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Introduction

This work arises from the study by A. Parmeggiani and M. Wakayama of the
differential operator @, introduced in [17], and of its spectral properties. @ is

defined, as an unbounded operator acting on L*(R,C?) = L*(R) @ C?, by

02 a? 1
Q(x,Dx) =A (—? + ?> +J (m&r + 5) =
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= , r € R, (1)
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with D, = —i0,, 0, = % and «, 3 real and positive parameters such that a3 > 1,
and with
a 0 0 —1
A = s J et
0 g 10

In particular the analysis of the spectral zeta function of @ (see [7]; see also [19])
is rather interesting, since this function is a “deformation” of the Riemann zeta

function, which we will denote by ((s). More precisely, let
+0o0 1
Co(s) = Z I
n=1""
be the spectral zeta function associated with ), where



is the sequence of the eigenvalues of ), written taking into account their mul-
teplicity. Then we have that ((s) can be extended meromorphically to the whole
complex plane C. Moreover this extension has one simple pole in s = 1 and it
vanishes on all non-positive, even, integers (the so called “trivial zeros”), just as
((s) does; these are almost surprising properties.

The deep correspondence between (p(s) and ((s) appears also if we notice

that ((s) is connected with the spectral zeta of the harmonic oscillator

0% x?
H=_%
2 + 2

through the relation (g (s) = (2° — 1){(s). In fact, if we put @ = # in (1) then @
is unitarily equivalent exactly to the scalar harmonic oscillator o2 — 1 H Iy,
which has the eigenvalues given by (n + $)va?2 —1, (n = 0,1,2,...), all with
multeplicity 2, and furthermore

25 -1
Bluon®) =2 5

((s), seC.

Whence (g (s) is a remarkable deformation (depending on «, 3) of ((s). From here
the natural problem of studying another possible deformation of ((s) arises, that
is to say the spectral (-function of the harmonic oscillator, defined on the interval
[—L,L] C R with zero Dirichlet conditions, when L — +o0. The eigenvalue
problem of the harmonic oscillator defined on an interval of the real line and with
Dirichlet conditions on the boundary has been studied by several authors (see,
e.g. [4], [21] and [23]), but it presents relevant difficulties in computations. For
this reason we will study here the spectrum of a slightly simplified operator, that
is

Py D(PL) — L(~wLowl), (Puf)(x) = —3 ["(2) + V() (a),

ii



with

and

D(Pp) = Hy(—wL,7L)N H*(—7L,nL) C L*(—wL,7L).
The study of Py, is related to the aforementioned problems, since V7, tends, in the
sense of tempered distributions, to the harmonic potential.

The spectral zeta is more regular than the spectrum, for varying L, because it
is defined by means of a trace: (p,(s) = Tr P; °, for sufficiently large s. However,
the aim of this work is to study in the first place the eigenvalues, in order to control
them as much as possible explicitly. In particular we will study the behaviour of
the eigenvalues of P, when L — +oc.

Notice that the eigenvalue equation of P,

PLf = uf, 0# feD(P), peC,

is similar to the Mathieu equation (see, e.g. [13]) and therefore it presents similar
difficulties.

The exposition of the aforementioned topics is organized as follows.

In the first chapter we set the spectral problem for Py, on the interval (—7 L, wL).
Then we normalize the problem, by removing from (—nL,7L) the dependence
on the parameter L, so that the extremes of the interval are fixed. With this

procedure we reduce ourselves to the study of the semiclassical problem

P(h)f = Af,
with

P(h) : Hy(—m,m) N H*(—7,7) — L*(—m,7),

il



P f() = — () + g 5in? () Fe) = A7

2 1
and with A = #, and h = I Then, for the sake of completeness, we recall the
selfadjointness of P(h), the discreteness of its spectrum and we state some basic

properties of the eigenvalues.

In the second chapter we recall some classical results on Perturbation The-
ory (see [9]) which we apply to the problem, setting A2 as the perturbative
parameter. In this way we obtain, for h fixed, power series expansions, in h=2,
of the eigenvalues and of the associated eigenfunctions. Although our attention
is to the case h — 0T, perturbation theory allows us to have information in the
intermediate range, where h can be small but cannot tend to 0. Moreover this
study provides an orthonormal basis of L?(I) formed entirely by eigenfunctions of
P(+00) = —d?/dx? in H}(—m,m) N H*(—7, ), which turns out to be the natural
Fourier basis for the expansion of the eigenfunctions of P(h).

In the third chapter we expand the eigenfunctions with respect to the or-
thonormal basis of L?(—m, ), obtained in the case h = +oco of the previous chap-
ter, getting a three-term recurrence relation for the Fourier coefficients. From
here we obtain an equation, which involves a particular continued fraction de-
rived in a natural way from the recurrence relation; this condition characterizes
the eigenvalues of P(h) (as zeros of the “determinant” of an infinite size tridiag-

onal matrix).

Afterwards we associate, to each eigenvalue, two sequences converging, one
from above and the other from below, to the same eigenvalue. We obtain some

of these results following the ideas used in [13] for studying the eigenvalues of the

v



Mathieu equation; we use in particular the theory of polynomials “with interlaced
zeros” (which are essentially orthogonal polynomials).

Moreover we give estimates for large eigenvalues (large depending on h™1),
that is we study the clustering of the spectrum for high energies.

In the last chapter we study the asymptotics, as h — 07, of the lowest eigen-
value, w, of P as a function of h. In particular we prove the existence of the
limit hlirg+ w(h). This result could be obtained as a consequence of a theorem by
Helffer and Sjostrand, but it is proved here by following a different approach,
using the continued fractions.

To conclude, this analysis is intended to give the spectral results on which
we will base our (future) study of the spectral zeta function of the operator P,
and of its relations to the Riemann zeta function. Furthermore the theory of
polynomials “with interlaced zeros”, as used in the third chapter of this thesis,
will be used in the continuation of this work to analyse in detail the (difficult)

sets Yo and Y., which form the spectrum of the system @ (see [15], [16], [17], [14]

and [19]).
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Chapter 1

Basic features of the spectrum of

the operator P

1.1 P is selfadjoint

In this section the selfadjointness of the operator P will be proved by decomposing
P into simpler operators and by using classical theorems.

Let L > 0 and let P, be the unbounded operator defined as follows:
1
Pp: D(Pp) — L*(-nL,wL), (Ppf)(z)= —§f"(x) + Vi (x) f(z),

with

and

D(Pp) = Hy(—wL,7L) N H*(—nL,7L) C L*(—xL,xL).

We will study the solutions of the eigenvalue problem related to Pp:

PL(f) = uf, f € D(PL), n e C. (11)



In particular we will analyse the eigenvalues’ behaviour in the limit L — 4o00.
We normalize the problem in order to remove the parameter L from the interval

(—mL,nwL).

Proposition 1.1.1. Let u € HY(—7L,7L) N H*(—wL,wL) be a solution of the

following equation:

—u' () + L? sin® (%) u(z) = 2uu(z). (1.2)

Set 1(t) = VL u(Lt). We have that ¢ € H}(—m,7) N H*(—7,7) and that ¢ is a

solution of the equation

b(t) = A p(t), (1.3)

. 1 21
wzthh:ﬁ and)\zr.

Moreover if v € H}(—m,m) N H*(—7, ) satisfies equation (1.3) then, if we

define u(x) (%), it follows that w € Hy(—wL,wL) N H*(—wL,7L) and u

_ 1
= \/_fdj
is a solution of (1.2).

Proof. Set
Up: L*(=wL,wL) — L*(=7,7), f(t)— UL(f)(t) = VLf(Lt).
Note that Uy, is an isometry between L?*(—wL,nwL) and L?(—7, 7). Indeed

UL = [ LA (L) P

Changing variable in the integral we obtain:

7rL1

L s

—nL



as was to be proved. Hence f € H}(—7nL,wL) N H*(—nL,wL) if and only if
Ur(f) € Hy(—m,m) N H*(—7, 7).

Now let u € HY(—7L,wL) N H*(—xL,7L) be a solution of the equation

—u'(z) + L? sin® (%) w(z) = 2uu(z). (1.4)

Set ¢ = Up(u), that is 1(t) = v Lu(Lt) for t € [~ n]. Then, posing x = Lt, it
follows that

dy du dx du
Y el 75 Rt
dt VL dr dt dx’

d*1) _ 152 d*u

dt? dz?

From this we have

( Pt

u(z) = N
du "(t

My = V) 15)
d2u _ lﬁ”(t)

@(ZE) - 15/2"

~—

\

Recalling that = Lt and substituting (1.5) in (1.4) we obtain

A e Ty 2 2y

\/z 12 \/Z \/Z
that is
_%(2’5) + L? sin® (%) b(t) = 2 (2). (1.6)

Define # =hand \ = 27“ Replacing these values in (1.6) gives

e+ 2 ) 3w

In a similar way it can be proved that if ¢» € H}(—m, 7) N H?*(—n, ) is a solution
of equation (1.3) then, by defining u(z) = %@D (%) , it follows that u belongs to

Hi(—nL,7L)N H*(—7L,nL) and it is a solution of (1.2). O



This Proposition provides a different formulation of problem (1.1), which is
more suitable for our purposes. For instance in order to analyse the eigenvalues
of the operator P, we will use in the next chapter perturbation theory, setting
h% as the perturbative parameter, when h is near any fixed hg > 0.

To fix notation for future reference we state again the problem, recalling
Proposition 1.1.1.

Let P (#) := P be the operator defined by
P: D(P) — L*(—m,n),

with

and

D(P) = Hy(—7,7) N H*(—7, ) C L*(—, 7).

From now on we will deal with the eigenvalue problem:
P(f)y=Xf, feD(P), xeC. (1.7)

In the first place it will be shown that P is selfadjoint. Eventually, in the next
section we will prove that P has discrete spectrum.

For shortness we will call I an interval [a,b] with a,b € R and a < b.

To the purpose of showing the selfadjointness of P we will use the integration
by parts formula, which holds for all functions in the domain of P. To get this

formula we first state the following

Lemma 1.1.2. Let be f € H*(I). Then f’ has a continuous representative with

finite limits on boundary.



For the proof of this Lemma see [6] p. 297. The following Remark recalls that

all functions in the domain of P vanish on the boundary of I.
Remark 1.1.3. Notice that if f € Hy(I) then f(a) = f(b) = 0.

The integration by parts formula follows from Lemma 1.1.2 and Remark 1.1.3.
Proposition 1.1.4. For every f € H*(I) and g € Hy(I) we have:

b b b

| @i = (@@l - [ rag@d == [ g 1

Using (1.8) we can prove the following
Proposition 1.1.5. The operator

T:D(T) — L*(I), fr— —f",

with D(T) = H{(I) N H*(I), is selfadjoint.

Hereafter we pose, in the definition of the interval I, a = —m and b = «, thus
getting [ = [—m, 7.
Now we recall a selfadjointness criterion for the sum of two operators (see [9]

p. 287) which yields, along with Proposition 1.1.5, the selfadjointness of P.

Theorem 1.1.6. Let T' be a selfadjoint operator. If A is a bounded symmetric

operator such that D(A) D D(T), then T + A is selfadjoint.
Finally we prove the selfadjointness of P.

Proposition 1.1.7. Let P the operator defined by

P:D(P)— L*(I), f~— P(f),



with

1 T

(PH@) = =f"+V(@)f@), V()= 5sin (3).
P is selfadjoint.
Proof. We can write P = T + A, with
T:D(P) — L}(1), [+ /"
and

A L) — LX), f+——V]

Note that A is bounded, indeed

1
ANz < 51 2y, ¥ f € L),

Moreover, from Proposition 1.1.5, T is selfadjoint; from Theorem 1.1.6 the asser-

tion follows. ]

1.2 P has discrete spectrum

This section is intended to analyse the spectrum of P and its properties. In
particular we will prove that the spectrum of P is an unbounded sequence of real
numbers A\g < Ay < ... such that A\g > ﬁ.

In order to obtain the discreteness of the spectrum of P we use the following
embedding theorem to show that the resolvent operator of P is compact (see [6]

p. 355):
Theorem 1.2.1 (Rellich). Let 2 be a bounded open set; the canonical injection

7 Hy(Q) — LX(Q), ur— g(u) = u



18 a compact operator.

Notice that from Theorem 1.2.1 and Proposition 1.1.7 we get that the spec-
trum of P is contained in R.

Now we state a classical existence result for the solutions of the Cauchy prob-
lems (see [1], p. 88). We will use this theorem to obtain the existence of the

resolvent operator (P — \)~! for particular values of \.

Theorem 1.2.2. Let p, q, g be continuous real-valued functions on the open

interval (a,b). Let xy € (a,b). Then the Cauchy problem

y' +p@)y +qlx)y = g(z), = € (a,b),
y(zo) = Yo, ¥'(xo) = vy,
Yo, Yp € R, posseses a unique solution y € C*(a,b).
Using Theorem 1.2.2 we get a lower bound for the spectrum of P. More pre-

cisely we have the following

1
Proposition 1.2.3. The spectrum of P is contained in the set [F’ —i—oo).
7

1
Proof. Let A € R be such that A < Pk Define the operator
s
Ly : D(P) — L*(I)
by

1
Lywu=—u"+(V-=XNu, V(z)= 73 sin? (g) :
for every w in D(P). We want to show that A\ belongs to the resolvent set of P,
namely that (P — \) is injective and surjective and (P — X\)~! is bounded.

To prove the surjectivity of (P — \) we solve the boundary value problem

L)\u:f



with f € L*(I). Consider the following Cauchy problems:

( (

L)\U =0 L)\’LL =0
u(—m) =0 ; u(m) =0 (1.9)
\ u(—m)=1 \ w(m) =1

Notice that the functions in the differential equations are continuous on R and
thus on every open interval containing /. Whence, from Theorem 1.2.2, we have
the existence and uniqueness of the solution on the close interval [—m, m]. Let
uy and wuy be solutions of the first and of the second problem respectively. The

Wronksian of u; and wusy is constant on I. Indeed, if

W =det | "7 @) - @),

then we have

ur(z) uz(w)
ui(z) uy(w)

uy(z) ()

= (V(t) — \) det =0.
uy(r) ug(z)

Thus we can write W (z) = W(0), for every x € I.
We will reason by contradiction. Suppose that W (0) = 0. Then

0 = W(=m) = ur(=m)us(=m) — i (=m)us(=7) = —uz(—7).

Therefore uy(—m) = 0. In a similar way from W (w) = 0 we have that u;(7) = 0.
Moreover, by the initial value conditions of (1.9), us(w) = 0 and uy(—7m) = 0.

Thus uy, us € D(P). Now we can write:

< [/:ma(tndtr < [m (/ U;Wdt)T

10

s ()2 = ' [ i




by Holder’s inequality. Whence we have
Jur (2)[* < 2wl |72y
Integrating both sides of this inequality we obtain Poincaré’s inequality
lunllZa ) < 4l (172 r)- (1.10)

Moreover we have
Jur|Zery = (uy,uh) = —(uf, ) = — (V(2) = Nug, uy) =

2
— 2
= —H— sm( >U1HL2(I)+>\HU1HL2([)

Therefore, recalling (1.10), we have

vl

1 2
— < —H— sin <£> Uy
472 h 2 L2(I)

+>\HU1H%2(1)

that is

2
> 0.
L2(1)

1 1 . sz
(A - R) sl 2 |5 sin (3) ]

1
From this inequality, since in the beginning we have fixed A\ < — 1 , it follows that
s
uy = 0 on the whole interval [—m, 7], but this is impossible because u}(—m) = 1.
1
Thus if A < — we have W(0) # 0.
472

Define the Green function as follows

1
oy te (@) (y), —nm<y<uw,
Gy =4 "
oyt (@)uz(y), r<y<m.

Set, for f € L*(I),

_ /‘T Lm(x)ul(y)f(y)dy _ [ Lul(x)ug(y)f(y)dy.



Notice that by definition w is continuous and u(mw) = 0 = u(—m). Differentiating

u gives

V) = gm0~ ) [ w0 @)

W) /), W 0)
i) [ s -

B ‘%i /_j u(y)f(y)dy — %%g /: us(y) f(y)dy (1.11)

and, using (1.9),

') = et |y - @) - i [ s

bt o) = (s (5) <)o)~ o). (L12)

From (1.11) we obtain the continuity of v’ and from (1.12) it follows that u” €
L*(I). Therefore u € HY(I) N H*(I) = D(P) and, from (1.12), u is a solution of
the boundary value problem. Thus the surjectivity of (P — \) is proved.

To see that (P—\) is injective it suffices to show that from (P—\)(f1—f2) =0
follows (f; — fa,9) = 0 for every g € L*(I) (where f1, fo € D(P)). If g € L*(1),
because of the surjectivity of (P—\) there exists ¢ € D(P) such that (P—\)q = g.

We have:

(fi=fo9)=(fi— fo, (P=A)q) = (P =N (f1 — f2),q) =0,

because P is selfadjoint.
The boundedness of (P — \)~! follows from the fact that the function G(z,y)
is bounded on I x I (which holds because u; and uy are continuous on [—m, 7]

and therefore bounded). O

12



Recall that the operator P is selfadjoint from Proposition 1.1.7 and it has

compact resolvent because of Theorem 1.2.1. Hence we get the following
Proposition 1.2.4. P has a discrete spectrum.

Furthermore, from Proposition 1.2.3, 0 belongs to the resolvent set of P.
Therefore from Hilbert-Schmidt Theorem the eigenfunctions of P form a complete

orthonormal basis for L*(T).

Corollary 1.2.5. The space L*(I) admits a complete orthonormal basis of eigen-

functions for P.

In order to get information on the eigenvalues’ multiplicity we recall now a

classic result about Sturm-Liouville problems (see [5], p. 337):

Theorem 1.2.6. Let p = p(t) > 0, ¢ = q(t) be real valued functions, continuous
fora <t < b, with o, B € R. Then there exists an unbounded sequence of real

numbers \g < Ay < ... such that
1) the equations
(p(t)u') + [q(t) + AJu = 0, (1.13)
u(a) cosa — p(a)u'(a)sina =0, u(b)cosf —p(b)u'(b)sin3 =0 (1.14)
have a nontrivial solution if and only if A = X\, for some n;
2) if X =\, and if u = u,(t) is a nontrivial solution of (1.13), (1.14), then

Uy 1S unique up to a multiplicative constant and w,, has evactly n zeros for

a<t<bforn=0,1,....

Now we apply this result to the eigenvalue problem for P.

13



Remark 1.2.7. The Dirichlet problem for P fulfills the hypotheses of Theorem

1.2.6. Hence the eigenvalues of P are all simple.

To summarize, P has discrete spectrum, which is an unbounded sequence of
1

real numbers A\g < Ay < ..., such that \y > o= (from Proposition 1.2.3), with
T

simple eigenvalues.

14



Chapter 2

Perturbative analysis of the

eigenfunctions of P

2.1 Topics in Perturbation Theory

In this section we recall some results in Perturbation Theory, which will be used
to study the spectrum of the operator P, setting # as the perturbative, small,
parameter. (For a reference see [9].) These results will be used, afterwards, to
get power series expansions of eigenvalues and eigenfunctions of P = P (h—lg) in
the parameter # Besides, this study provides a particular orthonormal basis of
L?(I), obtained as the set of all eigenfunctions of the operator P (%) , in which we
set h = +oo. This basis is formed entirely by functions of D(P) = H}(I) N H?(I)
and, as we are looking for eigenfunctions of P it will be used in the next chapter

for the Fourier expansion of the eigenfunctions of P.

Definition 2.1.1. A family of operators T(§) € C(X,Y), defined for & € Do,

15



where Dy is a domain of the complex plane C, is said to be holomorphic of
type (A) if

a) D(T(&)) = D is independent of €.
b) T(&)u is holomorphic for & € Dy for every u € D.

In this case T'(§)u has a Taylor expansion at every u € Dy. For example if £ =0

belongs to Dy we can write
TEu=TO 4+ TWu+T®u+ ..., weD (2.1)

which converges in a disk || < r € R indipendent of u; T™ are linear operators

from X to'Y with domain D.

For a reference see [9], p. 375.

We state here a result which we will use for showing that the h-dependent
family of operators P = P(h—12), forms an holomorphic family of type (A) in h%
(see [9], p. 377). We will see afterwards that selfadjoint holomorphic families

of type (A) admit particular power series expansions for their eigenvalues and

eigenfunctions.

Theorem 2.1.2. Let T®) be a closable operator from X to Y, with D(TV) = D.
LetT™, n=1,2,..., be operators from X to Y with domains containing D, and

let there be constants a, b, ¢ > 0 such that
|7090|| < e aljull + BITOull),  we D, n=12... . (22

Then the series (2.1) defines an operator T(€) with domain D for |£| < L. If

c

I€] < (b+c)™t then T(€) is closable and the closures for such & form a holomorphic
family of type (A).

16



Remark 2.1.3. The operator P = P (#) defines, for varying h, an holomorphic

family of type (A), with infinite convergence ray.
Proof. Notice that P = T© 4+ 7O with
TO . D(P) — LX(I), f+— —f",

TO . D(P) — LA(D),  f— = sin? (f) f.

h? 2
We have
POy <
1T ull < )
Hence, following the notation fixed in Teorem 2.1.2, we can choose a = %,
b=c=0,if
||| < aljull + )T Oul, we D.
Then, from Theorem 2.1.2; the assertion follows. O]

Note that, by definition, the parameter % can not vanish. From now on we

will call P(0) the operator
P(0): D(P) = Dy = Hy(I) "N H*(I) — L*(I), fv+— —f". (2.3)

We will show that the family of operators P = P(5) is a selfadjoint holomor-

phic family; from this it will follow that there exist power series expansions, in

1

terms of 73,

of eigenvalues and eigenfunctions of P.
In the first place we recall the definition of selfadjoint holomorphic family (see

[9], p. 385).

Definition 2.1.4. Following the notation of Definition 2.1.1, in which we pose

X =Y = H, where H is an Hilbert space, let T'(§) be an holomorphic family.

17



Moreover let T'(§) be densely defined for every & and let T(&)* = T'(§). Then we

say that T(&) is a selfadjoint holomorphic family.

The conditions of this definition are satisfied by P(7%), i.e. we have the

following
Remark 2.1.5. P(h—12) is a selfadjoint holomorphic family.

The holomorphic families of type (A) have a particular series expansion for

eigenfunctions (see [9], p. 392):

Theorem 2.1.6. Let T'(§) a selfadjoint holomorphic family of type (A), defined
in a neighborhood of an interval Iy of the real axis. Furthermore, let T(§) have
compact resolvent for every . Then all eigenvalues of T(&) can be represented
by functions which are holomorphic on Iy. More precisely, there is a sequence of
scalar-valued functions u, (&) and a sequence of vector-valued functions p,(§), all
holomorphic on Iy, such that for every & € Iy, the p,(§) represent all the repeated
eigenvalues of T(&) and the ¢, (&) form a complete orthonormal family of the

associated eigenvectors of T'().

This Theorem implies that the eigenvalues of T'(¢) converge to those of T'(0),

when £ — 0; in other words we have the following

Remark 2.1.7. Theorem 2.1.6 implies, in particular, that for & — 0 the eigen-
functions p,(€) converge, in norm L*(I), to the eigenfunctions of T(0) and also

that the eigenvalues i, (&) converge to those of T'(0).

From Theorem 2.1.6 and Proposition 2.1.3, upon recalling that P = P(%) is

selfadjoint with compact resolvent, we can expand all eigenfunctions and eigen-

L

52+ Furthermore, from Remark 2.1.7 follows that

values of P in power series of

18



L

eigenvalues and eigenfunctions of P(;3

) converge, as h — 00, respectively to

eigenvalues and eigenfunctions of P(0) (see 2.3).

