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Abstract

Artificial intelligence (AI) represents one of humanity’s most transformative tech-
nological advancements, with roots in the mid-20th century and rapidly growing
societal impact. Over the past decade, the field of neuro-symbolic (NeSy) AI –
which seeks to integrate symbolic and sub-symbolic approaches – has gained in-
creasing prominence as a promising paradigm for building intelligent systems. By
combining the structured reasoning capabilities of symbolic AI with the adapt-
ability and scalability of sub-symbolic methods, NeSy AI aims to overcome the
inherent limitations of each paradigm, paving the way for more robust and inter-
pretable systems.

Within this broad and multifaceted landscape, this thesis focuses on two com-
plementary subfields of NeSy AI: symbolic knowledge injection (SKI) and symbolic
knowledge extraction (SKE). These two areas, often seen as two sides of the same
coin, provide foundational mechanisms for the development of hybrid intelligent
systems. SKI enables the injection of structured domain knowledge into sub-
symbolic models, guiding their behavior, improving generalization, and enhancing
trustworthiness. SKE, conversely, facilitates the extraction of symbolic, human-
understandable information from these models, bridging the gap between opaque
internal representations and interpretability. Together, SKI and SKE form a syn-
ergistic loop: while SKI influences learning by introducing external structure, SKE
enables inspection, verification, and refinement of that structure, contributing to
the creation of systems that are explainable, reliable, and adaptable to real-world
complexity.

This thesis explores the challenges and opportunities of NeSy AI, with a par-
ticular focus on SKI, SKE, and their role in the engineering of intelligent systems.
After an overview of the background and state of the art, we identify key challenges
in integrating symbolic and sub-symbolic paradigms. We then present original con-
tributions in the form of methodologies, algorithms, and tools designed to advance
the capabilities of NeSy systems.

The advent of large language models (LLMs) has further transformed the land-
scape of AI, offering unprecedented capabilities for understanding and generating
natural language. This thesis investigates how LLMs can augment SKI and SKE,
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providing new avenues for designing systems that learn and adapt autonomously.
By leveraging these models, we demonstrate how hybrid approaches can address
complex challenges – such as fairness and decision-making in healthcare – while
ensuring interpretability and alignment with ethical principles.

Finally, we discuss how these advancements align with the broader vision of
NeSy, while also contributing to the specific goal of this thesis: enabling the
development of systems capable of fully autonomous learning. These systems
integrate the structured reasoning of symbolic AI, the adaptability of sub-symbolic
models, and the transformative potential of LLMs, opening pathways toward more
versatile and intelligent applications. Such progress not only advances the field but
also brings us closer to the distant horizon of general AI, where machines can learn,
reason, and adapt autonomously.

Keywords – artificial intelligence, neuro-symbolic AI, symbolic knowledge in-
jection, symbolic knowledge extraction, large language models, intelligent systems,
autonomous learning.
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“The work of each individual contributes to a totality, and so becomes an undying
part of the totality. That totality of human lives – past and present and to come –

forms a tapestry that has been in existence now for many tens of thousands of
years and has been growing more elaborate and, on the whole, more beautiful in
all that time. [. . . ] An individual life is one thread in the tapestry and what is
one thread compared to the whole? Daneel, keep your mind fixed firmly on the

tapestry and do not let the trailing off of a single thread affect you.”
—Isaac Asimov, Robots and Empire
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LR logistic regression.
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LTN logic tensor network.
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MARL multi-agent reinforcement learning.
MAS multi-agent system.
MCAR missing completely at random.
MCC Matthews correlation coefficient.
MDP Markov decision process.
ML machine learning.
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NLG natural language generation.
NLP natural language processing.
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OWL web ontology language.

PAC probably approximately correct.
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RL reinforcement learning.
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SGD stocastic gradient descent.
SKE symbolic knowledge extraction.
SKI symbolic knowledge injection.
SLR systematic literature review.
STS socio-technical system.
SVM support vector machine.
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TBox terminological axiom.
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TL transfer learning.
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UI user interface.
UX user experience.
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WDP weighted demographic parity.
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WEQ weighted equal opportunity.

XAI explainable artificial intelligence.
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Chapter 1

Introduction
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1.1 Research background and context

Through the course of history, humanity has experienced several socio-

technological revolutions that have changed the way we live. From the first indus-

trial revolution that initiated the automation of manual labor, to the world-wide

spread of computers that started the automation of processes and decision-making,

we are now witnessing the artificial intelligence (AI) revolution. The advent of AI

has already successfully automated cognitive tasks, and it is expected to go further

by reaching – and possibly surpassing – human-level intelligence. AI is not a recent

invention, it has been around since the 1950s. The reasons why only now (in the

last decade to be more precise) AI has become ubiquitous are the presence of cru-

cial elements that were missing in the past. Thanks to (i) the enormous amount of

data, (ii) the improvement of memory and computational power – that still follows

the Moore’s law –, and (iii) the affordability of huge quantity of energy, AI finally

flourished again.

CHAPTER 1. INTRODUCTION 1



1.1. RESEARCH BACKGROUND AND CONTEXT

The first kind of AI that was developed is symbolic. Symbolic means that there

are symbols with specific meanings that are manipulated by algorithms. Symbolic

AI follows the deductive process of reasoning, where the system starts from a

set of axioms and applies rules. These kinds of AI programs are pretty effective

in well-defined domains where there are clear rules that always hold, e.g., board

games, traveling salesman problem (TSP), blocks world problem (BWP), etc. Sub-

symbolic AI is based on the inductive process of reasoning. Conversely to symbolic

AI, sub-symbolic AI does not rely on symbols that have meanings for humans, but

on data patterns. Programs that uses sub-symbolic AI to solve a certain task are

said to perform machine learning (ML), because a model needs to first learn from

examples before being able to generalize to unseen data. Sub-symbolic models like

neural networks (NNs) can reach super-human performance in pre-defined tasks

like image recognition, natural language processing, etc., but they require a huge

amount of data and hardware resources to be trained.

The natural evolution in AI research is to use both symbolic and sub-symbolic

approaches together in order to increase the performance and face more challenging

tasks. This is the idea behind neuro-symbolic (NeSy) AI, where the deductive

reasoning of symbolic AI is combined with the inductive learning of sub-symbolic

models, especially NNs. This branch of AI is relatively young; the first works that

combined logic rules within a NN date back to the 90s [TSN90; TS94]. The last

past years have been quite prolific both in the design of new NeSy techniques and

in the development of intelligent systems that use them [Cia+24].

Finally, the advent of large language models (LLMs) has further transformed

the landscape of AI, offering unprecedented capabilities for natural language (and

also multimodal data) generation. LLMs are huge NN models up to hundreds of

billions of parameters that are trained on a large corpus of text data. Despite the

outstanding performance that LLMs have achieved in many tasks, their output is

just a probability distribution over the vocabulary, therefore it is subject to errors

(e.g., hallucinations) and biases (e.g., from training data, from prompt engineer-

ing). LLMs are still a great resource for NeSy AI because of their performance,

versatility and customizability. Ultimately, the rapid progress in NeSy AI and the

dazzling evolution of LLMs are significantly changing our world, leading to more

and more intelligent systems, and possibly to the advent of the singularity [Sha15].
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1.2 Overview and contributions

Engineering AI systems with characteristics approaching (super-)human intelli-

gence remains an open and multifaceted challenge. Humans exhibit a wide range

of cognitive capabilities: they can perform deductive and inductive reasoning, plan,

adapt to changing conditions, collaborate with others, self-organize, and acquire

new knowledge autonomously. Each of these skills contributes to what we broadly

refer to as intelligence. Hence, an intelligent AI system – particularly one aiming

toward artificial general intelligence (AGI) – must exhibit some of these abilities,

with the capacity to learn autonomously being among the most fundamental.

To advance toward this long-term goal, we adopt a strategy based on the pro-

gressive decomposition of the overarching challenge into concrete, tractable sub-

problems. These include acquiring and applying domain knowledge, reasoning

under uncertainty, adapting to new tasks, and ensuring interpretability and trust-

worthiness, among others. Rather than attempting to solve AGI in a monolithic

way, we aim to address specific foundational problems that are critical building

blocks for more general intelligence.

A key insight guiding this thesis is that many aspects of intelligent behavior

rely on the interplay between two complementary paradigms: symbolic and sub-

symbolic AI. Sub-symbolic models – such as those developed through ML, includ-

ing NNs – excel at learning from raw data and generalizing inductively. Symbolic

approaches, in contrast, are grounded in explicit, human-readable structures such

as logic rules or ontologies, and support deductive reasoning. Humans seamlessly

integrate both: they learn from examples and experience, but also reason with

abstract, structured knowledge.

Bridging these two paradigms is the central objective of NeSy AI. In this con-

text, two processes are particularly crucial: symbolic knowledge injection (SKI)

and symbolic knowledge extraction (SKE). SKI refers to the injection of symbolic

knowledge into sub-symbolic models, enabling them to benefit from prior domain

expertise, improve generalization, enforce constraints, and operate more reliably

under limited data regimes. Conversely, SKE is the process of extracting symbolic

knowledge from trained sub-symbolic models, thus making their learned inter-

nal representations accessible, inspectable, and reusable in downstream reasoning
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tasks. Together, SKI and SKE form the foundational pillars of advanced NeSy

systems, enabling a virtuous cycle in which knowledge can flow in both directions

fostering transparency, adaptability, and autonomy.

This thesis investigates both theoretical and practical aspects of SKI and SKE,

proposing new methodologies, tools, and experimental frameworks to extend their

applicability. By exploring how these techniques can be embedded in real-world AI

systems, including in high-stakes domains such as healthcare, we aim to contribute

toward the broader objective of constructing intelligent systems that learn and

reason in a human-like, autonomous, and interpretable manner.

Research questions

RQ0 Are SKI and SKE relevant in the context of modern AI?

The increasing complexity and opacity of sub-symbolic models raise urgent

needs for systems that are not only accurate, but also interpretable, robust,

and adaptable. SKI and SKE address these needs by enabling, respectively,

the integration of prior knowledge into learning systems and the extraction

of insights from them. This research investigates the relevance and impact of

these techniques in real-world scenarios, and evaluates how they contribute

to broader AI goals such as trustworthiness, efficiency, and autonomy.

RQ1 What are the characteristics of SKI and SKE techniques?

There are different ways to perform SKI and SKE, depending on multiple

dimensions. From these dimensions – such as the kind of supported sub-

symbolic models, the formalism of the symbolic knowledge, the ways to in-

ject/extract the knowledge, etc. – it is possible to refine the main research

question into more detailed sub-questions. Ultimately, from the answers

to these research questions it would be possible to define a comprehensive

taxonomy of SKI and SKE techniques.

RQ2 How can the effects of SKI and SKE be measured?

Accuracy and other popular metrics in ML are not the only ones that should

be considered when evaluating SKI and SKE techniques. There are many

other aspects that a scientist or the final user of the technology wants to

know. For instance, how robust is the model with injected knowledge to
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data degradation, how well the extracted knowledge aligns with the actual

behavior of the model, whether it is possible to reduce the size of the model

by injecting knowledge without losing performance, and so on.

RQ3 When and where should SKI and SKE be used?

Traditionally, SKE originates from the context of explainable artificial in-

telligence (XAI), where the objective is to provide a human-understandable

explanation of the model’s behavior. SKI, on the other hand, was intro-

duced primarily to improve model performance. However, both techniques

have many other possible applications that deserve systematic investigation.

RQ4 How to design and develop NeSy AI systems that leverage SKI and SKE?

The use of SKI and SKE enables a variety of new applications and research

directions. These new possibilities must be explored taking into account all

the consequences and implications of the use of these techniques.

Contributions

The thesis mainly contributes to the field of NeSy AI and software engineering.

In particular, it focuses on SKI and SKE methods and on the development of

AI systems that leverage them. The fil rouge that binds all the contributions is

the goal to design and develop intelligent systems, ultimately with capabilities of

autonomous learning. The contributions are manifold, and they cover different

aspects of NeSy AI including: SKI and SKE, software engineering, and social-

technical systems. In this thesis, we present the following contributions:

(i) SKI and SKE

(1) we systematically collect and organise into a taxonomy SKI and SKE

methods and technologies (RQ0 and RQ1);

(2) we design, implement and validate new SKI and SKE methods (RQ1

and RQ3);

(3) we define new metrics to evaluate the performance of SKI techniques

(RQ2 and RQ3).

(ii) Software engineering
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(4) we design and develop software libraries to support the development

and integration of SKI and SKE methods in AI systems (RQ4);

(5) we design and develop NeSy AI systems that leverage SKI and SKE

techniques in real-world scenarios (RQ0, RQ3 and RQ4);

(iii) Social-technical systems

(6) we investigate how SKI techniques can be used to mitigate the risk of

bias in AI systems (RQ0, RQ3 and RQ4);

1.3 Structure of the thesis

This thesis is structured as follows.

Part I gives the background necessary to understand all aspects of the research.

In Chapter 2 where we introduce the broad topic of intelligence, starting from its

declinations in living beings and then going deep into machines. A considerable

part of the chapter is dedicated to symbolic and sub-symbolic AI (Sections 2.2.1

and 2.2.2), which is one of the main focus of this thesis. Chapter 3 follows with

a presentation of NeSy AI, with particular focus to SKI and SKE by providing a

comprehensive taxonomy of the existing methods (Sections 3.1 and 3.2).

Part II presents one of the main contributions of the thesis. Chapter 4 intro-

duces new SKI methods that we designed and implemented. Chapter 5 presents

platform for symbolic knowledge injection (PSyKI), a software library that we

developed to support the design and development of NeSy AI systems that lever-

age SKI techniques. Chapter 6 investigates how SKI techniques can be used to

mitigate bias in AI systems, thus contributing to the development of trustworthy

artificial intelligence (TAI).

Part III presents NeSy AI systems that leverage SKI and SKE techniques.

Chapter 7 presents three applications of NeSy AI systems that we designed and

developed. In Chapter 8 we discuss how SKI and SKE techniques can be used

to design and develop AI systems with capabilities of autonomous learning, thus

contributing to the long-term goal of AGI. Finally, in Chapter 9 we summarise

the main findings of the research, discuss its limitations, and outline directions for

future work.
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Chapter 2

Artificial intelligent systems

What is intelligence?

What is artificial intelligence?

What are the characteristics of an intel-

ligent system?

– RQ0

Contents
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In this chapter, we introduce the concept of intelligence providing one of the

possible definition (Section 2.1) starting from the sort of intelligence in animals

and humans (Section 2.1.1). We then introduce intelligence in computer science

with insights on reasoning, learning and agency (Section 2.1.2). Then, we focus on
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the core background of this thesis: AI (Section 2.2) by providing all the necessary

notions the reader needs to understand the rest of the thesis. Finally, we discuss

the impact and implications of AI in modern society (Section 2.3).

2.1 What is intelligence?

Intelligence is a concept that encompasses a wide range of abilities and charac-

teristics of single individuals or groups. From an evolutionary perspective, in-

telligence characterises some animal species – and organisms belonging to other

biological kingdoms – from simple forms of life. In the history of our planet,

carbon-based life evolved from unicellular organisms to multicellular organisms,

and ultimately to complex organisms with specialized cells and tissues. Some of

these organisms (e.g., insects) developed skills – such as navigation, communica-

tion, self-organisation, adaptation, and so on – that are perceived as intelligent

abilities. More evolved individuals (e.g., mammals) developed even more complex

forms of intelligence, such as planning, reasoning, learning, etc.

In much more recent history, the carbon-based life was not the only one to

“manifest” intelligent behaviours. With the invention of the computer, also ma-

chines can perform tasks that we consider intelligent. To distinguish between the

intelligence of living beings and that of machines, we refer to the former as natural

intelligence and to the latter as AI.

Intelligence originally emerged as a result of the evolutionary process and from

the interaction of organisms with each others and their environment. Later, we

built machines that can perform tasks that require some sort of intelligent ability.

However, it is us – as humans – to attribute the label of intelligent to someone or

something and not to others. Indeed, it is said that “intelligence is in the eye of

the beholder”. In this sense, we can say that intelligence is not an absolute concept,

but it should be considered under a relative perspective.

Giving a single rigorous definition of intelligence is not a trivial task. Further-

more, there is not one single shape of intelligence, but it can be declined in many

different ways (e.g., emotional intelligence, social intelligence, spatial intelligence,

etc.). In this thesis we do not want to stay strictly dependant to a specific definition

of intelligence, nevertheless it would be useful to provide a one. We give a broad
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definition to help the reader to get more familiar with recurrent concepts that will

appear later. We choose to adopt a definition inspired by a notorious satirical essay

by Cipolla [Cip21]. In “The basic laws of human stupidity”, the author classifies

individuals into four categories based on the result of their actions :

• Stupid → losses for others and for themselves;

• Helpless → benefits for others and losses for themselves;

• Bandit → losses for others and benefits for themselves;

• Intelligent → benefits for others and for themselves.

Now, what is a loss or a benefit? We can see losses and benefits as the failure or

success in – fully or partially – achieving a certain goal. With this respect we can

state that:

Definition 2.1 (Intelligence) an individual (or a group) has an intelligent be-

haviour if it is able to perform actions that lead to the achievement of a given

goal.

Definition 2.1 intentionally adopts a broad notion of intelligent behaviour. Under

this formulation, the ability to select actions that achieve a goal may also char-

acterize simple reactive or feedback-based systems, as well as biological processes

such as homeostasis. For this reason, the definition should not be interpreted as a

comprehensive or exclusive account of intelligence. Rather, it serves as an opera-

tional definition, sufficient to delimit the class of systems considered in this work,

namely artificial agents whose behaviour is guided by internal representations and

decision mechanisms.

Definition 2.1 is also similar to the definitions of intelligence collected in the

work of Legg and Hutter [LH07], such as the definition “The capacity to learn

or to profit by experience” [Ste00]. Broadly speaking, a common feature of these

definitions is that intelligence is seen as a property of an individual interacting with

an external environment, problem, or situation. This interaction is fundamental to

practically all proposed definitions of intelligence. Another shared characteristic

is the relationship between intelligence and the ability to succeed or profit in

achieving objectives. The notion of success or profit implies the existence of a

specific goal, although the exact nature of the goal may vary across individuals
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or contexts. What matters is the capacity of the individual to carefully select

actions that lead to the accomplishment of these goals. The greater this capacity

to succeed across a variety of goals, the greater the individual’s intelligence. This

perspective aligns with the idea that intelligence is not a fixed attribute but rather

a dynamic ability to adapt and perform effectively in diverse scenarios.

2.1.1 Natural intelligence

In order to survive in their environment, animals – but also other organisms of

different kingdoms such as plants or fungi – have developed a set of abilities and

some of them are perceived as intelligent. For the sake of simplicity, we will

consider just to animals, but many of the concepts we will talk about can be

extended to other organisms. Animals have a body, and they are situated in the

physical world. Through sensory organs, they can perceive the environment and

with muscles they can interact with it. They are autonomous individuals, i.e.,

they are able to perform actions without the need of an external controller.

All animals are able to keep themselves alive (self-sufficiency) until natural

death or an accident occurs. In addition to self-sufficiency, animals contribute to

the survival of their species generating offspring. To do so, they need to navigate

the environment, find food, avoid predators, reproduce, and so on.

Humans have developed two main characteristics about intelligence that are

no match for any other animals: reasoning and learning.

Reasoning Logical reasoning, or simply reasoning, is a process of drawing con-

clusions from premises. There exists three main ways of reasoning:

• Deductive reasoning → it is a top-down approach that starts from a

general statement and derives specific conclusions. For example, if we know

that all humans are mortal and Socrates is a human, we can conclude that

Socrates is mortal. Deductive reasoning can be compared to what Kahneman

calls System 2 in his book Thinking, Fast and Slow [Kah11]. Kahneman

describes the second system as slow thinking, which is deliberate, effortful,

logical and more rational.
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• Inductive reasoning→ it is a bottom-up approach that starts from specific

observations and derives general conclusions. For example, if we observe that

the sun rises every day, we can conclude that the sun will rise tomorrow.

Inductive reasoning can be mapped in the System 1 – i.e., fast thinking – of

Kahneman, which is automatic, effortless, intuitive and emotional. However,

this mapping should be interpreted as partial: while some forms of inductive

reasoning may rely on rapid, intuitive mechanisms, System 1 also includes

innate or pre-attentive processes that are not the result of learning, and more

complex inductive inferences may involve deliberative components typically

associated with System 2.

• Abductive reasoning → it is a form of reasoning that starts from an

observation and seeks the simplest and most likely explanation (i.e., Occam’s

razor). For example, if we observe that the grass is wet, we can conclude that

it rained last night. This kind of reasoning is the same that is adopted by

detectives to solve crimes. Abduction also requires the use of statistics and

probabilities, and therefore it deals with uncertainty (“Once you eliminate

the impossible, whatever remains, no matter how improbable, must be the

truth”—Arthur Conan Doyle1).

Learning Human beings can perform a vast array of tasks, and their ability to

learn new ones is a cornerstone of their intelligence. Learning is a process that

allows individuals to model reality, adapt to their environment, and share knowl-

edge with others. Broadly speaking, humans acquire new skills and knowledge

in two primary ways: by generalising experience – e.g., via inductive reasoning

–, or by deductively inferring new knowledge from what they already hold or can

obtain from others—e.g., through direct communication (talking) or indirect com-

munication (reading) [CO94]. In the former case, novel knowledge is formed in the

learner’s mind by interacting with the environment and interpreting sensory input.

In the latter case, knowledge is represented symbolically (e.g., through words, ges-

tures, or diagrams), enabling communication and the transfer of meaning between

individuals. This symbolic representation is crucial for sharing complex ideas and

building upon the collective knowledge of a society.

1a person must be aware of all the possibilities in order to not fall into a deductive error.
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Animals, too, exhibit learning abilities, though the mechanisms and extent vary

widely across species. For instance, many animals rely on experience to adapt to

their environment, such as learning to navigate, find food, or avoid predators.

Some species, like primates and certain birds, demonstrate the ability to use sym-

bols or tools, which suggests a rudimentary form of modeling reality and reasoning

about their surroundings [She09]. In both humans and animals, learning is deeply

tied to the interaction with the environment, where experiences shape the internal

models of reality that guide future actions.

In humans, the ability to reason about acquired knowledge is particularly ad-

vanced. This reasoning allows individuals to not only apply learned concepts

but also to refine and expand them, often by integrating new information with

existing symbolic representations. Such reasoning processes are essential for

problem-solving, planning, and innovation, which are hallmarks of human intelli-

gence [LH07]. Moreover, the ability to share knowledge through symbolic means,

such as language, has enabled humans to build complex societies and advance

technologically.

2.1.2 Intelligence in computer science

Since the automation of computation with the invention of the computer, intelli-

gence has always been a central topic in computer science. Officially, the field of

AI was born in 1956 at the Dartmouth Conference, where a group of researchers

gathered to discuss the possibility of computing towards intelligence. In this sec-

tion, we provide a high-level introduction of how machines can mimic the processes

of reasoning and learning that we find in natural intelligence. Later, in Section 2.2

we give a detailed background on AI.

2.1.2.1 Reasoning

Every form of reasoning presupposes a structured connection between reality and

its representation. In symbolic approaches to knowledge representation (KR), this

connection is mediated through symbols, where the interplay between signifier and

signified enables the encoding of meaning. Symbols thus act as the bridge between

the external world and computational processes, allowing reasoning systems to ma-
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nipulate abstract entities while still preserving a link to the underlying semantics

of the domain. In this sense, reasoning is not only the mechanical application of

rules, but also the interpretative activity that derives new knowledge by operating

on representations whose significance is grounded in the symbolic layer of KR.

Symbolic KR has always been regarded as a key issue since the early days of AI,

under the assumption that intelligent behavior requires explicit forms of knowledge

and mechanisms to represent and manipulate it [NS76; BL04]. When compared to

arrays of numbers, symbolic KR is far more flexible and expressive, and, in par-

ticular, more intelligible—both machine- and human-interpretable. Historically,

most KR formalisms and technologies have been designed on top of computa-

tional logic [Llo90], that is, the exploitation of formal logic in computer science.

Consider, for instance, deductive databases [GR68], description logics [Baa+03],

ontologies [Cim06], Horn logic [McN77], higher-order logic [VD01].

Reasoning in computer science involves the process of deriving conclusions from

a set of premises or facts, often encoded in a formal language. Logic reasoners, such

as Prolog-based systems like tuProlog [DOR01], play a central role in automating

this process. These reasoners typically follow a sequence of steps:

• Parsing, the reasoner first parses the input knowledge base, which consists

of facts, rules, and queries, into an internal representation;

• Inference, using inference rules, such as modus ponens [End72], the reasoner

derives new facts or verifies the truth of a query.

• Unification, a key operation in logic reasoning is unification, where variables

in predicates are matched with constants or other variables to satisfy logical

constraints;

• Search: the reasoner explores the search space of possible solutions, often

using strategies like depth-first search or breadth-first search, depending on

the implementation;

• Result generation, finally, the reasoner provides the results of the rea-

soning process, which could be a solution to the query, a proof, or a set of

derived facts.

For example, in a Prolog-based system, a query is resolved by attempting to unify

it with facts or the heads of rules in the knowledge base, recursively applying the
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rules’ bodies until a solution is found or all possibilities are exhausted. Logic rea-

soners are widely used in various applications, including expert systems, semantic

web technologies, and automated theorem proving, due to their ability to handle

complex symbolic reasoning tasks efficiently.

2.1.2.2 Learning

The learning process performed by machines is called machine learning (ML). ML

is a wide umbrella term that encompasses a variety of different ways of learning

and different learning tasks. A widely adopted definition of ML is the one given

by Tom Mitchell in 1997 [Mit97]:

Definition 2.2 (Machine Learning) a computer program is said to learn from

experience E with respect to some class of tasks T and performance measure P if

its performance at tasks in T , as measured by P , improves with experience E.

The software component deputed to learning is referred as model, learner or pre-

dictor (and possibly other names). The experience E can be represented as a

given dataset, i.e., a collection of input data, but there could be other ways (e.g.,

through reinforcement learning (RL)). The input can come in different shapes, e.g.,

tabular data, images, text, etc. Each input type is represented in different ways

to be interpreted by a machine: an entry in a table is represented as a vector of

features, an image is usually represented as a matrix, or a tensor, and a text can

be represented as a vector of word embeddings. There can be a variety of different

tasks T and performance measures P . In the rest of this section, we will provide

a brief overview of the most common tasks and performance measures.

The most common macro ML tasks are:

• Classification→ given the input data X = x1, x2, . . . , xn, the task is to pre-

dict a label y (a.k.a., output) from a finite set of labels Y = {y1, y2, . . . , ym}.
The input is made of numerical features xi that can either be binary, cate-

gorical, or continuous. Ultimately, the goal is to learn a prediction function

π∗ : X → Y ;

• Regression→ the task consists in predicting a continuous value y from the

input data X. Similarly to classification, the goal is to learn the optimal

predictor that maps the input X to the output Y (usually Y = R);

16 CHAPTER 2. ARTIFICIAL INTELLIGENT SYSTEMS



2.1. WHAT IS INTELLIGENCE?

• Clustering→ the task is to group the input data X into k clusters according

to some strategy (e.g., usually a distance function). A cluster is a subset of

the input data X that is similar to each other and dissimilar from the data

in other clusters. Clustering predictors can be considered as classifiers upon

anonymous classes.

To approximate π∗, a learning algorithm is used. Depending on the type of learning

algorithm, the learning process can be supervised, unsupervised, or reinforcement.

Supervised A ML process is supervised if it is trained on a labelled dataset,

where each data point is associated with a corresponding label that represents

the desired output. The training set is made of pairs (xi, yi), where xi is the

input data and yi is the corresponding label. The goal of the learning process is

to learn a function f that maps the input data xi to the corresponding label yi,

such that f(xi) ≈ yi for almost all training examples 2. The function f is usually

a mathematical model that is trained on the training set by minimizing a loss

function, which quantifies the error between the predicted output ŷi = f(xi) and

the true label yi. For example, in a binary classification task, the loss function

could be the binary cross-entropy, while in a regression task, it could be the mean

squared error. Once trained, the model can generalize to unseen data, predicting

labels for new inputs based on the patterns it has learned from the training set. An

example of supervised learning is email spam detection, where the input xi could

be the content of an email, and the label yi could be either spam or not spam.

The model learns to classify emails by analyzing a dataset of labelled examples

and can then predict whether a new email is spam or not.

Unsupervised In unsupervised learning, the learning task consists of discov-

ering patterns, structures, or relationships within a dataset without relying on

labeled outputs. The goal is to find an optimal representation or grouping of the

data based on an objective criterion, such as minimizing intra-cluster distances

or maximizing data variance. Common tasks in unsupervised learning include

clustering, where data points are grouped into clusters based on similarity, and

2the learning process can sacrifice accuracy on some training examples to improve generaliza-
tion on unseen data.
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dimensionality reduction, where the data is transformed into a lower-dimensional

space while preserving its essential structure. For example, in clustering, the k-

means algorithm partitions a dataset into k clusters by iteratively assigning data

points to the nearest cluster centroid and updating the centroids to minimize the

total intra-cluster variance [Llo82]. Another example is principal component anal-

ysis (PCA), a dimensionality reduction technique that identifies the directions

(principal components) in which the data varies the most, enabling efficient data

compression and visualization [Pea01].

Reinforcement learning In reinforcement learning, the learning task consists

of letting an agent estimate optimal plans or policies by interacting with an envi-

ronment and receiving feedback in the form of rewards or penalties. The agent’s

goal is to maximize the cumulative reward over time by learning which actions

to take in different states of the environment. This process is typically modeled

as a Markov decision process (MDP), which is defined by a set of states, a set of

actions, a transition function that describes the probabilities of moving between

states, and a reward function that assigns a numerical value to each state-action

pair [SB98]. For example, consider a ground robot that performs phototaxis, i.e.,

it moves towards a light source. The robot can perceive its environment through

sensors that detect the light intensity and can perform actions such as moving

forward, turning left, or turning right. When the robot moves closer to the light

source, it receives a positive reward, while moving away results in a negative re-

ward. Over time, the robot learns a policy that maps states to actions, allowing

it to navigate effectively towards the light source by maximizing its cumulative

reward.

