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Preface 
 
 
 

Laminated composite materials have several advantages over metals: first of all a lower 
stiffness-to-weight and strength-to-weight ratio, as well as the possibility for the designer to 
vary their structural properties within wide ranges and tailor them to meet the requirements of 
specific applications. These advantages led to an extensive use of composite materials for 
structural components in a number of industrial products, ranging from primary load-bearing 
members of airplanes to civil constructions and sporting goods. 

Laminated composites, however, are usually brittle materials. As a consequence, they do not 
exhibit phenomena of energy absorption and dissipation through plastic strain which in many 
cases enable metals to maintain their structural integrity after undergoing high stresses, such as 
those arising from impulsive loads. For this reason energy absorption in composites usually 
takes place through material damage. In addition, the internal structure of laminates, which 
commonly consist of several plies stacked together to form a single body, facilitates the creation 
of embedded flaws, named delaminations, between adjacent plies because of the poor strength 
of their interface. This kind of damage can be undetectable by visual inspection, but at the same 
time can lower the resistance of a laminate significantly. 

Given that impacts of a variety of objects, from tools to stones or hail in the case of aircrafts, 
cannot be avoided during the life of a component, the susceptibility of composites to impact 
damage has justified an extensive research effort during the last four decades, aimed at  
understanding both the failure mechanisms and the influence of damage on the mechanical 
properties of the material. A great interest still exists in this topic, because while there is a 
substantial agreement on certain issues other problems cannot be considered completely solved. 

Research studies resulted in the publication of several hundreds of articles: at present the 
vastness of the subject and the complexity of the questions that have arisen prevent a 
comprehensive investigation of the topic of impact on composite materials. In view of this, it 
was chosen to treat in detail only a few particular aspects, whose common features are on the 
one hand the importance, both theoretical and practical, on the other hand the relatively limited 
attention received so far. All of these aspects refer to low velocity impact. 

Chapter 2 deals with the comparison between the effects of low velocity impact and of 
quasi-static indentation. This issue has considerable practical interest because carrying out a 
quasi-static experimental test is much easier than performing a dynamic test: therefore if the 
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mechanical response of a laminate, especially as regards damage, to indentation was found to be 
analogous to the response to impact, the examination of impact behaviour would be greatly 
simplified. A few research papers are available which do not seem to provide a definitive 
answer, also because in most of them the assessment of the analogy between impact and 
indentation is not the main object. A direct comparison, by means of both experimental testing 
and numerical analysis, is presented here, which aims at establishing to what extent that analogy 
can be considered valid. 

Chapter 3 discusses the effect of different dimensions and boundary conditions of the 
specimens on the experimentally recorded low velocity impact behaviour and damage. This 
problem arises when experimental results obtained in different test configurations are to be 
compared, as well as when one attempts to use results from laboratory tests in the design of real 
structures. Interesting relationships of the extent of damage with two significant impact 
parameters, that are the absorbed energy and the peak contact force, are commented on and 
shown to be independent of the geometry and boundary conditions with reasonable 
approximation. The possibility of predicting, by means of a simplified numerical analysis, 
whether delaminations are induced or not during a specific impact event is also discussed. 

In chapter 4 the results of impact and compression after impact tests, carried out according to 
two different standards, are presented. It is known that the strength reduction caused by low 
velocity impact is usually the largest when the damaged laminate is loaded in compression. 
Therefore the study of the compression behaviour of composites after impact has received 
considerable attention. In most of the numerous articles concerned with this topic, however, the 
test apparatus is designed in such a way as to avoid global buckling of the specimen, in order to 
obtained strength values which can be attributed to the material itself, regardless of the specimen 
geometry. The present study focuses on test conditions where instability is not prevented. With 
the aid of a numerical analysis of the postbuckling regime, some aspects of the interaction 
between global buckling of the laminate, local buckling of the delaminated region and impact 
damage are highlighted. 

