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Preface

The present thesis follows my personal journey across mathematics and statistics. I began
this path with my Master’s thesis, under the guidance of Professor Enrico Bernardi, with a
focus on stochastic analysis and partial differential equations. Stochastic partial differential
equations (SPDEs) occupy a remarkable position at the intersection of several major branches
of mathematics — analysis, probability, geometry, and mathematical physics — and provide
a natural framework to model the evolution of random phenomena in space and time. Their
theory combines the analytical depth of classical partial differential equations (PDEs) with the
stochastic intuition of random processes, leading to problems of both great technical difficulty
and conceptual richness.

The study of SPDEs proved to be both challenging and intellectually rewarding. It allowed
me to explore the delicate interplay between randomness and structure, to appreciate how ana-
lytical tools such as functional analysis, semigroup theory, and variational methods interact with
probabilistic notions like martingales, stochastic integrals, and noise regularity. More impor-
tantly, it helped me to develop the rigorous and versatile toolkit that is essential to the work of
an applied mathematician: the ability to move between deterministic and stochastic reasoning,
between local differential structures and global geometric interpretations.

As my research evolved and I came in touch with mathematical and theoretical statistics,
these analytical foundations naturally led me toward problems where geometry and statistics
meet. Geometric statistics is a relatively young and rapidly growing field. What makes this area
so appealing is the elegance with which it connects modern statistical challenges — arising in
machine learning, signal processing, and data analysis — with some of the most beautiful and
profound ideas in differential geometry and analysis. Within this framework, abstract math-
ematical concepts such as curvature, geodesics, and connections become powerful tools for

understanding variability, uncertainty, and dependence in complex data. This confluence of the-



ory and application provides a uniquely fertile ground where mathematical depth and practical
relevance coexist, and where the intrinsic beauty of geometry translates into new insights for
modern statistics.

This transition from stochastic equations to geometric statistics is underpinned by a passion-
ate search for intrinsic structure: how randomness, geometry, and data interact to form coherent
mathematical objects.

As a final note, I would like to express my deepest gratitude to my supervisor, Professor
Enrico Bernardi, for his expert and invaluable guidance throughout these years. His mentorship
has been instrumental in my growth — from a curious and passionate student to a researcher
who loves his work and continues to learn every day.

I am also sincerely grateful to Professor Alberto Lanconelli for his thoughtful discussions
and wise advice, which have been a source of clarity and encouragement during the most chal-

lenging moments of this journey.
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Chapter 1

Introduction

The present thesis is devoted to the study of two distinct but conceptually related problems
arising in differential geometry, matrix analysis, and the theory of partial differential equations.

The first part turns to the analysis of stochastic partial differential equations of hyperbolic
type with multiple characteristics. Such equations model the propagation of random perturba-
tions through systems governed by wave-like dynamics. While the theory of strictly hyperbolic
stochastic equations is well established, the presence of multiple or non-effectively hyperbolic
characteristics introduces new analytical challenges, including loss of regularity, delicate propa-
gation of singularities, and intricate interactions between the principal symbol and the stochas-
tic forcing. Building on deterministic microlocal techniques and recent developments in the
stochastic framework, we examine three model operators that illustrate different geometric con-
figurations of the characteristic manifold — symplectic, involutive, and mixed — and study the
corresponding random-field solutions, emphasizing the influence of the geometric structure of
the symbol on the probabilistic behaviour of the solution.

The second part of this thesis develops a novel geometric framework for the manifold of
fixed-rank covariance matrices endowed with the Bures—Wasserstein metric. In recent years, the
geometry of covariance matrices has attracted considerable attention across differential geom-
etry, statistics, and information theory. Several metrics have been proposed to endow the cone
of positive semidefinite matrices with a meaningful geometric structure, including the affine-
invariant, log—Euclidean, and Bures—Wasserstein metrics, each providing different insights into
data variability and statistical inference. Among these, the Bures—Wasserstein metric occupies

a central role, as it naturally arises both in quantum information theory and in optimal trans-



1.1 Partial differential equations

port between Gaussian measures. Its rich geometric properties make it particularly suitable for
studying covariance evolution, interpolation, and estimation. In this work, we investigate how
the Bures—Wasserstein metric adapts on a diffeomorphic model originally introduced in [27].
We derive this representation rigorously from a differential geometric standpoint. This allows
us to characterize the manifold as an associated fiber bundle with completely geodesic fibers
and to compute an ODE system for geodesic equations. Moreover, the framework developed
here reveals a natural correspondence between the geometry of covariance matrices and that of
the Grassmannian. This connection not only deepens the geometric understanding of covari-
ance structures but also opens the way to new statistical constructions on spaces of low-rank
covariances.

Although these topics belong to different mathematical domains, they are unified by a com-
mon focus on geometric and structural properties: curvature, tangent spaces, and the behaviour

of geodesics or characteristics as fundamental organizing principles.

1.1 Partial differential equations

Partial differential equations describe relations between a multivariable function and its par-
tial derivatives. They are the fundamental analytical tool for modeling propagation, diffusion,
equilibrium, and oscillatory phenomena in physics, engineering, and applied sciences. A linear

differential operator of order m on R"*! with smooth coefficients is written as

D, da(x)D",

lal<m

where the a, are smooth functions and D := (—id)® for any multi-index a (Appendix No. 1).

We call symbol the function
P& = ) a0

la|l<m

and principal symbol the function

Pn(x,€) = > au(0E".

lal=m

The study of conditions for the well-posedness of the Cauchy problem is connected to the



Chapter 1. Introduction

nature of the characteristic roots of the characteristic equation

Pm(x,8) = 0. (1.1)

The set of points (x, &) for which equation (1.1) holds true is called the characteristic manifold

X ={(x8) | pm(x,&) = 0}. (1.2)

The singular support of a distribution u (Appendix No. 4) is the smallest closed set outside
which u is smooth. It localizes the non-smoothness of u in the physical space. The wavefront set
WF (u) C T*R™1\ {0} (Appendix No. 17) refines this notion by recording both the location and
the direction of singularities: (xo,&p) ¢ WF (u) if there exists ¢ € C.°, where C;° denotes the
set of smooth functions with compact support, with ¢(xy) # 0 such that the Fourier transform
[F (¢u)](€) (Appendix No. 2) decays faster than any power of |£] in a conic neighbourhood of
&o-

The Hamiltonian vector field of an operator is defined as
_ Z Opm 0 _ 0pm 0
O&; dx;  Ox; 0&;)’
and its integral curves (x(¢), &(¢)) satisfy

. _ Opm . ODm

X = 3_5’ &= Er
These curves are called bicharacteristics. The nature of the characteristic roots of the character-
istic equation (1.1) distinguishes the different kinds of differential operators. The operator P is
said to be elliptic at x if p,,(x,&) # O for all £ # 0. Elliptic equations (such as the Laplace, Pois-
son, or Helmholtz equations) describe equilibrium and potential phenomena. Ellipticity ensures
analytic regularity and the absence of finite-speed propagation: if Pu = f and f is smooth, then
u is smooth. Solutions are globally influenced by boundary data rather than propagating along
characteristics ([48]).

When the symbol vanishes for some real ¢ # 0, the operator is non-elliptic, and its behaviour

is governed by the geometry of the characteristic manifold (1.2).



1.1 Partial differential equations

If the principal symbol p,,(x, &) has only real roots in &, the operator is called hyperbolic
with respect to £. Hyperbolic equations describe finite-speed propagation and wave phenomena
([36], [52]). When the roots have nonzero imaginary parts with a sign constraint (e.g., 34, > 0),
the equation is parabolic, modeling diffusion or heat flow.

The propagation of singularities for hyperbolic equations follows the bicharacteristics of
pm(x, ), 1.e., the integral curves of the Hamiltonian system, and the geometry of the charac-
teristic manifold £ — symplectic, involutive, or mixed — governs the analytic behaviour of
solutions, as studied in microlocal and semiclassical analysis ([52], [108]).

Furthermore, hyperbolic equations can be further classified based on the multiplicity of the

roots of equation (1.1).

e If the roots are simple the operator is called strictly hyperbolic. This is the simplest
case, as well-posedness of the Cauchy problem is guaranteed in C* and clean microlocal
properties hold: finite propagation speed, propagation of singularities along well-defined

bicharacteristics.

e If the roots are multiple for some (x, &) # 0, we call the operator non-strictly hyperbolic.
This gives rise to complications: solutions may lose derivatives, singularities may prop-
agate in intricate ways, and lower-order terms may affect well-posedness of the Cauchy
problem. In such cases, the geometry of £ — in particular its symplectic or involutive

structure — determines how singularities are transmitted, reflected, or possibly trapped.

We say that the operator has n-tuple characteristics if the principal symbol vanishes exactly to
the n-th order on its characteristic manifold.

The Hamilton map is defined as

2 2
1| 7@ 0

1
o =g =5\ T
Ox? 0EDx

Among non-strictly hyperbolic operators, one distinguishes those that are effectively hyperbolic
— those for which the Hamilton map of the principal symbol has at least one pair of nonzero
real eigenvalues ([52], [82], [87]). In this case, perturbations propagate with finite speed and

the Cauchy problem is generally well-posed.

10
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When all eigenvalues of the Hamilton map are purely imaginary, the operator is non-effectively
hyperbolic. These cases typically lead to instability or ill-posedness, as singularities may fail
to propagate or may amplify uncontrollably. The fine structure of the bicharacteristics and of
lower-order terms then determines whether any generalized notion of well-posedness can be

recovered.

1.2 Stochastic partial differential equations

Stochastic partial differential equations extend classical PDEs by incorporating random forcing
terms, thus modeling systems affected by uncertainty or noise. Formally, an SPDE has the
structure

P(x,Du=f+OF,

where P(x, D) is a deterministic differential operator, F' denotes a generalized Gaussian noise
(often white in time and possibly correlated in space), and @ is a linear operator controlling how
noise enters the system. The term @ F is interpreted in the sense of random distributions. The
class to which the deterministic differential operator belongs determines different peculiarities
of the stochastic problem. In particular, for hyperbolic operators the stochastic term excites
oscillatory modes that travel along the deterministic bicharacteristics of the symbol. For strictly
hyperbolic operators, propagation of singularities remains deterministic, while randomness af-
fects amplitudes and regularity ([32], [38]).

When the operator has multiple characteristics, stochastic perturbations interact with de-
generacies in the symbol, producing distinct regimes: in the effectively hyperbolic case, random
perturbations propagate along well-defined wavefronts; in the non-effectively hyperbolic case,
the interplay between noise and geometric degeneracy can yield loss of predictability or ex-
plosive variance. There are two main theories one may use to tackle a stochastic differential

problem. The first consists in setting the SPDE as an evolution in a Hilbert space H, namely
dU@t) = (AU@®) + F(U(2))) dt + B(U(t)) dWy(1),

where A generates a Cy semigroup, Wy is a cylindrical Wiener process, and solutions are mild

via the variation-of-constants formula ([37], [95], [97]). This approach is natural for parabolic

11



1.2 Stochastic partial differential equations

problems (heat, reaction—diffusion, Navier—Stokes) and for coloured noise.

As for the second one, which is the one we use in the sequel, fundamental solutions are
computed and random field solutions are constructed via stochastic convolutions with the Green
kernel. Formally, if E(z, x) is the fundamental solution (Appendix No. 9) of the operator P, we

will say that u(z, x), defined as

u(t,x):ffE(t—s,x—y)F(s,y)dsdy, (1.3)
0 Jre

is a random field solution to the SPDE if the stochastic integral is well defined and the map
(t, x) — u(t, x) is measurable. For the theory of stochastic integration, we refer to [38], where the
author performs an extension and adaptation of Walsh’s construction of the martingale measure
stochastic integral (see [ 1 10]). We will now shortly describe it.

Let B,(R?) be the o-field of all bounded Borel sets of RY and define

F(¢) = o(t, x)E(t, x)dt dx.
Rd+1

The first step is to extend F to a worthy martingale measure (see [110]). Using (2.2) we can
verify that F is L?>-continuous (Appendix No. 6) and, as such, we can extend it to a o-finite
L2-valued measure by approximating indicator functions of sets in B,(R, x RY) with elements

of D (R"”) (Appendix No. 3). We set
M(B) = F([0,7]x B), B € By(R)

and

FO = a(MS(B), s<t Be Bb(Rd))» Fi=F VN,

with N being the o-field generated by the P-null sets. We then have that, by construction,

t — M,(B) is a continuous martingale and

F(¢) = f f (t, x)M(dt,dx), ¢ e DRM).
Rt JRY

12



Chapter 1. Introduction

We call a function (s, x, w) — g(s, x, w) elementary if it is of the form
205, %, @) = 1,p(9) 14(X) X(w), a,beR, 0<a<b, AeByRY,

where X is a ¥,-measurable r.v. We denote by & the space of all finite linear combinations of
elementary functions and call predictable the o-field on R, x RY x Q generated by the elements

of &. Moreover, set

llgll+ := E(j; ds fRd dy jl;] dx|g(s, x, )| f(x—y)lg(s,y, ~)I) (1.4)
and

llgllo :=E(f0 dSI a’yf dxg(s,x,')f(x—y)g(s,yu)). (1.5)
R4 R4

In [110], Walsh defines the martingale-measure stochastic integral on the complete space $, of
predictable functions g with ||g||; < +oo.

On the other hand, Dalang in his work [38] is able to extend such a construction, defining the

tHffv(s,x,-)M(ds,dx)
0 Jre

for all elements v of the completion Py of (&, || - ||p). Moreover, denoting as P the space of all

martingale

predictable functions h(t, x, w) such that x — Az, x,w) € S'(R?) for every (t,w) € [0,T] x Q,

F h(t,-, w)(€) is a function a.s., and

1/2

Al ::E( f ds f |F h(t, -,w)(f)lzv(df)) < +o00, (1.6)
0 R4

and calling &, the subset of #, consisting of all functions g(s, x, w) such that x — g(s, x, w) €
S(RY), then we can identify P, with the set of elements A(z, x, w) of P such that there exists a

sequence h,(t, x, w) of elements of &, that gives
lim ||k, — hlly = 0. (1.7)
Furthermore, we observe that this implies that, for elements A(s, x, w) € Py,

1Allo = lIAllo.-

13



1.3 Geometric statistics and the geometry of covariance matrices

Dalang’s extension gives existence for spatially correlated noises beyond white noise in di-
mensions where the heat/wave kernels are not square-integrable ([38]). This approach matches
hyperbolic SPDEs and pathwise space-time analysis ([32], [62]).

When semigroup kernels are integrable against the noise covariance, mild and random-field

solutions coincide; otherwise one can still compare them via isometries in L>(Q) ([37], [38],

[95D.

1.3 Geometric statistics and the geometry of covariance ma-

trices

1.3.1 Geometric statistics

Classical statistics assumes that observations take values in a linear vector space, typically R”,
and that variability can be represented through linear operations such as addition and scalar
multiplication. However, many modern data types do not possess a natural linear structure.
Examples include directions on a sphere, orientations in robotics, shapes up to rigid motions,
positive semidefinite covariance matrices, and probability distributions endowed with transport
metrics. In such cases, one must replace linear geometry with the intrinsic geometry of the
underlying data space.

The study of statistical analysis on nonlinear spaces constitutes the field of geometric statis-
tics ([45], [46], [61]1, [78], [93]). This area generalizes Euclidean methods by using concepts
from differential geometry, metric geometry, and optimal transport.

Let (X,d) be a complete metric space and X a random variable with values in X. The

intrinsic notion of expectation is given by the Fréchet functional ([46])
F(x) = E[d*(x,X)], xeX.

A minimizer m of F is called a Fréchet mean or intrinsic mean. In Euclidean spaces, this
reduces to the ordinary mean E[X]. On curved spaces, existence and uniqueness of m depend
on the convexity of geodesic balls, curvature bounds, and the injectivity radius ([3], [56], [60]).

The corresponding empirical Fréchet mean 7z, minimizes Y., d*(x, X;). Under regularity

14



Chapter 1. Introduction

and curvature assumptions, a central limit theorem holds in the tangent space 7, X:

Vn log,, (,) = N(O, Zep),

where log,, denotes the Riemannian logarithm and X4 depends on the geometry and the covari-
ance structure of the data ([22], [23]).

When X is a smooth Riemannian manifold (M, g), one can exploit the differential structure
to define intrinsic operations such as exponential and logarithmic maps, parallel transport, and
covariant differentiation. Statistical models, estimation, and inference are formulated intrinsi-
cally on M, avoiding the distortions introduced by linear embeddings ([45], [91], [93]).

Key tasks in Riemannian statistics include:

Estimation of Fréchet means;

Principal geodesic analysis, the nonlinear analogue of Principal Component Analysis

(PCA), where variability is decomposed along geodesics ([45], [55]);

Regression and dynamics on manifolds, based on geodesic interpolation and parallel

transport [83];

Statistical models on Lie groups and homogeneous spaces, which exploit group structure

for inference on orientations and shapes ([33]).

These tools have been applied to a wide range of data, including anatomical shapes, diffusion
tensors, covariance matrices, and probability distributions on manifolds.

Many data spaces are not smooth manifolds globally but have stratified or quotient struc-
tures. Examples include shape spaces modulo rotation and scaling ([61]), Grassmannians of
subspaces, and fixed-rank cones of covariance matrices ([ 16], [80]).

Geometric statistics extends to such spaces using tools from metric geometry and convex
analysis. Spaces of nonpositive curvature (CAT(0) or RCD(K, N) metric-measure spaces) ad-
mit unique geodesics and intrinsic barycenters ([73], [102]). Stratified spaces, such as the
Billera—Holmes—Vogtmann tree space ([24]), combine piecewise-Riemannian structure with
combinatorial singularities, giving rise to phenomena such as “sticky” Fréchet means ([54]).

Another major framework is information geometry, where the Fisher-Rao metric endows

families of probability distributions with a dual affine structure ([5], [6]). The resulting geom-

15



1.3 Geometric statistics and the geometry of covariance matrices

etry captures natural gradients and connects differential geometry with likelihood-based infer-

ence.

1.3.2 Covariance matrices

Covariance matrices play a central role in multivariate statistics, signal processing, and diffusion
tensor imaging.

Typical statistical tasks involving covariance matrices include estimation ([17], [31], [66]),
shrinkage and regularization ([67], [111]), hypothesis testing on covariance structure, and in-
ference on low-rank or structured covariance models ([ ! 3]). The smooth manifold of fixed-rank
covariance matrices is very relevant in applications as well. Interpolation in this manifold is
used in [81] for parametric order reduction and in [14] for community detection. Optimization
algorithms for various problems are proposed in [26], [83] (distance learning), [76] (distance
matrix completion) and [85] (role model extraction). Other studies have tackled the task of
fitting a curve to points on the manifold. In [49] the authors fit a curve through covariance
matrices that model a wind field. In a related vein, in [71] the authors use geodesic interpola-
tion between Gram matrices to create intermediate protein conformations, while reference [59]
employs Gram-matrix interpolation to track facial-expression changes in video data.

