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Preface

The present thesis follows my personal journey across mathematics and statistics. I began

this path with my Master’s thesis, under the guidance of Professor Enrico Bernardi, with a

focus on stochastic analysis and partial differential equations. Stochastic partial differential

equations (SPDEs) occupy a remarkable position at the intersection of several major branches

of mathematics — analysis, probability, geometry, and mathematical physics — and provide

a natural framework to model the evolution of random phenomena in space and time. Their

theory combines the analytical depth of classical partial differential equations (PDEs) with the

stochastic intuition of random processes, leading to problems of both great technical difficulty

and conceptual richness.

The study of SPDEs proved to be both challenging and intellectually rewarding. It allowed

me to explore the delicate interplay between randomness and structure, to appreciate how ana-

lytical tools such as functional analysis, semigroup theory, and variational methods interact with

probabilistic notions like martingales, stochastic integrals, and noise regularity. More impor-

tantly, it helped me to develop the rigorous and versatile toolkit that is essential to the work of

an applied mathematician: the ability to move between deterministic and stochastic reasoning,

between local differential structures and global geometric interpretations.

As my research evolved and I came in touch with mathematical and theoretical statistics,

these analytical foundations naturally led me toward problems where geometry and statistics

meet. Geometric statistics is a relatively young and rapidly growing field. What makes this area

so appealing is the elegance with which it connects modern statistical challenges — arising in

machine learning, signal processing, and data analysis — with some of the most beautiful and

profound ideas in differential geometry and analysis. Within this framework, abstract math-

ematical concepts such as curvature, geodesics, and connections become powerful tools for

understanding variability, uncertainty, and dependence in complex data. This confluence of the-
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ory and application provides a uniquely fertile ground where mathematical depth and practical

relevance coexist, and where the intrinsic beauty of geometry translates into new insights for

modern statistics.

This transition from stochastic equations to geometric statistics is underpinned by a passion-

ate search for intrinsic structure: how randomness, geometry, and data interact to form coherent

mathematical objects.

As a final note, I would like to express my deepest gratitude to my supervisor, Professor

Enrico Bernardi, for his expert and invaluable guidance throughout these years. His mentorship

has been instrumental in my growth — from a curious and passionate student to a researcher

who loves his work and continues to learn every day.

I am also sincerely grateful to Professor Alberto Lanconelli for his thoughtful discussions

and wise advice, which have been a source of clarity and encouragement during the most chal-

lenging moments of this journey.
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Chapter 1

Introduction

The present thesis is devoted to the study of two distinct but conceptually related problems

arising in differential geometry, matrix analysis, and the theory of partial differential equations.

The first part turns to the analysis of stochastic partial differential equations of hyperbolic

type with multiple characteristics. Such equations model the propagation of random perturba-

tions through systems governed by wave-like dynamics. While the theory of strictly hyperbolic

stochastic equations is well established, the presence of multiple or non-effectively hyperbolic

characteristics introduces new analytical challenges, including loss of regularity, delicate propa-

gation of singularities, and intricate interactions between the principal symbol and the stochas-

tic forcing. Building on deterministic microlocal techniques and recent developments in the

stochastic framework, we examine three model operators that illustrate different geometric con-

figurations of the characteristic manifold — symplectic, involutive, and mixed — and study the

corresponding random-field solutions, emphasizing the influence of the geometric structure of

the symbol on the probabilistic behaviour of the solution.

The second part of this thesis develops a novel geometric framework for the manifold of

fixed-rank covariance matrices endowed with the Bures–Wasserstein metric. In recent years, the

geometry of covariance matrices has attracted considerable attention across differential geom-

etry, statistics, and information theory. Several metrics have been proposed to endow the cone

of positive semidefinite matrices with a meaningful geometric structure, including the affine-

invariant, log–Euclidean, and Bures–Wasserstein metrics, each providing different insights into

data variability and statistical inference. Among these, the Bures–Wasserstein metric occupies

a central role, as it naturally arises both in quantum information theory and in optimal trans-
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1.1 Partial differential equations

port between Gaussian measures. Its rich geometric properties make it particularly suitable for

studying covariance evolution, interpolation, and estimation. In this work, we investigate how

the Bures–Wasserstein metric adapts on a diffeomorphic model originally introduced in [27].

We derive this representation rigorously from a differential geometric standpoint. This allows

us to characterize the manifold as an associated fiber bundle with completely geodesic fibers

and to compute an ODE system for geodesic equations. Moreover, the framework developed

here reveals a natural correspondence between the geometry of covariance matrices and that of

the Grassmannian. This connection not only deepens the geometric understanding of covari-

ance structures but also opens the way to new statistical constructions on spaces of low-rank

covariances.

Although these topics belong to different mathematical domains, they are unified by a com-

mon focus on geometric and structural properties: curvature, tangent spaces, and the behaviour

of geodesics or characteristics as fundamental organizing principles.

1.1 Partial differential equations

Partial differential equations describe relations between a multivariable function and its par-

tial derivatives. They are the fundamental analytical tool for modeling propagation, diffusion,

equilibrium, and oscillatory phenomena in physics, engineering, and applied sciences. A linear

differential operator of order m on Rn+1 with smooth coefficients is written as

∑
|α|≤m

aα(x)Dα,

where the aα are smooth functions and Dα := (−i∂)α for any multi-index α (Appendix No. 1).

We call symbol the function

p(x, ξ) =
∑
|α|≤m

aα(x)ξα

and principal symbol the function

pm(x, ξ) =
∑
|α|=m

aα(x)ξα.

The study of conditions for the well-posedness of the Cauchy problem is connected to the
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Chapter 1. Introduction

nature of the characteristic roots of the characteristic equation

pm(x, ξ) = 0. (1.1)

The set of points (x, ξ) for which equation (1.1) holds true is called the characteristic manifold

Σ = {(x, ξ) | pm(x, ξ) = 0}. (1.2)

The singular support of a distribution u (Appendix No. 4) is the smallest closed set outside

which u is smooth. It localizes the non-smoothness of u in the physical space. The wavefront set

WF (u) ⊂ T ∗Rn+1\{0} (Appendix No. 17) refines this notion by recording both the location and

the direction of singularities: (x0, ξ0) <WF (u) if there exists ϕ ∈ C∞c , where C∞c denotes the

set of smooth functions with compact support, with ϕ(x0) , 0 such that the Fourier transform

[F (ϕu)](ξ) (Appendix No. 2) decays faster than any power of |ξ| in a conic neighbourhood of

ξ0.

The Hamiltonian vector field of an operator is defined as

Hpm =

n∑
j=0

(
∂pm

∂ξ j

∂

∂x j
−
∂pm

∂x j

∂

∂ξ j

)
,

and its integral curves (x(t), ξ(t)) satisfy

ẋ =
∂pm

∂ξ
, ξ̇ = −

∂pm

∂x
.

These curves are called bicharacteristics. The nature of the characteristic roots of the character-

istic equation (1.1) distinguishes the different kinds of differential operators. The operator P is

said to be elliptic at x if pm(x, ξ) , 0 for all ξ , 0. Elliptic equations (such as the Laplace, Pois-

son, or Helmholtz equations) describe equilibrium and potential phenomena. Ellipticity ensures

analytic regularity and the absence of finite-speed propagation: if Pu = f and f is smooth, then

u is smooth. Solutions are globally influenced by boundary data rather than propagating along

characteristics ([48]).

When the symbol vanishes for some real ξ , 0, the operator is non-elliptic, and its behaviour

is governed by the geometry of the characteristic manifold (1.2).
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1.1 Partial differential equations

If the principal symbol pm(x, ξ) has only real roots in ξ, the operator is called hyperbolic

with respect to ξ. Hyperbolic equations describe finite-speed propagation and wave phenomena

([36], [52]). When the roots have nonzero imaginary parts with a sign constraint (e.g., ℑλ j ≥ 0),

the equation is parabolic, modeling diffusion or heat flow.

The propagation of singularities for hyperbolic equations follows the bicharacteristics of

pm(x, ξ), i.e., the integral curves of the Hamiltonian system, and the geometry of the charac-

teristic manifold Σ — symplectic, involutive, or mixed — governs the analytic behaviour of

solutions, as studied in microlocal and semiclassical analysis ([52], [108]).

Furthermore, hyperbolic equations can be further classified based on the multiplicity of the

roots of equation (1.1).

• If the roots are simple the operator is called strictly hyperbolic. This is the simplest

case, as well-posedness of the Cauchy problem is guaranteed in C∞ and clean microlocal

properties hold: finite propagation speed, propagation of singularities along well-defined

bicharacteristics.

• If the roots are multiple for some (x, ξ) , 0, we call the operator non-strictly hyperbolic.

This gives rise to complications: solutions may lose derivatives, singularities may prop-

agate in intricate ways, and lower-order terms may affect well-posedness of the Cauchy

problem. In such cases, the geometry of Σ — in particular its symplectic or involutive

structure — determines how singularities are transmitted, reflected, or possibly trapped.

We say that the operator has n-tuple characteristics if the principal symbol vanishes exactly to

the n-th order on its characteristic manifold.

The Hamilton map is defined as

Fp(ρ) =
1
2

dHp(ρ) =
1
2


∂2 p
∂x∂ξ (ρ) ∂2 p

∂ξ2 (ρ)

−
∂2 p
∂x2 (ρ) − ∂2 p

∂ξ∂x (ρ)

 .
Among non-strictly hyperbolic operators, one distinguishes those that are effectively hyperbolic

— those for which the Hamilton map of the principal symbol has at least one pair of nonzero

real eigenvalues ([52], [82], [87]). In this case, perturbations propagate with finite speed and

the Cauchy problem is generally well-posed.
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Chapter 1. Introduction

When all eigenvalues of the Hamilton map are purely imaginary, the operator is non-effectively

hyperbolic. These cases typically lead to instability or ill-posedness, as singularities may fail

to propagate or may amplify uncontrollably. The fine structure of the bicharacteristics and of

lower-order terms then determines whether any generalized notion of well-posedness can be

recovered.

1.2 Stochastic partial differential equations

Stochastic partial differential equations extend classical PDEs by incorporating random forcing

terms, thus modeling systems affected by uncertainty or noise. Formally, an SPDE has the

structure

P(x,D)u = f + Φ Ḟ,

where P(x,D) is a deterministic differential operator, Ḟ denotes a generalized Gaussian noise

(often white in time and possibly correlated in space), andΦ is a linear operator controlling how

noise enters the system. The term Φ Ḟ is interpreted in the sense of random distributions. The

class to which the deterministic differential operator belongs determines different peculiarities

of the stochastic problem. In particular, for hyperbolic operators the stochastic term excites

oscillatory modes that travel along the deterministic bicharacteristics of the symbol. For strictly

hyperbolic operators, propagation of singularities remains deterministic, while randomness af-

fects amplitudes and regularity ([32], [38]).

When the operator has multiple characteristics, stochastic perturbations interact with de-

generacies in the symbol, producing distinct regimes: in the effectively hyperbolic case, random

perturbations propagate along well-defined wavefronts; in the non-effectively hyperbolic case,

the interplay between noise and geometric degeneracy can yield loss of predictability or ex-

plosive variance. There are two main theories one may use to tackle a stochastic differential

problem. The first consists in setting the SPDE as an evolution in a Hilbert space H, namely

dU(t) =
(
AU(t) + F(U(t))

)
dt + B(U(t)) dWH(t),

where A generates a C0 semigroup, WH is a cylindrical Wiener process, and solutions are mild

via the variation-of-constants formula ([37], [95], [97]). This approach is natural for parabolic
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1.2 Stochastic partial differential equations

problems (heat, reaction–diffusion, Navier–Stokes) and for coloured noise.

As for the second one, which is the one we use in the sequel, fundamental solutions are

computed and random field solutions are constructed via stochastic convolutions with the Green

kernel. Formally, if E(t, x) is the fundamental solution (Appendix No. 9) of the operator P, we

will say that u(t, x), defined as

u(t, x) =
∫ t

0

∫
Rd

E (t − s, x − y) Ḟ(s, y) ds dy, (1.3)

is a random field solution to the SPDE if the stochastic integral is well defined and the map

(t, x) 7→ u(t, x) is measurable. For the theory of stochastic integration, we refer to [38], where the

author performs an extension and adaptation of Walsh’s construction of the martingale measure

stochastic integral (see [110]). We will now shortly describe it.

Let Bb(Rd) be the σ-field of all bounded Borel sets of Rd and define

F(ϕ) =
∫
Rd+1

ϕ(t, x)Ḟ(t, x)dt dx.

The first step is to extend F to a worthy martingale measure (see [110]). Using (2.2) we can

verify that F is L2-continuous (Appendix No. 6) and, as such, we can extend it to a σ-finite

L2-valued measure by approximating indicator functions of sets in Bb(R+ × Rd) with elements

ofD
(
Rd+1

)
(Appendix No. 3). We set

Mt(B) = F([0, t] × B), B ∈ Bb(Rd)

and

F 0
t = σ

(
Ms(B), s ≤ t, B ∈ Bb(Rd)

)
, Ft = F

0
t ∨ N ,

with N being the σ-field generated by the P-null sets. We then have that, by construction,

t 7→ Mt(B) is a continuous martingale and

F(ϕ) =
∫
R+

∫
Rd
ϕ(t, x)M(dt, dx), ϕ ∈ D(Rd+1).

12



Chapter 1. Introduction

We call a function (s, x, ω) 7→ g(s, x, ω) elementary if it is of the form

g(s, x, ω) = 1(a,b](s) 1A(x) X(ω), a, b ∈ R, 0 ≤ a < b, A ∈ Bb(Rd),

where X is a Fa-measurable r.v. We denote by E the space of all finite linear combinations of

elementary functions and call predictable the σ-field on R+ ×Rd ×Ω generated by the elements

of E. Moreover, set

∥g∥+ := E
(∫ t

0
ds

∫
Rd

dy
∫
Rd

dx |g(s, x, ·)| f (x − y) |g(s, y, ·)|
)

(1.4)

and

∥g∥0 := E
(∫ t

0
ds

∫
Rd

dy
∫
Rd

dx g(s, x, ·) f (x − y) g(s, y, ·)
)
. (1.5)

In [110], Walsh defines the martingale-measure stochastic integral on the complete space P+ of

predictable functions g with ∥g∥+ < +∞.

On the other hand, Dalang in his work [38] is able to extend such a construction, defining the

martingale

t 7→
∫ t

0

∫
Rd

v(s, x, ·) M (ds, dx)

for all elements v of the completion P0 of (E, ∥ · ∥0). Moreover, denoting as P̄ the space of all

predictable functions h(t, x, ω) such that x 7→ h(t, x, ω) ∈ S′(Rd) for every (t, ω) ∈ [0, T ] × Ω,

F h(t, ·, ω)(ξ) is a function a.s., and

∥h∥′0 := E
(∫ t

0
ds

∫
Rd
|F h(t, ·, ω)(ξ)|2 ν(dξ)

)1/2

< +∞, (1.6)

and calling E0 the subset of P+ consisting of all functions g(s, x, ω) such that x 7→ g(s, x, ω) ∈

S(Rd), then we can identify P0 with the set of elements h(t, x, ω) of P̄ such that there exists a

sequence hn(t, x, ω) of elements of E0 that gives

lim
n→∞
∥hn − h∥′0 = 0. (1.7)

Furthermore, we observe that this implies that, for elements h(s, x, ω) ∈ P0,

∥h∥0 = ∥h∥′0.
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1.3 Geometric statistics and the geometry of covariance matrices

Dalang’s extension gives existence for spatially correlated noises beyond white noise in di-

mensions where the heat/wave kernels are not square-integrable ([38]). This approach matches

hyperbolic SPDEs and pathwise space-time analysis ([32], [62]).

When semigroup kernels are integrable against the noise covariance, mild and random-field

solutions coincide; otherwise one can still compare them via isometries in L2(Ω) ([37], [38],

[95]).

1.3 Geometric statistics and the geometry of covariance ma-

trices

1.3.1 Geometric statistics

Classical statistics assumes that observations take values in a linear vector space, typically Rn,

and that variability can be represented through linear operations such as addition and scalar

multiplication. However, many modern data types do not possess a natural linear structure.

Examples include directions on a sphere, orientations in robotics, shapes up to rigid motions,

positive semidefinite covariance matrices, and probability distributions endowed with transport

metrics. In such cases, one must replace linear geometry with the intrinsic geometry of the

underlying data space.

The study of statistical analysis on nonlinear spaces constitutes the field of geometric statis-

tics ([45], [46], [61], [78], [93]). This area generalizes Euclidean methods by using concepts

from differential geometry, metric geometry, and optimal transport.

Let (X, d) be a complete metric space and X a random variable with values in X. The

intrinsic notion of expectation is given by the Fréchet functional ([46])

F(x) = E
[
d2(x, X)

]
, x ∈ X.

A minimizer m of F is called a Fréchet mean or intrinsic mean. In Euclidean spaces, this

reduces to the ordinary mean E[X]. On curved spaces, existence and uniqueness of m depend

on the convexity of geodesic balls, curvature bounds, and the injectivity radius ([3], [56], [60]).

The corresponding empirical Fréchet mean m̂n minimizes
∑n

i=1 d2(x, Xi). Under regularity

14



Chapter 1. Introduction

and curvature assumptions, a central limit theorem holds in the tangent space TmX:

√
n logm(m̂n)⇒ N(0,Σeff),

where logm denotes the Riemannian logarithm and Σeff depends on the geometry and the covari-

ance structure of the data ([22], [23]).

