 7, 0 as BR1®---@1+10BR1®- @1+ -+1®- - @11 B;
a domain of essential self-adjointness for dI',(B) is the domain Dp, the subspace of
%o(P) of functions ® = {®y, P1,...,P;,...} such that for each j either ®; is zero

or in ®i:1 D. The definition of dT', (B) is perfectly analogous. We denote with X,
the set of variables {x1,...,z,} and accordingly with K,, the set {ki,...,k,}; then
introduce the formal operator valued distributions, ¥ (x), ¥*(x), a(k) and a*(k):

(¢(x)q))p,n(Xp; Kn) =D+ I(I)erl,n(ma L1yeey Tps Kn) ,
1 p
(¢*(x)¢)p,n(Xp; Kn) = % ; 5(55 - xi)cbpfl,n(Xp \ T, Kn) )
(a(k’)‘l))p,n(Xp; K,)=+vn+ 1Py 1 (Xps ko 1y oo k)

(0 (K)®)pn (X Kp) = % S 60k — ki) By 1 (Xpi K \ Ky) -
j=1

19
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It is easy to see that

[W(z), v ()] = é(z — )

[W(z), ¥(2")] = [ (2), 9" ()] = 0
la(k), a" (K")] = 6(k — )

la(k), a(k')] = [a” (k), a" (K')] = 0

Integrating the distributions with functions we obtain the annihilation and creation
operators. Let f € L?(R3) and define:

W) B)pon (X K) = /T 1 / Az F(@) By 1n(@s1s 2y Kn)
(6 (F)®)pn (X K) = \}ﬁ D)1 (X \ i ).
(@(f)®)pn(Xpi Kn) = VA F 1T / Ak f(R) @y (Xpi bR K

(0" () )y (Xp: Ko) = % S F ) By 1 (Xps o \ By)
j=1

In Appendix [A] we provide a detailed mathematical description of creation and
annihilation operators in Fock space. If X, K, are sets of variables, then

P n
VH(Xp) = [[o# (@), a#(Kn) = [ a# (k) -
i=1 j=1
On J%, we also define slightly different relativistic annihilation and creation oper-
ators; consider now f € L>®(R??, L?(R?)) and define
(D)X ) = VAFT [ b T (X )i (XK )

(0 (1)) (X FC) = % S F(Xp k) By 1 (X Ko\ )
j=1

We also define the particle number operators of 57, together with their domains of
self-adjointness:

P=dlr,(1)®1, D(P)= {<I> €A ‘ > plelr, < oo} :

p,n=0

N =1®dl',(1), D(N) = {@ €A ‘ > w2, < oo} ,

p,n=0

Q=P+N, D(Q):{@e%‘ > (p+n)2||(1>12))n<oo}.

p,n=0

1. Nelson’s Hamiltonian (self-adjointness).

Now we can define the free Hamiltonian function of the system:
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DEFINITION (Free Hamiltonian). Hy = (Hp1 + Hp2) , with domain of self-
adjointness D(Hy) and

Hon = 517 [ @ (V0 ) Vet =dny (- 57) @1, M >0;

Hoo = [ dh(k)a’ (Ba(k) = 16 T, (0()) , w(b) = VI 47,
p=0.

To introduce the interaction we define the operator valued function ¢(z) =
v~ (@) + (¢~ (2)), with
_ Xo (K)
= [ dk
o0 = [ O

and the operators:

Hy = / dz o (2" (@)p(z) , Hf = (H7),

a(k)eikm :

Hil, = A/dﬂﬁ<P(96)w"(ar:)¢(ac) =b(f)+b*(f), A>0;

p
P30 = Mo o = ) )

j=1

We remark that for all o € R, fy € L?(R?) with w°fy € L?(R3) for all § > —1/2,
even when p = 0.

DEFINITION (Interaction Hamiltonian). Hy = H; +Hj, defined on D(P?+N).

DEFINITION (Nelson’s Hamiltonian). H = (Ho + Hy) .

We remark that for all ® € D(Ho)ND(P?+N) we have that H® = (Ho+ H;)®.
Both Hy and, as we will see, H are self-adjoint operators on 7, so we associate with

each one a unitary evolution operator using the Theorem of Stone; in particular we
define:

DEFINITION (Evolution operators (Stone’s Theorem)). Up(t) = exp{—itHp}
and U(t) = exp{—itH}.

Prior to prove self-adjointness of H we formulate a useful lemma:
LEMMA 1.1. Let f € L®(R3, L?(R?)) such that also w™/?(k)f(X,, k) is in

L>®(R3P, L2(R?)). Then, for all ® € D(Hég/z) N 4, intended as the domain on
which the RHS is finite, the following estimates hold:

2 2
el < w2 | ||Hede|

" 2 . 2N /2412 2 1142
I (el < w2s | [ Hde |+ 1012 o) ;

where ||-||, is the L>°(R3P, L*(R3))-norm.
Let now f € L= (R, L2(R3)), and ® € D(NY/?) N/, then:

()] < [I£]. E
b (Nl < A1 ||V + 12|

PRroor. These estimates are easily provable by a direct calculation on 4%, ., us-
ing Schwarz’s inequality and the symmetry of ®,, ,,. See also Lemma 2.1 of [GN'V06]
as a reference. [}

NY2%
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COROLLARY. For all ® € D(P? + N)N D(PN'/2) we have that:
|H@l| < 22 1folla || POV +1)120|| < Al foll, |(P* + N + 1)@ -

ProOF. We use the second couple of inequalities of the above lemma on 7,
then sum over all p. |

Let @, Ho‘p and H’p be the projections of ® € 77, Hy and H respectively on
J%,. Then we can formulate the following proposition:

PROPOSITION 2 (Self-adjointness of H).
i. H|p is self-adjoint on S, with domain D(H0|p).
1. H is self-adjoint on  with domain D(H) defined as following:

D) ={oex: i HH|p<I>pH2 <00, ®, € D(Hol )} -
p=0

1. On €, we have the following inclusions:
D(Hy) 2 D(H)ND(P?+ N),
D(H) 2 D(Hy) N D(P*+ N) .
PROOF. |1 In order to prove the self-adjointness of H |p we will show that Hy »
is a Kato perturbation of H0|p. Using Lemmau for all @, € D(H()’p) we obtain

2 2
1@ |1° < 432 w250 ||| PHGE @, " +2X2 1ol 1 P2 -

But since AB < (1/2p2)A% + (p?/2)B? for all A, B > 0 with p > 0 it follows that,
for all € > 0:

art _ 4 2
|H1@|1° < & | Hoo®, > + 5 w25 P20y
+20% | foll3 1P, | ;

so choosing € < 1 we prove that H I‘p is a Kato perturbation since P is a bounded
operator on J%,.

Since H |p is self-adjoint on 7, we can define a self-adjoint operator H on
€ as the direct sum

H=PH|,
p=0

with the maximal domain such that H| ®; is defined for all p and the norm |HD||
is finite.

To prove the first relation we proceed as following: from the fact that
Hy = H — H; we can write

[Ho®|| < |[HO[| + [|Hr®] .
Then using the Corollary of Lemma [1.1| we obtain for all ® € D(H) N D(P? + N)
[Ho®|| < [H®| + K [|(P* + N + 1)@]| ,

with K a positive constant. So whenever both the norms of H® and (P? + N)®
are finite, also the norm of Hy® is finite and that proves the assertion. The second
relation is proved in analogous fashion, writing H = Hy + H; to obtain

|H®|| < |[Ho®|| + K || (P*+ N + 1)®|| ,
for all ® € D(Hp) N D(P? + N). [ ]
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PROPOSITION 3 (Self-adjointness of H (direct proof)). Hy + Hy is essentially
self-adjoint on D(Hy) N6o(P,N) = D.

PROOF. Only in this proof P and N will be two positive integers and not the
particle number operators. We define the orthogonal projector Qp n as follows:
p<P

o, if {
(QP,N(I))p,n = P n < N
0 otherwise.

Using Lemma |2.1) we will prove in the next section we have

b(f)Qpn = QpN-1b(f)QpN
b (f)Qpn = Qpn+10"(f)Qp,N -

Hy + Hj is trivially symmetric. It will be then sufficient to show that (z —
(Ho + Hp))D is dense in 5 for all z € C with Imz # 0. Let ¥ € . such that
(L1) (W, (z — (Ho+ H)®) =0
for all ® € D. We will prove ¥ = 0. From (1.1]) it follows

(12) <\I]7 HO(I)> = Z<\Ilv (I)> - <\I/a b(f)(I)> - <\I]7 b*(f)q)> :

Choose @ to have the only component different from zero to be ®,, € 54, ,. A
direct calculation let us rewrite (1.2)) as

<\IJP57“ H0|p,n(bp’n> - Z<\Ilp,n7 ®p,n> = n1/2 / prdKn f(XP7 kl)

(13) ‘Ilpm—l(Xp;Kn—l)q)p,n(Xp;kl UKn—l)

+(n+1)12 /prdKndk F(Xp k)Y i1 (Xps b U K@y (X K
From (|1.3) it follows

‘<"I}p,mH0’ (I)p,n>
P

N

< [®pn

e [+ ANl (272 19l

o DY il )|

Since H0| ,, is self-adjoint Wy, ,, € D(H0’ ). Sofor all Pand N, Qpn¥ € D. We

D, pmn
remark that

(¥, HQpnT) = (QpnT, HiQpnT)

(¥, QpnT) = (QpnT,QpnT)

(U, b(f)QpnT) + (¥, 0*(f)QpnT) = (Qp N T, b(f)QpNT)
HQp N, 0" (f)QpnY) + (1 —Qp )P, b(f)QpNY)

+H(1 = QpN)VY, 0" (f)QpNY) ,

~— ~—

(f
(f

so we obtain

Imz ||QP’N\I/||2 =Im <(1 — QP’N)\I/,Z)( )QP,N\I’>
(1.4)
(1 = Qpn)V, 0" (f)QpNT)| .

By Qp,n—1(1 —Qpn) = 0 we have
(1= QpN)T,b(f)QpNT) = (QpN_1(1 — Qpn)T,b(f)QpNT) =0 ;
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also
(1=QpN)¥,b"(f)QpNY) = ((Qp.N+1 — QpN) ¥, 0" (f)Qp NT)
= Z<b(f)‘1’p,N+1,@P,N‘I’> = Z<b(.f)q/p,N+1;\I}p,N>

p<P p<P

=(N+1)2)° /prdKNdk f(X,, k)

p<P

Vp N1 (Xps b UKN)W, N (Xp; KN) -

Equation (|1.4) then becomes:

Tz Y ([ W, = (N+1)Y2Y /prdKNdk: F(X,, k)

<t =
\ij7N+1(Xp§ kU KN)\I’ILN(X;D; Kn),
so we obtain
[Tmz|

2
(N + 1)1/ ;P ”\IJp,nH%m < Al folly ;PPH\PP’NJAH%,),NH H\IJP,N”%W
p< p<
(1.5) nEN

A 2 2
< 3Pl (X Wil 4 X 10l ) -

p<P p<P

We fix P. If we have

2 _
S Il =53 < oo,

p<P
0<n<oo

then IN(P) such that VN > N(P)

1 2

5P < D Wl <SP
p<P
0<n<N

From (|1.5) we would have for all N > N(P)

[Imz|

2 2
sy <P Ul (X 10wl o, + 3 10, )
p<P p<P

hence

e $3 Y NADT2<Plfl, Y Il

N(P)SN<N' p<P
N(P)XN<N’+1

< 2\P | folly S3

and that is absurd, since

> N+

N(P)<N<oo

is divergent, unless ¥ = 0. |
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2. Invariance of domains

In order to prove invariance under evolution of some useful domains we formu-
late the following lemma:

LEMMA 2.1 (Ordered products of creation and annihilation operators).
Let F(\) be the spectral family of the operator P+ N, f(P,N) any F-measurable
operator-valued function, with domain D(f); consider now the operator

B = [ aX VAR, 60X Ve, Ko M) (XY, )0 (K )a(My).
defined on D(B), with q,r,i,j € N and q+r+i+j=46. Then:
i. The following equality holds:
f(P,N)BY =Bf(P+q—r,N+i—j)¥

for suitable .
ii. For all g € L*(R*) and ® € D(Q®) the following estimate holds:

VPP +q—7)IN(N +i—j)!
(P —r)I(N —j)!
where (&) =1 if € > 0 and zero otherwise, with § € Z.

ProOF. This Lemma is an extension of Lemmas and of Appendix [A]
and the proof is perfectly analogous. ]

18] < lgll 20, WP—TWUV—ﬂQH

PROPOSITION 4 (Invariance of D((P%2+ N)) and D(Hy) under evolution). Ug(-)
transforms D(Hy) and D(f(P,N)), where f is any F-measurable function (see
Lemma , into themselves, U(-) transforms D(H) and D((P? + N)) into them-

selves; in particular we have:
i. Up(t)® € D(Hy) for allt € R, ® € D(Hy), and

[ HoUo (t)®[| = [[Ho®] ;
ii. Up(t)® € D(f(P,N)) for allt € R, ® € D(f(P,N)), and
LF (P, N)Uo ()| = [| (P, N)@]| ;
iii. U(t)® € D(H) for allt € R, ® € D(H), and
IHU(t)®| = |[H®| .
. U(t)® € D((P2+ N)?) for allt € R, ® € D((P?+ N)?°), 6 € R; and
1%+ N+ 15U @)]| < exp(15] w1 folly 1) | (P2 + N + 179
with ps = max(3,1 + 2191,

PROOF.
[1 and Both statements are an easy application of Stone’s Theorem.
The proof is straightforward since P and N commute with Hy and Uy(t) is

unitary for all ¢t € R.
Let @ € D(H0|p)7 0 < h(N) a bounded operator on 7, such that Ran h(NN) C

D(N'/?). Define the differentiable quantity
1
M(t) = 5 IMNU @]
With a bit of manipulation and since Hy commutes with N we obtain
d
S M) = Im(h(N)U (£, a( ) (h(N — 1)h(N)~ — 1) h(N)U(t)®)

+ Im(a(f) (h(N)h(N —1)l - 1)h(N)U(t)<I>, W(N)U(t)®).
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So we can bound the derivative of M (t) by

\;M@)\ < 2pA [ foll [nwﬁ(h(zv —DR(N) T = 1)

HIVN (h(N)R(N = 1) = 1) ||| M) -

Let h € €%, h(-) and |/ (-)| non-increasing; then
[h(N =1) = (N)| < [/(N = 1)]

and

K= [] < sup Vn|h'(n—1)|h71(n)

n=0,1,...

yeen

We are interested in the case h(n) = (n +j +1)7%, with § > 1/2 (so Ranh(N) C
D(N'/?))and j > 1. h satisfies the hypothesis above and h/(n) = —6(n+j+1)"%"1.
So we have that

(= )1 ) = 80+ ) (14 ) <02 i)
W= 1) b= 1) = 6+ )

The function g(z) = v/z/(x + j), with > 0 has a maximum when = = j, so

R
g(x) <g() < 5577,
1
K <35o(1+ 20)571/2
We have then the following differential inequality for M (t):

SM() < i A foll, 50+ 2)M (1)
so the Gronwall Lemma implies
M) < epj’1/25(1+25)/\\|foHth(O) )
Set now j = p?, with p > 1:
21) (N +p*+ 1)0U@)d| < SO0k (N 4 p? + 1) 9| ;

forall§ > 1/2 and @ € D(Ho‘p). Interpolating between § = 0 and § = 1 we extend
the result to 0 < 6 < 1:

22) (N +p*+1)7°U@)|| < Mol [(N +p* +1) %] .

These results extend immediately to all ® € 7,. Now let A = (N +p? +1)?, so we
write equations (2.1) and (2.2)) (depending on the value of §) in compact notation
as

AT U (1) AD| < a(t)||®] |
for all ® € D(A). Let ¥ € s, and ® € D(A); then
(¥, AU ($)AD)| = |(U(~) A7 0, AB)| < alt) | W] @] |
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so U(—t)A™1W € D(AT) = D(A) since A is self-adjoint, so
(AU(—) A1, @) = (U(—t) A0, AD) |
|4U(=DA7"Y|| < at) ] .
a(t) = 65#5>\||f0|\2 ,
s = max(3,1+2°) .

The result on J# follows by taking the direct sum of all p. |

3. Weyl operators.

Weyl operators are described in great detail in Appendix[A] however we will give
here their definition, and state the properties we will use the most as a proposition,
to help readability. Proofs can be recovered in the Appendix.

Let v and « in L?(IR3), then the following operators are skew self-adjoint:

¥

0w = vi@) =~ (0 - v@))

(@) - afa)) =~ ((@"(a) - a<a>>)T .

DEFINITION (Weyl operators). For all u,a € L?*(IR?) we define the following
unitary operators:

C,(u) = exp [(w(u) - w(u)ﬂ defined on @) #5,0 ;

p=0

Cr(a) = exp [(a*(a) — a(d)i} defined on é%’n ;
n=0

Cu, o) = Cp(u) ® Cp(a) .

PROPOSITION 5 (Properties of Weyl Operators).

i. Clu,q) is unitary and strongly continuous as a function of u or a in L*(R3).
Furthermore, for any ® € D((¥)) and ¥ € D(a(¥)), with v € L?*(R3),
C(u,a)® € D(¥(7)), C(u,)¥ € D(a(¥)) and the following identities hold:

Cu, )" p(3)C (1, )@ = ()P + (v, u)2® ;
Clu, @) a(7)C(u,a)¥ = a()V + (v, )2V ;
Cu, )" (7)C(u, a)® = ¥*(7)® + (u,7)2® ;
Cu, @) 'a* (7)C(u, )W = a* (Y)W + (a,7)2¥ .

)
ii. Let u,a i t — u(t),a(t) € €1 (R, L?). Then C(u(t),a(t)) is strongly differen-
tiable in t from D(PY?) N D(N/?) to #. The derivative is given by
C(u(t), a(t)) [ (@) — (1) + ilm(u, )
+a*(&) — a(@) + ilm{a, a}]
[1/)*(u) — () — ilm{u, ) + a*(
—a(a) — ilm({a, )| C(u(t), a(t)

where 1, & are the time derivatives respectively of u and o.

@)

).
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iii. Let u,o € L2(R®). Then for all § € R, we have the following invariances:
C(u,)® € D(N°) Y& € D(N?) ,
C(u,)® € D(P°) V& € D(P?) ,
C(u,)® € D(Q°) V& € D(Q°) .

iv. We recall the definition of Uy (t) = exp(iAt/2) and Upys(t) = exp(—iwt) given
in the previous chapter. They are unitary operators on L?>(R3). Now define
a(t) = U, (u(t), alt) = UL t)a(t) for all u,a € €°(R, L2(R3)). Then the
following equality holds V& € 7 and t € R:

U§ (00 (u(t), o)) Uo(t) = Ca(t), (t)) -



CHAPTER 4

The quantum fluctuations.

We will now study the time-dependent evolution operator U, that describes
the quantum fluctuations of the system. We start with some definitions:

DEFINITIONS (Q(B), #°, %(5';6)). Let B > 0 a self-adjoint operator, we
define Q(B) C # the form domain of B, i.e. Q(B) = D(BY?). Q(B) is a
Hilbert space with norm H(B + 1)1/2¢H. We denote Q*(B) the completion of .7
in the norm (B +1)"1/2®||. Finally we define the Hilbert spaces #°, § € R:
A0 =Q((P+N)?) for § >0, and #° = Q*((P+N)I) for § < 0; s#7 is a Hilbert

space in the norm
@], = |[(P+ N+ 12| .
We will denote Z(d';§) the space of bounded operators from A to A,

1. The operator V(t).

DEFINITION (V' (t)). We define the operator V(¢t) = V__(t)+ V_, (t)+ V4 _(¢)+
Vig(t) + Vo(t), defined on D(V(t)), where (— is related to annihilation, and + to
creation):

Vi) = [ dadk vt by (@) ()

Vo(t) = [ do (i x A0) )0 (2)(a) = d0((L AD)) @1

vpy € COR, L2 (R? @ R?)) and A € €°(R, L3(R?)) (so x x A € €°(R, L>=(R?))).
Let u € €°(R, L?(R?)), then we can write explicitly the specific v 4s of the system:
vy = folk)e**u(t,2) ;
vy = fo(k)e " TuF (t, ) .

LEMMA 1.1 (Self-adjointness of V'(¢)). For all t € R, V(t) is essentially self-
adjoint on any core of Q.

PROOF. Using estimates in Lemma[2.1|we can apply Lemmal[f.2]of Appendix[A]
|

We would like to define the evolution operator of the quantum fluctuations as
the evolution group generated by Hy = Hg+ V(t); however this could be done with
mathematical rigour only passing to the so-called interaction representation.

DEFINITION (V (t) (interaction representation)).
V(t) = U§(OV (O)To(t) -
Obviously we have D(V (t)) = U (t)[D(V (t))] for all t € R.

REMARK. V(#) is essentially self-adjoint on D(Q) for all ¢ € R. This is due to
the fact that Up(£)[D(Q)] € D(Q) and V(t) = Ul (£)V (t)Us(t).

29
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LEMMA 1.2. For all ® € D(V(t)) we have V(t) = V__(t) 4+ V_y(t) + Va_(t) +

Viu(t) = / dadk Ty (t, z, k)p# (z)a® (k)
U—— (2, k) = Uo1 (t)Uo2(t)v——(x, k) ,

T_s (@, k) = Unn (UL (D)oo (2, k)

Uy (2, k) = Uy () Uo2(t)vy (2, k)

Vs (2, ) = Uy (U (o1 (2, k)

Vo = dry (UL ()X AD)(Won (1)) 1.

