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Abstract

This PhD thesis addresses pose estimation for underactuated cable-driven paral-
lel robots (UACDPRs) using proprioceptive sensing. In underactuated architectures,
the direct geometric mapping from measured cable lengths to end-effector pose is
intrinsically underdetermined: geometry alone does not generally yield a unique config-
uration, and the physically attained pose is typically selected by additional constraints
such as static equilibrium and feasibility conditions. While direct geometrico-static
formulations can close the problem by enforcing equilibrium, they introduce modeling
dependencies on external wrenches and mass/inertia parameters, and they may admit
multiple equilibria.

The main objective pursued here is to obtain accurate and reliable pose estimates
for UACDPRs without explicitly enforcing equilibrium at estimation time, by exploit-
ing redundant proprioceptive measurements and a coherent geometric/differential-
kinematic modeling framework. The adopted model covers both spatial and planar
cases within a unified formulation and includes routing effects induced by swivel pul-
leys through explicit swivel and tangency-angle variables. Differential kinematics is
derived to obtain analytic Jacobians required by iterative solvers.

Building on these foundations, the thesis develops a sensor-fusion direct-kinematics
method cast as a weighted nonlinear least-squares problem. A flexible residual set is con-
structed by stacking heterogeneous pose-dependent quantities, such as cable lengths,
swivel/tangency angles, and directly measured pose components (e.g., orientation
from an inclinometer). The resulting estimation problem is solved via Gauss—-Newton
iterations, with weights selected according to an inverse-error rationale to handle het-
erogeneous units and sensor reliability. Practical guidelines are provided for residual-set
design and Jacobian assembly from analytic differential kinematics.

A central practical contribution concerns iteration termination. Since pose and resid-
ual components are heterogeneous (e.g., meters versus radians or degrees), norm-based
stopping rules can be difficult to interpret and sensitive to scaling choices. Component-
wise termination conditions are therefore formulated to enforce physically meaningful
bounds separately on translation and orientation updates and, crucially, on each resid-
ual component. These criteria prevent premature “zero-iteration” acceptances and
provide a systematic, interpretable stopping mechanism aligned with expected sensor
accuracy.

The sensor-fusion estimator is further extended through a tension-aware procedure.
In CDPRs, the reliability of cable-related measurements can vary significantly with cable
tension: low-tension regimes are prone to sagging, backlash, and deviations from ideal
straight-line and frictionless-pulley assumptions. This thesis models measurement
uncertainty as a function of measured cable tensions via identifiable tension—error
relations. Both linear-in-tension and inverse-tension models are considered, and their
coefficients are identified offline from calibration data using density-aware fitting strate-
gies. The identified models are then used online to adapt both the weighting matrix



and the component-wise termination thresholds, thereby reshaping the internal solver
behavior according to configuration-dependent reliability.

Experimental validations are reported on two platforms: a planar 2-cable UACDPR
prototype and a spatial 4-cable, 6-DoF UACDPR prototype. On the planar system, vision-
based ground truth (ChArUco tracking) is used to quantify accuracy and to compare
residual sets and termination rules. On the spatial system, Vicon-based ground truth
supports an extensive comparison of sensor combinations, stopping criteria, and the
proposed tension-aware formulation. The results show that appropriate redundancy
choices improve observability and that the component-wise termination strategy pro-
vides accuracy comparable to stricter norm-based rules while obtaining lower runtimes.
The tension-aware formulation preserves estimation accuracy while markedly reducing
average computational cost and iteration counts, often achieving convergence in a
single Gauss—-Newton update.

Two appendices complement the main contributions. Sensitivity-based uncertainty
propagation bounds are summarized to relate bounded measurement errors to pose-
estimation uncertainty in underactuated settings. Moreover, a Kantorovich-based con-
vergence certification framework is specialized to the direct geometrico-static problem
of 3-cable UACDPRys, deriving sufficient conditions for existence/uniqueness of the equi-
librium solution and conservative bounds on admissible cable-length measurement
errors that guarantee Newton convergence.



Contents

[Abstract 7

[I__Introductionl 13

[2.1.1 Reference frames and pose parametrization| . . . . ... ....... 19
[2.1.2  Pulley routing model and local pulley frame| . . . . .. .. ... ... 20
[2.1.3 Pulley constraints and computation of swivel angles| . . . . . .. .. 21
[2.1.4 Pulley constraints and computation of tangency angles| . . . . . .. 21
[2.1.5 Cable-lengthconstraint| . . . ... ... ................. 22
[2.1.6 Geometric inverse and forward problems|. . . . ... ... ... ... 22

2.2 Differentialkinematics . . . . . ... .. ... L 23
[2.2.1 Angular velocity and twist representation|. . . . . .. .. ... .. .. 23
[2.2.2 Time derivative of the swivelangle|. . . ... ... ... ... .. ... 24
[2.2.3 Time derivative of the tangencyangle| . . . . ... ... ... ..... 24
[2.2.4 Time derivative of the cablelength|. . . . . ... ... ... .. .. .. 24
[2.2.5 Kinematic Jacobians and proper Jacobians|. . . . . ... ... .. .. 25

Direct Kinematics of Under le-Driven Parallel R 27
3.1 Problem statementsfor UACDPR . . . . . ... .. ... ... o..... 27
[3.1.1 Direct geometric problem|. . . . ... ... ... ... ... ... 27
[3.1.2 Direct geometrico-static problem| . . . ... ... ... ... ... 28
[3.1.3 Sensor-fusion direct kinematics as non-linear least squares| . . . . . 29

[3.2 Families of solution strategies|. . . . . .. ... ................. 29
[3.2.1 Local iterative solvers for non-linear square systems| . . . ... ... 29
B.2.1.1 Newton's method for the direct kinematics of CDPRs. . . . 29

[3.2.2  Local iterative solvers for non-linear least squares optimization| . . 31
2.2.1 —N n for sensor-fusion dir Inematics|. . . . . 31

[3.2.2.2  Levenberg—Marquardt as a damped Gauss—Newton method.| 32

[3.2.3 Interval analysis and other global techniques| . . ... ... ... .. 32

[3.3 Convergence analysis: the Kantorovich theorem and its role in CDPR |
[ Kimematicsl . . .. ... ... . 33
B.3.1 Kantorovichtheoreml|. . . . . ... .................... 33
[3.3.2 Comments on Gauss—Newton and LM convergence| . ... ... .. 34

9



Contents

4__Sensor-Fusion Direct Kinematics and Tension-Aware Estimation| 35
1 nsor-fusion formulation for direct kinematics| . . . . . ... ... .. ... 35
4.1.1 Sensor-fusion measurement model and WNLS formulation| . . . . . 35

{4.1.2  Weight selection from error estimates| . . . . ... ........... 36

[4.1.3 Gauss—Newton update and Residual Jacobian computation| . . . . . 37

4.1.4 Iteration termination conditionsl . . . . .. ... ............ 37

4.2 Tension-awaresensorfusionl . ............... . ... . .... 39
{4.2.1 'Tension-dependent error modeling . .. ... ... ... ....... 39

4.2.2 Identification of model coefficients from calibration datal . . . . . . 40

[4.2.3 Density-aware weighting strategy| . . . .. ... ... ......... 41

42,4 Correlationmeodelsl . . . ... ... ... .. ... . . .. 41

4241 Tinear-in-tensionfifl . . . .. .. ................ 42

4242 Inverse-tensionfitl . . ... ....... .. ... . ...... 42

4.2.4.3 ldentified functions and use in sensor fusionl . . . .. ... 42

[5 Experimental Results| 43
[5.1 Experimental validation on a planar 2-cable UACDPR . . .. ... ... .. 43
[5.1.1 Prototype and sensingsetup| . . . . . . . . ... ... .. 43

[5.1.2  Estimation strategies| . . . . . . . . . . .. ... 45

6.1.3 Resultsanddiscussionl . . . .. ... ... ... ... .. ... 46

[5.2 Experimental validation on a spatial 4-cable UACDPR . . . . ... ... .. 49
[5.2.1 Prototype, trajectory, and sensingsetup|. . . . . . . . . ... ..... 49

[5.2.2  Estimation strategies| . . . . . . . . .. ... ... 52

623 Resultsanddiscussionl . . . . . ... ... . ... .. L L. 53

[5.3 Tension-aware sensor fusion: validation on the spatial 4-cable UACDPR . 55
[5.3.1 Offline identification of tension-dependent error models| . . . . . . 55

[5.3.2 Impact on pose-estimation performance . . . . ... ......... 57
[6__Conclusions! 61
6.1 Mainresultsl . . . .. ... .. 61
6.2 Openlssues| . ... . ... ... .. i e e 63
Append 65

A Sensitivity-based uncertainty propagation for underactuated pose estimation| 67
[A.1 Setting and partition of measured and estimated variables and ditferential |

[ relationship| . . .. ... ... . . . ... . 67
[A.2 Sensitivities to cable-length measurementerrors| . . ... .......... 68
IA.3 Sensitivities to roll and pitch measurementerrors|. . . . .. ... ... ... 68
A.4 Tlustrativecasestudyl. . . . . . . . ... .o e 69
A5 Discussion] . . . ... ... 70

(B Kantorovich-based convergence certification for the DGSP of 3-3 UACDPRs| 73

[B.1 Quadratic DGSP formulation for a 3-cable UACDPR . . . ... .. ... .. 73




79







Chapter 1

Introduction

Producing a prescribed motion is one of the core purposes of a machine. Robots push
this idea further: they are motion generators whose trajectories can be programmed
and adapted to different tasks. Motion capabilities can be described in terms of degrees
of freedom, achievable speeds and accelerations, and the accuracy with which a pose
can be reached and maintained.

Long before robotics, cables were used to transport and manipulate heavy loads.
Construction and industrial cranes are still widely adopted because they are versatile,
scalable, and cost-effective. When a suspended load must be positioned accurately,
operators often attach additional guide ropes to steer it, damp sway, and counteract
disturbances such as wind. Each rope constrains the motion in specific directions, and
coordinated pulling by multiple workers provides a form of manual control over the
load. Replacing this manual action with motorized winches is a natural evolution; once
the winches are synchronized by a controller, the crane concept effectively becomes a
cable-driven parallel robot.

Cable-driven parallel robots (CDPRs) are parallel mechanisms in which a moving
platform is actuated through multiple cables. The idea of cable-suspended, cable-
actuated robots was formalized in the 1980s and has since evolved into a broad re-
search area. A key motivation behind their development is the combination of a simple
mechanical layout with large workspaces and high dynamic capabilities, since heavy
actuators can be placed on or close to the base, while only lightweight cables move with
the platform. Beyond scalability, this feature supports high dynamic performance and
makes CDPRs attractive when coverage area, payload-to-weight ratio, and deployability
are important [1].

1.1 Cable-driven parallel-robots

This section briefly surveys representative application domains, with selected exam-
ples that illustrate how cable-driven architectures have been tailored to different task
requirements.

CDPR applications. The interest in CDPRs is largely driven by applications where
large workspaces, high payload-to-weight ratios, and low moving inertia are decisive ad-
vantages. Early large-scale demonstrations are closely related to cable-suspended trans-
port and camera systems. In [2], the kineto-statics of a SkyCam-type cable-transport
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Chapter 1. Introduction

system is analyzed, offering an early and influential perspective on cable-driven motion
over large areas.

Since the early 2000s, CDPRs have been investigated for an expanding set of applica-
tions. In industrial contexts, [3] presents a cable-driven robot for curtain-wall module
installation, with an automation framework aimed at safer and faster handling of heavy
modules. CDPRs have also been proposed for manufacturing tasks such as additive
manufacturing [4], and for large-area operations such as ship-side painting [5].

Beyond industrial productivity, creative applications have been proposed: 6] uses
human motion-captured information to generate spray-painting trajectories for a cable-
driven platform. In [7], a large-scale 3D-printing machine based on a 3-DoF CDPR is
presented and employed for an artistic exhibition. The printing material is a powder
made of glass micro-beads, deposited along a prescribed trajectory so that the resulting
structure is intentionally transient and progressively collapses over time.

Medical and rehabilitation devices are another active domain: [8] reports the de-
sign and experimental validation of a CDPR for head-neck movement training with
assistance modes tailored to the user. In [9], the CDPR MARIONET is introduced as a
device to measure human joint motion and to support rehabilitation protocols. Rescue-
oriented applications have also been investigated. In [10], the preliminary development
of a full-scale, portable, modular, and fully autonomous parallel wire crane intended
for rescue operations is reported. More recently, [11] presents a feasibility study and
preliminary tests of an underactuated cable-driven parallel robot for automated launch
and recovery operations on the sea surface.

CDPR architectures. A distinctive feature of CDPRs is that actuation is provided
through flexible cables, which can pull but cannot push. This unilateral nature has
immediate design implications: admissible configurations and forces are constrained
by the requirement of positive tensions and, more generally, by actuator limits and
workspace restrictions [1]. For this reason, the choice of the number of cables and of
their routing is tightly linked to how the cables constrain the platform motion and to
the size of the feasible workspace.

CDPRs have historically been classified by comparing the number of actuated cables
n with the EE DoFs A, from a constrain-ability perspective [12]. In this framework:

e if n < A < 6, the robot is underconstrained, since the EE cannot withstand an
arbitrary external wrench with all cables being under tension; conversely, cables
cannot remain taut without a counterbalancing external load;

e if n = A +1, the robot is completely constrained, since cables are sufficient in
number to effectively tension each other even without external counterbalancing
loads;

e if n > A + 1, the robot is redundantly constrained, since the number of cables
exceeds the minimum required to constrain the EE; additional cables can be
exploited to optimize CDPR performance.

The classification above is mainly architectural as it depends only on how many
cables the robot has relative to the EE DoFs. However, in standard mechanics and control
terminology, underconstrained has a more physical meaning: the EE is underconstrained
if it has more DoFs than the dimension of the constraint space spanned by passive and
active constraints [13], and thus it retains residual mobility even if the actuators are
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1.2. Pose-Estimation of cable-driven parallel robots

locked. In this case, its configuration is not determined by geometry alone, but also
depends on mechanical equilibrium. As a consequence, in underconstrained systems,
kinematics and statics/dynamics are coupled [14] . For this reason, a different viewpoint
in which the constraint status is not only an architectural feature, but an instantaneous
one is proposed: it depends on how many cables are actually taut at a given time. With
this interpretation:

e n = A: when all cables are taut the manipulator is completely constrained, since
the EE configuration is fully determined by cable lengths and, under rigid-body
assumptions, the inverse static/dynamic problem yields a unique tension solu-
tion;

e n > A: when all cables are taut the robot is redundantly constrained and the
tension distribution is not unique, as it admits infinitely many solutions under
rigid-body assumptions;

e even if n = A, the EE becomes underconstrained whenever fewer than A cables
are taut [15];

e if n < A, the robot is necessarily underconstrained.

Depending on the application, the robot is designed accordingly. For instance, re-
dundancy can be used to improve dexterity, avoid workspace singularities, and enhance
robustness. A 3-DoF robot driven by eight cables organized in paired parallelogram
topologies is presented in [16] to reduce actuator count while avoiding interference and
sensitivity issues. Hybrid and reconfigurable concepts further extend the design space.
A mixed aerial/ground cable-driven system combining quadrotors and ground robots is
modelled in [17], aiming to overcome the workspace limitations of purely fixed-anchor
designs.

UACDPRs often adopt simpler hardware, but require careful analysis of feasible
motion directions and operational conditions. Moreover, cable lengths alone do not
uniquely determine the platform pose: for assigned actuation inputs, the physically
attained configuration is selected by additional conditions, most notably mechanical
equilibrium and feasibility requirements [18,(19,|20]. Those designs can be exploited to
reduce hardware complexity and cost, and they motivate dedicated modelling, estima-
tion, and control strategies tailored to the coupling between geometry, feasibility, and
statics [19}21].