Geometric statistics on covariance matrices now underpins applications in diffusion tensor
imaging ([43], [44], [47]), radar signal processing ([15]), finance ([29]), and quantum state
estimation ([28]). Affine-invariant and Bures—Wasserstein means provide robust, congruence-
invariant estimators of average covariance; geodesic PCA captures dominant modes of variabil-
ity; and curvature analysis informs concentration and inference.

Ongoing research focuses on:

extending asymptotic theory to stratified and quotient spaces ([16], [79], [106]);

developing curvature-aware statistical tests and confidence regions;

connecting optimal transport geometry with high-dimensional covariance estimation ([96],

[109]);

and exploring stochastic dynamics and SPDEs on covariance manifolds ([47], [93]).

16



Chapter 1. Introduction

The set of n-dimensional covariance matrices Cov(n) is defined as the set of positive semidef-
inite symmetric matrices

Cov(n) := {X € Sym(n) | X > 0},

where Sym(n) denotes the space of symmetric n X n matrices. The set Cov(n) forms a closed
convex cone in the Euclidean space of square n-dimensional matrices Mat(n). This convex cone
(Appendix No. 11) can be described as a stratified space, i.e., a topological or metric space
that can be decomposed into a family of subspaces that exhibit a smooth structure. The strata
of Cov(n) are given by the smooth manifolds (Appendix No. 15) of n-dimensional covariance

matrices of fixed rank k (see [106]), that is

Sym*(n, k) := {Z € Cov(n)| 1k(X) = k}.

The set of n-dimensional covariance matrices Cov(n) can be identified with the quotient space
Mat(n)/O(n), where O(n) denotes the orthogonal group (Appendix No. 19). The orbits of the
quotient space are defined by the right action Mat(n) X O(n) > (X, G) — XG € Mat(n) and the

identification is given by the map

Mat(n) > X — XX € Cov(n). (1.8)

For a stratum Sym™(n, k) a parallel construction to the one of Cov(n) can be built ([79]).
In this case, we focus on the right action Mat(n, k)* x O(k) 3 (X,G) — XG € Sym™(n,k),
where Mat(n, k)* denotes the manifold of full-rank n X k matrices, and the consequent quotient
space Mat(n, k)*/O(k) which is diffeomorphic to Sym*(n, k) via the map Mat(n,k)* > X +—
XXT € Sym*(n, k). Thanks to this identification, the Euclidean metric descends to the Bu-
res—Wasserstein Riemannian metric on Sym™(n, k). For a more in-depth analysis we refer the
reader to [79].

The set of covariance matrices can be equipped with different distances. A distance on
Cov(n) translates then to a Riemannian structure on the smooth strata. We recall the definition

of the tangent space to Sym*(n, k) at X

Ts Sym*(n, k) = {V € Sym(n) | P VP; = 0},

17



1.3 Geometric statistics and the geometry of covariance matrices

where Py denotes the orthogonal projector onto the nullspace of X. We present the most relevant

examples of distances and correlated metrics on the tangent spaces. For simplicity the metrics

are described only on the principal stratum

18

SPD(n) := {X € Sym(n) | X > 0}.

e Defined by

da(Z, A) = [[log(E ' 2AZ )|,

the affine-invariant distance is invariant under congruence transformations £ — QXQT,

A — QAQT for Q € O(n). The associated metric,
gs(V, W) = TrE'vEIw), V,W e Ts SPD(n),

makes SPD(n) a globally nonpositively curved manifold isometric to the symmetric space
GL(n)/O(n) ([44], [69], [92], [100], [101]). Geodesics and parallel transport admit closed

forms:
Ysooa(t) —31/2 exp (t log(Z_mAZ_l/Z)) w12 — 21/2(2—1/2/\2—1/2):21/2.

The affine-invariant metric underlies information-geometric approaches and Riemannian

gradient-based optimization on SPD(n) ([2], [20], [91]).

The log-Euclidean metric provides a computationally simpler alternative to the affine-
invariant geometry while retaining key invariance properties ([7], [20], [43], [47]). It
is defined by mapping SPD(n) diffeomorphically to the Euclidean space of symmetric

matrices via the matrix logarithm:
¢ : SPD(n) — Sym(n), X - log(X).

Equipping Sym(n) with the Frobenius inner product (A, B)r = Tr(AB) and pulling it back

through ¢ yields a flat Riemannian metric on SPD(n):

gs(V, W) = (D(og)s[V], D(log)s[W])r = Te((Z™'V)(E™'W)),
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and the corresponding geodesic distance
diog(X, A) = |[log X — log Al

The log—Euclidean metric has zero curvature (the manifold becomes globally flat in the
logarithmic domain) and allows closed-form formulas for the mean and geodesics. It is
particularly useful in diffusion tensor imaging and machine learning, where it combines

invariance under congruence transformations with numerical simplicity.

Another geometric construction exploits the Cholesky factorization ¥ = Ly L with Ly €
Lower(n) nonsingular ([20], [42], [70], [72]). By representing SPD(n) through its Cholesky
factors, one induces the following Riemannian metric from the Euclidean structure of the

space of lower-triangular matrices:

(VW) =(L;'VILHT, L'WY e, = LiLy.

This metric is flat and globally parameterizes SPD(n) without the nonlinearity of the

exponential map. Distances are computed as
denol(Z, A) = [|Ly — LallF,

where Ly, L, are the Cholesky factors of X and A. Cholesky-type coordinates preserve
positive definiteness by construction and are convenient for optimization, interpolation,
and statistical modeling in high dimensions. Although they lack full affine invariance,
they provide efficient and numerically stable approximations to the intrinsic Riemannian

distances.

We equip Cov(n) with the Bures—Wasserstein distance ([21], [41], [75], [90], [104], [105])
defined as

d®V(Z,A)? = Tr(X) + Tr(A) — 2 Tr((ZV2AZ?)12),

With this distance, Cov(n) becomes a complete geodesic space (i.e., a complete metric space

where the distance between two points is equal to the length of a minimizing geodesic connect-

ing the two points (Appendix No. 26)) of nonnegative curvature ([4], [106]). This metric is full

19



1.3 Geometric statistics and the geometry of covariance matrices

of applications and of great interest in the literature. It was introduced both in quantum infor-
mation theory as the Bures distance ([30], [51]) and in optimal transport as the L?>-Wasserstein
distance ([41], [20]). In particular, in the latter context, the distance acquires the meaning of a
measure of dissimilarity between Gaussian distributions ([75], [109]). From a geometric point
of view, the Bures—Wasserstein distance can be derived as the quotient distance via the map
(1.8) if we assign the Euclidean (or Frobenius) distance to Mat(n) (Appendix No. 12).

The Bures—Wasserstein distance translates to a metric on the smooth strata (Appendix No.
22). Now, following what is done in [106], we set for a moment ¥ = QDQ! with D =
diag(d,, ..., d;) positive definite and Q € St(n,k) and call Sxy = QOSp(QTVQ)Q!, where
Sa(B) =: S denotes the unique solution to the Sylvester equation B = AS + SA for a sym-
metric positive definite matrix A and a symmetric matrix B (Appendix No. 13). For V, W € T,

the Bures—Wasserstein metric is given by
gV OV, W) = Tr(SsyZSsw) + Tr(PLVEW),

where X' denotes the Moore—Penrose inverse of X. Furthermore, the authors point out that S5 i
and the metric are independent of the chosen decomposition.

With the above geometry constructions, the strata of Cov(n) have been object of study in
the literature for some years. The first results concerned the full-rank principal stratum (see
among others [21], [75], [104], [105] and [107]), where, starting from the quotient geometry,
it was possible to derive equations for the exponential map ([75]), unique logarithm (Appendix
No. 27) ([21], [79]), parallel transport (Appendix No. 25) ([107]) and curvature (Appendix No.
30) ([104], [105], [107]). For the geometry of the stratum Sym™(n, k) of fixed-rank covariance
matrices we refer to [79], [80], [106]; in particular the quotient geometry was studied in [79], a
formula for the curvature tensor and the sectional curvature, as well as curvature bounds, were
expressed, thanks to O’Neill’s equations ([89]), in [80], and finally the exponential map, its
definition domain (Appendix No. 28), cut time (Appendix No. 29) and logarithms together
with their multiplicity were found in [106]. Most recently, relevant progress has been made on
the geometry (and in particular on the geodesics) of the stratified space as a whole ([106]).

Geometric statistics thus provides a unified language in which Riemannian geometry, opti-

mal transport, and information geometry converge. Within this framework, covariance matrices
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Chapter 1. Introduction

are not mere algebraic objects but points on a curved manifold whose structure encodes the nat-
ural symmetries of variability and uncertainty. Understanding this geometry allows statistical
inference to be intrinsic, coordinate-free, and consistent with the underlying transformations of

the data.

1.4 Concluding remarks and plan

Throughout the thesis, particular attention is given to the rigorous formulation of the underlying
geometric and analytical tools. The Appendix collects the necessary background on linear
algebra, smooth manifolds, Riemannian geometry, and variational calculus, so as to make the
presentation as self-contained as possible, while maintaining the desired level of mathematical
precision.

The research presented in this thesis has led to two distinct works. The results contained in
Chapter 2, concerning stochastic hyperbolic partial differential equations with multiple charac-
teristics, have been published in a joint article with my supervisor ([19]). The material devel-
oped in Chapter 3, which introduces a new geometric framework for the manifold of fixed-rank
covariance matrices under the Bures—Wasserstein metric, may be found on my preprint ([77]).

In summary, the guiding idea of this work is to explore how geometric structures — whether
on spaces of matrices or on the phase space of partial differential equations — govern analytic

phenomena and reveal new connections between geometry, probability, and analysis.
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Chapter 2

On some stochastic hyperbolic partial
differential equations with multiple

characteristics

Stochastic partial differential equations provide a rigorous mathematical framework for study-
ing dynamical problems in which random perturbations are involved. They arise naturally in
fields as diverse as physics, finance, biology, and engineering, where uncertainty, noise, and
incomplete information play a fundamental role.

Hyperbolic equations, in particular, are utilized to study wave-like phenomena that arise
commonly in mechanics and signal propagation. Applications can range from acoustics and
fluid dynamics to electromagnetism and elasticity.

A number of recent papers, tapping into the powerful techniques presented in the seminal
works [38], [39] and [110], have extended several classical deterministic results for solutions
of hyperbolic operators of various types — linear, semilinear, and whose principal symbols
have multiple involutive or symplectic characteristics — to the stochastic framework: for a
current review, encompassing also other types of classical PDEs in open domains in R" and
Riemannian manifolds as well, one can consult, among others, [!], [8], [9], [10], [11], [12],
[18], [34], [35]. Our goal in this chapter is to continue the study of possible extensions to
the stochastic framework by analyzing three model linear stochastic operators, we deem not
having been previously examined in the literature. In particular, we would like to understand

how the symplectic geometry of the principal symbols and the conditions on the lower order
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2.1 Mathematical framework and model introduction

terms influence the construction of the random field solutions via the corresponding colors of

the noise, an analysis started in [1&].

2.1 Mathematical framework and model introduction

The general problem is presented here in a compact form:

Pu;=F,(t,x) t>0,xeR,ie{l,2,3}
u; (0,x)=0 (2.1)

atui (O’ -x) = 0,
where formally
Fi(¢) = f o(t, x)Fi(t, x)dtdx, ¢ € Cy (RM),
RHI

is a mean zero family of normal random variables, defined on a probability space (Q2, 7, P),

with covariance

E(FASFiW)) = fo dr f dx fR Ayt 0fx - DU Y), 22)

Ri

for ¢,y € Cy (R™).

We study the operators Py, P, and P3, defined as follows

(i) Py := D?—(D?+x?): this is a 0-th order perturbation of the wave equation. It is strictly hy-
perbolic. It introduces a harmonic oscillator and is mostly used as a prototype to develop

the techniques to tackle the next two operators.

(i) P, := D} — w(D} + x*D}) + bD,, |b| < . This operator introduces an anisotropy and
degeneracy in the propagation speed through the term xzDi, which leads to double char-

acteristics and non-strict hyperbolicity. Indeed its principal symbol is

P2 =10 = uE + X,
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

which vanishes to the second order on the smooth manifold
% ={(t,x,y, T,&,1n) € TR}, x=1= &=0},

where T*R? denotes the phase space cotangent bundle minus the zero section (Appendix
No. 17). The term bD, introduces a drift in the y direction; although of first order, this
term is crucial to the well-posedness of the Cauchy problem and gives rise to the condition
bl < w ([52], [53], [58]). As we will see, this condition is fundamental for the existence

of a random field solution for the stochastic equation.

(iii) P3 := D} — u(D; + x*D}) — aD? + bD,, |b| < u, a > 0. The final operator adds another
spatial dimension and an elliptic term —aD?. It is the most general and complete of the

three models. Again, the principal symbol, that is
ps =7 —pE +x'n’) - al’,
is hyperbolic and vanishes to the second order on the manifold

Y= {tLx,y,nnEn) e TR x=1=£6=¢=0}.

For non-strictly hyperbolic operators the characteristic set plays an important role, as its
geometry affects well-posedness and propagation of singularities. In particular, we focus on
how the Hamilton map behaves on the characteristic set. For a comprehensive review of the
matter we refer to [88] and [84].

Both p, and p; do not have any effectively hyperbolic couple and are hence called non-
effectively hyperbolic. p, is fully symplectic as (x, &) is a symplectic couple and the couple
(v, ) produces a zero eigenvalue but without a Jordan block structure (neutral couple). On the
other hand, p; is mixed symplectic-involutive, as (z, {) is involutive.

The Levi-type condition |b| < u is typical for this kind of operators, and it is necessary for
the well-posedness of the Cauchy problem. For a comprehensive analysis on the matter see,

e.g., [52], [53] and [58].

Let i = 1,2,3. The function f; : R" — R in (2.2) is taken to be continuous except at most
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2.1 Mathematical framework and model introduction

at zero, and even. These requirements are necessary to guarantee that the functional expressed
in (2.2) is non-negative definite. As seen in [98], this is also equivalent to the existence of a
non-negative tempered measure v; (Appendix No. 5) whose Fourier transform is f;, i.e., for all
¢ € SR,

L i P(x) fi(x)dx = fR ,- F p(&)vi(dE).

We recall that a random field solution is defined as

!
ui(t,X)=ffEi(t—s,x—y)Fi(s,y)dsdy,
0 Ri

where E; denotes the fundamental solution of the operator P;, the stochastic integral is well
defined and the map (7, x) — u;(¢, x) is measurable. Finally, we define the physicist’s Hermite

polynomials and Hermite functions as

Hy(x) = (—1y'e” L g?
dx"

¥, (x) = F H,(x), 2.3)

1
S EEEEE——
(2mn! )12

and name

o, O) = pnlCn+ D) +al> —bn,  pu1) := pa(n,0).

We are now ready to state our main result, which contains all the several claims proven below,
itemized according to the increasing number of space variables. Recalling that our stochastic

PDEs are
Pu;=F;(t,x) t>0,xeR ie{l,2,3}

u;(0,x)=0
Ou; (0,x) =0,

where the operators P;,i € {1, 2, 3}, are defined as

Py =D} - (D% + 2%,
Py :=D; — (D + X’D}) + bDy, |bl <p

Py := D} — u(D; + xX’D2) —aD2 + bD,, |b| <y, a>0,
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

we have the following results.

Theorem 2.1.1. (i) Let vi(d&y) = d&, be the Lebesgue measure. Then, the one-dimensional

problem has a random field solution given by

!
ul(t,x)=ffE1 (t = 5,2, 0) 1 (s, X0)d's dxo,
0 JR

with
= sin( V2n + 11)
E\(t, x,x0) = —H(t) ) ——F——¥u(x0)¥s(x).
R Z::g Va1 "
(ii) Let v, = déV,(dfy) and assume that
o
flﬁl—l/zVQ(dﬂ) < +00. (24)
R

Then, the two-dimensional problem has a random field solution given by

!
ux(t, x,y) = f f2 E; (t — 5, X,y — Yo; X0) Fa(s, X0, yo)ds dxo dyo,
0 Jr

with

H (1)
E, (t,x,y; x0) = p—

. = sin (, ()'* 1
X fR e’y"|n|”2;—[gn E )‘Pn (xolnl'">) Wi (xlnl'") .

(iii) Let vy(dé,dR,d) = dévs(dn,dl). Assume ¥ is absolutely continuous with respect to

A

the Lebesgue measure and that it admits a density of the form (),{) — w (lf)l2 + Iflz)for

which it exists an « < 1/3 such that

f %%(dﬁ, dl) < +oo. (2.5)
= (1Al + IZP)
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2.1 Mathematical framework and model introduction

Then the three-dimensional problem has a random field solution given by

!
us(t, x,y,2) = f f E;(t — 5,%,Y — Y0, 2 — 205 X0) F3(s, X0, Yo, 20)ds dxo dyo dzo,
0 Jrs

with

H(®)
E5 (1, x,y,2; X0) = —

- . sin(p, (7.0t
[ S OO e, v

We would like to highlight again how the color of the noise, observable through the corre-
sponding measures, relates to the geometry of the double manifolds.

The plan of this chapter is as follows. In Section 2.2 we organize the proof for the one-
dimensional case, parts of which are to be used in the later sections. In particular in Section 2.2.1
the formal fundamental solution is computed and in Section 2.2.2 the corresponding random
field is constructed. Section 2.3 contains the main arguments. In Section 2.3.1 the formal
fundamental solutions are explicitly calculated for both dimensions 2 and 3. Sections 2.3.2 and
2.3.3 are devoted to the estimate of the formal solutions obtained, and in the final Section 2.3.4
the existence of the random field solutions as stated in Theorem 2.1.1 is eventually proven.

As a last note, we observe that the arguments we utilize in our analysis could very well
be used to deal with a more general second order hyperbolic quadratic form with symplectic
characteristics. Nevertheless, the simpler nature of our model examples allows us to remove
some of the complexities in [82] or [64], where only the codimension 3 was considered, and
develop a sharper understanding of the structure of our fundamental solution processes. We
observe that the symplectic nature of the multiple manifold is not by itself an a-priori obstacle to
obtaining a closed form fundamental solution, as was proven in [|8]. What makes the problem

more challenging in our case is indeed the presence of the harmonic oscillators.
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

2.2 The case of one spatial dimension

2.2.1 Fundamental solution

We now proceed with the case of one spatial dimension. This, besides proving the related simple
case, helps us collecting all the major tools needed for the subsequent parts.