Furthermore [[Vg4 ()|, = |lvgx(t)|l, for allt € R.

PROOF. If we set Ey(t) = Up; (t)Upa(t), from the definition of V__(£) we obtain

for all ® € D(V (t)) (the explicit dependence on variables X, and K, is omitted):

(V--®2) = Vlo+ D+ D8, BoO) @112

s

Since FEy(t) is unitary on L?(R?®®@R3), we obtain the sought result from the relation

@ 1), Bo()®pr1 my1 ()2 = (B (OT( 1), @prtnta ()2
We proceed in the same manner for V__ (¢). From these results we obtain the ones

on V,  (t) and V,_(t) using the definition of adjoint operator. Finally we can check
directly that

(exp(itHo)Vo(t) exp(—it Ho)®)pn (Xp; Kn) = > exp{—itA;/2M}

(% % A1) (x;) explit A, [2M } B, (X K
[ |
LEMMA 1.3. Let 17(15) be defined as above, with u € €°(R, L2(R3)) and (Y*A) €
(R, L>®°(R3)). Then V5 € R, V(t) belongs to B(5 + 2;0); furthermore is norm
continuous as a function of t. We have in fact the following estimates:
~ 2 1
Vo_o|| <o Cslu—— (03 (2,(Q + 1)) ;

Vg <o 013 (5@ 1°720) + (3,(@ + 1) 8 -
Vooa|| <o 013 (5. @+1°70) + (2,(@ + 18 -

Vi z <C_s |oss ()] (%<(I)a (Q+1)°F20) +2(0,(Q + 1))

+(®,(Q+1)°®)) ;

H%@HZ <[ A%, (2, (Q+1)°+20)

where C5 =1 if 6 > 0, Cs = 319! otherwise.

Proor. Throughout the proof let ¢ € 2°+2. We start proving the bound-
edness of V__: for the sake of simplicity we will perform calculations in the norm
Illllls defined as:

Ills = | (@ +3)°7>

)



2. THE EVOLUTION WITH CUT OFF Us,,(t,s). 31
such norm is clearly equivalent to ||-||; for all § € R. Using Lemma [2.1| we obtain:
e 2 i~ s 2
=365 <[ i@+
2
< o113 | PN 2@ + 1) 2|
1 2
<L @i, @+ 1),

the sought result following from the inequality (Q + 1)° < Cs(Q + 3)° with

30if 5 <0,
Cs = 1
1if6>0;

Consider now ‘7,+; again using Lemma we have:
~ 2 ~ 2
@+ 172V o|| = |V-i @+ 120

2 2
<-4l (PN 2@+ 120+ |PRQ+ 120 )

1

< o+ 13 (500, @+ 1°20) + (2, (Q + 1)) .

In the same fashion we obtain:
[@+ 027 o] < ol (3@, (@ + 1))
+H@,(Q+ 1) He)) .
Again using Lemma we have for l~/++(t):
[@+ v72Vse]” < w0 (@ PN (Q + 3)2)
+(®, P(Q+3)°®) + (&, N(Q +3)°®)
+(2,(Q+3)°D)) ;
so, since (Q + 3)? < C_s(Q + 1), we can write
[V < cosloesol? (5. @+ 1)
HP,(Q+ 1)) + (2, (Q +1)°F'9)
D, (Q + 1)5<1>>) .
Finally the estimate for \N/o(t) is trivial, since it commutes with Q:
[7oe]], = [Foc@ + 2] < hix A0l [Pe@ -+ 1720
<X A oo 191542 -

2. The evolution with cut off l}g;u(t,s).

To construct the evolution operator Us(t, s) generated by V(t), we will use the
Dyson series. However in order to do that we have to introduce a cut off in the
total number of particles: let o7 € €1 (R™), positive and decreasing, o1(s) = 1 if
s <1, o1(s) = 0 if s > 2; define o, the operator o1(Q/p) in . Then we set

Vu(t) = 0,V (t)oy, for all p > 1.

LEMMA 2.1. Let Vu(t) be defined as above, then:
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i. Vu(t) satisfies Lemma with uniform bound in p. Furthermore vu(t) is in
HB(5;0) for all § € R and is norm continuous as a function of t.

ii. Foralld in R, ‘N/H(t) — V(t) when u goes to infinity, in norm on B(5+2+¢;0),
e >0, and strongly in B(d + 2;0), uniformly in t on bounded intervals.

PROOF. To prove [} observe that o, belongs to %(d;¢’) for all § and §" and
o, @[5 < C(u) @[], with

C(p) = sup {a%(p—i_n)(p +n+ 1)5/_5] :
p+n<2u H

Obviously if 6" < §, C(u) < 1 for all u > 1, and we have a uniform bound in p.
Point [il follows from that using Lemma

Concerning point the strong convergence of IN/H(t) to V(t) in B(5 + 2;0)
follows from the obvious strong convergence on 6,(P, N), since I7M(t) is bounded in
AB(d + 2;9) uniformly in p. Norm convergence on HB(J + 2 + £;0) follows from the
fact that (1 —0,)(Q +1)"° goes to zero in norm as an operator in J¢; as a matter

of fact we have

1
10 =o@+ V0P =3 ((

I 2e
0, p-i—’n—l— )

p,n

< Yt )R, < (u+ )7 2]

p+n>p
i.e.
[(1-0)@+ 1) < (n+1)7* =0,
when p goes to infinity. [ |

DEFINITION (Us(t,s)). The unitary group ﬁQ;u(t, s) is defined by means of a
Dyson series:

t1 tm—1 . .
U2 #(t S / dtl / dtQ / dtm Vﬂ(tl) NN V#(tm) .

m= O
Using previous Lemma we see that the series converge in norm on %(d;J) and
Us,u(t, s) is continuous and differentiable in norm with respect to ¢ on %(4;0) for
all real 5. We list below some useful properties of the family Us,,, (¢, s), whose proof
is immediate since V,, € %4(0;0) for all § € R:
LEMMA 2.2.
i. Uy, u(s,8) =1, Uy, 2t T)UQ u(r s) = Us,u(t,s) for all r,s,t € R.
. UQM(t s) = Ugu(s t), and Ugyu(t s) are unitary in .
iii. Ugﬁu(t s) is norm differentiable on %(0;9) for all real §, and
od =~ ~
ZaUQ;M(tv S) = Vu(t)U2;u(t7 8) 5
.d =~ ~ ~
Z&UQ;M(t,S) = —Us,u(t,s)Vu(s) .
The operators (72; (t, s) also satisfy the following crucial boundedness property:
LEMMA 2.3. Let u € €°(R,L?) and Y x A € €°(R, L>=). Then the operator
Ua,u(t, s) is bounded on A% uniformly in p for all real 5. More precisely:

exp{ |(1n3+fp5 /:dT lo——(7)ll; )}

(1) |[Oult,s)

s
with ps = max(4,301/2 4-1).
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PROOF. Let ® € 2,0 < h(Q) a bounded operator on J# such that Ran h(Q) C
D(Q). Define the differentiable quantity

M(t) = % Hh(cg)ﬁm(t,s)cpH2 .

With a bit of manipulation we obtain

d

SM(t) = Tm(h(Q) Tzt )2, V-— (1) (h(Q = (@) !

— 1) (@) Tzt 5)®) + (V- ., (1) (H(QB(Q — )"
— 1) (@) Tzt 5)@, H(Q) U1 )).
So we can bound the derivative of M (t) by

thos)‘ 1@+ 1) (h(Q — 2)h(@)~* = 1)

< — o
>~ \/§ ——1ll2
Q-+ D(h@hQ -2 - 1)||] M)

Let h € €%, h(-) and |/ (-)| non-increasing; then
h(Q —2) - Q) <2[W(Q-2)] ,

and

K

[...1g2 sup (p+n+1) A (p+n—2)h " (p+n)
p,n=0,1,...

+2 sup (p+n+1)[KM(p+n-2)|h ' (p+n—-2).
p,n=0,1,...
We are interested in the case h(p +n) = (p +n + 3)7%, with § > 1 (in order
to fulfill the condition Ranh(Q) C D(Q)). h satisfies the hypothesis above and
R'(p+n)=—8(p+n+3)~°"L. So we have that

K <2 sup

3
(5(]) +n+
p,n=0,1,...

p+n+1)5+5):25(35+1)

We have then the following differential inequality for M (t):

%M(t) < V2o, 6(3° + 1)M(1) ,

so the Gronwall’s Lemma implies

H(P+ N + 3)—5(7%(25,8)@“ < VBE D[S AT o (D),
|(P+N+3)79|

for all § > 1. We then obtain by interpolation the result for 0 < § < 1:

|(P+ N +3)7005, (1, 5)®|| < V22l ar ()
|(P+N+3)~°9| .

Finally by duality we extend the result to all § € R. |
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3. The unitary evolution Us(t, ).

We are ready to define the fluctuations evolution operator in interaction repre-
sentation Us(t, s). We will do that in the following Proposition that also describes
its key properties.

PROPOSITION 6 (Quantum fluctuations evolution operator). Let V (t) defined
as above, with u € €°(R, L2(R3)), x * A € €°(R, L°(R3)). Then exists a family
of operators Us(t, s) satisfying the following properties:

(3.1) Hﬁg(t,s)H <exp{|6<h13+\/§p5

B(85;6) 2

i. for all § € R, ﬁg(t, s) is bounded and strongly continuous with respect to t and
s on H° and satisfies
t
[ o oo )}
with ps = max(4, 31°1/2 +1).
ii. Us(t, s) is unitary in J.

4. (72(3,5) =1, (72(75,7‘)(72(7“,5) = ﬁg(t,s) for allr, s and t in R.
. Forall§ € R, Us(t, s) is strongly differentiable from s°+2 to 2°; in particular
is strongly differentiable from D(Q) to . Furthermore:

d & s
i V2(t,8) =V(O)Ua(t,5) ;

%ﬁg(t,s) = —Us(t, s)V(s) .

v. For all ¥ € D(Q) and ® €
10,0, Uy(t,s)®) = (V (1)U, Us(t, s)®) .

vi. Let Us(t,s) = Up(t)Us(t, $)Uy ' (s); for all U € D(Q) N D(Hy), ® € A
i8t<\lf, Ug(t7s)<I>> - <(Ho + V(t))\ll, Ug(t,s)®> .

PrOOF. i. For all couples of positive integers u and v, write

i

U, (t, s) — Us,y(t,8) = —i / A7 Usey, (t, 7Y (Vi (1) = Vi (7)) Usepu (7, 5),

as a Riemann integral in norm on Z(J;4) for all §. Then, using point [ii of

Lemma and equation (2.1)) we obtain
| Oalt, ) = Ut )

< |t — 5| 7 A lo-— Dl |

B(5+2+€;6)

- sup ||V (7) = Vi(7)
TE[s,t]
where v depends on § and e. Utilizing then point [ii] of Lemma we see that
for all 6 € R, ﬁgm(t,s) converges in norm on B(d + 2 + ¢;6) when u — oo
uniformly in ¢ and s on every compact interval. The resulting limit (72 (t, s)
is continuous in the norm of #(§ + 2 + £;0) with respect to ¢ and s. The
norm convergence just proved and the estimate , uniform in p, imply the
strong convergence of ﬁg;u(t, s) to Us(t, s) on Z(8;6) uniformly in ¢ and s on
every compact interval. Consequently ij(t, s) satisfies the estimate and
is strongly continuous in t and s.
ii. The result follows from the unitarity of (72;“(75, s) on S and from the strong

H@(J+2+s;6) ’

convergence of ﬁQ;H(t, s) and its adjoint Us,, (s, t).
iii. The result is an immediate consequence of the corresponding properties of
U2;u(ta3)-
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iv. We prove the result regarding the derivative with respect to ¢, the other being
analogous. Write Us,, (¢, s)®, with ® € %2, as a strong Riemann integral
on 0

t
O (t,5)® = D — i / AV, (7) a7, 5)

Using point [iil of Lemma [2.1] and the strong convergence proved above we can
2o to the limit 4 — oo in previous equation. The result then following from
Lemma [I.33] and from point [ of this Lemma.

v. To prove this point remember that for all f and g continuous functions from
R to C the following identity holds:

(32) i =ge f0) - 56 =i [ de(t).

Consider now both ¥ and © in D(Q), then using previous point:
i0,(, Us(t, 5)O) = (V(1)W, Us(t, s)O) ,
1.e. using (|3.2))

(3.3) (U, Us(t,s)0) — (¥,0) = —i/t At (V"W Us(t',5)0) .

Consider now {®;} € D(Q) such that s — lim; &; = & € 7, that is allowed
since D(Q) is dense in 2. For all ®; equation holds, furthermore both
V(t)¥ and ﬁg(t,s)éj are uniformly bounded in ¢, so we use the dominated
convergence theorem to go to the limit 7 — oo, then again equation to
obtain the desired result.

vi. With the aid of previous point, we calculate explicitly, for ¥ € D(Q) N D(Hyp),
® € J7 the derivative:

i3t<\11, Us(t, S)(I>> = lim i{<UO_1(t + h})L — Uo_l(t) v, (72(75 + h,s)

h—0

Ot - (vg o, P 2 Gl

.Uo—l(s)¢>>} - <H0U0_1(t)\11,ﬁg(t,s)Uo_l(s)@>

+ (Ve 0w, Ta(t, $)U5 H(5)®)

where the second term of the right hand side of the equality makes sense because
D(Q)ND(Hy) is invariant under the action of U, ' (t) since Q and Hy commute.
The result follows immediately.

|

We want to emphasize that, even if Us(¢, s) defined above is formally generated
by Ho + V(t), i.e. formally satisfies the equation

F U1, 5) = (Ho + V(D) Ua(r, )
we can only assert that Us is weakly differentiable in the sense make explicit in
point of the previous Proposition. We are not able to determine any strong
differentiability property for Us, and we need to use the interaction representation
in order to take strong derivatives. However we have the following uniqueness result
regarding Us:
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LEMMA 3.1 (Uniqueness of Us(t, s)). Let s € R, () € 6w (R, ) with O(s) =
®, such that
10 (0, ()] = [{(Ho + V(£) ¥, 2(1))] ,
for all W € D(Q) N D(Hy) and ® € 7. Then ®(t) = Us(t, s)®.

PROOF. Define ®(t) = Uy ' (t)®(t). Let ¥ € D(Q) N D(Hy) and ® € 7, then
we obtain, using the previous Proposition:

(3.4) <\1/,€i>(t)>_<\1/,U(;1(s)q>>=—i/ At (V (), B(1) .

Now consider ¥ € D(Q) and a sequence ¥; € D(Q) N D(Hy) such that ¥; — ¥ in
D(Q), then equation (3.4]) holds for all ¥ € D(P+N), using dominated convergence
theorem. Then we obtain

0y (Us(t,8)0,®(t)) =0,

ie. (U, U5 (t,8)®(t)) = (U,U; (s)®) for all t € R, and that proves our assertion.
]



CHAPTER 5
The convergence of W (t,s) to Us(t, s).

1. W(t,s) and W(t,s).

DEFINITION (W (¢, s)). We define the unitary evolution of the quantum system
between coherent states as

Wi(t,s) = CT(ux(t), ax()U(t — s)C(ux(s), ax(s))er ) |

where A(t,s) is a phase function, and (u(-),a(-)) is the €°(R, L?(R?) ® L*(R?))
unique solution of the classical system of equations (E|) corresponding to initial data
(u(s), a(s)) € LA2(R3) @ L?(R3).

REMARK. Here we just made an abuse of notation. If we want to be pre-
cise, we take (u(-),a(:)) to be the ¥€°(R, L*(R?) @ L*(R3)) unique solution of
the classical system of equations (E|) corresponding to initial data (u(s),&(s)) €
L?(R3) ® L3(R3); then (u(-),a(:)) is the Fourier transform (in «) of the solution

of .
However throughout the rest of the paper we will continue to call (u(-),«(+))
the solution of .

DEFINITION (W (t,5)). In the interaction picture, we will write W(t,s) =
Ug ()W (t,s)Uy(s), so using the last point of Proposition [5| we can write it as fol-
lowing:

W(t,s) = CT(@A(1), @ () U (U (t = 5)Uo(s)C (@n(s), ar(s))e™ ) 5
observe that by Remark (a(-),a(-) € €1(R, L*(R?) ® L*(R?)), and
i0a(t) = (2m) 32U (1) (X x A(t))u(t)

(27T)73/2
V2

We remark again that the solution «(t) we are considering is the Fourier transform
of the one we considered in Chapter [2 and here w(k) = v/k2 + 2.

i0a(t) = Uoa(—1) (wfl/QX(EZ)(t)) .

DEFINITIONS (Z(t), 2, 9°).
Z(t) = CT(@x (1), ()T (U (1)) ;
SO we can write W(t, s) = Z(t)Z1(s). Define also the domains

2 ={¥ € D(Q)|C(ux(s),ax(s))V € D(Ho)} ,
P° = {V € #°|C(Tir(s),ax(s))V € D(Hy)} .

Now, using Propositions [4 and [5] we can formulate the following remark:
REMARK 1.0.1. W(t, s) is unitary on J# and such that WT(t, s) = /V[7(s,t).
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2. Differentiability of W(t, s).

ProrosiTION 7 (Differentiability of W) W(t, s) is strongly differentiable in t
from @ to #; Wi(t,s) is strongly differentiable in t from D(P?+ N) to 5. More

precisely if
/dt/dxx*A Na(tu(t')

then for all ¥V € 9, © € D(P?2+ N)
(2.1) i%W(t,s)\If = (U0 HUo(t) + 7)) Wt )
(2.2) i%WT(t, 90 = ~W(t.9) (U} (0 HiUy(1) + V(1)) 0.

PROOF. In order to prove the proposition, we formulate the following lemmas:

LEMMA 2.1. Z(t) is strongly differentiable from D(Hy)ND(P?+ N) to . In
particular for all W € D(Hy) N D(P? + N) we have

0, Z(t)U = (Ug(t)H,Uo(t) + ?(t))Z(t)\If .
Proor. We write
%(Z(t +h) = Z(h)) ¥ :% (Gt +R), Gx(t + ) = CT(@n(1), ax (1)) )
Ul )U (t)e A0
+ CT(ux(t + h),ax(t + h))
U(t)e ™0
+ CT(@x(t + h), @x(t + h)U (t + h)
(U +h) - U) MO
+ CH@n(t + ), @x(t + h) UL (t + R)U(t + h)

%(eiA(tHL,O) _ 61’A(t,0)) ”

=(Di+ Do+ S+ )W

(UT(t +h) - (t))

>

J1¥ converges strongly to:
I — CT(aA(t)»aA(t))(—¢*(iﬁA) F(ity) — Im(@y, iy )
—a*(itiy) + a(ié,\) — Im(a, 82,\)) Ug(t)U(t)eiA(t,O)\I/ 7

since C'(u, ) is strongly differentiable on s#1 > D(P? + N) and D(P? + N) is left
unvaried by Uy and U. Consider now Jo WU, it converges to:

T — C1 (A (1), ax(t £)Ug (1) HoU (t)e™* 0w

since C' is continuous and U (t)¥ € D(Hy)ND(P?+N) if W € D(Hy)ND(P?+N).
With J; and J; we proceed in an analogous fashion. We have the following limits:

J3® — CT(x (1), ax(t NUSHU (1) 0w

a0 — CT(ﬂA(t),&A(t))Ug(t)(—%A(t, O))U(t)e“\(t’o)\l! .
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So we can write, for all ¥ € D(Hg) N D(P? 4+ N):

€ 2(t)w =1 (0 8 (U () { U (1) (—0 (i) + (i)

T
— Im{@y, 1) — a*(id) + a(iay) — Im(@y, &A>>Ug(t)
+ Hy — %A(a O)}U(t)e“\(t’o)\l/
U0 (r (0), 0x ()]~ (97 (X A)u) + 9+ A)m)
— st (x AYu) = 5 (o () (aw)
+a((20) () ) — g Tm{an, (20) /2 (uw)
+ Clua(t), ax(t)) HiCT(ux(t), aa(t))
- %A(t, O)}Uo(t)Z(t)\If .
The result then follows immediately using Lemma of Appendix [A] |

LEMMA 2.2. Z1(t) is strongly differentiable from D(P%+ N) to 2, and for all
© € D(P? + N) we have:
d

i=2' (e = -2'(t) (Ug () H U (t) + 17(15))@ .

PROOF. Let B = Ug (t)H Uy (t) + V(). From previous Lemma and the results
of Chapters [3] and [4] we know that:
i. For all ¥ € D(Hy) N D(P? + N) we have i0,Z(t)¥ = BZ(t)V;
ii. |BO[ < C||(P*+ N)6| forall © € D(P?+ N), C being a constant and
(01, BOy) = (BO4,0y) for all ©; € D(P? + N);

iii. Z(t)[D(Ho) N D(P? + N)] € D(P? 4+ N), and both Z(t) and Z'(t) strongly
continuous in t.