2.2 Artificial intelligence

The wide range of AI techniques are divided into many categories, including two

major ones: symbolic and sub-symbolic AI. Figure 2.1 provides an overview of AI

fields, highlighting the distinction between symbolic and sub-symbolic approaches.

The thing that distinguishes these two categories is the way they represent knowl-

edge and how they process it. No intelligence can exist without knowledge and no
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Figure 2.1: AI map (not exhaustive) illustrating the main subfields with a focus on
symbolic and sub-symbolic approaches. On the left side, symbolic AI is represented by
search algorithms, KRs, and reasoning. On the right side, sub-symbolic AI is represented
by learning technique families, such as unsupervised learning, supervised learning, and
reinforcement learning. The figure is a simplified representation to give the reader a gen-
eral idea of the landscape of AI. Notably, learning-based approaches are not necessarily
subsymbolic. For instance, inductive logic programming (ILP) and DT learning induce
explicit symbolic structures whose components retain a well-defined and compositional
semantics, despite being learned from data.

computation can occur in lack of representation. In the rest of the thesis, we will

use the term symbolic (resp., sub-symbolic) AI and symbolic (resp., sub-symbolic)

KR almost interchangeably. Symbolic AI is based on symbols, which come with a

meaning and could be manipulated according to the formalism and rules of a given

AI system. On the other hand, sub-symbolic AI is based on a numerical represen-

tation – a.k.a., sub-symbolic – where the numbers are not directly interpretable.

Numbers are technically symbols, but numbers, arrays and their functions are not

recognised as means for symbolic KR. According to Van Gelder [Gel90], in order

to be considered symbolic, KR approaches must:

R1 involve a set of symbols;

R2 the symbols can be combined following a set of grammatical rules;

R3 elementary symbols and combinations of symbols can be assigned a meaning.

Local vs. distributed Multidimensional arrays are the fundamental building

block of sub-symbolic data representation. Formally, a D-order array is an ordered

container of real numbers, where D indicates the number of indices required to ac-
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cess each element. We refer to 1-order arrays as vectors, 2-order arrays as matrices,

and arrays of order greater than two as tensors. In sub-symbolic tasks based on

arrays, information is typically conveyed both by the values stored in the array and

their position within it. The dimensions of the array – denoted as (d1 × · · · × dD)

– also play a crucial role, as sub-symbolic systems are usually designed to operate

on arrays of fixed shape. That is, the values of d1, . . . , dD are chosen at design

time and remain unchanged thereafter. This violates R2 above; accordingly, we

define sub-symbolic KR as the task of encoding information into rigid numeric

arrays. Local and distributed representations are two key modes for encoding data

into such arrays. In local representations, each entry in the array corresponds to

a well-defined concept from the target domain—its semantic meaning is clear and

independent. In distributed representations, by contrast, individual values carry

little or no standalone meaning: their interpretation depends on the configuration

of values across a neighbourhood in the indexing space. Consequently, while the

exact location of values is largely irrelevant in local representations, it becomes

essential in distributed ones. Notably, distributed representations violate R3, and

for this reason, recent literature often labels as sub-symbolic those predictors that

rely on distributed encoding of data.

2.2.1 Symbolic AI

Symbolic AI has been regarded as crucial since AI’s inception. Symbolic KR offers

enhanced flexibility, expressiveness, and intelligibility, being interpretable both by

machines and by humans.

Intentional vs. extensional In formal logic, one may define concepts either

extensionally or intensionally. Extensional definitions are direct representations

of data. For example, the set of square numbers admits the extensional definition

{0, 1, 4, 9, 16, . . . } by listing every member explicitly. Conversely, an intensional

definition is an indirect representation of data. In first-order logic (FOL), this

corresponds to defining a relation via a formula; for instance, the set of square

numbers can be defined as {x | ∃n ∈ Z (x = n2)} which succinctly encodes an

infinite extension with a single schema. Recursive intensional predicates further
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expressive, as it can only represent
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binations. All the other logics fall
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tractability.

enhance expressivity: for example, the ancestor relation can be axiomatized by

Ancestor(x, y) ⇔ Parent(x, y) ∨ ∃z [Parent(x, z) ∧ Ancestor(z, y) ] allowing a

compact representation of an infinite set of pairs with a finite rule. In formal logic,

intensional definitions are prized for their ability to model potentially unbounded

domains within finite logical formalisms.

Expressiveness vs. tractability Tractability addresses the theoretical ques-

tion of whether a logic reasoner can determine the truth of a given formula within

feasible time and space bounds. The answer is deeply tied to the specific rea-

soning algorithm and the logic’s formal properties. Depending on the features a

logic provides – such as quantifiers, function symbols, or recursive definitions – it

may be more or less expressive. The higher the expressiveness, the more complex

the problems that can be represented and reasoned about, but this also increases

the computational burden. This well-known phenomenon is often referred to as

the expressiveness/tractability trade-off [CS93a; BL04; LB87]. In practice, highly

expressive logics make it easier for human users to model rich domains, often re-

quiring fewer and more concise formulas. However, this comes at the cost of auto-

mated inference, which may become computationally intractable, undecidable, or
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non-terminating in the general case. To mitigate this issue, various fragments and

extensions of FOL have been identified, each providing different tradeoffs between

what can be expressed and what can be decided efficiently. Figure 2.2 illustrates

the relationships among different logic families, highlighting the trade-off between

expressiveness and tractability.

2.2.1.1 First-order logic

FOL is a general-purpose formalism that underpins most symbolic KR systems. It

enables both human and computational agents to model entities and their inter-

relations through predicates and terms within a defined domain of discourse. Its

syntax comprises variables (quantified explicitly or implicitly), constants, function

symbols, and predicate symbols, which are combined via logical operators such

as conjunction (∧), disjunction (∨), implication (→), and equivalence (↔). FOL

allows for both extensional and intensional definitions. Recursive intensional def-

initions, in particular, are powerful, enabling finite representations of infinite sets.

Despite its flexibility, FOL is semi-decidable in general: there is no algorithm that

can determine the truth of every FOL formula in finite time, which limits its use

in systems requiring guaranteed termination [Baa+03].

2.2.1.2 Horn logic

Horn logic is a significant subset of FOL, offering a balanced trade-off between

theoretical expressiveness and practical tractability [Mak87]. It is built around

the concept of Horn clauses [Hor51], which are formulas in FOL that exclude

quantifiers and consist of a disjunction of predicates, with at most one non-negated

literal. Alternatively, a Horn clause can be expressed as an implication where the

consequent is a single predicate and the antecedent is a conjunction of predicates:

h ← b1, . . . , bn. Here, ← denotes logical implication (from right to left), commas

represent logical conjunctions, and bi as well as h are predicates of arbitrary arity,

potentially containing FOL terms such as variables, constants, or functions.

Horn clauses can be interpreted as if-then rules written in reverse order, where

only conjunctions of predicates are allowed in the antecedent. In essence, Horn

logic is a constrained subset of FOL characterized by the following limitations:
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(i) formulas are reduced to clauses, containing only predicates, conjunctions, and

a single implication operator; (ii) operators such as ∨, ↔, or ¬ (negation) are not

allowed; (iii) variables are implicitly quantified; and (iv) terms behave as they do

in FOL.

2.2.1.3 Datalog

Datalog is a declarative query language and a restricted subset of FOL, designed

for deductive databases and knowledge representation [AG94]. It represents knowl-

edge using function-free Horn clauses, as defined in Section 2.2.1.2. This restriction

eliminates the use of function symbols, thereby forbidding structured terms such

as recursive data structures. As a result, Datalog is well-suited for applications re-

quiring finite and decidable reasoning, as the absence of function symbols ensures

termination of inference algorithms. Similar to Horn logic, Datalog’s knowledge

bases consist of sets of function-free Horn clauses, which are interpreted as rules

and facts. Rules in Datalog follow the form h← b1, . . . , bn, where h is the head of

the rule and b1, . . . , bn are the body predicates. Unlike general FOL, Datalog does

not allow disjunctions, negations, or explicit quantifiers, as variables are implicitly

universally quantified. Datalog is widely used in areas such as knowledge graphs

(KGs), semantic web technologies, and database systems, where efficient reasoning

over large datasets is required. Its simplicity and computational efficiency make it

a practical choice for symbolic AI tasks that demand tractable reasoning.

2.2.1.4 Description logic

Description logic (DL) are a family of subsets of FOL, typically involving limited or

no quantifiers, no structured terms, and no n-ary predicates where n ≥ 3 [Baa+17].

In essence, DL represents knowledge using constants and variables, along with

atomic, unary, and binary predicates.

The differences among specific variants of DL lie in the set of supported log-

ical connectives and whether negation is allowed. The wide variety of DL stems

from the well-known trade-off between expressiveness and tractability. Depend-

ing on the application, one may prefer a more expressive DL variant, which offers

richer features at the cost of reduced tractability or even decidability of algorithms
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manipulating the knowledge, or vice versa.

In DL, it is common practice to use specific terminology for different elements

of knowledge representation:

• Constant terms are referred to as individuals, as each constant represents a

single entity within a domain.

• Unary predicates are called classes or concepts, grouping sets of individuals

for which the predicate holds true.

• Binary predicates are referred to as properties or roles, connecting pairs of

individuals.

Using this nomenclature, knowledge in DL can be represented by associating

entities with constants (e.g., URLs) and defining concepts and properties accord-

ingly. Binary predicates are particularly significant as they enable the connection

of pairs of entities. This is typically achieved through subject-predicate-object

triplets, represented as ground binary predicates of the form ⟨a f b⟩ or f(a, b),

where a is the subject, f is the predicate, and b is the object.

Collections of such triplets form KGs, which are directed graphs where vertices

represent individuals and arcs represent binary properties connecting these indi-

viduals. KGs may explicitly or implicitly instantiate a specific ontology, which is

a formal description of classes characterizing a domain, their relationships (e.g.,

inclusion, exclusion, intersection, equivalence), and the properties they must or

must not include.

DLs are widely used in applications such as semantic web [GM03] and ontology

engineering [Hit+16], where efficient reasoning and knowledge representation are

essential. Their ability to balance expressiveness and computational efficiency

makes them a cornerstone of symbolic reasoning systems.

2.2.1.5 Ontologies and knowledge graph

An ontology is a formal and explicit specification of a shared conceptualisation

of a domain [Gri10]. It provides a structured vocabulary to describe the entities

relevant in that domain, along with their attributes and the relationships among

them. This organisation enables both human understanding and machine-based

reasoning.
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Ontologies are typically expressed using DLs, a family of logic-based formalisms

for knowledge representation. DLs define three main components: (i) concepts

(or classes), which group entities sharing similar features; (ii) individuals (or in-

stances), which are the concrete elements of the domain; (iii) roles (or proper-

ties), which describe binary relationships between individuals. Different DLs vary

in their expressive power: for example, existential language (EL) supports only

conjunction and existential quantification to ensure efficient reasoning, while more

expressive DLs like attributive concept language with complements (ALC) allow

for full Boolean operators and universal quantification.

Concepts are typically denoted using capital italic letters, such as Animal or

Cat . These can be combined using logical constructors like intersection (⊓), union

(⊔), or negation (¬) to form more complex classes. A statement like Cat ⊑ Animal

expresses that all cats are animals.

Individuals are constants representing specific entities in the domain and are

usually written in monospaced lowercase, for example tom. Membership of an

individual in a concept is denoted using the “is-a” relation, written as tom : Cat ,

meaning “Tom is a cat.” Each individual may belong to multiple concepts.

Roles represent binary relations between individuals and are written in lower-

case sans-serif font, such as eats. They connect pairs of individuals, and their do-

main and range can be restricted using expressions such as eats ⊑ Animal×Edible.

Assertions like eats(tom, mouse) state that Tom eats the mouse.

The subsumption relation (⊑) is used to express inclusion between concepts

or roles. For instance, Cat ⊑ Animal means that every cat is also an animal,

and predatorOf ⊑ eats means that every predator-prey relationship implies eating.

Special concepts such as ⊤ and ⊥ are used to denote the most general and the

most specific concepts, respectively.

Collections of such axioms form an ontology. Terminological axiom (TBox)

define concepts and roles and their interrelations, while assertional axiom (ABox)

specify which individuals belong to which concepts or are related via which roles.

KGs also provide a structured way to represent knowledge as graphs. They

consist of triplets (or facts) of the form (s, p, o), where s is the subject, p is the

predicate (or property), and o is the object. These triplets form a directed graph

where nodes represent individuals and edges represent relationships.
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Unlike ontologies, KGs do not necessarily impose formal constraints on the

structure or semantics of the triplets. This flexibility allows for representing het-

erogeneous and incomplete data. However, some KGs are explicitly grounded in

an ontology, and may follow its vocabulary and logical constraints.

In summary, ontologies and knowledge graphs both aim to formally capture

structured knowledge. Ontologies provide formal semantics and enable logical rea-

soning, while knowledge graphs emphasise scalability and flexibility in representing

factual data.

2.2.1.6 Propositional Logic

Propositional logic is a restricted subset of FOL in which quantifiers, terms, and

non-atomic predicates are absent. Its language consists solely of atomic proposi-

tions – also called 0-ary predicates – combined using standard logical connectives

such as conjunction (∧), disjunction (∨), negation (¬), and implication (→). Each

proposition can be interpreted as a Boolean variable that takes a truth value in

{true, false}. The semantics of propositional logic aligns with Boolean algebra,

making it straightforward to evaluate the truth of a formula given the truth values

of its atomic components.

For example, a propositional formula such as p∧¬q → r can be interpreted as

follows: p might stand for the proposition “it is raining,” q for “there is a roof,”

and r for “the floor is wet.” In this case, the formula asserts that if it is raining

and there is no roof, then the floor will be wet.

Compared to FOL, propositional logic is significantly less expressive. The

absence of quantifiers means that general statements over a domain cannot be

made. Similarly, the lack of terms prevents direct reference to entities in the

domain. As a consequence, each relevant aspect of a scenario must be explicitly

encoded as an individual proposition.

This limitation in expressiveness has important computational implications. In

particular, determining the satisfiability of a propositional formula is a decidable

problem. This makes propositional logic attractive in scenarios where tractable

reasoning is required.

Despite its apparent simplicity, propositional logic can model a surprising range
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of situations. Expressions involving numerical constants, variables, and compar-

isons (e.g., x > 5 or y = 3) can be encoded propositionally by introducing a

distinct Boolean variable for each comparison. This reduction allows the use of

propositional logic in settings where the original problem does not explicitly in-

volve logical variables or quantifiers, but can be decomposed into atomic truth

conditions.

2.2.1.7 Decision trees

Decision trees (DTs) are a family of predictors that support both classification

and regression tasks. During the learning phase, the input space is recursively

partitioned into multiple regions through a series of splits (i.e., decisions) based on

the input data X. Each region is associated with a constant prediction, and the

splits are designed to minimize the error with respect to the expected outputs Y ,

while keeping the total number of regions low. The learning process synthesizes a

hierarchical structure of decision rules, which are followed to compute predictions

for any x ∈ X. In the inference phase, these decision rules are evaluated sequen-

tially, starting from the root of the tree and proceeding to a leaf node. Each leaf

corresponds to a specific region of the input space, resulting in a single prediction

for each x.

Unlike other predictor families, DTs produce a tree of decision rules as the

outcome of the learning process. This tree is straightforwardly interpretable by

humans and can be graphically represented in two-dimensional charts. This prop-

erty is particularly valuable when the internal workings of an automatic predictor

need to be understood by a human agent. DTs are often used in applications

where interpretability is crucial, as their structure provides clear insights into the

decision-making process. They are often transformed into sets of logical rules for

easier comprehension and analysis.

2.2.1.8 Limits of symbolic AI

Symbolic AI has been a foundational approach in the field of AI, providing a

structured way to represent and reason about knowledge. However, it also has

several limitations.

CHAPTER 2. ARTIFICIAL INTELLIGENT SYSTEMS 27



2.2. ARTIFICIAL INTELLIGENCE

Symbolic systems can be delicate, meaning they may fail to handle unexpected

situations or incomplete information [McD90]. This is because symbolic systems

rely on predefined rules and representations, which may not cover all possible

scenarios.

As the complexity of the domain increases, the number of rules and symbols

required to represent knowledge can grow significantly. This can make it difficult

to manage and maintain large symbolic systems; they do not scale easily [LF91].

Symbolic systems typically require manual encoding of knowledge, which can

be time-consuming and error-prone. This makes it challenging to adapt to new

information or learn from experience. This limitation is usually referred in the

literature as the knowledge engineering bottleneck [RN20].

Moreover, symbolic systems often struggle to handle uncertainty and proba-

bilistic reasoning. This is because symbolic representations are typically determin-

istic, making it difficult to model real-world situations that involve uncertainty.

To sum up, symbolic models struggle to capture the nuances and complexities

of real-world data, particularly when dealing with noisy or ambiguous information.

Also, they struggle when the domain is dynamic and constantly changing, as they

may require frequent updates to the rules and representations.

2.2.2 Sub-symbolic AI

Sub-symbolic AI encompasses a wide range of techniques that rely on numerical

representations. Contributions come from varius fields, including ML, statistical

learning, and data mining. The huge number of approaches is also motivated by

the well known no free lunch (NFL) theorem [WM97] that states that no single

learning algorithm can outperform all others across all possible tasks. The most

common predictor families are linear models, DTs, random forests (RFs), support

vector machines (SVMs), NNs (including LLMs), and many others.

Predictive performance vs. interpretability The complexity of a sub-

symbolic predictor can vary significantly. By complexity we mean the overall

structure of the model, including the number of parameters, the operations that

are performed, and possibly the way the model is trained. DTs, for example, are
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Figure 2.3: Trade-off between predictive performance and interpretability in common
sub-symbolic predictors. The figure illustrates how different predictor families balance
these two aspects, with simpler models being more interpretable but potentially less
accurate.

relatively simple models that can be easily interpreted by humans. The down-

side of DTs is that they make predictions by linearly partitioning the input space,

which can lead to poor generalisation on unseen data. On the other hand, NNs

can be extremely complex, with millions of parameters and intricate architectures

that are difficult to interpret. However, NNs can capture highly non-linear rela-

tionships in the data, often leading to superior predictive performance compared

to simpler models. The definition of interpretability is not univocal, and it lacks

measures that are widely accepted [Rud19]. Despite that, Figure 2.3 illustrates in

an informal way the trade-off between predictive performance and interpretability

in sub-symbolic predictors.

Sort of ML predictors There exist many sub-symbolic models in the literature.

Some of them are relatively simple and easy to interpret, while others are more

complex and difficult to understand. Among them, DT are relatively simple,

interpretable and popular models. On the other hand, NNs are more complex

and difficult to interpret, but they can capture highly non-linear relationships in
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the data. In between these two extremes, there are many other models, such

as RFs and SVMs, that offer a balance between interpretability and predictive

performance. For the sake of conciseness, we will focus only on the models that

are relevant for the rest of the thesis.

2.2.2.1 Neural networks

NNs are a family of predictors inspired by the structure and function of biological

neural networks. They consist of interconnected nodes – a.k.a., neurons – inter-

connected into a directed acyclic graph (DAG) and organized into layers, where

each neuron receives inputs, applies a non-linear activation function, and produces

an output. Despite being very popular nowadays, the first idea of a NN has been

proposed back in 1943 [MP43]. The so-called perceptron – a single-layer NN – has

been introduced in 1958 [Ros58]. Due to the limited expressiveness of single-layer

NNs, the perceptron could only learn linearly separable functions [MP87].

To overcome these limitations, researchers proposed to stack multiple layers of

neurons, leading to the concept of multilayer perceptrons (MLPs). Although the

theoretical foundations of such models were clear early on, the lack of an effective

training algorithm hindered their practical use. This changed with the rediscov-

ery and popularization of the backpropagation algorithm in the 1980s [RHW86],

which allowed efficient computation of gradients through multiple layers using the

chain rule of calculus. This innovation enabled MLPs to learn complex non-linear

functions and marked the beginning of modern NN research.

Many different architectures have been proposed since then, including fully

connected NNs, convolutional neural networks (CNNs), recurrent neural networks

(RNNs), and more. Figure 2.4 provides an overview of some common NN archi-

tectures. These architectures are designed specifically to handle different types of

data and tasks, such as image classification, natural language processing (NLP),

and time series analysis.

Feedforward Neural Networks The simplest class of NNs is the family of

feedforward networks, in which information flows unidirectional from the input

layer through one or more hidden layers to the output layer, without forming cy-

cles. Among these, MLPs are the canonical example, consisting of fully connected
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Figure 2.4: Overview of common NN architectures. Each architecture is designed to
handle different types of data and tasks, leveraging specific structural features to improve
performance.
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layers interleaved with non-linear activation functions. Given sufficient capac-

ity, MLPs are universal function approximators [HSW89], capable of representing

any Borel measurable function under mild assumptions. Despite their theoretical

expressiveness, MLPs are inefficient when processing structured inputs such as

images or sequences, as they fail to exploit the inherent inductive biases of the

data.

Convolutional Neural Networks To overcome the limitations of MLPs on

grid-like data such as images, CNNs were introduced. Pioneering work on hierar-

chical feature extraction was done by Fukushima with the Neocognitron [Fuk80],

followed by the successful application of convolutional networks to handwritten

digit classification in LeNet-5 [LeC+98]. CNNs apply learnable convolutional fil-

ters that exploit local spatial correlations, reducing the number of parameters and

enabling translation equivariance. Pooling layers further promote translation in-

variance by down sampling intermediate representations. These properties make

CNNs particularly well-suited for tasks involving visual perception.

Recurrent Neural Networks RNNs are designed to process sequential data

by incorporating recurrence in the form of feedback connections. More generally,

recurrence in neural networks refers to the presence of cyclic connections that give

rise to an internal state evolving over time, allowing the network to be interpreted

as a discrete-time dynamical system. From this perspective, the current state

of the network depends not only on the current input but also on its previous

state, enabling the modelling of temporal dependencies and variable-length input

sequences. In standard RNNs architectures, this recurrent behaviour is typically

implemented by units that receive input both from the current time step and

from their own past activations, effectively providing a form of memory across

time. Despite their expressive power, standard RNNs suffer from the vanishing

and exploding gradient problems [BSF94], which hinder their ability to learn long-

range dependencies. To address these issues, more sophisticated variants have

been developed, notably long short term memorys (LSTMs) [HS97] and gated

recurrent units (GRUs) [Cho+14], which introduce gating mechanisms to regulate

information flow and preserve long-term context.
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2.2.2.2 Large language model

Pre-trained LLMs, such as the GPT models developed by OpenAI [Rad+18], have

achieved remarkable success in various NLP tasks. These models, based on the

transformer architecture [Vas+17], are trained on vast amounts of textual data,

enabling them to encode extensive knowledge about real-world entities, such as his-

torical events and geographical facts [Jia+20]. They can perform tasks like lexical

operations, common-sense reasoning, and solving mathematical problems [MS22;

Gev+21; Wei+22]. However, the extent to which LLMs exhibit genuine reasoning

abilities remains a topic of debate [HHS24]. Some studies suggest that these mod-

els often rely on statistical patterns in the data to simulate reasoning, rather than

truly understanding the underlying concepts [Ben+21].

The transformer architecture, introduced by Vaswani et al. [Vas+17], was orig-

inally designed for machine translation. Over time, it has become the foundation

for state-of-the-art NLP models. A transformer consists of two main components:

the Encoder, which converts a text sequence into an embedded representation,

and the Decoder, which generates output sequences in an autoregressive manner.

Both components are composed of multiple layers, with each layer incorporating

mechanisms like self-attention and feed-forward neural networks.

The self-attention mechanism is a key innovation of the transformer. It allows

the model to focus on different parts of a sentence, capturing contextual relation-

ships between words. Formally, given an embedded representation E, the model

computes three vectors: key (K), query (Q), and value (V ), using weight matrices

Wk, Wq, and Wv. The output is then calculated as:

Z = softmax

(
QK⊤√
dk

)
V,

where dk is the dimensionality of the key vectors. This mechanism is extended

to multiple attention heads in the Multi-Head Attention module, enhancing the

model’s ability to capture diverse relationships.

Two prominent transformer-based models are BERT and GPT. BERT, in-

troduced in [Dev+19], is an encoder-based model trained using masked language

modeling, where certain words in the input are masked, and the model predicts
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them. In contrast, GPT [Rad+18] is a decoder-based model trained with causal

language modeling, generating text sequentially from a given prefix. These mod-

els have set benchmarks in various NLP tasks, demonstrating the versatility and

power of transformer architectures.

Learning from the Web LLMs can be viewed as extensive knowledge

bases [Pet+19]. They store the textual data they were trained on and enable effi-

cient information retrieval through free-text queries. The training data for these

models is typically sourced from a wide range of publicly available Web content.

For example, the early BERT model [Dev+19] was trained on the BooksCorpus

dataset [Zhu+15], a collection of over 11,000 books, and a snapshot of the English

Wikipedia. Similarly, GPT [Rad+19; Bro+20] were trained on datasets scraped

from the public Internet, using Reddit as an entry point for identifying high-quality

content [Car+21]. The RoBERTa model [Liu+19] extended this approach by in-

corporating additional datasets, such as: (i) the Common Crawl News dataset3,

(ii) the OpenWebTextCorpus [GC19], and (iii) the Stories dataset [TL18].

The LLAMA family of models [Tou+23b; Tou+23a] utilized a combination

of datasets, including the colossal clean crawled corpus (C4) [Raf+20], English

Wikipedia, and other sources. Finally, the Mixtral-of-Experts model by MistralAI

is also pre-trained on data extracted from the open Web4.

Oracles for Data Generation Web-based pre-training allows LLMs to accu-

mulate substantial domain-specific knowledge across a wide range of topics. This

knowledge can be extracted by crafting appropriate prompts, enabling LLMs to

act as oracles for information retrieval tasks. Such capabilities are particularly

useful for generating synthetic data that incorporates domain-specific knowledge.

In these cases, users can design prompts to guide the LLM in generating the desired

content, which can then be converted into the required format.

Hallucinations It is important to note that LLMs are not perfect oracles. They

may produce text that is factually incorrect or inconsistent with the context, a

3https://commoncrawl.org
4https://mistral.ai/news/mixtral-of-experts
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phenomenon known as hallucination [Zha+23]. This limitation highlights the need

for careful evaluation of the outputs generated by LLMs, as they cannot be blindly

trusted.

Temperature To mitigate hallucinations, LLMs often include a parameter

called temperature, which controls the randomness of their responses. The tem-

perature parameter is a real value in the range [0, 1]. A lower temperature results

in more deterministic outputs, as the model selects the most probable next word.

Conversely, a higher temperature introduces more randomness by sampling from

the probability distribution of possible next words. This mechanism allows users

to balance the creativity of the model with the need for accuracy5.

The Role of Prompts Another approach to address hallucinations is prompt

engineering. Clear and unambiguous prompts can help align the LLM’s output

with user expectations. For instance, explicitly instructing the LLM to adopt the

perspective of a domain expert has been shown to improve the accuracy of its

responses [MCB24]. Additionally, asking the model to “work step-by-step” can

enhance the quality of procedural descriptions [Yan+23].

2.2.2.3 Limits of sub-symbolic AI

Sub-symbolic AI has achieved remarkable success in various domains and scenarios,

but it also has limitations.

One of the main limitations is the need for large amounts of training data if the

predictive task is not trivial (e.g., easy to linearly separate). Sub-symbolic models,

especially deep learning models, often require vast amounts of labeled data to learn

effectively [LBH15]. This can be a significant challenge in domains where data is

scarce or expensive to obtain.

Another limitation is the lack of interpretability. Sub-symbolic models, partic-

ularly deep learning models, are often considered black boxes because their internal

5A language model predicts the next word in a sequence based on a probability distribution.
Setting the temperature to 0 ensures deterministic outputs by always selecting the most likely
word, while a temperature of 1 introduces randomness by sampling from the distribution.
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workings are not easily understandable by humans [Rud19; Lip18]. This is a signif-

icant drawback in applications where transparency and explainability are crucial,

such as healthcare and finance.

Sub-symbolic models can also be sensitive to adversarial attacks, where

small perturbations to the input data can lead to incorrect predic-

tions [DBLP:journals/corr/SzegedyZSBEGF13]. This vulnerability raises

concerns about the robustness and security of sub-symbolic AI systems.

Additionally, sub-symbolic models may struggle to generalize to out-of-

distribution data, meaning they may perform poorly when faced with inputs that

differ significantly from the training data [Rec+19]. Finally, sub-symbolic mod-

els often lack common-sense reasoning abilities, making it difficult for them to

understand and reason about the world in a way that humans do.

2.3 AI and society

This last section of the chapter is needed to introduce AI sub-fields that have

become increasingly important in recent years. In particular, the consequences of

the wide adoption of AI systems in everyday life have raised concerns about their

trustworthiness, fairness, and accountability.

2.3.1 Explainable artificial intelligence

Modern intelligent systems increasingly rely on sub-symbolic predictive models to

support their intelligent behaviour. These models are typically trained using a

data-driven approach, leveraging the vast availability of data generated in recent

years. ML algorithms enable the semi-automatic detection of statistical patterns

hidden within data. Such patterns can then be used to support decision-making,

planning, and forecasting across various domains where data is available.

Despite their predictive capabilities, ML models face significant challenges in

critical applications. One of the most notable issues is algorithmic opacity, which

refers to the difficulty humans face in understanding how these models operate

or make decisions. Opacity arises due to the complex interplay between high-

dimensional datasets, the algorithms processing them, and the dynamic behaviour

36 CHAPTER 2. ARTIFICIAL INTELLIGENT SYSTEMS



2.3. AI AND SOCIETY

of these algorithms during training [Bur16]. This lack of transparency is particu-

larly problematic in domains such as healthcare, finance, and law, where human

accountability and explainability are essential.

The term black box is often used to describe ML predictors, as their internal

workings are not symbolically represented [Lip18]. Without symbolic representa-

tions, it becomes challenging for humans to comprehend the operation of these

systems or the rationale behind their decisions. This can lead to a lack of trust

and acceptance of AI-based solutions.

Regulatory frameworks, such as the General Data Protection Regulation

(GDPR), have started to recognise the right to explanation [GF17]. This right

mandates that intelligent systems must be understandable to ensure fairness, iden-

tify biases, and verify that they function as intended. However, the concept of un-

derstandability remains neither standardised nor systematically assessed [Mil19].

While some ML models are more interpretable than others, there is no consensus

on what constitutes an adequate explanation.

