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Abstract

Graphs are a powerful and flexible data structure for representing relational data
and are widely used to describe complex real-world systems. Graph Neural Networks
(GNNs) have emerged as a leading machine learning paradigm for learning from such
relational data, yet their operational principles, inherent limitations, and advantages over
alternative models remain areas of active investigation. This thesis provides a multifaceted
interrogation of GNNs to clarify their capabilities and boundaries.

First, to enhance the interpretability of neural networks, we develop a thermodynamic
framework that analyzes weight dynamics during training and quantifies parameter
importance through gradient activity. This framework enables structured pruning and we
apply it to prune input features in GNNs, identifying prunable features as those that induce
low mean squared gradient on the weights. We show that GNNs performance remains
robust even after aggressively reducing high-dimensional features, with a significant decline
only occurring at a critically low dimensionality.

We further pioneer the use of GNNs for the complex task of 3D multi-phase microstructure
segmentation, a domain typically dominated by Convolutional Neural Networks. Our
results demonstrate that the relational inductive bias of GNNs enables effective handling of
irregular geometries and offers superior adaptability in data-scarce experimental settings.
However, this success relies on well-engineered features, underscoring the fundamental
GNN dependency on sufficiently expressive node-level attributes.

Finally, we address a critical gap in the literature by conducting a systematic
comparison between GNNs and the interpretable paradigm of Probabilistic Graphical
Models (PGMs). We show that PGMs are more robust in real-world scenarios characterized
by low-dimensional or noisy node features and complex graph connectivity, such as
heterophily. GNNs, in contrast, excel when high-dimensional features are available, and
we find that their performance on heterophilic graphs significantly improves when features
are strategically selected to incorporate information about the graph structure.

Collectively, this work advances our understanding of GNNs, positioning them as
powerful feature-processing engines that use graph structure as a computational scaffold,
rather than models that learn primarily from graph topology. The insights and methodologies
developed herein highlight the advantages of GNNs while paving the way for more robust,

interpretable, and data-efficient deep learning on graphs.
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Chapter 1

Introduction

1.1 Overview and Motivation

In recent years, Graph Neural Networks (GNNs) [II, 2] have emerged as a central
paradigm in machine learning, capable of operating on relational and irregular data. The
key strength of GNNs lies in the flexibility of graphs: unlike the regular grids used in
Convolutional Neural Networks (CNNs) [3, 4l [5], or the sequential structures exploited by
Recurrent Neural Networks (RNNs) [6l [, [7] and Transformers [§], graphs allow arbitrary
connectivity patterns. This flexibility makes GNNs particularly well-suited for domains
such as molecular property prediction, physical simulations, recommendation systems,

and social network analysis (see Fig. for an example).

g\fﬁ
—) I 5 8 /E —)

: :
B
Y
Grain size I
Number of neighbors I E

Feature matrix

Adjacency relation

Figure 1.1: GNN framework for polycrystalline materials: grains are represented as graph
nodes with features, while edges capture physical interactions [9]. The learned microstructure
embedding enables accurate prediction of macroscopic properties such as magnetostriction.

The modern formulation of GNNs was introduced by Gori et al. [I] (2005) and Scarselli
et al. [2] (2009), and subsequently unified under the Neural Network Message Passing
framework by Gilmer et al. [I0] (2017). Since then, a wide variety of architectures have
been proposed, including Graph Convolutional Networks (GCNs) [11], GraphSAGE [12],
and Graph Attention Networks (GATs) [13], establishing GNNs as a versatile tool for
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learning from graph-structured data.

GNNs serve as a powerful unifying framework that extends and generalizes key ideas
from well-known deep learning architectures [4]. For instance, CNNs can be viewed as
a specialized instance of a GNN operating on a grid-structured graph. In this analogy,
a convolutional kernel defines a fixed spatial pattern for message aggregation from a
local pixel neighborhood. Furthermore, the Transformer architecture [§] itself can be
interpreted as a form of message passing on a fully-connected graph, where each token
attends to and exchanges messages with every other token in the sequence [14].

Despite their flexibility, GNNs still face several fundamental challenges that restrict
their broader understanding and deployment. First, as common to deep learning models,
their learned representations are not directly interpretable, because embeddings live in
high-dimensional spaces where it is difficult to understand what each dimension represents,
and the way interactions in the graph are encoded within these embeddings remains unclear.
One has to make ad-hoc processing a posteriori to allow for interpretability [15] or design
GNN models specifically to optimize for it [16]. Second, GNN architectures suffer from
known structural limitations: they struggle to distinguish certain graph topologies due to
the expressive limit imposed by the Weisfeiler-Lehman test [17], 18], and they are prone to
phenomena such as oversmoothing [19], where node embeddings become indistinguishable
across layers, and oversquashing [20], where long-range information is compressed into
fixed-size vectors, leading to loss of signal. Furthermore, the oversmoothing phenomenon
has been specifically identified as responsible for the poor performance of GNNs in
heterophilic graph settings [21], 22, 23]. Lastly, GNNs are rarely evaluated against greedy
algorithms [24] or structured probabilistic models [25], which leaves unresolved the question
of when they offer a clear advantage over simpler or more interpretable alternatives.

Despite its potential, research on deep learning for graphs is still in its early stages,
with the theoretical foundations, operational principles, and practical boundaries of
GNNs representing major open challenges. To establish a robust understanding of their
capabilities and limits, this thesis provides a structured interrogation of GNNs from three
complementary viewpoints: theoretical, practical, and comparative.

From a theoretical perspective, we address the “black box” problem in deep learning
by developing a novel thermodynamic framework that analyzes weights dynamics during
training. This framework probes what information GNNs prioritize by examining the
gradients induced on the weights, enabling the quantification of feature importance and
redundancy, which is important for feature engineering [26]. As a core contribution,
we apply this interpretability framework directly to structured pruning, moving beyond
traditional magnitude-based approaches. Although the resulting methodology shows
significant generality, extending naturally to diverse neural architectures, its application
to GNNs raises a fundamental question: “How can we systematically assess feature

importance to jointly guide feature engineering and model compression in GNNs?”



From a practical perspective, we challenge conventional GNNs usage by employing
them for the computer vision task of 3D multi-phase microstructure segmentation |27, 2§].
Our goal is to understand how the relational inductive bias of GNNs handles the complex
and irregular geometries of microstructures compared to the fixed spatial locality of CNNs.
We also evaluate how this relational bias helps GNNs in alleviating data scarcity in
experimental settings compared to CNNs. Furthermore, the constrained nature of our
experimental dataset, where only scalar grayscale values are available as features, directly
allows us to confront the reliance of GNNs on the dimensionality and richness of node
information. This investigation asks the central question: “Can the relational inductive
bias of GNNs unlock superior performance on geometrically complex segmentation tasks,
and what principles should guide feature engineering in data-scarce experimental settings
to realize this potential?”

From a comparative perspective, we address a critical gap in the literature: the lack
of a comprehensive, head-to-head comparison between GNNs and the well-established
world of Probabilistic Graphical Models (PGMs) [29] 30]. Despite their shared focus
on network-structured data, these two methodological families have evolved in relative
isolation. Through controlled experiments probing feature dimensionality, robustness
to feature and edge noise, and resilience to graph heterophily, we present a systematic
analysis to delineate the strengths and weaknesses of each paradigm in real-world network
scenarios. Our findings directly answer a critical question for the field: “How do these
two paradigms leverage graph structure and node attributes, and when should one use a
complex GNN over a more interpretable PGM, and vice versa?”

The convergence of evidence from our triangulated investigation clarifies the paramount
role of input features in GNNs. Our theoretical framework leverages structured pruning
to show that GNNs maintain strong performance even with a greatly reduced feature
set when initial features are high-dimensional, although significant decline occurs at
critically low dimensionality. Our practical application to microstructure segmentation
demonstrates that the relational inductive bias of GNNs enables highly successful 3D
segmentation and effective adaptation to limited data. However, in feature-scarce settings,
their dependency on node features necessitates clever feature engineering. Finally, our
comparative analysis with PGMs systematically delineates that GNNs excel when node
features are rich and reliable, while their struggle with complex graph connectivity, such
as in heterophilic graphs, can be mitigated through more careful feature selection.

Together, these findings posit that while GNNs are powerful function approximators,
they fundamentally act as feature-processing engines. They use the graph structure
primarily as a computational skeleton for message passing, rather than truly learning
from its connective patterns. Ultimately, this work provides insights to move towards a
more structured deep learning on graphs, where models are not only powerful but are also

architected to be robust, interpretable, and truly capable of exploiting graph topology.



1.2 Thesis Outline

In this thesis, we present three research works, each discussed in a dedicated chapter.

The corresponding three publications are listed below with full bibliographic details:

e M. Lapenna, F. Faglioni, R. Fioresi, G. Bruno, “Temperature-based pruning for
input features in Graph Neural Networks”, The Furopean Physical Journal Plus, vol.

140, no. 9, p. 880, 2025. [31]

e M. Lapenna, A. Tsamos, F. Faglioni, R. Fioresi, F. Zanchetta, G. Bruno, “Vision
GNN (ViG) architecture for a fine-tuned segmentation of a complex Al-Si metal
matrix composite XCT volume”, Journal of Materials Science, vol. 60, no. 16, pp.
6907-6921, 2025. [32]

e M. Lapenna, C. De Bacco, “How do probabilistic graphical models and graph
neural networks look at network data?”, Journal of Physics: Complexity, vol. 7, no.

1, p. 015008, 2026. [33]

The first two works build upon earlier published studies (|34] and [35] for the
thermodynamic analogy and [36] for the segmentation task). Below, we outline the
content and objectives of each chapter. The first two chapters provide the necessary
background material, while the subsequent three analyze the three publications listed
above, which constitute the core contributions of this thesis.

Before focusing on graph-structured data, Chapter [2] provides a foundational overview
of deep learning, beginning with Artificial Neural Networks (ANNs) and the gradient-based
optimization algorithms used to train them. It explores specialized architectures like
CNNs for spatial data and RNNs for sequences, while also drawing important theoretical
parallels to statistical physics to explain training dynamics and generalization.

Following this, Chapter [3| provides a comprehensive introduction to machine learning
on graphs. It begins with fundamental graph concepts and notation before presenting
the two methodological families of GNNs and PGMs. For GNNs, we first analyze the
role of symmetry and invariance in their inductive biases. Then, we present the Neural
Network Message Passing framework [I0] and detail its inherent limitations, such as
homophily bias and oversmoothing effects. To provide a concrete understanding, we also
discuss examples of commonly used GNN layers. We then contrast the discriminative,
representation-learning approach of GNNs with the probabilistic framework of PGMs,
focusing on generative models with latent variables and their associated statistical inference
algorithms. This is concretized through the Stochastic Block Model (SBM) [37, 138, 39, [40],
a fundamental generative model for community detection, for which we detail two specific

variants used in our comparative analysis.



After providing the necessary background material, the thesis turns to its original
contributions. First, in Chapter [l we present the thermodynamic modeling exploited
for introducing a new gradient-based pruning method, which we employ to prune node
features and embedding dimensions in GNNs. This work follows and extends our previously
published studies [34], 35]. Using the concept of neural network temperature, a measure
linked to the gradient activity due to the loss function minimization at equilibrium,
we identify and discard weight structures associated with small mean squared gradient,
without degrading performance. Crucially, we identify that retaining high-redundancy
features, those that are more correlated with other features, is a more effective strategy.
This method, tested on multiple benchmark datasets and GNN architectures, offers a
promising physics-inspired alternative to standard magnitude-based pruning techniques.

Next, in Chapter 5], we explore the application of GNNs to a challenging computer vision
task: the voxel-level segmentation of complex 3D microstructures from X-ray computed
tomography (XCT) scans. Building upon our previously published proof of concept study
[36], we develop a Vision GNN (ViG) architecture [32] initially trained on synthetic
data and then fine-tuned on experimental samples. This approach achieves segmentation
accuracy comparable to U-Nets [41] on synthetic data, though U-Nets maintain higher
performance on experimental data. The GNN architecture, however, demonstrates superior
adaptability and robustness when fine-tuning on limited experimental data. Additionally,
GNNss significantly reduce the number of trainable parameters compared to U-Nets, even
though their reliance on sparse message passing, which is not as efficiently optimized in
current libraries as CNNs dense operations, incurs longer training times.

As third contribution, in Chapter [6] we benchmark GNNs against interpretable PGMs,
specifically SBMs, on a link prediction task. Our experiments on synthetic and real-world
datasets investigate how both frameworks leverage input features and graph structure.
We show that PGMs outperform GNNs when input features are low-dimensional or noisy,
a common scenario in real-world networks where node attributes are often limited or
unreliable. Furthermore, PGMs exhibit greater robustness to increasing graph heterophily.
Interestingly, we find that GNN performance on heterophilic graphs can be significantly
improved through more informed feature selection. When high-quality, high-dimensional
input features are available and the graph is assortative, GNNs can achieve performance
comparable to, or exceeding, that of PGMs. Additionally, we compare computational
complexity and interpretability of both paradigms, clarifying when deep learning on graphs
offers clear advantages over classical probabilistic methods.

Finally, Chapter [7] synthesizes the key findings from each contribution into a broader
discussion on the explored research directions. It underscores the strengths of GNNs
relative to CNNs and PGMs, with a specific focus on their capabilities for data fusion
tasks. Building on the thesis findings, the chapter concludes by outlining promising future

research directions for enhancing GNN design and extending their range of applications.



Chapter 2
Foundations of Deep Learning

This chapter establishes the theoretical foundations and methodological frameworks
that underpin Deep Learning, a transformative paradigm enabling machines to learn
complex hierarchical representations directly from raw data. The discussion begins in
Sec. with a high-level overview of deep learning, contrasting it with traditional machine
learning approaches. We then systematically examine the mathematical principles of
Artificial Neural Networks (ANNs) in Sec. 2.2} starting from the simple perceptron and
progressing to multi-layer architectures. Sec. 2.3] covers the loss functions that quantify
prediction error, while Sec. details the gradient-based optimization algorithms that
enable effective training. The chapter subsequently explores specialized architectures,
including Convolutional Neural Networks (CNNs) [3], @, [5] for spatial data in Sec.
and Recurrent Neural Networks (RNNs) [6, 4, [7] for sequential data in Sec. .8 A
key focus is placed on critical innovations like skip connections, which stabilize the
training of deep networks by preserving gradient flow. Furthermore, Sec. 2.6] examines the
learning dynamics and generalization of these high-dimensional models through the lens

of statistical physics, providing a cohesive theoretical perspective on their behavior.

2.1 Introduction to Deep Learning

Deep learning [4] is an advanced branch of machine learning characterized by models
composed of many sequential processing layers, a design that gives rise to the term “deep”.
This multi-layered architecture enables the system to learn directly from large-scale data
by automatically detecting and hierarchically organizing patterns into increasingly abstract
representations. This stands in contrast to traditional machine learning methods, which
often rely on “shallow” architectures (e.g., decision trees [42], or support vector machines
[43]) and, most importantly, require extensive manual effort to preprocess the data.

In traditional machine learning, domain experts must carefully design and select

relevant features before the model can be trained. In deep learning, instead, the
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network learns its own features hierarchically [44), [45]: early layers detect simple patterns,
intermediate layers combine these into more complex structures, and deeper layers assemble
these into more abstract representations. The capability to learn feature hierarchies directly
from data makes deep learning exceptionally powerful for tasks such as image and speech
recognition, where designing features by hand would be difficult or impractical.

The rapid advancement of deep learning has been largely enabled by increased
computational power, particularly through the use of GPUs. The resource-intensive nature
of training deep neural networks on massive datasets requires vast parallel processing
capabilities, a task for which GPUs are uniquely well-suited due to their efficiency
in performing the core matrix operations central to these algorithms. This hardware
revolution has drastically reduced training times, enabling the development of models
with millions or even billions of parameters and unlocking new complexities in Artificial
Intelligence applications.

Another critical factor driving the success of deep learning is the modern availability
of large datasets, driven by the widespread digitalization of society and declining cost
of digital storage. Deep neural networks, particularly in fields like computer vision and
natural language processing, inherently require massive amounts of data to learn complex
patterns and avoid overfitting. However, when learning is supervised, a fundamental
limitation is the need for accurately labeled data, a process that is often extremely
time-consuming and limited by scarce expert knowledge. This labeling constraint has
led to the exploration of synthetic data generation techniques, which utilize generative
models to create realistically labeled samples from existing data, thereby bypassing the
need for manual annotation.

It is important to note that this revolution comes with significant costs: extreme
energy consumption, reliance on rare materials for hardware, and substantial environmental
impacts, including water usage for cooling and carbon emissions, that often affect third
countries disproportionately. To mitigate these effects, it is crucial to move toward more
efficient algorithm design. Indeed, due to the black-box nature of deep learning models,
current practices rely heavily on costly grid searches for hyperparameter optimization.
Developing more transparent and theoretically grounded methods is essential to guide

deep learning toward a more sustainable future.

2.2 Artificial Neural Networks

Artificial Neural Networks (ANNs) are computational models inspired by the biological
neural networks of the human brain. They consist of interconnected layers of nodes,
or neurons, each combining input signals, applying a non-linear transformation, and
passing the result to the next layer. The simplest form of an ANN is the perceptron, a
single-layer network initially proposed by Frank Rosenblatt in the 1950s [46] (see Fig. [2.1)).
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Mathematically, a perceptron takes a set of input values x = (x1, 2o, . .., z,), multiplies
them by corresponding weights w = (wy, ws, .. ., w,), and applies a weighted sum followed

by a non-linear activation function o to produce an output y:

y=1r (i w;T; + b) (2.2.1)

where b is the bias term. The perceptron’s original purpose was binary classification,
which led to the use of the Heaviside step function for ¢. This function produces a
binary output (e.g., 0 or 1) depending on whether the weighted sum exceeds a threshold,
mimicking the “firing” of a biological neuron. However, the step function has two critical
limitations. First, it is non-differentiable at zero and has a zero derivative elsewhere,
which prevents the use of gradient-based learning algorithms like backpropagation [47], a
technique used to efficiently calculate gradients for parameter updates that we will discuss
in detail in Sec. 2.4 Second, its binary output prevents the small, continuous weight
adjustments needed to learn complex functions, ultimately restricting the perceptron to

solving only linearly separable problems.

®
® -
O

Figure 2.1: Tllustration of a single perceptron with inputs x, weights w, bias b, and output
Y.

The true power of neural networks is realized by combining many perceptrons into a
Multi-Layer Perceptron (MLP), also called fully-connected network. The key innovation
in MLP is the introduction of one or more “hidden” layers between the input and output
(see Fig. . Crucially, without non-linear activations, the entire network could be
mathematically reduced to a single layer, losing its representational power. Commonly
employed non-linear functions include the Sigmoid [48] and ReLU [49]. These functions
are differentiable, enabling network-wide training via backpropagation, and they introduce
the necessary complexity into the network’s calculations. This allows the MLP to model
highly complex, non-linear relationships, transforming it from a simple linear classifier
into a universal function approximator.

Mathematically, the output of an MLP with L layers is the result of a chain of function
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Figure 2.2: Diagram of a multilayer perceptron with input layer, two hidden layers, and
output layer.

compositions:

y=o® (W ..o (Whx 4 bD) ... 4 p®) (2.2.2)

where W® and b® are the weight matrix and bias vector for the [-th layer, respectively.
This multi-layered design of non-linear transformations is the core of deep learning, and
the MLP serves as the foundational architecture from which all other complex neural

networks have evolved.

2.3 Loss Functions

Machine learning tasks are broadly categorized into supervised and unsupervised
learning based on the availability of labels and the nature of the task. Unsupervised learning
aims to discover the inherent structure within unlabeled data. This encompasses objectives
like clustering (e.g., community detection in networks, see Sec. , dimensionality
reduction, and data generation. In contrast, supervised learning tackles the distinct
problem of learning a mapping from inputs to outputs, such as predicting a discrete category
in classification or a continuous value in regression. This section focuses specifically on
the supervised setting, with a particular emphasis on classification tasks.

In supervised learning we are given a dataset D = {(x;, ;) }x,, where each input
vector x; € R? contains the features of the i-th example (for instance, pixel values of
an image or sensor measurements) and each label y; is the corresponding target value,
e.g., the discrete class index. We can define a neural network as a parametric function
X — fw(x) that outputs a score (or a vector of scores, known as logits). The function
is parameterized by w, which encompasses all trainable weights and biases. To learn
these parameters we specify a loss function L(w) that quantifies the error between the

model’s predictions and the true targets, and we employ an optimizer to update w so as
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to minimize this loss (see Sec. [2.4).

It is often convenient to view the network probabilistically. For each input x the
network is assumed to define a conditional distribution py(y | x), the probability of
observing the label y given that input. Under this assumption the likelihood of the

parameters on the entire dataset is:

N
= pr(yz ‘ Xi)a
=1

and taking the negative logarithm gives the negative log-likelihood (NLL):

N
— > logpw (v | x:)
=1

Minimizing this quantity is exactly maximum-likelihood estimation: it finds the parameters
that make the observed data most probable.

For binary classification tasks, where each target y; takes values in {0, 1}, a natural
generative assumption is that each label follows a Bernoulli distribution with success

probability ; = pw(y; = 1 | x;) predicted by the network. Using the logistic sigmoid:

1 X
o) =T G owTx),

the negative log-likelihood (NLL) simplifies to the Binary Cross-Entropy (BCE) loss [50]:

N
LBCE = Z [yz log 9; + 1 - yi) 108;(1 - ZQz) )

which serves as the standard objective function for logistic regression and for neural
networks with a single probabilistic output unit.

When there are C' classes, each label is represented as a one-hot vector y; € {0, 1},
where y; . = 1 if example 7 belongs to class ¢ and 0 otherwise. For example, in a
classification task with C' = 3 classes (car, bicycle, and airplane) the one-hot vectors could
be: a car represented as [1,0,0], a bicycle as [0, 1,0], and an airplane as [0,0, 1]. Thus, for
an image 7 of a bicycle, the label vector is y; = [0, 1, 0], meaning y; ; = 1 while all other
elements are 0.

The network outputs a vector of logits z;, which are converted into class probabilities

using the softmax function:
ezi,c

- chzl eFik

The corresponding negative log-likelihood yields the Categorical Cross-Entropy (CCE)

~
Yic
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loss [50)]:

1 N C
LCCE(W) = _N Z Yic log Z)i,c

i=1 =1
This probabilistic view connects directly to information theory. Let P denote the true
label distribution and @ the model’s predicted distribution. The Kullback-Leibler (KL)

divergence [51]:
c

Da(P1Q) =3 Ple)log 1)

measures the extra information required to encode samples from P when using a code

optimized for (). The cross-entropy between P and @:

c

H(P,Q) ==Y P(c)logQ(o),

c=1

satisfies

H(P,Q) = H(P) + Dx.(P | Q),
where H(P) is the Shannon entropy of the true distribution:

c

H(P)=—> P(c)log P(c)

c=1

This term H(P) is constant during training because it depends solely on the true
underlying distribution of the labels in the dataset, which is fixed and does not change as
the model’s parameters w are updated. Since H(P) remains constant during training,
minimizing the cross-entropy loss is exactly the same as minimizing the KL divergence
between the empirical label distribution and the model’s predicted distribution. In this
way, cross-entropy losses used for binary or multi-class classification can be interpreted
both as negative log-likelihoods of simple generative models and as as information-theoretic
objectives that reduce the divergence between the model and the true data distribution.

While this section has focused on loss functions for supervised learning, analogous
objectives are equally central to unsupervised learning. In the absence of labeled outputs
i, the loss function must be designed to discover intrinsic structure within the input data
{x;} itself. This leads to objectives that quantify goals such as the reconstruction error
in Autoencoders [52], 53], which measures fidelity in data compression, or the adversarial
loss in Generative Adversarial Networks [54]. By minimizing these objectives, the model

learns meaningful patterns and representations directly from the data itself.
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2.4 Gradient Descent Optimization

To transition from the architectural blueprint of an MLP to more specialized deep
learning architectures, we must define the process by which they learn from data. This
process, known as training, typically involves optimizing the network’s parameters to
minimize its prediction error (supervised learning) or reconstruction error (unsupervised
learning). The ultimate goal, however, is for the model to generalize, meaning to perform
well on unseen data.

A central challenge in this paradigm is overfitting, which occurs when a model learns
patterns specific to the data used for training, failing to capture the broader underlying
distribution. To estimate this generalization performance and guide the training process
effectively, the available data is typically partitioned into three distinct subsets. The
training set is used to directly adjust the model’s parameters by minimizing the loss
function. The validation set provides an unbiased evaluation of the model’s performance
on unseen data during training. This set serves to tune the model’s hyperparameters and
to determine the optimal point to stop training, thereby directly combating overfitting.
Finally, the test set is held in reserve until the training is complete and it is used for a
final assessment of the model’s generalization error.

The most fundamental method for this optimization is Gradient Descent (GD). The
core idea is to navigate the typically non-convex, high-dimensional loss landscape (see Sec.

by moving in the direction of steepest descent. The update rule for the parameters is:

wt) = wO v L(w®) (2.4.1)

where w® represents the weights at iteration ¢, 7 is the learning rate (a crucial
hyperparameter controlling the step size), and V,,L(w®) is the gradient of the loss
function with respect to the weights. Computing this gradient efficiently for deep networks
is made possible by the backpropagation algorithm [47]. Backpropagation applies the
chain rule of calculus to compute the gradient for each weight layer-by-layer, starting from
the output and moving backwards to the input.

Computing the gradient using the entire dataset at once is computationally expensive
for large-scale problems. To improve efficiency, modern gradient descent variants estimate
the gradient using randomly sampled subsets of data instead of the complete dataset.
The fundamental algorithm in this family is Stochastic Gradient Descent (SGD) [55],
which, in its simplest form, uses a single randomly selected data point per update. While
computationally efficient, this approach suffers from high-variance updates that can lead
to unstable convergence. The standard practice is therefore a compromise: mini-batch
SGD [56]. This method processes small random subsets, or mini-batches, at each iteration.
Formally, a mini-batch B of size B is sampled, typically without replacement, from the

shuffled training set. This approach balances computational efficiency with convergence
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stability, as larger batches provide more accurate gradient estimates while remaining
memory-efficient compared to full-batch processing. The update rule for mini-batch

gradient descent is:

wltt) — W _

W[=

B
> VwL(w®" By) =w" — Vv, Lg(w") (2.4.2)
b=1

where Lg(w®) = L 3°7  L(w®, B,) is the average loss over the batch.

This process of iterating through mini-batches continues until the entire dataset has
been processed. Formally, one epoch is completed after [N/B] (i.e., the smallest integer
greater than or equal to N/B) updates, where N is the dataset size. Training typically
requires multiple epochs for the model to converge.

To improve the convergence properties of SGD, advanced optimizers incorporate the
concept of momentum [57]. Momentum accelerates updates in directions of persistent
reduction of the loss and dampens oscillations by accumulating a moving average of past

gradients, akin to a ball rolling downhill. The update rule with momentum is:

with = wl) — vt with v = gv® 4 (1 — )V Le(w?) (2.4.3)

where v is the velocity vector and 8 € [0, 1) is the momentum coefficient (typically
close to 1, e.g., 0.9).

The most popular modern optimizer is Adam (Adaptive Moment Estimation) [5§],
which combines the concepts of momentum and per-parameter adaptive learning rates.
Adam maintains two moving averages of the gradients: the first moment (the mean, f)
and the second moment (the variance, s). These are updated at each step ¢ using decay
rates 51 and [y (typically set to 51 = 0.9 and 5y = 0.999), which control the exponential

decay of these moving averages:

£ = BifD + (1 - BV Le(w®), s = fosV + (1 - B,) (VWLB(W(t)))Q
(2.4.4)
Since these estimates are biased towards zero at the beginning of training, Adam

applies bias correction:

t t
£ 0 _ 0
1—py 1—f

Finally, the parameters are updated by scaling the learning rate n for each parameter

§(0)

(2.4.5)

according to this ratio:
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where € is a small scalar for numerical stability.

(t+1)

wth — w(® (2.4.6)

This optimization-based approach has been the driving force behind most recent
large-scale machine learning successes. However, one powerful class of methods has been
largely left behind by these advances: Bayesian approaches [59]. This is primarily because
traditional Bayesian methods, such as Markov Chain Monte Carlo (MCMC) [60), 6], are
computationally prohibitive at scale, as each iteration typically requires processing the
entire dataset. Despite this, Bayesian methods remain highly appealing due to their ability
to quantify uncertainty in learned parameters and provide inherent protection against
overfitting. We will explore core Bayesian methodologies for Probabilistic Graphical
Models [29, B0] in Sec.

2.5 Non-Convex Optimization Challenges

The fundamental objective of training a neural network is to find a parameter
configuration w that minimizes a loss function L(w) and is able to generalize to unseen
data, avoiding overfitting. While gradient descent and its variants provide a mechanism
for this minimization, the nature of the loss function itself presents the primary challenge.
Indeed, the loss functions of deep neural networks are typically profoundly non-convex,
which results in a complex, high-dimensional landscape characterized by a proliferation of
suboptimal critical points (e.g., local minima, saddle points, and flat regions).

Despite the theoretical NP-hardness of this problem [62], gradient-based methods
often succeed in practice. However, the optimization and generalization properties of deep
neural networks are highly dependent on structural and algorithmic choices. Specifically,
certain architectural choices (e.g., skip connections) facilitate training by shaping a more
tractable loss landscape, while well-tuned hyperparameters (e.g., batch size, learning rate,
optimizer) guide the optimization process toward minimizers whose geometry (i.e., their
sharpness/flatness) leads to improved generalization.

Empirical studies of the loss landscape have revealed several key behaviors that
underpin these effects [63]. Notably, as network depth increases, the loss landscape
undergoes a sharp transition from being relatively smooth and nearly convex to becoming
highly chaotic. This transition correlates with a severe degradation in both generalization
performance and trainability.

Architectural choices, most prominently skip connections, which will be introduced in
detail in Sec. [2.8] counteract this effect by promoting flatter minimizers and preserving
a more tractable landscape geometry (see Fig. [2.3). Their effectiveness was first

demonstrated in the ResNet architecture [64], which successfully enabled the training

18



of networks with hundreds of layers. Since then, this principle has been empirically
validated as a general-purpose strategy across diverse neural network families, including
Convolutional Neural Networks (CNNs) [64], Transformers [65], and Graph Neural
Networks (GNNs) [66].

Figure 2.3: The loss surfaces of ResNet-56 without (left) and with (right) skip connections
(visualizations in [63])

Furthermore, analyses of optimization trajectories suggest that, despite the high-dimensional
parameter space, the path taken by gradient descent often lies on a low-dimensional
manifold. This indicates that the search space, though globally non-convex, contains large
regions that are locally well-behaved and nearly convex, effectively guiding the optimizer
toward good solutions. Therefore, the efficacy of gradient descent depends not only on
the algorithm itself but also on the geometry of the loss landscape, which is shaped by
architectural design and parameter initialization. Understanding this interaction is crucial
for developing models that are both easier to train and better at generalization (see

Sec. for insights on loss landscapes from a statistical physics perspective).

2.6 Insights from Statistical Physics

The theoretical modelling of ANNs finds profound grounding in statistical physics, a
interdisciplinary connection with deep historical roots [67]. This intellectual cross-fertilization
gained momentum in the mid-1980s as Artificial Intelligence shifted from logic-based
systems toward statistical learning approaches. Seminal developments include Hopfield’s
influential model of associative memory [68] [69], which initiated the application of spin
glass theory concepts to neural network modeling, and Gardner’s analytical framework
for precisely characterizing learning curves |70}, [71], i.e., the evolution of training and
generalization errors with increasing training examples.

Although peripheral to mainstream machine learning theory, this statistical physics
perspective offers a framework for analyzing the high-dimensional systems that underpin
deep learning. It provides crucial insights into fundamental puzzles of deep learning, such as

the “overparameterization paradox” [72]. This refers to the standard yet counter-intuitive
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practice of training neural networks in an overparameterized regime, where models
with more parameters than training samples generalize excellently instead of overfitting

catastrophically.

Glassiness of Deep Learning. Training a deep neural network via SGD involves
navigating a non-convex, high-dimensional loss landscape, characterized by a profusion
of local minima and saddle points analogous to the complex energy landscapes of spin
glasses [73]. This process can be interpreted as the motion of a stochastic particle through
a rugged terrain, searching for low-loss configurations. The connection to statistical
physics is profound, as this field has long studied complex landscapes and their relation
to dynamical behaviour.

A significant line of theoretical inquiry seeks to understand how the noise inherent in
SGD, introduced by mini-batch sampling (see Sec. , shapes the learning process and
influences a model’s ability to generalize. This effort often proceeds by formalizing
a connection to Langevin dynamics from statistical physics, modeling the discrete
optimization trajectory as a continuous stochastic process.

From an analytic perspective, much of this literature employs the central-limit theorem
to model SGD as gradient descent perturbed by Gaussian Langevin noise, with variance
dependent on both the mini-batch size |B| and learning rate n [74} [75] [76]. Following the
treatment in [75], the discrete SGD update:

wttD)

Z By, (2.6.1)

is reformulated as the following stochastic differential equation (SDE) (using the It6

UU|3

formalism [77]):

dw(t) = =V L(w) dt + /2(- D (w) dW (1 (2.6.2)

where D(w) is a diffusion matrix capturing anisotropic noise, W (t) is a Wiener process,
and (7! = ﬁ acts as an effective inverse temperature. This formulation elegantly
decomposes the dynamics into a drift term guiding weights toward low-loss regions and a
diffusive term representing stochastic exploration. The proof of the convergence of discrete
SGD in Eq. to the SDE in Eq. is obtained in [74].

However, this continuous-time formulation encounters significant theoretical difficulties
due to a mathematically inconsistent hybrid limit [78, [79]. The fundamental issue arises
from conflicting scaling requirements: for the discrete updates to become truly infinitesimal,
one must send the learning rate n — 0, treating it as the continuous-time step dt. In this

proper limit, however, the stochastic gradient noise would be suppressed to zero, yielding
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an ordinary differential equation without diffusion. To circumvent this problem, the limit
dt — 0 is applied to the drift term, while simultaneously treating the prefactor /i as a
finite constant to maintain a non-vanishing noise term. Despite this theoretical limitation,
the SDE analogy remains valuable as a conceptual framework for understanding SGD’s
dynamics.

