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Abstract: 

Laser Powder Bed Fusion (LPBF), as a representative technique of metal additive 

manufacturing, demonstrates tremendous potential for producing complex, high-performance 

metal components. However, the process still faces critical challenges in thermal behavior 

modelling, process parameter optimization, and performance enhancement. Traditional 

numerical methods, such as the Finite Element Method (FEM) and Computational Fluid 

Dynamics (CFD), can accurately capture the temperature evolution and melt pool dynamics but 

suffer from extremely high computational costs and parameter sensitivity, making them 

unsuitable for fast or real-time process prediction. In contrast, data-driven machine learning 

models are computationally efficient but rely heavily on large experimental datasets and lack 

physical consistency and generalization capability. Furthermore, for high-performance 

aluminum alloys—Scalmalloy® (Al–Mg–Sc–Zr)—systematic investigations remain limited. 

Although Scalmalloy® exhibits superior strength and fatigue performance in LPBF processing, 

the understanding of its post-processing behavior, surface integrity, and performance-response 

mechanisms remains incomplete, hindering its broader industrial application. 

To address the aforementioned issues, this study aims to improve the modelling accuracy and 

performance stability of the LPBF process through a systematic investigation covering two 

main stages: pre-process temperature field modelling and parameter calibration, and post-

process performance optimization. The goal is to provide new theoretical support and technical 

pathways for rapid temperature field prediction, process parameter optimization, and 

performance enhancement in LPBF. 

Firstly, in the modelling stage, focusing on the thermal conduction mechanisms and numerical 

modelling challenges of the keyhole-mode LPBF process, a three-dimensional transient heat 

transfer model was developed based on the Physics-Informed Neural Network (PINN) 

framework. The model embeds the heat conduction equation and boundary conditions directly 

into the neural network loss function, enabling high-accuracy temperature prediction under 

limited or unsupervised data conditions. A double-conical volumetric heat source was 

employed to describe the energy distribution in the keyhole regime, providing both geometric 

tunability and physical interpretability, while also being extendable to conduction-mode 

melting. Through systematic optimization of hyperparameters and sampling strategies, the 

constructed PINN model achieved high prediction accuracy with a computational cost reduced 

by several orders of magnitude compared with traditional CFD models, significantly improving 

modelling efficiency. 

Secondly, in the model calibration and validation stage, an automatic heat source parameter 
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calibration method was developed by integrating Pearson correlation-based sensitivity analysis 

with inverse optimization. Experimental results demonstrated that the lower cone height (Hₗ) 

and top radius (Rₜ) are the key parameters governing melt pool depth and width, respectively. 

By establishing empirical mappings between these parameters and the laser process variables 

(power and scanning speed) through inverse analysis, the PINN model acquired physically 

consistent self-adaptive calibration capability. Comparative validation against experimental 

measurements and CFD simulations showed that the model achieved an average relative error 

below 5% in predicting melt pool geometry and could generate stable temperature field 

predictions within milliseconds, significantly outperforming traditional numerical simulations 

in both prediction efficiency and computational cost. Furthermore, a case study was carried out, 

the PINN rapidly identified the optimal power–speed combination to achieve the desired 

penetration depth, confirming the practical feasibility of this method in laser processing. 

Finally, in the post-processing stage, a systematic investigation was conducted on high-strength 

Scalmalloy® (Al–Mg–Sc–Zr) components fabricated by LPBF to evaluate the effects of 

machining (M), shot peening (SP), and their combined treatment (M+SP) on surface and 

mechanical properties. The results revealed that shot peening induced a significant hardening 

effect up to a depth of approximately 200 μm, while generating beneficial compressive residual 

stresses extending to around 300 μm beneath the surface. Low-intensity shot peening (150 mm, 

4 bar, 20 s) provided a favorable balance between surface smoothness and stress induction, 

whereas high-intensity peening further increased surface hardness but caused surface damage 

and ceramic particle embedding. Fatigue testing demonstrated that shot peening enhanced 

fatigue life by approximately 55–60%, with the combined machining and shot peening (M+SP) 

process exhibiting the best overall mechanical performance, offering an optimized route for 

improving both surface integrity and structural reliability of LPBF-processed Scalmalloy® 

components. 

Key words: Physics-informed neural network; Laser powder bed fusion; Modeling; Post 

process; Aluminum alloy 
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Chapter 1 Introduction 

1.1 Research Background and Significance 

In recent years, laser technology has become a key enabler in industrial production, offering 

advantages such as low thermal load, high processing quality, fast processing speed, precise 

energy delivery to the workpiece, and a high degree of automation. The versatility of laser 

operations spans a wide range of processes, including additive-manufacturing microstructures 

[1][2], multi-material additive manufacturing [3], rapid additive manufacturing [4], directed 

energy deposition [5], cladding [6], hot-wire cladding [7], surface polishing [8][9], coatings 

[10], engraving [11], hardening [12], drilling [13], sintering [14], vision sensing [15], laser-

assisted machining [16][17], laser-assisted milling [18], and marking [19]. 

Metal laser additive manufacturing has rapidly gained widespread industrial adoption due to its 

speed and precision. It includes LPBF and laser-directed energy deposition (LDED). LPBF is 

a widely used AM method that has attracted significant attention from both academia and 

industry [20][21]. The LPBF process involves multiple coupled physical fields-(1) solid 

mechanics, (2) solid-state transformations, (3) thermal fluid dynamics, and (4) particle 

dynamics—as illustrated in Fig. 1a. During LPBF, a series of complex physical and chemical 

phenomena occur. These include the absorption of laser energy, which induces localized heating 

within the powder; subsequent melting and solidification that transform the solid material into 

a liquid phase and then into solid crystals upon cooling; and rapid cooling rates that yield 

refined microstructures with unique properties. LPBF is a layer-by-layer manufacturing process 

in which each powder layer is melted by a laser beam scanned over the prescribed geometry, as 

shown in Fig. 1b. Owing to the smaller powder particles and tighter laser spot size, LPBF 

achieves higher dimensional accuracy and superior surface quality compared with other metal 

AM methods. When the powder is irradiated by the laser beam, transient interactions typically 

arise among the powder material, the laser, and the evolving states of the powder, leading to 

steep temperature gradients and high cooling rates [22]. These distinctive advantages promote 

grain refinement and thus offer substantial microstructural tailoring capability, which has driven 

the application of LPBF to a variety of alloy systems—including aluminum alloys—for 

processing and fabrication [23]. 
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Fig. 1Schematic illustration of the Laser-Powder Bed Fusion (LPBF) process; A) Associated physical and chemical 

phenomena during the process of laser-powder interaction, solidification, and solid-state transformation[24],[25], 

B) Diagram of the process [26], C) The main influencing factors and processing parameters[27]. 

Despite these advantages, LPBF also faces significant challenges. Due to the complexity of the 

LPBF process, the large number of process parameters that are difficult to control, and the 

inherently multi-physics and multi-scale nature of the phenomena involved—including laser–

powder interactions, melt pool dynamics, and grain growth—the process is prone to various 

defects. The difficulty in precisely tuning the numerous parameters can lead to the formation 

of pores, cracks, and other defects during fabrication, which severely affect the quality and 

service performance of the produced parts [28][29]. Figure 1c illustrates the main process 
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parameters that influence LPBF production. 

Typical LPBF defects—such as gas entrapment, lack of fusion (LoF), and keyhole porosity—

can significantly degrade the mechanical and fatigue properties of printed components [30]. 

Phenomena such as balling, excessive surface roughness, and spatter adhesion may further 

deteriorate the surface quality. The formation of these defects is governed by the complex 

interplay of multiple factors, including processing parameters (e.g., laser characteristics such 

as scanning speed, laser power, and scanning strategy), material properties (e.g., powder 

morphology and particle size distribution), and environmental conditions (e.g., chamber 

atmosphere and temperature) [31]. 

In LPBF production, the primary concerns regarding part performance include mechanical 

properties (e.g. strength, hardness, and fatigue life) and surface quality, including surface 

roughness and dimensional accuracy. These properties directly determine the service reliability 

and operational lifespan of the manufactured components. However, due to the aforementioned 

complex physical mechanisms and strong parameter coupling, accurately predicting process 

characteristics and their influence on part performance remains highly challenging[32]. 

Optimization of part performance in LPBF production is typically pursued from three main 

perspectives: 

(1) Pre-processing stage: Computational modelling and numerical simulation are employed to 

predict the laser-induced temperature field, melt pool dynamics, porosity formation, and 

microstructural evolution. These predictions enable proactive adjustment of process parameters 

by identifying potential defects or assessing their impact on material properties. 

(2) In-processing stage: In-situ monitoring and in-process feedback control techniques are 

utilized for real-time defect detection, melt pool stability assessment, and quality prediction. 

Such approaches allow delayed or real-time adjustments of process parameters—such as laser 

power and scan speed—to prevent defect formation. 

(3) Post-processing stage: Techniques such as heat treatment and surface strengthening are 

applied to further improve the microstructure and mechanical performance of the parts. 

Moreover, the integration of these three stages provides a systematic framework for holistic 

process control and quality optimization throughout the entire LPBF production chain. 

Current in-situ monitoring approaches in LPBF primarily aim to detect melt pool anomalies, 

porosity, and other defects by either extracting features from sensor data or applying deep 

learning algorithms for data classification. The monitoring data are mainly acquired from two 

categories of sensors: radiation-based sensors, which capture melt pool surface temperature, 
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spatter, and plume dynamics, and non-radiation-based sensors, which record optical, acoustic, 

and other process-related signals. 

In most cases, these monitoring systems perform inspection after the completion of a processed 

layer, followed by parameter adjustments for the subsequent layer. For example, infrared 

thermography is often employed to measure surface temperature distributions, analyze spatter 

and plume behavior, and assess thermal gradients. Similarly, X-ray diffraction imaging has been 

utilized to elucidate the effects of laser power on melt pool geometry, keyhole mode formation, 

and particle motion. 

Nevertheless, the massive volume of data generated by these in-situ systems demands high-

bandwidth data transmission and powerful computational algorithms for real-time processing. 

This requirement poses a substantial challenge to achieving genuine online defect detection. 

Consequently, most existing systems are limited to post-process analysis or delayed feedback 

control. Research on real-time, closed-loop feedback control in LPBF remains limited. 

Ensuring adequate processing speed during online control—particularly for real-time defect 

detection and reliable early warning generation—continues to be one of the most critical and 

unresolved issues in the field. 

Although optimized process parameters can minimize defect formation to some extent, porosity 

in laser powder bed fusion (LPBF) components remains unavoidable. The surface integrity and 

structural soundness of LPBF-manufactured parts therefore continue to pose major challenges 

for industrial applications. Numerous studies have reported similar findings: fatigue failures are 

highly sensitive to surface defects, and the closer the pores are to the component surface, the 

more detrimental they become during cyclic loading, as they tend to serve as crack initiation 

sites leading to premature fracture [33][34]. Post-processing techniques can alleviate surface 

and subsurface defects, thereby creating favorable conditions for enhancing both surface and 

structural integrity. However, data on the effects of different post-processing treatments for 

LPBF-produced Scalmalloy components remain limited in the literature [35][36]. 

Therefore, to address the limitations of existing in-situ monitoring techniques in LPBF and the 

lack of systematic research on post-processing strategies for Scalmalloy components, this study 

primarily focuses on two critical stages of the LPBF process: the pre-processing stage, 

involving modelling and predictive analysis, and the post-processing stage, aimed at 

performance optimization. 

In this study, focusing on the pre-processing stage of LPBF—a physics-informed neural 

network (PINN) model was developed for predicting the temperature field in keyhole-mode. 

Specifically, a double-conical heat source was incorporated into the PINN framework, and the 
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model hyperparameters were optimized within a narrowed input domain. A transfer learning 

strategy was introduced to accelerate model convergence, while a limited set of experimental 

data was employed for inverse analysis to calibrate and validate the model accuracy. On this 

basis, the calibrated model was further applied to an aluminum alloy overlap welding case study. 

The near-instantaneous (<50 ms) PINN-predicted results exhibited good agreement with 

experimental observations in terms of melt pool morphology and temperature distribution., 

confirming the model’s reliability and generalization capability under multiple process 

conditions. Finally, the potential of the proposed model for real-time temperature field 

monitoring and melt pool stability prediction during laser processing (corresponding to the 

second stage: real-time detection and control) was explored, along with its prospective 

extension to LPBF applications. This work establishes a solid foundation for developing an 

integrated online monitoring and control platform for laser welding and LPBF manufacturing 

processes. 

On the post-processing stage, this study systematically investigates the effects of different post-

treatment methods on the surface integrity and structural integrity of LPBF-produced 

components. The employed post-processing techniques include shot peening (SP), machining 

(M), and machining followed by shot peening (M+SP). By comprehensively analyzing the 

microstructure, hardness, tensile properties, fatigue performance, and residual stress, the study 

evaluates and compares the performance of Scalmalloy components subjected to different post-

processing routes. 

1.2 Research Status 

This section analyzes the current development status from three aspects for optimizing the 

performance of LPBF-manufactured components: pre-processing modelling and prediction, in-

process monitoring and control, and post-processing performance enhancement and integrity 

optimization of the fabricated LPBF parts. 

1.2.1 Pre-processing Stage — Process Modelling and Prediction 
Research in the pre-processing stage aims to predict heat transfer, melt pool dynamics, defect 

formation, and microstructural evolution during the laser processing stage through modelling 

and numerical simulation, thereby providing a theoretical basis for process parameter 

optimization. The following subsections classify the modelling approaches for LPBF pre-

processing according to their methodological framework. As shown in Fig. 2, modelling of the 

Laser Powder Bed Fusion (LPBF) process can generally be divided into two main branches 

based on the modelling methodology and approach: (1) Theory-Based (TB) models and (2) 

Empirical-Based (EB) models. 
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Fig. 2 Classification of LPBF modelling based on methods approach[37]. 

(1) Theoretical Models 

Theory-based LPBF models are constructed according to the fundamental principles governing 

the laser beam welding process. Research in this area is generally divided into two 

subcategories: 1-Exact and 2- Numerical. Exact models derive process outputs based on the 

energy balance among the input, output, and losses during the laser beam welding process, 

providing exact solutions to the governing equations. Numerical models, including the finite 

element method (FEM) and various software-based approaches, are also employed to solve the 

theoretical equations that describe the process behavior. 

[38] proposed a method based on thermal finite element simulation to calibrate the laser 

penetration depth and absorption rate, aiming to analyze the melt pool characteristics of Alloy 

718 in LPBF. The results showed a strong correlation between these two parameters and the 

modified energy density: the penetration depth primarily influenced the melt pool depth, while 

the absorption rate determined the melt pool width. The calibrated results were consistent with 

both analytical models and experimental data, revealing the underlying physical mechanisms 

of the laser–melt pool interaction under varying energy inputs. 

 

a)                                                                           b) 

Fig. 3 a) Illustration of the heat source model used in the present thermal FEM simulations b) Geometries for the 

substrate and powder bed for finite element method simulations of single track PBF 

[39] investigated the influence of preheating temperature on the melt pool morphology of 

Inconel 718 during L-PBF through experiments combined with CtFD numerical simulations. 
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The results showed that increasing the preheating temperature significantly deepened the melt 

pool—by up to 49%—across the conduction, transition, and keyhole melting modes. In the 

keyhole region, higher preheating temperatures enhanced evaporation and recoil pressure 

effects, resulting in a deeper melt pool and longer melt tracks. This study elucidated the 

mechanistic role of preheating temperature in regulating melt pool dynamics and provided 

important insights for optimizing L-PBF process parameters. 

[40] developed a multiphysics model combining the Discrete Element Method (DEM) and 

Computational Fluid Dynamics (CFD) to investigate the effect of layer thickness on the thermo-

fluid behavior and single-track formation of AISI H13 steel during L-PBF, as illustrated in Fig. 

4. The results indicated that layer thickness had a pronounced influence on melt pool depth: a 

smaller layer thickness (30 µm) reduced the melt depth due to enhanced heat conduction. By 

adjusting laser power and scan speed, the melt depth could be effectively controlled for different 

layer thicknesses. The simulations further revealed that a layer thickness of 50–70 µm, 

combined with a moderate energy density, yielded continuous melt tracks with sufficient 

penetration depth, providing valuable guidance for L-PBF process parameter optimization. 

 

Fig. 4 Temperature distribution at different times with laser power of 200 W, scanning speed of 1000 mm/s, 

LED of 0.2 J/mm, and layer thickness of 50 µm (a) and molten metal flow and velocity flow field (b)[40].  

[41] proposed a finite element thermal conduction model based on consolidation geometry to 

efficiently predict the temperature field and melting behavior of Inconel 718 during the LPBF 

process. The model accounts for phase transformation and the influence of powder 

consolidation on laser–material interaction, with the interaction parameters calibrated through 

experimental data. The results demonstrated that this approach can accurately predict melt pool 

dimensions and temperature distribution without explicitly simulating powder densification. 
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This method provides an efficient tool for the rapid thermal analysis and process optimization 

of multilayer LPBF fabrication. 

[42] established a three-dimensional finite element heat transfer model to predict melt pool 

dimensions and surface morphology during the LPBF process, and conducted a comparative 

analysis of eight commonly used heat source models. To improve simulation accuracy, a new 

model incorporating anisotropy-enhanced thermal conductivity and variable laser absorptivity 

was proposed. Validation results showed that this model more accurately reproduced the 

experimental melt pool geometry and surface features, while the linear heat source formulation 

significantly enhanced predictive consistency with reduced model complexity. This modelling 

approach provides an efficient means for LPBF process parameter optimization. 

 

Fig. 5 Schematic representations of various heat source models used for melt pool modelling in LPBF (a) cylindrical 

shape, (b) semi-spherical shape, (c) semi-ellipsoidal shape, (d) conical shape, (e) radiation transfer method, (f) ray-

tracing method, (g) linearly decaying method, (h) exponentially decaying method [42]. 

[43] developed a three-phase numerical model based on the Volume of Fluid (VOF) method to 

systematically investigate the heat transfer and fluid dynamics of the melt pool during the LPBF 

process. The model comprehensively accounts for surface tension, the Marangoni effect, recoil 

pressure, and laser energy absorption characteristics. The results revealed that the melt pool 

morphology is strongly influenced by laser power and scan speed, while larger layer thicknesses 

tend to cause unmelted powder and pore formation. The model successfully reproduced the key 

physical phenomena of powder melting and solidification in LPBF, providing a reliable 

numerical tool for understanding melt pool evolution mechanisms. 

[44] proposed a multiscale finite element modelling framework for efficiently predicting 

warpage deformation and residual stress in LPBF-manufactured metal parts. The framework 

integrates three hierarchical levels: microscale, mesoscale, and macroscale. At the microscale, 
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the powder–melt–solidification phase transition is modeled to extract an effective heat source; 

at the mesoscale, intrinsic strain is derived; and at the macroscale, these data are utilized to 

rapidly compute the residual stress and deformation of large-scale components, as illustrated in 

Fig. 6. A simulation using a dual-cantilever beam as a case study demonstrated that this 

approach effectively reveals the influence of process parameters on structural responses, 

providing a multiscale analytical pathway for LPBF process optimization. 

 

Fig. 6 Schematic view of layer activation concept: (1) all (solid) layers initially deactivated, (2) one current layer 

activated, (3) inherent strain ɛ𝐼𝐼𝐼𝐼ℎ applied as external load to current layer, (4) warpage of part after deactivation of 

boundary conditions. 

[45] proposed an analytical model for predicting residual stress in LPBF, which accounts for 

volume conservation during plastic deformation. The model captures the interactions among 

thermal gradients, phase transformations, and plastic strains, linking thermal expansion during 

heating and contraction during cooling to stress formation. By incorporating densification and 

anisotropic deformation, the model is capable of predicting both tensile and compressive stress 

distributions, while also exploring the effects of key process parameters such as laser power 

and scan speed. This approach provides critical insights for optimizing LPBF process 

parameters to improve component quality and minimize defect formation. 

Study[46] developed an analytical model to predict molten pool dimensions and vapor 

depression depth in the keyhole melting mode of LPBF, addressing the critical role of molten 

pool geometry in process-induced defects. The model combines a moving point heat source, 

representing plasma effects at the keyhole mouth, and a finite-length moving line heat source 

to account for laser power absorption along the keyhole walls. Using a closed-form solution for 

temperature distribution, the model determines molten pool width, depth, and vapor depression 

depth by comparing predicted temperatures with the material's melting and boiling points. 

Validated against experimental data for Ti6Al4V, the model demonstrates high accuracy and 

low computational cost, avoiding finite element simulations. Sensitivity analyses reveal the 

influence of process parameters, providing a practical tool for optimizing LPBF conditions to 

reduce defects and improve component quality. 
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Study[47] present a thermodynamically consistent phase transformation model tailored for 

multiphase alloys, with a specific application to Ti6Al4V in LPBF processes. The model 

integrates thermodynamic and kinetic principles to capture the complex interplay between 

thermal history, phase stability, and transformation kinetics in multiphase systems. By 

accounting for the rapid thermal cycles and non-equilibrium conditions inherent in LPBF, the 

model accurately predicts the evolution of microstructures, including the α-β phase 

transformations and their interactions. The framework incorporates energy dissipation, phase-

field dynamics, and constitutive equations to ensure thermodynamic consistency across all 

phases. Validation against experimental data for Ti6Al4V alloys demonstrates the model's 

capability to predict phase fractions and transformation pathways under varying process 

conditions. This work offers a robust tool for understanding and optimizing the microstructural 

evolution in LPBF, enabling better control over mechanical properties and minimizing defects 

in fabricated components. The computed CCT, crystal structures of β- and α-phases and 

presented parameters are provided in parts A, B, and C of Fig. 7. 

 

Fig. 7 A) Computed CCT diagram for 100 cooling rates (0.01–600 K/s) visualizing mass fractions 𝜁𝜁𝑠𝑠𝑠𝑠𝑠𝑠,𝛼𝛼, with four 

characteristic rates[47], B) Crystal structures of 𝛽𝛽- and 𝛼𝛼-phases of Ti6Al4V, with lattice parameters: a1 = 0.319 

nm (bcc) and a2 = 0.2925 nm, c = 0.4670 nm (hcp) C) parameters a1, a2, a3 [47]. 

Study[48] propose an analytical model for predicting the quantitative texture of single-phase 

materials in LPBF, incorporating heat transfer dynamics. The model establishes a direct 

relationship between thermal gradients, cooling rates, and crystallographic texture evolution 

during the rapid solidification process of LPBF. By considering the directional heat flow and 
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solidification behavior, it predicts the preferred grain orientations and texture intensity based 

on process parameters such as laser power, scan speed, and layer thickness. The study highlights 

the model's efficiency in capturing texture development without requiring computationally 

expensive numerical simulations. Validation with experimental data demonstrates its accuracy 

in predicting crystallographic texture for single-phase materials. This work provides a valuable 

framework for controlling microstructural anisotropy in LPBF, offering insights for optimizing 

process conditions to enhance material performance in various applications. 

(2) Empirical Models 

Empirical models for Laser Powder Bed Fusion (LPBF) establish relationships between process 

input parameters and process responses or performance outputs through data fitting or empirical 

correlations. The core concept of such models is to replace complex physical derivations with 

data-driven approaches, enabling rapid prediction and optimization. These models aim to 

construct a multiscale “Process–Thermodynamics–Structure–Performance (PTSP)” mapping 

framework, which links the entire chain from energy input (e.g., laser power, scanning speed) 

to melt pool behavior and microstructural evolution, and ultimately to part performance (e.g., 

strength, density, fatigue life).According to the modelling methodology, empirical models can 

be categorized into three types: ① Regression-based or traditional empirical models; ② Semi-

empirical models based on simplified physics; and ③ Modern machine learning-based models. 

① Regression and Semi-Empirical Models 

Regression models are among the earliest forms of empirical modelling. They typically 

establish predictive relationships by fitting empirical curves between process input and output 

variables—such as laser power, scan speed, melt pool dimensions, and part density. Although 

these models provide limited physical interpretability, they offer high computational efficiency 

and are well-suited for the rapid estimation of process parameter windows. 