We consider the problem (Appendix No. 7)
P1E\(t, x; x0) = 6()6(x — Xo).

Performing a Hermite series expansion of x — E(¢, x; xo) and using the well-known identities

([651, [1031)

D W)W (x0) = 8(x = xo), (2.6)
n=0
@ - +2n+1DHP,(x) =0 & (D2 +x)¥,(x) = 2n+ 1P, (x), (2.7)
we get
Py ) Ena(t x)®,(0) = D (PLaEr)(t ) a(x) = D 608,00, (x0),  (2.8)
n=0 n=0 n=0
where

Pi,=D?—(2n+1).

Equating term by term in (2.8) we obtain the ODE problem

Pl,nE],n(ta X()) = 5(t)\Pn(X0),

E; (0, xp) = 0,E,(0, x9) = 0,

whose solution is

! in( V2n + 1 in( V2n + 1
Eutto ) == ¥yt [ ot - r)sm(T\/L:lT) dr = —H(r)sm(T\/L:l”%(xox 2.9)
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2.2 The case of one spatial dimension

where H (1) denotes the Heaviside function, i.e.,

I, t>0,
H((t) =

0, otherwise.

Hence,

sin(vn+10) '22”””%(%)%(@.
n

V2n + 1

Now, the Hermite functions are eigenvectors of the Fourier transform ([103]). In particular

E\(1, x; X0) = —H(I)Z
n=0

FY¥a(m) = (=)"¥u(m),

and so

sin(t 2n + 1)

P, (&)Y, 2.10
N, ot (¢0)'¥,(x) (2.10)

Fi(t, 5 £0) i=F Ea(t, ;) (§0) = —H(1) ) (=1)"
n=0

2.2.2 Random field solution

For the reader’s convenience, we recall the expression for the candidate random field solution

!
ul(t,x):ffEl (t — s, x; x0) F1(s, x0)ds dxq. 2.11)
0 Jr

In order to prove that the expression (2.11) is indeed a real-valued process, we need to show that

E, (t - s, x; xp) is an element of the space $. To do that, the first step is to show the following.

Lemma 2.2.1. Let F((t, x; &) be defined as in (2.10). Then,

!
1::ff|F1 (t — 5, x;&) Pdéy ds < +co.
0 R

Proof. By Parseval identity (Appendix No. 8), we have

0 & sin® ((1- $) V2n+ 1) o
I = Y2x)ds <ty ——P(x).
foz:(; I+l H(D)ds < ;2%1 n()
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Now, we recall that there exist constants C; and C, such that ([25])
Cin % < max P2(x) < Con™%, nx>1. (2.12)
XE

This implies
+00
1< G| W0+ > (2n+ 1)—‘n—”6) < sz[n + Z(2n +1)'n1f0
n=1

which is bounded. O

This shows that the fundamental solution E; (t — s, x; xo) belongs to the space . However,
to prove that E; € P, as well, we need to find a sequence of functions (E| ), in & converging

to E; in P. Unsurprisingly, we set

" sin (t—s)\/2n+ )

2n+

Eypp (t—s,x5x0) 1= —H(t) W (x0)¥n(x).

Firstly, we observe that for each m € N, xo — Ey,, (¢, x; xo) € S (R). Moreover, setting

© sin (t—s)\/2n+ )
FU' (1= s5,x;60) := —H(1) E (=" NP W (&0)Wn(x),
n

we have

!
||E1,m—E1||(2):fdsf|F'1"(l‘—s,x;§o)|2d§0.
0 R

Hence, from the proof of Lemma 2.2.1, we gather

m—s+00
1 —1/6

|E— Eif) < C2t2(2n+ 1) 0.

Now, it remains to prove measurability, and we do that by checking L?(Q2)-continuity of the
solution process in the separate variables. Denoting
&= sin’ (1 V2n + 1)
Si(t.x.0) = ) —— e (Falx 4 1) = W)

n=0

31



2.2 The case of one spatial dimension

the increment in space gives
t
B [|M1(1,X +h) — w1, x)|2] = f ds f Fy (= s, x + ;&) — Fy (1 = 5, x5 &) déy
0 R
!
:f S1(t—=s,x,h)ds.
0

In view of (2.12), we have
+00
S(t, x,h) < 4C, [:f”“ + Z(Zn + 1)_1n_1/6) < +0o0, (2.13)
n=1

granting uniform convergence and consequently the continuity of S ( — s, x, ) with respect to

the variable /. Therefore, by dominated convergence,
i E {jur (1, x + 1) — (2, 0| = 0. (2.14)
For the increment in time we write
E [jur(t + h, x) = i (1, )P

!
SZfdstFl(t+h—s,x;fo)—Fl(t—s,x;§0)|2d§0
0 R

t+h
+2f dsf|F1 (t+h - s5,x&) déo
t R

=21,(h) + 2L:(h).

Lemma 2.2.1 gives directly
}ZI_IB L(h) = 0.

Similarly to the increment in the x variable, we call

S, x ) i Zm (sin ((r + h) %in (V2 T))
n=0

¥ (x),
and, by Parseval’s identity, we obtain
t ~
Li(h) = f St —s,x,h)ds.
0
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

For S (¢ — s, x, h), a bound similar to (2.13) holds. So, by dominated convergence
%g% I,(h) =0,

which completes the proof.

2.3 The case of two and three spatial dimensions

2.3.1 Common computations: fundamental solution

Here we explicitly derive the fundamental solution of the operator Ps. Since the structure of the

calculation is much the same as in the two-dimensional case, we omit the latter and recover the

corresponding fundamental solution at the end of the section.

Hence, our problem becomes now

P3E3 = 6(1)0(x — X0)0(y)0(2).

Taking the Fourier transform with respect to (y, z) we get

F(PsEs) = (D} — (D5 + ') = al® + bn) Es (t.x.7.£3x0) = 6 (16 (x = x0)..

|1/2

Setting o~ = |n|'/“x we define

W (Z, o,1, ga XO) = E3 (t, |77|_1/2X, n, ga X()) .

Thus
RW (1,01, %0) = il 02Es (1, Il x,m, &5 x0)

and, consequently,

(D2 + ) Es (8. Il 20, £ %0) = Inl (D3, + 02) W (2,0, £ %0) -

(2.15)

Therefore, since Dirac’s delta is homogeneous of degree —1, naming A := D? — 7| (DZ‘; + 0-2) -
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2.3 The case of two and three spatial dimensions

al* + bn, (2.15) finally becomes
AW (t,0, 1.3 x0) = Il (1) 6 (0 = xolnl'?). (2.16)

We expand o — W(t, 0,1, ; xo) in Hermite functions
W(t, 00,85 %0) = ) W (6,1,45.%0) ¥, (o),
n=0

and define

A, = D} — ulpl @n + 1) — al* + bn.

It follows by (2.6) and (2.7) that (2.16) transforms into

AW, 00,85.%0) =AY W, (6,18 x0) W (@) = ) AW,y (6,17, 53.%0) W, ()
n=0 n=0

=5(1) ) W (xolnl"?) ¥, (o),
n=0
and we split the sum term by term, equating the coefficients of the expansion

(AaW,) (1,1, &5 X0) = 6 (1) W (xolnl'*) Inl' "2,

so that we may focus on the ODE problem

(02 + pu (0, 0)) W (1,17,45 x0) = =6 (1)'®, (ol 2) Inl "2,

Wn (O’ 77, {a XO) = ath (0’ 77’ é/’ XO) = O,

(2.17)

which is solved by

¢ sin (pn n, ' T)
W, (1,1, ¢ %0) = = B, (xolnl'?) Inl'? fo plEsn pn 1, O)'?

sin (o, (7,0)'" 1)
o (0, O

== H (0P, (xoll"?) Iyl
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Therefore, we find

= sin (p, (7.0 1)
W(t, o, ¢ x0) = —H (1) [g|'*
o,n,{; X n HZ:(; on (1, 4)1/2

¥, (xolnl'?) W, (o),

which readily gives

3 =, sin (p, (7,0 1)
Es(tx,m, 2 x0) = —H (0 Iyl
BT 5o 1 Z;‘ pon (1)1

W, (xolnl"?) W (Iml"2x),

so that

H (1)
E5 (1, x,y,2; X0) = R —

amsie 1y o S0 (00 1.0 1)
XfRz"W('"'m; oo o Lol o (il ) d

Now, we are interested in
Fy (1= 5,6 3,560,7,8) 1= FEs (= 5,5,y = 2=, ) (&0, 7. €).
By translation and dilation properties of the Fourier transform, we see
F; (r -8, X,,2,&0, 7, Z) = Vi j:: e HE, (r — 5, x,—1, = xo) dxp.

Thus, we finally get

M oVl

F, (t— s,x,y,ZQfO’ﬁ’Z) T T o

= sin( n(—ﬁ’f)l/z(t—s)) é »
"2 pu(-2.2)" \P"(Iﬁlm)\y”('”' x). (2.18)

Following the above procedure along, one can also solve

PrE; = 6(1)0(x — X0)o(y)
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2.3 The case of two and three spatial dimensions

and obtain

H (1)
E, (t,x,y; x0) = p—

. >, sin (pa ()"
X fR €'y'7|77|1/22—sm;i(n])71/2 t)‘Pn (xolnl'">) i (xInl''?) i,

n=0

where p,(n) := p,(n,0). We conclude

Fro(t—s,x,y;&,1) = —?elyﬁ
- sin (B, (=)' (1 = 5)
“2, ( pu ()" by, (Iﬁglf/z)ql" (1) 1)

2.3.2 Two dimensions: Integral bound

Again we rewrite here the expression for the two-dimensional candidate random field solution

!
ux(t, x,y) = f fz Ey (t — 5,x,y — Yo; Xo0) F1 (s, Xo, yo)ds dxo dyo.
0 Jr

In the present section, we proceed with the study of the fundamental solutions E, to argue
that the formal expression above is well defined as a real-valued process. We start by proving

Lemma 2.3.1 below, which shows that F, (¢ — s, x, y; &, ) in (2.19) is L*>(v, (d&y, d7})).

Lemma 2.3.1. Let F, (¢t — s, x,y; &0, 11) be defined as in (2.19) and the assumptions of Theorem
2.1.1 (ii) hold. Then

!
L= f f2 |F> (£ — s, x,y; &, f])l2 vy (déy, dn) ds < +o0.
0o Jr

Proof. Let us call
J(@t—s,xy0) = f|F2 (1 = s,y &0, DI déo
R

and employ the change of variable A = |f|~!/2&,. Then,

2
J(t = 5.2, y:) = f [Fa (e = 5,633 12, 9)| 1812 da.
R
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Now, if we denote

H-s) .
8 (1 = 5,2, 1) :=—(2 9 g
T
sin (2, (=)' (1 = )
S k) P MY (220
Pn (_77)

we get

F (1= 5,25 120, 7) = > g (t = 5,2, y57) W),
n=0

and hence, by Parseval’s identity,
2 [s+]
f'Fz (t= 5.2 0P40)| dA= Y gt =5, %,y 0. 2.21)
R n=0
It follows that

12=f flnl 2Zgn(t—s,x,y;ﬁ)292(dﬁ) ds
n=0

2(x1/2, &

1 { sin” (o, “(—1) (t — ) . A o

- | [ > ( — )Inll/z‘f‘i(lnl”zx)w(dn) ds.
0 R n:O n -

Recalling (2.12) and denoting

!
Ty := f fgo (t — s, x,y;7)° [7'*9 (df) ds,
0o Jr

we get

C = 712 .
L, <— dn) ds + T
=42 ), fRZ a6 (@ + Dpll + by 241 s+ To
1/2

Gyt i N (an
Ty. 2.22
4712 1/6 Zf((2n+ 1)#|f7|+bf7)V2(dn)+ 0 (2.22)

Now, we have

ik

r (@n+ 1) plfl + bip)

N 1 N
) (df)) < — f A% (i) = —,
i Jr Hn
where the last inequality comes from the fact that the condition |b| < u gives u + sign(i)b > 0.
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2.3 The case of two and three spatial dimensions

Finally, convergence of the integral T\, under this measure is easily checked. Indeed, we can find
an € > 0 such that u + sign(/)b > € for all /j € R and observe that P2 (lnl‘/2 ) a2 <

7~ Y4, Therefore,

! A 1/2 8 (n
To < m L |I]| %) (d?]) < +00.

Now, we want to find a sequence E,,, (¢, x, y; xo) € & so that E,,, — E; in P. We set

Eom (1, X,y %0) = = Hz_j(:)
iy m_sin (5, ()" t
X Le’wmll/z ; %\yn (Xolnll/Z) (xlnll/z)

Again, for each m € N, (y, xg) = E,,,(t, x,y; x0) € S (Rz), and so setting

m . H(t—5)
F (t—s,x,y,&,1) ::Tem
& sin(p D a-9) g
X (_i)n lPn( ~ )\Pn |A|1/2x 5
; ﬁn (_ﬁ)l/z |T]|1/2 (n )
we have
2 ! 2
|Ezn — Ex||; = f ds f |F5 (¢ = 5,x,y: 0. 0)[ v2 (déo, diy)
sz o« 7|2
< Do (dh
i Z f a6 (@n+ Dl + omy) 247
<Cot 3 T M g,
as desired.
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

2.3.3 Three dimensions: integral bound

For the reader’s convenience, we recall the formal expression for the candidate three-dimensional

random field solution:

!
u3(t,x,y,Z)=ff3E3 (t =5,y = Yo, 2 = 203 Xo)
0 Jr

XF3(8, X0, Yo, 20)ds dxo dyo dzo.
In the present section, we would like to understand whether the above expression is a real-valued
process and to check if E3 belongs to Py. As always, we start with showing that E; € P.

Lemma 2.3.2. Let F; (t — 5, %9, 2,&0,7, ¢ ) be defined as in (2.18) and the assumptions of The-
orem 2.1.1 (iii) hold. Then,

!
13 I:f f
0 JR3

Proof. The proof is very similar to the one of Proposition 2.3.1. Indeed, denoting

2 é0. 10, Z)rw (déo, dn,d?) ds < o.

g’n (l -85 X,V ﬁ, Z) . %};‘g)ezyﬁﬂzf
sin o (~7.2)'" ¢ - s))

pu(-0.8)"

X (=0)"

w, (171'2x)

and

’ﬂ)
||
s—

ng’o t—s xy,z,n,g) 1Al /ZV3(dn,d§)

|1/2 R
o= | 9, (d.d2).

(2n + Dulfl + a§2 + bn)

with the same strategy employed in the previous section, we obtain

Cyt Z1/6 A A
L 5 Z Ga + To. (2.23)

n=1
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2.3 The case of two and three spatial dimensions

Now, since |b| < u, we have u + sign(77)b > 0 and consequently
R ' NS
gn < ﬁw(n + () dindl =: J(n).
R

2 nfj] + ag?

We can then switch to polar coordinates and, recalling Young’s inequality

g 1 1
—+y—>xy, —+-=1,
P 4q P 4
obtain
e cos(9)'?
s =4 [ dppw(p)f v -
0 n,up cos(f) + ap? sin“(6)
oo o))/
:4f dppl/zw(p )f (cos(6)) —
0 nu cos(0) + ap sin”(6)
1/p 1/q +00 /2
A AT dp p"* i (p?) cos(6)"*7/7 sin g72/1d.
ﬂl/pal/q 0 0
We have

/2 o I (3/4-1/2p)T(1/2-1/9)
1/2-1/ 2/ — 0
f(; cos(6) Psin 0 1do = AT G/A—1/2p—1/g) < 400,

with ¢ selected as below. In fact, condition (2.5) guarantees that we can indeed select g so that

+00 +00
f p1/2—1/qw(p2)dp :f 1- ZCL/W(p )dp < 400,
0 0

From é = 2a — 3 we have

%:l—é:%—2w>%.
Therefore, we get J(n) < Cn™"/?, 1/p > 5/6, which is sufficient for the convergence of the
series in (2.23).

Finally, taking € > O such that € < u + b sign(7}), we write

o [ + v
0= ~ s
4m91% Jp2 al? + €7

which is finite, by the same arguments utilized above. O
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Having proved that E5 € P, in order to show that E3 € P, we need to find a sequence of
functions Ej,, € & such that E3,, — E3 in P. We set
H (1)
2n

- nsin (p, (7, £)' 1)
[t 3 T S (o) e ) e

E3,m (t’ X, ¥, 35 xO) =

It is readily seen that (xo,y,2) — E3,, (,X,y,2; %) € S (R3) for all m € N, and

+00

I~ Bl < D 20

2.3.4 Common computations: measurability

To prove our claim, it is left to show that the maps (¢, x,y) — uy(t, x,y) and (¢, x,y,2) +—
us(t, x,y, z) are measurable. Our strategy in this regard is to show L,(Q)-continuity of the solu-
tion processes. We only tackle the three-dimensional case, as the two-dimensional case is pretty
much analogous.

We first consider the variable y. We call

H@-y) eiZZ
2w

A\1/2
o sinfp, (<7.8) " (= 9)
% Z (_l-)n ( )\I—’n (|ﬁ§|?/2

ou(-1.0)"

Fs(t - s,x,2,60,0,0) :=

o ()
and get

B |lus(t, x,y + h,2) = us(t, %, 3, 2)F |

f
)
0 R3

!
- f ds f |0 — [ | Bt = s, x, 7 0, 1, D va(dE, dit, d).
0 R3

n |2 n
F, (t — 5, X%,y + h,z,&, 7, {) - F; (t -8, %, 9,20, ), C)' v3(déy, dn, dl)

Now, F5(t — s, x, 2; &o, 1, 2 ) is integrable, and hence, by dominated convergence, we have

im B [lus(t, x,y + h,2) = us(t,x,y. 2 | = 0.
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2.3 The case of two and three spatial dimensions

The z variable is treated in the same way. For the increment in the x variable, we denote

oo Sin2 (pn _ﬁ’ 2" (t - S))
S5t = 5,0,8x,h) = ) l() i n)é)
n=0 n\~ 1>

(Bl e+ ) = Wil )

and write

B [lus(t, x + h,y, 2) = us(t, x,, )P

= fot ds fR Fi(t— s.x+ by, :6.0.0) - F3 (- 5. 5.0, 6.5, 2)‘2 v3(déy, dit, d2)

t
:fdsfln
0 R2

Al1/2 . P
L Sat=s. i, 8, x,h) (1+ 0P +1217) * did.
T

Moreover in view of (2.12), we have

+0o0
5 4C
S3(t = s. Lo h) € Y P < oo, (2.24)
n=0 nl/épn (_77’ é/)

granting uniform convergence and consequently the continuity of S 3(—s, 7, Z, x, h) with respect

to the variable £ too. Furthermore, in the proof of Lemma 2.3.2 we have seen that

! +00
1 R
f ds f ]2 E — Vi(dfo,di,dE) < +c.
0 R n=0 )

nl/épn (_ﬁ’ {

Therefore, by dominated convergence we get
i E{jus(,x + b, 2) = us(t, 2.y, 2F | = 0. (2.25)
Lastly, the increment in time yields

E [lus(t + h. x,y,2) — u3(t, %y, 2)P |

<2 foz ds fR Fs(r+h—s.x.y.2:60.0.8) - Fs (1 - s.x.y.2:40.7, 2)12 vy(d&o, di, dl)

t+h
+2f dsf
t R3

=2J,(h) + 2J,(h).