1.2 Pose-Estimation of cable-driven parallel robots

Pose estimation in robotics aims at inferring the EE pose, namely its position in a
ground-fixed reference frame and its orientation under a chosen parametrization, by
combining a system model with sensor data [22]. In parallel robots [23], pose estimation
is often intertwined with direct kinematics, since the EE pose is constrained by multiple
kinematic chains and must be reconstructed from internal measurements (24, 25]. Com-
pared to serial manipulators, this setting typically entails stronger nonlinearities and
may admit multiple kinematically admissible poses, so that estimation algorithms must
combine accurate modeling with numerical robustness and, when needed, mechanisms
to discriminate among competing solutions [26].
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Chapter 1. Introduction

Measurements used for pose estimation are commonly categorized into exterocep-
tive and proprioceptive sources. Exteroceptive sensing, such as motion-capture systems
or camera-based tracking, provides direct information on the EE pose but may require
external infrastructure, careful calibration of the environment, and favorable visibil-
ity conditions [27]. Proprioceptive sensing relies on measurements embedded in the
robot, such as winch encoders for cable lengths, pulley or cable-angle sensors, tension
sensors, and inertial measurements mounted on the EE [28]. Proprioceptive systems
are self-contained and can operate without external setup, which is attractive for field
deployment and for large workspaces where external metrology becomes cumbersome
12, 29].

In CDPRs, pose estimation is closely related to the direct-kinematics problem [1],
since cable-related measurements and, when available, inertial data are mapped to
a platform pose through geometric (and sometimes static [19]) models. This setting
introduces challenges that are not as common in conventional rigid-link manipulators,
such as unilateral actuation constraints (30|, configuration-dependent measurement
errors and increased sensitivity of the direct-kinematics solution [31], and the possi-
ble coexistence of multiple admissible direct-kinematics solutions. When multiple
solutions must be isolated or when existence and uniqueness must be certified over
a domain, global numerical methods such as interval analysis can be employed, at a
higher computational cost [32].

From an algorithmic viewpoint, pose estimation can be formulated either as a static
optimization problem or as a recursive estimation problem. In a static formulation, a
residual vector is defined to collect the mismatch between measurements and model-
based predictions, and the pose is obtained by minimizing a possibly weighted nonlinear
least-squares cost [33]. This cost is typically solved with Newton-type methods such as
Gauss—Newton or Levenberg—-Marquardt [34, 35]. Weights are commonly used to reflect
heterogeneous sensor accuracy and to obtain statistically meaningful estimates under
standard noise assumptions [33]. In practice, robust penalties may also be adopted
to reduce the influence of occasional outliers in cable-related readings. In a recursive
formulation, filtering methods fuse time sequences of proprioceptive measurements
and incorporate a process model [36,|37]. In CDPRys, this perspective has been used,
for instance, to combine inertial information with cable-related measurements [38].
Depending on the application, equilibrium conditions and non-negativity of cable
tensions can be enforced explicitly within the estimation procedure [32], or handled
indirectly through suitable measurement selection and modeling choices [33].

A recurring challenge in CDPR pose estimation is that measurement reliability may
vary substantially across the workspace. Cable-related readings can be affected by rout-
ing imperfections, friction or backlash, sagging, and tension variations, so that the same
sensor may not exhibit uniform accuracy in all configurations [39]. Systematic effects,
such as geometric miscalibration and encoder offsets, can also introduce biases that are
not captured by a constant-variance noise model. These aspects motivate sensor-fusion
designs that exploit redundancy through multiple heterogeneous proprioceptive sens-
ing and weighting strategies that modulate the influence of each sensor according to
expected reliability [40, 33]. Building on these ideas, the thesis develops a sensor-fusion
direct-kinematics framework tailored to UACDPRs, where redundant proprioceptive
measurements are leveraged to make the EE pose observable without explicitly impos-
ing equilibrium constraints at estimation time, and where tension-dependent error
modeling is used to adapt the estimation weights to configuration-dependent reliability.
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1.3. Thesis Goals and Outline

1.3 Thesis Goals and Outline

The overall goal of this thesis is to enable accurate and reliable pose-estimation solu-

tions for underactuated cable-driven parallel robots (UACDPRs) using proprioceptive

sensor measurements. Because underactuation makes the forward geometric mapping

intrinsically underdetermined, the core objective is to introduce additional constraints

through redundant sensing, so that a unique pose estimate can be obtained in practice.
Within this scope, the thesis pursues the following specific goals:

* establish a coherent geometric and differential-kinematic modeling framework
for UACDPRs, including routing effects induced by swivel pulleys when relevant;

» review and specialize numerical strategies to solve the nonlinear problems aris-
ing in direct kinematics, with emphasis on Newton-type methods and on their
convergence properties;

* develop a sensor-fusion direct-kinematics method that exploits redundant pro-
prioceptive measurements within a weighted non-linear least squares (WNLS)
formulation solved by Gauss—Newton iterations, and provide practical guidelines
for residual-set design, weighting, and stopping criteria;

 extend the sensor-fusion estimator with a tension-aware procedure, where mea-
surement uncertainty (and thus both weights and termination thresholds) depend
on cable tensions via identifiable tension—error models;

» validate the proposed algorithms experimentally and discuss their performance,
robustness, and limitations.

The remainder of the thesis is organized as follows. Chapter [2]introduces the mod-
eling foundations used throughout the manuscript, including the geometric model
and the associated differential kinematics for UACDPRs. Chapter 3|frames the relevant
direct-kinematics problem statements for underactuated UACDPRs and surveys nu-
merical solution approaches, from local Newton-type schemes to global techniques,
highlighting the aspects that motivate the solver choices adopted in this work. Chapter[4]
presents the main outcome of the PhD: the sensor-fusion direct-kinematics framework
and its tension-aware extension, formulated consistently with the models of Chapter[2]
and the numerical tools recalled in Chapter[3] Chapter[5|reports the experimental results
and assesses the proposed methods under representative operating conditions. Finally,
Chapter[6|summarizes the main findings and outlines directions for future research.

Two appendices complement the main text by collecting technical material that
supports, but would otherwise interrupt, the main narrative. Appendix[A|summarizes
sensitivity-based bounds, adapted from [41], to quantify how bounded measurement
uncertainties propagate to pose-estimated variables in UACDPRs. Appendix[B|reports
the theoretical developments of [42], which address a direct geometrico-static formu-
lation in the spatial 3-cable case and study the numerical solution of the resulting
square nonlinear system via Newton iterations. This part of the thesis stems from the
research activity carried out during the candidate’s period abroad within the HEPHAIS-
TOS team at Inria Sophia Antipolis, Université Cote d’Azur, under the supervision of
Prof. Jean-Pierre Merlet, and is included here also to highlight the scientific value of
that international collaboration. In particular, the appendix derives convergence and
uniqueness conditions based on the Kantorovich theorem and uses them to relate
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bounded cable-length measurement errors to guaranteed Newton convergence toward
the equilibrium solution in the considered DGSP setting.
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Chapter 2

Geometric Model and Differential

Kinematics of Underactuated
Cable-Driven Parallel Robots

This chapter introduces the modelling framework adopted throughout the thesis for
underactuated cable-driven parallel-robots [1]. The main developments address spatial
architectures evolving in the Special Euclidean space of dimension 3 (SE(3)). Planar
cases are treated as a constrained specialization of the same formulation, where the
end-effector is assumed to translate on a plane and to rotate only about the axis normal
to that plane, which allows an equivalent description in the Special Euclidean space
of dimension 2 (SE(2)) [22]. Cables are modelled as massless and inextensible straight
segments, and cable routing at the base is described through swivel pulleys that impose
geometric constraints on both the admissible cable directions and the effective cable
lengths [1,|39]. Actuator displacements are assumed to be proportional to commanded
variations in cable lengths [1].

In the following, a general formulation for spatial UACDPRs is introduced, covering
the geometric model (Subsec., which includes geometric entities and constraint
equations, and the corresponding differential kinematics (Subsec.[2.2), which derives
first-order kinematic relationships and Jacobian matrices required in subsequent devel-
opments.

2.1 Geometric model

This section introduces the geometric model of a generic spatial UACDPR, establishing
the reference frames, key points, and pulley-related angles used throughout the thesis.
Starting from the platform pose in SE(3), the cable routing through swivel pulleys is
described via the swivel and tangency angles, leading to the constraint equations that
relate cable lengths to the end-effector configuration and clarify the underdetermined
nature of the forward problem in the underactuated case [18, |43} |44} 19].

2.1.1 Reference frames and pose parametrization

A spatial underactuated cable-driven parallel-robot (UACDPR) consists of a moving
platform connected to a fixed base by n < 6 cables [1,/19] (Fig. . An inertial frame
Oxyz and a body-fixed frame Px'y'z’, attached to the platform, are introduced to



Chapter 2. Geometric Model and Differential Kinematics of Underactuated
Cable-Driven Parallel Robots

Figure 2.1: Geometric entities for a spatial UACDPR

describe the end-effector (EE) pose. The position of the origin of Px’y’z’ with respect to
Oxyz is denoted by p € R3. The platform orientation is represented by a rotation matrix
R € SO(3) parameterized through roll-pitch-yaw (RPY) angles [22] € = [y, 0, ] T je.,

R=R, ()R, (O)R,()). 1)

where R; ("), Ry(-) and Ry (-) are elementary rotation matrices about the z, y and x axes.
The generalized coordinates are collected as

¢=[p” eT]T. (2.2)

Foreachcablei =1,...,n, the attachment point on the platformis A;. Its coordinates
are constant in Px’y’z’ and denoted by a),, whereas its position in Oxyz is

a;=p+R’a; and a/=R"al. (2.3)

2.1.2 Pulley routing model and local pulley frame

Each cable is guided into the workspace by a swivel pulley mounted on a hinged support
(39, [1]. The pulley center is denoted by C;. The pulley rotates about a swivel axis z;,
which is tangent to the pulley groove at the fixed entry point D;. The coordinates of D;
are constant in Oxyz and its position vector is d;. The cable exits the groove at point B;,
whose position generally depends on the platform pose and on the pulley geometry |39,
45].

A dedicated reference frame D;x;y;z; is introduced for each pulley, with origin at
D;. Its orientation with respect to Oxyz is described by unit vectors i;, j;, k; aligned with
the axes x;, y;, z;, respectively. In particular, k; is directed along the swivel axis z;.

The vector joining D; to A; is defined as

Q;=a;—d;. (2.4)

Together with k;, g; defines the pulley plane. The swivel angle o; € [, 7] is introduced
as the angle between the coordinate plane x;z; and the pulley plane [39] (Fig.[2.2a).
A unit vector normal to the pulley plane is

w; = —sin(o;)i; +cos(o)j;, 2.5)

20



2.1. Geometric model

(b)

Figure 2.2: Swivel pulley geometric model. Local pulley view (a) and pulley plane
representation (b).

and the unit vector along the radial direction in the pulley plane C; — D; can be written
as
u; =w; xk; = cos(o;)i; +sin(o;)j;. (2.6)

The tangency angle v; € [-m, 7] is defined as the angle between u; and the direction
B; — C; [39]. Accordingly, the unit vector n; directed as B; — C; is

n; = cos(y;)u; +sin(y;)k;, 2.7)
and the unit tangent vector to the cable segment at the pulley exit, directed as A; — B;, is

t; =w; xn; =sin(y;)u; — cos(y;)k;. (2.8)

2.1.3 Pulley constraints and computation of swivel angles

The first constraint imposed by the swivel pulley enforces that g; lies in the pulley plane,
i.e.,
w;-0;=0. 2.9)

By substituting (2.5) into (2.9) and rearranging, the swivel angle can be computed as

o;=atan2(j;-9;,i;- 0;)- (2.10)

2.1.4 Pulley constraints and computation of tangency angles

Letb; be the position vector of B; expressed in Oxyz, and define the exit-to-attachment
cable segment vector p iE| as:
p;,=a;—b;. (2.11)

If the pulley radius is r;, the exit point B; can be written as

b; =d; +r;(u; +n;), (2.12)

IThe symbols p; and g, are purposely chosen to emphasize that they coincide in the limiting case
ri = 0.
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which yields
pi:ai—bi:gi—ri(ui+n,~). (2.13)

The second geometric constraint imposed by the pulley enforces tangency between
the straight cable segment and the pulley groove, i.e.,

n;-p;=0. (2.14)

Substituting @2.13) into (2.14) and using (2.7) leads to

(0u; — ri) cos(w;) + px, sin(w;) — r; =0, 2.15)

where p,,; =u;-@; and o, =k; - ;.
Introducing the half-angle substitution ¢; = tan(y;/2) and

1-17 _
cos(y;) = W’ sin(y;) =

i

2t;
1+ 12

Eq. (2.15) becomes a quadratic equation in ¢;, whose solutions are

2
ti:%i\/(%) +1_i. (2.16)
Ou; Ou; Ou;

For the common routing case in which the cable wraps clockwise on the pulley, the
physically admissible solution corresponds to the positive sign. Thus, the tangency

angle can be computed as
Ok; 0k 2ri
—+ (—‘) +1-—|.
Qui Qui Qui

2.1.5 Cable-length constraint

y; =2atan (2.17)

Let [; > 0 denote the total cable length, accounting for both the straight segment and
the portion wrapped on the pulley. The wrapped arc length is D; B; = r;(m —v;), and the
straight segment length equals ||p; [|. Therefore, the cable length model is

li=rim—y)+lpl=rim—y)+\/p; P; (2.18)

Consequently, the cable imposes the scalar constraint

p; p;—|li-rim-wn]*=0. (2.19)

2.1.6 Geometric inverse and forward problems

Given a platform configuration &, Egs. (2.10)-(2.18) define an inverse geometric map-
ping from pose to cable variables [1], returning o;, v;, [; for i = 1,...,n. However, a
purely geometric inverse solution does not automatically guarantee physical admissibil-
ity, since the unilateral nature of cable actuation may prevent the existence of a strictly
positive tension distribution for the prescribed configuration [46].

Conversely, assigning cable lengths yields n < 6 scalar equations in the 6 un-
known components of the pose vector {. Here o; and v; are not treated as additional
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independent unknowns: for a given pose ¢ they are uniquely determined by the pulley-
geometry relations (2.10) and (2.17) and can be substituted into 2.19), yielding n con-
straints in the pose variables only. Hence, the associated forward geometric problem
is underdetermined [19, [20], and the configuration physically realized for assigned
cable lengths is selected among infinitely many kinematically admissible candidates by
additional conditions. Most importantly, the pose must be compatible with the robot
mechanical equilibrium, and it must satisfy a set of feasibility constraints, i.e., physi-
cal and operational requirements that rule out geometrically valid but non-realizable
solutions. Other common feasibility constraints include:

 Tension feasibility: cables can only sustain traction, hence 7; = 0 for all i, often
strengthened to T; = Ti,in > 0 to prevent slack; actuator and structural limitations
impose upper bounds T; < Tax [46}30].

* Routing and pulley admissibility: the pulley-related variables must remain within
hardware limits, e.g., 0; € [0™",0™%] and y; € [y™",y™*], and the physically
consistent branch must be selected when multiple geometric solutions exist [47]
(e.g., for the tangency angle).

* Cable-length and actuator limits: feasible solutions must respect winch stroke
constraints, /; € [l?“n, l;nax], and, when relevant, bounds on /; and /; dictated by
actuator capabilities.

» Workspace and collision constraints: the end-effector pose must belong to an
admissible workspace and avoid collisions and self-intersections.

» Non-degeneracy conditions: configurations leading to singular/ill-conditioned
geometric relations (e.g., vanishing denominators in the pulley-angle expressions)
are excluded to preserve physical consistency and numerical robustness [48].