Interpretability and explainability are desirable properties for intelligent sys-

tems. XAI aims to make sub-symbolic AI more interpretable for humans, often

by automating the generation of explanations. Interpretability refers to the cog-

nitive effort required by humans to assign meaning to the behaviour or outcomes

of intelligent systems. It is often associated with properties such as algorithmic

transparency, decomposability, and predictability.

An explanation, on the other hand, is a set of statements or accounts that clarify

an object or justify an action. Explanations can involve constructing more inter-

pretable representations of a black-box model. For instance, model simplification

techniques translate a complex model into a simpler one with high fidelity [Tol+17;

Gui+19]. Alternatively, symbolic knowledge can be extracted from sub-symbolic

predictors, producing interpretable objects from less interpretable ones.

Another approach to improving interpretability involves injecting symbolic

knowledge into sub-symbolic predictors. This process does not produce explana-

tions but increases the model’s transparency by aligning its behaviour with more

interpretable systems.

Interpretability and explainability enhance trustworthiness in AI-based solu-

tions. However, they also enable users to exercise finer control over these systems,
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deciding whether to trust them or not [Rud+22]. The surveyed SKE and SKI

methods should be regarded as tools for increasing user control over AI systems.

2.3.1.1 Sorts of Explanation

Two major approaches exist to bring explainability or interpretability to intelligent

systems: by design and post-hoc [Cia+20a; Arr+20; Gui+19].

XAI by Design This approach aims to make systems interpretable or explain-

able from the outset, treating these features as primary design goals. Methods in

this category can be further divided into:

• Symbols as constraints, where predictive models are constrained by symbolic

rules, often expressed in subsets of FOL.

• Transparent box design, where models are inherently interpretable and re-

quire no further manipulation.

Post-hoc Explainability This approach involves manipulating pre-existing

systems to make them interpretable or explainable. Methods in this category

include:

• Text explanation, which generates textual descriptions of model behaviour.

• Visual explanation, which visualises model behaviour, often using dimension-

ality reduction techniques.

• Local explanation, which segments the solution space into simpler subspaces

and explains them.

• Explanation by example, which extracts representative examples to illustrate

internal relationships.

• Model simplification, which constructs a simplified system that optimises

similarity to the original while reducing complexity.

• Feature relevance, which assigns relevance scores to features, revealing their

importance in the model’s output.
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2.3.2 Fairness in AI

ML models can inherit and amplify biases present in the dataset D. For instance,

if D contains features related to gender or race, and the data is not equally dis-

tributed across these groups, biases may arise. This often occurs in datasets about

hiring decisions, where historical data may reflect fewer non-male or non-white

candidates. A supervised model H, trained on such a dataset to predict a target

feature Y , might incorrectly learn that gender or race influences the prediction. If

the predictions of H are used for decision-making, such as hiring or loan approvals,

the model may discriminate against certain groups. In this case, the model is said

to be biased, as it replicates patterns of past discrimination.

Fairness interventions can mitigate these biases and are applied at different

stages of the ML workflow. In the literature, these methods are categorized as:

• Pre-processing methods, which modify the dataset D to reduce bias before

training;

• In-processing methods, which adjust the learning algorithm A to enforce fair-

ness during training;

• Post-processing methods, which modify the predictions of the model H to

achieve fairness after training.

A critical prerequisite for fairness interventions is the ability to measure fair-

ness. Fairness metrics quantify the extent of bias in a dataset or model and evaluate

the effectiveness of mitigation techniques. Formally, a fairness metric is a function

that takes data as input and returns a numerical score. The input data can be

a dataset D = (X, Y ) or the predictions h(X) of a model on D. A lower score

typically indicates higher bias, while a higher score reflects greater fairness.

Numerous fairness metrics have been proposed, differing in the type of data

they accept and their interpretation of fairness or bias. These metrics are often

categorized based on the fairness notion they adhere to [Meh+22]. The two most

common notions are group fairness and individual fairness.

Group fairness Group fairness ensures that distinct groups of individuals, de-

fined by sensitive attributes, are treated equally. Sensitive attributes, denoted as

S ⊂ X, are features such as gender, race, age, or social status, which partition

CHAPTER 2. ARTIFICIAL INTELLIGENT SYSTEMS 39



2.3. AI AND SOCIETY

the dataset D into protected groups. These groups can be defined by a single

sensitive attribute, e.g., the group of women identified by a specific value of the

gender feature, or by a combination of attributes, e.g., the group of Black women

identified by both gender and race. The principle of group fairness is commonly

evaluated by measuring the correlation between sensitive attributes S and the

target variable Y . For instance, if Y represents loan approval outcomes and S

represents the applicant’s race, group fairness metrics assess whether the approval

rates are consistent across racial groups. Such metrics are crucial for identifying

and addressing biases in decision-making processes.

Individual fairness Individual fairness ensures that similar individuals receive

similar treatment. The simplest approach to individual fairness is fairness through

awareness. This method relies on a distance metric δ : X ×X → R in the input

space (e.g., Euclidean distance). It requires that if two individuals x1 and x2 are

similar up to a threshold ϵ, i.e., δ(x1, x2) < ϵ, then their corresponding target val-

ues y1 and y2 should also be similar. In practice, model predictions h(x1) and h(x2)

are compared instead of true labels, and fairness scores are computed by averaging

the differences in predictions for similar instances. Another approach is fairness

through unawareness, which requires that sensitive attributes are not used by the

model during training or prediction. This can be achieved by removing sensitive

features from the dataset or ensuring the model does not rely on them. Fairness

scores in this case measure the extent to which the model depends on sensitive

attributes and penalize such reliance. A more advanced formulation is counterfac-

tual fairness. This requires that a model’s prediction for an individual x remains

the same, regardless of whether x belongs to a group s in the actual dataset or

to a counterfactual group s′ ̸= s. Counterfactual fairness ensures that predictions

are invariant to changes in sensitive attributes across hypothetical scenarios. As

individual fairness is not the primary focus of this work, we do not delve into the

specific metrics used to evaluate it. For a detailed discussion, the reader is referred

to [Meh+22].
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Neuro-symbolic AI

What are SKI and SKE?

What are their characteristics?

– RQ0, RQ1 and RQ3
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The origins of NeSy AI can be traced back to the 1950s and 1960s, during

the early days of AI research [You23]. At that time, the focus was on developing
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systems based on symbolic reasoning and rule-based problem-solving. However,

by the 1980s, the limitations of purely symbolic approaches became evident. For

instance, symbolic AI struggled with tasks such as NLP and computer vision, where

the complexity of real-world data posed significant challenges. To address these

shortcomings, researchers began incorporating principles inspired by neuroscience

into AI systems. This shift marked the beginning of efforts to integrate sub-

symbolic methods, such as neural networks, into the field.

In the early 21st century, the idea of combining symbolic reasoning with neural

networks gained traction. This led to the emergence of NeSy AI, a hybrid approach

that leverages the strengths of both symbolic and sub-symbolic paradigms.

NeSy AI has since been applied to a wide range of domains, including health-

care, robotics, and NLP. It represents one of the most promising directions in AI

research, aiming to create systems capable of both learning from data and reason-

ing logically, much like humans. The “neuro” component of NeSy AI is inspired by

the human brain’s ability to process information and learn from experience. This

is achieved through the use of neural networks, which enable the system to adapt

and generalize from data. On the other hand, the “symbolic” component relies

on logical reasoning and structured representations of knowledge. This allows the

system to perform tasks such as deductive reasoning and to represent knowledge

in a human-interpretable form, using symbols and rules. By combining these two

components, NeSy AI aims to overcome the limitations of purely symbolic or sub-

symbolic approaches. It enables the development of intelligent systems that can

reason, learn, and adapt in complex environments.

According to a recent survey [Bhu+24] there exist at least six different types

of integrating symbolic AI and sub-symbolic ML predictors. Approaches to NeSy

can be categorised w.r.t. how the connectionist and symbolic components are

integrated.

1. Symbolic neuro-symbolic (Type 1): utilizes neural networks for representa-

tional learning, which subsequently feeds into symbolic logic and inference

mechanisms. This approach is particularly effective in tasks such as language

translation and classification, where neural-based semantic representations

enhance symbolic reasoning;
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2. symbolic[neuro] (Type 2): incorporates neural networks as subcomponents

within predominantly symbolic frameworks. This integration improves pat-

tern recognition capabilities within symbolic reasoning systems;

3. neuro—symbolic (Type 3): involves a collaborative interaction between neu-

ral and symbolic components, which remain distinct and separate. This type

of integration is commonly applied in reinforcement learning and probabilis-

tic logic systems;

4. neuro-symbolic→neuro (Type 4): embeds symbolic knowledge directly into

neural network architectures or training processes. This influences the

decision-making and learning pathways of the neural networks;

5. neuro-symbolic (Type 5): encodes symbolic constraints within neural archi-

tectures, often using soft logic constraints to directly affect neural computa-

tions;

6. neuro[symbolic] (Type 6): represents a deeply integrated approach where

symbolic reasoning capabilities are embedded directly within neural archi-

tectures. However, achieving robust combinatorial reasoning in this type

remains a significant challenge.

In the rest of this chapter, we focus on two sub-fields of NeSy AI – namely SKI

and SKE – that can be partially mapped into some of the aforementioned types

of integration. In particular, SKI can be mapped into Type 4, 5 and 6, whereas

SKE can be mapped into Type 2 and Type 3. SKI and SKE are two popular

way to integrate symbolic AI and sub-symbolic ML predictors. In the literature,

there are hundreds of works that propose methods for these two tasks coming

from different communities. Here, we present both SKI and SKE in a unified way,

providing a clear taxonomy of the methods, their properties, and their limitations.

What follows is a re-elaboration of the result of an systematic literature review

(SLR) that we conducted on the two topics: Symbolic Knowledge Extraction and

Injection with Sub-symbolic Predictors: A Systematic Literature Review [Cia+24],

published in the ACM Computing Surveys journal in 2024. The study surveyed

more than 200 papers on SKI – 117 works – and SKE – 132 works –, providing a

comprehensive overview of the state of the art in these two fields.
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3.1 Symbolic knowledge injection

SKI is a wide sub-field of NeSy, which encompasses all the methods that in some

way inject symbolic knowledge into sub-symbolic predictors. More precisely, we

define SKI as:

Definition 3.1 (SKI) any algorithmic procedure affecting how sub-symbolic

predictors draw their inferences in such a way that predictions are either com-

puted as a function of, or made consistent with, some given symbolic knowl-

edge [Cia+24].

We adopt this broad definition because the amount of works in the literature is

vast and varied, furthermore the contributions come from different communities

(e.g., ML, AI, NLP, XAI, logics, etc.), and they often use different terminologies.

This definition highlights several key aspects of SKI that merit further discussion.

SKI is conceptualized as a class of algorithms, and it involves procedures that take

symbolic knowledge as input and produce ML predictors as output.

Regarding the inputs of SKI procedures, the primary requirement is that the

knowledge must be symbolic and provided by the user, ensuring it is human inter-

pretable. Additionally, since the knowledge must be processed algorithmically, it

is implicitly required to be machine interpretable. This necessitates the use of for-

mal languages, such as FOL or DTs, for knowledge representation, while avoiding

free text or natural language.

Another implicit requirement is that the input knowledge must align function-

ally with the task of the predictor undergoing injection. For instance, if a predictor

is designed to classify customer profiles as either creditworthy or un-creditworthy,

the symbolic knowledge should encode decision rules that serve the same purpose

and utilize the same input features.

In terms of outcomes, SKI procedures can be categorized into two non-exclusive

scenarios. First, they may enable sub-symbolic predictors to accept symbolic

knowledge as input. This is achieved through pre-processing algorithms that en-

code symbolic knowledge into sub-symbolic forms, allowing predictors to compute

predictions based on this knowledge. Second, SKI procedures may modify sub-

symbolic predictors to ensure their predictions are consistent with the symbolic
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knowledge. This involves altering the structure or training process of the predic-

tors so that they incorporate the symbolic knowledge into their inference process.

Regardless of the specific outcome, SKI procedures are typically applied during

the early stages of the ML workflow, influencing both pre-processing and training

phases.

Consistency plays a central role in SKI. To measure this, a consistency score

is used to evaluate how effectively the predictor utilizes the injected knowledge in

relation to the domain and task it was trained for. For example, if a knowledge

base specifies that loans should be granted to individuals from a specific minority

group if their annual income exceeds a certain threshold, the predictor should

generate predictions that adhere to this rule or minimize violations of it.

In the rest of this thesis, we will refer to uneducated predictor to indicate a sub-

symbolic predictor that does not use symbolic knowledge – i.e., before the injection

takes place –, and to educated predictor to indicate a sub-symbolic predictor that

uses symbolic knowledge—i.e., after the injection takes place. Sometimes, in the

literature the term enriched predictor is also used instead of educated predictor.

3.1.1 Motivations and goals

SKI can be used for several reasons, such as: (i) improving the model’s predictive

performance, by leveraging symbolic knowledge to guide their learning or inference;

(ii) improving the model’s interpretability, by making their predictions consistent

with symbolic knowledge; (iii) increase the robustness of sub-symbolic predictors,

by making them less sensitive to data perturbations (e.g., noise, data scarcity,

etc.); (iv) reduce the model complexity of the models, by shaping their structure

or by constraining their parameters; (v) and possibly many more.

Item (i) is one of the most common motivations for SKI. The idea is simple:

if there is already some (symbolic) knowledge about a particular domain or task,

then it is reasonable to expect that the predictor can benefit from it. In this

way the model learns both from the data – inductively – and from the symbolic

knowledge—mimicking deductive reasoning.

Another common reason to use SKI is to increase the interpretability of the

model, as stated in Item (ii). In the context of XAI, this is usually referred as
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Figure 3.1: Venn diagram categorising SKI methods w.r.t. the input knowledge type:
knowledge graphs (KG), propositional logic (P), first-order logic (FOL), expert knowl-
edge (E), Datalog (D), Horn logic (H), or modal logic (M).

XAI by design (Section 2.3.1.1). The intuition is simple: the model is made to be

consistent – up to a certain extent – with the symbolic knowledge, which is usually

more interpretable than the model itself. This can be done in two ways: either

by using symbols as constraints or by transparent box design. More details about

these two approaches are provided in Section 3.1.4 and Section 3.1.4, respectively.

Predictive performances and XAI are the main motivations for SKI, but not the

only ones. The robustness (Item (iii)) of a predictive model is another important

challenge [Liu+18], and it relates to predictors’ ability to maintain performance

despite the presence of input perturbations. A metric of robustness in the context

of SKI is defined in the work “An Empirical Study on the Robustness of Knowledge

Injection Techniques Against Data Degradation” [Raf+24]. The content of the

paper is presented in Section 5.3. Along with robustness, there are other metrics

– often neglected – that play a crucial role in the design of intelligent systems,

such as memory footprint (Item (iv)), latency, data efficiency, and so on. These

quality of service (QoS) metrics are presented in the work “Symbolic Knowledge

Injection Meets Intelligent Agents: QoS metrics and experiments” [Agi+23], which

is discussed in Section 5.2.
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3.1.2 What to inject

A key distinction in SKI methods lies in whether the chosen formalism is ma-

chine interpretable, human interpretable, or both. SKI methods can be catego-

rized into two primary groups based on the formalism used to represent input

knowledge [Cia+24]:

• Logic formulas or knowledge bases (KBs): These adhere to FOL or

its subsets, making them interpretable by both humans and machines. The

sub-categories (most of them already introduced in Section 2.2.1), ordered

by decreasing expressiveness, include:

– FOL formulas: These encompass recursive terms, variables, predicates

of any arity, and various logic connectives, potentially expressing defi-

nitions.

– Horn logic: Often referred to as Prolog-like logic, this formalism consists

of head–body rules involving predicates and terms of any kind.

– Datalog: A restricted subset of Horn logic that excludes recursive terms,

allowing only constants or variables as terms.

– Modal logics: These extend the above logics with modal operators (e.g.,

□ and ♢), which express modalities such as necessity or possibility.

– Knowledge graphs: A practical application of description logics designed

to represent entity–relation graphs.

– Propositional logic: This involves Boolean variables and logical connec-

tives, offering a simpler yet effective formalism.

• Expert knowledge: This category includes human-interpretable knowledge

that is not inherently machine-readable. Examples include physics equations,

syntactical rules, or domain-specific expertise. Since expert knowledge is not

directly machine interpretable, it often requires transformation into tenso-

rial form through data generation, a process that typically involves human

engineers and can be labor-intensive.

Figure 3.1 illustrates the distribution of surveyed SKI methods based on their for-

malism of choice. KGs emerge as the most prevalent category, representing nearly

half of the surveyed methods. In contrast, modal logics constitute the smallest
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group. Methods based on FOL or its subsets (excluding KGs) form another sig-

nificant cluster, with propositional logic being particularly prominent due to its

relative simplicity and widespread use. The specific logic formalism employed in

the surveyed papers is reported where available. However, this information is

rarely explicitly stated by the authors. Instead, the logic is often inferred from the

constraints and descriptions provided in the respective works.

Practical examples of symbolic knowledge that can be injected into sub-

symbolic predictors are the public health guidelines on type-2 diabetes of the

National Institute of Diabetes and Digestive and Kidney Diseases1. These guide-

lines have been encoded into logic formulas [Kun+10] and used in works related

to SKI [Mag+25]. The first guideline state that if a patient has a glucose value

greater or equal to 125 mg/dL and a body mass index (BMI) greater or equal to

30, then the patient is considered diabetic. The second one says that if a patient

has a glucose value lower or equal to 100 mg/dL and a BMI lower or equal to 25,

then the patient is considered non-diabetic. In FOL, the first statement can be

encoded as:

∀x.(glucose(x) ≥ 125 ∧ bmi(x) ≥ 30→ Diabetic(x)) (3.1)

whereas the second statement can be encoded as:

∀x.(glucose(x) ≤ 100 ∧ bmi(x) ≤ 25→ ¬Diabetic(x)) (3.2)

3.1.3 Where to inject

SKI methods can target many different types of sub-symbolic predictors. The vast

majority of them are NNs. Among NNs, there are different kinds of architectures

that one can use to inject symbolic knowledge including. In addition to NNs,

SKI methods can also target other types of sub-symbolic predictors. The predic-

tors targeted by the surveyed SKI methods (most of them already introduced in

Section 2.2.2) include:

• feed-forward NNs multi-layered NNs in which neurons from layer i are

1https://www.niddk.nih.gov/health-information/diabetes/
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Figure 3.2: Venn diagram categorising SKI methods w.r.t. the type of sub-symbolic
predictor: feed-forward (FF), convolutional (CNN), graph (GNN) or recurrent (RNN)
neural networks, Boltzmann machines (BM), Markov chains (MC), transformers (TR),
auto-encoders (AE), deep belief networks (DBN), denoising auto-encoders (DAE), kernel
machines (KM).

only connected with layer i + 1, and multiple (≥ 2) layers may exist;

• convolutional NNs (CNNs) particular case of FF, NNs that use convo-

lutional layers to extract features from the input data, typically used in

computer vision tasks;

• graph NNs (GNNs) particular case of CNNs, NNs that operate on graph-

structured data, allowing for the injection of symbolic knowledge in the form

of graph structures;

• recurrent NNs (RNNs) NNs that use recurrent connections to process se-

quential data, such as time series or natural language;

• transformers (TR) a type of NNs architecture that uses self-attention mech-

anisms to process sequences, widely used in natural language processing

tasks;

• auto-encoders (AE) a type of NNs that learns to encode input data into

a lower-dimensional representation and then decode it back to the original

input, often used for dimensionality reduction or feature extraction;

• denoising auto-encoders (DAE) a type of auto-encoder that learns to

reconstruct the original input from a corrupted version, often used for noise

reduction or data augmentation;
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• Boltzmann machines (BM) a type of stochastic NNs that can learn com-

plex distributions over their inputs, often used for generative tasks;

• Markov chains (MC) probabilistic models that represent systems that tran-

sition between states based on certain probabilities, often used for sequence

prediction;

• deep belief networks (DBN) a type of generative model that consists of

multiple layers of stochastic, latent variables, often used for unsupervised

learning tasks;

• kernel machines (KM) a type of sub-symbolic predictor that uses kernel

functions to map input data into a higher-dimensional space, allowing for

non-linear decision boundaries.

Figure 3.2 illustrates the distribution of surveyed SKI methods based on the type

of sub-symbolic predictor they target.

One reason why the vast majority of methods rely on NNs is straightforward:

methods tailored to graph neural networks (GNNs) (resp., CNNs) assume the

networks to accept specific kinds of data as input, e.g., graphs (resp., images), while

ordinary feed-forward NNs accept raw vectors of real numbers. Another reason

is that NNs are the most popular sub-symbolic predictors in the ML community,

and they are often used as a default choice for many tasks. Finally, NNs are highly

flexible and easy to manipulate, making them ideal for SKI methods.

3.1.4 How to inject

How can symbolic knowledge, such as the ones in Equations (3.1) and (3.2), be

injected into sub-symbolic predictors? To answer this question, scientists have

designed several strategies, which can be broadly grouped into three main cate-

gories [Cia+24]: structuring, guided learning, and embedding. It may occur that

a method uses more than one strategy at a time. Figure 3.3 illustrates the dis-

tribution of surveyed SKI methods based on their strategy of choice. The survey

revealed that all three strategies are widely used, with learning being the most

frequent but not dominant.

The main entities involved in the SKI process – and that are common to vir-

tually all SKI methods – are:
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• symbolic knowledge: in the vast majority of cases, this is a set of logic

formulas or a KB that encodes the symbolic knowledge to be injected;

• parsed knowledge: a syntactic structure that represents the parsed sym-

bolic knowledge, often in the form of a abstract syntax tree (AST) or graph;

• sub-symbolic component: a sub-symbolic instance built upon the parsed

symbolic knowledge;

• uneducated sub-symbolic predictor: a sub-symbolic predictor that has

not been enriched with the symbolic knowledge;

• educated sub-symbolic predictor: the final sub-symbolic predictor that

has been enriched with the symbolic knowledge.

Structuring By predictor structuring, or simply structuring, we identify all

those methods that use a part (or the whole) of a sub-symbolic predictor to mirror

the symbolic knowledge via its own internal structure. A predictor is either cre-

ated or extended to mimic the behavior of the symbolic knowledge. For instance,

when the predictors are NNs, their internal structure is crafted to represent logic

predicates via neurons, and logic connectives via synapses. Figure 3.4 illustrates

the workflow of the structuring strategy. Usually, in the structuring strategy, the

symbolic knowledge is in the form of logic formulas (ϕ) (e.g., subsets of FOL). The

formulas are then parsed (Π) into a syntactic structure (e.g., AST). At this point,

a fuzzification (ζ) step is performed to convert the boolean (also the term crisp is

used in the literature) – because a logic predicate is either true or false – symbolic
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Figure 3.4: Workflow of the structuring strategy. The symbolic knowledge is parsed
and used to create a sub-symbolic predictor – or part of it – that mimics the symbolic
knowledge. The resulting predictor can then either be trained on data as is, or combined
with an uneducated predictor to create a new educated predictor that is then trained
on data.

knowledge into a fuzzy interpretation of it, which is more suitable for sub-symbolic

predictors. This fuzzy interpretation is often continuous and bounded to a pre-

defined range, such as [0, 1]. The property of continuity is a key requirement for

training sub-symbolic structures via gradient descent (e.g., NNs or part of them).

In practice, ζ is implemented as a mapping function that transforms logic oper-

ators into continuous functions (e.g., see Sections 4.2.2 and 4.3.2). The result of

the fuzzification process is an educated predictor (P ′) that mimics the symbolic

knowledge ϕ. At this point, P ′ can be used as is to make predictions, or it can be

further trained (τ) to improve its predictive performance (P ′′′). Another option is

to combine P ′ with an uneducated predictor (P ) to create a new predictor P ′′ that

embodies both the symbolic knowledge and the uneducated predictor’s capabili-

ties. After τ , the predictor is now both educated P ′′′ with knowledge and trained

on data.

Guided learning By guided learning, we refer to all those methods that affect

the sub-symbolic predictor’s training process by using the symbolic knowledge

as a constraint/guidance. Usually, SKI algorithms based on this strategy target

sub-symbolic predictors that can be trained with gradient descent, such as NNs.

52 CHAPTER 3. NEURO-SYMBOLIC AI



3.1. SYMBOLIC KNOWLEDGE INJECTION

Figure 3.5: SKI workflow of the guided learning strategy. The symbolic knowledge is
used to guide the training of a sub-symbolic predictor, which is then trained on data.

Figure 3.5 illustrates the workflow of the guided learning strategy. Like in the case

of structuring, the symbolic knowledge is parsed and fuzzified. Differently from

structuring, the result of the fuzzification process is not a subcomponent of the

predictor’s architecture (e.g., neurons, connections), but rather a set of continuous

numeric functions. Conceptually, these functions represent the degree of violation

of the symbolic knowledge by the predictor’s predictions. The higher the degree

of violation, the higher the value of the function. The symbolic-derived functions

are then included in the loss function of the predictor, which is then trained on the

training set. The combination between the “classical” loss function (e.g., cross-

entropy, mean squared error, etc.) and the symbolic-derived functions can be done

in many ways, but it is usually done via a weighted sum.

Embedding In the embedding strategy, the symbolic knowledge is converted

– i.e., embedded– into numeric-array representations. Figure 3.6 illustrates the

workflow of the embedding strategy. The output of the fuzzification process is

a set of numeric arrays (e.g., vectors, matrices, and tensors) that represent the

symbolic knowledge. These arrays are then provided as input to the sub-symbolic

predictor. This is the common strategy exploited by the KG [Lam+20] embedding

community as well as by GNNs [Wan+17].
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Figure 3.6: SKI workflow of the embedding strategy. The symbolic knowledge is parsed
and embedded into a sub-symbolic predictor, which is then trained on data.

3.1.5 Limitations and challenges of SKI

Despite the numerous advantages of SKI, there are several limitations and chal-

lenges that need to be addressed. Here, we elicit the most common and relevant

limitations and challenges of SKI that we encountered in the literature:

• Lack of generality, many SKI methods are tailored to domain-specific

tasks. Often, even if they are presented as general-purpose, their implemen-

tation is not and it requires significant effort to adapt them to different tasks

or domains;

• Lack of reproducibility, the experiments presented – if any – in the papers

are often not reproducible. This happens because the authors do not provide

enough details about the implementation of the method (e.g., they do not

mention the value of some key hyperparameters), or they do not share the

code and data used in the experiments. Only 49 out of 117 surveyed methods

provide public code base for the experiments2;

• Lack of availability, the vast majority of SKI methods is not available as

open-source software. Only 11 out of 117 surveyed methods provide a public

library for the method2. Authors usually do not mention any code base in

their papers, and if they do, the code can lack the necessary dependencies,

2see Table B of the supplementary material of [Cia+24]
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lack documentation, or it could have been removed from public repositories;

• Limits of the symbolic knowledge, despite the variety of symbolic knowl-

edge that can be injected (see Figure 3.1), there are still many limitations.

Indeed, the claimed expressiveness of the logic formalism supported by a

method is often not fully exploited in practice. In particular, FOL allows for

the representation of recursive terms, but most SKI methods do not support

them because of the target predictors. Target predictors are almost always

NNs, which cannot support recursion in their architecture—modern NNs are

DAGs.

3.2 Symbolic knowledge extraction

SKE is the process of extracting symbolic knowledge from sub-symbolic predictors.

Here, we provide the broad definition of SKE that we adopt in this thesis:

Definition 3.2 (SKE) any algorithmic procedure accepting trained sub-

symbolic predictors as input and producing symbolic knowledge as output so

that the extracted knowledge reflects the behavior of the predictor with high fi-

delity [Cia+24].

Once again, the definition is broad because the amount of contributions in the

literature is vast and varied, they often use different terminologies and come from

different communities. SKE is conceptualized as a class of algorithms, which are

finite-step procedures defined by their inputs and outputs.

The input to SKE procedures must be trained MLs predictors. There are no

restrictions on the type of predictor, meaning that SKE methods can, in principle,

be applied to any predictor family. However, this requirement implies that the

predictor must have already undergone training and achieved satisfactory perfor-

mance for its intended task. Thus, within an ML workflow, SKE is performed

after the training and validation phases are complete.

The output of SKE procedures is symbolic knowledge, which is broadly defined

as human-intelligible information. This can include logic formulas, decision trees,

or even plain human-readable text. For an algorithm to qualify as a valid SKE

procedure, the extracted knowledge must closely reflect the behavior of the original
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predictor within the domain it was trained for. This fidelity is typically measured

using a fidelity score, which evaluates how well the extracted knowledge replicates

the predictor’s behavior for the given task and domain.

The extracted knowledge should ideally function as a predictor itself, allowing

it to be queried in the same way as the original predictor. For example, if the

original predictor is an image classifier, the extracted knowledge should enable an

intelligent agent to classify similar images and produce equivalent results. This

agent could be either computational (e.g., a software program) or human, depend-

ing on whether the extracted knowledge is machine or human interpretable. The

use of logic-based knowledge as the target of SKE is particularly advantageous, as

it supports both machine and human interpretability.

3.2.1 Motivations and goals

SKE serves multiple purposes, including: (i) the inspection of the internal oper-

ations of opaque predictors, which are otherwise treated as black boxes, (ii) the

automation and acceleration of the process of acquiring symbolic knowledge, elim-

inating the need for manually crafting KBs, (iii) providing valuable capabilities

within the scope of XAI to analyze black-box predictors.

Item (i) is particularly important for understanding the behavior of opaque

predictors. By inspecting their internal operations, SKE allows researchers and

practitioners to identify patterns in mispredicted inputs or even detect correctly

predicted patterns that rely on unethical or biased decision processes. This ca-

pability is crucial for ensuring the ethical and transparent use of ML systems,

especially in sensitive domains such as healthcare or finance.

Item (ii) highlights another key advantage of SKE: the ability to automate

the extraction of symbolic knowledge. This eliminates the labor-intensive process

of manually crafting KBs, which often requires significant domain expertise and

time. By automating this process, SKE not only accelerates knowledge acquisition

but also enables the reuse of extracted knowledge across different tasks or systems,

provided the knowledge is represented in a compatible format.

