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Introduction

The core of the present thesis is devoted to a detailed study of some algebraic struc-
tures associated with affine Coxeter systems, with a particular focus on types D and B.
Coxeter groups have been studied from several perspectives such as algebraic, geomet-
ric, and combinatorial, and play a fundamental role in many well-known mathematical
areas, such as Kazhdan—Lusztig theory. Classical examples of Coxeter groups are the
symmetric group S, and the dihedral group I3(m), that is the group of symmetries of a
regular m-gon. In general, finite Coxeter groups can be realized as groups of geometric
transformations generated by reflections. If we relax the notion of reflection, this real-
ization extends to certain infinite Coxeter groups, namely the affine and hyperbolic ones.

Finite and affine Coxeter groups have been completely classified (see [8, Appendix Al]).

One of the main objects of investigation in this thesis is the Temperley—Lieb alge-
bra, which is a very classical mathematical object studied in algebra, combinatorics,
statistical mechanics and mathematical physics, introduced by Temperley and Lieb in
1971 [46]. Kauffman [36] and Penrose [41] showed that the Temperley-Lieb algebra can
be realized as a diagram algebra, that is, an associative algebra with a basis given by
certain diagrams on the plane. On the other hand, Jones presented the Temperley—Lieb
algebra in terms of abstract generators and relations. In [34], he also showed that this
algebra occurs naturally as a quotient of the Hecke algebra of type A. The realization of
the Temperley—Lieb algebra as a Hecke algebra quotient was generalized by Graham in
[24]. He defined the so-called generalized Temperley—Lieb algebra TL(I") for a Coxeter
system of arbitrary type I' and showed that it has a monomial basis indexed by the
fully commutative elements FC(T') of the underlying Coxeter group. Over the years,

some diagrammatic representations for TL(I') have been found. More precisely, Green



INTRODUCTION 4

defined a diagram calculus in finite Coxeter types B, D, E and H, respectively in [26],

[29] and [25]. For affine types, in [2I] Fan and Green provided a realization of TL(A) as
a diagram algebra on a cylinder and in [I8, 19], Ernst represented TL(C) as an algebra
of decorated diagrams. In order to complete the classification of diagrammatic repre-
sentations, we focused on the affine remaining cases, namely D and E, and provided
two algebras made of decorated diagrams which are isomorphic to the corresponding
Temperley—Lieb algebras.

Several strategies have been used to prove the faithfulness of the known diagrammatic
representations of Temperley—Lieb algebras of arbitrary type. For instance, in type C
two different proofs of injectivity exist: the original one due to Ernst [19] uses non-
cancellable elements in Coxeter groups, while more recently in [3], an algorithmic proof
based on a decomposition of the heaps associated with fully commutative elements is
proposed. We also provided two ways to prove the faithfulness of these two diagrammatic
representations: one uses a subset of fully commutative elements that are irreducible
with respect to a well-known operation in Coxeter groups called the star operation, and
another one a more combinatorial approach from which an algorithm for factorizing
decorated diagrams can be derived.

For the first way, we needed to classify such star irreducible fully commutative el-
ements in types D and B. The notion of the star operation was first introduced by
Kazhdan and Lusztig in [37] for simply laced Coxeter systems and later extended to
arbitrary Coxeter systems in [38]. Star operations provide a powerful tool to study
the decomposition of a Coxeter group into Kazhdan-Lusztig cells. These cells play a
fundamental role in representation theory. Here, we consider a special case of the star
operation that strictly decreases the length of the element to which it is applied [27],
and following [17], we focus on the star and weak star reducibility of fully commutative
elements. Over the years, star irreducible elements have been classified. Green [27]
defined a Coxeter group to be star reducible if and only if all of its star irreducible ele-
ments are products of commuting generators. In particular, he proved [27, Theorem 6.3]
that finite types 4, B, D, E, F, H, I and affine types A, (with n even), C, (with n odd),
Eg, and Fj are star reducible Coxeter systems. Types D and B are not star reducible
and their star irreducible elements were not classified, so our first result is a complete
characterization of them.

Another important aspect we discussed in this thesis concerns the geometric repre-
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sentations of affine Coxeter groups. It is a standard approach to view Coxeter systems
as groups generated by special linear transformations generalizing orthogonal reflections
in Euclidean space. Given a Coxeter group W and a real vector space V equipped with
a symmetric W-invariant bilinear form B, a simple system is a basis of V' in bijection
with the generators of W, and the orbit of this simple system is the set of roots of W.

In [31], the authors define the 2-roots in the symmetric tensor space S%(V) as
aVi=a®f+ R«

where a and 3 are orthogonal roots. They focus on particular families of simply laced
Weyl groups, and construct a basis B for the module of 2-roots a V 8. In particular, in
types A and D, each 2-root of this basis can be depicted as the top portion of a diagram
of the Temperley—Lieb algebra associated to the Weyl group. Finally, the authors show
that B behaves like a simple system for a representation of W on V ® V. In [30], Green
works on a Coxeter group of type D and generalizes the notion of 2-roots to k-roots for
k > 2. He then constructs a basis for the module of the k-roots, which turns out to
be useful for showing that the spherical functions of the Gelfand pair (S, Sk X Sp_k)
are non-negative linear combinations of this basis. Similarly, we worked to define a
representation of an affine group W of type D on the k-th symmetric tensor product
of V. For this, we use the k-roots and define a special subset of the k-roots, called
canonical, which is in bijection with a subset of decorated diagrams that arise from our

diagrammatic representation of the Temperley—Lieb algebra of type D.

The last part of the thesis was motivated by a problem concerning the Poincaré
series T'(q) of the set of reflections T' of a Coxeter system. As reported by Brenti [10],
Stembridge, during an open problem session at the Mathematical Sciences Research

Institute at Berkeley in 1997, proposed the following problem:
Is it true that the Poincaré series T(q) for a given Cozeter system is rational?

It turns out that a solution to Stembridge’s problem was provided in 1999 by de Man [12].
However, the author seemed unaware of Stembridge’s question and the Combinatorics
community was not aware of the solution. This might be explained by the title of

de Man’s article “The generating function for the number of roots of a Coxeter group”,
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which address counting reflections by length at the end of the article in [12), §5.2]. His
solution is based on the Brink—Howlett automaton [11] that recognized the language of
lexicographically ordered reduced words. In [12, Theorem 4.1], de Man shows that the
generating function ®*(q) of the depth of positive roots is a sum of rational functions
that are obtained from a subset of states of the Brink—Howlett automaton and from the
enumeration of the vertices of a family of graphs parameterized by T'. So the generating
function ®*(q) is rational. Since T(q) = ¢ ®*(¢?), the Poincaré series of the reflections
T'(q) is rational as well. However, the Brink-Howlett automaton contains a lot of states,
most of them “dead states”, which make this automaton difficult to use in practice. For
instance, in affine type Ay, the number of states of the Brink-Howlett automaton is
bounded by 25; de Man provides some example of T/(q) using a computer to handle his
formula.

We provide a simple explicit formula for 7'(q) in the case of affine Coxeter systems
as P2

T()=> ¢ =a7— 5y _(223\4,
teT

where M € N and P(q) is a palindromic polynomial.

These considerations, led us to study the language of palindromic reduced words.
In fact, it is well-known that reflections admit palindromic reduced words. So, besides
finding an explicit formula for a rational function for T'(¢), another natural approach
to this question is to find an automaton that recognizes one palindromic reduced word
for each reflection. So such a language would be regular and the associated generat-
ing functions of paths in the automaton would be rational. However, it is well-known
that even if a language L is regular, the associated language of palindromic words is
not necessary regular. The question of the regularity of the language of palindromic
reduced words, which are necessarily reduced words for reflections, is still open. In a
recent article, Milli¢evié¢ provides palindromic reduced words for any reflections in finite
Weyl groups, but underlines the question of finding a general algorithm. That question

leads us to prove that the language of reduced words for reflection-prefizes is regular.

Now we briefly outline the structure of the thesis, which is divided into five chapters.
Chapter [1| provides a review of Coxeter system theory and introduces the main tools

used throughout the work.
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In Chapter [2, we study the star-irreducible fully commutative elements of affine
types f)n+2 and §n+1~ More precisely, in Section we classify the star irreducible
elements of type ﬁn+2 (Theorem . In Section building on this classification
and employing an injective map between the sets of fully commutative elements of types
l~)n+2 and En+1 (Definition , we also characterize the star irreducible elements
(Theorem and weak star irreducible elements (Theorem [2.4.14)) of type By 1.

In Chapter [3| we provide diagrammatic representations for the Temperley—Lieb al-
gebras of types l~?n+2 and En+1. We first prove the injectivity of the representation
in type 5n+2 by using the classification of star irreducible fully commutative elements
of type lN)nJrg introduced in Chapter (Theorem . Then, we define ad hoc in-
jections between FC(B, 1) and FC(D,,») and between D(B, 1) and D(D, ), from

which we deduce that D(B,,41) is a faithful diagrammatic representation of TL(By,+1)
(Theorem [3.9.3).

In Chapter 4} we extend the notion of k-roots to Coxeter systems of affine type D,,.
We also generalize the notion of admissible Temperley—Lieb diagram and introduce the
n, k-semidiagrams which are made of n horizontally aligned nodes joined by k edges, pos-
sibly decorated. Those n, k-semidiagrams are in bijection with the k-roots, and we show
that the W-action on the k-roots matches with the W-action on the n, k-semidiagrams.
Then we show that each k-root can be expressed as a linear combination of canonical
k-roots, with non-negative coefficients, using the properties of n, k-semidiagrams (The-
orem . However, the set of canonical k-roots is not a basis for the module of
k-roots. A deeper reason lies in the rank of the stabilizer of a simple root of W, as
described in the third example of [I}, §4], therefore [31, Theorem 2.7] does not hold in
this affine case.

Finally, in Chapter [5] we address two problems related to the rationality of the
Poincaré series of the reflections. On one hand, we construct an automaton, based on
the Garside shadow automaton, which recognizes the language of the so-called reflection
prefizes (Theorem . Unfortunately, this automaton recognizes all the reduced
expressions for each reflection. In future work, we plan to refine this automaton to obtain
one that recognizes exactly one expression per reflection. On the other hand, restricting
to affine Coxeter systems, we provide explicit formulas for T'(q) (Theorem [5.3.17).



Chapter 1

Preliminaries

1.1 Fully commutative elements and generalized Temperley—

Lieb algebras

Definition 1.1.1. Let S be a finite set. A matrix M : S x S — {1,2,...} U{oo} such
that (s,t) — mg, is called a Cozeter matriz if mss = 1 and, for s # t, mg = mys. The

group W defined via the presentation
W = (5] (st)™t =e,mg < 00)

is called the Cozeter group associated with the Coxeter matrix M.

The defining relations of W can be written more explicitly as

s?=e, forallseS; (1.1)
st =ts, if mg =2; (1.2)
sts---=tst--- if 3 <mg < o0, (1.3)
—— =
Mst Mst

where ([1.2)) are called commutation relations and (1.3)) braid relations. The pair (W, .S)
is called a Cozeter system. We call Cozeter graph T associated to (W, S) the graph with
set of vertices S and where the edges are the unordered pairs {s,t} such that mg > 3.

The edges with mg > 4 are labeled by myg;, otherwise they are usually left unlabeled.
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Note that two vertices labeled by s and ¢ are not adjacent if and only if the generators

s and t commute, i.e. mg = 2.

Example 1.1.2. The graph associated to the Coxeter system of type A,_1 is depicted
in Figure (1.1}

S1 52 S3 Sp—2 Sp—1
— o o - — —o— o

Figure 1.1: Coxeter graph of type A,_1

The associated Coxeter group denoted by W (A,,_1) is generated by S = {s1, $2,...,Sn—1}

and has defining relations

(1) s? = e for all i

;=
(2) 8i8j = 8581 if |7, —]‘ > 1;
(3) SiSjSZ' = SjSZ‘Sj if ‘2 —j‘ =1.

In particular, the Coxeter group W(A,_1) is isomorphic to the symmetric group
Sy, via the group isomorphism that maps s; to the adjacent transposition (7,7 + 1) [8,

Proposition 1.5.4].

Example 1.1.3. The Coxeter groups defined by the Coxeter graphs in Figure are

denoted by W(D,,+2) and W(By,+1), and will play a central role throughout the thesis.
They appear in the classification of the affine Coxeter systems in [8, Appendix Al].

Sn+1

S0 S0
4
s2 sy Sn s2 sy Sn Sn+1
S1

S1 N Sn+2

Figure 1.2: Coxeter graphs of type En+2 and §n+1.

Every element w € W can be written as a word w = s;, 85, - - - Si,., called an expression
for w. If r is minimal among all such expressions for w, then r is the length of w, denoted
by ¢(w), and the word w = s;,8;, - - - s, is called a reduced expression for w. We denote

by R(w) the set of all the reduced expressions for w; we will usually denote the reduced

expressions by bold letters.
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If A C W, we define the Poincaré series of A as

Alg) =Y ¢". (1.4)

a€A

Sometimes, by the symbol [ab]; we will denote the expression of k letters starting with
a and alternating a and b, where a, b € S and k£ € N\{0}. For instance, (st)™s* = [st|am,,-
We define the left descents set and the right descents set of w € W respectively by

Dr(w):={se S |l(sw) <l(w)} and Dr(w) :={s € S| l(ws) < l(w)}.

We have that s € Dr(w) (s € Dr(w)) if and only if there exists a reduced expression
for w that starts with s (finishes with s). For more details, see [8, §1.4].

Let u,v,w € W. We say that w = wv is a reduced product if {(w) = £(u) 4+ ¢(v). In
this case, u is called a prefix of w, and v is called a suffiz of w. In general, u is a factor
of w if there exist z,y € W such that w = xuy and f(w) = €(z) +£(u) + ¢(y). We denote
by Pref(w) (respectively, Suff(w)) the set of prefixes (respectively, suffixes) of w.

The following is sometimes called Matsumoto’s Theorem (see for instance [33]).

Proposition 1.1.4. In a Coxeter group W, any two reduced expressions in R(w), with

w € W, differ by a finite sequence of commutations and braid moves.

We define an equivalence relation in R(w) as the reflexive transitive closure of the
relation: given w,w’ € R(w), w ~ w’ if and only if w’ can be obtained from w by a
single commutation relation. Equivalence classes of this relation are called commutation

classes.

Definition 1.1.5. An element w € W is fully commutative if w has exactly one com-

mutation class. The set of all fully commutative elements of W is denoted by FC(W).

Example 1.1.6. Let w = s453515251 be a reduced expression for w € W(Ay). Then
R(w) = {s453515251, S451535251, $154535251, S453528152}. There are two commutation
classes, that is {s1s4535251, 451535251, 453515251} and {sy183528152}, hence w is not

fully commutative.

Example 1.1.7. The element w = $355595450515352 is in FC(ﬁG) and u = 5459515352

in FC(]_~)4), while the element v = 51595153 in W(]_~)4) is not fully commutative.
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The next proposition, due to Stembridge [45, Proposition 2.1], characterizes the FC

elements of type I and it is useful to test whether a given element is FC or not.

Proposition 1.1.8. An element w € W is fully commutative if and only if for all

s,t € S such that 3 < mg < 00, there is no expression of R(w) that contains the factor

[St]mst ‘

In Example the element v € W(]_~)4) is not fully commutative since its reduced
expression s;s251s3 contains the factor s1s951 and mg, s, = 3.
Let w = s, -+ s, be a reduced expression of w € W. Set [r] := {1,2,...,r}; we

define the support of w € W to be the set
supp(w) :={s € S |3k € [r], s = s}

We say that supp(w) is complete if supp(w) = S.
Note that by Matsumoto’s Theorem, this set does not depend on the choice of w.
In particular, if w € FC(W) and w’ = sj, ---s;, is another reduced expression of w, it

follows that
[{k € [r] | si, = s} =[{h € [r] | 55, = s},

for all s € supp(w).

Definition 1.1.9. We say that w € FC(W) is trivially commutative if it is a product of
commuting generators. We denote the set of trivially commutative elements by TC(WW)
and we assume that e € TC(W).

We now introduce two important closely related tools for studying FC elements: the
Cartier—Foata normal form and the heap of an element, introduced in [20] and [47],

respectively.

Theorem 1.1.10 (Cartier—Foata normal form). Every w € FC(W) admits a unique
factorization

W= U Unp (1.5)
called the Cartier-Foata normal form (CFNF), satisfying the following conditions:

(a) supp(ug) = Dr(w);
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(b) u; € TC(W) for alli € {0,1,...,m};
(c) L(w) = £(uo) + - -+ + L(um);

(d) if t € supp(uji1), j € {0,1...,m — 1}, then there exists s € supp(u;) such that
Mmst Z 3.

Example 1.1.11. Consider the following reduced expressions of w; € FC(1~)7) and
wy € FC(Bg), respectively:

W1 = (8084)(8385)(82848687)81;

Wo = (83) (8284) (818385) (828486> (808385) (8286).

The factors in parenthesis correspond to the factors of their CFNF.

Lemma 1.1.12. Let w € FC(W) and w = ug - - - up, be its CFNF. Let z = s, -- - s;,, be

a reduced expression of a prefix of w satisfying the following conditions:

(a) if k> 1, s;; and s;; ., are not commuting generators for all 0 < j <k —1;

(b) Sip, S Supp(um);
(¢c) w=zv is a reduced product and s;, ¢ supp(v).
Then k = m.

Proof. We have that s;, € supp(up), since s;, € Dr(w). Since sy, - - - s;; is prefix of w for
each 1 < j <k, by (a) and Theorem (d), we have that s;; € supp(u;) and z is a
prefix of ug - - - u. Furthermore, by (b) and (c¢) we can conclude that k = m. Otherwise
if kK < m, then w = zv is a reduced product and supp(u,) C supp(v), so s;, € supp(v),

that is a contradiction. O

1.1.1 Heaps

The concept of heap helps to capture the notion of full commutativity. We briefly
describe a way to define the above mentioned heap and its relations with full commuta-
tivity; for more details see for instance [7] and the references cited there.

Let (W, S) be a Coxeter system with Coxeter graph I', and fix a reduced expression

W = 5q, " Sq, With 84, € S. Define a partial ordering < on the index set {1,...,1} as



CHAPTER 1. PRELIMINARIES 13

follows: set ¢ < j if i < j and sg;, Sa; do not commute, and extend it by transitivity.
Observe that if i < j and sq; = s4;, then ¢ < j by transitivity and the fact that w
is reduced. We denote by H(w) the triple ({1,...,l},<,¢), where € : i > 54, is the
labeling map and we call H(w) a labeled heap of type T’ or simply a heap. Moreover,
if Fis a subset of {1,...,l} and <’ and &’ are the restrictions of < and € to F, then
(F,<',¢") is called a subheap of H(w). In particular, given a heap H = H(w) and a
subset I C S, we denote by H; = (F,<’,&') the subheap of H where F is the set of all
elements of {1,...,1} with labels in I (see [47, §2]).

Heaps are well-defined up to commutation classes [47]; that is, if w, w’ € R(w) belong
to the same commutation class, then the corresponding labeled heaps are isomorphic.
This means that there exists a poset isomorphism between the heaps that preserves the
labels. Therefore, when w is FC we can define H(w) := H(w), where w is any reduced
expression for w. Heaps of this form will be called FC heaps. Moreover, if H(w) is a FC
heap then its linear extensions are in bjiection with R(w); see [45], Proposition 2.2].

In the Hasse diagram of H(w), vertices with the same labels are drawn in the same
column. Moreover, as in [I8], we draw heaps from top to bottom, namely the vertices on
the top of H(w) correspond to generators occurring on the left of w. We often identify

vertices with their labels.

Example 1.1.13. Consider w € W(A4) as in Example In Figure the heaps

of two reduced expressions of w belonging to different commutation classes are depicted.

S1 S2 S3 5S4 S1 S2 S3 54

Figure 1.3: Heaps of two reduced expressions w1 = $453515251 and wg = 5453598152 for
the same w € W (Ay).

Example 1.1.14. The heaps of w = 5355525450515352, U = S459515352 and v = $15257153
of Example are represented in Figure Recall that w and u are fully commuta-

tive elements, while v is not. The subheap of H(w) corresponding to the subset {s2, s3}
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is dashed.

S0 S1 S2 S3 S4 S5 Se S0 S1 S2 S3 S4 S0 S1 S2 83 54

Figure 1.4: The heaps H(w), H(u) and H(v), with the subheap H(w),, s,) dashed.

Definition 1.1.15. Let (W, S) be a Coxeter system, w € FC(W), and H := H(w).
We say that H is alternating if for each pair of non-commuting generators s,t in .S, the

chain Hg sy has alternating labels s and ¢ from top to bottom.

Both examples in Figure are alternating. Note that if H(w) is alternating, then
any reduced expression w of w is alternating in the sense that for each non-commuting
generators s,t € S, the occurrences of s alternate with those of ¢ in w. In this case we
also say that w € FC(W) is alternating.

In the next chapters, we focus mainly on the Coxeter systems of types 1~)n+2 and
§n+1' Their Coxeter graphs are depicted in Figure and they completely determine
the corresponding Coxeter systems. For more details and combinatorial characterization

of such groups we refer to [8, §8].

1.1.2 Generalized Temperley—Lieb algebras

Given a Coxeter system (W, .S), the Iwahori-Hecke algebra H = H(W) is the unital
associative algebra over the ring of Laurent polynomials Z[q, ¢~ '], having a basis {T}, |

w € W} whose elements satisfy the following multiplication rule:

Tsw, if {(sw) > L(w),
TsTy =
Tsw + (g — DTy, if £(sw) < £(w).

with s € S and w € W.
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Let J(W) be the two-sided ideal of H generated by the elements

> 7

wE(s,t)

for all the pairs s,t € S such that 3 < mg < oo, where (s,t) is the parabolic group
generated by s and t. Following Graham [24, Definition 6.1], we present the following
algebra.

Definition 1.1.16. The generalized Temperley—Lieb algebra, TL(W), is the quotient
Z[q, ¢ ‘]-algebra H(W)/J(W).

Let 7 be the algebra epimorphism 7 : H(W) — H(W)/J(W), and set t, := 7(Tw)
for all w € W. Then we have the following result, due to Graham [24] Theorem 6.2],

which involves the fully commutative elements of W.
Theorem 1.1.17. The set {t, | w € FC(W)} is a Z[q,q~']-basis for TL(W).

For each s € S, let by := v~ 1t, + v~ 't,., where v? = ¢q. Consider w € FC(W) and let
iy -+ 84, be a reduced expression for w, then define
by :=0b

o, e bsy,

Observe that b,, does not depend on the choice of the reduced expression for w. Following
[27, Proposition 2.4], the set {b,, | w € FC(W)} is a basis for TL(W), called monomial
basis.

In [27], Green provides a convenient presentation of TL(V) in terms of the generators
bs and defining relations. First he introduces the following family of polynomials [27]
Definition 6.1].

Definition 1.1.18. The Chebyshev polynomials of the second kind are the elements of
Z[z] given by the conditions
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If f(z) € Z[z], we define f; (2 to be the element of TL(W) given by the linear extension
of the map sending

n factors

where the latter is a product of alternating factors starting with b,.
Finally, the following statement is [27, Proposition 2.6].

Proposition 1.1.19. A presentation of the algebra TL(W) is given by the set of gen-

erators {bs | s € S} and relations:

(1) b2 = &b, for each s € S,

(2) bsbs = bibs, if Mg = 2,

(3) (xPmy-1)7" (x) =0, if 2 < my < o0,
where § :=v +v7L,

By Proposition [I.1.19] we derive the presentations of the generalized Temperley—
Lieb algebras TL(D,,12) and TL(B,, 1), which from now on will be used as definitions.
Recall that their associated Coxeter graphs are depicted in Figure [I.2]

Definition 1.1.20. The Temperley-Lieb algebra of type Dyyo, denoted by TL(Djp2),
is the Z[d]-algebra generated by {bg, b1, ...,bnt+2} with defining relations:

(d1) b2 = db; for all i € {0,...,n + 2};
(d2) b;bj = b;b; if s; and s; are not adjacent nodes in the Coxeter graph of type l~)n+2;
(d3) b;bjb; = b; if s; and s; are adjacent nodes in the Coxeter graph of type ﬁn+2.

Definition 1.1.21. The Temperley—Lieb algebra of type By.1, denoted by TL(EnH),
is the Z[0]-algebra generated by {bo, b1, ...,by+1} with defining relations:

(b1) b? = 6b; for all i € {0,...,n+ 1};
(b2) b;bj = bjb; if s; and s; are not adjacent nodes in the Coxeter graph of type §n+1;

b3) b;b;b; = b; if s; and s; are adjacent nodes in the Coxeter graph of type §n+1, and
j J
{i,5} #{n,n+ 1}
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1.2 Geometric representation of a Coxeter group

In this section, given a Coxeter system (W,S), we present the standard geometric
representation of W and the crystallographic root system when dealing with an affine
Coxeter graph. Here we follow mostly [33 Ch. 5, §3] and [8, Ch. 4, §2, 4].

Let (W,S) be a Coxeter system and consider a real vector space V having basis

A ={as | s € S}. Define a symmetric bilinear form B on V' by

9
Mgt

—Cos if mgy < 00;
B(as,ay) = {

-1, otherwise.

Clearly we have B(ag,a5) = 1 for each s € S. For each s € S we define a reflection
os:V — V as follows:
os(a) = a — 2B(as, a)as. (1.6)

Note that os(as) = —as and 02 = id in GL(V). Moreover, o preserves the bilinear
form B, i.e. B(os(a),04(8)) = B(a, ) for all a, B € V.

Theorem 1.2.1. The homomorphism o : W — GL(V) such that s — o5 is injective,
hence the representation is faithful (see [8, Theorem 4.2.7]).

The mapping o : W — GL(V) is called the standard geometric representation of W.
From now on, we will write w(a;s) in place of o(w)(as), for w € W and s € S. The
root system of W is the set ® := {w(as) | w € W,s € S}, where its elements are called
roots. The elements of A = {as | s € S} are called simple roots. Each root o can be
expressed uniquely in the form a = 3 g csas, ¢s € R. We denote by ®T (respectively,
&™) the sets of all positive (respectively, negative) roots, which are those roots « such
that ¢; > 0 (respectively, ¢s < 0) for all s € S. In particular we have that &~ = —+
and ® = ¢ LD

Extending the definition in , for every v € ® define an element s, € GL(V') by

sy(8) =B —2B(y,8)y

for all 5 € V. Clearly, 33 =ecand s_, =s,.
Let T = {wsw™! | w € W,s € S} be the set of reflections of W. Let v = w(as) € ®
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and consider 8 € V, then

wsw™ ! (B) = w(w™(B) — 2B(as,w™ (B))as) = B — 2B(w(as), Bw(as) = sy(B).

Hence, s, = wsw™! in the geometric representation o(W), for any w € W, s € S

such that v = w(as). Then we have the following result ([8, Proposition 4.4.5]).

Proposition 1.2.2. The map p : ®* — T such that v + s is a bijection.

1.2.1 The affine root system

Let (W,S) be an affine Coxeter system. When dealing with an affine Weyl group
W, one usually considers its crystallographic root system; we refer the reader to [15]
Example 3.9], [16, § 3], or [35] for details.

Consider a finite irreducible Coxeter group Wy generated by Sy acting as a finite
reflection group on an Euclidean vector space (Vy, By) with basis the crystallographic
root system Ag = {as | s € Sp}. The norm of a € V is denoted by ||| = Bo(a, a)'/2.

The scalar product By is Wy-invariant and is defined for s,t € Sy as follows:

s
Bo(as.ar) = [ | cos

if mg < oo and By(as, ) = —1 otherwise. The crystallographic finite root system
Oy = Wp(Ag) is the Wy-orbit of the simple system Ay with Ay = {as | s € Sp} its
simple system.

We consider now the vector space V' = V@ R§ and extend By to a symmetric bilinear
form B on V by setting B(d,v) =0 for all v € V. Then

d={kd+alkeZ ac Py}
is a crystallographic (infinite) root system for (W, S) with simple system
A=AgU{d—w},

where w is the highest root of Wy and S = Sy U {§ — w}; § is usually known as the
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tmaginary root of W. Finally, the set of positive roots is:

T ={kd+a,(k+ 1) —a|keNaecdf}=(Ns+ &)L (N6 —dF).

By normalizing the roots in a crystallographic root system via the map o +— & we

llall
obtain a wunitary root system. It is well-known that all the results valid for a unitary

root system hold also for a crystallographic one; see for instance [I5, Example 3.9].
Example 1.2.3. Let (W, S) be a Coxeter system of type Ao,

S§—w

VAN

S1 52

then the underlying finite Coxeter system (W, Sp) is of type As. Then S = {s1, 52, Ss—w },
where s1,52 € Sp and w = a3 + a9 is the highest root of Wj. The finite positive root
system is ®f = {1, g, a1 + az}, so the affine simple system is A = {a1, a2,§ —w} and

the affine positive root system becomes

& = {kd+ay, ké+ag, kd+ai+ag, (k+1)d—aq, (k+1)d—az, (k+1)d—(a1+az) | k € N}.



Chapter 2

Star and weak star irreducible FC

elements in affine types B and D

The main goal of this chapter is to classify the star irreducible fully commutative
elements of affine types 5n+2 and §n+1. In [I7], Ernst relaxed the notion of star
irreducibility by introducing weak star reducibility (also referred to as cancellability, fol-
lowing Fan [20]), which coincides with star reducibility in the simply laced cases. He
classified the weak star irreducible (or non-cancellable) elements of Coxeter systems
of types B and C in [I7, Theorem 4.2.1, Theorem 5.1.1]. Since type §n+1 is not sim-

ply laced, we also provide the classification of weak star irreducible elements in this case.

In this chapter, we first recall the notions star and weak star reducibility and show
that the number of star reductions to apply to a fully commutative element w in order
to obtain a star irreducible element is constant (Lemma . In particular, such irre-
ducible element is unique when supp(w) is complete (Theorem. Then we consider
a Coxeter system of affine type l~)n+2 and in Section we classify the irreducible fully
commutative elements of type ﬁn+2 (Theorem . Finally, thanks to an injective
map between the sets of fully commutative elements of types lN)n+2 and §n+1 (Definition
[2.4.6), in Section we also characterize the star irreducible elements (Theorem
and weak star irreducible elements (Theorem D of type Bpy1.

This chapter, as well as part of the next one, was inspired by a joint work with

Riccardo Biagioli and Luca Costantini, whose preprint is available in [4].

20
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2.1 Star and weak star irreducible fully commutative ele-

ments

In this section we fix an arbitrary irreducible Coxeter system (W, S). Now, we recall
the notions of star and weak star reducibility in (W, S) and we refer the reader to
[17, 27, 28] for more details.

Definition 2.1.1. Let w € FC(W) and suppose that s € Dp(w) (respectively, s €
Dpgr(w)). We say that w is left (respectively, right) star reducible by s with respect to
t to sw (respectively, ws) if there exists ¢ € D (sw) (respectively, t € Dp(ws)) with
Mgt > 3.

Observe that if mg > 3, then w is left (respectively, right) star reducible by s with
respect to ¢t if and only if w = stv (respectively, w = vts), with £(w) = £(v) + 2.
We now define the concept of weak star reducible elements, first introduced in [17],

which is related the notion of cancellable elements introduced by Fan in [20].

Definition 2.1.2. Let w € FC(W) and s,t € S, we say that w is left (respectively,
right) weak star reducible by s with respect to t to sw (respectively, ws), if the following
hold:

(a) w is left (respectively, right) star reducible by s with respect to ¢ to sw (respec-

tively, ws);
(b) tw ¢ FC(W) (respectively, wt ¢ FC(W)).

Let w € FC(W), we say that w is left (respectively, right) (weak) star irreducible if
does not exist s,t € S such that w is left (respectively, right) (weak) star reducible by
s with respect to t. Moreover, we say that w is (weak) star irreducible if it is both left

and right (weak) star irreducible. We set also

I(W) ={w € FC(W) | w is star irreducible},
Iy(W) = {w € FC(W) | w is weak star irreducible}.

Clearly, (W) C I,(W) and denote by I, (W) := I,(W) \ I(W). Observe that when W

is simply laced (i.e., mg < 3 for all s,t € S) the definitions of star reducible and weak
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star reducible are equivalent, therefore we will distinguish these two definitions only in
Section when dealing with type §n+1~

From now on, to simplify the writing, we will say reducible (irreducible) instead of

star reducible (star irreducible). Moreover, we use the notation
w ~ sw  (respectively, w ~>; ws)

to denote that w is (weak) left (respectively, right) reducible by s with respect to ¢; we
omit the ¢ when it is not necessary. In general, by w ~~» v we mean that either w ~»; sw
or w ~» ws for some s,t € S with mg > 3. We will explicitly write “weak” when we

consider a weak star reduction.

Remark 2.1.3.

(1) If w ~»; sw (respectively, w ~»; ws), then ¢(tw) > ¢(w) (respectively, ¢(wt) >

L(w)).

(2) We have that w is left (weak) irreducible if and only if w~?! is right (weak) irre-

ducible. Thus, w is (weak) irreducible if and only if w1 is also (weak) irreducible.

(3) If 3 < mg < oo, define &g = [st|m,,—1. We have that w ~»; sw (respectively,

w ~>; ws) is a weak reduction if and only if s is a prefix (respectively, ﬁsftl is a

suffix) of w.

(4) Assume mg = 3 and w = ug---uy, be its CFNF, w ~»; sw if and only if s €

supp(ug), t € supp(ui) and for every s’ € S such that mg; = 3, s’ & supp(ug).