Proposition 2.1.8. Let ¢ € D(P) be an eigenfunction for P, associated to the

eigenvalue . Then we can expand v and X\ in power series of %, that s

s0=3 (1) v (2.4)

m=0

A=Y (%)m . (2.5)

m=0

2.2 Recursive formulas for the eigenfunctions’

and eigenvalues’ coefficients

Recalling Proposition 2.1.8 and in particular the relations (2.4), (2.5), we will
prove in this section a formula which helps in computing the coefficients 1, (¢)

and A,,. To this aim it is useful to have the following

Proposition 2.2.1. Let ¢ € D(P) be an eigenfunction of P; by definition it

satisfies

—"(t) + %Sin2 (%) Y(t) = (), Vte[-mmn], (2.6)

with power series expansion given by (2.4). Let X € R be the eigenvalue associ-

ated to 1, with power series expansion given by (2.5). Then for the coefficients
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Am, Um () we have the following relations:

(

—%,(t) - )\0%(75) =0

—(0) = Mot () + 360(0) = 5 cos(t)o(t) — A(t) = 0

1 (2.7)

(1) = Aot (1) s () — 5 cOS(E) b (1)

M1 (t) = > Ajmj =0, ¥m>2,
j=2

\
for every t in [—m, x|

Proof. Replacing the expansions (2.4) and (2.5) in the terms of the eigenvalue
equation for P, (2.6), we have

A = rf (%)mwm] 3 (%)J Aj] _ fﬂ (:0 Ajwm_j> (%)m _

m=0 7=0

“+o0 m
Aotho + Y (Z Ajwm_j>

Upon setting : =m — 1, m =1+ 1, we obtain

+oo [+l 1 i+1
A = Aotho + Z (Z )‘jl/fzurl—j) (ﬁ) ' (2.8)

i=0 \j=0

Substituting (2.4) in —1)" gives

" - 1 " " i o 1 " "
== (h—) === D (h—) U

m=0 m=1
whence
+o00 1 m—+1
" = —yf — Z (ﬁ) (DA (2.9)
m=0

By using (2.4), (2.8) and (2.9) in (2.6) we have

503 (1) s+ (g~ ) 3 () vl

m=0 m=0
+oo  /m+1 1 m+1
—Xo%o(t) — (Z AjVmg1—j (ﬂ) (ﬁ) =0,
m=0 \ j=0
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—1g (t) — Xotho(t)+

+§Z )+ (P52 ) - mZ Ajwm+1_j<t>] (hi)m o

This implies that all coefficients of powers of % must vanish. O

Remark 2.2.2. From Remark 2.1.7, Ao represents an eigenvalue of P(0) and

Yo the associated eigenfunction. Therefore we have either \g = n* and ¥y(t) =

\#sin(nt}, with n € N\{0}, or Ay = W and o(t) = \/LECOS (222 t), neN.

In order to have uniqueness, in (2.4), of the coefficients 1,,(t) we will impose
on the eigenfunctions the following normalization condition

l9[|* = 1. (2.10)

Remark 2.2.3. Using the notation fixed in Proposition 2.1.8 we have that the

normalization condition ||1||> = 1 holds if and only if

[4ol|* = 1
S W thy) =0, k>1.

(2.11)

Proof. Indeed

161 = (0, ) = (M () o S (%)m%) _

m=0 m=0
+o0o 1 m m
= Z (ﬁ> Z(wmfmwr) =1
m=0 r=

as this must hold for generic h we equal to 0 the coefficients of (%)m, with

m € N\{0} and we equal to 1 the term (g, ). O

From the normalization condition (2.10) it follows the uniqueness of the (nor-

malized) eigenfunction associated to a given eigenvalue.
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Remark 2.2.4. Using the notation of Proposition 2.1.8, the eigenvalue \ admits

a unique eigenfunction which satisfies the normalization condition (2.10).

Let A be an eigenvalue of P = P (%) . From Proposition 2.1.8 A has the series

expansion (2.5)
Foo ™
A= Z@ (ﬁ) A

From Remark 2.2.2 we have either \g = n?, n € N\{0}, or \g = M, n e N.
Hereafter we will assume that A is a fixed value, chosen in the set of eigenvalues
of P(0).

We now make some remarks on the functions v, of formula (2.4). We know
that the v, belong to L*(I). Thus we may expand them with respect to the basis
{\/%7 cos (2’“2—“) , \/i% sin(kz) }ren. Depending on the parity of the eigenfunction 9,

the 1, are either even or odd functions of t. We study separately the two cases.

When 9 is an even eigenfunction we can expand ,,(t) with respect to

e ()

so that, in particular,

2k v 1 t) . (2.12)

+o0
1
m(t) = m —— COS
nlt) = X tmania g eos (5
The following results are intended to provide recursive formulas for t,, 2x+1 and
for the coefficients A, of the expansion (2.5). After that, analogous results on

odd eigenfunctions will be given.

In the first place it is useful to make the following

Remark 2.2.5. Let be a,m € N. We have:

T 2 1 2 1
/ cos(t) cos ( a; t) cos < m2+ t) dt =
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B / ﬂ %dcos(<m+a+2)t>+cos<(m+a)t)+cos<<m—a+ D)t)+cos((m—a—1)t)]dt

—T

Proof. Indeed,

T 2 1 2 1
/ cos(t) cos< a2—i— t) cos< m2+ t) dt =

T 1 2 1+2 1 2 1—2a—-1
:/ cos(t)§ |:COS(a+ —;m—i— t)+cos(m+ 5 ¢ t)}dt:

— /ﬂ cos(t)% [cos((a +m + 1)t) + cos((m — a)t)] dt

—Tr

and from this the formula we wanted to prove follows. n

In the first place we set the value Ay as

o = M, n 0. (2.13)

We will treat the case n = 0 separately. Anyway, as we are analysing a fixed

eigenvalue of P, we assume hereafter that n in (2.13) is fixed, but generic.

Theorem 2.2.6. Let ¢ be an even, normalized (see condition (2.11)), eigenfunc-

tion of P associated to the eigenvalue \ given by (2.5), with A\g = (2"11)2, n # 0.

Let (see (2.4))

o0=3 (1) it

m=0

be its series expansion. Recall the expansion (2.12)

<3 1 2k + 1
Um(t) =) moki1——= COS ( t) :
kz; 2k+1 ﬁ 2
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Then the coefficients ¥y, o1 and Ay, fulfill the following equations:

(
2 1)2
Ao = @n+1)”
4
1
)\1 — 5
) (2.14)
Ao = ~1 (V1 2043 + Y1,20-1]
1 m—2
>\m = _Z [wm—l,2n+3 + wm—1,2n—1] - Z )\jwm—j,2n+l> V' m > 2.
\ J=
( 1 m—1
m,l — T 7 1\ m— m— 4 Aj m—j
(& = ! (0 + + : (2.15
$ Ym2k+1 = 4k —n)(k+n+1) m—1,2(k+1)+1 m—1,2(k—1)+1 ; (2.15)
m—1
+4 Z )\jwm—j,Qk—H] 5 k 7& n, k= 1, 2, 3, e
L 7=2

. ko .
(Here we use the convention that y_, . =0 when j > k.)

Proof. From Proposition 2.2.1 we have

(2n +1)2

M=o == ot

Moreover

1 — cos(t)

5 > w()(t) — )\1¢0<t> = O, Vte [—7‘(’,71'] . (2.16)

() = dotn (1) + (

By taking on both sides the scalar product with 1y we get

— (W1, ¥0) = Ao(¥1, ¥0) + ((1—0705(15)) %ﬂbo) — A1 (%o, %0) = 0,

that is

~(wn ) = Aol o)+ (S22 ) v ) ~ M) =0
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Then
(11, =45 — Aotho) + ((FCTOS(”) %7%) — A1 (%0, %0) =

- ((%W> "‘Z’O’%) — A1 (o, 1) =0

From the normalization conditions (2.11) we obtain

M= 1 Lcosten. ). o
We have
(cos(t)to, o) = / % t) cos? (2n2+ 1t) dt =
= /_7; % COS(t); [1+ cos((2n )] dt = / — cos(t) cos((2n + 1)t)dt = 0,

therefore, from (2.17), \; = 3 for all n € N\{0}.

Now let
1 2k +1

+o0
t) = Z¢1,2k+1ﬁ cos ( 5 t)

k=0
be the expansion of ;. Replacing this expansion, and the values of A\;, Ag, in

equation (2.16) we get

+oo
(2k+1)2  (2n+1)? 1 2k +1 1
kZ:O ( 1 - 1 w1,2k+1ﬁ cos 5 t)+ 5%4‘
_ cos
( )wo - —¢o =0,
that is
<% 2k+1 _ (2n41)? 5 (Y
2 1 1,2k+1ﬁ 5
1 2n+1 2n+1
e (22 1)) e (22 1)1)] <o
and finally
+o0
(2k+1)2  (2n+1)? 1 2k +1
- — t
kz; < 1 1 ¢1,2k+1ﬁ cos 5 +
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g () ) e () ) o

for all ¢ in [—m, 7], n # 0. It follows that the coefficients of cos 2 = )t) must
vanish for all j € N. Notice that the coefficient of cos (2”2—+1 t) is 0 for a generic n €
N\{0}. Moreover, from the normalization conditions (2.11) we have (¢,1) =0
and then 91 9,11 = 0. Imposing that the coefficients of cos ((%TH) t) be zero for

k # n, gives ¢y 9541 = 0 for all £ # n+ 1, n — 1 (recall that n is fixed). For

k=n+1we
obtain
2n+1)+1)2—(2n+1)? 1
P13 — — =0,
4 4
that is
(2n+3)* —4n® —4n — 1) 19043 = 1.
Hence

(0 = : -5
LS = 2 104 12n —4n2 —4n—1  Sn+ 8

If Kk =n—1 we have

(2n—1)2—(2n+1)2¢ 1
1 L2n—1 = 7

that is

Vion = T T T R

Therefore we obtain

1 on — 1 1 2 + 3
t) = t t).
vit) —8nCOS( 2 )+8n+8COS< 2 )

Now we seek a general formula for the remaining coefficients. For m > 2 we get,

from Proposition 2.2.1,

U 8) = At 0) + St -1(8) = 3 CO5(Om1(8) = it () = " Aty = 0
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Recalling that \; = % we have

m—1
1
—U (1) = Aot (1) = 5 cos(B)hmr(t) = Amtho = Y Aty =0, (2.18)
=2
with the convention that when m = 2 the last sum vanishes. Note that
(—7/%,%) - (AowmawO) - (wma - 6/) - (wm; A0w0> ==

= (¥m, Aot — Aotho) = 0. (2.19)

By taking on both sides of (2.18) the scalar product with 1y, from (2.19), and

the normalization conditions (2.11) we have

3

] —1
Am = 3 (cos(t)tm—1,%0) — Aj (Vm—j, Yo) -

J

(2.20)

I|
N

Let 1,,_1 be given by

“+o00
1 2k +1
— T t].
kz:;@ﬁ 1,2k+1 ﬁ COs ( 9 )

We compute the term (cos(t)n,—1, %) of (2.20) by substituting the expansion of
¢m—1 :

“+oo

(cos(t)m—1,%0) = 2 (cos(t)% cos <2k2+ ! 75) 7%110) Ym—12k4+1 =
+oo
= kZ:O (cos(t) Cos (Qk; ! t) , COS (2n2—l— ! t)) @ (2.21)

From Remark 2.2.5 and since n # 0, by hypothesis, we have:

(cos(t) cos <2k2+ ! t) , coS (2”; L t>) _

i/ﬁ cos((n+k+2)t)+cos((n+k)t)+cos((n—k+1)t)+cos((n—k—1)t)dt =

-1 /ﬁ cos((n — k + 1)t) + cos((n — k — 1)t)dt. (2.22)

—T

27



The term

(cos(t) cos (%; ! t> , cos (2"; ! t))

is different from 0 if and only if K =n — 1, n+ 1. In both cases we have

(cos(t) cos (%; ! t) cos (2n2+ ! t)) _

By substituting in (2.21) we get

N3

T V-1 2n+3 7T wm—l 2n—1
t m—1, =3 : o ) =
(cos(t)thm—1, %o) 5 - + 5 -

_ wm71,2n+3 + wmfl,anl ‘
2 2

Substituting the results obtained up to now in (2.20) gives

m—1

1 1
)\m = _Z¢m—1,2n+3 - Z¢m—1,2n—1 - ]22 )‘j<wm—j7¢0)7 (223)

thus completing the proof of (2.14). Now we consider once again the equation

(2.18) to obtain the functions v,,. We compute each term separately. We have:

t 2 t 1 2k + 1
—COSZ( )wmfl(t) = kZ:O _COZ( )wml,zkﬂﬁ cos ( 2+ t) =

+o0o
— Z _ﬁlpm—l,%-&-l [COS (20{:——21)—{—1 t) + cos (% t)} '
k=0

Then

+oo .
—Cos2<t>¢m1(t) = Z —#wmmkﬂ cos (M t> +

2
k=0

+00
+ kz:% _ﬁﬁbm_lgkﬂ_l coS (w t) . (2.24)
For the first term in the last equality we get:
X1 2k —1)+1 1 1
kzg _mwm—l,zkﬂ oS (# t> = —m?/fm—m oS (—5 t) +
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4\/—¢m 13003(1 >+Z 4\/—1/1m 12k+1005<w t)-

By changing index in the last sum we obtain

400
1 20k—1)+1
Z _mwmq,zkﬂ cos (% t> =

k=0

— [ 11+¢m13]COS(;t)+

4\/‘
+00
1 20k+1)+1
kzg _mwm—l,Q(k+2)+1 COS <% t) . (225)

Substituting (2.25) in (2.24) gives:

cos( )

—Ym-1(t) = [V — 11+¢m13]005(;t>—|—

4\/_
400
1 2(k+1)+1
+ kzg —m [wm—l,Q(kz—&-Q)-i-l + I/Jm7172k+1] cos (% t) . (2.26)

We now compute the term —!) — A\gtby,,. Since \g = nf)Q we have

X /(2K +1)2 — (2n +1)2 1 2% +1
—¢z1—>\0¢m_kzzo<( ) 4(n+ ))wmzkﬂﬁCOS( 2+ t)_

1—(2n+1)? 1 t
- (f) e (3)
X /(2k+1 (2n+1) 1 2k + 1
kz ( > ¢m,2k+lﬁ cos ( 5 t> .
By renaming the index in the last sum we get
g = (LE @D 1y
m 0¥m — 4 ml\/— 9

2 _ 2
+ Z ( (E+1) 131 @n+1) ) wm,Q(k—H)—&-l% cos (—2(k +21) +1 t) .

(2.27)

Substituting the (2.23), (2.27), (2.26) in (2.18) gives

(B ()
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<= [ (2(k 2 — (20 +1)? k
+§:(CK +1)%2 (2 +1))¢m%ﬂnﬂi%0$(2(+;)+1t)+

—ﬁ [Ym—1,1 + V¥m—1,3] cos (% t) +

1 2k+1)+1
+ Z —m [¢m71,2(k+2)+1 + ¢m—1,2k+1] cos (# t) +

—1 2n + 1
+4ﬁ [wm—1,2n+3 + wm—l,Qn—l] COSs ( 5 t) +

m—1 m—1
+ > N Wy, o)t — Y Ajth—j = 0.
j=2 j=2
By collecting the common factors’ coefficients we get
1 [1—(2n+1)? 1 1 t
7 _fd}m,l = ¥m-11 - Z@/)m—m] cos (5) +
1 X[k +1)+1)2 — (2n +1)? 1
+—= (2 ) )= ( ) Ymak+1)+1 — TUm-12(k+2) 411
T 4 4
k=0 -
1 2k+1)+1
_Zwm1,2k+1:| cos (% t) +

—1 2n+1
+4ﬁ [Ym—1,2n43 + Ym—12n-1] cOS < 5 t) +

m—1 m—1
+ 3N Wm0 — D Ajthm—; = 0. (2:28)
j=2 j=2

Since {cos (5 z)}nen is an orthogonal basis for the even functions in L*(1)

the coefficients of these functions in (2.28) must vanish. We obtain:

/ m—1

1—(2n+1)? 1 1 1

fﬂ}m’l — ZdJm_l’l — Zwm—lﬁ - ; )\] (,lvbm—j; COS (5 t)) =0

2k + 1)+ 12— (2n+1)2 1
(2 ) ) ( ) Ym2k+1)41 — TVm—12(k+2)+1 — TVm—12k+11
4 4 4
m—1
2(k +1 1

Y (¢m_j,cos (% t)) 0, kAn-Tih=012... .

\ Jj=2

(2.29)

30



Note that the coefficient of cos (24t ) vanishes for all n € N\{0}. We will check
this statement for all n because, although n is fixed, it can assume a generic value

in N\{0}, as A is a generic eigenvalue of P. For n = 1 we have

9-9

1 1 1
lem,s — Z¢m—1,5 — Zl/fm—l,l + 1 [Vm—15 + Vm-1,1] +

-1 3 m—1 3
_ ZQ Aj (wmj,cos (5 t)) + 3 Aj <wmj,cos (5 t)) =0;

J= J

and for n > 2 we get

(2n+ 1)2 — (2n +1)? 1 1
1 Ymont1 — Z¢m—1,2(n+1)+1 - 1¢m—1,2(n—1)+1+
m—1
1 2n + 1
+Z [Vm—1,2043 + Vm—1,20-1] — Z A (wm_j, cos < 5 t)) +
=2

m—1
2n+1
- Z Aj (wm_j,cos ( n2—l— t)) = 0.
j=2

From (2.29), changing index in the last sum, it follows that

( m—1
1
m,l — m— m— 4 AjVm—j
Vm 1—4n2—4n—1[w 11+ Vmo13 + ]Z:; v 3,1]
Yrnats = : v o "
M S s T T — an? — dn — 1 | U2k m—1,2(k—1)+1
m—1
+4) Ammmkﬂl =0, k#n, k=1,23,...,
\ 7j=2
(2.30)
from this the (2.15) follows. O

Now we consider the case n = 0, i.e. A\g = i.

Theorem 2.2.7. Let 1) be an even eigenfunction of P associated to the eigenvalue
A given by (2.5), with \g = 5. Let ¢ satisfies the normalization conditions (2.11),

and let (see (2.4))



be its series expansion. Moreover we recall expansion (2.12)

= 1 2k + 1
Ym(t) =) m2kt1—= COS ( t) :
;0 = 5

Then the coefficients ¥y, o1 and Ay, fulfill the following equations:

(

1
/\0 — 4_1
1
)\1 = Z_l
) (2.31)
Ag = —1%,3
1 m—2
Am = —Zwmfl 3 — Z ANjUm—j1, ¥V m>2,
\ 7j=2
1
() = 5 cos @t) | (2.32)
1

Um-120+1)+1 T Um-1, 2k-1)+1 — Um-1,2611F

Ym2k+1 = m
m—1
+4 Z )‘jwm—jﬂk—i—l] ) k 7& n, k= 17 27 37 e
=2
(2.33)

. ko .
(Here we use the convention that y_, . =0 when j > k.)

Proof. By hypothesis we have A\g = ;. Then, from (2.7) in Proposition 2.2.1, we

get ¢y(t) = cos (3t) . Moreover we have

1 — cos(t)

(0 () + (£

)¢mw—xwmw=o (2.34)

By taking the scalar product with 1y on both sides we obtain

~(wton) = oG v+ ((F52 ) ) — M) =
- ((FCTOS% @/’07%) — A(to, %) = 0.
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From the normalization conditions (2.11) we get

A= (cos(t)o, o). (2.35)

l\DlH
l\DIr—\

We have

™

(cos(tyvo. ) = |

—T

%Cos(t) cos? (% t) dt = /7r 1 Cos(t)% [1+ cos(t)] dt =

Iy

1, 1 1
/ 5 €O (t)dt /_ 1 (1 + cos(2t))dt 5

_p 2T x4

whence, from (2.35),

] =

N | —
e~ =

Now let

+o00
1 2k+1
t) = — t
) ;¢1,2k+1 ﬁ CcOs ( 9 )
be the expansion of ;. By substituting this expansion and the values of A\, \g

in equation (2.34) we obtain

“+o00
2k +1)2 -1 1 2k + 1 1 cos(t 1
; (%) Yy, 2k+1ﬁ cos ( 5 t> + §¢0 - 2( )%Uo — Zl/)o =0,

that is

*f 4k + 1+ 4k — 1 ’ 1 21<;+1Zf .
—— COS
2 4 L%Hﬁ 5

(9 s (1)

In other words
“+oo

Z(kQ + k)1 okt \/1— (2k2+ 115) +

k=0

o) (3990
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From here we get

+oo
1 2% + 1 1 3
%(H + k)¢1,2k+1ﬁ cos <T t) BN cos <§ t) =0, Vite|-mm].
(2.36)

From the normalization conditions (2.11) we have (¢, 1) = 0, whence ¢, ; =
(¥1,%0) = 0. Note that the coefficient of cos () in (2.36) vanishes, whence the
equation does not provide any condition on ;1. From (2.36) the coefficients of
coS ((@) t) must vanish for all 7 € N. We have 1 o511 = 0 for every k different

from 1. For kK =1 we get the condition

1

2¢1,3 - Z_l = 07

that is

1
P13 = 3

Therefore we have obtained (2.32). Now we seek a general formula for the re-

maining coefficients. When m > 2 we have, from Proposition 2.2.1,

—(0) = Mot (t) + Stm2(6) = 5 cOSoma(0) = Arthm1(8) = 3" Ajtim s = 0.

On recalling that \; = i we get

m—1
() = Aotn(t) + ¥ — 5 €081 (1) — Ao — D A = 0, (237)
j=2

with the convention that for m = 2 the last sum vanishes. Notice that

(= o) = (AoW¥m, o) = (Vm, —1g) — (Ym, Aotho) =

= (¥, Aotho — Aothp) =0 (2.38)
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By taking on both sides of (2.37) the scalar product with 1y, from (2.38), and

the normalization conditions (2.11) we have

-1

— S (cos(Wom1, o) = 3 X (Ut (2.39)

3

)\m - ;l(wm—la ¢0)

Il
¥

Let 4,,_1 be given by

+oo
1 2k +1
Z@/Jm—1,2k+1ﬁ cos ( 5 t) .
k=0
We compute the term (cos(t)i,—1,%0) in (2.39) by substituting the expansion of

l/Jmfl :

<2k+1

5 t) ,1/10) Ym—12k+1 =

(cos(t)y o) = f (cos(t)L cos
R VT

+oo
= Z (cos(t) cos (2k2+ ! t) , COS (% t)> @ (2.40)
k=0

From Remark 2.2.5 we get:

(cos(t) cos (%; ! t> cos (% t)) _

/7T cos((k + 2)t) + cos(kt) + cos((—k + 1)t) + cos((—k — 1)t)dt =

- i/ *cos(ht) + con(—k + 1)0) + cos((—k — 1)e)dr (2.41)

—T

From (2.41) the term

Lot (2 0) s (1))

is different from 0 if and only if £ = 0, 1. In both cases we have

Loy (2 ) os (L)) = .

Substituting in (2.40) gives

Zwmfm 4 zwm—l,:s _ wmfm i ¢m71,3.

(COS(t)wm—wa) = 2 T 2 T 2 2
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By substituting the relations obtained up to now in (2.39) we have

m—1

1 1 1
Am = Z¢m—1,1 - Z¢m—1,1 - Z¢m_1’3 B Z Aj(Um—j; tho) =
j=2

m—1
1
==y ¥m-13 - Z Aj (Vg to). (2.42)
j=2
This completes the proof of (2.31). We now consider once again equation (2.37)

to obtain the functions t,,. We compute each term separately. The formula (2.26)

obtained in Theorem 2.2.6 holds even in this case, so we recall it:

~ cos(t)
2

Ym-1(t) = [Ym—1,1 + V¥m-1, 3] cos (1 t> +

1
4T 2

DL e

+o0
1
+ Z ———= [Um-12(kr2)41 + m-1,2k41] COS (
—~ AT 2
We compute the term —/) — \p1y, using (2.27), which holds true also in this

case. Since A\g = ;11, n = 0 we have

+o0 2
I - ((2(k+ h+1) 1) e % (% t) ,
k=0

(2.44)

Furthermore we get

1 1 ¢ 1 2% + 1
- m— - m— - - — m— t
Z¥m-1 4\/7?‘” 11608 (2) MW Zkzl Yrm—1,2k41 €09 ( )

1 ¢ 1 20k +1)+1
= m— P = m— ——t). (245
4ﬁ¢ 1,1 COS (2) + 4ﬁ %w 1,2(k+1)+1 COS ( 5 ( )

By substituting (2.42), (2.44), (2.43) and (2.45) in (2.37) we obtain

+o0o i - )
; <(2( + 1)4+ 1) 1) @bm,zmlm% cos <% t) )

1 t 1 2k+1)+1
= rm— Y v = m— —— 1
+4\/E1/1 1,1 COS <2) + I kgo Ym—1,2(k+1)41 COS ( 5 +
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4\/—[1/1m 1,1+ Y, 3]COS<; t)—i‘

ﬂk+n+ﬂt>+

+o00o
1
+ kz; —m [Vm—1206+2)41 + Um—1,2k41] COS < 5

m—1

4f¢m 13cos( ) ZA (Cm—js P0)to = > Ajthm—j =0

Jj=2

Collecting the common factors’ coefficients gives:

+oo
2(k+1)+1)2 -1 1
g [( W Um2k+1)+1 T 4ﬁ¢m—1,2(k+1)+1+

1
—— [¢m—1,2(k+2)+1 + wm172k+1:|:| cos (

2k+1)+1
N ——————t>+

2

m—1
= Ajthny =0, (2.46)
j=2

241 ) }hen is an orthog-

because the coefficient of cos () vanishes. Since {cos (2%
onal basis for the even functions in L?(I) the coefficients of these functions in

(2.46) must vanish. We get:

20k+1)+1)2 -1 1
<( ( ) +1) ) Um2(k+1)+1 T Zwm—l, 2(k+1)+1T

4
1 m—1
1 [Vm—120642)41 + U1, 2041] Z iWUm—j2k+1)+1 = 0, k=0,1,2,...
7j=2

(2.47)

From (2.47), changing index, it follows that

(@k+1ﬂ—

1 1
1 ) Vm2k+1 = 1 [—¢m—1, 2%+1 + Um—120k+1)+1 + ¢m71,2(k71)+1] +

+ Z Aj¥m—jok+1 = 0, k=1,2,..., (2.48)
=2
and thus (2.33). O
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Now we state an analogous result involving odd eigenfunctions of P. As before
we state the following theorem for a generic eigenvalue \ of P, with odd associated

eigenfunction. So we consider, hereafter A\ = n?, where n is fixed but generic.