F; (l +h—=s,%7Y,2 0,1, 2)‘2 vy(déo, dfy, dl)
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Lemma 2.3.2 immediately gives

}ll_rg Jo(h) = 0.

Denoting

) . & (sin (020, 5t + h - ) - sin (o1, &)t — )
S 9 A9 s Ay h = ~
ARRLIELED) Pn(@.0)

Yl ),

by Parseval’s identity, we obtain

! ~11/2
| | R A B ~ > @ i
5w = [Cds [ BSae - s o (1P + 1) didt.
0

R2 471'2

For S5(t — s, 1, 2 , X, h), the same bound as in (2.24) holds. So, by dominated convergence, again
we have

lim Jy(h) =0,

which concludes the proof.
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Chapter 3

An associated bundle approach to the
Bures—Wasserstein geometry of fixed rank

covariance matrices

Covariance matrices are present and vastly utilized in many fields of study, including statistics,
physics and engineering, as they can represent many different data. Their intrinsic geometry
under the Bures—Wasserstein metric is central for information geometry and optimal transport.
A deep geometric understanding therefore translates into stronger theoretical guarantees and

more efficient algorithms across all applications.

3.1 Mathematical framework

We briefly recall the structure of the set of covariance matrices that is introduced in Chapter 1.

The set of n-dimensional covariance matrices is defined as
Cov(n) := {X € Sym(n)|X > 0},

where Sym(n) denotes the space of symmetric n X n matrices. It has the structure of stratified

space with smooth strata

Sym(n, k) := {X € Cov(n)| tk(Z) = k} .
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3.1 Mathematical framework

When endowed with the Bures—Wasserstein distance, defined as
d®V (2, A)? = Tr(Z) + Tr(A) — 2 Tr((ZV2AX?)17?),

the cone Cov(n) is characterized as a complete geodesic space of nonnegative curvature [4].

The smooth strata are thus equipped with a resulting Riemannian structure. Denoting ¥ =
ODQT with D = diag(dy, ...,d;) positive definite, Q € St(n,k) and Sxy = QS p(QTVQ)QT,
where S 4(B) is the unique solution to the Sylvester equation B = AS + SA for A € S PD(n) and
B € Sym(n) (Appendix No. 13), we obtain the inner product on Ts Sym*(n, k), i.e.,

gs "V, W) =Tr(SsvESsw) + Tr(PVE'W). 3.1)

In (3.1), V, W € Ts Sym(n, k) and X denotes the Moore—Penrose inverse of X [86], [94]. The

Bures—Wasserstein metric clearly shows two components. The first one is denoted by
gV, W) := Tr(Ps VE'W)
and acts on the subspace
Hs Sym(n, k) := {V € Sym(n) | PsV = 0} C Ty Sym(n, k).

The second one is denoted as

gy (VW) :==Tr(SgvZSsw),
and acts on the orthogonal complement of Hy Sym(n, k). Thus, the metric is written as

g5 "UVIW) = g (VW) + g (V. W).
In this chapter we introduce the diffeomorphic model

Sym(n, k) = M(n, k) := St(n, k) Xox Sym* (k) = (St(n, k) x Sym™(k))/ O(k),
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Chapter 3. Fixed rank covariance matrices

where St(n, k) denotes the Stiefel manifold and M(n, k) the bundle associated to the principal
O(k)-bundle 7 : St(n, k) — Gr(k,n), see Subsection 3.1.2. This associated-bundle model

has been used in several applied works on low-rank covariance and subspace estimation (see,

e.g., [

1, [27], [81]), typically endowed with product-type Riemannian metrics. However,

to the best of our knowledge, a systematic analysis of this model equipped with the Bures—

Wasserstein metric—and its interplay with the Grassmannian geometry of Gr(k, n)—has not

been carried out.

The main contributions of this paper can be summarized as follows.

®

(i)

(iii)

We provide a detailed analysis of the associated-bundle model

Sym+(n, k) = St(l’l, k) Xow) Sym+(k)

under the Bures—Wasserstein metric. In particular, we characterize the tangent spaces, the
horizontal—vertical splitting, and the pullback metric on M(n, k). This model gives a clear
separation between changes and movements in the support subspace and the covariance
within that subspace and it provides a standpoint to develop statistical procedures that
are subjective to this split. We stress again that the diffeomorphic model is not novel
per se, but it has never been studied under the Bures—Wasserstein metric and a rigorous

geometric perspective helps us to develop the further results named below.

Within this model, we prove that the fibers Mp(n, k), P € Gr(k, n), are totally geodesic
submanifolds. Equivalently, Bures—Wasserstein geodesics with vertical initial velocity re-
main in a fixed fiber, and geodesics joining two matrices with the same image stay in that
image subspace. This gives a transparent geometric explanation of the algebraic unique-
ness conditions for geodesics within a stratum observed in [106] and may prove useful
in the development of algorithms aware of fiber preserving flows, e.g. in constrained

optimization.

We derive a system of ordinary differential equations (ODEs) for Bures—Wasserstein
geodesics in bundle coordinates on M(n, k). In particular, we identify a simple matrix—
valued first integral which can be interpreted as the momentum associated with the O(k)—

symmetry of the model. This conservation law decouples part of the dynamics and will
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3.1 Mathematical framework

be exploited in low-dimensional examples to recover known closed-form expressions for
fixed-rank Bures—Wasserstein geodesics. This ODE formulation is well suited for numer-

ical integration and algorithms on low-rank covariance manifolds.

(iv) We establish a one-to-one correspondence between the index set of Bures—Wasserstein
logarithms on (Sym*(n, k), d®") and the index set of Grassmannian logarithms on (Gr(k, n), dr),
where dg denotes the Euclidean metric on the Grassmannian. This clarifies the precise
relationship between multiplicities of minimizing geodesics in the Grassmann and fixed-

rank covariance geometries.

The rest of the chapter is organized as follows. In this Section, we introduce the needed
geometrical framework. In particular, in Section 3.1.1 we introduce some definitions and useful
results of differential geometry, while in Section 3.1.2 we describe the principal fiber bundle
g - St(n, k) — Gr(k, n).

In Section 3.2, we get into the heart of the topic and study the geometry of the stratum
Sym(n, k). In Section 3.2.1, we introduce and prove the diffeomorphism Sym(n, k) = M(n, k);
in Section 3.2.2 we give a characterization of the tangent spaces to M(n, k); in Section 3.2.3,
we study how the Bures—Wasserstein metric on Sym(n, k) translates to a metric on M(n, k); in
Section 3.2.4, we analyze the geodesics in M(n, k) and find a system of geodesic equations and

finally in Section 3.2.4.3 a bijection between the logarithms of Sym(n, k) and Gr(k, n) is proved.

3.1.1 Fiber bundles

Here we introduce the concepts from differential geometry that we will need in later Sections.

We refer to [57], [68], [99] for a comprehensive treatment.

Definition 3.1.1. Let E, B and F be smooth manifolds and 7 : E — B a smooth surjection. The
quadruple (E, B, m, F) is called a smooth fiber bundle with fiber F if for every b € B there exists
a neighbourhood U C B and a diffeomorphism

Yy ' (U)—> UXF
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Chapter 3. Fixed rank covariance matrices

such that the following diagram commutes:

) s Ux F

Sk

where pr, denotes the canonical projection onto U. The manifold B is called the base space, E
the total space, and r the projection. For b € B, the set E;, :== n~!(b) is diffeomorphic to F and
is called the fiber over b. The family {(U, ¢ )} is called a (smooth) local trivialization of the
bundle.

Fiber bundles will often be denoted simply by (E,n) orby n: E — B.

Definition 3.1.2. Let 7, : E; —» Band n, : E; — B be two fiber bundles over the same base
space. A smooth map ¢ : E; — E, is called a bundle morphism if it respects the projections,
1.e.,

Ty =m0 .
We observe that ¢ takes every fiber n]l(b) in E; into the corresponding fiber Y(b) in E,.

Definition 3.1.3. A bundle morphism ¢ : E; — E, is called an isomorphism between fiber
bundles or a bundle isomorphism if it is a diffeomorphism. The two bundles m; : E; — B and

m, . E, — B are called isomorphic.

Definition 3.1.4. Let G be a Lie group. We call principal G-bundle a fiber bundle 7 : P — B
to which is associated a right action R, : P — P, x — R,x = xg that satisfies the following

properties.
(i) foreach g € G, R, is a diffeomorphism;

(i1) the action preserves the fibers and is free and transitive on them, i.e., for every fiber

P, = n~'(b) and every pair of points x, y € P, there exists a unique g € G such that

y = X4.

The properties (i) and (ii) imply that every fiber P, is diffeomorphic to G and can be identi-
fied with G itself.
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3.1 Mathematical framework

Definition 3.1.5. Let 7 : P — B be a principal G-bundle. Let F be a smooth manifold equipped

with a left action by G defined as L, : F — F, x — L,x = g - x. Define a G action on P X F as

(p.x)-g=(pg.g " ).

Denote the total space as E = P Xg F := (P X F)/G. We call fiber bundle associated to the
principal G-bundle, or associated G-bundle, the fiber bundle defined by the projection

7:E— B, [p,x] a(p),

where [p, x] denotes an equivalence class in E.

Proposition 3.1.1. For a P — B principal G-bundle and an associated bundle E = P X¢ F with
fiber F and left action L,f = g - f the tangent spaces are given by

TipnE = (TP X TrF)/{p€, —Ler|§ € g},

where g is the Lie algebra of G and Lé"; := 0 Lexp(s)li=o0-

Proof. Letq : PxF — E be the canonical projection defining the associated bundle £ = PXgF.

By construction, g is a submersion and its differential
dqp.p) : TyP X TeF = TipnE

is surjective, with kernel equal to the tangent space to the G-orbit O, ;) through (p, f).

For any ¢ € g, consider the one-parameter subgroup exp(#£) and the curve

'}/g(t) = (p’ f) : €Xp(tf) = (p exp(tf), Lexp(—tf)f),

which lies entirely in O, 5. Differentiating at # = 0 gives

Brye(0)|_y = (PE,—LLS).
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Chapter 3. Fixed rank covariance matrices

The set of such vectors, as &€ varies in g, spans the tangent space to the orbit at (p, f). Hence

Ker (dq.p) = {(pé, —L:f) | € € g}

Since dgq,, 1) is surjective, we obtain

TipnE =(T,PxTF)/Ker(dq.p) = (T,P < T¢F)[{(p€, —Le )| € g},

which is the claimed description. O

With the same notation as in Proposition 3.1.1, denoting by pr, : B X F — B the canonical

projection onto the base space, by g : P X F — E the quotient map, we get
Toq=mopr,.
Differentiating at (p, f) € E yields

dr([p, f1) o dq(p, f) = dn(p) o dpr,(p, f)

and thus, for [x,y] € T, nE

dz([p, fD)([x, yD) =da([p, f1) o dq(p, f)(x,y) = dr(p) o dpr,(p, f)(x,y) = dn(p)(x). ~ (3.2)

This gives the vertical spaces
Vip.n = Ker (da([p, 1) = {[x,y] € Tjp,nE | x € Ker(dn(p))}. (3.3)

We will also need the following Lemma, which allows us to upgrade fiberwise diffeomor-

phisms to a global bundle isomorphism.

Lemma 3.1.2. Let ty; : M — B, ny : N — B be two smooth fiber bundles over the same base
space. Let ¢ : M — N,y = my o ¢ be a smooth bundle morphism such that the restriction on

the fibers is a diffeomorphism. Then ¢ is a global diffeomorphism.

Proof. We first show that ¢ is a bijection.
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3.1 Mathematical framework

Surjectivity. Let y € N and set b := my(y) € B. The restriction

Gp 1= |1, 1 T (b) > 7y (B)

is a diffeomorphism by assumption. In particular, y € 3! (b) admits a preimage x € 7} (b) with

(x) = y.
Injectivity. Suppose ¢(x;) = ¢(x,) for xi, x, € M. Then

mpu(x1) = n(d(x1)) = mn(P(x2)) = mp(x2),

so x; and x, lie in the same fiber of . Since the restriction of ¢ to that fiber is a diffeomor-
phism, it is injective there, and thus x; = x,.

We have shown that ¢ is a bijection.

Since M and N are smooth fiber bundles and their fibers are diffeomorphic to each other,

there exists an open cover {U,} of B and smooth local trivializations
Yy (Ua) > Ua X F, gl o7y (Us) = Uy X F,

where F' is a model fiber diffeomorphic to the fibers of both bundles. In these coordinates we
can write

bo =N 0po W) Uy xF - U, X F.

Because ¢ is a bundle morphism over the identity on B, ¢, takes the form

Ga(b, x) = (b, fo(b, X)),

where f, : U, X F — F is smooth and, for each b € U, the map

fa,b = fa(b’ ) F > F

is a diffeomorphism (since ¢ restricts to a diffeomorphism on each fiber).
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The differential of ¢, at (b, x) has block form

I

* Dxf(z,b

D (b, x) =

b

where [ is the identity on T,,U, and D, f,, is the differential of f,, at x. Because each f,,
is a diffeomorphism, D, f, ; is invertible, so D?Ja(b, x) is invertible as well. Thus 5(, is a local
diffeomorphism, and since it is also globally bijective on U, X F, it is a global diffeomorphism

there, with inverse

6. (b, %) = (b, f71(%)).

It follows that ¢ is smooth and has a smooth inverse in each local trivialization chart, and

hence globally on M and N. Therefore ¢ is a diffeomorphism. O

3.1.2 The Grassmannian as a principal fiber bundle

We now briefly review the well-known principal O(k)-bundle
7 - St(n, k) — Gr(k, n), Q — Span(Q),

where St(n, k) denotes the Stiefel manifold of n X k& matrices with orthonormal columns, and
Gr(k, n) the Grassmann manifold of k-dimensional subspaces of R”. For a comprehensive re-
view we refer the reader to [16].

Let Q € St(n, k). The tangent space to St(n, k) at Q can be characterized as
T St(n, k) = {V € Mat(n, k)| Q"V + VI Q = 0}.

If we fix a matrix Q, € Mat(n, n—k) that completes Q to an orthonormal basis of R”, then every

V € Ty St(n, k) can be uniquely decomposed as
V=0A+Q,B, A € o(k) = Skew(k), B € Mat(n — k, k),

where o(k) denotes the Lie algebra of the orthogonal group O(k) (see [ 16, Section 2.2]).

53



3.1 Mathematical framework

We identify the tangent space to Gr(k, n) at a point P with
Tp Gr(k,n) = Hom(P, P*).

Once a basis is specified, we may further identify Hom(P, P+) = Mat(n — k, k).

The vertical space at Q is given by
Vo = Ker (dng(Q)) = {QA| A € o(k)}.

The standard construction (see [ 16]) is to endow both St(n, k) and Gr(k, n) with the Euclidean

(Frobenius) metric, i.e.

gV, V) = TI(ViVD), Vi, Vs € T St k),

¢S"(By,By) = Tr(B\BY), By, B, € Mat(n — k, k) = Tp Gr(k, n), (3.4)

where the Grassmannian metric is independent of the chosen matrix representatives of P.
The horizontal space at Q is then defined as the orthogonal complement of V in T St(n, k)

with respect to the Euclidean metric, namely
Hy := V; ={0Q.B|B € Mat(n — k, k)}.

Proposition 3.1.3. The projection ng : (St(n, k), g) — (Gr(k, n), g%) is a Riemannian submer-
sion, that is the restriction

dng(Q)| w,  Ho = Tr Gr(k,n),

with P = Span(Q), is an isometry for every Q € St(n, k).

Proof. Let Q € St(n,k), and let Q, be a completion to an orthonormal basis of R”, so that
[Q O.] € O(n). Consider a horizontal tangent vector V € T St(n, k), which by definition can
be written as V = Q, B for some B € Mat(n — k, k).

Let Q(7) € St(n, k) be a smooth curve with Q(0) = Q and Q(0) = V. For any x € R, consider
the curve v(r) = Q(f)x € R”, which lies in the evolving subspace P(t) := n(Q(¢t)) € Gr(k, n).
Then

(0) = O(0)x = O, Bx.
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Since x € RF is arbitrary, the derivative drs(Q)(V), viewed in the coordinates induced by the

orthonormal basis [Q Q. ] of R”, is exactly the matrix B € Mat(n — k, k). In particular,
drg(Q) : Ho — Tspan() Gr(k, n) = Mat(n — k, k)
is an isomorphism, and for V|, = Q, B, and V, = Q, B, we have
go(V1,V2) = Te(B1BY) = gopani0)(d6(Q)(V1), dnig(Q)(V2)),

by the definitions in (3.4). Thus drg(Q) restricts to an isometry from Hy onto T'span(g) Gr(k, n),

so 71 is a Riemannian submersion. O

3.2 The Bures—Wasserstein Geometry of the fixed rank stra-

tum

3.2.1 An associated bundle model of fixed rank covariance matrices

As recalled in Section 3.1.2, St(n, k) carries a principal O(k)-bundle structure with base space

Gr(k, n) and structure group O(k) acting by right multiplication. The projection
ng : St(n, k) — Gr(k, n), Q — Span(Q),

is a surjective submersion and the right action of O(k) on St(n, k) is free and proper.

We equip Sym™ (k) with the smooth left O(k)-action
G-S :=GSGT
and form the associated fiber bundle

M(n, k) = St(n, k) Xoq Sym* (k) = (St(n, k) x Sym*(k))/O(k),
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3.2 The Bures—Wasserstein Geometry of the fixed rank stratum

where the equivalence relation is
(0,D) ~ (0G,G"'DG), G € O(k),
and equivalence classes are denoted by [Q, D]. The projection of the associated bundle
iy - M(n, k) — Gr(k,n)

is defined by
([, D]) = n6(Q) = Span(Q),

and the fiber over P € Gr(k, n) is

Mp(n, k) = {[Q, D]| Span(Q) = P}.

It is a standard fact in the theory of associated fiber bundles that every fiber Mp(n, k) is dif-
feomorphic to the model fiber Sym™ (k) (see, for example, [63, Chapter 1] and [57, Chapter 4]).

