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Introduction

Over the last thirty years, mathematical finance and financial engineering
have been rapidly expanding fields of science. The main reason is the success
of sophisticated quantitative methodologies in helping professional manage
financial risk. Hence it may be reasonable that newly developed credit deriv-
atives industry will also benefit from the use of advanced mathematics. What
does it justify the considerable growth and development of this kind of in-
dustry?

The answer is given by the need to handle credit risk, which is one of the
fundamental factors of financial risk. Indeed, a great interest has grown in
the development of advanced mathematical models for finance and at the
same time we can note a tremendous acceleration in research efforts aimed
to a better understanding, modelling and hedging this kind of risk.

But what does credit risk mean exactly?

A default risk is the possibility that a counterparty in a financial contract
will not fulfill a contractual commitment to meet her/his obligations stated
in the contract. If this happens, we say that the party defaults, or that a
default event occurs.

More generally, by credit risk we mean the risk associated with any kind of
credit-linked events, such as: changes in the credit quality (including down-
grades or upgrades in credit ratings), variations of credit spreads and default
events (bankruptcy, insolvency, missed payments).

It is important to make a clear distinction between the reference (credit) risk

and the counterparty (credit) risk. The first term refers to the situation where
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both parties involved in a contract are supposed to be default-free, but the
underlying assets are defaultable. Credit derivatives are recently developed
financial instruments that allow to trade and transfer the reference credit
risk, either completely or partially, between the counterparties.

Let us now consider the counterparty risk. This kind of risk emerges in a clear
way in such contracts as defaultable claims. These derivatives are contingent
agreements that are traded over-the-counter between default-prone parties.
Each side of contract is exposed to the counterparty risk of the other party
but we should stress that the underlying assets are assumed to be insensitive
to credit risk (for an extensive survey of this subject see [13]).

A classical example of defaultable claim is a European defaultable option,
that is an option contract in which the payoff at maturity depends on whether
a default event, associated with the option’s writer, has occurred before ma-
turity or not (see for instance Chapter 3 which deals with the case of a
defaultable put).

The main objective of this thesis is right the study of the problem of pri-
cing and hedging defaultable claims, in particular by using the local risk-
minimization, one of the main competing quadratic hedging approaches. The
thesis is divided into six parts, consisting of Chapters 1-5 and a final Appen-
dix.

Chapter 1 is completely devoted to a review of the main results of the
theory of the so-called quadratic criteria: the local risk-minimization and
the mean-variance hedging. For an exhaustive survey of relevant results we
refer to [22], [25] and [35], while a numerical comparison study can be found
in [26].

The local risk-minimization approach was first introduced by Follmer and
Sondermann in [23| when the risky asset is represented by a martingale. Suc-
cessively it was extended to the general semimartingale case by Schweizer in
[32] and [33] and by Féllmer and Schweizer in |22].

The main feature of the local risk-minimization approach is the fact that one

has to work with strategies which are not self-financing. Given a contingent



claim H, according to this method, we look for a hedging strategy that per-
fectly replicates H, but renouncing to the self-financing constraint. Under
this assumption, the strategy needs an instantaneous adjustment represented
by the cost process. It is clear that a “good” strategy should have a minimal

cost. The locally risk-minimizing strategy is characterized by two properties:

e the cost process C' is a martingale (so the strategy is at least “mean-

self-financing”);

e the cost process C' is strongly orthogonal to the martingale part of the

underlying asset.

A locally risk-minimizing strategy exists if and only if the contingent claim H
admits the so-called “Follmer-Scweizer decomposition”, that can be seen as
generalization of the Galtchouk-Kunita-Watanabe decomposition from mar-
tingale theory. In particular, if the discounted risky asset price X is con-
tinuous, the Follmer-Scweizer decomposition can be obtained as Galtchouk-
Kunita-Watanabe decomposition computed under the so-called minimal mar-
tingale measure.

The mean-variance hedging method insists on the self-financing constraint
and looks for the best approximation of a contingent claim by the terminal
value of a self-financing portfolio. The use of a quadratic criterion to mea-
sure the quality of this approximation has been proposed for the first time
by Bouleau and Lamberton in [14], in the case of assets represented by mar-
tingales which are also functions of a Markov process. We can obtain the
mean-variance optimal strategy by projecting the discounted value of a con-
tingent claim H on a suitable space of stochastic integrals, which represents
the attainable claims. The dual problem is to find the so-called variance op-
timal measure. It can be proved (see [16] and [31]) that if the density of this
martingale measure is known, the variance-optimal portfolio and its initial
value are completely characterized. The mean-variance hedging has been ex-
tensively studied in the context of defaultable markets by [7], [8], [9] and [10].

In Chapter 3 we extend some of their results to the case of stochastic drift
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w and volatility ¢ in the dynamics (2.5) of the risky asset price, and random
recovery rate. Empirical analysis of recovery rates shows that they may de-
pend on several factors, among which default delays (see for example [15]).

In Chapter 2, we describe our general framework into details, emphasizing
in particular the presence of defaultable claims in the market. We consider
a simple market model with two non-defaultable primary assets (the money
market account B and the discounted risky asset X) and a (discounted)
defaultable claim H. Then we discuss our choice to investigate defaultable
markets by means of quadratic hedging criteria and in particular the choice
of the local risk-minimization. Finally, the last section presents an outline of
the thesis.

In Chapter 3 we start the study of defaultable markets by means of local
risk-minimization. According to 1], we apply the local risk-minimization ap-
proach to a defaultable put option with random recovery at maturuty and we
compare it with intensity-based evaluation formulas and the mean-variance
hedging. We solve analytically the problem of finding respectively the hedg-
ing strategy and the associated portfolio for the three methods in the case
where the default time and the underlying Brownian motion are supposed to
be independent.

The following two chapters are devoted to the application of the local risk-
minimization in the general case. First we study defaultable claims with
random recovery scheme at maturity, then at default time.

In Chapter 4 we extend the previous results and consider a more general
case: according to [2] we apply the local risk-minimization approach to a
generic defaultable claim with recovery scheme at maturity in a more general
setting where the dynamics of the discounted risky asset X may be influ-
enced by the occurring of a default event and also the default time 7 itself
may depend on the assets prices behavior.

In Chapter 5 we study the problem of pricing and hedging a defaultable
claim with random recovery scheme at default time, i.e. a random recovery

payment is received by the owner of the contract in case of default at time of



default. Here according to [3], we provide the pseudo-locally risk-minimizing
strategy in the case when the agent information takes into account the pos-
sibility of a default event. We conclude by discussing the problem of finding
a pseudo-locally risk-minimizing strategy in the case when the agent obtains
her information only by observing the asset prices on the non-defaultable
market before the default happens.

In the Appendix, we summarize for the reader’s convenience the definition
and the main properties of the predictable projection, an important subject

of Probability Theory that we have used in Chapter 4.
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Chapter 1

Quadratic Hedging Methods in
Incomplete Markets

1.1 Introduction

In this chapter we provide a review of the main results of the theory of local
risk-minimization and mean-variance hedging. These are “quadratic” hedging
methods used for valuation and hedging of derivatives in incomplete markets.
For an extensive survey of both approaches, we refer to [22], [35] and [25]. A
numerical comparison can be found in |26].

If we deal with non-attainable contingent claims, it is by definition impossible
to find a hedging strategy allowing a perfect replication which is at the same
time self-financing. From a financial point of view, this means that such a
claim will have an intrinsic risk.

The main feature of the local risk-minimization approach is the fact that
one has to work with strategies which are not self-financing and the purpose
becomes to minimize the riskiness in a suitable way. If we consider a not
attainable contingent claim H, a defaultable claim for instance, according to
this method we look for a hedging strategy with minimal cost that perfectly
replicates H.

The mean-variance hedging approach insists on the self-financing constraint

13
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and looks for the best approximation of a contingent claim by the termi-
nal value of a self-financing portfolio. The use of a quadratic criterion to
measure the quality of this approximation has been proposed for the first
time by Bouleau and Lamberton in [14], in the case of assets represented by

martingales which are also functions of a Markov process.

1.2 Setting

This section lays out the general background for the two approaches in an
uniform framework.

We start with a probability space (€2,9,Q) and a fixed time horizon T' €
(0,00). We consider a simple model of financial market in continuous time
with two non-defaultable primary assets available for trade a risky asset and
the money market account described by the processes S and B respectively,

and a contingent claim whose discounted value H is given by a random
variable on (2,9, Q).

e We assume that the processes S and B are adapted to a filtration
(G¢)o<t<r satisfying the usual hypotheses of completeness and right-
continuity. Adaptedness ensures that the prices at time ¢ are G-
measurable. In particular the money market account is given by B; =
exp (fot r5d3>, where 7, is a G;-predictable process and used as discoun-

ting factor

e Furthermore we assume that r and the dynamics of S are such that
the discounted price process X; := %i belongs to L*(Q), Vt € [0,T].
In addition, we assume that there exists an equivalent martingale mea-
sure Q" with square-integrable density for the discounted price process
X. Hence we can exclude arbitrage opportunities in the market. Ma-
thematically, this implies that X is a semimartingale under the basic

measure Q.

e Finally we suppose that the discounted payoff H at time 7' is described
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by a Gr-measurable square-integrable random variable. Hence H €

L2(9T7 Q)

It should be clear that completeness now means that any contingent claim i
can be represented as a stochastic integral with respect to X. The integrand
provides the hedging strategy which is self-financing and which creates the
discounted payoff at the maturity 7" of the contract without any risk.

Generally, given a contingent claim H with expiration date 7', there are at
least two things a trader may want to do: pricing by assigning a value to
H at times ¢t < T and hedging by covering himself against potential losses
arising from a sale of H, in particular by means of dynamic trading strategies
based on X. Since under the previous assumptions X is a (Q-semimartingale,
we can use stochastic integrals with respect to X and introduce the set L(X)

of all G-predictable X-integrable processes.

Definition 1.2.1. An admissible strategy is any pair ¢ = (£,n), where £ €
L(X) and n is a real-valued G-adapted process such that the discounted value
process Vi(p) := & Xy + e, 0 <t < T, is right-continuous.

In an incomplete market a general claim is not necessarily a stochastic
integral with respect to X. For instance, in the case of defaultable claims,
the presence of default adds an ulterior source of randomness that makes the
market incomplete. Hence it is interesting to introduce the main quadratic
hedging approaches used to price and hedge derivatives in incomplete finan-

cial markets.

1.3 Local risk-minimization

Problem: in the financial market outlined in Section 1.2, we look for an
admissible strateqy with minimal cost which replicates a given contingent
claim H.

If H is not attainable we cannot work with self-financing strategies and

so the purpose is to reduce the risk. The local risk-minimization criterion
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for measuring the riskiness of a strategy was first introduced by Follmer
and Sondermann in [23] when the risky asset is represented by a martingale.
Successively it was extended to the general semimartingale case by Schweizer
in [32] and [33] and by Follmer and Schweizer in [22].

First we briefly discuss the simple special case where X is a Q-martingale.
Consequently we motivate and investigate the general case. We address the

first problem in the following section, the second in Section 1.3.2.

1.3.1 The martingale case

For the case where X is a Q-martingale, this method has been defined and
developed by Follmer and Sondermann under the name of risk-minimization.

In the market model outlined in Section 1.2 we introduce L*(X), the space
of all G-predictable processes & such that

T 3
l€ll e, = (E [ / §§d[X]s> s

Definition 1.3.1. An RM-strategy is an admissible strategy ¢ = (&,n) with
¢ € L*(X) and such that the discounted value process Vi(p) = &Xi + ny,

0 <t < T s square-integrable.

Definition 1.3.2. For any RM-strategy ¢, the cost process is defined by

Ci(p) :==Vi(p) — /Ot &dX,, 0<t<T. (1.1)

Ci(p) describes the total costs incurred by ¢ over the interval [0,T). The risk
process of ¢ is defined by

Ri(p) = E [(Cr(p) — Ci(9))*| Ge], 0<t<T. (1.2)

Definition 1.3.3. An RM-strategy @ is called risk-minimizing if for any
RM-strategy ¢ such that V(@) = Vr(e) Q-a.s., we have

Ri(¢) < Ri(@p) Q—a.s. foreveryte[0,T).
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The following results provide a characterization of a risk-minimization stra-

tegy.

Lemma 1.3.4. An RM-strateqy ¢ 1s risk-minimizing if and only if

Ri(p) < Ri(¢) Q- as.

for every t € [0,T] and for every RM-strateqy @ which is an admissible
continuation of ¢ from t on in the sense that Vi(@) = Vi(p) Q-a.s., & = &,
for s <t and ns = ns for s < t.

Proof. See Lemma 2.1 of |34] for the proof. O

Definition 1.3.5. An RM-strategy ¢ is called mean-self-financing if its cost
process C(p) is a Q-martingale.

Lemma 1.3.6. If ¢ is a risk-minimizing strateqy, then it is also mean-self-

financing.
Proof. See Lemma 2.3 of [35]. O

If X is a Q-martingale, the risk-minimization problem is always solvable
by applying the Galtchouk-Kunita-Watanabe decomposition. Since the set
I*(X) = {J&dX]|¢ € L*(X)} is a stable subspace of M3(Q), i.e. the space
of square-integrable Q-martingales null at 0 (see Lemma 2.1 of [35]), any

H € L*(S7,Q) can be uniquely written as
T
H = E[H| +/ EHAX, + LE Q- as. (1.3)
0

for some £# € L*(X) and some L7 € M3(Q) strongly orthogonal to I*(X).
The next result was obtained by Follmer and Sondermann in [23] for the
one-dimensional case under the assumption that X is a square-integrable Q-

martingale. Schweizer has proved this result for a general local Q-martingale
X.
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Theorem 1.3.7. If X is a Q-martingale, then every contingent claim H &€
L?(S7, Q) admits a unique risk-minimizing strategy ©* such that Vr(¢*) = H.

In terms of decomposition (1.3), the risk-minimizing strategy ©* is explicitly

given by
& ="
Vilg*) =E[H|G:], 0<t<T,
C(p*) = E[H] + L".
Proof. See Theorem 2.4 of [35] for the proof. O

1.3.2 The semimartingale case

The generalization to the semimartingale case is due to Schweizer (see [32]
and [33]), who called the resulting concept local risk-minimization. When
X is a semimartingale under Q, a contingent claim H admits in general no
risk-minimizing strategy ¢ with Vr(p) = H Q-a.s. The proof is based on an
explicit counterexample in discrete times and can be found in [32].

We analyze here only the continuous-time framework. The basic idea of
this approach is to control hedging errors at each instant by minimizing the
conditional variances of instantaneous cost increments sequentially over time.
This involves (local) variances and so we require more specific assumptions

on the discounted price process X.

e We remark that in our model X belongs to the space 8%(Q) of semi-

martingales so that it can be decomposed as follows:
Xo=Xo+ M+ A7, tel0,T],

where M¥ is a square-integrable (local) Q-martingale null at 0 and A%

is a predictable process of finite variation null at 0.

e We say that the so-called Structure Condition (SC) is satisfied in

our model if the mean-variance tradeoff process

Ri(w) = /0 2(w)d(M), (1.4)
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is almost surely finite V¢ € [0, 7], where « is a G-predictable process.
Since there exists an equivalent martingale measure for X by hypoth-

esis, it is automatically satisfied if X is continuous (see [35]).