Theorem 2.2.8. Let ¢ be an odd eigenfunction of P, associated to the eigenvalue

A, with series expansion given by the equation:

=3 (%) e (2.49)

m=0

Let \ be given by (2.5), and set \g = n*, n € N\{0}. We suppose that ¢ satisfies

the normalization conditions (2.11):

leoll = 1,

S (P pr) =0, Yk>1.

Moreover we set, as o, (t) are odd functions of L*(I),

“+o00
1
Pm(t) = @mr—r—sin(kt).
= VT

Then, for coefficients pm i and X\, hold the following equations:

)\0 = n2
1
/\1 = 5
1
A =—7013,  n=2
Am = =7 Pm-13 ~ Z)\j(pm—JQ’ n=2vVmz2
7j=2
1
Ay = 1 P11+ Prar], nF2
m—2
1
)\m = _Z [meflmfl + me*LnJrl] a JZQ Ajgpm*j,na n 7& 27 V.m 2 2.
L =
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. ko .
(Here we use the convention that ), _. =0 when j > k.)

Proof. From Proposition 2.2.1 we have

Xo=n%  —¢f = oo

Moreover,
1 — cos(t)

- A = 0.
5 )900 190 =10

v
By taking on both sides the scalar product with ¢y we obtain

1 — cos(t)

— (7, v0) — Ao, wo) + ((T) 900,900> — Ao, o) = 0,

that is

1 — cos(t)

—(1,90) = Xo(e1, wo) + ((T) 9007900) — Ao, o) = 0,

in other words

1 — cos(t)

(1, —po — Aowo) + ((T) ©o, 900> — Mo, o) =

:(G;%ﬂﬁ)wwo—ﬁﬂwwwza

From the normalization conditions (2.11) we get

1 1
A = 3~ §(C05(t)90o, ©o).
We have
T <2
~(costau o) = — [ cost ™" -
. T
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4 m—1
1
Pm1 = 1 —n7) [SOm—Lz +4 Z AjPm—ji|, n#1
=2
1 = 2.51
Omk = m [SOmLkl + Om-1k+1 +4 Z Aj@mj,k] y (2.51)
=2
| E#n k=234,

(2.52)

(2.53)



_ ! /7r cos(t) {M] dt = /7r 2icos(t) cos(2nt) = 0,

L 2 _p2m
hence, from (2.53), A\; = % for all n € N\{0}.

)

Now let
+00 1
t) = — sin(kt
p1(t) ;%01,k\/7—T (kt)
be the expansion of ¢;. Substituting this expansion and the value of \; in equation

(2.52) gives
= sin(kt) sin(nt)  cos(t) sin(nt)

Z<k2_n2)801,k N + NN sin(nt) — N =0,

k=1

that is

—+00 1

Z(k2 —n?)py sin(kt) — 1 [sin((n + 1)t) +sin((n — 1)t)] =0, Vte|[-n,mn].
k=1

It follows that the coefficients of sin(jt) must vanish for all j € N. We have

o1, =0forall k #n+1, n—1, for ¢;, vanishes because of the normalization

condition. For £k =n + 1 we get

1
(241 = )11 = 7 =0,
that is
B 1

If n =1 the term sin((n — 1)¢) vanishes, and thus the equation does not provide

any further condition on the coefficients ¢ 5. If n # 1 we have the condition

1
gpl,n_l(nQ +1—2n— nz) — 1= 0,

that is

Pin—1 = m
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Thus, for ¢;(t) we have

1

02 sin((n + 1)t) +

r1(t) = sin((n —1)t), n>1.

4(1 = 2n)
Now we find a general formula for the remaining coefficients. If m > 2, from
Proposition 2.2.1, we have

1 1

21 (0) = Do (1) + 31 (8) = 5 €08(E) 1 (6) = Moo (6= D Aoy (0) = O,

that is, on recalling that \; = %,

-1

—lult) = Aopm(t) = 5 cos(tNomo1(6) — Amipolt) = - Aemoy(8) =0, (25)

3

[|
N

with the convention that, for m = 2 the last sum vanishes. Note that

(—@ms ©0) = (Mo®m, o) = (¥m;, —95) — (¥m; Aoo) = (¥m; Moo — Aoo) = 0.
(2.55)
By taking the scalar product with ¢y on both sides of (2.54), from (2.55), and

the normalization condition, we have

3

1
1
Am = =3 (cos(t)om—-1,%0) = >  Aj (Pm—j, P0) - (2.56)
i

I
¥

Let ¢,,_1 be given by
+o0

1
Z SOm—Lkﬁ sin(kt).
k=1
We compute the term (cos(t)@m—_1, @o) of (2.56) by substituting the expansion of

©m-1 -
+o0 1

(cos(t)pm—1,p0) = Z NG (cos(t) sin(kt), ©o) Lm—1.k- (2.57)

At first we compute \/LE (cos(t) sin(kt), o) . We get

% (cos(t) sin(kt), po) = %/z cos(t) sin(kt) sin(nt)dt =
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= %/_Z COS(t)% [cos[(k — n)t] — cos[(k + n)t]] dt =

- %/ﬂ 411 [cos[(k — n + 1)t] — cos|[(k —n — 1)t] — cos[(k + n + 1)t]+

—T

—cos[(k +n — 1)t]] dt.

From here we have

(cos(t) sin(kt), po) = %/W i [cos[(k —n + 1)t] — cos[(k —n — 1)t]] dt,

—T

Si-

(2.58)

where k, n > 1. The term

= (cos(t) sin(kt), ¢o)

NZS
is different from 0 if and only if k =n — 1, for n > 2, and k = n + 1 (recall that

n 1s fixed. In either case we obtain
) 1
(cos(t) sin(kt), po) = 5

By substituting in (2.57) we get

1

(Cos(t)s@m—la 900) = 5 [Spm—l,n—l + Som—l,n—&—l] 5

with the convention that if n = 1 then the term ¢,,_1,-1 vanishes. Substituting

the obtained results in (2.56) gives

m—1

1

)\m = _ngmfl,i’) - Z )‘j(()pmfja ¢0)7 n=2
Jj=2
and
1 1 m—1
Am = _z_l(pmfl,nfl - Z(pmfl,nJrl B j; Aj((pm*j’ 300), n=>2. (259)

This completes the proof of (2.50).
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Now we consider once again the equation (2.54) to obtain the functions ¢,,.

We compute each term separately. We have:

cos(t) <X cos(t) 1
- Om-1(t) = ; —Tgpm_mﬁ sin(kt) =

-3 ~ et (b 11) - sin( (k= 1))

Thus

_ cos(?)
2

¥Pm—1 (t) =

5 _ﬁ%_m sin((k+ 1)ty + 3 —ﬁwm_l,k sim((k— 1)), (2.60)

For the second term of (2.60) we get:

“+o00

Z —#me—l,k Sln((k’ - 1)t) =

k=1

+oo

1 1
= —— 0, 19sin(t ———m_1ksin((k — 1)t).
4ﬁ<ﬂ 128in(t) + 23 4\/?0 1 sin(( )t)
Changing index in the last sum we have

+oo

1
Z ————=@m_1ksin((k — 1)t) =
pt 4/
1 +o00 1
=~ emizsint) + ; —g e Pn-wsesin((k+ 10, (261

By substituting (2.61) in (2.60) and changing index we obtain:

“+o00
cos(t 1 : 1 1
_ 2< >gpm,1(t) = Z —m@mfl,k sin((k + 1)t) — m@rnflﬁ sin(t)+

k=1

+oo
1 .
+ ; _m‘f?m—l,kﬁ sin((k + 1)t) =

1 R |
o, 1asin(t ERELEN P - in((k+1)8).  (2.62
4ﬁ<P 1,2 sin( )+; N [Om—1,k + Om-1k42]sin((k+1)t).  (2.62)
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We compute the term —¢! — A\g@,,. Since A\g = n* we have

—+00

1
7 2
—g! = Ao = E (k* = n®) o —=sin(kt) =
k=1 VT

1
sin(kt) =

=(1- )gpml sm )+ —n? )Pk —=
Z \/_

(- n2)g0m71% sin(t) + ;((k +1)2 = n2)g0m,k+1% sin((k+1)8).  (2.63)

Substituting (2.59), (2.63) and (2.62) in (2.54) gives

1 =
(1 —n?)m1—=sin(t +Z ((k+1)? sin((k + 1)t)+
VT =

1
)Samk-i-l\/—
L NOEE S S Jsin((k + 1)t)+
- m—1.2 81 - m— m— sin
4\/7790 1,2 £ 4ﬁ Pm—-1,k T Pm—1k+2

+1 ’(t)—l—l 1'(t)+
——— O 1m—18I0(N —Pm—1.n+1—=sin(n
4/ P tn 4Pl o
m—1 m—1
+Z)‘ Pm— ],900)\/_8111 nt Z)‘]@m ]:
Jj=2 Jj=2

Collecting the common factors’ coefficients gives:

1 1 .
(0= 0005 — fomora| S+

1 1 .
+ Z { ((k+ 1 2)¢m,k+1 T [Om—1 + 90m1,k+2]] ﬁ sin((k + 1))+

m—1 m—1
1 1
+ Z‘pm—l,n—l + Z‘;Om—l,n-‘rl + Jz:; )‘J'((pm—ja 900)] \/— Sln nt ; Ajgpm -j =

(2.64)
Since {sin(jz)};en is an orthogonal basis for the odd functions in L?*(I) the
coefficients of these functions in (2.64) must vanish. Note that the coefficient of
sin(nt) in (2.64) vanishes for all n € N\{0}. Indeed, for n = 1, recalling that in

this case we pose, by convention ¢, ,—1 = 0 for every m € N, we have:

1 1

1 1
1-1)—&— m,1 — 7 —%¥m— o —=Fm-1,1- Y
( )ﬁso 1 4\/#'0 1,2+4ﬁ80 1,1 1+4ﬁ90 12+
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m—1
+Zx\j(gom_], \/_sm Z)\J Om—i \/_sm( )) =0.
Jj=2

For n > 2 we get:

1 1
(n2 - nz)(pm,n - Z [@mfl,nfl + mefl,nJrl] + ZSOmean‘
1 m—1 m—1
"’ngmfl,nJrl + Z )‘j (QDH’L*j? 900) - )‘j(gpm*ja 300> =0.
=2 i=2

The coefficients of sin(kx) in (2.64), for k + 1 # n must vanish. We obtain:

that is

2

Hence

from which (2.51) follows.

m—1
1 .
(1 —n*)pm1 — JPm-12~ Y " Aj(pm,sin(t)) =0, n#1
=2

m—1
((k+1)% = 02)pmpps — 20tk P2 NP\ (g sin((k + 1)t)) = 0,
=2

4 4

k+1#n, k>1;

(2.65)
m—1
1
(1 - n2)90m,1 - ZSOm—l,Q - Z )\jSOm_jJ =0, n#1
j=2
m—1
1
(k2 - nQ)SOm,k 1 [Om—1k—1 + Pm—1k+1) — Z AjPm—jk = (2.66)
Jj=2
k#n, k>2.
( m—1
1
(1 - nQ)SOm,l = Z@m—l,z + Z )\jQDm_jJ, n#1
j=2
m—1
1
(k2 - n2)90m,k — 1 [Prm—1k-1+ Pm—1k+1] + Z AjPm—jks (267)
j=2
k#n, k>2;
O
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Chapter 3

Analysis of eigenvalues and

continued fractions

3.1 Necessary conditions for eigenfunctions

We analyse the structure of eigenfunctions by using the Fourier series expan-
sion. In particular we want to substitute the Fourier expansion of a generic
eigenfunction of P in the eigenvalue equation (1.7) and then differentiate term
by term, getting in this way conditions on the Fourier coefficients of eigenfunc-
tions (as distributions). Notice that, since we are studying a Sturm-Liouville
problem, the choice of the Fourier basis in using this procedure is fundamen-
tal. In fact, if we chose for instance the classic Fourier basis for L*(I), i.e.
{1, cos(nx),sin(nz);n € N\{0}}, we would not be able to find all eigenvalues
of P (the trouble arises because the eigenfunctions vanish on the boundary of 1
but the cos(nz) do not).

Notice that the eigenfunctions of the problem belong to D(P), thus a proper
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basis to be used for their expansion is formed interely by functions in D(P). We
will use, to this purpose, the basis of the eigenfunctions of the operator P(0) (see
(2.3)), which is suggested by the analysis of the problem made in the previous
chapter.

Recall that the eigenfunctions of the operator
P(0): Hy(I) N H*(I) — L*(I), f+—— —f",

form a complete orthonormal basis of the space L*(I).

Indeed the operator P(0) is selfadjoint from Proposition 1.1.5, with compact
resolvent; from Hilbert-Schmidt’s theorem we have that the eigenfunctions of
P(0) are a complete orthonormal basis of L*(I).

The normalized eigenfunctions of the operator P(0) are

—= COS
2

1 2n+1
NZS

x), neN

and

% sin(nz), n e N\{0}.

We will expand the eigenfunctions of P with respect to the basis of L*(I) formed
by the eigenfunctions of P(0). By substituting this expansion in the eigenvalue
equation for P we will get a recurrence relation for the Fourier coefficients of
the eigenfunctions. Afterwards we will analyse this recurrence relation using
the continued fraction theory. This study will provide necessary and sufficient
conditions for the eigenvalues of P.

In the first place we make some basic remarks about the eigenfunctions of P.

Remark 3.1.1. All eigenfunctions of P are real-valued.
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Proof. P is a self-adjoint operator with real coefficients. n
Remark 3.1.2. Let ¢ be an eigenfunction of P. Then ) is either even or odd.

Proof. Using the notation fixed in Proposition 1.1.7 this result follows because

the operators A and T preserve the parity of functions, then also P does. O

As the eigenfunctions of P(0) form a complete basis of L*(I), we can expand
every function of this space with respect to this basis. In particular for odd and

even functions we can state the following

Remark 3.1.3. If v € D(P) is an even function then it admits the following

Fourier series expansion:

o(z) = :Z:vn% cos (2”; ! x) | (3.1)

with v,, = fﬂﬂ \/L; cos (2"2“35) v(x)dx, for all n € N.

Remark 3.1.4. If u € D(P) is an odd function then it admits the following

Fourier series expansion.:

u(x) = Z un% sin(nz), (3.2)

with u, = [* \/LE sin(nz)u(z)dz, for all n € N\{0}.

We want to find out necessary conditions on the Fourier coefficients of eigen-
functions of P. By Remark 3.1.2 we can treat separately the odd and the even
eigenfunctions and Remarks 3.1.3 and 3.1.4 provide particular Fourier expansions
for even and odd eigenfunctions of P.

In the next propositions we assume that all the equalities are intended in the

distribution sense, and thus we will use the theorem of differentiation term by
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term. Then we will find conditions for the convergence of these Fourier coefficients

which will justify the use of that theorem.

Proposition 3.1.5. Let v € D(P) be an even function with Fourier expansion
given by (3.1). We assume that v is an eigenfunction for P associated to the

ergenvalue X\, i.e. such that

1
Pv=—v"+ w2 sin? <§> v=MA, on [-mm7], v(xm)=0.

Then the coefficients v, of the Fourier expansion of v fulfill the following condi-

tions:

= (h* 4+ 1 — 4\R%) vy; (3.3)

Unp1 = ((2n +1)°h% 4+ 2 — 4NR?) v, — V1, n € N\{0}. (3.4)
To prove this proposition we will use the formulas of the following

Lemma 3.1.6. Let v be an eigenfunction of P, even, associated to the eigenvalue

M. Then we have:

—+00

1 . (UO + Ul) 1 (Un,1 -+ Un+1) 2n+1
~572 cos(z)v(xr) = ————== cos (51‘) - ; Cos 5 )

4h?\/T

20



Proof. Relation (3.5) follows from the equalities

- [*é vn(gf\z/; 1) <_Sm <2n—i— 1x>)] _

—+o0
Vo 1 va(2n +1)? 2n+1
:mcos<§x>+n§:1Tcos Tm .

Relation (3.6) is straightforward on recalling the Fourier expansion of v. In fact

1 X1 [, omn + 1
') = 2 o (ﬁ( > )) =

+oo
Vo 1 Up 2n + 1
:WCOS (5 IL‘) +nE:1WCOS< 9 C(])

To obtain (3.7) notice that

1 X Uy 2n—1)+1
——cos(z)v(z) = — Z ———— oS (— :17) +
2h? e 4h?\/m




+00 +o0
Un, 2(n—1)+1 (. (2k + 1)
> i cos <—2 x) ;%%cos( L)

n=2

Substituting £ = n — 1 in the first sum gives

_ L cos@)u(a) = _% cos (%x) +

Vk+1 (2]{3 + 1) o Ry V-1 (2]{3 + 1)
Z4h2 ( 2 7 ;Wﬁcos 2

whence (3.7) follows.

Equation (3.8) is easily obtained from the expansion of v. ]

Proof of Proposition 3.1.5. By hypothesis v is an eigenfunction for P associated

to A, namely Pv = A\v, that is

1
—" + o sin? (g) v = \v.

It follows that

1
—v” 1-— = . :
v 57,2 (1 —cos(z))v =M (3.9)

By substituting (3.5), (3.6), (3.7) and (3.8) in (3.9) we get

1 <= (2n 4 1)2v, 2n 4 1
4\/_005( m)—k; 4ﬁ CoS 5 x|+

+o00
+— _ cos 1:6 +Z U cos 2n+1:1: +
2h2\/T 2 £ 20/ 2

(vo + v1) 1 o= (Un—1 + Vps1) 2n + 1
—WCOS 5!13 _ZWCOS B xTr | =

n=1
A 1 X w 2n +1
—\/—Eocos<2x)+;ﬁcos( 5 x),

that is



(2n +1)2 Uy, (Un—1 + Uny1) 2n + 1
+Z( +W—T—Aun cos (= ] =0. (3.10)

Since {cos (2% )}, is an orthogonal basis for the even functions of L?([), all

the coefficients in (3.10) vanish:

Vo Vo (Ul + Uo)

2o e =0
2n+ 1%, v, (Vno1+ Unp1)
I e L LIRS
From this (3.3) and (3.4) follow. O

In a similar way we get necessary conditions on coefficients of odd eigenfunc-

tions.

Proposition 3.1.7. Let u € D(P) be an odd function with Fourier series expan-
sion given by (3.2). Suppose that u is an eigenfunction for P associated to the

etgenvalue X, namely such that

1
Pu=—u"+ 5 sin? (g) u=Au, on [-m7|, u(tm)=0.

Then the coefficients u, of the Fourier expansion of u fulfill the following condi-

tions:

= (4h* + 2 — 4\R?) uy; (3.11)

Upp1 = (4n2h2 +2— 4>\h2) Uy — Up_1, neN, n>2. (3.12)
To prove this proposition we will use the formulas of the following

Lemma 3.1.8. Let u be an odd eigenfunction of P, associated to \. Then we
have:

—u"(z) = u_; sin(x) + Z sin(nx), (3.13)



1 Ul . a Un .
ﬁu(x) = NG sin(x) + nEZQ TN sin(nz), (3.14)
1 uz . = (Un—1 + Uny1) .
- S - — R A
57 cos(x)u(x) NG sin(z) ,;:2 NG sin(nz), (3.15)

Ay o~ Ay
Au(z) = 7r sin(z) + Z N sin(nx). (3.16)

Proof. Relation (3.13) follows from the equalities

Equation (3.14) is straightforward on recalling the Fourier expansion of u. In fact

o0
2; =57 Z — Sin (nx) 2}:;1/% sin(x) + ; th;—nﬁ sin(nx).
To get (3.15) we notice that
1 1 Xy, .
— g7 cos(@)ulr) = — 5 ; N cos(z) sin(nz) =
= Z 4h2 [sin(z(n + 1)) + sin(z(n — 1))] =

+00 +oo

- — ; —4};?/? sin(z(n+1)) — ; 4}:;—71\/7? sin(z(n —1)).

1
_2_h2 COS(ZE)U,(Q;) —
+oo Uk—1 s ' +o0
__;4h2ﬁs1n(kx) Wsm(x) Z4h2\/—sm( 2(n — 1)) =

_ Ug—1 . Uz . Uk+1 .
= — Z NG sin(kx) — NG sin(z) — ; NG sin(kx)
whence (3.15) follows.

Relation (3.16) is easily obtained from the expansion of w. O

o4



Proof of Proposition 3.1.7. By reasoning as in the proof of Proposition 3.1.5 we

get that u satisfies the equation
—u" 4+ — ! (1 —cos(z))u = Mu (3.17)
2h2 ' '

Substituting (3.13), (3.14), (3.15) and (3.16) in (3.17) gives

u_; sin(x) + nZ: n\/z% sin(nz) + hQ\/_ in(z) + Z 2h2\/_ sin(nz)+

- 4};2]?/% sin(x) — ; (U"Z;hz;\/u_?:m sin(nx) = sm )+ Z — sm nx)
that is
Ul (%)
( 1+ oh2 — 4_h2 — )\Ul) Sll’l(I)—f—
(Un,1 + 'LLn+1) .
+ Z (n Uy + 2h2 e Ay, | sin(nzx) = 0. (3.18)

Since {sin(nx)},en is an orthogonal basis for the odd functions in L?(T), all

the coefficients in (3.18) vanish:

n ]‘ n—
Zh;l:un<n2+——)\>—u ! n > 2.

From this (3.11) and (3.12) follow. O

We next show that the sequences of coefficients of eigenfunctions, {v,}n,

{tn }n, fulfill recurrence relations of the form

In+1 = ﬂngn — On—1, n € N. (319)

Studying the properties of this type of relation will give information on Fourier

coefficients of the eigenfunctions and eventually on the eigenvalues of P.
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Remark 3.1.9. Using the notation fized in Proposition 3.1.7 and assuming the

same hypotheses, let X\ be an eigenvalue of P and let {a,}n>_1 be the sequence

defined by
a_1 = 0
(3.20)
Gp = Upait, VneéeN.
Then, setting
Yo =n(A) = 4(n +1)2h* + 2 —4\h?, VY n €N, (3.21)
the sequence {a,}n>_1 satisfies the recurrence relation
a_; =0, Api1 = YnQn — Qp_1, V neN. (3.22)

Using Remark 3.1.9 we can write the Fourier series expansion for odd eigen-

functions in a slightly different form. In particular we have the following

Remark 3.1.10. Let u be an odd eigenfunction of P. Using the notation fixed in

Remark 3.1.9 and assuming the same hypotheses, we have
+00 1
u= Z anﬁ sin((n + 1)z). (3.23)
n=0

The following remark grants that also the coefficients of the even eigenfunc-

tions verify a recurrence relation of the form (3.19).

Remark 3.1.11. Using the notation of Proposition 3.1.5 let X be an eigenvalue

of P. We set by definition v_y = 0 and

8o = h® + 1 —4)\h?

(3.24)
6n = (2n 4+ 1)%h* +2 — 4\R? vV n € N\{0}.
Then the sequence {v,}n>—_1 satisfies the following recurrence relation
v_1 =0, Upy1 = OpUp — Up_1, VvV n e N. (3.25)
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3.2 Formulas for solution of the recurrence re-

lations

The aim of this section is to provide formulas for solutions of the equation (3.19),
for particular values of {0, },,. In the first place we state some remarks without any
conditions on the sequence {1, },, analysing both cases {¥,, }, := {0n}n, {Un}n =
{Vn}n afterwards. These results will be useful in determining eigenfunctions of P
(recall that, when {9, }, = {0, }n or {Un}n = {Vn}n, the g, in (3.19) represent

the Fourier coefficients of the eigenfunctions, as stated in Remarks 3.1.9, 3.1.11).

