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Abstract

This thesis explores three major optimization problems in transportation and communi-
cation systems that address modern practical challenges.

First, we introduce the Flying Sidekick Traveling Salesman Problem with Variable Drone
Speeds, a new variant of the TSP that models coordinated truck-drone delivery with
dynamically adjustable drone speeds. By formulating the problem as a Mixed Integer
Linear Program under convex drone energy-per-meter functions, we develop the first
exact solution method. Results demonstrate that optimizing drone speed can reduce
delivery completion times by an average of 32%, highlighting the importance of adaptive
drone speed control in last-mile logistics. To handle larger instances, a genetic algorithm
is proposed, achieving significant improvements over existing heuristics.

Next, we address the Capacitated Vehicle Routing Problem, investigating whether it is
possible to independently optimize different parts of a CVRP solution while maintaining
feasibility. We uncover a counterintuitive structural property of the CVRP that enables
a novel sequence-based decomposition approach, providing new insights into parallel
optimization for routing problems.

Finally, we study the Routing and Wavelength Assignment problem in optical networks
under a shared protection policy. We formulate Integer Linear Programming relax-
ations and develop an iterated local search metaheuristic. Computational experiments
on realistic instances show that the proposed algorithms achieve feasible solutions
with tight optimality gaps, effectively balancing survivability and efficiency in optical
communication networks.
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Chapter 1

Introduction

To introduce some fundamental concepts in operations research and, at the same time,
the work developed during my PhD, I would like to start with what is arguably the
single most influential paper in the field: “Solution of a Large-Scale Traveling-Salesman
Problem” by Dantzig, Fulkerson and Johnson (1954).

The Traveling Salesman Problem (TSP) is one of the most popular problems studied in
operations research. The TSP simply asks: What is the shortest route (closed path) that allows
a salesman to visit a list of cities and return to the point of origin? The TSP has a surprisingly
long history. Its earliest known mention dates back to 1832, in a German guidebook
for traveling salesmen containing practical suggestions on how to plan efficient trips.
However, the first written mathematical approaches to the problem appeared only a
century later, in 1930, in a work by Karl Menger.

In the symmetric version of the TSP, the cost of going from node a to node b is the same
as going from node b to node a. Whereas, in the asymmetric TSP, this is not true in
general. Given a problem with n cities, it is easy to observe by fixing the starting city
(without loss of generality) that the number of possible solutions for the asymmetric
TSP is (n—1)! and (n — 1)!/2 for the symmetric TSP. This exponential growth quickly
makes exhaustive search infeasible. To give an idea about the complexity of the problem,
when the number of cities n is 65, there are about 10°° different solutions for the TSP,
and to put this number into perspective, just think that 10% is the estimated number
of atoms in the observable universe Guth (2001)! The TSP has numerous practical
applications, from route planning and logistics to circuit design, genome mapping,
telescope scheduling, and many others. Unfortunately, the TSP belongs to the class
of N'P-hard problems, which means that — assuming P # NP — no polynomial-time
algorithms exist for this problem. Operations research aims precisely to address such
challenges: finding optimal, or near-optimal solutions when not possible, to N P-hard
combinatorial optimization problems.
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Chapter 1. Introduction

One of the first TSP instances that sparked interest among researchers was the so-called
“48-states problem”, introduced by Hassler Whitney in the early 1930s during a seminar
talk at Princeton University, in which the cities to be visited were the 48 capital cities of
the United States (Alaska and Hawaii were not yet states at the time). Nearly 25 years
later, in 1954, George Dantzig, Ray Fulkerson and Selmer Johnson — hereafter, DF] —
published the first optimal solution for the 48-states problem, actually, a variant with 49
cities, one for each state, not necessarily capitals, and Washington D. C — reported as the
49-city problem. The DF] paper “Solution of a Large-Scale Traveling-Salesman Problem”,
whose concise abstract is reported below, does not provide a complete procedure on
how to compute an optimal solution, but rather a mathematical proof showing that
a specific tour is optimal, that is, that a shorter tour is not possible. The optimal tour
found is shown in Figure 1.1.

It is shown that a certain tour of 49 cities, one in each of the 48 states and Washing-
ton, D. C., has the shortest road distance.

SCIENCE

Portland
. Boston
“Providence
Hartford
Philadelphia
& Wilmington
Baltimore
»Washington, D. C.
Richmond

Newsweek—Bensi

INDING the shortest route for a
Ftraveling salesman—starting from a
given city, visiting each of a series of
other cities, and then returning to his
original point of departure—is more
than an after-dinner teaser. For years
it has baffled not only goods- and
salesmen-routing  businessmen  but
mathematicians as well. If a drummer

visits 50 cities, for example, he has
1052 (62 zeros) possible itineraries.
No electronic computer in existence
could sort out such a large number of
routes and find the shortest.

Three Rand Corp. mathematicians,
using Rand McNally road-map dis-
tances between the District of Co-
lumbia and major cities in each of the

48 states, have finally produced a so-
lution (see above). By an ingenious
application of linear programming—
a mathematical tool recently used
to solve production-scheduling prob-
lems—it took omly a few weeks
for the California experts to cal-
culate “by hand” the shortest route
to cover the 49 cities: 12,345 miles.

Figure 1.1: Dantzig, Fulkerson, and Johnson 49-city tour, Newsweek, July 26, 1954.

To achieve this result, they tackled the 49-city problem by using Linear Programming,
a mathematical framework used to model optimization problems in which both the
constraints and the objective function to be optimized are defined by linear relations. A
linear program (LP) is an optimization problem with N variables and M < N constraints,
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Chapter 1. Introduction

that, in standard form, is expressed as:

N
min Z CiXi (1.1a)

i=1

N
Za,jx,- = bj Vje [l,M] (11b)

i=1
x>0 Vie[1,N] (1.1¢)

Here x;,i € [1,N], are the N non-negative decision variables of the problem. The
objective coefficients ¢; € IR,i € [1, N], specify the contribution of each variable to the
objective function and thus determine the cost of the solution. The constants a;;,b; €
R,i € [1,N], j € [1,M], define M linearly independent constraints which characterize the
feasible region of the decision variables.

Linear Programming theory — developed independently by Kantorovich in 1939, by
Koopmans in 1947 and by Dantzig in 1947 — says that if the N-dimensional polyhedron
corresponding to the LP feasible region is non-empty and finite, i.e., a polytope, then
an optimal solution lies at one of the vertices. A basic solution is a solution obtained by
setting to zero N — M variables (non-basic variables) and solving the uniquely determined
system of M equations in M variables (basic variables), thus there are at most (ﬁ) basic
solutions. If the solution’s variables are non-negative, it is called basic feasible solution
and each basic feasible solution corresponds to a vertex of the polytope, and vice versa.
Thus, computing an optimal solution is equivalent to finding the minimum-cost vertex
of the polytope representing the feasible region. To compute such a vertex, Dantzig
developed in 1947 the simplex method.

Linear Programming theory says that it is possible to describe the objective function
with respect to any basic solution ¥ = (x1,X2,...Xn) as a function of the non-basic
variables as follows.

N N N
Z CiX; = Z cixi + Z OixX; (12)
i=1 i=1 i=1

Where the values 61, d2, ..., oy — nowadays called reduced costs — are uniquely determined
by defining §; = 0 if x;,i € [1,N], is a basic variable. The reduced cost of a non-basic
variable x; determines the change in the objective function if x; is increased by one unit,
or in other terms, is the partial derivative of the objective function with respect to x;,
computed in x. The simplex method starts from a vertex (basic feasible solution) and,
relying on equation (1.2), iteratively moves to an adjacent vertex that improves (or at
least does not worsen) the objective function. If the problem is bounded, the algorithm
continues until all reduced costs are non-negative, indicating that the current vertex is
optimal.
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Chapter 1. Introduction

Although theoretically the simplex method can require an exponential number of steps
to converge in the worst-case, in practice it remains the most effective and fastest algo-
rithm for solving the vast majority of LPs. Because of its widespread use in mathematics
and industrial applications, the simplex method has been recognized as one of the top
ten algorithms of the twentieth century.

However, no one has yet succeeded in formulating the TSP as a linear program, and
the common belief is that this is not possible. Moreover, achieving such a formulation
using a polynomial number of variables and constraints with respect to the number
of cities would demonstrate that P = NP — a result that would resolve one of the
Millennium Prize Problems, among the seven most profound and challenging open
questions in mathematics. Such a breakthrough would not only earn its discoverer a
one-million-dollar prize but also a place in the annals of mathematical history.

Instead, by imposing integer-valued decision variables (integrality constraints), the TSP
can be formulated as an Integer Linear Program (ILP). Unfortunately, ILPs are non-convex
optimization problems since the feasible region consists of a discrete set of points, and
therefore are typically much more complex problems than LPs.

Given n € IN cities, indexed from 1 to n, and the distances ¢;; € IN between each pair
of cities i, j € [1,n], DF] noted that the symmetric TSP could be formulated as follows.

n-1 n

minz Z Cijx,'j (13a)
i=1 j=i+1
j—1 n
Yo+ Y xi=2 Vv je[1,n] (1.3b)
i=1 i=j+1
Z xij < IS -1 vScl1,n] : |S|>1 (1.3¢)
i,j€S
i<j
xij €10, 1} Vi,je[l,n] i< (1.3d)

Here, the binary decision variables x;; € {0, 1},1, j € [1,n],i < j, indicate if cities i and j are
visited consecutively (x;; = 1) or not (x;; = 0). Inequalities (1.3b) ensure that each city is
visited in a closed path. Inequalities (1.3c) ensure that no subtours can occur, i.e., closed
paths that do not visit all cities, and for this reason they are called nowadays subtour
elimination constraints or SECs (originally called loop conditions in the DFJ paper). Finally,
the objective function to be minimized is the total distance traveled (1.3a).

The issue with this formulation is twofold. First, the number of subtour elimination
constraints (1.3c) is exponential with respect to the number of cities n, precisely, 2" —
n— 2 (almost a million of billions for the 49-city problem), making such a formulation
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Chapter 1. Introduction

impractical even today for even smaller values of n. Second, in 1954 no method was yet
invented to solve ILPs.

So, how DFJ were able to find an optimal solution for the 49-city problem? They started
by temporarily ignoring both problematics, i.e., substituting the non-convex integrality
constraints (1.3d) with the linear constraints x;; > 0V i, j € [1,n], and removing the
subtour elimination constraints (1.3c). Thus, leading to the following LP.

n-1 n
mmz Z CijXij (14&)

i=1 j=i+1
j-1 n

inj+ Z xﬁ:2 VjG[l,n] (14b)
i=1 i=j+1

x,'j20 Vi,jE[l,n] i< j (14C)

Of course, this formulation does not model the TSP since the corresponding optimal
solution could have fractional values and could contain subtours. However, it is much
easier to solve, making it more appealing than (1.3). Moreover, it can be proven that all
vertices of the polytope described by (1.4) are integer points. Note that each solution for
(1.3) is also a solution for (1.4) and with a cost not greater (in this case, equal) than the
one in (1.3), making the formulation (1.4) a relaxation of (1.3). The main property of a
relaxation is that its optimal solution’s cost is a lower bound on the optimal solution’s
cost of the original formulation.

The approach used by DFJ to solve the 49-city problem can be summarized as fol-
lows.

1. Initialize the simplex method for the LP in (1.4) with a TSP solution X that looks promising
(recall that all TSP solutions are basic feasible solutions, i.e., vertices, for this LP).

2. If all reduced costs with respect to the basic feasible solution X are non-negative, X is an
optimal tour. Exit.

3. Apply an iteration of the simplex method to obtain a new improving (or non-worsening)
basic feasible solution x adjacent to x in the LP polytope.

4. If x is an integer tour, update x with x. Otherwise, there are three possibilities: x could
have subtours, variables with a value greater than 1, and/or fractional values. In all
cases, augment the LP by adding one or more constraints that remove x from the feasible
region without removing any TSP solution, in a way that x is still a vertex of the new LP

polytope.
5. Goto 2.
They started with an initial TSP solution x with a cost of 699 (12345 miles). During
the process, they added 25 constraints among 7 SECs, 16 upper bound constraints
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Chapter 1. Introduction

(xij < 1), and 2 other valid constraints to remove fractional solutions, without finding an
improving integer tour. After that, the augmented LP was such that all reduced costs
with respect to ¥ were non-negative but one with value 0.5. But, since distances are
integers, and decision variables cannot be greater than 1, the objective function must
be an integer, concluding that 699 is the minimum distance for the 49-city problem.
Moreover, by continuing the procedure, they were able to prove that x is also the unique
optimal solution. Remarkably, all computations were computed by hand.

In retrospect, it is of particular interest to report their modest conclusions:

It is clear that we have left unanswered practically any question one might pose of
a theoretical nature concerning the traveling-salesman problem; however, we hope
that the feasibility of attacking problems involving a moderate number of points has
been successfully demonstrated, and that perhaps some of the ideas can be used in
problems of similar nature.

Indeed, not only the methodological approach of DFJ is the backbone of the current
state-of-the-art solution method for the TSP, but it also anticipated several key ideas that
later became central to modern mixed-integer optimization. The DF] approach would
now be called a primal cutting plane method, later formalized in the 1960s, and inspired
the dual cutting plane method introduced by Gomory in 1958. Furthermore, their use of
reduced cost arguments (only briefly mentioned) anticipated modern reduced cost fixing
techniques used for pruning and tightening mixed-integer models. These innovations
collectively provided the foundations for the development of the branch-and-bound
method (Land and Doig, 1960) and later the branch-and-cut method, both of which are
the cornerstone of contemporary integer programming solvers.

Currently, the largest TSP instance solved consists of a problem with 85900 cities,
related to a VLSI (Very Large-Scale Integration) chip design application. The instance
was solved by Applegate et al. (2009) in 2006 using the Concorde code, an advanced
software based on the branch-and-cut technique.

Chapters 2 and 3 address two variants of the TSP, respectively, the Flying Sidekick
Traveling Salesman Problem with Variable Drone Speeds, and the Capacitated Vehicle Routing
Problem. Finally, Chapter 4 addresses a Routing and Wavelength Assignment Problem, a
routing problem in optical networks. The following sections give an introduction to
these three works.
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Chapter 1. Introduction

1.1 Flying Sidekick Traveling Salesman Problem with
Variable Drone Speeds

Chapter 2 investigates the Flying Sidekick Traveling Salesman Problem with Variable Drone
Speeds (FSTSP-VDS), a novel extension of the classical TSP which reflects the realities
of emerging hybrid delivery systems combining trucks and Unmanned Aerial Vehi-
cles (UAVs or drones). The motivation for studying the FSTSP-VDS is to improve
the efficiency of last-mile delivery, the most time-consuming and expensive stage of
logistics, in terms of delivery times, operational costs, gas emissions, and customer

satisfaction.

The FSTSP-VDS models a last-mile delivery system where the two vehicles, a truck and
a drone, cooperate together with the aim of serving a set of customers in the shortest
time. The truck transports the drone, acting as a mobile depot to launch and retrieve it,
extending the drone’s reach far beyond its flight range, and while the drone is flying, the
truck can serve other customers. Drones are typically faster and are not restricted to the
road network or affected by traffic; however, their flight range and payload capacity are
much more limited compared to trucks. The FSTSP is defined on a complete directed
graph G = (V, A). The vertex set V is defined as V = {0,0’} u N, where both 0 and 0’
represent a single depot and N = {1,2,..., n} a set of n customers to serve. Each customer
i € N, requires a parcel of weight w; that must be delivered either by the truck or by the
drone, initially located at the depot. The drone can carry only one parcel per trip and
has a payload capacity Win.. Therefore, any parcel with a weight exceeding W,,,,, must
be delivered by the truck.

Unlike the standard Flying Sidekick Traveling Salesman Problem (FSTSP), which as-
sumes a constant drone speed and range, in the FSTSP-VDS, the drone’s flight speed is
treated as a continuous decision variable. This extension allows for a realistic modeling
of energy consumption, which varies non-linearly with respect to speed and payload
due to the aerodynamic drag. We demonstrate that if the drone’s energy-per-meter func-
tion (i.e., the energy consumed by the drone to travel horizontally one meter) is convex
with respect to speed, it is possible to model the problem as a Mixed Integer Linear
Programming (MILP) problem, even if the drone’s power consumption is non-convex
with respect to speed.

Based on that, we describe the first exact method for the FSTSP-VDS, capable of solving
to optimality instances with up to ten customers. The findings reveal that optimizing the
drone speed can reduce completion times by 32% on average, offering strong evidence
for the importance of dynamic speed control in drone-assisted logistics. To handle
larger instances, a genetic algorithm is proposed, showing significant improvements

over existing heuristics.
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1.2 Capacitated Vehicle Routing Problem

Chapter 3 focuses on the Capacitated Vehicle Routing Problem (CVRP), a generalization
of the TSP, first introduced as the truck dispatching problem, by Dantzig and Ramser
(1959). The CVRP is a fundamental problem in operations research, as it models many
real-world applications that involve delivery, collection, or transportation with vehicle
capacity limits.

The CVRP is defined on a complete undirected graph G = (V, E), where V is the node
set defined as V = {0} UN, 0 represents the depot and N = {1,2,...,n} asetof n € N
customers to serve, each with a known positive demand ¢;,i € [1,n]. A non-negative
traveling cost ¢;; = c¢j; > 0 is associated to each edge (i, j) € E. A fleet of identical vehicles
with a capacity Q are located at the depot to fulfill customer demands. A feasible vehicle
route R = (0,v1,vs,...,0,,0) with r € IN, is a simple tour in G starting from the depot,
visiting nodes vy, vy, ..., v, and returning back to the depot such that the total demand of
the visited customers does not exceed the vehicle capacity Q. The CVRP asks to find a
set of feasible routes that minimize the overall traveling cost such that each customer is
served exactly once.

Chapter 3 addresses the following question. Is it possible to concurrently optimize
different parts of a CVRP solution, such that the recombination of the optimized partial
solutions is still a feasible solution? The answer is clearly affirmative if the partial
solutions to be optimized consist of a disjoint subset of routes, as it happens in the route-
based decomposition scheme. Otherwise, the answer is unknown. This work addresses this
question and unveils a counterintuitive property of the CVRP. A new decomposition
scheme based on this property is proposed, named sequence-based decomposition.

1.3 Routing and Wavelength Assignment Problem

Modern global communication relies on high-capacity, high-speed backbone infrastruc-
tures provided by optical fiber networks. These systems leverage Wavelength Division
Multiplexing (WDM) technology, which allows multiple data streams to be transmit-
ted simultaneously over a single fiber by using distinct optical frequencies (wave-
lengths).

Chapter 4 focuses on the Routing and Wavelength Assignment (RWA) problem under a
shared protection policy, an optimization problem concerned with allocating wavelengths
in an optical network to serve a set of connection requests while ensuring robustness
against single-link failures. Two edge-disjoint paths must be assigned to each connection,
or commodity: a working path, used under normal operating conditions, and a recovery
path, activated when a failure occurs on the working path. The classical dedicated path
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protection scheme, which reserves exclusive resources for each connection, guarantees
survivability but may be highly inefficient. Conversely, the global re-routing scheme
maximizes efficiency but introduces complex control requirements and potential service
disruptions. To balance these aspects, the shared protection scheme allows to share
wavelengths among different connections, provided that no interference arises under
any single-link failure scenario.

The RWA problem addressed is defined on an undirected multigraph G = (V, E) where
V is a set of nodes and E is a multiset of edges, representing an existing optical fiber
network. Each edge e € E corresponds to an optical fiber connection with capacity u,
expressed as the number of different available wavelengths, and parallel edges (if any)
represent alternative independent links between pairs of connected nodes. A set K of
origin-destination pairs defines the connection requests to be served. The assignment
of a wavelength of an edge e € E induces a positive cost £.. The problem asks to find a
minimum cost routing that allows to serve all connection requests.

We discuss alternative relaxations for the problem based on Integer Linear Programming
formulations, and introduce a metaheuristic algorithm based on the iterated local search
paradigm. Computational experiments on realistic data show that our algorithms are
able to produce feasible solutions with tight optimality gaps.
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Chapter 2

Flying Sidekick Traveling Salesman
Problem with Variable Drone Speeds

1

Thanks to technological advances, many last-mile delivery companies have launched
projects that combine unmanned aerial vehicles, commonly known as drones, with clas-
sic ground vehicles to reduce delivery times and gas emissions and improve customer
satisfaction. However, most drone-aided optimization problems in the literature assume
a non-realistic scenario in which the drone speed is constant and the drone endurance
is independent of its speed and payload. This work addresses this gap by considering a
realistic non-linear non-convex drone power consumption model with variable drone
speeds. We propose an exact and heuristic approach for the Flying Sidekick Traveling
Salesman Problem with Variable Drone Speeds (FSTSP-VDS), an extension of the flying
sidekick traveling salesman problem in which a truck is combined with a drone that
can fly at variable speeds to deliver parcels to customers to minimize the makespan.
If the drone energy-per-meter function is convex, the FSTSP-VDS can be formulated
as a Mixed Integer Linear Programming (MILP) problem. We propose a MILP model
that can solve to optimality instances with up to ten customers. We also show that,
when a realistic drone energy model is used, fixing the drone speed can increase the
average makespan by 32%. We also propose a genetic algorithm that outperforms the
current state-of-the-art by 7% on average and finds optimal solutions for constant-speed
instances with up to 99 customers.

IThis chapter is based on Michelotto and Roberti (2025)
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2.1 Introduction

Over the past few years, there has been a growing interest in delivery systems that
include Unmanned Aerial Vehicles (UAV) such as drones. For example, large delivery
companies (e.g., UPS and Amazon) started several projects about using drones in
last-mile delivery to reduce delivery times and gas emissions and improve customer
satisfaction (see, e.g., Banker (2022)). For these reasons, the research community is
studying different routing problems in which conventional vehicles are supported by
one or more drones. The first problem of this category is the Flying Sidekick Traveling
Salesman Problem (FSTSP) introduced by Murray and Chu (2015), an extension of the
popular Traveling Salesman Problem (TSP) in which a truck is coupled with a drone to
serve a set of customers while minimizing the makespan, i.e., the overall completion
time.

A common assumption of most drone-aided routing problems, as in the FSTSP, is
that the drone endurance is constant regardless of its speed and payload (see Macrina
et al. (2020) and Liang and Luo (2022) for an overview). This hypothesis wrongly
suggests that increasing the drone flying speed to the maximum allowable speed has
only beneficial effects, e.g., increasing the drone range. In reality, because of the air
resistance (drag), the power consumption is a non-linear function with respect to the
vehicle speed. Therefore, when dealing with more realistic drone power consumption
models, changing (not only reducing) the drone flying speed could increase the drone
range and endurance and serve more customers with the drone, or serve the customers
faster, reducing the makespan.

In this paper, we study the Flying Sidekick Traveling Salesman Problem with Variable Drone
Speeds (FSTSP-VDS) proposed by Raj and Murray (2020) in which, unlike the FSTSP, the
drone speed is not fixed a priori but can be selected from a continuous set for each arc
traversed by the drone. However, Raj and Murray (2020) consider the general case with
one or more drones, whereas we focus on the single-drone case.

Our main scientific contributions are the following;:

* we show that if the drone energy-per-meter function is convex with respect to the
drone speed, the minimum and maximum travel time to launch the drone, serve a
customer, and retrieve the drone at a rendezvous location, can be computed by
solving a convex optimization problem;

* we present a compact Mixed Integer Linear Programming (MILP) formulation for
the FSTSP-VDS under the condition that the drone energy-per-meter function is
convex. This formulation can solve instances with ten customers when cast within
a general-purpose solver;
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* we show that, when a realistic drone energy model is used, fixing the drone speed
produces a substantial increase in the makespan up to 32% on average;

* we propose a genetic algorithm for the FSTSP-VDS that outperforms the state-of-
the-art heuristic by a significant margin and when the drone speed is constant,
finds optimal or near-optimal solutions (on average within 0.26% from the optimal
ones) on instances with up to 99 customers (the largest instances tested).

The remainder of the paper is organized as follows. Section 2.2 reviews the literature
about drone-aided routing problems related to our work. Section 2.3 formally defines
the FSTSP-VDS. Section 2.4 investigates the properties of convex energy-per-meter
functions. Section 2.5 presents a compact MILP formulation for the FSTSP-VDS. Section
2.6 describes our genetic algorithm. Section 2.7 reports the computational results of
the compact MILP formulation and the genetic algorithm. Section 2.8 discusses some
conclusions.