[50]employed the Smoothed Particle Hydrodynamics (SPH) method to investigate the balling 

mechanism in single-track melt formation during PBF-LB/M. The results revealed that balling 

is primarily driven by the Marangoni effect and capillary forces, which cause melt accumulation 

at the tail and insufficient local deposition. After the onset of melt necking, the competition 

between spreading and contraction further influences balling formation. Although the balling 

characteristics were similar under different laser powers, their sizes varied. The study 

demonstrated that the SPH approach is capable of accurately capturing interfacial dynamics, 

providing an effective tool for elucidating the formation mechanism of balling defects in LPBF. 

[51]developed an analytical model to construct a power–velocity (PV) process map capable of 
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predicting melt pool geometry and defect formation, thereby evaluating densification and defect 

distribution during the LPBF process. By combining the melt pool governing equations with 

defect criteria, the model enables rapid estimation of the process window for different materials, 

showing good agreement with experimental results. This study proposed an analytical-solution-

based framework for process parameter design, providing an efficient guideline for LPBF 

process optimization of new metals and alloys. 

Study[52] focuses on determining the α\alphaα-to-β\betaβ phase transformation kinetics in 

laser powder bed fused (LPBF) Ti–6Al–2Sn–4Zr–2Mo-0.08Si and Ti–6Al–4 V alloys. Utilizing 

a combination of experimental techniques and modelling, the research quantifies the 

transformation rates under various thermal conditions typical of LPBF processing. The study 

analyzes the effect of alloy composition, cooling rates, and thermal gradients on the 

transformation pathways, highlighting the distinct kinetics driven by the rapid solidification 

inherent to LPBF. By incorporating thermodynamic and kinetic principles, the authors provide 

insights into microstructural evolution, including grain morphology and phase stability, which 

are critical for optimizing mechanical properties such as strength and creep resistance. This 

work offers a valuable framework for tailoring post-processing heat treatments to achieve 

desired performance in LPBF-fabricated titanium alloys for aerospace and biomedical 

applications. 

② Machine Learning-Based Modelling 

In recent years, machine learning (ML) methods have been extensively explored for additive 

manufacturing (AM) process modelling, leveraging ML’s powerful pattern recognition and 

data-driven capabilities to interpret process complexity. In general, ML techniques can be 

categorized into two learning paradigms—unsupervised learning and supervised learning—and 

four main application scenarios: clustering, dimensionality reduction, regression, and 

classification. The most widely adopted ML techniques have been summarized in [53][54]. 

The selection of an appropriate ML technique depends on various factors, including the 

application scenario (i.e., the four mentioned categories), the type of target system (e.g., linear 

vs. nonlinear, deterministic vs. probabilistic), the availability of labeled or unlabeled data, the 

response-time requirement (e.g., real-time vs. offline processing), and the available 

computational resources. Modelling the multiscale PTSP (Process–Thermodynamics–

Structure–Performance) relationships is generally regarded as a multimodal nonlinear 

regression problem, since data collected from different printing stages vary in format and 

exhibit complex interdependencies. On the other hand, anomaly detection and process control 

tasks are typically formulated as classification problems. 
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Depending on the nature of the sensor data, different ML techniques may be applied—for 

example, multivariate regression and decision trees (DTs) for discrete feature data, support 

vector machines (SVMs) and neural networks for continuous time-series data, and 

convolutional neural networks (CNNs) for image or video frame data. 

 

Fig. 8 Flow diagram describing the data curation approach for streamlining different parameters 

employed during ML-based prediction for LPBF 

[55] addressed the challenge of achieving high density and good surface quality in Laser 

Powder Bed Fusion (LPBF) by employing six supervised machine learning algorithms, as 

illustrated in Fig. 8, to predict relative density and surface roughness based on only 33 

experimental datasets. The results showed that using volumetric energy density as an input 

parameter significantly improved model accuracy, reducing the mean absolute percentage error 

(MAPE) by 30% and 21.94%, respectively. This dimensionless parameter enhanced the 

generality and transferability of the model. When the dataset was expanded to include different 

machines and materials, the model achieved R² values of 79.11% and 80.3% for density and 

roughness predictions, respectively, validating the effectiveness and generalization capability 

of the proposed approach. 

[57] employed a statistical machine learning (ML) model to establish the correlation between 

the thermal history and subsurface porosity formation in laser-melted Ti-6Al-4V powder. When 

incorporating thermal history, the model was able to capture the complex distribution of heat 

accumulation within actual components—an effect that models relying solely on laser and basic 

build parameters could not reproduce. The location and type of pores were extracted from high-

speed X-ray imaging, while the thermal history was obtained from infrared (IR) thermography, 

as shown in Fig. 9(left). For each experiment, the energy density (J/mm³) was calculated and 

compared with the maximum observed porosity, as illustrated in Fig. 9(right). A total of 15 

experiments were conducted, covering seven laser power levels, six scanning speeds, two 

scanning strategies, and different laser spot sizes. The relationship between porosity and 
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thermal history features was established by combining physical insights with computational 

reasoning, focusing particularly on the locations of overheating, which are most likely to induce 

instability and porosity formation. 

 

Fig. 9. The thermal history-subsurface porosity correlation (left: the experimental setup; right: the 
porosity categorization versus energy density in each experiment) [57]. 

[58]investigated the relationship between porosity characteristics (such as maximum pore size, 

pore number, and pore location) and fatigue life of LPBF-fabricated Inconel 718 components 

using Kernel Regression (KR), Support Vector Regression (SVR), and Kernel Ridge 

Regression (KRR) [94]. The results showed that an increase in pore size and number, as well 

as a decrease in the distance between pores and the specimen surface, led to a reduction in 

fatigue life. Furthermore, ML and statistical analysis results indicated that fatigue life was most 

strongly correlated with pore location compared with pore size and number; when the effects 

of pore location, size, and number were excluded, the R-squared (R²) values decreased by 

75.1%, 47.9%, and 4.16%, respectively. 

In another study [59], an Artificial Neural Network (ANN) was applied to correlate local pore 

features (such as size, shape, volume fraction, and porosity distribution) with the evolution of 

local strain, plastic anisotropy, and fracture behavior during the tensile deformation of LPBF-

produced AlSi10Mg, as illustrated in Fig. 10. The developed model successfully predicted the 

strain values, the locations of crack initiation during tensile loading, and the evolution of small-

scale plastic anisotropy. A key highlight of this study is that, during the data processing stage, 

unsupervised learning was employed to identify pixels belonging to pores and aggregate them 

into pore structures, thereby improving the efficiency of data processing. 

https://www.sciencedirect.com/topics/materials-science/energy-density
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Fig. 10 ANN framework for the prediction of the local strains and tensile fracture, from[59]. 

[60] proposed a Gaussian Process (GP)-based surrogate modelling approach to establish 

material data standards for the L-PBF process and to achieve robust partitioning of processing 

regimes for different materials. The model predicts melt pool depth using laser power, scanning 

speed, and spot size, and generates power–velocity maps to distinguish between conduction 

and keyhole melting regions. The results showed that the proposed statistical framework 

exhibits strong robustness against low-quality experimental data, and that high-fidelity 

numerical simulations can effectively replace experiments for model training, providing an 

efficient method for the rapid evaluation of L-PBF processability of new materials. 

[61]A Physics-Informed Neural Network (PINN) incorporating physical principles into the loss 

function was developed to characterize and predict the temperature and melt pool fluid 

dynamics (i.e., velocity, pressure, and temperature) of LPBF-fabricated Inconel 625 samples. 

The study integrated momentum, mass, and energy conservation into the loss function to 

regularize and accelerate network training and derived Dirichlet boundary conditions for melt 

pool velocity, pressure, and temperature from these conservation parameters. Using the 

established PINN framework, three different sets of process parameters were investigated to 

estimate melt pool length, width, depth, and solidification cooling rate (see Fig. 11). The results 

were further compared with FEM and thermal model predictions reported in [63][64]. The 

developed PINN model demonstrated good accuracy in predicting temperature and melt pool 

dynamics during the LPBF process using only a moderately sized dataset; however, it cannot 

fully capture the complexities of AM processes, such as the surrounding gas phase and free 

surface deformation of the melt pool. 
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Fig. 11 Comparison of the predictions of temperature and melt pool fluid dynamics of FEM, PINN, and experiment 

[61] 

[62] proposed a computational intelligence modelling approach based on Ensemble Multi-Gene 

Genetic Programming (EN-MGGP) to analyze the effects of SLS process parameters on 

properties such as porosity. The method enhances model generalization through statistical and 

classification strategies and outperforms the standard MGGP model. The results showed that 

EN-MGGP effectively identifies dominant process parameters and reveals nonlinear 

relationships in the SLS process, providing a more robust intelligent algorithmic framework for 

additive manufacturing process modelling and optimization. 

[65]investigated the surface morphology of LPBF-fabricated Inconel 625 using focus variation 

microscopy, revealing the significant influence of energy density and scanning strategy on 

surface texture. A machine learning-based predictive model was developed to establish the 

relationship between process parameters and surface texture characteristics, enabling the 

prediction of surface quality. This study demonstrated the potential of data-driven approaches 

for process planning and optimization in LPBF. 

1.2.2 In-Processing Stage — Process Monitoring and Control 
Research in the in-process stage focuses on real-time quality monitoring and defect detection 

during the laser processing stage, aiming to identify defects in a timely manner and adjust 

process parameters accordingly. Depending on whether real-time feedback control is 

implemented, such methods can be categorized into in-situ feedback control and in-process 

feedback control. Fig. 12 illustrates the general framework of an ML-supported LPBF 

feedback control loop. 
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Fig. 12 Generic framework of ML-enabled feedback loops for LPBF process[66]. 

Compared with post-process structural scanning and performance testing, in-situ sensing (e.g., 

layer-wise optical and thermal monitoring) enables defect detection, quality prediction, and 

process adjustment for defect compensation and quality assurance during the build process. 

Grasso and Colosimo [67] summarized the common defects in LPBF processes—such as 

porosity, residual stress and cracking, balling, and geometric deviations—their root causes, and 

the commercial sensing tools and process features applicable for in-situ detection of each defect 

type. Yadav et al. [68] further expanded this summary of in-situ monitoring systems for LPBF. 

The two most commonly used sensing methods for in-situ quality monitoring are thermal 

imaging and optical imaging, as they provide direct information related to melt pool behavior, 

geometry, and structural defects. Acoustic and energy-based sensing approaches have also been 

investigated as cost-effective indirect methods for quality monitoring and defect detection. 

Regarding sensor data analysis, two common approaches are employed: (1) feature 

extraction—typically based on domain knowledge—combined with classification, and (2) 

direct classification of raw data or images using deep learning techniques. Among various deep 

learning architectures, Convolutional Neural Networks (CNNs) have been extensively studied 

due to their strong capability in automatically representing spatiotemporal patterns and 

performing image classification. 

Mahmoudi et al. [69]  proposed a systematic approach for processing layer-wise melt pool 

images and identifying anomalous fabrication in LPBF of 17-4 PH stainless steel. The method 

involves combining multiple melt pool images into a single image representing each printed 

layer, filtering potential regions of interest (ROIs) through pixel binarization, quantifying the 

spatial patterns of ROIs using Gaussian Process (GP) regression, and classifying these spatial 
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patterns based on ROI labels obtained from offline inspection. 

Mitchell et al. [70] investigated high-temperature imaging techniques for detecting pore 

formation in LPBF of 316L stainless steel. By analyzing volumetric images obtained from 

sequential high-temperature imaging, melt pool characteristics such as size, shape, and 

orientation were extracted. The results showed that anomalous melt pool images typically 

contained multiple discontinuous high-temperature regions distributed asymmetrically, 

resulting in outliers in the relationship between melt pool aspect ratio and orientation, as shown 

in Fig. 13. Therefore, these features can be used as indicators of porosity percentage. Although 

neighborhood search techniques were explored to correlate these features with defect 

percentages, other classification methods achieved comparable or even better performance. 

Similarly, weld pool characteristics such as fusion zone profile height were found to effectively 

reveal geometric defects [71]. 

 

Fig. 13 Normal pyrometry images (left column), abnormal pyrometry images (middle column), fitted 

ellipse (right column) for each outlier image overlaid on micro-CT data that could reveal pool aspect[70]. 

Gobert et al. [72] applied a high-resolution digital single-lens reflex (DSLR) camera for in-situ 

anomaly detection in LPBF of stainless steel. Optical images collected from adjacent layers 

were fused and fed into a 3D convolutional filter for feature extraction. The extracted features 

were then classified into two categories—normal build and undesired defect occurrence—using 

an ensemble SVM-based binary classifier. Owing to the hierarchical representation capability 

of deep learning, the acquired in-situ images could be directly processed and classified without 

the need for preprocessing or manual feature extraction. Snow et al. further investigated 

hierarchical defect detection using CNNs and reported that direct image classification based on 

CNNs achieved better performance than feature extraction and classification using 
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conventional ANNs [73]. Caggiano et al. [74] also studied in-situ optical inspection for 

detecting structural defects—such as track discontinuities and insufficient layer densification—

in LPBF of pre-alloyed Inconel 718 powder, which are typically caused by improper process 

settings. Unlike methods relying solely on part surface images, this study also incorporated 

powder layer images, since the surface texture of the powder layer is influenced by the 

preceding manufactured layer and may affect the surface pattern of subsequent layers. 

Therefore, a dual-stream CNN was developed to integrate images from both domains, as shown 

in Fig. 14. A performance comparison of commonly used optical inspection and classification 

techniques showed that the dual-stream CNN achieved a classification accuracy of 99.4%, 

outperforming other ML-based methods. 

 

Fig. 14 The bi-stream CNN for recognition of defects induced by improper process conditions, from [74] . 

Acoustic sensing has also been evaluated for process monitoring and defect detection in LPBF. 

Unlike image processing and pattern analysis, acoustic time-series data typically require 

analysis in the time–frequency domain to reveal how frequency components evolve over time. 

Shevchik et al. [75][76] investigated the application of acoustic emission for in-situ porosity 

estimation in LPBF of stainless steel. Acoustic signals were collected using a fiber Bragg 

grating sensor and converted into time–frequency spectra through standard wavelet packet 

transformation. The resulting spectrograms were then processed using a CNN to classify 

porosity into three levels (1.42 ± 0.85%, 0.3 ± 0.18%, and 0.07 ± 0.02%), achieving an average 

classification accuracy of 85%. 

Although the aforementioned monitoring approaches perform well in layer-wise inspection and 

defect identification, they generate massive amounts of data that require high bandwidth and 

substantial computational resources for real-time processing. Consequently, most in-situ 

systems remain limited to delayed analysis or post-process correction, making true online 

feedback control difficult to achieve. Unlike offline or interlayer adjustments, in-process 

feedback control aims to dynamically stabilize melt pool behavior by instantaneously adjusting 

process parameters such as laser power and scanning speed based on sensor data. 

Asadi et al. [77] proposed a Model Predictive Control (MPC) approach based on Gaussian 
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Process (GP) modelling, which learns the influence of laser power and scanning speed on the 

melt pool cross-sectional area to establish a constrained optimization model for real-time power 

regulation. Another study [78] designed a feedforward controller based on a Radial Basis 

Function Neural Network (RBF-NN), implemented on an FPGA to enable rapid adjustments of 

laser power and scanning speed. This approach reduced the standard deviation of the melt pool 

temperature field by 48%, demonstrating the feasibility of real-time control. 

It is worth noting that due to the limitations of AM machines—such as the lack of open 

architecture for flexible in-situ process control modification—and restricted computational 

capability, online machine learning-assisted process control remains at a conceptual stage. 

1.2.3 Post-Processing Stage — Performance Enhancement and Integrity Optimization 
Despite parameter optimization, the complex phenomena occurring during melting and 

solidification in LPBF materials [79][80][81][82]—including rapid solidification, spattering, 

and balling [83][84][85]—result in high thermal gradients and nonuniform cooling effects, 

which inevitably lead to defects such as porosity, cracking, residual stress, and surface 

roughness in the fabricated parts. These defects not only degrade the mechanical performance 

of the components but also compromise their surface and structural integrity. 

Therefore, post-processing techniques have become a critical step in ensuring the quality and 

service performance of LPBF-fabricated components. Their primary aims are to improve 

surface finish, eliminate internal defects, relieve residual stress, and optimize microstructural 

features, thereby enhancing the overall performance of the parts. 

Currently, various post-processing methods are commonly applied to LPBF-fabricated 

components, including surface treatment[86], heat treatment [87], hot isostatic pressing (HIP) 

[88], and machining [89]. These techniques act on different levels of the component, improving 

properties from the external surface to the internal microstructure. For example, mechanical 

grinding, polishing, and shot peening can effectively reduce surface roughness and improve 

surface morphology; chemical etching or electrochemical polishing helps achieve smoother 

surfaces; heat treatments such as solution treatment, aging, or annealing can relieve residual 

stress and refine grain structures; and HIP processing can eliminate porosity, enhance 

densification, and improve mechanical performance while maintaining geometric accuracy. In 

some cases, machining operations such as milling, turning, or drilling are required to achieve 

strict dimensional tolerances or remove excess material from printed parts. Hybrid 

manufacturing methods that combine LPBF with subtractive machining enable the production 

of complex geometries with high precision. Through the application of these post-processing 

techniques, the quality, functionality, and performance of LPBF components can be 
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significantly improved, making them suitable for a wide range of industrial applications. 

In Study [90], to address technical challenges and quality issues, researchers systematically 

investigated the LPBF manufacturing process and post-processing techniques using 17-4PH 

stainless steel. The researchers explored post-processing methods such as mechanical polishing, 

physical vapor deposition (PVD) coating, and hot isostatic pressing (HIP) to improve surface 

quality and densification. By combining experimentally optimized LPBF process parameters 

with post-processing treatments, significant improvements in surface roughness, glossiness, 

and porosity were achieved, bringing the quality of LPBF products to or above commercial 

standards. Defects such as carbide formation were observed under specific laser power and 

scanning speed conditions, prompting researchers to adjust process parameters and apply HIP 

treatment to minimize defects and enhance density. Mechanical polishing and PVD coating 

further improved surface quality, thereby enhancing gloss and tactile smoothness, making 

LPBF products suitable for various engineering applications. 

Heat treatment is a common post-processing technique in which components undergo heating 

and cooling cycles to achieve a uniform microstructure and improved physical and mechanical 

properties [91]. LPBF-316L samples subjected to heat treatment for 2 hours at temperatures 

between 600°C and 1095°C exhibited inferior mechanical properties—such as yield strength, 

ultimate tensile strength, and microhardness—compared with the as-built condition [91][92] 

[93][133], as shown in Fig. 15. After heat treatment, the cellular substructure and melt pool 

boundaries in the LPBF-316L samples disappeared, and only grains were observed (Fig. 15a–

b). Researchers [92][93][94] found that the grain size of samples heat-treated above 

approximately 1000°C increased relative to the as-built samples. The cellular substructure 

contributes to higher mechanical strength, and its disappearance results in a significant 

reduction in strength [93][95]. Kong et al. [92] further reported that heat-treated samples 

exhibited poorer corrosion resistance due to the increased density of oxide inclusions and 

thinning of the passive film. 

https://www.sciencedirect.com/science/article/pii/S0264127522004968#b0665
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Fig. 15Microstructure and mechanical performance of LPBF-316L after heat treatments 

In another study [96], the evolution of porosity in Ti-6Al-4V alloy parts during laser post-

processing of LPBF was investigated, focusing on key defect issues such as porosity that affect 

part quality. The top surface was rescanned with a laser beam, and the internal morphology and 

porosity distribution were examined using micro-computed tomography (micro-CT). The 

results showed that after laser post-processing, the porosity significantly decreased from 2.51% 

to 0.77%. Furthermore, a multiphysics coupled finite element model employing a level-set 

method was developed to analyze the mechanisms of pore evolution, taking into account factors 

such as energy density, Marangoni flow, and mass transfer. The model elucidated the typical 

processes and provided insights into pore evolution under various post-processing parameters, 

contributing to a better understanding of how to mitigate porosity-related defects in LPBF 

manufacturing. 

 

Fig. 16 Comparing surface roughness of LPBF-316L components in as-printed and after (a) SMAT (b) LSR (c) 

VSF, DF and FM post-processing condition[102] [105] [106]. 

Severe Plastic Deformation (SPD) is widely used in manufacturing to enhance corrosion 
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resistance[97], mechanical [98], and tribological[99] properties. Shot peening, ultrasonic shot 

peening, and sandblasting are collectively referred to as Surface Mechanical Attrition 

Treatment (SMAT), which induces severe plastic deformation on the substrate surface, leading 

to surface nano crystallization [100][101]. For example, shot peening is an SPD process that 

involves bombarding the surface with hard spherical particles made of ceramic, glass, or metal 

at a specific velocity sufficient to induce high plastic deformation in the near-surface region. 

As a result, the physical and mechanical properties of the outermost surface layer are improved. 

Using SMAT [102], the surface roughness of LPBF-316L was improved by 96%, as shown in 

Fig. 16 The high-energy impact of hard particles produced a flattening effect on the surface, 

thereby enhancing surface quality. Researchers[102][103] reported that material properties such 

as compressive yield strength, wear resistance, and hardness were improved due to grain 

refinement and phase transformation. For 17-4 stainless steel, the martensitic transformation 

temperature is relatively low; therefore, during shot peening strengthening, austenite-to-

martensite transformation occurs as a result of the higher work-hardening effect, which may 

explain the observed increase in hardness[104]. 

1.3 Existing Problems 

In summary, significant progress has been made in recent years by researchers in the areas of 

modelling and prediction, process monitoring and control, and post-processing optimization of 

Laser Powder Bed Fusion (LPBF). However, despite substantial achievements in theory, 

algorithms, and experimental techniques, several key scientific challenges and technical 

bottlenecks remain to be addressed. 

(1) High computational cost in LPBF modelling and insufficient physical interpretability of 

data-driven machine learning approaches. 

Current LPBF modelling approaches can be categorized into 1.Theory-Based (TB) models and 

2.Empirical-Based (EB) models. The former (e.g., FEM, CFD, and DEM–CFD coupled models) 

can accurately capture the complex interactions among the laser, material, and melt pool, but 

they require extensive computational resources, making real-time prediction and multiscale 

process optimization difficult to achieve. The latter (e.g., traditional machine learning and deep 

learning models) have achieved significant improvements in prediction efficiency by rapidly 

establishing mappings between process parameters and response variables; however, they 

generally suffer from the following issues: 

•Strong dependence on large-scale, high-quality datasets, while experimental data acquisition 

in the LPBF process is costly; 
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•Limited generalization capability, making it difficult to adapt to complex conditions across 

different materials and machines; 

•Lack of physical interpretability, which hinders the model’s ability to reveal the underlying 

thermo-mechanical–microstructural evolution mechanisms. 

Therefore, it is urgently necessary to develop machine learning models with low data 

dependence and embedded physical constraints. The Physics-Informed Neural Network (PINN), 

which integrates physical laws into the neural network loss function, provides a feasible 

approach to address these challenges. This type of model reduces reliance on experimental data 

while significantly enhancing the physical consistency, interpretability, and computational 

efficiency of predictions, thereby offering a new research direction for rapid modelling and 

optimization of the LPBF process. 

(2) Complex data processing and limited real-time feedback control in process monitoring 

Existing LPBF in-situ monitoring primarily relies on two types of sensing methods: (i) radiative 

sensors (e.g., infrared thermography) used to capture melt pool temperature fields, spatter, and 

plume signals; and (ii) non-radiative sensors (e.g., optical or acoustic sensors) used to obtain 

information on melt pool morphology, energy fluctuations, and abnormal events. However, 

these monitoring approaches are mostly designed for inter-layer, where imaging analysis of the 

processed layer is performed before adjusting the process parameters for the next layer. Their 

main limitations include: 

• The data are massive and high-dimensional, requiring high bandwidth and powerful 

algorithmic support for real-time processing;  

• The monitoring–analysis–feedback cycle is relatively long, making it difficult to 

achieve true online closed-loop control;  

• Most existing systems remain limited to post-process analysis or delayed response 

stages 

At present, research on real-time feedback control for LPBF remains relatively limited. Existing 

offline optimization approaches are mostly based on statistical or empirical methods and fail to 

fully account for dynamic disturbances and stochastic effects during the manufacturing process. 

Due to the closed architecture of additive manufacturing systems (i.e., the lack of open interface 

protocols) and limited hardware computational capability, online machine-learning-assisted 

control is still at the proof-of-concept stage. Therefore, it is imperative to develop a real-time 

adaptive system that integrates online monitoring with intelligent control to dynamically adjust 

process parameters, compensate for defects, and improve printing quality based on sensor data. 
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In this context, fast-solving models such as PINN can play a key role in online monitoring and 

real-time decision-making, providing efficient physical consistency prediction support for 

closed-loop control. 