We denote by ©, the space of G-predictable processes £ on €2 such that

E [/OTgfd[MX]s} +E </OT \gsdAfy)Q

Definition 1.3.8. An L2-strategy is an admissible strateqy © = (£,7) such

< 00. (1.5)

that £ € Oy and the discounted value process V() is square-integrable, i.e.
Vi(p) € L*(Q) for each t € [0,T).

Definition 1.3.9. An L?-strategy ¢ is called mean-self-financing if its cost

process C(p) is a Q-martingale.

Remark 1.3.10. We should stress that we consider strategies which are in
general not self-financing. It is clear that an admissible strategqy is self-
financing if and only if the cost process C' is constant and the risk process R
15 tdentically zero. Hence the cost process represents the instantaneous ad-
Justment needed by the self-financing part of the portfolio in order to perfectly

replicate the contingent claim H at time T of maturity.

A small perturbation is an L2-strategy A = (, €) such that § is bounded, the
variation of [ §(p—r)Xdt is bounded (uniformly in ¢ and w) and é7 = e = 0.
Given an L2-strategy ¢ a small perturbation A and a partition = € [0, 7],

set

™ . Rti (@—i_ A|(ti7tz‘+1) - th< )
e A= 2 E(0X) - Wiy — {(0X)  W)g[Ga] test)

titip1€T

The next definition formalizes the intuitive idea that changing an optimal

strategy over a small time interval increases the risk, at least asymptotically.
Definition 1.3.11. We say that ¢ is locally risk-minimizing if

lim inf 7™ (@, A) >0 (Q® (MX)) — a.e. on Q x[0,T],

n—oo
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for every small perturbation A and every increasing sequence (T, )nen of par-

titions going to zero.

In particular, how to characterize a locally risk-minimizing strategy is shown

in the next result valid for the one-dimensional case.

Theorem 1.3.12. Suppose that X satisfies (SC), (M) is Q-a.s. strictly
increasing, A% is Q-a.s. continuous and E [IA(T} < oo. Let H € L*(97,Q)
be a contingent claim and o an L*-strategy with V(o) = H Q-a.s. Then
@ 18 locally risk-minimizing if and only iof ¢ is mean-self-financing and the

martingale C(yp) is strongly orthogonal to M*.

Proof. See Proposition 2.3 of [33] for the proof. O

Theorem 1.3.12 motivates the following:

Definition 1.3.13. Let H € L?(G7, Q) be a contingent claim. An L?-strategy
© with Vr(p) = H Q-a.s. is called pseudo-locally risk-minimizing for H if
¢ is mean-self-financing and the martingale C(p) is strongly orthogonal to
M,

Definition 1.3.13 is given for the general multi-dimensional case. If we con-
sider a one-dimensional model and X is sufficiently well-behaved, then pseudo-
locally and locally risk-minimizing strategies coincide. But in general, pseudo-
locally risk-minimizing strategies are easier to find and to characterize, as
shown in the next result.

Let M2(Q) be the space of all the square-integrable Q-martingale null at 0.

Proposition 1.3.14. A contingent claim H € L*(Gp, Q) admits a pseudo-
locally risk-minimizing strateqy @ (in short plrm-strategy ) if and only if H

can be written as
T
H_H0+/ Hax, + LY Q- as. (1.6)
0

with Hy € R, ¢ € g, L¥ € M3(Q) strongly Q-orthogonal to M*X. The
plrm-strategy is given by
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with minimal cost
Cip)=Ho+LE, 0<t<T.

If (1.6) holds, the optimal portfolio value is

t t
v;(so>=ct<so>+/ fstssz/ €MAX, + LI,
0 0

and

G = CtH = Vi(p) — g{Xt.

Proof. 1t follows from the definition of pseudo-optimality and Proposition
2.3 of [22]. ]

Decomposition (1.6) is well known in literature as the Féllmer-Schweizer
decomposition (in short FS decomposition). In the martingale case it coin-
cides with the Galtchouk-Kunita-Watanabe decomposition. We see now how
one can obtain the FS decomposition by choosing a convenient martingale

measure for X following [22].

Definition 1.3.15 (The Minimal Martingale Measure). A martingale
measure @ equivalent to Q with square-integrable density is called minimal
if @ = Q on Gy and if any square-integrable Q-local martingale which is

~

strongly orthogonal to M*X under Q remains a local martingale under Q.

The minimal measure is the equivalent martingale measure that modifies the

martingale structure as little as possible.

Theorem 1.3.16. Suppose X is continuous and hence satisfies (SC). Sup-

pose that the strictly positive local Q-martingale

e fo),

s a square-integrable martingale and define the process VH as follows

dQ

Z,=F |—
t d@

V.= E[H|G), 0<t<T,
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where E[ - |G;] denotes the conditional ezpectation under Q. Let
~ ~ ~ T ~
VI = E[H|S7] = Vi + / efax, + LY (1.7)
0

be the GKW decomposition of ‘ZH with respect to X under @ If either H
admits a FS decomposition or £ € ©, and L¥ € M2(Q), then (1.7) for
t = T gives the FS decomposition of H and éH gives a plrm-strategy for
H. A sufficient condition to guarantee that 7 e M2(Q) and the existence of
a FS decomposition for H is that the mean-variance tradeoff process IAQ 8

uniformly bounded.
Proof. For the proof, see Theorem 3.5 of [35]. O

Theorem 1.3.16 shows that for X continuous, finding a pseudo-locally risk-
minimizing strategy for a given contingent claim H € L?(Sr, Q) essentially
leads us to find the Galtchouk-Kunita-Watanabe decomposition of H under

the minimal martingale measure Q.

1.4 Mean-variance hedging

This sections presents the second of the two main quadratic hedging ap-
proaches: mean-variance hedging. While local risk-minimization insists on
the replication requirement Vy = H Q-a.s., mean-variance hedging is con-
cerned on the self-financing constraint.

In this method, hedging performance is defined as the L?*-norm of the diffe-
rence, at maturity date 7', between the discounted payoff H and the hedging

portfolio Vr:
2

T
0

L2(Q)
Given an admissible self-financing hedging strategy ¢ = (£, 7n) according to
Definition 1.2.1, the discounted value process V (¢) is given by

t
Vilp) = Vo +/ £,dX,.
0
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Then 7 is completely determined by the pair (Vp, £):
t
m=Vo+ [ GdX,-gX, 0<i<T
0

The difference H — Vj — fOT £,d X is then the net loss at time 7" from paying
out the claim H after having traded according to (Vp, ) and mean-variance
hedging simply minimizes the expected net squared loss. Hence we can for-
mulate the mean-variance problem as follows:

Problem: finding an admissible hedging strategy (Vy,&) which solves the
following minimization problem:

T 2
<H—%—/€A&>r
0

min F
(Vo,€)

where & belongs to

0= {5 e L(X): /Ot £dX, € L2(9T,Q>} ,

where we recall that L(X) denotes the set of all G-predictable X-integrable
processes. If such strategy exists, it is called Mean-Variance Optimal Strategy
(in short mvo-strategy) and denoted by (f/o,f) Vo is called approzimation
price.

To give another interpretation, we note that H — Vy — fOT £,d X, is the cost
on (0,7] of an admissible strategy ¢ with V() = H, initial capital V; and
stock component . Hence we minimize the risk at time 0 only instead of the
entire risk process as in the previous section. Since Ry depends only on Vj
and &, it is not necessary to minimize over the entire pair ¢ = (&, 7).

Dual Problem: finding an equivalent martingale measure Q such that its

density is square-integrable and its norm:

2 d@ 2
(@)

is minimal over the set of all the equivalent probability measures P?(X) for
X. By [16] this probability measure exists if X is continuous and P?(X) # ()

dQ
aQ
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and it is called Variance-Optimal Measure since:

~ 112 ~
dQ|| @
@ =1+ Var d@]'

Remark 1.4.1. From a mathematical point of view, mean-variance hedging

leads us to project the random wvariable H on the linear space generated by
constants and stochastic integrals with respect to X. In the case where X is a
local Q-martingale, the problem is solved by the Galtchouk-Kunita- Watanabe
decomposition. Moreover the mvo-strateqy coincides with the plrm-strategy
in the martingale case, but it is not necessarily true in the semimartingale

case.
The main result is given by the following Theorem:

Theorem 1.4.2. Suppose O is closed and let X be a continuous process
such that P*(X) # 0. Let H € L*(S7,Q) be a contingent claim and write
the Galtchouk-Kunita- Watanabe decomposition of H under Q with respect to
X as -
Hzﬁwﬂ+/'$¢a+zT:%U (1.8)
with 0 .
V, = E[H|S,] = E[H] + /0 ElAX, + L, 0<t<T, (1.9)

where E[ - |G;] denotes the conditional expectation under Q. Then the mean-

variance optimal O-strateqy for H exists and it is given by

Vo = E[H]
and
- G v
O, =& — = (Vt—E[H]— / Ququ)
t 0
S — E[H =
:tH_t(V” ~[ ]+/ N—dLu>, 0<t<T,
ZO 0 u
where ~
_ - |dQ - b
dQ 0
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Proof. The proof can be found in [31]. O

It is clear that the solution of the mean-variance hedging problem depends
on @, Z and (~ .

It should be clear that both approaches aim at minimizing squared hedging
costs. The only difference is that mean-variance hedging does this over a
long term whereas local risk-minimization approach applies the quadratic

criterion “on each infinitesimal interval”.
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Chapter 2

Quadratic Hedging Methods for
Defaultable Markets

2.1 Introduction

In this chapter we motivate our choice to study defaultable markets by means
of quadratic hedging criteria and in particular by applying the local risk-
minimization.

First we provide a careful description of the general setting of our model,
in particular emphasizing the presence of the possibility of a default event
in the financial market. Then we explain why the market extended with
the defaultable claim is incomplete and our idea to apply the local risk-
minimization approach and its role in literature. Finally Section 2.4 lays out

the outline of the thesis.

2.2 General setting

This section describes the general framework of our model and in particular
it emphasizes the presence of defaultable claims that make the market in-

complete.
We start with a probability space (2,9,Q) and a fixed time horizon T' €

27
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(0,00). We consider a simple model of financial market in continuous time
with two non-defaultable primary assets available for trade, a risky asset
and the money market account, and with defaultable claims, i.e. contingent
agreements that are traded over-the-counter between default-prone parties.
Each side of contract is exposed to the counterparty risk of the other party
but the underlying assets are assumed to be insensitive to credit risk.

The random time of default is represented by a stopping time 7 : Q — [0, T]U
{400}, defined on the probability space (€2, G, Q), satisfying: Q(7 =0) =0
and Q(7 > t) > 0 for any ¢t € [0,T] . For a given default time 7, we intro-
duce the associated default process H; = l;<4, for t € [0,T] and denote by
(Hi)o<i<r the filtration generated by the process H, i.e. Hy = o(H, : u < t)
for any ¢ € [0, 7.

Let W; be a standard Brownian motion on the probability space (2,5, Q)
and (F;)o<i<r the natural filtration of W;. The reference filtration is then
G = F VH,, for any ¢t € [0,7], i.e. the information at time ¢ is captured
by the o-field G;. In addition we assume that 7 is a G;-totally inaccessi-
ble stopping time (see [13]).It should be emphasized that the default time 7
is a stopping time with respect to the filtration (G;)o<t<r and not with re-
spect to the Brownian filtration (F;)o<;<7, otherwise it would be necessarily
a predictable stopping time. Moreover we postulate that the Brownian mo-
tion W remains a (continuous) martingale (and then a Brownian motion)
with respect to the enlarged filtration (SGi)o<t<r. In the sequel we refer to
this assumption as the hypothesis (H). We remark that all the filtrations are

assumed to satisfy the usual hypotheses of completeness and right-continuity.
e We introduce the F-hazard process of T under Q:
Ft = —hl(l — Ft), vVt € [O,T],

where

F, = @(T < t|3rt) (2-1)

is the conditional distribution function of the default time 7. In parti-

cular F; < 1fort € [0, T]. Let, in addition, the process F' be absolutely
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continuous with respect to the Lebesgue measure, so that

t
E:/ﬂm,WeMﬂ,
0

for some F-progressively measurable process f. Then the F-hazard

process I' of 7 admits the following representation:

t
n:/&m te0,7], (2.2)
0

where \; is a non-negative, F;-adapted process given by

i

A\ =
t 1_Ft7

vt € [0,T7. (2.3)

The process A is called F-intensity or hazard rate. By Proposition 5.1.3
of [13| we obtain that the compensated process M given by

tAT t
0 0

follows a martingale with respect to the filtration (G;)o<;<r. Notice
that for the sake of brevity we have denoted :\t = I7>nA. We note
that since I'; is a continuous increasing process, by Lemma 5.1.6 of [13]

the stopped process W;,, follows a G;-martingale.

We denote the money market account by B; = exp ( fg rsds), where
ry is a Gy-predictable process, and represent the risky asset price by a
continuous stochastic process S; on (£2,9,Q), whose dynamics is given

by the following equation:

(2.5)

dSt = /Ltstdt + UtStth
So = So, So € RT

where oy > 0 a.s. for every ¢ € [0,T] and puy, oy, 7, are Gi-adapted

processes such that the discounted price process X; := gt belongs to
t

L*(Q), Vvt € [0,T]. Furthermore we assume that the dynamics of S, is

such that it admits an equivalent martingale measure Q* for X, and
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this implies that X is a semimartingale under the basic measure Q. We
denote by
—r
g, =t (2.6)

O

the market price of risk and we also assume that p, o and r are such

=& (—/QdW) is square-integrable. Hence
T

., dQ
that the densit

y a0
we can exclude arbitrage opportunities in the market.

In addition we make the following assumptions, in order to apply the local

risk-minimization and the mean-variance hedging.

° Vge remark that in our model the discounted risky asset price X =
B belongs to the space 8?(Q) of semimartingales so that it can be

decomposed as follows:
t t
X, =X +/ (s — 75) Xsds +/ o X, dW,, t€0,T],
0 0

where fot 0 XsdWj is a square-integrable (local) Q-martingale null at 0
and fot(us —rs)Xsds is a predictable process of finite variation null at

0. Moreover, in our case we recall that X is a continuous process.

e In our model we have that the so-called Structure Condition (SC)

is satisfied, i.e. the mean-variance tradeoff

Ri(w) = /0 02(w)ds 2.7)

is almost surely finite, where 6 is the market price of risk defined in
(2.6), since X is continuous and P?(X) # () by hypothesis (see [35]).
In particular, from now on we assume that [A(t 15 uniformly bounded in

t and w, i.e. there exists K such that

~

Ki(w) <K, Vit € [0,T], a.s. (2.8)

Remark 2.2.1. This assumption guarantees the existence of the minimal

martingale measure for X (see Definition 1.3.15). 1t is possible to choose
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different hypotheses. However assumption (2.8) is the simplest condition
that can be assumed. For a complete survey and a discussion of the others,
we refer to [35].