2.2 Literature Review

The recent growing interest of the research community in drone-aided routing problems
does not allow a complete review of all scientific papers on this topic. Thus, we limit our
review to papers about the FSTSP or the Traveling Salesman Problem with Drone (TSP-D).
For an exhaustive review of drone-aided routing problems, we refer the reader to the
surveys of Macrina et al. (2020) and Liang and Luo (2022). In the next sections, we
summarize the relevant works on the FSTSP and the TSP-D, respectively, following
the definitions of Murray and Chu (2015) for the FSTSP and Agatz et al. (2018) for the
TSP-D, who first defined the two problems. The FSTSP is often referred to as the basic
TSP-D.

2.2.1 The Flying Sidekick Traveling Salesman Problem

The FSTSP is the first drone-aided routing problem studied in the literature (Murray
and Chu (2015)). The FSTSP is an extension of the classical TSP in which a truck is
coupled with a fixed-speed drone to serve a set of customers and return both vehicles to
the depot in the minimum time, including potential waiting times related to the truck
and drone synchronization. In particular, the drone can be launched from the truck at a
customer location or the depot only, serve a customer, and then return to the truck at a
different location, with the constraint that if the drone arrives before the truck at the
rendezvous location, it cannot land and wait, but it must hover until the arrival of the
truck, hence, consuming energy. Some customers may be unsuitable for drone delivery,
for example, because the parcel is too heavy or because the customer location does not
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allow a safe landing, so some customers can only be served by truck. In addition, each
node must be visited exactly once, and the time to launch and retrieve the drone and
the time to deliver the packages must be considered.

Murray and Chu (2015) propose a MILP formulation and a heuristic for the FSTSP.
Ha et al. (2018) propose a greedy randomized adaptive search procedure based on
a procedure that optimally splits a TSP solution into an FSTSP solution, given the
relative order between customers. Es Yurek and Ozmutlu (2018) propose an itera-
tive decomposition-based approach. de Freitas and Penna (2020) propose a variable
neighborhood search heuristic algorithm. Ha et al. (2020) propose a hybrid genetic
heuristic. Several exact methods based on MILP formulations have been proposed, e.g.,
branch-and-bound (Dell’Amico et al. (2021a), Dell’Amico et al. (2021b), Dell’ Amico et al.
(2022)), column-and-row generation (Boccia et al. (2021)), branch-and-price (Roberti and
Ruthmair (2021)), branch-and-cut (Boccia et al. (2023)) and column-generation-based
(Blufstein et al. (2024)).

2.2.2 The Traveling Salesman Problem with Drone

The TSP-D proposed by Agatz et al. (2018) differs from the FSTSP. Indeed, a node can be
visited more than once, the drone can be launched and retrieved in the same location, the
drone can land and wait, and drone launches, retrieval times, and parcel delivery times
are neglected. Examples of heuristic approaches are the one of Agatz et al. (2018), based
on a split procedure similar to the one of Ha et al. (2018), and the variable neighborhood
search of El-Adle et al. (2023). Exact approaches for the TSP-D are based on dynamic
programming (Bouman et al. (2018)), branch-and-bound (Agatz et al. (2018), Poikonen
et al. (2019)), branch-and-cut (Schermer et al. (2020)), branch-and-price (Roberti and
Ruthmair (2021)), and Benders decomposition (Vasquez et al. (2021)).

2.2.3 Non-Constant Drone Speed

In this section, we discuss the works related to drone-aided routing problems in which
the drone speed is not fixed a priori. Raj and Murray (2020) introduce the FSTSP-VDS
with multiple drones, an extension of the FSTSP in which drones are allowed to fly
at different speeds, selected from a continuous set; the drone energy consumption
is characterized by the model of Liu et al. (2017), and the authors propose a three-
phase heuristic. Campuzano et al. (2023) introduce the drone-assisted variable speed
asymmetric traveling salesman problem in which flight times depend not only on the
payload weight but also on the drone speed and the weather conditions. The drone
energy consumption is computed using the model of Liu et al. (2017), and the drone
speed can be selected from a discrete set of three speed levels. The authors propose
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a MILP formulation and two heuristics based on variable neighborhood search and
tabu search. Tamke and Buscher (2023) introduces the vehicle routing problem with
drones and drone speed selection, a variant of the classical vehicle routing problem in
which trucks are equipped with multiple drones to minimize the overall operational
cost. The drone speeds are not fixed but have to be selected from a discrete set of five
speed levels, and the drone energy consumption is modeled as in Stolaroff et al. (2018).
The authors propose a MILP formulation.

To our knowledge, there are no exact approaches in the literature for drone-aided routing
problems in which a non-linear model characterizes the drone energy consumption and
the drone speed can be selected from a continuous set.

2.3 Problem Description

The FSTSP-VDS can be formally described as follows. A complete directed graph
G = (V,A) is given. The vertex set V is defined as V = {0,0’} u N, where both 0
and 0’ represent a single depot (respectively the starting and final location of truck-
and-drone route) and N = {1,2,...,n} a set of n customers to serve. A single truck,
equipped with a single drone, is located at the depot. Each customer i € N must
be served exactly once, either by the truck or the drone. The arc set A is defined as
A={G,)]i,jeN :i=#ju{0,j)]je Ntu{Gi0")|i € N}. In the following, we use the
notation Ny = N u{0} and Nj = N u{0’}.

A parcel of weight w; must be delivered to customer i € N. The drone can carry only one
parcel at a time and has a payload capacity Wy,qy, so parcels of weight greater than W,
must be delivered by the truck. The discrete set of payloads that can be carried by the
drone is defined as W = {0} U {w; < W},4x,i € N}. The drone can leave and return to the
truck at customer locations or the depot only, but it cannot be launched and retrieved
at the same node. While the drone is flying or serving a customer, the truck can serve
other customers. The drone can traverse different arcs at different flying speeds, but the
UD D ]

mins Umax

flying speed must remain constant during the flight and be in the interval [
The distance that the truck (drone, resp.) must cover to traverse arc (i, j) € Ais indicated
with df; (d}), resp.) — typically, d]; # d7} as the truck and the drone travel on different
pathways. The time for the truck to traverse arc (i, j) € A is indicated with #. The
minimum and maximum feasible drone travel times to takeoff from node i € N, deliver
the parcel at node j € N, and land at node k € Nj (drone leg in the following), including
potential hovering time over the landing node k, are denoted respectively with tl.lj).k and
Tl.lj?k, and are set to +oo in case of infeasibility. The set of all feasible drone legs is defined
by Z ={(i, j,k)|i € No,j € N,k € Nj : ti?k € R}
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The drone has a fixed battery capacity of B Joules, and the drone endurance, expressed
in seconds, is a function of the parcel weight and the drone’s speed. A fully charged
battery is installed in the drone before every launch. The parameter h, expressed in
meters, defines the drone cruise altitude. Drone takeoff and landing operations consist
of vertical flights at a constant speed, respectively equal to vP and vP. We refer the
reader to Section 2.3.1 for a complete description of the drone power consumption model
employed in this work. The drone must rejoin the truck at a landing location before
it runs out of battery. If the drone arrives before the truck at the rendezvous location,
the drone cannot land and wait, but it must hover above the rendezvous location until
the truck arrives, consuming energy. Vice versa, if the truck arrives before the drone,
the truck must wait for the drone. Before the takeoff, the drone must be prepared, and
this operation takes s; seconds. When the drone lands at the rendezvous location, it
takes sg seconds to retrieve the drone. Hence, for each drone takeoff and landing, the
additional time required to prepare and retrieve the drone must be considered. The
time to deliver a parcel, once the vehicle arrives at a customer location i € N, equals criT
seconds for the truck and o seconds for the drone. Without loss of generality, we define
oy = 04 = 0 = o) = 0. Parcel delivery at rendezvous locations can occur before or
after the truck and drone synchronization. Similarly, parcel delivery at takeoff locations
can occur before or after the drone launch. Hence, if a location is both a rendezvous
and a takeoff location, the parcel delivery can be done in three different ways: (i) before
the truck and drone synchronization, (ii) after the drone launch, or (iii) after the truck
and drone synchronization but before the drone launch. An illustrative example of the
three possible delivery scenarios is depicted in Figure 2.1. In all cases, customers visited
by the truck and the drone are always served by the former.

The goal of the FSTSP-VDS is to find a truck-drone tour of minimum makespan serving
all customers either by truck or drone, taking into account potential waiting times due
to the synchronization between the two vehicles.

In the following, we will use the following definitions. A truck customer (drone customer,
resp.) is a customer visited by the truck (drone, resp.) alone. On the other hand, if a
customer is visited by both the truck and the drone, we call it combined customer. A truck
arc (drone arc, resp.) is traversed by the truck (drone, resp.) alone. A combined arc is
traversed by the truck while the drone is onboard. A truck leg is a concatenation of truck
arcs traversed by the truck alone in between two consecutive combined customers. A
drone leg is a concatenation of exactly two consecutive drone arcs traversed by the drone
alone between two consecutive combined customers. A combined leg is a concatenation
of combined arcs traversed by the truck while the drone is onboard that consists of
combined customers only. An operation consists of a truck leg and a drone leg in
between the same pair of combined customers. Notice that a FSTSP-VDS solution is a
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concatenation of operations and combined legs.

T T T T

D D 7 D D
@) (i1) (ii1)

Figure 2.1: Timelines of the three possible ways of serving a combined customer, where s denotes
the delivery operation, T the truck arrival, and D the drone arrival: from left to right, before
the truck and drone synchronization, after the drone launch, and after the truck and drone
synchronization but before the drone launch.

2.3.1 Drone Endurance

In this work, the drone endurance is characterized by the power consumption model
of Liu et al. (2017), developed for small multi-rotor unmanned aircraft systems — the
same model employed in the work of Raj and Murray (2020). The model characterizes
the drone power consumption with respect to speed v (in m/s) and payload weight w
(in kg), during the three flight stages of the drone, i.e., during the vertical takeoff or
landing (2.1a), the horizontal cruising (2.1b), and the stationary hovering (2.1c):

PTL(v, w) = ky(D + w)g | = + \/(3)2 + m + e (D +w) g)*? (2.1a)
2 2 k2

P, w) = (c1 + ) [((D +w)g —cs5 (vcos 9)2)2 + (04v2)2]3/4 + cq0® (2.1b)

PR (w) = (e1 + ) (D +w) g)*/* 2.1¢)

The coefficients ki, k2, ¢1, ¢, cs, c5 are the parameters of the power consumption model
of Liu et al. (2017), and their values can be found in Table 2.1. The other parameters,
D and 0, define the physical characteristics of the drone. In particular, D is the drone
frame weight, which is assumed to be 1.5 kg, and 6 is the angle of attack of the drone,
which equals 10 degrees. Finally, g is the gravitational acceleration (9.8 m/s?).

Coefficient kl kz C1 Co Cyq Cs

Value 0.8554 0.3051 2.8037 0.3177 0.0296 0.0279
Unit - Jkg/m m/kg Jm/kg kg/m Ns/m

Table 2.1: Coefficient values for the power consumption model of Liu et al. (2017).
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The Liu et al. (2017) drone power consumption during horizontal cruising and the
corresponding drone range, with respect to different speeds and parcel weights, are
illustrated in Figure 2.2 and Figure 2.3. Figure 2.2 shows that the drone power con-
sumption P€(v,w) is non-linear and non-convex; indeed, consider the speeds 1.0 m/s
and 6.0 m/s and a payload of 0.0 kg, we have PS(3(1.0+6.0),0.0) = 17136 W >
1(P€(1.0,0.0) + P€(6.0,0.0)) = 170.66 W.

However, since the FSTSP-VDS requires a constant drone flying speed during each
flight, we are interested in studying how much energy is consumed by the drone to
travel horizontally one meter at a given speed — energy-per-meter in the following —
and how this quantity varies with respect to the drone speed. Figure 2.4 shows the
drone energy-per-meter consumption, defined as E" (v, w) = (1/0)P° (v, w), with respect
to speed v for different payload weights w.

In Sections 2.4 and 2.5, we show that, if the energy-per-meter function E"(v, w) is
convex for each parcel weight w € W, the FSTSP-VDS can be formulated as a compact
MILP.

PC(v,w) [W]

0 10 20 30 40
v [m/s]

Figure 2.2: Liu et al. (2017) drone power consumption with respect to the drone speed v, for

different payload weights w.
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Figure 2.3: Liu et al. (2017) drone range in meters, computed as vB/P° (v, w), with respect to the
drone speed v, for different payload weights w, given a battery with capacity B = 500 kJ.
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Figure 2.4: Liu et al. (2017) energy-per-meter function EPM (v, w) with respect to the drone speed
v, for different payload weights w.

2.3.2 Example

Figure 2.5 illustrates a solution of a FSTSP-VDS instance with five customers (the circles)
and the depot, that is, nodes 0 and 0’ (the rectangle). In the example, truck arcs (drone
arcs, resp.) are depicted by solid (dashed, resp.) lines and combined arcs by double
lines. Initially, the truck moves with the drone onboard towards customer 3 taking time
tl,. Then, the drone is launched to serve customer 2 while the truck moves towards
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customer 1. After serving customer 2, the drone moves towards customer 1 and rejoins
with the truck. The drone leg travel time must be between t}), and T3,. The truck leg
travel time t!_,; depends on when customers 3 and 1 are served. In particular, if the
parcel delivery to customer 3 occurs before the drone launch and customer 1 is served
after the drone and truck synchronization, t]_,, equals tl,. If instead customer 3 is served
after the drone launch, o must be added to tl,. Moreover, if customer 1 is served before
the drone and truck synchronization, oI must also be added. After the truck and the
drone synchronization, the drone is launched to serve customer 5 while the truck serves
customer 4. Finally, the truck and drone return to the depot and rejoin. As before, the
drone leg travel time must be between 2, , and T2, Y

depends on when customer 1 is served. If customer 1 is served before the drone launch,

T
1-0/

and the truck leg travel time ¢

tl, equalst], + o} +1l,. Otherwise, if customer 1 is served after the drone launch, ¢

equals o] +1t], + 0] +11,.

Figure 2.5: A solution of a FSTSP-VDS instance with five customers.

Below we list the six possible completion times depending on when combined cus-
tomers 3 and 1 are served. In particular, T1,T5,T3 (T4, T5, Ts, resp.) correspond to the
completion times when customer 3 is served before (after) the drone launch, and cus-
tomer 1 is served respectively, after synchronization but before the drone launch, before
synchronization, and after the drone launch:

Ty =ty + 0} + max{thy 13, } + o1 +max{tl,, t], + of + 11} +2(sp + sr)
Ty = tly + o} + max{th,, t, + o1 } + max{tl ,, t, + o + 11,3+ 2(sp + sr)
Ty =ty + o} + max{th, t,} + max{th ,, o] +tl, + o8 +tl,}+2(s + sr)
Ty =ty + max{t)),, 03 + 1.} + 01 +max{tl,, t, +ob +tl,}+2(sy + sr)
Ts =t + max{t)),, ol +t1, + ol }+ max{tl ], + b + 1,3+ 2(s + sr)
Ts = ty + max{t),, o3 + 11} + max{th ,, o] +tl, + o5 +tl,}+2(sp + sr)
Serving a combined customer with the drone on the ground is never more convenient

than serving it while the drone is airborne, but when the drone’s endurance is finite, the
latter case could be not feasible whereas the former case could be.
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24 Drone Travel Times Computation

In this section, we show that if the energy-per-meter function is convex for each w € W,
the set of feasible drone leg travel times of each drone leg (i, j, k) € Z is also convex.
Thereby, we can forget about drone speeds and bound the minimum and maximum
feasible drone leg travel times; this allows us to formulate the FSTSP-VDS as a MILP.
Then, we present two convex optimization problems to compute respectively, the
minimum and the maximum drone leg travel times of a generic drone leg (i, j,k) € Z,
respectively, ti?k and Ti]D'k’ From now on, we assume that the energy-per-meter function is
convex for each w € W. For the sake of clarity, we ignore w.l.o.g. the constant quantities
related to the takeoff and landing operations (s; and sr), and the time required to serve
the drone customer (c7]).

Let us introduce the following set of constraints:

EPMD, w))dP + EPM (oD, 0)dD. + PP(0) 1, < B (2.2a)
t > 0 (2.2b)
03’ Uﬁc € [Ugin’ Uﬁax] (22C)

Constraint (2.2a) imposes that the drone energy consumption to traverse the drone
leg (i, j. k) at speeds vf} and v’ i plus the energy required to hover for a time #, seconds
must not exceed the battery capac1ty of B Joules. Constraints (2.2b) and (2.2c) model the
feasible range of the variables v} i P i and t;,. Since the left-hand side of (2.2a) is a sum
of convex functions, the feasible region of (2.2) is convex.

Therefore, to compute 5 k one can solve the convex optimization problem correspond-
ing to minimizing dD / v + dfk Jvb ik tih subject to (2.2). Furthermore, since the feasible
region of (2.2) is convex, the set of feasible drone leg travel times of the above convex

optimization problem is also convex. To compute T;;, we propose the following convex

i ]k’
optimization problem. The total energy consumed by the drone to travel horizontally d
meters in ¢ seconds with a payload of w kg, E4(t, w) in the following, can be expressed
as follows:

E4t, w) = t PC(d/t, w) = d (t/d) P°(d/t, w) = d EPM(d /t, w) (2.3)

Now observe that the function g(x) = %,x > 0 is a strict order reversing map (or
monotone decreasing function), i.e., Vxj,x; > 0 : x; <x2 = g(x1) > g(x2). Therefore, if

EPM(x,w) is convex in the interval x € [v7 for any w € W, EPM(d/x, w) is convex

mln’ max]

in the interval x € [d/v2_.,d/vD. ] for any w € W. Consequently, E4(x, w) is convex in the

interval x € [d/vh),.,d/vD..] for any w € W. From the above observations, we define the
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following convex optimization problem to compute Tl.?k:

max tl-lj? + tﬁc + 1y (2.4a)
E4 (D, wy) + E4*(2, 0) + 1, PP(0) < B (2.4b)
t) > d}} [vpay (240)
ti > di /v (2.4d)
th, >0 (2.4e)

The objective function (2.4a) aims at maximizing the sum of the travel times to traverse
the arcs (i, j) and (j, k), in tl-l]? and tﬁ( seconds respectively, plus the potential hovering
time of t, seconds over node k. Constraint (2.4b) ensures that the energy consumption
is not greater than B Joules. Constraints (2.4c) - (2.4e) model the range of the decision

variables ¢, tﬁc and .

Finally, we propose the following convex optimization problem to find the minimum
energy consumption to traverse a drone leg (i, j,k) € Z in a target travel time of T

seconds:
min E4 (2, wy) + E(R, w)) + (T — 2 — 12)PH (0) (2.5a)
)+t <T (2.5b)
t) > df) [vpa. (2.5¢)
th > di /vy (2.5d)

The objective function (2.5a) aims at minimizing the energy to traverse the arcs (i, j) and
(J.k), in £} and tjDk seconds respectively, plus the energy required to hover over node
k for T — t,.[} — tﬁc seconds. Constraint (2.5b) ensures that the travel time to arrive in k
must be not greater than T. Constraints (2.5¢) and (2.5d) define the range of the decision
variables ¢/} and ¢7].

The models outlined in this section allow determining in pre-processing a range [tgk, Tilj?k]
of feasible drone leg travel times for each feasible drone leg (i, j, k) € Z. In Section 2.5,
we show how such ranges can be used to build a MILP model for the FSTSP-VDS when

the drone energy-per-meter function is convex.

2.5 Compact Formulation

In this section, we describe a compact formulation for the FSTSP-VDS, under the
assumption that the energy-per-meter is convex. The resulting formulation is compact
(i.e., polynomial number of constraints and variables) and can be solved with a generic
MILP solver such as CPLEX or Gurobi.
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Let xl-Tj € {0, 1} be a binary variable equal to 1 if the truck traverses the arc (i, j) € A, and
let xi? € {0, 1} be a binary variable equal to 1 if the drone traverses the arc (i, j) € A (no
matter if it is onboard truck or airborne). Let y/, yP, y¢ € {0, 1} be three binary variables
equal to 1if i € N is a truck, drone, or combined customer, respectively. Let z;; € {0,1}

be a binary variable equal to 1 if the drone traverses the drone leg (i, j, k) € Z.

Let a; € {0, 1} be a binary variable equal to 1 if the truck delivery at node i € V occurs
right after the truck arrival and before the truck and drone synchronization if i is a
rendezvous node (case 2.1(i)). Let §; € {0, 1} be a binary variable equal to 1 if the truck
delivery at node i € V occurs after the drone launch — an operation must start from i —
(case 2.1(ii)). Let y; € {0, 1} be a binary variable equal to 1 if the truck delivery at node
i € V occurs after the synchronization between the truck and drone and before the drone
launch if i is a takeoff node — an operation must end in i — (case 2.1(iii)). Finally, let
a; € R, be a real variable denoting the latest arrival time between the truck and drone at
node i € V, including the time to serve i if ¢; = 1, without considering the time required
to prepare the launches and retrievals of the drone and the parcel deliveries occurred in

between successive operations. If i is a drone customer, g; is not defined.

For clarity, we summarize here the model parameters introduced in Section 2.3: the
truck travel time tl-Tj to traverse arc (i, j) € A; the minimum and maximum drone leg

travel times ¢}, T,
i, landing at node j, serving customer j, takeoff at node j and landing at node k); the

D l)D .
min’/ “max’/

for each feasible drone leg (i, j, k) € Z (including takeoff at node
minimum and maximum drone flying speed v the time required to launch
and retrieve the drone s, sg; and the time required to serve a customer i € N with the
truck and with the drone o], oP. Finally, the parameter M (set equal to the minimum
truck-only makespan) is used to disable a constraint if a binary decision variable is not

triggered.
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The FSTSP-VDS can be formulated as follows:

min ay + (sg + Sr) Z yP 4ol Z Yis

ieN ieN
T _ T_.T,.C
Z Xjj = Z Xji=Yy ty
(i,))eA (Ji)eA
T _ T _
(0,))eA (i,0M)eA
D _ D_.D,.C
Z X = Z Xji =Y Ty
(i,)eA (J.)eA
D _ D _
(0,))eA (i,0M)eA

T D C
i tyi ty =1

¥ =ai+pi+vi

pi < Z Zijk

(i,j.k)ez
Yk < Z Zijk
(i,j.k)ez
T T
D
a; + Z (G + Mzijk < ax + M
(i.jk)ez
D
a+ Y, (T —Mzy>a-M
(i.j.k)eZ

Z Zijk = y]D

(i.jk)ez

Z Zkij+ Z Zijkgxi?

(k,i,j)ezZ (i,j.k)ez

dP
1
M(l—x5)+aj > ai+y]D vD]

Tow.D,.C,.C
X2 Xty ty;—2
T D

x;» %;; €10, 1}

vy yE €f0,1}

zijk €1{0,1}
ai, Pi.yi €10, 1}

T T T
Bit+oj(aj+y;)<aj+M(Q1—x;

ieN
ieN
i €Ny

k € Ny

(1,)eA
i€ Ny,keNy

i € No,k € N§
jEN

(i,j)eA

(i,j))e A

(L)eA
(i,j)eA
ieN
(i,j,k)eZ
ieV
ieV

(2.6a)

(2.6b)
(2.60)
(2.6d)
(2.6¢)

(2.6f)

(2.68)
(2.6h)

(2.6i)

(2.6)
(2.6K)

(2.61)
(2.6m)

(2.6n)

(2.60)

(2.6p)
(2.6q)
(2.6r)
(2.6s)
(2.6t)
(2.6u)

The objective function (2.6a) aims at minimizing the total tour duration to serve all cus-

tomers and return to the depot. Precisely, the objective function is equal to the variable

ay, plus the time required to launch and retrieve the drone s; + sg multiplied by the

number of drone legs in solution Y,y yP, plus the time required to serve the customers
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in between successive operations o Y,y vi, as described by case 2.1(iii)). Constraints
(2.6b) are flow conservation constraints for the truck and link the xl-Tj variables with the
variables y! and y¢. Constraints (2.6c) ensure that the truck leaves and returns to the
depot exactly once. Constraints (2.6d)—(2.6e) are equivalent to constraints (2.6b)—(2.6¢)
but apply to the drone. Constraints (2.6f) ensure that each customer is a drone, truck, or
combined customer and is visited exactly once. Constraints (2.6g) define how each com-
bined customer is served. Constraints (2.6h) and (2.61) ensure the compatibility between
service types and operations. Constraints (2.6j) act as subtour elimination constraints for
the truck and set the truck arrival time at each node. Constraints (2.6k) and (2.61) set the
minimum and maximum drone travel times for each drone leg (i, j, k) € Z. Constraints
(2.6m) link the variables z;; with the variables yf . Constraints (2.6n) impose that a
drone leg can contain arc (i, j) € A only if arc (i, j) is traversed by the drone. Constraints
(2.60) set a lower bound on the arrival time for the customers served by the drone.
Constraints (2.6p) ensure that an arc traversed only by the drone must be part of a drone
leg. Constraints (2.6q)—(2.6u) model the range of the decision variables.