(5) Assume s € Dp(w) (resp. s € Dr(w)). If t € S such that ms; > 3 and tw ¢
FC(W) (respectively, wt ¢ FC(W)), then w admits st as a prefix (respectively, ts

as a suffix), so w ~+; sw (respectively, w ~»; ws) is a weak reduction.

(6) Assume s # &', if w ~; sw and w ~yp s'w (respectively, w ~»; ws and w ~»y ws')
are (weak) reductions, then m,, = 2 for all x € {s,t} and 2’ € {s,t'}, therefore

sw ~yp §'sw (respectively, ws ~»y wss') is a (weak) reduction.

(7) Let w ~»¢ sw and w ~»y ws’ be (weak) reductions. Then ws’ ~; sws’ is a (weak)

reduction if and only if sw ~»y sws’ is a (weak) reduction.
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Definition 2.1.4. Let w,v € FC(W). We say that w is (weak) reducible to v if there is

a sequence (also trivial) of (weak) reductions
Wo = W ~= W ~> Wy ~ =+~ W = V. (2.1)

In every step of (2.1), the length of the elements decreases by 1, therefore, any
w € FC(W) can be reduced to a (weak) irreducible element.

Lemma 2.1.5. Let w € FC(W) be (weak) reducible to v (weak) irreducible with a
sequence

WY = W ~> WL ~> W ~> -+~ W = . (2.2)

If there exists a (weak) reduction w ~> wj, with w} # w1, then there exists v' (weak)

irreducible such that w is (weak) reducible to v’ by a sequence
/ / /

Moreover, if |S| > 2 and supp(v) is complete, then v ="',

Proof. We first prove the statement for star reducibility. We assume without loss of
generality that w ~»; sw =: w}, with w] # wy. By hypothesis, z := st is a prefix of
w, hence in sequence , there exists 1 < j < [ — 1 such that z is a prefix of w;
for all 1 <4 < j but z is not a prefix of w;yi. Then, either w; ~; sw; = w;q1, or
wj ~»s wjt = wjp1. Moreover, since w; ~» wit1, by Remark (6) and (7), sw; is

reducible to sw;41 for all 0 < ¢ < j — 1. Now, we distinguish the two cases:

o If wjy1 = swj, we define

, {swi_l, for 2 <1 <yj;
wh =

w;, for j+1<¢ <.

We note that if w;_1 ~» w; by the pair {s;_1,t;_1}, then by Remark [2.1.3(6) and
(7) wj
reducible to v with sequence

= swj_1 ~ sw; = wjy1 by the same pair. Hence, it follows that w is

/ / /
Wy = W ~> Wy v Wg ~> =+~ W = 0.
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o If wjy1 = wjt, we define

, swi—1, for 2 <4 < j;
w, =
swgt, for j4+1 <1 <.

Note that, for i < j — 1, wj ~» wj,; as above. Recall that z is a prefix of w; but
not of wj;1. Hence, w; = zu; = u;z, thus for all x € supp(u;), * commute with

both s and t. Therefore, w;j11 = ujs = su; and there exists a sequence
Uj ~> Ujp ~ e~ up—g € I(W),

such that w; = su;_1, so u;—1 commutes with both s and ¢ for all j +1 <1 <.
I
=
w}H = swj41t, since in the case s;j_1tj_1 is a prefix of w;j_1 then sw;_1 ~
swj = tu; = swjy1t by Remark 2.1.3(6). Otherwise, if s;_1t;—; is a suffix of
wj_1, then swj_1 ~» sw; = tu; = sw;iit by Remark 7). Furthermore,

wj = swit = ui—1t ~> uit = swiy1t = wj, By calling v' := w; =t € (W), we

Moreover, if wj—1 ~ w; = stu; by the pair {s;_1,tj_1}, then w SwWj_1 ~

have that w is star reducible to v' with sequence:

/ / / / /
WH = W ~> Wy~ Wy ~> -+~ W =V,

Assume now |S| > 2, if supp(v) is complete, then necessarily we have the first case since
in the second one v = su;_; = u;_1s which is impossible, therefore v = v'.
The assertions for weak star reducibility can be proved similarly, considering the

prefix z = &, instead of z = st. O

In the first point of the following result, we consider sequences consisting only of left

or only of right reductions.
Theorem 2.1.6.

(a) If v € FC(W) is left (respectively, right) (weak) irreducible and obtained from w

by a series of left (respectively, right) (weak) reductions, then v is unique.

(b) Let w,v,v" € FC(W) with v,v" (weak) irreducible. If w is (weak) reducible to v
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and v' with respective sequences

WY = W ~> WL ~> Wy~ =+~ W =, (2.3)

W = W~ WY~ Wh ~ e~ wp =0 (2.4)
then k = 1.

(c) Assume |S| > 2. If w is (weak) reducible to v (weak) irreducible and supp(v) is

complete, then v is unique.
Proof. We first prove the statement for star reducibility.

(a) Suppose w reducible to v by a series of left reductions with sequence
WY = W ~> W]~ -+~ W = V.
First we show the following claim by induction on I:
if € Suff(w) is left irreducible, then = € Suff(v). (2.5)

If | = 0, then w is left irreducible, so the claim trivially holds. So suppose [ > 1
and w; = sw with st a prefix of w with mg > 3. We have that z € Suff(w,),
otherwise st would be a prefix of z which is not possible since x is left irreducible.
Therefore, since w; is reducible to v by a series of left reductions, by the inductive
hypothesis « € Suff(v).

Now, we observe that if w is reducible to v’ left irreducible by a series of left
reductions, we have that v' € Suff(w), so by (2.5) v' € Suff(v). So, the same
argument, switching the role of v and v, shows that v € Suff(v'), thus v = ¢/,

hence statement (a) holds.

(b) We proceed by induction on I. If [ = 0, then w is irreducible and the thesis
trivially holds. So suppose [ > 1. We have that w is left or right reducible to w;
with respect to a pair {s1,%;}, then by applying Lemma to the sequence in
([2-4), there exists v” € I(W) such that w is reducible to v” with a sequence

1 1 " 1
WH = W~ Wy = W~ -+~ W =V,
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Therefore, w; is reducible to v” and v, so by inductive hypothesis we can conclude
that k = 1.

(c) Assume |[S| > 2, let w be reducible to v € I(W), such that supp(v) is complete.
We proceed by induction on . If [ = 0, then w = v and the claim trivially holds.
On the other hand, assume [ > 0 and suppose w is reducible to v' € I(W) with
sequence

/ / / /
wozw'\/\—)wlfv\—)-~»'\/‘—)wl:’u.

Applying Lemma [2.1.5] we have that w is reducible to v by a sequence
wh =w ~ w =w) ~ e~ w)] =0,

Then, w] is reducible to v' and v, so by the inductive hypothesis, v = v'.

The statements for weak star reducibility can be proved similarly, in particular in the
proof of (a) it is sufficient to work with prefix &, ; instead of prefix st. On the other hand,

for proofs (b) and (c) one has only to apply the weak star version of Lemma [2.1.5 [
Example 2.1.7.

(1) From Theorem the irreducible element obtained from w may depend on the
choice of the reduction sequence when both left and right reductions are used. For
instance, consider wy = S)S483555254565781 € FC(157). Then w; is reducible to

both v; = 59835657 and vy = s1S848657 in 1(157) via the following sequences:

W1 ~ S4W1 ~> S4W181 ~7 S554W181 ~> S554W18182 ~» V1 = S$554W1518284 = 50535657,

W1 ~ SQW1 ~ S4S50W71 ~> 8354S0W71 ~ §55354S50W1 ~ Vg = $285583854S0W1 — S15456S7-

(2) Recall that irreducibility and weak irreducibility are different in non-simply laced
Coxeter groups. Consider wy = 8389545153858254565053558286 € FC(EG) then wy

is weak reducible to vy = s15385828486505355 € I, (Bg) by a sequence:
W2 ~ S3W9 ~> §483W2 ~ §285483W2 ~> §254853W2S86 ~ V2 — §25453W256S52.

Moreover, vy is reducible to s9545¢ € I(EG). Thus, wsy is also reducible to s25456.
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2.2 Classification of fully commutative heaps of type En+2

From now on we will focus on the affine Coxeter group of type l~)n+2 whose Coxeter
graph is depicted in Figure Fully commutative heaps of type 5n+2 have been classi-
fied in [7, §3.2]. We present now a slightly modified version of the original classification
[7, Definition 3.9].

Notation 2.2.1. By the description given above, a heap of w € FC(D,42) should be
represented in a Hasse diagram with n + 3 columns labeled by sq, s1, So, ..., Spt2, as
we did in Figure However, when dealing with Coxeter systems of type 5n+2, we
will represent heaps in n + 1 columns with the following criterion. Both vertices with
label so and sy (respectively s,+1 and s,12) will be drawn in the first (respectively
last) column of H(w). Moreover, when sgs; (respectively s,41Sn42) occurs in a reduced
expression of w, we represent the vertices associated to these sg and s; (respectively
Sn+1 and s,492) with a single mark point labeled sgs; (respectively s,4+18,42). Vertices
labeled by sg, s1 and sgs; will be called 1-elements while vertices labeled by sn41, Spt2
and $p4+15p+2 Will be called (n+1)-elements and we will explicitly write their labels in
the heap representation. For instance from now on, the two heaps in Figure will be

depicted as in Figure 2.1

Figure 2.1: The new representations of H(w) and H(u) of Figure

If i € {2,...,n}, a peak is a heap of the form:

P_,(s;) := H(8iSi+1" " SnSn+1Sn+28n * - Si+1S;) OF

PH(Sl) = H(Sisi,1 c 89505189 Siflsi).

If H is a heap of type ﬁn+2 and i € {2,...,n}, then for brevity, we denote by He sp
(respectively, Hy_, 1) the subheap of H with labels in the set {sos1, S0, 51, 52, - - -, Si—1, Si}

(respectively, {s;, 8i+1,- -+, Sn+1, Sn+2, Sn+15n+2})-
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Definition 2.2.2. We define the following five families of FC heaps of type 5n+2.

(PZZ) Pseudo Zigzags. H € (PZZ) if H = H(w) where w has a reduced expression with at
least one occurrence of both sgs1 and s,,115,492 and that is a factor of an expression
in the commutation class of the element (s9s152 - $pSnt+15n+28n - - SQ)k for some

integer k > 1.

(ALT) Alternating. H € (ALT) if it is alternating in the sense of Definition [1.1.15] where
I' is of type ]_~)n+2, but it is different from Hz, and Hgz, in Figure Moreover,
if H contains two or more 1-elements (respectively (n + 1)-elements), those must

be sg and s; (respectively s,11 and s,12) and have to alternate.
(LP) Left-Peaks. H € (LP) if there exists j, € {2,...,n} such that:

(1) Hics,y = Pe(sy):
(2) There is no sj,11-element between the two sj,-elements;

(3) H{_,,,} is alternating when the two s;,-elements are identified.
(4)

4) H is not a pseudo zigzag.

(RP) Right-Peaks. H € (RP) if there exists j, € {2,...,n} such that:

(1) Hiss;y = Po(s5,);
2) There is no s; _1-element between the two s, -elements;

Jr— Jr
(3) H{.s, y is alternating when the two s;,-elements are identified.
(4)

4) H is not a pseudo zigzag.

(LRP) Left-Right-Peaks. H € (LRP) if there exist 2 < j; < j, < n such that:

(1) LP(1), LP(2), RP(1) and RP(2) hold;
(2) Hyg,, .5} is alternating when both the two sj,- and the two s;, -elements

are identified.

(3) H is not a pseudo zigzag.

The following result is proved in [7, Theorem 3.10].
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(ALT)

Figure 2.2: Example of FC heaps in different families. The subheap of the (LRP) heap
colored in red is in (LP), while the one in blue is in (RP).

Theorem 2.2.3 (Classification of FC heaps of type l~)n+2). A heap of type 5n+2 18 fully
commutative if and only if it belongs to one of the families of Definition [2.2.3.

From now on, we say that w € FC(D,2) is in (PZZ), (ALT), (LP), (RP), or (LRP)
if and only if the corresponding heap H(w) is.

Remark 2.2.4. With respect to [7, §3.2], we introduced a new family (PZZ) made of
zigzags of the original classification, along with some additional heaps that previously
belonged to different families. In particular, the heaps Hz, = H(s0S152 - Sn+15n+2)
and Hyz, := H(Sp12Sn+15n - - S150) depicted in Figure are now in (PZZ) while they
were alternating heaps in the previous classification. Analogously, the left and right
peaks having at least one initial or final endpoint situated in column 1 or n + 1, and
labeled by sps1 Or Sp418n42, respectively, are now in (PZZ); see Figure right. The
reasons for these choices will be clarified in Lemmas 3.8.3] and 3.8.5

| o [ | [
| [ [ J,/‘ Sn415n+2 5051 o

[ [ | |
| So0 | | | P | | _
I Y\’\ I s [ 485
! ! Sn41Sn+42 g /‘\' [
| [ Sos1 | |
I [ [ K [
| [ [ |

59 ... Sp

Figure 2.3: Examples of FC heaps in (PZZ).

2.3 Irreducibility in FC(D,, )

In this section, we classify the irreducible elements in a Coxeter system of type 5n+2.

Recall that, since f)n+2 is simply laced, star reducibility and weak star reducibility
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coincide.
Definition 2.3.1. Let w € FC(D, 12). We denote by

fo(w) := max{# of occurrences of the factor sps; in w | w € R(w)};

fo(w) := max{# of occurrences of the factor s,4+iSp+2 in w | w € R(w)}.

Lemma 2.3.2. Let w € FC(Dypy2), then
(a) fo(w) = fo(w™") and fo(w) = fo(w™?);
(b) if w~> v, then fo(v) = fo(w) and fo(v) = fo(w).

Proof. Point (a) follows immediately. Now, assume that w ~»; sw, with mg > 3. Clearly
{s,t} # {s0,s1}, and if s € {s¢, 51}, then it must be the case that ¢ = so. Hence s is not
part of a factor of type sgs; in any reduced expression of w, and so the occurrences of the

factors sps; in w and sw are the same. The argument is analogous when w ~»; ws. [

Example 2.3.3. Let w,v € (D1g), w = S05355595152545658535557510 and v = $0S55951510-

Then we can choose
W = $35559(8051)52548658535557510 and v = (8051)55(S9810)-

Hence, fo(w) =1, fo(w) = 0 and fo(v) = fo(v) = 1. In particular, by Lemma [2.3.2]

note that v is not a reduction of w.

Notation 2.3.4. Since the generators sg and s; play equivalent roles, we introduce the
notation s, to denote either sy or sj, and write {se,te} = {50, $1}. In the same way, we

denote by s, either s,41 or spi2, and {so,to} = {Sn+1, Snt2}-
We denote by A, B the elements in FC(D,42)
A =5983 " 8pSpt1Snt2 and B = $,8,-1" " S$25150- (2.6)

Definition 2.3.5. An element w € FC(D,, ) is called a complete zigzag if it admits a

reduced expression of one of the following forms:

1. Sosl(AB)kAh,
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2. Sn+28n+1(BA)th,
where k>0, h € {0,1} and k+ h > 0.

In other words, w € FC(D,,12) is a complete zigzag if w € (PZZ) and Dy (w), Dr(w) €
{{s0, 51}, {Sn+1, Sns2}}. Denote by CZ(Dy,42) C FC(Dpy2) the set of complete zigzag
elements, and note that they are irreducible (see some examples in Figure .

' ' o Sn+15n+2
508 . :
071 ¢ | Snt+15n+2
® Snt+15n42 081 ¢ :
5021 ‘ ® Snt+15n+42
' S051 ¢
® Sn+1Sn+2 o )
: ® Sn+15n+2
]

Figure 2.4: Examples of heaps of complete zigzags.

We observe that, if w is a complete zigzag, then we have that fe(w), fo(w) > 1. In
particular, /(w) = (2k+h)(n+1)+2, and w is uniquely determined by ¢(w) and Dp,(w).
Note that Dy (w) = Dg(w) if and only if h = 0. Moreover, if w € CZ(Dp2), then

fo(w) + fo(w) =2k +h+1 and [fe(w) = fo(w)] < 1.

Observe also that w € CZ(Dy42) if and only if w™! € CZ(Dy12).

Definition 2.3.6. An element w € FC(D,») is called a weak zigzag if it is a factor of
a complete zigzag and w ¢ TC(Dy12).

Recall that the set TC(W) is introduced in Definition Note that the family of
weak zigzags given in Definition [2.3.6] is not a subset neither of the zigzags introduced
in [7, Definition 3.1], nor of the pseudo zigzags defined in Definition For instance,
S0828354 is a weak zigzag which is in (ALT) according to Definition Note that
w is a weak zigzag if and only if w™! is a weak zigzag. Moreover, a weak zigzag w
is irreducible if and only if w is a complete zigzag, since by Definition [2.3.5] any non-
complete weak zigzag does not start or end with sgs; or s,418,42, then it contains a

prefix or suffix s;s; with Mss; = 3.
Example 2.3.7. Some complete zigzags in FC(1~76) are:

1. wy = (8081)525354(8556);
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2. wo = (8556)845352(8081)525354(8556);

3. w3 = (8051)525354(8586)545352(5051)525354(8586)-
Moreover, some weak zigzags in FC(ZND(;) are:

1. v1 = (sps1)s283, which is a prefix of w;

2. v9 = $2(S0S1)525354(8556), which is a suffix of wy;

3. vz = $354(5556)545352(S051)5253545¢, which is a factor of ws.
Lemma 2.3.8. Let w € FC(Dyy2) be such that:

Dp(w) = {so,s1} or Dp(w) = {sn+2, sn41}

(respectively, Dr(w) = {so,s1} or Dr(w) = {Sn+2,Sn+1})-

Then either w € TC(5n+2) or w is a weak zigzag. Moreover, w is left (respectively,

right) irreducible.

Proof. Without loss of generality suppose that Dy, (w) = {so, s1}. Suppose w ¢ TC(Dy12)
and let w = wg---uy, be its CENF, so m > 1. If supp(u;) # 0 then u; = s;11 for
1 <i<mn-—1or supp(u;) C {Spn+1,Sn+2} for i = n. Therefore by CFNF and full

commutativity we have:

505152 * SmSm+1, m<n,
W= ¢ 895152 * * * Spln, m =mn and u, € {Sp+1, Sn+2},

508152 * * * SnSn+1Snt+2P, m>mnand P € Pref((BA)k)7 k>1

where A and B are defined in (2.6)). In conclusion, either w € TC(D,12) or w is a weak

zigzag, and in both cases w is left irreducible. O
Corollary 2.3.9. Let w € FC(D,12).
(a) If x € Pref(w) USuff(w) such that z € CZ(D,12), then w is a weak zigzag.

(b) If w is reducible to v € CZ(Dp2), then w is a weak zigzag.
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Proof. Without loss of generality, we assume w = zy reduced product and Dgr(x) =
{s0,51}. Since z € CZ(Dpy2), Dr(y) C {so} by full commutativity. Hence, Dy (z) =
Dp(w) and w is a weak zigzag since w ¢ TC(D,12), and by Lemma so (a) is
proved.

Now assume that w is reducible to v € CZ(5n+2), then we can factorize w as
w = v'vv” with ¢(w) = £(v") + £(v) + £(v"). By part (a), both v'v and vv” are weak
zigzags. Since w € FC(ﬁn+2) and the factorization is length-additive, it follows that w

itself is a weak zigzag. O
Lemma 2.3.10. Let w € FC(Dyy2) be left irreducible and not a weak zigzag.

(a) If fo(w) # 0, then sg,s1 € Dp(w) and fo(w) = 1;

(b) If fo(w) # 0, then sp41, Snt2 € Dr(w) and fo(w) = 1.

Proof. We prove (a), since (b) is similar. Since fo(w) # 0, we have that w can be
factorized as a reduced product w = vv’ with Dg(v) = {so, s1} and fe(v') = 0. Assume
v & TC(Dpy2), then by Lemma we have that v is a weak zigzag and it is right
irreducible. Moreover, since w is left irreducible and v € Pref(w), it follows that v is a
complete zigzag. But this is a contradiction by Corollary [2.3.9] because w is not a weak
zigzag. Therefore, v € TC(Dpya), s0 v = sgs1 and sg,s1 € Dp(w). Moreover, since
fo(v') =0, it follows that fe(w) = 1. O

Lemma 2.3.11. Let w € FC(f)nH), w = Ug--- Uy be its CFNF, and 2 < i < n
such that s; € supp(w). Let k > 1 be the minimum index such that s; € supp(ux). If
fo(w) =0, then

(a) ifi =2 and se € supp(ug_1), then k =1;

(b) ifi > 3 and s;—1 € supp(ug_1), then there exists z € Pref(w) with z € Suff(seso -+~ $—1)
and £(z) = k.

Similarly, if fo(w) =0, then

(c) ifi < n—1and siy1 € supp(ug—_1), then there exists z € Pref(w) with z €
Suff(sosp - - sit1) and €(z) = k;

(d) if i =n and s, € supp(ukx—1), then k = 1.
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Proof. We prove (a) and (b), since (c¢) and (d) are analogous.

Set i = 2 and suppose se € supp(ug_1). If & > 2, then sg € supp(ug_2) by Theorem
1.1.10(d), but this contradicts the minimality of k. Thus, k = 1.

Set ¢ > 3, assume s;_1 € supp(ux—1), and let wg_q1 := ug---ug_1. Since s,_1 €
Dp(wk—_1), it is possible to factorize wy_1 as a reduced product wy_1 = zv, with Dg(z) =
{si—1}, si ¢ supp(z), and s;—1 ¢ supp(v). Let 271 = uf---u} be its CFNF, then
ufy = si—1. If supp(u}) # 0, then u} = s;_ by s; ¢ supp(z) and Theorem [1.1.10(d). In
general, if supp(u’;) # () with i — 1 —j > 1, we have that:

, Si—1—j, t—1—72>2;
S, i—1—j=1.

If1 > i—1, then u,_o = se and u,_5 = u,_; = so, but this contradicts full commutativity

1

since s95459 is a factor of w. Thus, [ <4 — 2. Therefore, 27" is a prefix of s;_1 -+ - 525,

thus z is a suffix of ses9 - - - s;—1. Furthermore, since z is prefix of wi_1, s;—1 € supp(ug_1)

and s;_1 ¢ supp(v), by Lemma (z) =E.
O

Example 2.3.12. Let w = UgU1U2U3 € FC(BH) with Ug = S0S658510511, U1 = S28587S9,
ugy = 838658, and ug = s4s7 its CENF. Then fo(w) = 0, s4 € supp(us), s4 ¢ supp(uguius),
and s3 € supp(uz). Note that there exists a prefix z of w such that Dr(z) = {s3}:

W = 505253 S658510511555759565854S57.
N——

z

Observe that z is of the form described in Lemma [2.3.11|and ¢(z) = 3.
Lemma 2.3.13. Let w € FC(f)nH) and w = ug - - - Uy be its CENF, the following hold.

(a) Assume that supp(w) N {sg,s1} # O and let k be the minimum index such that
supp(ug) N {so,s1} # 0. If fo(w) = 0, then there exists z € Pref(w) with z €
Suff(sosp - - - s25e) and £(z) =k + 1.

(b) Assume that supp(w) N {sn41, Snt2} # 0 and let k be the minimum index with
supp(ug) N {Sn+t1, Sny2} # 0. If fo(w) = 0, then there exists z € Pref(w) with
z € Suff(sese - snso) and £(z) =k + 1.
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Proof. We prove only (a) since (b) is analogous. If &k = 0, then so is a prefix of
w. Otherwise, assume & > 1 and let wy = wg---ug. Since s¢ € supp(ug) and
supp(u;) N {sg,s1} = 0 for all 0 < j < k — 1, it is possible to factorize wy, as a re-
duced product wg = zv, with Dg(z) = {se} and se ¢ supp(v). Let z=1 = uf, - - - u] be its
CFNF, then necessarily uj = so. Moreover, if supp(u}) # 0, by Theorem and full

commutativity, we have that

Since fo(w) = 0, it follows that [ < n. Otherwise if [ > n, then u;,; = s, by Theorem

1.1.10[(d), but this cannot be because u, = s, and u,—1 = Sy, SO $pSeS, would be a

factor of w. In conclusion, 27! is a prefix of ses2 - - 8,50, thus z € Pref(wy) C Pref(w)

is a suffix of sosy, -+ - s25e. Furthermore, by Lemma [1.1.12} ¢(z) = k + 1. O

Example 2.3.14. Let w = uguiusug € (1510) such that ug = s45659, U1 = S3855s,
U2 = $28487810, U3 = Sps1535s. Then fo(w) = 0 and supp(w) N {sg, s1} # 0. Hence there
exists a prefix z of w such that Dg(z) = {so}:

W = 54835250 S659555854575105153S58-
N—_——

z

Observe that z is a prefix of w of the form described in Lemma [2.3.13|and ¢(z) = 4.

Lemma 2.3.15. Let w € I(Dy10) \ CZ(Dyp2) with complete support and w = ug - - -t
be its CFNF. The following hold:

(a) m>1;

(b) fe(w) = fo(w) = 0;

(¢) |supp(uo) N {so,s1} = 1;

(d) |supp(uo) N {sn+1, snt2}| = 1.

Proof. 1If m = 0, then w = ug would be a product of commuting generators and it could

not have complete support. Hence, m > 1 and (a) is proved.
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We prove by contradiction that fe(w) = 0; the case with f,(w) is analogous. Assume
fe(w) # 0. Note that w is not a weak zigzag since it is irreducible and w ¢ CZ(ﬁn+2).
Then by applying Lemma to w and w™!, we have that so,s; € Dr(w) N Dr(w)
and fe(w) = 1. This implies that so ¢ supp(w). But this a contradiction since supp(w)
is complete.

To prove (c), by point (b) it is sufficient to show the following claim:

supp(ug) N {so, s1} # 0.

We have that fo(w) = 0, and since sg, s1 € supp(w) by complete support, there exists

k minimum such that supp(ug) N {so,s1} # 0. Hence by Lemma [2.3.13] there exists
z € Pref(w) with

z € Suff(so8y, - - - $254)

and £(z) > 1. If £(z) > 2, then z is a left reducible prefix of w, but this is a contradiction,

since w € I(Dy42). Therefore, z = so, so supp(ug) N {sp,s1} # 0. In conclusion, by
fo(w) =0, |supp(uo) N {so,s1}| = 1. The proof of (d) is analogous of (c).
O

Lemma 2.3.16. Let w € I(ﬁnH) \ CZ(5n+2) with complete support, and let w =
ug -+ - Uy be its CENF. Then, the following hold:

(a) supp(up) = {se} U{s2j+1 |3 <2j+1<n}pU{so};
(b) supp(ur) = {s2; [ 2 <2j <n}.
In particular, n is even.

Proof. By Lemma [2.3.15, we have m > 1, s, 5, € supp(ug), and fe(w) = fo(w) = 0.
Consider the sets

Up :={2j+ 1| s2j41 ¢ supp(up), 3 <2j+1<n} and
Uy := {27 | 525 ¢ supp(u1), 2 < 2j < n}.
We will show by contradiction that Uy and U; are empty. Set h := min(Uy U Uy). First,

observe that h € Ui, otherwise if h € Uy, then by minimality, sp_9Sp_1 Or Sess, for
h = 3, would be a prefix of w, which is not possible by irreducibility. Also, note that
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Se € supp(ug) and s9 & supp(ug). So if h = 2, then sy ¢ supp(ug) and sy & supp(uq).
Furthermore, if A > 2 then s;,_1 € supp(ug) by the minimality of h, and so s, ¢ supp(uo)
and s, ¢ supp(u1). In both cases we have s, ¢ supp(up) and s, ¢ supp(ui). But
sy € supp(ug) for some k > 2 because w has complete support, so assume k is the
minimum index with this property. By Lemma there exists z € Pref(w) with

z € Suff(sesy---sp—1) or 2z & Suff(sosy---spt1)

and £(z) = k > 2. In both cases we have a contradiction. In the first one, z cannot be a
prefix since sp_1 € D (w) by minimality of h; in the second, z cannot be a prefix since
w € I(Dyy2). Hence Uy U U; = ) from which the result follows.

Finally, since s, € supp(up), if n is odd then s,, € supp(ug), which is a contradiction.

O]

Remark 2.3.17. In [27, Theorem 6.3], Green shows that Coxeter groups of finite type
D are star reducible. This means that w € W(D,,) is irreducible if and only if w is a
product of commuting generators. In our setting, if w € FC(ﬁn+2) and supp(w) is not
complete, then w can be considered as a FC element or a product of FC elements in a

Coxeter group of finite type D. Hence, if w € 1(D,,12) with not complete support, then
w € TC(Dyy2).

Definition 2.3.18. Let w € FC(BnH), n even, and let w = wug---u,, be its CFNF

with m > 2. We say that w is a candy if m is even and the following conditions hold:

o supp(ug;) = {83,85,...,8n—1} U{zi,yi}, i € {s0,s1} and y; € {Sn+2, Snt1} such
that x; # x;11 and y; # yiq1, for every 0 <i < 75

o supp(uzi+1) = {s2,54,...,8,}, for every 0 <i < 3.

Denote by K(Dpy2) € FC(D,2) the set of candy elements. We set K(D,12) = 0
when n is odd. All candy elements are irreducible. In fact, by construction and by the
definition of CFNF (Theorem , supp(w) is complete, and for each t € supp(uy)
there exist s;,s; € supp(up) such that mg,; = ms;t = 3, SO there are no reducible

prefixes. Analogously, for each t' € supp(u,,—1) there exist s}, s’ € supp(uy,) such that

1]
mgyp = Mgy = 3, hence there are no reducible suffixes.
i J
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Figure 2.5: Example of a heap of a candy element in (512).

Any w € K(Dy42) is uniquely determined by xg,yo and m; furthermore we have
that Dy (w) = Dg(w) if and only if m/2 is even. Moreover, fo(w) = fo(w) = 0. Observe
that w € K(Dy2) if and only if w™! € K(Dy12).

Proposition 2.3.19. Let w € I(Dyy2) \ CZ(D,y12) with complete support. Then w €
K(Dp+2).

Proof. Let w = ug - - uy, be its CFNF. By Lemma we know that m > 1, n is
even and supp(ug), supp(uy) are described in points (a) and (b). This implies m > 2,
otherwise w would admit ses2 as a suffix, which is not possible since w € I(l~?n+2).
Note that se ¢ supp(usz), otherwise ses25e would be a factor of w, contradicting full
commutativity. Analogously, we have that s, ¢ supp(uz). Now, by definition of CFNF,

we have that

supp(ug) C {te} U{s3,55,...,8n—-1} U{to} :=S. (2.7)

Define wy := ug - - - uy, and note that is in I(Dy49). In fact, it is right irreducible since

it is a suffix of w € I(Dy42). Moreover, it is also left irreducible because if st with
mg = 3 is a prefix of we, then s € supp(uz) and ¢t € supp(us), but by CEFNF we have
that supp(us) C supp(uq), so tst would be a factor of w, that contradicts the hypothesis
of fully commutativity.

To summarize, we have w = wpujws, with wy = ug -+ Uy, € I(Dpy2) and m > 2.

Now we show by induction on m > 2 that w € K(Dj,42).

Suppose m = 2, then t,,t, € supp(ug) since w has complete support. Moreover,
the inclusion in is an equality. Otherwise there would exist s’ € S\ supp(uz),
s € supp(u1), t € supp(ug) with mg = mgs = 3, and the suffix st would appear in w,

that is not possible by irreducibility. Hence w = ugujug € K(Dy42); its heap is depicted
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in Figure [2.6]

52 83 S4 S5

Figure 2.6: Heap of ugujus in the proof of Proposition [2.3.19

If m > 2, since wy is irreducible, we know that supp(ws) is complete, otherwise

by Remark [2.3.17, wo € TC(5n+2), but this cannot be since m > 2. Moreover, since
wy € Suff(w) and fo(w) = fo(w) = 0 by Lemma [2.3.15] then fo(ws) = fo(w2) = 0, so
wy is not a complete zigzag. Therefore, by inductive hypothesis, wo is a candy element,

and we can conclude that w is also a candy element, since w = uguiws. O

Theorem 2.3.20 (Classification of irreducible elements of type Dyy2).

The set of irreducible elements in FC([)?HQ) is partitioned in three families as follows:

I(Dpy2) = K(Dyy2) UCZ(Dpya) LU TC(Dyya).

If nis odd, K(Dyi2) = 0.

Proof. Let w € I(Dpy2). If supp(w) is not complete then w € TC(Dy2), by Remark
2.3.17, If supp(w) is complete and w is not a complete zigzag, then n is even and

w € K(Dp2), by Proposition [2.3.19 O

Corollary 2.3.21. If w € FC(Dy42) is reducible to v,v' € I(Dy42), then v,v' belong to

the same family of irreducible elements. In particular, if v,v’ ¢ TC(ﬁn+2), then v =/,

Proof. If v ¢ TC(ﬁnJrg), then supp(v) is complete by Theorem [2.3.20f so v = v’ by
Theorem [2.1.6(c). O

2.4 Irreducibility and weak irreducibility in FC(B, 1)

As we mentioned above, in the non-simply laced cases the notions of reducibility and
weak reducibility do not coincide, so we have that I, (Bp11) = Ly(Bpt1) \1(Bns1) is not
empty. In this section we classify both the irreducible and weak irreducible elements

of a Coxeter group of type §n+1. The families of irreducible elements that we now list
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are analogous to those arising in type l~)n+2, although certain differences occur in the

present setting.