In this context Oy denotes the space of all G-predictable processes & on €2

such that
T 2
(/0 |€s(ps — rs)XsldS) ] < o0. (2.9)

T
E [ / (gsasxsfds] +E
0
As mentioned above, in this market model we can find defaultable claims,

which are represented by a quintuple (X, X, Z, 4, 7), where:

- the promised contingent claim X represents the payoff received by the
owner of the claim at time 7T, if there was no default prior to or at

time 7. In particular we assume it is represented by a Gr-measurable
random variable X € L*(Q);

- the recovery claim X represents the recovery payoff at time T, if default
occurs prior to or at the maturity date 7. It is supposed to be a G-

measurable random variable X € L*(Q);

- the recovery process Z represents the recovery payoff at the time of
default, if default occurs prior to or at the maturity date 7. We pos-
tulate that the process Z is predictable with respect to the filtration

(Ft)o<t<rs

- the process A represents the promised dividends, that is the stream of
cash flows received by the owner of the claim prior to default. It is
given by a finite variation process which is supposed to be predictable

with respect to the filtration (F)o<;<7-

We restrict our attention to the case of A = 0. Hence the discounted value
of a defaultable claim H can be represented as follows:
X X Z
H=—I —1I ==
By {r>1} + B, {r<T} T B

In particular we obtain that H € L*(Q, §7, Q).

Tir<ry. (2.10)
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2.3 Quadratic Hedging Methods for Default-

able Claims

In this section, we explain why we have decided to investigate defaultable
markets by means of quadratic hedging criteria and in particular the choice
of the local risk-minimization.

We recall that we consider a financial market model with two non-defaultable
primary assets, the risky asset S and the money market account B. The pre-
sence of a possible default event adds a further source of randomness in the
market. Hence the market model extended with the defaultable claim is in-
complete since it is impossible to hedge against the occurrence of a default
by using a portfolio consisting only of the (non-defaultable) primary assets.
Moreover, even if we assume to trade with G;-adapted strategies, the process
M, does not represent the value of any tradable asset. Then it makes sense to
apply some of the methods used for pricing and hedging derivatives in incom-
plete markets. In particular we focus here on quadratic hedging approaches,
i.e. local risk-minimization and mean-variance hedging whose theory and
main results have been provided in the previous chapter. The mean-variance
hedging method has been already extensively studied in the context of de-
faultable markets by [7], [8], [9] and [10]. For instance in [8|, they provide
an explicit formula for the optimal trading strategy which solves the mean-
variance hedging problem, in the case of a defaultable claim represented by
a Gr-measurable square-integrable random variable.!Moreover they compare
the results obtained using strategies adapted to the Brownian filtration, to
the ones obtained using strategies based on the enlarged filtration, which
encompasses also the observation of the default time.

In the next chapter we extend some of their results to the case of stochastic

drift 1 and volatility o in the dynamics (2.5) of the risky asset price, and

G, denotes the enlarged filtration F; V H; generated by the Brownian motion and the
natural filtration of the jump process H. This is a usual setting in the literature concerning

defaultable markets (see for example [13] and related works)
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random recovery rate.
We should stress that in our model we have introduced the filtration (F;)o<i<r
in order to distinguish between the different sources of randomness that an

agent faces on the market:

1. the variation in value of the non-defaultable assets is represented as

depending on the fluctuation of the driving Brownian motion W

2. the loss arising from the trading of a defaultable claim, if the coun-
terpart fails to fulfill her/his contractual commitments, is modelled

through the default time 7 and its associated filtration (default risk).

Even if we admit a reciprocal influence between the occurring of the default
and the asset prices (we will consider this situation into details in Chapter 4),
two different kinds of risk affect the market. Mathematically this is reflected
by the fact that the martingale structure is generated by W and H.

The main contribution of this thesis is to collect and discuss extensively
our results (see [1], [2], [3]), where, to the best of our knowledge, we have
applied for the first time in literature the local risk-minimization method to

the pricing and hedging of defaultable claims.

2.4 Outline

The thesis is organized as follows. First we are going to apply the local risk-
minimization approach to the case of a defaultable put, where we also make
a comparison with the intensity-based evaluation formulas and the mean-
variance hedging. We solve analytically the problem of finding respectively
the hedging strategy and the associated portfolio for the three methods in
the case of a defaultable put option with random recovery at maturity.

Then we study the general case by considering two different possible recovery

schemes for a generic defaultable claim.

e We apply the local risk-minimization approach to a defaultable claim

with recovery scheme at maturity in a more general setting where the
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dynamics of the risky asset X may be influenced by the occurring of
a default event and also the default time 7 itself may depend on the
assets prices behavior. We are able to provide the Féllmer-Schweizer de-
composition and compute explicitly the pseudo-locally risk-minimizing

strategy in two examples.

Finally, we study the local risk-minimization approach for defaultable
claims with random recovery scheme at default time, i.e. a random
recovery payment is received by the owner of the contract in case of
default at time of default. Even in this case we are able to provide the
Follmer-Schweizer decomposition and in particular we apply the results
to the case of a Corporate bond. Moreover we discuss the problem
of finding a pseudo-locally risk-minimizing strategy if we suppose the
agent obtains her information only by observing the non-defaultable

assets.



Chapter 3

Local Risk-Minimization for a
Defaultable Put

3.1 Introduction

In this chapter we start the study of defaultable markets by means of local
risk-minimization. As a first step, we apply the local risk-minimization ap-
proach to a certain defaultable claim and we compare it with intensity-based
evaluation formulas and mean-variance hedging, only in the case where the
default time and the underlying Brownian motion are supposed to be in-
dependent. More precisely, under this assumption we solve analytically the
problem of finding respectively the hedging strategy and the associated port-
folio for the three methods in the special case of a defaultable put with
random recovery at maturity.

In the market model outlined in Section 2.2, by following the approach
of [8], [11] and [13], we first consider the so-called “intensity-based approach”,
where a defaultable claim is priced by using the risk-neutral valuation for-
mula as the market would be complete. However we recall that the market
model extended with the defaultable claim is incomplete since it is impossible
to hedge against the occurrence of a default by using a portfolio consisting

only of the (non-defaultable) primary assets. Hence this method can only

35



36

Local Risk-Minimization for a Defaultable Put

provide pricing formulas for the discounted defaultable payoff H, since it is
impossible to find a replicating portfolio for H consisting only of the risky
asset, and the bond. Then it makes sense to apply the quadratic hedging
methods introduced in Chapter 1, used for pricing and hedging derivatives
in incomplete markets. Local risk-minimization and mean-variance hedging
provide arbitrage-free valuations and in the case of a complete market repro-
duce the usual arbitrage-free prices and riskless hedging strategies. Hence
they can be considered as a consistent extension from the complete to the
incomplete market case.

The main goal of this chapter is to apply the local risk-minimization method
to the pricing and hedging of a certain defaultable claim and provide a com-
parison with other two hedging methods. According to [1], we investigate
the particular case of a defaultable put option with random recovery rate
and solve explicitly the problem of finding a pseudo-local risk-minimizing
strategy and the portfolio with minimal cost. As mentioned previously, the
mean-variance hedging method has been already extensively studied in the
context of defaultable markets by |7], [8], [9] and [10]|. Here we extend some
of their results to the case of stochastic drift p and volatility o in the dy-
namics (2.5) of the risky asset price, and random recovery rate. Empirical
analysis of recovery rates shows that they may depend on several factors,
among which default delays (see for example [15]). For the sake of simplicity
here we assume that the recovery rate depends only on the random time of
default.

3.2 Setting

Since the default time and the underlying Brownian motion are supposed to
be independent and we consider here only the case of a defaultable put, we

need additional assumptions:

e the risky asset price S and the risk-free bond B are both defined on
the probability space (€, F,P), endowed with the Brownian filtration
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(Ft)o<t<rs

e the default time 7 is represented by a totally inaccessible stopping

time on the probability space (Q,ZH, v), endowed with the filtration
(Hi)o<e<r-

Hence we consider the following product probability space
(2,5,Q) = (QxQ,FRH,PRv)
endowed with the filtration
G=H,@%F, Vvtel0,T].

Since H; is independent of F; for every ¢ € [0, 7], the cumulative distribution

function of 7 is given by:
FF=Q(r<t)y=v(r <t (3.1)
and the intensity A is a non-negative, integrable function. Furthermore:

e the short-term interest rate r is a deterministic function, u = u(w),

o = o(w) are F-adapted processes.

e 4 is adapted to the filtration F generated by S. We remark that if o

has a right-continuous version, then it is F°-adapted (see [22]) since

n

t
/ Ugsde - lim Z |Stz'+1 - Sti|27
0

sup; |ti+1—t;|—0

(2

where 0 =ty <ty < ---t, =t is a partition of [0,¢]. Hence we obtain
that F° = F, for any t € [0,T] and from now on we assume F; as the
reference filtration on (Q,F,P).

e 4, 0 and r are such that there exists a unique equivalent martingale

measure for the discounted price process X whose density P =

€ (— / 9dW> is square-integrable. Hence the non-defaultable mar-
T

ket is complete.
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Definition 3.2.1. The buyer of a defaultable put has to pay a premium to
the seller who undertakes the default risk linked to the underlying asset. If a
credit event occurs before the maturity date T' of the option, the seller has to
pay to the put’s owner an amount (default payment), which can be fized or

variable.
If we restrict our attention to the simple case of
Z =0,
the defaultable put is given by a triplet (X, X, 7), where

1. the promised claim is given by the payoff of a standard put option with

strike price and exercise date T":

X=(K-Sr)%; (3.2)

2. the recovery payoff at time 7' is given by
X =6(K - Sp)*, (3.3)
where § = §(w) is supposed to be a random recovery rate.

In particular we assume that d(w) = 0(®,w) = §(w) is represented by a

Hr-measurable random variable in L2(Q, Hr, v), i.e.
d(w) =h(r(w)AT) (3.4)

for some square-integrable Borel function h : (R, B(R)) — (R, B(R)), 0 <
h < 1. Here we differ from the approach of [13], since we assume that X is
Gr-measurable and not necessarily Fp-measurable. This is due to the fact
that in our model we allow the recovery rate 6 to depend on the default time

7. This represents a generalization of the models presented in [8] and [13].

Example 3.2.2. We remark that here we restrict our attention to the case
when the recovery rate depends only on the random time of default. For

example 6(w) can be of the form:

6(w) = 0iliremyy + G2lfr>romyy,
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when 61,09 € Rar and 0 < Ty <T. In this example we are considering a case
when we obtain a portion of the underlying option according to the fact that
the default occurs before or after a certain date. The recovery claim s always

handled out at time T of maturity.

In this case the discounted value of the defaultable put can be represented

as follows:
H= BﬁTﬂ{»T} + B%%@}
_ @ (Tirory + 0()Tgrery)
_ % (14 (5(w) — Dlpreny) (3.5)

where ¢ is given in (3.4). Our aim is now to apply the local risk-minimization
in this framework and compare the results with the ones obtained through

the intensity-based approach and mean-variance hedging.

3.3 Reduced-form model

In this section we present the main results that can be obtained through the
intensity-based approach to the valuation of defaultable claims and then we
apply them to the case of a defaultable put. We follow here the approach
of [8], [11] and [13].
We remark that under the assumption of Section 3.2 the non-defaultable
market is complete since there exists a unigue equivalent martingale measure
P* for the discounted price process X; = Ett See |28 for further details. We
put

Q"=P®v
in the sequel. Note that by hypothesis (H), Q* is still a martingale measure
for X; with respect to the filtration G;.
By using no-arbitrage arguments, in Section 8.1.1 of [13| they show that a
valuation formula for a defaultable claim can be obtained by the usual risk-

neutral valuation formula as follows.
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Let H be the defaultable claim given in (2.10). We restrict our attention to

the case of X = 0 since the more general case can be handled with similar

techniques. The following result provides an alternative representation for

the price process of a defaultable claim whose discounted value is given by
X Z,

H = B—T]I{T>T} + BT]I{t<T§T}. (36)

Lemma 3.3.1. The price process V of a defaultable claim H given in (3.6)

admits the following representation.:

" Zu s X
Vi = BE” —\du + =T, . 3.7
t t {/t B, U+ By {r>T} St] ( )
Proof. See Proposition 8.3.1 of [13] for the proof. O

The next result plays a key role in the martingale approach to valuation

of defaultable claims.

Theorem 3.3.2. Let Z and X be an F-predictable process and an Fp-

measurable random variable respectively. Consider the process

T _
~ Ly X
+ B B

u T

t
B, = exp (/ (r(u) + )\u)du)
0
(R: = r(t) + A\ denotes the default-risk-adjusted interest rate). Then

3
0)).

Proof. See Proposition 8.3.2 of |13] for the proof. O

St} (3.8)

where

* ZT + AUT X
LyeryUr = BiE gﬂ{t<T§T} + o Lirsmy
B, Br

AU,
= Bt (E* [H| gt] + E* |:B—H{t<7—§T}

T

The following Corollary appears to be useful in the study of the case of

Brownian filtration.
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Corollary 3.3.3. Let the processes V' and U be defined by (3.7) and (3.8),
respectively. Then
).

Vi = Lpyen Uy for every t € [0, 7]

AU,
Vi = Ijer) (Ut ~ B,E" { =

Litcr<m

T

If AU, =0, then

and T, <
V, = Iy BE* A du + —
t {t<r} Pt {/t B B

u T

0]
Remark 3.3.4. The continuity condition AU, = 0 seems to be rather dif-
ficult to verify in a general set-up. It can be established, however, if cer-
tain additional restrictions are imposed on underlying filtrations (Fp)o<i<r

and (Gt)o<t<r. For instance, when the filtration (F;)o<i<r 1S generated by a

Brownian motion under Q*, the continuity of U is trivial.