The following inequality can significantly strengthen the continuous relaxation of
formulation (2.6):

ay > ol + Z (tlT] + Ujr)xg- (2.7)
(i,))eA
Constraint (2.7) specifies that ay cannot be lower than the sum of the truck travel times

of the arcs traversed by the truck plus the truck delivery times of all customers visited
by the truck.

2.6 Genetic Algorithm

The genetic algorithm we propose for the FSTSP-VDS is inspired by the Hybrid Genetic
Search with Adaptive Diversity Control (HGSADC) metaheuristic of Vidal et al. (2012),
one of the most effective heuristics for the Capacitated Vehicle Routing Problem. More-
over, genetic algorithms have demonstrated good performance on problems similar to
the FSTSP-VDS, see for example Ha et al. (2020) and Chen et al. (2025). The high-level
scheme of our genetic algorithm is shown in Algorithm 1.

The method initially defines a random population of A" individuals, each of which
encodes one or more FSTSP-VDS solutions. At each iteration, AY new individuals (off-
spring) are created by combining two parent individuals together (crossover), selected
according to their biased fitness (individual’s cost adjusted by its diversity contribution,
see Section 2.6.3). Then, a local search phase is applied (education). At the end of each
iteration, the fitness of all individuals is updated, and A" individuals that belong to the
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Algorithm 1: Genetic Algorithm(A7, A, Aepochs)
Data:
A': population size

AY: number of offspring at each iteration
A¢Pohs; max number of iterations

[

Generate a random population of A7 individuals;

N

Evaluate the biased fitness of all individuals in the population;
s while iterations < A**°"s do
4 fori=1to A" do

5 Select two parent individuals P1 and P2 according to their biased fitness;
6 Generate offspring C from P1 and P2 (crossover);

7 Apply local search procedures to C (education);

8 end

9 | Evaluate the biased fitness of all individuals in the population;

10 Replace A individuals in the population with the new offspring;
11 end
12 return the best individual;

current population are replaced with the new individuals. Finally, after A°?° jterations,
the procedure returns the best individual found.

Section 2.6.1 describes how individuals encode solutions. Section 2.6.2 describes how
the best solution associated with an individual is retrieved. Section 2.6.3 defines how
individuals are evaluated with respect to the entire population. Section 2.6.4 describes
how parents are selected and the crossover procedure to generate a new individual.
Section 2.6.5 describes the local search procedures applied during the education phase.
Finally, Section 2.6.6 describes how the population is managed during the evolution
process.

2.6.1 Individual Encoding

Each FSTSP-VDS solution can be characterized (possibly, not uniquely) by a permutation
of the customers set N representing the precedence relationship among customers.
Similarly to what is done by Ha et al. (2018) and Agatz et al. (2018), we define the
following encoding rule. Let p be a permutation of N. A solution is encoded by p if, for
each i, j € N such that i is visited before j with the same vehicle, i occurs before j in p.
From now on, we refer to a chromosome sequence as a sequence with prefix 0 followed
by a permutation p and 0’. An example of this encoding is illustrated in Figure 2.6,
which shows the five solutions encoded by the chromosome sequence (0, 1, 2,0).
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Figure 2.6: The five solutions encoded by the chromosome sequence (0, 1,2,0).

Note that, since the precedence relationship among customers visited by the same
vehicle is determined by the permutation sequence, there is a bijection between the set
of operations and the set of drone legs, that is, an operation is uniquely determined by
a drone leg.

The advantage of such encoding relies on the fact that, as we will show in Section 2.6.2,
we can retrieve the best solution among all the solutions encoded by a permutation
sequence in time O(|N|*). Furthermore, we also propose an effective linear approximated
method that runs in time ©((A?)?|N|), where A? is a parameter that sets the maximum
truck leg length allowed, to limit the computational time of this procedure when dealing
with large instances.

2.6.2 Chromosome Evaluation

In this section, we describe a dynamic programming algorithm, named split, that given
a chromosome sequence, computes a minimum makespan solution among all the
solutions encoded by the chromosome.

Let p be a chromosome such that p = (pg = 0, p1, ..., pn> pnt1 = 0’). Let fi(p) and gi(p)
denote respectively the minimum time to reach p; in p without serving it and the
minimum time to reach and serve pi, under the precedence relationship defined by the
chromosome sequence p, when py is visited by both the truck and drone.

We denote with nﬁ’“(i, k) the minimum time to go from p; not yet served, to p; without
serving it, either with a combined arc if k = i + 1 or with an operation that starts from
pi and ends in py if k > i+ 1. The definitions of 7,°(i, k), 73"(i, k) and 7;°(i, k) follow by
analogy, where the first superscript is equal to s if the starting node has been already
served, u otherwise, and the second superscript is equal to s if the ending node must be
served, u otherwise. Table 2.2 summarizes the notation for the above definitions.

It is easy to see that fi(p) and gi(p) satisfy the Bellman equations (2.8a) and (2.8b). The
minimum time to reach p; without serving it (2.8a), can be computed as the minimum
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Notation Start node p; End node pr  Description

myt(i k) Unserved Unserved Minimum time to go from p; (not yet served) to
pr without serving pg

(i, k) Unserved Served Minimum time to go from p; (not yet served) to
pr and serve py

myt(i, k) Served Unserved Minimum time to go from p; (already served) to
P without serving py

n;* (i, k) Served Served Minimum time to go from p; (already served) to

pr and serve py

Table 2.2: Notation summary for 7,

time to go from p; plus the minimum time to go from p; to py, for each i < k, both
when p; has been already served (g;(p) + ﬂ;;“(i, k)) and when p; has not yet been served
(filp) + 75*(i, k)). The same reasoning applies to compute the minimum time to reach
and serve pi (2.8b), whereas, instead of ng’“(i, k) and ﬂls)’“(i, k), we have respectively
ny*(i,k) and 73° (i, k).

0 ifk =0
fip) = min {min{ F(p) + 784G, K); gi(p) + 754G k)}} ifk>1 (2.82)
o ifk =0
8(p) = min {min{ F(P) + 8GR, 5(p) + R ) } T

Algorithm 2 shows the pseudocode of the dynamic programming algorithm that can
be derived from the recurrence equations (2.8a) and (2.8b) to compute a minimum
makespan solution among all the solutions encoded by a given chromosome sequence.
The algorithm begins by initializing fi(p) and gi(p),0 <i < |p| — 1, as the truck arrival
times associated with the truck-only solution. Then, starting from i = 0 toi = |p| -2,
all the minimum makespan operations starting from p; and ending in px,k > i are
evaluated, and the quantities fi(p) and gi(p) are updated accordingly. The correctness
of the algorithm relies on the fact that at the beginning of each iteration i, the sub-
problems referenced by fi(p) and g;(p) have already been solved.

The initialization phase (Lines 1 to 6) requires ©(|p|) operations. Line 9 requires O(|p|)
operations, since there are exactly k —i — 1 drone legs that start from p;, end in pi, and
that satisfy the precedence relationship defined by p. Lines 10 and 11 require ©(1)
operations. Hence, Algorithm 2 runs in time ©(|N|*), since |p| = [N| + 2.

If we fix the maximum truck leg length to AP, the time complexity of Algorithm 2 is
reduced to ©((A?)?|N|) because now Line 9 requires oAb operations, and Line 9 is now
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Algorithm 2: split(p)
Data:
p = (po, p1; ..., pp-1): chromosome sequence

// Initialization (truck-only solution)

fo(p) < 0.0

g(p) < g

fori=1to|p|—1do
filp) < gi1(p) +1L_ .
g(p) < fip) +},

6 end

ey

N

(]

'

U1

// Recursive Phase
fori=0to|p|—2do

N1

8 fork=i+1to|p|—1do

9 compute ﬂ;"“(i, k), ﬂz’s(i, k), 71',3;“(1', k), ﬂ;’s(i, k)

10 filp) < min{fi(p), fi(p) + 724G, k), gi(p) + 754G, K}
1 8k(p) < min{gr(p), fi(p) + (i, k), gi(p) + 7° (i, k)}
12 end
13 end

14 best_sol < backtrack optimal solution
15 return g p‘_l(p), best_sol

executed O(A?|N|) times rather than ©(|N|?) times. The idea of limiting the truck leg
length stems from observing that solutions with low parallelism between the truck and
the drone due to long truck legs are typically associated with a high makespan since
they tend to be structurally more similar to TSP solutions.

2.6.3 Biased Fitness

A typical problem of genetic algorithms is premature convergence, which happens when
the best individual in the population is far from optimality and the algorithm does
not improve anymore because all individuals in the population resemble each other in
terms of genetic material. Therefore, a key element of genetic algorithms is maintaining
a diversified population in the evolution process to avoid premature convergence (see
Fogel (1994)).

In population-based metaheuristics, a value representing the “quality” of each individ-
ual with respect to the entire population is defined, usually expressed as a function of
the individual’s cost, also called fitness, and one or more penalty terms. This value is
therefore called biased fitness and is used to guide the “natural selection” during the
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evolution process. Inspired by the work of Vidal et al. (2012), we define the diversity
contribution A(P) for an individual P, as the average distance to its A°** neighbors in
the population, represented by the set Njos(P).

Let I'T(P) and I'°(P) be the arrays of successors of, respectively, the truck and the drone
routes of the best solution among all the ones encoded by the individual P, such that,
I'7(P) is the next node visited after i in the truck route, and T'P(P) is the next node visited
after i in the drone route. Then, the distance §(P;, P;) between two individuals P; and P,
is defined as the Hamming distance between the array of successors I (P;) and T (P,),
plus the Hamming distance between the array of successors I'P(P,) and TP(P,). We
assume that if node i is not visited by the truck or the drone, IT(P) = -1 and TP(P) = -1
respectively. Therefore, the diversity contribution A(P) of an individual P is computed
according to Equation (2.9) where 1(x) is the indicator function equal to 1 if x is true, 0
otherwise:

AP =—— Y 6P

Aclose
PnENclose(P)

IN| (2.9)
1
= 2.2, (T @) =T (B) + 107 (P) = TP (P))
Pp€N,o5.(P) =0

Let fit(P) and dc(P) be the positions of the individual P in the fitness ranking and the
diversity contribution ranking in ascending and descending order respectively, with
respect to the entire population. Then, we define the biased fitness BF(P) of an individual
P as

BF(P) = fit(P) + A dc(P) (2.10)

where 1 € [0,1] is a trade-off parameter used to control the relative importance of
the diversity contribution over the fitness contribution of an individual. The biased
fitness is thus a measure that balances the evolutionary pressure based on the fitness
of the individuals (elitism) with the genetic diversity of the population, by penalizing
individuals very “similar” to their neighbors and individuals with low fitness.

2.6.4 Parent Selection and Crossover

An important concept in genetics is genetic recombination, in which the genetic material
of different organisms is combined to generate offspring with combinations of traits that
differ from those found in both parents (see Fogel (1994)). This process, also known as
crossing over (or crossover), works by breaking and rejoining chromosome segments. In
the classic genetic algorithm paradigm, the biological crossover operation is simulated
by combining the genetic information of two parent individuals. Various types of
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crossover have been proposed in the literature. In this work, we focus on the single-
point crossover. The idea of the single point crossover is to define a random crossover
point ¢ such that the resulting offspring is the concatenation of the first ¢ elements of the
first parent, with the last n — c elements of the second parent, where n is the length of
the two chromosomes.

However, when a single-point crossover is applied, duplicates can occur. Therefore,
after copying the first c elements of the first parent, we copy the last n — ¢ elements of the
second parent without inserting duplicates. The leftover elements are then shuffled and
added to the offspring chromosome one by one in a position that minimizes the cost
associated with the current partial chromosome. Let r be the left-over element we want
to add. The minimum cost position can be found by calling the split procedure O(|N|)
times, every time on a different chromosome sequence that differs for the position of the
element r. Since there can be at most |[N|/2 left-over elements, and each element must be
evaluated in at most |N| different positions — each of which requires O(|N[*) operations
— the time complexity of this crossover procedure is O(IN|®). If the approximated split
procedure is chosen, the time complexity can be reduced to O(b?|N*).

For instances with hundreds of customers, the crossover procedure can become a
bottleneck, so we propose a relaxed version with a reduced time complexity. Rather
than evaluating the split procedure on the whole chromosome sequence, we only
evaluate a partial chromosome sequence centered at r including at most A” elements,
e.g., A" = 30. In this way, the split procedure requires O(b*A") operations, and the whole
crossover procedure has a complexity of O(b*A’|N|?).

With probability 0.5, instead of concatenating the last n — c elements of the second parent
after the first ¢ elements of the first parent, we concatenate the first c elements of the
second parent before the last n — ¢ elements of the second parent.

Finally, parents are selected using a binary tournament procedure, that randomly (with
a uniform probability) selects two individuals from the population and returns the one
with the best biased fitness.

2.6.5 Education

When an offspring is generated, it undergoes an education phase, which consists
of different local search procedures applied to the best solution associated with the
individual to improve the solution cost. The local search procedures devised for the
education phase apply the following operations in this exact order:

* Reverse operations: for each operation, check if the solution cost decreases by
reversing the operation, and if so, apply the inversion;

41



Chapter 2. Flying Sidekick Traveling Salesman Problem with Variable Drone Speeds

* Swap customers: for each operation, check if the solution cost can be improved
by swapping the takeoff node or the rendezvous node with one of its neighbor
nodes. If so, apply the most improving substitution;

* Optimize truck and combined legs: for each truck/combined leg with at
most three truck customers, optimize the order of the truck customers. For
truck/combined legs with more than three customers, apply the most improving

two-opt move until there are no more improvements.

2.6.6 Population Management

In the last sections, we have presented a crossover operator that describes how two
individuals combined generate an offspring, an education operator that describes the
local search procedures an offspring undergoes when it is created, and how parents are
selected. The population management operator complements these operators to prop-
agate good and promising solutions while enhancing the diversity in the population.
By following the work of Vidal et al. (2012), our population management mechanism
consists of three components: initialization, diversification, and survivor selection.

In the initialization phase, A" individuals are randomly generated by assigning to each
of them a random chromosome sequence. The diversification phase is activated when
the genetic algorithm cannot improve the best solution for A™** consecutive iterations.
This stage aims to add new genetic material to the population to escape from the local
minimum where the algorithm is currently stuck. In this phase, A" - A7 individuals with
the worst biased fitness are replaced with new random individuals.

As anticipated in Section 2.6.3, one of the main challenges of population-based meta-
heuristics is to avoid premature convergence. This problem is particularly exacerbated,
when, as in our case, the repair phase in the crossover operator and the education
operator are greedy procedures. The result is a general tendency to favor individuals
with high fitness at the expense of the diversity of the population. For this purpose, the
biased fitness measure has been defined to prevent premature convergence by discarding
individuals with a low diversity contribution. Then, our survivor selection policy replaces
after each iteration, the A individuals with the worst biased fitness in the population
with the offspring just generated.

Other than that, after every epoch we check if there are clones in the population, that is,
if two individuals Py, P, are such that §(Py, P,) < 1+ A°-2|V|. If two clones are found, we
replace the individual with the worst fitness with a new offspring.

42



Chapter 2. Flying Sidekick Traveling Salesman Problem with Variable Drone Speeds

2.7 Computational Results

In this section, we discuss the computational results achieved by the exact solution
method (hereafter CF) described in Section 2.5 and by the metaheuristic solution method
(hereafter GA) described in Section 2.6. This section is organized as follows. Section
2.7.1 describes the test instances used in the computational experiments. Section 2.7.2
presents the results of CF. Section 2.7.3 analyzes the drone speeds associated with
an optimal FSTSP-VDS solution. Section 2.7.4 provides insights on fixed vs variable
drone speeds. In Section 2.7.5, we compare the results achieved by GA with those
achieved by Raj and Murray (2020) on single-drone FSTSP-VDS instances with up to 100
customers, available at https://github.com/optimatorlab/mFSTSP-VDS. In Section
2.7.6, we assess GA on two FSTSP variants with up to 99 customers in which the drone
speed is assumed to be constant. Finally, in Section 2.7.7, we evaluate the impact of the
main key components proposed in GA.

The computational tests of Raj and Murray (2020) have been performed on an Intel
i7-6700 processor with 16 GB RAM running Ubuntu 14.04. Both CF and GA have been
implemented in C and compiled with GCC 11.4 and with the optimization flag -O3.
All experiments have been conducted on a 64-bit desktop computer with an AMD
Ryzen 5 PRO 4650GE processor running at 3.3GHz and with 16 GB of RAM on a
GNU/Linux Ubuntu 22.04.2 LTS operating system. The MILP formulation of CF was
solved with CPLEX 22.1.1 with a time limit of one hour. We use the default parameters
of CPLEX, except for CPX_PARAM_THREADS, set equal to 1 to use a single thread,
CPX_PARAM_EPINT (set to 0 to decrease integrality tolerance), CPX_PARAM_EPRHS
(set to le-6 to decrease feasibility tolerance) and CPX_PARAM_EPGAP (set to 1e-5 to
decrease relative MIP gap tolerance).

The minimum and maximum travel times of all feasible drone legs are computed
in preprocessing as described in Section 2.4 using the derivative-free optimization
algorithm COBYLA of the open-source non-linear-optimization library NLopt 2.7.1
of Johnson (2007). We set a feasibility tolerance equal to 1le-6, a relative tolerance on
the optimization variables equal to le-6, and a relative optimality tolerance of le-8.
We impose a maximum number of NLopt iterations equal to 500 and 800 respectively
for the minimum and maximum drone leg travel time optimization problems. If an
optimization problem terminates before reaching the maximum number of iterations,
we set the optimal (minimum or maximum) drone leg travel time equal to the returned
optimal solution’s cost. Otherwise, if we are solving the minimization (maximization)
problem, we define an upper (lower) bound as the best feasible solution found during
the optimization procedure and a lower (upper) bound as the travel time required to
traverse the drone leg at the maximum (minimum) speed. We then apply the bisection
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method until the difference between the lower and upper bound is not greater than
le-6 by solving at each step the convex optimization problem (2.5) to determine the
minimum energy required to traverse a drone leg in a target time. In this case, we
solve (2.5) without imposing any limit on the number of iterations. To reduce the
computational burden of this phase, we apply the bisection procedure just described
only for the exact method CF or if NLopt returns an error, otherwise we define the
minimum/maximum drone leg travel time as the best feasible solution’s cost found
during the optimization procedure.

All computing times reported in this section are in seconds. Due to the problem
complexity, CF was tested only on FSTSP-VDS instances with 10 customers. For each
instance tested, both CF and GA are executed 10 times with a different random seed
from 0 to 9. The parameters of GA used in the experiments have been defined after
some preliminary testing on a subset of instances and can be found in Table 2.3. The
source code and the solutions obtained in these experiments are available at http:
//github.com/federicomichelotto/FSTSP-VDS.

Parameter Meaning Value
Aepochs Number of iterations 2000
Al Population size 400
AY Number of offspring in a generation 20
Aclose Number of close individuals considered for distance evaluation 15
At Biased fitness trade-off parameter 0.92
Amax Max iterations without improvement 400
Ab Max truck leg length 12
AT Max length of partial chromosomes to consider during crossover 30
A" Fraction of individuals to reset during diversification 0.9
A Max percentage of chromosome sharing 0.03

Table 2.3: GA parameters.

2.7.1 Test Instances

The FSTSP-VDS instances used in these experiments are the ones introduced by Raj
and Murray (2020), available at https://github. com/optimatorlab/mFSTSP-VDS. For
this set of instances, the maximum payload capacity is 5 lIbs, and parcel weights are
randomly chosen to be integer between 1 and 5 Ibs for 85% of the customers, and more
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than 5 Ibs for the remaining customers. Thus, the set of possible drone payloads is
equal to W = {0,1,2,3,4,5}. For each w € W, the second order derivative of EFM(v, w)
with respect to v, is a function whose numerator and denominator are strictly positive
functions for v > 0, and consequently, E"™(v,w) is convex for v > 0 for each w € W.
Therefore, for each drone leg, the set of feasible drone leg travel times is a convex
set.

The test set consists of two sets with customer locations in the Seattle and Washington
area. The first set consists of 10 problems for each of four levels of the number of
customers (10, 25, 50, and 100) generated on a fixed service area of 918.0 km?, for a
total of 40 problem instances. The second set consists of 10 problems, each one with 50
customers, for each of four levels of service area (57.4, 229.5, 516.4, and 918.0 km?), for a
total of 40 problems. In the following, we will refer to these two datasets as dataset A
and B. In all instances, customer locations are generated from a uniform distribution on
the road network within the service area. For each level of customers and each level of
service area, 5 instances featured a centrally-located depot and 5 instances contained a
depot at the periphery. The drone battery capacity is equal to B = 500 k]J. The takeoff
and landing drone speeds are constants and set respectively to 10 m/s and 5 m/s. The
cruise altitude h is set to 50 meters. Truck and drone delivery times o7 and o are set to
30 and 60 seconds respectively. Drone launch and retrieval times, s; and sg, are set to 60
and 30 seconds respectively. The distance d between two locations is computed using
the Haversine distance formula as follows

d = 2R arcsin (\/sin2 (92 ;91 ) + cos(6) cos(B2) sin® <—¢2 ; 1 ))

Where 61, ¢; represent the latitude and longitude of the first location, 65, ¢, the latitude

and longitude of the second location, and R = 6378100.0 denotes the radius of the earth in
meters. The Liu et al. (2017) model is used to characterize the drone power consumption
with respect to speed and payload weight, whose parameters are defined in Section

2.3.1. We test all instances with different maximum drone speeds v2_ = = 10, 20, 30, 40
m/s, for a total of 320 instances. The minimum drone speed v2, is set equal to 0.1

m/s.

The FSTSP instances used in these experiments are the ones used by Blufstein et al.
(2024) (available at https://github.com/fsoulignac/tspd-release), an adaptation of
the instances originally introduced by Poikonen et al. (2019) for the TSP-D. In particular,
the test set consists of 250 instances with n = 9,19, ..., 99 customers, 25 for each problem
size. The instances were created by randomly locating the depot and the customers on a
50-by-50 grid using a uniform distribution on both axes. Given two locations i and j and
the corresponding x, y coordinates (x;, y;) and (x;, y;), truck travel times are computed
according to the Manhattan (taxicab) metric, i.e., tl-Tj = ||x; — xj| + [yi — jjl], drone travel
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times are instead computed according to the Euclidean distance metric at a speed that is

u times faster than the truck, i.e., t{:j) = [/11 \/ (xi — x;)2 + (i — j;j)?]. Each instance is solved
with p = 1, 2,3, for a total of 750 instances.

2.7.2 Compact Formulation

In this section, we evaluate the proposed exact method CF on the ten instances with 10

customers of dataset A. Table 2.4 evaluates CF for different values of v%), : 10, 20, 30 and

40 m/s. Column instance reports the name of the instance evaluated. All instances begin
with the prefix 20191230T1, which, for clarity, has been omitted from the table. Columns
root and A report respectively the integrality gap, and the gap between the optimal
solution obtained and the optimal solution for the FSTSP-VDS when v, = 40 m/s.

max

Specifically, the integrality gap is measured as (z* — LB0)/z*, where z* is the optimal
solution cost and LBO is the linear relaxation cost. Column time reports the overall
computing time, including preprocessing.