Similarly to Notation we represent a heap of w € FC(B,,;1) with n+1 columns,
where the criterion for the placement of double vertices is applied only to sy and s1.

Definition 2.4.1. We define the set of weak trivially commutative elements TCy,(Byp1)
FC(By+1) by

N

TCw(Bny1) := TC(EHH)U{snanv, Spt1SpU | U E TC(EnJrl), Sn—1, Sn, Snt+1 ¢ supp(v)}.

Note that w € TCyw(Bp+1) is weak irreducible. In particular, w € I(By41) if and
only if w € TC(Bpy1).

We denote by A, B the elements in FC(EnH)
A=5983- 88,41 and B = 8,8,_1""-825180-

Definition 2.4.2. An element w € FC(B, 1) is called a complete zigzag if it admits a

reduced expression of one of the following forms:
1. sos1(AB)F A",
2. Sn+1(BA)th,

where k>0, h € {0,1} and k+ h > 0.

: o Sn+1
5051 o ’

5081 . s
071 : ® Sn+1

5051 o 5051 @

Sn+1
Figure 2.7: Examples of heaps of complete zigzag elements in type §n+1-

Denote by CZ(By,11) C FC(B, 1) the set of complete zigzag elements and note that
they are weak irreducible. In particular, w € CZ(EnH) N I(BnH) if and only if w is of
the form sgs1(AB)F A" with h > 0.
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Definition 2.4.3. An element w € FC(EnH) is called a weak zigzag if it is a factor of
a complete zigzag and w ¢ TC(By,11).

Note that a weak zigzag w is weak irreducible if and only if w is a complete zigzag.

Definition 2.4.4. Let w € FC(Bj+1), n even, and let w = ug - - - u, be its normal form

with m > 2. We say that w is a candy if m is even and:

o supp(ug;) = {s3,55,...,8n+1} U{x;}, x; € {s0,s1} such that z; # x;41, for every
0<i< 3,
o supp(ugit1) = {s2,84,...,5n}, for every 0 < i < 3.

Denote by K(EnH) - FC(E,H_I) the set of candy elements and note that they are

irreducible since by construction they have complete support, and by Theorem [1.1.10

If n is odd, we set K(Bj+1) = 0.

Definition 2.4.5. Let w € FC(EnH), n odd, and let w = ug - - - uy, be its normal form

with m > 2. We say that w is a left candy if m is even and:

o supp(ug;) = {s3,85,...,5n} U{mi}, & € {s0,s1} such that x; # x4, for every
0<i<7;
o supp(ugiy1) = {52,84,...,5n41}, for every 0 <i < 7.

Denote by Ky (Bpi1) € FC(By41) the set of left candy elements, in particular Ky (Bpy1) C
I(N(Bn+1), since an element w € KW(§n+1) has a prefix s,,5,+1, hence w ¢ I(§n+1), but
a prefix or suffix of the form s,8,4+18, Or Sp+18nSn+1 NEver occurs by complete support

and Theorem |1.1.10} If n is even, we set KW(EnH) = 0.

In the next definition, we introduce an injective map
@ : FC(EH_H) — FC(En+2)

This map will serve as a tool for classifying the irreducible and weakly irreducible ele-

ments of type §n+17 based on the corresponding classification for type l~)n+2 developed
in Section 2.3

Definition 2.4.6. Let w € FC(B,11). We define the map ¢ : FC(Bp41) — FC(Dy42)
by the following rule:
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(1) If no reduced expression of w contains the factor s,418,8p+1 OF SpSnt18n, consider
any w € R(w). Then ¢(w) is the element in FC(D,, ) with reduced expression

w.

(2) Otherwise, choose a reduced expression w € R(w) that represents
max{# of occurences of the factors s,115nSn+1 and $pSp415, in W | w € R(w)}.

Then ¢(w) is the element whose reduced expression is obtained from w by re-
placing each occurrence of $,+18,Sn+1 With Sp415,8p+2, and each occurrence of

SnSn+18n With $,Sp118n425n.

The map ¢ is well-defined. Point (1) is immediate, and since in FC(B,,11) there are
no elements containing both factors s,t18,Sn+1 and spspt15, (see e.g. [7, §3.2]), point

(2) is also well-posed.

Lemma 2.4.7. The map ¢ is injective, and w € I(Bpy1) if and only if p(w) € I(Dyi2).
Proof. Note that if there exists a reducible prefix or suffix in w, then it will be trans-
formed by ¢ into a reducible prefix or suffix in ¢(w). On the other hand, the only
reducible prefixes and suffixes that need to be analyzed are s.s, and s,s.. If sos, or
SnSo is a prefix of p(w), then s, = s,41 by construction of ¢, S0 S,+18, O SpSp41 is a
prefix of w. The analogous holds for the suffix, with the only difference that if s, s, is a

suffix of p(w), s, could be equal to s,41 Or Sp12. O

Remark 2.4.8. Let w € FC(B,+1), we have that w is a weak zigzag if and only if
o(w) is a weak zigzag. Moreover, if w € Ly(Bpy1) and o(w) is a weak zigzag, then
w € CZ(Bpy1). Finally, w is a candy in FC(B,41) if and only if ¢(w) is a candy in

FC(Dpy2).

The next theorem follows directly by Theorem [2.3.:20, Lemma [2.4.7 and Remark
243

Theorem 2.4.9. The set of irreducible elements in FC(B,,y1) is partitioned as follows

I(EnJrl) = TC(EnJrl) U K(EnJrl) U CZ-(§n+1)’
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where CZe(Bpy1) = {w € CZ(Bpy1) | Dr(w) = Dr(w) = {so,s1}} and if n is odd,

K(Bn+1) — (Z)

Remark 2.4.10. By Definitions [2.1.1) and [2.1.2] if w € I’,(Bp41), then w has a prefix
or suffix st, with mg > 3, such that tst € FC(EnH). This necessarily implies that

{s,t} = {sn,sn+1}. Indeed, if w has a different prefix or suffix of the form st, with
mg > 3, then mg = 3 and sts ¢ FC(EnH).

Lemma 2.4.11. Let w € Ly(Bpy1) \ CZ(Bpy1) with complete support. Then we have:
(a) if w €T, (Bny1), then spspy1 € Pref(w) U Pref(w™1);
(b) folp(w)) = folp(w)) = 0;
(c) |Dr(w) N {so,s1}| =1.

Proof. For proving (a) we proceed by contradiction, so assume that s,s,+1 ¢ Pref(w)U
Pref(w™1). Therefore, by Remark w has a prefix of the form s,11s, or a suffix
of the form s,$,4+1. Without loss of generality, we assume $,,415, € Pref(w). We define
v = Spyop(w) if spspy1 € Suff(w) or v := sppep(w)spt2 if spsp+1 € Suff(w). In both
cases, v € FC(Dy42) and note that v € I(Dy12) and spi1, Snpe € Dr(v). Therefore,
since supp(w) is complete we have that supp(v) is also complete, so by the classification
in Theorem it follows that v € CZ(I),HQ). But in all the cases this means that
p(w) is a weak zigzag, so by Remark it follows that w € CZ(By,11), which is a
contradiction.

Assume fo(p(w)) # 0, we will show that sg,s1 € Dr(e(w)) N Dr(p(w)). We can
write ¢(w) = vv’ reduced, with Dg(v) = {sp,s1} and fe(v) = 1. If v # sps1, hence
v is a weak zigzag by Lemma Moreover, since w € Ly(Bpy1), fo(v) = 1 and
Snt2 & Dr(p(w)), we have that v = s,418, - - s25180. We observe that s,io ¢ D (v'),
otherwise sp,418p5n41 is a prefix of w. In particular, spy2¢(w) € FC(Dypt2) is a reduced
product, so Sp42¢(w) admits s,19v € CZ(f)nJrg) as a prefix, thus s, ;2p(w) is a weak
zigzag by Corollary Therefore, p(w) is a weak zigzag, and w € CZ(§n+1) by
Remark but this is a contradiction. So, v = sps; and so, s1 € Dr(¢(w)). To prove
that sg,s1 € Dr(p(w)), we factorize p(w) = y'y with Dp(y) = {so,s1} and fe(y) =1
and we argue as above. Therefore, sg,s1 € Dr(p(w)) N Dr(p(w)), thus fe(p(w)) > 2
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since sy € supp(p(w)). This implies that ¢(w) is reducible to & € CZ(D,12) by Lemma
and Theorem Hence p(w) is a weak zigzag by Corollary in particular
o(w) =z € CZ(Dy ) since sg, 51 € Dr(p(w)) N Dr(p(w)). But this is a contradiction
because w is not a complete zigzag. In conclusion, fo(p(w)) = 0.

Now we prove that f,(p(w)) = 0, as above we factorize ¢(w) = vv’ with Dg(v) =
{Sn+1,8n+2} and fo(v) = 1. If v # Spp1Sp42, then v is a weak zigzag by Lemma
But this cannot be since fo(o(w)) = 0, fo(v) = 1 and w € Ly(Bp11). Therefore,
U = Sp+1Sn+2 and Spi1, Sp+2 € Dr(p(w)), but this is a contradiction by the definition
of .

Assume now sg,s1 ¢ Dr(w) and let ¢(w) = ug - - - up, be its CENF. It follows that
S0, 81 ¢ supp(up), so by applying Lemma there exists z € Pref(¢(w)) with

z € Suff(sp418n - - 525)

and £(z) > 1. We observe that in all the cases z is a prefix of w too, by the definition of
the map. So the only possibility is that z = s, 118, - - - S25¢ and we factorize w as w = zw’
reduced product. We observe that Dy (w') C {te} by w € FC(Bpy1) and w € Iy (Bny1).
But if te € D (w'), then fo(@(w)) > 1, that contradict point (b). Therefore, w’ = e and

w = z but this a contradiction because w € Iy (Bp41)-
O

Lemma 2.4.12. Let w € I(N(EnH) \ CZ(énH) with complete support, and let w =
Ug -+ - U be its CFNF. If sp8p41 € Pref(w), then the following hold:

(a) supp(uo) = {se} U {s2j+1|3<2j+1<n+1};
(b) supp(ur) = {s2; |2 < 2j <n+1}.
In particular, n is odd.

Proof. 1t suffices to show that, given p(w) = vg - - - vy, to be its CFNF we have

supp(vg) = {se} U{S3,85,...,5n-2,5n}, and supp(vi) = {s2,84,...,8n—1,Sn+1}-
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We consider the following sets

Vo :i={27+ 1| s2j+1 & supp(vp),1 <2j+1<n-—1}
Vi :={2j | so5 ¢ supp(v1),1 <25 <n—1}.

We need to prove that V{, and V; are both empty. Following verbatim the steps of the
proof of Lemma [2.3.16] we obtain that there exists z € Pref(w) with

z € Suff(sesg---sp—1) or z & Suff(spy18n---Spt1)

and h > 2 and /(z) > 2. Both cases leads to a contradiction since w € I (Bj+1) and
SnSn+1 € Pref(w). In particular, it follows that n is odd, otherwise s,,—1, s, € D (w).
O

Proposition 2.4.13. Letn be odd and w € Iy (Bpny1)\CZ(Byy1) with complete support.

Then w € Ky (Bp+1)-

Proof. We observe that w € I, (Bpy1), otherwise w € CZq(By41) by Theorem m
Without loss of generality, by Lemma assume Sp,Sp1+1 € Pref(w). Let w =
ug - Uy be its CFNF, then we know that supp(ug) and supp(ui) are described in
Lemma (a) and (b). This implies m > 2, otherwise ses2 would be a suffix of w,
which is not possible since w € Iy, (B). Note that se ¢ supp(ug), otherwise ses25e is a

factor of w, contradicting full commutativity. By definition of CFNF, we have that

supp(uz) C {te} U{s3,55,...,5,} :=S. (2.8)

Define wg := ug - - - uy, and note that is in Iy (B,+1). In fact, it is right weak reducible

since it is a suffix of w € IW(EnH). Moreover, it is also left weak irreducible because if
st with mg = 3 is a prefix of wy, then s € supp(uz) and t € supp(us), but by CFNF
we have that supp(us) C supp(uy), so tst would be a factor of w, that contradicts the
hypothesis of fully commutativity. On the other hand, if sts with mg = 4 is a prefix of
wo, then necessarily s = s, and t = s,41, but in this way we have that s, 15,8n+15n is
a factor of w.

To summarize, we have w = uguqws, with we = ug -+ - Uy, € Iw(§n+1) and m > 2.

Now we show by induction on m > 2 that w € Ky (Bp+1).
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Suppose m = 2, then t, € supp(us) since w has sull support. Moreover, the inclusion
in is an equality. Otherwise there would exist s’ € S\ supp(usz), s € supp(uy),
t € supp(ug) with mg = mgs = 3, and the suffix st would appear in w, that is not
possible. Hence w = ugujus € KW(§n+1); its heap is depicted in Figure

S9 S3 S4 S5

Figure 2.8: Heap of ugujus in the proof of Proposition [2.4.13

If m > 2, we first show that supp(ws) is complete. In fact, if supp(ws) is not
complete, then ws is of finite type D, B or a product of elements of type D and B. Hence
wy € TCW(énH) by Remark and [I7, Theorem 4.2.1] because wa € IW(EnH).
Since m > 2 and s,4+1 € supp(uy), the unique possibility is that we = spsp1w’ =
w’$psp+1 reduced product with w' € TC(EnH). But in this case, since s, 1w = w'sp11
and s,+1 € supp(uy), we have that s,118n8n4+1 € Suff(w) which contradicts the weak
irreducibility. Therefore, supp(ws) is complete and ws € Suff(w), so ws is not a complete
zigzag since fo(p(w)) = fo(p(w2)) = 0 by Lemma So, by inductive hypothesis,
wy is a weak candy element, hence w is a weak candy element as well, since w = ugujws.

O

Theorem 2.4.14 (Classification of irreducible elements of type En+1). The set of irre-

ducible elements in (Bp+1) is partitioned as follows:

Ly(Bni1) = K(Bny1) UKy (Bny1) U CZ(Bpy1) UTCy(Bpi).

If n is odd, K(Bm_l) = (); if n is even, Kw(-én—i—l) = 0.

Proof. Let w € I (Bp41), if its support is not complete then it is of type D, B or a
product of elements of type D and B. By Remark [2.3.17| and [I7, Theorem 4.2.1], we

have that w € TCW(EHH). Assume that supp(w) is complete and w is not a complete
zigzag; if n is odd, then w € KW(BnH), by Proposition [2.4.13] Otherwise, if n is even

by Lemmas [2.4.11| and [2.4.12] we have that w € I(B,11) so w € K(Dp42) by Theorem

since w ¢ CZ(Bpy1).

O



Chapter 3

Diagram Temperley—Lieb
algebras of affine types D and B

The aim of this chapter is to give diagrammatic representations for the Temperley—
Lieb algebras of affine types D and B. Taking inspiration from Ernst’s work on type C ,
we consider two subsets of the decorated diagrams introduced in [I8], we endow them
with an algebra structure, and then we define, modulo some relations, two new quotient
algebras, denoted by D(D,,42) and D(B,,;1). Our main results show that these algebras
are actually isomorphic to TL(Dy42) and TL(Bp41), respectively.

We first prove the injectivity of the representation in type lN)n+2 by using the classifi-
cation of star irreducible fully commutative elements introduced in Chapter [2} Then, we
define ad hoc injections between FC(B, 1) and FC(D,2) and between D(B,;1) and

D(Dy+2), from which we deduce that D(B,,41) is a faithful diagrammatic representation
of TL(Bpy1).

This chapter is organized as follows. In Section [3.1 we recall Ernst’s definition of
decorated diagrams and introduce our quotient subalgebra ]D)(ﬁn_l,_Q) by defining suit-
able relations on the set of decorations. In Sections and we study the decorated
diagrams corresponding to star irreducible elements of type ﬁn+2. This allows us, in
Section to prove our main result, that is the isomorphism between TL(ﬁn+2) and
D(Dp+2) (Theorem , establishing so the faithfulness of the diagrammatic repre-
sentation. In Section we relate Lusztig’s a-function to the decorated diagrams in

our representation. We then investigate the combinatorial properties of the decorated

47
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diagrams: in Section [3.6], we define the family of admissible diagrams and introduce a
notion of length for them. In Section [3.7} we define the cut-and-paste operation, which
provides an algorithmic strategy to factorize a decorated diagram into a product of
so-called simple diagrams and in Section we prove that the algebra of admissible
diagrams is isomorphic to ]D)(EnJrg). Finally, in Section we describe how the con-
structions developed for type 5n+2 must be adapted in order to define a diagrammatic

representation of TL(B,+1), and we prove the faithfulness of this representation.

3.1 Decorated diagrams

In this section we consider a subset of the decorated diagrams defined in [I8] by

Ernst to give his representation of TL(C),4+1). We then introduce a new set of relations

to define a quotient subalgebra which will be the main object of our investigations.

A standard k-boz is a rectangle with 2k marked points called nodes or vertices, labeled
as in Figure We will refer to the top of the rectangle as the north face and to the
bottom as the south face.

Sometimes, it will be useful for us to think of the standard k-box as being embedded
in the xy-plane. In this case, we put the lower left corner of the rectangle at the origin

such that each node i (respectively, ') is located at the point (i, 1) (respectively, (i’,0)).

1 2 k—1 k

1 9/ (kfl)’ 1%

Figure 3.1: The standard k-box.

A concrete pseudo k-diagram consists of a finite number of disjoint plane curves,
called edges, embedded in the standard k-box with the following restrictions. The nodes
are endpoints of edges. All other embedded edges must be closed (isotopic to circles)
and disjoint from the box. We refer to a closed edge as a loop. It follows that there
cannot exist isolated nodes and that a single edge starts from each node (an example
is given in Figure . A non-propagating edge is an edge that joins two nodes of the

same face, while a propagating edge is an edge that joins a node of the north face to a
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node of the south face. If an edge joins the nodes 7 and i’ we call it a vertical edge. We
denote by a(D) the number of non-propagating edges on the north face of a concrete

pseudo k-diagram D.
N s

Figure 3.2: A concrete pseudo 7-diagram and a standard representation.

1 2 3 4 5 6

We define an equivalence relation on the set of the concrete pseudo k-diagrams. Two
concrete pseudo k-diagrams are (isotopically) equivalent if one can be obtained from
the other by isotopically deforming the edges while preserving the faces of the rectangle
setwise, in such a way that any intermediate diagram is also a concrete pseudo k-diagram.
We define a pseudo k-diagram as an equivalence class of concrete pseudo k-diagrams
with respect to isotopy equivalence, and denote the set of the pseudo k-diagrams by
Ti(0). Moreover, in our analysis it is important to fix a concrete representation in
which no edge doubles back on itself, which we call standard. What this means is that
in such a representation any vertical line intersects any edge, except vertical ones and
loops, at most once. In Figure [3.2] a concrete pseudo 7-diagram and one of its standard

representations are depicted.

Let D be a concrete pseudo k-diagram. Consider the set 2 = {e, 0} and the monoid
Q*. Our goal is to adorn the edges of D with elements of Q which we call decorations.
In particular, e is called a L-decoration and o is called a R-decoration. A finite sequence
of decorations b = z1xa - - - 2, of Q" is called a block of decorations of width p. We may
adorn an edge with a finite sequence of blocks of decorations by, ..., b,. If b is a block
of decorations on an edge e, we read off the sequence of decorations left to right if e is
a non-propagating edge, up to down if e is a propagating edge. If e is a loop edge, then
the reading of the sequence of decorations depends on an arbitrary choice of the starting
point and direction round the loop. We consider two sequences of blocks equivalent if
one can be changed to the other or its opposite by any cyclic permutation.

We assign to each decoration x; a vertical position equal to the y-coordinate in the

xy-plane.
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Definition 3.1.1. Let D be a concrete pseudo k-diagram decorated with at least one
decoration in € and such that all decorations have different vertical positions. An L-strip
(respectively R-strip) is a part of the diagram between two horizontal lines that contains
at least one L-decoration (respectively R-decoration) and no R-decorations (respectively
L-decorations). A strip partition of D is a partition into strips in which L-strips and

R-strips alternate.

Now we list the rules by which the edges of D can be decorated.
(DO) If a(D) = 0 then the edges of D are undecorated.
Now suppose a(D) # 0.

(D1) All decorated edges can be deformed so as to take L-decorations to the left wall
of the standard box and R-decorations to the right wall simultaneously without

crossing any other edge.

(D2) If e is a non-propagating or a loop edge, then we allow adjacent blocks on e to be

conjoined to form a single block.

(D3) If a(D) > 1 and e is propagating, then as in (D2), we allow adjacent blocks on e

to be conjoined to form a single block.
(D4) If a(D) = 1, then we require the following.

(a) All decorations have different vertical positions.

(b) All decorations occurring on propagating and loop edges must have vertical
position lower (respectively, higher) than the vertical positions of decorations
occurring on the (unique) non-propagating edge in the north face (respec-

tively, south face) of D.

(c) All blocks in the same edge inside the same strip may be conjoined to form

a single block.

Remark 3.1.2. To better understand the conditions on the blocks of decorations listed
n (D2) and (D4)(c), see Figure[3.3] In diagrams (A) and (B), since the a-value is greater
than 1, then the two e on the edge {3,1’} form a single block. In (C) and (D), the two
e are in the same strip, so they belong to the same block, while in (E) they form two
distinct blocks.
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N N N N
LG LG
LG LG
N\ N\ N\ N\
(A) (B)

) 4

/\O

(E)

Figure 3.3: Diagrams (A) and (B) are Q-equivalent. Diagrams (C), (D) and (E) are
isotopically equivalent but only (C) and (D) are Q-equivalent.

We say that two concrete decorated pseudo k-diagrams are $2-equivalent if we can
isotopically deform one diagram into the other in a way that any intermediate diagram is
also a concrete pseudo k-diagram decorated as above, and the relative vertical positions
of the decorations in each block are preserved. In addition, two diagrams with a-value
equal to 1 are Q-equivalent if furthermore, in any of their strip partitions, as well as
in those of any intermediate diagram, the number of L and R-strips and their relative

positions are preserved; see Figure [3.3

Definition 3.1.3. A LR-decorated pseudo k-diagram is defined to be an equivalence
class of Q-equivalent concrete decorated pseudo k-diagrams. We denote the set of LR-
decorated pseudo k-diagrams by TiEE(().

Definition 3.1.4. We define PL(Q) to be the free Z[§]-module having the elements of
TEE(Q) as a basis.

Now we define the product of two elements of () as their concatenation, and
then extend this bilinearly to define a multiplication in PER(Q). To concatenate two
diagrams D, D’ € TER(Q), we place D' on top of D so that node i of D coincides
with node i’ of D’, conjoin adjacent blocks maintaining Q-equivalence and then rescale

vertically by a factor of 1/2.

Proposition 3.1.5. The module PLE(Q) with the aforementioned product is a well-
defined associative Z[0]-algebra, with identity element the pseudo k-diagram I, made of

k undecorated vertical edges.

Proof. By [39, Proposition 3.3.5], the multiplication by concatenation defined above
preserves the condition (D1). Let D and D’ be two diagrams with a(D) = a(D’) = 1.
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Figure 3.4: Product in P& and reduction in 736LR.

If a(D'D) > 1, then there are no concerns, since all the blocks on each edge can be
conjoined. Else, if a(D’D) = 1, then (D4) holds. Indeed, if the unique non-propagating
edge €’ in the south face of D" is {#/, (i4+1)’}, then the unique non-propagating edge e in
the north face of D is either (a) {i — 1,4}, or (b) {é,i+ 1}, or (c) {i+1,i+ 2} (for more
details, see [I8, Proposition 3.2.7]). If the lowest strip of D’ and the highest strip of D
are associated to the same decoration, then we conjoin the two strips and the blocks on
the edges inside those strips (if any). Otherwise, D’D contains, from the top, the strips
of D' followed by those of D and there is no conjoining of blocks. In both cases, (D4)
holds; see Figure By construction, the multiplication is associative (see also [39]
Proposition 3.1.2]) and this concludes the proof. O

Note that PEE(() is an infinite dimensional algebra since, for instance, when D has
a single propagating edge, there is no limit to the number of decorations on such edge,
or when D has no propagating edges, there is no limit to the number of loops with both
decorations.

We introduce the notation for three types of loop edges in Figure (3.5
L= &« > Lo=C> Li=« D
Figure 3.5: Special types of loops.

From now on we follow the setup of Bergman’s Diamond Lemma [2, §1]. We define
a reduction system as depicted in Figure where the lines represent a portion of an
edge (loops included).

More precisely the reductions r; described in Figure [3.7] are defined as follows:

1. r1 and ro reduce the number of decorations and they are applied to adjacent

decorations in the same block;
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Figure 3.6: Product in P¥F with a-value 1. Diagrams (A) and (C) are irreducible while
(B) is not; (B) and (C) are equal in PFE((Q).

#H‘ iw‘ razOTHO‘ M:TOH‘O O 6

Figure 3.7: The reduction system in P{E(€).

2. if Lo (respectively, L,) occurs in D, then r3 (respectively, r4) removes a o (re-
spectively, o) on another edge (loop edge included) with the only restriction that
if a(D) = 1 then L, (respectively, £,) and e (respectively, o) must belong to the

same strip.
3. r5 removes an undecorated loop edge multiplying D by a factor 4.

Clearly, if a(D) > 1, a finite sequence of applications of r3 (respectively, r4) removes
all e (respectively, o) in D except the one on the last remaining loop, while in the
case a(D) = 1, it only removes all e (respectively, o) that belong to the same L-strip
(respectively, R-strip).

We say that a LR-decorated diagram is irreducible if no reduction can be applied.
Note that each block of decorations of an irreducible diagram cannot contain two adja-
cent decorations of the same type.

Define the function sh : TFF(Q) — Ti(0) such that sh(D) is the shape of D, i.e.
sh(D) is an element of Ty (()) which is equal to D with all decorations and loops removed.
Also define a function h : TFE(Q) — N where h(D) is the sum of the number of
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decorations and the number of loops of D.

Define <5 on TER(Q) via
D <5 D' if and only if sh(D) = sh(D') and h(D) < h(D').

Let D,D', A, B be elements of T(Q) with D <5 D’. We can easily verify that
sh(ADB) = sh(AD'B) and h(ADB) < h(AD'B), so that ADB <5 AD'B. Therefore,
<z is a semigroup partial order on TkLR(Q). Furthermore, we note that the reduc-
tions preserve the shape of the edges and decrease the number of decorations. Hence
<z is compatible with the set of reductions. Moreover, <5 clearly satisfies the descend-

ing chain condition, that is every sequence of reductions ends in a finite number of steps.

Now we want to show that all of the potential ambiguities are resolvable. Note
that r5 commutes with any other reduction. Moreover, if there are two reductions, one
involving only e-decorations and one involving only o-decorations which can be applied
at the same time, then they commute, so the corresponding ambiguity is resolvable.

So we only need to check ambiguities involving the same type of decorations, but we
know that all such ambiguities are resolvable since they coincide with those appearing
in the Coxeter type finite D [26, Theorem 4.2].

Let 73,€LR(Q) be the quotient of PL(Q) modulo the two-sided ideal generated by
the relations determined by the reductions in Figure Since all the ambiguities are

resolvable, by |2 Theorem 1.2] we have the following result.

Proposition 3.1.6. The set of LR-decorated irreducible diagrams forms a basis for

PLR(Q).

Now define the simple diagrams Dy, ..., Dpyo as in Figure 3.8 Since they are irre-
ducible, they are basis elements of 737552((2)

1 2 n+2 1 i 1+1 n+2 1 n+1l n+2

Pt P O

1 (n+2) i i (i+1) (n+2) 1 (n+1) (n+2)
Do Diywith1<i<n+1 Dhia

Figure 3.8: The simple diagrams.
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It is easy to prove that the simple diagrams satisfy the relations (d1)-(d3) listed in
Definition where b;’s are replaced by D;’s.

Definition 3.1.7. Let D(D,.2) be the Z[d]-subalgebra of ﬁ#fQ(Q) generated as a unital
algebra by the simple diagrams with multiplication inherited by ﬁ#&(ﬂ)

Let w = s, 54, - - - 55, be a reduced expression of w € W, and set

DW = DilDig e le

Ifwe FC(BTLJ’_Q), we can define D,, := D, where w is any reduced expression of w,
since D,, does not depend on the chosen reduced expression of w by relation (d2) from
Definition [1.1.20[ We define the Z[d]-algebra homomorphism

0p : TL(Dpyo) — D(Dpyo) (3.1)
bl' — Di
forall i =0,...,n+ 2. Clearly, Op is surjective and maps the monomial basis element

by into the diagram D,,. Our goal is to show that this map is bijective.

3.2 Diagram calculus associated to irreducible FC elements

In this section, we will need the star irreducible fully commutative elements of type
5n+2 described and classified in Section Now recall some notions and notations

introduced in the previous chapters. The sets of left and right descents are respectively:
Dr(w):={se S |{l(sw) <l(w)} and Dr(w) :={s € S| l(ws) < l(w)}.

The Cartier-Foata normal form (CFNF) is characterized in Theorem Recall
that the quantities fo(w) and fo(w), for w € FC(Dj42), represent the maximun number
of occurrences of the factors sps; and s,418n42, respectively, in a reduced expression
of w (see Definition [2.3.1)). By Theorem the star irreducible fully commutative
elements of type f)n+2 are partioned into three families: the trivially commutative ele-
ments TC(D,,12) (Deﬁnition, the complete zigzag elements CZ(D,,12) (Definition

2.3.5), and the candy elements K(D,,42) (Definition [2.3.18)).
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Lemma 3.2.1. Let w € FC(Dy42), if s € Dp(w) (resp. s € Dr(w)) then DyDy, = 6Dy,
(resp. DyDgs = 0Dy,).

Proof. If s € Dp(w), then w = su, u € FC(D,42) and (w) = £(u) + 1. Therefore,
D, = DsD,, so applying (d1) to Dy, it follows that

DyDy = DsDsD,, = dDsDy = 6D,,.

The same argument can be applied to s € Dr(w). O

In the following, by {i,j}4, with d € Q*, we denote the edge joining the nodes i and
j, and decorated with d.

Lemma 3.2.2. Let w € FC(D,,4).
(a) For 1 <i<mn+1, ifs; € Dr(w), then {i,i+ 1} appears in D,,.

(b) If so € Dr(w), then either {1,2}s appears in D, or{1,2} appears in D,, and the

numbers of occurrences of Le in Dy, and DyD,, are the same.

(c) If sp+o € Dr(w), then either {n + 1,n + 2}, appears in D, or {n + 1,n + 2}
appears in Dy, and the numbers of occurrences of Lo in Dy, and DypyoD,, are the

same.

Proof. Note that (a) follows directly by the definition of diagram concatenation.

If w = spu is a reduced product, before applying any reductions (if any), the edge
{1,2}, appears in the concatenation of Dy with D,. If D,, does not contain a L, such
that reduction (r3) is applicable, then the thesis follows. Otherwise, after applying (r3)
to the edge {1,2},, it looses its decoration, and {1,2} is in D,,. Moreover, the same
occurrence of L, gives rise to a reduction (r3) of the new occurrence of Lo, obtained
from the concatenation of Dy with D,,, to an undecorated loop. Note that if a(D,,) > 1,
then #L4 = 1. Hence the numbers of L, in D,, and DyD,, are the same. This proves
(b); (c) is analogous. O

A direct consequence of Lemma [3.2.2]is that Dy, = I,,12 if and only if w = e.

Proposition 3.2.3. Let w € TC(Dyy2), then:
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(a) the only types of edges allowed in D,, are simple edges and vertical edges {j,j'}
with1<j <n+2;

(b) the only types of loops allowed in D, are Lo and Lo;
(c) fo(w)=#Le <1 and fo(w) =H#Ls <1 in D,y,.
reduced with Ms; 55, = 2 for all j # I, then D,, = D;, --- D

Observe that the simple edges associated with two distinct commuting generators, if

Proof. Let w = s;, -+ - 54, i
they share a vertex, then they share both vertices, and the generators must be either
sp and s1, or sp4+1 and Sp4o. For this reason, the only allowed edges in D,, are either
simple non-propagating edges, or edges of the form {j,j'} with 1 < j <n + 2, and the
only allowed loops are those of the form L, and L.

Moreover, it can be observed that a loop Le is present in D,, if and only if sg,s1 €
supp(w), due to the earlier observation on possible shared nodes between simple edges
associated with commuting generators. Similarly, the same holds for £, and the occur-
rences of s,4+1 and s,42. Therefore, we conclude that fo(w) = #Le and fo(w) = #Lo
in Dy,.

O

N D D7 B g

TN LN

Figure 3.9: D,, with w = s9s18589 in TC(f)g).

Recall that if w € K(Dp42) and w = ug---uy, is its CENF, then m is even by
Definition 2.3.18

Proposition 3.2.4. Let n be even and w = ug- - Uy € K(Dpt2). Then any loop in

Dy, is of the form L3, and the number of occurrences of Lg is m/2.

Proof. Without loss of generality assume sg, sp4+2 € Dp(w) since the other cases are
analogous. By definition of candy elements we have that ug = sgss - - - sp—15p+2 and for
1<t1<m-—1,

5984+ Sp—95n8183 * * * Sp—1Sn+1, for ¢ odd;
Uij41 =

5284 - Spn—25n50S53 * '+ Sn—15n+2, for i even.
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Then Dy = Dyg -+ Dyjugiy - * Dy um» @and each concatenation gives rise to a loop L,
so #Lqe = m/2; see Figure left. No other types of loops are formed through the

concatenation. O

Proposition 3.2.5. Let w € CZ(D,,2), then a(Dy) = 1 and any loop in Dy, is of the
form Lo or Lo, moreover fo(w) = #Le and fo(w) = #L,.