2.2 Differential kinematics

This section derives the differential kinematic relationships associated with the spatial
geometric constraints introduced above. In particular, the time derivatives of the swivel
and tangency angles and of the cable lengths are expressed as linear functions of the
end-effector twist, leading to the corresponding kinematic Jacobians [1] used later for
pose estimation and sensitivity analyses. Further details on the sensitivity matrices and
the associated worst-case error bounds used for uncertainty propagation are collected
in Appendix[Al

2.2.1 Angular velocity and twist representation

Let @ = RR” denote the angular velocity matrix. The associated angular velocity vector
w depends nonlinearly on € and linearly on € [22]:

w =H(e)e, (2.20)
with
H(e)=[—-sySo ¢y SySo|, (2.21)
1-c¢p 0 Co
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where ¢, = cosvy, sy, =siny, ¢y = cosb, and sy = sin6.
The EE twist is defined as [22] v= [pT w’1T and can be related to { through

v=DE){, D)= (1)133 213(*5 : (2.22)
2.2.2 Time derivative of the swivel angle
Taking the time derivative of gives
W;-0;+wW;-0; =0. (2.23)
Since d; is constant, @; = a;. Differentiating yields
aj=p+wxa. (2.24)

Moreover, differentiating (2.5) gives w; = —d;u;. Substitution into (2.23) leads to

0w, 0i =P-W;+w-(a; xw;), (2.25)
where p,,;, = u;-@;. Hence,
1 w;
. T 1
gi=¢&,.v, $op. = — . (2.26)
! gi gi Ou; a’l. X W;

2.2.3 Time derivative of the tangency angle
Differentiating the tangency condition yields

n;-p;+n;-p;=0. 2.27)
The needed derivatives follow from (2.13), (2.6), and (2.7):

pi=a;—r;(w;+n;), (2.28)
u; =0;wj, (2.29)
n; = cos(y;)o;w; —y;t;. (2.30)
Substituting into and usingn;-p; =0andt;-p; = lp;| yields
lp;lly; =p-n; +w-(a; xn;), (2.31)
hence ]
AR e n|- (2.32)

2.2.4 Time derivative of the cable length

Differentiating the scalar constraint (2.19) yields

dlp,l
dr

From (2.18), d”(ft"ll = [; + ry1y;. Substituting the expressions above and simplifying leads
to

20i-p;-2lp; 0. (2.33)

ii :p.ti+w.(a’i xti) :flj;v, (234)

where
t;

a;. <t;|" (2.35)

&, =
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2.2.,5 Kinematic Jacobians and proper Jacobians

Stacking (2.26), (2.32), and (2.34) for i =1, ..., nyields

G=E,v, W=E,v, 1=Ey, (2.36)

where ¢ = [0 ... 6,17, v=[y; ... wn]T, andl1=1[l ... I,]7. The corresponding
Jacobian matrices are defined by

Eg:[aal 6(7"]’ Ez/;:[zu/l fu/n], ElT:[fll f[ﬂ] 2.37)

Since v is not, in general, an integrable coordinate vector, the matrices in (2.36) are
kinematic Jacobians [22]. A proper Jacobian mapping from generalized coordinate rates
can be obtained by combining (2.22) with (2.36), i.e.,

o=1.¢, W=l o 1=IQ, (2.38)

with
Jo=E,D, J,=%,D, J;=ED. (2.39)

Modeling assumptions and scope of applicability The geometric and differential-
kinematic formulation introduced in this chapter relies on a number of modeling
assumptions that define its scope of applicability. In particular, cables are modeled as
massless and inextensible straight segments, the moving platform is treated as a rigid
body, and the pulley-routing geometry is assumed known through calibrated geometric
parameters. In addition, the swivel-pulley model assumes ideal geometric contact
between the cable and the pulley groove.

These assumptions are appropriate for the prototypes and operating conditions
considered in this thesis, but they may limit generalizability when the real system de-
parts significantly from the ideal geometric description. The main sources of mismatch
include cable sagging due to self-weight, elastic cable stretching, friction or backlash
at the swivel/pulley interface, and geometric miscalibration of anchor points, pulley
parameters, or platform attachment locations. The accuracy of the model may also
degrade in near-slack conditions, where cable-related measurements become less rep-
resentative of the ideal taut-cable geometry. These limitations motivate the weighting
strategies and the tension-aware extensions introduced later in the thesis, which are
designed to mitigate configuration-dependent losses of measurement reliability without
abandoning the geometric formulation.
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Chapter 3

Direct Kinematics of Underactuated
Cable-Driven Parallel Robots

This chapter reviews the statement of the direct kinematic problem and the numerical
strategies commonly adopted to solve it for parallel robots [26, |1], with emphasis on
CDPRs and, in particular, on underactuated architectures. In CDPRs, the forward
mapping from actuation variables to end-effector pose is typically implicit and non-
linear; it may admit multiple solutions and can be ill-conditioned in portions of the
workspace [49} 26,48, [1]. Accordingly, additional information beyond pure geometry
can be incorporated, such as mechanical equilibrium equations or extra proprioceptive
measurements, and the resulting numerical solvers range from local iterative schemes
(e.g., Newton and Gauss-Newton-type methods) to global techniques [19; 26, (50} 51]
(e.g., interval analysis).

3.1 Problem statements for UACDPR

3.1.1 Direct geometric problem

Let the end-effector pose be represented by a vector of generalized coordinates §
(e.g., ¢ € IR® as introduced in Section . Given a set of measured cable lengths
1=1[1,...,1,]7, the direct geometric problem (DGP) consists in finding ¢ such that the
geometric constraints associated with the cables are satisfied. Using the CDPR geomet-
ric model (e.g., the one introduced in Section[2.1)), these constraints can be written in
compact form as

r(g;) =0, reR", (3.1)

where the i-th component typically enforces the compatibility between the measured
cable length [/; and the model-predicted length (e.g., Eq. 2.18)), possibly including
routing effects |39} |1].

For fully constrained parallel robots, solving amounts to solving a non-linear
system with as many equations as unknowns. For UACDPRs, however, n < dim({) and
(3.1) is underdetermined: geometry alone does not uniquely determine the pose for
prescribed cable lengths, and additional information is required [20, 19].
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3.1.2 Direct geometrico-static problem

A common way to close the problem for UACDPRs is to complement the geometric
constraints with equilibrium equations; the resulting formulation is referred to as the
direct geometrico-static problem (DGSP) [18, 43, 44, 19]. Within this framework, the
platform pose is selected by enforcing static equilibrium [19], i.e., by requiring the
balance of forces and moments under given external loads. Dynamic extensions exist
[21], but they are not pursued here, as the thesis focuses on quasi-static conditions and
the corresponding static constraint.

Static equilibrium. Let { € IR* denote the EE pose vector, where A = 6 in the spatial
case and A = 3 in the planar case. Let T = [11,...,7,]” denote the cable tension vector
and let F € IR* be the external wrench acting on the platform, including gravity and
possible additional loads. In static conditions equilibrium can be written in the compact
form [18, 1]

E QT+F=0, 3.2)

where ;)7 is the cable-length kinematic Jacobian matrix (Eq. . To make explicit
how the equilibrium pose is constrained by statics, we first introduce a basis for the
subspace orthogonal to the columns of EIT(C ). Assuming that ;({) e R} with n < A
has full row rank (i.e., rank(Z;) = n) in the configurations of interest, the transpose
E;‘F(C) € IRM" admits a non-trivial left nullspace of dimension A — n [52]. Let EZL(C) €
IRW-"*A he any full-row-rank matrix whose rows span such a left nullspace, namely

ELQE] @) =0a—nxn- (3.3)

Pre-multiplying the static equilibrium equation (3.2) by Ell (¢) eliminates the tension
variables and yields the following static constraint on the end-effector pose:

2 QF =00—px1- (3.4)

Nonlinear system defining the DGSP. In the direct geometrico-static setting, cable
lengths are prescribed or measured as [7, ..., [, and the unknown pose is the one
that satisfies: (i) the geometric constraints from the modelling equations in Sec.
usually length relations [2.18), and (ii) the static compatibility constraint (3:4). This
yields a square nonlinear system of n + (1 — n) = A equations r(¢,1), in the A unknown
components of §:

(1) -1 ]

r¢= L@ -] =0 (3.5)

| 2/ (Q)F |
where each /;({) is computed consistently with the geometric model (including pulley
routing when applicable).

The solution { can be determined by solving a square system of nonlinear equa-
tions with one of the methods detailed in Subsec. Compared with purely
geometric formulations, DGSP-based solutions typically require additional modeling of
mass and inertia, as well as the external wrench, and may admit multiple equilibria |1,
19]. Nevertheless, DGSP provides a principled way to predict the configuration when
actuation inputs alone are insufficient.
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Tension recovery, feasibility, and equilibrium stability. Once a solution ¢ of is
found, cable tensions can be obtained by solving the linear equilibrium equation
and the resulting configuration is accepted only if feasibility requirements are met, most
notably T = 0, and, in many applications, T; € [Tmin, Tmax] forall i =1,...,n [1,]20].

In addition, feasibility alone does not guarantee that the equilibrium is physically
observable: a stability check is generally required to exclude locally unstable equilibria,
i.e., poses for which small perturbations drive the system away instead of generating
restoring effects. In practice, stability can be assessed by verifying that the equilibrium
corresponds to a local minimum of the potential energy associated with the external
loads, within the admissible set defined by the active tension constraints [53].

3.1.3 Sensor-fusion direct kinematics as non-linear least squares

An alternative and complementary approach, central to [41] and [54], is to use additional
proprioceptive measurements so that the pose becomes observable [50, 51] without
explicitly relying on mechanical equilibrium. Let h({) € IR denote a vector of pose-
dependent quantities predicted by the model (e.g., cable lengths, Eq. (2.18), swivel
angles, Eq. (2.10), tangency angles, Eq. (2.17), or, directly, position p or orientation €),
and let z € IRY be the corresponding measurement vector. By defining the residual array

r(l) =h() -z, (3.6)

the direct kinematics problem can be posed as a non-linear least-squares estimation:

1
min f@),  f©)= ErT(C)Q'lr(C), (3.7)

where Q can be selected as an ad hoc weighting matrix reflecting physical or numerical
considerations. When Q is chosen as the covariance matrix of the residual array r({),
the solution ¢ is the best linear unbiased estimator (BLUE) of the EE pose [33, 22].
This formulation naturally yields overdetermined systems (w = dim({)) and motivates
Gauss—Newton and Levenberg—Marquardt approaches.

3.2 Families of solution strategies

Methods used in practice can be grouped into the following families.

3.2.1 Localiterative solvers for non-linear square systems

When the problem is stated as a square system r({) =0, with { € IR* and r € IR%, classical
local solvers include Newton’s method and quasi-Newton variants |55} [56]. These
methods are efficient near a solution, but require an initial guess within a convergence
basin and can fail near singular Jacobians or in the presence of multiple solutions [48,
55].

3.2.1.1 Newton’s method for the direct kinematics of CDPRs

Consider a system of A equations r in A unknowns ¢ (e.g. Eq. for fully constrained
parallel robots and Egq. for UACDPRs),

r@) =0, r:R'->R". (3.8)
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Let J({) = Vr(&) € R be the Jacobian matrix.
Given an initial guess & such that J({,) is non-singular, Newton’s method generates
the sequence
JEW AL =-1{k),  Cre1 =8k + AL 3.9)

Under the assumptions stated in Section[3.3} the iterates converge to a solution ' of

G3).

In CDPR kinematics, Newton’s method must address three practical issues.

Multiple solutions and initialization. Forward kinematics may admit multiple solu-
tions [49, 26], and Newton’s method typically converges to a nearby root. Initialization is
therefore crucial, especially along trajectories. Starting from the previous neighbouring
estimate is effective when the sampling is sufficiently dense and the solution branch is
continuous, which is consistent with typical model-based control loops [49]. Beyond
this heuristic, the convergence analysis discussed in Section|3.3|provides a formal frame-
work to certify the existence and uniqueness of a solution within a neighbourhood of an
initial guess and to bound the corresponding convergence region. A concrete applica-
tion of this Kantorovich-based certification to the DGSP of 3-3 UACDPRs is reported in

Appendix[B]

Singularities and ill-conditioning. Near singular configurations, the Jacobian can
become ill-conditioned [48], leading to large steps or numerical instability. Regulariza-
tion strategies can be introduced (e.g., damped Newton) or switching to a trust-region
scheme when needed [56].

Stopping rules. Newton’s method must be equipped with practical termination cri-
teria. Standard Newton-like methods stops iterations as soon as one of the following
conditions is satisfied [55}/56]:

1. Maximum iteration count. The iteration counter reaches a prescribed upper
bound,
k=T (3.10)

This safeguard prevents unbounded runtimes and typically indicates that either
the initial guess lies outside the convergence basin or the Jacobian has become
ill-conditioned along the iterates.

2. Step-size criterion. The Newton correction becomes sufficiently small,
ALkl < Tag, (3.11)

where A is obtained from (3.9). This condition detects stagnation when subse-
quent iterates become indistinguishable at the chosen numerical precision. In
practice, it is particularly relevant when the method approaches a solution or
when the linear solve yields a tiny correction due to ill-conditioning.

3. Gradient-norm criteria. Termination can also be based on the norm of the gradi-
ent,

|ve @, | < Tiwn, (3.12)

which indicates that further iterations are unlikely to yield a meaningful decrease
in the residual.
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4. Residual norm below a tolerance. The norm of the residual vector falls below a
threshold,

Il < Ty (3.13)

This criterion is the most direct indicator that Eq. is satisfied to the desired
accuracy. The tolerance Ty should be selected consistently with the measure-
ment noise and modeling uncertainty: forcing ||r|| below the noise floor generally
provides limited benefits and may amplify numerical effects [22].

In CDPR applications, the pose vector &, the residual and the associated gradient
may collect quantities with different physical units and typically different magnitudes
(e.g., position components in meters and orientation components in radians). As a
consequence, tolerances expressed directly on the step norm (Eq. (3.9)), the gradient
norm (Eq. (3.12)) and residual norm (Eq. (3.13)) have a primarily numerical meaning
and do not admit an immediate physical interpretation unless appropriate scaling or
normalization is introduced (56, [22].

3.2.2 Local iterative solvers for non-linear least squares optimization

When the direct kinematic problem of CDPRs is posed as a weighted nonlinear least-
squares optimization problem (as in Eq. (3.7)), Gauss—-Newton provides a natural base-
line: it is simple to implement and typically performs well when the residuals are small
and the model is only moderately nonlinear. Levenberg-Marquardt (LM) further im-
proves robustness by introducing a damping (trust-region-like) mechanism, at the cost
of additional tuning and linear algebra [56].

3.2.2.1 Gauss-Newton for sensor-fusion direct kinematics

Consider the weighted least-squares optimization problem in Eq. (3.7), which is recalled
here for convenience:

min f©), 1= %rT(C)Q_lr(C).

The search for a local minimizer can be interpreted as seeking a root of the first-order
optimality condition V f({) = 0. Let J({) = 0r(§)/0¢ denote the residual Jacobian.

To compute the gradient compactly, recall the following identity. Let a({) =
c’(Q)Ac) bea symmetric quadratic form, with A € IR7*9 symmetric and constant, and
c(¢) € IRY differentiable. Therﬂ

Va@) =2(Vel ©)Ac), Vel ) e RM9, (3.14)
Applying this result with ¢({) =r({) and A = %Q_l yields
Vi) =(Vr' @) Q@) =1 Q' r(@). (3.15)

The exact Hessian V? f({) contains a term depending on second-order derivatives of
r({), i.e., derivatives of J({). Computing such terms requires handling third-order tensors

IThe proof follows from standard matrix-product differentiation rules; for similar derivations, see the
appendix of [57].
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and is typically expensiveﬁ Gauss—Newton therefore adopts the Gauss approximation,
neglecting the second-order contribution:

VI =vIT©Q ') ~1" Q1. (3.16)

Starting from an initial guess {,, Gauss—-Newton generates the sequence {{} x>0 by
applying a Newton step to the first-order condition V f({) = 0 with the approximation
(3.16). Equivalently, linearizing the residual,

r(¢+AQ) =r(f) +J(E) AL, (3.17)

and minimizing the resulting quadratic model leads to the normal equations

UPQ )AL =-T{Q e, 1 =Ci+ AL, (3.18)

where ry =r({;) and J; =J({). In sensor-fusion settings, r stacks cable-related residuals
(e.g., [i (), 0;(&) and ¥;({)) together with directly-measured pose components-related
residuals, producing an overdetermined system (m > 6) that benefits from the smooth-
ing effect of least squares [54].

3.2.2.2 Levenberg-Marquardt as a damped Gauss—Newton method.

Gauss-Newton may become unstable when ]%Q‘ll k is ill-conditioned or when the local
linear model of the residual is inaccurate. Levenberg—-Marquardt (LM) addresses these
issues by damping the normal equations with a parameter p > 0:

0LQ T+ D) AL = -1 Q 'y (3.19)

For u; — 0, the update approaches the Gauss-Newton step (3.18), whereas for large u
it becomes closer to a gradient-like direction. In practice, u is adapted according to the
achieved decrease of f({), yielding a trust-region interpretation [56]. LM is therefore
preferable when robustness is prioritized over minimal per-iteration cost.