(3) Research on high-performance LPBF-processed materials (Scalmalloy) remains insufficient.  

In recent years, with the increasing demand for lightweight and high-strength structural 

materials in aerospace and advanced manufacturing, Scalmalloy®, a high-strength, heat-

treatable aluminum alloy, has demonstrated excellent mechanical and fatigue properties in 

Laser Powder Bed Fusion (LPBF) fabrication. However, systematic research on this material 

system is still in its early stage. In particular, studies on post-processing techniques and 

performance response mechanisms are relatively limited, and existing literature lacks 

comprehensive summaries and mechanistic interpretations. 

1.4 Overall Framework and Workflow 

To address the challenges in the Laser Powder Bed Fusion (LPBF) process—namely the high 

computational cost of modelling, lack of physical interpretability, delayed in-situ monitoring 

feedback, and the incomplete research framework for the high-performance aluminum alloy 

Scalmalloy®—this study establishes a multi-stage research framework that integrates process 

modelling, model calibration and validation, process optimization, and post-processing 

performance enhancement. The modelling stage is centered on the Physics-Informed Neural 

Network (PINN), achieving high-precision thermal conduction modelling, model calibration 

through inverse analysis. The objective of this research is to develop a PINN-based temperature 

field prediction model that combines physical consistency, computational efficiency, and 

engineering scalability by embedding physical laws into the neural network framework. The 

calibrated model is successfully applied to practical production scenarios, which shows the 

potential for real-time prediction and intelligent control of the LPBF process. Finally, in the 

post-processing stage, a systematic investigation is conducted on the effects of machining (M), 

shot peening (SP), and combined machining plus shot peening (M+SP) on the surface and 

structural integrity of LPBF-fabricated Scalmalloy®, thereby deepening the understanding of 

its structure–performance correlations. 

Chapter 1: Introduction. This chapter reviews the current research on LPBF along three main 

lines and clarifies the motivation of this work:(1) Process modelling and prediction: Physics-

based models (FEM, CFD, VOF) are accurate but computationally expensive and parameter-

sensitive, while empirical and machine learning models are efficient but data-dependent and 

lack physical interpretability. Thus, fast and physics-constrained surrogate models such as 

PINNs are needed to bridge this gap; (2) In-situ monitoring and control: Thermal, optical, and 
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acoustic sensing generate large data volumes that are difficult to process in real time, so most 

systems remain at interlayer or post-process analysis. Real-time closed-loop control requires 

fast and physically consistent predictors; (3) Post-processing and performance optimization: 

Techniques like heat treatment, machining, HIP, and surface strengthening (e.g., shot peening, 

SMAT) improve integrity and fatigue resistance, but systematic studies on Scalmalloy® alloys 

remain limited. 

Chapter 2: Physics-Informed Thermal Modelling of LPBF Keyhole Mode. This chapter 

investigates the laser process under the keyhole mode of LPBF by introducing a double-conical 

volumetric heat source model and developing a Physics-Informed Neural Network (PINN) 

framework. By explicitly incorporating the heat conduction partial differential equations and 

boundary conditions into the neural network loss function, the model achieves high-accuracy 

temperature field prediction under limited data conditions. Through the optimization of network 

architecture and sampling strategy, combined with transfer learning to accelerate convergence, 

the model can reconstruct three-dimensional transient temperature distributions without relying 

on experimental data. This approach significantly improves the computational efficiency and 

physical consistency of LPBF thermal behavior simulations, laying a solid foundation for 

process optimization. 

 

Fig. 17 Overall framework 

Chapter 3: PINN Model Calibration and Application. Building upon the PINN framework 
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developed in the previous chapter, this chapter further conducts model parameter calibration 

and inverse analysis. By minimizing the discrepancy between the PINN-predicted and 

experimentally measured results, an empirical mapping relationship between laser power, 

scanning speed, and the geometric parameters of the volumetric heat source is established, 

enabling the automatic calibration of the heat source model. After validation, the trained PINN 

is capable of predicting melt pool geometry and temperature distribution within milliseconds, 

with extremely low computational cost and no need for manual parameter tuning. Subsequently, 

a case study on the overlap welding of two 1.5 mm thick aluminum alloy plates is carried out. 

The PINN is employed to rapidly screen and optimize multiple combinations of laser 

parameters, and the accuracy of the predicted results is experimentally verified. 

Chapter 4: Performance Enhancement and Structural Integrity Optimization. After 

achieving process modelling and optimization, this chapter further extends the research to the 

post-processing stage to improve the performance and integrity of LPBF-fabricated 

components. Focusing on the high-strength aluminum alloy Scalmalloy® (Al-Mg-Sc-Zr) 

produced by LPBF, a systematic investigation is conducted to evaluate the effects of different 

post-processing methods—machining (M), shot peening (SP), and combined machining plus 

shot peening (M+SP)—on the surface integrity and structural integrity of the components. 

Through comprehensive analyses of microstructure, hardness, tensile properties, fatigue life, 

and residual stress distribution, the relationships between post-processing parameters and 

material performance are revealed. This study provides theoretical and technical support for 

improving the service performance of LPBF-fabricated components. 

Chapter 5: Conclusions and Outlook. This chapter summarizes the research content and key 

findings of the study, highlighting the main innovations achieved throughout the work. 

Furthermore, it presents perspectives on future research directions to advance the development 

of LPBF process modelling, intelligent control, and performance optimization. 
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Chapter 2 Physics-Informed Thermal Modelling of LPBF Keyhole Mode 

2.1 Introduction 

The Laser Powder Bed Fusion (LPBF) process is essentially a highly nonlinear and transient 

thermo–fluid–solid coupled system, in which multiple physical phenomena—such as energy 

absorption, phase transformation, melt pool convection, and vaporization—are intricately 

intertwined. The variation in melting modes directly influences the melt pool geometry, density, 

and microstructural properties, typically manifesting in three distinct regimes: conduction mode, 

transition mode, and keyhole mode. The transition among these modes is primarily governed 

by a combination of parameters, including laser power, scanning speed, and beam profile. 

Among these modes, the keyhole mode—though prone to increased porosity—remains of great 

significance in the fabrication of thick-walled structures and large-scale components due to its 

higher energy coupling efficiency and deeper penetration capability. Its formation involves 

intense fluid disturbances and vaporization dynamics, which exert strong influences on heat 

transfer, pressure distribution, and melt pool stability. Consequently, accurate temperature field 

prediction and stability analysis under the keyhole mode are essential for understanding the 

underlying mechanisms of the LPBF process and achieving high-quality manufacturing. 

However, traditional LPBF modelling approaches face multiple challenges. Numerical 

simulations (such as CFD, FEM, and VOF) can accurately capture the internal flow and phase 

transition behaviour within the melt pool, but they are computationally intensive and highly 

sensitive to parameters, making them unsuitable for real-time prediction and multi-parameter 

optimization. In contrast, purely data-driven machine learning models offer higher prediction 

efficiency but rely heavily on large, high-quality datasets and lack physical interpretability, 

making it difficult to maintain accuracy and stability across different materials, machines, and 

complex processing conditions. 

To address the aforementioned challenges, this chapter focuses on the single-track melting 

process of LPBF under the keyhole mode and develops a Physics-Informed Neural Network 

(PINN)-based temperature field prediction model. By explicitly embedding the heat conduction 

equation and related physical constraints into the neural network loss function, the proposed 

approach enables high-accuracy reconstruction of the temperature distribution under limited 

data conditions. Compared with traditional methods, the PINN framework combines the 

advantages of data-driven learning and physical consistency, significantly enhancing the 

computational efficiency. 

This chapter proposes a PINN model for the keyhole-mode LPBF process, which can predict 
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the temperature field with significantly lower computational cost and faster speed compared to 

traditional numerical simulations. The model systematically optimizes the PINN architecture, 

activation functions, and collocation point sampling strategy. Network training requires no 

experimental data, relying solely on the governing partial differential equations and boundary 

conditions of the problem. For simplification, the powder layer on the single track surface is 

neglected, and only heat conduction is considered, while all multiphysics effects are ignored. 

To enable the model to automatically adapt to different LPBF melt mode, the heat source shape 

and size are defined by five parameters. Finally, a transfer learning strategy is employed to 

accelerate convergence and ensure efficient model training. 

2.2 Thermal Conduction Mechanism and Modelling Fundamentals of the 

LPBF Process 

2.2.1 Melting Modes and Thermal Behavior Characteristics of LPBF 
The fundamental process dynamics of LPBF are highly complex and not yet fully understood. 

A key factor in describing these dynamics is the thermal behavior, which involves multiple 

physical mechanisms, including heat absorption, steep thermal gradients, localized melting and 

solidification of powder particles, phase transformations, and Marangoni convection[107]. 

These coupled phenomena are highly sensitive to process parameters such as laser power, 

scanning speed, and beam profile [108]. When the energy density exceeds a critical threshold, 

defects such as keyhole formation may occur [109][110][111]. Conversely, when the energy 

density falls below a certain limit, issues such as porosity, low-density regions, and insufficient 

interlayer bonding are likely to arise. 

As shown in Fig. 18, the LPBF process can be divided into different regimes—namely the 

conduction, keyhole, and transition modes—depending on laser power, scanning speed, and 

other processing parameters. In the conduction mode, the laser power is relatively low and the 

scanning speed is relatively high. The laser energy is primarily conducted into the material, 

resulting in localized heating. This regime is characterized by a shallow melt pool and limited 

material vaporization, and it is typically employed for fine features, surface finishing, and low-

energy input conditions. In the keyhole mode, the laser power is significantly higher and the 

scanning speed is usually lower. The intense laser energy forms a deep and narrow “keyhole” 

in the material, with the keyhole walls undergoing melting and vaporization. This mode features 

a deeper melt pool and higher vaporization rate, often used for producing larger and stronger 

components, though it can also lead to increased residual stress and porosity. The transition 

mode lies between the conduction and keyhole regimes, representing a combination of the two. 

In this intermediate region, laser parameters must be carefully adjusted to balance the 
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advantages of both conduction and keyhole modes. The transition mode is typically adopted 

when a trade-off between fine detail and build speed is desired to optimize the overall 

component quality[112]. 

 

Fig. 18  The laser powder bed fusion different modes including keyhole, transitions, and conduction 

modes; A) Schematic, B) SEM, C) Inverse Pole [112]. 

It is noteworthy that during the LPBF process, the keyhole mode, characterized by higher 

energy density and vaporization rates, typically produces a deeper melt pool. This mode 

involves intense fluid disturbances and vapor-driven dynamics, resulting in highly nonlinear 

and unstable process behavior, which makes related machine learning–based modelling studies 

relatively scarce. Nevertheless, owing to its high energy coupling efficiency, concentrated 

thermal input, and greater penetration depth, the keyhole mode remains widely employed in the 

fabrication of larger and higher-strength components. Based on this, the present study focuses 

on the laser melting process under the keyhole mode and develops a Physics-Informed Neural 

Network (PINN)-based temperature field prediction model. This framework aims to achieve a 

balance between computational efficiency and physical accuracy while providing deep insights 

into the thermal conduction characteristics and melt pool evolution mechanisms of keyhole-

mode LPBF, thereby offering theoretical support for process optimization and future real-time 

control. 

2.2.2 Mathematical modelling of temperature fields in melting and solidification 
processes 
In the context of melted and resolidified regions, the transient temperature fields can be 
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mathematically described using the heat conduction equation - Fourier-Kirchhoff's partial 

differential equation in the form[113]  

𝜌𝜌𝑐𝑐𝑝𝑝
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This equation incorporates a term 𝐷𝐷𝐷𝐷/𝐷𝐷𝐷𝐷 which denotes substantial derivative of temperature 

T [°𝐶𝐶, K] with time t [s], material properties: density (𝜌𝜌 [kg. m3]), specific heat (𝑐𝑐 [J. kg-1. K-1]), 

thermal conductivity tensor (𝜆𝜆 [W. m-1.K-1]), and volumetric density of internal heat sources 

(𝑞𝑞𝑣𝑣 [W.m-3]). This term, representing the heat generated in the unit material volume per unit 

time, can be used for modelling of a heat source in melting and solidification processes. 

To solve the heat conduction equation (1) using the theory of partial differential equations, it is 

necessary to establish uniqueness conditions, which means that several crucial inputs must be 

provided: 

Geometric Parameters - define the shape and dimensions of the body in which the temperature 

field is calculated. They are necessary to establish the spatial characteristics of the melting and 

solidification structures.  

Material Properties - thermo-physical properties of material(s): density (ρ), specific heat (c), 

thermal conductivity (λ), and other relevant material characteristics. This refers to the material 

properties of all the base material(s) and possibly the filler material used in melting and 

solidification. When entering material properties for melting and solidification processes, it is 

necessary to take into account their dependence on temperature.  

Initial Conditions - describe the initial temperature distribution at the beginning of a process in 

time t = 0 second, i.e. at the beginning of the melting and solidification process. They serve as 

the starting point for the mathematical analysis and influence how temperature evolves over 

time.  

Boundary Conditions - describe the thermal behaviour at the boundaries or interfaces of a body 

(system) and specify how heat is exchanged with the surrounding environment. In melting and 

solidification processes, they specify the thermal interactions at the interfaces of the melting 

and solidification structures and their surroundings. They play a crucial role in determining how 

heat flows in and out of the melting and solidification region, affecting the melting and 

solidification process and the resulting temperature fields. 

Mathematically, various kind of boundary conditions (BC) can be defined. The boundary 

condition of the 1st kind (Dirichlet BC) is given by the body surface temperature. The boundary 
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condition of the 2nd kind (Neumann BC) specifies the conductive heat flux on outer body 

surface. This condition can be also used to define a surface heat source in melting and 

solidification processes. The boundary condition of the 3rd type (Fourier BC) represents the 

equality between conductive and convective heat flux on the outer body surface. This condition 

is determined by the ambient temperature and the heat transfer coefficient. 

Generally, the boundary conditions can vary with temperature or over time. Combined 

boundary conditions frequently arise, particularly when heat exchange between a system and 

its surroundings is facilitated through both convection and radiation. This is also the case for 

components cooling in melting and solidification processes. The total (combined) heat transfer 

coefficient, denoted as ℎ𝐶𝐶, is calculated as the sum of the convective heat transfer coefficient 

(ℎ𝐾𝐾) and the reduced (or equivalent) radiation heat transfer coefficient (ℎ𝑅𝑅) 

ℎ = ℎ𝐶𝐶 + ℎ𝑅𝑅 = ℎ𝐶𝐶 +
εσ0�𝑇𝑇𝑤𝑤

4 − 𝑇𝑇𝑓𝑓
4�

𝑇𝑇𝑤𝑤 − 𝑇𝑇𝑓𝑓
 �W⋅m-2� (2) 

where ε [-] is the emissivity and 𝜎𝜎0 [W. m-2.K-4] is the Stefan-Boltzmann constant, 𝑇𝑇𝑤𝑤 and 𝑇𝑇𝑓𝑓 

are the surface and fluid (ambient) temperatures, respectively. The values of the convective heat 

transfer coefficient can be calculated using appropriate correlations for natural or forced 

convection. 

The approach to defining loads in melting and solidification processes is based on the selection 

and specification of a suitable heat source model describing the heat input to the melting and 

solidification process. It is necessary to note that the choice of the heat source model depends 

on the specific melting and solidification process, materials, and melting and solidification 

parameters being used. This procedure is one of the most difficult parts in developing a 

simulation model of the melting and solidification processes. On the other hand, the accuracy 

of the applied heat source model is crucial for reliable simulations and predictions of the 

temperature and thermal behaviour of structures during melting and solidification processes. 

2.2.3 Heat source models in modelling of laser processes 
The history of heat source models in numerical simulations is closely connected to the 

development of numerical methods and computational tools for solving complex thermal and 

fluid dynamics problems. A brief overview of the development of heat source models in 

numerical simulations of laser processes involves a simple point heat source model, some 

surface heat source models and mainly different types of volumetric heat source models. 

(1) Surface heat source models  

In the case of surface models of the heat source, it is assumed that they act on a defined part of 
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the surface area of the constructions. They are incorporated into the simulation model using the 

boundary condition of the second kind, i.e. through heat flux density 𝑞𝑞 [W. m-2]. In general, 

surface heat source models are not suitable for numerical simulation of high-energy laser 

processes, and especially not for laser process in the keyhole mode. 

(2) Volumetric heat source models 

Volumetric heat source models are best suited to describe the nature of a moving laser energy 

source and to accurately capture the development of the melt pool, including the complex multi-

physical phenomena occurring during a melting and solidification process. The term 𝑞𝑞 [W. m-3] 

in Eq. 1 is used to define the volumetric density of internal heat sources. The following section 

provides a brief characterization of the most frequently used models of volumetric heat sources, 

ranging from the simplest to the most complex. 

The Gaussian ellipsoidal volumetric heat source (Fig. 19) with Gaussian volumetric heat 

distribution is defined by three geometrical parameters - the ellipsoid half-axes a, b and c. The 

volumetric density of internal heat sources is described by a function [114][115] 

𝑞𝑞𝑣𝑣(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝛷𝛷 ⋅
6√3

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎3/2 ⋅ 𝑒𝑒−3𝑥𝑥2

𝑎𝑎2 ⋅ 𝑒𝑒−3𝑦𝑦2

𝑏𝑏2 ⋅ 𝑒𝑒−3𝑧𝑧2

𝑐𝑐2          �W⋅m-3� (3) 

where V = 𝑎𝑎𝑎𝑎𝑎𝑎 𝜋𝜋3/2/(6√ 3 ) is the volume of one half of the ellipsoid and the distribution 

function takes the form 

𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 𝑒𝑒−3𝑥𝑥2

𝑎𝑎2 ⋅ 𝑒𝑒−3𝑦𝑦2

𝑏𝑏2 ⋅ 𝑒𝑒−3𝑧𝑧2

𝑐𝑐2                 [−] (4) 

Application of the constant volumetric density of heat sources or Gaussian heat source to the 

volume with the shape of a truncated cone or pyramid represents the modifications of presented 

model more suitable for modelling of laser or electron beam melting and solidification 

processes. 
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Fig. 19 Gaussian ellipsoidal volumetric heat source with Gaussian heat distribution for modelling of 

volumetric internal heat sources to the volume of half-ellipsoid[116]. 

The Goldak model or so called double ellipsoid heat source (Fig. 20) describes the distribution 

of volumetric density of heat sources to a volume with the form of a double ellipsoid[117]. The 

double ellipsoid is characterized by six parameters: the half axes b and c represent the width 

and depth of the heat source, half axes c1 and c2 in the frontal and rear quadrants define its 

length, and parameters f1 and f2 designate the portion of the heat generated in the frontal and 

rear parts of the double ellipsoid. 

 

Fig. 20 Goldak model for modelling of volumetric internal heat sources to the volume of double ellipsoid. 

Volumetric density of heat sources in front and rear quadrants can be expressed as[117] 

𝑞𝑞𝑣𝑣1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) =
6√3𝑓𝑓1Φ

𝑎𝑎𝑎𝑎𝑐𝑐1π3/2 𝑒𝑒−3𝑥𝑥2

𝑎𝑎2 𝑒𝑒−3𝑦𝑦2

𝑏𝑏2 𝑒𝑒
−3(𝑧𝑧+𝑤𝑤𝑤𝑤)2

𝑐𝑐1
2        �W⋅m-3� (5) 
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𝑐𝑐1
2        �W⋅m-3� (6) 

𝑓𝑓1 =
2𝑐𝑐1

𝑐𝑐1 + 𝑐𝑐2
, 𝑓𝑓2 =

2𝑐𝑐2

𝑐𝑐1 + 𝑐𝑐2
, 𝑓𝑓1 + 𝑓𝑓2 = 2                  [−] (7) 

Figure 6 illustrates the definition of the heat input into finite element model using different 

parameters of the Goldak model. 

The Goldak model can be used for numerical simulation of laser processes, but it is more 

suitable simulations of arc welding processes. Generally, it is currently considered to be the 

most accurate but also the most demanding method for defining heat input to the weld in arc 

welding processes [118][119]. 

It should be noted that the dimensions of the heat source are generally not known, and there is 

no direct link between laser process parameters and the dimensions of the heat source[117]. In 

most cases, the dimensions of the heat source are initially estimated for the simulation of a 
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specific laser process and are subsequently modified and adjusted based on experimental 

results[119][120][121][122][123]. A portion of the heat supplied to both the front and back 

ellipsoids is determined by constants, f1 and f2. These constants influence the energy 

distribution into the material, compensating for factors such as the inclination of the welding 

torch. A heat distribution ratio of 60:40 in favour of the front ellipsoid is mostly used[124][125]. 

hybrid volumetric heat sources are composed of two or more different heat sources to better 

describe the complex physics behind different types of laser processes and to adjust the 

parameters of the resulting model so that the obtained results correspond to the real measured 

shape of the melt pool or melt pool macrographs. 

In numerical simulation of laser processes, the double-conical volumetric heat source model 

(Fig.14) is the most frequently employed hybrid heat source model. The distribution of internal 

heat sources in the case of the double-conical volumetric heat source model is described by the 

following equations[126]. 

𝑞𝑞𝑣𝑣1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) =
9𝜂𝜂𝜂𝜂𝑒𝑒3
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2 � (8) 

𝑞𝑞𝑣𝑣2(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) =
9𝜂𝜂𝜂𝜂𝑒𝑒3
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The corresponding radial profiles r1 and r2, which vary linearly along the height of each 

cone, are defined as: 

𝑟𝑟1 = 𝑟𝑟𝑖𝑖 − (𝑟𝑟𝑖𝑖 − 𝑟𝑟𝑏𝑏)
𝑧𝑧𝑖𝑖 − 𝑧𝑧

𝑧𝑧𝑖𝑖 − 𝑧𝑧𝑏𝑏
 (10) 

𝑟𝑟2 = 𝑟𝑟𝑡𝑡 − (𝑟𝑟𝑡𝑡 − 𝑟𝑟𝑖𝑖)
𝑧𝑧𝑡𝑡 − 𝑧𝑧
𝑧𝑧𝑡𝑡 − 𝑧𝑧𝑖𝑖

 (11) 

The parameters used have a similar meaning to those in the simple conical model and can be 

identified from Fig. 21a. Fig. 21b illustrates some simple modifications of double-conical heat 

source with reverse and direct cone configurations. 
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Fig. 21. Double-conical volumetric heat source model a) a scheme of the model with reverse cone 

configuration and b) simple modifications of double-conical heat source with reverse and direct cone 

configurations[127]. 

Compared with traditional Gaussian or double-ellipsoidal heat source models, the double-

conical heat source model demonstrates higher accuracy and stronger physical consistency in 

capturing the energy deposition characteristics within the deep penetration zone under keyhole-

mode LPBF. Notably, this model can also be extended to describe the conduction mode of laser 

processing while maintaining controllable geometric parameters—such as the heights and 

radius ratios of the upper and lower cones—showcasing excellent process adaptability and 

cross-mode scalability. Owing to its superior physical adaptability, geometric tunability, and 

application versatility, the double-conical heat source model is adopted in this study as the 

physical constraint foundation for PINN training, enabling high-accuracy modelling and 

prediction of the temperature field distribution during the laser melting process. 

2.2.4 Physical-Informed Learning 
Physics–informed learning can serve a variety of purposes, with the flexibility to adapt the same 

method to different use cases by making minor adjustments to the list of trainable variables and 

the terms comprising the loss function. For instance, these methods can be applied to solve 

PDEs (forward solutions), estimate parameters, address inverse problems, fit experimental 

measurements, or enhance the resolution in case of noisy data. In this discussion, we will begin 
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by examining the simplest case (solving PDEs) and then extend the approach to other 

applications. To illustrate this general framework, we consider a simple PDE as an example. 