Proof. By Deﬁnition either Dy, = DoD1(DaDg)*D" or Dy, = Dy 1Dy y2(DpDa)kDY
with £ >0, h € {0,1} and k + h > 0. A direct computation shows that a(D,,) = 1 and
that each concatenation by D4 gives rise to a L, and each concatenation by Dp to a
Lo. Hence, in the first case, the number of occurrences of Lo (respectively, L,) in D,,
is k 4+ 1 (respectively, k + h) which is equal to fe(w) (respectively, fo(w)). A similar
computation holds for the second case. No other types of loops are formed through

these concatenations. An example is given in Figure right.

L]

o’ i o

[ &)
paaN PN

(-
: —

N )

N\ N\
\.\_/-O/ (@

Figure 3.10: On the left, the concatenation Dy, = Dy, Dy us, - - - Du,,_ju., i the proof of
Proposition on the right, the concatenation D, = DgD1(DADg)¥D 4 in the proof

of Proposition

Proposition 3.2.6. Let w € FC(ﬁn+2). Then
(a) the diagram D,, does not contain any undecorated loops;

(b) fo(w) = #Le in Dy;
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(¢) folw) =#Lo in Dy,.

Proof. We show that the numbers of undecorated loops, Lo and L, are invariant by left

and right reductions. The result then follows since (a), (b), and (c) hold for irreducible

elements by Propositions [3.2.3] [3:2.4] 3.2.5 and Theorem [2.3:20

Without loss of generality, assume that w ~+; sw =: wy. Then

DtDw — DtDsDw1 - DtDsDtDu — DtDu - le

where (d3) from Deﬁnition is applied in the third equality, and wy = tu is reduced.
Since s € D (w), then the simple edge associated to s by Proposition appears in
D,,. Thus, the concatenation D;D,, does not create new loops, decorated or not, since
the simple edge in D, is adjacent to the one corresponding to s in D,, (see Figure .
Hence, the total number of loops does not change, and (a) is proved. Moreover, by

Lemma [2.3.2(b), fo(w) = fo(w1) and fo(w) = fo(w1), so (b) and (c) also yield.
O

i—1 i i+1 i+2

Dy

Dy

Figure 3.11: D.D,, = D,,,, for Proposition

3.3 Descents and monomial basis

In Definition|1.1.20} we introduced the algebra TL(f)nH) generated by {bg, b1, ..., bpt2}
and defining relations (d1)-(d3). Recall that {b, | w € FC(Dp42)} is a basis for

TL(Djp42), called monomial basis. Recall that the symbols s,, so, te and t, are described
in Notation 2.3.4

Remark 3.3.1. It is not difficult to see that for any finite sequence of indices {i1, ..., i, },
bi, -+ b;, = 6Fb, with k > 0 and 2 € FC(D,,42) by applying the relations (d1)-(d3) of
TL(D,,42) given in Definition [1.1.20, In particular, s;, € Dy (z) and s;, € Dg(z).
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Lemma 3.3.2. Let w € FC(D,12) and suppose there exist s € S and s' € Dy (w) with
Mgy = 3. Then bsby, = by with & € FC(Dyy2), fo(w) = fo(x) and fo(w) = fo(z).

Proof. First of all observe that ¢(sw) = {(w) + 1. If sw € FC(f)nJrg) then bsb,, = bsw
and it follows that fo(w) = fo(sw) and fo(w) = fo(sw). If sw ¢ FC(Dyy2), then w
can be written as w = §'su reduced with mgs = 3 by Remark Hence, by (d3)
from Definition bsby = bsby, = bgy with fo(w) = fo(su) and fo(w) = fo(su) by
Lemma 2.3.2 O

Proposition 3.3.3. Let w € FC(Dpy2) be reducible to v € K(Dpi) UTC(Dyys), and
let s ¢ Dr(w) be such that bsb, = 6*b, with x € FC(5n+2).

(a) If k> 0, then v € K(Dypy2) and fo(z) = fo(x) = 1.
(b) If v € TC(Dpyo), then k = 0.

Proof. Note that (b) follows by (a). To prove (a) we consider a reduction sequence
Wo = W ~> W ~ Wy ~> «++ ~ wy = v with v = ug -+ - uyy, its CENF. We prove the result
by induction on I.

If ] = 0, then w = v € K(Dy12)UTC(Dyp2). If w € TC(Dpysa), then sw € FC(Dyy2)
and bgby, = bsw. So, we have w € K(EHH) and we assume {So,8.} C Dp(w). If
s = sj with 2 < j < n even, then there exists s’ € Dy (w) such that mgy = 3, so
bsby = by by Lemmal[3.3.20 Thus, s € {ts,t0}, then bsb, = 6*b, with k = [m/2] —1 and
T = 80518355 "+ Sn_1Sp+1Sni2 € TC(ﬁn) by direct computation and fe(z) = fo(z) = 1.

Assume | > 0. First, we assume that w ~», rw =: wy. We have that m, = 2,
otherwise if mg,. = 3, then bsb,, = b, with y € FC(5n+2) by Lemma m Therefore,

6*by = bsby = bsbyby, = brbsby,

with £ > 0 and s ¢ Dr(w;). Now we distinguish two cases. Suppose mg, = 2. By
Remark we have that bsby, = d"b, with h >0, y € FC(Dpy2) and p € Dr(y), so

bybsbw, = 6"b.by,.

Thus by Lemma byby = by with 2/ € FC(Dy,40) and fo(2') = fu(y) and fo(2') =
fo(y). Therefore, 6*b, = §"b,s, hence h = k > 0 and = = 2’. By inductive hypothesis
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on wi, we have that fo(y) = fo(y) =1 and v € K(Dy+2), in particular

fo(@) = fo(y) =1 and fo(z) = fo(y) = 1.

On the other hand, if mg, = 3, we have that sw; ¢ FC(BH+2), otherwise if sw; €
FC(ﬁn+2), then rsw; = sw € FC(f)nJrg) and bgby, = bsy. Thus, by Remark 5),
it means that w; ~»¢ pwy := w’. Therefore, w is star reducible to w’, in particular by
Theorem [2.1.6(2) there exists a sequence of length [ such that

W~ Wy = wy > wh = w s w) =0 € K(D,) UTC(D,,)

by Corollary 2:3:21] Thus,
6%by = brbsbu, = brbsbpby = bybyy

with k£ > 0, since bsbyb,y = by and s € Dp(w'). Moreover, since w = rpw’ reduced
then r ¢ Dp(w’). Therefore, by the inductive hypothesis fo(z) = fo(z) = 1 and

v’ € K(Dy2), so we have that v = v by Corollary [2.3.21
Now, we suppose that w ~», wr := wy. Thus,

6%by = bsby = bsby, by

with £ > 0. By Remark bsby, = 6"b, and since p € Dg(w;), we have that
p € Dgr(y). Thus, byb, = by with 2/ € FC(Dpy9) and fo(2') = fu(y) and fo(z') = fo(y)
by Lemma m Therefore, §¥b, = 6"b,, so k = h > 0 and =z = 2/. By inductive

hypothesis on w1, we have that fe(y) = fo(y) =1 and v € K(D,,+2), in particular

fo(@) = fo(y) =1 and fo(z) = fo(y) = 1.
O

Remark 3.3.4. Note that the a-value is invariant for star reducibility. In fact, assume
that w ~; sw =: w’. Since mg = 3, the non-propagating edge on the north face
associated to t in D,y has a common node with the simple edge associated to s. Thus,

when concatenating Dy and D,,, the number of non-propagating edges does not change.
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Therefore, since Dy, = DsD,y = Dy, we have a(D,,) = a(D,y).

Proposition 3.3.5. Let w € FC(Dy,42) be reducible to v € CZ(Dyy2), then a(Dy) = 1.
Moreover, if s ¢ Dp(w) and bgby, = 6Fb, with x € FC(]_NZHQ) and k > 0, thena(D,) > 2.

Proof. Since a(D,) = 1 by Proposition [3.2.5, we have that a(D,,) = 1 by Remark [3.3.4]

To conclude the proof, let s ¢ Dy, (w), bsby = 6Fb, with k > 0, and = € FC(D,12).
We have that mg = 2 for all t € Dp(w), otherwise if there exists s’ € Dr(w) such
that mgy = 3, then bsb, = b, with y € FC(5n+2) by Lemma We observe that
Dr(xz) 2 Dp(w) U {s} by Remark so for this reason |Dr(z)| > 2 and moreover
Dr(x) ¢ {{so0,s1},{Sn+1, Sn+2}}. In fact, for instance, if Dy (x) = {so,s1}, then s = s,
and w is a weak zigzag with Dy (w) = {ts}, by Corollary 2.3.9] But this means that
sw € FC(ZNDnH) and bsb, = bsy. Therefore, by Lemma we have that a(D,) >
2. O

Theorem 3.3.6. Let w € FC(EHH). Then s € Dp(w) if and only if DsDy, = §D,,.
Therefore, if Dy, = Dy, then Dp(w) = Dr(u) and Dgr(w) = Dg(u).

Proof. Assume s € Dp(w), then DsD,, = §D,, by Lemma

Suppose now, DsD,, = 6D, and s ¢ Dr(w). We observe that by Lemma m
and definition of fp, w is reducible to v € K(Dpy2) U CZ(D,y2). By Remark [3.3.1
we have that bsb, = 6%b, with &k > 0 and z € FC(f)nH). Hence, applying the map
§D we have that 6*D, = 6D,,. Moreover, by Proposition it means that k = 1
and D, = Dy,. Now, if v € K(Dp42), then 0 = fo(w) # fo(z) = 1 by Lemma
and Proposition [3.3:3] but they should be the same by Proposition [3.2.6l On the other
hand, if v € CZ(Dp42), by Lemmawe have that 2 < a(D,) # a(D,,) = 1, which
is absurd. Thus, s € Dp(w).

In conclusion, if D,, = D, then for all s € S, DyD,, = 0D,, if and only if DsD,, =
8Dy, hence Dy (w) = D (u). Moreover, since D,,-1 = D,-1, we have that Dy (w™!) =
Dr(u™1), so Dr(w) = Dg(u).

O

Corollary 3.3.7. Let w € FC(D,2).

(a) For1<i<mn+1, the edge {i,i+ 1} appears in D, if and only if s; € Dp(w).
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(b) The edge {1,2}¢ appears in Dy, or {1,2} appears in D,, and the numbers of Le in
Dy, and DyoD,, are the same, if and only if so € Dr(w).

(c) The edge {n+ 1,n+ 2}, appears in Dy, or {n+ 1,n+ 2} appears in D,, and the
numbers of Lo in Dy, and DyyoD,, are the same, if and only if s,y2 € Dp(w).

Proof. The sufficient condition is proved in Lemma [3.2.2l Here we settle the other
implication.

First, note that if {i,7 + 1} appears in D,, with 1 < ¢ <n+ 1, then D;D,, = §D,,,
so s; € Dr(w) by Theorem [3.3.6] Hence, (a) is proved.

If {1,2}, is present in D,,, then DyD,, = 0D,,, thus sg € Dr(w) by Theorem m
Suppose now that {1,2} appears in D,,. Since the concatenation Dy with D,, forms
a loop L, and the numbers of L4 in D,, and DyD,, are the same, it means that a L,
giving rise to a reduction of type (r3) was already present in D,,. Hence DyD,, = 0D,
and (b) follows by Theorem [3.3.6] Point (c) is analogous to (b). O

3.4 Injectivity of 0p

In this section, we prove that the map p : TL(Dpt2) — D(Dy12) such that b; — D;
for all 4, given in , is injective. The argument proceeds in three steps: we first show
that 6p is injective on the set of irreducible elements of FC(En+2). We then prove that
if 0p(by) = Op(by) and one of u and w is irreducible, then © = w. Finally, combining

the previous steps we deduce the injectivity of 0p.

Proposition 3.4.1. Let u,w € I(D,,). If D,, = D,,, then u = w.

Proof. Since D,, = Dy, then Dy,(u) = Dr(w) and Dg(u) = Dg(w) by Theorem [3.3.6]
Suppose u and w are not in the same family. Note that one of them must be in the
family TC(D,,) because the cardinalities of the descent sets of a candy and a complete
zigzag are never equal. Hence assume v € TC(D,,). If w € CZ(D,,), necessarily Dy (u) =
Dg(u) = Dr(w) = Dr(w), hence

Dr(w) = Dr(w) = {so,s1} or D(w) = Dr(w) = {Sn+1, Snt+2}-

Therefore, 3 < fo(w)+ fo(w) # fo(u)+ fo(u) = 1 which is a contradiction by Proposition
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3.2.6, If w € K(Dj12) then we have a contradiction because D,, has at least one Lg
while D,, has no occurrence of Ly by Proposition and Proposition |3.2.3|(b).

Assume now that v and w are in the same family.

e If u,w € TC(Dpyo), then u = w trivially.

o If u,w € K(Dp42), then consider v = wouq - uy, and w = wowy - - - wy, their
CFNF. Since Dy (u) = Dr(w) and D,, and D,, have the same number of Ly, then
up = wo and m = p, by Proposition [3.2.4] Therefore, by Definition u=w.

e If u,w € CZ(Dyi2), then Dy(u) = Dy (w) implies that u and w are of the same
form (1) or (2) in Definition Moreover, the corresponding k and h are equal

as well, since fo(w) = fo(u) and fo(w) = fo(u) by Proposition
O

Before proving the following results, we need to introduce a particular representation

of a diagram D,, for some w € FC(D,,12), by explicitly describing its factorization into

simple diagrams geometrically.

Definition 3.4.2. Let w = s;,5;, - 5;,, be a reduced expression of w € W. We call
the concrete simple representation of Dy, the concrete diagram C(Dy,) that results
from stacking standard representations of the simple diagrams D;,, ..., D;  from top
to bottom without deforming any of their edges or applying any relation among the
decorations (see Figure . Recall the description of a standard representation of a
diagram given in Section after Figure [3.2

Lemma 3.4.3. The element w € FC(Dpy2) if and only if, for any w € R(w), C(Dy)

does not contain the patterns in Figure|3.15

Proof. Let w ¢ FC(Dpy2), then there exists a reduced expression w of w containing
the factor s;s;s; for some s;, s; adjacent nodes in the Coxeter graph (Figure left).
Hence, D;D;D; in D,, gives rise to one of the patterns in Figure in C(Dw). Vice
versa, assume there exists w € R(w) such that C(Dyw) contains the pattern P;, with
i = 2,...,n+ 2. By construction, the diagrams contributing to the top and bottom

part of the pattern P; (respectively, P,y2) are equal to D; (respectively, D, 2), there
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Figuge 3.12: The concrete simple representation C(Dy,) with w = s55352585051528386 in
FC(Ds) and its associated pseudo diagram D.,,.

1 2 3 Joog+1l j+2 i—-1 i i+l n n+l n+2
[ . . o]
N N TN N
NI NI N N
N N N N
NI NI NI N
(Qo) Q) (P) (Po+2)

Figure 3.13: Forbidden patterns in a concrete simple representation of a FC element.

is one occurrence of D;_1 (respectively, D,,) between the two D; (respectively, D,2),
and there is no occurrence of D;y; between them. Hence any other simple diagram
appearing between these two occurrences of D; (respectively, D, 12) in the factorization
of Dy commutes with them. Therefore there exists a reduced expression w’ in the
same commutation class of w in which the factor s;s;,_1s; (respectively, sp4+25n5n+2)
appears and so w is not FC. A similar argument holds for the patterns of the form @Q;,
7=0,...,n. L]

Corollary 3.4.4. Let w € FC(D,12), then

(a) Dy, contains a Le (respectively a Lo ) if and only if there exists a reduced expression

of w containing a factor sosy (respectively sp+1Sn+2).
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(b) Dy, contains a Le and the vertical edge {1,1'} (respectively a Lo and the vertical
edge {n+2, (n+2)'}) if and only if there exists a reduced expression of w containing

a factor saspsisa (respectively SpSn41Sn+25n)-

Proof. Note that (a) derives from Proposition We only prove the direct implication
of (b) since the reverse is clear. By the previous point, there exists a reduced expression
w such that Dy, contains the factor DgD;. The associated C(Dy,) has a path from node
1 to node 1’ if and only if there are two occurrences of Dy, one before and one after
DgD1, otherwise, for topological reasons, in Dy, there would appear a pattern of type
(P;). An analogous argument works for £, and for the edge {n + 2, (n +2)'}. O

Lemma 3.4.5. Let w € FC(Dyy2) such that fo(w) = fo(w) = 0. If the edge {i,i'} not
decorated appears in D,,, then the following hold.

(a) Ifi =1, then sg, s1 ¢ supp(w).

(b) If i =2, then s, s1,s2 ¢ supp(w).

(c) If 3 <i<m, then s;_1,s; ¢ supp(w).

(d) If i = n+1, then sp, Spt1, Snt+2 ¢ supp(w).
(e) If i =n+ 2, then Spi1, Sp+o & supp(w).

Proof. We only prove point (c) since the other cases are similar. Then set 3 < i < n,
and let w = ug---uy be its CFNF. We have D,, = Dy, ---D,,, with Dy, 0 <j <
m described in Proposition since u; € TC(ﬁn+2). First, note that s;_1,s; ¢
supp(up) = Dr(w) by Lemma Now we prove the result by contradiction. Let
1 <1 < m be the smallest index such that s;_; or s; is in supp(v;), and assume, without
loss of generality, that s;_1 € supp(y;). By Lemma {i—1,i} and {(: — 1)',i'} are
in D,,, and by Lemma and Corollary the undecorated edge {i,4'} belongs
to Dy, for all 0 < j < [. Note that the configuration depicted in Figure (a) never
appears by Lemma Therefore, since {i,i'} appears in D,, by hypothesis, the only
possibility is that there exist hy < hg such that so € supp(up,) and s1 € supp(up,),
or vice versa, and sg,s1 ¢ supp(u;) for all by < j < hg, see Figure (b) Suppose
hi is minimal, then in the diagram Dy,Dy, -+ Dy, -+ Dy, -+ Dy, the edge {,2'} is
decorated with a e. Now, since D,, contains {77}, the edge {2,7'} in D Dy,

uh2+l ’
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Dy,
Dy,
o
ol
i DuhQ
(a)

o)
Figure 3.14: Concatenation D,, = Dy, - - - D,,, for the proof of Lemma

either is undecorated or its first decoration is a o. In any case, {i,i'} is decorated since
fe(w) = fo(w) = 0 by hypothesis, which is a contradiction. The same argument holds
if we assume that s; € supp(vu;), by exchanging the o decorations with the e.

O

Proposition 3.4.6. Let w € FC(IN),HQ). If u € TC(ﬁn+2) such that D, = D,,, then

u=w.
Proof. We distinguish four cases.

(1) Assume fo(w) = fo(w) = 0. If w € I(D,), then u = w by Proposition
Otherwise, we suppose that w ~~, s;—jw, with 3 <4 < n—1. Therefore since s;_1s;
is a prefix of w, we have that s;,s;+1 ¢ Dr(w). Moreover, since D, = D,,, the
non-decorated edge {i+1, (i+1)'} occurs in D, by Proposition [3.2.3|and Corollary
3.3.7, which is not possible by Lemma The cases when i € {2,n,n+ 1}, or
5082, SpSp42 OT Sjs;r, with Msjs, = 3 and j > j, is a prefix of w can be treated
in the same way using Lemma So w is necessarily irreducible and u = w.
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(2) If fo(w) = 1 and fo(w) = 0, then sg,s1 € Dr(w) N Dr(w), because D (u) =
Dgr(u) = Dr(w) = Dr(w) by Theorem Moreover, it is possible to write
w = spsiw’ reduced and sg,s1,82 ¢ supp(w’). Let u = spsju’ reduced and
u' € TC(D,). Observe that, {1,1'} and {2,2'} appear in D,y and in D, since
S0, 81,82 ¢ supp(w’) U supp(v’). Then, D,y = D, since the portions of D, and
D, on the right of {2,2'} are both equal to the corresponding portion of Dy, = Dy,;
for an example see Figure Therefore, v’ = w' by point (1), thus u = w.

(3) If fo(w) =0 and f,(w) =1, then this case is analogous to the previous one.

(4) If fo(w) = fo(w) = 1, then w = sps;w’ and u = sgsju’ both reduced, sg, 51,52 ¢
supp(w')U supp( "Yand D,s = D,y for the same argument in point (2). Moreover,
fo(w') =0 and fo(w') =1, so ' = w' by point (3). Hence, u = w.

]
L)
NG

Figure 3.15: D,, = Dg,s,D.,, w = sos1w’ and w' = $3555854565105557585659-

Proposition 3.4.7. Let w € FC(5n+2). If u € CZ(ETLH) U K(En_l’_Q) such that D, =

Dy, then u = w.

Proof. If u € CZ(Dpy2), then Dp(w), Dr(w) € {{s0,51},{8ns1,Sn+2}} by Theorem
3.3.61 Hence, w is both left and right irreducible by Lemma so w € I(Dyia).
Then, u = w by Proposition

If u € K(D,2), by Theorem we can assume D (u) = Dp(w) and Dr(u) =
Dg(w). Therefore, w € I(Dy42) since it cannot admit any prefix or suffix of the form
st, mgg = 3. Then, u = w by Proposition [3.4.1 ]

Theorem 3.4.8. The map 0p : TL(Dpy2) — D(Dyi2) is a Z[8]-algebra isomorphism.
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Proof. First, we have that Op is a surjective homomorphism by definition. So we only
need to show that the set {D,, € D(Dpy2) | w € FC(Dpyo)} is a basis for D(Dpyo).
Since the diagram D,,, for all w € FC(ﬁn+2), does not contain any undecorated loops
by Proposition it is sufficient proving that if u,w € FC(ﬁn+2) such that D, = D,

then u = w. Suppose that w is reducible to v € 1(D,42) by a sequence wyg = w ~»
wy ~» wo ~ -+ -~ w; = v. We proceed by induction on [. If [ = 0, then w € I(ﬁn+2),
hence u = w by Propositions [3.4.6] and [3.4.7 Without loss of generality, suppose that
w ~»; sw =: wi. We have that s € Dy (u), since Dr(u) = Dr(w) by Theorem [3.3.6]
Suppose that st is not a prefix of u, then tu € FC(EnH) reduced by Remark 5).
Moreover, Dy, = D¢Dy, = DiD,, = Dy, so by inductive hypothesis, it means w; = tu.
But this is a contradiction since ts is not a prefix of wy but it is a prefix of tu. Therefore,
u ~¢ su =: uy. Hence, D,,, = D¢D,, = D:D,, = D,,, so by inductive hypothesis, u; = w;

and v = w. O

3.5 Some remarks on the Lusztig’s a-function

In this section, we want to relate the Lusztig’s a-function of a fully commutative
element to its corresponding TL diagram.

In [38], Lusztig introduced the function a : W — Ny which plays an important role
in Kazdhan—Lusztig theory. For instance, this function is constant on the LR-cells of
a Coxeter group [38, Theorem 5.4]. In [44], Shi provided a more manageable way to
compute the a-function of a FC element of a finite or affine Weyl group W through its
heap. Let w € FC(W), define n(w) as the cardinality of the maximum antichain in the
heap H(w). Equivalently, by [44, Lemma 2.7], n(w) is the maximum integer k such that
w = uw'v is reduced, £(w') = k and w’ € TC(W). In [44, Theorem 3.1], Shi proved the

following important result.
Theorem 3.5.1. Let w € FC(W). Then a(w) = n(w).

In [19, Lemma 5.4, 5.5], Ernst proved that when W is an affine Coxeter system of type

Cy, then n(w) = a(D,,), where D,, is the decorated diagram associated to w € FC(Cy,)

in the diagrammatic realization of TL(C),) he introduced in [I8] 19], and a(D,,) is the

number of non-propagating edges on the north face of D,,. However, this property does

not hold for the diagrammatic realization of TL(D,,) used in this work. For instance, if
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w = 5081, we have 2 = n(sgs1) # a(Dy) = 1. Our goal is to provide a function defined

on the L R-decorated diagrams of type f)n+2, that coincides with Lusztig’s a-function.

Definition 3.5.2. Let w € FC(D, 12). We define the function a(D,,) as follows:

a(Dy) + #Le + #Lo, if a(Dy) > 1;
a(Dy) := S a(Dy) + A, if a(Dy) = 1;

0, if w=e,

where

1, otherwise.

{o, if 4Ly = #L0 = 0;

Theorem 3.5.3. If w € FC(Dp2), then n(w) = a(Dy,).

Proof. By the definitions of irreducible FC elements it is immediate to compute that

n(w) = |Dr(w)| for w € I(Dy42), that is:

l(w), if w e TC(Dpya);
n(w) =< 2, if w e CZ(Dpy2);

n/2+1, if weK(Dpio).

By Proposition if w € CZ(Dpy2) then a(D,) = 1. By Lemma if w e
K(Dy12), then D,, has n/2 + 1 non-propagating edges. If w € TC(Dp2), by Corollary

3.3.7 a(Dy) = ((w) — fo(w) — fo(w). Hence, if w € I(Dpys), n(w) = a(Dy) by
Proposition Moreover, by [44, Lemma 2.9], n(w) is invariant by star reducibility.
On the other hand, by Lemma (b) and Remark and by Proposition
a(Dy), #Le and #L, are invariant by star reducibility as well. Hence n(w) = a(D,,)

for any w € FC(Dj2). O

3.6 Admissible diagrams of type D, -

In this section, we present a combinatorial description of the TL decorated diagrams

of our diagrammatical representation. In particular, we introduce a distinguished family
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of diagrams, called admissible diagrams, and consider the Z[d]-module they generate
inside 737%2(9) We then show that this module and D(D,,2) coincide as subalgebras
of 73#52(9)

Definition 3.6.1. An irreducible diagram D € TLE (Q) is called a D-admissible dia-

gram if it satisfies the following conditions:

(A1) The only possible loops in D are those depicted in Figure If a £ occurs, the
other two types of loops cannot appear. Moreover, if a(D) > 1 then there is at

most one occurrence of Lo and at most one occurrence of L.

Assume a(D) > 1.

(A2) Both the sum of the number of £ and e on non-loop edges, and the sum of the

number of £, and o on non-loop edges, must be even.

(A3) If e is the vertical edge {1,1'} (respectively {n + 2, (n +2)'}), then exactly one of

the following three conditions is met:

(a) e is undecorated,;

(b) e is decorated by a single o (respectively ®) and no L, (respectively L)

OCCUrs;

(c) e is decorated by an alternating sequence of @ and o and there are no loops.

Assume a(D) = 1.

(A4) The western side of D is equal to one of those depicted in Figure where the
number of £, might be 0 and dq,d2 € {), e}. In each e-strip, there is a unique L,
and no other decorations, except when d; or da of Figures (B)-(C)-(D) are
not empty. In these cases, the highest (respectively, lowest) strip of the diagram
contains two e and no £,. We have similar restrictions for the eastern side of D,
where the e are replaced by the o and the £, with the £, (see Remark for

an analogous description).

Remark 3.6.2.
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1 1 2 3 1 1 2 3
O------ [
; O )
O o

)

Figure 3.16: Western side of an admissible diagram with a(D) = 1. The number of L,
in each diagram can be zero.

(a) An edge e of an admissible diagram D can be decorated by both e and o only if
D has no propagating edges or if e is the unique propagating edge of D.

(b) If a(D) = 1, then the e-strips and the o-strips must alternate.

(c) In a standard representation, all the loops L, (respectively L,) will be depicted
vertically aligned on the left (respectively right) of the leftmost (respectively right-
most) propagating edge of the diagram (Figure. When D has no propagating
edges, the £g will be drawn horizontally aligned in the middle of the picture (Fig-

ure [3.22)).

(d) The diagram in Figure [3.6[C) is an example of an irreducible diagram that is not

admissible, since it does not satisfy (A2).

Definition 3.6.3. We denote by ad(D,,;2) the set of all D-admissible (n + 2)-diagrams
and by M[ad(D,2)] the Z[é]-submodule of ﬁ#fz(ﬁ) they span.

Since the admissible diagrams ad(D,,2) are irreducible, they are independent.

Proposition 3.6.4. The set of admissible diagrams ad(Dy,+2) is a basis for the module

Mad(Dy2)).

We now classify the admissible diagrams in three main families.

Definition 3.6.5 (PZZ-diagrams). Let D € ad(D,,42). We say that D is a PZZ-diagram
if a(D) = 1 and #Le,#Lo > 1. In particular, we say that D is of type (a,b) where
a,b € {eo,0} if the highest loop in D is £, and the lowest loop in D is L.
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Nz

AN

Zy Zy

Figure 3.18: Special PZZ-diagrams.

By (A4) and Remark [3.6.2(b) in a PZZ-diagram we have that |#Le — #Lo| < 1.
The two specific PZZ-diagrams depicted in Figure will be used later. Note that
7 is of type (e0), Zy is of type (o) and they both have #Le = #L, = 1.

Definition 3.6.6 (P-diagrams). Let D € ad(D,+2) that is not a PZZ-diagram. We say
that:

(LP) D is of type LP if it has a single Lo and there exists j; € {2,...,n + 1} such that
the leftmost j; — 1 > 0 edges are vertical and undecorated, and the one leaving

node jy is not an undecorated vertical edge.

(RP) D is of type RP if it has a single £, and there exists j, € {2,...,n + 1} the
rightmost n + 2 — j, > 0 edges are vertical and undecorated, and the one leaving

node j, is not an undecorated vertical edge.

(LRP) D is of type LRP if it is of both types LP, RP and if a(D) > 1. The condition
a(D) > 1 implies that j,. — j;, > 2.

If D is of type LP, RP or LRP then we say that D is a P-diagram.
Definition 3.6.7 (ALT-diagrams). Let D € ad(D,42). If D is not a P-diagram or
a PZZ-diagram, then we say that D is an ALT-diagram. In particular, the identity

diagram is an ALT-diagram.
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N 7=

Figure 3.19: A P-diagram of type LRP, with j, = 3, j. = 13 and n = 12. The shaded
part denotes its inner alternating diagram, as defined in Definition [3.6.8]

N

N N

Figure 3.20: An ALT-diagram with n = 9.

The conditions required for the ALT, P and PZZ diagrams are consistent with (A1)—

(A4); moreover, the three families form a partition of the set of admissible diagrams.

Definition 3.6.8. Given a P-diagram D, we define the inner alternating diagram, de-
noted by 15, as the diagram embedded in the standard (j, — j; + 1)-box and delimited
by the vertical edges {j, — 1, (je — 1)’} and {j, + 1, (j- + 1)’} of D. We relabel the nodes
of D by 1,2,3,..., where k = k + j, — 1. If D is of type LP (respectively, RP) we set
Jr = n + 2 (respectively, j, = 1).

Note that D is an ALT-diagram. For example, in Figure D is represented by
the shaded part.

For our aims, it is useful to introduce the following definition. The notation a¢* means

that a* might be either a node a in the north face or a node a’ in the south face of D.

Definition 3.6.9. Let D € ad(D,42). The conjugate diagram F(D) is the diagram
having the set of edges equal to {F(e) | e is an edge of D}, where F(e) is defined as
follows.

If e is a loop, then
(f1) F(Ls) = Lo, F(Ls) = Lo and F(Lg) = Lq, with the same vertical positions.
Otherwise,

(f2) if e = {i*,5*} is a non-propagating edge, then F(e) = {(n+3—j)*,(n+3 —1i)*};
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(f3) if e = {i, 4’} is a propagating edge, then F(e) ={n+3 —1i,(n +3—j)'};

(f4) if e is a non-propagating edge decorated with e o, then F(e) is decorated with e o.
Otherwise, if e has a e (respectively o) then F'(e) has a o (respectively ) in the

same vertical position.

Remark 3.6.10. One can note that this operation is left-right reversal composed with

exchanging the two types of decoration. In particular, F'(D) € ad(Dy+2), F(F(D)) = D

and F(DD') = F(D)F(D') for D, D' € ad(Dj12).

For example F(Z,) = Zy and F(Z2) = Zj, see Figure Moreover, in Defini-
tion m(A4) the eastern side of D can be obtained by applying F' to the diagrams
depicted in Figure Note that F(D) is an ALT (respectively, P, PZZ) diagram if
and only if D is an ALT (respectively, P, PZZ) diagram. In particular, a RP-diagram is
the conjugate of a LP-diagram, and vice versa, while the conjugate of a LRP-diagram

is a LRP-diagram.

3.6.1 Length of an admissible diagram.

In this section we introduce a length function on the set of admissible diagrams. In
the diagram algebras of types A and A the length of a diagram is defined by counting the
number of intersections between all the vertical lines i+ 1/2 in the standard box and the
edges of the diagram (see |26, Lemma 3.3], |21}, Definition 4.4.2]). To define an analogous
length function in type D, for instance in the case of an ALT-diagram, one may count
the intersections between such vertical lines and the edges of an isotopically equivalent
diagram obtained by stretching the decorated edges to touch the left or the right wall
of the box without crossing each other, as sketched in Figure 3.21} For the P and PZZ-

diagrams the geometric interpretation is more subtle. The algebraic formulation of the

N
L S

< S—
/'/ N

Figure 3.21: Stretched representation of the diagram in Figure The length of this
diagram is 29.
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length function that arises from this approach is the following.

From now on, we consider the standard representation of a diagram (see Section
and we assign to any edge e of D a weight w(e) whose value depends only on the
decorations e and o. We set w(Ls) = w(Ls) =1 and w(Lg) = n+ 1. If e is undecorated,

then w(e) = 0. For k € Ny, set (0e)¥ :=oe---ceand (e0)f :=eo...e0.