So we can write for all © € D(P? + N):
i0:(Z1 ()0, W) = (ZT(t)BO, V) ,
so integrating both members we find
t
i((z' e, v) -zl (e, ) = | ar(z(r)Be,v),
0
but since ZT(7)BO is continuous in 7 for all © € D(P? + N) we infer
d

i o7t Al
ERAGCESVAOECE

|
The proof of the Proposition follows recalling that W(t, s) = Z(t)Z1(s). |
REMARK 2.2.1. W(t, s) maps 2° into #79/2.
PRrROOF. By PropositionWeyl operators map .7 into itself. By Proposition

Up maps #° into itself, and U maps #° C D((P%+ N)%/4) into D(P? + N)%/*
HO/2, [ |
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3. Strong convergence of W(t, s) to Us(t,s).
THEOREM 1 (Strong limit of W (¢, s)). Let W(t,s) and Us(t, s) defined as above.
Then the following strong limit exists
s — lim W(L s) = Us(t, s)
A—=0
uniformly in t, s on compact intervals.

PROOF. We will prove the existence of the limit on 2% with §* > 4, dense
in 2#. W is strongly differentiable on such domain and W[2° ] C #% /2 (Propo-
sition and Remark ; while U, is strongly differentiable on % /2, when
6* > 4. Then we can write the following inequalities for all ® € 2%, every term
being well-defined and the integrals making sense as strong Riemann integrals on

I
H( (t, s) U2t5><I>H —2Re<<I> (1—ﬁ§(ts)W(ts))q>

—2Im/ dT H,UO( VU (7, 8)®, Up ()W (7, 5)®

)

= —2Re / dT—UT(T S)W(T s)‘I)>
)

dT | 106 Ta(, 5)0| ‘

< 22loll, 1] ‘/ ar || Oa(r )|

/:dT exp{2(1n3+10\/§/s dr’ ||v(T')2>H|

that tends to zero when A — 0, uniformly in ¢ and s on compact intervals. |

< 2| foll

COROLLARY. Let W(t,s) and Us(t, s) defined as above. Then also the following
strong limit exists

s —lm W (¢, s) = Ua(t, s) ,
A—0

uniformly in t,s on compact intervals.



CHAPTER 6

A crucial bound of ||[W (t,s)P]

6.

1. The cut off evolution ’Wvu(t, s).

From now on we will use the notation Hj(t) = Ug(t)HIUo(t). We also define
the orthogonal projectors P<,, and N<, as following:

®,,ifp<p
P.,® = '
(SH )pm { Olfp>ﬂ
®,nifn<pu
(NS“(I))’D’"{ Oifn>pu

DEFINITION (W, (t,5)). We define R, = P<,N<,, so X,(t) = R, (ﬁ}(t) +
‘7(15))RH is bounded in 2. Then by means of a Dyson series we obtain:

. o0 t t1 tm—1
W,(t,s) = Z(fi)m/ dtl/ dt2~-~/ At X, (t) - X () -

m=0

The family W), (t, s) satisfies the following Lemma, since it is defined by a Dyson
series:

LEMMA 1.1.
1. Wu(s,s) =1, Wu(t,r)wu(r, s) = Wﬂ(t,s) for all r,s,t € R.

. ?J(t, s) =W,(s,t), and W,(t,s) are unitary in €.

iti. W,(t,s) is strongly differentiable on J€ and

cd =
ZaWu(t’S) =X, (t)Wy,(t,s);

i%W#(t,s) = —Wu(t,$)X,u(s) .

Furthermore we can prove that ﬁ//u(t, s) maps ° into itself:

LEMMA 1.2. Let ® € %, 5§ € R, n > 1. Then

[, < exof vinisios ol = o +16] (103

[ ar o)) } ol

with vs = max(5/2, 2% +1/2), ps = max(4, 3% 4+ 1).

+ps

PROOF. Define, for all & € 77,

Mt,s) = % l@+ 3)—5%@,5)@(‘2 ,
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42 6. A CRUCIAL BOUND OF |[W (t, s)®]|,.
with § > 1, differentiable in ¢ and s. Set (Q +3)~% = h(Q), we have that
CM(1,5) =Im(h(QW, (1, )8, R, H (1,
(h(@ = 1DH(@) ™" = 1) (@)W, (t, 5)®)
+m(R, A7 (R, (MQAQ 1) 1)
WQ)Wu(t, )@, h(Q) Wt 5)®)
FIm(A(Q)W,u(t,5)®, V() (h(Q = 2)h(Q) !
~1)h(Q) Wt )2)
(V- (6) (A(Q)(Q — 2) !
~1) QW (t, )0, h(Q)W,(t, 5)P)

The last two terms of the right hand side of the equality are bounded in Lemma [2.3]
So we obtain:

d
‘dtM(t, S)

<2l IR, PV (H(@n@ - 17~ 1)

+IR, PV (@ - DA(Q) ™~ 1) ] M0,
+ V2o ||, 8(3° + 1)M(t,s) .

We have then
5 5—1
K= [] Sﬁu\/ﬁ<(2“+3) L 2u+3) )5Wﬁ(252+21)

u+2)°  (2u+3)° w1

1
< i),
<ol )
Applying now Gronwall’s Lemma we have
6T 1
[@+3)Wa. 99| < exp{\/ﬁ5(26 + )M folls (2= 5)
1
+500+1) 2

= / dr ool

for all § > 1. Interpolating between 6 = 0 and § = 1 we obtain for all § > 0:

bl@+3))

@+ 3ot 98] < exod vaBoA Il ¢ -
1
+726p5

i [ ar ol

with vs = max(5/2,2°l +1/2), ps = max(4,3°l +1). By duality we extend the
result to all 6 € R. [ |

bl@-+a) sl

2. A preliminary (not so good) bound of HW(t’S)CI)H(s'

We prove here a Lemma about exp{ip(f)}, as defined in Appendix
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43

LEMMA 2.1. Let b > 1/2. Then for allm =1,2,... and ¥ € D(N™) we have

m—1
IV + b)™ explio(/)} o] < 6™ [ TT (N + b+ |If]l5 + )P
j=0

< 6™ (1 +20m — 1)1+ 2[|fI1D)™ (N +b)™ ]| .

PROOF. Recalling that N = dI'(1), we can use Lemma of Appendix [A] to

write:
exp{—ig(f)}(N +b) exp{ic(f)} = N + b+ |f]l5 + a(if) + a"(if) ;
and such equality holds on D(N). So if m = 1, ¥ € D(N™):
IV + D) explie (NI = [V + b+ 11D + a)w +a” )9
<3(| v + o+ 1712 + laGPw + o ywl?)
<300, (N + b+ I£1)% + 215N + 1£13) %) -

Now if b > 1/2 we have 2||f[5 N + || f][; < (N +b+ [ f]3)*
Suppose the result is verified for m, and verify it for m + 1. Let

m—1

B (N) = [TV 45+ 112 +5) -
j=0

Then
[V 4+ 5y explio(NN|* < [Am(N)N + b+ 1513+ a+ o)
= [ (O 4 4 U7 (V) + @b (N = 1) 4 (N 4+ 1))

< 30, A (N + 12 (W + b+ £ + 2N 115 + 1£13) )

LEMMA 2.2. C(u,a) maps % into itself for any positive 6. In particular, let

u,a € L?, 8§>0, ® e H#?; then
21)  [C(u,a)®lly5 < Ks(u, ) ||y

with
iy =) 46-00)
Ks(u, o) = 66/2(1 +2(d_—1)) &7 (1+2(dy —1)) T+
2 206
(L2 Jull; +2ellz)"
where

= <
=t =0

dy = Trrrllelﬁ{m >4}

PROOF. The result is a direct consequence of Lemma [2.1] when § is an integer.
By interpolation we extend it to all real §: let § € R, and define the integers d_

and d, as above; then interpolating between d_ and dy we obtain

1€ (u, @) ®@l55 < Ks(u, @) [@llas
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with
d_(d+76) d_(dp—8) d_(dyg—6)

_ p2di—d) = 2 2\ 7
Ks(u,a) = 62+ (14+2(d- — 1)) ™= (T+2ullz +2(alz) ™

dy(5—d_) dy(5—d_) ) ) dy(5—d_)
67T (14 2(dy — 1)) 7= (L+2]ully +2[lally) =7
d_(dq—5) dy(5—d_)

=621+ 2(d- — 1)) = (14+2(dy — 1)) =
(1 2 ull3 + 2 la3)”
|
REMARK 2.2.1. Let & € 7%, with positive integer 6 and A < 1; then
[Wit. 92| < Kstt. )2 exp{|o] usA ol [t = 51} 1215
with s = max(3,1 4 2/°) and
Ks(t,s) = Ks(u(t), a(t)) Kas(u(s), a(s)) .

PRrOOF. We can pass (Q + 1)° to the right of Uy since it commutes with Hy,
and to the right of C' using Lemma[2.2] So we have

|Wt 92|, < KA Ut = 5)Cur(s), an(s) @l -

where
K;5(t) = Ks(u(t), a(t)) ,
since
Ks(un(t), an(t)) < A7 Ks(u(t), a(t))
when A\ < 1. Using the fact that P2 + N > Q we can write:

HW(t, 5>‘I’H26 < Ks(OA2 ||(P2 4+ N + 1)°U(t — 5)C(ux(s), ax(s)) Vo (s)®|

and use Proposition [4] to obtain
|Wet. 92| < Ks®A exp{16] msAllfoll, [t = 51}
[C(ur(s), ax(s))Uo(s)®|l4s 5
since P2 + N < Q2. Now using again Lemma we obtain the sought result with
Ks(t,s) = Ks(t)Kas(s) .
|

3. The good bound of HW<t’S)(I)H5'

The bound we just proved in Remark is divergent when A — 0, as \~99.
So it is not suitable to be applied in the classical limit. However using it and the
one regarding the cut off operator W, proved in Lemmam we can obtain a bound

of W that behaves well when A — 0.

PROPOSITION 8. For all positive § exists a 6* > § such that W(t, s) maps A
into H°.

In particular let ® € . Then for all A < 1, §* = max(4,65 + 3):

— 2
HW(LS)(I)H(S < (ICl(t,s) +)\ICQ(t,s))e’\cl|t_s|+lc3(t’s) o|2.

where Cy is a positive constant depending on 0; K;(t,s), j = 1,2,3, positive func-
tions depending also on §.
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PROOF. Let ® € %", with 6 > 4. Due to the properties of W(t,s) and

Wu(t, s) all the steps of the following proof are well defined, and the integrals make
sense as strong Riemann integrals on 7. We evaluate separately each term of the
right hand side of the identity

(W(t,$)®,(Q + 1)°W (L, s)®) = (W,(t,5)®, (Q + 1)°
Wt $)®) + (W (2, 5)®, (Q + 1) (W(t,5) = Wa(t,5))®)
H(W(t5) = Walt,9)) @, (Q + 1) W, (t, 5)) .

The estimate for the first one is provided by Lemma Consider now the second
term:

‘(W(t, $)®, (Q + 1)5(W(t, s) — Wt s))@)’ - ‘Wf(t, )
(Q+1)°W(t,s)®, /t dr Wi(r,s) (Ru (Hr(r)+
Wa(,)®)|

V(0)R, — Hi(r) = V(7)) W7, 5)9)

t
| ar el

H( )+ V( ))Ru - ﬁI(T) - V(T))W#(T, 5)®

< Kot ) exp{ oo\ foll, 1t — s/}

i

where in the inequality we used Remark To evaluate the last norm we use
the commutation properties defined in Lemma 2.2 of Part I to move R, to the left,

the usual estimates of H; and V and then the fact that for every j we have
@+D¥ _(Q+1)¥
\/ﬁ4j = T4

(1 - RM)

to obtain:

(W(t. )2, (@ + 1) (W(t,5)

)
exp{usA 1 foll 1 - sl}\ / dr (llfolz (ﬁ)

+(8llv—— ()l + 21X * A(7) ()\ ) )’
W

[ lL4s [ W7, ) <I>H

@’<K5t8)

66+3

Now we use Lemma to write

‘(W(t, )P, (Q + 1) (W(t, s) — W(t, 8))<I>>‘ < Ky(t, s)

exp{c?#a)\ | follo 1t — 8|}‘/St " (”f0|2 (/\\/%)
+(8llv-- (D)l +2 |X*A<r>||m)(w%>66>

exp{mwa 3/ 2ssra [folly 17 — sl

/ST dr’ lo——(7")|l, >H

12145 1 ®ll6s13 -

65—1

+(30 + 3/2) <ln3 + P35+3/2




46 6. A CRUCIAL BOUND OF ||[W (¢, s)®||,.

The last term is easier to estimate, we have to use again Lemma and the
standard estimates for H; and V', and obtain:

(W(t.) = Wo(t.5)) @ (Q+ 1) W, (t, 9)2)|

< exp{wwua Lol £ — 5]

[ o to—na])}

/st dr ()\ I folly + 4 [Jlv——(T)|ly + IIX * A(T)Hoo)

[ ar o)

1llo5 121 a5

where we denoted the norm of .#* with ||-|| ,,4 to avoid confusion with the L*-norm.
Now we can choose p = 1+ 1/A2?, and finally obtain the sought result:

t
[ <||f0||2+8v——(7)|2
12 A<T>||Oo) exp{m N30+ 323132 | folly 17 — 5]

[ o el ) |

1|45 1 @llgs+5

t
+exp{\/1+)\261/5 ||f0||2t—s|+(5<ln3—|—p5 / dr ||1}__(7')||2 )}
t S
[ ar (Mol + 4o @)l + s AL
exp{mwzw ||fo|2|7—8|+2(1n3+02 [ o |v<¢'>||2)}
1l155 1]

[ o o))}

I]]5 .
with §* = max(4, 66 + 3). |

+4 (ln3 + ps

exp{\/ﬁ)\szg | folly 17— s+ 2(1113 + p2

[ 0], < Kt ) exp{Bush 1ol bt = 1}

+(36 +3/2) (1113 + P35+3/2

+exp{\/ 1+ A20v50 || folly It — s + (5(1113 + ps/2

In order to obtain the good estimate in A, we have to restrict to a subspace
of # smaller than expected. We could a priori expect, since D((P? + N)°) and
not .##? is invariant for W, to bound the d-norm of W& with the 26-norm of P,
however this leads to the (divergent) bound of previous section. In fact we need an
even smaller subspace if we want the estimate to remain finite in the limit A — 0.

COROLLARY. Also W(t,s) maps ° into #°. The same estimate as for
W (t,s) holds:

HW(t»S)(I)Hg < (’Cl(t, 8) + )\]CZ(t7S))e/\Cﬂtfs\JrlCa(ms) ||(I)

2
5

ProoF. This corollary is a direct consequence of the fact that Uy commutes
with every function of P and N. |



CHAPTER 7

The classical limit of creation and annihilation
operators.

1. The evolution of quantum fields of fluctuations.

The ﬁg—evolution does not preserve the number of particles, however the evolu-
tion of quantum fields applied to the vacuum remains a state with only one particle.
Using this fact we will be able to improve the convergence of creation and annihi-
lation operators in the classical limit, in a sense we will explain below.

DEFINITION (The projector on the one particle subspace of ). We define
PyN; + PNy to be the orthogonal projector onto % 1 @& 44 o

PROPOSITION 9 (Us-evolution of quantum fields). Let g = {g;}., be four
L2(R3) functions, and consider the field p(g) = ¥*(g1) + ¥ (g2) + a*(g3) + a(gs)-
Then

UJ (. 5)p(&)Ua(t, ) = (BoNy + P1No)UJ (¢, 5)¢ (&) Ua(t, )92 -
So ﬁ;(t, s)g@(g)ﬁg(t, $)§Y belongs to the subspace of F with only one particle.
PROOF. Let © € (541 @ )L, and define:

1 _ L~
X(t) = sup (©,04(t,5)6" (9)Da(t,5)9)|
ger 191l
1 ~ ~
+ sup o [(0,T1(t, $)(92)Da(t, 5)0)|
g2€L? ”92"2
1 ~ ~
+ sup —— (0, T (t, 5)a"(95) Ua(t, 5)92)|
gser? llgsll
1 ~ ~
+ sup (0,0 (t,5)a(g)Ua(t, 5)9)] -
gieL? ||9all;

First of all observe that X(s) = 0. So if we prove that exists a positive finite
constant C such that

(1.1) X(t) < C/t dr X(7),

we can use Gronwall’s Lemma to assert X (¢) = 0 for all ¢ > s. But if X(¢t) =0
then

(0,01t 5)p(@)0a(t, 9| < sup gill, X(2) = 0
1€{1,2,3,4}

for all © € (#p1 @ Hi)*, so ﬁ;(t,s)w(g)ﬁg(t,s)Q € J1 @ Hip. We need to
show (L.1)); we will prove such relation only for the first term of X (¢), since for the
others is very similar; define then

X, (t) = sup L (0, U (t, $)* (91)Us(t, 5)Q)
grer? |91l

47
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Using the differentiability properties of [72, we have
i8t<®’ ﬁ;(tv S)lﬁ* (gl)ﬁ2<t7 S)Q> = <®’ ﬁg(tv S)[W(Ql% ‘7(75)][720’ S)Q> .

Performing the commutation, integrating and taking the absolute value we obtain
t
(0.0 (t.5)0" () Da(t, 99| < [ dr (@, T (r,) alo-)

+a*(g14) + 1/1*(910)) [72(77 5)2)

)

with
a-(t) = [ degi@i (e,
nelt) = [ dog@is (b,
gio(t,-) = Ugy (8) (X * A1) () Vo1 (D)1 (-) -
Multiply now both members by ||g1 |5 ! and calculate the supremum in g;:

/dT sup (0, T (. s)a(gr ) ia(r, )02
s 1€L2 ||gl||2

dT sup
s g1€L? ||gl||2

1 ~ ~
/ dr sup ——|(0,T1(r, )" (910) (7, )9 .
s g1€L? g1l

‘<@ Ul (r, s)a* (g14.) Ua (T, s)Q)‘

Now we change the supremum function obtaining:

t
a0 [ar sp 10l Lj(0.0](r a0 )a(r9)9)
28 Tl Ton T

t 1 - .
+/ dr sup g1+l ‘<@,U2T(T, s)a*(g14+)Usa(T, 3)Q>’
s g1+ €L? ||91H2 H91+||2

t
1
dr llgioll,
s g10€L2 H91||2 H910||2

(0. T (. 80" (910) Ua(r, )|

Using the following estimates

g1 @)z < [ follz u(@®)ll; lgally 5
191+ @)ll2 < [ follz u(@®)l; lgrlly
lgro (@)l < [1X * A)lloo g l2 -

we obtain the sought result

t)gc/:dTX(T)

= swp (2ol lu(r)ly + % = A, ) -

TE[s,t]

2. The general case: convergence as M.

Using only the bound of Proposition[§we can obtain a first result of convergence
of the creation and annihilation operators towards the classical solutions when
X — 0. Obviously since ¥# and a# are operators on %, while u# and a# are
functions in L?*(R?), we should expect that the average of the former between
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suitable states will converge to the latter in some sense. Consider a set of \-
dependent states constructed by means of Weyl operators, defined as follows.

DEFINITION. Let ® € 2#°, with § > 1, such that ||®|| = 1; (u,a) € L}(R?) ®
L?(R?). Then

{C(ur,ax)® =Cu/A, a/N)®, 0< A <1}
is a A\-dependent set of vectors in .#7.

From this definition we immediately see that if we choose § > 2 and f € L?(R3),
we can study the well-defined averages

AT (FF) () cw = (Clun, ax) @, UM (FF)U(1)C(ur, ax)P)
Aa? (7)) ce = (Clur, ax)®,UT(#)Aa™ (FF)U (H)C(ur, ax)®) .

The reason we consider \iy# and Aa* instead of 1# and a* as the quantum op-
erators to have classical limit is discussed in Section [4] of Chapter [1j however it is
evident that at time zero the averages above would diverge, when A — 0, if we
substitute \# and \a# with ¢# and a*.

LEMMA 2.1. Let ® € #°, 5 > 9, f € L2(R®). Furthermore let (u(-),a(")) €
E°(R, L*(R3) @ L?(R3)) be the solution of with initial conditions (u,a) €
L*(R3) @ L*(R?). Then

M7 () (@) cw — (F7,u™ (1))
A (fF)(1))co — (f7F, a7 (1))2
when A — 0. More precisely we have the following bounds:

_ /
[ (FF)Bhca — (1w (@)a] <A NFl (K (1,0) + Mo, 0))
e(AC1t|+K3(2,0))/2 (@] o

A (P — (F#,a# (0)a] <A1 (Ka(0,0) + MCa(1,0))

e(AC1[t[+K3(¢,0))/2 ||q>||%9 ,

where the constants are defined in Proposition[8

PROOF. We prove the result for (\)# (f#)(t))ca, the other case being perfectly
analogous. Using Proposition [5| we can write

O (F) () ca = (W (£, 0), M (FF)W (£, 0)8) + (1%, u (£))s .
Then we have that
[T (FF) () co — (7 u (1)2] < A [0* (FF)W(2,0)@||
SAA W (E 0) @ s
using the Corollary of Proposition [§] we obtain the result. |
DEFINITION. We define formally the following complex-valued functions of R3:
D (e = (Clun, an)®, U EAF (YU ()C(un, 02)0)
N (t,))oa = (Clux, ax)®, UT () Aa™ (U (£)C(ur, ay)®) .

By this definition we have formally the following relations:
QI )cs = [ do FHa) s () ca
Ot (7#)(Ohco = [ dk F# IR0t k) ca
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LEMMA 2.2. (A7 (f#)(t))ca and (Aa® (f#)(t))co (as functionals of f#) are
bounded antilinear functionals of L*(IR3).

