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To my wife,
co-author of the greatest

chapters of my life.






I will work on your 2™ quantization,

when I get time.

I really believe it is correct

but is another example

of the terrifying power of math

to make us say things which we don’t understand

but are true.

Richard Phillips Feynman,
Letter to Theodore A. Welton, 10 February 1947.






Abstract

This thesis is devoted to the first-quantized approach to quantum field theory, com-
monly known as the “Worldline Formalism”. It collects most of the works completed
by the author during the PhD, illustrating the versatility and efficiency of this for-
malism across a broad range of physical contexts. The applications discussed fall
into two broad categories: perturbative and non-perturbative analyses. In particu-
lar, the thesis investigates how quantum particles interact with strong background
fields, how scattering amplitudes can be efficiently computed, and how perturbative
expansions of the heat kernel can be systematically performed. These studies high-
light recent advances in extending the worldline approach to increasingly complex
situations. Different field theories are examined from this first-quantized perspective
and are organized according to the spin of the particle under consideration. The dis-
cussion begins with the seemingly simple scalar case, progresses through spin 1, both
in the abelian and the non-abelian case, and concludes with spin-2 particles, both in
the massless and in the massive realizations. Through this sequence of examples, the
thesis aims to demonstrate the flexibility as well as the computational power of the

Worldline Formalism in addressing fundamental open problems in theoretical physics.
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Introduction and Motivations

Second-quantized methods are widely employed in almost every branch of theoretical physics. Courses
and textbooks on Quantum Field Theory (QFT) are now a fundamental part of the training of any
theoretical physicist. Nevertheless, exploring a subject from a different perspective often proves fruit-
ful, offering new conceptual insights and, possibly, computational advantages. Sometimes, realizing
such benefits may require taking a step back; for the sake of the present discussion, this means mov-
ing from second quantization back to first quantization. In other words, the subject of this thesis
is the Worldline Formalism: in a nutshell, the framework that reformulates quantum field theory
in terms of the dynamics of point particles propagating along worldlines, rather than fields defined
over spacetime. Originally inspired by string-theoretic settings, the formalism has been systemat-
ically developed and applied in its modern form since the seminal works of Matthew J. Strassler
[10, 11], although its conceptual roots trace back much further in time, as will be discussed in due
course. Over the years, it has evolved into a versatile framework that, in certain contexts, even sur-
passes traditional field-theoretical techniques in efficiency. The aim of this PhD thesis is to illustrate
and substantiate these claims. It collects the author’s contributions to the worldline framework,
ranging from elucidating non-trivial applications to proposing new worldline descriptions of physical

phenomena.

The structure of the thesis can be viewed from two complementary perspectives.

On the one hand, it is naturally divided into two parts. The first part concerns the application
of the Worldline Formalism to non-perturbative settings, specifically, to the study of the so-called
“Schwinger effect”. The second part, by contrast, focuses on perturbative physics, covering the calcu-
lation of scattering amplitudes in Yang—Mills theory and the computation of heat kernel coefficients
in (modified) gravity theories. Each part is preceded by a concise prelude that provides the nec-
essary physical and theoretical background, together with essential references for further deepening
the subjects.

On the other hand, the organization of the thesis may be understood following a Srednicki-like [12]
division according to the spin of the particle described by the worldline model, expressed in natural
units. From this viewpoint, the work is arranged into three sections corresponding to different spin

sectors.

Regardless of the chosen perspective on the structure of the thesis, a short overview of the content
of each chapter is now in order. The next chapter offers a concise historical introduction to the

Worldline Formalism, tracing its evolution and mentioning its main areas of current interest. It also
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discusses a few technical aspects, such as the distinction between the “bottom-up” and “top-down”
approaches (as referred to by the author), and reviews the structure and quantization of a class
of worldline models that will be used throughout the thesis. Part | begins with a brief overview
of the Schwinger effect and of the assisted pair production mechanism. Chapter 1 focuses on the
case-study of a quantum scalar particle in a classical scalar (Yukawa) background, where the pair
production probability is computed, further studying how the presence of an additional rapidly
varying background field affects the result. Chapter 2 extends this analysis to the more realistic case
of a pair of massive charged vector bosons created from the vacuum by a classical electromagnetic
(EM) background. Part Il then turns to perturbative applications. It begins by reviewing the field-
theoretical setting of the heat kernel and its perturbative expansion, briefly introducing the theory of
massive gravity and the issue of one-loop divergences. Chapter 3 presents the computation of tree-
level gluon amplitudes within the worldline approach. Chapter 4 introduces the BRST quantization
of the N' = 4 spinning particle, which serves as the foundation for the computations in the subsequent
two chapters. Chapter 5 employs this model to derive the Seeley-DeWitt coefficients of perturbative
quantum gravity, while Chapter 6 extends the analysis to the Fierz—Pauli (FP) theory on curved
background. Each chapter is accompanied at the end by a short concluding section, summarizing

the main results and discussing possible directions for future developments.






The Worldline Formalism

Concise historical context Dating the precise birth of the Worldline Formalism is subtle, as
its development involved contributions from multiple authors over several years. Nevertheless, it
is widely accepted within the worldline community that its first conceptual seeds can be traced
back to around 1950. While some may argue that Julian S. Schwinger was the first to employ an
embryonic first-quantized formulation in his seminal work [13|, there can be little doubt that the
pioneering insights of Richard P. Feynman were of monumental importance, decisively bringing what
would later be recognized as the Worldline Formalism into the theoretical landscape. Already in
his 1942 PhD dissertation, Feynman developed a worldline action approach to quantum mechanics
[14]. A few years later, his efforts culminated in a series of papers [15-18] that laid the foundations
of what we now know as Quantum Electrodynamics (QED). In the meantime, however, he also
introduced a path integral approach. In particular, Eq. (11.A) of [17] expresses a QFT amplitude
in terms of relativistic particle path integrals: the representation of the S-matrix of Scalar Quantum
Electrodynamics (sQED), namely the amplitude for a charged scalar particle moving, under the

influence of the external potential A, (), from point z,, to x}, in Minkowski space, is there represented

oo z(T)=a' . T 2 T
/ dT/ Dzx(T) exp{ - 1/ dr (ﬂ) - z/ dr %AM($(7))
0 z(0)=x 2 /o dr 0 dr

as

where T is the so-called “Schwinger proper time” and P* denotes the photon propagator in config-
uration space. Curiously, Feynman relegated this formulation to the appendix of [17], describing it

in the abstract as:

“A description, in Lagrangian quantum-mechanical form, of particles satisfying the Klein-Gordon
equation |...]. It involves the use of an extra parameter analogous to proper time to describe the

trajectory of the particle in four dimensions”.

This suggests that Feynman himself did not view this approach as particularly promising at the
time. His difficulties in developing a relativistic worldline path integral for spin—% particles, so as to

include electrons and positrons,’ may have contributed. As he later recalled in his Nobel Lecture [21]:

Expressed also in a private correspondence with T. A. Welton [19], later transcribed in [20].



“Another problem on which I struggled very hard, was to represent relativistic electrons with this
new quantum mechanics. |...] And, so I dreamed that if I were clever, I would find a formula for the
amplitude of a path that was beautiful and simple for three dimensions of space and one of time, |...|

I did want to mention some of the unsuccessful things on which I spent almost as much effort, as

on the things that did work”.

A possible candidate year for the “birth” of the modern Worldline Formalism — or perhaps better,
a “second revolution”, borrowing terminology from string theory — can be identified around 1992.
This is not to say that work on the formalism lay dormant in the intervening decades: indeed,
numerous studies of relativistic particle path integrals in quantum field theory were pursued between
the 1950s and 1980s, although most of these works remained conceptual rather than computational
in character. The first hints that first-quantized techniques might offer computational advantages
over the standard Feynman diagrammatic approach appeared in the early 1980s. A key milestone
was the seminal work of Affleck, Alvarez, and Manton in 1982 [22], which was soon followed by

remarkable applications to anomaly computations, most notably in the works of Alvarez-Gaumé and
Witten [23] and of Friedan and Windey [24].”

A genuine turning point, however, came from string theory, as the celebrated series of papers by Bern
and Kosower [26-29] marked the beginning of a new phase.” As is brilliantly detailed in Bern’s lectures
[31], their goal was to systematically extract the field-theory limit (o/ — 0, i.e. the infinite tension
limit of the string) of string amplitudes, in particular to obtain the on-shell N-gluon amplitudes of
Yang—Mills theory at tree and one-loop levels. The result was a remarkably compact and elegant set
of parameter-integral representations that captured, in a unified manner, the contributions of entire

classes of Feynman diagrams:*

Aal...aN [kla SERTE kN; 5N] — (—Zg)N tI‘(Tal . TaN) (27T)D ) (Z kz)

oo T TN-2
X / AT (4xT) "2 =T / dry - / dry_1
0 0 0

N
X exp{ Z [%Gg k’zkj — ZGE €i'k3j + %Gg 5@"5]‘] }

1,j=1

multi-linear

This expression is an example of a “Bern-Kosower master formula”, and provides a closed represen-
tation for the color-ordered amplitude for N-gluons with a scalar in the loop. It organizes the result
essentially into products of (derivatives of) bosonic worldline Green functions G®(7;, 7;), integrated
over N-1 proper-time parameters (see |31, 32| for details). Even more remarkably, Bern and Kosower
were able to dispense entirely with string theory, deriving instead a set of rules that allows one to

construct these parameter integrals directly within field theory, for any number of gluons and choice

2Tt may be arghued that much of the literature on heat kernel techniques in QFT may be characterized as worldline
methods as well [25].

3Several earlier works would also merit mention: for instance, the computation of the one-loop four-gluon amplitude
in N = 4 Super Yang-Mills theory from the low-energy limit of superstring theory by Green, Schwarz, and Brink [30].
However, in keeping with the promise of conciseness made in the introduction, we shall refrain from expanding on
these here.

4Here k; and ¢; denote, respectively, the momentum and polarization vector of the ith external gluon.



of helicities.” These are nowadays known as “Bern-Kosower rules”, and their formulation suggested
that there should have been a purely field-theoretic way of getting them. It was in this context that
the seminal contribution of a PhD student, Matthew J. Strassler, appeared in [10, 11|. Strassler
demonstrated that essentially the same parameter-integral representations obtained by Bern and
Kosower could be derived directly from a non-abelian generalization of Feynman’s original worldline
path integral, cf. Eq. (¥). This was achieved by manipulating the path integral into Gaussian form
and using Green functions of the one-dimensional worldline theory, thus reducing the computation
to straightforward Wick contractions. This established the worldline approach as a powerful compu-
tational tool, capable of dramatically simplifying multiloop calculations in gauge theories.

From that point onward, the Worldline Formalism entered its period of maturity. Throughout the
1990s and 2000s, different generalizations of the Bern-Kosower master formula were found [32-36].
In parallel, a distinct yet complementary formulation of the worldline approach, perhaps closer in
spirit to string theory, began to emerge. It is based on the quantization of mechanical systems,
commonly referred to as “spinning particle models”. This path will be discussed in the second part of
this chapter. A particularly influential review of this formalism was provided by Christian Schubert
in 2001 [32], which remains to this day the standard reference for practitioners in the field. More
recent expositions |25, 37, 38| have continued to expand and modernize the subject, reflecting the on-
going vitality of worldline methods both as a conceptual framework and as a practical computational

technique in quantum field theory.

As of today, the Worldline Formalism continues to demonstrate its versatility and computational
power across a broad spectrum of applications in theoretical physics. Among its most successful
applications is the computation of black hole scattering amplitudes within the framework of the so-
called Worldline Quantum Field Theory (WQFT) formalism [39-41]|. Closely related developments
concern its role in the double copy program, where the worldline perspective has provided new insights
e.g. in [42-46]. On the non-perturbative side, advances in worldline instanton techniques have proven
highly effective in describing vacuum pair production processes in electromagnetic backgrounds [47—
50], and have recently been extended to gravitational backgrounds as well [51]. Alongside these
analytic developments, the numerical implementation of worldline methods has given rise to the
“Worldline Monte Carlo” technique [52-56]|, which is an algorithm for estimating the heat kernel and

remains a promising field of research.

After this brief historical overview, and before delving into the core material of the thesis, we shall

now attempt to provide a concise and intuitive answer to the question:

What does the Worldline Formalism consist of 7 A worldline representation such as that given
in Eq. (%) is, of course, familiar to any researcher who has worked with worldline-based methods,
and likely just as intuitive to those experienced in worldsheet calculations in string theory. However,
it may not appear as natural to readers accustomed to standard second-quantized techniques and

with limited exposure to string-theoretical ideas. The historical derivation may certainly help in

5A corresponding construction for graviton scattering from closed-string amplitudes was later developed by Bern,
Dunbar, and Shimada [33], as reviewed in [34].



clarifying the formalism, yet it might still leave one wondering: “What does the Worldline Formalism
truly consist of 7. The present paragraph aims to offer a concise conceptual answer to that question,

serving as a guiding principle for the reading of the forthcoming chapters.

To set the stage, it will be convenient to distinguish between two complementary, though closely
related, ways of performing computations within the worldline approach. We shall refer to them as
“top-down” and “bottom-up” approaches, respectively. This distinction is not part of the standard
nomenclature of the Worldline Formalism and is introduced here solely for expository purposes: it
will help to differentiate the methodology employed in Chapter 1 from those used in Chapters 2—6.

To the author’s knowledge, no more established terminology currently exists for this purpose.

some QFT quantity

bottom-u
umop-doj

worldline representation

Figure 1: Schematic illustration of the distinction between the two approaches commonly employed
within the worldline framework. In the “top-down” approach, one starts from a given quantum field
theory quantity and reformulates it in worldline form. In the “bottom-up” approach, one instead
begins with a worldline model and extracts field theoretical information from it.

Fig. 1 graphically depicts the difference between the two approaches. Despite their different starting
points, both methods ultimately pursue the same goal: to construct, and subsequently compute, a
worldline representation of a QFT quantity.” In a nutshell, this constitutes a succinct answer to the
central question posed above. In the remainder of this section, we shall illustrate, through specific

examples, how each of the two approaches realizes this idea in its own characteristic manner.

Top-down Perhaps the most straightforward way to provide a worldline representation of some
QFT quantity is to begin with the field-theoretic expression itself and manipulate it into worldline
form. This procedure presupposes detailed knowledge of the underlying theory and involves non-

trivial manipulations, one of which relies on the integral representation of the logarithm:

AN _ [7dT pr ar
log(B)—/o T(e e )

To make this concrete, let us anticipate the main object of interest in Chapter 1, namely the effective

action of a quantum scalar field ¢(x) interacting with a Yukawa classical background V'(x). According

6In this context, with “some QFT quantity” we refer broadly to any object of interest such as a heat kernel, a
scattering amplitude, or the effective action of a quantum field.



to standard field theory, the effective action I'[V], defined as the generating functional of the one-
particle-irreducible N-point functions, is related to the operator of quantum fluctuations Q, through
the functional determinant

r[V] = % LogDet[Q)] .

In the case of interest, we will take the fluctuation operator to be Q := —9? + V. Using Schwinger
proper-time parametrization [57] (or Frullani’s representation for the logarithm [58]), the effective

action can be rewritten as
1 [>~dT
F[V]:—§/0 ?/deK(x,x;T),

in terms of the diagonal of the related heat kernel operator’ (the integrated heat kernel or heat

kernel’s trace). The heat kernel operator is defined as
K(z,2,T) = e 79(x,2";T) .

As customarily, in the expression above for I'[V] an infinite additive constant is neglected. The
heat kernel operator K (x,z’;T) admits a natural quantum-mechanical interpretation as the matrix
elements (x|exp(—T'Q)|z’) of the evolution operator U(T') of a scalar particle, with a corresponding

proper time 7" for the evolution and a phase space Lagrangian

L=—ip, " +p*+V,

dz(t)
dt

integral over the bosonic coordinates z*(t) in a first-quantized framework:

where the dot denotes z :=

. One can then represent the transition amplitude in terms of a path

z(T)=z 52
K(y,%T) =/ Dy e I (V@)

z(0)=y
This equation provides precisely the desired worldline representation of the one-loop effective ac-
tion. The “top-down” construction outlined above will constitute the starting point for the analysis

presented in Chapter 1.

Perhaps the most subtle aspect of this approach lies in correctly identifying the worldline Lagrangian
appearing in the exponent of the path integral. While the scalar case is relatively straightforward,
more complex theories might involve intricate derivations. In such situations, an alternative “bottom-

up” strategy can also be employed.

Bottom-up A complementary way to approach field-theoretical computations from a first-quantized
perspective consists of setting aside, at least temporarily, quantum field theory. Instead, one consid-
ers a mechanical model for a relativistic particle with gauge symmetry, which allows for a manifestly

Lorentz covariant formulation. As a next step, one relates this mechanical model to its corresponding

“This marks the first introduction of the heat kernel in this thesis, which will serve as a central object in many of
the forthcoming applications. A full discussion of the heat kernel and its expansion will be deferred to the prelude to
Part II; here, we will limit ourselves to presenting only the essential details needed for Part I of the thesis.



field-theoretical content. In a sense, the approach is more principled and conceptually closer in spirit
to string theory. The zoology of the existing worldline models is broad and is not straightforward
to categorize every possibility precisely. Nevertheless, the majority of such models can be regarded
as “spinning particle models” [37], as they describe the propagation of a relativistic particle in first
quantization.® These models can be divided into two broad classes, depending on whether the spin
degrees of freedom are described by means of Grassmann odd or Grassmann even variables. We now
explain the main differences between these two cases and summarize their key features, anticipating

a more in-depth analysis in the following chapters.

e The Grassmann odd variables are spacetime vectors but worldline fermions, usually denoted
by ¥*(7), 6#(7), or Z#(7) in the literature.” This choice defines models typically referred to as
O(N) spinning particles. Although these variables are real, it is often convenient to work
with their complexified form.

The literature on these “fermionic models” is extensive: they have been studied and applied
since the 1980s. These models exhibit N local supersymmetry (SUSY) on the worldline, and
have been shown to describe, on Minkowski, a spin s = %[ particle in first quantization [37,
62-70]. They are examples of constrained Hamiltonian systems with first-class constraints |25,
71]. These kinds of constraints, denoted as C,, (with o spanning the number of constraints),

satisfy upon quantization a graded algebra of the form'’
CarCa) = 1u7C,

with some structure functions f,s”. The phase-space action of such models depends on the
particle spacetime coordinates x# together with A real fermionic superpartners =4.'" In the

case of a flat d-dimensional target spacetime, the gauged action is given by

7 .
S:/dT [puzt"qLéEu-E“—eH—ixqu—aUJU ,

where a dot indicates a contraction of the internal indices. This theory should be viewed
as a one-dimensional field theory living on the worldline. A few remarks regarding its field
content are in order. The canonical coordinates (z*,p,,=}) upon quantization are subject to

the canonical commutation relations
— 4 oy =V — v
[z#,p,] =ik | =2 =6t

The worldline supergravity multiplet in one dimension (e, x!, a;s) contains the einbein e which

8Some notable examples which fall outside this categorization include worldine models capturing topological field
theories such as the Chern—Simons theory [59], as well as the “superparticle models”, which has been shown to describe
linearized D = 10 super Yang-Mills [60] and D = 11 supergravity [61] (see the LACES lectures by Nathan Berkovits
for a detailed presentation). A recent work [9] has proposed a class of models that extends the worldline approach to
more general gauge theories, including the covariant fracton case.

9The variable T represents the proper time of the particle, ranging over the interval [0, T]. For convenience, it is
often rescaled such that 7 € [0, 1].

0We indicate with [-,-} the graded commutator.

HCapital Latin letters I,.J, ... are reserved for internal SO(N) indices (I,J = 1,...,N).


https://youtube.com/playlist?list=PLbcx3dKCUhgYgz7_o8JACK6Wuu3aDESVU&si=wKp7iRST8Ozj0zOh

gauges worldline translations, the N gravitinos y which gauge the worldline supersymmetry,

and the gauge field a for the symmetry which rotates by a phase the worldline fermions and

gravitinos, the R-symmetry. In the action above, they act as Lagrange multipliers for the

suitable first-class constraints, which are the Hamiltonian H, the supercharges q;, and the R-

symmetry algebra generators .J;;, choosing a specific order for the latter to avoid ambiguities
1

H::§p“p#, a==p,., Ju ::z'Ef‘IEJ]M .

The Hamiltonian and the supercharges together form the following one-dimensional algebra:

lar,qs} =20, H , g, H] =0.

These constraints have to be introduced to ensure the mass-shell condition and to eliminate
negative norm states, ensuring the consistency of the model with unitarity at the quantum

level [37]. On the other hand, regarding the aforementioned R-symmetry algebra one finds:

[J1s,qr) =7 (dyrqr — S1kqy)
[J1g, Jrr] =i (0yxJi — OrxJyr — 0gndrx + 1 dik) -

The gauging of the R-symmetry group is optional and can be used to constrain the model to
deliver pure spin s states and have the minimal amount of degrees of freedom: to count them,
one can construct the path integral on the one-dimensional torus of the free spinning particles,
which has been achieved for all A/ in Ref. [72]. The relations above together form the so-called
O(N)-extended worldline supersymmetry algebra: it displays N supercharges ¢; which close on

the Hamiltonian H and which transform in the vector representation of SO(N).

This model will be specialized for N = 2 and for N' = 4 in the course of the thesis. Further
details will be provided in due course, while we refer to the following complete review [37] for

an in-depth discussion.

The Grassmann even variables are spacetime vectors and worldline bosons, usually denoted
by a#(7) and a*(7) in the literature. They form a pair of complex conjugate variables. This
choice defines a class of models usually referred to as bosonic spinning particle.

The use of bosonic variables to describe particles with integer spin has a long history as well,
but mainly rooted in string theory [73-76]. Indeed, it has been explored only sporadically in
the context of worldline path integrals, as in [77]. It has seen renewed interest in recent works,
specifically in the context of Yang—Mills particles [78|, and of charged massive spin-1 particles
[5]. The “bosonic model” is defined by the usual set of phase-space variables with Poisson
brackets

{z".pYee =0, {a¥,a"}pp = in"” .

The gauged worldline action is, analogously to the fermionic case, given by

S:/dT [pﬂjv“—iduo'z“—eH—ﬂL—ui—aJ} ,



where we introduced the worldline gauge multiplet (e, u,u, a) acting as a set of Lagrange mul-

tipliers that enforce the constraints

1 T — —
H = §p/"‘p# ) L - Oé‘up/,L 9 L — a”pu 3 J - OC!LO[“ .

The latter satisfy a first-class Poisson-bracket algebra:
{L,L}pp =2iH , {J, L}pg=—iL, {J,L}pp=iL.

It is evident that the action and the symmetries are formally analogous to those of the fermionic
spinning particle. We therefore stop here the analysis of the constraint algebra, leaving further
details for the following sections. Let us emphasize that the underlying symmetry is not really

a supersymmetry; however, it does play an equivalent role as will become clear in Chapter 2.

Despite this fundamental difference in how spin degrees of freedom are represented, fermionic and
bosonic models can provide equivalent worldline formulations of the same field theory. The dis-
tinction between the two is often of a technical rather than conceptual nature. For instance, the
use of bosonic variables offers computational advantages when dealing with scattering amplitudes as
worldline correlators of vertex operators, as detailed in Chapter 3. Conversely, fermionic variables
can simplify certain calculations based on Wick contractions: a relevant example is providedby the
model object of Chapter 4 describing a spin-2 particle, dubbed N = 4 spinning particle; it exhibits
a subtle double-copy-like structure that facilitates computations, as shown in Chapter 5.'°

But how do these models relate to their corresponding field theories?

The precise connection emerges upon quantization of the spinning particle model. We shall not delve
into the details here, as the following chapters are devoted to an in-depth analysis of this subject.
Let us simply anticipate that the quantization procedure involves several subtleties, since we are
dealing with a constrained Hamiltonian system. In general, it can be implemented efficiently in two
main ways: either following a procedure a la Dirac, or by employing the BRST formalism. In the
former approach, one promotes the constraints to operators C., and defines physical states as those

elements |¥) of the Hilbert space that get annihilated by all constraints: "
Co|W) =0

This procedure has been extensively used in Refs. [68, 70| to quantize both massless and massive
spinning particle models. The BRST method,'* on the other hand, will be discussed extensively in

Chapter 2 and in Chapter 4, and we shall not anticipate its details here.

These two approaches are equivalent as long as the model remains free [80]. However, the inclusion

12Gee in particular the discussion in Appendix 5.13.2. It is an intriguing, but not much explored, possibility to exploit
this underlying double copy structure further, potentially contributing to the color-kinematics duality program.

13This definition is somewhat restrictive and will be relaxed in a more thorough discussion in Chapter 2. Nevertheless,
it is ultimately the defining expression that is employed in practice, cf. Egs. (2.1.29)-(2.1.30).

4Which has been originally developed in the context of the path integral quantization of Lagrangian gauge theories
and named after Carlo Maria Becchi, Alain Rouet, Raymond Stora and Igor Tyutin [79].



of consistent interactions or background couplings is often more efficiently achieved within the BRST
framework, as pioneered in Refs. [81-83]. For instance, regarding the fermionic models, the Dirac
quantization approach historically led to the misleading conclusion that quantization is not feasible
in some cases, particularly when considering generic gravitational backgrounds. This limitation was
notably encountered for the A/ = 4 spinning particle, where only restricted backgrounds were initially
considered consistent, until it was realized that BRST quantization provides a systematic route to

more general configurations. Chapter 4 is devoted to a thorough analysis of the matter.

Once the worldline model is quantized and the couplings are consistently introduced, one obtains a
worldline representation of a given QFT quantity by constructing the path integral of the model.
Schematically, this takes the form

DGDX o~ SIX.GiB]

B~ [ 27
2] + Vol(Gauge)

The particle action depends on the worldline gauge fields G(7) (a.k.a the set of Lagrange multipliers)
and coordinates with fermionic/bosonic partners X (7), while the overcounting from summing over
gauge equivalent configurations is formally taken into account by dividing by the volume of the gauge
group. We agnostically denoted by 9B(z) the presence of background fields and did not specify the
topology of the worldline 7. The most important topologies of the worldline are depicted in Fig. 2.
They correspond to the interval, I, suitable for describing the propagation of the particle, thus
providing the QFT propagator, and to the circle S', which enters in the first quantized representation

of the one-loop QF'T effective action induced by relativistic particles.

Propagator Effective Action
Figure 2: Topologies of the worldline.
The “bottom-up” approach outlined here constitutes the methodology followed in Chapter 2 and

Chapter 3, where the bosonic spinning particle is employed, as well as in Chapters 46, where the

N =2 and N = 4 fermionic spinning particles are considered.






Part 1

Non-Perturbative Phenomena
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Prelude: the Schwinger effect in a nutshell

In the first part of the thesis, we explore the application of the Worldline Formalism to the realm of
non-perturbative physics. Our goal is to show that, being a genuine functional approach, it naturally
lends itself to efficient non-perturbative analyses. Specifically, we shall focus on the computation of

the vacuum persistence probability
[{Oout|Oim) * - (L.1)
In Minkowski space, the vacuum persistence amplitude is related to the effective action by
(Ooue|On) = € (1.2)

A remarkable feature takes place when the Minkowskian effective action I'y; develops an imaginary

part: since the vacuum persistence probability relates to
|<Oout’01n>’2 = ¢ 2Imlv ) (1-3)

the vacuum non-persistence can be interpreted as the probability of producing particle-antiparticle
pairs
Piair i= 1 — e 2 (1.4)

This definition reflects the fact that the instability of the vacuum signals the emergence of states
with a non-vanishing number of particles. As long as the latter are not largely populated, the pair

creation probability can be approximated by
Ppair ~ 2Im FM . (15)

The instability of the vacuum was famously identified in the pioneering work by Euler and Heisenberg
[84]. Even earlier, in 1931, Fritz Sauter had demonstrated that electron-positron pairs could be
produced from the vacuum in the presence of a strong electric field, interpreting the effect as a
quantum tunneling [85]. Dirac’s theory had already revealed that the vacuum is not empty, but
filled with a sea of virtual pairs undergoing continuous creation and annihilation. In the presence of
an external field, to be more precise an electric one, this vacuum becomes unstable: virtual pairs can
be separated and promoted to real particles when the field is strong enough to supply the required

energy (see Fig. 3).

' ~ —
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\ II €« - - I >
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N / e et

Figure 3: Graphical representation of a virtual electron-positron pair becoming real due to the
presence of strong electric field.
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The formal expression of this process was achieved with the tools of QED only by Julian S. Schwinger
in 1951 [13]. The celebrated pair production rate in a weak electric field, constant in time and spatially
homogeneous, of magnitude E reads [86, 87|

e?E?  a2a

3¢ T (L.6)

"}/N

where m and e denote the electron mass and charge, respectively. From (1.6), one can extract the

critical value (with the factors of & and ¢ temporarily restored)

m2e3

Ey, = = ~10¥Vm™, (L7)

that an electric field must reach in order to create detectable electron-positron pairs. This value
is still beyond present technological capabilities, despite all the technical advances that have taken
place over the last 80 years. Consequently, an experimental proof of the Schwinger effect remains
elusive. However, the latest generation of laser facilities is expected to overcome this issue in the
near future, presently offering field strengths that are just a few orders of magnitude below E.,.
In effect, several strong-field experiments are planned or are underway at the European XFEL [88,
89], LASERIX [90] and OVAL [91], to cite a few examples. A promising strategy to enhance the
pair production rate is known as “assisted pair production” [92|. The key idea is to introduce an
additional fastly varying background, which will exert the role of an assisting (or catalyzing) field,

in addition to the strong background one.

To better appreciate the non-perturbative nature of the Schwinger mechanism, let us briefly recall
how the rate (1.6) originates from the QED effective action I'[A,], defined as

. — ; l wY b (i) —m
/DA ezF[AH] — /DADQ#D@Z) elfd4:):<f4Fp‘uF +1( Y/ )"L’) ] (I8)

By construction, I'[A,,] describes the nonlinearities of quantum electrodynamics when the fermionic
degrees of freedom of matter are integrated out. For a constant electromagnetic background, this

reduces to the celebrated Euler-Heisenberg effective Lagrangian [84]

at (1.9)

*dT e T eET eBT
Len = —2 ;
o T (47T)? tan(eET) tanh(eBT)

This Lagrangian contains a wealth of information on nonlinear quantum effects. It is non-perturbative
in the coupling e and resums an infinite number of one-loop N-photon diagrams (see Fig. 4). In
this sense, it represents one of the most famous examples of a resummed expression, encoding all
invariants constructed from powers of the field strength tensor. As we shall see, the ability to
obtain such closed expressions, containing infinitely many invariants, is crucial for exploring the
non-perturbative regime. Beyond pair production, the Euler—Heisenberg Lagrangian also underlies
processes such as light-by-light scattering and vacuum polarization [93]. Returning to the main topic,

notice that the integral in the Schwinger proper time 7" in (1.9) is singular: the 7' = 0 region signals
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Figure 4: Diagrammatic perturbative expansion of the Euler-Heisenberg effective Lagrangian with
the inclusion of the classical Maxwell Lagrangian. Note that, in QED, the diagrams with an odd
number of external photon legs vanish due to Furry’s theorem.

an ultraviolet (UV) divergence to be regularized, while infinitely many poles occur at

Tn:Z—g, 0<neN. (1.10)
These poles are responsible for the imaginary part of the effective action, leading ultimately to the
non-persistence of the vacuum. Their origin can be traced to the zero modes of the operator of
quantum fluctuations. While the conceptual relation between pair production and the imaginary
part of the effective Lagrangian is straightforward, obtaining the Lagrangian explicitly is far from
trivial. A detailed analysis of this problem, and its analogues in other field theories, will be the focus

of what follows.

In the next two chapters, we will show how to obtain such Euler-Heisenberg-type Lagrangians.
In particular, in Chapter 1 we take the case-study of a quantum scalar field in a Yukawa scalar
background by following a “top-down” approach, while Chapter 2 extends this analysis to a massive

charged vector boson in an electromagnetic background, adopting a “bottom-up” strategy.
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Chapter 1

Yukawa assisted pair creation of scalar

particles

In this chapter, we illustrate the power of the Worldline Formalism in the study of non-perturbative
phenomena, beginning with the seemingly simple case of a quantum scalar particle in a classical
scalar Yukawa background. To obtain a worldline description of this setup, we adopt the “top-down”
strateqy: starting from the heat kernel operator, we derive a worldline representation of the effective
action and proceed with its computation. A central milestone of our analysis is the derivation of
suitably resummed expressions: once the formalism is set up, we obtain compact forms for the effec-
tive action and the heat kernel of the scalar field, incorporating all invariants built from powers of
the background potential and its first and second derivatives. Remarkably, this turns out to be rather
straightforward in the first-quantized approach. Building on these results, we then analyze vacuum in-
stability by computing the vacuum persistence amplitude and the associated Schwinger pair production
probability. We begin with the simple case of a quadratic potential and then complicate the discussion
by considering non-quadratic time-dependent potentials and also spatially inhomogeneous potentials.
Finally, we refine this toy model by investigating how the inclusion of an additional, rapidly varying

background can significantly enhance pair production.

Conventions We work in D-dimensional Euclidean space, except for Secs. 1.3.1.1 and 1.3.2.1,
where we Wick rotate to Minkowski spacetime (using the mostly plus signature); we do not distinguish

the indices used in these different cases.

1.1 Worldline representation of the scalar heat kernel

Consider a theory consisting of a single quantum scalar field ¢(x), in flat spacetime and interacting

with a Yukawa background (classical) field, which is described by the spacetime action

S = %/d% [(09)* + V(2)¢?] | (1.1.1)

17



18

where Einstein’s sum convention 9* = 9,0 is employed. Generalizations to gauge background
fields or curved spacetimes are, in principle, possible. However, in this chapter, we will consider
only the scalar coupling through V' (x), which already exhibits several key features of the Worldline
Formalism. Extensions to other types of couplings, as well as to higher-spin fields, will be addressed

in the concluding discussion.

We will thus focus on V(z), which is an arbitrary Yukawa-type (scalar) potential and may naturally
include a mass term for the scalar field. As customarily, the one-loop effective action I', which is the
full effective action unless we quantize V' as well, is related to the operator of quantum fluctuations,
Q:=-0*+V:

I'= %LogDet[Q] . (1.1.2)

As detailed in the introductory section on the Worldline Formalism, in the Schwinger proper-time

parametrization, we can write the effective action as

1 [~dr
T:—§/0 d?/deK(x,x;T), (1.1.3)

in terms of the diagonal of the related heat kernel operator. In turn, the heat kernel operator can be
interpreted in quantum mechanical terms as the matrix elements (x|exp(—T7'Q)|z’) of the evolution
operator U(T) of an N = 0 spinning particle. Following the paradigm of the Worldline Formalism,
one can represent the transition amplitude in terms of a path integral over the bosonic coordinates
x#(t) in a first-quantized framework. In this chapter, we are going to follow two different approaches,
depending on whether we absorb the spacetime integral into the path integral or not. If we do not,
then the effective action is computed from the coincidence point expression of

z(T)=z

T @2
K(y, . T) :/ Do I 2 HVE) (1.1.4)

z(0)=y

This approach, which involves Dirichlet (D) boundary conditions (BC) on the worldline, is of funda-
mental importance when local quantities are to be analyzed, such as the energy-momentum tensor. If
instead one is interested in global quantities, as is the case for the effective action in Eq. (1.1.3), one
can realize that the spacetime integral can be effectively incorporated into the boundary conditions
of the path integration. A deeper discussion of this issue will be postponed to Sec. 1.3 and App. 1.A]
where the so-called string-inspired (SI) BC will prove helpful.

1.2 Resumming first and second derivatives of the potential:
the heat kernel

Having at our disposal a worldline representation for the relevant transition amplitude, cf. (1.1.4),
we are going to show that one can set up a perturbative expansion which already incorporates the
information of all the invariants made up of the first and second derivatives of the potential. Since we

are interested in working at the local level of the heat kernel, we will employ DBC on the worldline.
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As a first step, we follow Ref. [94] and Taylor expand the scalar potential about an arbitrary point

T,

V() = V(F) + "9,V (&) + %l“l”E)WV(i) o (1.2.1)

where we define the distance [* := (z — Z)* and employ the following shorthand notation for the
higher derivatives: d,, ,,V = 0,, ...0,,V. Identifying the base point with one of the arguments of
the heat kernel, £ — y, and performing the translation x — 2’ =  — y in the path integral as well
(we will omit the prime henceforth), the expression for the heat kernel can be recast as

z(T)=z—y

K(y,z;T) =e TVW® / Dy e/ #70V ) g=Stee=Sine (1.2.2)
z(0)=0

where the quadratic part of the worldline action will be called the free action,

1/t 1
Shree 1= 5/ dt 2+ (5% OB + GWV(y)> e (1.2.3)
0

while the higher-order terms will be included in the interacting action,

o0

T
1
Sint 1= / dt Z - ot OV (Y)
0

n:

= (1.2.4)
::/0 dt Line (z(t)) .

Note that all the tensorial quantities involving the background field V' and its derivatives are evaluated
at the initial point y; as a consequence, their dependence on the worldline bosonic variables x(t) is
factored out and the expression (1.2.2) is thus readily usable for a perturbative computation in powers
of the path.

Using St as the base action for the expansions is convenient as one only has to deal with a Gaussian
path integral. The perturbative expansion corresponds to an expansion in the number of derivatives
acting on a (single factor) V. Taking this into account, it proves useful to introduce an arbitrary
external source 7),,(t) linearly coupled to the paths, as well as the corresponding generating functional
of path n-point functions,

z(T)=z—y
DS i st (1.2.5)

Zlil(y. =)= [

2(0)=0

which leads us to a master equation for the heat kernel:

K(y, 5 T) = e TV0 ¢~ ho lu(=5w) Z1(y, 2 T) : (1.2.6)
n=0V (y)
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1.2.1 Generating functional

After an integration by parts in the worldline action, we can rewrite the generating functional as’

z(T)=2—y
Do o3 Jo dt (@ Az +2n,a) , (1.2.7)

Zlilty. =) = [

z(0)=0

where the action is defined in terms of a differential operator that acts on paths satisfying DBC on
the interval [0, T:

1
At = —§5Wa§6(t —t)+2Q2, (y)o(t —t') . (1.2.8)

To simplify the notation of the upcoming results, we have introduced €2,,,, which is related to the

uvs
second derivative of the potential in the following way:

202,(y) = 0V (y) (1.29)

Taking all this into account, the computation of Z[n] reduces to obtaining both the inverse and the
functional determinant of the operator A,,. The explicit computation goes as follows. First, it is
convenient to recast the path integral in terms of the quantum fluctuations $#(¢) around the classical
trajectory xk (1),

xh(t) == i (t) + §"(1) . (1.2.10)

Secondly, the classical trajectory x%;(¢) is defined as the solution to the equations of motion imposed

by the free worldline action, i.e.”

55 free

= AP 2l (1) = 1.2.11
S0 =AM =0, (1.2.11)

“w

satisfying the following boundary conditions

250)=0, 25(T)=(z—-y". (1.2.12)

cl cl

This fact, together with expression (1.2.10), implies that the fluctuations satisfy vanishing DBC, i.e.

§(0) = $(T) = 0. (1.2.13)

Coming back to the classical solution, it can be straightforwardly computed and is given by

wg(t) = (%) (2=, (1.2.14)

where the tensorial character of €2, has been explicitly shown. The resulting partition function thus

1A boundary term is omitted, as it has no bearing on the upcoming discussion of the diagonal heat kernel.

2Here and in the subsequent differential equations for the worldline z(¢) we will employ an abuse of notation, such
that whenever the differential operator appears as A, we intend it striped-off of the Dirac delta that should appear
according to Eq. (1.2.11). For instance, Az(t) = (=107 + 2Q%) z(t).
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reads
3(T)=0

Z[T]] (ya zZ; T) = e_Sfree[xcl] e ft 77#“””51 / Ds e_% ft1t2 gHA!ngu_ft U ’ (1215)

3(0)=0

where we have introduced the following condensed notation for (multiple) integrals:*

T T
titg--- 0 0

Performing the shift § — 5 = § + A~y and a subsequent completion of squares one is lead to

S, H lf LAY s(1)=0 - _lf N4
Z[T]](y’ Z; T) = e free[fcl] eij;tn'“‘xcl o2 t1t2n i / DSG 2 Jeyty uv
o= (1.2.17)
= CD—BC e_Sfree [xcl]‘i‘%(sl"v‘sbos)
— .
Det (A

As a way to simplify the notation in Eq. (1.2.17), we have introduced actions for the linear and

quadratic contributions in the external source,

Sileacn]: =2 [ n,0)4(0) . (1.2.18)
Shealt] - = / ()AL bt (1) (12.19)

as well as the following short-hand notation for the quotient of functional determinants with respect

to the free case:

— Det(A
Det(A) := ¢ 1( ) :

Det (—55W(972.)
Note that, in expression (1.2.17), Cppc is a normalization to be determined, after the computation
of the determinant and Green function of the A operator, from the well-known result for the Mehler
kernel [95, 96].

In order to obtain an explicit expression for the generating functional, we begin by writing down the

Green function corresponding to the operator A:

Afl

iz

1) - [sinh(ZQt) sinh (2Q(T—t'))Q—SSlg(z—Qt'T))sinh(mT) sinh (2Q(t—t’))] 2

The details of its computation are given in App. 1.A and, for future reference, we also report its

following integral

Eu(t): = /t ALt t) = th (%(ZTCO_SJ)()QS;;h mt)LV . (1.2.21)

Regarding the computation of the functional determinant, this can be carried out by employing

the Gel'fand—Yaglom (GY) theorem [97], as generalized by Kirsten and McKane for a system of

3For instance, [, n,a* = [} dtn,(H)z#(t) and [, A5 = [ dty [ dtz 3(t1) At 12)3(t2).
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differential operators [98, 99]." As a matter of completeness, the salient aspects of this procedure are

given in App. 1.B. After a direct computation, one gets the equality

(1.2.22)

DEi(A) — det {sinh(2QT)}

2QT

Finally, the computation of the normalization constant Cppc is straightforward; after replacing the
results for A~! and Det(A) into Eq. (1.2.17), we obtain

Cope = (4nT)™7* . (1.2.23)

1.2.2 Resummed heat kernel

Recalling the formula (1.2.6), we use it in conjunction with the results of the precedent section to

get the following representation for the diagonal of the heat kernel:

e TV sinh (2Q7)\  _ /. (-5 ) 1
K T = d t—1/2 R S Ji Lmt( 6n(t)) 2 Sbos 7] . 1.2.24
(x,2;T) (IT)072 e ( 50T ) e e? o ( )

The evaluation of this expression naturally proceeds by perturbatively expanding the exponent in
powers of the operator-valued interacting terms contained in Ly, i.e., in powers of functional deriva-
tives %. This can be readily used to obtain an expansion of the heat kernel up to a certain power
in the proper time in an improved Schwinger-DeWitt expansion; in our case, this is measured by

considering the number of derivatives acting on a single Yukawa potential.

Explicitly, the action of the interacting exponential necessary to generate all the terms contributing

up to order 7% in the Schwinger-DeWitt expansion reads

)
ei f dt Lint (7 on(t) ) e%sbos[n]

n=0V
— o J At (Wi ()+Wiay (D)+-- ) o3 Sbosn]

n=0V

(oo~ [~ [~ [ [ "

- / W(8>(t)+— W(g)(tl)w(g)(tQH...) o3 Sboslr]
i tito

n=0V ’
with the vertex-generating operators given by

(—1) 5"

W(n) (t) = —n! a,UJHT"MnV 577/“(15)577“2 (t) ... 57]un (t) ’

(1.2.26)

The evaluation of Eq. (1.2.25) can be easily performed in the Worldline Formalism; once inserted in

4For a pedological exposition, see also the Saalburg lectures by Gerald Dunne [100].


https://saalburg.aei.mpg.de/wp-content/uploads/sites/25/2017/03/dunne.pdf
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(1.2.24) we get the result

QT —tanh(QT) ¥V
o TVHOV [P o v

(47rT)D/2det1/2 <sinh(2QT)>

K(z,z;T) = Y(z,x;T) (1.2.27)

2QT

where ¥(z, x; T') contains the information on higher derivatives of the potential, which can be written
in terms of worldline diagrams; more explicitly, the contributions relevant at order 7° are given by

manageable worldline integrals,

S T) = 1+ %au,,pv 0V / G (4, 1) B (1)
t

1 1
- géﬂmv /G“”(t, t)GPMt,t) + gaﬂwv 0,V /G“”(t, t)GPMt, )BT (t)
t

+ 24awvaamv/ {3G””(1,1)Gp°‘(1,2)G5’7(2,2)+2G”a(1,2)G”5(1,2)G”’7(1,2)
ti1to

- %Sa,uup/\TOV /G#U<t7 t)Gp)\(t7 t)GTG (ta t)
t
1

- ﬁﬁwp,\TgagV/GW(t,t)Gp’\(t,t)GTe(t,t)Go‘ﬁ(t,t) +.ol, (1.2.28)
t

where we denoted G/(i, j) := G(t;,t;) in the arguments of the Green function G*(t,t') := A/ (t, 1)
and E*(t) has been introduced in Eq. (1.2.21). Expanding in powers of the proper time,

o0

(z,2:T) =) cj(a, (1.2.29)

J=0

we can read the first few coefficients in the improved Schwinger-DeWitt expansion:”

co(z,z) =1, (1.2.30)
ci(x,z) =0, (1.2.31)
co(x,x) =0, (1.2.32)
c3(z,x) = ——8“ Y, (1.2.33)
ca(x,x) = —8“WV "V — 840({)““””%‘/ (1.2.34)

17
cs(z,2) = —=0,", V0",V + 8W,)V8 vy

_~ Aapp v . Auv P _ wovop A

+ 2806 VOV + 210a VOV = 157352 AV

These coefficients are valid at the local level and, in particular, have been computed without the use
of integration by parts; they are in perfect agreement with previous calculations—see Refs. |94, 101]

and references therein.

5We postpone to the prelude to Part IT a proper introduction of this expansion.
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1.3 Resummations for the assisted Yukawa interaction

As already highlighted in Ref. [94], the resummed expressions that we have obtained in the preceding
section can be employed to analyze scenarios in which a strong field is involved. In this realm, an
exciting mechanism has been devised in Ref. [92|, where the rate of Schwinger pair creation was

greatly enhanced by including an assisting, fastly varying field to the strong background one.

In the following, we will consider a perturbative approach to the assisted Yukawa pair production.
Using our worldline setup, we are going to study the imaginary part of the in-out effective action,
which is related to the probability of pair creation in the weak-production limit (cf. the prelude to
Part I). This is an alternative path to those already considered for sQED, for which a scattering
approach was considered in Ref. [102] and, as we will see, we will be able to obtain closed expressions

without the need of employing saddle point approximations, which were necessary in Ref. [103].

Let us then consider a potential of the form
V(z) =V(x)+eV(z), (1.3.1)

where V(x) is a strong field, while V(z) is a fastly varying field, whose strength is tuned by the
parameter € < 1. Since we are interested in a global quantity (the effective action), we will employ

a worldline model with string-inspired boundary conditions, which we describe in the following.

Departing from Eq. (1.1.3) for the effective action, we recall the interpretation of the heat kernel as
a transition amplitude; this suggests that the spacetime integral of the diagonal of the heat kernel

can be equivalently written as a path integral over periodic (P) trajectories,

K(T): = /de K(x,2;T)

1.3.2
_ %Dx o (FHV@rev@) (1.32)

Afterwards, we introduce the loop’s “center of mass”

M:%ZM@. (1.3.3)

Once it is fixed, the path integration can be reobtained by subsequently integrating over all closed

loops that share the center of mass; in other words, we decompose the closed worldlines as

%Dx = /d% fps : (1.3.4)

where the paths satisfy then the string-inspired boundary conditions:
ah(t) =zt + sH(t) with /s“(t) =0. (1.3.5)
t

For the interested reader, a more general approach to boundary conditions in the worldline is ex-



25

plained in App. 1.A.