Finally, Item (iii) emphasizes the role of SKE in XAI. The extracted knowl-

edge can be used to construct explanations for the behavior of black-box predic-
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Figure 3.7: Venn diagram categorising SKE methods w.r.t. the formalism (shape)
used to represent the extracted symbolic knowledge: rule lists (L), decision trees (DT),
decision tables (TA), or knowledge graphs (KG).

tors, making their decision-making processes more interpretable. In some cases,

this knowledge may even serve as an interpretable surrogate model, replacing the

original predictor if it achieves a high fidelity score [Cia+20b]. Additionally, SKE

enables the comparison of multiple black-box predictors performing the same task,

highlighting their differences and commonalities. It also facilitates the merging of

knowledge extracted from various predictors, even if they belong to different fam-

ilies, as long as the same representation format is used [Cia+19].

3.2.2 What to extract

What kind of symbolic knowledge can be extracted? Symbolic knowledge extracted

from MLs predictor should ideally mimic the behavior of the predictor itself. For

supervised ML, this means that the extracted knowledge should represent a func-

tion mapping input features to output features, such as classes in classification

tasks. These functions can be expressed in symbolic formats, which vary in both

syntax and semantics.

Shape of the extracted knowledge From a syntactic perspective, the formal-

ism used to represent the extracted symbolic knowledge – also referred as shape

for ease of reference in the rest of the thesis – is crucial for its interpretability. The
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Figure 3.8: Pie chart categorising SKE methods w.r.t. the semantic expressiveness of
the extracted symbolic knowledge: propositional rules (P), fuzzy rules (F), oblique rules
(O), m-of-n rules (MN), or triplets (T).

most common formats include decision rules and decision trees, as they are widely

recognized for their human-comprehensibility. Other formats, such as decision ta-

bles and knowledge graphs, are also used, though less frequently. Regardless of

the format, the extracted knowledge typically uses symbols to represent the same

input and output features as the original ML predictor.

We identify four primary syntactic shapes for extracted symbolic knowledge:

• Lists of rules: Sequences of logic rules presented in a predefined order.

• Decision trees: Hierarchical structures where each node represents a deci-

sion rule (see Section 2.2.1.7).

• Decision tables: Tabular representations specifying conclusions for differ-

ent sets of conditions. These can be exhaustive, listing all possible combina-

tions, or incomplete, covering only a subset of cases. Each row (or column)

corresponds to a rule, with cells indicating variable values. An example is

provided in the supplementary material.

• Knowledge graphs: Graph-based representations of entities and their re-

lationships (see Section 2.2.1.5).

Figure 3.7 illustrates the distribution of these shapes across surveyed SKE

methods. Rule lists are the most prevalent, likely due to their simplicity and

algorithmic tractability.
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Expressiveness of the extracted knowledge From a semantic perspective,

the expressiveness of the extracted symbolic knowledge depends on the logical

constructs it employs. Statements may include predicates, relations, logic connec-

tives, and arithmetic comparators, which determine what can be expressed. We

categorize the semantic formats of extracted symbolic knowledge as follows:

• Propositional rules: Statements involving Boolean input/output features

connected by logic operators such as negation, conjunction, and disjunction.

Arithmetic comparisons between continuous features and constants are also

included in this category.

• Fuzzy rules: Extensions of propositional rules where truth values range

continuously between 0 and 1.

• Oblique rules: Rules with conditions expressed as inequalities involving

linear combinations of input variables, allowing comparisons between fea-

tures.

• m-of-n rules: Rules that are true if at least m out of n conditions are sat-

isfied. These are a concise way of representing disjunctions of conjunctions.

• Triplets: Representations commonly used in knowledge graphs, consisting

of subject-predicate-object triples (see Section 2.2.1.5).

Figure 3.8 summarizes the occurrence of these semantic formats in surveyed

SKE methods. Propositional rules dominate due to their simplicity and tractabil-

ity. They allow a divide-and-conquer approach, focusing on one input feature at

a time, which simplifies the extraction process.

3.2.3 Where to extract

The sort of ML predictors from which symbolic knowledge can be extracted is

strongly related to the translucency of the SKE algorithms. The translucency of a

SKE algorithm refers to its ability to access the internal structure of the predictor,

such as its parameters, weights, and architecture. So, in other words, the question

of where to extract symbolic knowledge is related to the question of how SKE

algorithms work. There are two ways for SKE methods to deal with sub-symbolic

predictors:
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Figure 3.9: Venn diagram categorising SKE methods w.r.t. the translucency of the
algorithm: decompositional (D) or pedagogical (P). For decompositional methods, we
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vector machines, DTE = decision tree ensembles, LC = linear classifiers.

• Decompositional → if the method needs to inspect – even partially –

the internal structure of the predictor, such as its parameters, weights, and

architecture;

• Pedagogical→ if the method does not need to inspect the internal structure

of the predictor, but rather it can treat it as a black box and it relies on the

input/output behavior of the predictor.

The different nature of decompositional SKE methods is detailed in Figure 3.9.

We observe that for what concern decompositional methods, the vast majority of

them are designed to work with NN of various types and different number of hidden

layers. Also SVMs and decision tree ensambless (DTEs) are targeted by some

decompositional methods. Around 43% of the surveyed methods are pedagogical,

meaning that these methods can work with virtually any type of sub-symbolic

predictor, as long as it can be queried for input/output pairs. Therefore, in general

SKE methods can be applied to any type of predictor, but for the decompositional

ones, NNs are definitely the most targeted type.
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Figure 3.10: Simple example to of how a local explanation can be provided for a
specific input. The sub-symbolic model’s decision function f is represented by the blue
and pink background, which cannot be approximated well by a linear model. The bold
red cross is the instance being explained. A SKE method can sample inctances, get
prediction using f , and weights them by the proximity to the instance being explained
(the bigger the cross/circle, the closer to the instance). The dashed line is the trained
interpretable model that is locally faithful to the sub-symbolic model.

3.2.4 How to extract

The way SKE methods extract symbolic knowledge highly depends on the translu-

cency of the method itself [Cia+24]. Pedagogical methods treat the underlying

predictor as an oracle to be queries for predictions the symbolic knowledge should

mimic. In most of these cases, the SKE method exploits a surrogate model, which

is a simpler, more interpretable model that approximates the behavior of the orig-

inal predictor. This model can be used as the final output of the SKE process if it

is already in a symbolic or interpretable (e.g., a linear model) format, or it can be

further processed to extract symbolic knowledge. Decompositional methods, on

the other hand, require access to the internal structure of the predictor and each

method has its own way of extracting symbolic knowledge. Another important

aspect of SKE methods when it comes to how symbolic knowledge is extracted is

the granularity of the extraction.

Local explanations When the interest in the extracted symbolic knowledge is

focused on a specific input, i.e., we want to know why a predictor produced a

particular outcome, the SKE method is said to produce local explanations. A local
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explanation is symbolic knowledge that explains only the behavior of the predictor

for a specific input. The knowledge is not necessary encoded into logic rules, it

can be provided for instance through feature importance scores, which indicate the

relevance of each input feature for the prediction [RSG16]. Figure 3.10 illustrates

a simple example of how a local explanation can be provided for a specific input

using a pedagogical SKE method.

Global explanations Conversely, when the interest is in understanding the

overall behavior of the predictor, we say that the SKE method produces global

explanations. Global explanations aim to capture the general patterns and rules

that govern the predictor’s behavior across all inputs, rather than focusing on

individual instances. For example, this can be done by training a surrogate model

– if we want to use a pedagogical SKE method – using for instance the training

set used to train the predictor. However, instead of using the labels of the training

set, the surrogate model is trained using the predictions of the original predictor.

3.2.5 Limitations and challenges of SKE

SKE methods predominantly focus on supervised learning tasks, such as classifica-

tion and regression. However, they do not yet address unsupervised learning tasks,

like clustering, or reinforcement learning tasks, such as optimal policy search. This

limitation restricts their applicability to a broader range of ML paradigms.

One might argue that certain clustering algorithms, such as k-nearest neigh-

bors, are inherently interpretable. Despite this, they still operate on numerical

data, which can obscure the underlying decision-making process. Pedagogical SKE

methods could potentially be adapted to clustering predictors with minimal ad-

justments. This is because trained clustering predictors can be treated as classifiers

over anonymous classes.

Similarly, it is conceivable to apply SKE techniques to predictors trained using

reinforcement learning. For instance, symbolic knowledge could be extracted to

explain the learned policies or value functions. This would provide insights into

the decision-making process of reinforcement learning agents.

Future research should explore the extension of SKE methods to unsupervised
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and reinforcement learning tasks. Such advancements would significantly broaden

the scope and utility of SKE in AI systems.

The majority of SKI algorithms rely on symbolic knowledge represented as KGs

or propositional logic (Figure 3.1). While these representations are widely used,

they are significantly less expressive compared to FOL. In particular, they lack

support for recursion and function symbols, which limits the complexity and depth

of the knowledge that can be injected into sub-symbolic predictors. This limitation

arises because most ML predictors, such as NNs, are inherently acyclic structures.

As a result, integrating recursive logic or arbitrarily deep data structures into

these predictors is challenging and often leads to severe information loss due to

approximations. Addressing these limitations requires innovative approaches to

enable the injection of more expressive logics, such as recursive clauses or function

symbols, into sub-symbolic models. Future research should explore methods to

overcome these challenges, potentially by designing predictors capable of handling

recursive structures or by developing advanced approximation techniques.
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Chapter 4

SKI: methods and contributions

How to design and implement SKI meth-

ods?

– RQ0 and RQ3
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In this chapter we present two main algorithmic contributions to the field of

SKI. First, we provide the motivations behind the design and development of

these contributions in Section 4.1. Second, we detail the contributions themselves

in Sections 4.2 and 4.3, and we report the results of the empirical evaluation of

these contributions.
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4.1 Motivations

Aware by the limitations reported in Section 3.1.5, we wanted to develop novel

SKI methods that could be used in many different domains. For this reason, these

methods include all the elements described in Section 3.1.4. In particular, a parser

is provided to convert symbolic knowledge into a format that can be injected into

a neural network. In this way, we are not bounded to a specific knowledge base

nor to a specific domain. The transformation of the parsed rules into a numeric

interpretation is automatically performed by a fuzzification step. Finally, the sub-

symbolic component is injected into a neural network, which is trained to learn

the symbolic knowledge. Another limitation that we wanted to address is the

expressiveness of the symbolic knowledge that can be injected. What we target in

these two works is knowledge expressed in stratified Datalog with negation.

4.1.1 A good tradeoff language for SKI

Stratified Datalog with negation is a variant of Datalog [Mai+18] with no recursion

– neither direct nor indirect – yet supporting negated atoms. We choose Datalog

because of its expressiveness (strictly higher than propositional logic) and its ac-

ceptable limitations. The lack of recursion, in particular, prevents issues when it

comes to convert formulas into neural structures (which are DAGs). Since we rely

on Datalog with negation, we allow atoms in the bodies od clauses to be negated.

Using the same notation as in Section 2.2.1.3, in case the ith atom in the body of

some clause is negated, we write ¬bi. There, each atom h, b1, b2, . . . may be a

predicate of arbitrary arity.

An l-ary predicate p denotes a relation among l entities: p(t1, . . . , tl), where

each ti is a term, i.e., either a constant (denoted in monospace) representing a

particular entity, or a logic variable (denoted by Capitalised Italic) representing

some unknown entity or value. Well-known binary predicates – e.g., >, <, = – are

admissible, too, and retain their usual semantics from arithmetic. For the sake of

readability, we may write these predicates in infix form—hence > (X, 1) ≡ X > 1.

To support injection into a particular NN, we further assume the input knowl-

edge base defines one (and only one) outer relation – say output or class –
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involving as many variables as the input and output features the NN has been

trained upon. That relation must be defined via one clause per output neuron.

Yet, each clause may contain other predicates in their bodies, in turn defined by

one or more clauses. In that case, since we rely on stratified Datalog, we require

the input knowledge to not include any (directly or indirectly) recursive clause

definition.

For example, for a 3-class classification task, any provided knowledge base

should include a clause such as the following one:

class(X̄, y1)← p1(X̄) ∧ p2(X̄)

p1(X̄)← . . .

p2(X̄)← . . .

class(X̄, y2)← p′1(X̄) ∧ p′2(X̄)

p′1(X̄)← . . .

p′2(X̄)← . . .

class(X̄, y3)← p′′1(X̄) ∧ p′′2(X̄)

p′′1(X̄)← . . .

p′′2(X̄)← . . .

where X̄ is a tuple having as many variables as the neurons in the output layer,

yi is a constant denoting the i-th class, and p1, p2, p′1, p′2, p′′1, p′′2 are ancillary

predicates defined via Horn clauses as well.

4.2 An example of a guided learning SKI algo-

rithm

In this section we present the paper “A view to a KILL: Knowledge Injection

via Lambda Layer” [MCO22a], presented at the 23rd Workshop “From Objects

to Agents” (WOA 2022) 1. The paper introduces a novel SKI method, called

knowledge injection via lambda layers (KILL), which allow to inject symbolic

1https://sites.google.com/view/woa2022/
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Figure 4.1: General architecture of a NN with n hidden layers, X and Y are respectively
the input and output layers. Before training, KILL is applied to the predictor so that a
new model constrained by the knowledge base (KB) is obtained. The Λ-layer is added
to the output layer, and then removed for the inference phase.

knowledge in stratified Datalog with negation into NNs of any shape. KILL does

not require the input formulas to be ground, and it does not impose any constraint

on the NN undergoing injection. The method acts directly at the backpropagation

level, by increasing the penalty to be back-propagated whenever the NN output

is violating the knowledge to be injected. For this reason, KILL falls under the

guided learning strategy, as described in Section 3.1.4.

4.2.1 Λ-layer

The idea behind KILL is to perform injection during training. The injection is

performed by appending one further layer – the Λ-layer – at the output end of the

NN, and by training the overall network as usual (e.g., via gradient descent or sim-

ilar). The Λ-layer introduces an error whenever the prediction from the network’s

output layer violates the symbolic knowledge being injected. This error influences

the gradient descent or other optimization functions, discouraging violations of
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the symbolic knowledge. In essence, the NN learns inductively to avoid wrong

predictions by penalizing violations during training. To achieve this, the Λ-layer

employs a custom activation function that modifies the output of the network’s

original output layer. Additionally, the symbolic knowledge must be numerically

interpreted, converting logical formulas into real-valued functions to compute error

values. Once the training phase is complete, the Λ-layer can be removed, leaving

the original network architecture intact.

To elaborate on the Λ-layer, we consider a symbolic knowledge base, denoted as

K, to be injected into a feedforward NN of arbitrary depth, denoted as N . Let N
have an input layer X and an output layer Y, where Y is assumed to be of shape

n × 1. This discussion applies to layers of any shape, including multidimensional

ones. No assumptions are made about the activation function of Y, the topology

or nature of the hidden layers, or the shape of X. The output of Y is denoted

as y = [y1, . . . , yn], representing the network’s prediction for a given input x.

The knowledge base K consists of n rules, K = {φ1, . . . , φn}, where each rule φi

constrains the relationship between x and yi.

To inject K, the Λ-layer is added to the network architecture, as illustrated in

Figure 4.1. This layer is densely connected to both X and Y, and its activation

function introduces a penalty on yi whenever the corresponding rule φi is violated

for an input-output pair (x,y). The output of the Λ-layer, denoted as λ, is defined

as:

λ = y × (1 + C(x,y))

where C(x,y) is a positive penalty vector representing the cost of modifying the

network’s output y. The penalty vector C(x,y) is given by:

C(x,y) = [c1(x, y1), . . . , ci(x, yi), . . . , cn(x, yn)]

where ci : X×Y → [0, 1] interprets the rule φi as a cost in the range [0, 1] for the

given values of x and yi. A penalty is applied to the i-th neuron of Y whenever

the corresponding rule φi is violated. The penalty is higher when the violation is

severe and approaches zero when the violation is minimal or absent.
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Formula C. interpretation Formula C. interpretation

J¬ϕK η(1− JϕK) Jϕ ≤ ψK η(JϕK− JψK)
Jϕ ∧ ψK η(max(JϕK, JψK)) Jclass(X̄, yi)← ψK JψK∗
Jϕ ∨ ψK η(min(JϕK, JψK)) Jexpr(X̄)K expr(JX̄K)
Jϕ = ψK η(|JϕK− JψK|) JtrueK 0
Jϕ ̸= ψK J¬(ϕ = ψ)K JfalseK 1
Jϕ > ψK η(0.5− JϕK + JψK) JXK x
Jϕ ≥ ψK η(JψK− JϕK) JkK k
Jϕ < ψK η(0.5 + JϕK− JψK) Jp(X̄)K∗∗ Jψ1 ∨ . . . ∨ ψkK

∗ encodes the penalty for the ith neuron
∗∗ assuming predicate p is defined by k clauses of the form:

p(X̄)← ψ1, . . . , p(X̄)← ψk

Table 4.1: Logic formulas’ encoding into real-valued functions. There, X is a logic
variable, while x is the corresponding real-valued variable, whereas is X̄ a tuple of logic
variables. Similarly, k is a numeric constant, and k is the corresponding real value,
whereas ki is the constant denoting the ith class of a classification problem. Finally,
expr(X̄) is an arithmetic expression involving the variables in X̄. The η function is a
scaling function described in Equation (4.1).

4.2.2 KILL fuzzifier

Before injecting symbolic knowledge into a neural network, each formula associated

with an output neuron must be converted into a real-valued function to compute

the cost of violating that formula.

This conversion relies on a multivalued interpretation of logic inspired by

 Lukasiewicz’s logic [Hay63]. Each formula is encoded using the J·K function, which

maps logical formulas to real-valued functions. These functions accept real vectors

of size m+n as input and return scalars in R as output. The resulting scalars are

clipped to the [0, 1] range using the η : R→ [0, 1] function, defined as:

η(x) =


0 if x ≤ 0,

x if 0 < x < 1,

1 if x ≥ 1.

(4.1)

The values obtained from η(x) represent penalties, as discussed in Section 4.2.1.

The penalty for the ith neuron violating rule φi is expressed as ci(x, yi) =
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(a) AST of a logic formula

(b) Simplified AST of a logic formula
(c) AST of the same formula, encoded
as real-valued function

Figure 4.2: Example of the encoding process of logic formulas into real-valued func-
tions. Only AST are depicted. Boxes coloured in the same way represent the encoding
of a given operator through each encoding step. For instance, operator < (red) is first
converted into a negated ≥, and then into a combination of max and subtractions.

η(JφiK(x, yi)).

The J·K encoding function is recursively defined in Table 4.1. To compute the

penalty ci(x, yi) for the ith neuron, KILL identifies the Datalog rule of the form:

class(X̄, yi)← ψ.

The method focuses on the body ψ of the rule, ignoring its head, as the head

specifies the expected output for the rule. If ψ contains predicates p1, p2, defined

by one or more clauses in the knowledge base, these predicates are replaced by the

disjunction of the bodies of all clauses defining them. This process is repeated until

ψ contains only binary expressions involving input variables, constants, arithmetic

operators, and logical connectives. Finally, operators and connectives are replaced
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Class
Train.

Instances
Train.

Freq. (%)
Test

Instances
Test

Freq. (%)

high card 12,493 49.95 501,209 50.12
pair 10,599 42.38 422,498 42.25
two pairs 1,206 4.82 47,622 4.76
three of a kind 513 2.05 21,121 2.11
straight 93 0.37 3,885 0.39
flush 54 0.22 1,996 0.2
full house 36 0.14 1,424 0.14
four of a kind 6 0.024 230 0.023
straight flush 5 0.02 12 0.001
royal flush 5 0.02 3 3 · 10−4

Total 25,010 100 1,000,000 100

Table 4.2: Poker hand dataset (PHDS) statistics per class. The dataset is heavily
imbalanced, with the high card class being the most frequent. Considering together the
two most frequent classes, high card and pair, they account for over 92% of the training
instances.

by continuous functions, as detailed in Table 4.1. The entire process produces a

real-valued interpretation of the original formula, which KILL uses to compute

ci(x, yi).

Figure 4.2 illustrates an example of the encoding process. The example formula

is:

class(X1, X2, z)← (X1 ≥ k) ∧ (X2 ≥ h),

where k, h, and z are numeric constants, X1 and X2 are input variables, and Y is

an output variable. Figure 4.2a shows the AST of this formula. Figure 4.2b depicts

the same AST after replacing the ≤ operator with a negated > operator. Finally,

Figure 4.2c shows the AST of the encoded function. A public implementation of

KILL is available as part of the PSyKI [MCO22d] library2.
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4.2.3 Validation

The method has been validated on the poker hand dataset (PHDS) [CO02], a

dataset for poker hand classification. To ensure reproducibility, the code used for

our experiments is publicly available3. The task consists in a multiclass classifica-

tion problem on a finite – yet very large – discrete domain. Classes are overlapped

and heavily imbalanced, but exact classification rules can be written in logic for-

mulas. PHDS has 1, 025, 010 records4, each with 10 features, and 1 output class.

Each record represents a poker hand of 5 cards, each card is identified by two

features: a rank and a suit. Suit is a categorical feature (e.g., spades, hearts,

diamonds, clubs), while rank is a numeric feature (e.g., 1 for Ace, 2 for Two, . . . ,

13 for King). Each hand can be classified as one of 10 different classes denoting

the poker hand type (e.g., high card, pair, two pairs, three of a kind, etc.).

Table 4.2 reports the statistics of the dataset per class for both training and test

sets.

PHDS logic rules We define a class rule for each class, encoding the correct

way of classifying a poker hand. For instance, let {R1, S1, . . . , R5, S5} be the logic

variables representing a poker hand (i.e., R for rank and S for suit), then for class

flush we have:

class(R1, S1, . . . , R5, S5, flush) ← flush(R1, S1, . . . , R5, S5)

flush(R1, S1, . . . , R5, S5) ← S1 = S2 ∧ S1 = S3 ∧ S1 = S4 ∧ S1 = S5

(4.2)

All other rules have the same structure as Equation (4.2): the left-hand side de-

clares the expected class, while the right-hand side describes the necessary condi-

tions for that class—possibly, via some ancillary predicates such as flush. Table 4.3

provides an overview of all the rules we rely upon in our experiments.

Methodology We adopt the same data partitioning strategy proposed by the

dataset authors [CO02]. Specifically, the training set consists of 25, 010 samples,

2https://github.com/psykei/psyki-python
3https://github.com/MatteoMagnini/kill-experiments-woa-2022
4the size of the input space is the amount 5-permutations of 52 cards, i.e., 52!

(52−5)!
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Class Logic Formulation

Pair

class(R1, . . . , S5, pair)← pair(R1, . . . , S5)
pair(R1, . . . , S5)← R1 = R2

pair(R1, . . . , S5)← R1 = R3

pair(R1, . . . , S5)← R1 = R4

pair(R1, . . . , S5)← R1 = R5

pair(R1, . . . , S5)← R2 = R3

pair(R1, . . . , S5)← R2 = R4

pair(R1, . . . , S5)← R2 = R5

pair(R1, . . . , S5)← R3 = R4

pair(R1, . . . , S5)← R3 = R5

pair(R1, . . . , S5)← R4 = R5

Two Pairs

class(R1, . . . , S5, two)← two(R1, . . . , S5)
two(R1, . . . , S5)← R1 = R2 ∧R3 = R4

two(R1, . . . , S5)← R1 = R3 ∧R2 = R4

two(R1, . . . , S5)← R1 = R4 ∧R2 = R3

two(R1, . . . , S5)← R1 = R2 ∧R3 = R5

two(R1, . . . , S5)← R1 = R3 ∧R3 = R5

two(R1, . . . , S5)← R1 = R5 ∧R2 = R3

two(R1, . . . , S5)← R1 = R2 ∧R4 = R5

two(R1, . . . , S5)← R1 = R4 ∧R2 = R5

two(R1, . . . , S5)← R1 = R5 ∧R2 = R4

two(R1, . . . , S5)← R1 = R3 ∧R4 = R5

two(R1, . . . , S5)← R1 = R4 ∧R3 = R5

two(R1, . . . , S5)← R1 = R5 ∧R3 = R4

two(R1, . . . , S5)← R2 = R3 ∧R4 = R5

two(R1, . . . , S5)← R2 = R4 ∧R3 = R5

two(R1, . . . , S5)← R2 = R5 ∧R3 = R4

Three of a Kind

class(R1, . . . , S5, three)← three(R1, . . . , S5)
three(R1, . . . , S5)← R1 = R2 ∧R1 = R3

three(R1, . . . , S5)← R1 = R2 ∧R1 = R4

three(R1, . . . , S5)← R1 = R2 ∧R1 = R5

three(R1, . . . , S5)← R1 = R3 ∧R1 = R4

three(R1, . . . , S5)← R1 = R3 ∧R1 = R5

three(R1, . . . , S5)← R1 = R4 ∧R1 = R5

three(R1, . . . , S5)← R2 = R3 ∧R2 = R4

three(R1, . . . , S5)← R2 = R3 ∧R2 = R5

three(R1, . . . , S5)← R2 = R4 ∧R2 = R5

three(R1, . . . , S5)← R3 = R4 ∧R3 = R5

Straight

class(R1, . . . , S5, straight)← royal(R1, . . . , S5)
class(R1, . . . , S5, straight)← straight(R1, . . . , S5)
straight(R1, . . . , S5)← (R1 +R2 +R3 +R4 +R5) = (5 ∗min(R1, . . . , R5) + 10) ∧ ¬pair(R1, . . . , S5)
royal(R1, . . . , S5)← min(R1, . . . , R5) = 1 ∧ (R1 +R2 +R3 +R4 +R5 = 47) ∧ ¬pair(R1, . . . , S5)

Flush
class(R1, . . . , S5, flush)← flush(R1, . . . , S5)
flush(R1, . . . , S5)← S1 = S2 ∧ S1 = S3 ∧ S1 = S4 ∧ S1 = S5

Four of a Kind

class(R1, . . . , S5, four)← four(R1, . . . , S5)
four(R1, . . . , S5)← R1 = R2 ∧R1 = R3 ∧R1 = R4

four(R1, . . . , S5)← R1 = R2 ∧R1 = R3 ∧R1 = R5

four(R1, . . . , S5)← R1 = R2 ∧R1 = R4 ∧R1 = R5

four(R1, . . . , S5)← R1 = R3 ∧R1 = R4 ∧R1 = R5

four(R1, . . . , S5)← R2 = R3 ∧R2 = R4 ∧R2 = R5

Full House class(R1, . . . , S5, full)← three(S1, . . . , R5) ∧ two(S1, . . . , R5) ∧ ¬four(S1, . . . , R5)

Straight Flush
class(R1, . . . , S5, straight flush)← straight(R1, . . . , S5) ∧ flush(R1, . . . , S5)
class(R1, . . . , S5, straight flush)← royal(R1, . . . , S5) ∧ flush(R1, . . . , S5)

Royal Flush class(R1, . . . , S5, royal)← royal(R1, . . . , S5) ∧ flush(R1, . . . , S5)

High Card class(R1, . . . , S5, nothing)← ¬pair(R1, . . . , S5) ∧ ¬flush(R1, . . . , S5) ∧ ¬straight(R1, . . . , S5) ∧ ¬royal(R1, . . . , S5)

Table 4.3: Stritified datalog with negation formulas describing poker hands. For the
sake of readability variables in the head of formulas and in the arguments of predicates
are abbreviated.
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Metric Uneducated Educated Metric Uneducated Educated

Accuracy 0.962 0.978 Acc. Straight 0.415 0.509
Macro-F1 0.512 0.538 Acc. Flush 0.002 0.002
Weighted-F1 0.96 0.977 Acc. Full 0.628 0.69
Acc. High Card 0.977 0.989 Acc. Four 0.186 0.19
Acc. Pair 0.968 0.985 Acc. Straight F. 0.003 0
Acc. Two Pairs 0.867 0.914 Acc. Royal F. 0 0
Acc. Three 0.913 0.922

Table 4.4: Test set accuracy, macro-F1 and weighted-F1 on all classes and single mean
class accuracies. All measures represent the mean over the experiment population (30).
The Wilcoxon signed-rank test shows that for the accuracy, macro-F1 and weighted-F1
metrics the educated model is significantly better than the uneducated one (p < 0.05).
Also, the educated model is significantly better than the uneducated one for the single
mean class accuracies, except for high card, pair and straight classes.

while the test set includes 1, 000, 000 samples. This unusual ratio between training

and test set sizes makes the task more challenging but ensures more reliable results.

For all experiments, we use a fully connected NN with three layers. The first

two layers consist of 128 neurons each, while the output layer has 10 neurons,

corresponding to the number of classes. The activation function for the first two

layers is rectified linear unit (ReLU), whereas the output layer uses softmax. The

network is trained using categorical cross-entropy as the loss function.

We set the batch size to 32 and train the network for up to 100 epochs. To

evaluate the network’s performance, we rely on metrics such as accuracy, macro-F1,

and weighted-F1 scores. After training, the Λ-layer is removed, and the resulting

NN is used for inference.

To prevent overfitting, we employ three stopping criteria during training. First,

for 99% of the training examples, the activation of every output unit must be within

0.25 of the correct value. Second, training stops after 100 epochs. Third, the

predictor must achieve at least 90% accuracy on the training examples but show

no improvement in classification performance for five consecutive epochs. These

criteria are inspired by previous work [TSN90]. Finally, we conduct 30 runs for

each configuration to obtain a statistically significant population for comparisons.