PROOF. Linearity follows from the linearity of ©#(-) and a*(-) on suitable
domains as proved in Appendix [A] Boundedness follows from usual estimates: let
® € %, with § > 2, then exists a constant C' independent of f such that:

| * () () o] < AIFIl; 1UEC(ur, ax) @] or < C I, -
The case of (A\a? (f#)(t))ce being analogous. |
COROLLARY. (\p*(t))co and (\a¥(t))ce are in L?(R3).

PRrOOF. Consider (\)#(t))cs, the other case is identical. We use Riesz’s
Lemma and the result above to infer that exists a function g € L?(IR?) such that

(f*,9)2 = O* (F7) (1)) cw -
Then accordingly to the formal definition of (A (t))ce we set g = (M7 (t))cs.
|

PROPOSITION 10. Let ® € #°, 6 > 9; (u(-),a(")) € €°(R, L2(R?) ® L*(R?))
be the solution of with initial conditions (u,a) € L*(R3) ® L*(R3). Then
M# () co —r2ms) u? (), (Aa®(t))co —r2ms) o (t) when X\ — 0. More pre-
cisely we have the following bounds:

[ () co =t ()5 <A(Ka (2, 0) + MCa(t,0) ) TR0 g,
|(Aa# (6)) o — a* (D)2 g)\(}Cl(t, 0) + AKa (¢, O))e’\cl‘t|+’c3(t’o) [
where the constants are defined in Proposition [§
PrROOF. A straightforward consequence of Lemma and the Corollary of
Lemma 2.2 [ |
3. Coherent states: convergence as \2.

Using the evolution of quantum fluctuations, in particular the result proved in
this chapter, we can improve the bound obtained in the proposition above. However
the result applies only to a particular set of states called coherent, namely the states
we obtain applying Weyl operators to the vacuum.

DEFINITION 3.1 (Classical limit coherent states A). Let (u,a) € L*(R3) ®
L2(R3), Q the vacuum state of # (see Section [2[ of Chapter [1). Then

{A=Cuy,a))2, 0 <A< 1}
is a set of A\-dependent states in . for all positive §.

We will proceed as in the previous section. So we will define the following
quantities:

DEFINITION. Let f € L?(R?), then we define
* () 0)a = (A UTOMF (FHU (A
A (fF) () a = (AU (OA® (FF)U(2)A) -

Using the results of previous section we can also define the following functions of
L2(R3):
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PROPOSITION 11. Let (u(-),a(:)) € €°(R, L*(R?) @ L*(R?)) be the solution
of with initial conditions (u, o) € L?(R?) @ L2(R®). Then we have two positive
constants K1 and Ko such that:

[ (8))a — u ()], SAPK [t] 521

[(Aa¥ ()2 — o (8)]], <N Ky [t ™21

Proor. To prove the proposition we proceed as in the previous section, in
particular it will be sufficient to prove the following lemma:

LEMMA 3.1. Let f € L?(R?), then we have the following bounds:
|MH(F#) () a = (fF 0 ()2] <A (| £l Ko [¢] 51
[Aa® (F#)(0)a = (f# a® (0)2] <A (IF [l Ky [t] 21
with C' and K positive constants.

PROOF. As usual we prove the result for (A\p#(f#)(t))a, the other case being
perfectly analogous. Using Proposition [5| we can write

O (F#) () a — (F#,u# ()] = A [(W (8,009, % (F#F)W (£,0)0) |
= \| (W (¢, 00, U )0 () Uo ()W (£, 0)9) | -
Using Lemma[6.1] of Appendix [A] we then obtain:
OWH () (O)a = (7,0 ()] = A [(F (8,002, 07% (FA)W (2,000 -
Now using the equality
(W (2,009, v (FF)W (1,0)9) = (Ua(t, 0)2, o7 (F#)Ua(1,0)2)
(W (t,0) — Ta(t,0))Q, v (F#)Ta(t, 0))
+ (W (£,0)9, % (F#) (W (t,0) — Ua(t,0))
we obtain
(#(FF)(O)a = (£, 0)2] < (| alt, 002,67 (F#)Ta(2,0)0)|
U OEA o>>ﬂ,w#<f#>z72<t 0)0)|
+| W00, 0* () (W (2,0) - Da(t, 0)2)|)
= A(X1 +X2+X3) .
By Proposition [J] we have that X; = 0. Then we bound X5 as follows:

X, = Wot dr %W*(T, 0)Us(r, O)Q,WT(t,O)z/)#(f#)ﬁg(t,O)m’

Ot dr Hﬁ[(’T)[}Q(T, O)QH Hw#(f)ﬁQ(t>O)Qw

< A1l 1ol

t
/0 dr HUQ(T,O)QHw HUQ(t,O)QH%ﬂl’ .
Using Proposition [6] we obtain

Xe <Al Ml esp{ 5 (103 + V2| [ ar -] )}

/0th exp{2(1n3+10\/§‘/07d7' lo_— ("), )H .
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To bound X3 we use a similar method:

Xy = (WT(t,0)(w#(f#))TW(t,O)Q,/Ot dr Wi(r, o)ﬁI(T)@(T,o)m’

<ML 1l [0

then using Propositions [6] and [§] we obtain

)

t ~
/0 dr HUQ(T,O)QHW1

1/2
Xy < Ml 1ol (i (8,0) + MG (2, 0))  eOcalthatt0)/2

/0th exp{2<ln3+10\/§‘/07d’r' lo__ ()|, >H .

4. The classical limit of creation and annihilation operators.
In this section we will sum up in a theorem the results we proved above.

THEOREM 2. Let ® € 2, with § > 9, (u,a) € L*(R3) ® L*(R?). We call
(u(t,x),a(t, k) € €°(R, L*(R3) ® L2(R3)) the solution of with initial condi-
tions (u,a) € L?>(R?) @ L?(R3). Then the following statements are valid:

i. The following limits exist in L*(R3) when X\ — 0:

1. There are two positive constants K1 and Ko such that
IA( ) ow — ult, )y < MK [¢] 2! || D3
[A" (1) ca — (e, ), < MKy [t] |2
IAalt, Nea = alt,-)ll, < MK [ B3
Ia” (8, ) cw — @t Il < A Jt] 2|27
1. If ® = Q, the vacuum state of €, then
I () oo = ult, )l < NKq [¢] eV
™ (¢, ) ea — alt, )|, < A2 |t] e
[(Aa(t,-))oa — alt, ), < A2Ky |t "
I(Aa™ (¢, ) ea — alt,-)ll, < A2yt "=

With this theorem we clarify in what sense (u(t), a(t)) are the classical coun-
terparts of (A)(t), Aa(t)). We remark that if we did not have used, in the definition
of W (t, s), the solution of classical equations then we could not have found a
A-convergent bound of ||W (¢, s)®||; and calculate the limit A — 0. Furthermore we
see that the analysis of quantum fluctuations enables us to improve the result of
convergence we would have obtained using only the properties of quantum evolution

W(t,s).



CHAPTER 8

Normal ordered products of operators.

The method we used in the previous chapter can be used to calculate the
classical limit of averages of normal ordered products of creation and annihilation
operators. The limit of such averages can be calculated not only between coherent
states, but also between fixed particle states. We will state a theorem with the
general result, however it will be proved in appendix; here we will discuss in detail
two simpler cases.

1. The set of states to calculate the classical limit.

We will consider three different kind of states to calculate transition amplitudes.
We call €, the vacuum state of @p 0, S, the one of @, 4 .

DEFINITION (A, ¥, ©). Let ug,ap € L*(R?) such that |jugll, = |jaol, = 1.
Then we define, for any p,7n € IN the following set of states:
{A = C(\/]?UO, \/’7],0[0)9 ) 1 S ﬁaﬁ < OO}
(U =" © C,(Virag)y € #5, 1 < p, i < o0}
{@—uo @ai" € Hq, 1 <P, < oo}.
A is the coherent state we already defined, W is a tensor product of a state with
fixed number of particles and a coherent one, finally © is a state with fixed number

of particles. We want to evolve such states with the quantum evolution U(-), so we
introduce the notation:

A(t) = U@A,
U(t) = U)W,
o(t) = U(t)O .

From now on, we fix p and 7 as following: p = 7 = A~2, so the Weyl operators
above become C'(ug/A, ap/A) and C(ag/A). In the case of fixed particle states the
limit A — 0 corresponds to the limit when the number of particles becomes infinite.
The reason we introduced here the parameters p and 7 is that it is more natural to
write a fixed particle state having $ or # components than A\~2.

DEFINITION (g (6), (ua(t), p(t))). Let ap € L*(R3), we define
ag(0) = exp(—if)ay .

Furthermore we call (ug(t), ag(t)
with initial condition (ug, ap(6))
tion associated to (ug, ayp)).

) € €°(R, L? (1R3) ® L?(RR3?)) the solution of
€ L*(R3) ® L*(R3) (while (u(t), a(t)) is the solu-

We will formulate here three lemmas that relate coherent states to states with
fixed number of particles. We adapted these results to be suitable for our set of
vectors ¥ and ©. The basic formula used to prove the first and third of such lemmas
in literature is:

exp((a*(f) = al(f) ) = e I/ exp(a*(£)) exp(—a(f)) -

53
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However this equality makes sense only applied to vectors that permits us to write
such exponentials as power series. The properties of exponentials as series and
their associated vectors are studied in Appendix The second result is proved
using sharp estimates of Laguerre polynomials recently obtained in a work by
Krasikov [Kra05].

By definition of creation operators we can write the following identities:

-2

P* (uo)? = P* (ug)
U= \/ﬁ? @ Cn(Viag)Q = ﬁ ® Ch(ap/NQ

V¥ (uo)? a*(ao)” U*(ug) a*(a0)
vl Vil VO /()]

DEFINITION (d, function).

(’-‘):

d. = i ~ /4
x e—v/2px/2
LEMMA 1.1. Let ug,c9 € L3*(R3?), such that ||ug|l, = |lawolly, = 1. Then we

obtain the following identities:
U = ds Py C(\/Puo, Virag) = dy—2Py—2C(ug /N, g/ A)Q

2m do ..
0= dﬁ ds Pﬁ / %emeC(ﬁuo, \/%040(9))9
0

27

do -

:d?\_z]P’,\_z/ %el)‘ OC(ug /N, an(0) /M),
0

where P, is the orthogonal projector on J¢,.

PROOF. The first relation is a rewriting of equation (4.2) of [COS11], the
second utilizes both the one just cited and Lemma 4.1 of [RS09]. |

LEMMA 1.2. Let ug, ag € L*(R?) such that ||uglly = |||, = 1. Then there are
two constants Ky and Ko independent of X and 0 such that:

H(P+ 1)*1/20T(UO/A,QO/A)\I/H < Kydy,
H(P F 1) V2N 4 1)"V2C  (ug /0, ao(ﬁ)/)\)GH < Keod?, .

PRrROOF. This result is stated in Lemma 7.1 of [COS11]| and proved in [CL11].
[ ]

LEMMA 1.3. Consider ¥, 0 defined as above, then for all 6 € R
(PoN; 4 P1No)C (ug /X, ag /AT = 0
(]P)()Nl + PlNo)CT(Uo/A, Ot()(@)/)\)@ =0.

PRrROOF. The part about Py of the ¥ case is proved in[COS11], page 13, as
well as the result for ©. Obviously also N;CT(ug/\, ag/A)¥ = 0. |

2. Definition of the transition amplitudes.

DEFINITION (Transition amplitudes). Let ¢,r,i,7 € N, 6 = ¢+ + i + 7,
g € LA(R3+)) @ L2(R3(+9)) = L2(R?) and

B = /qud}/TdKldM] g(Xq, }/T, Ki7 M])Q/J*(Xq)¢(Yr)a*(Kz)a(M]) .
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Then we define the following transition amplitudes:
(B)A(t) = N(A(t), BA(t)) = M (A, Ut (t) BU(t)A)
(B)w(t) = X(U(t), BU(t)) = \(W, Ut (t) BU(t)¥)
(B)o(t) = \2(O(t), BO(t)) = X\°(0,UT(t)BU(1)0©) .
Furthermore we define the following complex-valued functions of R3:
(W* (@ (r)a(§)a(d))a(t) = N(A®), ¥ (Xg)$(Yy)a™ (Ki)a(M;)A(L)
(W (@ (r)a*(i)ah))w(t) = A (W(1), ¥ (Xg)(Yy)a" (Ki)a(M;) ¥ (1))
(W* (@ (r)a*(i)a(h))e(t) = A(O(1), ¥* (Xq)e(Y;)a" (Ki)a(M;)O(1)) -

We remark that A’ is necessary if we want these transition amplitudes to remain
finite even at ¢ = 0 in the limit A — 0 (A and Aa rather than ¢ and a are the
quantum operators that have classical limit). Formally we have that

(B)a(t) = (g, (W™ (@) (r)a™(i)a(i))a () L2 was)

(B)u(t) = (g, @ (q)ib(r)a* (i)a(j))w(t)) L2 (res)

(B)e(t) = (g, " (q)ip(r)a*(i)a(j))e(t)) L2 (mas) -
Now we will prove such relation is not only formal, because (10*(q)¥(r)a*(¢)a(j)) is
in L2(R3°) for all states.

M;
M;

LEMMA 2.1. A, ¥ and © are in S° for all positive §.

PROOF. The proof is trivial for fixed particle states. We know that C(u,«)
map #° into itself (Proposition |5)) and Q is obviously in #° for all positive 4.
Using the results of Appendix |[A| we also know that C(a) maps D(N?) into itself
and §,, is obviously in D(N?) for all §. [ |

LEMMA 2.2. For all positive § and real t there is a finite constant C' such that
for all g € L*(R?)

(B)A(t) < Clg; L*(R¥)]|
(B)u(t) < C||g; L*(R¥)]|
(B)e(t) < Cllg; L*(R*)]| .

PrOOF. We proof the result for A, the other cases being identical. Using
Lemma [2.1] of Chapter [3] we obtain:

Tq—1)ININ +i—)
(P = )N —j)!

(BIA®D] < X° g 2R 1Al ” e

0(P — q)0(N — i)U(t)AH :
Using now the fact that Q < P? 4 N, we have that
(B)a®)] < A7 [|g: LR AIl|[(P2 + N+ +30)* U ()| -
Proposition [ then leads to

[(B)A()] < C [lgs L2R>) [ AL |Ally5 -
Now ||Al|ys is finite by Lemma so we obtain the sought result. [ |

PROPOSITION 12. {(¢*(q)(r)a*(i)a(j))x (t) € L*(R3), for X € {A,V,0}.
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PROOF. Again we prove the result only for A. (B)A(t) defines a linear func-
tional on L?(R??), as a direct consequence of Lemma since the bound is in-
dependent of g. The applying Riesz’s Lemma we know that there is a function
h € L*(R3) such that (B)a(t) = (g, h) r2(rss). Then using the formal result stated

above we infer h = (V*(q)¥(r)a*(1)a(§))a(t). |

3. The general result.

We state here the theorem summing up the results we found about the classical
limit of the transition amplitudes defined above. However we will give its proof,
that is rather intricate, in Appendix [E] We also formulate a lemma that will be
useful in the proof of the theorem as well as in the next section.

DEFINITION. Let wy,ws, w3, ws € €°(R, L2(R?)), then we define

J
w®qw§)’"w?1wf7 (t) = H (t,z, ng (t, yp ng (t, ke) H (t,mq).

a=1

THEOREM 3. Let ug, a9 € L*(R?) such that ||lugll, = |lawll, = 1; A, ®,0,
(u(t), a(t)), (ug(t),ay(t)) defined as above. Then the following statements are valid
forallgq,r,i,jeN, 0 =q+r+i+j:

i. The following limits exist in L*>(R3%) when A\ — 0:

W (@) Galiat) ") 70 59 a® (1)

A—0
W (@r)a” D)) u(®) 5 8a®u®a®a® 1
e e 5y s [ Soa e 0,

dgr being the function equal to 1 when g =r, 0 otherwise.
it. For all X € {A,U,0} there are two positive constants K1(X) and Ko(X) that
depend on p,q,i,j such that

16" @ ()a* @Dal)al) - 75 a® a® (0) |
< AR (A) f RO

160" (@) (r)a (ai)(®) = 8,y u® 6 a® (t) | 2qus)
< 8 A K () [t] RN

2m
I6* @)a” Daiolt) = b [ G a6 i O)llamos

< G N2KL(O) [t] T2 O

LEMMA 3.1. Let B as above, then for all g € L*(R3?) and ® € 7 the following
identity holds:

C't(u, @) BC(u, ) = /qud}/TdKideg(Xq,K,Ki7Mj)

q

[T @ (za) + a(za) H % (yo) + u(yn))

a=1 b=1

H( “(ke) + alke H a(ma) + a(mg))® .
d=1



4. TWO EXAMPLES: (¢*(z1)¢(x2))w(t) AND (a*(k1)a(kz2))e(t). 57

PROOF. Let §; = ¢+, 2 =i + j. We call Sep(L?(R3%)) the set of functions
that are product of functions in L2(R?). So if g € Sep(L?(IR??)) we can write:

J
9(X,, Yy, Kiy, M) H (2q ng+b Yo H961+c ke) 11 951+i+a(ma) -

a=1 d=1
For all g € Sep(L?(R3?%)) the result holds. As a matter of fact in that case
O 1, 0) BC(u, 0)® = C' (1, )" (31)Cu, ) . C' (u, 0)8h(Gg1)Cu, )
- O, 0)a" (§5,+1)C(1, @) ... C' (0, 0)a(G, +141)C () .. B
= (" (1) + <u g1)2) -+ (¥(Ggt1) + (ggt1,u)2)
- (a"(s,41) + (@, Goy41)2) - - - (alFo,4i41) + (9o, 4it1,0)2) ... @

because we can apply Proposition |5| to every term since ¥# and a# map 9 into
%=1, The result then holds also for finite linear combinations of functions in
Sep(L?(R3%)). Then since L2(R*°) admits a basis of functions in Sep(L?(R*°)), we
can extend the result to all g € L?(R3?) with a density argument. |

4. Two examples: (1)*(z1)t(x2))u(t) and (a*(k)a(k2))e (t).

We want to explain the procedure that leads to the results of Theorem (3| In
order to do that we will study two simple examples, respectively concerning ¥ and
© vectors. We do not discuss A vectors here since we did it in Chapter [7]

DEFINITION ((¢*(x1)9¥(x2))w(t) and (a*(k1)a(ks))e(t)). We recall that
(" (@) (x2))w () = N (0, UT ()" (1) (22)U (1))
(a*(k1)a(ka))e(t) = (0, UT (t)a* (k1)a(k2)U (1)6) .
We define for all g € L?(RR°):
(@) (0) = V.00 [ dridaaglon, 220" ()0 (@)U 0

(@)o(t) = X(©.U1() [ ik glks b2)a" (k)aka) V(1)
LEMMA 4.1. There are two positive constants Ki and Ko such that
[(g)w(t) — (g(@1, m2), ult, 21 )u(t, x2)) r2rey| < A% ||g: L*(R)]|| K1 |¢] el
ProOOF. Using Lemma [I.1] and setting m = A~2 we can write:
(g)w(t) = m ™ dp (¥, C(vVmug, Vmag) W (t,0)XW(¢,0)9) ,
where
X = O (imu(t), Vima(®) [ deideaglor,za)i” (o) ()
C(vmu(t), Via(n)
By Lemma [BI] we obtain:
X = /dxldxzg(xl,arg)w*(xl)w(@) + \/Fn/dacldmg(xl,a:g)(a(t,xl)

P(z2) + ¢*(x1)u(t7x2)) + m/dxldxg (1, z2)u(t, z1)u(t, x2)
= X1 + XQ + X3 .
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First of all consider X3:
m = d,, (¥, C(vV/mug, vm ag) W (t,0) X3 W (t,0)Q)
_ /dmldxzg(:cl,xz)a(t,xl)u(t,xz)@,dmC(\/ﬁuo,maom .
So since ¥ = P,,, ¥ we obtain:
m_ldm<‘1', O(\/EUQ, \/%Oéo)WT(t, O)X3W(t, O)Q> = <g, ’U(t)u(t»Lz(]RG).
Then we can write:
[(g)w () — (g, u(t)u(t)) L2gre) | < M dm| (¥, C(Vmug, vm ag) W (2, 0)
(X1 + Xo)W(t,0)Q)| < Y1+ Yz,
and we rewrite Y7 and Y5 to obtain:
Vi=m! \ <dm(P +1)7Y2Ct (Vmug, Vim ao) W, /(P + 1)WH(t,0)
X1W(t,O)Q>

)

Yo = m=Y2dy, | (C1 (o, vVim ag) ¥, W1 (2,000 () W (£, 0)9)

where ¢(g) is the field defined in Proposition [9] with

31(x) = U (1) / da’ gz, " Yult,2’) |

o) = o (1) / da’ g(a!, 2)alt, a’) |
g3=g1=0.

We remark that by Schwarz’s inequality we have ||g;||, < ||g;L2(IR6)H lu(t)]|, for
ji=1,2.
Consider Y;: then using Schwarz’s inequality and Lemma [I.2] we can write

Yy <m T Ky [WHE0) X W (t,0)Q]] .