Coming back to the computation of the integrated heat kernel, for convenience we Taylor expand

the strong potential V' about the center of mass variables:
1
V(z+s)=V(z)+s"0,V(z)+ 53“3”8WV(93) +.... (1.3.6)

This allows us to split once more the contributions of V' in the action (1.3.2) into an interacting part

and a free one. Introducing the string-inspired generating functional
Z[T]] (i’, T) — \%DS e_ft %—i—%sﬂsvauu‘/—&—s”n“—&-e]/(f—i-s) 7 (137)
we recast the integrated heat kernel as
K(T) = / APz TV o ibm(5m) ZzT)| (1.3.8)
n=0V

In the following, a perturbative expansion in the weak-field parameter € is to be performed:
Z:Z0+€Z1—|—E2ZQ+ 3 (139)

although each contribution Z; can be explicitly computed in the worldline, we will focus on the

contributions up to order €, which will be enough to show the existence of the assisted effect.

1.3.1 Zeroth order in V

At zeroth order, we need to compute
Zoln(z;T) = f{Ds o Ji TS Dot (1.3.10)

which is analogous to the path integral in Eq. (1.2.15), replacing the DBC with the SI ones. The

relevant operator for this computation, Ag;, satisfies Eq. (1.2.8) using Q2 (z) := $8,,V(2) |instead
of 2 (y)] and we should recall that its domain of definition is made of functions which obey the
condition (1.3.5):

Agy (t,t') = —%5“”836(15 —t) +2 ()" (D)ot — 1) . (1.3.11)

After the replacement s — s = 5 + As_Iln, the generating functional can be brought into a Gaussian

form, which can readily be integrated:

ZO [n] ('i.7 T) = e% ftlt? e <AS_II)W/7]V % Dg e_% ft1t2 §MA§IV§V

Ca; €2 500517 (1.3.12)

Det/1/2(ASI)
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This expression is made of three different elements. First, the exponential of the bosonic action,
which is completely analogous to Eq. (1.2.19), but for the fact that one should replace the operators
with the appropriate SI ones. Second, the functional determinant of the Ag; operator, which can be
computed by generalizing the Gel’fand—Yaglom method to operators acting on a domain of periodic
functions.® As explained in App. 1.B, the result is

(1.3.13)

Dot (Agt) — det {—Sinh2<QT>]

0277

Third and last, we have introduced the parameter Cgr; as in the Dirichlet case, it can be determined

by appealing to a known result; once more, we get
Cor = (4nT) ™" (1.3.14)

which also agrees with the expected result for the small proper time expansion of the integrated heat
kernel [104]. Note that this normalization yields a well-defined limit for a vanishing €. Summing
all these pieces, we get

o3 5h0s]

Zoln)(@;T) = ) : (1.3.15)

(47TT)D/2det1/2 (S‘“;;z#

1.3.1.1 Unassisted particle production

As a warm-up application of the preceding formulae, consider a strong quadratic potential, i.e. one
whose higher derivatives can be neglected, 0"=3V = 0. This implies that the worldline interactions
in Eq. (1.3.8) are switched off and, inserting the zeroth-order generating functional in the definition

of the effective action, cf. Eq. (1.1.3), we obtain the following effective Lagrangian:

1 [>°dr eV 02772
LgV]=-=[ = ——5-det | —5——). 1.3.16
V] 2/0 T (47T)"" ‘ <sinh2(QT)) ( )

The first aspect worth mentioning is the fact that the proper time integral contains a singularity at
T = 0, indicating a UV divergence that needs to be removed by renormalization. It will eventually
require the inclusion of counterterms in the effective Lagrangian, whose number will depend on the
spacetime dimensionality . However, as we will shortly see, in our strong field case the integral has

developed further poles in the T-plane if we work in Minkowski spacetime.

The determinant in the equation above can be evaluated from the knowledge of the eigenvalues of
the real and symmetric matrix Q2 defined in Eq. (1.2.9). These in turn depend on the invariants
det(92?) and tr (Q%), for j = 1,2,.., D — 1. For D < 4 it is possible to obtain analytic expressions for
the eigenvalues in terms of these invariants. However, the resulting expressions become cumbersome

unless D = 2, which serves as an interesting and illuminating special case. Therefore, in what follows,

6The prime over the determinant means that we are excluding the constant mode: in the SI BC this is automatically
excluded, while in the free operator this is done by hand.
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we assume that the background potential depends just on two coordinates (e.g., o and z1). This
results in a nontrivial 2 x 2 block in the matrix €2, whose eigenvalues entirely determine the effective

action. With a slight abuse of notation, we will continue to denote this block as Q2.

The (real) eigenvalues of the 2 x 2 block are given by

A= —F /32— o2, (1.3.17)

where we have introduced the notation
1
5= —itr(m) . B =det(0?). (1.3.18)

We have called these invariants § and &, given that they play roles analogous to §qrp = F),, F*”
and Sqpp = FWF # in four-dimensional quantum electrodynamics. Using these eigenvalues, the

effective Lagrangian can be expressed as

LanlV] = /OO ar_ e VAT (1.3.19)
eff|V]=—5 — 7 : 3.
2Jo T (4nT)” smh(\/LT) sinh(\/X,T>

Depending on the specific values of the eigenvalues, the effective Lagrangian can develop an imaginary
part when rotated to Minkowski space. To patently see this in a particular case, let us choose v € R

and the strong potential in Euclidean time to be
Vo(x) :=v* 2] +m? , (1.3.20)

where we have also included a mass term for convenience. As we will see, this is the analog of the
constant electric field which was considered in Ref. [94]. With this choice we have A, = v* and

A_ = 0. Then, the Euclidean effective Lagrangian is given by

v o] e—TvQ:ig—Tm2
Leg|Vo| = ——/ dT . 1.3.21
(Vo 2 Jo (47T)"" sinh(vT) ( )

Though the rotation to minkowski spacetime requires some care in the calculations, it can be done
as follows. The Euclidean quantities X are related to the Minkowski ones by adding a (—i) factor
for every Oth component which is involved. For example, for a vector we have X2 = —i X} Actually,
we can keep track of the rotation by including a parameter ¢, so that Xy = ¢*® Xy; thus, expanding
¢ about —7/2 we can keep track of branch cuts and poles in the complex plane. The objects that
we need to rotate include v (which is to be counted as a derivative of the potential) and the effective
action, which satisfies

FM’ — il . (1.3.22)

Wick rotated

Taking this into account, the Minkowskian effective action at zeroth order reads

©) V7 Volip_1) /°° dT e T
W = ———==— 1.3.23
U=y Sy TP ST 1 i0) —
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where Volp_y) is the volume of the (D — 1)-dimensional space and we have kept track of the rotation
through the 40 contribution in the argument of the sine. Eq. (1.3.23) shows nontrivial poles where

the sine function vanishes, i.e. at’

r=""

, 0<neN. (1.3.24)
UM

On their turn, these poles generate an imaginary part in the effective action, as can be seen from the

use of the residue theorem in the complex T" plane to perform the proper time integral,

m2‘n'n

Vol v
Imrl(\g) — m (D— 1) M Z n+1e Ni

D
2 (2m) (1.3.25)
T VOI(D_]_) D-1 . _m27r
= S0 T Lipa (—e 0
2 omp M HEr e M )

where Li,(+) is the polylogarithm of order s.® As already explained, the physical interpretation of

this result follows by identifying it with the vacuum persistence amplitude,
|<Oout|0in>|2 = e_QImFM =:1- Ppair y (1326)

which is reported here once again for ease of reference.

1.3.1.2 Non-quadratic time-dependent potentials

Let us consider an arbitrary time-dependent potential V'(¢). Using the zeroth order result, to zeroth
order also in the generalized heat kernel coefficients, we obtain what we will call the locally quadratic
field approximation (LQFA),

'y =

volD1 / ar / e T(Vy+m?) V)T
47TT)D/ sinh (\/T”(t)T/ﬁ> 7

which heuristically is expected to be valid when the potentials are slowly varying; in this sense,

(1.3.27)

it is equivalent to the locally constant field approximation employed in QED [48, 105]. For the
computation of the imaginary part of the effective action, if the potential is positive, the relevant
contributions will be those for which V" is negative’. Importantly, one should be careful with the
recipe employed to avoid the singularities that appear in the proper time integral. To take care of

this, we can follow as in the previous section; explained in other words, since our expressions are

"These are the values for which the differential operator A, with PBC develops zero modes in Minkowski space-
time. Although the n = 0 one does not correspond to a zero eigenvalue, as can be extrapolated from the spectrum
(see App. 1.B.2), it is not surprising that it still represents a divergence, as it is well-known to be related to the
renormalization of the theory.

8The polylogarithm function is defined by

2 2"
Lis(z E —.
nS

9For a negative potential, see the discussion at the end of Sec. 1.3.1.3.
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covariant, we can rotate the 00th component of the metric, which we will call 799. In order to be
consistent with the —ie prescription, the rotation should be % — =™, A further alternative is to
consider the heat kernel in minkowski spacetime and employ its imaginary proper time expansion [57].
After a proper time Wick rotation, this implies a 7"+ ie prescription that will be used in what follows

(it will be especially useful for the space-dependent potentials).

Coming back to Eq. (1.3.27), its imaginary part can be readily computed to be

FM s > e
I = — — 1)t dt "¢
Rt IS / _are((n)

y V7 (t) o ox —\27r (V(t) + m?)
4/2m2r P V(1) '

We can go beyond LOFA by including higher derivative terms, i.e. by multiplying the integrand in

(1.3.28)

the equation above by using the improved Schwinger—-DeWitt coefficients obtained in the SI approach
(see App. 1.C). To lowest order, we obtain

oo

—\2rr (V(t) +m?) 2473 VW) (¢)
p( K0 ) (= )

SS) of
FM T o " V”(t)
Im &o— =5 d (=t [ dte (V) ( 2 )
Volp.y 2 4= / 4V/2mr (1.3.29)

As a particular case, consider an oscillatory potential; having in mind the analogy with the electro-

magnetic case, which in essence is (F?2),, — ., a plausible form is
Vi
V(t) = —sin*(wt), V>0, (1.3.30)
w

which additionally reduces to the quadratic potential when w — 0. The Hessian matrix is defined in

terms of the single element
V" (t) = 2V cos(2wt); (1.3.31)

inserting it in Eq. (1.3.29) and noting that the periodicity of the potential can be absorbed into the

length Ly = 2, we are led to the result

w

00 b/2
I'nm (=) ir /”/4 Vo cos(2t)
M N DT gy [ Ve cosish)
T Volp 2 4%y
= (1.3.32)
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where we have introduced Keldysh’s adiabaticity parameter [106] :

mw

V= —.
vV

Note that the first correction in Eq. (1.3.32) is positive and also reflects the large-potential character

(1.3.33)

of our expansion, which is not in powers of v, but in terms of the dimensionless, small parameter
w?/+/Vy. For extreme fields, one could work out the time integral using Laplace’s theory, which
effectively leads to a parabolic approximation. Indeed, physically speaking, the expression (1.3.32)
can be seen as an improvement over simply approximating the harmonic function with a periodic
array of quadratic potentials centered around its minima. Additionally, in the small w limit the
quadratic result is reobtained; this can be seen either by using Laplace’s theory in the previous

equation or by rescaling in w,

'yt W
I M = 'r'+1
LO VOID 1 4 g

/4w b/ Vo 2
s / / dt( V[)cos(2wt)) exp (—m"( 2 sin®(wt) +m )) (1.3.34)

—7/dw Am2r Vo cos(2wt)
00 2
w20 TW oyl <L>D/2 L —7Trm
4 Z;( b A2y \/m}exp v '

where we have identified v/Vy — v. Although we have not managed to obtain a closed analytic

formula for Eq. (1.3.32), one can truncate the series at any desired order and readily numerically
perform the integrations, at least for massive fields, for which a decreasing exponential behaviour is

guaranteed.

As a last comment, we would like to emphasize once more that we expect Eq. (1.3.32) to be a good
approximation for small frequency w. If an all-scalar version of the worldline instantons technique
could be developed, it could be used to check all these (and the following section’s) results and
complement them with expressions encompassing all the derivative contributions (but just the first

large mass one).

1.3.1.3 Spatial particle creation

The framework is slightly more involved when considering the spatial case. For simplicity, we will

analyze the case depending on just one variable, say x3, so that

_iVol oo dT V(wa)+m?) V()T
Iy — Dl/ / (z2) (1.3.35)

7T)”*  sinh (\/V”(Ig)T/\/i>‘

In this setup, for weak fields instabilities arise when 93V becomes negative; the difficulty resides in
the fact that the instabilities are already present at the level of the Euclidean effective action and,

thus, the imaginary proper time prescription described in the previous section is required in order to
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obtain a sensible answer.

To simplify the discussion further, let us consider the quadratic case
V(zs) = v* x5 +m?, (1.3.36)

leaving the sign of v? for the moment undetermined; note that the situation with the inverted
quadratic potential mimics what happens in the electromagnetic homogeneous field in the spatial

gauge. Then, following the lines of the previous section we arrive at

I : o qT S —T(v2x2+m?) T
m(V] :_l/ _/ doge—— 1V (1.3.37)
Volp_ 2)0 T J_o (47T /2 sinh(vT)

At this point, we have to consider the two possible alternatives separately. If v? > 0, all the integrals
in Eq. (1.3.37) are well defined and are real, i.e. there is no creation of pairs. This is of course logical:
since the potential is static, no energetic source is available to create the pairs. If instead v? < 0,
the sinh in the denominator becomes a sine and singularities appear. However, the integral in xj3
becomes ill-defined; this can be seen as a consequence of the fact that the effective mass V + m? is
negative in an infinite region. A way to circumvent this problem in this simple case is to perform
first the integral in z3 (with v? > 0) and afterwards appeal to an analytical continuation in'” v. The
result obtained with this prescription agrees with the one using the imaginary proper time, and gives
the same pair creation probability as for the quadratic time dependence. This agreement resembles

the situation in the EM homogeneous case.

As a last example, consider another spatial, now oscillating background,

Vi(zs) = g sin?(was). (1.3.38)

If V5 > 0, then the only change with respect to the time-dependent field is in the integration region

over z3, which is effectively shifted to the complementary interval in the period of cos(2wz3);'" after

shifting the integral one gets:

FM > —1 T—Hﬂ'
3 (=1)

Im =
VolD —1 4 ( )
) 2 1.3.39
" /”/4 d Vo cos(2x3) 7 —nr <\{§ cos®(z3) + \/‘70>
3 | ——— ex
—r/4 ’ Am2r P cos(2x3)

Since our expansion is valid for strong potentials, the integral in the coordinate z3 can be done using
Laplace’s theory; contrary to the time-dependent scenario, one notices that cos® 3 > 1/2 in the
integration region, and thus the integral is exponentially suppressed in the strong field expansion.
This is consistent with the fact that for a positive potential one does not expect particle creation to

take place. This can actually be discussed in more general terms: whenever the potential is strictly

100ne should employ the rule of thumb that the rotation should not interfere with the ie Feynman rule.
n this case, Volp = LzVolp_1, where L3 denotes a spatial cutoff.
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positive and its second derivative is negative, an exponential suppression is present in the imaginary
part of the effective action in the LOFA.

Taking into account our discussion for the quadratic case, one would expect that the harmonic
potential (1.3.38) with V4 < 0 should resemble the most an electromagnetic space-dependent field.
However, in this scenario there is a caveat: for strong (negative) fields the integral in Eq. (1.3.35)
develops infrared (IR) singularities. These are related to the divergent behaviour for large T' and
could imply a further source of imaginary contributions in the effective action; they are of course not
present for QED, since gauge invariance precludes the presence of the gauge potential in the effective
action. One could still appeal for example to analytical continuations to analyze the IR singularities,
as done for the quadratic field; however, for the oscillatory potential the integrals can not all be done

explicitly and the same can be said for the most frequently analyzed pulses in the literature.

For the sake of completeness, let us briefly discuss an analogue expansion in QED; a thorough analysis
will be left for the future. In such a case, the first derivative contribution, i.e. the equivalent of the
w?/+/Vy term in Eq. (1.3.32), is given by the c?ED coefficient. For a background field which is
exclusively electric (Fy; = E;(z) and Fj; = 0), it can be shown that

2 o .
(QED _ = [0, EVE' — 0B EY] (1.3.40)

cf. the o3 coefficient in Ref. [107]. This expression clearly displays a sign flip when shuffling from
purely spatial to time-dependent potentials, meaning that the pair production probability is en-
hanced in the latter case, while it decreases for the former. This seems to be in agreement with the
threshold which has been observed using worldline instantons for potentials depending on spatial

coordinates [48].

1.3.2 First and higher orders in V

Before analyzing the first-order contribution in €, we will sketch how the computation to any order

can be done. At nth order in the assisting potential, the contribution to the generating functional is

Zn[n)(#:T) = (—1)"%7)5 /H e Ju T Qs V(z + s(t)) V(T + s(ta)) - - -

— (1 / [H dg; V(1)

(1.3.41)

Y

. _ 52 .
/ f Dse™ Yl @i [, st s Quutstnutisy 3T ¢ 6(T—t:)
ty-e

where we have Fourier transformed V as

V(z) = / dge™ " V(q) (1.3.42)
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and used the short-hand notation &q = %. The expression (1.3.41) is still manageable, since

introducing explicitly the classical solution to the equations of motion of the worldline,
st — st + s (1.3.43)

the exponent becomes quadratic in the quantum fluctuations. A direct calculation shows that we

need to find the solution of
(Ast)w s4(7) = =nu(7) = 0u(7) (1.3.44)

where 0 contains all the momentum inhomogeneities:
ot (7) = ZZ ¢o(r —t;) . (1.3.45)
i=1

This can be simply solved by considering the Green function of the operator, G := Ag/', which is

computed in App. 1.A:

1 cosh (Q(T + 2t — 2t'))

B N sinh (2Q(¢t — ') 1"
2702 2Q2sinh (27")

Q Y

g (t,t') = —O(t—1t) (1.3.46)

so that

() = =i 3 Gy (7, 1)l — / G (r, )t (1.3.47)
i=1 4

After replacing Eq. (1.3.47) in the expression for Z,,, we obtain

n

Zn[n)(%;T)
[Tdevia)

~ ¢ [

—TV 0272
= (~1)"———p; det¥” (2—)
(47T) /2 sinh*(QT")

<[ [H V(@)

e il T / 7{ Ds e 2 Jur 3 Buvd"+3 [y (142), 6" (n+2),,
tito---

e i qm:/ 03 Jow (110), G (n+0),, (1.3.48)
titg--

If we are just interested in the contribution without worldline interactions, this formula can be further

simplified to

Al 1) = a1 e (T

(1.3.49)

n
[Jaovia)| e Saos [ cihoosro
titg--
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given that the SI Green function satisfies
/ g (t, 10,V (z) =0 . (1.3.50)
t/

It is important to note that, in Eq. (1.3.49), an integral in Z is not simply going to give a Dirac delta,
which would imply momentum conservation, because of our nonperturbative approach. Indeed, there
are also implicit dependences on Z through V' and §2; the former will be a crucial difference with

respect to the Abelian gauge field case.

Let us now focus on the first order contribution in the assisting potential. The relevant computation

reads

-V 0272

Zinl(z;T) = - e—D/Qdetl/2 (2—)
(47T) sinh(QT") (1.351)
% /&q efiq-if%qué’#uqu f/(q)/ e%SbOS[n]Jriqftg(t,tl)n(t) :
t1

i QT coth (QT) — 11"

gm gW(t,t):{ C°2Q(2T )~ } . (1.3.52)

Once these results are replaced in Eq. (1.3.8), we can perturbatively recast the trace of the heat

kernel as
~ 1 0272
K(T) = ———7DTh /dDIE e_TV det1/2 (2—)
(47T) /2 sinh*(Q7T)

X /aqe_iq‘f—équfw‘l" v(q)/ (1+E(1)(E;T, t1))

t1

(1.3.53)

where higher-derivatives contributions in the Yukawa potential are encoded in XM (z; T, t;). If we

split them according to the number of momenta they contain,

SOz T, t) =S\ (@T) + SV (@ Tot) + - | (1.3.54)
we get the first terms
T T
500 (#:T) = = OV EMEP — OprrgV EMENET
T

- @auyp)mﬁaﬂv (C/’MVEPAETGSaB

+1—123vaaamv / G (a, )G (a, )G (a,b) + . . | (1.3.55)
ab

SET ) = 5 0V do / G (1, 1)G (1, 1)

i (1.3.56)

+ < OV o / G (1, )G (4, G () + . |
t

where we reported only the terms contributing to order 7° once expanded in powers of 7. These

results can be compared with the known expansion for integrated heat kernels, the difference with
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the local results in Sec. 1.2 consisting just in boundary contributions.

1.3.2.1 GGauss assisted pair creation at first order

The results from the previous section can be readily used to analyze the effect of assisted pair creation.
For simplicity, let us consider a minimal model in which the background, assisted field is quadratic

in the coordinates, so that the integrated heat kernel simplifies to

)=t [ar e e (Q—T> [agevtneaig) (1.3.57)
(4rT) " sk’ (Q7) | -

Without losing generality, we can further restrict the potential to be only time-dependent, as we

have done in Eq. (1.3.20):

Vo(z) =v? 25 +m?, v = const . (1.3.58)

As assisting field we propose instead a Gaussian (infinitely wide) pulse, which is frequently employed

in the description of experimental setups:

V(a) = L ew’ab (1.3.59)

Replacing these profiles for the fields into Eq. (1.3.57) and performing the integral in zy and in the

energy o, we get a compact expression for the trace of the heat kernel:

(1.3.60)

- Volp_1y wT®?  _ on (1 coth(vT)\ 72
K(T) = - " —_— .
(T) (47 T)"/2 sinh (vT') ¢ *

w? v

Using this expression, the Euclidean effective action is immediately obtained. As we have already
performed at zeroth order in the assisting field, in the present case we can analyze the Minkowskian
scenario by performing a Wick rotation, the only difference being that the frequency w shall be
also included among the quantities that have to be Wick-rotated. Keeping track once more of the

necessary regularizations resulting from the rotation, we get

00 —m?2T —1/2
o _ _ Volp_pyewns / dr e (L L cot(onT) 2'0) _ (1.3.61)

2(4m)"r? TPV gin (vyT +140) \ wi; UM

The analytic structure of the integrand in this expression is severely influenced by the square root
factor. On the one hand, notice that the zeros of the sine are not poles of the integrand, given that
the cotangent inside the square root partially compensates the divergence, rendering it integrable.
On the other hand, its argument vanishes periodically in 7', generating an infinite number of branch
cuts in the complex T plane, the —i0 resulting from the Wick rotation telling us on which side of

the cut the integral shall be performed. To simplify the discussion, let us use vy as scale and define
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the following complete set of dimensionless parameters:

WM

Um

= (1.3.63)
UM

T =T, (1.3.64)

where T* is the first positive root of @w=2 + cot (T*) = 0. Then, the cuts from the cotangent give
rise to an imaginary part in the effective action, whose analytic expression can be straightforwardly
found to be

Vol ) s =T —m2T
Im Fl(vll) = —W2(02 (];Dl)vM(D_ Poeemm T GJ/ AT ——————~ eT 7
7T *
0 s (D+ 1 )T - (1.3.65)
X ‘@_2+00t(T+T*) g (—e_”mz, — * ) ,
2 m
where ®(-, -, ) is the Lerch transcendent function,

. 1.3.66

UERTITS) peetas (13.60)

n=0

Importantly, T* always belongs to the interval T* € [r/2,7), since we consider vy, wy > 0; this
implies that the exponential decay of the pair creation effect can be greatly softened by the assisted
field. Such a softening can be readily observed by inspecting the ratio of the pair creation probability
at first assisted order, PV, with respect to the non-assisted case, P(9). In the left panel of Fig. 1.1,
one can observe a density plot of log <%> as a function of m and w; the integral in the proper time
T has been performed numerically, while the value € = 1073 has been chosen so that in the depicted

region we roughly satisfy the small potential criterium ew? < 1.

As expected, the ratio of probabilities rapidly increases as a function of the rescaled frequency w.
Indeed, the higher the frequency w the larger the available energy to catalyze the production of pair
creation. One can also see that, for the depicted values of the parameters, the ratio also increases
with the mass; the reason is that the transseries structure in Eq. (1.3.65) is shifted with respect to
that in Eq. (1.3.25), thanks to the exponential prefactor e~ ™T"

We have also depicted the double logarithmic plot of the ratio of pair creation assisted and non-
assisted probabilities as a function of @ in the right panel of Fig. 1.1, for a few values of the rescaled
mass. For large values of w, the behaviour is linear, as dictated by the prefactor in Eq. (1.3.65).
Going to smaller values, there is a transition to a @? behaviour. For small @ the hierarchy of the
curves with respect to the mass is kept, thanks to the following effect: in this region the softening
e~ T plays no role, the Lerch function becomes essentially a polylogarithm and the relevant ratio

is governed by the dimensionality of the two polylogarithms.
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Figure 1.1: The left panel is a density plot of log (%) as a function of m and @, taking ¢ = 1073
and D = 4. The right panel shows % as a function of w, for three different values of the dimensionless

mass: m = 2 (yellow, dotted line), m = 1 (blue, dashed line) and m = 0.5 (red, continuous line).

1.4 Final remarks

In this chapter, we have shown how the Worldline Formalism can be used to perform nonperturbative
computations for a scalar quantum field coupled to a Yukawa background. In particular, using
Dirichlet boundary conditions on the worldline, we have seen that a local, resummed expression for
the heat kernel is obtainable, cf. Sec. 1.2. In this way one can straightforwardly compute the first
generalized heat kernel coefficients, which agree with those recently found in the literature. Instead,
in Sec. 1.3 we have developed what would be combined Parker—-Toms and Barvinsky—Vilkovisky
resummations, the former being used for the strong field background and the latter for the assisting
field. Since the ultimate goal was to obtain the pair production probability, the so-called string-
inspired boundary conditions proved to be more efficient. From the master formula (1.3.8), an
expansion of the integrated heat kernel to include higher derivative terms for arbitrary fields can be
obtained by direct replacement. This enables one to compute the imaginary part of the Minkowskian
effective action and, ergo, the instabilities of the vacuum in terms of the probability of pair creation.
The advantage of our method over other available techniques (such as the worldline instantons [48]) is
that our method provides a formula that can be computed for arbitrary, inhomogeneous fields to any
desired level of precision. Using these results, we have seen that the assistance occurs already at the
first order in the assisting field. To illustrate this effect, we have worked out in detail the calculations
for a Gaussian assisting field; compared to the non-assisted effect, the transseries structure of the
pair creation probability is translated, leaving room for a large exponential enhancement. On the
contrary, in sQED one has to resort to at least second order in order to observe the assisted effect [103],

because gauge invariance precludes a term like e™7" in Eq. (1.3.57).

Our analysis can be generalized in several directions. First, contributing to the discussion on a pos-
sible new effect of pair creation in the presence of gravitational fields [108—111]|. Using the curved

spacetime version of the Wordline Formalism, such a situation is tractable. In this scenario, we would
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also expect the possibility to have a first order assisted pair creation, if a mixed of strong/fastly-
varying potentials is used. In this sense, our computations are of great help, since at least in a
perturbative approach, the computation in a curved spacetime is totally analogous to a scalar com-
putation [112]. Second, the interaction of fields with higher spins is also accessible in the worldline;
the corresponding resummed expressions could already be inferred from our present results. Finally,
understanding whether further resummations of derivatives are possible would be a further step in
the analysis of nonperturbative phenomena, in particular related to the transseries structure of the

corresponding physical effects.

Appendices

1.A Boundary conditions and Green functions in the worldline

In this appendix, we will discuss some of the technicalities mentioned throughout the chapter re-
garding boundary conditions; first we will consider the case of the free operator, i.e. the pure kinetic
one, and will compute the corresponding Green functions. Afterwards, we will extend the results to

the Yukawa case.

1.A.1 Kinetic operator and zero mode

The kinetic term of the worldline theory that we study corresponds to the free worldline action

Skin = %/té,w TH(t)E" (t) = —% /tm 2 (t1) [0,0056(t1 — t2)] ¥ (ta) | (1.A.1)

where the boundary terms arising from the integration by parts vanish both for Dirichlet and periodic
BC. In particular, we are interested in the case where the trajectories are periodic, since we will see

that the vanishing DBC can be reobtained as a special case.

The associated differential operator,
1
K, (1) = —iéu,,afap(t —t'), (1.A.2)

is defined on the interval ¢,¢' € [0, T] and has a zero mode on the circle: periodic boundary conditions
allow for the presence of constant paths, preventing thus K, to be invertible. Note that dp(t —t')
is the Dirac delta function on the space of periodic functions on [0,77] [113]; the subscript has been

dropped throughout the work for notational convenience.

One way to solve the invertibility issue consists of factoring out the zero mode, i.e. to decompose
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the generic periodic path into the zero mode z* and a quantum fluctuation y*(t), so that
o (t) =T 4+ y*(t) . (1.A.3)

This amounts to introducing a redundant (pure gauge) field z* in the worldline theory; indeed, there

is now a shift symmetry, which is actually a gauge symmetry:

ozt =&,

1.A4
oy (t) = =€ . A

Differently to what happens in the background field method [114], here both fields are considered
dynamical.'” This explains why the shift symmetry (1.A.4) is promoted to a gauge symmetry, and
therefore must be gauge-fixed. The gauge-fixing procedure can be performed by means of BRST
methods, as analyzed in Refs. |2, 77, 115, 116] within the Worldline Formalism. The outcome of the

discussion is that one can introduce a gauge condition of the form

/tp(t) y(t) =0, (1.A.5)

where p(t) is usually called the background charge (in analogy with electrostatics) and is normalized

to

/tp(t) ~1. (1.A.6)

The gauge-fixing (1.A.5) allows to invert the free kinetic operator of the fluctuations y*. It is clear
that different choices of background charge will result, in general, in different boundary conditions
for the quantum fluctuations and propagators. Nevertheless, the p-independence of the path integral

is still guaranteed by the BRST symmetry.”

More precisely, the Green function &(t,t') of the operator —%8? acting on fields constrained by the

equation (1.A.5) depends on p(t) and satisfies
1
—583 G(t,t')=d(t—t') —p(t) . (1.A.7)

Let us discuss the most prominent choices for the background charge for the free theory.

e DBC - The choice
p(t) = 4(t) (1.A.8)

is tantamount to factorizing out the zero mode as in (1.A.3) where z* is identified with a base-

12That is, they are integrated over in the path integral and the overcounting of physically distinct configurations
must be avoided by a gauge-fixing procedure.
13To be more precise, the worldline partition function can be expressed as an integral over the zero mode

Z=/dez(”)(i‘,p) :

where the partition function density z(?) may depend on the gauge-fixing choice p(t), but this can only happen through
total derivatives, which must then integrate to zero [115].
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point in the target space along the loop. Indeed, such a background charge produces, from

(1.A.5), vanishing Dirichlet boundary conditions for the fluctuations:
y(0)=y(T)=0. (1.A.9)

In this scenario, i.e. when working in the space of functions with vanishing DBC on the interval
[0, 7], the Dirac delta function is actually (¢ —t') and vanishes at the boundaries t,¢ = {0, 7'}
[113]. The delta function will still be denoted as usual, since no confusion should arise. The

free propagator is given by

2tt
Gm@¢qz—u—ﬂ+@+ﬂy—T : (1.A.10)
which can be obtained by solving
1
—§£Gm@¢3:5@—ﬂ% (1.A.11)
with boundary conditions
GY0,t)=GN(T,t)=0. (1.A.12)
SI - The choice .
= = 1.A.1
p(r) =7 (1.A.13)

gives rise to the so-called “string-inspired” boundary conditions, as the factorization (1.A.3) of
the zero mode is akin to the customary practice in string theory, namely to identify z# with
the “center of mass” of the worldline (1.3.3) and separate it from the quantum fluctuations.

The resulting boundary conditions for the latter are

t[mw—o, (1.A.14)

while the free propagator is given by

t—t)? T
gm@w:—w%wﬂ )+—. (1.A.15)
T 6
It satisfies the equation
1 1
—2PGD () =6t —t) - =, (1.A.16)
2 T
with the conditions
/gmafy:m G0,y =gU(T,t) . (1.A.17)
t

Note that GW)(¢,') actually depends only on ¢ — ¢/, while G)(¢,#') is a true function of two

variables.
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1.A.2 Green function with a Yukawa coupling

Let us now consider quadratic interactions, namely the linear, one-dimensional differential operator
1
Awﬁmd:—meﬁﬂm—¢g+29;@w@y—@y (1.A.18)

The corresponding Green functions are described in the following (we omit Lorentz indices throughout

the calculations).

e DBC - We start with the computation of Sec. 1.2, namely with the case of vanishing DBC
for the fluctuations 3, cf. Eq. (1.2.13). The Green function G**(t,t') := A} is defined by the

following differential equation,
At )G ") =0(t —t") (1.A.19)
together with the boundary conditions
G(0,t")=G(T,t')=0. (1.A.20)

We can build an Ansatz starting from the solution of the homogeneous equation associated
with (1.A.19), namely

At e + B(t') e if t <t
ity = A0° (e i . (1.A21)
Ct)e ™ + D(t')e 2 if ¢/ <t

Imposing the usual conditions on the (dis)continuity of the (first derivative of) the Green

function at t = ¢/, we can relate the four unknown functions A, B, C, D to get

_ sinh(20¢) sinh (2T —t)) — O(t — ¢') sinh(2QT") sinh (2Q(t — t'))
B Qsinh(2Q7) ’

G(t,t) (1.A.22)
where one should not forget that the Green function carries Lorentz indices G**(t,t'). Note
that, in the case of vanishing strong field (€ — 0), the Green function reduces to the free
propagator (1.A.10).

e SI - Let us move on to the computation of Sec. 1.3, where string-inspired boundary conditions
are enforced for the fluctuations §. The Green function GH(¢,t’) associated with the linear,

one-dimensional differential operator A%/ (¢) is defined by the differential equation

1

Asilt,t) (¥, ¢") = 6t —1") = — . (1.A.23)

and must satisfy the following conditions:

/Q(tt’) =0, G(0,t")=¢G(T.t). (1.A.24)
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The final result for the Green function reads

Gt.t) = 1 1 (_ sinh(Q7)

20 [sinh(QT) Qr
— O(t —t')2 sinh <QQ(t — t’))] :

+ cosh (Q(T ot 2t’))> |
(1.A.25

As already mentioned, the SI propagator depends only on the difference of its two arguments:

for instance, note that the coincidence limit reads

QT coth (QT) — 1
G(t,t) = 52T )

(1.A.26)

In the case of vanishing assisted field (2 — 0) the Green function reduces to the free propagator
(1.A.15), as expected.

1.B  Computation of the functional determinants and general-

ized Gel’fand—Yaglom theorem

The Gel'fand—Yaglom theorem [97] and its extensions [98, 99, 117] have been extensively applied
in the context of the Worldline Formalism [48, 50, 118]. Let us recall the main statement of the
theorem: given a one-dimensional operator defined on an interval z € [0, T| with vanishing Dirichlet

boundary conditions

d2
VR e =) it ) = () =0, (1B.1)
there is no need to explicitly know its eigenvalues (not even one of them) if one desires to compute
its functional determinant [119]. The only required information is the boundary value of the unique

solution to the initial value problem

{—;—; + V(z)} ®(z)=0, with ®(0)=0, (ID(O) =1, (1.B.2)
which satisfies £
Det [—@ + V(z)] x ®(T) . (1.B.3)

The result (1.B.3) can be extended to more general boundary conditions and for higher-dimensional

differential operators. Indeed, consider a family of Sturm-Liouville type operators of the form

Mz—%(M@%)LW+W@ (1.B.4)

where 1,,, is the r x r identity matrix and V; can also be matrix-valued. Then, the ratio of the

functional determinants of the operator L relative to that of another operator L, of the same type
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can be expressed in terms of four 2r x 2r matrices M, N and Y;, which are built as follows [99]. The
matrices Y; contain the 2r solutions u')(z) of the eigenvalue problem'! L;u®) = Au¥) with A — 0

and their weighted first derivatives

v (z) = Pi(z)%u(j)(z) ; (1.B.5)

using these vectors as (semi)-column entries, we have
Vo u . u®) (1.B.6)
. vl @) ' o
For simplicity, one generally chooses the initial conditions as'’

Y(O) = Lorxor - (1B7)

On the other hand, the matrices M and N are fixed by the choice of the boundary conditions; in

fact, the latter can be recast in full generality as
MY0)+NY(T)=0. (1.B.8)

As an example, in the case of vanishing DBC these matrices reduce to

17" r OT r Or r Or r
Mp = . ], Np= . S (1.B.9)
o7’><7” O’I"X?" 1T><’I" OT‘XT‘
while in the case of periodic boundary conditions they read
17‘ T Or T _1'r T Or T
Mp = 8 8 , Np= 8 8 : (1.B.10)
Or><r 1r><r Or><r _1r><r

Employing this notation, the generalized GY theorem states that the ratio of the functional deter-

minants satisfies

Det(L;)  det(M + N Yi(T))
Det(Ly)  det(M + N Y5(T))

(1B.11)

Let us now show how to use this formalism for the interacting differential operator A, defined in
Eq. (1.2.8).

14We omit a subscript 7 in the eigenfunctions for readability reasons.
15For instance, in the case r = 1 we have two one-dimensional solutions u'?(z) with first derivatives v!'?(z), whose
initial conditions read «("(0) = 1,v™(0) = 0,u®(0) = 0 and v (0) = 1.
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1.B.1 Dirichlet boundary conditions

For DBC, relevant to Sec. 1.2, the formula (1.B.11) reduces to the evaluation of the determinant of

an r X r solutions-submatrix:

Det(A) = det(u™ ... u®) . (1.B.12)

Thus, we don’t need to know the whole set of 27 solutions of the homogeneous equation; instead, we

only need the » = D solutions <p,(f ) which have initial conditions

eP(0) =0, @L(0)=0". (1.B.13)

Building from the one-dimensional solution, an Ansatz of the form

goff)(z) — (Aemz)pu + (Be_mz)pu ’ (1.B.14)
one obtains . )
(p) — | g
il (z) = [QQ smh(2Qz)} . . (1.B.15)
Using as a reference operator the free kinetic operator L, = —%(Zwaf, whose Y-matrix can be

computed effortlessly, the final result for the functional determinant reads

1.B.1
2QT ( 6)

S inh(2Q7T

Det(A) = det [w]
As a double check of this result, we can calculate the determinant as a (-regularized infinite product
of the eigenvalues of the operator A divided by those of the free operator. Using a simple Fourier

expansion to solve the eigenvalue equation, we get

owa) - TIT 1+ (*27)

j=1n=1

1.B.1
2QT ( ")

o[0T

where QU) are the eigenvalues of the matrix Q*, and we have used the well-known result

ﬁ <1+ f:) _ sinb (@) (1.B.18)

TN T
n=1

Note in particular that the free limit is regular:

lim Det(A) =1 . (1.B.19)

0—0

1.B.2 Periodic boundary conditions

The PBC, relevant to Sec. 1.3, require more carefulness; let us first show the exemplificative non-

matricial case, i.e. r = 1.

Proposition 1. Assuming Eq. (1.B.10) for the matrices M and N, and considering an arbitrary
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operator of the form given in Eq. (1.B.4), the relevant determinant for the G'Y formula in the one-

dimensional (r =1) case reduces to

det (M + NYl(T)) =2 tr (Y, (T)) = 2 — 2cosh(2Q7) . (1.B.20)

Proof. In general, a direct calculation actually gives

det (M + NYl(T)) =1— (uV +0@) |+ (uMo® — v(l)u@))‘z_T (1B.21)
B B 1.B.21
=1—tr (Y, (7)) +det (Y, =1 (T)) ,

with the matrix of solutions given by

Yo (2) = ( u(z) u®(z) ) . (1.B.22)

o0 (2) @ (z)
One can recognize in the RHS of (1.B.21) the Wronskian
W, u?)(2) = uM (2)v? (2) — W (2)uP(2) | (1.B.23)

evaluated at z = T, which is associated with the two independent solutions u'?(z) of the eigenvalue
equation for a Sturm—Liouville operator. It is a stablished result that this type of Wronskian is

constant; therefore, extracting from the initial conditions its value at z = 0,
W™, u®)(0) =1, (1.B.24)

we also have that W(u"), u®)(T) = 1; hence, using the explicit solutions «") and v®, Eq. (1.B3.20)
follows. O

It is not hard to convince oneself that the previous one-dimensional result can be directly generalized

to higher dimensions.

Theorem 1. Consider an operator of the form given in Eq. (1.3.11), defined on the domain of periodic
functions. Be u((lb) the ath component of the bth solution of the homogeneous equation Liyu® = 0 and

b)

v(®) its corresponding weighted derivative, as in Eq. (1.3.5). Then, the relevant determinant for the

G'Y theorem satisfies

det(M +N YA,PBC(T)> = det (2 — 2cosh(207)) . (1.B.25)

Proof. Note first that, in contrast to the DBC, to compute the functional determinant using the

generalized GY theorem we do need the whole set of 27 solutions of the homogeneous equation

(p)
if II=1,...,r
Aol =0, oM=q" . (1.B.26)
¢£Lp) if lI=r+1,...,2r
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Considering Eq. (1.B.7) as initial conditions, namely

(p) 5P d¢(p) 0
= - = 1.B.2
¢, (0) = dy = (0)=0, (1.B.27)
dy (p)
¥)(0) = — = 6" 1.B.2
wu (O) 0 Y dZu (O) 6;1 ? ( 8)
an explicit computation gives
¢Lﬂ)(z) = ¢Lp)(;;) = [cosh(?Qz)]p . (1.B.29)
w

Note then that in arbitrary dimensions we can straightforwardly prove that the nth power of the

matrix YA is

D)= (i) o) 1

and consequently, from Eq. (1.B.11), we have the equalities
det(1y, — Yappo) = 7 1osl2=2coshD] — ot (2 — 2cosh(2Q7)) , (1.B.31)
which indeed agree with the RHS of Eq. (1.B.25). O

As a corollary of Th. 1, recall that the difference between P and SI BC resides just in the omission
of the constant mode in the latter; in the free case, this mode corresponds to a zero mode. The
quotient of Ag; with the the free operator, after extracting the zero mode of the latter (denoted with

a prime in the Det), is thus given by

i (1.B.32)

— sinh?(QT

Det' (Agr) = det [#}
This is consistent with the fact that we have omitted the constant mode, so that the free limit 2 — 0
is non-vanishing. As an alternative check of the GY result, we can directly evaluate the determinant
of Agr as a product of its eigenvalues; using a Fourier expansion and dividing by the free eigenvalues

(we exclude the vanishing one), we get the following (-regularized infinite product

Det (Ag;) = det [ﬁ (1 + QQT?)QI = det {%} : (1.B.33)

m2n2
n=1

which confirms Eq. (1.B.32).
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1.C Generalized Schwinger—DeWitt coefficients in the string-

inspired approach

The first generalized Schwinger-DeWitt coefficients computed using the SI BC, defined in the ex-

pansion
S T) = > S a) TV (1.C.1)
=0
are given by
co(x) =0, (1.C.2)
S () =0, (1.C.3)
$l(2) =0, (1.C.4)
1 12
AS'(x) —@8#“,, vV, (1.C.5)
SI 1 wvop
Cy (l‘) = _mau v op V ) (106)
1 1 1
SI — Uvp w 128 VA wvop o 1
e () —453608quva V 4+ —43203# VOV 4976646” Wl Vo (1.C.7)

Recall that these coefficients are only valid at the integrated level, i.e. they are related via integration
by parts to the ¢; coefficients in Eq. (1.2.29).
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Chapter 2

Pair production of massive charged vector

bosons

In this chapter, we continue our investigation of non-perturbative physics within the Worldline For-
malism by considering a massive spin-1 particle interacting with an electromagnetic background.
Unlike the previous chapter, here we adopt a “bottom-up” strategy and introduce a worldline model
augmented by bosonic oscillators to encode the spin degrees of freedom, a framework that can ac-
commodate particles of arbitrary integer spin. We first review how quantization in the spin-1 sector
— carried out both through Dirac’s method and via BRST quantization — reproduces the free Proca
field theory. We then couple the model to an external EM field and show that Maxwell’s equations
for the background arise as the consistency condition ensuring the nilpotency of the BRST charge
i the spin-1 sector. Encouraged by this result, which establishes the viability of the particle model,
we proceed to construct the path integral quantization of the worldline action for a charged spin-1
particle on the circle. This leads to the one-loop effective Lagrangian for a constant electromagnetic
background induced by a massive charged vector boson. As expected, the result exhibits a vacuum
instability, which we quantify by deriving the pair-production rate for the vector bosons, thereby re-

covering known results from quantum field theory.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime

dimension, will be specified as needed throughout the text for convenience.

2.1 The free bosonic spinning particle

The worldline model known as the bosonic spinning particle has already been introduced in the
introductory section on the Worldline Formalism. In this section, we shall provide a more detailed
presentation and establish our notation. It is defined by the usual set of phase-space variables
(z#,p,), augmented by an additional pair of complex bosonic variables (o, &@*). The former represent

Cartesian coordinates and conjugate momenta of a relativistic particle, while the latter are needed

30
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to account for the spin degrees of freedom. Both pairs are functions of the proper time, which we

take to range as 7 € [0, 1]. The kinetic term
Siin = / dr (pi — id,a) (2.1.1)
defines the phase space symplectic structure and fixes the Poisson brackets to
{z",p}es =08, {a¥,a"}pp =i . (2.1.2)

As it stands, the model is not unitary, as upon quantization negative norm states will be generated by
the (2°,p°, o, a®) variables. Moreover, the model, as we shall discuss, contains particle excitations
of any integer spin, and one needs to eliminate some further degrees of freedom to describe a single
particle with fixed spin. Both problems can be addressed by gauging suitable constraints: the gauged

worldline action we are interested in is given by
S = /dT [pud* —iay, et — eH — ul —ul — aJ] | (2.1.3)

where we introduced the worldline gauge multiplet (e, 4, u, a) acting as a set of Lagrange multipliers

that enforce the constraints that, in the massless case, read

1 _
H=gp'p, L=a"p,, L=ap,. J=d'a,. (2.1.4)

The latter satisfy a first-class Poisson-bracket algebra:
{L,L}pg =2iH , {J,Lypg=—iL, {J Lipgp=ilL. (2.1.5)

The phase-space functions (2.1.4) play rather different roles.

e The role of (H, L, L) constraints is to remove the negative-norm states and must be gauged to
make the model consistent with unitarity. The Hamiltonian constraint H corresponds to the
mass-shell condition for massless particles, and generates 7-reparametrization in phase space,

while the remaining pair, L and L, generates “bosonic” supersymmetries.’

e The J constraint is a U(1) generator which rotates the bosonic oscillators by a phase; its gauging
is optional as far as unitarity is concerned. However, upon quantization, it projects the Hilbert
space onto the physical subspace with a specific occupation number, describing the degrees of
freedom of a particle with maximal spin s. For this to happen, one must add a Chern—Simons
term on the worldline with the Chern-Simons (CS) coupling fine-tuned according to the value
of the spin s one wants to achieve. This approach has been discussed extensively in Ref. [120,
121].