Analytically characterizing the full trajectory of the SGD algorithm without resorting
to such approximations is considerably more challenging. Recent works [80, 81 [79] have
shown that the dynamical trajectory of SGD can be tracked analytically using dynamical
mean-field theory (DMFT) from statistical physics. Importantly, this description is not
confined to a continuous-time limit: the discretized DMFT equations can accurately
capture the dynamics of SGD at finite learning rates.

This conceptual link to SDEs has inspired the design of new algorithms like Stochastic
Gradient Langevin Dynamics (SGLD) [59]. Rather than attempting to derive an SDE
from standard SGD, SGLD is algorithmically constructed by injecting Gaussian noise,
scaled with /7, into a stochastic gradient update. This specific construction ensures the
discrete-time process approximates a continuous-time SDE whose stationary distribution
is the Bayesian posterior. By systematically reducing the step size n towards zero over
time (a process known as annealing), the parameter iterates converge to samples from the
true posterior distribution rather than collapsing to a single point estimate. This provides
a seamless transition from stochastic optimization to full Bayesian sampling, naturally

incorporating uncertainty quantification and built-in protection against overfitting.

Geometry of Loss Landscape. Beyond stochastic dynamics, the geometry of the
loss landscape is a decisive factor in deep learning. While SGD’s noise aids navigation,
enabling escapes from poor local optima, the high-dimensional terrain itself dictates which
solutions are found and their robustness. Understanding this geometry provides essential
insights into generalization and guides the development of more effective training methods

The local geometry of the loss landscape is characterized by critical points where
|[VL(w)|| = 0 and by the curvature information in the Hessian matrix H = VZL(w).
Empirical studies reveal a striking deviation from classical convex landscapes: the Hessian
spectrum exhibits a bulk of near-zero eigenvalues with only a few large positive modes
[82]. A few negative modes are also present, which correspond to directions of negative
curvature, indicating missed local descent directions that first-order optimizers could have
exploited to escape saddle points [83]. This spectrum implies that most directions in
weight space are flat, causing minimal change in the loss value, while only a few directions
corresponding to large Hessian eigenvalues significantly affect the loss. Consequently, the
landscape is dominated by wide, flat valleys rather than narrow, sharp minima.

This geometric insight carries profound implications. Solutions in these broad valleys

demonstrate enhanced stability under perturbations, and this geometric bias is strongly
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linked to improved generalization performance [84]. The observation has inspired novel
optimization algorithms such as Entropy-SGD [83], which employs SGLD [59] to optimize
a “local entropy” objective. Drawing from statistical physics, this objective favors states
that achieve a favorable balance of low energy (low loss) and high entropy (a wide basin
of surrounding low-loss configurations). By actively biasing optimization toward wide

valleys, such methods demonstrably improve generalization.

In summary, analyzing neural network training through the combined lens of statistical
physics reveals a compelling narrative: the interplay between noise-driven exploration
and landscape geometry transforms the objective from simple loss minimization to the
entropic selection of robust wide minima, capturing the very essence of generalization.
This perspective not only deepens theoretical understanding but also guides the design of

training procedures that consciously leverage these fundamental physical principles.

2.7 The Convolutional Mechanism

Convolutional Neural Networks (CNNs) represent a cornerstone of deep learning, having
fundamentally transformed the field of computer vision. Their architecture is exceptionally
well-suited for processing data with a grid-like topology, such as the matrix of pixels that
constitutes a digital image. A principal strength of CNNs is their capacity for automatic,
hierarchical feature extraction. As the network depth increases, successive layers learn
to identify progressively more complex patterns, from simple edges to intricate object
structures [85]. This capability was decisively demonstrated in 2012 when AlexNet [80], a
deep CNN, achieved a landmark victory in the ImageNet competition [87], substantially
outperforming all conventional methods. This success catalyzed the widespread adoption

of deep learning across both academic research and industrial applications.

Edges (layer conv2d0) Textures (layer mixed3a) Patterns (layer mixed4a) Parts (layers mixeddb & mixeddc) Objects (layers mixed4d & mixed4e)

Figure 2.4: Hierarchical feature learning in a CNN progresses from simple to complex
representations. Early layers detect basic local patterns such as edges and textures, while
deeper layers combine these into increasingly abstract and complex features. This visualization
illustrates how GoogLeNet [88], trained on ImageNet [87], constructs its understanding of images
across multiple layers. Image taken from [89].
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The convolutional layer forms the computational core of a CNN, an architecture
expressly engineered to address the deficiencies of fully-connected networks in processing
image data. Unlike a fully-connected layer, which establishes connections between every
neuron in adjacent layers, the convolutional layer employs a set of learnable filters
(or kernels) that perform convolution operations by scanning across the input data.
Fully-connected architectures exhibit two major drawbacks for image-related tasks: poor
scalability, as they lead to a computationally intractable number of parameters even for
moderately-sized images, and a fundamental disregard for the intrinsic properties of visual
data, such as the strong locality of pixel correlations (where adjacent pixels are highly
interdependent) and translationalal equivariance (where semantically meaningful features
may occur anywhere within the image).

Convolutional layers overcome these limitations through two foundational mechanisms:
local connectivity and weight sharing. Local connectivity restricts each neuron to a small
spatially localized region of the input, substantially reducing the number of parameters.
Weight sharing ensures that the same set of learnable parameters, encapsulated within
a filter, is applied across the entire input, enabling the detection of similar patterns
irrespective of their position and thereby leading to translational equivariance. Moreover,
the hierarchical arrangement of convolutional layers permits the construction of increasingly
complex features: elementary patterns such as edges and textures in earlier layers are
progressively combined into higher-level structures like contours and object parts in deeper
layers, effectively mirroring the compositional hierarchy of visual information (see Fig.
21).

The input to a convolutional layer [ is a volume X of size H® x W® x C® | where
H® is the height, W® is the width, and C® is the number of input channels. For
the first layer (I = 1), these channels typically correspond to the color channels of an
input image (e.g., O = 3 for RGB, CM = 1 for grayscale). In deeper layers channels
represent the feature maps generated by previous layers. The layer contains K ) learnable
filters. The application of K such filters results in an output feature map OW" of size
HED 5 WD % KO which becomes the input X1 to the next layer.

The discrete convolution operation for a single filter at spatial location (x,y) in the

input X computes a weighted sum z((l as defined in Eq. [2.7.1] Each filter is defined by

a weight tensor J® contammg the layer’s learnable parameters, forming a F'®) x F x C®
volume (see Fig. |2 , where F( is the spatial size of the filter kernel.

r®® @ c®

Yo = ZZZ (I(,lac‘ X(rigs, c)) +b1, (2.7.1)

i=1 j=1 c=1
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Filter 1 Filter 2 Filter K

Figure 2.5: Visualization of a convolutional layer containing K distinct filters, each with
dimensions F' x F' x C. Image taken from [90)].

Following this linear transformation, a non-linear activation function (e.g., ReLU) is
applied element-wise to the output feature map, introducing the non-linearity necessary
for learning complex functions.

The key hyperparameters of a convolutional layer are the filter size F® and the stride
SO which denotes the number of pixels by which the filter window moves. The spatial
dimensions of the output feature map are determined by the input size H®, filter size
FO stride S®, and any zero-padding P® (the process of adding zeros to each side of the
input boundaries). The output height size H(*+Y is given by:

HO _ O 4 p(tlzlrt + pW

(I+1) _ s end
H = 50 +1 (2.7.2)
Typically, padding is chosen so that Ps(,f;rt = Pe(lll)d = P (see Fig. . The same formula
applies for the output width size W1,

F, start 1 I end
P start i
F
1 F I - = 0
P, end
Filter Output

Figure 2.6: The effect of zero-padding on an input volume. Padding prevents excessive shrinkage,
controls the size of the output volume, and helps retain information at the borders. Image taken

from [90].

As the network deepens, the effective receptive field of neurons expands, enabling the
composition of low-level features into higher-level representations. The receptive field R%)

at layer [ is the area R x R®W of the input that each neuron of the I-th activation map
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can see. It is computed as:

l Jj—1
RO =14+ Z(F(j) —-1) HS(’L') (2.7.3)
j=1 i=0

where FU) is the filter size at layer j, S is the stride value of layer i, and S =1 by
convention.

To enforce translational invariance and progressively reduce spatial dimensionality,
convolutional layers are typically interspersed with pooling layers, a downsampling
operation. Pooling layers make the network more computationally efficient and less
sensitive to minor input shifts. The most prevalent form, max pooling, operates by
dividing a feature map into smaller regions and outputting only the maximum value from
each region (see Fig. . This process effectively summarizes the most prominent feature
in each region, reducing the spatial dimensions of the data while retaining the most salient

information.

.| max

Figure 2.7: An illustration of the max pooling operation, which reduces the spatial dimensions
while retaining the most activated features. Image taken from [90].

A canonical CNN architecture is typically constructed from multiple convolutional and
pooling layers (see Fig. [2.8). This backbone progressively transforms the raw input pixels
into increasingly abstract and semantically meaningful feature representations. The final
part of the architecture is, however, highly task-dependent. In image classification, the
network usually concludes with one or more fully connected layers that map the extracted
features into a single vector of class scores, or logits (see Sec. . The dimensionality of
this output corresponds to the total number of classes. In contrast, semantic segmentation
aims to assign a class label to every pixel in the input image, thereby producing a dense,
pixel-wise prediction map rather than a single global label. To achieve this, the final
layers of the network remain convolutional. The last convolutional layer is configured with
a number of filters equal to the number of target classes, producing an output volume
where each spatial location contains a vector of class scores.

For both tasks, these logits represent the model’s unnormalized predictions. To
convert them into a probability distribution, they are passed through a softmax function.

This yields a final vector of probabilities for each class, whether for the entire image
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(classification) or for each individual pixel (segmentation). The model is trained by
minimizing a task-specific loss function, most commonly categorical cross-entropy (see
Sec. . This loss quantifies the difference between the predicted probability distribution
and the true target distribution. Through gradient-based optimization, the network learns
to adjust all its parameters to produce accurate predictions.

These principles are powerfully employed in architectures like U-Net [41], introduced
in 2015 and designed for image segmentation of anatomical structures in biomedical
images. U-Net employs a symmetric encoder-decoder structure, depicted in Fig. 2.8
The encoder pathway utilizes successive convolution and pooling operations to capture
multi-scale contextual information and compress spatial resolution. The decoder pathway
then uses upsampling or transposed convolutions to precisely localize these features by
recovering spatial detail. To preserve fine-grained information that may be lost during
pooling, the network incorporates skip connections, concatenating feature maps from the
encoder with the corresponding upsampled maps in the decoder. This allows the model to
synthesize high-level context with high-resolution detail for accurate pixel-wise prediction.
In Chap. 5| we will compare the performance of a U-Net architecture with a Graph Neural
Network (GNN) on a difficult semantic segmentation task.
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Figure 2.8: Architectural diagram of the U-Net model taken from [4I]. Blue boxes represent
multi-channel feature maps, with the channel depth annotated above and the spatial dimensions
annotated at the bottom left. White boxes indicate feature maps copied from the encoder
pathway via skip connections.

2.8 The Role of Residual Connections

A pivotal advancement in convolutional architectures is the Residual Network (ResNet)

[64], which was specifically designed to overcome the limitations of training very deep
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models. The core innovation of ResNet is the introduction of skip connections (also known
as residual connections), which directly address the optimization challenges that plague
deep networks. As demonstrated in Sec. 2.5 these connections effectively smooth the
otherwise chaotic and rough loss landscape characteristic of deep architectures, facilitating
more stable and efficient training.

The primary obstacle that ResNet mitigates is the vanishing gradient problem. This
phenomenon arises during backpropagation in deep networks, where the gradients used
to update parameters become exponentially smaller as they are propagated backward
through successive layers. The chain rule of calculus, essential to backpropagation, involves
multiplying many partial derivatives (often with values < 1), causing the overall gradient
magnitude to diminish rapidly with depth. Consequently, the early layers in a deep
network receive negligible updates, effectively ceasing to learn and making the training of
very deep models infeasible.

ResNet’s skip connection mechanism counteracts this by providing a direct identity

pathway through the additive formulation:

y=x+ fw(x)>

where f,, represents learned transformation within a layer or block. This shortcut
connection allows gradients to propagate more directly during backpropagation, bypassing
the non-linear transformations that typically lead to multiplicative decay. By preserving
gradient magnitude, skip connections ensure that even the earliest layers receive sufficient
signal for effective learning.

The vanishing gradient problem is particularly acute in Recurrent Neural Networks
(RNNs), which are designed to process sequential data {x;,Xa, ..., X7}, where the order
and context of inputs are paramount. Unlike fully-connected layers, RNNs maintain a
latent internal state h; that evolves over time (see Fig. [2.9). This allows the network
to integrate information from the entire history of the sequence, making it a powerful
tool for tasks with inherent temporal structure, such as time-series forecasting, speech

recognition, and machine translation.

hy ho hy hy hr
o = OO0 0-0
T Zo I T2 Tr

Figure 2.9: Unfolding a RNN through time. The left side shows the recurrent cell with its
feedback connection, while the right side shows the same cell unfolded into a computational
graph across multiple time steps.
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This capability stems from a recurrent connection, a feedback loop within the network’s
architecture. This loop can be conceptually “unfolded” over time to visualize the RNN as
a deep network, where the same set of parameters is shared across all time steps. The

standard state update at each time step ¢ is:
h, = O'(Whhht,1 + WX, + bh>, (281)

where o denotes a non-linear activation function, and 0 = {Wy,, W, b} are the
shared model parameters learned during training. The resulting state h; is a compressed
representation or learned embedding of the entire sequence history {xi,...,x;}.

RNNSs are trained via Backpropagation Through Time (BPTT) [91], which presents
a fundamental challenge: calculating the gradient with respect to parameters at distant
time steps requires multiplying many Jacobian matrices from the intermediate steps. As
this product often involves norms less than one, the gradient can vanish exponentially
with the sequence length T, severely impairing the model’s capacity to learn long-range
dependencies.

Inspired by ResNet, incorporating a skip connection transforms the standard RNN

update into a Residual RNN; directly mitigating the vanishing gradient problem:
ht = ht,1 + U(Whhht,1 + thXt + bh) (282)

This additive formulation ensures an unobstructed gradient path through the identity
term h,;_;, which stabilizes training and facilitates learning across extended sequences.
Beyond its immediate practical benefits, this residual update possesses a profound
mathematical interpretation as an Euler discretization of a continuous transformation [92].
This perspective generalizes the discrete recurrence into a continuous-time model defined
by a Neural Ordinary Differential Equation (Neural ODE):
dh(t)

= = F(®),x(),t,6), (2.8.3)

where the final state h(7") is defined as the solution to this ODE initial value problem at
time T', computed by a black-box differential equation solver. This approach offers several
benefits, such as memory-efficient training and the ability to natively model data observed
at irregular time intervals, presenting a powerful alternative to discrete sequence models.

The transformative impact of skip connections reaches its zenith in the Transformer
architecture [8]. Although the Transformer abandons recurrence in favor of self-attention
for parallel sequence processing, it crucially retains and relies upon skip connections
around every layer. These connections are indispensable for stabilizing the training of its
deep structure and preserving information flow across numerous layers of computation.

Indeed, as shown in [65], skip connections help preventing the rank collapse of the
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self-attention matrix along the layers. The synergistic combination of self-attention and
residual connections has enabled Transformers to comprehensively surpass traditional
RNNs, forming the foundational core of all modern Large Language Models (LLMs)
[93, [©4].

Consequently, the skip connection has evolved from a specific optimization technique
in computer vision to a ubiquitous, indispensable component that underpins the stability
and performance of contemporary deep learning architectures. Indeed, in Chapter 3] we

will further discuss their importance in the context of Graph Neural Networks (GNNs).
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Chapter 3
Foundations of Graph Machine Learning

Graphs provide a powerful framework for representing relational data, capturing
entities and their interactions in domains where conventional grid-based or sequential
neural architectures face limitations. This challenge motivates the development of Graph
Neural Networks (GNNs) [II, 2], which extend deep learning to non-Euclidean domains.
We first establish graph fundamentals in Sec. 3.} then analyze the role of symmetry
and invariance as core inductive biases in Geometric Deep Learning [95], [06] in Sec.
Sec. details the GNN message-passing mechanism [10, 7] and provides examples of
common GNN layers, while Sec. covers GNN applications to node classification and
link prediction. A significant challenge for GNNs lies in homophily bias and oversmoothing
effects, particularly in heterophilic graphs and deep architectures, which we examine in
Sec. [3.5. Finally, to provide an interpretable, mechanistic counterpart for graph-structured
data analysis, Sec. [3.6)introduces Probabilistic Graphical Models (PGMs) [29, 30], focusing
specifically on generative models with latent variables. We begin by detailing statistical
inference methods for these models and comparing them with neural network training in
Sec. We then introduce the concept of graph communities in Sec. and describe
the Stochastic Block Model (SBM) [37, 40] in Sec. as a canonical example of a
generative model for community detection. Sec. [3.10] also presents two SBM variants that
are later used in the comparative analysis between PGMs and GNNs in Chap. [6] The
complementary perspectives of these two paradigms are directly contrasted in Sec. [3.7]

which compares generative and discriminative approaches to the link prediction task.

3.1 Graph Theory Elements

A graph or network is a mathematical structure that models relationships between
entities, formally defined as an ordered pair G = (V, E). Here, V represents the set of
nodes (or vertices) with cardinality |V| = N, while £ = {(i,7) : i,7 € V} CV xV

constitutes the set of edges that capture interactions between nodes (see Fig. [3.2)).
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The most fundamental representation of a graph’s connectivity is its adjacency matrix

A= {A;;} € RNV a square matrix providing a complete description of the edge set:

1, if(i,j) € E

Aij —

0, otherwise

In practice, most large graphs are sparse: the number of actual edges |E| is far smaller than
the possible N2. This sparsity makes adjacency matrices predominantly zero-valued, a
property crucially exploited for computational efficiency through specialized data structures
that store only non-zero entries.

The fundamental types of graphs, such as undirected, directed, and weighted, are
characterized by distinct structural properties that are directly reflected in their adjacency

matrices, as shown in Figure [3.1]
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Figure 3.1: Three types of graphs with identical connectivity: G; (undirected) with
symmetric Ay, Go (directed) with asymmetric Ay, and Gz (weighted) with real-valued Aj.
All matrices are N x N where N = 5.
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In wundirected graphs, relationships are mutual: an edge between ¢ and j implies
connectivity in both directions. This symmetry is captured by a symmetric adjacency
matrix where A;; = A;;, perfectly modeling reciprocal relationships like friendships in
social networks or bonds in molecular structures.

In contrast, directed graphs capture asymmetric relationships where an edge from 1
to j does not guarantee the reverse connection. This results in an asymmetric adjacency
matrix where A;; and A;; are independent, essential for modeling directional interactions
like citations between papers or financial transactions between accounts.

Beyond mere connectivity, many real-world networks require quantifying relationship
strength. This motivates the extension to weighted graphs, where A;; € R>( represents
connection strength rather than binary existence. For example, in transportation networks,
weights can encode distances or travel times, enabling shortest-path calculations that
would be impossible with simple binary edges.

From the adjacency matrix, we can derive several fundamental concepts that characterize
node connectivity. The degree matriz D is a diagonal matrix where each entry D;; = > ; Aij
quantifies the total number of neighbors of a node i, essentially the number of its
connections, also referred to as its degree. In undirected graphs, this simply counts the
edges incident to node ¢, while in directed graphs it generalizes to two distinct measures:
the out-degree (3_; A;;), counting edges originating from 4, and the in-degree (_; 4j;),
counting edges pointing to j. Closely related to degree is the concept of neighborhood. We

define the neighborhood N; of node ¢ as the set of all vertices connected to it.
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Figure 3.2: The fundamental components of a graph G for machine learning: the N x N
adjacency matrix A encoding its connectivity, and the N x F' node attribute matrix X
containing feature vectors.

Finally, in real-world datasets nodes are typically associated with feature or attribute
vectors describing their properties, forming an attributed graph. The feature matrix
X € RM*F collects all node features, with row X, representing the F-dimensional

attribute vector of node 1i:
Xy



This matrix X, combined with the adjacency matrix A, provides the complete input for
modern graph machine learning models that leverage both structural connectivity and
node attributes (see Fig. |3.2]).

3.2 Geometric Inductive Biases

While fully connected networks are universal approximators, the remarkable success of
deep learning in specific domains is largely attributable to the design of model architectures
that incorporate powerful inductive biases, i.e., assumptions about the structure of the
data. The inductive bias lets the model favour certain solutions over others, and if the bias
is indeed consistent with the target task, it helps in better generalization [98]. Geometric
Deep Learning [95] [96] formalizes this approach by explicitly encoding geometric principles,
such as symmetry and invariance, directly into the model’s architecture. This prevents
the model from having to learn these fundamental properties from scratch, drastically
improving generalization.

The most common and powerful geometric prior is the encoding of symmetries. A
symmetry is a transformation that leaves an object’s essential properties unchanged.
Building models that are equivariant or invariant to these transformations ensures they
respect the underlying structure of the data. For a function f : X — ) and a group of

transformations GG acting on X and ), we say:

e f is invariant to G if f(g-x) = f(z) for all z € X and all g € G. The output is

unchanged by the transformation of the input.

e fis equivariant to G if f(g-x) =g- f(z) for all x € X and all g € G. Transforming

the input results in an identical transformation of the output.

Grids (CNNs). The domain of images and other grid-like data exhibits symmetry under
the group of translations 7. CNNs leverage this translational symmetry as a fundamental

design principle:

e Equivariant feature extraction: Convolutional layers are equivariant to T". For
a translation ¢ € T, a shift in the input x produces a corresponding shift in the

output feature map:
ft-z) =t f(z)
This is achieved via weight sharing, i.e., the same kernel applied across the entire

grid ensures a feature is detected regardless of its position.

e Invariant Prediction: Subsequent pooling layers build invariance to 7. This

means that:

ft-z) = f(z)
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This hierarchical structure (equivariant layers followed by invariant pooling) is ideal for
tasks like image classification, where the goal is to identify an object irrespective of its
location.
Graphs (GNNs). Graphs represent a more complex domain where the fundamental
symmetry is under the group of node permutations II. Unlike images or sequences, there
is no fixed notion of locality or sliding window on a graph, and graphs do not impose
any inherent order on their vertices. The structure of a graph is defined solely by its
connectivity: any permutation m € II of the node indices that preserves the adjacency
structure describes an identical graph.

Consider learning a function f on a graph G := (A, X). As detailed later in Sec. 3.3]
GNNs consist of multiple layers that are either permutation equivariant (for node updates)

or permutation invariant (for graph-level readout):

e Equivariant node processing: GNNs achieve equivariance to II through message
passing, where the same local aggregation rule is applied to each node’s neighborhood.

Formally, for a permutation 7:
fr- (A X)) =7-f(A, X),

where 7+ (A, X) = (rAr", mX) denotes the group action on the graph. This ensures

that internal node representations transform consistently under any relabeling.

e Invariant readout: For graph-level predictions, the equivariant node embeddings

are aggregated via a permutation-invariant readout function, ensuring that:
f(?T ’ (A>X)) = f(AaX):

so that the final prediction remains identical across all equivalent representations of

the graph.

In summary, both CNNs and GNNs are quintessential examples of Geometric Deep
Learning. The key difference lies in the underlying symmetry group they are designed to

respect: the translation group 7" for CNNs and the permutation group II for GNNs.

3.3 The Message Passing Neural Network Mechanism

Unlike the cross-correlation-based convolutions used in CNNs for grid-like data [4], most
GNNs are formulated within the Message Passing Neural Network (MPNN) framework [10].
This paradigm provides a powerful and unified approach to graph representation learning,
where the goal is to automatically learn a vector representation, i.e., an embedding, for

each node or the entire graph. These embeddings are ideally designed to encode network
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information, such that nodes with similar structural roles have similar embeddings in the
vector space, making them useful for downstream tasks like node classification or link
prediction.

As previously noted, GNNs operate on an attributed graph, defined by its adjacency
matrix A and node feature matrix X. The model processes this input through multiple
computational layers, each of which transforms and enriches the node representations
by combining information from local neighborhoods. Consider the node feature matrix
X € RV*F where X; € RY represents the feature vector of node i. We can view these
features as a vector-valued function h : V — R¥ defined on the graph nodes [99], while
the underlying graph structure serves as the pathway for information propagation.

More specifically, following the message-passing formulation of Bronstein et al. [96], at
each layer ¢, the hidden representation hz(»é) e R™ of node i is updated by aggregating
information from its neighborhood N; = {j € V' | (i,j) € E}, with the initial state hgo)
set equal to the input feature vector X; € R¥. The choice of dimensionality d¥) at each
layer allows the model to compress, maintain, or expand representation sizes throughout
the network.

The core message-passing update follows this general form:

by = 6" (hﬁ“% D v Om, h§«“>>> (3:3.1)

JEN;

The three key components are:

o RV« RI“™Y 5 Rm i a learnable message function that computes messages
between connected nodes. This is typically implemented as a linear transformation
Wi e RmOxd“ or an MLP;

e (P denotes a permutation-invariant aggregation operator (such as sum, mean, or
max) that combines messages from all neighbors while remaining invariant to their

ordering;

o 0@ RITY x R 5 R ig a learnable update function that combines the node’s
current state with aggregated neighborhood messages. A common implementation
first concatenates the node’s state with the aggregated message, then applies a

non-linear transformation such as an MLP.

Several GNN layers have been proposed within the message passing framework. We

now describe five of the most widely used, whose details are summarized in Table 3.1]
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Graph Convolutional Networks (GCN). The Graph Convolutional Network [I1]

employs a normalized averaging scheme for aggregation. Its update rule is:

where W is a single learnable weight matrix shared across both the message function
1 and the update function ¢, i.e., Wg) = Wg) = W®. The adjacency matrix is
augmented with self-loops, A = A 4+ I, and d; denotes the degree of node 7 in the graph
with self-loops added.

GraphSAGE. This approach is akin to GCN [TT], but it offers a more flexible framework
for customizing the convolution steps. Specifically, the SAGEConv implementation in
PyTorch [12] is:

1
(e+1) _ wO . ho w® E : O]
hi = ReLU( 6 hz + A m]‘e/\[’ hj ) s

where the center node representation is decoupled from the aggregated neighborhood

information by learning two distinct Wq(f) and Wg) weight matrices.

Graph Attention Networks (GAT). Graph Attention Networks [13] employ attention

coefficients to assign different weights to neighbors:

O 1O (O . p®
oo (LeakyReLU (a” [W( - n{" | W 0] ))

R SV (LeakyReLU <aT W n® W ] )) ’

where || denotes concatenation, and a is a learnable attention vector. The node update is
then:

(e+1) OO 1,0
h' "V =ELU( > o /Wb
JEN;U{i}

Multi-head attention is often used to stabilize training and improve expressiveness.

Graph Isomorphism Network (GIN). A Graph Isomorphism Network (GIN) [I00]
layer aggregates information from a node’s neighbors and updates its representation in
a way that is theoretically as powerful as the Weisfeiler-Lehman (WL) test |17, 18], a
traditional method for checking graph isomorphism.

GIN uses a sum aggregation function which allows to capture subtle details of the

graph structure that may be overlooked with other aggregation methods. Once the node
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aggregates the features of its neighbors, the result is passed through a MLP to update the
node’s representation. While GIN primarily uses sum aggregation, the MLP allows for
additional non-linear processing of this aggregated information.

The update in PyTorch GINConv [I00] can be expressed as:

h{"™) = MLP® ((1 +¢)-h” + > h >

JEN;

where the learnable parameter € controls the balance between the node’s own feature and
its neighbors, allowing flexibility in how much influence a node’s own features have in

relation to its neighbors during the update process.

H>GCN. The Heterophily-aware Graph Convolutional Network (HoGCN) [I01] extends
traditional GNN frameworks to better handle graphs with heterophilic connections, where
neighboring nodes may belong to different classes (see Sec. . HyGCN is distinguished
by three key design principles:

e Separate ego and neighbor embeddings: Encode each node’s own embedding
independently from the aggregated embeddings of its neighbors, since neighbors

may have dissimilar labels in heterophilic graphs.

e Higher-order neighborhood aggregation: Aggregate information from beyond
immediate neighbors, incorporating higher-order neighborhoods at each propagation
step to capture richer structural context. This is motivated by the observation that,
in heterophilic graphs, while immediate neighborhoods may exhibit heterophily,
higher-order neighborhoods often display homophilic patterns and can thus provide

more informative context.

e Intermediate representation combination: Combine node embeddings from
all layers at the final layer, to preserve both local and global information. This
is achieved by concatenating the intermediate self-representations from each layer
with the final neighborhood-aggregated representation, effectively creating skip

connections throughout the network.

The convolutional update can be expressed as:

1

(¢+1) © 1 © © 0

h; = ReLU(W h + W, |N| E h” + W, 2hop |N(2)| g h; ),
JEN; i ke/\/}?)

where Wd(f), Wg), and Wz(_?lop are learnable weight matrices for the central node,

first-order neighbors, and second-order neighbors, respectively, and M(Q) denotes the 2-hop
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neighborhood of node i. These three design principles enable the model to distinctly
preserve node-specific information while integrating neighbor information, helping to
mitigate the oversmoothing effect [102], 103, 104, [105], which can degrade GNN performance
in heterophilic settings. We will provide a detailed analysis of oversmoothing and related

challenges in Sec. 3.5

Table 3.1: Popular GNNs instances (see Eq. [3.3.1)).

GNN PO D g

GCN linear mean linear + ReLLU
GraphSAGE  linear mean linear + ReLLU
GAT linear  weighted mean linear + ELU
GIN identity sum MLP (RelLU)
H,GCN linear mean linear + ReLLU

3.4 From Node Embeddings to Link Predictions

Graph learning tasks can be broadly categorized by their prediction target. Node-level
prediction infers attributes of individual nodes, such as predicting atomic properties in
a molecular graph. Edge-level prediction involves forecasting the existence or type of
relationships between node pairs, crucial for applications like recommendation systems and
drug interaction discovery. Finally, graph-level prediction aims to infer global properties of
the entire structure, for instance, predicting a molecule’s toxicity or its binding affinity to
a protein target. In the following, we will focus on node classification and link prediction.

In node classification, the goal is to assign a categorical label y; to each node 7 based

) denote the final embedding of node i

on its features and the graph structure. Let hEL
after L layers of a GNN. The predicted label is obtained by applying a classifier to the
node embedding;:

y; = softmax(W, - hEL))7

where W, is a learnable weight matrix mapping embeddings to the output label space.

The model is trained using a cross-entropy loss computed over the labeled subset of nodes:

‘Cnode = - Z Yi lOg gia

1€ Vabel

where Viape denotes the set of nodes with known labels, corresponding to the training set.

During training, the network learns to produce embeddings that capture both node
features and structural context. Once trained, the model is evaluated on the unlabeled
nodes (the test set), where it predicts their classes using the learned embeddings. Node

classification thus focuses on per-node representation learning: each prediction depends on a
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single embedding that encodes information aggregated from the node’s local neighborhood.
The objective encourages embeddings to be discriminative for their respective classes,
enabling accurate generalization from labeled to unlabeled nodes.

Link prediction, in contrast, concerns the presence or absence of edges between pairs
of nodes. Instead of treating nodes independently, this task operates on pairs of node
embeddings. Let hEL) and hg»L) denote the final embeddings of nodes ¢ and j. The

probability that an edge exists between them can be computed as:
. L) 1.(L
Yij = O-(f<hz( )7h§' )))7

where o is the sigmoid function and f is a scoring function. Typical choices include a
simple inner product:
(L) @Dy _ (] ENTRE)
S b)) = (h;™) 'h

i 7

or a learnable combination via a multi-layer perceptron (MLP):
(L) (L) _ (L) 11 (D)
f(by™ 1) = MLP([h; ™ [[hy™),

where [hz(»L) thL)] denotes the concatenation of the two embeddings.

Each pair of nodes (4, j) is associated with a ground-truth label y;; € {0, 1}, which
indicates the existence (y;; = 1) or non-existence (y;; = 0) of an edge between them.
A critical distinction with node classification is the necessity of negative samples when
training. Because real-world graphs are typically sparse, training requires both positive
examples (observed edges) and negative ezamples (non-existent edges). The model is

optimized using a binary cross-entropy loss defined over both sets:

Lo =— Y |:yij log §i; + (1 — yi;) log(1 — ﬁij)]a

(i,j)EETUE—

where £ and E~ denote the sets of positive and negative edges, respectively. During
training, the model learns to assign high probabilities to existing edges and low probabilities
to non-existent ones. At test time, the trained model predicts the likelihood of missing
or future links based on the learned node embeddings, after combining them with a

scoring function. Link prediction therefore emphasizes inter-node relationships rather

than individual node labels (see Sec. and Chap. for a more detailed discussion).

3.5 Homophily Bias and Oversmoothing

The design and effectiveness of GNNs are closely linked to the underlying structure of
the graph, which governs how information flows between nodes. The core inductive bias

of most message-passing GNNs is homophily, the principle that connected nodes tend to
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be similar and therefore share attributes or labels. Under this assumption, by iteratively
aggregating information from local neighborhoods (first-order neighbors; see Eq. ,
nodes build representations that capture their immediate structural context. However,
this assumption becomes problematic in heterophilic graphs, where connected nodes may
belong to different classes or have dissimilar features (see Fig. [3.3]). Since a graph’s
connectivity pattern is typically unknown beforehand, it is essential to design robust
GNN architectures that do not rely on strong assumptions about the underlying graph’s
structure. Furthermore, increasing model depth to capture long-range dependencies
introduces critical pathologies that are a direct consequence of the local message-passing
framework. These include oversmoothing [19] and oversquashing [20], which will be

described later in this section.

Homophilic Graph Heterophilic Graph

Figure 3.3: Comparison of homophilic and heterophilic graph structures with two classes
(orange and purple). The homophilic graph (left) exhibits dense connections within classes,
while the heterophilic graph (right) shows predominantly cross-class connections.