To bound the last norm we use two times the Corollary of Proposition [§ so we
obtain (m = A\72)

Yi < A2Ky ||g; LA(RY)]| (/cl(a =1,0,2) + MCo(6 = 1,0,15))
AC1(E=DIE+Ka(6=1,0.0 <K1(5 = 19/2,1,0) + Mo (6 = 19/2, 1, 0))

AC1L(=19/2)[t|+/C5 (§=19/2,t,0)
b

where the constants are the ones introduced in Proposition [§]and we made explicit
the dependence on 4.
Consider now Ys: define ® = CT(\/m ug, v/mag)¥. Then we can write

(@, W (t,0)p(g)W (t,0)) = (, U3 (t,0)0(g)Us(t, 0)22)
(@, (W (t,0) — U3 (£,0))0(8) W (t,0)2)
+(®, UJ (,0)0(8)(W(t,0) — Us(t,0))Q) = Zy + Zy + Zs .

Z; = 0 using Proposition [ and Lemma We study then Zs, using Schwarz’s
inequality and Lemma [I.2] we obtain:

2] < dp K || (WF(1,0) = T (4,0)p (@ W (t, 02| < d' K

/Ot ar ||[WH(r,0)H; s, o)@@,op(g)ﬁ(t,om“%
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Then we use: Proposition Lemmaof Chapterto move (P+N)° to the right
of Hy; the usual estimate of H; (that gives the factor m~1/2); Proposition (6] two
times; again Lemma of Chapter [3| to move (P + N)? to the right of »(g); the
usual estimate for ¢(g) (that gives ||g; L*(R®)||); Proposition [§| to finally obtain

|Zo] < m ™2 |gs L2(RO)]| Ko C Jt] 11

where C' and K are positive constants.
To bound |Z5| we proceed in the same way, and we obtain

|Zs| < m™Y2d; || g; L2(RO)|| Ky C” [t] X111

with again ¢’ and K’ positive constants. [ |

LEMMA 4.2. There are two positive constants K3 and K4 such that

Dot~ (aks ko) [ ol k)| < 35 )|
K |t] "1l
Proor. Using Lemma and setting m = A~2 we can write:
@eo(t) =m~'a2, | T im0, (o, i a0 ()W (£ 0)X
Wo(t,0)Q) ,

where
X = CH(mug(t), vim ao(t)) / dkydks (k1 ka)a® (ky )a(ks)

C(Vmug(t),vVmag(t))

and Wy(t, s) is the operator W with classical solution (ug(t), ap(t)). Using Lemma/3.1]
we obtain:

X = /dkldkg g(kl,kz)a*(kl)a(kz) +\/TT’L/CU€1CU€2 g(kl,kQ)(ég(t,kl)

alka) + a* (k1) (t, ka)) + m/dkldk;g Gk, K)o (b Yo (1, )
=X+ X9+ X3

First of all consider X3:

2m de .
mildfn/ %emw(@,C(\/muo,\/mozo(e))Wg(t,O)XgWg(lf,O)Q)
0

2m
do
= /d/ﬁdkz g(ka, k‘2)/ 2*%(@ k1) (t, k2)
0 ™
(0, d%, ™ C(vVmug, vm ag(6))) .
In the transition amplitude on the right hand side we proceed as following:

im _ (W (o)™
(0, d2,e™C(v/mug, v/m ag(8))9) = <T°!ﬂp,
AP Clp (Vi 10) Q)
(a* (0p))™

<Tﬂn, dmezmeNan(\/an (0))Qn>

(@ (a0 (0)))™
= <T9n7dmNan(maO(e>)Qn> =1.
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Here we used two times the relation in equation (4.2) of [COS11]| (the same holds
for ¢ and €,):

ANy, Cr (V) 2,y =

So we finally obtain for Xs:

27
m—ldfn/ %eim9<@70(\/fnuo, Vi ag(0)) W (,0) X3 W (t, 0)€2)
0

2 de
Z/dkldkgg(kl,kg)/ ?ag(t,kl)ag(t, kg)
0 7T

- m_1d2 /277 %
- m 0 2

(0, C(wmuo, v/imao(0))W (1, 0) (X1 + Xo)Wa(t, 0)0)] < Vi + Y,
and we rewrite Y7 and Y5 to obtain:

vi=m [ (62 P+ 1)V 4 1) ACT (Vi o, Vi 0(0))6.

o 27
VP + DN + DWW (t,0) X, W(t, O)Q>

2 —
Vs = m12g2, /0 D0Vt (o, v/im a0 (6))0. Wi (£, 0) (&)

Then we can write:

@elt)— o [ S anantme

0

b

27
Wo(t,0)Q)

where ¢(g) is the field defined in Proposition [9] with
g1=g2=0,
(k) = Uly(t) [ dI g Kt 1)

ga(k) = UOQ(t)/dk/g(k/, k)ag(t, k') .

We remark that by Schwarz’s inequality we have ||g;]l, < ||g; L*(R°)|| [|cwa(t)]]5 for
7 =34
Consider Y7: then using Schwarz’s inequality and Lemma [1.2] we can write

2

do
Y, <m 'K, —HWTt,OXW t,OQH .
1<m e/o 5 ||We (1, 0 X1We (2,02

To bound the last norm we use two times the Corollary of Proposition [§] so we
obtain (m = \7?)

271'%|
2

Yi < )\QK@/ g L*(R)) (/c1 (6=2,0,t) + MCo(0 = 2,0,t))
0

A=A 0=200) (1, (5 = 31/2,1,0) + MG (8 = 31/2,1,0) )

AC1(6=31/2)[t|+/C5 (6=31/2,t,0)
bl

where the constants are the ones introduced in Proposition |8] and we made explicit
the dependence on é. The dependence in # of the constants is in the form of norms
Ix * Ag(t)]| . and |lag(t)||5, and by Lemma of Chapter [2[ we know the solution
of the classical equation is continuous in L?(IR*) with respect to a change of initial
a-data. So we can integrate in € on a finite interval, and the global constants are
finite.
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Consider now Ys: define ® = CT(y/mug, /m ap(0))© and [72,9 the operator
with ag(t) replacing a(t). Then we can write

(@, W] (£,0)0(8) W (t,0)9) = (®, U] 4(t,0)9(8)Us,6(t, 0)22)
(D, (W (t,0) — UJ o(t,0)p(8)We(t,0)Q)
+(®, U] 4(,0)p(8)(Wo(t,0) — Uzo(t,0))Q) = Z1 + Zo + Zs .

Zy = 0 using Proposition [9] and Lemma We study then Zs, using Schwarz’s
inequality and Lemma [T.2] we obtain:

%] < 2 Ko || (W) (2,0) = U o (.00 @Wo 1,009 < d; Ko

t
/ dr HWGT(T, 0)H U o(r, O)Ugﬂ(t,())@(g)wg(t,O)QHW
0

Then we use: Proposition Lemmaof Chapterto move (P+N)° to the right
of Hy; the usual estimate of H; (that gives the factor m~'/2); Proposition |§| two
times; again Lemma of Chapter [3|to move (P + N)° to the right of »(g); the
usual estimate for ¢(g) (that gives ||g; L*(R®)||); Proposition [§| to finally obtain

| Zs| < m™12d; 7 || g L2(RS) || Ko C(0) [t] O

where C(0) and K (0) are positive and continuous in 6 since the latter appears only
in ||x * Ag(t')||, and [Jag(t')], for some t' € [0, ¢].
To bound |Z3| we proceed in the same way, and we obtain
|Zs| < m™Y2d; 2| g; L*(R®)|| Ko C' () [t] €' O1H .

with again C’(#) and K’(0) positive and continuous in 6. [ |

PROPOSITION 13. Let ug, a9 € L?(R3) such that ||ugl, = [Jaoll, = 1; ©,0,
(u(t), a(t)), (ug(t),ap(t)) defined as above. Then there are four positive constants
K;, j=1,2,3,4, such that

(7 (w1)e(w2))w (8) — alt, 21 )ult, w2)|| L2 (mey < NPy [t] ™21
27
. de _
[{a” (k1)a(kz))e(t) —/ 5 Golt k)ag(t k2)ll2(re) < A7 K jt] "l
0
PROOF. The result is a direct consequence of the bounds proved in Lemmas 4.1

and [4.2] [ |






APPENDIX A

Mathematical aspects of second quantization.

1. Annihilation and creation operators.

Let 27 be a (symmetric) Fock space over L?(R%), such that

%:é%7

n=0

with % = C, and
K, =D, : O, (x1,...,1,) € L2(R"?), totally symmetric} .

So a vector ® € J will be of the form & = (®g, Py,..., Py, ... ), with &; € I for
each j = 0,1,...; denote with Q the Fock vacuum, i.e. Q = (1,0,...,0,...) and
with %5(IV) the subset of 5 of vectors with finite number of particles: that is the
set of vectors (®g, Pq,...) for which ®,, = 0 for all but finitely many n. The Fock
space is a Hilbert space equipped with the norm

> 1/2
2
loll = (3" Ieal%,) -
n=0

We will now define annihilation and creation operators a(f) and a*(f): let
f € L)(R%) and define X,, the set of variables {z1,...,z,}, then:

(@())®)n(X,) = Vi T 1 / dro f(20) s (0, Xi)
= m<fa (I)n+1>%’1(Xn) )

with domain

D) = {#: T+ [ ax,

n>0

2
<oo}

(@ ())B)n(Xn) = % S F@) B 1 (X \ 25) = ViiSa(f © Bo1)(Xo)
j=1

/ dzo f(x0)Ppi1(zo, Xn)

and

where S,, is the symmetrizing operator on %7, with domain

) ={e: ¥ ¢ [ax, gﬂxj-)cbn_mxn \2) P o}

n>1
Define P; the orthogonal projector on
Pj(q)o,q)l,...,q)n,...) = (<I>0,<I>17...,¢>j,0,...,0,...) .
Finally let
af (f) =a*(f)

where # stands for either nothing or *.

Go(N)

63
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A. MATHEMATICAL ASPECTS OF SECOND QUANTIZATION.

LeMMA 1.1 af (f) = a#(f).

PROOF. a) a”(f)isc

losed.

In order to prove that let ®U) € D(a(f)) such that

o) — @,
a(f)oV) — e;

we have that (a(f)®Y)), — ©,, in J4,, so by definition

Vn+ 1/d330 f(xo)fbgfll(xo,)(n) — 0, in L*(X,).
j—o0

Now, since <I>£,,j) — @, in L?(X,,) for all n we have that in L?(X,,)

/dfo f(z0)® nl1($07 Xn) —>/d$0 f(20)®ni1(z0, Xn) -

In order to prove this last convergence we estimate:

/dX

< \|f||2\

Now

2
n+1(x0’X ) (bn+1($07Xn))

(I)fljll q)n,+1; L2(Xn+1)H —0.

NS / dro f(20)®ni1 (0, Xn) = O, :

and since > ||®n||i% < oo we have that ® € D(a(f)) and a(f)® = O.

Consider now ®)

V) — &,

€ D(a*(f)) such that

a*(f)oV) — o

So

(@ ()@, = VS, (f @Y ,) — 0, € H, .

Since <I>$Zj) — ®, in L?(X

n) for all n,

Su(f @0 ) — S,(f @ ®,1) € L(X,)

then /nS,(f ® ®,,_1)
and a*(f)® = 0O.

afl (f)” 2 a*(f).
Let ® € D(a(f)),
j — oo. Then

a(f)P;® = ao(f)

So we have that

(a(f)(@ - P;®)),,

and

la(f)® — ao(f)F;

=©. Since Y. |0,/ < oo we have that ® € D(a*(f))

a(f)® = ©. Define ®\9) = P;®; obviously ) — & when

Pj‘b = Pj_lao(f)Pj(I) .

0 ifn+1<y

vn + l/da:o f@o)Ppii(zo, Xn) fn+1>7

507 =D 110l Pavdlh

n>j



1. ANNIHILATION AND CREATION OPERATORS. 65

The case of creation operator is similar: let ® € D(a*(f)), a*(f)® = ©. Again
®U) = P;® with &) — & when j — co. Then we have that
a*(f)Pj® = ag(f)F;®
and
D PO (x 0 ifn—1<;
Again

lo*(£)® = as(HP®I* = 3 Onll%, 0.

nzj

Let A and B be two operators on s with domain D(A) and D(B), we will
call the sum A + B the operator defined on D(A4) N D(B) as

(A+ B)® = Ad + B, ¥® € D(A) N D(B).
COROLLARY. Let f,g € L?>(RY), then

@ (f)+af(9) = (a*(f) +a*(g) =a*(f+g).

We also remark that a?é)()\f) = /\az%)(f) for all X € C.

PROOF. Obviously we have D(a?(f)) N D(a*(g)) C D(a¥(f + g)), and
a” (f)@ +a” (9)® = (a*(f) +a*(9))® = a” (f + g)
for all ® € D(a*(f)) N D(a¥(g)) D 6o(N). So we have that

aff (f+9) = (@f (f) +af (9) C (a*(f) +a*(g)) Ca(f+9).
If we now consider closures we obtain

af (f+9) = (af (f)+a(g)) C(@*(f)+a*(g) ca*(f+g).

Now let h: N — C. We define the operator h(N) on ¢ by
(h(N)®),, = h(n),,

D(M(N)) = {®: ) |[h(n)]” | @42, < oo}
n=0

By direct inspection we see that:
1) h(N)%€o(N) C €o(N)
2) ao(f)(N) = h(N + 1)ao(f)
ag(S)(N) = h(N = 1)ag(f)
3) h(N) is a closed operator.
LEMMA 1.2. Let h(N) as above. Then:
i. If<CIl> € D(a(f)) N D(h(N)) and a(f)® € D(h(N + 1)), then h(N)® € D(a(f))
a(f)h(N)® = h(N + 1)a(f)® .
it. If® € D(a*(f))ND(h(N)) and a*(f)® € D(h(N—1)), then h(N)® € D(a*(f))
and
a*(f)h(N)® = h(N — 1)a*(f)® .

REMARK. If hA(N) is a bounded operator, the hypotheses on the domains of
h(N) and h(N £ 1) are superfluous.
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A. MATHEMATICAL ASPECTS OF SECOND QUANTIZATION.

Proor. i Let ® € 5. Then P;® — ®.
From ® € D(a(f)) it follows that ao(f)P;® = Pj_1a(f)® — a(f)®P.
From ® € D(h(N)) it follows that h(N)P;® — h(N)®.
From a(f)® € D(h(N + 1)) it follows that h(N + 1)Pj_1a(f)® — h(N +
Da(f)®.
Since h(N +1)P;_1a(f)® = h(N +1)ao(f)P;® = ao(f)h(N)P;® also the right
hand side of previous equality converges. Now the proof is completed using the
fact that a(f) is closed.
The proof is analogous to the point above.

|

For every operator A, we will denote its adjoint by A'. From the definition of

a(f) and a*(f) it is quite clear that they are, in some sense, one the adjoint of the
other. In fact, that is the case, as proved in the following lemma:

LEMMA 1.3. Let f € L?(RY), then:
ao(f)T =a(f)! =a*(f)
a; ()T =a* (/)" = a(f) .
PROOF. 1) Let ©,® € €,(N), then (0, a(f)®) = (a(f)O, ®).

The proof is by means of a direct calculation on J7,.

2) Let ® € 6p(N) and © € D(a*(f)), then (0, ao(f)®) = (a*(f)O, P), i.e.

ao(f)" > a*(f) .
Let j so that P;® = ®. Then

(0, a0(f)®) = (©,a0(f)P;®) = (O, Pj—1a0(f)®) = (P;-10, a0(f)®)
= (a(f) P10, ®) = (P;a*(f)O, ®) = (a*(f)©, P;®) = (a*(f)©, ®)

3) Let ® € D(a(f)) and © € 6o(N), then (O, a(f)®) = (aj(f)O,®), i.e.

ag ()t > a(f).
The proof is analogous to the one above (point .

4) ao(f)T C a*(f).

Let ©,0* such that

(0, a0(f)®) = (07, @),

for all ® € €,(NV). Choose now ® = (0,...,0,9,,0,...), so

ao(f)(l) = (O,...,O,\/’?L/dd?l fT(l‘l)@n(l‘l,Xn_l)7O,...) .

The equation above then becomes

ﬁ(Gn—l(Xn—lf(xl))v(I)n(xlaXn—l» = <@:“\11n> s

s0 ©;, = /nS, f ® ©,,_1 that implies © € D(a*(f)) and ©* = a*(f)®©.
5) a5 ()" Ca(f).

a(f). We have concluded the proof since by Lemma |1.1]and the fact that (A )T
At we can write ag(f)T = (ao(f) )t = a(f)! (and the same for ajj(f)T).

The proof is analogous to point [

We see that points |2[ and imply ao(f)f = a*(f)and imply that aj(f)
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2. Domains of a(f).

Now we will define another useful category of operators on the Fock space. Let
X be any self-adjoint operator on L?(R?) with domain of essential self-adjointness
D. Let Dx ={® € 6,(N) : ®, € ®;_, D for each n}. Then we define the second
quantization of X, that we will call dT'(X), on Dx N J%, as

dr(Xx) =X®1® - ®1+10X® - 0l+..+1018- - ®X .

Dx N,
Using properties of tensor products of operators in Hilbert spaces it can be proved
that dI'(X) is essentially self adjoint on Dx. A first useful example of an operator
constructed in that way is

N =dr(1).

It is called number operator since its eigenstates are vectors with the only non-
zero component in some 5%, let ® = (0,...,0,9,,0,...), then N® = nd. Since
Dy = %p(N), we know that N is essentially self-adjoint on 65(N). Furthermore we
have the following couple of lemmas, whose proof is trivial:

LEMMA 2.1. Let
D(N) = {cp 302 B2, < oo} ,
n=0
then N is self-adjoint on D(N).
LEMMA 2.2. For all § € RT, let

D(N?) = {cp 20|, < oo} :
n=0

then N° is self-adjoint on D(N?).

We remark that the operator h(N) defined above could also be defined using
the spectral theorem as a function of N, and this justifies the notation used. The
number operator N is also related to a (f): for every f € L?(R%) we have that
D(a#(f)) D D(N'/?). This is proved using the following estimates:

LEMMA 2.3. Let f € L*(RY), then for all ® € D(N'/2) the following inequali-
ties hold:

la()®] < 111, | N/
la* ()2l < Il [ + 1) /2|

PRrOOF. Using the definition of (a(f)®), and Schwarz’s inequality we obtain
that

(@()®)ulZe, < (0 +D)IF I3 1®ns1l5e, ,,

so summing over all n we obtain the sought inequality.
Using the definition of (a*(f)®), and triangle inequality we can write

* 2 2 2 2
1@ (f)®)nll5e, = nllSn(f @ Pn-1)l5e, < nllfIS 1Pl

the sought inequality again is obtained summing over all n. |

More in general we can prove directly that if ® € D(N*/?) with A\ > 1, then
a#(f)® € D(NA1/2) for all f € L?>(R?). Then

A = [T a5 T (@)
=1 k=1
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is applicable to every & € D(N’VQ) if A > n+ m. Defining for any integer a the
function (N — a) as
®,ifn—a>0
0Oifn—a<0’

(O(N — a)®),, = {

we have the following estimate:

LEMMA 2.4. Let f; € L*(R?) for alll = 1,...,n, gr € L*(RY) for all k =
1,...,m and

n m
pnan = LI T Nl -
=1 k=1

Then for all ® € D(N?):

[ Anm®[| < finm H M>1/2<W)1/29(N - m)<I>H

PROOF. Let ® € D(N*/2), W € D(N"/2), furthermore define F(Z,,) = [[, f(2),
G(Yy) =11~ 9(y1). So we can write

(. 4,,n8) = [[alfo. ][ alg)@) = Y- [ a2,V F(2,)G(Y0)

=1 k=1 >0
(G + )G +m)]'/
J!

/de Vit i (Zn, X5) Pt (Yo, X5)

SO

(G + )M +m)!)
(2, A ®)| < frnm Y T (K2 P S
>0 ’

(N —m +n))/?
(N —m)!

< o 6N = )| H e(zv_m)cpH.

The inequality above can be extended to all ¥ € . So we have completed the
proof since ® € D(N*/?) and

N! < (N —m+n)!

m

Wom =V Ty SO omAn) S (VA )

3. Canonical Commutation Relations (CCR).

a and a* satisfy well-known commutation relations that are called canonical.
Precisely, we would like to give a rigorous meaning to the following statements:

[a(f), a(g)] = [a"(f),a"(9)] = O
[a(f),a*(9)] = (f, 9>L2(1Rd) )
where [A, B] = AB — BA. If ® € 6,(N), a direct calculation leads to CCR:
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In bilinear form we write for all ©,® € €,(N):

(CCRY)

(a*(£)©,a(g)®) — (a*(3)0,a(f)®) =0
(CCR2)

(a(f)©,a*(9)®) — (a(9)®,a*(f)®) = 0
(CCR3)

<a*(f)@,a*(9)‘1’> —{a(9)©,a(f)®) = (f,9)L2(r4)(©, ) .
Now if we consider with f =g and © = ® € %y(N) we get:

la*(f)el* = H DO +11f132ga 1O
Then let ® € D(a(f)). Rewrite equation above with © = ®&; = P;:
31 o (ND1% = [Ja(HBs]|° + 171172y 19511

a(f) is closed, so

o, — @

{am@j —a(f)e
then implies a*(f)®; is convergent. Now also a*(f) is closed, so ® € D(a*(f))
and a*(f)®; — a*(f)®. This argument leads to

D(a(f)) € D(a*(f)) -
Repeating the argument with a(f) and a*(f) exchanged we obtain

D(a*(f)) € D(a(f)) -

REMARK. For all f € L2(R%), D(a*(f)) = D(a(f)).