Lemma 3.2.1. Let {g,}n>—1 be a sequence different from the 0-sequence, that is
such that there exists ng € N with gn, # 0. Assume that {gn}n>—1 satisfies the

recurrence equation

Gn+1 = ﬁngn — Gn—1, n € N. (326)

Then the sequence {gn}n>—1 is not definitely 0 (i.e. there is no ng such that

gn = 0 for every n > ng), in particular g, = 0 implies g,+1 # 0 and g,_1 # 0.

Proof. Reasoning by contradiction, let m € N such that g,, # 0 and such that

gn = 0 for all n > m. From (3.26), with n = m + 1, we get

Im+2 = Vmt19m+1 — Gms

whence, recalling that g,,+2 = gm+1 = 0, we have g,, = 0, but this is impossible
by hypothesis.
In a similar way it can be proved that if g, = 0 then g, # 0. Indeed, were

it not so, we would have, from (3.26), that g,.2 = gnt3 = -+ = 0, but this is
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impossible because we proved that {g, },>_1 is not definitely the 0-sequence. Also

gn—1 # 0, indeed, were it not so, we would have

In+1 = ﬁngn —On-1 = 07

which is absurd from what we have just proved. O]

Note that Lemma 3.2.1 can be applied to the recurrence relations (3.22), (3.25)
obtained for the coefficients of the eigenfunctions of P, {a, },, {vn}n (recall (3.23),
(3.1)). Indeed these coefficients can never be all equal to 0, because they are the
Fourier coefficients of an eigenfunction. Hence Lemma 3.2.1 states that these

sequences cannot have two successive terms that are both 0.

Corollary 3.2.2. In the hypothesis of Lemma 3.2.1 if g1 = 0 then gy # 0.

Proof. By contradiction, if gy = 0 then from (3.26) we would have g, = 0 for all

n € N, contradicting the hypothesis. O]

The following remarks, remaining true for generic recurrence equations, are
particulary useful for studying the sequences {v,}, {a,}. For this reason now we

fix the notation with the following

Definition 3.2.3. In the sequel the equation

In+1 = ﬁngn — On-1, neN (327)

will denote either equation (3.22) or equation (3.25), where we will have, respec-

tively, either
(gnaﬁn) = (&n,’yn), v ne N7
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or

(gnaﬁn) = (Um(sn)a Vne N7

recalling formula (3.21) for ~y, and formula (3.24) for &,. It is not required that
A, appearing in (3.21) and (3.24), is an eigenvalue of P. Thus, with these as-

sumptions, ¥, is always a function of the parameter \.

It is worth to remark that when A is an eigenvalue of P the sequence {g,},
of Definition 3.2.3 coincides with the sequence of Fourier coefficients of the eigen-
function associated with A (see Remarks 3.1.9 and 3.1.11).

The following remarks define, through {g, },, another sequence, {w, },, which
fulfills a “normal form” of the recurrence relation. From this relation we can find

a formula to determine {w,},, and consequently {g, }n.

Lemma 3.2.4. Let {0, },>0 be a sequence such that 9,, # 0 for all n € N. Let
{gn}n>-1 be a sequence such that g1 = 0.

Then {gn}n>—1 is a solution of (3.27):

In+1 = ﬁngn — gn—1, neN

if and only if {wy,}n>_1 is a solution of

Wpi1 = Wy — Qp1Wp_1, neN, (3.28)
with
)
w_y, = 0
wy = —9" e N\{o),
\ Jo - Ons
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and

a_1 = 1
1 (3.30)
apy = 19”19”+17 n € N.
Proof. Suppose that
In+1 = gnﬁn — Jn—1, n € N.
Then, upon dividing by 9y ... v, we get
Gn+1 _ gnﬂn N 9n—1 (3 31)
Voo VoV 10,  Do... 0 90, 10, Vo... 00 o0 10, '
From (3.29) and setting ¥_; = 1 in (3.31) we obtain
Wy
Wp41 = Wy — 19”711;”7 ne N7
which yields, by (3.30), recalling that w_; = 0, formula (3.28).
To prove the converse it suffices to invert the procedure. O

In other words, Lemma 3.2.4 states that we can relate the solutions of equa-
tions (3.27) and (3.28) if the coefficients ¥, are all different from 0. In this hy-
potesis we can obtain {g,}, from the values of {w,},. We will see that this is
true also if ¥,,(A) = 0 for some n € N.

It is now convenient to assume that all sequences we will consider from now

on take values in C = C U {0}

Definition 3.2.5. Given the sequence {an}nen in C we denote by

{loo, - -+, o] }jen
the sequence defined by recurrence as
[Cko] =1- Q)

, v n € N\{0},

[ag, ... o] =1—



1

where we pose, by convention, 5 = 0o and i =0.

The following Proposition provides a formula that gives the terms of {w,},

depending on the coefficients in (3.28) (for the detailed proof see [15], p. 570).

Proposition 3.2.6. Let {w,},>—1 and {a,}n>_1 be two sequences such that

w_1 =0 and a_; = 1. We assume that {w,}, fulfills the recurrence equation

Wpt1 = Wy — Q1 Wp1, n €N
Moreover, put z, = [ag, ..., a,] for every n € N and let {Z,,},>0 be the sequence
defined by
ZO - Zl = 1
(3.32)
N-2
ZN = Hj:o Zj’ N Z 2,
with
(
zj if zj #0,00
Z; = —O[j+1 Zf Zj =0 (333)
\ 1 if z =00

Then we have

for all N € N.

proof (sketch). We consider {w,}, as a sequence of determinants of proper tridi-
agonal matrix (depending on coefficients «a,). By triangularizing these matrix we

obtain essentially z, as diagonal elements. O]

With the following definition we fix the notation we will use hereafter, for

notational simplicity.
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Definition 3.2.7. Following the notation of Proposition 3.2.6, we will write
(3.34) simply as

WN = 202] -+ Zy_oWo, N €N, (3.35)

using, as before, relation (3.33) for the coefficients 2}, but with the convention of

setting, when j = N —2, 25,_5 =0 if zy_2 = 0.

We next obtain, from Proposition 3.2.6, a formula for the coefficients { gy, }».

To recall and summarize the notation fixed up to now we give the following

Definition 3.2.8. Using the notation fired in Definition 3.2.3, we denote by

{an}n>—1 the sequence defined by (3.30):

Oé_1:1
1

= N
19711971,—0—1 7 "e

Qn

and we denote with {wy},>_1 the sequence defined by (3.29):

(

w_1 = 0

Wo = Yo

Wy, = g—n, n € N\{0}.
L Po... 01

From Proposition 3.2.6 we get a formula for coefficients g,,. In particular we

have the following

Lemma 3.2.9. Following the notation fixed in Proposition 3.2.6 and in Defini-
tions 3.2.83, 3.2.8, if ¥, # 0, for all n € N, the solution {gn}n>—1 of equation
(3.20):

g-1 =0, gnt1 = Ungn — gn-1, N EN
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satisfies

g1 = Y090
(3.36)

Gn =Vo...Up12)...25 9 o, Y n>2,

with the convention, given in Definition 3.2.7, that if z,_o = 0 then g, = 0.

Proof. Equation (3.26) fulfills the hypothesis of Lemma 3.2.4 and therefore can

be related to the equation (3.28):
Wp41 = Wy — Qp—1Wn—1, n € N.

From Proposition 3.2.6, recalling Definition 3.2.7, we prove the assertion just by

substituting (3.29) in (3.35):
Wy = 2021 - . 2 _qWo, n € N.
This concludes the proof. O

Using Lemma 3.2.9 we will be able to study the behaviour of the Fourier
coefficients, g, of the eigenfunctions as n — +oo, thus obtaining a necessary
and sufficient condition for the eigenvalues. Before doing this, we give results
analogous to Lemma 3.2.9 also in the case there exists ny € N such that ¥, = 0.
Since ¥, depends on A we will have 9,,,(\) = 0 for particular values of A. Recalling

Definition 3.2.3, (3.21) and (3.24) we have:
Remark 3.2.10. Let the sequence {9, }, = {U,(A\)}n be defined either by
Uy i=Yn = 4(n 4+ 1)%h* + 2 — 4\R?, VneN,

or by
h?* +1 — 4\h?, if n=20

(2n 4+ 1)?h? +2 —4MR%, V¥ n € N\{0}.
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Thus v, depends linearly on A and if there exists A such that ¥,,(\) = 0, for

some nyg, then ¥,(\) # 0 for all n # ny.

In the hypothesis of Remark 3.2.10 we will obtain for g, a formula similar to

(3.36). In particular, for the first terms of the sequence we get the following

Lemma 3.2.11. Let {gn}n>-1 be a solution of (3.27):

g-1= Oa In+1 = ﬁngn — Gn—1, n € N.

Suppose there exists ng € N and A € R such that 9,,(\) = 0. Then, using the

notation as in Lemma 3.2.4, we have

w_1 =0, Wpi1 = Wy — Oy W1, n=0,1,... ng. (3.37)

Proof. From Remark 3.2.10 if n < ng — 1 we have ¢,, # 0. To prove (3.37) it

suffices to follow the procedure used in Lemma 3.2.4. O]

From the proof of Proposition 3.2.6 (see [15], p. 570) it follows that formula
(3.34) can be used as well for a finite number of terms of the sequence. In

particular we get the following

Remark 3.2.12. In the hypothesis of Lemma 3.2.11, from Proposition 3.2.6 it

follows that

WN =25 ... 2y_oWo, N =0,1,... n, (3.38)

with the convention, fixed in Definition 3.2.7, that if zny_o = 0 then wy = 0.

From here we get at once a formula to compute g,, with n =0,1,... ng.
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Lemma 3.2.13. In the hypothesis of Lemma 3.2.11 we have
Gn =Vo... U125 2n_o5 9o, n=0,1,...,ng, (3.39)
with the convention, fixed in Definition 3.2.7, that if z,_o = 0 then g, = 0.

Proof. From Remark 3.2.12 we get
Wy =24 ... 20 oWy, n=0,1,... ng.
Thus, from (3.29), we have
In="0. . Un125---2, 990, n=0,1,... n,
that is, by recalling the convention fixed in Definition 3.2.7, relation (3.39). [

Now we want to prove that (3.27) can be related to (3.28) even in case there
exists ng € N such that 4, = 0. In particular it will be shown that the sequence
satisfies, from a certain index onward, the hypothesis of Lemma 3.2.4. We will

treat separately the cases ng = 0 and ng € N\{0}.

Proposition 3.2.14. Let {g,}n>-1 be a solution of (3.27):

g-1=0, In+1 = UnGn — Gn-1, neN

and let Yo = 0. Then, upon setting

(

d_1:0

q do = —go (3.40)

|k = gri2, V k€ N\{0}

and

Nk = Unta, VneN, (3.41)
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we get

dn+1 = nndn - dnfh n € N.
Proof. Since ¥y = 0 from (3.27) we have

g1 = Vg0 =0
g2 =191 — go = —Go
g3 = U292 — g1 = V20o.

Whence from (3.40) and (3.41) it follows (3.42) when n = 0.

Substituting (3.40) and (3.41) in (3.27) gives (3.42) also when n > 1.

When ngy # 0 we have the following

Proposition 3.2.15. Let {g,}n>-1 be a solution of (3.27):

g-1=0, Gnt+1 = UnGn — Gn-1, n € N.

Assume there exists ng € N\{0} such that 9,, = 0. Then

a) If gny # 0 and g,,—1 # 0 we have

fn+1:l’[’nfn_fn—1a neNa
where )
Jo1=
fO = OGno
f1 = —0Gno-1
\fk:gno-‘rka Vk22
and
Gno—
Ho = ol
Ino

ke = Ungtks V k € N\{0}.
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b) If gny, # 0 and gn,—1 = 0 we have

Pn+1 = VUnPn — Pn—1, n e N, (344)
where
p-1 =20
Pk = Gno+2+k> V ke N.
and
vV = 79”0+2+k, vV keN.
¢) If gn, = 0 we have
Gn+1 = Pndn — Gn—-1, n e N7 (345)
where
.
g-1=0
qo = —Ynp-1
L qk = Gno+1+k; Vke N\{O}
and
Pk = Ung+1+k; V kel
Moreover we have )
e 7 0
ve 20, VEkeN (3.46)
| ox 70

Proof. Notice that if ¥, = 0 then, from Remark 3.2.10, ¥4 # 0 for all k # ny.

a) By hypotesis {g,} is a solution of (3.27), whence

Gno+1 = UngGng — Gno—1,
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that is

Ino+1 = —Gng—1 (347)
because ¥, = 0.
By substituting
Jn = Gno+n
VneN,
Un = ﬁnoJrn;

in (3.27) we easily obtain (3.43) for n > 1. If n = 0, (3.43) becomes

J1=tofo— f-1.

We will check that, by hypothesis, this equation is satisfied.

As f 1 =0, uo = ~ Il and fo = gn,, substituting these values gives

o

- gno—l
fl - no
no

that is
fl == _gno—17
which is satisfied by hypothesis.

b) By hypotesis we have g,,_1 = 9,, = 0, hence we obtain, from (3.27),

¢

Gnot+1 = VUnoGng — Gno—1 =0

gn0+2 == 19710-}—19710-{-1 - gn() - _gno

Gno+3 = 19ﬂoJngTLOJrQ — Gno+l = 19710+29n0+2'

By substituting

p-1 =0

Po = Gno+2
P1 = Gno+3
Vo = Upgs2

\
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we get

which is (3.44) for n = 0.

b1 = opo — P-1,

Equation (3.44) for n > 1 is easily obtained by using in (3.27)

Ino+2+k = Pk
v . ke N\{0}.

19n0+2+k =V

c¢) The proof is similar to the previous one.

Finally (3.46) is a straightforward consequence of Remark 3.2.10, recalling the

definitions of {1, oy {Vntn, {Pntn-

Similarly to the case ¥,, # 0 we can show the following

Lemma 3.2.16. In the hypothesis of Proposition 3.2.15 we have

CL) ]f Gng 7é 0 and Ino—1 7é 0 then

(
fi = pofo
fn = Mo - -

L fn = 07
where

and
Zj = |0,y ...

,un—IZE)k s Z;:,—2f0a Zf Zn—2 7£ Oa n 2 27

if 2no =0, n>2,

a_q1 = 1
1
Qp = )
Mo 41
p
25, if zj # 0,00
7an]a Z; = —Qy1, Zf Zj = 0
1 if zj = 00
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b) If gny # 0 and gny—1 = 0 then

i

P1 = VoPo

Dn =10 Upn12) .- 25 _oDo, if 2no#0, n>2, (3.51)

pn:O7 Z.]827172207 TLZQ,

\

with
a_1 = 1
1 (3.52)
o, = ,
VUnVn+1
and
(
25, if zj # 0,00
zi=lag,.. ], =4 —a, ifz =0 (3.53)
\ 1 if zj = o0.
¢) If gn, = 0 then
4
41 = Poqo
In = P0 - Prn-170 - - - 2240 if 2o #0, N> 2, (3.54)
\qnzo, if Zno =10, n > 2,
with
a_1 = 1
1 (3.55)
o, = ,
PnPn+1
and
.
25, if zj # 0,00
2 = g, .. ., Q) Z =9 —ajy, ifz =0 (3.56)
|1 if z; = 00.

Proof. The recurrence relation (3.43) fulfill the hypothesis of Lemma 3.2.9. If we
set g, = fn and ¥, = u,, in Lemma 3.2.9, from (3.36) we obtain (3.48).

In a similar way one can prove (3.51) and (3.54). O
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3.3 Continued fractions and necessary and suf-

ficient conditions for the eigenvalues

We will now use the theory of continued fractions in order to study the conver-
gence of coefficients of the eigenfunctions of P. To this purpose we recall several
definitions and a classical result on 1-periodic continued fractions (see [11] pp. 7,
8, 9, 59, 103, 150). We recall that the sequences used in these arguments take

value in C = C U {oo}.
Definition 3.3.1. A continued fraction is an ordered pair
(({an}tn, {bntn), {fu}n),
where the sequences {antn, {bn}n C C and {f,}n C C is given by
fo=25,0), n=012...,
where

So(w) = so(w), Sp(w) = Sp_1(sp(w)), n=1,23,...,

b, 4w

so(w) = by + w, Sp(w) : n=123,....

We will call {f,}, the sequence of approximants of the continued fraction.

Definition 3.3.2. Using the notation of Definition 3.5.1 we define the n-th
approximant of the continued fraction as

fo = 5,(0) = by + —— .
bt T,

bn
An

Moreover, setting f, = 3, we call A, and B, the n-th canonical numerator

and denominator, respectively.
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We introduce a concept of convergence for continued fractions.

Definition 3.3.3. We say that the continued fraction (({an}n, {bn}tn), {fatn) is

convergent to f € C if

lim f, = f.

n—-+o00

In this case we write

J=0bo+ K:S (an/bn) -

We state some properties on the sequences {A,}, and {B,}, of Definition

3.3.2, which will be useful in the sequel.

Remark 3.3.4. Let f = by+ K25 (a,/b,) be a continued fraction and let { A},
and { By}, be the sequences of canonical numerators and denominators, respec-
tively.

If we set A1 =1, Ay=0by, B_1 =0, By=1, then we have:

An-l—l = bn+1An + anAn—lv
n € N. (3.57)
Bn+l = bn+1Bn + aan—la

Moreover we have
AnByy = Ay By = (=1)" [, n>1 (3.58)
k=1

The following definitions will be applied to study the recurrence relations
of Fourier coefficients of eigenfunctions of P, found in the previous section. In
particular, as we will see in detail, by showing that {z,}, is a tail sequence for
the continued fraction Ky (—ca,/ — 1), we will obtain an equation, involving
this continued fraction, which is a necessary and sufficient condition for A to be

an eigenvalue of P.
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Definition 3.3.5. We say that a sequence {t,}nen C C is a tail sequence for

the continued fraction by + K725 (an/bn) if

tho1 = = $p(tn), n=123,....

Definition 3.3.6. A continued fraction K25 (a,/b,) is said to be limit 1-

periodic if there exist the limits

lim a, = a”, lim b, = b",
n—-4o00 n——4o00

with a*,b* € C.

We can associate to each term of a tail sequence a Mobius transformation,
in a natural way, so obtaining a sequence of Mobius transformations. Studying
the limit transformation of this sequence will give us particular properties of

the continued fraction. An important result is obtained if this limit Mobius

transformation is loxodromic.

Definition 3.3.7. Let

~ ~ b
t:C—C, w'—>t(tU)=Z;Uj__da

with ad — be # 0, be a Mébius transformation. Let x and y be two fized points for

t, that is lirf t"(z) = x and lirf t"(y) = y. Then t is said to be loxodromic

if © #y and
lcx +d| > |ey +d|, if ¢ #0,

|(Z| 7é ‘d’a if c=0.
Definition 3.3.8. A limit 1-periodic continued fraction K25 (a,/b,) is said to

be of loxodromic type if

lim a, =a" € C, lim b, =0"€C

n—-+o0o n—-+o0o
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and if the following implications hold:

a) if a* # 0 then T'(w) = b*‘iw is loxodromic as a Maobius transformations;

b) if a* =0 then b* # 0. In this last case T is a singular transformation, with

T(w) =0 for all w # b*. We say that x = 0 is the attractive fized point

of T and y = —b* is the repulsive fixed point of T.

We state a very important property of tail sequences of limit 1-periodic con-

tinued fractions of loxodromic type.

Theorem 3.3.9. Let K> (a,/b,) be a limit 1-periodic continued fraction of
loxodromic type, where T has attractive fived point x and repulsive fixed point y.
Then K29 (a,/bn) converges to a value f € C. Moreover, for every tail sequence

{zn}n, we have

v if 2=f
hrf Zn = (3.59)
y if 2#f
For the proof of this theorem see [11], p. 151.
These results will now be used to analyse the convergence of the coefficients of

eigenfunctions of P and, moreover, this will provide the necessary and sufficient

condition on eigenvalues of P.

Lemma 3.3.10. Using the notation of Proposition 3.2.6 the sequence {zp}n is a

tail sequence for the continued fraction K29 (—a,/ —1).

Proof. By definition we have

m=1— 2 Y e N\{0),

Zn—1
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whence

a
—\&n — 1) = = )
(z Zn—1
that is
Zp_1 = L vV n € N\{0},
which, recalling Definition 3.3.5, proves the claim. O]

Thus, since K7 (—a,,/ — 1) is limit 1-periodic of loxodromic type, we can

use Theorem 3.3.9 to have information on lim z,.
n—-400

Proposition 3.3.11. Using the notation fized in Definition 3.2.8, let be z, =

[ag, ..., an], n €N, then

0 if z0=[f=K2(~an/—1)
liIJqu Zp =

L if z0# [
Proof. By Definition 3.2.3 and recalling (3.30) we have that K (—a,/ — 1) is

limit 1-periodic of loxodromic type. In fact, for every fixed A we have

=0.

1
lim «, = lim = lim
n—+00 n=+00 YY1 =+ 0plny1

Besides, following the notation of Definition 3.3.7, we have, in this case b* =
—1 # 0. Moreover, by Lemma 3.3.10, z, is a tail sequence for K% (—a,/ —1).

From Theorem 3.3.9 we obtain the assertion. O

Now we want to prove that all values of A such that lim z, =0, and only
n—-+00

those values, are related, through the recurrence relations, to the Fourier coef-

ficients of the eigenfunctions associated with A. In the first place we suppose

that 9, = 9,(\) # 0 for every n € N, analysing the case ¥, = 0 for some m

afterwards.
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Theorem 3.3.12. Assume that ¥,, = ¥,,(\) # 0 for alln € N. Then

a) if X is such that zg = K2y (—a,/ — 1) then X is an eigenvalue of P and
the coefficients in the recurrence relation (3.27) are the Fourier coefficients

of an eigenfunction associated to \;

b) if X is such that zy # K23 (—a,/ — 1) then the coefficients in (5.27) do not
converge and the function series associated with them does not represent an

ergenfunction of P.

Proof. a) Suppose A is such that zg = K% (—a,/ — 1) . From Proposition (3.3.11)
we have that lim z, = 0. In these hypotheses we will prove that if {g, },>—_1 is

n—-+o00

a solution of

g1 = 07 Jni1 = ﬁngn —Ogpn-1, N E N

then g, — 0, as n — +o00, faster than any negative power of n. From this,

recalling Definition 3.2.3, we obtain that the series given by

+oo
1 2 1
V= Zvn— cos ( n2—|— :L‘) (3.60)

or by

u:i= Y u,—sin(nx), (3.61)

converge uniformly to the eigenfunctions v and v. We show now the convergence

of the coefficients. Recalling Lemma 3.2.9 and Proposition 3.2.6 we have:

gn =Vo ... V12 ... 2Zn_5 o, n > 2,
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with

2 if z; # 0,00,
Z; = —Q4 if zZj = O, lfj 7é n— 27 (362)
\ 1 it  z; = oo,

and with

Zn_o if  z, 9 #£0, 00,

Zpa=9 0 if z,.=0, (3.63)

1 if  z,_9 = 00.
\

As already noticed lim z, = 0, that is
n—-+o00

Ve >0 3 ng € N such that |z,] <&, Vn > n,. (3.64)
Fix e < % We have, for every n > ny,
|1_ZTL+1| Z 1—e¢.

Since {2, }, is a tail sequence for K>y (—a,,/ — 1) we have

1
19n«l»l'ﬁn+2

1
‘ 'ﬂn+119n+2

|Zn| =

i e (3.65)

Moreover, for all n > ny we get z, # 0, 00. Indeed, were z,, to vanish for some

no we would have z,,.1 =1 — afﬂ = 00, which is impossible because of (3.64),
70

recalling that ¢ < % Relation (3.64) implies also that z, # oo for every n € N.