FEM approximation of a PDE. Let Ω ⊂ ℝ𝑑𝑑 , with d = 2, 3, be an open bounded domain, with 

Lipschitz boundary. Given f: Ω → ℝ and 𝑔𝑔: 𝜕𝜕Ω → ℝ regular enough and a real coefficient γ > 

0, we look for the solution u ∶ Ω → ℝ  of the second–order elliptic equation with Neumann 

boundary conditions 

�
−Δ𝑢𝑢 + 𝛾𝛾𝛾𝛾 = 𝑓𝑓        in Ω
∇𝑢𝑢 ⋅ 𝒏𝒏 = 𝑔𝑔            on 𝜕𝜕Ω (12) 

After introducing the Sobolev space 𝐻𝐻1(𝛺𝛺)  =  {𝑣𝑣 ∶  Ω → ℝ𝑠𝑠. 𝑡𝑡.   ∫ 𝑣𝑣2
𝛺𝛺   + |∇𝑣𝑣|2 <  +∞} , 

its weak form reads 

�ind 𝑢𝑢 ∈ 𝑉𝑉: � (∇𝑢𝑢 ⋅ ∇𝑣𝑣 + 𝛾𝛾𝛾𝛾𝛾𝛾)
Ω

 𝑑𝑑Ω = � 𝑓𝑓
Ω

𝑣𝑣 𝑑𝑑Ω + � 𝑔𝑔
𝜕𝜕Ω

𝑣𝑣 𝑑𝑑𝑑𝑑Ω    ∀𝑣𝑣 ∈ 𝑉𝑉 (13) 

or, equivalently, 

�ind 𝑢𝑢 ∈ 𝑉𝑉:  𝑎𝑎(𝑢𝑢, 𝑣𝑣) = 𝐹𝐹(𝑣𝑣)            ∀𝑣𝑣 ∈ 𝑉𝑉, (14) 

where 𝑎𝑎: 𝑉𝑉 × 𝑉𝑉 →  ℝ defined by 𝑎𝑎(𝑢𝑢, 𝑣𝑣)  =  ∫  (𝛻𝛻𝑢𝑢 ∙  𝛻𝛻𝑣𝑣 + 𝛾𝛾𝑢𝑢𝑢𝑢)dΩΩ    is a coercive, 

symmetric, and continuous  bilinear form, and 𝐹𝐹: 𝑉𝑉 → ℝ  defined by 𝐹𝐹(𝑣𝑣)  = ∫  𝑓𝑓𝑓𝑓dΩΩ  +

 ∫  𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕    is a linear and continuous  functional. If 𝑓𝑓 ∈  𝐿𝐿2(𝛺𝛺) and 𝑔𝑔 ∈  𝐿𝐿2(𝜕𝜕𝜕𝜕) , this 

problem admits a unique solution[128]. 

Classical methods to discretize problem (14) are the Galerkin methods[128], for which, after 

introducing a discretization parameter ℎ >  0 and the finite–dimensional space 𝑉𝑉ℎ  ⊂  𝑉𝑉 , with 

𝑁𝑁ℎ  =  𝑑𝑑𝑑𝑑𝑑𝑑(𝑉𝑉ℎ), we look for 𝑢𝑢ℎ  ∈  𝑉𝑉ℎ such that: 

𝑎𝑎(𝑢𝑢ℎ , 𝑣𝑣ℎ) = 𝐹𝐹(𝑣𝑣ℎ) ∀𝑣𝑣ℎ ∈ 𝑉𝑉ℎ. (15) 

The Galerkin solution uh is an approximation of 𝑢𝑢. 

The space 𝑉𝑉ℎ is the test space (i.e. the space to which the test functions 𝑣𝑣ℎ belong) and the trial 

space (i.e. the space to which the solution 𝑢𝑢ℎ belongs) at the same time. After choosing a basis 

of functions {𝜑𝜑𝑗𝑗(𝐱𝐱)} 𝑗𝑗=1
𝑁𝑁ℎ    in 𝑉𝑉ℎ , the approximate solution uh can be written as 𝑢𝑢ℎ(𝐱𝐱) =

∑ 𝑢𝑢𝑗𝑗 𝜑𝜑𝑗𝑗  (𝐱𝐱)𝑁𝑁ℎ
𝑗𝑗=1  and (35) becomes 
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�ind 𝑢𝑢1, … , 𝑢𝑢𝑁𝑁ℎ: � 𝑢𝑢𝑗𝑗

𝑁𝑁ℎ

𝑗𝑗=1

 𝑎𝑎�𝜑𝜑𝑗𝑗 , 𝜑𝜑𝑖𝑖� = 𝐹𝐹(𝜑𝜑𝑖𝑖)             ∀𝑗𝑗 = 1, … , 𝑁𝑁ℎ . (16) 

Thus, by setting 𝐴𝐴𝑖𝑖𝑖𝑖 = 𝑎𝑎�φ𝑗𝑗, φ𝑖𝑖�, 𝑏𝑏𝑖𝑖 = 𝐹𝐹(φ𝑖𝑖) , we have 𝐴𝐴 = �𝑎𝑎𝑖𝑖𝑖𝑖� ∈ 𝑅𝑅𝑁𝑁ℎ×𝑁𝑁ℎ ,  𝑢𝑢 = �𝑢𝑢𝑗𝑗� ∈

ℝ𝑁𝑁ℎ×𝟙𝟙 , and 𝑏𝑏 = [𝑏𝑏𝑖𝑖] ∈ ℝ𝑁𝑁ℎ×𝟙𝟙  and the algebraic formulation of (82) reads  𝐴𝐴𝑢𝑢 =  𝒃𝒃 . The 

unknowns 𝑢𝑢𝑗𝑗 are named degrees of freedom, while the array b is the right–hand side. 

Finite Elements are a special case of Galerkin methods. Given the parameter ℎ >  0, a mesh 

(A mesh is a conforming partition of Ω in triangles/quadrilaterals when 𝑑𝑑 = 2 , or in 

tetrahedra/hexahedra when 𝑑𝑑 = 3, all with diameter less than h (the mesh–size), see Fig. 22, 

left.) 𝒯𝒯𝒽𝒽 on Ω is built. When simplexes are chosen and 𝑉𝑉ℎ is defined by 

𝑉𝑉ℎ = �𝑣𝑣ℎ ∈ 𝐶𝐶0�Ω� 𝑠𝑠. 𝑡𝑡.  𝑣𝑣�𝑇𝑇𝑘𝑘 ∈ ℙ1 ∀𝑇𝑇𝑘𝑘 ∈ 𝒯𝒯𝒽𝒽� (17) 

we are implementing linear ℙ1−FEM, and the basis functions 𝜑𝜑𝑗𝑗 , are hat functions like that 

drawn in the central picture of Fig. 22. The functions of 𝑉𝑉ℎ  are linear combinations of hat 

functions, the one in the right picture of Fig. 22 is an example. 

Towards NNs. We notice that the trial space 𝑉𝑉ℎ  of Galerkin methods and the space 𝑉𝑉𝑁𝑁𝑁𝑁  of 

feedforward neural networks (FFNN) with a fixed architecture play a similar role: 𝑉𝑉ℎ is the 

space in which we look for the FEM solution, 𝑉𝑉𝑁𝑁𝑁𝑁  is the space in which we look for the solution 

provided by FFNNs. Moreover, we can think that the trainable parameters 𝐰𝐰  which 

characterize a FFNN are analogous to the unknown degrees of freedom 𝒖𝒖 that identify the FEM 

solution (see Table 1) 

Thus, we could think of using the space 𝑉𝑉𝑁𝑁𝑁𝑁  as the trial solution space for PDEs. This could 

be explained as follows. First of all, FFNNs are very efficient in approximating functions. 

Second, one of the most expensive parts of a Finite Elements code is the construction of the 

mesh, while FFNNs are mesh–free. Nevertheless, although the PDE is linear, FFNNs are not 

linear models and this brings complications: 𝑉𝑉𝑁𝑁𝑁𝑁   is not a linear space and it is not a good 

candidate to be the test space for a Galerkin formulation. 
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Fig. 22.A computational mesh made of triangles (left), a ℙ1−FEM hat function (centre), a function of 𝑉𝑉ℎ (right) 

 

Table 1 Analogy between FEM and FFNNs 

Recently, many approaches have been proposed that follow alternative paradigms to the 

Galerkin one, we cite the three most widespread ones. The first one consists of working on the 

strong form of the PDE and leads to Physics–Informed Neural Networks 

(PINNs)[129][130][131][132]. However, when the coefficients of the PDE are discontinuous 

and/or pointwise loads are given, solutions in a strong sense of PDE do not always exist. A 

possible alternative consists of considering the weak form of the PDE and applying a Petrov–

Galerkin approach (with different trial and test spaces) leading to Variational PINNs 

(VPINNs)[33][34]. A third alternative makes use of the energy form of the PDE and provides 

the Deep Ritz method[35]. We refer to [132] for an overview of further extensions of PINNs. 

2.2.4.1 Physics–Informed Neural Networks (PINNs) 

PINNs allow us to reconstruct physical fields modelled by PDEs, by integrating the information 

from the PDE (learning biases) into the loss function. In principle, many types of PDEs can be 

approximated by PINNs: integer–order PDEs, integro–differential equations, fractional PDEs, 

and stochastic PDEs. PINNs can be used as direct solvers of PDEs, especially to address the 

case when we miss data (e.g., boundary or initial conditions, forcing terms, operator coefficients) 

which would be essential to approximate the problem in a classical sense. In addition, they can 

be even used to solve inverse problems. 

PINNs as PDE solvers. We start by examining the case where PINNs are used to solve a PDE. 

Let us consider, as an example, the PDE (12) in strong form, PINNs are implemented by 

following these steps [132]: 
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1. define the residuals of the differential equation (12)-1 and of the boundary condition (12)-2: 

𝑅𝑅𝑅𝑅𝑠𝑠𝑃𝑃𝑃𝑃𝑃𝑃  [𝑢𝑢(𝒙𝒙)] = −Δ𝑢𝑢(𝒙𝒙) + 𝛾𝛾𝛾𝛾(𝒙𝒙) − 𝑓𝑓(𝒙𝒙)     𝒙𝒙 ∈ 𝛺𝛺 

𝑅𝑅𝑅𝑅𝑠𝑠𝐵𝐵𝐵𝐵[𝑢𝑢(𝑥𝑥)] = ∇𝑢𝑢(𝑥𝑥) ⋅ 𝑛𝑛 − 𝑔𝑔(𝑥𝑥)                      𝑥𝑥 ∈ ∂Ω, 
(18) 

2. choose a set of collocation points 𝐱𝐱𝑖𝑖
𝑃𝑃𝑃𝑃𝑃𝑃 ∈ 𝛺𝛺 (the blue ones in the left picture of Fig. 23 and  

another set of points 𝐱𝐱𝑖𝑖
𝐵𝐵𝐵𝐵 ∈ 𝜕𝜕𝜕𝜕  (the red ones), set {𝑥𝑥𝑖𝑖} = {𝐱𝐱𝑖𝑖

𝑃𝑃𝑃𝑃𝑃𝑃} ∪ {𝐱𝐱𝑖𝑖
𝐵𝐵𝐵𝐵} , and provide the 

value ui of the solution at the collocation node 𝒙𝒙𝑖𝑖 for any 𝑖𝑖 =  1, . . . , 𝑁𝑁 , computed, for instance, 

by FEM. 

3. design the FFNN like, e.g., in the right picture of Fig. 23, 

4. train the NN: given the pairs (𝒙𝒙𝑖𝑖, 𝑢𝑢𝑖𝑖) for 𝑖𝑖 =  1, . . . , 𝑁𝑁, look for the minimizer 

 

 

Fig. 23 The collocation nodes (left) and the PINN (right). We follow the branch ResPDE if the input xi belongs to the 
interior of the domain and the branch ResBC if xi is on the boundary 

 

Fig. 24 The minimization process in PINNs 

where the loss function is 

ℒ(𝐰𝐰) = ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝐰𝐰) + α𝐵𝐵𝐵𝐵 ⋅ ℒ𝐵𝐵𝐵𝐵(𝐰𝐰) (19) 

With 

ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝒘𝒘) =
1

2𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃
� �𝑅𝑅𝑅𝑅𝑠𝑠𝑃𝑃𝑃𝑃𝑃𝑃�𝑢𝑢𝑁𝑁𝑁𝑁�𝒙𝒙𝒊𝒊

𝑷𝑷𝑷𝑷𝑷𝑷; 𝒘𝒘���2
𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃

𝑖𝑖=1

 (20) 
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ℒ𝐵𝐵𝐵𝐵(𝒘𝒘) =
1

2𝑁𝑁𝐵𝐵𝐵𝐵
��𝑅𝑅𝑅𝑅𝑠𝑠𝐵𝐵𝐵𝐵�𝑢𝑢𝑁𝑁𝑁𝑁�𝒙𝒙𝒊𝒊

𝑩𝑩𝑩𝑩; 𝒘𝒘���
2

𝑁𝑁𝐵𝐵𝐵𝐵

𝑖𝑖=1

 (21) 

And α𝐵𝐵𝐵𝐵  ∈  ℝ is a suitable hyper–parameter. 

5. take 𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥; 𝑤𝑤∗) as the PINN solution. 

In Fig. 24, the iterative process to minimize the loss function is drawn.  

Provided that the activation function is regular (notice that, if σ ∈ 𝒞𝒞∞(ℝ), then 𝑢𝑢𝑁𝑁𝑁𝑁 ∈ 𝒞𝒞∞on 

the input space 𝒳𝒳 ∈  ℝ), partial derivatives in the residuals are evaluated through automatic 

differentiation. Then, the loss function can be minimized via gradient–based methods.  

The summations in (20) and (21) can be interpreted as approximations of integrals, i.e. 

1
𝑁𝑁

�(𝑅𝑅𝑅𝑅𝑅𝑅[𝑢𝑢𝑁𝑁𝑁𝑁(𝒙𝒙𝒊𝒊; 𝒘𝒘)])2
𝑁𝑁

𝑖𝑖=1�����������������
𝐼𝐼𝑁𝑁

≃ � (𝑅𝑅𝑅𝑅𝑅𝑅[𝑢𝑢𝑁𝑁𝑁𝑁(𝒙𝒙; 𝒘𝒘)])2𝑑𝑑Ω
Ω�����������������

𝐼𝐼𝑒𝑒𝑒𝑒

. (22) 

If the nodes are randomly chosen, this corresponds to using the Monte Carlo quadrature rule, 

which provides an error |𝐼𝐼𝑒𝑒𝑒𝑒 − 𝐼𝐼𝑁𝑁| ≈ 𝑁𝑁−1/2 . Alternatively, if we choose the nodes more 

carefully and replace the arithmetic average with a weighted sum 𝐼𝐼𝑒𝑒𝑒𝑒 ≈ 𝐼𝐼𝑁𝑁,ω =

∑ ω𝑖𝑖(𝑅𝑅𝑅𝑅𝑅𝑅[𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥𝑖𝑖; 𝑤𝑤)])2𝑁𝑁
𝑖𝑖=1 [133] , we  might obtain higher accuracy �𝐼𝐼𝑒𝑒𝑒𝑒 − 𝐼𝐼𝑁𝑁,ω� ≤

𝐶𝐶𝑁𝑁−𝑠𝑠 with 𝑠𝑠 ≥ 1 depending on the regularity of both data and solution and possibly on the 

space dimension. 

One of the main strengths of PINNs is their mesh–free nature. This makes them particularly 

appealing because they bypass the often lengthy and tedious process of mesh generation. Indeed, 

PINNs can be effectively applied to irregular and complex domains [134][135]. Additionally, 

the availability of many open–source machine learning platforms, which are highly optimized 

for modern hardware, has made the implementation of PINNs very straightforward. Full 

utilization of the computational power offered by GPUs allows for realising very efficient PINN 

architectures. Automatic differentiation makes PINNs easily applicable to non–linear PDEs. 

More precisely, while solving a non–linear PDE with FEM requires modifying heavily the code 

designed for linear problems (we have to compute the residual of the PDE and apply Newton–

like methods), PINNs are straightforward to implement and only those lines of the code 

performing the calculation of the residual have to be changed. 

On the other hand, computing the optimal parameters 𝐰𝐰 ∗  involves solving an optimization 

problem, making the computational cost of PINNs typically higher than that of FEMs, even for 

linear PDEs. Thus, traditional numerical methods usually outperform PINNs in solving well–
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posed forward problems. However, in cases involving PDEs in high–dimensional spaces, where 

mesh construction becomes challenging and is affected by the curse of dimensionality, PINNs 

offer a compelling alternative. This is due to the neural networks’ ability to efficiently 

approximate functions in high–dimensional spaces. 

A critical aspect of PINNs is that, when the solution of the PDE contains high–frequencies or 

multiscale features, PINNs using fully connected architectures struggle to converge during the 

training[136]. This is a consequence of the so–called spectral bias, a phenomenon where neural 

networks tend to represent low–frequency components more effectively than high–frequency 

ones[136] [248]. This limitation poses challenges in accurately solving problems with solutions 

characterized by high–frequency components, such as wave–like behaviours or sharp 

discontinuities. To address this issue, several solutions have been proposed in the literature. 

These include using periodic activation functions, such as Fourier Features [137], which 

enhance the network’s ability to capture high frequencies, and adaptive or weighted loss 

functions [138], which balance the representation across different spectral scales. These 

approaches have shown promise in mitigating the effects of spectral bias, thereby improving 

the capability of PINNs to solve complex problems. 

Since PINNs represent a method that has spread to the scientific community relatively recently, 

its theoretical understanding is less mature than for other methods, although much progress has 

been made recently. Some aspects remain to be clarified, and in practical contexts very often 

empirical tests are needed to find the best configuration. In the following section, we discuss 

some of the theoretical results that pose a mathematically sound basis for using PINNs. 

A posteriori error bound. Approximation properties of PINNs have been studied 

in[139][140][141][142]. We report here the results proved in [140][142] about the 

generalization error for feed–forward PINNs. 

Let us consider a regular domain 𝛺𝛺 ∈ ℝ , a Banach space 𝑉𝑉 (for second–order elliptic PDEs, a 

typical choice is 𝐻𝐻2(𝛺𝛺) ), a boundary operatorℬ: 𝑉𝑉 → 𝐿𝐿2(𝜕𝜕Ω),  𝑓𝑓 ∈ 𝐿𝐿2(Ω),  𝑔𝑔 ∈ 𝐿𝐿2(𝜕𝜕Ω) , 

and the problem of finding 𝑢𝑢 ∈  𝑉𝑉 solution of 

�
𝒟𝒟(𝑢𝑢) = 𝑓𝑓        in Ω
ℬ(𝑢𝑢) = 𝑔𝑔     on 𝜕𝜕Ω (23) 

Let us assume that (88) admits a unique solution. We define the loss function 

ℒ(𝐰𝐰) = ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝐰𝐰) + α𝐵𝐵𝐵𝐵 ⋅ ℒ𝐵𝐵𝐵𝐵(𝐰𝐰) (24) 

where α𝐵𝐵𝐵𝐵 ∈  ℝ  is a suitable weight, while LP DE and LBC are defined by 
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ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝒘𝒘) =
1
2

� 𝜔𝜔𝑖𝑖
𝑃𝑃𝑃𝑃𝑃𝑃 �𝒟𝒟 �𝑢𝑢𝑁𝑁𝑁𝑁�𝒙𝒙𝒊𝒊

𝑃𝑃𝑃𝑃𝑃𝑃; 𝒘𝒘�� − 𝑓𝑓�𝒙𝒙𝒊𝒊
𝑃𝑃𝑃𝑃𝑃𝑃��

2
𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃

𝑖𝑖=1

 (25) 

ℒ𝐵𝐵𝐵𝐵(𝒘𝒘) =
1
2

� 𝜔𝜔𝑖𝑖
𝐵𝐵𝐵𝐵 �ℬ �𝑢𝑢𝑁𝑁𝑁𝑁�𝒙𝒙𝒊𝒊

𝐵𝐵𝐵𝐵 ; 𝒘𝒘�� − 𝑔𝑔�𝒙𝒙𝒊𝒊
𝐵𝐵𝐵𝐵��

2
𝑁𝑁𝐵𝐵𝐵𝐵

𝑖𝑖=1

 (26) 

with 𝜔𝜔𝑖𝑖
𝑃𝑃𝑃𝑃𝑃𝑃 and 𝜔𝜔𝑖𝑖

𝐵𝐵𝐵𝐵 suitable quadrature weights. In the case of the Monte Carlo formula, we 

have ω𝑖𝑖
𝑃𝑃𝑃𝑃𝑃𝑃 = 1/𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃  , ω𝑖𝑖

𝐵𝐵𝐵𝐵 = 1/𝑁𝑁𝐵𝐵𝐵𝐵  . We assume that, when increasing the number of 

collocation nodes, we keep constant the ratio between the number of nodes in the interior and 

on the boundary, so that we can define a single parameter 𝑁𝑁 such that 𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃  ≈  𝑁𝑁 and 𝑁𝑁𝐵𝐵𝐵𝐵  ≈

 𝑁𝑁 . 

Then, we train the network by looking for 𝐰𝐰 ∗ solution of 

𝑤𝑤∗ = arg min
𝑤𝑤∈ℝ𝑀𝑀

ℒ (𝑤𝑤), 

and define 𝑢𝑢∗ = 𝑢𝑢𝑁𝑁𝑁𝑁( ;  𝑤𝑤∗) as the PINN solution. The following theorem is from [140][142]: 

Theorem 1. Provided that the following stability assumption 

‖𝑣𝑣1 − 𝑣𝑣2‖ ≤ 𝐶𝐶𝑃𝑃𝑃𝑃𝑃𝑃(‖𝑣𝑣1‖𝑉𝑉, ‖𝑣𝑣2‖𝑉𝑉) ⋅ �
‖𝒟𝒟(𝑣𝑣1) − 𝒟𝒟(𝑣𝑣2)‖𝐿𝐿2(Ω)

2

+α𝐵𝐵𝐵𝐵‖ℬ(𝑣𝑣1) − ℬ(𝑣𝑣2)‖𝐿𝐿2(Ω)
2    

�
1/2

 

holds for any 𝑣𝑣1, 𝑣𝑣2 belonging to a closed subspace of V, then there exist two positive constants 

𝑐𝑐1 and 𝑐𝑐2 such that 

‖𝑢𝑢∗ − 𝑢𝑢‖𝑉𝑉 ≤ 𝑐𝑐1ℒ(𝒘𝒘∗)1/2 + 𝑐𝑐2𝑁𝑁−𝑠𝑠/2, (27) 

where s is the accuracy order of the quadrature formula. 

The term ‖𝑢𝑢∗ − 𝑢𝑢‖V represents the generalization error, ℒ(𝒘𝒘∗)1/2 is the training error, while 

𝑐𝑐2𝑁𝑁−𝑠𝑠/2 bounds the quadrature error. The constant c1 depends on the exact solution, the NN 

solution and the PINN architecture (i.e., the number of layers, neurons and training collocation 

points), while c2 depends on the exact solution and the quadrature formula. The error estimate 

(27) establishes that minimizing the residual of the PDE (including the residual of boundary 

conditions) leads to the control of the generalization error, provided that a sufficient number of 

collocation nodes is employed. We refer to [140][142] for a more in–depth analysis of this topic. 

PINNs for inverse problems. As anticipated, the scope of PINNs is not limited to the solution 

of PDEs. They can be effectively employed in a variety of scenarios, including the solution of 

inverse problems. In the following, we illustrate how PINNs can be used to address the 

identification of parameters of a PDE, starting from some suitable measures on the solution. 
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Let us consider the problem (78), we know the functions 𝑓𝑓  and 𝑔𝑔  and want to estimate the 

parameter 𝛾𝛾 ∈ ℝ starting from 𝑁𝑁obs observations 𝑢𝑢𝑖𝑖
obs = 𝑢𝑢(𝒙𝒙𝑖𝑖

obs), with 𝑖𝑖 = 1, … , 𝑁𝑁obs. This is 

an instance of inverse problem and, in particular, a parameter identification problem. 

min
𝛾𝛾>0, 𝑢𝑢ℎ∈𝑉𝑉ℎ

��𝑢𝑢𝑖𝑖
obs − 𝑢𝑢ℎ(𝒙𝒙𝑖𝑖

obs)�
2

𝑁𝑁obs

𝑖𝑖=1

 

𝑠𝑠. 𝑡𝑡.  � ∇𝑢𝑢ℎ
Ω

⋅ ∇𝑣𝑣ℎ + � 𝛾𝛾𝑢𝑢ℎ𝑣𝑣ℎ
Ω

= � 𝑓𝑓
Ω

𝑣𝑣ℎ + � 𝑔𝑔
𝜕𝜕Ω

𝑣𝑣ℎ     ∀𝑣𝑣ℎ ∈ 𝑉𝑉ℎ, 

(28) 

for a convenient finite dimensional subspace 𝑉𝑉ℎ of the Sobolev space 𝐻𝐻1(𝛺𝛺). Then, we could 

invoke standard algorithms for constrained optimization (like, e.g., those based on the “trust 

region” or the “interior point” methods [143] or resort to the optimal control theory[144] and 

solve the related optimality system. In the latter case, if we adopted an iterative solver to solve 

the optimality system, at each iteration we should solve two FEM problems: one primal (i.e. 

problem (27)2) and one adjoint of (27)2, see[144][145]. 