On the other hand, we consider the bundle
Tsym : Sym*(n, k) — Gr(k,n), X+ Im(Z),
where Im(X) denotes the image (column space) of . The fiber over P € Gr(k, n) is
Symj(n, k) = {£ € Sym(n) | X > 0, tk(X) = k, Im(X) = P}.

Thus Sym™*(n, k) is also a fiber bundle over Gr(k, n) with the same base space as M(n, k).

We define the map
¢ : M(n,k) — Sym*(n, k), [Q,D]~ QDQ".

It is readily checked that it is well defined, i.e. the value of ¢ does not depend on the represen-

tative of the class [Q, D]. Moreover, ¢ preserves fibers:

Tsym(@#([Q, D)) = Im(QDQ") = Span(Q) = ([ Q, D]).
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Chapter 3. Fixed rank covariance matrices

Hence, ¢ is a smooth bundle morphism from M(n, k) to Sym™(n, k) over Gr(k, n).
Proposition 3.2.1. The smooth bundle morphism ¢ : M(n,k) — Sym®(n, k) is a fiber-wise

diffeomorphism, i.e., the restriction

Glm, k) + Mp(n, k) — Symp(n, k)

is a diffeomorphism.

Proof. Fix P € Gr(k,n) and choose Qy € St(n, k) such that Span(Q,) = P. Every class in the
fiber Mp(n, k) can be represented as [Q, D] for some D € Sym* (k). Restricting ¢ to Mp(n, k)

and using the identification Mp(n, k) = Sym™ (k) we obtain the map
Orpnp : Sym* (k) > Symjp(n,k); D — QyDQ;,

which is clearly a diffeomorphism with inverse X - Q ZQ,. i
We can now apply Lemma 3.1.2 to the bundle morphism ¢ : M(n, k) — Sym*(n, k).

Theorem 3.2.2. Let
M(n, k) = St(n, k) Xox Sym* (k) = (St(n, k) x Sym*(k))/ O(k).
Then the map
¢ : M(n,k) — Sym*(n, k), (0. D] — ODQ',

is a global diffeomorphism of fiber bundles over Gr(k, n). In particular, each fiber of Sym™(n, k)
is diffeomorphic to Sym* (k).

Practically, we can now assign in a smooth manner a class [Q, D] € M(n, k) to any matrix
Y = ODQ" (with Q € St(n, k) and D € Sym™(k)), and conversely, any class [Q, D] corresponds

to the fixed-rank covariance matrix = = QDQ’ .

57



3.2 The Bures—Wasserstein Geometry of the fixed rank stratum

3.2.2 Tangent spaces

We now identify the tangent spaces of M(n, k) by means of Proposition 3.1.1. In our case, the

left action of O(k) on Sym™ (k) is given by
Ls(D) = GDG".
For A € o(k) and D € Sym™(k), the infinitesimal action is
L(D) = 8,(exp(tA)’ D exp(tA))L:O = DA - AD = {D, A},

where we denote the matrix commutator by {D, A} = DA — AD to avoid confusion with equiva-
lence classes. Hence, by Proposition 3.1.1, the subspace that is quotiented out in 77 piM(n, k)
is

{(QA, —{D,AD|A € o(k)},

and the equivalence relation on T'p St(n, k) X Tp Sym™ (k) is
(V,T)~(V+ QA, T —{D,A}), A € o(k).
Recall that every V € T St(n, k) can be uniquely decomposed as
V=0A+Q,B, A € o(k), B € Mat(n — k, k),

for a suitable completion Q, of Q to an orthonormal basis of R”. Using the above equivalence
relation, any pair (V, T) is equivalent to a unique representative of the form (Q, B, 7), obtained
by absorbing the QA component into the vertical part via T — T — {D, A}.

Thus we obtain the following description:

Tio.0;M(n,k) ={[Q. B, T1| B € Mat(n — k, k), T € Sym(k)}

={(Q.B,T)|B € Mat(n —k,k), T € Sym(k)},

where, for notational convenience, we identify each class with its representative of the form
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(Q.B,T).

Now, Equation (3.2) can be applied to this case, yielding

dry([Q, DN([Q.B, T]) = dng(Q)(Q.B) = B.

This yields the following horizontal-vertical splitting:

Vig.oy = Ker (day([Q, D) ={[0,T1|T € Sym(k)}, = {(0,T)| T € Sym(k)},

Hio.p; = {[Q.B,0]| B € Mat(n — k, k)} = {(Q.B,0)| B € Mat(n — k, k)}.

In other words, in the bundle coordinates [Q, D] with tangent representatives (Q, B, T'), hor-
izontal directions are encoded by B (moving the subspace in the Grassmannian) and vertical

directions by 7' (changing the covariance within a fixed subspace).

3.2.3 Pullback metric

In our setting, the manifold Sym™(n, k) is endowed with the Bures—Wasserstein metric gBW(”’k),

and M(n, k) is equipped with the diffeomorphism
6: M(n,k) — Sym*(n,k), [0, D]~ QDQ'

from Theorem 3.2.2. This allows us to define the Riemannian metric 4 on M(n, k) as the pull-

back (Appendix No. 23)
h = ¢*gBW(n,k).

Proposition 3.2.3. Let [Q, D] € M(n, k) with Q € St(n, k), D € Sym*(k), and let Q, € St(n,n —
k) be such that [Q Q] € O(n). Moreover, let V, W € T\o pyM(n, k) be written as

V.= [QJ_BV, Tv], W = [QJ_BW’ TW]’

with By, By € Mat(n — k,k) and Ty, Ty € Sym(k). Then the pullback metric h = ¢*gB"V"» on
M(n, k) satisfies
hio.p)(V, W) = Tr (ByDBy,) + Tr (S p(Tv) D S p(Tw)). (3.5)
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3.2 The Bures—Wasserstein Geometry of the fixed rank stratum

In particular, his a well-defined Riemannian metric on M(n, k), and ¢: (M(n, k), h) — (Sym*(n, k), g8V )

is a Riemannian isometry.

Proof. Take a smooth curve [Q(¢), D(t)] € M(n, k) such that

00)=0, 00)=Q.B, DWO)=D, D) =T,

with B € Mat(n — k,k) and T € Sym(k). Then the differential d¢ipp): Tio.pM(n, k) —

Topor Sym™ (n, k) is given by the equation

d
dgiop(QLB,T) = —|  0DNOW" = 0.BDQ" + QDB 0 + QTQ".

Denote

V = d‘p[Q,D](V), W = d(ﬁ[Q,D](W).

hor

We are going to analyse separately the horizontal gy (V,W) = Tr (P{VZ*W) and vertical
g (V, W) = Tr (S s7ZS E’W) parts of the metric.

Horizontal part. Using Pf = Q, 0% and X' = QD' 0", we compute
PV = 0.07(0.ByDQ" + QDB Q] + QTvQ") = 0, ByDQ',
because QTQ =0and Q" Q, = I, . Thus
P;VE' = Q,ByDQ"OD™'Q" = 0,ByQ".
Multiplying by w gives

PEVE'W = 0, B,Q"(Q.BwDQ" + QDBL Q" + 0Ty Q")

= Q.ByDBy 0, + Q.BvTwQ".
Taking the trace and using cyclicity,

g (V, W) = Tr(PLVE'W) = Tr(Q.ByDBL Q") + Tr (Q. By Ty Q").
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The second term vanishes because

Tr(QJ_BVTWQT) = Tr(QTQJ_BVTW) =0,

SO

¢ (V, W) = Tr(Q. ByDBL, Q") = Tr (ByDB?),

again by cyclicity of the trace.

Vertical part. For the vertical component, we use
V= 0.ByDQ" + QDB Q' + OTvQ",
and obtain
Q'VQ=0"0.ByDQ"Q+ Q" ODB}Q[Q + Q" QTvQ"Q = Tv.

Thus
Szj? = QSD(TV)QTa

and similarly Sy i = OS p(Tw) Q. Therefore,

g (V, W) = Tr (S5 7 XSy ) = Tr(QS n(Tv)Q" ODQ" 0S p(Tw)Q")

= Tr (S p(Ty)DS p(Tw)),

again by cyclicity of the trace.

Putting the horizontal and vertical contributions together, we obtain
hio.o)(V, W) = g2V OV, W) = Tr (ByDBY,) + Tr (S p(Ty) D S p(Tw)),

which proves (3.5). O

Remark 3.2.1. As can be observed in the proof of Proposition 3.2.3, the pullback metric natu-
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3.2 The Bures—Wasserstein Geometry of the fixed rank stratum

rally splits into an horizontal and a vertical part

g (V. W) := Tr (ByDBY}),

h[vg,D](V, W) :=Tr (S p(Ty) D SD(TW))'

Moreover, the horizontal metric retains vertical information, i.e., it is influenced by vertical

position coordinate D.

3.2.4 Characterization of geodesics: totally geodesic fibers, geodesic ODE

system and logarithm bijection

The present Section is subdivided into three further Subsections, namely Sections 3.2.4.1,
3.2.4.2 and 3.2.4.3, that contain three different results. Each of these Sections is independent
from the others and can be taken as a standalone contribution, but together they convey a more

complete characterization of geodesics in M(n, k) and so in the smooth manifold Sym*(n, k).

3.2.4.1 Totally geodesic fibers

We start by recalling the Koszul formula. Let (M, h) be a Riemannian manifold with Levi—Civita

connection V. For vector fields X, Y, Z on M, the Koszul formula reads as
2n(VxY,Z) = X(h(Y,2)) + Y(W(Z, X)) = Z(h(X,Y)) + h({X, Y}, Z) = h({Y, Z}, X) — h({Z, X}, Y),

where {-, -} denotes the Lie bracket of vector fields.
We apply this formula to the bundle M(n, k) equipped with the pullback metric /# from

Section 3.2.3 and the horizontal—vertical splitting described in Section 3.2.2.

Proposition 3.2.4. Let M(n, k) = St(n, k)X ouSym* (k) with the metric h defined in Section 3.2.3.
For each P € Gr(k,n), the fiber

Mp(n, k) ={[Q,S] € M(n, k)| Span(Q) = P}

is a totally geodesic submanifold of M(n, k) (Appendix No. 31).
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Proof. To show that each fiber Mp(n, k) is totally geodesic it is enough to prove that if U and V
are vertical vector fields, then V;V is also vertical, i.e. its horizontal component vanishes.
Let U,V be vertical vector fields and X a horizontal vector field. We compute A(VyV, X)

using the Koszul formula. We use the following facts:

e (U, X) = h(V,X) =0, since vertical and horizontal directions are orthogonal.

e {U X} and {V, X} are vertical; indeed, dmy,({U, X}) = {dny(U),dny(X)} = 0 because
dry(U) = 0, and similarly for {V, X}.

e {U, V}is vertical, so h({U, V},X) = 0.

e The vertical metric does not depend on the base coordinate: for vertical fields the function
Y — hy(Us, Vx) depends only on the vertical coordinates, while X is horizontal, tangent

to the base. Hence X(h(U, V)) = 0.

It follows that 4(VyV, X) = 0 and so

H(VyV) =0,

where H(-) denotes the horizontal projection. O

Remark 3.2.2. This is consistent with the fixed-rank Bures—Wasserstein geometry described in
[106], and in fact provides a more geometric perspective on it. In particular, [ 106, Theorem 5.2]
states that the Bures—Wasserstein geodesic connecting two matrices , A € Sym*(n, k) is unique
if and only if rk(ZA) = rk(X), i.e. if and only if ¥ and A have the same image subspace. In our
bundle picture this means that the two points lie in the same fiber Mp(n, k), and Proposition 3.2.4
shows that the geodesic joining them remains inside this fiber. Thus the uniqueness criterion
of [106] acquires a natural geometric interpretation, and, in addition, such instances can be
studied within the full-rank Bures—Wasserstein framework on the fiber, where the geometry is

technically and computationally more tractable.

3.2.4.2 ODE system for geodesic equations with examples

We now derive the geodesic equations on M(n, k) via a variational approach (Appendix No. 32).
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3.2 The Bures—Wasserstein Geometry of the fixed rank stratum

Theorem 3.2.5. Ler M(n,k) = St(n,k) Xox Sym™ (k) be endowed with the pullback Bures—

Wasserstein metric h = ¢*gBV"b  Consider a smooth curve

y(®) = [Q0), D(1)] € M(n, k), telCR,

with Q(f) € St(n,k) and D(t) € Sym*(k). Let Q,(t) be any smooth choice of orthonormal

complement of Q(t) so that
Q) :=[Q(0) Q.(] € O),

and write the velocity as

y(@) = (QL(B(), T(2)),

with B(t) € Mat(n —k, k) and T(t) € Sym(k). Then vy is a Bures—Wasserstein geodesic in M(n, k)

if and only if it satisfies the bundle coordinate system

Q=QB, Q(0) = Qo,
D=DS +SD, D(0) = Dy,

B=-B(DS +SD)D™', B(0) = B,

S =B"B-S2?, S(0)=S5p,(T0)) =S,

where
-B(t)"

B(1) 0

B@) :=

} € o(n) = Skew(n).

In particular, the first line of (3.6) is equivalent to

Q = 0.8, 0, = —QBT,

so that the columns of Q(t) and Q(t) remain orthonormal for all t.

Proof. With the metric i from Subsection 3.2.3, the kinetic energy (Lagrangian) is

1
L(B,D.T) := Eh(Y(t), ¥(©)

= % Tr(BDB") + % Tr (S p(T) DS p(T))
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=: L""(B, D) + L'(D, T),
where S p(T) is the unique solution of the Sylvester equation
DS +SD=T.

A geodesic is a smooth curve y such that L is stationary under all smooth variations with
fixed endpoints. Writing L in terms of the coordinates (B, D,T) and using that L does not

depend on Q, the Euler-Lagrange equations reduce to
i(aL)—O 1(6 L)-0pL=0 (3.7)
dt B ) dt T D& — Y. .

We now compute the partial derivatives. Throughout we use the straightforward matrix-
variational identity

SF(N) = Tr (SN On "),

for a scalar function f of a matrix argument N, see [74] for a general reference on matrix
calculus.

Derivative with respect to B. We have

65 Tr(BDB") = d% Tr (B + 5B)D(B + scSB)T)L:O
= Tr(6BDB") + Tr(BDSB")

= 2Tr(6BDBY),

SO

gL = 03L"" = BD.

The first Euler—Lagrange equation in (3.7) therefore gives
d
E(BD) =0 == BD =K, (3.8)

for some constant matrix K € Mat(n—k, k) along the geodesic. Since D is invertible on Sym™(k),
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we may write

B=-BDD'=-BTD!, (3.9)

using the relation D = T (the vertical component T is precisely the derivative of D along y). In

terms of the Sylvester variable S = S p(7T'), we can equivalently write
B=-B(DS +SD)D™".
Derivative with respect to T. For the vertical part we compute

57 Tr (Sp(T) DS p(T)) = Tr (S p(6T) DS p(T)) + Tr (S p(T) D S p(6T))
= Tr (S p(6T)(DS p(T) + S p(T)D))

= Tr (6T S p(DS p(T) + S p(T)D)) = Tr (6T S p(T)),

where we used the linearity and self-adjointness of S p(-) with respect to the Frobenius inner

product, and the Sylvester equation
DSp(T)+Sp(T)D =T.

Thus
1
GTL = aTLver = ESD(T) (310)

Derivative with respect to D. For the horizontal part,
6p Tr(BDBT) = Tr(B' BSD),

SO

1
ApL"" = EBTB.

For the vertical part, we differentiate the Sylvester constraint

DS p(T)+Sp(T)D =T
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at fixed 7', obtaining
D6pSp(T)+ 6pSp(T)D = —-6D S p(T)— S p(T) 6D,
and hence
opSp(T) = —SD(6DSD(T) +Sp(T) 6D)

A direct calculation then gives

6p Tr (S p(T) D S p(T)) = Tr (6pS p(T) D S p(T))
+Tr (S p(T) 6D S p(T)) + Tr (S p(T) D 5pS p(T))

=Tr(Sp(T)SD S p(T)) — Tr (6D S p(T)?) = — Tr (6D S p(T)?),

SO

1
ApL™ = —ESD(T)Z.

Combining the two contributions, we obtain
1
dpL = E(BTB — Sp(T)). (3.11)

Evolution equation for S = S p(T). Plugging expressions (3.10) and (3.11) into the second

Euler-Lagrange equation in (3.7), we obtain

I. 1
>50(I) - E(BTB - Sp(T)) =0,

or, denoting § = S p(T),
S =B'B-S2 (3.12)

Finally, the evolution of Q is given by the horizontal component Q, B of the velocity and the
skew-symmetric matrix B as in the statement. Conversely, any solution of (3.6) arises from
a critical point of the energy functional with fixed endpoints, hence from a geodesic. This
establishes the equivalence. As a final note, the system (3.6) is equivariant under the gauge
change

(0,D,B,S) — (0G,G'DG, BG.G'SG),
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for constant G € O(k). Hence, the ODEs are well defined on the quotient M(n, k). |

Remark 3.2.3. As highlighted in the proof of Theorem 3.2.5, the Lagrangian
1 o1
L(B,D,T) = > Tr(BDB") + > Tr(S p(T) D S p(T))

does not depend on the base point Q € St(n, k). In particular, the conjugate momentum with

respect to the horizontal velocity B, that is
0gL = BD € Mat(n — k, k),
is conserved along Bures—Wasserstein geodesics, i.e.
d
$(B(I)D(t)) =0. (3.13)

Equivalently, the matrix K := BD is a first integral of the geodesic flow on M(n, k), and can be
viewed as the momentum associated with the O(k)-symmetry of the bundle model. This feature
suggests the design of structure-preserving numerical schemes that exactly maintain BD, in
analogy with angular-momentum-preserving integrators in classical mechanics. In the rank-
one examples below this conservation law reduces the geodesic system to a one-dimensional
problem and allows us to recover the known fixed-rank Bures—Wasserstein geodesics in closed

form.

We now specialize the system to low-dimensional examples where we can solve it in closed

form and explicitly recover the known Bures—Wasserstein geodesics on Sym™(n, k).

Example 3.2.1. Letn = 2 and k = 1. Then, St(2,1) = S and O(k) = {£1}, so that Gr(1,2) =
RP! = §S!/{x1)}, where RP' denotes the real projective line of lines through the origin in R2.

Moreover Sym* (1) = (0, +00) and consequently, our manifold of study can be characterized as
M2,1) = (S' % (0, +00))/{£1},  my: M(2,1) > RP',
with the equivalence relation given by (q,d) ~ (—q,d). The global diffeomorphism is given by

¢: M2,1) > Sym*(2,1), [g,d]+ dqq".
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If we write

cosf
q0) = [ ] 0 € (—n,n], (3.14)
sin @

—sind
CIJ_(Q) = ’
cosf

we get the bundle and tangent bundle coordinates

and the perpendicular vector

[6,d], 0 € (—n,n], d € (0, +00),

(q_L(H)b’ u)7 b7 ue R9

where the equivalence class [0, d] is modulo the relation (6,d) ~ (0 + &, d).