Hence, recalling (3.62) and (3.63), if n > ny we have z, = 2 and therefore
‘gN| = ’gol }190 e 79”0+1Z8< e Z;Oﬁn0+2 oo 19N_12n0+1 L RN—2] N Z 2. (366)

By (3.36) we have

*

|gn0+2‘ = ’g0| }7.90 c. /l9no+lza< c. ZTLO . (367)
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From (3.65) it follows that

1 1 1 1
(1 — 8) 19710-1—2197104—3 o (1 — E) ’19]\[_1’[9]\[

98] < |Gnoral [Pngsa - In_1]

which is, simplifying,

1
< .
|gN| > |gno+2| (1 _ E)N_n0_2 |19n0+3 . 19N|

(3.68)

Recall that, by Definition 3.2.3, {¢,,},, denotes either {v,},, or {0,}n, defined

respectively by (3.21) or (3.24). Suppose, to fix ideas, that

{Ontn = {0n}n (3.69)

(for {7, }n the proof is similar.) We will show that the right-hand side of (3.68)
tends to zero as N — +oo. Notice that, by hypothesis, we have 9, = ¢, =

0, (A) # 0 for all n € N, so that (3.68) makes sense. We write §,, in the form

6n = (2n + 1)°h? (1+%) = (2n +1)*h* (1+ﬁ> =
:(2n+1)2h2(1—é2—1%2), n=mno+3,...,N. (3.70)

By substituting (3.70) in (3.68) we get

‘gnoJrQ‘

lgn| = 4

_2
(1= )2V [2ng+7) .. 2N+ DPTL s |1 prrte

< |gno+2| _
- -3

(1= e)h2)N ™2 [2(ng +3)2(np +4) ... 2NPTIN 1o ‘ 1 — G

= |Gno+2| . (3.71)
(1= )2)" 7 [(mg +3) .. NPTy | 1= i
Consider the term H]kV:nO+3 ‘ 1- % . In the first place we can assume that
for all k € N
b éZ n f) 70
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In fact, if for some m € N

IS R
(2m+1)2 7

then d,, would vanish, contradicting the fact that J,, # 0 for all n (recall (3.69)).

Furthermore we can suppose that ng is such that for every k € N, with & > ng+3,

we have
s Y
(2k +1)2
Thus
I R I P ‘ _
k=no+3 (k12| 7 s (2k +1)2
] (1 _ W;> |
Foros (2k +1)2
Whence, recalling (3.71), we get
lgn| < 9002 (3.72)

o 4r—2 '
(1 —e)h24)™ "7 [(ng+3) ... NP'ITil, e (1 - —|<2k+’{>2’)

-]

(2k+1)2

_2
As % < 1 for every k > ng + 3 we have that Hfj:nﬁg (1 —

>>Of0r

all N, so we may write

3 [l _ 3 [ =\ [

— exp [ _Z log (1 - %)] . (3.73)

Since the series

> 10g<1_m—h—z|>
Mt (2k +1)2

converges, taking the limit in (3.73) gives

H (1_%> :exp[ Z 10g<1—‘(422+;_;2>] =a€cR,. (3.74)

k=np+3 k=nop+3
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Set

We multiply and divide (3.72) by
[(ng + 2)!]? 2r N2N+1e =2V,

and obtain

[gno+2| [(no + 2)!]* 20 NN 12N
((1 — e)h24)N "7 (N1)2Dp2r N2N+1e=2N"

lgn| <

Upon setting

27TN2N+1672N

N e

we have, from Stirling’s formula (see e.g. [10], p.423),

lim Cy = 1. (3.75)

N—+oco
Therefore we have

lgn| < [gno+2! [(no +2)1)* Cy B
B ((1 - 5)]124)N_n0_2 DN27TN2N+1@—2N
| gno+2| [(10 + 2)!]2 Cy <€_2)n0+2
((1 _ 5)h24];[_22)N7n072 DN27TN N2

(3.76)

From (3.74) it follows limy_, 1o Dy # 0. Then the right-hand side of (3.76), for
¢ fixed and for N — +o00, approaches to zero faster than every negative power of
N. From this we get that the series given either by (3.60) or by (3.61) converges
uniformly on [—m, 7], with all its derivatives and therefore it represents a function
of the space D(P) and an eigenfunction associated with A. Moreover, from what

just stated, the eigenfunction obtained in this way is C* on the interval [—7, 7] .
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b) Conversely, let A be such that zy # K./ (—a,/ — 1) and let 9, # 0 for
every n € N. Then from Proposition 3.3.11 we have that lim z, = 1. Let {g,}n

n—-+o00

be a solution of

g-1 =0, Gn+1 = UnGn — Gn-1, n € N.

We will show that |g,| — +00 as n — 4o0. This implies that the series given
by either the expansion (3.60) or the expansion (3.61) does not converge to a
function of D(P). Since nEI—Poozn = 1 we have that, for a fixed ¢ > 0, exists
ng € N such that for every n > ng we have |z, — 1| <e. Let be e < 1.

We have that 1 —¢ < z, < 14« for every n > ng and in particular z, # 0, oo,

and whence that for all n > ng holds the equality z, = z;. From Lemma 3.2.9 we

have
lgn| = 190l ’190 cUNZ12g Z:LO‘ |Zngt1 - - - 2N—2],
where, recalling that [gn,+2| = [go| |25 .- 25,00 - - - Ungr1] , it follows that
|gN| = |gno+2| |19n0+2 .. ~/l9N—1| |Zn0+1 ... ZN_Ql Z
> |gngral [Onota- - Ona| (1 —e)¥ 7270, (3.77)

As in the proof of a) we show the divergence of g, only for {9, }, = {0}
(the proof for {v,}, is similar). We use here, as in a), formula (3.70).

Substituting (3.70) in (3.77) we have

N—-1 2
N AN— 2
> gy, 1— )21 2™ (90 + 5) ... (2N — 1)]? 1— A%
ot 2 ol (1= ] o+ @V = 0F 111Gy | 2
N-2 P -5
> 1—)h?]" "2 2)...2(N — 1)]? — h2
2 lanwsal [(1 =W o +2)- 208 =0 T 1=
=ngo
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= Gngsal [(1 = £)42]¥ 7" (g +2) ... (N — 1)) k:llz 1 (‘;2:%;7)2 .
(3.78)

Suppose that ng is such that for every k > ng + 2 we have

ey
+1)?

(2K

Thus, from (3.78), as in the proof of a), we obtain

N-1 2
21N —2-n9 2 |4)‘ )
gN] > |gnoral [(1 — )4R7] (no+2)...(N=DP ] (1 IRCIESIE
k=ngp+2
(3.79)
We prove that the right-hand side of (3.78) goes to infinity as N — +o00. In a
way similar to that of case a) we obtain

I ﬁ P a1 | I
N [CEESVEN

k=no+2
N-1
_ [4r - 5]
On = :H (1 (2k + 1)?

(N - DY
21(N — 1)(N — 1)2(0V-1) g=2(N-1)°

Now set

and

By =

Note that, by Stirling’s formula, limy_, .., By = 1. Multiplying and dividing by
21(N — 1)(N — 120D 2N =D (g 4 1)1)?
the right-hand side of (3.79) we have

no+2| B .
lgn| > M [(1 — 5)4h2]N 2=no o2n(N — 1)(N — 1)2(N—1) 6—2(N—1)CN’

[(no 4+ 1)1
that is
N—-2—ng
Gno+2| B N —1\2 N — 1\
lgn| > ﬁ (1 —¢)4h? ( - ) 2m(N = 1) (— Cy.
0 .
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Taking the limit as N — +oo gives limy_ .1 |gn| = +00. Therefore the series
(3.60) and (3.61) in this case do not converge to functions of L?(I) and then they

cannot represent any function in D(P). O

The following theorem states an analogous characterization of the eigenvalues

of P, even in case A is such that 9,,(\) = 0, for a certain ny € N.

Theorem 3.3.13. Let \ be such that ¥,,,(A\) =0 for a certain ny € N.

a) Using the notation of Proposition 3.2.14 if ng = 0, necessary and sufficient

condition for X\ to be an eigenvalue of P is that

!
1— —1 = Koo [ it )
oM =1 -1

b) Using the notation of Proposition 3.2.15 if ng # 0, gny # 0, gno—1 # 0,

necessary and sufficient condition for A to be an eigenvalue of P is that

_ 1
1 - 1 — K—&—S(l) Hnfn+1 )
Mot " -1

c) Using the notation of Proposition 3.2.15 if ng # 0, gny # 0, Gng—1 = 0,

necessary and sufficient condition for \ to be an eigenvalue of P is that

1
1——1 = Koo [ et )
14141 n=1 -1

d) Using the notation of Proposition 3.2.15 if ng # 0, gn, = 0, necessary and

sufficient condition for X\ to be an eigenvalue of P is that

o 1
1 . 1 _ K+S<f PnpPn+1 )
Pop1 " -1




Proof. Lemma 3.2.16 states that, in this case, it is possible to obtain the coeffi-
cients g,, from a certain index onward, using formulas (3.48), (3.51) and (3.54).

A procedure similar to the proof of Theorem 3.3.12 proves the assertion. O]

From Theorems 3.3.12, 3.3.13 we get further information on eigenfunctions’
Fourier coefficients. For instance we can prove that for every N € N there exists
no > N such that g,,, Gno+1, gngr2 # 0, where g, represent, as usual, Fourier
coefficients of eigenfunctions. This will be proved for a general solution {g, }, of
the recurrence relation (3.27) of Definition 3.2.3, even if g,, does not represent an

eigenfunction’s Fourier coefficient (i.e. if A is not an eigenvalue of P).

Remark 3.3.14. Let A € R and let {g,}n>—1 be the solution, different from the

0-sequence, of the recurrence relation
9g-1=0, Ggni1 =9 (N gn — gn_1, VneN, (3.80)

where we use the notation fixed in Definition 3.2.3. Then, for every N € N there

exists ng > N such that gny, Gno+1s Gno+2 7 0.

Proof. By Theorems 3.3.12, 3.3.13, we have either nEToo lgn| = 0 or nl_lg_loo |gn|
= +00. In the second case, that is when A is not an eigenvalue of P, the assertion
follows immediatly.

Let A be an eigenvalue of P and assume that g, = 0 for infinite values of n
(otherwise the assertion follows immediatly).

In the first place we prove that there exists n; € N such that for all n > n;
we have (gn,gnt2) # (0,0). Set n; € N such that J,(\) # 0 for all n > ny

(the existence of such an n, follows from Definition 3.2.3). By contradiction let

84



Gn = gn+2 = 0 for n > ny. Then, by (3.80), we have

0=gny2= ?9n+1()\)9n+1 —On = T9n+1()‘)9n+1-

As 9,41(X\) # 0 this implies that g,.1 = 0. Since g, = 0 this is a contradiction,
by Lemma 3.2.1.

Up to now we have shown that, for all n > n;, g, = 0 implies that both g,
and g,.o are different from 0. We reason again by contradiction to conclude the
proof. Suppose there exists N € N such that, for all n > N if g,, g,.1 # 0 then
gn+2 = 0. Fix ng > max{N,n;}, such that g,, = 0 (recall that we are in the
hypothesis that g, = 0 for infinite values of n). Then g,,11, gng+2 7# 0. Thus
Gno+3 = 0 and this implies ¢n44, gnyg+s 7 0 and so on. Substituting these values
in (3.80) gives

ny =0

Jnot1 = —Gnp—1 # 0

Ino+2 = Ung+19no+1 = —Ung+19ne—1 7 0
Gno+3 =0

Ino+a = —Gnot2 = Ung+19ng—1 # 0

Gno+5 = Ung+4Gno+4 = Ung4aUng419ne—1 7 0

gn0+6 - O

By induction, since |9, (\)| — 400, we see that

4li£rn |Gno+m;| = 400, when m; € N, m; =1 mod 3,
j—Foo

and |gng+m,| = 0 for all my € N such that m; = 0 mod 3. Thus the sequence
{|gn|}» has not limit, but this is a condradiction because, as A is an eigenvalue

of P, by Theorems 3.3.12, 3.3.13 the sequence {|g,|}, must converge to 0. O
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Looking at the proof of Theorem 3.3.12 (see (3.66), (3.67)) we recall that we

have, for a sufficiently large ng

gN = gn0+219n0+2 . 19N,12n0+1 .o ZN—9, N >ng+ 2, (381)

where {z,}, is recursively defined by

( 1 1
z0 = —_
0 RR
1 (3.82)
Iy
\ Zn—1

Besides we have, if \ is an eigenvalue of P, that

1
1 o0
=1- = Ko | Znfntl ) .
<0 190191 n=1 < _1 > (3 83)

In other words zy can be written as a continued fraction. From (3.82) and (3.83)
we find out that we can write all z, in (3.82) as continued fractions which are
the tails of the continued fraction in (3.83). To prove this we recall the following

statement about tail sequences (see [11], p. 60).

Remark 3.3.15. Let {t,}, {tn}n be two tail sequences for by + K (a,/by) , with

tr =t for one index k. Then t, =t, for alln € N.

Proposition 3.3.16. Let A be an eigenvalue of P. Using the notation of Theorem

3.3.12 we have that

Zm = ﬁmﬁmfl ) m € N. (3.84)

1— Ums1Uma2
1_-
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N
Proof. By Lemma 3.3.10 {2, }, is a tail sequence for K, (Ll"“> . The right-

hand side of (3.84), for m = 1,2, ..., is obviously a tail sequence for the same con-
tinued fraction (see Definition 3.3.5). The assertion follows from Remark 3.3.15

and Theorem 3.3.12, as the two tail sequences have the first term in common. [J

Using this proposition we will give estimates on coefficients z,, appearing in
(3.81). This will be done by recalling the following theorem about continued

fractions (for the proof see [11], p. 35).
Theorem 3.3.17 (Worpitzky). Let be {a,}, C C. If
1
la,| < T vV n € N\{0}

then K2y (a,/1) converges. Moreover all approximants f, verify |f.| < % and

we have

fI = K2 (an/1) | <

N | —

Applying this theorem to (3.84) gives the following

Corollary 3.3.18. Let A be a real number. There exists ng € N such that

1 1
———————| < 7 for all n > ng, so that we have
| < :
1 1
oo | DN )| WD) -
J=n -1 1 2
R RTEN Y
1
where we use the notation of Definition 3.2.3.
1
Proof. We can always find ny such that | ——————| < 1 for all n > ng since
! e fnd o TV ’

Uy, = U, (X)) — +00 as n — +oo (recall Definition 3.2.3 and (3.21), (3.24)). Thus,

by Theorem 3.3.17, the assertion follows. O
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We consider once again equation (3.81), shown in the proof of Theorem 3.3.12.
Notice that the recurrence relation (3.80) gives an unique expression for g, 2 in
both cases ¥,,(A) # 0 for all n and 9,,(A) = 0 for some m. Moreover we can
compute also coefficients z,, appearing in (3.81), with a procedure independent
to whether or not ,,,(\) vanishes for some mg. This will be done by computing
Zno, for mg large enough, independently to zy, 21,..., 2p,—1. Following these ideas
we shall find out the following general form of the Fourier coefficients, g,,, of the

eigenfunctions of P :

Ono+14m = lgn0+1 e ﬁnoerZno - Zngtm—19ng+15 Vm > 0, (385)

for a sufficiently large ng, where we have

1

P 'l9n0+m+119710+m+2 7 v m € N. (386)

1— 19710+m+219n0+m+3
1—".
As already stressed, relations (3.85) and (3.86) are fulfilled in both cases 9,,(A) = 0

or U,(A) # 0. Therefore, from these equations, we get a general necessary and
sufficient condition for the eigenvalues of P that unifies the notation of the two

cases considered in Theorems 3.3.12, 3.3.13.

Proposition 3.3.19. Using the notation of Remark 3.3.14 let A € R. Let ny be
such that |9, (X)| > 2 for all n > ng and such that gn,, Gng+1s Gne+2 7# 0. Then A

1s an eigenvalue of P if and only if

1
1 7971 11971 2
- = ks 1°+ . (3.87)
Ung+1 -
o 1 — 19”0+219n0+3
1—"-.
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Furthermore, if X is an eigenvalue of P, we have

Gnot1im = Ungt1 -+ UngtmZng - - - Zngtm—19ng+1s V' 'm >0, (3.88)

with
1

gt = —ermelnom2 g e, (3.89)

1 — ﬁno+m+2ﬁn0+m+3
1—"-.
Notice that zpyim # 0 for all m € N and thus gno+14m # 0 for all m > 0.

Proof. The existence of ng such that |0, (\)| > 2 for all n > ny and such that g,,,
Gno+1, Gno+2 7 0 is a consequence of Remark 3.3.14 and of Definition 3.2.3. We

write the recurrence relation as

9n
Ino+1 = < 0+1> Gnyg); (390)

no
Gno+m+2 = Ungtmt19ng+m+1 — Gno+ms m € N. (3.91)

Thus we apply Lemma 3.2.4, Proposition 3.2.6 and Proposition 3.3.11 to this
recurrence relation as in the proof of Theorem 3.3.12; notice that the analogous

of the sequence {z,}, in this case is

( 1
ZO - 1 - gn0+119
g no+1
no
' (3.92)
%:1—ﬁﬁﬁl
\ Zn—1

So we have that (3.87) is a necessary and sufficient condition for A to be an

eigenvalue of P and furthermore we have

Gno+1+m = Ungt1 - - UngtmZ0 - - - Zm_1Gmo+1 (3.93)
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where 27 are defined in analogy with 27 in (3.62). We reason as in the proof of

Proposition 3.3.16. From (3.87) and Remark 3.3.15, as {Z,}, is a tail sequence

1
K 17 2
for K% ( e H ) we get

1
3 = 19"0+"+“9710+"+2 , VneN. (3.94)
1 — ﬁno+n+219no+n+3
1—"-.
Notice that
5 1
20 = — gn0+1q9 §£ O
no+1
Gng
In fact
1
— =0
gn0+1,l9
no+1
Gng
implies

Uno+19n0+1 — Gng = 0,
but this is not the case from (3.91), as gn,+2 # 0. Moreover, as |U,(\)| > 2 for
every n > ng, we have, from (3.94) and Corollary 3.3.18, |Z,| < 3. From here and
by (3.92) we have Z, # 0,00 for all n € N. Thus z = 2, for all n, so (3.93) and

(3.94) imply (3.88) and (3.89). 0

Theorems 3.3.12, 3.3.13, provide necessary and sufficient conditions for A to
be an eigenvalue of P. We now plan to write explicitly the condition of Theorem
3.3.12 in the particular cases of sequences {a, }n, {vn}n (recall, for the definition
of these sequences, Remarks 3.1.9 and 3.1.11). But before doing this, we state a
lemma, which will allow us to write the conditions of Theorem 3.3.12 in a simpler
form. We recall the definition of equivalent continued fractions (see [11], p. 72).

This will be used to prove the lemma.
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Definition 3.3.20. We say that two continued fractions are equivalent if they

have the same sequence of approzimants (see Definition 3.5.2).

Lemma 3.3.21. Let {9,}, be a sequence such that ¥,, # 0 for all n € N. Then

we have

1
_ - - _1
Do K% (%) x5 (3.95)

Proof. The continued fractions in the left-hand side and in the right-hand side
of (3.95) are equivalent (see Definitions 3.3.20 and 3.3.2) so they converge to the

same limit. O

The necessary and sufficient condition for the eigenvalues, associated with odd

eigenfunctions, are given by the following

Remark 3.3.22. Let A € R be such that v,(\) # 0 for all n € N. Necessary and

sufficient condition for A to be an eigenvalue for P with eigenfunction given by

u(z) = Zan sin((n + 1)z)

1s that the following condition holds:

1
1— 1 — Y172
Yov1 1
1 V273
-
that s, recalling Lemma 3.5.21,
1 1
neT T 1
o Y2 — _
V3=
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By substituting the values of v, we get:

1
. 1 ~ (16h2 + 2 — 4\h2) (36h? + 2 — 4\h?)
(4h2 +2 — 4\h2) (16h2 + 2 — 4\h2) 1
| (3612 +2— ANR2) (64 + 2 — 4NR2)
1—"-.
or, equivalently,
1 1
16h* +2 — 4\h* — —
B2 = A = s e I

36h% + 2 — 4\h?% —
64h? + 2 — 4\h% — "-.

The necessary and sufficient condition for the eigenvalues, associated with

even eigenfunctions, are given by the following

Remark 3.3.23. Let A € R be such that 6, (\) # 0 for all n € N. Necessary and

sufficient condition for \ to be an eigenvalue for P with eigenfunction given by

+oo
2 1
v(m):Zv,mos( n2—i— x)

n=0

is that the following condition holds:

1
1 — 1 — 6152
0001 L
1— 5253
1
that is, recalling Lemma 3.3.21,
1 1
h-—=————
1
o 5y —
03 —
Substituting the values of d,, gives:
1
B 1 ~ (9h2 +2 — 4AR?) (25h% 4 2 — 4Ah?)
(h2 + 1 — 4)\h2) (9h% + 2 — 4\R2) 1 ’
1 (25h2 + 2 — 4\h?) (49h2 + 2 — 4\h?)

1—"-.
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or, equivalently

1

2 _ 2 1
h2+1—4AR® om0 Lo ap2 —

Oh? + 2 — 4\h? —

49h? 4+ 2 — 4\h? — "-.
We write the characterization of eigenvalues of P in case v,, vanishes, for a
certain ny € N. Recall that, by Definition 3.2.3 we have either {9, }, := {yn}n or
{Un}n = {0n}n, with

Yo = 4(n + 1)*h% + 2 — 4\R?, VneN, (3.96)

or
So = h®+ 1 —4\h?

(3.97)
6= (2n+1)°h* +2 —4Xh*, ¥V n € N\{0}.

We treat the case 15 = 0.

Remark 3.3.24. If ¥y = 0 then, by Definition 3.2.3 we have

= 1 —_— = N
A + 5727 when ¥y, = y;
1 1

Remark 3.3.25. Let A\ € R such that 9y = 0. Necessary and sufficient condition

for X\ to be an eigenvalue for P is

1
1 V30
1— = i :
o0 : (3.98)
1_M
L

Proof. 1t is an immediate consequence of Proposition 3.2.14 and of Theorem

3.3.13. =
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If A is such that ¥, vanishes, with ng € N\{0}, then we have the following

Remark 3.3.26. If ¥, = 0 with ng € N\{0}, then, by Definition 3.2.3 we have

_ 2 o
A= (ng+ 1)+ T when 9, := Yy;
. (2710 + 1)2 1 L
A= 1 + ek when 9, = 0,.

The necessary and sufficient conditions for A to be an eigenvalue for P are

given by Proposition 3.2.15 and by Theorem 3.3.13. In particular we have the

following

Lemma 3.3.27. Let A € R be such that ¥,,,(\) = 0 with np € N\{0}. Using the
notation of Proposition 3.2.6 necessary and sufficient condition for \ to be an

eigenvalue of P is that the following conditions hold:

CL) Zf Gng 7é 0 and Ino—1 7é 0 then

1

1 Dy
ﬁn + 1971 = — no+
0+1 o—1 19”0_22':;0_3 1

1 — 19”04“279”0 +3

1—"-.
b) if gng # 0, Gng—1 = 0 then
220_3 =0
and
1
1— 1 — Uno+3Vno+a (3.99)
19710-{-219710-1—3 1 ’ .
1— 19no+419n0+5
1—"-.
¢) if gn, = 0 then
1 *
m = Zno—?) (3100)
no—1VYng—
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and

1
1— 1 _ Unor2Unoss (3.101)
ﬁno-&-lﬁno-i-? 1 ' '
1 — ﬁno+379n0+4
1

Proof. By Theorem 3.3.13, b), and by Proposition 3.2.15 a necessary and suffi-

cient condition for A to be an eigenvalue of P is

1
1 — 1 _ 19”0+179n0+2
gno—lﬁ - 1 ’
- no+1 -
7o 1 — ﬁn0+219n0+3
1-"
that is
1
Jp—Im  UneriVnoio (3.102)
gno—l/&no—l-l ]' . '
1— 19”0-5-219710-%3
1—"-.
We compute the term _ =0 . From the relation

no—1
Gng = ﬁno—lgno—l — Gno-2

it follows that

g gno 2
=1, 3.103
gno 1 oot gno 1 ( )
From Lemma 3.2.13 we have
Gno—1 = 190 Ce 19710_226( ce 27*10_390 (3104)
and
Gno—2 = 190 N 19710_328 N 220_490. (3105)

Notice that 2 5 # 0, for otherwise we would have (by (3.104)) gn,—1 = 0,

contradicting the hypothesis stated in a). Replacing (3.104) and (3.105) in (3.103)
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we get

. 1
Ino g — (3.106)

" .
gno—l 19710_22”073

Substituting (3.106) in (3.102) and multiplying both sides by 9,1 we have a).
b) From Theorem 3.3.13, ¢), and from Proposition 3.2.15 a necessary and

sufficient condition for A to be an eigenvalue of P is

1
1 . 1 _ ﬁn0+319n0+4
79”0+219n0+3 1 ’
1— 19710-&-4/197104-5
1—-"-.

that is the relation (3.99). We have g¢,,,—1 = 0 by hypothesis and

* *
Gno—1 = 190 c. 19"0—22’/0 Ce Zno_ggg

from Lemma 3.2.13. This implies that z,,-3 = 2, 3 =10.
c) If g,, = 0 from
0= gny = Ung—19ng—1 = Gne—2
follows that

Ino=2 _ . £0. (3.107)

gn071

Indeed ¢,,,—1 # 0 from Lemma 3.2.1, because g,,, = 0, and 9,,,_1 # 0 from Remark
3.2.10, since ¥, = 0. From Lemma 3.2.13 it follows that (3.104) and (3.105) hold

also in this case, so that substiting them in (3.107) gives

1

*
7’97740*2277,0—3

= 19n0—17

from which (3.100) follows. Note that z,,-3 # 0, by (3.104), because ¢,,,—1 # 0.
Relation (3.101) follows from Theorem 3.3.13, d), and from Proposition 3.2.15.