2% 2k
Ifi<jand e={i,j}, e={i,j'} or e ={i,j'}, then we set
i—1+k(n+1), if e is decorated with e followed by (o ®)¥;
n+2—j+k(n+1), if e is decorated with o followed by (eo)*;
w(e) == (3:2)
(k+1)(n+1)—j+i, ifeisdecorated with (eo)¥*1;
(k+1)(n+1), if e is decorated with (o e)k+1,

If i > j and e = {i,5'},

j—14+Ek(n+1), if e is decorated with e followed by (o e)*;
n+2—i+k(n+1), ifeis decorated with o followed by (eo);

w(e) := (3.3)
(k+1)(n+1), if e is decorated with (e o)¥*1;

(k+1)(n+1)—i+j, ifeis decorated with (o o)k“,

Remark 3.6.11. Note that, by definition, the weight of an edge decorated with only
a e (respectively, o) depends only on its leftmost (respectively, rightmost) endpoint. In
particular, if the edge e = {1*, 5%} (respectively, e = {i*, (n + 2)*}) is decorated only
with a e (respectively, o), then w(e) = 0.

T2 3 4 5 6

= N =

<> > >
PadiaN
78

NN

1 9! 3/ A 5/ 6

Figure 3.22: The weights of the non-loop edges are all 0 except w(3,4) = 6 and w(7’,8') =
6. Moreover, w(Lg) = 7 and ¢(D) = 41.
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Notation 3.6.12. We set v;(D) the number of non-loop edges of D that intersect the
vertical lines 1 + 1/2, with ¢ € {1,...,n + 1}. Note that v;(D) is well-defined since we
work with a standard representation of D and it is always an even number. Also define
n+1
v(D) = Z vi(D) and w(D) := Zw(e),
i=1

where the second sum runs over all the edges of D, loops included.

Definition 3.6.13 (Length of a D-admissible diagram). We define the length £(D) of

an admissible diagram D € ad(D;2) as follows.

(a) If D is an ALT-diagram, we define

UD) = %V(D) +w(D). (3.4)

In particular, if D is the identity diagram then ¢(D) = 0.

(b) If D is a PZZ-diagram, we set

3—i+n—j+ (#Le+#L)(n+1), if D is of type (oo);
D) = I —i+j+ (#Le + #Lo)(n + 1), if D is of type (o e);
L+i—j+ (#Le + #Lo)(n + 1), if D is of type (e o);
i—n+4+j— 14 (#Le +#Ls)(n+1), if Disof type (ee),

where {7,741} is the unique non-propagating edge on the north face and {j’, (j +
1)’} is the unique non-propagating edge on the south face of D, while () are
as in Definition [3.6.5]

(¢) If D is a P-diagram, we set
20— 1+ E(ﬁ), if D is of type LP;

U(D) := ¢ 2n — 2j, + 5+ 4(D), if D is of type RP;
on + 2js — 2jp + 4+ (D), if D is of type LRP,
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where jy and j, are as in Definition D is the inner alternating diagram, and
¢(D) is defined in (3.4).
Note that ¢(D) = 0 if and only if D is the identity diagram. In Figures and

the length is computed in some examples.

o ~—"

N N

Figure 3.23: A PZZ-diagram of type (e @) on the left, with #L, = 3, #L, = 2 and
¢(D) = 27 and a LP-diagram, right, with j, = 3 and ¢(D) = 24.

Lemma 3.6.14. Let D € ad(D,12), then {(F (D)) = £(D).

Proof. By Definition [3.6.9

F {n+3—j,n+3—1i}, if e = {i*, 7%} is non-propagating;
e) =
{n+3—i,(n+3—7)}, if e= {4, 4’} is propagating.

Moreover, F'(e) is decorated following (f4), so, by Equations and (3.3), w(F(e)) =
w(e). Without considering the decorations, the shape of F'(D) is obtained by the shape of
D by reflecting through the central vertical axis of D. Hence, the number of intersections
with the vertical lines ¢ + 1/2 is preserved. These two facts imply that if D is an ALT-
diagram, ¢(F(D)) = ¢(D).

If D is a PZZ-diagram, by Definition the conjugate of a PZZ-diagram of type
(o,0) is a PZZ-diagram of type (o,0), while the conjugate of a PZZ-diagram of type
(e,0) is of type (o, e). Hence, when applying the Definition [3.6.13|(b), observing that F
preserves the quantity #Le + #Lo, it follows that ¢(F (D)) = ¢(D).

Finally, if D is a P-diagram, since F' exchanges the values j, and j,., and D is an
ALT-diagram, then by a quick computation, ¢(F (D)) = ¢(D). O

3.7 The simple edges and the cut and paste operation

Definition 3.7.1. A non-propagating edge on the north face e = {i,i + 1} of D €

ad(Dy42) is called a simple edge of the form:
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() if e is undecorated;
() if e = {1,2} and it is decorated by a single e;

(2) if e = {n 4 1,n + 2} and it is decorated by a single o.

Definition 3.7.2. Let e = {i,7 + 1} be a simple edge in D € ad(D,12) of any of the
three forms above. We say that e is of type:

(U) Ug (respectively Ur) if D contains the edge f = {i + 2, k} (respectively {j,i —1})
with k& > ¢ + 2 (respectively j < i — 1) decorated with at least one e (respectively

°);
(N) if D contains an edge f = {j,k} with j <i<i+1<k;

(P) Pgr (respectively Pp) if D contains the edge f = {i+2, j'} (respectively {i —1,%'})
with j < (respectively k > i+ 1);

(S) Sr (respectively Sp) if D contains the edge f = {i + 2, (i + 2)'} (respectively
{i —1,(i — 1)'}) decorated with at least one e (respectively o).

Moreover we say that the simple edge e = {1,2} (respectively e = {n + 1,n + 2}) is of
type:

(P*) Pp, (respectively Py) if e is of type P (respectively, Pr,), D contains a L, (respec-
tively a £,) and the edge {3,1'} (respectively {n, (n + 2)’'}) is undecorated.

The various situations are illustrated in Figure [3.24]

Definition 3.7.3. An ALT-diagram D is a top basic diagram if it consists of simple

edges and a finite number (possibly zero) of undecorated vertical edges and loop edges

(see Figure [3.25)).

Proposition 3.7.4. If D € ad(Dy+2) is an ALT-diagram different from the identity

diagram I, then one of the following occurs:

1. D is a top basic diagram;
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i i+1 i+2 - = : i 1+1 i+2
Type U Type U Type N 7
pe pe ype
ype Ur ype UL p Type P
i—1 i i+1 i i+1 i+2 i—1 i n 71+1 n+2
O C)O
K (n+2)
Type P, Type Sr Type St Type Pp Type PL

Figure 3.24: Types of simple edges and their neighbors. In cases N and P, the block d
can be empty.

) A S G S A A N A N
© <
/_\//_q\o\ N N\, N

Figure 3.25: Top basic diagrams. The non-propagating edges on the south face can be
decorated.

2. there exists a simple edge in D of type U, N, P, S or P*.

Proof. If D # I is not top basic, then there exists at least one non-propagating edge on
the north face joining two consecutive nodes. Necessarily one of these is a simple edge
e = {i,i+1}, in fact, by (D1) we cannot have a o-decoration on a non-propagating edge
to the left of an edge with a e-decoration. If e is of type U, N, P, S or P* then (2) is
satisfied. Now suppose that ¢ is the maximum index such that e as well as all the simple

edges on its left are not of any type. Consider the edge €’ leaving node i + 2.

(a) Suppose ¢ = {i+2,i+ k}. If £ > 3 then there exists a simple edge of type N
to the right of e, so assume k = 3. The edge ¢ cannot be decorated with a e,
otherwise e would be of type Ug, and ¢ # n, otherwise D would be top basic.
Then either €’ is simple, so by maximality it is of type U, N, P, S or Py, or it is
decorated with a o. In the latter case, by (D1), on the right of ¢’ there can be only
non-propagating edges. Hence, there exists another simple edge and it has to be
of type N or Uy, (see Figure (A)).

(b) Suppose e’ = {i+ 2, (i + 2)'}. If ¢ is undecorated, since D is not top basic, there
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must be another simple edge on its right which, by maximality, has to be of some
type. The edge €’ cannot be decorated with a e otherwise e would be of type Sg.
If ¢/ is decorated with a o, then i # n otherwise D would not be admissible, and
by (D1) to the right of €’ there can only be non-propagating edges. Then there
exists a simple edge of type IV, Sy, or Uy, see Figure (B).

(c) Suppose ¢ = {i + 2,m'} is not vertical. Then m > i + 2 and, since the non-
propagating edges right to 7 + 2 can be decorated at most with a o, then there
exists a simple edge of type Pr, N, or UL, (see Figure (C)).

i i+1 i+2 i+3--- a a+1 i i+1 i+2 .. i i+1 i+2 ..

a a+1 a a+1
(©)

() B)

Figure 3.26: Configurations in the proof of Proposition m

Definition 3.7.5 (Suitable edges and neighbors). Let D be an ALT-diagram.
(1) Assume D is top basic:

(a) if D has at least one L3, then we say that any simple edge e is suitable and
the leftmost Ly is the neighbor of e;

(b) if D has a L,, then {1,2} is suitable and the L, is its neighbor;
(c) if D has a Lo, then {n + 1,n + 2} is suitable and the L, is its neighbor;

(d) if D has no loops and no decorated edges on the south face, then any simple
edge e = {i,i + 1} is suitable and its neighbor is the highest edge below e
intersected by the vertical line i + 1/2;

(e) if D has no loops and at least one decorated edge on the south face, then a
simple edge e = {i,7+ 1} is suitable if the vertical line i+ 1/2 intersects in the
south face either an edge decorated with both a e and a o, or the rightmost
edge decorated with a e, or the leftmost edge decorated with a o. The edge

intersected by this vertical line is called a neighbor of e.
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(2) If D is not top basic, then any simple edge of type U, N, P, S or P* is suitable.
Its neighbor is the unique edge f defined in Definition [3.7.2] except in type N,
where the neighbor is the highest non-propagating edge f = {j, k} below e, and in
type Pp (respectively P7), where the neighbor is the Lo (respectively L,).

Note that in an ALT-diagram D a suitable edge always exists by definition and
Proposition

Example 3.7.6. Both edges {3,4} and {5, 6} in the top basic diagram of Figure[3.27(A)
are suitable and their common neighbor is {3/,6'}, while {1,2} is not suitable. In the
diagram in Figure[3.27(B), {1,2} and {5, 6} are suitable since they are of type Sk and Py,
respectively. In Figure (C) all the simple edges are suitable with common neighbor
the leftmost Lg.

1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6

— — — 7 7
'S \ «>» «» <>
N - — A, —~
1 2 3 4 5 6’ 7 1 2/ 3 4 5 6 7 1 2/ 3 4" 5 6
) ®) ©

Figure 3.27: Suitable edges and neighbors.

Now, we describe a procedure called cut and paste operation, cp-operation for short,
that starting from any suitable edge e = {i,7 + 1} produces an admissible diagram D’
such that D = D;D’, or D = DyD' if e is of the form (<) or D = D, 2D’ if e is of the
form (). Recall that D;, with i € {0,1...,n+2} are the simple diagrams described in
Figure The idea is to replace (except in one case) the suitable edge e with two new
non-intersecting edges, as sketched in Figure If e is decorated, then we displace
the decorations of the neighbor edge of e in an ad hoc way obtaining a new admissible

diagram.

Definition 3.7.7 (Cut and paste operation). Let D be an ALT-diagram with a suitable
edge e = {i,i + 1}.

(cpl) Delete the simple edge e.

(cp2) Cut the neighbor of e and join the two free endpoints of the cut edge to the nodes

i and i 4+ 1 as to obtain two new non-intersecting edges or the edge {i,i + 1}, see
Figure [3.28
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i i+1 i i+1 i i+1
—1 o |

] I I I / I
) | — ! — I I
I 1 I I I I
I I I I I I
I I I I I I
L L L L L L
i i+1 i i i
h— M N

I

Figure 3.28: Step (cp2) of the cut and paste operation.

(cp3) If the neighbor edge of e is decorated, then:

(1) distribute its decorations on the new edges as in Figure if e is one of the
depicted cases and denote by cp,(D) the diagram obtained from D applying
the previous steps;

(2) cpe(D) = F(cpp(e)(F(D))) otherwise.

It is not hard to see that given an ALT-diagram D with a suitable edge e, either e or

F(e) appears in Figure In Appendix some detailed examples of applications
of the cp-operations are given. In Figure we develop an application of the cp-
operation for a suitable edge not appearing in Figure [3.29

Now we show that the newly obtained diagram cp,(D) is admissible and enjoys a
uniqueness property.

Lemma 3.7.8. Let e = {i,i+ 1} be a suitable edge of an ALT-diagram D in ad(Dy+2).
Then

1. ¢cp.(D) is admissible;

2. D = Dgcp,(D) if e is of the form (), D = Dy y2cp.(D) if e is of the form (<),
D = D;cp.(D) otherwise.

3. L(cp.(D)) =4(D) — 1.

Proof. By (cp2), the edges of cp.(D) do not intersect. It is not difficult to verify that
all the conditions in Definition hold. In fact, in cp.(D) no new loops occur, so
(A1) is satisfied. In Figure we describe case by case how the decorations distribute
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Top basic

Non-top basic

Case e = {i,7+ 1} of the form ()

i 141 i i+ 1 i i+ 1 i 141
qy A
—_— —_—
O
-7 K b k!
1 2 ]1 2 J
N A Y

Case ¢ = {1,2} of the form ()
1 2 1 2 1 2 1 2

e o e
R

1/ k./ 1/ k/
Case e = {i,i + 1} of the form ()

i il k Jooei idlee k i i+ lidt2- k i it lit2- k
— — T New NN
(N) (Ur)

i i+l P42 i i+l i+2 i i+l 042 i i+l i+2

N
;@/ H@ —
J' J'
(Pr) where d = Rd’ (Sk) where d = Rd’
12 3 12 3
<< N
O/
1 1
(P)

Case ¢ = {1,2} of the form ()

1 2 3 -k 1 2 3 -k 12 3 12 3
L NG g
T

i g
(Ur) (Pr) whered = Re d’
1 2 3 1 2 3
N
-
I I T

(Sg) where d = Red’ and u € {0, ¢}

Figure 3.29: Local cp-operations, where L € {(),e} and R € {0, 0}.
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P N

i Do (Pr)
o’ N r N o’

NN I B el

Figure 3.30: Example of a cp-operation for a simple edge e of type Pr. First conjugate
the diagram, then apply the cp-operation to F'(e) (of type Pr) and finally apply again
the conjugate.

in the diagram after the cp-operation. In these procedures, either the number of the
decorations is the same, or it varies of 2, so (A2) holds. Finally, in the situations in
Figure where {1,1'} occurs in cp,(D) or a(cp.(D)) = 1, (A3) and (A4) hold. By
diagram concatenation, (2) easily follows.

By Lemma[3.6.14] ¢(F(D)) = ¢(D). Moreover, by (cp3) in Definition [3.7.7] it suffices

to consider the suitable edges in Figure [3.29] since each remaining case is obtained as a
conjugate of one of these.

Statement (3) follows from a case-by-case verification based on the computation of
the difference between the lengths of D and cp, (D). We only need to consider the edges

involving the nodes:
(e1) ¢ and i+ 1 when ¢ > 1 and e is of the form (—);
(e2) 1 and 2 when i = 1 and e is of the form ();

since all the other edges in D and cp,(D) coincide. More precisely, one of the following

(8) w(cp,(D)) = w(D) and v(cp,(D)) = v(D) — 2;
(b) w(cp, (D)) = w(D) — 2 and v(cp, (D)) = v(D) +2:
(¢) W(ep (D)) = w(D) — 1 and v(cp, (D)) = v(D),

from which ¢(cp.(D)) = (D) — 1, proving the result. For instance, case (c¢) occurs only

when e is of type P* or when in a top basic diagram there is a loop edge.
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The computations for the cases N,Ug, Pr, Py, Sr are detailed in Table in the
Appendix Now we analyse explicitly the top basic cases referring to Figure [3.29]
If D has a £g, then w(Lg)p = n + 1 while w(i,i + 1), (py = n and v(cp.(D)) = v(D).
If D has a L,, then v(D) = v(cp. (D)) and w(D) = w(cp.(D)) + 1 since w(Ls) = 1
and the other edges have weight equal to zero. In the second case of the first row,
if d = e*0?, where o, 3 € {0,1}, then w(5',k)p = a(j — 1) + B(n + 2 — k), while
W(i, 5" )ep, (D) = a(j — 1) and w(i + 1, k") ¢p_(p) = B(n+2 — k). Hence w(D) = w(cp.(D))
and v(D) = v(cp,(D)) + 2 since the vertical line i + 1/2 in cp,(D) does not intersect
the edges {i,7+ 1} and {j/, ¥’} as in D. O

We are able to prove the following.

Proposition 3.7.9. Let e be a suitable edge of an ALT-diagram D. Then cp.(D) is the
unique admissible diagram satisfying the conditions (1), (2) and (3) of Lemma .

Proof. As in the proof of Lemma by Definitions [3.7.7 and [3.6.9] it is enough to
consider the situations described in Figure We first assume that e = {i,7 + 1}
is undecorated and let D’ be an admissible diagram such that D = D;D’ and ¢(D’) =
¢(D) — 1. Now we show that sh(D’) must be equal to sh(cp,.(D)).

If D is a top basic diagram, then we have the following three situations.

(B1) Suppose a L occurs in D. If sh(D') # sh(cp.(D)), then the edge {i,7 + 1} is
not in D', and since D is top basic with a £2, the two nodes a and b connected
respectively to 7 and ¢+1 in D’ are on the north face, and b < a < iori+1 < b < a.
In one case, {i,a} and {b,7+ 1} intersect the vertical line (i — 1)+ 1/2, while in the
other, {i,a} and {i+1, b} intersect the vertical line (i+1)+1/2, so v(D") > v(D).
These two edges have weight 0. In fact they are all undecorated, except {1,7+ 1}
which is decorated with a e when {b,a} = {1,2} in D is decorated with a e,
or {i,n 4+ 2} which is decorated with a o when {b,a} = {n+ 1,n+ 2} in D is
decorated with a o. Note also that the number of £J is the same in D and D'. It
follows that w(D') = w(D), so ¢(D") > ¢(D) + 1, against the hypothesis. Hence
sh(D') = sh(cp.(D)).

(B2) Suppose that a Lo appears in D. If sh(D') # sh(cp.(D)) then the edge {1,2}

does not occur in D’. Let a* and b* be the nodes in D’ connected to 1 and 2
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respectively. If a,b > 2, both the edges {1,a*} and {2,0*} intersect the vertical
line 2 + 1/2. Note that D’ necessarily has a £, and so it cannot contain any
other e decoration. Moreover note that {1,a*} is decorated with a o if and only if
{b*,a*} = {n+ 1,n + 2} is decorated with o in D. The edge {2,b*} is decorated
with a o if and only if {a*,b*} = {a’,b'} in D is decorated with a o. Therefore, by
Remark [3.6.11] w(2,5')pr = w(a’,t') p. Hence £(D’) > (D) against the hypothesis
and sh(D') = sh(cp.(D)). If a* = 1/, then D’ is a LP-diagram with j, > 2. It is
easy to see that £(D’) = ¢(D)—2, hence ((D') = 2j,—1+4(D") = 2jy—1+£(D)—2 >
¢(D) + 1, against the hypothesis, so also in this case sh(D’) = sh(cp.(D)).

Now, suppose that there are no loop edges in D; see the first row of Figure
right. If sh(D’) # sh(cp.(D)), then the edge {j’,k'} occurs in D" and it is dec-
orated as in D. Let a* and b* be the nodes in D’ connected to i and i + 1
respectively. As in (B1), w(D’) = w(D) and a,b < i (respectively a,b > i + 1), so
the edges {a*,i}, {b*,i+ 1} (respectively {i,a*}, {i + 1,b*}) intersect the vertical
line (i — 1) + 1/2 (respectively (i + 1) + 1/2), then £(D’) > ¢(D) + 1, against the
hypothesis. Hence again sh(D') = sh(cp,(D)).

Now assume D is not top basic. There are several cases to consider.

(V)

Let e be of type N. Suppose by contradiction that sh(cp,(D)) # sh(D’). Then
at least one of the two edges {j,i} and {i + 1,k} is not in D', and suppose {j,i}
is not in D’ (the other case being analogous). Set t* # i the node connected to j
in D’. Since j and t* are not involved in the product D; D' = D, the edge {j,t*}
must occur and be decorated as in D and so t* = k. If in D', i is connected to
a# i+ 1and i+ 1 is connected to b # 4, then the edge {a,b} is in D = D;D’,
therefore either a,b < i or a,b > i + 1 since {j,k} is the neighbor of e. In the
two situations, either {a,i} and {b,i + 1} intersect the vertical line (i — 1) 4+ 1/2
or {i,a} and {i 4+ 1,b} intersect the vertical line (i + 1) 4+ 1/2. Since such edges
are undecorated, in both cases, ¢(D') > £(D) 4 1 against the hypothesis. Hence
sh(D') = sh(cp.(D)).

Let e be of type Pr. In D', for parity reasons, j’ is not connected to ¢ + 1. As
before, suppose by contradiction that sh(D’) # sh(cp,.(D)), then at least one edge
between {i + 1,7 + 2} and {i, 5’} is not in D’. Suppose {i + 1,7+ 2} is not in D’
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(PR)

(the other case being analogous), then the edge {i + 2,j'} occurs in D’. In D', i
is connected to a node a* # i 4+ 1 and i 4+ 1 is connected to a node b* # i, with
a*,b* < i. Then the vertical line (¢ — 1) + 1/2 does not intersect the edge {a*,b*}
in D while it intersects both edges {a*,i} and {b*,7 + 1} in D’. Furthermore, the
edge {a*,b*} in D could be decorated with at most a e. In this case, the e should
appear in {a*,i} or {b*,i+1} in D', and by the definition of weight, one can check
that w(a*,0*)p < w(a*,i)p + w(b*,i + 1) leading to £(D’) > £(D) + 1 against
the hypothesis. Therefore sh(cp,(D)) = sh(D’).

Let e be of type Ug. As before, suppose by contradiction that sh(D’) # sh(cp,(D)),
then necessarily one between {i, k} and {i+1,7+2} does not occur in D’. Suppose
that {i,k} is not in D’ (the other case being analogous). In D', k must be con-
nected to 7+ 2 and decorated with eR as in D. Now assume that ¢ is connected to
a#i+1andi+1tob+#i. Since {i+2,k} contains a e this forces b < a < i. Now
the edges {b,i+1} and {a, i} intersect the vertical line (i —1)+1/2 in D’ while no
edges in the north face of D intersect this line. Since {b,a} can be decorated with
at most a e, by Remark [3.6.11] w(b,a)p = w(b,i + 1)pr. Hence ¢(D') > {(D) + 1,
against the hypothesis, then sh(D’) = sh(cp,.(D)).

Let e be of type Sg. As before, suppose by contradiction that sh(D’) # sh(cp.(D)),
then at least one between {i+ 1,7+ 2} and {i, (i +2)'} does not occur in D’. Sup-
pose that {i+ 1,742} is not in D’ (the other case being analogous), then the edge
{42, (i4+2)'} must occur and be decorated with d as in D’. The same argument
used in U shows that also in this case £(D’) > ¢(D) + 1, against the hypothesis.
Then sh(D’) = sh(cp,(D)).

Let e = {1,2} be of type Pp. Again, suppose by contradiction that sh(D') #
sh(cp.(D)). Then {1,2} is not contained in D', thus necessarily the edges {1,1'},
{2,3} and a L, occur in D'. Now, D' is a LP-diagram with j, = 2 hence ¢(D’) =
3 4 £(D’). Moreover as in (B2) we have ¢(D') = ((D) — 2, so {(D') = (D) + 1,
against the hypothesis. Therefore sh(D’) = sh(cp.(D)).

In Lemma [3.7.8, we showed that ¢(cp.(D)) = ¢(D) — 1 and we just proved that if
D = D;D" and ¢(D') < ¢(D), then sh(D') = sh(cp.(D)). Now we have to show that
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among the ways of splitting the decorations on the edges of D’ in an admissible way, the
unique for which ¢(D’) = ¢(D) — 1 yields is the one provided by the cp-operation. In all
the top basic cases, Ur and Py, there is only one admissible way. In cases N, Pg and Sg
there are at most three possibilities and in those that differ from the cp-operation way,
only one decoration can be displaced. In these cases, the total weight increases and the
length of D’ is not the right one. Hence the only possibility is D' = cp,.(D).

To complete the proof one should analyze the suitable edge (). However, the only
differences with respect to the treated cases are extra occurrences of e, and the proof is

analogous. 0

Proposition 3.7.10. Let D be a P-diagram in ad(D,y2). Then there exist a simple
edge e = {i,i+ 1} and a unique admissible diagram D’ such that ¢(D') = ¢(D) — 1 and
D = DoD' if e is of the form (<), D = D, 2D’ if e is of the form (<), D = D;D’

otherwise.
Proof. Assume that D is of type LP. Let us suppose that
(%) D has a simple edge {jg, j¢ + 1} of type Pr or D is top basic.

where D is the inner alternating diagram of Definition and j, > 1. Consider
the diagram D’ obtained from D by deleting {js,js + 1}, cutting the vertical edge
{je—1,(je—1)"} and joining j, — 1 to jy and (jy — 1)’ to jo+ 1 and denote this procedure
by K -operation (see Appendixfor an example of application of the K -operation).
The diagram D’ starts from the left with one L,, j, — 2 > 0 undecorated vertical edges
and satisfies D = D;,D’. Note that v;,—1(D") = vj,—1(D)+2 and v (D") = vx(D) for all
k # j, — 1. Tt follows that ¢(D) = f(l/)\’) — 1. When j, — 2 = 0, we set D’ as D’ without
the unique £,. Hence, /(D) = 2(j; — 1) — 1+ £(D’) = 2jy — 3+ (D) +1 = 4(D) — 1. It
remains to show that D’ is unique.

Let D" be an admissible diagram such that D = D;, D", {(D") = ¢(D) — 1 and
suppose by contradiction that sh(D") # sh(D’). Since the shapes are different, at least
one of the two the edges {js — 1, s} and {j, + 1, (je — 1)’} does not occur in D”. Since
D contains {jy — 1,(je — 1)'}, and D = D;,D" then such edge has to be also in D",
that turns out to be a LP-diagram having at least j, — 1 consecutive vertical edges from
the left. If j, = n + 1, then either D” = D, or all the edges of D" from 1 to n are

vertical. Both cases are not possible: the first is clear, while in the second we get a non
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Jeo Jet1l Jeo Jet1 Jeo Jetl
Joo Get1) Je

(1) (2) (3)

Figure 3.31: Cases in the proof of Proposition [3.7.10, The boxes can be either empty
or filled with a o. In (3), at least one of the two boxes is empty.

admissible diagram since condition (D0) of Section is not satisfied. Hence, we have
Je<n+1.

By Definition 0(D") = 2k — 14 £(D"), where k — 1 > j, — 1 is the number of
consecutive undecorated vertical edges from the left.

Let a* be the node connected to j, and b* the one connected to j, + 1. It is clear
that D contains the edge joining a¢* and b*. One of the following three cases can occur

in D", as depicted in Figure [3.31
(1) a* =jj, b* = (je + 1)’ and the edges are undecorated;
(2) a* =jjand b> jo+1orb* = (jy+1) and {jy +1, (je+1)'} is decorated with a o;
(3) a,b> jy+ 1.

First note that if (1) or (3) occurs, then by (%), D is top basic, since jj is not joined to
je+2. In case (1), D” has at least jy+ 1 consecutive undecorated vertical edges from the
left. It implies that in D, if k—1 > j,+1, the edges leaving the nodes from j;+2 to k—1
are all vertical. Moreover, the portion of D starting from the node k is equal to 277, SO
¢(D) = ¢(D")+1. Therefore, {(D") > 2(js+2)—1+£(D") = 2j,+3+((D)—1 = £(D)+3,
which contradicts the hypothesis. In case (2), comparing the lengths of D" and lA), it is
not difficult to see that £(D”) = £(D) — 1. In fact, note that the size of the box of D" is
one less the size of the box of D, and if the edge {jo+ 1,b*} is decorated with a o, then
wpr ({je +1,b*}) = wp ({4}, b*}). Hence, £(D") = 2j, + 1+ £(D) — 1 = £(D) + 1, which
again contradicts the hypothesis. In case (3), the standard boxes of D and D” have the
same size, so similarly to the arguments in the proof of Proposition for (B3), we
have v(D") > v(D), so £(D") > ¢(D).
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Hence sh(D") = sh(D’). This shows that D” = D’ since the edges involving j, and
je+ 1 in D are undecorated, being 1 < j, < n + 1.

If (x) is not satisfied, then by Proposition in D we can find a suitable edge € of
any type except Ug, Sg and Pp. It implies that € does not involve the node 1. Now we
can apply the cp-operation to D onée. Now, the diagram D’ obtained by putting side
by side from the left one L,, jy — 1 undecorated vertical edges and cpg(f)), satisfies the
thesis and it is unique by Proposition

If D is of type RP, F(D) is a P-diagram of type LP and so we just proved that
there exist ¢ and D’ with ¢(D’) = ¢(D) — 1, such that F(D) = D;D’, from which
D = F(F(D)) = F(D;)F(D"), where F(D;) = Dy13—;.

Finally, if D is of type LRP, the thesis is obtained combining the two procedures
above. O

3.8 Factorizations of admissible diagrams

Lemma 3.8.1. Let D be a PZZ-diagram or a P-diagram with a(D) = 1. Then D can

be written as a finite product of simple diagrams.

Proof. To prove this result, we provide an explicit factorization for any PZZ-diagram and
any P-diagram with a(D) = 1. Let D be a PZZ-diagram, {i,7+ 1} the non-propagating
edge on the north face and {j’, (5 + 1)’} the non-propagating edge on the south face.
Define 21 := sps152--- Sy and 23 1= Sp42Sn4+15n - - - S2. By direct computations, D can
be factorized as one of the following products depending on the number r := #L, and

on its type, as defined in Definition [3.6.5

oo) Dy (Dl “Diyy-- Dn)liém+1 (DZQDZ1)r71Dn+2Dn+1(Dn T Djl'_/BDg)liéj’nH

DZ+2( 1 nDz 1 D2)1_5i’1DZ1 (DZQDZ1)r_1Dn+2Dn+1(Dn T Djl'iﬁDg)l_dj’"H

DO (Dl aDlJrl D )1_51""+1 (DZQDZJI_IDZzDODl (DQ T DJI'%D:H—Z)I_&J"I
n+2( 1 nDz 1° D2)1_5i'1(DleZQ)rDODI(DQ e D;_€D;+2)1_6j71

® O

{00)
(00)
{oe)
(o0)

where 6, , is the Kronecker delta and the parameters «, /3,7, € are defined as follows:

a=1if i =1 and {1,2} is decorated with a e, &« = 0 otherwise;
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B=1if j=1and {1',2'} is decorated with a e, 5 = 0 otherwise;
n=1ifi=n+1and {n+ 1,n+ 2} is decorated with a o, n = 0 otherwise;

e=1lifj=n+1and {(n+1),(n+2)'} is decorated with a o, e = 0 otherwise.

The case where D is a P-diagram with a(D) = 1 is easier. Using the same notation

as above, we have that if D is a LP-diagram, then a factorization is of the form
D} ,D; "Di_y++ DaDoD1 Dy -+ D} DS, 5.
If D is a RP-diagram, it has a factorization of the form
D$DY Dy -+ DyDpi1DyyaDy--- D P DY
ot i+1 nn+1n+24n j 0

O]

Example 3.8.2. Let D be the PZZ-diagram of type (ee) on the left of Figure
then D = DQ(D31D22)2D0D1D2D3D4D6, where Dzl = DOD1D2D3D4 and D22 =
D¢D5D4D3Ds.

Lemma 3.8.3. Let w € FC(ZNDn+2). If w € (PZZ) then Dy, is a PZZ-diagram.

Proof. The proof follows from a direct computation. We detail only one specific case
since the others are very similar. By Definition [2.2.2] we can assume that w has a

reduced expression of the form
W = 8;Si+1 " Sn(Snt1Sn+28n - - - $2508182 * - sn)hsn+1sn+23n ERER
with 1 <14,7 <n+ 1. Let z; and 25 as defined in Lemma then
Dy = DiDiy1 -+ Dy(D,y D))" Dyyy1Dyyo Dy - - - Dy

is a PZZ-diagram of type (oo), with {i,7 + 1} as unique non-propagating edge in the
north face, {j’,(j + 1)’} as unique non-propagating edge in the south face, with h + 1

occurrences of Lo, and h of L,. O

Recall the definitions of the (PZZ) heaps Hz, and Hyz, given in Remark and
the definitions of the PZZ-diagrams Z; and Zs given in Figure [3.18
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Corollary 3.8.4. Let w € FC(Dy42) and H(w) be its FC heap, then
(1) H(w) = Hz, if and only if Dy = Zy;
(2) H(w) = Hyg, if and only if Dy = Z>.

Lemma 3.8.5. Let w € FC(Dpy2). If w € (LP) (respectively (RP), (LRP)) then Dy,
is a P-diagram of type LP (respectively RP, LRP).

