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To my wife,
co-author of the greatest

chapters of my life.





I will work on your 2 nd quantization,
when I get time.

I really believe it is correct
but is another example

of the terrifying power of math
to make us say things which we don’t understand

but are true.

Richard Phillips Feynman,
Letter to Theodore A. Welton, 10 February 1947.





Abstract

This thesis is devoted to the first-quantized approach to quantum field theory, com-
monly known as the “Worldline Formalism”. It collects most of the works completed
by the author during the PhD, illustrating the versatility and efficiency of this for-
malism across a broad range of physical contexts. The applications discussed fall
into two broad categories: perturbative and non-perturbative analyses. In particu-
lar, the thesis investigates how quantum particles interact with strong background
fields, how scattering amplitudes can be efficiently computed, and how perturbative
expansions of the heat kernel can be systematically performed. These studies high-
light recent advances in extending the worldline approach to increasingly complex
situations. Different field theories are examined from this first-quantized perspective
and are organized according to the spin of the particle under consideration. The dis-
cussion begins with the seemingly simple scalar case, progresses through spin 1, both
in the abelian and the non-abelian case, and concludes with spin-2 particles, both in
the massless and in the massive realizations. Through this sequence of examples, the
thesis aims to demonstrate the flexibility as well as the computational power of the
Worldline Formalism in addressing fundamental open problems in theoretical physics.
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Introduction and Motivations

Second-quantized methods are widely employed in almost every branch of theoretical physics. Courses
and textbooks on Quantum Field Theory (QFT) are now a fundamental part of the training of any
theoretical physicist. Nevertheless, exploring a subject from a different perspective often proves fruit-
ful, offering new conceptual insights and, possibly, computational advantages. Sometimes, realizing
such benefits may require taking a step back; for the sake of the present discussion, this means mov-
ing from second quantization back to first quantization. In other words, the subject of this thesis
is the Worldline Formalism: in a nutshell, the framework that reformulates quantum field theory
in terms of the dynamics of point particles propagating along worldlines, rather than fields defined
over spacetime. Originally inspired by string-theoretic settings, the formalism has been systemat-
ically developed and applied in its modern form since the seminal works of Matthew J. Strassler
[10, 11], although its conceptual roots trace back much further in time, as will be discussed in due
course. Over the years, it has evolved into a versatile framework that, in certain contexts, even sur-
passes traditional field-theoretical techniques in efficiency. The aim of this PhD thesis is to illustrate
and substantiate these claims. It collects the author’s contributions to the worldline framework,
ranging from elucidating non-trivial applications to proposing new worldline descriptions of physical
phenomena.

The structure of the thesis can be viewed from two complementary perspectives.
On the one hand, it is naturally divided into two parts. The first part concerns the application
of the Worldline Formalism to non-perturbative settings, specifically, to the study of the so-called
“Schwinger effect”. The second part, by contrast, focuses on perturbative physics, covering the calcu-
lation of scattering amplitudes in Yang–Mills theory and the computation of heat kernel coefficients
in (modified) gravity theories. Each part is preceded by a concise prelude that provides the nec-
essary physical and theoretical background, together with essential references for further deepening
the subjects.
On the other hand, the organization of the thesis may be understood following a Srednicki-like [12]
division according to the spin of the particle described by the worldline model, expressed in natural
units. From this viewpoint, the work is arranged into three sections corresponding to different spin
sectors.

Regardless of the chosen perspective on the structure of the thesis, a short overview of the content
of each chapter is now in order. The next chapter offers a concise historical introduction to the
Worldline Formalism, tracing its evolution and mentioning its main areas of current interest. It also

x
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discusses a few technical aspects, such as the distinction between the “bottom-up” and “top-down”
approaches (as referred to by the author), and reviews the structure and quantization of a class
of worldline models that will be used throughout the thesis. Part I begins with a brief overview
of the Schwinger effect and of the assisted pair production mechanism. Chapter 1 focuses on the
case-study of a quantum scalar particle in a classical scalar (Yukawa) background, where the pair
production probability is computed, further studying how the presence of an additional rapidly
varying background field affects the result. Chapter 2 extends this analysis to the more realistic case
of a pair of massive charged vector bosons created from the vacuum by a classical electromagnetic
(EM) background. Part II then turns to perturbative applications. It begins by reviewing the field-
theoretical setting of the heat kernel and its perturbative expansion, briefly introducing the theory of
massive gravity and the issue of one-loop divergences. Chapter 3 presents the computation of tree-
level gluon amplitudes within the worldline approach. Chapter 4 introduces the BRST quantization
of theN = 4 spinning particle, which serves as the foundation for the computations in the subsequent
two chapters. Chapter 5 employs this model to derive the Seeley-DeWitt coefficients of perturbative
quantum gravity, while Chapter 6 extends the analysis to the Fierz–Pauli (FP) theory on curved
background. Each chapter is accompanied at the end by a short concluding section, summarizing
the main results and discussing possible directions for future developments.





The Worldline Formalism

Concise historical context Dating the precise birth of the Worldline Formalism is subtle, as
its development involved contributions from multiple authors over several years. Nevertheless, it
is widely accepted within the worldline community that its first conceptual seeds can be traced
back to around 1950. While some may argue that Julian S. Schwinger was the first to employ an
embryonic first-quantized formulation in his seminal work [13], there can be little doubt that the
pioneering insights of Richard P. Feynman were of monumental importance, decisively bringing what
would later be recognized as the Worldline Formalism into the theoretical landscape. Already in
his 1942 PhD dissertation, Feynman developed a worldline action approach to quantum mechanics
[14]. A few years later, his efforts culminated in a series of papers [15–18] that laid the foundations
of what we now know as Quantum Electrodynamics (QED). In the meantime, however, he also
introduced a path integral approach. In particular, Eq. (11.A) of [17] expresses a QFT amplitude
in terms of relativistic particle path integrals: the representation of the S-matrix of Scalar Quantum
Electrodynamics (sQED), namely the amplitude for a charged scalar particle moving, under the
influence of the external potential Aµ(x), from point xµ to x′µ in Minkowski space, is there represented
as ∫ ∞

0

dT

∫ x(T )=x′

x(0)=x

Dx(τ) exp
{
− i

2

∫ T

0

dτ

(
dxµ
dτ

)2

− i
∫ T

0

dτ
dxµ
dτ

Aµ(x(τ))

− i
2
e2
∫ T

0

dτ

∫ T

0

dτ ′
dxµ
dτ

dxν
dτ ′
Pµν [x(τ)− x(τ ′)]

}
,

(⋆)

where T is the so-called “Schwinger proper time” and Pµν denotes the photon propagator in config-
uration space. Curiously, Feynman relegated this formulation to the appendix of [17], describing it
in the abstract as:

“A description, in Lagrangian quantum-mechanical form, of particles satisfying the Klein-Gordon
equation [...]. It involves the use of an extra parameter analogous to proper time to describe the

trajectory of the particle in four dimensions”.

This suggests that Feynman himself did not view this approach as particularly promising at the
time. His difficulties in developing a relativistic worldline path integral for spin-1

2
particles, so as to

include electrons and positrons,1 may have contributed. As he later recalled in his Nobel Lecture [21]:

1Expressed also in a private correspondence with T. A. Welton [19], later transcribed in [20].
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“Another problem on which I struggled very hard, was to represent relativistic electrons with this
new quantum mechanics. [...] And, so I dreamed that if I were clever, I would find a formula for the
amplitude of a path that was beautiful and simple for three dimensions of space and one of time, [...]
I did want to mention some of the unsuccessful things on which I spent almost as much effort, as

on the things that did work ”.

A possible candidate year for the “birth” of the modern Worldline Formalism – or perhaps better,
a “second revolution”, borrowing terminology from string theory – can be identified around 1992.
This is not to say that work on the formalism lay dormant in the intervening decades: indeed,
numerous studies of relativistic particle path integrals in quantum field theory were pursued between
the 1950s and 1980s, although most of these works remained conceptual rather than computational
in character. The first hints that first-quantized techniques might offer computational advantages
over the standard Feynman diagrammatic approach appeared in the early 1980s. A key milestone
was the seminal work of Affleck, Alvarez, and Manton in 1982 [22], which was soon followed by
remarkable applications to anomaly computations, most notably in the works of Alvarez-Gaumé and
Witten [23] and of Friedan and Windey [24].2

A genuine turning point, however, came from string theory, as the celebrated series of papers by Bern
and Kosower [26–29] marked the beginning of a new phase.3 As is brilliantly detailed in Bern’s lectures
[31], their goal was to systematically extract the field-theory limit (α′ → 0, i.e. the infinite tension
limit of the string) of string amplitudes, in particular to obtain the on-shell N-gluon amplitudes of
Yang–Mills theory at tree and one-loop levels. The result was a remarkably compact and elegant set
of parameter-integral representations that captured, in a unified manner, the contributions of entire
classes of Feynman diagrams:4

Aa1...aN [k1, ε1; . . . ; kN , εN ] = (−ig)N tr(T a1 . . . T aN ) (2π)D δ (
∑
i

ki)

×
∫ ∞
0

dT (4πT )−
D/2 e−m

2T

∫ T

0

dτ1 · · ·
∫ τN−2

0

dτN−1

× exp

{
N∑

i,j=1

[
1
2
GB
ij ki ·kj − iĠB

ij εi ·kj + 1
2
G̈B
ij εi ·εj

]} ∣∣∣∣∣
multi-linear

.

This expression is an example of a “Bern-Kosower master formula”, and provides a closed represen-
tation for the color-ordered amplitude for N-gluons with a scalar in the loop. It organizes the result
essentially into products of (derivatives of) bosonic worldline Green functions GB(τi, τj), integrated
over N-1 proper-time parameters (see [31, 32] for details). Even more remarkably, Bern and Kosower
were able to dispense entirely with string theory, deriving instead a set of rules that allows one to
construct these parameter integrals directly within field theory, for any number of gluons and choice

2It may be arghued that much of the literature on heat kernel techniques in QFT may be characterized as worldline
methods as well [25].

3Several earlier works would also merit mention: for instance, the computation of the one-loop four-gluon amplitude
in N = 4 Super Yang–Mills theory from the low-energy limit of superstring theory by Green, Schwarz, and Brink [30].
However, in keeping with the promise of conciseness made in the introduction, we shall refrain from expanding on
these here.

4Here ki and εi denote, respectively, the momentum and polarization vector of the ith external gluon.
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of helicities.5 These are nowadays known as “Bern-Kosower rules”, and their formulation suggested
that there should have been a purely field-theoretic way of getting them. It was in this context that
the seminal contribution of a PhD student, Matthew J. Strassler, appeared in [10, 11]. Strassler
demonstrated that essentially the same parameter-integral representations obtained by Bern and
Kosower could be derived directly from a non-abelian generalization of Feynman’s original worldline
path integral, cf. Eq. (⋆). This was achieved by manipulating the path integral into Gaussian form
and using Green functions of the one-dimensional worldline theory, thus reducing the computation
to straightforward Wick contractions. This established the worldline approach as a powerful compu-
tational tool, capable of dramatically simplifying multiloop calculations in gauge theories.
From that point onward, the Worldline Formalism entered its period of maturity. Throughout the
1990s and 2000s, different generalizations of the Bern-Kosower master formula were found [32–36].
In parallel, a distinct yet complementary formulation of the worldline approach, perhaps closer in
spirit to string theory, began to emerge. It is based on the quantization of mechanical systems,
commonly referred to as “spinning particle models”. This path will be discussed in the second part of
this chapter. A particularly influential review of this formalism was provided by Christian Schubert
in 2001 [32], which remains to this day the standard reference for practitioners in the field. More
recent expositions [25, 37, 38] have continued to expand and modernize the subject, reflecting the on-
going vitality of worldline methods both as a conceptual framework and as a practical computational
technique in quantum field theory.

As of today, the Worldline Formalism continues to demonstrate its versatility and computational
power across a broad spectrum of applications in theoretical physics. Among its most successful
applications is the computation of black hole scattering amplitudes within the framework of the so-
called Worldline Quantum Field Theory (WQFT) formalism [39–41]. Closely related developments
concern its role in the double copy program, where the worldline perspective has provided new insights
e.g. in [42–46]. On the non-perturbative side, advances in worldline instanton techniques have proven
highly effective in describing vacuum pair production processes in electromagnetic backgrounds [47–
50], and have recently been extended to gravitational backgrounds as well [51]. Alongside these
analytic developments, the numerical implementation of worldline methods has given rise to the
“Worldline Monte Carlo” technique [52–56], which is an algorithm for estimating the heat kernel and
remains a promising field of research.

After this brief historical overview, and before delving into the core material of the thesis, we shall
now attempt to provide a concise and intuitive answer to the question:

What does the Worldline Formalism consist of? A worldline representation such as that given
in Eq. (⋆) is, of course, familiar to any researcher who has worked with worldline-based methods,
and likely just as intuitive to those experienced in worldsheet calculations in string theory. However,
it may not appear as natural to readers accustomed to standard second-quantized techniques and
with limited exposure to string-theoretical ideas. The historical derivation may certainly help in

5A corresponding construction for graviton scattering from closed-string amplitudes was later developed by Bern,
Dunbar, and Shimada [33], as reviewed in [34].
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clarifying the formalism, yet it might still leave one wondering: “What does the Worldline Formalism
truly consist of?”. The present paragraph aims to offer a concise conceptual answer to that question,
serving as a guiding principle for the reading of the forthcoming chapters.

To set the stage, it will be convenient to distinguish between two complementary, though closely
related, ways of performing computations within the worldline approach. We shall refer to them as
“top-down” and “bottom-up” approaches, respectively. This distinction is not part of the standard
nomenclature of the Worldline Formalism and is introduced here solely for expository purposes: it
will help to differentiate the methodology employed in Chapter 1 from those used in Chapters 2–6.
To the author’s knowledge, no more established terminology currently exists for this purpose.

some QFT quantity

worldline representation

bo
tt

om
-u

p top-dow
n

Figure 1: Schematic illustration of the distinction between the two approaches commonly employed
within the worldline framework. In the “top-down” approach, one starts from a given quantum field
theory quantity and reformulates it in worldline form. In the “bottom-up” approach, one instead
begins with a worldline model and extracts field theoretical information from it.

Fig. 1 graphically depicts the difference between the two approaches. Despite their different starting
points, both methods ultimately pursue the same goal: to construct, and subsequently compute, a
worldline representation of a QFT quantity.6 In a nutshell, this constitutes a succinct answer to the
central question posed above. In the remainder of this section, we shall illustrate, through specific
examples, how each of the two approaches realizes this idea in its own characteristic manner.

Top-down Perhaps the most straightforward way to provide a worldline representation of some
QFT quantity is to begin with the field-theoretic expression itself and manipulate it into worldline
form. This procedure presupposes detailed knowledge of the underlying theory and involves non-
trivial manipulations, one of which relies on the integral representation of the logarithm:

log

(
A

B

)
=

∫ ∞
0

dT

T

(
e−BT − e−AT

)
.

To make this concrete, let us anticipate the main object of interest in Chapter 1, namely the effective
action of a quantum scalar field ϕ(x) interacting with a Yukawa classical background V (x). According

6In this context, with “some QFT quantity” we refer broadly to any object of interest such as a heat kernel, a
scattering amplitude, or the effective action of a quantum field.
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to standard field theory, the effective action Γ[V ], defined as the generating functional of the one-
particle-irreducible N-point functions, is related to the operator of quantum fluctuations Q, through
the functional determinant

Γ[V ] =
1

2
LogDet[Q] .

In the case of interest, we will take the fluctuation operator to be Q := −∂2 + V . Using Schwinger
proper-time parametrization [57] (or Frullani’s representation for the logarithm [58]), the effective
action can be rewritten as

Γ[V ] = −1

2

∫ ∞
0

dT

T

∫
dDxK(x, x;T ) ,

in terms of the diagonal of the related heat kernel operator7 (the integrated heat kernel or heat
kernel’s trace). The heat kernel operator is defined as

K(x, x′;T ) := e−TQ(x, x′;T ) .

As customarily, in the expression above for Γ[V ] an infinite additive constant is neglected. The
heat kernel operator K(x, x′;T ) admits a natural quantum-mechanical interpretation as the matrix
elements ⟨x|exp(−TQ)|x′⟩ of the evolution operator U(T ) of a scalar particle, with a corresponding
proper time T for the evolution and a phase space Lagrangian

L = −ipµẋµ + p2 + V ,

where the dot denotes ẋ := dx(t)
dt

. One can then represent the transition amplitude in terms of a path
integral over the bosonic coordinates xµ(t) in a first-quantized framework:

K(y, z;T ) =

∫ x(T )=z

x(0)=y

Dx e−
∫ T
0 dt

(
ẋ2

4
+V (x)

)
.

This equation provides precisely the desired worldline representation of the one-loop effective ac-
tion. The “top-down” construction outlined above will constitute the starting point for the analysis
presented in Chapter 1.

Perhaps the most subtle aspect of this approach lies in correctly identifying the worldline Lagrangian
appearing in the exponent of the path integral. While the scalar case is relatively straightforward,
more complex theories might involve intricate derivations. In such situations, an alternative “bottom-
up” strategy can also be employed.

Bottom-up A complementary way to approach field-theoretical computations from a first-quantized
perspective consists of setting aside, at least temporarily, quantum field theory. Instead, one consid-
ers a mechanical model for a relativistic particle with gauge symmetry, which allows for a manifestly
Lorentz covariant formulation. As a next step, one relates this mechanical model to its corresponding

7This marks the first introduction of the heat kernel in this thesis, which will serve as a central object in many of
the forthcoming applications. A full discussion of the heat kernel and its expansion will be deferred to the prelude to
Part II; here, we will limit ourselves to presenting only the essential details needed for Part I of the thesis.
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field-theoretical content. In a sense, the approach is more principled and conceptually closer in spirit
to string theory. The zoology of the existing worldline models is broad and is not straightforward
to categorize every possibility precisely. Nevertheless, the majority of such models can be regarded
as “spinning particle models” [37], as they describe the propagation of a relativistic particle in first
quantization.8 These models can be divided into two broad classes, depending on whether the spin
degrees of freedom are described by means of Grassmann odd or Grassmann even variables. We now
explain the main differences between these two cases and summarize their key features, anticipating
a more in-depth analysis in the following chapters.

• The Grassmann odd variables are spacetime vectors but worldline fermions, usually denoted
by ψµ(τ), θµ(τ), or Ξµ(τ) in the literature.9 This choice defines models typically referred to as
O(N ) spinning particles. Although these variables are real, it is often convenient to work
with their complexified form.
The literature on these “fermionic models” is extensive: they have been studied and applied
since the 1980s. These models exhibit N local supersymmetry (SUSY) on the worldline, and
have been shown to describe, on Minkowski, a spin s = N

2
particle in first quantization [37,

62–70]. They are examples of constrained Hamiltonian systems with first-class constraints [25,
71]. These kinds of constraints, denoted as Cα (with α spanning the number of constraints),
satisfy upon quantization a graded algebra of the form10

[Cα, Cβ} = fαβ
γCγ

with some structure functions fαβγ. The phase-space action of such models depends on the
particle spacetime coordinates xµ together with N real fermionic superpartners ΞµI .

11 In the
case of a flat d-dimensional target spacetime, the gauged action is given by

S =

∫
dτ

[
pµẋ

µ +
i

2
Ξµ · Ξ̇µ − eH − iχI qI − aIJ JIJ

]
,

where a dot indicates a contraction of the internal indices. This theory should be viewed
as a one-dimensional field theory living on the worldline. A few remarks regarding its field
content are in order. The canonical coordinates (xµ, pµ,Ξ

µ
I ) upon quantization are subject to

the canonical commutation relations

[xµ, pν ] = i δµν , {ΞµI ,Ξ
ν
J} = δIJ η

µν .

The worldline supergravity multiplet in one dimension (e, χI , aIJ) contains the einbein e which
8Some notable examples which fall outside this categorization include worldine models capturing topological field

theories such as the Chern–Simons theory [59], as well as the “superparticle models”, which has been shown to describe
linearized D = 10 super Yang–Mills [60] and D = 11 supergravity [61] (see the LACES lectures by Nathan Berkovits
for a detailed presentation). A recent work [9] has proposed a class of models that extends the worldline approach to
more general gauge theories, including the covariant fracton case.

9The variable τ represents the proper time of the particle, ranging over the interval [0, T ]. For convenience, it is
often rescaled such that τ ∈ [0, 1].

10We indicate with [·, ·} the graded commutator.
11Capital Latin letters I, J, . . . are reserved for internal SO(N ) indices (I, J = 1, . . . ,N ).

https://youtube.com/playlist?list=PLbcx3dKCUhgYgz7_o8JACK6Wuu3aDESVU&si=wKp7iRST8Ozj0zOh
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gauges worldline translations, the N gravitinos χ which gauge the worldline supersymmetry,
and the gauge field a for the symmetry which rotates by a phase the worldline fermions and
gravitinos, the R-symmetry. In the action above, they act as Lagrange multipliers for the
suitable first-class constraints, which are the Hamiltonian H, the supercharges qI , and the R-
symmetry algebra generators JIJ , choosing a specific order for the latter to avoid ambiguities

H :=
1

2
pµpµ , qI := ΞµI pµ , JIJ := iΞµ[I ΞJ ]µ .

The Hamiltonian and the supercharges together form the following one-dimensional algebra:

{qI , qJ} = 2 δIJ H , [qI , H] = 0 .

These constraints have to be introduced to ensure the mass-shell condition and to eliminate
negative norm states, ensuring the consistency of the model with unitarity at the quantum
level [37]. On the other hand, regarding the aforementioned R-symmetry algebra one finds:

[JIJ , qK ] = i (δJKqI − δIKqJ) ,

[JIJ , JKL] = i (δJKJIL − δIKJJL − δJLJIK + δILJJK) .

The gauging of the R-symmetry group is optional and can be used to constrain the model to
deliver pure spin s states and have the minimal amount of degrees of freedom: to count them,
one can construct the path integral on the one-dimensional torus of the free spinning particles,
which has been achieved for all N in Ref. [72]. The relations above together form the so-called
O(N )-extended worldline supersymmetry algebra: it displays N supercharges qI which close on
the Hamiltonian H and which transform in the vector representation of SO(N ).

This model will be specialized for N = 2 and for N = 4 in the course of the thesis. Further
details will be provided in due course, while we refer to the following complete review [37] for
an in-depth discussion.

• The Grassmann even variables are spacetime vectors and worldline bosons, usually denoted
by αµ(τ) and ᾱµ(τ) in the literature. They form a pair of complex conjugate variables. This
choice defines a class of models usually referred to as bosonic spinning particle.
The use of bosonic variables to describe particles with integer spin has a long history as well,
but mainly rooted in string theory [73–76]. Indeed, it has been explored only sporadically in
the context of worldline path integrals, as in [77]. It has seen renewed interest in recent works,
specifically in the context of Yang–Mills particles [78], and of charged massive spin-1 particles
[5]. The “bosonic model” is defined by the usual set of phase-space variables with Poisson
brackets

{xµ, pν}PB = δµν , {αµ, ᾱν}PB = iηµν .

The gauged worldline action is, analogously to the fermionic case, given by

S =

∫
dτ
[
pµẋ

µ − iᾱµα̇µ − eH − ūL− uL̄− aJ
]
,
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where we introduced the worldline gauge multiplet (e, ū, u, a) acting as a set of Lagrange mul-
tipliers that enforce the constraints

H =
1

2
pµpµ , L = αµpµ , L̄ = ᾱµpµ , J = αµᾱµ .

The latter satisfy a first-class Poisson-bracket algebra:

{L, L̄}PB = 2iH , {J, L}PB = −iL , {J, L̄}PB = iL̄ .

It is evident that the action and the symmetries are formally analogous to those of the fermionic
spinning particle. We therefore stop here the analysis of the constraint algebra, leaving further
details for the following sections. Let us emphasize that the underlying symmetry is not really
a supersymmetry; however, it does play an equivalent role as will become clear in Chapter 2.

Despite this fundamental difference in how spin degrees of freedom are represented, fermionic and
bosonic models can provide equivalent worldline formulations of the same field theory. The dis-
tinction between the two is often of a technical rather than conceptual nature. For instance, the
use of bosonic variables offers computational advantages when dealing with scattering amplitudes as
worldline correlators of vertex operators, as detailed in Chapter 3. Conversely, fermionic variables
can simplify certain calculations based on Wick contractions: a relevant example is providedby the
model object of Chapter 4 describing a spin-2 particle, dubbed N = 4 spinning particle; it exhibits
a subtle double-copy-like structure that facilitates computations, as shown in Chapter 5.12

But how do these models relate to their corresponding field theories?
The precise connection emerges upon quantization of the spinning particle model. We shall not delve
into the details here, as the following chapters are devoted to an in-depth analysis of this subject.
Let us simply anticipate that the quantization procedure involves several subtleties, since we are
dealing with a constrained Hamiltonian system. In general, it can be implemented efficiently in two
main ways: either following a procedure à la Dirac, or by employing the BRST formalism. In the
former approach, one promotes the constraints to operators Ĉα and defines physical states as those
elements |Ψ⟩ of the Hilbert space that get annihilated by all constraints:13

Ĉα |Ψ⟩ = 0 .

This procedure has been extensively used in Refs. [68, 70] to quantize both massless and massive
spinning particle models. The BRST method,14 on the other hand, will be discussed extensively in
Chapter 2 and in Chapter 4, and we shall not anticipate its details here.

These two approaches are equivalent as long as the model remains free [80]. However, the inclusion
12See in particular the discussion in Appendix 5.B.2. It is an intriguing, but not much explored, possibility to exploit

this underlying double copy structure further, potentially contributing to the color-kinematics duality program.
13This definition is somewhat restrictive and will be relaxed in a more thorough discussion in Chapter 2. Nevertheless,

it is ultimately the defining expression that is employed in practice, cf. Eqs. (2.1.29)-(2.1.30).
14Which has been originally developed in the context of the path integral quantization of Lagrangian gauge theories

and named after Carlo Maria Becchi, Alain Rouet, Raymond Stora and Igor Tyutin [79].
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of consistent interactions or background couplings is often more efficiently achieved within the BRST
framework, as pioneered in Refs. [81–83]. For instance, regarding the fermionic models, the Dirac
quantization approach historically led to the misleading conclusion that quantization is not feasible
in some cases, particularly when considering generic gravitational backgrounds. This limitation was
notably encountered for the N = 4 spinning particle, where only restricted backgrounds were initially
considered consistent, until it was realized that BRST quantization provides a systematic route to
more general configurations. Chapter 4 is devoted to a thorough analysis of the matter.

Once the worldline model is quantized and the couplings are consistently introduced, one obtains a
worldline representation of a given QFT quantity by constructing the path integral of the model.
Schematically, this takes the form

Γ[B] ∼
∫
T

DGDX
Vol(Gauge)

e−S[X,G;B] .

The particle action depends on the worldline gauge fields G(τ) (a.k.a the set of Lagrange multipliers)
and coordinates with fermionic/bosonic partners X(τ), while the overcounting from summing over
gauge equivalent configurations is formally taken into account by dividing by the volume of the gauge
group. We agnostically denoted by B(x) the presence of background fields and did not specify the
topology of the worldline T . The most important topologies of the worldline are depicted in Fig. 2.
They correspond to the interval, I, suitable for describing the propagation of the particle, thus
providing the QFT propagator, and to the circle S1, which enters in the first quantized representation
of the one-loop QFT effective action induced by relativistic particles.

Propagator Effective Action

Figure 2: Topologies of the worldline.

The “bottom-up” approach outlined here constitutes the methodology followed in Chapter 2 and
Chapter 3, where the bosonic spinning particle is employed, as well as in Chapters 4–6, where the
N = 2 and N = 4 fermionic spinning particles are considered.





Part I

Non-Perturbative Phenomena
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Prelude: the Schwinger effect in a nutshell

In the first part of the thesis, we explore the application of the Worldline Formalism to the realm of
non-perturbative physics. Our goal is to show that, being a genuine functional approach, it naturally
lends itself to efficient non-perturbative analyses. Specifically, we shall focus on the computation of
the vacuum persistence probability

|⟨0out|0in⟩|2 . (I.1)

In Minkowski space, the vacuum persistence amplitude is related to the effective action by

⟨0out|0in⟩ = eiΓM . (I.2)

A remarkable feature takes place when the Minkowskian effective action ΓM develops an imaginary
part: since the vacuum persistence probability relates to

|⟨0out|0in⟩|2 = e−2 ImΓM , (I.3)

the vacuum non-persistence can be interpreted as the probability of producing particle-antiparticle
pairs

Ppair := 1− e−2 ImΓM . (I.4)

This definition reflects the fact that the instability of the vacuum signals the emergence of states
with a non-vanishing number of particles. As long as the latter are not largely populated, the pair
creation probability can be approximated by

Ppair ≈ 2 ImΓM . (I.5)

The instability of the vacuum was famously identified in the pioneering work by Euler and Heisenberg
[84]. Even earlier, in 1931, Fritz Sauter had demonstrated that electron-positron pairs could be
produced from the vacuum in the presence of a strong electric field, interpreting the effect as a
quantum tunneling [85]. Dirac’s theory had already revealed that the vacuum is not empty, but
filled with a sea of virtual pairs undergoing continuous creation and annihilation. In the presence of
an external field, to be more precise an electric one, this vacuum becomes unstable: virtual pairs can
be separated and promoted to real particles when the field is strong enough to supply the required
energy (see Fig. 3).

e− e+

E⃗

e− e+

Figure 3: Graphical representation of a virtual electron-positron pair becoming real due to the
presence of strong electric field.
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The formal expression of this process was achieved with the tools of QED only by Julian S. Schwinger
in 1951 [13]. The celebrated pair production rate in a weak electric field, constant in time and spatially
homogeneous, of magnitude E reads [86, 87]

γ ∼ e2E2

4π3
e−

m2π
eE , (I.6)

where m and e denote the electron mass and charge, respectively. From (I.6), one can extract the
critical value (with the factors of ℏ and c temporarily restored)

Ecr =
m2c3

eℏ
≈ 1018Vm−1 , (I.7)

that an electric field must reach in order to create detectable electron-positron pairs. This value
is still beyond present technological capabilities, despite all the technical advances that have taken
place over the last 80 years. Consequently, an experimental proof of the Schwinger effect remains
elusive. However, the latest generation of laser facilities is expected to overcome this issue in the
near future, presently offering field strengths that are just a few orders of magnitude below Ecr.
In effect, several strong-field experiments are planned or are underway at the European XFEL [88,
89], LASERIX [90] and OVAL [91], to cite a few examples. A promising strategy to enhance the
pair production rate is known as “assisted pair production” [92]. The key idea is to introduce an
additional fastly varying background, which will exert the rôle of an assisting (or catalyzing) field,
in addition to the strong background one.

To better appreciate the non-perturbative nature of the Schwinger mechanism, let us briefly recall
how the rate (I.6) originates from the QED effective action Γ[Aµ], defined as∫

DA eiΓ[Aµ] :=

∫
DADψ̄Dψ e

i
∫
d4x

(
−1
4
FµνFµν+ψ̄(i /D−m)ψ

)
. (I.8)

By construction, Γ[Aµ] describes the nonlinearities of quantum electrodynamics when the fermionic
degrees of freedom of matter are integrated out. For a constant electromagnetic background, this
reduces to the celebrated Euler–Heisenberg effective Lagrangian [84]

LEH = −2
∫ ∞
0

dT

T

e−m
2T

(4πT )2
eET

tan(eET )

eBT

tanh(eBT )
, (I.9)

This Lagrangian contains a wealth of information on nonlinear quantum effects. It is non-perturbative
in the coupling e and resums an infinite number of one-loop N-photon diagrams (see Fig. 4). In
this sense, it represents one of the most famous examples of a resummed expression, encoding all
invariants constructed from powers of the field strength tensor. As we shall see, the ability to
obtain such closed expressions, containing infinitely many invariants, is crucial for exploring the
non-perturbative regime. Beyond pair production, the Euler–Heisenberg Lagrangian also underlies
processes such as light-by-light scattering and vacuum polarization [93]. Returning to the main topic,
notice that the integral in the Schwinger proper time T in (I.9) is singular: the T = 0 region signals
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LEH = −1
4
FµνF

µν + + + + + + . . .

Figure 4: Diagrammatic perturbative expansion of the Euler–Heisenberg effective Lagrangian with
the inclusion of the classical Maxwell Lagrangian. Note that, in QED, the diagrams with an odd
number of external photon legs vanish due to Furry’s theorem.

an ultraviolet (UV) divergence to be regularized, while infinitely many poles occur at

Tn =
nπ

eE
, 0 < n ∈ N . (I.10)

These poles are responsible for the imaginary part of the effective action, leading ultimately to the
non-persistence of the vacuum. Their origin can be traced to the zero modes of the operator of
quantum fluctuations. While the conceptual relation between pair production and the imaginary
part of the effective Lagrangian is straightforward, obtaining the Lagrangian explicitly is far from
trivial. A detailed analysis of this problem, and its analogues in other field theories, will be the focus
of what follows.

In the next two chapters, we will show how to obtain such Euler–Heisenberg-type Lagrangians.
In particular, in Chapter 1 we take the case-study of a quantum scalar field in a Yukawa scalar
background by following a “top-down” approach, while Chapter 2 extends this analysis to a massive
charged vector boson in an electromagnetic background, adopting a “bottom-up” strategy.
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Chapter 1

Yukawa assisted pair creation of scalar
particles

In this chapter, we illustrate the power of the Worldline Formalism in the study of non-perturbative
phenomena, beginning with the seemingly simple case of a quantum scalar particle in a classical
scalar Yukawa background. To obtain a worldline description of this setup, we adopt the “top-down”
strategy: starting from the heat kernel operator, we derive a worldline representation of the effective
action and proceed with its computation. A central milestone of our analysis is the derivation of
suitably resummed expressions: once the formalism is set up, we obtain compact forms for the effec-
tive action and the heat kernel of the scalar field, incorporating all invariants built from powers of
the background potential and its first and second derivatives. Remarkably, this turns out to be rather
straightforward in the first-quantized approach. Building on these results, we then analyze vacuum in-
stability by computing the vacuum persistence amplitude and the associated Schwinger pair production
probability. We begin with the simple case of a quadratic potential and then complicate the discussion
by considering non-quadratic time-dependent potentials and also spatially inhomogeneous potentials.
Finally, we refine this toy model by investigating how the inclusion of an additional, rapidly varying
background can significantly enhance pair production.

Conventions We work in D-dimensional Euclidean space, except for Secs. 1.3.1.1 and 1.3.2.1,
where we Wick rotate to Minkowski spacetime (using the mostly plus signature); we do not distinguish
the indices used in these different cases.

1.1 Worldline representation of the scalar heat kernel

Consider a theory consisting of a single quantum scalar field ϕ(x), in flat spacetime and interacting
with a Yukawa background (classical) field, which is described by the spacetime action

S =
1

2

∫
dDx

[
(∂ϕ)2 + V (x)ϕ2

]
, (1.1.1)

17
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where Einstein’s sum convention ∂2 = ∂µ∂
µ is employed. Generalizations to gauge background

fields or curved spacetimes are, in principle, possible. However, in this chapter, we will consider
only the scalar coupling through V (x), which already exhibits several key features of the Worldline
Formalism. Extensions to other types of couplings, as well as to higher-spin fields, will be addressed
in the concluding discussion.

We will thus focus on V (x), which is an arbitrary Yukawa-type (scalar) potential and may naturally
include a mass term for the scalar field. As customarily, the one-loop effective action Γ, which is the
full effective action unless we quantize V as well, is related to the operator of quantum fluctuations,
Q := −∂2 + V :

Γ =
1

2
LogDet[Q] . (1.1.2)

As detailed in the introductory section on the Worldline Formalism, in the Schwinger proper-time
parametrization, we can write the effective action as

Γ = −1

2

∫ ∞
0

dT

T

∫
dDxK(x, x;T ) , (1.1.3)

in terms of the diagonal of the related heat kernel operator. In turn, the heat kernel operator can be
interpreted in quantum mechanical terms as the matrix elements ⟨x|exp(−TQ)|x′⟩ of the evolution
operator U(T ) of an N = 0 spinning particle. Following the paradigm of the Worldline Formalism,
one can represent the transition amplitude in terms of a path integral over the bosonic coordinates
xµ(t) in a first-quantized framework. In this chapter, we are going to follow two different approaches,
depending on whether we absorb the spacetime integral into the path integral or not. If we do not,
then the effective action is computed from the coincidence point expression of

K(y, z;T ) =

∫ x(T )=z

x(0)=y

Dx e−
∫ T
0 dt

(
ẋ2

4
+V (x)

)
. (1.1.4)

This approach, which involves Dirichlet (D) boundary conditions (BC) on the worldline, is of funda-
mental importance when local quantities are to be analyzed, such as the energy-momentum tensor. If
instead one is interested in global quantities, as is the case for the effective action in Eq. (1.1.3), one
can realize that the spacetime integral can be effectively incorporated into the boundary conditions
of the path integration. A deeper discussion of this issue will be postponed to Sec. 1.3 and App. 1.A,
where the so-called string-inspired (SI) BC will prove helpful.

1.2 Resumming first and second derivatives of the potential:

the heat kernel

Having at our disposal a worldline representation for the relevant transition amplitude, cf. (1.1.4),
we are going to show that one can set up a perturbative expansion which already incorporates the
information of all the invariants made up of the first and second derivatives of the potential. Since we
are interested in working at the local level of the heat kernel, we will employ DBC on the worldline.
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As a first step, we follow Ref. [94] and Taylor expand the scalar potential about an arbitrary point
x̃,

V (x) = V (x̃) + lµ∂µV (x̃) +
1

2
lµlν∂µνV (x̃) + . . . , (1.2.1)

where we define the distance lµ := (x − x̃)µ and employ the following shorthand notation for the
higher derivatives: ∂µ1...µnV := ∂µ1 . . . ∂µnV . Identifying the base point with one of the arguments of
the heat kernel, x̃ → y, and performing the translation x → x′ = x − y in the path integral as well
(we will omit the prime henceforth), the expression for the heat kernel can be recast as

K(y, z;T ) = e−TV (y)

∫ x(T )=z−y

x(0)=0

Dx e−
∫
dt xµ∂µV (y) e−Sfree−Sint , (1.2.2)

where the quadratic part of the worldline action will be called the free action,

Sfree :=
1

2

∫ T

0

dt xµ
(
1

2
δµν
←−
∂t
−→
∂t + ∂µνV (y)

)
xν , (1.2.3)

while the higher-order terms will be included in the interacting action,

Sint :=

∫ T

0

dt
∞∑
n=3

1

n!
xµ1 . . . xµn ∂µ1...µnV (y) ,

=:

∫ T

0

dt Lint(x(t)) .

(1.2.4)

Note that all the tensorial quantities involving the background field V and its derivatives are evaluated
at the initial point y; as a consequence, their dependence on the worldline bosonic variables x(t) is
factored out and the expression (1.2.2) is thus readily usable for a perturbative computation in powers
of the path.

Using Sfree as the base action for the expansions is convenient as one only has to deal with a Gaussian
path integral. The perturbative expansion corresponds to an expansion in the number of derivatives
acting on a (single factor) V . Taking this into account, it proves useful to introduce an arbitrary
external source ηµ(t) linearly coupled to the paths, as well as the corresponding generating functional
of path n-point functions,

Z[η](y, z;T ) :=

∫ x(T )=z−y

x(0)=0

Dx e−Sfree−
∫ T
0 dt ηµxµ , (1.2.5)

which leads us to a master equation for the heat kernel:

K(y, z;T ) = e−TV (y) e−
∫ T
0 dt Lint(− δ

δη(t)) Z[η](y, z;T )
∣∣∣
η=∂V (y)

. (1.2.6)
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1.2.1 Generating functional

After an integration by parts in the worldline action, we can rewrite the generating functional as1

Z[η](y, z;T ) =

∫ x(T )=z−y

x(0)=0

Dx e−
1
2

∫ T
0 dt (xµ∆µνxν+2ηµxµ) , (1.2.7)

where the action is defined in terms of a differential operator that acts on paths satisfying DBC on
the interval [0, T ]:

∆µν(t, t
′) = −1

2
δµν∂

2
t δ(t− t′) + 2Ω2

µν(y)δ(t− t′) . (1.2.8)

To simplify the notation of the upcoming results, we have introduced Ωµν , which is related to the
second derivative of the potential in the following way:

2Ω2
µν(y) := ∂µνV (y) . (1.2.9)

Taking all this into account, the computation of Z[η] reduces to obtaining both the inverse and the
functional determinant of the operator ∆µν . The explicit computation goes as follows. First, it is
convenient to recast the path integral in terms of the quantum fluctuations ŝµ(t) around the classical
trajectory xµcl(t),

xµ(t) := xµcl(t) + ŝµ(t) . (1.2.10)

Secondly, the classical trajectory xµcl(t) is defined as the solution to the equations of motion imposed
by the free worldline action, i.e.2

δSfree

δxµ
= 0 =⇒ ∆µνxclν (t) = 0 , (1.2.11)

satisfying the following boundary conditions

xµcl(0) = 0 , xµcl(T ) = (z − y)µ . (1.2.12)

This fact, together with expression (1.2.10), implies that the fluctuations satisfy vanishing DBC, i.e.

ŝµ(0) = ŝµ(T ) = 0 . (1.2.13)

Coming back to the classical solution, it can be straightforwardly computed and is given by

xµcl(t) =

(
sinh (2Ωt)

sinh (2ΩT )

)µν
(z − y)ν , (1.2.14)

where the tensorial character of Ωµν has been explicitly shown. The resulting partition function thus
1A boundary term is omitted, as it has no bearing on the upcoming discussion of the diagonal heat kernel.
2Here and in the subsequent differential equations for the worldline x(t) we will employ an abuse of notation, such

that whenever the differential operator appears as ∆, we intend it striped-off of the Dirac delta that should appear
according to Eq. (1.2.11). For instance, ∆x(t) = (−1

2∂
2
t + 2Ω2)x(t).
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reads

Z[η](y, z;T ) = e−Sfree[xcl] e−
∫
t ηµx

µ
cl

∫ ŝ(T )=0

ŝ(0)=0

Dŝ e−
1
2

∫
t1t2

ŝµ∆µν ŝν−
∫
t ηµŝ

µ

, (1.2.15)

where we have introduced the following condensed notation for (multiple) integrals:3∫
t1t2···

:=

∫ T

0

dt1

∫ T

0

dt2 · · · . (1.2.16)

Performing the shift ŝ→ s̃ = ŝ+∆−1η and a subsequent completion of squares one is lead to

Z[η](y, z;T ) = e−Sfree[xcl] e−
∫
t ηµx

µ
cl e

1
2

∫
t1t2

ηµ∆−1
µν η

ν
∫ s̃(T )=0

s̃(0)=0

Ds̃ e−
1
2

∫
t1t2

s̃µ∆µν s̃ν

=
CDBC

Det
1/2
(∆)

e−Sfree[xcl]+
1
2
(S1+Sbos) .

(1.2.17)

As a way to simplify the notation in Eq. (1.2.17), we have introduced actions for the linear and
quadratic contributions in the external source,

S1[xcl, η] : = −2
∫
t

ηµ(t)x
µ
cl(t) , (1.2.18)

Sbos[η] : =

∫
t1t2

ηµ(t1)∆
−1
µν (t1, t2)η

ν(t2) , (1.2.19)

as well as the following short-hand notation for the quotient of functional determinants with respect
to the free case:

Det(A) :=
Det(A)

Det
(
−1

2
δµν∂2τ

) .
Note that, in expression (1.2.17), CDBC is a normalization to be determined, after the computation
of the determinant and Green function of the ∆ operator, from the well-known result for the Mehler
kernel [95, 96].

In order to obtain an explicit expression for the generating functional, we begin by writing down the
Green function corresponding to the operator ∆:

∆−1µν (t, t
′) =

[
sinh(2Ωt) sinh

(
2Ω(T − t′)

)
−Θ(t− t′) sinh(2ΩT ) sinh

(
2Ω(t− t′)

)
Ω sinh(2ΩT )

]
µν

. (1.2.20)

The details of its computation are given in App. 1.A and, for future reference, we also report its
following integral

Eµν(t) : =

∫
t′
∆−1µν (t, t

′) =

[
sinh (Ω(T − t)) sinh (Ωt)

Ω2 cosh (ΩT )

]
µν

. (1.2.21)

Regarding the computation of the functional determinant, this can be carried out by employing
the Gel’fand–Yaglom (GY) theorem [97], as generalized by Kirsten and McKane for a system of

3For instance,
∫
t
ηµx

µ =
∫ T
0
dt ηµ(t)x

µ(t) and
∫
t1t2

ŝ∆ŝ =
∫ T
0
dt1
∫ T
0
dt2 ŝ(t1)∆(t1, t2)ŝ(t2).
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differential operators [98, 99].4 As a matter of completeness, the salient aspects of this procedure are
given in App. 1.B. After a direct computation, one gets the equality

Det(∆) = det

[
sinh(2ΩT )

2ΩT

]
. (1.2.22)

Finally, the computation of the normalization constant CDBC is straightforward; after replacing the
results for ∆−1 and Det(∆) into Eq. (1.2.17), we obtain

CDBC = (4πT )−
D/2 . (1.2.23)

1.2.2 Resummed heat kernel

Recalling the formula (1.2.6), we use it in conjunction with the results of the precedent section to
get the following representation for the diagonal of the heat kernel:

K(x, x;T ) =
e−TV

(4πT )D/2
det−

1/2

(
sinh (2ΩT )

2ΩT

)
e−

∫
t Lint(− δ

δη(t)) e
1
2
Sbos[η]

∣∣∣
η=∂V

. (1.2.24)

The evaluation of this expression naturally proceeds by perturbatively expanding the exponent in
powers of the operator-valued interacting terms contained in Lint, i.e., in powers of functional deriva-
tives δ

δη
. This can be readily used to obtain an expansion of the heat kernel up to a certain power

in the proper time in an improved Schwinger–DeWitt expansion; in our case, this is measured by
considering the number of derivatives acting on a single Yukawa potential.

Explicitly, the action of the interacting exponential necessary to generate all the terms contributing
up to order T 5 in the Schwinger–DeWitt expansion reads

e−
∫
dtLint(− δ

δη(t)) e
1
2
Sbos[η]

∣∣∣
η=∂V

= e−
∫
dt (W(3)(t)+W(4)(t)+... ) e

1
2
Sbos[η]

∣∣∣
η=∂V

=

(
1−

∫
t

W(3)(t)−
∫
t

W(4)(t)−
∫
t

W(5)(t)−
∫
t

W(6)(t)−
∫
t

W(7)(t)

−
∫
t

W(8)(t) +
1

2

∫
t1t2

W(3)(t1)W(3)(t2) + · · ·
)

e
1
2
Sbos[η]

∣∣∣
η=∂V

,

(1.2.25)

with the vertex-generating operators given by

W(n)(t) =
(−1)n

n!
∂µ1µ2···µnV

δn

δηµ1(t)δηµ2(t) · · · δηµn(t)
. (1.2.26)

The evaluation of Eq. (1.2.25) can be easily performed in the Worldline Formalism; once inserted in
4For a pedological exposition, see also the Saalburg lectures by Gerald Dunne [100].

https://saalburg.aei.mpg.de/wp-content/uploads/sites/25/2017/03/dunne.pdf
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(1.2.24) we get the result

K(x, x;T ) =
e−TV+∂µV [ΩT−tanh(ΩT )

4Ω3 ]
µν
∂νV

(4πT )D/2det
1/2
(

sinh(2ΩT )
2ΩT

) Σ(x, x;T ) , (1.2.27)

where Σ(x, x;T ) contains the information on higher derivatives of the potential, which can be written
in terms of worldline diagrams; more explicitly, the contributions relevant at order T 5 are given by
manageable worldline integrals,

Σ(x, x;T ) = 1 +
1

2
∂µνρV ∂αV

∫
t

Gµν(t, t)Eαρ(t)

− 1

8
∂µνρλV

∫
t

Gµν(t, t)Gρλ(t, t) +
1

8
∂µνρλτV ∂αV

∫
t

Gµν(t, t)Gρλ(t, t)Eατ (t)

+
1

24
∂µνρV ∂αβγV

∫
t1t2

[
3Gµν(1, 1)Gρα(1, 2)Gβγ(2, 2) + 2Gµα(1, 2)Gνβ(1, 2)Gργ(1, 2)

]
− 1

48
∂µνρλτθV

∫
t

Gµν(t, t)Gρλ(t, t)Gτθ(t, t)

− 1

384
∂µνρλτθαβV

∫
t

Gµν(t, t)Gρλ(t, t)Gτθ(t, t)Gαβ(t, t) + . . . , (1.2.28)

where we denoted G(i, j) := G(ti, tj) in the arguments of the Green function Gµν(t, t′) := ∆−1µν (t, t
′)

and Eµν(t) has been introduced in Eq. (1.2.21). Expanding in powers of the proper time,

Σ(x, x;T ) =:
∞∑
j=0

cj(x, x)T
j , (1.2.29)

we can read the first few coefficients in the improved Schwinger–DeWitt expansion:5

c0(x, x) = 1 , (1.2.30)

c1(x, x) = 0 , (1.2.31)

c2(x, x) = 0 , (1.2.32)

c3(x, x) = −
1

60
∂µµ

ν
νV , (1.2.33)

c4(x, x) =
1

30
∂µµνV ∂νV − 1

840
∂µµ

ν
ν
ρ
ρV , (1.2.34)

c5(x, x) =
17

5040
∂µ

µ
νV ∂νρ

ρV +
1

840
∂µνρV ∂µνρV ,

+
1

280
∂ρµµ

ν
νV ∂ρV +

1

210
∂µνV ∂ρρµνV −

1

15120
∂µµ

ν
ν
ρ
ρ
λ
λV .

(1.2.35)

These coefficients are valid at the local level and, in particular, have been computed without the use
of integration by parts; they are in perfect agreement with previous calculations—see Refs. [94, 101]
and references therein.

5We postpone to the prelude to Part II a proper introduction of this expansion.
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1.3 Resummations for the assisted Yukawa interaction

As already highlighted in Ref. [94], the resummed expressions that we have obtained in the preceding
section can be employed to analyze scenarios in which a strong field is involved. In this realm, an
exciting mechanism has been devised in Ref. [92], where the rate of Schwinger pair creation was
greatly enhanced by including an assisting, fastly varying field to the strong background one.

In the following, we will consider a perturbative approach to the assisted Yukawa pair production.
Using our worldline setup, we are going to study the imaginary part of the in-out effective action,
which is related to the probability of pair creation in the weak-production limit (cf. the prelude to
Part I). This is an alternative path to those already considered for sQED, for which a scattering
approach was considered in Ref. [102] and, as we will see, we will be able to obtain closed expressions
without the need of employing saddle point approximations, which were necessary in Ref. [103].

Let us then consider a potential of the form

V (x) = V (x) + ϵV(x) , (1.3.1)

where V (x) is a strong field, while V(x) is a fastly varying field, whose strength is tuned by the
parameter ϵ≪ 1. Since we are interested in a global quantity (the effective action), we will employ
a worldline model with string-inspired boundary conditions, which we describe in the following.

Departing from Eq. (1.1.3) for the effective action, we recall the interpretation of the heat kernel as
a transition amplitude; this suggests that the spacetime integral of the diagonal of the heat kernel
can be equivalently written as a path integral over periodic (P) trajectories,

K(T ) : =

∫
dDxK(x, x;T )

=

∮
Dx e−

∫
t

(
ẋ2

4
+V (x)+ϵV(x)

)
.

(1.3.2)

Afterwards, we introduce the loop’s “center of mass”

x̄µ =
1

T

∫
t

xµ(t) . (1.3.3)

Once it is fixed, the path integration can be reobtained by subsequently integrating over all closed
loops that share the center of mass; in other words, we decompose the closed worldlines as∮

Dx =

∫
dDx̄

∮
Ds , (1.3.4)

where the paths satisfy then the string-inspired boundary conditions:

xµ(t) = x̄µ + sµ(t) with
∫
t

sµ(t) = 0 . (1.3.5)

For the interested reader, a more general approach to boundary conditions in the worldline is ex-
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plained in App. 1.A.

Coming back to the computation of the integrated heat kernel, for convenience we Taylor expand
the strong potential V about the center of mass variables:

V (x̄+ s) = V (x̄) + sµ∂µV (x̄) +
1

2
sµsν∂µνV (x̄) + . . . . (1.3.6)

This allows us to split once more the contributions of V in the action (1.3.2) into an interacting part
and a free one. Introducing the string-inspired generating functional

Z[η](x̄;T ) =

∮
Ds e−

∫
t
ṡ2

4
+ 1

2
sµsν∂µνV+sµηµ+ϵV(x̄+s) , (1.3.7)

we recast the integrated heat kernel as

K(T ) =

∫
dDx̄ e−TV e−

∫
t Lint(− δ

δη(t)) Z[η](x̄;T )

∣∣∣∣
η=∂V

. (1.3.8)

In the following, a perturbative expansion in the weak-field parameter ϵ is to be performed:

Z = Z0 + ϵZ1 + ϵ2Z2 + . . . ; (1.3.9)

although each contribution Zi can be explicitly computed in the worldline, we will focus on the
contributions up to order ϵ, which will be enough to show the existence of the assisted effect.

1.3.1 Zeroth order in V

At zeroth order, we need to compute

Z0[η](x̄;T ) =

∮
Ds e−

∫
t
ṡ2

4
+sµsνΩµν+sµηµ , (1.3.10)

which is analogous to the path integral in Eq. (1.2.15), replacing the DBC with the SI ones. The
relevant operator for this computation, ∆SI, satisfies Eq. (1.2.8) using Ω2

µν(x̄) :=
1
2
∂µνV (x̄) [instead

of Ω2
µν(y)] and we should recall that its domain of definition is made of functions which obey the

condition (1.3.5):

∆µν
SI (t, t

′) = −1

2
δµν∂2t δ(t− t′) + 2

(
Ω2
)µν

(x̄)δ(t− t′) . (1.3.11)

After the replacement s→ s = s̃+∆−1SI η, the generating functional can be brought into a Gaussian
form, which can readily be integrated:

Z0[η](x̄;T ) = e
1
2

∫
t1t2

ηµ(∆−1
SI )

µν
ην
∮
Ds̃ e−

1
2

∫
t1t2

s̃µ∆
µν
SI s̃ν

=
CSI e

1
2
SSI
bos[η]

Det
′1/2

(∆SI)
.

(1.3.12)
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This expression is made of three different elements. First, the exponential of the bosonic action,
which is completely analogous to Eq. (1.2.19), but for the fact that one should replace the operators
with the appropriate SI ones. Second, the functional determinant of the ∆SI operator, which can be
computed by generalizing the Gel’fand–Yaglom method to operators acting on a domain of periodic
functions.6 As explained in App. 1.B, the result is

Det
′
(∆SI) = det

[
sinh2(ΩT )

Ω2T 2

]
. (1.3.13)

Third and last, we have introduced the parameter CSI; as in the Dirichlet case, it can be determined
by appealing to a known result; once more, we get

CSI = (4πT )−
D/2 , (1.3.14)

which also agrees with the expected result for the small proper time expansion of the integrated heat
kernel [104]. Note that this normalization yields a well-defined limit for a vanishing Ω. Summing
all these pieces, we get

Z0[η](x̄;T ) =
e

1
2
SSI
bos[η]

(4πT )D/2det
1/2
(

sinh2(ΩT )
Ω2T 2

) . (1.3.15)

1.3.1.1 Unassisted particle production

As a warm-up application of the preceding formulae, consider a strong quadratic potential, i.e. one
whose higher derivatives can be neglected, ∂n≥3V = 0. This implies that the worldline interactions
in Eq. (1.3.8) are switched off and, inserting the zeroth-order generating functional in the definition
of the effective action, cf. Eq. (1.1.3), we obtain the following effective Lagrangian:

Leff [V ] = −1

2

∫ ∞
0

dT

T

e−TV

(4πT )
D/2

det
1/2

(
Ω2T 2

sinh2(ΩT )

)
. (1.3.16)

The first aspect worth mentioning is the fact that the proper time integral contains a singularity at
T = 0, indicating a UV divergence that needs to be removed by renormalization. It will eventually
require the inclusion of counterterms in the effective Lagrangian, whose number will depend on the
spacetime dimensionality D. However, as we will shortly see, in our strong field case the integral has
developed further poles in the T -plane if we work in Minkowski spacetime.