Chapter 5 focuses on another issue that has received limited attention: the influence of pre-
existing membrane loading on the impact response and damage of laminates. The significance 
of this problem is obvious since hardly ever is a structure completely unloaded when is 
subjected to an impact during service or maintenance; only a laboratory apparatus can ensure 
that a specimen undergoes an impact being free of in-plane stresses. The available literature 
provides quite limited information, mainly on tests carried out in a small number of special 
cases, and appears far from giving conclusive answers on how a preload can affect the material 
failures. A more comprehensive investigation is presented here, based on a number of numerical 
simulations, which is thought to be useful in providing general guidelines, especially on how the 
influence of preload changes depending on the test conditions. The results provide a better 
explanation of experimental findings reported in the literature. 
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It appears from the brief summary above that in each of the presented studies the numerical 
modelling plays a fundamental role. Although the present knowledge about the impact 
behaviour of composite materials is not sufficiently established for a research activity to be done 
without experimental testing, a sound theoretical basis also appears necessary to interpret the 
test results correctly. This provided the motivation for developing a finite element program 
which has been employed for both static and dynamic calculations, since the applicability of 
analytical or semi-analytical models to impact problems is limited to a few special cases. The 
main features of the program are described in the first chapter. 

 VII



 



 
CHAPTER 1 

 
 

Main features of the finite element program 
used for numerical analysis 

 
 
 

In the study of laminated plates or shells, analytical solutions are available only for a limited 
number of special problems, even in the case of a linear static analysis which is by far the 
simplest one. When impact problems are dealt with, closed-form solutions can be obtained only 
for extremely simple models where, in addition, suitable assumptions are introduced which lead 
to linearized equations to be solved. In impact phenomena, however, several nonlinear effects 
are present: first of all contact between impactor and target, as well as large displacements and 
nonlinear constitutive equations in many cases. Accounting for such effects, even in a single-
degree-of-freedom model, requires some form of numerical solution procedure to be employed 
[1]. 

This provided the motivation for an extensive use of numerical computation in all of the 
specific topics which are treated in chapters 2-5. Simplified models with a very small number of 
degrees of freedom can be helpful for gaining a general understanding of impact phenomena, 
and establishing some overall guidelines regarding the influence of the main impact parameters. 
However for a more detailed study, especially when a reliable evaluation of the stress field in an 
impacted laminate is needed, a different approach appeared necessary. To this end the finite 
element method was chosen. 

The development of an in-house program was preferred to the use of a commercial code for 
several reasons. First of all, a general-purpose package has many features which one never 
employs when rather specific analyses, such as impact on composites in the present case, are to 
be carried out. On the other hand, for a specific task several peculiar capabilities are often 
required, for example regarding control of the finite element formulation or the solution method, 
or suitable post-processing techniques, which are often difficult to find or to implement or not 
available at all in commercial programs. Most importantly, the first concern for the aims of the 
present thesis was a complete control on the capabilities and limits of the numerical model and 
the results, rather than the use of very sophisticated models which would be so difficult to verify 
and validate that one would end up by treating them as black boxes. 

A description of the features of the program can be found in what follows. Its reliability was 
checked by a large number of tests, some of which are reported in [2]. 

 



Chapter 1 

The program was first conceived to perform a numerical analysis of the transient response of 
a laminated plate or shell. Explicit time integration is carried out by means of the central 
difference method; geometrical nonlinearity is implemented according to the total lagrangian 
(TL) formulation [3]. The reasons that justify these choices are explained in the following. 

The starting point of the numerical model is the principle of virtual displacements, which can 
be expressed in the general form valid for a three-dimensional problem [3]: 
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where sAB is the second Piola-Kirchhoff stress tensor, EAB is the Lagrangian finite strain tensor 
[4],  are the body forces per unit mass,  are the surface loads per unit area, ui are 
displacement components along the three cartesian axes xi. The summation convention has been 
used in (1) for subscripts A, B and i. The superscript 0 means that the material volume V0 and its 
boundary , as well as external forces, stresses and strains, refer to the initial configuration 
of the body which is taken as the reference configuration, according to the TL approach [3]. 
Stress and force values at time t appear in (1) because the central difference method requires 
solving the equilibrium equation at time t to find the solution at time t + h, h being the time 
integration step [3]. This leads to great simplifications in the treatment of nonlinear phenomena, 
because the system of equations to be solved at each time step is linear; thus no incremental 
decomposition of stresses and strains is needed, and iterative solution within each time step is 
not necessary [3]. On the other hand, the time step must be lower than a critical value to ensure 
stability of the algorithm [3]. 