1We7deliberately use this terminology since (2.1.5) is formally similar to a SUSY algebra, except for the fact that
L and L are bosonic rather than fermionic.
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To make explicit the gauge symmetries enjoyed by (2.1.3), one has to compute the action of the
constraints on generic phase-space functions F' via the Poisson brackets: 0 F' = {F, V }pg. Considering
the linear combination of the constraints V = eH + L + €L + ¢.J with gauge parameters (¢, £, €, @),

the corresponding transformations are

St = ep" + £at + Ea (2.1.6a)
opu =0, (2.1.6b)
oot = igpt +igat (2.1.6¢)
dat = —ip" —igat . (2.1.6d)

For the action (2.1.3) to be invariant, the gauge fields must transform as follows

Se = é + 2iué — 2iué , (2.1.7a)
ou =€ —iak +igu , (2.1.7b)
i = & +iaf — i , (2.1.7¢)
da=¢. (2.1.7d)

The need for the worldline constraints to enforce unitarity remains somewhat obscure in this setup.

To review and clarify this point, it may be beneficial to perform a brief lightcone analysis.

2.1.1 Lightcone analysis

Despite the loss of manifest covariance, a lightcone analysis allows for a direct calculation of the
number of propagating physical degrees of freedom. It is a well-known method, employed in many

worldline models, see e.g. [70, 122, 123]. We define lightcone coordinates z* in D spacetime dimen-

sions by
1
o = (5,27, 2%, with 25 = ——=("+2P7Y), 2.1.8
( ) \/5( ) (2.1.8)
where 2¢=1P=2 are the transverse directions. The line element reads ds? = —2dzTdz~ + dz®dz?;
for any vector V#, Vt = —-V_and V- = -V,.

The guiding idea behind the lightcone analysis is to remove negative-norm states by implementing
a gauge-fixing that isolates the physical degrees of freedom, which in turn leads to a well-defined
Hilbert space upon quantization. To do that, let us first assume motion with p™ # 0 and consider
the Hamiltonian constraint

1 — 1 a, a
H = gp'pu=—p"p" + 50" = 0. (2.1.9)

It generates time translations, see (2.1.6a). These symmetries are gauge-fixed by imposing the

lightcone gauge
=1 (2.1.10)
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Correspondingly, the Hamiltonian constraint is solved for the momentum p~, conjugate to x™,

- L e (2.1.11)
p—2p+pp. 1

At this point, the remaining independent phase-space variables are (x~,p*) and (2%, p®*). The light-
cone gauge has the flavor of nonrelativistic mechanics, but the model is fully relativistic. A Hilbert
space can be constructed by quantizing these independent variables. On top of these variables, there
are also the relativistic oscillators, which may also lead to negative norms. That this does not happen
(the so-called no-ghost theorem) is again made explicit by completing the lightcone gauge fixing. The
gauge symmetries generated by L and L, see Eqs. (2.1.6¢) and (2.1.6d), are fixed by setting

at=0, at=0, (2.1.12)

while the constraints L = L = 0 are solved explicitly by expressing the variables conjugate to (2.1.12)

in terms of the remaining independent variables

1 1
a~ = —a'p,, « :Foz Da - (2.1.13)

The conjugated pairs (a@~,a") and (a™,a”) are thus eliminated as independent phase-space coor-
dinates, highlighting the fact that the only independent physical oscillators are the transverse ones
(@*, a®). They produce states with positive norm upon quantization, as can be inferred by promoting

their Poisson brackets to commutation relations
[a%,a’] = 67, (2.1.14)

which are realized on a Fock space, where a® act as creation operators while a® as destruction
operators, thus yielding a unitary spectrum of massless particles that decompose into irreps of the
little group SO(D — 2).

To conclude this section, we report the (partially) gauge-fixed worldline Lagrangian

1
L=p & + p,a®— QPﬁp“pa — 10, A" — aaza” . (2.1.15)
At this stage, it only remains to address the further constraint related to the worldline gauge field a(7),

but this has no relevance to the no-ghost theorem.

2.1.2 Mass from dimensional reduction

In this chapter, our main interest is to describe massive spinning particles. One way to introduce
the mass consists of the dimensional reduction of a higher-dimensional massless theory. We take the
theory (2.1.3) to live in (D + 1)-dimensions and gauge the direction 2” by imposing the first-class
constraint

pp=m, (2.1.16)
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with m the mass of the particle. We further define (3, 3) := (a”,aP), which inherit the following

Poisson brackets

{3,8}pe =1 . (2.1.17)

The constraints (2.1.4) get modified by the presence of the mass:*
1 —_— _ ~ _
H = §(pﬂpu+m2) ) L:Oéupu+5ma L:a“pu—i—ﬁm, JC:CWO&M—I—ﬁﬁ—C, (2'1'18)

where we redefined the U(1) constraint as J. = J — ¢ for future convenience. The constant c is
sometimes called Chern—Simons coupling. Note that, importantly, they still satisfy the first-class

algebra (2.1.5) despite the mass improvement. The gauge transformations (2.1.6) are enriched by

0B =iEm +i¢f , (2.1.19a)
63 = —ifm —igf . (2.1.19b)

Lightcone analysis The lightcone gauge is implemented just as in the massless case: in particular,
the bosonic supersymmetries are used to fix a* = a* = 0 once again, and the constraints L = L = 0

are solved by

1 1 _
a” = = (a®py +mp) , a = = (a*pa +mp) , (2.1.20)

thus eliminating the longitudinal oscillators. Differently from the massless case, the presence of the
extra pair of $-oscillators produces a sum of irreps® of the SO(D — 2) group that fill irreps of the
SO(D—1) rotation group, corresponding to the polarizations of massive spin particles in D spacetime

dimensions.

2.1.3 Dirac quantization

Upon covariant quantization, the worldline coordinates obey the following commutation relations

fixed by their classical Poisson brackets
[z, p,| =idk, (@] =0, [B,8]=1, (2.1.21)

and the first-class algebra becomes

[L,L)=2H, [J,Ll=L, [J,L]=-L. (2.1.22)

2From now on, we take spacetime indices to run as pr = 0,...,D — 1 where D denotes the number of spacetime
dimensions.
3This can be explicitly seen by implementing the .J. constraint ¢ la Dirac [70].
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Note that ordering ambiguities emerge only for the constraint J.. We have defined the quantum J,

operator by a symmetric quantization prescription, so that

Jc = l(a#@“ + O_g'“a# + 56 +Bﬁ) —C,

2
- D+1
:au@”—i—BﬂﬂLT—c,
=N+ Ns—s, (2.1.23)

where we have used the commutation relations and introduced the usual number operators
Ny =a,a", Ng=p3, (2.1.24)

and related the CS coupling ¢ to the real number s by setting

D+1
c= T++s. (2.1.25)

The algebra (2.1.22) is now easily obtained. At this point, it is worth mentioning that the relation
between the CS coupling ¢ and the physical value of the spin s generally depends on the quantization

scheme adopted.

The Hilbert space Hpatter Of the “matter” sector, i.e. the one associated with the (z,p) coordinates
and (o, @, 3,3) oscillators, is realized as a tensor product of the representations of the algebras
(2.1.21)

Humatter = Hpm @ 'H(a”g) . (2.1.26)

Specifically, we represent it by identifying the states in H 4 as the smooth functions of z#, while we

construct H,,g) as the Fock space with vacuum defined by
(@*, ) [0) =0. (2.1.27)

The decomposition of a generic state |p) is thus written in terms of coefficients corresponding to

rank-s symmetric tensors:

o0 . o0 1 )
)= ) =) el (@) @at . atBP0) (2.1.28)

rip!
r,p=0 r,p=0 p

The quantization may proceed either following a procedure @ la Dirac or by using BRST techniques;
either way, we can deal with the gauge symmetries without abandoning manifest covariance, obtaining
at last a positive-definite physical Hilbert space. We start with the former method, leaving the BRST

analysis for the dedicated section.

The physical Hilbert space in the Dirac (also known as Dirac-Gupta—Bleuler) scheme is determined

by asking the constraints to have null matrix elements for arbitrary physical states |p) and |x)

(XI(H,L,L, J.)|¢) = 0. (2.1.29)
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This can be satisfied by requiring
Hlp)=Llp) = J.lp) =0 (2.1.30)

for any physical state |p), since then also (¢|L = 0, as L is the hermitian conjugate of L. Recalling
now that at the quantum level
Jo=Ny+Ns—s (2.1.31)

where the number operators N, and Ng count the occupation number of the o and 3 oscillators
in the Fock space, we see that the quantum .J. constraint selects precisely states with occupation
number s, which must be a nonnegative integer. Incidentally, we notice that the CS coupling must
be quantized to get a nontrivial solution of the constraint, and therefore a nontrivial quantum theory.
The upshot is that the quantum .J. constraint reduces the Hilbert space Hyatter to the subspace with
occupation number s for the oscillators. The condition (2.1.30) defines physical states which are seen

to form equivalence classes
) ~ ) + [oman) (2.1.32)

where |@pan) is a null state of the form
o) = L1€) . with H[§) =L[§) = (J.+1)|§) =0, (2.1.33)

These null states are physical, but have zero norm and vanishing overlap with any other physical

state. They give rise to redundancies or residual “gauge symmetries” of the state |p).

Let us make the conditions for the case s = 1, which is of interest to us, explicit. A generic state at

occupation number s = 1 is given by

[¥) = Wy(z)a 0) —ip(x)510) (2.1.34)

and the physicality conditions (2.1.30) translate into the following set of equations, denoting O :=
o+o,,

(O -m*)W, =0, (2.1.35)
(O-mPp=0, (2.1.36)
MW, +me=0, (2.1.37)

with gauge symmetries related to null states given by
oW, =08,8, dp=-—mé. (2.1.38)

Using the gauge symmetry to set p(z) = 0, we recover the standard Fierz—Pauli equations for a

massive spin-1 field W, (x).
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2.1.4 Counting degrees of freedom

In this section, we aim to use the path integral to count the number of degrees of freedom propagated
by the massive model for different values of the CS coupling. As a byproduct, this will provide the

overall normalization of the effective action we intend to study in later sections.

To count the number of degrees of freedom, we consider the one-loop effective action obtained by
path integrating the free action on worldlines with the topology of a circle S (the loop). After fixing
the overall normalization to match the scalar case, we will get the number of degrees of freedom in

the other sectors of the worldline theory.

Thus, we consider the following path integral

DGDX _ isixg)

r— | 227+
g1 Vol(Gauge)

(2.1.39)
where G = (e, 4, u, a) denotes the gauge fields, whereas X = (2#,p,, a*, &y, 3, ) collectively denotes
all dynamical variables parametrizing the phase space. The action is similar to the one in (2.1.3)
with the additional (3, 3) oscillator and with the constraints in (2.1.18), namely

S = /dT {pux'“ — 10y, 0 — zBﬂ - g(p“pu + m2) —u(atp, + fm) — u(a’p, + Bm)
(2.1.40)
—a(otay, + BB —c)

Periodic boundary conditions are understood to implement the path integral on the circle.

The overcounting from summing over gauge equivalent configurations is formally taken into account
by dividing by the volume of the gauge group. We use the Faddeev—Popov (®II) method to extract

the latter, and gauge-fix the worldline gauge fields to constant moduli
G = (e,u,u,a) — G=(2T,0,0,0) . (2.1.41)

Here T is once again the Schwinger proper time, playing the role of the modulus related to the einbein
e(7), and corresponding to the gauge-invariant worldline length fol dre. The modulus 6 € [0, 27|
is associated with the worldline U(1) gauge field a(7) and parametrizes the gauge invariant Wilson
loop e~iJodTa Tt is responsible for the reduction of the Hilbert space to a given spin sector. On the
other hand, the gauge fields (u,u) can be gauge-fixed to zero: this value can always be reached by
inverting the differential operator that relates these fields to their respective gauge parameters (€, £),
as shown in Eqgs. (2.1.7b) and (2.1.7¢). This inversion fails only at the point § = 0, which, however,
can be handled through a limiting procedure, as in the standard N' = 2 particle case [124, 125].
Therefore, (u,u) carry no moduli. As a reminder, moduli generically parametrize gauge-invariant

field configurations that must be integrated over in the path integral.

We prefer to work in the Euclidean version of the theory, so that we first pass to configuration space

by eliminating the momenta p,, Wick rotate the action with 7 — —i7, taking into account also the
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rotation of the gauge field a — ia, and we get the Euclidean worldline action

Sp[X,G] = /dT [%ﬁ + (0, +i0)a" + B(0; +i0)B +m*T —ich| . (2.1.42)

The final expression of the path integral on worldlines with the topology of a circle — dubbed “world-

loop” — can thus be recast as

AT, o dPz

where we extracted the dependence on the zero modes z* of the coordinates by setting
gi(r) =z +t"(r), with (0)=1¢t"(1)=0, (2.1.44)

with the quantum fluctuations ¢#(7) satisfying Dirichlet boundary conditions, evaluated the free path
integral that produces functional determinants, and denoted by DoF (¢, D) the number of (complex)

degrees of freedom, that acquires the expression

21
do . _D—
DoF(c, D) = / < ¢ Det (9, — i6) Det (9, + i6) [Det(2, +i6)] (2.1.45)
0 27

with k& an overall normalization to be fixed later on. The value DoF = 1 corresponds to a complex
scalar, as seen by comparing with QFT expressions. In this formula, the first two functional de-
terminants are the ®II ones, whereas the third one is due to the path integration over the bosonic

oscillators. All determinants are evaluated with periodic boundary conditions: using
, (0
Det (0, + i0) = 2isin 5) (2.1.46)

see for example [72, 81], setting the CS coupling to' ¢ = % + s, and fixing £ = —1 as overall

normalization, we find the following expression for the number of degrees of freedom

2 1-D
DoF(s,D):/ 40 gi(2zt a0 (mm%) . (2.1.47)

—e
0 27

0

Y

To evaluate it, we find it more convenient to recast it in terms of the Wilson loop variable w := e~

so that
dw 1 1

27 wst! (1 —w)P-1"

DoF(s, D) = j{ (2.1.48)

Deforming the contour to exclude the singular point w = 1, while taking care of the pole in w = 0,

4The shift from the value given in (2.1.25) is due to the contribution of the ghost fields. For convenience, we now
indicate the degrees of freedom by DoF(s, D), which highlights the dependence on the value of the spin s, rather than
on the CS coupling ¢. This should not cause any confusion.
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we get
DoF(0,D) =1,
DoF(1,D) = (D — 1) ,
DD -1
DoF(2, D) = % ; (2.1.49)

(D—-1)D---(D+s—2)
s!

DoF(s, D) =

)

which indeed describes the degrees of freedom of a reducible (for s > 1) representation of the little
group SO(D — 1) as carried by a symmetric tensor with s indices. It corresponds to the propagation
of a multiplet of massive particles of decreasing spin s,s—2,s—4,--- ,0 for even s, and s,s—2,--- , 1

for odd s. This matches the results seen in the lightcone gauge.

2.2 Coupling to electromagnetism

The BRST formalism is especially well-suited for analyzing the constraints required for consistent
background interactions. For this reason, we briefly review the free particle in this framework and

then examine its interaction with an electromagnetic background.

2.2.1 Free BRST analysis

We proceed with the BRST quantization focusing only on the subalgebra of (2.1.22) generated by
(H,L,L). The constraint J. is treated on different footings: it is imposed as a constraint on the
BRST Hilbert space, defining a restricted Hilbert space where the cohomology of the BRST operator

will be analyzed.

The Hilbert space is enlarged to realize the fermionic ghost-antighost pairs of operators
{b,c} =1, {B,C}=1, {B/C}=1, (2.2.1)

associated with the (H, L, L) constraints, respectively. We assign them the following ghost numbers:
gh(c,C,C) = +1, gh(b,B,B) = —1. The BRST charge associated with a first-class system is readily

constructed. In the present case, it takes the form
Q=cH+CL+CL-2CCbh. (2.2.2)

It is an anticommuting, ghost number +1, nilpotent operator by construction. It is hermitian pro-
vided that

' =c, b=b, C'=C, B =B. (2.2.3)
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The matter sector Hilbert space (2.1.26) is extended to the BRST Hilbert space Hprst by a tensor
product with the ghost sector, associated with the (¢, b, B,C,C, B) operators. The latter is constructed

as a Fock space on the ghost vacuum defined by
(0,C,B) |0),, =0 (2.2.4)

Since all ghosts are Grassmann odd, Hgy, is finite dimensional.” A generic state |®) in the BRST-

extended Hilbert Hggrst space reads

00 1
@)=Y > B @l (2.2.5)

$,p=0¢,r,t=0
where

1
—— e gy g s gP|0) (2.2.6)

(s:2)(g:m5)y —
’(I) P >_ S'p‘ M. s

with |0) now denoting the full BRST vacuum. With this choice, the conjugate momenta act as

derivatives:

pM:—iau, al = b B:aﬁ, bz@c, C_:ag, B:ac (227)

We now introduce a couple of operators, G and J;, to further restrict the full BRST Hilbert space.

These are the ghost number operator
G =cb+CB-BC, G, Q] =Q, (2.2.8)
and the (shifted) occupation number operator 7,
Js =" +BB+CB+BC—s, [Q,T]=0. (2.2.9)

They commute between themselves, [G,Js] = 0. The ghost number operator grades the BRST
Hilbert space according to the ghost number, and the commutator [G, Q] = Q manifests that the
BRST charge has ghost number 1. The occupation number operator J also grades the Hilbert space
according to its eigenvalues and can be used as a constraint to project the Hilbert space onto the

subspace with fixed occupation number s.°

We can exploit the operators above simultaneously — since |G, Js| = 0 — to select states in Hprsr

with a precise ghost and occupation number. The physical states are identified as elements of the

°In particular, the Fock vacuum |0) gn can be mapped into the “physical vacuum” 1) ghs With the concept of
“physicality” to be defined shortly, by

|1>gh =B |0>gh )

see e.g. the discussion in Ref. [78, 126]. The vacuum |1>gh turns out to be the correct one to consider in order to create
external states by inserting vertex operators in the worldline path integral, as illustrated in the upcoming Chapter 3.

5We choose an antisymmetric quantization’s prescriptions for fermionic operators. In combination with the Weyl
ordering for the bosonic operators previously discussed, the effect is to shift the CS coupling as ¢ = % +s. This rela-
tion has already been used in the path integral construction (see footnote 4), which evidently involves a regularization
consistent with this ordering prescription.
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BRST cohomology
Q) =0, [®)~|®)+Q|A) (2.2.10)

restricted to the subspace with vanishing eigenvalues of the ghost number and shifted occupation

number operators, i.e.

G|®) = T,]|8) =0. (2.2.11)

Our interest lies in the first-quantized description of a massive spin-1 particle: this is achieved by

choosing s = 1. An arbitrary wavefunction at zero ghost number and with s = 1 is then given by

[) = W, ()" |0) —ip(x)5|0) + f(z)eB10) | (2.2.12)

where the complex fields W, (z), ¢(z), and f(z) must be further constrained by Eq. (2.2.10) to
represent the physical states of the theory. From the closure equation, i.e., the first one in (2.2.10),

we obtain

(O—m*) W, —2i0,f =0, (2.2.13a)
(O—m?) p+2imf=0, (2.2.13b)
QWH +mep —2if =0, (2.2.13¢)

which, upon eliminating the auxiliary field f(x), represent the field equations of the Proca field in

the Stiickelberg formulation

(O—m*) W, —0,0-W —md,e=0, (2.2.14a)
Op +md W+ =0, (2.2.14b)

where the dot “-” indicates contraction over spacetime indices. The latter equations enjoy a gauge

symmetry, which, from (2.2.10), reads
0l) =QIA) , with |A) =i&(x)B|0) , (2.2.15)

1.e.

W, =0, dp=-mE, (2.2.16)

which is the well-known Stiickelberg gauge symmetry.

A few comments are in order: (i) the wavefunction (2.2.12) can be interpreted as a spacetime Batalin—
Vilkovisky (BV) “string field” displaying only the classical fields out of the minimal BV spectrum of
the Proca theory, along with an auxiliary field.” The Grassmann parities and ghost numbers of the
field components are all equal to zero. Note the presence of the Stiickelberg scalar ¢, which restores

the U(1) gauge symmetry [128], originally broken due to the introduction of the mass. (i) In the

"The complete minimal BV spectrum is obtained by relaxing the condition G |1)) = 0, see for instance [2, 127].
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so-called unitary gauge, namely setting the Stiickelberg field to zero, one reduces the field equations
to the standard Fierz-Pauli system for the massive spin-1 field W, (z). (ii7) Taking the massless
limit produces from (2.2.14) a pair of decoupled equations: one for a free-propagating massless
vector field W, (z) and one for a massless scalar field ¢(z). This is tantamount to the fact that the
theory of massive spin-1 does not suffer from the so-called “van Dam-Veltman-Zakharov (vDVZ)

discontinuity”,® differently from the massive spin 2 case [129, 130], which is covered in Chapter 4.

2.2.2 Consistent electromagnetic coupling

The coupling of the worldline to an abelian background field A, (z) in spacetime (with coupling

constant q) is achieved by covariantizing the (L, L) constraints as follows
L — otr,+Bm, L—a'm,+ Bm, (2.2.17)
where the covariantized momentum 7, with coupling constant ¢ is defined by
Ty =Py — qA, . (2.2.18)

It becomes the covariant derivative in the coordinate representation, m, = —i(d, — iqA,) = —iD,,.
The new constraints do not form a first-class algebra anymore: while the bosonic supersymmetry

charges do commute into a possibly deformed Hamiltonian

T 2 2 ~u v .
) - v —- -1/2 cL.
L, L] =7 +m”+ a'a”F, 2H 45 (2.2.19)
where we have denoted [r,,, 7,] = —[D,, D,] = igF,,, =: F,, we find that the remaining commutators
read
WAV T 3 78 Rl Ly PAba I
[L,Hfl/g] =i FVH + 505 FMV’]T + 505 (676’ aﬂFPV s (2220)
_ .3 ’ 5
(L, Horpo] = 0640 By + 5@ Fur” + %@”aﬂo—ﬂaﬁpy , (2.2.21)

and do not allow for a suitable redefinition of the constraints to form a first-class algebra. Thus, we
expect the associated BRST charge to fail to be nilpotent, which indicates an inconsistency of the

interacting worldline theory at the quantum level. We then proceed tentatively and try an ansatz
Qa = cH, + S"m, +CBm +CmpB — Mb, (2.2.22)
with a deformed Hamiltonian

1 3
H= o <7r2 T m? 2/-@@#5/@”) (2.2.23)

8Roughly speaking, the vDVZ discontinuity implies that that the massive theory, however small the mass of the
particles may be, leads to different physical predictions that do not smoothly recover the results of the massless theory.
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that contains a non-minimal coupling with constant x to be conveniently fixed, and then compute

2% + 1 _
Q2 — — “: MS™E,, + c[H,, $"r,] (2.2.24)

where we used the shorthand notations
St =a'C+alC, S" =dad'a"—ao’a", M=2CC. (2.2.25)

In general, (2.2.24) is not zero, except for the trivial case of vanishing field strength, which manifests
the inconsistency of coupling massive spin s particles, with generic s, to an EM background. This
is also the case for massless particles, as already discussed in Ref. [78]. However, restricting the

occupation number to be s < 1, the nilpotency condition simplifies:”

2 — H
QA|S:0,1 - C[HH’S 71—“”5:0,1
ic

) ) ] (2.2.26)
o (auFWSV +2i(1 — k) F"'m, S, — K 5"5“5@1%5) |

s=0,1 "

For the s = 0 sector, this expression is automatically zero regardless of any condition on the back-
ground electromagnetic field, as this operator contains destruction operators sitting on the right that
annihilate the s = 0 wave function (recall the expressions for the operators S* and S*). Physically,
this expresses the fact that spinless particles can be consistently coupled to off-shell abelian back-
ground fields. As for the massive spin-1 sector, cf. (2.2.12), the previous equation further simplifies
to

Q% = gc(a”é — &"C)D" (0, A, — D, A,) (2.2.27)

having set kK = 1 to achieve this result: then, nilpotency of the deformed BRST charge requires the
background A, (x) to be on-shell, i.e.

PE,, = (DA, — 0,A,) = 0. (2.2.28)

This is enough to prove the consistency of the coupling.

Let us notice that the mass does not obstruct the nilpotency, namely, it does not seem to carry
substantial differences with respect to the massless case. To be more precise, m does not explicitly
enter in the BRST algebra for any spin s, but it may obstruct the nilpotency for higher-spin particles,
starting from the spin 2 case as discussed in Ref. [2] for the gravitational coupling. How the no-go
theorem about massless charged particles [131] appears from a worldline perspective is at the moment

unclear to us.

9This can be inferred by counting the number of annihilation operators in Q%: if there are two or more, they
annihilate the physical wavefunction for s = 1.
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2.3 Effective action in electromagnetic background

In this section, we employ the worldline model to compute the one-loop effective action induced by

a charged spin-1 particle in a constant EM background.

The worldline representation of the effective action is derived by following the same approach as in
the free case (cf. Section 2.1.4), which in particular determines the overall normalization of the path
integral. Given the BRST analysis presented in Section 2.2.2, we are naturally led to treat the s =0
and s = 1 cases simultaneously. This approach allows for a direct comparison, with the spinless case

serving as a check on the novel spin-1 contribution within the first-quantized framework.

As the interacting worldline action, we take the covariantized version of the gauge-fixed free ac-
tion in Euclidean configuration space (2.1.42) with covariantized constraints (2.2.17) and deformed

Hamiltonian H; (2.2.23), i.e. (factoring out the m*T — ic constant term)

) 2 d d _
: — - _ M4 I . ; ; ~v R .
Sg[X, G; A] /dT LlT 1qgA* T, + o (5#,, (dT + ®«9> + 2quFW> a’+p (dT + 29) 6} )
(2.3.1)

We restrict our analysis to four spacetime dimensions and consider a constant electromagnetic field
as the on-shell background. Under these conditions, we derive the one-loop effective action of the
Euler—-Heisenberg type induced by a massive spin-1 particle. This effective action is given by the

path integral on the circle of the gauge-fixed action and takes the form

<dT -m?2T o do zc@ —SE[X,G;A]

I'[A] = —e Det (0, — i0) Det (0, + i0) DX e 7Bt =al (2.3.2)
o T 0 27T PBC

with measure in moduli space and determinants already fixed by the free case, see Egs. (2.1.43) and

(2.1.45), and with the CS coupling fixed to ¢ = % + s. Recalling the coordinate split in Eq. (2.1.44),

we use the Fock—Schwinger gauge around z for the background field, i.e.
(x —z)'A,(x) =0, (2.3.3)

to express derivatives of the gauge potential at the point Z in terms of derivatives of the field strength

tensor .
51t”FV,J(j) +..., (2.3.4)

where the higher-derivative terms hidden inside the dots vanish since we focus on the constant

Az +1t) =

electromagnetic background case. Then, the path integral becomes Gaussian, and it simplifies to

—m2T 2 A
/d4 / dT [§] / % ei(%+s)9 4sin2 (Q) Dt e—St[X,G;A]
4nT)? Jy 27 2/ Josc (2.3.5)

DaDae 5XGAl [ pgpReSsXCl
PBC PBC
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where we factored out the normalization of the free particle path integral, and where we defined

. 1 , , 4z . d
SX, G Al = / dr §tmggt , with Al = —ﬁau,, il L (2.3.6)
A L, . o d _
Sa|X,G; Al = /dT a“Al(f;)a , with A/(w) =0 (E + 29) + 2iqTF, (2.3.7)
. _ d
Ss[X, G = / drpAP S | with AW = o i (2.3.8)
T

in order to highlight the three differential operators whose functional determinants have to be com-
puted as a result of the path integration over the variables X (7). We apply the Gel'fand—Yaglom
theorem [97] to compute the first one, leaving details and conventions in Appendix 2.A, while the
remaining two can be directly inferred from the previous result (2.1.46). Using the required boundary

conditions, as indicated in Eq. (2.3.5), we get

sin(¢T'F,.)
Det (AY)) = det ( JTF,, , (2.3.9)
Det (A!%)) = det {22' sin <gc5,w + qTFW)] : (2.3.10)
Det (AY)) = 2isin (g) , (2.3.11)

having already extracted the zero modes for the z-coordinates. Our final expression is

dar e T sin(qTF,,)
d'z 7 (=) L(T, A 2.3.12
A= [ [T e () (23,12
where all that is left to do is to perform the modular integration in 6 for a given value of spin s:
2
Tde 0 6
I,(T,A) = / — ei(3+9)0 9 gin (—) det™! {Qi sin (—(5,“, + qTFW)] : (2.3.13)
0 2mt 2 2

It is convenient to recast the determinants above by diagonalizing the (Euclidean) field strength

tensor,'” given that its eigenvalues are

)\1 - K_ y )\2 - ZK+ , )\3 = —K_ , )\4 = —ZK+ 5 (2314)

having defined K1 = /v F2 + G2 + F in terms of the Maxwell invariants

1 B2 — E? ' Lo
F= R ==——, G= —%gngWFW —E-B. (2.3.15)

The modular integration in the Wilson variable w = e~ is then

dw 1 w—1
I(T, A) = ¢ == : 2.3.16
(T, 4) j[2mws+1(1+w2—2wlC+)(1+w2 —2wk_) ( )

where K = cosh(2¢T K, ) and K_ = cos(2¢TK_).

WExplicitly: Fy = —iE;, Fij = €;jxBk, (1,5 =1,2,3).
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We now have all the ingredients to investigate the effective action I'[A] = [ d*z L[A] for spin s = 0, 1.

In particular:

(i) The scalar case s = 0, which corresponds to sQED, comes from the simple pole at w = 0

w—1
Iy(T,A) =R = -1 2.3.17
o(T> 4) es {w(1+w2—2wlC+)(1+w2 —2wK_) | .o ’ ( )
hence it correctly reproduces the celebrated Weisskopf Lagrangian [132]
© 4T e=m’T ¢PT?°K_K.,
LAl = — — : , . 2.3.18
ol 4] /0 T (47T)? sinh(¢T K ) sin(¢TK_) ( )

(ii) The massive spin 1 case instead arises form the double pole at w =0

w—1
w? (1 4+w? —2wk,) (1 4+ w? —2wk_)

L(T, A) = Res [ =1-2(K,+K_), (2.3.19)

w=0

leading to

TR ey (1= 2cosh(2gTK ) — 2cos(20TK-)] .
T (4nT)? sinh(¢T'K)sin(¢TK_) | cosh(2¢TK) — 2 cos(2g )]
(2.3.20)

© 4T e=m°T 2K K
Lol[A] = / 4 +
0

This last expression corresponds to the Euler—-Heisenberg effective Lagrangian for a massive charged
vector boson in a constant electromagnetic background. It was originally derived in 1965 by Vanyashin
and Terent’ev, starting from a quantum field theory of vector electrodynamics [133]. In contrast, our
derivation employs a self-consistent first-quantized approach, which offers a more direct and trans-
parent computation than the conventional second-quantized formalism. This constitutes the main

result we set out to obtain using the worldline method.

Our approach offers a natural framework for exploring possible extensions. For instance, one could
interpret our final expression as the result of a locally constant field approximation [105] and in-
vestigate corrections by systematically including higher-order terms in (2.3.4). This would likely
involve following a procedure similar to that of Ref. [4] for performing perturbative corrections from
the worldline, ultimately leading to the determination of the generalized heat kernel coefficients

computed in Refs. [94, 101]. We leave this analysis to future work.

As a final note, let us report the perturbative expression given by an expansion in the particle’s

electric charge ¢

°dT e T 7 5 27
Loa[A]l= | ————= |3+ -¢T*te[F. )+ —=¢'T't:*[F2) — —¢'T* tx[F},] + O(¢°
—1[ ] /(; T (47TT)2 ( + 4q I‘[ w/] + 32q r [ ,ul/] 40q I‘[ w/] + (q)
(2.3.21)
The first two terms give divergent contributions, the first one being an infinite vacuum energy,
while the second one corresponds to the one-loop divergence in the photon self-energy, and they

should be renormalized away. On the other hand, the last two terms are finite and give rise to the
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quartic interaction’s contributions once integrated in the proper time. Thus, the leading terms of
the renormalized effective (Euclidean) Lagrangian, with the tree-level Maxwell term included, are

expressed as

4

1 q ) 27
ren (Al = ZF, FH —(F, F""? - —_FWE FFE 2.3.22
LS—I[ ] 4 H + ].67T2m4 (32( I ) 40 P :U') + ( 3 )

which shows the leading vertices for the scattering of light by light.

An overall minus sign arises upon continuation back to Minkowski spacetime. Inserting this sign,

the Lagrangian in Minkowski spacetime can be written in the more explicit form

4 167m2m* 32
2

1 4 5 27
LEA) =~ F P+ Joe (=g (B 4 WP E ) o
(2.3.23)

4

(29(E2 — B2 +108(E - B)?) + -+

2 40m

where, for ease of comparison with the literature, we have introduced the fine-structure constant

2 . . .
a = - in natural units, and used the relations

F,F"™ =2(B*~ E*, F"F,F“F,,=2(E*— B??+4(E-B)?, (2.3.24)
to obtain the second line.

It may be interesting to compare this result with the more widely known results for the spin-0 and

spin—% cases, which we include here for convenience:

4

1 q 1 1
Lr[A] = == F,, F* —(F, F"")? + —F"FE, FFE,
ol 4" T Tomm (288( ™) " 360 P “)+ 539
) : (2.3.25)
= (B = B+ (7(E2 B 4B 3)2) .
and
£ [A] = Y FH 4 ¢ —i(F F”“)2+1F“”F FPFE,, ) +--
s=3 4 16m2m4 \ 32° " 90 P o (2.3.26)

1, - — 20/
— E2 . B2
2( )+ 45m?*

((E2 ~ B (- B)Z) T

They arise from the Weisskopf and Euler-Heisenberg effective Lagrangians, respectively.

2.3.1 Production of massive spin-1 particle pairs

In this section, we compute the rate for the Schwinger pair production of massive charged spin-
1 particles in a constant external electric field E. For casier reference, we shall recall that if the
effective action in the presence of a classical background field assumes a non-vanishing imaginary

contribution, this has the physical interpretation of an instability of the quantum field theory vacuum:
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quantitatively, the Minkowskian effective action is related to the vacuum persistence probability by
| (Oout| O |* = @721 (2.3.27)

The effective action (2.3.20) with K, = 0 and K_ = E, with E being the modulus of the electric

field, reduces to

dT e T 4TE
d*z —1-2 2¢TE)] . 2.3.28
/ / (T2 sin(qTE) cos(24TE)] (2:3.28)

Apparently, it is a real quantity, but the presence of poles in the T-integral signals that this is not
the case. To extract its imaginary part, we go back to Minkowski spacetime via a Wick rotation,

using T' — T, L — —L, to obtain the Minkowskian effective Lagrangian

L[A] = /0 N %((34—:;)2 (—3815525 5 +4TE) sin(iqTE)) . (2.3.29)

For certain values of proper time, the integral develops poles in the T-plane, which in turn produce

an imaginary part of the Minkowskian effective action. In fact, from

N e e ) /*‘” AT e T ( iqTE

9 T - 4(eqT F) sin(eqT E 2.3.30
=g |t (S AT ) ) L (23.30)

one finds that the contour must be closed in the lower half-plane, and the imaginary part is determined

by the residues at the poles of the first integrand function, located at'!
T=—i"2 0<neN. (2.3.31)

The final result is

mnrn
qFE

Im £[A] = E)? i “+1e (2.3.32)

n=1

In conclusion, the probability for massive spin-1 particle-antiparticle pair production in the presence
of a constant electric field per unit of volume and time P := P/AV AT can be written as

2

3 . _m“r
7Dpa,ir ~ —@(QE)Q L12 (_e ak ) 5 (2333)

where Liy(+) is the polylogarithm of order 2. As already noted in Ref. [133], this probability corre-

sponds to three times the probability of the production of pairs of scalar particles with mass m.

"They correspond to the zero modes of the differential operator A nv in Minkowski spacetime except for the value
n = 0, which indicates a UV divergence as discussed at the end of the previous section.
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2.4 Final remarks

In this chapter, we have shown how to construct worldline actions for a massive, charged, spin-1
particle. These actions carry the necessary gauge symmetries to ensure a unitary description at the
quantum level. A crucial feature is the gauging of the oscillator number operator, appropriately
shifted by a Chern—Simons coupling, which enforces the projection onto the spin-1 sector. A BRST
analysis reveals that the spin-1 sector can couple to an external electromagnetic field in both for-
mulations, provided the field satisfies the vacuum Maxwell equations. This condition suffices for
applications such as computing scattering amplitudes involving external photons, whose asymptotic
states obey these equations. We employed this coupling to analyze the system’s behavior in a con-
stant EM field. The spin-0 sector admits coupling to the electromagnetic field without requiring any
conditions on the field. In contrast, other sectors corresponding to higher-spin particles do not admit
EM couplings within our worldline framework. By studying the path integral of the spin-1 particle
action on the circle, we obtained the one-loop effective action. For a constant electromagnetic back-
ground, we explicitly computed the corresponding effective Lagrangian of the Euler-Heisenberg type.
From this, we derived the pair production rate for spin-1 particle-antiparticle pairs in a constant
electric field. Our results fully agree with the quantum field theory result originally presented in
Ref. [133], which we recover here using a purely worldline approach, independent of any second-
quantized formalism. Additional, more recent works discussing the effective Lagrangian induced by
spin-1 particles and related matters, include [134-142|. Alternative worldline formulations have been
explored in the literature, notably in Ref. [143], where worldline techniques are employed to express
the heat kernel representation of the spin-1 QFT effective action as worldline path integrals, allow-
ing for a more efficient computation, including the evaluation of worldline functional determinants.
Our results add to the effort of constructing wordline methods without using key input from QFT,
following the path employed in the study of Yang—Mills theory [81, 144], gravity [1-3, 82, 83, 145,
146], and scalar theories [147].

Appendix

2.A Functional determinant from the Gel’fand—Yaglom theo-

rem

In this appendix, we detail the computation of the functional determinant (2.3.9) associated with
the differential operator
1 d? d
() AN . Bl o
Auu(Ta 7—) = 2T5;wd7_2 Zqu/dT 6(7— T) ) (2A1)
using (generalizations of) the Gel’fand—Yaglom theorem [97]. For convenience, we restate here the

main theorem, previously given in Appendix 1.B, in order to adapt the notation to the present
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chapter.

In its simplest formulation, the GY theorem states that given a one-dimensional second-order differ-
ential operator defined on the interval z € [0, 1] and the associated eigenvalue problem with vanishing

Dirichlet boundary conditions

d2

[—@ + V(z)} W(z) =AY(z), with ¥(0)=¢(1)=0, (2.A.2)

if we can solve the initial value problem
d? .

[—@ + V(z)} ®(z)=0, with ®0)=0, ®0)=1, (2.A.3)
then the boundary value of the solution determines the functional determinant of the differential
operator

d2
Det {—@ + V(z)} x P(1) . (2.A.4)

The precise definition of the functional determinant actually involves the ratio of two determinants,
and should be understood in this sense [119]; in this chapter, we compute the determinants relative
to the corresponding determinant for the free operators upon extracting the zero modes of the latter.
For our purposes, we need the generalization of the theorem for higher-dimensional operators: we

report the main formulae, while referring the reader to the references [4, 98, 99| for more details.

To compute the functional determinant of A,(fg acting on the quantum fluctuations ¢#(7) with Dirichlet
boundary conditions, one needs to solve the associated homogeneous differential equation for the

solution with initial conditions

pP(0) =0, @P(0)=0", (2.A.5)
and then
Det (ASZ) = det [(pl(f)(l)] . (2.A.6)
Using a simple trick, we can recast the operator (2.A.1) into a form suitable for a direct application
of the theorem. In particular, it is not hard to show that'?
(t) / —igFTT 1d? / 1 2 12 / iqFTT
AT, 7)o |e7™ ———0(1—=7)— =¢°F*6(t —7') | e : (2.A.7)
’ 2dr? 2 »

from which one sees that its functional determinant can be equivalently computed by calculating

the determinant of the operator inside round brackets.'® Solving for the associated homogeneous

equation with initial conditions (2.A.5) we get

P(2) = {%—Ffﬂ , (2.A.8)

which confirms Eq. (2.3.9).

12We thank Markus B. Fréb for discussions on this point.
13The prefactors hidden in “oc” are taken care of by normalizing with the corresponding free operator.
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Prelude: the heat kernel technique and the Fierz—Pauli theory

In the second part of this thesis, we explore the application of the Worldline Formalism to perturbative
physics, illustrating its use through several examples. The first example concerns the computation of
color-ordered tree-level amplitudes in Yang—Mills theory. Before delving into this, we shall provide
a brief overview of the worldline computational framework. The subsequent examples focus instead
on the perturbative expansion of the heat kernel. To this end, we introduce some basic concepts and
outline the main ideas underlying this technique, thereby setting the stage for its applications in the
following sections. These applications concern two gravitational theories. The first one, discussed
in Chapter 5, is the well-known Einstein—Hilbert theory, which we shall not anticipate further here.
The second one, treated in Chapter 6, is a modified theory of gravity, known as “massive gravity”.
In this thesis, however, we shall restrict our attention to its linearized formulation, which may be
viewed simply as a theory describing a massive spin-2 “meson”, rather than an ambitious attempt
to give mass to the graviton. We will review a few of its key features before turning to the original

material.

Yang—Mills from the worldline Chapter 3 is devoted to the computation of color-ordered tree-
level amplitudes in Yang-Mills theory. We adopt a “bottom-up” approach, starting from the bosonic
spinning particle and constructing its path integral, this time formulated on the infinite line rather
than on the circle. The choice of an infinite line geometry automatically implements the LSZ reduc-
tion [39, 147-149], thereby allowing one to extract on-shell amplitudes directly from the worldline
path integral. The infinite line constitutes the main worldline that connects two external points
and can be chosen arbitrarily. It describes asymptotically free vector particles. Vertices linking the
worldline to the remaining external (asymptotic on-shell) particle states emerge in part from the
perturbative expansion of the particle action, leading to insertions of vertex operators. Additionally,
insertion of additional composite vertex operators is needed to obtain the complete BRST-invariant
color-ordered amplitudes. Although this construction may appear elementary, the approach devel-
oped in Chapter 3 provides a robust foundation for deriving scattering amplitudes purely within the
worldline framework.'* Furthermore, we further explore the role played by the BRST symmetry.
First, it is employed to analyze the general structure and properties of both integrated and unin-
tegrated vertex operators contributing to the construction of the color-ordered amplitudes. BRST
symmetry also serves as the guiding principle for identifying whether additional vertex operators,
which we refer to as “pinch operators”, must be inserted to restore BRST invariance when it is broken
in perturbatively constructed tree-level amplitudes. Secondly, we show how the decoupling of BRST-
exact operators in correlation functions corresponds to the target-space Ward identities, similarly to

what occurs in string theory.

The heat kernel method The heat kernel has already been briefly introduced in Part | of the
thesis. However, since it plays a central role in the forthcoming chapters, we take the opportunity

here to review its main features and its use in the computation of one-loop divergences, which is

1 The overall framework is conceptually similar to the one proposed in [81], where the fermionic particle was used.
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a procedure commonly referred to as the “heat kernel technique”. This well-established method
in mathematical physics provides a perturbative framework for studying second-order differential
operators on Riemannian manifolds [150], and it has been applied extensively in quantum field
theory, with a particular interest in quantum gravity starting from the work of DeWitt, [57, 151,
152], as for example in Refs. [104, 153-155]. The starting point is the same as that of the “top-down”
approach to the Worldline Formalism: the one-loop effective action expressed in terms of a functional

determinant as ) .
I'[®] = 3 log sDetQ = EsTr log Q. (IL.1)

where “sDet” is the Berezin functional superdeterminant and “sTr” the functional supertrace (see for
example Ref. [155]). We write this expression in its most general form, without specifying whether
the underlying field theory is bosonic or fermionic. In what follows, we assume that it is defined on a
D-dimensional Euclidean manifold. The quantum fluctuations operator Q is an elliptic second-order

differential operator, which can take the general form
Q=-V3, -V. (IL.2)

The operator Q is here taken to act on a scalar field ¢ which carries a representation of the gauge
field A, contained in the connection that defines the full covariant derivative V¥ =V, + A,. Tt
has an associated gauge field strength €, defined by the commutator of the covariant derivatives

on the scalar field ¢, i.e.
[VLA)a V(VA>:|¢ = Q/U/ ¢ : (113)

The Laplacian is defined as usual by V&) = g™ VPV and we consider a potential V' which is
matrix valued, just like the gauge field A,. Thus, the elliptic second-order differential operator Q

generally depends on the metric g, and on the matrix-valued potentials A, and V.

In the usual Schwinger proper-time parametrization, (I1.1) becomes
1 1 [/~dr
I'=—sTrlog Q = ——/ — sTrexp{(-T7Q)} . (IL.4)
2 2)y T

The operator exp{(—T'Q)} is known as the heat semigroup of the operator Q, and its integral kernel
is the heat kernel K (z,2’;T). It is usually needed at coinciding points 2z’ — x for most of the physical
applications, as the quantity of interest is typically the trace of the operator. Consequently, we will
focus on this case in the following. Plugging the explicit form of Q given by (I1.2) inside (I11.4),"* we

have

1 [>dr
= —5/ v exp{(—Tm2)}/de g str K(x,x;T) . (IL.5)
0

Note that the leftover supertrace “str” is now to be performed only over the remaining discrete indices

carried by the representation of the field ¢ on which O acts upon.

For small Euclidean proper time 7' — 0T, the heat kernel, at coinciding points, admits the asymptotic

15Tt is customary to introduce an IR regulator by shifting @ — Q 4+ m?, corresponding to the addition of a mass
term for otherwise massless fields.
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expansion [57, 151, 152]
K(z,2;T) ~ (47T)"" Y " TVa(x) , (11.6)
7=0

16 can be expressed

where the heat kernel coefficients a;(z), also known as Seeley-DeWitt coefficients,
in terms of the metric and gauge invariants of the manifold. For an intuitive derivation of the
expansion, see, for instance, these lecture notes by Fiorenzo Bastianelli [156], while for pedagogical
treatments refer to [104, 150, 157, 158]. With the aid of (I1.6), we are able to identify the divergences
of the one-loop effective action (I1.5) precisely with a subset of the Seeley-DeWitt coefficients, namely

the ones that produce a divergence in the proper time integration at 7' — 0 in

1 [2dT ey [P0GOS
I' = ——/ — e ™ T/— str E T a;(z) . I1.7
2Jo T @r7)z = i) (IL.7)

For example, at D = 4 the diverging terms are associated with the coefficients ag(z), a1(x), as(z),
while at D = 6 also as(x) leads to an additional divergence (the logarithmic divergence in that

dimension).

The computation of these coefficients using worldline techniques will be the subject of Chapter 5
and Chapter 6, except for Section 5.2 where a genuine heat kernel calculation is performed as a

cross-check.

Let us conclude with an important remark concerning the expansion (I1.6). In principle, such an
expansion does not exist in the same simple form when Q is a non-minimal operator. In the heat
kernel context, a second-order operator is termed non-minimal when the part of the operator with
the highest derivatives — the principal symbol [104] — has a non-trivial matrix structure. For instance,
an operator of Laplace type

A=—-g"V,V,+V, (IL.8)

is a minimal operator, as the principal symbol is the metric. A non-minimal operator presents a more
general principal symbol: for instance, the kinetic operator of the Proca field on curved spacetime
has the form [159, 160]

AP = (=V? 4+ m?) g" + VIV + R | (IL.9)

and the offending term V#V" is responsible for the complicated structure of the leading deriva-
tive terms. This situation will arise in our analysis of Linearized Massive Gravity (LMG). Several
approaches exist for reducing such operators to minimal form, the most prominent being the gen-
eralization of the Schwinger-DeWitt algorithm developed by Barvinsky and Vilkovisky [153]. Alter-
natively, one may adopt a path integral approach, as in [8, 161-163]. A recent notable advance in
this direction is given in [164], which provides model-independent expressions for the Seeley-DeWitt
coefficients of general non-minimal second-order operators. In this thesis, we aim to bypass these
technical complications by employing a suitable worldline model, offering further evidence for the

efficiency of first-quantized techniques in contrast to traditional second-quantized methods.