Stopping rules. The number of iterations depends on the adopted termination condi-
tions, which are specified through user-defined tolerances. Typical criteria include the
termination conditions discussed in paragraph Stopping rules. of Section|3.2.1.1

3.2.3 Interval analysis and other global techniques

When all admissible solutions are of interest, or when one seeks certified guarantees,
global methods provide an alternative to local Newton-type iterations. A prominent
family is interval analysis combined with branch-and-bound strategies, which can
enclose and isolate the roots of the kinematic equations by working with boxes in the
pose space and manipulating interval extensions of the residual function [59, 26, 20].
Applied to Eq. (3.1), these methods can deliver guaranteed enclosures of every root
within a prescribed domain by iteratively contracting boxes (to discard regions that

2The second derivative of a vector-valued function is a third-order tensor; explicit computations can
be found, e.g., in the appendix of [58]. In many pose-estimation settings, this contribution is negligible
near the solution compared to the Gauss term, and can be omitted without affecting the estimate in
practice.
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cannot contain a solution) and bisecting the remaining ones until a desired resolution
is reached. Compared with local iterations, the computational cost is typically higher,
but the payoff is robustness to multiple solutions and the ability to certify properties
such as existence and, in favorable cases, uniqueness within a region.

Beyond interval approaches, continuation/homotopy techniques aim at recovering
solution sets by tracking a solution branch as parameters vary. In the context of CDPR
forward kinematics, continuation has been exploited to maintain robustness along
workspace trajectories, reducing the need for repeated global initialization and helping
to traverse parameter regions where the mapping becomes ill-conditioned [49} 47].
These methods are particularly appealing when the pose must be computed repeatedly
along a trajectory, since the solution at one step naturally provides a reliable predictor
for the next.

3.3 Convergence analysis: the Kantorovich theorem and
its role in CDPR kinematics

For Newton-type methods, local quadratic convergence can be established under stan-
dard regularity assumptions. In particular, if the initial guess lies in a neighbourhood
of a simple root and the Jacobian is nonsingular at the solution, Newton’s iterates con-
verge quadratically; sufficient conditions can be derived, e.g., within the Kantorovich
framework [60, 61, [55]. In CDPR direct kinematics, these conditions are particularly
critical, because the initialization is affected by sampling rate, measurement noise, and
modelling errors, and cannot be assumed to lie in a reliably safe neighbourhood of
the solution. Therefore, a convergence analysis is required to certify that the Newton
method converges to a unique solution.

3.3.1 Kantorovich theorem

This section recalls the Kantorovich theorem, which provides a convenient theoretical
tool to assess existence/uniqueness of a solution and convergence of Newton iterations
when solving square nonlinear systems arising from direct kinematics [26] and, in
particular, from DGSP formulations [20].

Consider the square system in ([3.8), where A denotes the dimension of the unknown
vector and U is a domain where the analysis is carried out, and §, € U be an initial guess
such that the Jacobian matrix

or
J©O) = &(C) (3.20)

is nonsingular at {,,. The constants Ay, By, C € IR*, with | - | denoting the infinity norm,
are defined as:

Av=[1"@y],
2By = 17! ,
o=J (czo)r(co)ﬂ 3.21)
N 10%re @)
C= fori,j=1,...,A, eU,
L |ota¢, J ¢
and define the closed set
U=1{¢: 1§~&oll <2Bo}. (3.22)
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If the quantities Ay, By and C satisfy the Kantorovich condition
Ky=21A9gByC<1, (3.23)

then the Kantorovich theorem guarantees that: (i) there exists a unique solution {; € U
to (3.8); (ii) Newton’s method initialized at {, converges to {; and (iii) an explicit a
prioribound on the distance between the solution and the initial guess holds, namely

2B,
I1Es—&oll < 0 (3.24)
1+

VI=Ky

and, in addition, the Newton iterates satisfy the corresponding a posteriori estimate

I1Cs—Cxll < 2By, (3.25)

which provides a simple and computable error bound for the numerical estimate ;. at
iteration k.

3.3.2 Comments on Gauss-Newton and LM convergence

Kantorovich-type results are stated for square systems and therefore apply directly
to Newton schemes of the form when the direct kinematics problem is cast as
a root-finding task. A Kantorovich-based analysis is reported in Appendix [B} where
it is specialized to the DGSP of 3-3 UACDPRs [34] to derive sufficient conditions for
existence and uniqueness of the equilibrium solution and to obtain conservative bounds
on admissible cable-length measurement errors that guarantee Newton convergence.
It is stressed that these bounds are sufficient, but not necessary, and thus may be
conservative.

For Gauss—Newton and LM, the direct kinematics is instead formulated as a least-
squares problem, so convergence is typically discussed within optimization theory.
Local convergence can be established under standard regularity assumptions, in partic-
ular when J has full column rank and the residual is sufficiently small at the solution [56].
From the standpoint of Kantorovich-type certification, extending the same methodol-
ogy to sensor-fusion formulations is substantially more challenging: one would need
to apply the theorem to the stationarity condition of the cost function, i.e., to the root-
finding problem V f({) = 0, which would require bounding higher-order derivatives. In
the author’s opinion, developing a tractable certification framework for such redundant
sensor-fusion kinematics constitutes a promising direction, building on the conver-
gence foundations established in Section[3.3|and on the preliminary insights provided
in Appendix[B]

In practice, for sensor-fusion direct kinematics, the main robustness levels consid-
ered in this thesis remain: (i) informative and well-scaled residual components through
Q; (ii) problem-specific ITCs tailored to noise levels, as emphasized in [54}(34,62].
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Chapter 4

Sensor-Fusion Direct Kinematics and
Tension-Aware Estimation

This Chapter presents the main contribution of the PhD thesis: a sensor-fusion frame-
work to solve the direct kinematics of underactuated cable-driven parallel robots (UACD-
PRys) by exploiting redundant proprioceptive measurements. The method complements
cable-length readings with additional pose-dependent measurements so that the end-
effector pose becomes observable without explicitly enforcing mechanical equilibrium.
The formulation builds upon the geometric model introduced in Chapter[2land on the
weighted nonlinear least-squares (WNLS) viewpoint recalled in Section[3.1.3] For the
numerical solver, we rely on the Gauss—Newton algorithm, presented in Section
and we focus here on: (i) residual-set design and Jacobian assembly for sensor fusion,
(i) practical aspects of the WNLS solution, including the choice of physically meaningful
weighting parameters, iteration termination criteria. Lastly, it is shown that residual
uncertainties can be modeled as tension dependent, making the solution algorithm
faster and more reliable.

4.1 Sensor-fusion formulation for direct kinematics

This section introduces the sensor-fusion direct-kinematics formulation as a weighted
estimation problem and details the algorithmic ingredients that make it effective in
the UACDPR context. Beyond the standard Gauss—Newton machinery, the proposed
approach hinges on two practical design choices: (i) a weighting strategy that accounts
for heterogeneous residual units and reliability, and (ii) termination criteria formu-
lated component-wise to provide physically interpretable convergence checks for both
pose variables and residual components. These elements are presented next, together
with the construction of the residual Jacobian from the differential kinematic relations
established in Chapter[2]

4.1.1 Sensor-fusion measurement model and WNLS formulation

Let the EE pose be represented by ¢ € IR (Chapter. Assume that, at a given time in-
stant, a set of m = A proprioceptive measurements is available and collected in an array
z € IR™. The sensor-fusion model associates to each measurement a corresponding
pose-dependent prediction through a mapping

h() e R™, 4.1)
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built from the geometric relations of Chapter H Typical components of h({) include:
cable lengths [;(§) (Eq. 2.18)); swivel angles 0;({) (Eq. (2.10)); tangency angles v; ({)
(Eq. (2.17)); and, when available, directly measured pose components (e.g., orientation
angles or position components). Stacking any subset of such predicted quantities yields
a flexible sensor-fusion residual set.

The residual array is defined as in Section|3.1.3]

r)=h)-z eR™ (4.2)

The pose estimate is obtained by minimizing the WNLS cost (3.7), recalled here for
completeness:

1
min f@), )= ErT(C) Q'r), 4.3)

where Q € IR”"* is a diagonal weighting matrix, Q = diag(q;, ..., gm), introduced to (i)
render the WNLS objective f dimensionless and computable if heterogeneous residuals
are included in the residual array r(¢), and (ii) reflect the expected reliability of the
available proprioceptive measurements.

4.1.2 Weight selection from error estimates

In this work, the diagonal weights are selected according to an inverse-error rationale
[331,
gi=e:, i=1,...,m, (4.4)

where
e=ley,...,e,l  €IR™ (4.5)

collects scalar uncertainty levels associated with the components of the measurement
array z and, equivalently, with the residuals in r({). Accordingly, e; represents an esti-
mate of the typical magnitude of the error affecting the i-th residual component.

In this thesis, these uncertainty levels are chosen according to two complementary
criteria. The first is a nominal or conservative estimate, in which e; is set to a fixed value
derived from a preliminary model-sensor characterization or from manufacturer speci-
fications. This approach is adopted when no systematic calibration dataset is available,
and the resulting e; represents an upper bound on the expected error magnitude rather
than a statistically identified quantity (see Section[5.1} where constant uncertainty levels
are assigned based on a preliminary characterization of each sensing modality).

The second criterion is empirical identification from a calibration dataset: given a set
of ground-truth poses {g;, measurement-error samples are computed as |z; — h; ({g/)|
and the resulting distribution is characterized through its standard deviation, which
is then used as e; (see Section[5.2), Tables[5.4]5.5). When cable-related measurements
are affected by configuration-dependent reliability (e.g., due to tension variations),
the uncertainty levels are further extended to tension-dependent functions e; = é;(7;),
identified offline from calibration data as detailed in Section[5.3

Depending on the adopted error model, e; can therefore be set either as a constant
value (e.g., a nominal accuracy level provided by sensor specifications or a measured

'While h({) provides a well-defined mapping from pose to modeled geometric quantities, the physical
realizability of a pose for given actuation inputs may still depend on feasibility constraints (e.g., positive
tensions, tension bounds, workspace limits), which are not enforced by geometry alone. These constraints
are discussed in Section
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error standard deviation) or as a configuration-dependent quantity, as discussed in
Section[4.2] With the choice (#.4), residual components expected to be less accurate
(larger e;) are down-weighted and therefore contribute less to the descent direction and
to the Gauss—Newton update. Moreover, when e; is selected as the standard deviation
of the measurement error associated with the i-th residual (so that el? is its variance),
the rule g; = ef coincides with the classical inverse-variance weighting. Under the
usual assumptions of independent, zero-mean Gaussian errors, this makes the resulting
WNLS estimator equivalent to a maximume-likelihood estimator.

4.1.3 Gauss-Newton update and Residual Jacobian computation

The Gauss-Newton update(3.18} recalled here for completeness:

(Q k)AL= T5Q7 0 Ly = L+ AL, @6

requires the computation of the residual Jacobian

_ﬁ _@ mxA
J, &) = ac(C)— az(()EIR ) (4.7)

When h includes cable lengths, swivel angles, and tangency angles, J, can be assembled
by stacking the corresponding analytic Jacobians derived from the first-order kine-
matics of Chapter In particular, the matrices J;, J5, and J,, are obtained from the
kinematic Jacobians Z;, Z,, and E, via the mapping in Eq. 2.39), and their rows can
be selected/stacked consistently with the chosen residual components. If additional
residuals correspond to directly measured pose components, their Jacobian rows are
simply selection rows from the identity matrix. To avoid repeating derivations, we only
recall that the update is computed from the normal equation using J, () and

r(Cr).

4.1.4 TIteration termination conditions

The Gauss—Newton iteration termination conditions follow classical stopping rules
for Newton-type methods (see the discussion in the paragraph Stopping rules in Sec-
tion[3.2.1.1), but they are written in a component-wise form to account for the hetero-
geneous physical nature of the pose variables. In particular, p is usually expressed in
meters, whereas the orientation parameters € are usually expressed in radians: aggre-
gating them in a single norm may lead to thresholds that are difficult to interpret and to
tune, and may also bias the stopping decision toward the component with the largest
numerical scale. For the same reason, residual components may have different units
and error levels, hence they are checked against individual tolerances.

1. Maximum number of iterations. The iteration counter reaches a prescribed upper
bound T, namely
k= Ty (4.8)

This is a safeguard against excessive computation and possible divergence; in this
case, the last iterate {. is returned as the best available estimate, but convergence
is not certified.
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2. Negligible step size (stagnation). The update becomes small in both translation
and orientation, namely

IApill = Tp and [lAekl < Te. 4.9)

This typically indicates that the algorithm has reached a fixed point of the itera-
tions (e. g. alocal minimizer), or that progress is limited by numerical condition-
ing and measurement noise.

3. Small gradient (approximate stationarity). The norm of the cost gradient becomes
small in both pose blocks, namely

op

€

< Tyory- (4.10)

<T af and of
|5 *

Sk Sk

This corresponds to an (approximately) first-order optimality condition for the
WNLS objective: the current iterate is close to a stationary point of f and further
descent is expected to be marginal.

4. Residuals within expected accuracy (data-consistent fit). Each residual component
satisfies
|rk,i|STr,i! Vi:lr---)m- (4.11)

This criterion is the most directly interpretable in terms of measurement quality:
the algorithm stops once the model fits each measurement within its expected
uncertainty level. A practical choice is T;,; = e; (or amultiple thereof), consistently
with the adopted error model, so that accurate measurements impose stricter
requirements while noisier ones do not prevent termination. When this condition
triggers, the returned estimate ;. can be regarded as consistent with the assumed
sensor accuracy.

For practical online use, it is useful to discuss the computational structure of the
proposed sensor-fusion estimator. Recalling that m denote the number of residual
components and A the dimension of the pose vector, at each Gauss—Newton iteration,
the dominant operations are: (i) evaluation of the residual vector r({) and of the residual
Jacobian J,({), (ii) construction of the normal-equation matrix IrT Q_llr, and (iii) solution
of the resulting linear system (Eq. (3.18)) in A unknowns.

Assembling the residual Jacobian J, € IR"™* requires evaluating quantities associ-
ated with all residual-pose pairs, which leads to a cost proportional to mA. Likewise,
forming the matrix JT Q~'J, € R*** requires evaluating all its A? entries. Each entry is
obtained by summing the contributions of the m residual components, weighted by
the corresponding diagonal term of Q1. Since Q! is diagonal, its coefficients can be
precomputed and the weighting operation is straightforward; nevertheless, for each
of the A? entries of JTQ™!J,, one still has to account for up to m products involving
the corresponding columns of J,. Under the general assumption that the Jacobian
is not sparse and that all these contributions may be significant, this leads to a cost
proportional to mA2. Finally, solving the resulting linear system in A unknowns has a
cost proportional to A3 [55]. In the present context, however, A is typically small (1 < 6),
so the practical computational cost is usually more sensitive to the number and type
of residuals included in the sensor-fusion model than to the pose dimension itself.
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Consequently, richer residual sets may improve observability and robustness, but they
also increase the per-iteration cost approximately linearly with the number of residual
components.

This scaling suggests several practical guidelines for online implementation. First,
warm-start initialization from the estimate computed at the previous sampling instant
usually keeps the current iterate close to the local minimizer and significantly reduces
the number of Gauss—-Newton updates required for convergence. Second, analytic
Jacobians should be preferred whenever available, since they avoid the additional over-
head and numerical sensitivity associated with finite-difference approximations. Third,
the residual set should be chosen by balancing observability and computational cost:
adding proprioceptive measurements is beneficial only when the additional information
they provide justifies the extra per-iteration cost.

The stopping criteria should be interpreted accordingly. For online applications,
the most meaningful termination condition is the residual-based one, especially in the
component-wise form of Eq. (4.11), because it directly reflects the expected accuracy
of each measurement and yields thresholds with a clear physical interpretation. By
contrast, the maximum-iteration, step-size, and gradient conditions are best used
as safeguards: their thresholds should be selected so that they rarely trigger before
the residual-based condition is satisfied, while still preventing excessive iterations
and numerically unproductive updates. Overall, when low-dimensional pose models
are combined with warm-started Gauss—Newton iterations, analytic Jacobians, and
engineering-based stopping thresholds, the proposed formulation is well suited to
online application.

4.2 Tension-aware sensor fusion

In CDPRs, the reliability of proprioceptive measurements is not necessarily constant
across configurations. In particular, the quality of cable-related measurements may
degrade when a cable approaches slackness or, more generally, when the tension distri-
bution changes. The tension-aware extension introduced here accounts for this effect
by making both the weighting matrix and the iteration termination conditions depend
on a configuration-dependent error model (Eq. (4.5)) driven by cable tensions.

4.2.1 Tension-dependent error modeling

The goal of this subsection is to describe how the uncertainty affecting cable-related
measurements varies with auxiliary information reflecting their reliability. In this thesis,
cable tension is adopted as the primary reliability indicator; accordingly, the modeled
error is assumed to increase as tension decreases.