First of all, all instances tested have been solved to optimality by CF. The average

computing time goes from 160.27 seconds when vl . = 10 m/s to 64.04 seconds when

vD . = 40 m/s. The average integrality gap is about 50% independently of the value of
D

vmax *

and 0.18% for v?

max
impact of serving the combined customers just after the truck arrival, i.e., « = 1in CF,

Clearly, A is higher for lower values of vl,., and it is respectively 19.60%, 3.08%

max’

values equal to 10, 20 and 30 m/s. Furthermore, we evaluated the

rather than allowing the three possible ways depicted in Figure 2.1. In this case, the
makespan increases by 0.38% on average, up to a maximum of 1.26%.

D _ D _ D _ D _
Instance Uppax = 10 Upax = 20 Upax = 30 Upax = 40

root A time root A time root A time root A time

45624016194 53.56 2857 302.82 4587 7.98 34.16 4155 0.00 1450 4155 0.00 12.68
45645377021 4227 1511 71.19 4637 4.19 149.41 4412 0.00 87.38 4412 0.00 145.74
45706863992 41.70 22.12 80.02 56.45 194 69.14 5561 0.00 1431 5561 0.00 11.07
45728368390 48.78 20.50 189.96 43.22 4.18 152.17 40.84 0.00 72.14 40.84 0.00 84.50
45749863540 40.36 11.75 159.23 36.71 095 7891 36.11 0.00 30.80 36.11 0.00 31.34
45854314056 47.77 16.25 251.93 5341 129 173.42 5281 0.00 150.00 52.81 0.00 134.67
45916460302 53.90 30.71 299.20 56.61 7.13 170.68 5433 179 71.18 5351 0.00 8513
45938067895 57.92 15.05 109.05 52.06 0.15 11849 5199 0.00 91.32 5199 0.00 78.53
45959409904 47.06 28.85 42.61 48.22 243 6730 46.97 0.02 29.07 46.96 0.00 30.20
50020711011 4430 7.06 96.71 5229 052 66.31 5204 0.00 29.73 52.04 0.00 26.49

All 47.76 19.60 160.27 49.12 3.08 108.00 47.64 0.18 59.04 4755 0.00 64.04

Table 2.4: Computational results of CF for different maximum drone speeds.
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2.7.3 Optimal Drone Speeds

Observe that, in general, a drone leg (i, j, k) € Z can be completed in t € [tl ko T ] seconds
(considering the potential hovering above the rendezvous node) by more than one drone
speed configuration (v}, v Jk), and that the set of all possible drone speed configurations
is convex if the drone energy-per-meter function is convex (see Section 2.4 and in
particular, formulation (2.5)). Therefore, reporting the drone speeds associated with a
FSTSP-VDS solution is not always possible. This section addresses this point and aims
to provide meaningful insights.

Figure 2.7 depicts the optimal solution found for the ten-customer instance 45624016194
of dataset A. Table 2.5 shows the main features of the operations in this solution.
Columns i, j and k denote, respectively, the takeoff node, the drone customer, and the
rendezvous node. Column ¢!, denotes the truck leg travel time to go from i to k,
including the delivery times to serve all customers in between, and, for the sake of
simplicity, also customer k since all rendezvous customers in this solution are served
before the truck and drone synchronization (e = 1). Columns tl i and T; ]k denote,
respectively, the minimum and maximum drone leg travel times. Therefore, the optimal
drone leg travel time for each operation must be equal to max{t? ke
maximum of these two values is highlighted in bold. Column w! denotes the waiting

tI .} seconds, and the

tlme of the truck for the drone arrival at the rendezvous node k, computed as max{t , —

l Jk, 0.0}. Columns o}; and v v denote the feasible drone speed configurations that allows

to complete the drone leg (l j.k) € Z (considering the potential hovering above the

rendezvous node) in exactly max{tl ko l_),c

is minimized. To compute these quantities, we solved the convex optimization problem

} seconds, in a way that the energy consumption

(2.5). Finally, column V7 (V) ks Tesp.) denotes the convex set of drone speeds to go from i
to j (from j to k, resp.) such that there exists at least a feasible drone speed to go from
jtok (from i to j, resp.) that allows to complete the drone leg (i, j, k) € Z (considering
the potential hovering above the rendezvous node) in exactly max{tl ko
without exceeding the battery capacity. To compute these convex sets, we implemented

t!' .} seconds

a bisection procedure that recursively solves a sub-problem of 2.5 in which either ¢ or
tjDk is fixed. Note that the cartesian product V2 x Vﬁc is a super-set of the convex set of
all feasible drone speed configurations. All times and speeds reported in Table 2.5 are
expressed, respectively, in seconds and meters/second.

The solution’s makespan is equal to the sum of all times reported in Figure 2.7 (truck
travel and waiting times), plus the time required to launch the drone (s; = 60 seconds)
and retrieve it (sg = 30 seconds) multiplied by the number of drone legs in the solution
(5), yielding a total of 4754.38 seconds.

Notice that the duration of the first three operations is given by tfj).k since the truck must
wait for the drone, and the possible speed ranges are quite small. On the other hand, in

47



Chapter 2. Flying Sidekick Traveling Salesman Problem with Variable Drone Speeds

the last two operations whose duration is equal to ¢, since the drone must wait for
the truck, and the possible drone speed ranges are much larger.

43.59

.
.

Figure 2.7: Optimal solution for the instance 45624016194 with a makespan of 4754.38 seconds.
Values above the edges and close to the rendezvous nodes denote, respectively, the truck travel
times and truck waiting times for the drone arrival, in seconds. Since all rendezvous customers
are served before the truck and drone synchronization in this solution, truck delivery times
have been included in the truck travel times. Times related to the drone launching and retrieval

operations are not shown and are equal to s;, + sg = 90 seconds for each drone leg.

i j k o, thy T wl oy v v Vi

0 3 7 159630 1671.07 216250 7477 2058 16.14 [20.58, 20.58] [16.14, 16.14]
7 5 1 30844 368.53 248557 60.00 34.11 32.96 [34.10,34.11] [32.96, 32.96]
1 4 10 100358 1047.17 2473.26 43.59 22.60 21.60 [22.60,22.60] [21.60, 21.60]
10 8 9 820090 77951 243447 000 2210 24.87 [20.64,20.73] [19.92, 26.71]
9 6 0 397.52  380.72 239055 0.00 30.03 3454 [20.25, 36.74] [27.57, 35.87]

Table 2.5: Main features of the operations corresponding to the optimal solution depicted in
Figure 2.7.

2.7.4 Fixed vs Variable Drone Speeds

Figure 2.8 illustrates the advantage of not fixing a priori the drone speed over the ten
instances with ten customers solved with CF. The figure shows how the gap with respect
to the optimal FSTSP-VDS solution with v . = 40 m/s is affected by varying the value

max
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of vD,., both when the drone speed is fixed and when it is not. All instances have
been solved to optimality. The red line represents the average gap when the drone
speed is not fixed, i.e., the A values of Table 2.4. The blue line denotes the average gap
is 10

or 20 m/s, fixing or not the drone speed produces a gap difference of 0.0% and 1.99%
D D

max max

when the drone speed is fixed to the maximum allowed speed v2,.. When v

respectively. Instead, when v, is 30 or 40 m/s, fixing the drone speed to v;,,, results
in a gap increase of 22.82% and 32.06%, respectively. The best results when the drone
speed is fixed have been obtained with a speed of 20 m/s; however, even in this case,
the gap with respect to the optimal FSTSP-VDS solution with v2_ = = 40 m/s is 5.07%.
Finally, we also evaluated the case in which the drone speed for each drone flight is
set equal to the speed that maximizes the drone range (it depends only on the payload

weight) and obtained a gap of 7.79%, even larger than always flying at 20 m/s.

T T
—e— fixed
30 | . g
—m— variable
;\3 20 | g
Q.
(4]
)
10 | g
0 | |
| | | |

10 20 30 40

Umax (M/5)

Figure 2.8: Average gap with respect to the optimal FSTSP-VDS solutions with vL . = 40 m/s,

max
D

max-*

for different maximum drone speeds. In blue, the drone speed is fixed and equal to v;,,,.. In red,

D D
min and Umnax-

the drone speed is variable and can vary between v

2.7.5 Genetic Algorithm on FSTSP-VDS instances

In this section, we assess GA on FSTSP-VDS instances. To the best of our knowledge, the
only known solution method for the FSTSP-VDS in literature is the heuristic method
of Raj and Murray (2020), hereafter RM. Therefore, we refer to the best-known solution
as the best solution between our method GA and RM for the instances with more than
ten customers, and the optimal solutions obtained by CF for the instances with ten
customers.

Tables 2.6 and 2.7 compare GA with RM respectively on the dataset A and B. Columns min
and avg report, respectively, the aggregate average gap and the aggregate minimum
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gap, in percentage, with respect to best-known solutions, columns preprocessing and
time report the average preprocessing time required to compute the minimum and
maximum drone leg time of all drone legs, and the average overall computing time,
including preprocessing.

For all instances, the best-known solution was obtained by GA. For all instances with 10
customers, GA was able to find an optimal solution, for each seed tested. Across the 160
instances of dataset A, the aggregate average gap is 0.16% for the proposed method GA
and 7.78% for RM. The computing time of GA ranges from a few seconds on the instances
with ten customers up to about 10 minutes on the instances with 100 customers. The
computing time of RM is significantly lower than GA up to 50 customers, but it reduces
as the instance size increases, and on the largest instances with 100 customers, the
two methods have comparable computing times, showing that GA scales better than RM.
The preprocessing time grows exponentially and requires hundreds of seconds on the
largest set of instances with 100 customers. No significant differences can be observed
on dataset B.

GA RM
IN|  wD.. min avg preprocessing time avg time
10 0.00 0.00 0.29 6.94 455 0.32
10 20 0.00 0.00 0.09 6.40 4.87 0.28
30 0.00 0.00 0.11 6.41 6.73 0.20
40 0.00 0.00 0.12 6.42  7.07 0.20
10 0.00 0.00 4.09 4355 7.93 3.56
o 20 0.00 0.01 130 2730 7.15 3.24
30 0.00 o0.07 1.60 2743 7.09 2.81
40 0.00 0.00 1.86 2824 7.34 2.83
10 0.00 0.08 35.78 157.14 921  28.92
50 20 0.00 0.15 11.54 91.05 1047 31.01
30 0.00 0.22 1420 9056 7.82 28.43
40 0.00 0.29 16.65 91.83 8.68  28.50
10 0.00 0.37 274.66 735.30 9.74 491.46
100 20 0.00 0.45 9297 41199 8.42 580.25
30 0.00 0.46 109.78 400.82 8.41 465.52
40 0.00 0.48 128.89 412.08 9.06 454.70
10 0.00 0.11 7.86
All 20 0.00 0.15 7.72
30 0.00 0.19 7.51
40 0.00 0.19 8.04
All 0.00 0.16 7.78

Table 2.6: Comparison between GA and RM for different maximum drone speeds on dataset A.
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GA RM
IN| vD.. min avg preprocessing  time avg  time
10 0.00 0.17 84.74 191.21 7.73 36.03
50 20 0.00 0.17 1416 91.20 7.72 34.33
30 0.00 0.19 24.06 96.81 5.92 28.96
40 0.00 0.22 31.00 10291 6.12 27.99
All 0.00 0.19 6.87

Table 2.7: Comparison between GA and RM for different maximum drone speeds on dataset B.

Instance z time gap 10 gap 20 gap 30 gap 40 gap_ range
20191230T145624016194 4694.47  12.59 28.57 9.60 18.86 45.32 12.26
20191230T145645377021 4657.36 144.69 15.11 6.77 28.08 28.08 6.70
20191230T145706863992 4339.44  10.99 22.12 1.94 16.09 35.68 7.26
20191230T145728368390 5263.51  83.80 20.50 5.04 23.91 37.03 9.97
20191230T145749863540 5370.37  31.16 11.75 2.60 10.20 15.57 4.26
20191230T145854314056 5996.43 133.29 16.25 4.78 22.83 25.45 4.83
20191230T145916460302 3886.97  84.45 30.71 7.13 30.57 40.32 11.99
20191230T145938067895 6225.81  77.96 15.05 5.06 21.04 30.04 6.88
20191230T145959409904 4380.39  29.92 28.85 6.59 46.81 49.11 11.72
20191230T150020711011 4890.98  26.29 7.06 1.18 11.63 19.94 2.07

All 63.51 19.60 5.07 23.00 32.66 7.79

Table 2.8: Comparison between variable and constant drone speed on optimally solved FSTSP-
VDS instances with 10 customers.

2.7.6 Genetic Algorithm on FSTSP instances

In this Section we evaluate the computational results of GA on FSTSP instances with
respect to the solutions found by the exact solution method of Blufstein et al. (2024)
(hereafter PFA). Table 2.9 reports the computational results of GA on two FSTSP variants
evaluated by Blufstein et al. (2024), named, BASE and MHD. In the BASE variant, the
drone endurance is infinite, a node must be visited exactly once, and the drone cannot be
launched and retrieved in the same location. The MHD variant has the same constraints
as the BASE variant, plus the following ones. The drone has a finite endurance equal
to e = 20, it cannot land and wait at the rendezvous location, the time to launch and
retrieve the drone requires a time equal to s; = sg = 1, and 20% of customers are drone-
incompatible (in particular, a customer j € N is drone-incompatible if j — 1 is a multiple
of 5). The launch time s;, of the operations that start from the depot is not taken into
account. Following Blufstein et al. (2024), for instances with n > 49 customers, nodes’
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coordinates, e, s; and sg are multiplied by 100. The results of PFA were obtained with a
time limit of one hour, and to the best of our knowledge, all best-known solutions for
this set of instances belong to PFA.
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BASE MHD
INf g ¥ opt min avg avg opt time ¥ opt min avg avg opt time
1 25 25 0.00 0.00 0.00 503 25 25 0.00 0.00 0.00 5.09
9 2 25 25 0.00 0.00 0.00 499 25 25 0.00 0.00 0.00 5.08
3 25 25 0.00 0.00 0.00 499 25 25 0.00 0.00 0.00 5.02
1 25 25 0.00 0.00 0.00 11.09 25 25 0.00 0.00 0.00 14.01
19 2 25 25 0.00 0.01 0.01 1047 25 25 0.00 0.00 0.00 12.12
3 25 25 0.00 0.03 0.03 1038 25 25 0.00 0.01 0.01 10.59
1 25 25 0.00 0.01 0.01 2172 25 25 0.00 0.00 0.00 29.98
29 2 25 25 0.00 0.03 0.03 1920 25 25 0.00 0.02 0.02 2293
3 25 23 011 0.37 037 1874 25 25 0.00 0.08 0.08  19.17
1 25 25 0.00 0.04 0.04 3498 25 25 0.00 0.00 0.00  49.20
39 2 25 24 0.02 0.23 023 2845 25 25 0.00 0.04 0.04 35.76
3 25 20 0.18 0.52 0.52 2679 25 23 0.07 0.24 024  29.30
1 25 22 0.01 0.07 0.07 4952 25 25 0.00 0.01 0.01 77.04
49 2 25 24 0.01 0.23 023 3464 25 21 0.02 0.08 0.08 47.43
3 25 15 0.09 0.55 0.55 3317 25 17 0.10 0.45 045 37.71
1 25 21 0.02 0.17 0.17 61.80 25 25 0.00 0.05 0.05 103.10
59 2 25 19 0.04 0.38 0.38 4483 25 21 0.03 0.22 022 61.82
3 25 15 0.10 0.59 059 4291 22 11 0.15 0.38 0.39 50.45
1 25 23 0.00 0.18 0.18 78.17 23 23 0.00 0.09 0.08 126.97
69 2 25 13 0.07 0.47 0.47 5990 23 14 0.08 0.50 0.52  81.68
3 23 10 013 0.72 0.72 57.64 16 4 009 041 0.49 67.70
1 23 19 0.01 0.28 0.27 97.02 20 17 0.02 0.20 0.21 153.56
79 2 22 8 0.11 0.49 0.50 7474 18 4 019 0.63 0.72 102.51
3 23 2 034 1.02 098 7146 17 0 023 0.72 0.72 84.68
1 13 11 0.01 0.45 0.53 12366 11 9 0.00 0.20 0.16 189.22
89 2 19 3 018 0.83 0.82 93.74 8 0 0.17 0.59 0.87 131.94
3 17 1 056 1.30 132 9282 6 0 0.17 0.64 1.00 107.59
1 1 1 0.00 0.49 0.11 152.16 1 0 0.00 0.44 0.27 230.49
9 2 10 2 0.09 0.90 0.83 118.65 0 0.04 0.80 1.26 163.29
3 8 0.16 1.30 1.52 114.10 1 0 0.10 0.68 0.72 132.40
1 212 197 0.01 0.17 0.12 205 199 0.00 0.10 0.05
All 2 226 168 0.05 0.36 0.30 202 160 0.05 0.29 0.22
3 221 136 0.17 0.64 0.57 187 130 0.09 0.36 0.29
All 659 501 0.07 0.39 0.33 594 489 0.05 0.25 0.18

Table 2.9: Computational Results of GA on FSTSP instances.

Columns ¥ and opt indicate respectively the number of instances solved to optimality
by PFA, and how many of these instances are solved to optimality by GA, by at least one
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run. Columns min and avg report respectively the aggregate minimum and average
percentage gap of GA with respect to the best-known solutions. Column avg_ opt reports
the aggregate average percentage gap of GA with respect only to the optimal solutions
found by PFA. Column time reports the average computing time of GA in seconds.

For the BASE configuration, GA obtains an aggregate minimum and average gap with
respect to the best-known solutions respectively of 0.07% and 0.39%. GA obtains an
aggregate average gap of 0.33% with respect to the 659 proven optimal solutions found
by PFA, and for 501 of them, GA finds an optimal solution (0.76%). When the drone
endurance is limited (MHD) GA obtains an aggregate minimum and average gap with
respect to the best-known solutions respectively of 0.05% and 0.25%. For the MHD
variant, GA obtains an aggregate average gap of 0.18% with respect to the 594 proven
optimal solutions found by PFA, and for 489 of them, GA finds an optimal solution
(0.82%). The average computing time on these instances ranges from a few seconds on
the smallest instances with 9 customers up to about 4 minutes on the largest instances
with 99 customers. If we analyze the gap with respect to the different drone flying
speed levels u = 1, 2,3, we observe an aggregate average gap respectively equal to 0.17%,
0.36%, and 0.64% for the BASE variant, and a gap equal to 0.10%, 0.29% and 0.36% for
the MHD variant. Both for the BASE and the MHD variant, the increase of y (i.e., the
increase of the drone speed) is associated with an increase in the gap. It is worth noting
that for y = 1, GA was able to find an optimal solution for all but 21 (6 if we consider
only the MHD variant) of the 417 instances tested. Moreover, GA was also able to find
optimal solutions for some of the largest instances with 99 customers.

2.7.7 Impact of Key Components of GA

In this section, we evaluate the impact of two key components of the proposed heuristic
method GA: the repair phase and the approximated split procedure. To evaluate the
effectiveness of these components — described in Section 2.6 — we compare the results
obtained by GA on Dataset A, against two variants, namely, GArepair and GAgpyit.-

In the variant GArepair, instead of using the split procedure to reinsert the missing cus-
tomers into the offspring chromosome, a more classical and simpler distance-based
reinsertion is adopted. In particular, the missing customers are reinserted one by one, in
random order, in one of the empty positions that minimizes the sum of distances to the
predecessor and successor nodes. Conversely, the variant GAg,);; removes the limit on
the truck leg length within the split procedure, equal to A® = 12.

Columns avg and time report the average gap and the computing time for each method,
respectively. To ensure a fair comparison, GArepair has not been evaluated with an
iteration-limit but, rather, with a time-limit equal to the average computing time ob-
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tained by GA to execute A°?°h$ = 2000 iterations, depending on the instance size |[N| and
D

max:*

the maximum drone speed v

For GArepair, the column time is replaced by the column iterations, which reports the
number of iterations executed by GArepair- The variant GArepair executes 10 to 100 times
more iterations than GA. However, it achieves gaps similar to those of GA only on the
ten-customer instances; thereafter, the gap grows substantially, reaching a gap of 17.10%

on the 100-customer instances with v?

max = 10 m/s. Overall, the variant GAgpy;; achieves

results comparable to those of GA, but at the cost of higher computing times. Some small
gap improvements can be observed on the 100-customer instances with v, . = {10, 40}
m/s; however, the computing time on these instances is two to three times higher than
that of GA.

GA GArepair GAsplit

IN| wD.. avg time  avg iterations avg  time

10 0.00 6.94 000 21782.10 0.00 6.96
20 0.00 6.40 0.02 72918.90 0.00 6.41

10
30 0.00 6.41 0.02 127013.10 0.00 6.42
40 0.00 6.42 0.06 204590.00 0.00 6.44
10 0.00 4355 1.87 22784.90 0.00 65.99
o5 20 001 2730 1.78 49843.80 0.01 37.11
30 0.07r 2743 227 88764.90 0.07 37.21
40 0.00 28.24 221 154214.20 0.00 38.42
10 0.08 157.14 6.66  22657.10 0.05 294.49
50 20 0.15 91.05 594 4930490 0.14 145.86
30 022 9056 6.77 85126.00 0.22  144.62
40 029 9183 598 142370.20 0.29  145.03
10 037 73530 17.10 22584.90 0.30 2005.46
100 20 0.45 41199 1542 50736.70 0.45 934.84
30 0.46 400.82 1552 83285.70 0.46  903.85
40 0.48 412.08 16.40 138589.10 0.40  906.59
10 0.11 6.41 0.09
Al 20 0.15 5.79 0.15
30 0.19 6.14 0.19
40 0.19 6.16 0.17
All 0.16 6.13 0.15

Table 2.10: Comparison between GA and two variants for different maximum drone speeds on
dataset A.
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2.8 Conclusions

Most drone-aided routing problems assume a constant drone energy consumption
model, that is, however, an assumption that does not hold in practice. The goal of this
work was to study and propose effective solution methods for a more realistic variant of
the Flying Sidekick Traveling Salesman Problem in which the drone power consumption
is modeled as a more realistic non-linear function with respect to the speed and parcel
weight.

We proposed an exact approach based on a compact MILP formulation and a genetic
algorithm. Both solutions are based on the idea of computing in advance the minimum
and maximum feasible drone leg travel times to avoid handling drone speeds as decision
variables. To do so, we showed that the set of feasible drone leg travel times of a generic
drone leg is convex if the energy-per-meter function is convex with respect to the speed,
and devised a procedure to compute the minimum and the maximum of this set.

We point out that the underlying assumption of our proposed methods, i.e., that the
energy-per-meter function that models the drone power consumption is convex with
respect to the speed, is not an isolated case, but instead, a common characteristic of
other popular drone energy models reported in literature, see for example Stolaroff et al.
(2018) and Zhang et al. (2021).

The resulting compact MILP formulation allows to easily solve to optimality FSTSP-VDS
instances with ten customers, but struggles with larger instances. For this purpose, we
devised a genetic algorithm and evaluated it both on FSTSP-VDS and FSTSP (in which
the drone speed is constant) instances. For the FSTSP-VDS, the proposed heuristic
obtains an average makespan improvement of about 7% with respect to the state-of-the-
art. Our heuristic also finds the optimal solutions of all the instances with ten customers
solved to optimality by the MILP formulation. Regarding the FSTSP, the proposed
heuristic obtains an average gap of 0.26% among the 1253 optimally solved instances
ranging from 9 to 99 customers, and finds an optimal solution for 990 of them, including
some of the largest instances with 99 customers.

From a managerial perspective, we investigated the impact of fixing the drone speed on
the overall makespan. To get reliable insights, we only solved the ten instances with 10
customers solvable by the MILP formulation. The results show that even a reasonable
drone speed like 10 m/s produces a massive increase of 19.60% in the makespan. At 20
m/s, the gap decreases to 5.07%, at 30 m/s and 40 m/s becomes respectively 23.00%
and 32.66%. Choosing the maximum range speed for each drone flight resulted in a
gap of 7.79%, greater than always flying at 20 m/s. These results suggest that choosing
over-conservative speeds or high speeds but too “expensive” or too stringent selection
policies, easily leads to a large increase in the makespan, and highlights the importance
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of the drone speeds selection. This becomes even more prominent if we observe that
these experiments have been performed on small instances with ten customers, thus,

we can expect even larger gaps on larger real-world instances.