The determinant in the equation above can be evaluated from the knowledge of the eigenvalues of
the real and symmetric matrix Ω2, defined in Eq. (1.2.9). These in turn depend on the invariants
det(Ω2) and tr (Ω2j), for j = 1, 2, .., D− 1. For D ≤ 4 it is possible to obtain analytic expressions for
the eigenvalues in terms of these invariants. However, the resulting expressions become cumbersome
unless D = 2, which serves as an interesting and illuminating special case. Therefore, in what follows,

6The prime over the determinant means that we are excluding the constant mode: in the SI BC this is automatically
excluded, while in the free operator this is done by hand.
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we assume that the background potential depends just on two coordinates (e.g., x0 and x1). This
results in a nontrivial 2× 2 block in the matrix Ω, whose eigenvalues entirely determine the effective
action. With a slight abuse of notation, we will continue to denote this block as Ω2.

The (real) eigenvalues of the 2× 2 block are given by

λ± = −F±
√

F2 −G2, (1.3.17)

where we have introduced the notation

F = −1

2
tr(Ω2) , G2 = det(Ω2) . (1.3.18)

We have called these invariants F and G, given that they play roles analogous to FQED := FµνF
µν

and GQED := F̃µνF
µν in four-dimensional quantum electrodynamics. Using these eigenvalues, the

effective Lagrangian can be expressed as

Leff [V ] = −1

2

∫ ∞
0

dT

T

e−TV

(4πT )
D/2

 √
λ+λ−T

2

sinh
(√

λ+T
)
sinh

(√
λ−T

)
 . (1.3.19)

Depending on the specific values of the eigenvalues, the effective Lagrangian can develop an imaginary
part when rotated to Minkowski space. To patently see this in a particular case, let us choose v ∈ R

and the strong potential in Euclidean time to be

V0(x) := v2 x20 +m2 , (1.3.20)

where we have also included a mass term for convenience. As we will see, this is the analog of the
constant electric field which was considered in Ref. [94]. With this choice we have λ+ = v2 and
λ− = 0. Then, the Euclidean effective Lagrangian is given by

Leff [V0] = −
v

2

∫ ∞
0

dT
e−Tv

2x̄20−Tm2

(4πT )
D/2 sinh(vT )

. (1.3.21)

Though the rotation to minkowski spacetime requires some care in the calculations, it can be done
as follows. The Euclidean quantities XE are related to the Minkowski ones by adding a (−i) factor
for every 0th component which is involved. For example, for a vector we have X0

E = −iX0
M. Actually,

we can keep track of the rotation by including a parameter ϕ, so that XE = eiϕXM; thus, expanding
ϕ about −π/2 we can keep track of branch cuts and poles in the complex plane. The objects that
we need to rotate include v (which is to be counted as a derivative of the potential) and the effective
action, which satisfies

ΓM

∣∣∣
Wick rotated

= iΓE . (1.3.22)

Taking this into account, the Minkowskian effective action at zeroth order reads

Γ
(0)
M [V0] =

√
π

2

Vol(D−1)

(4π)
D/2

∫ ∞
0

dT

T
D+1
2

e−m
2T

sin(vMT + i0)
, (1.3.23)
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where Vol(D−1) is the volume of the (D−1)-dimensional space and we have kept track of the rotation
through the +i0 contribution in the argument of the sine. Eq. (1.3.23) shows nontrivial poles where
the sine function vanishes, i.e. at7

T =
πn

vM
, 0 < n ∈ N . (1.3.24)

On their turn, these poles generate an imaginary part in the effective action, as can be seen from the
use of the residue theorem in the complex T plane to perform the proper time integral,

ImΓ
(0)
M =

π

2

Vol(D−1)

(2π)D
v
D−1
2

M

∞∑
n=1

(−1)n+1 e
−m

2πn
vM

n
D+1
2

= −π
2

Vol(D−1)

(2π)D
v
D−1
2

M LiD+1
2

(
−e−

m2π
vM

)
,

(1.3.25)

where Lis(·) is the polylogarithm of order s.8 As already explained, the physical interpretation of
this result follows by identifying it with the vacuum persistence amplitude,

|⟨0out|0in⟩|2 = e−2 ImΓM =: 1− Ppair , (1.3.26)

which is reported here once again for ease of reference.

1.3.1.2 Non-quadratic time-dependent potentials

Let us consider an arbitrary time-dependent potential V (t). Using the zeroth order result, to zeroth
order also in the generalized heat kernel coefficients, we obtain what we will call the locally quadratic
field approximation (LQFA),

ΓM = −VolD-1

2
√
2

∫ ∞
0

dT

T

∫ ∞
−∞

dt
e−T(V (t)+m2)

(4πT )
D/2

√
−V ′′(t)T

sinh
(√
−V ′′(t)T/

√
2
) , (1.3.27)

which heuristically is expected to be valid when the potentials are slowly varying; in this sense,
it is equivalent to the locally constant field approximation employed in QED [48, 105]. For the
computation of the imaginary part of the effective action, if the potential is positive, the relevant
contributions will be those for which V ′′ is negative9. Importantly, one should be careful with the
recipe employed to avoid the singularities that appear in the proper time integral. To take care of
this, we can follow as in the previous section; explained in other words, since our expressions are

7These are the values for which the differential operator ∆µν with PBC develops zero modes in Minkowski space-
time. Although the n = 0 one does not correspond to a zero eigenvalue, as can be extrapolated from the spectrum
(see App. 1.B.2), it is not surprising that it still represents a divergence, as it is well-known to be related to the
renormalization of the theory.

8The polylogarithm function is defined by

Lis(z) :=

∞∑
n=1

zn

ns
.

9For a negative potential, see the discussion at the end of Sec. 1.3.1.3.
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covariant, we can rotate the 00th component of the metric, which we will call η00. In order to be
consistent with the −iϵ prescription, the rotation should be η00 → e−iπη00. A further alternative is to
consider the heat kernel in minkowski spacetime and employ its imaginary proper time expansion [57].
After a proper time Wick rotation, this implies a T +iϵ prescription that will be used in what follows
(it will be especially useful for the space-dependent potentials).

Coming back to Eq. (1.3.27), its imaginary part can be readily computed to be

Im
ΓM

VolD-1

=
π

2

∞∑
r=1

(−1)r+1

∫ ∞
−∞

dtΘ(V ′′(t))

×

(√
V ′′(t)

4
√
2π2r

)D/2

exp

(
−
√
2πr (V (t) +m2)√

V ′′(t)

)
.

(1.3.28)

We can go beyond LQFA by including higher derivative terms, i.e. by multiplying the integrand in
the equation above by using the improved Schwinger–DeWitt coefficients obtained in the SI approach
(see App. 1.C). To lowest order, we obtain

Im
ΓM

VolD-1

=
π

2

∞∑
r=1

(−1)r+1

∫ ∞
−∞

dtΘ
(
V ′′(t)

)(√V ′′(t)

4
√
2π2r

)D/2

× exp

(
−
√
2πr (V (t) +m2)√

V ′′(t)

)(
1− 23/4π3

288

V (4)(t)

(V ′′)3/2
+ · · ·

)
.

(1.3.29)

As a particular case, consider an oscillatory potential; having in mind the analogy with the electro-
magnetic case, which in essence is (F 2)µν → Ωµν , a plausible form is

V (t) =
V0
ω2

sin2(ωt), V0 > 0, (1.3.30)

which additionally reduces to the quadratic potential when ω → 0. The Hessian matrix is defined in
terms of the single element

V ′′(t) = 2V0 cos(2ωt); (1.3.31)

inserting it in Eq. (1.3.29) and noting that the periodicity of the potential can be absorbed into the
length L0 =

2π
ω

, we are led to the result

Im
ΓM

L0VolD-1

=
∞∑
r=1

(−1)r+1π

4

∫ π/4

−π/4
dt

(√
V0 cos(2t)

4π2r

)D/2

× exp

(
−πr
√
V0
ω2

(
sin2 t+ γ2

)√
cos(2t)

)(
1 +

π3

36

ω2

√
V0

1√
cos(2t)

+ · · ·

)
,

(1.3.32)
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where we have introduced Keldysh’s adiabaticity parameter [106] :

γ :=
mω√
V0
. (1.3.33)

Note that the first correction in Eq. (1.3.32) is positive and also reflects the large-potential character
of our expansion, which is not in powers of γ, but in terms of the dimensionless, small parameter
ω2/
√
V0. For extreme fields, one could work out the time integral using Laplace’s theory, which

effectively leads to a parabolic approximation. Indeed, physically speaking, the expression (1.3.32)
can be seen as an improvement over simply approximating the harmonic function with a periodic
array of quadratic potentials centered around its minima. Additionally, in the small ω limit the
quadratic result is reobtained; this can be seen either by using Laplace’s theory in the previous
equation or by rescaling in ω,

Im
ΓM

L0VolD-1

=
πω

4

∞∑
r=1

(−1)r+1

×
∫ π/4ω

−π/4ω
dt

(√
V0 cos(2ωt)

4π2r

)D/2

exp

(
−πr

(
V0
ω2 sin

2(ωt) +m2
)√

V0 cos(2ωt)

)
ω→0
=

πω

4

∞∑
r=1

(−1)r+1
( v

4π2r

)D/2 1√
rv

exp

(
−πrm2

v

)
,

(1.3.34)

where we have identified
√
V0 → v. Although we have not managed to obtain a closed analytic

formula for Eq. (1.3.32), one can truncate the series at any desired order and readily numerically
perform the integrations, at least for massive fields, for which a decreasing exponential behaviour is
guaranteed.

As a last comment, we would like to emphasize once more that we expect Eq. (1.3.32) to be a good
approximation for small frequency ω. If an all-scalar version of the worldline instantons technique
could be developed, it could be used to check all these (and the following section’s) results and
complement them with expressions encompassing all the derivative contributions (but just the first
large mass one).

1.3.1.3 Spatial particle creation

The framework is slightly more involved when considering the spatial case. For simplicity, we will
analyze the case depending on just one variable, say x3, so that

ΓM = − i VolD-1

2
√
2

∫ +∞

0

dT

T

∫ ∞
−∞

dx3
e−T(V (x3)+m2)

(4πT )
D/2

√
V ′′(x3)T

sinh
(√

V ′′(x3)T/
√
2
) . (1.3.35)

In this setup, for weak fields instabilities arise when ∂23V becomes negative; the difficulty resides in
the fact that the instabilities are already present at the level of the Euclidean effective action and,
thus, the imaginary proper time prescription described in the previous section is required in order to
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obtain a sensible answer.

To simplify the discussion further, let us consider the quadratic case

V (x3) = v2 x23 +m2, (1.3.36)

leaving the sign of v2 for the moment undetermined; note that the situation with the inverted
quadratic potential mimics what happens in the electromagnetic homogeneous field in the spatial
gauge. Then, following the lines of the previous section we arrive at

ΓM[V ]

VolD−1
= − i

2

∫ ∞
0

dT

T

∫ ∞
−∞

dx3
e−T (v

2x23+m
2)

(4πT )
D/2

vT

sinh(vT )
. (1.3.37)

At this point, we have to consider the two possible alternatives separately. If v2 > 0, all the integrals
in Eq. (1.3.37) are well defined and are real, i.e. there is no creation of pairs. This is of course logical:
since the potential is static, no energetic source is available to create the pairs. If instead v2 < 0,
the sinh in the denominator becomes a sine and singularities appear. However, the integral in x3

becomes ill-defined; this can be seen as a consequence of the fact that the effective mass V +m2 is
negative in an infinite region. A way to circumvent this problem in this simple case is to perform
first the integral in x3 (with v2 > 0) and afterwards appeal to an analytical continuation in10 v. The
result obtained with this prescription agrees with the one using the imaginary proper time, and gives
the same pair creation probability as for the quadratic time dependence. This agreement resembles
the situation in the EM homogeneous case.

As a last example, consider another spatial, now oscillating background,

V (x3) =
V0
ω2

sin2(ωx3). (1.3.38)

If V0 > 0, then the only change with respect to the time-dependent field is in the integration region
over x3, which is effectively shifted to the complementary interval in the period of cos(2ωx3);11 after
shifting the integral one gets:

Im
ΓM

VolD
=

∞∑
r=1

(−1)r+1π

4

×
∫ π/4

−π/4
dx3

(√
V0 cos(2x3)

4π2r

)D/2

exp

−πr
(√

V0
ω2 cos2(x3) +

m2
√
V0

)
√

cos(2x3)

 .

(1.3.39)

Since our expansion is valid for strong potentials, the integral in the coordinate x3 can be done using
Laplace’s theory; contrary to the time-dependent scenario, one notices that cos2 x3 ≥ 1/2 in the
integration region, and thus the integral is exponentially suppressed in the strong field expansion.
This is consistent with the fact that for a positive potential one does not expect particle creation to
take place. This can actually be discussed in more general terms: whenever the potential is strictly

10One should employ the rule of thumb that the rotation should not interfere with the iϵ Feynman rule.
11In this case, VolD = L3VolD−1, where L3 denotes a spatial cutoff.
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positive and its second derivative is negative, an exponential suppression is present in the imaginary
part of the effective action in the LQFA.

Taking into account our discussion for the quadratic case, one would expect that the harmonic
potential (1.3.38) with V0 < 0 should resemble the most an electromagnetic space-dependent field.
However, in this scenario there is a caveat: for strong (negative) fields the integral in Eq. (1.3.35)
develops infrared (IR) singularities. These are related to the divergent behaviour for large T and
could imply a further source of imaginary contributions in the effective action; they are of course not
present for QED, since gauge invariance precludes the presence of the gauge potential in the effective
action. One could still appeal for example to analytical continuations to analyze the IR singularities,
as done for the quadratic field; however, for the oscillatory potential the integrals can not all be done
explicitly and the same can be said for the most frequently analyzed pulses in the literature.

For the sake of completeness, let us briefly discuss an analogue expansion in QED; a thorough analysis
will be left for the future. In such a case, the first derivative contribution, i.e. the equivalent of the
ω2/
√
V0 term in Eq. (1.3.32), is given by the cQED

3 coefficient. For a background field which is
exclusively electric (F0i = Ei(x) and Fij = 0), it can be shown that

cQED
3 =

2

5

[
∂jEi∂

jEi − ∂0Ei∂0Ei
]
, (1.3.40)

cf. the ō3 coefficient in Ref. [107]. This expression clearly displays a sign flip when shuffling from
purely spatial to time-dependent potentials, meaning that the pair production probability is en-
hanced in the latter case, while it decreases for the former. This seems to be in agreement with the
threshold which has been observed using worldline instantons for potentials depending on spatial
coordinates [48].

1.3.2 First and higher orders in V

Before analyzing the first-order contribution in ϵ, we will sketch how the computation to any order
can be done. At nth order in the assisting potential, the contribution to the generating functional is

Zn[η](x̄;T ) = (−1)n
∮
Ds

∫
t1t2···

e−
∫
t
ṡ2

4
+sµsνΩµν+sµηµ V(x̄+ s(t1))V(x̄+ s(t2)) · · ·

= (−1)n
∫ [ n∏

j=1

d̂qjṼ(q1)

]∫
t1···

∮
Ds e−i

∑n
l=1 ql·x̄−

∫
t
ṡ2

4
+sµsνΩµν+sµηµ+isµ

∑n
i=1 q

µ
i δ(τ−ti) ,

(1.3.41)

where we have Fourier transformed V as

V(x) =
∫

d̂q e−iq·x Ṽ(q) (1.3.42)
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and used the short-hand notation d̂q := dDq
(2π)D

. The expression (1.3.41) is still manageable, since
introducing explicitly the classical solution to the equations of motion of the worldline,

sµ → sµcl + ŝµ , (1.3.43)

the exponent becomes quadratic in the quantum fluctuations. A direct calculation shows that we
need to find the solution of

(∆SI)µν s
ν
cl(τ) = −ηµ(τ)− dµ(τ) , (1.3.44)

where d contains all the momentum inhomogeneities:

dµ(τ) := i
n∑
i=1

qµi δ(τ − ti) . (1.3.45)

This can be simply solved by considering the Green function of the operator, G := ∆−1SI , which is
computed in App. 1.A:

Gµν(t, t′) =
[
− 1

2TΩ2
+

cosh (Ω(T + 2t− 2t′))

2Ω sinh (ΩT )
−Θ(t− t′) sinh (2Ω(t− t

′))

Ω

]µν
, (1.3.46)

so that

sµcl(τ) = −i
n∑
i=1

Gµν(τ, ti)qνi −
∫
t′
Gµν(τ, t′)ην(t′) . (1.3.47)

After replacing Eq. (1.3.47) in the expression for Zn, we obtain

Zn[η](x̄;T )

= (−1)n
∫ [ n∏

j=1

d̂qjṼ(q1)

]
e−i

∑n
l=1 ql·x̄

∫
t1t2···

∮
Ds e−

1
2

∫
tt′ ŝ

µ∆µν ŝν+
1
2

∫
tt′ (η+d)µGµν(η+d)ν

= (−1)n e−TV

(4πT )
D/2

det
1/2

(
Ω2T 2

sinh2(ΩT )

)
×
∫ [ n∏

j=1

d̂qjṼ(q1)

]
e−i

∑n
l=1 ql·x̄

∫
t1t2···

e
1
2

∫
tt′ (η+d)µGµν(η+d)ν . (1.3.48)

If we are just interested in the contribution without worldline interactions, this formula can be further
simplified to

Zn[η](x̄;T ) = (−1)n e−TV

(4πT )
D/2

det
1/2

(
Ω2T 2

sinh2(ΩT )

)
×
∫ [ n∏

j=1

d̂qjṼ(q1)

]
e−i

∑n
l=1 ql·x̄

∫
t1t2···

e
1
2

∫
tt′ dµG

µνdν ,

(1.3.49)
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given that the SI Green function satisfies∫
t′
Gµν(t, t′)∂µV (x̄) = 0 . (1.3.50)

It is important to note that, in Eq. (1.3.49), an integral in x̄ is not simply going to give a Dirac delta,
which would imply momentum conservation, because of our nonperturbative approach. Indeed, there
are also implicit dependences on x̄ through V and Ω; the former will be a crucial difference with
respect to the Abelian gauge field case.

Let us now focus on the first order contribution in the assisting potential. The relevant computation
reads

Z1[η](x̄;T ) =−
e−TV

(4πT )
D/2

det
1/2

(
Ω2T 2

sinh2(ΩT )

)
×
∫

d̂q e−iq·x̄−
1
2
qµEµνqν Ṽ(q)

∫
t1

e
1
2
Sbos[η]+iq

∫
t G(t,t1) η(t) ,

(1.3.51)

with
Eµν := Gµν(t, t) =

[
ΩT coth (ΩT )− 1

2Ω2T

]µν
. (1.3.52)

Once these results are replaced in Eq. (1.3.8), we can perturbatively recast the trace of the heat
kernel as

K̃(T ) = − 1

(4πT )
D/2

∫
dDx̄ e−TV det

1/2

(
Ω2T 2

sinh2(ΩT )

)
×
∫

d̂q e−iq·x̄−
1
2
qµEµνqν Ṽ(q)

∫
t1

(
1 + Σ(1)(x̄;T, t1)

)
,

(1.3.53)

where higher-derivatives contributions in the Yukawa potential are encoded in Σ(1)(x̄;T, t1). If we
split them according to the number of momenta they contain,

Σ(1)(x̄;T, t1) = Σ
(1)
0 (x̄;T ) + Σ

(1)
1 (x̄;T, t1) + · · · , (1.3.54)

we get the first terms

Σ
(1)
0 (x̄;T ) = −T

8
∂µνρλV EµνEρλ −

T

48
∂µνρλτθV EµνEρλEτθ

− T

384
∂µνρλτθαβV EµνEρλEτθEαβ

+
1

12
∂µνρV ∂αβγV

∫
ab

Gµα(a, b)Gνβ(a, b)Gργ(a, b) + . . . , (1.3.55)

Σ
(1)
1 (x̄;T, t1) =

i

2
∂µνρV qα

∫
t

Gµν(t, t)Gρα(t, t1)

+
i

6
∂µνρλτV qα

∫
t

Gµν(t, t)Gρλ(t, t)Gτα(t, t1) + . . . ,

(1.3.56)

where we reported only the terms contributing to order T 5 once expanded in powers of T . These
results can be compared with the known expansion for integrated heat kernels, the difference with
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the local results in Sec. 1.2 consisting just in boundary contributions.

1.3.2.1 Gauss assisted pair creation at first order

The results from the previous section can be readily used to analyze the effect of assisted pair creation.
For simplicity, let us consider a minimal model in which the background, assisted field is quadratic
in the coordinates, so that the integrated heat kernel simplifies to

K̃(T ) = − T

(4πT )
D/2

∫
dDx̄ e−TV det

1/2

(
Ω2T 2

sinh2(ΩT )

)∫
d̂q e−iq·x̄−

1
2
qµEµνqν Ṽ(q) . (1.3.57)

Without losing generality, we can further restrict the potential to be only time-dependent, as we
have done in Eq. (1.3.20):

V0(x) = v2 x20 +m2 , v = const . (1.3.58)

As assisting field we propose instead a Gaussian (infinitely wide) pulse, which is frequently employed
in the description of experimental setups:

V(x) = ω2

π
e−ω

2x20 . (1.3.59)

Replacing these profiles for the fields into Eq. (1.3.57) and performing the integral in x̄0 and in the
energy q0, we get a compact expression for the trace of the heat kernel:

K̃(T ) = −
Vol(D−1)
(4πT )D/2

ωT 3/2

sinh (vT )
e−m

2T

(
1

ω2
+

coth (vT )

v

)−1/2

. (1.3.60)

Using this expression, the Euclidean effective action is immediately obtained. As we have already
performed at zeroth order in the assisting field, in the present case we can analyze the Minkowskian
scenario by performing a Wick rotation, the only difference being that the frequency ω shall be
also included among the quantities that have to be Wick-rotated. Keeping track once more of the
necessary regularizations resulting from the rotation, we get

Γ
(1)
M = −

Vol(D−1)ϵωM

2(4π)D/2

∫ ∞
0

dT

T (D−1)/2

e−m
2T

sin (vMT + i0)

(
1

ω2
M

+
cot (vMT )

vM
− i0

)−1/2

. (1.3.61)

The analytic structure of the integrand in this expression is severely influenced by the square root
factor. On the one hand, notice that the zeros of the sine are not poles of the integrand, given that
the cotangent inside the square root partially compensates the divergence, rendering it integrable.
On the other hand, its argument vanishes periodically in T , generating an infinite number of branch
cuts in the complex T plane, the −i0 resulting from the Wick rotation telling us on which side of
the cut the integral shall be performed. To simplify the discussion, let us use vM as scale and define
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the following complete set of dimensionless parameters:

ω̄ : =
ωM

v
1/2
M

, (1.3.62)

m̄ : =
m

vM
, (1.3.63)

T̄ ∗ : = vMT
∗ , (1.3.64)

where T ∗ is the first positive root of ω̄−2 + cot (T̄ ∗) = 0. Then, the cuts from the cotangent give
rise to an imaginary part in the effective action, whose analytic expression can be straightforwardly
found to be

ImΓ
(1)
M =

πVol(D−1)
2(2π)D

vM
(D−1)/2ϵe−m̄

2T̄ ∗
ω̄

∫ π−T̄ ∗

0

dT
e−m̄

2T

sin
(
T + T̄ ∗

)
×
∣∣ω̄−2 + cot

(
T + T̄ ∗

)∣∣−1/2
Φ

(
−e−πm̄2

,
D − 1

2
,
T + T̄ ∗

π

)
,

(1.3.65)

where Φ(·, ·, ·) is the Lerch transcendent function,

Φ(z, s, a) :=
∞∑
n=0

zn

(a+ n)s
. (1.3.66)

Importantly, T ∗ always belongs to the interval T ∗ ∈ [π/2, π), since we consider vM, ωM > 0; this
implies that the exponential decay of the pair creation effect can be greatly softened by the assisted
field. Such a softening can be readily observed by inspecting the ratio of the pair creation probability
at first assisted order, P (1), with respect to the non-assisted case, P (0). In the left panel of Fig. 1.1,
one can observe a density plot of log

(
P (1)

P (0)

)
as a function of m̄ and ω̄; the integral in the proper time

T has been performed numerically, while the value ϵ = 10−3 has been chosen so that in the depicted
region we roughly satisfy the small potential criterium ϵω̄2 ≪ 1.

As expected, the ratio of probabilities rapidly increases as a function of the rescaled frequency ω̄.
Indeed, the higher the frequency ω the larger the available energy to catalyze the production of pair
creation. One can also see that, for the depicted values of the parameters, the ratio also increases
with the mass; the reason is that the transseries structure in Eq. (1.3.65) is shifted with respect to
that in Eq. (1.3.25), thanks to the exponential prefactor e−m̄

2T̄ ∗ .

We have also depicted the double logarithmic plot of the ratio of pair creation assisted and non-
assisted probabilities as a function of ω̄ in the right panel of Fig. 1.1, for a few values of the rescaled
mass. For large values of ω̄, the behaviour is linear, as dictated by the prefactor in Eq. (1.3.65).
Going to smaller values, there is a transition to a ω̄2 behaviour. For small ω̄ the hierarchy of the
curves with respect to the mass is kept, thanks to the following effect: in this region the softening
e−m̄

2T̄ ∗ plays no role, the Lerch function becomes essentially a polylogarithm and the relevant ratio
is governed by the dimensionality of the two polylogarithms.
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Figure 1.1: The left panel is a density plot of log
(
P (1)

P (0)

)
as a function of m̄ and ω̄, taking ϵ = 10−3

andD = 4. The right panel shows P (1)

P (0) as a function of ω̄, for three different values of the dimensionless
mass: m̄ = 2 (yellow, dotted line), m̄ = 1 (blue, dashed line) and m̄ = 0.5 (red, continuous line).

1.4 Final remarks

In this chapter, we have shown how the Worldline Formalism can be used to perform nonperturbative
computations for a scalar quantum field coupled to a Yukawa background. In particular, using
Dirichlet boundary conditions on the worldline, we have seen that a local, resummed expression for
the heat kernel is obtainable, cf. Sec. 1.2. In this way one can straightforwardly compute the first
generalized heat kernel coefficients, which agree with those recently found in the literature. Instead,
in Sec. 1.3 we have developed what would be combined Parker–Toms and Barvinsky–Vilkovisky
resummations, the former being used for the strong field background and the latter for the assisting
field. Since the ultimate goal was to obtain the pair production probability, the so-called string-
inspired boundary conditions proved to be more efficient. From the master formula (1.3.8), an
expansion of the integrated heat kernel to include higher derivative terms for arbitrary fields can be
obtained by direct replacement. This enables one to compute the imaginary part of the Minkowskian
effective action and, ergo, the instabilities of the vacuum in terms of the probability of pair creation.
The advantage of our method over other available techniques (such as the worldline instantons [48]) is
that our method provides a formula that can be computed for arbitrary, inhomogeneous fields to any
desired level of precision. Using these results, we have seen that the assistance occurs already at the
first order in the assisting field. To illustrate this effect, we have worked out in detail the calculations
for a Gaussian assisting field; compared to the non-assisted effect, the transseries structure of the
pair creation probability is translated, leaving room for a large exponential enhancement. On the
contrary, in sQED one has to resort to at least second order in order to observe the assisted effect [103],
because gauge invariance precludes a term like e−TV in Eq. (1.3.57).

Our analysis can be generalized in several directions. First, contributing to the discussion on a pos-
sible new effect of pair creation in the presence of gravitational fields [108–111]. Using the curved
spacetime version of the Wordline Formalism, such a situation is tractable. In this scenario, we would
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also expect the possibility to have a first order assisted pair creation, if a mixed of strong/fastly-
varying potentials is used. In this sense, our computations are of great help, since at least in a
perturbative approach, the computation in a curved spacetime is totally analogous to a scalar com-
putation [112]. Second, the interaction of fields with higher spins is also accessible in the worldline;
the corresponding resummed expressions could already be inferred from our present results. Finally,
understanding whether further resummations of derivatives are possible would be a further step in
the analysis of nonperturbative phenomena, in particular related to the transseries structure of the
corresponding physical effects.

Appendices

1.A Boundary conditions and Green functions in the worldline

In this appendix, we will discuss some of the technicalities mentioned throughout the chapter re-
garding boundary conditions; first we will consider the case of the free operator, i.e. the pure kinetic
one, and will compute the corresponding Green functions. Afterwards, we will extend the results to
the Yukawa case.

1.A.1 Kinetic operator and zero mode

The kinetic term of the worldline theory that we study corresponds to the free worldline action

Skin =
1

2

∫
t

δµν ẋ
µ(t)ẋν(t) = −1

2

∫
t1t2

xµ(t1)
[
δµν∂

2
t1
δ(t1 − t2)

]
xν(t2) , (1.A.1)

where the boundary terms arising from the integration by parts vanish both for Dirichlet and periodic
BC. In particular, we are interested in the case where the trajectories are periodic, since we will see
that the vanishing DBC can be reobtained as a special case.

The associated differential operator,

Kµν(t, t
′) = −1

2
δµν∂

2
t δP(t− t′), (1.A.2)

is defined on the interval t, t′ ∈ [0, T ] and has a zero mode on the circle: periodic boundary conditions
allow for the presence of constant paths, preventing thus Kµν to be invertible. Note that δP(t − t′)
is the Dirac delta function on the space of periodic functions on [0, T ] [113]; the subscript has been
dropped throughout the work for notational convenience.

One way to solve the invertibility issue consists of factoring out the zero mode, i.e. to decompose
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the generic periodic path into the zero mode x̄µ and a quantum fluctuation yµ(t), so that

xµ(t) = x̄µ + yµ(t) . (1.A.3)

This amounts to introducing a redundant (pure gauge) field x̄µ in the worldline theory; indeed, there
is now a shift symmetry, which is actually a gauge symmetry:

δx̄µ = ξµ ,

δyµ(t) = −ξµ .
(1.A.4)

Differently to what happens in the background field method [114], here both fields are considered
dynamical.12 This explains why the shift symmetry (1.A.4) is promoted to a gauge symmetry, and
therefore must be gauge-fixed. The gauge-fixing procedure can be performed by means of BRST
methods, as analyzed in Refs. [2, 77, 115, 116] within the Worldline Formalism. The outcome of the
discussion is that one can introduce a gauge condition of the form∫

t

ρ(t) y(t) = 0 , (1.A.5)

where ρ(t) is usually called the background charge (in analogy with electrostatics) and is normalized
to ∫

t

ρ(t) = 1 . (1.A.6)

The gauge-fixing (1.A.5) allows to invert the free kinetic operator of the fluctuations yµ. It is clear
that different choices of background charge will result, in general, in different boundary conditions
for the quantum fluctuations and propagators. Nevertheless, the ρ-independence of the path integral
is still guaranteed by the BRST symmetry.13

More precisely, the Green function G(t, t′) of the operator −1
2
∂2t acting on fields constrained by the

equation (1.A.5) depends on ρ(t) and satisfies

−1

2
∂2t G(t, t′) = δ(t− t′)− ρ(t) . (1.A.7)

Let us discuss the most prominent choices for the background charge for the free theory.

• DBC - The choice
ρ(t) = δ(t) (1.A.8)

is tantamount to factorizing out the zero mode as in (1.A.3) where x̄µ is identified with a base-
12That is, they are integrated over in the path integral and the overcounting of physically distinct configurations

must be avoided by a gauge-fixing procedure.
13To be more precise, the worldline partition function can be expressed as an integral over the zero mode

Z =

∫
dDx̄ z(ρ)(x̄, ρ) ,

where the partition function density z(ρ) may depend on the gauge-fixing choice ρ(t), but this can only happen through
total derivatives, which must then integrate to zero [115].
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point in the target space along the loop. Indeed, such a background charge produces, from
(1.A.5), vanishing Dirichlet boundary conditions for the fluctuations:

y(0) = y(T ) = 0 . (1.A.9)

In this scenario, i.e. when working in the space of functions with vanishing DBC on the interval
[0, T ], the Dirac delta function is actually δ(t− t′) and vanishes at the boundaries t, t′ = {0, T}
[113]. The delta function will still be denoted as usual, since no confusion should arise. The
free propagator is given by

G(f)(t, t′) = −|t− t′|+ (t+ t′)− 2tt′

T
, (1.A.10)

which can be obtained by solving

−1

2
∂2τG

(f)(t, t′) = δ(t− t′) , (1.A.11)

with boundary conditions
G(f)(0, t′) = G(f)(T, t′) = 0 . (1.A.12)

• SI - The choice
ρ(τ) =

1

T
(1.A.13)

gives rise to the so-called “string-inspired” boundary conditions, as the factorization (1.A.3) of
the zero mode is akin to the customary practice in string theory, namely to identify x̄µ with
the “center of mass” of the worldline (1.3.3) and separate it from the quantum fluctuations.
The resulting boundary conditions for the latter are∫

t

y(t) = 0 , (1.A.14)

while the free propagator is given by

G(f)(t, t′) = −|t− t′|+ (t− t′)2

T
+
T

6
. (1.A.15)

It satisfies the equation

−1

2
∂2t G(f)(t, t′) = δ(t− t′)− 1

T
, (1.A.16)

with the conditions ∫
t

G(f)(t, t′) = 0 , G(f)(0, t′) = G(f)(T, t′) . (1.A.17)

Note that G(f)(t, t′) actually depends only on t − t′, while G(f)(t, t′) is a true function of two
variables.
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1.A.2 Green function with a Yukawa coupling

Let us now consider quadratic interactions, namely the linear, one-dimensional differential operator

∆µν(τ, τ
′) = −1

2
δµν∂

2
t1
δ(t1 − t2) + 2Ω2

µν(y)δ(t1 − t2) . (1.A.18)

The corresponding Green functions are described in the following (we omit Lorentz indices throughout
the calculations).

• DBC - We start with the computation of Sec. 1.2, namely with the case of vanishing DBC
for the fluctuations ŝ, cf. Eq. (1.2.13). The Green function Gµν(t, t′) := ∆−1µν is defined by the
following differential equation,

∆(t, t′)G(t′, t′′) = δ(t− t′′) , (1.A.19)

together with the boundary conditions

G(0, t′) = G(T, t′) = 0 . (1.A.20)

We can build an Ansatz starting from the solution of the homogeneous equation associated
with (1.A.19), namely

G(t, t′) =

A(t′) e2Ωt +B(t′) e−2Ωt if t < t′

C(t′) e2Ωt +D(t′) e−2Ωt if t′ ≤ t
. (1.A.21)

Imposing the usual conditions on the (dis)continuity of the (first derivative of) the Green
function at t = t′, we can relate the four unknown functions A,B,C,D to get

G(t, t′) =
sinh(2Ωt) sinh

(
2Ω(T − t′)

)
−Θ(t− t′) sinh(2ΩT ) sinh

(
2Ω(t− t′)

)
Ω sinh(2ΩT )

, (1.A.22)

where one should not forget that the Green function carries Lorentz indices Gµν(t, t′). Note
that, in the case of vanishing strong field (Ω → 0), the Green function reduces to the free
propagator (1.A.10).

• SI - Let us move on to the computation of Sec. 1.3, where string-inspired boundary conditions
are enforced for the fluctuations ŝ. The Green function Gµν(t, t′) associated with the linear,
one-dimensional differential operator ∆µν

SI (t) is defined by the differential equation

∆SI(t, t
′)G(t′, t′′) = δ(t′ − t′′)− 1

T
, (1.A.23)

and must satisfy the following conditions:∫
t

G(t, t′) = 0 , G(0, t′) = G(T, t′) . (1.A.24)
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The final result for the Green function reads

G(t, t′) = 1

2Ω

[
1

sinh(ΩT )

(
− sinh(ΩT )

ΩT
+ cosh

(
Ω(T + 2t− 2t′)

))
−Θ(t− t′) 2 sinh

(
2Ω(t− t′)

)]
.

(1.A.25)

As already mentioned, the SI propagator depends only on the difference of its two arguments:
for instance, note that the coincidence limit reads

G(t, t) = ΩT coth (ΩT )− 1

2Ω2T
. (1.A.26)

In the case of vanishing assisted field (Ω→ 0) the Green function reduces to the free propagator
(1.A.15), as expected.

1.B Computation of the functional determinants and general-

ized Gel’fand–Yaglom theorem

The Gel’fand–Yaglom theorem [97] and its extensions [98, 99, 117] have been extensively applied
in the context of the Worldline Formalism [48, 50, 118]. Let us recall the main statement of the
theorem: given a one-dimensional operator defined on an interval z ∈ [0, T ] with vanishing Dirichlet
boundary conditions[

− d2

dz2
+ V (z)

]
ψ(z) = λψ(z) , with ψ(0) = ψ(T ) = 0 , (1.B.1)

there is no need to explicitly know its eigenvalues (not even one of them) if one desires to compute
its functional determinant [119]. The only required information is the boundary value of the unique
solution to the initial value problem[

− d2

dz2
+ V (z)

]
Φ(z) = 0 , with Φ(0) = 0 , Φ̇(0) = 1 , (1.B.2)

which satisfies
Det

[
− d2

dz2
+ V (z)

]
∝ Φ(T ) . (1.B.3)

The result (1.B.3) can be extended to more general boundary conditions and for higher-dimensional
differential operators. Indeed, consider a family of Sturm–Liouville type operators of the form

Li = −
d

dz

(
Pi(z)

d

dz

)
1r×r + Vi(z) (1.B.4)

where 1r×r is the r × r identity matrix and Vi can also be matrix-valued. Then, the ratio of the
functional determinants of the operator L1 relative to that of another operator L2 of the same type
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can be expressed in terms of four 2r× 2r matrices M , N and Yi, which are built as follows [99]. The
matrices Yi contain the 2r solutions u(j)(z) of the eigenvalue problem14 Liu

(j) = λu(j) with λ → 0

and their weighted first derivatives

v(j)(z) := Pi(z)
d

dz
u(j)(z) ; (1.B.5)

using these vectors as (semi)-column entries, we have

Yi :=

(
u(1) . . . u(2r)

v(1) . . . v(2r)

)
. (1.B.6)

For simplicity, one generally chooses the initial conditions as15

Y (0) = 12r×2r . (1.B.7)

On the other hand, the matrices M and N are fixed by the choice of the boundary conditions; in
fact, the latter can be recast in full generality as

M Y (0) +N Y (T ) = 0 . (1.B.8)

As an example, in the case of vanishing DBC these matrices reduce to

MD =

(
1r×r 0r×r
0r×r 0r×r

)
, ND =

(
0r×r 0r×r
1r×r 0r×r

)
, (1.B.9)

while in the case of periodic boundary conditions they read

MP =

(
1r×r 0r×r
0r×r 1r×r

)
, NP =

(
−1r×r 0r×r
0r×r −1r×r

)
. (1.B.10)

Employing this notation, the generalized GY theorem states that the ratio of the functional deter-
minants satisfies

Det(L1)

Det(L2)
=

det(M +N Y1(T ))

det(M +N Y2(T ))
. (1.B.11)

Let us now show how to use this formalism for the interacting differential operator ∆µν defined in
Eq. (1.2.8).

14We omit a subscript i in the eigenfunctions for readability reasons.
15For instance, in the case r = 1 we have two one-dimensional solutions u1,2(z) with first derivatives v1,2(z), whose

initial conditions read u(1)(0) = 1 , v(1)(0) = 0, u(2)(0) = 0 and v(2)(0) = 1.
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1.B.1 Dirichlet boundary conditions

For DBC, relevant to Sec. 1.2, the formula (1.B.11) reduces to the evaluation of the determinant of
an r × r solutions-submatrix:

Det(∆) = det(u(r+1) . . . u(2r)) . (1.B.12)

Thus, we don’t need to know the whole set of 2r solutions of the homogeneous equation; instead, we
only need the r = D solutions φ(ρ)

µ which have initial conditions

φ(ρ)
µ (0) = 0 , φ̇(ρ)

µ (0) = δρµ . (1.B.13)

Building from the one-dimensional solution, an Ansatz of the form

φ(ρ)
µ (z) =

(
A e2Ωz

)ρ
µ +

(
B e−2Ωz

)ρ
µ , (1.B.14)

one obtains
φ(ρ)
µ (z) =

[
1

2Ω
sinh(2Ωz)

]ρ
µ

. (1.B.15)

Using as a reference operator the free kinetic operator L2 = −1
2
δµν∂

2
z , whose Y -matrix can be

computed effortlessly, the final result for the functional determinant reads

Det(∆) = det

[
sinh(2ΩT )

2ΩT

]
. (1.B.16)

As a double check of this result, we can calculate the determinant as a ζ-regularized infinite product
of the eigenvalues of the operator ∆ divided by those of the free operator. Using a simple Fourier
expansion to solve the eigenvalue equation, we get

Det(∆) =
r∏
j=1

∞∏
n=1

[
1 +

(
2Ω(j)T

πn

)2
]
= det

[
sinh (2ΩT )

2ΩT

]
, (1.B.17)

where Ω(j) are the eigenvalues of the matrix Ωµ
ν and we have used the well-known result

∞∏
n=1

(
1 +

x2

π2n2

)
=

sinh (x)

x
. (1.B.18)

Note in particular that the free limit is regular:

lim
Ω→0

Det(∆) = 1 . (1.B.19)

1.B.2 Periodic boundary conditions

The PBC, relevant to Sec. 1.3, require more carefulness; let us first show the exemplificative non-
matricial case, i.e. r = 1.

Proposition 1. Assuming Eq. (1.B.10) for the matrices M and N , and considering an arbitrary
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operator of the form given in Eq. (1.B.4), the relevant determinant for the GY formula in the one-
dimensional (r = 1) case reduces to

det
(
M +N Y1(T )

)
= 2− tr (Yr=1(T )) = 2− 2 cosh(2ΩT ) . (1.B.20)

Proof. In general, a direct calculation actually gives

det
(
M +N Y1(T )

)
= 1−

(
u(1) + v(2)

)∣∣
z=T

+ (u(1)v(2) − v(1)u(2))
∣∣
z=T

= 1− tr (Yr=1(T )) + det (Yr=1(T )) ,
(1.B.21)

with the matrix of solutions given by

Yr=1(z) =

(
u(1)(z) u(2)(z)

v(1)(z) v(2)(z)

)
. (1.B.22)

One can recognize in the RHS of (1.B.21) the Wronskian

W(u(1), u(2))(z) = u(1)(z)v(2)(z)− v(1)(z)u(2)(z) , (1.B.23)

evaluated at z = T , which is associated with the two independent solutions u1,2(z) of the eigenvalue
equation for a Sturm–Liouville operator. It is a stablished result that this type of Wronskian is
constant; therefore, extracting from the initial conditions its value at z = 0,

W(u(1), u(2))(0) = 1 , (1.B.24)

we also have that W(u(1), u(2))(T ) = 1; hence, using the explicit solutions u(1) and v(2), Eq. (1.B.20)
follows.

It is not hard to convince oneself that the previous one-dimensional result can be directly generalized
to higher dimensions.

Theorem 1. Consider an operator of the form given in Eq. (1.3.11), defined on the domain of periodic
functions. Be u(b)a the ath component of the bth solution of the homogeneous equation L1u

(b) = 0 and
v(b) its corresponding weighted derivative, as in Eq. (1.B.5). Then, the relevant determinant for the
GY theorem satisfies

det
(
M +N Y∆,PBC(T )

)
= det

(
2− 2 cosh(2ΩT )

)
. (1.B.25)

Proof. Note first that, in contrast to the DBC, to compute the functional determinant using the
generalized GY theorem we do need the whole set of 2r solutions of the homogeneous equation

∆µν
SI Φ

(Π)
ν = 0 , Φ(Π)

µ =

ϕ
(ρ)
µ if Π = 1, . . . , r

ψ
(ρ)
µ if Π = r + 1, . . . , 2r

. (1.B.26)
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Considering Eq. (1.B.7) as initial conditions, namely

ϕ(ρ)
µ (0) = δρµ ,

dϕ

dz

(ρ)

µ
(0) = 0 , (1.B.27)

ψ(ρ)
µ (0) = 0 ,

dψ

dz

(ρ)

µ
(0) = δρµ , (1.B.28)

an explicit computation gives

ϕ(ρ)
µ (z) = ψ̇(ρ)

µ (z) =
[
cosh(2Ωz)

]ρ
µ
. (1.B.29)

Note then that in arbitrary dimensions we can straightforwardly prove that the nth power of the
matrix Y∆ is

Y n
∆,PBC(T ) =

(
cosh(2nΩT ) sinh(2nΩT )

sinh(2nΩT ) cosh(2nΩT )

)
, (1.B.30)

and consequently, from Eq. (1.B.11), we have the equalities

det(12r − Y∆,PBC) = etr log[2−2 cosh(2ΩT )] = det
(
2− 2 cosh(2ΩT )

)
, (1.B.31)

which indeed agree with the RHS of Eq. (1.B.25).

As a corollary of Th. 1, recall that the difference between P and SI BC resides just in the omission
of the constant mode in the latter; in the free case, this mode corresponds to a zero mode. The
quotient of ∆SI with the the free operator, after extracting the zero mode of the latter (denoted with
a prime in the Det), is thus given by

Det
′
(∆SI) = det

[
sinh2(ΩT )

Ω2T 2

]
. (1.B.32)

This is consistent with the fact that we have omitted the constant mode, so that the free limit Ω→ 0

is non-vanishing. As an alternative check of the GY result, we can directly evaluate the determinant
of ∆SI as a product of its eigenvalues; using a Fourier expansion and dividing by the free eigenvalues
(we exclude the vanishing one), we get the following ζ-regularized infinite product

Det
′
(∆SI) = det

[
∞∏
n=1

(
1 +

Ω2T 2

π2n2

)2
]
= det

[
sinh2(ΩT )

Ω2T 2

]
, (1.B.33)

which confirms Eq. (1.B.32).
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1.C Generalized Schwinger–DeWitt coefficients in the string-

inspired approach

The first generalized Schwinger–DeWitt coefficients computed using the SI BC, defined in the ex-
pansion

Σ
(1)
0 (x;T ) =:

∞∑
j=0

cSIj (x)T
j , (1.C.1)

are given by

cSI0 (x) = 0 , (1.C.2)

cSI1 (x) = 0 , (1.C.3)

cSI2 (x) = 0 , (1.C.4)

cSI3 (x) = −
1

288
∂µ

µ
ν
νV , (1.C.5)

cSI4 (x) = −
1

10368
∂µ

µ
ν
ν
ρ
ρV , (1.C.6)

cSI5 (x) =
1

45360
∂µνρV ∂

µνρV +
1

4320
∂µ

µ
ρλV ∂

ρλV − 1

497664
∂µ

µ
ν
ν
ρ
ρ
σ
σV . (1.C.7)

Recall that these coefficients are only valid at the integrated level, i.e. they are related via integration
by parts to the ci coefficients in Eq. (1.2.29).





Spin 1

49



Chapter 2

Pair production of massive charged vector
bosons

In this chapter, we continue our investigation of non-perturbative physics within the Worldline For-
malism by considering a massive spin-1 particle interacting with an electromagnetic background.
Unlike the previous chapter, here we adopt a “bottom-up” strategy and introduce a worldline model
augmented by bosonic oscillators to encode the spin degrees of freedom, a framework that can ac-
commodate particles of arbitrary integer spin. We first review how quantization in the spin-1 sector
– carried out both through Dirac’s method and via BRST quantization – reproduces the free Proca
field theory. We then couple the model to an external EM field and show that Maxwell’s equations
for the background arise as the consistency condition ensuring the nilpotency of the BRST charge
in the spin-1 sector. Encouraged by this result, which establishes the viability of the particle model,
we proceed to construct the path integral quantization of the worldline action for a charged spin-1
particle on the circle. This leads to the one-loop effective Lagrangian for a constant electromagnetic
background induced by a massive charged vector boson. As expected, the result exhibits a vacuum
instability, which we quantify by deriving the pair-production rate for the vector bosons, thereby re-
covering known results from quantum field theory.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime
dimension, will be specified as needed throughout the text for convenience.

2.1 The free bosonic spinning particle

The worldline model known as the bosonic spinning particle has already been introduced in the
introductory section on the Worldline Formalism. In this section, we shall provide a more detailed
presentation and establish our notation. It is defined by the usual set of phase-space variables
(xµ, pµ), augmented by an additional pair of complex bosonic variables (αµ, ᾱµ). The former represent
Cartesian coordinates and conjugate momenta of a relativistic particle, while the latter are needed

50
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to account for the spin degrees of freedom. Both pairs are functions of the proper time, which we
take to range as τ ∈ [0, 1]. The kinetic term

Skin =

∫
dτ (pµẋ

µ − iᾱµα̇µ) (2.1.1)

defines the phase space symplectic structure and fixes the Poisson brackets to

{xµ, pν}PB = δµν , {αµ, ᾱν}PB = iηµν . (2.1.2)

As it stands, the model is not unitary, as upon quantization negative norm states will be generated by
the (x0, p0, α0, ᾱ0) variables. Moreover, the model, as we shall discuss, contains particle excitations
of any integer spin, and one needs to eliminate some further degrees of freedom to describe a single
particle with fixed spin. Both problems can be addressed by gauging suitable constraints: the gauged
worldline action we are interested in is given by

S =

∫
dτ
[
pµẋ

µ − iᾱµα̇µ − eH − ūL− uL̄− aJ
]
, (2.1.3)

where we introduced the worldline gauge multiplet (e, ū, u, a) acting as a set of Lagrange multipliers
that enforce the constraints that, in the massless case, read

H =
1

2
pµpµ , L = αµpµ , L̄ = ᾱµpµ , J = αµᾱµ . (2.1.4)

The latter satisfy a first-class Poisson-bracket algebra:

{L, L̄}PB = 2iH , {J, L}PB = −iL , {J, L̄}PB = iL̄ . (2.1.5)

The phase-space functions (2.1.4) play rather different roles.

• The role of (H,L, L̄) constraints is to remove the negative-norm states and must be gauged to
make the model consistent with unitarity. The Hamiltonian constraint H corresponds to the
mass-shell condition for massless particles, and generates τ -reparametrization in phase space,
while the remaining pair, L and L̄, generates “bosonic” supersymmetries.1

• The J constraint is a U(1) generator which rotates the bosonic oscillators by a phase; its gauging
is optional as far as unitarity is concerned. However, upon quantization, it projects the Hilbert
space onto the physical subspace with a specific occupation number, describing the degrees of
freedom of a particle with maximal spin s. For this to happen, one must add a Chern–Simons
term on the worldline with the Chern–Simons (CS) coupling fine-tuned according to the value
of the spin s one wants to achieve. This approach has been discussed extensively in Ref. [120,
121].

1We deliberately use this terminology since (2.1.5) is formally similar to a SUSY algebra, except for the fact that
L and L̄ are bosonic rather than fermionic.
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To make explicit the gauge symmetries enjoyed by (2.1.3), one has to compute the action of the
constraints on generic phase-space functions F via the Poisson brackets: δF = {F, V }PB. Considering
the linear combination of the constraints V = ϵH + ξ̄L+ ξL̄+ ϕJ with gauge parameters (ϵ, ξ̄, ξ, ϕ),
the corresponding transformations are

δxµ = ϵpµ + ξᾱµ + ξ̄αµ , (2.1.6a)

δpµ = 0 , (2.1.6b)

δαµ = iξpµ + iϕαµ , (2.1.6c)

δᾱµ = −iξ̄pµ − iϕᾱµ . (2.1.6d)

For the action (2.1.3) to be invariant, the gauge fields must transform as follows

δe = ϵ̇+ 2iuξ̄ − 2iūξ , (2.1.7a)

δu = ξ̇ − iaξ + iϕu , (2.1.7b)

δū = ˙̄ξ + iaξ̄ − iϕū , (2.1.7c)

δa = ϕ̇ . (2.1.7d)

The need for the worldline constraints to enforce unitarity remains somewhat obscure in this setup.
To review and clarify this point, it may be beneficial to perform a brief lightcone analysis.

2.1.1 Lightcone analysis

Despite the loss of manifest covariance, a lightcone analysis allows for a direct calculation of the
number of propagating physical degrees of freedom. It is a well-known method, employed in many
worldline models, see e.g. [70, 122, 123]. We define lightcone coordinates x± in D spacetime dimen-
sions by

xµ = (x+, x−, xa) , with x± =
1√
2
(x0 ± xD−1) , (2.1.8)

where xa=1,...,D−2 are the transverse directions. The line element reads ds2 = −2dx+dx− + dxadxa;
for any vector V µ, V + = −V− and V − = −V+.

The guiding idea behind the lightcone analysis is to remove negative-norm states by implementing
a gauge-fixing that isolates the physical degrees of freedom, which in turn leads to a well-defined
Hilbert space upon quantization. To do that, let us first assume motion with p+ ̸= 0 and consider
the Hamiltonian constraint

H =
1

2
pµpµ = −p+p− +

1

2
papa = 0 . (2.1.9)

It generates time translations, see (2.1.6a). These symmetries are gauge-fixed by imposing the
lightcone gauge

x+ = τ . (2.1.10)
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Correspondingly, the Hamiltonian constraint is solved for the momentum p−, conjugate to x+,

p− =
1

2p+
papa . (2.1.11)

At this point, the remaining independent phase-space variables are (x−, p+) and (xa, pa). The light-
cone gauge has the flavor of nonrelativistic mechanics, but the model is fully relativistic. A Hilbert
space can be constructed by quantizing these independent variables. On top of these variables, there
are also the relativistic oscillators, which may also lead to negative norms. That this does not happen
(the so-called no-ghost theorem) is again made explicit by completing the lightcone gauge fixing. The
gauge symmetries generated by L and L̄, see Eqs. (2.1.6c) and (2.1.6d), are fixed by setting

α+ = 0 , ᾱ+ = 0 , (2.1.12)

while the constraints L = L̄ = 0 are solved explicitly by expressing the variables conjugate to (2.1.12)
in terms of the remaining independent variables

ᾱ− =
1

p+
ᾱapa , α− =

1

p+
αapa . (2.1.13)

The conjugated pairs (ᾱ−, α+) and (ᾱ+, α−) are thus eliminated as independent phase-space coor-
dinates, highlighting the fact that the only independent physical oscillators are the transverse ones
(ᾱa, αa). They produce states with positive norm upon quantization, as can be inferred by promoting
their Poisson brackets to commutation relations

[ᾱa, αb] = δab , (2.1.14)

which are realized on a Fock space, where αa act as creation operators while ᾱa as destruction
operators, thus yielding a unitary spectrum of massless particles that decompose into irreps of the
little group SO(D − 2).