Results and discussion We define two different configurations for experiments:

(i) “uneducated”, where we use the NN described in Section 4.2.3, (ii) “educated”,
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Figure 4.3: Per class results of the experiments on the PHDS dataset using KILL. The
KILL method outperforms the uneducated NN in the prediction of almost all classes.
For all class prediction, the Wilcoxon signed-rank test has been applied to compare the
two configurations. With a p-value threshold of 0.05, we reject the null hypothesis in
the case of high card, pair, and straight classes.
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where we apply KILL on the same network architecture. For both configurations

we use the same hyperparameters and perform 30 runs. Results are reported in

Table 4.4 and in Figure 4.3. In general, experiments show that both predictors are

very good at classifying frequent classes such as high card and pair. Also for less

frequent classes, two pairs and three of a kind, accuracy is still high. The remaining

six classes represent the 0.8% of the training set and therefore much more difficult

to correctly predict. For full house and straight, accuracy has middle values, while

for the remaining classes accuracy is pretty close to 0. All of this is quite expected

due to the strong imbalance in the distribution of classes. The only remarkable

fact is that accuracy is extremely low for class flush even if less frequent classes

such as full house and four of a kind have higher accuracy. We hypothesise that

this happens because the vast majority of data consists in classes which depend

only on the values of rank and therefore the network tends to consider it much

more. Indeed, only flush, straight flush and royal flush (about the 0.26% of the

training set) depend on the values of suit. Concerning the comparison between the

uneducated predictor – with no additional knowledge – and the educated predictor

– obtained by applying KILL algorithm – results show that the latter has higher

performances with statistic significance. The Wilcoxon signed-rank test [Wil45]

has been applied to compare the two configurations on all the metrics reported

in Table 4.4. In particular, because of the imbalanced nature of the dataset,

the test on macro-F1 and weighted-F1 metrics is more reliable than the test on

accuracy. The test shows that the educated predictor is significantly better than

the uneducated one for the overall accuracy, macro-F1 and weighted-F1 metrics

(with p < 0.05). Also, the educated predictor is significantly better than the

uneducated one for the single mean class accuracies, except for high card, pair and

straight classes.

4.3 An example of a structuring SKI algorithm

In this section we present the paper “KINS: Knowledge Injection via Network

Structuring” [MCO22c], presented at the 37th Italian Conference on Computa-
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Figure 4.4: General architecture of a NN with m modules injected, X and Y are
respectively the input and output layers. Each module is a subnetwork that evaluates
a logic formula under a continuous interpretation. The modules can be injected at any
layer Hi or at the output layer Y .

tional Logic (CILC 2022) 5. The paper introduces a novel SKI methods, named

knowledge injection via network structuring (KINS), which similarly to KILL al-

lows to inject symbolic knowledge in stratified Datalog with negation into NNs

of any shape. Differently from KILL, KINS does not act at the backpropagation

level, but it modifies the structure of the NN to inject symbolic knowledge. Hence,

KINS falls under the structuring strategy, as described in Section 3.1.4.

4.3.1 KINS architecture

A NN architecture can be extended with additional neural modules designed to

reflect and mimic symbolic knowledge provided by designers. Each module is a

subnetwork that shares the same input layer as the original network and outputs

a value representing the evaluation of a logic formula under a continuous interpre-

tation. The primary purpose of these modules is twofold: (i) to evaluate a specific

logic formula against the current input, and (ii) to compute the degree of truth

of that formula, expressed as a value in the range [0, 1], which complements the

network’s output. During the feed-forward phase, variables in the formulas are

dynamically grounded with respect to the current input. This dynamic grounding

5http://cilc2022.apice.unibo.it/
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allows non-ground formulas to be directly exploited for SKI, eliminating the need

for prior groundisation steps, which may be infeasible for complex domains. It is

important to note that the provided formulas are not required to cover all possible

scenarios. For instance, in classification problems, rules may only cover a subset

of all possible classes.

Figure 4.4 illustrates the general architecture of a NN after the injection of m

modules, represented as blue rectangles. Each module corresponds to one of the m

rules to be injected. Modules can be arbitrarily complex subnetworks that share

the same input and final outputs with the original NN. White boxes represent arbi-

trary hidden layers H1, . . . , Hn of the original NN, while X and Y denote the input

and output layers, respectively. Knowledge injection can be performed at any hid-

den layer Hi or at the output layer Y . For example, in networks that first extract

features from the input (e.g., convolutional NNs) and then perform classification,

knowledge can be injected between these two phases. The injection procedure in-

volves three main steps. First, formulas are encoded into real-valued functions, as

described in Section 4.2.2. Second, a neural module is constructed to approximate

each real-valued function, following the strategy outlined in Section 4.2.2. Finally,

the module is added to the original NN, as depicted in Figure 4.4. The inner

synapses of the modules can be either immutable, meaning their weights and bi-

ases remain fixed during training, or mutable, meaning their weights are trainable.

All other synapses, including those within hidden layers H1, . . . , Hi, as well as

the ingoing synapses of layer Hi+1 and subsequent layers, remain trainable. This

design allows the NN to leverage both prior knowledge and information gathered

from data during training. The synapses connecting each module and the final

hidden layer to the output layer are also trainable. This enables the NN to adjust

the relative importance of the injected knowledge during training. The rationale

is that logic rules may not hold universally across all patterns in a given domain

but may generally be true with a certain degree of confidence.

KINS does not impose constraints on the network architecture, such as the

number of layers, number of neurons, types of activation functions, or initializa-

tion status (e.g., random weights or partially trained). It can be applied to both

untrained and partially trained networks. However, it requires the network to

have an input and output layer and to be trainable via gradient descent or simi-
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Formula C. interpretation Formula C. interpretation

J¬ϕK η(1− JϕK) Jϕ ≤ ψK η(1 + JψK− JϕK)
Jϕ ∧ ψK η(min(JϕK, JψK)) Jclass(X̄, yi)← ψK JψK∗
Jϕ ∨ ψK η(max(JϕK, JψK)) Jexpr(X̄)K expr(JX̄K)
Jϕ = ψK η(J¬(ϕ ̸= ψ)K) JtrueK 1
Jϕ ̸= ψK η(|JϕK− JψK|) JfalseK 0
Jϕ > ψK η(max(0, 1

2
+ JϕK− JψK)) JXK x

Jϕ ≥ ψK η(1 + JϕK− JψK) JkK k
Jϕ < ψK η(max(0, 1

2
+ JψK− JϕK)) Jp(X̄)K∗∗ Jψ1 ∨ . . . ∨ ψkK

∗ encodes the value for the ith output
∗∗ assuming p is defined by k clauses of the form:

p(X̄)← ψ1, . . . , p(X̄)← ψk

Table 4.5: Logic formulas’ encoding into real-valued functions. There, X is a logic
variable, while x is the corresponding real-valued variable, whereas is X̄ a tuple of logic
variables. Similarly, k is a numeric constant, and k is the corresponding real value,
whereas ki is the constant denoting the ith class of a classification problem. Finally,
expr(X̄) is an arithmetic expression involving the variables in X̄. The η function is a
scaling function described in Equation (4.1).

lar algorithms. Additionally, symbolic knowledge must be expressed using one or

more formulas in Datalog form, and logic statements about the network’s input or

output features must be encoded.

4.3.2 KINS fuzzifier

To inject symbolic knowledge into a neural network, each formula associated with

an output neuron must first be converted into a real-valued function to compute

the degree of truth of that formula. This conversion relies on a multivalued in-

terpretation of logic – inspired by  Lukasiewicz’s logic [Hay63] – similarly to the

one used for KILL. Differently from KILL, the fuzzification function is not used

to compute a penalty, but rather to compute the degree of truth of the formula.

For this reason, true and false are interpreted as 1 and 0, respectively, rather

than as 0 and 1. While Table 4.5 describes the mapping between formulas and

their fuzzy interpretation, we now discuss how such interpretation can be further

encoded into neural modules to be added to the NN undergoing injection.

By considering the same domain of the PHDS used in Section 4.2.3, we can

82 CHAPTER 4. SKI: METHODS AND CONTRIBUTIONS



4.3. AN EXAMPLE OF A STRUCTURING SKI ALGORITHM

(a) AST of a formula

→

(b) Optimised AST of a for-
mula

→

(c) Layers from the optimised
AST

Figure 4.5: Example of the encoding process of formulas into module network. Box
coloured in the same way represent the encoding of a given operator through each en-
coding step.

Figure 4.6: KINS mapping of formulas into neurons. White circles are input variables
(I), green boxes represent the corresponding weights (W ), purple circles are the sum of
the weighted inputs (WxI). Yellow rectangles are activation functions, net is the output
of WxI, maz and min respectively the maximum and minimum of input values, η is the
function described in Equation (4.1).
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Symbol Adenine Cytosine Guanine Thymine Logic form

d • • • (Xi = d) ≡ (Xi = a ∨ Xi = g ∨ Xi = t)
m • • (Xi = m) ≡ (Xi = a ∨ Xi = c)
r • • (Xi = r) ≡ (Xi = a ∨ Xi = g)
s • • (Xi = s) ≡ (Xi = c ∨ Xi = g)
y • • (Xi = y) ≡ (Xi = c ∨ Xi = t)

Table 4.6: Mapping of aggregative symbols and the four nucleotides. Each symbol can
be substituted with one base on the right that has a dot.

take Equation (4.2) as an example of a formula to be injected. The procedure for

encoding a logic formula into a dedicated neural module is illustrated in Figure 4.5.

In this example, Equation (4.2) is transformed into a neural module through three

distinct phases. First, the logic formula is parsed to construct its AST, as shown in

Figure 4.5a. Second, the AST is simplified by merging commutative binary opera-

tors, as depicted in Figure 4.5b. Third, the simplified AST is encoded into a neural

network, where each operator is mapped to a neuron that implements the corre-

sponding operation, as specified in Table 4.5. During the final step, the encoding

rules defined in Figure 4.6 are recursively applied to convert operators into neu-

rons. Input variables, such as Si, are represented as input neurons, while constants

appearing in the formulas are mapped to neurons with fixed outputs. Addition-

ally, algebraic operations, including addition and multiplication, are implemented

using single neurons that perform the respective operations. This approach en-

sures that the symbolic knowledge is seamlessly integrated into the neural network

structure. A public implementation of the KINS algorithm is available as part of

the PSyKI [MCO22d] library2.

4.3.3 Validation

In this section, we evaluate the performance of KINS in improving the predictive

capabilities of NNs through SKI. To ensure reproducibility, the code used for our

experiments is publicly available6. The validation is conducted using the well-

known primate splice-junction gene sequence (PSJGS) dataset [91]. This dataset

consists of 3190 records, each representing a sequence of 60 DNA nucleotides. The

nucleotides are adenine (a), cytosine (c), guanine (g), and thymine (t). Auxiliary

6https://github.com/MatteoMagnini/kins-experiments-cilc-2022
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Figure 4.7: Confusion matrix of the knowledge for the PSJGS dataset. The matrix
shows the classification results of the knowledge rules on the dataset if applied directly.

symbols are used to denote multiple possible nucleotides in a compact way, as

shown in Table 4.6. Each sequence spans positions from -30 to +30, excluding

position 0. The classification task involves identifying whether a sequence corre-

sponds to an intron-exon (IE) boundary, an exon-intron (EI) boundary, or neither

(N). The dataset is imbalanced, with class frequencies distributed as follows: 50%

for N, and 25% each for IE and EI. This imbalance poses challenges for accurate

classification, making it a suitable benchmark for testing KINS.

PSJGS logic rules The PSJGS dataset includes a set of textual logical rules

designed by human experts to classify DNA sequences. Table 4.7 presents these

rules converted into Datalog form, which is equivalent to the original custom for-

malism but machine-interpretable. In Datalog, variables are indexed from −30 to

30, excluding position 0. Each variable X±i represents the nucleotide at position

±i, encoded using constants such as a, c, g, and t. For simplicity, the notation X̄

is used to represent the full sequence of variables X−30, . . . , X−1, X+1, . . . , X+30.

The original rules also utilize additional symbols to compactly represent multi-
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Class Logic Formulation

EI

class(X̄ , ei)←X−3 = m ∧ X−2 = a ∧ X−1 = g ∧ X+1 = g ∧
X+2 = t ∧ X+3 = a = r ∧ X+4 = a ∧
X+5 = g ∧ X+6 = t ∧ ¬(ei stop(X̄ ))

ei stop(X̄ )← X−3 = t ∧ X−2 = a ∧ X−1 = a

ei stop(X̄ )← X−3 = t ∧ X−2 = a ∧ X−1 = g

ei stop(X̄ )← X−3 = t ∧ X−2 = g ∧ X−1 = a

ei stop(X̄ )← X−4 = t ∧ X−3 = a ∧ X−2 = a

ei stop(X̄ )← X−4 = t ∧ X−3 = a ∧ X−2 = g

ei stop(X̄ )← X−4 = t ∧ X−3 = g ∧ X−2 = a

ei stop(X̄ )← X−5 = t ∧ X−4 = a ∧ X−3 = a

ei stop(X̄ )← X−5 = t ∧ X−4 = a ∧ X−3 = g

ei stop(X̄ )← X−5 = t ∧ X−4 = g ∧ X−3 = a

IE

class(X̄ , ie)←pyramidine rich(X̄ ) ∧ ¬(ie stop(X̄ )) ∧
X−3 = y ∧ X−2 = a ∧ X−1 = g ∧ X+1 = g

pyramidine rich(X̄ )← 6 ≤ (X−15 = y + . . .+ X−6 = y)
ie stop(X̄ )← X+2 = t ∧ X+3 = a ∧ X+4 = a

ie stop(X̄ )← X+2 = t ∧ X+3 = a ∧ X+4 = g

ie stop(X̄ )← X+2 = t ∧ X+3 = g ∧ X+4 = a

ie stop(X̄ )← X+3 = t ∧ X+4 = a ∧ X+5 = a

ie stop(X̄ )← X+3 = t ∧ X+4 = a ∧ X+5 = g

ie stop(X̄ )← X+3 = t ∧ X+4 = g ∧ X+5 = a

ie stop(X̄ )← X+4 = t ∧ X+5 = a ∧ X+6 = a

ie stop(X̄ )← X+4 = t ∧ X+5 = a ∧ X+6 = g

ie stop(X̄ )← X+4 = t ∧ X+5 = g ∧ X+6 = a

Table 4.7: Datalog formulas describing DNA classification criteria generated from the
original one.
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ple possible nucleotides. Table 4.6 provides the mapping of these symbols to their

corresponding nucleotide combinations.

When applying the rules in Table 4.7 to classify sequences in the PSJGS

dataset, sequences of type IE are correctly classified 295 times as true positive

(TP). However, the same rule also incorrectly classifies 25 EI sequences and 3 N

sequences as false positive (FP). In contrast, EI sequences are correctly classified

31 times, with no FP.

To address the classification of sequences of type N, a fictional rule is intro-

duced, which negates both IE and EI rules:

class(X̄, n)← ¬class(X̄, ei) ∧ ¬class(X̄, ie). (4.3)

Figure 4.7 shows the confusion matrix of the knowledge rules applied to the

dataset. Although these rules do not perfectly describe the domain, they are

sufficiently accurate to positively influence the training of the predictor. Further

refinements or additional rules may improve the classification performance.

Methodology To ensure comparability with existing literature benchmarks, we

adopt the methodology proposed by Towell and Shavlik [TS94]. Specifically, we

perform 10-fold cross-validation using a training set of 1, 000 randomly selected

records from the 3, 190 available ones, which corresponds to 31.3% of the dataset.

For each fold, we train one instance of KINS. The test accuracy is computed on

the remaining 2, 190 records by averaging the predictions of the 10 trained KINS

instances. Unlike the original method, we repeat the experiment 30 times instead

of 10 to improve statistical significance.

Each KINS instance is trained using a fully connected NN with three layers.

The input layer consists of 60 neurons, the hidden layer has a configurable number

of neurons, and the output layer includes 3 neurons corresponding to the classifica-

tion task. To mitigate overfitting, we apply dropout [Sri+14] with a rate of 0.2 to

each layer during training. The activation function for the hidden layers is ReLU,

while the output layer uses the softmax function. The network is optimized using

the Adam optimizer [KB15] and categorical cross-entropy as the loss function.

We employ the stopping criteria described in [TS94]. These criteria include

CHAPTER 4. SKI: METHODS AND CONTRIBUTIONS 87



4.3. AN EXAMPLE OF A STRUCTURING SKI ALGORITHM

0 10 20 30

KINS

DNN

KBANN

Backpropagation

PEBLS

ID3

NearestNeighbour

N

0.0 2.5 5.0 7.5 10.0

EI

0.0 2.5 5.0 7.5 10.0 12.5

IE

Error rate

Figure 4.8: Error rate per class for the PSJGS dataset using KINS. The results are
compared with other algorithms, including DNN (the network used in KINS without
knowledge injection) and KBANN [TS94]. The error rate is significantly lower for KINS
compared to DNN and KBANN.

ensuring that 99% of the training examples have output activations within 0.25

of the correct value, limiting training to a maximum of 100 epochs, and stopping

when the predictor achieves at least 90% accuracy on the training examples but

shows no improvement for five consecutive epochs.

The rules ei stop(X̄ ) and ie stop(X̄ ) are immutable, meaning their weights

remain fixed during training. In contrast, the rules class(X̄ , ei), class(X̄ , ie),

and pyramidine rich(X̄ ) are mutable, allowing their weights to be adjusted during

training. Immutable rules preserve their structure, while mutable rules adapt to

the data to improve predictive performance.

Results and discussion We evaluate KINS by injecting prior knowledge into

different layers of the NN described earlier. The best results are achieved when the

injection is performed at the first hidden layer. Following the methodology outlined

in Section 4.3.3, we train 10 predictors on 900 records each, resulting in a total

of 1, 000 unique training records out of 3, 190 for each experiment. We conduct

30 experiments using 10-fold cross-validation with random weight initialization.

After injecting prior knowledge into the first hidden layer and training, the mean

accuracy across the 30 experiments on the test set is 94.73%. The mean class

accuracies are as follows: IE 92.79%, EI 92.49%, and N 96.67%.
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For comparison, we perform 30 additional runs using the same base NN archi-

tecture without injecting any knowledge. The results are: mean accuracy 94.45%,

IE 91.67%, EI 92.73%, and N 96.54%. Using Student’s t-test, we reject the null

hypothesis, confirming that predictors generated with KINS achieve statistically

significant improvements in accuracy. The accuracy improvement using KINS is

notable even when the injected knowledge is imperfect.

Figure 4.8 illustrates the error rate per class for different algorithms. KINS rep-

resents our knowledge injection method, while deep neural network (DNN) refers

to the same network used in KINS without knowledge injection. Knowledge-based

artificial neural network (KBANN), as proposed in [TS94], performs slightly worse

than both DNN and KINS. The primary reason for this difference is that KBANN

fully reflects the provided knowledge in its structure, whereas KINS allows a por-

tion of the network to adapt to the data. This flexibility is advantageous when the

knowledge closely aligns with the domain rules but can be a limitation in the op-

posite scenario. Other algorithms, including standard backpropagation [RHW87],

parallel exemplar-based learning system (PEBLS) [CS93b], ID3 [Qui86], and near-

est neighbors, generally perform worse than KINS.
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Chapter 5

Platform for symbolic knowledge

injection

How to facilitate the engineering of SKI

methods?

How to measure the quality of service of

SKI methods?

– RQ0, RQ2 and RQ3

Contents

5.1 One platform to bring them all . . . . . . . . . . . . . . 92

5.1.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.1.2 Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.1.3 Implementation . . . . . . . . . . . . . . . . . . . . . . . 96

5.2 QoS metrics for SKI methods . . . . . . . . . . . . . . . 99

5.2.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.2.2 Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.2.3 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.2.4 Results and discussion . . . . . . . . . . . . . . . . . . . 111

5.3 About robustness . . . . . . . . . . . . . . . . . . . . . . 112

5.3.1 Motivations . . . . . . . . . . . . . . . . . . . . . . . . . 113

CHAPTER 5. PLATFORM FOR SYMBOLIC KNOWLEDGE INJECTION 91



5.1. ONE PLATFORM TO BRING THEM ALL

5.3.2 Robustness of SKI methods . . . . . . . . . . . . . . . . 113

5.3.3 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3.4 Results and discussion . . . . . . . . . . . . . . . . . . . 117

In this chapter, we present the PSyKI platform, which is a framework for SKI

methods. PSyKI provides a unified way to implement SKI methods, aiming to fa-

cilitate the development and comparison of different approaches. It also provides a

set of tools to evaluate the performance of SKI methods, including metrics for mea-

suring the quality of the injected knowledge and the performance of the resulting

models. In Section 5.1, we present the work “On the Design of PSyKI: A Plat-

form for Symbolic Knowledge Injection into Sub-symbolic Predictors” [MCO22d],

which describes the design and implementation of PSyKI. Then, in Sections 5.2

and 5.3, we present respectively two works that study the quality of service of SKI

methods: in Section 5.2 the paper “Symbolic Knowledge Injection Meets Intelli-

gent Agents” [Agi+23], which introduces metrics for evaluating the performance

of SKI methods in the context of intelligent agents, and in Section 5.3 the paper

“An Empirical Study on the Robustness of Symbolic Knowledge Injection Tech-

niques Against Data Degradation” [Raf+24], which studies the robustness of SKI

methods against data degradation.

5.1 One platform to bring them all

PSyKI is a (Python) platform for the development and evaluation of SKI meth-

ods. It is designed to provide a unified framework for implementing SKI methods,

allowing researchers and practitioners to easily develop, test, and compare dif-

ferent approaches. In the following, we present a summary of the work “On the

Design of PSyKI: A Platform for Symbolic Knowledge Injection into Sub-symbolic

Predictors” [MCO22d], presented at the 4th international workshop on EXplain-

able, Trustworthy, and Responsible AI and Multi-Agent Systems (EXTRAAMAS),

20221. The platform is meant to be an open-source library that can be easily

extended with new SKI methods and evaluation metrics. The library is public

1https://extraamas.ehealth.hevs.ch/archive.html
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available on GitLab and PyPi2.

5.1.1 Motivations

This work is motivated by the need to address the common challenges that affect

SKI methods (see Section 3.1.5). In particular, we want to address the following

points: (i) lack of generality, by providing the proper tools to automatically trans-

late symbolic knowledge of arbitrary domains into a format suitable for injection

into sub-symbolic predictors, (ii) lack of reproducibility, by providing a unified

framework for implementing SKI methods, allowing researchers to easily develop,

test, and compare different approaches, and (iii) lack of availability, by encourag-

ing the development of reusable software libraries for SKI methods. Concerning

the last point mentioned in Section 3.1.5, we identified in the logic language of

stratified Datalog with negation a suitable candidate for the symbolic knowledge

representation. It is expressive enough to represent a wide range of symbolic knowl-

edge, while being simple enough to be easily translated into a format suitable for

injection into sub-symbolic predictors.

This work differs from previous recent efforts in the area of SKI software –

e.g., logic tensor network (LTN) [Bad+22] and DeepProbLog [Man+21] – because

our platform is not designed to support just one injection method, but it is meant

to be an extendable library of SKI methods. Moreover, PSyKI provides a set of

tools to evaluate the performance of SKI methods, including metrics for measur-

ing the quality of the injected knowledge and the performance of the resulting

models. Arguably, the most similar work – but it came one year after the publi-

cation of PSyKI – is Scallop [LHN23], a DataLog-based framework that supports

differentiable logical and relational reasoning.

5.1.2 Design

All symbolic knowledge injection (SKI) methods implemented in PSyKI share a

common transformation pipeline, illustrated in Figure 5.1. Symbolic knowledge

ϕ cannot usually be injected directly into a sub-symbolic predictor. Instead, it

2https://gitlab.com/psykei/psyki-python and https://pypi.org/project/psyki/
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Figure 5.1: General workflow of symbolic knowledge transformation in PSyKI. The
symbolic knowledge (ϕ), typically expressed as logical formulas, is first parsed into a
visitable form (ϕ′), and then fuzzified into a machine-injectable representation (ϕ′′).

Figure 5.2: Complete workflow of structuring and guided learning SKI methods in
PSyKI. The symbolic knowledge is transformed and injected into the sub-symbolic pre-
dictor, which is then trained on data.

undergoes a two-step transformation: (i) Parsing (Π): the knowledge is converted

into a visitable data structure, such as an AST in the case of logic formulas,

resulting in ϕ′; (ii) Fuzzification (ζ): the parsed representation is transformed into

a sub-symbolic form ϕ′′, suitable for injection. Fuzzification plays a key role in

bridging the symbolic and sub-symbolic domains. It translates crisp Boolean logic

into a form compatible with sub-symbolic models, often by relaxing discrete truth

values into continuous-valued functions or generating neural components such as

layers or entire NNs.

Figure 5.2 shows the overall injection process in PSyKI, including both the

transformation of the symbolic knowledge and its integration into the learning sys-

tem. After the transformation phase, the different SKI methods diverge: (i) Struc-

turing and guided learning inject ϕ′′ directly into the architecture or training pro-

cess of the predictor; (ii) Embedding-based methods use symbolic knowledge to

enrich or generate the input data, so they are not directly represented in Figure 5.2.
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Figure 5.3: Class diagram of PSyKI. The main components are the Injector, the
Formula and the Fuzzifier. The package logic.datalog is an examplification showing two
Injector implementations and their relationships.

PSyKI supports all three approaches, although it is primarily designed for

structuring and guided learning, where the injection occurs directly into the predic-

tor. In general, SKI algorithms operate on a predictor P and symbolic knowledge

ϕ, producing a new predictor P ′ as output. This modified predictor is then trained

on data, resulting in a final model P ′′, which can be reused in further iterations

with different knowledge or injection strategies.

Architecture Essentially, PSyKI is designed around the notion of injector. An

injector is any algorithm accepting a ML predictor and prior symbolic knowledge –

predominantly logic formulas – as input that produces a new predictor as output.

In order to properly perform injection, injectors may require additional information

such as algorithm specific hyperparameters.
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Figure 5.4: A supported grammar of PSyKI for logic formulas. The grammar is
designed to represent Datalog formulas.

PSyKI supports the processing of symbolic knowledge represented via logic

formulas. Based on the sort of logic, user can build an AST for each formula. The

AST can be inspected through a fuzzifier via pattern visitor to encode the symbolic

knowledge to a sub-symbolic form (e.g. fuzzy logic functions, ad-hoc layers). The

resulting sub-symbolic object can finally be used by an injector to create a new

predictor. This process – denoted with ζ Figure 5.2 – is injector specific; instead,

the same parser Π can be used for logic formulas of the same sort independently

of the injector.

The software is organized into well-separated packages to ensure easy extensi-

bility towards new sort of logic and fuzzifiers—see Figure 5.3 An AST is a formula

object, and it can have different language specific elements w.r.t. the logic form

that is covered. Each formula implementation is self-contained inside a standalone

package so that if a user wants to add a new logic form it is sufficient to add

its implementation in a new package. Similarly, a fuzzifier object that targets a

specific logic form can be added inside the same package of the logic, there can be

any number of fuzzifiers for a given logic.

5.1.3 Implementation

Knowledge representation A crucial point in the SKI workflow is the em-

bedding of knowledge from symbolic into sub-symbolic form. Ideally, there is no

constraint on the formalism used to represent the prior knowledge (e.g., logic for-

mulas, knowledge graph). The most common knowledge representation form that
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SKI algorithms claim to support is FOL or one of its subsets. However, there are

characteristics of FOL that are not ideal for some predictors. Recursion and func-

tion symbols – that allow recursive structures – cannot be easily integrated into a

predictor that is acyclic – i.e., no recursive – by construction such as conventional

NN (virtually all NN, with few exceptions like fibred NN [BGH05]). Conversely, in

this work we consider one of the most general and expressive logic formalism that

does not support recursion and function symbols: stratified Datalog with negation.

Stratified Datalog with negation has been already described in detail in Sec-

tion 4.1.1. To support injection into a particular predictor, we further assume the

input knowledge base defines at least one outer relation – say output or class – in-

volving as many variables as the input and output features the predictor has been

trained upon. Such a relation may be defined via one or more clauses, and each

clause may leverage on other predicates in their bodies. In turn, each predicate

may be defined through one or more clause. In that case, since we rely on strati-

fied Datalog, we require input knowledge to not include any (directly or indirectly)

recursive clause definition.

Once that the logic has been formalized, the implementation of a Formula –

visitable data structure like an AST – is quite straightforward. Figure 5.4 de-

picts the general API for representing logic formulas, as currently supported by

PSyKI. To make PSyKI able to parse bare text into actual logic formulas com-

pliant to that API, we rely on well-established parser-generation facilities such

as ANTLR [PQ95]. As further discussed below, the knowledge contained into a

Formula object, can then be embedded in sub-symbolic form, via a fuzzifier, to be

later injected into a predictor.

Later in the evolution of PSyKI (i.e., from v. 0.2.1), we considered switching

to a more established logic language for representing the symbolic knowledge:

Prolog [Kör+22]. In particular, we abandoned the manual parsing of logic formulas

with ANTLR, and we rely on the tuProlog [DOR01] framework. We use the parser

of tuProlog to parse the logic formulas, but PSyKI does not support the full Prolog

language because of the limitations of injecting into NN mentioned in Section 3.1.5

(i.e., we still support only stratified Datalog with negation).
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�
1 import pandas as pd

2 from tensorflow.keras.models import Model

3 from psyki.logic import Theory

4 from psyki.ski import Injector

5

6

7 def create_uneducated_predictor () -> Model:

8 ...

9

10 dataset = pd.read_csv("path_to_dataset.csv") # load dataset

11 knowledge_file = "path_to_knowledge_file.pl" # load knowledge

12 theory = Theory(knowledge_file , dataset) # create a theory

13 uneducated = create_uneducated_predictor () # create a NN

14 injector = Injector.kins(uneducated) # create an injector

15 educated = injector.inject(theory) # inject knowledge into the NN

16

17 # From now on you can use the educated predictor

18 # as you would use the uneducated one
� �
Listing 5.1: General code snippet for the use of a SKI method in the current version
of PSyKI (v. 0.4.3).

Fuzzification While logic formulas are commonly interpreted in a Boolean way

– i.e., they can be assigned with one truth value among true and false –, sub-

symbolic predictors are more flexible-hence supporting formulas to hold up to

some extent. Switching from the former interpretation to the latter is, essentially,

the purpose of fuzzifiers. In practice, this implies converting a logic formula into

a function of real numbers. Along this line, fuzzification may be performed in (at

least) two ways; real numbers may either represent (i) a penalty for the violation

of a formula, or (ii) the degree of truth of that formula.

To serve this purpose, one may rely on a multivalued interpretation of logic

inspired to  Lukasiewicz’s logic, where the value true is represented by 0 (resp. 1),

while higher (resp. lower) values represent “falsity”. In particular, this approach

may be useful to constrain a predictor during its training. Examples of this fuzzi-

fication approach are KILL (Section 4.2.2) and KINS (Section 4.3.2). Tables 4.1

and 4.5 show the logic formulas encoding into real-valued functions for KILL and

KINS, implementing penalty and degree of truth respectively.