0
ib 0
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Since the TL and updated lagrangian (UL) formulations are equivalent in the description of 
nonlinear phenomena, the choice between them is driven by computational efficiency 
considerations, particularly regarding calculation of strain-displacement matrices [3]. In explicit 
dynamic analysis the same kind of matrices must be used for both formulations; the UL requires 
them to be recalculated at each time step, while in the TL they refer to the initial configuration, 
so they remain the same during the whole time interval to be analysed. For this reason the TL 
formulation has been adopted here. 

The general equation (1) can be rewritten in the suitable form for plate analysis by 
introducing the kinematic assumptions of a plate theory. For the Reissner-Mindlin plate model, 
used in the present formulation, they are [1]: 
 

( ) ( ) ( )yxzyxuzyxu y ,,,, 0 ϑ+=  
( ) ( ) ( )yxzyxvzyxv x ,,,, 0 ϑ−=  
( ) ( yxwzyxw ,,, 0=

 
)  

(2)

 2 



Main features of the finite element program used for numerical analysis 

 
where the z direction is perpendicular to the middle plane; u, v, w are displacements of any point 
in the x, y, z direction respectively, while u0, v0, w0 are the displacements of the middle plane; ϑx 
and ϑy are the section rotations about the x and y axes respectively. To obtain a two-dimensional 
problem, further simplification is necessary concerning geometrical nonlinearity. Here it is 
assumed that the only significant nonlinear terms in finite strain tensor E are those due to w0 
displacement appearing in the in-plane strains; this hypothesis corresponds to the Von Kármán’s 
model for plates subjected to large deflections [5]. Therefore, using subscripts x, y and z instead 
of 1, 2 and 3: 
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The assumptions in (2) and (3) limit the applicability of the present model to cases where the 

strains are small, even if displacements and rotations can be relatively large. With all these 
assumptions the internal virtual work in (1) becomes, after some manipulation: 
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c, E(s),  and E(m)l being the vectors of curvatures, out-of-plane shear strains, derivatives of 
w0 and linear part of middle plane strains respectively: 
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N, M and Q are the vectors of membrane forces, moments and shear forces per unit length; N~  is 
a matrix containing the membrane forces: 
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The integrals in (4) are performed over the middle surface A0 of the plate, because to obtain (4) 
from (1) integration along z is carried out. 

In the most general case of asymmetric laminate, the internal force and moment resultants 
per unit length are related to the strains by the constitutive equations [1]: 
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where the constitutive matrices of the laminate are: 
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( )mDk  and  are the in-plane and shear constitutive matrices of the kth ply respectively; zk and 

zk-1 are the z coordinates (with respect to the middle plane) of the upper and lower surface of the 
kth ply; n is the total number of plies; χ is the shear correction factor. In (5) E(m) contains also 
the nonlinear terms of middle plane strains. In general an orthotropic material behaviour is 
considered, so that isotropic behaviour can also be modelled as a special case. 

( )sDk

The kinematic assumptions (2) lead also to the following expression of the external work: 
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0
sf  and  being the surface and boundary load vectors, I0 being the inertia matrix and V being 

the degrees of freedom vector: 
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Equating (4) and (6) and introducing the nodal interpolation of degrees of freedom: 

 
ΔHV =  

( ) ( ) ΔBE lmlm =    ;   ( )ΔBc f=    ;   ( ) ( )ΔBE ss =    ;   ( ) ΔBw nlm
0 =∂   

 
the principle of virtual displacements (1) can be rewritten in the form: 
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where Δ is the vector of nodal degrees of freedom, containing as many subvectors analogous to 
V as the nodes of the finite element model are. Finally, applying the principle of virtual 
displacements, the dynamic equilibrium equation for the discretized plate is obtained: 
 

 ΔKFΔMRR nll0
l

0
s +=−+ &&  (7)

 
Here  and  are the surface and boundary external load vectors, M is the mass matrix, Fl is 
the linear part of the internal forces vector and Knl is the nonlinear (geometrical) stiffness 
matrix. , , Fl, Δ and  refer to time t. 