]
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We recall the definition of 2} :

Z; if z;#0,00

Z; = 9 —Q4 if Zj = 0 (3108)

and the definition of z, :

20:1—060

=1— 2" e N\{ol,

n—1

B 1
B 79n79n—|-1 ’

In the hypothesis of Lemma 3.3.27 we write in all cases what the conditions

with a_1 =1, oy, n € N.

for A to be an eigenvalue are.

Proposition 3.3.28. Let A € R be such that ¥,,(\) = 0 with ng € N and let be
Gno # 0. Necessary and sufficient condition for X to be an eigenvalue of P is that

the following conditions hold:

1) if gng—1 # 0 then

Zng—3 7£ Oa oo

and
1 1
Ung41 + Ung—1 — 19n0—12 = ﬂnﬁf : (3.109)
1 Uno—3%ng—2 1 UnoroWngts
1 - -1 1—"-.
Yo



2) if gng—1 # 0, zp,—3 = 00 then

1
| = nomatno=s (3.110)
1
1_ 1
Yoth
and X
1 g,
VUngt1 + Ung—1 — E = 0+12 ; (3.111)
1 . /19TL0+2197L0+3
1—"-.
3) if gng—1 = 0 then
1
Zpg—z =1 — M -0
1 - 1—1
Yoth
and .
1-— L = ’9"0+319’io+4 : (3.112)
ﬁn0+219n0+3
| _ YnotaUng+s
1—"-.

Proof. By Lemma 3.3.27 if g,,, gn,—1 7 O then A is an eigenvalue of P if and

only if
1
1 (VS
I I —— = not , 3.113
o+1 T Ung—1 19”0_222073 1 ( )
1 o 1971()-}—219710-&-3
1—"-.
hence, from (3.108), if z,,_3 # 0, oo we have
Zho3 = Zng—3 (3.114)

Substituting (3.114) in (3.113) gives relation (3.109), which proves 1).
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2) If z,,-3 = oo then, since by hypothesis ay,,—3 # 0, we have z,,_4 = 0, in
other words (3.110) holds. In this case, from (3.108), z; _3; = 1. Substituting this

last relation in (3.113) we obtain (3.111).

3) If gng—1 = 0 then 2 5 = 0 (recall Lemma 3.2.13) therefore

1
Zhog=1- L LT B
1 - 1—1
Yot
Relation (3.112) has already been proved in Lemma 3.3.27. O

We now study the case in which g,, = 0.

Proposition 3.3.29. Let A € R be such that 9,,(A\) = 0 with no € N and let
Gno = 0. Necessary and sufficient condition for X to be an eigenvalue for P is that

the following conditions hold:

1) if zny—3 # 0, 00 we have

and

1
1 _ ’9”0“’9710*3 : (3.115)
1— 19”0+319n0+4
1—"-.

19710 +1 79710—0—2
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2) if zpy,—3 = 00 then

1
| = nomatne=s (3.116)
1— —
Doth
! =1 (3.117)
19710717971072 ‘
1
1-— ! _  ngr2Vnosis (3.118)
19710+119n0+2 1 ‘ '
1 o 19110—}-319710—0—4
1— -,

Proof. The assertion follows immediatly from c) of Lemma 3.3.27, substituting
in (3.100) and (3.101) the possible values of 27, given by (3.108). Note that in
this case it can not be z,,_3 = 0, for otherwise we would have ¢,,,_1 = 0, which

is impossible from Lemma 3.2.1. O]

3.4 Upper and lower bounds for eigenvalues

In this section we will provide for each eigenvalue two sequences; one converging
to the eigenvalue from above and the other converging to the eigenvalue from
below. The following results can be found in [13] and we just give the statements
tailored to our particular situation.

We write again the recurrence relations fulfilled by the coefficients of eigen-
functions {v,}, and {a,},, recalling that, by the notation fixed in Proposition

2
1.1.1 we have \ = TM (where p represents, by (1.1), an eigenvalue of Pr). We
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have

Un41 = 5nvn — Un-1, VneN
(3.119)
An+1 = Ynln — Qp-1, Vne N7
with
So = h*+1—8uh
(3.120)
6n = (2n+1)?h* +2 —8uh, V¥V n e N\{0}
and
Yo =4(n+1)*h* +2—-8uh, VneN. (3.121)

Following the notation fixed in Definition 3.2.3 we will consider {g,}n>—1 =
{gn(pt) }n>—1 as a particular sequence of polynomials in . We will see that the

eigenvalues of P;, are the limits of zeros of these polynomials.

To start this analysis it is useful to give the following definition.

Definition 3.4.1. Let {I1,,},, be a sequence of polynomials with real coefficients.
Denote by 11 < 1y < -+ < 1y the real zeros (in case they exist) of 11, and
put, by definition, r, o = —o0 and ry, y11 = +00.

We shall say that {11, },>0 is a sequence of polynomials with interlaced

zeros if

(1) My is not the zero polynomial, it has degree d > 0 and all its zeros are real

with multeplicity 1.

(11) TI; has degree d+ 1, all its zeros are real-valued with multeplicity 1 and each

zero of Iy 1s located between two consecutive zeros of 1lg, i.e.

Toi—1 < T14 < To,i, 221,2,,d+1
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(i1i) There exists a sequence {B,}n of polynomials of degree 1 such that

Moy = Bull, + 1,1, n=12... (3.122)

(iwv) lim II,(p) = I,(+00) and lim II,,9(p) = I,42(400) have opposite

n—-+o0o n—-+o0o

signs for all n € N.

If Ty has degree 0 we say that {I1,,}, is a sequence of polynomials with interlaced

zeros if {1, }n fulfills (i), (ii7), (iv).

Now we change the sequences of coefficients of eigenfunctions {v,},, {an}n

so that they satisfy Definition 3.4.1.

Lemma 3.4.2. Let {b,}n, {cn}n be such that

(

bon = (—1)"agn, n €N,
(3.123)
\ bant1 = (—1)"aznt1, neN
and
(
Con = (_1)71,027“ ne Na
(3.124)
[ Cont1 = (—=1)"vopn 41, n € N.
Moreover let {xn}n, {¥n}n be such that
Xn = (_]‘)nryn’ n e N7
(3.125)
Uy = (—=1)"0y, n € N.
Then {b,}n, {cu}tn satisfy the following recurrence relations:
bn+1 = ann + bn—la ne N7
(3.126)
Cpt1 = 77ZJnCn + Cn-1, n € N.

In particular {b, }n, {cn}n are sequences of polynomials in p with interlaced zeros.
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Proof. 1t follows immediatly from relations (3.123), (3.124) and (3.125), recalling

(3.119), (3.120) and (3.121). 0

We next state an important property of sequences of polynomials with inter-

laced zeros.

Theorem 3.4.3. If {Il,}, is a sequence of polynomials with interlaced zeros,
then I1,, has all real and distinct zeros, for every n € N. Moreover, for alln > 1,

each zero of 11,,_1 is located between two consecutive zeros of I1,,; in other words
Tn—1-1 < Tni < Tn-1,4, 1=1,2,... ,d +n, Vn>l.

The following result defines the polynomials ©,, and ¥,, and gives a property
for their zeros; we will see that particular sequences defined using these zeros

converge to eigenvalues of Pr.

Theorem 3.4.4. Let {I1,,},, be a sequence of polynomials with interlaced zeros
and define ©, =11, — I1,,_y and ¥, =11I,, + I1,,_1. Then all the zeros of ©,, ¥,

are real and distinct. Furthermore:

(i) if I1,,(4+00) and I1,,_1(+00) have different signs then the zeros of ©,,, which

we denote by pn1 < pp2 < -+ < Ppdin, are such that
Tn—1,i-1 < Pnji < Tni
and the zeros, pl, 1 < pro <+ < P}, 4 of Uy are such that
Ty < Ppi < Tn-14;
(ii) if I1,(+00) and I1,,_1(400) have the same sign then we have

/
Tn-1,i-1 < Pp; < Tn,i
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and

Tni < Pni < Tn-14-

Next we define the sequence {p,, ; }», which approximates an eigenvalue of Py,

from below.

Definition 3.4.5. Let p,; and p,, ; be defined as in Theorem 3.4.4. We set

Ppi = M0{ppi, P}

From Definition 3.4.5 and from Theorem 3.4.4 it follows that, for every n € N

and for every 1 = 1,2,...,d + n, we have

Pri € (Tno1i 1, Tnyi) -

We will use the following definition to prove the monotonicity of {p, ;}, for n > n,

for some ny € N.

Definition 3.4.6. Using the notation of Definition 3.4.1 and writing (3, as (3, (pn) =
En(p—By), for &, € R, we say that a sequence of polynomials with interlaced zeros
is admissible if there exist £ > 0 and Ny € N such that |£,| > £ for alln € N

and By, — B, > % for all n > Nj.

We show that the sequences {xn}n, {¥n}n introduced in Lemma 3.4.2 satisfy

Definition 3.4.6.
Lemma 3.4.7. The sequences {Xn}n, {®n}n, defined by (3.125) are admissible.

Proof. Recalling relations (3.125) and (3.120) we have

Ya(p) = (=1)"((2n + 1)°h? + 2 — 8h) = (—1)"8h (_W _ ﬁ N u) 7
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with n € N\{0}. Using the notation fixed in Definition 3.4.6, we set { = 8h,
&, = (=1)""8h. In order to verify the definition it suffices to prove that there

exists Ny € N such that

(2n+3)%h  (2n+1)2h
8 8 4h

(3.127)

for all n > Ny. From (3.127) we get Ny > # — 1. In a similar way, recalling
(3.125) and (3.121), we obtain that {x, }, fulfills the admissibility hypothesis, for

§=8h, & = (—1)""8h and Ny > 55 — 2. o

4h?

The following theorem ensures the monotonicity of {p, ;}, for sufficiently large

n, in the case the sequence of polynomials is admissible.

Theorem 3.4.8. Let {I1,,},, be an admissible sequence of polynomials with inter-
laced zeros and let r,,; be the zeros of I1,, (using the notation fized in Definition
3.4.1). Fizi € N. By Definition 3.4.6 there ezists n; € N such that |G41 ()| > 2

for all p < ry,; and for all n > n,;. Then, for n > n; we have

Tl € [PT_W Tn,i)

and
Pnt1i = P

As a consequence for every i the sequence {ry;}, converges and p, ;, with n > n;,

are lower bounds for lim r, ;.

n—-+o00

The following result provides an estimate on the size of the absolute value
of admissible sequences of polynomials with interlaced zeros, for certain values

of the variable. This will give us information about eigenvalues of Py, since the
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sequence of Fourier coefficients of eigenfunctions converges to zero (see Theorems
3.3.12, 3.3.13), and by Lemma 3.4.2 the same sequence is an admissible sequence

of polynomials, with interlaced zeros.

Lemma 3.4.9. Let {Il,,}, be an admissible sequence of polynomials with inter-

laced zeros and let r; = lim r,; and [; = lim p, ,. Then
n—-+o00 n—+oo 7’

(1) For every z € C, we have either

lim [II,(z)] = +o0

n—-+o0o
or

lim |II,(z)| =0.

n—-+o0o

(ii) For every i € N we have

a€[l;, r]= lim |I,(a)| =0.

n—-+0o0o

Notice that, following the notation of Lemma 3.4.2, from (i) in Lemma 3.4.9
we get again the two cases obtained in Theorems 3.3.12 and 3.3.13, i.e. when A is
an eigenvalue then the Fourier coefficients converge to 0, otherwise their absolute
values diverges.

We now fix the notation we will use hereafter.

Definition 3.4.10. From now on we will denote with {I1,}, one of the two
sequences {by}n, {cn}n defined by (3.123), (3.124). Furthermore we will use

the notation fived in Definitions 3.4.1, 3.4.5 and in Theorem 3.4.4, recalling that

either {11, },, := {bn}n or {I1,,},, := {cn}n-

Lemma 3.4.9 implies, recalling Theorems 3.3.12 and 3.3.13 and their proofs,
that r; = [; and that these values are exactly the eigenvalues of Pp. In particular

we have the following
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Corollary 3.4.11. Using the notation of Definition 3.4.10 and of Lemma 3.4.9
we have, by Lemma 3.4.7, that {I1,}, = {I1,,(u)}, is an admissible sequence of

polynomials in p with interlaced zeros and

lim r,;, =r;,=10;= lim p,; VieN.
n—-+00 n—-+o00o ’

Furthermore the set {r;, i € N\{0}} coincides with the set of eigenvalues of Pp.

Proof. By Theorems 3.3.12 and 3.3.13 we have, recalling (3.123) and (3.124),
that |IL,(x)| — 0 if and only if 4 is an eigenvalue of Pp. From Lemma 3.4.9 we
have that |II,(a)| — 0 for all a € [l;,r;]. By Proposition 1.2.4 P, has discrete

spectrum, therefore I; = r; and r; is an eigenvalue of Pr. O

We next show that Corollary 3.4.11 implies that all Fourier coefficients of the

eigenfunction associated with the lowest eigenvalue of P, can not vanish.

Corollary 3.4.12. Let g be the lowest eigenvalue of Pr. If

+o00
1 (Zn—l— 1 )
v = Zvn—cos x (3.128)
c 2

is the eigenfunction associated with py then we have v, # 0 for all n € N.

Proof. Notice that v is an even eigenfunction, because, by 2) of Theorem 1.2.6,
it does not vanish in the interior of I. This justify the expansion (3.128). From
Corollary 3.4.11 we have that pg is the limit of the sequence {rml}n, where 1,
denotes the lowest zero of v, = v, (1), considered as a polynomial in . Since, by
Lemma 3.4.2 and Theorem 3.4.3, the zeros of v,, interlace those of v,_1, for all n,

we have that the sequence {r,} is monotonic decreasing. As

Mo = lim Tn,21
n—-+oo
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follows immediatly that ;o can not be a zero for any v,.

We now state an important result about the continued fraction

f=f(p) =do(p) + K29 (=1/0,(1)) ,

where {1, }, represents, as established in Definition 3.2.3, one of the sequences

{Vn}n, {0n}n. This function appears in the necessary and sufficient condition for

the eigenvalues of P, stated in Remarks 3.3.22 and 3.3.23.

In particular we claim that this function is meromorphic in p (for the proof

see [13]).

Notice also that the continued fraction K25 (—1/9,(u)) is equivalent to (see

Definition 3.3.20)
K25 (1/(=1)"0n (1)) -

Whence, recalling (3.125), we can give the following

Definition 3.4.13. Define the function

f=F(p) = Bo(p) + K725 (1/8a(1)

with { G} = {xntn o7 {Bn}n = {n}n (see (3.125)).

We write the approximants of f (see Definition 3.3.2) as

1 P,
fn:ﬁO"i_—l:_

ﬁl‘f‘j
B

(3.129)

(3.130)

where P,, @, denote, respectively, the n-th canonical numerator and denomina-

tor of f (see Definition 3.3.2). From Remark 3.3.4 these sequences verify certain

recurrence equations. In particular we have the following
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Proposition 3.4.14. Let f = o+ K,/ (1/8,) be a continued fraction and let
o= % be its approximants (see Definition 3.3.2).
Let, by definition, P.1 =1, Py= 0y, Q_1 =0, Qo= 1. Then the sequences

{P.}n>—1, {Qn}n>—1 verify these relations:

Pn+1 = 6n+1pn + Pnfla ne NJ (3131)

Qni1 = Pns1@n + Qn-1, n € N. (3.132)

From (3.131) we have that, when {3,}, := {xn}n, the sequence {P,}, coin-
cides with the sequence of coefficients of eigenfunctions {b,}, (see (3.123) and
(3.125)), and we have {P,}, = {c,}n when {5,}, = {¥n}n (see (3.124) and
(3.125)). Notice also that Corollary 3.4.11 shows that the eigenvalues of Pj, are

the limits of zeros of P,.

We recall, for the sake of completeness, an important intermediate result, used
in [13] to prove that f, defined by (3.129), is meromorphic. We denote by €,,(z)

the functions

Qn(z) =

I
ﬁm+2<z> + -

These functions are holomorphic on a certain domain of C.

Bm+1(2) +

Proposition 3.4.15. Using the notation fixed in Definition 3.4.6, let be € R
and let mg € N such that Bp,y+1 > LL—}-% and mg > Ny. Then, for every m > my,

Q(2) is holomorphic on C, = {2z € C;Re(z) < u}.

From here one can prove the following
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Proposition 3.4.16. The function f, defined by (3.129), is meromorphic on C,

and it has a pole in z if

lim |Q.(2)| =0.

n—-+o0o

(For the proof see [13].)

If we treat {Q,}, as a sequence of polynomials with interlaced zeros and if we
use the notation of Definitions 3.4.1 and 3.4.5 we get two sequences converging,
one from above, the other from below, to the poles of f. In particular we have

the following

Proposition 3.4.17. Let {Q,}, be defined by (3.130) and let r,; be the zeros of

Qn. Furthermore let r; = lim r,,; for alli € N. Then:

n—+oo
i) [ has a pole in r; for every i € N\{0}.

ii) The only poles of f are the r;, for i € N\{0}.

Furthermore we have

lim p,,=m, i€N\{0}.

n—-+o00

3.5 Estimates for large eigenvalues

2
Recall that, by the notation fixed in Proposition 1.1.1, we have A = 7'“ and
Ah
b= In this section we will study the behaviour of eigenvalues u, for fixed

h and p > C' = C(h). In particular we will provide upper and lower bounds for
these eigenvalues. In order to prove these results we will use Worpitzky’s theorem

(Theorem 3.3.17) about continued fractions. As usual we will analyse in the first
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place the eigenvalues associated with even eigenfunctions and afterwards those
associated with odd eigenfunctions.
1
In order to apply Worpitzky’s Theorem to K29 <L{L“> we will study the

values of 0,6,41| = [6n (1) dn+1 ()| for varying p. For this reason is useful to recall

the definition of ¢, :

(3.133)

On = 0n(1) = (2n +1)*h* + 2 — 8uh, vV n € N\{0}.

To have a better understanding of the problem, it helps using a geometric
approach. More precisely we can think of the functions 6, (u)d,+1(1), for every
n, as parabolas in the variable p. In this way we get a sequence of parabolas
{0 ()0 41(p) b, with the property that the maximum zero of &, (u)dn41(p) is
the minimum zero of d,,1(f)d,42(1), for every n € N. Furthermore the sequence
of the vertexes of these parabolas, for n > 1, is monotonic decreasing. These
properties are straightforward consequences of (3.133). In the following results
we find out sufficient conditions for these parabolas to have absolute value greater
than or equal to 4. We will see that if p is such that this last condition is fulfilled

then 1 can not be an eigenvalue of P.

Lemma 3.5.1. Let n be a natural number and let p be such that 6,(n) < 0 and

dnt1(p) > 0, i.e. such that

(2n + 1) 1 (2n + 3)? 1
3 h+4h <p< 3 h+4h. (3.134)
Then we have
15131 ()] < 1641 ()6 2(1)]. (3.135)
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Proof. We prove that |0,,(u)| < [6n42(e)|, from which (3.135) follows immediatly.
By the definition of the J,, (see (3.133)) and by (3.134) we have 0, 2(p) >
Opnt1(p) > 0. Thus, to obtain (3.135), it suffices to show that [0, (u)| < dnra(p),

that is
—On+2(p) < 0n(p) < Gns2(p).

It is straightforward that 6,(u) < Opio(p), for 6pia(u) > 0 and d,(x) < 0.
We now prove that —d,42(p) < 9,(p). From (3.134) it follows that —8uh >

—(2n + 3)?h* — 2, so that we have
Su(p) = 20+ 1)*R* +2 = 8uh > (2n + 1)?h? +2 — (2n + 3)?h* — 2 =
= (4n* 4+ 4n +1 —4n* — 12n — 9)h? = (—8n — 8)h%. (3.136)
In addition, from (3.134) it also follows that
~Opyo(p) = —(2n +5)°h* —2+8uh < —(2n +5)*h* — 2+ (2n + 3)*h* + 2 =

= (—4n* — 20n — 25 + 4n® + 12n + 9)h* = (—8n — 16)h>. (3.137)
From (3.136) and (3.137), being (—8n — 8)h?* > (—8n — 16)h?, we get 0, (u) >

—0n+2(1) and hence (3.135). O

In the hypothesis of Lemma 3.5.1, we now study

min{|[0, (1) 0n+1 ()] 5 [0n (1)1 ()| }-

Proposition 3.5.2. Fizn € N. Let u be such that

(2n + 1)? 1 (2n + 3)? 1
———h+ S h+ . 1
3 h+4h<u< A h+4h (3.138)

Then we have that
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I [@2n+1)*+4]h

1) if u< m + 3 then
[0n (1) 0n—1 (1) < 10n (1) n 1 ()5
2) if p> L + (2 +1)* + 4Jh then

4h 8
107 (1) 0n—1 (1) > 65 (1) On1 (1) ;

3 ifu=ﬁ+[(2n+18)2+4]h

160 (1)0n—1 (1) = 16(12) 001 (1) = 16R* (20 + 1).

then

Proof. Points 1) and 2) follow from the analysis of the inequality

[0n—1 ()] < 10n42 ()] - (3.139)

In fact, notice that from (3.138) we have d,,41(x) > 0 and §,_1(u) < 0, so that

relation (3.139) can be written as
—(5n_1(u) < (5n+1(u) (3140)
Substituting the values of 6,1 (p), dns1(p) in (3.140) yields

—(2n — 1)*h* — 2+ 8uh < (2n + 3)*h* 4+ 2 — Suh,

that is
16ph < ((2n+ 3)* + (2n — 1)*)h* + 4
and thus
1 (2n+1)>+4)hn
1% < E + 3 .

From this we get 1) and 2).
To obtain 3), we simply replace the value of p in |9,—1(p)d, ()| (recalling

(3.133)). 0
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Fix n in N. We denote by R,, the function defined by

Ry (1) = min{ [0, (1)0n-1(12)[ 5 100 (12)0p41(12)[}- (3.141)

We will show in the following Propositions that

|6 (1) 01 (1) > R (1)

for every m € N, with m # n — 1, n, and for u fulfilling the hypothesis of Propo-
sition 3.5.2. In this way (recalling (3.141)) conditions on values of |, (1t)d,—1 ()]
and [0, (14)0,41 ()| give rise to conditions on all the other terms |3, ()0 11(1)] -

Hereafter we occasionally denote d,,(u) for short simply by d,,.

Proposition 3.5.3. Fiz n in N. Let u be such that

(2n + 1) 1 (2n + 3)? 1
R T (3.142)
Then
1 [2n+1)2+4]h
a) if u < 4h+ 3 we have
[0 (1) O 1. (1) | > [0 (10)0n—1 ()| for every m =0,1,....n —2;
2 1)2 +4lh
b) 2f,u>—+[(n+ )"+ 4 we have

8

[0m (1)0m 1 ()| > 100 (10)0n 2 ()] for every m =0,1,...,n —2.

Proof. Notice that

|0k ()| > |0ks1(p)| for every k=0,....,n—1, (3.143)

for, being 0 (1) < 0 by (3.142), inequality (3.143) can be written as

6k > — 041, (3.144)

114



Substituting (3.133) in (3.144) gives
—(2k + 1) — 2+ 8uh > —(2k +3)? — 2+ 8uh

for every k = 0,...,n — 1, which proves (3.143). Recalling that ¢, < 0 for all

kE=0,...,n—1, inequality (3.143) implies that
|0mOms1]| > 0001, Vm=0,...,n—2. (3.145)

From this we get a). As an aside remark, recalling that 0, < 0 for all £k =

0,...,n — 1, we notice that
|5k:6k:+1| :5k5k—1 \V//{?ZO,...,’I‘L—L

b) The relation (3.145) holds also in the hypothesis

i+[(2n+1)2+4]h< <i+(2n+3)2h
4h 8 =1 g

Thus if we show that

|5n(5n71 ‘ > |6n6n+1 |

we get immediatly b). This last inequality has already been proved in Proposition

3.5.2, 2). O
We now study the case in which m > n.