Cable-related measurements include cable length, swivel angle, and tangency angle.
These measurements capture different aspects of the cable configuration and rely on
specific modeling assumptions:

* Cable length: it provides a direct geometric measure; however, it does not account
for cable self-weight (sagging) or elasticity.

» Swivel angle: it is typically interpreted under the assumption of negligible friction
at the swivel/pulley interface.

39



Chapter 4. Sensor-Fusion Direct Kinematics and Tension-Aware Estimation

» Tangency angle: similarly to cable length, it is affected by sagging; when sagging
occurs, the tangency point location changes and cannot be assumed constant
when cable self-weight is non-negligible.

In the following, we use the variable z to denote the set of cable-related measurements.
Depending on the specific formulation, z may include a selected set (e.g., only ca-
ble lengths, z = [I3,...,1,]7), a subset, or the full collection of available cable-related
measurements.

For each cable and measurement type, a scalar uncertainty level is modeled as
a function of the corresponding tension, i.e., e = e(r). Two correlation models are
considered:

* a linear-in-tension model
e(t)=a+br, b<0, (4.12)
where the negative slope captures the expected increase of error at lower tensions;

e an inverse-tension model c
e(t)=—+d, (4.13)
T

which yields a stronger penalty in the low-tension regime and satisfies e(7) — oo
as7—0%.

In the tension-aware WINLS formulation, the uncertainty e; associated with the i-th
residual component determines the corresponding weight parameter through Eq. (4.4).
Therefore, if e(r) grows unbounded as T — 0" (Eq. (4.13)), the weight parameter satisfies
q(t) = e(1)?> — co. Consequently, the corresponding diagonal element of the diagonal
weight matrix Q! in the WNLS cost (Eq. (3.7)) tends to zero, effectively down-weighting
measurements acquired under near-zero tension.

4.2.2 Identification of model coefficients from calibration data

The coefficients in Eqs. (4.12)-({4.13) can be identified from a calibration dataset covering
a representative set of robot configurations. For each sampled configuration and for
each cable i, the following quantities are collected: the tension 7; and one or more
cable-related measurements, each of which is denoted by z; throughout. A reference
ground-truth pose {,, is required to compute the corresponding model-based values
zi(§q,) through the inverse geometric relations of Chapter (e.g., li(§g,) from Eq. @.18),
0;({g;) from Eq. and, ¥;({,,) from Eq. 2.17)). Measurement-error samples are
then defined as

ef = |zi - zi(Eg))| (4.14)

After collecting the samples, the goal is to extract a robust relationship between
tension and error. In practice, raw couples (7;, ef) may be noisy and unevenly distributed
over the tension range; moreover, for estimation purposes we are primarily interested
in a conservative characterization, i.e., one that does not underestimate errors in low-
reliability regimes. For this reason, before fitting the parametric models, the data can be
processed in two complementary ways, depending on whether one aims at a worst-case
envelope or at an unbiased regression over a non-uniform dataset.
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Conservative binning (worst-case envelope). A simple worst-case characterization
is obtained by partitioning the tension range into fixed-width intervals and retaining,
within each interval, only the maximum observed error, discarding the remaining
samples. For each tension range, the retained value represents a worst-case sample
rather than an average behavior. The subsequent model fit therefore tends to build an
upper envelope of the observed errors.

Density-aware fitting (non-uniform sampling). When using all samples directly, one
must account for the fact that tension data are rarely uniformly distributed: medium-
tension values often appear frequently, whereas low- and high-tension regimes may
be sparsely sampled. A standard (unweighted) least-squares fit would then be biased
toward densely populated regions, potentially under-representing the behavior precisely
where reliability changes most. To mitigate this effect, a weighted regression can be
adopted to compensate for uneven sampling density, as described next.

4.2.3 Density-aware weighting strategy

To implement a density-aware regression, each tension sample is assigned a weight
inversely proportional to its local sampling density. Let 6 E.k) denote the estimated

density associated with the k-th tension sample Tg.k) for cable i. The density 6 E.k) is
estimated via kernel density estimation (KDE), a nonparametric method to approximate
the probability density function of sampled data [63]. For a set of N tension samples
{TE.D, oo TE.N)}, the KDE estimate at ‘L'E.k) is

70 _ g lm
) (4.15)

50 — 1 %K i i
i Nh /A h

where K(-) is a kernel function and h > 0 is the bandwidth controlling the smoothness
of the estimate. A Gaussian kernel

K(u) = ! u: 4.16
(u)—mexp( 2), (4.16)
is adopted, as it provides a smooth and differentiable density profile. Small bandwidth
values yield density estimates that follow the samples closely, whereas larger bandwidths
produce smoother estimates. A reasonable bandwidth can be selected using Silverman’s
rule of thumb, which provides a data-driven choice based on sample spread and size
[64]; it can then be fine-tuned after this initial estimate. The corresponding sample
weight is then set to

wh = 1 (4.17)

i ( 65]6))2

With Eq. (4.17), samples in sparsely populated regions of the tension domain (typically
low and high tensions) receive higher influence in the regression, while densely popu-
lated regions contribute proportionally less, yielding a model that better reflects the full
tension range.

4.2.4 Correlation models

For each cable and measurement type z;, we fit a tension-dependent uncertainty func-
tion é(7). The identified functions are then used to compute configuration-dependent
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weights via Eq. (4.4) and, consistently, to set tension-aware residual thresholds (e.g.,
T;,i = e; in Eq. (4.11); see Section[4.).

4.2.4.1 Linear-in-tension fit
A first option is the affine model
é(ty=a+br, (4.18)

with b < 0. For each cable i and each measurement type z;, the parameters are estimated
independently by solving a weighted least-squares problem:

N 2
[a?, b] = mibn > wl(.k) (ef(k) —(a+ brgk))) , (4.19)
@O f=1
4.2.4.2 Inverse-tension fit
A second option is the rational model
c
e(r)=—+d, (4.20)
T

which enforces é(1) — oo as T — 0% and thus implies ¢(7) = é(1)2 - 0in Eq. (4.4).
Parameters are obtained via weighted least squares:

2
N
C
(f, df]=min 3" w®| ;| 5 +a]] (.21
C,d k=1 T( )
1

4.2.4.3 Identified functions and use in sensor fusion

For each cable i and each measurement type z;, the identification yields a fitted function.
For the linear model (4.18),
& (t;) = a; + b; 7, (4.22)

whereas for the inverse model (4.20),

c?
&%(1;) = L +d=. (4.23)

Ti
In the tension-aware sensor-fusion algorithm, the function or is evalu-
ated at the measured/estimated tensions to build configuration-dependent uncertainty
levels é7(t;), which are then mapped to weights via Eq. and to residual thresholds
(e.g., Ty = éf (r;) in Eq. (4.11)). The selection between the two correlation models is
guided by the best fit to the observed tension—error trend in the considered experimental

setup.
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Chapter 5

Experimental Results

This chapter reports experimental results validating the sensor-fusion direct-kinematics
method introduced in Chapter[4 The algorithm is implemented in MATLAB to assess (i)
the practical observability gained by augmenting cable-length readings with additional
proprioceptive measurements, and (ii) the impact of weighting and stopping rules on
accuracy and computational running-time.

5.1 Experimental validation on a planar 2-cable UACDPR

This section adapts and extends the experimental validation originally presented in [54].
The method of Chapter[d]is tested on a planar 2-cable UACDPR, where the geometric
relations used are recalled in Chapter[2]

5.1.1 Prototype and sensing setup

The testbed is obtained by modifying the planar CDPR prototype in [65]: the two lower
cables were removed, resulting in an underactuated architecture (Fig.[5.1). The EE
motion is constrained to the vertical xy plane by a parallelogram cable layout. As in
other planar CDPR systems based on parallelogram mechanisms [66], the platform is
confined to a prescribed plane, while low-amplitude oscillatory motions due to external
disturbances are suppressed [67].

The system uses two cables arranged in a closed parallelogram loop to control the
platform’s 3 DoFs: two in-plane translations along x and y axes, and one rotation about
the out-of-plane axis z, parameterized by the angle y. Each cable loop is driven by a
winch equipped with a rotary encoder, which provides the cable length measurement
l;, for i = 1,2. The cable guidance is realized through swivel pulleys whose axes k; are
parallel to the z axis; their encoders supply additional kinematic information via the
measured swivel angles o ;. Assuming negligible friction at the swivel/pulley interface,
the pulley is expected to align with the cable direction. Hence, the tangency angle v;
is modeled as v; = 0, for i = 1,2. Moreover, the intersections of the swivel axes with
the work plane xy define the cable exit points B;. Under this modeling choice, each
cable is represented by a straight segment connecting B; to the platform attachment
point A;, i.e., p; = @;, for i = 1,2. Cable tensions are measured by shear-beam load cells
integrated into the anchor system. Overall, the setup reduces the number of actuators
by exploiting a single cable loop, provides continuous measurements of cable tensions
and angles, and enables an accurate definition of cable lengths as distances between
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Figure 5.1: Planar 2-cable UACDPR prototype and sensing layout used for validation
(adapted from [54]).

two well-defined points associated with the swivel-axis intersections with the work
plane. The geometric and inertial parameters of the prototype are:

—-6.5 [ 6.5 0.13
Pal = 4 |cm, Pab=| 4 |cm, Pg'=]| 153 |[cm,
0 0 0
0 95
bi;=|0|cm, b= 0 [cm, m=1Kg
0 | o

where Pg’ is the constant position vector of the platform center of mass in the platform-
attached moving frame Px’y’z’, which coincides with the ChArUco board frame shown
in Fig. The prototype is equipped with redundant proprioceptive sensing.

A trapezoidal motion law was prescribed directly in cable space, since more elabo-
rate Cartesian trajectory planning was unnecessary for this experiment [58]:

44.59
88.50

88.41

cm, lp=1 4460

1(6) =1 — Ap = L) u(o), I;= [ cm (5.1)

where I and 11 denote the cable lengths at the initial and final equilibrium poses, namely
¢ =15 cm,—-50 cm,-36°]" and ¢ ; = [80 cm, —50 cm, 36°]”. The scalar function u(t) is
the trapezoidal velocity profile in [58], with #(0) =0 and u(T =9.29s) = 1.

At each instant, the acquired proprioceptive array z in Eq. includes cable-
length readings, cable direction angle measurements, and the EE orientation angle.
Cable lengths are estimated by incremental encoders mounted on the winches (= 0.1°
resolution). Angular sensors located at the cable exit points provide measurements of
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the cable direction angles y;, with i = 1,2 (= 0.02° resolution). A VRU mounted on the
end-effector provides a direct measurement of the in-plane orientation angle y (= 0.3°
resolution). Based on a preliminary model-sensor characterization, the error levels used
by the sensor-fusion were set to

e;=0.003m for cable lengths, (5.2)
e; =0.0523 rad =3° for cable angles, (5.3)
ey =0.0087rad = 0.5° for platform orientation. (5.4)

Encoders and inclinometer measurements were sampled at 100 Hz; therefore, N =
929 measurement sets z = [z}, Zy, 2] T were collected along the prescribed trajectory.
Ground-truth pose data were obtained via a vision-based system: a ChArUco board
was mounted on the platform (Fig. and recorded using a GoPro HERO6 camera
(2.7K resolution, 4:3 aspect ratio) at 30 fps. The recorded frames were then processed
with the OpenCV Python library [68] to reconstruct the platform pose over time. Finally,
the resulting ground-truth sequence was temporally interpolated to enable a direct
comparison with the higher-rate estimates produced by the sensor-fusion algorithm.

5.1.2 Estimation strategies

All estimators solve the WNLS problem in Eq. using Gauss-Newton iterations
(Section[3.2.2.1). For the first pose of the trajectory, the algorithm initial guess was set
to {p = [15 cm, —50 cm, —36°], corresponding to the nominally assigned initial pose.
This configuration is a known static-equilibrium pose of the prototype for the assigned
initial cable-length vector I; and the inertial parameters reported in Section[5.1.1} For
the remaining N — 1 poses, the initial guess was taken as the solution obtained at the
previous trajectory point. The comparison targets two design choices that are central in
practice:

Residual sets. Four residual configurations (Eq. (4.2)) are considered, obtained by
enabling different subsets of the available proprioceptive measurements:

sl: cable length and swivel angle z = [1;, l», 01, 02] T

sli: cable length, swivel angle, and inclinometer z = [1;, I, 01, 02, )(]T;

li: cable length and inclinometer z = [[;, I, X]T;
e si: swivel angle, and inclinometer z = [0, 0>, )(]T.

All predicted quantities are generated through the geometric model in Section[2.1] (i.e.,
1;(§), for i = 1,2, from Eq. @.18), 0;({), for i = 1,2, from Eq. @.10), y = x (&) from Eq.
2.2)).

Weights and termination rules. Each diagonal entry of Q (Eq. (4.4)) is set based on
the tolerance assigned to the corresponding measurement in the residual vector r
(Egs. G-2)- (5.4)). This choice is commonly adopted when no more reliable estimate
of the variance of r is available [69]. Comparing these residual sets illustrates how
redundant information improves pose observability and reduces sensitivity to noise.
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The stopping criteria follow the discussion in the paragraph Stopping rules of Sec-
tion[3.2.1.1] In all tests, the iteration-, step-, and gradient-based conditions in Egs. (3.10)-
(3.12) are kept identical and are used only as safeguards, with

Ty =100, Tar=10"%  Tjyeg =107" (5.5)

The three case studies differ in the residual-based termination rule, which is the condi-
tion the algorithm is expected to satisfy at convergence. In particular, we compare:

e NormGN: the standard norm-based residual condition (3.13), with a nominal
threshold set to T = llell, where e is defined as in and its components are
selected from Egs. (5.2)-(5.4) according to the residual set under analysis;

* StGN: the same norm-based condition (3.13), but using a purely numerical and
intentionally strict threshold, Ty = 107%

* EngGN: the proposed component-wise, uncertainty-consistent condition (4.11),
where each residual component is compared against an engineering meaningful
bound reflecting the expected accuracy of the corresponding measurement, i.e.,
Ty,; = e;, with e; selected from Eqgs. (5.2)—(5.4) according to the residual set under
analysis.

The three numerical thresholds in Eq. were selected empirically so that conver-
gence is driven primarily by the residual-based stopping conditions, either the residual
norm or the component-wise residual condition. At the same time, they preserve ex-
plicit control over the maximum number of iterations, the step norm, and the gradient
norm. Accordingly, T is chosen sufficiently large, whereas the thresholds on the step
and gradient norms are chosen sufficiently small, so that these conditions do not trigger
premature termination, while still acting as safeguards against excessive iterations and
numerically unproductive updates.

5.1.3 Results and discussion

This subsection reports the experimental results obtained along the prescribed trajec-
tory, focusing on both estimation accuracy and computational cost. The compared
configurations differ in the selected residual set (Section[5.1.2) and in the residual-based
termination rule, allowing the effect of measurement redundancy and stopping criteria
to be assessed systematically.

Accuracy. Figure[5.2compares the camera-based reconstruction (Cam) with the pose
estimates obtained using the NormGN and EngGN termination rules, for the four
residual sets defined in Section|5.1.2| A distinctive behavior emerges for NormGN: the
estimated pose often remains constant over several consecutive samples. This occurs
because the norm-based residual condition can be satisfied before performing
the first Gauss—Newton iteration, so that the initial guess is immediately accepted as
the solution at that sample. This outcome is plausible under a norm-based rule: even
when one or more residual components exceed their expected error bounds, other
components may be well below their tolerances, yielding an overall residual norm
smaller than the prescribed threshold.
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Figure 5.2: Platform poses along the trajectory obtained with the NormGN termination
rule (a) and the EngGN rule (b). The camera-based reconstruction is labeled Cam,
whereas the acronyms denote the estimates obtained using the different residual defini-
tions (adapted from [54]).

The impact of measurement redundancy is highlighted by the error distributions
in Fig. When using only cable lengths and swivel angles (s/), the orientation esti-
mate is markedly inaccurate, with an average absolute orientation error of about 12°.
Conversely, when using only swivel angles and the inclinometer (si), position accuracy
degrades, with average absolute errors of approximately 6 cm and 3.5 cm along the x
and y directions, respectively. Comparing /i and sli further shows that adding cable-
angle measurements does not necessarily improve performance: /i is slightly more
accurate than sli, especially along the x direction (about 0.5 cm versus 1.5 cm average
absolute error). This behavior is consistent with the limited accuracy of the cable-angle
measurement, whose noise can dominate the fusion when included in the residual.