Using the above remark on domains we have that:

CCRY’) holds for ©,® € D(a(f)) N D(a(g)),
CCR2') holds for ©,® € D(a(f)) N D(a(g)),
e (CCR3’) holds for ©,® € D(a(f)) N D(a(g)).
Furthermore if ® € D(N) from (CCR1’), (CCR2')) and (CCR3]) we can write, using
a limiting procedure,
(0, (a(f)alg) — alg)a(f))®) =0
(0, (a"(f)a"(9) —a”(g)a*(f)®) =0
(0, (a(fa*(g) — a™(9)a())®) = (f,9) 2(re)(©, P)

for all ©® € 5. So (CCRIJ), (CCR2) and (CCR3) hold for all ® € D(N).

4. The field operator (self-adjointness).
We want to study the field operator of the Fock space.

LEMMA 4.1 (direct proof). For all f € L*(RY), (a(f) + a*(f)) = (ao(f) +
ai(f)) s self-adjoint. [a(f) + a*(f) is defined on D(a(f)) = D(a*(f))]

PROOF. (ag(f) tag(f))i is essentially self-adjoint on %,(N) if and only if
Ran((ao(f) + ai(f)) — A) is dense in 2, for all A such that Im\ # 0. That is

equivalent to say that Ran((ao(f)+ai(f)) —A)* = {0}. Now, let © € Ran((ao(f)+
as(f)) — A)*, then for all ® € 6,(N):

(41) (6, ((ao(f) +aj(f)) — VD) =
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We remark that on %5(N) we have (ao(f) +ai(f)) = ao(f) + ag(f). Choose now

©=>"Q,0
j=0
where @); is the orthogonal projector on ¢, such that
Qj(@(),@l,...,) =(0,...,0,0,,0,...) .
Then equation (4.1) becomes:

AZHQJ@nf@ao ZQ] +(0,a5(f ZQJ

j=0 7=0
= (Qj-10,a0(f)Q;0) + Z<Qj+19,a3(f)Qj9> :
= i=0

Now if we consider the imaginary part we obtain:

n

2imA Y " [Q;01° = (Qj-10.a0(f)Q;0) — > (ag(£)Q;0,Q;110)

j=0 j=1 j=0
+ (Q5410,405(£)Q;0) = > (ao(£)Q;0,Q;-10)
=0 7=1

—(@n0,a0(f)Qn110) + (a0(f)Qn110,Qn0)

SO

ImA| S, = [ImA| > [1Q;0]% < [@nO] lao(f)@n110]

=0

< [1@n0 (n+ 12 |, [ @n+10]
(4 0271, (1Qn01 + [@n a0 -

<

N |

However since
o0
=) 1Q,0l < oo,
=0

a 1 exists such that for all n > 7,

= S
Soleiel’ =3 .
j=0

So for alln >n
S [ImA|
s <171 (1001 +1QuO)

that implies © cannot have finite norm, unless © = 0.

So (ao(f) + a§(/)! = (ao(f) + ai(f)) - On the other hand (a(f) + a*(f) is

symmetric):
((ao(f) +ag(f) )T 2 ((a(f) +a*(£) )T 2 (a(f) +a*(f))
so (a(f) +a*(f)) = (a(f) +a (). ]

A general method to prove self-adjointness of (a(f) + a* (f))i is given by the
following lemma:
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LEMMA 4.2 (Self-adjointness criterion). Let N be a self-adjoint operator such
that N > 1, and Ag symmetric with domain Do C D(N), core of N. Furthermore
let

(4.2) |A0O]| < a||NOJ|| VO € Dy
(4.3)  |[{Ap©,NO) — (NO, 4;0)| < b(O,NO) VO € Dy .
Then:
1) A=A, has domain D(A) > D(N) and
(4.2")  ||AO|| < a||NO| VO € D(N)
(4.3)  |(A©,NO) — (NO,A0)| < b(©,NO) VO € D(N) .
2) Ay is essentially self-adjoint (i.e. Agf A= AY), and for all Dy C D(N) core
of N, if we call Ay = A’Dl we have A; = A.
PROOF. [I): Let © € D(N) and {©,} € Dy such that ©; — © and NO; —
NO. From it follows that the suite Ay©; converges, then © € D(A,) and
Ap©; — Ay ©. Obviously from and follow and (£.3)).

: To prove A is self-adjoint it will be sufficient to show that for at least one
p € R\ {0} the equation
(4.4)  AT® = ipd with & € D(AT)
does not have a solution different from 0. Let ® € D(A') and © = N~'® € D(N).
Then:
|2iIm(0, AT®)| = |(0, AT®) — (AT®,0)| = |(40, @) — (D, AO)|
=[(A0,NO) — (NO, A0)| < b(O,NO) .
Now if ® satisfies (4.4)), the inequality above leads to
2[p| (B, NO) < b(6,NO) ,
so 2|p| < b. Therefore for all |p| > b/2 equation (4.4) does not have solution ® # 0,
and thus A" = A. Let now D, C D(N) is a core of N, (D1, Ay) satisfy the same
assumptions of (Dg, Ag). Then A, is self-adjoint, and

Ay DA, A DAy=A, =A, =A.
u

DEFINITION. ¢(f) = (a(f) +a*(f)) = (ao(f) + a5(f)) -

We remark that if we want to use a(f)+a*(f) instead of ¢(f) we have to apply
it to a vector ® € D(a(f)):

P(f)® =a(f)®+a"(f)® .

In particular the equality above is true ¥® € D(N'/2). Observe also that @(\f) =
Ap(f) for all A € R.

5. Invariance of domains under the action of exp(ip(f)t).

Now we are able to formulate some important results about the invariance of
useful domains under the action of e??(f)

e Stone’s theorem provides us with a fundamental information: V& € D(p(f)),
O(t) = explic(f))® € € (R, #)
6(t) € D(p(f)) and
d

~i3,0(0) = p(HO)
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e Let h(N) be a bounded function such that Ranh(N) C D(N'/2) (we

remark that D(N'/2) € D(p(f)) and on D(N/2) o(f ) =a(f) +a*(f)).
Define M(t) = ||h(N)O(t)||. Then we have:

S SM@)? = —Im(h(N)6, A(N)¢(/)8) = ~Im(p(/)h(N )0, )
— —m{(a(f) + a* (f))A(N)?6, )
)

— ~tm((A(N + Da(f) + h(N = Da*(f

)
)
~h(N)(a(f) + " (£)) ) h(N)©, ©)

= Tm(h(N), (a(f)(A(N) = h(N — 1))
+a* (N)(H(N) = h(N +1)))®)

So we can estimate:

s 210) 11, {[37200) — v 1y

ERACRE
+ H(N +1)Y2(R(N) — h(N + 1))@“} ,

2dt

that could be continued to

53 M@?) < 02 111, {sup Vi (ko — DG 1)
+sup ‘\/5(1 — h(n)h(n — 1)*1) ]} .

2dt
n>1

In order to pass from () to we have to put some restrictions on the
choice of h(N).

We make a suitable choice of h(N): h(N) = (N+;+1)7% j > 1. In order
to have Ranh(N) C D(N'/?) we have to restrict ourselves to § > 1/2.
The general result for all § will be recovered at the end by interpolation
of the results for § = 1/2 (or better § = 1) and 6 = 0 (unitarity of
exp(ip(f)t)), or by introduction and subsequent elimination of a cut off
in . For the moment we will continue with 6 > 1/2. However the
following calculations are valid for all § > 0.

5 ifo<l1
(h(n=1)h(n) "' =1) = (1+(n+5) ")’ =1 < —— { (&)5—1 .

n+J - ifo>1
J+1
5 ifo>1
1-h(n)h(n—1)"Y) = 1-(1—(n4j+1)"1)? < ——— j 4+ 2\ 19
QM=) = 1007 S S5 | 22y
Jj+1

We remark that

1
Supnl/Q(n—f—j)_l S 7.]'—1/2 .
n>1 2

The term between braces in the right hand side of is then bounded
by:

/2,54 9\6-1 1/2
...... <9 supn (i) +supn7, <20
n>1 M+ J j+1 p>1n+j+1
5—

nl/2 2 i 4 9\6-1
sup (j + ) < 6j_1/2<‘]_i) if 6 > 1.
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nl/2 nl/2 JH2\1-6
{ ...... } < 6<sup - +sup7,(7. ) )
n>1 M+ J n21’n—|—j+1 j+1

|+ 2\1-6
< §i—1/2 J 5 <1
<4 (]'Tl) if5<1

Summing up we can write for all § > 0:

Lo pmam () e (g)

So recalling and we obtain with h(N) = (N +j+1)7%, j > 1,
0>1/2:

‘(i IV +5+ 1)‘5®(t>H' < 6;'—1/2(;)‘571' 1£1l2

[(N+j+1)7°0@) ;

then we can write

|+ 5+ D esplie(nne] < eso{ai2(2)" i, 1)
[(N+ji+1)7°|,

for all ® € D(¢(f)) and then V& € 7.
To obtain the result for all § > 0 it would be sufficient to interpolate
between 6 = 1 and 6 = O:

(5.1) (N +5+ 1) exp(ic(/))®|| < exp(p[t]) [|[(N +5+1)"°@|
with

3\ max{0,(6—1)}
— §5i—1/2 2
p=203"""IIfll (2)

for all 0 < ¢, ® € 7.
e We would like to obtain the differential inequality of the previous point

with § positive but not restricted to § > 1/2. In order to do that we
introduce

h(N) = e *Nhy(N) with hy(N) = (N +j+1)7°,

where ¢ is positive, condition Ranh(N) C D(N'/2?) being satisfied. In-
equality then becomes:

S lle = meneq|| < il (|72 (s ov
—e ) (VO + [V + 1) /2eme D (o0
- g2 e

. ((i)l/zgl/z—l—supnl/Q((l—l—(n—|—j)_1)5—1)

n>1

Fswpnt (1= (1= (a5 + 7)) ) Ul I ()00

n>1
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since sup,,~; n'/2e™*" < (2ee)~'/2. Integrating we obtain:

He_sNhl(N)@(t)H < HB_ENhl(N)(I)H n {<2>1/251/2

e

+supn1/2<(1 +(n —l—j)71)5 - 1)
n>1

+supnt /(1= (1= (n+j+ 1)—1)5>}

n>1
t
£ / at’ [y (N)O(H")]| -

Taking the limit ¢ — 0 on both sides of the inequality, we obtain a
linear inequality identical to the one obtained in the case § > 1/2 but in
integral form. The rest of the calculation can be completed using previous
estimates. We remark that the inequality obtained by interpolation when
0 < § < 1 is better than the one obtained here by direct calculation.

e Let A= (N +j+1)° then inequality can be rewritten as

A‘le“"(f)tA\I/H < a(t)||¥] V¥ € D(A) .
Now if & € -
(@, 471 DA)| = [ A0, A)| < a(t) 0] |

so e Nt A=1d € D(AY) = D(A) since A = Af and

‘Ae‘i“’(f)tA_lch <a(t)||® .
So we just proved the following lemma:

LEMMA 5.1. Let § > 0, then for all j > 1 we have

1) H(N—i—j +1)7° exp(iap(f)t)@” < exp(us [t]) H(N—i—j—l— 1)_6<I>H for all ® € A,
where

ws = 35772171,
2) Y& € D(N?), exp(ip(f)t)® € D(N?) and

[(V + 5 + 1) exp(ip(f)t)@|| < exp(us [t]) ||(N +j +1)°2| .

>max{o,(a_1)}

This lemma has a lot of useful applications, for example we can prove regularity
results like the one following:
LEMMA 5.2. Let B an operator such that for some 6 > 0 satisfies:

(1) D(N°) € D(B),
(2) |B®|| < b||(N +2)°®]| for all ® € D(N?).

Define then O(t) = exp(ip(f)t)Og. Then the function t — BO(t) is continuous
for all ©¢ € D(N?) and differentiable for all Oy € D(N°+1/2), the derivative being
equal to the formal one.

Proor. Using Lemma [5.1f and

O(t) — Olto) = (explip(f)(t — t)) = 1) expli(f)to) O

it will be sufficient to prove continuity and differentiability at ¢t = 0.
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CONTINUITY. Let ©g € D(N?°). We estimate
IB(O(t) — ©0)|* < b ||(N +2)°(O(t) — ©)||”
< |(N +2)%2(6(t) — Q)| lle(t) — O
and since
[(N +2)%(6(t) — O9)|| < (1 +exp(ys [t]) [|(V +2)

we obtain ||B(O(t) — 6g)| — 0 when ¢ — 0. Since Graph(N??) is dense in
Graph(N?), a 2e-argument let us extend the result to O¢ € D(N?). [ |

DIFFERENTIABILITY. We expect that

< Bo() = iBe(/)0()

Let ©g € D(N?+1/2), If we define x(t) = (©(t) — ©¢)/t we get
IB((t) — ip(NO0)I* < 02 ([[(N +2)*x(1)]

IV + 22 (180l ) Ix(t) = i) -

Using formula
t

x() =1 [t Gig()) explio(£)1)00

0
we can bound

[ + 220 < 17l sup |V + 8272 explia(£)¢)00

< 1 explizss 12 ) |+ 3204120, |
So the braket (...) on the right hand side of has the estimate:

() S Il (1 + explasiasalt) ) |V +3)2051/20q|

Then we can conclude that ||B(x(t) —ip(f)O0)|| —> 0 when ¢ — 0. The extension
of the domain of @y to D(N+1/ %) is performed with an argument identical to the
one used in continuity. |

|
LEMMA 5.3. Let ® € D(a(g)) = D(a*(g)), then exp(ip(f)t)® € D(a(g)) and
(5.2)  exp(—ip(f)t)a(g) exp(ip(f)t)® ( )@ +it(g, f)r2®
(5.3)  exp(—ip(f)t)a”(g) exp(ip(f))® = a*(9)® — it(f, g)L>®
PrROOF. We restrict to -7 the proof of . being identical. Let © €
D(N'/?) and ® € D(N). Using Lemmaw1th B =a(g), 6 = 1/2 we obtain:
(i (exp(ip(£)t)0, a(g) exp(ip(f)1) @) = (i (f) exp(in(f)t)O, a(g) exp(ip(f)t)®)
+(exp(ip(f)1)0, a(g)iv(f) expliv(f)t)P)
On D(N'/2) we have 4(f) = a(f) + a*(), so

%(exp(w(f)t)@, a(g) exp(ip(f)t)®) = i(exp(ip(f)t)O, [a(g), a(f)
a*(f)] exp(ip(f)t)®) = i{g, f)r2(O, P) .

(
Integrating in ¢ we obtain when ® € D(N). To extend it to the general
case we do as following: given ® € D(a(g)), let ®; € D(N) such that ®; — @
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and a(g)®; — a(g)®. From (5.2) with ®; it follows that a(g)exp(ip(f)t)®;
converges. Then, since a(g) is closed, exp(i¢(f)t)® € D(a(g)) and (5.2)) holds for
all ® € D(a(g)). [ ]

We are now able to prove Weyl’s formula.

LEMMA 5.4 (Weyl’s formula.). We have:

exp(ip(f)) exp(ip(g)) = exp(ip(f + g)) exp(—ilm(f, g)r2) -

Proor. We call U(tf) = exp(io(f)t) = exp(ip(ft)). For all ® € D(N'/?) we
set O(t) = Uf)U(tg)U(—t(f + g))®. Formally we calculate the derivative of ©
using Leibniz’s rule:

~i5500) = (VN UaU (-1 +.9)
+U U (tg)e(9)U (—t(f + g))

UGN tg)o(f + QU (—t(f +g>>)<1>
— U(tf)Utg) <s0(g) Folf)—olf +9)
sit((f.9)22 g 120) JUC-H(F + )

last equality is obtained using Lemma[5.3] We remark that we deal at any point of
this chain of equalities with vectors in D(N'/2). Since on such vectors p(f + g) =
o(f) + ¢(g), we obtain:
d
—i&@(t) = i20tIm(f, g) 120 ,
0
O(t) = exp(—it’Im(f, g) )

and therefore when ¢t = 1 the Weyl’s formula. The effective calculation consists in
justifying the formal derivative above:

(O + ) = 01)) = b (Ut + BT ((E+ W)U (~(+B)(f +9)
—~U(ENU(tg)U(~4(f +9)) ) @
U(=(t+M)(J +9) = UL +9)

= U((t+h)[)U((t + h)g)

h
(e PRI =T gy 4 gya

Ut + h)i) “UD G gyu(-1(s + 9@

Using Lemma the limit of each term on the right hand side of the equality
above exists when h — 0, so we obtain the formal result. |

To transform with exp(ip(f)) bilinear operators more general than N, the
following lemmas will be useful. We will use the following notation: let u an
operator from D C L? in L?, then if ¥,,(X,,) = [[o_, wi(zx), for all j =1,...,n
we define u; ¥, (X,,) = wi(z1) - - - (uwj)(x;) - - - wn (). By linearity, and eventually
continuity, we extend the definition of u;¥,, to all ¥,, € J7,.
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LEMMA 5.5. Let u be a bounded operator in L?, u' its adjoint, {e;} an or-
thonormal basis of L. Then, Y® € D(N'/?), we have:

H(dI‘(u 1/2<I>H (®,dT(u Z H (ufe;) <I>H2
<l 2% — 17| HN1/2<I>H
ProoOF.

2
H(dI‘(uTu))l/thH = Z(@n, (Wluy + ...+ ulu,)®,) = Z n( @y, uluy @,,)

n>1 n>1

=> (n+ D) [m®ls,, =D (n+1) /dX,LZ| e, u1®n 1)1 (X))
n>0

n>0
_Zn+ /dX Z’uej, nt1) X)’2

n>0
-3 [ax. 3 =zzH<a<rfej>¢>
n>0 j n
We could exchange > [ > j because they all have positive terms. |

LEMMA 5.6. Let v be a bounded operator in L?, {e;} an orthonormal basis of
L?, ©c A, dc D(NY?). Then

40, a(m5)®) (6529 12 = (0, (TP = 3 (O, (9 V] Brr) 1) (1) /2

7 n

and we have the following bound:

Z<®nv<gav1@n+1>3ﬁ> (n+1)1/2

n

< llgll, [1O1{|( H dr( vv 1/2<I)H

PROOF. We remark that

(©,a(ve;)®) = > (O, (ves, Brsa)1) e, (n +1)2 .

n

We bound the following double sum in absolute value:

> [(©ns (ves, @us)ohors (n + 1) e, g) 2| < D+ 1)
Jsn n
10l S 1(es. 0 ®nn) a1 (e, 9) 2 ),
J
<3+ D20l ol | D gl

< ligl 1| | ar(wo’))/2a|

< llgh [|os 22 — 22| ] | 5720 -
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We now continue with the calculation of the series:

Z<®n7 (ves, Pni1) ), (€5, 9) 12 (n + 12

= 3O (e, vl B n)ons ) 5, a0+ 12
= (O, (9, V] ®pi1) ) e, (n 4+ 1)1/

= (O, (vg, ®i1) ) s, (0 + 1)1

= (On, (a(Vg)P)n) sz,

Then summing over n and exchanging > j and ) we complete the proof. |
LEMMA 5.7. Let u be a bounded operator in L?. Then ¥Y® € D(N'/?) we have:

|carqutu) 2 esplioe| = | @rtu e + jus)? j|?
+(®, (a(utuif) + a* (uluif))®)
2
< 2(||@rcutw)2e||" + url} 12)7)
In particular since dT'(u'u) and (a(utuif)+a*(uluif)) are symmetric we can write
exp(—iip(f))dT (ufw) exp(ip(f))® = AT (ulu)® + [[uf |3 @
+a(utuif)® + a* (ului f)®
for all ® € D(N).

PRrROOF. From Lemma 5.5 we obtain
H(dI‘(uTu))l/2 exp(ip(f <I>H Z H (ufe;) exp(ip(f ))<I>H2
We can continue using Lemma [5.3| and obtain
|car )2 exptio(ne]|” = 3 [latuate;)@ +ite;, uf) o]
J

2
= [[ar@tapr2e|” + Jusi 1P

+21mz<<1>,a(ﬁej)<1>><ej,uf>L2 .
J
Lemma leads to the first equality in the statement. The following inequality

is obtained from the ) j above or using Schwarz’s inequality and Lemma or
recalling the calculation done in the proof of Lemma |

LEMMA 5.8. Let u = multiplication by w® (w
€ LQ(IRd) with W f € L2(]Rd). If ® € D((dI'(w

w(k) = |kl, A > 0). Let
f /
D((dr(w?))!/?) and

PY)U2)  then explip(f)®

a2 exptiotmal| < 2w 2|+l 7| 1))
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Proor. We apply Lemma with v = u, = w/\xwga, so u is a multiplication
by w? with cut off. For all M > 1 we have

D {(explio()®)a. (30 w7 e 2o ) (xpio (1))}

n=1

s o]

< o[ @r@ xuzo) 2| + 0 xozo | 1917)
<o |[are@ ) + 7| 120

The result follows taking the limit ¢ — oo in the left hand side of the inequality
(monotone convergence theorem) and then taking the limit M — oo. |

In the work we need regularity results of the exponential of the field as we
change the function that appears inside the field operator. To be more precise we
set

U(f) = exp(ip(f))
and study its regularity as a function of f € L?(R%).