The Homophily bias. A graph is said to exhibit homophily (or assortative mizing)
[106] when nodes with similar features or labels have a high probability of being connected.
This principle is often summarized by: “birds of a feather flock together”. For instance,
in academic citation networks, papers primarily cite other works on a similar topic.
Conversely, a graph exhibits heterophily (or disassortative mixing) when nodes tend to
connect to others that are dissimilar with respect to their features or labels, i.e., “opposites
attract”. A simple example are transaction networks for fraud detection, where fraudulent
accounts are typically more connected to legitimate customers, rather than with other
fraudsters.

Early GNN research and canonical benchmark datasets (e.g., Cora [107], Citeseer [108])
predominantly featured homophilic graphs. This led to design architectures with a strong
homophily bias. This bias is fundamentally rooted in the local neighborhood aggregation

scheme of message passing: a node’s representation is updated using features from its
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first neighbors (see Eq. . In homophilic settings, this acts as a beneficial smoothing
operation, where neighbors reinforce the node’s own label, providing strong classification
signals. In heterophilic graphs, however, this same process becomes detrimental. Aggregating
features from dissimilar neighbors injects noise and obfuscates class boundaries, as the
most relevant information for classification may lie beyond the immediate neighborhood.
This bias limits the robustness and generalizability of GNNs, leading to poor performance
on inherently heterophilic real-world networks |21} 22] 23]. Addressing this bias requires
moving beyond the assumption that locality implies similarity. As discussed in Sec. [3.3]
architectures such as the Heterophily-aware Graph Convolutional Network (HoGCN) [101]

adopt higher-order neighborhood designs precisely to overcome this limitation.

Oversmoothing and Oversquashing. Beyond the homophily bias, the fundamental
reliance on first-neighbor aggregation in message passing creates additional challenges when
building deeper networks to capture long-range interactions. These include oversmoothing
[19], where node representations become indistinguishable, and oversquashing [20], where
information from a large receptive field is compressed into a fixed-size vector. Recent
studies show that these two phenomena are closely related [109], prompting significant
research into understanding and mitigating their effects [104] 105, [110].

Oversmoothing [19] occurs when node representations quickly converge to each other
and become indistinguishable as the number of layers increases. In other words, as
information propagates through many layers, embeddings of neighboring nodes tend to
converge to similar representations, making them hard to distinguish. This explains why
very deep GNNs often struggle to separate nodes belonging to different classes, even if the
underlying graph structure contains enough information. This issue puts a limit on the
depth of a GNN, prohibiting the model’s capability of capturing complex relationships in
the data. Formally, following the treatment in [ITT], for every pair of neighboring nodes i
and j, we have:

h” —h'Y 50 asf— oo (3.5.1)

Equation (3.5.1)) captures the local smoothing effect observed between two connected
nodes ¢ and j. A global perspective can be obtained by aggregating these differences over

all edges in the graph. Specifically, we define:

> —hl? 50 ast— oo (3.5.2)

(i,))eF

If the sum in Equation (3.5.2) converges to zero, the model is said to experience
oversmoothing. This formulation aligns with the definition based on node-wise Dirichlet

energy used in [I12], which was first proposed as a measure of over-smoothing by [105].
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Given node embeddings H® = [h{", ..., h%)]T, the Dirichlet energy is:

1 ‘ o?
EH") =7 2 3 b -u?] (353)
i€V jeN;
and the associated measure:
p(HO) = /EHO) (3.5.4)

serves as a valid node-similarity score: oversmoothing is reflected by ,u(H (K)) decreasing
toward zero as ¢ grows. Thus, the decline of Dirichlet energy provides a principled,
graph-level indicator of the loss of discriminative power in deep GNNs.

A widely used strategy to alleviate oversmoothing is the incorporation of residual
connections, inspired by the success of ResNets [64] as detailed in Sec. The key idea is
to preserve information from earlier layers so that node embeddings do not collapse to an
indistinguishable subspace as depth increases [I13]. Residual connections are particularly
valuable for graphs with heterophily, where oversmoothing is a major source of performance
degradation [102] 103], 104 105], as it further erodes the already weak signal from a node’s
immediate neighbors. As explained in detail in Sec. HyGCN [101], a heterophily-aware
GNN, exemplifies this principle by explicitly separating the representations of a node’s
own features and those of its neighbors, while adding skip connections that propagate
embeddings from earlier layers directly to deeper ones.

Oversquashing [20], on the other hand, arises from the difficulty of compressing a large
amount of information into fixed-size node embeddings. From Equation [3.3.1] we can
observe that messages can only be transmitted by a distance of 1 at each layer. Hence,
two nodes separated by distance [ can exchange information if and only if the GNN has
at least [ layers. For any node i, the receptive field is defined as the set of nodes whose
messages can reach ¢ [I11]. As the number of layers [ increases, the size of each node’s
receptive field grows exponentially [114]. Consequently, messages from an exponentially
increasing number of distant nodes are compressed into fixed-size vectors, limiting the
model’s ability to capture long-range dependencies [20], effectively “squashing” them. This
bottleneck makes it hard for the network to propagate distant signals, especially in graphs

with high connectivity, limiting the ability of the GNN to capture global structure.

3.6 Probabilistic Graphical Models

GNNs provide powerful tools for learning node and graph representations, however
they often function as “black boxes”, offering limited interpretability into the underlying
mechanisms governing network formation and structure. This stands in contrast to the rich
tradition of probabilistic modeling that has long guided network science, where analyzing

a system’s representative network (or graph structure) is key to understanding its intricate
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structure and behavior [IT5]. Within this tradition, Probabilistic Graphical Models (PGMs)
[29, B0] serve as a unifying framework, offering a principled language to encode complex
dependencies among random variables through graph-structured representations.

This probabilistic perspective offers a complementary paradigm to GNNs. While GNNs
learn complex nonlinear transformations through layered message passing, PGMs provide
explicit probabilistic semantics and uncertainty quantification. PGMs offer interpretable
building blocks for understanding network mechanisms, while GNNs provide powerful
function approximation for learning from graph-structured data. A growing body of
research now seeks to bridge the gap between these interpretable probabilistic approaches

and modern deep learning on graphs [25].

Generative Models. Within the PGM broad framework, Generative Models are a
particularly influential class designed to capture the underlying processes that produce
observed network data by representing it in terms of an unknown and approximate
probability distribution P(A), where A is the graph’s adjacency matrix. The generative
approach offers several distinctive advantages: it allows not only to describe and analyze
an observed network but also to generate realistic synthetic graphs, model hypothetical
scenarios (e.g., “what if” a connection is removed), and handle missing data systematically.

The power of these generative models lies in their interpretability, as they can
directly encode specific hypotheses about a system’s hidden mechanisms into the model’s
assumptions, e.g., community structure (see Sec. . This approach stands in contrast
to discriminative methods like GNNs: while GNNs excel at mapping observed structures

to predictions, they typically do not model the data-generating mechanism itself, see
Fig. inspired by [116].

Generation P(A|©)

[ )

Probabilistic model Observed data

L J

Inference P(O | A)

Observed data | Representation learning

G=WV,¢), X

Prediction
o ( H(L))

H(L) = f<A7X7@)

Figure 3.4: Generative models like PGMs (top) establish a bidirectional relationship
between the model and observed data through generation and inference. Discriminative
models like GNNs (bottom) learn representations from observed data via a feedforward
process, culminating in predictions.
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A canonical example of generative model is the Erdés-Rényi model [T17, [I18], which
is employed to generate random graphs. This model assumes that all graphs with a fixed
vertex set V' and a predetermined number of edges |E| are equally probable, selecting a
graph uniformly at random from this collection. Although such models serve as valuable
theoretical tools for analysis, their underlying assumptions are too simplistic to capture
the complexities of real-world data.

This need is met by a powerful class of generative models known as latent variable
models [T19]. These models provide a theoretical foundation for understanding complex
networks by positing that the observed graph structure A is shaped by a set of underlying,
unobserved factors, known as the latent variables ©. In statistics, a latent variable is a
variable that is not directly measured but is inferred through a mathematical model from
other observed variables, representing a hidden underlying factor. The core assumption
is that the observed connectivity patterns arise from these hidden variables. Inferring
© thus enables a deeper understanding of the hidden factors that govern the network’s
structure [I19, 120], e.g., node communities (see Sec. [3.10).

The methodology follows a principled probabilistic cycle, which can be summarized in

three key stages:

1. Model Specification: Initially, we make assumptions about the hidden variables
that might influence the data generation process, and we represent these relationships
in a joint probability distribution of both observed and hidden random variables,
denoted as P(A, O).

2. Statistical Inference: Subsequently, when we have an observed dataset, such
as a graph (represented by its adjacency matrix A), we perform inference on the
latent variables. This is the process of learning or deducing the most plausible latent

variables © that explain the observed network (see Sec. [3.8).

3. Model Utilization and Validation: Once these variables are learned, the model
can be used to predict missing data (as in link prediction) or generate new synthetic
data. This also serves as model validation: if the synthetic data exhibits properties
similar to those of the observed data, it signifies that our initial assumptions about
the generative model were reasonable. Conversely, discrepancies necessitate model

refinement.

This entire cycle is formally grounded in the specification of the generative model, a joint
distribution P(A, ©) canonically factorized using Bayes’ rule as P(A,©) = P(A | ©) P(O).
Here, P(A | ©) is the likelihood function, modeling the probability of observing network
data A given latent parameters ©; and P(0) is the prior distribution, encoding initial

assumptions about the latent variables before observing any data.
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To make these models computationally tractable, a common assumption is that of
conditional independence [121], 122]. This principle states that, conditioned on the latent
variables ©, the observed edges A;; are independent of each other. This implies that all
interactions are independent and identically distributed given ©, leading to the simplified
joint probability:

P(4,0) = [[ P4, | ©) P(©)
J

The specific choice of P(A;; | ©) and P(O) depends on the nature of the data. For instance,
binary edge weights are naturally modeled using a Bernoulli likelihood P(A;; | ©), while

nonnegative discrete edge weights are better captured by a Poisson distribution (see Sec.

for a concrete example).

3.7 Generative vs. Discriminative Link Prediction

The practical utility of this generative framework is powerfully demonstrated in tasks
like link prediction. Since the model is generative, it provides a natural mechanism for
predicting missing links from partially-observed data [I21]: the learned parameters define
a complete probabilistic model of the network. This capability is typically evaluated
through a standard hold-out test: a portion of the entries in the observed adjacency
matrix A (e.g., 20%) is hidden, forming a test set, while the remaining entries serve as a
training set Airam for model inference.

Crucially, training here refers to the statistical inference of the model’s latent parameters.
This process, detailed in Sec. [B.8 can result in either a single point estimate of the
parameters O or a full posterior distribution P(© | Again) that captures the uncertainty
in their values. The probability of existence of a link between node 7 and j in the held-out
test set is then derived as P(A;; | ©) for point estimates, and as Epo|a,,...)[P(Ai | ©)]
for full posteriors. Sec. [3.10] provides a concrete illustration of this using the Stochastic
Block Model.

This approach fundamentally differs from discriminative methods like GNNs. In GNNs,
training involves optimizing the model’s weights to obtain a single, point estimate for each
parameter. This process learns to transform input node features and the graph structure
into informative node embeddings. The resulting link probability is then calculated by

applying a heuristic scoring function (e.g., a dot product followed by a sigmoid) to these

final-layer node embeddings (hl(-L), hg-L)) (see Sec. and Sec. .

The trade-off is clear: the generative PGM provides a probabilistically coherent
framework where predictions are directly governed by interpretable parameters, naturally
allowing for uncertainty quantification. In contrast, the GNN offers a flexible, feature-driven
approach that excels at capturing complex non-linear interactions but often lacks the

same level of explicit mechanistic interpretability.
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3.8 Statistical Inference in Graphical Models

The ability to predict missing links in a graph, as described above, hinges on a crucial
preliminary step: learning the model parameters from the observed data. This section
details this core learning problem, known as statistical inference, which constitutes the
second stage of the probabilistic cycle introduced in Sec. For latent variable models,
this means inverting the generative model P(A,0) = P(A | ©)P(©) to deduce the latent
variables © that best explain the observed network A.

The central object of interest for this learning process is the posterior distribution,
derived from the joint distribution P(A,©) = P(A | ©)P(0O) via Bayes’ theorem:

A|©)P(O)
P(A)

PO|A) = P (3.8.1)
The posterior P(O | A) represents the updated belief about the latent variables © after
accounting for the evidence provided by the observed graph A. The normalizing constant
P(A), known as the model evidence, ensures the posterior is a valid probability distribution.

This formulation parallels neural network training but with a fundamental philosophical
difference. In probabilistic generative models, the joint distribution P(A,©) formally
assumes how data A is generated from interpretable latent factors ©, and inference on
observed data then systematically refines beliefs about these hidden variables. In contrast,
neural networks find point estimates of weights optimized to minimize a task-specific loss
function. Although their internal representations can capture complex statistical patterns,
the lack of explicit assumptions about the data-generating process results in weights and
representations that are typically not directly interpretable.

The spectrum of inference methods for characterizing the posterior P(© | A) ranges
from finding single point estimates to fully approximating the entire distribution, each

with distinct advantages depending on the analytical goals and computational constraints.

Point estimate. For many practical applications, particularly with large-scale networks,
point estimation provides a computationally efficient approach by seeking a single optimal
value for ©. The most fundamental point estimate is the Mazimum Likelihood Estimation
(MLE), which finds the optimal parameters ©ME by maximizing the probability of the

observed data under the assumed statistical model:
OMLE — arg max P(A|©) (3.8.2)

Notably, MLE is equivalent to assuming uniform priors over the parameters ©, meaning
P(©) is treated as constant. This makes the posterior in (3.8.1)) proportional to the
likelihood: P(© | A) < P(A | ©). Therefore, we can directly use the likelihood P(A | ©)

to estimate the parameters ©. An alternative approach is Mazimum A Posteriori (MAP)
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estimation, which seeks the most probable parameter values by considering both the

likelihood of the data and a prior distribution over the parameters:

OMAP — arg max P(A|©)P(O) (3.8.3)

Both methods are conceptually straightforward when the likelihood P(A | ©) is
tractable. However, in many latent variable models, this likelihood is analytically
intractable and computationally difficult to manipulate directly. To simplify the expression
of the likelihood, a set of unobserved or missing variables Z is introduced. In this framework,
the observed network adjacency matrix A is considered as incomplete data, while the pair
(A, Z) constitutes the complete data. The motivation for this construction is profound:
if the unobserved variables Z were known, the complete-data likelihood P(A,Z | ©)
would become mathematically tractable. By explicitly accounting for Z, the likelihood is

rewritten as:

P(A|©)=> P(A Z]|0), (3.8.4)
Z
which leads to the corresponding log-likelihood:

L(©) =log P(A|©) =log» P(A,Z|©) (3.8.5)

The log-likelihood converts the product of probabilities into a sum of log-probabilities,
which is numerically more stable and mathematically easier to optimize. Similarly, neural
networks optimize log-probabilities via cross-entropy loss rather than raw probabilities,
see Sec. 2.3l

In Eq. B85 Z is treated as a set of discrete random variables for notational clarity,
but the concept is readily extended to the continuous case by substituting the summation
with an integral. The introduction of Z creates a fundamental computational challenge:
the logarithm of a summation generally prevents analytical simplification, making direct
optimization of the likelihood computationally infeasible.

To address this difficulty, the Ezpectation-Mazimization (EM) algorithm [123, 124]
offers a principled iterative strategy. Its key idea is to replace the intractable direct
maximization of the log-likelihood in Equ. with a sequence of tractable optimizations,
achieved by constructing and iteratively tightening a lower bound on the log-likelihood,
using the current best guess for the distribution of the missing data Z. The EM algorithm
is fundamentally a method for Maximum Likelihood Estimation, and therefore operates
under the implicit assumption of uniform priors discussed above.

First, to handle the summation inside the logarithm, we introduce an auxiliary
distribution ¢(Z) over the missing variables Z, which satisfies ¢(Z) > 0 and >, ¢(Z) = 1.
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Using this distribution, we can rewrite the log-likelihood as:

logz A—ZJ@) (3.8.6)

Since the logarithm is concave, we can apply Jensen’s inequality [125], which states

that for any concave function f and any probability distribution ¢:

f(EX]) = E,lF(X)), (3.87)

to obtain a tractable lower bound:

a2 q(Z)

Therefore, Equation (3.8.8) serves as a lower bound for the log-likelihood, and
maximizing £(0) is equivalent to maximizing L£(q,©). The EM algorithm offers a

gy 0) " 2 ades T = a0) @89

practical approach for performing this optimization by iteratively alternating between

two steps:

¢ E-step (Expectation): Given the current parameter estimates ©®, the E-step
maximizes the lower bound £(q, ©®) with respect to the distribution ¢(Z). The
solution to this maximization problem is achieved when the lower bound matches
the log-likelihood, meaning that the distribution ¢+ (Z) equals the posterior

distribution:
¢“(Z)=P(Z | A,0Y)

This step fills in the missing variables Z by calculating their distribution based on

the observed graph A and the current parameters O®.

e M-step (Maximization): Holding the distribution ¢+ (Z) fixed, the M-step
updates the model parameters © by maximizing the lower bound £(¢**V, ©) with

respect to O:
O+ — arg max Eyi0(2) [log P(A, Z | ©)]

This maximizes the log-likelihood, where the expectation is taken over the missing

variables Z using the distribution from the E-step.

The EM algorithm achieves particular efficiency when both the E-step and M-step
permit closed-form updates. However, a fundamental characteristic of EM is its convergence
to local optima, without guarantees of reaching the global optimum. To mitigate this
dependence on initialization, practitioners typically employ multiple restarts with different

initial conditions, allowing the algorithm to explore various local solutions. The final
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model is then selected as the realization achieving the highest likelihood value upon
convergence. In Chapter [6] Section [6.3] we employ this approach to infer parameters for

two of the Stochastic Block Models under analysis.

Full posterior distribution. For high-consequence applications in fields like medicine
and finance, relying on a single point estimate is risky, as it ignores the uncertainty
inherent in parameter estimation. A more comprehensive approach is to estimate the
full posterior distribution P(© | A) and use it to compute expectations. This is vital for
quantifying uncertainty and making robust predictions.

However, directly computing the posterior in is often intractable because it
requires calculating the normalizing constant P(A), which involves a high-dimensional
integral that is typically infeasible to evaluate. To address this challenge, we turn to
powerful approximation methods. Variational Inference (VI) [120, [127] transforms the
inference problem into an optimization one, seeking a tractable distribution that is as
close as possible to the true posterior. Conversely, Markov Chain Monte Carlo (MCMC)
[60, [61] is a sampling-based approach that constructs a Markov chain which eventually
converges to the true posterior, allowing for a numerical approximation through the
collected samples.

The central idea of VI [126, [127] is to replace the true, intractable posterior P(© | A)
with a simpler, tractable distribution ¢(©) drawn from a chosen family Q. The optimal
approximation ¢*(0) is obtained by minimizing the Kullback-Leibler (KL) divergence [51]
from ¢(©) to P(© | A):

o : B . q(©)
7" (©) = arg min D1, (q(©) || P(©] A)) = arg min Eqo) {log —]

P@©[A4)

Expanding the posterior reveals the core difficulty:
Dxr.(¢(©) || P(© ] A)) = Eye) log ()] — Eqge) [log P(4, ©)] + log P(A)

This objective remains unfeasible to minimize directly because it explicitly depends on
the intractable model evidence log P(A). To overcome this, VI optimizes an alternative
objective function called the Evidence Lower Bound (ELBO).

By definition, the ELBO can be expressed as:

ELBO(q(©)) = E(e)[log P(A, ©)] — Eye)[log ¢(O)]

(3.8.9)
=log P(A) —KL(¢(©) || P(© | A))

Since log P(A) is constant with respect to ©, minimizing the KL divergence between ¢(©)
and P(© | A) is equivalent to maximizing the ELBO [12§].
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Unlike variational inference, which approximates the posterior through optimization
over a simplified distribution, MCMC methods [60, 6I] address the sampling problem
directly by constructing a Markov chain. MCMC generates a sequence of S correlated
samples {O®}5_ that collectively represent the target posterior P(© | A). This chain
is designed with a transition kernel T(©¢*Y | ©()) that ensures the target posterior
P(© | A) is its unique stationary distribution. The method’s theoretical foundation rests
on asymptotic eractness: as S — 0o, the empirical distribution of the samples converges
to the true posterior. This sequence of samples can then be used to approximate the
posterior distribution (e.g., to generate a histogram) or to compute integrals such as
posterior expectations (e.g., an expected value) empirically.

A cornerstone of the MCMC framework is the Metropolis-Hastings algorithm [129, 130],
which operates through a two-step process. First, a proposal distribution q suggests
new candidate states, then an acceptance step determines whether to incorporate these
candidates into the sample sequence. Conceptually, the Markov Chain explores the target
posterior landscape, guided by the proposal distribution that suggests its next move. The
choice of proposal is critical, as a distribution narrowly concentrated around the current
state ©) leads to high acceptance but slow exploration, while a broad one yields low
acceptance with redundant computation.

The algorithm proceeds iteratively as follows. At step s, given the current state ©):
1. Propose a candidate @+ from the proposal distribution ¢(@¢+1 | ()

2. Accept the candidate with probability «, where:

P(@(8+1) | A) q(@(s) | @(s+1)>> (3 . 10)

o (1’ PG [A)  ¢(6G [0M)

The acceptance ratio o quantifies the relative probability of ¢+ versus ©¢) under the
target posterior P(© | A). This creates an efficient exploration: moves to higher-probability
regions (v > 1) are always accepted, while moves to lower-probability regions are accepted
with probability «, ensuring occasional exploration of less probable areas. In practice, a
uniform random number u ~ U(0, 1) is drawn, and the next state is set to @+ if u < q,
otherwise it remains ©(),

While MCMC'’s flexibility enables sampling from complex distributions that challenge
variational methods, significant computational limitations remain. High-dimensional
posteriors often require long chains, careful proposal tuning, and substantial resources
to ensure convergence. The required number of iterations depends on multiple factors,
particularly the relationship between target and proposal distributions, necessitating
problem-specific adjustment for practical success. In Chapter [6], Section [6.3] we employ

this approach to infer parameters for one of the Stochastic Block Models under analysis.
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3.9 Modeling Graph Communities

A fundamental concept in network analysis is communities, also referred to as clusters
or modules |[I31]. These are groups of vertices within a network that typically share
common properties or perform similar functional roles. Identifying these communities is

crucial as it reveals the hidden organizational principles and functional subunits embedded

<

(a) Hard membership partition ) Mixed membership partition

within complex networks [132].

Figure 3.5: Visual comparison of community membership types. (a) Hard membership
partition where each node belongs exclusively to one community. (b) Mixed membership
partition where nodes exhibit overlapping community affiliations.

Node Membership in Community Detection. The assignment of nodes to communities
is formally described by their membership, a concept visually represented in Figure[3.5] The
simplest approach, known as hard membership (or disjoint communities), assigns each node
exclusively to a single community, resulting in a partition with strictly non-overlapping
boundaries. While conceptually straightforward, this rigid assignment often proves
inadequate for capturing the complexity of real-world systems, where nodes frequently
maintain multiple affiliations.

This limitation is addressed by mized membership models, which allow nodes to
participate simultaneously in multiple communities with varying degrees of association
[133, [134]. This framework, giving rise to overlapping communities, provides a more
nuanced and accurate representation of systems where entities naturally exhibit multiple
affiliations. For instance, individuals in social networks typically belong to diverse circles
(family, work, hobbies), proteins in biological networks participate in multiple functional
pathways, and researchers in academic collaboration networks work across different
scientific domains.

Mathematically, this distinction is captured through different representations of the
membership vector. In hard membership models, each node ¢ is associated with a one-hot
vector u; € {0, 1} satisfying sz:l u;, = 1, where u;, = 1 indicates exclusive assignment
to community k. Conversely, mixed membership models represent each node’s affiliations

through a probability vector u; € [0,1]%, also normalized such that Zle u;, = 1. Here,
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the elements u;, quantify graded affiliation strengths, enabling the representation of partial

memberships across multiple communities.

Affinity Matrix and Community Structure. Regardless of whether communities are
defined through hard or mixed-membership partitions, they fundamentally group nodes
that display similar connectivity patterns relative to nodes in other groups [120]. The
global community structure of a network is consequently characterized by the interaction
patterns between these different groups. Community detection models typically capture
this information through an affinity matrix W of dimensions K x K, where each element

wy; quantifies the connection density between communities k& and (.

Wassortative € RKXK Wdisassortative € RKXK
0.8 0.1 0.1 0.1 0.1 0.8 0.7 0.6
0.1 09 0.1 0.1 0.8 0.1 0.9 0.7
0.1 0.1 0.7 0.1 0.7 09 0.1 0.8
0.1 0.1 0.1 0.8 0.6 0.7 0.8 0.1
Strong diagonal elements Strong off-diagonal elements
Wik > wyy for k 75 l Wiy > Wy, for k 75 l

Figure 3.6: Affinity matrices W € REXE for different community structures. The
assortative matrix (left) features strong diagonal elements, promoting dense connections
within communities. The disassortative matrix (right) exhibits strong off-diagonal elements,
encouraging connections between different communities. Here, K = 4 represents the
number of communities.

Real-world networks exhibit diverse structural patterns that are directly reflected in
their affinity matrices, as shown in Figure Among the most common is the assortative
or homophilic structure [106], characterized by communities with dense internal connections
and sparser links between groups. This pattern emerges when the affinity matrix W
has strong diagonal entries, promoting higher connection probabilities within the same
community. Conversely, disassortative or heterophilic structures feature higher connection
densities between different groups than within them, arising from affinity matrices with
prominent off-diagonal elements that encourage cross-community links. Beyond these basic
patterns, more complex organizational forms such as core-periphery structures can also
be captured through tailored configurations of W, demonstrating the model’s flexibility

in representing varied relational structures.

3.10 The Stochastic Block Model

Since community structures are generally unobserved in empirical data, the primary

goal of community detection algorithms is to uncover these latent patterns to enable
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meaningful interpretation of network interactions [I35]. While numerous algorithmic
approaches exist, generative PGMs offer significant advantages: they impose minimal
structural assumptions, support rigorous statistical inference, and naturally accommodate

overlapping communities.

Foundational SBM Framework. Generative PGMs characterize network dependencies
probabilistically by learning latent variables © that explicitly govern the probability of
observing each edge A;;. The Stochastic Block Model (SBM) [37, B8, B9 A0] stands
as a cornerstone among these generative models for networks exhibiting community
structure. The model posits that each node ¢ belongs to one of K latent communities,
with memberships encoded in a matrix U € RY*X where u;;, represents the probability
or strength of node ¢’s membership in community k. For directed networks, separate
membership matrices U and V' may be used to model outgoing and incoming connections

respectively. The SBM implements this framework through the general formulation:
P(Aij | ©) = P(Ay; | f(ui, v, W), (3.10.1)

where u; and v; represent the K-dimensional latent membership vectors of node ¢ for
outgoing and incoming connections, respectively (u; = v; for undirected graphs); W is a
K x K latent affinity matrix regulating edge densities between communities; and f is a
function combining these parameters into a scalar value (typically modeling E[A;;]).

From a statistical inference perspective, the primary task involves estimating the
posterior distribution of the latent variables © given the observed network A. This
represents a classic latent variable inference problem that can be addressed through
different computational frameworks. Point estimates of the parameters can be obtained
via the Expectation-Maximization algorithm [121] 9], while full posterior distributions
are inferred using Bayesian methods such as variational inference [134], [136] or Markov
Chain Monte Carlo sampling [137, 38| (see Sec. [3.8).

A critical aspect in using the SBM lies in model selection, the task of identifying the
correct number of communities K. In network modeling, prevalent strategies for this
task include the minimum description length principle [139, 140] and cross-validation
techniques [I47], 121]. The latter approach involves partitioning the network data into
training and test sets: the model parameters are inferred from the training edges, while
the model’s predictive performance is evaluated on the held-out test set. This procedure
is repeated over multiple data splits and for different candidate values of K, and the
optimal K is then selected based on the best average predictive performance on the test
sets. Alternatively, Bayesian nonparametric methods [139] offer a different solution by
placing appropriate prior distributions on the model, allowing the number of communities

to be inferred automatically during the posterior inference process.
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Extensions with Node Covariates. The SBM framework has been extended in
numerous directions to enhance its modeling capabilities. A particularly valuable extension
incorporates node covariates, which are observed attributes associated with each node.
This approach leverages both the network’s adjacency matrix A and a feature matrix
X containing node attributes, enabling a more comprehensive analysis that combines
structural and feature-based information.

A prominent example is the Contextual Stochastic Block Model (CSBM) [142], 143].
In this model, node covariates are accounted for by modeling them as a high-dimensional
Gaussian mixture, where the cluster labels in the feature space coincide with the community
labels in the network, and the centroids of these distributions are themselves latent variables.
This embodies a general and intuitive assumption: that the covariates are generated from
the community memberships, meaning a node’s latent group helps predict its attributes
(see also [144] 122]).

In these covariate-enhanced models, the edge probability depends not only on the
latent community structure but also on the observed node features. This joint modeling
approach can be formalized in various ways. One common method introduces a correlation
matrix 3 € RE*Z that captures relationships between the K communities and Z attribute
categories [122], explicitly modeling how node covariates influence community formation
and connectivity patterns. This joint modeling approach can be formalized by modifying

the edge probability function to:
P(Ai | ©) = P(Ay | f(ui,v;, W, 5)), (3.10.2)

Alternative approaches, however, challenge this dependency assumption. Some models
[145, T46] instead posit independence between attributes and community membership.
This follows a different generative intuition: an interaction between individuals is likely if
they belong to the same community, if they share a relevant attribute, or both.

Crucially, the efficacy of integrating covariates is not guaranteed, as it relies on the
availability of meaningful node covariates, an assumption that should not be taken for
granted. As proven in several works, extra information on nodes can be non-informative
for learning from graphs [147, 148, 122, [149], and can, counterproductively, degrade
model performance. Therefore, the unified framework of combining topological and
nodal information only improves community detection accuracy when the covariates are
genuinely informative. This underscores the importance of developing models that can not
only integrate node attributes but also automatically assess their relevance and potentially

discard non-informative features, thus ensuring robust performance.

The MULTITENSOR (MT) Model. To provide concrete examples of the SBM

framework discussed above, we now describe two of the generative models used in the
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comparative study in Sec. [f] The MULTITENSOR (MT) model [I21] provides a flexible
framework for modeling multilayer networks [I50], where multiple types of relationships
(e.g., “friendship” and “colleague” ties in a social network) are represented as separate
relationship layers, each with its own adjacency matrix. The term [ayer in this context
refers specifically to the network’s adjacency matrix, not to be confused with neural
network layers in GNNs. This formulation accommodates both directed and undirected
networks, allowing for arbitrary mixtures of assortative, disassortative, core-periphery and
other complex structural patterns.

In our implementation we focus on the single-layer case (L = 1), which reduces the
model to a powerful, mixed-membership SBM for a single network represented by one
adjacency matrix. The following formulas present the single-layer case; for the complete
multilayer formalism see [121], T22]. The expected number of edges from node ¢ to node j

is given by a bilinear form:

K
Mij =) uvjwg (3.10.3)

k=1

Here, u;, and v; represent K-dimensional membership vectors for outgoing and
incoming connections respectively, while wy; are the affinity matrix entries encoding
connection densities between communities.

The model assumes that each edge A;; is drawn from a Poisson distribution with
mean M;;. This choice leads to tractable and efficient algorithmic implementations
[151] 152, 124] compared to approaches using Bernoulli random variables [144) [T4§)],
while accommodating both binary and integer-weighted networks. Under the conditional
independence assumption that edges are independent given the memberships and affinity

matrices, the likelihood becomes:

N — M. A
ij M 1J
Po(A UV, W) =] # (3.10.4)

which leads to the network log-likelihood:

Lo(UV,W) = Z A;jlog Z Ui Vj1Wg — Z Uik V1 Wy (3.10.5)
.3 k1l k,l

where constant terms independent of the parameters have been omitted as they depend
only on the observed data and do not affect the optimization.

The parameters of the MULTITENSOR model are estimated using the EM algorithm
described in Sec. . This involves introducing a variational distribution p;ji; over pairs
of groups (k,l) for each edge A;;, which acts as the auxiliary distribution ¢(Z) in the
general EM framework. This distribution represents the probability that an edge exists
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due to node ¢ belonging to group k£ and node j belonging to group I.

As a generative model, MULTITENSOR naturally provides a framework for link
prediction with partially observed data. The procedure, as outlined in Sec. and
Sec. involves first using the observed edges to estimate the parameters © = (U, V, W)
via the EM algorithm. The expected number of edges M;; is then computed for all node
pairs (7, ) using these parameters. Missing links are predicted by ranking unobserved
node pairs according to their M;; values, under the premise that true missing links will

receive a higher expected value than non-existent ones.

The MULTITENSOR with Covariates (MTCOV) Extension. As a concrete
implementation of the SBM extension with node covariates discussed previously, the
MTCOV model builds directly upon the MULTITENSOR foundation by incorporating
node attributes through a principled probabilistic framework. The key innovation is the
joint modeling of the network structure and node attributes under a unified likelihood
function. The model introduces a correlation matrix 5 € RX*Z that captures relationships
between the K communities and Z attribute categories.

For attribute modeling, MTCOV assumes that node covariates are generated from
the membership vectors. The observed node attributes are organized in a binary feature
matrix X~V *Z, where each row is a one-hot encoded vector x; = (it ooy xig) with z;, =1
if node 7 belongs to category z and 0 otherwise, ensuring 25:1 A

The probability of observing category z for node i is given by:

K
Z Brex (wik + Vi) (3.10.6)

k=1

Tz =

N | —

where ;. represents the probability of observing category z given membership in community
k. This formulation ensures m; = (m;,...,mz) forms a valid probability vector where
mi» € [0,1] and ZZZ:1 7, = 1 for all nodes 1.

The attributes are modeled using a multinomial distribution with parameter 7;, yielding

the likelihood: .

Py(X; =2 | UV, 8) = [ [ i (3.10.7)
z=1

This formulation assumes attributes can be binned into a finite number Z of unordered
categories. Multiple attributes can be combined by encoding each combination as a
distinct category.