To conclude this section, we report the (partially) gauge-fixed worldline Lagrangian

L = p−ẋ
− + paẋ

a − 1

2p+
papa − iᾱaα̇a − a ᾱaαa . (2.1.15)

At this stage, it only remains to address the further constraint related to the worldline gauge field a(τ),
but this has no relevance to the no-ghost theorem.

2.1.2 Mass from dimensional reduction

In this chapter, our main interest is to describe massive spinning particles. One way to introduce
the mass consists of the dimensional reduction of a higher-dimensional massless theory. We take the
theory (2.1.3) to live in (D + 1)-dimensions and gauge the direction xD by imposing the first-class
constraint

pD = m , (2.1.16)
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with m the mass of the particle. We further define (β, β̄) := (αD, ᾱD), which inherit the following
Poisson brackets

{β, β̄}PB = i . (2.1.17)

The constraints (2.1.4) get modified by the presence of the mass:2

H =
1

2
(pµpµ +m2) , L = αµpµ + βm , L̄ = ᾱµpµ + β̄m , Jc = αµᾱµ + ββ̄ − c , (2.1.18)

where we redefined the U(1) constraint as Jc = J − c for future convenience. The constant c is
sometimes called Chern–Simons coupling. Note that, importantly, they still satisfy the first-class
algebra (2.1.5) despite the mass improvement. The gauge transformations (2.1.6) are enriched by

δβ = iξm+ iϕβ , (2.1.19a)

δβ̄ = −iξ̄m− iϕβ̄ . (2.1.19b)

Lightcone analysis The lightcone gauge is implemented just as in the massless case: in particular,
the bosonic supersymmetries are used to fix α+ = ᾱ+ = 0 once again, and the constraints L = L̄ = 0

are solved by

α− =
1

p+
(αapa +mβ) , ᾱ− =

1

p+
(
ᾱapa +mβ̄

)
, (2.1.20)

thus eliminating the longitudinal oscillators. Differently from the massless case, the presence of the
extra pair of β-oscillators produces a sum of irreps3 of the SO(D − 2) group that fill irreps of the
SO(D−1) rotation group, corresponding to the polarizations of massive spin particles in D spacetime
dimensions.

2.1.3 Dirac quantization

Upon covariant quantization, the worldline coordinates obey the following commutation relations
fixed by their classical Poisson brackets

[xµ, pν ] = iδµν , [ᾱµ, αν ] = ηµν , [β̄, β] = 1 , (2.1.21)

and the first-class algebra becomes

[L̄, L] = 2H , [Jc, L] = L , [Jc, L̄] = −L̄ . (2.1.22)
2From now on, we take spacetime indices to run as µ = 0, . . . , D − 1 where D denotes the number of spacetime

dimensions.
3This can be explicitly seen by implementing the Jc constraint à la Dirac [70].
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Note that ordering ambiguities emerge only for the constraint Jc. We have defined the quantum Jc

operator by a symmetric quantization prescription, so that

Jc =
1

2
(αµᾱ

µ + ᾱµαµ + ββ̄ + β̄β)− c ,

= αµᾱ
µ + ββ̄ +

D + 1

2
− c ,

= Nα +Nβ − s , (2.1.23)

where we have used the commutation relations and introduced the usual number operators

Nα = αµᾱ
µ , Nβ = ββ̄ , (2.1.24)

and related the CS coupling c to the real number s by setting

c =
D + 1

2
+ s . (2.1.25)

The algebra (2.1.22) is now easily obtained. At this point, it is worth mentioning that the relation
between the CS coupling c and the physical value of the spin s generally depends on the quantization
scheme adopted.

The Hilbert space Hmatter of the “matter” sector, i.e. the one associated with the (x, p) coordinates
and (α, ᾱ, β, β̄) oscillators, is realized as a tensor product of the representations of the algebras
(2.1.21)

Hmatter = HM ⊗H(α,β) . (2.1.26)

Specifically, we represent it by identifying the states in HM as the smooth functions of xµ, while we
construct H(α,β) as the Fock space with vacuum defined by

(ᾱµ, β̄) |0⟩ = 0 . (2.1.27)

The decomposition of a generic state |φ⟩ is thus written in terms of coefficients corresponding to
rank-s symmetric tensors:

|φ⟩ =
∞∑

r,p=0

|φ(r,p)⟩ =
∞∑

r,p=0

1

r!p!
φ(r,p)
µ1...µr

(x)⊗ αµ1 . . . αµrβp |0⟩ . (2.1.28)

The quantization may proceed either following a procedure à la Dirac or by using BRST techniques;
either way, we can deal with the gauge symmetries without abandoning manifest covariance, obtaining
at last a positive-definite physical Hilbert space. We start with the former method, leaving the BRST
analysis for the dedicated section.

The physical Hilbert space in the Dirac (also known as Dirac–Gupta–Bleuler) scheme is determined
by asking the constraints to have null matrix elements for arbitrary physical states |φ⟩ and |χ⟩

⟨χ|(H,L, L̄, Jc)|φ⟩ = 0 . (2.1.29)
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This can be satisfied by requiring

H |φ⟩ = L̄ |φ⟩ = Jc |φ⟩ = 0 (2.1.30)

for any physical state |φ⟩, since then also ⟨φ|L̄ = 0, as L̄ is the hermitian conjugate of L. Recalling
now that at the quantum level

Jc = Nα +Nβ − s (2.1.31)

where the number operators Nα and Nβ count the occupation number of the α and β oscillators
in the Fock space, we see that the quantum Jc constraint selects precisely states with occupation
number s, which must be a nonnegative integer. Incidentally, we notice that the CS coupling must
be quantized to get a nontrivial solution of the constraint, and therefore a nontrivial quantum theory.
The upshot is that the quantum Jc constraint reduces the Hilbert space Hmatter to the subspace with
occupation number s for the oscillators. The condition (2.1.30) defines physical states which are seen
to form equivalence classes

|φ⟩ ∼ |φ⟩+ |φnull⟩ , (2.1.32)

where |φnull⟩ is a null state of the form

|φnull⟩ = L |ξ⟩ , with H |ξ⟩ = L̄ |ξ⟩ = (Jc + 1) |ξ⟩ = 0 . (2.1.33)

These null states are physical, but have zero norm and vanishing overlap with any other physical
state. They give rise to redundancies or residual “gauge symmetries” of the state |φ⟩.

Let us make the conditions for the case s = 1, which is of interest to us, explicit. A generic state at
occupation number s = 1 is given by

|ψ⟩ =Wµ(x)α
µ |0⟩ − iφ(x)β |0⟩ (2.1.34)

and the physicality conditions (2.1.30) translate into the following set of equations, denoting 2 :=

∂µ∂µ,

(2−m2)Wµ = 0 , (2.1.35)

(2−m2)φ = 0 , (2.1.36)

∂µWµ +mφ = 0 , (2.1.37)

with gauge symmetries related to null states given by

δWµ = ∂µξ , δφ = −mξ . (2.1.38)

Using the gauge symmetry to set φ(x) = 0, we recover the standard Fierz–Pauli equations for a
massive spin-1 field Wµ(x).
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2.1.4 Counting degrees of freedom

In this section, we aim to use the path integral to count the number of degrees of freedom propagated
by the massive model for different values of the CS coupling. As a byproduct, this will provide the
overall normalization of the effective action we intend to study in later sections.

To count the number of degrees of freedom, we consider the one-loop effective action obtained by
path integrating the free action on worldlines with the topology of a circle S1 (the loop). After fixing
the overall normalization to match the scalar case, we will get the number of degrees of freedom in
the other sectors of the worldline theory.

Thus, we consider the following path integral

Γ =

∫
S1

DGDX

Vol(Gauge)
eiS[X,G] , (2.1.39)

where G = (e, ū, u, a) denotes the gauge fields, whereas X = (xµ, pµ, α
µ, ᾱµ, β, β̄) collectively denotes

all dynamical variables parametrizing the phase space. The action is similar to the one in (2.1.3)
with the additional (β, β̄) oscillator and with the constraints in (2.1.18), namely

S =

∫
dτ

[
pµẋ

µ − iᾱµα̇µ − iβ̄β̇ −
e

2
(pµpµ +m2)− ū(αµpµ + βm)− u(ᾱµpµ + β̄m)

− a(αµᾱµ + ββ̄ − c)
]
.

(2.1.40)

Periodic boundary conditions are understood to implement the path integral on the circle.

The overcounting from summing over gauge equivalent configurations is formally taken into account
by dividing by the volume of the gauge group. We use the Faddeev–Popov (ΦΠ) method to extract
the latter, and gauge-fix the worldline gauge fields to constant moduli

G = (e, ū, u, a) → Ĝ = (2T, 0, 0, θ) . (2.1.41)

Here T is once again the Schwinger proper time, playing the role of the modulus related to the einbein
e(τ), and corresponding to the gauge-invariant worldline length

∫ 1

0
dτ e. The modulus θ ∈ [0, 2π]

is associated with the worldline U(1) gauge field a(τ) and parametrizes the gauge invariant Wilson
loop e−i

∫ 1
0 dτ a. It is responsible for the reduction of the Hilbert space to a given spin sector. On the

other hand, the gauge fields (u, ū) can be gauge-fixed to zero: this value can always be reached by
inverting the differential operator that relates these fields to their respective gauge parameters (ξ, ξ̄),
as shown in Eqs. (2.1.7b) and (2.1.7c). This inversion fails only at the point θ = 0, which, however,
can be handled through a limiting procedure, as in the standard N = 2 particle case [124, 125].
Therefore, (u, ū) carry no moduli. As a reminder, moduli generically parametrize gauge-invariant
field configurations that must be integrated over in the path integral.

We prefer to work in the Euclidean version of the theory, so that we first pass to configuration space
by eliminating the momenta pµ, Wick rotate the action with τ → −iτ , taking into account also the
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rotation of the gauge field a→ ia, and we get the Euclidean worldline action

SE[X, Ĝ] =

∫
dτ

[
1

4T
ẋ2 + αµ(∂τ + iθ)ᾱµ + β(∂τ + iθ)β̄ +m2T − icθ

]
. (2.1.42)

The final expression of the path integral on worldlines with the topology of a circle – dubbed “world-
loop” – can thus be recast as

Γ = −
∫ ∞
0

dT

T
e−m

2T

∫
dDx̄

(4πT )D/2
DoF(c,D) , (2.1.43)

where we extracted the dependence on the zero modes x̄µ of the coordinates by setting

xµ(τ) = x̄µ + tµ(τ) , with tµ(0) = tµ(1) = 0 , (2.1.44)

with the quantum fluctuations tµ(τ) satisfying Dirichlet boundary conditions, evaluated the free path
integral that produces functional determinants, and denoted by DoF(c,D) the number of (complex)
degrees of freedom, that acquires the expression

DoF(c,D) = k

∫ 2π

0

dθ

2π
eicθ Det (∂τ − iθ)Det (∂τ + iθ) [Det(∂τ + iθ)]−D−1 , (2.1.45)

with k an overall normalization to be fixed later on. The value DoF = 1 corresponds to a complex
scalar, as seen by comparing with QFT expressions. In this formula, the first two functional de-
terminants are the ΦΠ ones, whereas the third one is due to the path integration over the bosonic
oscillators. All determinants are evaluated with periodic boundary conditions: using

Det (∂τ + iθ) = 2i sin

(
θ

2

)
, (2.1.46)

see for example [72, 81], setting the CS coupling to4 c = D−1
2

+ s, and fixing k = −1 as overall
normalization, we find the following expression for the number of degrees of freedom

DoF(s,D) =

∫ 2π

0

dθ

2π
ei(

D−1
2

+s)θ
(
2i sin

θ

2

)1−D

. (2.1.47)

To evaluate it, we find it more convenient to recast it in terms of the Wilson loop variable w := e−iθ,
so that

DoF(s,D) =

∮
dw

2πi

1

ws+1

1

(1− w)D−1
. (2.1.48)

Deforming the contour to exclude the singular point w = 1, while taking care of the pole in w = 0,
4The shift from the value given in (2.1.25) is due to the contribution of the ghost fields. For convenience, we now

indicate the degrees of freedom by DoF(s,D), which highlights the dependence on the value of the spin s, rather than
on the CS coupling c. This should not cause any confusion.
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we get

DoF(0, D) = 1 ,

DoF(1, D) = (D − 1) ,

DoF(2, D) =
D(D − 1)

2
,

· · ·

DoF(s,D) =
(D − 1)D · · · (D + s− 2)

s!
,

(2.1.49)

which indeed describes the degrees of freedom of a reducible (for s ≥ 1) representation of the little
group SO(D− 1) as carried by a symmetric tensor with s indices. It corresponds to the propagation
of a multiplet of massive particles of decreasing spin s, s−2, s−4, · · · , 0 for even s, and s, s−2, · · · , 1
for odd s. This matches the results seen in the lightcone gauge.

2.2 Coupling to electromagnetism

The BRST formalism is especially well-suited for analyzing the constraints required for consistent
background interactions. For this reason, we briefly review the free particle in this framework and
then examine its interaction with an electromagnetic background.

2.2.1 Free BRST analysis

We proceed with the BRST quantization focusing only on the subalgebra of (2.1.22) generated by
(H,L, L̄). The constraint Jc is treated on different footings: it is imposed as a constraint on the
BRST Hilbert space, defining a restricted Hilbert space where the cohomology of the BRST operator
will be analyzed.

The Hilbert space is enlarged to realize the fermionic ghost-antighost pairs of operators

{b, c} = 1 , {B, C̄} = 1 , {B̄, C} = 1 , (2.2.1)

associated with the (H,L, L̄) constraints, respectively. We assign them the following ghost numbers:
gh(c, C̄, C) = +1 , gh(b, B̄,B) = −1. The BRST charge associated with a first-class system is readily
constructed. In the present case, it takes the form

Q = cH + C̄L+ CL̄− 2CC̄b . (2.2.2)

It is an anticommuting, ghost number +1, nilpotent operator by construction. It is hermitian pro-
vided that

c† = c , b† = b , C† = C̄ , B† = B̄ . (2.2.3)
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The matter sector Hilbert space (2.1.26) is extended to the BRST Hilbert space HBRST by a tensor
product with the ghost sector, associated with the (c, b,B, C̄, C, B̄) operators. The latter is constructed
as a Fock space on the ghost vacuum defined by

(b, C̄, B̄) |0⟩gh = 0 . (2.2.4)

Since all ghosts are Grassmann odd, Hgh is finite dimensional.5 A generic state |Φ⟩ in the BRST-
extended Hilbert HBRST space reads

|Φ⟩ =
∞∑

s,p=0

1∑
q,r,t=0

cqCrBt |Φ(s,p)(q,r,t)⟩ (2.2.5)

where

|Φ(s,p)(q,r,t)⟩ = 1

s!p!
Φ(s,p)(q,r,t)
µ1...µs

(x)αµ1 . . . αµsβp |0⟩ , (2.2.6)

with |0⟩ now denoting the full BRST vacuum. With this choice, the conjugate momenta act as
derivatives:

pµ = −i∂µ , ᾱµ = ∂αµ , β̄ = ∂β , b = ∂c , C̄ = ∂B , B̄ = ∂C . (2.2.7)

We now introduce a couple of operators, G and Js, to further restrict the full BRST Hilbert space.
These are the ghost number operator

G = cb+ CB̄ − BC̄ , [G,Q] = Q , (2.2.8)

and the (shifted) occupation number operator Js

Js = αµᾱ
µ + ββ̄ + CB̄ + BC̄ − s , [Q,Js] = 0 . (2.2.9)

They commute between themselves, [G,Js] = 0. The ghost number operator grades the BRST
Hilbert space according to the ghost number, and the commutator [G,Q] = Q manifests that the
BRST charge has ghost number 1. The occupation number operator Js also grades the Hilbert space
according to its eigenvalues and can be used as a constraint to project the Hilbert space onto the
subspace with fixed occupation number s.6

We can exploit the operators above simultaneously – since [G,Js] = 0 – to select states in HBRST

with a precise ghost and occupation number. The physical states are identified as elements of the
5In particular, the Fock vacuum |0⟩gh can be mapped into the “physical vacuum” |1⟩gh, with the concept of

“physicality” to be defined shortly, by
|1⟩gh := B |0⟩gh ,

see e.g. the discussion in Ref. [78, 126]. The vacuum |1⟩gh turns out to be the correct one to consider in order to create
external states by inserting vertex operators in the worldline path integral, as illustrated in the upcoming Chapter 3.

6We choose an antisymmetric quantization’s prescriptions for fermionic operators. In combination with the Weyl
ordering for the bosonic operators previously discussed, the effect is to shift the CS coupling as c = D−1

2 +s. This rela-
tion has already been used in the path integral construction (see footnote 4), which evidently involves a regularization
consistent with this ordering prescription.
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BRST cohomology

Q |Φ⟩ = 0 , |Φ⟩ ∼ |Φ⟩+Q |Λ⟩ (2.2.10)

restricted to the subspace with vanishing eigenvalues of the ghost number and shifted occupation
number operators, i.e.

G |Φ⟩ = Js |Φ⟩ = 0 . (2.2.11)

Our interest lies in the first-quantized description of a massive spin-1 particle: this is achieved by
choosing s = 1. An arbitrary wavefunction at zero ghost number and with s = 1 is then given by

|ψ⟩ =Wµ(x)α
µ |0⟩ − iφ(x)β |0⟩+ f(x)cB |0⟩ , (2.2.12)

where the complex fields Wµ(x), φ(x), and f(x) must be further constrained by Eq. (2.2.10) to
represent the physical states of the theory. From the closure equation, i.e., the first one in (2.2.10),
we obtain

(
2−m2

)
Wµ − 2i∂µf = 0 , (2.2.13a)(

2−m2
)
φ+ 2imf = 0 , (2.2.13b)

∂µW
µ +mφ− 2if = 0 , (2.2.13c)

which, upon eliminating the auxiliary field f(x), represent the field equations of the Proca field in
the Stückelberg formulation

(
2−m2

)
Wµ − ∂µ∂ ·W −m∂µφ = 0 , (2.2.14a)

2φ+m∂µW
µ = 0 , (2.2.14b)

where the dot “·” indicates contraction over spacetime indices. The latter equations enjoy a gauge
symmetry, which, from (2.2.10), reads

δ |ψ⟩ = Q |Λ⟩ , with |Λ⟩ = iξ(x)B |0⟩ , (2.2.15)

i.e.
δWµ = ∂µξ , δφ = −mξ , (2.2.16)

which is the well-known Stückelberg gauge symmetry.

A few comments are in order: (i) the wavefunction (2.2.12) can be interpreted as a spacetime Batalin–
Vilkovisky (BV) “string field” displaying only the classical fields out of the minimal BV spectrum of
the Proca theory, along with an auxiliary field.7 The Grassmann parities and ghost numbers of the
field components are all equal to zero. Note the presence of the Stückelberg scalar φ, which restores
the U(1) gauge symmetry [128], originally broken due to the introduction of the mass. (ii) In the

7The complete minimal BV spectrum is obtained by relaxing the condition G |ψ⟩ = 0, see for instance [2, 127].
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so-called unitary gauge, namely setting the Stückelberg field to zero, one reduces the field equations
to the standard Fierz–Pauli system for the massive spin-1 field Wµ(x). (iii) Taking the massless
limit produces from (2.2.14) a pair of decoupled equations: one for a free-propagating massless
vector field Wµ(x) and one for a massless scalar field φ(x). This is tantamount to the fact that the
theory of massive spin-1 does not suffer from the so-called “van Dam–Veltman–Zakharov (vDVZ)
discontinuity”,8 differently from the massive spin 2 case [129, 130], which is covered in Chapter 4.

2.2.2 Consistent electromagnetic coupling

The coupling of the worldline to an abelian background field Aµ(x) in spacetime (with coupling
constant q) is achieved by covariantizing the (L, L̄) constraints as follows

L→ αµπµ + βm , L̄→ ᾱµπµ + β̄m , (2.2.17)

where the covariantized momentum πµ with coupling constant q is defined by

πµ = pµ − qAµ . (2.2.18)

It becomes the covariant derivative in the coordinate representation, πµ = −i(∂µ − iqAµ) = −iDµ.
The new constraints do not form a first-class algebra anymore: while the bosonic supersymmetry
charges do commute into a possibly deformed Hamiltonian

[L̄, L] = π2 +m2 + ᾱµανF̃µν =: 2H−1/2 , (2.2.19)

where we have denoted [πµ, πν ] = −[Dµ, Dν ] = iqFµν =: F̃µν , we find that the remaining commutators
read

[L,H−1/2] = iαµ∂νF̃νµ +
3

2
αµF̃µνπ

ν +
i

2
ᾱναραµ∂µF̃ρν , (2.2.20)

[L̄,H−1/2] = iᾱµ∂νF̃νµ +
3

2
ᾱµF̃µνπ

ν +
i

2
ᾱναρᾱµ∂µF̃ρν , (2.2.21)

and do not allow for a suitable redefinition of the constraints to form a first-class algebra. Thus, we
expect the associated BRST charge to fail to be nilpotent, which indicates an inconsistency of the
interacting worldline theory at the quantum level. We then proceed tentatively and try an ansatz

QA = cHκ + Sµπµ + C̄βm+ Cmβ̄ −Mb , (2.2.22)

with a deformed Hamiltonian

Hκ =
1

2

(
π2 +m2 + 2καµᾱνF̃µν

)
(2.2.23)

8Roughly speaking, the vDVZ discontinuity implies that that the massive theory, however small the mass of the
particles may be, leads to different physical predictions that do not smoothly recover the results of the massless theory.
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that contains a non-minimal coupling with constant κ to be conveniently fixed, and then compute

Q2
A = −2κ+ 1

4
MSµνF̃µν + c[Hκ, S

µπµ] , (2.2.24)

where we used the shorthand notations

Sµ = αµC̄ + ᾱµC , Sµν = αµᾱν − ανᾱµ , M = 2CC̄ . (2.2.25)

In general, (2.2.24) is not zero, except for the trivial case of vanishing field strength, which manifests
the inconsistency of coupling massive spin s particles, with generic s, to an EM background. This
is also the case for massless particles, as already discussed in Ref. [78]. However, restricting the
occupation number to be s ≤ 1, the nilpotency condition simplifies:9

Q2
A

∣∣
s=0,1

= c[Hκ, S
µπµ]

∣∣
s=0,1

= −ic
2

(
∂µF̃

µνSν + 2i(1− κ)F̃ µνπµSν − κSνSαβ∂νF̃αβ
) ∣∣

s=0,1
.

(2.2.26)

For the s = 0 sector, this expression is automatically zero regardless of any condition on the back-
ground electromagnetic field, as this operator contains destruction operators sitting on the right that
annihilate the s = 0 wave function (recall the expressions for the operators Sµ and Sµν). Physically,
this expresses the fact that spinless particles can be consistently coupled to off-shell abelian back-
ground fields. As for the massive spin-1 sector, cf. (2.2.12), the previous equation further simplifies
to

Q2
A

∣∣
s=1

=
q

2
c(αν C̄ − ᾱνC)∂µ(∂µAν − ∂νAµ) , (2.2.27)

having set κ = 1 to achieve this result: then, nilpotency of the deformed BRST charge requires the
background Aµ(x) to be on-shell, i.e.

∂µFµν = ∂µ(∂µAν − ∂νAµ)
!
= 0 . (2.2.28)

This is enough to prove the consistency of the coupling.

Let us notice that the mass does not obstruct the nilpotency, namely, it does not seem to carry
substantial differences with respect to the massless case. To be more precise, m does not explicitly
enter in the BRST algebra for any spin s, but it may obstruct the nilpotency for higher-spin particles,
starting from the spin 2 case as discussed in Ref. [2] for the gravitational coupling. How the no-go
theorem about massless charged particles [131] appears from a worldline perspective is at the moment
unclear to us.

9This can be inferred by counting the number of annihilation operators in Q2
A: if there are two or more, they

annihilate the physical wavefunction for s = 1.
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2.3 Effective action in electromagnetic background

In this section, we employ the worldline model to compute the one-loop effective action induced by
a charged spin-1 particle in a constant EM background.

The worldline representation of the effective action is derived by following the same approach as in
the free case (cf. Section 2.1.4), which in particular determines the overall normalization of the path
integral. Given the BRST analysis presented in Section 2.2.2, we are naturally led to treat the s = 0

and s = 1 cases simultaneously. This approach allows for a direct comparison, with the spinless case
serving as a check on the novel spin-1 contribution within the first-quantized framework.

As the interacting worldline action, we take the covariantized version of the gauge-fixed free ac-
tion in Euclidean configuration space (2.1.42) with covariantized constraints (2.2.17) and deformed
Hamiltonian H1 (2.2.23), i.e. (factoring out the m2T − icθ constant term)

SE[X, Ĝ;A] =

∫
dτ

[
ẋ2

4T
− iqAµẋµ + αµ

(
δµν

(
d

dτ
+ iθ

)
+ 2iqTFµν

)
ᾱν + β

(
d

dτ
+ iθ

)
β̄

]
.

(2.3.1)

We restrict our analysis to four spacetime dimensions and consider a constant electromagnetic field
as the on-shell background. Under these conditions, we derive the one-loop effective action of the
Euler–Heisenberg type induced by a massive spin-1 particle. This effective action is given by the
path integral on the circle of the gauge-fixed action and takes the form

Γ[A] =

∫ ∞
0

dT

T
e−m

2T

∫ 2π

0

dθ

2π
eicθ Det (∂τ − iθ)Det (∂τ + iθ)

∫
PBC

DX e−SE[X,Ĝ;A] , (2.3.2)

with measure in moduli space and determinants already fixed by the free case, see Eqs. (2.1.43) and
(2.1.45), and with the CS coupling fixed to c = 3

2
+ s. Recalling the coordinate split in Eq. (2.1.44),

we use the Fock–Schwinger gauge around x̄ for the background field, i.e.

(x− x̄)µAµ(x) = 0 , (2.3.3)

to express derivatives of the gauge potential at the point x̄ in terms of derivatives of the field strength
tensor

Aµ(x̄+ t) =
1

2
tνFνµ(x̄) + . . . , (2.3.4)

where the higher-derivative terms hidden inside the dots vanish since we focus on the constant
electromagnetic background case. Then, the path integral becomes Gaussian, and it simplifies to

Γ[A] =

∫
d4x̄

∫ ∞
0

dT

T

e−m
2T

(4πT )2

∫ 2π

0

dθ

2π
ei(

3
2
+s)θ 4 sin2

(
θ

2

)∫
DBC

Dt e−St[X,Ĝ;A]∫
PBC

DαDᾱ e−Sα[X,Ĝ;A]

∫
PBC

DβDβ̄ e−Sβ [X,Ĝ] ,

(2.3.5)
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where we factored out the normalization of the free particle path integral, and where we defined

St[X, Ĝ;A] =

∫
dτ

1

2
tµ∆(t)

µνt
ν , with ∆(t)

µν = −
1

2T
δµν

d2

dτ 2
− iqFµν

d

dτ
, (2.3.6)

Sα[X, Ĝ;A] =

∫
dτ αµ∆(α)

µν ᾱ
ν , with ∆(α)

µν = δµν

(
d

dτ
+ iθ

)
+ 2iqTFµν , (2.3.7)

Sβ[X, Ĝ] =

∫
dτβ∆(β)β̄ , with ∆(β) =

d

dτ
+ iθ , (2.3.8)

in order to highlight the three differential operators whose functional determinants have to be com-
puted as a result of the path integration over the variables X(τ). We apply the Gel’fand–Yaglom
theorem [97] to compute the first one, leaving details and conventions in Appendix 2.A, while the
remaining two can be directly inferred from the previous result (2.1.46). Using the required boundary
conditions, as indicated in Eq. (2.3.5), we get

Det
(
∆(t)
µν

)
= det

(
sin(qTFµν)

qTFµν

)
, (2.3.9)

Det
(
∆(α)
µν

)
= det

[
2i sin

(
θ

2
δµν + qTFµν

)]
, (2.3.10)

Det
(
∆(β)
µν

)
= 2i sin

(
θ

2

)
, (2.3.11)

having already extracted the zero modes for the x-coordinates. Our final expression is

Γ[A] =

∫
d4x̄

∫ ∞
0

dT

T

e−m
2T

(4πT )2
det−

1/2

(
sin(qTFµν)

qTFµν

)
Is(T,A) , (2.3.12)

where all that is left to do is to perform the modular integration in θ for a given value of spin s:

Is(T,A) =

∫ 2π

0

dθ

2πi
ei(

3
2
+s)θ 2 sin

(
θ

2

)
det−1

[
2i sin

(
θ

2
δµν + qTFµν

)]
. (2.3.13)

It is convenient to recast the determinants above by diagonalizing the (Euclidean) field strength
tensor,10 given that its eigenvalues are

λ1 = K− , λ2 = iK+ , λ3 = −K− , λ4 = −iK+ , (2.3.14)

having defined K± =
√√
F2 + G2 ±F in terms of the Maxwell invariants

F =
1

4
FµνF

µν =
B⃗2 − E⃗2

2
, G = − i

8
εµνρσF

ρσF µν = E⃗ · B⃗ . (2.3.15)

The modular integration in the Wilson variable w = e−iϕ is then

Is(T,A) =

∮
dw

2πi

1

ws+1

w − 1

(1 + w2 − 2wK+) (1 + w2 − 2wK−)
, (2.3.16)

where K+ = cosh(2qTK+) and K− = cos(2qTK−).
10Explicitly: F4i = −iEi, Fij = ϵijkBk, (i, j = 1, 2, 3).
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We now have all the ingredients to investigate the effective action Γ[A] =
∫
d4x̄L[A] for spin s = 0, 1.

In particular:

(i) The scalar case s = 0, which corresponds to sQED, comes from the simple pole at w = 0

I0(T,A) = Res

[
w − 1

w (1 + w2 − 2wK+) (1 + w2 − 2wK−)

]
w=0

= −1 , (2.3.17)

hence it correctly reproduces the celebrated Weisskopf Lagrangian [132]

Ls=0[A] = −
∫ ∞
0

dT

T

e−m
2T

(4πT )2
q2T 2K−K+

sinh(qTK+) sin(qTK−)
. (2.3.18)

(ii) The massive spin 1 case instead arises form the double pole at w = 0

I1(T,A) = Res

[
w − 1

w2 (1 + w2 − 2wK+) (1 + w2 − 2wK−)

]
w=0

= 1− 2(K+ +K−) , (2.3.19)

leading to

Ls=1[A] =

∫ ∞
0

dT

T

e−m
2T

(4πT )2
q2T 2K−K+

sinh(qTK+) sin(qTK−)
[1− 2 cosh(2qTK+)− 2 cos(2qTK−)] .

(2.3.20)

This last expression corresponds to the Euler–Heisenberg effective Lagrangian for a massive charged
vector boson in a constant electromagnetic background. It was originally derived in 1965 by Vanyashin
and Terent’ev, starting from a quantum field theory of vector electrodynamics [133]. In contrast, our
derivation employs a self-consistent first-quantized approach, which offers a more direct and trans-
parent computation than the conventional second-quantized formalism. This constitutes the main
result we set out to obtain using the worldline method.

Our approach offers a natural framework for exploring possible extensions. For instance, one could
interpret our final expression as the result of a locally constant field approximation [105] and in-
vestigate corrections by systematically including higher-order terms in (2.3.4). This would likely
involve following a procedure similar to that of Ref. [4] for performing perturbative corrections from
the worldline, ultimately leading to the determination of the generalized heat kernel coefficients
computed in Refs. [94, 101]. We leave this analysis to future work.

As a final note, let us report the perturbative expression given by an expansion in the particle’s
electric charge q

Ls=1[A] =

∫ ∞
0

dT

T

e−m
2T

(4πT )2

(
−3 + 7

4
q2T 2 tr[F 2

µν ] +
5

32
q4T 4 tr2[F 2

µν ]−
27

40
q4T 4 tr[F 4

µν ] +O(q6)
)
.

(2.3.21)
The first two terms give divergent contributions, the first one being an infinite vacuum energy,
while the second one corresponds to the one-loop divergence in the photon self-energy, and they
should be renormalized away. On the other hand, the last two terms are finite and give rise to the
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quartic interaction’s contributions once integrated in the proper time. Thus, the leading terms of
the renormalized effective (Euclidean) Lagrangian, with the tree-level Maxwell term included, are
expressed as

Lren
s=1[A] =

1

4
FµνF

µν +
q4

16π2m4

(
5

32
(FµνF

νµ)2 − 27

40
F µνFνρF

ρσFσµ

)
+ · · · (2.3.22)

which shows the leading vertices for the scattering of light by light.

An overall minus sign arises upon continuation back to Minkowski spacetime. Inserting this sign,
the Lagrangian in Minkowski spacetime can be written in the more explicit form

Lren
s=1[A] = −

1

4
FµνF

µν +
q4

16π2m4

(
− 5

32
(FµνF

νµ)2 +
27

40
F µνFνρF

ρσFσµ

)
+ · · ·

=
1

2
(E⃗2 − B⃗2) +

α2

40m4

(
29(E⃗2 − B⃗2)2 + 108(E⃗ · B⃗)2

)
+ · · ·

(2.3.23)

where, for ease of comparison with the literature, we have introduced the fine-structure constant
α = q2

4π
in natural units, and used the relations

FµνF
µν = 2(B⃗2 − E⃗2) , F µνFνρF

ρσFσµ = 2(E⃗2 − B⃗2)2 + 4(E⃗ · B⃗)2 , (2.3.24)

to obtain the second line.

It may be interesting to compare this result with the more widely known results for the spin-0 and
spin-1

2
cases, which we include here for convenience:

Lren
s=0[A] = −

1

4
FµνF

µν +
q4

16π2m4

(
1

288
(FµνF

νµ)2 +
1

360
F µνFνρF

ρσFσµ

)
+ · · ·

=
1

2
(E⃗2 − B⃗2) +

α2

360m4

(
7(E⃗2 − B⃗2)2 + 4(E⃗ · B⃗)2

)
+ · · ·

(2.3.25)

and

Lren
s= 1

2
[A] = −1

4
FµνF

µν +
q4

16π2m4

(
− 1

32
(FµνF

νµ)2 +
7

90
F µνFνρF

ρσFσµ

)
+ · · ·

=
1

2
(E⃗2 − B⃗2) +

2α2

45m4

(
(E⃗2 − B⃗2)2 + 7(E⃗ · B⃗)2

)
+ · · · .

(2.3.26)

They arise from the Weisskopf and Euler–Heisenberg effective Lagrangians, respectively.

2.3.1 Production of massive spin-1 particle pairs

In this section, we compute the rate for the Schwinger pair production of massive charged spin-
1 particles in a constant external electric field E⃗. For easier reference, we shall recall that if the
effective action in the presence of a classical background field assumes a non-vanishing imaginary
contribution, this has the physical interpretation of an instability of the quantum field theory vacuum:
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quantitatively, the Minkowskian effective action is related to the vacuum persistence probability by

|⟨0out|0in⟩|2 = e−2 ImΓM . (2.3.27)

The effective action (2.3.20) with K+ = 0 and K− = E, with E being the modulus of the electric
field, reduces to

Γ[A] =

∫
d4x̄

∫ ∞
0

dT

T

e−m
2T

(4πT )2
qTE

sin(qTE)
[−1− 2 cos(2qTE)] . (2.3.28)

Apparently, it is a real quantity, but the presence of poles in the T -integral signals that this is not
the case. To extract its imaginary part, we go back to Minkowski spacetime via a Wick rotation,
using T → iT , L → −L, to obtain the Minkowskian effective Lagrangian

L[A] =
∫ ∞
0

dT

T

e−im
2T

(4πT )2

(
−3 iqTE

sin(iqTE)
+ 4(iqTE) sin(iqTE)

)
. (2.3.29)

For certain values of proper time, the integral develops poles in the T -plane, which in turn produce
an imaginary part of the Minkowskian effective action. In fact, from

ImL[A] = L[A]− L
∗[A]

2i
=

1

2i

∫ +∞

−∞

dT

T

e−im
2T

(4πT )2

(
−3 iqTE

sin(iqTE)
+ 4(iqTE) sin(iqTE)

)
, (2.3.30)

one finds that the contour must be closed in the lower half-plane, and the imaginary part is determined
by the residues at the poles of the first integrand function, located at11

T = −i πn
qE

, 0 < n ∈ N . (2.3.31)

The final result is

ImL[A] = 3

16π3
(qE)2

∞∑
n=1

(−1)n+1 e
−m

2πn
qE

n2
. (2.3.32)

In conclusion, the probability for massive spin-1 particle-antiparticle pair production in the presence
of a constant electric field per unit of volume and time P := P/∆V∆T can be written as

Ppair ≈ −
3

8π3
(qE)2 Li2

(
−e−

m2π
qE

)
, (2.3.33)

where Li2(·) is the polylogarithm of order 2. As already noted in Ref. [133], this probability corre-
sponds to three times the probability of the production of pairs of scalar particles with mass m.

11They correspond to the zero modes of the differential operator ∆
(t)
µν in Minkowski spacetime except for the value

n = 0, which indicates a UV divergence as discussed at the end of the previous section.
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2.4 Final remarks

In this chapter, we have shown how to construct worldline actions for a massive, charged, spin-1
particle. These actions carry the necessary gauge symmetries to ensure a unitary description at the
quantum level. A crucial feature is the gauging of the oscillator number operator, appropriately
shifted by a Chern–Simons coupling, which enforces the projection onto the spin-1 sector. A BRST
analysis reveals that the spin-1 sector can couple to an external electromagnetic field in both for-
mulations, provided the field satisfies the vacuum Maxwell equations. This condition suffices for
applications such as computing scattering amplitudes involving external photons, whose asymptotic
states obey these equations. We employed this coupling to analyze the system’s behavior in a con-
stant EM field. The spin-0 sector admits coupling to the electromagnetic field without requiring any
conditions on the field. In contrast, other sectors corresponding to higher-spin particles do not admit
EM couplings within our worldline framework. By studying the path integral of the spin-1 particle
action on the circle, we obtained the one-loop effective action. For a constant electromagnetic back-
ground, we explicitly computed the corresponding effective Lagrangian of the Euler-Heisenberg type.
From this, we derived the pair production rate for spin-1 particle-antiparticle pairs in a constant
electric field. Our results fully agree with the quantum field theory result originally presented in
Ref. [133], which we recover here using a purely worldline approach, independent of any second-
quantized formalism. Additional, more recent works discussing the effective Lagrangian induced by
spin-1 particles and related matters, include [134–142]. Alternative worldline formulations have been
explored in the literature, notably in Ref. [143], where worldline techniques are employed to express
the heat kernel representation of the spin-1 QFT effective action as worldline path integrals, allow-
ing for a more efficient computation, including the evaluation of worldline functional determinants.
Our results add to the effort of constructing wordline methods without using key input from QFT,
following the path employed in the study of Yang–Mills theory [81, 144], gravity [1–3, 82, 83, 145,
146], and scalar theories [147].

Appendix

2.A Functional determinant from the Gel’fand–Yaglom theo-

rem

In this appendix, we detail the computation of the functional determinant (2.3.9) associated with
the differential operator

∆(t)
µν(τ, τ

′) =

[
− 1

2T
δµν

d2

dτ 2
− iqFµν

d

dτ

]
δ(τ − τ ′) , (2.A.1)

using (generalizations of) the Gel’fand–Yaglom theorem [97]. For convenience, we restate here the
main theorem, previously given in Appendix 1.B, in order to adapt the notation to the present
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chapter.

In its simplest formulation, the GY theorem states that given a one-dimensional second-order differ-
ential operator defined on the interval z ∈ [0, 1] and the associated eigenvalue problem with vanishing
Dirichlet boundary conditions[

− d2

dz2
+ V (z)

]
ψ(z) = λψ(z) , with ψ(0) = ψ(1) = 0 , (2.A.2)

if we can solve the initial value problem[
− d2

dz2
+ V (z)

]
Φ(z) = 0 , with Φ(0) = 0 , Φ̇(0) = 1 , (2.A.3)

then the boundary value of the solution determines the functional determinant of the differential
operator

Det

[
− d2

dz2
+ V (z)

]
∝ Φ(1) . (2.A.4)

The precise definition of the functional determinant actually involves the ratio of two determinants,
and should be understood in this sense [119]; in this chapter, we compute the determinants relative
to the corresponding determinant for the free operators upon extracting the zero modes of the latter.
For our purposes, we need the generalization of the theorem for higher-dimensional operators: we
report the main formulae, while referring the reader to the references [4, 98, 99] for more details.

To compute the functional determinant of ∆(t)
µν acting on the quantum fluctuations tµ(τ) with Dirichlet

boundary conditions, one needs to solve the associated homogeneous differential equation for the
solution with initial conditions

φ(ρ)
µ (0) = 0 , φ̇(ρ)

µ (0) = δρµ , (2.A.5)

and then
Det

(
∆(t)
µν

)
= det

[
φ(ρ)
µ (1)

]
. (2.A.6)

Using a simple trick, we can recast the operator (2.A.1) into a form suitable for a direct application
of the theorem. In particular, it is not hard to show that12

∆(t)
µν(τ, τ

′) ∝
[
e−iqFTτ

(
−1

2

d2

dτ 2
δ(τ − τ ′)− 1

2
q2F 2δ(τ − τ ′)

)
eiqFTτ

]
µν

, (2.A.7)

from which one sees that its functional determinant can be equivalently computed by calculating
the determinant of the operator inside round brackets.13 Solving for the associated homogeneous
equation with initial conditions (2.A.5) we get

φ(ρ)
µ (z) =

[
sin(qFTz)

qFT

]ρ
µ

, (2.A.8)

which confirms Eq. (2.3.9).

12We thank Markus B. Fröb for discussions on this point.
13The prefactors hidden in “∝” are taken care of by normalizing with the corresponding free operator.
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Prelude: the heat kernel technique and the Fierz–Pauli theory

In the second part of this thesis, we explore the application of the Worldline Formalism to perturbative
physics, illustrating its use through several examples. The first example concerns the computation of
color-ordered tree-level amplitudes in Yang–Mills theory. Before delving into this, we shall provide
a brief overview of the worldline computational framework. The subsequent examples focus instead
on the perturbative expansion of the heat kernel. To this end, we introduce some basic concepts and
outline the main ideas underlying this technique, thereby setting the stage for its applications in the
following sections. These applications concern two gravitational theories. The first one, discussed
in Chapter 5, is the well-known Einstein–Hilbert theory, which we shall not anticipate further here.
The second one, treated in Chapter 6, is a modified theory of gravity, known as “massive gravity”.
In this thesis, however, we shall restrict our attention to its linearized formulation, which may be
viewed simply as a theory describing a massive spin-2 “meson”, rather than an ambitious attempt
to give mass to the graviton. We will review a few of its key features before turning to the original
material.

Yang–Mills from the worldline Chapter 3 is devoted to the computation of color-ordered tree-
level amplitudes in Yang–Mills theory. We adopt a “bottom-up” approach, starting from the bosonic
spinning particle and constructing its path integral, this time formulated on the infinite line rather
than on the circle. The choice of an infinite line geometry automatically implements the LSZ reduc-
tion [39, 147–149], thereby allowing one to extract on-shell amplitudes directly from the worldline
path integral. The infinite line constitutes the main worldline that connects two external points
and can be chosen arbitrarily. It describes asymptotically free vector particles. Vertices linking the
worldline to the remaining external (asymptotic on-shell) particle states emerge in part from the
perturbative expansion of the particle action, leading to insertions of vertex operators. Additionally,
insertion of additional composite vertex operators is needed to obtain the complete BRST-invariant
color-ordered amplitudes. Although this construction may appear elementary, the approach devel-
oped in Chapter 3 provides a robust foundation for deriving scattering amplitudes purely within the
worldline framework.14 Furthermore, we further explore the role played by the BRST symmetry.
First, it is employed to analyze the general structure and properties of both integrated and unin-
tegrated vertex operators contributing to the construction of the color-ordered amplitudes. BRST
symmetry also serves as the guiding principle for identifying whether additional vertex operators,
which we refer to as “pinch operators”, must be inserted to restore BRST invariance when it is broken
in perturbatively constructed tree-level amplitudes. Secondly, we show how the decoupling of BRST-
exact operators in correlation functions corresponds to the target-space Ward identities, similarly to
what occurs in string theory.

The heat kernel method The heat kernel has already been briefly introduced in Part I of the
thesis. However, since it plays a central role in the forthcoming chapters, we take the opportunity
here to review its main features and its use in the computation of one-loop divergences, which is

14The overall framework is conceptually similar to the one proposed in [81], where the fermionic particle was used.
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a procedure commonly referred to as the “heat kernel technique”. This well-established method
in mathematical physics provides a perturbative framework for studying second-order differential
operators on Riemannian manifolds [150], and it has been applied extensively in quantum field
theory, with a particular interest in quantum gravity starting from the work of DeWitt, [57, 151,
152], as for example in Refs. [104, 153–155]. The starting point is the same as that of the “top-down”
approach to the Worldline Formalism: the one-loop effective action expressed in terms of a functional
determinant as

Γ[Φ] =
1

2
log sDetQ =

1

2
sTr logQ , (II.1)

where “sDet” is the Berezin functional superdeterminant and “sTr” the functional supertrace (see for
example Ref. [155]). We write this expression in its most general form, without specifying whether
the underlying field theory is bosonic or fermionic. In what follows, we assume that it is defined on a
D-dimensional Euclidean manifold. The quantum fluctuations operator Q is an elliptic second-order
differential operator, which can take the general form

Q = −∇2
(A) − V . (II.2)

The operator Q is here taken to act on a scalar field ϕ which carries a representation of the gauge
field Aµ, contained in the connection that defines the full covariant derivative ∇(A)

µ = ∇µ + Aµ. It
has an associated gauge field strength Ωµν , defined by the commutator of the covariant derivatives
on the scalar field ϕ, i.e.

[∇(A)

µ ,∇(A)

ν ]ϕ = Ωµν ϕ . (II.3)

The Laplacian is defined as usual by ∇2
(A) = gµν∇(A)

µ ∇(A)
ν and we consider a potential V which is

matrix valued, just like the gauge field Aµ. Thus, the elliptic second-order differential operator Q
generally depends on the metric gµν and on the matrix-valued potentials Aµ and V .

In the usual Schwinger proper-time parametrization, (II.1) becomes

Γ =
1

2
sTr logQ = −1

2

∫ ∞
0

dT

T
sTr exp{(−TQ)} . (II.4)

The operator exp{(−TQ)} is known as the heat semigroup of the operator Q, and its integral kernel
is the heat kernel K(x, x′;T ). It is usually needed at coinciding points x′ → x for most of the physical
applications, as the quantity of interest is typically the trace of the operator. Consequently, we will
focus on this case in the following. Plugging the explicit form of Q given by (II.2) inside (II.4),15 we
have

Γ = −1

2

∫ ∞
0

dT

T
exp
{
(−Tm2)

}∫
dDx

√
g strK(x, x;T ) . (II.5)

Note that the leftover supertrace “str” is now to be performed only over the remaining discrete indices
carried by the representation of the field ϕ on which Q acts upon.

For small Euclidean proper time T → 0+, the heat kernel, at coinciding points, admits the asymptotic
15It is customary to introduce an IR regulator by shifting Q → Q +m2, corresponding to the addition of a mass

term for otherwise massless fields.
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expansion [57, 151, 152]

K(x, x;T ) ∼ (4πT )−
D/2

∞∑
j=0

T jaj(x) , (II.6)

where the heat kernel coefficients aj(x), also known as Seeley-DeWitt coefficients,16 can be expressed
in terms of the metric and gauge invariants of the manifold. For an intuitive derivation of the
expansion, see, for instance, these lecture notes by Fiorenzo Bastianelli [156], while for pedagogical
treatments refer to [104, 150, 157, 158]. With the aid of (II.6), we are able to identify the divergences
of the one-loop effective action (II.5) precisely with a subset of the Seeley-DeWitt coefficients, namely
the ones that produce a divergence in the proper time integration at T → 0 in

Γ = −1

2

∫ ∞
0

dT

T
e−m

2T

∫
dDx
√
g

(4πT )
D
2

str
∞∑
j=0

T jaj(x) . (II.7)

For example, at D = 4 the diverging terms are associated with the coefficients a0(x), a1(x), a2(x),
while at D = 6 also a3(x) leads to an additional divergence (the logarithmic divergence in that
dimension).

The computation of these coefficients using worldline techniques will be the subject of Chapter 5
and Chapter 6, except for Section 5.2 where a genuine heat kernel calculation is performed as a
cross-check.

Let us conclude with an important remark concerning the expansion (II.6). In principle, such an
expansion does not exist in the same simple form when Q is a non-minimal operator. In the heat
kernel context, a second-order operator is termed non-minimal when the part of the operator with
the highest derivatives – the principal symbol [104] – has a non-trivial matrix structure. For instance,
an operator of Laplace type

∆ = −gµν∇µ∇ν + V , (II.8)

is a minimal operator, as the principal symbol is the metric. A non-minimal operator presents a more
general principal symbol: for instance, the kinetic operator of the Proca field on curved spacetime
has the form [159, 160]

∆µν = (−∇2 +m2) gµν +∇µ∇ν +Rµν , (II.9)

and the offending term ∇µ∇ν is responsible for the complicated structure of the leading deriva-
tive terms. This situation will arise in our analysis of Linearized Massive Gravity (LMG). Several
approaches exist for reducing such operators to minimal form, the most prominent being the gen-
eralization of the Schwinger-DeWitt algorithm developed by Barvinsky and Vilkovisky [153]. Alter-
natively, one may adopt a path integral approach, as in [8, 161–163]. A recent notable advance in
this direction is given in [164], which provides model-independent expressions for the Seeley-DeWitt
coefficients of general non-minimal second-order operators. In this thesis, we aim to bypass these
technical complications by employing a suitable worldline model, offering further evidence for the
efficiency of first-quantized techniques in contrast to traditional second-quantized methods.

16These coefficients appear in the literature under various names. In this thesis, we use the terms “heat kernel
coefficients”, “Seeley-DeWitt coefficients”, and “Schwinger-DeWitt coefficients” interchangeably.

https://www-th.bo.infn.it/people/bastianelli/4-Heat-Kernel-FT1-17-18.pdf
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Massive gravity and the Fierz–Pauli theory Massive gravity has long attracted considerable
interest in theoretical physics as a compelling modification of general relativity, ever since its first
formulation by Fierz and Pauli in 1939 [165, 166]. The FP theory describes the propagation of a
massive spin 2 field carrying17

#DoF =
(D + 1)(D − 2)

2
(II.10)

degrees of freedom in D spacetime dimensions. Its simplest, second-order, formulation can be ex-
pressed in terms of an action principle involving a symmetric and traceful rank-2 tensor field hµν(x)
with a flat spacetime background:

SFP[hµν ] =
1

2

∫
dDx

[
∂ρhµν∂

ρhµν − ∂µh∂µh− 2∂µhνρ∂
νhµρ + 2∂µh

µν∂νh︸ ︷︷ ︸
=:Lm=0[hµν ]

+m2
(
hµνh

µν − h2
)︸ ︷︷ ︸

=:Lm[hµν ]

]
,

(II.11)

with h ≡ hµµ. Let us review some technical aspects of the theory, which will later be revisited through
the lens of the Worldline Formalism, starting from Eq. (II.11). The massless action Sm=0[hµν ] :=
1
2

∫
dDxLm=0[hµν ] is invariant under the gauge symmetry18

δhµν = ∂µξν + ∂νξµ = 2∂(µξν) , (II.12)

where ξµ(x) is a spacetime dependent gauge parameter. The mass term Lm[hµν ] breaks the gauge
symmetry, as usual in any gauge field theory. It is actually not the most general mass term that can
be added to the invariant action Sm=0[hµν ] respecting Lorentz invariance and power counting [168].
However, the choice of the relative −1 coefficient between the hµνhµν and h2 contractions, known
as Fierz–Pauli tuning, is the only combination ensuring the propagation of the correct number of
degrees of freedom; any other choice would inevitably lead to the presence of a ghost mode with
negative energy. The equations of motion can be expressed in terms of the so-called Fierz–Pauli
system:

(
∂2 −m2

)
hµν(x) = 0 , (II.13)

∂µhµν(x) = 0 , (II.14)

h(x) = 0 , (II.15)

which shows that the tensor field corresponds to a unitary irreducible representation of the Poincaré
group with mass m and spin 2. Violating the FP tuning would lead to the loss of (II.15), and
a ghost-like scalar mode inside hµν becomes propagating [169]. The situation becomes even more
intricate on a curved background. Referring to Ref. [8] for a detailed analysis, let us mention that
the bottom line is that FP action can be consistently extended only on Einstein spacetimes [169–172]

17Although the FP theory historically arose as the first attempt to modify gravity by introducing a massive mediator
of the gravitational interaction, one may disregard its gravitational interpretation and instead view hµν(x) as describing
a massive spin 2 meson propagating on flat or curved backgrounds, possibly interacting with a background Einstein
metric. See [167] for a related discussion.

18In our notation, parentheses and brackets denote symmetrization and antisymmetrization with a conventional
factor, e.g. (ab) := 1

2 (ab+ ba) and [ab] := 1
2 (ab− ba).
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as19

SFP[hµν ;g] =
1

2

∫
dDx
√
g
[
Lm=0[hµν ;g] + Lm[hµν ;g]

]
, (II.16)

where the mass term remains unchanged, while the massless Lagrangian now reads

Lm=0[hµν ;g] = ∇ρhµν∇ρhµν−∇µh∇µh−2∇µhνρ∇νhµρ+2∇µh
µν∇νh−

2R

D

(
hµνh

µν − 1

2
h2
)

(II.17)

and is invariant under the gauge symmetry

δhµν = 2∇(µξν) . (II.18)

The action can be recast in the following convenient form, assuming that the fields decay quickly
enough at infinity when integrating by parts,

SFP[hµν ;g] =
1

2

∫
dDx
√
g hµν ∆

µνρσ
(FP) hρσ (II.19)

in terms of the differential operator

∆µνρσ
(FP) =

(
−∇2 +m2

) (
gµ(ρgσ)ν − gµνgρσ

)
+ 2Rµ(ρσ)ν +

R

D
gµνgρσ − 2gρσ∇(µ∇ν) + 2g(µ(ρ∇ν)∇σ) .

(II.20)

This operator is clearly non-minimal, which complicates its use in heat kernel computations. It will
therefore be advantageous to construct a worldline model that bypasses these difficulties, as will be
developed in Chapter 4.

For the sake of brevity, we shall only mention a few additional features of the Fierz–Pauli theory
without entering into further details. Among them is the well-known vDVZ discontinuity [129, 130],
namely the different predictions between linear general relativity and the FP theory in the massless
limit, and the presence of a Boulware–Deser ghost, a problematic extra degree of freedom which
inevitably appears at the non-linear level [173]. To this date, only a promising non-linear theory of
massive gravity free from the Boulware–Deser instability has been formulated, which is known as
dRGT theory, named after the work of Claudia de Rham, Gregory Gabadadze, and Andrew Tolley
[174–176]. The interested reader may refer to excellent reviews for a comprehensive exploration of
this subject [169, 170, 177].

Finally, we anticipate that massive gravity, like general relativity, does not escape the issue of one-
loop divergences. This is unsurprising, since both are non-renormalizable theories: their Lagrangians
are built upon the Einstein–Hilbert action, which is known to produce diverging terms at one-loop
that cannot be absorbed into the parameters of the action [178–181]. The quantum aspects of
massive gravity, and in particular its one-loop divergences, have been extensively studied through
field-theoretical techniques [158, 161, 182, 183], and will be revisited within the worldline approach
in Chapter 6.

19We denote the metric tensor in bold in order to hide the spacetime indices, g := gµν(x). Moreover, g ≡ det(gµν)
and R(g) is the Ricci scalar.