0
sR 0
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0
sR 0

lR Δ&&

Instead of calculating the B(s) matrix according to the standard procedure of isoparametric 
elements, a particular formulation proposed by Hughes has been adopted, in which the out-of-
plane shear strains are interpolated separately rather than deduced from nodal displacements and 
rotations. This element ensures low shear locking without the need for reduced or selective 
integration, thus without rank reduction [6]. Three- and four-node elements are available [7]. 

The in-plane stiffness has been added to flexural behaviour of Hughes’ element, following 
the usual isoparametric formulation; then a flat shell element has been implemented with a 
simple coordinates change by means of rotation matrices, thus allowing to locate the finite 
element in a three-dimensional frame. Obviously the third rotation ϑz must be added in this case. 

By expressing velocities and accelerations in terms of the nodal degrees of freedom, 
according to the central difference method [3]: 
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a system of linear algebraic equations can be derived from (7): 
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where  is the external load vector and  is the internal load vector. 
The equations, to be solved for the unknowns Δ(t + h), are uncoupled if the mass matrix is 
diagonal; thus a lumped matrix has been chosen. To ensure that the mass matrix remains 
diagonal in every coordinate system, the same mass has been attributed to all the nodal 
displacements, and all the three nodal rotations have been assigned the same rotary inertia. 

0
l

0
s
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In order to extend the capabilities of the program and make it possible to perform also static 
analyses, a dynamic relaxation [8] algorithm has been subsequently implemented. With this 
technique, and taking advantage of the explicit integration scheme, static computations in 
presence of strongly nonlinear phenomena, such as elastic instability, can be carried out in a 
robust and efficient way. As known, the dynamic relaxation technique consists in introducing an 
artificial viscous damping action, thus equation (7) becomes: 

 
 ΔKFΔMΔCRR nll0

l
0
s +=−−+ &&&  (10)

 
If constant external loads are applied, the transient solution of the system (10) converges to its 
steady state part, which satisfies the equilibrium equations: 
 

 ΔKFRR nll0
l

0
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Since in this case the aim of the explicit analysis is to reach a static solution, which depends 
only on the stiffness properties of the structure contained in the internal load vector F on the 
right hand side, while the transient part of the solution is not of interest, the mass matrix M need 
not reproduce the real inertial properties of the structure. In the present study, during the 
dynamic relaxation calculations the elements of M were given fictitious values, obtained with a 
procedure based upon Gershgorin’s circle theorem which improves the computational efficiency 
of the algorithm [8]. 

When the damping actions are present, by substituting expressions (8) in the equation of 
motion (10) a new system of linear algebraic equations is derived, which replaces (9): 
 

 6 



Main features of the finite element program used for numerical analysis 

 ( ) ( ) ( ) ( ) ( )ht
hh

t
h

ttht
hh

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−++−=+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ ΔMCΔMFRΔCM

222 2
2

2
 (11)

 
To preserve the simplicity of uncoupled equations in the system (11), the damping matrix C 

was set proportional to M, so that both matrices were diagonal; the ratio between the elements 
of C and the elements of M was adjusted in order to approximate the condition of critical 
damping for the first (fictitious) vibration mode, because in this way the number of iterations 
required for convergence is the lowest [8]. 

A simplified contact model has been implemented to allow a dynamic analysis of impact of 
external bodies on the plate or shell. The impactor is considered a rigid body in translational 
motion (thus treated as a heavy material point), and the force taking place between impactor and 
laminate is concentrated on one node. The indentation is determined as the difference between 
the displacement of the impactor and that of the node on which contact is intended to occur; the 
contact force P is related to the indentation α by the Hertz’s generalized contact law [1]: 
 

 nCP α=  (12)
 

At present, contact and large deflections are the only nonlinear phenomena accounted for in 
the numerical model. In particular, no post-failure degradation criterion of the material 
properties has been implemented, so that the elastic constants do not change during the 
simulations even if failure is predicted. This simplifying assumption makes it possible to obtain 
reliable results as long as the actual material damage is limited. Given the absence of a damage 
model, for the sake of simplicity the same contact law (12) is employed for both loading and 
unloading phase of contact. 