The solution to the Sylvester equation becomes

u
5= 84(0) = 2

and the metric translates to
12
ha(q.b,u) = db* + i db? + ds.

The geodesic system of Theorem 3.2.5 transforms to

9 = b, 9(0) = 909

d = 2ds, d(0) = dy,
(3.15)

b = —bd~'(2ds) = —2bs, b(0) = by,

§=b*— s, 5(0) = 5.

From (3.15), we immediately gather that the fibers are totally geodesic. Indeed by = 0 implies

b = 0 and consequently 6 = 0. The system reduces to

d = 2ds,

S =—5,
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which gives the closed form geodesics

d(t) = do(1 + so1)°.

We observe that this equation matches the equation found by the authors in [ 106, Theorem 4.2],
applied to the case Sym™(1).

On the other hand, if by # 0 we can still solve the system. Define r = s/b and compute

§b — bs
= —s =b(r* + 1)
and
b =-2br.
Dividing,
db_b__ b
dr v  rr+1
or, equivalently,
dinb 2r
dr  r2+1°
Integrating, we find
b(r* + 1) = by(r; + 1) =: C, constant, (3.16)

where ry = so/by. It follows that r grows linearly, r(t) = ry + Ct, and thus, by (3.16),

~ C
S (Ct+r)2+ 17

b()

and
C(Ct+r) C’t + so(rg + 1)
(Ct+r)?2+1  (Ct+r)*+1"

s(1) = r(Hb(1) =
Since (3.13) gives bd = byd,, we get

(Ct + }"0)2 +1

2
r0+1

d(t) = dy (3.17)
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Lastly, a straightforward integration of 0 = b yields
0(r) = 0y + (arctan (Ct + ry) — arctan (ry)) .

We see that geodesics with horizontal initial velocity (s = 0) do not enjoy the same nice
qualities of vertical geodesics. The last equation in (3.15) shows that the vertical acceleration
§ depends on the horizontal velocity b. Geometrically, this is due to the horizontal metric being
dependent on the vertical configuration coordinate d.

Finally, we check whether the geodesic equations found match the ones computed by the au-
thors in [106]. To start, the diffeomorphism ¢ can be expressed in terms of the (8, d) coordinates

as

- cos26  cos@sind
[0,d] = dq(0)q(6)" =d . L, ,
cos@sin@ sin“ @

which is indeed a bidimensional rank one covariance matrix. Moreover, expressing q(6(t)) in

the basis {q(6y), q.(6y)}, we get

q(0(1)) = cos(6(r) — 60)q(6o) + sin(6(r) — 6o)q . (o)

=cos(6(1) — 6p)qo + sin(6(1) — Gy)wy,

where, and henceforth, for simplicity of notation we denote qy = q(6y) and wy = q.(6p).
Using cosine and sine addition formulas and the fact that cos(arctanx) = (1 + x*)"'/? and

sin(arctan x) = x(1 + x*)"!/2, we get

1+ r(t)ro
Ja+qux1+@f
r(t) —ry

Ju+mmu+%f

cos(6(t) — 6y) =cos(arctan r(¢) — arctan rp) =

sin(6(¢) — 6y) = sin(arctan r(¢) — arctan ry) =

By (3.17), we get

70 = Vi@

1+I’()’
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so that

\Vd(H)g(0(1)) = \/d—o L+ r(t)(cos(arctan r(t) — arctan ry)qo + sin(arctan r(f) — arctan ro)wo)

l+r0
1+ r(try r(t) — ro roCt Ct
=+d, + = Vdo|[1 + —=|qo0 +
0( 1+r(2) o 1+r(2) o 0 1+r(2) 90 1+r3w0

= \/d—o((l + Sot) go + bot wy) = \/d_OCIO + \/d_o(SOCIO + bowo)t.

This gives a geodesic equation on the manifold Sym*(2, 1), namely

(1) =d(t)g(0(1))q(0(r))"
= ( \/d_OCIO + \/d_O(SoCIO + bowo)l) ( \/d_OCIO + \/d_O(SOQO + bOWO)l)T

=doqoqq + do (250%‘]5 +bo (CIOWg + Wodg ))’

+dy (s(z)qoqg + biwowl + sobg (qowg + Wogqy )) 2,

that matches the equation found by the authors in [106] for the special case n = 2, k = 1 once

we notice that

doqoqs = X(0) = ¢([60, do)),

16,401 (Wobo, o) =Uogoqy + dobo (ow§ + wody)

=dy (250905 + bo (qowy + woay ).
With some additional effort, we can generalize Example 3.2.1 to the case n > 2, k = 1.

Example 3.2.2. Set n € N and k = 1. The geometric structure carries over verbatim, from the

pr€Vi01/lS example, to
M(”’ 1) = S”l_l X{i]} (07 +OO)7 Ty - M(n’ 1) - RPH_17

where S™! denotes the n — 1-dimensional hypersphere and RP"™! indicates the real projective

plane of n — 1 dimensional hyperplanes in R". The coordinates become (|q,d], b, u) with q €
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S d € (0,+00), b € R"! u € R, and the metric simplifies to
higar(qub, u) = d||blI* + ds*.

The geodesic equations transforms to

q = qb, q(0) =qo
d = 2ds, d(0) = d,
b = —-2bs, b(0) = b,
§=1blP-s*  s(0) = s,

where

q=[ g g, 1€ 0Mm),

_pT

€ o(n) = Skew(n).
b 0

Defining r = s/||b||, a computation similar to Example 3.2.1 yields

d —2r
|| = ——,
dr” I rr+1

and thus

1611 + 1) = € == |Ibolirg + 1),
b(r* + 1) = C:= by(rg + 1).

r(t) = ro + Ct is therefore linear and all other solution equations follow as above, namely,

b(r) = Tr(t)z’
¢
50 = DOl = - +’(:()t),
1+ I’(l‘)2
dt) = d, 1 r(z) )
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To compute g, we first observe that, since b = —2sb and s € R is a scalar, b has constant
direction, or equivalently

b = — is constant.

121l

Therefore, equation = qb can be written

q(1) = qO)blIbQ)|| (3.18)
with
. |0 -BT
b:=|
b 0
Equation (3.18) readily integrates to
a(n) = qo exp(be(1)), (3.19)
with
t r(t) dp
o) := f [|b(7)||ldT = f > = arctan r(t) — arctan ry.
0 o p+1
Since b* = —b, rearranging gives

exp(bO(1)) =I + sin 6(1)b + (1 — cos 6(1))b?

| cos 0(t) —bsin 0(1)
BT sin6(t) 1, 1 — (cos (1) — bHT |

where the last equality comes from

A

b* =

-1 0
0 —bbT |
With this, the first column of the right-hand side of (3.19) reads

q(t) = go cos 8(t) + wy sin 6(¢)
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where wy 1= ¢q l(O)lA).

In more general cases, we can resort to numerical calculations to obtain geodesic solutions

and plots.

Example 3.2.3. Letn =5 and k = 3. Let

111 0 O
Qo =1, BOZE
010
1
Dy = I, Tozils,

so that
1
So=S8p,(To) = 113-

Solving numerically the system we get the graphs shown in Figures 3.1-3.4, where the entries

not plotted are constant and equal to their starting value.

Distinct entries of Q(t)

1.0 1 — Q11=02
Q41=0s>
0.8 A
0.6
Q
>
©
>
0.4 -
0.2 A
0.0 A
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.1: Time evolution of distinct entries of Q.
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value

value

76

Distinct entries of D(t)

= D11=D>;
3.0 A
2.5 1
2.0+
1.5+
1.0 +
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t
Figure 3.2: Time evolution of distinct entries of D.
Distinct entries of B(t)
0.50 A = B11=B2
0.45 4
0.40 A
0.35 4
0.30 A
0.25 4
0.20 A
0.15 A
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.3: Time evolution of distinct entries of B.
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Distinct entries of S(t)

— 511=52

0.30 A

0.28 -

0.26 -

0.24 1

value

0.22 A

0.20

0.18 -

0.16 T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

time t

Figure 3.4: Time evolution of distinct entries of §.

With these simple initial conditions the system can be translated again to a family of systems
of one dimensional equations and solved with techniques similar to the previous examples.
Indeed, denoting b; = B;;, d; = D;; and s; = S j;, we get, fori=1,2

di 2sid;,  di(0) =1,

b;

=2s:b;,  bi(0) =

1
2’

. 1
S; = bf - sl.z, 5:(0) = 7.

which is solved by
di =41+,
_ 5
bi = sy
_ S5r
5= 30+
where

1 5
r(t) = 5 + gl’.
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For i = 3 we get the simplified system

dsy = 2s3ds,  d3(0) = 1,
.S"3 = —S%, S3(O) = i,
which is readily solved by
1 1/4
dy(t) = (1 + =1)%, f) = )
W=+ 0= —

1

One can show that, calling 6(t) = arctan(r(¢)) — arctan(1/2) and R(6) =
sinf cos6

cosf —sind
, we

get
Q(?) = diag(R(6(1)), R(6(1)), 1)

and

011(2) = O(1) = cos (1),
041(2) = Qs5:(1) = sin 6(2),

while all other entries of Q(t) stay constant.
The numerical machinery can be used to obtain results in cases with more complicated

initial conditions. For example, let Qqy and D, be as before and

1 I 1/2 -2/5
2

BQ = =
-3/5 1 0

3/10 =7/10 2/5

1
Ty = 5 1 -1/2 1/5
-1 1 0

so that

1
So=S8p,(To) = ZTO-

In this case, closed form solutions are difficult to obtain. However, we can numerically integrate

the system to obtain approximate solutions. The graphs are plotted in Figures 3.5-3.8.
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value

value

1.0

0.8 A1

0.6

0.4 A

0.2 A

0.0 A

—0.2 1

-0.4 1

— Qu

—— Q12
 — Q13
— Q21

— Q22

— Q23

e —— Q3

Q32
Q33
Qan
— Q12
Qa3
Qs1

— Q52

Qs3

-0.6

0.00

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.5: Time evolution of distinct entries of Q.

2.0 A

1.5~

1.0 -

0.5 1

0.0 1

—0.5 A

—1.0 -

—1.5 -

0.00

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.6: Time evolution of distinct entries of D.
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0.4 1

0.2 A

0.0 \

-02{ — -
\

value

—0.4 - T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.7: Time evolution of distinct entries of B.

0.3 A

0.2 A

0.1 A

value

0.0 A

—-0.1 A

—0.2 1

—0.3 A

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

Figure 3.8: Time evolution of distinct entries of S.
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3.2.4.3 Logarithm bijection

From [16, Section 5] and [106, Theorem 5.3], we notice that the number of logarithms, and
hence of energy-minimizing geodesics, of Gr(k, n) endowed with the Frobenius metric and those
of Sym*(n, k) endowed with the Bures—Wasserstein metric coincides, except for the case of a
vertical geodesic in Sym*(n, k) that connects two points in the same fiber. Indeed, in [16], the
authors link the number of minimizing geodesics between two points Py, P, € Gr(k, n) to the
number r of orthogonal principal angles between P; and P,. In particular the logarithms are

indexed by set
Iy = {diag(Q, Ii-») | Q € O(r)} = O(r),

where [;_, denotes the k — r dimensional Identity matrix and diag(Q, I;_,) is intended as block
diagonal (see [ 16, Theorem 5.5]). On the other hand, in [106], the authors link the number of
minimizing geodesics between two matrices X;, X, € Sym®(n, k) to the difference between k
and [ := 1k(Z,%,) = tk(X7Y), where XX7 = X, and YYT = Z,. In this case, the authors give the

index set

L ={R € O(k)|IX"YR € Cov(k)}

={R € O(k)X"YR = (X", X)'?).

Assume P; = Span(Q;) and P, = Span(Q,), and write

X = Q1D1Q1T, 2 = QzDng,

with Dy, D, € Sym*(k) and Qy, Q, € St(n, k). The singular values of Q] Q, are ,(Q1 Q,) =

cos 6;, where 6; are the principal angles between P; and P,. Hence
rk(Z122) = tk(Q] Qo) = #{i|6; # 7/2)

and therefore

r=#i|l0, =n/2} =k-1.

We now make the correspondence between the index sets explicit.
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Proposition 3.2.6. Let X,Y € Mat(n, k)*, and set | = tk(X"Y) and r = k — I. Then there is a

bijection between the index sets
O(r) and L ={ReOKk)|X"YR=X"YY'X)').
Proof. Since tk(X"Y) = I, we can perform the singular value decomposition
X"y =UDV",
with U, V € O(k),and D = diag(o,...,0,0,...,0). In the same basis we have
xTyy"x)'? = ubpu?.

This forces

R=V U', R, e€O®).

O

Remark 3.2.4. This bijection can be readily transferred from logarithms to length-minimizing
geodesics on Sym*(n, k) and Gr(k, n): each choice of R, € O(r) corresponds simultaneously to a
minimizing Grassmannian geodesic (via [|6]) and to a minimizing Bures—Wasserstein geodesic
on the fixed-rank covariance manifold (via [106]). This suggests a geometric connection be-
tween (Sym™(n, k), dgw) and (Gr(k, n), dr). However, the horizontal part of the pullback metric
on M(n, k),

g (V, W) := Tr (ByDBy,),

clearly differs from the Euclidean metric on Gr(k, n), as it carries vertical positional information
through the anisotropic weight matrix D.

This raises several questions and avenues for further investigation. How should one in-
terpret this geodesic correspondence at the level of the metric structure? To what extent do
Euclidean-geometric features of Gr(k,n) (such as distances, angles, curvature, cut times and
locuses) encode geometric or statistical properties of (Sym™(n, k), dgw)? More speculatively,

one may ask whether the Bures—Wasserstein geometry of the fixed-rank stratum can be viewed
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as an anisotropically weighted perturbation of the Euclidean geometry of Gr(k, n), coupled with
the Bures—Wasserstein metric itself on the full rank fibers. We leave these as open directions

for future work.
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Appendix

A.1 Functional analysis
1. A multi-index is an n-tuple a = (@, ..., a,) € Nj. Set

R @ . ] a @ .__ @) Q.
o] :=a; + -+ ay, X =t xy 9* =40y --- 0.

n >

Multi-index notation streamlines differential expressions and symbol calculus.

2. Let S(R") denote the Schwartz space of rapidly decreasing test functions. For ¢ € S(R"), we

define the Fourier transform ¥ ¢ by

Fo©):= [ o

and

Flo(x) =

ix&
S fR P)e.

When it makes the notation simpler, Fourier transforms may also be denoted as ¢ := F ¢.

3. Let U € R" be open. We denote with D (U) the space of functions ¢ € Cy’ (U) endowed
with the topology described by the following notion of convergence. Given a sequence (¢,),en C

P (U) and a function ¢ € D (U) we say that ¢, converges to ¢ in D(U) and write ¢, — ¢ if:

e there exists a compact set K C U such that supp (¢, — ¢) C K foralln > 1,
e lim,_,., D¢, = D*¢ uniformly in K for every multi-index «.

4. Let U c R" be open. A distribution on U is a continuous linear functional

T :DU) - R,
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where continuity is understood with respect to the topology of D(U). The space of all distribu-
tions on U is denoted 2 (U).

Every locally integrable function f € LIIOC(U ) defines a distribution via

Ty(¢) = f F()$(x)dx, ¢ € D).
U
Derivatives of distributions are defined by duality:
(T, ¢) = (=1)°NT, 57¢), @€ N

This framework extends differentiation and integration to non-smooth objects, and it provides

the natural setting for defining generalized solutions to differential and stochastic equations.

S. A tempered measure on R" is a Radon measure u such that

f (116 dil) < oo

for some integer N > 0. The space of tempered measures is denoted by Miemp(R").

Every tempered measure defines a tempered distribution by duality: for ¢ € S(R"), we set

. d) = fR ) duc@).

Conversely, a distribution 7 € S’(R") that is positive and continuous on bounded subsets of
S(R") is represented by a unique tempered measure py.
Tempered measures arise naturally as spectral measures in the study of stationary Gaussian

random fields. If 4 € Memp(R"), the covariance functional

L(¢.¥) = y F &) F (&) udé)

defines a continuous positive semidefinite bilinear form on S(R"). This construction allows one
to represent homogeneous Gaussian fields and random distributions with finite spectral energy

in terms of their associated tempered measures.

6. Let (X, A, u) be a measure space. A family of random variables {F(¢) : ¢ € DR")}, or
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more generally a mapping F : D(R") — L*(Q), is called L>-continuous if
lim E[|F(¢0) = F(@)'] = 0

whenever ¢, — ¢ in D(R"). More generally, if I is an index space, a mapping f : I — L*(Q),
is said L2-continuous if

lim E{1f() - f(OP] = 0.
for all sequences {t;} C I that converge to ¢ in 1.

7. The Dirac delta distribution ¢ 1s the distribution on R" defined by
(0, ¢) = ¢(0), ¢ € DR").
For any x, € R”, the translated delta distribution is given by
(x> ) = H(x0),

and satisfies 0,,(x) = 6(x — xp) in the sense of distributions.

The delta distribution has the scaling property
S(ax) = lal""é(x), a € R\ {0},
and its derivatives are defined by
(06, ¢) = (—1)"32¢(0), aeNj.
In the Fourier domain, the delta distribution is characterized by
Fo=1, F ') =4,

and thus serves as the fundamental solution of the identity operator.

8. Let (H,]|-]|) be a normed Hilbert space (e.g. (L*(R), ||-|I;2)). Let {e;};c; denote an orthonormal
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basis of H for an index set /. The Parseval identity states that for every f € H

AP = > K el

i€l

A.2 Partial differential equations

9. Let P be a linear partial differential operator with smooth coefficients acting on 2'(R"). A

Sfundamental solution of P is a distribution E € 9'(R") satisfying
PE =,

where ¢ denotes the Dirac delta distribution centred at the origin. In other words, E is a right
inverse of P in the sense of distributions.

For a given f € D(R"), the function
u=FExf

is a distributional solution to Pu = f, where * denotes convolution.

The existence and regularity of fundamental solutions depend on the analytic and geometric
properties of P. For elliptic operators, E is smooth away from the origin, while for hyper-
bolic operators, E exhibits singularities propagating along the bicharacteristics determined by
the principal symbol. Fundamental solutions thus play a central role in the representation of

solutions to deterministic and stochastic partial differential equations.