When X is a smooth Riemannian manifold (M, g), one can exploit the differential structure

to define intrinsic operations such as exponential and logarithmic maps, parallel transport, and

covariant differentiation. Statistical models, estimation, and inference are formulated intrinsi-

cally on M, avoiding the distortions introduced by linear embeddings ([45], [91], [93]).

Key tasks in Riemannian statistics include:

• Estimation of Fréchet means;

• Principal geodesic analysis, the nonlinear analogue of Principal Component Analysis

(PCA), where variability is decomposed along geodesics ([45], [55]);

• Regression and dynamics on manifolds, based on geodesic interpolation and parallel

transport [83];

• Statistical models on Lie groups and homogeneous spaces, which exploit group structure

for inference on orientations and shapes ([33]).

These tools have been applied to a wide range of data, including anatomical shapes, diffusion

tensors, covariance matrices, and probability distributions on manifolds.

Many data spaces are not smooth manifolds globally but have stratified or quotient struc-

tures. Examples include shape spaces modulo rotation and scaling ([61]), Grassmannians of

subspaces, and fixed-rank cones of covariance matrices ([16], [80]).

Geometric statistics extends to such spaces using tools from metric geometry and convex

analysis. Spaces of nonpositive curvature (CAT(0) or RCD(K,N) metric-measure spaces) ad-

mit unique geodesics and intrinsic barycenters ([73], [102]). Stratified spaces, such as the

Billera–Holmes–Vogtmann tree space ([24]), combine piecewise-Riemannian structure with

combinatorial singularities, giving rise to phenomena such as “sticky” Fréchet means ([54]).

Another major framework is information geometry, where the Fisher–Rao metric endows

families of probability distributions with a dual affine structure ([5], [6]). The resulting geom-

15



1.3 Geometric statistics and the geometry of covariance matrices

etry captures natural gradients and connects differential geometry with likelihood-based infer-

ence.

1.3.2 Covariance matrices

Covariance matrices play a central role in multivariate statistics, signal processing, and diffusion

tensor imaging.

Typical statistical tasks involving covariance matrices include estimation ([17], [31], [66]),

shrinkage and regularization ([67], [111]), hypothesis testing on covariance structure, and in-

ference on low-rank or structured covariance models ([13]). The smooth manifold of fixed-rank

covariance matrices is very relevant in applications as well. Interpolation in this manifold is

used in [81] for parametric order reduction and in [14] for community detection. Optimization

algorithms for various problems are proposed in [26], [83] (distance learning), [76] (distance

matrix completion) and [85] (role model extraction). Other studies have tackled the task of

fitting a curve to points on the manifold. In [49] the authors fit a curve through covariance

matrices that model a wind field. In a related vein, in [71] the authors use geodesic interpola-

tion between Gram matrices to create intermediate protein conformations, while reference [59]

employs Gram-matrix interpolation to track facial-expression changes in video data.

Geometric statistics on covariance matrices now underpins applications in diffusion tensor

imaging ([43], [44], [47]), radar signal processing ([15]), finance ([29]), and quantum state

estimation ([28]). Affine-invariant and Bures–Wasserstein means provide robust, congruence-

invariant estimators of average covariance; geodesic PCA captures dominant modes of variabil-

ity; and curvature analysis informs concentration and inference.

Ongoing research focuses on:

• extending asymptotic theory to stratified and quotient spaces ([16], [79], [106]);

• developing curvature-aware statistical tests and confidence regions;

• connecting optimal transport geometry with high-dimensional covariance estimation ([96],

[109]);

• and exploring stochastic dynamics and SPDEs on covariance manifolds ([47], [93]).
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Chapter 1. Introduction

The set of n-dimensional covariance matrices Cov(n) is defined as the set of positive semidef-

inite symmetric matrices

Cov(n) :=
{
Σ ∈ Sym(n) |Σ ⪰ 0

}
,

where Sym(n) denotes the space of symmetric n × n matrices. The set Cov(n) forms a closed

convex cone in the Euclidean space of square n-dimensional matrices Mat(n). This convex cone

(Appendix No. 11) can be described as a stratified space, i.e., a topological or metric space

that can be decomposed into a family of subspaces that exhibit a smooth structure. The strata

of Cov(n) are given by the smooth manifolds (Appendix No. 15) of n-dimensional covariance

matrices of fixed rank k (see [106]), that is

Sym+(n, k) := {Σ ∈ Cov(n) | rk(Σ) = k} .

The set of n-dimensional covariance matrices Cov(n) can be identified with the quotient space

Mat(n)/O(n), where O(n) denotes the orthogonal group (Appendix No. 19). The orbits of the

quotient space are defined by the right action Mat(n) × O(n) ∋ (X,G) 7→ XG ∈ Mat(n) and the

identification is given by the map

Mat(n) ∋ X 7→ XXT ∈ Cov(n). (1.8)

For a stratum Sym+(n, k) a parallel construction to the one of Cov(n) can be built ([79]).

In this case, we focus on the right action Mat(n, k)∗ × O(k) ∋ (X,G) 7→ XG ∈ Sym+(n, k),

where Mat(n, k)∗ denotes the manifold of full-rank n × k matrices, and the consequent quotient

space Mat(n, k)∗/O(k) which is diffeomorphic to Sym+(n, k) via the map Mat(n, k)∗ ∋ X 7→

XXT ∈ Sym+(n, k). Thanks to this identification, the Euclidean metric descends to the Bu-

res–Wasserstein Riemannian metric on Sym+(n, k). For a more in-depth analysis we refer the

reader to [79].

The set of covariance matrices can be equipped with different distances. A distance on

Cov(n) translates then to a Riemannian structure on the smooth strata. We recall the definition

of the tangent space to Sym+(n, k) at Σ

TΣ Sym+(n, k) = {V ∈ Sym(n) | P⊥ΣVP⊥Σ = 0},

17



1.3 Geometric statistics and the geometry of covariance matrices

where P⊥
Σ

denotes the orthogonal projector onto the nullspace of Σ. We present the most relevant

examples of distances and correlated metrics on the tangent spaces. For simplicity the metrics

are described only on the principal stratum

SPD(n) := {Σ ∈ Sym(n) |Σ ≻ 0}.

• Defined by

dAI(Σ,Λ) = ∥ log(Σ−1/2ΛΣ−1/2)∥F ,

the affine-invariant distance is invariant under congruence transformations Σ 7→ QΣQ⊤,

Λ 7→ QΛQ⊤ for Q ∈ O(n). The associated metric,

gΣ(V,W) = Tr(Σ−1VΣ−1W), V,W ∈ TΣ SPD(n),

makes SPD(n) a globally nonpositively curved manifold isometric to the symmetric space

GL(n)/O(n) ([44], [69], [92], [100], [101]). Geodesics and parallel transport admit closed

forms:

γΣ→Λ(t) =Σ1/2 exp
(
t log(Σ−1/2ΛΣ−1/2)

)
Σ1/2 = Σ1/2(Σ−1/2ΛΣ−1/2)tΣ1/2.

The affine-invariant metric underlies information-geometric approaches and Riemannian

gradient-based optimization on SPD(n) ([2], [20], [91]).

• The log-Euclidean metric provides a computationally simpler alternative to the affine-

invariant geometry while retaining key invariance properties ([7], [20], [43], [47]). It

is defined by mapping SPD(n) diffeomorphically to the Euclidean space of symmetric

matrices via the matrix logarithm:

ϕ : SPD(n)→ Sym(n), Σ 7→ log(Σ).

Equipping Sym(n) with the Frobenius inner product ⟨A, B⟩F = Tr(AB) and pulling it back

through ϕ yields a flat Riemannian metric on SPD(n):

gΣ(V,W) = ⟨D(log)Σ[V], D(log)Σ[W]⟩F = Tr
(
(Σ−1V)(Σ−1W)

)
,
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Chapter 1. Introduction

and the corresponding geodesic distance

dlog(Σ,Λ) = ∥ logΣ − logΛ∥F .

The log–Euclidean metric has zero curvature (the manifold becomes globally flat in the

logarithmic domain) and allows closed-form formulas for the mean and geodesics. It is

particularly useful in diffusion tensor imaging and machine learning, where it combines

invariance under congruence transformations with numerical simplicity.

• Another geometric construction exploits the Cholesky factorization Σ = LΣL⊤Σ with LΣ ∈

Lower(n) nonsingular ([20], [42], [70], [72]). By representing SPD(n) through its Cholesky

factors, one induces the following Riemannian metric from the Euclidean structure of the

space of lower-triangular matrices:

gΣ(V,W) = ⟨L−1
Σ V(L−1

Σ )⊤, L−1
Σ W(L−1

Σ )⊤⟩F , Σ = LΣL⊤Σ .

This metric is flat and globally parameterizes SPD(n) without the nonlinearity of the

exponential map. Distances are computed as

dChol(Σ,Λ) = ∥LΣ − LΛ∥F ,

where LΣ, LΛ are the Cholesky factors of Σ and Λ. Cholesky-type coordinates preserve

positive definiteness by construction and are convenient for optimization, interpolation,

and statistical modeling in high dimensions. Although they lack full affine invariance,

they provide efficient and numerically stable approximations to the intrinsic Riemannian

distances.

We equip Cov(n) with the Bures–Wasserstein distance ([21], [41], [75], [90], [104], [105])

defined as

dBW(Σ,Λ)2 = Tr(Σ) + Tr(Λ) − 2 Tr((Σ1/2ΛΣ1/2)1/2).

With this distance, Cov(n) becomes a complete geodesic space (i.e., a complete metric space

where the distance between two points is equal to the length of a minimizing geodesic connect-

ing the two points (Appendix No. 26)) of nonnegative curvature ([4], [106]). This metric is full
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1.3 Geometric statistics and the geometry of covariance matrices

of applications and of great interest in the literature. It was introduced both in quantum infor-

mation theory as the Bures distance ([30], [51]) and in optimal transport as the L2-Wasserstein

distance ([41], [90]). In particular, in the latter context, the distance acquires the meaning of a

measure of dissimilarity between Gaussian distributions ([75], [109]). From a geometric point

of view, the Bures–Wasserstein distance can be derived as the quotient distance via the map

(1.8) if we assign the Euclidean (or Frobenius) distance to Mat(n) (Appendix No. 12).

The Bures–Wasserstein distance translates to a metric on the smooth strata (Appendix No.

22). Now, following what is done in [106], we set for a moment Σ = QDQT with D =

diag(d1, ..., dk) positive definite and Q ∈ St(n, k) and call S Σ,V = QS D(QT VQ)QT , where

S A(B) =: S denotes the unique solution to the Sylvester equation B = AS + S A for a sym-

metric positive definite matrix A and a symmetric matrix B (Appendix No. 13). For V, W ∈ TΣ,

the Bures–Wasserstein metric is given by

gBW(n,k)
Σ

(V,W) = Tr(S Σ,VΣS Σ,W) + Tr(P⊥ΣVΣ†W),

where Σ† denotes the Moore–Penrose inverse of Σ. Furthermore, the authors point out that S Σ,W

and the metric are independent of the chosen decomposition.

With the above geometry constructions, the strata of Cov(n) have been object of study in

the literature for some years. The first results concerned the full-rank principal stratum (see

among others [21], [75], [104], [105] and [107]), where, starting from the quotient geometry,

it was possible to derive equations for the exponential map ([75]), unique logarithm (Appendix

No. 27) ([21], [79]), parallel transport (Appendix No. 25) ([107]) and curvature (Appendix No.

30) ([104], [105], [107]). For the geometry of the stratum Sym+(n, k) of fixed-rank covariance

matrices we refer to [79], [80], [106]; in particular the quotient geometry was studied in [79], a

formula for the curvature tensor and the sectional curvature, as well as curvature bounds, were

expressed, thanks to O’Neill’s equations ([89]), in [80], and finally the exponential map, its

definition domain (Appendix No. 28), cut time (Appendix No. 29) and logarithms together

with their multiplicity were found in [106]. Most recently, relevant progress has been made on

the geometry (and in particular on the geodesics) of the stratified space as a whole ([106]).

Geometric statistics thus provides a unified language in which Riemannian geometry, opti-

mal transport, and information geometry converge. Within this framework, covariance matrices
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are not mere algebraic objects but points on a curved manifold whose structure encodes the nat-

ural symmetries of variability and uncertainty. Understanding this geometry allows statistical

inference to be intrinsic, coordinate-free, and consistent with the underlying transformations of

the data.

1.4 Concluding remarks and plan

Throughout the thesis, particular attention is given to the rigorous formulation of the underlying

geometric and analytical tools. The Appendix collects the necessary background on linear

algebra, smooth manifolds, Riemannian geometry, and variational calculus, so as to make the

presentation as self-contained as possible, while maintaining the desired level of mathematical

precision.

The research presented in this thesis has led to two distinct works. The results contained in

Chapter 2, concerning stochastic hyperbolic partial differential equations with multiple charac-

teristics, have been published in a joint article with my supervisor ([19]). The material devel-

oped in Chapter 3, which introduces a new geometric framework for the manifold of fixed-rank

covariance matrices under the Bures–Wasserstein metric, may be found on my preprint ([77]).

In summary, the guiding idea of this work is to explore how geometric structures — whether

on spaces of matrices or on the phase space of partial differential equations — govern analytic

phenomena and reveal new connections between geometry, probability, and analysis.
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Chapter 2

On some stochastic hyperbolic partial

differential equations with multiple

characteristics

Stochastic partial differential equations provide a rigorous mathematical framework for study-

ing dynamical problems in which random perturbations are involved. They arise naturally in

fields as diverse as physics, finance, biology, and engineering, where uncertainty, noise, and

incomplete information play a fundamental role.

Hyperbolic equations, in particular, are utilized to study wave-like phenomena that arise

commonly in mechanics and signal propagation. Applications can range from acoustics and

fluid dynamics to electromagnetism and elasticity.

A number of recent papers, tapping into the powerful techniques presented in the seminal

works [38], [39] and [110], have extended several classical deterministic results for solutions

of hyperbolic operators of various types — linear, semilinear, and whose principal symbols

have multiple involutive or symplectic characteristics — to the stochastic framework: for a

current review, encompassing also other types of classical PDEs in open domains in Rn and

Riemannian manifolds as well, one can consult, among others, [1], [8], [9], [10], [11], [12],

[18], [34], [35]. Our goal in this chapter is to continue the study of possible extensions to

the stochastic framework by analyzing three model linear stochastic operators, we deem not

having been previously examined in the literature. In particular, we would like to understand

how the symplectic geometry of the principal symbols and the conditions on the lower order
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2.1 Mathematical framework and model introduction

terms influence the construction of the random field solutions via the corresponding colors of

the noise, an analysis started in [18].

2.1 Mathematical framework and model introduction

The general problem is presented here in a compact form:


Piui = Ḟi (t, x) t ≥ 0, x ∈ Ri, i ∈ {1, 2, 3}

ui (0, x) = 0

∂tui (0, x) = 0,

(2.1)

where formally

Fi(ϕ) :=
∫
Ri+1

ϕ(t, x)Ḟi(t, x) dtdx, ϕ ∈ C∞0
(
Ri+1

)
,

is a mean zero family of normal random variables, defined on a probability space (Ω,F , P),

with covariance

E(Fi(ϕ)Fi(ψ)) =
∫ ∞

0
dt

∫
Ri

dx
∫
Ri

dy ϕ(t, x) fi(x − y)ψ(t, y), (2.2)

for ϕ, ψ ∈ C∞0
(
Ri+1

)
.

We study the operators P1, P2 and P3, defined as follows

(i) P1 := D2
t −(D2

x+x2): this is a 0-th order perturbation of the wave equation. It is strictly hy-

perbolic. It introduces a harmonic oscillator and is mostly used as a prototype to develop

the techniques to tackle the next two operators.

(ii) P2 := D2
t − µ(D2

x + x2D2
y) + bDy, |b| < µ. This operator introduces an anisotropy and

degeneracy in the propagation speed through the term x2D2
y , which leads to double char-

acteristics and non-strict hyperbolicity. Indeed its principal symbol is

p2 := τ2 − µ(ξ2 + x2η2),
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

which vanishes to the second order on the smooth manifold

Σ2 := {(t, x, y, τ, ξ, η) ∈ Ṫ ∗R3, x = τ = ξ = 0},

where Ṫ ∗R3 denotes the phase space cotangent bundle minus the zero section (Appendix

No. 17). The term bDy introduces a drift in the y direction; although of first order, this

term is crucial to the well-posedness of the Cauchy problem and gives rise to the condition

|b| < µ ([52], [53], [58]). As we will see, this condition is fundamental for the existence

of a random field solution for the stochastic equation.

(iii) P3 := D2
t − µ(D2

x + x2D2
y) − aD2

z + bDy, |b| < µ, a > 0. The final operator adds another

spatial dimension and an elliptic term −aD2
z . It is the most general and complete of the

three models. Again, the principal symbol, that is

p3 := τ2 − µ(ξ2 + x2η2) − aζ2,

is hyperbolic and vanishes to the second order on the manifold

Σ3 := {(t, x, y, z, τ, ξ, η, ζ) ∈ Ṫ ∗R4, x = τ = ξ = ζ = 0}.