Example 3.3.5. We compute now the price process of a defaultable put whose
recovery process Z is given by a constant d. We assume in addition that the
intensity A\, drift p and volatility o are constant. Hence the discounted value

H can be represented as follows:
H = eirT(K — ST)+]I{T>T} + deirTH{t<7—§T}. (39)

By applying Theorem 3.3.2 and Corollary 3.5.3, the price process V' at time
t of a defaultable put defined in (3.9) is given by:

Vi = Ljpery Uy

T
_ ]I{t<T}€(r+)\)tE* |:(K . ST)-i-e—(r-i-)\)T + / de—(r+)\)5)\ds

t

3

pY/
_ ]I{t<T}e(7'+)\)tE* |:(K - ST)-i-e—(T-i-)\)T . _e—(’r‘-i-)\)t (6—(T+)\)(T—t) . 1) ‘ 9t:|
r+ A
—(r+X)(T—t) + Ad —(r+X)(T—t)

=Tpery (e E* [(K = Sr)*|G] + (1—e )

r+ A
—Lery (e 0N@0p 4 2 (g i)

T T+ A )
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where P represents the well-known price of a standard put option:

(K —Sr)*

P, = B,E”
t t l B

St} = Ke_T(T_t)N(xl) — S N(xq),

with

e VT —t
RORCHIE

oI —t
Let us turn on the defaultable put H defined in (3.5). Under the probability

measure Q*, the discounted price process of the defaultable put at time ¢ is

given by:

v X X
é =F B_T]I{T>T} + B—T]I{TgT} 9t]
K — +
= B,E* {<B—ST) (1+ (6(w) = DIfr<ry) 9{|
T
K — +
- B,E* [ﬁ 9t] E"[(1+ (0(w) — 1)Hr)| 4],

[

b

=

By
@

where the last equality follows from the fact that Sr and Hr are independent.
We compute separately the terms a) and b).

a) This term represents the well-known price P; of a standard put option:

(K —Sr)*

P, = B,E*
t t [ B,

R
9t:| = E* |:€_ tT'r(s)dS(K — ST)+‘ 9{| (310)
R
_ g [e— S (g ST)+‘ fﬂ]
R
= Ke ¢+ "OSE I, ] — S,EC 14|17,
where by [24] we have
0r
dQ* Xo'
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b) It remains to compute the second term:

B [+ (0w) — 1)Hy| S = 1+ B [5(w)Hy| $] —F* [Hy|S).
0
Then, we have to examine the conditional expectation E* [Hr|G;]. First we

note that

E* [Hr| S = E* [Hr| 3] .

Lemma 3.3.6. The process M given by the formula
_1-H,
1-F

where Fy is given by (3.1), follows a martingale with respect to the filtration

vVt e R, (3.11)

t

(Hi)o<t<r. Moreover, for any t < s, the following equality holds:
1— Fj
1-F
Proof. We refer to Corollary 4.1.2 of [13]. O

E*[1—H|H,] = (1—-H) (3.12)

Note that the cumulative distribution function of 7 is the same both under
Q* and Q since Q*(7 <t) =v(r <t) = Q(7 <t). We apply (3.12) to get

E* [Hp|H,] =1-— (11:12>(1—FT)
=1—(1—Fp)M,. (3.13)

To complete the computations, we evaluate the conditional expectation c).

c) In view of the Corollary 4.1.3 and the Corollary 5.1.1 of [13], using (3.4)

we have:

E [§(w)Hr| Gi) = E [h(T AT)Hr| G4
Rt
=h(r AT)H; + (1 — Hy)e o “E* [Ii;onh(7 A T)Hr)
Rt
=h(r AT)H; + (1 — Hy)e o " E* [Lipararyh(t AT)]

T R
=h(t AT)H; + (1 — Ht)/ h(s)hse™ ¢ Meduds,
t

Finally, gathering the results, we obtain the following Proposition.
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Proposition 3.3.7. In the market model outlined in Sections 2.2 and 3.2, we

obtain that the discounted value at time t of the replicating portfolio according

St]

= P,|Hh(r AT) + (1 — Hy) (/tT h(S)Ase’RtS A“d”ds) +(1- FT)Mt} ;

(3.14)

to the intensity-based approach is:

Vi
L g
B,

X X
B—TH{T>T} + B_TH{TST}

where P, 1s the hedging portfolio value for a standard put option given in

(3.10).

Example 3.3.8. In this simple ezample we compute explicitly the replicating
portfolio of a defaultable put whose recovery claim X is given by 6(t)(K —
St)*t, for t € [0,T], where 0 is a deterministic function. In addition, we
suppose that the intensity \ is constant. This implies that F;, = F, for every
t € 10,T), i.e. the conditional distribution function of T is constant. Hence,
by Proposition 3.3.7, we obtain that the discounted value at time t of the

replicating portfolio is given by:
— =B (0) + Lpsy (1 —0@)e ), 0<t<T.

If the intensity X\ is supposed to be a deterministic function, we have:

Vi 1—F(T) _Rry

L =P (6t) + 1L, T St X)) o<t < T

5 = (00 + oo (T — o0 0=
Remark 3.3.9. Since in our market there are non-defaultable primary as-
sets, finding a self-financing portfolio that replicates our put option perfectly
is not possible (see [8] for further details). Hence, we have restricted our

attention to the pricing problem, according to [13].

3.4 Local risk-minimization

In Section 3.3 we have computed in Proposition 3.3.7 the discounted portfolio
value that replicates our defaultable option. The main idea of the intensity-

based approach is to assume that the market is complete. However, due to
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the possibility of default, one cannot perfectly hedge a defaultable claim in
this framework, since only non-defaultable assets are present in our market
model and M does not represent the value of any tradable asset. Now we are
going to apply the local risk-minimization to particular case of a defaultable
put defined in (3.5). We wish to find a portfolio “with minimal cost” that
perfectly replicates H according to the local risk-minimizing criterion. We
remark that we focus on the case of trading strategies adapted to the full
filtration G (see [8]).

Lemma 3.4.1. The minimal martingale measure for X; with respect to G,

exists and coincides with Q.

Proof. Since W and M defined in (2.4) have the predictable representation
property for the space of square-integrable local martingale on the product
probability space (€2,9,G;,Q) = (Q xOQFQH,F @ H,P® v), the result
follows by Definition 1.3.15. See also [5] and [27]. In fact by Definition 1.3.15,
the minimal martingale measure is the unique equivalent martingale measure
for X with square-integrable density such that any square-integrable Q-local
martingale strongly orthogonal to [ o XdW remains a Q-local martingale.
Consider a square-integrable local martingale L under Q strongly orthogo-
nal to [cXdW. We note that the Brownian motion W and M defined in
(2.4) have the predictable representation property for the space of square-
integrable local martingale on the product probability space (2,9, G, Q) =
QxQF@H,F ® H,,P®v). Hence

t t
Lt—L0+/ gp?/dWs+/ oMdM,, Vte€0,T).
0 0

Since L is strongly orthogonal with respect to the martingale part of X, we
have oV =0, Vt € [0,T]. Hence

t 9 ~
Lt:LO+/ eMdM,.
0

d*
Ith:E[dQ

St} is the density process associated to this change of mea-
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sure, then we obtain

Zy=¢& (—/0dW>t

where 6 is the market price of risk, because this change of law does not affect
v. Then LZ is alocal martingale since (W, M) are strongly orthogonal. Since

the density of P* is supposed to be square-integrable, then
@ =Q"=P"®v
is the minimal measure for X. O]

Proposition 3.4.2. Let M be the compensated process defined in (2.4) and
X the discounted price process. The pair (X, M) has the predictable repre-
sentation property on (0,9, G, Q*), i.e. for every H € L*(Q2, 57, Q%), there
exists a pair of G-predictable processes ((jT?, ﬁ/) such that

T T
H:c+/ éstS+/ U, dM, (3.15)
0 0

and

T T
/ é§d<X>5+/ W2A[M], < 0o a.s.

0 0

Proof. Since there exists a unique equivalent martingale measure P* for the
continuous asset process X; on (€, F, F,), then by Theorem 40 of Chapter IV
of [29] we have that X; has the predictable representation property for the
local martingales on (Q, F, F;, P*).

By Proposition 4.1 of [4] the compensated default process M has the pre-
dictable representation property for the local martingales on (Q, H, Hy,v).
Hence, since X and M are strongly orthogonal, by Proposition A.2 of [3]
and by using a limiting argument we obtain that (X, M ) has the predictable

representation property on the product probability space

(Qﬂgagta(@*) = (Q XQ,3~®}C,§t®}Ct,P*®V).
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We remark that the market is incomplete even if we trade with G;-adapted
strategies since M does not represent the value of any tradable asset.

We can apply Proposition 3.4.2 to obtain a plrm-strategy for H € L*(2, 7, Q).

Proposition 3.4.3. Let H € L*(2, 97, Q) be the value of a defaultable claim.
Then a plrm-strateqy for H exists and it is given by

with minimal cost .
Ot =c+ / \I}SdMS,
0

where ®,, U, are the same as in Proposition 3.4.2.

~

d
Proof. Let H € L?(Q,G7,Q). We note that since % € L*(Q), we have that
L*(Q,57,Q) c LY(Q, Gy, @) Then H € Ll(@) and we can apply Proposition

3.4.2 to obtain decomposition (3.15) for H given by
T T
H=c +/ b,dX, +/ U, AN, (3.16)
0 0

The martingale M is strongly orthogonal to the martingale part of X, hence
(3.16) gives the Galtchouk-Kunita-Watanabe decomposition of H under Q.

d dQ*
Since by hypothesis % = d% € L*(Q) and X is continuous, then by
Theorem 3.5 of [22] the associated density process
= [dQ 5 [dQ
Z=E |S2|6| =B |S2| T,
t [d@ 9t] d@ t

is a square-integrable martingale. Moreover since hypothesis (2.8) is in force,
we can apply Theorem 1.3.16 and conclude that (3.15) is the FS decomposi-
tion of H. ]

Remark 3.4.4. It is possible to choose different hypotheses that guarantee
that decomposition (3.15) gives the FS decomposition. We recall that assump-

tion (2.8) is the simplest condition that can be assumed.
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Under the equivalent martingale probability measure @, the discounted price

process V; of the defaultable put at time ¢, is given by:

V, = E [H| G
[ x b
=F B—T]I{T>T}+B—TI[{TST} 9t]
~ [ X R
=7 |5 |8] Busww -nms)
| 2T
~ [(K = Sp)* ~
=k % gt] E(1+(0(w) — 1)Hr)| Gl - (3.17)
Y g b)
a)

We need only to find the Féllmer-Schweizer decomposition of ‘A/t as illustrated
in (1.6).

a) By Section 5 of [6] and using the “change of numéraire” technique of

[24], we have
5

s [ = Sp)*t
91‘,] =FE B,

—~ ST
—F | =1
9t:| [BT A

J

E [14]G)] — E [Xrl4| 6]

E [Ia]S) — X, E [14] G4,

where R
dQ¥  Xr
d@ Xo
is well-defined since Xr € L?(Q) by hypothesis and hence X7 € LY(Q).

~ X
In addition by (3.15) we obtain that E [B_' St} admits the decompo-

T
~[X
E |5
Br

sition

St] = c+/t§SdXS. (3.18)
0
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b)

Since

E¥ [14)5,] = EY" [14|5]

because 4 is independent of 7, by [24] we have that

& = E¥ [1,|9). (3.19)

It remains to calculate the term E 14 (§(w) — 1)Hp| Gy]. First we note
that

E 1+ (§(w) = V) Hr| S\ = 1 + E [6(w)Hr| Si] — E [Hr| ]

_|_
14+ E [§(w)Hp| G — (1 = (1 = Fr)My)
E [§(w)Hr| G + (1 — Fr)M,,

by (3.13). Since d(w)Hr = f(7) for some integrable Borel function
f:R* —[0,1], by Proposition 4.3.1 of [13], we have

El+ (5(w) —1)Hy| G = e + /t f(s)dM, + (1 — Fp)M;,

where ¢, = E@[f(T)] and the function f : RT — R is given by the
formula
F(t) = 1(t) = " E¥ L S (7). (3.20)
Note that
f(x) = h(z ANT) ey,
where h is introduced in (3.4). We only need to find the relationship
between M; and Mt.

Lemma 3.4.5. Let M and M be defined by (2.4) and (3.11) respec-
tively. The following equality holds:

1

dM, = —
t 1—F,

dM,, 0<t<T. (3.21)

Proof. To obtain (3.21), it suffices to apply Ito’s formula. For further
details see Section 6.3 of [13]. O
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Finally, gathering the results we obtain

[H]G]

—F]
(c+/§st (E@ /f )AL, +(1—FT)M)

— o B2+ [ (- 1 )ai,

(. J/
-~

Since
1—-Fr

1—-F

d[@, 0], = & (f(t) -

applying [t0’s formula we get

) d[X, M), = 0,

AV, = &,dV, + U,_dd, + d[®, U],

_ (c+/ §st) ( -5 _?f) 1, (3.22)

+ (B [ (- 15 ) Jeax.

Hence we can conclude that:

Proposition 3.4.6. In the market model outlined in Sections 2.2 and 3.2,
under hypothesis (2.8) the local risk-minimizing portfolio for H defined in
(3.5) is given by

t
Vi=oc +/ dldX, + Ly, (3.23)
0

where the plrm strateqy s

o = (B + [ (i - T2 )uin)e G2

and the minimal cost is

. t s R 1— FT .
L, :/o (c+/0 §uqu) (f(s) — 3 _Fs> dM, (3.25)

where & is given by (3.19), f(s) by (3.20) and F, by (3.1).




3.5 Mean-variance hedging

51

Proof. Proposition 3.4.3 guarantees that (3.22) provides the FS decompo-
sition for H, i.e. that ®} and L, satisfy the required integrability condi-

tions. ]

3.5 Mean-variance hedging

Finally to conclude this chapter, we consider the mean-variance hedging
approach. This method has been already applied to defaultable markets
in [7], [8], [9] and [10]. Here we extend their results to the case of general
coefficients in the dynamics of X and random recovery rate and compute
explicitly the mean-variance strategy in the particular case of a defaultable
put option. Again we focus on the case of G-adapted hedging strategies.
We can interpret the presence on the market of a default possibility as a
particular case of “incomplete information”. Hence the results of [5] and [4],
where the variance-optimal measure is characterized as the solution of an
equation between Doléans exponentials, can also be applied in this context
to compute Q. In particular by Theorem 2.16 and Section 3 (a) of [5], it
follows that the variance-optimal measure coincides with the minimal one.
In this case

0-=0-0" (3.26)
First of all we check that the space © is closed.
By Proposition 4.2 of [5], we have that © is closed if and only if for every
stopping time 7, with 0 < n < T, the following condition holds for some

B T
E [exp (/ 9§ds)
n
dQ . : =
where a0 =& — [ 20dW ) . Note that since we are assuming that Q
T

exists and it is square-integrable, then Q also exists and exp ( fOT Qfdt> is
Q-integrable ( [5], Section 3(«)). Here we obtain that condition (3.27) is a

constant M

977} <M, (3.27)

verified for every G-stopping time 7 such that 0 < n < T as a consequence
of our assumption (2.8). Then we need to check that condition (3.27) holds
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for every G-stopping time 7 such that 0 <n < T. Let A € G,, then we have

that
T
/E [exp (/ ngs) 977} /e v %2450
A n

nd@

I
\

< K-

where the last inequality is a consequence of (2.8).
Hence F [exp (fnT HEdS)

© is closed. Then we can use Theorem 1.4.2 to obtain the mean-variance

9y | is uniformly bounded and we conclude that

optimal O-strategy for H. The process V; at time ¢, is given by:

V= E[H|G]
| X X
=B | g limny + golieen 9t]
_ (K — S)*
T

By Section 3 (o) in [5], we also obtain that

—8( /W> GETys

and h; solves the equation
_ exp( [ 62dt)
& ( / de) = — o
r FE [exp (fo Qfdt)]

_ dQ
with W, := W, —|—2f0 0,ds and % =¢ ( /29dW> . Hence we have that
T

p — hy
01 Xy

where (3, =

dQ
dQ

. £ (] ),

- E[e(-[paX),]

and dZ, = 3,Z,dX,. Consequently we can compute decomposition (1.10)

F

(3.28)

and obtain
G = Zifs. (3.29)
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Since Q = Q = Q*, we can use (3.23), (3.24) and (3.25), to obtain the

mean-variance optimal O-strategy (Vj,0) for H.