Instead, the PINN approach consists of defining the loss function 

ℒ(𝒘𝒘, 𝛾𝛾) = ℒ𝑜𝑜𝑜𝑜𝑜𝑜(𝒘𝒘) + 𝛼𝛼𝑃𝑃𝑃𝑃𝑃𝑃ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝒘𝒘, 𝛾𝛾) + 𝛼𝛼𝐵𝐵𝐵𝐵ℒ𝐵𝐵𝐵𝐵(𝒘𝒘) (29) 

With 

ℒ𝑜𝑜𝑜𝑜𝑜𝑜(𝒘𝒘) =
1

𝑁𝑁obs
� �𝑢𝑢𝑖𝑖

obs − 𝑢𝑢𝑁𝑁𝑁𝑁(𝒙𝒙𝑖𝑖
obs; 𝐰𝐰)�

2
𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜

𝑖𝑖=1

  

ℒ𝑃𝑃𝑃𝑃𝑃𝑃(𝒘𝒘, 𝛾𝛾) =
1
2

� 𝜔𝜔𝑖𝑖
𝑃𝑃𝑃𝑃𝑃𝑃�𝒟𝒟�𝑢𝑢𝑁𝑁𝑁𝑁�𝒙𝒙𝒊𝒊

𝑃𝑃𝑃𝑃𝑃𝑃; 𝒘𝒘�; 𝛾𝛾� − 𝑓𝑓�𝒙𝒙𝒊𝒊
𝑃𝑃𝑃𝑃𝑃𝑃��2

𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃

𝑖𝑖=1

  

and ℒ𝐵𝐵𝐵𝐵(𝒘𝒘) as in (26), and computing 

𝑤𝑤∗, γ∗ = argmin
𝒘𝒘∈ℝ𝑀𝑀, 𝛾𝛾∈ℝ+

ℒ(𝑤𝑤, γ) 

The advantages of PINNs compared with the classical approach are that only a minimal 

modification with respect to the direct problem is required (we have added a new parameter to 

the array 𝐰𝐰 of the NN parameters and the term ℒ𝑜𝑜𝑜𝑜𝑜𝑜 to the loss function.). Moreover, PINNs 

also work in case of defective data, for instance, when some of the boundary conditions are 

missing. The flexibility of PINNs in seamlessly addressing different types of problems is a key 

feature that makes them particularly appealing in the context of inverse problems. 

In general terms, the problem of parameter estimation with PINNs can be framed as follows: 
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𝒘𝒘∗, 𝛾𝛾∗ = argmin
𝒘𝒘∈ℝ𝑀𝑀,𝛾𝛾∈ℝ𝑃𝑃

�
1

𝑁𝑁obs
��𝑢𝑢𝑖𝑖

obs − 𝑢𝑢𝑁𝑁𝑁𝑁(𝒙𝒙𝑖𝑖
obs; 𝐰𝐰)�

2
+ ℒphys(𝑢𝑢𝑁𝑁𝑁𝑁(⋅; 𝒘𝒘), 𝛾𝛾)

𝑁𝑁obs

𝑖𝑖=1

� (30) 

where the physics–based regularization term is defined as 

ℒphys(𝑢𝑢, 𝛾𝛾) =
𝛼𝛼𝑃𝑃𝑃𝑃𝑃𝑃

2𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃
� �Res𝑃𝑃𝑃𝑃𝑃𝑃�𝑢𝑢�𝒙𝒙𝒊𝒊

𝑃𝑃𝑃𝑃𝑃𝑃�; 𝛾𝛾��2
𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃

𝑖𝑖=1

+
𝛼𝛼𝐵𝐵𝐵𝐵

2𝑁𝑁𝐵𝐵𝐵𝐵
��Res𝐵𝐵𝐵𝐵�𝑢𝑢�𝒙𝒙𝒊𝒊

𝐵𝐵𝐵𝐵�; 𝛾𝛾��2
𝑁𝑁𝐵𝐵𝐵𝐵

𝑖𝑖=1

 

(31) 

Multifidelity PINNs. Inverse problems are often ill–posed due to data scarcity. Sometimes a 

surplus of boundary conditions is given on a small subset Γ of the boundary 𝜕𝜕Ω , while no 

information is available on 𝜕𝜕Ω\𝛤𝛤. Other times, boundary data are completely missing, while 

only measurements inside the domain are available. Consequently, multiple local minima and 

challenging optimization landscapes occur. In these circumstances, despite the physics–

informed regularization, achieving convergence and stability remains difficult. To address this 

issue, a multi–fidelity approach can be introduced[145], leveraging a combination of low– and 

high–fidelity models. The purpose is to enhance convergence of the optimization process and 

improve robustness with respect to noise. Two different datasets are typically used. The first 

one (𝒙𝒙𝑖𝑖
obs, 𝑢𝑢𝑖𝑖

obs)  with 𝑖𝑖 = 1, … , 𝑁𝑁obs , feeds the high–fidelity model. The second one, 

(𝒙𝒙𝑖𝑖
low, 𝑢𝑢𝑖𝑖

low), for 𝑖𝑖 = 1, … , 𝑁𝑁low, feeds the low–fidelity model and is typically characterized by 

a larger number of data but lower fidelity, such as those collected from numerous low–quality 

sensors. 

Typically, the low–fidelity model 𝑢𝑢𝐿𝐿(𝒙𝒙; 𝒘𝒘𝐿𝐿) is a standard FFNN. The high–fidelity model 𝑢𝑢𝐻𝐻 

can be expressed generally as: 

𝑢𝑢𝐻𝐻(𝒙𝒙; 𝒘𝒘) = ℒℋ(𝒙𝒙, 𝑢𝑢𝐿𝐿(𝒙𝒙; 𝒘𝒘𝐿𝐿); 𝒘𝒘𝐻𝐻) + 𝒩𝒩𝒩𝒩ℋ(𝒙𝒙, 𝑢𝑢𝐿𝐿(𝒙𝒙; 𝒘𝒘𝐿𝐿); 𝒘𝒘𝐻𝐻) (32) 

where ℒℋ is a linear transformation of 𝑢𝑢𝐿𝐿, and 𝒩𝒩𝒩𝒩ℋ  is a neural network correcting the low–

order model 𝑢𝑢𝐿𝐿 . The rationale for this linear/non–linear splitting is that, if the low–fidelity 

model is well–designed, one would expect a strong linear correlation between uH and uL; by 

explicitly incorporating a linear correlation term, the learning process is guided to more 

effectively capture this type of relationship. Here, 𝒘𝒘 = [𝒘𝒘𝐿𝐿 , 𝒘𝒘𝐻𝐻] encapsulates the parameters 

of both low– and high–fidelity models. 

The optimization problem in the multi–fidelity setting becomes: 
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𝑤𝑤∗, γ∗ = argmin
𝒘𝒘∈ℝ𝑀𝑀,𝛾𝛾∈ℝ𝑃𝑃

�
1

𝑁𝑁obs
��𝑢𝑢𝑖𝑖

obs − 𝑢𝑢𝐻𝐻(𝒙𝒙𝑖𝑖
obs; 𝐰𝐰)�

2
+ ℒphys(𝑢𝑢𝐻𝐻(⋅; 𝒘𝒘), 𝛾𝛾)  

𝑁𝑁obs

𝑖𝑖=1

+
𝛼𝛼low

𝑁𝑁low
��𝑢𝑢𝑖𝑖

low − 𝑢𝑢𝐿𝐿(𝒙𝒙𝑖𝑖
low; 𝐰𝐰𝑳𝑳)�

2
𝑁𝑁low

𝑖𝑖=1

 �  

where 𝑢𝑢𝐻𝐻  is given by(32). Here, the low–fidelity term 𝛼𝛼low
𝑁𝑁low

∑ �𝑢𝑢𝑖𝑖
low − 𝑢𝑢𝐿𝐿�

2𝑁𝑁low
𝑖𝑖=1   incorporates 

additional information into the optimization, improving the model’s ability to generalize even 

with sparse highfidelity data. 

A more advanced multi–fidelity approach [146] involves leveraging a surrogate model trained 

on data generated through a numerical solver. This allows us to capture parametric 

dependencies in the solution. The corresponding optimization problem for training uL is: 

𝑤𝑤𝐿𝐿
∗ = argmin

𝒘𝒘𝑳𝑳∈ℝ𝑀𝑀𝐿𝐿
�

1
𝑁𝑁𝑙𝑙𝑙𝑙𝑙𝑙

� �𝑢𝑢𝑖𝑖
𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑢𝑢𝐿𝐿�𝒙𝒙𝒊𝒊

𝑙𝑙𝑙𝑙𝑙𝑙 , 𝛾𝛾𝑖𝑖
𝑙𝑙𝑙𝑙𝑙𝑙; 𝒘𝒘𝐿𝐿��

2
𝑁𝑁𝑙𝑙𝑙𝑙𝑙𝑙

𝑖𝑖=1

+ 𝑅𝑅(𝒘𝒘𝐿𝐿)�, 

where 𝑅𝑅(𝒘𝒘𝐿𝐿) is a regularization term that may include physics–based constraints. Once trained, 

the parametrized low–fidelity model uL is fixed (i.e., its parameters are kept equal to 𝒘𝒘𝑳𝑳
∗) and 

used as a prior for the high–fidelity model: 

𝑢𝑢𝐻𝐻(𝑥𝑥, γ; 𝑤𝑤𝐻𝐻) = ℒ𝐻𝐻(𝑥𝑥, 𝑢𝑢𝐿𝐿(𝑥𝑥, γ; 𝑤𝑤𝐿𝐿
∗); 𝑤𝑤𝐻𝐻) + 𝒩𝒩𝒩𝒩𝐻𝐻(𝑥𝑥, 𝑢𝑢𝐿𝐿(𝑥𝑥, γ; 𝑤𝑤𝐿𝐿

∗); 𝑤𝑤𝐻𝐻), 

where one often sets LH (x, uL; wH ) ≡ uL to enforce the low-fidelity model as a prior. We 

remark that, unlike in (32), the multi–fidelity expression accounts for the parametric 

dependence of the solution, that is the NN explicitly depends on the parameters γ. 

The final optimization for the inverse problem becomes: 

𝒘𝒘𝑯𝑯
∗ , 𝛾𝛾∗ = argmin

𝒘𝒘𝑯𝑯∈ℝ𝑀𝑀𝐻𝐻 ,𝛾𝛾∈ℝ𝑃𝑃
�

1
𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜

� �𝑢𝑢𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑢𝑢𝐻𝐻�𝒙𝒙𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜, 𝛾𝛾; 𝒘𝒘𝐻𝐻��
2

𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜

𝑖𝑖=1

+ ℒ𝑝𝑝ℎ𝑦𝑦𝑦𝑦(𝑢𝑢𝐻𝐻(⋅, 𝛾𝛾; 𝒘𝒘𝐻𝐻), 𝛾𝛾)�. 

(33) 

This approach leverages the strengths of both low– and high–fidelity models, balancing 

computational efficiency with accuracy. It is particularly advantageous in settings where 

parametric variations significantly influence the solution. 

PINNs for data fitting. Very frequently, observations are affected by noise, so we might be 

interested in estimating the denoised solution of a PDE, starting from noising data. This 



 

49 

 

represents another type of problem that can be effectively addressed by PINNs. Let us consider 

the example of estimating the blood velocity 𝑢𝑢 in a vessel. Let 𝛀𝛀 ∈ ℝ3 be the computational 

domain (modelled by a curved cylinder), with 𝛤𝛤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 , 𝛤𝛤in  and 𝛤𝛤out  representing impermeable, 

inflow, and outflow boundaries, respectively. For any time 𝑡𝑡 ∈ (0, 𝑇𝑇 ) of the simulation, the 

velocity 𝒖𝒖 = 𝒖𝒖(𝑥𝑥, 𝑡𝑡) satisfies the Navier–Stokes equation 

�
𝐿𝐿𝑀𝑀(𝒖𝒖, 𝑝𝑝) ≔ 𝜌𝜌

𝜕𝜕𝒖𝒖
𝜕𝜕𝜕𝜕

− 𝜇𝜇Δ𝒖𝒖 + 𝜌𝜌(𝒖𝒖 ⋅ ∇)𝒖𝒖 + ∇𝑝𝑝 = 0                   𝑖𝑖𝑖𝑖 𝛺𝛺

𝐿𝐿𝐷𝐷(𝒖𝒖) ≔ ∇ ⋅ 𝒖𝒖 = 0                                                                       𝑖𝑖𝑖𝑖 𝛺𝛺
𝒖𝒖 = 0                                                                                          𝑜𝑜𝑜𝑜𝛤𝛤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

 (34) 

 

 

and we dispose of the noisy observation 𝒖𝒖𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜 ≃ 𝒖𝒖�𝒙𝒙𝒊𝒊

𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜� for 𝑖𝑖 = 1, … , 𝑁𝑁obs, with 𝒙𝒙𝒊𝒊

𝑜𝑜𝑜𝑜𝑜𝑜∈ 

Ω and 𝒙𝒙𝒊𝒊
𝑜𝑜𝑜𝑜𝑜𝑜 ∈ (0, 𝑇𝑇 ). We are interested in estimating the velocity of the blood at certain points 

of the inflow and outflow boundaries and at given times, by using a PINN. 

We might design a single NN that, given in input the independent variables 𝐱𝐱 ∈ ℝ3 and 𝑡𝑡 ∈ ℝ, 

provides both the velocity u and the pressure p as outputs; otherwise, we might use two different 

NNs, one providing the velocity and the other the pressure. In both cases, we denote by 

𝒖𝒖𝑵𝑵𝑵𝑵(𝒙𝒙, 𝑡𝑡; 𝒘𝒘) and 𝑝𝑝𝑁𝑁𝑁𝑁(𝒙𝒙, 𝑡𝑡; 𝒘𝒘) the solution computed by the PINN, and denote by 𝒥𝒥𝑀𝑀 and 𝒥𝒥𝐷𝐷 

two (not necessarily disjoint) subsets of the indices set 𝒥𝒥𝑜𝑜𝑜𝑜𝑜𝑜 = {1, … , 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜}. Then we define the 

losses 

ℒ𝑜𝑜𝑜𝑜𝑜𝑜(𝑤𝑤) =
1

𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜
� �𝒖𝒖𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜 − 𝒖𝒖𝑁𝑁𝑁𝑁�𝒙𝒙𝑖𝑖
𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡𝑖𝑖

𝑜𝑜𝑜𝑜𝑜𝑜; 𝒘𝒘��
2,

𝑖𝑖∈ℐℴ𝒷𝒷𝒷𝒷

 

ℒℳ(𝑤𝑤) =
1

|ℐℳ| � �𝐿𝐿𝑀𝑀 �𝒖𝒖𝑁𝑁𝑁𝑁�𝒙𝒙𝑖𝑖
𝑀𝑀, 𝑡𝑡𝑖𝑖

𝑀𝑀; 𝒘𝒘�, 𝑝𝑝𝑁𝑁𝑁𝑁�𝒙𝒙𝑖𝑖
𝑀𝑀, 𝑡𝑡𝑖𝑖

𝑀𝑀; 𝒘𝒘���
2

,
𝑖𝑖∈ℐℳ

 

ℒ𝒟𝒟(𝑤𝑤) =
1

|ℐ𝒟𝒟| � �𝐿𝐿𝐷𝐷 �𝒖𝒖𝑁𝑁𝑁𝑁�𝑥𝑥𝑖𝑖
𝐷𝐷, 𝑡𝑡𝑖𝑖

𝐷𝐷; 𝑤𝑤���
2

,
𝑖𝑖∈ℐ𝒟𝒟

 

and look for 

𝑤𝑤∗ = argmin
𝒘𝒘∈ℝ𝑀𝑀

[ℒ𝑜𝑜𝑜𝑜𝑜𝑜(𝒘𝒘) + 𝛼𝛼𝑀𝑀ℒℳ(𝒘𝒘) + 𝛼𝛼𝐷𝐷ℒ𝒟𝒟(𝒘𝒘)], 

With 𝛼𝛼𝑀𝑀 and 𝛼𝛼𝐷𝐷 suitable weights. The term ℒ𝑜𝑜𝑜𝑜𝑜𝑜 of the loss function incorporates data, while 

ℒℳ and ℒ𝒟𝒟 encode the learning biases. One way to interpret this approach is to view it as a 

fitting problem, where the terms incorporating physics act as regularization terms, favouring 
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solutions that adhere to known physical principles. 

with αM and αD suitable weights. The term Lobs of the loss function incorporates data, while 

LM and LD encode the learning biases. One way to interpret this approach is to view it as a 

fitting problem, where the terms incorporating physics act as regularization terms, favouring 

solutions that adhere to known physical principles. 

We observe that also in this case the formulation of the problem is very similar to that of the 

direct one. 

Thanks to their flexibility, PINNs can be applied even when boundary conditions or initial 

conditions are missing or not completely known. PINNs can be effective for ill–posed problems 

and in the small data regime (indeed when data are scarce, learning biases supersede missing 

measurements). 

Enforcement of Dirichlet boundary conditions. We now discuss how to enforce Dirichlet 

boundary conditions in the PINN framework. The approaches discussed here can be applied to 

the different types of problems we have discussed so far, including the resolution of PDE, 

inverse problems and data fitting. Let us consider the second–order elliptic equation (12) but 

with Dirichlet boundary conditions instead of the Neumann ones: 

�
−Δ𝑢𝑢 +  𝛾𝛾𝛾𝛾 =  𝑓𝑓,     𝑖𝑖𝑖𝑖 𝛺𝛺  
𝑢𝑢 =  𝑔𝑔                      on 𝜕𝜕Ω   

We may work following different approaches. The first way consists of defining the residual 

corresponding to the boundary condition as 

𝑅𝑅𝑅𝑅𝑠𝑠𝐵𝐵𝐵𝐵[𝑢𝑢(𝑥𝑥)] = 𝑢𝑢(𝑥𝑥) − 𝑔𝑔(𝑥𝑥),       𝑥𝑥 ∈ ∂Ω. 

and using this one instead of (18)-2 inside the definition of (21)[147].  

This approach could be interpreted as analogous of the penalty method of Babuˇska [14] in the 

Galerkin framework, for which we look for 𝑢𝑢 ∈  𝑉𝑉 = 𝐻𝐻1(𝛺𝛺) such that 

� (∇𝑢𝑢 ⋅ ∇𝑣𝑣 + γ𝑢𝑢𝑢𝑢 − 𝑓𝑓𝑓𝑓)
Ω

+ α𝐵𝐵𝐵𝐵 � (𝑢𝑢 − 𝑔𝑔)𝑣𝑣
∂Ω

= 0, ∀𝑣𝑣 ∈ 𝑉𝑉. 

where 𝛼𝛼𝐵𝐵𝐵𝐵 > 0 is a suitable penalization parameter. 

A second way [148]consists of defining the solution as 

𝑢𝑢𝑁𝑁𝑁𝑁(𝑥𝑥; 𝑤𝑤) = 𝐺𝐺(𝑥𝑥) + 𝐴𝐴(𝑥𝑥)𝑢𝑢�𝑁𝑁𝑁𝑁(𝑥𝑥; 𝑤𝑤). 

where 𝐺𝐺(𝒙𝒙) is a lifting of 𝑔𝑔(𝒙𝒙) to Ω, i.e. a function 𝐺𝐺: Ω → ℝ  such that 𝐺𝐺|∂Ω = g and contains 
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no adjustable parameters; A(x) is a function named mask defined on Ω such that 𝐴𝐴|∂Ω =  0 (for 

instance, if 𝛺𝛺 = (0, 1)2, we could take 𝐴𝐴(𝑥𝑥)  =  𝑥𝑥1𝑥𝑥2(1 −  𝑥𝑥1)(1 − 𝑥𝑥2)); while 𝑢𝑢�𝑁𝑁𝑁𝑁(𝒙𝒙; 𝒘𝒘) is 

a single–output FFNN with parameters w and input x. 

The optimal values of the parameters are computed by minimizing the loss function 

ℒ(𝑤𝑤) = ℒ𝒫𝒫𝒫𝒫ℰ(𝑤𝑤) =
1

2𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃
� �𝑅𝑅𝑅𝑅𝑠𝑠𝑃𝑃𝑃𝑃𝑃𝑃 �𝑢𝑢𝑁𝑁𝑁𝑁�𝑥𝑥𝑖𝑖

𝑃𝑃𝑃𝑃𝑃𝑃; 𝑤𝑤���
2

𝑁𝑁𝑃𝑃𝑃𝑃𝑃𝑃

𝑖𝑖=1

. 

Other strategies to impose Dirichlet conditions rely on formulating the problem as a constrained 

optimization problem via the augmented Lagrangian method[149]. 

2.3 PINN Framework Construction for LPBF Thermal Process 

2.3.1 Definition of Spatial–Temporal Computational Domain 
This section provides a detailed description of the physical model of the LPBF process used as 

input for the PINN (Input Fig. 25. The computational domain spans 4 mm in the scanning 

direction (x), 2 mm in width (y), and 3 mm in depth (z), as shown in fig. 3. These dimensions 

were chosen to reflect the experimental configuration and to minimize boundary effects that 

could distort the thermal field. In particular, the domain length ensures that a representative 

bead-on-plate of approximately 2 mm can be formed while leaving sufficient space ahead of 

and behind the heat source to allow for realistic cooling and heating gradients. The width and 

the depth were selected based on characteristics of the laser system and configuration used for 

subsequent tuning and validation steps. To allow for thermal preconditioning of the material, 

the temporal domain begins at t = -0.1 s, with the laser initially inactive, and ends when the 

laser completes the 2 mm process segment. The total simulation time is therefore determined 

by the laser scanning speed and the target laser path length. To simplify the complex multi-

physics phenomena involved in keyhole LPBF while preserving the dominant thermal 

mechanisms, the following assumptions were made:  

 

Fig. 25 Domain considered 
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• The powder layer on the single track surface is neglected 

• The material is treated as a continuous solid medium 

• The material is considered isotropic and homogeneous, with temperature-dependent 

thermophysical properties 

• Fluid flow, recoil pressure and convection are neglected 

• The laser beam is modeled as an equivalent volumetric heat source 

The temperature distribution (T) is given by a transient Fourier equation  

𝜌𝜌(𝑇𝑇)𝐶̃𝐶𝑝𝑝(𝑇𝑇)
𝜕𝜕𝜕𝜕(𝒙𝒙, 𝑡𝑡)

𝜕𝜕𝜕𝜕
− 𝛻𝛻 ∙ �𝑘𝑘�(𝑇𝑇)𝛻𝛻𝛻𝛻� − 𝑞𝑞𝑣𝑣(𝒙𝒙, 𝑡𝑡) = 0 (35) 

Where x represents the space coordinates x, y, and z, t represents time, 𝜌𝜌(𝑇𝑇) ([kg·m−3]), 𝐶̃𝐶𝑝𝑝(𝑇𝑇) 

([J·Kg−1·K−1]), and 𝑘𝑘�(𝑇𝑇) ([W·m−1·K−1]) represent respectively the temperature-dependent 

density, apparent heat capacity, and effective thermal conductivity of the material. The latter 

two quantities extend the material’s intrinsic heat capacity and thermal conductivity to account 

for the different behavior in the melting phase, which is not explicitly modeled. qv represents 

the volumetric heat input from the moving laser beam. To capture the characteristic morphology 

of keyhole-mode, a double-conical volumetric heat source—originally derived from the three-

dimensional conical model by Wu[154] and later refined by Farhang[155]—was adopted in this 

study. The source is shown in Fig. 26 and is composed of two separate volumetric contribution: 

• 𝑞𝑞𝑣𝑣1  (see eq.(8)) describes the lower conical region, ranging from the bottom of the 

keyhole at zb to the intermediate interface at zi in a distance equal to Hu  

• 𝑞𝑞𝑣𝑣2 (see eq.(9)) defines the upper conical region, extending from zi up to the top surface 

at zt in a distance equal to Hl 

The corresponding radial profiles r1 and r2, which vary linearly along the height of each cone, 

are defined in eq.(10)(11) 

This double-conical formulation can also be readily adapted to conduction-mode by reducing 

the cone depths and adjusting the upper and lower radii accordingly, thereby providing a unified 

and scalable volumetric heat source representation across different LPBF melting regimes. 
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Fig. 26: Double conical heat source with the six parameters showed 

In order to solve equation (35) appropriate boundary and initial conditions were set as  detailed 

below: 

• Initial temperature was set equal to room temperature (25 °C) in all the domain: 

𝑇𝑇(𝑥𝑥, 𝑡𝑡, 𝑧𝑧, 0) = 𝑇𝑇0(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 298 𝐾𝐾 (36) 

• A Dirichlet with fixed temperature at the bottom: 

𝑇𝑇(𝒙𝒙, 𝑡𝑡) = 293 𝐾𝐾,  𝑥𝑥 ∈ ∂ (37) 

• An adiabatic Neumann condition at the external boundaries: 

∂𝑇𝑇
∂𝑛𝑛��

∂Ω
= 0 (38) 

• A Robin condition to account for heat loss for external convection and radiation at top 

𝑘𝑘�∇𝑇𝑇 − ℎ(𝑇𝑇 − 𝑇𝑇0) − 𝜖𝜖𝜖𝜖(𝑇𝑇4 − 𝑇𝑇0
4) = 0 (39) 

with h convective coefficient, equal to 20 W ∙ m−2K−1, ϵ material emissivity, equal to 0.9 

while σ is the Stefan–Boltzmann constant (5.67 × 10−8  W ∙ m−2K−4 ,). Since for the 

keyhole model the material undergoes extremely high temperature gradients reaching 

temperature exceeding the evaporation point it was necessary to define the material’s 

properties accordingly: Constant properties given by literature were used only when the 

temperature was below the melting temperature (Tm), while for melting, vaporization and 

over vaporization temperature the properties were The temperature-dependent trends of the 

material properties adopted in the model are reported in detail in Fig. 27. 
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Fig. 27 Temperature-dependent apparent specific heat capacity and effective thermal 

conductivity of the aluminum alloy in PINN. 