A.3 Matrix algebra

10. Let Sym(n) denote the real vector space of symmetric n X n matrices. A matrix £ € Sym(n)
is positive semidefinite (PSD) if x"Xx > 0 for all x € R”", and positive definite (PD) if x"2x > 0
for all x # 0. The notation £ > 0 (resp. £ > 0) indicates PSD (resp. PD). The set of covariance
matrices is

Cov(n) :={X € Sym(n) : £ > 0}.
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By the spectral theorem, any X € Sym(n) admits an orthogonal diagonalization
X =0DQ",

with Q € O(n) and D = diag(d,...,d,), where d; € R. Moreover, X € Cov(n) if and only if

d; > 0 for all i, and rank(X) equals the number of strictly positive d;.

11. The set Cov(n) is a closed convex cone in Sym(n):
e if 1 >0 and X € Cov(n), then AX € Cov(n);
e if ¥, — X in Sym(n), then x"Xx = lim,, x"Z,,x > O for all x, hence X € Cov(n);

e if @, > 0and X, %, € Cov(n), then aX; + BZ, € Cov(n).
12. The Frobenius (Euclidean) inner product on R™" is
(A, B)r := Tr(AB"),

with induced norm ||A||r := V{(A,A)r.

13. Let A € Sym(n) be positive definite. For every B € Sym(n) there exists a unique symmetric
S satisfying
AS +SA=B.

The operator S 4 : Sym(n) — Sym(n), S4(B) = §, is linear and self-adjoint with respect to the
Frobenius inner product. It admits the integral representation S 4(B) = fom e Be " dt, and the

Kronecker form vec(S) = (I ® A + A® I)"'vec(B).

A.4 Smooth manifolds

14. A diffeomorphism is a bijective smooth map whose inverse is smooth.

15. Let d < n. A subset M C R" is a d-dimensional smooth (embedded) submanifold if,
for every p € M, there exist an open neighbourhood U C M, an open set O C R¢, and a

diffeomorphism (called coordinate chart) ¢ : U — O. Intuitively, M is locally modeled as R¢.
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For systematic references about smooth manifolds, Lie groups, and Riemannian geometry, see

[50].

16. Let M c R” be a d-dimensional embedded submanifold and let p € M. A vector v € R" is

tangent to M at p if there exists a smooth curve y : (—¢&,&) = M with

¥(0) = p, ¥(0) = v.

The set of such vectors is the tangent space T,M, which is a d-dimensional vector subspace of
R".
17. Let M be a smooth manifold of dimension d. For each point p € M, the tangent space

T,M is the d-dimensional vector space of tangent vectors at p. The tangent bundle of M is the

disjoint union of all tangent spaces,

™ =| |T,M,

PEM

together with the natural projection 7 : TM — M given by n(v,) = p. A smooth structure

can be defined on TM in such a way that 7 is a smooth surjective submersion and, in local

coordinates (x', ..., x¢) on M, each tangent vector is represented as
d
; 0 '
vV, = V—,
Pz Oxilp
i=1
so that (x',...,x4,v!,...,v?%) form local coordinates on T M. Sections of 7, that is smooth maps

X : M — TM such that 7 o X = idy,, are called vector fields on M and form a module over
C*(M), denoted I'(TM).
The cotangent bundle T*M is defined as the dual bundle of 7T M, that is,

M= |T;M,

PEM

where T, M is the dual space of 7,M. A point of 7" M is denoted by (p, @,,), where @, : T,M —
R is a linear functional. Local coordinates (x',...,x% &,...,&;) on T*M are induced by the

canonical dual basis {dx'}, so that a, = 2 & dx!| »- Sections of the cotangent bundle are called
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differential 1-forms, and the space of all smooth 1-forms is denoted I'(T*M).
The cotangent bundle carries a canonical symplectic structure, given in local coordinates by

the 2-form y
w = Z dé; N dx',
i=1

which plays a fundamental role in analytical mechanics, microlocal analysis, and the geometric

formulation of Hamiltonian systems.

18. Let M, N c R” be embedded submanifolds and f : M — N a smooth map. The differential
of f at p € M is the linear map df(p) : T,M — T¢,N given by

d
df(p)v = o fy(@®) e

for any smooth y with ¥(0) = p and ¥(0) = v. The map f is a submersion at p if df(p) is

surjective, and an immersion at p if df(p) is injective.

19. Let X be a topological space and ~ an equivalence relation on X. The quotient space X/ ~
is the set of equivalence classes endowed with the quotient topology. If a group G acts on X (on
the right, x — x - g), then [x] = {x- g : g € G} and the quotient is denoted X/G. Constructions
used in this thesis include Cov(n) = Mat(n)/O(n) and Sym™(n, k) = Mat(n, k)*/O(k) (see [79]).

20. Let G be a Lie group acting smoothly on a manifold M. The action is free if g- p = p
for some p implies g = e (the identity), and proper if for every compact K C M the set
{g € G: KnNgK # 0} is compact. These hypotheses ensure good topological and geometric

properties of the quotient.

21. A Lie group is a group that is also a smooth manifold such that the group law and inversion
are smooth. Its Lie algebra g is the tangent space 7.G at the identity, endowed with the Lie

bracket induced by left-invariant vector fields. Standard references include [40].

A.5 Riemannian structures

22. A Riemannian metric on a smooth manifold M is a smoothly varying inner product g, on

T,M foreach p € M.
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23. Let ¢ : M — N be smooth, and let g be a Riemannian metric on N. The pullback metric
¢*g on M is defined by

(9°2)p(u, v) := gpp)(dp(p) u, dp(p) v).

24. There exists a unique connection V on (M, g), the Levi—Civita connection, characterized by

the following properties, for X, Y,Z € I'(TM) and f € C*(M):
e linearity in the first argument: VxY = f VyY;
e Leibniz rule in the second argument: Vy(fY) = X[f] Y + f VxY;
e torsion-free: VyY — Vy X = [X, Y];
e metric compatibility: X[g(Y, Z)] = g(VxY,Z) + g(¥,Vx2Z).

For embedded manifolds, V agrees with the orthogonal projection of the ambient derivative

onto the tangent bundle.

25. Given a smooth curve y in M and v € T, M, the parallel transport of v along 7y is the

unique vector field X along y such that

Vj,(t)X = 0, X(O) = V.

26. A smooth curve vy is a geodesic if

Equivalently, among curves with fixed endpoints, geodesics are critical points of the energy

functional

b
E(y) = f 2y (70, 70 d.

A minimizing geodesic between p,g € M is a (piecewise) smooth geodesic segment realizing

d(p, q) and has constant speed.

27. For each p € M there exists £ > 0 such that, for v € T,M with ||v|| < &, the geodesic with

initial data (p, v) is defined on [0, 1]. The exponential map is

exp, () := y(1).
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If g € M is joined to p by a unique minimizing geodesic with initial velocity v, then v is
a logarithm of g from p and satisfies ||Vl = d(p,q). Where exp, is a diffeomorphism, the

logarithmic map log, is defined as its local inverse.

28. The injectivity radius at p € M is the supremum of r > 0 such that exp, restricts to a

diffeomorphism from the open ball B,(0) C T,,M onto its image.

29. The cut locus of p is the set of points where minimizing geodesics starting at p cease to be
minimizing. Equivalently, it is the image under exp,, of the boundary of the largest star-shaped
domain in 7),M on which exp, is a diffeomorphism. Along a unit vector v € T,M, the cut time
is

sup{t > 0 : d(p,expp(tv)) =t}
30. The Riemann curvature tensor is
R(X, Y)Z = VXVYZ - VYVXZ - V[X,Y]Z-

Ateach p € M, R(X, Y)Z depends only on the values of X, ¥, Z at p. If dim M > 2, the sectional

curvature of the plane Il = span{u, v} C T,M is

(R(u, v)v, u)

(u, u) (v, vy — (u, v)?’

K(u,v) :=

31. A submanifold N C M is totally geodesic if every geodesic of M with initial data (p,v),

where p € N and v € T,N, remains in N for as long as it is defined.

A.6 Variational calculus

32. Let
F(¢) = f L(t, (), p(1)) dt

n
be a functional, where L is the Lagrangian. A smooth variation is given by ¢. = ¢ + e, with

€ € R and ¢ smooth. A necessary condition for ¢ to be an extremal is

-0,

e=0

0 .
o L(t, pc(D), (1))
€
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A.6 Variational calculus

which yields the Euler-Lagrange equations

d . 3 (0 .
%L(t, P(1), (1)) — % (%L(n o), ¢(t))) =0.

94



Bibliography

(1]

(2]

(3]

(4]

[5]

(6]

[7]

[8]

A. Abdeljawad, A. Ascanelli, and S. Coriasco, “Deterministic and stochastic Cauchy
problems for a class of weakly hyperbolic operators on R",” Monatsh. Math., vol. 192,
no. 1, pp. 1-38, 2020, 1ssn: 0026-9255,1436-5081. por: 10 . 1007 / s00605 - 020 -
01372-0

P.-A. Absil, R. Mahony, and R. Sepulchre, Optimization algorithms on matrix mani-

folds. Princeton University Press, 2008.

B. Afsari, “Riemannian L” center of mass: Existence, uniqueness, and convexity,” Pro-

ceedings of the American Mathematical Society, vol. 139, no. 2, pp. 655-673, 2011.

D. Alekseevsky, A. Kriegl, M. Losik, and P. W. Michor, “The riemannian geometry of
orbit spaces. the metric, geodesics, and integrable systems,” Publicationes Mathemati-

cae Debrecen, vol. 62, pp. 1-30, 2001.
S.-i. Amari, Information geometry and its applications. Springer, 2016, vol. 194.

S.-i. Amari and H. Nagaoka, Methods of information geometry. American Mathematical

Soc., 2000, vol. 191.

V. Arsigny, P. Fillard, X. Pennec, and N. Ayache, “Log-euclidean metrics for fast and
simple calculus on diffusion tensors,” Magnetic Resonance in Medicine: An Official
Journal of the International Society for Magnetic Resonance in Medicine, vol. 56, no. 2,

pp- 411-421, 2006. por: 10. 1002 /mrm. 20965

A. Ascanelli, S. Coriasco, and A. Siif3, “Solution theory to semilinear hyperbolic stochas-
tic partial differential equations with polynomially bounded coefficients,” Nonlinear
Anal., vol. 189, pp. 111574, 34, 2019, 1ssn: 0362-546X,1873-5215. por: 10 . 1016/
j.na.2019.111574

95


https://doi.org/10.1007/s00605-020-01372-0
https://doi.org/10.1007/s00605-020-01372-0
https://doi.org/10.1002/mrm.20965
https://doi.org/10.1016/j.na.2019.111574
https://doi.org/10.1016/j.na.2019.111574

Bibliography

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

96

A. Ascanelli, S. Coriasco, and A. Siif3, “Solution theory to semilinear parabolic stochas-
tic partial differential equations with polynomially bounded coefficients,” J. Pseudo-
Differ. Oper. Appl., vol. 16, no. 1, Paper No. 20, 2025, 1ssn: 1662-9981,1662-999X. por:
10.1007/s11868-024-00665-4

A. Ascanelli, S. Coriasco, and A. Siiss, “Random-field solutions of weakly hyper-
bolic stochastic partial differential equations with polynomially bounded coefficients,”
J. Pseudo-Differ. Oper. Appl., vol. 11, no. 1, pp. 387-424, 2020, 1ssN: 1662-9981,1662-
999X. por: 10.1007/s11868-019-00290-6

A. Ascanelli, S. Coriasco, and A. Siiss, “Solution theory to semilinear stochastic equa-
tions of Schrodinger type on curved spaces I: Operators with uniformly bounded coef-
ficients,” Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, vol. 118, no. 2,
Paper No. 60, 15, 2024, 1ssn: 1578-7303,1579-1505. por: 10 . 1007 /513398 - 024 -
01554-7

A. Ascanelli and A. SiiB}, “Random-field solutions to linear hyperbolic stochastic partial
differential equations with variable coefficients,” Stochastic Process. Appl., vol. 128,
no. 8, pp. 2605-2641, 2018, 1ssn: 0304-4149,1879-209X. por: 10.1016/j.spa.2017.
09.019

J. Bai, “Inferential theory for factor models of large dimensions,” Econometrica, vol. 71,

no. 1, pp. 135-171, 2003. por: 10.1111/1468-0262.00470

C. Bakker, M. Halappanavar, and A. Visweswara Sathanur, “Dynamic graphs, commu-
nity detection, and riemannian geometry,” Applied network science, vol. 3, pp. 1-30,

2018. por: 10.1007/s41109-018-0059-2

F. Barbaresco, “Innovative tools for radar signal processing based on cartan’s geometry
of spd matrices & information geometry,” in 2008 IEEE Radar Conference, IEEE, 2008,
pp. 1-6. por: 10.1109/RADAR.2008.4720937

T. Bendokat, R. Zimmermann, and P.-A. Absil, “A grassmann manifold handbook: Ba-
sic geometry and computational aspects,” Advances in Computational Mathematics,

vol. 50, no. 1, p. 6, 2024. por: 10.1007/s10444-023-10090-8


https://doi.org/10.1007/s11868-024-00665-4
https://doi.org/10.1007/s11868-019-00290-6
https://doi.org/10.1007/s13398-024-01554-7
https://doi.org/10.1007/s13398-024-01554-7
https://doi.org/10.1016/j.spa.2017.09.019
https://doi.org/10.1016/j.spa.2017.09.019
https://doi.org/10.1111/1468-0262.00470
https://doi.org/10.1007/s41109-018-0059-2
https://doi.org/10.1109/RADAR.2008.4720937
https://doi.org/10.1007/s10444-023-10090-8

Bibliography

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

E. Bernardi and M. Farne, “A log-det heuristics for covariance matrix estimation: The

analytic setup,” Stats, vol. 5, no. 3, pp. 606616, 2022. por: 10.3390/stats5030037

E. Bernardi and A. Lanconelli, “On a class of stochastic hyperbolic equations with
double characteristics,” J. Fourier Anal. Appl., vol. 29, no. 1, Paper No. 2, 16, 2023,
1ssN: 1069-5869,1531-5851. por: 10.1007/s00041-022-09987-7

E. Bernardi and L. Marconi, “On some stochastic hyperbolic equations with symplectic
characteristics,” Journal of Fourier Analysis and Applications, vol. 31, no. 3, pp. 1-22,

2025. por: 10.1007/s00041-025-10159-6

R. Bhatia, “Positive definite matrices,” in Positive Definite Matrices, Princeton univer-

sity press, 2009.

R. Bhatia, T. Jain, and Y. Lim, “On the bures—wasserstein distance between positive
definite matrices,” Expositiones Mathematicae, vol. 37, no. 2, pp. 165-191, 2019. por:
10.1016/j.exmath.2018.01.002

R. Bhattacharya and L. Lin, “Omnibus clts for fréchet means and nonparametric in-
ference on non-euclidean spaces,” Proceedings of the American Mathematical Society,

vol. 145, no. 1, pp. 413-428, 2017.

R. Bhattacharya and V. Patrangenaru, “Large sample theory of intrinsic and extrinsic

sample means on manifolds—ii,” 2005.

L. J. Billera, S. P. Holmes, and K. Vogtmann, “Geometry of the space of phylogenetic
trees,” Advances in Applied Mathematics, vol. 27, no. 4, pp. 733767, 2001. por: 10.
1006/aama.2001.0759

S. S. Bonan and D. S. Clark, “Estimates of the Hermite and the Freud polynomials,”
J. Approx. Theory, vol. 63, no. 2, pp. 210-224, 1990, 1ssn: 0021-9045,1096-0430. por:
10.1016/0021-9045(90)90104-X

S. Bonnabel, G. Meyer, and R. Sepulchre, “Adaptive filtering for estimation of a low-
rank positive semidefinite matrix,” in /9th International Symposium on Mathematical

Theory of Networks and Systems (MTNS 2010), 2010.

97


https://doi.org/10.3390/stats5030037
https://doi.org/10.1007/s00041-022-09987-7
https://doi.org/10.1007/s00041-025-10159-6
https://doi.org/10.1016/j.exmath.2018.01.002
https://doi.org/10.1006/aama.2001.0759
https://doi.org/10.1006/aama.2001.0759
https://doi.org/10.1016/0021-9045(90)90104-X

Bibliography

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

98

S. Bonnabel and R. Sepulchre, “Riemannian metric and geometric mean for positive
semidefinite matrices of fixed rank,” SIAM Journal on Matrix Analysis and Applica-

tions, vol. 31, no. 3, pp. 1055-1070, 2010.

S. L. Braunstein and C. M. Caves, “Statistical distance and the geometry of quan-
tum states,” Physical Review Letters, vol. 72, no. 22, p. 3439, 1994. por: 10 . 1103/
PhysRevLett.72.3439

A. Bucci, M. Palma, and C. Zhang, “Geometric deep learning for realized covariance

matrix forecasting,” 2024. arXiv: 2412.09517.

D. Bures, “An extension of kakutani’s theorem on infinite product measures to the tensor
product of semifinite w*-algebras,” Transactions of the American Mathematical Society,

vol. 135, pp. 199-212, 1969. por: 10.1090/5S0002-9947-1969-0236719-2

V. Chandrasekaran, P. A. Parrilo, and A. S. Willsky, “Latent variable graphical model
selection via convex optimization,” in 2010 48th Annual Allerton Conference on Com-

munication, Control, and Computing (Allerton), IEEE, 2010, pp. 1610-1613.

L. Chen and R. C. Dalang, “Moments and growth indices for the nonlinear stochastic

heat equation with rough initial conditions,” 2015.

G. S. Chirikjian, Stochastic models, information theory, and Lie groups, volume 2: An-
alytic methods and modern applications. Springer Science & Business Media, 2011,

vol. 2.

S. Coriasco, S. Pilipovi¢, and D. Selesi, “Solutions of hyperbolic stochastic PDEs on
bounded and unbounded domains,” J. Fourier Anal. Appl., vol. 27, no. 5, Paper No. 77,
42,2021, 1ssn: 1069-5869,1531-5851. por: 10.1007/s00041-021-09858-7

S. Coriasco, S. Pilipovi¢, and D. Selesi, “Chaos expansion solutions of a class of mag-
netic schrodinger wick-type stochastic equations on R¢,” Journal of Mathematical Anal-
ysis and Applications, vol. 550, no. 2, p. 129 620, 2025. por: 10.1016/7 . jmaa.2025.
129620

R. Courant and D. Hilbert, Methoden der mathematischen Physik. Springer-Verlag,
2013.


https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://arxiv.org/abs/2412.09517
https://doi.org/10.1090/S0002-9947-1969-0236719-2
https://doi.org/10.1007/s00041-021-09858-7
https://doi.org/10.1016/j.jmaa.2025.129620
https://doi.org/10.1016/j.jmaa.2025.129620

Bibliography

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions. Cambridge

university press, 2014, vol. 152.