For non-strictly hyperbolic operators the characteristic set plays an important role, as its

geometry affects well-posedness and propagation of singularities. In particular, we focus on

how the Hamilton map behaves on the characteristic set. For a comprehensive review of the

matter we refer to [88] and [84].

Both p2 and p3 do not have any effectively hyperbolic couple and are hence called non-

effectively hyperbolic. p2 is fully symplectic as (x, ξ) is a symplectic couple and the couple

(y, η) produces a zero eigenvalue but without a Jordan block structure (neutral couple). On the

other hand, p3 is mixed symplectic-involutive, as (z, ζ) is involutive.

The Levi-type condition |b| < µ is typical for this kind of operators, and it is necessary for

the well-posedness of the Cauchy problem. For a comprehensive analysis on the matter see,

e.g., [52], [53] and [58].

Let i = 1, 2, 3. The function fi : Ri → R in (2.2) is taken to be continuous except at most
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2.1 Mathematical framework and model introduction

at zero, and even. These requirements are necessary to guarantee that the functional expressed

in (2.2) is non-negative definite. As seen in [98], this is also equivalent to the existence of a

non-negative tempered measure νi (Appendix No. 5) whose Fourier transform is fi, i.e., for all

ϕ ∈ S(Ri), ∫
Ri
ϕ(x) fi(x)dx =

∫
Ri
F ϕ(ξ)νi(dξ).

We recall that a random field solution is defined as

ui(t, x) =
∫ t

0

∫
Ri

Ei (t − s, x − y) Ḟi(s, y)ds dy,

where Ei denotes the fundamental solution of the operator Pi, the stochastic integral is well

defined and the map (t, x) 7→ ui(t, x) is measurable. Finally, we define the physicist’s Hermite

polynomials and Hermite functions as

Hn(x) = (−1)nex2 dn

dxn e−x2
,

Ψn(x) =
1

(2nn!
√
π)1/2

e
−x2

2 Hn(x), (2.3)

and name

ρn (η, ζ) := µ|η| (2n + 1) + aζ2 − bη, ρ̃n(η) := ρn(η, 0).

We are now ready to state our main result, which contains all the several claims proven below,

itemized according to the increasing number of space variables. Recalling that our stochastic

PDEs are 
Piui = Ḟi (t, x) t ≥ 0, x ∈ Ri, i ∈ {1, 2, 3}

ui (0, x) = 0

∂tui (0, x) = 0,

where the operators Pi, i ∈ {1, 2, 3}, are defined as

P1 := D2
t − (D2

x + x2),

P2 := D2
t − µ(D2

x + x2D2
y) + bDy, |b| < µ

P3 := D2
t − µ(D2

x + x2D2
y) − aD2

z + bDy, |b| < µ, a > 0,
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

we have the following results.

Theorem 2.1.1. (i) Let ν1(dξ0) = dξ0 be the Lebesgue measure. Then, the one-dimensional

problem has a random field solution given by

u1(t, x) =
∫ t

0

∫
R

E1 (t − s, x; x0) Ḟ1(s, x0)ds dx0,

with

E1(t, x, x0) = −H(t)
∞∑

n=0

sin(
√

2n + 1 t)
√

2n + 1
Ψn(x0)Ψn(x).

.

(ii) Let ν2 = dξν̂2(dη̂) and assume that

∫
R

1
|η̂|1/2

ν̂2(dη̂) < +∞. (2.4)

Then, the two-dimensional problem has a random field solution given by

u2(t, x, y) =
∫ t

0

∫
R2

E2 (t − s, x, y − y0; x0) Ḟ2(s, x0, y0)ds dx0 dy0,

with

E2 (t, x, y; x0) = −
H (t)
2π

×

∫
R

eiyη|η|1/2
∞∑

n=0

sin
(
ρ̃n (η)1/2 t

)
ρ̃n (η)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη.

(iii) Let ν3(dξ, dη̂, dζ̂) = dξν̂3(dη̂, dζ̂). Assume ν̂3 is absolutely continuous with respect to

the Lebesgue measure and that it admits a density of the form (η̂, ζ̂) 7→ w
(
|η̂|2 + |ζ̂ |2

)
for

which it exists an α < 1/3 such that

∫
R2

1(
|η̂|2 + |ζ̂ |2

)α ν̂3(dη̂, dζ̂) < +∞. (2.5)
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Then the three-dimensional problem has a random field solution given by

u3(t, x, y, z) =
∫ t

0

∫
R3

E3 (t − s, x, y − y0, z − z0; x0) Ḟ3(s, x0, y0, z0)ds dx0 dy0 dz0,

with

E3 (t, x, y, z; x0) = −
H (t)
2π

×

∫
R2

eiyη+izζ |η|1/2
∞∑

n=0

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη dζ.

We would like to highlight again how the color of the noise, observable through the corre-

sponding measures, relates to the geometry of the double manifolds.

The plan of this chapter is as follows. In Section 2.2 we organize the proof for the one-

dimensional case, parts of which are to be used in the later sections. In particular in Section 2.2.1

the formal fundamental solution is computed and in Section 2.2.2 the corresponding random

field is constructed. Section 2.3 contains the main arguments. In Section 2.3.1 the formal

fundamental solutions are explicitly calculated for both dimensions 2 and 3. Sections 2.3.2 and

2.3.3 are devoted to the estimate of the formal solutions obtained, and in the final Section 2.3.4

the existence of the random field solutions as stated in Theorem 2.1.1 is eventually proven.

As a last note, we observe that the arguments we utilize in our analysis could very well

be used to deal with a more general second order hyperbolic quadratic form with symplectic

characteristics. Nevertheless, the simpler nature of our model examples allows us to remove

some of the complexities in [82] or [64], where only the codimension 3 was considered, and

develop a sharper understanding of the structure of our fundamental solution processes. We

observe that the symplectic nature of the multiple manifold is not by itself an a-priori obstacle to

obtaining a closed form fundamental solution, as was proven in [18]. What makes the problem

more challenging in our case is indeed the presence of the harmonic oscillators.
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

2.2 The case of one spatial dimension

2.2.1 Fundamental solution

We now proceed with the case of one spatial dimension. This, besides proving the related simple

case, helps us collecting all the major tools needed for the subsequent parts.

We consider the problem (Appendix No. 7)

P1E1(t, x; x0) = δ(t)δ(x − x0).

Performing a Hermite series expansion of x 7→ E1(t, x; x0) and using the well-known identities

([65], [103])
∞∑

n=0

Ψn(x)Ψn(x0) = δ(x − x0), (2.6)

(∂2
x − x2 + 2n + 1)Ψn(x) = 0 ⇔ (D2

x + x2)Ψn(x) = (2n + 1)Ψn(x), (2.7)

we get

P1

∞∑
n=0

E1,n(t, x0)Ψn(x) =
∞∑

n=0

(P1,nE1,n)(t, x0)Ψn(x) =
∞∑

n=0

δ(t)Ψn(x)Ψn(x0), (2.8)

where

P1,n = D2
t − (2n + 1).

Equating term by term in (2.8) we obtain the ODE problem


P1,nE1,n(t, x0) = δ(t)Ψn(x0),

E1,n(0, x0) = ∂tE1,n(0, x0) = 0,

whose solution is

E1,n(t, x0) = − Ψn(x0)
∫ t

0
δ(t − τ)

sin(
√

2n + 1 τ)
√

2n + 1
dτ = −H(t)

sin(
√

2n + 1 t)
√

2n + 1
Ψn(x0), (2.9)
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2.2 The case of one spatial dimension

where H (t) denotes the Heaviside function, i.e.,

H (t) =


1, t ≥ 0,

0, otherwise.

Hence,

E1(t, x; x0) = −H(t)
∞∑

n=0

sin(
√

2n + 1 t)
√

2n + 1
Ψn(x0)Ψn(x).

Now, the Hermite functions are eigenvectors of the Fourier transform ([103]). In particular

FΨn(η) = (−i)nΨn(η),

and so

F1(t, x; ξ0) :=F E1(t, x; ·) (ξ0) = −H(t)
∞∑

n=0

(−i)n
sin

(
t
√

2n + 1
)

√
2n + 1

Ψn(ξ0)Ψn(x) (2.10)

2.2.2 Random field solution

For the reader’s convenience, we recall the expression for the candidate random field solution

u1(t, x) =
∫ t

0

∫
R

E1 (t − s, x; x0) Ḟ1(s, x0)ds dx0. (2.11)

In order to prove that the expression (2.11) is indeed a real-valued process, we need to show that

E1 (t − s, x; x0) is an element of the space P0. To do that, the first step is to show the following.

Lemma 2.2.1. Let F1(t, x; ξ0) be defined as in (2.10). Then,

I :=
∫ t

0

∫
R

|F1 (t − s, x; ξ0) |2dξ0 ds < +∞.

Proof. By Parseval identity (Appendix No. 8), we have

I =
∫ t

0

+∞∑
n=0

sin2
(
(t − s)

√
2n + 1

)
2n + 1

Ψ2
n(x)ds ≤ t

+∞∑
n=0

1
2n + 1

Ψ2
n(x).
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Now, we recall that there exist constants C1 and C2 such that ([25])

C1n−1/6 < max
x∈R
Ψ2

n(x) < C2n−1/6, n ≥ 1. (2.12)

This implies

I ≤ C2t

Ψ2
0(x) +

+∞∑
n=1

(2n + 1)−1n−1/6

 ≤ C2t

π−1/4 +

+∞∑
n=1

(2n + 1)−1n−1/6

 ,
which is bounded. □

This shows that the fundamental solution E1 (t − s, x; x0) belongs to the space P̄. However,

to prove that E1 ∈ P0 as well, we need to find a sequence of functions
(
E1,m

)
m∈N in E0 converging

to E1 in P̄. Unsurprisingly, we set

E1,m (t − s, x; x0) := −H(t)
m∑

n=0

sin
(
(t − s)

√
2n + 1

)
√

2n + 1
Ψn(x0)Ψn(x).

Firstly, we observe that for each m ∈ N, x0 7→ E1,m (t, x; x0) ∈ S (R). Moreover, setting

Fm
1 (t − s, x; ξ0) := −H(t)

∞∑
n=m

(−i)n
sin

(
(t − s)

√
2n + 1

)
√

2n + 1
Ψn(ξ0)Ψn(x),

we have

∣∣∣∣∣∣E1,m − E1

∣∣∣∣∣∣2
0
=

∫ t

0
ds

∫
R

∣∣∣Fm
1 (t − s, x; ξ0)

∣∣∣2 dξ0.

Hence, from the proof of Lemma 2.2.1, we gather

∣∣∣∣∣∣E1,m − E1

∣∣∣∣∣∣2
0
≤ C2t

+∞∑
n=m

(2n + 1)−1n−1/6 m→+∞
−−−−−→ 0.

Now, it remains to prove measurability, and we do that by checking L2(Ω)-continuity of the

solution process in the separate variables. Denoting

S 1(t, x, h) =
+∞∑
n=0

sin2
(
t
√

2n + 1
)

2n + 1
(Ψn(x + h) − Ψn(x))2 ,
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2.2 The case of one spatial dimension

the increment in space gives

E
[
|u1(t, x + h) − u1(t, x)|2

]
=

∫ t

0
ds

∫
R

|F1 (t − s, x + h; ξ0) − F1 (t − s, x; ξ0)|2 dξ0

=

∫ t

0
S 1(t − s, x, h)ds.

In view of (2.12), we have

S 1(t, x, h) ≤ 4C2

π−1/4 +

+∞∑
n=1

(2n + 1)−1n−1/6

 < +∞, (2.13)

granting uniform convergence and consequently the continuity of S 1(t − s, x, h) with respect to

the variable h. Therefore, by dominated convergence,

lim
h→0
E

[
|u1(t, x + h) − u1(t, x)|2

]
= 0. (2.14)

For the increment in time we write

E
[
|u1(t + h, x) − u1(t, x)|2

]
≤2

∫ t

0
ds

∫
R

|F1 (t + h − s, x; ξ0) − F1 (t − s, x; ξ0)|2 dξ0

+ 2
∫ t+h

t
ds

∫
R

|F1 (t + h − s, x; ξ0)|2 dξ0

=2I1(h) + 2I2(h).

Lemma 2.2.1 gives directly

lim
h→0

I2(h) = 0.

Similarly to the increment in the x variable, we call

S̃ 1(t, x, h) :=
+∞∑
n=0

(
sin

(
(t + h)

√
2n + 1

)
− sin

(
t
√

2n + 1
))2

√
2n + 1

Ψ2
n(x),

and, by Parseval’s identity, we obtain

I1(h) =
∫ t

0
S̃ 1(t − s, x, h)ds.
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

For S̃ 1(t − s, x, h), a bound similar to (2.13) holds. So, by dominated convergence

lim
h→0

I1(h) = 0,

which completes the proof.

2.3 The case of two and three spatial dimensions

2.3.1 Common computations: fundamental solution

Here we explicitly derive the fundamental solution of the operator P3. Since the structure of the

calculation is much the same as in the two-dimensional case, we omit the latter and recover the

corresponding fundamental solution at the end of the section.

Hence, our problem becomes now

P3E3 = δ(t)δ(x − x0)δ(y)δ(z).

Taking the Fourier transform with respect to (y, z) we get

F (P3E3) =
(
D2

t − µ
(
D2

x + x2η2
)
− aζ2 + bη

)
Ê3 (t, x, η, ζ; x0) = δ (t) δ (x − x0) . (2.15)

Setting σ = |η|1/2x we define

W (t, σ, η, ζ; x0) = Ê3

(
t, |η|−1/2x, η, ζ; x0

)
.

Thus

∂2
σW (t, σ, η, ζ; x0) = |η|−1∂2

xÊ3

(
t, |η|−1/2x, η, ζ; x0

)
,

and, consequently,

(
D2

x + x2η2
)

Ê3

(
t, |η|−1/2x, η, ζ; x0

)
= |η|

(
D2
σ + σ

2
)

W (t, σ, η, ζ; x0) .

Therefore, since Dirac’s delta is homogeneous of degree −1, naming Λ := D2
t −µ|η|

(
D2
σ + σ

2
)
−
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2.3 The case of two and three spatial dimensions

aζ2 + bη, (2.15) finally becomes

ΛW (t, σ, η, ζ; x0) = |η|1/2δ (t) δ
(
σ − x0|η|

1/2
)
. (2.16)

We expand σ 7→ W(t, σ, η, ζ; x0) in Hermite functions

W(t, σ, η, ζ; x0) =
∞∑

n=0

Wn (t, η, ζ; x0)Ψn (σ) ,

and define

Λn = D2
t − µ|η| (2n + 1) − aζ2 + bη.

It follows by (2.6) and (2.7) that (2.16) transforms into

ΛW(t, σ, η, ζ; x0) =Λ
∞∑

n=0

Wn (t, η, ζ; x0)Ψn (σ) =
∞∑

n=0

ΛnWn (t, η, ζ; x0)Ψn (σ)

=δ (t)
∞∑

n=0

Ψn

(
x0|η|

1/2
)
Ψn (σ) ,

and we split the sum term by term, equating the coefficients of the expansion

(ΛnWn) (t, η, ζ; x0) = δ (t)Ψn

(
x0|η|

1/2
)
|η|1/2,

so that we may focus on the ODE problem


(
∂2

t + ρn (η, ζ)
)

Wn (t, η, ζ; x0) = −δ (t)Ψn

(
x0|η|

1/2
)
|η|1/2,

Wn (0, η, ζ; x0) = ∂tWn (0, η, ζ; x0) = 0,
(2.17)

which is solved by

Wn (t, η, ζ; x0) = − Ψn

(
x0|η|

1/2
)
|η|1/2 ·

∫ t

0
δ (t − τ)

sin
(
ρn (η, ζ)1/2 τ

)
ρn (η, ζ)1/2 dτ

= − H (t)Ψn

(
x0|η|

1/2
)
|η|1/2

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 .
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Therefore, we find

W(t, σ, η, ζ; x0) = −H (t) |η|1/2
∞∑

n=0

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 Ψn

(
x0|η|

1/2
)
Ψn (σ) ,

which readily gives

Ê3 (t, x, η, ζ; x0) = −H (t) |η|1/2
∞∑

n=0

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
|η|1/2x

)
,

so that

E3 (t, x, y, z; x0) = −
H (t)
2π

×

∫
R2

eiyη+izζ |η|1/2
∞∑

n=0

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη dζ.

Now, we are interested in

F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)
:= F E3 (t − s, x, y − ·, z − ·, ·)

(
ξ0, η̂, ζ̂

)
.

By translation and dilation properties of the Fourier transform, we see

F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)
= eiyη̂+izζ̂

∫ ∞

−∞

e−iξ0 x0 Ê3

(
t − s, x,−η̂,−ζ̂; x0

)
dx0.