Proposition 3.5.1. In the market model outlined in Sections 2.2 and 3.2,
under hypothesis (2.8) the mean-variance hedging strategy for H defined in
(3.5) is given by:

e Approximation Price

X X

— sty + —H{T<T}] :

o = E[H] = E
Vo= BUHI=F 5, Br

We note that the optimal price for the mean-variance hedging criterion
coincides with the optimal price for the locally risk-minimizing crite-

r10M.

e Mean-Variance Optimal Strategy

- Y U
0, =® — Q/ —dL,, (3.30)
0o Z

u

where ®*, Z and ¢ are given by (3.24), (3.28) and (3.29) respectively

and

dL, = dL, = <c—|— /t gsts> <f(t) - 11_ Zf) dM,. (3.31)
0 — 1t
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Chapter 4

Local Risk-Minimization for
Defaultable Claims with Recovery
Scheme at Maturity

4.1 Introduction

In the previous chapter, according to [1| we have investigated the local risk-
minimization method but only in the case of a defaultable put and under the
assumption that the default time and the underlying Brownian motion were
independent. Here according to [2]|, we extend these results and consider a
more general case: we apply the local risk-minimization approach to a generic
defaultable claim with recovery scheme at maturity in a more general setting,
where the dynamics of the discounted risky asset X may be influenced by
the occurring of a default event and also the default time 7 itself may depend
on the assets prices behavior. The main goal of this chapter is to provide the
Foéllmer-Schweizer decomposition of a generic defaultable claim with random
recovery rate in this general setting.

In particular we focus on two cases where we compute explicitly the pseudo-
locally risk-minimizing strategy and the optimal cost. First we consider the

situation where the default time 7 depends on the behavior of the risky

95
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asset price, but not vice versa. In the second case we assume that drift p
and volatility o of the underlying discounted asset are affected by 7 and we
show how our result fits in the approach of [22] of local risk-minimization for

financial markets affected by incomplete information.

4.2 Local risk-minimization for defaultable claims

All the hypotheses outlined in Section 2.2 are supposed to hold in this frame-
work. In particular we should emphasize that here the default time occurring
and the risky asset behavior can influence each other. Mathematically this
means that (2,9, Q) is not necessarily a product probability space and the

reference filtration is then
Gi =F: vV IH,, for any t € [0,77.

Under the hypotheses of Section 2.2, we study now the local risk-minimization
approach for a defaultable claim H with random recovery scheme at maturity.

In this case the discounted value of H can be represented as follows:

X X
H = B—TH{T>T} + B_T]I{TST}
X
= 5 (Ismy + 0(W)r<ry)
T
X
= B_ (1 + ((5(0.)) — 1)H{T§T}) , (4.1)
T

where § is given in (3.4) and the promised contingent claim X is given by a
Gr-measurable random variable. The next result guarantees the existence of

a pseudo-locally risk-minimizing strategy for H.

Proposition 4.2.1. Assume that the hazard process I' is continuous. Then

for any Gi;-martingale Ny under Q we have

t
Nt:N0+/ Naw, + ¢NdM, = No+ MY + LY,
0 10,¢]
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where £V and (N are G-predictable processes such that for every t € [0,T]

/t(iiv)Qdu + /t(CiV)Q/\udu < to0.
0 0

The continuous S¢-martingale MY and the purely discontinuous G;-martingale

LY are mutually orthogonal.
Proof. See Corollary 5.2.4 of [13] for the proof. O

Under assumption (2.8) we know that the minimal martingale measure Q

exists and it is unique. In particular we have

Proposition 4.2.2. Assume hypothesis (2.8) is in force. Consider the pro-
bability measure Q with Radon-Nykodym density

g =e (- fraw)

- [oaw) |

dQ T
where 0 is defined in (2.6). Then Q = @

Proof. Tt follows by hypothesis (2.8), Definition 1.3.15 and Proposition 4.2.1.
O]

By Proposition 4.2.2 we have that Wt = W, + f(f f,ds is a G;-Brownian
motion under @ and the results of Proposition 4.2.1 can be reformulated in
terms of (W, M) In fact M, = H, — fot Aeds is also a @—martingale since
the orthogonal martingale structure is not affected by the change of measure
from Q to @ Hence we obtain that, since the hazard process I'; is continuous

by hypothesis (2.2), every G;-martingale N, under @ is of the form
A ~ t . A~ O A
N; = Ny + / aw, + | ¢YdM,. (4.2)
0 10,4]

We now find the plrm-strategy for H by computing the decomposition (4.2)
for E [H|S,] under Q. Theorem 1.3.16 and our hypothesis (2.8) guarantee
that this is indeed the FS-decomposition for H.
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Under the equivalent martingale probability measure @, the discounted op-

timal portfolio value V; of the defaultable claim H at time ¢, is given by:

i = E[H| G/
= E {B% (14 (h(r AT) = 1)Hy) 94
=FE {B% gt} +E {Bﬁ;(h(f AT) —1)Hy 9,5} . (4.3)
5 5 i

a) Since X € L'(S7,Q), by (4.2) we have

X
E[_

~ X vt t R
o]~ B[X]+ [eas [nait,
By t By ; & ; Ui ( )

where & and 7, are G,-predictable process for every ¢t € [0,7] and W, =

W, + fot f,ds is a Brownian motion under @

~[X
b) It remains to compute the term E [B—(h(T ANT)—1)Hr
T

St} . First by

Corollary 5.1.2 of [13] we can obtain the following decomposition
~[X

- 9,5} ~ H,E {Bﬁ(h(T AT) —1)Hr

T
gjt:| =

Rt
g’t \/ f}fT:| —I— (]_ — Ht)e O)\sds.

I \/ﬂ-CT} +

. R X
+(1— H)E {(1 — Hye 0 ——(h(r AT) = 1)Hr
T

= H,(h(r ANT) = 1)E {Bﬁ

T

. E* {]I{KTST}(h(T AT) — 1)3% 5—3} (4.5)

(. /
~~

)

We focus now on the conditional expectation ¢). We introduce here the
o-algebra
F_=c(An{r>t}, AecF, 0<t<T)

of the events strictly prior to 7. We set

N:=FE [(h(r ANT) — 1)B£

s:] (4.6)
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and note that

N=E (h(TAT)—UBﬁ

3:_} = (W AT) - 1)E [B%

;]

since ¥, = §,_ and the G-stopping time 7 is §,_-measurable by Theorem
5.6 on page 118 of [18].

Lemma 4.2.3. Let N be defined in (4.6). Then

~ X
E |:]I{t<T<T}(h(T A T) — 1)B—T

gl‘t:| - E |:]1{t<T§T}N| ?t:| 3 Vt S [07T]

Proof. Consider an arbitrary event A € F;. By using the definition of the

conditional expectation, we have

X X
[Hucren ATy =000 = [ Tpen(hr AT) - )50
A Br An{r>t) Br
_ X
= / B {H{T<T}(h(7— AT)—1)= rfT—] dQ
An{r>t} a Br
= / Lir <y NdQ
An{r>t}
= / ]I{t<T§T}Nd@7
A

since the event {7 < T} isin F,_ and F,_ = §,_ (see Lemma 5.1.3 of [13]).
O

By Theorem 67 page 125 in [18] and since &, = F, by Chapter XX of [17],
page 148, we know that there exists an F;-predictable! process Z; such that

Z, = N. (4.7)

!By Theorem 67 on page 125 in [18], there exists a G;-predictable process Z¢ such
that Z& = N. Since F,_ = F, by Chapter XX of [17], page 148, we have that N is also
Fr-measurable. But for every A € F; the process Ay = [al{;<; is cadlag, F-adapted
and A, = I4. Hence F,; C o(Y;,Y cadlag F; — adapted processes) and there exists a
F,-predictable process Z; such that Z, = N.
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Hence we obtain

N X
E ]I{t<7—§T}(h(T A T) — 1)B—T

s—z] — B [TyerenyN| 5]

[Lit<r<ry Z:| 5]

E

~ T _ R

E [/ Zee~ otuduy dg
t

where the last equality holds in view of Proposition 5.1.1 (ii) of [13]| and the

fﬂ} . (4.8)

F-predictability of Z (see page 148 of [13]). Hence we can rewrite (4.5) as

follows:

E Bﬁ(h(f AT) —1)Hy St} = Hy(h(r AT) = DE {B%

F Vv %T} +

T
R, - T _ R,
+ (1 — Hy)e o M¥E U Zge~ o Mdu) ds fft] . (4.9)
t
We put
R, ~ T _ R,
D, :=eoM¥E {/ Ze~ orudty g fﬂ] (4.10)
t
and we introduce the F;-martingale m; by setting
~ T R,
my=F {/ Zoe~ orudu) dg fft] } (4.11)
0

Following the proof of Proposition 5.2.1 of [13], we write D, in terms of the
Fi-martingale m;

Rt Rt t — RS
D, =eo0’®m, —eo Asds/ Ze~ otuduy dg.
0

By applying the It6 integration by parts formula, we obtain
R, t R, o
D, = my +/ e o Mudidp +/ mge 0 MU ds — / Z M\ ds
10,t] 0 0
t R, s R,
—/ e OA“d”/ Zye~ o Medu) quA.ds
0 0

which implies that

R, t _
Dt = mgy + / eo )‘“d“dms -+ / (DS — ZS>>\SdS,
10,t] 0
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Furthermore, since Dy is a continuous process, we have

(1 — Ht)Dt =My + / dDS — H{Tgt}DT'

10,tAT]

Hence

(1 —Hy) Dy, :mo—l—/

10,tAT]

RS tAT tAT B
=mg + / e o Muduqy (]I{Tq}DT — / Ds)\sds) — / ZsAsds
10,tAT] B 0 0

Rs t R tAT B
=mg + / e o rudtdm — / D dM, — / ZAgds.
10,tAT] 0 0

Consequently we can rewrite (4.9) as follows:

R, tAT _
e o M, 4 / (Ds = Zo)Asds = Lz D-
0

E {ﬁ(h(f AT) —1)Hyp 9t] = H,(h(r AT) - 1)E [ﬁ F, Vv %Tl +
Br Br
R, t . tAT
mo + / e o Mdudm, — / DydM, — / Z\yds. (4.12)
10,tAT] 0 0

A useful result is given by the following Lemma stated in [2].

Lemma 4.2.4. Let Z; be the F;-predictable process given by (4.7). Then the
following equality holds:

~[X
H,Z, = Hy(h(r NT) = 1)E {—
Br

F, Vv S{T} , Vtel0,T]. (4.13)
Proof. 1t is clear that

~ X

T

..

3:_} — Hy(h(rAT)—1)E [B%

Hence we need only to show that

~ X
T

F, v J{T} . (4.14)

By using the definition of conditional expectation and the fact that condi-

tioning with respect to G; can be replaced by conditioning with respect to
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F: V Hy on the event {7 <t} (see Lemma 5.1.5 of [13]), given an arbitrary
event A in Fy, with 0 < s <, for any ¢ € [0,7T], we have

/ Hy(h(T ANT) — 1)£d@ (h(r AT) — 1)£d@
An{r>s} Br An{s<r<t} B Br
- [ Bluean-ng s
An{s<r<t} Br

~[X
_ / Hy(h(r At) — 1)E {—
An{r>s} Br

X
:/ Hy(h(r AT) — 1)E [—
An{r>s} Br

5] a0

T,V J{T] dQ,

Hi(h(t ANT)—1) = Hi(h(T Nt)—1), Vte|0,T].

Then the statement is proved since (4.14) is verified on the generators. [
Finally gathering the results, we obtain by using (4.13)
5| -
HtZT+m0+/ ¢ 0 My, /DdM / Z\ds =

10,tAT]

t —
my +/ Z,dM, +/ ¢ 0 My, / DydM, =
0 10,¢AT] 0
R, to N
mo + / e o Mudtdm, + / (Zs — Dg)dM, =
10,tAT] 0

t Rs . t _ .
mo +/ (1 — H,)e o Mdegmdiy, +/ (Z, — Dy)dM,, (4.15)
0 0

A~

B [g (h(r AT) — 1)Hy

where we have used the fact that the continuous F;-martingale m; admits the

following integral representation with respect to the Brownian motion W,

t
m; = my +/ AWy, (4.16)
0

for some F;-predictable process £™, such that V¢, fot({’;")2ds < +00.
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Proposition 4.2.5. In the market model outlined in Section 2.2 and under
the assumption of Section 4.2, the FS decomposition for H defined in (2.10)
s given by

A A~ X t — Rs A
Vi=E [—} +mg + / (fs +rz&le o A“d“) AW+
BT 0

~

t
+/ (Zs — Dy + 15)d M, (4.17)
0

Bl XL +/t ! (5 + Dol R5”“>d)(+
= - m s >s5}Gs € “ s
B, ot | oix, {r>s}

t
+ / (Zs - Ds + ﬁs)dMsa (418)
0

where the processes m, Z, D, &, 1, €™ and M are defined in (4.11), (4.6),
(4.10), (4.4), (4.16) and (2.4). In particular we have that the plrm-strategy

s given by

H 1 - m Rt/\sds

& = X, (ft + Lirsppéie 0 ) (4.19)
and the minimal cost is

~[ X L .

CHE=FE|=-|+mo+ / (Zs — Dy + n5)d M. (4.20)
Br 0

Proof. Tt follows by hypothesis (2.8) and Theorem 1.3.16. O

Proposition 4.2.5 extends the main result of [1], where decomposition (5.23)
was already proved in the case when the trajectories of X; are Fi-adapted

and F; and H; are independent for every t € [0, T].

In general if — is Fpr-measurable, we have 7; = 0 in decomposition (4.4)
T

Zy = (h(t AT) —1) (E {B%] + /0 t édes)

and
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in equation (4.8). In fact by (4.4) and Theorem 67 page 125 in [18], we get

~[ X ~ [ X
b {B— 5‘”-] =B, 97-]
~[-TX
- E\ E\ |:£:| + 7—gstVs 97——:|
_ T 0
- F {ﬁ} + [ &adw, (4.21)
By o

Note that here we are using implicitly hypothesis (H) under Q.

Remark 4.2.6. The introduction of the process Z in (4.7) may appear arti-

ficial. However it is necessary to find decomposition (4.8). We have already

seen that Z, can be explicitly calculated if BﬁT 15 Fp-measurable. This is al-
ready a quite general case since we do not require the trajectories of X, to be
Fi-adapted or the independence of T from F;.