Injection Knowledge injection is the central step in SKI. It is carried out by

injectors, i.e., objects wrapping a particular injection strategy. Each injector is

expected to accept one sub-symbolic predictors as input, other the logic formulas
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that should be injected into that predictor. As part of its operation, the injector

is in charge of producing a new predictor as output, of the same type as the one

provided as input. The new predictor is altered in such a way that it is consistent

w.r.t. the provided logic formulas.

While the main architecture of PSyKI has been maintained stable during the

years, the implementation has been continuously improved. The current version of

PSyKI (v. 0.4.3) is implemented in Python 3.9.13, with main dependencies being

tensorflow, 2ppy, scikit-learn, and pandas. Listing 5.1 shows a general code

snippet for the use of a SKI algorithm in PSyKI (v. 0.4.3).

5.2 QoS metrics for SKI methods

In this section and in the next one, we present two works that study the QoS of SKI

methods. QoS is a crucial aspect of any non-trivial systems, and it is particularly

important for SKI because the vast majority of the works in this field do not

provide any evaluation but the performance of the resulting model. Moreover,

SKI methods and the resulting educated models have many other dimensions that

can be evaluated a part from the straight prediction performance. The metrics

introduced in these works have been implemented and integrated into PSyKI from

version 0.2.14 and later.

The work “Symbolic Knowledge Injection Meets Intelligent Agents” [Agi+23],

published in the Autonomous Agents and Multi-Agent Systems journal, presents

a set of metrics for evaluating the performance of SKI methods in the context

of intelligent agents. Here we present a summary of the work, including the mo-

tivations, the proposed metrics, and the evaluation of SKI methods in terms of

QoS.

5.2.1 Motivations

The current practice of assessing SKI methods primarily focuses on measuring

improvements in the predictive performance of an educated predictor N̂ over its

uneducated counterpart N . However, predictive performance is not the only rele-

vant benefit of SKI that should be evaluated.
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There are multiple aspects of MLs predictors that can be influenced by SKI,

and for which specific metrics should be defined. For instance, SKI may impact

the memory footprint, latency, data efficiency, and energy consumption of the

predictors it is applied to. Collectively, these properties contribute to what we

refer to as the efficiency of a predictor.

In this work, we consider the following efficiency properties:

P1 Memory footprint: the size of the predictor, typically measured in terms

of the number of parameters or computational operations required.

P2 Latency: the time required to perform a single inference.

P3 Data efficiency: the amount of data required to train the predictor to

achieve a certain level of performance.

P4 Energy consumption: the energy required to train and/or run the predic-

tor.

P5 Predictive performance: standard metrics such as accuracy, F1-score, or

mean squared error.

For brevity, we refer to any function that measures one of these properties as

an efficiency metric. These metrics quantify the improvement in a given property

P of the uneducated predictor N when transformed into its educated counterpart

N̂ through a SKI mechanism.

The resulting efficiency scores can be influenced by several factors:

F1 Knowledge quality and coverage: The educated predictor N̂ is obtained

by injecting symbolic knowledge K. Both N and N̂ are trained on the same

dataset D, which describes the learning task. Key questions include: (i) Are

K and D coherent? (ii) Does K cover situations exemplified in D? (iii) Is

K consistent, coherent, and correct? (iv) Can the same be said for D? The

answers to these questions significantly affect the efficiency scores, as they

depend on the interplay between K and D.

F2 Baseline quality: Both N and N̂ target the same learning task. Questions

to consider include: (i) Is N biased in a statistical sense? (ii) If so, can N̂

improve any efficiency metric P? (iii) Even if N is unbiased, is the selected

injection mechanism I suitable for N? These factors highlight the depen-
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dency of efficiency measures on the nature of N and the injection mechanism

I.

F3 Task at hand: The learning task determines the training dataset D and

the test dataset T . The choice of T impacts the evaluation of both N and

N̂ , and consequently, the efficiency scores.

In summary, efficiency metrics evaluate a SKI method I in a specific context

defined by: (i) the symbolic knowledge K, (ii) the predictor N , (iii) the training

dataset D, and (iv) the test dataset T . Thus, any efficiency metric must be

parametric with respect to K, N , D, and T .

5.2.2 Metrics

In this section, we propose the implementation and formalization of metrics to eval-

uate the efficiency of SKI methods. Specifically, we introduce memory footprint,

latency, energy consumption, and data efficiency as key performance indicators for

assessing SKI. These metrics aim to quantify the computational resource usage of

SKI methods and provide insights into their design and optimization. Our focus

is on understanding how these metrics can guide the development of SKI-based

systems, particularly within the context of multi-agent systems (MASs). An in-

depth analysis of the trade-offs between performance and efficiency is crucial for

the effective implementation of AI predictors in MASs.

5.2.2.1 Memory footprint

In the context of MASs, the importance of sub-symbolic predictors is growing

as the field moves towards more efficient and sustainable AI. The increasing de-

mand for AI systems that can operate on resource-constrained devices, such as

IoT and edge devices, has driven research into solutions requiring less memory

and computational resources [Kör+22; ACO21; AO21]. Several metrics have been

proposed to measure the memory footprint of AI predictors, particularly sub-

symbolic ones [Kan+18; Wu+18; LDL21]. For instance, the memory footprint of

NNs can be quantified by counting their parameters, floating point operations per

seconds (FLOPs), or multiplication addition computations (MACs), which rep-

resent the operations required for a single inference [ARO22; Hua+18; Che+19].
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These metrics are effective for analyzing predictor complexity and computational

efficiency.

SKI mechanisms can reduce the memory footprint of sub-symbolic predictors

by injecting prior knowledge, thereby reducing the need for data-driven learning of

complex concepts. This reduction in learned concepts often translates to fewer pa-

rameters, FLOPs, and MACs, resulting in a smaller memory footprint. We define

the memory footprint improvement score as the memory saved by the educated

predictor N̂ compared to its uneducated counterpart N :

µΨ,K,N(I) = Ψ(N)−Ψ(I(K,N)), (5.1)

where I(K,N) (a.k.a., N̂) represents the educated predictor obtained by injecting

symbolic knowledge K into N .

The improvement score depends on the quality and coverage of the input knowl-

edge (F1) and the memory footprint of the input predictor (F2). Higher-quality

knowledge reduces the memory requirements of the educated predictor. Similarly,

predictors with lower initial memory footprints exhibit smaller improvements. It

is important to note that the memory footprint of a NN is task-independent, as it

is a structural property of the network.

Finally, a negative score indicates that the educated predictor is more memory-

intensive than the uneducated one, suggesting that the SKI approach is ineffective

in reducing memory usage.

5.2.2.2 Energy consumption

The relationship between MASs and energy consumption is multifaceted and crit-

ical. To operate effectively in resource-constrained environments, MASs require

AI systems that minimize energy usage. The distributed nature of MASs, com-

bined with the increasing demand for scalable and power-efficient solutions, fur-

ther emphasizes this need. However, the dynamic and real-time requirements of

many MASs applications often lead to high energy consumption due to computa-

tional and resource demands. The complexity of MASs, with multiple agents and

their interactions, adds another layer of difficulty, especially when processing large

datasets or executing complex algorithms. Thus, energy consumption becomes a
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crucial factor in the design and implementation of AI systems within MASs.

Several strategies can address this challenge. One approach involves using

energy-efficient hardware, such as low-power processors, or adopting distributed

and federated learning techniques to distribute computational loads across multi-

ple devices [Sav+21]. Another approach focuses on optimizing algorithms and data

structures to reduce the computational requirements of agents. The integration

of sub-symbolic predictors, which typically require fewer computational resources

than symbolic AI methods, can also significantly reduce energy consumption. Ad-

ditionally, techniques such as compression and optimization of sub-symbolic pre-

dictors can further enhance energy efficiency.

SKI methods offer a promising opportunity to improve energy efficiency in

MASs. By introducing injection mechanisms into the data-driven pipeline of sub-

symbolic training, SKI reduces the computational complexity of training and run-

ning predictors. This is achieved by leveraging prior knowledge, which comple-

ments the training data and simplifies the learning process. As a result, it is

essential to evaluate the extent to which SKI mechanisms contribute to reducing

the energy consumption of sub-symbolic predictors throughout their lifecycle.

To analyze energy consumption, we first define the lifecycle of AI predictors,

which includes the following stages:

1. Model definition: Data scientists analyze the task and select suitable sub-

symbolic predictors and hyperparameters.

2. Model training: The predictor’s parameters are tuned using training data,

where the size and dimensionality of the dataset impact energy consumption.

3. Model testing: The predictor is evaluated on a limited test set to ensure

satisfactory performance.

4. Model deployment: The predictor is used for inference, with energy con-

sumption depending on usage frequency and application lifespan.

Among these stages, training and deployment are the most resource-intensive.

Training involves repeated executions and updates of the predictor, while deploy-

ment energy consumption depends on the frequency and duration of usage, which

are often unpredictable.

We propose two metrics to measure energy consumption:
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• Inference energy consumption: The average energy consumed by a pre-

dictor N for a single inference is defined as:

Υi
υ(N, T ) =

1

|T |
∑
t∈T

υ(N, t), (5.2)

where υ(N, t) measures the energy consumed by N during inference on a

sample t from the test set T .

• Training energy consumption: The average energy consumed during

training is defined as:

Υt
υ,γ(e,N, T ) =

γ(e,N, T )

e · |T | −Υi
υ(N, T ), (5.3)

where e is the number of epochs, |T | is the size of the training set, and

γ(e,N, T ) estimates the total energy consumed during training, including

inference costs.

The energy consumption improvement of a SKI mechanism I is defined as the

energy saved by the educated predictor N̂ = I(K,N) compared to the uneducated

predictor N . We distinguish between improvements during inference and training:

εiυ,K,N,T (I) = Υi
υ(N, T )−Υi

υ(I(K,N), T ) (5.4)

εtυ,γ,e,K,N,T (I) = Υt
υ,γ(e,N, T )−Υt

υ,γ(e, I(K,N), T ) (5.5)

These metrics depend on several factors:

• Input knowledge (F1): Complex knowledge may increase training energy

consumption but reduce inference energy.

• Baseline predictor (F2): Energy-hungry predictors are more likely to

benefit from SKI.

• Task at hand (F3): Task-specific datasets influence energy consumption

improvements.

In summary, SKI mechanisms have the potential to significantly reduce energy

consumption in MASs, particularly during inference, while potentially increasing
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training energy costs. These trade-offs must be carefully evaluated to optimize the

overall efficiency of AI systems.

5.2.2.3 Latency

Latency refers to the time required to generate a single prediction using a sub-

symbolic predictor. Low latency is crucial in real-world applications where timely

responses are essential, such as in intelligent transportation [Gri+20] and e-

health [Est+21]. In MASs, latency plays a significant role as collaboration between

agents requires minimal computational delays [Hou+17]. Additionally, tasks in-

volving large datasets or complex algorithms, such as decision-making, can further

increase latency, making it a critical efficiency measure.

SKI methods can help reduce latency by incorporating symbolic representa-

tions, which simplify computations and reduce the complexity of the system. This

simplification can also aid in identifying the root causes of increased latency, mak-

ing SKI a valuable approach for improving computational efficiency.

Latency is typically measured as the average time required to generate pre-

dictions over a test dataset T . Formally, the latency of a predictor N is defined

as:

Λ(N, T ) =
1

|T |
∑
t∈T

Θ(N, t), (5.6)

where Θ(N, t) represents the time taken by N to generate a prediction for a sample

t ∈ T .

To evaluate the impact of SKI, we define the latency gain λK,N,T (I) as the

difference in latency between the educated predictor N̂ = I(K,N) and the uned-

ucated predictor N :

λK,N,T (I) =
1

|T |
∑
t∈T

(
Θ(N, t)−Θ(N̂ , t)

)
= Λ(N, T )− Λ(N̂ , T ), (5.7)

where I(K,N) represents the SKI mechanism injecting symbolic knowledge K

into N .

The latency gain depends on several factors:

• Input knowledge (F1): Large or complex knowledge bases may increase
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latency due to additional computations, but they can also reduce inference

time by simplifying the predictor’s operations.

• Baseline predictor (F2): Predictors with higher initial latency are more

likely to benefit from SKI.

• Task at hand (F3): Task-specific datasets influence latency measurements,

as different tasks may require varying levels of computational effort.

It is important to note that latency is not always directly proportional to the

number of operations in the predictor. Sparse or inefficient operations at the

hardware level, as well as variations in input data complexity, can significantly

affect latency [Shu+21]. Thus, evaluating latency gain provides valuable insights

into the computational efficiency of SKI methods.

5.2.2.4 Data efficiency

Data-efficiency is a critical aspect of MASs, as these systems often generate and

process substantial amounts of data. Inefficient data management can lead to

increased latency, reduced accuracy, and higher energy consumption, all of which

negatively impact system performance.

Sub-symbolic predictors, which rely on data-driven training algorithms, offer

significant flexibility and performance. However, they require large amounts of

data for training, resulting in increased storage and processing demands. Moreover,

the quality of the data, particularly its representativeness of the task, is crucial

for effective learning. These requirements make data collection time-consuming

and potentially prone to subjectivity or uncertainty, as seen in applications like

emotion recognition [DR21].

Recent research has focused on developing data-frugal predictors [SS20].

Among these, SKI mechanisms play a significant role by leveraging a priori knowl-

edge to reduce the computational burden of learning. Instead of learning all con-

cepts from data, SKI allows injecting prior knowledge into the predictor, poten-

tially reducing the amount of data required to achieve acceptable performance

levels. In this sense, SKI can be considered a data-efficiency mechanism.

To quantify the data-efficiency gain of a given SKI mechanism I, we first define

the data footprint of a predictor N . The data footprint represents the amount of
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data required to train N to achieve a specific performance level. Assuming N is

trained on a dataset D with samples of varying dimensions, over e epochs, and

achieves a performance score π(N, T ) on a test set T , the data footprint is defined

as:

∆π(e,N,D, T ) =
e

π(N, T )

∑
d∈D

β(d), (5.8)

where β(d) is the memory size (in bytes) of a single training sample d.

The data-efficiency gain of a SKI mechanism I is then defined as the differ-

ence between the data footprints of the uneducated predictor N and the educated

predictor N̂ = I(K,N), trained on datasets D and D′, respectively:

δe,K,N,D,D′,T (I) = ∆π(e,N,D, T )−∆π(e, I(K,N), D′, T ) (5.9)

To improve data-efficiency, one can reduce the size of the training dataset

D′, either by decreasing the number of samples or by reducing their dimension-

ality through compression. Additionally, engineering the SKI mechanism and the

educated predictor can further enhance data-efficiency. For instance, the input

knowledge K can compensate for the reduced dataset size, as the gain depends on

both the quality of K (F1) and the baseline predictor (F2). Predictors that are

more data-hungry tend to exhibit higher data-efficiency gains.

5.2.3 Validation

The QoS metrics are implemented as a set of classes that extend the Metric ab-

stract class. Each class corresponds to a specific metric and is responsible for

computing its respective score. The Metric class provides a unified interface for

all metrics, ensuring consistency and ease of use. Two main methods are avail-

able for computing metric values: (i) compute during training, which evaluates

the metric during the training phase, and (ii) compute during inference, which

evaluates the metric after the predictors are trained. Both methods accept pre-

dictors as input parameters and allow additional customization, such as specifying

the training set or batch size.

The implemented metrics include:
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1. Memory: evaluates memory consumption efficiency, as defined in Equa-

tion (5.1).

2. Energy: measures energy consumption efficiency, as defined in Equa-

tion (5.3).

3. Latency: assesses latency efficiency, as defined in Equation (5.7).

4. Data Efficiency: evaluates data efficiency, as defined in Equation (5.9).

These metrics are included in the psyki.qos package. Notably, the metrics can

be computed for any pair of predictors, whether they are educated or uneducated,

enabling flexible comparisons.

To validate the proposed QoS metrics, we conducted several experiments. The

experimental design is as follows:

1. We selected three classification tasks from the literature, each associated

with datasets of increasing cardinality.

2. For each task, we trained an uneducated neural predictor N on the dataset

D, using a train/test split. Additionally, we selected a symbolic knowledge

base K to inject into N .

3. We applied SKI using multiple injection techniques supported by PSyKI,

namely KBANN, KINS, and KILL, resulting in educated predictors N̂ .

4. Finally, we computed the QoS metrics for each educated predictor N̂ and

compared them with the uneducated predictor N in terms of data efficiency,

energy consumption, memory footprint, latency, and accuracy variation.

The goal of these experiments is to demonstrate the effectiveness of the QoS metrics

in evaluating the efficiency of different SKI techniques.

It is important to note that these experiments are not intended as a compre-

hensive evaluation of SKI techniques. Instead, they aim to validate the proposed

QoS metrics by highlighting their ability to reveal variations in efficiency metrics

introduced by SKI. Negative values in the results may reflect limitations in the

injection algorithms or their implementation in PSyKI. The primary objective of

PSyKI is to provide correct, albeit not fully optimized, SKI techniques.
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Datasets We selected three datasets from the UCI3 repository: breast cancer

Wisconsin (BCW), PSJGS, and census income (CI). These datasets were chosen

due to their varying cardinalities, ranging from 102 to 104, allowing us to evaluate

the scalability and robustness of our predictors and metrics.

The breast cancer Wisconsin (BCW) dataset [Wol90] contains 699 in-

stances of breast cancer biopsy results. Each instance includes 9 features summa-

rizing biological characteristics and one class label. Feature values are integers in

the range [1, 10], and the BareNuclei feature has 16 missing values, which we re-

placed with 0. The target variable is binary, indicating whether a biopsy is benign

or malignant, with class distributions of 458 and 241, respectively. The dataset

is used to develop predictors for accurate breast cancer diagnosis based on biopsy

features.

The primate splice-junction gene sequence (PSJGS) dataset [91] consists

of 3,190 instances, each representing a sequence of 60 DNA nucleotides. This

dataset has been already introduced in this work in Section 4.3.3.

The census income (CI) dataset [Koh96] contains 48,842 instances, each

representing an individual from the 1994 United States Census. Features include

demographic and occupational information, and the target variable is binary, indi-

cating whether an individual’s annual income exceeds $50, 000. Class distributions

are 37,155 for incomes less or equal to $50, 000 and 11,687 for incomes greater than

$50, 000. We converted the target variable to binary and removed irrelevant or bi-

ased features, such as Fnlwgt (similarity metric computed over the other features),

Education (duplicated because of EducationNumeric), and Race (bias). Remain-

ing features were discretised, with CapitalGain and CapitalLoss binarised, and

nominal categorical features one-hot encoded.

For all datasets, we divided the data into training and testing sets with a 2:3

ratio. The knowledge bases for injection were obtained in a task-specific manner.

For the PSJGS dataset, we used a knowledge base described in [TSN90], converted

into Prolog form. For the BCW and CI datasets, we generated knowledge bases

using a SKE method [Sab+22]4.

3https://archive.ics.uci.edu/
4more details about the knowledge extraction process is explained in the appendix of the

original paper [Agi+23]
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Dataset Model Data efficiency (KB) Energy (mWh) Memory (FLOPs) Latency (ms) Accuracy (%)

BCW

uneducated – – – – 94.53

KBANN 35.89 -1.47 / -0.10 3933 -1.70 95.45
KILL 4.09 -0.99 / 0 0 0.35 94.63
KINS -9.97 -1.22 / -0.09 -559 -1.41 94.29

PSJGS

uneducated – – – – 93.91
KBANN -4946.81 -4.67 / -0.22 -66944 -2.56 92.84
KILL 553.89 -3 / 0 0 0.04 94.02
KINS -954.80 -6.53 / -0.51 -161779 -4.75 93.70

CI

uneducated – – – – 84.63
KBANN 1653.79 -1.41 / -0.02 -2468 -0.43 84.78
KILL 4016.90 -0.70 / 0 4200 0 84.81
KINS 4263.50 -1.41 / -0.02 -6220 -0.44 84.77

Table 5.1: Comparison of the performance of different models after SKI w.r.t. the
uneducated one on the three datasets in terms data efficiency, energy consumption,
memory usage, latency, and accuracy. The values reported are the average of 30 runs
for each model.

Methodology For each dataset, we define and train several NNs, including one

uneducated network and multiple educated counterparts. The educated networks

are obtained by applying SKI using the KINS, KILL, and KBANN algorithms,

each employing a distinct approach to knowledge injection. This setup allows us

to compare and evaluate the performance and efficiency metrics of the predictors.

For the uneducated predictors, we tune the structural hyperparameters, such as

the number of layers and neurons per layer, using grid search with cross-validation.

The same process is applied to the educated predictors, except for those generated

by KBANN, where the architecture is determined by the input knowledge. Specif-

ically, we vary the number of layers (1 to 3) and the number of neurons per layer

(10, 50, and 100) to ensure optimal hyperparameter selection while maintaining

reasonable computation time.

To ensure statistical significance, we repeat the training process 30 times for

each predictor, using different initial conditions and random seeds. This approach

reduces variability and provides a more accurate estimate of the predictors’ av-

erage accuracy. After computing the average accuracy, we evaluate the efficiency

metrics for each predictor, including data-efficiency, energy consumption, memory

footprint, and latency. The results of this procedure are presented in Table 5.1.
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5.2.4 Results and discussion

Each column of Table 5.1 is examined to provide insights into the performance of

the predictors. The data-efficiency scores vary significantly across predictors and

datasets. A positive score indicates that the educated predictor is more efficient

than its uneducated counterpart, while a negative score suggests the opposite.

This variation highlights the importance of selecting the most suitable predictor

for a given task. For instance, the KINS-based solution shows lower data-efficiency

scores on the BCW dataset compared to other predictors, suggesting it may not

be the best choice for this task. Conversely, all three predictors exhibit positive

data-efficiency scores on the CI dataset, indicating improvements across all SKI

algorithms.

The energy consumption metrics, shown in the second column, are mostly neg-

ative for both training and testing phases. This indicates that educated predictors

often consume more energy than uneducated ones. For example, the KBANN-

based solution generally requires more energy, while the KILL-based solution is

more energy-efficient. The complexity of the input knowledge can significantly im-

pact energy consumption, particularly during training. Complex knowledge may

improve data efficiency but at the cost of higher energy requirements.

The memory footprint results, presented in the third column, reveal mixed

outcomes. A positive value indicates reduced memory usage by the educated

predictor, while a negative value suggests increased memory consumption. For

instance, the KBANN-based solution reduces memory usage on the BCW dataset

but increases it on the PSJGS dataset. The KILL-based solution often shows no

difference in memory usage, with a metric value of zero.

The latency results, shown in the fourth column, compare the time required

for inference between educated and uneducated predictors. The KILL-based so-

lution exhibits similar latency to its uneducated counterpart, with metrics close

to zero. However, the KBANN and KINS-based solutions show slightly higher

latency across all datasets. This increase is likely due to the complexity of the

injected knowledge.

Finally, the accuracy scores, presented in the last column, indicate that both

educated and uneducated predictors perform similarly across all datasets. This

CHAPTER 5. PLATFORM FOR SYMBOLIC KNOWLEDGE INJECTION111



5.3. ABOUT ROBUSTNESS

suggests that the predictors are capable of achieving consistent and accurate results

regardless of the injection mechanism.

In summary, educated predictors generally require fewer data to achieve similar

accuracy, making them advantageous in resource-constrained settings. However,

they may incur higher energy and latency costs, depending on the complexity of

the injected knowledge. The memory usage varies, with some predictors showing

improvements and others not. These findings emphasize the importance of using

specific metrics beyond accuracy to evaluate SKI methods.

In this work, we propose a set of QoS metrics to evaluate SKI mechanisms,

focusing on efficiency gains. The metrics include memory footprint efficiency,

energy efficiency, latency efficiency, and data efficiency. To support their practical

application, we extend the PSyKI library with a general-purpose implementation

of these metrics.

Our experiments demonstrate that these metrics provide valuable insights into

the efficiency of SKI mechanisms. For instance, they reveal whether a given mech-

anism improves a predictor’s efficiency according to specific criteria. Additionally,

the results highlight areas for improvement in the current PSyKI injection mech-

anisms.

In the context of MASs, these metrics address challenges such as energy con-

sumption, latency, memory, and data efficiency. By reducing computational re-

quirements and improving data quality, SKI approaches can enhance the perfor-

mance and efficiency of intelligent systems. Measuring efficiency gains enables the

automation of decision-making processes, allowing agents to dynamically optimize

their sub-symbolic components to achieve their goals.

5.3 About robustness

Here we present the work “An Empirical Study on the Robustness of Knowledge

Injection Techniques Against Data Degradation” [Raf+24], presented at the 25th

Workshop “From Objects to Agents” (WOA 2024)5. With this work, we extend the

QoS metrics introduced in Section 5.2 to evaluate the robustness of SKI methods.

5https://www.univda.it/woa2024/

112CHAPTER 5. PLATFORM FOR SYMBOLIC KNOWLEDGE INJECTION

https://www.univda.it/woa2024/


5.3. ABOUT ROBUSTNESS

5.3.1 Motivations

Robustness is a critical challenge for NNs [Liu+18], referring to their ability to

maintain performance despite input perturbations. In general, a more robust neu-

ral network produces more reliable and accurate predictions.

Several techniques have been proposed to enhance the robustness of NNs, in-

cluding regularization [MOM12], data augmentation [SK19], and adversarial train-

ing [Shr+17]. The interest in robustness stems from two main factors:

1. The need to address limitations of NNs, such as their sensitivity to random

perturbations [FFF18; Sze+14].

2. The growing focus on trustworthy AI (TAI), which emphasizes transparency,

responsibility, ethics, and safety in AI systems.

TAI has gained significant attention due to the increasing adoption of AI and

the interest of policymakers, as reflected in guidelines such as those from the

European Union [Eur19]. Robustness is a key component of TAI, ensuring that

AI systems function consistently and accurately across diverse scenarios. In this

context, research on NN trustworthiness has advanced significantly, with neuro-

symbolic methods emerging as a promising approach. This work focuses on SKI

as a neuro-symbolic integration approach and explores its robustness. The effec-

tiveness of SKI is typically measured by the performance gain of the educated

predictor N̂ compared to its uneducated counterpart N , using metrics such as ac-

curacy, F1-score, or mean squared error. However, these metrics primarily assess

predictive performance and do not capture the robustness of the injection mecha-

nism. To address this gap, this work introduces a metric to evaluate the robustness

of SKI mechanisms relative to their uneducated counterparts.

5.3.2 Robustness of SKI methods

In counterfactual analysis [VDH20], controlled perturbations of training data are

commonly used to evaluate the robustness of predictors. Inspired by this approach,

we define the statistical robustness of a SKI procedure. An injection mechanism is

considered robust if the predictive performance of the educated predictor is mini-

mally affected by small perturbations in the training data. This section provides an
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overview of robustness, detailing the types of perturbations applicable to training

data and how their magnitude can be quantified. We define a data perturbation as

a modification of a training dataset D by adding, removing, or editing its entries.

The perturbed dataset is denoted as D′ = D ◦ ∆D, where ◦ represents the per-

turbation operator. The magnitude of the perturbation, ∥∆D∥, is a non-negative

scalar quantifying the extent of changes introduced. Let D = {∆D1, . . . ,∆Dn}
be a set of perturbations applied to D. Let N be a predictor trained on D, and

N∆D be the predictor trained on the perturbed dataset D ◦ ∆D, with the same

hyperparameters as N . The robustness score of N with respect to D is defined as:

ρN,D(D) =
1

n

∑
∆D∈D

∥∆D∥ · π(N∆D, D ◦∆D)

π(N,D)
, (5.10)

where π is a performance metric, such as accuracy, computed on the respective

dataset. Robustness is proportional to the magnitude of perturbations and the

ratio of the performance of the perturbed predictor to the unperturbed one. Al-

though all components in Equation (5.1) are positive, not all perturbations improve

performance. The performance ratio can exceed 1 when the perturbed model per-

forms better, indicating a positive perturbation. Conversely, it falls below 1 when

the perturbed model performs worse, indicating a negative perturbation. A ro-

bust predictor exhibits minimal performance degradation under significant per-

turbations, implying that its robustness increases as the impact of perturbations

decreases. The robustness of an injection mechanism can be evaluated by applying

Equation (5.1) to an educated predictor N̂ = I(N,K,D), where I is the injection

mechanism and K is the symbolic knowledge. The robustness gain score is defined

as:

RN,D(I) =
ρN̂,D(D)

ρN,D(D)
. (5.11)

A robustness gain RN,D(I) > 1 indicates that the injection mechanism improves

robustness compared to the uneducated predictor. Conversely, RN,D(I) < 1 sug-

gests that the educated predictor is less robust under data perturbations. This

metric provides an intuitive measure for analyzing the robustness of SKI mecha-

nisms.
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5.3.2.1 Perturbation strategies

This section discusses three primary strategies for perturbing datasets: sample

drop, noise addition, and label flipping. These strategies simulate common issues

that degrade dataset quality, such as missing data, sensor noise, and mislabeling.

Sample drop The sample drop strategy models scenarios where an intelligent

agent has limited access to training data. This approach is often used to evaluate

the effectiveness of neuro-symbolic methods in handling data scarcity [Xu+18].

The process involves randomly removing samples from a dataset D to produce a

perturbed dataset D′. The removal is controlled by a dropping probability p ∈
(0, 1), which is shared across all data entries in D. Formally, p = E[Xd], where

Xd ∼ B(p) is a Bernoulli random variable indicating whether a data entry d ∈ D
is included (Xd = 1) or excluded (Xd = 0) in D′. Under these assumptions, the

perturbed dataset is defined as:

D′ = {d | d ∈ D and Xd = 1}.

To construct a set of perturbations D = {∆D1, . . . ,∆Dn}, the sample drop process

is applied n times with increasing dropping probabilities 0 < p1 < . . . < pn < 1.

Noise addition The noise addition strategy simulates errors in the data acqui-

sition process, such as sensor noise, to evaluate the robustness of neuro-symbolic

methods against unreliable data. This involves adding random noise to the entries

of D to produce a perturbed dataset D′. The process is controlled by a noise

intensity v ≥ 0, which determines the covariance matrix of the noise. Specifi-

cally, the noise is modeled as a zero-mean, multivariate normal random variable

Vd ∼ N (0, v · I), where I is the identity matrix. The perturbed dataset is then

defined as:

D′ = {d+ Vd | d ∈ D}.