To satisfy the normalization constraints 25:1 7 = 1, the parameters are constrained
such that Zzzzl Br. = 1 for all communities &k, and Zszl Ui, = Zle vie = 1 for all nodes
1. These constraints provide a probabilistic interpretation for both the correlation matrix

B and the membership vectors U and V. Assuming conditional independence of attributes
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across nodes leads to the attribute log-likelihood:

N Z K
Lx(U,V,B) = Z Z T, log(m;.) = Z 7, log (% Z Bz (wir, + UM) (3.10.8)
0,z k=1

i=1 z=1

The complete model combines both the network structure likelihood L (U, V, W) and
the node attribute likelihood £x (U, V, B) using a scaling parameter v € [0, 1] that balances

their contributions:

LU, V,W,B) = (1 —v)Le(U,V,W) +~Lx(U,V, 8) (3.10.9)

This formulation allows flexible interpolation between purely topological analysis
(v = 0) and purely attribute-based analysis (v = 1), with the optimal value determinable
through cross-validation based on the specific application goals.

Similarly to MULTITENSOR , the MTCOV model is trained using the same EM
framework, but extends it by introducing an additional variational distribution h;,; for
the node attributes. Here, p;;i; again handles the edge assignments, while h;.;, represents

the probability that node ¢’s attribute z is explained by its membership to community k.
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Chapter 4

Thermodynamic Approach to Neural

Network Pruning

This chapter presents the core theoretical contribution of this thesis by developing a
thermodynamic framework for model interpretability and its application to structured
pruning [31], extending previous works [34], 35]. While focused on feature importance in
Graph Neural Networks (GNNs), the methodology demonstrates remarkable generality.

We begin by framing the problem in Sec. [{.1] which details the interpretability
challenge in deep learning models and reviews existing pruning approaches. In Sec. [4.2]
we then draw an analogy between Stochastic Gradient Descent (SGD) and the dynamics
of a thermodynamic system, formally defining a temperature for neural network parameters.
The core of our approach is established in Sec.[4.3] where we introduce the SGD-temperature
parameter. Sec. [£.4] then reveals a fundamental difference in parameter dynamics between
optimizers, which not only motivates our generalized SGD-temperature for consistent
pruning but also provides a novel lens through which to interpret and contrast the behavior
of different optimizers.

Our empirical analysis begins in Sec. [£.6], which details how the SGD-temperature
serves as a robust criterion for pruning input features in GNNs. We further quantify
feature redundancy via cosine similarity in Sec. [1.7, providing a statistical perspective that
corroborates our thermodynamic findings. The framework is then extended to the pruning
of internal GNN embedding dimensions in Sec. [£.8] demonstrating its versatility beyond
the input layer. Finally, in Sec. 1.9 we conduct a comparative analysis by applying the
same temperature-based pruning to filters in Convolutional Neural Networks (CNNs),
highlighting the general applicability of our method.

Overall, this work moves beyond traditional, magnitude-based pruning strategies
by incorporating a dynamic measure of the parameters’ role during training. This not
only yields effective model compression but also provides a deeper, more mechanistic

understanding of neural network learning.
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4.1 The Interpretability Challenge in Deep Learning

Deep Learning and neural networks [3, 4, [153] are among the most successful tools
in machine learning. Neural networks have largely been used as black boxes, deep and
complex models able to adapt more and more precisely to data, despite the lack of a
clear relationship between the input and the output representation, making it increasingly
difficult to understand how the learning occurs. Addressing the problem of interpretability
and explainability of deep learning algorithms has now become crucial for building trust
and guiding the responsible development of the technology [154) [155].

One way to interpret neural networks is through the lens of statistical physics (see Sec.
[2.6). Since the pioneering works by Jaynes [I56] and Hopfield [68], up to the theory of
(deep) Boltzmann machines [I57, [I58], the language of statistical mechanics has proven
successful in describing inference and learning. Nowadays, many researchers are trying to
exploit the connections between statistical mechanics and artificial neural networks to
theoretically describe their phase transition during the optimization process of Stochastic
Gradient Descent (SGD) (see for example [I59, 160]). Some others have focused instead
on the theory of stochastic processes to study the dynamics of the parameters under the
SGD mechanism [75], 83, 161}, 5I]. Along the same vein, a more geometrical modeling via
thermodynamics concepts appears in [162] 163, [164].

Besides the physically-inspired theoretical efforts, a more empirical way to interpret
neural networks is through the practice of pruning [I65) [166]. Pruning has the aim of
removing unimportant weights from a deep learning model to reduce the model’s memory
footprint and accelerate inference performance. It is well-known that neural networks
usually work with an excess of parameters with respect to the ones actually needed for a
good generalization [167]. This is because, to this day, there are no established theoretical
guidelines in assigning the size of a neural network layer, e.g., the kernel size and the
number of filters of a CNN or the embedding dimension in a GNN, and those are finally
chosen by means of a blind and expensive grid search. Hence, the design of a pruning
technique inspired by mathematical and physical reasoning is crucial to move towards
a more accurate understanding of neural networks. At the same time, cleverly deciding
the size of the model will make deep learning training more sustainable [I68]. Common
pruning techniques are magnitude-based [169, 170 [I71] and gradient-based [172] 173, [174].

Magnitude-based Pruning. Magnitude-based pruning removes weights with small
magnitude. For example, [I71] prunes CNN filters based on the sum of their absolute
kernel weights, i.e., their L;-norm. The motivation is that a convolutional kernel with
a low norm detects less important features than those with a high norm [I74]. This
effect can be amplified during training by applying L, or L, regularization, which pushes

unimportant kernels toward smaller values.
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Gradient-based Pruning. In contrast, gradient-based pruning assesses importance
by measuring the sensitivity of the loss to changes in each weight. A small gradient
indicates that a change in that parameter has a low direct effect on the loss, making it
a candidate for removal. The foundation for this approach was laid by Optimal Brain
Damage (OBD) [172], which uses a second-order Taylor expansion and the diagonal of the
Hessian to estimate the change in loss caused by removing a parameter. This was later
refined by the Optimal Brain Surgeon (OBS) algorithm [I73], which uses the full Hessian
at equilibrium to more accurately identify weights whose removal minimally increases
training loss. While more precise, this method is computationally expensive. To reduce
this overhead, modern methods like [I74] return to a first-order Taylor expansion.

The core challenge with a first-order approach is that after sufficient training, the
gradient tends to zero, suggesting it offers little information. This is precisely why OBD
and OBS regard the first-order term as zero and focus on the second-order term. However,
differently from OBD and OBS, [I74] proposes looking at the absolute difference in loss
rather than the signed one, thus using the absolute value of the first-order term, whose
expectation is stated to be proportional to the variance of the gradients. This variance
proves empirically more informative for pruning than the mean, while entirely avoiding
the computational burden of the second-order term. The method in [I74] implements this
with an iterative schedule: the model is first trained to convergence, and then undergoes
alternating steps of pruning and fine-tuning. Crucially, at each pruning step, it greedily
removes weights that exhibit the smallest gradients calculated from a single training step,

continuing this cycle until a target efficiency is met.

A Physics-Informed Pruning Criterion. Our work unites the statistical physics
perspective with the practical goal of pruning. We draw a stringent analogy between
a neural network’s parameters and a thermodynamic system to formulate a novel,
physics-inspired pruning criterion. Rather than relying on instantaneous gradient snapshots
[174] or static weight magnitudes [169, 170, 71|, we define a temperature parameter for
weight structures, proportional to their average squared gradient over many epochs at
equilibrium. Independently on the optimizer employed, weight structures with persistently
low squared gradient prove to be the ones to prune in order to maintain the performance.
To demonstrate the efficacy of our temperature-based criterion, we employ a non-iterative
procedure (see Sec. for details). First, we train the network to equilibrium and identify
persistently low squared gradient weight structures from their average temperature profile.
We then perform a single pruning step and evaluate the resulting performance. The
thermodynamic analogy underpinning this approach is detailed in Sec. while our

generalized pruning method, the SGD-temperature, is formally introduced in Sec. [£.3]
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4.2 From Classical Dynamics to Network Temperature

The starting point for our thermodynamic modelling is the observation that when
a neural network is trained with Stochastic Gradient Descent (SGD) [56], or derived
methods such as SGD with momentum [57] and Adam [58|, the parameters change at
each step as the loss function is minimized. After training has converged, i.e., when
further optimization no longer improves performance, continued training still results in
parameter changes due to the stochasticity of the optimizer. This behavior reminds us of
individual atomic or molecular positions once thermodynamic equilibrium is reached. To
establish a thermodynamic framework for neural networks, we draw an analogy between
the dynamics of network parameters during optimization and particles in a statistical
mechanical system. This allows us to define a temperature for neural networks based on

parameter dynamics.

The Kinetic Definition of Temperature. To ground our thermodynamic analogy, we
begin with the fundamentals of classical dynamics. We consider a system of N particles,
where each particle £ has a mass my and a position coordinate x; in 3-dimensional space.
Forces F}, are commonly regarded as gradients of a potential V' and coordinates x; evolve

according to Newton’s law:

[l

d2£Ck . Fk
aiL'k

F, = =
F dt? mi

a, = (4.2.1)

When discretized for numerical integration, coordinate evolution at each time-step ¢

takes the form:
1
zp(t) = 2t — 1) + v (t — 1) At + iak(t — 1A =
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where my, is the mass associated to each degree of freedom, and vy () is the instantaneous
velocity. This expression describes constant energy dynamics. The instantaneous

temperature 7 (¢) is defined as the mean kinetic energy:

d
_k®) 1 1 2
T(t) = = T dZIQmwk(t) (4.2.3)

i

where K(t) is the (instantaneous) kinetic energy, d is the number of degrees of freedom,
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and kg is Boltzmann’s constant. The thermodynamic quantities are obtained as the
time-averages of the corresponding instantaneous forms. For average kinetic energy K

and temperature 7" we have:

t=0

3

K= %/T/cos) dt — %im) (4.2.4)
K T

T - %Zm) -y %mkvk(t)2 (4.2.5)

N ]{?BT

S8

where the averages are computed over a long enough sampling time 7 to ensure
fluctuations in the resulting values are negligible.

To perform constant temperature dynamics, contact with a heat reservoir is mimicked
by periodically rescaling the velocity of each particle in order to adjust the average kinetic

energy to the desired temperature, leading to the expression:

1 ov

where 5 > 1 ( < 1) is used to warm (cool), i.e., to transfer heat into (out of) the system.

Thermodynamic Analogy for SGD Optimizer. We now demonstrate how SGD
update rule naturally fits into the thermodynamic picture we discussed above. In our
thermodynamic analogy, we draw a parallel between the optimization of a neural network
and the dynamics of a physical system. Specifically, we treat each network parameter wy,
for k=1,..., N as a “particle” with a one-dimensional degree of freedom. The collection
of all parameters defines the system’s state in a high-dimensional “parameter space” of
dimension N. The loss function L(w) acts as the potential energy V' governing the
dynamics of these particles.

In NNs which employ SGD optimizer, both with and without momentum (see Sec.
, parameters evolve according to the gradient of the mini-batch loss function Ly as:

OLg

my(t) = Bmg(t —1)+n (3_1%) 3 wi(t) = wy(t — 1) — my(t) (4.2.7)

where 8 = 0 describes SGD without momentum and 7 denotes the learning rate. This

corresponds to a discretized parameter velocity:

(t) = w0) = o = 1) = —u(t) = = 1) — 1 (52 (125)

8wk
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or

wi(t) = we(t — 1) + Pug(t — 1) — n (g—ii)tl (4.2.9)

which is similar to eq. above, if we let At =1, n = ﬁ, and identify L with a
conservative potential driving the dynamics. Since in NN optimizations 8 € [0, 1), the
evolution of the NN parameters driven by loss minimization is analogous to the evolution
of particles driven by potential minimization when the particle velocities are quenched at
each time-step, i.e., when heat is extracted from the system. In molecular dynamics this
leads to constant temperature dynamics, which does not minimize the average energy but
the Helmholtz or Gibbs potential, depending on volume or pressure constraints [175, [I76].
For the time being, we assume that all parameters have the same mass, set to m; = 1.
This assumption is not necessary, but assigning masses would require further assumptions,
such as thermal equilibrium within the system, leading to a less straightforward description.

This leads to the slightly simplified form for the NN temperature, equivalent to the one in
eq. (4.2.3) and (4.2.5) for a thermodynamical system:

T(t) = ko __L > %vk(t)2 (4.2.10)

T=13" 70 = 1N 3 %vk(t)Q (4.2.11)

where kp is a constant to provide the correct physical dimensions, equivalent to
Boltzmann’s constant in thermodynamics. Velocities are computed as variations between

steps of the corresponding parameters w:

In the case of SGD, eq. (4.2.12)) corresponds to eq. (4.2.8)), implying that the temperature
defined in eq. (4.2.11)) directly measures the mean squared gradient of the loss.

The same applies when weight regularization is added to the loss:

A N
Lueg(w) = L(w) + 5 3wk,
k=1

where A is the weight decay factor. This term acts like an additive conservative force,

pulling the parameters towards the origin.
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4.3 SGD-Temperature as a Pruning Criterion

The thermodynamic framework provides more than just an analogy, we now explain
why temperature can be used as a practical pruning criterion and we then introduce our

proposed method: the SGD-temperature.

Temperature as a Pruning Criterion. Our temperature metric (Eq. can
be measured either between parameter updates or between epochs. While the average
temperatures from both methods are proportional, we argue that the inter-epoch dynamics
are more representative of the network’s stable state. This is because intra-epoch parameter
evolution is influenced by mini-batch variations within the epoch. Specifically, we measure
temperature between epochs in the equilibrium phase of the training, when loss and
accuracy have converged. In this phase, even though the performance does not change

much, weights continue to exhibit fluctuations as gradients are not precisely zero.
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Figure 4.1: Thermal agitation at equilibrium for the two heads of the first GAT layer in the case
of Cora dataset (see Sec. . These heatmaps correspond to a single training with SGD with
momentum and without weight decay.

A key point is that these fluctuations are not uniform: as shown in Fig. different
weight groups exhibit distinct thermal agitation levels. We therefore propose temperature
as a pruning criterion and find that “cold” weights, with small average squared gradient,
are candidates for removal, while “hot” weights, characterized by larger average squared
gradient, should be retained. An interpretation for this is the following. Since we are
at equilibrium, we could assume the average gradient to vanish. In this case, the mean
squared gradient would become proportional to the stochastic gradient variance and “hot”
weights correspond to directions exhibiting larger variance. This effect is most pronounced
in early layers, with deeper layers showing more homogeneous thermal patterns [177]

(Sec. [£.8 and Sec. [1.9).

When pruning, we assess temperature in relative terms. This involves comparing the
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thermal activity of different weight structures, defined as groups of weights, both against
each other and against the entire network. This is applied by calculating the temperature
for coherent parameter groups, serving as a structured pruning technique. For instance, in
a CNN, one can prune entire filters by calculating the temperature for each filter, where
N in Eq. is the number of kernel weights within that filter (Sec. . Similarly,
when pruning input features in a GNN, the temperature for each row of the first layer
embedding matrix is considered (see Sec. and Sec. , with N set equal to the
embedding dimension (see Fig. |4.1)).

The SGD-Temperature. The preceding analysis suggests that temperature could
serve as an effective pruning criterion: different weight structures exhibit distinct levels of
thermal agitation, and those with consistently low temperature, could be pruned while
maintaining performance. However, for a practical and general-purpose pruning criterion,
we require consistency across optimizers. The temperature defined in Eq. fails this
requirement, as the physical interpretation established in Sec. [£.2) breaks down when
considering adaptive optimization methods like Adam. To achieve optimizer-agnostic
pruning, we therefore introduce a more robust definition of temperature, which we call
SGD-temperature. Before introducing it, we first examine how Adam’s update rule differs
from SGD and why it alters the thermodynamic analogy established in Section [4.2
Adam incorporates both momentum fk and per-parameter adaptive scaling [58]|,
resulting in updates normalized by the square root of the uncentered gradient variance $

(second moment) in the denominator:

ot —1) PO
wi(t) = wi(t —1) =7 RO (4.3.1)
therefore ) .
 wnlt) — i — 1) = 2D
) = ) W= 1) K Se(t) + € (4.3.2)
where
filt) = Pufilt = 1) + (1 - ﬁl)g_iiv sk(t) = Basi(t — 1) + (1 — o) (%) ’
and ’ .
B =50 w0 =11

with standard values 3; = 0.9, 8, = 0.999, and ¢ = 1078,

In [I78], where the sign and magnitude of Adam’s update are studied separately, the
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update magnitude is stated to be governed by the global learning rate n and the factor:

¢ 1
= ()t) T |12 s0-h? (433)
S Sk k
b L RO

where 8;(t) — fi(t)? is interpreted as an estimate of the stochastic gradient variance and

8, (t)—fu (1)
fi(®)?

signal-to-noise ratio. With respect to the SGD update in eq. (4.2.7)), the factor )

,_sk(t) is

indeed proved to be responsible for shortening the update in directions of large relative

is called relative variance. The smaller the relative variance, the higher the

variance. A detailed comparison of SGD and Adam is beyond the scope of this thesis.
We observe, however, that Adam forces higher velocities on less informative parameters,
even if their mean squared gradient is smaller, disrupting the analogy with statistical
thermodynamics. This effect is illustrated in Fig. which shows how groups of weights
identified as “cold” under SGD appear “hot” under Adam and vice versa, when measuring

temperature as the mean kinetic energy in eq. (4.2.11)).
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Figure 4.2: Heatmaps showing the overlap of Cora input features grouped into three quartiles
of temperature in SGD and Adam, each feature corresponding to a row of weights in the GNN
embedding matrix. On the left, the temperature calculated using eq. , while on the right,
the SGD-temperature defined in eq. . Results from a single training.

To ensure a consistent pruning criterion across optimizers, since in the SGD regime,
with or without momentum, our definition of thermodynamic temperature in eq. (4.2.11])
is directly proportional to the squared gradient of the loss function, we generalize our

notion of temperature and we call SGD-temperature the mean squared gradient of the

o LSS (P (4:3.4

t=1 k=1

loss:

Under the SGD-temperature, weight structures identified as “cold” by SGD correspond
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to “cold” ones in Adam, vice versa for the “hot” ones (see Fig. |4.2)). We will see that the

SGD-temperature serves as a consistent criterion for effective pruning across optimizers.

4.4 Comparison of Weight Dynamics in SGD and Adam

We want to further investigate and compare the parameter dynamics under SGD and
Adam, by examining velocity patterns and Adam’s internal scaling factors. In Fig. [£.3]
we plot the velocities for the weights in a single row of the GNN embedding matrix over
200 equilibrium epochs, specifically the row corresponding to the feature identified as the
“coldest” or “hottest” based on the temperature in eq. at equilibrium. As expected,
under SGD the “cold” feature induces lower velocities compared to the “hot” one, whereas
under Adam the opposite behaviour is observed. This divergence clearly demonstrates
that the naive temperature definition in eq. fails to provide uniform behavior

across optimizers, a desirable feature for a reliable pruning criterion.
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Figure 4.3: Velocity of row weights corresponding to the “coldest” (left) and “hottest” (right)
Cora input features for SGD (top) and Adam (bottom).

We trace back this behavior to Adam’s scaling factor j‘ﬁ—(%, which, as shown in
Sk

Eq. , is proportional to the velocity of the weight update under Adam. In contrast,
for SGD, the velocity is directly proportional to the gradient. In Fig. we report
the absolute rescaled learning rate \Z—i% and the relative variance W along
the equilibrium epochs for the “coldest” and “hottest” features, when measuring the
SGD-temperature in eq. . At each epoch, these values are obtained by averaging
across the embedding dimension for the row of weights corresponding to each feature. As

expected, the rescaled learning rate is consistently higher for the “coldest” feature, while
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the relative variance is more than two orders of magnitude larger for the “hottest” one.
This indicates that Adam assigns larger rescaled learning rates, i.e., larger velocities, to
“colder” parameters with smaller average squared gradient, i.e., smaller gradient variance
if we assume the average gradient to be zero. This suggests that the relative variance in
Eq. may contribute to amplifying updates for less informative features (with low
SGD-temperature) and suppressing them for more informative ones. We hypothesize that
this mechanism underlies the discrepancy between SGD and Adam when using Eq.

to define temperature, and we leave a deeper investigation of this effect to future work.
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Figure 4.4: Absolute rescaled learning rate and relative variance for the “coldest” (blue) and
“hottest” (red) Cora input features when training with Adam with weight decay.

4.5 Experimental Setup

Following the theoretical framework established in previous sections, we now detail
the experimental methodology, including datasets, model architectures, and training
procedures used to validate our approach. We analyze two GNN architectures, one to
perform link prediction on Cora [107] and Citeseer [I08] datasets and the other one to
solve a node classification task on PubMed [179] and PPI [I80] (see Fig. [1.5]). For the link
prediction task, we employ Graph Attention layers (GAT) [13], while for node classification
a GraphSAGE [I81] model. We design different GNN architectures for different tasks to
prove the generality of our temperature-based pruning tecnique. For GNN state-of-the-art

performances see [I82] for link prediction and [I83] for node classification.

Datasets Description. Cora, Citeseer and PubMed datasets are single-graph citation
networks where each node represents a scientific publication. In Cora and Citeseer, the

input feature for the node is a 0/1-valued word vector indicating the absence/presence of

68



Node Classification:

Link Prediction: — SAGEConv (input — 64)
— GATConv (input — 64, heads=2) — Dropout p = 0.05

— BatchNorm1d (64 * 2) — LeakyReLU

— LeakyReLU — SAGEConv (64 — 128)

— GATConv (64 * 2 — 128, heads=2) — Dropout p = 0.05

— BatchNorm1d (128 * 2) — LeakyReLU

— SAGEConv (128 — classes)

Figure 4.5: GNN architectures used for Link Prediction (Cora and Citeseer) and Node
Classification (Pubmed and PPI).

the corresponding word in a dictionary extracted from the dataset: the dictionary consists
of 1433 unique words in Cora and 3703 in Citeseer. For what concerns PubMed, each node
is described by a TF/IDF weighted word vector from a dictionary of 500 unique words
and is classified into one of 3 classes. TF /IDF, which stands for Term Frequency-Inverse
Document Frequency, is a statistical measure used to evaluate the importance of a word in a
document relative to a collection of documents. On the other side, PPI is a Protein-Protein
Interaction dataset consisting of 20 graphs. Each node represents a protein and the edges
in the graph represent the interactions between proteins. The input vector for each node
consists of 50 features obtained by dimensionality reduction from a longer vector including
biological and biochemical properties of the proteins. Each node can belong to multiple
classes, representing different biological functions, and the total number of classes is 102.
We test our temperature-based pruning technique on these datasets to distinguish between
more and less useful node features, with the goal of reducing input dimensionality and
explain how this information is used by GNNs in the learning process. The selected
datasets, spanning binary bag-of-words, TF /IDF-weighted, and real-valued features across
a broad range of dimensionalities, provide the diversity needed to rigorously assess the

robustness of our method across different input representations and scales.

Training Details. We experiment with both SGD and Adam optimizers, setting the
learning rate to 0.1. For SGD, we explore configurations with momentum (5 = 0.9) and
with or without L, weight decay (A = 5 x 107*). For Adam, we employ the standard
first and second moment estimates (5, = 0.9 and Sy = 0.999) and consider setups with or
without Ly weight decay (A =5 x 107%).

For the link prediction task, since we are solving a binary classification problem on

the edges, we use a binary cross-entropy loss. Indeed, we want to predict whether the
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edge exists (label 1) or does not exist (label 0). The edge embedding is computed by
applying the scalar product to the final layer embeddings of the connected nodes, and
the likelihood of edge existence is scored via softmax. Also, in order to train and test our
binary classifier, the dataset is enriched with non-existent edges with label 0, following the
standard practice for link prediction with GNNs (see Sec. . For node classification,
instead, we employ the negative log-likelihood loss on the number of classes. For all
datasets, the split ratio is of 85% for the training set, 5% for the validation set and 10%
for the test set. We stress that in the case of single-graph datasets (Cora, Citeseer and
PubMed), the split is done in a transductive way on the edges (link prediction) or on the
nodes (node classification), while for PPI dataset the split is inductive on the number of
graphs. The model is trained 10 times with a fixed random seed and for each training we

save the weights for the model performing the best on the validation set.

Experimental Methodology. As stated in Sec. we measure the thermodynamic
temperature of a neural network by averaging on the equilibrium epochs. We train the
models in Fig. [4.5[ until loss and accuracy converge, then we compute the mean squared
gradients of the weights over 200 equilibrium epochs. To implement the temperature-based
pruning for the input features, we measure each feature’s temperature by averaging
the squared gradients across the output embedding dimension of the first GAT and
GraphSAGE layers (see Fig. [4.1)).

We test the effects of pruning the input features with two different experiments. First,
we just zero-out the entries in the input vectors, by maintaining their original dimension,
and we evaluate the model again on the pruned test set. Then, we suppress the features by
reducing the dimensionality of the input vectors, and we retrain the model from scratch on
the new graph. Furthermore, we compare our gradient-based SGD-temperature criterion
against a magnitude-based approach [I71] to assess its consistency for GNN pruning across
optimizers. We also evaluate it against the original mean squared velocity temperature
to justify our generalized definition. Finally, in Sec. 4.7, we compare our method with a

straightforward statistical correlation analysis of input features.

4.6 Pruning Graph Neural Network Input Features

We now present a comprehensive analysis of the results obtained by applying our
thermodynamic pruning framework to the input features of GNNs across four benchmark
datasets: Cora [107], Citeseer [108], PubMed [179], and PPI [I80]. Our investigation
demonstrates how the SGD-temperature effectively identifies feature importance, enabling
structured pruning while enhancing interpretability.

From the diagram of the link prediction architecture in Fig 4.5 we see how each

head of the first GAT layer embeds the vector of features for each node from its input
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dimension (1433 in Cora and 3703 in Citeseer) to a dimension of 64. Similarly, in the
node classification case, the first GraphSAGE layer embeds PubMed and PPI respectively
500-dimensional and 50-dimensional input vectors to a dimension of 64.

If we measure the mean kinetic energy of the weights belonging to the embedding
matrix of the first GAT and GraphSAGE layers, we notice that some features in the input
vector induce higher thermal agitation than others (see Fig. for a visualization in the
case of Cora). Hence, we extract the temperature for each input feature by averaging on
the output dimension of the first GNN layer and we use this as the criterion to prune

useless input features. In the case of GAT layer, we average on both heads.

Feature Masking without Retraining. The first pruning experiment consists in
zeroing-out a varying number of entries in the input vector of each node, going from the
“hottest” to the “coldest” and vice versa. After pruning, we evaluate again the model (on
the pruned test set) and we look at how the performance has changed with respect to the

original setting.
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Figure 4.6: Performance after zeroing-out features and re-evaluating the model on the pruned
test set based on temperature, SGD-temperature and magnitude (Cora dataset). Features are
pruned by increasing ratio from the “hottest” to the “coldest” (red curve) and vice versa (blue
curve). Shaded areas show standard deviation over 10 trained models. AUC indicates area under
the curve.
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In Fig. [4.6] we present the pruning curves obtained on Cora using the following

different criteria:

1. the SGD-temperature (eq. [4.3.4)), proportional to the mean squared gradient of the

loss;
2. the temperature defined as proportional to the mean kinetic energy (eq. {4.2.11J);

3. the magnitude, i.e., the mean absolute value of the weights.

We stress that when measuring the magnitude of each feature, we first average on the
equilibrium epochs and then on the output dimension of the GNN embedding matrix, as
for temperature and SGD-temperature.

Our analysis shows that SGD generally selects “cold” features for pruning, whereas
Adam tends to select the “hot” ones, based on temperature, i.e., criterion (2). However
these differences reconcile once we take into exam the SGD-temperature, i.e., criterion
(1). On the other hand, magnitude proves to be an inconsistent indicator of feature
importance across different optimizers and does not always suggest pruning features with
low magnitude, as demonstrated for CNN filters in [I71]. Notice that SGD-temperature
yields consistent results across different optimizers: the features selected for pruning are

those associated with lower mean squared gradient.
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Figure 4.7: Performance after zeroing-out features and re-evaluating the model on the pruned
test set based on temperature (Citeseer dataset).
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Very similar results to those shown in Fig. are observed for Citeseer dataset in
Fig. .71 Pruning based on magnitude and temperature yields inconsistent results across
optimizers as shown in Fig. In contrast, SGD-temperature provides a clear behavior,
consistently identifying low SGD-temperature features as the ones to prune. Furthermore,
we observe that both temperature and magnitude align well with SGD-temperature when
using the SGD optimizer. This behavior is also evident in Fig. for the Cora dataset.
However, this correspondence breaks down when using the Adam optimizer.

In our experiments on both Cora and Citeseer, where input features are binary and
highly sparse, we find that pruning the least important features does not significantly
impact performance until a large proportion of features is removed. We attribute this to
the nature of the input features in these two datasets: feature vectors are represented
as bag-of-words, with each dimension being binary (1 indicating the presence of a word
and 0 its absence). Due to the high sparsity (about 90% of zeros), many features are
effectively inactive (zero) and, as shown in Sec. those are usually the ones deemed as
useless. Consequently, pruning these features typically amounts to zeroing out elements
that were already inactive, causing minimal performance impact. In contrast, pruning

highly useful (active or nonzero) features leads to rapid drop in performance.
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Figure 4.8: Performance after zeroing-out features and re-evaluating the model on the pruned
test set based on SGD-temperature (Pubmed and PPI datasets).

For the node classification case, as shown in Fig. for Pubmed and PPI datasets,
we observe once again that performance remains closer to the original when pruning the
features with low rather than high SGD-temperature. However, when pruning “colder”
features, the performance degrades more rapidly in Pubmed and PPI compared to Cora
and Citeseer. Although the feature vectors in Pubmed are also highly sparse (about 90%

of zeros), the input dimensionality in Pubmed and PPI datasets is considerably lower
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than that in Cora and Citeseer. Notably, the gap between the “hot” and “cold” pruning
curves is especially narrow in PPI dataset (see Fig. , where the input vectors have a
dimensionality of just 50, and all features seem to be important for the node classification
task. Furthermore, in PPI, the features are real-valued rather than sparse binary, which

may further contribute to the observed behavior.

Dimensionality Reduction with Retraining. Additionally, we broaden our analysis
by applying temperature-based pruning to reduce the dimensionality of the input feature
vectors, instead of simply zeroing out features, and then retraining the model from scratch
on the pruned data. This process is repeated for progressively larger sets of features,
removing them in order from “hottest” to “coldest” and vice versa. The model is retrained
following the same procedure as before, and we compare its new performance to the
original. It is important to highlight that reducing the dimensionality of the input vectors
also reduces the size of the embedding matrices in the first layers of GAT and GraphSAGE,

thereby decreasing the total number of trainable parameters in the model.
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Figure 4.9: Performance after re-training and re-evaluating the model on the pruned dataset
based on SGD-temperature (Cora and Pubmed datasets).

In Fig. 4.9 we present the performance curves on Cora and Pubmed datasets, when
pruning based on SGD-temperature. In line with our initial pruning experiment, we find
that pruning “colder” features has little effect on performance, whereas pruning “hot”
features causes a more substantial degradation. Even in this scenario, we observe that
a substantial portion of “cold” features can be pruned without significantly affecting
performance in the highly sparse Cora and Pubmed datasets. Moreover, compared to
the case where the model is not retrained, pruning “hot” features now leads to a smaller
performance drop. We attribute this improvement to the model’s ability to adapt to the

pruned dataset through retraining.
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This further demonstrates that the model can maintain strong performance even
with a greatly reduced input feature dimension, although performance inevitably declines
when the feature dimensionality becomes very low (as also observed in [I84] [33]). These
observations are consistent with prior work on pruning GNN input features [26], which
showed that in node classification tasks with GNNs on datasets like Cora, Citeseer,
and Pubmed, accuracy decreases by only about 15% even after reducing the feature

dimensionality by over 80%.

4.7 Feature Redundancy via Cosine Similarity

We want to quantify the informational redundancy among input features, which is
the degree to which different features provide similar information across the dataset. For
instance, in the Cora dataset where each node has 1433 possible features, we aim to
identify which of these features are redundant with others. To this end, we construct a
feature redundancy matriz. This symmetric matrix captures the pairwise cosine similarity

R1><N

between all feature vectors f; and f;, where each f; € represents the values of the

i-th feature across all N nodes. The cosine similarity between two features is given by:

£, f;
(aiial

which is the cosine of the angle between the two vectors f; and f;. A value near 1 signifies
the vectors are nearly parallel, meaning the two features exhibit almost identical patterns
of variation across the node set and thus provide overlapping information. A value near
0 signifies the vectors are nearly orthogonal, meaning the features vary independently
across nodes and provide distinct, non-redundant information.

The resulting redundancy matrix has shape F' x F', where F'is the total number of
features. To quantify how redundant a given feature is, we compute the average cosine
similarity between that feature and all the others by averaging its corresponding row in
the redundancy matrix, excluding the diagonal (i.e., self-similarity is ignored by setting
diagonal entries to zero). This approach captures the global co-variation structure of
features across nodes, providing a robust measure of redundancy for both binary and
real-valued features.

In Fig. .10 we present the pruning curves derived from redundancy analysis on Cora
and PPI datasets. These curves are generated by progressively zeroing out features, from
highest to lowest redundancy and vice versa, and subsequently re-evaluating the model
on the pruned test set. Interestingly, both figures reveal that pruning low-redundancy
features, i.e., those that are more unrelated to others, results in better performance.

Notably, these pruning trends closely mirror those observed when using SGD-temperature,

as shown in Fig. [1.6) and Fig. .8
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Figure 4.10: Performance after zeroing-out features and re-evaluating the model on the pruned
test set based on redundancy (Cora and PPI datasets).

It is important to note, however, that redundancy analysis applies strictly to input
features, whereas pruning based on Tsgp is more general and can be applied across
all weight structures, as further discussed in Sec. (embedding dimensions in GNNs)
and Sec. (CNN filters). Nonetheless, the agreement between these distinct methods
on which features are candidates for pruning provides statistical corroboration for the

temperature-based approach.
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Figure 4.11: Heatmaps showing the overlap of Cora input features grouped into quartiles:
redundancy vs. SGD-temperature (left) and redundancy vs. frequency (right).