Chapter 3

Tree-level gluon amplitudes

In this chapter, we begin to show how the Worldline Formalism can be adapted to perform perturbative
quantum field theory calculations. We start with the case of tree-level scattering amplitudes, where
the method shares many parallels with string theory. Specifically, we compute gluon amplitudes at
tree level as worldline correlators of vertex operators in a suitable worldline model. In doing so, we
adopt a purely “bottom-up” worldline approach, which may be viewed as complementary to the orig-
inal framework developed by Bern and Kosower. The model under consideration corresponds to the
massless version of the bosonic spinning particle model introduced in the previous chapter, which, as
already demonstrated, admits a consistent truncation to describe a pure spin-1 particle. The particle
is coupled to a non-abelian background field: interactions are once again incorporated through BRST
methods, which here also provide a systematic way to extract the vertex operators as deformations of
the BRST charge. BRST invariance thus plays a central role in ensuring the consistency of the tree-
level amplitudes. Finally, we discuss connections with similar worldline constructions and comment
on the potential relevance of this framework for uncovering the structures underlying the double-copy
program in gauge and gravitational theories.

Conventions The target space of our worldline model is a D-dimensional Minkowski spacetime,
and Greek letters will be used to denote Lorentz indices.

3.1 The bosonic spinning particle in a Yang–Mills background

We begin by reviewing some features of the free bosonic spinning particle model. Although the first
subsection partly overlaps with material from the previous chapter, we include it here once again in
view of the forthcoming construction of the path integral on the open line. In this context, certain
subtleties arise that were not addressed in the earlier discussion, and which will play an important
role in the present analysis.
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3.1.1 The free spinning particle

The symplectic term of the free worldline action is

Ssymp =

∫ 1

0

dτ
[
pµẋ

µ − i ᾱµα̇µ
]
. (3.1.1)

It defines the canonical Poisson brackets for the particle’s coordinates and momenta (xµ, pµ) joined
by the bosonic oscillator pair (αµ, ᾱµ). The elementary Poisson brackets are given by

{xµ, pν} = δµν , {αµ, ᾱν} = iδµν . (3.1.2)

The following conserved phase-space functions

H =
1

2
p2 , L = αµpµ , L̄ = ᾱµpµ , (3.1.3)

form a closed algebra under Poisson brackets

{L, L̄} = 2iH , (3.1.4)

while other independent brackets vanish. As previously noted, this algebra is first-class and bears
a close resemblance to a supersymmetry algebra, except that L and L̄ are bosonic rather than
fermionic. It corresponds to a contraction of the sl(2,R) algebra [73, 75]. The charges (H,L, L̄)
generate worldline symmetries: H is the generator of τ -translations, while L and L̄ mix the spacetime
coordinates xµ with the oscillator variables αµ and ᾱµ, respectively. Their structure is reminiscent
of the Virasoro generators L0 and L±1 of the bosonic open string.

Let us recall that, upon quantization, the states of the theory are interpreted as those corresponding
to massless particles, with the spin degrees of freedom carried by the oscillator variables αµ. To this
end, one must impose the mass-shell constraint p2 = 0 by gauging the Hamiltonian H, and eliminate
remaining unphysical states by gauging the “Virasoro-like” generators L and L̄. This gauging plays
a role analogous to the gauging of the Virasoro algebra in string theory, where lightcone oscillator
modes must be removed to avoid negative-norm states.

The full worldline action, incorporating these gauge symmetries, is given by

S =

∫ 1

0

dτ
[
pµẋ

µ − i ᾱµα̇µ − eH − ū L− u L̄
]
, (3.1.5)

where e(τ) is the einbein enforcing the mass-shell condition H = 0, and u(τ) and ū(τ) are com-
plex Lagrange multipliers enforcing L̄ = L = 0. The action is invariant under local worldline
reparametrizations and the bosonic analog of supersymmetry, with infinitesimal transformations

δxµ = ϵ pµ + ξ ᾱµ + ξ̄ αµ , δpµ = 0 ,

δαµ = i ξ pµ , δᾱµ = −i ξ̄ pµ ,

δe = ϵ̇+ 2i u ξ̄ − 2i ū ξ , δu = ξ̇ , δū = ˙̄ξ ,

(3.1.6)
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where ϵ(τ) is the local parameter for worldline reparametrizations, while ξ(τ) and ξ̄(τ) are complex
gauge parameters for the bosonic symmetry.

The quantum theory corresponding to this action has been analyzed in Ref. [78] to covariantly identify
the physical sector of the Hilbert space, using both the Dirac quantization method and the more
general BRST approach.1 The resulting spectrum was found to include an infinite tower of bosonic
spinning particles. This fact emerges by recalling that the quantized phase-space coordinates obey
the commutation relations

[xµ, pν ] = iδµν , [ᾱν , α
µ] = δµν , (3.1.7)

with the αµ oscillators that act as creation operators on the Fock vacuum |0⟩. The covariant analysis
carried out in Ref. [78] shows that, at occupation number s, defined according to the number operator
N = αµᾱµ, the Hilbert space contains particle’s excitations of spin s, s − 2, · · · , 0 for even s, and
s, s− 2, · · · , 1 for odd s. A quick way to see this is by adopting the light-cone gauge, as discussed in
Chapter 2, in which the bosonic creation operators αi carry only transverse indices i = 1, · · · , D− 2.
Let us indeed recall the result: at level s, the action of s such creation operators on the Fock vacuum
yields states corresponding to a totally symmetric wavefunction ϕi1···is(x), which includes all possible
traces. Iteratively factorizing the traces shows that the wavefunction naturally accommodates spin
states s, s − 2, · · · down to either 0 or 1, depending on whether s is even or odd. We refer to
Section 2.1.1 for further details.

In the rest of this section, we construct a path integral for this model. One can anticipate some
difficulties in the construction. Considering a finite line, the gauge transformation laws in (3.1.6)
suggest that all the gauge fields (e, u, ū) should each acquire a modulus, with the set of moduli
collectively denoted by (2T, u0, ū0), where T is the usual Schwinger proper time. After gauge-fixing
the gauge fields to the corresponding moduli, i.e. setting (e, u, ū) = (2T, u0, ū0), one finds that the
action (3.1.5) reduces to

Sgf =

∫ 1

0

dτ
[
p · ẋ− i ᾱ · α̇− Tp2 − ū0 p · α− u0 p · ᾱ

]
. (3.1.8)

An integration over the moduli, with T ∈ R+ and u0, ū0 ∈ R, produces for constant p, α, ᾱ

1

p2
δ(p · α) δ(p · ᾱ) , (3.1.9)

which, on top of delivering the massless propagator, seems to enforce the transversality of the os-
cillators. However, we are going to argue that, for our purposes, we do not need to consider the
moduli for u and ū. The reason is that we intend to restrict the model to obtain the propagation
of particles of fixed spin s only, and in particular s = 1, to describe massless gluons. To achieve
such a projection, it is useful to gauge the global U(1) symmetry, generated by the number charge
N = αµᾱµ, and add a Chern–Simons coupling, to obtain a constraint that projects physical states
to have occupation number s in the quantum setting.

1Recall that Chapter 2 carried out the same analysis but in the case of the massive model.
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Therefore, we gauge the global U(1) symmetry

α′ = eiϕα , ᾱ′ = e−iϕᾱ ,

u′ = eiϕu , ū′ = e−iϕū ,
(3.1.10)

and add a Chern–Simons coupling with charge q, left unspecified for the moment, to be related to
the spin s. We arrive at the modified action

S =

∫ 1

0

dτ
[
pµẋ

µ − i ᾱµα̇µ − e
1

2
p2 − ū αµpµ − u ᾱµpµ − a (αµᾱµ − q)

]
. (3.1.11)

Here (e, ū, u, a) are the full set of worldline gauge fields that gauge the charges (H,L, L̄, J) defined
by

H =
1

2
p2 , L = αµpµ , L̄ = ᾱµpµ , J = αµᾱµ − q . (3.1.12)

They satisfy the following Poisson bracket algebra

{L, L̄} = 2iH , {J, L} = −iL , {J, L̄} = iL̄ , (3.1.13)

while other brackets vanish. It is a first-class algebra and thus its gauging is consistent. Denoting
by (ϵ, ξ̄, ξ, ϕ) the gauge parameters for the gauge fields above, we get the following infinitesimal
transformation rules for the gauge symmetries of the action (3.1.11)

δxµ = ϵ pµ + ξ ᾱµ + ξ̄ αµ , δpµ = 0 ,

δαµ = i ξ pµ + i ϕ αµ , δᾱµ = −i ξ̄ pµ − i ϕ ᾱµ ,

δe = ϵ̇+ 2i u ξ̄ − 2i ū ξ , δa = ϕ̇ ,

δu = ξ̇ − i a ξ + i ϕ u , δū = ˙̄ξ + i a ξ̄ − i ϕ ū .

(3.1.14)

Notice that the U(1) gauge field a admits a modulus, a(τ) = θ, which in turn prevents the emergence
of moduli for u and ū. A quantum massless spin-s particle is obtained by quantizing precisely this
action. Before proceeding with the path integral quantization, let us clarify the relation between
the Chern–Simons coupling q and the spin s. This relation generally depends on the quantization
scheme that is adopted, which we make explicit in the course of our discussion.

Using canonical quantization, we recall that the quantum operators satisfy the commutation relations
in (3.1.7) with α acting as creation operator. Then, of the charges in (3.1.12), only J exhibits
potential ordering ambiguities. We resolve them by adopting a symmetric ordering prescription for
the oscillators. This is our chosen quantization scheme and yields the quantum operator

J =
1

2
(αµᾱµ + ᾱµα

µ)− q

= αµᾱµ +
D

2
− q

= N − s , (3.1.15)
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where we have used the commutation relations of the oscillators, recognized the number operator

N = αµᾱµ (3.1.16)

which counts the occupation number in the Fock space of states, and relates the Chern–Simons
coupling q to the real parameter s by

q =
D

2
+ s . (3.1.17)

Imposing the constraint à la Dirac to select a generic physical state |ϕ⟩,

J |ϕ⟩ = 0 ⇒ N |ϕ⟩ = s|ϕ⟩ , (3.1.18)

shows that physical states must have occupation number s. This corresponds to having maximal
spin s. Later, we specialize to s = 1, as we intend to focus on spin-1 particles. However, for the
time being, we keep s arbitrary and observe that it must be a non-negative integer in order to find
nontrivial solutions to the constraint equation, and allow for a nontrivial quantum theory. This
illustrates the well-known fact that Chern–Simons couplings are quantized.

Now, let us proceed with the worldline path integration and derive the propagator for a fixed spin-s
particle (together with its lower spin tail, as discussed above). We consider the path integral on
the finite line, with fixed initial and final states chosen to be momentum eigenstates for the (x, p)-
variables and coherent states for the bosonic oscillators. This leads to the path integral representation
for the particle propagator in momentum space

out⟨p′, α|p, ᾱ⟩in =

∫
DXDG

Vol(Gauge)
eiS , (3.1.19)

which uses the action in (3.1.11). On the left-hand side, we have indicated by p and p′ the momentum
eigenstates and α and ᾱ the coherent states for the oscillators (no confusion should arise with this
notation). Also, we have collectively denoted the dynamical fields by X = (xµ, pµ, α

µ, ᾱµ) and the
gauge fields by G = (e, ū, u, a). Note that, to impose boundary conditions on p, one must add
boundary terms to the action. Their final effect is to change the symplectic term pµẋ

µ into −ṗµxµ,
see Appendix 3.A.

At this stage, we gauge-fix the gauge fields to their respective moduli, setting (e, ū, u, a) = (2T, 0, 0, θ),
where T and θ denote the moduli. The latter must be integrated over a suitable range of values and
with a measure with a normalization that can be fixed later. This way, we arrive at an expression
for the path integral on the finite line of the form

out⟨p′, α|p, ᾱ⟩in ∼
∫
dT

∫
dθ eisθ Det(∂τ − iθ)Det(∂τ + iθ)

∫
DX eiSgf , (3.1.20)

where the gauge-fixed action in the exponent reads

Sgf =

∫ 1

0

dτ
[
− ṗµxµ − i ᾱµ(∂τ − iθ)αµ − Tp2

]
− iᾱ(0)α(0) . (3.1.21)
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Here, we have extracted from the action the constant Chern–Simons term, whose coupling q gets
renormalized to the physical value s. Also, we have included the Faddeev–Popov determinants, and
inserted the boundary terms in the action, needed to match the quantum numbers of the external
states. Performing the path integral, and normalizing appropriately the integration over the moduli,
while setting their correct range, we obtain

out⟨p′, α|p, ᾱ⟩in ∼
∫ ∞
0

dT

∫ 2π

0

dθ

2π
(2π)DδD(p− p′) eisθ ee−iθᾱα e−iTp2

= (2π)DδD(p− p′)(−i)
p2

∫ 2π

0

dθ

2π
ee

−iθᾱα+isθ .

(3.1.22)

Note that the ghost determinant, which has vanishing Dirichlet boundary conditions, becomes θ
independent and can be normalized to 1, see Appendix 3.A for details.2 Finally, performing the
θ-integration, we find

out⟨p′, α|p, ᾱ⟩in = (2π)DδD(p− p′)(−i)
p2

(ᾱα)s

s!
. (3.1.23)

In particular, for spin 1, obtained by setting s = 1, we get

out⟨p′, α|p, ᾱ⟩in = (2π)DδD(p− p′) −iηµν
p2

ᾱµαν . (3.1.24)

We recognize the propagators of massless fields of spin s in the Feynman gauge. The independent
variables α and ᾱ parametrize the coherent states and can be readily interpreted as the external
polarizations.

This concludes our discussion of the path integral on the finite line for the free spin-s particle. A
natural extension involves introducing a set of ghost fields (henceforth denoted B C̄ and B̄ C) to
exponentiate the ΦΠ determinants. Then, considering external states also for them allows to explore
the full BRST Hilbert space.

A final comment concerns the issue of gauge-fixing u and ū. We observe that these gauge fields can be
defined so as not to possess associated moduli, so that the path integral for the original action (3.1.5)
can be performed without the need to gauge the U(1) symmetry. This leads to the propagation of
the full set of higher spin fields in the Feynman gauge. Indeed, the path integral produces

out⟨p′, α|p, ᾱ⟩in = (2π)DδD(p− p′)(−i)
p2

eᾱα , (3.1.25)

which corresponds precisely to the sum over all spins of Eq. (3.1.23).
2The result is similar to that in eq. (3.A.15), but with α = ᾱ = 0, which selects the vacuum as the external states.
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3.1.2 Non-abelian background

To compute tree-level gluon amplitudes, we couple the bosonic spinning particle to a Yang–Mills
background field

Aµ := Aaµ Ta , (3.1.26)

where Ta are anti-hermitian generators; we will consider color-ordered amplitudes, thus the Lie
algebra generators will not play much of a role in the following. We extend the gauge constraints by
minimal coupling pµ → pµ − iAµ, and by adding a non-minimal term with coupling constant κ to
the Hamiltonian,

LA = αµ(pµ − iAµ) , L̄A = ᾱµ(pµ − iAµ) , HA =
1

2
(p− iA)2 − κFµν αµᾱν , (3.1.27)

with Fµν = ∆µAν −∆νAµ + [Aµ,Aν ]. The constraint algebra (3.1.4) is broken by the field strength
Fµν for any value of κ, both at the quantum and classical level. In fact, from the perspective of the
symplectic structure of the algebra, the presence inside HA of the full field strength tensor (with the
commutator term) is not obvious at all. This issue and its resolution were discussed in Refs [120, 184,
185]. Here, however, the approach is different and based on the construction of a nilpotent BRST
operator built from a precise Hamiltonian constraint. This ensures, in particular, that suitable spin
sectors of the model can be quantized consistently, using BRST techniques; we shall briefly review
how such a construction works.

In canonical BRST quantization, one extends the theory by adding fermionic antighost/ghost pairs
(B, C̄), (B̄, C), (b, c) associated with the constraints (LA, L̄A, HA), respectively, with anticommutation
relations defined by

{B, C̄} = 1 , {B̄, C} = 1 , {b, c} = 1 . (3.1.28)

The quantum BRST operator corresponding to the constraints (3.1.27) is then given by

QA = −2 cHA + i C̄LA + i CL̄A − CC̄ b

= c
(
DµDµ + 2κFµν αµᾱν

)
+ (C̄αµ + Cᾱµ)Dµ − CC̄ b ,

(3.1.29)

where Dµ = ∆µ + Aµ and we identified pµ := −i∆µ, keeping for simplicity the same notation
for classical and quantum variables. The BRST operator QA is hermitian if one assigns suitable
hermiticity properties to the ghosts

c† = c , b† = b , C† = −C̄ , B† = −B̄ . (3.1.30)

The extended BRST Hilbert space, on which the BRST charge QA operates, has a double grading.
One corresponds to the usual ghost number. The other one is associated with the integer U(1)
charge given by the number charge N , which counts the number of αµ oscillators as in (3.1.16),
appropriately extended to account for the charge of the ghost oscillators:

N := αµᾱµ + CB̄ + BC̄ . (3.1.31)
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In the previous section, when constructing the free path integral, we gauged the N charge in (3.1.16)
to project on the spin-1 sector. Here, its extended version will still be used as a projector, but we
prefer to keep it outside the BRST operator. It is defined to obey [QA,N ] = 0, so that it becomes
consistent in the following to restrict the study of the cohomology of the BRST operator to a pre-
fixed U(1) charge sector. Quantization is consistent if Q2

A = 0. According to the analysis of Ref. [78]
(see also Chapter 2 for a similar analysis but in the massive case), we have the following situation,
depending on the spin sector of the theory:

• If the background field Aµ is off-shell, only the spin zero sector of the model (i.e., the subspace
of the Hilbert space with N = 0) can be quantized consistently. In this case, the coupling κ is
irrelevant, as the corresponding non-minimal term acts trivially. This sector simply describes
a colored scalar field in the adjoint representation of the gauge group.

• If the background field Aµ is on-shell, i.e. it obeys the nonlinear Yang–Mills equations DµFµν =
0, and κ = 1, the model can be quantized also in the N = 1 sector. This is the case we are
interested in, where the worldline describes a gluon in a Yang–Mills background.

In order to extract the gluon vertex operators and study the path integral, we set κ = 1 and proceed
with a Hamiltonian BRST gauge-fixing of the classical action. Upon denoting graded coordinates
and momenta by ZI := (xµ, αµ; c, C̄, C) and PI := (pµ,−iᾱµ;−ib,−iB,−iB̄), respectively, we choose
Ψ = iT b as the gauge-fixing fermion related to the gauge choice (e, u, ū) = (2T, 0, 0). Thus, the
gauge-fixed action reads

S =

∫ 1

0

dτ
[
ŻIPI +

{
QA,Ψ

}
PB

]
=

∫ 1

0

dτ
[
pµẋ

µ − i ᾱµα̇µ + ibċ+ iB ˙̄C + iB̄Ċ − 2THA

]
.

(3.1.32)

Integrating out the momenta, we finally obtain the sigma model action

S = Sfree + Sint , (3.1.33)

where the free Lagrangian action, including the ghosts, reads3

Sfree =

∫ T/2

−T/2
dτ
[
1
4
ẋ2 − i ᾱµα̇µ + ibċ+ iB ˙̄C + iB̄Ċ

]
, (3.1.34)

while the interaction terms are collected in

Sint =

∫ T/2

−T/2
dτ
[
iAµ(x)ẋµ + 2Fµν(x)αµᾱν

]
. (3.1.35)

One can derive vertex operators from the above action in the usual way, upon specializing the
background gauge field to a sum of plane waves, with definite momentum and polarization. These
will be the so-called integrated vertex operators, which describe the emission/absorption of a gluon

3The parameter τ is understood to be shifted and rescaled.
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from the worldline interior. One can already see from (3.1.35) the need for a two-gluon vertex, arising
from the coupling to the non-abelian field strength.

In the previous subsection, we have attributed the spin-1 degrees of freedom to the worldline endpoints
by employing coherent states for the αµ oscillators. In the following, we will find it more convenient to
take simpler boundary conditions, corresponding to a suitable vacuum state, and create all external
gluon states by means of vertex operators. To do so, the vertex operators extracted from the sigma
model action (3.1.35) are not sufficient; therefore, in order to discuss vertex operators more generally,
together with the issue of ghost zero modes, we will briefly revert to canonical BRST quantization.

3.1.3 Vertex operators from canonical BRST quantization

Here we will briefly revisit the vertex operators as consistent deformations of the free BRST charge.
In particular, we will review how the consistent coupling to the background Aµ translates into the
BRST invariance of vertex operators. We will then motivate the definition of integrated vertex
operators in the canonical language.

Let us collectively denote bosonic oscillators and ghost variables as

αM := (C, αµ,B) , ᾱM := (B̄, ᾱµ, C̄) , (3.1.36)

according to their U(1) charge: [N , αM ] = αM and [N , ᾱM ] = −ᾱM . In canonical quantization, we
define the BRST “oscillator vacuum” |0⟩ as the Fock vacuum annihilated by the operators ᾱM and
by the antighost b. In the path integral formulation, the boundary conditions corresponding to this
vacuum at both endpoints of the worldline are ᾱM(−T/2) = 0, αM(T/2) = 0 and b(±T/2) = 0.
Taking also ẋµ(±T/2) = 0, it is natural to view the full BRST vacuum as the tensor product of an
eigenstate of zero momentum with |0⟩, i.e. |0, 0⟩ = |k = 0⟩ ⊗ |0⟩. We thus have

ᾱM |0, 0⟩ = 0 , b |0, 0⟩ = 0 , pµ |0, 0⟩ = 0 . (3.1.37)

Although |0, 0⟩ is not normalizable, we will always create states with nonzero momentum by suitable
vertex operators at the boundary. These states have the standard plane wave normalization

⟨k′, 0| c |k, 0⟩ = (2π)DδD(k − k′) , (3.1.38)

where we recall that the basic overlap for the bc system is ⟨0| c |0⟩ = 1.

The subspace of the Hilbert space we are interested in is the N = 1 sector, which describes free
spin-1 particles. A generic state in this sector can be written as

⟨x|ψ⟩ = ψM(x)αM |0⟩+ χM(x)αM c |0⟩ , (3.1.39)

in the position representation. Any such state is annihilated by normal ordered operators with more
than one ᾱM , a feature that will be crucial for a consistent coupling to Yang–Mills backgrounds or,
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equivalently, for the BRST invariance of the vertex operators.

We define the unintegrated canonical vertex operator for the gauge field as the linear deformation of
the covariant BRST operator (3.1.29):

QA = Q+ VA +O(A2) , (3.1.40)

where the free (A-independent) BRST differential reads

Q = c□+ (C̄αµ + Cᾱµ)∆µ − CC̄ b , (3.1.41)

while the linear vertex operator is given by

VA = (C̄αµ + Cᾱµ)Aµ + c
(
2Aµ∆µ +∆ · A+ 2 fµν α

µᾱν
)
, (3.1.42)

upon denoting fµν = ∆µAν − ∆νAµ the abelian part of the field strength. Expanding Q2
A at first

order in Aµ produces

{Q,VA} = c (αν C̄ − Cᾱν)∆µfµν − 3 CαµC̄ᾱν fµν − 2 c (Cανᾱµᾱρ + αµαν C̄ᾱρ)∆µfνρ , (3.1.43)

written in normal ordering. We see that the second and third terms in (3.1.43) are of the form
OMN ᾱM ᾱN , with two annihilation operators on the right. For this reason, they kill any state in the
N = 1 sector. Since both Q and VA commute with N , the restriction to any N = s subspace can be
explicitly enforced by the projector

Ps :=
∫ 2π

0

dθ

2π
eiθ(N−s) := δN ,s , P2

s = Ps . (3.1.44)

Projecting (3.1.43) to the spin one subspace, we thus obtain

{Q,VA}P1 = c (C̄αν − Cᾱν)∆µfµν P1 . (3.1.45)

If the gauge field Aµ obeys the linearized Yang–Mills equations, the unintegrated vertex operator is
BRST invariant under projection. It can thus be used to create asymptotic gluon states that satisfy
such free equations.

For the path integral on the circle, it is necessary to enforce the constraint by inserting the projector
P1, which is equivalent to gauging the U(1) symmetry. However, when computing tree-level processes
on an open worldline, it is sufficient to have initial and final states with N = 1 to ensure that no
state with N ̸= 1 is created at any stage. This is so because N is conserved in the process, as all
vertex operators have charge zero and N commutes with the gauge-fixed Hamiltonian.

In view of computing the path integral on the open line, the above discussion brings a small subtlety.
In order to create all external states in the process by inserting vertex operators, the Fock vacuum
|0⟩ is not the correct boundary state, since it has charge N = 0. In order to generate physical states
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with vertex operators, the correct vacuum state is

|1⟩ := B |0⟩ , ⟨1| := ⟨0| B̄ . (3.1.46)

This state has N = 1, obeys Q |1⟩ = 0 and can be viewed as a constant Yang–Mills ghost. We will
later present the boundary conditions corresponding to the physical vacuum |1⟩.

We now come to discuss integrated vertex operators. To this end, we start by splitting the uninte-
grated vertex VA according to its dependence on the reparametrization ghost c:

VA = WA + c VA , (3.1.47)

where

WA = (C̄αµ + Cᾱµ)Aµ ,

VA = 2Aµ∆µ +∆ · A+ 2 fµν α
µᾱν .

(3.1.48)

The (integrand of) the integrated vertex operator is defined via {b,VA} := VA. The rationale for this
definition is that, if {Q,VA} = 0, the BRST transformation of VA is given by

[Q, VA] = [□,VA] , (3.1.49)

upon using {Q, b} = □. As we have previously discussed, if Aµ obeys the linearized field equations
{Q,VA} is not identically zero, but does vanish on the projected Hilbert space.

To integrate the vertex operator VA, we have to introduce time dependence by switching to the Heisen-
berg picture. Upon rescaling the gauge-fixed Hamiltonian to p2 = −□, we define time-dependent
vertex operators via

VA(τ) := eiHτVA e−iHτ = eip
2τVA e−ip

2τ , (3.1.50)

with analogous formulas for any other operator. Since [Q,H] = 0, we can see that the BRST
transformation of VA(τ) is a total derivative:

[Q, VA(τ)] = −[p2,VA(τ)] = i
d

dτ
VA(τ) . (3.1.51)

The BRST variation of the integrated vertex operator is then given by[
Q,

∫ τ2

τ1

dτ VA(τ)

]
= iVA(τ2)− iVA(τ1) . (3.1.52)

Typically, this fails to vanish when the boundaries of the integral reach other insertions. Perhaps,
this is the most direct way to see the need for nonlinear vertex operators: they must be added to
cure the failure of BRST invariance at these insertion points.

The basic, unintegrated, bilinear vertex can be extracted from the part of QA (3.1.29) quadratic in
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the gauge field, namely
VA,A = c

(
A2 + 2 [Aµ,Aν ]αµᾱν

)
. (3.1.53)

We will discuss the role of this vertex in the computation of amplitudes as we go along.

3.1.4 Lagrangian vertex operators and color stripping

In order to compute color-ordered amplitudes, we have to strip off color from the vertex operators
and take the gauge field to represent a single gluon state. For both VA and VA, which are linear in
Aµ, this is simply done by removing the Lie algebra generator and taking the field to be a plane
wave with definite momentum and polarization:

Aµ(x) = Aaµ(x)Ta −→ ϵµ e
ik·x . (3.1.54)

The derivative operator −i∆µ, when appearing in Weyl-ordered expressions, reduces in the path
integral approach to the classical canonical momentum pµ without further terms. For the free action
(3.1.34) this coincides with 1

2
ẋµ, but in the sigma model (3.1.33) it is rather given by 1

2
ẋµ+iAµ. This

is ultimately the reason why the nonlinear vertices differ between the Hamiltonian and Lagrangian
path integrals. This correspondence allows us to identify

2Aµ∆µ +∆ · A −→ eik·x
(
2ϵµ∆µ + ik · ϵ

)
−→ iϵµẋ

µ eik·x , (3.1.55)

where we used the fact that the operator expression 2Aµ∆µ + ∆ · A is already Weyl ordered.4

Proceeding in the same way for all terms in VA and VA, we find the one-gluon color-stripped vertex
operator

Vϵ,k(τ) = Wϵ,k(τ) + c(τ)Vϵ,k(τ) , (3.1.56)

where we recall that Vϵ,k(τ) is to be used for integrated vertices:

Wϵ,k(τ) = ϵµ

(
C(τ) ᾱµ(τ) + C̄(τ)αµ(τ)

)
eik·x(τ) ,

Vϵ,k(τ) =
(
i ϵµ ẋ

µ(τ) + 2i fµν(k)α
µ(τ) ᾱν(τ)

)
eik·x(τ) ,

(3.1.57)

and we defined fµν(k) = kµϵν − kνϵµ.

The above vertex operators are not enough to compute arbitrary amplitudes. As already mentioned,
further nonlinear vertex operators are needed. The simplest one is bilinear and can be seen directly
from the action or the BRST charge. In its Hamiltonian form, this bilinear vertex is extracted from
the BRST charge (3.1.29) and is given by VA,A in (3.1.53). To properly strip off color, we assign the
two gluon states respecting the order in which the generators are removed:

A2 + 2 [Aµ,Aν ]αµᾱν =
(
Aa · Ab + 4AaµA

b
ν α

[µᾱν]
)
TaTb

−→
(
ϵ1 · ϵ2 + 4 ϵ1µϵ2ν α

[µᾱν]
)
ei(k1+k2)·x .

(3.1.58)

4Weyl ordering is tied to the construction of a regulated, background gauge-invariant, path integral, see e.g. [186].
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The bilinear operator corresponding to the second term

V12(τ) = 4 ϵ1µϵ2ν α
[µ(τ)ᾱν](τ) ei(k1+k2)·x(τ) , (3.1.59)

where we have used the shorthand notation Vij = Vϵi,ki;ϵj ,kj , can be clearly derived from the action
(3.1.35). The first term corresponding to A2, however, is absent from the Lagrangian action. This
is because the canonical momentum is given by 1

2
ẋµ + iAµ. The effects of the bilinear vertex

ϵ1 · ϵ2 ei(k1+k2)·x(τ) are correctly taken into account by contractions of the ẋµ factors with each other
in products Vϵ1,k1(τ)Vϵ2,k2(σ). The vertex operator (3.1.59) is thus the only two-gluon vertex to be
used in the Lagrangian path integral, as indeed implied by the interacting part of the sigma model
action (3.1.35).

Let us comment on the color structure of the bilinear vertex. In computing full amplitudes, includ-
ing color, the bilinear vertex operator for particles i and j contributes a color factor of the form
tr(· · ·TiTj · · · ). This implies that the two gluons created by Vij are necessarily color-adjacent, which
means that, in computing color-ordered amplitudes, Vij is needed only if gluons i and j are adjacent
in the cyclic ordering 12 . . . n.

Finally, as we shall discuss, additional nonlinear vertex operators are required for the construction
of amplitudes. While the linear and quadratic vertex operators are already encoded in the action
– or equivalently, in the BRST charge – further composite vertex operators, which attach subtrees
to a main worldline, arise from the requirement of BRST-invariant amplitudes, thereby ensuring the
consistency of the theory. Although a derivation of these operators from purely worldline considera-
tions remains perhaps incomplete, the analysis presented in Ref. [147] for the scalar theory contains
the essential ingredients. We will return to this issue in the next sections.

3.2 Tree-level gluon amplitudes

We now apply the formalism developed in the previous sections to compute gluon scattering am-
plitudes at tree level. To this end, following the analysis of Ref. [147], we take the worldline to
have infinite length, so that the proper time T serves purely as an infrared regulator and drops
out of all computations. The amplitudes are obtained by evaluating suitable correlation functions
with insertions of the vertex operators, previously derived by coupling the worldline to a Yang–Mills
background field. Before delving into the explicit calculations, we briefly outline how correlators are
defined and evaluated on open worldlines in our formalism. In what follows, all external gluons are
taken to be on-shell, though not necessarily transverse.
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3.2.1 Correlation functions on open lines

To project on states of zero momentum, the coordinate trajectories are split as

xµ(τ) = xµ0 + zµ(τ) , żµ(±T/2) = 0 , (3.2.1)

where xµ0 is the zero mode, which enforces momentum conservation. Coming to the oscillator vacuum,
recall that the boundary conditions corresponding to |0⟩ at both τ = ±T/2 are

⟨0| . . . |0⟩ ←→ ᾱM(−T/2) = 0 , αM(T/2) = 0 , b(±T/2) = 0 . (3.2.2)

On the other hand, the physical vacuum |1⟩ = B |0⟩ is characterized by (B, b, B̄) |1⟩ = 0. Upon
denoting all ghosts and antighosts as Ci := (C, c, C̄) and Bi := (B̄, b,B), the boundary conditions
corresponding to the vacuum |1⟩ are then

⟨1| . . . |1⟩ ←→ ᾱµ(−T/2) = 0 , αµ(T/2) = 0 , Bi(±T/2) = 0 . (3.2.3)

Since all ghosts and antighosts have the same boundary conditions, we can rewrite the free Lagrangian
action (3.1.34) as

Sfree =

∫ T/2

−T/2
dτ
[
1
4
ẋ2 − i ᾱµα̇µ + iBiĊ

i
]
. (3.2.4)

Note that the basic overlap for the physical vacuum needs three ghost insertions:

⟨1| C c C̄ |1⟩ = 1 . (3.2.5)

In the path integral, this is reflected by the fact that all Ci(τ) admit a zero mode, which needs to
be saturated. The basic expectation value for the ghosts is thus given by

⟨C(τ1) c(τ2) C̄(τ3)⟩ = 1 . (3.2.6)

From the quadratic action (3.2.4) with boundary conditions (3.2.1) and (3.2.3), we derive the following
two-point functions (the ghost zero mode saturation is left implicit)

⟨ᾱµ(τ)αν(σ)⟩ = ηµνθ(τ − σ) ,

⟨zµ(τ)zν(σ)⟩ = −iηµνG(τ, σ) ,

⟨żµ(τ)zν(σ)⟩ = −iηµν ˙G(τ, σ) ,

⟨żµ(τ)żν(σ)⟩ = −iηµν ˙G ˙(τ, σ) ,

(3.2.7)
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where we denote derivatives with respect to the left and right variables by left and right dots,
respectively. The z-propagator and its derivatives read

G(τ, σ) = |τ − σ| − 1

T
(τ − σ)2 − 2

T
τσ − T

6
,

˙G(τ, σ) = sgn(τ − σ)− 2

T
τ ,

˙G ˙(τ, σ) = −2 δ(τ − σ) .

(3.2.8)

In particular, notice that the Neumann boundary condition ˙G(±T/2, σ) = 0 holds only at separate
points. At coincident points one rather has ˙G(±T/2,±T/2) = ∓1. This reflects the Weyl ordering
of operators, that is implicit in the path integral.5 This fact will be relevant when computing the
three-gluon amplitude.

3.2.2 Color-ordered amplitudes

We now illustrate the construction above with explicit computations, starting from the simplest test of
the model: the three-gluon amplitude. Then, we move on to the calculation of the color-ordered four-
point amplitude, which we perform in two distinct ways. First, we select the worldline connecting two
of the least color-adjacent particles, which we regard as a “smart” choice for computational reasons,
as should be clear shortly. Then, we reproduce the same calculation by choosing the “not-so-smart”
worldline, namely the one that connects two color-adjacent particles. Throughout this section, we
implicitly factor out the momentum-conserving delta function, which arises from the integral over
the zero-mode xµ0 . Every xµ(τ) in the vertex operators can thus be substituted with the fluctuation
zµ(τ).

3.2.2.1 The three-gluon amplitude

Although the three-gluon amplitude vanishes for real momenta due to kinematical reasons, by taking
the external gluons to be on-shell but not necessarily transverse (k2i = 0, ki · ϵi ̸= 0), we obtain a
nontrivial expression that can be directly compared with the standard field theory result.

To saturate the ghost zero modes, we need all three vertex operators to be unintegrated. This has a
clear geometric interpretation: two vertex operators are fixed at asymptotic times τ = ±∞ to create
the incoming and outgoing worldline states, while the third one is fixed at an intermediate time using
the rigid translation invariance on the infinite line. To compute the color-ordered amplitude, we need
to insert the three vertex operators with a fixed (cyclic) order in time (see figure 3.1). The remaining
expectation value is taken with respect to zµ and the other variables and gives the color-ordered
amplitude as

A123 =
〈
V1(+∞)V2(0)V3(−∞)

〉
, (3.2.9)

where we used the shorthand i = {ϵi, ki} for particle labels.
5For instance, the quantum operator corresponding to xµpν is 1

2 (x̂
µp̂ν + p̂ν x̂µ).
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A123 = x
1

2

0
x
3

Figure 3.1: Diagrammatic representation of the color-ordered three-gluon amplitude A123. The
straight line denotes the insertion of an unintegrated vertex operator at τ = 0. The asymptotic
endpoints of the worldline are depicted by a cross.

Using the split Vi(τi) = Wi(τi) + c(τi)Vi(τi), the above expression gives three contributions (as one
needs only one c-ghost insertion for obtaining a non-vanishing result)

A123 =
〈
W1(+∞) c(0)V2(0)W3(−∞)

〉
+
〈
W1(+∞)W2(0) c(−∞)V3(−∞)

〉
+
〈
c(+∞)V1(+∞)W2(0)W3(−∞)

〉
.

(3.2.10)

The expression (3.1.57) for Vi(τi) suggests that Vi(±∞) = 0, thanks to the boundary conditions. As
we have already mentioned, however, this is not true due to the self-contraction

ϵ · ż(τ) eik·z(τ) ∼ k · ϵ ˙G(τ, τ) eik·z(τ) + · · · , (3.2.11)

and ˙G(τ, τ) does not vanish when τ → ±∞. This term does vanish for transverse gluons, which
motivates us to consider non-transverse polarizations in order to study its effect.

Let us compute separately the three contributions in (3.2.10). All correlators have a common “Koba-
Nielsen” factor, given by the contraction of the plane waves eiki·z(τi), which is trivial, due to momentum
conservation and the on-shell condition:

exp
{
i
2

∑
ij

ki · kj G(τi, τj)
}
= exp

{
i
∑
i<j

ki · kj |τi − τj|
}

= exp

{
−iT (k

2
1 + k23)

2

}
→ 1 ,

(3.2.12)

where we used T/2 → ∞ as an infrared regulator. We further use (3.2.6) for saturating the ghost
zero modes. This only gives relative signs between the three contributions. The first term in (3.2.10)
yields 〈

W1(+∞) c(0)V2(0)W3(−∞)
〉

=
〈
ϵ1 · ᾱ(+∞)

[
iż(0) · ϵ2 + 4i k

[µ
2 ϵ

ν]
2 αµ(0)ᾱν(0)

]
ϵ3 · α(−∞)ei

∑
i ki·z(τi)

〉
= ϵ1 · ϵ3 iϵ2 ·

∑
i

ki ˙G(0, τi) + 4i k
[µ
2 ϵ

ν]
2 ϵ1µϵ3ν

= i
(
ϵ1 · ϵ3 ϵ2 · (k3 − k1) + 2 ϵ1 · k2 ϵ3 · ϵ2 − 2 ϵ1 · ϵ2 ϵ3 · k2

)
,

(3.2.13)

where in the second line we removed the ghost factor. The above result is already the correct
amplitude for transverse gluons. The remaining two terms add the contributions from the longitudinal
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modes: 〈
W1(+∞)W2(0) c(−∞)V3(−∞)

〉
= −

〈
ϵ1 · ᾱ(+∞) ϵ2 · α(0) iϵ3 · ż(−∞) ei

∑
i ki·z(τi)

〉
= −ϵ1 · ϵ2 ik3 · ϵ3 ˙G(−∞,−∞) = −i ϵ1 · ϵ2 k3 · ϵ3 ,

(3.2.14)

where we used the fact that only the term with żµ in Vi(±∞) contributes. The last term in (3.2.10)
similarly gives 〈

c(+∞)V1(+∞)W2(0)W3(−∞)
〉

= −
〈
iϵ1 · ż(+∞) ϵ2 · ᾱ(0) ϵ3 · α(−∞) ei

∑
i ki·z(τi)

〉
= −ϵ2 · ϵ3 ik1 · ϵ1 ˙G(+∞,+∞) = iϵ2 · ϵ3 k1 · ϵ1 .

(3.2.15)

By using momentum conservation, we can write the full result in the manifest cyclic form

A123 = i
[
ϵ1 · ϵ2 ϵ3 · (k1 − k2) + ϵ2 · ϵ3 ϵ1 · (k2 − k3) + ϵ3 · ϵ1 ϵ2 · (k3 − k1)

]
. (3.2.16)

This is the correct three-point amplitude even for non-transverse gluons, as it coincides with the
color-ordered cubic vertex seen in the second quantized picture.

3.2.2.2 The four-gluon amplitude

For the four-point color-ordered amplitude, we start by selecting the “smart” worldline, i.e. the one
connecting particles 4 in the past with particle 2 in the future (or, equivalently, the one connecting
particles 1 and 3, see figure 3.2).6 The advantage in this choice of worldline comes from the fact
that we are allowed to integrate V1(τ) over the entire line, without altering the cyclic order of the
particles. We are thus led to evaluate

A1234 =
〈
V2(+∞)V3(0)

∫ +∞

−∞
dτ V1(τ)V4(−∞)

〉
, (3.2.17)

which, for transverse gluons (Vϵ,k(±∞) = 0), reduces to

A1234 =
〈
W2(+∞) c(0)V3(0)

∫ +∞

−∞
dτ V1(τ)W4(−∞)

〉
. (3.2.18)

Considering the overlap ⟨C c C̄⟩ = 1, it simplifies to

A1234 =
〈
ϵ2 · ᾱ(+∞)eik2·z(+∞) V3(0)

∫ +∞

−∞
dτ V1(τ) ϵ4 · α(−∞)eik4·z(−∞)

〉
. (3.2.19)

6It seems that the most convenient choice is a worldline that connects two of the least color-adjacent particles.
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The overall exponentials of the vertex operators will lead by Wick contractions to〈
ei

∑
i ki·z(τi)

〉
= e−

1
2

∑
ij ki·⟨z(τi)z(τj)⟩·kj = e

i
2

∑
ij ki·kjG(τi,τj)

= ei
∑
i<j ki·kj |τi−τj | = e

i
2
(−s12τ+s23τ+s31|τ |) ,

(3.2.20)

where we have used the basic two-point functions in (3.2.7) and (3.2.8), noted that only the absolute
value in G(τi, τj) contributes, and used the Mandelstam variables

sij = (ki + kj)
2 = 2ki · kj . (3.2.21)

To display the separation in two channels, the final answer is better written using the on-shell value
of s31 = −s12 − s23, leading to

〈
ei

∑
i ki·z(τi)

〉
= eθ(τ)(−iτs12)+θ(−τ)(iτs23) = θ(τ) e−iτs12 + θ(−τ) eiτs23 . (3.2.22)

The integral in τ will split into the two regions τ > 0 and τ < 0, corresponding to the s- and
t-channels, respectively (recall that there is no u-channel in the color-ordered amplitude).

A1234 = x
2

1

3

τ
0

x
4

Figure 3.2: Diagrammatic representation of the color-ordered four-gluon amplitude A1234 with the
smart choice for the worldline. The wavy line denotes the insertion of an integrated vertex operator,
while, as before, the straight line denotes the one fixed by translation invariance.

The remainder of the correlation function yields the numerator contributions. To compute these, we
can further split the vertex operators Vi(τ) into their “scalar” and “spin” parts as

Vi(τ) = V scal
i (τ) + V spin

i (τ) (3.2.23)

with

V scal
i (τ) = i ϵi · ż(τ) eiki·z(τ) ,

V spin
i (τ) = 4i k

[µ
i ϵ

ν]
i αµ(τ) ᾱν(τ) e

iki·z(τ) .
(3.2.24)

Omitting the contraction (3.2.22) of the plane waves, these terms contribute to the correlator as
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follows:〈
· · · V scal

3 (0)V scal
1 (τ) · · ·

〉
= 4 θ(τ) ϵ2 · ϵ4 ϵ1 · k2 ϵ3 · k4 + 4 θ(−τ) (1↔ 3)− 2i δ(τ) ϵ2 · ϵ4 ϵ1 · ϵ3 ,〈

· · · V scal
3 (0)V spin

1 (τ) · · ·
〉
+
〈
· · · V spin

3 (0)V scal
1 (τ) · · ·

〉
=

4 θ(τ)
[(
ϵ2 · k3 ϵ3 · ϵ4 − ϵ2 · ϵ3 k3 · ϵ4

)
ϵ1 · k2 −

(
ϵ2 · k1 ϵ1 · ϵ4 − ϵ2 · ϵ1 k1 · ϵ4

)
ϵ3 · k4

]
+ 4 θ(−τ) (1↔ 3) ,

〈
· · · V spin

3 (0)V spin
1 (τ) · · ·

〉
=

4 θ(τ)
[
ϵ4 · k3

(
ϵ3 · ϵ1 k1 · ϵ2 − ϵ3 · k1 ϵ1 · ϵ2

)
− ϵ4 · ϵ3

(
k3 · ϵ1 k1 · ϵ2 − k3 · k1 ϵ1 · ϵ2

)]
+ 4 θ(−τ) (1↔ 3) ,

(3.2.25)

where +(1↔ 3) means to exchange simultaneously (ϵ1, k1) with (ϵ3, k3). Summing the three contri-
butions above, multiplied by the common scalar factor (3.2.22), and performing the τ integral gives
the final result. This can be organized upon introducing the following products:

mµ
2(ϵi, ϵj) := i

(
2 ϵi · kj ϵµj − 2 ϵj · ki ϵµi + (kµi − k

µ
j ) ϵi · ϵj

)
,

mµ
3(ϵi, ϵj, ϵk) := ϵi · ϵj ϵµk + ϵk · ϵj ϵµi − 2 ϵi · ϵk ϵµj .

(3.2.26)

These products encode (for transverse gluons) the color-ordered Feynman rules for the cubic and
quartic vertices, respectively [187–189], and play a central role in the Berends-Giele recursion relations
[190–193]. In terms of the products above, one can rewrite the result coming from the path integral
as

A1234 =
i

s12
m2(ϵ1, ϵ2) ·m2(ϵ3, ϵ4) +

i

s23
m2(ϵ2, ϵ3) ·m2(ϵ4, ϵ1) + i ϵ2 ·m3(ϵ3, ϵ4, ϵ1) , (3.2.27)

which highlights the two exchange diagrams and the contact quartic term. This is the correct color-
ordered four-gluon amplitude. It is customary to blow up the quartic vertex and define kinematic
numerators as

n12 := m2(ϵ1, ϵ2) ·m2(ϵ3, ϵ4) +
s12
3

[
m3(ϵ1, ϵ2, ϵ3)−m3(ϵ2, ϵ1, ϵ3)

]
· ϵ4 ,

n23 := m2(ϵ2, ϵ3) ·m2(ϵ1, ϵ4) +
s23
3

[
m3(ϵ2, ϵ3, ϵ1)−m3(ϵ3, ϵ2, ϵ1)

]
· ϵ4 ,

n31 := m2(ϵ3, ϵ1) ·m2(ϵ2, ϵ4) +
s31
3

[
m3(ϵ3, ϵ1, ϵ2)−m3(ϵ1, ϵ3, ϵ2)

]
· ϵ4 ,

(3.2.28)

where the various channels are sometimes identified with the standard names for the Mandelstam
variables for four points: 12→ s, 23→ t, 31→ u. Upon using the following symmetry properties of
the products:

m2(ϵi, ϵj) +m2(ϵj, ϵi) = 0 ,

m3(ϵi, ϵj, ϵk)−m3(ϵk, ϵj, ϵi) = 0 ,

m3(ϵi, ϵj, ϵk) +m3(ϵj, ϵk, ϵi) +m3(ϵk, ϵi, ϵj) = 0 ,

(3.2.29)
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the color-ordered amplitude can be recast in the compact form

A1234 = i
[ns
s
− nt

t

]
. (3.2.30)

We shall now illustrate how a different choice for the worldline would lead to the same result, albeit
with comparatively greater effort.

Not-so-smart worldline Choosing instead the worldline connecting the color-adjacent particles
1 and 4 in figure 3.2, we have to compute three different contributions

A1234 = AI
1234 +AII

1234 +AIII
1234 , (3.2.31)

corresponding to three different diagrams (see figure 3.3). Explicitly

AI
1234 = −

〈
V1(+∞)

∫ +∞

0

dτ V2(τ)V3(0)V4(−∞)
〉
, (3.2.32)

AII
1234 = i

〈
V1(+∞) c(0)V23(0)V4(−∞)

〉
, (3.2.33)

AIII
1234 = i

〈
V1(+∞) c(0)V pinch

23 (0)V4(−∞)
〉
, (3.2.34)

where the phases are given by a factor of i for every insertion corresponding to a real interaction
vertex. The first contribution AI

1234 arises from integrating the linear vertex for particle 2, with the
range restricted to preserve the cyclic ordering of particles. Since gluons 2 and 3 are color-adjacent,
the bilinear vertex V23(τ) is also needed, as discussed in sec. 3.1.4. Using translation invariance, we
place it at τ = 0. These two contributions, however, are not sufficient to produce a gauge invariant
amplitude, as we will demonstrate in sec. 3.3. The missing part, which we denoted AIII

1234 above,
involves a composite operator, V pinch

23 (τ), which attaches to the worldline the cubic subtree formed
by particles 2 and 3. This pinch operator is nothing but a vertex operator Vϵ23,k23 of the standard
form (3.1.57), with momentum k2+ k3 and multiparticle polarization given by ϵµ23 =

1
s23
mµ

2(ϵ2, ϵ3), to
be further discussed in the next section.

A1234 = x1

2 3

τ 0
x4 + x1

2 3

0
x4 + x1

2 3

0
x4

Figure 3.3: Diagrammatic representation of the color-ordered four-gluon amplitude A1234 with the
not-so-smart choice for the worldline. As before, the wavy line denotes the insertion of an integrated
vertex operator, while the straight lines denote the insertion of unintegrated vertex operators at
τ = 0.

We start the computation with the first diagram AI
1234 (3.2.32), whose calculation is akin to the one

for the smart worldline. Taking transverse gluons and recalling the overlap ⟨C c C̄⟩ = 1, it simplifies
to

AI
1234 = −

〈
ϵ1 · ᾱ(+∞)eik1·z(+∞)

∫ +∞

0

dτ V2(τ)V3(0) ϵ4 · α(−∞)eik4·z(−∞)
〉
, (3.2.35)
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with the Koba-Nielsen scalar factor reducing to

〈
ei

∑
i ki·z(τi)

〉
= e−i s12τ . (3.2.36)

Splitting the vertex operators into scalar and spin parts as in (3.2.23), and omitting the contraction
of the plane waves, the numerator contributions are given by the following correlators〈

· · · V scal
2 (τ)V scal

3 (0) · · ·
〉
= −2i δ(τ) ϵ1 · ϵ4 ϵ2 · ϵ3 + 4 ϵ1 · ϵ4 ϵ2 · k1 ϵ3 · k4 ,〈

· · · V spin
2 (τ)V scal

3 (0) · · ·
〉
+
〈
· · · V scal

2 (τ)V spin
3 (0) · · ·

〉
=

− 4 [ϵ3 · k4 (ϵ1 · k2 ϵ2 · ϵ4 − ϵ1 · ϵ2 k2 · ϵ4)− ϵ2 · k1 (ϵ1 · k3 ϵ3 · ϵ4 − ϵ1 · ϵ3 k3 · ϵ4)] ,〈
· · · V spin

2 (τ)V spin
3 (0) · · ·

〉
=

− 4 [k3 · ϵ4 (ϵ1 · ϵ2 k2 · ϵ3 − ϵ2 · ϵ3 ϵ1 · k2)− ϵ3 · ϵ4 (ϵ1 · ϵ2 k2 · k3 − ϵ1 · k2 ϵ2 · k3)] ,

(3.2.37)

which is the same as in (3.2.25) but for τ > 0 and with (1↔ 2). Multiplying by the common scalar
factor (3.2.36) and integrating over τ we get

〈
· · · V scal

2 (τ)V scal
3 (0) · · ·

〉
= iϵ1 · ϵ4

(
ϵ2 · ϵ3 +

4ϵ2 · k1 ϵ3 · k4
s12

)
,

〈
· · · V spin

2 (τ)V scal
3 (0) · · ·

〉
+
〈
· · · V scal

2 (τ)V spin
3 (0) · · ·

〉
=

− 4i

s12
[ϵ3 · k4 (ϵ1 · k2 ϵ2 · ϵ4 − ϵ1 · ϵ2 k2 · ϵ4)− ϵ2 · k1 (ϵ1 · k3 ϵ3 · ϵ4 − ϵ1 · ϵ3 k3 · ϵ4)] ,

〈
· · · V spin

2 (τ)V spin
3 (0) · · ·

〉
=

− 4i

s12
[k3 · ϵ4 (ϵ1 · ϵ2 k2 · ϵ3 − ϵ2 · ϵ3 ϵ1 · k2)− ϵ3 · ϵ4 (ϵ1 · ϵ2 k2 · k3 − ϵ1 · k2 ϵ2 · k3)] . (3.2.38)

The second diagram (3.2.33), with the bilinear vertex

V23(0) =
(
2 ϵ2 · α(0) ϵ3 · ᾱ(0)− 2 ϵ3 · α(0) ϵ2 · ᾱ(0)

)
ei(k2+k3)·x(0) , (3.2.39)

yields the local contribution

AII
1234 = 2i (ϵ1 · ϵ2 ϵ3 · ϵ4 − ϵ1 · ϵ3 ϵ2 · ϵ4) . (3.2.40)

We can recast the following partial contribution in a clearer form through the products (3.2.26):

AI
1234 +AII

1234 =
i

s12
m2(ϵ1, ϵ2) ·m2(ϵ3, ϵ4) + i ϵ2 ·m3(ϵ3, ϵ4, ϵ1) . (3.2.41)

Finally, the third contribution (3.2.34) can be computed with the following pinch operator

V pinch
23 (0) =

i

s23
m2µ(ϵ2, ϵ3)

(
ẋµ(0) + 4(k2 + k3)ν α

[ν(0)ᾱµ](0) ei(k2+k3)·x(0)
)
. (3.2.42)
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Since the scalar factor coming from the plane waves is 1, this contribution reduces to

〈
· · · V pinch

23 (0) · · ·
〉∣∣∣

scal
=

i

s23
ϵ1 · ϵ4m2(ϵ2, ϵ3) · (k4 − k1) ,

〈
· · · V pinch

23 (0) · · ·
〉∣∣∣

spin
=

2i

s23
m2µ(ϵ2, ϵ3) [ϵ1 · (k2 + k3) ϵ

µ
4 − ϵ4 · (k2 + k3) ϵ

µ
1 ] ,

(3.2.43)

which yields the t-channel part of the amplitude

AIII
1234 = −

1

s23
m2µ(ϵ2, ϵ3) [ϵ1 · ϵ4 (k4 − k1)µ + 2ϵ1 · (k2 + k3) ϵ

µ
4 − 2ϵ4 · (k2 + k3) ϵ

µ
1 ]

=
i

s23
m2(ϵ2, ϵ3) ·m2(ϵ4, ϵ1) .