2.3.2 PINN Network and Loss Function Design 
This section presents the structures and implementation of the proposed Physics-Informed 

Neural Network developed to solve the thermal field during keyhole LPBF. The framework 

combines a feedforward neural network architecture with the information given by the 

governing physical laws The neural network is trained to satisfy both the energy conservation 

equation (eq.(35)) and the initial/boundary conditions (section 2.3.1) described in section 2.3. 

without any experimental data. Fig. 28 shows the scheme of the proposed PINN model.  

 

Fig. 28 Scheme of a generic PINN model 

To approximate the solution of partial differential equations governing physical processes, 

Physics-Informed Neural Networks employ standard feedforward neural networks as 

surrogate function approximators. The network is trained not only to fit data, but also to 

satisfy the underlying physical laws expressed as differential equations, initial, and 
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boundary conditions. Following the elaboration proposed by Lu et al.[156] we can define a 

fully-connected feedforward neural network with L-layers, denoted as 𝒩𝒩𝐿𝐿(𝑥𝑥) : ℝ𝑑𝑑𝑖𝑖𝑖𝑖   → 

ℝ𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜  , where 𝑑𝑑𝑖𝑖𝑖𝑖 and 𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜 are the input and output dimensions, respectively. The network 

consists of an input layer, multiple hidden layers with 𝑁𝑁𝑙𝑙neurons each and nonlinear active 

functions, and an output layer. The network can be mathematically expressed as follows: 

Input layer:      𝒩𝒩0(𝑥𝑥) = 𝑥𝑥 ∈ ℝ𝑑𝑑𝑖𝑖𝑖𝑖  

Hidden layers:𝒩𝒩ℓ(𝑥𝑥) = σ�𝑊𝑊𝑙𝑙𝒩𝒩ℓ−1(𝑥𝑥) + 𝑏𝑏𝑙𝑙� ∈ ℝ𝑁𝑁𝑙𝑙     for 1 ≤ 𝑙𝑙 ≤ 𝐿𝐿 − 1 

Output layer:   𝒩𝒩ℒ(𝑥𝑥) = 𝑊𝑊𝐿𝐿𝒩𝒩ℒ−1(𝑥𝑥) + 𝑏𝑏𝐿𝐿 ∈ ℝ𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜  

with σ nonlinear activation function, 𝑊𝑊𝑙𝑙 ∈ ℝ𝑁𝑁𝑙𝑙𝑥𝑥𝑁𝑁𝑙𝑙−1 weight matrix and 𝒃𝒃𝑙𝑙 ∈ ℝ𝑁𝑁𝑙𝑙  the 

bias vector, trainable parameters indicate with 𝜃𝜃. Given a generic PDE with a different 

operator 𝒩𝒩[;  𝜆𝜆] parameterized by λ: 

∂𝑢𝑢
∂𝑡𝑡

+ 𝒩𝒩[𝑢𝑢(𝑡𝑡, 𝑥𝑥); λ] = 0,  𝑥𝑥 ∈ Ω ⊂ 𝑅𝑅𝑑𝑑,  𝑡𝑡 ∈ [0, 𝑇𝑇] (40) 

with such initial and boundary conditions: 

𝑢𝑢(0, 𝑥𝑥) = 𝑢𝑢0(𝑥𝑥),  𝑥𝑥 ∈  Ω (41) 

ℬ[𝑢𝑢] = 0,  𝑥𝑥 ∈ ∂Ω,  𝑡𝑡 ∈ [0, 𝑇𝑇] (42) 

PINN will approximate the solution 𝒖𝒖(𝑡𝑡, 𝒙𝒙)  with û(𝑡𝑡, 𝒙𝒙, 𝜃𝜃)  by minimizing the loss 

function: 

ℒ𝑇𝑇𝑇𝑇𝑇𝑇(θ) = α𝑃𝑃𝑃𝑃𝑃𝑃 ⋅ ℒ𝑃𝑃𝑃𝑃𝑃𝑃(θ) + α𝐼𝐼𝐼𝐼 ⋅ ℒ𝐼𝐼𝐼𝐼(θ) + α𝐵𝐵𝐵𝐵 ⋅ ℒ𝐵𝐵𝐵𝐵(θ) (43) 

In the proposed model, each term of the loss function is evaluated over a specific set of 

training points selected within the computational domain. In particular, the PDE loss term 

ℒ𝑃𝑃𝑃𝑃𝑃𝑃 (eq.(44)) is computed over a batch of collocation points, which are sampled within 

the space-time domain and used to enforce the governing differential equation. The 

boundary condition loss term 𝐿𝐿𝐵𝐵𝐵𝐵  (eq.(45)) is computed over a set of boundary points 

located on the spatial boundaries of the domain, while the initial condition term 𝐿𝐿𝐼𝐼𝐼𝐼 

(eq.(46)) is evaluated on a set of initial points corresponding to the initial time. For each of 

these three components, the median squared error is used as a measure of discrepancy 

between the model’s output and the expected physical behaviour. 
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ℒ𝑃𝑃𝑃𝑃𝑃𝑃(θ) =
1

𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
� ||

∂𝑢𝑢��𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑖𝑖 , 𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑖𝑖 ; θ�
∂𝑡𝑡

+ 𝒩𝒩�𝑢𝑢��𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑖𝑖 , 𝒙𝒙𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑖𝑖 ; θ�; λ� ||2
2

𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑖𝑖=1

 (44) 

ℒ𝐼𝐼𝐼𝐼(θ) =
1

𝑁𝑁𝑖𝑖𝑖𝑖
�||𝑢𝑢��0, 𝑥𝑥𝑖𝑖𝑖𝑖

𝑖𝑖 ; θ�||2
2

𝑁𝑁𝑖𝑖𝑖𝑖

𝑖𝑖=1

 (45) 

ℒ𝐵𝐵𝐵𝐵(θ) =
1

𝑁𝑁𝑏𝑏𝑏𝑏
�||ℬ�𝑢𝑢��𝑡𝑡𝑏𝑏𝑏𝑏

𝑖𝑖 , 𝑥𝑥𝑏𝑏𝑏𝑏
𝑖𝑖 ; θ��||2

2

𝑁𝑁𝑏𝑏𝑏𝑏

𝑖𝑖=1

 (46) 

Each term of the loss function is associated with a different weight indicated in eq. (13) 

with α𝑃𝑃𝑃𝑃𝑃𝑃 , α𝐵𝐵𝐵𝐵  and α𝐼𝐼𝐼𝐼 . These parameters were selected equal to 5·103 for α𝐵𝐵𝐵𝐵  and α𝐼𝐼𝐼𝐼 

and 100 for α𝑃𝑃𝑃𝑃𝑃𝑃 to account for the different magnitude order of the three losses terms.  A 

systematic hyperparameter tuning was conducted to identify the most effective network 

configuration, focusing on four key aspects: number of hidden layers (𝑁𝑁𝐿𝐿 ), number of 

neurons per layer (𝑁𝑁𝑙𝑙  ), the activation function (σ), and the sampling strategy used to 

generate collocation points. After the tuning, the model was trained taking as inputs the 13 

parameters specified in Table 2 and, using the Limited-memory Broyden–Fletcher–

Goldfarb–Shanno (L-BFGS) algorithm, the loss function was minimized. 

 

 

Table 2 Model inputs grouped by category and corresponding output. 

 

2.4 Hyperparameters tuning and model training 

Table Table 3 summarizes the hyperparameters tested. Each one was evaluated based on its 

ability to minimize the PDE residual and maintain stable convergence across training. 

Table 3 Hyper parameters tested 
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The four activation functions tested can be seen in Fig. 29, along with the first and second 

derivatives. 

 

Fig. 29 Activation functions (a) tested with the first (b) and second (c) derivatives 

The four functions were tested keeping the other parameters the same over 25000 

cumulative iterations. The ReLU (rectified linear unit) is defined as the non-negative part   

of its argument and is a very popular function in machine learning models due to its 

simplicity and fast implementation. However, the training of the proposed PINN model 

with ReLU function, lead to severe numerical instabilities and PDE residual losses rapidly 

diverges (see Fig. 30a) after around 700 iterations. This is due to the lack of continuous 

second derivatives (being zero almost everywhere as shown in Fig. 29c), not suitable for 

such applications. On the contrary, the Swish activation function provided a significant 

improvement in training stability compared to ReLU, avoiding exploding losses, even if 

the instability remained as can be seen by the spikes of the graph. However, this 

improvement came at the cost of increased training time, due to the more complex structure 

of the activation function. Furthermore, swish resulted in a slower loss reduction (see Fig. 

30b) com- pared to traditional activation functions used for PINNs. Tanh showed a 

smoother and fast training (see Fig. 30c) but slower than the sin activation function (Fig. 

30d) that was ultimately adopted in the final model 

 

(a)ReLu(x)                                                  (b)Swish(x) 
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(c)Tanh(x)                                                  (b)Sin(x) 

Fig. 30 Comparison of different activation functions performances, with black circles LT OT , yellow squares 

LPDE, blue rhombuses LBC and magenta triangle LIC 

Regarding the network’s architecture, configurations with only 4 layers demonstrated poor 

generalization capabilities, regardless the number of neurons used. Therefore, a deeper 

architecture with 8 hidden layers was selected as the most viable option. On the other hand, 

increasing the number of neurons per layer to 64 significantly increased the training time 

without notable improvements in accuracy. The added complexity not only slowed 

convergence but also made the model more prone to unstable optimization, likely due to 

over-parameterization. A configuration with 32 neurons per layer was found to provide a 

good balance, allowing for efficient training while maintaining stability and accuracy. 

Finally, the comparison between four different collocation point sampling (left side in Fig. 

31) strategies was carried out. The right column of Fig. 31 displays the kernel density 

estimation (KDE) of the PDE residuals after 10,000 training iterations, projected onto a 

central cross-section of the domain during the laser-material interaction. The white contour 

highlights the region containing the 50% most significant PDE loss contributions. Across 

all methods, this region is located near the top surface of the domain (z close to 0), where 

thermal gradients are strongest. In contrast, at deeper locations (low z values), the residuals 

are consistently smaller, indicating minimal temporal or spatial variation in temperature. 

Moreover, the moving strategy resulted in more stable and predictable convergence profiles, 

as no sharp peaks were observed in the loss trend (Fig. 32) even if the overall trend is slower 

compared to the other strategies.  This can be also attribute to the higher number of points 

being located to the higher gradient zone, so with higher PDE loss but at the same time 

higher importance 
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Fig. 31 Sampling strategies comparison for collocation points. Left: 3D spatial distribution of collo- cation points A) 

Grid, B) Random, C) Sobol, D) Moving. Right: kernel density estimation (KDE) of the PDE residuals after 10k 

iterations; the white contour encloses the region contributing 50% of the total residual loss. 

 

Fig. 32 Comparison of total loss trends for the different sampler strategies 
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In the end the moving sampling strategy was chosen. The final PINN model was trained to 

reach a PDE loss lower than 10−5 a boundary and initial loss lower than 10−6 with a final 

total loss of 10−5. The training was performed using a GPU RTX 4090 with dedicated 24 

Gb and the total time was hours. 

2.5 Chapter Summary 

This chapter focuses on the thermal mechanisms and numerical modelling challenges of the 

keyhole-mode Laser Powder Bed Fusion (LPBF) process and establishes a Physics-Informed 

Neural Network (PINN) framework for rapid temperature field prediction. The main contents 

and contributions are summarized as follows: 

1. Problem Definition and Motivation 

Three LPBF melting modes—conduction, transition, and keyhole—were reviewed to clarify 

their influence on melt pool geometry and part density. Although the keyhole mode tends to 

increase porosity, it remains valuable for thick-wall and large-scale fabrication due to its high 

energy coupling efficiency and deep penetration capability. Conventional high-fidelity 

numerical models (CFD/FEM/VOF) are computationally expensive, while purely data-driven 

models lack physical consistency and generalization ability. Therefore, a physics-constrained 

yet computationally efficient modelling approach is required。 

2. Mathematical Modelling Foundation 

The temperature field governing equation was derived from the Fourier–Kirchhoff heat 

conduction equation. The computational domain, temperature-dependent material properties, 

and initial/boundary conditions were systematically defined. Convective and radiative heat 

transfer at boundaries were linearized into an equivalent heat transfer coefficient, providing a 

computable physical constraint for the PINN. 

3. Heat Source Model Selection and Validation 

After comparing surface and volumetric heat source models, a Double-Conical volumetric heat 

source was selected to represent energy absorption in keyhole mode. This model features clear 

physical interpretability and tunable geometry, capable of describing asymmetric deep-melt 

energy deposition while being extendable to conduction-mode melting, thus ensuring 

scalability for cross-mode modelling and process optimization. 

4. Computational Domain and Boundary Conditions 

A 3D computational domain consistent with experimental dimensions was defined (scan length 
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4 mm, width 2 mm, depth 3 mm), with a temporal domain from t=−0.1s (preheating) to the 

completion of a 2 mm track. Boundary conditions included fixed temperature at the bottom, 

adiabatic sides, and Robin-type top boundaries (convection + radiation), ensuring physical 

reproducibility and boundary consistency. 

5. PINN Framework and Implementation 

Assuming pure heat conduction (neglecting powder effects but retaining temperature-

dependent properties and surface convection/radiation), The loss function consists of PDE 

residuals and initial/boundary terms, enabling unsupervised training without experimental data. 

Systematic hyperparameter optimization was performed to enhance stability and accuracy: 

• Network architecture: 8 layers with 32 neurons per laye; 

• Activation function: sinusoidal functions outperformed ReLU/Swish/Tanh,faster convergence; 

• Sampling strategy: a moving collocation method improved residual distribution and 

convergence in high-gradient regions; 

• Optimization algorithm: L-BFGS minimized physical residuals to the preset tolerance. 

6. Advantages and Applicability 

The proposed PINN + Double-Conical heat source framework efficiently solved the keyhole-

mode temperature field under limited or no data supervision, achieving a computational cost 

far lower than CFD while maintaining strong physical consistency and interpretability. The 

geometric flexibility of the heat source model also enables scalability across process parameters 

and melting modes, providing a potential foundation for real-time monitoring and closed-loop 

control. 
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Chapter 3: PINN Model Calibration and Application 

3.1 Introduction 

In the previous chapter, a Physics-Informed Neural Network (PINN) model based on a double-

conical volumetric heat source was successfully trained, enabling physics-constrained 

modelling of the laser melting process under keyhole mode conditions. However, the trained 

model could not yet be directly applied for temperature field prediction or process optimization, 

as parameter calibration and experimental validation were still required.  

To enable the model to automatically adapt to different laser process conditions, the geometry 

and dimensions of the heat source were defined by five key parameters, which were assumed 

to have identifiable functional relationships with the laser process parameters (power and 

scanning speed). This relationship was established through inverse analysis, in which the 

unknown parameters were identified by minimizing the discrepancy between model predictions 

and experimental measurements, thereby achieving volumetric heat source model calibration. 

During the calibration stage, multiple sets of experiments were analyzed to construct the 

mapping relationships between laser power, scanning speed, and the geometric parameters of 

the heat source. After calibration and validation, the PINN model could accurately predict melt 

pool temperature distribution and geometric dimensions within milliseconds, relying solely on 

process parameter inputs, with extremely low computational cost and without manual tuning.  

Based on this, to calibrate the model, a preliminary setup was built without using powder, in 

order to evaluate the keyhole during a bead-on-plate interaction similar to welding. With the 

same setup, a PINN-driven process optimization and validation study was carried out. By 

evaluating multiple power–speed combinations, the PINN rapidly identified the optimal 

parameters that yielded the target melting depth, which were subsequently validated through 

experiments, significantly reducing the time and cost required for process optimization. 

3.2 Experiment setup 

To obtain melt pool dimension (MPD) and microstructural data for the calibration of the 

thermo-microstructural model, single-track laser melting scans were performed on aluminum 

sheets plates under various combinations of laser power and scanning speed, without applying 

a powder layer. Although laser scanning on powder layers better represents the actual PBF-LB 

manufacturing process, it introduces more complex and challenging conditions for model 

calibration. The stochastic nature of the powder layer adds “noise” to the measurement of melt 

pool dimensions and microstructural features. In contrast, laser melting on an substrate provides 

cleaner and more controlled data, which facilitates model calibration, although the effects of 
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the powder layer should be considered in future studies. A nLight Alta Yb:Fiber CW multi-

mode laser source with a wavelength of 1070 nm, a maximum output power of 3 kW and a 

delivery fiber core diameter of 50 µm was employed as reference and subsequent testing of the 

PINN model. The beam was focused and displaced by means of a galvo scanner (Scanlab Hurry 

SCAN 30) equipped by a Wave- length F-Theta fused silica lens with a focal length of 160 mm 

that allowed a theoretical spot equal to 65 µm. The laser characteristics are summarized in table 

1. The laser beam directly irradiated the process area, with the focus positioned on the 

sample surface at the center of the joint. A dedicated clamping system was designed and 

installed beneath the scanning optics do ensure proper sample positioning and minimize 

the gap the sheets (see Fig. 33) 

 

Fig. 33 Experimental Setup 

Table 4 Experimental equipment 

Maximum Power [W] 1400 

Collimation length [mm] 120 

Focal length [mm] 160 

Fiber core diameter [µm] 50 

Beam divergence [mm·mrad] 2 

Focalized spot diameter [µm] 65 

Wavelength [nm] 1064 

 

After bead-on-plate experiment, cross-section of the samples was prepared using electrical 

discharge machining (EDM) and then mounted in phenol formaldehyde resin. The samples 

were ground with silicon carbide abrasive papers (80 to 2500 grit), polished with a 1 μm 
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alumina suspension, and finally etched with Keller’s reagent (a mixture of nitric acid, 

hydrochloric acid, and hydrofluoric acid) to reveal the melt pool geometry. Geometric 

measurements were carried out using a Zeiss Observer A1M optical microscope considering 

three different cross section for each tested to obtain average melt pool depth and width. 

3.3 Method of Inverse analysis  

This section presents the inverse analysis procedure used to calibrate the volumetric heat 

source model based on laser power and scanning speed, enabling accurate prediction of 

melt pool geometry under keyhole-mode. To reach accurate prediction of the melt pool 

geometry, i.e. the melt pool Depth (MD) and melt pool width (MW) under keyhole mode , 

it is essential to establish the correlation between the input process parameters and the 

geometric parameters of the double-conical heat source model within the PINN framework. 

The correlation was carried out in two subsequent stages: 

• Pearson sensitivity analysis to identify the geometric parameters of the double-

conical heat source model that exhibit strong correlations with the melt pool 

dimensions. 

• Inverse analysis of the heat source model using the PINN and experimental results 

3.3.1 Pearson sensitivity analysis 
To extract the dimension of the melt pool from the temperature field predicted by the PINN and 

to fully exploit its potential in inverse analysis, a differentiable formula is employed as follows: 

𝑀𝑀𝑀𝑀(𝑥𝑥)𝑚𝑚𝑚𝑚𝑚𝑚 = � 𝜎𝜎(𝑇𝑇𝜃𝜃(𝑥𝑥, 0, 𝑧𝑧) − 𝑇𝑇𝑚𝑚)𝑑𝑑𝑑𝑑
𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚

𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚

 

𝑀𝑀𝑀𝑀(𝑥𝑥)𝑚𝑚𝑚𝑚𝑚𝑚 = � 𝜎𝜎(𝑇𝑇𝜃𝜃(𝑥𝑥, 𝑦𝑦, 𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚) − 𝑇𝑇𝑚𝑚)𝑑𝑑𝑦𝑦
𝑦𝑦𝑚𝑚𝑚𝑚𝑚𝑚

𝑦𝑦𝑚𝑚𝑚𝑚𝑚𝑚

  

where 𝜎𝜎 is smooth approximation function, such as the sigmoid or tanh, which ensures that the 

geometric evaluation formula remain continuous and differentiable throughout the optimization 

process. 𝑇𝑇𝑚𝑚 represent the material melting temperature, and 𝑇𝑇𝜃𝜃 corresponds to the temperature 

field predicted by the PINN. The condition y=0 indicates the vertical plane along the laser 

scanning direction width where MD is measured, while 𝑧𝑧𝑚𝑚𝑚𝑚𝑚𝑚 denotes the top surface of the 

computational domain where MW is measured. Once the spatial distributions of MD and MW 

along the laser scanning direction are obtained, the maximum value obtained is the global 

maximum MD and MW. 

To identify which volumetric heat source parameters most significantly influence the resulting 



 

65 

 

melt pool morphology in PINN, a Pearson correlation analysis was conducted. This method 

quantifies the linear relationship between each heat source parameter (Rt, Ri, Rb, Hu, Hl)—

and the melt pool dimensions: MD and MW. The Pearson correlation coefficient (PCC) r is 

defined as: PINN 

𝑟𝑟 =
∑(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)

�∑(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)2 ∑(𝑌𝑌𝑖𝑖 − 𝑌𝑌�)2
 

where 𝑋𝑋𝑖𝑖  and 𝑌𝑌𝑖𝑖  denote individual samples of heat source parameters and melt pool 

dimensions (MD or MW), and 𝑋𝑋�, 𝑌𝑌� represent their respective mean values. This statistical 

measure provides a normalized index of linear correlation ranging from –1 to +1, where 

values close to +1 indicate strong positive correlation, values near –1 indicate strong negative 

correlation, and values around 0 suggest little to no linear relationship. Positive and negative 

values represent the direction of correlation, while the absolute magnitude of the PCC reflects 

the strength of the dependency. 

Based on this analysis, the Key Volumetric Heat Source Parameter Governing Depth (KVPD) 

is defined as the parameter that is most strongly correlated with MD, and the Key Volumetric 

Heat Source Parameter Governing Width (KVPW) is defined as the parameter most strongly 

correlated with MW. These two variables are then employed in the subsequent inverse 

analysis. The remaining VP will be simplified in the reverse analysis. 