As shown in Fig. for the Cora dataset, features classified as “cold” by SGD-temperature
generally align with those exhibiting lower redundancy. The same figure further reveals
that low redundancy features also tend to be low frequency. Since features in Cora are
binary, we quantify feature frequency simply as the average value of f;, which corresponds

to the proportion of nonzero entries in f;. Consequently, low frequency features are those
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that are predominantly zero throughout the dataset. This observation suggests that,
in Cora, features which are often zero tend to be the less informative. This analysis
provides compelling evidence that GNN’s message passing mechanism relies more on
enhancing co-varying, widely distributed signals than on exploiting unique, node-specific
information. Features that are rarely active (mostly zero across the nodes) contribute
little to performance and can be pruned. This could explain why preserving redundant

features is crucial for maintaining GNN performance when pruning.

4.8 Pruning Embedding Dimensions

After pruning rows in the GNN embedding matrix, each corresponding to a feature,
we further extend the analysis by pruning columns, effectively reducing the embedding
dimension of the GNN layer. This is done by computing the SGD-temperature of columns
of weights, averaging this time over the input dimension. We show the corresponding
pruning curves for Cora dataset in Fig. .12 and for Pubmed and PPI datasets in Fig. [1.13|

SGD with B=0.9 (Ir=0.1) SGD with B=0.9 and A=5e-4 (Ir=0.1) Adam with B=0.9 (Ir=0.1) Adam with B=0.9 and A=5e-4 (Ir=0.1)

1.0
0.9

=

5 0.8

>

©

= 07

S

< 061 — ow
0.5{ — High

1.0

3 —

0.7

AUC (Layer 2)

0.6

0.5

00 02 04 06 08 1000 02 04 06 08 1000 02 04 06 08 1000 02 04 06 08 10
Pruning Ratio Pruning Ratio Pruning Ratio Pruning Ratio

Figure 4.12: Performance after zeroing-out embedding dimensions in the first or second GNN
layers and re-evaluating the model on the pruned test set based on SGD-temperature (Cora
dataset).

Interestingly, while the tendency to prune “cold” structures persists, the pruning
curves vary depending on the initial dimensionality of the input features. In Cora, which
has high-dimensional input features, the performance difference between pruning “hot”
and “cold” embedding dimensions is less pronounced compared to input feature pruning,
especially under the SGD optimizer. Pruning “hot” embedding dimensions has a smaller

impact on performance compared to pruning “hot” input features. This is likely due to
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the embedding space having significantly lower dimensionality than the input space. The
effect becomes even more evident in deeper layers: when examining the second GNN layer
instead of the first one (see Fig. , the performance gap between the pruning curves
narrows further. We attribute this behavior to the progressive reduction in temperature
observed in deeper layers of the network. On the other side, for Pubmed, which has a lower
input dimensionality than Cora, pruning “hot” embedding dimensions leads to a more
noticeable performance drop with respect to pruning “cold” embedding dimensions, as in
the case of pruning input features. Furthermore, in PPI, where the input dimensionality
is even smaller and the embedding dimension exceeds the input dimension, pruning “cold”

embedding dimensions in PPI performs even worse than pruning “cold” input features.
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Figure 4.13: Performance after zeroing-out embedding dimensions in the first GNN layer and
re-evaluating the model on the pruned test set based on SGD-temperature (Pubmed and PPI
datasets).

4.9 Comparison with Pruning Convolutional Filters

We conduct a comparative analysis of the three pruning criteria (temperature, Tsgp,
and magnitude), when pruning filters from the CNN architecture shown in Fig. m This
architecture is the same we employed in our previous work on filter pruning [34] and we
train it on MNIST dataset [I85]. We experiment with both SGD and Adam optimizers,
setting the learning rate to 0.1. For SGD, we explore configurations with momentum
(8 = 0.9) and with or without L, weight decay (A = 5 x 107%). For Adam, we employ
the standard first and second moment estimates (51 = 0.9 and £y = 0.999) and consider
setups with or without Ly weight decay (A = 5 x 10~%). Training is performed using
cross-entropy loss over the 10 classes and repeated 10 times with a fixed random seed,

with the number of equilibrium epochs set to 20.
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CNN Architecture:

— Conv2d(input — 12, kernel=5)
— RelU

— Conv2d(12 — 12, kernel=3)
— RelU

— MaxPo012d(2)

— Dropout (0.25)

— Conv2d(12 — 24, kernel=5)
— RelU

— Conv2d(24 — 24, kernel=3)
— RelU

— MaxPo012d(2)

— Dropout (0.25)

— Linear(24 * 2 *x 2 — 10)

Figure 4.14: CNN architecture for image classification on MNIST.

In Fig. and [£.16], we show the pruning curves obtained when zeroing out filter
weights for an increasing number of filters, going from the “hottest” to the “coldest” and
vice versa. After pruning, we evaluate again the pruned model on the test set and we
look at how the performance has changed with respect to the original setting. Fig.
corresponds to pruning the first layer, while Fig. £.16] to the second one.
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Figure 4.15: Performance after zeroing-out filters in the first CNN layer and re-evaluating
the pruned model on the test set (MNIST dataset).

The magnitude criterion, measuring the absolute value of filter weights, exhibits

79



consistent behavior across optimizers: pruning filters with the lowest magnitude yields
the best results, in agreement with the literature [I71]. On the other side, when using
temperature in eq. as a pruning criterion, we again observe a divergence between
optimizers: for SGD, pruning filters with the lowest kinetic energy (“cold” filters) is
optimal, whereas for Adam, pruning filters with the highest kinetic energy (“hot” filters)
performs better. This observation aligns with our earlier findings on feature pruning
in GNNs in Sec. Finally, the SGD-temperature criterion shows consistent behavior
across optimizers, indicating that pruning filters with low mean squared gradient leads
to the best performance. As noted in the previous sections, the performance difference
between pruning strategies diminishes in deeper layers, with the gap between pruning

curves narrowing significantly when moving from the first (Fig. 4.15)) to the second layer
(Fig. 4.16]).
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Figure 4.16: Performance after zeroing-out filters in the second CNN layer and re-evaluating
the pruned model on the test set (MNIST dataset).

4.10 Discussion and Conclusions

This chapter has demonstrated how a thermodynamic analogy can be exploited
to reduce the computational and storage cost of neural networks through a novel
gradient-based pruning technique. Rather than relying on instantaneous gradient snapshots
as in [I74], our generalized notion of temperature, the SGD-temperature, is defined as
the mean squared gradient of the loss over equilibrium epochs, when loss and accuracy

have converged. This provides a robust, dynamic measure that consistently identifies
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for pruning those “cold” weight structures characterized by low mean squared gradient,
independently of the optimizer employed. Specifically, unlike pruning individual weights,
this approach offers a structured method that avoids introducing sparsity [I71} 186] and
demonstrates general applicability to different neural networks and weight structures.

We employ this criterion to highlight which features in a GNN’s input node vectors are
important and which can be discarded, by analyzing the gradients induced by the features
on the weights of the first GNN layer. Our investigation reveals that the impact of pruning
is governed by the initial dimensionality of input features. We find that GNNs with
high-dimensional input features can be pruned to a large extent, whereas those relying on
reduced-dimension features are more severely affected. A critical dimensionality threshold
exists, below which performance decreases significantly. This principle holds true across
different evaluation methods, whether we simply set features to zero and reevaluate the
model on the test set, or actively reduce the feature dimensionality and retrain the neural
network.

Furthermore, our analysis reveals that “cold” features, characterized by inducing
low mean squared gradients on the weights, correspond to non-redundant ones, where
redundancy measures the degree of co-variation or informational overlap between input
feature dimensions across nodes in the dataset. This leads to the counterintuitive conclusion
that successful GNN input feature pruning must preserve redundant, strongly co-varying
features. Consequently, GNN’s message passing mechanism appears to rely more on
enhancing widely-distributed, correlated signals than on exploiting unique, node-specific
information. This mechanistic insight challenges conventional pruning wisdom that
prioritizes the removal of redundancy.

The framework’s applicability extends effectively to GNN embedding dimensions, where
the tendency to prune “cold” structures remains, although the distinction between “cold”
and “hot” curves diminishes. We observe a nuanced effect dependent on the ratio between
the dimensionality of the input features and the one of the embedding space. Pruning
“hot” embedding dimensions has a smaller impact on performance compared to pruning
“hot” input features when the embedding space has significantly lower dimensionality
with respect to the input feature space. Conversely, when the input feature vector
dimensionality is lower, pruning hot embedding dimensions has a stronger detrimental
effect on the performance.

Further validating the method’s generality, we apply the pruning strategy to filters
in CNNs. The results confirm that the SGD-temperature provides a consistent criterion
across optimizers and leads to pruning weights with small mean squared gradients. In this
context, we also verify that magnitude-based pruning remains consistent across optimizers,
successfully targeting weights with small magnitudes as established in the literature
[169, [I70L 17T].

Overall, our findings highlight a crucial distinction: while both SGD-temperature
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and magnitude-based pruning are effective and consistent for CNNs, considering only
weight magnitude is misleading for GNNs, where it fails to be consistent across optimizers
when pruning input features. The gradient-based method provided by SGD-temperature
directly solves this inconsistency, leading to a unified and robust pruning criterion. More
fundamentally, by incorporating a thermodynamic perspective, we achieve not only
effective model compression but also a deeper, more mechanistic understanding of the
network’s learning process, ultimately improving the interpretability and effectiveness of

pruning strategies across diverse neural network architectures and learning problems.
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Chapter 5

Graph-Based Segmentation of 3D XCT

Microstructures

This chapter presents the core practical contribution of this thesis by developing a
novel graph-based framework for 3D XCT microstructures segmentation. We recast this
task as a node classification problem, exploring the generalizability of Graph Neural
Networks (GNNs) for segmenting irregular geometric shapes in computer vision.

We begin in Sec. [5.1] by establishing the context of deep learning for materials analysis
through XCT segmentation, underscoring the role of 3D geometry and synthetic data for
intricate, multi-phase microstructures. Sec. then motivates our graph-based approach
as a powerful alternative to conventional grid-based models, with Sec. detailing core
GNN advantages like permutation equivariance and semi-supervised learning.

Sec. describes the experimental and synthetic datasets of a challenging six-phase
Al-Si alloy composite, while Sec. details our graph construction and node feature
engineering. After discussing key GNN architectural challenges in Sec. 5.6} Sec. [5.7] first
introduces a simpler proof of concept architecture [36] and then describes our custom
Vision GNN (ViG) model [66]. Our training methodology, including pre-training on
synthetic data and fine-tuning on experimental data, is outlined in Sec. [5.8|

A comprehensive evaluation benchmarks our GNN models against a state-of-the-art
3D U-Net [28]. The analysis is multi-faceted: Sec. assesses segmentation performance
using quantitative metrics and qualitative visual inspections; Sec. examines per-class
accuracy through confusion matrices and discuss the models’ adaptability via fine-tuning;
and Sec. [5.11] compares the computational cost of both approaches.

This comparison reveals a key trade-off between initial and final performance. While
the 3D U-Net and GNN perform similarly on synthetic data, the U-Net generalizes
better to experimental data before fine-tuning. Crucially, this advantage is reversed after
fine-tuning on limited experimental data, where the GNN achieves higher final performance

with far greater parameter efficiency, highlighting its remarkable adaptability.
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5.1 Segmenting Multi-Phase XCT via Deep Learning

The quantitative analysis of XCT is undergoing a transformative era, driven by the
successful application of deep learning algorithms [I87, I88|. For material qualification,
which depends on quantitative microstructural analysis, the workflow of XCT imaging
paired with automatic segmentation represents a significant gain in efficiency compared
to traditional time-consuming manual segmentation [I89, 27, 28§].

This work focuses on segmenting a challenging six-phase Al-Si alloy composite (a
detailed description of these phases is provided in Sec. . Segmenting multi-phase
composites is particularly difficult because different phases can share similar grayscale
values in XCT data due to comparable X-ray attenuation coefficients [28], a challenge

visualized in the experimental XCT slice of Fig. [5.1

100 ym i 100 pm

Figure 5.1: A comparison between experimental and synthetic data using 2D slices from the
respective 3D volumes: (a) XCT reconstruction of an experimental Al-Si Metal Matrix Composite
(MMC), and (b) a synthetically generated Al-Si MMC with limited resemblance. Image taken

from [190].

This grayscale ambiguity causes traditional thresholding methods like Otsu’s [191]
to fail, establishing Convolutional Neural Networks (CNNs) as the modern standard
[27, 28]. Furthermore, as highlighted in [27, 28|, when many phases have similar
gray levels or the microstructures are geometrically complex, the 3D shape and spatial
context of a phase become the most discriminative features for accurate identification.
Consequently, segmenting the entire 3D volume is fundamentally more effective than
analyzing independent 2D slices, as it allows the model to leverage this crucial geometric
information.

A paramount challenge in supervised 3D deep learning for XCT segmentation is the
profound scarcity of accurately labeled volumetric data. While for simple materials 2D
CNNs achieve good segmentation results when trained on a few manually annotated slices,
their performance degrades with increasing geometric complexity and number of phases,

making 3D models essential. Training these 3D models, however, requires annotated 3D

84



volumes, demanding orders of magnitude more labeled data than their 2D counterparts.
Manually annotating voxels across experimental volumes is prohibitively time-consuming
and requires expert knowledge, creating a critical bottleneck for model development. To
circumvent this limitation, the field increasingly relies on synthetically generated datasets
[192, 193], 194], 28]. The fidelity of these synthetic volumes is crucial: the more they
resemble real microstructures in terms of texture, morphology, and statistical properties,
the better the model will generalize to experimental data [195]. Fig. illustrates an
example of this fidelity discrepancy for the Al-Si composite analyzed in this study, further
details of which are provided in Section [5.4]
These challenges of data scarcity and geometric complexity motivate a critical examination

of model architectures and their inductive biases, i.e., the fundamental assumptions a
model makes about data structure (see Sec. [3.2)). The current dominant paradigm for dense
segmentation tasks, including XCT analysis [196], is built upon the U-Net architecture [41],
a convolutional encoder-decoder network (see Sec. originally developed for medical
imaging [196]. Its success has cemented CNNs, including 3D [I97] and 2D [198] variants,
as the established paradigm for modern computer vision tasks such as classification, object
detection, and semantic segmentation [199] 86, 200]. More recently, Vision Transformers

have emerged as a powerful alternative for various visual tasks [201, 202], 203].

Figure 5.2: A conceptual illustration of different data representations: (a) a Euclidean graph
(grid graph), such as the pixels of an image, and (b) an arbitrary graph with an irregular,
non-Euclidean structure. Image from [204].

While CNNs view an image as a regular grid of pixels and Transformers treat it as a
sequence of patches, we propose a different inductive bias: viewing the volume as a graph
and performing segmentation through Graph Neural Networks (GNNs). Although GNNs
have been predominantly applied to point cloud data in computer vision [205] 206, 207],
their application to the dense semantic segmentation of volumetric imaging data, such
as XCT, remains less explored. This approach offers a flexible representation capable
of modeling both complex, irregular structures and regular grids (see Fig. . In this
work, we specifically adopt a grid-as-graph perspective, treating the volume as a graph

where voxels are nodes connected to their spatial neighbors (implementation details are
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in Sec. [5.4). We systematically compare the inductive biases of GNNs and CNNs in
Sec. and detail the core advantages of the graph-based approach for segmenting
complex microstructures in Sec.

5.2 Spatial vs. Relational Inductive Biases

The performance of a deep learning model is profoundly guided by its inductive bias.
This refers to the fundamental assumptions the model makes about the structure of the
data it will process, which are built into its architecture and shape how it generalizes from
examples. A well-aligned inductive bias, one that matches the underlying structure of
the problem, is crucial for effective learning, especially with limited data [98] (a broader
discussion is in Sec. .

CNNs, particularly the U-Net architecture [41], constitute the current state-of-the-art
for semantic segmentation of volumetric images. Their success is largely attributable to a
powerful spatial inductive bias: by processing data as a regular grid, they are exceptionally
suitable for learning local, translation-invariant patterns. However, the complex and often
irregular geometries inherent in 3D microstructures suggest that a different inductive
bias, one focused on relational structure rather than fixed spatial locality, may be more
beneficial.

This motivates our investigation of GNNs as a promising alternative, rooted in their
relational inductive bias, i.e., the core principle that a node’s properties are shaped by its
connections and neighbors.. In this section, we examine their fundamental operational
differences. A foundational way to understand this is to compare their operations on a
shared grid-graph structure (see Fig. , where each pixel/voxel is a node. While both
architectures perform local feature aggregation, their parameterization schemes reveal
fundamentally different inductive biases.

In a 3D CNN, each convolutional filter in layer [ is defined by a weight tensor
10 ¢ REWXFOXFOXCO (ontaining FO x FO x FO x O learnable parameters (e.g.,
3 x 3 x 3 x1=27 parameters for a 3 x 3 x 3 kernel applied to a grayscale input where
C® =1). The filter operates on an input X ¢ RPVxHWOxCO " wpere DO g the
depth, H® is the height, and W is the width, which for the first layer (I = 1) contains
the raw grayscale voxel intensities. This operation produces K output channels through
a position-dependent, weighted aggregation, with each channel corresponding to one of
the layer’s K distinct filters. This directly extends the 2D convolution defined in Sec.
to three spatial dimensions. For a central voxel at (z,y, ), the output is computed as:

r®O @ p® c®

(xayv ZZZZ < ijkm (.Z‘+’L y+j,2+k m)> + b(l)7

i=1 j=1 k=1 c=1
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where indices 1, §, k traverse the F'© x F( x F® gpatial neighborhood and ¢ indexes
the input channels. Critically, while the same kernel is convolved across all spatial

locations (weight sharing), the weights I O are unique for each combination of relative

irjikc
spatial position (7, j, k) and input Channeljc within the kernel’s local neighborhood. This
implements a spatially-aware (direction-dependent) message passing that gives CNNs a
strong inductive bias for learning grid-aligned features.

The GNN operates on a fundamentally different principle, which we implement using
a grid-as-graph perspective. Specifically, we construct a graph from the volumetric data
by treating each voxel as a node and connecting it to its 6 nearest neighbors (see Sec.
. This reformulation preserves the inherent spatial connectivity of the original grid
while recasting it into a graph structure, which is then passed as input to the GNN. A
graph convolution, such as in GraphSAGE [I81] (see Sec. , performs an update for a
node 7 using shared weight matrices that are agnostic to the specific spatial arrangement
of neighbors. Let hl@) € R% be the feature vector (or embedding) of node i at layer ¢, and
N its set of neighbors. The update to hg“l) € R+ s

1
= e (WO W)
g JEN;

where W((f) and Wff ) are the shared learnable weight matrices applied to every node in
the graph. Critically, these matrices transform the node embeddings from dimension d,
to dyi1, operating purely in the feature space. This differs fundamentally from the CNN’s
paradigm, where the transformation is defined across spatial positions and input/output
channels. The aggregation function (here, a mean) is permutation-invariant, making it
agnostic to the directional relationships between the central node and its neighbors. This
implements a spatially-agnostic (direction-independent) message passing that learns from
the relations between connected nodes in the feature space rather than their fixed spatial
coordinates.

This fundamental shift, from many direction-specific weights to shared weight matrices
with invariant aggregation, defines the GNN’s more flexible but less spatially explicit
inductive bias, which directly underlies the trade-offs in segmentation performance explored

in this work.

5.3 GNN Advantages for Microstructures Segmentation

We now elaborate on the specific advantages of GNNs for segmenting complex
microstructures: an inherent flexibility to geometric transformations that is less constrained
by a fixed grid, and superior data efficiency through relational learning that can help

alleviate data scarcity.
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GNN Flexibility for Irregular Structures. A core limitation of CNNs is their
reliance on a fixed, Euclidean grid. The convolutional kernel’s operation exhibits a
powerful translational equivariance (see Sec. , meaning that a shift in the input
leads to a corresponding shift in the output feature map. This bias is highly effective for
recognizing shapes that are simple translated instances of a learned pattern. However,
this same bias can be a constraint for segmenting the intricate and often non-grid-aligned
morphologies found in microstructures (see Fig. , as these complex shapes are not
mere translations of a kernel-sized template.

GNNs overcome this limitation by representing the 3D volume as a graph, liberating
the model from the rigid grid. Rather than learning translation-invariant patterns, the
graph convolution learns the relations between connected nodes in the feature space. This
operation is inherently permutation equivariant (see Sec. , ensuring predictions depend
solely on which other nodes each node is linked to, not the arbitrary order of its neighbors,
a property we posit is better suited for learning irregular shapes. Furthermore, the GNN’s
operational principle offers a more flexible form of feature aggregation. Although we
employ a grid-as-graph representation with a fixed number of neighbors per node, i.e., 6,
the core GNN operation is inherently adaptable to heterogeneous neighborhood structures
where nodes can have varying numbers of connections. This foundational flexibility
contrasts sharply with CNNs, where kernels are fundamentally tied to a fixed grid and
process a neighborhood of predetermined size.

Furthermore, when node features are coordinate-frame independent, such as scalar
properties like grayscale intensity, the resulting GNN segmentations exhibit classification
invariance. This ensures a microstructural phase is consistently identified regardless of
its position or orientation in the volume. This stands in sharp contrast to applications
where node features are vectors in a global coordinate system, e.g., 3D atom positions in a
molecular graph. In such cases, as GNN’s predictions are not inherently rotation-invariant,
the model’s predictions become tied to the molecule’s orientation, as the node interactions
depend on the coordinate values in their feature vectors. This limitation has motivated
the development of specialized SO(3)-equivariant GNNs [208].

GNN Data Efficiency. A powerful advantage of GNNs is their innate suitability for
semi-supervised learning [I1], a paradigm where labels are available for only a small subset
of nodes. GNNs excel in this setting by leveraging the graph’s connectivity to propagate
and enrich node representations through their neighbors, effectively inferring labels for
unmarked nodes based on the learned contextual relationships between nodes. This
capability stands in stark contrast to CNNs, where the convolution of kernels across the
grid requires dense, extensive labeling for effective learning. This process is illustrated in
Fig. |5.3] which shows a multi-layer Graph Convolutional Network (GCN) [11]] architecture

and demonstrates how the model successfully separates distinct classes in its learned
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representation space, even when trained with very few labels.
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Figure 5.3: Semi-supervised learning with a Graph Convolutional Network (GCN) [11].
(a) Multi-layer GCN, which takes C' input feature channels and produces F' output feature
maps. The graph structure (edges shown as black lines) is shared across all layers, and
node labels are denoted by Y;. (b) Low-dimensional t-SNE visualization [209] of hidden
layer representations from a two-layer GCN trained on the Cora dataset [107] using only
5% of the labels, demonstrating effective class separation (colors indicate classes). Image

source: [11].

Although our framework is not semi-supervised strictly speaking, as we perform
standard supervised fine-tuning on a fully-labeled sub-volume, we directly exploit this
same relational inductive bias. We leverage this capability to compensate for the limited
resemblance between our synthetic training data and real experimental volumes. Our
strategy follows a two-stage process. First, the model is pre-trained on large, fully-labeled
synthetic volumes to learn fundamental segmentation features. Then, it is adapted to real
experimental data through fine-tuning on a very small labeled volume.

This approach drastically reduces the annotation burden, as the GNN can generalize
from a handful of annotated voxels to segment an entire volume by leveraging the learned
contextual relationships between nodes in the sub-volume. Our specific fine-tuning
methodology is detailed in Sec. with the resulting performance gains presented and
discussed in Sec. B.9 and .10

5.4 Synthetic and Experimental Data

We segment an AlSi12CuMgNi Metal Matrix Composite (MMC) reinforced with
7%vol AlyO3 short fibers and 15%vol SiC particles, as detailed in [28]. The Synchrotron
X-ray Computed Tomography (SXCT) data were collected at the BAMline beamline at
BESSY II synchrotron in Berlin, Germany. More details about the SXCT imaging and
the analysis of the microstructures are contained in [27]. Fig. shows 512 x 512 pixel
cross-sections of the AlSi12CuMgNi MMC, contrasting experimental and synthetic data.
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The experimental slices illustrate the core segmentation challenge: distinct microstructural
phases can exhibit nearly identical gray levels due to similar X-ray attenuation coefficients,

making them difficult to distinguish by intensity alone.
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Figure 5.4: Experimental (top: (a), (b)) and synthetic (bottom: (c), (d)) 512 x 512 pixel
cross-sections of the AlSi12CuMgNi Metal Matrix Composite (MMC). On the left the
gray level (an integer between 0 and 255), on the right the label corresponding to its class
(a number ranging from 0 to 5). Arrows point to the six phases for clarity.

Synthetic Data Generation. As established in Sec. 3D shape and spatial context
are crucial for identifying phases with similar grayscale values or complex geometries,
making full 3D segmentation more effective than 2D analysis. However, this approach
requires substantial labeled data. To meet this demand, we train our GNN on a synthetic
dataset (Fig. |5.4), generated using the procedure detailed in [28]. Here, we provide a
brief summary: synthetic Al-Si MMC microstructures are created using BAM’s in-house
MATLAB library (BAM SynthMAT [28§]). This generation process accounts for structural
and grayscale resemblance, positioning the microstructures into a single volume using a
priority function [28]. The priority function is necessary due to the inhomogeneous spatial

distribution of particles and volume fractions in the experimental data. Furthermore,
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voxel grayscales are assigned by modeling local contrast, noise, and blur to mimic the
spatial and intensity characteristics of the experimental phases.

The final synthetic volume comprises two raw 8-bit binary files: one containing the
grayscale values (ranging from 0 to 255) and the other containing labels for the various
synthetic phases (with labels ranging from 0 to the number of phases-1). For the Al-Si
MMC under investigation, there are six distinct phases: voids, Al,Oj3 fibers, intermetallics
(IMs), eutectic Si, SiC particles, and the Al matrix. Figure displays a cross-section
from one of the synthetic volumes along with its corresponding labels. Since the phases
are not homogeneously distributed in the volume, we carefully weight the contribution of
each phase when computing the loss function (see Sec. . Specifically, we take into
account the average occurrence of each phase across the synthetic volumes (see Table .
This is computed as the average voxel count per class, normalized by the sum of all class

averages.

Voids IMs  Al,O3 Fibers SiC Particles Si Al Matrix
0.13 % 3.90 % 4.32 % 441 % 1031 % 76.92 %

Table 5.1: Mean occurrence of the 6 phases among the 8 volumes of the synthetic dataset
(in increasing order).

The synthetic dataset comprises 8 Al-Si MMCs volumes, each with dimensions of
512 x 512 x 512 voxels and generated using various parameters such as fiber sizes, lengths,
orientations, grayscales, and volume fractions. Out of these, 7 volumes are designated for
training and validation, while one is reserved for testing (see Sec. .

Furthermore, since the synthetic grayscale distributions are not perfect models of
the experimental ones, we augment the synthetic training dataset to enhance model
generalization when used to segment experimental data [28]. Four augmentations techniques
are applied: contrast and brightness variations (+£10% each); Gaussian noise (random
standard deviation of 0 — 8); and 3D Gaussian spatial blur (random standard deviation of
0 — 1). The brightness/contrast augmentations improve recognition of material interfaces
and consequently of their 3D geometry. The noise and blur augmentations create a
more challenging training environment that promotes robust feature learning. These
augmentations are applied randomly to the sub-volumes used for training (whose creation
from full volumes is detailed in Sec. [5.8)), rather than to the 7 full synthetic volumes. This
approach maximizes augmentation diversity by generating unique training samples from

each base volume, thereby significantly improving generalization capability.

Experimental Data Preprocessing. The experimental dataset used to evaluate the
trained model includes 4 XCT volumes, also sized at 512 x 512 x 512 voxels, each containing

a single manually-labeled slice (see Figure . These slices serve as ground truth for
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assessing the model’s performance on the experimental volumes.

To enhance the final segmentation quality, we reduce noise and blur in the experimental
data, a preprocessing step we refer to as conditioning because it adapts the real data to
match the model’s synthetic training domain. For this, we apply two specific techniques:
a Non-local Means filter [210] and BAM SynthCOND, a deep conditioning framework
from [211]. Since BAM SynthCOND trains conditioning CNNs on synthetic data, and our
segmentation model is likewise trained on analogous synthetic data, we expect a synergistic
improvement in performance when segmenting experimental data conditioned with this
approach [190]. The effectiveness of the different conditioning methods is qualitatively

assessed in Fig. [5.5, which displays an experimental slice before and after conditioning,

Unconditioned experimental slice

Conditioning with BAM SynthCOND

Conditioning with Non-Local Means filter

250

100 100

150

300

400 400

Figure 5.5: Conditioned experimental slices of the AlSi12CuMgNi MMC. From left to
right: (a) the unconditioned experimental slice, (b) the Non-local means filter conditioning
[210], (c) the conditioning with BAM SynthCOND [21T].

5.5 Input Representation: Graph and Node Features

This section describes how we transform the XCT volume into a graph-structured
input for the GNN, specifying both the connectivity criterion between nodes and the

feature engineering process for node representations.

Graph Construction from Volumetric Data. The XCT volume is converted into a
graph where each voxel becomes a node (see Fig. , with its grayscale intensity (0-255)
as one possible immediate feature and its material phase (labels 0-5) as its class label. To
define the graph’s topology, we connect each node to its 6 nearest neighbors in 3D space.
This spatial proximity-based connectivity provides a deliberate inductive bias, encoding
the assumption that local geometric context, i.e., the immediate voxel neighborhood, is
meaningful for classifying a voxel’s phase within a microstructure. This construction of
the graph preserves the spatial relationships of the original volume while liberating the

data from the constraints of a rigid grid. For computational tractability, as detailed in Sec.
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[5.8] this graph is constructed on sub-volumes of 64 x 64 x 64 voxels, which are extracted

from the original 512 x 512 x 512 volumes for both training and testing.
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Figure 5.6: Successive zoom on the underlying graph structure. From (a) to (d) the side
of the sub-volume goes from 32 to 16, from 16 to 8, and from 8 to 4.

Node Feature Engineering. The choice of node features is crucial, as it shapes the
GNN'’s reasoning process by defining its initial input information. While scalar grayscale
intensity is a natural starting point, serving as a direct measure of X-ray attenuation,
microstructural properties extend beyond single-voxel values. In principle, a more powerful
feature set could incorporate hand-crafted local texture descriptors, quantifying contrast,
homogeneity, or entropy within a neighborhood. However, such feature engineering
requires significant preprocessing and introduces its own assumptions.

As a deliberate simplification to establish a baseline, our initial proof of concept work
[36] uses only the scalar grayscale value of the voxel as the node input feature. This tests
whether a GNN can learn useful node textural features directly through node interactions,
thereby placing the burden of feature extraction solely on the message-passing mechanism.
Building upon this foundation, we then introduce a significant enhancement in [32]: we
enrich the initial node features by processing each node’s local neighborhood with a
CNN, a method inspired by [66] and detailed in Sec. As our results in Sec. will
demonstrate, this approach leads to a marked improvement in performance.

This methodological shift is strongly supported by the literature. It has been proven
that GNNs struggle with low-dimensional features on node classification tasks [I84], a

limitation we will explore in greater depth in Chapter [6] Our hybrid architecture directly

93



addresses this limitation by leveraging the CNN’s powerful inductive bias for spatial
feature extraction to generate higher-dimensional feature vectors. These enhanced feature
vectors are then fed into the GNN, which can focus on its core strength: propagating and

refining this information through the graph structure.

5.6 GNN Architectural Challenges

Semantic segmentation of volumetric XCT reconstructions is a fundamental task in
materials science, aiming to identify and delineate microstructural constituents. This
process classifies each voxel with a material label, transforming a 3D grayscale intensity
field into an interpretable map of material phases. We frame this as a supervised node
classification problem using GNNs, where voxels are treated as nodes and edges connect
neighboring voxels to encode the spatial structure of the microstructure (See Sec. for
a general introduction to node classification with GNNs).

Common GNN architectures follow an encoder-decoder structure, where the encoder
comprises Graph Convolutional Layers (GCLs) and the decoder is a Multi-Layer Perceptron
(MLP). Unlike CNNs, where each position in the receptive field is multiplied by a unique
kernel weight (see Sec. , in GCLs the same weight matrix is applied to each node
in the neighborhood of a given vertex. This generally makes CNNs more expressive for
visual tasks. To enhance GNN expressiveness, several methods have been proposed, such
as the introduction of an attention mechanism in Graph Attention (GAT) layers [212]
and MLP-based transformations in Graph Isomorphism Network (GIN) layers [100]. A
detailed discussion of these layers is provided in Sec. B.3|

The core GNN mechanism is formalized by the Message Passing Neural Network
(MPNN) framework [I0], where a node’s embedding is iteratively updated through
consecutive Graph Convolutional Layers (GCLs) by aggregating information from its
neighbors (see Sec. for details). After L layers, a node’s representation captures the
structural and feature information from its entire L-hop neighborhood.

This process introduces a powerful inductive bias for node classification, known as
homophily, which posits that connected nodes are likely to be similar, e.g., belong to the
same class. By sharing information, neighboring nodes develop similar embeddings, which
in turn lead to similar predicted class labels. This directly leverages the homophily bias
to simplify the classification task, a beneficial effect often referred to as smoothing. We
posit that this is particularly well-suited for our microstructure segmentation problem, as
we construct the graph from the XCT volume by linking each node (voxel) only to its 6
nearest neighbors: a voxel and its immediate neighbors are highly likely to belong to the
same material phase and thus share the same class label.

However, this strength becomes a problem in deep GNN architectures. As the number

of layers increases, each node’s receptive field expands to include distant and potentially
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dissimilar nodes. The relentless aggregation of messages can then over-homogenize the
feature space, causing the embeddings of distinct nodes to become indistinguishable, a
phenomenon known as oversmoothing [213]. Consequently, the pursuit of a more expressive
model with a larger receptive field can paradoxically reduce its discriminative power. We
provide a detailed discussion of the homophily bias and the oversmoothing problem in Sec.
[3.5] We address this critical challenge when designing our GNN architectures in Sec. [5.7]

5.7 From Proof of Concept to ViG Architecture

This section details our graph-based segmentation architecture, beginning with a
simple proof of concept GNN to establish a baseline. We then introduce our enhanced
Vision Graph Neural Network (ViG) architecture, which addresses the limitations of the

initial model through enriched node features and mechanisms to combat oversmoothing.

Proof of Concept Architecture. Our approach in [36] segments the Al-Si MMC using
a simple GNN trained on non-augmented synthetic data, serving as a proof of concept
baseline. This baseline model employs single-voxel grayscale values as node features,
testing whether message-passing alone can learn complex textural properties directly from
the information exchange between neighboring nodes.