Proof. Assume that w € (LP). By Definition a reduced expression w of w contains

the factor s;,5;,—1---s2505152 - 5;,—15;,. The corresponding product
Dj,Dj,—1--- DaDoD1 D3 - - - Dj, 1 Dy,

is a diagram with the leftmost j, — 1 edges vertical and undecorated and with a unique
Le. Since there are no other occurrences of s, with r < j; in w, then such vertical edges
appear in D,, too. Furthermore, if sj,41 occurs once in w then D,, contains either the
edge {je, je + 1} or {j;, (je +1)'}. If w contains two occurrences of sj,41 then, by LP
definition, there must be also an occurrence of s;,,2 between them, then it can be easily
proved that either at least one of the edges leaving j, and j; is a non-propagating edge or
D,, has the vertical edge {j¢, j;} decorated with a o. Hence, by Definition m D, isa

P-diagram of type LP. Analogous arguments can be applied for the two other cases. [

Lemma 3.8.6. Let w € FC(D,,42). If w € (ALT) then Dy, is an ALT-diagram.

Proof. Suppose that D,, is a P-diagram, then by Corollary [3.4.4] there exists a reduced
expression of w that contains at least one of the factors s9sps152 and $p,Sp4+15n+28, and
that is not possible since w € (ALT).

Now suppose D,, is a PZZ-diagram. By the argument right above for the P-diagrams,
D,, cannot contain the vertical edges {1,1'} and {n + 2,(n + 2)'}. Hence the non-
propagating edges of D,, are either {1,2} and {(n+1)’,(n+2)'} or {n +1,n+ 2} and
{1/,2'}. If #L4 > 2 (respectively #L, > 2), by Corollary a reduced expression of
w has a factor b = $9$1a18n+15n+2025081 (respectively b’ = $,,118,120150510251+15n+2),
and by the argument in the proof of Corollary b (respectively b') must contain the
factor s, sp+18n+28n (respectively so2sps182). Both cases cannot occur since w € (ALT).

Finally, suppose #Lo = #L, = 1. By Corollary D, # Zi,Zs, since by
Definition[2.2.2] Hy,, Hz, ¢ (ALT), hence there are two cases left. If {1,2} (respectively
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{(n+1)",(n+2)'}) is the non-propagating edge then D,, is of type (o e) (respectively

(e0)) and w must have both factors sesgs1s2 and $p,Sp+1Sn+28, Which are not allowed.
Therefore D,, has to be an ALT-diagram.

O

Now we prove that the length of D,, as defined in Definition [3.6.13]is consistent with
the length of w.

Denote by pug(e) the number of intersections of e with the vertical line k 4+ 1/2 in
C(Dy) and set

n+1

pe(C(Dw)) ==Y pk(e) and  ple) =Y uple), (3.5)
e k=1

where the first sum runs over all the edges of C(Dy). Now, given two different reduced
expressions w and w’ of w we have C(Dy,) # C(Dyr), while pi(C(Dyw)) = 1 (C(Dyw))

for any k. Moreover,
n+1

S mk(C(Dw) = 3 ple) = 20(w). (3.6)
k=1 e

Now we are ready to prove the following result.

Proposition 3.8.7. Let w € FC(Dy,2), then {(w) = £(Dy).

Proof. First assume that D,, is a PZZ-diagram. Then by Lemma w € (PZZ). As

in the proof of Lemma |3.8.3] we can suppose that
W = 8;Si+1 " Sn(Snt18n+25n - - - $2505152* - sn)hsn+1sn+23n -8,
is a reduced expression of w, with 1 <1i,5 <n + 1. We have that
lw)y=2n—i—j+4+ 2n+2)h=3—i+n—75+ 2h+1)(n+1)=4(Dy)

since #Lo = h and #L, = h + 1 (Definition [3.6.13)).
Now assume D,, is an ALT-diagram and consider a decorated edge e in C(Dy,). We

now show that )
S (hle) = j+i) = we), (37)
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where e = {i*, 5%} and i < j.
If e is a non-propagating edge {i,j} on the north face decorated with both e and
o (see Figure (A)) then w(e) = n+ 1 — j +i. Furthermore, 3(u(e) — j +1i) =
(Zk b k(e )+ZZ+;Mk( ))=i—14+n+1—j+1=n+1—j+i=w(e). Nowifeisa
propagating edge {i, j'} with i < j and is decorated with a e followed by (o e)*, where
k € Ny (see Figure (B)), then, one can verify that 3(u(e) —j+i) =i—1+k(n+1) =
w(e). Similar computations show that holds if e is decorated in a different way.
Moreover, when e = {i, j'} with j < 4, holds with 7 and j exchanged.

i

®)

Figure 3.32: Edges in concrete simple representations.

A quick check shows that Y, pu(e) = 23, w(e) + 141 v (D), where the sum on
the left hand side runs over all the edges of C(Dy,), while the first summand on the right
hand side runs over all the edges of D,,, loop edges included. From Definition
Definition [3.4.2) u 2land (3.6)), it follows that £(D,,) = 53, u(e) = £(w).

Finally, assume that D,, is a LP-diagram. Then a direct computation shows that
> e i(e) is equal to 45, — 2 plus the number of intersections between all the vertical
lines and the edges starting and ending on the right of {j; — 1, (jy — 1)’} in C(Dw),
namely the part of C(Dy) corresponding to l/)\w Since Dy, is an ALT-diagram, this
number is equal to £(D.,,). This gives {(w) = 23 ne) =25 — 1+ U(Dy) = €(Dy) as
in Definition [3.6.13[(d). A similar computation can be done for the other two cases RP
and LRP, and this concludes the proof. O

In Figure 47,—2 = 10 counts the intersections of the vertical lines with the black
and blue edges of Dy, while there are 8 intersections with the red edges, those starting
and ending on the right of {2,2'}. The total number of intersections is 18 = 2/(w) as
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expected.
Proposition 3.8.8. Every admissible diagram D is of the form D, where w € FC(En+2).

Proof. If D is a PZZ or a P-diagram with a(D) = 1, the thesis follows from Lemma
observing that any factorization appearing in the proof of the lemma is associated
to a FC element w, as classified in Definition [2.2.2] Hence D = D,,.

Assume that D is an ALT-diagram or a P-diagram with a(D) > 1. We proceed
by induction on ¢(D). If ¢(D) = 1, then it easy to see that it must be D = D; for
some i € {0,1,...,n+ 2}, and trivially s; € FC(f)nH). Suppose the thesis holds for all
diagrams of length k and let D be of length k + 1. By Lemma [3.7.9 and Lemma
there exist an index ¢ € {0,1,...,n+ 2} and a unique admissible diagram D’ such that
D = D;D" and (D') = k. Hence D' = Dy with w' € FC(Dp42) and £(w') = k. By
letting w := s;uw’, we claim that w € FC(D,42) with £(w) = ¢(w') + 1, from which
D = D,, and the result follows. We now prove the claim.

If /(w) = (w') — 1 then there exists a reduced expression of w’ starting with a
s;. Hence D;D,, contains a ¢ factor, but D admissible implies D irreducible and so
it cannot contain undecorated loops, hence £(w) = £(w') 4+ 1. If w & FC(Dp42) then
by Proposition there exists a reduced expression of w containing a braid relation.
After applying all the possible relations between the simple diagrams listed after Figure
[3:8] we have

D = D;D,y = 6Dy

with w” € FC(Dp42) and £(w”) < £(w') +1. If p # 0 we have a contradiction since D is
admissible. If D = D,,» then (D) < k+ 1 which is also in contrast with the hypothesis.
O

We are now ready to prove that the algebra of admissible diagrams coincides with
the algebra generated by the simple diagrams.
Theorem 3.8.9. The Z[0]-algebras M[ad(D,,2)] and D(Dy2) are equal. Moreover,

the set of admissible diagrams is a basis for D(Dyy2).

Proof. We know that {b, | w € FC(D,42)} is a basis of TL(D,,42), hence by Proposi-
tion and the fact that the image of any b,, is an admissible diagram (by Lemmas
|3.8.3|, |3.8.5| and |3.8.6[) it follows that Mad(Dj2)] is a Z[]-subalgebra of 73754% (). Since
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the simple diagrams are in M[ad(Dp42)] and D(D, 1) is the smallest algebra contain-
ing them, then the two algebras are equal. By Proposition [3.6.4] the set of admissible

diagrams is a basis for M[ad(D,,12)], then the statement is proved. O

Example 3.8.10. Consider the heaps depicted in Figure The image of the (ALT)
element via fp is the diagram in Figure the image of the (PZZ) element is in
Figure the image of the (LRP) element is in Figure

The results stated in this section can be used to provide an alternative proof of the
injectivity of Op : TL(]_~)n+2) — D(5n+2), based on a more combinatorial approach. For
reasons of length, we have chosen not to include this proof in the present thesis; however,

we refer the reader to [6, Theorem 5.14] for further details.

3.9 Type §n+1

We end this chapter by presenting the TL decorated diagrams of type §n+1 and how
this representation can be deduced from the one of type Z~)n+2, thanks to an injective map
between fully commutative elements. Although this map is very similar to Definition
[2.4:6] we need this modified version to manipulate the diagrams. In particular, we

describe a new algebra of decorated diagrams called admissible, denoted by D(By,+1),
that turns out to be isomorphic to TL(B’nH). We list the relevant definitions and we
state the main theorems without giving formal proofs, since they are similar to those in
type D. For a complete detailed version of this diagrammatic representation, one can
refer to [5].

From now on, by abuse of notation we will use same the symbols for elements in §n+1

and En+27 in TL(EnH) and TL(5n+2), and for diagrams in ]D)(ENEHH) and D(5n+2).

To define admissible diagrams in type §n+1 we consider the algebra P,fR(Q/ ) of
decorated diagrams introduced in Section [3.I where the decorations are in the set
Q' = {e,0,A}, with L = {e} and R = {o,A}. By introducing the following set of
reductions, one can show, as in Section that the quotient algebra PLE(Q) of PEE(Y)
modulo the relations determined by the reductions in Figure is a Z[d]-algebra having
as a basis the set of irreducible decorated diagrams with decorations in €.

We can now state our main definition.
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- 20« « |- O‘ = Or el
(r1) (r2) (r3) (r4) (r5)
Figure 3.33: The reductions of PEE(1).

Definition 3.9.1. An irreducible diagram D € TE(Q') is called B-admissible if it

satisfies the following conditions:

(B1) In D loops are all of the same type, either Lo or £5. Moreover, if a(D) > 1 then

there is at most one occurrence of L,.

Lo=e D Ly =e N
Figure 3.34: Allowable loops in B-admissible diagrams.

Assume a(D) > 1.

(B2) The total number of £ and of e on non-loop edges of D must be even and the

total number of o is either zero or two.

(B3) If D has no propagating edges, a o must appear as last decoration on the non-

propagating edges connected to the nodes n + 2 and (n + 2)’ respectively.

(B4) If e= {1,1’}, then exactly one of the following three conditions holds:

(a) e is undecorated;
(b) e is decorated by a single A;

(c) eis decorated by an alternating sequence of @ and A and there are no loops.

(B4) If e = {n+2,(n +2)'}, then exactly one of the following conditions holds:

(a)" e is undecorated;

(b)’ e is decorated by a single A;
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(¢c)" e is decorated by an alternating sequence of e and R-decorations such that

the first and the last decorations are o.

Moreover, if e # {n + 2,(n 4+ 2)'} is the edge connected to n + 2 (respectively,

(n+2)’), then a unique o occurs on e.

Assume a(D) = 1.

(B5) The western side of D is equal to one of those depicted in Figure as required
for type Dj,42, see Definition (A4).

The eastern side of D is equal to one of those depicted in Figure [3.35] where d
represents a sequence of blocks (possibly empty) such that each block is a single
A. The o decoration occurring on the propagating edge on the north (respectively,
south) face has the highest (respectively, lowest) relative vertical position of all
decorations on any propagating edge and L. The situation in Figure W(B) can

only occur if no e is in D.

n+2 n n+l n+2 n n+1 n+2 n n+1 n+2 n+2

PacaN PasaN PacaN
(n+2) n' (n+1) (n+2) n (n+1) (n+2) (n+2) n (n+1) (n+2)
(A) (B) (©) (D) (E)

Figure 3.35: Eastern side of an admissible diagram with a(D) = 1.

As in Section one can show that the set ad(§n+1) of admissible diagrams spans
the Z[6]-submodule M|ad(B,+1)], which turns out to be a Z[§]-subalgebra of ﬁ#f@(ﬂ’).

Moreover as in type Dp4o, the set ad(EnH) splits in three nonempty disjoint families:
the PZZ, the P and the ALT-diagrams.

Definition 3.9.2. Let D € ad(B,11).
(PZZ) We say that D is a PZZ-diagram if a(D) = 1 and #Le, # A> 1.

(P) D is a P-diagram if it satisfies Definition where any L, is replaced by a A on
the vertical edge {n + 2, (n + 2)'}.
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(ALT) D is an ALT-diagram if D is not a P-diagram or a PZZ-diagram.

To avoid further notation, we denote again by Dy, ..., Dy, D1 the simple diagrams
of type EnH, defined as follows. The first n + 1 diagrams are equal to Dy,..., D, of
type 5n+2, while D, 41 is equal to D, 42 of type 5n+2, see Figure

Let D(B,,11) be the Z[§]-subalgebra of 7371;52((2' ) generated as a unital algebra by

the simple diagrams of type §n+1, then one can show the following result.

Theorem 3.9.3. The Z[8]-algebras M[ad(Bni1)] and D(Byy1) are equal. Moreover,

the set of admissible diagrams is a basis for D(Bp41).

Consider the Z[d]-algebra homomorphism 6p : TL(By,41) — D(Bpy1) defined as
usual by b; — D; for all i = 0,...,n+ 1. We will show that the injectivity of 5 can be

deduced from that of §p using the following maps.

Definition 3.9.4. Let w € FC(B, 1), the map ¢ : FC(B,.1) — FC(Dp,2) is defined

as follows:

a) If no reduced expression of w contains the factor s,y18,8,+1, consider any w =
Siy -+ Si, € R(w), then ¢(w) is the element with a reduced expression obtained by

replacing each s,11 in W by Sp15n+2.

b) If there exists a reduced expression containing a factor s,41$,8n+1, then choose
w € R(w) that contains the maximum number of occurrences of s,418,8n+1.
Then ¢(w) is the element with a reduced expression obtained by replacing in w

the second occurrence of s,4+1 by Sp+2 in any of these factors.

Definition 3.9.5. Let fy : TL(Bp41) — TL(Dpy2) be the map defined by fo(bw) =
b¢(w) for any w € FC(Bn_H)

Lemma 3.9.6.

1. The maps ¢ and fy are injective.
2. If w € FC(By41) then sh(Dy(y)) = sh(Dy).

Proof. The injectivity of ¢ follows directly from its definition, while that of f; from
that of ¢ since {by | w € FC(Bn41)} is a basis. Recall that in sh(D,,) loops are not
considered, so (2) comes from the definition of ¢ since the first n + 1 simple diagrams

of type §n+1 and 5n+2 are all equal and sh(Dy41) = sh(Dp42). O
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Definition 3.9.7. Let g : D(By+1) — D(Dp42) be the map defined as follows. If

D € D(Bp+1), then g(D) has the same shape of D, the same L-decorations of D and

the following R-decorations:
(a) none, if D has no R-decorations;
(b) a Lo, if D has only two o decorations;

(¢) a o in the same position of each A in D, if D is an ALT or LP-diagram containing

an even number of A;

(d) a o in the same position of each A in D and one o on the edge leaving (n+2)’ with
lowest vertical position, if D is an ALT or LP-diagram containing an odd number
of A;

(e) a Lo in the same vertical position of the A in D, if D is a RP or LRP-diagram;

(f) a Lo in the same vertical position of each A and an extra L, with highest (respec-
tively lowest) vertical position if a o occurs on the edge leaving n + 2 (respectively
(n+2)) of D, if D is a PZZ-diagram.

\/Wg\/ D
H
NN PN NN OO

py N—
O\\ LS =
L D)

N VAN &

Figure 3.36: Examples of the map g, cases (d) and (f) respectively.

Theorem 3.9.8. The following diagram

0
TL(Bpy1) —— D(Bpy1)
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commutes. Furthermore the map 0 is an isomorphism.

Proof. Let w € FC(Bp41), by Lemmam7 Dy, in D(Bp41) and Dy in D(D,12) have

the same shape. They also have exactly the same number of e decorations placed in the

same positions. The differences between the two diagrams concern the loops and the

R-decorations. More precisely, if an edge in D,, contains a A, then the corresponding

edge in Dy, contains a o in the same position. If the edges leaving n + 2 and (n + 2)’

contain a o in D, then the corresponding edges in Dy(,,) may contain a o or not in

the same position, depending on the parity of the number of A. We now detail all the

different cases.

(1)

If no sp41 occurs in w then ¢(w) = w in ﬁn+2, then Dy, has no o decorations
since no D, 4 occurs. On the other hand, also 85 (b, ) = Dy, has no R-decorations,
S0 g(Dw) =D, = Dzj)(w)’

If a unique s,4+1 occurs in w, then Dy, 1D, 49 is a factor of D g then it is easy to
check that Dy, has a single £, and no other o decorations. On the other hand,
65(by) = Dy, has two o decorations, so, by Definition W(b), 9(Dw) = Dy(u)-

If wisin (ALT) or (LP) and it has 2k occurrences of s,,11, then in any factorization
of D g there are k occurrences of Dy, and D42 that alternate. In particular,
the number of o decorations is 2k and one of them is the last in the edge leaving
(n+2)’. Note also that the first decoration in the edge leaving n+2 is not a o. On
the other hand, in D,, the first (respectively last) decoration in the edge leaving
n+ 2 (respectively (n+2)’) is a o and the total number of A decoration is 2k — 1.
Hence, by Definition W(d), 9(Dw) = Dy(w)-

If wis in (ALT) or (LP) and it has 2k + 1 occurrences of s,,+1 then in Dy, there
are k occurrences of D2 and k 4+ 1 of D, 41 that alternate. Again, in D¢(w) the

number of o decorations is 2k. On the other hand, D,, has 2k occurrences of A
decorations. Hence, by Definition W(c), 9(Dw) = Dy()-

If w € (RP) or (LRP), then the factor Dj, --- Dy Dy11Dpi2Dy, - -+ Dj, appears in
a factorization of Dy, giving rise to a L, and to the undecorated vertical edge
{n+2,(n+2)'}, see Corollary On the other hand, D,, has the vertical edge
{n+2,(n+2)} decorated with a A, then by Definition W(e), 9(Dw) = Dy(y)-
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(6) If w € (PZZ), then w does not contain factors of the form s,418,8,+1. Hence
D () has as many D,11D,42 factors as the occurrences of s,y1 in w, which
means as many L, as the occurrences of s,,+1. At the same time, D,, has as many
A as the occurrences of s,8p+15, and a certain number of o whenever w starts or

ends with a s,4+1. Then again, by Definition W(f), 9(Dw) = Dg(uy)-

The map 0p is an isomorphism since g o g = 0p o fe, the maps g, fy are injective and
0p is an isomorphism by Theorem O

Arguments similar to those in this section can be developed and used to describe the

diagrammatic representation of TL(C,,) introduced by Ernst in [I8], [19] and to prove its

injectivity.



Chapter 4

A generalized reflection
representation of an affine

Coxeter group of type D

In the previous chapters, we studied the Coxeter system of type l~)n+2 in order to
remain consistent with the literature on the diagrammatic representation of Temper-
ley-Lieb algebras, ensuring that the decorated diagrams of types Ch, En_l,_]_, and lN)nJrg
can be represented in a box of the same size. In this chapter, we investigate another
aspect of the affine Coxeter system of type D. For computational reasons it will be more

convenient to work with type En instead of 5n+2.

Let (W, S) be a Coxeter system of affine type D,,. The main goal of this chapter is to
construct a representation of the affine group W on the k-th symmetric tensor power of
V', where V' denotes the real vector space of its canonical geometric representation (see
Section . To this end, we introduce the notion of k-roots and define a distinguished
subset of them, called canonical k-roots, which is in bijection with a family of decorated
diagrams arising from the diagrammatic representation of the Temperley—Lieb algebra
of type D,, described in Chapter |3] We then extend the concept of admissible diagrams
by introducing the n, k-semidiagrams, consisting of n horizontally aligned nodes con-
nected by k (possibly decorated) edges. These n, k-semidiagrams are in bijection with

the k-roots, and we show that the action of W on the k-roots coincides with its natu-

104
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ral action on the corresponding n, k-semidiagrams. Furthermore, we prove that every
k-root can be expressed as a non-negative linear combination of canonical k-roots, using
the combinatorial properties of n, k-semidiagrams. However, the set of canonical k-roots
does not form a basis for the module of k-roots. The underlying reason lies in the rank of
the stabilizer of a simple root in W, as discussed in Example 3 of [1, §4]. Consequently,
[31, Theorem 2.7] does not hold in the affine case.

This chapter is organized as follows. In Section[4.T], we introduce the small Temperley—
Lieb algebra as a quotient of the Temperley—Lieb algebra of type D,,. In Section we
define a W-action on the small Temperley—Lieb algebra and study special reflections that
send a basis element of the algebra to its opposite. We give a conjecture to completely
characterize such reflections by using the classification of star irreducible fully commuta-
tive elements of type D,, studied in Chapter |2l In Section we present the decorated
n, k-semidiagrams and the canonical ones, and define the action of W on them. In Sec-
tion [4.4] we introduce the k-roots and show the bijection with the n, k-semidiagrams
(Proposition . In particular, we show that each n, k-semidiagram can be expressed
as a linear combination of canonical n, k-semidiagrams with non-negative coefficients
by ad hoc substitutions. Thanks to the bijection, this result also holds for the k-roots
(Theorem [4.4.10). We conclude this chapter with some remarks about the dimension of
the module of n, k-semidiagrams when k is as large as possible (Proposition .

This chapter originates from a project proposed by Professor Richard Green during

a visiting period at the University of Colorado Boulder.

4.1 The small Temperley—Lieb algebra of type D,,

From now on, (W, S) is a Coxeter system of type affine ﬁn, whose Coxeter graph
is depicted in Figure 4.1l For more details and combinatorial characterization of this

group we refer to [8, §8].

Sn—1

S0
S1 s

Figure 4.1: Coxeter graph of type D,,.

n
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Consider the group algebra over Z, H := Z[W] and the two-sided ideal generated by
J' = (sts — st —ts+ s+t — 1) where s,t € S and ms; = 3. Define TL,, := H/J' the
Temperley—Lieb algebra of type D,, over Z, and for all s € S, set

bs :=s5— 1. (4.1)
Then, by [27, Proposition 2.6], TL,, is the Z-algebra generated by {bg,b1,...,b,} with
defining relations:
(d1) b2 = —2b; for all i € {0,...,n};
(d2) b;bj = bjb; if s; and s; are not adjacent nodes in the Coxeter graph;
(d3) b;bjb; = b; if s; and s; are adjacent nodes in the Coxeter graph.

If w € FC(W) with reduced expression s;, i, - - - S;,,, then by, 1= b bs, - - - by, is well-

defined, and {b,, | w € FC(W)} is a basis for TL,,.

i

Definition 4.1.1. We define the small Temperley—Lieb algebra of type D,,, denoted by
ﬁn, the Z-algebra quotient of TL,, by the following two relations

boby = 0 = by_1by. (4.2)

Remark 4.1.2. Note that the group algebra H is the specialization of the Hecke algebra
H4(W) over the Laurent polynomial ring Z[q, ¢ 1] in ¢ = 1 (see Section|1.1.2)). Moreover,
TL, is isomorphic to the generalized Temperley-Lieb algebra TL(D,,) in a very specific
case. In fact, the Temperley-Lieb algebra of type D, is the Z[d]-algebra given by the
quotient of H (W) by the two-sided ideal generated by sts + st + ts + s+t + 1, for all
s, non-commuting generators, where § = @2+ ¢ 2 =2 and by = s+ 1. In this
work, we consider the twisted-sign version in , take the quotient ideal J’ and set

§=—(q"?+q1?) =2

4.2 The inverting reflections

The W-action on ﬁn is defined by

$ by = (1 4+ bs)by, (4.3)
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for s € S, w € FC(W). Recall that in Section for « € @, we defined s, € T as
the reflection usu™!, where s € S, u € W, and a = u(as). In this section we aim to
characterize those reflections s, € T such that s, - b, = —b,, for some w € FC(W).

If s,t € S are two non-commuting generators, by applying (d1) and (d2), we have

st-bg = (14 bg)(1 + by)bs = bg + bybs + b + bybsbs
= by + bybs — 2bs + by
= bybs.

More generally, if w € FC(W) and s € Dr(w), then bsb,, = —2b,,, so from the previous
computation it follows that
st - by = bibu. (4.4)

Clearly, if s € D (w), then
5 bw = (14 bs)bw = b — 2bw = —by. (4.5)

Vice versa, if s - by, = —by,, then bgb, = —2b,, so s € Dp(w).

Lemma 4.2.1. Assume w € FC(W) such that s € D (w), t € Dr(sw) and mg = 3.
If ro - bsw = —bsw for some o € ®T, then rts(a)bw = —by. If rg - by, = —by for some
B € ®t, then Tst(ﬁ)bsw = —bow-

Proof. We know that st - b, = bib,. Now, if we write w = stw’ reduced, then b;b,, =
bibsbibyr = bibyy. Hence, 14(st - by) = robuy = —byy by hypothesis. Then, rq (st - by) =
—st - by, which implies tsryst - by, = —by,, where tsr,st = Tis(a)- The computations for

the other case are analogous. O

Recall the families of star irreducible fully commutative elements introduced and
classified in Section TC(W),CZ(W), and K(W). By Theorem [2.3.20, we have that

the set of irreducible elements in FC(ﬁn) is partitioned into three families as follows:
(W) =KW)UCZ(W)uTC(W),

where K(W) = () if n is odd. Note that by (4.2)), if w € CZ(W), then b, = 0.

Remark 4.2.2.
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(1) Note that if 74 - by = —by, then supp(ro) C supp(w). In fact, by, = 3, Cutt,

with ¢, € Z, and 74 Y e Cul = — Dy Cull

(2) Consider w € FC(W) and ¢t ¢ Dg(w) such that wt € FC(W). If there exists
Ta * by = —by, then rq - by = —byy since rq - byby = (T4 « by)by. On the other
hand, if there exist rg - by = —by and s € Dg(w) such that ms; = 3, then
T8 - b = 15 - bytbs = —byibs = —byy.

We now state the following conjecture.
Conjecture 4.2.3. Letw € I(W)\CZ(W), thenrq-by = —by, if and only if ro € D (w).

It is clear that if s € Dp(w), then s - b, = —b,. Moreover, if w € TC(W), then
Ta-bw = —by if and only if 7o € Dy (w). Since supp(rq) C supp(w) by Remark [4.2.2{1),
and w € TC(W), then £(r,) = 1 so the thesis yields. However, if w € K(W) and
W = UgUq - - - U, is its Cartier—Foata normal form, if we prove that {a € ®T | ry, - by, =
—by} = {a € &' | ro - by, = —by,}, then the thesis would follow by the previous
argument on TC(W).

If Conjecture [£.2.3]is true, the two following statements would follow.

Claim 4.2.4. Let w € FC(W). If w is reducible to v € (W) \ CZ(W), then
Ha € @ |14 - by = —by}| = |DL(v)].

Proof. By Remark (2), we assume that w is right star irreducible, so v is obtained
from w by a series of left star reductions. By Conjecture {ra €T | ro-by=—by} =
Dy (v), hence the result follows by Lemma reversing the left star operations for
obtaining v. O

Claim 4.2.5. Let w € FC(W). If s, and sg are reflections such that s - by = S5 - by =

—by, then a and B are orthogonal.

Proof. If w is star irreducible, then by Conjecture the reflections are left descents,
hence they are orthogonal. Otherwise, by Lemma [£.4.3] and Theorem [£.2.4] « and 8
are conjugated to two left descents of a star irreducible element obtained from w by
the same element. Finally, since the bilinear form B is W-invariant, then « and [ are

orthogonal as well. ]
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4.3 The semidiagrams

Consider the diagrammatic representation of TL, and let D,, be the diagram algebra
which realizes TL,, (see Definition | . We denote by D, the diagrammatic realization

of ﬁn, obtained as a quotient of D,, by the following relations

Let Q := {e,0} be the decoration set and consider the quotient Q* = Q*/{R;, Ry}

of the free monoid Q* by the relations
Ri:ee=( and Ry:oo=040.

Definition 4.3.1. Let k& € N such that k£ < [n/2]. We say that a n, k-semidiagram is
the collection of n horizontally aligned nodes and k edges such that each edge joins two
distinct nodes and each node is the endpoint of at most one edge. Moreover, an edge

can be decorated with an element of Q.

Definition 4.3.2. We say that a n, k-semidiagram is canonical if it is subjected to the

following rules:
(C1) the edges do not cross;

(C2) there is no o (respectively, o) decoration on the left (respectively, right) of a e
(respectively, o) or of an isolated node, and each edge contains at most two deco-

rations;

(C3) if an edge contains two decorations, then the other edges do not contain more than

one decoration;

(C4) if the endpoints of an edge lie between the endpoints of another edge, then the

inner edge is undecorated.

Note that a canonical semidiagram might be seen as the top part of some pseudo
decorated diagram of the diagrammatic representation of TL,, defined in Chapter [3]
Sometimes it happens that we concatenate the diagrams corresponding to b and b,

and take the resulting canonical semidiagram multiplied with scalars, if any. When in
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the diagram of bsb,, a Lo appears, then we set the associated canonical semidiagram to
be the top part of bsb,, multiplied by 2.

We denote by S, ; (respectively, CSD,, 1) the Z-module having the n, k-semidiagrams

(respectively, the canonical n, k-semidiagrams) as basis, and set

SD,= €  SDyu.
keN,k<|n/2]

Notation 4.3.3. Let p be a semidiagram, then we denote by egj the edge in p joining
the nodes ¢ and j decorated with d € Q*. If the edge is undecorated, then we just
write e; j. For instance, ej 7 is the edge joining the nodes 4 and 7, decorated with a e.

Sometimes we regard p as a collection of edges, that is p = {e?f,h’ ceey e?}’:’lk}.

Our next goal is to define an action of W on SD,,. Since a semidiagram p € SD,, is
a collection of (possibly decorated) edges joining distinct nodes, we define the action of

w € W on p by defining the action of a simple reflection s; over a single edge 6?,1 of p,

d d
si(p) == {Si(ejll,ll)’ ceey Sz‘(ej:,lk)}y

where si(ejl) is defined as follows. For i € [n — 1], let o; be the simple transposition

(4,74 1) of the symmetric group S,. Then we have:

—€iit+1, ifj=l—1=iandd=0;
si(efr) =S edi iy, if j=1—1=1iandd#0;
eil,(j),gi(l), otherwise;
—el 2, ifj=01—1=1andd=;
wole)) = e1h ifj=l-1=1andd#e;
I od P
ey Hie{l2h1>3

d .
€or ()01 (1) otherwise;
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—€p_1n> ifj=l—-1=n—-1andd=o;

Sn(eil) _ €§d117;, %fj =l—-1=n — 1 and d # o;
Cor (on 1)y LLE {n—=1,n},j <n-2
egn_l ()somr (1)’ otherwise.

Note that if p € SD,, ;, for some k, then w(p) € SDy,; for all w € W. Note also
that from any n, k-semidiagram is possible to obtain a canonical n, k-semidiagram after

a series of applications of the action described above.

4.4 The k-roots

As described in Section let (Wo, So = {so, 51,82, --.,8n—1}) be the finite Cox-
eter system of type D,, underlying the affine Coxeter system (W,S), which acts on a
Euclidean space (Vy, Bp), and let ®y be a root system for Wy, with w its highest root.
We extend (Vp, Bp) to a quadratic space (V, B), where V := V;; @ Rd, and B(d,v) = 0

for all v € V, where ¢ is the imaginary root. The set of positive roots of W is
T ={kS+a,(k+1)§—a|ac®f, kecN}

and A := {ag | s € So} U{d — w} is the set of simple roots. We have S = Sy U {ss_}
and T = {so | @ € T}

Here we introduce the following notation for all the positive roots in ®§ \ {ao}-

7j—1
Q5 = Zara 1 <i<j<n, where a; i1 = oy;
r=1
Qp,j = Qg + Q2 j, 3<j<m
Hi’j =Q1 + QQ,j5, 2<y <j <n.

For instance, ag.7 = a3 + g + a5 + ag; 3 = o + a2; 045 = g + ap + 200 + 203 + 0.
The highest root of Wy is w = 6,—1,, and the imaginary root is § = 0,1, + ay,. In the

next computations, it will be useful to set a2 := ap.
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In particular, a root o € ® is of the form N & «; j or N0 £ 0; 5, for N € Z, and in
both cases we say that « is indexed by i and j.

We now state some technical results about the relations between positive roots of
Wo.

Lemma 4.4.1. If0<i<j<m<n-—1, then
a) Blaij,ajm) = =1/2;
b) Bl j,0im) = B(im,ojm) =1/2, with {i,j} # {0,1};
¢) B(agi,a14) =0;
d) Blag,a1;) = —3-

Proof. Point a) follows by observing that B(« j, ajm) = B(aj—1,q;) = —3.

Since i m = Qi j+Qjm, then B(a j, & m) = Baij, aij)+Bloyj, am) = 1—% = 3.
In the same way we show that B(cm,jm) = 1/2, so b) is proved.

Now, recall that ag2 = ap and a2 = a1, then if i = 2, B(apz2, ®1,2) = 0. Suppose
i > 2, then B, 0n,) = B(ao2,a2:) + Blag, az;) + Blag, a12) = f% +1-— % =0,
by a) and b).