With residual sets sli and li, StGN improves accuracy by roughly a factor of two
compared with NormGN (Fig.[5.3). Finally, the EngGN termination rule produces a
noticeably smoother pose evolution than NormGN (Fig.[5.2b). In most samples, the
component-wise condition is not met without performing at least one iteration,
preventing the “zero-iteration” acceptance that leads to piecewise-constant estimates.

In terms of accuracy, EngGN improves over NormGN by up to 67% for most configu-
rations, with the exception of the orientation estimate using residual set s/, where it is
about 14% less accurate. Moreover, EngGN attains accuracy comparable to StGN across
all residual choices.

Overall, the norm-based termination rules (NormGN and StGN) are strongly affected
by the scaling of the residual components and, therefore, by the chosen measurement
units, making the selection of a meaningful threshold nontrivial. In contrast, EngGN en-
forces physically interpretable bounds on each residual component through Eq. @.11),
thereby providing a practical and systematic way to define the termination condition.

Runtime summary. Table[5.1|reports the average per-sample runtimes for all com-
binations of termination rules and residual sets. The computational cost of StGN is
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Figure 5.3: Error distributions across the compared configurations (adapted from [54]).

Table 5.1: Average per-sample runtimes for the compared termination rules and residual
sets.

Set of residu- || NormGN [ms] StGN [ms] EngGN [ms]
als

sl 0.55 1.10 0.62

sli 0.65 0.99 0.75

li 0.45 0.68 0.45

Si 0.38 0.65 0.41

consistently higher than that of NormGN, and is close to twice as large in several cases,
in line with its stricter termination requirement. By contrast, EngGN remains compara-
ble to NormGN, being at worst about 15% slower and never faster in this dataset, while
achieving accuracy comparable to StGN. Since these tests were executed in MATLAB, an
embedded implementation is expected to run comfortably within a small fraction of
typical real-time cycle periods (e.g., 0.5-2 ms), making EngGN an attractive choice for
practical deployments.
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Figure 5.4: Spatial 4-cable UACDPR prototype used for experimental validation (adapted

from ).
5.2 Experimental validation on a spatial 4-cable UACDPR

This section adapts and extends the experimental validation originally presented in [54].
The sensor-fusion WNLS formulation of Chapter [4]is validated on a spatial 4-cable,
6- DoF UACDPR prototype developed at the University of Bologna (Fig.[5.4). A 4-cable
architecture is considered since, in this architecture, stability and controllability are
highly sensitive to how the cables are kept under tension and controlled [46]. The
experimental dataset is processed offline in MATLAB to:

¢ assess the influence of different residual sets (sensor combinations);

e compare norm-based and component-wise termination rules, consistently with
the stopping-rule discussion in Subsections[3.2.1.1]and [4.1.4]

5.2.1 Prototype, trajectory, and sensing setup

Geometric and inertial parameters were extracted from the prototype CAD model and
are summarized in Tables In Table i, j, and k denote the unit vectors of
Oxyz; the coordinates of d; and ”a’, are expressed in Oxyz and Px'y'z/, respectively.
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Table 5.2: Geometric parameters of the spatial 4-cable UACDPR prototype.

i 1 2 3 4
1.068 | | [ 1.068 ] | [ -1.068 | | [ —1.068 ]
d; [m] -1.155 1.155 1.155 ~1.155
1839 | | [1.839 ] || 1.839 | || 1.839 |
ri [m] 0.03 0.03 0.03 0.03
0075 ]| [0.075] | [ —0.075 ] | [ —0.075 ]
Pal (m] —0.075 0.075 0.075 -0.075
0280 | | ]0280 ) | [ 0280 ||| 0.280
X -k -k -k -k
yi j j —i ~J
Zi i i —i —i

Table 5.3: Inertial parameters of the EE of the spatial 4-cable UACDPR prototype.

018 0 0 0
m=12966kg | I=| 0 012 0 |kgm? |rg=| 0 |m
0 0 019 0.173

Workspace-scanning trajectory. To reduce bias due to workspace location, a quasi-
static scanning motion was prescribed through a set of linear segments connecting the
set-points H

(—-DY221(0.5-0.11i/2]) - 1.1]i/22] +4.4]i/44]
p; = (-nli+d2lg 5 m i=0,...,65  (5.6)
0.25(1 + |i/22])

where |-] denotes the floor function. The reference point is commanded along the
segments at constant speed 1 cm/s. The resulting trajectories are shown as red lines in
Fig. The dataset covers a broad set of configurations and spans a wide range of cable
tensions, from highly tensioned regimes to cases where one or more cables approach
slackness. This variability is crucial for Section[5.3} as it enables the evaluation of the
proposed tension-dependent error modeling, particularly in configurations where the
straight, taut-cable assumption is only weakly satisfied.

Proprioceptive measurements. The measurement array z in Eq. (4.2) includes cable-
length readings, swivel-angle measurements, and EE orientation angles.

* Cable lengths: incremental encoders on motor axes (resolution = 0.1°) are com-
bined with the motor kinematic model [45] to estimate the cable lengths [;,
i=1,2,3,4.

» Swivel angles: incremental encoders mounted on the swivel-pulley axes (resolu-
tion = 0.02°) provide swivel-angle measurements o;, i = 1,2,3,4.

* Platform orientation: an XSens MTi-630 AHRS inclinometer provides roll ¢ and
pitch 0 (resolution = 0.5°), and yaw v (resolution = 3°) measurements.

For safety, the experimental scan is performed at a conservative distance from the workspace bound-
ary. A complementary workspace-wide convergence study is reported in the Appendix of [34].
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Figure 5.5: Assigned workspace-scanning trajectory for the spatial 4-cable UACDPR
(adapted from [34]).

All measurements are sampled at 100 Hz, yielding N = 73891 measurement sets along
the trajectory:

z=[l, b, s, l4,01,02,03,04,w,9,1ﬂ]T- (5.7)

N sets of cable tension measurements T = [71,72,73,T4] | are also acquired and are
exploited in Section[5.3]to evaluate the tension-aware error models introduced in Sec-
tion4.2

Ground truth and measurement-error characterization. Ground-truth poses are ac-
quired using a Vicon photogrammetry system tracking nine reflective markers mounted
on the EE (marker-position accuracy +0.2 mm). To reduce measurement noise, marker
trajectories are processed with a zero-phase finite-impulse-response low-pass filter
with a stop-band frequency of 4 Hz. Given the quasi-static nature of the experiment
and the absence of modeled oscillatory dynamics above this frequency range, the filter
removes high-frequency noise without altering the rigid-body motion trend [57].

From the filtered marker dataset, the EE reference pose (g, is reconstructed. The
same ground-truth pose sequence is then mapped to the corresponding geometric
quantities predicted by the model in Section namely: cable lengths /;({,) via
Eq. (2.18), swivel angles 0;({,) via Eq. and EE orientation angles via Eq. (2.2).
These reconstructions are used as ground truth for error characterization of length and
swivel measurements.

Although the empirical error distributions deviate from Gaussianity, they are ap-
proximated here through Gaussian statistics to obtain practical uncertainty levels for
weight selection (Eq. (4.4)) and residual-wise termination thresholds (Eq. (4.11)). An
example histogram is reported in Fig. The resulting standard deviations are reported
in Table[5.4] (lengths and swivel angles) and Table[5.5| (orientation). When constructing
Q and the termination thresholds, the values are converted to meters and radians to
match the units used in the solver.
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Figure 5.6: Example error distribution for the swivel-angle measurement o and its
Gaussian approximation (adapted from [34]).

Table 5.4: Standard deviations of cable-length and swivel-angle measurement errors.

Cable lengths 0;,=039cm | 0,,=0.26cm | 07,=0.10cm | 0, =0.15cm
Pulley swivel angles | o,, =0.22° Oy, =0.62° Oy, =0.28° 0y, =0.38°

Table 5.5: Standard deviations of inclinometer orientation errors.

’ Roll, pitch, yaw H oy =0.30° | 09=0.16° | oy =0.35°

5.2.2 Estimation strategies

All estimators solve the WNLS problem (4.3), using the same datasets and initialization
strategy. For the first pose of the trajectory, the initial guess is set to

¢, =10.5037, —0.5520, 0.5155, —0.1790, —0.1758, 0.0089] 7, (5.8)

This value is not an arbitrary initial guess. Before data acquisition starts, the platform
moves from a known homing configuration to the first recorded pose {;. The interme-
diate poses traversed along this motion are recursively reconstructed using the same
pose-estimation algorithm described in this section, starting from the homing pose. The
configuration reported in Eq. therefore represents the estimated pose immediately
preceding the first recorded sample, and is used to initialize the first solve. For the
remaining samples ({;, i = 2,..., N), the estimator is warm-started with the solution
computed at the previous sample ({;_;).
The comparison targets two design choices that are central in practice:

Residual sets. Four residual configurations are considered by enabling different sub-
sets of the proprioceptive measurements in z (Eq. (5.7)):

* sli: cablelength, swivel angle, and inclinometerz = [y, I», I3, l4, 01, 02, 03,04, ¥, 0, )(]T;
e sl: cable length and swivel angle z = [/, I», I3, l4, 01, 02, 03, AKE
* [i: cable length and inclinometer z = [I}, I, I3, l4, v, 0, )(]T;

* si: swivel angle, and inclinometer z = [0, 02, 03, 04, ¥, 0, )(]T.
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Predicted quantities are generated through the geometric model of Chapter[2} in partic-
ular [;(§), for i = 1,2,3,4, from Eq. 2.18), 0;(§), for i = 1,2,3,4, from Eq. @.10), v = ¢({),
0 =0(&) and y = y (&) from Eq. 2.2).

Weights and termination rules. When comparing different sensor sets, the same un-
certainty level is used both to weight the residuals in the WINLS cost function and to
define the residual-based stopping thresholds. Specifically, for each measurement com-
ponent with standard deviation o; (Tables[5.4H5.5), the corresponding diagonal entry of
the weighting matrix is set to Q;; = (30;)?, while the component-wise rule is ap-
plied with T, ; = 30;. Under the Gaussian approximation of a zero-mean measurement
error with standard deviation o, a single realization satisfies |e;| < 30; with probability
=~ 99.7%; hence, 30; provides a practical, relatively loose tolerance that favors shorter
runtimes while preserving physically interpretable residual bounds.

Additional tests are then performed using the full sensor set sli to assess the effect
of tighter tolerances. In these tests, the weighting matrix is built from the one-sigma
variances, i.e., Q;; = 012., and the residual-based termination rule is varied as follows:

* EngGN with 1o component-wise thresholds, T, ; = o, corresponding to a tighter
uncertainty band (under the Gaussian approximation, a single realization satisfies
le;| < o; with probability = 68.3%);

¢ StGN with the strict norm-based condition (3.13) and threshold

Tjry =107°, (5.9)

For completeness, these results are also compared against the looser baseline configu-
ration (sli with EngGN, (30;)?> weights, and 30; thresholds).

In all tests, the remaining termination conditions are used only as safeguards and
are set according to Section4.1.4

1. T}, =100;
2. Ty = 10°m and T.=10%rad;
=10"%rad" .

af
oe

3. TH%HZIO_(Snl_l and T,

5.2.3 Results and discussion

This subsection reports the main outcomes of the spatial experimental campaign. First,
the relative impact of each sensor modality is assessed through the four residual sets of
Section[5.2.2] Then, the influence of the residual-based termination rule is discussed by
comparing NormGN and EngGN under consistent datasets and weights.

Sensor-set comparison. Table shows that sli and /i provide comparable accu-
racy, whereas sl is 90% less accurate in position estimation and 1280% less accurate
in determining the orientation. Moreover, si fails to converge to a numerically mean-
ingful solution on this dataset, indicating that swivel angles and orientation alone are
insufficient to reliably constrain the pose in the tested configurations.

The reduced accuracy of slis consistent with the limited reliability of swivel-angle
measurements when cable tensions decrease: under low tension, friction and backlash
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Table 5.6: Average and maximum pose errors using EngGN with 3o thresholds for
different residual sets.

| Averageerror: || sli | li | sl | si |
Position [cm] 0.215 | 0.208 | 0.839 | NaN
Orientation [°] 0.229 | 0.235 | 3.158 | NaN
| Maximumerror: | sli | i | sl | si |
Position [cm] 1.21 1.16 | 3.62 | NaN
Orientation [°] 1.19 | 1.17 | 11.1 | NaN

Table 5.7: Average and maximum per-sample runtimes for different residual sets (EngGN,
30 thresholds).

| Averagetime: | sli | Il | sl si |
| [ms] | 2.06 | 0.966 | 0.973 | 0.879 |
’ Maximum time: H sli \ li \ sl \ si ‘
| [ms] [ 268 536 | 9.72 | 115 |

Table 5.8: Average and maximum pose errors with different residual-based stopping
rules (sli residual set).

| Averageerror: | NormGN | EngGN (lo) | EngGN (30) |

Position [cm] 0.159 0.163 0.215
Orientation [°] 0.216 0.217 0.229

| Maximum error: | NormGN | EngGN (lo) | EngGN (30) |
Position [cm] 0.883 0.884 1.21
Orientation [°] 0.924 0.921 1.19

at the swivel interface may prevent the pulley from aligning with the cable direction,
violating the modeling assumptions and injecting bias into the residuals. In contrast, the
li configuration avoids swivel angles and leverages the inclinometer to directly constrain
orientation, yielding accuracy comparable to sli while relying on fewer sensors.

Tablep.7|reports the corresponding runtimes. The full residual set sli is the most
expensive, while /i and s/ more than halve the average runtime. Overall, /i offers the
best compromise on this dataset: it remains accurate while reducing both sensing
complexity and computational cost.

Termination-rule comparison. The comparison is now restricted to the full residual
set sli to isolate the effects of weighting strategies and residual-based stopping rules.
Table[5.8reports average and maximum pose errors for: (i) NormGN (Eq. (3:13)) with
Tjr = 1078 (Eq. (5.9)), and (ii) EngGN (Eq. (@.11)) with 1o and 3¢ thresholds.

In terms of accuracy, NormGN and EngGN with 1o thresholds are essentially equiva-
lent on this dataset. Using 30 thresholds accelerates convergence but yields a moderate
loss in accuracy, as expected from a more permissive termination rule.

In terms of computational cost, the same trend is observed: NormGN and EngGN
(1o) require comparable time, whereas EngGN (30) substantially reduces runtime.
In this experiment (meters/radians), the average per-sample runtime is 6.30 ms for
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NormGN, 5.20 ms for EngGN (10), and 2.10 ms for EngGN (30). Beyond raw speed,
EngGN offers a clearer tuning rationale: each residual component is compared against
a physically interpretable bound, and the thresholds are independent of residual scaling
and unit conventions.

5.3 Tension-aware sensor fusion: validation on the spatial
4-cable UACDPR

This section evaluates the tension-aware formulation introduced in Section[4.2]on the
same spatial prototype and dataset of Section[5.2] The key idea is to treat the uncertainty
levels e (Eq. (4.5)) as configuration dependent, by modeling cable-related errors as
functions of measured cable tensions. The resulting tension-dependent uncertainty
estimates are used consistently to build the weighting matrix Q (Eq. (4.4)) and to set the
component-wise termination thresholds in Eq. (4.11).

5.3.1 Offline identification of tension-dependent error models

Three error models are compared:

» Constant variance: the cable-length and swivel-angle uncertainties are set to the
(constant) standard deviations in Table[5.4]

* Linear model: cable-length and swivel-angle uncertainty levels follow the affine

formin Eq. (4.22).

* [nverse model: cable-length and swivel-angle uncertainty levels follow the rational
form in Eq. (4.23).

For the tension-dependent models, the parameters are identified offline from the
dataset described in Section5.2.1|through the density-aware weighted least-squares
procedure of Subsection[4.2.2] A conservative peak-selection step is adopted: within
each 1 N-wide tension interval centered at integer tension values, only local error peaks
are retained to avoid underestimating uncertainty in low-density regions. Then, the
coefficients of the linear and inverse correlation models are identified via Egs.
and (.21), for each cable i = 1,2,3,4 and for each measurement type [ and o. The
bandwidth parameter # is selected using Silverman’s rule of thumb [64] and, for the
measurement set considered, it yields i = 1.06.

The resulting fitted models (Egs. and (4.23)) are:

el (1)) =0.9213cm-0.0038cm/N7,  &L(72) =0.7164cm —0.0054cm/N T,
él(r3) =0.2090cm —0.0002cm/N73  &él(74) =0.3877cm —0.0014cm/NTy;
é9 (1) = 0.6066° —0.0024°/N T, &5 (12) = 1.6844° —0.0106°/N 7,
éJ(r3) =0.7017° —0.0026°/N 73 éJ(14) = 0.8340° — 0.0050° /N T4.