16These coeflicients appear in the literature under various names. In this thesis, we use the terms “heat kernel
coefficients”, “Seeley-DeWitt coefficients”, and “Schwinger-DeWitt coefficients” interchangeably.
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Massive gravity and the Fierz—Pauli theory Massive gravity has long attracted considerable
interest in theoretical physics as a compelling modification of general relativity, ever since its first
formulation by Fierz and Pauli in 1939 [165, 166]. The FP theory describes the propagation of a

massive spin 2 field carrying'’
(D+1)(D—-2)
2

degrees of freedom in D spacetime dimensions. Its simplest, second-order, formulation can be ex-

#DoF = (11.10)

pressed in terms of an action principle involving a symmetric and traceful rank-2 tensor field h,, ()

with a flat spacetime background:

1
Sere ] = 3 / dPx [ ol 1" — D hD"h = 20,10,,0" W 4 20,1 D, 1+ (R b = 12) |

::‘Cm:O[hlJ«V} =:Lm [huu]

(IL.11)

with h = hf. Let us review some technical aspects of the theory, which will later be revisited through
the lens of the Worldline Formalism, starting from Eq. (II.11). The massless action S,,—[hu.] =

% [ dPz L,,—[h,, ] is invariant under the gauge symmetry'®
6h,u1/ = ;ng/ + azzé,u, = 28(,},51/) y (1112)

where {#(z) is a spacetime dependent gauge parameter. The mass term L£,,[h,,] breaks the gauge
symmetry, as usual in any gauge field theory. It is actually not the most general mass term that can
be added to the invariant action S,,—o[h,.| respecting Lorentz invariance and power counting [168].
However, the choice of the relative —1 coefficient between the h,,h* and h* contractions, known
as Fierz—Pauli tuning, is the only combination ensuring the propagation of the correct number of
degrees of freedom; any other choice would inevitably lead to the presence of a ghost mode with

negative energy. The equations of motion can be expressed in terms of the so-called Fierz—Pauli

system:
(07 —m?) hy(z) =0, (I1.13)
Mhy(x) =0, (I1.14)
hz) =0, (I.15)

which shows that the tensor field corresponds to a unitary irreducible representation of the Poincaré
group with mass m and spin 2. Violating the FP tuning would lead to the loss of (II.15), and
a ghost-like scalar mode inside h,, becomes propagating [169]. The situation becomes even more
intricate on a curved background. Referring to Ref. [8] for a detailed analysis, let us mention that

the bottom line is that F'P action can be consistently extended only on Einstein spacetimes [169-172]

17 Although the FP theory historically arose as the first attempt to modify gravity by introducing a massive mediator
of the gravitational interaction, one may disregard its gravitational interpretation and instead view h,,, (z) as describing
a massive spin 2 meson propagating on flat or curved backgrounds, possibly interacting with a background Einstein
metric. See [167] for a related discussion.

3In our notation, parentheses and brackets denote symmetrization and antisymmetrization with a conventional
factor, e.g. (ab) := 3(ab+ ba) and [ab] := 3 (ab — ba).
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| Stp (i g] = /de\/_[ m=0[Py; 8] + Lon [hw?g]} 5 (11.16)

where the mass term remains unchanged, while the massless Lagrangian now reads

2 1
Lon—olhy; 8] = Vb VPR =N ,hNFh—2¥ ,h,,, VY B2 +2V b h—FR (hwh“” - §h2) (I1.17)

and is invariant under the gauge symmetry
0hu =2V, - (I1.18)

The action can be recast in the following convenient form, assuming that the fields decay quickly

enough at infinity when integrating by parts,

Sevllig) = 5 [ v A By (11.19)

in terms of the differential operator

R
Af(‘é’lg‘)’ = (—V2 + m2) (gu(pgo)v _ guvgpa) + oRHpow nggpa _ Qgpﬂv(uVV) + Qg(u(pv'/)vO) _
(I1.20)

This operator is clearly non-minimal, which complicates its use in heat kernel computations. It will
therefore be advantageous to construct a worldline model that bypasses these difficulties, as will be

developed in Chapter 4.

For the sake of brevity, we shall only mention a few additional features of the Fierz—Pauli theory
without entering into further details. Among them is the well-known vDVZ discontinuity [129, 130],
namely the different predictions between linear general relativity and the FP theory in the massless
limit, and the presence of a Boulware-Deser ghost, a problematic extra degree of freedom which
inevitably appears at the non-linear level [173]. To this date, only a promising non-linear theory of
massive gravity free from the Boulware—Deser instability has been formulated, which is known as
dRGT theory, named after the work of Claudia de Rham, Gregory Gabadadze, and Andrew Tolley
[174-176]. The interested reader may refer to excellent reviews for a comprehensive exploration of
this subject [169, 170, 177].

Finally, we anticipate that massive gravity, like general relativity, does not escape the issue of one-
loop divergences. This is unsurprising, since both are non-renormalizable theories: their Lagrangians
are built upon the Einstein—Hilbert action, which is known to produce diverging terms at one-loop
that cannot be absorbed into the parameters of the action [178-181]. The quantum aspects of
massive gravity, and in particular its one-loop divergences, have been extensively studied through
field-theoretical techniques [158, 161, 182, 183], and will be revisited within the worldline approach
in Chapter 6.

We denote the metric tensor in bold in order to hide the spacetime indices, g := g, (z). Moreover, g = det(g,.)
and R(g) is the Ricci scalar.






Chapter 3
Tree-level gluon amplitudes

In this chapter, we begin to show how the Worldline Formalism can be adapted to perform perturbative
quantum field theory calculations. We start with the case of tree-level scattering amplitudes, where
the method shares many parallels with string theory. Specifically, we compute gluon amplitudes at
tree level as worldline correlators of vertex operators in a suitable worldline model. In doing so, we
adopt a purely “bottom-up” worldline approach, which may be viewed as complementary to the orig-
inal framework developed by Bern and Kosower. The model under consideration corresponds to the
massless version of the bosonic spinning particle model introduced in the previous chapter, which, as
already demonstrated, admits a consistent truncation to describe a pure spin-1 particle. The particle
1s coupled to a non-abelian background field: interactions are once again incorporated through BRST
methods, which here also provide a systematic way to extract the verter operators as deformations of
the BRST charge. BRST invariance thus plays a central role in ensuring the consistency of the tree-
level amplitudes. Finally, we discuss connections with similar worldline constructions and comment
on the potential relevance of this framework for uncovering the structures underlying the double-copy

program i gauge and gravitational theories.

Conventions The target space of our worldline model is a D-dimensional Minkowski spacetime,

and Greek letters will be used to denote Lorentz indices.

3.1 The bosonic spinning particle in a Yang—Mills background

We begin by reviewing some features of the free bosonic spinning particle model. Although the first
subsection partly overlaps with material from the previous chapter, we include it here once again in
view of the forthcoming construction of the path integral on the open line. In this context, certain
subtleties arise that were not addressed in the earlier discussion, and which will play an important

role in the present analysis.
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3.1.1 The free spinning particle

The symplectic term of the free worldline action is

1
Suymp = /0 dr [pui“—idud“ . (3.1.1)

It defines the canonical Poisson brackets for the particle’s coordinates and momenta (x#,p,) joined

by the bosonic oscillator pair (a*, @&,). The elementary Poisson brackets are given by
{wuapu} = 55 ) {ali’ 0_41/} - 255 . (312)

The following conserved phase-space functions

1 _
H:§p2 , L=d"p,, L=a"p,, (3.1.3)

form a closed algebra under Poisson brackets
{L, L} =2iH , (3.1.4)

while other independent brackets vanish. As previously noted, this algebra is first-class and bears
a close resemblance to a supersymmetry algebra, except that L and L are bosonic rather than
fermionic. It corresponds to a contraction of the si(2,R) algebra 73, 75]. The charges (H, L, L)
generate worldline symmetries: H is the generator of 7-translations, while L and L mix the spacetime
coordinates x* with the oscillator variables a* and a*, respectively. Their structure is reminiscent

of the Virasoro generators Lo and L4, of the bosonic open string.

Let us recall that, upon quantization, the states of the theory are interpreted as those corresponding
to massless particles, with the spin degrees of freedom carried by the oscillator variables a*. To this
end, one must impose the mass-shell constraint p?> = 0 by gauging the Hamiltonian H, and eliminate
remaining unphysical states by gauging the “Virasoro-like” generators L and L. This gauging plays
a role analogous to the gauging of the Virasoro algebra in string theory, where lightcone oscillator

modes must be removed to avoid negative-norm states.

The full worldline action, incorporating these gauge symmetries, is given by
1 —
S:/ dr |pi —ia@té, — e H —aL —uL|, (3.1.5)
0

where e(7) is the einbein enforcing the mass-shell condition H = 0, and u(7) and @(7) are com-
plex Lagrange multipliers enforcing L = L = 0. The action is invariant under local worldline

reparametrizations and the bosonic analog of supersymmetry, with infinitesimal transformations
St =ept +Eat + Eat, op, =0,
oot =i &pt, Sar = —i Ept (3.1.6)
de=¢é—+2iué —2iuc, du=¢, )

N
I
A
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where €(7) is the local parameter for worldline reparametrizations, while £(7) and £(7) are complex

gauge parameters for the bosonic symmetry.

The quantum theory corresponding to this action has been analyzed in Ref. [78| to covariantly identify
the physical sector of the Hilbert space, using both the Dirac quantization method and the more
general BRST approach.! The resulting spectrum was found to include an infinite tower of bosonic
spinning particles. This fact emerges by recalling that the quantized phase-space coordinates obey
the commutation relations

@ p] =i, [Guat] = o, (3.1.7)

with the o oscillators that act as creation operators on the Fock vacuum |0). The covariant analysis

carried out in Ref. [78] shows that, at occupation number s, defined according to the number operator

N = o*a,, the Hilbert space contains particle’s excitations of spin s,s —2,---,0 for even s, and
s,s—2,---,1for odd s. A quick way to see this is by adopting the light-cone gauge, as discussed in
Chapter 2, in which the bosonic creation operators a' carry only transverse indices ¢ = 1,--- , D — 2.

Let us indeed recall the result: at level s, the action of s such creation operators on the Fock vacuum
yields states corresponding to a totally symmetric wavefunction ¢;,...;. (z), which includes all possible
traces. Iteratively factorizing the traces shows that the wavefunction naturally accommodates spin
states s,s — 2,--- down to either 0 or 1, depending on whether s is even or odd. We refer to
Section 2.1.1 for further details.

In the rest of this section, we construct a path integral for this model. One can anticipate some
difficulties in the construction. Considering a finite line, the gauge transformation laws in (3.1.6)
suggest that all the gauge fields (e,u,u) should each acquire a modulus, with the set of moduli
collectively denoted by (27, ug, tg), where T' is the usual Schwinger proper time. After gauge-fixing
the gauge fields to the corresponding moduli, i.e. setting (e, u, @) = (2T, ug, Ug), one finds that the

action (3.1.5) reduces to

1
ng:/dT[p-:t—z'a-d—TpQ—uop-a—uop-a : (3.1.8)
0
An integration over the moduli, with 7 € Rt and uy, %y € R, produces for constant p, a, &
1 _
o o(p-a) o(p-a), (3.1.9)

which, on top of delivering the massless propagator, seems to enforce the transversality of the os-
cillators. However, we are going to argue that, for our purposes, we do not need to consider the
moduli for v and @. The reason is that we intend to restrict the model to obtain the propagation
of particles of fixed spin s only, and in particular s = 1, to describe massless gluons. To achieve
such a projection, it is useful to gauge the global U(1) symmetry, generated by the number charge
N = o*qy,, and add a Chern-Simons coupling, to obtain a constraint that projects physical states

to have occupation number s in the quantum setting.

'Recall that Chapter 2 carried out the same analysis but in the case of the massive model.
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Therefore, we gauge the global U(1) symmetry

o =ea, a =e"a,
(3.1.10)

u = ey, o =e"q,
and add a Chern—Simons coupling with charge ¢, left unspecified for the moment, to be related to
the spin s. We arrive at the modified action

1
1
S = /0 dr [puj:“ —ia,dt —e §p2 —aaotp, —u al'p, —a(ata, —q)l . (3.1.11)

Here (e, %, u,a) are the full set of worldline gauge fields that gauge the charges (H, L, L, J) defined
by

1 ,
H=3p*, L=a'p,, L=a"p,, J=a'a,—q. (3.1.12)

They satisfy the following Poisson bracket algebra
{L,L}y=2iH, {J L}=—iL, {J L}=ilL, (3.1.13)

while other brackets vanish. It is a first-class algebra and thus its gauging is consistent. Denoting
by (&€, ¢) the gauge parameters for the gauge fields above, we get the following infinitesimal

transformation rules for the gauge symmetries of the action (3.1.11)

dat =ept +Eat + Ear op, =0,
Sat =i&pt +igat, dat = —iEp' —igpat,
St io e (3.1.14)
Se=¢é+2iul —2u, da=¢,
Su=E—iak+idu, du=E+iaf—igpu.

Notice that the U(1) gauge field a admits a modulus, a(7) = 6, which in turn prevents the emergence
of moduli for v and @. A quantum massless spin-s particle is obtained by quantizing precisely this
action. Before proceeding with the path integral quantization, let us clarify the relation between
the Chern—Simons coupling ¢ and the spin s. This relation generally depends on the quantization

scheme that is adopted, which we make explicit in the course of our discussion.

Using canonical quantization, we recall that the quantum operators satisfy the commutation relations
in (3.1.7) with « acting as creation operator. Then, of the charges in (3.1.12), only J exhibits
potential ordering ambiguities. We resolve them by adopting a symmetric ordering prescription for

the oscillators. This is our chosen quantization scheme and yields the quantum operator
Lo oz 7 P
J:§(a a, + o) —q

=alay, + = —q

=N-—s, (3.1.15)
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where we have used the commutation relations of the oscillators, recognized the number operator

N = d"a, (3.1.16)
which counts the occupation number in the Fock space of states, and relates the Chern—Simons

coupling ¢ to the real parameter s by

D
q:§+s. (3.1.17)

Imposing the constraint & la Dirac to select a generic physical state |¢),
Je)=0 =  Nigy=slg), (3.1.18)

shows that physical states must have occupation number s. This corresponds to having maximal
spin s. Later, we specialize to s = 1, as we intend to focus on spin-1 particles. However, for the
time being, we keep s arbitrary and observe that it must be a non-negative integer in order to find
nontrivial solutions to the constraint equation, and allow for a nontrivial quantum theory. This

illustrates the well-known fact that Chern—Simons couplings are quantized.

Now, let us proceed with the worldline path integration and derive the propagator for a fixed spin-s
particle (together with its lower spin tail, as discussed above). We consider the path integral on
the finite line, with fixed initial and final states chosen to be momentum eigenstates for the (x,p)-
variables and coherent states for the bosonic oscillators. This leads to the path integral representation
for the particle propagator in momentum space

DXDG ,
out(plua’p7 d>zn = —615 s (3119)

— ] Vol(Gauge)
which uses the action in (3.1.11). On the left-hand side, we have indicated by p and p’ the momentum
eigenstates and « and @ the coherent states for the oscillators (no confusion should arise with this
notation). Also, we have collectively denoted the dynamical fields by X = (z*,p,, o/, &,) and the
gauge fields by G = (e, u,u,a). Note that, to impose boundary conditions on p, one must add
boundary terms to the action. Their final effect is to change the symplectic term p,a# into —p,z*,

see Appendix 3.A.

At this stage, we gauge-fix the gauge fields to their respective moduli, setting (e, @, u, a) = (27,0, 0, 0),
where 7" and 6 denote the moduli. The latter must be integrated over a suitable range of values and
with a measure with a normalization that can be fixed later. This way, we arrive at an expression

for the path integral on the finite line of the form
out (D, P, @)in ~ /dT/d@ ¢ Det (0, — i0) Det (0, + i@)/DX e'Sst | (3.1.20)

where the gauge-fixed action in the exponent reads

Syt = /01 dr [ — Pt — i @, (8, — i)k — Tpﬂ —ia(0)a(0) . (3.1.21)
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Here, we have extracted from the action the constant Chern—Simons term, whose coupling ¢ gets
renormalized to the physical value s. Also, we have included the Faddeev—Popov determinants, and
inserted the boundary terms in the action, needed to match the quantum numbers of the external
states. Performing the path integral, and normalizing appropriately the integration over the moduli,

while setting their correct range, we obtain

2
2 ~ " dg isd e Pan —i
out (D', p, a>m~/ dT/ o 2m)Ps"(p—p) e’ e e~ iTv
0 0

—1 A9 e
— (2 D(;D o ( 2)/ Y e Y aotist '
@mZot =) | e

(3.1.22)

Note that the ghost determinant, which has vanishing Dirichlet boundary conditions, becomes 6
independent and can be normalized to 1, see Appendix 3.A for details.”? Finally, performing the

f-integration, we find

_ —1) (aa)®
out (P lp, @)in = (2) P67 (p — p) <p2) ( S,) . (3.1.23)
In particular, for spin 1, obtained by setting s = 1, we get
—iN .,
out(Ps alp, @)in = (2m) P67 (p — ) pZ“ o (3.1.24)

We recognize the propagators of massless fields of spin s in the Feynman gauge. The independent
variables o and & parametrize the coherent states and can be readily interpreted as the external

polarizations.

This concludes our discussion of the path integral on the finite line for the free spin-s particle. A
natural extension involves introducing a set of ghost fields (henceforth denoted B C and B C) to
exponentiate the ®II determinants. Then, considering external states also for them allows to explore
the full BRST Hilbert space.

A final comment concerns the issue of gauge-fixing u and u. We observe that these gauge fields can be
defined so as not to possess associated moduli, so that the path integral for the original action (3.1.5)
can be performed without the need to gauge the U(1) symmetry. This leads to the propagation of
the full set of higher spin fields in the Feynman gauge. Indeed, the path integral produces

’ _ / —1 ao
Out<p,a|p,a>m=<2w>D6D<p—p>(p2>e | (3.1.25)

which corresponds precisely to the sum over all spins of Eq. (3.1.23).

2The result is similar to that in eq. (3.A.15), but with a = @ = 0, which selects the vacuum as the external states.
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3.1.2 Non-abelian background

To compute tree-level gluon amplitudes, we couple the bosonic spinning particle to a Yang-Mills
background field
A, = AT, (3.1.26)

where T, are anti-hermitian generators; we will consider color-ordered amplitudes, thus the Lie
algebra generators will not play much of a role in the following. We extend the gauge constraints by
minimal coupling p, — p, — @A,, and by adding a non-minimal term with coupling constant x to

the Hamiltonian,
- 1
La=o#(p—iA), La=a"(pu—idy), Hi=(p—iAf —sFuata’,  (3.127)

with F,, = A A, — AVA, + [A, Al]. The constraint algebra (3.1.4) is broken by the field strength
F . for any value of x, both at the quantum and classical level. In fact, from the perspective of the
symplectic structure of the algebra, the presence inside H, of the full field strength tensor (with the
commutator term) is not obvious at all. This issue and its resolution were discussed in Refs [120, 184,
185]. Here, however, the approach is different and based on the construction of a nilpotent BRST
operator built from a precise Hamiltonian constraint. This ensures, in particular, that suitable spin
sectors of the model can be quantized consistently, using BRST techniques; we shall briefly review

how such a construction works.

In canonical BRST quantization, one extends the theory by adding fermionic antighost/ghost pairs
(B,C), (B,C), (b, c) associated with the constraints (L4, La, H,), respectively, with anticommutation

relations defined by
{B,C} =1, {B,C}=1, {bc}=1. (3.1.28)

The quantum BRST operator corresponding to the constraints (3.1.27) is then given by

Qa = _QCHA+iéLA+iCEA—Céb

) _ . _ (3.1.29)
= ¢(D"D,, + 2k Fu o'a”) + (Ca¥ + Ca*)D, — CCh |

where D, = A, + A, and we identified p, := —iA,, keeping for simplicity the same notation
for classical and quantum variables. The BRST operator ()4 is hermitian if one assigns suitable

hermiticity properties to the ghosts
d=¢, bV=b, C'=-C, B ' =-B. (3.1.30)

The extended BRST Hilbert space, on which the BRST charge ()4 operates, has a double grading.
One corresponds to the usual ghost number. The other one is associated with the integer U(1)
charge given by the number charge A/, which counts the number of o oscillators as in (3.1.16),

appropriately extended to account for the charge of the ghost oscillators:

N :=a*a, +CB+ BC. (3.1.31)
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In the previous section, when constructing the free path integral, we gauged the N charge in (3.1.16)
to project on the spin-1 sector. Here, its extended version will still be used as a projector, but we
prefer to keep it outside the BRST operator. It is defined to obey [Q4,N]| = 0, so that it becomes
consistent in the following to restrict the study of the cohomology of the BRST operator to a pre-
fixed U(1) charge sector. Quantization is consistent if Q% = 0. According to the analysis of Ref. [78]
(see also Chapter 2 for a similar analysis but in the massive case), we have the following situation,

depending on the spin sector of the theory:

o If the background field A, is off-shell, only the spin zero sector of the model (i.e., the subspace
of the Hilbert space with A/ = 0) can be quantized consistently. In this case, the coupling & is
irrelevant, as the corresponding non-minimal term acts trivially. This sector simply describes

a colored scalar field in the adjoint representation of the gauge group.

e If the background field A, is on-shell, i.e. it obeys the nonlinear Yang-Mills equations D*F,,, =
0, and x = 1, the model can be quantized also in the N’ = 1 sector. This is the case we are

interested in, where the worldline describes a gluon in a Yang-Mills background.

In order to extract the gluon vertex operators and study the path integral, we set K = 1 and proceed
with a Hamiltonian BRST gauge-fixing of the classical action. Upon denoting graded coordinates
and momenta by Z! := (2", a#;¢c,C,C) and Py := (p,, —id,,; —ib, —iBB, —i3), respectively, we choose
U = iTh as the gauge-fixing fermion related to the gauge choice (e,u,u) = (27,0,0). Thus, the

gauge-fixed action reads

S = /01 dr [Z'IP, n {QA,\II}PB]

1 (3.1.32)
= / dr [pux'“ — 1 a0 +ibe + iBC +iBC — 2T H 4
0
Integrating out the momenta, we finally obtain the sigma model action
S = Stee + Sint (3.1.33)
where the free Lagrangian action, including the ghosts, reads’
T/2 . o
Shee = / dr [i i? — i a0t 4 ibé + iBC + iBC} : (3.1.34)
—T/2
while the interaction terms are collected in
T/2
St — / dr [iAu(x)j:” + 2fw(x)aﬂa”} . (3.1.35)
~T/2

One can derive vertex operators from the above action in the usual way, upon specializing the
background gauge field to a sum of plane waves, with definite momentum and polarization. These

will be the so-called integrated vertex operators, which describe the emission/absorption of a gluon

3The parameter 7 is understood to be shifted and rescaled.
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from the worldline interior. One can already see from (3.1.35) the need for a two-gluon vertex, arising

from the coupling to the non-abelian field strength.

In the previous subsection, we have attributed the spin-1 degrees of freedom to the worldline endpoints
by employing coherent states for the a* oscillators. In the following, we will find it more convenient to
take simpler boundary conditions, corresponding to a suitable vacuum state, and create all external
gluon states by means of vertex operators. To do so, the vertex operators extracted from the sigma
model action (3.1.35) are not sufficient; therefore, in order to discuss vertex operators more generally,

together with the issue of ghost zero modes, we will briefly revert to canonical BRST quantization.

3.1.3 Vertex operators from canonical BRST quantization

Here we will briefly revisit the vertex operators as consistent deformations of the free BRST charge.
In particular, we will review how the consistent coupling to the background A, translates into the
BRST invariance of vertex operators. We will then motivate the definition of integrated vertex

operators in the canonical language.

Let us collectively denote bosonic oscillators and ghost variables as
M= (C,a" B), ay:=(B,a,cC), (3.1.36)

according to their U(1) charge: [N, o] = o™ and [N, ay] = —ays. In canonical quantization, we
define the BRST “oscillator vacuum” |0) as the Fock vacuum annihilated by the operators a,,; and
by the antighost b. In the path integral formulation, the boundary conditions corresponding to this
vacuum at both endpoints of the worldline are ay/(—7/2) = 0, o™ (T/2) = 0 and b(+T/2) = 0.
Taking also ##(+7"/2) = 0, it is natural to view the full BRST vacuum as the tensor product of an

eigenstate of zero momentum with |0), i.e. |0,0) = |k = 0) ® |0). We thus have
ay10,0) =0, b[0,00=0, p,[0,0)=0. (3.1.37)

Although |0, 0) is not normalizable, we will always create states with nonzero momentum by suitable

vertex operators at the boundary. These states have the standard plane wave normalization
(K',0|c|k,0) = (2m)P6P(k — k) , (3.1.38)
where we recall that the basic overlap for the be system is (0] ¢|0) = 1.

The subspace of the Hilbert space we are interested in is the AV = 1 sector, which describes free

spin-1 particles. A generic state in this sector can be written as
(2|v) = var(z) @™ |0) + xur(2) @™ ¢]0) (3.1.39)

in the position representation. Any such state is annihilated by normal ordered operators with more

than one a;;, a feature that will be crucial for a consistent coupling to Yang—Mills backgrounds or,
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equivalently, for the BRST invariance of the vertex operators.

We define the unintegrated canonical vertex operator for the gauge field as the linear deformation of
the covariant BRST operator (3.1.29):

Qa=Q+Va+0O(A%), (3.1.40)
where the free (A-independent) BRST differential reads
Q= cO+ (Ca*+Ca*)A, —CCh, (3.1.41)
while the linear vertex operator is given by
Va=(Cat +Ca")A, +c 2A"A, + A - A+2 f,ota") (3.1.42)

upon denoting f,, = A,A, — A, A, the abelian part of the field strength. Expanding Q% at first

order in A, produces
{Q,Va} =c(a’C —Ca”) At f,, — 3Ca*Ca” f,, —2c(Ca’a"a’ + a*a’Ca’) Aty , (3.1.43)

written in normal ordering. We see that the second and third terms in (3.1.43) are of the form
OMN@aay, with two annihilation operators on the right. For this reason, they kill any state in the
N =1 sector. Since both ) and V4 commute with N, the restriction to any N = s subspace can be
explicitly enforced by the projector

% s

T s 2
Py = e =dns, Pi=7Ps. (3.1.44)
0

Projecting (3.1.43) to the spin one subspace, we thus obtain

{Q,Va}P1=c(Ca” —Ca&") A" [, P1 . (3.1.45)

If the gauge field A, obeys the linearized Yang-Mills equations, the unintegrated vertex operator is
BRST invariant under projection. It can thus be used to create asymptotic gluon states that satisfy

such free equations.

For the path integral on the circle, it is necessary to enforce the constraint by inserting the projector
Py, which is equivalent to gauging the U(1) symmetry. However, when computing tree-level processes
on an open worldline, it is sufficient to have initial and final states with A/ = 1 to ensure that no
state with NV # 1 is created at any stage. This is so because N is conserved in the process, as all

vertex operators have charge zero and N/ commutes with the gauge-fixed Hamiltonian.

In view of computing the path integral on the open line, the above discussion brings a small subtlety.
In order to create all external states in the process by inserting vertex operators, the Fock vacuum

|0) is not the correct boundary state, since it has charge A/ = 0. In order to generate physical states
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with vertex operators, the correct vacuum state is
1) :=B|0) , (1]:=(0|B. (3.1.46)

This state has N/ = 1, obeys @ |1) = 0 and can be viewed as a constant Yang-Mills ghost. We will

later present the boundary conditions corresponding to the physical vacuum |1).

We now come to discuss integrated vertex operators. To this end, we start by splitting the uninte-

grated vertex V4 according to its dependence on the reparametrization ghost c:
Va=Wa+cVy, (3.1.47)

where

W4 = (Ca* +Ca")A, ,

(3.1.48)
Va=2A"A, +A-A+2f,a"a” .

The (integrand of) the integrated vertex operator is defined via {b, V4} := V4. The rationale for this
definition is that, if {Q,Va} = 0, the BRST transformation of V) is given by

[Q,Va] = [0, V4], (3.1.49)

upon using {@, b} = 0. As we have previously discussed, if A, obeys the linearized field equations

{Q,V4} is not identically zero, but does vanish on the projected Hilbert space.

To integrate the vertex operator V4, we have to introduce time dependence by switching to the Heisen-

berg picture. Upon rescaling the gauge-fixed Hamiltonian to p? = —[J, we define time-dependent
vertex operators via

Va(r) i= BV, e T = Ty o~ (3.1.50)
with analogous formulas for any other operator. Since [@Q, H] = 0, we can see that the BRST

transformation of V4(7) is a total derivative:

Q. Va()] = 19 Va(r)] = i -Va(r) (3.1.51)

The BRST variation of the integrated vertex operator is then given by

{Q, / b dTvA(T)} i Va(ra) — Va(m) (3.152)

T1

Typically, this fails to vanish when the boundaries of the integral reach other insertions. Perhaps,
this is the most direct way to see the need for nonlinear vertex operators: they must be added to

cure the failure of BRST invariance at these insertion points.

The basic, unintegrated, bilinear vertex can be extracted from the part of Q4 (3.1.29) quadratic in
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the gauge field, namely
Vaa=c (A +2[A,, Alara") . (3.1.53)

We will discuss the role of this vertex in the computation of amplitudes as we go along.

3.1.4 Lagrangian vertex operators and color stripping

In order to compute color-ordered amplitudes, we have to strip off color from the vertex operators
and take the gauge field to represent a single gluon state. For both V4 and Vj, which are linear in
A,, this is simply done by removing the Lie algebra generator and taking the field to be a plane

wave with definite momentum and polarization:
Au(w) = AL(2) T, — ey ek (3.1.54)

The derivative operator —iA,, when appearing in Weyl-ordered expressions, reduces in the path
integral approach to the classical canonical momentum p,, without further terms. For the free action
(3.1.34) this coincides with § @#, but in the sigma model (3.1.33) it is rather given by % &*+i.A*. This
is ultimately the reason why the nonlinear vertices differ between the Hamiltonian and Lagrangian

path integrals. This correspondence allows us to identify
QAMA, + A A — T2 A, +ike)  — e it e (3.1.55)

where we used the fact that the operator expression 2 A*A, + A - A is already Weyl ordered.*
Proceeding in the same way for all terms in V4 and V4, we find the one-gluon color-stripped vertex
operator

Ver(T) = Wer(T) + (1) Ver(7) | (3.1.56)

where we recall that V. ;(7) is to be used for integrated vertices:

Wea(r) = e (C(r) a#(7) + C(r) (7)) €0

, (3.1.57)
Ve,k(T) = (z € ;jg”(T) + 2 fuu(k) Oz“(T) @V(T)> ezk~x(7’) ’

and we defined f,, (k) = k., — ko€,

The above vertex operators are not enough to compute arbitrary amplitudes. As already mentioned,
further nonlinear vertex operators are needed. The simplest one is bilinear and can be seen directly
from the action or the BRST charge. In its Hamiltonian form, this bilinear vertex is extracted from
the BRST charge (3.1.29) and is given by V4 4 in (3.1.53). To properly strip off color, we assign the

two gluon states respecting the order in which the generators are removed:

AP+ 2[A,, Aot = (A" A"+ 4 AL AL oa)) T, T,

A (3.1.58)
— (61 €+ 4 e € oz[“@”]) gllkitha) @

4Weyl ordering is tied to the construction of a regulated, background gauge-invariant, path integral, see e.g. [186].
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The bilinear operator corresponding to the second term
Via(7) = der,60, ol (7)) (1) itk =) (3.1.59)

where we have used the shorthand notation Vi; = Vi, .., x;, can be clearly derived from the action
(3.1.35). The first term corresponding to A2, however, is absent from the Lagrangian action. This
is because the canonical momentum is given by %x'“ + iA*. The effects of the bilinear vertex
€1 - €9 ! F1Hk2)2(7) are correctly taken into account by contractions of the &# factors with each other
in products V;, k, (7) Vey 1, (0). The vertex operator (3.1.59) is thus the only two-gluon vertex to be
used in the Lagrangian path integral, as indeed implied by the interacting part of the sigma model

action (3.1.35).

Let us comment on the color structure of the bilinear vertex. In computing full amplitudes, includ-
ing color, the bilinear vertex operator for particles ¢ and j contributes a color factor of the form
tr(---7;T; - -+ ). This implies that the two gluons created by V;; are necessarily color-adjacent, which
means that, in computing color-ordered amplitudes, V;; is needed only if gluons ¢ and j are adjacent

in the cyclic ordering 12...n.

Finally, as we shall discuss, additional nonlinear vertex operators are required for the construction
of amplitudes. While the linear and quadratic vertex operators are already encoded in the action
— or equivalently, in the BRST charge — further composite vertex operators, which attach subtrees
to a main worldline, arise from the requirement of BRST-invariant amplitudes, thereby ensuring the
consistency of the theory. Although a derivation of these operators from purely worldline considera-
tions remains perhaps incomplete, the analysis presented in Ref. [147] for the scalar theory contains

the essential ingredients. We will return to this issue in the next sections.

3.2 Tree-level gluon amplitudes

We now apply the formalism developed in the previous sections to compute gluon scattering am-
plitudes at tree level. To this end, following the analysis of Ref. [147], we take the worldline to
have infinite length, so that the proper time T' serves purely as an infrared regulator and drops
out of all computations. The amplitudes are obtained by evaluating suitable correlation functions
with insertions of the vertex operators, previously derived by coupling the worldline to a Yang—Mills
background field. Before delving into the explicit calculations, we briefly outline how correlators are
defined and evaluated on open worldlines in our formalism. In what follows, all external gluons are

taken to be on-shell, though not necessarily transverse.
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3.2.1 Correlation functions on open lines

To project on states of zero momentum, the coordinate trajectories are split as
at(t) = ap + (1), (£T/2)=0, (3.2.1)

where zf is the zero mode, which enforces momentum conservation. Coming to the oscillator vacuum,

recall that the boundary conditions corresponding to |0) at both 7 = +77/2 are
O...10) «— ay(-T/2)=0, oM(T/2)=0, b*T/2)=0. (3.2.2)

On the other hand, the physical vacuum |1) = B|0) is characterized by (B,b,B)|1) = 0. Upon
denoting all ghosts and antighosts as C* := (C,¢,C) and B; := (B,b,B), the boundary conditions

corresponding to the vacuum |1) are then
A...]1) +— @ (=T/2)=0, o*(T/2)=0, By(£T/2)=0. (3.2.3)

Since all ghosts and antighosts have the same boundary conditions, we can rewrite the free Lagrangian

action (3.1.34) as

T/2 .
Stree = / dr[}l & — i@, +iBC (3.2.4)

—T/2
Note that the basic overlap for the physical vacuum needs three ghost insertions:

(1]CcCl) =1. (3.2.5)

In the path integral, this is reflected by the fact that all C*(7) admit a zero mode, which needs to

be saturated. The basic expectation value for the ghosts is thus given by
(C(11) (1) C(T3)) = 1. (3.2.6)

From the quadratic action (3.2.4) with boundary conditions (3.2.1) and (3.2.3), we derive the following

two-point functions (the ghost zero mode saturation is left implicit)

(3.2.7)
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where we denote derivatives with respect to the left and right variables by left and right dots,

respectively. The z-propagator and its derivatives read

B 1 , 2 T
G(r,0) = |1 — 0| T(T o) TTO’ R
2
'‘G(r,0) = sgn(t — o) — T (3.2.8)

'G(1,0) =—=26(t—0) .

In particular, notice that the Neumann boundary condition ‘G(£7/2,0) = 0 holds only at separate
points. At coincident points one rather has ‘G(£+7/2,4+7/2) = F1. This reflects the Weyl ordering
of operators, that is implicit in the path integral.” This fact will be relevant when computing the

three-gluon amplitude.

3.2.2 Color-ordered amplitudes

We now illustrate the construction above with explicit computations, starting from the simplest test of
the model: the three-gluon amplitude. Then, we move on to the calculation of the color-ordered four-
point amplitude, which we perform in two distinct ways. First, we select the worldline connecting two
of the least color-adjacent particles, which we regard as a “smart” choice for computational reasons,
as should be clear shortly. Then, we reproduce the same calculation by choosing the “not-so-smart”
worldline, namely the one that connects two color-adjacent particles. Throughout this section, we
implicitly factor out the momentum-conserving delta function, which arises from the integral over

the zero-mode zff. Every x#(7) in the vertex operators can thus be substituted with the fluctuation

2M(T).

3.2.2.1 The three-gluon amplitude

Although the three-gluon amplitude vanishes for real momenta due to kinematical reasons, by taking
the external gluons to be on-shell but not necessarily transverse (k? = 0, k; - ¢; # 0), we obtain a

nontrivial expression that can be directly compared with the standard field theory result.

To saturate the ghost zero modes, we need all three vertex operators to be unintegrated. This has a
clear geometric interpretation: two vertex operators are fixed at asymptotic times 7 = 400 to create
the incoming and outgoing worldline states, while the third one is fixed at an intermediate time using
the rigid translation invariance on the infinite line. To compute the color-ordered amplitude, we need
to insert the three vertex operators with a fixed (cyclic) order in time (see figure 3.1). The remaining
expectation value is taken with respect to z# and the other variables and gives the color-ordered

amplitude as
./4123 == <V1<+OO)V2(O)V3(—OO)> s (329)

where we used the shorthand i = {e;, k;} for particle labels.

5For instance, the quantum operator corresponding to z#p” is % (ZHpY + prat).
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1
Ajog = % 0

w

~

Figure 3.1: Diagrammatic representation of the color-ordered three-gluon amplitude Ajs3. The
straight line denotes the insertion of an unintegrated vertex operator at 7 = 0. The asymptotic
endpoints of the worldline are depicted by a cross.

Using the split V;(7;) = W;(1;) + () Vi(7;), the above expression gives three contributions (as one

needs only one c-ghost insertion for obtaining a non-vanishing result)

Al = <W1(+OO) C(O)%(O)Ws(—oo)> + <W1(+OO)W2(0) C(_OO>V3(_OO)>

(3.2.10)
+ {c(+00) V1 (+00) Wa(0)W3(—00) ) .

The expression (3.1.57) for V;(7;) suggests that V;(£o0) = 0, thanks to the boundary conditions. As

we have already mentioned, however, this is not true due to the self-contraction
e-3(1)e** D) ke G, T) e 4 (3.2.11)

and ‘G(7,7) does not vanish when 7 — 4oo. This term does vanish for transverse gluons, which

motivates us to consider non-transverse polarizations in order to study its effect.

Let us compute separately the three contributions in (3.2.10). All correlators have a common “Koba-

iki-z(

Nielsen” factor, given by the contraction of the plane waves e*:*(™)  which is trivial, due to momentum

conservation and the on-shell condition:

exp {% Zk‘z . kj G(Ti77'j)} = exXp {ZZkZ . k?j |Ti — Tj|}
Y < (3.2.12)

; 2 2
:exp{_w} _>17

where we used 7'/2 — oo as an infrared regulator. We further use (3.2.6) for saturating the ghost
zero modes. This only gives relative signs between the three contributions. The first term in (3.2.10)
yields

<W1(+oo) c(O)Vg(O)Wg(—oo)>

= <€1 - a(+00) [12(0) - € + 4 ké“eg}au(O)dy(O)}Eg, - a(—00)e' i ki'z(”)>

=1 egiea s Y ki G(0,7) + 4i kel €€, (3.2.13)
:i(€1'€362 (ks — k1) +2€ - koes e _261'6263-/{:2) 7

where in the second line we removed the ghost factor. The above result is already the correct

amplitude for transverse gluons. The remaining two terms add the contributions from the longitudinal
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modes:

(W1 (+00)W2(0) ¢(—00) V3(—00))
= —<€1 ca(+00) € - a(0) deg - Z(—o0) el i ki'z(”)> (3.2.14)

= —€1 " €2 ’lkg * €3 G(—OO, —OO) = —1 €1 €2 kg - €3,

where we used the fact that only the term with 2* in Vj(do00) contributes. The last term in (3.2.10)

similarly gives

- —<2'61  5(+00) €2 - @(0) 3 - a —00) € ’ﬂ'2<ﬂ'>> (3.2.15)

= —€9 " €3 Zk'l c €1 G(+OO, +OO) = iEQ © €3 kl c €1 .

By using momentum conservation, we can write the full result in the manifest cyclic form
A123 =1 [61 + €9 €3 (k?l — kQ) + €9 - €3 €1 - (]{52 - ]fg) + €3 - €1 €9 - (k‘g — k‘l) B (3216)

This is the correct three-point amplitude even for non-transverse gluons, as it coincides with the

color-ordered cubic vertex seen in the second quantized picture.

3.2.2.2 The four-gluon amplitude

For the four-point color-ordered amplitude, we start by selecting the “smart” worldline, i.e. the one

connecting particles 4 in the past with particle 2 in the future (or, equivalently, the one connecting

particles 1 and 3, see figure 3.2).° The advantage in this choice of worldline comes from the fact

that we are allowed to integrate Vi(7) over the entire line, without altering the cyclic order of the
particles. We are thus led to evaluate

+oo

s = (Va(+00) V5(0) / arA() Vi(—o0)) . (3.2.17)

which, for transverse gluons (V; x(+o00) = 0), reduces to

“+oo

dr Vi(7) W4(—oo)> . (3.2.18)

Ai2zs = <W2(+OO> c(0) V3(0) /

Considering the overlap (Cc C) = 1, it simplifies to

+00
A3 = <€2 - &(4-00)e =+ 1(() /dT Vi(T) €q - a(—oo)eik4'z(_°°)> . (3.2.19)

6Tt seems that the most convenient choice is a worldline that connects two of the least color-adjacent particles.
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The overall exponentials of the vertex operators will lead by Wick contractions to

<eizi ki'Z(ﬂ‘)> — 67%27;3' ki(z(m:)z(5)) ki — G%Zij kik;G(7i,7;)
. (3.2.20)

— et i< kickjlmi—Ti| — 65(7812T+823T+531‘T|) ,

where we have used the basic two-point functions in (3.2.7) and (3.2.8), noted that only the absolute

value in G(7;, 7;) contributes, and used the Mandelstam variables

To display the separation in two channels, the final answer is better written using the on-shell value

of 831 — —S12 — S23, leading to
<€izi ki~z(7'i)> _ 60(7)(—i7-512)+9(—r)(z‘7-823) — (9(7—) e 7512 + 6‘(—7’) eiTs23 (3‘2.22)

The integral in 7 will split into the two regions 7 > 0 and 7 < 0, corresponding to the s- and

t-channels, respectively (recall that there is no u-channel in the color-ordered amplitude).

3

[\)
W

>~

Ajogy =% 0

1

Figure 3.2: Diagrammatic representation of the color-ordered four-gluon amplitude A;534 with the
smart choice for the worldline. The wavy line denotes the insertion of an integrated vertex operator,
while, as before, the straight line denotes the one fixed by translation invariance.

The remainder of the correlation function yields the numerator contributions. To compute these, we

can further split the vertex operators V;(7) into their “scalar” and “spin” parts as
Vi(r) = Vol (r) + VP () (3.2.23)

with

‘/iscal(T) =ie - Z(T) eiki‘z(T) 7

VEPR(7) = 4k e a(7) a (7) @0

(3.2.24)

Omitting the contraction (3.2.22) of the plane waves, these terms contribute to the correlator as
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follows:

< Vel o) vl () - > =40(T) ey €461 - koes kg +40(—7) (1> 3) —2i0(T)€x- €461 - €3,

(- VER(0) VR V(o VP (0) Veal (1) .. )=

46(7) :(62‘k3€3'€4—62'63/€3'64) €1 ko — (62 kier-es—e-e1ky - &) 63'/{34} +460(—7) (1« 3),
VPO V) ) =

4‘9(7’) E4'l€3(€3'€1]€1'62—63'I€161'€2) —64'63(l€3'€1]€1'62—]{53'1{?161'62)} +40(—T)(1 HS) 5
(3.2.25)

where + (1 <> 3) means to exchange simultaneously (€1, k1) with (€3, k3). Summing the three contri-
butions above, multiplied by the common scalar factor (3.2.22), and performing the 7 integral gives

the final result. This can be organized upon introducing the following products:

mh (€, €;) ZIZ'(QGZ"]{?'EH—2€"kiEéL—i-(kéL—kH)Ei'E') ,
R Y e (3.2.26)

I o u p o
my (€, €5, €k) = € €€ e €56 — 26 - e

%

These products encode (for transverse gluons) the color-ordered Feynman rules for the cubic and
quartic vertices, respectively [187-189], and play a central role in the Berends-Giele recursion relations
[190-193]. In terms of the products above, one can rewrite the result coming from the path integral
as

i

7 )
Aoz = P mo(€1, €2) - ma(es, €4) + o ma(€a, €3) - Ma(€y, €1) + 1 €3 - m3(€3, €4, €1) (3.2.27)
12 23

which highlights the two exchange diagrams and the contact quartic term. This is the correct color-
ordered four-gluon amplitude. It is customary to blow up the quartic vertex and define kinematic

numerators as

s
nig = 7712(617 62) : m2(€37 64) + % [m3(€1,€27€3) - m3(€2,€1,€3)] " €4,
s
Nog := Ma(€2, €3) - Ma(€1, €4) + ? [ms(ea, €3, €1) — ma(es, €2,€1)] - €4, (3.2.28)
s
ngy = m2<€3, 61) : m2<€27 64) + % [m3(€37 €1, 62) - m3(€17 €3, 62)] €4

where the various channels are sometimes identified with the standard names for the Mandelstam
variables for four points: 12 — s, 23 — ¢, 31 — u. Upon using the following symmetry properties of
the products:

ma(€i, €5) + ma(€;, €) =0,
mg(ﬁi, €5, Ek) — mg(ﬁk, €5, EZ‘) =0 s (3229)
ms (€, €5, €x) + ms(€j, €, €) + ma(ex, €, €;) =0,
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the color-ordered amplitude can be recast in the compact form

[ns n
Argzs =1 [? - Tt} : (3.2.30)

We shall now illustrate how a different choice for the worldline would lead to the same result, albeit

with comparatively greater effort.

Not-so-smart worldline Choosing instead the worldline connecting the color-adjacent particles

1 and 4 in figure 3.2, we have to compute three different contributions
Arzgs = Algsy + Alhss + Aldsy (3.2.31)

corresponding to three different diagrams (see figure 3.3). Explicitly

s = —(Vi00) [ V() V) Vi —09)) (3232
Ay = i (V1(+00) c(0)Vasl0) Via(=00) ) (3.2.33)
A, = i (Va(400) e(0) VE™ (0) Vi(—o0)) | (3.2:34)

where the phases are given by a factor of ¢ for every insertion corresponding to a real interaction
vertex. The first contribution A}, arises from integrating the linear vertex for particle 2, with the
range restricted to preserve the cyclic ordering of particles. Since gluons 2 and 3 are color-adjacent,
the bilinear vertex Va3(7) is also needed, as discussed in sec. 3.1.4. Using translation invariance, we
place it at 7 = 0. These two contributions, however, are not sufficient to produce a gauge invariant
amplitude, as we will demonstrate in sec. 3.3. The missing part, which we denoted AL, above,
involves a composite operator, meCh( ), which attaches to the worldline the cubic subtree formed
by particles 2 and 3. This pinch operator is nothing but a vertex operator V., ,, of the standard

ng(Eg, 63), to

form (3.1.57), with momentum ks + k3 and multiparticle polarization given by ehy = -~

be further discussed in the next section.