Computing the minimum and maximum drone leg times for all drone legs can become
an issue when dealing with instances with more than 100 customers. For these instances,
however, only heuristic approaches seem practicable, and therefore one could think
of heuristic approaches also for computing these quantities, and of re-optimization
procedures to call at runtime for promising drone legs only.
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Chapter 3

Capacitated Vehicle Routing Problem

Is it possible to concurrently optimize different parts of a solution of a Capacitated
Vehicle Routing Problem such that the recombination of the optimized partial solutions
is still a feasible solution? The answer is clearly affirmative if the partial solutions to
be optimized consist of a disjoint subset of routes, as it happens in the route-based
decomposition scheme. In the other cases, the answer is unknown. This work addresses
this question and unveils a counterintuitive property of the Capacitated Vehicle Routing
Problem. A new decomposition scheme based on this property is proposed, named
sequence-based decomposition.

3.1 Introduction

Historically, Vehicle Routing Problems (VRPs) were approached with exact methods,
such as branch-and-bound, branch-and-cut and branch-and-price techniques. While
these methods guarantee optimal solutions, their applicability is often limited to small
or medium-sized instances due to their computational complexity. The advent of meta-
heuristics, including genetic algorithms, simulated annealing, and tabu search, marked
a significant shift by offering approximate solutions for larger problems, balancing
solution quality with computational efficiency. However, algorithms and methods that
work well for small to medium-sized instances may struggle or fail to scale effectively to
larger problems. Large-scale VRP instances present unique challenges and opportunities
in the field of combinatorial optimization. As the scale of these instances increases, the
complexity of solving them grows exponentially due to the larger number of customers,
vehicles, and potential routes.

Decomposition methods are crucial for addressing large-scale VRP instances. Rooted in
the divide-and-conquer principle, decomposition methods consist of splitting the original
(large-scale) problem into several smaller sub-problems, which can be solved far more
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efficiently than the original one. After obtaining the solutions to these sub-problems,
they are combined to form a solution for the original problem. We direct the reader to
Santini et al. (2023) for an exhaustive analysis of decomposition strategies for vehicle
routing problems.

To the best of our knowledge, the only known decomposition scheme that can be applied
to a solution of a Capacitated Vehicle Routing Problem (CVRP) is the so-called route-based
decomposition scheme'!. The route-based decomposition scheme consists of partitioning
the set of routes in the solution to generate independent sub-problems, solving the
sub-problems, and then merging the corresponding sub-solutions. Since the resulting
sub-solutions are independent of each other by definition, the merging operation is
simply the union of the sub-solutions obtained by solving each sub-problem.

The main limitation of the route-based decomposition is clearly that the number of sub-
problems that can be generated is limited by the number of routes in solution, and this
number can be small even on large-scale instances if the vehicle capacity is large (see,
for example, some large-scale instances proposed by Arnold et al. (2019)). Furthermore,
when the number of routes in the solution is relatively small with respect to the number
of sub-problems to be generated, it may happen that just few, if not just one, routes
are assigned to a sub-problem, thus strongly limiting the possibility to obtain better
solutions. In fact, in order to achieve an effective optimization, sub-problems should be
able to work on a significant number of routes such that the inter-route optimization is
not excessively restricted.

In this work, we present a novel decomposition scheme for the CVRP, named sequence-
based decomposition, that generalizes the route-based decomposition by allowing different
sub-problems to concurrently optimize different parts of the same route. In this case,
the potential number of sub-problems that can be generated is no longer limited by the
number of existing routes in the solution.

3.2 Problem Definition

The CVRP can be formally described as follows. A complete undirected graph G = (V, E)
is given. The node set V is defined as V = {0} U N, where 0 represents the depot and
N ={1,2,...,n} a set of n € IN" customers to serve, each with a known positive demand
gi,i € [1,n]. With each pair of nodes (i, j) € E is associated a non-negative travel cost
cij = cji > 0. A fleet of identical vehicles of capacity Q located at the depot has to fulfill
customer demands. A feasible vehicle route R = (0, vy, vy, ..., Uy, 0) with r € N7, is a simple

1A path-based decomposition scheme is mentioned in Santini et al. (2023). However, such a technique
is not a decomposition scheme, but rather, a fixing procedure, since only one sub-problem is generated.
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tour in G starting from the depot, visiting nodes vy, v, ...,v, and returning back to the
depot such that the total demand of the visited customers does not exceed the vehicle
capacity Q. A feasible CVRP solution 7 = {Ry, R, ..., Rz}, is a set of feasible routes such
that each customer is served exactly once. The CVRP consists of finding a feasible
solution with minimum cost.

Observe that the edges selected by a CVRP solution form a multiset (i.e., a set with mul-
tiplicity), since an edge can be selected twice in case of single-customer routes. However,
for the sake of conciseness, we could omit the prefix “multi” in the following.

3.3 Sequence-based Decomposition

The proposed sequence-based decomposition scheme creates M € IN* complementary
sub-problems P;,i = 1,2,..,M, from a given feasible CVRP solution z. Let E, be the
multiset of edges selected by solution 7, and {Ej, Es, ..., Ep} a partition of E,, then, each
sub-problem P; is defined by fixing the edges E, \ E;. Since the edges E; C E, are not
fixed only in sub-problem P;, we say that the edges E; are “assigned” to sub-problem
P;. The partition {E;, E;..., E;} must be defined such that, for each route, at most one
contiguous sequence of edges selected by 7 is assigned to the same sub-problem. The
solution resulting from the decomposition 7* is defined as the union of the free edges
selected by the sub-problems’ final solutions x;,i = 1,2,..., M, where by free edge we
mean an edge not fixed.

Figure 3.1 shows a CVRP solution 7 in which the solution’s edges E,, are partitioned into
three multisubsets E;, E; and E3. Observe that for each route R € x, the residual capacity,
defined as Q — Y cg qv, is greater than 0. Figure 3.2 shows an example of an infeasible
solution 7* obtained from decomposing the solution 7 into three sub-problems defined
by Ei, E; and E3. The solution 7 in Figure 3.2 is indeed infeasible because it contains a
route exceeding the vehicle capacity and subtour.

However, we will show in the following sections that both types of infeasibilities come
from the residual capacity in the routes of the initial solution =, and that, surprisingly,
a feasible solution is always returned if the residual capacity is removed from the
initial solution. Therefore, before generating the sub-problems, an augmentation phase
is applied to remove the residual capacity possibly present in the initial solution’s
routes.

Section 3.3 describes the four phases of the proposed sequence-based decomposition
scheme: (i) partitioning, (ii) augmentation, (iii) sub-problems generation, and (iv)

merging.

Section 3.4 shows that the resulting solution of the proposed sequence-based decompo-
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sition scheme is guaranteed to be feasible, i.e., (i) cannot have routes that exceed the
vehicle capacity and (ii) cannot have subtours. In all the following figures, superscripts
inside nodes denote the nodes” demands.

Note that the solution and the corresponding partitioning shown in Figure 3.1 will be
used as reference throughout this work.

.

Figure 3.1: Example of a CVRP solution 7 for an instance with n = 8 customers and a vehicle
capacity Q = 6. Superscripts denote customers’ demands. The solution’s edge multiset E, is par-
titioned into three multisubsets E; = {(0,1),(3,5), (3,6)}, E» = {(0, 1), (0, 2), (0, 2), (0, 4), (0, 8), (4, 6)}
and Es; = {(0,5),(0,7),(7,8)}. The partitioning is also depicted in figure by using different line
styles, respectively, dashes, dots, and dashes alternated with dots. Observe that all routes have

some residual capacity.

3.3.1 Partitioning Phase

Let 7 be a feasible solution and E, be the set of edges selected by solution z. The
partitioning phase defines a partition {E;, E;, ..., Ep} of E, such that, for each route R € r,
no more than one contiguous sequence of edges is assigned to E;,i € [1, M]. Sequences
of only one edge are allowed. Figure 3.1 shows an example of a feasible CVRP solution
whose edges are partitioned into three subsets. We say that ¢ € N is a conjunction customer
if its two incident edges belong to different partition sets, and we refer to N’ C N as the
set of conjunction customers defined in the partitioning phase. For example, the set of
conjunction customers defined by the partition in Figure 3.1is N’ = {1, 5,6, 8}.

3.3.2 Augmentation Phase

Let Ag be the set of contiguous sequences of edges of route R € 7 defined in the
partitioning phase. Then, a new solution 7, hereafter called augmented solution of x,
is defined such that each sequence of edges S = ((vy,v1), (v1,02), ..., (Vk—1, V%)) € Ar,k €
IN*, vo,v1, ..., € V, is replaced by the edges (vo,vs), (us,vr), where vs is a new node,
hereafter called augmented node, which replaces k — 1 nodes vy, vy, ..., vk—1. Observe that
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(g) =~

Figure 3.2: Example of infeasible decomposition. The solution in Figure 3.1 is decomposed
into three sub-problems P;,i = 1,2,3, each one defined by fixing the edges E, \ E;, where E;
denotes the edges assigned to sub-problem i as defined in Figure 3.1. Solutions =; and 7z}’
denote respectively the initial and final solutions for sub-problem P;. The resulting solution 7™ is
obtained by merging the free edges of solutions 77, 7; and 5. Observe that 7* is infeasible since
it contains a subtour and a route that exceeds the vehicle capacity Q = 6.

if k = 1, no node is replaced by vs. The augmented node vs is defined as follows. Its
demand is non-negative and not smaller than the cumulative demand of the replaced
customers, q,, > Y5 g,. The traveling cost to go from any node i € V to node vs is
civs = Civ,, and the traveling cost to go from node vs to any node i € V is ¢, = ¢y_,i-

Moreover, the augmented nodes” demands must be defined such that there is no residual
capacity in the augmented solution’s routes, i.e., ) ,cp gy = Q, VR € 7. We refer to Y as

62



Chapter 3. Capacitated Vehicle Routing Problem

the set of augmented nodes defined during the augmentation phase. Observe that the
augmented solution 7 contains only augmented nodes and conjunction customers. An
example of augmented solution is shown in Figure 3.3.

3.3.3 Sub-problems Generation Phase

Starting from the augmented solution 7, each sub-problem P;,i € [1, M], is defined by
a solution 7; in which each augmented node v € Y assigned to P; is expanded into the
original sequences of edges replaced by v during the augmentation phase. Furthermore,
the edges incident to all remaining augmented nodes are fixed. Figure 3.4 shows an
example of three sub-problems generated from the augmented solution of Figure 3.3.
Note that the partial solutions of 7; and 73 shown in Figure 3.2 are not feasible for the
augmented sub-problems in Figure 3.4 because they would violate the vehicle capacity
in the corresponding sub-problems.

3.3.4 Merging Phase

Let 7;* be the final solution obtained from the optimization of sub-problem P,,i € [1, M].
Let us denote the sequences of free edges selected by 7}, as the partial solution of ;.
Then, a new solution 7™ is obtained by concatenating the partial solutions of all sub-
problems 7z;,i € [1,M]. Since, by definition, each customer that is not a conjunction
customer v € N \ N’ appears exactly in one sub-problem, and each conjunction customer
¢ € N’ is a terminal node of exactly two partial solutions, we have the guarantee that
each customer in solution 7™ will have exactly two edges incident to it. Figure 3.6 shows
the resulting solution obtained from merging the three solutions in Figure 3.5.

Here, we recap the notation that will be used in throughout this work. The current
solution is denoted with 7, and the augmented solution with 7. For each subproblem
P, m; represents its initial solution, while 7;" denotes the final solution obtained after
optimization. The merged solution resulting from combining all subproblem solutions
is denoted by 7*.
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A @
10, E@

Figure 3.3: An augmented solution 7 of the solution 7 of Figure 3.1. Nodes A, B,..,H €Y are
augmented nodes. Nodes 1,5,6,8 € N’ are conjunction customers. Observe that the augmented
nodes’ demands are defined such that there is no residual capacity. Other augmented solutions
can be obtained by changing the demands of the augmented nodes as long as there is no residual
capacity and the demand of nodes B,C, H is at least 1.

Figure 3.5: Sub-problems’ final solutions 7z}, 75, 75. Observe that the partial solutions of 7; and
73 shown in Figure 3.2 are not feasible for these augmented sub-problems because they would
violate the vehicle capacity in the corresponding sub-problems.
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Figure 3.6: Feasible resulting solution 7* obtained by merging the free edges of solutions

* * *
Ty, Ty, Ty

3.4 Proof of Feasibility

In this section, we prove that the sequence-based decomposition described in Section
3.3 is a valid decomposition scheme for the CVRP, i.e., the resulting solutions obtained
from such decomposition scheme (i) cannot have routes exceeding the vehicle capacity
and (ii) cannot have subtours.

We show in the following that both (i) and (ii) are corollaries of a common lemma,
Lemma 3.4.1. Let us first introduce the following definitions.

Definition 1. Let S be a sequence of nodes. We define L(S) = Y, ,cs qv, as the cumulative demand
of the nodes in S.

Definition 2. Let n; be a solution of sub-problem P,i € [1, M], and vy, v, € N’ two conjunction
customers that belong to the same route. We define L(7;, v1,v2) as the cumulative demand of the
customers in between v, and v, in solution ;.

Definition 3. Lef n; be a solution of sub-problem P;,i € [1,M], and let v € N’ be a conjunction
customer that belongs to a route such that one of the two edges incident to v is not fixed. We
define Ly(r;,v) as the cumulative demand of the (augmented) nodes in between the depot and
node v visited by the unique path with only fixed edges.

For example, taking as reference the solutions in Figure 3.4, we have that
L(m,5,6) = q3 = 1, Lo(m1,5) = ga = 1 and Ly(n3,5) = qc +qs +qg = 4. Observe
also that Ly(71,5) + g5 + Lo(73,5) = 6 = Q. It is then straightforward to state the following
property for the conjunction customers.

Property 1. Let v € N’ be a conjunction customer and R € =, R/ € nj, i,j € [1LM],i # j,
be the two routes containing node v in which one of the two edges incident to v is not fixed.
Without loss of generality, let R' = (0,ay, ..., am, v, ..., 0), and R’ = (0, ..., v, Gm+1, -, Ak, 0), With
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m,k > 1,and ay, ...,amx € Y UN’. Then, observe that R = (0, ay, ..., Am, U, Gm41, - ik, 0) € T
is an augmented route defined during the augmentation phase, hence, with no residual capacity.
Therefore, Lo(mi,v) + gy + Lo(j,v) = L(R) = Q.

0] 0] 0] 0]
Lo(rz,v5) { } Lo(7a,v3)

Lo(my,07) Lo(71,v2)

} L(7a, v5,v3)

L(my,v1,07) {

Lo(2, v2) Lo(m2,v5)

Lo(r1,v1) { } Lo(rr1,v5)
0] 0] 0] 0]

(@) P, (b) P,

Figure 3.7: Illustrative example of the functions L and L, for two sub-problems P; and P;.
Double-line edges denote fixed paths. Single-line edges denote the partial solutions of the initial
solutions ; and x, respectively, for sub-problems P; and P,. Dashed-line edges denote the
partial solutions of the final solutions 77 and 7; that connect customer v; with customer v, in

sub-problem P;, and customer v, with customer vs in sub-problem P,.

Figure 3.7 illustrates the meaning of the functions L and L. Observe that, by definition,
7y and =; are feasible respectively for sub-problem P; and P, i.e., Lo(,v1) + gy, +
L(my,v1,02) + gy, + Lo(r1,02) < Q and Lo(ma, v2) + qu, + L(75, 02, 03) + gy, + Lo(7m2,03) < Q. In
addition, Property 1 on the conjunction customer v, says that Ly(71, v2) + gy, + Lo(72,v2) =
Q. Therefore, we have that Ly(71,v1) + gy, + L(n7, v1,02) < Lo(7r2,v2) and Lo(7ra, v3) + gy, +
L(r3,v2,v3) < Lo(ry,v2). By combining the above relations, we obtain an upper bound
on the cumulative demand of the path obtained by concatenating the path that goes
from v to v, in solution 77 with the path that goes from v; to vs in solution 73, i.e.,: g, +
L(m{,v1,02) + qu, + L(75,00,03) + @y, < Lo(7r2,02) — Lo(r1,v1) + qu, + Lo(mr1,02) — Lo(ira,v3) =
Q — Lo(my,v1) — Lo(7r2, v3).

The above inequality provides an upper bound on the cumulative demand of such
a path that, given the initial sub-problems’ solutions, only depends on the endpoint
customers. The following lemma generalizes such upper bound when more than two
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paths are concatenated.

Lemma 3.4.1. Let S be an elementary path resulting from the concatenation of the partial
solutions that starts from node v, € N’, ends at node vy € N’, k € N, passing through
the conjunction customers vy, ..,vr € N’ in this order. Let p[jl,j € [1,k], be the index of
the sub-problem whose partial solution connect v; with vjy,. Then, we have that: L(S) =

Zlle (quj + L(ﬂ;[j], vj, Uj+1)) +qu+1 <0 — Lo(ﬂ'p[1], v1) — Lo(ﬁp[k], Vkt1)-

Proof. Without loss of generality, let p[k + 1] be the index of the sub-problem whose
partial solution connects v;; with node v € N’ u{0},v # vg. Then, since Lo(7,[;},vj+1) +

Qojer T Lo(mppj1),0j1) = Q, and Lo(ppj1,0;) + Gu; + L( 11,05, 0j41) + oy + Lo(rpp 1, vj41) <
QV j € [1,k], because there is no residual capacity in 7, it follows that:

LO(”p[j]s l)]) + qllj + L(?T;[j],l)j,l)j+1) < LO(ﬂ'p[j+l]’vj+l) V] € [1sk] (31)

Then, we have that:

k
L(S) = ), (o + LGty 1,0, 0j41)) + Gy, (3.2)
j=1
k
< Z Lo(”p[jﬂ], Uj+1) - LO(ﬂp[j]: Uj) + Qu (3.3)
j=1
= Lo(mpfr+1]> Vk+1) — Lo(p[1], v1) + Qg (3.4)
= Q — Lo(7p[k]» Vk+1) — Gueyy — Lo(p[1), v1) + Qg (3.5)
= Q — Lo(mp[k], vk+1) — Lo(mp1) v1) (3.6)
In which we used inequality (3.1) to get (3.3) and Property 1 to get (3.6). O

Figure 3.7 illustrates the case in which k = 2 paths are concatenated. In this case, Lemma
3.4.1 states that g, + L(ﬂ;[l], v1,02) + qy, + L(ﬂ';[z], v2,03) + quy < Q — Lo(7p[1),01) — Lo(7p[2], v3)-

Corollary 3.4.2. The solution =* obtained by the sequence-based decomposition cannot have
routes that exceed the vehicle capacity.

Proof. Let R be a route that starts from the depot, goes through the conjunction customers
V1, V2, ..., Uk € N’ in this order, and then returns back to the depot. Let p[j], j € [1,k — 1], be
the index of the sub-problem whose partial solution connects v; with v;,;. Let A and B be
respectively the cumulative demand of the partial solution that connects the depot with
v1, and the depot with vy, excluding respectively the demands of v; and vi. Since there
is no residual capacity in the augmented routes, A < Lo(7,[1),v1) and B < Lo(7p[x—1], Uk)-
Then, we have that:
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k-1

L(R)=A+ Z (g0, + L(7 15 v vj+1)) + Gy + B (3.7)
j=1
< Lo(p1),v1) + Q = Lo(7p[1): v1) — Lo(7 11> k) + Lo(7p[—1], Vk) (3.8)
- (3.9)
Where we used Lemma 3.4.1 to upper bound Z’;;ll (q j + Ly 050 1)) + G, O

Corollary 3.4.3. The solution n* obtained by the sequence-based decomposition cannot have
subtours.

Proof. Suppose by contradiction that there exists a subtour S that starts from the con-
junction customer v; € N/, goes through the conjunction customers vy, vs, ...,vx € N/, and
then returns back to v;. Since customers have a positive demand by definition, the
cumulative demand of the customers visited by the subtour S, L(S), must be greater
than 0. Let p[j], j € [1,k — 1], be the index of the sub-problem whose partial solution
connects v; with vj,1, and let p[k] be the index of the sub-problem whose partial solution
connects v, with v;. Then, we have that:

k—1

L(S) = Z (q,,j +L(7 ), 0},0j+1)) + Guy + L(7t s Ok V1) (3.10)
=1

< Q= Lo(ppay, v1) = Lo(p—11s k) + Q — Lo(7p[k)s k) — Lo(p[k)s 01) = Gy — G, (3.11)

—0 (3.12)

Where we upper bounded 2’}‘;11 (q; + Ly 1 0): vj+1)) + g and L(7 s ks 01) using
Lemma 3.4.1 and used the fact that Lo(7y[1),v1) + o, + Lo(p[k}, v1) = Lo(Zp[k—1], k) + Guy +
Lo(7p[k}»vk) = Q (Property 1). Since this result contradicts the hypothesis that L(S) > 0, a
subtour cannot occur. ]

Remark 1. If customers with null demands are allowed, subtours with a cumulative demand
equal to 0 can occur. However, in this case, we can always transform the subtour into a feasible
route by adding a visit to the depot between two consecutively visited customers.

Remark 2. Let z(x) be the objective function of solution x. Then, z(x*) — z(r) = Z?ﬁl z(m]) —

z(7m;).

3.5 Computational Experiments

In this section, we evaluate a basic implementation of the proposed sequence-based
decomposition scheme on the Belgium dataset introduced by Arnold et al. (2019), em-
ploying two different partitioning methods. An equivalent route-based decomposition
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is used as a reference to establish whether the sequence-based decomposition can be
useful in practice.

The Belgium dataset, hereafter referred to as dataset B, consists of 10 very large-scale
instances ranging from 3000 to 30000 customers, based on real parcel distributions in
Belgium. Table 3.1 shows the main characteristics of each instance, namely, the name,
the number of customers, the vehicle capacity, the minimum number of routes required
to serve all customers defined as [,y ¢,/Q], and the depot location, either central (C)
or eccentric (E). Each customer demand is set equal to one, two, or three, respectively,
with probability 0.5, 0.3, and 0.2. Half of the instances have a low vehicle capacity, a
high number of routes, and a centrally located depot, and are denoted as B1 in the
following. In contrast, the other half of the instances, denoted as B2, have a high vehicle
capacity, a small number of routes, and an eccentric depot.

In Section 3.5.1, we describe the implementation details of the evaluated methods. In
Sections 3.5.2 and 3.5.3, we discuss, respectively, the quality of the resulting solutions
and the achieved speedups. Section 3.5.4 presents an analysis of the overall performance
of the evaluated methods, while Section 3.5.5 reports additional relevant statistics.

Instance IN| Q routes depot

Leuvenl 3000 25 203
Antwerpl 6000 30 343
Ghentl 10000 35 485
Brussels1 15000 50 512
Flandersl 20000 50 683
Leuven2 4000 150 46
Antwerp2 7000 100 120
Ghent2 11000 170 110
Brussels2 16000 150 182
Flanders2 30000 200 256

m mmmimOoooOoOo0O0n

Table 3.1: Features dataset B = B1 u B2.

3.5.1 Implementation Details

The proposed sequence-based decomposition has been implemented using the mas-
ter—-worker paradigm. The master process is responsible for generating the initial solu-
tion and the sub-problems to assign to the workers, hereafter referred to as solvers, along
with the corresponding initial solutions inherited by the master. Each solver optimizes
the received sub-problem for It,,, iterations, and returns the best-found solution to the
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master, which collects all solutions and recombines them to form a new feasible solution.
This process is iterated until a prescribed number of iterations, It;, is reached.

Sub-problems are generated as follows. Each route is divided into two sequences of
edges: one from the depot to the farthest customer, and the other one from the farthest
customer back to the depot. A clustering procedure is then applied to obtain a partition
of the sequences. Two clustering methods have been tested: the barycenter clustering
described in Santini et al. (2023), and an alternative iterative clustering. Specifically, the
barycenter clustering represents each sequence by its geometric barycenter and then
applies the k-means algorithm (Lloyd 1982) to cluster these points (i.e., the sequences).
In our preliminary computational experiments, we observed that barycenter clustering
may produce highly unbalanced clusters. To address this issue, we proposed an iterative
clustering approach, that, differently to the barycenter clustering, assign one sequence
at a time to each cluster in an iterative way. At each iteration, the chosen sequence is the
one corresponding to the closest customer with respect to the current centroid not yet
assigned.

For each route, each unit of residual capacity is distributed among the augmented nodes
randomly, with probabilities proportional to the number of customers replaced by each
augmented node.