Proposition 3.5.4. Let n be a fized natural number. If

1 (2n+1)%*h _ 1 N (2n + 3)%h
4h 8 = 8
we have
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Proof. From Lemma 3.5.1 we get (3.146) with m = n+ 1. We obtain the assertion
for m # n + 1 if we notice that 6y = [0k < |0g11]| = k1 VE=n+1,n+2,...

(see (3.133)). O

From Propositions 3.5.3 and 3.5.4 it follows that, if u satisfy (3.138), |0y0m-t1]
is always greater than R, (recall (3.141)), for all m # n —1,n. In other words we

have the following

Corollary 3.5.5. Let n € N. If

@ﬂ%lyh+ﬁ<u<wh+ﬁ (3.147)
then

|0 (1) 01 (10)] > Ru(p), V'm #n,n—1.
Proof. Tt is an immediate conseguence of Propositions 3.5.3 and 3.5.4. O

By Theorem 3.3.12 we have that p is an eigenvalue of P if and only if it

fulfills

1
1— ﬁ = K (‘5_—‘51“) , (3.148)
in case 9, # 0 for every n € N. Notice that this last condition, d,(u) # 0,
is immediatly fulfilled when p satisfies the hypotheses of Corollary 3.5.5 (see
equations (3.147) and (3.133)).

Now we apply Worpitzky’s Theorem (Theorem 3.3.17) to the continued frac-

tion appearing in (3.148) to find out estimates for the eigenvalues.

Theorem 3.5.6. Fiz n in N. If u is such that

(2n + 1) 1 (2n + 3)? 1
Al NP VT -
s Mt THE< T3 T
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and, at the same time,

Ry(p) >4 (3.149)

(recall (3.141)) then p is not an eigenvalue for Pr.

Proof. By Corollary 3.5.5 and by (3.149) we have |0,,0,,.1| > 4 for every n € N.

Then

VneN (3.150)

1
whence the continued fraction K29 (%{l“) verifies the hypothesis of Wor-

pitzky’s Theorem. In particular we have

1
Kt ~ Onbni1
n=1 _ 1

Notice that 6, # 0 for every n, because [0,0,41| > 4 for every n, hence the

1
< - 3.151
<3 (3.151)

hypothesis of Theorem 3.3.12 are verified. Therefore in case p is an eigenvalue

for Pp, equation (3.148) is satisfied by p and, recalling (3.151) and (3.150), we

1
KJroo _5n5n+1 — 1 o L
n=l -1 0001

which is a contradiction. O

get

1

9001

1 3
> > 2
2~ 4

>|i-

From Theorem 3.5.6 we obtain two different estimates for the eigenvalues,
depending on the value of R, (1) = min{|0,(1)0n—1(1)|, |65 (tt)0ns1(pe)|}. Propo-

sition 3.5.2 establishes that if

(2n+1)2 1 (2n+1)*+4h 1
3 h + g k< 3 + m (3.152)

then

Ry (p) = min{ |6, (1)0n—1 ()], 160 (1)0n41(p0)[} = 00 ()01 (12)],
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and if

[(2n+1)2+4]h+ 1 e (2n—|—3)2h+ 1
8 an S H 8 4h

then

Ry (1) = mind[6,, (1) 0n—1(12)], 160 (1) 0n 11 (1)} = 100 (1) 0ns1 ()]

In addition we recall 3) of Proposition 3.5.2:

(2n+1)?+4h 1 [(2n+1)>+4]h 1Y\ .,
571 ( 3 + E) 5n_1 ( 3 + E) = 16h (2n + 1).

Thus, as a consequence of Theorem 3.5.6, and recalling the definition of 6,, (3.133),
we have two different situations according to whether 4 > 16h*(2n + 1) or 4 <

167*(2n + 1). In particular we have the following

Theorem 3.5.7. Let n be a natural number such that n > # — 1. Then we have

the following.

1) If 4 > 16h*(2n + 1), let p be such that

2 2Kh4
“24(n+81) +1h+i_\/4(n+1)h 1

h m
(3.153)
dn+12+1 1 JAn D1
<27 T oL - :
= 8 h+an ™t m

Then p cannot be an eigenvalue for Pr, associated to an even eigenfunction.

2) If 4 < 16h*(2n + 1), let p be such that

4n? +1) 1 Van2ht+1

u>(

5 "ot
(3.154)
4n+1)2+1 1 A(n+1)2pt -1
< 7 —_— .
p= s "t T m

Then p cannot be an eigenvalue for Pp, associated to an even eigenfunction.
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Proof. Note that the hypoteses of 1) and 2) imply that p fulfills (3.152). Notice,

1

furthermore, that n > 5

— 1 is a necessary condition for the estimates (3.153)
and (3.154) to make sense. In fact this condition assures that the radicand which
appears in these expressions is greater than or equal to 0.

1) If 4 > 16h*(2n + 1) then the condition of Theorem 3.5.6

Ry (1) = min{| 6, (1) 01 (1) [, 100 (1) 0ns1 ()|} > 4

is equivalent to

16,001 | > 4, (3.155)
by Proposition 3.5.2. Relation (3.155) can be written as —0,0,.+1 > 4, because
0, < 0 and 9,41 > 0. Substituting (3.133) in (3.155) gives

(8uh)? —8uh [(8(n+1)2+2)h? +4] + [4(n+1)2 = 1]°h* + [16(n+1)>+ 4] h>+8 < 0

and thus 1).
2) Similarly to 1) by Proposition 3.5.2 we have that if 4 < 16h*(2n + 1) then

the condition of Theorem 3.5.6

R (1) = min{|0y (12)0n—1 (11)], |00 (1) 0nsa () [} = 4
is equivalent to
a<p<b, (3.156)

where a is the maximal solution of the equation |9,,0,,_1| = 4 and b is the maximal
solution of the equation |0,0,41| = 4. This follows immediatly from Proposition

3.5.2 and from (3.133). We compute a and b. By (3.133) we have [6,0,—1| = 4 if

(8uh)? — 8uh[(8n2 + 2)h% + 4] + (4n® — 1)* h* + (16n° + 4) B = 0,
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thus

2 27,4
a:(4n —|—1)h+i+\/4nh —|—1.
8 4h 4h

The computation of b has been already done in the proof of 1). Replacing the

values of a and b in (3.156) we get the assertion. O

The approach of this section applies, in a similar way, to eigenvalues associ-
ated to odd eigenfunctions. In this way we get estimates similar to those stated
in Theorem 3.5.7. We just state an analogous theorem, this time about odd

eigenfunctions. To this purpose we recall the definition of coefficients 7, :

Yo =4(n+1)*h* +2—8uh, VneN, (3.157)

1

Theorem 3.5.8. Let n be a natural number such that n > 5 %

1) If 4 > 32nh*, let pu be such that it satisfies

- n?+ (n+1)>2 1 /(@2n+1)2pt -1

= T Mt m
(3.158)
n?+ (n+1)?2 1 /(@2n+1)2pt—1
< T py = .
s 1 ot m

Then p cannot be an eigenvalue of Pr, associated to an odd eigenfunction.

2) If 4 < 32nh?, let pu be such that it satisfies

[n? + (n —1)? 1 /(2n+1)2ht +1
> R
= gt Ih
[+ (n+1)% 1 /(2n+ 12kt —1
< — .
= PR TA ih

(3.159)

Then p cannot be an eigenvalue of Pr, associated to an odd eigenfunction.

From Theorems 3.5.7 and 3.5.8 it follows that the eigenvalues of P, belong to

the union of an infinite number of intervals. In particular we have the following
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Corollary 3.5.9. Let ng € N be such that ng > # — 1 and we denote with

Spec (Pr) the set of all eigenvalues of Pp, associated with even eigenfunctions.

Then, upon setting

1)? 1 4 1)2ht — 1
Cn:4(n+)+1h+__\/(n+) |
8 4h 4h,
4n+1)2+1 1 A(n+1)2pt -1
D"_—S h+E+ m ;
(4n* +1) 1 dn?ht + 1
Bp="———h+ o +—Fp—,
s 't
4 1)2+1 1 4 1)2ht — 1
Fn:Mh+_+\/(n+ ) ,
8 4h 4h

there exists ny € N such that

Spec, (Pr) N [Cy,y, +00) C (”U (Dn, On+1)> U (Lj (£, En—l—l)) )

n=ng n=ni

: 1 1
with nq 2 A T o

Proof. 1t follows immediatly from Theorem 3.5.7. ]

An analogous result holds for eigenvalues associated to odd eigenfunctions.

Corollary 3.5.10. Let ng € N be such that ny > # - % and denote with
Spec_(Pyr) the set of all the eigenvalues of Pp associated to odd eigenfunctions.

Then, posing

n?+ (n+1)> 1 /(@2n+1)2pt—1

Gn = PR T ah ’
n?+ (n+1)>2 1 /(2n+1)2p4—1
Hy= ————h+ -+ 7 :
n?+(n—1)>2 1 V(@2n+1)2ht+1

L =—— "7 _
" R TARY Ih :
Mn:n2+(n—|—1)2h i+\/(2n—|—1)2h4—17

4 4h 4h
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there exists ny € N such that

Specf(PL) N [Gno,‘f‘oo) C ( U (Hn; Gn-‘rl)) U (U (Mna Ln—l—l)) y

n=no n=ni

with ny > 8%.
Now we recall classical asymptotic estimates of large eigenvalues of Sturm-
Liouville problems, in order to be able to compare these estimates to those ob-

tained in Corollaries 3.5.9 and 3.5.10. For the proof of the next statement see

[22], p. 244.

Proposition 3.5.11. Let B = B(x) be a continuous real-valued, bounded-variation
function. Let U = U(x) be a solution for the boundary value problem (on the in-

terval [0,7])

U(0) = U(x) = 0.

Then, if X > [ |B(t)|dt, we can express the n-th eigenvalue X, as

" B(t)dt
)\n:n—l—fo ) +a(n)’
2mn n?

where a(n) is a bounded function, depending on U. Moreover, for the eigenfunc-

tion associated with \,, we have

where a(x,n) is a bounded function of x and n.

We will apply this proposition to our boundary value problem

%_wlwzo

1
Vi 72

Y(£m) = 0.
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To obtain a problem which fulfills the hypotheses of Proposition 3.5.11 we proceed

as in the proof of Proposition 1.1.1, so that we can state the following

Remark 3.5.12. Let o € H}(I) N H*(I) be a solution of the equation

" 2 sin” (%) _
"+ [7 - 1 = 0. (3.160)

Set p(x) = 2z — 7). Then ¢ € H}(0,7) N H*(0,7) and ¢ is a solution of the

equation

8  4cos*(x)
" I S = 0. 161
o+ {h |9 =0 (3.161)

Moreover if ¢ € Hy(0,7) N H*(0, ) satisfies equation (3.161) then, upon setting

U(t) = o (B=), it follows that 1 € Hi(I)NH*(I) and ¥ is a solution of (3.160).

Thus, by applying Proposition 3.5.11 to (3.161) we get the following

Proposition 3.5.13. Let i, be an eigenvalue of Pr such that i, > % Then,
using the notation of Proposition 3.5.11, we have the following asymptotic expan-

sion (with respect to m — +00):

m?h 1  h[ 1 a?(m,h)  2a(m,h)  2a(m,h)
—_—t =+ = - 7 7 . 3.162
8 * 4h N 8 [ m2h4 - m? * m i h2m3 ( )

M =

Notice that in this case « is a function of h, since it depends on the eigen-
function U. Besides, this dependence can not be written explicitly.
Now we can compare the expansion (3.162) with the extremes of the intervals

where the eigenvalues of P;, are located, found in Corollaries 3.5.9 and 3.5.10.

For example we notice that the term ﬁ is present in all the intervals of type

E,, F,, L,, M, and it appears also in (3.162). Also the term mTQh is common to

(3.162) and E,, F,, L,, M,, by recalling that (3.162) gives all eigenvalues of P,
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so that, for m = 2n we have eigenvalues associated to even eigenfunctions and for
m = 2n + 1 we have the remaining eigenvalues. Nevertheless, Corollaries 3.5.9
and 3.5.10, proved using the continued fractions approach give a more precise
result than the asymptotics (3.162). In fact, as already remarked, the function
« is not easy to compute, for it depends on the eigenfunction itself, whereas the

bounds C,, to F,, G, to M, are quite elementary.
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Chapter 4

Remarks on the asymptotic
expansion of the lowest

eigenvalue as h — 07

4.1 Uniform convergence of eigenfunction coef-

ficients

It is known (see e. g. [3], pp. 39,41) that some kind of parameter-dependent oper-
ators admit asymptotic expansions (in the same parameter) for their eigenvalues.
We recall a result about these expansions and we study, using the continued frac-
tions approach, the lowest eigenvalue of P as a function of h. At first we associate
to P another operator, P. Then, denoting by @ = w(h) the lowest eigenvalue of
P, we will prove the monotonicity of w(h) with respect to h, from which it will

follow the existence of hli%l+ w(h).
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This section is intended to fix some notation and to prove some technical

results, useful for our purposes.

Recall the definition of P :
P (h™?):=P:D(P) — L*(I),

with
(PI@) = ~1"(@)+ V@) (@), V) = sind (2).
where D(P) = HJ(I)n H*(I) € L*(I) and I = (—m, 7). We can write the

eigenvalue problem for P (see (1.7) and Proposition 1.1.1),

P(f) =2 =Lf fenr), (4.1
as
—R2f" + B2V f = MREf = 2uhf, f € D(P). (4.2)

Recall that, by (1.1), p represents an eigenvalue of the operator Py.

Now we introduce the operator P. We will apply to P the aforementioned re-
sult, which grants the existence of asymptotic expansions (in h) for its eigenvalues.
As P is closely related to P we wil obtain immediatly asymptotic expansion for

the eigenvalues of P.
Definition 4.1.1. We put P = h>P, D(P) = D(P). We set V(z) = sin? (Z).

By this definition and by (4.1) and (4.2) we get the relation between eigen-

values of P and P.

Remark 4.1.2. )\ = X(h) is an eigenvalue of P if and only if A\ = % s an

eigenvalue of P. Moreover, recalling (1.1), (4.1) and (4.2), X is an eigenvalue of
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P if and only if A = %", with v eigenvalue of Pp. Hence \ is an eigenvalue ofﬁ

if and only z’fX = 2uh, with u eigenvalue of Pr.
Now we recall the theorem, by Helffer and Sjostrand, that gives the asymptotic

expansion of eigenvalues of P (we just state this result in our particular case, for

the general case see [3], pp. 39, 41).

Theorem 4.1.3. Set Vy(x) := 1x? and let Py be the armonic oscillator

Py: D(Ry) := D(P) — L*(I), (Rof)(w) = =B*f"(x) + Vo(x) f(z).  (43)

Let

2n+1
{En}nGN = { 9 }
neN

be the sequence of eigenvalues of P,. Fiz 0 < C, ¢ {Eo, E1,...} and let Ny € N
be such that En,—1 < Cy < El,.

Then there exists hg > 0 such that for 0 < h < hy, P has precisely Ny eitgen-
values 0 < Ag(h) < -+ < Ang_1(h) in [0,Cyh] . Moreover, A, has the asymptotic

eTpansion
Ma(h) ~ h(Ey + arh + ash® + ..., an €ER, h— 0% (4.4)

Notice that ‘70(:6) = ixQ represents the first term in the Taylor’s series ex-
pansion of V(z).

As already remarked Theorem 4.1.3 gives asymptotic expansion for the eigen-
values of a general class of operators, which contains P. It is interesting to see if

this same theorem can be proved in our particular, one-dimensional case, using

simpler techniques. In what follows we give a partial answer to this question, by
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analysing the case of the lowest eigenvalue of ﬁ, which we will denote by w. In
particular we will prove that there exists hlim w(h). Before doing this we state
—0

the asymptotic expansion for w(h) as follows from Theorem 4.1.3. From equation

(4.4) follows that

1
w(h) ~h <§ + arh + ash® + .. ) , a, € R. (4.5)

Recalling Remark 4.1.2, as w(h) = 2uy(h)h, where i is the lowest eigenvalue of
Py, we have
1

ay a2, o
h) ~ =+ —h+—h%+... . € R.
to(h) 4+2 +2 +..., a, €

Now we fix hg € R, with kg > 0. We will show that “Lw(h)|,—p, is positive for
every hg > 0, from this the monotonicity of w(h), with respect to h, will follow
(and from here the existence of hlirél+ w(h)). Since we will analyse = (h)|n—p,
we assume that |h — hg| is small, so that we can use once again the Perturbation
Theory. In particular we will use Theorem 2.1.6. Through this approach we will
prove uniform estimates on coefficients of the eigenfunction associated with w(h),
for h in a complex neighbourhood of hy. Then, using an integral equation which

relates w(h) and its associated eigenfunction, we will get information on w(h).

We can write (recall (2.3))

~ ~ d2 - d2 d2 d2 »
P=Ph)=-h—+V=-hR2—+4+h— —h2— —
(h) —+ st hi s —ho sV
= P(ho) + (h* = h2)P(0). (4.6)

From (4.6) we can use Theorem 2.1.2 to show that the h—dependent family of

operators P = ﬁ(h) forms an holomorphic family of type (A) in the parameter

(h* — h§).
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Proposition 4.1.4. The family of operators P = ﬁ(h) (see Definition 4.1.1) is a

selfadjoint holomorphic family of type (A) in the perturbative parameter (h? —h?).

Proof. Since, by (4.6),
P(h) = P(ho) + (h* = k) P(0),

by Theorem 2.1.2 it suffices to prove that there exist a,b > 0 such that

1PO)£1| < all £II + Bl P (o) -

We have
1 1 ~ ~
POl =1 - f"ll = all = hef"ll = all = hf'+Vf-Vf|<
0 0
1
< ﬁ(IIP(ho)fll +11£1), (4.7)
0

where the last inequality follows from

max V() = max [sin2 <§>} =1

|z|<m |z|<m

In other words, from (4.7), we can set in (2.2) of Theorem 2.1.2, ¢ = 0 and

a=>b= % Thus, by the same theorem, P = Ig(h) forms an holomorphic family
0

of type (A) in (h? — h3), for |h? — h3| < hi.

Moreover, by recalling Definition 2.1.4, we have that ﬁ(h) is selfadjoint. [

By Proposition 4.1.4 and by Theorem 2.1.6, we can expand all eigenfunctions
and eigenvalue of P in power series of the perturbative parameter (h?—h3). Notice
that these series are defined for complex values of the perturbative parameter,
thus we will consider, from now on, h as a compler parameter, varying in a

neighbourhood of the real parameter hy. From these expansion will follow uniform
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estimates on coefficients of the eigenfunction in the same complex neighbourhood
of hg.
We give the expansion for the lowest eigenvalue w and its associated eigen-

function, 1.

Proposition 4.1.5. Let w be the lowest eigenvalue oflA5 (see Definition 4.1.1).
Then, for every h € C such that |h? — h3| < hi, @ = w(h) admits the following

POWET SETIES erpansion

w=Y (h*—h})"w,. (4.8)

Let @Z = gZ(h) be the eigenfunction associated with w. We have, for every h € C
such that |h2 — h2| < h2, that ¥ admits the following expansion
V= (0 = hg)"n,

n=0

with 4, € L2(I).

Proof. 1t is an immediate consequence of Proposition 4.1.4 and Theorem 2.1.6.

[]

We prove next some technical results which give estimates for coefficients of
the expansions of zZ and w. Later on we will write w in terms of its associated
eigenfunction {E and we will use these estimates to obtain information about the
monotonicity of w(h). Now we show the convergence to 0, as n — o0, of the
coefficients w,, is uniform on |h? — hZ| < a2, for some a > 0. To do this we recall

a classical result on convergent power series (for the proof see e. g. [10], p. 56.)
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Proposition 4.1.6. Suppose Z:ﬁ% an 2™ has a radius of convergence, r > 0. Then

there exists a positive number C' such that if A > % then
la,| < CA", VY neN,
Using this statement we can show the following

Lemma 4.1.7. Fiz hy > 0. Let w(h) be the lowest eigenvalue of P(h). Then

there exist C, a, a; > 0, with 0 < o < a1 < hg, such that

Co?
h)| < ———L
|w( )| — O{%—O{Q’

or every h € C in the disk |h? — h2| < o?.
0

Proof. By Proposition 4.1.5 we get the expansion

+oo
@ =Y (h*— h})'w,, (4.9)
n=0

for every h such that [h? — hi| < hZ. Thus the radius of convergence of the series
in (4.9), which we denote by p?, is greater than or equal to h3. Now we fix a; > 0
such that 0 < o? < hZ < p? and thus a; > hy? > p~2. As a;? > p~2, by

Proposition 4.1.6 there exists C' > 0 such that

n

— VneN.

2

|, < C
Qg

Therefore equation (4.9) gives

n

1

4.10
e (410

+oo
wh)] < 3K — B2 c\
n=0

Now we fix a > 0 such that 0 < a < ay. Therefore, for all i such that |h? — hZ| <

a?, we have

=<y e ()

n=0
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Thus, as the last sum is a geometric series,

j@(h)| < C =C

a\? a? —a?’
1— (=
aq

Notice that, by 2) of Theorem 1.2.6, the eigenfunction ?Z, associated to w,

]

does not vanish on the interior of I. Therefore {Dv must be an even function. Since

{\/%7 cos (2m2+1 x)} is an orthonormal basis of all even functions of L*(I) and
meN

as 12 is an analytic even function, in h? — h2, (see Proposition 4.1.5), we can give
the following expansion for 1,/;

b(h,x) = Z (Z(h2 — h%)"@mn> % oS <2m2+ 195) : (4.11)

m=0 \n=0

Recalling the notation fixed in Chapter 3 (see equation (3.1)) we will write

—+00

Z(h2 - h(2)>n7;5mn = Upm, = U (h). (4.12)

n=0

Furthermore, as 1; is an eigenfunction of P associated to w, recalling Remark
4.1.2, the same function 1; is an eigenfunction also of P, associated to the eigen-
value w/h?, which is the lowest eigenvalue of P. Thus, by Proposition 3.1.5 and

Remark 3.1.11, using the notation fixed by (4.12), we have that

v_1:=0 Upi1 = OpUp — Up_1, n € N, (4.13)
where
50:50 (%) :h2—|—1—4w
(4.14)
w 272
5, =0, (ﬁ) — (n+ 12 +2— 4w, ¥ neNJoL

From Lemma 4.1.7 follows an estimate on 6, (zw/h?) , which we will use, exploiting

relation (4.13), to estimate the Fourier coefficients v,,(h) (see (4.12)).
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Lemma 4.1.8. Fiz hy > 0. Let @ = w(h) be the lowest eigenvalue of P(h). Then

there exist o, with 0 < a < hg and ng € N such that (recall (4.14))

5, (%)’ = |(2n + 1)2h? + 2 — do| > 2, (4.15)
for every n > ngy and for every h in the disk |h* — h2| < o?.
Proof. Note that

|(2n + 1)°h* — (4w(h) — 2)| > |(2n + 1)*|Af* — [4w(h) — 2|] .

Thus if we prove

(2n + 1)%|h]* — |4 (h) — 2] > 2 (4.16)
we obtain as a consequence (4.15). Moreover we have
2+ [4w(h) — 2| < 4+ 4|w(h)|,
thus, from (4.16), if we prove that
(2n + 1)?|h|* > 4 + 4w (h)| (4.17)

we get (4.15). By Lemma 4.1.7 there exist C,a,aq > 0, with 0 < o < a3 < hy,

such that
Ca?
h)| < ! 4.18
=] < L (4.18)
for every h in the disk |h? — h2| < o?.
From (4.17) and (4.18) if we prove that
4Ca?
21712 1
(2o 120 > 4 5 (4.19)

we get (4.15). Dividing both sides of (4.19) by |h|? gives

1 4C o2
2y L[y, 40w |
Gn 1" 2GR {“ <a%—a2>}
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Notice that for every h such that |h? — h3| < a? we have

1 1
< .
|h]? = hd —a?