Another example is the following. We suppose that under @, the discounted

asset price Xy is of the form

(T)Wtf%o(7)2t7

X; = xoe? x> 0,

where o is a sufficiently integrable positive Borel function, and 5. = Xz,
_ T

X
In this case B is (strictly) Gr-measurable. We obtain
T

~[X
E _
{BT

EFT—:| _ E |:‘/L,(2)620'(T)WT—%O'(T)2T

5|

— xgefa(T)QT‘/E\ |:e20'(T)WT‘ 97_7]

_ {L‘%GU(T)zTE |:620'(’7')WT—20'(7‘)2T

5|

2 _ 2
— $(2)€U(T) Te2cr(’r)W7— 20(T)*T

and
Zt — x%(h(t A T) _ 1)ea(t)2T62a(t)Wt—20(t)2t'
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We remark that Z, is not uniquely defined. However in the case that several
possible F;-predictable process Z; exist satisfying equation (4.7), they all pro-
vide the same conditional expectation (4.8). We refer also to [13], page 148,

for a further discussion of this issue.

We compute decomposition (4.18) in two particular cases.

4.3 Example 1: 7 dependent on X

We consider first the case where the default process may depend on the
evolution of the asset price, but the dynamics of the money market account
and of the stock are not influenced by the presence of the default in the
market. We represent this fact by assuming that the interest rate, the drift
and volatility in (2.5) are F;-adapted processes.

Since the promised contingent claim X is written on the underlying non-

defaultable assets S; and By, in this setting X is Fp-measurable and we have
~[X
9t‘| = E |: 9jl‘/:| )

Br
as a consequence of our hypothesis (H) under Q. Hence we get 7 = 0 in
(4.4).
We show now how to hedge a Corporate bond with a Treasury bond by using

~[ X
E _
[BT

the local risk-minimizing approach, i.e. we compute the plrm-strategy for a
defaultable claim H whose promised contingent claim X is equal to 1, i.e.
X = p(T,T) = 1, where the process p(t, T) represents the price of a Treasury
bond that expires at time 7. For the sake of simplicity we put

B, =1, Vt € [0,T].
Hence the discounted value of H can be represented as follows:
H=1+ (h(rAT)—1)Hr. (4.22)

In addition we assume the following hypotheses:
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e )\, is an affine process, in particular it satisfies the following equation
under @:

{ A\ = (b+ BA)dt + av/NdW, (429

A() = Oa
where b, € R* and (3 is arbitrary. It is the Cox-Ingersoll-Ross model

and we know it has a unique strong solution A > 0 for every Ay > 0.

You can see [20] for further details.

e The Borel function A : R — R is defined as follows:
h(z) = aolliz<ny + a1lzsyys (4.24)

where g, a; € R with 0 < ag < a7 and T is a fixed date before the

maturity 7.

Under the equivalent martingale probability measure @, the discounted op-
timal portfolio value V; of the defaultable claim H given in (5.33) at time ¢,

is given by:
V,=E [H|S]
=1+ E[(MrAT)—1)Hy|G/]
R, ¢ n
=1+mp+ / e o Mdtdm, + / (h(s) =1 — Dg)dMs, (4.25)
10,tAT] 0

where h is given in (4.24) and m, D and M are the processes introduced
in (4.11), (4.10) and (2.4) respectively (see also Corollary 5.2.2 of [13]). We

focus now on the fﬂ—martingaleRmt, that means we compute the conditional
expectation E [fOT(h(s) —1)e” OSA“d“)\sds‘ fﬂ].
33}

~ T R,
f}}} + (o —1)E [/ e~ o Medu) dg
0

~

T R,
my =L [/0 e~ o Audu ((ao — on)s<myy + (o — 1)]I{s§T}) Asds

R To R,
=(g—a)E [/ e” odu) ds
0

~ Rp
EFti| +(1 - Oél)E |:€7 o Asds

3

gjt] +og — 1.

/

R
= (- E [e* 0" Aeds

@ )
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b) Since A is an affine process whose dynamics is given in (5.35) , we have

RtAdA RT,\d
_'ﬁfti|:€_ossE|:e_t ssgjt]

— e g Asds | o AWT)=B(t,T)A;

A~

R
E |:€— OT Asds

Y

where the functions A(t,T), B(t,T) satisfy the following equations:
2
a.B(t,T) = %B%,T) —BB(t,T) -1, B(T,T)=0 (4.26)
A, T)=—-bB(t,T), A(T,T)=0, (4.27)

that admit explicit solutions (see for instance [21]). It is clear that the F;-

~ Rp
martingale F [e‘ o Asds

3‘}] admits the integral representation with respect

to the underlying Brownian motion Wt, then it must be of the form

t

~7r1 Rp “
E’t] = E |:_ 0 )\sds] +/ (‘pdeS7
0

for a suitable ¢. The It6 formula yields

~

R
B [e‘ T xsds

4 <e* Rot Asds efA(t,T)fB(t,T))\t) _

R R
— e 5 Asds d (e—A(t,T)—B(t,T))\t) e AWT) =BT o~ Ot)\SdS)\tdt. (4.28)

(. J/
-~

<)

We focus now on c).applying It6 formula we get

d (efA(t,T)fB(t,T))\t) _ AT (efB(t,T))\t) L e~ BEDMg (efA(t,T))

_ o AT)-BET)A [( _ gB(t’ T)A\ —bB(t,T) — BB(t, T)\+
t

+%a2BQ(t, T)A — gA(t, T))dt — aB(t,T) \/Ttth] . (4.29)
t

By plugging (4.29) into (4.28) and by (4.26) and (4.27), we obtain
Rt Rt ~
d <e’ Eds efA(t,T)fB(t,T))\t) — o ¢ Asds—ARET)=B(LDA (aB(t,T) \/)\_tth> _

Hence

~

R
B [e’ I xeds

t

3~t:| — e*A(O,T) . / ae- RQ? )\udqu(s,T)—B(s,T))\sB(S’ T) \/)\_des
0

(4.30)
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Similarly we can compute a) and we get

~

R
0
E |:€ 0 Asds

rth] — AT |

t R, R
— / allgeqyye” o wdum AT =BT (s Ty) /A dW,. (4.31)
0
Finally gathering the results, we obtain
me = g — 1+ (a1 — ag)e AOT0) 1 (1 — qy)e 40D 4

t R,
_ / e o Mudu <(a1 _ ao)H{sSTO}€_A(S’TO)_B(S’TO)>\SB(S, To)+
0

+ (1 — ay)e AD=BET éBsT)\/ LAV,

Consequently D, is given by

R R t R,
Dy =e oM, — e 5’\5d5/ (h(s) — 1)e™ o Mdu) ds
0

Rt RT
= ¢ 0 >\sd8mt + (aO _ al)(l _ e_ t OASdS)]I{tSTO} (432)

R0 5 ds Rt yeds
+ [(ag —ag)e” ¢ % — (g — 1)e 0 4+ g — 1]

Finally we can write explicitly decomposition (4.25) that provides the FS

decomposition for H:
Vi = ap + (a1 — ag)e 4O 4 (1 — a)e 401

_/ aO;( ((a1 — o)l gserype CTTEETON B(s T )+
tAT Y 8<rs

(1 . al) —A(s,T)=B(s,T) )\SB 3 T ) V Asd X —I—/ ) —1- DS)dMS, (433)
where A, B, h, D and M are given in (4.27), (4.26), (4.24), (4.32) and (2.4)

respectively.

4.4 Example 2: X dependent on 7

We study now the case when the default time may influence the dynamics

of the asset price but not vice versa. We suppose then that the default time
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7 = 7(n) and the underlying Brownian motion W = W (®) are independent
and defined on the product space Q = Q x E, endowed with the product
filtration G; = F; @ H;, Vt € [0,T] and the product probability Q = Q" ® v,
where Q% is the Wiener measure and v is the law of H, = It7<s. Note that
now with respect to the previous setting we have w = (@,7n). In particular

following [6], we assume that the dynamics of S; are of the form
dS; = Si [pe(n)dt + o¢(n)dWy] (4.34)

and that the hypotheses outlined in Section 2.2 still hold. Note that here we
are focusing on the case where drift and volatility depend only on 7, seen as
an exterior source of randomness.

Consider now the larger filtration ét = %, ® Hr, obtained by adding to G,
the full information about 7 since the initial instant ¢ = 0: it follows that
G, C Qt, 0 <t <T. We suppose that W; is a Brownian motion with respect
to G;.

Proposition 4.4.1. Under the hypotheses outlined above the process &F

given in (4.19) coincides with the predictable projection® of the gt—predictable
process EF such that fOT(éf)st < 00 a.s. and

X A[X

£ {_

Br

T
= = + A,
Br 90] /058 ’

Proof. Since Gr = Fr V Hp, we may prove the Proposition in the case when
X X
the Gr-measurable random variable B is of the form B = (1—Hp)F, for
T T
some JFp-measurable random variable . We compute first decomposition
X
(4.4) for —. We note that
Br
X R _ _
L (- Hp)F=(1—-Hyp)eo ™WF = L. F,
Br
Rt
where the process L; = (1 — Hy)e o 2% is a G-martingale (see Lemma 5.1.7

— R t
of [13] for further details) and F' = e~ o *«4“ [ is an Fp-measurable, integrable

2For an extensive discussion of this subject we refer to Appendix A
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random variable. First by the martingale representation property of the

Brownian filtration, we have
— AN — T A
F—E[F]+ / eudiv,
0
where &; is a F-predictable process. Then
X o T R o T .
= =Lr (E [F] + / 5uqu) =LrE[F] + / Lr&dWy,  (4.35)
T 0 0

ie. o is attainable with respect to the larger filtration G,. If we put
T

Gy = E [F‘ fﬂ}, we have

X _ ~
2~ LyF = LyE[F|F7] = LGy

T
By Proposition 5.1.3 of [13] we have L; = &(—M);, where Mt = H, —
fJAT Aodu. Hence [L,G]; = 0, for every ¢ € [0,T] and the It integration
by parts formula yields

X T T
— = LoGy +/ L;_dG; + / GydL; + [L,G]r
Br 0 0

T T
E[F] + / Ly &AW, + / E [F|F,]dL,
0 0

I
&

T T
[F] + / Ly &dW, — / E [F|F,] LdM,, (4.36)
0 0
since Gy = E [F'| F¢] is continuous. On the other hand by (4.2), we get
X o B T T
Br 0 0

and the uniqueness of the decomposition implies that

& = L& = (Lre),

i.e. £ coincides with the predictable projection of the process Lp&;.

9t:| )

~| X
Analogously we compute the decomposition of £ {B—(h(T ANT)—1)Hr
T
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that is given by

E B%(h(f AT) —1)Hy Qt}
= (h(r AT) = 1)Hr (E {B% 90} + /0 ' LTfuqu>
= (h(r AT) — 1)HyE BﬁT 90} + /OT L&a(h(T /\VT) — 1)Hy dW,

With a similar argument as before we can conclude that the integrand
Rt
U, = (1 — Hy)e oo

~[X
appearing in decomposition (4.15) of £ B—(h(T ANT)—1)Hrp St} is the pre-
T

dictable projection of 0. O

In particular we note that we obtain again the results of Theorem 4.6 and
Theorem 4.16 of [22]. Hence (4.36) is the FS decomposition in the case of
incomplete information. Namely if the trader would have access to the larger
filtration ét which contains at any time the information on past and future
behavior of the default time, the market would be complete because the

volatility and drift are deterministic with respect to G,.

Example 4.4.2. We apply these results to find the plrm-strategy for a de-
faultable claim H whose promised contingent claim X is given by the standard
payoff of a call option, i.e. X = (Sp — K)*, where K € Ry represents the

exercise price. Hence the discounted value of H can be represented as follows:

(57— K)*

H:
Br

(1+ (h(r AT) — 1)Hy) (4.38)

and with respect to 9t, the discounted replicating portfolio Vv for H is given
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V, = E[H|S/]
- F %(1 + (h(r AT) — 1)Hy)

= (14 (M(r AT) = 1)Hp)E {%

3
|

= (14 (h(r AT) —1)Hy) (XtEX[]IABt] ~ BETE[]IA\Qt])

= (14 (h(r AT) = 1)Hy)EX[I4]G] X,

(4 (h(rAT) — 1)HT)B£E[]IA|§t], (4.39)

T

where A denotes the event {Sr > K} and by [6] we have that the minimal

martingale measure under the numéraire X; satisfies

daQ¥| Xy
dQ Iz, Xo

since Xy 18 a square-integrable gt—martmgale under @ By standard delta-
hedging arguments the process €1 = (14 (h(t AT) — 1) Hy)EX[14|G,] repre-
sents the component invested in the discounted risky asset X; of the replicat-
ing portfolio with respect to the filtration G,.

By Proposition 4.4.1 we only need to compute the predictable projection 7
of the process éH

By Theorem VI.43 of [19], we need to check that for every predictable G-

stopping time T

&<y = B |(h(r AT) = D) HrEX[14]G: T <95 |
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ie.
Elipcocy = E _(h(T AT) — 1)HT%H{%<M} 9+]
=E :(h(T NT) - 1)HTX%E[XTHA|9+]H{+<OO} 9+1
_ 7B [(h(T AT) — 1)HT§—Z]IA 9%] T (5 <o0) 9+_}
=E :(h(T NT) - 1)HT))§_ZHA]I{f<oo} 9%—}

= E\X |:(h(7' AN T) - 1)HT]IA]I{€-<OO}

57-|

If we suppose that the process EX[(h(TAT)—1)Hyl14|G.—] has a left-continuous
version, then it coincides with the G;-predictable projection under the proba-
bility @X. Hence the plrm-strategy for H, whose promised contingent claim

X is given by the standard payoff of a call option, is given by

¢ = EX |1y (1 + (h(r AT) — 1) Hy)

St} . (4.40)
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Chapter 5

Local Risk-Minimization for
Defaultable Claims with Recovery

Scheme at Default Time

5.1 Introduction

In this chapter we study the local risk-minimization approach for defaultable
claims with a random recovery scheme at default time, i.e. a random recovery
payment is received by the owner of the contract in case of default at time
of default.

In Chapter 3 we have applied for the first time the local risk-minimization
approach to defaultable markets, in particular to price and hedge a default-
able put only under the assumption that the default time occurring and the
risky asset behavior are independent. In Chapter 4 we have extended these
results to the case of a general defaultable claim with random recovery at
maturity, in a more general setting, assuming a mutual dependence of the
risky asset behavior and the default time.

Here according to [3], we consider a general defaultable claim with random
recovery at default time, represented by a predictable stochastic process. Our

goal is to provide the pseudo-locally risk-minimizing strategy in the case when

75
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the agent information takes into account the possibility of a default event.
Moreover in Section 5.2.2 we discuss the problem of finding a pseudo-locally
risk-minimizing strategy if we suppose the agent obtains her information only

by observing the non-defaultable assets.