3.3.2 Assumptions for inverse analysis 
Table 5 Process parameters for calibration of PINN 

Parameter 

set 

P 

W 

V 

ms-1 

#1 750 0.3 

#2 1000 0.1 

#3 1400 0.2 

#4 1250 0.2 

#5 1000 0.3 

Subsequently, experiments are conducted as outlined in Table.4 to provide the experimental 

data required for inverse analysis for calibration. These five parameter sets were chosen based 

on preliminary exploratory experiments to cover a representative range of the feasible process 

window where stable and measurable MD and MW could be obtained. These tests yielded 

measurements of MD and MW under five distinct sets of laser processing parameters. By fitting 

the experimental results, empirical relationships are established to describe the dependence of 

the MD and MW on laser power P and scanning speed V, expressed as: 
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𝑀𝑀𝑀𝑀𝑒𝑒𝑥𝑥𝑥𝑥 =  𝑓𝑓1(𝑃𝑃, 𝑉𝑉) 

𝑀𝑀𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒 =  𝑓𝑓2(𝑃𝑃, 𝑉𝑉) 

In conjunction with the previously identified key volumetric heat source parameters—KVPD 

and KVPW—obtained via Pearson correlation analysis, a functional mapping that relate these 

critical geometric parameters to the process inputs can be proposed: 

𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 =  𝑔𝑔1(𝑃𝑃, 𝑉𝑉) 

𝐾𝐾𝐾𝐾𝐾𝐾𝐷𝐷 =  𝑔𝑔2(𝑃𝑃, 𝑉𝑉) 

These empirical relationships between key volumetric heat source parameters and process 

parameters are subsequently fitted following the inverse analysis. 

3.3.3 Inverse analysis for calibration 
For each parameter set in table 4, an inverse analysis is performed using the trained PINN model, 

with 200 independent optimization trials starting from random initial values. The optimization 

process is carried out using the L-BFGS optimizer by minimizing the following loss function: 

𝐿𝐿𝑀𝑀𝑀𝑀 = ||𝑀𝑀𝑀𝑀(𝑇𝑇𝜃𝜃) − 𝑀𝑀𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒|| +  𝐿𝐿𝑝𝑝𝑝𝑝 

𝐿𝐿𝑀𝑀𝑀𝑀 = ||𝑀𝑀𝑊𝑊(𝑇𝑇𝜃𝜃) − 𝑀𝑀𝑊𝑊𝑒𝑒𝑒𝑒𝑒𝑒|| +  𝐿𝐿𝑝𝑝𝑝𝑝 

The first term forces the computed MPD to be close to the experimental value, while the second 

term  𝐿𝐿𝑝𝑝𝑝𝑝 forces the optimized model parameters to stay within the training parameter range of 

PINN and be physically realistic. The inverse analysis flow chart is shown in the Fig. 34. 

 

Fig. 34 inverse analysis flow chart 

 

Table 6 Key volumetric heat source parameters optimization 

Parameter 

set 

P 

W 

V 

ms-1 

𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝑜𝑜𝑜𝑜𝑜𝑜 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊𝑜𝑜𝑜𝑜𝑜𝑜 Remaining 

VP 

#1 750 0.3 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾1 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊1 - 
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#2 1000 0.1 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾2 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊2 - 

#3 1400 0.2 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾3 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊3 - 

#4 1250 0.2 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾4 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊4 - 

#5 1000 0.3 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾5 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊5 - 

 

After each inverse analysis, a set of optimized KVPW and KVPD corresponding to a given 

experimental process condition (P, V) is obtained. In total, inverse analysis were conducted for 

five different process settings (as detailed inTable 6). Based on the five sets of optimized 

parameters and the assumptions in Section 2.5.2, empirical mappings of the form: 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊(𝑃𝑃, 𝑉𝑉) 

and 𝐾𝐾𝐾𝐾𝐾𝐾𝐷𝐷(𝑃𝑃, 𝑉𝑉) are constructed through fitting. 

With these relationships established the input space of the PINN model is fully defined as: 

spatial and temporal parameters (x, y, z, t), process parameters (P, V), and the key heat source 

geometry parameters 𝐾𝐾𝐾𝐾𝐾𝐾𝑊𝑊(𝑃𝑃, 𝑉𝑉)  and 𝐾𝐾𝐾𝐾𝐾𝐾𝐷𝐷(𝑃𝑃, 𝑉𝑉) , and the remaining volumetric heat 

source parameters. 

3.4 Result of Inverse analysis 

3.4.1 Pearson sensitivity analysis 
The results of the Pearson sensitivity analysis, presented in Fig. 35, show that the lower cone 

height (Hl) and the total cone height (Hu + Hl) exhibit the strongest correlation with the melt 

pool depth. In contrast, the top diameter Rt has a dominant influence on the melt pool width. 

Notably, an increase in Hu produces a similar effect on melt pool depth as a decrease in Hl. 

As a result, Hl is defined KVPD is and Rt is defined ad KVPW. 

  

Fig. 35Pearson Correlation Analysis Between heat source volumetric parameters and MW and 
MD. 

Based on these findings, the inverse analysis has been simplified by fixing the middle 
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diameter Ri, the bottom diameter Rb, and upper cone height Hu, thereby reducing the 

complexity of the optimization problem. Specifically, Ri was set to 0.8Rt, Rb was fixed at 

0.1 mm and Hu was fixed at 0.25mm. 

3.4.2 Assumptions for inverse analysis 
The result of experiments for calibration is shown in the Fig. 36 

 

Fig. 36 Experimental results for calibration 

Combined with the findings from the Pearson correlation analysis, which indicate that the 

molten pool width in the PINN model is highly correlated with the heat source top radius 𝑅𝑅𝑡𝑡, 

and the molten pool depth is highly correlated with the lower cone height 𝐻𝐻𝑙𝑙, we have reason 

to assume that 𝑅𝑅𝑡𝑡is linearly related to 𝑃𝑃/𝑉𝑉, and 𝐻𝐻𝑙𝑙 is linearly related to the scanning speed 𝑉𝑉. 

Based on these, the following two assumptions are proposed: 

𝑅𝑅𝑡𝑡(𝑃𝑃, 𝑣𝑣) = 𝑚𝑚1 ∙
𝑃𝑃
𝑉𝑉

+ 𝑛𝑛1(𝑚𝑚1, 𝑛𝑛1 > 0) 

𝐻𝐻𝑙𝑙(𝑃𝑃, 𝑣𝑣) = 𝑚𝑚2 ∙
𝑃𝑃

√𝑉𝑉
+ 𝑛𝑛2(𝑚𝑚1, 𝑛𝑛1 > 0)  

3.4.3 Inverse analysis for calibration and validation 
After each inverse analysis, the optimal heat source geometric parameters 𝑅𝑅𝑡𝑡𝑜𝑜𝑜𝑜𝑜𝑜  and 𝐻𝐻𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 , 

corresponding to the given process parameters 𝑃𝑃, 𝑉𝑉, are determined. Based on the optimized 

parameters obtained and according to the assumptions, 𝑅𝑅𝑡𝑡(P, V) and 𝐻𝐻𝑙𝑙(P, V) are fitted. This 

parameter set has the minimum loss in 240 optimization trials. The total time for the complete 

analysis of the all parameter sets are about 27 hours on an NVIDIA GeForce RTX 4090 GPU. 

The calibrated double-conical heat source parameters were obtained through inverse analysis, 

as shown in the Table 7. 
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Table 7 Calibrated geometric parameters for five evaluated process conditions. The top diameter Rt and lower cone 
height 𝐻𝐻𝑙𝑙 vary with the laser power P and scan speed v according to: Rt=0.01928*(P/V) + 128.08; 
Hl=0.505*(P/V^0.5) + 38.73. 

Parameter 

set 

P 

W 

V 

ms-1 

Rt Ri Rb Hu Hl 

#1 750 0.3 176 141 0.1 0.25 730 

#2 1000 0.1 321 257 0.1 0.25 1636 

#3 1400 0.2 263 210 0.1 0.25 1620 

#4 1250 0.2 249 199 0.1 0.25 1450 

#5 1000 0.3 192 154 0.1 0.25 961 

 

The calibrated parameter sets obtained through inverse analysis are input into the PINN model, 

which predicts the melt depth and melt width. The results of the calculations are presented in 

the Fig. 37. The mean relative error for the width prediction is 3.39%, with a standard deviation 

of 1.98%. For the depth prediction, the mean error is 4.47%, with a standard deviation of 0.65%. 

These error metrics indicate that the calibrated PINN model demonstrates strong performance 

in predicting both melt width and depth, with error values falling within an acceptable range. 

 

Fig. 37 Comparison between the melt pool dimensions predicted by the calibrated PINN model and the experimental 
measurements. 

These findings confirm the reliability of the calibrated model and underscore the effectiveness 

of the PINNs model for integration into inverse analyses for rapid calibration of the thermal 

model across multiple PBF-LB process conditions within 30 h, whereas relying on traditional 

techniques such as FE analysis might take weeks or even months. 

Consequently, a PINN-based model capable of predicting the temperature field and molten 
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pool geometry solely as a function of the process parameters is established. 

3.5 CFD Comparison 

This section outlines the numerical framework employed as a benchmark for validating the 

PINN-based results. The commercial multiphysics software FLOW-3D WELD (Version 

2025R1) was used to simulate the laser welding process. The software is based on the Volume 

of Fluid (VoF) method, treating the metal as an incompressible fluid with temperature-

dependent properties. A scalar field, called volume fraction F, is computed, equal to the ratio of 

the volume occupied by the fluid to the total volume of the grid cell. The interface between the 

liquid metal and the surrounding air is accurately captured where 0 < F < 1, allowing the 

dynamics of the keyhole and the weld bead dimensions to be resolved. The main models used 

in the simulations are: viscous flow, heat transfer and energy conservation, phase change with 

evaporation and solidification, volumetric thermal expansion, surface tension with Marangoni 

force, multiple laser reflections with Fresnel absorption, and gravity. Material properties and 

numerical parameters were selected in accordance with the validated setup used in a previous 

study [157]. By exploiting the symmetry of the laser weld bead with respect to the y-axis, only 

half of the full 3D domain shown in Fig. 25 was modeled in the software to reduce 

computational cost. The domain was discretized using two non-uniform nested structured 

Cartesian meshes. A refined mesh with 10 μm cell size was applied in the laser interaction zone 

to capture fine-scale phenomena, while a coarser thermal diffusion mesh with 40 μm cell size 

covered the remaining volume with a total number of cells of about 4 million. A fixed pressure 

boundary condition is imposed on the top surface while the others, except for the symmetric 

boundary, are defined as walls. The computational domain is shown in Fig. 38. 
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Fig. 38 Computational domain of the high-fidelity CFD simulations 

The comparison between the simulated and bead-on-plate experimental is shown in Fig. 39a. 

The numerical model demonstrates good agreement with the experimental result, accurately 

predicting both the width and the depth of the melt pool. Since the simulation employs several 

models, starting with the fluid flow, it is also able to limitedly predict the superficial humping 

found in the process, not possible using the PINN model. Accordingly the FEM model was used 

to validate the tuned neural network using the temperature data from three virtual probes as 

illustrated in Fig. 39b. Specifically probes A and C were positioned near the locations 

corresponding to the maximum depth and width of the melt pool, respectively, while probe B 

was places 1 mm below the surface, within the melt pool. The comparison between the 

temperature measured by the CFD model and the calibrated PINN shows excellent agreement. 

Since the simulation does not explicitly model the vaporized material, no temperature data is 

collected when the middle probe (B) is located inside the keyhole region. face, within the melt 

pool.  
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(a)                                                                                 (b) 

Fig. 39 Simulations results used for PINN calibration. (a) Comparison between the FEM simulation and the 
experimental cross section. (b) Temperature trends of three probes for FEM and calibrated PINN 

3.6 Case study 

The predictive capability of the PINN model, previously validated with FEM simulations, 

demonstrated good agreement in both temperature field and molten pool dimensions. The PINN 

when ultimately applied to the case study. The 30 laser power-speed combinations of table 5 

were used as model’s inputs obtaining almost instantly both the penetration and melt pool width, 

which are plotted Fig. 40. 

 

Fig. 40 Melt pool depth and width predictions for 30 candidate process cases obtained using the proposed PINN 
model. 

Within the scanning speed range of 0.4–0.6 m·s−1, the predicted melt pool depths were below 

the required 1.6 mm threshold, thus failing to meet the need. At a scanning speed of 0.1 m·s−1, 

laser powers of 1 kW and above meet the molten pool depth requirement.  At0.2 m·s−1, only 

1.25 kW and 1.4 kW satisfy the requirement. At 0.3 m·s−1, the requirement is met solely at 1.4 

kW. Based on this validation, three out of six parameter sets predicted by the PINN model to 

meet the target criteria were selected for trials: 
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• 1000 W 0.1 m·s−1 

• 1400 W 0.1 m·s−1 

• 1400 W 0.2 m·s−1 

The resulting melt pool morphologies were compared with the corresponding PINN 

predictions, as illustrated in Fig. 41, and the relative errors in molten pool width and depth 

were also provided. 

  

Fig. 41 Comparison between predicted melt pool size from PINN and experimental 

The comparison between the PINN-predicted results and the experimental measurements 

demonstrates that the process parameter combinations selected in this constraint screening 

procedure for power-speed combination procedure successfully meet the predefined 

requirements, achieving molten pool depths greater than 1.6 mm, with prediction errors 

remaining within an acceptable range. 

3.7 Chapter Summary 

In this chapter, a comprehensive inverse analysis framework was developed to calibrate and 

validate the Physics-Informed Neural Network (PINN) model introduced in Chapter 2, thereby 

enabling its practical application to keyhole-mode LPBF processes. To achieve accurate 

temperature field prediction and melt pool geometry reconstruction, the double-conical 

volumetric heat source parameters were quantitatively correlated with laser power and scanning 

speed through a two-step strategy combining Pearson sensitivity analysis and inverse 

calibration. 

Experimental bead-on-plate tests on aluminum alloy were performed to generate reference data 
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for model calibration. The sensitivity analysis identified the lower cone height (𝑯𝑯𝒍𝒍) and top 

radius (𝑹𝑹𝒕𝒕) as the dominant parameters controlling melt pool depth and width, respectively. 

These key parameters were then expressed as empirical functions of process variables 𝑃𝑃and 𝑉𝑉, 

derived from inverse optimization using the L-BFGS algorithm. The calibrated PINN achieved 

millisecond-level prediction of melt pool geometry with mean relative errors below 5%, 

significantly outperforming traditional FEM-based calibration in computational efficiency. 

Subsequent validation against experimental measurements confirmed the strong consistency of 

the calibrated model in both temperature evolution and molten pool morphology. Finally, the 

calibrated PINN was applied to a case study of overlap welding between two 1.5 mm aluminum 

plates, where it rapidly identified optimal power–speed combinations for achieving full 

penetration and stable melt pool. The results demonstrated the feasibility of PINN-based inverse 

analysis for fast, physics-consistent process optimization, establishing a solid foundation for 

real-time prediction and control in LPBF manufacturing. 
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Chapter 4: Post-Processing and Performance Enhancement 

4.1Introduction 

Following the process modelling and prediction work established in the previous chapter, this 

chapter focuses on the post-processing stage of Laser Powder Bed Fusion (LPBF) fabricated 

aluminium components. While process-level optimization ensures control over melt pool 

geometry and thermal history, the resulting microstructure and mechanical properties of the 

built parts are further governed by post-processing treatments that directly affect their surface 

integrity and structural integrity. 

In LPBF-produced alloys such as Scalmalloy® (Al-Mg-Sc-Zr), the as-built condition typically 

exhibits process-induced defects including porosity, surface roughness, and residual tensile 

stresses, which can significantly reduce fatigue resistance and dimensional stability. To address 

these limitations, post-processing methods—such as machining, heat treatment, and surface 

severe plastic deformation (S2PD) techniques—are commonly employed to refine surface 

morphology, tailor residual stress distribution, and enhance the overall mechanical performance. 

Among these, shot peening (SP) and combined machining plus shot peening (M+SP) have 

shown promising potential in inducing beneficial compressive residual stresses without altering 

part geometry. 

Therefore, this chapter systematically investigates the influence of different post-processing 

routes—machining (M), shot peening (SP), and machining followed by shot peening (M+SP)—

on the surface and structural integrity of LPBF-fabricated Scalmalloy® components. 

Comprehensive analyses of microstructure, hardness, tensile strength, fatigue performance, and 

residual stress distribution are carried out to establish quantitative correlations between post-

processing conditions and performance enhancement. The outcomes of this study provide an 

essential foundation for the multi-stage optimization framework of this thesis, bridging process-

level thermal modelling with post-processing–driven property improvement. 

4.2 Materials and Methods 

4.2.1 Sample production and post processes 
The Scalmalloy® powder used in this study is provided by Carpenter Additive®. The chemical 

composition of the Scalmalloy® powder, according to the supplier, is shown in Table 8. The 

nominal particle size is 20-63 μm. The MAM technology used in this studio is LPBF and the 

printing machine is a MYSINT100 (Sisma S.pa., Piovene Rocchette, Vicenza, Italy) equipped 

with a 200W Yb-fibre laser and a spot diameter of 50 μm. 

Table 8. Chemical composition of Scalmalloy® powder. 
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Element  Mg Sc Mn Zr Fe Si Zn Ti Cu 

Wt% 
(min) 4.20 0.60 0.30 0.20 0 0 0 0 0 

(max) 5.10 0.88 0.80 0.50 0.40 0.40 0.25 0.15 0.10 

All the samples were printed using the same LPBF process parameters. The print strategy and 

main process parameters was chosen based on the results of a preliminary experimental 

campaign carried out for density optimisation with final results of 99.6% and are summarised 

in Table 9. 

Table 9. LPBF process parameters. 

Laser power 

[W] 

Scanning speed 

[mm/s] 

Hatch distance 

[mm] 

Layer thickness 

[mm] 

170 600 0.17 0.02 

A chessboard scanning strategy was used as shown in the Fig. 42, dividing each layer into 3x3 

mm2  square blocks. Blocks labelled with red were melted first, followed by those labelled 

green. Each adjacent formed layer was rotated 90° respect to the previous layer. Nitrogen (N2) 

was used to fulfil the printing chamber with a residual oxygen content < 0.2% and the print was 

carried out without pre-heating of the platform.  

 

Fig. 42 Schematic of process in LPBF and scanning strategy. 

Samples with three different geometries were manufactured with the dimensions shown in Fig. 

43: a) 20 mm x 20 mm x 2 mm parallelepiped samples for the validation of the obtained density 

and surface integrity investigations (surface morphology, microstructure analysis, hardness 

tests and residual stress measurements); b) tensile samples (as defined by EN ISO 6892-1[158]) 

with a thickness 2 mm, and a 26 mm gauge length and c) rotating bending fatigue samples (as 

defined by EN ISO 1143:2010(E)[159][159] ) with cylindrical section 6 mm in diameter and a 

20 mm gauge length. Of each geometry, 27, 6 and 52 samples were printed, respectively. 
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Fig. 43 Geometries of the samples: (a) parallelepiped sample, (b) tensile sample and (c) fatigue sample 

After LPBF, the Scalmalloy® specimens were all heat-treated (HT), with the exception of 3 

parallelepiped samples for residual stress analysis and 3 samples for tensile tests that were kept 

in as-built conditions for HT effects validation. The heat treatment was selected, according to 

the literature, between stress relief treatments[160] and can be summarised as follows: heating 

up to 325℃, maintaining for 4 hours and slow cooling inside the furnace. Their study 

demonstrated that a heat treatment at 325 °C for 4 hours, followed by slow furnace cooling, 

effectively relieves residual stresses while promoting the precipitation of Al₃(Sc, Zr) particles, 

which contribute to microstructural stability and improved mechanical performance [161]. 

After HT the samples were divided into groups for subsequent post-processing. Parallelepiped 

samples were used for shot-peening (SP) optimisation as described in Fig. 44. SP was carried 

out using ceramic microbeads compliant with Industry Standards (NF L 06-824 and DS SP BE 

01 Specifications) 1.2 mm in diameter. The grit flow was kept normal to the surface and the 

airstream pressure was varied from 2 to 6 bar at two different distances between the nozzle and 

the sample surface (15 mm, 150 mm) and two interaction times (20 s, 120 s). The selection of 

SP process parameters was out by surface integrity investigations (described in Section 4.2.2) 

and microhardness tests (Section 4.2.3.1). Tensile samples were then divided into 2 groups (HT 

and SP) and 3 of them were peened with the optimised process parameters. Finally, fatigue 

samples were separated into 3 groups (Fig. 44) with the following post-processes: HT + SP, HT 

+ machining (M) and HT + M + SP. All the samples were post-processed after HT. The 

machining effect was considered by turning the fatigue samples with a 0.2 mm allowance.  



 

78 

 

  

Fig. 44 Test flowchart. 

4.2.2 Surface Integrity investigations 
4.2.2.1 Surface morphology 

Surface morphology images of the parallelepiped samples were obtained on a Keyence VHX-

7000 digital microscope (Keyence Corporation, Osaka, Japan) at 100x magnification and using 

the “full coaxial” light source option for more accurate height measurement. Surface roughness 

parameters Sa and Sz were also derived from the same analysis using the associated software. 

3 measurements in different positions were taken for each test condition on the parallelepiped 

samples and averaged for data comparison. 

4.2.2.2 Superficial and sub-superficial analysis 

The analyses of superficial integrity after SP were be assessed by cross-section observations of 

the parallelepiped samples. The samples were prepared by SiC paper up to a grit size of 2000 

and polished by diamond suspension up to 1 μm,  following the standard metallographic 

procedures. Etching solution with Keller’s reagent was used to reveal the differences in 

microstructure. The analyses included optical (OM, Nikon Optiphot-100), scanning electron 

microscopy (SEM, Zeiss EVO 50) and energy-dispersive X-ray spectroscopy (EDS Oxford 

Instruments acts-x) with electron backscatter diffraction.  

4.2.2.3 Surface residual stress test 

The surface residual stresses of the parallelepiped samples were measured using the MTS3000 

RESTAN system by SINT Technology, following the semi-destructive approach of the hole-

drilling method. In this technique, residual stresses were measured by incrementally drilling 

small diameter holes in the sample surface. A rosette-type B strain gauge was used, positioned 

precisely at the geometric center of the measurement surface. The drilled hole diameter was 1.8 
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mm while the diameter of the strain gauge circle (D) was 5.1mm. According to ASTM E837-

20 standards [48], these parallelepiped samples are classified as “intermediate” workpieces, as 

their thickness (2mm) falls within 0.25D – 0.6D (1.3 – 3 mm). Moreover, “non-uniform” 

measurements of near-surface residual stresses were chosen, which means the residual stresses 

in the workpiece vary in the depth direction. For each test condition, the measurement was 

repeated on three different samples to ensure reproducibility. 

As drilling progressed, each grid of the rosette recorded strains that correspond to the relaxation 

of residual stresses around the hole. Once drilling was complete, the actual diameter of the hole 

was measured to verify accuracy. Finally, the residual stresses were calculated from the 

recorded strain data using the most appropriate method for the analysis. 

4.2.3 Structural Integrity analysis 
4.2.3.1 Microhardness test 

The microhardness of parallelepiped samples was performed from the surface to the 0.5 mm 

below the surface according to the EN ISO 6507 by using Vickers hardness tester (Leitz). The 

test set was as follows: the first 9 points were spaced at 50 microns, with depths ranging from 

25 microns to 425 microns, and the last four points were spaced at 100 microns, with depths 

ranging from 525 microns to 925 microns. The Vickers hardness was calculated by measuring 

the indentation of the diamond on the sample surface. The results are reported in Vickers 

hardness (HV0.1) values. The mean values were calculated from three measurements per 

sample and at least three samples per condition. 

4.2.3.2 Tensile tests  

Quasi-static tensile tests were performed according to BS EN ISO 6892 on hydraulic testing 

machine (Italsigma, Forli, Italy) equipped with a 20 kN load cell. For tensile tests, the cross-

head separation rate was kept constant at 0.17 mm/min, and the strain was measured by an 

extensometer with a gauge length equal to 20 mm. Only HT and SP samples were tested, while 

the M condition was not considered in this study, as previous findings indicated that machining 

has a slight impact on tensile properties[162]. 