2 3 2 3 2 3
1 ; 1 1 Y 4
Ajgzs = X + % + % X

T 0 0 0

e
e

Figure 3.3: Diagrammatic representation of the color-ordered four-gluon amplitude A;234 with the
not-so-smart choice for the worldline. As before, the wavy line denotes the insertion of an integrated
vertex operator, while the straight lines denote the insertion of unintegrated vertex operators at
7 =0.

We start the computation with the first diagram Al,,, (3.2.32), whose calculation is akin to the one
for the smart worldline. Taking transverse gluons and recalling the overlap (Cc C) = 1, it simplifies

to
Ay = (&1 - a Yethr-#(+0) /dT Vo(7) V3(0) €4 - oz(—oo)eik4'z(_°°)> , (3.2.35)
0
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with the Koba-Nielsen scalar factor reducing to
<€i2i /ﬂ-z(ﬂ')> — e is12T (3.2.36)

Splitting the vertex operators into scalar and spin parts as in (3.2.23), and omitting the contraction

of the plane waves, the numerator contributions are given by the following correlators

< veeal(r )V}fcal )--->:—2i5(7)61-6462-63+461-6462-k:leg-k:4,

< Vspln( )‘/?)scal ) >+< ‘/;cal( V:g)spm >_
—4[63']{54(61']{3262'64—61'62]{?2'64)—62']{31(61'k’3€3'€4—61'€3k3'€4)], (3237)
< e V;Piﬂ< ‘/})Spln > _

—4[k3'€4(61'€2k2'€3—€2'€3€1'kz)—63'64(61'€2k2'k3—€1'k2€2'/€3)] )

which is the same as in (3.2.25) but for 7 > 0 and with (1 <» 2). Multiplying by the common scalar

factor (3.2.36) and integrating over 7 we get

dey - ki €3+ k
<_ . Vscal( )Vvsscal(o) . > _ iEl €4 <€2 Ces + €9 81 €3 4> ’
12

< VSPm( )Vscal )"'>+<"'%SC&I(T)V;pin<O) >:

43
—S—[€3 k?4( k2€2'€4—€1'62/f2’€4)—62'k1(€1'7€3€3'€4—€1'€3k3'€4)] ,
12
(- VPR () VP (0) ) =
4z
— S_ [k’g €4 (61 €9 k’g €3 — €9 - €3€71 * k’Q) — €3 " €4 (61 * €9 k’g . k’g — €1 " k‘z €9 - k’g)] . (3238)
12

The second diagram (3.2.33), with the bilinear vertex

Vas(0) = (2 es - a(0) €5 - a(0) — 2e5 - a(0) e - d(O)) gilkatha)a(0) (3.2.39)
yields the local contribution

Al =2i(e1-exez-e4— €1 -€e36x-¢€4) . (3.2.40)

We can recast the following partial contribution in a clearer form through the products (3.2.26):

Aoy + Alhs, = SZTz mo(€1, €2) - Ma(€s, €4) + 1 €2 - m3(€3, €4, €1) . (3.2.41)
Finally, the third contribution (3.2.34) can be computed with the following pinch operator

1

VA (0) = —mau(ea, e3) (2(0) + 4(ks + k), ol (0)ar (0) etk tha) =) (3.2.42)

523
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Since the scalar factor coming from the plane waves is 1, this contribution reduces to

1
= €€ m2(62, 63) : (/f4 - kl) )
scal S93

(o VB0 )

(3.2.43)
inc QZ
(- VBR™N0)--)| = S—mzu(€27€3) €1+ (ko + k3) € —eq- (ko +k3) €]
spin 23
which yields the ¢-channel part of the amplitude
1
AIIIQI34 = _S_ mQM(EQ, 63) [61 * €4 (k’4 — k’l)u + 261 . (k’g + kg) EZ — 264 . (k‘g + k’g) Elf]
S23 (3.2.44)
1
= —m2(€2, 63) : m2(€4, 61) .
523

The final result is thus given by the sum of the three individual contributions, reproducing the
expected expression
Aoz = P ma(er, €2) - ma(€s, €4) + o mo(€2, €3) - Mo (€s, €1) + i €3 - m3(€3, €4, €1) . (3.2.45)
12 23
This shows that the worldline connecting two color-adjacent gluons requires as many correlators as
field theory Feynman diagrams. In addition, we have verified that the outcome does not depend on

the choice of the main worldline.

3.2.3 Path integral representation for Berends-Giele currents

As just seen in the latter case, the pinching contribution, where gluons 2 and 3 are fused into a cubic

subtree, requires the introduction of the composite field

1

~ 72
ks

Aby() mh (ea, €3) 25 (3.2.46)
The form of AY; is usually determined by the Bern-Kosower pinching rules, or from the field theory
color-ordered Feynman rules. In this last part, we will show that the composite field can be computed

directly from a worldline path integral, with different boundary conditions.

In order to describe nonlinear fields via worldline correlators, we follow the scalar example studied
in Ref. [147], and consider a semi-infinite worldline. We take the affine parameter 7 € (—o0, 0], so
that the worldline has one real boundary and an asymptotic one. Since the proper length of the
line is still infinite, there is no modulus for the einbein, which we gauge fix to e(7) = 2. At the
asymptotic past we want, as before, to project onto the zero-momentum vacuum |1) = B |0), so that
we can create an asymptotic gluon state by inserting V. x(—o00). The vacuum |1) corresponds to the

asymptotic boundary conditions
iH(—o0) =0, at(—o00)=0, B(-0)=DB(-x)=>b-x)=0. (3.2.47)

At 7 = 0 instead, we want to project onto a position eigenstate which, in order to support a vector
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field, is at the same time a coherent state for a#: (x, «|c. This bra state corresponds to the boundary
conditions

z(0) =z, o'(0)=a", B(0)=C(0)=c0)=0. (3.2.48)

Note that the appearance of the ¢ ghost in the bra state (x,«|c, corresponding to the boundary
condition ¢(0) = 0, is due to the absence of ¢ zero-modes on the semi-infinite line. The BRST

invariant action with these boundary conditions is given by
O P — .
where the subscript DN stands for Dirichlet—Neumann.
Coherently with the boundary conditions, the only ghost that admits a zero mode is C, so that

the saturation requires <(f(7')> = 1. To compute correlation functions, we expand the fields as

backgrounds plus fluctuations
w(r) =2t 42 (r), af(r) =¥ ah(r), @4(r) = RM(r) (32.50)
with vanishing (asymptotic) boundary conditions
2#0)=0, 2¢(—o00)=0, k"(0)=0, &'(—00)=0. (3.2.51)
These lead to the two-point functions

(#(r) 2"(0)) = —in" Gox(1,0) . (F(7) "(0)) = 0" O(T —0)

(3.2.52)
Gpn(T,0) =|T—0|+(t4+0), 'Gpn(r,0)=sgn(r—0o)+1,

with the Dirichlet—~Neumann propagator obeying Gpx(0,0) = 0 and ‘Gpx(—00,0) = 0.

As a first example, we compute the one-point function of an unintegrated vertex operator placed at
7 = =T, to be sent to infinity. The path integral over the fluctuations is normalized to one, and
we denote correlation functions by (- -)px to remind us of the nontrivial boundary conditions. The

correlator yields

(a2 (e o) R 0ED)), 325

— eihTe. a<eik'z(7T)@(—T)> = ake, ekremiTh
DN K
We see that, as for the infinite line, if the momentum of the asymptotic state is off-shell, the correlator
vanishes in the limit 7" — oo, while for k% = 0 it gives a*¢, €**, thus reproducing a linear on-shell

state.

As a more interesting application, we try to reproduce the nonlinear field A%, in (3.2.46) by inserting
V3(—00) and integrating V(1) over the line. Since both describe asymptotic particles, the momenta

are on-shell and their polarizations are transverse. Taking care of the ghost zero mode saturation,
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the correlator reads

i/(;h-<wxrng(—aw>DN::@e%%w<(ug.z@o-+4Mg%§(au+—@AT»RV00)6M?dﬂ -

X &+ (o + K(=00)) e C(—00) ) .
The contraction of the two plane waves yields the common factor
<eik‘2~z(7’)eikz3~z(—oo)>z _ eikggr : (3.2'55)
where the subscript refers to the path integral over z. The term proportional to « - €3 contributes as

i - 63<€ik2'z(‘r)€ik3'2(*00)i€2 . Z<T>> = —Q-€3€y - kg eik%ST 'GDN(T’ —OO>
. (3.2.56)

=—2a-€36- k3 eik3sT ,
while the term with €3 - k(—00) yields

—4 k‘g‘e;}<eik2'z(7)eik3'z(_°°) (o + Ku(7)) R (T) €5 - H(—OO)> — 4k e ayes, T (3.2.57)

Z,K

Finally, integrating over 7 we obtain

0 92 .
Z/ dr <V2(T)V3(—oo)> 22 a, <€2 ks el — €5 ko€l + ke - 63) gtk
o DN ki
1
Tk

=, <A23( )+ AFXgs(x )) = a,, Ab(x) |

Qu (mg(@, €3) + i khs €a - 63) ihes-e (3.2.58)

with the composite gauge parameter

1

P etk (3.2.59)

Aos(x) =
We have thus shown that the path integral with Dirichlet-Neumann boundary conditions reproduces
the desired field AL, modulo a linear gauge transformation. We conclude by noting that, in the com-
putation of the four-gluon amplitude, the difference between 121’53 and A5, drops from the correlation

function, thus resulting in the same amplitude.

3.3 Ward identities

To establish that the amplitudes computed with this method are gauge invariant, we have to discuss
the BRST symmetry of the path integral. Let us recall that to compute amplitudes we use the free
action

+o0
Stree = / dT[ % — i a0t 4 1B, C’Z] (3.3.1)

—00
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with boundary conditions
iH(xoo) =0, af(+o0)=0, a'(—o0)=0, Bj(too)=0. (3.3.2)
The above action with these boundary conditions is invariant under the BRST transformations

st = cit —i(Cat + Cat) ,
sa“:%C:i:“, so‘z“z—%éi“,
sc=iCC, sC=0, sC=0,
sb=13%  sB=ia.-i—iCh, sB=

(3.3.3)

RS

These transformations can be modified by adding trivial terms that vanish on-shell as, for instance,
c¢ which can be added to sc. In (3.3.3) we chose the simplest form, with no such terms. The
BRST differential so defined is nilpotent only on-shell: s> ~ 0, where by ~ we denote equality up
to equations of motion. This is expected from the gauge-fixed theory in Lagrangian form. If one
reintroduces momenta p,, the differential s can be made nilpotent off-shell. The Noether charge

corresponding to the BRST symmetry is given by
Q=—1ci®+ i (Ca+Ca) -i—CCh, (3.3.4)

which yields the free BRST operator (3.1.41) upon canonical quantization. In the path integral
formulation, one can use the charge () inside correlation functions to generate BRST transforma-
tions. More specifically, given a functional F', its BRST transformation is given by the equal time

commutator

[Q, F(1) = i(sF)(T) - (3.3.5)

3.3.1 Operator product expansion and equal-time commutators

To discuss equal time commutators and other operator relations in the path integral formulation, we
start with a brief detour into the operator product expansion (OPE). Similar to string theory, we

will call operator product the product of functions, viewed inside correlators in the path integral:
F(r)G(o) == (- F(1)G(o)---) . (3.3.6)

These are then computed using Wick contractions and the basic two-point functions. The simplest

example is the OPE of two z* fluctuations, yielding
(1) 2"(0) = =i G(1,0)+ : (1) 2" (0) = . (3.3.7)

The normal ordering symbol amounts to the prescription of not performing Wick contractions within
it. This immediately leads to (: F'(z):) = F(0), where F(z) is an analytic function of z*. Another

simple example is the OPE of Z# (related on shell to the momentum operator via p* = %z“) with a



104

normal-ordered function of z:
(1) - F(z(a)) D= —1 (Sgn(T —0)— 2%) : A“F(z(a)) 4 2”(7‘)F(z(0)) . (3.3.8)

where we used the two-point function 'G(7,0) = sgn(r — o) — 27/T. The OPE can then be used to

define equal time commutators via the regularized prescription

[, B](r) = lim (A(T te)— Alr — e)) B(r) = lim "do A(o) B(7)
. (3.3.9)
= 11_1%14(7') <B(T —€)— B(t+ 6)) = —lim _da A(1) B(o) ,

where the equivalence of the two definitions complies with the (graded) antisymmetry of the commu-
tator. An important point of the above definition is that one takes the limit € — 0 after computing
the OPE at separate points. In particular, this assumes that the only operators in the interval
[T — €, 7 + €] are A and B, for otherwise the result would not yield just the commutator [A, B](T).
This is an important subtlety that will play a role in the following.

As an example, we can compute the commutator [2#,: F'(z):]. Using (3.3.8) and the definition for

the commutator we obtain
(24 F(2):)(1) = —=2i : A"F(2(71)) : —i—li_{% ( DT F(2(7)) = (T —e)F(2(7)) ) . (3.3.10)

Naively, /(7 + €) = 2#(7), since 2#(7) ~ 0 on-shell. Inside correlation functions, #(7) contributes
only to contact terms, since Z(7)z(c) ~ (7 — o). Now, it is important that in the regularized
definition (3.3.9) one assumes that no other operator sits in the interval [7 — €, 7 + €|. This ensures

that lim._,o : 2*(7 + e)F(z(r)) . is regular, finally yielding
(24 F(2):)(1) = —=2i : A"F(2(1)) :, (3.3.11)

which is the expected result. One can similarly define the operator product at coincident points via
Weyl ordering;:
1
(AB)(r) = lim (A(T o)+ AT — e)> B(r) (3.3.12)

e—0
which reproduces the OPE computed with the two-point functions at coincident points. For instance,
taking the coincidence limit of (3.3.8), one has

20T

#(1) : F(2(1)) - = - AMF(2(1)) 4 : 2M(1)F (2(7)) « (3.3.13)

A second useful example is the commutator of 22 with functions of z, since }122 corresponds to the
gauge-fixed Hamiltonian. Let us mention that one has to use the normal ordered expression : 2%(7) :
to avoid divergences from self-contractions. Keeping this in mind, we omit explicit normal ordering

symbols in the initial functions. To compute the commutator, we evaluate the OPE at separate
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points:

}122(7:& €) F(z(T)) = _}l (:l:l — 2%) :OF(2) :

' 2 1
—% (il - %) HALF(2) g PF(R)
(3.3.14)
where on the right-hand side all z# are evaluated at 7. Above, we have already taken the limit € — 0,
taking into account that it is regular inside normal ordered expressions. The commutator is readily
evaluated as 5
. T ..
122 F(2)] = T OF(2): —i: 2MALF(2) @, (3.3.15)
where, again, all z# are z#(7). The above expression may look somewhat unfamiliar because of the
OF contribution linear in time. However, looking at the result (3.3.13) one can see that this is

exactly the Weyl ordered expression at coincident points, so that

(22 F(2)] = —i AL F(2) = —i fl—f , (3.3.16)

N

which is the Heisenberg equation of motion.

3.3.2 BRST cohomology of vertex operators

We can now show that on-shell vertex operators with transverse gluons are elements of the BRST
cohomology. We start by showing that vertex operators with polarization ¢, = ik, are trivial,

manifesting the on-shell residual gauge symmetry. Recall the unintegrated vertex operator V, (7):
Ver(T) = Wer(T) + (1) Ver(7)

Werlm) = (C(T) a*(r) +C(7) a“(7)> e, (3.3.17)
Ver(T) = i€, (:)':“(T) +2k-a(r)a(r) — 2k - a(r) 04“(7)) k()

Taking the polarization to be proportional to momentum, we have
View(r) =i(Ca+Ca) - ke** —ck-ze™** (3.3.18)

where we have removed the zero mode x(, which in amplitudes only gives momentum conservation.

Using the OPE as described in the previous section, we see that Vi x(7) is BRST-exact:

Vik,k(T) = [Q, eik'z](T) . (3.3.19)

In a similar fashion, the integrated vertex operator Vi x(7) is a total derivative:

Vikw(T) =1 a (e*=)) (3.3.20)

dr

Coming now to BRST closure, we compute the ()-commutator of V.. Using the on-shell condition
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and transversality, we obtain

{Q,Ver} = =3 : fu(2) a*a’CC : —2i : c(Ca+ Ca) - k fu(z) a'a” -, (3.3.21)

where f,,(z) = 2ikj,e,e™?. This is nothing but the functional version of (3.1.43). We will now
show that the right-hand side above vanishes inside all correlation functions. In particular, we want

to prove that
(- F(r)a"(r)C(r):+--)=0, (---:F(r)a*(r)a"(r):---)=0, (3.3.22)

for any functional F'(7) and with arbitrary insertions of vertex operators outside the normal ordering.
This is the path integral version of the statement, discussed in sec. 3.1.3, that normal ordered
operators with more than one barred oscillator annihilate every state in the N = 1 sector of the

Hilbert space.

To prove the first relation, we first notice that the equation of motion A,C = 0 holds everywhere on
the line, since there are no insertions of the conjugate antighost 5. We can then push the ghost to

the infinite past C(7) = C(—oc), where it saturates its zero mode. Now we write a*(7) as

akt(r) = /T do Ayat (o), (3.3.23)
—o0
using the boundary condition a@*(—o0) = 0. The integral above is zero almost everywhere, since the
equation of motion A,a* = 0 holds except at insertions of a”, where it gives a contraction with a
delta function. At this stage, we need to invoke the U(1) invariance of the vertex operators: every
insertion of o necessarily comes with either a ghost C, or another &”. In the first case, the insertion
does not contribute, since there is already a factor of C. In the second case, the above integral
produces a factor of @” at the insertion point. One then starts the same procedure with a” until
it reaches the asymptotic past, which concludes the proof. An analogous reasoning can be used to

prove the second equation in (3.3.22).

Since (3.3.22) holds in all correlation functions, we use it as an operator equation in the sense of
OPE. We have thus shown that, inside correlation functions, the unintegrated vertex operators are

(Q-closed:
{Q,Ver} =0. (3.3.24)

Using the same arguments, in particular that equations of motion hold when regularizing commuta-
tors by point splitting, one shows that the Q)-commutator of the integrated vertex operator is a total

derivative:

d
(Q,Ver] =i o Ve - (3.3.25)

In the following, we will show how to use these relations to prove Ward identities.
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3.3.3 Ward identities from BRST invariance

To see how to prove Ward identities, we start from the somewhat trivial example of the three-point

amplitude Ajo3. For transverse gluons, the amplitude (3.2.16)
A123 =1 [61 * €9 €3 (lﬁ —_ kg) + €9 * €3 €71 * (/{2 - ]fg) + €3 €1 €9 (kg — /ﬁ) y (3326)

vanishes when taking any polarization € to be proportional to the corresponding momentum k',

which is the Ward identity. In the worldline formulation, the amplitude is given by the correlator

A123 = <V1(—|—OO) VQ(O) Vg(—OO)> . (3327)

If we take the particle 1 to have €] = ik{, the corresponding vertex operator is exact: V(1) =

[Q, e*1#](7). The asymptotic vacuum |[1) is BRST invariant, which translates to the boundary
condition Q(+oo) = 0. Since the vertex operator V; is inserted at T/2 — 400, the equal time

commutator reduces to

Vi(T/2) = —lim et = TQ(T/2 —¢) . (3.3.28)
€—

The idea is to “move” the BRST charge to the asymptotic past, where it annihilates the vacuum. To
do so, we use the fact that Q is conserved, so that = 0 except at insertions of other operators.
Since there is no operator insertion until 7 = 0, we have Q(T/2—¢) = Q(r.) for any 7. € (0,7/2 —¢|.
To move @ across V»(0) we pick a commutator contribution at 7 = 0. After that, Q(7) remains

constant for negative times until it approaches V3(—1"/2):
QT/2 = e)V5(0) = =Wa(0) Q(=T/2 + €) +{Q,V2}(0) = =Va(0) Q(=T/2 + ¢) , (33.29)

upon using the closure of V5(0). Since Vs is at the boundary, and Q(—oo) = 0, approaching it from

the left coincides with the commutator:
li_rg(l) Q(=T/2+¢e)V3(=T/2) ={Q,Vs}(=T/2) =0, (3.3.30)
which proves the Ward identity Ay, 23 = 0.
For the next example, we consider the four-point amplitude, computed with the smart worldline:
+00
Aoz :/ dr <V2(—i—oo) V3(0) Vi (7) V4(—oo)> . (3.3.31)
Upon taking €, = iky we have again that the corresponding vertex operator is ()-exact:
Vo(T/2) = —lim R TQ(T/2 —¢) . (3.3.32)
e—

We can use the same arguments to push @) to the asymptotic past, except when it has to go through

the integrated vertex Vi(7), picking a contribution from the commutator. Upon regularizing the
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asymptotic time with 7//2 — +o0o0 we obtain

—tim (=T7DQ(T/2 — ) Vy(0) Vi(7) Vi(~T/2))

| | . (3.3.33)
— ("= TDV5(0) [Q VA7) Va(=T/2)) = i {112V (0) Vi (7) Va(~T/2) )
where we used (3.3.25). Upon integrating over 7, we end up with
Ayzs = lim i <eik2'Z<T/2>v3(0) (Vi(T/2) = Wi(=T/2)) V4(—T/2)> (3.3.34)

where the notation A;,34 highlights the use of a longitudinal polarization for particle 2. Regardless
of the detailed structure, the above expression vanishes in the limit 7" — oo, because it has off-shell
plane waves at asymptotic times. To see this, let us focus on the first term above with V;(7'/2). The

Wick contraction of the plane waves gives
(eihtha)=(T/2) ks 2(0) ha=(-T/D)Y — oxp {2 (ky 4 k) T} Kl N (3.3.35)

since (ky + k2)*> = s # 0. We thus see that the Ward identity Ajx,34 = 0 holds, thanks to the
unrestricted integration range of V4 (7). From this discussion, one can also see that off-shell correlation

functions (for which 7" is a modulus) do not obey linear Ward identities.

3.3.3.1 Ward identity for the color-adjacent worldline

Using the not-so-smart worldline connecting particles 1 and 4, the four-gluon color-ordered amplitude
requires three separate correlation functions. Recalling that every vertex (except the ones at infinity)
requires an additional factor of 7, these are given by (3.2.32), (3.2.33) and (3.2.34)

Al = (i)2<V1(—|—oo) /0 5;01/2(7) V3(0) V4(—oo)> : (3.3.36)
Albsy = i <V1(+OO) Va3(0) V4(—OO)> ; (3.3.37)
AL — <V1(+oo) (1) V4(—oo)> . (3.3.38)

As we have discussed in the previous section, the second contribution AL,, comes from the insertion

of the quadratic vertex operator
Vas (1) = 4 () e, () @, (1) itk tha)aln) (3.3.39)

corresponding to the quartic vertex. The third contribution, instead, comes from “pinching” the
gluons 2 and 3 into a cubic subtree attached to the worldline. This is done by inserting an uninte-
grated vertex operator (3.1.56), corresponding to a nonlinear field with momentum kb; = k5 + kf

and composite polarization
1
€hy = e mh (e, €3) , (3.3.40)
23

written in terms of the product (3.2.26).
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The necessity for the second and third contributions to the amplitude can be understood from
studying its Ward identities. To this end, we take the first gluon to have the pure gauge polarization
e = ikY, so that V; = [Q,e*?]. Following the procedure described before, the three correlation

functions contribute as

Apysa = 0 / dr (1720429 V(1) Va(0) Va(—o0) ) = =i (e 15(0) Vy(0) Va(—ox) )
Afozg = —i <€ikliz(+oo) {Q,V23(0)} V4(—OO)> ;

Ai111234 — <€ik1~z(+oo) (Q, Vé)?i)nch(o)} V4(—oo)> '
(3.3.41)

Compared to the smart worldline, the first correlator does not vanish, since the 7 integral receives
a boundary contribution from Vs (7) colliding with V3(0). Instead of computing the full correlation

functions, we will determine the OPE V,(0)V3(0) at coinciding points, and show that it cancels

{Q, Va3(0) + V55" (0)}.

For later convenience, let us rewrite the unintegrated vertex operator in the compact form
V= e (S, +ick,)e™ " + 2ickl'el S, ™" (3.3.42)

where the time dependence is left implicit and we have introduced the ghost-number one vector S*

and the Lorentz spin generator S*, defined by
St =Cal +Cat, S =oald’ —a’a" . (3.3.43)

Notice that, for k = 0 and k; - ¢, = 0, the vertex operator is normal ordered. In computing
the OPE, we will leave equal-time products of ## and functions of x* as they are, without taking
contractions. This corresponds to the Weyl ordering of the related operators. For instance, the
product e @tk @(7) — eilkitk;)-2(7) is Weyl ordered, not normal ordered, unless the propagator
G(7,7) vanishes. For equal-time products of o and &” we will use instead the OPE at coincident
times

at(rt)a(r) = %7)‘”’4— cak(r)a”(7) ¢, (3.3.44)

to take advantage of the fact that normal ordered expressions with more than one barred field vanish

in all correlation functions due to charge conservation, c.f. (3.3.22). Some useful examples are

SHSY = — 1 CCla"a” —a’al) 1 =0,

N - (3.3.45)
SHY QP — S[“?]"]p—i- N - S[“n”}p ,

where in the final results we have discarded all terms vanishing inside correlators, and we have defined
a second ghost-number one vector

St = Cat — Cat . (3.3.46)

Armed with these relations, we can determine the equal-time OPE of the two vertex operators Vy(0)
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and V3(0). Omitting the time dependence, we have

VoVs = <€2 (Sy+iciy,) +2ickbes S, ) (eg(Sp +ici,) + 2ickie] Sp(,)eik%'“”
= 2ic(el'eli, s, + klelS, e, — kfe?gﬂem,) eikas e (3.3.47)

= Cgu mh (eg, €3) €*25°% 4 24 06[2“6;] (a'v#S,, + g'ukzg,,,) gthse
The quadratic vertex operator (3.3.39) can be written as
Va3 = 2cehey S, €7 (3.3.48)

and its equal-time commutator with @ can be computed as {@Q, Va3} = is(Va3), where the BRST
differential s on the worldline variables is given by (3.3.3). Its action on functions is defined by the
Leibniz rule, with the resulting expressions corresponding to Weyl ordering. Discarding again all

terms with two barred fields in normal ordering, we obtain
is(Va3) = —2266[“63 <$u5 +S ]{523V> thas-w (3.3.49)

yielding the OPE result
VoVs 4+ {Q, Vaz} = ¢ S, mb (€2, €3) ¥, (3.3.50)

where all operators above are evaluated at equal times.

At this stage, the missing ingredient to establish the Ward identity is to prove that the right-hand
side of (3.3.50) is Q-exact and, in particular, given by

¢S, ml (e, €3) €2 = —{Q, VBN (3.3.51)
To this end, we consider the vertex operator for an off-shell field
Va = A*(k) (S, +ici,)e™™ + 2ick" A" (k) S, ™™, (3.3.52)
where in general k? # 0 and k - A(k) # 0. Its Q-commutator is readily computed, yielding
{Q,Va} = cS*(— K*A, + K,k - A) e* (3.3.53)

For the case at hand, V5'" := V,,. is of the form (3.3.52) for a composite field A%, where the
momentum kh; = kb + kY is off-shell and the polarization is given by

1 o )
]{j%?) (62 k‘g 63 — €3 - ]{32 62 (l{/’g - k‘g) €9 - 63) . (3354)

One can easily check that ko3 - ma(€q, €3) = 0 (this is essentially the Ward identity for the three-point
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case), so that (3.3.53) yields

b N - . -
{Q. V3" = CSN( — Kyl + kyskas - 623) e = CSM( - k§3e§3) et

— QO ot ikoz-x
= —cS,mh(eg, €3) e

(3.3.55)

thus proving (3.3.51) and hence the Ward identity.

Let us conclude by emphasizing that the above discussion demonstrates how the form of the composite
field (3.2.46) can also be inferred (albeit in a somewhat roundabout way) by demanding the Ward
identities. Moreover, as expected, the Ward identity remains unchanged whether one uses Aj; or its

gauge-transformed version /1‘2‘3 (3.2.58), since the two fields differ by a gauge transformation:

{Q, VA%} ={Q, Va5 } +{Q,[Q, Aas]} = {Q, Vs } (3.3.56)

where Agz(z) is given by (3.2.59) and we have used {@,Q} = 0 together with the graded Jacobi

identity of (anti)commutators.

3.4 Final remarks

In this chapter, we have quantized the bosonic spinning particle on the open worldline, with the
aim of providing a first-quantized description of gluon scattering amplitudes. To this end, we con-
sidered an open worldline of infinite proper length [39, 148, 149, 194], with boundary conditions
corresponding to zero-momentum asymptotic vacua. In this way, all external gluons (including the
two at the asymptotic endpoints of the line) are described by insertions of suitable vertex operators,
thus mimicking the worldsheet techniques of string perturbation theory. In particular, the infinite
length of the line allowed us to bypass the LSZ procedure [39, 147], in that the correlation functions
already provide the on-shell and amputated amplitudes. Contrary to string theory, however, linear
vertex operators are not sufficient to compute arbitrary amplitudes. In general, one needs nonlinear
vertex operators, describing the insertion of entire subtrees on the main worldline. While this is
typically achieved by using the so-called Bern-Kosower pinching rules [26, 28, 31, 32|, here we have
argued that these nonlinear vertex operators can be obtained as well from worldline path integrals
on a semi-infinite open geometry [147|. Finally, to test our results, we have shown how the Ward
identities of the scattering amplitudes descend from the BRST invariance of the worldline correlators

(see Ref. [195] for a related discussion).

The framework presented here should be extended to arbitrary multiplicities and, possibly, to loop
amplitudes. In particular, one would like to be able to prove gauge invariance of arbitrary amplitudes
by extending the BRST analysis introduced here to general correlation functions. Besides the point of
principle, having a first-quantized description of Yang—Mills amplitudes could help in shedding light
on the so-called duality between color and kinematics in gauge theories [196, 197], which underpins
the double copy construction of gravity amplitudes [198-200]. More specifically, it would prove
beneficial to connect the off-shell algebraic approach of Refs. [45, 78, 201] to the worldline techniques
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employed in Refs. [43, 44], where an algorithm combining worldline integration by parts and Bern-
Kosower pinching rules was shown to produce gauge theory numerators obeying color-kinematics
duality. Since the bosonic spinning particle can also accommodate gravitons in its spectrum, it
would be interesting to extend the present framework to the spin-two sector of the theory. There,
one expects to need multi-graviton vertices of arbitrary order, but the linear ones should essentially
be the product of two gluon vertex operators, thus showing a worldline incarnation of the double
copy, along the lines of Refs. [202, 203].

Appendix

3.A Path integral in phase space

To study the propagator directly in momentum space, we wish to consider the path integral repre-

sentation of the matrix element
Wl ") = [ DpDz &, (3.A.1)

where one could take H = p? as needed in the main text. We study the simpler case H = 0, which
already captures all the essential aspects of our discussion. For simplicity, we consider just one target

space dimension. Then, the left-hand side of (3.A.1) reduces to

(#'lp) = 2mo(p —p') , (3.A.2)

which should be reproduced by the path integral on the right-hand side. To take into account the

boundary conditions, that should be imposed on p(7) only, the action takes the form

S= /0 dr (—pz) (3.A.3)

Of course, one could perform the path integral by first integrating over p and then over x, which
works well for nontrivial quadratic Hamiltonians, like the free one, H = p?. This is well-known. Here
we wish to path integrate in z first, leaving the path integral on p as the last one. To do this, we
notice that the paths x(7) should not contain any boundary conditions, so that we can expand them

by extracting the constant path xy. That is, we parametrize
x(T) = xo + &(7) (3.A.4)

with fOT dr (1) = 0. Then, we can write

/ Dp Di dxg e~Ho 47w — / Dp Di duy e 0 Jo 70 =i fy drii (3.A.5)

~d6(p—p’)



113

where p and p’ denote the boundary conditions that must be imposed on p(7). Of course, fOTdT p=

p' — p. Then, path integrating over Z(7) produces a delta functional 6(p) leading to

/ Dp Dz e~ i arie o (p— ) / Dpo(p) ~ Det(@)5(p—p) ~ 275(p—p),  (3.A.6)

where the combined unfixed constants have been chosen to match the expected result in (3.A.2).
This way of computing the path integral allows us to bypass configuration space and obtain results
directly in momentum space. Presumably, perturbation theory can be introduced by building further

on the above expression.

Let us also briefly outline the derivation of the other “phase-space” path integral involved in our
derivation, the one for the bosonic oscillators,

a(l)=«a i

Z(ax’ o, 9) _ / DaDa efol dr &t (0-—i0) o (T)+aH e, (0) et ad ’ (3A7)
a(0)=a
which was, for example, discussed and used in Ref. [204]. It corresponds to the usual (Euclidean)

path integral for the harmonic oscillator, though with an imaginary frequency w = —16.

For # = 0, the latter reduces to the path integral representation of the scalar product of the coherent

states,

a(l)=a

(ala) = > = / DaDa elo @ a*au(r)+arau(©0) (3.A.8)
a(0)=a

which can be used to fix the path integral normalization as follows. Let us split the fields into

background parts — which satisfy the equations of motion &* = @* = 0 and the boundary conditions

— and quantum fluctuations as

a(t) =o'+ K(r), K'(1)=0, (3.A.9)
a'(r) =a" +r'(r), F'(0)=0. (3.A.10)
Thus, we get
~ ~ k(1)=0 L
e GOMX\/ DRDk €f0 dr RF R (T) : (3A11)
%(0)=0
ie.,
k(1)=0 T
/ DiDk elo dTR"Ru() — 1 (3.A.12)
7(0)=0
We can now apply the background splitting to the f-dependent path integral. We have,
aM(T) — 61‘67— (e—zﬂ&,u + /{M(T)) ’ Ku(l) =0 , (3A13)

a'(r) =e " (a" +r"(1)), F"(0)=0, (3.A.14)
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and, in turn,

o re()=0 o o
Z(a,a,0) = ¢ "0 / DRDk efs @i () — e~ aa (3.A.15)
7(0)=0

One may consult Ref. [204] for further details.
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Chapter 4

BRST quantization of the A/ = 4 spinning

particle

In this chapter, we turn to the description of both massless and massive spin-2 particles within the
Worldline Formalism, with the aim of illustrating one of the contexts where the method arguably proves
most powerful: the perturbative evaluation of the Seeley—DeWitt coefficients. As a preliminary step
towards these computations, we devote the present chapter to the BRST quantization of the worldline
model known as the N' = 4 supersymmetric spinning particle, with and without a mass. The massless
case is reviewed following Ref. [82], both to introduce the model and to highlight the subtleties relevant
for the calculations of Chapter 5. We then move on to the massive case, presenting in detail the model
employed in the computations of Chapter 6. Our treatment serves a twofold purpose: first, to explore
different mechanisms for endowing spinning particle models with mass; and second, to formulate a
first-quantized description of linearized massive gravity, both in flat and in curved backgrounds. In the
latter case, we find that the nilpotency of the BRST charge is preserved only on FEinstein spacetimes
with vanishing cosmological constant, which thus emerges as the unique consistent background. This

will be the starting point for the computations developed in the following chapters.

Conventions The target space of our worldline model is a d-dimensional Minkowski spacetime,
equipped with the metric n,, = diag(—, +,--- ,+), which is used to raise and lower spacetime indices.
Greek letters p, v, ... denote spacetime indices (u,v = 0,1,...,d — 1), while capital Latin letters
I,J,... are reserved for internal SO(N) indices (I,J =1,...,N).

We further employ the following notation for the graded commutators:

. {{, -} anticommutator if both variables are fermionic,

[,-]  commutator otherwise.
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4.1 O(N) massless spinning particles

Before focusing on the N/ = 4 spinning particle, we first recall some general features of spinning
particle models, which have already been discussed in the introductory section on the Worldline
Formalism. In this section, we summarize the relevant equations for two main reasons: first, to
facilitate comparison with the forthcoming massive case; and second, to re-establish our notation,
since, unlike in the previous chapters, the spin degrees of freedom are now described by Grassmann-

odd (fermionic) variables.

The phase space action of such models depends on the particle spacetime coordinates z* together

with A real fermionic superpartners =4, and the phase-space action is given by
: [ .
S:/dT {pu:r“—l-§:u~:“—eH—leql—aUJU , (4.1.1)

The canonical coordinates (z*,p,, Zf) upon quantization, are subject to the canonical commutation
relations (CCR)
[ p) =08, (S0} = 6™ . (4.1.2)

The worldline supergravity multiplet in one dimension (e, x’,a;;) contains the einbein e, the N
gravitinos x, and the gauge field a. On the other hand, the first-class constraints are represented by
the Hamiltonian H, the supercharges ¢q;, and the R-symmetry algebra generators .J;;. They can be
expressed as
1 — gt =
H .= §p“pu . g ==py, Jg= z:f‘l 2, - (4.1.3)

Hamiltonian and supercharges together form the SUSY algebra

{ar, @y} =201yH, [q,H|=0. (4.1.4)

While the R-symmetry algebra reads

[J1s,q9r) =7 (dyrqr — S1kqy)

(4.1.5)
[JIJ> JKL] =1 (6JKJIL - 6IKJJL - 5JLJIK + 5ILJJK) .

In the following, we will refer only to (4.1.4) as “N SUSY algebra”, since it will be appropriate to

distinguish the two algebras in light of the future BSRT procedure. It is rather convenient to work

with a complex redefinition of the original fermionic variables =; — (&;,&"), namely

&= HEN IS, &= HE —iE ), withi=1,... ¥ (4.1.6)

for the case of even N, i.e. for particles with integer spin. The respective CCR, (4.1.2) become
{&.6=20;0,, {&.8y=0={" &7} (4.1.7)

Accordingly, both the supercharges and the R-symmetry generators split under the complex redef-
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inition: we report the explicit expressions for the particle models of interest, namely the spin one
and the spin two. By choosing a specific Fock vacuum, an arbitrary state |¥) in the Hilbert space is

isomorphic to the wavefunction ¥(x,¢), on which the conjugated momenta act as derivatives

- 0

Pp=—10u, &= oen (4.1.8)
Thus, for the case N' = 2, the spin one model, one has the splitting q; — (¢,q) and J;; — J as
follows
q:=—1£"Q d
S PR (4.1.9)
q:= —i@“% ogr 2

where the shift —g in the definition of the R-symmetry generator is a quantum effect stemming from
an antisymmetric ordering for the Grassmann variables [124]. For the N' = 4 case, the spin two, one
has q; — (¢:,¢') and the SO(4)-symmetry generators are realized maintaining manifest covariance

only under a u(2)-subalgebra J;; — (J7, Tt Gy;), explicitly realized as'

qi = —1&"0 O 2
C T = 0 (4.1.10)
i cop o T 06;-0¢; : L
g =—i0 oer
Gij 61 : 5]

Note that the only surviving components of the Tr and G operators are those with i # j.

4.2 BRST quantization

Although BRST quantization was already discussed in Chapter 2, we shall review it here, since
the presence of fermionic rather than bosonic variables modifies the analysis in several non-trivial

respects.’

Let us start with the massless N/ = 4 spinning particle with a four-dimensional target space. The

internal indices take values ¢ = 1,2 and the N' = 4 worldline SUSY algebra is explicitly realized as

The initial step of the BRST procedure entails an enlargement of the Hilbert space to realize ghost-
antighost pairs of operators (g%, P,) associated with each constraint C,, with opposite Grassmann
parity of the latter — that is, anticommuting ghosts for bosonic constraints and commuting ghosts

for fermionic constraints — and canonical graded commutation relation

[P, g°} =67 . (4.2.2)

Tn the following, whether a dot - indicates contractions on internal or spacetime indices should be clear within the
context.
2We refer to this talk by Ivo Sachs for a brilliant exposition of the methodology [205].


https://www.youtube.com/watch?v=e0QiR829ORo&list=PLx5f8IelFRgGfQMuGGOuqHtRaelyJFj0u&index=17
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Hence, we assign the fermionic pair (c, b) to the Hamiltonian, and the bosonic superghost pairs (v, ;)

and (7;, 8°) to the supercharges ¢; and ¢’ respectively, obeying
with ghost number assignments

gh(c,7:,7") = +1, (4.2.4)
gh(b, 8;, ") = —1 . (4.2.5)

The second step consists of constructing the BRST operator Q. It is realized as follows [71]

1
Q= °Cu— Sy Py P (426

where €(gs) is the Grassmann parity” of the ghost ¢g°. Equation (4.2.6) holds exactly when the
structure functions f,s37 are constant,’ but its validity extends to more general settings as well [9].

It can be derived by demanding the following properties for the BRST operator:

e It has to be anticommuting and of ghost number +1.

e [t has to act on the operators, corresponding to the original phase space variables prior to
quantization, as the gauge transformations with the ghost variables replacing the gauge pa-

rameters. This, together with the latter requirement, is enough to constrain the structure to

be Q =g¢*C, + ...

e Finally, the BRST charge has to be nilpotent. This determines the second structure of (4.2.6)
as can be checked by direct computation of {Q, O}.

Note that the BRST charge is nilpotent by construction as long as the associated algebra is first-class.
In more general cases, higher-order terms may appear and need to be determined by the nilpotency
condition. Specializing to the N' = 4 case, the BRST operator associated with the first-class algebra
(4.2.1) is

Q=cH+%q +7 ¢ —277b . (4.2.7)

To verify its nilpotency, it is first convenient to define V :=~ - §+ 7 - ¢, such that for any operator

of the form (4.2.7) one always finds the following potential obstruction-terms to its nilpotency

Q® = —25-yH+V?—2c|H~VT, (4.2.8)

3We employ the following convention: the parity of g is 0 if g* is Grassmann even and 1 if ¢g® is Grassmann odd.
4Recall that the constraints satisfy upon quantization a graded algebra of the form

[Oow Cﬁ} = faB’yC'y

which defines the structure functions f,s7.
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which are vanishing in the present case since
VQZ’Yﬁj{(ji,Qj} = 25 -yH+V?=0. (4.2.9)

Notice the critical role played by the presence of the first-class algebra (4.2.1) in both the cancellation
of (1.2.8) and of (4.2.9). The same does not hold anymore in more general cases. In the next section,

we will illustrate how to address this issue.

The careful reader might wonder about the absence of a set of ghosts associated with the so(4)
constraints. The key idea of the BRST procedure, as first developed in Ref. [81] providing a first-
quantized description of the gluon from a “fermionic” worldline model, is to treat the R-symmetry
constraints and the SUSY ones on different footings. The formers are imposed as constraints on
the BRST Hilbert space, thus defining precisely the general dependence of the string field ¥ on
the spacetime fields content.” It is within this restricted Hilbert space that the cohomology of the
BRST charge has to be studied. The procedure remains consistent as long as the R-symmetry

constraints (4.1.10) commute with the BRST charge: in order to achieve that, it is necessary to

extend (J,Tr,G) — (J,7Tr,G) as follows

T =& & +yp -5 8 —24
Trid = . & 4 5B — 5B (4.2.10)
Gij ==& &+ 7By — B -

The relevant so(4) generators to be imposed as constraints on the BRST Hilbert space are the
two number operators J; = J;* (i not summed), namely the diagonal entries of J;7, the Young
antisymmetrizer Y = JZ, and finally the trace Tr, which implement the maximal reduction of the
model. We collectively denote these constraints as T, := (7, ), Tr). The BRST system is defined as

follows

QU =0, §U=0QA,
(4.2.11)
Ta¥ =0, ToA=0,

and its consistency is ensured by [Q, 7,] = 0. This is indeed equivalent to saying that we are studying
the cohomology of Q on the restricted Hilbert space of fixed R-charge defined by H,.q := ker 7.
The system above will serve as the starting point for BRST quantization in both the massless and

massive cases.

SRegarding terminology, we deliberately confuse “string field” and “BRST wavefunction” since ¥ plays the same
role in the worldline theory as it would in string field theory: its expansion as a linear combination of first-quantized
states display coefficients which correspond to ordinary particle fields [206-208].
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4.2.1 Massless graviton on a flat spacetime

The ghost vacuum |0) is chosen such that it is annihilated by (b,5¢, %), so that a general state |¥)
in the BRST extended Hilbert space is isomorphic to the wavefunction W(zx, ¢ | ¢, v, 8), on which the
antighosts act as derivatives, i.e.

0 0 = 0
b= — A= . 5_8%.

(4.2.12)

In the following, we collectively denote the ghost oscillators as g := (¢,7, 3). The BRST operator,

making explicit the d’Alembertian O = n**0,0, while adjusting the coefficients, acts as

Q=cO+~q — .i_ 8_2 (4.2.13)
- qu QI 8/82 fyl a/@zac ) M
while, regarding the so(4) generators
*Z:N5i+NV¢+Nﬁ¢_1 )
0 0 0
y—51'8—&+718—%+518—52 ) (4.2.14)
0? 0? 0?

Tr = + - :

08 - 08 OmOB2 07208
where we have explicitly expressed the number operators, counting the number of oscillators with a
fixed flavor index, and where we solved ambiguities in the definition of J; by choosing a symmetric

ordering for the ghosts.

It is useful for future reference to highlight the intermediate steps of the calculation. The first
condition imposed by ¥ € H,cq, namely J; [¥) = 0, significantly reduces the components of W(x, & | g)

to

U(x,6]9) = auw&l'és + 0,872 + Cu&l'Bo+ dum&y +emnpbs+ fu &y
+ 9 B1v2 + ke + 1515
+ay, §1& e+ by Elac + O & Bac + d;, &y e + € 1 fac + [ Bréyc

+ 9" Biyec + K" yiyec + 1 B fac (4.2.15)

The latter expression is essentially a Taylor expansion in powers of ¢ taking the form ¥ = y + x*c,
where both terms y and x* of the wavefunction contain oscillators and spacetime-dependent field
components. Requiring the entire wavefunction to have fixed Grassmann parity and fixed ghost
number forces the field components in x* to have opposite parities and ghost numbers decreased
by one compared to those in y. It is important to note that we are not yet in the position to

correctly identify (anti)fields: we first need to reduce ¥ to include only the BV spectrum of the
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theory. Imposing the two remaining conditions we obtain

by=-d,, C,=—f.,, e=—-g, k=0, =0,

(4.2.16)
by=-d,, C,=—f,, e=—g°, k=0, I"=0,
together with a,, = a,, using Y |¥) = 0, while from 77 |¥) = 0 we get
e=iah, e =3al. (4.2.17)

Now we can indeed interpret W as a spacetime Batalin—Vilkovisky string field, that contains the
whole minimal BV spectrum of pure gravity along with auxiliary fields: we assign Grassmann parity
and ghost number to the component fields such that the entire wavefunction W has total even parity

and ghost number zero. It becomes explicit with the following identifications for the fields
G — Ny @y —> Wy =h O — v, C,—(, (4.2.18)
and for the corresponding antifields
a, —h, by— v, b, — (. (4.2.19)

Grassmann parities and ghost numbers can be read from Table 4.1. The most general state in H,eq

is then

U (2, €] 9) = hyu () £ + 5 h(x) (MBa = 12B1) — §vu(2) (6182 — & Bi)c
- %Cu(x) (&P — &B1)
+hy () 165+ 5 B () (M Ba — 12B1)c — 5 vj (@) (€72 — &)
— 5 Gi(@) (€72 — &m)e. (4.2.20)

It contains the graviton h,, and its trace h, an auxiliary vector field v,, and the diffeomorphism

ghost (,, while the remaining components are the corresponding antifields.

BV role Field | Grassmann parity | Ghost number
massless graviton Py 0 0
trace h 0 0
auxiliary vector vy, 0 0
diffeomorphism ghost | ¢, 1 1

Table 4.1: List of fields in the physical sector of the massless N' = 4 model with the corresponding
ghost number and Grassmann parity.