Although the central difference method usually requires small time steps because the 
algorithm is conditionally stable [3], this scheme has been preferred because it lets the program 
open to a number of future improvements, including the implementation of damage models of 
the material. Indeed the explicit integration makes it possible to derive a linear system of 
algebraic equations (see (9) and (11)) whatever the nonlinear effect one may introduce. 
Otherwise an iterative solution process would be needed within each time step, which would 
make the computation extremely expensive. In addition, the choice of a lumped mass matrix, 
which can always be maintained regardless of the other features of the model, results in a system 
of decoupled equations, thus the necessity of implementing suitable solution algorithms is 
avoided. 
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stress analysis, because this first failure did not produce any visible effect on the global 
mechanical behaviour of the laminate in terms of load-displacement curve. 

      

Figure 14 (continued) – c) Simply supported 200 
mm laminate, 1.5 m drop height, 5.30 m/s. d) 

Clamped 76 mm laminate, 1.5 m drop height, 4.94 
m/s. e) Simply supported 76 mm laminate, 1.5 m 

drop height, 5.17 m/s. 

The second threshold is the one at which 
the first delamination was created. It 
corresponds to a change in slope of the load-
displacement (or load-time) curve; above this 
force level a disagreement was observed 
between the experiments and the numerical 
calculation, which did not take into account the 
material degradation due to failures. Its 

existence could also be inferred from the relationship between delaminated area and maximum 
contact force (figure 9): although a delamination was found after all the tests, it is obvious that if 
the imparted energy was small enough no delamination would be induced [13, 25]. 

The third characteristic force is the one beyond which the delamination area began to 
increase very rapidly, as shown in figure 9. It can be recognized only by analysing the 
experimental data, because the results obtained by the numerical model, which did not account 
for damage, were not reliable at this load level. 

The present research demonstrates that, at least in the impact velocity and energy range 
considered, these contact force thresholds are equal for low velocity impact and quasi-static 
indentation, within the attainable experimental accuracy. This agrees with the conclusions of 
[13]. In addition, no significant difference was found between the two specimen dimensions and 
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the two boundary conditions tested. Thus it can be concluded that, as long as the contact force is 
chosen as the independent variable, the main steps of material damage development are very 
similar for quasi-static and dynamic application of the force. It should be emphasized, however, 
that once the highest threshold has been overtaken the extent of delamination cannot be 
practically predicted from the maximum load. It appears from figure 9 that a peak force larger 
than 3.5 kN may result in a damage area of 200 or 1000 mm2. Therefore it cannot be excluded 
that differences between impact and indentation tests exist at this load level. 

Actually such differences were highlighted by using energy in place of contact force as the 
independent variable, as illustrated by figures 6-7. While a similar energy absorption was 
observed in quasi-static and dynamic tests where the same total energy was imparted, the 
delaminated area was larger in the first case. This may be explained in two ways. It is possible 
that a larger amount of energy was required to create the same delamination extent during 
impact than was the case during indentation; however with the specimen detection methods used 
in the present study one can not verify nor refute this hypothesis. Another possibility is that in 
impact tests a larger part of the available energy was spent in dissipating mechanisms other than 
delamination propagation. 

In principle, one of these mechanisms could be the partial dissipation (through vibration 
phenomena) of the kinetic energy transferred from the impactor to the target, which can act 
during an impact but not in quasi-static indentation. However, in the present study, due to the 
limited impact velocity and to the relatively large impactor mass, the amount of kinetic energy 
acquired by the specimens was very small. The numerical calculations indicated that during the 
transient response of the laminates their kinetic energy was never greater than 5% of the initial 
energy of the impactor, and in many cases it was less than 2%. Even if this amount had been 

entirely dissipated during the contact 
duration (in which the energy absorption 
was computed), it would not account for 
the much larger difference shown in 
figure 7 (in terms of energy required to 
produce the same damage area). Actually 
the specimen vibration induced by 
impact continued for some time after 
contact ceased, thus the energy 
dissipation in the contact interval was 
even less significant. 