(5.10)
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Figure 5.7: Tension—error data and linear-in-tension regression for the four cables:
cable-length errors vs. tension (a) and swivel-angle errors vs. tension (b).
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The two tension-dependent models capture the expected degradation of measurement
reliability as cable tension decreases. In particular, the inverse model naturally diverges
as 7; — 0, reflecting loss of reliability under near-slack conditions (e.g., sagging, back-
lash, and deviations from the straight-line cable model), and therefore tends to suppress
the influence of very-low-tension measurements within the estimator.

The resulting datasets and fitted trends are illustrated in Figs.[5.7jand 5.8} the blue
curves report the measurement errors sorted by increasing tension, the red markers
highlight the selected peak values within each 1 N interval, and the black curve denotes
the fitted regression model (linear in Fig.[5.7]and inverse in Fig.[5.8).
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Figure 5.8: Tension—error data and inverse regression for the four cables: cable-length
errors vs. tension (a) and swivel-angle errors vs. tension (b).

5.3.2 Impact on pose-estimation performance

The three error models described in Section|5.3.1|are evaluated in terms of performance
achieved in estimating the EE poses, using the spatial prototype and dataset described
in Section In all the performed tests, the iteration termination conditions 1 — 3 were
set according to the discussion in Section|4.1.4} using strict numerical values:

1. T}, =100;
2. Ty = 10°m and T.=10%rad;
=10"%rad" .

af
oe

3. Tng_f‘:1o-6m-1 and T
P

For iteration termination condition 4, EngGN rule (@.11) is adopted to highlight the
influence of tension-aware error functions on the solver convergence while keeping
the discussion concise, since EngGN has already been compared against StGN in the
previous analysis.

The solver is tested with two measurement sets:

e sl: cable-length and swivel-angle measurements, which are directly affected by ca-
ble tension and are the target of the proposed tension-dependent error modeling;
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Table 5.9: Pose estimation errors using residual set sli with different error models
(EngGN).

| Averageerror: | Constant variance | Linear model | Inverse model |
Position [cm] 0.571 0.616 0.658
Orientation [°] 0.431 0.465 0.496

| Maximum error: | Constant variance | Linear model | Inverse model |
Position [cm] 1.260 1.438 1.679
Orientation [°] 0.849 0.907 0.980

e sli: the full measurement set available, including cable lengths, swivel angles, and
EE orientation measurements, to assess the impact of tension-aware modeling
when additional, tension-independent information is also provided.

Only these two sensor sets are considered because they include the tension-dependent
measurements, and the goal is to isolate how the proposed linear and inverse tension-
dependent error models affect the estimation results.

The uncertainty levels are varied consistently across weighting and stopping: for
each measurement component, a scalar uncertainty parameter e; is defined and used
both to build the weighting matrix and to set the component-wise termination thresh-
olds: the diagonal entries of Q (Eq. (&.4)) are set to (e;)?, and the residual-based stopping
rule is applied with T} ; = e;. The uncertainty levels e; are assigned according to
the following error models:

* Constant variance. e; = 0;, with o; taken from Table for cable length and
swivel angle measurements;

e Linear model: e; = é;(1;), with &;(-) given by the affine fits in (5.10) and evaluated
online using the measured tensions 7;;

* [nverse model: e; = é;(1;), with &;(-) given by the rational fits in (5.11) and evalu-
ated online using the measured tensions 7;.

Only the cable-length and swivel-angle uncertainty parameters are made configuration
dependent and varied across the three case studies. The inclinometer uncertainties
are kept constant, since their error statistics are approximately Gaussian and do not
depend on cable tension; the corresponding values are taken from Table[5.5]

Performance is assessed in terms of average and maximum position and orienta-
tion errors with respect to ground truth, as well as average and maximum per-sample
runtime and iteration count.

Accuracy. Tables[5.9H5.10[show that the three error models yield comparable accuracy.
Including the inclinometer (sli, Table[5.9) improves both position and orientation ac-
curacy with respect to s! (Table[5.10), consistently with the observability arguments of
Section[5.2.2

These results indicate that tension-aware modeling is not primarily aimed at improv-
ing accuracy on this dataset. Rather, the comparable accuracy across models confirms
that introducing tension dependence preserves estimation quality while reshaping in-
ternal weighting and termination behavior. For the s/ configuration, the inverse model
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Table 5.10: Pose estimation errors using residual set s/ with different error models
(EngGN).

| Averageerror: | Constant variance | Linear model | Inverse model |

Position [cm] 1.267 1.259 1.254
Orientation [°] 0.954 0.948 0.945

| Maximum error: | Constant variance | Linear model | Inverse model |
Position [cm] 5.040 5.163 8.180
Orientation [°] 2.887 2.958 4.686

Table 5.11: Runtime using residual set s/i with different error models (EngGN).

Time: | Constant variance | Linear model | Inverse model |
Average [ms] 8.4 3.6 3.7
Maximum [ms] 39.8 37.3 28.3

Table 5.12: Runtime using residual set s/ with different error models (EngGN).

’ Time: H Constant variance | Linear model | Inverse model ‘
Average [ms] 3.1 1.8 1.7
Maximum [ms] 97.5 67.6 146.1

Table 5.13: Iteration count using residual set sli with different error models (EngGN).

’ Iteration number: H Constant variance \ Linear model | Inverse model ‘

Average 3.047 0.824 0.689
Maximum 5 5 5

Table 5.14: Iteration count using residual set s/ with different error models (EngGN).

’ Iteration number: H Constant variance \ Linear model \ Inverse model ‘

Average 1.663 0.652 0.510
Maximum 59 18 100

produces larger worst-case errors, which is consistent with aggressive down-weighting
of low-tension measurements: in occasional samples, the estimator effectively relies on
areduced subset of informative residuals.

Computational efficiency and convergence. A markedly different behavior emerges
in terms of runtime and iteration count. Tables 5.11H5.14] show that both tension-
dependent models substantially reduce the average computational cost, for both sli
and sl. For sli, the average time drops from 8.4 ms (constant variance) to 3.6-3.7 ms
(tension-aware), and the average iteration count decreases from about 3.0 to below 1,
indicating that convergence is typically achieved in a single Gauss—-Newton update. A
similar behavior is observed for sl.

Overall, the tension-dependent uncertainty models primarily affect convergence be-
havior rather than accuracy. By reinforcing the influence of high-tension (more reliable)
measurements and down-weighting low-tension (less reliable) ones, the Gauss—-Newton
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iterations become faster. The inverse model achieves the lowest average iteration count,
but it also exhibits larger worst-case variability (notably for sl), which is consistent with
its more aggressive attenuation under near-slack conditions.

However, the dataset is currently limited to a central region of the workspace and
therefore does not capture the full range of operating conditions. Future work will focus
on collecting more representative data that explicitly covers challenging regimes, includ-
ing configurations close to the workspace boundaries and near-slack cable conditions,
to further validate and refine the proposed error-modeling strategies.
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Conclusions

This thesis investigated pose estimation for underactuated cable-driven parallel robots
(UACDPRs) using proprioceptive sensing. Underactuation makes the direct geometric
mapping from actuation-related measurements to end-effector pose intrinsically un-
derdetermined: cable lengths alone are generally insufficient to uniquely determine
the configuration, and additional constraints are required. The central goal pursued
here was to obtain accurate and reliable pose estimates by introducing such constraints
through redundant sensing, rather than by enforcing mechanical equilibrium dur-
ing estimation. The resulting framework was developed consistently across modeling
and experimental validation, with particular attention to practical aspects that govern
robustness in real deployments such as weighting, stopping criteria, and configuration-
dependent measurement reliability.

6.1 Main results

A coherent modeling framework was established for spatial and planar UACDPRs. The
formulation explicitly accounts for pulley routing through swivel-pulley variables and
introduces the swivel and tangency angles needed to represent cable directions and
effective lengths under routing constraints. Within this model, first-order differential
kinematics were derived to obtain analytic Jacobians relating pose variations to vari-
ations in modeled geometric quantities. These Jacobians form the backbone of the
proposed sensor-fusion estimator, enabling systematic residual/Jacobian assembly
without resorting to numerical differentiation.

The direct-kinematics formulations for UACDPRs are reviewed, emphasizing the
limitations of purely geometric approaches and the role of additional information in
closing the problem. In particular, direct geometrico-static formulations were discussed
as a principled way to select an equilibrium pose by coupling geometry with static
constraints, at the cost of additional modeling dependencies. The numerical landscape
was framed in terms of local iterative schemes (Newton-type methods, Gauss—Newton
for least squares) and global techniques. The role of convergence certification was
highlighted through a Kantorovich-based perspective, motivating conservative but
computable conditions ensuring existence/uniqueness of solutions and guaranteed
Newton convergence in square-system settings.

The main contribution of the thesis is a sensor-fusion framework that renders the
pose observable by augmenting cable-length readings with additional pose-dependent
proprioceptive measurements. The approach is cast as a weighted nonlinear least-
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squares estimation problem, where a flexible residual set stacks heterogeneous modeled
quantities (e.g., cable lengths, cable orientation angles such as swivel angles, and directly
measured pose components such as orientation). The problem is solved via Gauss—
Newton iterations. A practical weighting strategy was proposed based on inverse-error
principles, making the objective dimensionless and allowing measurement reliability to
be reflected explicitly in the update direction.

A key practical outcome concerns iteration termination. Norm-based stopping rules
can be difficult to tune and can be sensitive to the numerical scaling and unit conven-
tions of heterogeneous residual components. Component-wise termination conditions
were therefore introduced to enforce physically interpretable bounds separately on
translation and orientation increments and on each residual component. This design
prevents premature acceptance of the initial guess (notably when norm-based residual
thresholds are met without performing iterations) and provides a systematic stopping
mechanism directly linked to expected sensor accuracy. Experimental evidence sup-
ports the relevance of this choice. In the planar validation, a norm-based residual rule
can lead to piecewise-constant estimates over multiple samples due to “zero-iteration”
acceptance, whereas the component-wise residual check yields smoother trajectories
and improved accuracy in most configurations while preserving low runtime. On the
spatial dataset, component-wise rules provide comparable accuracy to norm-based
rules under consistent conditions, while enabling clear trade-offs through interpretable
thresholds (e.g., 10 versus 3o bounds).

The thesis also introduced a tension-aware extension motivated by the observa-
tion that cable-related measurement reliability varies with cable tension. Low-tension
regimes are more likely to violate ideal modeling assumptions due to sagging, backlash,
and friction effects; therefore, treating sensor uncertainty as constant can be suboptimal.
The proposed method models measurement uncertainty as a function of measured
cable tensions through identifiable tension—error relations. Two correlation models
were considered: a linear-in-tension model and an inverse-tension model, the latter
naturally diverging as tension approaches zero and thus strongly down-weighting near-
slack information. Model parameters were identified offline using conservative peak
selection and density-aware fitting procedures to avoid underestimating uncertainty
in sparse regimes. When used online, the tension-dependent uncertainty estimates
were employed consistently in both the weighting matrix and the component-wise
termination thresholds. On the spatial prototype and dataset, the tension-aware models
preserved estimation accuracy while markedly improving computational efficiency:
average runtimes and iteration counts decreased substantially, often yielding conver-
gence in a single Gauss-Newton update. The inverse model achieved the lowest average
iteration count, at the price of larger worst-case variability in some configurations,
consistent with its aggressive attenuation under near-slack conditions.

Two experimental campaigns validated the proposed approach and clarified practi-
cal design trade-offs.

e On the planar 2-cable prototype, ground truth obtained by vision-based tracking
enabled a direct comparison of residual sets and stopping rules. The results
highlighted the role of measurement redundancy and sensor reliability: residual
sets lacking a direct orientation measurement can produce large orientation
errors, whereas including an inclinometer improves observability of rotational
motion. The component-wise termination rule achieved accuracy comparable
to stricter norm-based criteria while keeping runtimes within sub-millisecond
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ranges in the MATLAB implementation.

* On the spatial 4-cable prototype, Vicon-based ground truth supported a sys-
tematic evaluation of sensor combinations and stopping rules. Residual sets
including a direct orientation measurement (inclinometer) delivered substan-
tially higher accuracy than sets relying heavily on swivel-angle information alone,
which can degrade under low-tension conditions. The analysis further showed
that a reduced residual set can offer an excellent accuracy-runtime trade-off
when it avoids unreliable modalities while still constraining the pose sufficiently.
Finally, the tension-aware extension consistently reduced computational cost
across tested residual configurations without compromising accuracy, on the
considered dataset.

Two appendices supported the main narrative. Sensitivity-based uncertainty propa-
gation bounds were summarized to relate bounded measurement uncertainty to pose-
estimation uncertainty in underactuated settings where a subset of degrees of freedom
is measured independently. In addition, a Kantorovich-based convergence certification
framework was specialized to the DGSP of 3-cable UACDPRs, yielding computable
sufficient conditions for existence/uniqueness of the equilibrium solution and conser-
vative bounds on admissible cable-length measurement errors that guarantee Newton
convergence.

6.2 Open Issues

The results of this thesis point to several directions where the proposed framework can
be strengthened and extended.

* Broader datasets and challenging regimes. The tension-aware validation indicates
clear computational benefits, but the available dataset covers a limited region
of operation. A more comprehensive experimental campaign should explicitly
include configurations close to workspace boundaries, near-slack conditions, and
regimes where routing, friction, and sagging effects become dominant. Such
data would improve both the identification of tension—error relations and the
assessment of worst-case behavior, particularly for inverse-tension models.

* Richer reliability indicators and correlation structure. Tension is a meaningful
proxy for reliability, yet additional indicators could be incorporated, such as cable
speed/acceleration or pulley friction estimates. Moreover, the current weighting
assumes independent residual components (diagonal weighting). Extending the
framework to structured (possibly configuration-dependent) covariance models
could capture cross-correlations between cable-related measurements, especially
when shared mechanisms or common disturbances are present.

» Convergence certification beyond square systems. Kantorovich-based certification
provides conservative guarantees for square nonlinear systems solved via Newton
iterations and was exploited in the DGSP context. Extending comparable certifi-
cation ideas to redundant sensor-fusion formulations remains challenging, as it
requires bounding higher-order derivatives of stationarity conditions. Developing
tractable certification tools for Gauss—Newton-based estimators, tailored to CDPR
kinematics, is, in the author’s opinion, a promising research direction.

63



Chapter 6. Conclusions

In summary, this thesis provided a unified modeling and estimation framework
for UACDPR pose estimation based on redundant proprioceptive sensing. The sensor-
fusion WNLS formulation, the component-wise termination strategy, and the tension-
aware extension collectively offer a practical route to accurate, reliable, and compu-
tationally efficient direct-kinematics estimation, validated on both planar and spatial
prototypes, and supported by complementary sensitivity and convergence analyses.
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Appendix A

Sensitivity-based uncertainty
propagation for underactuated pose
estimation

This appendix summarizes the sensitivity analysis developed in the [41] and exploits
it to provide practical bounds on how measurement uncertainties propagate to pose-
estimated variables in UACDPRs. The focus is on underactuated configurations in which
a subset of the end-effector (EE) degrees-of-freedom (DoFs) is measured independently
(e.g., by an inertial unit), so that the remaining DoFs can be recovered from cable-length
constraints.

A.1 Setting and partition of measured and estimated vari-
ables and differential relationship

Let the EE pose be parameterized by the generalized coordinates of Eq. (2.2), which is
recalled here for completeness

¢=[p" €". (A.1)
The sensitivity analysis reported here consider a 6-DoF EE suspended by n = 4 cables,
with an additional sensor providing roll ¥ and pitch 6 measurements. Accordingly, the
pose vector is partitioned into

T T T
¢=[¢ &'y Cu=lP" xl°  Ge=[w 0], (A.2)
where y is the yaw angle and v, 0 are the roll and pitch angles. The components
collected in §. are regarded as known inputs affected by bounded measurement errors,
whereas the components in §,, are unknown and are computed by direct kinematics.