Therefore, if there exists ng € N such that

(2n+1)* >

2
44 20 ] (4.20)

(h§ — a?) { (0f — a?)
for all n > ng the assertion follows. Such an ng exists, since the right-hand side

of (4.20) is fixed. O

We will show the convergence to 0 of the coefficients v, = 320 (h? — h%)”zzmn
in (4.12), as m — +o0, uniformly for [h? — h2| in a neighborhood of 0. To this
purpose we will reason as in the proof of Proposition 3.3.19. Recall that, as the
eigenfunction associated to w is even, we have {U,}, = {0,}n (see Definition
3.2.3).

In the sequel we will consider the Fourier coefficients v,, in (4.12) as complex
functions in the parameter (h* — h2), h € C, such that |h? — k2| < o?, for a
fixed a > 0. To do this we just substitute a complex value of h in (4.14) and we
compute the value for v, using the recurrence relation (4.13). Then, again using

(4.13), we will show, as in the proof of Proposition 3.3.19, the following formula

for v, :

Uno+14m = 5n0+1 RN 6n0+m2n0 c o Rng+m—1Ung+1, Ym > O, (421)

and for all complex h such that |h? — h3| < a?, with
1

Zngtm = 5"°+m+15”10+m+2 : V'm e N, (4.22)

1 — 5n0+m+25n0+m+3
1—-"-.
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and for all complex h such that |h? — h3| < o?.

We will prove in the first place that the functions 6,,+m (%) Zno+m—1 (%)
are holomorphic in h? — h3. Afterwards, from relation (4.21), we will obtain an
estimate on coefficients v,,, uniform with respect to h? — h. We will use, in this

analysis, two classical results about holomorphic functions; we just state them

(for the proof see [10], pp. 69, 156).

Proposition 4.1.9. If f, g are analytic on U then f/g is analytic on the open

subset of {z € Ul g(z) # 0}.

Theorem 4.1.10. Let {f,}, be a sequence of holomorphic functions on an open
set U. Assume that for each compact subset K of U the sequence converges uni-

formly on K, and let f be the limit function. Then f is holomorphic on U.
Now we prove equation (4.21).

Proposition 4.1.11. Let w be the lowest eigenvalue ofﬁ and let 1; be the asso-

ciated eigenfunction given by (4.11):

_ +o0 1 2m + 1 +o0 ) , _
¢(h793) = Z 'Um(h>ﬁ COS ( 9 Z’) ) Um(h) = Z(h - h0>nwmn-
m=0 n=0

Then there exists 3 € R, 0 < 3 < hg, and ng € N such that

Ung+14m = 5n0+1 N 5n0+m2n0 <o Zng+m—1Ung+1, vV m > 0, (423)
with ]
> _ 5n0+m+15no+m+2 \v/ N 4.94
no+m — 1 ) m e ) ( . )
1 — 6no+m+26no+m+3
1—"-.

for all complex h such that |h* — k2| < 2.
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Furthermore the functions 0pyms1 (@/h?) 2pgem (w/h?) are holomorphic on

the set |h* — h3| < 8%, for all m € N.

Proof. We follow the proof of Proposition 3.3.19. Notice that, by Lemma 4.1.8

there exist a, with 0 < a < hg, and ny; € N such that

w

5, <ﬁ>) > 9, (4.25)

for every n > n; and for every h in the disk |h? — h] < a?. Recall that, by the
recurrence relation (4.13), all v, are holomorphic in the parameter h* — hZ. By
Corollary 3.4.12, as w(hy) is the lowest eigenvalue of P, we have that v,, (ho) #0

for all m € N. As v, (h) are holomorphic in h* — h2 then

lim v,,(h) = v, (ho) # 0, V'm e N.

h2—>h(2)

Thus there exist ng > n; and 0 < § < a < hg such that

Uno(h)7 U'no-l-l(h)? Un0+2(h> 7é 07

for all h such that |h?—h2| < 2. By Proposition 4.1.9, and since we chose ng > n,
(so that d,,11 # 0), we have that the function appearing in Proposition 3.3.19,

this time considered as complex valued,

1
[ (4.26)

U’rzo—l—l
On,
o+1

no

is holomorphic in |[h? — hZ| < 3% We recall equality (3.87), which holds for real

h.
1
1 _ 5n +15n +2
N Uno+16 - ° 10 ' (427)
no+1 _—
no 1 . 5n0+26n0+3
1—".
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From what just proved the left-hand side of (4.27) makes sense also for complex
value of h. The right-hand side of (4.27) makes sense too, in the same neigh-
borhood of 0 in which the function (4.26) is holomorphic, that is for all A in
|h? — h3] < 3% In fact, as ng > n; we have

1

5710 +m—+1 5no +m—+2

1
<7 VvmeN, VYheC, |h*—hj <3

Thus, by Worpitzky’s theorem (Theorem 3.3.17), we have that the continued
fraction in the right-hand side of (4.27) converges for all i such that |[h? — h| <
%, Moreover we will show that this function is analytic on |h? — h3| < (2
Therefore, on recalling that the left-hand side of (4.27) is analytic too, in the
same neighbourhood of 0, and as (4.27) holds for real h, it will follow the equality
(4.27) on all |h* — h3| < 3% We set

1

Zn = %5”1“. (4.28)

1 — 5n+25n+3
1-"-.

By proving the analyticity of the functions z, we will obtain also (4.23) and
(4.24). In fact from Proposition 3.3.19 we know that (4.23) is true for real values
of h. Furthermore, as already noticed, v,,+1 is holomorphic on |h? — h3| < 32
and vyp,+1+m 1 holomorphic in the same neighborhood, by the recurrence relation
(4.13). Thus we can obtain (4.23) for all h, with |h? — hZ| < 32, if we show that
all z,(h) are holomorphic in the same set, for n > ng. We prove this by showing

that 4,412, are holomorphic for all n > ny.

By (4.28) we have, writing an equivalent continued fraction (see Defintion

137



3.3.20)

Ot Zm = — (4.29)
5m+2 -
5m+3 -
Let
B 1 A,
5m+2 - —1 m
- 6m—|—n+1

be the n-th approximant of the continued fraction in (4.29). As En, B, represent
the n-th numerator and denominator for this continued fraction, from Remark

3.3.4, upon setting

A,=1 Ay=0, B,=0, By=1,

we have

Ap = Omi1nAn_1 — Ao, n>1,
Bn = 6mi1inBu1 — Bna, n>1.

Through these relations, on recalling (4.14) and (4.9), we obtain that A,, B,
are holomorphic functions of h?—h3. We prove that En is never 0 on |h? —h3| < (3
and that {’g—:}n converges to 0,,112m, for all m > ng, uniformly on every compact
subset of |h* — h3| < 3% From here, by Theorem 4.1.10 it will follow that d,, 12
are holomorphic on |h? — h3| < 3, for all m € N.

We recall that, as ng > ny, for all m > ng and for all h such that |h? —hZ| < 32
we have [0, (75)| > 2 (see equation (4.25)).

Notice that

‘El, = ‘5m+2§0’ = ‘5m+2| >2>1= |§0|
As |§1’ > ‘§0| and as |0,,| > 2, for all m > ng, from the recurrence relation we

138



get
|Bs| = [0ms3Br — Bol = [[mysl|Bi| — | Bol| = 2|Bu| — [Bo| > |Bl.

We can use the same procedure inductively, as |0,,| > 2 for all m > ny; so we find

that | By.1| > | By for all n. Again from the recurrence relation we get
|Bal 2 [0m14l| Bai| = | Bu-al 2 2|Bus] = |Baosl.
This implies
|Bal = |Bua| 2 |Buoa| = [Buoa| = - 2 |Bi| = | Bo| = 1.

From |B,| — |B,_1| > 1 for all n we get |B,| > n. We prove the uniform conver-

gence of f, = f.(h? — h2) (i.e. as functions of h? — h2). If n > j we have

o= Fil =1 fn = fo= (F; = )l = D _(fe = fee) = D _ (= fur)| =

k=1 k=1

n

Z (fx = fe-1)| < Z | fe = frl (4.30)

k=j+1 k=j+1

Notice that by relation (3.58) we have

Ak Ak—l . (—1)k71 i

fe = Je-1 = By Bp.1  BpBp e

From here and from (4.30) it follows

2 2
Ll = ) = ~ ol = Z [Bel[ B l<:||Bk il 7 Zk’ k—1)

k=j+1

for all n > j and for every h such that |h? — h3| < 2.
As the series Zk =T k RGoT) converges, we have the uniform convergence on all

compact set of [h? — hZ| < 3. From here the assertion follows. O
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Now, using (4.23) and (4.24), we obtain uniform estimates for v,.

Proposition 4.1.12. Let w be the lowest eigenvalue ofl5 and let ibv be the asso-

ciated eigenfunction. We recall the expansion (4.11) for @Z:

+0o0

Jﬁux)::E:Umﬁﬁi%qms(2W1+lx), vm(h) = 3 (B2 = B2 G

There exists o« € R, 0 < av < hg, such that the coefficients v,,(h) tend to zero, as

m — +o00, faster than any negative power of m, uniformly in h € C such that

h? — B3| < a2,

Proof. On recalling proposition (4.1.11) and its proof we have that there exists

B eR,0< (< hg, and ng € N such that

Uno+14m = 5n0+1 Ce (5n0+mzn0 c o Rng+m—1Ung+1, Y m > O, (431)

with
1

Zpotm = 5“0+m+15”10+m+2 , VmeN, (4.32)

1 — 5no+m+25no+m+3
1—-".
for all i such that |h? — h2| < 3%; furthermore, for the same values of h, we have

that d,4+m > 2 for all m € N.

Thus {2, }n, fulfills the hypothesis of Worpitzky’s theorem (Theorem 3.3.17)

1
JoFoo Ong+i0ng+i+1
j=m+1 -1

for every m > ng and for every h > 0 such that |h* — k2| < 2. From (4.33) it

and therefore we get

< (4.33)

2] !
Zm| = o
2

follows that

1
1=z > |1 = |zl > 5,

\)
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so that, by recalling (4.32),

1
‘ Om—+10m+2

1

Zm| = <2 . 4.34
fom 11— 241 Om+10m2 ( )
Thus, from (4.31) we get
2 2
Un, ml < v, Onot1 -« Opotem| =
| o+1+ ’ ‘ 0+1‘ 5n0+16n0+2 5n0+m6n0+m+1 ‘ o+1 o+ ‘
2m
= |v, : 4.35
’ O+1‘ |5n0+2 o 6n0+m+1‘ ( )
As in the proof of Theorem 3.3.12, we write 9,, as
1
_ 272 7z (4w — 2)
Plugging (4.36) into (4.35) gives
|Un0+1+m| = |Un0+1| - 2 yTno+m+1 L (dw-2)| —
< a1 (4.37)
N m 2 TTno+m+1 L (4w-2) ’

We have (upon possibly increasing ny)

o (2k 4+ 1)2 —kﬂwﬂ (2k+1)2 | ’

Lemma 4.1.7 states that there exist C, a, oy > 0, with 0 < a < a3 < hg, such

that
Ca?

)
a? — a?

lw(h)| <

vV h >0, with [h*—hd| <o’

We assume, without loss of generality, that o < oy < 3. Thus we have

1 1 1 [/ 4Ca?
— |4 2l < — (4 2) < — 1 21 <
e~ 2 < =l +2) < <a% Oﬁ)
1 4Ca?
< ) 4.39
~ h3—a? (a%—a2+ ) (4.39)



From (4.38) and (4.39), by supposing that ng is such that

—|h_12||4w 2 Vk>
errip b Zno+2,
we get
012
no-ﬁ-‘rl , %(4@ . 2) N noﬁ—i—l X 35032 +2 ;
B - > 0.
ot k2 [T AL (0 - a?)(2k + 1)2

Thus, upon setting

2
no+m+1 4Cay +2

~ 2_o2
D, = 1-— ! ,
H (h3 — a?)(2k + 1)2
we have

lim Bm:a€R+.

m—-+00

(4.40)

(4.41)

(4.42)

Thus, by (4.40) and by using (4.41) in (4.37), and upon dividing and multiplying

by [(ng + 2)!]?, we have

[Vnos1] [(n0 +2)!]?
12n2)m [(m +1)]* Dy,

[Vngtmi1] <

Multiplying and dividing by 27 (m + 1)?"3e=2m+1) gives

[Ung+1] [(no 4+ 2)1]? 27 (m + 1)?m+3 ¢~ 20m+D)

Ung+14m| < = :

‘ ot1+ ‘ ‘QhQ‘m [(m+ 1)!]2 Dm27r(m—|— 1)2m+3 672(m+1)
On setting

5 - 27T(m—|— 1)2(m+1)+1€—2(m+1)
" [(m + 1)1]?
we have, by Stirling’s formula,
lim C,, = 1.
m—-+00

Thus, substituting (4.44) in (4.43) gives

[vag+1] (70 + 2)!] Crné®
h(m+1)| "
e

|Uno+1+m| <
[ D, 27 (m+1)3

d
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As we assumed that |h? — h2| < o2, from (4.46) it follows that

[Vng+1] [(n0 + 2)!1)* Cne?

2(h2 — a?) (m“>2 .

e

(4.47)
Dy 27 (m+ 1)

|Uno+1+m| < [

Notice that, since v, verifies the recurrence relation
Um+1 = 5mvm — Um—1, Vom e N7

we have that v,,11 = v,,+1(h) represents an analytic function in (h* — hZ2). Thus,
upon possibly shrinking «, the value of |v,,41| is bounded for all A such that
|h — h%| < o?. Thus, by (4.47), if we notice that a and hy are fixed and by

recalling (4.42) and (4.45) the assertion follows. O
We re-write inequality (4.47) in a simpler form.

Corollary 4.1.13. In the hypotheses of Proposition 4.1.12 there exist D, a > 0

such that
~+00 _ D
[om (B)] = > (h* = hg) " Yun| < — Yh, W2 —h2| <a?® Y meN. (4.48)
n=0

Proof. Tt follows immediatly from the proof of Proposition 4.1.12 and inequality
(4.47). Notice that, again from the proof of Proposition 4.1.12, the constant D

is independent of m. m

4.2 Monotonicity of w(h)

Using (4.48) we will prove some other needed estimates on coefficients of the
eigenfunction @Z and its derivative with respect to h. These estimates, together

with the Picone identity, which links w(h) and its associated eigenfunction, will
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be used later on to show the monotonicity of w(h), with respect to h. To this

purpose we recall a result on analytic functions (see [12], p. 6).

Proposition 4.2.1. Let f be an holomorphic function in U and let |f(2)| < M

for every z € U. Then for any compact set K C U and any o we have
|Df(z)| < Mals™l V2zeK,
where § is the distance of K from the boundary of U.

Now we set ¢ = h? — hZ and consequently write v, = v,,,(¢).
Using Corollary 4.1.13 and Proposition 4.2.1 we can immediatly prove an

estimate on v/, = v, ({) = Zv,,(().

Proposition 4.2.2. Using the notation of Corollary 4.1.13 let v be such that

0 < v < a. Then we have

W' (Q)] = Ve, [¢I<q*

d <X~
d—angcwmn

[ —
— (a2 _ 72>mm7

Before expressing w(h) in terms of J and its derivative we prove one more
technical lemma which gives an estimate for |v,,,(¢) — v,,(0)]; this will allow us to
use the mean value theorem for the v,,.

From now on we will consider again the parameter h (and thus () as a real

number.

Lemma 4.2.3. Using notation of Corollary 4.1.13 let 0 < v < a. We have, when

¢ 1s real,

(D D |h*— hj|

(a2 _ 72) mm - (a2 _ 72) mm

[Um(¢) — vm(0)] <
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Proof. In fact, by the mean value Theorem, we have

[0, (C) = v (O)] = [C[['(Q)],  with ¢ € (0,¢).
By Proposition 4.2.2 the assertion follows. O]

Now we recall the Picone identity (for the proof see [22] p. 194) which will
help us to express @(h) in terms of an integral depending on 1(h), ¥ (ko) and

their derivatives with respect to x.

Proposition 4.2.4. Let the following differential equations be given:

%] - @ —o (149
X [ej—x} — Qi(@)2(2) = 0 (450)

and assume that the functions 0, ¢, Q, 01, 61, Q1 are real-valued and continuous
on the interval [ov, 5], with 6 > 0, 0, > 0 on [a, B]. Let y, z be real-valued solutions
of (4.49) and (4.50), respectively. Furthermore let y(a) = y(5) =0 and z(x) # 0

fora<x < (. Then

0= /j(@ — Q1)y dr + /j(@ —0,)(y)?dx + /6 0, [y/ — %] 2 de.  (4.51)

Now we use Picone’s identity, (4.51), to get an expression of w(h) which we

will use in computing 4w (h)|p—p,-

Remark 4.2.5. Let w(h) and w(hgy) represent the lowest eigenvalue of the oper-
ators P(h) and P(he), respectively, and let 1(h), (ko) be the associated eigen-

functions. Assume also that these eigenfunctions are normalized, so that

[G(R)* = [ (ho)|I* = 1. (4.52)
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Then we have

()~ (o) = (1 ~ 1) | ()P

2

G(ho) = {m)) it
(ho

+hi /_W(W(h) — ¢/ (ho))*dx + h§ /_7T [W(ho) ( o )

2 " o Y o J(ho) — J(h) -
w20 [ @ 0) = 7 o)) o) (—WO) )d S @)

Proof. By hypothesis we have that J(ho) is a solution of the problem

(4.54)

{ﬁmwmw+vwwwww
y(£m) =0

and ¥ (ho) is a solution of the problem

{ P(ho)z = —h22" + V()2 = w(ho)2
(4.55)

z(£m) = 0.

Then, by Picone’s identity (4.51)

T ~
/

0= / " (w(ho) — w(h)P(R)dr + / (R — W2)( ()Pdat

—T

[ o R,

Thus, recalling (4.52)

™

h? [J’(h) - M] 2d3:.

7

() - =(ho) = [ "0~ 1) ())de + /

—T

(ho)

By adding and subtracting 1 (ho) in the second intergral we get

w(h) = w(ho) =

T O LT N N (AL L
— h0>/_w<w<h>>d +/_Wh° [wz) o)+ (1) — P ]d

and from here the assertion follows. O
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We will analyse
,  ho>0.
By (4.53) we have

lim 2 =) ) / " (@ (h))2dat

h—ho h — hg h—ho r

+ lim g /ﬂ(i’(h)—zz’(hg)fdw%—

h—ho h — hg J_

‘ h2 T~ J(ho) — {E(h)
R — /_ [¢ (o) (W)

: 2h(2) " i T o J(ho) _J(h) "
im0 = 3 () () (—J(ho) )d SNCED

In particular we will prove that the limit in (4.56) is greater than 0.

2
dr+

Recalling the notation used up to now, by (4.11) and (4.12) we have

~ = 1 2m + 1
Y(h,z) = n;)vmﬁ cos ( 5 x) ) (4.57)
with
U = U (h) = Y (0% = 1) (4.58)

and we have

U(ho, ) =Y Fmo—= cos (Qm; 1:r;> : (4.59)

In order to compute the derivatives of 15, appearing in (4.53), notice that from
Proposition 4.1.12 and Corollary 4.1.13 we have v,, — 0, as m — 400, faster
than any negative power of m and uniformly with respect to h. Thus we can
differentiate the series in (4.57) term by term. Moreover, by Theorem 3.3.12, we
can differentiate term by term equation (4.59), since {/;mO — 0, as m — 400,

faster than any negative power of m. In particular we have the following
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Remark 4.2.6. Let w(h) and w(hy) represent the lowest eigenvalue of P(h)
and ]S(ho) respectively. Let J(h), J(ho) be the associated eigenfunctions given by

(4.57) and (4.59). We have

i/;/(h) = ;Ezvm (— 27;\;_(1) sin (Qm; ! x) : (4.60)

W' (ho) = i&m (— 221\/;1) sin (2m2+ ! :L') : (4.61)

Using the estimates proved up to now we show that w(h) is monotonic in-

creasing with respect to h.

Theorem 4.2.7. The eigenvalue w = w(h) is monotone increasing as a function

of h (for h > 0); as a consequence there ezists Illirr%) w(h).

Proof. We will show that

d . w(h) —w(ho)
el - lim =, “\V0)
e, = = ho

> 0, YV hy > 0.
To do this we compute each term in equation (4.56). Consider the first term in

the right-hand side of (4.56):

lim (h + hy) / ' (¢! (h))2da = 2hq Jim ' (' (h))*dz. (4.62)

h—ho r r

From (4.62) and (4.60) of Remark 4.2.6 we get

hhril (h+ ho)/ (' (h))?dx =
o w i’f 2m+1 | 2m +1 (h) ’ (4.63)
= Ohl_gzlo o P 2\/7_1' S1n 9 T | Um . .

By Corollary 4.1.13 and since the v,,(h) are analytic in h we can exchange in

(4.63) the limit with the integral and then with the sum, thus obtaining

lim (h + ho) /W (V' (h))2dx =

h—ho r
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—+o0 2
T 2m + 1 2m + 1 ~
= 2hy / > - sin ( g;> ¢m0] . (4.64)
|z 2y 2

Notice that, by (4.61) of Remark 4.2.6, the sum appearing in the last term of

(4.64) represents the function ¢/ (hg, z). Therefore, by (4.64), we have

lim (A + ho) /7r (J’(h))2 dz = 2hg /ﬂ [J’(ho)r dz > 0.

h—ho . .

We will next see that all the other terms in the right-hand side of (4.56) vanish,
thus concluding the proof.

We consider the second term in (4.56). By (4.60) and (4.61) we have

lim 0 /ﬂ () (ko)) =

h—ho h — hy J_,

. 2 TR 2m 1\ . /2m+1 -\
:z}ﬂloh—oho/ LZ:O(_ 21 )Sm( 2 x) (U’”(h)_%O)] dz.

-7

AS o = Um(ho), by Lemma 4.2.3 there exist D, «, 7 > 0 such that

<

lim
h—hg

o [ (W - )

—Tr

2 m | oo

lim —

2
o w-wop]
~ h—ho |h_h0| -7

(OZQ _ 72) mm
. 2m +1

1n

S 5 X

We compute the third term in the right-hand side of (4.56):

o [ (9 =)\ ]
i [Wo) (W)] o

149

2m+1 . (2m+1
— S1n T
2\/m 2

m=0

—T

iy B8lR = hollh + hol*D? / [*f 2m + 1

2
L d
T
h—ho (CE2 - ’}/2)2 p 2\/_71' mm ’

and this is 0.




As already noticed the eigenfunctions J(h) and J(ho) are even functions,

without any zeros on (—m, 7). So we have

Il PN T (D B L OAY
hh—>nf}oh—h0 /77 [¢ ULO)( J(hO) )] e

o e[S = 3w\
—2 lim /O [w (ho) ((—))] da. (4.65)

Multiplying and dividing the right-hand side of (4.65) by

— ) gives

(4.65) by (z
A LA N TS R A
lim h / [w (h0)< ) ] dr =

h—ho h — hy J_,
, Y(ho) — P(h)
h T~ _
=2 lim —2 / "(ho) | —E=—"— || da. 4.66
h—ho h — hqy Jo ¥ (ho) Y (hy) (4.66)
r—T
The function W—Ox does not vanish on the interval [0, 7). If we prove that
tim Y0 0) g

x—nr— X — T
then there exists R > 0 such that

J(ho, 33)

Tr—T

> R, vV x e |0,r]. (4.67)

By De L’Hospital’s theorem we have

lim Yo 2) _ lim 1 (ho, ).

rz—n— U — T T—T
The right-hand side of this equation is obviously different from zero, because it
cannot be ¢/ (ho, ) = ¥(ho, 7) = 0, as ¥ is a non-trivial solution of
(P(ho) — @ (ho))(ho, z) = 0, Vze[-m,n

U (hg, £m) = 0.
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From (4.67) and (4.66) it follows

N L N G R A
Jlﬁloh—hofﬁlzﬁ(h(’)( (o) )] dz| <

( $lho) = Mh))] 2d:1:. (4.68)

(—1)™* ! sin (%(w — 7T)) |

r — T

<21
hirgllo |h ho’/

We set

S(z) =

Thus, by (4.68), (4.57) and (4.59) and recalling Lemma 4.2.3 we have

[ (2 = 50|
i [1/’ (o) (W)] =

<21
o |h — h0| /

T—T
|h2 12| D S, ( N
< p—
2hlLI£10 = h0| ( o — 7 >] dx
- 2
o 2R3|h = hollh + holPD? [T | ¥/ (ho) N2 Sm(2)
= hlLIIhlo (a2 — 72)2 /0 R mzzo ooy dx.

Thus we get that the third term of (4.56) is 0. With analogous procedures one

can prove that the limit of the last term in (4.56) is 0, concluding the proof. [
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