While this model successfully captures basic microstructure semantics, its performance
deteriorates significantly when trained on the augmented synthetic dataset (see Sec.
. This performance drop reveals a dual limitation: GNNs’ inherent difficulty with
low-dimensional scalar features [I84], compounded by a shallow architecture lacking
capacity for robust representation learning. Consequently, the model cannot learn
sufficiently complex embeddings to handle the enlarged range of gray levels, being
constrained by both poor input features and insufficient network depth.

Architecturally, this simple GNN reflects these constraints. Its encoder comprises
just three distinct Graph Convolutional Layers (GCLs): GAT [212], GraphSAGE [12],
and GCN [I1]], each followed by a non-linearity. A GAT layer is strategically placed as
first layer to compute attention coefficients directly from the raw scalar inputs, while the
decoder consists of a simple two-layer MLP. This compact design, while sufficient for a
proof of concept and characterized by a low parameter count (see Sec. , underscores

the need for a more powerful approach.

Vision Graph Neural Network Architecture. We then develop a deeper architecture
in [32], diagrammed in Fig. [5.7] This model draws inspiration from Vision Graph Neural
Network (ViG) blocks [66], a design that has proven successful in segmentation domains

such as histopathology for cancer diagnosis and prognosis [214].
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The core ViG block comprises two modules: a Grapher that performs structural
reasoning by propagating and aggregating information between connected nodes via
Graph Convolutional Layers (GCLs), and a Feed Forward Network (FFN), a simple MLP,
for further feature transformation. The FFN is crucial for enhancing model capacity and
mitigating oversmoothing in deeper architectures [213], as it interrupts the message-passing
flow that causes feature homogenization by projecting node embeddings into a new space.
ViG architecture also employs skip connections to alleviate oversmoothing, a widely used
technique (as detailed in Section . These allow to preserve information from earlier
layers, preventing node embeddings from collapsing into an indistinguishable subspace as
model depth increases [I13]. The final architecture is constructed by stacking multiple
ViG blocks.

Grapher l

Encoder l

‘ Linear Layer ‘ ‘ Linear Layer ‘

I I
‘ Linear Layer ‘ i i

- O

Decoder { ‘ Linear Layer ‘

‘ Linear Layer ‘

Figure 5.7: Diagram of the ViG architecture. The 64 x 64 x 64 sub-volume goes through
an encoder composed of 2 ViG blocks with a Grapher and a FFN module each. The
Grapher comprises a first 3D CNN and three following GCLs; the FFN simply consists
of two feed-forward layers. The final decoder is a feed-forward layer. Skip connections
(dashed lines) sum the 3D CNN output to the Grapher output and the result of this first
sum to the FFN output.

Our custom ViG architecture, diagrammed in Fig. stacks two adapted ViG blocks
to form the encoder. Each block’s Grapher module first leverages a 3D CNN to extract
rich, localized features from each node’s neighborhood. This is followed by three GCLs:
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one GIN layer [T00] with a 2-layer MLP and two consecutive GraphSAGE layers [12], all
followed by SiLU activation [215] and batch normalization. The subsequent FFN module
in each block consists of two linear layers separated by SiLLU activation.

Feature diversity is preserved through skip connections that form residual pathways,
sequentially combining the 3D CNN output with the Grapher output, and then this sum
with the FFN output. Throughout this process, the graph’s size and topology remain
fixed, while the node representations are progressively enriched. The initial node features,
embedded in a 50-dimensional space by the 3D CNN; are transformed through the ViG
blocks before a final MLP decoder projects them onto the 6 target classes.

A pivotal advantage of our ViG architecture over our simpler GNN in [36] is its superior
computational efficiency. This is achieved by leveraging GCLs, namely GIN [100] and
GraphSAGE [12], whose mathematical formulation is inherently compatible with highly
optimized sparse matrix multiplication. This compatibility stems from a key architectural
design: the decoupling of a node’s feature transformation from the aggregation of its
neighbors’ features. While the FFN modules and skip connections are explicitly designed
to mitigate oversmoothing, as previously discussed, this decoupling in the GNN layers
provides a complementary benefit by helping to preserve node identity and combat feature
homogenization (see Sec. [3.3)).

Crucially, this decoupling allows the aggregation step to be expressed as a single,
highly efficient sparse matrix multiplication. This is evident in the GIN layer’s update

function, detailed in Section [3.3] which can be reformulated as:
H = MLPY (1 +¢) - HY + AHO) (5.7.1)

Here, A is the adjacency matrix of the graph, a highly sparse matrix for our 3D grid
graph, where each node (voxel) is connected only to its 6 nearest neighbors, and H®
is the N x d; matrix of node features, with N the total number of nodes and d; the
embedding dimension from layer [. This explicitly maintains a separation between the
ego embedding H® and the neighbor embeddings AH® | a design that naturally helps
preserve node identity. Furthermore, the subsequent MLP allows for a further enriched
feature transformation. GraphSAGE operates on a similar principle, using separate weight
matrices for the center node and its neighbors (see Sec. [3.3)).

This formulation allows the node features for the entire graph to be updated in a single,
parallelized operation through sparse matrix multiplication, resulting in a dramatically
lower memory footprint and faster execution. This memory-efficient sparse aggregation is
natively available in PyTorch Geometric for GIN and GraphSAGE layers. In contrast,
such an implementation is not feasible for the GAT [212] and GCN [I1] layers used in
our simpler GNN model, which lack this efficient decoupling. We provide a quantitative

comparison of the execution time and RAM usage for both architectures in Section [5.11]
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5.8 Training and Evaluation

This section provides a comprehensive overview of our complete training and evaluation
pipeline. Our methodology follows a three-stage approach: we first train our models
on synthetic data, then fine-tune them on a small portion of experimental data, and
finally conduct comprehensive evaluations on both synthetic and experimental test sets.
In Section 5.9 we will compare the performance of our simple GNN and enlarged ViG

models against the 3D U-Net implementation from [28] across all evaluation scenarios.

Training on Synthetic Data. We begin by partitioning our synthetic dataset, allocating
7 volumes for training and validation and one held-out volume for testing. To ensure a
fair comparison with the prior U-Net work by [28], our GNN models are evaluated on the
identical test volume used in that study. To maintain manageable memory requirements
during both training and inference, we subdivide each volume into smaller, overlapping
sub-volumes of 64 x 64 x 64 voxels. A graph structure is then constructed for each of these
sub-volumes (see Sec. [5.5). The sub-volumes from the 7 training/validation volumes are
then randomly shuffled and split, with 80% allocated for training and 20% for validation.
This dataset partitioning strategy is summarized in Table

Training Validation Test
70% 17% 13%

Table 5.2: Dataset split ratio between Training, Validation and Test.

We optimize the model using the Adam optimizer [58] with an initial learning rate
of 0.001, an exponential decay rate of 0.96, and a weight decay regularization of 0.001.
Training proceeds for 50 epochs with a batch size of 64 graphs. To prevent overfitting,
we employ an early stopping criterion, saving the model weights that minimize the loss
on the validation set with a patience of 20 epochs. The model uses a cross-entropy loss
function, where the contribution of each class is weighted by the inverse of its average
occurrence across the 8 synthetic volumes (see Table to mitigate class imbalance.
Furthermore, since voids constitute only 0.13% of voxels on average and are not annotated

in the experimental slices, we set their contribution to the total loss to zero.

Evaluation Methodology and Metrics. To ensure statistical robustness in our
evaluation, we conduct 10 training runs with a fixed random seed for each model and
report the mean performance along with the standard deviation corresponding to a 95%
confidence interval. This approach for assessing model stability is common practice in the

literature (see, for example, [216]).
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The evaluation process begins with the reconstruction of the segmented volume. For
a given test volume, the predicted probabilities from all 64 x 64 x 64 sub-volumes are
aggregated to reconstruct 6 full-scale 512 x 512 x 512 probability volumes, one for each
material class. To combine predictions in the overlapping regions between sub-volumes,
the final probability for each voxel is computed by summing the probabilities from all
overlapping sub-volume predictions. The final, discrete segmentation is then generated by
assigning each voxel the class label with the highest summed probability.

We assess segmentation accuracy using the Dice score (also known as the F'1 score), a
widely adopted metric for image segmentation tasks (see, for example, [I89], [28], [214]).
The Dice score provides a balanced measure of segmentation quality by rewarding correctly
segmented voxels while penalizing both false positives and false negatives. The score
ranges from 0 to 1 (typically reported as a percentage from 0% to 100%), where a value
of 0 indicates no spatial overlap between the predictions and the ground truth labels, and
a value of 1 signifies a perfect match. It is defined in terms of True Positive (TP), False
Positive (FP), and False Negative (FN) voxels as follows:

2xTP

Di = 8.1
ice score = o TN (5.8.1)

A key aspect of our evaluation protocol is the dimensionality of the Dice score
calculation, which is determined by the nature of the available ground truth data. For the
synthetic test volume, where a complete 3D label set exists, the Dice score is calculated
directly over the entire 3D volume. This provides the most comprehensive assessment of
segmentation quality, as it fully captures the spatial consistency of the 3D microstructures.
The reported score for synthetic data is the average across the 10 trained models evaluated
on the 3D test volume.

For the 4 available experimental volumes, we follow the same reconstruction procedure
to generate a full 512x512x512 3D segmentation but restrict our evaluation to 512x512 2D
slices. This strategy is employed to leverage existing annotated 2D slices from prior work
in [28], thereby enabling a direct and consistent comparison with established benchmarks.
The final Dice score is derived by first calculating the score for each annotated slice across
all 10 models, then averaging these results per slice, and finally computing the mean
of these 4 slice averages. Since voids are not annotated in the experimental slices, the
evaluation focuses on the remaining 5 material classes. While this 2D evaluation provides
a practical and relevant measure of performance, it is important to acknowledge this
methodological distinction when interpreting and comparing results between the synthetic

and experimental domains.

Fine-Tuning on Experimental Data. To adapt our synthetically-trained model to

real experimental data, we perform a fine-tuning step on experimental volumes. This
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step is critical because our synthetic data, while useful for initial training, exhibits a low
degree of resemblance to complex experimental samples and fails to fully capture their
specific noise, textures, and morphological features (see . Fine-tuning offers a valuable
mechanism to bridge this domain gap, allowing the model to adjust its parameters to the
realistic characteristics of the experimental data.

Since the model is trained on 3D synthetic data, this fine-tuning must also be performed
in 3D to be effective. To minimize the prohibitive cost required for manual voxel labeling
of 3D experimental volumes, we employ a two-step process: a 128 x 128 x 128 voxel
sub-volume from an experimental sample is first segmented by the pre-trained model, and
this output is then manually corrected to serve as the fine-tuning ground truth. This
sub-volume is divided into overlapping 64 x 64 x 64 voxel sub-volumes, and the model
is trained for an additional 50 epochs with a reduced batch size of 4. Given the limited
amount of data, we omit a validation set and save the weights from the final epoch. The
performance of the fine-tuned models is then evaluated using the same protocol described
above, reconstructing the full 3D volume but calculating the Dice score exclusively on the
available 2D experimental annotated slices. Further details and results of this procedure
are provided in Sec. [5.10]

Because the model is initially trained on synthetic data with low realism, we fine-tune
it on experimental data conditioned with BAM SynthCOND [211] (see Sec. [5.4)). This
conditioning method is particularly valuable here, as it constrains the experimental data
to be entropically analogous to the synthetic data, providing a crucial bridge between
the two domains and resulting in higher performance compared to fine-tuning on data

conditioned with a Non-local means filter [210].

5.9 Segmentation Performance and Visual Quality

This section presents a comprehensive evaluation of our GNN architectures for 3D
XCT microstructures segmentation. We compare the performance of our simple GNN and
enlarged ViG models against the 3D U-Net implementation from [28)] across both synthetic
and experimental datasets. The analysis examines quantitative results through Dice scores,

along with qualitative assessments of segmentation quality and spatial coherence.

Quantitative Performance Analysis. Table 5.3 summarizes the Dice scores obtained
from evaluating the three architectures on synthetic test data and manually-labeled
experimental slices, comparing different experimental conditioning methods.

The performance gap between synthetic and experimental data is substantial and
consistent across all architectures, clearly reflecting the domain gap between our low-resemblance
synthetic training data and real experimental samples. On synthetic data, all models

achieve high performance, with Dice scores predominantly above 90% and often exceeding
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95%. The ViG model demonstrates a marked improvement over the simple GNN, nearly
matching the Single U-Net’s performance on all phases except Al;O3 Fibers, where the
U-Net holds a distinct advantage (97.2% vs. 91.1%).

However, this strong performance does not translate directly to experimental data.
When evaluated on experimental slices, Dice scores drop precipitously. For instance, the
ViG model’s score for AlyO3 Fibers fibers goes from 91.1% on synthetic data to just
33.1% on experimental data conditioned with a Non-local means (NLM) filter, and to
40.5% when conditioned with BAM SynthCOND. This pattern of significant performance
degradation is consistent across nearly all material classes and models, underscoring that
the synthetic data cannot fully capture the intricate grayscale distributions and structural

details present in experimental microstructures.

Al,0O; Fibers IMs Eutectic Si SiC Particles Al Matrix

(%) (%) (%) (%) (%)
Synthetic
Simple GNN 91.5+0.6 90.24+1.2 88.4+£05 89.8 £ 0.6 95.8 +0.1
ViG 91.1+1.0 98.9+0.1 93.0£0.9 96.4+0.3 98.1£0.2
Single U-Net 97.2+£0.5 98.1+15 93.3+£0.2 96.4 + 0.7 98.5+0.1
NLM Experimental
Simple GNN 31.1+£0.8 61.7£08 626=£1.1 40.3 £ 2.0 75.5 £ 1.0
ViG 33.1+2.7 3954+3.0 684£10 61.44+1.1 83.4+0.6
Single U-Net 55.1+£0.4 53.4+£1.8 68.6£0.2 67.2 0.7 85.7£0.1
SynthCond Experimental
Simple GNN 32.7£0.9 64.8 £ 2.1 629+ 1.0 59.1+1.3 77.5£1.0
ViG 40.5 + 2.0 61.0+2.2 722+£1.1 65.0+0.9 85.7+ 0.5
Single U-Net 57.8+ 3.0 68.5+19 75.1+1.38 705+ 1.5 87.4+0.6
Fine-Tuned (SynthCond)
ViG 47.8+1.0 69.9+13 73.0£1.0 67.8+1.1 85.6 £0.5
Single U-Net 455+ 2.7 68.0+23 65.9+0.8 65.5+2.8 82.0+£0.5

Table 5.3: Dice score on the synthetic test volume and experimental slices. The values
and their errors represent the mean and standard deviation over 10 training runs. The
performance is compared to the Single U-Net model proposed in [28].

Our enlarged ViG architecture, trained on the augmented synthetic dataset, achieves
improved overall segmentation performance on experimental data compared to our simpler
GNN from [36], trained on the non-augmented synthetic dataset. The ViG model shows
particular gains in segmenting Eutectic Si and SiC Particles. However, we observe a
decrease in accuracy for Intermetallics (IMs), a performance drop that is most pronounced
on experimental data conditioned with a NLM filter [210]. This reduction in accuracy for
IMs is notably mitigated when using BAM SynthCOND [211].

Despite these improvements, the Single U-Net [28], when trained on the same augmented

synthetic dataset, achieves superior performance across most material classes, with the
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most pronounced advantage in segmenting Al,O3 Fibers. This highlights a key finding:
while the ViG’s performance in segmenting synthetic data is highly competitive, its ability
to directly generalize to the out-of-domain experimental data is currently less robust than
the U-Net’s. This performance gap can be attributed to several factors inherent to the
architectural paradigms.

We first posit that a fundamental performance difference stems from what each
architecture learns from the data. The U-Net, a CNN-based architecture, employs learnable
kernels that are convolved across the input to detect local patterns, specific arrangements
of pixel intensities and textures that characterize each material phase. This allows it
to identify these learned visual motifs in the experimental data with some resilience,
even when the overall image statistics shift. Conversely, a GNN’s decision-making is
more directly tied to the values of the node features themselves. Its strength lies not
in spatial convolution, but in applying a matrix of weights to transform and aggregate
the feature embeddings of neighboring nodes, thereby learning the relational structure
between them (for a detailed comparison of these approaches, see Sec. . Therefore,
when the grayscale distributions, the fundamental node features, change significantly
from the synthetic to the experimental domain, the GNN’s carefully learned relational
model is applied to a shifted and unfamiliar feature space, which can cause a more severe
breakdown in performance. Furthermore, the discrepancy in fiber segmentation may stem
from the limited connectivity in our graph construction, where each node connects only to
its 6 nearest neighbors. This sparse connectivity is potentially insufficient for capturing
the elongated, continuous morphology of fibrous structures, which extend beyond the
immediate local neighborhood.

More fundamentally, the superior performance of the U-Net underscores its innate
expressiveness for dense visual prediction tasks. As detailed in Sec. 2.7, the U-Net’s
encoder-decoder structure is highly effective at capturing multi-scale contextual information.
The downsampling (encoder) pathway progressively builds a robust feature hierarchy,
while the upsampling (decoder) pathway enables precise spatial localization necessary for
voxel-wise segmentation.

Finally, the choice of conditioning method significantly impacts experimental data
segmentation. Both GNN architectures show improved Dice scores when processing data
conditioned with BAM SynthCOND [211]] compared to NLM filter [210]. This enhancement
aligns with the theoretical foundation of BAM SynthCOND, which constrains experimental
data to be entropically analogous to synthetic data [190], thereby bridging the domain

gap more effectively.

Qualitative Segmentation Assessment. Figure 5.8 illustrates the segmentation
results on two manually-labeled experimental slices conditioned with BAM SynthCOND

[211]. Both GNN models successfully capture the semantic of the microstructures, despite
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the quantitative performance limitations noted in Table The ViG model demonstrates
improved discrimination between Eutectic Si and SiC Particles, correctly identifying
the Aluminum Matrix regions that the simpler GNN misclassifies as Eutectic Si. This
improvement is reflected in the enhanced Dice scores for Eutectic Si, SiC Particles, and
Aluminum Matrix in Table 5.3} Figure [5.§ reveals distinct segmentation patterns between
the models. The simple GNN excels at recognizing thicker AlyO3 Fibers (highlighted
in red) but suffers from a significant drawback: it often misclassifies SiC Particles and
regions of the Aluminum Matrix as Fibers (areas in light blue). The ViG model solves
this issue, resulting in a more balanced segmentation across all material classes and a
correspondingly higher Dice score for Fibers. Despite this improvement, the accurate
segmentation of fibrous geometries continues to present a challenge.

Crucially, the spatial coherence of these segmentations successfully extends into three
dimensions. The 3D segmentation visualization in Figure demonstrates that our
approach successfully captures the volumetric nature of microstructures, confirming that
the geometric understanding observed in 2D translates consistently in 3D, despite the

model being evaluated on 2D slices for experimental data.

Manually-assigned labels
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Figure 5.8: Resulting segmentation of two experimental slices conditioned with BAM
SynthCOND [211]. On the left the manually-labeled ground truths ((a),(d)), in the middle
the segmentation by the simple GNN model ((b),(c)), on the right the one by ViG model
((¢),(f)). The color bar shows the label for each class, from 0 to 5: Voids, Al203 fibers,
Intermetallics (IMs), eutectic Si, SiC particles, and Al matrix.
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3D Segmentation ViG (SynthCond)

100 0

Figure 5.9: 3D visualization of the segmentation on an experimental sub-volume

conditioned with BAM SynthCOND [211]. The color bar shows the label for each
class, from 0 to 5: Voids, Al203 fibers, Intermetallics (IMs), eutectic Si, SiC particles,
and Al matrix.

5.10 Error Analysis and Fine-Tuning Performance

This section provides a detailed analysis of segmentation errors through confusion
matrices, moving beyond aggregate Dice scores. We then evaluate the efficacy of fine-tuning
as a strategy to bridge the domain gap between synthetic and experimental data, analyzing
both the U-Net and ViG architectures and revealing a notable divergence in their ability

to adapt to limited experimental annotations.

Error Analysis via Confusion Matrices. The confusion matrices for our GNN
models in Fig. [5.10| complement the aggregate Dice scores in Table by providing a
detailed breakdown of segmentation errors and revealing the specific nature of inter-class
confusions. These matrices compare model predictions against ground truth labels,
showing the frequency of correct classifications (diagonal entries) and misclassifications
(off-diagonal entries) for each material phase. The distribution of True Positives along
the diagonal aligns with the overall performance trends observed in the Dice scores of
Table [5.3] For clarity, we present results for a single representative experimental slice
under both conditioning methods (NLM filter [210] and BAM SynthCOND [211]) as the

confusion patterns remain consistent across all analyzed slices.
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A direct comparison of the matrices for the two conditioning methods confirms that
BAM SynthCOND enhances segmentation performance over the NLM filter for both GNN
architectures, corroborating the Dice score trends. This improvement manifests as generally
stronger diagonal concentrations and reduced off-diagonal confusion. Furthermore, the
matrices highlight the ViG model’s superior discrimination capability. Most notably, the
ViG model substantially reduces the number of voxels belonging to the Aluminum Matrix
(label 5) and misclassified with Eutectic Si (label 3), while also showing markedly fewer
voxels belonging to Al,O3 Fibers (label 1) being confused with SiC Particles (label 4) or
the Aluminum Matrix (label 5). This indicates that the enlarged ViG architecture develops
more distinctive feature representations, enabling it to better differentiate between these

challenging, often co-located microstructural phases.

Confusion matrix simple GNN (NLM) Confusion matrix ViG (NLM)
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Figure 5.10: Confusion matrices resulting from the segmentation of one experimental slice
conditioned with a Non-local means filter [210] (top: (a), (b)) and with BAM SynthCOND
[211] (bottom: (c), (d)). The x and y axis indicate the class, from 1 to 5: Al203 fibers,
Intermetallics (IMs), eutectic Si, SiC particles, and Al matrix. We discard voids since
they are not annotated in the manually-labeled experimental slice.

Fine-Tuning Efficacy. To address the domain gap between synthetic and experimental
data, we investigate fine-tuning strategies by further training on a small labeled experimental
dataset. Given the Single U-Net’s superior baseline performance on experimental segmentation,

we leverage it to create this labeled dataset. Specifically, we use the Single U-Net to
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segment a 128 x 128 x 128 voxel sub-volume, we manually correct the segmentation errors,
and we finally fine-tune both the Single U-Net and our ViG model on this annotated data
(see Sec. for training and evaluation details).

The results in Table [5.3|reveal a significant divergence in how the architectures respond
to fine-tuning. Fine-tuning improves the ViG model’s segmentation of Al,O3 Fibers
and Intermetallics (IMs) while maintaining performance on other classes. In contrast,
the Single U-Net experiences performance degradation across multiple material classes,
particularly for Al,O3 Fibers, IMs, and SiC Particles. This inverts their pre-fine-tuning
relationship: the ViG, which generalizes less effectively to experimental data when trained
on synthetic data, now successfully adapts to the experimental feature space and matches
or even surpasses the fine-tuned U-Net’s performance, demonstrating a remarkable capacity
to adapt successfully when further trained on limited experimental data.

This divergent behavior suggests fundamentally different generalization mechanisms
between GNNs and CNNs when learning from limited data. CNNs, which excel at
extracting local patterns through convolution, typically require extensive labeled data
for supervised 3D segmentation to build a comprehensive model of visual features.
Consequently, when adapting a model pre-trained on synthetic data to a new experimental
domain, fine-tuning on a very small volume may be insufficient to generalize, potentially
degrading performance. In contrast, GNNs are inherently well-suited for data-efficient
learning, a characteristic rooted in their semi-supervised capabilities [I1]. By leveraging
graph connectivity to propagate and enrich node representations through their neighbors,
they can effectively generalize from sparse annotations. As discussed in Sec. [5.3] their
core relational inductive bias, that a node’s properties are shaped by its neighbors, enables
them to encode both the voxel-level features and, crucially, the spatial relationships
between material phases directly into node representations, going beyond mere local
pattern recognition. For instance, they may learn that SiC Particles are typically adjacent
to Eutectic Si, or that certain phases rarely coexist.

This relational learning capability, foundational to semi-supervised learning in graphs,
proves equally valuable in our fully supervised fine-tuning scenario with minimal experimental
annotations. We believe that this “relational prior” enables more robust generalization
during experimental fine-tuning compared to the CNN’s reliance on a “local pattern
prior”, particularly when adapting from scarce labeled data. While this interpretation is
consistent with our results, it requires further validation through experiments with larger

labeled experimental volumes.

5.11 Parameter Efficiency and Computational Cost

An advantage of our proposed GNN architectures is their high parameter efficiency. As

reported in Table 5.4, both GNN models possess significantly fewer trainable parameters
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than the benchmark Single U-Net [28]. While the enlarged ViG architecture is more
elaborate, with additional graph convolution and feedforward layers compared to our
simpler GNN [36], and contains 6 times as many parameters, it still uses almost half the

parameters of the U-Net.

Architecture # Parameters RAM (Train) Time (Train) RAM (Test) Time (Test)

Simple GNN 61,406 4,155 MB 19 minutes 8,924 MB 12 minutes
ViG 401,006 6,570 MB 30 minutes 10,362 MB 15 minutes
Single U-Net 667,446 6,542 MB 8 minutes 10,333 MB 10 minutes

Table 5.4: Comparison of the three architectures under analysis in terms of number of
trainable parameters, RAM usage and time during training and test.

This inherent parameter efficiency stems from fundamental architectural differences. In
a CNN like the U-Net, the extensive downsampling and upsampling pathways necessitate
numerous layers and feature channels, significantly increasing the model size. In contrast,
GNNs typically employ shallower architectures to avoid the oversmoothing problem.
Furthermore, our GNN models lack the multi-scale encoder-decoder structure that
characterizes the U-Net, a primary source of the U-Net’s high parameter count.

Beyond parameter counts, Table also details computational metrics including
RAM usage and execution time for one training epoch and the segmentation of one
experimental volume. The ViG model and Single U-Net show comparable RAM usage
during both training and testing. However, the U-Net trains significantly faster, likely
benefiting from highly optimized CNN libraries. Notably, while the ViG has 6.5 times the
parameters of the simpler GNN;, its RAM usage and training time increase by less than
double. We attribute this favorable sub-linear scaling to our implementation of the ViG’s
GNN layers using sparse matrix multiplication (see Sec. , which reduces memory
footprint and accelerates computation. We posit that as GNN software libraries mature
to the optimization level of their CNN counterparts, their inherent parameter efficiency
will translate into analogous advantages in computational cost during both training and

inference.

5.12 Discussion and Conclusions

This chapter introduces and validates a novel graph-based deep learning framework
for segmenting complex, multi-phase 3D XCT microstructures. By reframing volumetric
segmentation as a node classification problem on graphs, we show that GNNs provide a
promising alternative to conventional CNN-based approaches, offering greater parameter
efficiency and an enhanced capacity for data-efficient learning.

Our comprehensive evaluation reveals a nuanced performance landscape. On synthetic
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data, the proposed Vision Graph Neural Network (ViG) model [32] achieves performance
comparable to the benchmark U-Net [28] across most material classes, with Dice scores
consistently above 90%. This demonstrates the capability of GNNs for 3D segmentation
tasks. The main exception is the Al,O3 fibers, where the U-Net’s multi-scale receptive
field offers a clear advantage in capturing elongated, continuous morphologies.

A more challenging scenario emerges when segmenting experimental data after training
on low-resemblance synthetic data. While all models experience a performance drop
due to domain shift, the U-Net generalizes more robustly in the absence of fine-tuning.
However, this relationship reverses when limited fine-tuning on experimental data is
introduced: the ViG model consistently improves, whereas the fine-tuned U-Net often
degrades its performance. This finding indicates that while U-Net learned patterns are
initially more transferable, the graph-based learning mechanism of the GNN exhibits
greater adaptability when provided with minimal target-domain supervision, an important
advantage for data-scarce experimental settings.

A central theme emerging from this work, and directly connected to the comparative
study in Chapter [6] is the decisive influence of input feature quality and dimensionality
on GNN performance. The progression from a simpler GNN using scalar grayscale inputs
[36] to the ViG architecture with CNN-enriched embeddings demonstrates a marked
performance improvement. We posit that this gain stems from two complementary aspects
of ViG’s design: first, the integration of CNN-derived embeddings, which provide spatially
aware and semantically rich node features; and second, the inclusion of feed-forward blocks
and skip connections, which enhance feature transformation, preserve diversity during
message passing, and mitigate oversmoothing in deeper networks. These results emphasize
that richer and well-distinguishable features are crucial for effective graph-based learning
with GNNs, directly shaping the model’s ability to represent and capture distinct material
phases in the node classification task.

Looking ahead, several directions for improvement emerge. The primary challenge
remains the limited resemblance between synthetic and experimental data, which leads to
performance degradation during domain transfer. Closing this gap requires more realistic
digital twins of materials, potentially generated using advanced generative models such as
GANSs [217, 2T8] or diffusion models [219], capable of reproducing the complex textures
and morphologies of experimental microstructures. Architecturally, extending the ViG
framework toward a Graph U-Net design [220] would enable a more direct comparison
with CNN benchmarks by equipping GNNs with hierarchical encoder—decoder structures,
helping disentangle the benefits of graph-based representation from U-Net’s inherent
multi-scale design. Additionally, extending graph connectivity beyond nearest neighbors
could improve modeling of long-range dependencies in fibrous or interconnected structures,

further enhancing segmentation quality.
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Chapter 6

Two Learning Paradigms for
Graph-Structured Data

This chapter presents the core comparative contribution of this thesis through a rigorous
benchmark of Graph Neural Networks (GNNs) against the well-established framework of
Probabilistic Graphical Models (PGMs) [33], specifically focusing on generative models
with latent variables like Stochastic Block Models (SBMs). Our analysis is deliberately
designed to address the challenges prevalent in real-world networks, where node attributes
are often missing or noisy and graph connectivity exhibits complex patterns like heterophily.

The analysis of network-structured data is fundamental to modern data science,
yet these two methodological families have developed in relative isolation with limited
direct comparison. While PGMs offer interpretable, mechanism-driven insights through
probabilistic modeling, GNNs provide powerful, data-driven representation learning. A
systematic analysis that treats them as competing paradigms remains absent from the
literature. This chapter presents a comprehensive empirical study to bridge this gap.

We begin by framing the problem in Sec. [6.1} which introduces the fundamentals of
PGMs and GNNs and explains the research philosophy behind our comparative approach.
Sec. [6.2] then details our comparison setup and motivates link prediction as the shared
evaluation task. Sec. [6.3] introduces the specific models selected for our analysis, while
Sec. outlines our experimental methodology using synthetic and real-world datasets.

Our investigation is organized as follows. Sec. examines how the type and
dimensionality of node attributes impact model performance. Sec. evaluates model
robustness to noise injected either into node features or graph edges, and Sec. assesses
resilience to increasing graph heterophily. Finally, Sec. [6.8 and Sec. [6.9] compare the two
paradigms in terms of interpretability and computational complexity.

Our findings highlight fundamental differences in how these two approaches leverage
graph structure and node attributes, moving toward a better understanding of their

respective roles in graph machine learning.
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6.1 Conceptual Foundations

This section establishes the conceptual foundations for our comparative study of PGMs
and GNNs. We first outline their core philosophies and methodological principles, focusing
on generative PGMs with latent variables (see Sec. . We then position our work within
the broader research landscape, highlighting how our systematic head-to-head comparison

addresses a critical gap in the literature.

Fundamentals of PGMs and GNNs. PGMs combine principles from graph theory
and probability theory to model complex dependencies among random variables [29, [30].
They offer a structured way to encode prior knowledge and incorporate uncertainty,
enabling efficient learning and inference in probabilistic terms. This work specifically
focuses on generative models with latent variables, a powerful subclass of PGMs designed
to capture the underlying data-generating process in a graph (see Sec. . The modeling
framework typically employs linear parametric forms with a limited number of parameters,
which are inferred through statistical methods (see Sec. and Sec. for more details).

These models are designed from interpretable, mechanistic principles guided by domain
knowledge, which makes them inherently interpretable. A canonical example that we will
focus on in our analysis is the Stochastic Block Model (SBM) [37, 38, B9], 40] (see Sec.
3.10). The SBM assumes that the mechanism guiding edge formation is driven by an
underlying (latent) community structure that is not directly observed. Each node belongs
to one or more latent communities, and the probability of an edge between two nodes
depends only on their community memberships. By inferring these latent memberships
from the observed network, the model reveals meaningful groups of nodes, provides directly
interpretable parameters that naturally cluster them, and offers a probabilistic basis for
predicting missing or future links (see Sec. for more details).

In contrast, GNNs are designed to extend traditional neural networks to operate on
graph-structured data [2, 221} 222]. GNNs are primarily discriminative models that learn
to map input data to predictions by leveraging relational information. Their core operation
is a message-passing mechanism [97] (see Sec. , where each node iteratively aggregates
information from its local neighborhood to build increasingly sophisticated representations.
Unlike generative PGMs, GNNs make no assumptions about the underlying probabilistic
data-generating process. Instead, they utilize non-linear transformations and substantial
parameterization to learn highly expressive node representations through gradient-based
optimization on a task-specific loss function (see Sec. for more details). These learned
embeddings can be directly used for various downstream tasks including node classification,
graph classification, and link prediction.

While their foundational principles are distinct, PGMs and GNNs are often applied

to similar tasks. Link prediction, for example, is a natural task for generative models
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(see Sec. , where it is often adopted as a model validation routine. Similarly, the
node representations learned by GNNs are often used post-hoc for clustering, mimicking
the explicit clustering of generative models, and efforts are made to interpret them a
posteriori. Hence, in this work we compare them on common grounds aiming at exploring
their strengths and weaknesses, by providing insights into the role of the input features

and graph structure.

Scope and Contribution. This work presents a direct and comprehensive comparison
of PGMs and GNNs as distinct frameworks for network, i.e., graph, analysis. Our primary
contribution is the systematic, multi-faceted nature of this comparison itself.

While PGMs are occasionally used as baselines in machine learning papers [223], 224],
these comparisons are far from systematic. Concurrently, a growing body of research
explores hybrid models that integrate PGM and GNN components [225] 226] 227], such
as leveraging PGMs to enhance GNN explainability [228] or employing GNNs to improve
PGM scalability [229]. However, a systematic analysis that treats them as competing
paradigms, evaluating their core strengths, fundamental limitations, and robustness across
diverse settings, is still lacking in the literature.