The final step involves evaluating the field equations of the theory, to verify that the model correctly
reproduces a first-quantized representation of linearized gravity. This can be accomplished through

the BRST closure equation
QU(z,{|g)=0 (4.2.21)
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at ghost number zero, which produces the massless free spin two field equation

Dby — 20,0 - hyy + 0,0,h =0 | (4.2.22)

and
Oh — 0"0"hy =0, (4.2.23)

which implies a vanishing linearized Ricci scalar. To conclude this section, one is left to verify the

accurate reproduction of the gauge symmetry: this is achieved from the ghost number zero part of
o =QA, (4.2.24)

where A € ker 7, contains the gauge parameters of the associated symmetry while having the same

functional form as ¥, with overall odd parity and ghost number —1, i.e.

A =gy (z) (6B — & B1) + -, (4.2.25)
where the gauge parameter €, has even parity and ghost number zero. As expected, the result is
Ohy, = 2060 - (4.2.26)
For future reference, the closure equation at ghost number one is reported below:
0¢ =0, 0u,G)=0. (4.2.27)

Equations (4.2.27) represent a set of equations of motion for the diffeomorphism ghost (,(z).

4.2.2 Massless graviton on a curved background

The consistent coupling of the spinning particles to more general backgrounds beyond flat spacetime
is a rather delicate matter [209]. In previous works, a quantization & la Dirac has been extensively
employed. However, when the SUSY algebra fails to be first-class this method loses its validity,
potentially leading to the misleading conclusion that quantization is not feasible in more general
cases. As already mentioned, this limitation was evident in the case of the N' = 4 spinning particle,
for which only certain restricted backgrounds were found to be viable until it was realized that
the technique of BRST quantization offers a way to explore more general backgrounds, as recently

discussed in Refs. [210, 211]. In this section, we review the exploration of such possibility.

The coupling of the massless N = 4 spinning particle to a curved background with metric g, (z) is

realized by the covariantization of the derivatives, i.e.

V=0 +wuap€- €, with [V, V,] = Rune £ - €7, (4.2.28)

a
7

where fermions carry flat Lorentz indices so that & := e/ (z) introducing a background vielbein
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a
i

the effect of the usual covariant (partial) derivative V,, (J,) on the tensorial (scalar) components

e (z) and the torsion-free spin connection w, . The covariant derivative operator V,, reproduces

contained in the wavefunction (4.2.20), e.g.

@qu@f,f |9) = Vihag(z) f?fzﬁ + %@Lh(az‘) (B2 — b))+ ... . (4.2.29)

The presence of a general background manifests itself as deformations of the original BRST system:

indeed the supercharges become
Qi = —iE0etV, , § =iV, . (4.2.30)
The main consequence is that the SUSY algebra does not close anymore:°
{qia q]} = _65651 R;w ) {Elza EI]} = _guiguj Rul/ ) {qi> El]} = _(%VQ - glygyj Rw/ )
V% qi] =i (2R, V" — V Ry, — RLV") |
V2,5 =i (2R V" = V'Ry, — R,V") (4.2.31)
where the Laplacian is defined as
V2= g"V,V, — g T,V . (4.2.32)

The BRST operator needs to be deformed as well, requiring the construction of an ansatz due to the
fact that the associated algebra is no longer first-class. The general approach involves considering
the same general form (4.2.7), but with the inclusion of more general terms accounting for the
obstruction to the first-class character of the associated algebra, namely the curvature in the present
case. Therefore, possible non-minimal couplings to the curvature, collectively denoted as R, must
be incorporated inside the Hamiltonian. These couplings may act as obstructions to the nilpotency
of the BRST operator, and the BRST analysis aims to determine which of these terms persist to
ensure a nilpotent Q. Avoiding higher powers of ghost momenta and assuming that derivatives are

deformed only through minimal coupling, the ansatz for the BRST charge is
Q=cD+V +75-7vb, (4.2.33)
where D is the deformed Hamiltonian in its operatorial form
D:=V?+R, with Ri=R,. & & +kR, (4.2.34)
with k a coefficient to be determined, and the V operator has been conveniently redefined as
V= —iStV,, with St:=7. ¢ 4~.¢". (4.2.35)

Note that only the so(4) constraints 7, (4.2.14) remain unchanged, therefore the wavefunction

6As to not further burden the notation we denote R, := R xo & €% and R := Ryuxe & - grer .o,
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U(x,&|g) is still expressed as in (4.2.20).

The BRST analysis starts with the general expression for @2, namely the extension of its flat space-

time counterpart (4.2.8) with adjusted coefficients:
QP?*=V*+5-9D+c[D, V], (4.2.36)

which remains valid regardless of the specific spinning particle model coupled to a general curved
background. In general, (4.2.36) includes two independent obstructions, which in this case are given
by

[D,V] = —iS"V*R,, +iS*V,R+ k[ R, V] . (4.2.38)

Recall that the BRST cohomology is defined on the reduced Hilbert space H,.q, that is, one needs to
evaluate the obstructions on ker 7,. Therefore, for the sake of the cohomology, it suffices to ensure

nilpotency of the BRST charge when acting on the physical sector of the theory:
er . !
02" 0 je. QW(z,&|g)=0. (4.2.39)

The effect is for instance that any contribution with at least three barred oscillators is set to zero.
Equations (4.2.37)—(4.2.38) get then reduced to

V245 9D " — 5.y (2R, & & —kR) (4.2.40)
D, V] “H* —iSPVARy, +i(2V Ry, - € — SMV,RE” - )
(4.2.41)
+ik S*V, R .

The conclusion is that the nilpotency of the BRST charge, in the massless case, is achieved only on

Einstein manifolds, i.e.
QW(z,£]g) =0 <= Ru=Agu, (4.2.42)

upon setting kK = % Let us clarify this crucial point for the upcoming discussion: while the obstruction
given in (4.2.41) vanishes by itself on Einstein spaces, the one in (4.2.40) is zero only when acting

on the physical sector:

Q*W(x,&]g) > 2277 (¢" & —1) U(w,&]g) = 0. (4.2.43)

The closure equation evaluated using the deformed BRST charge yields the correct field equations

for a massless’ graviton on Einstein spaces, namely

Vhu — 2V, V - hyy + V.V h 4 2R,0,5h7 = 0, (4.2.44)

Tt is a rather fascinating topic the concept of mass on a general spacetime, which is not well defined. In particular,
one should be careful to call a particle massless: see [212] for a discussion on the connection between gauge invariance,
masslessness, and null cone propagation.
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together with
(VZ+ Nh —VH*Vh,, =0 . (4.2.45)

The correct gauge symmetry dh,, = 2V (,c,) is obtained as well.

4.3 Giving mass to the graviton

In this section, we present two methods to confer a mass to a spinning particle model. The first one,
the Scherk—Schwarz mechanism, is analogous to the Kaluza—Klein compactification. This has already
been encountered in Chapter 2, but with bosonic oscillators. In the second method, the auxiliary
oscillators approach, the model is treated as a truncation of the RNS open superstring [213]. We
employ both methods to give mass to the graviton on a flat background and subsequently discuss the
results. However, before delving into the graviton case, we begin by examining the N/ = 2 scenario,
in order to introduce the techniques and investigate the role of the mass as a potential obstruction

to nilpotency of the BRST charge.

4.3.1 N = 2 massive spinning particle and the Proca Theory

The massless N = 2 spinning particle has been thoroughly examined in previous works, leading to
a first-quantized description of massless antisymmetric tensor fields of arbitrary rank [62—66]. It has
been shown how to provide a first-quantized description of the photon both on a flat and on a curved
spacetime [124, 211]. Additionally, the coupling to a non-abelian background has been explored,

reproducing the non-linear Yang—Mills equations [81] upon BRST quantization.

The massive scenario has undergone investigation as well: the procedure a la Kaluza—Klein has been
implemented in Refs. |63, 125] where it has been shown how to embed the model in an arbitrary
curved spacetime background. This has allowed for the utilization of this model in the context of
worldline quantum field theory formalism, particularly in modeling classical scatterings of compact
objects in general relativity (see |39, 41] and related literature). More recently, the coupling to both
an abelian and a non-abelian vector background field has been investigated in Ref. [127], where the

authors first introduced the auxiliary oscillators approach.

4.3.1.1 Mass improvement on flat spacetime

The main features of the N/ = 2 model can be immediately derived from section 4.1 by setting
I = 1,2 and are collected in detail in Ref. [125]. In this chapter, we will provide a concise overview
of the essential elements of the BRST quantization of the massive case on flat and, most notably, on
curved background as a toy model for the subsequent analysis, which is not covered in the literature

mentioned above.
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The procedure consists of starting with the massless theory formulated in one dimension higher, and
subsequently reducing the dimensionality of the target space through the introduction of suitable
constraints [70]. We consider the model to live in a flat spacetime of the form My x S' of D =d+1

dimensions with coordinates and worldline superpartners given by

o= (" 2?), =), & =@"0), (4.3.1)
with the index splitting M = (u, D). The idea is to gauge the compact direction x”, corresponding
to S', by imposing the first-class constraint

pp—m=0. (4.3.2)

This results in the phase space action (4.1.1) having a leftover term ~ 4 which can be regarded as

a total derivative and thus dropped. The CCR (4.1.2) are realized explicitly as
(2" p,) =ik, {r "y =0, {0,0} =1, (4.3.3)

with the other (anti)commutators being zero. The N/ = 2 SUSY constraints get modified by the

presence of the mass, taking the form

H=(p'p,+m?) , q=pa"+mb, q=pa"+mb, (4.3.4)

N | =

while the R-symmetry generator (4.1.9) becomes

J =), + 00 — % : (4.3.5)

Together they still satisfy the same N = 2 supersymmetry algebra despite the mass improvement

{e,0} =2H , [¢,H] =g, H]={q¢,9} ={3,¢} =0, (4.3.6)

which successfully remains first-class. Note the key role played by the surviving fermionic coordinates
coming from the extra dimension 6 := £P and 6 := £P, which are responsible for the introduction of
the mass term into the theory. Indeed, in the limit where (6,0) — (0,0) the massless theory must

be recovered as a consistency check.

At this point, the BRST quantization on a four-dimensional flat spacetime proceeds smoothly, just as
described for the N/ = 4 case. Upon enlarging the Hilbert space to realize the set of ghost operators
(¢,7, ) with relative momenta (b, 3, 3) as in (4.2.3), the BRST charge is constructed as usual

Q=cH+vq+7q—-27b, (4.3.7)
and the so(2) constraint has to be extended to include ghost contributions as follows

T ="+ 00 + 48 —36 -3, (4.3.8)
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with the usual prescription employed to resolve ambiguities. Nilpotency of Q is still guaranteed,

despite the mass improvement, since the associated algebra is first-class
Q*=0, (4.3.9)

and the BRST system is consistent since [Q, J] = 0. The physical sector is defined as the eigenspace
of J with a fixed R-charge —%,8 i.e. physical states are eigenstates J |¥) = —% |W) and are isomorphic

to wavefunctions

U(z,¢,0]g) = Au(x)" —ip(z)d + ¢(x) e+ D(x)5
+ AL (@)Yt e —ip*(x)0c + ¢* (z)y + " (z)yc .

(4.3.10)

Requiring ¥ to be Grassmann-odd and have ghost number zero, it can be interpreted as a spacetime
BV string field displaying the complete minimal BV spectrum of the Proca theory along with an
auxiliary field. The Grassmann parities and ghost numbers of the components can be found in
Table 4.2. In contrast to the massless case, the physical fields include not only the massive spin one
A, but also the Stiickelberg scalar ¢. The inclusion of the Stiickelberg scalar becomes necessary to
restore the U(1) gauge symmetry |[128], which is broken due to the introduction of the mass. Notably,

the spectrum also includes the associated scalar ghost ® in the spectrum.

BV role Field | Grassmann parity | Ghost number
massive spin one A, 0 0
Stiickelberg scalar

auxiliary scalar
scalar ghost

0 0
0 0
1 1

LS RSN

Table 4.2: List of fields in the physical sector of the massive N' = 2 model with the corresponding
ghost number and Grassmann parity.

The field equations, upon solving for the auxiliary field, are

(O-m*) A, —9,0-A—md,p=0, (4.3.11)
Do +md,A* =0, (4.3.12)

which are indeed the Proca field equations with the scalar ¢(z) playing the role of Stiickelberg field,
while the gauge symmetry, from 6 = QA with

A=iZ@)B+ -, (4.3.13)

18

0A, =02, dp=-mX, (4.3.14)

where Y(z) is a local gauge parameter, of even parity and with ghost number zero.

8This condition is equivalent to demanding that ¥ € ker7, with 7 being the shifted SO(2) constraint J = J + 3.
The procedure remains consistent as long as [Q, J ] = 0. Eventually, the shift can be interpreted as the introduction
of a Chern—Simons term selecting the desired degrees of freedom, as in Ref. [125].
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Let us end by noting that the same results can be obtained either by employing the auxiliary oscil-
lators approach, although it is not explicitly shown here, or with the “bosonic” worldline model of
Chapter 2.

4.3.1.2 Mass obstruction on curved spacetime

We are finally in the position to investigate whether the presence of the mass plays a role when
a curved background is considered, generalizing the massless BRST analysis of Ref. [211]. The
coupling of the massive N' = 2 spinning particle to gravity is realized by the covariantization of the
reduced model just discussed, with the mass already present in the theory. The supercharges are

then deformed as follows
qi=—i? eV, +mb, q:= —i?/jaeg@u+m§. (4.3.15)

Unlike the situation with the AN/ = 4 spinning particle (4.2.31), the N/ = 2 algebra (4.3.6) remains

first-class regardless of a particular background, upon a suitable redefinition of the Hamiltonian
D:=V’-m*+R. (4.3.16)
Indeed, the SUSY algebra takes the form

{q,ﬁ}Z—D, {q,q}:{q,q}ZO,

[9,D] =[3,D] =0, (4.3.17)

where the vanishing of the top-right commutators is guaranteed by the cyclic identity for the Riemann
tensor. The corresponding BRST operator is defined as usual @ = ¢D + V + 47 b, with potential

obstructions incorporated into the definition of V with respect to the massless case:
V.= —z'S“@H—I—mp . pi=70+~0. (4.3.18)

The existence of an associated first-class algebra (4.3.17) ensures the nilpotency of the BRST operator
without any further conditions on the background metric,” which is expected from QFT consider-
ations. While this has been already established for the massless case, the same holds even in the
massive one, as the mass does not affect the algebra, as we now shall work out explicitly. Starting
from the general expression

Q*=V*+3yD+¢[D,V] , (4.3.19)

one finds the following independent obstructions

1
V24 39D = 35S Ry + T4 + 77 (777{@ R) , (4.3.20)
[D,V] = —iS"V*R,, +iS'V,R . (4.3.21)

9 Actually, the only requirement is that of a torsionless connection, i.e. T, = Fﬁ, o= 0.
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In the present case, evaluating the BRST cohomology on the reduced Hilbert space, ker 7, has the
effect of setting to zero any obstruction of the form Q047,75 with OA4F arbitrary operators since

an arbitrary state in the physical sector has the form
Ya(z) Z4 4+ Qp(x) ZB ¢ for Z4 = (¢",0,7,5) . (4.3.22)

This is enough to conclude that indeed ]
0?7 (4.3.23)

without further conditions on the background; in other words, the massive N/ = 2 spinning particle
can be coupled to off-shell gravity. Remarkably, the mass plays no role in the BRST algebra, as it
is trivially canceled in (4.3.20) and commutes with any operator inside (4.3.21) being constant. It
is worth noting that introducing a term proportional to the Ricci curvature inside the Hamiltonian
(4.3.16) D — D+ kR, would force k to be zero (either that or a vanishing Ricci scalar R = 0). This
is dictated by the BRST algebra (4.3.20)—(4.3.21), as any term of that form is incompatible with the
closure of the N' = 2 SUSY algebra (4.3.6). Interestingly, the N/ = 2 spinning particle appears to
select only the minimal coupling to the background, as we shall check from the equations of motion.

From the closure equation Q¥ = 0, one finds

(V2 —m*A, — R,A"+V,0=0, (4.3.24)
(V2 —m?)p —im¢p =0, (4.3.25)
¢ +imp — iV, A" =0, (4.3.26)

which, upon eliminating the auxiliary field, yield

(V2 —m*A, -V, V, A + R, A" —mV,p =0, (4.3.27)
Vi +mV, A" =0 . (4.3.28)

Equations (4.3.27)—(4.3.28) represent the field equations of the Proca theory on a general curved
spacetime in its Stiickelberg formulation. In particular, the AN/ = 2 spinning particle provides a
first-quantized version of the minimal extension for a theory of a free massive vector field in curved
spacetime, without the inclusion of possible non-minimal couplings to the background in the cor-
responding spacetime quantum field theory [159, 214]. Their absence is attributed to the reasons

previously discussed. As a final note, the gauge symmetry, using (4.3.13), reads

0A,=V,2, dp=—-mX. (4.3.29)

4.3.2 N = 4 massive spinning particle and linearized massive gravity

In the remainder of this section, the methods previously discussed are exploited to give a mass to

the graviton, considering a flat target spacetime for the time being.
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4.3.2.1 Dimensional reduction approach

The first method proceeds along the lines of what has been shown for the NV = 2 case, namely
through the reduction of the higher-dimensional massless model. The fermionic coordinates carry a

flavor index

&=, & =6, (4.3.30)

with CCR
{or ¥y =6t , {6,603 =6 . (4.3.31)

The same applies to the SUSY constraints (4.1.3)

H=-(p'p.+m*) , g=p-Y;i+mb;, ¢ =p-'+mb, (4.3.32)

N | —

that satisfy the same first-class algebra

despite the mass improvement. Regarding the so(4) symmetry constraints, equations (4.1.10) become

, 0 g d+1
J =y — 4+, — —
= 0, o 00; 2
T — 0’ 0 (4.3.34)

= 0r -0, 96,00,
Gij =i - +06;0; .

At this point, the BRST quantization proceeds as outlined in section 4.2, with the BRST system
defined by (4.2.11). The BRST operator (4.2.13) takes the usual form when acting on wavefunctions
U(z,4,0|9)

0 o?

37~ 5 (4.3.35)

and is still nilpotent, for the same reasons outlined in the previous section. The relevant so(4)

Q=c(@-m*)+%q —q

generators (4.2.14) to be imposed on the extended BRST Hilbert space are extended to commute

with Q, including the extra fermionic oscillators

d—1
‘Z:N¢i+N6i+N7i+Nﬂi_T7
0 0 0 0
= 0 ot N+ fire 3
V=1 a0, T 50, ’Yla72 51aﬁ2 (4.3.36)
0? 0? 0? 0?

Tr

— + + — ,
Oy - Oy 06, 06, 07100, 072081

The physical subspace has a fixed U(1) x U(1) charge corresponding to 25¢. Let us comment on the

fact that only in three spacetime dimensions the wavefunction ¥ € ker 7;, which becomes relevant
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when dealing with the construction of the worldline path integral.'’ In four spacetime dimensions,
physical states are charged —%, and we shall consider the shifted operator J = J + % for the sake
of notational simplicity. To emphasize the impact of the introduction of a mass term, we follow
the same steps as in the massless case to impose the condition ¥ € H,.q, with the reduced Hilbert
space defined as the kernel of J; and Y, T (4.3.36), still collectively denoted as 7. From J; |¥) = 0

descends the general form of the wavefunction

\I](wia 6 ’ g) = \Il‘m:(]
+ 10172 +p 0182 + gl + 1 f102 + 5, 0105 + 1, 000 + 16,6, (4.3.37)
+ n* 91’}/2(3 —+ p* 91620 -+ q* ”}/1620 -+ r* 51626 -+ SZ legc -+ t; 1/1?020 + u* 9192C ,

where in the first line W| _, denotes the massless wavefunction (4.2.15). The condition Y |¥) = 0

produces, in addition to the “massless” contribution (4.2.16),

n=-—-q, p=—-T, Su:t,u7 (4338)
n*__q*u p*:_r*7 S;:t* )

while the remaining 7r |¥) = 0 produces
e=gah+iu, € =3at+u". (4.3.39)

It is now possible to identify the BV spectrum of the theory, which becomes evident after renaming

the field components as in (4.2.18) along with
sy — A, u—p p—9¢ p-— @ (4.3.40)
and, for the corresponding antifields,
s, — A, u—¢" n—9¢" n"— . (4.3.41)

Requiring ¥ to be Grassmann-even and have ghost number zero the field content gets assigned with
the corresponding Grassmann parities and ghost numbers as reported in Table 4.3. The most general
string field ¥ in ker 7, reads

U(z, ¥, 0]9) = b (2) V15 + 5 h(x) (NB2 — 1281) — §vu(2) (U182 — ¥ Bi)e
— 5 Gu(@) (1B — Y4 B1)

- iAu(x) (ellpg + 1%82) - 90@) (29192 + B2 — 7251) + ¢($) (9152 - 9251)0
+ O(z) (6182 — 021) (4.3.42)

where, for the sake of simplicity, the antifields content is left implicit.

10This is the content of Chapter 6.
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BV role Field | Grassmann parity | Ghost number
massless graviton Py 0 0
trace h 0 0
auxiliary vector vy, 0 0
diffeomorphism ghost | ¢, 1 1
Stiickelberg vector A, 0 0
Stiickelberg scalar % 0 0
auxiliary scalar ) 0 0
scalar ghost o 1 1

Table 4.3: List of fields in the physical sector of the massive N’ = 4 model with the corresponding
ghost number and Grassmann parity in the dimensional reduction approach.

A few comments are in order. Firstly, it can be verified that the first two lines of (4.3.42) correspond

to the field content in the massless case (4.2.20). This is expected since, as previously suggested,

(6,8)—(0,0
—_—

v T (4.3.43)

up to an obvious redefinition of the scalar field ¢(z) which can be absorbed into the trace h(x).
Taking into account also the other two lines, it is clear that ¥ contains the whole minimal BV
spectrum of linearized massive gravity, with the inclusion, with respect to the massless spectrum, of

the two Stiickelberg fields A,, and ¢, a scalar ghost field ® and an auxiliary scalar field ¢ [215].

At this point, we proceed to analyze the field equations, which are derived from the closure equation

at ghost number zero using the BRST operator (4.3.35). The result is

(O —m?) by — vy =0, (4.3.44a)
(O-m*)h—2(0-m*)p—0-v+2mp=0, (4.3.44b)
(O—m?) A+ 0,0+ v, =0, (4.3.44c)
(O-—m*)p—mop=0, (4.3.44d)

v, —20-h,+0,h —2mA, — 20,0 =0, (4.3.44e¢)
O-A+mp+imh+¢=0. (4.3.44f)

It is possible to solve (4.3.44e) and (4.3.44f) for the auxiliary fields v, and ¢ respectively, leading to

the following equations

(O = m?) hy — 20,0 - hyy + 0,0,h = 2m, Ay + 20,0, (4.3.45a)
(O —m?) h — 0"0"hy,, =2md - A+ 20¢ , (4.3.45D)
04, — 9,0 A=m(0,h—0-h,) , (4.3.45¢)
Op+2h+md-A=0, (4.3.45d)

which can be further simplified combining (4.3.45b) and (4.3.45d) to reach the following set of
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equations
(O —m?) by — 2000 - hyy + 0,0,h = 2md, A,y + 20,0, | (4.3.46)
DA, —0,0-A=m(0,h—0-h,) , (4.3.47)
Oh —0"0"hy, =0 . (4.3.48)

Equations (4.3.46)—(4.3.48) correspond to the field equations of linearized massive gravity in the
Stiickelberg formalism, where, as anticipated, ¢(z) is the Stiickelberg field and A,(x) is its vector

counterpart.

A few comments are in order.

e Setting both Stiickelberg fields to zero, which in literature is known as the unitary or physical

gauge, equations (4.3.45) can be reduced to the Fierz—Pauli system
(0= m?) by =0
0"hy =0, (4.3.49)
h=0,

i.e. the field equations for the theory of a massive spin two field in which the mass term

explicitly breaks the gauge invariance.

o At first sight, the massless m — 0 limit is rather peculiar. Instead of resulting in the free and

massless spin two field equations (4.2.22), it produces the following outcome

Ohyu, — 20,0 - hyy + 0,0,h = 20,0, (4.3.50)
DA, —8,0-A=0, (4.3.51)
Op=0. (4.3.52)

Equation (4.3.51) represents the field equation for a free-propagating vector field A, (x), de-
scribing a spin one massless particle that becomes decoupled in this limit. On the other hand,
(4.3.52) describes the propagation of a massless scalar field ¢(x), which, surprisingly enough,
is still coupled to the wanna-be free massless graviton field h,,(z) in (4.3.50). This hints at
the vDVZ discontinuity, a peculiarity associated with the Fierz—Pauli formulation of massive
gravity. Notably, there exist other LMG formulations in which this discontinuity is absent, as
discussed in Refs. [168, 216, 217] and related literature. The origin of the discontinuity is traced
back to the fact that the massless limit of a Fierz—Pauli graviton is not a massless graviton,
11

but rather a massless graviton plus a coupled scalar.”” Remarkably, our model captures this

characteristic feature of massive gravity.

Let us finalize the analysis by investigating the gauge symmetries of the theory.

HThe resolution lies in the so-called Vainshtein mechanism: in a nutshell, general relativity can be recovered around
massive bodies by hiding extra degrees of freedom by strong kinetic self-coupling so that they almost do not propagate.
We refer to the review [218] for further details.
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Any theory of massive gravity — particularly the Fierz—Pauli theory — is not gauge invariant due to
the presence of the mass term, unless redundant degrees of freedom are introduced, as is the case
for the Stiickelberg trick. To explore this fact from a first-quantized perspective, it is sufficient to
consider the closure equation at ghost number one: while in the massless case, the result is a set of
dynamical equations for the diffecomorphism ghost (4.2.27), in the massive scenario things become
more intricate due to the presence of another ghost field ®(x). The outcome manifests the following

additional equations:
m¢, =10,», md=0. (4.3.53)

This indicates that both the scalar and the diffeomorphism ghosts are set to zero, which accounts for
the breaking of the gauge invariance due to the presence of a mass term. To display said symmetries,
one has to compute the ghost number zero component of 60U = Q A, where A is the massive extension
of (4.2.25), namely

A =g, () (1 Ba — 5 B1) + B(x) (6182 — 0281) + -+, (4.3.54)

where £(z) and X(z) are the two gauge parameters associated with the two gauge symmetries. The

outcome is

Ohy, =206, O0A,=—me,, (4.3.55)
0A, = 0,2 dp=—mX, (4.3.56)

as expected from the Stiickelberg formulation. Therefore, the massive N' = 4 spinning particle

produces a gauge invariant formulation of LMG.

4.3.2.2 Auxiliary oscillators approach

The main idea of the auxiliary oscillators approach consists of enlarging the BRST algebra with
additional variables, whose physical interpretation can be seen as to describe the internal degrees
of freedom of the N' = 4 spinning particle. Thus, the first step involves an extension of the phase
space by introducing two canonically conjugated complex bosonic variables, denoted as (a®, a,), with
commutation relation

[, a”] = 60 . (4.3.57)

Note that the index a may run over an arbitrary set, including a single value. To preserve the N' = 4
worldline supersymmetry, the introduction of four complex fermionic variables (n?,7’) is necessary.

They represent the superpartners of the a’s, with anticommutator

{7, 17} = &30, - (4.3.58)
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The next step involves finding a way to deform the SUSY constraints while ensuring the closure of
the algebra. A straightforward attempt would be to extend the N' = 2 constraints of Ref. [127],

resulting in

H =3 " +m’a"aq+m’n" i) ,
¢ =p-bi+mnia,, (4.3.59)
7 =p- V' +mia®.

However, this leads to {¢;, ¢’} # 25? H, specifically
{a,@} = o1p* +m® (n{0) + 6] a,0”) (4.3.60)

and there is not an obvious redefinition of the Hamiltonian that allows for a closure. Consequently,
the resulting algebra is not first-class, and potential issues are anticipated in the quantization process.

Indeed, the associated BRST charge Q =cH +~v-q+ 7 -q— 27 - v fails to be nilpotent:
Q*=m (70" Ta—7 -0 Ta) #0 . (4.3.61)

The auxiliary oscillators approach may be a viable option, although it is necessary to follow the
principles outlined in section 4.2.2. One should engineer a deformation of the BRST algebra that
leads to preventing the obstruction given by (4.3.61), e.g. through a suitable redefinition of the
Hamiltonian and of the so(4) constraints. Further work is needed to explore this avenue, but such
investigations are beyond the scope of the current discussion, as a promising method for dealing with

a massive graviton is already at hand.

4.4 Massive graviton on curved spacetimes

In this section, the investigation of a first-quantized massive graviton on a curved spacetime is carried
out. Previous works have addressed the challenge of coupling massive higher spin fields — which, in
the present formalism means for A' > 2 — but the analysis failed in going beyond (A)dS spaces [70].
In the present section, we overcome said result with the A/ = 4 spinning particle. Let us rephrase
the objective more clearly: the aim is to provide a worldline formulation of the linear theory of
massive gravity, namely of the Fierz—Pauli theory, on a curved spacetime; such a theory describes
the propagation of massive spin 2 particle on a non-flat background.

The coupling to a generic curved background is achieved through the covariantization of the reduced
model previously discussed, which results only in a mild modification of the massless model of section

(4.2.2). The supercharges are deformed as

G = =iV, +mb;, G = —ip' et V, +mb (4.4.1)
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and together with the Laplacian V? form the same obstructed algebra (4.2.31), with the sole modi-

fication arising from the following anticommutator
{0;, 7} = —6! (V> —=m®) =yl R, . (4.4.2)
The deformed BRST charge displays still the general form Q = ¢D + V + 7 - v b, where now

D:=V’—m>+R, with R:i= R\, ¢" -7+ 1R, (4.4.3)
V::—iS“@M%—mp, with p:=5-0+~-0. (4.4.4)

The model is considered on Einstein spaces: indeed, it is expected for the massive theory to reproduce
the correct results in the m — 0 limit — similarly to the flat spacetime scenario — and the massless
BRST charge is nilpotent only when R, = }l g RR. Tt is not possible to obtain a weaker condition for
the background in the massive case. Moreover, from a QFT perspective, it is known that an Einstein
spacetime is the only space on which a free (massive) graviton can consistently propagate [171, 172,

219, 220]. Hence, it is natural to implement this condition right at the beginning of the analysis.

The so(4) constraints 7, are given in (4.3.36), thus the wavefunction ¥ can be read from (4.3.42).
This section aims to investigate if and how the presence of the mass affects the nilpotency of the
BRST operator. In contrast to the case of the spin one particle on a general background, where
nilpotency is not a concern even in the simpler massless case, the situation is different here. The
massless N = 4 spinning particle already selects only a specific subset of available backgrounds. The
starting point remains

Q*=V?’+5-9D+c[D,V], (4.4.5)

and thus, it is necessary to address the independent obstructions

V2+ﬁ-7D:—%S“S”RW+m2<7-0_ G705 -0)+7 7R, (4.4.6)
[D,V] = —iS*V*R,, +iS"V, R+ k[ R, V] . (4.4.7)

Just as in the case of the Proca theory, it is evident that the mass does not enter into the BRST
algebra. Specifically, note that the term in (4.4.6) that is striked out cancels due to a symmetry-
based argument and also because it annihilates any state W in the physical sector, thereby being set
to zero. Additionally, no mass term survives inside the commutator in (4.4.7). Consequently, the
mass does not explicitly obstruct the nilpotency. The expressions remain the same as in the massless
case: once evaluated on the reduced Hilbert space H,.q, taking Einstein manifold simplifications into

account, they read

er 1_ 7
kero, —577 (wu - 1) R, (4.4.8)

D, V] 0. (4.4.9)

Vi4+5.4D

The leftover operator (1.4.8) is vanishing when acting on the massless physical wavefunction Q* | _ =
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0. However, this is not the case for the massive graviton, as the wavefunction has changed. When

acting on the physical sector, the outcome is
Q2\I/<I, 1/), 0 ‘ g) = —% Qb (91’}/2 — ‘9271) cR — %(I) (61’72 — 92’71) R 7é 0. (4410)

Let us highlight that attempts to implement possible couplings involving traces of the Riemann

tensor and the newly introduced fermionic variables inside the Hamiltonian (4.4.3), such as
AR=ciRO-0+c2RO-00-0+c3 R, " -4"0-0 , (4.4.11)

do not solve the issue. Although an appropriate tuning of the coefficients — in particular, one finds
¢1+cy = —2 — potentially addresses the first obstruction (4.4.8), these terms would disrupt the second
one (4.4.9), compelling ¢; = ¢3 = ¢3 = 0. This explains why those terms have been omitted right
from the beginning: as already discussed in the massless case, one cannot have fermions inside AR.
The only possibility to achieve nilpotency of the BRST operator is to consider Ricci-flat backgrounds,
ie.

Ry, (z) =0, (4.4.12)

which immediately addresses the remaining obstruction (4.4.8), yielding a nilpotent BRST charge.
This outcome resembles the scenario encountered in string theory, where consistency of the string
propagation, worldsheet conformal invariance, implies Ricci flatness to leading order [221|. Such an
unfortunate result amounts to the difficulties that arise when trying to give a mass to a graviton and

trying to generalize it to a curved spacetime.

In conclusion, the field equations for a massive graviton on an Einstein background with zero cos-
mological constant (i.e. a Ricci-flat background) are evaluated using the deformed BRST operator
incorporating the appropriate curvature terms. Upon eliminating auxiliary fields, the resulting equa-

tions of motion are

4.4.13a
4.4.13b
4.4.13c
4.4.13d

(VZ = m?) hyy — 2V (,V - hyy + V. Vb + 2R,0,5h" = 2mV (,A,) + 2V, V.0 |
(V? = m®) h — V#V"h,, =2mV - A+ 2V?p |

VA, -V, V-A=m(V,h -V -h,),

Vi +™h+mV-A=0,

~—_— — ~—

which can be simplified as

(V> —=m?) hyy — 2V (,V - hyy + V. Voh + 2R,0,5h*° = 2mV (,A,) + 2V, V.0 | (4.4.14)
VA, -V,V-A=m(V,h—V -h,), (4.4.15)
V2h — V*V’h,, =0 . (4.4.16)

Equations (4.4.14)—(4.4.16) correspond to the field equations governing linearized massive gravity on
a Ricci-flat background within its Stiickelberg formulation. The same equations of motion can be

derived from a field theory approach: one has to take into account the most general action functional
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while keeping only a restricted class of non-minimal couplings to the background, namely, the ones
that do not excite possible unphysical degrees of freedom [220]. The final step involves performing
the necessary Stiickelberg tricks to restore gauge invariance. As a final remark, it is worth noting

that the correct gauge symmetries can be derived from A (4.3.54), yielding

(Shu,, = QV(MS,,) 514“ =—-meg,, (4.4.17)
0A, =V, X dp=—mX. (4.4.18)

4.5 Final remarks

In this chapter, we have outlined the BRST quantization of the A/ = 4 spinning particle, in both the
massless and massive cases. This has served to introduce the models that will be employed in the
following two chapters to perform perturbative calculations relevant to quantum gravity (massless,
Chapter 5) and massive gravity (massive, Chapter 6).

The genuinely novel contribution of this chapter has been to investigate the consistent coupling
of massive higher-spin fields to general curved backgrounds within the Worldline Formalism, with
particular emphasis on developing a first-quantized formulation of linearized massive gravity. During
this investigation, we have explicitly shown the BRST quantization of the massive N' = 2 spinning
particle coupled to off-shell gravity, which, to the best of our knowledge, has never been investigated
before in the literature with these tools. Our results show that the model reproduces the Proca
theory on curved spacetime with the specific selection of the minimal coupling to the background,
improving knowledge built on previous results and offering potential utility in the context of worldline
computations employing this model. Subsequently, we have addressed directly the issue of a first-
quantized massive graviton, discussing the correct reproduction of the Fierz—Pauli theory on a flat
spacetime through the dimensional reduction of the higher-dimensional massless N' = 4 spinning
particle. Additionally, we addressed the challenges associated with the auxiliary oscillators approach.
Finally, we tried to couple the massive particle to an Einstein background. Our findings suggest that
a Ricci-flat spacetime emerges as the only available background for consistency at the quantum level.
Let us stress that the theory constructed here is the worldline counterpart of the linear theory of
massive gravity, namely the Fierz—Pauli theory from a QFT perspective: section 4.4 has been devoted
to the correct reproduction, starting from the BRST system of the spinning particle model (4.2.11), of
the field equations and the gauge symmetries of LMG in the Stiickelberg formulation. In particular,
from the quantum field theory side, the same results can be derived from the Fierz—Pauli action put
on a curved spacetime, which is the theory for a massive spin 2 propagating on non-flat geometry
and which can be obtained as the first approximation of a general massive gravity theory around a
given fixed background. Even from the quantum field theory side, the construction of interacting
theories of massive gravity is much harder, and a well-defined non-linear completion of the theory
has been only recently constructed: achieving such a result in the first quantization formalism — if

feasible — would require a considerable effort.

With these results at hand, this work may be regarded as a first step towards the realization of a first-
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quantized massive graviton on an Einstein spacetime with non-zero cosmological constant, either by
identifying consistent improvements in the dimensional-reduced BRST system, or fully pursuing the
auxiliary oscillators procedure, contingent on resolving the seemingly simpler yet already intricate
flat spacetime scenario first. As a preliminary step in both instances, an intriguing prospect involves
investigating whether modifying the model could result in a first-quantized partially massless graviton
[222, 223]. There are possible extensions worth exploring, such as relaxing the constraint on the BRST
Hilbert space to subalgebras, which should in principle lead to the inclusion inside the BV spectrum
of the N' = 0 supergravity, i.e. the particle theory that has in its spectrum the graviton, the dilaton,
and the antisymmetric Kalb-Ramond tensor field. Such extensions might be pursued along the lines
of Ref. [83], investigating possible couplings to the background fields through deformations of the
BRST charge.






Chapter 5
One-loop divergences in quantum gravity

In this chapter, we employ the massless model developed in the previous chapter to carry out a
perturbative computation in quantum gravity. Specifically, we evaluate the counterterms required
for the renormalization of the one-loop effective action of linearized Einstein gravity. The central
result of this chapter is the determination of the Seeley-DeWitt coefficient az(D) for perturbative
quantum gravity with a cosmological constant, which we evaluate on Einstein manifolds of arbitrary
D dimensions. This coefficient provides a gauge-invariant characterization of quantum gravity, owing
to the on-shell condition satisfied by the background on which the graviton propagates. To the best
of our knowledge, the explicit form of this coefficient had not been fully established in the literature.
The correctness of our calculations is further cross-checked using the heat kernel method, ensuring
consistency of the results. We conclude by specializing to siz dimensions, where az(D) governs the

logarithmic divergences of the effective action, and compare our findings with existing results.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime

dimension, will be specified as needed throughout the text for convenience.

5.1 Worldline path integral on the circle

In this section, we briefly review the representation of the one-loop effective action for pure Einstein—
Hilbert gravity in the Worldline Formalism by means of the massless N' = 4 spinning particle. The
first step would be to verify that the spectrum of this worldline model coincides with that of the
graviton in D dimensions, particularly once the coupling to a background metric is introduced. One
then evaluates the path integral of the model on the circle, which yields the one-loop effective action
of the graviton as a functional of the background metric. Rather than reproducing the full derivation
of the worldline representation of the effective action for pure quantum gravity, we focus here on
the main conceptual steps that lead to the result, referring the reader to Ref. [145] for detailed
treatments. As emphasized earlier, quantum consistency of the worldline theory requires that the

background metric satisfy Einstein’s equations of motion, i.e. that the Ricci tensor is proportional

143
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to the metric
R,uu = )\guu (511)

with constant A, thus admitting a cosmological constant of indefinite sign. The BRST construction
was crucial to develop a path integral quantization delivering a worldline representation of the one-
loop effective action for quantum gravity as done in Ref. [145]. Path integrals for one-dimensional
nonlinear sigma models, such as the one associated with the A/ = 4 spinning particle in curved
spaces, require counterterms that are related to the regularization scheme used in defining the path
integral itself [25, 186]. The counterterm used in Ref. [145] was the one associated with wordline
dimensional regularization and was effectively valid only for D = 4. Its extension to arbitrary D

dimensions was constructed in Ref. [146] and it is the one that we use here below.

Alternative worldline representations of the effective action for quantum gravity are possible, see for
instance [224, 225]. They are close in spirit to the heat kernel approach employed in Section 5.3. For
their formulation they need direct inputs from the associated QFT, just as it happens in the heat
kernel method. In this sense, they are not independent of the second quantized theory and will not

be used in this section.

After this short review, we can move on to the construction of the worldline representation of the

gravitational effective action.

5.1.1 The worldloop path integral

The one-loop effective action I'[g,, | for pure gravity corresponds to the path integral of the massless
N = 4 spinning particle action S[X, G; g,,| on worldlines with the topology of the circle S* and takes

the schematic form
DGDX  sixGigw] |

Flg] = g1 Vol(Gauge)

(5.1.2)

The particle Euclidean action depends on the worldline gauge fields G = (e, x, X, a) and coordinates
with supersymmetric partners X = (ZL‘,@/),@E), while the overcounting from summing over gauge
equivalent configurations is formally taken into account by dividing by the volume of the gauge group.
As implied by the BRST analysis, the gauge symmetries are consistent only when the background
metric g, is on-shell, i.e. satisfies eq. (5.1.1). Explicitly, the effective action (5.1.2) is related to a
partially gauge-fixed version of the N' = 4 spinning particle path integral Z(T') through a Schwinger

representation, and given by

Mol = =5 [ 2T (5.1.3)

where 7' is the usual Schwinger proper time, arising from the gauge-fixing of the einbein e on the
circle. In the present work, we only mention some of the important technicalities, namely the gauging
of a parabolic subgroup of the SO(N) R-symmetry group, the choice of the aforementioned gauge
fixing of the worldline action, and the regularization of the nonlinear supersymmetric sigma model,
skipping the details while referring to previous work for the reader interested in them [145, 146]. We

choose to focus our discussion on the perturbative computation of the path integral providing only
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a few remarks when needed. The partition function Z(T'), upon gauge fixing, takes the following

explicit form

27 21
— / d0 / d¢ (0, 0) / DzDaDbDc / Dty D e~ S1X9mr] (5.1.4)
PBC ABC

where P(0,¢) is the measure on the moduli space (0, ¢) generated by the gauge fixing and which
implements the correct projection on the physical graviton Hilbert space in D dimensions. The
worldline variables X = (x,w, Y, a,b, c) now include bosonic a and fermionic (b, ¢) “metric ghosts”,
introduced in order to keep translational invariance of the path integral measure and which renor-
malize potentially divergent worldline diagrams [186]. Once again, the path integral over bosonic
variables and metric ghosts is evaluated by fixing periodic boundary conditions, while the fermionic
path integral is performed by choosing antiperiodic boundary conditions on each flavor of fermionic
fields ¢¢, with the internal index ¢ taking values i = 1,2. The gauge-fixed nonlinear sigma model

action reads’

S[X; 9] = / dr [41Tg,w( ) i3+ (8] D, — @) Yy — T Rapea(w) b - P9 - — TV(2)| |
(5.1.5)

where we use flat indices on the worldline complex fermions v{* and denoted the covariant derivative
with spin connection w,q;, acting on the fermions by D,¢¢ = 0,4¢ + itw,%(z)?. We also used a

dot to indicate contraction on the internal indices and denoted

L (00
ai—<0 ¢> (5.1.6)

the gauge-fixed values of the worldline gauge fields acting on the fermions and related to the gauging
of the parabolic subgroup of the R-symmetry group. The angles 6 and ¢ are precisely the two leftover

moduli remaining after the gauge-fixing procedure.”

A few comments are in order. The theory described by (5.1.5) should be seen as a one-dimensional
field theory living on the worldline with the bosonic fields z*(7), the embedding of the worldline into
spacetime, taking values in a D-dimensional target space M. On the worldline, one usually finds
it convenient to rescale the parameter 7 to take values on the finite interval I := [0,1]. A crucial

role is played by the scalar potential term V of quantum origin, see Ref. [146]. Tt is necessary since

IThe bosonic coordinates are understood to be shifted as #*&¥ — 42" + a*a” + bc”. This shift implements
into (5.1.5) the ghost action Sgn[z,a,b,c] = [ dr 459, (2)(a"a” + b*c”) which allows for the exponentiation of the
determinant factor hidden inside the path integral measure on a curved spacetime, i.e.

Dx = Hde(T)\/g(x(T)) = Dx/DanDc e Sen |

where Dz, Da, Db, and Dc are the standard translational invariant measures. In particular, these metric ghosts
create worldline divergences that compensate for the divergences generated by correlators of the ©#’s. Divergences
formally cancel out and one is left with a finite theory, whose remaining ambiguities are taken care of by choosing a
regularization scheme with a corresponding counterterm that remains finite.

2 As discussed in Ref. [145], the gauging of the parabolic subgroup allows the one-loop measure for the path integral
to be modified so that it projects ezactly onto the graviton state. Alternatively, the gauging of the entire SO(4) group
would result in the graviton plus unwanted contributions of topological nature.
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it contains the counterterm required by the regularization scheme one decides to use to define the
path integral and an additional potential needed to achieve nilpotency of the BRST charge at the
quantum level. The latter condition requires a value of Vzgrgt = %R in the Hamiltonian constraint,
see Chapter 4. Regarding the former, in the present chapter we adopt dimensional regularization

(DR) on the worldline, as used for instance in Refs. [113, 226, 227] in similar contexts, while reading

from [228] the counterterm Vor = —iR needed for the case of four supersymmetries, thus producing
an effective potential
2 1
V = Vgrst + Vor = (5 — 1) R :=QR (5.1.7)

which indeed is the one used in Ref. [146]. Finally, for computational purposes, it is convenient to
rewrite the angular integrations over the moduli 6 and ¢ in the complex plane. This can be achieved

by introducing the Wilson variables z := € and w := €', so to recast the partition function as

dz d - .
Z(T) = 7{ L plzw) / DzDaDbDe / DDy e 5Kl | (5.1.8)
2 2me i ABC
where the modular integration is performed over the circle |z| = 1, with the singular point z = —1

pushed out of the contour,” and with the measure on the moduli space being now

P(z,w) = %(z +213) C +w13) _ (z —w)?(2w —1) . (5.1.9)

In the next section, we set up the perturbative expansion for small values of T" of the path integral
(5.1.8), such that the full 7™ correction is an (n + 1)-loop expansion’ in the worldline theory, which

will allow us to identify the divergences in the effective action of pure gravity.

5.1.2 Setting up the perturbative expansion

Having at hand a path integral representation for the effective action, it is possible to set up the
perturbative expansion around the free theory. However, there are two issues to take care of in order
to be able to perform calculations. The first involves factorizing out the zero modes in the kinetic
operator in (5.1.5). Zero modes appear perturbatively once expanding around a constant metric and
when considering periodic boundary conditions. To this task, we parametrize the bosonic coordinates

of the circle (interpreted as a parametrization of the particle paths in target space) as
zH(1) = af + ¢ (1) , (5.1.10)

thus describing all loops in spacetime with a fixed base point zf (the zero mode that is integrated over
only at the end) plus quantum fluctuations with vanishing Dirichlet boundary conditions, indicated by
¢"(7) and thus satisfying ¢*(0) = ¢*(1) = 0. Note that the fermionic coordinates have no zero modes,

due to their antiperiodic boundary conditions. The second issue consists in expanding in Riemann

3Poles at z = —1 arise when computing perturbative corrections and are excluded by this prescription. The same
goes for w. Discussion on the regulated contour of integration for the modular parameters can be found in Ref. [124].