5.2 Local risk-minimization for defaultable claims

All the hypotheses outlined in Section 2.2 are supposed to hold in this frame-
work. In particular we assume that the short-term interest rate r is a F-
predictable process and that the promised contingent claim X is represented
by a Fpr-measurable random variable. Under the hypotheses of Section 2.2,
we investigate now the local risk-minimization approach for a defaultable
claim H with random recovery scheme at default time and zero-recovery at
maturity. Hence the discounted value of H can be represented as follows:
X A

H=—1I, — Iy, 5.1
BT { >T}+ Br {r<T} ( )

where the recovery process Z is given by a F-predictable process. In particu-
lar we obtain that H € L?(S7, Q). In this setting we study the problem of a
trader wishing to price and hedge a defaultable claim H which pays a positive
random recovery in case of default at default time 7. We recall that our mar-
ket model is incomplete even if we assume to trade with §;-adapted strategies
because M, does not represent the value of any tradable asset. According
to 3], we are able to provide a pseudo-locally risk-minimizing strategy for
such defaultable claim. Since in practice hedging a credit derivative after
default time is usually of minor interest and in our model we have only a
single default time, we follow the approach of [12] and assume that hedging
stops after default. Hence we need to reformulate the local risk-minimization
approach, that can be applied to contingent claims that ensure one payment
at a fixed date. Here we have a defaultable claim which guarantees a pay-
ment at a fixed date, but in this case it can be maturity or default time, if

a default event occurs before the expiration date of the contract. Hence we
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look for a hedging strategy ¢ for H given in (5.1) with minimal cost C' and

such that the discounted value process satisfies

Vr/\T(SD) = H.

First we look for G;-strategies, i.e. we admit that the agent information takes
into account the possibility of a default event. Then we wish to investigate
the problem of finding a pseudo-locally risk-minimizing strategy in the case
when the agent obtains her information only by observing the asset prices on
the non-defaultable market before the default happens. This is equivalent to
look for a pseudo-locally risk-minimizing strategy in the class of F;-strategies,
i.e. adapted to the smaller filtration generated by the Brownian motion. We

discuss this issue in Section 5.2.2.

5.2.1 Local risk-minimization with G;-strategies

By following |22] and |35] we introduce the G-pseudo-locally risk-minimizing
strategy for defaultable claims with recovery scheme at default time. We

denote by ©7 the space of G-predictable processes £ on ) such that

(/ (e - rxlas ) ] <o (32)

X Z.-
Definition 5.2.1. Let H = B—]I{T>T} + B—]I{TST} € L*(Q,57,Q) be the
T T

discounted value of a defaultable claim. A pair 9 = (£,n) of stochastic

E UOT(SSGSXS)st} +E

processes is said a G-pseudo-locally risk-minimizing strategy (in short G-

plrm-strategy ) if
1. ft S @g,
2. n 18 Gy-adapted;

3. The discounted value process Vy(p°) = &,X; +n, is such that

Vit = [ AN+, teloraTl (59



78

Local Risk-Minimization for Defaultable Claims with Recovery
Scheme at Default Time

where Cy is the cost process and it is a square-integrable G;-martingale
strongly orthogonal to the martingale part of X;, and Vopr(9) = H,
i.€.

X Zr .
Vr(p®) = By ift>T, V(%) = B if T <T. (5.4)

In the next result we can see how to characterize a G-plrm strategy for the
defaultable claim H given in (5.1).
We recall that M3(Q) is the space of all Q-square-integrable martingales with

zero initial value.

X Z,
Proposition 5.2.2. A defaultable claim H = B_H{T>T}+B_
T T

to L*(Q, Gr, Q) admits a G-plrm-strateqy ¥ = (€,n) if and only if H can be

written as

Lir<1y belonging

TNT
H = H, +/ Hax, + L2, Q- as. (5.5)
0

where Hy € R, % € 03 and L7 € MZ(Q) is strongly orthogonal to the
martingale part of X. The G-plrm-strategy @9 is given by

=1 tef0,7AT]
with minimal cost
Ci(p?) =Hy+ L, te]o,7AT].

If (5.5) holds, the optimal portfolio value is

t t
Vt(sOS)ZCt(wg)Jr/ ésts=H0+/ £A4X, + LY, te[0,7 AT]
0 0

and
m=n =Vi(¢%) —&'X,, telo,7AT].

Decomposition (5.5) is the (stopped) Follmer-Schweizer decomposition (in
short F'S decomposition) of H. Again we need to find the minimal martingale
measure (see Definition 1.3.15) in this framework. Under assumption (2.8)
we know that the minimal martingale measure @ exists and it is unique by

Proposition 4.2.2. In addition, we recall that by Proposition 4.2.2 the pair
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(W, M), where W, = W, + fot 0sds, for every t € [0,7], has the predictable
representation property under @ Hence every G;-martingale /V; under @ can

be written as

t
Nt—NOJr/ 5;des+/ ¢Nan, (5.6)
0 10,4]

for every t € [0,7]. Again, how to use @ to characterize the G-plrm strategy
is shown in Theorem 1.3.16. The next result guarantees the existence of the

pseudo-locally risk-minimizing strategy for H.

Proposition 5.2.3. Let H € L*(Q2, 57, Q) be the defaultable claim given in
(5.1) and define the Gi-martingale GH = E [H| G, t € [0,T]. Then there
exists a pair of G-predictable processes (é, 5) satisfying

t t
/ fgds—i—/ Cd[M], < oo t€[0,T] a.s.
0 0
such that

t
GH =Gl +/ EdW, + [ GddL, Yte[o,rAT] (5.7)
0 10,¢]

under @, where W, = W, + fot 0sds, for every t € [0,T).

Proof. We can rewrite H as follows:

X 7.
H=—((1—-Hy)+—=Hr.

~ Byr B,
) b)

a) We note that

X R
(1= Hr)p-=(1-Hr)e 0 MASE = [,
T

where we have put

B (5.8)

and the process L, = (1 — Hy)e 0 Asds ig g 9t—marti£1gale (see Lemma 5.1.7
of [13] for further details) such that [; (1 — Hy)e o ’\“d“)st < oo, Vt €
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[0,T]. By decomposition (46) that can be found in the proof of Proposition

X
6.1 of [2], we obtain the following representation of (1 — HT)B—:
T

R T R, . R, R .
=E[F]+ / [rseye 0 i, dW, — / [r>ne0 MR [F| 5] dM,
0 10,7]

R TAT R, R R, R R
= E[F]+ / e o Mdug, AW, — e o E [F|F,)dM,, (5.9)
0

10,7AT)
where & is the F;-predictable process such that fot(ﬁs)2ds < oo for every
€ [0,T], that appears in the following integral representation of the F;-
martingale E [F|F,] with respect to the Brownian motion W, given by

E[F|5,] = / & dW,. (5.10)
b) It remains to decompose the term B—HT By following Section 4 of [2],
we have: ’
~ | Z
E |=H
2]

o ZT o Ry ZT
= O,F {B—HT Fi v }CT} + (1 - H)E [(1 — Hy)e o AsdsB—HT‘ ?t]
~ | Zr Rt}\ ds 1 Zr
- HtE B_ Stt V :}CT + (1 - Ht)e (U . E ]I{t<7—§T}B— ?t . (511)

0

A
We focus now on the conditional expectation c). Since 5 is a F-predictable

process, in view of Proposition 5.1.1 of [13] the following equality holds

T o r Zs Rs
- iﬂ] =F { /t Ese* o Mudiy g

~ Z
E |:H{t<T§T} 5

33} . (5.12)
Hence we can rewrite (5.11) as follows:

)

Rt,\dA TZs RS,\d
= Ht |:BT ?tv}cT:| ( Ht)e LRSI D) |:\/t ge_ U “)\Sds

S

~ | Z
E|=H
lBT ’

7

(5.13)



5.2 Local risk-minimization for defaultable claims

81

We consider the process D introduced in (4.10) that is given in this case by

Rt ~ T Z Rs
D, =eoMBE { / Eem o Mudu) ds 331 (5.14)
t BS
and the F;-martingale m; introduced in (4.11):
oy ! Zs _Rsyau
my=F —e~ oA ds| T, . (5.15)
o Bs

Following the same procedure applied in the previous chapter, we write D; in
terms of the F;-martingale m; and by applying the It6 integration by parts

formula, we obtain

R, t 7
D, = my +/ e o Mudidyy +/ (DS — —8) Aqds.
10,4 0 B;

Furthermore, since Dy is a cadlag process, we have

(1 — Ht)Dt = My + / st — ]I{Tgt}DT'

10,tAT]

Hence

R, t . tAT VA
(1— H)D, = mg +/ e 0 Mududgm, — / DydM, — / ZAds.
0 0 s

10,tAT]

Consequently we can rewrite (5.13) as follows:

~ | Z
E |=H
|:BT g

~[Z.
91&] = H,FE |:E

T

R, t N tAT 7
+mg + / e o rudtdm — / D dM, — / =2\ ds.
10,tA7] 0 o Bs

(5.16)

F: v U‘CT]

To express the right-hand side of (5.16) as a stochastic integral with respect

to m and M, we need the following Lemma.

Lemma 5.2.4.
[z tz Z
HE |=Z|F,VH,| = ZdH, = H,=—, Vt Ti. 1
t |:B7— t V T:| /0 Bs tBTu € [07 ] (5 7)
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Proof. We recall the o-algebra
F_=c(An{r>t}, AecTF, 0<t<T)

of the events strictly prior to 7. We note that since F,_ = G,_ by Lemma
5.1.1 of [13] and the recovery process Z refers to a recovery payment in the
interval [0, 7] only, then the following holds:

~ [z ~ [z
E | == FJ._|=F -7
[BT } {BT

~ | Z.
97-—:| =F |:B_]I{T<oo}

97_} . (5.18)

Z
Moreover Et is in particular a G;-predictable process and 7 is a G;-stopping

t
time. Therefore we can apply Theorem 88C page 141 of [18] and obtain

~[Z A
E|=I _| == 1
|:BT {T<OO}‘ 97’ :| BT (5 9)

Lemma 4.4 of |2| guarantees that

[ 7.
HtE |:— 357-:| = HtE |:B— gjt V J'CT:| P \V/t S [O,T]
Hence, the equality (5.17) follows. O

Finally gathering the results, we obtain by Lemma 5.2.4

~ | Z
E|=—/H
2]
ZT RS t ~ AT ZS
=H—+ mo + / eo )\ududms - / DdM, — / — Asds
BT 10,¢AT] 0 0 BS
tZ R R, t ~
=mg + / Z2AM, + / e o Mdudm — / D dM,
0 B, 10,tAT] 0

R . trz .
— mg +/ e Mudugm i, +/ (_S - Ds> Ay, (5.20)
10,¢A7] o \ B

S

where we have used the fact that the continuous F;-martingale m; admits the

following integral representation with respect to the Brownian motion W,

t
my = mo +/ mdw;, (5.21)
0
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for some F;-predictable process £, such that E [fot(gg")?ds} < 400, Vt €

[0, T]. Moreover, since all the integrability conditions are satisfied we have

Z R, . Tz -
_THT =mg+ / eo /\uduggldws + / (_S - Ds) dMs
B; 10,7AT] 0 B,

We conclude that the asserted formula holds, with the following processes:
F R nd e Rt reds Z
§=e 0 Plan(&+&") and G =eo™UE[F|F]+ B, Dy. (5.22)
t
for every t € [0,7 A TT. O

We use now Proposition 5.2.3 to find the G-plrm-strategy for H by comput-
ing the Galtchouk-Kunita-Watanabe decomposition of H under @ Theorem
1.3.16 and hypothesis (2.8) guarantee that this is indeed the FS-decomposition
for H.

Proposition 5.2.5. In the market model outlined in Section 2.2 and under
the assumptions of Section 5.2, the F'S decomposition for H defined in (5.1)

s given by

R
R t S Apdu m
Vt:E[F]eroJr/]I{TZS}(eO (§8+§S)>dXs
0 s X

(5.23)
t Rs R Zs N
+/ (e o Audu [F| Fs] + B~ Ds) dM,,
0

s

where m, &, &, F and D are given in respectively in (5.15), (5.9), (5.21),
(5.8) and (5.14). In particular we have that the G-plrm-strategy ©° is given

by R,
e o M (E + &)

H
=1 T 5
gt {r>t} O_tXt

vt € [0,7 AT] (5.24)

and the minimal cost s

. t Ry . 7 .
CtH =F [F] +mg + / (]I{Tzs}e 0 /\"duE [Fl S'FS] + Es - DS) dMs, (525)
0

s

vVt e [0, 7 ATT.
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Proof. Since o, > 0 for every t € [0,7T], by Proposition 5.2.3 we can rewrite

decomposition (5.9) in terms of X;:

X
1—Hp)—
(1 Hr) 7

~ T RS 2 Rs ~ A~
E [F] _'_/ ]1{725}6 0 /\uduédes - / H{TZs}e 0 )\uduE [F| gjt] dM,
B 10,7]

- T eo Audug R udu 7 v
=F [F] —|—/ ]I{TZS} T dXt - / H{TZs}e 0o MEHE [F| ?t] dMs
0 s4xs 10,7

Analogously we have

Z R, - Tz -
_THT =mg+ / ]I{T>S}e 0 Audué;ndws + / (_S - Ds) dMs
B 10,77 - 0 B

R
e oAuduém T A ~
= Iisgy | ————= | dX, == _ D, ) dM,.
o [ e (o s [ (B )

Then hypothesis (2.8) and Theorem 1.3.16 guarantee that (5.23) gives the
FS decomposition of H. n

5.2.2 Local risk-minimization with J;-strategies

We remark that we have assumed that replication refers to the behavior of the
discounted value process on the random interval [0, 7AT] only. The following
Lemma is essential to introduce the problem of local risk-minimization with

F;-strategies.

Lemma 5.2.6. Let §, = F, VH,;, t € [0,T] and F be the process defined
in (2.1). Then for any G;-predictable process qgt there exists a F;-predictable
process ¢y such that

Lir>n 00 = H{Qt}&t, t€[0,T]. (5.26)

If in addition, the inequality Fy = Q(T < t|F) < 1 holds for every t € [0,T],
then the process ¢, satisfying (5.26) is unique.

Proof. See |17], page 186, for the proof. [
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By Lemma 5.2.6 we obtain that there exists a F;-predictable process X, such
that
XtH{th} = Xilir>y, t € 10,77

Following [10] and [12] we refer to X; as the pre-default value of X,. In
practice, the agent observes the pre-default (discounted) value X and hedges
by using X until the default happens. Hence it is sufficient to consider
the prices of primary non-defaultable assets stopped at 7 AT in order to
hedge defaultable claims of the form (X, Z, 7), following the approach of [10]
and [12]. In addition, Lemma 5.2.6 allows us to assume in the dynamics of
X that the processes 1 and o are F-predictable. This also justifies that in
Section 5.2 we are already supposing the promised contingent claim X to be
Fr-measurable. If it wouldn’t be the case, by Lemma 5.2.6 we can always
replace X by its pre-default value, since X appears multiplied by (1 — Hyp)
in the definition (5.1) of the defaultable claim H.

We denote by ©7 the space of F-predictable processes £ on  such that

(/OT|§S(MS—TS)XS|ds)2] oo (5.27)

We observe that there not exist J-pseudo-locally risk-minimizing strategies.