This gap persists because the two model families have traditionally been developed
within different scientific communities, each with distinct languages and validation criteria,
making direct comparison challenging [25]. We argue that a head-to-head comparison is
crucial to move beyond this fragmented understanding and provide deeper, more general
insights into the inherent strengths and weaknesses of each paradigm.

Our investigation is timely, as it addresses the growing recognition of specific GNN
limitations and a renewed interest in the principled insights PGMs can offer to enhance
GNNs [25]. Prior work has shown that GNNs often struggle with uninformative input
features and heterophilic graph structures, as they cannot fully leverage graph topology
alone to achieve robust performance and strongly rely on input features [230, 231].
Furthermore, in unsupervised node clustering, GNNs have exhibited weaker performance
compared to supervised approaches [232]. Notably, even in a semi-supervised setting
[11], GNNs have been outperformed by the Contextual Stochastic Block Model (CSBM)
[143] on node classification [224], underscoring the need for the broader investigation we
present. It is important to note that while studies like [232] and [224] highlight specific
performance gaps, they do not provide the extensive comparison we undertake here.

Consequently, the contribution of this work lies not in proposing another incremental
architecture, but in conducting a systematic comparison. This approach reflects a research
philosophy grounded in critically examining foundational knowledge through rigorous
comparative analysis [24], moving beyond the prevailing machine learning paradigm of
incremental model development. Notably, when GNNs truly offer an advantage over

simpler or more interpretable alternatives remains underexplored. By addressing this
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gap, our study seeks to provide both conceptual clarity and practical guidance, helping

practitioners make more informed decisions about model selection and deployment.

6.2 Comparison Framework

Building on the conceptual foundations established in the previous section, this section
introduces the framework used to systematically compare PGMs and GNNs. We first
motivate our choice of link prediction as the evaluation task best suited for a fair and
informative comparison between these paradigms. We then describe the experimental

setup designed to probe their respective strengths and limitations.

Motivation for Link Prediction. We choose to compare the two frameworks on a
link prediction task. Link prediction is a fundamental task in network analysis, where
the goal is to infer missing links or predict future connections between nodes in a graph
(see Sec. and Sec. for details about link prediction with GNNs and PGMs). Link
prediction better serves our objective of comparing PGMs and GNNs than node and
graph classification because it directly aligns with both models’ capabilities, thus allowing
for a fairer comparison.

On one hand, differently from a node classification task, link prediction does not
require explicit labels on the nodes, making it less reliant on external annotations. Indeed,
PGMs are often deployed on input data that only contain network edges, with no extra
information on nodes, e.g., metadata like features or labels. Moreover, node classification
often assumes that network structure is correlated with node labels, to be able to learn
from both types of input data. This makes it less general than link prediction, as it
relies on observing meaningful node labels, which should not be taken for granted in real
datasets, as proved in several works where extra information on nodes was shown not
informative in learning from graphs [122, [147, 148, 149].

On the other hand, graph classification involves predicting a single label for an
entire graph. While this is useful for understanding a graph as a whole, it aggregates
information across nodes and edges, which can obscure model-specific performance nuances.
Furthermore, graph classification is often domain-specific (e.g., molecule classification in
chemistry), whereas link prediction represents a universal graph problem applicable across
domains.

In addition, link prediction is often deployed as a model validation task in PGMs,
in particular in clustering nodes (e.g., community detection problem) in the absence of
ground truth information (see Sec. and Sec. [3.9)). Also, as link prediction often
involves a large number of node pairs, it is a valuable benchmark for assessing scalability,
efficiency, and the ability to handle sparsity or large graphs.

Ultimately, this choice of looking at link prediction is strategic because it highlights a
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fundamental operational difference between PGMs and GNNs. GNNs naturally excel at
tasks like node classification that leverage their learned node representations directly. Link
prediction, however, poses a distinct challenge: it requires an additional step of mapping
node embeddings to edge-level predictions. This contrasts with PGMs, which directly
model edge probabilities (see Sec. . While this two-step process may disadvantage
GNNs, we focus on link prediction because it represents a cornerstone task in network
science. It directly assesses a model’s capacity to capture pairwise relationships, which are
the essential building block of network structure. Crucially, despite its foundational role
in network analysis, link prediction often occupies a peripheral role in GNN research. This
discrepancy makes it particularly revealing for assessing whether GNNs fundamentally
operate as sophisticated feature processors or as genuine structure learners. We therefore
seek to determine to what extent GNNs truly leverage relational topology, versus merely

using the graph as a routing mechanism for message passing between feature vectors.

Comparison Setup. A fundamental difference between PGMs and GNNs lies in their
handling of node input features. PGMs do not necessarily require node attributes, as they
can rely solely on the graph’s edge list. This allows PGMs to function effectively even
when node attributes are sparse or unavailable. However, if node features are available
and informative, there is no unique recipe for PGMs to incorporate them and exploit their
information. Instead, one has to make ad-hoc modeling extensions to be able to accomodate
them as input. A common approach, which we adopt in our PGM baseline (see Sec. ,
is to model the features as being generated by the latent community memberships, as
discussed in Sec. In contrast, GNNs’ message passing algorithm explicitly requires as
input node features, also when they may not be available or informative. We thus evaluate
how the performance of these approaches is affected by performing experiments where we
tune the informativeness, the dimensionality and the availability of input features.

Then, we investigate the robustness of the models when increasing the heterophily
of the graph, a structural measure that has been investigated in applications of both
modeling approaches and has been shown to increase the difficulty of inference tasks
[121), 233, 2341, 235]. For this, we consider networks with community structures of different
types, from highly cohesive communities (homophilic or assortative) to more dispersed
and interconnected ones (heterophilic or disassortative) (see Sec. for more details
about community structure in networks). Since GNNs leverage the structural locality in
graphs, meaning they aggregate information from the first neighbors, we expect that high
mixing between communities makes it harder for the model to generalize, as it has been
already discussed in [236] 237, 238 239] (see Sec. . In addition to varying the level of
heterophily, we also corrupt the graph connectivity by injecting noise into the edges, to
evaluate robustness against structural perturbations.

To provide a comprehensive evaluation, we conduct experiments on both synthetic
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and real-world datasets. Synthetic datasets offer controlled environments where we can
manipulate network properties and systematically study the models’ behaviors under
various conditions. Real-world datasets, on the other hand, typically come equipped with
pre-engineered node features. By testing on both types of datasets, we aim to gain a
holistic understanding of each model’s strengths and limitations across different contexts.

Table [6.1] provides a high-level summary of our main findings comparing PGMs and GNNs.

Table 6.1: Summary of empirical findings comparing PGMs and GNNs across different
conditions. Symbol meaning: {} AUC > 0.85 or noisy AAUC > 0.05; T AUC € [0.75, 0.85]
or noisy AAUC € [0, 0.05]; | AUC € [0.65, 0.75] or noisy AAUC € [-0.05, 0]; || AUC
< 0.65 or noisy AAUC < —0.05; all values denote the mean AUC across folds and datasets
(real and synthetic). Here, Z denotes the number of attribute categories in MTCOV, while
F" denotes the input feature dimension for GNNs.

Criterion Condition Community PGM GNN
structure
Feature type Structure-based  Assortative T T
Disassortative T 4
Attribute-based  Assortative - 0
Disassortative - [}
Feature High-dimensional Any - T
dimensionality
Low-dimensional — Any T (X
Noisy input Features Any + [}
Edges Assortative [} [}
Disassortative [} T
Computational Network size linear linear
complexity
Feature small Z large F’
dimensionality
Hyperparameters fewer than 4 more than 4

6.3 Models and Experimental Protocol

This section details the specific models from both the PGM and GNN families used
in our comparative study. We explicitly frame each model by detailing their input,
output, parameter inference, and their specific operational mechanisms for link prediction,
establishing a clear technical basis for understanding their comparative performance in
our experiments.

PGMs and GNNs constitute distinct methodological approaches for modeling data
structured as networks, i.e., graphs. Both frameworks take as input the network’s adjacency

matrix A of dimension N x N, where N denotes the number of nodes and each entry A;;
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represents the edge weight between nodes i and j (see Sec. for graphs fundamentals
and notation). A key differentiator emerges in their handling of node features. When
available, node features are represented as F-dimensional vectors X;, where F is the
number of features. While PGMs can optionally incorporate these features through specific
model extensions, they are not inherently designed to leverage them. GNNs, in contrast,
fundamentally require a feature matrix X as essential input for model training.

Our experimental design mirrors a common practical scenario: a practitioner, agnostic
to model families, must choose between PGM and GNN approaches to analyze a network
dataset without prior knowledge of its underlying properties. Accordingly, we primarily
evaluate off-the-shelf implementations of established models from both families, excluding
architectures specifically engineered for particular graph structures (e.g., heterophilic or
disassortative networks). However, to investigate how specialized architectures compare
to general-purpose ones, we deliberately include one heterophilic-adapted GNN variant.
This controlled inclusion allows us to discern when architectural specialization provides
substantial benefits compared to what might be achieved through alternative strategies,

such as thoughtful feature engineering with general-purpose models (see Sec. .

PGMs: A Generative Approach. This comparison focuses on a specific class of
PGMs, i.e., generative models with latent variables, with the Stochastic Block Model
(SBM) serving as our primary framework (see Sec. [3.10). These models capture the
dependencies among nodes via the network’s edges in a probabilistic way, through a joint
distribution P(A,©) that defines a complete data-generating process (see Sec. for

more details). This generative approach is characterized by the following elements:

e Input: The primary input is the observed graph structure, represented by the
adjacency matrix A, typically divided into a training set Agqam and a test set Agegst
for link prediction tasks (see Sec. B.7). Optionally, node attributes (covariates) can

be incorporated with ad-hoc modeling extensions.

e Output: Through statistical inference on Ay, the model produces estimates of
the latent variables ©, either as point estimates O or full posterior distributions
P(© | Again) quantifying parameter uncertainty. The latent variables © control
explicitly the probability of observing a given edge weight A;; in the hold-out set
Aest, either as P(A;; | @) for point estimates or as Ep(e|a,...) [P (A4 | ©)] for full
posteriors (see Sec. 3.7)).

e Parameters: These are the interpretable, latent variables © that govern the
network’s generative mechanism. For models assuming an underlying community

structure in the network like the SBM, this typically includes:
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— Node Memberships (u;): A K-dimensional vector for each node i, where K
represents the number of latent communities, defining each node’s affiliation
to these communities (often with positive entries for interpretability, e.g.,
for node clustering), see Sec. for more details. For directed networks,
distinct outgoing and incoming membership vectors (u;, v;) are used, while for

undirected graphs we set u; = v;.

— Affinity Matrix (W): A K x K matrix controlling the density of edges
between and within communities, see Sec. for more details. Its structure
determines whether connections are mainly within (assortative) or across

(disassortative) communities.

The SBM models the probability of observing a given edge weight A;; as:

where P(A;;|©) represents the likelihood of observing the edge between nodes ¢ and j
given the model parameters, and f is a function (often linear) combining the membership
and affinity parameters into a scalar value, for instance, to model the expected value

E[A;;]. We consider three SBM variants that implement this framework differently:

e MULTITENSOR [] [121] and MTCOV [ [122]: These are parametric models that
use tensor factorization to parameterize f and employ the Expectation-Maximization
(EM) algorithm [123, 124] for inference, yielding point estimates of the latent
variables. The term “parametric” here specifically means that the number of
communities K is a fixed model parameter that must be specified in advance
and chosen via cross-validation, thereby functioning as a hyperparameter of the
model. Both models incorporate a mized-membership formulation, meaning that
each node 7 can belong to multiple communities simultaneously, with its membership
vector u; containing multiple non-zero entries reflecting the degree of affiliation
to each community. MTCOV builds directly upon the MULTITENSOR framework,

extending it to jointly model the network structure and observed node covariates

(see Sec. for more details).

e BNP El [139]: This is a Bayesian non-parametric model that uses Markov Chain
Monte Carlo (MCMC) sampling [60, [61] for inference, estimating the full posterior
distribution of the latent variables. The posterior is maximized following the
agglomerative heuristic proposed in [240]. In our experiments, we employ the

minimize_blockmodel_dl() function from the graph-tool library.

"https://github.com/MPI-IS/multitensor
Zhttps://github.com/MPI-IS/probinet
3https://graph-tool.skewed.de/
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The term “non-parametric” here specifically means the number of communities K
is not a fixed parameter but is instead inferred directly from the data during the

inference process. This model employs hard-membership with one-hot encoded wu;.

Notably, MTCOV is the only variant that incorporates node attributes as input, thus
allowing to assess the impact of using this extra information in addition to the network
adjacency matrix. As detailed in Section [3.10] this covariate-enhanced model follows
a specific generative assumption: node attributes are generated from the community
memberships, meaning a node’s latent group helps predict its attributes. This relationship
is formalized through a correlation matrix 3 € RE*Z that captures associations between the
K communities and Z attribute categories [122], with 5 representing additional learnable
latent variables. MTCOV also includes a scaling parameter v € [0,1] that explicitly
controls the relative contribution of network topology versus attribute information in the
likelihood when inferring the latent variables. Varying v from 0 to 1 enables interpolation
between analyzing data purely through network structure (7 = 0) or purely through
attributes (y = 1). This parameter can be fixed a priori based on application goals or

treated as a hyperparameter estimated via cross-validation.

GNNs: A Representation Learning Approach. GNNs are discriminative models
that learn node representations from graph-structured data through neural network
architectures. GNNs operate via message-passing mechanisms [97], where each node
iteratively aggregates information from its neighbors to build increasingly sophisticated
embeddings hz(»e) across layers (see Sec. for more details). This representation learning

approach is characterized by the following elements:

e Input: The input consists of both the graph structure, represented by the adjacency
matrix A, and the node feature matrix X € R¥*¥" where each row X; € RF is an
F-dimensional feature vector associated with node 7. The initial node embeddings
are therefore initialized as hEO) = X;. For prediction tasks, the adjacency matrix is

typically divided into training set Agrain, validation set Ay, and test set Agest-

e Output: The output comprises learned node embeddings hZ(L) € R™ at the final
layer L, where the output dimension d™ is a key hyperparameter defining the size
of the final representation. These embeddings can be used for various downstream

tasks including link prediction and node clustering.

e Parameters: These are the learnable neural network weights that govern the node
transformation functions at each layer, typically involving non-linear activations.
These parameters are learned through gradient descent optimization by minimizing
a task-specific loss function. For link prediction, this loss is typically the binary

cross-entropy, estimating the probability of edge existence versus non-existence.
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Following the message-passing formulation [96], the core operation at each layer ¢ is:

B = 6 (hE“% D w“)(hE“%hﬁ-“))) , (6:32)

JEN;

where (® is a learnable message function that computes messages between connected
nodes; P denotes a permutation-invariant aggregation operator (e.g., sum, mean, or max)
over the first-order neighbors N; = {j | A;; > 0}; and ¢¥) is a learnable update function
that combines the node’s current state with aggregated neighborhood messages.

For link prediction, GNNs employ a two-step process that fundamentally differs from
PGMs. Rather than directly parameterizing the edge probability through a true likelihood
function P(A;; | ©), GNNs first learn node representations and then produce an empirical
estimate of the edge existence probability by applying a scoring function to pairs of

final-layer embeddings (h(L) h§-L)) (see Sec. 3.4] for details). In our setup, we use a simple

7

and efficient scoring function based on the sigmoid of the dot product:
Aij = a(h{PTHS"), (6.3.3)

which outputs a value in [0, 1], interpreted as the predicted probability of edge existence
(1 if an edge exists, 0 otherwise). Alternative scoring mechanisms exist, ranging from
concatenation to complex non-linear methods|24T], 242], 223]. For node clustering, the
resulting final embeddings are utilized directly, typically by applying K-means [243], [244]
to assign cluster labels.

A key difference from the PGMs discussed above is that standard GNNs implicitly treat
the graph as undirected during message-passing: information is aggregated symmetrically
using the node’s neighbors, without distinguishing between incoming and outgoing
edges. This common practice is proven convenient for node classification in homophilic
networks, while it may be detrimental in heterophilic settings [245]. To properly model
directed graphs, the message-passing scheme must incorporate directional structure with
ad-hoc choices, for example by using separate aggregations for incoming and outgoing
neighborhoods [245], 246], 247], by processing source and target representations through
separate graph convolutional layers [248], or by designing message functions that explicitly
encode edge direction as part of the edge features [249]. We do not explore them here.
Note also that the dot product used in Equation is inherently symmetric. As
a consequence, the reconstructed adjacency matrix satisfies Aij = flji, which implicitly
matches the undirected assumption of standard message-passing GNNs. When using
GNN architectures with directional message passing, the decoder must also reflect edge
asymmetry, for instance through parametric asymmetric scores. Exploring the impact of

these choices in link prediction when modeling directed graphs is an interesting direction
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for future work.
We consider four GNN architectures that implement this framework through distinct

choices for the message 19, aggregation P, and update »® functions:

e Graph Attention Network (GAT) [[] [13]: Incorporates an attention mechanism,
allowing each node to dynamically learn the importance of its different neighbors

during message aggregation (see Sec. for more details).

e Graph Autoencoder (GAE) [25I] and Graph Variational Autoencoder
(VGAE) [| [251]: Utilize an autoencoder framework with GCN [252] layers, where
GAE serves as the non-probabilistic counterpart to VGAE. The VGAE objective

includes an additional KL divergence term alongside the binary cross-entropy loss.

° HzGCNH [10T]: Explicitly designed for heterophilic settings, it employs separate
transformations for ego and neighbor embeddings, incorporates skip connections,
and leverages higher-order neighborhoods to counteract oversmoothing [102], 103,
1041 [T05] (see Sec. for more details).

Notably, HoGCN addresses the fundamental challenge of heterophilic networks, where
connected nodes often possess dissimilar features and labels, contrary to the homophily
assumption inherent in standard GNNs (see Sec. . This specialized design allows us
to evaluate when explicit architectural adaptations are essential compared to potential

gains from feature engineering with general-purpose models (see Sec. .

Training and Evaluation Protocol. To ensure fair comparison, both PGM and GNN
models are evaluated using identical experimental protocols. For each input network,
we employ 5-fold cross-validation with an 80% — 20% train-test split of edges. GNN
models additionally extract from the training set a validation set, corresponding to 10%
of the entire dataset. We use the area under the receiver operating curve (AUC) as link
prediction metric. This tells the probability that a randomly selected existing edge in the
test set is assigned a higher probability of existing than a randomly selected non-existing
edge. Its value ranges in [0, 1|, with 1 corresponding to perfect reconstruction and 0.5 to

random chance. The training and tuning procedures differ between paradigms:

e PGMs: For MULTITENSOR and MTCOV, we choose the number of communities K
by cross-validation. The EM algorithm [124] runs for a maximum of 50, 000 iterations,
and this entire fitting process is repeated 10 times with different random initializations

of the parameters to mitigate local optima. For MTCOV, we additionally tune

1GATConv layer from https://github.com/pyg-team/pytorch_geometric [250]
Shttps://github.com/DachanKim/vgae_pytorch/
Shttps://github.com/GitEventhandler/H2GCN-PyTorch
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v € [0,1], which controls the relative contribution of network structure versus node
attributes in the likelihood. For BNP, which infers K automatically, we use a
MCMC method [60] and consider 100 samples. We perform posterior sampling via
repeated calls to the graph-tool function mcmc_equilibrate(), where each of the
100 iterations executes 10 Metropolis-Hastings sweeps [129] [130] to propose and
stochastically accept or reject a new community for every single node. Throughout
this process, we collect edge probabilities using the get_edges_prob() function

from graph-tool to infer the final community structure.

e GNNs: We perform 10 independent training runs with different random seeds
for each hyperparameter configuration, including learning rate € {0.001,0.01,0.1},
weight decay € {0.0001, 0.001,0.01}, dropout € {0.0,0.3,0.5}, hidden layer dimension
€ {32,64,128}, and number of layers € {1,2}. Models are trained for 200 epochs
using Adam optimizer [253] with binary cross-entropy loss. We employ an early
stopping criterion and we save the weights of the model minimizing the loss on the

validation set with a patience of 50 epochs.

6.4 Synthetic and Real-World Datasets

We employ both synthetic and real-world networks to evaluate our models from
complementary perspectives. The synthetic networks are generated through the SBM
itself, allowing us to systematically control key structural properties, such as size, sparsity,
and community mixing patterns, within a controlled environment where the ground-truth
community structure is known. In contrast, the real-world datasets are selected from
established GNN benchmarks, enabling a practical assessment of performance across

diverse domains and under varying conditions of feature and label availability.

Synthetic Data Generation. We generate synthetic networks by sampling adjacency
matrices according to the probabilistic mechanism of the MULTITENSOR model [121] (see
Sec. . The key idea is that the observed network structure, represented by its adjacency
matrix A, arises from a set of latent parameters that determine how communities interact
(the affinity matriz) and how strongly each node participates in them (the membership
vectors) (see Sec. and Sec. . The model defines a complete probabilistic process
for generating the entries of A from latent community structure. Accordingly, we proceed
in three stages: (1) we specify the latent community parameters; (2) we sample the entries
of the adjacency matrix according to the generative model; (3) we generate networks with

varying size, sparsity, and assortativity.

(1) Latent parameters. Each node i is associated with a K-dimensional mized-membership

vector u; describing its degree of participation across communities. For directed networks,
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we assign two distinct membership vectors: u; governing outgoing links and v; governing
incoming links; for undirected networks, we simply set u; = v;. Membership vectors are

drawn from a symmetric Dirichlet distribution:
u;, v; ~ Dirichlet(al),

with @ = 0.05 encouraging sparsity so that each node primarily belongs to a few
communities, and where 1 denotes a K-dimensional vector of ones.

The strength of interaction between communities is governed by a K x K affinity matriz
W, whose entries determine the expected edge density between and within communities.
We consider both assortative and disassortative regimes. In the assortative case, W is
diagonal, leading to stronger connections within communities. In the disassortative case,
W is fully dense, allowing significant cross-community connectivity. In both cases, entries

are independently drawn from a Gamma distribution:

Gamma(a, b) for all k,¢ € {1,..., K} (disassortative),
Wye ~
Gamma(a,b) dx, (assortative),

with a = b = 1.0 and dy, the Kronecker delta enforcing assortative diagonal structure.

(2) Edge generation. Given the latent parameters, the expected number of edges
between nodes ¢ and j is:
K
M;; = Z Uik VWi
k=1

Each edge A;; is modeled as a Poisson random variable with mean M;;,
A;; ~ Poisson(M;;),

meaning that the probability of generating (or observing) a particular edge A;; is:

e~ M (My;) %

P(Az] | Ui,Uj,W) = A~'
i

In practice, we use this formulation to generate the adjacency matrix A: for each pair of
nodes (4, j), we first compute the expected rate M;; from the latent parameters and then
draw a random sample A;; accordingly. We focus on the sparse regime where M;; is small,
and finally binarize the network by clipping A;; to {0,1}. As outlined in Sec. , when
using the generative model for inference instead of generation, these expected edge counts
M;; serve as link-prediction scores: missing links are identified by ranking unobserved
node pairs according to their M;; values, under the assumption that true links correspond

to higher expected values. Importantly, this bilinear form M;; corresponds precisely to
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the function f(u,;,v;, W) introduced in Eq. .

While we ultimately binarize A;; to indicate the presence or absence of an edge, we use
the Poisson distribution because it produces nonnegative integer values and thus provides
a natural way to model degree heterogeneity. Indeed, the membership vectors u; and v;
are nonnegative but not normalized, allowing their overall magnitude (i.e., their L; norm)
to vary across nodes. As a result, nodes with larger membership magnitudes tend to have
higher expected values of M;;, and consequently a greater number of connections, without
changing their relative affinities toward different communities. This property enables the
model to capture variations in node degree without requiring an explicit degree-correction
mechanism. In contrast, a Bernoulli formulation would restrict each potential edge to a
binary outcome (0 or 1) and require normalization of the membership vectors to ensure
probabilities remain bounded between 0 and 1. This normalization artificially constrains

degree variability, making degree heterogeneity more difficult to represent.

(3) Network configurations. We generate directed networks with N € {100, 1000}
nodes, K = 5 communities, and average degree (k) € {5,20}. For each combination of N
and (k), we create both assortative and disassortative networks and sample 10 realizations
per configuration. Since these networks are generated according to the same probabilistic
mechanism as MULTITENSOR, we expect MULTITENSOR and its covariate-extended
variant MTCOV to perform strongly on this data, potentially outperforming GNNs that

lack explicit generative assumptions.

Real Datasets. We evaluate our models on a collection of 10 real-world datasets from
different domains, which vary in size, sparsity, and homophily level, as reported in Table[6.2]
This collection comprises both directed and undirected networks. Notably, three datasets
lack pre-engineered node features and consist solely of the graph structure. This reflects a
common real-world scenario where it is not immediately clear what information should
be used as input features for a GNN when they are not available. We will explicitly

investigate this question and the role of input features in our experiments in Sec. [6.5]

Table 6.2: Dataset statistics for the 10 real datasets analyzed. NN is the number of nodes;
(k) is the average degree of a node; h is the edge homophily ratio; F' is the dimension of
the node feature (when available).

Data Cora Citeseer PPI Peptides Reddit PolBlogs Email Chameleon Wisconsin Texas
Type Citation Citation Biology Biology Information Information Information Web Web Web
Directed Yes Yes No No No Yes Yes Yes Yes Yes
N 2708 3327 1750 338 228 1490 1005 2277 251 183
(k) 3.90 2.74 18.47 2.02 2.20 12.77 25.44 15.85 2.05 1.77
h 0.81 0.74 - - - 0.91 0.36 0.23 0.21 0.11
F 1433 3703 50 9 - - 2325 1703 1703

The datasets are as follows:
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e Citation Networks: Cora and Citeseer [254], where nodes represent papers
connected by citation edges, and features are bag-of-words abstracts. Although the
original graphs are directed, we employ the undirected versions [254] provided in
PyTorch Geometric [250].

e Biological Networks: Protein-Protein Interaction (PPI) [I80] and Peptides [255],
where edges represent interactions between proteins and similarity relationships
between peptides, respectively, and features contain various protein and peptide

properties.

e Information Networks: Reddit [256], PolBlogs [257], and Email [258]. These
describe comments between users on Reddit, hyperlinks between political blogs, and

email communications within a European institution, respectively (no features).

e Web Page Networks: Chameleon, Wisconsin, and Texas [259], where edges

represent hyperlinks between web pages and node features are bag-of-words.

Seven of these datasets contain node labels, which we use to estimate the level of
homophily. We measure the homophily ratio h as the fraction of edges in a graph that
connect nodes with the same class label, as done in [237]. A decreasing value of h indicates

increased heterophily.

6.5 The Role of Input Features

One of the main differences between PGMs and GNNs is that the latter require node
features X as input, in addition to a graph adjacency matrix A. The choice of what
features to give as input impacts performance on downstream tasks [260] and it is not
clear how to make this choice in general. This is particularly relevant in datasets where
there is no extra information besides the adjacency matrix, and one has to come up with
dummy features to feed into the GNN. For instance, in social network analysis, user
demographic data may be obscured due to privacy concerns. In such cases, structural
features derived solely from the input graph, such as node degree and total node count,
can been used as node attributes [261, [I81] 262]. Hence, our first step is to evaluate how

the nature of node features influences learning.

Experimental Design. For this, we run a first experiment where we change the type
of information and the dimensionality of features given as input to GNNs and evaluate
their impact on the performance of GNNs compared to that of PGMs. We experiment

with two kinds of features:

e (1) Structure-based features, which are derived from the graph’s connectivity.
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e (2) Attribute-based features, which leverage existing node attributes (when available).

For the structure-based case (1), we represent each node i by its corresponding row in
the adjacency matrix, A; = [A;1, ..., A;y]. This information is readily available as it is
a quantity simply derived from the input matrix A. We stress that, when splitting the
graph in training, validation and test set in our cross-validation link prediction routine,
we take into account the masking of the edges, and we feed the node with the masked
adjacency matrix row. Indeed, the training set feature only contains the links between
nodes in the training set graph, while for validation and test we progressively include the
validation and test set links. For the attribute-based case (2), pre-existing features are
directly available for only 7 of the 10 real-world datasets. For the remaining datasets
without engineered features, we evaluate performance using the structure-based features
described above.

For PGMs, which do not inherently require input features, we include them only
in the model specifically designed to handle node attributes, namely MTCOV. In this
case, we use a one-dimensional, structure-based feature. For synthetic data, this feature
corresponds to the node’s true community label, defined as the index of the maximum
entry in its ground-truth membership vector u;. For real-world data, where ground-truth
is unavailable, we assign each node to a cluster obtained by applying K-means to its

adjacency matrix row A; = [A;, ..., Ain].

Findings I: The Equivalence of Feature Types. We find that GNNs’ performance
is generally comparable in the two cases, see Figure [6.1, with the notable exception
of Peptides dataset, where AUC is substantially higher with structure-based features.
This is also the only dataset with relatively low-dimensional features (F' = 9). Feeding
the high-dimensional adjacency matrix row improves performance, which is generally
comparable to that of PGMs. We find similar results for the synthetic data, see Figure[6.3]
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Figure 6.1: Structure-based vs. attribute-based features. AUC scores of link prediction
in real datasets when giving as input different types of features. For the PGMs, only
MTCOV uses input features. Bars and errors are mean and standard deviation over 5
cross-validation folds.

A closer inspection of the per-fold performance (see Section [6.11)) reveals that on real
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assortative datasets, GNNs outperform PGMs in roughly 80% of the folds, whereas on
synthetic assortative graphs PGMs outperform GNNs in about 65% of the folds. This last
result is expected since synthetic graphs are generated from one of the SBM variants.
This experiment shows that there are no clear advantages in utilizing an extra
engineered input feature X for link prediction. Instead, one has to be careful in using all
the information available, because adding a feature can even hurt performance. Similar
results have been found in previous works using PGMs [147, [148| 122}, 149]. We stress
that prior studies [263, 264, 265] have proposed strategies to handle missing features in

GNNs, specifically focusing on structural and positional encodings.

Findings II: The Curse of Low Dimensionality. Motivated by the above results,
we assess the impact of the feature dimensionality F' by reducing it to one, clustering
the feature vectors with K-means and giving the cluster label as feature. This mimics
situations where availability of node attributes is limited and one has access only to
one type of information, e.g., age or income in a social network. We find that GNNs’
performance is significantly reduced when the input feature is clustered and this happens
for every dataset studied, both real and synthetic, see Figures to Notably, the
performance of HyGCN often drops to levels close to random chance (AUC ~ 0.5) when
using these low-dimensional features, highlighting a severe limitation in its ability to

function with minimal attribute information.
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Figure 6.2: High vs. low dimensional features. AUC scores of link prediction in real
datasets when giving as input either the original feature of dimension F' (Full) or the
one clustered with K-means (Clustered), i.e. F' = 1. For the PGMs, MTCOV takes
one-dimensional (Clustered) features by design and the other two PGMs no feature at all.
Bars and errors are mean and standard deviation over 5 cross-validation folds.

Moreover, in Figure[6.3| we observe that on synthetic assortative graphs GNN performance

increases with graph size, which we attribute to the adjacency-row feature becoming higher
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dimensional. We stress that the difference in performance between full and clustered
features tends to be smaller when the input is already low-dimensional, as in the case of
Peptides (F = 9) (see Figure[6.4), or when the full feature performance on the dataset
is already low, such as in the disassortative synthetic setting (see Figure . Instead,
MTCOV, which takes as input one-dimensional features by design, shows comparable
performance to that of the other PGMs and GNNs with full features. This performance is

expected in the synthetic data, but we find similar results in the real datasets as well.
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Figure 6.3: High vs. low dimensional features. AUC scores of link prediction in synthetic
datasets when giving as input either the original structure-based feature of dimension F
(Full) or the one clustered with K-means (Clustered), i.e., F' = 1. For the PGMs, MTCOV
takes one-dimensional (Clustered) features by design and the other two PGMs no feature
at all. Bars and errors are mean and standard deviation over 5 cross-validation folds.

This shows the GNN inability to either properly utilize a low-dimensional feature
or to discard it in favor of, for instance, a dummy high-dimensional feature like the
structure-based one considered above. This was also observed in a node classification task
[184], where it was shown how GNNs struggle in handling low-dimensional input features,
and emphasized the benefits of graph-related features over engineered node features based
on external information. Furthermore, [266] demonstrates that using the adjacency matrix
row as an input feature substantially improves GNN performance in graph classification
tasks, compared to simpler structural features such as the scalar node degree.

In practice, this issue may not occur frequently, as it is standard practice when
using GNNs to employ high dimensional features, and when these are not available,
one can always design them artificially, e.g., using the row of the adjacency matrix.
However, the question is what to do when a low-dimensional feature is indeed available
and a practitioner expects this to be informative. This situation is not uncommon when
handling network datasets. While the underlying reasons for GNNs’ limited ability to
leverage low-dimensional features remain unclear, assessing suitable ways to combine high
and low-dimensional features to enhance prediction performance is an interesting direction

for future work.
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Figure 6.4: High vs. low dimensional features. AUC scores of link prediction in real and
synthetic datasets when giving as input either the original feature of dimension F' (Full)
or the one clustered with K-means (Clustered), i.e., F' = 1. For the PGMs, MTCOV takes
one-dimensional (Clustered) features by design and the other two PGMs no feature at all.
Bars and errors are mean and standard deviation over 5 cross-validation folds.

6.6 Robustness to Noise

Having investigated the impact of feature type, whether derived from graph connectivity
or additional node attributes, and feature dimensionality, we now assess the robustness of
the PGM and GNN models to noise injected into node features (feature guality) or into
graph structure. In real-world scenarios, node attributes are often incomplete, corrupted,
or gathered from unreliable sources [147]. Similarly, graph connectivity may include
missing or spurious edges due to measurement errors [120]. While GNNs are known to be
strongly dependent on input features, the extent of their vulnerability to noise compared
to PGMs remains an open empirical question. Intuitively, one might expect PGMs, which
do not forcibly rely on features and reconstruct the graph through statistical inference,
to demonstrate superior robustness. This experiment aims to provide a comprehensive
empirical evaluation to validate this expected behavior and highlight novel insights into
how different models handle corruption. By providing clear empirical evidence, we offer

valuable insights for a broad audience, confirming what may be intuitive only to experts.