1Here, (n + 1) identifies the loop order of the worldline sigma model expansion. Crucially, the worldline path
integral remains a one-loop representation of the target-space gravitational theory.
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normal coordinates centered around zf, so to write the metric tensor and the spin connection as
follows [226, 229]

1 a 1 fo fo
guu('x<7—>> = Guv + gRa,ul/ﬁq qﬁ + év'yRam/ﬁq qﬁq’Y + Raﬁuu'ytSq q,ﬁqquS
. (5.1.11)
+ %RﬂaﬁaR075/\R>\Tevqaqﬁqvq697q6 + O(QG)
1 o 1 o B 1 I . o B o~ 4
wuab(x<7-)) = §Rauabq + gvaRﬁuabq q- + gvav/ngab + ﬂR aﬁuRwTabq q q'" + O(q ) (5112)

where

1 2
Ra,@uyvé = Q_OVJV’YROZMV,B + 4_5

and where we only kept the terms needed to obtain a perturbative expansion to order 7%, In (5.1.11)-

RauaﬂR'yay6 (5113)

(5.1.12) and henceforth, unless specified otherwise, we intend all tensor structures to be evaluated
at the initial point xf, thus factorizing out their dependence upon the worldline bosonic variables
g"(7). Finally, the Riemann tensor appearing in the four-fermions interaction in (5.1.5) has to be
Taylor expanded as well, around the same reference point zf;. The perturbative expansion of the
path integral (5.1.8) reads
21 = § L2 pi gy [ ape, Y 9E0) <e—5mt> , (5.1.14)
27 2me (47T)=

factorizing out for convenience the y/g(x¢) arising from the free ghost part of the action after func-
tional integrating, together with (47TT)7§ arising from the free particle path integral. The remaining
expectation value is to be evaluated using the Wick theorem on the free path integral, with the free
action being given by the quadratic part of (5.1.5), namely

1 L .
So[X] = /dT {ng (@i + a'a” +b"e”) + 0¥ (6] 0y — ;7)) Yoy | (5.1.15)

from which one obtains the worldline propagators of the theory, reported in Appendix 5.B.1. Higher
order terms form the interacting action Si,, to be analyzed later on. It is possible to recast (5.1.14)
in a more compact form introducing the double expectation value of the interacting action ((---)),

namely the average over the path integral and over the moduli space parametrized by z and w

<<e_si"°>> _ bz dw P(z,w)<6_si“t> : (5.1.16)

2m 211

Identifying the expectation values defined above as

o0

() =Y a0 — (=)= adT, L

n=0
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allows us to rearrange the path integral (5.1.14) so as to make explicit the Seeley-DeWitt coefficients

arising from the perturbative expansion

Z(T) = / deOQ 9(z0) [a0(D) + a1(D) T + ax(D) T* + a3(D) T® + O(T*)] . (5.1.18)
(47T

One can recognize that, while in the above sum a(D, z,w) = 1, its projected partner

D) = (D) = L f A ETNT OOy

D(D — 3)
2

(5.1.19)

gives the massless graviton physical polarizations in D spacetime dimensions when using the correct
measure P(z,w) in eq. (5.1.9). We have now made explicit our main task, namely to determine the

Seeley-DeWitt coefficient a3z(D) in the perturbative expansion on Einstein spaces.

5.1.3 Outline of the computation

We will now give a brief outline of the procedure, delegating the details of both the computation
and regularization of potentially divergent diagrams to Appendix 5.B. To systematically work out all
perturbative contributions to the desired order, one has first to identify and compute the connected
worldline diagrams arising from the path integral expansion. In order to do so, we report the

interacting action in (5.1.14) expanded to the desired order

Sint = /dT

2 1 17 v v
+ EROC/,LO— ﬁR'yaquaq qua + %RuaﬁaRa'yéAR)\Teuqaqﬁq’yqéqqu> (quq + ata + b'b )

1 /1 1 1
E <§Rauuﬁqaqﬁ + 6v'yRoa;u/,ﬁ’qaqﬁq7 + Q_OV‘SV'YROCMVBqaq/BquJ

1

1 « fo' 1 « 1 T @ 7,a .
+ (§Ro¢uabq + 3vaR,Buabq qﬁ + évavBR’yuabq qﬁq’y + ﬂR a,BuR'yTabq q5q7> w : ¢b q,u

1 - _
=T (Rabcd + qavaRabcd + §qaqﬁvavﬁRabcd) 1/1a ' wbi/f : ¢d - TQR ) (5120)
which we write in a more compact form as
1
Sint =IT (Sk1 + DSki + D*Sk1 + Ska + Sk3)
+ Sc1 + DScr + D2Sc1 + Sco (5.1.21)

-T (SF + DSp + D2SF) + TSy,

where the explicit expression of each term is obtained by comparing with the previous expression,
see also Appendix 5.B. Expanding the exponential in the path integral to order T, we obtain the
contributions that need to be path-averaged and computed using Wick contractions. We list them

here, leaving their systematic analysis to Appendix 5.B.2, where we also show more details on the
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intermediate steps of computation:

— . 1 1
e Sint o — SKIN — 8_TSK13%1 -+ SClch + §DS%1 + DQS(HSCI

(5.1.22)

1
§T2DS§ +T?D*Sg Sy

1 1
+ §TQS§HSF + ET?’S% +
where we have collectively denoted Skin the three-loop contributions arising from the pure kinetic
term, see (5.83.26). As an illustrative example, we shall show how to compute a contribution con-
taining all the main features of this type of calculation, namely the correction arising from the

. . =4
spin-connection vertex only”

1

(Sc1Sc2) = 5

Ra/mbRTﬁkvRﬂTcd/ <nggqlf% q1 Q1><1ZS ’ ¢87I)§ : ¢f> . (5‘1‘23)

01

The fermionic Wick contractions produce
RauabRTﬁ)\yRm—cd <1E(C)L ' 2/}81;; ' ¢ii> = _AAFji(Ta 0>AAFij(07 T)RauabRTB)\VRpra ) (5124)

where we introduced the N' = 4 fermionic propagator Asr, cf. Eq. (5.B.7). Evaluating then the

bosonic contractions one gets different Riemann tensor strings, which can be reduced using
1
RMVPURMVO[/BRPaU,B - QRMVpUR#VaﬁRPUOZﬁ : (5'1'25)

Recall that all the calculations have to be further carried out with two precautions, namely to use
Einstein spaces simplifications (see Appendix 5.A) and to perform the regularization using DR. Then,

collecting all terms one gets

1 loge? v

where in the graphical representation of the worldline Feynman diagrams full dots denote vertices, an
empty dot represents a derivative, a line denotes a bosonic propagator, and oriented lines represent

z-fermionic propagators. The first diagram has to be regularized due to the singularity carried by

®The subscript 01 in (5.1.23) (as well as in Appendix 5.3) serves as a shorthand notation to indicate henceforth
Jor = fol dr fol do in worldline integrals.
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the bosonic propagator *A®. In DR it has to be d-dimensional extended as outlined in the following:

C@ = /deU A (1,0)A(T,0)A(1,7)F(2,7,0)F(2,0,7)

— /dd+1t d™ s o Ag(t, ) A(s, )AL, 1) Tr (V¥ F(z,t,8)77 F (2, s,t))
= —/ddHt d™ s WAt 8) AL, 8)s At ) Tr (Y F (2,8, s)7 F(z, 8,1))
— / dd s (At s)A(s, t)A(t, ) Tr (F(z, t,8)AF(z,5,t) + F(z,t,8)@F(2,s, t))

— —/dea A1, 0)A(1,0)A(T,7)F(2,7,0)F(2,0,7)

_ C@ e (5.1.27)

where in reaching the last-but-one line we used the regulated Green equation for the component F'
of the fermionic propagator Aag, see eqs. (5.8B.7), (5.B.16) and (5.B.17) of Appendix 5.8, and then
removed the regularization by sending the extra dimensions to zero (d — 0). Finally, taking into

account the w partner of the integrals in (5.1.27), one gets the following result:

1

R z w
Sc1Sae) = [ — R0 RPPP R 4" + —— R? . 5.1.28
(Sc1c2) (120 nee 7 180D “”p") ((2 2wt 1)2) (0:1:25)

Once having worked out systematically all the corrections up to and including order 7% related to
the connected graphs, it only remains to exponentiate them and, finally, Taylor expand in 7" so as

to reach the desired order and get the full result.

5.1.4 Seeley-DeWitt coefficients

The calculation of the various terms in the perturbative expansion delivers the following coefficients

in the perturbative series (5.1.18), including the newly found as(D)

D(D — 3)

a(D) = 22 (5.1.29)
D? — 3D — 36

w(D)= 222N p (5.1.30)

12

5D — 17D — 354D — 720 D? — 33D + 540

as(D) = 0D R? 4+ o Riupa (5.1.31)
35D — 147D% — 3670D% — 135600 — 30240 7D? — 230D2 + 3357D + 12600

D) — R RE:
a3(D) 9072002 * 15120D wvpo
17D — 555D — 15120 D? — 39D — 1080

Rypo RP7P R + Ry RV RSP,

(5.1.32)

90720 3240
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The above expressions are understood to be gauge-invariant, as they have been calculated specifically
on Einstein spaces for the reasons previously discussed. As we shall discuss later, the newly computed
coefficient az(D) plays a key role in quantum gravity in six dimensions, as it is related to the
logarithmic divergences, hence it will be useful to read its value explicitly in this case as well. In
D = 6 it reduces to

799 3 —481 2 991 00&5 v 71 loaX Otﬁ
R 1680 WV po - 5040 Rp,ypa'Rp RO‘BM _ ﬁ Ra/ﬂ/BRup Rp > - (5133)

%lp—s = ~11319

Also, its expression on maximally symmetric spaces (MSS) may be useful for future reference. As we
are not aware of any such calculation carried out in the literature we list it here. Using the relations
in Appendix 5.A, we find that (5.1.32) on MSS collapses into

_ 35D% —217D° — 3257D* — 9239D? 4 37470D* + 1836720 — 302400

MSS 3
D R 5.1.34
as (D) 90720(D — 1)2D? o (51:34)

yielding in D =6
3181
MSS 3

-0 g3 5.1.35
“lp=6 = 53000 (5.1.35)

5.1.4.1 Ghost and Graviton separately

For future comparison with the results of the heat kernel method calculation, it is useful to project
on the degrees of freedom of the ghost and graviton respectively. To this task, we must use the right
measures in the path integral (5.1.14). These can be found generalizing to our case the worldline

partition functions of Ref. [224] leading us to

(z+1)P1
Pgh(Z,W) = 7; s (5136)
2+ )P (w+1DP 2+ 1)P2 (2 — w)?(wz — 1)
Py (z,w) = e + W . (5.1.37)
Indeed, note that
Py (z,w) — 2 Py (2,w) = P(z,w) . (5.1.38)

It is therefore possible to obtain the contributions to the Seeley-DeWitt coefficients coming only from
the ghost (graviton) projecting onto the desired Hilbert space via Py, (Py). Let us emphasize that
these results are not new per se since the heat kernel procedure requires calculating them individually
and then putting them together, as we shall see. What is new here is the possibility of obtaining

them also from the worldline viewpoint of the N/ = 4 particle. Therefore, regarding the ghost we
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have
af(D)=D (5.1.39)
D
a (D) = T+6 R (5.1.40)
5D2 + 58D + 180 D—15
gh Py = R? R? 5.1.41
2 (D) 360D + 180 ~ HvPe ( )
35D3 + 588D2 + 3512D + 7560 7D? — 62D — 714
(D) — + + OO ps RR,.,
45360D2 7560D w (5.1.42)
17D — 252 D —18 o
i Rupo R Rog” Ropus R R0,
45360 P R T T P
while concerning the graviton
gr 1
af’ (D) = §D(D +1) (5.1.43)
1
a8 (D) = 5 (D*+D—-12) R (5.1.44)
5D2 + 3D — 122) (D? — 29D + 480)
& D) = ( R2 2 5.1.45
a5 (D) 720 + 360 Rypo ( )
35D3 — 7D? — 1318D + 488 7D3 — 202D? + 3109D + 9744
&) — R3 RER:
a5 (D) 90720D + 15120D pas
17D?% — 487D — 16128 D? — 35D — 1152
R 1 URPUOC/BR& v (0% Hpor 04,30 .
90720 Hp gt 3240 Ry 7 1Ry

(5.1.46)

One can easily see that the coefficient ag(D) correctly reproduces the expected degrees of freedom
in D dimensions. Moreover, it is immediate to check that by summing up the contributions as
prescribed by (5.1.38) we obtain the correct total coefficients (5.1.29)—(5.1.32).

5.2 Heat kernel method

The gauge-invariant coefficients computed from the A/ = 4 spinning particle can be obtained in an
equivalent but completely independent manner by exploiting the heat kernel method. In this section,
we apply it to the case of Euclidean perturbative quantum gravity, to reproduce the coefficients

(5.1.30)—(5.1.32) and provide a strong consistency check for our computations.

5.2.1 Relevant formulae

We recall here, for ease of reference, the main equations from the prelude to Part I, which will be

needed to carry out the heat kernel computation. In particular, recall that an elliptic second-order
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differential operator can be written in the form
Q=-V5 -V (5.2.1)

and that the associated heat kernel K(z,2’;T) admits, for small Euclidean time T — 0%, the

coincident-point expansion

K(z,2;T) ~ (47T)~ ZTﬂa] : (5.2.2)

in terms of the local heat kernel coefficients a;(x). These coefficients determine the divergent structure

of the one-loop effective action, which can be expressed as
dT dPz /g =
F:——/ — exp 2 /— sTr Y T7a;(x) . 5.2.3
), T e} [ G st T (5:2:3)

The problem of finding the UV divergences of the effective action is then reduced to the computation
of Seeley-DeWitt coefficients for a generic theory, which has already been carried out up to ay(x)
[150]. For application to perturbative quantum gravity, we will consider here the first four coefficients,
i.e. from ag(z) to az(x). The fourth coeflicient as(x), in particular, has been computed for the first

time by Gilkey [230], and later confirmed by Avramidi through a fully covariant method [231].

We now list the general results for the coefficients corresponding to the operator (5.2.1) up to as(x),

as taken from [230, 232]. Consider an exponentiated form of the heat kernel series:

ZTjaj(x) exp{ (Z Tjaj(x)> }] . (5.2.4)

It is useful to define, for the sake of brevity, the remainder

sTr

Bi(z) = a;(z) — a;(z) , (5.2.5)

which is evaluated, up to the third order, as

1
Bo=p1=0, Pa= 041 , B3 = 606:3 + oo . (5.2.6)

6Tt is important to note that the notation we employ here for the Riemann tensor, Ricci tensor, and scalar is the
same of Ref. [146, 232], reported in Eq. (5.A.1). Some references, notably Refs. [104, 230], adopt different conventions.
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The coefficients a;(z) are given by

ap(z) =1, (5.2.7)

1
aj(x) = ERIL +V, (5.2.8)
a(m):1V2 lRIL+V JFL(R2 —RQ)IL—FLQQ (5.2.9)

2 6 \5 180 \ " mvee v 127w -

1

az(z) = o [18V*R +17(V,R)* — 2(V,.Rys)® — 4V, Ry VY R* 4+ 9(VoRyupe)* — 8RR, V>R
8 8
+ 12R"V ,V, R + 12R,,,,, V>R + o Bu B B = 2 Ry Rop R
16 44 80

—gRWR“pJTR”P” + ERWPURWW Rog" + 3RMJRﬁ“"ﬂﬂ]%”;r 5|1

2
T o7 [B(Viuo)” + 2700 120, V2O — 120, Q70" + 6 Ryurpo Q7 — AR 7D,

+6VIV +30(V,V)* + 4R, VIV'V + 12V, RV"V] .
(5.2.10)

They will be used in the next section.

5.2.2 Euclidean quantum gravity

Consider a D-dimensional Riemannian manifold (M, G) equipped with a metric tensor G having

Euclidean signature. The starting point for our treatment of gravity is the Einstein—Hilbert action,

1

APz VG [R(G) — 21] | (5.2.11)
where k? := 167Gy, being G the Newton constant, R(G) is the Ricci scalar computed from G, and
G := |det{G,}|. A cosmological constant A has also been included. By employing the background
field method, we split the metric tensor G into a fixed classical background g and “small” quantum

perturbations h, namely:
G (@) = g () + Py (2) - (5.2.12)

As a consequence of this splitting, the action (5.2.11) can be expanded in power series in the fluc-
tuations h. Since we are interested in the one-loop level of accuracy, we will be concerned with the

second-order term in h, which reads
D 1 v 2 1 2 1 v 1 ?
Sy= [ d%xy/g | =" (V +2A—R)hw+§h(v +2A—R)h—5 V'l = 5Vh
1 2N N% 1% 1 UL VP
-5 (R**h\Y — hh*™) Ry, — PR Ry | (5.2.13)

It is important to note that in (5.2.13) the Ricci tensor R,, = R,.(g) and scalar R = R(g), as

well as covariant derivatives V,, = V,(g), are computed with respect to the background metric g.
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The gauge symmetries acting on h and leaving the background metric g invariant are then BRST
quantized by introducing the ghost ¢ and antighost ¢ fields, and adding to the action the Slavnov
variation of the de Donder gauge-fixing function f, = V¥h,, — %Vuh, see for example [224] for further
details. The final result is

Sslh, ¢, ¢l = Sge|h] + Senlc, @], (5.2.14)

where

Serlh] = /de\/g {—}lhw (V> +2A — R) hy + éh (VP+20A—R)h

) . (5.2.15)
-5 (R**hy" — hh*") Ry, — §Wh"pRWp :
Senlc, ¢ = /dD:c g (Ve + Ruc”) . (5.2.16)

We are now able to identify from the actions S, and S, the invertible kinetic operators for the

graviton and ghost fields, denoted by F),,.g and F,,, respectively. By setting

1
Ser[h] = /de V9 éhWF’Wo‘ﬁha/g and  Sglc,¢| = /dD$ V9 e Fte” (5.2.17)

and exploiting the properties of Einstein spaces, we find

a 1 a a a a
FMV A == —5 (6#55 + 555,/) V2 - R# 1/,8 - R,U,IBV (5218)
1
FH = gk <V2 + 5R> ’ (5.2.19)

where the graviton operator indices are raised and lowered with the DeWitt supermetric

2

= 1 (9" + 979" = 9"9™) . Vwes = GpaGus + usGue — 50w es - (5:2:20)

| =

The reasons for immediately reducing to Einstein spaces — that is, to compute the coefficients directly
on-shell — are twofold. Firstly, this allows us a direct comparison with the worldline results, even
separately for ghost and graviton, since the on-shell condition is forced by the quantum consistency
of the N' = 4 spinning particle. Secondly, proceeding otherwise the results would not be gauge-
invariant, but rather would depend on the gauge chosen, as expected for gauge theories, see for

instance the recent analysis carried out in Ref. [233].

Since (5.2.18)—(5.2.19) are elliptic second-order differential operators, they can be treated within
the heat kernel expansion, and the coefficients (5.2.7)—(5.2.10) can be computed by identifying the
explicit formulae for 1, V and ,,. The ghost field configuration space is D-dimensional, and by

comparing (5.2.19) with (5.2.1), as well as recalling that

[V/M vl/]cp = R;WPUCU ) (5221)
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we conclude that the substitutions to be performed in the heat kernel coefficients (5.2.7)—(5.2.10) are

1 < o¢
1
V o SRi (5.2.22)

Q)P < Ru's .

[

Note that in this expression the indices u, v label the different elements of the gauge field strength
., which are D x D matrices whose components are given by the (spacetime) indices p, o. On
the other hand, for the graviton field the configuration space is $D(D + 1) dimensional (space of

symmetric tensors) and the substitutions to be performed are

1 < 6,,°°
V oo V00 (5.2.23)

(Q)po® © Rpe®
where
8,0 = % (6067 +0562) (5.2.24)
V™ =R, + RS (5.2.25)
and the commutator is given by a symmetrized version of the Riemann tensor
Vs Vilhos = Rpo™ b (5.2.26)

where .
R, = 5 (05Rs" y + 00 Ro® 4+ 62 R, + 0 R, ) (5.2.27)

At this point, the computations are tedious but straightforward, see Appendix 5.C for details. The
final results for the ghost and graviton fields separately are precisely the coefficients (5.1.39)—(5.1.42)
and (5.1.43)—(5.1.46) obtained from the Worldline Formalism. The total coefficients for the physical
graviton, according to the supertrace appearing in (5.2.3), as recognized also from (5.1.38), are given
by

Tr[a;] = Tr[af"] — 2Tx [a?h} : (5.2.28)

Again, the results obtained reproduce the ones coming from worldline computations (5.1.30)—(5.1.32),

providing a strong cross-check for the correctness of both.

5.3 On one-loop divergences of quantum gravity

The coefficients (5.1.30)—(5.1.32), which include the newly computed coefficient az(D), allow for

further investigations of the issue of divergences in the quantum theory of gravity. Thus, let us review
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some crucial results from the literature and discuss how our newly-calculated coefficient a3(D) fits
into the picture, thus providing us with additional confirmation of the validity of our result. We
focus our discussion on the spacetime of dimensions D = 4 and D = 6, as in these cases there are no
additional divergences on top of the one we have already computed (new divergences start to appear
from D = 8 onwards). The type of divergences arising in quantum gravity emerge naturally from
the representation of the one-loop effective action with a short proper time expansion, which we can

read both from the worldline viewpoint (5.1.18) and from the heat kernel one (5.2.3):

1 [~ dT dPz

C[gu] = —= / _ SV g(x0) [a0 + arT + asT? + a3 T3 + O(TH)] . (5.3.1)
2Jo T2 J (4m)2

We are interested in studying the UV divergences that arise from the T" — 0 limit of the proper

time integration. Setting D = 4 we recognize that possible divergences arise from the coefficients

ag, a1, as, with as being associated with the logarithmic divergence. In D = 6, also a3 gives rise to

an additional divergence, the logarithmic one in that dimension.

One may wonder how to relate the % pole of dimensional regularization in QFT, widely present in the
literature, with our situation. To address this point, it is useful to evaluate the proper time integral

term by term in (5.3.1), to display the gamma function dependence. We find

/0 P re™" = (m”)27"l (p— 3) : (5.3.2)

where p = 2,3 correspond to our cases of interest D = 4,6, respectively. Now, using dimensional
regularization, namely taking D = 2p — 2¢ and expanding the gamma function, we see the appear-
ance of the usual % pole as the leading divergent term: it corresponds precisely to the logarithmic

divergences seen in dimensional regularization [87].

In general, one has to deal also with infrared divergences: for the sake of our discussion, they can
be avoided either by introducing an upper cutoff in the proper time or by keeping a “small” mass

regulator m, as we have done above.

5.3.1 Pure gravity in four dimensions

It has long been known since the pioneering work of 't Hooft and Veltman [178|, that pure gravity
with vanishing cosmological constant is a renormalizable theory at one-loop in D = 4. It is free
of logarithmic divergences, while other divergences are not seen in dimensional regularization, and
in any case they can be eliminated by renormalization. The same does not hold in the case of a
non-vanishing cosmological constant, as found by Christensen and Duff [181]. Let us briefly review
these statements in the light of our calculations. Setting D = 4 in (5.3.1) we see that the different
powers of T give rise to the quartic, quadratic, and logarithmic divergences parametrized by ag, a;
and ag, respectively. From (5.1.31), we read
29 53

aslpy = —— R*+ "~ R?

0 15 oo - (5.3.3)
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These numerical values for the one-loop four-dimensional logarithmic divergences of quantum grav-
ity with non-vanishing cosmological constant coincide precisely with those calculated long ago by
Christensen and Duff.” The term proportional to wa o could be neglected, as thanks to the Chern—
Gauss—Bonnet theorem for four-dimensional Einstein manifolds it is proportional to a total derivative,
and thus eliminable from the effective action, but the remaining term proportional to R? cannot be
renormalized away by redefining the parameters of the Einstein—Hilbert action. The theory is not

renormalizable.

On the other hand, setting the cosmological constant to vanish, one finds that the on-shell background

satisfies R, = 0, and thus R = 0. The logarithmic divergence reduces to
as = —R? (5.3.4)

which in four dimensions is a total derivative, as discussed earlier, and can be eliminated from the
effective action. Thus, one recovers the result that the one-loop logarithmic divergences of pure
quantum gravity without cosmological constant vanish in four dimensions. This property does not
hold true anymore at two-loops, as found by Goroff and Sagnotti [234]| and verified by van de Ven
[235]. Returning to the one-loop divergences for vanishing cosmological constant, one finds that also
a1 vanishes. This leaves only the quartic divergence proportional to ag, which gives the number of
degrees of freedom of the graviton. It requires a renormalization of the cosmological constant back
to zero, which makes the theory rather unnatural in the technical sense of 't Hooft [236], but in any

case renormalizable at one-loop.

For arbitrary nonzero values of the cosmological constant, the quadratic divergence related to a; is

not vanishing anymore and its value at D = 4

8
ailp_y=—3 R (5.3.5)

reproduces the gauge-invariant result already computed in Refs. [224, 237|. It can be renormalized
away by redefining the Newton constant. Finally, the coefficient a3 gives rise to a finite term in
the four-dimensional effective action, but its physical meaning is unclear. It is gauge invariant, but
infrared divergences invalidate a local expansion of the effective action as delivered by the small

proper time approximation of the heat kernel, which is useful to locate the UV divergences.

"For comparison, one has to make evident the cosmological constant term with the on-shell condition (5.1.1), which
reads R = 4A.
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5.3.2 Pure gravity in six dimensions

The newly computed coefficient a3 (5.1.32), allows us to see what happens in six spacetime dimen-
sions. Setting D = 6 in the coefficients (5.1.29)—(5.1.32) we find

3 11 21

6L0|D:6 =9 ; a’1|D:6 = _5 R ) a2|D=6 — _2_0 R2 + 2_0 R/?Ll/pa (536)
799 481 991 71

- R3 e 2 _ R N JRPJaBRa pro_ Roz . RMPOV R 04,30 537

“lo=s = 11310+ os0 1 e~ 5oag e ST i (5:37)

that furnish the full list of one-loop divergences of quantum gravity with cosmological constant in
six dimensions. We stress that these coefficients are gauge invariant, and thus any other method of

calculation should reproduce these values.
A comparison with the literature can be made by setting the cosmological constant to zero and

considering the logarithmic divergence parametrized by asz, which reduces to

991
D=6 " 5040

71
Runpo R Rop"” — —— R R*7V R, . (5.3.8)

3 180

These two remaining terms are proportional to two invariants that are generally independent of each
other. However, it turns out that in six dimensions there exists an integral relation that connects
them. It involves the use of the Chern—Gauss—Bonnet theorem and the introduction of the Euler
character yg(M), as explained in Ref. [238] and discussed more extensively in Appendix 5.D. Bottom

line, we can further simplify the coefficient az, which becomes

9
——— R R Rog" . (5.3.9)

“p=6 = 15120

X
It encodes the one-loop logarithmic divergences of pure gravity in six dimensions. We are now in
the position of carrying out a comparison with the literature: our value in (5.3.9) is in complete
agreement with van Nieuwenhuizen’s pioneering calculation [179], besides a computational error in
the numerical factor in his equation (81), already noted a year later by Critchley [180]. Furthermore,

confirmation of this value is also found in more recent works, see for instance [239, 240)].

As for the general case of arbitrary cosmological constant, we are not aware of similar calculations,

although they would certainly be interesting to pursue to further verify our findings.

5.4 Final remarks

In this work, we have investigated the computation of counterterms necessary for the renormal-
ization of the one-loop effective action of quantum gravity with cosmological constant in arbitrary
dimensions. Our results are complete for dimensions D < 8. The counterterms have been computed

on-shell, so they furnish gauge invariant quantities characteristic of the quantum theory of gravity.
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Our main contribution was the determination of the Seeley-DeWitt coefficient a3(D) of perturbative
quantum gravity, which to our knowledge has never been reported in its full generality in the lit-
erature. When restricted to six dimensions, it parameterizes the logarithmic divergence which was
previously known only for the case of vanishing cosmological constant. To cross-check our calcula-
tions, we have used two distinct methods: a first-quantized description of the graviton in terms of

the N = 4 spinning particle and the time-honored heat kernel method, finding complete agreement.

While the utility of heat kernel methods is well-known and they keep being employed in many
contexts, see for example [241, 242| for some recent applications to trace anomalies, first-quantized
methods for treating the graviton with the N' = 4 spinning particle are more recent and we have
championed them here to show their usefulness. In this respect, it would be interesting to extend
the present analysis to the first quantized model that describes the N = 0 supergravity [83], i.e.
the particle theory that has in its spectrum the graviton, the dilaton, and the antisymmetric tensor
B, as well as extend the present methods to the U(N') spinning particles [243-246] to find a useful
first-quantized way of describing gravitational theories on complex (Ké&hler) manifolds, and finally
also consider double copy features on the worldline [203] to address gravitational aspects from a

different perspective.

Appendices

5.A Basis of invariants on Einstein manifolds

We use the following conventions for the curvature tensors:
V., V, VA = RW’\,,VP . R, = R,\,/\y , R =R", > 0 on spheres. (5.A.1)

A D-dimensional Riemannian manifold without boundaries can be described through an (infinite)
basis of curvature monomials K'. These are geometric invariants of order n in the Riemann tensor,
Ricci tensor, and scalar curvature, with two covariant derivatives counting as a Riemann tensor.
They have been introduced by [248] and recently reviewed in Refs. [249, 250]. At order n = 3 we use

the basis considered in Ref. [251] which is made of 17 independent invariants:

ICI = R3 ’CQ = RR?W IC?) = Rwapa
Ki= R, R,"R* Ks = R, Rype RPH7 K6 = R RFPARY oy
Kr = R Rys™ Rag  Ks = Rupow PP Ro 5y Ky = RV2R
(5.A.2)
Kio = R,, V>R K11 = Rywpe V2RI Kis = RV, V, R
Kis = (VuRp0)? Kis = V,R,, V"R Kis = (VaRuwpo)?

IC16 - V2R2 ’C17 - V4R .
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All other terms cubic in the curvature are linear combinations of the above invariants after taking

into account the symmetry properties and the Bianchi identities of the Riemann tensor.

On Einstein manifolds, the basis (5.A.2) can be reduced further. Einstein metrics are defined by the
equation
R,uu - )\g;uz (5A3)

that upon contraction leads to R = AD. From the second Bianchi identity one finds that R and A

are constant for D > 2
VIR, = %V,,R — (D-2)V,A=0 — V,R=0 (5.A.4)
and then from (5.A.3), one finds that the Ricci tensor is also covariantly constant for D > 2
VoR,, =0. (5.A.5)
Let us consider now the second Bianchi identity, namely
VoRuvag + VeRupa + VaRup, =0, (5.A.6)
by contracting the above identity with g”# and using (5.A.5) one gets
VRap =0 . (5.A.7)

We are now in the position to reduce the six-dimensional basis of invariants (5.A.2) on Einstein

manifolds to a minimal set of independent ones, namely

& =R, & =RR?

nvpo 9

E3 = Rupo RP7P Roph &4 = RoppR""R,*P, . (5.A.8)

Indeed we have

1

1
Ko =Kio=0, /C2:551, K4:—K5:ﬁ

1
51 5 ICG = 552 . (5A9)

Moreover, the only term of (5.A.2) containing covariant derivatives and non-vanishing on Einstein

manifolds, i.e. K;1,” can be written as
Ruas V2R = —R,,05V, (VP RMP™ + VORMPP) = —2R,,,5V V'’ RP*
= —2Ryap (VIV,RIMW 4+ RORMH 4 RO RY + RO RN 4 Ry R
2
= —2R,0s R, \RM + L R, ox — ARuwap R, AR

2
= —Ryuas R AR + HRRas + 4R,as R RN,

2
= 56— & &, (5.A.10)

8Since, up to a total derivative term, we have K15 = —K1;.
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where we made use of the second Bianchi identity, antisymmetry of the Riemann tensor and

[vom Vﬁ]RMV,DU = RaﬁukR/\upa + RaﬁVAR,U)\pO' + RaﬁpARuu)\a + RaﬁaARuupA . (5A11)

Finally, let us discuss how the basis (5.A.8) further simplifies on maximally symmetric spaces (MSS),

which form a subset of the Einstein ones, where the Riemann tensor is given by

RMVOéﬁ = ) (guaguﬁ - g,uﬁgua) . (5A12)

_R
D(D—1
The invariants previously defined in (5.A.8) all collapse to &;, and one finds

2 4 D -2
&= —+=E1, &= "6, 54:—m

D(D —1) D2(D — 1) & (5.A.13)

These relations allow us to evaluate the newly-computed coefficient as(D) on MSS, giving (5.1.34)

as a result.

5.B  Worldline computations

5.B.1 Worldline propagators

The worldline propagators for the N' = 4 spinning particle descend from the free action (5.1.15).
Regarding the bosonic quantum fluctuations ¢*(7), we considered DBC during the evaluation of the
derivative expansion of the effective action, namely ¢*(0) = ¢*(1) = 0. This leads to the DBC

worldline propagator defined by the two-point function
(¢“(1)q"(0)) = —2T'g"" (x0) Ap(7,0) , (5.B.1)

where

Ap(r,o)=(tr—1)ob(tr—0)+(c—1)70(c—7) . (5.B.2)

We also list the derivatives of the DBC propagator

*‘Ap(r,0) =0 —0(c —T) (5.B.3)

AY(r,0) =17 —0(1 —0) (5.B.4)
‘AL (r,0) =1—46(1 —0) (5.B.5)
*“Ap(r,0) =0(1 —0) (5.B.6)

Concerning the fermionic fields ¥ (7), we list here their propagator

a 7,0 __ sab 7. 0) = ab F(Z’T’J) 0
(Wi (o) (7)) = 6 Anp ij(T,0) =0 ( 0 F(w7770)> (5.B.7)
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where each entry in the matrix is a A/ = 2 fermionic propagator [124] defined as

F(z,7,0) =29 ( ) (z0(r —0)—0(c —71)) (5.B.8)

z+1

Fluw,7,0) = w 00 (w#“) (@O — o) —B(c — 7)) . (5.B.9)

Next, we have the ghost variable propagators, defined as

(a*(1)a"(0)) = 2Tg" (w0) A, (T, 0) = 2T'g" (20)0(T — 0) (5.B.10)
(V(r)c (o)) = —4Tg" (20) A, (7, 0) = —4T'g"" (20)0(T — 0) . (5.B.11)

As previously stated, the calculation involving these propagators may result in products/derivatives
of delta distributions, which are ill-defined, but also divergent quantities such as 0(7, 7), therefore
one needs to regularize the path integral. In the present chapter, we chose worldline dimensional
regularization, which consists in continuing the compact time direction with the addition of d non-
compact extra dimensions, i.e. extending the space 7 € [0,1] — t* = (7,t) € [0,1] x R". More
details can be found for example in Ref. [186]; here we list the dimensional regularized expression of
propagators, exploited during intermediate steps when performing computations. The d+1 extended

propagators read

Ak —2 .
Ap(t,s) = i i ik:(t=s) 5.B.12
p(t;s) / @)t 2= (e + 1€ sin(7mmr) sin(rmo) e ( )
ddk S ; : ik-(t—s) d
Agn(t,s) = By > " 2sin(rmr) sin(rmo)e =6(1 — 0)0(t — s) (5.B.13)
™
m=1
dk 2y + oy —0 ,
F’(Q7 t, 5) = — / - eZmT’(T—J)ezk(t—s) (5B14)
(2m)d re%:l (27r)? + k2 — 02

2

where in the dimensional regularized expressions one has t as d-dimensional vector and v are the
Dirac matrices in the (d 4+ 1)-dimensional extended space. FEach extended worldline propagator

satisfies a generalization of its own one-dimensional Green equation

0,0"Ap(t,s) = 8 (t — ) (5.B.15)
(5 + 2'9) F(0,t,8) = dar(T — 0)d%(t — 5) (5.B.16)
F(0,t,s) (—3 + 2'9) = 0ar(T — 0)0%(t — 5) | (5.B.17)

where dar is the delta distribution acting on antiperiodic functions on [0, 1] and where a slashed
derivative is the usual contraction between derivative and gamma matrices. For computational
purposes, the index contractions in d + 1 dimensions serve mostly as a bookkeeping device to keep
track of which derivative can be contracted to which vertex to produce the (d + 1)-dimensional delta
function. The delta functions in (5.B.15)—(5.B.17) are only to be used in d + 1 dimensions; then,

by using partial integration one casts the various loop integrals in a form that can be computed by
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sending d — 0 first. At this stage, one can use the one-dimensional propagators (5.8.2)—(5.B.7), and

7% =1 (with no extra factors arising from the Dirac algebra in d + 1 dimensions).

5.B.2 Analysis of perturbative contributions

In this appendix, we will give the essential details on the evaluation of the path integral average
and its subsequent modular integration (5.1.17), which produces the Seeley-DeWitt coefficients to
be inserted in (5.1.18). As anticipated in Section 5.1.3, in order to find all the possible contributions
to order 7% we have to expand the exponential with the interacting action (5.1.20), written more

compactly as in (5.1.21) which in particular carries the following vertices

St = / a7 3 Regus a°d” (3" + 1) Sor = / e (5.B.18)
DSer = [ dr §VaRpum d'a°* 00 . D*Sor = [ dr VL VaRun a3 0 | (5519
Sea = [ 7 L asuRor 0 00" S = [ dr Rawa 0005507 (5.8.20)
DSp = / 7 ¢*VoRapea 0" - 0" - | D*Sp = / dr %qaqﬁvaVﬁRadezﬁa-MC-wd , (5.B.21)
Sy = —/dT OR . (5.B.22)

Through Wick contractions they result in a plethora of different terms, most of which either give
rise to disconnected diagrams (so that they are easily taken care of afterward, as connected diagrams
exponentiate and there is no need to compute them anew) or can easily be shown to vanish. To start
with, we see that the vertex Sy in (5.13.22) does not depend on ¢, ¢ nor on ¢, thus it can be taken
out of the path integral and it remains exponentiated (as will be all connected worldline diagrams).

Let’s see some other illustrative examples. For instance, a disconnected diagram arises from the term
1 9 )
—gT(SKlSF> ~ ~ disconnected . (5.B.23)

Other diagrams can be shown to be zero exploiting (anti)symmetry of the tensor structures and/or

of the resulting propagators, like

L
32772

1
7 (Sk1Ser Se) ~ Ry Ryw™ Ropos = 0 . (5.B.25)

512(15(31) ~ Ruuab(’&a : Zﬁb) =0 (5B24)

Lastly, others are simply zero after explicitly calculating the integrals, as happens for (ScoSF).
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We report now the surviving contributions (5.1.22) in full glory:

()|, = (Ski) (A)
1 A Y e O\ /,.a b.c d
— %_TRa,u,uﬁRq/)\abRcsecd qo d0 90 Qo 4191 4595) (Y - Y1y - ) (B)
012
—{—LR R R av B X p\/7a bc d C
48 apabdl Bivtlpred o <C]0 91 > <¢0 Yoty ¢1> ( )

1 . o 3 Ja .c
+ 15 VaRauaVaRowed | (i a5 dvaral) (05 - vt - vf)

01 D
+%VQV5RAWRM 01(61’6‘Q8615618621”czi’> (06 - o5 - o) "
+ gRWngdRefgh 012<q'gqrq3qf><zz3 SPS - is - ) (E)
+ GRQdeRefghRm 012@3 PGP YO - ] O - PRl - - 4g) (F)
4 %vaRabcdngefgh /O g (0 -y - it o - 0l o

2

T cQ 7.a 7.c e 7
+ 7vaVﬂRabcdRefgh/ <qo q€><w0 : ¢8 w[) . W)l% ' w{ wi] : ¢?> :
01

We decided to keep both the ghost fields and the term Skin implicit so as not to further burden
the notation, and we combined the two terms of pure spin connection with covariant derivatives
%DS(Qjl + D?Sc1Sc1 ineq. (D) and the two terms of the Taylor expansion of the four-fermions action
sT?DSE 4+ T*D*SpSp in eq. (G), for reasons that will become clear shortly thereafter. Below we

illustrate the main steps of the calculation for each contribution.

(A) The first contribution we called Skin to indicate economically the sum of all terms arising only
from the pure kinetic part of the interacting action. In the notation previously presented it

would read

1
Sin = ———_53 psz, 4+ 2K

384T3 32T2 16T2 (SK? +D SKI) - _SKS . (5.B.26)

It has already been computed in Ref. [226] (eq. 20) and can be read out, translated in our basis

(5.A.8), from the exponential of connected diagrams as

(SkIN) = = + -—= —53 —54

TS [ 16& 2& 17. 28
—2 . B.2
7l ( 9D 3D ) (55:27)

(B) Regarding the contribution obtained by coupling the bosonic kinetic term and the spin connec-
tion, once the contractions have been evaluated, one can use integration by parts and DR to

reduce integrals to a set of independent ones in z, modulo their w partner.” We list here such

9This should also be understood for forthcoming worldline integrals when the fermionic integrands depend only on
the Wilson variable z.
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integrals
2
A(1,0)A%(1,0)°A(T, p) A (1, p)F(2,0,p)F(z,p,0) = —————— | 5.B.28
[ ARG A A o) = s (B2
1 z
AT, p)° AT, T)A(1,0)A(0, p)F(2,0,p)F(2,p,0) = ———+—— , 5.B.29
| AN A D G )P 0) = s (3B29)
so that the final result for —g(Sk153¢,;) reads
& 1 z 1 w z w
32 3
— | - — + 17 |— — . 5.B.30
D[ 90 (z +1)? 90(w+1)2] 3{ 60 (1 + 2)° 60(1+w)2} ( )

(C) The contribution of pure spin connection has already been evaluated in Section 5.1.3; we report

here the result for completeness:

(Se1Scn) = (%% + %Osg) [(ij G j: 1)2} . (5.B.31)

(D) The contribution of pure spin connection with covariant derivatives is made up of the sum of
two pieces: using Einstein manifolds simplifications one can collect the whole result, with only

the following diagrams to be evaluated

z

/01 *A*(o, 7)Ao, 7)Ao, T)F (2,0, 7)F(2,7,0) = BerE (5.B.32)
z
*A* A A F F = — 5.B.33
| wenAenAe P on P = G (GBS
getting the final result
1 9 2 - T3 z W 52
<2DS(;1 + D Sc1501> = =360 {(z 1 + o 1)2} (QD — &+ 484> : (5.B.34)

(E) This is produced from the coupling of spin connection to the four-fermions vertex. The list of

independent diagrams one needs to evaluate is

22

°A° A F F F F = .B.
| AR P ) P )P 0 0) Fe00) = ~ 5 (5.B.35)
/ A*(0, 7)A (0, 7)F (2, p. 7V F (2,7, 0)F (2, 0,u)F(2, p, p) = _ D) (5.B.36)
012 ) ) ) ) 7 Y ) 7 ) Y 48(Z+ 1)4 )
W
Ao, 7)A* (o, 7)F F F F = - 5.B.37
| e8I P )P0 Pl )P 1007) = oy + (5837
such that the final result reads
1 E | 2(2-17  ww-1)>
<—T2S(%15F> =T°= - .
2 D 112(z+1)"  12(w+1) (5.B.38)

22 w2 Zw

12(z+1)4+12(w+1)4+3(z+1)2(w—|—1)2

+T3& {
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(F)

The one arising from the pure fermionic vertex is quite tricky to evaluate at once. To simplify
the calculation, it is possible to exploit the subtle double copy structure underlying the N' = 4
spinning particle, rewriting this term as a sum of contributions coming from the two copies of
the N/ = 2 particles, i.e. for the two values of the internal index ¢ = 1,2. This allows us to

rewrite the above term as

1 1 1 1 1 1
=S5 = 251(2) + 28 (W) + =S + 551(2)S3 (W) + 551(2)*Sa (w)
1 1 1 1 o
+ 5512(2)Sm1x + 551(2)5311)( + §S§<W)Smlx + §SQ(W)Sr2nix + Sl (Z)Sg(w)smix .
In the previous expression, we defined for simplicity the actions
Si(z) = / dr T Ropea 0 W00 01 ¢ (5.B.40)
Spmix = / A7 (T Rapea V™ W000* 95 + 1 45 2) (5.B.41)

where we explicated the flavor index. Once performed the contractions with Mathematica,
based on the zTensor package [252], we further simplify the result by reducing tensor structures

using the Bianchi identity as follows

1
~&5 (5.B.42)

Rog"" B Ry = 5

1
Ry s R R’ = 16+ é (5.B.43)

Once evaluated the fermionic diagrams our final answer for (%T:)’SE!) is

& {_ (—14+2)%22(14+ (-8+2)2) (—1+w)w(l+(-8+ w)w)]

D? 6(1 + z)6 6(1 + w)°
N & [_(z —1)%22 C(w— 1)%w? o 2(=1+ 2)22w o 2z(-1 +w)w }
D (24 1)8 (w+1)8 (1+2)4(1+w)? (1+2)2(1+w)! (5.B.44)
L& {24 — 223 4 22 N w! =2 4w 222w B 222
6(z + 1)° 6wt (1+2(1te)? (1+ 22(0+w)!
403 423 dwz
e {_3@ +1)5 3(z+1)6 3Bw+1)2(z+1)%(w+ 1)2]

Finally, one has the term coming from the Taylor expansion of the four-fermions interaction,
made of two pieces. Just as in the (D) case, one can collect them into a single one working on
the tensorial structure and using Einstein manifolds simplifications. The resulting diagrams to

be evaluated are

2

/01 A(T,T)F(z,0,7)F(z,0,7)F(z,7,0)F(z,7,0) = —m , (5.B.45)
/0 AP0 ) (e o) (w0, 1) F7.0) =~ 1‘;22(2 e (BB

since the partner diagrams A(7,7) — A(7,0) can easily be seen to be proportional to the
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above. The final answer for (T2DSE + T?D*SpSk) is then

22 w? 2W Es
T? + + } (2— — & +4E ) : 5.B.47
12+ 2w+D)" 3¢+1)(w+n? "D T ( )
5.B.3 Summing up all the pieces
We can collect the result of all the computations above as follows
& &y
asz(z,w, D) = ¢o(2,w) = + c1(z,w) = + ca(z,w) E + c3(2,w) &4 (5.B.48)

D? D

with the coeflicients

1 2(2 =8 +1)(2-1)° (w-1’w (W -8w+1)

= — — 5.B.49
oz w) = —5555 6(z + 1)° 6w + 1) ’ ( )
1 2 w 2(z—1)? (w—1)>w 22 w?
cl(zaw) = - - + +
7560 90(z + 12 90w+ 12 12(z + 1) 12w+ Dt 6z 18 6w+ 1)
21 (w1 2w2(2 -1 2w 1) w2 22w
(z+1)8 (w415 (w+12(z+1)* (w+DHz+1)2 3:z+1 (w+1)7
(5.B.50)
17 z w (2 —1)%2%2 (w—1)%w?
co(z,w) = — - + +
15360 180(z + 1)? 180w + 12 6(z + 1)° ' 6(w + 1)
2 2 (5.B.51)
_ 2wz _ 2wz
(wW+12z+1* (w+1DHz+1)27
(2.0) 1 z w N 22 N w? N 4® 423
c3(z,w) = — — - — :
R 1620 90(z+1)2  90(w+1)2  3(z+1)" 3w+1)* 3w+1)6  3(z+1)8
(5.B.52)

At this point, in order to get the full T correction, we first need to recall the connected diagrams

coming from the first- and second-order expansion of the path integral, namely

ai(z,w, D) = (% +O- o j ¥ j: 1)2> R, (5.B.53)

oewor= (a5
E

(s (o e are ) B eyt e e

= fi(z,w) % + Ba(z,w) waw : (5.B.54)

which are in complete accordance with the results of Refs. [145, 146] and indeed reproduce the a;
and as coefficients (5.1.30)—(5.1.31). Now we can move to the exponentiation of all the connected

diagrams, including the new results. The expectation value <e*Si"t> in (5.1.17) can be compactly
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written as