LEMMA 5.9. 1) U(f) is strongly continuous as a function of f.
2) Let f € €*(I,L?). Then, Y® € D(N'Y/2), U(f(-))® is differentiable and

SU(r)@ = (iplf(0) + (D), 70) ) U (1)
U(fe) (i (F (1) — itm(f @), F(1)) ) @

ProOF. The following basic formula is obtained from Wey!’s formula (Lemma:

U(f)—Ulg) = (U(HHU(—g) — DU(g) = (U(f — g)e™ 92 — 1)U (g)
(+) =U(f — g)(e™ 92 — 1)U (g) + (U(f — g) — DU(g)
=U(g)U(f — g)(e”™™ 92 — 1) + U(g)(U(f — g) — 1)

Another important formula is the following: ¥Y® € D(N'/2) we have

() WH-De= [ AU,

1) Use in (¥) with ® € D(N'/2) to obtain:
I ()~ Ulg)®]| < (. g) 2| [B] + [ o(f — )|
< [m(f, gus | 1@ +211f = gl ||(V + 1)/ 2a

and this goes to zero if f — 72 g. The elimination of condition ® € D(N'/2) is
done by standard methods.
2) We set, for brevity, F' = F(h,t) = f(t + h) — f(t). We write

U(f(t+h) ~U((®)
- = U(fe)U(F)(

e—iIm<f(t+h)1f(t)>L2 -1 )

h
ey (PE=1).
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Now we have that
e—tIm{f(t+n),f(t)) 2 _ 1 ;
- = —ilm{f(0), /1)

h—0 h
and, Y& € D(N1/?),

_— 1 ¢
Mq) :/0 dsU(sF(h,t))w(@)@ — ip(f)P .

h h—0

Then we obtain the second formula of the derivative. To obtain the first we
follow the same procedure.

6. Interaction picture.

We will study now how the annihilation and creation operators, and then
also exp(i¢(f)), modify under the action of a class of unitary operators. Con-
sider an operator v from D C L? in L2, self adjoint. Define ug(t) = exp(—itv),
Up(t) = exp(—itdI'(v)). We remark that, under suitable domain conditions, dI'(v)
commutes with N for all §, so if ® € D(N?), then Uy(t)® € D(N?).

LEMMA 6.1. Let ® € D(N'/2), f € L2(R%). Define f = ul(t)f, then
U (#)a(FUo (1)@ = a(f)®
U§(t)a* (/)Us(t)® = a* (f)®
PROOF. The proof is done by means of a direct calculation on J7;,.

(UL B)a(F)Us()B)n(Xn) = (n+ Y2 exp(it 3 ;) / dz f()

Jj=1

exp(—it Z vj) exp(—itvg) Ppi1(x, Xy)
j=1

=(n+ 1)1/2/dx f(z) exp(—itv,) @y (z, X,)

= (n 4+ DY2(f, uo(t)®pi1) o (X,)
= (n+ DY@l (t) f, ®ni1) o (Xn) -

Now that we proved the one about a(f), the other is obtained by taking the adjoint:
let ©,® € D(N'/2), then

(U (®)a™ (£)Uo(t)©, ®) = (0, US (H)a(f)Us(H)®) = (O, a(f)®)

= (a*()©,®) .
The equality between the first and the last term then can be extended to all & € 57,
and that completes the proof. |

LEMMA 6.2. Let f € €°(1,L?). Then

U3 (1) exp(idp(f(6))Uo (1) = explide(f(1)) -

PROOF. The proof is an application of Stone’s theorem. Let ® € D(N'/2),
and define W(\) = Ug(t) exp(iAg(f(t)))Uo(t). Then W(A) is differentiable on
D(N'/?), and W(N)® € D(N'/2), furthermore using Lemma (on D(N'/2) we
have ¢(f) = a(f) + a*(f)) we obtain:

d

SO =i(a(f(1) +a* (F1)) WS-
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Then by Stone’s theorem W(\) = exp(i)\ {a(f(t)) +a* (f(t))] ) [ |

7. From exp(ip(f)) to C(a).

In order to be in agreement with the literature on the classical limit of field
theories we have to change the notation we used above. Let f = —ia. Then we
have

e(f) = (a(f) +a*(f) =ila(@) —a™(®))

U(f) = explig(f)) = exp((a” (@) —a(@)) ) -
Formulas of Lemma [5.3| become: V® € D(a(g))
C(e)a(@)C(@)® = a(@)® + (g, 0) 2@
C(a)la*(9)C(a)® = a*(9)® + (o, ) 2P .
The derivative of Lemma [5.9| becomes: Y® € D(N'/2)

%cmﬂﬁz@ww—a@y—mm%agcwm

Cla) (a*(d) —a(@) + ilm{c, 0'4))<I> :

8. The case of 7 = Z,(L*(R?)) ® Zs(L*(R?)).

To apply the results of this appendix to the system we studied we have to
extend them to the case of a tensor product of Fock spaces. Let 7 = .Z,(L*(R?))®
Zs(L?(R?)), then we will have two types of annihilation and creation operators,
namely ¢#(f) and o™ (f) that satisfy all lemmas above, and two number operators
P and N. If we want to be precise we have this abuse of notation:

V() =t el, af(f) = 1@d*(f)
P=P®1, N=1®N.
We have also Weyl operators C(u) = C(u) ® 1, Cla) = 1 ® C(a), Clu,a) =
C(u)C(a). The results above can be applied suitably for C(u), C(«), C(u, o).
Let B > 0 a self-adjoint operator, we define Q(B) C . the form domain of B,
i.e. Q(B) = D(B'/?). Q(B) is a Hilbert space with norm (B + 1)1/2<I>H.
We denote Q*(B) the completion of .# in the norm ||(B 4+ 1)~'/2®||. Finally
we define the Hilbert spaces #°, § € R: #° = Q((P + N)?) for § > 0, and
A0 = Q*((P+ N)PI) for § < 0; s is a Hilbert space in the norm

@], = |[(P+ N+ 1) .
For any p,n € IN we also define
Hpn = {q)p,n D Py (Xp Kn) € LQ(R3P+3H)} )
where X, = {z1,...,2,}, K, = {k1, ..., kn} and @, is separately symmetric with
respect to the first p and the last n variables. . is then the direct sum of the 7, ,,:
H =P Ay -
p,n=0
We will use the following properties of the tensor product of Hilbert spaces

%,n = %,0 b2 %,n ;
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and
oo oo oo
7= (D o) & (D Hin) =D
p=0 n=0 p=0
with
o
Ay = Ao @ @D Hon -
n=0
We want to extend some results on the invariance of domains under the action

of C(u, a) we proved above to #°. When the proof is almost identical to the one
already done above, we will omit it. In particular we modify Lemma[5.1] to read as:

LEMMA 8.1. C(u,a) maps %% into itself for all § € R. In particular we have
for all ® € s?°, j > 1
[(P+ N +j+1)°C(u,a)®|| < exp(ps) [|(P+ N +j+1)°2| ,
with ps ~ 6([[ully + llally).
We did not calculate the constant ps explicitly since we are interested only in
the invariance of the domains.
Finally we want to study the behaviour of a particular class of trilinear opera-

tors of 7, when they are transformed by C(u, ). Consider the following operator
on L?(R?) @ D(N'/2): let f(-) € L=(R3, L?(R?)), define

p(z) = a(f(2)) +a*(f(2)) .
Then we consider the operator dT',(¢), defined on D(P) ® D(N'/2). On J£, o ®
D(N'/2) it acts as

dr = ).
p(@) S, 0@D(N1/2) p <P(2UJ)

Furthermore define another operator on L?(R?) ® D,50 Hon: let a € L?(R3),
£() € L®(R?, L(R®)), then

(f,a)(@) = 2Re(f(x), @) 1283 -
Using Lemmal 5.3 on %, o © D(N'/?), we have that

C* (@), (¢)C(a)| = (dry(e) +dry((f,a)) )|
Finally applying the last formula of Lemma 5.7 on D(P2 + N) to

C* (u) (dTy() + AL, ((f, @) ) ()

we prove the following lemma (we write it in the language of second quantization
for clarity):

LEMMA 8.2. Let ® € D(P2+ N), f € L=(R3, L2(R®)) then:

C*(u,a)  dodk (Flo Bjalk) + £z, B)a’ () )" () ()l )

Ay 0@D(N1/2) Ay 0®D(NV/?)

- /dxdk (f(x,k)(a(k) +a(k)) + f(x, k) (a* (k) +a(k)))
(V™ (x) + ulz)) (Y (2) + u(z))® .



APPENDIX B

Direct sum of operators on Hilbert spaces.

1. Direct sum of domains.

e Let 7, be a Hilbert space for all n, then we define

%ﬂ:é%ﬂ

P, is the orthogonal projector on %, and

n n
P-,, = {projector on @jﬁ} = ZPj .
j=1

j=1

o If D,, C J7, then
EBD" ={x e s, P,x € D, for all n}
n=1

EBD" ={zx e s, Px =0Vn>ng(z) and P,z € D,, when # 0}.
fin
e It is clear that

(Qﬁ]? Dn>7 > éDn

n=1

for every x € 6920:1 D,, can be approximated as well as we want by
ZnN:1 P,z. Then

(B0.) = (D) -
fin n=1
e We remark that if
5= @ .- B,
n=1 n=1
taking the P,-projection of a generic z € S we obtain D,, = D!, for all n.

LEMMA 1.1.
@) -(») -Hon

PROOF. Let x € @D; Then P,z € D;. For all ¢,, 3y, € D, such that
| Pn — yn”n < &n. Since ||ynH72L <2 ||P71/Q7Hi+2 | Pn — yn”ia ZZO:1 ”yn”i < 0, SO

y= 1, Yn,...) € D, Dn. It follows that ||z — ZUH2 < >, €2 that can become
suitably small. Then

(éD") > éDn.
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Let now x € (@ Dn) . For all ¢, 3y with P,y € D,, such that || —y|| <e. Tt
follows that || P,z — Poy|| < . Hence P,z € D,,, and z € D, D, . Then

(@ Dn)i c @Dn

COROLLARY 1.1. If D, = ./, then
@) - (@v) -

2. Direct sum of operators.

e Let A, be linear operator on 4%, defined on D(A4,,). Define

D(A)={ze#: Pxzc DA ZHAqu < oo}

n=1
N

Az = AP,z = Jim > AnP,x, Vo € D(A).
— 00

n=1 n=1

We will use the notation A = @ A,,. Define also

e Observe that, by definition, {z,y} € ¥(A)
z € @, DA,), y € 6, Ran(A,) and P,y
I D H =D, (4, ® H,) we can write

A) =P,

and we have

Y (Asn) = P Y(An

fin

We remark that ker(A4) = @, ker(A,) and Ran(A) = @, Ran(4,,).

C J o s if and only if
= A, P,x for all n. Since

LEMMA 2.1.
G(Asn) (@g ) —G(A) = (@g(An)) - P
fin n=1 n=1
PROOF. A direct consequence of Lemma |

o If D(A,) = ., by Corollary (@ﬁnD(An)) = J and since
D(A) > @, D(A,) it follows that D(A) = 2.

COROLLARY 2.1. If all A,, are closable, then A is closable and

(A4 )= é%(AZ) LA = éAZ Aga = A

n=1
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Proor. If A, is closable then 4(A,) = 9(A,). Hence by Lemma
Y(A) =, 9(A,), then
9(4) =9(@P4a,). A4 =PaA,.
]

LEMMA 2.2. Let A, be densely defined for all n. Since A = @, An, then
At =@ Al

PROOF. Let 7 be the operator on J# @ S such that 7{z,y} = {-y,z}. If
T, 1s the operator 7 defined on 77, & 77, and M,, a linear subspace C J7;, & 777,
setting 7 & € = @, (A, ® J;,) we obtain

T(@ Mn) = @TnMn .
Also, by dire(?t inspectiOI:L, it is obvious that
(EB Mn> T Pt
Because 4 (B') = (19(B))* = 7(4(B))*, taking the orthogonal complement of
9(4) = P (A,)
we obtain '
YA = PIA)*

then

G(AN) = 7(G(A)" = P @A) = P YA} .

LEMMA 2.3. Let A =@, A, with D(A,) C #,, D(A) C # =@, #,. Then
A is continuous if and only if Ay is continuous for all n and sup ||A,||, < co. If
that is the case then ||A| = sup,, || Ax],,-

PROOF. We recall that

0

2 2

l* =D |1 Pazll,
n=1

0o
2 2
1Az]* = > | AnPazll, -
n=1

2

Let A continuous. From ) ||A,P,z|; < A2 Yon ||Pn:r\|§ setting x = P,x we

have ||A,,|| < ||A]] and sup,, ||Ax]l,, < ||A|l. On the other hand:
D AnPoz < sup [ Aml, D1 Pazly
m
then [|A|* < sup, | An, so [| A = sup, || Aall,.

Let now A, continuous for all n and sup, [|A,||, < oo. Then |Az|? <
sup,, ||An||i |[z]|* hence A is continuous and we can use the reasoning above. W






APPENDIX C

Scale of spaces and interpolation.

The spaces 9 defined here are different from the ones defined in Chapter

The latter are the form domains of (powers of) the operator under consideration,
the former are the domains of definition of the same operator. As a matter of fact
to translate the results obtained here to the spaces of Chapter [4 you have to call
% every space that here is J°.

1. Scale of spaces.

e Let 5 be a Hilbert space with scalar product (-, -) and norm || - ||. Then

let N be a self-adjoint operator in 5, N > 1; 6 € R.
If > 0, we define J#° = D(N?) the pre-Hilbert space with respect
to the scalar product

<‘:U7y>5 = <N6£U,N5y> .

¢ is complete since N is closed and N > 1, so it is a Hilbert space. If
§ =0, we set 0 = .
If § < 0, let #° be the completion of .# with respect to the norm

s = || -

° is a Hilbert space by construction.

Let now 61 < d3. We introduce the following family of identity operators
is, 5,© =  from a subspace of #% in /. Their domains and ranges
are:

, D(N%2) = % if 5, > 0
D(251,52) = 5o -
JC C A2 if 5y <0
. D(N%) c D(N°) = % if 6, > 0
Ran(7’51,52) = 5 51 - .
D(N?)c s Cco° if 6, <0
With this notation we have
Hi51,52m||51 < Hx”&Q Vo € D(i(sl,isz)
1651,60162,65 = 161,65 if 01 < g < 03 .
Furthermore
<x7y>5 = <N5i0’5$, N6i0,§y>0 for & Z 07 vxvy € %6
(15,0, 150Y)s = <N5x7N5y>0 for 6 <0, Yo,y € #° .

Consider now i, 5, with 0; < d2 < 0. Then D(is, 5,) = J€ with
A dense in 2% . Equation implies that is, s, can be extended in a
unique way to a continuous application iy, 5, with D(i5, 5,) = A% and
values in 2%, i s verifies

75, 5,25, < llalls, ¥z € 2% .
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We can now prove iy, s is injective. Let if 5 x =0 with z € 9. Then
exists {Tpntnenw € H C 2% guch that x, — = when n — oo in %
and iy, 5, ¥, — 0 in A, So HNéleo — 0, {|N52xn||0 — [lz|5, and
||N52:En — N‘SlmeO — 0 when n,m — oo. If we define y,, = Noig, we
can rewrite: [yl — 0, || N2 721y, || — |z]|5, and

1Ny = N2 = 0.

Since N%2~% is a closed operator, J#—lmN® %1y, =0 so z = 0.
Furthermore equation can be extended to 7', since from {z, }nen
such that x, — x in #° it follows that is sz, converges in A9 for all

o' < 4
.7 .7 o
1§1,65%82,65 = 51,85 -

Let § > 0. There is a natural isometry between % and (#?)*, where
the latter is the vector space of antilinear continuous functionals on .77,
To a fixed y € 7, the application

H > — (0,5, Y)o
defines an element of (5#°)* by
(i0,67,y)o = <=’Eai3,5y>yf6,(yf6)*

where ij 5 is linear and continuous from 7 to (J %)*. Furthermore since
N°D(N?) = 2

HZ* y” o ’<x,i3,5y>%s,(%’a)*‘ - \(N‘Sio,(;x,N—5y>0|
0,51 (0) 2EHP Hﬁ”(S S ||N5ia,5$HO
=[Nyl -

Then it follows that ij s is injective from 7 in (%) and to Ran(ig 5)
can be given a structure of pre-Hilbert space with scalar product

(15,62, 15,5Y) (2e5)- = (N2, N"%y)o .

Ran(if 5) is dense in (A°)*, since (2,18 5Y) s (o) = O for all y € #°
implies x = 0. Because

<i—6,0$7i—6,0y>—6 = <N76I7N76y>0 vxa ) S % )

ia[sij , breserves the scalar product between Ran(i_s0) (dense in 52 7%)
and Ran(if ;) (dense in (#°)*). This isometry is extended in a unique

way to an isometry between =% and (#°)*, so they can be identified.
All isometries i, 7', i* are treated as the identity operator (being coherent
between one another).

2. Operators on the scale of spaces. Interpolation.

We will call Dy = %, (V) the set of vectors ® such that Ja = a(®P) implying
d||Px®|| = 0 for A > a(®), where P, is the spectral family of projectors
of N.

Let § > 0. Ty a linear operator defined on Dy with ToDy € D(N?) and
des > 0 such that

IT®ll5 < cs |1@]; V@ € Do

The biggest admissible domain of definition for Ty is D = D(N?) and in
that case we suppose ToD(N®) ¢ D(N?%) and () for all & € D.
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Let now § < 0. Ty linear operator defined on Dy and Jes such that
holds. In this case the biggest admissible domain of definition for Tj is

D = 2, and that holds for all & € D.
It is evident that is equivalent to

|N°ToN=°®|| < ¢5 ||®]| V@ € Dy

Under the preceding assumptions it is clear that, for all § € R, Ty has a
unique continuous extension T to all of s that satisfies

IT52ll5 < c5 || @5 Y € 7.

If 6 < 0, T is defined on a set bigger than J7.
If § > 0, T5 is defined on D(N°) C s# with values in D(N?), and so

we can write
|N°T5®|| < es[|®]| YO € D(N?) .

If holds for §; and d2, §1 < d2 then Ts, C T5,. To prove this assertion,
let ® € %2 and {®;} € Dy such that 7#°2 —®; — ®. Since the topology
of #%2 is stronger than that of 7%, we have # — ®; — ®. Then from
A2 —Ty®; — T5,® and S —Tp®; — Ty, ® it follows that Ts, ® = T, ®.

PROPOSITION 14 (Interpolation). If Ty satisfies for 61 and do with 61 < 02,
then for all § such that 61 < § < 0o and for all & € Dy we have that

with

IN°To@|| < c5 || N7

S3—3  5—8,

_ L02-61 826,
Cs — 051 052

ProoOF. We will use Hadamard three-lines theorem:

LEMMA (Hadamard three-lines theorem). Let f(z) = f(x+iy) a function with
values in a Banach space, bounded and continuous in the closed strip 61 < x < d9,
—o0 < y < +00, analytic on its interior. Suppose that

1F(0r +iy)ll < es, 5 [1f (62 + i)l < cs, -

Then, ¥z in the closed strip defined above

Sp—8  5—8;
55—01 33—0
IFE < i ey

Here f is defined as following:

(1)

f(z) = N*TyN~*® with ® € D .

Observe that (z = x + iy)

INB|2 = / N2 )|Pa)? = / X | Pya? |

for all ® € D(N®), hence N% is a unitary operator. We will show that f(z), as
defined by 7 satisfies the hypotheses of Hadamard’s theorem.

a) f(z) is well defined and bounded on the closed strip.

(t11)

Write

f(z2) = N*72(NPTyN )N ~*+2¢ .

N#=%2& € Dy because ® € Dy so

u(®)
[N+ = / N0 q [P Va,y € R
1
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where
4u(®) = sup{\ : A € Supp | P() @[} .
Hence for all 61 < z < 89

9 n(®) 9
HN62T0N762N72+62(I)H < Cs, / )\2(52761)(:1 HP)\(I)” )
1

On the other hand N?79 is a bounded operator when z is in the closed
strip:

o0
v :/ A2@=d2)q | Py < |[w?
1

From the inequalities above and (|f 1 7)) it follows that f is bounded on the closed
strip. Furthermore for j = 1,2

f(0; +iy) = N TWT,N—%~wp
hence

1£5; +ig)]| = | NOToN—5 N-98 | < e, [| N8| = c5, @] -
f(2) is continuous on the closed strip.

We will use f(z) in the form written in (f{{). N~*"°2® is continuous in
ze€C:
, 2 w(®)

H(Nferéz _ N7 +52)(I)H :/ )\262
1

!’ 2 2
A7 A7 AP

that goes to zero when 2z’ — 2z by Lebesgue’s theorem. On the other hand

, 2 o0 , 2
H(N2762 _ N* 752)\IIH — / )\2(Rez762) 1-)2 "% 4 HPA\IIHQ
1

for all ¥ € 57, that goes to zero when 2z’ — z in the closed strip by Lebesgue’s
theorem. Hence from it follows the continuity of f(z).
f(2) is analytic on the open strip.

We recall that strong analyticity is equivalent to weak analyticity. Observe
that

w(®)
(0, N~ — / A=A, P(V)®), VD € Do, YU € A
1

is analytic for z € C. Analogously

(T, N*~%20) :/ N 724(W, P(\)O), VI, 0 € #
1

is analytic for Rez < d3. Naming z — d, = Z and N~ 2TjN% = TO, we write
using (f 1 )

1 1, o~ . o~ .
E(f(z +h) = f(2) = E(NZMTON_Z_}L‘D - N*T,N"*®)
_1
h
and both terms of the right hand side converge, when h — 0, in J# as a conse-
quence of the above analyticities.