(3.2.44)

The final result is thus given by the sum of the three individual contributions, reproducing the
expected expression

A1234 =
i

s12
m2(ϵ1, ϵ2) ·m2(ϵ3, ϵ4) +

i

s23
m2(ϵ2, ϵ3) ·m2(ϵ4, ϵ1) + i ϵ2 ·m3(ϵ3, ϵ4, ϵ1) . (3.2.45)

This shows that the worldline connecting two color-adjacent gluons requires as many correlators as
field theory Feynman diagrams. In addition, we have verified that the outcome does not depend on
the choice of the main worldline.

3.2.3 Path integral representation for Berends-Giele currents

As just seen in the latter case, the pinching contribution, where gluons 2 and 3 are fused into a cubic
subtree, requires the introduction of the composite field

Aµ23(x) =
1

k223
mµ

2(ϵ2, ϵ3) e
ik23·x . (3.2.46)

The form of Aµ23 is usually determined by the Bern-Kosower pinching rules, or from the field theory
color-ordered Feynman rules. In this last part, we will show that the composite field can be computed
directly from a worldline path integral, with different boundary conditions.

In order to describe nonlinear fields via worldline correlators, we follow the scalar example studied
in Ref. [147], and consider a semi-infinite worldline. We take the affine parameter τ ∈ (−∞, 0], so
that the worldline has one real boundary and an asymptotic one. Since the proper length of the
line is still infinite, there is no modulus for the einbein, which we gauge fix to e(τ) = 2. At the
asymptotic past we want, as before, to project onto the zero-momentum vacuum |1⟩ = B |0⟩, so that
we can create an asymptotic gluon state by inserting Vϵ,k(−∞). The vacuum |1⟩ corresponds to the
asymptotic boundary conditions

ẋµ(−∞) = 0 , ᾱµ(−∞) = 0 , B̄(−∞) = B(−∞) = b(−∞) = 0 . (3.2.47)

At τ = 0 instead, we want to project onto a position eigenstate which, in order to support a vector



101

field, is at the same time a coherent state for αµ: ⟨x, α| c. This bra state corresponds to the boundary
conditions

xµ(0) = xµ , αµ(0) = αµ , B(0) = C(0) = c(0) = 0 . (3.2.48)

Note that the appearance of the c ghost in the bra state ⟨x, α| c, corresponding to the boundary
condition c(0) = 0, is due to the absence of c zero-modes on the semi-infinite line. The BRST
invariant action with these boundary conditions is given by

SDN =

∫ 0

−∞
dτ
[
1
4
ẋ2 − i ᾱ · α̇ + i bċ+ i B̄Ċ + i C̄Ḃ

]
, (3.2.49)

where the subscript DN stands for Dirichlet–Neumann.

Coherently with the boundary conditions, the only ghost that admits a zero mode is C̄, so that
the saturation requires

〈
C̄(τ)

〉
= 1. To compute correlation functions, we expand the fields as

backgrounds plus fluctuations

xµ(τ) = xµ + zµ(τ) , αµ(τ) = αµ + κµ(τ) , ᾱµ(τ) = κ̄µ(τ) , (3.2.50)

with vanishing (asymptotic) boundary conditions

zµ(0) = 0 , żµ(−∞) = 0 , κµ(0) = 0 , κ̄µ(−∞) = 0 . (3.2.51)

These lead to the two-point functions

⟨zµ(τ) zν(σ)⟩ = −i ηµν GDN(τ, σ) , ⟨κ̄µ(τ)κν(σ)⟩ = ηµν θ(τ − σ) ,

GDN(τ, σ) = |τ − σ|+ (τ + σ) , ˙GDN(τ, σ) = sgn(τ − σ) + 1 ,
(3.2.52)

with the Dirichlet–Neumann propagator obeying GDN(0, σ) = 0 and ˙GDN(−∞, σ) = 0.

As a first example, we compute the one-point function of an unintegrated vertex operator placed at
τ = −T , to be sent to infinity. The path integral over the fluctuations is normalized to one, and
we denote correlation functions by ⟨· · ·⟩DN to remind us of the nontrivial boundary conditions. The
correlator yields 〈

Vϵ,k(−T )
〉
DN

= eik·x
〈
ϵ ·
(
α + κ(−T )

)
eik·z(−T )C̄(−T )

〉
DN

= eik·xϵ · α
〈
eik·z(−T )C̄(−T )

〉
DN

= αµϵµ e
ik·xe−iTk

2

.
(3.2.53)

We see that, as for the infinite line, if the momentum of the asymptotic state is off-shell, the correlator
vanishes in the limit T → ∞, while for k2 = 0 it gives αµϵµ eik·x, thus reproducing a linear on-shell
state.

As a more interesting application, we try to reproduce the nonlinear field Aµ23 in (3.2.46) by inserting
V3(−∞) and integrating V2(τ) over the line. Since both describe asymptotic particles, the momenta
are on-shell and their polarizations are transverse. Taking care of the ghost zero mode saturation,
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the correlator reads

i

∫ 0

−∞
dτ
〈
V2(τ)V3(−∞)

〉
DN

= i eik23·x
〈(
iϵ2 · ż(τ) + 4ik

[µ
2 ϵ

ν]
2

(
αµ + κµ(τ)

)
κ̄ν(τ)

)
eik2·z(τ)

× ϵ3 ·
(
α + κ(−∞)

)
eik3·z(−∞)C̄(−∞)

〉
DN

.

(3.2.54)

The contraction of the two plane waves yields the common factor

〈
eik2·z(τ)eik3·z(−∞)

〉
z
= eik

2
23τ , (3.2.55)

where the subscript refers to the path integral over z. The term proportional to α · ϵ3 contributes as

iα · ϵ3
〈
eik2·z(τ)eik3·z(−∞)iϵ2 · ż(τ)

〉
z
= −α · ϵ3 ϵ2 · k3 eik

2
23τ ˙GDN(τ,−∞)

= −2α · ϵ3 ϵ2 · k3 eik
2
23τ ,

(3.2.56)

while the term with ϵ3 · κ(−∞) yields

−4 k[µ2 ϵ
ν]
2

〈
eik2·z(τ)eik3·z(−∞)

(
αµ + κµ(τ)

)
κ̄ν(τ) ϵ3 · κ(−∞)

〉
z,κ

= −4 k[µ2 ϵ
ν]
2 αµϵ3ν e

ik223τ . (3.2.57)

Finally, integrating over τ we obtain

i

∫ 0

−∞
dτ
〈
V2(τ)V3(−∞)

〉
DN

=
2i

k223
αµ

(
ϵ2 · k3 ϵµ3 − ϵ3 · k2 ϵ

µ
2 + kµ2 ϵ2 · ϵ3

)
eik23·x

=
1

k223
αµ

(
mµ

2(ϵ2, ϵ3) + i kµ23 ϵ2 · ϵ3
)
eik23·x

= αµ

(
Aµ23(x) + ∆µλ23(x)

)
= αµ Ã

µ
23(x) ,

(3.2.58)

with the composite gauge parameter

λ23(x) =
1

k223
ϵ2 · ϵ3 eik23·x . (3.2.59)

We have thus shown that the path integral with Dirichlet–Neumann boundary conditions reproduces
the desired field Aµ23, modulo a linear gauge transformation. We conclude by noting that, in the com-
putation of the four-gluon amplitude, the difference between Ãµ23 and Aµ23 drops from the correlation
function, thus resulting in the same amplitude.

3.3 Ward identities

To establish that the amplitudes computed with this method are gauge invariant, we have to discuss
the BRST symmetry of the path integral. Let us recall that to compute amplitudes we use the free
action

Sfree =

∫ +∞

−∞
dτ
[
1
4
ẋ2 − i ᾱµα̇µ + iBiĊ

i
]
, (3.3.1)
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with boundary conditions

ẋµ(±∞) = 0 , αµ(+∞) = 0 , ᾱµ(−∞) = 0 , Bi(±∞) = 0 . (3.3.2)

The above action with these boundary conditions is invariant under the BRST transformations

sxµ = c ẋµ − i(Cᾱµ + C̄αµ) ,

sαµ = 1
2
Cẋµ , sᾱµ = −1

2
C̄ẋµ ,

sc = i CC̄ , sC = 0 , sC̄ = 0 ,

sb = i
4
ẋ2 , sB = 1

2
α · ẋ− i Cb , sB̄ = 1

2
ᾱ · ẋ+ i C̄b .

(3.3.3)

These transformations can be modified by adding trivial terms that vanish on-shell as, for instance,
cċ which can be added to sc. In (3.3.3) we chose the simplest form, with no such terms. The
BRST differential so defined is nilpotent only on-shell: s2 ≈ 0, where by ≈ we denote equality up
to equations of motion. This is expected from the gauge-fixed theory in Lagrangian form. If one
reintroduces momenta pµ, the differential s can be made nilpotent off-shell. The Noether charge
corresponding to the BRST symmetry is given by

Q = −1
4
c ẋ2 + i

2
(Cᾱ+ C̄α) · ẋ− CC̄ b , (3.3.4)

which yields the free BRST operator (3.1.41) upon canonical quantization. In the path integral
formulation, one can use the charge Q inside correlation functions to generate BRST transforma-
tions. More specifically, given a functional F , its BRST transformation is given by the equal time
commutator

[Q,F ](τ) = i
(
sF
)
(τ) . (3.3.5)

3.3.1 Operator product expansion and equal-time commutators

To discuss equal time commutators and other operator relations in the path integral formulation, we
start with a brief detour into the operator product expansion (OPE). Similar to string theory, we
will call operator product the product of functions, viewed inside correlators in the path integral:

F (τ)G(σ) :=
〈
· · ·F (τ)G(σ) · · ·

〉
. (3.3.6)

These are then computed using Wick contractions and the basic two-point functions. The simplest
example is the OPE of two zµ fluctuations, yielding

zµ(τ) zν(σ) = −i ηµν G(τ, σ)+ : zµ(τ) zν(σ) : . (3.3.7)

The normal ordering symbol amounts to the prescription of not performing Wick contractions within
it. This immediately leads to ⟨ :F (z) : ⟩ = F (0), where F (z) is an analytic function of zµ. Another
simple example is the OPE of żµ (related on shell to the momentum operator via pµ = 1

2
żµ) with a
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normal-ordered function of z:

żµ(τ) : F
(
z(σ)

)
: = −i

(
sgn(τ − σ)− 2τ

T

)
: ∆µF

(
z(σ)

)
: + : żµ(τ)F

(
z(σ)

)
: , (3.3.8)

where we used the two-point function ˙G(τ, σ) = sgn(τ − σ)− 2τ/T . The OPE can then be used to
define equal time commutators via the regularized prescription

[A,B](τ) = lim
ϵ→0

(
A(τ + ϵ)− A(τ − ϵ)

)
B(τ) = lim

ϵ→0

∫ τ+ϵ

τ−ϵ
dσ Ȧ(σ)B(τ)

= lim
ϵ→0

A(τ)
(
B(τ − ϵ)−B(τ + ϵ)

)
= − lim

ϵ→0

∫ τ+ϵ

τ−ϵ
dσ A(τ) Ḃ(σ) ,

(3.3.9)

where the equivalence of the two definitions complies with the (graded) antisymmetry of the commu-
tator. An important point of the above definition is that one takes the limit ϵ→ 0 after computing
the OPE at separate points. In particular, this assumes that the only operators in the interval
[τ − ϵ, τ + ϵ] are A and B, for otherwise the result would not yield just the commutator [A,B](τ).
This is an important subtlety that will play a role in the following.

As an example, we can compute the commutator [żµ, : F (z) :]. Using (3.3.8) and the definition for
the commutator we obtain

[żµ, :F (z) :](τ) = −2i : ∆µF
(
z(τ)

)
: + lim

ϵ→0

(
: żµ(τ + ϵ)F

(
z(τ)

)
: − : żµ(τ − ϵ)F

(
z(τ)

)
:
)
. (3.3.10)

Naively, żµ(τ + ϵ) = żµ(τ), since z̈µ(τ) ≈ 0 on-shell. Inside correlation functions, z̈µ(τ) contributes
only to contact terms, since z̈(τ) z(σ) ∼ δ(τ − σ). Now, it is important that in the regularized
definition (3.3.9) one assumes that no other operator sits in the interval [τ − ϵ, τ + ϵ]. This ensures
that limϵ→0 : ż

µ(τ + ϵ)F
(
z(τ)

)
: is regular, finally yielding

[żµ, :F (z) :](τ) = −2i : ∆µF
(
z(τ)

)
: , (3.3.11)

which is the expected result. One can similarly define the operator product at coincident points via
Weyl ordering:

(AB)(τ) := lim
ϵ→0

1

2

(
A(τ + ϵ) + A(τ − ϵ)

)
B(τ) , (3.3.12)

which reproduces the OPE computed with the two-point functions at coincident points. For instance,
taking the coincidence limit of (3.3.8), one has

żµ(τ) : F
(
z(τ)

)
: =

2iτ

T
: ∆µF

(
z(τ)

)
: + : żµ(τ)F

(
z(τ)

)
: . (3.3.13)

A second useful example is the commutator of ż2 with functions of z, since 1
4
ż2 corresponds to the

gauge-fixed Hamiltonian. Let us mention that one has to use the normal ordered expression : ż2(τ) :

to avoid divergences from self-contractions. Keeping this in mind, we omit explicit normal ordering
symbols in the initial functions. To compute the commutator, we evaluate the OPE at separate
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points:

1

4
ż2(τ ± ϵ)F

(
z(τ)

)
= −1

4

(
±1− 2τ

T

)2

: □F (z) : − i
2

(
±1− 2τ

T

)
: żµ∆µF (z) : +

1

4
: ż2F (z) :

(3.3.14)
where on the right-hand side all zµ are evaluated at τ . Above, we have already taken the limit ϵ→ 0,
taking into account that it is regular inside normal ordered expressions. The commutator is readily
evaluated as

1
4
[ż2, F (z)] =

2τ

T
: □F (z) : −i : żµ∆µF (z) : , (3.3.15)

where, again, all zµ are zµ(τ). The above expression may look somewhat unfamiliar because of the
□F contribution linear in time. However, looking at the result (3.3.13) one can see that this is
exactly the Weyl ordered expression at coincident points, so that

1
4
[ż2, F (z)] = −i żµ∆µF (z) = −i

dF

dτ
, (3.3.16)

which is the Heisenberg equation of motion.

3.3.2 BRST cohomology of vertex operators

We can now show that on-shell vertex operators with transverse gluons are elements of the BRST
cohomology. We start by showing that vertex operators with polarization ϵµ = ikµ are trivial,
manifesting the on-shell residual gauge symmetry. Recall the unintegrated vertex operator Vϵ,k(τ):

Vϵ,k(τ) = Wϵ,k(τ) + c(τ)Vϵ,k(τ) ,

Wϵ,k(τ) = ϵµ

(
C(τ) ᾱµ(τ) + C̄(τ)αµ(τ)

)
eik·x(τ) ,

Vϵ,k(τ) = i ϵµ

(
ẋµ(τ) + 2 k · α(τ) ᾱµ(τ)− 2 k · ᾱ(τ)αµ(τ)

)
eik·x(τ) .

(3.3.17)

Taking the polarization to be proportional to momentum, we have

Vik,k(τ) = i
(
Cᾱ+ C̄α

)
· k eik·z − c k · ż eik·z , (3.3.18)

where we have removed the zero mode x0, which in amplitudes only gives momentum conservation.
Using the OPE as described in the previous section, we see that Vik,k(τ) is BRST-exact:

Vik,k(τ) = [Q, eik·z](τ) . (3.3.19)

In a similar fashion, the integrated vertex operator Vik,k(τ) is a total derivative:

Vik,k(τ) = i
d

dτ

(
eik·z(τ)

)
. (3.3.20)

Coming now to BRST closure, we compute the Q-commutator of Vϵ,k. Using the on-shell condition



106

and transversality, we obtain

{Q,Vϵ,k} = −3 : fµν(z)α
µᾱνCC̄ : −2i : c (Cᾱ+ C̄α) · k fµν(z)αµᾱν : , (3.3.21)

where fµν(z) = 2i k[µϵν]e
ik·z. This is nothing but the functional version of (3.1.43). We will now

show that the right-hand side above vanishes inside all correlation functions. In particular, we want
to prove that

〈
· · · : F (τ)ᾱµ(τ)C̄(τ) : · · ·

〉
= 0 , ⟨· · · : F (τ)ᾱµ(τ)ᾱν(τ) : · · ·⟩ = 0 , (3.3.22)

for any functional F (τ) and with arbitrary insertions of vertex operators outside the normal ordering.
This is the path integral version of the statement, discussed in sec. 3.1.3, that normal ordered
operators with more than one barred oscillator annihilate every state in the N = 1 sector of the
Hilbert space.

To prove the first relation, we first notice that the equation of motion ∆τ C̄ = 0 holds everywhere on
the line, since there are no insertions of the conjugate antighost B. We can then push the ghost to
the infinite past C̄(τ) = C̄(−∞), where it saturates its zero mode. Now we write ᾱµ(τ) as

ᾱµ(τ) =

∫ τ

−∞
dσ∆σᾱ

µ(σ) , (3.3.23)

using the boundary condition ᾱµ(−∞) = 0. The integral above is zero almost everywhere, since the
equation of motion ∆τ ᾱ

µ = 0 holds except at insertions of αν , where it gives a contraction with a
delta function. At this stage, we need to invoke the U(1) invariance of the vertex operators: every
insertion of αν necessarily comes with either a ghost C̄, or another ᾱρ. In the first case, the insertion
does not contribute, since there is already a factor of C̄. In the second case, the above integral
produces a factor of ᾱρ at the insertion point. One then starts the same procedure with ᾱρ until
it reaches the asymptotic past, which concludes the proof. An analogous reasoning can be used to
prove the second equation in (3.3.22).

Since (3.3.22) holds in all correlation functions, we use it as an operator equation in the sense of
OPE. We have thus shown that, inside correlation functions, the unintegrated vertex operators are
Q-closed:

{Q,Vϵ,k} = 0 . (3.3.24)

Using the same arguments, in particular that equations of motion hold when regularizing commuta-
tors by point splitting, one shows that the Q-commutator of the integrated vertex operator is a total
derivative:

[Q, Vϵ,k] = i
d

dτ
Vϵ,k . (3.3.25)

In the following, we will show how to use these relations to prove Ward identities.
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3.3.3 Ward identities from BRST invariance

To see how to prove Ward identities, we start from the somewhat trivial example of the three-point
amplitude A123. For transverse gluons, the amplitude (3.2.16)

A123 = i
[
ϵ1 · ϵ2 ϵ3 · (k1 − k2) + ϵ2 · ϵ3 ϵ1 · (k2 − k3) + ϵ3 · ϵ1 ϵ2 · (k3 − k1)

]
, (3.3.26)

vanishes when taking any polarization ϵµi to be proportional to the corresponding momentum kµi ,
which is the Ward identity. In the worldline formulation, the amplitude is given by the correlator

A123 =
〈
V1(+∞)V2(0)V3(−∞)

〉
. (3.3.27)

If we take the particle 1 to have ϵµ1 = ikµ1 , the corresponding vertex operator is exact: V1(τ) =

[Q, eik1·z](τ). The asymptotic vacuum |1⟩ is BRST invariant, which translates to the boundary
condition Q(±∞) = 0. Since the vertex operator V1 is inserted at T/2 → +∞, the equal time
commutator reduces to

V1(T/2) = − lim
ϵ→0

eik1·z(T/2)Q(T/2− ϵ) . (3.3.28)

The idea is to “move” the BRST charge to the asymptotic past, where it annihilates the vacuum. To
do so, we use the fact that Q is conserved, so that Q̇ = 0 except at insertions of other operators.
Since there is no operator insertion until τ = 0, we have Q(T/2− ϵ) = Q(τ∗) for any τ∗ ∈ (0, T/2− ϵ].
To move Q across V2(0) we pick a commutator contribution at τ = 0. After that, Q(τ) remains
constant for negative times until it approaches V3(−T/2):

Q(T/2− ϵ)V2(0) = −V2(0)Q(−T/2 + ϵ) + {Q,V2}(0) = −V2(0)Q(−T/2 + ϵ) , (3.3.29)

upon using the closure of V2(0). Since V3 is at the boundary, and Q(−∞) = 0, approaching it from
the left coincides with the commutator:

lim
ϵ→0

Q(−T/2 + ϵ)V3(−T/2) = {Q,V3}(−T/2) = 0 , (3.3.30)

which proves the Ward identity Ak123 = 0.

For the next example, we consider the four-point amplitude, computed with the smart worldline:

A1234 =

∫ +∞

−∞
dτ
〈
V2(+∞)V3(0)V1(τ)V4(−∞)

〉
. (3.3.31)

Upon taking ϵµ2 = ikµ2 we have again that the corresponding vertex operator is Q-exact:

V2(T/2) = − lim
ϵ→0

eik2·z(T/2)Q(T/2− ϵ) . (3.3.32)

We can use the same arguments to push Q to the asymptotic past, except when it has to go through
the integrated vertex V1(τ), picking a contribution from the commutator. Upon regularizing the
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asymptotic time with T/2→ +∞ we obtain

− lim
ϵ→0

〈
eik2·z(T/2)Q(T/2− ϵ)V3(0)V1(τ)V4(−T/2)

〉
=
〈
eik2·z(T/2)V3(0) [Q, V1](τ)V4(−T/2)

〉
= i
〈
eik2·z(T/2)V3(0) V̇1(τ)V4(−T/2)

〉
,

(3.3.33)

where we used (3.3.25). Upon integrating over τ , we end up with

A1k234 = lim
T→∞

i
〈
eik2·z(T/2)V3(0)

(
V1(T/2)− V1(−T/2)

)
V4(−T/2)

〉
(3.3.34)

where the notation A1k234 highlights the use of a longitudinal polarization for particle 2. Regardless
of the detailed structure, the above expression vanishes in the limit T →∞, because it has off-shell
plane waves at asymptotic times. To see this, let us focus on the first term above with V1(T/2). The
Wick contraction of the plane waves gives

〈
ei(k1+k2)·z(T/2)eik3·z(0)eik4·z(−T/2)

〉
= exp

{
− i

2
(k1 + k2)

2T
} T→∞−−−→ 0 , (3.3.35)

since (k1 + k2)
2 = s ̸= 0. We thus see that the Ward identity A1k234 = 0 holds, thanks to the

unrestricted integration range of V1(τ). From this discussion, one can also see that off-shell correlation
functions (for which T is a modulus) do not obey linear Ward identities.

3.3.3.1 Ward identity for the color-adjacent worldline

Using the not-so-smart worldline connecting particles 1 and 4, the four-gluon color-ordered amplitude
requires three separate correlation functions. Recalling that every vertex (except the ones at infinity)
requires an additional factor of i, these are given by (3.2.32), (3.2.33) and (3.2.34)

AI
1234 = (i)2

〈
V1(+∞)

∫ +∞

0

dτ V2(τ)V3(0)V4(−∞)
〉
, (3.3.36)

AII
1234 = i

〈
V1(+∞)V23(0)V4(−∞)

〉
, (3.3.37)

AIII
1234 = i

〈
V1(+∞)Vpinch

23 (0)V4(−∞)
〉
. (3.3.38)

As we have discussed in the previous section, the second contribution AII
1234 comes from the insertion

of the quadratic vertex operator

V23(τ) = 4 c(τ) ϵ
[µ
2 ϵ

ν]
3 αµ(τ) ᾱν(τ) e

i(k2+k3)·x(τ) , (3.3.39)

corresponding to the quartic vertex. The third contribution, instead, comes from “pinching” the
gluons 2 and 3 into a cubic subtree attached to the worldline. This is done by inserting an uninte-
grated vertex operator (3.1.56), corresponding to a nonlinear field with momentum kµ23 = kµ2 + kµ3

and composite polarization

ϵµ23 =
1

k223
mµ

2(ϵ2, ϵ3) , (3.3.40)

written in terms of the product (3.2.26).
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The necessity for the second and third contributions to the amplitude can be understood from
studying its Ward identities. To this end, we take the first gluon to have the pure gauge polarization
ϵµ1 = ikµ1 , so that V1 = [Q, eik1·x]. Following the procedure described before, the three correlation
functions contribute as

AI
k1234

= i

∫ ∞
0

dτ
〈
eik1·z(+∞) d

dτ
V2(τ)V3(0)V4(−∞)

〉
= −i

〈
eik1·z(+∞) V2(0)V3(0)V4(−∞)

〉
,

AII
k1234

= −i
〈
eik1·z(+∞) {Q,V23(0)} V4(−∞)

〉
,

AIII
k1234

= −i
〈
eik1·z(+∞) {Q,Vpinch

23 (0)} V4(−∞)
〉
.

(3.3.41)

Compared to the smart worldline, the first correlator does not vanish, since the τ integral receives
a boundary contribution from V2(τ) colliding with V3(0). Instead of computing the full correlation
functions, we will determine the OPE V2(0)V3(0) at coinciding points, and show that it cancels
{Q,V23(0) + Vpinch

23 (0)}.

For later convenience, let us rewrite the unintegrated vertex operator in the compact form

Vi = ϵµi
(
Sµ + i c ẋµ

)
eiki·x + 2i c kµi ϵ

ν
i Sµν e

iki·x , (3.3.42)

where the time dependence is left implicit and we have introduced the ghost-number one vector Sµ

and the Lorentz spin generator Sµν , defined by

Sµ = C̄αµ + Cᾱµ , Sµν = αµᾱν − ανᾱµ . (3.3.43)

Notice that, for k2i = 0 and ki · ϵi = 0, the vertex operator is normal ordered. In computing
the OPE, we will leave equal-time products of ẋµ and functions of xµ as they are, without taking
contractions. This corresponds to the Weyl ordering of the related operators. For instance, the
product eiki·x(τ)eikj ·x(τ) = ei(ki+kj)·x(τ) is Weyl ordered, not normal ordered, unless the propagator
G(τ, τ) vanishes. For equal-time products of αµ and ᾱν we will use instead the OPE at coincident
times

ᾱµ(τ)αν(τ) =
1

2
ηµν+ : ᾱµ(τ)αν(τ) : , (3.3.44)

to take advantage of the fact that normal ordered expressions with more than one barred field vanish
in all correlation functions due to charge conservation, c.f. (3.3.22). Some useful examples are

SµSν = − : CC̄(αµᾱν − ανᾱµ) : = 0 ,

SµνSρ = S̃[µην]ρ+ : SµνSρ : = S̃[µην]ρ ,
(3.3.45)

where in the final results we have discarded all terms vanishing inside correlators, and we have defined
a second ghost-number one vector

S̃µ = C̄αµ − Cᾱµ . (3.3.46)

Armed with these relations, we can determine the equal-time OPE of the two vertex operators V2(0)
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and V3(0). Omitting the time dependence, we have

V2V3 =
(
ϵµ2
(
Sµ + i c ẋµ

)
+ 2i c kµ2 ϵ

ν
2 Sµν

)(
ϵρ3
(
Sρ + i c ẋρ

)
+ 2i c kρ3ϵ

σ
3 Sρσ

)
eik23·x

= 2i c
(
ϵ
[µ
2 ϵ

ν]
3 ẋµSν + k

[µ
2 ϵ

ν]
2 S̃µϵ3ν − k

[µ
3 ϵ

ν]
3 S̃µϵ2ν

)
eik23·x

= c S̃µm
µ
2(ϵ2, ϵ3) e

ik23·x + 2i c ϵ
[µ
2 ϵ

ν]
3

(
ẋµSν + S̃µk23ν

)
eik23·x ,

(3.3.47)

The quadratic vertex operator (3.3.39) can be written as

V23 = 2 c ϵµ2ϵ
ν
3 Sµν e

ik23·x , (3.3.48)

and its equal-time commutator with Q can be computed as {Q,V23} = is(V23), where the BRST
differential s on the worldline variables is given by (3.3.3). Its action on functions is defined by the
Leibniz rule, with the resulting expressions corresponding to Weyl ordering. Discarding again all
terms with two barred fields in normal ordering, we obtain

is(V23) = −2i c ϵ[µ2 ϵ
ν]
3

(
ẋµSν + S̃µk23ν

)
eik23·x , (3.3.49)

yielding the OPE result
V2V3 + {Q,V23} = c S̃µm

µ
2(ϵ2, ϵ3) e

ik23·x , (3.3.50)

where all operators above are evaluated at equal times.

At this stage, the missing ingredient to establish the Ward identity is to prove that the right-hand
side of (3.3.50) is Q-exact and, in particular, given by

c S̃µm
µ
2(ϵ2, ϵ3) e

ik23·x = −{Q,Vpinch
23 } . (3.3.51)

To this end, we consider the vertex operator for an off-shell field

VA = Aµ(k)
(
Sµ + i c ẋµ

)
eik·x + 2i c kµAν(k)Sµν e

ik·x , (3.3.52)

where in general k2 ̸= 0 and k · A(k) ̸= 0. Its Q-commutator is readily computed, yielding

{Q,VA} = c S̃µ
(
− k2Aµ + kµk · A

)
eik·x . (3.3.53)

For the case at hand, Vpinch
23 := VA23 is of the form (3.3.52) for a composite field Aµ23, where the

momentum kµ23 = kµ2 + kµ3 is off-shell and the polarization is given by

ϵµ23 =
1

k223
mµ

2(ϵ2, ϵ3) :=
i

k223

(
ϵ2 · k3 ϵµ3 − ϵ3 · k2 ϵ

µ
2 + (k2 − k3)µ ϵ2 · ϵ3

)
. (3.3.54)

One can easily check that k23 ·m2(ϵ2, ϵ3) = 0 (this is essentially the Ward identity for the three-point
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case), so that (3.3.53) yields

{Q,Vpinch
23 } = c S̃µ

(
− k223ϵ

µ
23 + kµ23k23 · ϵ23

)
eik23·x = c S̃µ

(
− k223ϵ

µ
23

)
eik23·x

= −c S̃µmµ
2(ϵ2, ϵ3) e

ik23·x ,
(3.3.55)

thus proving (3.3.51) and hence the Ward identity.

Let us conclude by emphasizing that the above discussion demonstrates how the form of the composite
field (3.2.46) can also be inferred (albeit in a somewhat roundabout way) by demanding the Ward
identities. Moreover, as expected, the Ward identity remains unchanged whether one uses Aµ23 or its
gauge-transformed version Ãµ23 (3.2.58), since the two fields differ by a gauge transformation:

{Q,VÃ23
} = {Q,VA23}+ {Q, [Q, λ23]} = {Q,VA23} , (3.3.56)

where λ23(x) is given by (3.2.59) and we have used {Q,Q} = 0 together with the graded Jacobi
identity of (anti)commutators.

3.4 Final remarks

In this chapter, we have quantized the bosonic spinning particle on the open worldline, with the
aim of providing a first-quantized description of gluon scattering amplitudes. To this end, we con-
sidered an open worldline of infinite proper length [39, 148, 149, 194], with boundary conditions
corresponding to zero-momentum asymptotic vacua. In this way, all external gluons (including the
two at the asymptotic endpoints of the line) are described by insertions of suitable vertex operators,
thus mimicking the worldsheet techniques of string perturbation theory. In particular, the infinite
length of the line allowed us to bypass the LSZ procedure [39, 147], in that the correlation functions
already provide the on-shell and amputated amplitudes. Contrary to string theory, however, linear
vertex operators are not sufficient to compute arbitrary amplitudes. In general, one needs nonlinear
vertex operators, describing the insertion of entire subtrees on the main worldline. While this is
typically achieved by using the so-called Bern-Kosower pinching rules [26, 28, 31, 32], here we have
argued that these nonlinear vertex operators can be obtained as well from worldline path integrals
on a semi-infinite open geometry [147]. Finally, to test our results, we have shown how the Ward
identities of the scattering amplitudes descend from the BRST invariance of the worldline correlators
(see Ref. [195] for a related discussion).

The framework presented here should be extended to arbitrary multiplicities and, possibly, to loop
amplitudes. In particular, one would like to be able to prove gauge invariance of arbitrary amplitudes
by extending the BRST analysis introduced here to general correlation functions. Besides the point of
principle, having a first-quantized description of Yang–Mills amplitudes could help in shedding light
on the so-called duality between color and kinematics in gauge theories [196, 197], which underpins
the double copy construction of gravity amplitudes [198–200]. More specifically, it would prove
beneficial to connect the off-shell algebraic approach of Refs. [45, 78, 201] to the worldline techniques
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employed in Refs. [43, 44], where an algorithm combining worldline integration by parts and Bern-
Kosower pinching rules was shown to produce gauge theory numerators obeying color-kinematics
duality. Since the bosonic spinning particle can also accommodate gravitons in its spectrum, it
would be interesting to extend the present framework to the spin-two sector of the theory. There,
one expects to need multi-graviton vertices of arbitrary order, but the linear ones should essentially
be the product of two gluon vertex operators, thus showing a worldline incarnation of the double
copy, along the lines of Refs. [202, 203].

Appendix

3.A Path integral in phase space

To study the propagator directly in momentum space, we wish to consider the path integral repre-
sentation of the matrix element

⟨p′|e−iHT |p⟩ =
∫
DpDx eiS , (3.A.1)

where one could take H = p2 as needed in the main text. We study the simpler case H = 0, which
already captures all the essential aspects of our discussion. For simplicity, we consider just one target
space dimension. Then, the left-hand side of (3.A.1) reduces to

⟨p′|p⟩ = 2πδ(p− p′) , (3.A.2)

which should be reproduced by the path integral on the right-hand side. To take into account the
boundary conditions, that should be imposed on p(τ) only, the action takes the form

S =

∫ T

0

dτ (−ṗx) . (3.A.3)

Of course, one could perform the path integral by first integrating over p and then over x, which
works well for nontrivial quadratic Hamiltonians, like the free one, H = p2. This is well-known. Here
we wish to path integrate in x first, leaving the path integral on p as the last one. To do this, we
notice that the paths x(τ) should not contain any boundary conditions, so that we can expand them
by extracting the constant path x0. That is, we parametrize

x(τ) = x0 + x̃(τ) (3.A.4)

with
∫ T
0
dτ x̃(τ) = 0. Then, we can write∫

DpDx̃ dx0 e
−i

∫ T
0 dτ ṗx =

∫
DpDx̃ dx0 e−ix0

∫ T
0 dτ ṗ︸ ︷︷ ︸

∼δ(p−p′)

e−i
∫ T
0 dτ ṗx̃ , (3.A.5)
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where p and p′ denote the boundary conditions that must be imposed on p(τ). Of course,
∫ T
0
dτ ṗ =

p′ − p. Then, path integrating over x̃(τ) produces a delta functional δ(ṗ) leading to∫
DpDx e−i

∫ T
0 dτ ṗx ∼ δ(p− p′)

∫
Dp δ(ṗ) ∼ Det(∂τ )δ(p− p′) ∼ 2πδ(p− p′) , (3.A.6)

where the combined unfixed constants have been chosen to match the expected result in (3.A.2).
This way of computing the path integral allows us to bypass configuration space and obtain results
directly in momentum space. Presumably, perturbation theory can be introduced by building further
on the above expression.

Let us also briefly outline the derivation of the other “phase-space” path integral involved in our
derivation, the one for the bosonic oscillators,

Z(α, ᾱ, θ) =

∫ α(1)=α

ᾱ(0)=ᾱ

DᾱDα e
∫ 1
0 dτ ᾱ

µ(∂τ−iθ)αµ(τ)+ᾱµαµ(0) = ee
−iθα·ᾱ , (3.A.7)

which was, for example, discussed and used in Ref. [204]. It corresponds to the usual (Euclidean)
path integral for the harmonic oscillator, though with an imaginary frequency ω = −iθ.

For θ = 0, the latter reduces to the path integral representation of the scalar product of the coherent
states,

⟨α|ᾱ⟩ = eα·ᾱ =

∫ α(1)=α

ᾱ(0)=ᾱ

DᾱDα e
∫ 1
0 dτ ᾱ

µα̇µ(τ)+ᾱµαµ(0) , (3.A.8)

which can be used to fix the path integral normalization as follows. Let us split the fields into
background parts – which satisfy the equations of motion α̇µ = ˙̄αµ = 0 and the boundary conditions
– and quantum fluctuations as

αµ(τ) = αµ + κµ(τ) , κµ(1) = 0 , (3.A.9)

ᾱµ(τ) = ᾱµ + κ̄µ(τ) , κ̄µ(0) = 0 . (3.A.10)

Thus, we get

eα·ᾱ = eα·ᾱ
∫ κ(1)=0

κ̄(0)=0

Dκ̄Dκ e
∫ 1
0 dτ κ̄

µκ̇µ(τ) , (3.A.11)

i.e., ∫ κ(1)=0

κ̄(0)=0

Dκ̄Dκ e
∫ 1
0 dτ κ̄

µκ̇µ(τ) = 1 . (3.A.12)

We can now apply the background splitting to the θ-dependent path integral. We have,

αµ(τ) = eiθτ
(
e−iθαµ + κµ(τ)

)
, κµ(1) = 0 , (3.A.13)

ᾱµ(τ) = e−iθτ
(
ᾱµ + κ̄µ(τ)

)
, κ̄µ(0) = 0 , (3.A.14)
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and, in turn,

Z(α, ᾱ, θ) = ee
−iθα·ᾱ

∫ κ(1)=0

κ̄(0)=0

Dκ̄Dκ e
∫ 1
0 dτ κ̄

µκ̇µ(τ) = ee
−iθα·ᾱ . (3.A.15)

One may consult Ref. [204] for further details.
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Chapter 4

BRST quantization of the N = 4 spinning
particle

In this chapter, we turn to the description of both massless and massive spin-2 particles within the
Worldline Formalism, with the aim of illustrating one of the contexts where the method arguably proves
most powerful: the perturbative evaluation of the Seeley–DeWitt coefficients. As a preliminary step
towards these computations, we devote the present chapter to the BRST quantization of the worldline
model known as the N = 4 supersymmetric spinning particle, with and without a mass. The massless
case is reviewed following Ref. [82], both to introduce the model and to highlight the subtleties relevant
for the calculations of Chapter 5. We then move on to the massive case, presenting in detail the model
employed in the computations of Chapter 6. Our treatment serves a twofold purpose: first, to explore
different mechanisms for endowing spinning particle models with mass; and second, to formulate a
first-quantized description of linearized massive gravity, both in flat and in curved backgrounds. In the
latter case, we find that the nilpotency of the BRST charge is preserved only on Einstein spacetimes
with vanishing cosmological constant, which thus emerges as the unique consistent background. This
will be the starting point for the computations developed in the following chapters.

Conventions The target space of our worldline model is a d-dimensional Minkowski spacetime,
equipped with the metric ηµν = diag(−,+, · · · ,+), which is used to raise and lower spacetime indices.
Greek letters µ, ν, . . . denote spacetime indices (µ, ν = 0, 1, . . . , d − 1), while capital Latin letters
I, J, . . . are reserved for internal SO(N ) indices (I, J = 1, . . . ,N ).
We further employ the following notation for the graded commutators:

[·, ·} =

{
{·, ·} anticommutator if both variables are fermionic,

[·, ·] commutator otherwise.
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4.1 O(N ) massless spinning particles

Before focusing on the N = 4 spinning particle, we first recall some general features of spinning
particle models, which have already been discussed in the introductory section on the Worldline
Formalism. In this section, we summarize the relevant equations for two main reasons: first, to
facilitate comparison with the forthcoming massive case; and second, to re-establish our notation,
since, unlike in the previous chapters, the spin degrees of freedom are now described by Grassmann-
odd (fermionic) variables.

The phase space action of such models depends on the particle spacetime coordinates xµ together
with N real fermionic superpartners ΞµI , and the phase-space action is given by

S =

∫
dτ

[
pµẋ

µ +
i

2
Ξµ · Ξ̇µ − eH − iχI qI − aIJ JIJ

]
, (4.1.1)

The canonical coordinates (xµ, pµ,ΞµI ) upon quantization, are subject to the canonical commutation
relations (CCR)

[xµ, pν ] = i δµν , {ΞµI ,Ξ
ν
J} = δIJ η

µν . (4.1.2)

The worldline supergravity multiplet in one dimension (e, χI , aIJ) contains the einbein e, the N
gravitinos χ, and the gauge field a. On the other hand, the first-class constraints are represented by
the Hamiltonian H, the supercharges qI , and the R-symmetry algebra generators JIJ . They can be
expressed as

H :=
1

2
pµpµ , qI := ΞµI pµ , JIJ := iΞµ[I ΞJ ]µ . (4.1.3)

Hamiltonian and supercharges together form the SUSY algebra

{qI , qJ} = 2 δIJ H , [qI , H] = 0 . (4.1.4)

While the R-symmetry algebra reads

[JIJ , qK ] = i (δJKqI − δIKqJ) ,

[JIJ , JKL] = i (δJKJIL − δIKJJL − δJLJIK + δILJJK) .
(4.1.5)

In the following, we will refer only to (4.1.4) as “N SUSY algebra”, since it will be appropriate to
distinguish the two algebras in light of the future BSRT procedure. It is rather convenient to work
with a complex redefinition of the original fermionic variables ΞI → (ξi, ξ̄

i), namely

ξµi := 1√
2
(Ξµi + iΞµi+N/2) , ξ̄µi := 1√

2
(Ξµi − iΞ

µ
i+N/2) , with i = 1, . . . , N

2
(4.1.6)

for the case of even N , i.e. for particles with integer spin. The respective CCR (4.1.2) become

{ξ̄iµ, ξνj } = δij δ
ν
µ , {ξ̄iµ, ξ̄jν} = 0 = {ξµi , ξνj } . (4.1.7)

Accordingly, both the supercharges and the R-symmetry generators split under the complex redef-
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inition: we report the explicit expressions for the particle models of interest, namely the spin one
and the spin two. By choosing a specific Fock vacuum, an arbitrary state |Ψ⟩ in the Hilbert space is
isomorphic to the wavefunction Ψ(x, ξ), on which the conjugated momenta act as derivatives

pµ = −i∂µ , ξ̄µ =
∂

∂ξµ
. (4.1.8)

Thus, for the case N = 2, the spin one model, one has the splitting qI → (q, q̄) and JIJ → J as
follows

q := −i ξµ∂µ

q̄ := −i ∂µ ∂
∂ξµ

, J := ξµ
∂

∂ξµ
− d

2
, (4.1.9)

where the shift −d
2

in the definition of the R-symmetry generator is a quantum effect stemming from
an antisymmetric ordering for the Grassmann variables [124]. For the N = 4 case, the spin two, one
has qI → (qi, q̄

i) and the SO(4)-symmetry generators are realized maintaining manifest covariance
only under a u(2)-subalgebra JIJ → (Ji

j,Trij,Gij), explicitly realized as1

qi := −i ξµi ∂µ

q̄i := −i ∂µ ∂
∂ξµi

,

Ji
j := ξi · ∂

∂ξj
− d

2
δji

Trij := ∂2

∂ξi·∂ξj

Gij := ξi · ξj

. (4.1.10)

Note that the only surviving components of the Tr and G operators are those with i ̸= j.

4.2 BRST quantization

Although BRST quantization was already discussed in Chapter 2, we shall review it here, since
the presence of fermionic rather than bosonic variables modifies the analysis in several non-trivial
respects.2

Let us start with the massless N = 4 spinning particle with a four-dimensional target space. The
internal indices take values i = 1, 2 and the N = 4 worldline SUSY algebra is explicitly realized as

{qi, q̄j} = 2 δji H , [qi, H] = [q̄i, H] = {qi, qj} = {q̄i, q̄j} = 0 . (4.2.1)

The initial step of the BRST procedure entails an enlargement of the Hilbert space to realize ghost-
antighost pairs of operators (gα, Pα) associated with each constraint Cα, with opposite Grassmann
parity of the latter – that is, anticommuting ghosts for bosonic constraints and commuting ghosts
for fermionic constraints – and canonical graded commutation relation

[Pα, g
β} = δβα . (4.2.2)

1In the following, whether a dot · indicates contractions on internal or spacetime indices should be clear within the
context.

2We refer to this talk by Ivo Sachs for a brilliant exposition of the methodology [205].

https://www.youtube.com/watch?v=e0QiR829ORo&list=PLx5f8IelFRgGfQMuGGOuqHtRaelyJFj0u&index=17
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Hence, we assign the fermionic pair (c, b) to the Hamiltonian, and the bosonic superghost pairs (γ̄i, βi)
and (γi, β̄

i) to the supercharges qi and q̄i respectively, obeying

{b, c} = 1 , [βi, γ̄
j] = δji , [β̄j, γi] = δji , (4.2.3)

with ghost number assignments

gh(c, γi, γ̄
i) = +1 , (4.2.4)

gh(b, βi, β̄
i) = −1 . (4.2.5)

The second step consists of constructing the BRST operator Q. It is realized as follows [71]

Q := gαCα −
1

2
(−1)ϵ(gβ)gβgαfαβγPγ , (4.2.6)

where ϵ(gβ) is the Grassmann parity3 of the ghost gβ. Equation (4.2.6) holds exactly when the
structure functions fαβγ are constant,4 but its validity extends to more general settings as well [9].
It can be derived by demanding the following properties for the BRST operator:

• It has to be anticommuting and of ghost number +1.

• It has to act on the operators, corresponding to the original phase space variables prior to
quantization, as the gauge transformations with the ghost variables replacing the gauge pa-
rameters. This, together with the latter requirement, is enough to constrain the structure to
be Q = gαCα + . . .

• Finally, the BRST charge has to be nilpotent. This determines the second structure of (4.2.6)
as can be checked by direct computation of {Q,Q}.

Note that the BRST charge is nilpotent by construction as long as the associated algebra is first-class.
In more general cases, higher-order terms may appear and need to be determined by the nilpotency
condition. Specializing to the N = 4 case, the BRST operator associated with the first-class algebra
(4.2.1) is

Q = cH + γi q̄
i + γ̄i qi − 2γ̄iγi b . (4.2.7)

To verify its nilpotency, it is first convenient to define ∇ := γ · q̄ + γ̄ · q, such that for any operator
of the form (4.2.7) one always finds the following potential obstruction-terms to its nilpotency

Q2 = −2 γ̄ · γ H +∇2 − 2c����[H,∇] , (4.2.8)
3We employ the following convention: the parity of gα is 0 if gα is Grassmann even and 1 if gα is Grassmann odd.
4Recall that the constraints satisfy upon quantization a graded algebra of the form

[Cα, Cβ} = fαβ
γCγ

which defines the structure functions fαβγ .
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which are vanishing in the present case since

∇2 = γiγ̄
j{q̄i, qj} =⇒ −2 γ̄ · γ H +∇2 = 0 . (4.2.9)

Notice the critical role played by the presence of the first-class algebra (4.2.1) in both the cancellation
of (4.2.8) and of (4.2.9). The same does not hold anymore in more general cases. In the next section,
we will illustrate how to address this issue.

The careful reader might wonder about the absence of a set of ghosts associated with the so(4)

constraints. The key idea of the BRST procedure, as first developed in Ref. [81] providing a first-
quantized description of the gluon from a “fermionic” worldline model, is to treat the R-symmetry
constraints and the SUSY ones on different footings. The formers are imposed as constraints on
the BRST Hilbert space, thus defining precisely the general dependence of the string field Ψ on
the spacetime fields content.5 It is within this restricted Hilbert space that the cohomology of the
BRST charge has to be studied. The procedure remains consistent as long as the R-symmetry
constraints (4.1.10) commute with the BRST charge: in order to achieve that, it is necessary to
extend (J,Tr,G)→ (J , Tr,G) as follows

Jij := ξi · ξ̄j + γiβ̄
j − γ̄jβi − 2 δji ,

Trij := ξ̄i · ξ̄j + γ̄iβ̄j − γ̄jβ̄i ,

Gij := ξi · ξj + γiβj − γjβi .

(4.2.10)

The relevant so(4) generators to be imposed as constraints on the BRST Hilbert space are the
two number operators Ji := Jii (i not summed), namely the diagonal entries of Jij, the Young
antisymmetrizer Y := J 2

1 , and finally the trace Tr, which implement the maximal reduction of the
model. We collectively denote these constraints as Tα := (J ,Y , Tr). The BRST system is defined as
follows

QΨ = 0 , δΨ = QΛ ,

TαΨ = 0 , Tα Λ = 0 ,
(4.2.11)

and its consistency is ensured by [Q, Tα] = 0. This is indeed equivalent to saying that we are studying
the cohomology of Q on the restricted Hilbert space of fixed R-charge defined by Hred := ker Tα.
The system above will serve as the starting point for BRST quantization in both the massless and
massive cases.

5Regarding terminology, we deliberately confuse “string field” and “BRST wavefunction” since Ψ plays the same
role in the worldline theory as it would in string field theory: its expansion as a linear combination of first-quantized
states display coefficients which correspond to ordinary particle fields [206–208].
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4.2.1 Massless graviton on a flat spacetime

The ghost vacuum |0⟩ is chosen such that it is annihilated by (b, γ̄i, β̄i), so that a general state |Ψ⟩
in the BRST extended Hilbert space is isomorphic to the wavefunction Ψ(x, ξ | c, γ, β), on which the
antighosts act as derivatives, i.e.

b =
∂

∂c
, γ̄i = − ∂

∂βi
, β̄i =

∂

∂γi
. (4.2.12)

In the following, we collectively denote the ghost oscillators as g := (c, γ, β). The BRST operator,
making explicit the d’Alembertian 2 = ηµν∂µ∂ν while adjusting the coefficients, acts as

Q = c2+ γiq̄
i − qi

∂

∂βi
− γi

∂2

∂βi∂c
, (4.2.13)

while, regarding the so(4) generators

Ji = Nξi +Nγi +Nβi − 1 ,

Y = ξ1 ·
∂

∂ξ2
+ γ1

∂

∂γ2
+ β1

∂

∂β2
,

Tr = ∂2

∂ξ1 · ∂ξ2
+

∂2

∂γ1∂β2
− ∂2

∂γ2∂β1
,

(4.2.14)

where we have explicitly expressed the number operators, counting the number of oscillators with a
fixed flavor index, and where we solved ambiguities in the definition of Ji by choosing a symmetric
ordering for the ghosts.

It is useful for future reference to highlight the intermediate steps of the calculation. The first
condition imposed by Ψ ∈ Hred, namely Ji |Ψ⟩ = 0, significantly reduces the components of Ψ(x, ξ | g)
to

Ψ(x, ξ | g) = aµν ξ
µ
1 ξ

ν
2 + bµ ξ

µ
1 γ2 + Cµ ξ

µ
1β2 + dµ γ1ξ

µ
2 + e γ1β2 + fµ β1ξ

µ
2

+ g β1γ2 + k γ1γ2 + l β1β2

+ a∗µν ξ
µ
1 ξ

ν
2 c+ b∗µ ξ

µ
1 γ2c+ C∗µ ξ

µ
1β2c+ d∗µ γ1ξ

µ
2 c+ e∗ γ1β2c+ f ∗µ β1ξ

µ
2 c

+ g∗ β1γ2c+ k∗ γ1γ2c+ l∗ β1β2c . (4.2.15)

The latter expression is essentially a Taylor expansion in powers of c taking the form Ψ = χ + χ∗c,
where both terms χ and χ∗ of the wavefunction contain oscillators and spacetime-dependent field
components. Requiring the entire wavefunction to have fixed Grassmann parity and fixed ghost
number forces the field components in χ∗ to have opposite parities and ghost numbers decreased
by one compared to those in χ. It is important to note that we are not yet in the position to
correctly identify (anti)fields: we first need to reduce Ψ to include only the BV spectrum of the
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theory. Imposing the two remaining conditions we obtain

bµ = −dµ , Cµ = −fµ , e = −g , k = 0 , l = 0 ,

b∗µ = −d∗µ , C∗µ = −f ∗µ , e∗ = −g∗ , k∗ = 0 , l∗ = 0 ,
(4.2.16)

together with aµν = aνµ using Y |Ψ⟩ = 0, while from Tr |Ψ⟩ = 0 we get

e = 1
2
aµµ , e∗ = 1

2
a∗µµ . (4.2.17)

Now we can indeed interpret Ψ as a spacetime Batalin–Vilkovisky string field, that contains the
whole minimal BV spectrum of pure gravity along with auxiliary fields: we assign Grassmann parity
and ghost number to the component fields such that the entire wavefunction Ψ has total even parity
and ghost number zero. It becomes explicit with the following identifications for the fields

aµν −→ hµν aµµ −→ hµµ =: h C∗µ −→ vµ Cµ −→ ζµ , (4.2.18)

and for the corresponding antifields

a∗µν −→ h∗µν bµ −→ v∗µ b∗µ −→ ζ∗µ . (4.2.19)

Grassmann parities and ghost numbers can be read from Table 4.1. The most general state in Hred

is then

Ψ(x, ξ | g) = hµν(x) ξ
µ
1 ξ

ν
2 +

1
2
h(x) (γ1β2 − γ2β1)− i

2
vµ(x) (ξ

µ
1β2 − ξ

µ
2β1)c

− i
2
ζµ(x) (ξ

µ
1β2 − ξ

µ
2β1)

+ h∗µν(x) ξ
µ
1 ξ

ν
2 c+

1
2
h∗(x) (γ1β2 − γ2β1)c− i

2
v∗µ(x) (ξ

µ
1 γ2 − ξ

µ
2 γ1)

− i
2
ζ∗µ(x) (ξ

µ
1 γ2 − ξ

µ
2 γ1)c . (4.2.20)

It contains the graviton hµν and its trace h, an auxiliary vector field vµ, and the diffeomorphism
ghost ζµ, while the remaining components are the corresponding antifields.

BV role Field Grassmann parity Ghost number
massless graviton hµν 0 0

trace h 0 0
auxiliary vector vµ 0 0

diffeomorphism ghost ζµ 1 1

Table 4.1: List of fields in the physical sector of the massless N = 4 model with the corresponding
ghost number and Grassmann parity.

The final step involves evaluating the field equations of the theory, to verify that the model correctly
reproduces a first-quantized representation of linearized gravity. This can be accomplished through
the BRST closure equation

QΨ(x, ξ | g) = 0 (4.2.21)
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at ghost number zero, which produces the massless free spin two field equation

2hµν − 2 ∂(µ∂ · hν) + ∂µ∂νh = 0 , (4.2.22)

and
2h− ∂µ∂νhµν = 0 , (4.2.23)

which implies a vanishing linearized Ricci scalar. To conclude this section, one is left to verify the
accurate reproduction of the gauge symmetry: this is achieved from the ghost number zero part of

δΨ = QΛ , (4.2.24)

where Λ ∈ ker Tα contains the gauge parameters of the associated symmetry while having the same
functional form as Ψ, with overall odd parity and ghost number −1, i.e.

Λ = iεµ(x) (ξ
µ
1β2 − ξ

µ
2β1) + · · · , (4.2.25)

where the gauge parameter εµ has even parity and ghost number zero. As expected, the result is

δhµν = 2∂(µεν) . (4.2.26)

For future reference, the closure equation at ghost number one is reported below:

2 ζµ = 0 , ∂(µ ζν) = 0 . (4.2.27)

Equations (4.2.27) represent a set of equations of motion for the diffeomorphism ghost ζµ(x).

4.2.2 Massless graviton on a curved background

The consistent coupling of the spinning particles to more general backgrounds beyond flat spacetime
is a rather delicate matter [209]. In previous works, a quantization à la Dirac has been extensively
employed. However, when the SUSY algebra fails to be first-class this method loses its validity,
potentially leading to the misleading conclusion that quantization is not feasible in more general
cases. As already mentioned, this limitation was evident in the case of the N = 4 spinning particle,
for which only certain restricted backgrounds were found to be viable until it was realized that
the technique of BRST quantization offers a way to explore more general backgrounds, as recently
discussed in Refs. [210, 211]. In this section, we review the exploration of such possibility.