<e_si“°> = exp

3 R3 R RZVPU oaf v oV afs 4
+T Co ﬁ +C T + Co RH”PURP Rag'u + c3 RauyﬁRﬂp Rp s |+ O(T )

R2
TOél R + T2 (61 5 + Bz wapa)

(5.B.55)

The final step consists of Taylor expanding the exponential to the desired order, namely
s 3 of  oqfy Co 1 4
<€ mt> T3:T F+T+ﬁ €1+<04152+5> 52+CQ<Z7W)€3+03(Z,W)84 +O(T ) .
(5.B.56)

We obtained our final answer for the path integral average (5.1.17). In the end, one is left only with

performing the modular integration, i.e. the double expectation value {(e~iu)) defined in (5.1.16).
In doing so, we can choose the appropriate measure P(z,w) to project only on the ghost, graviton,

or total coefficients. This gives our final results of Section 5.1.4, in particular the newly-computed

coeflicient
(D) 35D* — 147D3 — 3670D? — 13560D — 30240 £ 4 7D3 — 230D? + 3357D + 12600 <
a o
5 90720 D2 ! 15120D 2
17D? — 555D — 15120 D? —39D — 1080
Es+ Es . (5.B.57)

90720 3240

5.C Heat kernel computations

The fourth heat kernel coefficient for the ghost field is computed from the general formula (5.2.10),

by performing the substitutions (5.2.22). It is convenient to write

1 2
—Ag[R, R, Rupo] + = Ban| Ry Ry Ryvpors Qs V] (5.C.1)

h
of'(v) = o 6!

where A,y and By, are two (involved) functions of the metric invariants and of the gauge field
strength, as reported in (5.2.10). Let us start from Agy,: six of the first eight terms vanish identically

since they are all proportional to covariant derivatives of R, R,, or R except from the two

UV po 5
proportional to (Vo R,,0)% and R, V2R, Recalling that Tr[6%] = D and using (5.A.9), we are

therefore left with

208 64 16
Tr[Ag] =D (SRW,MWRW“ = 5 BB Ry Rg R — == Ry R o R
44 80
_’_ER#VPURpUaBRaIBMV + ERquJRuap,BRVaUIB> <5C2)

16 2 17D 28D
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We now compute Byy,. Since (€2,,)", = R,,”», the second term of By, in (5.2.10) vanishes identically;

moreover, as V « R, the same occurs for the last four, leaving us with

Tr [By] = 4Tr [, V2] — 12Tr[0, 2,7 Q"] + 6Tr[Ryp0 Q¥ Q] — 4Tr[R,, Q470 ]

4 o op s (5.C.3)
- D 2 3 4
where all the traces are computed by explicit substitution, according to (5.2.22),
Tr[Q,"Q,7Q,/] = Tr [RaﬁM”RBW"RW(SG“} = RQB#”Rﬂw"RVM“ =-&, (5.C.4)
Tr[Rywpo 0 Q) = Runpe Tr[R%" R 7] = Ryypoe RO RSP = =& (5.C.5)
g v (87 o} 14 (6% ag 14 1
Tr[R, Q] = R, Tr[R%" RV, | = R R R, = ~5& (5.C.6)
Going back to (5.C.1) we conclude that
1 D — 84 17D — 252 D — 18
Tr 0§ (2)] = —5E £ £+ "¢, 5.C.7
Hes @] = ~553505 T Tme0n S T asse0 T 1620 o (5.6.7)

which however does not provide the full coefficient for the ghost, since we still have to add the term
Ps defined in (5.2.6), which turns out to be

1 3
=2 (o) +afhaf
6 (5.C.8)
1 1 1 3 1 1 1 1 e
= (=+= )R S l=+=)R| |—= (R, — R+ —QF
s 55 5) 8]+ |7 (G 5) B [ how — B+ 50
and taking the trace
5D% + 54D + 180)(D + 6) (D +6)(D — 15)
T [ gh ] _ £ £ . C.
HERC 6480 ! 1080D 2 (5.C9)
The overall result for the ghost is
3 2
- [a%h (x)] _ 35D° + 588D + 3512D + 7560 :
45360D2
(5.C.10)
7D? — 62D — 714 N 17D — 252 +D—185
7560 2 45360 * " 1620 *

and corresponds to (5.1.42). To compute the fourth heat kernel coefficient for the graviton, we start
again from the general formula (5.2.10) and perform the substitutions (5.2.23). It is once again more

time convenient to split

1

2
ﬁAgr[R, Ry, Ruvps) + = Ba|R, Ruw, Ryuvpos Qu, V] (5.C.11)

af (z) = G

as we did in (5.C.1) for the ghost. By inspecting more closely the substitution rules (5.2.22) and
(5.2.23), though, it is clear that A, and Agy, differ only by the trace of the identity operator 1.
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Using (5.C.2), we find in particular

D+1
Tr [Agr] = 2

17D 14D
! ) | (5.C.12)

8 1
Tr [Agh] - (D + 1) (_Q_Dgl + 552 + 1—883 + 754

while for the computation of By, we can repeat the previous observations, and consider the only

non-vanishing terms

Tr By = 4Tr [0, V2] — 12Tr[0,,7Q,"]
+ 6TY[ Ry po 27 2°] — ATr[R,, Q0°Q,] + 30Tx[(V,V)?] (5.C.13)

= AP ¢, a1 &, 4(D 1 92) £,

where we need to compute the traces

Tr[,7Q,7Q," = — (D +2) & (5.C.14)
Tr[Rpe V%) = —(D +2) & | (5.C.15)
D+2
TY[R,, Q0] = —T+ & (5.C.16)
Tr[Q,, V"] = —(D +2) (%82 — &+ 4€4> , (5.C.17)
2
Tr[(VaVw)?] = =3 (552 — &+ 4€4> : (5.C.18)

Going back to (5.C.11) we conclude that

D+1 D? — 167D — 7896
T (z)] = — £ &
g ()] = —55z0p &1 F 15120D 2 (5019
17D2 — 487D + 21672 - D2 — 35D — 3312 . o
90720 3 3240 4

The last step is to compute the term S defined in (5.2.6), which is the sum of the two terms:

1 r\3 1 1 3 af 1 2 of 1 o af o AT af
6 (a% ) = 6 (2—16R (5#1, + ER V#V + §RV'LWP Vpo‘ + V#V P Vpg V/\T ; (5020)

1 1 1 1 A 1
r_gr af af 2 2 AT 2 afBy72 AT
aFaf = (aRa,w +V,, ) {@ (RWW L ) bos™ + 75 (D) s } LA
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where the following traces are to be computed:

1
Tr[4,, "] = FPD+1), (5.C.21)
[V, ] =-R, (5.C.22)
Tr[V, "V, *F] = 3R, (5.C.23)
Tr [vw VNV, aﬂ — 88— &, (5.0.24)
af ) AT o 2
e[V, (92),, "] = 58+ 38 | (5.C.25)
2
Te[V,, VY, V] =3 (552 — &+ 4&) : (5.C.26)
leading to
. 5D% — D2 — 186D + 72
Tr[f5"(2)] = 12960 D &
, ) (5.C.27)
D3 —29D2? 4 468D + 2520 _, 5 .4 2.,
2160D & 1253 + 3‘94 '
In the end,
Tt (2)] 35D% — 7D? — 1318D + 488 . 7D3 — 202D2 + 3109D + 9744 .
3 - 90720D ! 15120D 2 (5.0.28)
17D% — 487D — 16128 e D? — 35D — 1152 P o
90720 3 3240 4

which corresponds to (5.1.46). By summing the ghost and graviton coefficients according to (5.2.28),

we end up with

35D% — 147D3 — 3670D2 — 135600 — 30240 7D3 — 230D2 + 3357D + 12600
Trlas(x)] = 90720 D &+ 15120D 2
17D% — 555D — 15120 D? — 39D — 1080
£ I3 5.C.29
90720 3t 3240 4 ( )

which corresponds to (5.1.32).

5.D Topological terms in even dimensions

In order to display the cancellation of the one-loop divergences of pure gravity in four spacetime
dimensions, and analogously their resilience in six, we exploit the Chern—Gauss—Bonnet theorem,
which allows us to compute the Euler character yg(M) of a manifold M as a volume integral of the
2-form R := R"  ,dz® A dz?, namely

XE(M> - (47T)d //\4 5u1y1..4,u,dydR'u1V1 VANRRRIVAY R’udl}d , <5D1)
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where D := 2d is the dimension of the manifold, assumed here to be even.'” In local coordinates,
(5.D.1) becomes

1 (67 « v 1%
Xe(M) = W/ \/’ 5 WO OO R LRI (5.D.2)

It is possible to prove that xg(M) defined in this way does not depend on the metric settled upon
M, and is fixed only by the global topology of the manifold. For D =2 (d = 1), (5.D.2) becomes

1
Xe(M)lp_y = 7o /d%\/g R, (5.D.3)
T
which is proportional to the Einstein—Hilbert action, while at D = 4 (d = 2) the Euler character
reads )
XEM)lpoy = 5 / Yo/ (R — AR R 4 Ry R (5.D.4)

On Einstein spaces the first two terms in the integrand of (5.D.4) cancel off, and therefore we are
left with

1
xE(M)|p_y = 302 / d*2\/g Ryupe R*"7 = / d*z\/g E, . (5.D.5)
Therefore, the third heat kernel coefficient Tr[ay(z)] o< R2, , is proportional to the Euler density E,

and hence is a total derivative, which can be neglected in the effective action. This result is no more

true when A # 0, even if we drop the total derivative term corresponding to Euler density.

In dimension D = 6 (d = 3) the Euler character is [253]

1
XE(M)|D:6 = @ / dﬁl’\/g (4]C1 — A8ICo + 64K 4 4 96K 5 + 12/C5 — 96/Cq + 16KC; — 32]C8) ,
s
(5.D.6)
which on Einstein spaces reduces to
1 6 4
XE<M>|D:6 = m d .T\/g 5(‘:1 — 452 + 1653 + 3254 . <5D7)
The condition A = 0, that is R = 0, forces & = & = 0, so that (5.D.7) eventually becomes
1
This shows that, up to a total derivative term

Thus, at dimension D = 6, even with A = 0, the perturbative quantum gravity effective action is

not free of logarithmic divergences.

07f D is odd, the integral (5.D.1) vanishes, so that the theorem does not provide a useful way of computing xg(M).






Chapter 6
Heat kernel coeflicients in massive gravity

In this chapter, we employ the massive model developed in Chapter J to carry out a perturbative
computation in massive gravity. Specifically, we evaluate the counterterms required for the renor-
malization of the one-loop effective action of linearized massive gravity. As a preliminary step, we
construct the worldline path integral on the one-dimensional torus, while projecting onto the desired
degrees of freedom. Once this is achieved, we obtain the correct expression for the one-loop diver-
gences in arbitrary spacetime dimension D. The central result of this chapter is the determination
of the Seeley—DeWitt coefficient az(D), which, to the best of our knowledge, had not been previously

computed in the literature.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime

dimension, will be specified as needed throughout the text for convenience.

6.1 Extracting degrees of freedom

In this section, the quantization on the circle of the free massive N' = 4 spinning particle with
various gaugings of the SO(4) R-symmetry is analyzed. The aim is to determine how the path
integral extracts physical degrees of freedom from the Hilbert space. Once this is established, it will

be possible to isolate specifically the degrees of freedom associated with the massive graviton.

To set the notation, we summarize here the key features of the model. The graded phase space of the
massless N = 4 supersymmetric worldline model consists of bosonic (z™,pys) and fermionic (ZM)
coordinates, where M = 0,..., D is a spacetime vector index and I = 1,2,3,4 is a SO(4) internal
index. The target space is a (D + 1)—dimensional Minkowski spacetime Mpy; and ¢ denotes a
parameter that labels positions along the worldline, which is embedded in spacetime by the functions

M (t). The phase space action is given by

S:/dt {pM:'cM—l—%E{WE]I”—g”H—iXIQI : (6.1.1)
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with (e, X) being a one-dimensional supergravity multiplet enforcing the first-class constraints (H, Q)

that generate through Poisson brackets the A/ = 4 superalgebra on the worldline

{Qr.Qstp = —2i6sH, {Qr,H}lre=0. (6.1.2)

The latter algebra is computed by using the graded Poisson brackets of the phase space coordinates
{zM pyipp = 0N and {=f,, 2V }pp = —id};d], fixed by the symplectic term of the action [25].
The constraints H := p? and Q; := =¥ py; must be introduced to ensure the mass-shell condition
and to remove unphysical degrees of freedom, eliminating negative norm states. From the latter
higher-dimensional theory, the lower-dimensional massive model is derived as follows. First, it is
convenient to take complex combinations of the original four real Grassmann variables =¥ (¢) and
the four gravitinos X’(t) as follows (i = 1,2)

EM +isly), 8= HEN -z,

= i+2 2 =i T =g

Xi = 75 (X +i X)) , X = T5(X — i X) .

M 1
& =5
1

(6.1.3)

Then, employing the so-called Scherk—Schwarz mechanism [254], the model is dimensionally reduced
on a flat spacetime of the form Mp x S'. In practice, one gauges the compact direction z?,

corresponding to S*, by imposing the first-class constraint pp = m while setting

e = (2*,2°) , py = (pupp), =@ 0;), M= (0 . (6.1.4)

The worldline phase space action of the massive A’ = 4 spinning particle is given by
S:/dt [pﬂxu%wuié-é— gH—iX-q‘—iX~q] , (6.1.5)

where a dot indicates a contraction of the internal indices. The worldline action (6.1.5) displays
many symmetries. Specifically, the local symmetries are worldline reparametrizations generated by

the Hamiltonian (H) and four worldline supersymmetries generated by the supercharges (¢, g), where
H:=p'p,+m*, q:=v'p,+mb;, @ :=v"p,+mb . (6.1.6)

Let us stress that their presence is essential to describe relativistic massive particles in target space as
they ensure unitarity: for this very reason said symmetries have been made local. The aforementioned
worldline supergravity multiplet (e, x, x) acts as a set of Lagrange multipliers for the first-class

constraints (6.1.6).

Upon quantization, the worldline coordinates obey the following (anti)commutation relations fixed

by their classical Poisson brackets
[ p) = idl , {P @iy =00, {00, =0 . (6.1.7)

By choosing a Fock vacuum annihilated by (¢7,0"), a generic state |€2) in the Hilbert space can be
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identified with the wavefunctions

D 1
Qi b)) = D > Qg () GO PR 052 (6.1.8)

n1,m2=0 mi,m2=0

namely a collection of tensor fields with the symmetries of (nq,n5) bi-forms. We used the condensed
notation for antisymmetrized indices pu[n] := [u1 ... pu,] and a vertical bar to separate indices with

no symmetry relations.

The spectrum (6.1.8) contains way too many states, which is reflected on the corresponding BRST
system, found to be consistent only upon a suitable truncation of the BRST Hilbert space. While
this works for BRST cohomology, the problem reappears at the one-loop level, since in principle all
the unwanted states may propagate in the loop. Our task is thus to find a way to implement the
projection onto the massive gravity sector. The first step in this direction consists of restricting the
spectrum to the ny+m; = 1, ng+my = 1 subspace. Indeed, it has been shown [145] that the massless
sector contains the massless NS-NS spectrum of closed string theory, and corresponds to the level
(n1,n2 | m1,mg) = (1,1]0,0) fields €,,. The latter decomposes into a graviton, an antisymmetric

Kalb—Ramond two-form, and a dilaton
Q@) = by (2) + By ) + b, 6(2) (6.1.9)

with the graviton identified with the symmetric and traceless component. Due to the mass im-
provement, we anticipate the spectrum in the level (my, my) # (0,0) to include also the associated
Stiickelberg fields (Q,,€2,,2), specifically two massless vector fields and a scalar [128, 215|, allow-
ing for the propagation of the massive graviton and the massive Kalb-Ramond degrees of freedom

alongside the dilaton. This will be confirmed through the analysis of the worldline path integral.

In order to implement the aforementioned projection, the R-symmetry of the model has to be appro-
priately exploited. Notice that the action (6.1.1) has a manifest global SO(4) symmetry that rotates

the fermions, generated by the fermion bilinears
Jrr =12 250, (6.1.10)

while in the complex basis (6.1.3) and with the decomposition (6.1.4) only the subgroup U(2) C
SO(4) is kept manifest as rigid symmetry of the action (6.1.5). As a result, the SO(4) generators

split as J;; ~ (J7, K%, G;) and their explicit realization is'
J= a4 60,07
K9 =" ! + 007 (6.1.11)
Gij == - ; + 6,05,

where we used a dot - to indicate contraction on spacetime indices. K% is the so-called trace operator

while G;; implements the insertion of the metric; they both vanish for ¢ = j [70, 82]. On the other

1See Appendix B of Ref. [32] for a detailed derivation.
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hand, Jf generate the U(2) subgroup, and upon quantization become quantum operators®
JI =ty ) 4 6,67 — DL G (6.1.12)

where we employed the Weyl ordering to resolve ambiguities, matching the path integral regulariza-

tion used. It is worth noticing that the shift % is a quantum ordering effect.

The crucial point is that it is possible, although not strictly necessary, to make the R-symmetry
local. Differently from worldline supersymmetries, the R-symmetry does not have to be gauged
for unitarity; however, it can be used to perform algebraic projections on the desired spectrum by
appropriately gauging only a specific subgroup R C SO(4). At the level of the worldline action, this

corresponds to introducing the appropriate worldline gauge fields® a™(t), by the insertion of a term

S = —/dt a®Jgr (6.1.13)

acting as Lagrange multipliers for the classical constraints Jz. In the following, we seek to unveil the
massive gravity content with different choices of the R subgroup, which extracts degrees of freedom

from the worldline path integral.

Setting up the worldloop path integral

The worldloop is defined as

r— | -2+
g1 Vol(Gauge) ’

(6.1.14)

where we denoted the worldline gauge fields G = (e, x, X, @) and the coordinates with supersymmetric
partners X = (ZL’, Y, 1, 0, 9). The action appearing in (6.1.14) is the action in Euclidean configuration
space (Sg = —1.5), obtained by a Wick-rotation to Euclidean time t — —i7 accompanied by the Wick
rotations of the gauge fields ax — —iag, just as done in Ref. [72] for general A'. From now on we will
drop the subscript on Sk as no confusion should arise. The overcounting from summing over gauge
equivalent configurations, which causes the path integral to diverge, is formally taken into account
by dividing by the volume of the gauge group. To regularize the path integral one has to follow
a gauge-fixing procedure. We use the Faddeev—Popov method to extract the volume of the gauge
group and to gauge-fix completely the supergravity multiplet up to some moduli while evaluating

the determinants stemming from the associated ®II ghosts [255], as we will outline in the following.

The einbein is gauge-fixed to a constant, namely e(7T) = 27", where T is the usual Schwinger proper
time, while the gravitinos (x,x) are antiperiodic and gauge-fixed to zero, leaving no additional

moduli. The path integral (6.1.14) multiplied by —% corresponds to the QFT effective action and

2We used hats to stress that the expression refers to operators in that given order; however, throughout the text,
we will often avoid the use of hats for quantum operators, so as not to burden the notation further.
3Here we use R as a mere label.
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can be recast in the following form

dr 2
I'=-- e T Zr(T 6.1.15
5[ FeT ), (6.1.15)
where the integration over the Schwinger proper time arises from the gauge-fixing of the einbein e.
The explicit expression of the density Zz(7T") and of the gauge-fixing conditions for the worldline
gauge fields ar depends on the subset R being gauged. We start our analysis with the simplest case
of gauging the R = U(1) x U(1) subgroup to set the grounds for the general case.

6.1.1 Gauging of the U(1) x U(1) subgroup

The U(1) x U(1) subgroup corresponds to the generators
Ji =" +0;0" (i not summed) . (6.1.16)

The gauging of the U(1) x U(1) subgroup is realized by means of two abelian worldline gauge fields

a;(t). At the level of the worldline action, this corresponds to

Suayxu) = —/dt a'(Ji — ai) (6.1.17)

%, that convert the classical constraints

where two independent Chern—Simons couplings ¢; =
(J; — q;) into the operatorial constraints (]\AfZ — 2)," have been included to project on the gravity

sector. The whole supergravity multiplet is gauge-fixed as
G =(T,0,0,a;) with @ := ( ; ) , (6.1.18)

where a, § € [0, 27| are two angles representing additional moduli related to the gauge fields. Insert-
ing the ®II determinants to eliminate the volume of the gauge group, and setting appropriately the

overall normalization, the partition function in (6.1.15) explicitly reads

Tda [*Tdp -2 2 [ T ia(Ny, +No, ~2)4+i8(Ny, +No, -
Zuayxv)(T) Z/ / (2cos2) " (2cos8) "Tr [e TH gia(Nyy +Noy =2)+iB(Ny, +Nop =2)
(6.1.19)
A few comments are in order. The two gauge fields a; produce the integration over the angular
moduli («, ), while the SUSY ghosts account for the cosine factors. The path integral over the

“matter” sector

/ Dx / DDy / DODO e~ 51X, (6.1.20)
PBC ABC ABC

has been put into an operatorial form as a trace — with H = p? for the free theory and with N being

the operators counting the number of oscillators with a fixed flavor index — over the Hilbert space

4With N, = Nw,i + Ngi = 1@1 . 127" + éi éz being the number operators counting the number of fermionic oscillators
with a fixed flavor index. The U(1) x U(1) generators explicitly read .J; :== N; — Dil
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consisting of the states contained in the Taylor coefficients of the wavefunctions Q(z,;,6;). The
path integration over bosonic variables is evaluated by fixing periodic boundary conditions, while the
fermionic path integral is performed by choosing antiperiodic boundary conditions on each flavor of

fermionic fields. Finally, the gauge-fixed action reads

1x“xu+m2T—|—Zw“8 —|—zalw’ Z +za10’+z2a G

Set[ X, G = / dr 7
1=1,2 =1 1=1,2

(6.1.21)
Having set up the worldloop, we are in the position of analyzing the degrees of freedom of the wordline
model. Firstly, note that the Hilbert space can be decomposed in terms of the eigenvalues (nq, ng)
and (my, my) of the pairs of number operators (N, , Ny,) and (Ny,, Np,) respectively. Consequently,

the trace can be decomposed in terms of

Ny =ny+my,
(6.1.22)
Ny =ng +ma
reproducing the double grading of the massless N = 4 spinning particle [145]
tN1,N2 (T) = TrN1,N2 [e_Tﬁ} . (6123)

The path integral (6.1.19), using the Wilson line variables z := €'® and w := ¢, becomes”

Zowxoe(T %27?@2 ]{ 2miw (z 4+ 1)? (w —|—1 Z AL ) 2N (6.1.24)

Then, we can trace back the contributions from the #s through the following identification

D 1
dDotvw= ), Y, T, (6.1.25)

N1,N2 n1,m2=0 mi,mas=0

where T "2 denotes the trace restricted to some specific eigenvalues (n1, ng | my, m2) of the fermionic
number operators. Let us highlight how the “massless to massive decomposition” works. Upon mod-

ular integration, the massless partition function includes only the following contributions

Zumyxua) = tig — 2t10 — 2tg1 +4top , (6.1.26)

5The modular integration is performed over the circle |z| = 1, with the singular point z = —1 pushed out of the
contour, the same goes for w. Discussion on the regulated contour of integration for the modular parameters can be
found in Ref. [124].
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while the other possible values of (N7, Ns) yield zero. Keeping in mind the decomposition (6.1.22)—

(6.1.25), in the following denoted with arrows, we get the massive improvements listed below
ty— T+ T +Tol+Too,
to = Tio+Top,
(6.1.27)
0 1
tog — -[I_8:1 +T8:0 ,
too — T 8:8 .
The above partition function can then be decomposed into its irreducible spacetime components.

The degrees of freedom for the free theory are given by

1 D D
T mme _ 6.1.28
2 (4mT)P/2 <n1> <n2) ’ ( )

where the factor (47TT)_D/ 2 corresponds to the free particle position and will be omitted in the
following. On the other hand, the binomials count the number of degrees of freedom and correspond

to the transverse polarizations of the tensor 2,,, yielding
Zyxu() = i, + Za, + Zp+ Zp,, + Zo, + Zy = (D — 1)*, (6.1.29)

where
(D+1)(D—2)

2

corresponds to a massive graviton, i.e. a massless graviton 7, along with the two Stiickelberg

Zhyy + Za, + 2y = (6.1.30)

fields, a massless vector field Z,, and a scalar field Z,°

Zn,, =T = Top—2T g =282 (6.1.31)
Za, =TVe—2Tgo=D—2, (6.1.32)
Zp=Tgy=1, (6.1.33)
while DD -9
Zp,, + Zc, = il )2( —2) (6.1.34)

is the massive Kalb-Ramond field, corresponding to the massless contribution plus the massless

Stiickelberg vector

Zp,, =Ty —2T o] +3T g = L3 (6.1.35)
and with
Zy=Tgy=1 (6.1.37)

SEventually, one could identify them as a single massive vector Stiickelberg carrying D — 1 degrees of freedom.
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being the dilaton. One can check that the (mq, ms) = (0,0) sector correctly reproduces the massless
spectrum of the Hilbert space contained in the A/ = 4 spinning particle model, which coincides with
the massless NS-NS sector of closed strings, while the (mq,ms) # (0,0) sector corresponds to the

massive improvements, namely the associated Stiickelberg fields.

6.1.2 Full SO(4) group gauging

In the following, we gauge the entire R-symmetry group. The analysis will show that this choice
produces not only the massive graviton in the spectrum but also some unwanted contributions. One
has to find a way to project the latter away to finally construct a worldline path integral specifically

for the massive graviton.

The gauging of the full set of generators is achieved through a one-dimensional Yang—Mills field
a’ (t) acting as a Lagrange multiplier in (6.1.5). Explicitly

1
SSO(4) = _i/dt CLIJJ[J s (6138)

or, taking into account the splitting (6.1.11),

Ssowy = — / dt <ang;i + %ainij + %aijGij) : (6.1.39)
Note that, contrary to the previous case, there is no room for Chern—Simons couplings here. It is
necessary then to restrict the analysis to D = 3 spacetime dimensions at first, to correctly reproduce
a graviton state. This is related to the BRST quantization of Chapter 4, where it was discussed how
the physical wavefunction of the spinning particle lies in the kernel of the operator jj — which is
the quantum operator corresponding to (6.1.16) including the contribution from the BRST bosonic
superghosts — only in three spacetime dimensions. Even if it has been shown how to reproduce a
first-quantized massive gravity theory in four spacetime dimensions by demanding the physical states
to have a fixed U(1) x U(1) charge of —3, in the present case the latter condition could be satisfied
only upon adding a Chern—Simons term, which is not possible when the full gauging is considered.

At the end of the analysis, it shall then be discussed how to overcome this obstruction.

The starting point is the path integral (6.1.15), with the gauge-fixing G = (T,0,0,&g) producing

now the following action

_ 1 _ o .
Sy X, G) = / dr [—i“iﬂ +mPT + ™ (850, + idyg) P, + 0" (350, + i) 07| (6.1.40)

AT
il = ( g‘ g ) . (6.1.41)

In the present case, one has to introduce the non-abelian @11 ghosts associated with the whole SO(4)

with

group, whose path integration modifies the path integral (6.1.19) with the inclusion of the sine factors
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previously calculated in Ref. [72]. In terms of Wilson variables the path integral explicitly reads’

1 dz dw z w
7 T)= -
so)(T) 4 7{ 2miz J 2miw (24 1)? (w+1)

5 D(2,w) Z try N, (T) 2N 222 (6.1.42)
N1,N2

where p(z,w) is the measure on the moduli space arising from the full gauging and reads

2 1 1
p(z,w)::4—2zw—2<i+g)—|—z2—|—w2—_+_+__
w oz w22 Ww?

(6.1.43)

To unveil the projection of the various components of the full measure, it is possible to follow the
“massless to massive decomposition” described in the previous subsection. Take as an illustrative

example the first monomial of (6.1.43). It yields the following contribution upon modular integration

4 B 2t — 280+ 4teg (6.1.44)

m 0,0 0,1 1,0 1,1 0,0 0,0 1,0 0,1 0,0
— T+ T+ T +Too—2T1 2T —2T g —2T 5 +4T o)

Zuyxu(l) -

The first arrow implies a modular integration, while the second one denotes the massless to massive

decomposition as previously discussed. As for the remaining monomials, the outcome is as follows:

$4

—2zw 5 =ity o —iTop = —3Zs, (6.1.45)
= (5 + g) I (tyy — 2410 + 3t00) (6.1.46)
T (T +Tio—2TP0 —2T g0 +3Top)
= = (Zp.+Zc,)
2y Moo, (6.1.47)

for the first half of p(z,w). It is evident that, as for the massless case, the above monomials are

enough to construct a measure capable of projecting only into the massive gravity sector. We list

"Note that we factored out the i also stemming from the path integral over the SO(4) ®II ghosts for simplicity.
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here the contributions stemming from the other monomials for completeness: we have

2 ¢

e

T —5tap — 2ty — Stoo+ 2121 — 3ta0 + 6110 (6.1.48)
m 0,0 0,1 1,0 1,1 0,0 0,1 1,0 1,1
— _%-"—2,2 - %-"—2,1 - %-"—1,2 - %-[I_l,l 2T, -2T,—-2T,;,—-2Ty),
0,0 0,0 0,1 1,0 1,1 0,0 1,0 0,0 1,0
- %-['_0’0 +2-|]_271 +2-[|_270 + 2-[|_1’1 + 2-[|_1’0 - 3-[|_270 - 3-|]—1’0 +6-[|_170 +6-[|_070
= —5Z sy — Zayy — 324
. 2 2,2 2,1 2 1,1 9
1 1 ¢4 1 3
—+— == gts1— lar+ 581 — 50— 30+ 2l0 + 410 (6.1.49)
22w
m 0,0 0,1 1,0 1,1 0,0 0,1 1,0 1,1
— "‘%T:m + %T?,,o + %ng + %Tz,o — Ty — Too— Ty — Top

3000 , 301  3--10 31,1 0,0 1,0 0,0 1,0
+ T+ T 0+ 5 T +5To0—0T70—5Tgg— T3o— Top

)

+2Tog+2Tyg+4Tog
= Y Y R /RN
. 2 3,1 2 3,0 2 2,1 2 2,0 °

The above contributions can be interpreted in terms of bi-forms A, , with corresponding partition

functions
p,q

Zapg = Y () E+ 1)1+ 1) typg (6.1.50)

k,1=0
previously analyzed in Ref. [145]. Indeed, they coincide with the same topological contributions of
the massless path integral, As, and Asjz;, along with the respective massive improvements, which
contribute to the effective action on non-trivial backgrounds and have to be projected out. It is
immediate to see that the following polynomial
2(z —w)?*(zw — 1)

._ v 2,2y _
Piy(z,w) =4 -2 (; + ;) —daw 42 (2° + w?) = oy (6.1.51)

does the work indeed, producing
$¢ _
P(g)(z,w) — ZU(1)><U(1) — ZBW — ZCu — Z¢ = Zh;w + ZAM + Z<P . (6.1.52)

The measure (6.1.51) coincides with the one implemented to construct the path integral for the
massless graviton, although they work in different spacetime dimensions. This should not come
as a surprise in retrospect: our analysis has shown that the introduction of the mass ensures that
every single contribution to the partition function gets “Stiickelberged” while evaluating the trace on
the larger Hilbert space, without the arising of unexpected terms. Consequently, the same measure

eliminates both the unwanted contributions and their Stiickelberg companions at once.

As discussed in Ref. [145], the measure (6.1.51) can be related to a precise gauging of the R-symmetry
group, specifically the gauging of the parabolic subgroup of SO(4) (see [77] for its application in

worldline models for higher spin particles). It consists of the subgroup generated by Jf and the trace
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K while excluding the insertion of the metric G;;, which produces a measure

R

2(z — w)* (2w — 1)
+3/2,,3/2

Poor(z,w) := (6.1.53)

This choice leaves room for a Chern—Simons term in the Euclidean action, which can be chosen to

correctly reproduce the whole measure, i.e.
. . 1
Scsg = zq/dT a; with ¢= —5 (6.1.54)
which results in a modification of Py, (z,w) through the following multiplicative term
Pos(z,w) == 2Y%0? — Pry(2,w) = Pyar(2,w)Pes(z,w) . (6.1.55)

As previously discussed, the measure P(3)(z,w) fails in going beyond three spacetime dimensions and
one has to find a way to improve it. Notably, the presence of the Chern—Simons term allows us to
go to arbitrary dimensions tuning the CS coefficient appropriately, i.e.

3—D

¢+ (6.1.56)

~

with the latter improvement producing the operatorial constraints (N; — 2) in arbitrary dimensions.
The correct measure (6.1.51) becomes
2(z —w)*(z2w—1) D=3 D=3

P(z,w) := o 272 w2 | (6.1.57)

which is of course different from the massless D-dimensional measure. The phase space action with

the parabolic gauging reads

. T .o € I 1 ij j( 7i i
S:/dt {pux“+z¢u-¢“+19-0—§H—zxiq — X qi—iain] —aj(J; —qo;)| . (6.1.58)

6.2 One-loop massive gravity in the Worldline Formalism

In this section, we perform the quantization of the corresponding non-linear sigma model which
couples a massive spin 2 particle to background gravity. It will lead to the computation of the
counterterms necessary for the renormalization of the one-loop effective action of massive gravity

using the Worldline Formalism.

To achieve a representation of the QFT effective action of massive gravity from (6.1.14) we need to
couple the massive A = 4 spinning particle to a curved target space metric g, (x). As a result, the

action (6.1.58) gets covariantized through the deformation of the worldline SUSY charges as follows

qzﬁﬂl

—if el m, + mb;
- Vi e T+ mbi (6.2.1)
¢ — ' := —iy**elm, + mo"'
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with the covariant momentum being

T = Dy — iWuap P PP (6.2.2)
Worldline fermions carry flat Lorentz indices so that ¢! := e#(x) ¢, introducing a background
vielbein eZ(az) and the torsion-free spin connection wy, . The correct deformation of the Hamiltonian
requires more consideration: the spinning particle coupled to gravity does not exhibit a first-class

algebra, specifically the following anticommutator does not close:®
{10, T} = =07 (V* = m?) = Ry 097700 47, (6.2.3)

hence it is not immediate to identify a suitable deformed Hamiltonian. The BRST analysis of

Chapter 4 indicates to consider the following expression
H :=V? —m?+ Ry, 0" - "t -7 . (6.2.4)

The latter Hamiltonian is necessary to achieve nilpotency of the BRST charge on the relevant physical
subspace of the full BRST Hilbert space, in the massive worldline model. Furthermore, it turns out

that the background metric has to be on-shell with cosmological constant set to zero, i.e.
R, (x)=0. (6.2.5)

Note that within the massless BRST quantization of Chapter 4 one has to introduce also a non-
minimal coupling to the scalar curvature £R inside the Hamiltonian (6.2.4), since for the pure
gravitational case a non-zero cosmological constant is admitted. In the present case, such a coupling

is inevitably zero.

In the following, we will evaluate perturbatively the massive path integral considering the BRST
system as the starting point and keeping in mind that the results can be trusted only upon projection
onto Ricci-flat manifolds (6.2.5). Indeed, as previously commented, the presence of a non-trivial
gravitational background obstructs the first-class character of the constraints algebra, and a more
appropriate way of thinking about the model is to consider it as a genuine BRST system from the

start, regardless of being derived from a gauge-invariant classical predecessor.

The one-loop effective action I'[g,,| of massive gravity corresponds to the worldloop path integral of

the massive N' = 4 spinning particle action S[X, G; g,.], with schematic form

DG DX e—S[X,GQQ;w]

Flg] = g1 Vol(Gauge)

(6.2.6)

8The covariant derivatives are defined as ﬁu = 0y + Wyap P* - Y and are related to the covariant momenta Ty
through V,, = igiﬂ'ug’%. The metric determinant factors account for a self-adjoint operator [186]. The Laplacian is
defined as
V2= g"V,V, — "' T}, Vi,
with Ff;u being the Christoffel symbols [68, 82]. For notational simplicity, we have used non-hermitian operators,

keeping in mind that hermiticity is obtained by a similarity transformation A — giAg_% on the quantum variables.
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where the full action S[X, G} g,,] is the one in (6.1.58) with the suitable covariantizations (6.2.1)-
(6.2.4). The gauging of the parabolic subgroup, the gauge-fixing G = (T ,0,0,&?) and the path
integration over the ®II ghost proceeds as outlined in the previous sections. Factorizing out the

exponential of the mass, the worldloop path integral becomes

1 [~dT _, »
F[gu,,]:—é/o e Tz, (6.2.7)

where the partition function is

w
Dz | DyDy | DIDO e SeslXGiowl
%2%%%2#%) z4+1)2 (w+1)2 zw/ x/ v ?ﬁ/ ¢

(6.2.8)
The gauge-fixed nonlinear sigma model action reads’
. 1 L : _ .
Set[X, G5 g = / dr [—gw,(x) it + o (01Dr +1ial) Yoy + 0 (610, + ial) 0,
A (6.2.9)

- TRabcd(x) J)a ' @qujjc : ¢d:| )
where we denoted the covariant derivative with spin connection wj,q () acting on the fermions by
Db = 08 + dhw, bl . (6.2.10)

At this point, the perturbative evaluation of the path integral has to be treated with care: in
particular, one has to factorize out the zero modes and expand in Riemann normal coordinates, as
carefully discussed in Chapter 5 for the massless counterpart of Eq. (6.2.8). We will avoid repeating

the same considerations here, as the technicalities remain unchanged. The partition function results

in
— - Sint 6.2.11
%27?@ j{ 21 Hiz ) (47TT) < > ( )
where the expectation value — with normalization one, i.e. (1) = 1, and propagators given in

Appendix 5.B.1 — has to be evaluated using the Wick theorem on the free path integral, with the free
action given by the quadratic part of (6.2.9), while higher order terms form the interacting action
Sint, for which the expansion in powers of proper time 7" has to be truncated to the desired order.

In (6.2.11) we kept track inside of p(z,w) of all the modular factors; these are

(i) the parabolic measure along with the D-dimensional Chern—Simons term, together giving rise
to P(z,w) (6.1.57),

(ii) the factors corresponding to the gauging of worldline supersymmetries,

(z+1 (w+1

9To correctly define the path integral, one has to adopt a regularization scheme. In this chapter, we exploit the
calculations of Chapter 5, where dimensional regularization on the worldline was adopted. This choice produces a
counterterm Ver = %R for the case of four worldline supersymmetries [228]. However, such a term is vanishing
upon going on-shell (6.2.5). Let us mention further that, in order to perform calculations, it is necessary to include
“metric ghosts” to keep translational invariance of the path integral measures and to renormalize potentially divergent
worldline diagrams [186].
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(iii) the poles 11 arising from the integral measures over the moduli,
(iv) the § factor previously factored out,

(v) finally, the path integrations over the fermionic coordinates [ Dy D) Ik DODE are responsible

for the following extra factors:

1 1 (Z + 1)D+1 (w + 1)D+1

1

Z,w) = —
p(z,w) 10
In particular, the factors (j}f (";ng/)QD comes from the normalization of the fermionic path
integral over the s [124]. The extra ;*/% ij;% instead is justified by the fact that the s are free

in (6.2.9) and can be integrated over producing an additional determinant [125].

The whole measure can be recast in the following form

p(z,w) = %(z +zl3) C +w13) _ (z —w)* (2w —1), (6.2.13)

and corresponds to a shift D — D41 of its massless counterpart. To make explicit the Seeley-DeWitt

coefficients arising from the perturbative expansion, one can introduce the double expectation value

”“ — int Y 2.14
f%m]{%m,uzw > (6 )

The Seeley-DeWitt coefficients a, (D) parameterize the divergences as <<e_5int >> =y > ,a,(D)T",

therefore the partition function can be rewritten as follows

D a
/d ;TT HZ; n . (6.2.15)

6.2.1 One-loop divergences

Let us start by checking the computation of the correct degrees of freedom of a massive graviton in D
spacetime dimensions. This is given by the double expectation value of the Seeley-DeWitt coefficient

aog(D, z,w) = 1. Its projected partner

ao(D 7{ o ]! & o) = PP o (6.2.16)

gives indeed the massive graviton’s physical polarizations. This confirms that the measure pu(z,w)

correctly projects only onto the degrees of freedom of a massless graviton (h,,) plus the Stiickelberg

fields (A,, ) introduced in order to restore gauge invariance.

Let us comment on the fact that if we were to insert inside (6.2.12) the measure FP3)(2,w) without
the improved D-dimensional Chern—Simons (6.1.51), we would get the correct degrees of freedom

only in three spacetime dimensions while failing to go beyond that.
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The computation of the higher-order Seeley-DeWitt coefficients proceeds exactly as in the massless

case since the #s have been integrated away. The only care one should take is to use the improved

measure (6.2.12). With these prescriptions and with the worldline diagrams of Chapter 5, it is
possible to evaluate the counterterms up to the third order, i.e.
dPx 2 3 4
Z(T) = == 9(z) [ao(D) + a1(D) T + az(D) T? + a3(D) T° + O(T*)] . (6.2.17)
47T 2

The results on Ricci-flat spaces are reported as follows. The exponentiation of all the connected
diagrams and the subsequent Taylor expansion to the desired order yields

<e_Si“t> =14+T? ay R?

Ly po

+ T3 (63 RuupURpaaﬁRaﬁwj + 3 RaMVBRMpUVRpaﬁU) + O(T4) . (6218)

where the curvature invariants of order k in the Riemann tensor are multiplied by the coefficients

ag(z,w, D), Br(z,w, D) and v(z,w, D), explicitly given by

1 1 w? 22 dwz 1 W 2z
“ =802 <<w+1>4 CESI <w+1>2<z+1>2> e <<w+1>2 * <z+1>2)  (6219)

17 z w (z—1)%22%  (w—1)%2

%= 15360 T 180z 412 180w+ 17 T 6=+ 10 T 6wt 1)
02 ol (6.2.20)
w124+t (WD (z+1)27
1 2 w 22 w? 403 423
7= 1620 T 90(z + 12 90w 1 12 3(z+1)" N 3(w+ 1) TR N T N
(6.2.21)

One can immediately recognize the unprojected Seeley—DeWitt coefficients multiplying the respective
powers of proper time. The final step consists of performing the modular integrals. The calculation of
the various terms in the perturbative expansion delivers the following coefficients in the perturbative

series (5.1.18)

(D+1)(D—2)

ap(D) = 5 , (6.2.22)
D? — 31D + 508
as(D) = 260 R (6.2.23)
17D? — 521D — 15658 D? — 37D — 1118
D) = voo RP7P R g RV R,P 5 (6.2.24

The coefficients (6.2.22)—(6.2.24), including the newly computed coefficient a3(D) on Ricci-flat spaces,
allow for further investigations of the issue of divergences in the quantum theory of massive gravity.
The type of divergences arising emerge naturally from the representation of the one-loop effective

action with a short proper time expansion; from (6.2.17) we have

1 [~ dT dP
Llgw] = —5 5e T > V(@) lao + a1 T + a7 + a3T° + O(T*)] . (6.2.25)
2Jo Tz (47)

SIS
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While the IR divergences are absent due to the presence of the mass, playing the role of a regulator,
0

the UV divergences'’ arise from the 7" — 0 limit of the proper time integration. In four spacetime

dimensions, the different powers of T give rise to the quartic, quadratic, and logarithmic divergences
parametrized by ag, aq, as, respectively. In QFT dimensional regularization only the logarithmic
divergences are visible. From (6.2.23) we have

Wp (6.2.26)

az |D:4 = 9 uvpo

The latter numerical value for the one-loop four-dimensional logarithmic divergence of massive grav-

2
nvpo

and can be eliminated from the effective action. Thus, one may conclude that the one-loop loga-

ity coincides precisely with that calculated in Ref. [161]. In four dimensions R is a total derivative
rithmic divergences of massive gravity without cosmological constant vanish. More generally, the as
coefficient in D dimensions has been recently evaluated in Ref. [158] and is correctly reproduced by
our result (6.2.23). Finally, it is worth noting that the coefficient ag gives rise to a finite term in the

four-dimensional effective action.

In D = 6, the coefficient a3 provides an additional divergence, the logarithmic one in that dimension

649

163
“lo=s = 3519

Ryupo RP7*P Rt — 05 Reouws R R,P, . (6.2.27)

This coefficient should be obtained by any other method of calculation with the same value. While
the two curvature invariants in the previous expression are generally independent of each other, in six
dimensions there exists an integral relation that connects them [238| and the result can be expressed

as follows

1

aslp=s = 1550 Rype RP7P Rog (6.2.28)

encoding the one-loop logarithmic divergences of massive gravity in six dimensions. Let us also
mention that a more recent computation based on heat kernel techniques has provided the complete
set of coefficients (6.2.22)—(6.2.24) in Einstein spaces, thereby overcoming the previous restriction
to Ricci-flat backgrounds [8]. Interestingly, the results obtained there are in good agreement with
ours, even beyond the expected regime of validity of the massive N/ = 4 spinning particle model.
Specifically, we verified that terms proportional to the Ricci scalar, which are not reported here and
vanish upon projection to a Ricci-flat background, completely agree with Eq. (4.9) and Eq. (4.10)
of [8]. The same holds for the RR.,, coefficient in their Eq. (4.11), while the only exception
is represented by a numerical prefactor in front of the R?® invariant. In conclusion, the difference

between the two results amounts to

(D +12)?

. N=4 (] _
Aa’3<D> T a3 (D) - a’3 (D) - 432D3

R, (6.2.29)

where a3=*(D) denotes the coefficient (6.2.24) calculated on Einstein spaces with non-vanishing

Ricci tensor from the massive N/ = 4 model. This suggests the interesting possibility that a slight

10T relate the % pole of dimensional regularization in QFT with our result, one has to evaluate the proper time
integral term by term in (6.2.25), to display the gamma function dependence.
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modification of the model may lead to matching those results.

6.3 Final remarks

In this chapter, we have realized the worldline path integral on the circle of the massive N' = 4
spinning particle, providing a model capable of describing a massive graviton propagating on Ricci-
flat spacetimes of arbitrary dimensions. The key point in the derivation has been to realize that the
gauging of a parabolic subgroup of the SO(4) R-symmetry group, together with a suitable Chern—
Simons coupling, which worked for the massless model, is able to reproduce the correct result despite
the mass improvement. The analysis indicates that the degrees of freedom extracted by the path
integral undergo a “Stiickelbergization”, leading to immediate identification of the massless graviton
together with the associated Stiickelberg fields, a vector and a scalar, within the spectrum of the
particle model. We then applied the model to furnish a worldline representation of the effective action
of massive gravity, reproducing the divergences of one-loop linearized massive gravity with vanishing
cosmological constant in arbitrary dimensions. We computed the counterterms on-shell, and we
believe that they could serve as a benchmark for verifying alternative approaches to massive gravity.
We checked the correct reproduction of the heat kernel coefficients a, (D) for n = 0, 1,2 comparing
our results with those present in the literature. Finally, our main contribution was the determination
of the Seeley-DeWitt coefficient az(D), which to our knowledge has never been computed in the

literature.

There are several promising directions for future exploration. One avenue involves relaxing the R-
symmetry constraints to allow for the propagation in the loop of the N' = 0 supergravity, i.e. not only
the graviton but also the dilaton and the Kalb—Ramond field, provided that the associated BRST
system is first correctly realized, following the methodology outlined in Ref. [83]. Another avenue of
interest lies in extending these constructions to more exotic spaces, such as non-commutative spaces,
thereby realizing a covariant path integral for (spinning) particle models [256, 257|, or complex
spaces, by employing the worldline models known as U(N') spinning particles [244, 246], which may
offer a fruitful first-quantized description of gravitational theories on Kéahler manifolds once coupled

to a curved background metric.
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