Thus, we finally get

F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)
= −

H (t − s)
2π

eiyη̂+izζ̂

×

∞∑
n=0

(−i)n
sin

(
ρn

(
−η̂, ζ̂

)1/2
(t − s)

)
ρn

(
−η̂, ζ̂

)1/2 Ψn

(
ξ0

|η̂|1/2

)
Ψn

(
|η̂|1/2x

)
. (2.18)

Following the above procedure along, one can also solve

P2E2 = δ(t)δ(x − x0)δ(y)
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2.3 The case of two and three spatial dimensions

and obtain

E2 (t, x, y; x0) = −
H (t)
2π

×

∫
R

eiyη|η|1/2
∞∑

n=0

sin
(
ρ̃n (η)1/2 t

)
ρ̃n (η)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη,

where ρ̃n(η) := ρn(η, 0). We conclude

F2 (t − s, x, y; ξ0, η̂) = −
H (t − s)

2π
eiyη̂

×

∞∑
n=0

(−i)n
sin

(
ρ̃n (−η̂)1/2 (t − s)

)
ρ̃n (−η̂)1/2 Ψn

(
ξ0

|η̂|1/2

)
Ψn

(
|η̂|1/2x

)
. (2.19)

2.3.2 Two dimensions: Integral bound

Again we rewrite here the expression for the two-dimensional candidate random field solution

u2(t, x, y) =
∫ t

0

∫
R2

E2 (t − s, x, y − y0; x0) Ḟ1(s, x0, y0)ds dx0 dy0.

In the present section, we proceed with the study of the fundamental solutions E2 to argue

that the formal expression above is well defined as a real-valued process. We start by proving

Lemma 2.3.1 below, which shows that F2 (t − s, x, y; ξ0, η̂) in (2.19) is L2(ν2 (dξ0, dη̂)).

Lemma 2.3.1. Let F2 (t − s, x, y; ξ0, η̂) be defined as in (2.19) and the assumptions of Theorem

2.1.1 (ii) hold. Then

I2 :=
∫ t

0

∫
R2
|F2 (t − s, x, y; ξ0, η̂)|2 ν2 (dξ0, dη̂) ds < +∞.

Proof. Let us call

J (t − s, x, y; η̂) :=
∫
R

|F2 (t − s, x, y; ξ0, η̂)|2 dξ0

and employ the change of variable λ = |η̂|−1/2ξ0. Then,

J (t − s, x, y; η̂) :=
∫
R

∣∣∣∣F2

(
t − s, x, y; |η̂|1/2λ, η̂

)∣∣∣∣2 |η̂|1/2 dλ.
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Chapter 2. Hyperbolic SPDEs with multiple characteristics

Now, if we denote

gn (t − s, x, y; η̂) :=
H (t − s)

2π
eiyη̂

× (−i)n
sin

(
ρ̃n (−η̂)1/2 (t − s)

)
ρ̃n (−η̂)1/2 Ψn

(
|η̂|1/2x

)
, (2.20)

we get

F2

(
t − s, x, y; |η̂|1/2λ, η̂

)
=

∞∑
n=0

gn (t − s, x, y; η̂)Ψn(λ),

and hence, by Parseval’s identity,

∫
R

∣∣∣∣F2

(
t − s, x, y; |η̂|1/2λ, η̂

)∣∣∣∣2 dλ =
∞∑

n=0

gn (t − s, x, y; η̂)2 . (2.21)

It follows that

I2 =

∫ t

0

∫
R

|η̂|1/2
∞∑

n=0

gn (t − s, x, y; η̂)2 ν̂2 (dη̂) ds

=
1

4π2

∫ t

0

∫
R

∞∑
n=0

sin2
(
ρ̃1/2

n (−η̂) (t − s)
)

ρ̃n(−η̂)
|η̂|1/2Ψ2

n

(
|η̂|1/2x

)
ν̂2 (dη̂) ds.

Recalling (2.12) and denoting

T0 :=
∫ t

0

∫
R

g0 (t − s, x, y; η̂)2
|η̂|1/2ν̂2 (dη̂) ds,

we get

I2 ≤
C2

4π2

∫ t

0

∫
R

∞∑
n=1

|η̂|1/2

n1/6 ((2n + 1) µ |η̂| + bη̂)
ν̂2 (dη̂) ds + T0

≤
C2 t

4π2n1/6

∞∑
n=1

∫
R

|η̂|1/2

((2n + 1) µ |η̂| + bη̂)
ν̂2 (dη̂) + T0. (2.22)

Now, we have

∫
R

|η̂|1/2

((2n + 1) µ |η̂| + bη̂)
ν̂2 (dη̂) ≤

1
nµ

∫
R

|η̂|−1/2 ν̂2(dη̂) =
C
µn
,

where the last inequality comes from the fact that the condition |b| < µ gives µ + sign(η̂)b > 0.
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2.3 The case of two and three spatial dimensions

Finally, convergence of the integral T0 under this measure is easily checked. Indeed, we can find

an ϵ > 0 such that µ + sign(η̂)b > ϵ for all η̂ ∈ R and observe that Ψ2
0

(
|η̂|1/2x

)
= π−1/4e−|η̂|x

2/2 ≤

π−1/4. Therefore,

T0 ≤
t

4π9/4ϵ

∫
R

|η̂|−1/2 ν̂2 (dη̂) < +∞.

□

Now, we want to find a sequence E2,m (t, x, y; x0) ∈ E0 so that E2,m → E2 in P̄. We set

E2,m (t, x, y; x0) := −
H (t)
2π

×

∫
R

eiyη|η|1/2
m∑

n=0

sin
(
ρ̃n (η)1/2 t

)
ρ̃n (η)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη.

Again, for each m ∈ N, (y, x0) 7→ E2,m(t, x, y; x0) ∈ S
(
R2

)
, and so setting

Fm
2 (t − s, x, y; ξ0, η̂) :=

H (t − s)
2π

eiyη̂

×

+∞∑
n=m

(−i)n
sin

(
ρ̃n (−η̂)1/2 (t − s)

)
ρ̃n (−η̂)1/2 Ψn

(
ξ0

|η̂|1/2

)
Ψn

(
|η̂|1/2x

)
,

we have

∣∣∣∣∣∣E2,m − E2

∣∣∣∣∣∣2
0
=

∫ t

0
ds

∫
R2

∣∣∣Fm
2 (t − s, x, y; ξ0, η̂)

∣∣∣2 ν2 (dξ0, dη̂)

≤
C2 t
4π2

+∞∑
n=m

∫
R

|η̂|1/2

n1/6 ((2n + 1) µ |η̂| + bη̂)
ν̂2(dη̂)

≤C̃2 t
+∞∑
n=m

n−7/6 m→+∞
−−−−−→ 0,

as desired.
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2.3.3 Three dimensions: integral bound

For the reader’s convenience, we recall the formal expression for the candidate three-dimensional

random field solution:

u3(t, x, y, z) =
∫ t

0

∫
R3

E3 (t − s, x, y − y0, z − z0; x0)

×Ḟ3(s, x0, y0, z0)ds dx0 dy0 dz0.

In the present section, we would like to understand whether the above expression is a real-valued

process and to check if E3 belongs to P0. As always, we start with showing that E3 ∈ P̄.

Lemma 2.3.2. Let F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)
be defined as in (2.18) and the assumptions of The-

orem 2.1.1 (iii) hold. Then,

I3 :=
∫ t

0

∫
R3

∣∣∣∣F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)∣∣∣∣2 ν3

(
dξ0, dη̂, dζ̂

)
ds < ∞.

Proof. The proof is very similar to the one of Proposition 2.3.1. Indeed, denoting

ĝn

(
t − s, x, y; η̂, ζ̂

)
:=

H (t − s)
2π

eiyη̂+izζ̂

× (−i)n
sin

(
ρn

(
−η̂, ζ̂

)1/2
(t − s)

)
ρn

(
−η̂, ζ̂

)1/2 Ψn

(
|η̂|1/2x

)
,

and

T̂0 :=
∫ t

0

∫
R2

ĝ0

(
t − s, x, y, z; η̂, ζ̂

)2
|η̂|1/2ν̂3

(
dη̂, dζ̂

)
ds,

q̂n :=
∫
R2

|η̂|1/2(
(2n + 1) µ |η̂| + aζ̂2 + bη̂

) ν̂3

(
dη̂, dζ̂

)
,

with the same strategy employed in the previous section, we obtain

I3 ≤
C2 t
4π2

∞∑
n=1

n−1/6q̂n + T̂0. (2.23)
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Now, since |b| < µ, we have µ + sign(η̂)b > 0 and consequently

q̂n ≤

∫
R2

|η̂|1/2

nµ |η̂| + aζ̂2
w(η̂2 + ζ̂2) dη̂dζ̂ =: J(n).

We can then switch to polar coordinates and, recalling Young’s inequality

xp

p
+

yq

q
≥ xy,

1
p
+

1
q
= 1,

obtain

J(n) =4
∫ +∞

0
dρ ρw(ρ2)

∫ π/2

0

(ρ cos(θ))1/2

nµρ cos(θ) + aρ2 sin2(θ)
dθ

=4
∫ +∞

0
dρ ρ1/2w(ρ2)

∫ π/2

0

(cos(θ))1/2

nµ cos(θ) + aρ sin2(θ)
dθ

≤
4(1/p)1/p(1/q)1/q

µ1/pa1/q n−1/p
∫ +∞

0
dρ ρ1/2−1/qw(ρ2)

∫ π/2

0
cos(θ)1/2−1/p sin θ−2/qdθ.

We have

∫ π/2

0
cos(θ)1/2−1/p sin θ−2/qdθ =

Γ (3/4 − 1/2p)Γ (1/2 − 1/q)
2Γ (5/4 − 1/2p − 1/q)

< +∞,

with q selected as below. In fact, condition (2.5) guarantees that we can indeed select q so that

∫ +∞

0
ρ1/2−1/qw(ρ2)dρ =

∫ +∞

0
ρ1−2αw(ρ2)dρ < +∞.

From 1
q = 2α − 1

2 we have
1
p
= 1 −

1
q
=

3
2
− 2α >

5
6
.

Therefore, we get J(n) ≤ Ĉn−1/p, 1/p > 5/6, which is sufficient for the convergence of the

series in (2.23).

Finally, taking ϵ > 0 such that ϵ < µ + b sign(η̂), we write

T0 ≤
t

4π9/4

∫
R2

|η̂|1/2

aζ̂2 + ϵ |η̂|
w(η̂2 + ζ̂2) dη̂dζ̂,

which is finite, by the same arguments utilized above. □
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Having proved that E3 ∈ P̄, in order to show that E3 ∈ P0 we need to find a sequence of

functions E3,m ∈ E0 such that E3,m → E3 in P̄. We set

E3,m (t, x, y, z; x0) := −
H (t)
2π

×

∫
R2

eiyη+izζ |η|1/2
m∑

n=0

sin
(
ρn (η, ζ)1/2 t

)
ρn (η, ζ)1/2 Ψn

(
x0|η|

1/2
)
Ψn

(
x|η|1/2

)
dη dζ.

It is readily seen that (x0, y, z) 7→ E3,m (t, x, y, z; x0) ∈ S
(
R3

)
for all m ∈ N, and

∣∣∣∣∣∣E3,m − E3

∣∣∣∣∣∣2
0
≤

C2 t
4π2

+∞∑
n=m

n−1/6q̂n
m→+∞
−−−−−→ 0.

2.3.4 Common computations: measurability

To prove our claim, it is left to show that the maps (t, x, y) 7→ u2(t, x, y) and (t, x, y, z) 7→

u3(t, x, y, z) are measurable. Our strategy in this regard is to show L2(Ω)-continuity of the solu-

tion processes. We only tackle the three-dimensional case, as the two-dimensional case is pretty

much analogous.

We first consider the variable y. We call

F̄3(t − s, x, z; ξ0, η̂, ζ̂) :=
H (t − s)

2π
eizζ̂

×

+∞∑
n=0

(−i)n
sin

(
ρn

(
−η̂, ζ̂

)1/2
(t − s)

)
ρn

(
−η̂, ζ̂

)1/2 Ψn

(
ξ0

|η̂|1/2

)
Ψn

(
|η̂|1/2x

)
,

and get

E
[
|u3(t, x, y + h, z) − u3(t, x, y, z)|2

]
=

∫ t

0
ds

∫
R3

∣∣∣∣F3

(
t − s, x, y + h, z; ξ0, η̂, ζ̂

)
− F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)∣∣∣∣2 ν3(dξ0, dη̂, dζ̂)

=

∫ t

0
ds

∫
R3

∣∣∣eiη̂(y+h) − eiη̂y
∣∣∣2 ∣∣∣F̄3(t − s, x, z; ξ0, η̂, ζ̂)

∣∣∣2 ν3(dξ0, dη̂, dζ̂).

Now, F̄3(t − s, x, z; ξ0, η̂, ζ̂) is integrable, and hence, by dominated convergence, we have

lim
h→0
E

[
|u3(t, x, y + h, z) − u3(t, x, y, z)|2

]
= 0.
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The z variable is treated in the same way. For the increment in the x variable, we denote

S 3(t − s, η̂, ζ̂, x, h) :=
+∞∑
n=0

sin2
(
ρn

(
−η̂, ζ̂

)1/2
(t − s)

)
ρn

(
−η̂, ζ̂

) (
Ψn(|η|1/2(x + h)) − Ψn(|η|1/2x)

)2
,

and write

E
[
|u3(t, x + h, y, z) − u3(t, x, y, z)|2

]
=

∫ t

0
ds

∫
R3

∣∣∣∣F3

(
t − s, x + h, y, z; ξ0, η̂, ζ̂

)
− F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)∣∣∣∣2 ν3(dξ0, dη̂, dζ̂)

=

∫ t

0
ds

∫
R2

|η̂|1/2

4π2 S 3(t − s, η̂, ζ̂, x, h)
(
1 + |η̂|2 + |ζ̂ |2

)−α
dη̂dζ̂.

Moreover in view of (2.12), we have

S 3(t − s, η̂, ζ̂, x, h) ≤
+∞∑
n=0

4C2

n1/6ρn

(
−η̂, ζ̂

) < +∞, (2.24)

granting uniform convergence and consequently the continuity of S 3(t− s, η̂, ζ̂, x, h) with respect

to the variable h too. Furthermore, in the proof of Lemma 2.3.2 we have seen that

∫ t

0
ds

∫
R3
|η|1/2

+∞∑
n=0

1

n1/6ρn

(
−η̂, ζ̂

)ν3(dξ0, dη̂, dζ̂) < +∞.

Therefore, by dominated convergence we get

lim
h→0
E

[
|u3(t, x + h, y, z) − u3(t, x, y, z)|2

]
= 0. (2.25)

Lastly, the increment in time yields

E
[
|u3(t + h, x, y, z) − u3(t, x, y, z)|2

]
≤2

∫ t

0
ds

∫
R3

∣∣∣∣F3

(
t + h − s, x, y, z; ξ0, η̂, ζ̂

)
− F3

(
t − s, x, y, z; ξ0, η̂, ζ̂

)∣∣∣∣2 ν3(dξ0, dη̂, dζ̂)

+ 2
∫ t+h

t
ds

∫
R3

∣∣∣∣F3

(
t + h − s, x, y, z; ξ0, η̂, ζ̂

)∣∣∣∣2 ν3(dξ0, dη̂, dζ̂)

=2J1(h) + 2J2(h).
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Lemma 2.3.2 immediately gives

lim
h→0

J2(h) = 0.

Denoting

S̃ 3(t − s, η̂, ζ̂, x, h) :=
+∞∑
n=0

(
sin

(
ρ1/2

n (η̂, ζ̂)(t + h − s)
)
− sin

(
ρ1/2

n (η̂, ζ̂)(t − s)
))2

ρn(η̂, ζ̂)
Ψ2

n(|η|1/2x),

by Parseval’s identity, we obtain

J1(h) =
∫ t

0
ds

∫
R2

|η̂|1/2

4π2 S̃ 3(t − s, η̂, ζ̂, x, h)
(
1 + |η̂|2 + |ζ̂ |2

)−α
dη̂dζ̂.

For S̃ 3(t− s, η̂, ζ̂, x, h), the same bound as in (2.24) holds. So, by dominated convergence, again

we have

lim
h→0

J1(h) = 0,

which concludes the proof.
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Chapter 3

An associated bundle approach to the

Bures–Wasserstein geometry of fixed rank

covariance matrices

Covariance matrices are present and vastly utilized in many fields of study, including statistics,

physics and engineering, as they can represent many different data. Their intrinsic geometry

under the Bures–Wasserstein metric is central for information geometry and optimal transport.

A deep geometric understanding therefore translates into stronger theoretical guarantees and

more efficient algorithms across all applications.

3.1 Mathematical framework

We briefly recall the structure of the set of covariance matrices that is introduced in Chapter 1.

The set of n-dimensional covariance matrices is defined as

Cov(n) :=
{
Σ ∈ Sym(n) |Σ ⪰ 0

}
,

where Sym(n) denotes the space of symmetric n × n matrices. It has the structure of stratified

space with smooth strata

Sym(n, k) := {Σ ∈ Cov(n) | rk(Σ) = k} .
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3.1 Mathematical framework

When endowed with the Bures–Wasserstein distance, defined as

dBW(Σ,Λ)2 = Tr(Σ) + Tr(Λ) − 2 Tr((Σ1/2ΛΣ1/2)1/2),

the cone Cov(n) is characterized as a complete geodesic space of nonnegative curvature [4].