Experimental design (noisy features). We investigate the robustness to feature noise
by systematically randomizing the features of a randomly selected subset of nodes and
observing the impact on each model’s performance. This simulates real-world scenarios
where node attributes may be missing or corrupted. We perform this experiment on the

real-world datasets equipped with attribute-based features.
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In the case of GNNs, we randomly shuffle the entries in the input vector of features
X; = (X, Xiz, ..., Xir), by applying a random permutation function 7 to its indices:
XiShuﬂ-led (Xiﬂ'(l)7 Xi7r(2)7 B

to the feature indices of each node 7, so that the ordering of features differs across nodes.

, Xiz(py). We apply an independent random permutation m

In the case of MTCOV, instead, where the original feature corresponds to the cluster
assignment obtained by applying K-means to the node’s adjacency matrix row, we replace
this feature with a random integer drawn uniformly from the range of possible cluster
indices, i.e., from {1,...,C}, where C' is the number of clusters identified by K-means.
We evaluate model robustness under increasing levels of feature randomization by
independently retraining all models for each noise level: 0% (original input features are
intact); 50% (features are randomized for half of the nodes); and 100% (all nodes have
randomized features). Crucially, MTCOV incorporates the scaling parameter v, which we

tune separately for each randomization level.

While it is true that
GNNs inherently rely on node features whereas PGMs do not, our comparison with MTCOV

Findings: Superior PGM Robustness to Feature Noise.

(which explicitly uses features) reveals a crucial nuance: the architectural differences in
how the two models process features, not merely whether they use them, significantly
impact robustness. A key advantage of MTCOV is its tunable scaling parameter -, which
is systematically optimized to balance the influence of features against topology when
inferring its optimal latent parameters through the EM algorithm (see Sec. . This
provides an explicit mechanism to reduce the weight of features in the likelihood as they
become noisy, a capability absent in standard GNN architectures. We find that PGMs
are more robust when increasing the percentage of nodes whose features are randomized,

highlighting the stronger reliance of GNNs on input feature quality, see Figure [6.5]
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Figure 6.5: AUC score variation in real datasets when increasing the percentage of nodes
p whose attribute-based features are randomized. The AUC score variation is calculated
as the difference between the AUC, and the original AUCY, corresponding to the case
where 0% of nodes have randomized features. Markers and errors are mean and standard
deviation over 5 cross-validation folds.
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This effect, however, is modulated by the nature of the dataset. A particularly
revealing case is that of Cora and Citeseer, whose node features are binary and highly
sparse bag-of-words vectors. In these datasets, each feature dimension indicates the
presence (1) or absence (0) of a specific word in the corresponding document. The
shuffling procedure replaces zeros with zeros most of the time but randomizes the positions
of the few non-zero entries, independently for each node, thereby destroying the global
correspondence between feature indices and specific words. Intuitively, one might expect
such disruption to cause a substantial performance drop. The fact that the decline is
relatively modest is therefore interesting: it suggests that, for link prediction on these
networks, GNN performance may be driven by permutation-invariant statistics of the
feature vectors, such as the number of non-zero entries, which are preserved under shuffling.
Conversely, the effect of noise is especially pronounced when the input features have
lower dimensionality, as in Peptides (F' = 9), or when the dataset is heterophilic, as in
Chameleon and Wisconsin.

We also observe distinct noise sensitivity across GNN architectures. In particular, GAT
and HyGCN appear to be overall more sensitive to noise compared to autoencoder-based
architectures (GAE, VGAE). This enhanced sensitivity in GAT and HyGCN can be
attributed to their specific design: noisy features are directly used to compute attention
coefficients in GAT, and are propagated through higher-order neighborhood aggregations
in HoGCN, mechanisms that can amplify the effect of noise.

This result suggests to investigate ways to incorporate a similar hyperparameter v into
GNNs, with the goal of learning directly from data what weight to assign to structure
versus node features when performing a given predictive task. One possible approach
for addressing this issue is to consider feature-propagation methods to handle missing
or unreliable features in GNNs [267], but this applies only under homophily and breaks
down on heterophilic graphs. Hence, a main challenge is to device methods that can be

robustly applied on different underlying structures.

Experimental design (noisy edges). We then evaluate the robustness of the models
to noise in the graph structure by corrupting the adjacency matrix portion used for
training, while keeping the test set unchanged. This experiment is performed on both real
and synthetic datasets and allows us to assess how well each method generalizes when
trained on a perturbed structure but evaluated on the original unperturbed one.

To inject noise, we randomly select 20% of the positive entries (A;; = 1) and an equal
number of negative entries (A4;; = 0) in the training adjacency matrix. For each selected
entry, we flip the value of A;; (i.e., removing an existing edge or creating a spurious new
one) with probability 0.5, and leave it unchanged otherwise. This results on an average of
10% corrupted entries.

For real datasets where attribute-based features are available, GNNs are fed these
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instead of structure-based features. Conversely, for datasets that rely on structure-based
features, we feed the GNN the original uncorrupted adjacency rows as node features. This
ensures that performance changes reflect robustness to noise in the graph structure rather

than in the input feature vectors.

Findings: Comparable Robustness to Edge Noise. Results are shown in Figure[6.6]
for real datasets and in Figure for synthetic ones. Resilience to randomly perturbed
edges is overall comparable across models, as the difference between AUC values in
the unperturbed and perturbed datasets is distributed in the same range of values. In
particular, we observe that performance is generally better, i.e., models are more resilient
to noisy edges, in synthetic data than in real data. In several cases, the difference in AUC
calculated on perturbed and on unperturbed data is around 0 (accounting for error bars),
see Figure Also, performance on assortative data generally suffers more than on
disassortative one, as its decrease is larger. This is more pronounced in GNNs, with the

AUC difference being generally positive in the synthetic disassortative case, see Figure [6.7]
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Figure 6.6: AUC score variation in real datasets when increasing the average percentage
of corrupted edges p in the training graph. The AUC score variation is calculated as the
difference between the AUC, and the original AUCj, corresponding to the case where
0% of edges are corrupted. Markers and errors are mean and standard deviation over 5
cross-validation folds.

However, the per-fold scatterplots in Section [6.11] reveal how edge noise affects the
relative performance between PGMs and GNNs. On real assortative datasets, where
GNNs outperform PGMs in the unperturbed dataset in about 80% of the folds, their
advantage decreases under noisy edges to roughly 60%. On synthetic assortative datasets,
the PGM advantage increases, reflecting the same trend. For real disassortative datasets,
where PGMs hold a 60% advantage (see Section , this increases to 70%, whereas on
synthetic disassortative graphs PGMs become slightly less dominant (see Section .
Overall, edge noise weakens the regime in which GNNs perform better, while amplifying

the regimes where PGMs hold an advantage (except in the synthetic disassortative case).
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Figure 6.7: AUC score variation in synthetic datasets when increasing the average
percentage of corrupted edges p in the training graph. Results correspond to one synthetic
sample. The AUC score variation is calculated as the difference between the AUC, and
the original AUCj, corresponding to the case where 0% of edges are corrupted. Markers
and errors are mean and standard deviation over 5 cross-validation folds.

6.7 Resilience to Increasing Heterophily

We now focus on comparing the two frameworks under different types of network
clustering structures. Specifically, the third experiment explores the impact of increasing
the heterophily (or disassortativeness) of the graph. This is the property of observing
nodes in different clusters more likely to be connected, which contrasts with homophilic (or
assortative) networks, where we expect nodes in the same cluster to have higher chances
of being connected. In PGMs, learning in disassortative networks has often been shown
to be a more challenging task than in assortative networks [1211, 233] 234 235]. Similar
declines in performance in heterophilc networks are also now increasingly investigated in
GNNs 236, 237, 238, 239].

Experimental Design. In the synthetic case, we can directly manipulate the level
of heterophily by varying the density of edges between nodes in different clusters in the
affinity matrix [I121] (see Sec. [6.4). In real-world datasets, when extra node labels are
available, and assumed to be informative, we measure the homophily edge ratio h as
the fraction of edges in a graph which connect nodes that have the same class label, as
done in [237]. A decreasing value of h indicates increased heterophily. Four of the real
datasets have h < 0.4. For the synthetic networks, h is computed by assigning each node
its true community label, defined as the index of the maximum entry in its ground-truth

membership vector u;.

Findings: Structural Features Enhance GNN Performance in Heterophily.
We find that PGMs generally outperform GNNs when increasing the heterophily of the
graph, when GNNs are given as input the full attribute-based feature, see Figure
However, we also find that by giving as input to the GNN the row of the adjacency matrix
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(structure-based feature) instead of the attribute-based feature, the situation changes
favorably. With this input, GNNs show similar performance to PGMs in two real datasets
(Email and Chameleon). This improvement is consistent across all GNN models, including
HyGCN, which is specifically designed for heterophily, though its performance remains
comparable to or lower than that of PGMs. This suggests that architectural adaptations
alone may not fully address the challenges posed by heterophilic graphs.

Furthermore, we stress that on synthetic networks, even if GNNs are provided with
the structure-based feature, PGMs consistently outperform them. This is expected, as the
synthetic data are generated according to the same probabilistic mechanism underlying
these two models, giving them a natural advantage in recovering the latent structure.
Differently from the synthetic assortative case in Figure [6.3] increasing the graph size,
and thus the dimensionality of the adjacency-row feature, does not generally improve the
performance here. Consistent with these results, the per-fold scatterplots in Section [6.11
show that on real disassortative datasets, PGMs hold a 60% advantage, while on synthetic

disassortative dataset the advantage grows to 90%.
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Figure 6.8: AUC scores of link prediction in real and synthetic heterophilic datasets when
using the full feature. For the real dataset, we compare the AUC when feeding the GNN
with structure-based or attribute-based features. For the PGMs, only MTCOV uses input
features. Bars and errors are mean and standard deviation over 5 cross-validation folds.

These findings highlight that while GNNs are expected to be generally less robust in
heteropilic graphs, performance could be improved by a better choice of input features,
rather than acting on a change in architecture design as proposed in [22, 10T, 268|. A similar
conclusion was also observed in node classification tasks [269], where GNN architectures
were shown to significantly improve their performance under good conditions of heterophily,

specifically when nodes sharing the same label also exhibit similar embeddings and neighbor
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distributions. Moreover, the phenomenon of oversmoothing [102], 103, 104, T05], which is
commonly associated with poor performance on heterophilic graphs [22], 269, 270] and
which HoGCN is designed to mitigate, has been shown to be avoidable without altering

the GNN architecture, simply by increasing the variance of weight initialization [271].

6.8 Interpretability

Beyond predictive performance, practical deployment also requires considering model
interpretability. In this respect, PGMs and GNNs differ fundamentally in how their
internal representations can be understood and explained.

The PGMs analyzed in this study, which are variants of the SBM (see Sec. , learn
community membership vectors for each node. These can be either hard or soft, depending
on whether nodes are allowed to belong to multiple communities. Such memberships
are directly interpretable, as they provide clear insights into the network’s community
structure. Moreover, the linearity of these models enables a transparent mapping between
the latent parameters and the probability of observing an edge between two nodes, a
design choice usually motivated by mechanistic principles.

Unlike PGMs, GNNs learn embedding vectors, quantities that are not directly
interpretable. Instead, one has to make ad-hoc processing a posteriori to allow for
interpretability [I5] or design GNN models specifically to optimize for it [16]. A common
choice is to cluster them with K-means [225] [232] 272], thus assigning them one-dimensional
labels. This is a simple and direct way to analyze GNN outputs and matches our
approach of prioritizing general-purpose GNN designs. Alternative and more advanced
interpretability techniques exist, but they require modifying the neural network architecture
itself or the loss function employed [273, 274]. Hence, we do not explore them here.
Similarly, it is not directly clear how to combine node embeddings to estimate the
probability of an edge [223]. One has to explicitly choose a function that maps pairs
of embeddings to edge scores (see Sec. . Possible choices are the dot product or a
concatenation [241], 242].

Visualizing Latent Spaces on Synthetic Data. Community structure is a direct and
interpretable output of PGMs, whereas GNNs learn opaque embeddings whose relationship
to communities is unclear. To enable a direct comparison with the interpretable latent
parameters of PGMs, we analyze how both frameworks cluster nodes in their latent
spaces. Specifically, we project the SBM membership vectors u; € R® and the GNN
(L)

final-layer embeddings h;”’ € R4 into two dimensions using t-SNE [209]. This non-linear
dimensionality reduction technique computes 2D spatial positions for nodes based on
their associated latent parameters, of dimension K for PGMs and d®) for GNNs, while

preserving local neighborhood relationships, such that nodes close in the high-dimensional
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space remain close in the 2D projection. The resulting visualization creates a direct
parallel between the explicit community structure captured by PGMs and the implicit
clustering learned by GNN embeddings, allowing for a qualitative comparison of their
latent representations.

We conduct this analysis on a synthetic network generated with MULTITENSOR
(see Sec. [6.4)), as it provides access to the ground-truth (GT) communities, and thus
a reference for evaluating how well each model’s inferred latent parameters recover the
known generated community structure. In Figure [6.9, we show these t-SNE projections,
where nodes are colored according to their ground-truth mixed memberships, allowing us
to assess how well the spatial clustering in each model’s latent space aligns with the true

community structure.

Figure 6.9: Comparing the parameters inferred. Marker positions are extracted by applying
t-SNE to either the memberships u; (PGMs) or the embeddings th) (GNNs), and we
compare with the ones in ground truth (GT). We consider an example synthetic network,
with NV = 100 and (k) = 20. Colors represent GT mixed-memberships. All the AUC
values are between 0.85 and 0.88.

We first notice how nodes that have a more pronounced mixed-membership are
placed on the border of their main community, closer to the other communities they also
participate in, see Figure [6.9] This is somehow expected when plotting the ground-truth
memberships u;, whereas the preservation of this geometric property in the models’ inferred
parameters is non-trivial. For SBMs, accurately recovering this geometric arrangement is a
key indicator of successful learning. While for GNNS, it is particularly noteworthy because
their high-dimensional, real-valued embeddings lack any built-in concept of communities.
We find that both MULTITENSOR and GAT are able to place more mixed nodes closer to
the border, as observed for the ground-truth. For instance, nodes that belong to a large
extent to two communities are placed in between the two main clusters. This suggests
that the GNN learns to organize its latent space in a way that implicitly reflects the
underlying community structure, even without explicit architectural guidance.

However, a fundamental interpretability gap remains: while mixed-membership PGMs

allow for a direct estimation of the mixed-membership, as this is their natural output, it

134



is not clear how to extract this information automatically and in a principled way (beside
visual inspection) in GNNs from their output embeddings, as they lack the innate ability
to represent these memberships explicitly. To enhance the interpretability of GNNs, one
promising direction is to develop methods that enable the extraction of interpretable
mixed-membership information from their embeddings. Achieving this, however, would

require architectural modifications to GNNs, as done in [225].

Divergent Partitions on Real-World Data. Beyond synthetic benchmarks, we
investigate whether models converge to similar node clusters (or communities) on real-world
data when predictive performance is comparable. We find that despite achieving similar
AUC scores (between 0.89 and 0.93) on the Citeseer dataset, indicating equivalent capability
in reconstructing the adjacency matrix A, the models learn fundamentally different
partitions of the network. Figure [6.10] visualizes these divergent solutions by plotting
the inferred membership vectors. For PGMs, we directly visualize their native outputs:
mixed memberships for MTCOV and hard assignments for BNP. For GNNs, which do
not produce explicit memberships, we obtain comparable hard-membership vectors by
applying K-means clustering to the final-layer embeddings, setting the number of clusters

to 6 to match the number of classes in Citeseer.
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Figure 6.10: Inferred partitions on Citeseer dataset. For the PGMs we plot the membership
vectors, mixed for MTCOV and hard for BNP. For GNNs, hard memberships are obtained
by applying K-means clustering to the final-layer embeddings. The nodes are ordered
depending on the community assignment K.

The results reveal distinct structural interpretations. BNP, which non-parametrically
infers the number of communities K, converges on a trivial solution of numerous small,
fragmented clusters. In contrast, MTCOV (representative of both MULTITENSOR and
MTCOV, which yield similar results) identifies 7 coherent communities with minimal
mixed membership when K is tuned within a range containing the number of classes (6
for Citeseer). Meanwhile, GAT produces one dominating larger cluster containing most

nodes alongside several smaller groups. This demonstrates that equivalent link prediction
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performance masks fundamentally different understandings of network organization.

6.9 Computational Complexity

Beyond interpretability, PGMs and GNNs also differ in their computational complexity,
as summarized in Table A key observation is that all models exhibit linear or
near-linear scalability with respect to graph size, since their complexity grows proportionally
with either the number of nodes N or edges E. This ensures that all models remain
computationally tractable even for large networks. The main differences arise from the

multiplicative constants attached to N or E, which reflect each model’s internal design.

Table 6.3: Computational complexities for the models under analysis. N the number of
nodes, E the total number of edges, E? the number of edges between nodes that are
connected via a 2-hop path, d;,.x the maximum degree across all nodes, K the number of
communities, Z the number of attribute categories, F' the input feature dimension, F’ the
hidden layer dimension, and L the number of GNN layers.

CrLAsS MODEL COMPUTATIONAL COMPLEXITY

PGM MT O(E - K?)
MTCOV O(E-K?+N-K-Z)
BNP O(N1In(N?))
GNN GAE OL-(E-F' +N-F-F'))
VGAE  O(L-(E-F' +N-F-F'))
GAT OL-(E-F' +N-F-F'))
HoGCN  O(F -dpax + L-(E+E®) . F)+ N-F - F')

e For PGMs, the linear cost in graph size O(E) or O(N) is multiplied by factors related
to the latent community structure and the number of covariates. For MULTITENSOR,
the cost is O(E - K?), where K is the number of latent communities. For MTCOV,
this extends to O(E - K2 + N - K - Z), where Z represents the number of categories
in the node covariates (see Sec. . Since, in practice, K and Z have a similar
order of magnitude and are typically much smaller than N or E, the overall scaling
remains manageable. The BNP model explicitly avoids specifying K and achieves a

near-linear scaling of O(N In N?).

e For GNNs, the computational cost scales with graph size as O(L - E - F') and
O(L - N - F - F'), where the multiplicative factors are architectural hyperparameters
and the input feature dimension. The number of layers L is usually kept small
(e.g., 2-3) to prevent over-smoothing, while the hidden dimension F’ is larger (e.g.,
128-512), but still typically smaller than the number of nodes N or edges E. In
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contrast, the input feature dimension F' can be very high, even comparable to N in
large graphs with rich node features, which directly increases computational cost.
This analysis holds for more complex architectures like HoGCN, which adds terms
for higher-order neighborhoods (E®)) but still scales linearly in N and E.

Overall, while both PGMs and GNNs exhibit comparable asymptotic scaling with
graph size, their effective computational cost differs in practice. PGMs are mainly affected
by the quadratic dependence on K, which remains small in most applications, whereas
GNNs are sensitive to the potentially large product F - F’. As a result, in graphs with
high-dimensional features, GNNs can be substantially more computationally expensive
than PGMs.

An additional practical consideration is the burden of hyperparameter selection. For
PGMs, model tuning is limited to a small number of interpretable hyperparameters:
the number of communities X' (MULTITENSOR, MTCOV); the parameter v (MTCOV);
and parameters related to Monte Carlo sampling, like burn-in period and number of
samples (BNP). In contrast, GNNs require tuning a substantially larger combination
of hyperparameters, including learning rate, weight decay, dropout, hidden dimension,
and number of layers, all of which must be carefully tuned to ensure stable training
and good convergence. Exploring this hyperparameter space introduces a significant
computational overhead that may far exceed the cost of a single model evaluation. As a
result, hyperparameter optimization becomes a non-negligible component of the overall
computational cost for GNNs, further amplifying their computational cost relative to
PGMs.

6.10 Discussion and Conclusions

In this work, we compare PGMs, specifically generative SBMs, and GNNs in how
they handle network data, focusing on the link prediction task. Our results show that
PGMs outperform GNNs when input node features are low-dimensional or noisy, a
situation frequently encountered in real-world networks where node attributes are limited
or unreliable. When high-quality, high-dimensional input features are available (e.g., rows of
the adjacency matrix) and the graph is assortative, both methods can achieve comparable
performance on average, but with GNNs outperforming PGMs on a fold-by-fold basis
on real networks. Furthermore, PGMs display greater robustness to increasing graph
heterophily, whereas the performance of GNNs deteriorates under the same conditions.
Notably, we find that GNN performance can be improved on heterophilic graphs with
a more careful selection of input features, echoing similar observations made for node
classification in [232, 269]. Introducing noise into the edges amplifies these trends: the

GNN advantage on real assortative graphs diminishes, while the regimes in which PGMs
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outperform GNNs become even more pronounced.

It is important to contextualize these findings. A key factor underlying these results is
the fundamental difference in how the two paradigms model edges. PGMs, through the
SBM, explicitly parameterize edge probabilities, making link prediction a native task. In
contrast, GNNs follow an indirect two-step procedure: they first learn node embeddings
and then map these embeddings to edge probabilities. This architectural distinction may
partly explain the relative advantage of PGMs in the link prediction setting. Although
PGMs show stronger performance in our link prediction benchmark, GNNs may excel
in downstream tasks that directly leverage their learned node-level representations, such
as node classification or graph classification. Investigating how the insights derived from
this work translate to other tasks is an interesting direction for future work. This would
require selecting PGMs that are able to handle input features, but also to consider as
baseline for comparison standard neural networks that only use input features. We expect
that the ability to discard or attenuate uninformative features would play a similar role
as the one we observed for link prediction.

Our goal was not to declare a universal winner, but to fill a gap in the literature by
systematically comparing these paradigms on a core structural task. This comparison
highlights that standard GNNs often act more as powerful feature processors rather than
explicit structure learners. Such an understanding offers practitioners an evidence-based
framework for selecting appropriate models based on data characteristics and task
requirements.

However, an important advantage of GNNs lies in their flexibility in handling diverse
input features. Unlike PGMs, which rely on ad-hoc design choices to incorporate
heterogeneous covariates, GNNs seamlessly integrate arbitrary feature types, simplifying
implementation and broadening applicability. Recent work [275] suggests, however, that
similar black-box strategies could be employed to extend PGMs, such as SBMs, to handle
arbitrary attributes more flexibly.

Finally, prior studies have shown that even simple linear models can outperform GNNs
in link prediction tasks [276, 277]. This reinforces the view that GNNs struggle to truly
learn from the underlying graph structure and depend on effective feature design. Given
these limitations, GNNs architectures should ideally be designed to automatically select
or discard features and incorporate structural signals (e.g., from the adjacency matrix)
in a more principled way. In the absence of this additional learning step, practitioners

should carefully consider which features to provide as input to maximize performance.
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6.11 PGM vs. GNN scatterplots

To complement the results presented above, we analyze the performance of PGMs and
GNNs in greater detail by comparing their per-fold AUC scores. This allows us to assess
the relative performance of the models fold-by-fold, going beyond averages and standard
deviations. Each point in the scatterplots corresponds to one of the 5 cross-validation
folds, plotted as (AUCgnn, AUCpgy). Points above the diagonal indicate that the PGM
performs better on that fold, while points below indicate that the GNN does. For each
subplot, we also report the percentage of folds won by each model family.

We compare the per-fold performance for both real and synthetic datasets. For real
datasets where features are available, we report either the attribute-based or structure-based
GNN performance, selecting whichever achieves the highest score. All plots correspond to
the case where the feature dimensionality is kept full and the feature vector entries are
not randomized, i.e., no injected feature noise. We focus on both the original graphs and
their corrupted versions, in which a fraction of the edges has been randomly perturbed
(Section . This side-by-side comparison highlights whether corrupting the graph
changes which model family dominates on each dataset.

In Figures and we see that edge noise generally shifts performance in favor of
PGMs on real data, reducing the advantage of GNNs on assortative graphs and amplifying
the advantage of PGMs on disassortative ones. In Figure we observe the same
shift for synthetic assortative graphs (with an amplified PGM advantage), whereas in
Figure GNN performance improves under noise for the synthetic disassortative ones,
yet remains lower than that of PGMs.
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(b) Perturbed graph with 10% of edges randomly corrupted.

Figure 6.11: Real assortative datasets: per-fold comparison between PGMs and GNNss.
For the PGMs, only MTCOV uses input features. Each point corresponds to one of the
5 cross-validation folds. Numbers inside the boxes are the fraction of folds where each
model family outperforms the others.
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Figure 6.12: Real disassortative datasets: per-fold comparison between PGMs and GNNs..
For the PGMs, only MTCOV uses input features. Each point corresponds to one of the
5 cross-validation folds. Numbers inside the boxes are the fraction of folds where each

model family outperforms the others.
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Figure 6.13: Synthetic assortative datasets: per-fold comparison between PGMs and
GNNs. Results correspond to one of the 10 synthetic samples, allowing a direct comparison
between the unperturbed and perturbed case. We note that the relative performance
between PGMs and GNNs in the unperturbed setting is consistent across all 10 samples.
For the PGMs, only MTCOV uses input features. Each point corresponds to one of the
5 cross-validation folds. Numbers inside the boxes are the fraction of folds where each
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Figure 6.14: Synthetic disassortative datasets: per-fold comparison between PGMs and
GNNs. Results correspond to one of the 10 synthetic samples, allowing a direct comparison
between the unperturbed and perturbed case. We note that the relative performance
between PGMs and GNNs in the unperturbed setting is consistent across all 10 samples.
For the PGMs, only MTCOV uses input features. Each point corresponds to one of the
5 cross-validation folds. Numbers inside the boxes are the fraction of folds where each
model family outperforms the others.
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Chapter 7
Discussion and Conclusions

In this final chapter, we synthesize the core contributions of this thesis into a unified
perspective on learning from graph-structured data. We first summarize the key findings
emerging from the theoretical, practical, and comparative studies, and then weave them
together to articulate a coherent understanding of Graph Neural Networks (GNNs). This
synthesis highlights how GNNs process features, exploit graph topology, and differ from
alternative paradigms such as Convolutional Neural Networks (CNNs) and Probabilistic
Graphical Models (PGMs). In particular, we emphasize the potential of GNNs as powerful
architectures for data fusion, capable of integrating heterogeneous information sources
within a unified relational framework. Building on these insights, we discuss the broader
implications and limitations of the presented work and outline promising directions for

future research.

7.1 Summary of Contributions

This thesis presents a comprehensive investigation of GNNs, clarifying their operational
mechanisms, fundamental limitations, and comparative advantages relative to other
learning paradigms. Through theoretical, practical, and comparative analyzes, we advance
both the mechanistic understanding and methodological development of GNNs as models
for graph-structured data.

From a theoretical perspective, the thermodynamic framework presented in Chapter
and published in [3I] provides a physically grounded view of learning dynamics. By
defining the SGD-temperature as the mean squared gradient activity during equilibrium
training, we establish a dynamic and optimizer-agnostic criterion for structured pruning
that surpasses magnitude-based methods. Applied to GNNs, this measure identifies the
most informative input features as those inducing persistently high squared gradient on the
weights (“hot” features) while “cold” features contribute little to learning. Furthermore, this

analysis reveals that “hot” features often exhibit strong co-variation across nodes, indicating
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redundancy among feature dimensions, and suggesting that GNNs rely on amplifying widely
shared patterns rather than exploiting unique node-specific information. This finding
reframes redundancy as a stabilizing factor in GNN learning rather than an inefficiency.
We also uncover a critical dependency on feature dimensionality: GNNs prove robust
when aggressively pruning high-dimensional input features, but performance deteriorates
sharply once dimensionality drops below a threshold (of the order of a few dozen features),
highlighting a fundamental trade-off between compression and representational richness.

From a practical perspective, Chapter [5| demonstrates that GNNs can successfully
perform 3D microstructure segmentation when volumetric data is represented as graphs.
The proposed Vision Graph Neural Network (ViG) [32] achieves segmentation accuracy
comparable to state-of-the-art 3D U-Nets [28] on synthetic data while using significantly
fewer parameters. Although the ViG performs competitively on synthetic datasets, its
ability to generalize directly to out-of-domain experimental data, without fine-tuning, is
less robust than that of the U-Net. We posit that GNN’s reliance on node features makes
it more sensitive to changes in grayscale distributions between synthetic and experimental
data, while the texture patterns learned by the U-Net’s convolutional filters provide
resilience to domain shifts. Nonetheless, when fine-tuned on limited experimental data,
the ViG consistently improves, while the U-Net often suffers from degradation. This
behavior highlights the superior capacity of GNNs for data-efficient domain adaptation,
stemming from their use of relational information, as seen in semi-supervised node
classification [I1]. However, GNN performance remains highly dependent on feature
expressiveness, as using only scalar grayscale values instead of enriched CNN-derived
embeddings leads to a substantial drop in segmentation accuracy.

From a comparative perspective, Chapter [f] systematically benchmarks GNNs against
PGMs [33], focusing on Stochastic Block Models (SBMs). The analysis centers on link
prediction, as it directly evaluates a model’s ability to capture pairwise relationships.
Results show that PGMs outperform GNNs when node features are low-dimensional,
noisy, or when graphs exhibit heterophily, conditions under which explicit probabilistic
modeling of edge formation provides greater robustness. Conversely, GNNs excel when
high-quality, high-dimensional features are available, achieving performance comparable
to PGMs. Notably, GNN performance on heterophilic graphs improves substantially
when topology is encoded directly in the node features, reinforcing the idea that their
strength lies in processing feature-rich representations rather than inferring structure
from connectivity alone. Interestingly, although GNNs lack the explicit community
modeling of PGMs, they tend to organize their latent space in a way that implicitly
mirrors the underlying community structure. However, the resulting embedding vectors
are not directly interpretable, revealing a persistent interpretability gap between the two
approaches. Finally, although both models scale linearly with graph size, GNNs’ need for

expressive feature representations results in higher computational costs than PGMs.
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7.2 Future Directions

Together, the findings presented in this thesis show that GNNs work as feature-driven
models for deep representation learning, leveraging graph connectivity primarily as a
computational backbone rather than as the principal source of learning signal. Their
predictive strength arises from propagating and refining expressive node representations
across the graph, rather than from explicitly modeling edges as in PGMs. GNNs
naturally excel at tasks such as node classification, which directly leverage learned node
representations, whereas link prediction poses a distinct challenge, requiring an additional
mapping from node embeddings to edge-level predictions.

One of the most powerful strengths of GNNs, though unexplored in this thesis,
lies in their ability to flexibly integrate heterogeneous input features within a unified
representation space. Unlike PGMs, which rely on ad-hoc design choices to incorporate
heterogeneous attributes, GNNs seamlessly integrate arbitrary feature types, simplifying
implementation and broadening applicability. This capability positions them as natural
data-fusion engines, capable of reasoning jointly across complementary sources of information.

For example, in traffic forecasting, recent work [278] demonstrates that GNNs enhance
performance when combining multiple data within the node features, such as information
collected from different sensors (e.g., GPS-enabled vehicles and traffic detectors) and
heterogeneous attributes (e.g., vehicle speed, weather conditions, or road incidents).
Analogously, in materials science, one could enrich node features with complementary
techniques, such as X-ray tomography, infrared thermography, or spectroscopy. Extending
the segmentation framework introduced in Chapter |5} this would allow the model to learn
relationships informed not only by grayscale intensity but also by thermal, mechanical, or
chemical properties, potentially enhancing the segmentation of phases that share similar
grayscale values in XCT but differ in other physical attributes.

Beyond feature-level fusion, GNNs have also been employed to perform graph-level data
fusion. The Evolution Temporal Graph Convolutional Network (ETGCN) [279] exemplifies
this approach by combining three different kinds of graph adjacency matrices to identify
spatial correlations. This fusion is achieved through a similarity-based cross-product
attention mechanism that assigns learnable weights to each adjacency, producing a unified
matrix which is then used for graph convolution. However, this approach ultimately
collapse structural information into a single learned topology, limiting interpretability
regarding how different relational layers interact. In contrast, SBMs provide an explicit
probabilistic framework for modeling multilayer graphs [I50], as in [121), 122], which
preserve multiple adjacency matrices as distinct yet interdependent relational layers.
Each layer represents a different type of interaction among the same entities, enabling
both layer-specific and cross-layer reasoning, and offering a principled means to quantify

interdependence between layers.
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Combining the structured reasoning and interpretability of PGMs with the flexible
handling of heterogeneous features and expressiveness of GNNs represents a promising
direction for advancing deep learning on graph-structured data. Recent advances [275]
suggest that black-box extensions of probabilistic models such as SBMs could achieve
similar flexibility in handling arbitrary node attributes, further bridging the gap between
PGMs and GNNs. Future research should therefore focus on developing learning models
that not only accommodate heterogeneous features but also fully exploit graph connectivity
in a data-driven and interpretable manner, potentially extending these capabilities to
multilayer graph settings.

The potential of such hybrid approaches becomes particularly evident in neuroscience,
where understanding the human brain requires integrating complementary forms of
connectivity and diverse data sources [266]. Among the various neuroimaging modalities,
MRI remains the most widely used for brain analysis. Different types of MRI data, such
as functional MRI (fMRI) and Diffusion Tensor Imaging (DTT), enable the construction
of functional and structural brain networks, respectively. In functional brain networks,
connectivity reflects correlations between the time-series activity of brain regions, whereas
in structural brain networks, it models the physical connections between gray matter
regions. These modalities offer distinct yet interdependent perspectives on neural
organization, but their integration poses a major challenge for conventional Euclidean deep
learning models or shallow interpretable methods, such as graph kernels [280] and tensor
factorization approaches [281], which are unable to capture the complex, multilayered
graph structures underlying brain networks [282].

By pursuing these directions, GNNs can evolve from powerful yet opaque function
approximators into structured and interpretable models for graph-based learning, capable
of fusing heterogeneous information, reasoning over connectivity, and extracting knowledge
from the complex, interconnected data that define modern science and the modern world.
Neuroscience, in particular, represents perhaps the most promising frontier, offering a
compelling proving ground for such advances, as it demands systems capable of integrating
multimodal, multilayer data to produce interpretable, biologically grounded insights into
the organization and dynamics of the human brain. Progress in this direction could unlock
transformative insights into the brain and, ultimately, into the nature of intelligence itself,

with far-reaching implications for humanity.
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