Finally, B(Ozo’i, Ozljj) = B(O&oﬂ', 04171') + B(Oé()ﬂ', am-) = —% + 0 by a) and C). ]

Lemma 4.4.2. If0 < i< j <l <m<n—1, then B(ajj,arm) = Bla, ajm) =
B(ai,m,aﬂ) =0.

Proof. We just need to make some direct computations. In fact, first we have B(o j, a1m) =
B(aj—1,;) = 0 since |l — j| > 1.
If we write o;;; = o j—1 + aj—1 + j; and o, = ;) + oy + @y41,m, then by Lemma
4.4.1 B(Oé“, ajm) = B(aj_l,aﬂ) + B(O[j’l,OéjJ) + B(Oéj,l, al) = —1/2 +1-— 1/2 = 0.
Analogously, i, = o j—1+0 1401 +q+a1 m, then B(a; m, ;) = B(aj_1,05)+
B(ajy, a5) + B(ajyg, 00) = 0 as above. O

Proposition 4.4.3. Let o, 5 € ® be indexed by i, j and l, m respectively. If|{i,j,I,m}| =
4, then B(a, ) = 0.



CHAPTER 4. A GENERALIZED REFLECTION REPRESENTATION FOR D 113

Proof. Since a = N6+’ and B = Nad £ ', where o/, 3’ € ®f, then B(a, ) = 0 if and
only if B(a/, 8") = 0. Moreover, note that o is indexed by i, j and ' is indexed by I, m.
First suppose that o/ = a; j and B = am, then the thesis follows by Lemma m

Assume that o/ = a;; and 3 = 6;,,. Observe that 6;,, = ag; + o1,m, hence
B(wij,01.m) = Blaij,00,) + B, o1,m) = 0 by Lemma if i = 1, and by Lemma
otherwise.

Finally, assume that o' = 6, ; and ' = 6;,,. Then B(0;;,01,,) = B(ao,, aoj) +
B(w,i, a1,m) + B(ai,j,a0,) + B(oa j, @1,m) = 0 by Lemma m ]

Following [31], let o, 8 € V, then we write oV := a® [+« regarded as an element
of the symmetric square S%(V) of V. More generally, let k > 2 and o!,a?,...,a*F € V,
then write a' Va?V...VaF for the symmetrized k-fold tensor product in S*(V'), defined

recursively from the product of two vectors.

Definition 4.4.4. For k > 2, we say that a k-root is a product a' V ...V oF, where
a' € ® and for each i # j, o' and o’ are indexed by distinct pairs of positive integers

in [n].

Remark 4.4.5. By Proposition if a' V...V a¥ is a k-root, then B(af,af) =0
for each i # j. Moreover, a V —8 = —a V 3, hence each k-root can be written as
+al V.-V aF, with o' € &% for all i € [k].

Denote by Cy, ;. the collection of k-roots and M, j the Z-module having C, ; as a
basis. Call C;“’k the subset of C), ;, made of all k-roots of the form al v vk, with
ol € ®F for all i € [k].

In particular, W acts on M,, ;. by

s(@tv...vaF)=s(al)v...vs(ab), forall seS.

Now we want to show the relation between the k-roots and the n, k-semidiagrams.
Proposition 4.4.6. There is a bijection between C’:k and the set of n, k-semidiagrams.

Proof. We first assign a (possibly) decorated edge of a n, k-semidiagram to each positive

root of W as follows. Consider the map

p:®" — {edges of a n, k-semidiagram}
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defined by

p(NS + i j) = ef;, with d = (oe);

p(NO — a 5) = er, with d = (e0)V, N > 1;

p(N§+ g ) = ecll’j, with d = e(ce)V;

p(NS — apj) = ef ;, with d = o(ec)N "1, N > 1;

p(NG +0; ;) = ef;, with d = e(ce);

p(NS§ —0; ;) = eg{j, with d = o(e0)V =1, N > 1.
Note that p is injective and the inverse is well-defined, hence p is a bijection. Then the
map

p': C — {n,k -semidiagrams}
a'Vv.vahesp= {p(ai)}izl,...,k

is well-defined. In fact, the k edges of a n, k-semidiagram have distinct endpoints, so

the corresponding positive roots are indexed by k distinct pairs of integers. Hence p’ is

a bijection, since p is. ]
Remark 4.4.7.

(1) Note that if « € &7 is associated to an edge e, then s(a) is the root associated to
s(e) for all s € S. For instance, if &« = N+ j, then by the bijection of Proposition
m e= ef{j, with d = (ce)". Hence, s,(a) = aif r & {i,i—1, 7, j—1}, otherwise,
if j >i+1, si(a) = a—ay, si—1(a) = ata;—1, sj(o) = ataj, sj—1(o) = a—aj_q,
and in all the cases it is not difficult to prove that each root is associated to s(e)
by the definition of the W-action on e.

(2) Let p = {egj} be a canonical semidiagram and let b,, be a diagram with the top
part equal to p. Then each root « associated to an edge of p by Proposition [4.4.0]

is such that s, - by, = —by.

Example 4.4.8. In Figure the 10, 5-semidiagram is associated to the 5-root: (§ —
01174) V as V 9579 V ag V (5 + a&lo).
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NG N T

Figure 4.2: A 10, 5-semidiagram, which is not canonical.

Denote by B, j the subset of C:  Which contains canonical n, k-semidiagrams. We
want to show that B, j is a spanning set for M,, 1, i.e. we want to express every k-roots
as a linear combination of elements in By, . Equivalently, by Proposition {.4.6] we aim

to express each n, k-semidiagram as a linear combination of canonical n, k-semidiagram.

Proposition 4.4.9. Let w € FC(W) and p be the canonical semidiagram associated to
by. Then s(p) = p+ A\p/, where s € S, X € Z, and p’ is the canonical semidiagram

corresponding to bgby,.

Proof. Assume that s exchanges the nodes ¢ and i+ 1, perhaps adding decorations. First
we study the cases where just one edge is involved. Suppose that i + 1 (respectively, 7)
is an isolated node, and let v be the root associated to the edge joining i (respectively,
i+ 1), then s(a) = o+ a;s. In fact, a is a root of the form «;; or 6;; (respectively,
ajy1,h, Or & — 641 p) since p is canonical. Hence, if alV.--vVaVv-.-VvaFis the k-root
associated to p, then the k-root associated to s(p) is @' V-V (a 4+ as) V---VaF =
a'Vv.---vav---vaf+al V.- Va, V- VaF, which is immediate to prove that
corresponds to p + p'.

Now suppose that e is an edge in p joining ¢ and i + 1. If e = ¢; ;41, then s(e) = —e,
so s(p) = —p, and bsb, = —2b,. If e = 6?,2‘4-17 with d € {e,0}, then s(e) = e and
8+ by = by, since Lo, Lo — 0. Finally, if e = €77, then the associated root is 0 — q, SO
s(0 —a;) =0+ a; = (0 — ;) + 2c;. Since we set that Leo gives rise to a factor 2, then
it follows that s(p) = p'.

Now let «, 3 € ®* be indexed by {j,i} and {i + 1, h}, respectively, and associated
to the edges with endpoints 7 and i + 1 by Proposition [£.4.6] We first want to show that
s(aV p)=aV B+ a; Vv, where v is indexed by {j,h}. Call s(a) = o and s(8) = ',
hence ' is indexed by {i + 1,5} and 3’ by {i,h}. Observe that, according to the form

of  and 8, o/ = a & o and 8/ = 8 + . Hence we substitute
VB =(atas)V(BEtas)=aVB+asVy, (4.6)

where v = +as+ a+ . By checking few cases, we have that ~ is a positive root indexed
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by j and h, orthogonal to .

In fact, first assume that j < i <i+1 < h, so s = s;. If &’ is of the form o ;41 or
0;i+1 (respectively, 6 — avj 11 or 6 —6;41), then o = a+ o (respectively, o' = o — ;).
If 5’ is of the form «;p or & — 6; (respectively, 0 — a;p, or 0;), then 5/ = B+ o
(respectively, 5/ = 5 — ;).

Now assume that ¢ +1 < h < j, then either s = s;, or s = sg. Note that necessarily
B = ajy1p, hence ' = B+ as. If o is of the form ;415 or 6 — 0,41 (respectively,
§ — i1, or Biq15), then o = o — o (respectively, o' = o+ ;). The case j < h < i is
analogous.

In all the cases, by combining the admissible possibilities of o/ vV 5’ in (4.6)), v takes

one of the following values:
Qs O 0 = Qs & — b

where j might be 0 when it is defined. In particular, by applying the bijection described
in Proposition [4.4.6} it is immediate to prove that v corresponds to the edge joining j

and h (or 1 and h, if j = 0) of the canonical semidiagram associated to bsby,. O

Note that Proposition implies that when the W-action on a canonical semidi-
agram is defined, then it is equivalent to the W-action on b, for some w € FC(W)
described in Section

We are now ready to state our main result and prove that B, j is a spanning set for
the module M,, k.

Theorem 4.4.10. Every k-root in C:k can be expressed as a linear combination of By, j,

with non-negative coefficients.

Proof. By Proposition it suffices to prove that every n, k-semidiagram is a linear
combination of canonical n, k-semidiagrams with non-negative coefficients. By Propo-
sition m it follows directly that a semidiagram p can be expressed as p = Y. cyp/,
where p’ is a canonical semidiagram and ¢,y € Z. Now we need to show that ¢,y > 0 for
each p'.

First, observe that for a € ®§, we might write N6 + a = N(§ — a) + (N £ 1)a.



CHAPTER 4. A GENERALIZED REFLECTION REPRESENTATION FOR D 117
Hence, for o, 8 € <I>(J)r and N, M € N, we have

No+taVM+B=NMGO—-—a)V(—F)+(NEt1)MaV (§—75)
+NMx1)(0—a)VB+(Nx1)(ME£1)aVp

This means that by the bijection of Proposition [4.4.6] we are interested only in the
cases when the edges of the corresponding semidiagrams are decorated with at most two

elements.

If just one edge is involved, then apply the substitutions depicted in Figure [£.3]

SNz — N + T+ &
o’

~m’ T — + < +

o O Tt T

Figure 4.3: Substitutions of Theorem 4.4.10, where a € {(),o} and b € {0, e}.

Otherwise, there are 31 combinations of two edges (or roots) that we need to con-
sider. In Figure (at the end of the chapter) there are depicted the cases involving
both decorations and the substitutions to apply so that the coefficients ¢,/ are all non-
negative. The other cases might be treated analogously and are obtained by repeatedly
applying Proposition By a quick check, note that in all the cases, the (2-)roots
corresponding to the left hand side are equal to the corresponding linear combinations
of (2-)roots on the right hand side.

O

However, the k-roots of B, ; do not form a linearly independent set; for instance,
(0—aj)Vap+a;Va,==0j;41Vao,+(0—10;,41)V o, hence By, , is a spanning set of
M,, ;. but not a basis.

4.5 Remarks on cardinalities

Denote by C'SD,, ;. the set of canonical n, k-semidiagrams and by C'S Di ;. the subset

of C'SD,, ; made of canonical n, k-semidiagrams which do not contain o decorations.
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Proposition 4.5.1. If n is odd, |CSD,, (,—1)/2| = |Bn,m-1)/2| = 2n=1l If n is even,
then ‘CSDn7n/2| = |Bn’n/2| = 2",

Proof. We proceed in steps. First, note that the set of undecorated n, k-semidiagrams
is in bijection with SYT(,_j 1), i.e. the set of standard Young tableaux with shape
A = (n — k, k), where in the second row we enter the right endpoints of the edges (see
for instance Figure .

3 78 1|2 45 |6 |

= N 3 |7

Figure 4.4: The correspondence between an undecorated 8, 3-semidiagram and a Young
tableau of shape (5, 3).

Hence, by the hook length formula (see [22, Theorem 1]) we get

n! n—2k+1(n n n
SYT,,_ = = - - ’
) ot (= 2kt n—k 1 (’ﬂ) (’f) <k - 1>

Now observe that the semidiagrams of C'S DTLL,k with h < k edges decorated with a e
are in bijection with the undecorated n, (k— h)-semidiagrams, since from an undecorated
semidiagram with k — h edges there is only one way to add decorated edges (see Figure
. Hence by the previous step,

cots-£0)-(2)- ()

\‘\__//\_/\./ ~—

Figure 4.5: Example of the correspondence between a 8,4-semidiagram with 2 edges
decorated with a e and an undecorated 8, 2-semidiagram.

Then, by a similar argument, we have that the canonical n, k-semidiagrams with
h < k edges decorated only with o is in bijection with CS’Dﬁ(k_h), hence the total

number of n, k-semidiagrams whose edges can be decorated with at most one decoration
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is Yk, (3)- In particular, if n is odd and k = (n — 1)/2, we have

(n—1)/2 n
|CSDy -1yl = Y =2""h
h=0 h

Note that a semidiagram has at most one edge decorated with both e and o, and if
such an edge appears, it must be n even and k = n/2. The diagrams in CSD,, ,, » with
an edge decorated with both e and o are in bijection with CSD,, ,/5_; (see Figure ,

hence they are ZZ/: 2071 (3)-

~— \\\::;i/// ~— ~— ~— ~—

Figure 4.6: Example of the correspondence between a 8, 4-semidiagram with an edge
decorated with eo and an undecorated 8, 3-semidiagram.

Finally, we sum the total number of semidiagrams whose edges are decorated with
at most one decoration, and the total number of semidiagrams with an edge decorated

with both decorations:

n/2 n n/2—1 n " n
-0 5050
h=0

h=0 h=0

In the end, by Proposition we have that |CSD,, ;| = | By k|- O
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@5
@

4
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{
d

J
d
d

4 4 ¢ 4

SN — W"'W"'Q\‘/ + ~ + o
R e N < + S~
N = v—w+v+w + o o +2

Neodee”’ 7 e ST N s e +2 g~

WHZWJFV Sl i vy + s 2N
~oo’ S %2®+ S oo’ T <& + o +2®+2v—v
e w2 N e + g+ 2N\
W—W%2v+v &t~ o+ v+2®+v—v

Figure 4.7: Substitutions of 2-roots of Theorem |4.4.10



Chapter 5

On generating functions
associated to reflections and roots

in Coxeter systems

In this chapter we discuss two combinatorial problems regarding the set of reflections

T = Upew wSw™! of a given Coxeter system (W, S):
(1) Is the language of palindromic reduced words for the reflections regular?
(2) Are there nice formulas for the Poincaré series of the set T'?

For the first question, we introduce reflection-prefizes, a class of elements in W arising
naturally from palindromic reduced words of reflections, and discuss their properties in
relation to the root poset and the dominance order on roots. Then we show that for any
Coxeter systems, that language of reduced words for reflection-prefixes L7 is regular by
using the family of m-canonical automata associated to m-Shi arrangements, see [32]
§3.4] and [I14], to provide a family of finite deterministic automata that recognized Lr.
The problem (1) remains still open.

We give an affirmative answer to (2) in the case of affine Coxeter groups, indeed we
provide simple formulas in terms of rational fractions for the Poincaré series of reflec-

tions that are obtained from the symmetries of the Hasse diagram of the root poset.

121
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This chapter is organized as follows. In Section [5.1] we recall some facts about the
combinatorics of words and roots and, in particular, about two partial orders on the
root system of a Coxeter system: the root poset and the dominance order, which were
introduced by Brink and Howlett in their work [II] to show that Coxeter systems are
automatic. In Section we discuss reflection-prefixes, palindromic reduced words for
reflections and automata. In particular, starting from special subsets of W, we build an
automa that recognizes the language of reflection-prefixes (Theorem . Finally, in
Section [5.3], we focus on affine Coxeter systems and discuss the case of the enumeration
of reflections by length. In particular, we provide a nice formula for the generating
function of the length over the set of reflections (Theorem .

The results presented in this chapter are part of a joint work in progress with Ric-

cardo Biagioli and Christophe Hohlweg (Université du Québec & Montréal).

5.1 Combinatorics of words and roots in Coxeter systems

Let (W, .S) be a Coxeter system. The (right) weak order (W, <g) is the poset defined
by: u <g w if u is a prefix of w; or in other words, if £(w) = £(u~'w) 4 £(u). The (right)
weak order has for Hasse diagram the (right) Cayley graph for which the edges {w, ws}
are oriented from w to ws if {(w) < f(ws).

For I C S, we consider standard parabolic subgroup Wi = (I). The set of minimal

coset representatives of W /W7 is
Xr={zeW |z<guzs, Vsel}

In particular, any element w has a unique reduced product w = wv with v € X and
v € Wi. Moreover, any product uv in W where u € X; and v € Wy is a reduced
product; see for instance [8, Proposition 2.4.4]. The following statement is well-known;

we include a proof for completeness.

Lemma 5.1.1. Let w € W and I C Dr(w). Then Wy is finite and w = uwo 1 is a

reduced product, where uw € X1 and w. ; s the longest element in Wr.

Proof. We consider the reduced product w = wv, where u € X; and v € Wy. Since
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I C Dgi(w) and by definition of reduced product, we have for all s € I:
lw) —1="L(ws) = L(u(vs)) = L(u) + £(vs).

So f(vs) < £(v) since (w) = £(u) + £(v). In other words, Dgr(v) = I, since v € Wj.
Therefore, by [8, Proposition 2.3.1 (ii)] applied to W7, we obtain that W7 is finite and

V= Wo,J. O

Bjorner showed that (W, <pg) is a meet-semilattice, meaning that any nonempty
subset X C W admits a meet, that is a greatest lower bound denoted by Ap X; see [8]
§3.2]. A subset X C W is bounded in W if there exists g € W such that z <p ¢ for
any x € X. Therefore, any bounded subset X C W admits a least upper bound \/p X
called the join of X:

\/Xz/\{gGW|x§Rg,Vx€X}€W
R R

A Garside shadow for (W, S) is a subset B C W such that S C B and

(i) B is closed under join in the right weak order, i.e. if ) # X C B is bounded, then

(ii) B is closed under suffixes, i.e. if w € B and w = uw is reduced, then v € B.

Associated to any Garside shadow B is the Garside projection:

g W +— B
wo \/{QGBHJSRU}}-
R

Garside shadows were introduced by Dyer and Hohlweg to show the existence of a finite
Garside family in an Artin-Tits monoid, see [I5]. In particular, they show that there

are finite Garside shadows, whenever S is finite.

Example 5.1.2. Let (W, S) be a Coxeter system of type I3(c0).

o0
o0—oO
s t
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The subsets {e, s, t} and {e, s, t, st, sts,ts} are Garside shadows, while {e, s,t, sts} is
not since it is not closed under suffixes. In Figure such subsets are depicted in the

bottom portion of the Cayley graph for the weak right order on W.

Figure 5.1: Bottom parts of the Cayley graph in Example

5.1.1 Garside shadows automata

We begin by recalling some basic terminology from automata theory (see [43]). A

finite deterministic automaton A over the alphabet S is a quadruple (@, qo, F, ) where:

e () is a finite set of states,

qo € Q is the initial state,

F C Q is the set of final states,
e 0 is a partial function 6 : Q x S — Q.

If 6(q,s) = ¢, we write ¢ = ¢’ and call this a transition. An automaton A can
thus be seen as a directed graph on the vertex set ) with edges labeled by elements
of S such that for any ¢, s there is at most one edge with source ¢ and label s. For
an automaton 4, one naturally extends ¢ to a partial function @ x S* — @, where S*

2—=¢forevery se€S. A

denotes the quotient of the free monoid on S by the relations s
word s; - - - s € S* is accepted by A if §(qo, $1 - - - si) is defined and is in F'. The set of all
words accepted by A is the language recognized by A and denoted by L£(.A). Languages
L C S* occurring in this way are called regular, and it is a fundamental theorem of

Kleene that the class of such languages coincides with the class of rational languages;
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see [43| Theorem 2.1].

In [32], Hohlweg, Nadeau and Williams defined for any Garside shadow a determin-
istic automaton that recognized R(W), the language of reduced words for (W, S). Let B
be a Garside shadow for (W, S). The Garside shadow automaton Ap is the deterministic

automaton over the alphabet S defined as follows:

the set of states of Ap is B;

the final states are the elements in B;

the initial state is the identity e;

the transitions are: w € B > mg(sw) € B, whenever £(sw) > £(w).

The automaton Apg is represented by a directed edge-labeled graph on the vertex set B
with edges labeled by elements of S, such that for any w € B and s € S, there is at

most one edge (a transition above) with source w and label s.

Theorem 5.1.3 ([32, Theorem 1.2]). Let B be a finite Garside shadow for (W, S), then

Ap is a finite deterministic automaton that recognizes the language R(W).

As a consequence, the authors recover that R(W) is regular and that the Poincaré
series R(q) is rational. We refer the reader also to [40}, 42] for recent developments

around Garside shadow automata.

Example 5.1.4. Let (W, S) be a Coxeter system of type

VAN

2 > 3

The set B = Wiy, 4,3 U Wy, 5} is a Garside shadow for (W, S) and its associated
Garside shadow automaton Ap is the one represented in Figure The transitions by

s1 are colored orange, so in purple, and s3 in green.
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Figure 5.2: The automaton Ap of Example

5.1.2 Root systems and inversion sets

Consider a geometric representation of (W, S) in a real quadratic space (V, B) in the
sense of |15 §2.3] or as described in Section the reader may consider for instance
the canonical (or Tits) geometric representation, as described in [8], §4.1].

The inversion set of w € W is:
d(w) ={acd" |wl(a)c d}.
It is well-known that if w = uw is a reduced product in W, then
D (w) = B(u) Uu(®(v)),

see for instance [14, Proposition 2.2]. It follows in particular that:
o u <p w in the weak order if and only if ®(u) C ®(w);

o P(w) = {as,,s1(sy), ..., 81 - Sp—1(a, )} if w =515k is a reduced word for w.
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5.1.3 The root poset
We fix a geometric representation for (W, S), with based root system (®,A). The
depth function dp : ® — N is defined by

dp(B) := min{l(w) | w € W,w(pB) € A}.

Remark 5.1.5. In this work we use an analogous definition of the depth of a positive
root 8 with respect to the original one which was given in [I1], Definition 1.5, see also
[8, Definition 4.6.1], as follows:

dp’(8) :== min{f(w) | w € W,w(B) € ™ }.

This is equivalent to dp’(8) = min{l(w) | w € W,w(8) € —A}. Indeed, if w =
s1 - sk such that w(B) € ®, then there is 1 < i < k such that s;---sg(8) € T and
Si—1---sp(B) € ®~. Therefore s;---sp(f) = as,_, € A, since s;_1 is a bijection on
®+ \ as,_,. Hence, dp’(B) = dp(B) + 1.

The next result is Lemma 4.6.2 in [8] and allows us to understand how the depth of

a root changes when acting by a simple reflection s € S.

Lemma 5.1.6. Let s € S and 8 € &1\ {as}. Then,

dp(B) =1, if B(B,as) > 0;
dp(s(B)) = { dp(B), if B(B,as) = 0; (5.1)
dp(B) +1, if B(B,as) <O0.
We equip ® with a partial order called the root poset.

Definition 5.1.7. The root poset (™, <) is defined by: a < 3 if and only if there exists
w € W such that w(«a) = § and ¢(w) = dp(B) — dp(«).

Here we state well-known properties of the root poset, which are easily deduced
from [8, §4.6 & §4.7].

Proposition 5.1.8. The root poset (T, <) satisfies:

(i) (1, <) is a graded poset, the rank function is dp : ®T — N.
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(ii) Let o € ®, then dp(a) = 0 if and only if o € A.

(iii) The cover relations are o <1 s(a) with s € S and a € &1\ {as} such that dp(a) <
dp(s(a)) (or equivalently, if B(«a, as) < 0).

(iv) We have o < B if and only if there exist s1,...,s; € S such that o < s1(a) <
sos1(@) Q... < sg---sas1(a) = B. In this case, dp(B) —dp(a) =k = €(s1-- - sk).

Definition 5.1.9. Let s € S, @ € 1\ {a;}. A covering edge a<Is(«r) in the root poset
(®, <) is said to be short if —1 < B(a,as) < 0; otherwise, the covering is said to be
long.

Example 5.1.10. Consider the Coxeter system as in Example The simple roots
are A = {a1,a9,a3}. In Figure the Hasse diagram of the root poset for ®T is
depicted up to depth equal to 3. The positive roots are expressed by their coordinates
with respect to A; for instance, 312 = 31 + a2 4+ 2a3. Moreover, each edge corresponds
to a cover relation, and the colors depend on the simple reflection that is applied: orange
corresponds to the simple reflection 1, purple 2 and green 3. Finally, the edges are dashed
when the cover is long, otherwise, the cover is short. For instance, B(ag + 2a3, 1) =
—1/2 —1 < —1, hence 012 <312 = 51(012) is a long cover relation, where B is bilinear

form of the canonical geometric representation.

depth : : :
034 532 362 313 163 136 331 326 523 043
3 Q (] . ’ L] K (] »
A 4
N v y M 4 .
N \ / \ ’ .
032 312 113 131 321 023
2 LI [] [] [] [] L
~ N 1 1 . 7’
TN 012 110 101 0217
1 - \/ »
A 7’
A 4
A 4
Y .
0 \ v
010 100 001

Figure 5.3: Hasse diagram of the root poset of Example [5.1.10

By [8, Proposition 4.5.4], a dihedral subgroup generated by two reflections s, sg € T
is infinite if and only if |B(a, 8)| > 1, hence a covering « < s(«) is short (respectively,
long) if and only if the dihedral group generated by s, and s is finite (respectively,

infinite).
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5.1.4 Small roots

A small root is a positive root that is reachable from a simple root by a chain of
short covering edges in the root poset (&1, <); see for instance [8], §4.7]. We denote by

Y the set of small roots.

Example 5.1.11. Consider (W, S) of Example [5.1.10, then there are only five small
roots:

Y= {061,062,063,061 + Q2,01 + 043}.

Remark 5.1.12. In a finite group, all positive roots are small. Indeed, there is no
long edge in the root poset of a finite Coxeter system since there is no infinite dihedral

subgroups.

Small roots were introduced by Brink and Howlett [11] to show that Coxeter groups

are automatic. The key point is the following statement; see also [8, Theorem 4.7.3].

Theorem 5.1.13 (Brink-Howlett [11]). The set ¥ is finite whenever S is finite.

5.1.5 The dominance order

We present yet another partial order <; on the positive roots of W, called the
dominance order, which was also introduced by Brink and Howlett in [T1]. Let o, 3 € &7,
we say that 8 dominates o, denoted by a <; f, if and only if, for w € W, g € ®(w)
implies a € ®(w). For 8 € &1, the dominance set of 3 is:

dom(B) = {a € ®T | a <4 B}.
The dominance-depth (or infinite-depth) of a positive root € ®7 is defined as follows:

dpeo(B) = {a € @7\ {B} | o <4 B} = |dom(B)] - 1.

We have an analogous result of Lemma see for instance [I5, Proposition 3.3].
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Proposition 5.1.14. Let s € S and 8 € 7\ {as}, then we have dp,,(as) = 0 and

dpo. (), if |IB(B,as)| < 1;
dpoo(s(B)) = {dpoo (B) + 1, if B(B, ) < —1;
dpoo(ﬁ)_la ifB(/Baas) > 1.

Note that if o <1 s(a) is a long covering in (@7, <), then dp. (s(a)) = dpy(a) + 1,
otherwise dp,(s(a)) = dps ().
The following characterization of the dominance order, which relates the dominance-

depth to the depth of a positive root, is [I1, Lemma 2.3].

Proposition 5.1.15. Let o, 8 € ®T, then a <4 B if and only if dp(a) < dp(B) and
B(a, B) > 1; there is equality if and only if o = .

It follows that if o < s(«) is a long covering in the root poset, then oy <4z . For
instance, in Example 5.1.10} ag <g4 ag + 2a3 <4 a1 + 3ag + 6as.

The next theorem shows that a root is small if it does not dominate any other root

but itself; see for instance [8, Proposition 4.7.6] for a proof.

Theorem 5.1.16 (Brink-Howlett). Let o € ®T, then a € ¥ if and only if dp,,(a) = 0.

5.1.6 m-small roots and m-low elements

We say that a positive root § is m-small if dp () < m, for some m € N. We denote
by 3, the set of m-small roots.

Note that ¥y = X by Theorem [5.1.16| The following is a generalization of Brink-
Howlett’s Theorem [5.1.13]

Theorem 5.1.17 (Fu [23]). The set ¥, is finite for all m € N.

For w € W, define ¥,,(w) := ®(w) N %,, the m-small inversion set of w. Moreover,
if X is a set, we denote by cone(X) the set of all linear combinations of elements of X

with non-negative coefficients.

Definition 5.1.18. For m € N, an element w € W is m-low if ®(w) = cone(3,,(w))N.
We denote by Ly, := Ly, (W) the set of m-low elements in W.
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The following theorem is due to Dyer and Hohlweg [15, Theorem 1.1], for m = 0
and for affine Coxeter systems, and to Dyer [13, Corollary 1.7] for all m € N and any

Coxeter system.

Theorem 5.1.19 (Dyer). For any Coxeter system and any m € N, the set Ly, is a
finite Garside shadow.

We denote 7, : W — \/p{g € L, | ¢ <r w} the Garside projection on L,,. In [14],
the authors showed that the set of m-low elements are precisely the minimal elements
(in right weak order) in m-Shi arrangements, that is, the subarrangement of the Coxeter
arrangement constituted of the hyperplanes associated to m-small roots. This implies

in particular the following useful proposition.
Proposition 5.1.20. Let w € W, then Xy, (mm(w)) = Xy (w).

Proof. Since mp,(w) <p w, we have ¥, (7, (w)) C X, (w). The converse follows from
[14, Theorem 6.4] in which the authors prove that the set {g € W | ¥,,(9) = X (w)}
has a unique element of minimal length which is a m-low element x € L,, such that
x <p w. So ¥p(w) = Epn(z). But z <g mpn(z) by definition. Therefore X, (w) =
Ym(z) C X (mm(w)). O

5.2 Reflection-prefixes and palindromic reduced words of

reflections

In this section, we define and state properties of refiection prefizes. In particular,
reflection-prefixes have useful properties to study the root poset and the dominance
order. Then we produce a family of automata built from the finite Garside shadows L,

(m € N) that recognize the language of reflection prefixes.

5.2.1 Reflection prefixes

Let t € T be a reflection of (W, S). It is well known that ¢(¢) = 2k + 1 for some
k € N and that if ¢t = s1...5Sk+15k+2 - - S2k+1 1S a reduced word for ¢, the word
S1...S8kSkt1Sk--.S1 18 a palindromic reduced word for t; see for instance [14, Proposi-
tion 2.3].
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The following proposition shows in particular that ¢ is uniquely determined by the

prefix sp - - - spSg+1 of its palindromic reduced word.

Proposition 5.2.1. Let t € T with corresponding positive root ay. Let w € W and
assume there is v € Dr(w) such that t = wrw™! and £(t) = 2¢(w) — 1. Then Dgr(w) =

{r}. Moreover:

1. ifw =81 spSk+1 1S a reduced word for w then spy1 =1 andt = S1...8,7Sk ... 51

is a palindromic reduced word for t;
2. ay =w(ay) =81...55(r) and dp(ay) = k = f(w) — 1.

Proof. Let w = s1...sxr be a reduced word. We show that Dr(w) = {r}. By
contradiction, assume that |Dgr(w)| > 2. So there is s € Dr(w) with s # r; set
I ={s,r} € Dr(w). By Lemma we know that W7 is finite and there is u € X
such that w = uw, s is a reduced product. So ¢(w) = ¢(u) + m, where m = mg > 2.
Now, observe that we jrw.; € I, since the longest element of a finite Coxeter system

acts by conjugation on the set of simple reflections. Therefore

t=251...5,Sk+15k.--S1 = 81...8kTSg...81 = wrw™t = UwoJ?"wo,I’U/il,
implying that () < 20(u) + 1 = 20(w) —2m + 1 < 20(w) — 1 = £(t), a contradiction.
The ‘moreover’ statement follows from the uniqueness of r, the definition of the depth
of roots and from the equalities ¢(¢t) = 2dp(ay) + 1 = 2¢(w) — 1. O

Definition 5.2.2 (Reflection-prefixes). A reflection-prefix is an element p € W such
that for any reduced word p = s; ... Sg+1, the word sy ... SkSk+15k - - - $1 is a palindromic

reduced word for some reflection ¢t € T'. A reflection-prefix for ¢ € T is called a t-prefiz.

Thanks to Proposition the reflection ¢ in the above definition does not depend
on the choice of the reduced word for p. Since any ¢t € T always has a palindromic

reduced word, t-prefixes exist. A simple reflection s € S has a unique s-prefix ps = s.

Example 5.2.3 (Dihedral groups). Let W = Iy(m), with m € N>9 U {oo} be the
dihedral group generated by the simple reflections {r, s} with m,; = m. Recall that
for two letters a,b € S and k € N*, we denote [ab]y = abab--- the word with k-letters

starting by a and alternating the letters a and b. We now distinguish two cases.
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(i) Casem iseven. Any reflection ¢t € T is written either as t = [rs|ogr1 ort = [s7]op41,
for 0 < k < 3. In the first case, the unique t-prefix is p; = [rs]41, while in the

second case we have that the unique t-prefix is p; = [s7]g41.

(ii) Case m is odd. Any reflection t € T' is written as:

[78]2k+1, 0<k<
t =4 [sr]ok+1, 0<k<m=ty

[Ts]m = [ST’]m = Wo,{r,s}-

In the first two cases, there is a unique t-prefix as in (i). In the last case, there are

two t-prefixes: py = [rs] m_1 and p} = [sr] mo1.