The smooth strata are thus equipped with a resulting Riemannian structure. Denoting Σ =

QDQT with D = diag(d1, ..., dk) positive definite, Q ∈ St(n, k) and S Σ,V = QS D(QT VQ)QT ,

where S A(B) is the unique solution to the Sylvester equation B = AS + S A for A ∈ S PD(n) and

B ∈ Sym(n) (Appendix No. 13), we obtain the inner product on TΣ Sym+(n, k), i.e.,

gBW(n,k)
Σ

(V,W) =Tr(S Σ,VΣS Σ,W) + Tr(P⊥ΣVΣ†W). (3.1)

In (3.1), V, W ∈ TΣ Sym(n, k) and Σ† denotes the Moore–Penrose inverse of Σ [86], [94]. The

Bures–Wasserstein metric clearly shows two components. The first one is denoted by

ghor
Σ (V,W) := Tr(P⊥ΣVΣ†W)

and acts on the subspace

HΣ Sym(n, k) := {V ∈ Sym(n) | P⊥ΣV = 0} ⊂ TΣ Sym(n, k).

The second one is denoted as

gver
Σ (V,W) := Tr(S Σ,VΣS Σ,W),

and acts on the orthogonal complement ofHΣ Sym(n, k). Thus, the metric is written as

gBW(n,k)
Σ

(V,W) = ghor
Σ (V,W) + gver

Σ (V,W).

In this chapter we introduce the diffeomorphic model

Sym(n, k) � M(n, k) := St(n, k) ×O(k) Sym+(k) = (St(n, k) × Sym+(k))/O(k),
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where St(n, k) denotes the Stiefel manifold and M(n, k) the bundle associated to the principal

O(k)-bundle πG : St(n, k) → Gr(k, n), see Subsection 3.1.2. This associated-bundle model

has been used in several applied works on low-rank covariance and subspace estimation (see,

e.g., [26], [27], [81]), typically endowed with product-type Riemannian metrics. However,

to the best of our knowledge, a systematic analysis of this model equipped with the Bures–

Wasserstein metric—and its interplay with the Grassmannian geometry of Gr(k, n)—has not

been carried out.

The main contributions of this paper can be summarized as follows.

(i) We provide a detailed analysis of the associated-bundle model

Sym+(n, k) � St(n, k) ×O(k) Sym+(k)

under the Bures–Wasserstein metric. In particular, we characterize the tangent spaces, the

horizontal–vertical splitting, and the pullback metric on M(n, k). This model gives a clear

separation between changes and movements in the support subspace and the covariance

within that subspace and it provides a standpoint to develop statistical procedures that

are subjective to this split. We stress again that the diffeomorphic model is not novel

per se, but it has never been studied under the Bures–Wasserstein metric and a rigorous

geometric perspective helps us to develop the further results named below.

(ii) Within this model, we prove that the fibers MP(n, k), P ∈ Gr(k, n), are totally geodesic

submanifolds. Equivalently, Bures–Wasserstein geodesics with vertical initial velocity re-

main in a fixed fiber, and geodesics joining two matrices with the same image stay in that

image subspace. This gives a transparent geometric explanation of the algebraic unique-

ness conditions for geodesics within a stratum observed in [106] and may prove useful

in the development of algorithms aware of fiber preserving flows, e.g. in constrained

optimization.

(iii) We derive a system of ordinary differential equations (ODEs) for Bures–Wasserstein

geodesics in bundle coordinates on M(n, k). In particular, we identify a simple matrix–

valued first integral which can be interpreted as the momentum associated with the O(k)–

symmetry of the model. This conservation law decouples part of the dynamics and will
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be exploited in low-dimensional examples to recover known closed-form expressions for

fixed-rank Bures–Wasserstein geodesics. This ODE formulation is well suited for numer-

ical integration and algorithms on low-rank covariance manifolds.

(iv) We establish a one-to-one correspondence between the index set of Bures–Wasserstein

logarithms on (Sym+(n, k), dBW) and the index set of Grassmannian logarithms on (Gr(k, n), dE),

where dE denotes the Euclidean metric on the Grassmannian. This clarifies the precise

relationship between multiplicities of minimizing geodesics in the Grassmann and fixed-

rank covariance geometries.

The rest of the chapter is organized as follows. In this Section, we introduce the needed

geometrical framework. In particular, in Section 3.1.1 we introduce some definitions and useful

results of differential geometry, while in Section 3.1.2 we describe the principal fiber bundle

πG : St(n, k)→ Gr(k, n).

In Section 3.2, we get into the heart of the topic and study the geometry of the stratum

Sym(n, k). In Section 3.2.1, we introduce and prove the diffeomorphism Sym(n, k) � M(n, k);

in Section 3.2.2 we give a characterization of the tangent spaces to M(n, k); in Section 3.2.3,

we study how the Bures–Wasserstein metric on Sym(n, k) translates to a metric on M(n, k); in

Section 3.2.4, we analyze the geodesics in M(n, k) and find a system of geodesic equations and

finally in Section 3.2.4.3 a bijection between the logarithms of Sym(n, k) and Gr(k, n) is proved.

3.1.1 Fiber bundles

Here we introduce the concepts from differential geometry that we will need in later Sections.

We refer to [57], [68], [99] for a comprehensive treatment.

Definition 3.1.1. Let E, B and F be smooth manifolds and π : E → B a smooth surjection. The

quadruple (E, B, π, F) is called a smooth fiber bundle with fiber F if for every b ∈ B there exists

a neighbourhood U ⊂ B and a diffeomorphism

ψU : π−1(U)→ U × F
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such that the following diagram commutes:

π−1(U) U × F

U

ψU

π
pr1

where pr1 denotes the canonical projection onto U. The manifold B is called the base space, E

the total space, and π the projection. For b ∈ B, the set Eb := π−1(b) is diffeomorphic to F and

is called the fiber over b. The family {(U, ψU)} is called a (smooth) local trivialization of the

bundle.

Fiber bundles will often be denoted simply by (E, π) or by π : E → B.

Definition 3.1.2. Let π1 : E1 → B and π2 : E2 → B be two fiber bundles over the same base

space. A smooth map ϕ : E1 → E2 is called a bundle morphism if it respects the projections,

i.e.,

π1 = π2 ◦ ϕ.

We observe that ϕ takes every fiber π−1
1 (b) in E1 into the corresponding fiber π−1

2 (b) in E2.

Definition 3.1.3. A bundle morphism ϕ : E1 → E2 is called an isomorphism between fiber

bundles or a bundle isomorphism if it is a diffeomorphism. The two bundles π1 : E1 → B and

π2 : E2 → B are called isomorphic.

Definition 3.1.4. Let G be a Lie group. We call principal G-bundle a fiber bundle π : P → B

to which is associated a right action Rg : P → P, x → Rgx = xg that satisfies the following

properties.

(i) for each g ∈ G, Rg is a diffeomorphism;

(ii) the action preserves the fibers and is free and transitive on them, i.e., for every fiber

Pb = π−1(b) and every pair of points x, y ∈ Pb there exists a unique g ∈ G such that

y = xg.

The properties (i) and (ii) imply that every fiber Pb is diffeomorphic to G and can be identi-

fied with G itself.
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Definition 3.1.5. Let π : P→ B be a principal G-bundle. Let F be a smooth manifold equipped

with a left action by G defined as Lg : F → F, x→ Lgx = g · x. Define a G action on P × F as

(p, x) · g = (pg, g−1 · x).

Denote the total space as E = P ×G F := (P × F)/G. We call fiber bundle associated to the

principal G-bundle, or associated G-bundle, the fiber bundle defined by the projection

π̃ : E → B, [p, x] 7→ π(p),

where [p, x] denotes an equivalence class in E.

Proposition 3.1.1. For a P→ B principal G-bundle and an associated bundle E = P×G F with

fiber F and left action Lg f = g · f the tangent spaces are given by

T[p, f ]E = (TpP × T f F)/{pξ,−L∗ξr | ξ ∈ g},

where g is the Lie algebra of G and L∗ξ := ∂tLexp(tξ)|t=0.

Proof. Let q : P×F → E be the canonical projection defining the associated bundle E = P×G F.

By construction, q is a submersion and its differential

dq(p, f ) : TpP × T f F → T[p, f ]E

is surjective, with kernel equal to the tangent space to the G-orbit O(p, f ) through (p, f ).

For any ξ ∈ g, consider the one-parameter subgroup exp(tξ) and the curve

γξ(t) := (p, f ) · exp(tξ) =
(
p exp(tξ), Lexp(−tξ) f

)
,

which lies entirely in O(p, f ). Differentiating at t = 0 gives

∂tγξ(t)
∣∣∣
t=0
= (pξ,−L∗ξ f ).
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The set of such vectors, as ξ varies in g, spans the tangent space to the orbit at (p, f ). Hence

Ker
(
dq(p, f )

)
= {(pξ,−L∗ξ f ) | ξ ∈ g}.

Since dq(p, f ) is surjective, we obtain

T[p, f ]E =
(
TpP × T f F

)
/Ker

(
dq(p, f )

)
=

(
TpP × T f F

)
/
{
(pξ,−L∗ξ f ) | ξ ∈ g

}
,

which is the claimed description. □

With the same notation as in Proposition 3.1.1, denoting by pr1 : B × F → B the canonical

projection onto the base space, by q : P × F → E the quotient map, we get

π̃ ◦ q = π ◦ pr1.

Differentiating at (p, f ) ∈ E yields

dπ̃([p, f ]) ◦ dq(p, f ) = dπ(p) ◦ dpr1(p, f )

and thus, for [x, y] ∈ T[p, f ]E

dπ̃([p, f ])([x, y]) =dπ̃([p, f ]) ◦ dq(p, f )(x, y) = dπ(p) ◦ dpr1(p, f )(x, y) = dπ(p)(x). (3.2)

This gives the vertical spaces

V[p, f ] := Ker (dπ̃([p, f ])) = {[x, y] ∈ T[p, f ]E | x ∈ Ker(dπ(p))}. (3.3)

We will also need the following Lemma, which allows us to upgrade fiberwise diffeomor-

phisms to a global bundle isomorphism.

Lemma 3.1.2. Let πM : M → B, πN : N → B be two smooth fiber bundles over the same base

space. Let ϕ : M → N, πN = πM ◦ ϕ be a smooth bundle morphism such that the restriction on

the fibers is a diffeomorphism. Then ϕ is a global diffeomorphism.

Proof. We first show that ϕ is a bijection.
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Surjectivity. Let y ∈ N and set b := πN(y) ∈ B. The restriction

ϕb := ϕ
∣∣∣
π−1

M (b)
: π−1

M (b)→ π−1
N (b)

is a diffeomorphism by assumption. In particular, y ∈ π−1
N (b) admits a preimage x ∈ π−1

M (b) with

ϕ(x) = y.

Injectivity. Suppose ϕ(x1) = ϕ(x2) for x1, x2 ∈ M. Then

πM(x1) = πN(ϕ(x1)) = πN(ϕ(x2)) = πM(x2),

so x1 and x2 lie in the same fiber of πM. Since the restriction of ϕ to that fiber is a diffeomor-

phism, it is injective there, and thus x1 = x2.

We have shown that ϕ is a bijection.

Since M and N are smooth fiber bundles and their fibers are diffeomorphic to each other,

there exists an open cover {Uα} of B and smooth local trivializations

ψM
α : π−1

M (Uα)→ Uα × F, ψN
α : π−1

N (Uα)→ Uα × F,

where F is a model fiber diffeomorphic to the fibers of both bundles. In these coordinates we

can write

ϕ̃α := ψN
α ◦ ϕ ◦ (ψM

α )−1 : Uα × F → Uα × F.

Because ϕ is a bundle morphism over the identity on B, ϕ̃α takes the form

ϕ̃α(b, x) = (b, fα(b, x)),

where fα : Uα × F → F is smooth and, for each b ∈ Uα, the map

fα,b := fα(b, ·) : F → F

is a diffeomorphism (since ϕ restricts to a diffeomorphism on each fiber).
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The differential of ϕ̃α at (b, x) has block form

Dϕ̃α(b, x) =

I 0

∗ Dx fα,b

 ,
where I is the identity on TbUα and Dx fα,b is the differential of fα,b at x. Because each fα,b

is a diffeomorphism, Dx fα,b is invertible, so Dϕ̃α(b, x) is invertible as well. Thus ϕ̃α is a local

diffeomorphism, and since it is also globally bijective on Uα × F, it is a global diffeomorphism

there, with inverse

ϕ̃−1
α (b, x) = (b, f −1

α,b(x)).

It follows that ϕ is smooth and has a smooth inverse in each local trivialization chart, and

hence globally on M and N. Therefore ϕ is a diffeomorphism. □

3.1.2 The Grassmannian as a principal fiber bundle

We now briefly review the well-known principal O(k)-bundle

πG : St(n, k)→ Gr(k, n), Q 7→ Span(Q),

where St(n, k) denotes the Stiefel manifold of n × k matrices with orthonormal columns, and

Gr(k, n) the Grassmann manifold of k-dimensional subspaces of Rn. For a comprehensive re-

view we refer the reader to [16].

Let Q ∈ St(n, k). The tangent space to St(n, k) at Q can be characterized as

TQ St(n, k) = {V ∈ Mat(n, k) |QT V + VT Q = 0}.

If we fix a matrix Q⊥ ∈ Mat(n, n−k) that completes Q to an orthonormal basis of Rn, then every

V ∈ TQ St(n, k) can be uniquely decomposed as

V = QA + Q⊥B, A ∈ o(k) = Skew(k), B ∈ Mat(n − k, k),

where o(k) denotes the Lie algebra of the orthogonal group O(k) (see [16, Section 2.2]).
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We identify the tangent space to Gr(k, n) at a point P with

TP Gr(k, n) � Hom(P, P⊥).

Once a basis is specified, we may further identify Hom(P, P⊥) � Mat(n − k, k).

The vertical space at Q is given by

VQ := Ker
(
dπG(Q)

)
= {QA | A ∈ o(k)}.

The standard construction (see [16]) is to endow both St(n, k) and Gr(k, n) with the Euclidean

(Frobenius) metric, i.e.

gSt
Q (V1,V2) = Tr(V1VT

2 ), V1,V2 ∈ TQ St(n, k),

gGr
P (B1, B2) = Tr(B1BT

2 ), B1, B2 ∈ Mat(n − k, k) � TP Gr(k, n), (3.4)

where the Grassmannian metric is independent of the chosen matrix representatives of P.

The horizontal space at Q is then defined as the orthogonal complement ofVQ in TQ St(n, k)

with respect to the Euclidean metric, namely

HQ := V⊥Q = {Q⊥B | B ∈ Mat(n − k, k)}.

Proposition 3.1.3. The projection πG : (St(n, k), gSt)→ (Gr(k, n), gGr) is a Riemannian submer-

sion, that is the restriction

dπG(Q)
∣∣∣
HQ

: HQ → TP Gr(k, n),

with P = Span(Q), is an isometry for every Q ∈ St(n, k).

Proof. Let Q ∈ St(n, k), and let Q⊥ be a completion to an orthonormal basis of Rn, so that

[Q Q⊥] ∈ O(n). Consider a horizontal tangent vector V ∈ TQ St(n, k), which by definition can

be written as V = Q⊥B for some B ∈ Mat(n − k, k).

Let Q(t) ∈ St(n, k) be a smooth curve with Q(0) = Q and Q̇(0) = V . For any x ∈ Rk, consider

the curve v(t) = Q(t)x ∈ Rn, which lies in the evolving subspace P(t) := πG(Q(t)) ∈ Gr(k, n).

Then

v̇(0) = Q̇(0)x = Q⊥Bx.
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Since x ∈ Rk is arbitrary, the derivative dπG(Q)(V), viewed in the coordinates induced by the

orthonormal basis [Q Q⊥] of Rn, is exactly the matrix B ∈ Mat(n − k, k). In particular,

dπG(Q) : HQ → TSpan(Q) Gr(k, n) � Mat(n − k, k)

is an isomorphism, and for V1 = Q⊥B1 and V2 = Q⊥B2 we have

gSt
Q (V1,V2) = Tr(B1BT

2 ) = gGr
Span(Q)

(
dπG(Q)(V1), dπG(Q)(V2)

)
,

by the definitions in (3.4). Thus dπG(Q) restricts to an isometry fromHQ onto TSpan(Q) Gr(k, n),

so πG is a Riemannian submersion. □

3.2 The Bures–Wasserstein Geometry of the fixed rank stra-

tum

3.2.1 An associated bundle model of fixed rank covariance matrices

As recalled in Section 3.1.2, St(n, k) carries a principal O(k)-bundle structure with base space

Gr(k, n) and structure group O(k) acting by right multiplication. The projection

πG : St(n, k)→ Gr(k, n), Q 7→ Span(Q),

is a surjective submersion and the right action of O(k) on St(n, k) is free and proper.

We equip Sym+(k) with the smooth left O(k)-action

G · S := GS GT

and form the associated fiber bundle

M(n, k) = St(n, k) ×O(k) Sym+(k) =
(

St(n, k) × Sym+(k)
)
/O(k),
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where the equivalence relation is

(Q,D) ∼ (QG,GT DG), G ∈ O(k),

and equivalence classes are denoted by [Q,D]. The projection of the associated bundle

πM : M(n, k)→ Gr(k, n)

is defined by

πM([Q,D]) = πG(Q) = Span(Q),

and the fiber over P ∈ Gr(k, n) is

MP(n, k) = {[Q,D] | Span(Q) = P}.

It is a standard fact in the theory of associated fiber bundles that every fiber MP(n, k) is dif-

feomorphic to the model fiber Sym+(k) (see, for example, [63, Chapter 1] and [57, Chapter 4]).