The number of samples remains unchanged, i.e., |D| = |D′|. To construct a set of

perturbations D = {∆D1, . . . ,∆Dn}, the noise addition process is applied n times

with increasing noise intensities 0 < v1 < . . . < vn.
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Handling discrete features For datasets with ordinal or categorical features,

the noise addition process must account for discontinuities. In such cases, the nor-

mal noise distribution N (0, v · I) is replaced with its discrete counterpart [KLS21].

For ordinal features, the noise is more likely to select values close to the original.

For categorical features, the noise selects values uniformly, similar to the label

flipping strategy described below.

Label flipping The label flipping strategy models errors in the labeling process,

such as human mislabeling, and is primarily applicable to classification tasks.

This involves randomly altering the output labels of data entries in D to produce

a perturbed dataset D′. Assume the dataset has a single output feature with K

possible classes. For a data entry d = (xd,1, . . . , xd,m−1, yd) ∈ D, where xd,j are

input features and yd ∈ {1, . . . , K} is the output label, the flipping process is

controlled by a flipping probability f ∈ (0, 1). The new label Yd is defined as:

P (Yd = k) =

f/(K − 1), if k ̸= yd,

1− f, if k = yd.

Thus, the perturbed dataset is:

D′ = {(xd,1, . . . , xd,m−1, y′d) | d ∈ D and Yd = y′d}.

To construct a set of perturbations D = {∆D1, . . . ,∆Dn}, the label flipping pro-

cess is applied n times with increasing flipping probabilities 0 < f1 < . . . < fn < 1.

Applicability to regression problems Label flipping is not directly applicable

to regression tasks, as the output features are continuous. In such cases, label

flipping can be modeled as a specific form of noise addition applied only to the

output features. However, this extension is beyond the scope of this work.

5.3.3 Validation

In this section, we describe the experimental setup and results used to evaluate the

proposed robustness metric. For reproducibility, the source code of the experiments
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is publicly available.6 We use the same three datasets as in Section 5.2.3: These

datasets were selected for their varying characteristics, allowing a comprehensive

evaluation of the robustness metric.

For each dataset, we use symbolic knowledge in Prolog syntax to define clas-

sification rules. The PSJGS dataset uses the same knowledge base described in

Table 4.7. For the BCW and CI datasets, we define custom logic rules due to the

lack of predefined knowledge bases like we did in Section 5.2.3.

We use the PSyKI framework to apply three SKI algorithms: KINS [MCO22c],

KILL [MCO22a], and KBANN [TSN90]. For each dataset, we train an uneducated

model and apply the three injectors using the corresponding knowledge base. The

uneducated model consists of two hidden layers, one input layer, and one output

layer, with ReLU activation functions and a softmax output layer. The number

of neurons per hidden layer is dataset-specific: [16, 8] for BCW, [32, 16] for CI,

and [64, 32] for PSJGS. Training uses the categorical cross-entropy loss function,

a batch size of 32, and a maximum of 100 epochs.

We apply three perturbation strategies: sample drop, noise addition, and label

flipping. The drop probability d varies from 0.0 to 0.95 in steps of 0.05. The flipping

probability f varies from 0.0 to 0.90 in steps of 0.08. The noise intensity v varies

from 0.0 to 1.0 in steps of 0.1. Each experiment is repeated 30 times to ensure

statistical significance.

Our analysis focuses exclusively on SKI approaches, as no existing metrics

directly evaluate training robustness. The only related metric [RGB23] measures

generalization capability. Thus, we aim to validate the proposed robustness metric

by assessing its ability to identify robust SKI mechanisms.

5.3.4 Results and discussion

This section presents the results of our experiments, focusing on the robustness of

educated and uneducated predictors under different perturbation strategies. To

compare their performance, we use the Mann-Whitney U Test [MN10], a non-

parametric statistical test. A p-value ≥ 0.05 indicates no significant difference

between the average accuracy distributions, while a p-value < 0.05 suggests oth-

6https://github.com/pikalab-unibo/ski-data-robustness-experiments
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Figure 5.5: Average accuracy over the datasets with different perturbation strategies

Dataset
RN,D(I) drop RN,D(I) noise RN,D(I) flip

KINS KILL KBANN KINS KILL KBANN KINS KILL KBANN

BCW 1.0493 1.0318 1.0382 0.9960 0.9985 1.0109 0.9994 1.0184 0.9520
PSJGS 1.0045 0.9968 0.8425 0.9950 0.9984 1.0145 0.9962 1.0026 1.6749
CI 0.9998 1.0039 1.0043 0.9992 1.0012 0.9965 0.9897 1.1703 0.9815

Table 5.2: Robustness relative scores RN,D(I) for the three perturbation strategies:
drop, noise and label flip. Bold numbers are the ones greater than 1 (i.e., the educated
model is more robust than the uneducated one).
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erwise.

Data drop In the data drop experiments (Figures 5.5a to 5.5c), KBANN is

the only predictor showing significant improvements compared to the uneducated

model. It performs better on the BCW (Figure 5.5a) and CI (Figure 5.5c) datasets

but exhibits a sharp decline on the PSJGS dataset (Figure 5.5b) when 60% of

the data is removed (d = 0.6). KINS shows slightly better performance than

the uneducated model, with a p-value of 0.01 on the BCW dataset, indicating

significant differences. Overall, educated predictors improve robustness in 6 out of

9 experiments, as shown in Table 5.2.

Noise addition The noise addition experiments (Figures 5.5d to 5.5f) reveal

that SKI mechanisms are more sensitive to noise than to missing data. Predic-

tors trained on noisy data show a rapid decline in accuracy, starting early in the

perturbation process. KBANN outperforms other methods and the uneducated

model on the BCW dataset (Figure 5.5d) but performs poorly on the CI (Fig-

ure 5.5f) and PSJGS (Figure 5.5e) datasets. Interestingly, KINS performs worse

than KBANN, likely due to its trainable modules being more prone to overfitting

noisy data. KILL shows similar or worse performance compared to the uneducated

model, suggesting that its penalty-based approach does not effectively handle noise

perturbations.

Label flipping In the label flipping experiments (Figures 5.5g to 5.5i), predictors

exhibit similar behavior on the BCW (Figure 5.5g) and CI (Figure 5.5i) datasets,

with no significant differences (p-values close to 1). Performance degrades rapidly

when more than 54% of labels are flipped (f = 0.54). On the PSJGS dataset

(Figure 5.5h), KBANN retains nearly 70% accuracy even at the highest flipping

probability (f = 0.9), outperforming other models, which drop to 20%. This

highlights KBANN’s strong adherence to injected knowledge, which mitigates the

impact of flipped labels. KILL demonstrates good robustness across all datasets,

likely due to its loss manipulation strategy, which de-emphasizes corrupted labels

during training.
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Conclusions The experiments show that SKI methods are most effective in

handling missing data, leveraging integrated knowledge to compensate for data

scarcity. However, their robustness to noise perturbations is limited, with no

significant improvements observed. For label flipping, KILL performs well due to

its penalty-based approach, while KBANN excels on the PSJGS dataset due to its

strong reliance on injected knowledge. In summary:

1. SKI methods enhance robustness under data scarcity by utilizing integrated

knowledge.

2. Loss-manipulating techniques like KILL better tolerate label corruption by

reducing the impact of flawed labels.

3. Structuring-based methods like KBANN are more robust than trainable ap-

proaches like KINS, as they preserve the integrity of injected knowledge.

These findings emphasize the importance of selecting appropriate SKI methods

based on the type of perturbation and dataset characteristics.
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Chapter 6

Fairness through SKI

In which other contexts can SKI methods

be used effectively?

How AI and society can affect each other?

– RQ0 and RQ2 to RQ4
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AI has transformed various aspects of modern society. With recent ground-

breaking advancements, its applications are expected to grow exponentially. How-

ever, the issue of fairness has become a significant concern. When AI systems

are deployed without adequate safeguards, they risk perpetuating or amplifying

existing social biases. For example, a recruitment system trained on historical
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data dominated by male hires may discriminate against female applicants, rein-

forcing gender bias [KW20]. To address such challenges, numerous techniques

have been developed to mitigate bias in AI. Among these, regularization-based

fairness techniques have gained prominence for balancing fairness and predictive

performance. Regularization, initially introduced to prevent overfitting, involves

adding a penalty term to the loss function during training. Recently, it has been

extended to promote fairness by incorporating penalties derived from fairness con-

straints [KAS11]. These methods aim to reduce the dependence of predictions

on sensitive attributes, such as gender, making them effective for bias mitigation

during optimization steps like stocastic gradient descent (SGD) in ML algorithms.

6.1 Background

We provide a brief but comprehensive overview of fairness in ML to understand

our contributions without delving into the extensive literature on the topic. The

section is organised as follows. In Section 2.3.2, we discussed the motivations for

fairness in ML. In Section 6.1.1, we introduce common group fairness metrics used

in the literature, along with some of their limitations that motivate the develop-

ment novel metrics. We conclude the background section with a presentation of

related works in Section 6.1.2. Finally, in Section 6.2, we present our contributions

to fairness in ML.

6.1.1 Fairness metrics

We introduce three of the most popular group fairness metrics used in ML to

evaluate the fairness of models. Despite being used in many works, these metrics

suffer certain limitations, such as being applicable only to binary classification

tasks or requiring specific types of sensitive attributes. In particular, all three

metrics – as defined below in their first formulation – can support only binary

or categorical sensitive attributes, i.e., A ∈ {0, 1} or A ∈ {a1, a2, . . . , an} for

some n ∈ N. Moreover, the metrics do not take into account the option to weight

groups differently. This possibility could be useful in scenarios of highly unbalanced

groups. These limitations are the driver that will lead to the development of novel
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fairness metrics in Section 6.2.

Demographic parity (DP) is a fairness metric, also referred to as statistical

parity, that evaluates whether the predictions of a ML model are independent of a

given protected attribute. This implies that the values of the sensitive feature do

not influence the model’s output [Dwo+12]. Demographic parity (DP) compares

the distribution of the model’s predictions with the distribution of predictions

conditioned on the values of the sensitive attribute. For a binary classifier h and

a discrete sensitive attribute A, DP is mathematically defined as:

DPh,A(X) =
∑
a∈A

|E[h(X) | A = a]− E[h(X)]| , (6.1)

where X represents the test data, A denotes the sensitive attribute, a is a specific

value of A, E is the expectation operator, and |·| is the absolute value. A model h

satisfies DP if the computed value is below a predefined bias threshold ϵ, commonly

set to 0.01. DP is particularly useful in applications such as loan approvals, where

it ensures that approval rates are consistent across demographic groups, thereby

mitigating discrimination.

Disparate impact (DI) quantifies the disproportionate effect of a classifier on

individuals based on a sensitive attribute [Fel+15]. For binary classification tasks

and binary sensitive attributes, disparate impact (DI) is initially defined as the

ratio:

dih,A(X) =
E[h(X) | A = 1]

E[h(X) | A = 0]
. (6.2)

To ensure bounded values within [0, 1], DI is commonly standardized using the

function η(x) = min{x, x−1}, resulting in:

DIh,A(X) = η(dih,A(X)). (6.3)

Values of DI above 0.8 are generally considered acceptable, with lower values

indicating higher fairness violations. In scenarios requiring positive scores, 1−DI

may be reported, such as during the training of neural networks. DI is applicable

in contexts like loan approvals, where it helps identify disproportionate denial rates

affecting specific demographic groups.
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Equalized odds (EO) measures the extent to which a classifier predicts a given

class equally across all values of a sensitive attribute [HPS16]. For binary classi-

fication (Y ∈ {0, 1}) and a categorical sensitive attribute A, equalized odds (EO)

is defined as:

EOh,A(X) =
∑

(a,y)∈A×Y

eoh,A(X, a, y), (6.4)

where Y represents the ground truth, and eoh,A(X, a, y) is given by:

eoh,A(X, a, y) = |E[h(X) | A = a, Y = y]− E[h(X) | Y = y]| . (6.5)

Similar to DP, a classifier is considered fair if its EO value is below a predefined bias

threshold ϵ. EO is valuable in applications like loan approvals, where it identifies

disparities in approval rates that may favor specific demographic groups.

6.1.2 Fairness and SKI

How promoting fairness in ML models can be achieved through SKI methods? It

is definitively possible if we keep our attention on in-processing methods, which

enforce fairness during model training, and on group fairness metrics, which mea-

sure the extent to which a model is biased against certain groups. Indeed, the

process of including fairness constraints in the training loss can be seen as a form

of regularization, similar to how SKI methods incorporate constraints into the op-

timization process. The knowledge that usually SKI methods leverage is about the

ML task at hand (e.g., classification, regression) and the relationships between fea-

tures and target variables, most commonly in order to improve generalization and

interpretability. In the context of fairness, this knowledge includes fairness-related

constraints – still consisting in relationships between features and target variables

– that are used to ensure that the model does not discriminate against certain

groups based on sensitive attributes. Instead of using logical operators between

expressions involving features and constants (see for example Section 4.2.3), fair-

ness metrics are directly involved. Still, a knowledge of this kind can be expressed

with a symbolic formalism, and therefore the whole process can be seen as a form

of SKI according Definition 3.1.
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6.1.2.1 Related Works

This section highlights key contributions in the literature on in-processing fairness

methods applied to group fairness metrics. Among these, regularization-based

approaches are widely used to mitigate bias in AI systems. These methods incor-

porate fairness constraints directly into the training process by modifying the loss

function. The regularization term penalizes unfair predictions, with variations in

its definition leading to differences in effectiveness, efficiency, and scalability.

Kernel density estimation (KDE) KDE [CHS20] introduces a non-

parametric fairness regularization approach using kernel density estimation. The

method estimates probabilities such as P[h(X) = y+ | S = s] and P[h(X) = y+ |
S = s, Y = y] as differentiable functions with respect to model parameters. This

enables direct optimization through gradient-based methods for fairness metrics

like DP and EO. Instead of using the final model output h(X), the method relies

on an internal value Ỹ ∈ [0, 1], representing the probability of an instance belong-

ing to the positive class. The final output h(X) is assigned to the positive class if

ỹi ≥ τ , where τ is a predefined threshold. For DP, the probability density function

is estimated using a Gaussian kernel:

fk(ỹ) =
1√
2π

exp

(
− ỹ

2

2

)
. (6.6)

The probability estimate is obtained by integrating over the region ỹ ≥ τ :

P[h(X) = y+ | S = s] =

∫ ∞
τ

1

|Is|b
∑
i∈Is

fk

(
ỹ − ỹi
b

)
dỹ, (6.7)

where Is is the set of instances with sensitive attribute S = s, ỹi is the internal

model value for instance i, and b is the bandwidth parameter. To achieve DP, the

difference in probabilities across sensitive groups is minimized:

RKDE(h,Dtrain, b) ≈
∑
s∈S

Hδ

(
P[h(X) = y+ | S = s]− P[h(X) = y+]

)
, (6.8)
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where Hδ(·) is the Huber function, a smooth approximation of the absolute value

operator [Hub64].

Generalized demographic parity (GDP) GDP [Jia+22] extends DP to con-

tinuous sensitive attributes while ensuring differentiability. It measures the de-

viation between the conditional probability P[h(X) = y+ | S = s] and the

marginal probability P[h(X) = y+], weighted by the probability density function

of S. Two estimation methods are proposed: histogram-based and kernel-based.

The histogram-based method partitions the range of S into non-overlapping bins

B = {B1, . . . , B|B|} of equal width b. Within each bin Bi, the local and global

prediction averages are computed as:

avglocal(Bi, h) =
∑
j∈IBi

ỹj, avgglobal(h,Dtrain) =
1

|Dtrain|

|Dtrain|∑
n=1

ỹn, (6.9)

where IBi
contains the indices of instances in bin Bi. The fairness regulariser is

defined as:

Rhist-GDP(h,Dtrain, b) =
b∑
i=1

(
avglocal(Bi, h)− avgglobal(h,Dtrain)

)
· P[S ∈ Bi].

(6.10)

Kernel-based estimation provides smoother results by assigning soft group mem-

berships using a kernel function K(·), avoiding discontinuities at bin boundaries.

Fairness through neural networks (FNNC) FNNC [MG20] formulates fair-

ness as a constrained optimization problem. The goal is to minimize predictive

performance loss subject to a fairness constraint. For DP, the problem is defined

as:

h∗ = arg min
h∈H

L(h,Dtrain) s.t. P[h(X) = y+ | S = s]−P[h(X) = y+ | S ̸= s] ≤ ϵ,

(6.11)
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where ϵ is a predefined fairness threshold. The fairness constraint is integrated

into the loss function using the Lagrangian multiplier method:

RFNNC(h,Dtrain) = P[h(X) = y+ | S = s]− P[h(X) = y+ | S ̸= s]− ϵ. (6.12)

Optimization is performed using a two-step SGD procedure, alternating between

minimizing model parameters and maximizing Lagrangian multipliers.

Neuro-symbolic integration for fairness (NSIF) NSIF [WG21] leverages

the LTN framework to enforce fairness constraints. Fairness constraints are ex-

pressed as formal logic rules, which influence the training of NNs. The method

validates its effectiveness using DP and DI metrics for categorical sensitive at-

tributes. Although not regularization-based, NSIF provides a unique approach to

fairness through symbolic reasoning.

6.2 Fairness under constraints injection

In this section, we present the contribution of the work “Enforcing Fairness via

Constraint Injection with FaUCI” [Mag+24], presented at the 2nd AEQUITAS

workshop on fairness and bias in AI 2024. The work introduces two distinct con-

tributions: the introduction of novel fairness metrics – more precisely the exten-

sions of DP, DI, and EO to categorical and continuous sensitive attributes – and

the development of a novel fairness regularization method, called fairness under

constraints injection (FaUCI), which injects fairness constraints into the training

loss of a model.

6.2.1 Novel fairness metrics

This section introduces weighted and generalized variants of fairness metrics to

support both categorical and continuous sensitive attributes. These extensions

aim to generalize fairness metrics beyond binary data, enabling their application

to real-world datasets. For instance, they allow prioritizing fairness for underrep-

resented groups, such as specific ethnicities, when more than two groups exist.

CHAPTER 6. FAIRNESS THROUGH SKI 127



6.2. FAIRNESS UNDER CONSTRAINTS INJECTION

We focus on three metrics: DP, DI, and EO, and propose their weighted and

generalized formulations.

Weighted and Generalized Demographic Parity DP evaluates whether the

predictions of a model are independent of a sensitive attribute. For binary classifi-

cation, the values E[h(X) | A = a] and E[h(X)] from Equation (6.1) are bounded

within [0, 1]. The maximum theoretical value of DP depends on the number of

possible values of the sensitive attribute A, i.e., 0 ≤ DP ≤ |A|. This variabil-

ity makes comparisons across datasets challenging. To address this, we propose

two variants: weighted demographic parity (WDP) and generalized demographic

parity (GDP).

Weighted demographic parity (WDP) is defined as:

WDPh,A(X) =
∑
a∈A

|E[h(X) | A = a]− E[h(X)]| · wa, (6.13)

where wa represents the weight of the a-th value of A, and
∑

a∈Awa = 1. Weights

can be chosen based on the distribution of A or set equally to avoid bias towards

frequent values.

GDP extends DP to continuous sensitive attributes:

GDPh,A(X) =

∫ u

l

|E[h(X) | A = a]− E[h(X)]| · wa da, (6.14)

where l and u are the minimum and maximum values of A, and wa is a user-

defined weight function satisfying
∫ u
l
wa da = 1. The definition of the GDP has

been already introduced in a recent work [Jia+22]. It is the only metric among

the ones presented in this section that was already existing in the literature.

Weighted and generalized disparate impact DI quantifies the dispropor-

tionate effect of a classifier on groups defined by a sensitive attribute. For cate-

gorical attributes, we define weighted disparate impact (WDI) as:

WDIh,A(X) =
∑
a∈A

η

(
E[h(X) | A = a]

E[h(X) | A ̸= a]

)
· wa, (6.15)
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where η(x) = min{x, x−1} ensures bounded values within [0, 1].

For continuous attributes, generalized disparate impact (GDI) is defined as:

GDIh,A(X) =

∫ u

l

η

(
E[h(X) | A = a]

E[h(X) | A ̸= a]

)
· wa da. (6.16)

Weighted and generalized equalized odds EO measures whether a classifier

predicts equally across sensitive attribute values and ground truth classes. To

address the lack of bounded values, we define weighted equalized odds (WEO) as:

WEOh,A(X) =
∑

(a,y)∈A×Y

eoh,A(X, a, y) · wa, (6.17)

where eoh,A(X, a, y) is defined in Equation (6.4).

Generalized equalized odds (GEO) extends EO to continuous attributes:

GEOh,A(X) =

∫ u

l

(eoh,A(X, a, 0) + eoh,A(X, a, 1)) · wa da. (6.18)

6.2.2 Novel SKI fairness method

The proposed method, FaUCI, is designed for ML models trained using SGD, par-

ticularly NNs. It introduces a fairness-specific cost factor into the loss function,

which depends on the fairness metric to be minimized. The metrics considered in-

clude WDP, GDP, weighted disparate impact (WDI), generalized disparate impact

(GDI), weighted equalized odds (WEO), and generalized equalized odds (GEO),

as defined in Section 6.2.1. Unlike other methods, FaUCI ensures that the fair-

ness metric is bounded within [0, 1], supports binary, categorical, and continuous

sensitive attributes, and can address intersectional fairness.

The loss function is originally formulated as:

Lh,A(X, Y ) = E(h(X), Y ) + λFh,A(X, Y ), (6.19)

where E represents the error function, Fh,A is the fairness regularization term,

and λ ∈ R>0 is a hyperparameter controlling the weight of the fairness term. The

choice of E depends on the task, such as accuracy or cross-entropy for classification,
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while F is selected from the fairness metrics introduced earlier. In a later work –

currently under peer review – Equation (6.19) has been modified as follows:

Lh,A(X, Y ) = (1− λ)E(h(X), Y ) + λFh,A(X, Y ), (6.20)

with 0 ≤ λ ≤ 1. In this way the comparison between FaUCI and other fairness

methods is simplified since the range of the hyperparameter λ is well-defined.

The fairness metric Fh,A is computed on the input data X, which is divided

into batches during training. The batch size, a hyperparameter of SGD, affects

the accuracy of fairness estimation. Larger batch sizes improve fairness estimation

but slow down the training process, creating a trade-off.

FaUCI offers several advantages over existing methods. First, it supports sensi-

tive attributes of any type and is agnostic to the choice of fairness metric, making

it applicable to diverse scenarios. Second, it avoids the need for additional hy-

perparameter tuning, such as those required by KDE-based methods [CHS20].

Third, the weighted fairness metrics introduced in Section 6.2.1 mitigate biases

in unbalanced datasets, ensuring fairness across underrepresented groups. Finally,

FaUCI is extensible to other fairness metrics and can be adapted for intersectional

fairness, as discussed in Section 6.2.2.2.

6.2.2.1 Theoretical analysis

During the training of a NN, the training set is divided into batches. For each

epoch, all batches are processed once for inference (forward propagation) and gradi-

ent descent (backpropagation). Between these steps, the loss function is computed

to update the model parameters. This section outlines algorithms for computing

the fairness cost factor for WDP, WDI, and WEO metrics. Continuous variants

are omitted as their computation follows identical steps. For simplicity, the weights

are chosen based on the frequencies of the sensitive attribute values, which does

not affect the computational complexity.

Algorithm 1 computes the WDP metric for a single batch. The cost of es-

timating probabilities in line 2 is O(B), where B is the batch size. Lines 4

and 5 also have a cost of O(B), while line 6 has a constant cost. These steps

are repeated for each value of A, resulting in a total computational cost of
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Algorithm 1 Weighted Demographic Parity (returns wdp)

Require: h predictive model
Require: A sensitive attribute
Require: batch dataset batch
1: wdp← 0
2: estimated← E[h(batch)]
3: for all a in A do
4: estimated a← E[h(batch) | A = a]
5: p a← P[A = a]
6: wdp← wdp+ (∥estimated− estimated a∥ · p a)
7: end for

O(B) + 2O(BN) + O(N) = O(BN), where N is the number of distinct values

of A.

Algorithm 2 Weighted Disparate Impact (returns wdi)

Require: h, A, batch as in Algorithm 1
1: wdi← 0
2: for all a in A do
3: est a← E[h(batch) | A = a]
4: est not a← E[h(batch) | A ̸= a]
5: p a← P[A = a]
6: wdi← wdi+

(
min

{
est a

est not a
, est not a

est a

}
· p a

)
7: end for

Algorithm 2 computes the WDI metric. Lines 3, 4, and 5 have a cost of O(B),

while line 6 has a constant cost. These steps are repeated N times, resulting in a

total computational cost of 3O(BN) +O(N) = O(BN).

Algorithm 3 computes the WEO metric for binary classification tasks. Lines 2

and 3 have a cost of O(B), while lines 5-7 inside the loop also cost O(B). Lines 8-10

have a constant cost. The total computational cost is 2O(B)+3O(BN)+3O(N) =

O(BN).

All three algorithms have a computational cost linear in both the batch size

(B) and the number of values of A (N). For continuous sensitive attributes, the

computation involves integrals instead of discrete values. The implementation

used in experiments relies on histogram-based methods, dividing the range of A

into non-overlapping intervals of equal width. In this case, the computational cost
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Algorithm 3 Weighted Equalized Odds (returns weo)

Require: h, A, batch as in Algorithm 1, Y : ground truth
1: weo← 0
2: est y i← E[h(batch) | Y = i] ∀i ∈ {0, 1}
3: for all a in A do
4: est a y i← E[h(batch) | A = a, Y = i] ∀i ∈ {0, 1}
5: p a← P[A = a]
6: weo i← ∥est a y i− est y i∥ ∀i ∈ {0, 1}
7: weo← weo+ ((weo 0 + weo 1) · p a)
8: end for

depends on the number of intervals rather than the number of distinct values of

A.

6.2.2.2 Intersectional fairness extension

FaUCI is extended to optimize fairness in intersectional settings, where subgroups

formed by the intersections of protected attributes are considered. This extension

supports fairness metrics involving multiple sensitive attributes through two ap-

proaches. The first approach creates a dummy protected attribute by combining

the original attributes, enabling FaUCI to optimize fairness for the intersection of

these attributes. However, this method may become computationally intractable

due to the increased complexity of the fairness metric. To address this, an alter-

native approach is proposed. The second approach combines multiple loss factors,

each penalizing fairness violations for a single protected attribute. The modified

loss function is defined as:

Lh,Ā(X, Y ) = E(h(X), Y ) + λ1Fh,A1(X) + · · ·+ λnFh,An(X), (6.21)

where Ā represents a set of protected attributes {A1, . . . , An}, E is the error func-

tion, and Fh,Ai
is the fairness regularization term for attribute Ai. This formulation

ensures that the computational cost of the fairness metric remains linear in the

number of attributes, rather than exponential. It provides a trade-off between

computational efficiency and the complexity of the fairness metric.
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6.2.3 Validation

We validate FaUCI using the UCI Adult dataset, a widely-used benchmark for fair-

ness algorithms [Koh96]. The dataset has been already described in Section 5.2.3

under the name census income. Despite its limitations [Din+21], the dataset is a

standard in the fairness community due to its inherent biases, making it suitable

for our experiments.

Experimental setup To ensure consistency with prior works [MG20; WG21],

we employ 5-fold cross-validation for all experiments. The original dataset is com-

bined into a single set of 48,842 records, standardized, and split into training (80%)

and test (20%) sets. The training set is further divided into 5 folds for validation.

We train a feed-forward NN with two hidden layers containing 100 and 50 neurons,

respectively. Training is conducted for up to 5,000 epochs with a batch size of 500.

Two early stopping conditions are applied: one when both accuracy and fairness

metrics reach predefined thresholds, and another when no improvement is observed

for 100 epochs. The target accuracy is set to 0.9, and fairness thresholds are 0.01,

0.99, and 0.01 for DP, DI, and EO, respectively. For DI, the final metric value is

expressed as 1 − DI to align with the literature. The baseline model, referred to

as the “uneducated”, is trained without fairness constraints.

Experiments are conducted using WDP, GDP, WDI, GDI, WEO, and GEO

metrics across three sensitive attributes: sex (binary), ethnicity (categorical), and

age (continuous). For WDP, WDI, and WEO, equal weights are assigned to each

value of the sensitive attribute, i.e., wa = 1
N

, where N is the number of unique

values of A. For GDP, GDI, and GEO, weights are based on the density of the

continuous attribute to account for its balanced distribution. Users can define

custom weights, provided they satisfy the properties outlined in Section 6.2.1. We

successfully reproduced the code for two state-of-the-art methods [CHS20; Jia+22],

but results for other approaches [MG20; WG21] are reported as provided by the

original authors due to replication challenges 1.

1for [WG21] we contacted the authors asking explanations about the missing source code that
was mentioned in the paper. We received a reply from the authors stating that the code was not
public anymore, and it was never shared with us. In the case of [MG20], the source code was
not even mentioned in the paper, and we were not able to find it online.
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6.2.4 Results and discussion

Demographic parity results Figures 6.1a to 6.1c illustrates the trade-off be-

tween accuracy and DP for FaUCI, KDE, GDP, FNNC, and NSIF methods. For

sex as a binary sensitive attribute, FaUCI achieves an accuracy of 85.27% with

DP ≤ 0.01, outperforming KDE and matching GDP’s performance. FNNC and

NSIF results are represented by single points, with accuracies of 84% and 87.7%,

respectively. For ethnicity, a categorical sensitive attribute, FaUCI outperforms all

methods, particularly when DP ≤ 0.04. For age, a continuous sensitive attribute,

FaUCI and GDP perform similarly, but FaUCI generally achieves better results.

Overall, FaUCI demonstrates superior performance across all sensitive attributes.

Disparate impact results Figures 6.1d to 6.1f shows the trade-off between

accuracy and DI. For sex, FaUCI achieves DI ≥ 0.8 with an accuracy of 85.6%,

surpassing FNNC (82.2%) and matching NSIF (87.7%). For ethnicity, FaUCI

maintains the accuracy of the uneducated model (86.8%) while achieving DI ≥ 0.8.

For age, FaUCI improves DI to 0.58 with an accuracy of 85.5%, though it does

not reach the desired threshold of 0.8. These results highlight FaUCI’s ability to

enhance DI while preserving high accuracy.