The coupling of the massless N = 4 spinning particle to a curved background with metric gµν(x) is
realized by the covariantization of the derivatives, i.e.

∇̂µ := ∂µ + ωµab ξ
a · ξ̄b , with [∇̂µ, ∇̂ν ] = Rµνλσ ξ

λ · ξ̄σ , (4.2.28)

where fermions carry flat Lorentz indices so that ξµi := eµa(x) ξ
a
i , introducing a background vielbein
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eaµ(x) and the torsion-free spin connection ωµab. The covariant derivative operator ∇̂µ reproduces
the effect of the usual covariant (partial) derivative ∇µ (∂µ) on the tensorial (scalar) components
contained in the wavefunction (4.2.20), e.g.

∇̂µΨ(x, ξ | g) = ∇µhαβ(x) ξ
α
1 ξ

β
2 + 1

2
∂µh(x) (γ1β2 − γ2β1) + . . . . (4.2.29)

The presence of a general background manifests itself as deformations of the original BRST system:
indeed the supercharges become

qi := −i ξai eµa ∇̂µ , q̄i := −i ξ̄i a eµa ∇̂µ . (4.2.30)

The main consequence is that the SUSY algebra does not close anymore:6

{qi, qj} = −ξµi ξνj Rµν , {q̄i, q̄j} = −ξ̄µ iξ̄ν j Rµν , {qi, q̄j} = −δji∇2 − ξµi ξ̄ν j Rµν ,

[∇2, qi] = i ξµi
(
2Rµν ∇̂ν −∇λRλµ −Rµν∇̂ν

)
,

[∇2, q̄i] = i ξ̄µ i
(
2Rµν ∇̂ν −∇λRλµ −Rµν∇̂ν

)
, (4.2.31)

where the Laplacian is defined as

∇2 := gµν∇̂µ∇̂ν − gµν Γλµν ∇̂λ . (4.2.32)

The BRST operator needs to be deformed as well, requiring the construction of an ansatz due to the
fact that the associated algebra is no longer first-class. The general approach involves considering
the same general form (4.2.7), but with the inclusion of more general terms accounting for the
obstruction to the first-class character of the associated algebra, namely the curvature in the present
case. Therefore, possible non-minimal couplings to the curvature, collectively denoted as R, must
be incorporated inside the Hamiltonian. These couplings may act as obstructions to the nilpotency
of the BRST operator, and the BRST analysis aims to determine which of these terms persist to
ensure a nilpotent Q. Avoiding higher powers of ghost momenta and assuming that derivatives are
deformed only through minimal coupling, the ansatz for the BRST charge is

Q = cD +∇+ γ̄ · γ b , (4.2.33)

where D is the deformed Hamiltonian in its operatorial form

D := ∇2 +R , with R := Rµνλσ ξ
µ · ξ̄ν ξλ · ξ̄σ + κR , (4.2.34)

with κ a coefficient to be determined, and the ∇ operator has been conveniently redefined as

∇ := −i Sµ∇̂µ , with Sµ := γ̄ · ξµ + γ · ξ̄µ . (4.2.35)

Note that only the so(4) constraints Tα (4.2.14) remain unchanged, therefore the wavefunction
6As to not further burden the notation we denote Rµν := Rµνλσ ξ

λ · ξ̄σ and R := Rµνλσ ξ
µ · ξ̄ν ξλ · ξ̄σ.
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Ψ(x, ξ | g) is still expressed as in (4.2.20).

The BRST analysis starts with the general expression for Q2, namely the extension of its flat space-
time counterpart (4.2.8) with adjusted coefficients:

Q2 = ∇2 + γ̄ · γD + c [D,∇] , (4.2.36)

which remains valid regardless of the specific spinning particle model coupled to a general curved
background. In general, (4.2.36) includes two independent obstructions, which in this case are given
by

∇2 + γ̄ · γD = −1
2
SµSν Rµν + γ̄ · γR , (4.2.37)

[D,∇] = −iSµ∇λRλµ + iSµ∇µR+ κ[R,∇] . (4.2.38)

Recall that the BRST cohomology is defined on the reduced Hilbert space Hred, that is, one needs to
evaluate the obstructions on ker Tα. Therefore, for the sake of the cohomology, it suffices to ensure
nilpotency of the BRST charge when acting on the physical sector of the theory:

Q2 kerTα= 0 i.e. Q2Ψ(x, ξ | g) !
= 0 . (4.2.39)

The effect is for instance that any contribution with at least three barred oscillators is set to zero.
Equations (4.2.37)–(4.2.38) get then reduced to

∇2 + γ̄ · γD kerTα= − γ̄ · γ
(
2Rµν ξ

µ · ξ̄ν − κR
)
, (4.2.40)

[D,∇]
ker Tα= −iSµ∇λRλµ + i

(
2∇λRλµγ · ξ̄µ − Sµ∇µRνλξ

ν · ξ̄λ
)

+ iκ Sµ∇µR .
(4.2.41)

The conclusion is that the nilpotency of the BRST charge, in the massless case, is achieved only on
Einstein manifolds, i.e.

Q2Ψ(x, ξ | g) = 0 ⇐⇒ Rµν = λ gµν , (4.2.42)

upon setting κ = 1
2
. Let us clarify this crucial point for the upcoming discussion: while the obstruction

given in (4.2.41) vanishes by itself on Einstein spaces, the one in (4.2.40) is zero only when acting
on the physical sector:

Q2Ψ(x, ξ | g) ∋ −2λ γ̄ · γ
(
ξµ · ξ̄µ − 1

)
Ψ(x, ξ | g) = 0 . (4.2.43)

The closure equation evaluated using the deformed BRST charge yields the correct field equations
for a massless7 graviton on Einstein spaces, namely

∇2hµν − 2∇(µ∇ · hν) +∇µ∇νh+ 2Rµανβh
αβ = 0 , (4.2.44)

7It is a rather fascinating topic the concept of mass on a general spacetime, which is not well defined. In particular,
one should be careful to call a particle massless: see [212] for a discussion on the connection between gauge invariance,
masslessness, and null cone propagation.
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together with

(∇2 + λ)h−∇µ∇νhµν = 0 . (4.2.45)

The correct gauge symmetry δhµν = 2∇(µεν) is obtained as well.

4.3 Giving mass to the graviton

In this section, we present two methods to confer a mass to a spinning particle model. The first one,
the Scherk–Schwarz mechanism, is analogous to the Kaluza–Klein compactification. This has already
been encountered in Chapter 2, but with bosonic oscillators. In the second method, the auxiliary
oscillators approach, the model is treated as a truncation of the RNS open superstring [213]. We
employ both methods to give mass to the graviton on a flat background and subsequently discuss the
results. However, before delving into the graviton case, we begin by examining the N = 2 scenario,
in order to introduce the techniques and investigate the role of the mass as a potential obstruction
to nilpotency of the BRST charge.

4.3.1 N = 2 massive spinning particle and the Proca Theory

The massless N = 2 spinning particle has been thoroughly examined in previous works, leading to
a first-quantized description of massless antisymmetric tensor fields of arbitrary rank [62–66]. It has
been shown how to provide a first-quantized description of the photon both on a flat and on a curved
spacetime [124, 211]. Additionally, the coupling to a non-abelian background has been explored,
reproducing the non-linear Yang–Mills equations [81] upon BRST quantization.

The massive scenario has undergone investigation as well: the procedure à la Kaluza–Klein has been
implemented in Refs. [63, 125] where it has been shown how to embed the model in an arbitrary
curved spacetime background. This has allowed for the utilization of this model in the context of
worldline quantum field theory formalism, particularly in modeling classical scatterings of compact
objects in general relativity (see [39, 41] and related literature). More recently, the coupling to both
an abelian and a non-abelian vector background field has been investigated in Ref. [127], where the
authors first introduced the auxiliary oscillators approach.

4.3.1.1 Mass improvement on flat spacetime

The main features of the N = 2 model can be immediately derived from section 4.1 by setting
I = 1, 2 and are collected in detail in Ref. [125]. In this chapter, we will provide a concise overview
of the essential elements of the BRST quantization of the massive case on flat and, most notably, on
curved background as a toy model for the subsequent analysis, which is not covered in the literature
mentioned above.
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The procedure consists of starting with the massless theory formulated in one dimension higher, and
subsequently reducing the dimensionality of the target space through the introduction of suitable
constraints [70]. We consider the model to live in a flat spacetime of the formMd×S1 of D = d+1

dimensions with coordinates and worldline superpartners given by

xM = (xµ, xD) , ξM = (ψµ, θ) , ξ̄M = (ψ̄µ, θ̄) , (4.3.1)

with the index splitting M = (µ,D). The idea is to gauge the compact direction xD, corresponding
to S1, by imposing the first-class constraint

pD −m = 0 . (4.3.2)

This results in the phase space action (4.1.1) having a leftover term ∼ ẋD, which can be regarded as
a total derivative and thus dropped. The CCR (4.1.2) are realized explicitly as

[xµ, pν ] = i δµν , {ψ̄µ, ψν} = ηµν , {θ̄, θ} = 1 , (4.3.3)

with the other (anti)commutators being zero. The N = 2 SUSY constraints get modified by the
presence of the mass, taking the form

H =
1

2

(
pµpµ +m2

)
, q = pµψ

µ +mθ , q̄ = pµψ̄
µ +mθ̄ , (4.3.4)

while the R-symmetry generator (4.1.9) becomes

J = ψµψ̄µ + θθ̄ − d+ 1

2
. (4.3.5)

Together they still satisfy the same N = 2 supersymmetry algebra despite the mass improvement

{q, q̄} = 2H , [q,H] = [q̄, H] = {q, q} = {q̄, q̄} = 0 , (4.3.6)

which successfully remains first-class. Note the key role played by the surviving fermionic coordinates
coming from the extra dimension θ := ξD and θ̄ := ξ̄D, which are responsible for the introduction of
the mass term into the theory. Indeed, in the limit where (θ, θ̄) → (0, 0) the massless theory must
be recovered as a consistency check.

At this point, the BRST quantization on a four-dimensional flat spacetime proceeds smoothly, just as
described for the N = 4 case. Upon enlarging the Hilbert space to realize the set of ghost operators
(c, γ̄, γ) with relative momenta (b, β, β̄) as in (4.2.3), the BRST charge is constructed as usual

Q = cH + γ q̄ + γ̄ q − 2γ̄γ b , (4.3.7)

and the so(2) constraint has to be extended to include ghost contributions as follows

J := ψµψ̄µ + θθ̄ + γβ̄ − γ̄β − 3
2
, (4.3.8)
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with the usual prescription employed to resolve ambiguities. Nilpotency of Q is still guaranteed,
despite the mass improvement, since the associated algebra is first-class

Q2 = 0 , (4.3.9)

and the BRST system is consistent since [Q,J ] = 0. The physical sector is defined as the eigenspace
of J with a fixedR-charge−1

2
,8 i.e. physical states are eigenstates J |Ψ⟩ = −1

2
|Ψ⟩ and are isomorphic

to wavefunctions

Ψ(x, ψ, θ | g) = Aµ(x)ψ
µ − iφ(x)θ + ϕ(x)βc+ Φ(x)β

+ A∗µ(x)ψ
µc− iφ∗(x)θc+ ϕ∗(x)γ + Φ∗(x)γc .

(4.3.10)

Requiring Ψ to be Grassmann-odd and have ghost number zero, it can be interpreted as a spacetime
BV string field displaying the complete minimal BV spectrum of the Proca theory along with an
auxiliary field. The Grassmann parities and ghost numbers of the components can be found in
Table 4.2. In contrast to the massless case, the physical fields include not only the massive spin one
Aµ but also the Stückelberg scalar φ. The inclusion of the Stückelberg scalar becomes necessary to
restore the U(1) gauge symmetry [128], which is broken due to the introduction of the mass. Notably,
the spectrum also includes the associated scalar ghost Φ in the spectrum.

BV role Field Grassmann parity Ghost number
massive spin one Aµ 0 0
Stückelberg scalar φ 0 0
auxiliary scalar ϕ 0 0

scalar ghost Φ 1 1

Table 4.2: List of fields in the physical sector of the massive N = 2 model with the corresponding
ghost number and Grassmann parity.

The field equations, upon solving for the auxiliary field, are

(
2−m2

)
Aµ − ∂µ∂ · A−m∂µφ = 0 , (4.3.11)

2φ+m∂µA
µ = 0 , (4.3.12)

which are indeed the Proca field equations with the scalar φ(x) playing the role of Stückelberg field,
while the gauge symmetry, from δΨ = QΛ with

Λ = iΣ(x)β + · · · , (4.3.13)

is
δAµ = ∂µΣ , δφ = −mΣ , (4.3.14)

where Σ(x) is a local gauge parameter, of even parity and with ghost number zero.

8This condition is equivalent to demanding that Ψ ∈ kerJ̃ , with J̃ being the shifted SO(2) constraint J̃ = J + 1
2 .

The procedure remains consistent as long as [Q, J̃ ] = 0. Eventually, the shift can be interpreted as the introduction
of a Chern–Simons term selecting the desired degrees of freedom, as in Ref. [125].
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Let us end by noting that the same results can be obtained either by employing the auxiliary oscil-
lators approach, although it is not explicitly shown here, or with the “bosonic” worldline model of
Chapter 2.

4.3.1.2 Mass obstruction on curved spacetime

We are finally in the position to investigate whether the presence of the mass plays a role when
a curved background is considered, generalizing the massless BRST analysis of Ref. [211]. The
coupling of the massive N = 2 spinning particle to gravity is realized by the covariantization of the
reduced model just discussed, with the mass already present in the theory. The supercharges are
then deformed as follows

q := −i ψa eµa ∇̂µ +mθ , q̄ := −i ψ̄a eµa ∇̂µ +mθ̄ . (4.3.15)

Unlike the situation with the N = 4 spinning particle (4.2.31), the N = 2 algebra (4.3.6) remains
first-class regardless of a particular background, upon a suitable redefinition of the Hamiltonian

D := ∇2 −m2 +R . (4.3.16)

Indeed, the SUSY algebra takes the form

{q, q̄} = −D , {q, q} = {q̄, q̄} = 0 ,

[q,D] = [q̄,D] = 0 ,
(4.3.17)

where the vanishing of the top-right commutators is guaranteed by the cyclic identity for the Riemann
tensor. The corresponding BRST operator is defined as usual Q = cD +∇ + γ̄γ b, with potential
obstructions incorporated into the definition of ∇ with respect to the massless case:

∇ := −i Sµ∇̂µ +mρ , ρ := γ̄ θ + γ θ̄ . (4.3.18)

The existence of an associated first-class algebra (4.3.17) ensures the nilpotency of the BRST operator
without any further conditions on the background metric,9 which is expected from QFT consider-
ations. While this has been already established for the massless case, the same holds even in the
massive one, as the mass does not affect the algebra, as we now shall work out explicitly. Starting
from the general expression

Q2 = ∇2 + γ̄γD + c [D,∇] , (4.3.19)

one finds the following independent obstructions

∇2 + γ̄γD = −1

2
SµSνRµν +��

��γ̄γ m2 + γ̄γ
(
���−m2 +R

)
, (4.3.20)

[D,∇] = −iSµ∇λRλµ + iSµ∇µR . (4.3.21)

9Actually, the only requirement is that of a torsionless connection, i.e. Tµνρ := Γµ[νρ] = 0.
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In the present case, evaluating the BRST cohomology on the reduced Hilbert space, ker J̃ , has the
effect of setting to zero any obstruction of the form OABZ̄AZ̄B with OAB arbitrary operators since
an arbitrary state in the physical sector has the form

ΥA(x)Z
A + ΩB(x)Z

B c for ZA = (ψµ, θ, γ, β) . (4.3.22)

This is enough to conclude that indeed
Q2 ker J̃

= 0 (4.3.23)

without further conditions on the background; in other words, the massive N = 2 spinning particle
can be coupled to off-shell gravity. Remarkably, the mass plays no role in the BRST algebra, as it
is trivially canceled in (4.3.20) and commutes with any operator inside (4.3.21) being constant. It
is worth noting that introducing a term proportional to the Ricci curvature inside the Hamiltonian
(4.3.16) D → D+ κR, would force κ to be zero (either that or a vanishing Ricci scalar R = 0). This
is dictated by the BRST algebra (4.3.20)–(4.3.21), as any term of that form is incompatible with the
closure of the N = 2 SUSY algebra (4.3.6). Interestingly, the N = 2 spinning particle appears to
select only the minimal coupling to the background, as we shall check from the equations of motion.
From the closure equation QΨ = 0, one finds

(∇2 −m2)Aµ −RµνA
ν +∇µϕ = 0 , (4.3.24)

(∇2 −m2)φ− imϕ = 0 , (4.3.25)

ϕ+ imφ− i∇µA
µ = 0 , (4.3.26)

which, upon eliminating the auxiliary field, yield

(∇2 −m2)Aµ −∇µ∇νA
ν +RµνA

ν −m∇µφ = 0 , (4.3.27)

∇2φ+m∇µA
µ = 0 . (4.3.28)

Equations (4.3.27)–(4.3.28) represent the field equations of the Proca theory on a general curved
spacetime in its Stückelberg formulation. In particular, the N = 2 spinning particle provides a
first-quantized version of the minimal extension for a theory of a free massive vector field in curved
spacetime, without the inclusion of possible non-minimal couplings to the background in the cor-
responding spacetime quantum field theory [159, 214]. Their absence is attributed to the reasons
previously discussed. As a final note, the gauge symmetry, using (4.3.13), reads

δAµ = ∇µΣ , δφ = −mΣ . (4.3.29)

4.3.2 N = 4 massive spinning particle and linearized massive gravity

In the remainder of this section, the methods previously discussed are exploited to give a mass to
the graviton, considering a flat target spacetime for the time being.



132

4.3.2.1 Dimensional reduction approach

The first method proceeds along the lines of what has been shown for the N = 2 case, namely
through the reduction of the higher-dimensional massless model. The fermionic coordinates carry a
flavor index

ξMi = (ψµi , θi) , ξ̄Mi = (ψ̄µi, θ̄i) , (4.3.30)

with CCR
{ψ̄µi, ψνj } = δij η

µν , {θ̄i, θj} = δij . (4.3.31)

The same applies to the SUSY constraints (4.1.3)

H =
1

2

(
pµpµ +m2

)
, qi = p · ψi +mθi , q̄i = p · ψ̄i +mθ̄i , (4.3.32)

that satisfy the same first-class algebra

{qi, q̄j} = 2δjiH , [qi, H] = [q̄i, H] = {qi, qj} = {q̄i, q̄j} = 0 (4.3.33)

despite the mass improvement. Regarding the so(4) symmetry constraints, equations (4.1.10) become

Ji
j = ψi ·

∂

∂ψj
+ θi

∂

∂θj
− d+ 1

2
δji ,

Trij =
∂2

∂ψi · ∂ψj
+

∂2

∂θi ∂θj
,

Gij = ψi · ψj + θi θj .

(4.3.34)

At this point, the BRST quantization proceeds as outlined in section 4.2, with the BRST system
defined by (4.2.11). The BRST operator (4.2.13) takes the usual form when acting on wavefunctions
Ψ(x, ψ, θ | g)

Q = c (2−m2) + γi q̄
i − qi

∂

∂βi
− γi

∂2

∂βi∂c
(4.3.35)

and is still nilpotent, for the same reasons outlined in the previous section. The relevant so(4)
generators (4.2.14) to be imposed on the extended BRST Hilbert space are extended to commute
with Q, including the extra fermionic oscillators

Ji = Nψi +Nθi +Nγi +Nβi −
d− 1

2
,

Y = ψ1 ·
∂

∂ψ2

+ θ1
∂

∂θ2
+ γ1

∂

∂γ2
+ β1

∂

∂β2
,

Tr = ∂2

∂ψ1 · ∂ψ2

+
∂2

∂θ1 ∂θ2
+

∂2

∂γ1∂β2
− ∂2

∂γ2∂β1
,

(4.3.36)

The physical subspace has a fixed U(1)×U(1) charge corresponding to 3−d
2

. Let us comment on the
fact that only in three spacetime dimensions the wavefunction Ψ ∈ kerJi, which becomes relevant
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when dealing with the construction of the worldline path integral.10 In four spacetime dimensions,
physical states are charged −1

2
, and we shall consider the shifted operator J̃ = J + 1

2
for the sake

of notational simplicity. To emphasize the impact of the introduction of a mass term, we follow
the same steps as in the massless case to impose the condition Ψ ∈ Hred, with the reduced Hilbert
space defined as the kernel of J̃i and Y , Tr (4.3.36), still collectively denoted as Tα. From J̃i |Ψ⟩ = 0

descends the general form of the wavefunction

Ψ(x, ψ, θ | g) = Ψ|m=0

+ n θ1γ2 + p θ1β2 + q γ1θ2 + r β1θ2 + sµ θ1ψ
µ
2 + tµ ψ

µ
1 θ2 + u θ1θ2 (4.3.37)

+ n∗ θ1γ2c+ p∗ θ1β2c+ q∗ γ1θ2c+ r∗ β1θ2c+ s∗µ θ1ψ
µ
2 c+ t∗µ ψ

µ
1 θ2c+ u∗ θ1θ2c ,

where in the first line Ψ|m=0 denotes the massless wavefunction (4.2.15). The condition Y |Ψ⟩ = 0

produces, in addition to the “massless” contribution (4.2.16),

n = −q , p = −r , sµ = tµ ,

n∗ = −q∗ , p∗ = −r∗ , s∗µ = t∗µ ,
(4.3.38)

while the remaining Tr |Ψ⟩ = 0 produces

e = 1
2
aµµ +

1
2
u , e∗ = 1

2
a∗µµ + 1

2
u∗ . (4.3.39)

It is now possible to identify the BV spectrum of the theory, which becomes evident after renaming
the field components as in (4.2.18) along with

sµ −→ Aµ u −→ φ p −→ ϕ p∗ −→ Φ (4.3.40)

and, for the corresponding antifields,

s∗µ −→ A∗µ u∗ −→ φ∗ n −→ ϕ∗ n∗ −→ Φ∗ . (4.3.41)

Requiring Ψ to be Grassmann-even and have ghost number zero the field content gets assigned with
the corresponding Grassmann parities and ghost numbers as reported in Table 4.3. The most general
string field Ψ in ker Tα reads

Ψ(x, ψ, θ | g) = hµν(x)ψ
µ
1ψ

ν
2 +

1
2
h(x) (γ1β2 − γ2β1)− i

2
vµ(x) (ψ

µ
1β2 − ψ

µ
2β1)c

− i
2
ζµ(x) (ψ

µ
1β2 − ψ

µ
2β1)

− iAµ(x) (θ1ψµ2 + ψµ1 θ2)− φ(x) (2θ1θ2 + γ1β2 − γ2β1) + ϕ(x) (θ1β2 − θ2β1)c

+ Φ(x) (θ1β2 − θ2β1) , (4.3.42)

where, for the sake of simplicity, the antifields content is left implicit.
10This is the content of Chapter 6.
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BV role Field Grassmann parity Ghost number
massless graviton hµν 0 0

trace h 0 0
auxiliary vector vµ 0 0

diffeomorphism ghost ζµ 1 1
Stückelberg vector Aµ 0 0
Stückelberg scalar φ 0 0
auxiliary scalar ϕ 0 0

scalar ghost Φ 1 1

Table 4.3: List of fields in the physical sector of the massive N = 4 model with the corresponding
ghost number and Grassmann parity in the dimensional reduction approach.

A few comments are in order. Firstly, it can be verified that the first two lines of (4.3.42) correspond
to the field content in the massless case (4.2.20). This is expected since, as previously suggested,

Ψ
(θ,θ̄)→(0,0)−−−−−−→ Ψ|m=0 (4.3.43)

up to an obvious redefinition of the scalar field φ(x) which can be absorbed into the trace h(x).
Taking into account also the other two lines, it is clear that Ψ contains the whole minimal BV
spectrum of linearized massive gravity, with the inclusion, with respect to the massless spectrum, of
the two Stückelberg fields Aµ and φ, a scalar ghost field Φ and an auxiliary scalar field ϕ [215].

At this point, we proceed to analyze the field equations, which are derived from the closure equation
at ghost number zero using the BRST operator (4.3.35). The result is

(
2−m2

)
hµν − ∂(µvν) = 0 , (4.3.44a)(

2−m2
)
h− 2

(
2−m2

)
φ− ∂ · v + 2mϕ = 0 , (4.3.44b)(

2−m2
)
Aµ + ∂µϕ+ m

2
vµ = 0 , (4.3.44c)(

2−m2
)
φ−mϕ = 0 , (4.3.44d)

vµ − 2∂ · hµ + ∂µh− 2mAµ − 2∂µφ = 0 , (4.3.44e)

∂ · A+mφ+ 1
2
mh+ ϕ = 0 . (4.3.44f)

It is possible to solve (4.3.44e) and (4.3.44f) for the auxiliary fields vµ and ϕ respectively, leading to
the following equations

(
2−m2

)
hµν − 2∂(µ∂ · hν) + ∂µ∂νh = 2m∂(µAν) + 2∂µ∂νφ , (4.3.45a)(

2−m2
)
h− ∂µ∂νhµν = 2m∂ · A+ 22φ , (4.3.45b)

2Aµ − ∂µ∂ · A = m (∂µh− ∂ · hµ) , (4.3.45c)

2φ+ m2

2
h+m∂ · A = 0 , (4.3.45d)

which can be further simplified combining (4.3.45b) and (4.3.45d) to reach the following set of
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equations

(
2−m2

)
hµν − 2∂(µ∂ · hν) + ∂µ∂νh = 2m∂(µAν) + 2∂µ∂νφ , (4.3.46)

2Aµ − ∂µ∂ · A = m (∂µh− ∂ · hµ) , (4.3.47)

2h− ∂µ∂νhµν = 0 . (4.3.48)

Equations (4.3.46)–(4.3.48) correspond to the field equations of linearized massive gravity in the
Stückelberg formalism, where, as anticipated, φ(x) is the Stückelberg field and Aµ(x) is its vector
counterpart.

A few comments are in order.

• Setting both Stückelberg fields to zero, which in literature is known as the unitary or physical
gauge, equations (4.3.45) can be reduced to the Fierz–Pauli system(

2−m2
)
hµν = 0 ,

∂νhµν = 0 ,

h = 0 ,

(4.3.49)

i.e. the field equations for the theory of a massive spin two field in which the mass term
explicitly breaks the gauge invariance.

• At first sight, the massless m→ 0 limit is rather peculiar. Instead of resulting in the free and
massless spin two field equations (4.2.22), it produces the following outcome

2hµν − 2∂(µ∂ · hν) + ∂µ∂νh = 2∂µ∂νφ , (4.3.50)

2Aµ − ∂µ∂ · A = 0 , (4.3.51)

2φ = 0 . (4.3.52)

Equation (4.3.51) represents the field equation for a free-propagating vector field Aµ(x), de-
scribing a spin one massless particle that becomes decoupled in this limit. On the other hand,
(4.3.52) describes the propagation of a massless scalar field φ(x), which, surprisingly enough,
is still coupled to the wanna-be free massless graviton field hµν(x) in (4.3.50). This hints at
the vDVZ discontinuity, a peculiarity associated with the Fierz–Pauli formulation of massive
gravity. Notably, there exist other LMG formulations in which this discontinuity is absent, as
discussed in Refs. [168, 216, 217] and related literature. The origin of the discontinuity is traced
back to the fact that the massless limit of a Fierz–Pauli graviton is not a massless graviton,
but rather a massless graviton plus a coupled scalar.11 Remarkably, our model captures this
characteristic feature of massive gravity.

Let us finalize the analysis by investigating the gauge symmetries of the theory.
11The resolution lies in the so-called Vainshtein mechanism: in a nutshell, general relativity can be recovered around

massive bodies by hiding extra degrees of freedom by strong kinetic self-coupling so that they almost do not propagate.
We refer to the review [218] for further details.
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Any theory of massive gravity – particularly the Fierz–Pauli theory – is not gauge invariant due to
the presence of the mass term, unless redundant degrees of freedom are introduced, as is the case
for the Stückelberg trick. To explore this fact from a first-quantized perspective, it is sufficient to
consider the closure equation at ghost number one: while in the massless case, the result is a set of
dynamical equations for the diffeomorphism ghost (4.2.27), in the massive scenario things become
more intricate due to the presence of another ghost field Φ(x). The outcome manifests the following
additional equations:

mζµ = i∂µΦ , mΦ = 0 . (4.3.53)

This indicates that both the scalar and the diffeomorphism ghosts are set to zero, which accounts for
the breaking of the gauge invariance due to the presence of a mass term. To display said symmetries,
one has to compute the ghost number zero component of δΨ = QΛ, where Λ is the massive extension
of (4.2.25), namely

Λ = iεµ(x) (ψ
µ
1β2 − ψ

µ
2β1) + Σ(x) (θ1β2 − θ2β1) + · · · , (4.3.54)

where ε(x) and Σ(x) are the two gauge parameters associated with the two gauge symmetries. The
outcome is

δhµν = 2∂(µεν) δAµ = −mεµ , (4.3.55)

δAµ = ∂µΣ δφ = −mΣ , (4.3.56)

as expected from the Stückelberg formulation. Therefore, the massive N = 4 spinning particle
produces a gauge invariant formulation of LMG.

4.3.2.2 Auxiliary oscillators approach

The main idea of the auxiliary oscillators approach consists of enlarging the BRST algebra with
additional variables, whose physical interpretation can be seen as to describe the internal degrees
of freedom of the N = 4 spinning particle. Thus, the first step involves an extension of the phase
space by introducing two canonically conjugated complex bosonic variables, denoted as (αa, ᾱa), with
commutation relation

[ᾱa, α
b] = δba . (4.3.57)

Note that the index a may run over an arbitrary set, including a single value. To preserve the N = 4

worldline supersymmetry, the introduction of four complex fermionic variables (ηai , η̄
i
a) is necessary.

They represent the superpartners of the α’s, with anticommutator

{η̄ia, ηbj} = δijδ
b
a . (4.3.58)



137

The next step involves finding a way to deform the SUSY constraints while ensuring the closure of
the algebra. A straightforward attempt would be to extend the N = 2 constraints of Ref. [127],
resulting in

H = 1
2

(
p2 +m2 αaᾱa +m2 ηa · η̄a

)
,

qi = p · ψi +mηai ᾱa ,

q̄i = p · ψ̄i +m η̄iaα
a .

(4.3.59)

However, this leads to {qi, q̄j} ̸= 2δji H, specifically

{
qi, q̄

j
}
= δji p

2 +m2
(
ηai η̄

j
a + δjiαaᾱ

a
)

(4.3.60)

and there is not an obvious redefinition of the Hamiltonian that allows for a closure. Consequently,
the resulting algebra is not first-class, and potential issues are anticipated in the quantization process.
Indeed, the associated BRST charge Q = cH + γ · q̄ + γ̄ · q − 2γ̄ · γ b fails to be nilpotent:

Q2 = m2 (γ̄ · ηaγ · η̄a − γ · γ̄ ηa · η̄a) ̸= 0 . (4.3.61)

The auxiliary oscillators approach may be a viable option, although it is necessary to follow the
principles outlined in section 4.2.2. One should engineer a deformation of the BRST algebra that
leads to preventing the obstruction given by (4.3.61), e.g. through a suitable redefinition of the
Hamiltonian and of the so(4) constraints. Further work is needed to explore this avenue, but such
investigations are beyond the scope of the current discussion, as a promising method for dealing with
a massive graviton is already at hand.

4.4 Massive graviton on curved spacetimes

In this section, the investigation of a first-quantized massive graviton on a curved spacetime is carried
out. Previous works have addressed the challenge of coupling massive higher spin fields – which, in
the present formalism means for N > 2 – but the analysis failed in going beyond (A)dS spaces [70].
In the present section, we overcome said result with the N = 4 spinning particle. Let us rephrase
the objective more clearly: the aim is to provide a worldline formulation of the linear theory of
massive gravity, namely of the Fierz–Pauli theory, on a curved spacetime; such a theory describes
the propagation of massive spin 2 particle on a non-flat background.
The coupling to a generic curved background is achieved through the covariantization of the reduced
model previously discussed, which results only in a mild modification of the massless model of section
(4.2.2). The supercharges are deformed as

qi := −i ψai eµa ∇̂µ +mθi , q̄i := −i ψ̄i a eµa ∇̂µ +mθ̄i , (4.4.1)



138

and together with the Laplacian ∇2 form the same obstructed algebra (4.2.31), with the sole modi-
fication arising from the following anticommutator

{qi, q̄j} = −δji
(
∇2 −m2

)
− ψµi ψ̄ν j Rµν . (4.4.2)

The deformed BRST charge displays still the general form Q = cD +∇+ γ̄ · γ b, where now

D := ∇2 −m2 +R , with R := Rµνλσ ψ
µ · ψ̄ν ψλ · ψ̄σ + 1

2
R , (4.4.3)

∇ := −i Sµ∇̂µ +mρ , with ρ := γ̄ · θ + γ · θ̄ . (4.4.4)

The model is considered on Einstein spaces: indeed, it is expected for the massive theory to reproduce
the correct results in the m → 0 limit – similarly to the flat spacetime scenario – and the massless
BRST charge is nilpotent only when Rµν =

1
4
gµνR. It is not possible to obtain a weaker condition for

the background in the massive case. Moreover, from a QFT perspective, it is known that an Einstein
spacetime is the only space on which a free (massive) graviton can consistently propagate [171, 172,
219, 220]. Hence, it is natural to implement this condition right at the beginning of the analysis.

The so(4) constraints Tα are given in (4.3.36), thus the wavefunction Ψ can be read from (4.3.42).
This section aims to investigate if and how the presence of the mass affects the nilpotency of the
BRST operator. In contrast to the case of the spin one particle on a general background, where
nilpotency is not a concern even in the simpler massless case, the situation is different here. The
massless N = 4 spinning particle already selects only a specific subset of available backgrounds. The
starting point remains

Q2 = ∇2 + γ̄ · γD + c [D,∇] , (4.4.5)

and thus, it is necessary to address the independent obstructions

∇2 + γ̄ · γD = −1
2
SµSν Rµν +m2

(
(((((((((((
γ · θ̄ γ · θ̄ + γ̄ · θ γ̄ · θ

)
+ γ̄ · γR , (4.4.6)

[D,∇] = −iSµ∇λRλµ + iSµ∇µR+ κ[R,∇] . (4.4.7)

Just as in the case of the Proca theory, it is evident that the mass does not enter into the BRST
algebra. Specifically, note that the term in (4.4.6) that is striked out cancels due to a symmetry-
based argument and also because it annihilates any state Ψ in the physical sector, thereby being set
to zero. Additionally, no mass term survives inside the commutator in (4.4.7). Consequently, the
mass does not explicitly obstruct the nilpotency. The expressions remain the same as in the massless
case: once evaluated on the reduced Hilbert space Hred, taking Einstein manifold simplifications into
account, they read

∇2 + γ̄ · γD kerTα= −1

2
γ̄ · γ

(
ψµ · ψ̄µ − 1

)
R , (4.4.8)

[D,∇]
ker Tα= 0 . (4.4.9)

The leftover operator (4.4.8) is vanishing when acting on the massless physical wavefunctionQ2 Ψ|m=0 =



139

0. However, this is not the case for the massive graviton, as the wavefunction has changed. When
acting on the physical sector, the outcome is

Q2Ψ(x, ψ, θ | g) = −1
2
ϕ (θ1γ2 − θ2γ1) cR− 1

2
Φ (θ1γ2 − θ2γ1)R ̸= 0 . (4.4.10)

Let us highlight that attempts to implement possible couplings involving traces of the Riemann
tensor and the newly introduced fermionic variables inside the Hamiltonian (4.4.3), such as

∆R = c1Rθ · θ̄ + c2Rθ · θ̄ θ · θ̄ + c3Rµν ψ
µ · ψ̄νθ · θ̄ , (4.4.11)

do not solve the issue. Although an appropriate tuning of the coefficients – in particular, one finds
c1+c2 = −2 – potentially addresses the first obstruction (4.4.8), these terms would disrupt the second
one (4.4.9), compelling c1 = c2 = c3 = 0. This explains why those terms have been omitted right
from the beginning: as already discussed in the massless case, one cannot have fermions inside ∆R.
The only possibility to achieve nilpotency of the BRST operator is to consider Ricci-flat backgrounds,
i.e.

Rµν(x) = 0 , (4.4.12)

which immediately addresses the remaining obstruction (4.4.8), yielding a nilpotent BRST charge.
This outcome resembles the scenario encountered in string theory, where consistency of the string
propagation, worldsheet conformal invariance, implies Ricci flatness to leading order [221]. Such an
unfortunate result amounts to the difficulties that arise when trying to give a mass to a graviton and
trying to generalize it to a curved spacetime.

In conclusion, the field equations for a massive graviton on an Einstein background with zero cos-
mological constant (i.e. a Ricci-flat background) are evaluated using the deformed BRST operator
incorporating the appropriate curvature terms. Upon eliminating auxiliary fields, the resulting equa-
tions of motion are

(
∇2 −m2

)
hµν − 2∇(µ∇ · hν) +∇µ∇νh+ 2Rµανβh

αβ = 2m∇(µAν) + 2∇µ∇νφ , (4.4.13a)(
∇2 −m2

)
h−∇µ∇νhµν = 2m∇ · A+ 2∇2φ , (4.4.13b)

∇2Aµ −∇µ∇ · A = m(∇µh−∇ · hµ) , (4.4.13c)

∇2φ+ m2

2
h+m∇ · A = 0 , (4.4.13d)

which can be simplified as

(
∇2 −m2

)
hµν − 2∇(µ∇ · hν) +∇µ∇νh+ 2Rµανβh

αβ = 2m∇(µAν) + 2∇µ∇νφ , (4.4.14)

∇2Aµ −∇µ∇ · A = m(∇µh−∇ · hµ) , (4.4.15)

∇2h−∇µ∇νhµν = 0 . (4.4.16)

Equations (4.4.14)–(4.4.16) correspond to the field equations governing linearized massive gravity on
a Ricci-flat background within its Stückelberg formulation. The same equations of motion can be
derived from a field theory approach: one has to take into account the most general action functional
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while keeping only a restricted class of non-minimal couplings to the background, namely, the ones
that do not excite possible unphysical degrees of freedom [220]. The final step involves performing
the necessary Stückelberg tricks to restore gauge invariance. As a final remark, it is worth noting
that the correct gauge symmetries can be derived from Λ (4.3.54), yielding

δhµν = 2∇(µεν) δAµ = −mεµ , (4.4.17)

δAµ = ∇µΣ δφ = −mΣ . (4.4.18)

4.5 Final remarks

In this chapter, we have outlined the BRST quantization of the N = 4 spinning particle, in both the
massless and massive cases. This has served to introduce the models that will be employed in the
following two chapters to perform perturbative calculations relevant to quantum gravity (massless,
Chapter 5) and massive gravity (massive, Chapter 6).
The genuinely novel contribution of this chapter has been to investigate the consistent coupling
of massive higher-spin fields to general curved backgrounds within the Worldline Formalism, with
particular emphasis on developing a first-quantized formulation of linearized massive gravity. During
this investigation, we have explicitly shown the BRST quantization of the massive N = 2 spinning
particle coupled to off-shell gravity, which, to the best of our knowledge, has never been investigated
before in the literature with these tools. Our results show that the model reproduces the Proca
theory on curved spacetime with the specific selection of the minimal coupling to the background,
improving knowledge built on previous results and offering potential utility in the context of worldline
computations employing this model. Subsequently, we have addressed directly the issue of a first-
quantized massive graviton, discussing the correct reproduction of the Fierz–Pauli theory on a flat
spacetime through the dimensional reduction of the higher-dimensional massless N = 4 spinning
particle. Additionally, we addressed the challenges associated with the auxiliary oscillators approach.
Finally, we tried to couple the massive particle to an Einstein background. Our findings suggest that
a Ricci-flat spacetime emerges as the only available background for consistency at the quantum level.
Let us stress that the theory constructed here is the worldline counterpart of the linear theory of
massive gravity, namely the Fierz–Pauli theory from a QFT perspective: section 4.4 has been devoted
to the correct reproduction, starting from the BRST system of the spinning particle model (4.2.11), of
the field equations and the gauge symmetries of LMG in the Stückelberg formulation. In particular,
from the quantum field theory side, the same results can be derived from the Fierz–Pauli action put
on a curved spacetime, which is the theory for a massive spin 2 propagating on non-flat geometry
and which can be obtained as the first approximation of a general massive gravity theory around a
given fixed background. Even from the quantum field theory side, the construction of interacting
theories of massive gravity is much harder, and a well-defined non-linear completion of the theory
has been only recently constructed: achieving such a result in the first quantization formalism – if
feasible – would require a considerable effort.

With these results at hand, this work may be regarded as a first step towards the realization of a first-
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quantized massive graviton on an Einstein spacetime with non-zero cosmological constant, either by
identifying consistent improvements in the dimensional-reduced BRST system, or fully pursuing the
auxiliary oscillators procedure, contingent on resolving the seemingly simpler yet already intricate
flat spacetime scenario first. As a preliminary step in both instances, an intriguing prospect involves
investigating whether modifying the model could result in a first-quantized partially massless graviton
[222, 223]. There are possible extensions worth exploring, such as relaxing the constraint on the BRST
Hilbert space to subalgebras, which should in principle lead to the inclusion inside the BV spectrum
of the N = 0 supergravity, i.e. the particle theory that has in its spectrum the graviton, the dilaton,
and the antisymmetric Kalb–Ramond tensor field. Such extensions might be pursued along the lines
of Ref. [83], investigating possible couplings to the background fields through deformations of the
BRST charge.





Chapter 5

One-loop divergences in quantum gravity

In this chapter, we employ the massless model developed in the previous chapter to carry out a
perturbative computation in quantum gravity. Specifically, we evaluate the counterterms required
for the renormalization of the one-loop effective action of linearized Einstein gravity. The central
result of this chapter is the determination of the Seeley-DeWitt coefficient a3(D) for perturbative
quantum gravity with a cosmological constant, which we evaluate on Einstein manifolds of arbitrary
D dimensions. This coefficient provides a gauge-invariant characterization of quantum gravity, owing
to the on-shell condition satisfied by the background on which the graviton propagates. To the best
of our knowledge, the explicit form of this coefficient had not been fully established in the literature.
The correctness of our calculations is further cross-checked using the heat kernel method, ensuring
consistency of the results. We conclude by specializing to six dimensions, where a3(D) governs the
logarithmic divergences of the effective action, and compare our findings with existing results.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime
dimension, will be specified as needed throughout the text for convenience.

5.1 Worldline path integral on the circle

In this section, we briefly review the representation of the one-loop effective action for pure Einstein–
Hilbert gravity in the Worldline Formalism by means of the massless N = 4 spinning particle. The
first step would be to verify that the spectrum of this worldline model coincides with that of the
graviton in D dimensions, particularly once the coupling to a background metric is introduced. One
then evaluates the path integral of the model on the circle, which yields the one-loop effective action
of the graviton as a functional of the background metric. Rather than reproducing the full derivation
of the worldline representation of the effective action for pure quantum gravity, we focus here on
the main conceptual steps that lead to the result, referring the reader to Ref. [145] for detailed
treatments. As emphasized earlier, quantum consistency of the worldline theory requires that the
background metric satisfy Einstein’s equations of motion, i.e. that the Ricci tensor is proportional

143
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to the metric
Rµν = λgµν (5.1.1)

with constant λ, thus admitting a cosmological constant of indefinite sign. The BRST construction
was crucial to develop a path integral quantization delivering a worldline representation of the one-
loop effective action for quantum gravity as done in Ref. [145]. Path integrals for one-dimensional
nonlinear sigma models, such as the one associated with the N = 4 spinning particle in curved
spaces, require counterterms that are related to the regularization scheme used in defining the path
integral itself [25, 186]. The counterterm used in Ref. [145] was the one associated with wordline
dimensional regularization and was effectively valid only for D = 4. Its extension to arbitrary D

dimensions was constructed in Ref. [146] and it is the one that we use here below.

Alternative worldline representations of the effective action for quantum gravity are possible, see for
instance [224, 225]. They are close in spirit to the heat kernel approach employed in Section 5.3. For
their formulation they need direct inputs from the associated QFT, just as it happens in the heat
kernel method. In this sense, they are not independent of the second quantized theory and will not
be used in this section.

After this short review, we can move on to the construction of the worldline representation of the
gravitational effective action.

5.1.1 The worldloop path integral

The one-loop effective action Γ[gµν ] for pure gravity corresponds to the path integral of the massless
N = 4 spinning particle action S[X,G; gµν ] on worldlines with the topology of the circle S1 and takes
the schematic form

Γ[gµν ] =

∫
S1

DGDX
Vol(Gauge)

e−S[X,G;gµν ] . (5.1.2)

The particle Euclidean action depends on the worldline gauge fields G = (e, χ, χ̄, a) and coordinates
with supersymmetric partners X =

(
x, ψ, ψ̄

)
, while the overcounting from summing over gauge

equivalent configurations is formally taken into account by dividing by the volume of the gauge group.
As implied by the BRST analysis, the gauge symmetries are consistent only when the background
metric gµν is on-shell, i.e. satisfies eq. (5.1.1). Explicitly, the effective action (5.1.2) is related to a
partially gauge-fixed version of the N = 4 spinning particle path integral Z(T ) through a Schwinger
representation, and given by

Γ[gµν ] = −
1

2

∫ ∞
0

dT

T
Z(T ) (5.1.3)

where T is the usual Schwinger proper time, arising from the gauge-fixing of the einbein e on the
circle. In the present work, we only mention some of the important technicalities, namely the gauging
of a parabolic subgroup of the SO(N ) R-symmetry group, the choice of the aforementioned gauge
fixing of the worldline action, and the regularization of the nonlinear supersymmetric sigma model,
skipping the details while referring to previous work for the reader interested in them [145, 146]. We
choose to focus our discussion on the perturbative computation of the path integral providing only
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a few remarks when needed. The partition function Z(T ), upon gauge fixing, takes the following
explicit form

Z(T ) =

∫ 2π

0

dθ

2π

∫ 2π

0

dϕ

2π
P (θ, ϕ)

∫
PBC

DxDaDbDc

∫
ABC

Dψ̄Dψ e−S[X;gµν ] , (5.1.4)

where P (θ, ϕ) is the measure on the moduli space (θ, ϕ) generated by the gauge fixing and which
implements the correct projection on the physical graviton Hilbert space in D dimensions. The
worldline variables X =

(
x, ψ, ψ̄, a, b, c

)
now include bosonic a and fermionic (b, c) “metric ghosts”,

introduced in order to keep translational invariance of the path integral measure and which renor-
malize potentially divergent worldline diagrams [186]. Once again, the path integral over bosonic
variables and metric ghosts is evaluated by fixing periodic boundary conditions, while the fermionic
path integral is performed by choosing antiperiodic boundary conditions on each flavor of fermionic
fields ψai , with the internal index i taking values i = 1, 2. The gauge-fixed nonlinear sigma model
action reads1

S[X; gµν ] =

∫
dτ
[ 1

4T
gµν(x) ẋ

µẋν + ψ̄ai
(
δjiDτ − âji

)
ψaj − TRabcd(x) ψ̄

a · ψbψ̄c · ψd − T V(x)
]
,

(5.1.5)

where we use flat indices on the worldline complex fermions ψai and denoted the covariant derivative
with spin connection ωµab acting on the fermions by Dτψ

a
i = ∂τψ

a
i + ẋµωµ

a
b(x)ψ

b
i . We also used a

dot to indicate contraction on the internal indices and denoted

âji =

(
θ 0

0 ϕ

)
(5.1.6)

the gauge-fixed values of the worldline gauge fields acting on the fermions and related to the gauging
of the parabolic subgroup of the R-symmetry group. The angles θ and ϕ are precisely the two leftover
moduli remaining after the gauge-fixing procedure.2

A few comments are in order. The theory described by (5.1.5) should be seen as a one-dimensional
field theory living on the worldline with the bosonic fields xµ(τ), the embedding of the worldline into
spacetime, taking values in a D-dimensional target space M. On the worldline, one usually finds
it convenient to rescale the parameter τ to take values on the finite interval I := [0, 1]. A crucial
role is played by the scalar potential term V of quantum origin, see Ref. [146]. It is necessary since

1The bosonic coordinates are understood to be shifted as ẋµẋν → ẋµẋν + aµaν + bµcν . This shift implements
into (5.1.5) the ghost action Sgh[x, a, b, c] =

∫
dτ 1

4T gµν(x)(a
µaν + bµcν) which allows for the exponentiation of the

determinant factor hidden inside the path integral measure on a curved spacetime, i.e.

Dx =
∏
τ

dDx(τ)
√
g(x(τ)) = Dx

∫
DaDbDc e−Sgh ,

where Dx, Da, Db, and Dc are the standard translational invariant measures. In particular, these metric ghosts
create worldline divergences that compensate for the divergences generated by correlators of the ẋµ’s. Divergences
formally cancel out and one is left with a finite theory, whose remaining ambiguities are taken care of by choosing a
regularization scheme with a corresponding counterterm that remains finite.

2As discussed in Ref. [145], the gauging of the parabolic subgroup allows the one-loop measure for the path integral
to be modified so that it projects exactly onto the graviton state. Alternatively, the gauging of the entire SO(4) group
would result in the graviton plus unwanted contributions of topological nature.
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it contains the counterterm required by the regularization scheme one decides to use to define the
path integral and an additional potential needed to achieve nilpotency of the BRST charge at the
quantum level. The latter condition requires a value of VBRST = 2

D
R in the Hamiltonian constraint,

see Chapter 4. Regarding the former, in the present chapter we adopt dimensional regularization
(DR) on the worldline, as used for instance in Refs. [113, 226, 227] in similar contexts, while reading
from [228] the counterterm VCT = −1

4
R needed for the case of four supersymmetries, thus producing

an effective potential

V = VBRST + VCT =

(
2

D
− 1

4

)
R := ΩR (5.1.7)

which indeed is the one used in Ref. [146]. Finally, for computational purposes, it is convenient to
rewrite the angular integrations over the moduli θ and ϕ in the complex plane. This can be achieved
by introducing the Wilson variables z := eiθ and ω := eiϕ, so to recast the partition function as

Z(T ) =

∮
dz

2πi

dω

2πi
P (z, ω)

∫
PBC

DxDaDbDc

∫
ABC

Dψ̄Dψ e−S[X;gµν ] , (5.1.8)

where the modular integration is performed over the circle |z| = 1, with the singular point z = −1
pushed out of the contour,3 and with the measure on the moduli space being now

P (z, ω) =
1

2

(z + 1)D−2

z3
(ω + 1)D−2

ω3
(z − ω)2(zω − 1) . (5.1.9)

In the next section, we set up the perturbative expansion for small values of T of the path integral
(5.1.8), such that the full T n correction is an (n+ 1)-loop expansion4 in the worldline theory, which
will allow us to identify the divergences in the effective action of pure gravity.

5.1.2 Setting up the perturbative expansion

Having at hand a path integral representation for the effective action, it is possible to set up the
perturbative expansion around the free theory. However, there are two issues to take care of in order
to be able to perform calculations. The first involves factorizing out the zero modes in the kinetic
operator in (5.1.5). Zero modes appear perturbatively once expanding around a constant metric and
when considering periodic boundary conditions. To this task, we parametrize the bosonic coordinates
of the circle (interpreted as a parametrization of the particle paths in target space) as

xµ(τ) = xµ0 + qµ(τ) , (5.1.10)

thus describing all loops in spacetime with a fixed base point xµ0 (the zero mode that is integrated over
only at the end) plus quantum fluctuations with vanishing Dirichlet boundary conditions, indicated by
qµ(τ) and thus satisfying qµ(0) = qµ(1) = 0. Note that the fermionic coordinates have no zero modes,
due to their antiperiodic boundary conditions. The second issue consists in expanding in Riemann

3Poles at z = −1 arise when computing perturbative corrections and are excluded by this prescription. The same
goes for ω. Discussion on the regulated contour of integration for the modular parameters can be found in Ref. [124].

4Here, (n + 1) identifies the loop order of the worldline sigma model expansion. Crucially, the worldline path
integral remains a one-loop representation of the target-space gravitational theory.
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normal coordinates centered around xµ0 , so to write the metric tensor and the spin connection as
follows [226, 229]

gµν(x(τ)) = gµν +
1

3
Rαµνβq

αqβ +
1

6
∇γRαµνβq

αqβqγ +Rαβµνγδq
αqβqγqδ

+
1

315
Rµαβ

σRσγδ
λRλτϵνq

αqβqγqδqτqϵ +O(q6)
(5.1.11)

ωµab(x(τ)) =
1

2
Rαµabq

α +
1

3
∇αRβµabq

αqβ +
1

8
∇α∇βRγµab +

1

24
Rτ

αβµRγτabq
αqβqγ +O(q4) (5.1.12)

where
Rαβµνγδ :=

1

20
∇δ∇γRαµνβ +

2

45
Rαµ

σ
βRγσνδ (5.1.13)

and where we only kept the terms needed to obtain a perturbative expansion to order T 3. In (5.1.11)-
(5.1.12) and henceforth, unless specified otherwise, we intend all tensor structures to be evaluated
at the initial point xµ0 , thus factorizing out their dependence upon the worldline bosonic variables
qµ(τ). Finally, the Riemann tensor appearing in the four-fermions interaction in (5.1.5) has to be
Taylor expanded as well, around the same reference point xµ0 . The perturbative expansion of the
path integral (5.1.8) reads

Z(T ) =

∮
dz

2πi

dω

2πi
P (z, ω)

∫
dDx0

√
g(x0)

(4πT )
D
2

〈
e−Sint

〉
, (5.1.14)

factorizing out for convenience the
√
g(x0) arising from the free ghost part of the action after func-

tional integrating, together with (4πT )−
D
2 arising from the free particle path integral. The remaining

expectation value is to be evaluated using the Wick theorem on the free path integral, with the free
action being given by the quadratic part of (5.1.5), namely

S0[X] =

∫
dτ

[
1

4T
gµν (ẋ

µẋν + aµaν + bµcν) + ψ̄ai
(
δji ∂τ − âi j

)
ψaj

]
, (5.1.15)

from which one obtains the worldline propagators of the theory, reported in Appendix 5.B.1. Higher
order terms form the interacting action Sint, to be analyzed later on. It is possible to recast (5.1.14)
in a more compact form introducing the double expectation value of the interacting action ⟨⟨· · · ⟩⟩,
namely the average over the path integral and over the moduli space parametrized by z and w〈〈

e−Sint

〉〉
=

∮
dz

2πi

dω

2πi
P (z, ω)

〈
e−Sint

〉
. (5.1.16)

Identifying the expectation values defined above as

〈
e−Sint

〉
=
∞∑
n=0

an(D, z, ω)T
n −→

〈〈
e−Sint

〉〉
=
∞∑
n=0

an(D)T n , (5.1.17)
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allows us to rearrange the path integral (5.1.14) so as to make explicit the Seeley-DeWitt coefficients
arising from the perturbative expansion

Z(T ) =

∫
dDx0

(4πT )
D
2

√
g(x0)

[
a0(D) + a1(D)T + a2(D)T 2 + a3(D)T 3 +O(T 4)

]
. (5.1.18)

One can recognize that, while in the above sum a0(D, z, ω) = 1, its projected partner

a0(D) = ⟨⟨1⟩⟩ = 1

2

∮
dz

2πi

dω

2πi

(z + 1)D−2

z3
(ω + 1)D−2

ω3
(z − ω)2(zω − 1) =

D(D − 3)

2
(5.1.19)

gives the massless graviton physical polarizations in D spacetime dimensions when using the correct
measure P (z, ω) in eq. (5.1.9). We have now made explicit our main task, namely to determine the
Seeley-DeWitt coefficient a3(D) in the perturbative expansion on Einstein spaces.