For a fixed configuration &, the kinematic relationship between the cable lengths
and the pose in Eq. (2.38) can be expressed in differential form as

61=J,(8)6¢, (A.3)

where J; is the cable-length Jacobian defined in Eq. (see also [70]). By reordering
the columns of J; consistently with the partition (A.2), Eq. becomes

1.8, + 1168 =61, (A.4)

with J,, € IR*** and J; € IR**2. Outside singular configurations, J,, is full rank and thus
invertible.
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A.2 Sensitivities to cable-length measurement errors

Assuming that the roll and pitch measurements are exact, i.e., not affected by measure-
ment noise, it follows that §¢; = 0. Eq. yields

5(,=Kdol, K=J, (A.5)
To obtain dimensionally consistent quantities, K is decomposed so that

op
ox

Kp
Ky

o], (A.6)

where K, € IR*** and K, € R4,
Following [71], the point-displacement sensitivity to cable-length errors is defined
as

y)
0l = max 1pl2 = IKplooz, (A7)

and the yaw sensitivity is defined as

N
ok, = [nax 16712 = Kyl (A.8)

0=1

where || - |oc and || - || are the co-norm and the 2-norm of (-) [72].

A.3 Sensitivities to roll and pitch measurement errors

If cable-length measurements are exact, i.e., not affected by measurement noise, it
follows that 61 = 0. Eq. (A.4) becomes

Jub8y = ~Jk 68k (A.9)
By inverting J,,, the perturbation on the estimated variables is obtained as
68, =-Fd¢,, F=J.'"I;. (A.10)
Asin (A.6), F is partitioned into

Fp

iy 5¢,, A.11)

op| _
Sx|
where F, € R**? and Fy € IR'*%.
The point-displacement sensitivity to roll-pitch errors is defined as

o5 = ymax_ 5Pl = IFy o (.12

and the yaw sensitivity to roll-pitch errors is defined as

okl = omax_ 18712 = By ooz (A.13)
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A.4 Illustrative case study

An illustrative application is presented for a 4-cable UACDPR (Fig. [A.T), whose EE has
mass m = 1 kg and the following geometrical parameters:

0.1 0.1 [ —0.1 -0.1
Pal=1 015 |m, Pa,=| -015 |m, Paj=| -0.15 |m, Pa,=| 0.15 | m,
0.15 0.15 | 0.15 0.15
1.5 1.5 [ —1.5 -1.5
b; = 1 |m, by=| -1 |m, bsg= -1 |m, by= 1 m,
0 0 | o 0

—0.5

—1.5 -

y [m]

x [m]

Figure A.1: Prototype used in the illustrative 4-cable example (from [41]).
The sensitivity indices (A.7)—(A.13) are evaluated over the workspace. For the consid-
ered example, the indices are reported to range from 1.78 to 6.19 mm/mm for o ’12 and
from 0.77 to 1.51 °/mm for o 2 Moreover, the indices are reported to range from 0.64

to 3.89 mm/° for o’ {2" and from 0.01 to 1.81 °/° for o* (" . The corresponding sensitivity
maps, highlighting how cable-length errors affect both point displacement and yaw
throughout the workspace, are shown in Fig.|A.2} whereas the sensitivities induced by
roll-pitch errors are reported in Fig.

If maximum errors in cable lengths d/j; and in roll-and-pitch angles d{y s are
known, the following worst-case bounds are reported:

16D paxllz = a7y dins + 0%, dCs (A.14)
16 ¥ maxll2 = ’”"fdszX 2 Ak (A.15)

For the same 4-cable UACDPR, assuming d/j; = 1 mm (compatible with incremental
encoders accuracies and cable elasticity effects) and d{y s = 0.4° (compatible with
accurate vertical-reference units [73]), the combined point-displacement and yaw errors
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0%, mm /mm] ol [* /]

1.78 2.88 3.99 5.09 6.19 0.77 096 1.14 1.33 1.51

-1

Figure A.2: Point-displacement and yaw sensitivities to cable-length errors (adapted

from ).

0?5 [mm /) 0% [/

0.64 1.45 2.27 3.08 3.89 0.01 046 091 1.36 1.81

Figure A.3: Point-displacement and yaw sensitivities to roll-pitch errors (adapted from

1)),

computed throughout the workspace are reported to range from 2.13 to 7.46 mm for 6p
and from 0.77° to 2.12° for ¢ y. The resulting worst-case error distributions are shown in
Fig. Higher accuracies are reported in the central part of the workspace, whereas
the largest inaccuracies occur in the upper part for p and in the side parts for y.

A.5 Discussion

This appendix is intended to complement the thesis by illustrating how bounded input
uncertainties can be propagated to pose variables through sensitivity indices and asso-
ciated worst-case bounds. It is noted, however, that the indices and maximum errors
reported here are derived by casting the kinematic relations into a square system of
equations. Therefore, the present derivation is not a general result that can be directly
transferred to the sensor-fusion formulation introduced in Chapter[4} which typically
leads to more complex (e.g., overdetermined) systems. Rather, the analysis should
be regarded as a methodology that can inform future extensions, in which analogous
indices could be defined for systems arising in sensor-fusion settings. Moreover, the
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||dpm,(1‘:1:||2 [mm] “dwmam“Q [O]
2.13 3.46 4.8 6.13 7.46 0.77 1.11 1.45 1.78 2.12

|

Figure A.4: Combined worst-case point-displacement and yaw errors (adapted from

@),

numerical study is restricted to the considered 4-cable UACDPR and is not meant to
provide a general characterization across architectures. Despite these limitations, the
reported workspace maps offer useful insight into the spatial distribution of error prop-
agation, indicating which regions are intrinsically more sensitive to inaccuracies in the
input measurements and, consequently, where larger pose errors are expected under
comparable uncertainty levels.
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Appendix B

Kantorovich-based convergence
certification for the DGSP of 3-3
UACDPRs

This appendix specializes the Kantorovich framework [60}61} 32] recalled in Section[3.3.1]
to the direct geometrico-static problem (DGSP) of a 3-cable UACDPR [18]. The objective
is to obtain computable sufficient conditions ensuring existence and uniqueness of
the equilibrium solution in a neighbourhood of a numerical estimate, and to derive a
conservative bound on the maximum admissible cable-length measurement error that
still guarantees Newton convergence to that unique equilibrium.

B.1 Quadratic DGSP formulation for a 3-cable UACDPR

The 3-cable UACDPR considered consists of a rigid end-effector (EE) that is constrained
to move in SE(3) by three cables actuated by three winches, according to the geometric
model presented in Section[2.1] Zero-radius pulleys are assumed, so the frame exit
points are constant, and the cables are modeled as massless, so no sagging occurs,
and inextensible, so no elasticity effects are considered. Let A;, i = 1,2,3, denote the
attachment points on the moving EE and let B;, i = 1,2,3, denote the corresponding
points on the fixed-frame. Their position vectors in Oxyz are denoted by a; and b;,
respectively, with b; constant.

The EE geometry is enforced by the fixed distances between attachment points,
denoted here by ap; = llaz —ayll, as» = llaz —azll, and a3 = [la; —as|l. Cable-length
measurements are denoted by /;, i = 1,2, 3, and satisfy the geometric relations ||a; —b; || =
l;,i=1,2,3.

Under the quasi-static assumption (Section|3.1.2), equilibrium under gravity can be
written by introducing the positive scalars

T.
/1,-:1—’, i=1,2,3, (B.1)
i

where 7; denotes the cable tension. Let P be the center of mass of the EE; its position
p can be expressed as an affine combination of the three attachment points, if A;, A,
and As are not aligned [74]. With the moment reduction pole chosen at O =B, [18], the
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DGSP can be written as a square system of NV = 12 scalar equations in N unknowns:

laz —ay [ — a3,
lag —ayl|* — a3,
la; —asll* — af,
lay —by 12— 1§

rX) = lay — byl — 12 =012x1, (B.2)
lag —bsll* - I3
3 [~ b,-—ai 1+ mg
|5 [bi(bi—a)]| ™" |p(mg)

where m is the EE mass and g is the gravity vector expressed in Oxyz. The unknown
vector is o
a;
a
as
M
A2
[As3 ]
A key property of is that all components of r(X) are quadratic in X. As a conse-

quence, the second-order derivatives entering the Kantorovich constant are constant
(i.e., independent of X) [26].

e IR'?, (B.3)

B.2 Interval modelling of cable-length errors

Let the cable-length measurements be affected by bounded errors. For a prescribed
error bound Al = 0, the true cable lengths are assumed to satisfy

Lie[l;-AlL I; + Al], i=1,2,3. (B.4)

Substituting L; in place of /; in the length constraints of yields an interval-valued
residual vector, denoted by R(X, Al):

2 2
laz —a; ||2 - a%1
llas — azII2 - “32
la; —asll® —aj;

2_ 2
la; —byl“ -1

R(X;Al) = ”a2 _b2”2 _ lg . (BS)
lag —bs||* - I3
3 _a.
P b, —a; 1+ [~ mg
| 5 [bi (b —ay) p(mg)] |

When Al =0, the interval degenerates and R(X, 0) = r(X).

B.3 Maximum admissible measurement error via the Kan-
torovich constant

Let Xp be a numerical estimate obtained by solving Eq. (B.2) with the nominal cable
lengths [/; using the approach proposed in [18]. This approach returns all solutions of
Eq. (B:2), and X is selected among them within the workspace region of interest.
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Algorithm 1: Bisection search for Aly,3x based on Ko(AD

Input: Nominal estimate Xy; tolerance ¢ > 0; bracket [A; 4, A7 p] s.t. E(Al,a) <1
and Ko(A7p) > 1.
Output: Al such that1 -t < Ko(Almax) <1+t
while frue do
Apm — (Dpa+ALp)/2
if Ko(A7 ) > 1 then
| Ay — Ay
else
t Al,a - Al,m
if 1 — £ < Ko(A; ) <1+t then

Almax - Al,m
break

The Kantorovich quantities introduced in Section [3.3.1| are evaluated at X, for
R(X,Al) (Eq. (B.5)) using the infinity norm:

12

A=I1"Xll, C=Y

k=1

0°r(X)
0X; an

. Lj=1,...,12, (B.6)

where J(X) = 0R/0X. Since R(X, Al) is linear in A/, the quantity Ay is independent of Al.
Moreover, owing to the quadratic structure of Eq. (B-2), the quantity C is constant with
respect to X [26]. In contrast, the quantity 2B, depends on the cable-length uncertainty

through (B.5):
2Bo(AD) = |17 Xo) RXo, AD|, (B.7)

which is interval-valued when Al > 0 due to the interval nature of R(Xy,Al). Conse-
quently, the Kantorovich constant (Eq. (3.23)) becomes an interval function

Ko(Al) =24 Ag Bo(AD) C, (B.8)

since N = 12 in (B2). Let Ky(Al) denote the upper bound of the interval Ky(Al). The
maximum admissible cable-length error Al 4« is obtained by enforcing the Kantorovich
condition through the interval upper bound,

Ko(Alpay) < 1. (B.9)

When holds, the Kantorovich theorem ensures (Section|[3.3.1) existence and unique-
ness of a solution in the neighbourhood of Xy and convergence of Newton’s method
initialized at Xj.

In [42], Almax is computed with a bisection scheme (Algorithm [1) applied to the
scalar function Ky(Al). An interval [A 1,a» A1 p] is first selected such that Ko(A 1,a) <1and
Ko(A 1.p) > 1, with A; , = 0. Then, the interval is iteratively bisected until a midpoint
Apm=(Apg+App)/2satisfies 1 -1 < E(Al,m) < 1+¢,where ¢t > 0is a prescribed tolerance
that sets the stopping condition for the iterative bisection method.
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Table B.1: Geometric parameters of the 3-cable UACDPR used in the numerical assess-
ment.

i 2
0 1

Pa’ [m] 0 0 1.2
0 0 0
0.1 0 0

b; [m] 0 0.1 0
0 0 [ 0.1 |

B.4 Guaranteed bound on the solution error

Once Alnay is obtained, the Kantorovich a posterioriestimate (Eq. (3.25)) provides a con-
servative bound on the distance between the true solution associated with admissible
perturbed cable lengths and the nominal estimate Xy. Since 2By (Al) is interval-valued,
the guaranteed bound is given by its upper endpoint:

IXs — Xoll <2Bo(Almay), (B.10)

where X denotes the unique solution certified within the Kantorovich ball of radius
2By (Alnax) centered at Xg. Therefore, once the maximum admissible error on the cable-
length measurements Al is prescribed, the guaranteed accuracy of the estimate X,
obtained as a solution of Eq. (B.2), is quantified by 2By (A lmay)-

B.5 Numerical assessment

The convergence certification procedure presented in Section[B.3|was applied to quan-
tify the maximum admissible error on the cable-length measurements that still guaran-
tees convergence of Newton’s method when solving the DGSP in Eq. for a 3-cable
UACDPR. The geometric parameters adopted in the simulations are reported in Ta-
ble[B.1] In this assessment, the EE is subject to a gravitational force of magnitude 1N
applied at point P.

A workspace-wide evaluation was performed. The workspace was computed with
the method in [46], imposing cable-tension bounds between 0.25N and 10N. For a
set of M = 162 reachable poses, the maximum admissible cable-length error Al ax
and the associated guaranteed accuracy bound for the DGSP estimate X, given by
2By (Almay), were evaluated. The simulations show that Al ranges from 8.4F°m to
5.4E~*m. The admissible cable-length errors required to guarantee convergence are
therefore very small, especially near the workspace boundaries. Moreover, additional
error sources such as friction, cable sagging, and cable elasticity were not modeled here
and are typically several orders of magnitude larger than sensor-induced cable-length
errors. In this context, enforcing convergence guarantees would require restricting
the estimation to workspace regions where Al exceeds the accuracy threshold of
the adopted sensing system. Even in the central regions of the workspace, where the
convergence conditions are most favorable, the required cable-length accuracy remains
demanding, being on the order of 5E~4m.

It is noted that the present outcome pertains to a specific, non-optimized geometry
with fixed design parameters. Different architectures or optimized geometric designs

76



B.6. Discussion

Figure B.1: Maximum admissible cable-length error Alyax and corresponding con-
vergence radius 2By (Alnax) across the workspace of the considered 3-cable UACDPR
(adapted from [42]).

may lead to substantially less stringent accuracy requirements. Hence, the proposed
certification procedure remains relevant and potentially practical when applied to
appropriately designed setups.

The convergence radius 2By (Alphax), which bounds the uncertainty on the certified
DGSP solution, ranges from 6.7E % to 2.1E73 and generally increases toward the center
of the workspace. This trend follows from the larger admissible cable-length errors in
those regions: as Al increases, the set of admissible measurements enlarges and so
does the region in which the true platform pose is guaranteed to lie.

Figure also indicates that Alyax and 2Bg(Alnay) are not rotationally symmetric
with respect to the vertical axis within the analyzed horizontal planes, since the base
and platform attachment triangles are neither equilateral nor homothetic.

B.6 Discussion

The present workspace study should be regarded as a preliminary assessment carried
out under simplifying assumptions with respect to those adopted in Chapter[4] In
particular, the analysis is performed on the geometrico-static equation set rather than
on a redundant formulation as in the sensor-fusion problem. This choice is crucial
because it allows the direct application of the Kantorovich theorem to a zero-finding
problem. Extending the same type of certification to the sensor-fusion formulation
would require applying Kantorovich to the first-order optimality condition, i.e., to the
equation V f(§) = 0 associated with the cost function f (Eq. 4.3)). In turn, this would
involve bounding second derivatives of V f, hence computing and managing third-order
derivatives, which significantly increases the analytical and computational complexity.
Moreover, in this preliminar study only a 3-cable UACDPR with zero-radius pulleys is
considered; as a consequence, the Hessian structure of the DGSP equations is greatly
simplified and the quantity C can be treated as constant, which substantially reduces
the computational burden of the certification procedure.
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Despite these limitations, the obtained results already provide a clear indication of
the practical issues arising when the pose estimate relies solely on cable-length measure-
ments: the admissible errors Al ,x are extremely small, and for the tested configuration
convergence cannot be guaranteed over the entire workspace when considering the
accuracy of currently available sensors. It is also recalled that the Kantorovich theorem
provides a sufficient, but not necessary, condition for convergence; therefore, lack of
certification does not imply that Newton’s method fails to converge, but rather that
convergence cannot be guaranteed by the adopted bound. In the author’s opinion,
pursuing the extension to the redundant sensor-fusion setting appears worthwhile from
a physical viewpoint: introducing measurement redundancy tends to rule out spurious
solutions, since a pose compatible with one subset of measurements may become
infeasible once additional measurements are enforced. As a result, substantially less
stringent accuracy requirements may be obtained, potentially enabling convergence
certification for the sensor-fusion algorithm proposed in this thesis.
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