On the other hand, we consider the bundle

πSym : Sym+(n, k)→ Gr(k, n), Σ 7→ Im(Σ),

where Im(Σ) denotes the image (column space) of Σ. The fiber over P ∈ Gr(k, n) is

Sym+P(n, k) = {Σ ∈ Sym(n) |Σ ⪰ 0, rk(Σ) = k, Im(Σ) = P}.

Thus Sym+(n, k) is also a fiber bundle over Gr(k, n) with the same base space as M(n, k).

We define the map

ϕ : M(n, k)→ Sym+(n, k), [Q,D] 7→ QDQT .

It is readily checked that it is well defined, i.e. the value of ϕ does not depend on the represen-

tative of the class [Q,D]. Moreover, ϕ preserves fibers:

πSym
(
ϕ([Q,D])

)
= Im(QDQT ) = Span(Q) = πM([Q,D]).
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Hence, ϕ is a smooth bundle morphism from M(n, k) to Sym+(n, k) over Gr(k, n).

Proposition 3.2.1. The smooth bundle morphism ϕ : M(n, k) → Sym+(n, k) is a fiber-wise

diffeomorphism, i.e., the restriction

ϕ|Mp(n,k) : Mp(n, k)→ S ym+P(n, k)

is a diffeomorphism.

Proof. Fix P ∈ Gr(k, n) and choose Q0 ∈ St(n, k) such that Span(Q0) = P. Every class in the

fiber MP(n, k) can be represented as [Q0,D] for some D ∈ Sym+(k). Restricting ϕ to MP(n, k)

and using the identification MP(n, k) � Sym+(k) we obtain the map

ϕMP(n,k) : Sym+(k)→ Sym+P(n, k); D 7→ Q0DQT
0 ,

which is clearly a diffeomorphism with inverse Σ 7→ QT
0ΣQ0. □

We can now apply Lemma 3.1.2 to the bundle morphism ϕ : M(n, k)→ Sym+(n, k).

Theorem 3.2.2. Let

M(n, k) = St(n, k) ×O(k) Sym+(k) =
(

St(n, k) × Sym+(k)
)
/O(k).

Then the map

ϕ : M(n, k)
�
−−→ Sym+(n, k), [Q,D] 7→ QDQT ,

is a global diffeomorphism of fiber bundles over Gr(k, n). In particular, each fiber of Sym+(n, k)

is diffeomorphic to Sym+(k).

Practically, we can now assign in a smooth manner a class [Q,D] ∈ M(n, k) to any matrix

Σ = QDQT (with Q ∈ St(n, k) and D ∈ Sym+(k)), and conversely, any class [Q,D] corresponds

to the fixed-rank covariance matrix Σ = QDQT .
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3.2.2 Tangent spaces

We now identify the tangent spaces of M(n, k) by means of Proposition 3.1.1. In our case, the

left action of O(k) on Sym+(k) is given by

LG(D) = GDGT .

For A ∈ o(k) and D ∈ Sym+(k), the infinitesimal action is

L∗A(D) = ∂t
(

exp(tA)T D exp(tA)
)∣∣∣

t=0
= DA − AD = {D, A},

where we denote the matrix commutator by {D, A} = DA − AD to avoid confusion with equiva-

lence classes. Hence, by Proposition 3.1.1, the subspace that is quotiented out in T[Q,D]M(n, k)

is

{(QA,−{D, A}) | A ∈ o(k)},

and the equivalence relation on TQ St(n, k) × TD Sym+(k) is

(V, T ) ∼ (V + QA,T − {D, A}), A ∈ o(k).

Recall that every V ∈ TQ St(n, k) can be uniquely decomposed as

V = QA + Q⊥B, A ∈ o(k), B ∈ Mat(n − k, k),

for a suitable completion Q⊥ of Q to an orthonormal basis of Rn. Using the above equivalence

relation, any pair (V, T ) is equivalent to a unique representative of the form (Q⊥B, T̃ ), obtained

by absorbing the QA component into the vertical part via T 7→ T − {D, A}.

Thus we obtain the following description:

T[Q,D]M(n, k) ={[Q⊥B, T ] | B ∈ Mat(n − k, k), T ∈ Sym(k)}

�{(Q⊥B, T ) | B ∈ Mat(n − k, k), T ∈ Sym(k)},

where, for notational convenience, we identify each class with its representative of the form
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(Q⊥B, T ).

Now, Equation (3.2) can be applied to this case, yielding

dπM([Q,D])([Q⊥B, T ]) = dπG(Q)(Q⊥B) = B.

This yields the following horizontal–vertical splitting:

V[Q,D] = Ker
(
dπM([Q,D])

)
= {[0,T ] | T ∈ Sym(k)},� {(0,T ) | T ∈ Sym(k)},

H[Q,D] = {[Q⊥B, 0] | B ∈ Mat(n − k, k)} � {(Q⊥B, 0) | B ∈ Mat(n − k, k)}.

In other words, in the bundle coordinates [Q,D] with tangent representatives (Q⊥B, T ), hor-

izontal directions are encoded by B (moving the subspace in the Grassmannian) and vertical

directions by T (changing the covariance within a fixed subspace).

3.2.3 Pullback metric

In our setting, the manifold Sym+(n, k) is endowed with the Bures–Wasserstein metric gBW(n,k),

and M(n, k) is equipped with the diffeomorphism

ϕ : M(n, k)
�
−−→ Sym+(n, k), [Q,D] 7→ QDQT

from Theorem 3.2.2. This allows us to define the Riemannian metric h on M(n, k) as the pull-

back (Appendix No. 23)

h := ϕ∗gBW(n,k).

Proposition 3.2.3. Let [Q,D] ∈ M(n, k) with Q ∈ St(n, k), D ∈ Sym+(k), and let Q⊥ ∈ St(n, n −

k) be such that [Q Q⊥] ∈ O(n). Moreover, let V, W ∈ T[Q,D]M(n, k) be written as

V := [Q⊥BV , TV], W := [Q⊥BW , TW],

with BV , BW ∈ Mat(n − k, k) and TV , TW ∈ Sym(k). Then the pullback metric h = ϕ∗gBW(n,k) on

M(n, k) satisfies

h[Q,D](V,W) = Tr
(
BV DBT

W
)
+ Tr

(
S D(TV) D S D(TW)

)
. (3.5)
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In particular, h is a well-defined Riemannian metric on M(n, k), and ϕ : (M(n, k), h)→ (Sym+(n, k), gBW(n,k))

is a Riemannian isometry.

Proof. Take a smooth curve [Q(t),D(t)] ∈ M(n, k) such that

Q(0) = Q, Q̇(0) = Q⊥B, D(0) = D, Ḋ(0) = T,

with B ∈ Mat(n − k, k) and T ∈ Sym(k). Then the differential dϕ[Q,D] : T[Q,D]M(n, k) −→

TQDQT Sym+(n, k) is given by the equation

dϕ[Q,D](Q⊥B, T ) =
d
dt

∣∣∣∣
t=0

Q(t)D(t)Q(t)T = Q⊥BDQT + QDBT QT
⊥ + QT QT .

Denote

Ṽ := dϕ[Q,D](V), W̃ := dϕ[Q,D](W).

We are going to analyse separately the horizontal ghor
Σ

(Ṽ , W̃) = Tr
(
P⊥
Σ

ṼΣ†W̃
)

and vertical

gver
Σ

(Ṽ , W̃) = Tr
(
S Σ,Ṽ Σ S Σ,W̃

)
parts of the metric.

Horizontal part. Using P⊥
Σ
= Q⊥QT

⊥ and Σ† = QD−1QT , we compute

P⊥Σ Ṽ = Q⊥QT
⊥

(
Q⊥BV DQT + QDBT

V QT
⊥ + QTV QT ) = Q⊥BV DQT ,

because QT
⊥Q = 0 and QT

⊥Q⊥ = In−k. Thus

P⊥Σ Ṽ Σ† = Q⊥BV DQT QD−1QT = Q⊥BV QT .

Multiplying by W̃ gives

P⊥Σ Ṽ Σ†W̃ = Q⊥BV QT (Q⊥BW DQT + QDBT
W QT

⊥ + QTW QT )
= Q⊥BV DBT

W QT
⊥ + Q⊥BVTW QT .

Taking the trace and using cyclicity,

ghor
Σ (Ṽ , W̃) = Tr

(
P⊥Σ Ṽ Σ†W̃

)
= Tr

(
Q⊥BV DBT

W QT
⊥

)
+ Tr

(
Q⊥BVTW QT ).
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The second term vanishes because

Tr
(
Q⊥BVTW QT ) = Tr

(
QT Q⊥BVTW

)
= 0,

so

ghor
Σ (Ṽ , W̃) = Tr

(
Q⊥BV DBT

W QT
⊥

)
= Tr

(
BV DBT

W
)
,

again by cyclicity of the trace.

Vertical part. For the vertical component, we use

Ṽ = Q⊥BV DQT + QDBT
V QT
⊥ + QTV QT ,

and obtain

QT ṼQ = QT Q⊥BV DQT Q + QT QDBT
V QT
⊥Q + QT QTV QT Q = TV .

Thus

S Σ,Ṽ = QS D(TV)QT ,

and similarly S Σ,W̃ = QS D(TW)QT . Therefore,

gver
Σ (Ṽ , W̃) = Tr

(
S Σ,Ṽ Σ S Σ,W̃

)
= Tr

(
QS D(TV)QT QDQT QS D(TW)QT )

= Tr
(
S D(TV)DS D(TW)

)
,

again by cyclicity of the trace.

Putting the horizontal and vertical contributions together, we obtain

h[Q,D](V,W) = gBW(n,k)
Σ

(Ṽ , W̃) = Tr
(
BV DBT

W
)
+ Tr

(
S D(TV) D S D(TW)

)
,

which proves (3.5). □

Remark 3.2.1. As can be observed in the proof of Proposition 3.2.3, the pullback metric natu-
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rally splits into an horizontal and a vertical part

hhor
[Q,D](V,W) := Tr

(
BV DBT

W
)
,

hver
[Q,D](V,W) := Tr

(
S D(TV) D S D(TW)

)
.

Moreover, the horizontal metric retains vertical information, i.e., it is influenced by vertical

position coordinate D.

3.2.4 Characterization of geodesics: totally geodesic fibers, geodesic ODE

system and logarithm bijection

The present Section is subdivided into three further Subsections, namely Sections 3.2.4.1,

3.2.4.2 and 3.2.4.3, that contain three different results. Each of these Sections is independent

from the others and can be taken as a standalone contribution, but together they convey a more

complete characterization of geodesics in M(n, k) and so in the smooth manifold Sym+(n, k).

3.2.4.1 Totally geodesic fibers

We start by recalling the Koszul formula. Let (M, h) be a Riemannian manifold with Levi–Civita

connection ∇. For vector fields X, Y , Z on M, the Koszul formula reads as

2h(∇XY, Z) = X
(
h(Y, Z)

)
+ Y

(
h(Z, X)

)
− Z

(
h(X, Y)

)
+ h({X, Y}, Z) − h({Y, Z}, X) − h({Z, X}, Y),

where {·, ·} denotes the Lie bracket of vector fields.

We apply this formula to the bundle M(n, k) equipped with the pullback metric h from

Section 3.2.3 and the horizontal–vertical splitting described in Section 3.2.2.

Proposition 3.2.4. Let M(n, k) = St(n, k)×O(k)Sym+(k) with the metric h defined in Section 3.2.3.

For each P ∈ Gr(k, n), the fiber

MP(n, k) = {[Q, S ] ∈ M(n, k) | Span(Q) = P}

is a totally geodesic submanifold of M(n, k) (Appendix No. 31).
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Proof. To show that each fiber MP(n, k) is totally geodesic it is enough to prove that if U and V

are vertical vector fields, then ∇UV is also vertical, i.e. its horizontal component vanishes.

Let U,V be vertical vector fields and X a horizontal vector field. We compute h(∇UV, X)

using the Koszul formula. We use the following facts:

• h(U, X) = h(V, X) = 0, since vertical and horizontal directions are orthogonal.

• {U, X} and {V, X} are vertical; indeed, dπM({U, X}) = {dπM(U), dπM(X)} = 0 because

dπM(U) = 0, and similarly for {V, X}.

• {U,V} is vertical, so h({U,V}, X) = 0.

• The vertical metric does not depend on the base coordinate: for vertical fields the function

Σ 7→ hΣ(UΣ,VΣ) depends only on the vertical coordinates, while X is horizontal, tangent

to the base. Hence X(h(U,V)) = 0.

It follows that h(∇UV, X) = 0 and so

H(∇UV) = 0,

whereH(·) denotes the horizontal projection. □

Remark 3.2.2. This is consistent with the fixed-rank Bures–Wasserstein geometry described in

[106], and in fact provides a more geometric perspective on it. In particular, [106, Theorem 5.2]

states that the Bures–Wasserstein geodesic connecting two matrices Σ,Λ ∈ Sym+(n, k) is unique

if and only if rk(ΣΛ) = rk(Σ), i.e. if and only if Σ and Λ have the same image subspace. In our

bundle picture this means that the two points lie in the same fiber MP(n, k), and Proposition 3.2.4

shows that the geodesic joining them remains inside this fiber. Thus the uniqueness criterion

of [106] acquires a natural geometric interpretation, and, in addition, such instances can be

studied within the full-rank Bures–Wasserstein framework on the fiber, where the geometry is

technically and computationally more tractable.

3.2.4.2 ODE system for geodesic equations with examples

We now derive the geodesic equations on M(n, k) via a variational approach (Appendix No. 32).
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Theorem 3.2.5. Let M(n, k) = St(n, k) ×O(k) Sym+(k) be endowed with the pullback Bures–

Wasserstein metric h = ϕ∗gBW(n,k). Consider a smooth curve

γ(t) = [Q(t),D(t)] ∈ M(n, k), t ∈ I ⊂ R,

with Q(t) ∈ St(n, k) and D(t) ∈ Sym+(k). Let Q⊥(t) be any smooth choice of orthonormal

complement of Q(t) so that

Q(t) :=
[
Q(t) Q⊥(t)

]
∈ O(n),

and write the velocity as

γ̇(t) = (Q⊥(t)B(t), T (t)),

with B(t) ∈ Mat(n− k, k) and T (t) ∈ Sym(k). Then γ is a Bures–Wasserstein geodesic in M(n, k)

if and only if it satisfies the bundle coordinate system



Q̇ = Q B, Q(0) = Q0,

Ḋ = DS + S D, D(0) = D0,

Ḃ = −B(DS + S D)D−1, B(0) = B0,

Ṡ = BT B − S 2, S (0) = S D0(T (0)) = S 0,

(3.6)

where

B(t) :=

 0 −B(t)T

B(t) 0

 ∈ o(n) = Skew(n).

In particular, the first line of (3.6) is equivalent to

Q̇ = Q⊥B, Q̇⊥ = −QBT ,

so that the columns of Q(t) and Q⊥(t) remain orthonormal for all t.

Proof. With the metric h from Subsection 3.2.3, the kinetic energy (Lagrangian) is

L(B,D,T ) :=
1
2

h
(
γ̇(t), γ̇(t)

)
=

1
2

Tr
(
BDBT ) + 1

2
Tr

(
S D(T ) D S D(T )

)
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=: Lhor(B,D) + Lver(D, T ),

where S D(T ) is the unique solution of the Sylvester equation

DS + S D = T.

A geodesic is a smooth curve γ such that L is stationary under all smooth variations with

fixed endpoints. Writing L in terms of the coordinates (B,D, T ) and using that L does not

depend on Q, the Euler–Lagrange equations reduce to

d
dt

(
∂BL

)
= 0,

d
dt

(
∂T L

)
− ∂DL = 0. (3.7)

We now compute the partial derivatives. Throughout we use the straightforward matrix-

variational identity

δ f (N) = Tr
(
δN (∂N f )T ),

for a scalar function f of a matrix argument N, see [74] for a general reference on matrix

calculus.

Derivative with respect to B. We have

δB Tr(BDBT ) =
d
dϵ

Tr
(
(B + ε δB)D(B + ε δB)T )∣∣∣

ε=0

= Tr(δBDBT ) + Tr(BDδBT )

= 2 Tr(δBDBT ),

so

∂BL = ∂BLhor = BD.

The first Euler–Lagrange equation in (3.7) therefore gives

d
dt

(BD) = 0 =⇒ BD = K, (3.8)

for some constant matrix K ∈ Mat(n−k, k) along the geodesic. Since D is invertible on Sym+(k),
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we may write

Ḃ = −B Ḋ D−1 = −BT D−1, (3.9)

using the relation Ḋ = T (the vertical component T is precisely the derivative of D along γ). In

terms of the Sylvester variable S = S D(T ), we can equivalently write

Ḃ = −B(DS + S D)D−1.

Derivative with respect to T . For the vertical part we compute

δT Tr
(
S D(T ) D S D(T )

)
= Tr

(
S D(δT ) D S D(T )

)
+ Tr

(
S D(T ) D S D(δT )

)
= Tr

(
S D(δT )(DS D(T ) + S D(T )D)

)
= Tr

(
δT S D(DS D(T ) + S D(T )D)

)
= Tr

(
δT S D(T )

)
,

where we used the linearity and self-adjointness of S D(·) with respect to the Frobenius inner

product, and the Sylvester equation

DS D(T ) + S D(T )D = T.