To ensure a fair comparison, the route-based decomposition is identical to the proposed
sequence-based decomposition, except that routes are not split before clustering.

Each solver optimizes its assigned sub-problem with the FILO2 heuristic (Accorsi and
Vigo 2024) for Ity,, = 2500 (coreopt) iterations. The total number of iterations is set
equal to Iy, = 10°, corresponding to the “long” version of FILO2. Each instance is
evaluated ten times with ten different random seeds by each method. The best known
solution values (BKS) for the B instances were taken from CVRPLIB (2025) at the time
of writing. The gaps are computed as 100 - (z — BKS)/BKS where z is the final solution
value obtained by the algorithms.

The algorithm was implemented in C++ and compiled using g++ 11.4. The experiments
were performed on a 64-bit GNU/Linux Ubuntu 22.04 workstation with an Intel Xeon
Gold 6254 CPU, running at 3.1 GHz, and with 384 GB of RAM.

All proposed methods are tested using 4, 8, 12 and 16 threads, and are compared to the
“long” version of the sequential algorithm FILO2 executed for It;,; = 10° coreopt itera-
tions, available at https://github.com/acco93/filo2. The results of FILO2 presented
in this work were obtained by running the algorithm on the same machine described
above.
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3.5.2 Solutions’ Quality

In this section, we compare the average gaps obtained by the route-based decomposition
with those obtained by the sequence-based decomposition. Tables 3.2 and 3.3 report the
average gaps obtained using respectively, the barycenter clustering and the iterative
clustering as partitioning methods. Column 1 reports the average gaps of the sequential
algorithm FILO2. Column n > 1 reports the average gaps of the [route | sequence]-based
decomposition scheme using n threads, i.e., n-1 solvers. For each instance, the smallest
gap among all parallel configurations is presented in bold.

Overall, the smallest average gap on dataset B, as well as on sub-datasets Bl and B2,
was achieved by the sequence-based decomposition combined with the barycenter
clustering and 8 threads, yielding a gap of 0.424% on dataset B, compared to 0.363% of
FILO2. Observe that a similar average gap of 0.428% was obtained by the sequence-
based decomposition combined with the iterative clustering and 12 threads. When
the barycenter clustering is used, the sequence-based decomposition achieves the best
gap in 7 out of 10 instances. When the iterative clustering is used, the sequence-based
decomposition achieves the best gap in all 10 instances.

It is particularly insightful to analyze the instances with the smallest and largest number
of routes — Leuven2 and Flanders1, respectively. Among all instances, Flanders1 is the
only one where a parallel configuration was able to obtain an average gap better than the
sequential algorithm FILO2 (0.305% versus 0.308%). This improvement was achieved
using the sequence-based decomposition combined with the barycenter clustering
and 16 threads. Conversely, Leuven2 yielded by far the worst gap, 1.308%, whereas
FILO2 achieves an average gap of 0.300%. Specifically, this result was achieved using
the route-based decomposition combined with the iterative clustering and 16 threads.
Observe that when using 16 threads on Leuven2, the resulting sub-problems contain
only 3.06 routes on average, making it very challenging to optimize effectively. A similar
gap of 1.287% was also achieved by the route-based decomposition combined with
the barycenter clustering and 16 threads. It is noteworthy to observe that these gaps
are significantly reduced by the sequence-based decomposition to 0.754% and 1.158%,
respectively.

Unexpectedly, the configurations using 4 threads exhibit a substantially larger average
gap compared to their 8-thread counterparts.
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route-based sequence-based
Instance

1 4 8 12 16 4 8 12 16

Leuvenl 0.195 0.353 0.267 0.296 0.328 0.329 0.283 0.303 0.286
Antwerpl 0.225 0.359 0.312 0.288 0.299 0.346 0.297 0.262 0.270
Ghentl 0.269 0.354 0.336 0.343 0.327 0.379 0.329 0.335 0.313
Brussels1 0.379 0.497 0.443 0.431 0.439 0516 0.436 0.411 0.434
Flanders1 0.308 0.363 0.326 0.323 0.314 0.368 0.331 0.316 0.305

B1 0275 0.385 0.337 0.336 0.341 0.388 0.335 0.325 0.322

Leuven2 0.300 0.411 0.534 0.699 1.287 0.469 0.463 0.818 1.158
Antwerp2 0.387 0.543 0.499 0.499 0.539 0.533 0.436 0.525 0.566
Ghent2 0.395 0.482 0.462 0573 0.775 0.463 0.446 0549 0.754
Brussels2 0.535 0.714 0588 0.641 0.722 0.664 0.575 0.612 0.701
Flanders2 0.634 0.757 0.635 0.691 0.716 0.714 0.649 0.663 0.659

B2 0.450 0581 0.544 0.621 0.808 0.569 0.514 0.633 0.768

B 0.363 0.483 0.440 0.478 0.575 0.478 0.424 0479 0.545

Table 3.2: Average gaps on the Belgium dataset using the barycenter clustering. Column 1
indicates the average gaps of the sequential algorithm FILO2.

route-based sequence-based
Instance

1 4 8 12 16 4 8 12 16

Leuvenl 0.195 0.396 0.299 0.288 0.320 0.351 0.241 0.282 0.318
Antwerpl 0.225 0.365 0.312 0.296 0.291 0.378 0.316 0.284 0.293
Ghentl 0.269 0.409 0.352 0.330 0.342 0.420 0.368 0.336 0.317
Brussels1 0.379 0.559 0.475 0.437 0.433 0.560 0.477 0.446 0.422
Flanders1  0.308 0.399 0.376 0.339 0.343 0.399 0.360 0.335 0.333

B1 0.275 0.426 0.363 0.338 0.346 0.422 0.352 0.337 0.337

Leuven2 0.300 0.460 0.443 0.803 1.308 0.410 0.398 0.556 0.754
Antwerp2 0.387 0.579 0.455 0.464 0501 0.587 0.455 0.403 0.446
Ghent2 0.395 0.518 0.446 0.450 0.559 0.546 0.417 0.402 0.442
Brussels2 0.535 0.807 0.601 0.586 0.616 0.764 0.587 0.585 0.578
Flanders2 0.634 0.832 0.658 0.666 0.702 0.835 0.689 0.654 0.656

B2 0450 0.639 0521 0.594 0.737 0.628 0.509 0.520 0.575

B 0.363 0.533 0.442 0.466 0.542 0525 0.431 0.428 0.456

Table 3.3: Average gaps on the Belgium dataset using the iterative clustering. Column 1 indicates
the average gaps of the sequential algorithm FILO2.
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3.5.3 Computing Times Speedup

In this section, we compare the average speedups obtained by the route-based decom-
position with those obtained by the sequence-based decomposition. Tables 3.4 and
3.5 report the average speedups obtained using the barycenter and iterative clustering
respectively. Column 1 reports the average computing time of the sequential algo-
rithm FILO2. Column n > 1 reports the average speedup with respect to FILO2 of the
[route | sequence]-based decomposition scheme using n threads, i.e., n-1 solvers. For
each instance, the largest speedup among all parallel configurations is presented in

bold.

For both partitioning methods and across all instances, the highest speedups are
achieved with 16 threads, with a maximum of 25.6 observed for the Leuven2 instance
using the route-based decomposition combined with the iterative clustering and 16
threads. The smallest reported speedup is 2.4, observed for the Leuvenl and Flanders1
instances, both achieved using the sequence-based decomposition combined with the
barycenter clustering and 4 threads.

On average, when the barycenter clustering is used, the sequence-based decomposition
achieves higher speedups than the route-based decomposition with 8, 12, and 16 threads,
but not with 4 threads. In particular, for the B1 instances, its speedup is roughly twice as
large with 12 and 16 threads. The average speedup on the B instances using 16 threads
is respectively 8.5 and 11.0 for the route-based and sequence-based decomposition.
Notably, for the Antwerp2 instance, the route-based decomposition attains a maximum
speedup of only 3.5, compared to 7.7 for the sequence-based decomposition.

In contrast, when the iterative clustering is used, the route-based decomposition consis-
tently yields slightly higher speedups than the sequence-based decomposition across
all thread configurations, achieving an average speedup of 17.5 on the B instances using
16 threads, compared to 15.5 for the sequence-based.
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route-based sequence-based
Instance

1 4 8 12 16 4 8 12 16

Leuvenl 729 26 40 44 48 24 50 67 8.5
Antwerpl 810 3.1 26 3.0 63 28 6.0 94 11.5
Ghentl 872 28 35 4.0 58 25 56 79 122
Brusselsl 882 29 33 3.0 44 26 58 94 11.8
Flanders1 1245 26 5.1 59 76 24 52 78 9.8

Br 907 28 37 40 58 25 55 82 10.7

Leuven2 1021 3.1 7.1 116 145 28 6.2 95 111
Antwerp2 919 3.0 29 35 34 29 46 57 1.7
Ghent2 1075 29 6.8 111 147 27 6.1 99 137
Brussels2 1036 3.0 6.8 106 120 27 6.1 95 129
Flanders2 1479 27 58 9.2 11.9 25 53 82 109

B2 1106 29 59 92 11.3 27 57 86 11.3

B 1007 29 48 6.6 85 26 56 84 11.0

Table 3.4: Average speedups on the Belgium dataset using the barycenter clustering. Column 1
indicates the average times, in seconds, of the reference sequential algorithm FILO2.

route-based sequence-based
Instance

1 4 8 12 16 4 8 12 16

Leuvenl 729 35 80 116 149 30 7.2 108 139
Antwerpl 810 34 82 127 16.0 29 7.1 113 153
Ghentl 872 33 81 127 158 28 69 113 155
Brusselsl 882 33 81 130 17.7 28 6.9 112 156
Flanders1 1245 29 69 11.0 149 25 6.0 95 129

Bt 907 33 79 122 159 28 6.8 108 147

Leuven2 1021 42 106 174 25.6 35 83 133 183
Antwerp2 919 35 84 127 152 31 74 119 16.0
Ghent2 1075 3.7 9.0 148 209 32 77 124 174
Brussels2 1036 3.6 84 134 184 31 74 118 163
Flanders2 1479 33 73 113 153 29 64 9.8 133

B2 1106 37 88 139 19.1 31 74 119 163

B 1007 35 83 131 175 3.0 7.1 113 155

Table 3.5: Average speedups on the Belgium dataset using the iterative clustering. Column 1
indicates the average times, in seconds, of the reference sequential algorithm FILO?2.
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3.5.4 Overall Performance

In this section, we summarize the overall performance of the proposed methods. Figure
3.8 compares all evaluated parallel configurations in terms of their average computing
times (in logarithmic scale) and average gaps with respect to the best-known solu-
tions.

The sequential algorithm FILO2 is represented by a triangle. Route-based (sequence-
based) configurations are denoted with a square (circle) and a label Rn (Sn), where n
indicates the number of threads used. Black points denote the use of the barycenter
clustering, whereas white points denote the use of the iterative clustering. For both
the barycenter clustering and iterative clustering configurations, the Pareto frontier
representing the non-dominated configurations is displayed. First of all, it can be
observed that the 4-thread configurations behave as outliers, as they are almost entirely
dominated by all configurations with 8 and 12 threads. The reason for this behavior is
not yet clear and requires further investigation, since the opposite behavior is expected.
Second, the configurations based on the iterative clustering appear to be significantly
better than the barycenter clustering counterparts, particularly when many threads are
used.

All configurations on the two Pareto frontiers are sequence-based except for one (R16
with the iterative clustering), which nonetheless exhibits a gap of 0.542%, which is
significantly higher than the corresponding sequence-based configuration, which has
similar computing times but a gap of 0.456%.

Overall, a deterioration in solution quality can be observed as the number of threads
increases (excluding outliers). However, this quality deterioration is less pronounced
for the sequence-based decomposition, especially when combined with the iterative
clustering.
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Figure 3.8: Performance plot of the evaluated methods. R stands for route-based, S for sequence-
based. Black points denote the use of the barycenter clustering. White points denote the use of

the iterative clustering.

3.5.5 Relevant Statistics

Table 3.6 reports some relevant statistics for each tested configuration, where R stands
for route-based and S for sequence-based. Columns total and % idle report, respectively,
the average total computing time (in seconds) and the average percentage of solvers’
idle time. It can be observed that the percentage of idle time increases as the number of
threads grows. For instance, in the case of the route-based decomposition combined
with the barycenter clustering and 16 threads, 15 solvers remain idle for 62% of the total
time, leading to a cumulative loss of more than 1300 seconds of computing time. The
use of the iterative clustering significantly reduces these idle times to 24%, although
they remain non-negligible.

Columns comm, partition, and init report the overall computing time overhead, expressed
in seconds, required by the inter-process communication, by the solutions’ partitioning,
and by the sub-problems’ initialization. The communication overhead is negligible
and less than 0.2 seconds. The partitioning overhead is negligible for the barycenter
clustering, less so for the iterative clustering, requiring up to 10 seconds when combined
with the sequence-based decomposition and 4 threads. The sub-problems’ initialization
overhead is the most computationally demanding and appears to depend primarily on
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the number of threads. These times are influenced by the solution method employed
within the solvers. In our case, FILO2 requires some pre-processing in order to be very
efficient in the later stages. Changing algorithm could alleviate this overhead. Note that
both partition and init exhibit a linear decay as the number of threads increases. These
two trends can be explained by the fact that the total number of produced partitions is
given by It;; /(threads - Ity,;) and that sub-problems are initialized in parallel.

Columns complete and partial indicate the average number of complete and partial routes
in the sub-problems. Column % RSD denotes the average relative standard deviation of
the generated sub-problems’” dimensions. The larger this number is, the more unbal-
anced the sub-problems are. Observe that the iterative clustering configurations have
much lower values than the barycenter clustering ones, leading consequently to much
lower idle times.

time overhead sub-problems
threads

total % idle comm partition init  complete partial % RSD

4 35429 13.59 0.12 0.09 47.85 98.06 0.00 53.23

téo R 8 22830 44.01 0.07 0.05 24.92 42.03 0.00 73.63
£ 12 187.20 58.49 0.05 0.03 16.98 26.74 0.00 78.38
5 16 141.89 62.13 0.05 0.03 13.14 19.61 0.00 80.28
‘;E': 384.88 11.96 0.12 0.19 5292 96.71 2.71 47.64
%S 8 182.14 26.46 0.06 0.13 27.37 40.90 2.29 59.73
2 12 12250 35.45 0.05 0.10 18.32 25.81 1.94 64.02
16 93.63 40.91 0.04 0.09 13.70 18.81 1.71 65.69

29451 5.77 0.11 492 5201 98.06 0.00 1.33

t&:_o R 8 12356 12.89 0.06 2.18 27.78 42.02 0.00 2.51
§ 12 78.89 18.68 0.04 1.40 18.54 26.74 0.00 3.18
_% 16 59.26  24.30 0.04 1.03 13.75 19.61 0.00 3.70
.g 4 34293 5.54 0.12 9.88 57.39 95.36 5.39 4.10
g S 8 143.71 12.09 0.06 446 29.63 39.57 4.90 8.69
12 90.50 16.41 0.05 290 19.55 24.64 421 12.29

16 66.39  20.07 0.04 2.16 14.42 17.73 3.76 15.12

Table 3.6: Statistics related to the computing times, overhead, and sub-problems.

3.6 Conclusions and Future Work

In this work, we presented a new decomposition scheme for the CVRP, named sequence-
based decomposition, that generalizes the route-based decomposition by allowing differ-
ent sub-problems to concurrently optimize distinct portions of the same route.

Computational experiments showed that even a basic sequence-based decomposition
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helps mitigate the deterioration in solution quality typically observed with the route-
based decomposition as the number of threads increases.

The proposed sequence-based decomposition, built upon the state-of-the-art sequential
algorithm FILO2, was evaluated on ten very large instances, achieving slightly higher
average gaps but with roughly linear speedups. For one instance, it was possible to
achieve a slightly better average gap than FILO2 (0.305% instead of 0.308%) with an
average speedup of 9.8 (127 seconds instead of 1245 seconds).

The solutions” quality is strongly influenced by the number of routes, and instances
with fewer routes are generally more challenging to optimize. We now outline several
strategies to address this bottleneck that will be explored in the future, some of which
are unique to the sequence-based decomposition.

In our implementation, each route is divided into two sequences; however, this restricts
the number of partial solutions available in the sub-problems. Increasing the number of
sequences during the partitioning phase could improve the solutions” quality for the

instances with fewer routes.

We have shown that, to guarantee the feasibility of the resulting solution, the augmented
routes must have no residual capacity. A speculative approach, however, is to allow
some residual capacity in order to create less constrained sub-problems. The merged
solution obtained in this way may be infeasible. Rather than discarding all sub-solutions,
one can iteratively merge each sub-solution with the current feasible solution, rejecting
only those that lead to infeasibility.

When solvers terminate earlier, they remain idle. Instead, they could run additional
iterations until the last solver completed. This should improve the gap without affecting
the computing times. We tried using a time limit for the sub-problems, but without
achieving satisfactory results.

Observe that the master process remains idle most of the time. A possibility is to
allow the master to optimize the current solution in parallel with the solvers, and then
select the most improved solution between the one proposed by the master and the
one proposed by the solvers. Also for this approach, the gap should improve without
affecting the computing times.

Finally, in this work, we used FILO2 as sequential algorithm to generate the initial
solution and as optimizer inside solvers. Alternative solution methods could yield
different results and will be investigated in future work.
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Chapter 4

Routing and Wavelength Assignment
Problem

1

In this work, we consider the problem of allocating wavelengths of a given optical
network in order to serve a set of connection requests. In order to provide a robust
allocation, communication must be ensured even in case of failure of some link, which
is obtained by defining, for each connection request, two disjoint paths in the network.
Each connection uses its working path by default, and is rerouted to its unique recovery
path in case the working path is unavailable. As allocating dedicated resources to each
connection may be highly inefficient, we adopt a shared protection policy, in which the
same wavelength and path can be shared among different connections, provided that
no collision arises. We discuss alternative relaxations for the problem based on Integer
Linear Programming formulations, and introduce a metaheuristic algorithm based
on the iterated local search paradigm. Computational experiments on realistic data
show that our algorithms are able to produce feasible solutions with tight optimality

gaps.

4.1 Introduction

Optical fiber communication is a method of transmitting information by sending pulses
of light through an optical fiber. This technology offers several advantages, including
flexibility, relatively low noise, and long transmission range. Typically, transmission is
operated according to a wavelength division multiplexing scheme, which allows the
transmission of multiple signals onto the same fiber by using different wavelengths of
laser light.

IThis chapter is based on Cavaliere et al. (2025)
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Optical networks are obtained by combining fibers so as to allow connection between
points that are geographically far from each other. Given the complexity of modern
networks, which may include different optical components, as well as the considerable
investments for establishing a connection between relevant points of the network, an
optimal design of the physical topology of the network is of paramount importance.
The problem of defining the links and the capacity to be installed on each link of a given
network to obtain a certain level of service involves decisions at a strategic level and is
known in the literature as the network design problem.

At a tactical level, once the network has been set up, the network operator receives a set
of connection demands, each between a pair of points in the network. The Routing and
Wavelength Assignment problem (RWA) asks to determine a connection path for each
such demand by optimizing the use of the available resources. Typically, for a given
demand, the same wavelength has to be used along all fiber links of the path unless
converting components are installed.

The design of survivable networks is a crucial issue for fiber transmissions, where the
large amount of data that fiber links can transmit results in networks that are typically
very sparse compared with those using traditional bandwidth-limited technologies.
This issue is addressed in the design phase by introducing some redundancy in the
network. Similarly, survivability is crucial when the routing phase is considered. Indeed,
multiplexing in modern transmission systems involves a large number of wavelengths,
each operating at a very high frequency. As a result, the loss of connection on a fiber,
due to a failure or to a major reconfiguration of the routing, even if lasting a few seconds,
could result in a huge amount of data to be undeliverable. This motivates the request for
(i) the design of survivable networks, and (ii) a robust allocation of the link capacities to
the demands, so as to allow data transmission among all origin-destination pairs even
in case some unpredictable events occur, e.g., a failure on some links of the network. In
this paper we address request (ii), namely the robust allocation of network resources to
a given set of origin-destination pairs.

Typically, failures involve a fiber break and robustness is enforced with respect to a
certain model of uncertainty, defined as a set of stochastic scenarios; each scenario
corresponds to the failure of some fiber links, possibly affecting the performance of the
network. Given the small probability of failure for a single link, resource allocation of
survivable optical networks typically requires to consider scenarios in which at most
one link fails. A natural policy for allocating capacities of the network in a robust
way is the so-called dedicated path protection scheme. In this scheme, one is required to
define, for each connection demand, two edge-disjoint paths. Each path connects the
associated origin-destination pair and uses a wavelength that is uniquely reserved for
that demand. The first path, denoted as working path hereafter, is used when there is
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no fault, whereas the second one, denoted as recovery path, is used in case of failure of
any fiber link of the working path. When this happens, switching a connection from the
working to the recovery path is quickly enforced by means of fiber switches. However,
since a wavelength is uniquely reserved for each demand and path, only a fraction of
the resources that are installed on the network are actually used simultaneously, and
the resulting scheme may be highly inefficient.

A more efficient scheme is the so-called global re-routing, which only requires that a
feasible path exists for each commodity under any failure scenario. However, this
scheme implies re-routing of commodities that are not directly affected by the failure,
which is highly undesirable as it introduces complex control issues and delays on the
entire network.

In this paper, we consider a third scheme, known as shared protection policy, in which
wavelengths on fibers can be shared between demands, provided no interference arises.
This allows to reduce the negative effects of global re-routing while preserving an
efficient usage of the resources.

4.1.1 Literature and Related Problems

Network design has been extensively studied in the scientific literature, with particular
emphasis on polyhedral approaches (see, e.g., Grotschel et al. (1992), Magnanti et al.
(1993, 1995) and Atamtiirk (2002)). In its basic version, this problem calls for the
minimum cost for installing capacities on the edges of a graph to serve a given set of
demands. Capacities can typically be installed in integer multiples of a base unit, and
there is no cost related to their actual usage. Later, survivable network design problems
have been studied. When introducing link failures, classical approaches to network
survivability are based on the use of redundancy without explicitly exploiting sharing
opportunities. In this setting, the most common policy is the one requiring K + 1 disjoint
paths for each commodity, which preserves connectivity in case of failure of up to K
links (see Kerivin and Mahjoub (2005)). Flow formulations for the resulting problem
are discussed in Balakrishnan et al. (2009), and valid inequalities used to strengthen the
formulations are introduced. A computational comparison of alternative mathematical
formulations, including models with an exponential number of variables, is presented
in Gudapati et al. (2025). Another field of research focuses on protection schemes for
survivable network design. Given the large amount of research on this topic, the reader
is referred to Agarwal and Venkateshan (2014), where the most relevant contributions
are reviewed, and alternative Integer Linear Programming (ILP) formulations are
presented and computationally tested on randomly generated instances.

The routing and wavelength assignment problem we consider is defined after the
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network has been designed and calls for an efficient use of the installed capacity under
hard constraints that limit the flow on each edge. Typically, the objective function is the
minimization of the number of channels used over the links, or the maximization of the
number of connections that can be satisfied (see Krishnaswamy and Sivarajan (2001a)),
or the minimization of the congestion (see Krishnaswamy and Sivarajan (2001b)), or the
minimization of the multiplexing costs. RWA has been studied in Chlamtac et al. (1992),
where complexity results and a heuristic algorithm are given. A version of the problem
is considered in Ozdaglar and Bertsekas (2003), where the cost associated with an edge
is given by a convex monotonically increasing function of the total flow on the edge. A
survey on ILP formulations for RWA problems is given in Jaumard et al. (2007).

Fumagalli et al. (1999) consider a survivable RWA where protection is enforced by
defining a suitable set of rings (of links), and the objective function minimizes the total
wavelength mileage. Different strategies and schemes for network survivability are
discussed in Zhou and Subramaniam (2000). ILP approaches to survivable RWA are
developed in Ramamurthy and Mukherjee (1999) and Sahasrabuddhe and Mukherjee
(2002). In Doshi et al. (1999), a variant of the problem is considered where, for each
commodity, the working path is given and one has to determine the best backup path.
Finally, Zang et al. (2003) address a survivable RWA problem in which each failure
scenario may include more than one edge and involves all fibers that are buried in the
same duct.