- L~ . s~ 1 - -
(Nz+h _ NZ)T()N_Z© +NZ+hTOE(N—Z—h _ N_Z)(I)



APPENDIX D

Exponentials of operators written as power series.

1. Preliminaries.
DEFINITION (f(d,N)).

(N—i—&)!}l/?
N!

16,8 = | ,
N,5 € N and 0! = 1.
LEMMA 1.1. Ve > 0, we have that

sup f(0, N)e N < e (81)/2(1 — e25)79/2

N>0
Proor.
1/2
sup f(6, N)e =N = {sup uN}
N>0 N>0
with uy = (N + 1)(N +2)--- (N + 6)e~2eN. The fraction
UN N+ o —2
= = 1 5 N e
- N ¢ (1+0/N)e

with N > 1 is decreasing in V.

Suppose that exists Ny > 1 such that
UNo 5 UNottl
UNy—1 UN,
When 1 < N < Ny we have
un > _UNo >1
UN-1  UNG—1

and when Ny < N we have
UNy+1 > UN+1 )
UN, unN

1>

UN, > UNg—1 > =+ > Ug
UNy > UNy+1 >+ > UQ 3
SO SUpy UN = UN,-
If forall 1 < N, uny/un—1 <1 then supy uy = ug. Let v = €% — 1, so that
un 1+0/N
UN_1 1+~

If 6/ > 1 then 3Ny > 1 such that 1 < Ny < §/v < Ng+ 1. If §/v < 1 we are in
the situation uy < ... < wug for all V. In every case we have

sup uy = un, with Ng = [6/7] ([ ] stands for the integer part).
N0

91
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So we can bound
—2e[8/ +0 —2¢[8/~
UN, ([(5/’}/]—#1)-“([5/')/}4—5)6 E[/]—(S!(é.)e €[6/]

6/ ]+6
!(1 —&-33)6 i

< 20/ vy > 0.

(i P (G

1+1/~
_ 5'625 —287<( ) ) 6!625(1 76726)75 .

5
< §le? 51 inf
x>0

2. Exponentials of creation and annihilation operators as series.

If A is an operator on a symmetric Fock space over L?(IR3). We define formally

exp A = Z % .
m=0 '

Rigorously, for all ® € (J,~_, D(A™), so that

1
. o
ngr&ZA ®/m! |

m=0
we define
> A™
(exp A)P = ZO - o

The set defined above is the natural domain of definition for exp A, however it is
useful to work with the subset

- Ame| _
{<I> : mZ::OT < oo} = D(exp4) .

Consider now the case A = a*(f1) + a(fa), f1, fo € L*(R3).
LEMMA 2.1. Ve > 0, D(expeN) C D(exp A) and for all ® € D(expeN)

* € — 1 m —2e\—m
lexp(a™(f1) + a(f2))®[| < e mZ;O\/ﬁ(llflllg + [ fally)™ (1 — em2) 7/

[(expeN)®| .

ProOOF. We estimate
[(@*(f1) + a(f2))™ @[ < H |£G) @ (fr) + a(f)) FG+ D)7 HIf )@l

where f(j) = f(4,N). However
FGN)a (fO)fG+1LN) " =a"(F)fGN +Df(G+1L,N)™
= a*(f1)(N +1)7/?
FGN)a(f2) f(G+1L,N)" = a(fo) fG,N = 1)f(G+1,N)"

N 1/2
=) GG AT

)
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and
o (v + 172 < sl
N 1/2
“t) rmoswa) | <Vl
So we have that
() alR) " < 3 (Ll + L)
m=0 m=0

1 (m, N)em=¥|[{|e= ]
hence the result using Lemma |
It is clear that if A =a*(f1) + a(f2) and ® € D(expeN), then exists

4 exp Ax)P = A(exp Ax)® = (exp Ax)AD .
d
T

The calculation is easily done using the series. This leads to the following lemma;:

LEMMA 2.2. Let A = a*(fl) + a(fg), B = a*(gl) + a(gg), fj,gj S Lz(Rg) ’Lf
j=1,2, then for alle >0, ® € D(expeN):

exp(A + B)® = (exp A)(exp B) exp(—[A4, B]/2)® .

PRrROOF. First of all we remark that [A, B] is a number, then commutes with A
and B.

% {eXp(—[A, Blz?/2) exp(—(A + B)z) exp(Az) exp(Bx)® — <I)}

= exp(—[A, B]z?/2) exp(—(A + B)x){—B —[A4, B]x} exp(Azx) exp(Bx)P
+exp(—[A, Blz?/2) exp(—(A + B)z) exp(Az) B exp(— Azx)
exp(Ax) exp(Bz)® =0

and we used Lemma [5.3] of Appendix [A] on the second term of the right hand side
of the above equality. The result follows immediately. |

REMARK. If fo = — f1, iA is essentially self-adjoint. Then we can define the

unitary operator exp(A ) by Stone’s theorem. For all ® € D(exp A), (exp(4 ))® =
(exp A)®, where the latter is the exponential defined above using the series.

COROLLARY. If fo =0, g1 =0, go = —f1, then for alle > 0, ® € D(expeN):
exp((a*(f1) — a(f1) )® = e~ 112/ 2 exp(a*(f1)) exp(—a(f1))® .






APPENDIX E

Proof of Theorem 3.

We will prove the theorem for vectors A and ¥. For vectors © the proof is
very similar to the case ¥, with a little bit of care to deal with # dependence and
integration. However since 6 appears only in |lag(t)||, for some finite ¢, and the
solution of is continuous in L?(R3) with respect to a change of initial data in
L*(R?), then [|ag(t)||, is continuous in @, and integration on a finite -interval is
well-defined.

1. General remarks.

We recall the definition of operator B and transition amplitudes (B) x (t), with
X e {A, U}

DEFINITION. Let ¢,7,4,j € N, § = g+r—+i+7j, g € L*(R34t7))® L2(R3(+7)) =
L?*(R?). Then
B = [ XY, AR, 90X, Ve K M) (X,) (Y, )a (K:)a(M).
Also we define the following transition amplitudes:
(B)a(t) = X (A(t), BA(t)) = X (A, UT(t) BU()A)
(B)u(t) = A (W(t), BY(t)) = A(W,UT (t) BU(1)¥) .
Since, as we proved in Proposition (W*(q)b(r)a*(i)a(j))x (t) € L*(R3?), for

X € {A, U}, it would be sufficient to bound |[(B)x (t) — (g, u®1u®r a® a®/) 12 (gss)
then the results of the theorem follows immediately applying Riesz’s Lemma.

9

DEFINITION (B®). Let B be defined as above, 0 < d < §. We establish the
following correspondence:

We will call B the operator obtained substituting in any possible way d creation
or annihilation operators of B with functions, following the correspondence above.

B is the sum of (g) operators of type B, but with § —d creation or annihilation
operators. So we can formulate the following Lemma:

LeEMMA 1.1. Let B as above. Then for any 0 < d < § exists a function Cy(t),
depending on ||u(t)||y and ||a(t)|,, such that for all ® € S#° we have the following

95
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inequality:

|B@a| < A-1Caw)|lg; 2@ || (P + N + g+ )20
< A (g + i) 2Ca(0)|

g L*(R®)| [|®]; -

PROOF. The proof utilizes Lemma [2.1] of Chapter [3] and the fact that for any
r and j such that g+r+i+j <0

VPP +q—r)INI(N+i—j)

1) @ )

O(P—1)0(N —j) < (P+ N +q+14)°/%.

Let’s see it in detail for B(Y)| the other cases being similar. We have that

BW = %(/ AdX,dY,dK;dM; a(t, ©1)g(Xy, Y, Ki, Mj)* (X, \ 1)

D(Y)a* (Ki)a(M;) + .. ) .

Consider the first term, written explicitly. Using Lemma of Chapter [3] and
equation (1.1]) we obtain, for all ® € #°
1
0] < 5| [ asiateangton 2@ | 2+ v+ 0720
+...0
where the L?-norm is intended on the 35 — 3 variables of g excluded ;. Using now

Schwarz’s inequality and the fact that (P + N 4 q+1)%/2 < (¢+i)%/?(P+ N +1)%/?
we obtain

|BY®|| < S+ 02wl g 2Rl + ...

1
y

So Cy4(t) would be in general the sum of products of the L?-norms of u(t) and «(t),
and

Ci(t) = (g +7) [[u@®)lly + (0 +7) 2@ -

|
LEMMA 1.2. For all ® € 7 the following identity holds:
5
B'® = CT(u(t)/\, a(t)/N)BC(u(t)/X, a(t) /)@ =Y BDY0.
d=0
PROOF. The result is a restatement of Lemma [3.1] of Chapter [§] [ |

LEMMA 1.3. Let o(g) defined as in Proposition @ Then for all ® € ° the
following equality holds:

BUVe = A" y(g)
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with
q
g9 (.’Il) = Z /d(Xq \ ma)dY;’dszM] 9( sy La—1, Ly La+tly--- 7Y7‘7Kia M])
a=1
~®q— r =i ®;
" (X \ za)uy (Ye)ay” (Ki)ay” (M)
T
92($) = Z / qud(Y’ \ ya)dKldM] g(Xqv s Ya-1Y Yar1y e Ki7 M])
a=1
—® r— Ry ®j
" (Xg)ug ™ (Ve \ ya)ay (Ki)oy” (K;)
93(k) = Z / qudXTd(Kz \ ka)de g(an Y;"a ceey kafla k7 ka+la teey M])
a=1
—®q r — i — X
" (X Juy (Yo)ag ™ (K \ ka)ay” (M;)
J
ga(k) = Z/qudYTdKid(Mj \ma) 9(Xg, Yo, Kiy o ooy M1, ks Moy, - - )
a=1

_® . _®; ®;_
ay (Xoug ™ (Vo )ay (Koo~ (M \ ma) -
PROOF. By definition of B0~ We restricted the result to #? since for our
purposes B~ will be applied only to such vectors. |
2. The proof for A vectors.

PROPOSITION 15. Two constants K;(A) with j = 1,2 exist such that for all
g € L*(R¥)

[(B)a(t) = {g, a®u®ra® a® (t)) p2(mss) | < A% [|gs L2(R¥)]| K (A) [t] "2V
ProOOF. Write explicitly (B)a(t) = A2 (A(t), BA(t)):
(B)a(t) = A (A, U () BU()C (uo/ A, 00/ M) Q) 5
that could be reformulated to show a dependence on W (%, s):
(B)A(t) = N (A, C(ug /N, ag/N)WT(t,0)B'W (t,0)Q)
= \(Q, WT(t,0)B'W(t,0)Q) ,
where B’ = C*(us/\, it /JN)BC(us /A, az/)). Then by Lemma [1.2] we obtain

5-1
(B)A(t)—(g, u®1u® a® a® (1)) 2 (rasy = Y A(Q,WT(t,0)BYW(£,0)Q).
d=0
Using Lemma [I.1] for 0 < d < § — 2 we obtain
5-2
[(B)A(t) = (g, u®1u® a® a® (1)) paras)| < Y A4 g +14)">Calt)
d=0

llg; L2(R3%)|| W (£, 0)92]], + A° ‘(QWT(t,O)B(‘S_l)W(t,O)Q)‘ .

We are interested in the region where A < 1, so A* < A2 for any a > 2, and we
know that ||Q|s = 1 for any §. So we can apply the Corollary of Proposition |8 and
the considerations above to write

[(B)A() = g, 5% 6% 0 (1)) auas) | < N* [lgl, K 1] €21

A9 ’(Q, wi, O)B(‘;*l)W(t,O)m’ ,
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with
6—
K, |t] 2l Z q+14)°2Cq(t)
d=0

- sup

1/2
(ICl(t, 0) + MCa(t, O))eAC1t|+K3(t,O)] :
A<1

the calligraphic functions and constants are the ones defined in Proposition
We have to use a different approach to estimate the last term of the inequality
above, namely

X =N ’(Q, Wz, 0)BO=DW (¢,0)Q)

because the procedure just described would lead to a bound by A instead of 2.
Using Lemma [T.3] we obtain

X = A[(Q,WT(t,0)p(g)W (¢, 0))] -
Now we pass to the interaction representation since we will need to differentiate, so

X = A (@, W (£, 0)(&) W (1,0)9)

with

Then, using the following identity
(Q, W (t,0)0(8) W (t,0)92) = (Q, UJ (£, 0)(&) Ualt,
+HQ, (Wi(t,0) - Ui (¢, o>>sa<> (t,
+H(Q, U (£,0)p(8) (W (£, 0) — Ua(t,0))

and Proposition [9] we obtain
X ([t (71,0 - T (¢, 0)p @)W (¢, 0)0)|
+ 49, T (1,0)0(@) (W (£,0) - Ta(t,0))) ) = AKXy + Xa)

We define [lgll, = llg1lly + lg2lly + lgsll, + lgall;- To bound X, we proceed as

follows, every term being well defined due to the properties of W (¢, s) and ﬁg(t, s),
and the integrals making sense as strong Riemann integrals on 2:

X, = ’<(1 —W(t,0)Ta(t, 0))9, W, 0)<p(g)ﬁ7(t,0)9>’

ar W1 (7,0 U (7) Hy U (7) D, O)QH’ Wi, 000@) W 000

t
<ALl gl [0, | [ ar |G o] |

where we used the standard estimates for H; and ¢(g). We remark that ||g|, =
llgll, < Cs—1(t Hg,L2 (R3%) H, with Cs_1(t) defined in Lemma Now using
Proposition @ Proposition [8 and the fact that ||©2]|; = 1 for any real d, we obtain

X1 < Mlglly K7 [t 21
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with

KL X2 > [ foll, G (8) ilff[(lcl(é = 1,£,0) + ACa(6 = 1,1, 0))

1/2
e)\C1(6=1)|t+IC3(6=1,t,O):|

t
/ dr exp{2(ln3 +10v2

0
o o)}
0
To bound Xs we proceed in an analogous fashion:
Xz = |(W1(1,000 (&) 021,009, (1~ W' (t,0)02(t,0)) )|

< [t @0atw.00] | [ ar [t o0

< KT el e gl

with

" 1 K
K [t X500 > || folly Co—1 (2) exp{2<ln3 + 4\/5‘/ dr [lv—— ()],
0

t T
/ dr exp{2(1n3+10\@‘/ dr’ flo—— ("),
0 0

)}
)ik

3. The proof for ¥ vectors.
To improve readability we make the following definitions:
DEFINITIONS (Kw (6,t,5), Ky (4,t,s)).
Kw(0,t,s) = (K1(§, £,5) + M2 (4,1, s)) ACLOlt=5|+Ka(5:t.5)

where the functions and constants on the right hand side are defined in Proposi-
tion [8} with 6-dependence made explicit.
t
[ oo )}
S

)
Ky (d,t,s) = exp{|| (ln?) +V2ps
PROPOSITION 16. Two constants K;(V) with j = 1,2 exist such that for all
g € L*(R*)

2
[(B)w(t) = 8gr (g, u¥1u® a® a®i (1)) Lo (ras)| < 6o A [|g; L (R™) || K1 () [¢]
(D)t

with ps = max(4, 31°//2 + 1).

PROOF. This proof is quite similar to the one of Proposition above, so we
will emphasize mostly the differences between the two. Write:

¢*(UO))\72
Observe that when g # r we have (B)y(t) = 0 since P commutes with H and B

doesn’t preserve the number of non-relativistic particles. So we will set ¢ = r for
the rest of the proof. Using Lemma [[.2] and Lemma [I.1] of Chapter [§] we can write:

(B)g(t) = Nody—2(T, C(ug/\, ag/N)WT(t,0)B' W (t,0)Q)

(Bu(t) = \(¥, U (t)BU(t)

= N\ C(ug/ X, /N W, VP + 1WT(t,0)B'W (t,0)Q) .

1
vP+1
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So we can write:

6—1
(BYw(t) — (g, u®u®1a® o (t)) p2(pas) = Z)\é_ddA%
d=0
1
<mC’T(uO/)\,aO/)\)\D,\/P+1WT(t,O)B(d)W(t,O)Q>.

Using Lemma [I.2] of Chapter [§for 0 < d < § — 2 we obtain

[(B)w(t) = (g, a®1u®1a® a®i (t)) 2 g |
6—2
<3 N Ky H\/P FIWt(t,0)BOW (¢, O)QH
d=0

+X0dy 2

(C’T(uo/A,ao/)\)\Il,WT(t,O)B(‘s’l)W(t,O)Q)‘ :

We are interested in the region where A < 1, so A% < A2 for any a > 2, and we know
that ||Q]|; = 1 for any 0. We can apply two times the Corollary of Proposition
Lemma of Chapter |3| and Lemma

H\/mWT(t,O)B(d)W(t,O)QH < Kw(L,1,0)
HB(d)(Q +14q)*Wi(t, O)QH < (q+14)°%¢"2Cy(t) Kw (1,t,0)
lg: L (R*)[ W (£,0)2l 516 < (a+1)°/%¢"*Ca(t) Kw (1,1,0)
Kw (5 +6,t,0) |lg: L*(R>)|| .
So we can write:
[(B)uw(t) = (g, %7 u®1a% a®i (1)) L2 (rasy | < N2 K [t] 521 || g; L2 (RP)]|

Ady s <c*(u0/A,aO/A)\p,Wf(t,O)B“*l)W(t,O)mj ,

with
5—2
Ky [t e > (g + )2 2Ca(t) Kw (1,8, 0)Kw (5 + 6,1,0) .
d=0

We have to use a different approach to estimate the last term of the inequality
above, namely

X =Xdy-2

By Lemma [[.3}
X = Ady—2 [(CT(uo/ N, o /X)W, WT(2,0)p(g) W (t,0)Q)]

(CT (o /A, 0/ A&, W (2, 0)BO- W (£,0))

Now we pass to the interaction representation since we will need to differentiate,
obtaining

X = Ay [ (CT o /A, 00/ N W, W (£, 0)0(&) W (1,0)9)] |
with

91(z) =U{, (O ()

Go(x) =Uon1(t)g2(x) ,

g3(k) =Udy(t)gs (k) ,

ga(k) =Upa(t)ga(z) ;
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since Up(0) = 1. We will use the following identity:
(@, W (t,0)0(8)W(t,0)9) = (@, U] (t,0)¢(&)Us(t,0)Q)
+(@, (WH(t,0) — UJ(t,0))p (& ) (t,0)9)
(@, U (t,0)0(8) (W (£, 0) — Ua(t,0)) ;
with ® = C'(ug /A, ap/A)W. Using Lemma [1.3]and Proposition [9] we obtain
X <adys (|(@, (W1(2,0) = TJ(1,0) (@)W (1, 0)9)|
+ (@, T (1,000 (@) (W (¢,0) - Ta(t,0)))]) = My (X1 + X5)

We define [lgll, = [lg1lly + lgally + lgslly + lgall,- To bound X, we proceed as

follows, every term being well defined due to the properties of W (¢, s) and ﬁz(t, s),
and the integrals making sense as strong Riemann integrals on 2:

t
x;<|[ dr o, (P + 1)1/2dd (WT(T 0)0s(, 0))U§(t,0)
0

1
Nz
w<g>W<t7o>Q>H

t
< Kudihs| [ dr | 0)05 (r) HiUo(r) a7, 0)
0

Gleos@ie.os| |

We remark that [|gll, = [Igl, < Cs—1(t)|lg; L2(R*)]|, with Cs_1(t) defined in
Lemma Now using Proposition [§| three times, the fact that Uy commutes
with P and N, the usual estimates for H; and ¢(g), Lemma of Chapter
Proposition [6] and the fact that [|€2]|; = 1 for any real §, we obtain

L < ASL K [t efeltl ]| g L2(RP)]|
with
K1 Jt] ™21 > Kg 2 || flly Cs—1(t) K (13,1, 0) Ky (14,,0)

t
/ dr KW(17 7, O)KU(]-?); 7, 0) 5
0

For the sake of completeness we will write explicitly the most relevant steps:
t

X1 <K\p>\d_1 29/2 ||f||0 ‘/ dTKw(l,T, O)H(P + N + 1)13/2U2(7‘, 0)
0

U (1, 0)¢(&)W (£, 0)

t
<KgAd 1292 fl, /0 dr Kw(1,7,0) Ky (13, 7,0) Ky (13, ,0)

@+ 2@
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t
<KyAd 2" || £llo Co—1(2) || s L2 (R®)| ‘/O dr Kw(1,7,0)
Ku(13,7,0)Ku(13,4,0)[[(@ + )W (1, O)QH‘
<KyAd 12" || fllg Cs—1(t) || g L (R®) || Ku(13,¢,0) Ky (14,,0)

t
/dTKW(l,T,O)KU(13,T,0)
0

To bound X5 we proceed in an analogous fashion:

t
/dT
0

(% (W*(T, 0)Ts(r, 0)) Q> ‘

X2 S (I)a (P + 1)1/2[72* (t’ 0)(,0(@),1/[7@7 O)

1
v

A calculation perfectly analogous to the one performed above for X7 leads to:
Xo < MK [t "4 g AR
with

t
K[t %210 > kg 27 || foll, Ko (1,8,0) Kw (2, t,0) / dr Kw(15,7,0)
0

Ky (97,7, 0)’ .
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