Thus

∂T L = ∂T Lver =
1
2

S D(T ). (3.10)

Derivative with respect to D. For the horizontal part,

δD Tr(BDBT ) = Tr(BT B δD),

so

∂DLhor =
1
2

BT B.

For the vertical part, we differentiate the Sylvester constraint

DS D(T ) + S D(T )D = T
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at fixed T , obtaining

D δDS D(T ) + δDS D(T )D = −δD S D(T ) − S D(T ) δD,

and hence

δDS D(T ) = −S D
(
δD S D(T ) + S D(T ) δD

)
.

A direct calculation then gives

δD Tr
(
S D(T ) D S D(T )

)
= Tr

(
δDS D(T ) D S D(T )

)
+ Tr

(
S D(T ) δD S D(T )

)
+ Tr

(
S D(T ) D δDS D(T )

)
= Tr

(
S D(T ) δD S D(T )

)
− Tr

(
δD S D(T )2) = −Tr

(
δD S D(T )2),

so

∂DLver = −
1
2

S D(T )2.

Combining the two contributions, we obtain

∂DL =
1
2
(
BT B − S D(T )2). (3.11)

Evolution equation for S = S D(T ). Plugging expressions (3.10) and (3.11) into the second

Euler–Lagrange equation in (3.7), we obtain

1
2

Ṡ D(T ) −
1
2
(
BT B − S D(T )2) = 0,

or, denoting S = S D(T ),

Ṡ = BT B − S 2. (3.12)

Finally, the evolution of Q is given by the horizontal component Q⊥B of the velocity and the

skew-symmetric matrix B as in the statement. Conversely, any solution of (3.6) arises from

a critical point of the energy functional with fixed endpoints, hence from a geodesic. This

establishes the equivalence. As a final note, the system (3.6) is equivariant under the gauge

change

(Q,D, B, S ) 7→ (QG,GT DG, BG.GT S G),
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for constant G ∈ O(k). Hence, the ODEs are well defined on the quotient M(n, k). □

Remark 3.2.3. As highlighted in the proof of Theorem 3.2.5, the Lagrangian

L(B,D,T ) =
1
2

Tr(BDB⊤) +
1
2

Tr
(
S D(T ) D S D(T )

)
does not depend on the base point Q ∈ St(n, k). In particular, the conjugate momentum with

respect to the horizontal velocity B, that is

∂BL = BD ∈ Mat(n − k, k),

is conserved along Bures–Wasserstein geodesics, i.e.

d
dt

(
B(t)D(t)

)
= 0. (3.13)

Equivalently, the matrix K := BD is a first integral of the geodesic flow on M(n, k), and can be

viewed as the momentum associated with the O(k)-symmetry of the bundle model. This feature

suggests the design of structure-preserving numerical schemes that exactly maintain BD, in

analogy with angular-momentum-preserving integrators in classical mechanics. In the rank-

one examples below this conservation law reduces the geodesic system to a one-dimensional

problem and allows us to recover the known fixed-rank Bures–Wasserstein geodesics in closed

form.

We now specialize the system to low-dimensional examples where we can solve it in closed

form and explicitly recover the known Bures–Wasserstein geodesics on Sym+(n, k).

Example 3.2.1. Let n = 2 and k = 1. Then, St(2, 1) � S 1 and O(k) = {±1}, so that Gr(1, 2) =

RP1 � S 1/{±1}, where RP1 denotes the real projective line of lines through the origin in R2.

Moreover Sym+(1) = (0,+∞) and consequently, our manifold of study can be characterized as

M(2, 1) = (S 1 × (0,+∞))/{±1}, πM : M(2, 1)→ RP1,

with the equivalence relation given by (q, d) ∼ (−q, d). The global diffeomorphism is given by

ϕ : M(2, 1)
�
−→ Sym+(2, 1), [q, d] 7→ dqqT .
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If we write

q(θ) =

 cos θ

sin θ

 , θ ∈ (−π, π], (3.14)

and the perpendicular vector

q⊥(θ) =

 − sin θ

cos θ

 ,
we get the bundle and tangent bundle coordinates

[θ, d], θ ∈ (−π, π], d ∈ (0,+∞),

(q⊥(θ)b, u), b, u ∈ R,

where the equivalence class [θ, d] is modulo the relation (θ, d) ∼ (θ + π, d).

The solution to the Sylvester equation becomes

s := S d(t) =
u

2d
,

and the metric translates to

h[θ,d](q⊥b, u) = db2 +
u2

4d
= db2 + ds2.

The geodesic system of Theorem 3.2.5 transforms to



θ̇ = b, θ(0) = θ0,

ḋ = 2ds, d(0) = d0,

ḃ = −bd−1(2ds) = −2bs, b(0) = b0,

ṡ = b2 − s2, s(0) = s0.

(3.15)

From (3.15), we immediately gather that the fibers are totally geodesic. Indeed b0 = 0 implies

b ≡ 0 and consequently θ̇ ≡ 0. The system reduces to


ḋ = 2ds,

ṡ = −s2,
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which gives the closed form geodesics

d(t) = d0(1 + s0t)2.

We observe that this equation matches the equation found by the authors in [106, Theorem 4.2],

applied to the case Sym+(1).

On the other hand, if b0 , 0 we can still solve the system. Define r = s/b and compute

ṙ =
ṡb − ḃs

b2 = b(r2 + 1)

and

ḃ = −2b2r.

Dividing,

db
dr
=

ḃ
ṙ
= −

2rb
r2 + 1

or, equivalently,
d ln b

dr
= −

2r
r2 + 1

.

Integrating, we find

b(r2 + 1) = b0(r2
0 + 1) =: C, constant, (3.16)

where r0 = s0/b0. It follows that r grows linearly, r(t) = r0 +Ct, and thus, by (3.16),

b(t) =
C

(Ct + r0)2 + 1
,

and

s(t) = r(t)b(t) =
C(Ct + r0)

(Ct + r0)2 + 1
=

C2t + s0(r2
0 + 1)

(Ct + r0)2 + 1
.

Since (3.13) gives bd = b0d0, we get

d(t) = d0
(Ct + r0)2 + 1

r2
0 + 1

. (3.17)
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Lastly, a straightforward integration of θ̇ = b yields

θ(t) = θ0 + (arctan (Ct + r0) − arctan (r0)) .

We see that geodesics with horizontal initial velocity (s0 = 0) do not enjoy the same nice

qualities of vertical geodesics. The last equation in (3.15) shows that the vertical acceleration

ṡ depends on the horizontal velocity b. Geometrically, this is due to the horizontal metric being

dependent on the vertical configuration coordinate d.

Finally, we check whether the geodesic equations found match the ones computed by the au-

thors in [106]. To start, the diffeomorphism ϕ can be expressed in terms of the (θ, d) coordinates

as

[θ, d] 7→ dq(θ)q(θ)T = d

 cos2 θ cos θ sin θ

cos θ sin θ sin2 θ

 ,
which is indeed a bidimensional rank one covariance matrix. Moreover, expressing q(θ(t)) in

the basis {q(θ0), q⊥(θ0)}, we get

q(θ(t)) = cos(θ(t) − θ0)q(θ0) + sin(θ(t) − θ0)q⊥(θ0)

= cos(θ(t) − θ0)q0 + sin(θ(t) − θ0)w0,

where, and henceforth, for simplicity of notation we denote q0 := q(θ0) and w0 := q⊥(θ0).

Using cosine and sine addition formulas and the fact that cos(arctan x) = (1 + x2)−1/2 and

sin(arctan x) = x(1 + x2)−1/2, we get

cos(θ(t) − θ0) = cos(arctan r(t) − arctan r0) =
1 + r(t)r0√

(1 + r(t)2)(1 + r2
0)
,

sin(θ(t) − θ0) = sin(arctan r(t) − arctan r0) =
r(t) − r0√

(1 + r(t)2)(1 + r2
0)
.

By (3.17), we get √
d(t) =

√
d0

√
1 + r(t)
1 + r0

,
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so that

√
d(t)q(θ(t)) =

√
d0

√
1 + r(t)
1 + r0

(
cos(arctan r(t) − arctan r0)q0 + sin(arctan r(t) − arctan r0)w0

)
=

√
d0

(
1 + r(t)r0

1 + r2
0

q0 +
r(t) − r0

1 + r2
0

w0

)
=

√
d0

((
1 +

r0Ct
1 + r2

0

)
q0 +

Ct
1 + r2

0

w0

)
=

√
d0 ((1 + s0t) q0 + b0t w0) =

√
d0q0 +

√
d0(s0q0 + b0w0)t.

This gives a geodesic equation on the manifold Sym+(2, 1), namely

Σ(t) =d(t)q(θ(t))q(θ(t))T

=
( √

d0q0 +
√

d0(s0q0 + b0w0)t
) ( √

d0q0 +
√

d0(s0q0 + b0w0)t
)T

=d0q0qT
0 + d0

(
2s0q0qT

0 + b0

(
q0wT

0 + w0qT
0

))
t

+d0

(
s2

0q0qT
0 + b2

0w0wT
0 + s0b0

(
q0wT

0 + w0qT
0

))
t2,

that matches the equation found by the authors in [106] for the special case n = 2, k = 1 once

we notice that

d0q0qT
0 = Σ(0) = ϕ([θ0, d0]),

dϕ[θ0,d0](w0b0, u0) =u0q0qT
0 + d0b0

(
q0wT

0 + w0qT
0

)
=d0

(
2s0q0qT

0 + b0

(
q0wT

0 + w0qT
0

))
.

With some additional effort, we can generalize Example 3.2.1 to the case n ≥ 2, k = 1.

Example 3.2.2. Set n ∈ N and k = 1. The geometric structure carries over verbatim, from the

previous example, to

M(n, 1) = S n−1 ×{±1} (0,+∞), πM : M(n, 1)→ RPn−1,

where S n−1 denotes the n − 1-dimensional hypersphere and RPn−1 indicates the real projective

plane of n − 1 dimensional hyperplanes in Rn. The coordinates become ([q, d], b, u) with q ∈

72



Chapter 3. Fixed rank covariance matrices

S n−1, d ∈ (0,+∞), b ∈ Rn−1, u ∈ R, and the metric simplifies to

h[q,d](q⊥b, u) = d∥b∥2 + ds2.

The geodesic equations transforms to



q̇ = qb, q(0) = q0

ḋ = 2ds, d(0) = d0,

ḃ = −2bs, b(0) = b0,

ṡ = ∥b∥2 − s2, s(0) = s0,

where

q =[ q q⊥ ] ∈ O(n),

b =

 0 −bT

b 0

 ∈ o(n) = Skew(n).

Defining r = s/∥b∥, a computation similar to Example 3.2.1 yields

d
dr
∥b∥ =

−2r
r2 + 1

,

and thus

∥b∥(r2 + 1) = C̃ := ∥b0∥(r2
0 + 1),

b(r2 + 1) = C := b0(r2
0 + 1).

r(t) = r0 + C̃t is therefore linear and all other solution equations follow as above, namely,

b(t) =
C

1 + r(t)2 ,

s(t) = ∥b(t)∥r(t) =
C̃r(t)

1 + r(t)
,

d(t) = d0
1 + r(t)2

1 + r2
0

.
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To compute q, we first observe that, since ḃ = −2sb and s ∈ R is a scalar, b has constant

direction, or equivalently

b̂ =
b
∥b∥

is constant.

Therefore, equation q̇ = qb can be written

q̇(t) = q(t)b̂∥b(t)∥ (3.18)

with

b̂ :=

 0 −b̂T

b̂ 0

 .
Equation (3.18) readily integrates to

q(t) = q0 exp(b̂θ(t)), (3.19)

with

θ(t) :=
∫ t

0
∥b(τ)∥dτ =

∫ r(t)

0

dρ
ρ2 + 1

= arctan r(t) − arctan r0.

Since b̂3 = −b̂, rearranging gives

exp(b̂θ(t)) =I + sin θ(t)b̂ + (1 − cos θ(t))b̂2

=

 cos θ(t) −b̂ sin θ(t)

b̂T sin θ(t) In−1 − (cos θ(t) − 1)b̂b̂T

 ,
where the last equality comes from

b̂2 =

 −1 0

0 −b̂b̂T

 .
With this, the first column of the right-hand side of (3.19) reads

q(t) = q0 cos θ(t) + w0 sin θ(t)
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where w0 := q⊥(0)b̂.

In more general cases, we can resort to numerical calculations to obtain geodesic solutions

and plots.

Example 3.2.3. Let n = 5 and k = 3. Let

Q0 = In, B0 =
1
2

 1 0 0

0 1 0

 ,
D0 = I3, T0 =

1
2

I3,

so that

S 0 = S D0(T0) =
1
4

I3.

Solving numerically the system we get the graphs shown in Figures 3.1-3.4, where the entries

not plotted are constant and equal to their starting value.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

0.0

0.2

0.4

0.6

0.8

1.0

va
lu

e

Distinct entries of Q(t)
Q11=Q22
Q41=Q52

Figure 3.1: Time evolution of distinct entries of Q.
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0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

1.0

1.5

2.0

2.5

3.0

va
lu

e

Distinct entries of D(t)
D11=D22
D33

Figure 3.2: Time evolution of distinct entries of D.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

va
lu

e

Distinct entries of B(t)
B11=B22

Figure 3.3: Time evolution of distinct entries of B.
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0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time t

0.16

0.18

0.20

0.22

0.24

0.26

0.28

0.30

va
lu

e
Distinct entries of S(t)

S11=S22
S33

Figure 3.4: Time evolution of distinct entries of S .

With these simple initial conditions the system can be translated again to a family of systems

of one dimensional equations and solved with techniques similar to the previous examples.

Indeed, denoting bi = Bii, di = Dii and si = S ii, we get, for i = 1, 2


ḋi = 2sidi, di(0) = 1,

ḃi = −2sibi, bi(0) = 1
2 ,

ṡi = b2
i − s2

i , si(0) = 1
4 .

which is solved by 
di =

4
5 (1 + r2),

bi =
5

8(1+r2) ,

si =
5r

8(1+r2) ,

where

r(t) =
1
2
+

5
8

t.
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For i = 3 we get the simplified system


ḋ3 = 2s3d3, d3(0) = 1,

ṡ3 = −s2
3, s3(0) = 1

4 ,

which is readily solved by

d3(t) = (1 +
1
4

t)2, s3(t) =
1/4

1 + 1
4 t
.

One can show that, calling θ(t) = arctan(r(t)) − arctan(1/2) and R(θ) =

 cos θ − sin θ

sin θ cos θ

, we

get

Q(t) = diag(R(θ(t)),R(θ(t)), 1)

and

Q11(t) = Q22(t) = cos θ(t),

Q41(t) = Q52(t) = sin θ(t),

while all other entries of Q(t) stay constant.

The numerical machinery can be used to obtain results in cases with more complicated

initial conditions. For example, let Q0 and D0 be as before and

B0 =
1
2

 1 1/2 −2/5

−3/5 1 0


T0 =

1
2


3/10 −7/10 2/5

1 −1/2 1/5

−1 1 0


so that

S 0 = S D0(T0) =
1
4

T0.

In this case, closed form solutions are difficult to obtain. However, we can numerically integrate

the system to obtain approximate solutions. The graphs are plotted in Figures 3.5-3.8.
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Figure 3.5: Time evolution of distinct entries of Q.
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Figure 3.6: Time evolution of distinct entries of D.
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Figure 3.7: Time evolution of distinct entries of B.
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Figure 3.8: Time evolution of distinct entries of S .
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3.2.4.3 Logarithm bijection

From [16, Section 5] and [106, Theorem 5.3], we notice that the number of logarithms, and

hence of energy-minimizing geodesics, of Gr(k, n) endowed with the Frobenius metric and those

of Sym+(n, k) endowed with the Bures–Wasserstein metric coincides, except for the case of a

vertical geodesic in Sym+(n, k) that connects two points in the same fiber. Indeed, in [16], the

authors link the number of minimizing geodesics between two points P1, P2 ∈ Gr(k, n) to the

number r of orthogonal principal angles between P1 and P2. In particular the logarithms are

indexed by set

I1 = {diag(Q, Ik−r) |Q ∈ O(r)} � O(r),

where Ik−r denotes the k − r dimensional Identity matrix and diag(Q, Ik−r) is intended as block

diagonal (see [16, Theorem 5.5]). On the other hand, in [106], the authors link the number of

minimizing geodesics between two matrices Σ1, Σ2 ∈ Sym+(n, k) to the difference between k

and l := rk(Σ1Σ2) = rk(XT Y), where XXT = Σ1 and YYT = Σ2. In this case, the authors give the

index set

I2 ={R ∈ O(k)|XT YR ∈ Cov(k)}

={R ∈ O(k)|XT YR = (XTΣ2X)1/2}.

Assume P1 = Span(Q1) and P2 = Span(Q2), and write

Σ1 = Q1D1QT
1 , Σ2 = Q2D2QT

2 ,

with D1,D2 ∈ Sym+(k) and Q1,Q2 ∈ St(n, k). The singular values of QT
1 Q2 are λi(QT

1 Q2) =

cos θi, where θi are the principal angles between P1 and P2. Hence

rk(Σ1Σ2) = rk(QT
1 Q2) = #{i | θi , π/2}

and therefore

r := #{i | θi = π/2} = k − l.