4.2.3.3 Fatigue tests and fractographic analysis  

Fatigue tests were carried out with the aim of determining the S-N curves in the finite life 

domain and the fatigue limit for infinite life (runout set at 2∙106 cycles). Tests were run using a 

rotating bending machine (Italsigma, Forlì, Italy) at a loading frequency of 50 Hz and a load 

ratio of R=−1. The finite life domain was determined by three repetitions of the test at two 

different stress levels, which were provided in Table 10. Data for fatigue limit identification 

were processed by an abbreviated staircase method (ASM) enabling the estimation of fatigue 
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limit with trials involving a reduced set of specimens proposed by Dixon and Massey[163]. The 

fatigue limits confidence bands at the 56% confidence level were determined based on the 

failure-not-failure sequences, involving 6 to 8 nominal samples. Fractographic analysis was 

carried out on the fracture surface of fatigue samples by SEM. 

Table 10 Stress level for finite life 

 SP M SP+M 

σ1 [MPa] 150 150 160 

σ2 [MPa] 138 138 150 

 

4.3 Results and discussions 

4.3.1 Scalmalloy properties 
The mechanical characteristics of Scalmalloy HT samples were established for reference prior 

to the experimental campaign that was described. The results of tests for tensile strength, 

residual stress, and microhardness are presented here. Vickers microhardness measurements 

along the sample thickness reveal homogeneous properties with a mean value equal to 203.8 

HV and a standard deviation of 2.4. This low variability is also confirmed by residual stress 

analysis. Fig. 45 shows the residual stress distribution of samples in-depth direction in AB and 

HT conditions. In AB samples, tensile residual stress is measured on the surface and 

compressive stress underneath 0.4 mm, as expected. In contrast, the heat-treated samples show 

a nearly uniform, near-zero value with very low variability, so the effectiveness of the heat 

treatment was confirmed. 

 

Fig. 45 Residual stress measurement in As-built (AB) and heat-treated (HT) conditions. Error bars represent the 

standard deviation (SD) 
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Finally, tensile tests were performed and a representative engineering stress-strain curve is 

presented in Fig. 46. The HT samples achieve a mean UTS of 465 MPa, a yield strength (YS) 

of 437 MPa, and an elongation (E) of 12.2%.  

 

Fig. 46 Tensile test result. 

4.3.2 SP optimization 
4.3.2.1 Surface morphology and roughness 

Parallelepiped samples were used to optimized the SP parameters. When the peening distance 

was set to 150 mm, the entire surface was treated, whereas at a distance of 15 mm, only a 

circular region with a diameter of 1 mm located at the geometric centre of the square surface 

was peened.  
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Fig. 47 Effect of peening distance and pressure on surface roughness (Sa) of Scalmalloy parallelepiped samples. 

Error bars represent SD 

As shown in Fig. 47,, setting the peening distance to 15 mm results in a significant reduction in 

surface roughness without a significant effect of exposure time and pressure in the range 

between 2 and 4 bar. Specifically, Sa values decrease to 3.4 μm and 3.7 μm at 2 and 4 bar, 

respectively, with negligible differences between 20 and 120 seconds of exposure. This 

corresponds to a 65% reduction compared to the reference condition (HT), which initially 

exhibits a mean Sa of 10.8 μm. The improvement is primarily due to the high density of 

microbead impacts per unit area at short distances, which enhances surface plastic deformation 

and rapidly removes loosely adhered powder particles. As a result, surface smoothing is rapidly 

achieved, and further extending the exposure time has a negligible effect on roughness 

reduction. However, increasing the pressure further to 6 bar at this short distance leads to 

surface degradation, likely due to excessive plastic deformation and crater formation, so 

roughness measurements were not performed. 

At a longer peening distance of 150 mm, surface roughness becomes more sensitive to both 

pressure and exposure time. In particular, Sa values decrease from 8.5 μm to 4.6 μm (~ -50%) 

as pressure increases from 2 to 6 bar at short exposure time (20 s). As the exposure time 

increases from 20 to 120 seconds, the surface roughness decreases from 5.7 μm to 3 μm (~ -

47%) at a pressure of 4 bar. Beyond this point, further increasing the pressure from 4 bar to 6 

bar has no significant effect on the roughness. These results indicate that, at longer peening 

distances (150 mm), the shot stream covers the entire surface uniformly, but the number of 

impacts per unit area is lower compared to short distances. As a result, within a short exposure 

time (20 s), surface defects such as adhered powder particles may not be completely eliminated. 

In this context, increasing the exposure time up to 120 s enhances the cumulative impact effect, 

allowing more effective defect removal and improved surface smoothing. Similarly, higher 

peening pressure increases the impact energy, which promotes plastic deformation and 

facilitates the removal of surface irregularities, leading to a further reduction in surface 

roughness.  

Interestingly, when comparing long- and short-distance SP at equal pressure (4 bar) and 

exposure time (120 s), long-distance peening results in smoother surfaces (Sa = 3.0 μm at 150 

mm vs. 3.7 μm at 15 mm). This is attributed to the more uniform energy distribution at longer 

distances, which reduces the risk of forming spherical craters that otherwise slightly increase 

roughness in short-distance treatments. 
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Fig. 48 shows the surface morphology images from different SP conditions in comparison to 

the reference component (HT). In HT conditions (Fig. 48a), unmelted and partially melted 

powder particles are firmly adhered to the solidified surface and distributed non-uniformly. 

After SP (Fig. 48b–d), the surfaces appear macroscopically smoother. Particularly in conditions 

(c) and (d), all powder residues are effectively removed. However, as the pressure increases and 

distance decreases (Fig. 7d), ball-shaped grooves appear, confirming the onset of localized 

over-peening effects.  

 

Fig. 48 Confocal microscope images of the shot peening surface under different conditions: (a) reference condition, 

(b) SP performed at 150 mm with 2 bar and 20s, (c) SP performed at 150 mm with 6 bar and 20s and (d) SP 

performed at 15 mm with 4 bar and 20s 

4.3.2.2 Microhardness tests 

The Vickers microhardness profiles from the surface up to 450 μm in depth under different SP 

conditions are shown in Fig. 49. These results confirm some of the assumptions discussed in 

the previous section, particularly regarding the effects of peening distance and pressure on 

surface modification. At a peening distance of 15 mm, a significant hardness increase with 

respect to the HT reference is observed in the near-surface region, extending up to a depth of 

approximately 130 μm. Along this depth, the hardness is highest near the surface and 

progressively decreases with depth. The maximum hardness measured at the 15 mm condition 

is 277 HV, under the 4 bar, 120 s condition, representing a 37.8% increase over the HT value. 

Beyond a depth of ~220 μm, the hardness stabilizes at around 210 HV, which is still ~5% higher 
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than the unpeened condition.  

At the longer peening distance of 150 mm, the same trend of increasing hardness with pressure 

and exposure time was observed, and the highest hardness measured was registered after 120 s 

at 6 bar, which was ~248 HV, corresponding to a 23.5% increase over the HT condition. Notably, 

this is significantly lower than the maximum achieved at 15 mm, confirming the effect of a 

lower energy density in the shot stream at longer distances. This observation is consistent with 

the lower number of impacts per unit area, as previously discussed. Moreover, the reduced 

impact severity at 150 mm is also reflected in the overall hardness profiles, which become 

closer to the reference values at depths of 130 μm. 

In all cases, the increased surface hardness observed after SP can be primarily attributed to 

microstructural changes induced by severe plastic deformation. The surface region of the Al 

alloy develops a gradient structure characterized by high dislocation density, stacking faults, 

and the formation of low-angle grain boundaries[164][165]. 

 

Fig. 49 Hardness distribution to a depth of 450 microns 

4.3.2.3 Residual Stress 

To quantify the effect of peening on sub-surface residual stresses, some of the previously tested 

conditions were selected for hole drilling tests. The results are shown in Fig. 50 and Table 4 

and compared to the reference condition after HT.  

Using a peening distance of 150 mm that guarantees the treatment all over the surface, the 

residual stress just below the surface varies in a range of - 60 – -273 MPa. In detail, the 

combination of lower interaction time (20 s) and lower pressure (4 bar) corresponds to a slight 

effect with respect to the starting condition (from 0 to -60 MPa). From this result, an increase 

of interaction time from 20 s to 120 s leads to a relevant improvement of the peening effect and 

the minimum residual stress registered below the surface is 137 MPa. An increase of peening 

pressure from 4 bar to 6 bar results in a further reduction in the residual stress close to the 
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surface (-273 MPa). However, the thickness over which this strong reduction was observed was 

limited, as the stresses rapidly increased to 0 MPa after just 180 μm. 

Table 11 summarises these results by comparing the maximum observed compressive residual 

stress CRS and the depth at which it was measured. After 120 s and 6 bar the maximum CRS 

reached –273MPa (59% of the UTS) at a depth of 25 μm, while at 4 bar, a maximum CRS of –

182 MPa (39% of UTS) was reached at 75 μm with positive values measured up to 325 μm. 

According to the literature[166], specimens subjected to higher-intensity shot peening undergo 

more severe surface deformation and generate a greater number of dislocations on the surface. 

Thus, the absorbed elastic-stored energy and plastic deformation energy lead to higher CRS, 

and the near-surface residual stress distribution observed in this study is consistent with this 

conclusion. Meanwhile, with increasing peening intensity, the specimen is expected to exhibit 

a deeper compressive residual stress distribution and a greater Influence Depth of CRS. 

However, under the peening condition of 150 mm and 120 s, when the peening pressure 

increased from 4 bar to 6 bar, the maximum residual stress appeared near the surface, and the 

affected depth of residual stress decreased from 325 μm to 125 μm. This phenomenon may be 

attributed to exogenous defects such as folded cracks induced by excessive pressure or the 

presence of endogenous defects (i.e voids clusters and linear cracks) which could lead to the 

release of accumulated energy, thereby affecting the overall distribution of residual stress[167]. 

 

Fig. 50 Residual stress measurement comparison between different SP conditions. 

 

Table 11 Residual stress distribution 
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SP treatment 

Max CRS (MPa) 

/ Percentage of the UTS 

[%] 

Depth of max CRS 

[𝜇𝜇𝜇𝜇] 

Influence Depth of 

CRS 

[𝜇𝜇𝜇𝜇] 

15mm-4bar-120s -267 ± 12/57 125 ± 9 175± 9 

150mm-4bar-20s -231± 9/50 75± 3 175± 5 

150mm-4bar-

120s 
-182± 8/39 75± 6 325± 14 

150mm-6bar-

120s 
-273± 11/59 25± 2 125± 6 

 

4.3.2.4 Microstructure and defects 

At a peening distance of 150 mm and a pressure of 4 bar for 20 seconds, the larger adhered 

powders are removed, but small dark voids, approximately 10 microns in size, appears on the 

shallow surface (Fig. 51a). Their sizes are consistently 10 microns. When the pressure is 

increased to 6 bar, these dark voids expand to over 20 microns, likely contributing to surface 

damage (Fig. 51b). Under the condition of a 15 mm peening height and pressure of 4 bar, the 

damage is even more pronounced, with distinct circular pits caused by the peening media 

clearly visible (Fig. 51c). Furthermore, the morphology reveals that one of the two scanned 

contour layers are removed, leading to an increase in surface roughness, consistent with the 

roughness measurements. Additionally, ceramic chips are observed embedded in the surface of 

the workpiece, appearing as the white spots in Fig. 51(c). 
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(a)150mm 4bar 20s                                           (b)150mm 6bar 20s                                        (c)15mm 4abr 120s 

Fig. 51 SEM and Optical microscope images of the workpiece surface layer. 

Combining the results of surface roughness and residual stress on parallelepiped samples, we 

selected a set of SP parameters that would result in sufficient residual stress while minimizing 

damage, which is 150mm height with 4bar pressure and 20s duration peening. With this SP 

parameter, printed samples exhibit a maximum CRS of 231Mpa (50% of UTS) and less surface 

damage depth. In this case, although the surface roughness is higher compared to the 150mm 

4bar 120 s shot peening condition, surface morphology images indicate that major surface 

defects, such as adhered unmelted particles, are effectively removed. In addition, this condition 

avoids the additional surface damage typically associated with excessive peening pressure 

while still introducing sufficiently high compressive residual stress in the near-surface region.  

4.3.3 Post-processes comparison 
4.3.3.1 Surface integrity results 

Fig. 52 presents SEM images of the surface morphology of fatigue specimens subjected to 

different post-processing conditions. In general, no remaining powder particles are visible 

following these surface post-treatments, confirming the effectiveness of both turning and shot 

peening in removing adhered unmelted particles from the LPBF surface. The turned surface 

appears smooth and exhibits a typical kinematic roughness pattern generated by the controlled 

tool path during machining. In contrast, surfaces subjected to shot peening—both directly (SP) 

and following machining (M+SP)—display clearly visible craters formed by the high-speed 

impact of ceramic microbeads that result in localized plastic deformation. 



 

88 

 

 

Fig. 52 SEM surface images of fatigue samples in different conditions Machined (M), Shot Peening (SP) and 

Machined + Shot peening (M+SP). 

 

The roughness of fatigue samples after different post-processing methods is presented in Table 

12. The average roughness values obtained after shot peening are consistent with those 

observed on planar specimens (), confirming the reproducibility of the process. As expected, 

turning leads to the most pronounced reduction in roughness due to the removal of the 

characteristic LPBF surface morphology, including partially fused particles, sharp asperities, 

and inter-layer valleys. The application of shot peening after machining (M+SP) results in a 

lower surface roughness compared to SP samples. As mentioned, the turning process removes 

the inherent irregularities of the LPBF surface, producing a smoother and more uniform 

substrate. As a result, in M+SP, the final roughness more directly reflects the intrinsic 

contribution of the shot peening process itself, isolating its effect from that of the LPBF-induced 

topography. Although the morphology remains similar in both SP and M+SP cases, the 

amplitude of the surface features—specifically the peak-to-valley height—is significantly 

reduced in the M+SP condition, leading to a lower average roughness (Ra).  This is confirmed 

by the observation that the M+SP specimens, despite exhibiting a higher Ra than the M sample, 

show a comparable Rz value. This indicates that the maximum height between peaks and 

valleys is similar in both cases. 

Table 12 Roughness of the fatigue samples after different post processes 

Post process Ra (𝜇𝜇𝜇𝜇) Rz (𝜇𝜇𝜇𝜇) 
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M+SP 6.2 24.1 

SP 9.1 45.4 

M 3.9 20.2 

HT (reference) 11.8 57.3 

 

4.3.3.2 Structural Integrity results 

Starting with previous results in terms of surface integrity properties and the effect of SP, the 

structural integrity of Scalmalloy components in different conditions was finally analysed as 

the main goal of this paper. The fatigue test results after the final selected conditions are 

illustrated in Fig. 53, which includes the S-N curves for specimens in the SP condition, the M 

condition, and the combined M+SP condition. The data points represent experimental results, 

while the lines indicate the S-N curves fitted to these results. The horizontal line represents the 

fatigue limit determined using the ASM method, which estimates the fatigue limit based on a 

limited number of trials. 

The strength level of the samples with M+SP is 10 MPa higher than that in SP condition. Since 

the machining of the specimens took place after the heat treatments, it can be assumed that 

these specimens were stress-free before machining. Machining usually introduces low residual 

compressive stresses into the specimens, so it is possible to suppose that the fatigue limit 

increasing from SP to M+SP is due to the surface integrity of the samples. On the other hand, 

the fatigue limit of samples in the SP condition is 42 MPa higher than that in the M condition. 

As demonstrated before, the topography of the samples after peening is slightly damaged, so 

the beneficial contribution in fatigue limit is connected to the high compressive residual stress 

induced by this process. 

Looking at the results as a whole, it is possible to summarize that the contribution of SP is the 

most relevant, despite the slight surface damage detected by the microstructural analyses. 

Machining on the other hand, contributes to a lesser extent. By analyzing roughness and 

residual stress data, these contributions can be partially quantified. The reduction in roughness, 

which goes from 9.1 to 6.2 (i.e., a difference of roughly 3 microns), is the only variable in the 

data obtained when comparing the SP and M+SP conditions. This decrease ensures an 8% 

improvement in fatigue performance. When the M and SP conditions are compared, the 

roughness difference of roughly 5 microns favours the M condition, but the fatigue life of the 

SP condition increases by 45%. Because roughness has a negative impact on the mechanical 

integrity results, this could indicate that the positive contribution of compressive stresses is 

higher than 45%. Based on the difference between SP and M+SP, it is possible to estimate the 

weight of this negative effect to be between 8 and 15%. This suggests that the contribution of 
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residual stresses, independent of the effect of roughness, is worth roughly +55 to 60%. 

 

Fig. 53 Fatigue test result. 

 

 

(a)M                                                      (b)SP                                                      (c)M+SP 

Fig. 54 SEM fracture surfaces images of fatigue samples in different conditions Machined (M), Shot Peening (SP) 

and Machined + Shot peening (M+SP). 

In the end, Fig. 54 illustrates the fracture surface of fatigue samples. In Fig. 54(a), the crack 
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originates from a pore defect located near the surface. While in SP condition (b), the initial 

point is the porosity at superficial layer. In the M+SP condition, no obvious crack initiation 

points are observed, this may indicate the crack initiation from volumetric defects to surface 

initiation in the absence of a relatively large defect in the vicinity of the surface. 

4.4 Chapter Summary 

From the previous investigation, by comparing the effects of different post processes on the 

surface and strucural integrity of LPBF Scalmalloy® additive manufactured specimens, some 

conclusions can be drawn as follows: 

• Shot peening can influence hardness up to a depth of 200 μm below the surface, with the 

maximum hardness observed at the surface of the samples. The overall hardness may also be 

affected by the specimen's thickness, especially when high-intensity shot peening is applied 

(15 mm height, 6 bar). 

• The surface roughness initially decreases and then increases as the shot peening time 

increases. Once the shot peening duration is sufficiently long, the impact of peening pressure 

on roughness becomes less significant. 

• Shot peening effectively removes most of the attached surface powders but can also create 

varying degrees of surface depressions. High-intensity shot peening (15mm, 6 bar) can cause 

surface damage and embed ceramic chips into the workpiece. However, the impact of these 

embedded particles on the component's properties has yet to be confirmed. 

• Residual stress due to shot peening can reach to a depth of 300 𝜇𝜇𝜇𝜇 below the surface. The 

impact depth varying based on the intensity of the shot peening. Low-intensity shot peening 

(150mm 4bar 20s) can bring favourable residual stress effect while causing less damage to 

the workpiece surface. 

• After shot peening, due to the induced residual stress, fatigue strength increased in most cases. 

Fatigue strength of the 3 surface modifications followed this order: HT+M < HT+SP < 

HT+M+SP. 

• The contribution of residual stresses to the improvement of fatigue life is the most relevant, 

which is independent of the effect of roughness, +55 to 60%. 
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Chapter 5 Conclusions and Outlook 

5.1. Content and conclusions 

This dissertation conducted a systematic study covering process modelling, model calibration 

and validation, and post-processing integrity optimization, aiming to address the challenges of 

high computational cost, limited physical interpretability, and insufficient real-time adaptability 

in Laser Powder Bed Fusion (LPBF).Through the consistent use of Physics-Informed Neural 

Networks (PINNs), the research established a progressive workflow from physics-constrained 

temperature field modelling to inverse parameter calibration and finally to post-processing 

performance evaluation, achieving both computational efficiency and physical consistency. In 

the final stage, the methodology was extended to the experimental evaluation of LPBF-

fabricated Scalmalloy® components, where different post-processing routes—machining (M), 

shot peening (SP), and combined (M+SP)—were systematically compared to clarify their 

influence on surface integrity, residual stress, and mechanical performance, providing practical 

insights for performance enhancement and integrity optimization in LPBF alloys. 

In Chapter 2, A Physics-Informed Neural Network (PINN) framework was developed to model 

transient heat transfer in the keyhole-mode LPBF process by embedding the Fourier–Kirchhoff 

heat conduction equation and boundary conditions into the network loss function. A double-

conical volumetric heat source was introduced to capture the deep-penetration energy 

distribution with high physical fidelity and geometric flexibility. Through adopt systematic 

optimization of network architecture (8 layers, 32 neurons per layer), sin activation function, 

and moving-center collocation sampling, the PINN achieved stable convergence and physics-

consistent temperature field reconstruction without requiring experimental data. Compared 

with CFD and FEM simulations, the proposed PINN framework demonstrated comparable 

accuracy with a computational efficiency several orders of magnitude higher, providing a robust 

and scalable foundation for real-time thermal prediction and process control in LPBF. 

In Chapter 3, the trained PINN was calibrated and validated through inverse analysis. With 

inverse analysis, the study identified the key volumetric heat source parameters governing the 

melt pool geometry and established empirical mappings between these parameters and laser 

process conditions (power and scanning speed). After calibration, the model could instantly 

predict melt pool dimensions and temperature fields with mean relative errors below 5%. A 

case study on overlap welding of two 1.5 mm aluminum plates further demonstrated the 

capability of the calibrated PINN for rapid process optimization (< 50ms), Accurately and 

quickly find the power-speed combination to achieve the target penetration depth, validated 

through experiments comparisons, the average error is within 7%. 
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In Chapter 4, Systematic post-processing experiments on LPBF-fabricated Scalmalloy® 

components revealed the effects of machining, shot peening, and their combination on surface 

integrity, residual stress, and fatigue behavior. Shot peening induced a hardness enhancement 

extending up to ~200 μm below the surface and compressive residual stresses reaching depths 

of ~300 μm, with low-intensity conditions (150 mm, 4 bar, 20 s) providing the most favorable 

balance between surface preservation and stress induction. While prolonged or high-intensity 

peening (15 mm, 6 bar) led to surface depressions and embedded particles, moderate treatments 

effectively refined the surface and improved structural stability. Fatigue performance improved 

consistently with the presence of compressive residual stress, following the trend HT + M < 

HT + SP < HT + M + SP, where combined machining and shot peening yielded up to a 55–60% 

increase in fatigue life. These findings highlight the dominant role of residual stress over surface 

roughness in governing fatigue behavior and provide a practical framework for optimizing post-

processing parameters to enhance the mechanical integrity of LPBF Scalmalloy® components. 

5.2. Contributions and Innovations 

The main innovations of this work can be summarized as follows: 

(1) An efficient Physics-Informed Neural Network (PINN) framework integrating physical 

constraints with deep learning was developed for transient heat transfer modelling in the 

keyhole-mode LPBF process. By explicitly embedding the Fourier–Kirchhoff heat conduction 

equation and boundary conditions into the network loss function, the model achieved high-

accuracy temperature field reconstruction under unsupervised, data-free conditions. Meanwhile, 

a double-conical volumetric heat source model was introduced to capture the deep-melt energy 

distribution, featuring geometric tunability and cross-mode scalability. This framework 

demonstrates superior computational efficiency, physical consistency, and interpretability 

compared with traditional numerical methods, providing a novel physics-driven learning 

paradigm for rapid prediction and real-time control of the LPBF process. 

(2) Inverse calibration and data-efficient process optimization: Through inverse analysis 

integrated with experimental validation, the study established explicit mappings between laser 

parameters and volumetric heat source geometry, enabling instant prediction of melt pool 

morphology with less than 5% error. The calibrated PINN demonstrated strong capability in 

optimizing process parameters for stable and fully penetrated welds, achieving rapidly 

prediction (<50 ms) under varying conditions. This demonstrates its potential for future 

application in LPBF real-time monitoring systems. 

(3) The investigations of the post-processing behavior of LPBF-fabricated Scalmalloy® 

components: By systematically comparing machining (M), shot peening (SP), and combined 
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(M+SP) treatments, this study elucidated the coupling mechanisms among surface integrity, 

residual stress, and fatigue performance, thereby refining the understanding of Scalmalloy® 

strengthening behavior and providing practical guidance for future post-processing 

optimization and surface enhancement design. 

5.3. Future Work 

Building upon the results of this dissertation, several research directions can be pursued: 

(1) Integration with real-time monitoring and closed-loop control 

The next step is to couple the PINN-based thermal model with in-situ sensing data (e.g., infrared 

imaging, melt pool sensors) for adaptive parameter adjustment and real-time defect mitigation 

during LPBF fabrication. 

(2) Extension to multi-physics and multi-scale coupling 

Future models can incorporate additional physical phenomena such as melt flow, vapor recoil, 

and solidification kinetics to predict microstructural evolution and residual stresses within a 

unified PINN framework. 

(3) Generalization across materials and process platforms 

The calibrated model can be extended to other alloy systems (e.g., Ti6Al4V, Inconel 718) and 

manufacturing setups by retraining or transfer learning, improving its robustness and general 

applicability. 
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