E [/OT(fsasXs)st} +FE

In fact, finding a F,-pseudo-locally risk-minimizing strategy ¢° = (£,7) is

equivalent to find a pair a processes (£, C') such that:
- & o

- the cost process C} is a F;-martingale strongly orthogonal to the mar-

tingale part of X,
with .
V@) = [ edXo+ Gl e 07 AT]
0
and VT/\T(&T) = H. Clearly, since H is a §pr-measurable random variable, it

may be not replicable by the Fp-measurable random variable V. In fact we

cannot hedge against the occurring of a default by using only the information
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contained in the pre-default asset prices. This is one of the differences with
respect to the mean-variance hedging, where the optimal JF;-strategy is given
by the replicating strategy for E [H|JF], (if it exists). See [7] for further
details.

However, one can think that the agent invests in the risky asset according
to the information provided by the asset behavior before default and adjusts
the portfolio value (by adding or spending money, i.e. modifying the cost),
depending on the occurrence or not of the default. Then it may be reasonable

to give the following definition.

X Z,
Definition 5.2.7. Let H = B—]I{T>T} + B—]I{TST} € Lz(Q,ST,Q). A pair
T T

o7 = (£,C) of stochastic processes is said a F-pseudo-locally risk-minimi-

zing strategy (in short F-plrm-strategy) if
1. ét € @g,

2. Cy 18 Gy-martingale strongly orthogonal to the martingale part of Xy;

3. The discounted value process Vi(¢”) = & X, + n; is such that

t
Vi(e") = / EAXT + Cy(7), (5.28)
0
where Voar(o7) = H, i.e.
X 7.
Vrp") =5 ifr>T, Vi) = if 7<T. (5.29)

Clearly the component n invested in the money market account, is given by
m=Vi(e?) - &X: = Cy(¢?),  te]o,7 AT].

The key result to find a F-plrm strategy for H is given by the following
Lemma.
Lemma 5.2.8. Given a G-predictable process ¢ such that E [fOT ¢§d(X>S] <

00, let qg be the F-predictable process such that Li;>n ¢y = ]I{th}gzgt. Then for
every t < T

t t
/cbst;:/ Psd X7, vt € [0,77.
0 0
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Proof. Since X is a continuous martingale under @ and ¢ is square-integrable
with respect to X, we have that for t <T

t T
/ psd X :/ P, dXs =
0 0
t ¢ B t
/ I[{SST}¢SdXS :/ H{ng}¢sts :/ ¢st;—
0 0 0

We only need to check that the integral f(f gz;SdXsT exists and it is well-defined
if the integral fot »sd X7 exists and it is well-defined. This is clear since if

E [fOT (bgd(XT)S} < 00, we have
T 2
( | oax: ) ]
0

r pT
o> FE / ¢§d<X7>S}:E
L/ 0
2

(/OT ¢SH{T23}dXs> ]

: / ' é§d<XT>s} |

since [ir>n ¢ = ]I{th}q;t by hypothesis. [l

I
&)

|
&

Proposition 5.2.9. In the market model outlined in Section 2.2, under the
assumptions of Section 5.2, the FS decomposition for H defined in (5.1) is
given by

t
V= BIF] +mo+ / £ (6, + EM)dXT
. 0 ~ P (5.30)
+/ (e SME[FIF] + 5 - Ds) dM,,
0

s

where m, &, &, F and D are introduced respectively in (5.15), (5.9), (5.21),

(5.8) and (5.14) and the process F-predictable process £ is given by

R
R eo Asds

é-t: = vtEHO,T/\TH,

o Xt

where & and X are the pre-default values of o and X respectively. In parti-

cular we have that the pre-F-plrm-strategy is given by

=6&+¢m),  Vtelo,rAT] (5.31)
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and the minimal cost is

~ t /Ry ~ 7 N
CH = E[F] +myg +/ (e o v R T, + ES — Ds> dM;, (5.32)
0

S

vVt e [0,7 AT].

Proof. 1t follows by Proposition 5.2.5 and Lemma 5.2.8. [

5.3 Example

In this example, we wish to find the G-plrm strategy for a Corporate bond
that we hedge by using a Treasury bond. This example is similar to one
computed in the previous chapter, but now we suppose to have a recovery
at default and we work under a different model for ;. To simplify the com-
putations, we assume that hypothesis (2.8) is satisfied and we work out the
example directly under @

We fix T > 0 and assume that the discounted price process X; is Fi-adapted.
Here we assume that the process X represents the discounted price of a

Treasury bond that expires at time 7" with the following representation

~ Rp
— ds
Xt =F |:€ o’

fft] ) (5.33)

and that the discounted recovery process 5 is given by

Zy
— =0X tel0,T
Bt ts [7 ]7

where 0 is a constant belonging to the interval |0,1[. As we said, we put

X =1 and the discounted value of H can be represented as follows:

1
H = 2=(1— Hr) + X, Hr. (5.34)

T

We make also the following hypotheses:

e 1 is an affine process, in particular it satisfies the following equation

under @:

{ dr, = (b+ Bry)dt + o /rdW, (535

To :O,
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where b, € R™ and [ is arbitrary. This is the Cox-Ingersoll-Ross
model and we know it has a unique strong solution r > 0 for every
ro > 0. See [20] for further details.

e The F-intensity A\ is supposed to be a positive deterministic function.

Under the equivalent martingale probability measure @, the discounted op-
timal portfolio value V; of the defaultable claim H given in (5.34) at time ¢,
is given by:
~ ~ 1
=F|H =F |—
~EIHISI-F |5

R
Rp ~T1 t e o A(u)du(é& + gm)
—e o MOdsp |~ I 5 5 dX
e BT:| + mg + /o {r>s} ( 7 X, s

t Rr R 1
+ e~ s )\(u)duE |:_
A z
where m, &, ™, and D are given in respectively in (5.15), (5.9), (5.21) and

(5.14).

We compute now the terms appearing in decomposition (5.36). First, we

(1— Hy) 46X, Hy

)

fﬂ] +0X, — DS> dM,, (5.36)

note that in this case the Fp-random variable F introduced in (5.8) is given
by

P o Awdn L
Br’
Hence
R )
= e MM,
where 5{( is the F;-predictable process appearing in the integral representa-

tion of o with respect to the Brownian motion W,
T

L _pld +/T5XdW (5.37)
BT = BT ; t t- .
By following Section 4.4 of the previous chapter, since r is an affine process

whose dynamics is given in (5.35), we have

~ 1
E _
[BT

R
Stt:| —e g’/‘sdse—A(t,T)—B(t,T)rt

t B(s. T .
_ G_A(O’T) . / e—A(s,T)—B(s,T)Ts %\/ﬁdws’ (538)
0 s
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where the functions A(t,T), B(t,T') satisfy the following equations:
2
a.B(t,T) = %BQ(t,T) —BB(t,T)—1, B(T,T)=0 (5.39)
B,A(t,T) = —bB(t,T), A(T,T) =0, (5.40)

that admit explicit solutions (see for instance |21]). Hence we can rewrite

decomposition (5.36) as follows:

Vi
— e ROT Aw)du—A(0T) | Mo
t 1 Rr B(s,T R,
+/0 H{TZS}H (—6_ o Mu)du—A(s,T)—B(s,T)rs (B )\/T_5+6 OA(u)dug;n) dX,
t R .
—|—/ |:XS (e_ I Aw)du _|_5> — DS:| dM;. (5.41)
0

We focus now on the process D. By applying the Fubini-Tonelli Theorem,

)

we have

Rt ~ T Rs
D, = e o IBE {/ 0 X e o AWdu)(5)ds
¢

T R, 5
e” ¢ XWX SE (X, Fy) ds

J
T R,
/ e” ¢ W) (5)5 X, ds
t
T R,
= 5Xt/ e” ¢ NWdu)(5)ds
t
R
= 0x, (1— e M),

since A is a deterministic function. We can modify the integral with respect

to M in decomposition (5.41), as follows:

v,
R
— e F M (u)du—A(0,T) + g
t
1 Rr B(S T) R
I e _ o= o Muw)du—A(s,T)—B(s,T)rs ) i o AMu)du¢em dXs
+/0{z}—O,SX(€ B, Vrte 3

R

t
+(5+1) / Xy~ = Awduq (5.42)
0
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It only remains to compute the F-martingale m; introduced in (5.15) and
in particular its integral representation with respect to the Brownian motion
V[Q. Since

R
Dy = e oMy, o o) / §X.e” o (”)d”)\(s)ds,
we can rewrite m; in terms of Dy:

my

e 00 dp, +5/ X, o <v>du( )ds
Rt
- [Xt (67 o A(s)ds — s)ds / X e~ 0 (v)dv)\(S)dS:|
' ( T) R
_ 6|:<€A(0,T) _/ o—A(T)=B(sT)rs \/_dW) < — o AE)ds _ g A(s)ds)
O N

g

Ps

t s . R,
_|_/ <€—A(0,T) _/ iﬂuqu> e~ o A(U)d’U)\(S)dS:|
0 0
t
_ 5|:6—A(O,T) (1 e R A(s)ds) _ (e_ " A(s)ds _ e—RoT A(S)dS> / 0 AW,
0

t s R, R
— / / Py~ 0 ’\(”)d”)\(s)quds},
o Jo

where ¢, is a F;-predictable process such that

R T B(s,T
B {/ (G_A(S,T)—B(S,T)rs%\/r_s)st} < +00.
0 S

Moreover we note that

R T T R, T T _ R,
E [ / / pae o A(”)d”\(S)dudé} = / / E[¢?] e 0 )\(s)duds < oo,
0 0 0 0

since E [o7] is bounded because X takes values in (0, 1) (see (5.38)). Since all
the integrability conditions are satisfied, by applying the Fubini’s Theorem

for stochastic integrals, we have

A t t RS A
- [ [ et = [ (= [ onaga) e,
0 [

t Rt Ru 2~
_ / <€7 o AMv)dv _ e o A(v)dv) (puqu
0
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In particular

RT
me = e~ AOT) (1 e o )\(s)ds)

and
RT t RT Ru A~
m, = 5[€—A(0,T) (1 e o A(s)ds) +/ (e— o AWy _ — ¢ A(v)dv) %qu}
0
(5.43)
Finally, gathering the results we obtain
Vi
RT RT
_ —A0D) [e‘ o Muwdu | s (1 e o A(u)du)]
t 1 t RT R
-—/Hhﬁr——@ﬂxy+w+¢x/)geskwﬁmmp (5.44)
0 05X 0

where the function A(¢t,T) and B(t,T') are provided by (5.40) and (5.39)
respectively. In particular the G-plrm-strategy is given by

1
== (5.45)
and the minimal cost is
Rp R
C’fl — e 0 Mu)du=AQT) | 5—AOT) (1 _ o o Als)ds
t Ry R (5.46)
—+ (5—|— 1)/ Xsef s )\(u)dudMS
0

for every t € [0,7 AT].

Remark 5.3.1. The pair (€2, CH) also provides a F-plrm strategy for H.
In fact the process £ belongs to ©F, since we have assumed that the drift

and volatility in (2.5) are F-predictable processes.



Appendix A

The predictable projection

We recall the definition of predictable projection of a measurable process
endowed with some suitable integrability properties and the main properties.
Let (©,F,P) be a probability space endowed with a filtration (F;):>o.

Theorem A.0.2 (Predictable Projection). Let X be a measurable process

either positive or bounded. There exists a predictable process Y such that
E [XT]I{T<OO}‘?T,} = Y;-I[{T<Oo} a.s. (Al)
for every predictable stopping time T.

The process Y is called the predictable projection of X and it is denoted by
XP,

Proof. See |19] or [30| for the proof. O

The predictable projection has the following fundamental properties:

1. In the discrete case, where the space §2 is endowed with a filtration

(Fn)n>0, the predictable projection of a process (X,,)n>o is the process
Y, = E[X,|Fn1], (n>0),
with the convention F_; = JF, if F_; is not otherwise specified.

93



94 The predictable projection

2. To prove (A.1) it is sufficient to prove that, without conditioning,

E [XTH{T@O}] =F [YT]I{KOO}} , for every predictable stopping time .
(A.2)

3. If X is measurable and H is a bounded predictable process, then
(HX)P = HX?,

i.e. the predictable projection of an integrable and predictable process

is the process itself.

4. It is possible to give a definition of predictable projection also for mea-
surable processes which are neither positive or bounded. We say that
the predictable projection of a measurable process X exists if the pre-
dictable projection of the positive measurable process |X| is indistin-

guishable! from a finite process and then we set
Y =X = (XT)P — (X7)P,

To check that | X|? is indistinguishable from a finite process, it is suffi-

cient to verify that
[XT]I{T<OO}|StT—] < 00, a.s.

for every predictable stopping time 7, i.e. the generalized conditional

expectation? F[X I ooy |F,_] exists, and then

YTH{T<OO} =FE [XT]I{T<OO}|9:T—:| a.s.

"Let (X¢)i>0 and (Y3)i>0 be two stochastic processes defined on a probability space
(Q,F,P). We say that X and Y are indistinguishable if for almost all w € Q

Xi(w) = Yy (w) for all t.

2Given an arbitrary random variable X on a probability space (Q,F,P) endowed with
the filtration (F¢)¢>0, we say that X has generalized conditional expectation if E[X1|F]
and E[X ~|F;] are finite a.s. V¢ > 0, and then we set

E[X|F:] = E[XT|F] - [X |5
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The definition of Y is formally the same as (A.1) and characterizes Y

uniquely.

5. If H is an integrable random variable and (H;);>o denotes a cadlag
version of the martingale E[H|JF;|, the predictable projection of the
process X;(w) = H(w), which is constant through time, is the process
(H;-)i>0. More generally, if H is a local martingale and 7 a predictable
stopping time, the conditional expectation E[H,|F,_] exists and takes
the value H,_. According to (4), this means that H has a predictable

projection, which is the process (H;_);>o.

Definition A.0.3. An increasing process is any process (Ai)i>o adapted
to the filtration (F;);>0, whose paths are positive, increasing, finite, right-

continuous on [0, col.

The differences of increasing processes are called processes of finite varia-
tion. The following Theorem which involves increasing processes, provides

the characteristic properties of predictable projections.

Theorem A.0.4. Let X be a positive measurable process and Y its pre-

dictable projection. Let A be an increasing predictable process. Then

E { XsdAs] - { / Y;dAs} . (A.3)
[0,00] [0,00[

Proof. See Theorem 57, page 122 of [19] for the proof. ]

We note that if we take A; = I;<4, where 7 is a predictable stopping
time, formula (A.3) reduces to F [XT]I{KOO}} =F [YT]I{T@O}] and this prop-
erty is equivalent to the definition of the predictable projection.

Moreover we note the analogous formula on an interval |7, 00|

3'}_] =F {/ Y. dA;
[T,00]

where in particular 7 and A are predictable.

E { XdA
[T'00]

i)
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We conclude with an intuitive interpretation of this projection. The o-field
F; describes the entire information available at time ¢. If we consider a
measurable process H which is not adapted, it is not possible to capture X
behavior but we can estimate it. Theorem A.0.2 says that we can estimate
the whole path of X and the computation of the evaluation at time ¢ should
not depend on what the process is doing at that time, but only on its behavior

strictly before .
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