Example 5.2.4 (Universal Coxeter system). Let (U, S) be the Universal Coxeter sys-
tem of rank n, that is U, = (S | s? = ¢). Each element has a unique reduced word, so the
language Rpal(W, S) of palindromic reduced words is Rpal(T") = {s1 -+ $;—18iSi—1- - S1 |
sj € S and sj # sj41}, and L = R(W).

Example 5.2.5. Consider a Coxeter system (W, S) of type As,

c0—0—oO0
1 2 3

i.e., W is isomorphic to the symmetric group Ss. Let t = 12321 = 13231 = 32123. Then
t has three t-prefixes, that is p, = 123, p} = 132 = 312, and p} = 321.

Remark 5.2.6. If t € T and p; is a t-prefix, it is not true in general that there is an
r-prefix p, with p, <g p; for all a,- € ®(p¢). For instance, consider a Coxeter system of

type Hs, with associated Coxeter graph:

Take t = 121232121 € T', p; = 12123 and r = 212. Then o, = 2(a1) € P(p¢), in fact
Pt (2(n)) = 32121(2(v)) = 312121 () € O, but 212 £ 12123.

Remark 5.2.7.
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1. Proposition shows that any reflection-prefix is a Grassmannian element, that
is, an element with at most one right descent. It would be interesting to charac-

terize the subset of Grassmannian elements that are reflection-prefixes.
2. Any t-prefix p; satisfies by definition p; <g t in right weak order (W, <pg).

3. Since ¢t~ = ¢, the notion of t-suffix exists and all the results valid for ¢-prefixes

are valid for ¢-suffixes.

The following statement follows from Proposition [5.2.1 and of the fact that, for any
teT, (t)=2dp(as) + 1.

Corollary 5.2.8. Let w € W and w = s1--- sgr be a reduced word. Lett € T, then the

following statements are equivalent:
1. w is a t-prefix;
2. t=151--8kTSE 81 18 a palindromic reduced word.
3. ay =581 sp(ar) and dp(ay) = £(w) — 1.
In particular, oy € ®(py) for any t-prefiz p;.
The above corollary implies this useful consequence.

Proposition 5.2.9. Let t € T with associated positive root oy € ®+. For any t-prefix
pr and any a € ®(p;), we have dp(a) < dp(ay); with equality if and only if « = ay.

Proof. Consider a reduced word p; = s1 - - - sgr for a t-prefix p;. By Corollary [5.2.8] we
have dp(ay) = k. Now, let a € ®(p;), such that o # a;. Then thereis 1 <14 < k—1 such
that a = s1---si(as,, ;). By definition of the depth we have dp(a)) < i — 1. Therefore
dp(a) < dp(ay), which proves the inequality for all o # . O

5.2.2 Reflection-prefixes and the root poset

The following statement shows that there is a correspondence between reduced words

of reflection-prefixes and saturated chains in the root poset.

Proposition 5.2.10. Let t € T and oy € DT be the corresponding positive root.
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1. Let ap < spay) -+ <81+ Sp_18k(ay) = o be a saturated chain in (T, <),

where r € S. Then py = s1...8,7r is a reduced word for some t-prefix p;.

2. Let py be a t-prefiz and fix a reduced word py = s1...sgr, with r the unique right-
descent (by Proposition . Then ap < sp(ay) <--- <81 sp_15k(ay) = ay s
a saturated chain in (&1, <).

Proof. (1) Let r € S and o, < sp(c) <+ <81+ sk_18k(ar) = oy be a saturated chain
in (d*,<). So dp(at) = k. Let py = s1...s,r and observe that ay = s1--- sg(ay).
If s1...s% is not reduced, then dp(a;) < k, which is a contradiction. So si...sy is
reduced. If sj...spr is not reduced, then #(sy---spr) < £(sy...sg). Therefore oy =
s1...8k(ay) € &7, again a contradiction. So sy ---skr is a reduced word for p,. Since
£(t) = 2dp(at) + 1, the palindromic word ¢ = sy, (a,) = 51 8§78k - 51 is reduced.
Hence p; is a t-prefix.

(2) Let p; be a t-prefix and choose a reduced word p; = s7...sir. By Corollary
the palindromic word

81...Si_lsi...Skfrsk...sisi_l...sl

is reduced. So for any 1 < i < k, the palindromic word s; - - - sprsy - - - s; is also reduced.

Assume now by contradiction that there is 1 < i < k — 1 such that s;---sg(a,) is
not a cover of s;11---sk(a,). In other words, by Proposition dp(s; - sp(ar)) <
dp(sit1---sg(ay)). Take ¢ maximal for that property, that is, o, < sgp(a,) < --- <
Sit1 - Skp(ar). So dp(siy1---sk(ar)) = k —i. Therefore dp(s;---sk(ar)) < k—i <
0(si...sg) = k—1i+ 1. By Corollary the element s ---sir is not a reflection-
prefix and the palindromic word s;---sgrsg---s; is not a reduced word, which is a

contradiction. ]

Example 5.2.11. Consider the Coxeter system (W, S) of type A3 and take t = 12321.
In Example we have seen that the reflection ¢ admits 3 t-prefixes: p; = 123,
p, = 132 = 312, and p} = 321. By Proposition one can individuate these t-
prefixes by looking at the saturated chains in the root poset of W, from a simple root
to ay = a1 + a9 + a3. In Figure the saturated chains associated to the t-prefixes are
highlighted. Note that p} has two reduced expressions, hence there are two corresponding

saturated chains starting from as.
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o)+ ag +as a1+ as +as a) +ag + a3 o)+ ag +as

Dt 2 Iz 4

Figure 5.4: The saturated chains corresponding to the t-prefixes of Example |5.2.11

Recall that the left weak order (W, <p) is defined by u < v if and only if u is a

suffix of v.

Corollary 5.2.12. Let t € T with associated root oy € ®T. Consider p; be a t-prefix
with r its unique right descent. Let u € W such that e <p u <g, p; in (W,<r), then
—u(ay) < oy in (9T, <).

Proof. e < u <p, p¢, there is a reduced word p, = s1---sxr and 1 < ¢ < k such
that w = s;---sgr. So —u(ay) = s+ sp(ay) < s1---sp(ay) = —pi(ay) = o by
Proposition [5.2.10 ]

The following theorem provides a characterization of reflection-prefixes in term of

inversion sets.

Theorem 5.2.13. Let w € W and r € Dr(w). Let t € T such that oy = —w(ay) €
®(w). Then w is a t-prefiz if and only if B(a, o) > 0 for all o € ®(w).

Proof. Assume first that w = p; is a ¢-prefix. By Proposition [5.2.10} we have
ar < sg(ay) <o <81 sp_18k(ar) = oy

a saturated chain associated to the reduced word p; = s7 - - - sgr. By the characterization

of covers in the root poset, see Proposition [5.1.8] we have:
B(sit1---sploy),aq,) <0, foralll<i<k-—1.
Since p; = $1 - - - sgr is a reduced word, we know that the inversion set of p; is:

P(w) = {agy, 51(y)s -y 81 - sp—1(aw, ), 81 - sk(ar) = ag}



CHAPTER 5. ON GENERATING FUNCTIONS IN COXETER SYSTEMS 137
Let v € ®(py). If a = a4 then B(ay, o) > 0. If a = a,, then
B(ag,as,) = B(s1 -+ sg(ay),as,) = —B(s2- - sp(aw), a5, ) > 0.
If o ¢ {oy, s, }, then there is 2 < i < k — 1 such that a = s1---s;_1(as,), then
B(at, o) = B(s1 -+ sg(ar), 81 sim1(as;)) = —=B(sit1 -+ sp(ar), as;) > 0.

Therefore B(a, o) > 0 for all a € ®(py).

Assume now that B(a, o) > 0 for all @« € ®(w). Consider a reduced word w =

$1++-8kr. So ap = 81+ k(). One just has to show that
B(sit1---splar),as,) <0, foralll <i<k-—1.

This follows from similar computations done above. O

5.2.3 Reflection-prefixes and the dominance order

Reflection-prefixes allow an efficient way to compute the set of dominance of 5 € ®*:
dom(B) = {a € T | a« <4 B} and its infinite-depth dp..(5); see §5.1.5

Proposition 5.2.14. Let § € . Writet = s3 € T, i.e., B = ay. For any t-prefiz p;

we have:
dom(f) = {a € ®(p;) such that B(a, ) > 1} = {f}U{as € ®(p;) such that |(s,t)| = co}.

In particular, dpo () = [{as € ®(py) such that |(s,t)| = oo} .

Proof. The second equality follows from the well-known fact that a dihedral subgroup
containing s,t is infinite if and only if |B(as,ar)] > 1 and s # ¢, see for instance [8,
Proposition 4.5.4].

We show the first equality. Set A = {a € ®(p;) such that B(a,3) > 1}. Let a € A,
then dp(a) < dp(ay) = dp(B) by Proposition By Proposition we have
therefore o € dom(f). Let a € dom(f3), then B(«,3) > 1 by Proposition again.
Now, 8 € ®(p;) by Corollary So p; 1(B) € . Since o <4 3, we have by definition
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of the dominance order that p; *(a) € ®~. In other words o € ®(p;), which completes
the proof. O

Remark 5.2.15. The above proposition provides an algorithm to obtain the set of
dominance - and therefore the infinite-depth - that does not require a geometric repre-
sentation of (W, .S). In particular it does not require computing the positive root system
(up to a certain depth in the infinite case). Instead of considering the dominance order
on positive roots, we consider dominance on the set of reflections T'. Let ¢ € T, com-
pute a reduced word for ¢ and take the corresponding t-prefix p;. Then compute the
T-inversion set T'(p:) of py, that is T'(p;) = {r € T'| £(rp:) < £(p:)}. Finally we obtain

the T-set of dominance:
domp(t) = {t} U {s € T'(pt) such that |(s, )| = oo},
and, if a geometric representation is considered, we have
dom(ay) = {as | s € domp(t)}.

Example 5.2.16. Consider the Coxeter system of Example[5.1.4] Let t = 2321232 ¢ T
and p; = 2321, and call § = a;. We have B(a1,as) = B(ag,a3) = —1/2 and B(ag, ag) =
—1. Hence, ®(p;) = {ag, 202 + as,3a2 + 203, = a1 + 6ag + 3as}. Finally, to obtain
the set of dominance of 3, we have to compute the bilinear form B between S and the
roots of ®(p;) \ {5} and see when the value is equal or greater than 1. Therefore it is
not difficult to check that dom(f5) = {ag, 2a2 + a3}, and dp.(5) = 2.

5.2.4 Recognizing the language of reflection-prefixes

Denote by L7 the language of reduced words for reflection-prefixes. To end this
section, we describe an automaton with states the set Ly, of m-low elements (see §5.1.6))
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that recognizes the language Lr:

Lr = {s1- - skspgr1 € RW) |p=81---SkSk+1 is a reflection-prefix}
= {s1--spspr1 € R(W) | dp(s1---sp(as,,,)) =k}
= {s1---SpsSk+1 € R(W) | £(s1- - SkSp+15k - 51) = 2k + 1}
= {s1---SpSkr1 €E R(W) | s1---SkSk+15k -+ 51 € R(W)}.

This automaton is a directed graph on the vertex set L,, with edges labeled by
elements of S, such that for any w € L,, and s € S, there is at most one edge (transition)
with source w and label s (see [32), §2]).

Let A := A, (W, S) be an automaton such that

o the set of states is Lyy,;

the final states are F = {su | £(su) > £(u) and $(X,,(u)) N, (u) = 0};

the initial state is the identity e;

the transitions are: a € F > m(sa), where £(sa) > £(a) and 7, : W — Ly, is the

Ly, -projection defined by: 7y, (w) = Vg{g € Lm | ¢ <r w}.
Example 5.2.17. Consider a Coxeter system (W, S) of type Ay with Coxeter graph

1

VAN

2 3
The 0-low elements of W are
Lo ={e,1,2,3,12,21,13,31, 23,32,121, 131, 232, 1232, 2313, 3121}

(see [15, Example 3.29]), and the automaton Ay(W,S) is depicted in Figure where
the shaded states 131,121,232 are not final states. In fact, for instance, ¥y(21) =
{ag, a1 +az} = 51(20(21)), hence s1(X0(21)) N3p(21) # 0, so 121 ¢ F. Note that if the
shaded states were final, then we would have obtained the Garside shadow automaton

on L(].
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Figure 5.5: The automaton Ay(W,S) of Example [5.2.17| for type Ay which recognizes
the language of reflection-prefixes of W.

This first lemma is a consequence of results obtained in [32] by Hohlweg, Nadeau

and Williams.

Lemma 5.2.18. Let s1---sgy1 € L. Then

Dp(mm(sk41-+-51)) = Dr(spg1 -+ 51) = {sk41}-

Proof. Write u = sg41---s1. By [32, p.438, proof of Theorem 1.2], The word sy - - S41
is recognized in the state 7, (u) and u~! is a reflection-prefix. By Proposition
Dy (u) = Dr(u™') = {s141}. Therefore, by [32, Proposition 2.6], we have Dy (m,(u)) =
Dip(u) = {sp41}- O

Lemma 5.2.19. Let sy - sp+1 € R(W), then sy -+ sp+1 € Lo if and only if mm (Sk41 -+ - S1)

s a final state.
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Proof. By Proposition [5.1.20, X,,(7(u)) = ¥, (u) for any v € W. By [12, Lemma
2.4], dp(sy - - - sp(ags1)) = k if and only if sgpi1 (T (sg---51)) N X (sk -+ s1) = 0, hence
Sk1 (Zm (m (s -+ 81)))NEn (m(8g - - - 51)) = O if and only if 7(Sg41 -+ $1) = Sga7(Sk -+~ 51) €
F. O

By Lemma [5.2.18 and Lemma [5.2.19] we proved the following result.
Theorem 5.2.20. The automaton A recognizes the language L.

As a consequence of the above theorem and Proposition [5.2.10]we obtain the following

corollary.

Corollary 5.2.21. The language Lt is regular and the generating function

Z q|u‘ = Z ’{1"'3k3k+13k"'31 € ET ’ t = 31"‘3k3k+13k“'31}|q£(t)
ueLlr teT

= Z aqu

keN

is rational, where ag is the number of saturated chains of length k in the root poset of

w.

5.3 Affine Coxeter systems

In this section, we provide an easy formula to compute the Poincaré series T'(¢) in
the case of affine Coxeter systems. The formula is based on a description of the Hasse
diagram of the root poset.

The generating function of the depth of positive roots is @ (q) = 3 cap+ gar(@),

Lemma 5.3.1. We have that T(q) = q®*(¢?).

Proof. By Proposition T and ®T are in bijection. Also, it is well-known that
((ty) = 2dp(y) + 1, for v € & and t, € T is the associated reflection given by the

bijection p (see [8, §4.6] for instance). Hence,

T(g) =Y ¢ =Y F£POF = gat(g?).
ty€T yePT
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Refer to the crystallographic root system described in Section and recall that the
set of roots for (W, 5) is
O={kdi+alkeZacd}

with simple system
A=ApL {6 — w},

where w is the highest root of Wy and S = Sy U{ss_,}. Finally, the set of positive roots
is:

T ={kd+a,(k+1)§—a|keNacdl}=(Ns+of) U (NG — ).

In particular, when one is interested in conditions associated to the sign of the

¢

bilinear form B, that condition remains the same for ®* or its “unitary” counterpart.
However, for dominance and long edges, conditions on the bilinear form depend on
nonzero numbers, so those conditions on crystallographic root systems need to be made

precise in the case of a crystallographic root system. Let o, 3 € ®T, we have:

s(@ B\ _Blp)
(For 1o7) = Tl

So for instance a condition such as B(«, ) < —1 in Definition or Proposition|.1.14
becomes for a, § crystallographic roots the condition B(a, 8) < —||«||||3]]-

Definition 5.3.2 (Long and short edges in crystallographic root system). A covering
a < s(a) in the root poset (B, <) is short if —||af|||as|| < B(a, as) < 0. Otherwise we

say that the covering is long.
Example 5.3.3. Let (W, S) be a Coxeter system of type A,.

S§—w

VAN

S1 52

The underlying finite Coxeter system (W, Sp) is of type Ay. Consider S = {s1, 2, S5—w |,
where s1,s9 € Sy and w = aj + a3 is the highest root of Wy. The finite positive root
system is ®F = {a1, 9,1 + ag}, so the affine simple system is A = {a1,a2,d — w}
and the affine positive root system becomes ® = {kd + aq, kd + as, kd + a1 + ag, (k +
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1)6 — a1, (k+1)d — ag, (k+1)0 — (a1 + a2) | k € N}. The Hasse diagram of the root
poset is depicted in Figure up to depth equal to 3, where each color of the edges
corresponds to the simple reflection that is applied: red for s1, yellow for sy and green

for s3 := s5_,. Moreover, the dashed edges correspond to the long coverings.

depth
3 2041 +2a2+a3 a1 +20é2+2043 2041+Oé2+2043
2 20&1—|—062—|—C¥3 CY1—|—2042—|—063 a1+oz2+2a3
~\\‘\ —_________——> s
1 aq +—O:2 (J,/Q-T-Ofg o1 + o3
ji::::::::::=><:::::ﬂl————‘* S3
0 o1 o) a3 =0 —w

Figure 5.6: Hasse diagram of the root poset of type A, up to depth 3.

Example 5.3.4. Let (W, S) be a Coxeter system of type Bs with the following Coxeter

graph
S1 S9 53
4
S5—w
In this case we have ||| = 1 and ||as|| = ||as|| = |[|w]| = V2, where w = 21 + 209 + as.
For instance, B(a2,0 —w) = —B(ag,w) = —1 > —||lazg||||lw]| = —2, and B(§ — a3, a3) =
—|las||? = —2. Hence the covering as<1ss_,, () is short, while §—ag<is3(d—a3) = d+as

is long. The Hasse diagram of the initial part of the root poset of type B is in Figure
b.17
5.3.1 Restriction of the root poset on orbits of simple roots in ®,

Let (W, S) be an affine Coxeter system with underlying finite system (Wp, Sp) with
crystallographic root system ®q. Denote by Oq, ..., Oy the orbits of the action of Wy
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on the set Ag of simple roots. Then we have a decomposition

h
o =| | of,
=1

where O;f := O; N ®J. In fact, there are only two possibilities for the number of orbits
h: h =1 if Wy is simply laced, and h = 2 otherwise.
Set (’);r =0; N @3, so that
k
o5 = | | of.
i=1
Remark 5.3.5. (1) Note that for each 4, the set {t € Ty | oy € O;'} is a conjugacy
class of reflections in T = UwGWO wSow™!. In fact, the reflections ¢; = wlslwfl
and t9 = w282w51, for some wy,wy € Wy and s1,s9 € Sy, are conjugated if and
only if utju~! =ty for some u € Wy, if and only if wwi sy (uw) ™! = w252w;1, if
and only if uw(as,) = wa(as,) ie. uay, = oy, for some u € Wy, where the last
equivalence comes from the bijection between ®f and Tj (see Introduction and [8]
Proposition 4.4.5]).

(2) If W is of simply laced type, then the Wy-action on Ay has one orbit.
Recall that the set of positive roots of (W, S) is @ = (N& + &f) U (N*§ — &f).

Consider the following subsets of ®.

o Do, ={ké+a,(k+1)d—a|aec O]} for k€N, and we set P, o =: To;;

« 20, = Uen Po k-
Our goal is to study in detail the root poset restricted to each subset of ®* introduced

above, since we will prove that such subposets have nice symmetrical properties. Note

that the Hasse diagram of such subposets in general is not connected.

Example 5.3.6. If (W, S) is of type Bs, then &1 = OFUOF, where Of = {a1, s2(v1), s352(01)}
and OF = {az,as,s1(a2),s3(a2), s153(q2), s2s153(a2)}. The root poset restricted to
Yo, U X0, is depicted in Figure [5.7]

Let O be an orbit of o € Ag. Here we prove that the root poset restricted to a positive
orbit O is isomorphic to the opposite poset of the restriction of the root poset on the

positive roots § — OT.
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depth

S1

Figure 5.7: Root poset of type Bs restricted to Y0, UXp,. The portion of poset in the
red lines is isomorphic to the opposite in the black lines, as stated in Theorem @

Theorem 5.3.7. We have a poset isomorphism
(01, 9)= @ -0", <)%

ie. a < B ifand only if § — B <5 —«a, fora,3 € OF.

Proof. Let s € Sy and a € OF \ {as}, then B(a, as) < 0 if and only if B(§ — a, as) > 0,
hence there is a covering a<is(«) if and only if § —s(a)<td—a. Also, B(«,d—w) < 0if and
only if B(6 —a,d —w) > 0, then again, o <Iss_, () if and only if § —s5_ (o) <d—a. O

Following [9, Ch. 6, §1], we introduce the quantity n(a, 8) := Qggg’gg for a, 3 € T,

which will be useful for the next computations. Then,

sg(a) = a —n(a, B)B.

By Proposition 8 (ibidem), if o # 5 and ||r]| < || 5|, then n(«, 8) = {0, £1}. It follows
that n(a,w) = {0,£1} when a # w, since ||a| < ||w]|| for all positive roots «. Finally,
note that n(kd + «,5) = n(a,8) = n(a,mdé + 8) and n(kd — o, ) = —n(a,8) =
n(a,md — B) for k,m € N*.

Recall that a positive root is called small if it is reachable from a simple root by a
chain of short covering edges in the root poset (see Section , and denote by X the

set of small roots.

Lemma 5.3.8. Let O be an orbit of a € Ag. The roots in Yo are small.
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Proof. By Remark positive roots of a finite group are always small. Hence, the
coverings in the root poset restricted to O are short. Also, if a, s(a) € O and a<1s()
is a covering, then B(0 — s(a), as) = —B(s(a), as) = B(a, as), hence 6 — s(a) <0 — s
is short since a <1 s(«) is short. Moreover, if a <1 s5_,(a) is a covering, with o € O,
then such covering is short as well. In fact, ss_,(a) = a + n(a,w)(d —w), and since
ss_w(a) € 6 — O then n(a,w) = 1. Therefore, B(a,w) = ||w|?/2. On the other hand,
by [9, Proposition 12, Ch. 4 §1], we have that ||w||?/||c||? € {1,2, 3}, so it follows that
B(a,w) = ||w||?/2 < ||w||||e||, which implies that —||w]||||a|| < B(a,d —w) < 0, so that
a < 85_, () is short. O

Remark 5.3.9. Let a € &,k € N.

(1) A covering (k+ 1) — a < 85— ((k + 1)d — ) never occurs. If such a covering
does exist, then 0 > B((k +1)0 — a,d — w) = B(a,w), so n(a,w) = —1. Hence,
ss—w(e) = a—n(a,d —w)(0 —w) = a+n(o,w)(d —w) = o — 6§ +w. Then,
So—w((E+1)0—a)=(k+2)0 — (a+w) & Pog.

(2) In ®p j there are three types of coverings:

(i) kd +a<s(kd + o) = kd + s(a), when B(a, as) < 0;
(i) (k+1)0—a<s((k+1)0 —a) = (k+1)6 — s(a), when B(a,a5) > 0 and
a # o (note that if a = ay, then (k+1)0 — s(a) = (k+1)0 + as € Po p+1);
(iii) k0 + o < s5-0(kd + @) = kd + s5—u (), when B(a,d —w) < 0 and o # w,
otherwise s5_,(kd + w) = (kK +2)0 —w € Pp 1.

Now we want to show that the restriction of the root poset to each subset ®¢ j is

isomorphic to the restriction of the root poset to X¢.

Theorem 5.3.10. We have a poset isomorphism
((I)O,kw S) = (207 S)

for all k € N. Moreover, a covering in ®p i is short (long) if and only if the correspond-
ing one in X is short (long).

Proof. By Remark we have to consider three types of coverings. The covering (i)
occurs in ®p i, if and only if 0 > B(kd + «, as) = B(w, o), if and only if a < s(a) is a
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covering in ¥¢. The covering (ii) occurs in ®p y, if and only if 0 > B((k+1)d —a, o) =
)
)

is a covering in Xo. O

—B(a, as), if and only if § — a <96 — s(a) is a covering in ¥p. The last covering (iii

occurs in ®p i, if and only if 0 > B(kd+a,d —w) = B, d —w), if and only if a<1s5_,(«

/

¥

- --o

/

/1.

L] L]
ay a2 as 0—w

Figure 5.8: The Hasse diagram of the first part of the root poset of type Bs. Note that
the bottom part is the same poset of Figure[5.7]but the relations are depicted differently.
This is because in this picture, it is possible to better observe the isomorphism stated

in Theorem @

Example 5.3.11. Examples of Theorems [5.3.7] and [5.3.10] are depicted respectively in
Figures and in the case of a Coxeter system of type Bs.

Lemma 5.3.12 (Covering relations).
(i) For all k € N;s € Sp, (k+1)0 —as <s((k+1)0 — as) is a long covering, where
(k+1)0 —as € Poy and s((k+1)0 — as) € Po ft1-

(it) For allk € N, ké +w < s5_.,(kd +w) is a long covering, where kd +w € ®p j and
85-w(kd +w) € Po g1
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(iii) All the other coverings are short.

Proof. Consider the covering (k+1)0 —as<ts((k+1)0 —as), then B((k+1)d —as, as) =
—|las||?, hence the covering is long, and s((k + 1)6 — as) = (k + 1)§ + as € Po g1
Analogously, if we consider the covering ké+w <1s5_,(kd +w), B(kd+w,d —w) = —||w]|?,
so the covering is long. In particular, s5_., (k0 +w) = (k+2)0 —w € ®p j11. To prove
(iii), we show that the other possible coverings are necessarily short. Note that the types
of coverings we need to analyze coincide with the ones listed in Remark (2), hence
both roots involved in a covering belong to the same ®¢ j for some k. Therefore, by
Theorem [5.3.10} such coverings are short since the corresponding ones in ¥ are short
by Lemma [5.3.8 0

To summarize, by Lemma the coverings in each subset ® j are short, while
the coverings o < 3 with o € ®p 1, and 3 € Pp j41 for some k, are long. In particular,
by Lemma [5.3.8} it follows that ¥ = [Jo Xo. Moreover, if o € ® x, then any saturated
chain from A to « contains k long edges. Therefore, by Proposition we have just

showed the following statement.

Corollary 5.3.13. If a € ®p i, then dp, (o) = k.

5.3.2 The generating function of the depth

In this section, we provide a nice formula for the generating function of the depth of
positive roots, using the restriction of the root poset to the special subsets ¥» and ®¢»

introduced in the previous section.

Define My := max{dp(5) | B € £p}. We want to show that the depth of a positive
root depends only on Mg and on the depth of a root in OF.

Corollary 5.3.14. Let « € O and k € N, then dp(kd + a) = dp(a) + k(Mo + 1) and
dp((k+1)0 —a) =dp(d — a) + k(Mo + 1).

Proof. By Theorem|5.3.10} the lowest depth in ®¢ j, is k(Mp+1). It suffices to show that
the only roots in ®¢ j, that have depth equal to k(Mo +1) are {kd+as, (k+1)0—w | s €
S}. Note that B(kd+as, o) = B(ag, o) > 0, and s(kd+o) = kd—as € o 1. So we
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have the cover kd —as<1kd+as. Analogously, we also have the cover ké —w<1(k+1)0 —w,
where k6 —w € ®p ;1. Hence {ké + ag, (k+1)6 —w | s € S} are the roots with lowest
depth in ®p j and there are no more roots with this property. ]

Consider the polynomials

Po(q) = Y (¢P@ 4 gMo=®B))  and  dp(q) = Y ¢¥P?),
peo+ BEPO

which are generating functions of the depth restricted respectively to 3¢ and ®p.

Proposition 5.3.15. We have that Pp(q) is palindromic of degree Mo and

Po(q)
Po(g) = 1= Mo+l

Proof. Since ¥ is finite and the coefficients of Po are non-negative, deg(Pp) is equal to
the maximum between the degree of > scy, ¢¥®) and the degree of 3 BeXo gMo—dp(B)
which is equal to My. Now we need to check that q4¢2(0) Py (¢~1) = Pp. So, ¢M°Pp(q~ ') =
2 Bevo gMo—dp(8) 4 > Bevo gMo=Mo+dp(B) — Py (q), hence Py is palindromic.

By Theorem [5.3.10] and Corollary [5.3.2] if we consider the polynomial associated to

the root poset restricted to ®p j, for some k > 0, we have

Z B = Mot p,(g).
BEPO,k

Hence,

Po(g) = Z Z qdp(ﬁ) = Z qk(MoJrl)PO(q) _ Po(q)

= 71 — qMO+1 .
keEN Be®o 1 keN

O]

Example 5.3.16. Consider (W,S) of type Bs. Then Mo, = 4, Mo, = 3, so M =
lem(5,4) = 20. Hence we have the polynomials corresponding to the two orbits:
Po,(q) =1+ q+2¢* + ¢* + ¢* and Po,(q) = 3+ 3¢ + 3¢* + 3¢".

By combining the polynomials associated to each orbit, we obtain our final result.
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Theorem 5.3.17. The generating function of the depth of positive roots is of the form

P(q)

‘I’+(Q) = W

where M =lem(Mo + 1| O orbit of ®) and P is palindromic.

Proof. By construction, ®+(q) = Y2F_ | ®p,(q), where k is the number of orbits of ®.
For simplicity, set Po, = P; and Mo, = M; for all i, and let M := lem(M;+1)%_,. Then

we may rewrite ®1(q) as

1— M
1 e li(d)  P(g)

+ —
®7(q) = T = T

Now we want to show that P(q) is palindromic. Call D;(q) := 1_1;% for every

i, then it is not difficult to see that deg(D;(q)) = M — m; — 1 and that D;(q) =
Zj]\i/l(mi+l) ¢M=7(mit D) which is palindromic. In particular, deg(D;(q)Pi(q)) = M — 1

for all 4, so deg(P(q)) = M — 1. We have

k
qulp(qfl) — ZqulDi(qfl)‘Pi(qfl)

where the third equality holds since D;(q) and P;(q) are palindromic for all i (Proposition
5.3.15)). Therefore, P(q) is palindromic. O

Example 5.3.18. Now we want to give the explicit generating function of the depth in
the situation of Example[5.3.16/ In particular, we have Do, (q) = 1+ ¢° + ¢! + ¢'® and
Do,(q) = 1+¢* + ¢+ ¢ + ¢'°. Hence

(D(q) :<4q19+4q18+5q17+4q16+4q15+4q14+4q13+5q12+4q11+4q10
+4¢° +4¢® +5¢" +4¢5 + 4¢° + 4¢* + 4% + 5% +4q+ 4)(1 - ¢O)L.



Appendix A

Examples of factorizations

In what follows we give explicit applications of the cp-operation and the K -operation

defined in Definition and in the proof of Proposition [3.7.10] respectively. By iter-
ating such operations we recover a factorization for each of the three diagrams. The first

label in the pictures indicates the simple diagram associated to the simple edge used

at each step while the one in brackets the corresponding local operation in Figure [3.29

that is applied.
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NUR=E
PalaNaN O PalaNN
¢ Ds (Pr) ¢ Ds (Sr) ¢ D; (topbasic)
DA W — oo’ o
<O
TN O PalaNN
y D1 (Ur) Ky-operation |, D, v Ds (UL)
N = N
o, 2
TN N PalaNN
y Ds (N) v D1 (P}) v D2 (M)
TN O AN
¢ D, (topbasic) ¢ Dy (Pgr) ¢ Dy (topbasic)
7 N ~—
/\\ //0\/ N
¢ Dy (Pr) ¢ Dy (Pr) ¢ Ds (Pp)
~— o ~—
VAN AN N
¢ D, (topbasic) ¢ Dy (topbasic) ¢ D, (topbasic)

D = DsD1D;DyD3D,

Figure 5.9: Examples of cp and K, operations.

D = D3D2D1 DOD2D4

D = D1 D4D2DUD3D2
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e[ d w V(D) = v(co (D))
N | P |w(,k)p=a(j—1)+Bn+2—k) 2
WE’L —l—)l k)cpe(D)( ﬁ(?’L)—i—?—k’)
W(J;%)ep(p) = (j — 1
Up| oo [wi+2,k)p=i+1+3n+2—k) -2
W(> )cp D)—Z_1+ﬁ(n+2_k)
Pr 2
(0ol | Wii+25)p = —1+p(n+1)
w(i, 5 )ep, 0y =J — 1+ p(n+1)
o(eo)? w(z—|—2])D—n—Z—|—p(n+1)
W0 ) =901+ )
W’L+1’L+2CP(D)—TL72
o w<z+2g> =y ES) ES)
w(i, ey = (p+ V(o + 1)
T W2 = D D == 277
w(i+ 1,3+ 2)p (py=n—1i
W(Z])cp _]_1+p(n+1)
P].{ W( )D—l 0
Sk -2
e(ce) | w(i+2,(i+2))p=i+1+pn+1)
Wi, (i +2))ep p) =i =1+ p(n+1)
o(eo)? w(z+2(z—|—2))p—n—i+p(n—|—1)
W( (Z+2) )CpP(D) (n+1)_27
W(+1z+2)cp(p)—n—z
OO ARET (E R R Pa= ey ey
W(Z,(Z+2)) o)y =(k+1)(n+1)-2
GO Wi+ 2,6+ 2)p =T Dt 1)
W( (Z+2)) (D):i—l—i-p(n—i—l),
W(Z+1Z+2)CP(D)—H—Z

Table 5.1: Computations for the proof of statement (3) of Lemma m
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