The rest of the paper is organized as follows. In Section 4.2 we formally introduce
the considered problem, detail the shared protection policy and introduce an ILP
formulation of the problem. In Section 4.3 we introduce relaxations allowing to derive
lower bounds on the optimal value. Section 4.4 presents a heuristic algorithm based on
the iterated local search paradigm. The performances of the proposed relaxations and
algorithms are computationally evaluated in Section 4.5 on a benchmark of instances
composed of both realistic instances and testbed from the literature. Finally, conclusions
are drawn in Section 4.6.

4.2 Problem Description

The Routing and Wavelength Assignment that we consider can be formally modeled as
follows. We are given an undirected multigraph G = (V, E) where V is a set of nodes and
E is a set of edges, possibly including parallel edges to represent alternative independent
links between pairs of connected nodes. Each edge e € E corresponds to an optical fiber
connection with capacity u, expressed as the number of different available wavelengths.
In the remainder of this paper we will denote available wavelengths as channels and
let C = {1,...,u} be the corresponding set. Each channel used on an edge e induces a
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positive cost £,.

We are also given a set K of origin-destination pairs, referred to as commodities hereafter,
each corresponding to a connection demand. We assume that all commodities require
the same bandwidth, and that this figure equals one channel. Although communication
is bidirectional, for each commodity k € KC, we arbitrarily refer to one of its endpoints as
the source, s¥, and to the other one as the destination, ¢*.

For each commodity k € K, connection is enforced along a working path Wy, i.e., a
set of consecutive edges from the source to the destination node. In this paper, we
assume that no wavelength conversion is allowed at the nodes. As a consequence of
the wavelength continuity constraint, one has to also associate each commodity with a
unique wavelength, i.e., the same channel has to be used along all edges of its path. The
problem requires to route all the commodities by minimizing the cost induced by the
used channels on the edges.

Robustness of the network asks to ensure connectivity also in case of disruptions. In
particular, we require protection with respect to the single failure of any edge of the
network. This is the standard requirement in the industry, where high-speed recovery
algorithms assume a single-link failure model (see, e.g., Mouftah and Ho (2003), Somani
(2006)). Therefore, each edge of the graph is associated with a possible failure scenario
of the network, and connectivity has to be ensured under any failure scenario. To this
aim, besides the working path, each commodity k € K is associated with a recovery
path Ri. Each commodity is always routed along its working path, unless any edge
of that path fails; in this case, the commodity is routed along its recovery path. To
ensure connectivity under all failure scenarios, working and recovery paths must be
edge-disjoint, i.e., Wi n R, = @. Channels on the two paths of the same commodity may
be different.

Shared Protection scheme

In this paper, we consider the shared protection scheme, which allows for channel
sharing on some edges, under the explicit requirement that these resources are exclusively
reserved for a single commodity in any given scenario. To ensure this property when
no failure occurs, no channel sharing is allowed among edges in the working paths.
Instead, a set K’ C K of commodities can share a channel on any edge of their recovery
paths provided that no failure scenario exists affecting more than one of their working
paths. Given that failure scenarios are associated with the break of a single edge, sharing
channels on edges of the recovery paths for commodities in K’ is allowed if Ngexer Wi = @;
indeed, if commodities are associated with edge-disjoint working paths, they do not
require re-routing on their recovery paths simultaneously. This configuration is depicted
in Figure 4.1, where three commodities with the same source and destination are shown.
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As working paths W;, W, and W3 are edge-disjoint, the recovery paths Ry, R; and Rs are
allowed to share the same channel on all edges.

Figure 4.1: Channel sharing between recovery paths of commodities having edge-disjoint
working paths.

A further sharing possibility is obtained by allowing the reuse of channels on a working
path that are freed up due to a disruption. According to this policy, channel sharing is
allowed between a working path of a commodity k; and the recovery path of another
commodity k; in case the latter path is used only when the former fails. This is the
case when a failure in Wy, corresponds to a failure in Wy, as well, i.e., if Wy, ¢ W,. This
configuration is depicted in Figure 4.2, where the working path of the first commodity
is a superset of the working path of the second one, which uses a different channel
(marked with an asterisk) for the common edges. Thus, channels on the edges of the
working path of the first commodity can be shared with the recovery path of the second
one.

Figure 4.2: Channel sharing between the working path W; and the recovery path R,. The asterisk
above W, denotes that the channel of W, is different from the one of W;. The thicker edge
between s* and #* denotes that two different channels are used. Observe that this configuration
does not cause any conflict since R; is used only if a failure in W, C W; occurs.

The impact of sharing channels on recovery paths in terms of reduced number of

allocated channels is assessed by Buysse et al. (2009) to be remarkable and up to 20%
for small-scale case studies.
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4.2.1 Assumptions

We now introduce some assumptions, possibly discussing how to simplify the input
graph in case the assumptions are not satisfied.

The first assumption is a necessary condition for the existence of a feasible solution.

Assumption 1. Graph G contains, for each commodity, at least two disjoint paths from the
source to the destination.

Assumption 2. Each vertex with degree two in graph G is either the source or the destination
of some commodity.

If this assumption is violated, one can define an equivalent instance in which each chain
of vertices is shrunk into a single edge by removing the intermediate vertices. The cost
of the resulting edge is the sum of the costs of the shrunk edges.

Assumption 3. Graph G is connected and includes no cut with cardinality smaller than 2.

If the assumption is violated, there exists a partition (S, V \ S) of vertices of G such that
at most one edge crosses the partition. By Assumption 1, each commodity has both
the source and the destination in the same side of the partition. Thus, the graph can
be decomposed into two subgraphs induced by vertex sets S and V \ S, respectively,
which correspond to two independent sub-problems. This also allows to remove any
vertex whose degree is smaller than 2, as it can neither be source or destination of a
commodity, nor be part of a feasible path.

4.2.2 Mathematical Formulation

In this section, we introduce an ILP formulation for the problem at hand. The formula-
tion uses the following binary decision variables

P 1if commodity k uses channel ¢ and edge e in the working path  (k € KC;¢ € C;
Xec = . E
0 otherwise e € E)
K _ 1if commodity k uses channel ¢ and edge e when edge f fails (k € K;c € C;
“ 0 otherwise e.f €E)
1if channel ¢ on edge e is used
Wee = (ceC;e€E)
0 otherwise

For each commodity k € K, we denote by =¥ and y* the set of associated x and y
variables, respectively. As these variables represent the use of one among the u = [C|
available channels on a certain edge, we can encode an s, — t, path by means of an
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|E| x |C| binary vector, having one entry for each channel and edge. A path satisfying the
continuity constraint has non-zero values for entries associated with one specific channel
only. Let us denote by P* c {0, 1M the set of all the incidence vectors encoding an
sk — I path on a single channel ¢ € C. We can then model the problem as

min Z Z Lo Wee (4.1a)

e€E ceC

xk e P kek (4.1b)
y* e Pk kek (4.1¢)
D +yi) <1 keK,ecE (4.1d)
ceC

zifcfzxfc—xfcc keK,ecE,ceC, feE e+ f (4.1e)
sznychZ(x?c,)—l keK,ecE,ceC,feE e+ f (4.11f)

c’eC
weCZszcf ceC,ecE, feE e+f (4.1g)
keK

xfc,yfc € {0,1} keK,eeE ceC (4.1h)
5 € {0,1} keK,ecE ceC, feE e=f (4.1i)
Wee € {0, 1} ecE ceC (4.1j)

Inequalities (4.1d) impose that the two paths of each commodity are edge-disjoint.
Constraints (4.1e) and (4.1f) express the logical link between the z variables and the
working and recovery paths in case of failure. In detail, if an edge f fails, commodity
k uses channel ¢ on edge e in two cases: either W uses channel ¢ on edge e while not
including edge f (constraints (4.1e)), or W includes f (using an arbitrary channel)
and Ry uses channel ¢ on edge e (constraints (4.1f)). Finally, constraints (4.1g) define
the channels that have to be used, whose total cost is minimized by the objective
function.

In order to express conditions (4.1b), i.e., that for each commodity k, xF variables
define one s; — t; path on a single channel ¢ € C, each undirected edge e = (i, j) € E
can be replaced by a pair of directed arcs A(e) = {a,a’}. We denote by G = (V, A) the
resulting graph, where A = U.cgA(e). Accordingly, we introduce, for each variable xfc,

two variables x£, and J’C(f,c such that
+ x5 (4.2)

With these additional variables, constraints (4.1b) can be explicitly imposed as
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Yo dak= ) Y ik=1 kek (4.3)

aed*(sk) ceC aes(tk) ceC
ok = > ik ke, veViishiflcec  (44)
acs~(v) aed*(v)

where 6%(v) and §~(v) denote the forward and backward star of node v, respectively.
These constraints impose that, for a given commodity k, the associated &* variables
define a unitary flow from s* to t* over a unique channel in C, while meeting flow
conservation constraints for each channel and intermediate node.

Similarly, conditions (4.1c) are enforced by introducing variables 7%, and the correspond-

ing constraints.

4.3 Relaxations

In this section, we introduce a hierarchy of relaxations for the problem, each producing a
lower bound on the optimal solution value. We start from the weakest relaxation.

4.3.1 Unique Working, no Recovery Path

In this section, we consider relaxations that require to compute a unique working path
for each commodity, but do not consider a recovery path. The resulting solution is
potentially infeasible in all scenarios but one.

No Failure Channel Conversion
The first relaxation is obtained by
¢ disregarding failures; and
¢ dropping the wavelength continuity constraint.

In other words, in this relaxation, one is required to define unique working paths only
and each path does not need to be assigned to a single channel (i.e., we assume that
channels can be converted at each node). Besides disregarding channel allocation, this
solution may result to be infeasible when the failure of any edge occurs.

As a result, one can replace the u distinct channels by a single channel with capacity u,
and drop the channel index from the formulation. The resulting problem uses a decision
variable w, representing the capacity used on each edge e € E, and is as follows
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(NFCC) min Z Le We (4.5a)
ecE
zk e Pk kek (4.5b)
We > Z xk ecE (4.5¢)
kex
xF e {0, 1} keK,ecE (4.5d)
0<w,<u e € E, (4.5e)

where P* keeps the same meaning although being defined according to a single chan-

nel.

As k is part of the input, problem (NFCC) is NP-hard by reduction from the undirected
edge-disjoint paths problem (see Karp (1975)).

Rooted flow formulation Relaxation NFCC can be modeled by means of a computa-
tionally more effective ILP formulation. In this formulation, all commodities sharing
the same source are aggregated into a macro-commodity. As the source and destination
of each commodity are interchangeable, this choice affects the resulting set of macro-
commodities. We model the problem of minimizing the number of macro-commodities
as a vertex cover where all vertices have unitary cost. This problem is known to be
NP-hard and can be formulated by the following ILP

min Z Oy (4.6a)
vev
Ok +0u 21 ke K (4.6b)
o, €40, 1} vev. (4.6¢)

Here, each vertex v € V is associated with a variable ¢, indicating whether the vertex is
the source of a macro-commodity, and constraints (4.6b) force one of the two endpoints
of each commodity to be the source of a macro-commodity.

We denote by M the set of macro-commodities induced by the sources identified
by solving model (4.6a)—(4.6¢c). If both endpoints of a commodity are selected, the
commodity is associated to one of the two macro-commodities in an arbitrary way. For
each macro-commodity m € M, we denote by s™ and g™ its source and the number
of original commodities that are aggregated, respectively. In addition, for each node
v € V\{s"}, we let g' be the number of aggregated commodities from s™ to v.

The rooted flow formulation uses integer variables x’ to describe the amount of flow
(i.e., number of paths) on arc a for macro-commodity m and, accordingly, replaces
constraints (4.5d) with x¥ > 0. With this aggregation, constraints (4.5b) can be expressed
as
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Z xt=q" meM (4.7a)
a€d*(sm)

Z X = Z O+ gl me M, veV\{s"} (4.7b)
acé~(v) aedt(v)

These constraints impose that, for each macro-commodity m, exactly ¢™ aggregated
paths start from the source s” and exactly g of them terminate at each node v €
V N\ {s"}.

We conclude this section by observing that this aggregation has no straightforward
extension in case channels are explicitly considered and/or when one has to simultane-
ously define disjoint working and recovery paths.

Worst Failure Channel Conversion

As in NFCC, we consider a relaxation in which unique working paths have to be defined
only, and wavelength continuity constraints are removed. However, in this case, failures
are partially taken into account by considering one scenario at a time. For each scenario,
the definition of a feasible working path for each commodity provides a lower bound
on the optimal solution value. Thus, a valid lower bound is obtained by considering
the scenario which results in the largest solution cost, denoted as worst-case scenario.
The resulting relaxation, denoted as WFCC in the following, can be solved by considering
the failure of one edge f € E at a time, computing the solution cost of NFCC on graph
Gy = (V,EN{f}), and returning the largest value. Besides channel allocation, the
corresponding solution guarantees a feasible routing in one failure scenario only.

In order to compute this relaxation, one has to solve formulation (4.5a)-(4.5d) up to |E|
times. In practice, the number of iterations can be reduced by observing that, given
an optimal solution for a scenario f such that w, = 0 for some edge e (i.e., edge e is
available but is not used), one can skip the subsequent computation associated with the
failure of edge e, since a feasible solution for that scenario is already available.

No Failure With Channels
We now consider a relaxation in which
¢ failures are disregarded; but
* the wavelength continuity constraint is maintained.

Thus, in this relaxation (denoted as NFWC) we have to explicitly consider the u distinct
channels and therefore restore the channel index in the formulation. The resulting
model is
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(NFWC) ~ min ). ). feWee (4.8a)
e€E ceC
zk e Pk kek (4.8b)
Wee = Z xk ceC,ecE (4.8¢)
keK
xk 10,1} keK,ecE ceC (4.8d)
Wee € {0, 1} ecE ceC (4.8e)

A solution to this model produces, for each commodity, a unique routing that is feasible
when no failure occurs, but may result to be infeasible otherwise.

As for NFCC, we can define a tighter relaxation in which the worst-case failure scenario
is considered. The resulting relaxation will be denoted as Worst Failure With Channels
(WFWC).

4.3.2 Multiple Paths, Channel Conversion

All relaxations introduced above define, for each commodity, a unique path that can be
infeasible under some scenarios. In this section, we introduce a relaxation, based on
global re-routing, which does not produce a unique path; instead, given a commodity, a
feasible (and possibly different) path is defined for each scenario. A similar relaxation
has been used in Agarwal and Venkateshan (2014) for survivable network design for
deriving lower bounds on the optimal solution value.

Besides the uniqueness of the paths, this relaxation drops the wavelength continuity
constraint. In other words, the relaxation is obtained by

¢ allowing each commodity to have a different path for each scenario; and
¢ dropping the wavelength continuity constraint.

Thus, the relaxation reserves capacities on edges of the network that allow, under
any failure scenario, to define a path for each commodity. However, identified paths
change from scenario to scenario; therefore, there is no distinction between working

and recovery paths, and only one path is identified per commodity and scenario.

Besides the w, variables, the formulation uses binary variables x!f f

indicating whether
the path for commodity k uses edge e under scenario f (i.e., when f fails), and denote

by x*/ the set of variables associated with a given commodity k and scenario f.
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(MPCC) min Z Lo We (4.9a)
ecE
z*f e pk kek,feE (4.9b)
We > Z xkf ecE feE (4.9¢)

ke

x’;f =0 kek,feE (4.9d)
xff € {0, 1} keK,ecE, feE (4.9¢)
0<w,<u ec€E (4.91)

This formulation is similar to (4.5), and therefore constraints (4.9b) could be expressed
by means of the rooted flow formulation. The additional apex f refers to a specific
scenario, identified by the failing edge. Constraints (4.9c) extend their counterparts and
set the capacity to be reserved on each edge e as the maximum used for that edge under
any scenario. Finally, constraints (4.9d) forbid the use of a failed edge.

Observe that relaxation WFCC is a relaxation of MPCC, as the former allows different
capacity values to be defined for each failure scenario, while in the latter, capacities are

unique for all scenarios.

Benders’ Decomposition for MPCC

Formulation (4.9a)—(4.9f) involves a large number of variables and constraints, which
may prevent its solution for large-size instances. In some cases, even solving the linear
relaxation of the model may be computationally challenging for memory reasons.

Thus, we designed and implemented an alternative solution approach based on decom-
position, allowing to project out the x variables from the formulation. Given a guess w,
on the capacity reserved on each edge e, which determines the current solution value,
the formulation naturally decomposes into subproblems, each associated with a failure
scenario identified by the failing edge f. This suggests to solve its continuous relaxation
by means of a Benders” decomposition approach (Benders (1962)) in which

* a master problem determines the value of the w, variables; and

¢ there is an LP subproblem for each edge failure scenario f, in which we verify if
all commodities can be routed given the current value w, of the master variables
and the actual failure.
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The sub-problem associated with a given scenario f is defined as follows

(SUB f-) min 0 (4.10a)
z*f e pk kek (4.10b)
3 K <w, eckE (4.10¢)
ke
x]if =0 kek (4.10d)
x>0 kek,ecE (4.10e)

Being w, input parameters, this sub-problem includes the subset of x variables associated
with scenario f only. The upper bound on the value of the variables can be omitted as it
is implicitly implied by constraints (4.10b), which are expressed by means of the rooted
flow formulation (4.7).

If this sub-problem turns out to be infeasible, an extreme ray (i, Zmy, &) of its dual is
available as certificate of infeasibility. Here, fip, 71y, and &, are the dual variables associ-
ated with constraints (4.7a), (4.7b) and (4.10c), respectively. In this case, a feasibility cut

Yo it D, D, & A ), @we 0. (4.11)

memM meM veV\{s"} ecE

By defining 8 = 3,,e A1 4™ fim + Ymemt 2vevnism} &' Tmo, the generic inequality Y .cp ot We >
p is added to the master, which is then re-optimized in an iterative fashion. Accordingly,

can be derived

at a generic iteration, the master problem reads as

(MAST)  min Y 6w (4.12a)
ecE
> atiewe > f; iel (4.12b)
ecE
0 <we < e€E, (4.12¢)

where T is the set of valid inequalities added so far. Iterations stop when all sub-
problems are feasible.

Similar decomposition approaches have been presented in Bienstock and Mattia (2007)
for solving capacity allocation problems in power grids subject to power line failures,
and by Mattia (2012) for designing a multi-layer network with survivability require-
ments. Finally, Agarwal and Venkateshan (2014) consider a similar relaxation for
survivable network design and solve it by Benders” decomposition. Note that an equiv-
alent approach for solving the subproblem associated with a failure scenario can be
obtained by exploiting the use of metric inequalities (see, e.g., Avella et al. (2007)).
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Efficient Implementation of the Algorithm

A naive implementation of the Benders” decomposition scheme often shows a very slow
convergence rate, resulting in an inefficient solution algorithm. We extensively tested
the most effective techniques proposed in the literature for improving the performance
of Benders’ decomposition. We next describe the three tools that, according to our
computational experience, turned out to have a significant computational impact in our
application.

¢ Definition of the master problem: in our implementation, in addition to (4.12),
the master problem includes variables and constraints that define one specific
scenario. In particular, we embed in the master the scenario corresponding to the
worst-case scenario according to WFCC.

¢ Scenario separation: at each iteration, sub-problems deemed feasible at the previ-
ous iteration are not re-evaluated as long as at least one scenario results infeasible.
If no infeasibility is detected, all scenarios are re-evaluated, thus ensuring the
correctness of the scheme. In our algorithm, we allow the generation and addition
of many cuts at each iteration; this policy turned out to be computationally more
efficient than re-optimizing the master as soon as an infeasible scenario is detected.

* Stabilization: at each iteration, sub-problems are evaluated with respect to a
combination of the master solution and of a feasible solution, according to an
in-out strategy (Fischetti and Salvagnin 2010). In detail, let w be the current master
solution and w be a feasible solution of the master problem, obtained by solving
each scenario independently and by considering, for each edge, a capacity equal
to the maximum flow among all scenarios. For a given a € [0,1], we perform
separation with respect to a convex combination of the two solutions, namely
aw + (1 — a)w. In this way, we either define a new feasible solution improving
over w or generate tighter cuts. Parameter « is dynamically adjusted based on the
fraction of infeasible sub-problems at the last iteration: when less than 10% of the
sub-problems are infeasible, the coefficient is halved to move closer to the master
solution; conversely, when more than 50% of the sub-problems are infeasible,
we double the coefficient (capped at 0.5), moving the convex combination closer
toward the feasible solution. This dynamic approach balances cut strength and
computational efficiency: early iterations benefit from aggressive cut tightening,
whereas later iterations converge faster by directly focusing on the master solution.
When the scheme is close to convergence, the number of infeasible sub-problems
naturally decreases, resulting in smaller and smaller values for «, eventually close
to zero at the final iterations.
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4.4 Heuristic Algorithm

In this section, we introduce a metaheuristic algorithm, denoted as H, designed to
compute high-quality feasible solutions for our problem. The proposed heuristic defines
working and recovery paths for the commodities; during its execution, it may happen
that these paths are defined for some commodities only (served commodities), while they
are missing for other commodities (unserved commodities). Such an incomplete solution
is called a partial solution. Algorithm H is based on the iterated local search paradigm,
proposed by Lourenco et al. (2003), and relies on three main components, namely:

* a constructive procedure, used to build an initial solution and to allocate the
unserved commodities of a given partial solution;

* an improvement procedure, used to possibly improve the current solution;

* a shaking procedure, used to perturb the current solution whenever it was not
improved after a certain number of iterations.

In the following, we give a description of H and of its various components. The parame-
ters used by the heuristic, denoted by the letter A plus a superscript, are described in
Table 4.1.

An overview of H is given in Algorithm 3. The heuristic starts by invoking the con-
structive procedure, described in Section 4.4.1 on an empty solution (i.e., in which no
commodity is served). After that, a randomized improvement procedure, described in
Section 4.4.2, is applied to the current solution with the aim of (i) allocating the unserved
commodities (if any) and (ii) reducing the resource utilization without decreasing the
number of served commodities. If there is no improvement for A7 consecutive iterations,
the shaking procedure, described in Section 4.4.3, is applied to perturb the best solution

Parameter Meaning Value
Atime Time limit 1 hour
A" Max number of consecutive non-improving iterations before shaking 5000
A° Percentage of working channels evaluated during the improvement phase  20%
A Initial target damage for the shaking phase 1
AT Commodities tournament size U[L1,5]
A’ Number of commodities evaluated during the shaking phase 10
AP Number of shortest paths evaluated during the shaking phase 10

Table 4.1: Parameters of algorithm H.
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found. The algorithm alternates between the improvement and the shaking procedures
until a prescribed time limit is reached, and the best solution found is returned.

In order to encourage diversification and escape from local minima, we introduce a
controlled perturbation by updating the current and the incumbent solution also when
an equivalent solution is found, i.e., when both solutions serve the same number of
commodities and use the same amount of resources.

Algorithm 3: H

1 Compute the A” shortest paths on G for each commodity k € K

2 Apply the constructive heuristic and define the current solution

3 Initialize w

4+ while time < A" do

5 | Apply the improvement procedure to the current solution and possibly update
both the current and the incumbent solution

6 | If the incumbent is not improved in the last A7 iterations, then update w and
execute the shaking procedure to the incumbent, defining a new current

solution
7 end

8 return the current solution

44.1 Constructive Procedure

The constructive heuristic takes as input a, possibly empty, partial solution and tries
to allocate the unserved commodities. Commodities are considered one at a time, in a
random order. For each commodity, we try to find an edge-disjoint pair of working and
recovery paths. If such paths are found, an improved solution is defined in which the
commodity is served.

Given a solution Sol and an unserved commodity k, we compute the disjoint paths in
two steps: first, we compute a working path Wy, and then we determine a recovery path
Ry that is edge-disjoint with respect to Wy. When computing the working path, we do
not exploit sharing with already allocated commodities. Indeed, evaluating sharing
would prevent the algorithm to know the precise cost of a candidate edge to be added
to the working path before the working path is complete, thus, standard shortest-path
algorithms could not be used. On the contrary, when computing the recovery path,
all information about sharing is available as the working path is fixed. In any case,
though recovery paths could exploit sharing with existing working paths in some cases
(see Figure 4.2), we do not exploit this possibility. This is motivated by preliminary
computational experiments showing that this opportunity may limit choices for the
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following commodities, thus worsening the overall solution quality.