5.1.3 Outline of the computation

We will now give a brief outline of the procedure, delegating the details of both the computation
and regularization of potentially divergent diagrams to Appendix 5.B. To systematically work out all
perturbative contributions to the desired order, one has first to identify and compute the connected
worldline diagrams arising from the path integral expansion. In order to do so, we report the
interacting action in (5.1.14) expanded to the desired order

Sint =

∫
dτ

[
1

4T

(
1

3
Rαµνβq

αqβ +
1

6
∇γRαµνβq

αqβqγ +
1

20
∇δ∇γRαµνβq

αqβqγqδ

+
2

45
Rαµ

σ
βRγσνδq

αqβqγqδ +
1

315
Rµαβ

σRσγδ
λRλτϵνq

αqβqγqδqτqϵ
)
(q̇µq̇ν + aµaν + bµbν)

+

(
1

2
Rαµabq

α +
1

3
∇αRβµabq

αqβ +
1

8
∇α∇βRγµabq

αqβqγ +
1

24
Rτ

αβµRγτabq
αqβqγ

)
ψ̄a · ψb q̇µ

− T
(
Rabcd + qα∇αRabcd +

1

2
qαqβ∇α∇βRabcd

)
ψ̄a · ψbψ̄c · ψd − T ΩR

]
, (5.1.20)

which we write in a more compact form as

Sint =
1

4T

(
SK1 +DSK1 +D2SK1 + SK2 + SK3

)
+ SC1 +DSC1 +D2SC1 + SC2

− T
(
SF +DSF +D2SF

)
+ TSV ,

(5.1.21)

where the explicit expression of each term is obtained by comparing with the previous expression,
see also Appendix 5.B. Expanding the exponential in the path integral to order T 3, we obtain the
contributions that need to be path-averaged and computed using Wick contractions. We list them
here, leaving their systematic analysis to Appendix 5.B.2, where we also show more details on the
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intermediate steps of computation:

e−Sint

∣∣∣
T 3

= SKIN −
1

8T
SK1S

2
C1 + SC1SC2 +

1

2
DS2

C1 +D2SC1SC1

+
1

2
T 2S2

C1SF +
1

6
T 3S3

F +
1

2
T 2DS2

F + T 2D2SFSF ,
(5.1.22)

where we have collectively denoted SKIN the three-loop contributions arising from the pure kinetic
term, see (5.B.26). As an illustrative example, we shall show how to compute a contribution con-
taining all the main features of this type of calculation, namely the correction arising from the
spin-connection vertex only5

⟨SC1SC2⟩ =
1

48
RαµabR

τ
βλνRρτcd

∫
01

⟨q̇µ0 qα0 q̇ν1q
β
1 q

λ
1 q

ρ
1⟩⟨ψ̄a0 · ψb0ψ̄c1 · ψd1⟩ . (5.1.23)

The fermionic Wick contractions produce

RαµabR
τ
βλνRρτcd ⟨ψ̄a0 · ψb0ψ̄c1 · ψd1⟩ = −∆AFji(τ, σ)∆AFij(σ, τ)RαµabR

τ
βλνRρτ

ba , (5.1.24)

where we introduced the N = 4 fermionic propagator ∆AF, cf. Eq. (5.B.7). Evaluating then the
bosonic contractions one gets different Riemann tensor strings, which can be reduced using

RµνρσRµν
αβRρασβ =

1

2
RµνρσRµν

αβRρσαβ . (5.1.25)

Recall that all the calculations have to be further carried out with two precautions, namely to use
Einstein spaces simplifications (see Appendix 5.A) and to perform the regularization using DR. Then,
collecting all terms one gets

(
1

4
RµνρσR

ρσαβRαβ
µν +

R

6D
R2
µνρσ

) − + z → ω

 (5.1.26)

where in the graphical representation of the worldline Feynman diagrams full dots denote vertices, an
empty dot represents a derivative, a line denotes a bosonic propagator, and oriented lines represent
z-fermionic propagators. The first diagram has to be regularized due to the singularity carried by

5The subscript 01 in (5.1.23) (as well as in Appendix 5.B) serves as a shorthand notation to indicate henceforth∫
01

:=
∫ 1

0
dτ
∫ 1

0
dσ in worldline integrals.
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the bosonic propagator •∆•. In DR it has to be d-dimensional extended as outlined in the following:

=

∫
dτdσ •∆•(τ, σ)∆(τ, σ)∆(τ, τ)F (z, τ, σ)F (z, σ, τ)

→
∫
dd+1t dd+1s α∆β(t, s)∆(s, t)∆(t, t)Tr

(
γαF (z, t, s)γβF (z, s, t)

)
= −

∫
dd+1t dd+1s α∆(t, s)∆(t, s)β∆(t, t)Tr

(
γαF (z, t, s)γβF (z, s, t)

)
−
∫
dd+1t dd+1s α∆(t, s)∆(s, t)∆(t, t)Tr

(
F (z, t, s)

←
/∂F (z, s, t) + F (z, t, s)

→
/∂F (z, s, t)

)
→ −

∫
dτdσ •∆(τ, σ)∆•(τ, σ)∆(τ, τ)F (z, τ, σ)F (z, σ, τ)

= − =
z

60(z + 1)2
(5.1.27)

where in reaching the last-but-one line we used the regulated Green equation for the component F
of the fermionic propagator ∆AF , see eqs. (5.B.7), (5.B.16) and (5.B.17) of Appendix 5.B, and then
removed the regularization by sending the extra dimensions to zero (d → 0). Finally, taking into
account the ω partner of the integrals in (5.1.27), one gets the following result:

⟨SC1SC2⟩ =
(

1

120
RµνρσR

ρσαβRαβ
µν +

R

180D
R2
µνρσ

)(
z

(z + 1)2
+

ω

(ω + 1)2

)
. (5.1.28)

Once having worked out systematically all the corrections up to and including order T 3 related to
the connected graphs, it only remains to exponentiate them and, finally, Taylor expand in T so as
to reach the desired order and get the full result.

5.1.4 Seeley-DeWitt coefficients

The calculation of the various terms in the perturbative expansion delivers the following coefficients
in the perturbative series (5.1.18), including the newly found a3(D)

a0(D) =
D(D − 3)

2
(5.1.29)

a1(D) =
D2 − 3D − 36

12
R (5.1.30)

a2(D) =
5D3 − 17D2 − 354D − 720

720D
R2 +

D2 − 33D + 540

360
R2
µνρσ

(5.1.31)

a3(D) =
35D4 − 147D3 − 3670D2 − 13560D − 30240

90720D2
R3 +

7D3 − 230D2 + 3357D + 12600

15120D
RR2

µνρσ

+
17D2 − 555D − 15120

90720
RµνρσR

ρσαβRαβ
µν +

D2 − 39D − 1080

3240
RαµνβR

µρσνRρ
αβ

σ .

(5.1.32)
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The above expressions are understood to be gauge-invariant, as they have been calculated specifically
on Einstein spaces for the reasons previously discussed. As we shall discuss later, the newly computed
coefficient a3(D) plays a key role in quantum gravity in six dimensions, as it is related to the
logarithmic divergences, hence it will be useful to read its value explicitly in this case as well. In
D = 6 it reduces to

a3|D=6 = −
799

11340
R3 +

481

1680
RR2

µνρσ −
991

5040
RµνρσR

ρσαβRαβ
µν − 71

180
RαµνβR

µρσνRρ
αβ

σ . (5.1.33)

Also, its expression on maximally symmetric spaces (MSS) may be useful for future reference. As we
are not aware of any such calculation carried out in the literature we list it here. Using the relations
in Appendix 5.A, we find that (5.1.32) on MSS collapses into

aMSS
3 (D) =

35D6 − 217D5 − 3257D4 − 9239D3 + 37470D2 + 183672D − 302400

90720(D − 1)2D2
R3 , (5.1.34)

yielding in D = 6

aMSS
3

∣∣
D=6

= − 3181

63000
R3 . (5.1.35)

5.1.4.1 Ghost and Graviton separately

For future comparison with the results of the heat kernel method calculation, it is useful to project
on the degrees of freedom of the ghost and graviton respectively. To this task, we must use the right
measures in the path integral (5.1.14). These can be found generalizing to our case the worldline
partition functions of Ref. [224] leading us to

Pgh(z, ω) =
(z + 1)D

z2
1

ω
, (5.1.36)

Pgr(z, ω) =
2(z + 1)D

ωz2
+

(ω + 1)D−2(z + 1)D−2(z − ω)2(ωz − 1)

2ω3z3
. (5.1.37)

Indeed, note that
Pgr(z, ω)− 2Pgh(z, ω) = P (z, ω) . (5.1.38)

It is therefore possible to obtain the contributions to the Seeley-DeWitt coefficients coming only from
the ghost (graviton) projecting onto the desired Hilbert space via Pgh (Pgr). Let us emphasize that
these results are not new per se since the heat kernel procedure requires calculating them individually
and then putting them together, as we shall see. What is new here is the possibility of obtaining
them also from the worldline viewpoint of the N = 4 particle. Therefore, regarding the ghost we
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have

agh0 (D) = D (5.1.39)

agh1 (D) =
D + 6

6
R (5.1.40)

agh2 (D) =
5D2 + 58D + 180

360D
R2 +

D − 15

180
R2
µνρσ

(5.1.41)

agh3 (D) =
35D3 + 588D2 + 3512D + 7560

45360D2
R3 +

7D2 − 62D − 714

7560D
RR2

µναβ

+
17D − 252

45360
RµνρσR

ρσαβRαβ
µν +

D − 18

1620
RαµνβR

µρσνRρ
αβ

σ ,

(5.1.42)

while concerning the graviton

agr0 (D) =
1

2
D(D + 1) (5.1.43)

agr1 (D) =
1

12

(
D2 +D − 12

)
R (5.1.44)

agr2 (D) =
(5D2 + 3D − 122)

720
R2 +

(D2 − 29D + 480)

360
R2
µνρσ

(5.1.45)

agr3 (D) =
35D3 − 7D2 − 1318D + 488

90720D
R3 +

7D3 − 202D2 + 3109D + 9744

15120D
RR2

µναβ

+
17D2 − 487D − 16128

90720
RµνρσR

ρσαβRαβ
µν +

D2 − 35D − 1152

3240
RαµνβR

µρσνRρ
αβ

σ .

(5.1.46)

One can easily see that the coefficient a0(D) correctly reproduces the expected degrees of freedom
in D dimensions. Moreover, it is immediate to check that by summing up the contributions as
prescribed by (5.1.38) we obtain the correct total coefficients (5.1.29)–(5.1.32).

5.2 Heat kernel method

The gauge-invariant coefficients computed from the N = 4 spinning particle can be obtained in an
equivalent but completely independent manner by exploiting the heat kernel method. In this section,
we apply it to the case of Euclidean perturbative quantum gravity, to reproduce the coefficients
(5.1.30)–(5.1.32) and provide a strong consistency check for our computations.

5.2.1 Relevant formulae

We recall here, for ease of reference, the main equations from the prelude to Part II, which will be
needed to carry out the heat kernel computation. In particular, recall that an elliptic second-order
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differential operator can be written in the form

Q = −∇2
(A) − V (5.2.1)

and that the associated heat kernel K(x, x′;T ) admits, for small Euclidean time T → 0+, the
coincident-point expansion

K(x, x;T ) ∼ (4πT )−
D
2

∞∑
j=0

T jaj(x) , (5.2.2)

in terms of the local heat kernel coefficients aj(x). These coefficients determine the divergent structure
of the one-loop effective action, which can be expressed as

Γ = −1

2

∫ ∞
0

dT

T
exp
{
(−Tm2)

}∫ dDx
√
g

(4πT )
D
2

sTr
∞∑
j=0

T jaj(x) . (5.2.3)

The problem of finding the UV divergences of the effective action is then reduced to the computation
of Seeley-DeWitt coefficients for a generic theory, which has already been carried out up to a4(x)

[150]. For application to perturbative quantum gravity, we will consider here the first four coefficients,
i.e. from a0(x) to a3(x). The fourth coefficient a3(x), in particular, has been computed for the first
time by Gilkey [230], and later confirmed by Avramidi through a fully covariant method [231].6

We now list the general results for the coefficients corresponding to the operator (5.2.1) up to a3(x),
as taken from [230, 232]. Consider an exponentiated form of the heat kernel series:

sTr

[
∞∑
j=0

T jaj(x)

]
:= sTr

[
exp

{(
∞∑
j=1

T jαj(x)

)}]
. (5.2.4)

It is useful to define, for the sake of brevity, the remainder

βj(x) := aj(x)− αj(x) , (5.2.5)

which is evaluated, up to the third order, as

β0 = β1 = 0 , β2 =
1

2
α2
1 , β3 =

1

6
α3
1 + α1α2 . (5.2.6)

6It is important to note that the notation we employ here for the Riemann tensor, Ricci tensor, and scalar is the
same of Ref. [146, 232], reported in Eq. (5.A.1). Some references, notably Refs. [104, 230], adopt different conventions.
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The coefficients αj(x) are given by

α0(x) = 1 , (5.2.7)

α1(x) =
1

6
R1+ V , (5.2.8)

α2(x) =
1

6
∇2

(
1

5
R1+ V

)
+

1

180

(
R2
µνρσ −R2

µν

)
1+

1

12
Ω2
µν , (5.2.9)

α3(x) =
1

7!

[
18∇4R + 17(∇µR)

2 − 2(∇µRνσ)
2 − 4∇µRνσ∇νRµσ + 9(∇αRµνρσ)

2 − 8Rµν∇2Rµν

+ 12Rµν∇µ∇νR + 12Rµνρσ∇2Rµνρσ +
8

9
Rµ

νRν
σRσ

µ − 8

3
RµνRρσR

µρνσ

−16

3
RµνR

µ
ρστR

νρστ +
44

9
Rµν

ρσRρσ
αβRαβ

µν +
80

9
RµνρσR

µαρβRν
α
σ
β

]
1

+
2

6!

[
8(∇µΩνσ)

2 + 2(∇µΩµν)
2 + 12Ωµν∇2Ωµν − 12Ωµ

νΩν
σΩσ

µ + 6RµνρσΩ
µνΩρσ − 4RµνΩ

µσΩν
σ

+6∇4V + 30(∇µV )2 + 4Rµν∇µ∇νV + 12∇µR∇µV
]
.

(5.2.10)

They will be used in the next section.

5.2.2 Euclidean quantum gravity

Consider a D-dimensional Riemannian manifold (M,G) equipped with a metric tensor G having
Euclidean signature. The starting point for our treatment of gravity is the Einstein–Hilbert action,

SEH[G] = − 1

k2

∫
dDx

√
G [R(G)− 2Λ] , (5.2.11)

where k2 := 16πGN, being GN the Newton constant, R(G) is the Ricci scalar computed from G, and
G := |det{Gµν}|. A cosmological constant Λ has also been included. By employing the background
field method, we split the metric tensor G into a fixed classical background g and “small” quantum
perturbations h, namely:

Gµν(x) = gµν(x) + hµν(x) . (5.2.12)

As a consequence of this splitting, the action (5.2.11) can be expanded in power series in the fluc-
tuations h. Since we are interested in the one-loop level of accuracy, we will be concerned with the
second-order term in h, which reads

S2 =

∫
dDx
√
g

[
−1

4
hµν

(
∇2 + 2Λ−R

)
hµν +

1

8
h
(
∇2 + 2Λ−R

)
h− 1

2

(
∇νhµν −

1

2
∇µh

)2

−1

2

(
hµλhλ

ν − hhµν
)
Rµν −

1

2
hµλhνρRµνλρ

]
. (5.2.13)

It is important to note that in (5.2.13) the Ricci tensor Rµν = Rµν(g) and scalar R = R(g), as
well as covariant derivatives ∇µ = ∇µ(g), are computed with respect to the background metric g.
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The gauge symmetries acting on h and leaving the background metric g invariant are then BRST
quantized by introducing the ghost c and antighost c fields, and adding to the action the Slavnov
variation of the de Donder gauge-fixing function fµ = ∇νhµν− 1

2
∇µh, see for example [224] for further

details. The final result is
S2[h, c, c] = Sgr[h] + Sgh[c, c] , (5.2.14)

where

Sgr[h] =

∫
dDx
√
g

[
−1

4
hµν

(
∇2 + 2Λ−R

)
hµν +

1

8
h
(
∇2 + 2Λ−R

)
h

−1

2

(
hµλhλ

ν − hhµν
)
Rµν −

1

2
hµλhνρRµνλρ

]
,

(5.2.15)

Sgh[c, c] =

∫
dDx
√
g c̄µ

(
∇2cµ +Rµνc

ν
)
. (5.2.16)

We are now able to identify from the actions Sgr and Sgh the invertible kinetic operators for the
graviton and ghost fields, denoted by Fµναβ and Fµν , respectively. By setting

Sgr[h] =

∫
dDx

√
g
1

2
hµνF

µναβhαβ and Sgh[c, c] =

∫
dDx

√
g c̄µFµνcν , (5.2.17)

and exploiting the properties of Einstein spaces, we find

Fµν
αβ = −1

2

(
δαµδ

β
ν + δβµδ

α
ν

)
∇2 −Rµ

α
ν
β −Rµ

β
ν
α (5.2.18)

Fµν = δµν

(
∇2 +

1

D
R

)
, (5.2.19)

where the graviton operator indices are raised and lowered with the DeWitt supermetric

γµναβ :=
1

4

(
gµαgνβ + gµβgνα − gµνgαβ

)
, γµναβ = gµαgνβ + gµβgνα −

2

D − 2
gµνgαβ . (5.2.20)

The reasons for immediately reducing to Einstein spaces — that is, to compute the coefficients directly
on-shell — are twofold. Firstly, this allows us a direct comparison with the worldline results, even
separately for ghost and graviton, since the on-shell condition is forced by the quantum consistency
of the N = 4 spinning particle. Secondly, proceeding otherwise the results would not be gauge-
invariant, but rather would depend on the gauge chosen, as expected for gauge theories, see for
instance the recent analysis carried out in Ref. [233].

Since (5.2.18)–(5.2.19) are elliptic second-order differential operators, they can be treated within
the heat kernel expansion, and the coefficients (5.2.7)–(5.2.10) can be computed by identifying the
explicit formulae for 1, V and Ωµν . The ghost field configuration space is D-dimensional, and by
comparing (5.2.19) with (5.2.1), as well as recalling that

[∇µ,∇ν ]c
ρ = Rµν

ρ
σc
σ , (5.2.21)
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we conclude that the substitutions to be performed in the heat kernel coefficients (5.2.7)–(5.2.10) are
1 ↔ δµν

V ↔ 1

D
Rδµν

(Ωµν)
ρ
σ ↔ Rµν

ρ
σ .

(5.2.22)

Note that in this expression the indices µ, ν label the different elements of the gauge field strength
Ωµν , which are D × D matrices whose components are given by the (spacetime) indices ρ, σ. On
the other hand, for the graviton field the configuration space is 1

2
D(D + 1) dimensional (space of

symmetric tensors) and the substitutions to be performed are
1 ↔ δ αβ

µν

V ↔ Vµναβ

(Ωµν)ρσ
αβ ↔ Rρσ

αβ
µν

(5.2.23)

where

δµν
αβ :=

1

2

(
δαµδ

β
ν + δβµδ

α
ν

)
(5.2.24)

Vµναβ := Rµ
α
ν
β +Rµ

β
ν
α , (5.2.25)

and the commutator is given by a symmetrized version of the Riemann tensor

[∇µ,∇ν ]hρσ = Rρσ
αβ

µν hαβ , (5.2.26)

where
Rρσ

αβ
µν :=

1

2

(
δαρRσ

β
µν + δβρRσ

α
µν + δασRρ

β
µν + δβσRρ

α
µν

)
. (5.2.27)

At this point, the computations are tedious but straightforward, see Appendix 5.C for details. The
final results for the ghost and graviton fields separately are precisely the coefficients (5.1.39)–(5.1.42)
and (5.1.43)–(5.1.46) obtained from the Worldline Formalism. The total coefficients for the physical
graviton, according to the supertrace appearing in (5.2.3), as recognized also from (5.1.38), are given
by

Tr[aj] = Tr
[
agrj
]
− 2Tr

[
aghj

]
. (5.2.28)

Again, the results obtained reproduce the ones coming from worldline computations (5.1.30)–(5.1.32),
providing a strong cross-check for the correctness of both.

5.3 On one-loop divergences of quantum gravity

The coefficients (5.1.30)–(5.1.32), which include the newly computed coefficient a3(D), allow for
further investigations of the issue of divergences in the quantum theory of gravity. Thus, let us review
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some crucial results from the literature and discuss how our newly-calculated coefficient a3(D) fits
into the picture, thus providing us with additional confirmation of the validity of our result. We
focus our discussion on the spacetime of dimensions D = 4 and D = 6, as in these cases there are no
additional divergences on top of the one we have already computed (new divergences start to appear
from D = 8 onwards). The type of divergences arising in quantum gravity emerge naturally from
the representation of the one-loop effective action with a short proper time expansion, which we can
read both from the worldline viewpoint (5.1.18) and from the heat kernel one (5.2.3):

Γ[gµν ] = −
1

2

∫ ∞
0

dT

T 1+D
2

∫
dDx0

(4π)
D
2

√
g(x0)

[
a0 + a1T + a2T

2 + a3T
3 +O(T 4)

]
. (5.3.1)

We are interested in studying the UV divergences that arise from the T → 0 limit of the proper
time integration. Setting D = 4 we recognize that possible divergences arise from the coefficients
a0, a1, a2, with a2 being associated with the logarithmic divergence. In D = 6, also a3 gives rise to
an additional divergence, the logarithmic one in that dimension.

One may wonder how to relate the 1
ϵ

pole of dimensional regularization in QFT, widely present in the
literature, with our situation. To address this point, it is useful to evaluate the proper time integral
term by term in (5.3.1), to display the gamma function dependence. We find∫ ∞

0

dT

T 1+D
2

T p e−m
2T = (m2)

D
2
−p Γ

(
p− D

2

)
, (5.3.2)

where p = 2, 3 correspond to our cases of interest D = 4, 6, respectively. Now, using dimensional
regularization, namely taking D = 2p − 2ϵ and expanding the gamma function, we see the appear-
ance of the usual 1

ϵ
pole as the leading divergent term: it corresponds precisely to the logarithmic

divergences seen in dimensional regularization [87].

In general, one has to deal also with infrared divergences: for the sake of our discussion, they can
be avoided either by introducing an upper cutoff in the proper time or by keeping a “small” mass
regulator m, as we have done above.

5.3.1 Pure gravity in four dimensions

It has long been known since the pioneering work of ’t Hooft and Veltman [178], that pure gravity
with vanishing cosmological constant is a renormalizable theory at one-loop in D = 4. It is free
of logarithmic divergences, while other divergences are not seen in dimensional regularization, and
in any case they can be eliminated by renormalization. The same does not hold in the case of a
non-vanishing cosmological constant, as found by Christensen and Duff [181]. Let us briefly review
these statements in the light of our calculations. Setting D = 4 in (5.3.1) we see that the different
powers of T give rise to the quartic, quadratic, and logarithmic divergences parametrized by a0, a1
and a2, respectively. From (5.1.31), we read

a2|D=4 = −
29

40
R2 +

53

45
R2
µνρσ . (5.3.3)
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These numerical values for the one-loop four-dimensional logarithmic divergences of quantum grav-
ity with non-vanishing cosmological constant coincide precisely with those calculated long ago by
Christensen and Duff.7 The term proportional to R2

µνρσ could be neglected, as thanks to the Chern–
Gauss–Bonnet theorem for four-dimensional Einstein manifolds it is proportional to a total derivative,
and thus eliminable from the effective action, but the remaining term proportional to R2 cannot be
renormalized away by redefining the parameters of the Einstein–Hilbert action. The theory is not
renormalizable.

On the other hand, setting the cosmological constant to vanish, one finds that the on-shell background
satisfies Rµν = 0, and thus R = 0. The logarithmic divergence reduces to

a2

∣∣∣
D=4
Λ=0

=
53

45
R2
µνρσ (5.3.4)

which in four dimensions is a total derivative, as discussed earlier, and can be eliminated from the
effective action. Thus, one recovers the result that the one-loop logarithmic divergences of pure
quantum gravity without cosmological constant vanish in four dimensions. This property does not
hold true anymore at two-loops, as found by Goroff and Sagnotti [234] and verified by van de Ven
[235]. Returning to the one-loop divergences for vanishing cosmological constant, one finds that also
a1 vanishes. This leaves only the quartic divergence proportional to a0, which gives the number of
degrees of freedom of the graviton. It requires a renormalization of the cosmological constant back
to zero, which makes the theory rather unnatural in the technical sense of ’t Hooft [236], but in any
case renormalizable at one-loop.

For arbitrary nonzero values of the cosmological constant, the quadratic divergence related to a1 is
not vanishing anymore and its value at D = 4

a1|D=4 = −
8

3
R (5.3.5)

reproduces the gauge-invariant result already computed in Refs. [224, 237]. It can be renormalized
away by redefining the Newton constant. Finally, the coefficient a3 gives rise to a finite term in
the four-dimensional effective action, but its physical meaning is unclear. It is gauge invariant, but
infrared divergences invalidate a local expansion of the effective action as delivered by the small
proper time approximation of the heat kernel, which is useful to locate the UV divergences.

7For comparison, one has to make evident the cosmological constant term with the on-shell condition (5.1.1), which
reads R = 4Λ.
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5.3.2 Pure gravity in six dimensions

The newly computed coefficient a3 (5.1.32), allows us to see what happens in six spacetime dimen-
sions. Setting D = 6 in the coefficients (5.1.29)–(5.1.32) we find

a0|D=6 = 9 , a1|D=6 = −
3

2
R , a2|D=6 = −

11

20
R2 +

21

20
R2
µνρσ (5.3.6)

a3|D=6 = −
799

11340
R3 +

481

1680
RR2

µνρσ −
991

5040
RµνρσR

ρσαβRαβ
µν − 71

180
RαµνβR

µρσνRρ
αβ

σ , (5.3.7)

that furnish the full list of one-loop divergences of quantum gravity with cosmological constant in
six dimensions. We stress that these coefficients are gauge invariant, and thus any other method of
calculation should reproduce these values.

A comparison with the literature can be made by setting the cosmological constant to zero and
considering the logarithmic divergence parametrized by a3, which reduces to

a3

∣∣∣
D=6
Λ=0

= − 991

5040
RµνρσR

ρσαβRαβ
µν − 71

180
RαµνβR

µρσνRρ
αβ

σ . (5.3.8)

These two remaining terms are proportional to two invariants that are generally independent of each
other. However, it turns out that in six dimensions there exists an integral relation that connects
them. It involves the use of the Chern–Gauss–Bonnet theorem and the introduction of the Euler
character χE(M), as explained in Ref. [238] and discussed more extensively in Appendix 5.D. Bottom
line, we can further simplify the coefficient a3, which becomes

a3

∣∣∣
D=6
Λ=0

=
9

15120
RµνρσR

ρσαβRαβ
µν . (5.3.9)

It encodes the one-loop logarithmic divergences of pure gravity in six dimensions. We are now in
the position of carrying out a comparison with the literature: our value in (5.3.9) is in complete
agreement with van Nieuwenhuizen’s pioneering calculation [179], besides a computational error in
the numerical factor in his equation (81), already noted a year later by Critchley [180]. Furthermore,
confirmation of this value is also found in more recent works, see for instance [239, 240].

As for the general case of arbitrary cosmological constant, we are not aware of similar calculations,
although they would certainly be interesting to pursue to further verify our findings.

5.4 Final remarks

In this work, we have investigated the computation of counterterms necessary for the renormal-
ization of the one-loop effective action of quantum gravity with cosmological constant in arbitrary
dimensions. Our results are complete for dimensions D < 8. The counterterms have been computed
on-shell, so they furnish gauge invariant quantities characteristic of the quantum theory of gravity.
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Our main contribution was the determination of the Seeley-DeWitt coefficient a3(D) of perturbative
quantum gravity, which to our knowledge has never been reported in its full generality in the lit-
erature. When restricted to six dimensions, it parameterizes the logarithmic divergence which was
previously known only for the case of vanishing cosmological constant. To cross-check our calcula-
tions, we have used two distinct methods: a first-quantized description of the graviton in terms of
the N = 4 spinning particle and the time-honored heat kernel method, finding complete agreement.

While the utility of heat kernel methods is well-known and they keep being employed in many
contexts, see for example [241, 242] for some recent applications to trace anomalies, first-quantized
methods for treating the graviton with the N = 4 spinning particle are more recent and we have
championed them here to show their usefulness. In this respect, it would be interesting to extend
the present analysis to the first quantized model that describes the N = 0 supergravity [83], i.e.
the particle theory that has in its spectrum the graviton, the dilaton, and the antisymmetric tensor
Bµν , as well as extend the present methods to the U(N ) spinning particles [243–246] to find a useful
first-quantized way of describing gravitational theories on complex (Kähler) manifolds, and finally
also consider double copy features on the worldline [203] to address gravitational aspects from a
different perspective.

Appendices

5.A Basis of invariants on Einstein manifolds

We use the following conventions for the curvature tensors:

[∇µ,∇ν ]V
λ = Rµν

λ
ρV

ρ , Rµν = Rλµ
λ
ν , R = Rµ

µ > 0 on spheres. (5.A.1)

A D-dimensional Riemannian manifold without boundaries can be described through an (infinite)
basis of curvature monomials Kni . These are geometric invariants of order n in the Riemann tensor,
Ricci tensor, and scalar curvature, with two covariant derivatives counting as a Riemann tensor.
They have been introduced by [248] and recently reviewed in Refs. [249, 250]. At order n = 3 we use
the basis considered in Ref. [251] which is made of 17 independent invariants:

K1 = R3 K2 = RR2
µν K3 = RR2

µνρσ

K4 = Rµ
ρRρ

νRν
µ K5 = RµνRρσR

ρµνσ K6 = RµνR
µρσλRν

ρσλ

K7 = Rµν
ρσRρσ

αβRαβ
µν K8 = RµρσνR

ραβσRα
µν
β K9 = R∇2R

K10 = Rµν∇2Rµν K11 = Rµνρσ∇2Rµνρσ K12 = Rµν∇µ∇νR

K13 = (∇µRρσ)
2 K14 = ∇µRνρ∇νRµρ K15 = (∇αRµνρσ)

2

K16 = ∇2R2 K17 = ∇4R .

(5.A.2)
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All other terms cubic in the curvature are linear combinations of the above invariants after taking
into account the symmetry properties and the Bianchi identities of the Riemann tensor.

On Einstein manifolds, the basis (5.A.2) can be reduced further. Einstein metrics are defined by the
equation

Rµν = λgµν (5.A.3)

that upon contraction leads to R = λD. From the second Bianchi identity one finds that R and λ

are constant for D > 2

∇µRµν =
1

2
∇νR −→ (D − 2)∇νλ = 0 −→ ∇νR = 0 (5.A.4)

and then from (5.A.3), one finds that the Ricci tensor is also covariantly constant for D > 2

∇αRµν = 0 . (5.A.5)

Let us consider now the second Bianchi identity, namely

∇ρRµναβ +∇βRµνρα +∇αRµνβρ = 0 , (5.A.6)

by contracting the above identity with gρµ and using (5.A.5) one gets

∇µRµναβ = 0 . (5.A.7)

We are now in the position to reduce the six-dimensional basis of invariants (5.A.2) on Einstein
manifolds to a minimal set of independent ones, namely

E1 = R3 , E2 = RR2
µνρσ , E3 = RµνρσR

ρσαβRαβ
µν , E4 = RαµνβR

µρσνRρ
αβ

σ . (5.A.8)

Indeed we have

K9 = K10 = 0 , K2 =
1

D
E1 , K4 = −K5 =

1

D2
E1 , K6 =

1

D
E2 . (5.A.9)

Moreover, the only term of (5.A.2) containing covariant derivatives and non-vanishing on Einstein
manifolds, i.e. K11,8 can be written as

Rµναβ∇2Rµναβ = −Rµναβ∇ρ

(
∇βRµνρα +∇αRµνβρ

)
= −2Rµναβ∇ρ∇βRµνρα

= −2Rµναβ

(
∇β∇ρR

ραµν +Rβ
λR

λαµν +Rρ
βα

λR
ρλµν +Rρ

βµ
λR

ραλν +Rρ
βν
λR

ραµλ
)

= −2RµναβRρ
βα

λR
ρλµν +

2

D
RR2

µναλ − 4RµναβRρ
βµ
λR

ραλν

= −RµναβR
αβ

ρλR
ρλµν +

2

D
RR2

µναβ + 4RµναβR
νλραRλ

µβ
ρ

=
2

D
E2 − E3 + 4E4 , (5.A.10)

8Since, up to a total derivative term, we have K15 = −K11.
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where we made use of the second Bianchi identity, antisymmetry of the Riemann tensor and

[∇α,∇β]Rµνρσ = Rαβµ
λRλνρσ +Rαβν

λRµλρσ +Rαβρ
λRµνλσ +Rαβσ

λRµνρλ . (5.A.11)

Finally, let us discuss how the basis (5.A.8) further simplifies on maximally symmetric spaces (MSS),
which form a subset of the Einstein ones, where the Riemann tensor is given by

Rµναβ =
R

D(D − 1)
(gµαgνβ − gµβgνα) . (5.A.12)

The invariants previously defined in (5.A.8) all collapse to E1, and one finds

E2 =
2

D(D − 1)
E1 , E3 =

4

D2(D − 1)2
E1 , E4 = −

D − 2

D2(D − 1)2
E1 . (5.A.13)

These relations allow us to evaluate the newly-computed coefficient a3(D) on MSS, giving (5.1.34)
as a result.

5.B Worldline computations

5.B.1 Worldline propagators

The worldline propagators for the N = 4 spinning particle descend from the free action (5.1.15).
Regarding the bosonic quantum fluctuations qµ(τ), we considered DBC during the evaluation of the
derivative expansion of the effective action, namely qµ(0) = qµ(1) = 0. This leads to the DBC
worldline propagator defined by the two-point function

⟨qµ(τ)qν(σ)⟩ = −2Tgµν(x0)∆D(τ, σ) , (5.B.1)

where
∆D(τ, σ) = (τ − 1) σ θ (τ − σ) + (σ − 1) τ θ (σ − τ) . (5.B.2)

We also list the derivatives of the DBC propagator

•∆D(τ, σ) = σ − θ(σ − τ) (5.B.3)

∆•D(τ, σ) = τ − θ(τ − σ) (5.B.4)
•∆•D(τ, σ) = 1− δ(τ − σ) (5.B.5)
••∆D(τ, σ) = δ(τ − σ) . (5.B.6)

Concerning the fermionic fields ψai (τ), we list here their propagator

⟨ψai (σ)ψ̄bj(τ)⟩ = δab∆AF ij(τ, σ) = δab

(
F (z, τ, σ) 0

0 F (ω, τ, σ)

)
(5.B.7)
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where each entry in the matrix is a N = 2 fermionic propagator [124] defined as

F (z, τ, σ) = z−(τ−σ)
(

1

z + 1

)
(z θ(τ − σ)− θ(σ − τ)) (5.B.8)

F (ω, τ, σ) = ω−(τ−σ)
(

1

ω + 1

)
(ω θ(τ − σ)− θ(σ − τ)) . (5.B.9)

Next, we have the ghost variable propagators, defined as

⟨aµ(τ)aν(σ)⟩ = 2Tgµν(x0)∆gh
(τ, σ) = 2Tgµν(x0)δ(τ − σ) (5.B.10)

⟨bµ(τ)cν(σ)⟩ = −4Tgµν(x0)∆gh
(τ, σ) = −4Tgµν(x0)δ(τ − σ) . (5.B.11)

As previously stated, the calculation involving these propagators may result in products/derivatives
of delta distributions, which are ill-defined, but also divergent quantities such as δ(τ, τ), therefore
one needs to regularize the path integral. In the present chapter, we chose worldline dimensional
regularization, which consists in continuing the compact time direction with the addition of d non-
compact extra dimensions, i.e. extending the space τ ∈ [0, 1] → tα = (τ, t) ∈ [0, 1] × Rn. More
details can be found for example in Ref. [186]; here we list the dimensional regularized expression of
propagators, exploited during intermediate steps when performing computations. The d+1 extended
propagators read

∆D(t, s) =

∫
ddk

(2π)d

∞∑
m=1

−2
(πm)2 + k2

sin(πmτ) sin(πmσ) eik·(t−s) (5.B.12)

∆gh(t, s) =

∫
ddk

(2π)d

∞∑
m=1

2 sin(πmτ) sin(πmσ)eik·(t−s) = δ(τ − σ)δd(t− s) (5.B.13)

F (θ, t, s) = −i
∫

ddk

(2π)d

∑
r∈Z+ 1

2

2πrγ0 + k · γ − θ
(2πr)2 + k2 − θ2

e2πir(τ−σ)eik·(t−s) (5.B.14)

where in the dimensional regularized expressions one has t as d-dimensional vector and γα are the
Dirac matrices in the (d + 1)-dimensional extended space. Each extended worldline propagator
satisfies a generalization of its own one-dimensional Green equation

∂µ∂
µ∆D(t, s) = δd+1(t− s) (5.B.15)(→

/∂ + iθ

)
F (θ, t, s) = δAF(τ − σ)δd(t− s) (5.B.16)

F (θ, t, s)

(
−
←
/∂ + iθ

)
= δAF(τ − σ)δd(t− s) , (5.B.17)

where δAF is the delta distribution acting on antiperiodic functions on [0, 1] and where a slashed
derivative is the usual contraction between derivative and gamma matrices. For computational
purposes, the index contractions in d + 1 dimensions serve mostly as a bookkeeping device to keep
track of which derivative can be contracted to which vertex to produce the (d+1)-dimensional delta
function. The delta functions in (5.B.15)–(5.B.17) are only to be used in d + 1 dimensions; then,
by using partial integration one casts the various loop integrals in a form that can be computed by
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sending d→ 0 first. At this stage, one can use the one-dimensional propagators (5.B.2)–(5.B.7), and
γ0 = 1 (with no extra factors arising from the Dirac algebra in d+ 1 dimensions).

5.B.2 Analysis of perturbative contributions

In this appendix, we will give the essential details on the evaluation of the path integral average
and its subsequent modular integration (5.1.17), which produces the Seeley-DeWitt coefficients to
be inserted in (5.1.18). As anticipated in Section 5.1.3, in order to find all the possible contributions
to order T 3 we have to expand the exponential with the interacting action (5.1.20), written more
compactly as in (5.1.21) which in particular carries the following vertices

SK1 =

∫
dτ

1

3
Rαµνβ q

αqβ (q̇µq̇ν + gh) , SC1 =

∫
dτ

1

2
Rαµab q̇

µqα ψ̄a · ψb , (5.B.18)

DSC1 =

∫
dτ

1

3
∇αRβµab q̇

µqαqβ ψ̄a · ψb , D2SC1 =

∫
dτ

1

8
∇α∇βRγµab q̇

µqαqβqγ ψ̄a · ψb , (5.B.19)

SC2 =

∫
dτ

1

24
Rτ

αβµRγτab q̇
µqαqβqγ ψ̄a · ψb , SF =

∫
dτ Rabcd ψ̄

a · ψbψ̄c · ψd , (5.B.20)

DSF =

∫
dτ qα∇αRabcd ψ̄

a · ψbψ̄c · ψd , D2SF =

∫
dτ

1

2
qαqβ∇α∇βRabcd ψ̄

a · ψbψ̄c · ψd , (5.B.21)

SV = −
∫
dτ ΩR . (5.B.22)

Through Wick contractions they result in a plethora of different terms, most of which either give
rise to disconnected diagrams (so that they are easily taken care of afterward, as connected diagrams
exponentiate and there is no need to compute them anew) or can easily be shown to vanish. To start
with, we see that the vertex SV in (5.B.22) does not depend on q, ψ nor on ψ̄, thus it can be taken
out of the path integral and it remains exponentiated (as will be all connected worldline diagrams).
Let’s see some other illustrative examples. For instance, a disconnected diagram arises from the term

−1

8
T ⟨SK1S

2
F⟩ ∼ ∼ disconnected . (5.B.23)

Other diagrams can be shown to be zero exploiting (anti)symmetry of the tensor structures and/or
of the resulting propagators, like

− 1

32T 2
⟨S2

K1SC1⟩ ∼ Rµνab⟨ψ̄a · ψb⟩ = 0 (5.B.24)

1

4
⟨SK1SC1SF⟩ ∼ RabRµν

abRαρσβ = 0 . (5.B.25)

Lastly, others are simply zero after explicitly calculating the integrals, as happens for ⟨SC2SF⟩.
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We report now the surviving contributions (5.1.22) in full glory:

⟨e−Sint
〉∣∣∣
T 3

= ⟨SKIN⟩ (A)

− 1

96T
RαµνβRγλabRδϵcd

∫
012

⟨q̇µ0 q̇ν0qα0 q
β
0 q̇

λ
1 q

γ
1 q̇

ϵ
2q
δ
2⟩⟨ψ̄a1 · ψb1ψ̄c2 · ψd2⟩ (B)

+
1

48
RαµabR

τ
βλνRρτcd

∫
01

⟨q̇µ0 qα0 q̇ν1q
β
1 q

λ
1 q

ρ
1⟩⟨ψ̄a0 · ψb0ψ̄c1 · ψd1⟩ (C)

+
1

18
∇αRβµab∇λRρνcd

∫
01

⟨q̇µ0 qα0 q
β
0 q̇

ν
1q

λ
1 q

ρ
1⟩ ⟨ψ̄a0 · ψb0ψ̄c1 · ψd1⟩

+
1

16
∇α∇βRλµabRρνcd

∫
01

⟨q̇µ0 qα0 q
β
0 q

λ
0 q̇

ν
1q

ρ
1⟩ ⟨ψ̄a0 · ψb0ψ̄c1 · ψd1⟩

(D)

+
T

8
RαµabRβνcdRefgh

∫
012

⟨q̇µ0 q̇ν1qα0 q
β
1 ⟩⟨ψ̄a0 · ψb0ψ̄c1 · ψd1ψe2 · ψ̄

f
2ψ

g
2 · ψ̄h2 ⟩ (E)

+
1

6
RabcdRefghRlmno

∫
012

⟨ψ̄a0 · ψb0 ψ̄c0 · ψd0ψ̄e1 · ψ
f
1 ψ̄

g
1 · ψh1 ψ̄l2 · ψm2 ψ̄n2 · ψo2⟩ (F)

+
T 2

2
∇αRabcd∇βRefgh

∫
01

⟨q̇α0 q̇
β
1 ⟩⟨ψ̄a0 · ψb0 ψ̄c0 · ψd0ψ̄e1 · ψ

f
1 ψ̄

g
1 · ψh1 ⟩

+
T 2

2
∇α∇βRabcdRefgh

∫
01

⟨q̇α0 q̇
β
0 ⟩⟨ψ̄a0 · ψb0 ψ̄c0 · ψd0ψ̄e1 · ψ

f
1 ψ̄

g
1 · ψh1 ⟩ .

(G)

We decided to keep both the ghost fields and the term SKIN implicit so as not to further burden
the notation, and we combined the two terms of pure spin connection with covariant derivatives
1
2
DS2

C1+D
2SC1SC1 in eq. (D) and the two terms of the Taylor expansion of the four-fermions action

1
2
T 2DS2

F + T 2D2SFSF in eq. (G), for reasons that will become clear shortly thereafter. Below we
illustrate the main steps of the calculation for each contribution.

(A) The first contribution we called SKIN to indicate economically the sum of all terms arising only
from the pure kinetic part of the interacting action. In the notation previously presented it
would read

SKIN = − 1

384T 3
S3
K1 +

1

32T 2
DS2

K1 +
SK1

16T 2

(
SK2 +D2SK1

)
− 1

4T
SK3 . (5.B.26)

It has already been computed in Ref. [226] (eq. 20) and can be read out, translated in our basis
(5.A.8), from the exponential of connected diagrams as

⟨SKIN⟩ =
T 3

7!

(
−16

9

E1
D2

+
2

3

E2
D

+
17

9
E3 +

28

9
E4
)
. (5.B.27)

(B) Regarding the contribution obtained by coupling the bosonic kinetic term and the spin connec-
tion, once the contractions have been evaluated, one can use integration by parts and DR to
reduce integrals to a set of independent ones in z, modulo their ω partner.9 We list here such

9This should also be understood for forthcoming worldline integrals when the fermionic integrands depend only on
the Wilson variable z.
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integrals∫
012

•∆(τ, σ)∆•(τ, σ)•∆(τ, ρ)∆•(τ, ρ)F (z, σ, ρ)F (z, ρ, σ) = − z

120 (1 + z)2
, (5.B.28)∫

012

•∆•(τ, ρ)•∆(τ, τ)∆•(τ, σ)∆(σ, ρ)F (z, σ, ρ)F (z, ρ, σ) = − 1

720

z

(z + 1)2
, (5.B.29)

so that the final result for − 1
8T
⟨SK1S

2
SC1⟩ reads

T 3E2
D

[
− 1

90

z

(z + 1)2
− 1

90

ω

(ω + 1)2

]
+ T 3E3

[
− z

60 (1 + z)2
− ω

60 (1 + ω)2

]
. (5.B.30)

(C) The contribution of pure spin connection has already been evaluated in Section 5.1.3; we report
here the result for completeness:

⟨SC1SC2⟩ =
(

1

180

E2
D

+
1

120
E3
)[

z

(z + 1)2
+

ω

(ω + 1)2

]
. (5.B.31)

(D) The contribution of pure spin connection with covariant derivatives is made up of the sum of
two pieces: using Einstein manifolds simplifications one can collect the whole result, with only
the following diagrams to be evaluated∫

01

•∆•(σ, τ)∆(σ, τ)∆(σ, τ)F (z, σ, τ)F (z, τ, σ) =
z

45(z + 1)2
, (5.B.32)∫

01

•∆•(σ, τ)∆(σ, τ)∆(σ, σ)F (z, σ, τ)F (z, τ, σ) =
z

60(z + 1)2
, (5.B.33)

getting the final result〈
1

2
DS2

C1 +D2SC1SC1

〉
= − T 3

360

[
z

(z + 1)2
+

ω

(ω + 1)2

](
2
E2
D
− E3 + 4E4

)
. (5.B.34)

(E) This is produced from the coupling of spin connection to the four-fermions vertex. The list of
independent diagrams one needs to evaluate is∫

012

•∆•(σ, τ)∆(σ, τ)F (z, ρ, τ)F (z, τ, ρ)F (z, ρ, σ)F (z, σ, ρ) = − z2

12(z + 1)4
, (5.B.35)∫

012

•∆•(σ, τ)∆(σ, τ)F (z, ρ, τ)F (z, τ, σ)F (z, σ, u)F (z, ρ, ρ) = − z(z − 1)2

48(z + 1)4
, (5.B.36)∫

012

•∆(σ, τ)∆•(σ, τ)F (z, σ, ρ)F (z, ρ, σ)F (ω, τ, ρ)F (ω, u, τ) = − zω

12(z + 1)2(ω + 1)2
, (5.B.37)

such that the final result reads〈
1

2
T 2S2

C1SF

〉
= T 3E2

D

[
z (z − 1)2

12 (z + 1)4
+
ω (ω − 1)2

12 (ω + 1)4

]

+ T 3E3
[

z2

12 (z + 1)4
+

ω2

12 (ω + 1)4
+

zω

3 (z + 1)2 (ω + 1)2

]
.

(5.B.38)
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(F) The one arising from the pure fermionic vertex is quite tricky to evaluate at once. To simplify
the calculation, it is possible to exploit the subtle double copy structure underlying the N = 4

spinning particle, rewriting this term as a sum of contributions coming from the two copies of
the N = 2 particles, i.e. for the two values of the internal index i = 1, 2. This allows us to
rewrite the above term as

1

6
S3
F =

1

6
S3
1(z) +

1

6
S3
1(ω) +

1

6
S3
mix +

1

2
S1(z)S

2
2(ω) +

1

2
S1(z)

2S2(ω)

+
1

2
S2
1(z)Smix +

1

2
S1(z)S

2
mix +

1

2
S2
2(ω)Smix +

1

2
S2(ω)S

2
mix + S1(z)S2(ω)Smix .

(5.B.39)

In the previous expression, we defined for simplicity the actions

S1(z) =

∫
dτ TRabcd ψ̄

1aψb1ψ̄
1cψ1

d , (5.B.40)

Smix =

∫
dτ
(
TRabcd ψ̄

a1ψb1ψ̄
2cψd2 + 1↔ 2

)
, (5.B.41)

where we explicated the flavor index. Once performed the contractions with Mathematica,
based on the xTensor package [252], we further simplify the result by reducing tensor structures
using the Bianchi identity as follows

Rαβ
ρσRαµβνRρµσν =

1

4
E3 , (5.B.42)

RµανβR
µρνσRα

σ
β
ρ = −

1

4
E3 + E4 . (5.B.43)

Once evaluated the fermionic diagrams our final answer for ⟨1
6
T 3S3

F⟩ is

E1
D2

[
−(−1 + z)2z(1 + (−8 + z)z)

6(1 + z)6
− (−1 + ω)2ω(1 + (−8 + ω)ω)

6(1 + ω)6

]
+
E2
D

[
−(z − 1)2z2

(z + 1)6
− (ω − 1)2ω2

(ω + 1)6
− 2(−1 + z)2zω

(1 + z)4(1 + ω)2
− 2z(−1 + ω)2ω

(1 + z)2(1 + ω)4

]
+ E3

[
z4 − 2z3 + z2

6(z + 1)6
+
ω4 − 2ω3 + ω2

6(ω + 1)6
− 2z2ω

(1 + z)4(1 + ω)2
− 2zω2

(1 + z)2(1 + ω)4

]
+ E4

[
− 4ω3

3(ω + 1)6
− 4z3

3(z + 1)6
− 4ωz

3(ω + 1)2(z + 1)2(ω + 1)2

]
.

(5.B.44)

(G) Finally, one has the term coming from the Taylor expansion of the four-fermions interaction,
made of two pieces. Just as in the (D) case, one can collect them into a single one working on
the tensorial structure and using Einstein manifolds simplifications. The resulting diagrams to
be evaluated are∫

01

∆(τ, τ)F (z, σ, τ)F (z, σ, τ)F (z, τ, σ)F (z, τ, σ) = − z2

6(z + 1)4
, (5.B.45)∫

01

∆(τ, τ)F (z, σ, τ)F (z, τ, σ)F (ω, σ, τ)F (ω, τ, σ) = − ωz

6(ω + 1)2(z + 1)2
, (5.B.46)

since the partner diagrams ∆(τ, τ) → ∆(τ, σ) can easily be seen to be proportional to the
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above. The final answer for ⟨1
2
T 2DS2

F + T 2D2SFSF⟩ is then

T 3

[
z2

12 (z + 1)4
+

ω2

12 (ω + 1)4
+

zω

3 (z + 1)2 (ω + 1)2

](
2
E2
D
− E3 + 4E4

)
. (5.B.47)

5.B.3 Summing up all the pieces

We can collect the result of all the computations above as follows

α3(z, ω,D) = c0(z, ω)
E1
D2

+ c1(z, ω)
E2
D

+ c2(z, ω) E3 + c3(z, ω) E4 , (5.B.48)

with the coefficients

c0(z, ω) = −
1

2835
− z (z2 − 8z + 1) (z − 1)2

6(z + 1)6
− (ω − 1)2ω (ω2 − 8ω + 1)

6(ω + 1)6
, (5.B.49)

c1(z, ω) =
1

7560
− z

90(z + 1)2
− ω

90(ω + 1)2
+

z(z − 1)2

12(z + 1)4
+

(ω − 1)2ω

12(ω + 1)4
+

z2

6(z + 1)4
+

ω2

6(ω + 1)4

− z2(z − 1)2

(z + 1)6
− (ω − 1)2ω2

(ω + 1)6
− 2ωz(z − 1)2

(ω + 1)2(z + 1)4
− 2(ω − 1)2ωz

(ω + 1)4(z + 1)2
+

2zω

3 (z + 1)2 (ω + 1)2
,

(5.B.50)

c2(z, ω) =
17

45360
− z

180(z + 1)2
− ω

180(ω + 1)2
+

(z − 1)2z2

6(z + 1)6
+

(ω − 1)2ω2

6(ω + 1)6

− 2ωz2

(ω + 1)2(z + 1)4
− 2ω2z

(ω + 1)4(z + 1)2
,

(5.B.51)

c3(z, ω) =
1

1620
− z

90(z + 1)2
− ω

90(ω + 1)2
+

z2

3 (z + 1)4
+

ω2

3 (ω + 1)4
+− 4ω3

3(ω + 1)6
− 4z3

3(z + 1)6
.

(5.B.52)

At this point, in order to get the full T 3 correction, we first need to recall the connected diagrams
coming from the first- and second-order expansion of the path integral, namely

α1(z, ω,D) =

(
5

12
+ Ω− z

(z + 1)2
− ω

(ω + 1)2

)
R , (5.B.53)

α2(z, ω,D) =

(
− 1

180
+

1

2

[
z(z − 1)2

(z + 1)4
+
ω(ω − 1)2

(ω + 1)4

])
R2

D

+

(
1

180
+

1

2

[
ω2

(ω + 1)4
+

z2

(z + 1)4
+

4ωz

(ω + 1)2(z + 1)2

]
− 1

12

[
ω

(ω + 1)2
+

z

(z + 1)2

])
R2
µνρσ

:= β1(z, ω)
R2

D
+ β2(z, ω)R

2
µνρσ , (5.B.54)

which are in complete accordance with the results of Refs. [145, 146] and indeed reproduce the a1
and a2 coefficients (5.1.30)–(5.1.31). Now we can move to the exponentiation of all the connected
diagrams, including the new results. The expectation value

〈
e−Sint

〉
in (5.1.17) can be compactly
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written as

〈
e−Sint

〉
= exp

[
T α1R + T 2

(
β1
R2

D
+ β2R

2
µνρσ

)

+ T 3

(
c0
R3

D2
+ c1

RR2
µνρσ

D
+ c2RµνρσR

ρσαβRαβ
µν + c3RαµνβR

µρσνRρ
αβ

σ

)
+O(T 4)

]
.

(5.B.55)

The final step consists of Taylor expanding the exponential to the desired order, namely

〈
e−Sint

〉∣∣∣
T 3

= T 3

[(
α3
1

6
+
α1β1
D

+
c0
D2

)
E1 +

(
α1β2 +

c1
D

)
E2 + c2(z, ω) E3 + c3(z, ω) E4

]
+O(T 4) .