We now make the correspondence between the index sets explicit.
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Proposition 3.2.6. Let X, Y ∈ Mat(n, k)∗, and set l = rk(XT Y) and r = k − l. Then there is a

bijection between the index sets

O(r) and I2 = {R ∈ O(k) | XT YR = (XT YYT X)1/2}.

Proof. Since rk(XT Y) = l, we can perform the singular value decomposition

XT Y = UDVT ,

with U, V ∈ O(k),and D = diag(σ1, . . . , σl, 0, . . . , 0). In the same basis we have

(XT YYT X)1/2 = UDUT .

This forces

R = V

 Il 0

0 Rr

 UT , Rr ∈ O(r).

□

Remark 3.2.4. This bijection can be readily transferred from logarithms to length-minimizing

geodesics on Sym+(n, k) and Gr(k, n): each choice of Rr ∈ O(r) corresponds simultaneously to a

minimizing Grassmannian geodesic (via [16]) and to a minimizing Bures–Wasserstein geodesic

on the fixed-rank covariance manifold (via [106]). This suggests a geometric connection be-

tween (Sym+(n, k), dBW) and (Gr(k, n), dE). However, the horizontal part of the pullback metric

on M(n, k),

hhor
[Q,D](V,W) := Tr

(
BV DB⊤W

)
,

clearly differs from the Euclidean metric on Gr(k, n), as it carries vertical positional information

through the anisotropic weight matrix D.

This raises several questions and avenues for further investigation. How should one in-

terpret this geodesic correspondence at the level of the metric structure? To what extent do

Euclidean-geometric features of Gr(k, n) (such as distances, angles, curvature, cut times and

locuses) encode geometric or statistical properties of (Sym+(n, k), dBW)? More speculatively,

one may ask whether the Bures–Wasserstein geometry of the fixed-rank stratum can be viewed
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as an anisotropically weighted perturbation of the Euclidean geometry of Gr(k, n), coupled with

the Bures–Wasserstein metric itself on the full rank fibers. We leave these as open directions

for future work.
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A.1 Functional analysis

1. A multi-index is an n-tuple α = (α1, . . . , αn) ∈ Nn
0. Set

|α| := α1 + · · · + αn, xα := xα1
1 · · · x

αn
n , ∂α := ∂α1

x1
· · · ∂αn

xn
.

Multi-index notation streamlines differential expressions and symbol calculus.

2. Let S(Rn) denote the Schwartz space of rapidly decreasing test functions. For ϕ ∈ S(Rn), we

define the Fourier transform F ϕ by

F ϕ(ξ) :=
∫
Rn

e−ix·ξϕ(x)dx

and

F −1ϕ(x) :=
1

(2π)n

∫
Rn

eix·ξϕ(ξ)dξ.

When it makes the notation simpler, Fourier transforms may also be denoted as ϕ̂ := F ϕ.

3. Let U ∈ Rn be open. We denote with D (U) the space of functions ϕ ∈ C∞0 (U) endowed

with the topology described by the following notion of convergence. Given a sequence (ϕn)n∈N ⊂

D (U) and a function ϕ ∈ D (U) we say that ϕn converges to ϕ inD(U) and write ϕn → ϕ if:

• there exists a compact set K ⊂ U such that supp (ϕn − ϕ) ⊂ K for all n ≥ 1,

• limn→∞ Dαϕn = Dαϕ uniformly in K for every multi-index α.

4. Let U ⊂ Rn be open. A distribution on U is a continuous linear functional

T : D(U)→ R,
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where continuity is understood with respect to the topology ofD(U). The space of all distribu-

tions on U is denotedD′(U).

Every locally integrable function f ∈ L1
loc(U) defines a distribution via

T f (ϕ) =
∫

U
f (x)ϕ(x) dx, ϕ ∈ D(U).

Derivatives of distributions are defined by duality:

⟨∂αT, ϕ⟩ = (−1)|α|⟨T, ∂αϕ⟩, α ∈ Nn
0.

This framework extends differentiation and integration to non-smooth objects, and it provides

the natural setting for defining generalized solutions to differential and stochastic equations.

5. A tempered measure on Rn is a Radon measure µ such that

∫
Rn

(1 + |ξ|2)−N d|µ|(ξ) < ∞

for some integer N ≥ 0. The space of tempered measures is denoted byMtemp(Rn).

Every tempered measure defines a tempered distribution by duality: for ϕ ∈ S(Rn), we set

⟨µ, ϕ⟩ :=
∫
Rn
ϕ(ξ) dµ(ξ).

Conversely, a distribution T ∈ S′(Rn) that is positive and continuous on bounded subsets of

S(Rn) is represented by a unique tempered measure µT .

Tempered measures arise naturally as spectral measures in the study of stationary Gaussian

random fields. If µ ∈ Mtemp(Rn), the covariance functional

Γ(ϕ, ψ) =
∫
Rn
F ϕ(ξ)Fψ(ξ) µ(dξ)

defines a continuous positive semidefinite bilinear form on S(Rn). This construction allows one

to represent homogeneous Gaussian fields and random distributions with finite spectral energy

in terms of their associated tempered measures.

6. Let (X,A, µ) be a measure space. A family of random variables {F(ϕ) : ϕ ∈ D(Rn)}, or
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more generally a mapping F : D(Rn)→ L2(Ω), is called L2-continuous if

lim
ϕk→ϕ
E
[
|F(ϕk) − F(ϕ)|2

]
= 0

whenever ϕk → ϕ in D(Rn). More generally, if I is an index space, a mapping f : I → L2(Ω),

is said L2-continuous if

lim
tk→t
E
[
| f (s) − f (t)|2

]
= 0,

for all sequences {tk} ⊂ I that converge to t in I.

7. The Dirac delta distribution δ is the distribution on Rn defined by

⟨δ, ϕ⟩ = ϕ(0), ϕ ∈ D(Rn).

For any x0 ∈ R
n, the translated delta distribution is given by

⟨δx0 , ϕ⟩ = ϕ(x0),

and satisfies δx0(x) = δ(x − x0) in the sense of distributions.

The delta distribution has the scaling property

δ(ax) = |a|−(n)δ(x), a ∈ R \ {0},

and its derivatives are defined by

⟨∂αδ, ϕ⟩ = (−1)|α|∂αϕ(0), α ∈ Nn
0.

In the Fourier domain, the delta distribution is characterized by

F δ = 1, F −1(1) = δ,

and thus serves as the fundamental solution of the identity operator.

8. Let (H, ∥ ·∥) be a normed Hilbert space (e.g. (L2(R), ∥ ·∥L2)). Let {ei}i∈I denote an orthonormal
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basis of H for an index set I. The Parseval identity states that for every f ∈ H

∥ f ∥2 =
∑
i∈I

|⟨ f , ei⟩|
2.

A.2 Partial differential equations

9. Let P be a linear partial differential operator with smooth coefficients acting on D′(Rn). A

fundamental solution of P is a distribution E ∈ D′(Rn) satisfying

PE = δ,

where δ denotes the Dirac delta distribution centred at the origin. In other words, E is a right

inverse of P in the sense of distributions.

For a given f ∈ D(Rn), the function

u = E ∗ f

is a distributional solution to Pu = f , where ∗ denotes convolution.

The existence and regularity of fundamental solutions depend on the analytic and geometric

properties of P. For elliptic operators, E is smooth away from the origin, while for hyper-

bolic operators, E exhibits singularities propagating along the bicharacteristics determined by

the principal symbol. Fundamental solutions thus play a central role in the representation of

solutions to deterministic and stochastic partial differential equations.

A.3 Matrix algebra

10. Let Sym(n) denote the real vector space of symmetric n× n matrices. A matrix Σ ∈ Sym(n)

is positive semidefinite (PSD) if x⊤Σx ≥ 0 for all x ∈ Rn, and positive definite (PD) if x⊤Σx > 0

for all x , 0. The notation Σ ⪰ 0 (resp. Σ ≻ 0) indicates PSD (resp. PD). The set of covariance

matrices is

Cov(n) := {Σ ∈ Sym(n) : Σ ⪰ 0}.
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By the spectral theorem, any Σ ∈ Sym(n) admits an orthogonal diagonalization

Σ = QDQ⊤,

with Q ∈ O(n) and D = diag(d1, . . . , dn), where di ∈ R. Moreover, Σ ∈ Cov(n) if and only if

di ≥ 0 for all i, and rank(Σ) equals the number of strictly positive di.

11. The set Cov(n) is a closed convex cone in Sym(n):

• if λ ≥ 0 and Σ ∈ Cov(n), then λΣ ∈ Cov(n);

• if Σm → Σ in Sym(n), then x⊤Σx = limm x⊤Σmx ≥ 0 for all x, hence Σ ∈ Cov(n);

• if α, β ≥ 0 and Σ1,Σ2 ∈ Cov(n), then αΣ1 + βΣ2 ∈ Cov(n).

12. The Frobenius (Euclidean) inner product on Rn×n is

⟨A, B⟩F := Tr(AB⊤),

with induced norm ∥A∥F :=
√
⟨A, A⟩F .

13. Let A ∈ Sym(n) be positive definite. For every B ∈ Sym(n) there exists a unique symmetric

S satisfying

AS + S A = B.

The operator S A : Sym(n) → Sym(n), S A(B) = S , is linear and self-adjoint with respect to the

Frobenius inner product. It admits the integral representation S A(B) =
∫ +∞

0
e−tABe−tA dt, and the

Kronecker form vec(S ) = (I ⊗ A + A ⊗ I)−1vec(B).

A.4 Smooth manifolds

14. A diffeomorphism is a bijective smooth map whose inverse is smooth.

15. Let d ≤ n. A subset M ⊂ Rn is a d-dimensional smooth (embedded) submanifold if,

for every p ∈ M, there exist an open neighbourhood U ⊂ M, an open set O ⊂ Rd, and a

diffeomorphism (called coordinate chart) ϕ : U → O. Intuitively, M is locally modeled as Rd.
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For systematic references about smooth manifolds, Lie groups, and Riemannian geometry, see

[50].

16. Let M ⊂ Rn be a d-dimensional embedded submanifold and let p ∈ M. A vector v ∈ Rn is

tangent to M at p if there exists a smooth curve γ : (−ε, ε)→ M with

γ(0) = p, γ̇(0) = v.

The set of such vectors is the tangent space TpM, which is a d-dimensional vector subspace of

Rn.

17. Let M be a smooth manifold of dimension d. For each point p ∈ M, the tangent space

TpM is the d-dimensional vector space of tangent vectors at p. The tangent bundle of M is the

disjoint union of all tangent spaces,

T M =
⊔
p∈M

TpM,

together with the natural projection π : T M → M given by π(vp) = p. A smooth structure

can be defined on T M in such a way that π is a smooth surjective submersion and, in local

coordinates (x1, . . . , xd) on M, each tangent vector is represented as

vp =

d∑
i=1

vi ∂

∂xi

∣∣∣∣
p
,

so that (x1, . . . , xd, v1, . . . , vd) form local coordinates on T M. Sections of π, that is smooth maps

X : M → T M such that π ◦ X = idM, are called vector fields on M and form a module over

C∞(M), denoted Γ(T M).

The cotangent bundle T ∗M is defined as the dual bundle of T M, that is,

T ∗M =
⊔
p∈M

T ∗pM,

where T ∗pM is the dual space of TpM. A point of T ∗M is denoted by (p, αp), where αp : TpM →

R is a linear functional. Local coordinates (x1, . . . , xd, ξ1, . . . , ξd) on T ∗M are induced by the

canonical dual basis {dxi}, so that αp =
∑

i ξi dxi|p. Sections of the cotangent bundle are called
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differential 1-forms, and the space of all smooth 1-forms is denoted Γ(T ∗M).

The cotangent bundle carries a canonical symplectic structure, given in local coordinates by

the 2-form

ω =

d∑
i=1

dξi ∧ dxi,

which plays a fundamental role in analytical mechanics, microlocal analysis, and the geometric

formulation of Hamiltonian systems.

18. Let M,N ⊂ Rn be embedded submanifolds and f : M → N a smooth map. The differential

of f at p ∈ M is the linear map d f (p) : TpM → T f (p)N given by

d f (p) v =
d
dt

f (γ(t))
∣∣∣∣∣
t=0
,

for any smooth γ with γ(0) = p and γ̇(0) = v. The map f is a submersion at p if d f (p) is

surjective, and an immersion at p if d f (p) is injective.

19. Let X be a topological space and ∼ an equivalence relation on X. The quotient space X/∼

is the set of equivalence classes endowed with the quotient topology. If a group G acts on X (on

the right, x 7→ x · g), then [x] = {x · g : g ∈ G} and the quotient is denoted X/G. Constructions

used in this thesis include Cov(n) � Mat(n)/O(n) and Sym+(n, k) � Mat(n, k)∗/O(k) (see [79]).

20. Let G be a Lie group acting smoothly on a manifold M. The action is free if g · p = p

for some p implies g = e (the identity), and proper if for every compact K ⊂ M the set

{g ∈ G : K ∩ gK , ∅} is compact. These hypotheses ensure good topological and geometric

properties of the quotient.

21. A Lie group is a group that is also a smooth manifold such that the group law and inversion

are smooth. Its Lie algebra g is the tangent space TeG at the identity, endowed with the Lie

bracket induced by left-invariant vector fields. Standard references include [40].

A.5 Riemannian structures

22. A Riemannian metric on a smooth manifold M is a smoothly varying inner product gp on

TpM for each p ∈ M.
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23. Let ϕ : M → N be smooth, and let g be a Riemannian metric on N. The pullback metric

ϕ∗g on M is defined by

(ϕ∗g)p(u, v) := gϕ(p)(dϕ(p) u, dϕ(p) v).

24. There exists a unique connection ∇ on (M, g), the Levi–Civita connection, characterized by

the following properties, for X, Y,Z ∈ Γ(T M) and f ∈ C∞(M):

• linearity in the first argument: ∇ f XY = f ∇XY;

• Leibniz rule in the second argument: ∇X( f Y) = X[ f ] Y + f ∇XY;

• torsion-free: ∇XY − ∇Y X = [X,Y];

• metric compatibility: X[g(Y,Z)] = g(∇XY, Z) + g(Y,∇XZ).

For embedded manifolds, ∇ agrees with the orthogonal projection of the ambient derivative

onto the tangent bundle.

25. Given a smooth curve γ in M and v ∈ Tγ(0)M, the parallel transport of v along γ is the

unique vector field X along γ such that

∇γ̇(t)X = 0, X(0) = v.

26. A smooth curve γ is a geodesic if

∇γ̇γ̇ = 0.

Equivalently, among curves with fixed endpoints, geodesics are critical points of the energy

functional

E(γ) =
∫ b

a
gγ(t)(γ̇(t), γ̇(t)) dt.

A minimizing geodesic between p, q ∈ M is a (piecewise) smooth geodesic segment realizing

d(p, q) and has constant speed.

27. For each p ∈ M there exists ε > 0 such that, for v ∈ TpM with ∥v∥ < ε, the geodesic with

initial data (p, v) is defined on [0, 1]. The exponential map is

expp(v) := γv(1).
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If q ∈ M is joined to p by a unique minimizing geodesic with initial velocity v, then v is

a logarithm of q from p and satisfies ∥v∥ = d(p, q). Where expp is a diffeomorphism, the

logarithmic map logp is defined as its local inverse.

28. The injectivity radius at p ∈ M is the supremum of r > 0 such that expp restricts to a

diffeomorphism from the open ball Br(0) ⊂ TpM onto its image.

29. The cut locus of p is the set of points where minimizing geodesics starting at p cease to be

minimizing. Equivalently, it is the image under expp of the boundary of the largest star-shaped

domain in TpM on which expp is a diffeomorphism. Along a unit vector v ∈ TpM, the cut time

is

sup{t > 0 : d(p, expp(tv)) = t}.

30. The Riemann curvature tensor is

R(X, Y)Z := ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z.

At each p ∈ M, R(X, Y)Z depends only on the values of X, Y, Z at p. If dim M ≥ 2, the sectional

curvature of the plane Π = span{u, v} ⊂ TpM is

K(u, v) :=
⟨R(u, v)v, u⟩

⟨u, u⟩ ⟨v, v⟩ − ⟨u, v⟩2
.

31. A submanifold N ⊂ M is totally geodesic if every geodesic of M with initial data (p, v),

where p ∈ N and v ∈ TpN, remains in N for as long as it is defined.

A.6 Variational calculus

32. Let

F(ϕ) =
∫ t2

t1
L
(
t, ϕ(t), ϕ̇(t)

)
dt

be a functional, where L is the Lagrangian. A smooth variation is given by ϕϵ = ϕ + ϵψ, with

ϵ ∈ R and ψ smooth. A necessary condition for ϕ to be an extremal is

∂

∂ϵ
L
(
t, ϕϵ(t), ϕ̇ϵ(t)

)∣∣∣∣∣
ϵ=0
= 0,
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which yields the Euler-Lagrange equations

∂

∂ϕ
L
(
t, ϕ(t), ϕ̇(t)

)
−
∂

∂t

(
∂

∂ϕ̇
L
(
t, ϕ(t), ϕ̇(t)

))
= 0.
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[46] M. Fréchet, “Les éléments aléatoires de nature quelconque dans un espace distancié,”
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