In order to compute the working path, the procedure randomly selects a subset Q,, of
candidate channels. For each candidate channel, the procedure computes the minimum-
cost path for the current commodity, and selects the channel resulting with the minimum
cost (breaking ties arbitrarily). The minimum-cost path on a channel is computed as
a shortest path on graph G in which the lengths of the edges depend on the current
solution. In particular, the length of each edge e € E is given by

6 if WOLURS =@
gr(Sol,c)= 1" (4.13)
+o00  otherwise,

where W7¢ and R$? denote the set of commodities served by solution Sol that use
channel ¢ of edge e as working and recovery path, respectively. In other words, each
edge e has its original cost if available, and cannot be shared if already used by some
other commodity.

Given the current solution, the minimum cost of a recovery path on channel ¢ for a
commodity k is computed as a shortest-path on graph G in which the length of each
edge e € E is defined as follows

b if WURY =g

oo if 3ge WS
ge(Sol,c, W) = 1= e (4.14)

+oo if 3gERY : Wyn Wi # @

0 otherwise.

\

These costs distinguish between cases in which an edge (i) is not used by the current
solution; (ii) is used and cannot be shared; and (iii) is used and can be shared with no
extra cost. As already mentioned, in case (ii) we do not exploit the possibility to share
channels on edges that are used in the working path of a different commodity, though
this would be possible in principle. For computing the recovery path for a commodity,
the procedure considers all channels and selects the one associated with minimum
cost.

We computationally observed that a full optimization in the selection of the working
path might be too restrictive for subsequent decisions. Thus, in order to introduce
randomness in the selection of the working path, we deliberately consider a random
subset of channels only. Conversely, when designing the recovery path, we consider all
channels in order to exploit all sharing opportunities. In both cases, all shortest paths
are computed by using Dijkstra’s algorithm (Dijkstra (1959)).
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4.4.2 Improvement Procedure

The improvement procedure implements a randomized version of the iterated local search
paradigm proposed by Lourenco et al. (2003). The main idea of the procedure consists
of removing a single commodity from the current solution, and by re-executing the
constructive procedure on the resulting partial solution. More precisely, the procedure
selects the commodity to be removed among a randomly selected set K’ of A” candidate
commodities. For each candidate commodity k’, the procedure computes a measure
of inefficiency A/, defined as the difference between the current contribution of the
commodity to the solution cost and the cost of the shortest path for the commodity in
the original graph. We evaluate the contribution of a commodity to the solution cost
as the cost reduction achieved when removing that commodity from the solution. The
selected commodity is then removed from the solution, and the constructive procedure
is executed on the current partial solution, to possibly allocate the commodity as well
as other unserved commodities. In case the resulting solution is not worse than the
current one, a replacement is implemented.

According to our preliminary computational experience, removing more than one
commodity at a time during the improvement phase is not better than removing just
one, as in the proposed algorithm.

4.4.3 Shaking Procedure

When the improvement procedure turns out to be ineffective, i.e., when it fails in im-
proving the incumbent for A7 consecutive iterations, the algorithm needs to perturb the
solution more intensively, so as to escape from local optima. To this end, we introduce
a shaking procedure, inspired to the ruin phase of ruin-and-recreate algorithms (see
Schrimpf et al. (2000)), which allows to remove more than one commodity at a time.
The intensity of the shaking procedure is controlled by a parameter w € [1,|K]|], which
represents the target number of commodities to be removed from the solution. If o
is too low, the algorithm may be unable to escape from the local optimum, whereas a
large value for w can spoil the quality of the solution. Our policy for updating the value
of w is to decrease it by one unit if the local optimum is worse than the best solution
found, and to increase it by one unit, otherwise. We apply this perturbation to the
incumbent solution, and use the resulting solution as new current solution at the end of
the process.

As shaking is aimed at diversifying the search, the procedure is designed to possibly
affect any commodity served in the solution. The procedure starts by choosing a
commodity kK among a randomly selected set of candidates, as in the improvement
procedure; here, we also allow unserved commodities to be selected, in which case the
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cost contribution is equal to +o0. Then, it considers the A”-shortest paths on the original
graph for the selected commodity, and for each such path, it evaluates the possibility of
assigning each channel to the working path, possibly removing other commodities from
the solution. Finally, the recovery path for the selected commodity is defined.

The AP (loopless) shortest paths for the selected commodity are computed at the be-
ginning of the algorithm by means of the Yen (1971) algorithm. In this phase, parallel
edges are ignored, i.e., they are considered as a unique edge. For designing the working
path of commodity k, we consider each of the A” shortest paths available and each
channel: for each path and channel, we compute the associated damage, counting the
number of commodities that are served in the current solution and that would conflict
with the choice, i.e., using the same channel on some edges of the path. To exploit
the possible presence of parallel edges in G, the procedure randomly selects one of the
edges connecting two consecutive nodes in the given path. The procedure selects the
path and channel for which damage is closest to the target value w. Once the working
path (and its channel) is selected, the conflicting commodities are removed from the
solution and the recovery path for commodity k is computed by solving a shortest
path problem on graph G with edge costs defined as in (4.14). Finally, the constructive
procedure is applied to the current partial solution to possibly increase the number of
served commodities.

The core procedure is executed for a given number A° of iterations; at the end, the
best solution found is returned, and the corresponding damage is computed and a
new target damage value is defined as w = ® — wpet. The procedure is repeated if w is
positive, and is prematurely terminated if wp,s is 0.

4.5 Computational Experiments

In this section, we computationally test different approaches for the problem. We first
evaluate the possibility to directly solve the ILP formulation by means of a general-
purpose solver. The negative outcome of these experiments motivates the use of the
lower bounding and heuristic procedures introduced in the previous sections. Thus, we
tirst assess the tightness and computational effort of each relaxation, and then evaluate
the performance of the proposed heuristic algorithm, also in comparison with a baseline
constructive approach. Finally, we show that the combination of lower and upper
bounding procedures allows to certify the quality of the produced solutions in terms of
optimality gap.

All algorithms have been coded in C++20 and compiled with GCC 11.4.0. Experiments
were run on a machine with AMD Ryzen 5 PRO 4650GE equipped with 16 GB of RAM
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under Ubuntu 22.04.4 LTS operating system. All LPs and ILPs have been solved by
using IBM ILOG CPLEX Optimization Studio 20.1.0.

4.5.1 Instances

We tested our algorithms on two benchmarks of instances.

The first set includes eight instances taken from the SNDIib (https://sndlib.put.
poznan.pl/home.action), a library of data for Survivable fixed telecommunication
Network Design aimed at providing data about realistic telecommunication networks.
In particular, we selected 8 instances that were addressed in Agarwal and Venkateshan
(2014) for a related resource allocation problem in which each commodity has a certain
demand, though channels are not explicitly modeled. In order to define instances for
our problem, we maintained the network structure and defined demands and capacities
as follows. First, we grouped all commodities sharing the same source and destination,
thus obtaining distinct commodities with non-unitary requests. Then, we normalized all
requests with respect to the smallest one (rounding up the value, when needed). Finally,
we solved a simplified problem to compute the smallest capacity to be installed on each
edge so that two edge-disjoint paths can be defined for each commodity with no sharing
and no explicit channel allocation. We remark here that the resulting capacity does
not guarantee the existence of a feasible solution for the original problem, as channel
allocation is not considered. At the same time, ignoring the sharing opportunity allows
to define capacities that are not too tight in practice.

The second set of instances has been provided by Huawei and includes twenty realistic
instances, referred to as 1-20 in the tables, representing prototypical configurations of

existing networks.

Table 4.2 reports the main characteristics of the instances, i.e., the name, number of
vertices, edges, commodities, the number of aggregated macro-commodities, and the
value of the links’ capacity. The considered benchmark shows a considerable variability
in terms of size of the graph, density, commodity number and capacity.

In our first set of experiments, we tested the exact formulation (4.1). For each instance,
the solver was run 5 times with 5 different random seeds to mitigate the effects of
erraticity. For each run, the time limit was set to 5 hours and the solver was allowed
to use 6 threads. All experiments prematurely terminated due to memory limits, but
for two small instances from the SNDIib, though no feasible solution was computed
in these cases either. Similar results were obtained by replacing constraints (4.1e) and
(4.1f), that express a logical condition, by their quadratic counterpart and exploiting
the capability of the solver to approach nonlinear quadratic models. Based on these
negative outcomes, we conclude that directly approaching the exact formulation is not
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Instance  |V] |E| K| K| u

atlanta 15 22 1609 14 652
france 25 45 2087 24 443
germany50 50 88 1226 39 164
newyork 16 49 476 15 45
norway 27 51 1782 26 366
pdh 11 34 48 7 5
pioro40 40 89 1150 39 225
polska 12 18 100 11 37

1 20 55 321 13 80
2 114 2905 550 31 80
3 83 342 278 36 80
4 32 108 465 10 80
5 748 1283 1490 277 80
6 92 19 907 19 80
7 67 264 1001 29 80
8 80 330 1863 37 80
9 37 150 600 19 80
10 46 184 700 23 80
11 48 198 800 24 80
1252 219 900 26 80
13 103 275 1913 40 80
14 57 142 820 21 80
15 178 363 1538 94 80
16 172 352 621 33 80
17 159 376 1954 70 80
18 5 116 711 27 80
19 377 546 827 194 80
20 377 546 2158 196 80

Table 4.2: Instance features.
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a viable way for solving the problem. Unfortunately, also solving the linear relaxation
of the formulation turned out to be very challenging in terms of memory requirements,
allowing, in this case as well, to obtain the optimal value of the linear relaxation for the
two smallest instances only. In addition, in both cases, the resulting dual bound was
very weak. Therefore, in order to obtain feasible solutions for the problem and assess
their quality, in the next two sections we examine the computational performances of
the proposed lower and upper bounds.

4.5.2 Results on Lower Bounds

In this section, we present our computational results evaluating the quality of the lower
bound obtained by solving the relaxations introduced in the previous sections. Table 4.3
reports the outcome of our experiments for relaxations based on a unique working and
no recovery path (see Section 4.3.1). For NFCC, which is the baseline of our comparison,
we report the value of the dual bound, whereas for all the remaining relaxations, we
give the percentage improvement of the resulting dual bound with respect to the
baseline. By denoting with LB and L the baseline and the value of the other lower
bound under consideration, respectively, the percentage improvement is defined as
Imprp = 100(L — LB)/LB. In addition, for all methods we report the corresponding
computing time. For all formulations (NFCC, WFCC, NFWC, and WFWC) we solved the linear
relaxation of the model and used the dual simplex algorithm, which computationally
turned out to be the most effective solution algorithm. When solving WFCC and WFWC,
the linear programs to be solved at each iteration are always optimized from scratch.
For both NFCC and WFCC we report two computing times, the first column (T;) relative to
a classical implementation of constraints (4.5b), and the second column (T3) relative to a
rooted flow formulation implementing constraints (4.7a) and (4.7b). Finally, in the table

" 7

we mark with a the cases where a formulation cannot be solved, either for time or

memory limits.

Table 4.3 shows that relaxation NFCC can be solved for all instances in short computing
time (column Tj), reaching 22.56 seconds for instance 5, which is the most challenging
one. By considering the rooted flow formulation, the computing times are reduced by
at least one order of magnitude. When considering channels (NFWC), the rooted flow
formulation cannot be exploited, and due to memory limitation we are able to solve
12 out of 28 instances only. Concerning the value of the obtained lower bound, by
explicitly modeling channels, we do not obtain any improvement. Solving WFCC requires
a much larger computational effort than solving NFCC as this asks to solve an LP for
each edge which may fail. Computing times reflect this larger effort, and can almost
reach 4 hours for the most challenging instance. However, for WFCC the rooted flow
formulation is extremely efficient, and computing times are reduced by three orders of
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Instance NFCC NFWC WECC WEWC
LB T; T, Imprp T Imprp T T, Impp T
atlanta 3260 0.19 0.04 - - 19.05 246  0.03 - -
france 4944  0.59 0.02 - - 5.24 16.79  0.04 - -
germany50 3475 0.92 0.06 - - 4.92 58.48 0.12 - -
newyork 776  0.12 0.03 0.00 6.72 3.09 325 0.01 3.09 198.97
norway 5515  0.60 0.05 - - 4.04 19.87  0.05 - -
pdh 48  0.03 0.03 0.00 0.05 8.33 0.11  0.03 8.33 0.41
pioro40 3799  0.92 0.05 - - 4.00 60.18  0.10 - -
polska 213 0.03 0.02 0.00 034 11.27 0.11  0.03 11.27 3.83
1 882 0.09 0.03 0.00 8.72 7.48 194 0.03 7.48 234.12
2 3196 1.04 0.07 0.00 11436 1.85 153.93 0.21 1.85 17310.45
3 11588 9.46 0.10 - - 1.86 1183.68  0.50 - -
4 1292 0.25 0.04 0.00 28.29 5.34 11.11  0.03 5.34  1342.59
5 4554 2256 251 - - 3.34 13642.27 34.77 - -
6 2968 1.16 0.05 0.00 148.64 4.82 120.11  0.11 482 15672.48
7 4578 1.66 0.08 - - 2.73 21482 0.14 - -
8 8502 540 0.12 - - 2.07 800.56  0.43 - -
9 1639 0.44 0.04 0.00  53.52 2.07 27.50  0.05 2.07  3420.22
10 2287 0.66 0.04 0.00 79.94 1.44 60.08 0.07 1.44  6800.21
11 2629 0.82 0.05 0.00 103.22 1.29 82.01 0.08 1.29  8691.93
12 3205 1.11 0.06 - - 1.06 122.06  0.10 - -
13 6269 4.23 0.09 - - 2.23 384.66 0.17 - -
14 2273 0.58 0.04 0.00 75.90 10.56 26.18 0.05 1056  3331.13
15 5353 529 0.25 - - 1.72 1163.04 1.44 - -
16 3982 1.87 0.10 - - 2.84 23472  0.33 - -
17 3710 6.60 0.17 - - 3.07 924.15  0.60 - -
18 1414 0.44 0.04 0.00 53.88 11.88 2891 0.07 11.88  3314.03
19 3505 457 0.67 - - 8.30 1639.30 7.19 - -
20 5072 1392 0.67 - - 446 454408 7.35 - -

Table 4.3: Results of the relaxations based on unique working and no recovery path.
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magnitude for the most challenging instances, with the largest computing time being
34.77 seconds. The bound obtained is improved by 4.64% on average with respect to
the case with no failure. Finally, by considering channels on top of WFCC, we obtain
relaxation WFWC, for which we are only able to solve the same 12 instances we could solve
for NFWC, with no improvement on the bound value with respect to WFCC. Summarizing,
explicitly modeling channels results in formulations of very large size, which are often
intractable due to memory limitations. Moreover, in all instances where NFWC and WFWC
can be solved, they provide the same lower bound as formulations that allow channel
conversion (NFCC and WFCC, respectively). Therefore, we disregard explicit channels
when developing more sophisticated relaxations.

For what concerns formulation MPCC, we consider its linear relaxation and report both
the results obtained by directly solving it (column “No-decomp.”) and those obtained
from the application of the Benders” decomposition approach (column “Benders”)
introduced in Section 4.3.2. According to our preliminary experiments, when directly
tackling the formulation, the best option is to use the barrier algorithm. As we do not
care about having a solution corresponding to a vertex of our formulation, we disable
the crossover algorithm in order to reduce the computational effort. When solving
the problem via Benders” decomposition, one can exploit multi-thread CPUs by (i)
solving the master problem with multiple threads, and (ii) allocating a thread to each
subproblem to be solved in parallel. Therefore, we test our implementation of Benders’
decomposition with 1 and 6 threads, respectively. In order to have a fair comparison,

the same settings are considered when solving MPCC without decomposition.

Table 4.4 reports the value of the lower bound associated with MPCC, its percentage
improvement over the baseline given by NFCC and, for each approach and setting
(number of threads), the associated computing time.

The linear relaxation of formulation MPCC can be solved directly by means of the barrier
algorithm for all but 5 instances, where the solving process is terminated due to exceeded
memory limits. For solved instances, the computing times range from fractions of
seconds up-to more than 9 hours of computing time (instance 13). The computing time
is almost halved when the process is executed on 6 cores, but instance 13 cannot be
solved anymore. When Benders” decomposition is used, we never exceed the memory
limits and are always able to compute a valid lower bound, although, for some instances,
the computational effort can be significantly larger than without decomposition. The
algorithm benefits from parallelization and the resulting computing time is around one
third of that in the sequential case, on average. Furthermore, Table 4.4 shows that the
lower bound produced by MPCC is considerably larger than the baseline, the percentage
improvement being equal to 34.27% on average.
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No-decomp. Benders
Instance  value Imprp
Titn Totn Thsn Toth
atlanta 5908 81.23 0.13 0.12 0.16 0.12
france 8145 64.75 1.92 0.96 1.19 0.43
germany50 4480 28.92 145.75 43.80 45.96 12.74
newyork 906 16.75 4.03 1.44 1.24 0.48
norway 7233  31.15 5.80 2.29 3.05 0.99
pdh 64 33.33 0.47 0.23 0.17 0.13
pioro40 4809  26.59 14.58 9.23 72.29 14.40
polska 307 4413 0.06 0.06 0.10 0.06
1 1188 34.69 1.37 0.65 0.83 0.34
2 4095 28.13 146.04  73.10 471.24 121.71
3 13008 12.25 213.46 110.40 2340.73 485.43
4 1612 2477 1.33 0.99 2.67 0.85
5 6803 49.39 - - >500k 132626.50
6 4033 35.88 36.06 22.16 64.95 13.84
7 5395 17.85 46.81  29.47 438.23 101.22
8 9663 13.66 181.05 92.68  1888.29 659.69
9 1918 17.02 8.36 5.30 32.19 9.56
10 2645 15.65 19.40 12.26 87.87 22.06
11 3013 1461 21.68  13.41 127.72 29.88
12 3619 1292 30.44 18.03 254.01 61.09
13 8040 28.25 33487.62 - 457.91 102.73
14 3430 50.90 8.63 6.16 6.16 2.58
15 6681 2481 - - 15800.40 2514.69
16 5328 33.80 473.73 223.67 977.95 198.64
17 5225 40.84 - - 1616.82 519.66
18 2286 61.67 4933 18.24 7.31 2.73
19 5792 65.25 - - 7536.74 2239.30
20 7629 5041 - - 4396.79 1325.84

Table 4.4: Results of the continuous relaxation of MPCC and computing times with 1 thread and 6
threads.
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4.5.3 Results on Upper Bounds

Table 4.5 presents the results of our heuristic algorithm. The table gives, for each
instance, the optimality gap of the initial solution. For some instances, the initial
solution is unable to serve all the requests; in these cases, we report in brackets the
percentage of unserved commodities. We do not report the associated computing time,
which was always below 1 second. In addition, we give the percentage improvement
and the corresponding optimality gap of the best solution found after 1 hour and 5
hours, respectively. All optimality gaps are computed with respect to the same reference
value, given by the best available lower bound, namely MPCC (reported in Table 4.4). By
denoting with LB the reference lower bound and with UB the value of an upper bound,
the optimality gap is computed as opty,, = 100 (UB — LB)/LB. In addition, by denoting
with UB and U the value of the initial solution and the value of an improved solution,
respectively, the percentage improvement is defined as Impyp = 100 (UB —U)/UB.

The initial constructive heuristic is able to find a feasible solution in 19 instances out
of 28, while in the remaining 9 cases, a certain number of requests remain unserved.
Even disregarding unserved requests, its performance is not satisfactory, the associated
average optimality gap being equal to 17.83%. By applying the proposed iterated local
search heuristic, the quality of the solution is considerably improved both in terms
of feasibility, which is achieved for all instances, and of solution value. After 1 hour,
the average cost reduction is around 10% and the corresponding average optimality
gap is reduced to 8.59%. When a longer time limit is used (5 hours), further non-
negligible improvements are obtained: the average cost reduction with respect to the
initial solution is 10.86% and the average optimality gap is 7.86%. The optimality gap is
always below 10% but for 6 challenging and very large instances.

We now report an ablative study on the impact of the acceptance strategy mentioned at
the end of Section 4.4 and of the shaking procedure described in Section 4.4.3. Three
variants of H have been evaluated, obtained by removing updating in case of equivalent
solutions (NEQ), by disabling the shaking phase (NS), and by disabling both features
(NSEQ). Table 4.6 reports the percentage cost increase of the best solution found by each
variant with respect to the solution cost when both features are activated. All algorithms
are executed with a time limit equal to 1 hour and all of them are able to compute a
feasible solution for all instances.

The table shows that all variants produce solutions that are worse than those computed
by H for all instances but one (pdh), for which NS and NEQ find solutions of the same
cost. When both features are deactivated (NSEQ) the average percentage cost increase
of the solution is equal to 6.88%. by disabling one feature at a time, worsening is less
consistent and reduces to 1.68 and to 1.28 for NEQ and NS, respectively. This shows that
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Initial solution

H (after 1h)

H (after 5h)

Instance
0pteap opteap Impyp Optgap Impup
atlanta 852 (0.44) 1.70 6.94 1.32 7.29
france  9.38 (0.14) 3.48 6.11 2.73 6.83
germany50 4450 (0.24) 1197 36.95 11.32 3741
newyork 14.93 6.12 9.39 5.73 9.77
norway 14.65 6.32 8.89 5.97 9.23
pdh 23.81 (4.17) 3.03 21.43 3.03 2143
pioro40 18.21 10.56 8.55 9.57 9.56
polska 17.92 5,54  13.10 525  13.37
1 1435 473  10.09 435 10.45
2 19.72 10.61 10.19 10.16 10.64
3 1344 9.25 4.61 8.53 5.36
4 14.80 5.84 9.51 5.51 9.83
5 2359 15.16 9.93 13.60 11.56
6 19.79 9.74 11.14 9.00 11.85
7 1461 7.96 7.22 7.52 7.66
8 12.66 9.05 3.97 8.21 4.84
9 14.95 7.48 8.07 6.76 8.78
10 14.74 8.39 6.93 7.87 7.45
11 15.05 8.50 7.16 7.66 8.01
12 1424 8.75 6.02 8.05 6.73
13 2166 (0.73) 1255 1042 1166 11.32
14 19.86 (0.73) 9.21 11.73 8.46  12.45
15 18.57 10.47 9.06 9.63 9.90
16 19.62 9.19 11.48 8.34 1230
17 19.27 10.92 9.36 9.80 10.49
18 10.88 (0.70) 5.42 5.77 4.67 6.51
19 2278 (0.36) 13.71 1052 12,65 11.60
20 22.68 (0.23) 14.75 9.30 12.80 11.33
Average 17.83 8.59 10.14 7.86  10.86

Table 4.5: Results of the upper bound.
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Instance  NEQ NS NSEQ

atlanta 158 0.58 5.91
france 191 026 4.65
germanyb0 252 059  7.98
newyork 2.07 259 9.12
norway 2.16 0.61  7.78
pdh 0.00 0.00 13.64
piorod0 2.18 0.46  6.97
polska 1.85 4.00 11.08

1 176 168 8.82
2 146 074 594
3 073 034 316
4 082 093 5090
5 1.82 145 456
6 210 130 7.79
7 177 053 546
8 0.63 0.08 280
9 188 159 6.32
10 1.04 139 568
11 125 112 531
12 038 058 4.26
13 410 040 855
14 312 244 9.82
15 231 063 6.42
16 198 150 6.97
17 124 259 6.72
18 1.12 252  8.03
19 118 226 6.05

20 220 264 6.92

Average 1.68 1.28 6.88

Table 4.6: Percentage cost increase when disabling diversification strategies.
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the simple strategy of updating the incumbent in case of equivalent solutions has, on
average, a greater impact than the shaking procedure on the solution quality. In any
case, both features are useful for producing high-quality solutions and are partially
complementary.

4.6 Conclusions

We considered the problem of assigning a given set of connection requests to a minimum
cost set of wavelengths in an optical network. The assignment is designed in such a way
to allow communication also in case of failure of an edge, and a shared protection policy
is considered. For this problem, we introduced a mathematical formulation and different
bounding procedures, including one based on a Benders” decomposition. In addition,
we proposed a heuristic approach relying on the iterated local search paradigm and
exploiting diversification strategies. Computational experiments were performed both
on instances from the literature and on realistic instances from the industry, showing that
our algorithms provide solutions whose optimality gap is around 8% on average.
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