R. C. Dalang, “Extending the martingale measure stochastic integral with applications
to spatially homogeneous s.p.d.e.’s,” Electron. J. Probab., vol. 4, no. 6, 29, 1999, 1ssn:
1083-6489. por: 10.1214/EJP.v4-43

R. C. Dalang and N. E. Frangos, “The stochastic wave equation in two spatial dimen-
sions,” Ann. Probab., vol. 26, no. 1, pp. 187-212, 1998, 1ssn: 0091-1798,2168-894X.
por: 10.1214/aop/1022855416

M. P. Do Carmo, Riemannian geometry. Springer, 1992, vol. 2.

D. C. Dowson and B. V. Landau, “The fréchet distance between multivariate normal
distributions,” Journal of multivariate analysis, vol. 12, no. 3, pp. 450-455, 1982. por:
10.1016/0047-259X(82)90077-X

I. L. Dryden, A. Koloydenko, and D. Zhou, “Non-euclidean statistics for covariance ma-
trices, with applications to diffusion tensor imaging,” The Annals of Applied Statistics,

pp- 1102-1123, 2009. por: 10.1214/09-A0AS249

P. Fillard, X. Pennec, V. Arsigny, and N. Ayache, “Clinical dt-mri estimation, smooth-
ing, and fiber tracking with log-euclidean metrics,” IEEE transactions on medical imag-

ing, vol. 26, no. 11, pp. 1472-1482, 2007. por: 10.1109/TMI.2007.899173

P. T. Fletcher and S. Joshi, “Riemannian geometry for the statistical analysis of diffusion
tensor data,” Signal Processing, vol. 87, no. 2, pp. 250-262, 2007. por: 10. 1016/ 7.
sigpro.2005.12.018

P. T. Fletcher, C. Lu, S. M. Pizer, and S. Joshi, “Principal geodesic analysis for the study
of nonlinear statistics of shape,” IEEE transactions on medical imaging, vol. 23, no. 8,

pp. 995-1005, 2004. por: 10.1109/TMI.2004.831793

M. Fréchet, “Les éléments aléatoires de nature quelconque dans un espace distancié,’

in Annales de l’institut Henri Poincaré, vol. 10, 1948, pp. 215-310.

J. Gallier and J. Quaintance, “The log-euclidean framework applied to spd matrices,” in
Differential Geometry and Lie Groups: A Computational Perspective, Springer, 2020,
pp. 665—-673.

99


https://doi.org/10.1214/EJP.v4-43
https://doi.org/10.1214/aop/1022855416
https://doi.org/10.1016/0047-259X(82)90077-X
https://doi.org/10.1214/09-AOAS249
https://doi.org/10.1109/TMI.2007.899173
https://doi.org/10.1016/j.sigpro.2005.12.018
https://doi.org/10.1016/j.sigpro.2005.12.018
https://doi.org/10.1109/TMI.2004.831793

Bibliography

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

100

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order.
Springer, 1977, vol. 224.

P.-Y. Gousenbourger et al., “Piecewise-bézier c1 smoothing on manifolds with applica-

tion to wind field estimation.,” in Esann, 2017.

N. Guigui, N. Miolane, X. Pennec, et al., “Introduction to riemannian geometry and
geometric statistics: From basic theory to implementation with geomstats,” Foundations
and Trends® in Machine Learning, vol. 16, no. 3, pp. 329-493, 2023. por: 10.1561/
2200000098

C. W. Helstrom, “Minimum mean-squared error of estimates in quantum statistics,’
Physics letters A, vol. 25, no. 2, pp. 101-102, 1967. por: 10.1016/0375-9601(67)
90366-0

L. Hormander, “The Cauchy problem for differential equations with double character-
istics,” J. Analyse Math., vol. 32, pp. 118-196, 1977, 1ssnx: 0021-7670,1565-8538. por:
10.1007/BF02803578

L. Hormander, “Quadratic hyperbolic operators,” in Microlocal Analysis and Applica-
tions, L. Cattabriga and L. Rodino, Eds., Berlin, Heidelberg: Springer Berlin Heidel-
berg, 1991, pp. 118-160.

T. Hotz and S. Huckemann, “Intrinsic means on the circle: Uniqueness, locus and
asymptotics,” Annals of the Institute of Statistical Mathematics, vol. 67, no. 1, pp. 177-
193, 2015.

S. Huckemann and H. Ziezold, “Principal component analysis for riemannian mani-
folds, with an application to triangular shape spaces,” Advances in Applied Probability,
vol. 38, no. 2, pp. 299-319, 2006.

S. F. Huckemann, “Intrinsic inference on the mean geodesic of planar shapes and tree

discrimination by leaf growth,” 2011.
D. Husemodller, Fibre bundles. Springer, 1966, vol. 5.

V. J. Ivrif and V. M. Petkov, “Necessary conditions for the correctness of the Cauchy
problem for non-strictly hyperbolic equations,” Uspehi Mat. Nauk, vol. 29, no. 5(179),
pp- 3-70, 1974, 1ssn: 0042-1316.


https://doi.org/10.1561/2200000098
https://doi.org/10.1561/2200000098
https://doi.org/10.1016/0375-9601(67)90366-0
https://doi.org/10.1016/0375-9601(67)90366-0
https://doi.org/10.1007/BF02803578

Bibliography

[59] A. Kacem, M. Daoudi, B. B. Amor, S. Berretti, and J. C. Alvarez-Paiva, “A novel geo-
metric framework on gram matrix trajectories for human behavior understanding,” IEEE
transactions on pattern analysis and machine intelligence, vol. 42, no. 1, pp. 1-14,

2018.por: 10.1109/TPAMI .2018.2872564
[60] H. Karcher, Riemannian comparison constructions. SFB 256, 1987.

[61] D. G. Kendall, “Shape manifolds, procrustean metrics, and complex projective spaces,’
Bulletin of the London mathematical society, vol. 16, no. 2, pp. 81-121, 1984. por:
10.1112/blms/16.2.81

[62] D. Khoshnevisan, Analysis of stochastic partial differential equations. American Math-
ematical Soc., 2014, vol. 119.

[63] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Volume I (Inter-
science Tracts in Pure and Applied Mathematics 15). New York: Interscience Publish-

ers, 1963, Reprinted by Wiley Classics Library, 1996.

[64] B.Lascar, “Propagation des singularités pour des équations hyperboliques a caractéristique
de multiplicité au plus double et singularités masloviennes,” Amer. J. Math., vol. 104,

no. 2, pp. 227-285, 1982, 1ssn: 0002-9327,1080-6377. por: 10.2307 /2374160

[65] N. N. Lebedev, Special functions and their applications, Revised, R. A. Silverman,
Ed. Dover Publications, Inc., New York, 1972, pp. xii+308, Unabridged and corrected

republication.

[66] O.Ledoit and M. Wolf, “A well-conditioned estimator for large-dimensional covariance
matrices,” Journal of multivariate analysis, vol. 88, no. 2, pp. 365—411, 2004. por: 10.
1016/S0047-259X(03)00096-4

[67] O. Ledoit and M. Wolf, “Shrinkage estimation of large covariance matrices: Keep it
simple, statistician?”” Journal of Multivariate Analysis, vol. 186, p. 104796, 2021. por:
10.1016/5.jmva.2021.104796

[68] J. M. Lee, Introduction to topological manifolds. Springer, 2000.

101


https://doi.org/10.1109/TPAMI.2018.2872564
https://doi.org/10.1112/blms/16.2.81
https://doi.org/10.2307/2374160
https://doi.org/10.1016/S0047-259X(03)00096-4
https://doi.org/10.1016/S0047-259X(03)00096-4
https://doi.org/10.1016/j.jmva.2021.104796

Bibliography

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

102

C. Lenglet, M. Rousson, R. Deriche, and O. Faugeras, “Statistics on the manifold of
multivariate normal distributions: Theory and application to diffusion tensor mri pro-
cessing,” Journal of Mathematical Imaging and Vision, vol. 25, no. 3, pp. 423-444,
2006. por: 10.1007/s10851-006-6897-z

P. Li, Q. Wang, H. Zeng, and L. Zhang, “Local log-euclidean multivariate gaussian
descriptor and its application to image classification,” IEEE transactions on pattern
analysis and machine intelligence, vol. 39, no. 4, pp. 803-817, 2016. por: 10. 1109/
TPAMI.2016.2560816

X.-B. Li and F. J. Burkowski, “Conformational transitions and principal geodesic analy-
sis on the positive semidefinite matrix manifold,” in Bioinformatics Research and Appli-
cations: 10th International Symposium, ISBRA 2014, Zhangjiajie, China, June 28-30,
2014. Proceedings 10, Springer, 2014, pp. 334-345.

Z. Lin, “Riemannian geometry of symmetric positive definite matrices via cholesky
decomposition,” SIAM Journal on Matrix Analysis and Applications, vol. 40, no. 4,

pp- 1353-1370, 2019. por: 10.1137/18M1221084

J. Lott and C. Villani, “Ricci curvature for metric-measure spaces via optimal transport,”

Annals of Mathematics, pp. 903-991, 2009. por: 10.4007/annals.2009.169.903

J. R. Magnus and H. Neudecker, Matrix differential calculus with applications in statis-

tics and econometrics. John Wiley & Sons, 2019.

L. Malago, L. Montrucchio, and G. Pistone, “Wasserstein riemannian geometry of gaus-
sian densities,” Information Geometry, vol. 1, pp. 137-179, 2018. por: 10 . 1007 /
s41884-018-0014-4

M. Marchand, W. Huang, A. Browet, P. Van Dooren, and K. A. Gallivan, “A riemannian
optimization approach for role model extraction,” in Proceedings of the 22nd Interna-

tional Symposium on Mathematical Theory of Networks and Systems, 2016, pp. 58—64.

L. Marconi, “An associated bundle approach to the bures—wasserstein geometry of fixed

rank covariance matrices,’ 2025. arXiv: 2507 .05873.

K. V. Mardia and P. E. Jupp, Directional statistics. John Wiley & Sons, 2009.


https://doi.org/10.1007/s10851-006-6897-z
https://doi.org/10.1109/TPAMI.2016.2560816
https://doi.org/10.1109/TPAMI.2016.2560816
https://doi.org/10.1137/18M1221084
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.1007/s41884-018-0014-4
https://doi.org/10.1007/s41884-018-0014-4
https://arxiv.org/abs/2507.05873

Bibliography

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

E. Massart and P.-A. Absil, “Quotient geometry with simple geodesics for the manifold
of fixed-rank positive-semidefinite matrices,” SIAM Journal on Matrix Analysis and

Applications, vol. 41, no. 1, pp. 171-198, 2020. por: 10.1137/18M1231389

E. Massart, J. M. Hendrickx, and P.-A. Absil, “Curvature of the manifold of fixed-rank
positive-semidefinite matrices endowed with the bures—wasserstein metric,” in Interna-
tional Conference on Geometric Science of Information, Springer, 2019, pp. 739-748.
por: 10.1007/978-3-030-26980-7_77

E. M. Massart, P.-Y. Gousenbourger, N. T. Son, T. Stykel, and P.-A. Absil, “Interpolation
on the manifold of fixed-rank positive-semidefinite matrices for parametric model order

reduction: Preliminary results.,” in ESANN, vol. 2019, 2019, pp. 281-286.

R. B. Melrose, “The wave equation for a hypoelliptic operator with symplectic charac-
teristics of codimension two,” Journal d’Analyse Mathématique, vol. 44, no. 1, pp. 134—

182, Dec. 1984, 1ssn: 1565-8538. por: 10.1007/BF02790194

G. Meyer, S. Bonnabel, and R. Sepulchre, “Regression on fixed-rank positive semidef-
inite matrices: A riemannian approach,” The Journal of Machine Learning Research,

vol. 12, pp. 593-625, 2011.

K. R. Meyer and D. C. Offin, Introduction to hamiltonian dynamical systems and the

n-body problem. Springer, 2017.

B. Mishra, G. Meyer, and R. Sepulchre, “Low-rank optimization for distance matrix
completion,” in 2011 50th IEEE Conference on Decision and Control and European
Control Conference, IEEE, 2011, pp. 4455-4460.

E. H. Moore, “On the reciprocal of the general algebraic matrix (abstract),” Bulletin of

the American Mathematical Society, vol. 26, pp. 394-395, 1920.

T. Nishitani, “Local energy integrals for effectively hyperbolic operators 1,” Journal of

Mathematics of Kyoto University, vol. 24, no. 4, pp. 623—-658, 1984.

T. Nishitani, Cauchy Problem for Differential Operators with Double Characteristics:

Non-effectively Hyperbolic Characteristics. Springer, 2017, vol. 2202.

B. O’Neill, “The fundamental equations of a submersion.,” Michigan Mathematical

Journal, vol. 13, no. 4, pp. 459-469, 1966.

103


https://doi.org/10.1137/18M1231389
https://doi.org/10.1007/978-3-030-26980-7_77
https://doi.org/10.1007/BF02790194

Bibliography

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

104

I. Olkin and F. Pukelsheim, “The distance between two random vectors with given dis-
persion matrices,” Linear Algebra and its Applications, vol. 48, pp. 257-263, 1982. por:
10.1016/0024-3795(82)90112-4

X. Pennec, “Intrinsic statistics on riemannian manifolds: Basic tools for geometric mea-
surements,” Journal of Mathematical Imaging and Vision, vol. 25, no. 1, pp. 127-154,

2006. por: 10.1007/s10851-006-6228-4

X. Pennec, P. Fillard, and N. Ayache, “A riemannian framework for tensor computing,”
International Journal of computer vision, vol. 66, no. 1, pp. 41-66, 2006. por: 10 .

1007/s11263-005-3222-z2

X. Pennec, S. Sommer, and T. Fletcher, Riemannian geometric statistics in medical

image analysis. Academic Press, 2019.

R. Penrose, “A generalized inverse for matrices,” Mathematical Proceedings of the
Cambridge Philosophical Society, vol. 51, no. 3, pp. 406413, 1955. por: 10. 1017/
S0305004100030401

S. Peszat and J. Zabczyk, Stochastic partial differential equations with Lévy noise: An

evolution equation approach. Cambridge University Press, 2007, vol. 113.

G. Peyré, M. Cuturi, et al., “Computational optimal transport: With applications to data
science,” Foundations and Trends® in Machine Learning, vol. 11, no. 5-6, pp. 355-607,
2019. por: 10.1561/2200000073

C. Prévot and M. Rockner, A concise course on stochastic partial differential equations.

Springer, 2007.

L. Schwartz, Théorie des distributions (Publications de 1’Institut de Mathématique de
I’Université de Strasbourg). Hermann, Paris, 1966, vol. IX-X, pp. xiii+420, Nouvelle

édition, entiérement corrigée, refondue et augmentée.

R. W. Sharpe, Differential geometry: Cartan’s generalization of Klein’s Erlangen pro-

gram. Springer Science & Business Media, 2000, vol. 166.
C. L. Siegel, Symplectic geometry. Elsevier, 2014.

L. T. Skovgaard, “A riemannian geometry of the multivariate normal model,” Scandi-

navian journal of statistics, pp. 211-223, 1984.


https://doi.org/10.1016/0024-3795(82)90112-4
https://doi.org/10.1007/s10851-006-6228-4
https://doi.org/10.1007/s11263-005-3222-z
https://doi.org/10.1007/s11263-005-3222-z
https://doi.org/10.1017/S0305004100030401
https://doi.org/10.1017/S0305004100030401
https://doi.org/10.1561/2200000073

Bibliography

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

K.-T. Sturm, Probability measures on metric spaces of nonpositive curvature. SFB 611,

2003.

G. Szegd, Orthogonal polynomials (American Mathematical Society Colloquium Pub-
lications), Fourth. American Mathematical Society, Providence, RI, 1975, vol. Vol.

XXII, pp. xiii+432.

A. Takatsu, “On wasserstein geometry of gaussian measures,” Probabilistic approach

to geometry, vol. 57, pp. 463-472, 2010. por: 10.2969/aspm/05710463
A. Takatsu, “Wasserstein geometry of gaussian measures,” 2011. por: 10.18910/4973

Y. Thanwerdas and X. Pennec, “Bures—wasserstein minimizing geodesics between co-
variance matrices of different ranks,” SIAM Journal on Matrix Analysis and Applica-

tions, vol. 44, no. 3, pp. 14471476, 2023. por: 10.1137/221M149168X

Y. Thanwerdas and X. Pennec, “O (n)-invariant riemannian metrics on spd matrices,’
Linear Algebra and its Applications, vol. 661, pp. 163-201, 2023. por: 10. 1016/ 7.
laa.2022.12.009

E. Treves, Introduction to pseudodifferential and Fourier integral operators Volume 2:

Fourier integral operators. Springer Science & Business Media, 1980, vol. 2.
C. Villani et al., Optimal transport: old and new. Springer, 2008, vol. 338.

J. B. Walsh, “An introduction to stochastic partial differential equations,” in Ecole
d’été de probabilités de Saint-Flour, XIV—1984, ser. Lecture Notes in Math. Vol. 1180,
Springer, Berlin, 1986, pp. 265439, 1sBN: 3-540-16441-3. por: 10.1007/BFb0074920

D. I. Warton, “Penalized normal likelihood and ridge regularization of correlation and
covariance matrices,” Journal of the American Statistical Association, vol. 103, no. 481,

pp- 340-349, 2008. por: 10.1198/016214508000000021

105


https://doi.org/10.2969/aspm/05710463
https://doi.org/10.18910/4973
https://doi.org/10.1137/22M149168X
https://doi.org/10.1016/j.laa.2022.12.009
https://doi.org/10.1016/j.laa.2022.12.009
https://doi.org/10.1007/BFb0074920
https://doi.org/10.1198/016214508000000021

	6ec9b857-2660-4dc6-b1cb-79b8c20570c2.pdf
	Introduction
	Partial differential equations
	Stochastic partial differential equations
	Geometric statistics and the geometry of covariance matrices
	Geometric statistics
	Covariance matrices

	Concluding remarks and plan

	Hyperbolic SPDEs with multiple characteristics
	Mathematical framework and model introduction
	The case of one spatial dimension
	Fundamental solution
	Random field solution

	The case of two and three spatial dimensions
	Common computations: fundamental solution
	Two dimensions: Integral bound
	Three dimensions: integral bound
	Common computations: measurability


	Fixed rank covariance matrices
	Mathematical framework
	Fiber bundles
	The Grassmannian as a principal fiber bundle

	The Bures–Wasserstein Geometry of the fixed rank stratum
	An associated bundle model of fixed rank covariance matrices
	Tangent spaces
	Pullback metric
	Characterization of geodesics: totally geodesic fibers, geodesic ODE system and logarithm bijection


	Appendix
	Functional analysis
	Partial differential equations
	Matrix algebra
	Smooth manifolds
	Riemannian structures
	Variational calculus