(5.B.56)
We obtained our final answer for the path integral average (5.1.17). In the end, one is left only with
performing the modular integration, i.e. the double expectation value ⟨⟨e−Sint⟩⟩ defined in (5.1.16).
In doing so, we can choose the appropriate measure P (z, ω) to project only on the ghost, graviton,
or total coefficients. This gives our final results of Section 5.1.4, in particular the newly-computed
coefficient

a3(D) =
35D4 − 147D3 − 3670D2 − 13560D − 30240

90720D2
E1 +

7D3 − 230D2 + 3357D + 12600

15120D
E2

+
17D2 − 555D − 15120

90720
E3 +

D2 − 39D − 1080

3240
E4 . (5.B.57)

5.C Heat kernel computations

The fourth heat kernel coefficient for the ghost field is computed from the general formula (5.2.10),
by performing the substitutions (5.2.22). It is convenient to write

αgh
3 (x) :=

1

7!
Agh[R,Rµν , Rµνρσ] +

2

6!
Bgh[R,Rµν , Rµνρσ,Ωµν , V ] , (5.C.1)

where Agh and Bgh are two (involved) functions of the metric invariants and of the gauge field
strength, as reported in (5.2.10). Let us start from Agh: six of the first eight terms vanish identically
since they are all proportional to covariant derivatives of R, Rµν or Rµνρσ, except from the two
proportional to (∇αRµνρσ)

2 and Rµνρσ∇2Rµνρσ. Recalling that Tr[δµν ] = D and using (5.A.9), we are
therefore left with

Tr [Agh] = D

(
3Rµνρσ∇2Rµνρσ − 208

9
Rµ

νRν
σRσ

µ +
64

3
RµνRρσR

µρνσ − 16

3
RµνR

µ
ρστR

νρστ

+
44

9
Rµν

ρσRρσ
αβRαβ

µν +
80

9
RµνρσR

µαρβRν
α
σ
β

)
= − 16

9D
E1 +

2

3
E2 +

17D

9
E3 +

28D

9
E4 .

(5.C.2)
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We now compute Bgh. Since (Ωµν)
ρ
σ = Rµν

ρ
σ, the second term of Bgh in (5.2.10) vanishes identically;

moreover, as V ∝ R, the same occurs for the last four, leaving us with

Tr [Bgh] = 4Tr
[
Ωµν∇2Ωµν

]
− 12Tr[Ωµ

νΩν
σΩσ

µ] + 6Tr[RµνρσΩ
µνΩρσ]− 4Tr[RµνΩ

µσΩν
σ]

= − 4

D
E2 − 2E3 − 4E4 ,

(5.C.3)

where all the traces are computed by explicit substitution, according to (5.2.22),

Tr[Ωµ
νΩν

σΩσ
µ] = Tr

[
Rα ν

βµ R
β σ
γν R

γ µ
δσ

]
= Rα ν

βµ R
β σ
γν R

γ µ
ασ = −E4 , (5.C.4)

Tr[RµνρσΩ
µνΩρσ] = RµνρσTr

[
Rα µν

β Rβ ρσ
γ

]
= RµνρσR

α µν
β Rβ ρσ

α = −E3 , (5.C.5)

Tr[RµνΩ
µσΩν

σ] = RµνTr
[
Rα µσ

β Rβ ν
γ σ

]
= RµνR

α µσ
β Rβ ν

α σ = − 1

D
E2 . (5.C.6)

Going back to (5.C.1) we conclude that

Tr
[
αgh
3 (x)

]
= − 1

2835D
E1 +

D − 84

7560D
E2 +

17D − 252

45360
E3 +

D − 18

1620
E4 , (5.C.7)

which however does not provide the full coefficient for the ghost, since we still have to add the term
β3 defined in (5.2.6), which turns out to be

βgh
3 =

1

6

(
αgh
1

)3
+ αgh1 α

gh
2

=
1

6

[
δτα

(
1

6
+

1

D

)
R

]3
+

[
δτα

(
1

6
+

1

D

)
R

] [
1

180

(
R2
µνρσ −R2

µν

)
δαγ +

1

12
Ω2
µν

]
,

(5.C.8)

and taking the trace

Tr
[
βgh
3 (x)

]
=

(5D2 + 54D + 180)(D + 6)

6480D2
E1 +

(D + 6)(D − 15)

1080D
E2 . (5.C.9)

The overall result for the ghost is

Tr
[
agh3 (x)

]
=

35D3 + 588D2 + 3512D + 7560

45360D2
E1

+
7D2 − 62D − 714

7560D
E2 +

17D − 252

45360
E3 +

D − 18

1620
E4

(5.C.10)

and corresponds to (5.1.42). To compute the fourth heat kernel coefficient for the graviton, we start
again from the general formula (5.2.10) and perform the substitutions (5.2.23). It is once again more
time convenient to split

αgr
3 (x) :=

1

7!
Agr[R,Rµν , Rµνρσ] +

2

6!
Bgr[R,Rµν , Rµνρσ,Ωµν , V ] (5.C.11)

as we did in (5.C.1) for the ghost. By inspecting more closely the substitution rules (5.2.22) and
(5.2.23), though, it is clear that Agr and Agh differ only by the trace of the identity operator 1.
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Using (5.C.2), we find in particular

Tr [Agr] =
D + 1

2
Tr [Agh] = (D + 1)

(
− 8

9D
E1 +

1

3
E2 +

17D

18
E3 +

14D

9
E4
)
, (5.C.12)

while for the computation of Bgr we can repeat the previous observations, and consider the only
non-vanishing terms

Tr [Bgr] = 4Tr
[
Ωµν∇2Ωµν

]
− 12Tr[Ωµ

νΩν
σΩσ

µ]

+ 6Tr[RµνρσΩ
µνΩρσ]− 4Tr[RµνΩ

µσΩν
σ] + 30Tr

[
(∇µV )2

]
= −4(D + 47)

D
E2 − 2(D − 43) E3 − 4(D + 92) E4

(5.C.13)

where we need to compute the traces

Tr[Ωµ
νΩν

σΩσ
µ] = − (D + 2) E4 , (5.C.14)

Tr[RµνρσΩ
µνΩρσ] = −(D + 2) E3 , (5.C.15)

Tr[RµνΩ
µσΩν

σ] = −
D + 2

D
E2 , (5.C.16)

Tr
[
Ωµν∇2Ωµν

]
= −(D + 2)

(
2

D
E2 − E3 + 4E4

)
, (5.C.17)

Tr
[
(∇αVµνρσ)2

]
= −3

(
2

D
E2 − E3 + 4E4

)
. (5.C.18)

Going back to (5.C.11) we conclude that

Tr[αgr
3 (x)] = −

D + 1

5670D
E1 +

D2 − 167D − 7896

15120D
E2

+
17D2 − 487D + 21672

90720
E3 +

D2 − 35D − 3312

3240
E4 .

(5.C.19)

The last step is to compute the term β3 defined in (5.2.6), which is the sum of the two terms:

1

6
(αgr

1 )
3 =

1

6

(
1

216
R3δ αβ

µν +
1

12
R2V αβ

µν +
1

2
RV ρσ

µν V αβ
ρσ + V ρσ

µν V λτ
ρσ V αβ

λτ

)
, (5.C.20)

αgr
1 α

gr
2 =

(
1

6
Rδ αβ

µν + V αβ
µν

)[
1

180

(
R2
µνρσ −

1

D
R2

)
δ λτ
αβ +

1

12

(
Ω2
ρσ

) λτ

αβ

]
+

1

6
V αβ
µν ∇2V λτ

αβ ,
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where the following traces are to be computed:

Tr
[
δ αβ
µν

]
=

1

2
D(D + 1) , (5.C.21)

Tr
[
V αβ
µν

]
= −R , (5.C.22)

Tr
[
V ρσ
µν V αβ

ρσ

]
= 3R2

µνρσ , (5.C.23)

Tr
[
V ρσ
µν V λτ

ρσ V αβ
λτ

]
= −8E4 − E3 , (5.C.24)

Tr
[
V αβ
µν

(
Ω2
ρσ

) λτ

αβ

]
=

2

D
E2 + 3E3 , (5.C.25)

Tr
[
V αβ
µν ∇2V λτ

αβ

]
= 3

(
2

D
E2 − E3 + 4E4

)
, (5.C.26)

leading to

Tr[βgr
3 (x)] =

5D3 −D2 − 186D + 72

12960D
E31

+
D3 − 29D2 + 468D + 2520

2160D
E32 −

5

12
E33 +

2

3
E34 .

(5.C.27)

In the end,

Tr[agr3 (x)] =
35D3 − 7D2 − 1318D + 488

90720D
E1 +

7D3 − 202D2 + 3109D + 9744

15120D
E2

+
17D2 − 487D − 16128

90720
E3 +

D2 − 35D − 1152

3240
E4 ,

(5.C.28)

which corresponds to (5.1.46). By summing the ghost and graviton coefficients according to (5.2.28),
we end up with

Tr[a3(x)] =
35D4 − 147D3 − 3670D2 − 13560D − 30240

90720D2
E1 +

7D3 − 230D2 + 3357D + 12600

15120D
E2

+
17D2 − 555D − 15120

90720
E3 +

D2 − 39D − 1080

3240
E4 , (5.C.29)

which corresponds to (5.1.32).

5.D Topological terms in even dimensions

In order to display the cancellation of the one-loop divergences of pure gravity in four spacetime
dimensions, and analogously their resilience in six, we exploit the Chern–Gauss–Bonnet theorem,
which allows us to compute the Euler character χE(M) of a manifoldM as a volume integral of the
2-form Rµν := Rµν

αβ dx
α ∧ dxβ, namely

χE(M) =
1

(4π)d

∫
M
εµ1ν1...µdνdRµ1ν1 ∧ · · · ∧ Rµdνd , (5.D.1)
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where D := 2d is the dimension of the manifold, assumed here to be even.10 In local coordinates,
(5.D.1) becomes

χE(M) =
1

2(4π)d

∫
dDx
√
g
D!

D
δα1

[µ1
δβ1ν1 . . . δ

αd
µd
δβdνd]R

µ1ν1
α1β1

. . . Rµdνd
αdβd

. (5.D.2)

It is possible to prove that χE(M) defined in this way does not depend on the metric settled upon
M, and is fixed only by the global topology of the manifold. For D = 2 (d = 1), (5.D.2) becomes

χE(M)|D=2 =
1

16π

∫
d2x
√
g R , (5.D.3)

which is proportional to the Einstein–Hilbert action, while at D = 4 (d = 2) the Euler character
reads

χE(M)|D=4 =
1

32π2

∫
d4x
√
g
(
R2 − 4RµνR

µν +RµνρσR
µνρσ

)
. (5.D.4)

On Einstein spaces the first two terms in the integrand of (5.D.4) cancel off, and therefore we are
left with

χE(M)|D=4 =
1

32π2

∫
d4x
√
g RµνρσR

µνρσ :=

∫
d4x
√
g E4 . (5.D.5)

Therefore, the third heat kernel coefficient Tr[a2(x)] ∝ R2
µνρσ is proportional to the Euler density E4

and hence is a total derivative, which can be neglected in the effective action. This result is no more
true when Λ ̸= 0, even if we drop the total derivative term corresponding to Euler density.

In dimension D = 6 (d = 3) the Euler character is [253]

χE(M)|D=6 =
1

384π3

∫
d6x
√
g (4K1 − 48K2 + 64K4 + 96K5 + 12K3 − 96K6 + 16K7 − 32K8) ,

(5.D.6)
which on Einstein spaces reduces to

χE(M)|D=6 =
1

384π3

∫
d6x
√
g

(
4

9
E1 − 4E2 + 16E3 + 32E4

)
. (5.D.7)

The condition Λ = 0, that is R = 0, forces E1 = E2 = 0, so that (5.D.7) eventually becomes

χE(M)|D=6 =
1

384π3

∫
d6x
√
g (16E3 + 32E4) :=

∫
d6x
√
g E6 . (5.D.8)

This shows that, up to a total derivative term

2E4 = −E3 . (5.D.9)

Thus, at dimension D = 6, even with Λ = 0, the perturbative quantum gravity effective action is
not free of logarithmic divergences.

10If D is odd, the integral (5.D.1) vanishes, so that the theorem does not provide a useful way of computing χE(M).





Chapter 6

Heat kernel coefficients in massive gravity

In this chapter, we employ the massive model developed in Chapter 4 to carry out a perturbative
computation in massive gravity. Specifically, we evaluate the counterterms required for the renor-
malization of the one-loop effective action of linearized massive gravity. As a preliminary step, we
construct the worldline path integral on the one-dimensional torus, while projecting onto the desired
degrees of freedom. Once this is achieved, we obtain the correct expression for the one-loop diver-
gences in arbitrary spacetime dimension D. The central result of this chapter is the determination
of the Seeley–DeWitt coefficient a3(D), which, to the best of our knowledge, had not been previously
computed in the literature.

Conventions Whether we work in Minkowski or Euclidean signature, and in which spacetime
dimension, will be specified as needed throughout the text for convenience.

6.1 Extracting degrees of freedom

In this section, the quantization on the circle of the free massive N = 4 spinning particle with
various gaugings of the SO(4) R-symmetry is analyzed. The aim is to determine how the path
integral extracts physical degrees of freedom from the Hilbert space. Once this is established, it will
be possible to isolate specifically the degrees of freedom associated with the massive graviton.

To set the notation, we summarize here the key features of the model. The graded phase space of the
massless N = 4 supersymmetric worldline model consists of bosonic (xM , pM) and fermionic (ΞMI )

coordinates, where M = 0, . . . , D is a spacetime vector index and I = 1, 2, 3, 4 is a SO(4) internal
index. The target space is a (D + 1)−dimensional Minkowski spacetime MD+1 and t denotes a
parameter that labels positions along the worldline, which is embedded in spacetime by the functions
xM(t). The phase space action is given by

S =

∫
dt

[
pM ẋ

M +
i

2
ΞIM Ξ̇MI −

e

2
H− iX IQI

]
, (6.1.1)
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with (e,X ) being a one-dimensional supergravity multiplet enforcing the first-class constraints (H, Q)
that generate through Poisson brackets the N = 4 superalgebra on the worldline

{QI , QJ}PB = −2i δIJ H , {QI ,H}PB = 0 . (6.1.2)

The latter algebra is computed by using the graded Poisson brackets of the phase space coordinates
{xM , pN}PB = δMN and {ΞIM ,ΞNJ }PB = −iδNMδIJ , fixed by the symplectic term of the action [25].
The constraints H := p2 and QI := ΞMI pM must be introduced to ensure the mass-shell condition
and to remove unphysical degrees of freedom, eliminating negative norm states. From the latter
higher-dimensional theory, the lower-dimensional massive model is derived as follows. First, it is
convenient to take complex combinations of the original four real Grassmann variables ΞMI (t) and
the four gravitinos X I(t) as follows (i = 1, 2)

ξMi := 1√
2
(ΞMi + iΞMi+2) , ξ̄Mi := 1√

2
(ΞMi − iΞMi+2) ,

χi :=
1√
2
(Xi + iXi+2) , χ̄i := 1√

2
(Xi − iXi+2) .

(6.1.3)

Then, employing the so-called Scherk–Schwarz mechanism [254], the model is dimensionally reduced
on a flat spacetime of the form MD × S1. In practice, one gauges the compact direction xD,
corresponding to S1, by imposing the first-class constraint pD = m while setting

xM = (xµ, xD) , pM = (pµ, pD) , ξMi = (ψµi , θi) , ξ̄Mi = (ψ̄µi, θ̄i) . (6.1.4)

The worldline phase space action of the massive N = 4 spinning particle is given by

S =

∫
dt
[
pµẋ

µ + iψ̄µ · ψ̇µ + iθ̄ · θ̇ − e

2
H − iχ · q̄ − iχ̄ · q

]
, (6.1.5)

where a dot indicates a contraction of the internal indices. The worldline action (6.1.5) displays
many symmetries. Specifically, the local symmetries are worldline reparametrizations generated by
the Hamiltonian (H) and four worldline supersymmetries generated by the supercharges (q, q̄), where

H := pµpµ +m2 , qi := ψµi pµ +mθi , q̄i := ψ̄iµ pµ +mθ̄i . (6.1.6)

Let us stress that their presence is essential to describe relativistic massive particles in target space as
they ensure unitarity: for this very reason said symmetries have been made local. The aforementioned
worldline supergravity multiplet (e, χ, χ̄) acts as a set of Lagrange multipliers for the first-class
constraints (6.1.6).

Upon quantization, the worldline coordinates obey the following (anti)commutation relations fixed
by their classical Poisson brackets

[xµ, pν ] = i δµν , {ψ̄µi, ψνj } = δij η
µν , {θ̄i, θj} = δij . (6.1.7)

By choosing a Fock vacuum annihilated by (ψ̄iµ, θ̄
i), a generic state |Ω⟩ in the Hilbert space can be
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identified with the wavefunctions

Ω(x, ψi, θi) =
D∑

n1,n2=0

1∑
m1,m2=0

Ωµ[n1]|ν[n2](x)ψ
µ1
1 . . . ψ

µn1
1 θm1

1 ψν12 . . . ψ
νn2
2 θm2

2 , (6.1.8)

namely a collection of tensor fields with the symmetries of (n1, n2) bi-forms. We used the condensed
notation for antisymmetrized indices µ[n] := [µ1 . . . µn] and a vertical bar to separate indices with
no symmetry relations.

The spectrum (6.1.8) contains way too many states, which is reflected on the corresponding BRST
system, found to be consistent only upon a suitable truncation of the BRST Hilbert space. While
this works for BRST cohomology, the problem reappears at the one-loop level, since in principle all
the unwanted states may propagate in the loop. Our task is thus to find a way to implement the
projection onto the massive gravity sector. The first step in this direction consists of restricting the
spectrum to the n1+m1 = 1, n2+m2 = 1 subspace. Indeed, it has been shown [145] that the massless
sector contains the massless NS-NS spectrum of closed string theory, and corresponds to the level
(n1, n2 |m1,m2) = (1, 1 | 0, 0) fields Ωµ|ν . The latter decomposes into a graviton, an antisymmetric
Kalb–Ramond two-form, and a dilaton

Ωµ|ν(x) = hµν(x) +Bµν(x) + δµν ϕ(x) , (6.1.9)

with the graviton identified with the symmetric and traceless component. Due to the mass im-
provement, we anticipate the spectrum in the level (m1,m2) ̸= (0, 0) to include also the associated
Stückelberg fields (Ωµ,Ων ,Ω), specifically two massless vector fields and a scalar [128, 215], allow-
ing for the propagation of the massive graviton and the massive Kalb–Ramond degrees of freedom
alongside the dilaton. This will be confirmed through the analysis of the worldline path integral.

In order to implement the aforementioned projection, the R-symmetry of the model has to be appro-
priately exploited. Notice that the action (6.1.1) has a manifest global SO(4) symmetry that rotates
the fermions, generated by the fermion bilinears

JIJ := iΞMI ΞJM , (6.1.10)

while in the complex basis (6.1.3) and with the decomposition (6.1.4) only the subgroup U(2) ⊂
SO(4) is kept manifest as rigid symmetry of the action (6.1.5). As a result, the SO(4) generators
split as JIJ ∼ (J ji , K

ij, Gij) and their explicit realization is1

J ji := ψi · ψ̄j + θi θ̄
j ,

Kij := ψ̄i · ψ̄j + θ̄i θ̄j ,

Gij := ψi · ψj + θi θj ,

(6.1.11)

where we used a dot · to indicate contraction on spacetime indices. Kij is the so-called trace operator
while Gij implements the insertion of the metric; they both vanish for i = j [70, 82]. On the other

1See Appendix B of Ref. [82] for a detailed derivation.



178

hand, J ji generate the U(2) subgroup, and upon quantization become quantum operators2

Ĵ ji = ψ̂i · ˆ̄ψj + θ̂i
ˆ̄θj − D+1

2
δji , (6.1.12)

where we employed the Weyl ordering to resolve ambiguities, matching the path integral regulariza-
tion used. It is worth noticing that the shift D+1

2
is a quantum ordering effect.

The crucial point is that it is possible, although not strictly necessary, to make the R-symmetry
local. Differently from worldline supersymmetries, the R-symmetry does not have to be gauged
for unitarity; however, it can be used to perform algebraic projections on the desired spectrum by
appropriately gauging only a specific subgroup R ⊂ SO(4). At the level of the worldline action, this
corresponds to introducing the appropriate worldline gauge fields3 aR(t), by the insertion of a term

SR = −
∫
dt aR JR , (6.1.13)

acting as Lagrange multipliers for the classical constraints JR. In the following, we seek to unveil the
massive gravity content with different choices of the R subgroup, which extracts degrees of freedom
from the worldline path integral.

Setting up the worldloop path integral

The worldloop is defined as

Γ =

∫
S1

DGDX

Vol(Gauge)
e−SE[X,G] , (6.1.14)

where we denoted the worldline gauge fields G = (e, χ, χ̄, a) and the coordinates with supersymmetric
partners X =

(
x, ψ, ψ̄, θ, θ̄

)
. The action appearing in (6.1.14) is the action in Euclidean configuration

space (SE = −iS), obtained by a Wick-rotation to Euclidean time t→ −iτ accompanied by the Wick
rotations of the gauge fields aR → −iaR, just as done in Ref. [72] for general N . From now on we will
drop the subscript on SE as no confusion should arise. The overcounting from summing over gauge
equivalent configurations, which causes the path integral to diverge, is formally taken into account
by dividing by the volume of the gauge group. To regularize the path integral one has to follow
a gauge-fixing procedure. We use the Faddeev–Popov method to extract the volume of the gauge
group and to gauge-fix completely the supergravity multiplet up to some moduli while evaluating
the determinants stemming from the associated ΦΠ ghosts [255], as we will outline in the following.

The einbein is gauge-fixed to a constant, namely e(T ) = 2T , where T is the usual Schwinger proper
time, while the gravitinos (χ, χ̄) are antiperiodic and gauge-fixed to zero, leaving no additional
moduli. The path integral (6.1.14) multiplied by −1

2
corresponds to the QFT effective action and

2We used hats to stress that the expression refers to operators in that given order; however, throughout the text,
we will often avoid the use of hats for quantum operators, so as not to burden the notation further.

3Here we use R as a mere label.



179

can be recast in the following form

Γ = −1

2

∫ ∞
0

dT

T
e−m

2T ZR(T ) , (6.1.15)

where the integration over the Schwinger proper time arises from the gauge-fixing of the einbein e.
The explicit expression of the density ZR(T ) and of the gauge-fixing conditions for the worldline
gauge fields aR depends on the subset R being gauged. We start our analysis with the simplest case
of gauging the R = U(1) × U(1) subgroup to set the grounds for the general case.

6.1.1 Gauging of the U(1) × U(1) subgroup

The U(1) × U(1) subgroup corresponds to the generators

Ji := ψi · ψ̄i + θi θ̄
i (i not summed) . (6.1.16)

The gauging of the U(1) × U(1) subgroup is realized by means of two abelian worldline gauge fields
ai(t). At the level of the worldline action, this corresponds to

SU(1)×U(1) = −
∫
dt ai(Ji − qi) , (6.1.17)

where two independent Chern–Simons couplings qi = 3−D
2

, that convert the classical constraints
(Ji − qi) into the operatorial constraints (N̂i − 2),4 have been included to project on the gravity
sector. The whole supergravity multiplet is gauge-fixed as

G̃ = (T, 0, 0, ãi) with ãi :=

(
α

β

)
, (6.1.18)

where α, β ∈ [0, 2π] are two angles representing additional moduli related to the gauge fields. Insert-
ing the ΦΠ determinants to eliminate the volume of the gauge group, and setting appropriately the
overall normalization, the partition function in (6.1.15) explicitly reads

ZU(1)×U(1)(T ) =

∫ 2π

0

dα

2π

∫ 2π

0

dβ

2π

(
2 cos α

2

)−2 (
2 cos β

2

)−2
Tr
[
e−TĤeiα(N̂ψ1+N̂θ1−2)+iβ(N̂ψ2+N̂θ2−2)

]
.

(6.1.19)
A few comments are in order. The two gauge fields ai produce the integration over the angular
moduli (α, β), while the SUSY ghosts account for the cosine factors. The path integral over the
“matter” sector ∫

PBC

Dx

∫
ABC

Dψ̄Dψ

∫
ABC

Dθ̄Dθ e−Sgf [X,G̃] (6.1.20)

has been put into an operatorial form as a trace – with Ĥ = p̂2 for the free theory and with N̂ being
the operators counting the number of oscillators with a fixed flavor index – over the Hilbert space

4With N̂i := N̂ψi
+ N̂θi = ψ̂i · ˆ̄ψi + θ̂i

ˆ̄θi being the number operators counting the number of fermionic oscillators
with a fixed flavor index. The U(1) × U(1) generators explicitly read Ĵi := N̂i − D+1

2 .
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consisting of the states contained in the Taylor coefficients of the wavefunctions Ω(x, ψi, θi). The
path integration over bosonic variables is evaluated by fixing periodic boundary conditions, while the
fermionic path integral is performed by choosing antiperiodic boundary conditions on each flavor of
fermionic fields. Finally, the gauge-fixed action reads

Sgf [X, G̃] =

∫
dτ

[
1

4T
ẋµẋµ +m2T +

∑
i=1,2

ψ̄µi (∂τ + iãi)ψ
i
µ +

∑
i=1,2

θ̄i(∂τ + iãi)θ
i + i

∑
i=1,2

ãi qi

]
.

(6.1.21)
Having set up the worldloop, we are in the position of analyzing the degrees of freedom of the wordline
model. Firstly, note that the Hilbert space can be decomposed in terms of the eigenvalues (n1, n2)

and (m1,m2) of the pairs of number operators (N̂ψ1 , N̂ψ2) and (N̂θ1 , N̂θ2) respectively. Consequently,
the trace can be decomposed in terms of

N1 = n1 +m1 ,

N2 = n2 +m2 ,
(6.1.22)

reproducing the double grading of the massless N = 4 spinning particle [145]

tN1,N2(T ) := TrN1,N2

[
e−TĤ

]
. (6.1.23)

The path integral (6.1.19), using the Wilson line variables z := eiα and ω := eiβ, becomes5

ZU(1)×U(1)(T ) =

∮
dz

2πiz

∮
dω

2πiω

z

(z + 1)2
ω

(ω + 1)2

∑
N1,N2

tN1,N2(T ) z
N1−2ωN2−2 . (6.1.24)

Then, we can trace back the contributions from the θs through the following identification

∑
N1,N2

tN1,N2 :=
D∑

n1,n2=0

1∑
m1,m2=0

T
m1,m2
n1,n2

, (6.1.25)

whereTm1,m2
n1,n2

denotes the trace restricted to some specific eigenvalues (n1, n2 |m1,m2) of the fermionic
number operators. Let us highlight how the “massless to massive decomposition” works. Upon mod-
ular integration, the massless partition function includes only the following contributions

ZU(1)×U(1) = t1,1 − 2 t1,0 − 2 t0,1 + 4 t0,0 , (6.1.26)

5The modular integration is performed over the circle |z| = 1, with the singular point z = −1 pushed out of the
contour, the same goes for ω. Discussion on the regulated contour of integration for the modular parameters can be
found in Ref. [124].
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while the other possible values of (N1, N2) yield zero. Keeping in mind the decomposition (6.1.22)–
(6.1.25), in the following denoted with arrows, we get the massive improvements listed below

t1,1
m−−→ T

0,0
1,1 +T

0,1
1,0 +T

1,0
0,1 +T

1,1
0,0 ,

t1,0
m−−→ T

0,0
1,0 +T

1,0
0,0 ,

t0,1
m−−→ T

0,0
0,1 +T

0,1
0,0 ,

t0,0
m−−→ T

0,0
0,0 .

(6.1.27)

The above partition function can then be decomposed into its irreducible spacetime components.
The degrees of freedom for the free theory are given by

T
m1,m2
n1,n2

=
1

(4πT )D/2

(
D

n1

)(
D

n2

)
, (6.1.28)

where the factor (4πT )−D/2 corresponds to the free particle position and will be omitted in the
following. On the other hand, the binomials count the number of degrees of freedom and correspond
to the transverse polarizations of the tensor Ωµ|ν , yielding

ZU(1)×U(1) = Zhµν + ZAµ + Zφ + ZBµν + ZCµ + Zϕ = (D − 1)2 , (6.1.29)

where
Zhµν + ZAµ + Zφ =

(D + 1)(D − 2)

2
(6.1.30)

corresponds to a massive graviton, i.e. a massless graviton Zhµν along with the two Stückelberg
fields, a massless vector field ZAµ and a scalar field Zφ6

Zhµν := T
0,0
1,1 −T

0,0
2,0 − 2T 0,0

1,0 =
D(D−3)

2
, (6.1.31)

ZAµ := T 0,1
1,0 − 2T 1,0

0,0 = D − 2 , (6.1.32)

Zφ := T 1,1
0,0 = 1 , (6.1.33)

while
ZBµν + ZCµ =

(D − 1)(D − 2)

2
(6.1.34)

is the massive Kalb–Ramond field, corresponding to the massless contribution plus the massless
Stückelberg vector

ZBµν := T
0,0
2,0 − 2T 0,0

0,1 + 3T 0,0
0,0 =

(D−2)(D−3)
2

, (6.1.35)

ZCµ := T 1,0
0,1 −T

0,1
0,0 = D − 2 , (6.1.36)

and with
Zϕ := T

0,0
0,0 = 1 (6.1.37)

6Eventually, one could identify them as a single massive vector Stückelberg carrying D − 1 degrees of freedom.
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being the dilaton. One can check that the (m1,m2) = (0, 0) sector correctly reproduces the massless
spectrum of the Hilbert space contained in the N = 4 spinning particle model, which coincides with
the massless NS-NS sector of closed strings, while the (m1,m2) ̸= (0, 0) sector corresponds to the
massive improvements, namely the associated Stückelberg fields.

6.1.2 Full SO(4) group gauging

In the following, we gauge the entire R-symmetry group. The analysis will show that this choice
produces not only the massive graviton in the spectrum but also some unwanted contributions. One
has to find a way to project the latter away to finally construct a worldline path integral specifically
for the massive graviton.

The gauging of the full set of generators is achieved through a one-dimensional Yang–Mills field
aIJ(t) acting as a Lagrange multiplier in (6.1.5). Explicitly

SSO(4) = −
1

2

∫
dt aIJJIJ , (6.1.38)

or, taking into account the splitting (6.1.11),

SSO(4) = −
∫
dt

(
ajiJ

i
j +

1

2
aijK

ij +
1

2
aijGij

)
. (6.1.39)

Note that, contrary to the previous case, there is no room for Chern–Simons couplings here. It is
necessary then to restrict the analysis to D = 3 spacetime dimensions at first, to correctly reproduce
a graviton state. This is related to the BRST quantization of Chapter 4, where it was discussed how
the physical wavefunction of the spinning particle lies in the kernel of the operator Ĵ i

i – which is
the quantum operator corresponding to (6.1.16) including the contribution from the BRST bosonic
superghosts – only in three spacetime dimensions. Even if it has been shown how to reproduce a
first-quantized massive gravity theory in four spacetime dimensions by demanding the physical states
to have a fixed U(1) × U(1) charge of −1

2
, in the present case the latter condition could be satisfied

only upon adding a Chern–Simons term, which is not possible when the full gauging is considered.
At the end of the analysis, it shall then be discussed how to overcome this obstruction.

The starting point is the path integral (6.1.15), with the gauge-fixing G̃ =
(
T, 0, 0, ãji

)
producing

now the following action

Sgf [X, G̃] =

∫
dτ

[
1

4T
ẋµẋµ +m2T + ψ̄iµ (δij∂τ + iãij)ψ

j
µ + θ̄i (δij∂τ + iãij) θ

j

]
, (6.1.40)

with

ãji :=

(
α 0

0 β

)
. (6.1.41)

In the present case, one has to introduce the non-abelian ΦΠ ghosts associated with the whole SO(4)
group, whose path integration modifies the path integral (6.1.19) with the inclusion of the sine factors
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previously calculated in Ref. [72]. In terms of Wilson variables the path integral explicitly reads7

ZSO(4)(T ) =
1

4

∮
dz

2πiz

∮
dω

2πiω

z

(z + 1)2
ω

(ω + 1)2
p(z, ω)

∑
N1,N2

tN1,N2(T ) z
N1−2ωN2−2 , (6.1.42)

where p(z, ω) is the measure on the moduli space arising from the full gauging and reads

p(z, ω) := 4− 2zω − 2
( z
ω
+
ω

z

)
+ z2 + ω2 − 2

zω
+

1

z2
+

1

ω2
. (6.1.43)

To unveil the projection of the various components of the full measure, it is possible to follow the
“massless to massive decomposition” described in the previous subsection. Take as an illustrative
example the first monomial of (6.1.43). It yields the following contribution upon modular integration

4
∮ ∮
−−→ t1,1 − 2 t1,0 − 2 t0,1 + 4 t0,0 (6.1.44)

m−−→ T
0,0
1,1 +T

0,1
1,0 +T

1,0
0,1 +T

1,1
0,0 − 2T 0,0

1,0 − 2T 0,0
0,1 − 2T 1,0

0,0 − 2T 0,1
0,0 + 4T 0,0

0,0

:= ZU(1)×U(1) .

The first arrow implies a modular integration, while the second one denotes the massless to massive
decomposition as previously discussed. As for the remaining monomials, the outcome is as follows:

−2zω
∮ ∮
−−→ −1

2
t0,0

m−−→ −1
2
T

0,0
0,0 := −1

2
Zϕ , (6.1.45)

−2
( z
ω
+
ω

z

) ∮ ∮
−−→ −(t2,0 − 2 t1,0 + 3 t0,0) (6.1.46)

m−−→ −
(
T

0,0
2,0 +T

1,0
1,0 − 2T 0,0

1,0 − 2T 1,0
0,0 + 3T 0,0

0,0

)
:= −

(
ZBµν + ZCµ

)
,

z2 + ω2
∮ ∮
−−→ 0 , (6.1.47)

for the first half of p(z, ω). It is evident that, as for the massless case, the above monomials are
enough to construct a measure capable of projecting only into the massive gravity sector. We list

7Note that we factored out the 1
4 also stemming from the path integral over the SO(4) ΦΠ ghosts for simplicity.
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here the contributions stemming from the other monomials for completeness: we have

− 2

zω

∮ ∮
−−→ −1

2
t2,2 − 2 t1,1 − 9

2
t0,0 + 2 t2,1 − 3 t2,0 + 6 t1,0 (6.1.48)

m−−→ −1
2
T

0,0
2,2 − 1

2
T

0,1
2,1 − 1

2
T

1,0
1,2 − 1

2
T

1,1
1,1 − 2T 0,0

1,1 − 2T 0,1
1,0 − 2T 1,0

0,1 − 2T 1,1
0,0

− 9
2
T

0,0
0,0 + 2T 0,0

2,1 + 2T 0,1
2,0 + 2T 1,0

1,1 + 2T 1,1
1,0 − 3T 0,0

2,0 − 3T 1,0
1,0 + 6T 0,0

1,0 + 6T 1,0
0,0

:= −1
2
ZA2,2 − ZA2,1 − 1

2
ZA1,1 ,

1

z2
+

1

ω2

∮ ∮
−−→ 1

2
t3,1 − t2,1 +

3
2
t1,1 − 5 t1,0 − t3,0 + 2 t2,0 + 4 t0,0 (6.1.49)

m−−→ +1
2
T

0,0
3,1 +

1
2
T

0,1
3,0 +

1
2
T

1,0
2,1 +

1
2
T

1,1
2,0 − T

0,0
2,1 − T

0,1
2,0 − T

1,0
1,1 − T

1,1
1,0

+ 3
2
T

0,0
1,1 +

3
2
T

0,1
1,0 +

3
2
T

1,0
0,1 +

3
2
T

1,1
0,0 − 5T 0,0

1,0 − 5T 1,0
0,0 − T

0,0
3,0 − T

1,0
2,0

+ 2T 0,0
2,0 + 2T 1,0

1,0 + 4T 0,0
0,0

:= 1
2
ZA3,1 +

1
2
ZA3,0 +

1
2
ZA2,1 +

1
2
ZA2,0 .

The above contributions can be interpreted in terms of bi-forms Ap,q with corresponding partition
functions

ZAp,q =

p,q∑
k,l=0

(−)k+l(k + 1)(l + 1) tp−k,q−l (6.1.50)

previously analyzed in Ref. [145]. Indeed, they coincide with the same topological contributions of
the massless path integral, A2,2 and A3,1, along with the respective massive improvements, which
contribute to the effective action on non-trivial backgrounds and have to be projected out. It is
immediate to see that the following polynomial

P(3)(z, ω) := 4− 2
( z
ω
+
ω

z

)
− 4zω + 2

(
z2 + ω2

)
=

2(z − ω)2(zω − 1)

zω
(6.1.51)

does the work indeed, producing

P(3)(z, ω)
∮ ∮
−−→ ZU(1)×U(1) − ZBµν − ZCµ − Zϕ = Zhµν + ZAµ + Zφ . (6.1.52)

The measure (6.1.51) coincides with the one implemented to construct the path integral for the
massless graviton, although they work in different spacetime dimensions. This should not come
as a surprise in retrospect: our analysis has shown that the introduction of the mass ensures that
every single contribution to the partition function gets “Stückelberged” while evaluating the trace on
the larger Hilbert space, without the arising of unexpected terms. Consequently, the same measure
eliminates both the unwanted contributions and their Stückelberg companions at once.

As discussed in Ref. [145], the measure (6.1.51) can be related to a precise gauging of the R-symmetry
group, specifically the gauging of the parabolic subgroup of SO(4) (see [77] for its application in
worldline models for higher spin particles). It consists of the subgroup generated by J ji and the trace
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Kij while excluding the insertion of the metric Gij, which produces a measure

Ppar(z, ω) :=
2(z − ω)2(zω − 1)

z3/2ω3/2
. (6.1.53)

This choice leaves room for a Chern–Simons term in the Euclidean action, which can be chosen to
correctly reproduce the whole measure, i.e.

SCS = iq

∫
dτ aii with q = −1

2
, (6.1.54)

which results in a modification of Ppar(z, ω) through the following multiplicative term

PCS(z, ω) := z1/2ω1/2 =⇒ P(3)(z, ω) = Ppar(z, ω)PCS(z, ω) . (6.1.55)

As previously discussed, the measure P(3)(z, ω) fails in going beyond three spacetime dimensions and
one has to find a way to improve it. Notably, the presence of the Chern–Simons term allows us to
go to arbitrary dimensions tuning the CS coefficient appropriately, i.e.

q −→ q +
3−D

2
, (6.1.56)

with the latter improvement producing the operatorial constraints (N̂i − 2) in arbitrary dimensions.
The correct measure (6.1.51) becomes

P (z, ω) :=
2(z − ω)2(zω − 1)

zω
z
D−3
2 ω

D−3
2 , (6.1.57)

which is of course different from the massless D-dimensional measure. The phase space action with
the parabolic gauging reads

S =

∫
dt

[
pµẋ

µ + iψ̄µ · ψ̇µ + iθ̄ · θ̇ − e

2
H − iχi q̄i − iχ̄i qi −

1

2
aijK

ij − aji (J ij − qδij)
]
. (6.1.58)

6.2 One-loop massive gravity in the Worldline Formalism

In this section, we perform the quantization of the corresponding non-linear sigma model which
couples a massive spin 2 particle to background gravity. It will lead to the computation of the
counterterms necessary for the renormalization of the one-loop effective action of massive gravity
using the Worldline Formalism.

To achieve a representation of the QFT effective action of massive gravity from (6.1.14) we need to
couple the massive N = 4 spinning particle to a curved target space metric gµν(x). As a result, the
action (6.1.58) gets covariantized through the deformation of the worldline SUSY charges as follows

qi −→ ⨿i := −i ψai eµa πµ +mθi

q̄i −→ ⨿̄i := −i ψ̄i a eµa πµ +mθ̄i
(6.2.1)
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with the covariant momentum being

πµ := pµ − iωµab ψa · ψ̄b . (6.2.2)

Worldline fermions carry flat Lorentz indices so that ψµi := eµa(x)ψ
a
i , introducing a background

vielbein eaµ(x) and the torsion-free spin connection ωµab. The correct deformation of the Hamiltonian
requires more consideration: the spinning particle coupled to gravity does not exhibit a first-class
algebra, specifically the following anticommutator does not close:8

{⨿i, ⨿̄j} = −δji
(
∇2 −m2

)
−Rµνλσ ψ

µ
i ψ̄

ν jψλ · ψ̄σ , (6.2.3)

hence it is not immediate to identify a suitable deformed Hamiltonian. The BRST analysis of
Chapter 4 indicates to consider the following expression

H := ∇2 −m2 +Rµνλσ ψ
µ · ψ̄νψλ · ψ̄σ . (6.2.4)

The latter Hamiltonian is necessary to achieve nilpotency of the BRST charge on the relevant physical
subspace of the full BRST Hilbert space, in the massive worldline model. Furthermore, it turns out
that the background metric has to be on-shell with cosmological constant set to zero, i.e.

Rµν(x) = 0 . (6.2.5)

Note that within the massless BRST quantization of Chapter 4 one has to introduce also a non-
minimal coupling to the scalar curvature 2

D
R inside the Hamiltonian (6.2.4), since for the pure

gravitational case a non-zero cosmological constant is admitted. In the present case, such a coupling
is inevitably zero.

In the following, we will evaluate perturbatively the massive path integral considering the BRST
system as the starting point and keeping in mind that the results can be trusted only upon projection
onto Ricci-flat manifolds (6.2.5). Indeed, as previously commented, the presence of a non-trivial
gravitational background obstructs the first-class character of the constraints algebra, and a more
appropriate way of thinking about the model is to consider it as a genuine BRST system from the
start, regardless of being derived from a gauge-invariant classical predecessor.

The one-loop effective action Γ[gµν ] of massive gravity corresponds to the worldloop path integral of
the massive N = 4 spinning particle action S[X,G; gµν ], with schematic form

Γ[gµν ] =

∫
S1

DGDX

Vol(Gauge)
e−S[X,G; gµν ] , (6.2.6)

8The covariant derivatives are defined as ∇̂µ := ∂µ + ωµab ψ
a · ψ̄b and are related to the covariant momenta πµ

through ∇̂µ = ig
1
4πµg

− 1
4 . The metric determinant factors account for a self-adjoint operator [186]. The Laplacian is

defined as
∇2 := gµν∇̂µ∇̂ν − gµν Γλµν ∇̂λ ,

with Γλµν being the Christoffel symbols [68, 82]. For notational simplicity, we have used non-hermitian operators,
keeping in mind that hermiticity is obtained by a similarity transformation A→ g

1
4Ag−

1
4 on the quantum variables.
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where the full action S[X,G; gµν ] is the one in (6.1.58) with the suitable covariantizations (6.2.1)–
(6.2.4). The gauging of the parabolic subgroup, the gauge-fixing G̃ =

(
T, 0, 0, ãji

)
and the path

integration over the ΦΠ ghost proceeds as outlined in the previous sections. Factorizing out the
exponential of the mass, the worldloop path integral becomes

Γ[gµν ] = −
1

2

∫ ∞
0

dT

T
e−m

2T Z(T ) , (6.2.7)

where the partition function is

Z(T ) =
1

4

∮
dz

2πiz

∮
dω

2πiω

z

(z + 1)2
ω

(ω + 1)2
P (z, ω)

∫
PBC

Dx

∫
ABC

Dψ̄Dψ

∫
ABC

Dθ̄Dθ e−Sgf [X,G̃; gµν ] .

(6.2.8)

The gauge-fixed nonlinear sigma model action reads9

Sgf [X, G̃; gµν ] =

∫
dτ
[ 1

4T
gµν(x) ẋ

µẋν + ψ̄ai
(
δjiDτ + iãji

)
ψaj + θ̄i

(
δji ∂τ + iãji

)
θj

− TRabcd(x) ψ̄
a · ψbψ̄c · ψd

]
,

(6.2.9)

where we denoted the covariant derivative with spin connection ωµab(x) acting on the fermions by

Dτψai := ∂τψ
a
i + ẋµωµ

a
b ψ

b
i . (6.2.10)

At this point, the perturbative evaluation of the path integral has to be treated with care: in
particular, one has to factorize out the zero modes and expand in Riemann normal coordinates, as
carefully discussed in Chapter 5 for the massless counterpart of Eq. (6.2.8). We will avoid repeating
the same considerations here, as the technicalities remain unchanged. The partition function results
in

Z(T ) =

∮
dz

2πi

∮
dω

2πi
µ(z, ω)

∫
dDx

√
g(x)

(4πT )
D
2

〈
e−Sint

〉
, (6.2.11)

where the expectation value – with normalization one, i.e. ⟨1⟩ = 1, and propagators given in
Appendix 5.B.1 – has to be evaluated using the Wick theorem on the free path integral, with the free
action given by the quadratic part of (6.2.9), while higher order terms form the interacting action
Sint, for which the expansion in powers of proper time T has to be truncated to the desired order.
In (6.2.11) we kept track inside of µ(z, ω) of all the modular factors; these are

(i) the parabolic measure along with the D-dimensional Chern–Simons term, together giving rise
to P (z, ω) (6.1.57),

(ii) the z
(z+1)2

ω
(ω+1)2

factors corresponding to the gauging of worldline supersymmetries,

9To correctly define the path integral, one has to adopt a regularization scheme. In this chapter, we exploit the
calculations of Chapter 5, where dimensional regularization on the worldline was adopted. This choice produces a
counterterm VCT = 1

4R for the case of four worldline supersymmetries [228]. However, such a term is vanishing
upon going on-shell (6.2.5). Let us mention further that, in order to perform calculations, it is necessary to include
“metric ghosts” to keep translational invariance of the path integral measures and to renormalize potentially divergent
worldline diagrams [186].
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(iii) the poles 1
z
1
ω

arising from the integral measures over the moduli,

(iv) the 1
4

factor previously factored out,

(v) finally, the path integrations over the fermionic coordinates
∫
Dψ̄Dψ

∫
Dθ̄Dθ are responsible

for the following extra factors:

µ(z, ω) :=
1

4

1

(z + 1)2
1

(ω + 1)2
P (z, ω)

(z + 1)D+1

z(D+1)/2

(ω + 1)D+1

ω(D+1)/2
. (6.2.12)

In particular, the factors (z+1)D

zD/2
(ω+1)D

ωD/2
comes from the normalization of the fermionic path

integral over the ψs [124]. The extra z+1
z1/2

ω+1
ω1/2 instead is justified by the fact that the θs are free

in (6.2.9) and can be integrated over producing an additional determinant [125].

The whole measure can be recast in the following form

µ(z, ω) =
1

2

(z + 1)D−1

z3
(ω + 1)D−1

ω3
(z − ω)2(zω − 1) , (6.2.13)

and corresponds to a shift D → D+1 of its massless counterpart. To make explicit the Seeley-DeWitt
coefficients arising from the perturbative expansion, one can introduce the double expectation value〈〈

e−Sint

〉〉
=

∮
dz

2πi

∮
dω

2πi
µ(z, ω)

〈
e−Sint

〉
. (6.2.14)

The Seeley-DeWitt coefficients an(D) parameterize the divergences as
〈〈
e−Sint

〉〉
=
∑∞

n=0 an(D)T n,
therefore the partition function can be rewritten as follows

Z(T ) =

∫
dDx

√
g(x)

(4πT )
D
2

∞∑
n=0

an(D)T n . (6.2.15)

6.2.1 One-loop divergences

Let us start by checking the computation of the correct degrees of freedom of a massive graviton in D
spacetime dimensions. This is given by the double expectation value of the Seeley-DeWitt coefficient
a0(D, z, ω) = 1. Its projected partner

a0(D) = ⟨⟨1⟩⟩ =
∮

dz

2πi

∮
dω

2πi
µ(z, ω) =

(D + 1)(D − 2)

2
D=4
= 5 (6.2.16)

gives indeed the massive graviton’s physical polarizations. This confirms that the measure µ(z, ω)
correctly projects only onto the degrees of freedom of a massless graviton (hµν) plus the Stückelberg
fields (Aµ, φ) introduced in order to restore gauge invariance.

Let us comment on the fact that if we were to insert inside (6.2.12) the measure P(3)(z, ω) without
the improved D-dimensional Chern–Simons (6.1.51), we would get the correct degrees of freedom
only in three spacetime dimensions while failing to go beyond that.
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The computation of the higher-order Seeley-DeWitt coefficients proceeds exactly as in the massless
case since the θs have been integrated away. The only care one should take is to use the improved
measure (6.2.12). With these prescriptions and with the worldline diagrams of Chapter 5, it is
possible to evaluate the counterterms up to the third order, i.e.

Z(T ) =

∫
dDx

(4πT )
D
2

√
g(x)

[
a0(D) + a1(D)T + a2(D)T 2 + a3(D)T 3 +O(T 4)

]
. (6.2.17)

The results on Ricci-flat spaces are reported as follows. The exponentiation of all the connected
diagrams and the subsequent Taylor expansion to the desired order yields〈

e−Sint

〉
= 1 + T 2 α2R

2
µνρσ + T 3

(
β3RµνρσR

ρσαβRαβ
µν + γ3RαµνβR

µρσνRρ
αβ

σ

)
+O(T 4) . (6.2.18)

where the curvature invariants of order k in the Riemann tensor are multiplied by the coefficients
αk(z, ω,D), βk(z, ω,D) and γk(z, ω,D), explicitly given by

α2 =
1

180
+

1

2

(
ω2

(ω + 1)4
+

z2

(z + 1)4
+

4ωz

(ω + 1)2(z + 1)2

)
− 1

12

(
ω

(ω + 1)2
+

z

(z + 1)2

)
, (6.2.19)

β3 =
17

45360
− z

180(z + 1)2
− ω

180(ω + 1)2
+

(z − 1)2z2

6(z + 1)6
+

(ω − 1)2ω2

6(ω + 1)6

− 2ωz2

(ω + 1)2(z + 1)4
− 2ω2z

(ω + 1)4(z + 1)2
,

(6.2.20)

γ3 =
1

1620
− z

90(z + 1)2
− ω

90(ω + 1)2
+

z2

3 (z + 1)4
+

ω2

3 (ω + 1)4
+− 4ω3

3(ω + 1)6
− 4z3

3(z + 1)6
.

(6.2.21)

One can immediately recognize the unprojected Seeley–DeWitt coefficients multiplying the respective
powers of proper time. The final step consists of performing the modular integrals. The calculation of
the various terms in the perturbative expansion delivers the following coefficients in the perturbative
series (5.1.18)

a0(D) =
(D + 1)(D − 2)

2
, (6.2.22)

a2(D) =
D2 − 31D + 508

360
R2
µνρσ , (6.2.23)

a3(D) =
17D2 − 521D − 15658

90720
RµνρσR

ρσαβRαβ
µν +

D2 − 37D − 1118

3240
RαµνβR

µρσνRρ
αβ

σ . (6.2.24)

The coefficients (6.2.22)–(6.2.24), including the newly computed coefficient a3(D) on Ricci-flat spaces,
allow for further investigations of the issue of divergences in the quantum theory of massive gravity.
The type of divergences arising emerge naturally from the representation of the one-loop effective
action with a short proper time expansion; from (6.2.17) we have

Γ[gµν ] = −
1

2

∫ ∞
0

dT

T 1+D
2

e−m
2T

∫
dDx

(4π)
D
2

√
g(x)

[
a0 + a1T + a2T

2 + a3T
3 +O(T 4)

]
. (6.2.25)
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While the IR divergences are absent due to the presence of the mass, playing the role of a regulator,
the UV divergences10 arise from the T → 0 limit of the proper time integration. In four spacetime
dimensions, the different powers of T give rise to the quartic, quadratic, and logarithmic divergences
parametrized by a0, a1, a2, respectively. In QFT dimensional regularization only the logarithmic
divergences are visible. From (6.2.23) we have

a2|D=4 =
10

9
R2
µνρσ . (6.2.26)

The latter numerical value for the one-loop four-dimensional logarithmic divergence of massive grav-
ity coincides precisely with that calculated in Ref. [161]. In four dimensions R2

µνρσ is a total derivative
and can be eliminated from the effective action. Thus, one may conclude that the one-loop loga-
rithmic divergences of massive gravity without cosmological constant vanish. More generally, the a2
coefficient in D dimensions has been recently evaluated in Ref. [158] and is correctly reproduced by
our result (6.2.23). Finally, it is worth noting that the coefficient a3 gives rise to a finite term in the
four-dimensional effective action.

In D = 6, the coefficient a3 provides an additional divergence, the logarithmic one in that dimension

a3|D=6 = −
649

3240
RµνρσR

ρσαβRαβ
µν − 163

405
RαµνβR

µρσνRρ
αβ

σ . (6.2.27)

This coefficient should be obtained by any other method of calculation with the same value. While
the two curvature invariants in the previous expression are generally independent of each other, in six
dimensions there exists an integral relation that connects them [238] and the result can be expressed
as follows

a3|D=6 =
1

1080
RµνρσR

ρσαβRαβ
µν , (6.2.28)

encoding the one-loop logarithmic divergences of massive gravity in six dimensions. Let us also
mention that a more recent computation based on heat kernel techniques has provided the complete
set of coefficients (6.2.22)–(6.2.24) in Einstein spaces, thereby overcoming the previous restriction
to Ricci-flat backgrounds [8]. Interestingly, the results obtained there are in good agreement with
ours, even beyond the expected regime of validity of the massive N = 4 spinning particle model.
Specifically, we verified that terms proportional to the Ricci scalar, which are not reported here and
vanish upon projection to a Ricci-flat background, completely agree with Eq. (4.9) and Eq. (4.10)
of [8]. The same holds for the RR2

µνρσ coefficient in their Eq. (4.11), while the only exception
is represented by a numerical prefactor in front of the R3 invariant. In conclusion, the difference
between the two results amounts to

∆a3(D) := aN=4
3 (D)− a[8]

3 (D) =
(D + 12)3

432D3
R3 , (6.2.29)

where aN=4
3 (D) denotes the coefficient (6.2.24) calculated on Einstein spaces with non-vanishing

Ricci tensor from the massive N = 4 model. This suggests the interesting possibility that a slight
10To relate the 1

ϵ pole of dimensional regularization in QFT with our result, one has to evaluate the proper time
integral term by term in (6.2.25), to display the gamma function dependence.
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modification of the model may lead to matching those results.

6.3 Final remarks

In this chapter, we have realized the worldline path integral on the circle of the massive N = 4

spinning particle, providing a model capable of describing a massive graviton propagating on Ricci-
flat spacetimes of arbitrary dimensions. The key point in the derivation has been to realize that the
gauging of a parabolic subgroup of the SO(4) R-symmetry group, together with a suitable Chern–
Simons coupling, which worked for the massless model, is able to reproduce the correct result despite
the mass improvement. The analysis indicates that the degrees of freedom extracted by the path
integral undergo a “Stückelbergization”, leading to immediate identification of the massless graviton
together with the associated Stückelberg fields, a vector and a scalar, within the spectrum of the
particle model. We then applied the model to furnish a worldline representation of the effective action
of massive gravity, reproducing the divergences of one-loop linearized massive gravity with vanishing
cosmological constant in arbitrary dimensions. We computed the counterterms on-shell, and we
believe that they could serve as a benchmark for verifying alternative approaches to massive gravity.
We checked the correct reproduction of the heat kernel coefficients an(D) for n = 0, 1, 2 comparing
our results with those present in the literature. Finally, our main contribution was the determination
of the Seeley-DeWitt coefficient a3(D), which to our knowledge has never been computed in the
literature.

There are several promising directions for future exploration. One avenue involves relaxing the R-
symmetry constraints to allow for the propagation in the loop of the N = 0 supergravity, i.e. not only
the graviton but also the dilaton and the Kalb–Ramond field, provided that the associated BRST
system is first correctly realized, following the methodology outlined in Ref. [83]. Another avenue of
interest lies in extending these constructions to more exotic spaces, such as non-commutative spaces,
thereby realizing a covariant path integral for (spinning) particle models [256, 257], or complex
spaces, by employing the worldline models known as U(N ) spinning particles [244, 246], which may
offer a fruitful first-quantized description of gravitational theories on Kähler manifolds once coupled
to a curved background metric.
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