Figure 15 – Example of comparison between impact (1.5 m 
drop height) and indentation on two representative tests with 
similar values of maximum displacement (10.75 mm). The 

solid lines refer to experimental data, the dotted lines are the 
relevant numerical predictions for the loading phase of 

contact. The maximum contact force was 3.60 kN (impact) 
versus 3.79 kN (indentation); the total energy was 17.1 J and 

21.1 J, respectively. 

Consequently, the possible 
phenomena responsible for a more 
efficient energy absorption must be 
looked for among the damage 
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mechanisms. Since matrix failure did not affect the load-displacement behaviour, it is unlikely 
that it was related to a significant energy absorption. On the other hand, fibre fracture, which 
occurred at the highest energy levels, may account for the difference between impact and 
indentation. In other words, it seems reasonable that a larger amount of energy was spent to 
cause fibre damage in the dynamic tests, thus the delamination was less extended with the same 
energy dissipation. It has to be noted that the same hypothesis is proposed also in [12, 20]. 

One piece of experimental evidence that could support this hypothesis is the greater impactor 
displacement recorded in impact tests (figure 8). With the aid of the numerical simulations, it 
can be concluded that this can not be attributed to the transient response of the laminates, for 
example to the oscillations the specimen may undergo after a collision. In fact, as shown in 
figure 15, the predicted force-displacement relationship is quite similar in static and dynamic 
conditions, and the same must hold also for the total energy (which is the area under the curves 
in the graph). Thus the numerical model without material degradation cannot explain the 
systematically larger displacements in figure 8. As a consequence, this result must be related to 
some form of damage, probably a more severe fibre fracture in a small zone surrounding the 
impact point, although this was not evident from the appearance of the specimens. 

It can also be noted from the plots in figure 15 that the experimental dynamic curves tend to 
be lower than the experimental quasi-static ones, unlike the results presented in [7, 9] where 
almost superimposable plots are shown; actually this explains why during an impact test it is 
necessary to reach a larger displacement than in a corresponding indentation test to do the same 
work on the specimen. Again, this difference can suggest that some dissimilar phenomena act in 
the specimens as regards damage development, but due to the oscillations it is not possible to 
assess a precise load value at which the dynamic force-displacement plot departs definitely from 
the quasi-static one. 

2.7. Conclusions 

In order to compare the effects of low velocity impact and quasi-static indentation on CFRP 
laminated plates, experimental tests of both loading conditions were carried out. The elastic 
behaviour and material damage were studied by visual inspection, optical and scanning electron 
microscopy and examination of load-displacement relationship and energy absorption due to 
failures. Both impact and indentation tests were simulated by a two-dimensional finite element 
model including geometrical nonlinearity. In all the impact experiments, the impactor velocity 
was low according to two different criteria commonly adopted in the literature, so that 
appropriate conditions existed for a comparison with quasi-static indentation tests. On the basis 
of the results obtained, the following conclusions can be drawn: 

1) Both after impact and after quasi-static indentation of laminates, the same failure types, 
namely matrix cracking, delamination, fibre fracture (both in tension and in compression) were 
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observed on specimens. The material damage can therefore be considered qualitatively similar 
in static and dynamic conditions. 

2) The existence of three characteristic contact force thresholds, which were related to 
significant steps in the damage development, was verified. In agreement with previous studies 
by other authors, these thresholds, together with the relationship between maximum contact 
force and delaminated area, were found to be equal for quasi-static and dynamic tests. 

3) An equal energy absorption led to a slightly larger delaminated area in indentation tests 
with respect to impact tests. This indicated that in the second case a larger amount of energy was 
spent in other damage mechanisms, probably a more severe fibre fracture in the vicinity of the 
impact point, as hypothesized also by other authors. Larger values of the maximum 
displacement in the impact events, related to a lower stiffness with respect to analogous 
indentation tests, may support this explanation. 
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