Equalized odds results Figures 6.1g to 6.1i presents the trade-off between ac-

curacy and EO. For sex, FaUCI achieves EO ≤ 0.02 with an accuracy of ≥ 85.9%,

outperforming KDE and FNNC (83.9%). For ethnicity, FaUCI maintains high

accuracy while reducing EO, whereas Cho’s accuracy drops significantly. For age,

FaUCI outperforms KDE in both accuracy and EO. Overall, FaUCI demonstrates

consistent improvements in EO while preserving a favorable accuracy-fairness

trade-off.
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Figure 6.1: Experiments comparing FaUCI to related works, using different (variants
of) the DP, DI, and EO fairness metrics. Each block corresponds to a different fairness
metric. Each dot represents the average of 5 runs (5-fold cross-validation). Red stars
represent FaUCI, blue diamonds Cho’s method, green dots Jiang’s method, and the
black cross the vanilla neural network (i.e., the NN without fairness constraints). For
FNNC and LTN we report the results provided by the respective authors.
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NeSy AI for real world

applications

How to apply SKI and SKE methods to
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How can LLMs be exploited in the con-

text of SKI and SKE?
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In this chapter we present a selection of contributions about NeSy application

in real-world scenarios. These works involve the use of both SKE and SKI methods,

as well as traditional ML models and the recent LLMs.

7.1 SKE for explainable nutritional recom-

menders

“Symbolic knowledge extraction for explainable nutritional recom-

menders” [Mag+23], published on the Journal of Computer Methods and

Programs in Biomedicine, presents a novel nutritional recommender system that

leverages SKE.

7.1.1 Nutritional recommender systems

Eating habits significantly impact the well-being of individuals across all age

groups, highlighting the importance of developing nutritional recommender sys-

tems (RSs) [EHN16; Cio+18; SSW22]. These systems address diverse user needs,

including diet programs, chronic disease management, treatment for critically ill

patients, allergies, lifestyle choices (e.g., sporty, vegetarian, organic, halal), and

physical activity levels [OKM21; Hez+19; Aga+18; FT90; Tra+18]. User prefer-

ences are represented either by expert knowledge, such as daily nutritional intake
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limits based on physical activity levels, or by user feedback, such as reviews on

recipes [Wan+21b]. Recommendation items, such as food, recipes, and meals,

are represented in terms of their attributes, including cuisine, category, cooking

style, preparation time, and nutritional levels. The complexity of nutritional RSs

arises from the combination of multiple ingredients to form recipes and the diverse

attributes influencing user preferences.

Classical approaches to nutritional recommendation rely on content based and

collaborative filtering methods, which derive user profiles from past activities,

such as ratings, clicks, reviews, and browsing history [MJJ20]. Recent advance-

ments leverage ML techniques, including question answering over knowledge bases,

recipe retrieval from visual records of ingredients, and learning recipe representa-

tions from multi-modal data [FZ11; Bia+17; FB10; Che+21; Tia+22]. Despite

the availability of recipes online, many are suboptimal in terms of health [TE17].

Recent studies aim to promote healthy eating by incorporating healthiness in-

dicators into recommendations or enhancing the visual appeal of food [OKM21;

Wan+21b]. Providing explanations for recommendations improves user trust and

acceptance, as transparent systems are preferred over black-box models [Anj+19].

Explainable approaches, such as explanation ontologies and multi-agent architec-

tures, have been proposed to enhance both personalisation and explainability in

nutritional RSs [Pad+21; YAM22; Cal+21].

7.1.2 Methodology

We propose a general architecture for nutritional RSs, designed to provide per-

sonalised dietary recommendations aligned with specific user goals. Figure 7.1

illustrates the main components and data flow within the system. The proposed

architecture personalises dietary recommendations by identifying recipes that lie

at the intersection of user preferences and expert prescriptions. This process relies

on three distinct sources of information: (i) the user, (ii) the nutrition expert,

and (iii) the recipe database. Users provide their preferences, which are learned

adaptively by a sub-symbolic ML predictor. Nutrition experts translate dietary

goals into structured prescriptions, which define patterns of recipes suitable for

achieving these goals. The recipe database stores information about recipes, their
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Smart
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Sub-symbolic AI

Prescriptions

User
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Agent
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Figure 7.1: Data-flow perspective of a nutritional RS. The user interacts – via some
smart/wearable device – with a sub-symbolic AI predictor, continuously trained to pre-
dict whether the user likes a given recipe or not. A knowledge base is then extracted
from the predictor, representing the user’s preferences in a human-interpretable logic
form. Dietary prescriptions – provided by human experts – are transformed into the
same logic form. Conversely, databases providing information about recipies – there
including ingredients and their nutrients – are assumed to be remotely available via the
Internet. Finally, the recommending agent exploits a logic engine, combining all such
information into recommendations which are simultaneously correct (w.r.t. experts pre-
scriptions), acceptable (w.r.t. users’ preferences), and explainable.
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ingredients, and corresponding nutrients, enabling the agent to propose admissi-

ble options. Recommendations are generated by combining these sources using a

logic-based approach, ensuring alignment with both user preferences and expert

prescriptions. In the following sections, we detail how preferences, prescriptions,

and recipes are represented and manipulated within the system. We also describe

the algorithmic process for producing recommendations and discuss its underlying

assumptions.

Recipes Our architecture identifies three key data types: recipes, ingredients,

and nutrients. Recipes are composed of ingredients, which in turn contain various

nutrients. Each data type is named, meaning recipes, ingredients, and nutrients are

uniquely identified by their names. The architecture does not track the preparation

process of meals but focuses on the nominal composition of ingredients and their

quantities. By analyzing the composition of ingredients in terms of nutrients, the

system computes the overall nutritional values of recipes. The recipes’ database

is responsible for storing information about recipes, ingredients, and nutrients. It

supports several types of queries, such as:

• Selecting recipes based on their ingredients or nutrients.

• Filtering recipes by specific quantities of ingredients or nutrients.

• Retrieving the ingredients or nutrients associated with a recipe.

• Clustering recipes with similar nutritional profiles.

These queries are essential for the recommender agent’s functionality.

Users’ preferences User preferences are represented sub-symbolically using a

ML predictor. This predictor learns user tastes adaptively from data, which in-

cludes information about recipes the user likes or dislikes. Preferences are modeled

as a function:

appreciation : R→ R (7.1)

where R is the set of admissible recipes, and the output is an appreciation score.

Positive values indicate liking, negative values indicate dislike, and zero represents

neutrality. The appreciation score encapsulates user opinions, including factors
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such as taste, allergies, and ethical beliefs. Data is collected during user interac-

tions, often via smart or wearable devices, and used to train the ML predictor.

The learning process is continual, ensuring the system adapts to evolving user

preferences. The sub-symbolic approach enables generalization of user data while

leveraging information from the recipes’ database.

Dietary prescriptions Dietary prescriptions are structured representations of

what a user should eat and when, to achieve specific goals. They are typically

created by nutrition experts based on the user’s physiological characteristics and

expert knowledge. Prescriptions consist of two components:

• The what component specifies ingredients or nutrients and their quantities

for each meal.

• The when component indicates the time of consumption (e.g., breakfast,

lunch, dinner).

The goal reflects the expected long-term effect on the user’s health, though it

may not be explicitly stated. Prescriptions are often provided in quasi-natural

language or tabular formats. In tabular form, each cell corresponds to a specific

time and meal, listing the recommended nutrients or ingredients. Users may con-

struct recipes based on these suggestions unless a nutritional RS is available. For

simplicity, we focus on a single prescription for a given time t, expressed as logic

formulas. These formulas define the properties a meal should have to align with

dietary goals. Details on the use of logic formulas for dietary prescriptions are

provided in the next subsection.

The role of logic formulas The proposed architecture utilizes Horn clauses

(see Section 2.2.1.2) to represent both user preferences and expert prescriptions.

Horn logic provides a clear and computationally tractable framework for expressing

dietary prescriptions. These formulas can be manually written by humans or

algorithmically generated, enabling their use in RSs for dietary recommendations.

Expert prescriptions at time t are defined as a set of Horn clauses describing

the should eat/1 predicate. This predicate specifies the recipes that the user

should consume, based on admissible or forbidden ingredients and nutrients. Two
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auxiliary predicates, has/2 and has no/2, are used to assert the presence or ab-

sence of specific ingredients or nutrients. Groups of ingredients or nutrients can

also be defined using unary predicates, such as vegetable/1.

For example, a dietary prescription for Monday lunch can be expressed as:

should eat(R) ← has(R, rice) ∧ has(R, chicken)

∧ has no(R, salt)

∧ has(R,X) ∧ vegetable(X)

indicating that the user should consume recipes containing rice, chicken, and any

vegetable, but excluding salt.

To ensure self-containment, additional rules must define the semantics of pred-

icates such as has/2, has no/2, and vegetable/1. For brevity, these definitions

are omitted here.

Alternative encodings, such as including a predicate quantity(X, Q) to specify

the quantity Q of ingredient X, are possible but do not alter the core contribution.

Thus, simpler syntactic choices are preferred.

User preferences can also be represented as Horn clauses, defining the likes/1

predicate. These clauses may use the same auxiliary predicates (has/2, has no/2)

and custom predicates for grouping ingredients or nutrients.

Consider the following example:

likes(R) ← has(R, rice) ∧ has(R, chicken)

∧ has no(R, broccoli) ∧ has(R, peas)

vegetable(peas) ←
vegetable(broccoli) ←

has(paella, rice) ←
has(paella, chicken) ←

has(paella, peas) ←
has(paella, seafood) ←

This example states that the user likes recipes containing rice, chicken, and peas

(e.g., paella), but dislikes broccoli. It also defines peas and broccoli as vegetables

and specifies the composition of paella.
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When both prescriptions and preferences are expressed as Horn clauses, their

intersection can be computed using logic resolution. This involves proving the

query:

likes(R) ∧ should eat(R) (7.2)

against the merged clause set of prescriptions and preferences. The logic solver

identifies recipes R that satisfy both conditions or determines that no such recipes

exist.

For instance, testing the query above against the merged clauses from the

examples provided yields R = paella. This result is denoted as:

(3) ∪ (4) |= likes(paella) ∧ should eat(paella) (7.3)

The role of SKE Our proposed architecture requires both user preferences and

expert prescriptions to be expressed as sets of Horn clauses. This representation

enables the use of logic resolution to construct recommendations. Expert prescrip-

tions are typically provided in formats, such as timetables of suggested recipes, that

can be directly expressed or automatically converted into Horn clauses [Mak87].

This assumption aligns with current practices in dietary planning. In contrast,

user preferences are modeled using sub-symbolic predictors, such as trained NNs,

which adaptively learn preferences from data. While sub-symbolic representations

are effective for capturing dynamic user preferences, they are incompatible with

direct logic resolution. To bridge this gap, the architecture incorporates a SKE

step. This step extracts symbolic knowledge in the form of Horn clauses from

the sub-symbolic predictor trained to model user preferences. The choice of SKE

algorithm is left to the implementer, allowing flexibility to select the most suit-

able method for their application. However, the extraction process must produce

Horn clauses to ensure compatibility with the logic-based recommendation frame-

work. This approach combines the adaptability of sub-symbolic models with the

interpretability and computational efficiency of symbolic reasoning.
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7.1.3 Validation

To validate the proposed architecture, we conducted a series of experiments to

assess its effectiveness in nutritional RSs. The source code and instructions for

reproducing these experiments are public available1 The experiments involved four

main steps:

1. Generating synthetic datasets to simulate a single user’s food preferences.

2. Training a ML predictor, specifically a neural network, to predict whether a

recipe would be liked by the user.

3. Applying a SKE algorithm to extract symbolic knowledge that represents

the decision-making behavior of the predictor.

4. Evaluating the system’s ability to recommend recipes that align with both

user preferences and expert nutritional prescriptions.

Details regarding data selection, synthesis, and experimental procedures are pro-

vided in the following subsections.

Datasets We utilized a public dataset of recipes2 and generated 12 synthetic

datasets to represent the preferences of imaginary users. The recipe dataset con-

sists of four files:

• Recipe details: Contains recipe IDs, titles, sources, and cuisines.

• Ingredients: Lists basic ingredients with aliases, synonyms, entity IDs, and

categories.

• Compound ingredients: Includes compound ingredients with their con-

stituent components and categories.

• Recipe-ingredients aliases: Maps recipes to their ingredients using aliases

and entity IDs.

The dataset includes 929 unique basic ingredients and 103 compound ingredients,

categorized into 21 groups (e.g., additive, bakery, beverage). Recipes with at least

one ingredient total 45,749, while recipes without ingredients are excluded.

1https://github.com/pikalab-unibo/mccao-cmpb-experiments-2022
2available at https://cosylab.iiitd.edu.in/culinarydb
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Synthetic datasets were created in two steps. First, unconditional preferences

for individual ingredients were generated based on predefined user profiles. Each

profile specifies ranges of values for ingredients or categories (e.g., vegetables,

meat), which are used to compute likelihoods via uniform distribution. Second,

recipe likability labels (like/dislike) were generated based on the likelihood values

of the recipe’s ingredients. The synthesis process ensures no real personal data is

used, avoiding ethical or privacy concerns.

7.1.3.1 Learning user preferences via sub-symbolic predictors

User preferences were modeled using fully-connected neural networks. Each net-

work consists of one input layer, two hidden layers, and one output layer, with

1032, 16, 8, and 1 neurons, respectively. The activation functions for the input

and hidden layers are ReLU, while the output layer uses a sigmoid function. The

input to the network is a tensor representing the presence of 1032 ingredients in a

recipe, and the output is a scalar indicating the likelihood of user appreciation.

A separate NN was trained for each of the 12 synthetic users. Training was

performed on half of the dataset (22,874 records), while the remaining half was

used for testing. The training process lasted 20 epochs with a batch size of 32.

The average accuracy achieved on the test set was 85.6%, with precision computed

as the ratio of true positives to total positive predictions. Precision is critical for

systems where identifying true positives (liked recipes) is more important than

minimizing false positives.

7.1.3.2 Extracting user preferences via SKE

Symbolic knowledge was extracted from the trained ML predictors using the CART

algorithm [Bre+84]. This algorithm generates decision trees, which are converted

into logic rules. Each path from the root to a leaf in the decision tree corresponds

to a rule, where nodes represent logical conditions (e.g., presence or absence of

ingredients) and leaves denote the predicted class.

The maximum number of leaves was set to R = 50, and the maximum depth of

the decision tree was limited to D = 10. These constraints balance computational

efficiency and interpretability, ensuring the rules are concise and comprehensible.
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Table 7.1: Datasets statistics for each users on test sets. The second column shows the
like class ratio. Third and fourth columns describe the accuracy and precision score of
trained neural networks. Fifth and sixth columns describe the accuracy and precision
score of the extracted rules. The last column shows the fidelity of the extracted rules
w.r.t. the NN.

users liked ratio net acc. net prec. r. acc. r. prec. r. fid.

user 1 0.336 0.9233 0.8855 0.864 0.8228 0.873
user 2 0.2842 0.9714 0.9564 0.794 0.7688 0.7972
user 3 0.3941 0.8503 0.8221 0.7726 0.7136 0.7955
user 4 0.4502 0.8364 0.8165 0.7562 0.7145 0.7813
user 5 0.3022 0.9621 0.9478 0.8381 0.8301 0.842
user 6 0.2719 0.9722 0.9514 0.7997 0.7109 0.8034
user 7 0.3504 0.8916 0.8369 0.7782 0.7311 0.7901
user 8 0.449 0.7782 0.7594 0.6868 0.674 0.7283
user 9 0.393 0.8085 0.7783 0.7493 0.7524 0.803
user 10 0.4734 0.7381 0.7582 0.6862 0.7452 0.7616
user 11 0.4359 0.7708 0.7863 0.7098 0.7426 0.7804
user 12 0.4353 0.7772 0.7979 0.7047 0.7467 0.7814

average 0.3813 0.8567 0.8414 0.7616 0.7461 0.7948

For example, extracted rules for a user might include:

likes(R)← has no(R, egg) ∧ has no(R, pepper) ∧ has(R, almond)

¬likes(R)← has(R, egg) ∧ has(R, parsley)

These rules approximate the decision-making process of the neural network, en-

abling explainability.

We constrain the output rules for two main reasons. First, limiting the growth

of the DT reduces computational complexity. Given N binary features, such as

ingredients, the maximum depth of the DT is N + 1, and the maximum number of

leaves is 2N . For N = 1032, this would be computationally infeasible. Second, we

aim to ensure the extracted rules remain interpretable. Rules with excessively long

right-hand sides or an overwhelming number of conditions are difficult for humans

to read and understand. This trade-off prioritizes interpretability over performance

metrics, such as accuracy and precision, which is essential for explaining why a

prescription may or may not be suitable for a user.
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Table 7.2: Precision values of the algorithm per user and prescription. Precision values
denote actually liked recipes (i.e., true positive) over the all proposed recipes (i.e., true
positive plus false positive) obtained by prescriptions and extracted rules.

users p. 1 p. 2 p. 3 p. 4 p. 5 p. 6 average

user 1 0.831 0.8 0.8621 0.6667 0.6875 0.7857 0.7722
user 2 0.6338 0.2979 0.8 0.7083 0.9268 0.7727 0.6899
user 3 0.7625 0.4333 0.7297 0.75 0.6111 0.6604 0.6578
user 4 0.75 0.6 0.8387 0.65 0.5435 0.7755 0.693
user 5 0.8571 0.7667 0.95 0.7083 0.8182 0.8095 0.8183
user 6 0.6 0.5116 0.8636 0.8261 0.55 0.619 0.6617
user 7 0.7625 0.4667 0.1852 0.8276 0.7391 0.7826 0.6273
user 8 0.85 0.75 0.9048 0.5758 0.6667 0.7872 0.7558
user 9 0.6316 0.9 0.8929 0.8085 0.8936 0.6809 0.8012
user 10 0.875 0.66 0.7692 0.7879 0.717 0.7692 0.763
user 11 0.8625 0.84 0.963 0.7391 0.64 0.8113 0.8093
user 12 0.7875 0.8333 0.9024 0.8108 0.7037 0.8776 0.8192

Table 7.1 summarizes the accuracy of the extracted rules on the test sets. It

also reports the fidelity of the rules with respect to the sub-symbolic predictors.

Fidelity is computed similarly to accuracy but compares the predictions of the

extracted rules against the class values predicted by the ML predictor, rather than

the ground truth. In other words, fidelity measures how closely the extracted rules

replicate the behavior of the neural networks.

7.1.3.3 Proposed recipes

The experiments aim to evaluate how user preferences and expert prescriptions

are combined to recommend recipes. We rely on sets of logic rules to express

domain-expert prescriptions, ensuring consistency with the formalism used for

user preferences. In total, six prescriptions are defined, corresponding to three

days with two meals per day. For each meal, multiple rules (ranging from two to

four) are specified, one for each dish.

p.1 First day, lunch: “Rice with vegetables.” Ingredients include 80 grams of

raw rice, 35 grams of raw lentils, 120 grams of raw chicken, 120 grams of
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Table 7.3: Precision values of the algorithm per user and prescription. Note that
precision values denote actually liked recipes (i.e., true positive) over the all proposed
recipes (i.e., true positive plus false positive) obtained by prescriptions and NN.

users p. 1 p. 2 p. 3 p. 4 p. 5 p. 6 average

user 1 0.8267 0.8333 1.0 0.9474 0.8696 0.8913 0.8947
user 2 0.95 0.9474 0.931 1.0 0.95 0.94 0.9531
user 3 0.7875 0.7797 0.7273 0.8478 0.88 0.8163 0.8064
user 4 0.775 0.7833 0.871 0.8158 0.7442 0.7447 0.789
user 5 0.9265 0.9333 0.9565 0.9474 0.9524 0.9375 0.9423
user 6 0.9375 0.9833 1.0 0.9615 0.9592 0.9583 0.9666
user 7 0.8 0.8667 0.9 0.8571 0.8723 0.8913 0.8646
user 8 0.8625 0.7833 0.8837 0.7 0.8077 0.8065 0.8073
user 9 0.7875 0.7833 0.9118 0.8095 0.6786 0.6842 0.7758
user 10 0.8125 0.5667 0.8049 0.7632 0.7959 0.84 0.7639
user 11 0.8875 0.7667 0.7674 0.8723 0.7917 0.7931 0.8131
user 12 0.825 0.8667 0.8049 0.68 0.8246 0.8364 0.8063

mixed vegetables, garlic, herbs, 2 teaspoons of olive oil, and 1 orange.

should eat(R) ← has(R, chicken) ∧ has(R, rice)

should eat(R) ← has(R, lentils)

should eat(R) ← has(R, orange)

should eat(R) ← has(R, garlic)

∧ has(R,X) ∧ has(R, Y ) ∧ has(R,Z)

∧ vegetable(X) ∧ herb(Y ) ∧ essential oil(Z)

p.2 First day, dinner: “Burger and grilled vegetables.” Ingredients include 90

grams of beef, 80 grams of bread, 120 grams of vegetables, 1 teaspoon of oil,

and 1 cup of strawberries.

should eat(R) ← has(R, beef) ∧ has(R, bread)

should eat(R) ← has(R, strawberry)

should eat(R) ← has(R,X) ∧ has(R, Y )

∧ vegetable(X) ∧ essential oil(Y )

p.3 Second day, lunch: “Tuna salad.” Ingredients include 120 grams of tuna,
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120 grams of vegetables, 1 teaspoon of olive oil, 80 grams of bread, 35 grams

of raw beans, and 1 cup of blueberries.

should eat(R) ← has(R, bread) ∧ has(R, beans)

should eat(R) ← has(R, tuna)

∧ has(R,X) ∧ has(R, Y )

∧ vegetable(X) ∧ herb(X) ∧ essential oil(Y )

should eat(R) ← has(R, blueberry)

p.4 Second day, dinner: “Chicken with mustard and lemon juice.” Ingredients

include 90 grams of chicken, 120 grams of vegetables, 80 grams of raw pasta,

1 teaspoon of olive oil, mustard, lemon juice, and 1 cup of clementines.

should eat(R) ← has(R, chicken) ∧ has(R,mustard) ∧ has(R, lemon juice)

should eat(R) ← has(R, pasta)

∧ has(R,X) ∧ essential oil(X)

should eat(R) ← has(R,X) ∧ vegetable(X)

should eat(R) ← has(R, citrus fruits)

p.5 Third day, lunch: “Salmon with potatoes.” Ingredients include 120 grams of

salmon, 240 grams of cooked potatoes, 120 grams of vegetables, 1 teaspoon

of butter, and 1 pear.

should eat(R) ← has(R, compound salmon) ∧ has(R, potato)

should eat(R) ← has(R, pear)

should eat(R) ← has(R, butter)

∧ has(R,X) ∧ vegetable(X)

p.6 Third day, dinner: “Turkey in papillote.” Ingredients include 90 grams of

turkey, 1 teaspoon of olive oil, 120 grams of vegetables, 35 grams of raw gram
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beans, 80 grams of raw wholegrain rice, and 1 orange.

should eat(R) ← has(R, gram bean,

should eat(R) ← has(R, rice)

should eat(R) ← has(R, orange)

should eat(R) ← has(R, turkey)

∧ has(R,X) ∧ has(R, Y )

∧ vegetable(X) ∧ essential oil(Y )

For each user and prescription, recipes are computed based on the logic rules.

Precision is calculated as the ratio of recipes liked by users to the total number

of proposed recipes. Corner cases, where no recipes are recommended due to

conflicting preferences and prescriptions, are resolved by adjusting prescriptions

to better align with user preferences.

7.1.4 Results and discussion

To ensure realistic experiments, we adopted criteria to generate synthetic datasets

representing user preferences. We avoided synthesizing users with trivial rules,

such as always liking a specific ingredient, which would result in predictable rec-

ommendations. To address this, we introduced noise into the dataset synthesis

process, assigning preference values within distributions and stochastically label-

ing classes. This approach discourages oversimplified logic rules and mimics real-

life scenarios where diverse ingredient combinations influence user preferences in

complex ways. Table 7.1 reports the accuracy of the neural networks trained to

predict user preferences, alongside the accuracy and fidelity of the extracted logic

rules. The accuracy of individual networks ranges from 0.74 to 0.97, with a mean

value of approximately 0.86. This variability reflects differences in user profiles, as

some preferences are inherently more predictable than others. The accuracy of the

extracted rules ranges from 0.68 to 0.86, with a mean value of 0.76. The mean dif-

ference of 0.095 between network accuracy and rule accuracy is expected, given the

constraints imposed on decision tree depth during the extraction process. Similar

observations apply to precision measures. It is important to note that extracted

rules approximate the decision-making process of the neural networks and cannot
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outperform the original models.

Table 7.3 summarizes the precision obtained during the recommendation phase

using prescriptions and extracted rules. The mean precision value across all exper-

iments is approximately 0.74, which is close to the average precision of the rules

reported in Table 7.1. Applying the Student’s t-test to the precision values in

Table 7.1 (“r. prec.” column) and Table 7.2 (“average” column) yields a p-value

of 0.386. This indicates no statistical difference between the two distributions. In

other words, recommending recipes liked by users from the entire dataset is as

effective as recommending recipes prescribed by human experts.

Table 7.3 compares the precision obtained using prescriptions and sub-symbolic

predictors. Similar statistical analysis yields a p-value of 0.403, leading to the

same conclusion: the recommendation process is equally effective for prescribed

liked recipes and liked recipes predicted by neural networks.

In summary, experiments demonstrate that sub-symbolic predictors outper-

form symbolic predictors in terms of overall precision for personalized food recom-

mendations. However, the primary goal of the framework is not to achieve higher

performance compared to sub-symbolic predictors or existing systems. Instead, the

focus is on enhancing explainability, enabling users and experts to understand why

certain recipes are recommended or rejected. Extracted rules provide insights that

allow experts to adjust prescriptions to better align with user preferences. Despite

lower performance compared to neural networks, the rules remain acceptable in

real-world scenarios. For instance, consider the recipe “Shakkara (Sweet) Pongal”

(recipe ID 4, 055), which is liked by User 1. This recipe contains ingredients such

as basmati rice, butter, camphor, cardamom, cashew nuts, lentils, milk, raisins,

and sugar. The recommendation is justified by the presence of milk and sugar,

as indicated by the extracted rules for User 1. Conversely, the recipe “Lasagna

Spinach Roll-Ups” (recipe ID 10, 815) is disliked due to the presence of eggs and

pepper. The symbolic approach adds value by providing explainability, allowing

motivations for recommendations to be derived systematically.
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7.2 A general-purpose protocol for multi-agent

based explanations

In section we present the work “A General-Purpose Protocol for Multi-agent Based

Explanations” [Cia+23], presented at the EXTRAAMAS international workshop,

5th edition, 2023. This contribution is quite different from the previous one, and

in general from the other contributions in this thesis. While the majority of the

works presented in this thesis vertically focus on SKI or SKE methods, or on

the design of systems that leverage such methods, this work is more horizontal,

in the sense that it proposes a general-purpose protocol for multi-agent based

explanations. Nonetheless, this work still falls within the scope of this chapter

because its contribution is relevant to the design of explainable MASs that can

potentially leverage SKE methods.

7.2.1 Motivation

The current focus of XAI research is on developing techniques to “open up” black-

box models and provide insights into how an intelligent system reaches specific

decisions or predictions [Gui+19]. These techniques include methods for visu-

alizing the internal workings of the system, such as feature importance scores,

attention maps, and decision trees. The primary goal of these methods is to assist

AI experts in understanding the system’s behavior, rather than addressing the

needs of non-expert users who seek to understand why the system behaves in a

particular way.

However, the expectations of the XAI community extend beyond merely in-

terpreting black-box models. Ideally, XAI systems should autonomously provide

explanations that go beyond describing how the system works [Cia+19]. These

explanations should offer insights into why the system behaves – or fails to be-

have – in a specific manner, potentially through autonomous interaction with the

explainee.

To achieve this, recent research emphasizes the automation and interactivity of

the explanation process [Cia+20a]. This involves designing AI systems capable of

generating explanations dynamically and tailoring them to the explainee’s knowl-
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edge level and needs. In this context, MASs emerge as a suitable paradigm for

building intelligent explainable systems, as they inherently support interaction and

autonomy. Explanations can thus be modeled as multi-agent interactions, where

the explainee and the explainer agent (either human or software) collaborate to

achieve the shared goal of providing clear and effective explanations.

This work addresses the general problem of enabling interaction between ex-

plainee and explainer agents. To this end, it proposes a general-purpose protocol

for multi-agent-based recommendations and explanations. The protocol defines

the roles and responsibilities of the explainee and explainer agents, as well as the

types of information exchanged to ensure clarity and effectiveness. Notably, the

protocol builds upon prior efforts to model explanations as multi-agent interac-

tions [Buz+22]. Its key features include: (i) the separation of recommendations

from explanations, and (ii) support for contrastive explanations.

As a secondary contribution, the paper introduces a Spade-based Python li-

brary, PyXMas, which implements the proposed protocol. This library allows the

integration of various explanation strategies and representations. It serves as a

foundation for developing intelligent explainable systems where recommendation

and explanation behaviors are delegated to individual agents. Overall, this con-

tribution represents a significant step toward building XAI systems capable of

providing automatic and interactive explanations.

7.2.2 Background

Interactive recommendation systems Interactive RSs have gained signifi-

cant attention due to their ability to dynamically provide personalised recommen-

dations based on user feedback and interactions [KWH10]. The key aspect of

interactivity lies in collecting user feedback during the recommendation session to

refine subsequent recommendations. For instance, some systems employ a one-shot

recommendation approach, where questions learned offline from past interactions

are posed to users before generating recommendations [CRH16]. The answers to

these questions enable the system to personalise and improve future suggestions.

XAI has been increasingly integrated into RSs to enhance trans-

parency [Buz+22; ZC20]. This is achieved through iterative recommendation
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sessions, where the system not only provides recommendations but also expla-

nations, leveraging the positive impact of transparency on user trust [ODo+08].

For example, visual explanations, such as grouped bar charts, have been used to

compare user preferences with recommendation attributes [Mil+19]. Similarly,

conversational explanations have been employed to mimic human salesmanship,

persuading users to consider alternative options [Shi02].

Prior work on explanation protocols This work builds upon the protocol

introduced in [Buz+22], which focuses on food recommendations and explana-

tions. In this protocol, users specify constraints, such as allergies, preferred or

disliked ingredients, and desired cuisine types. The system responds with a recipe

suggestion and an explanation. Users can accept, reject, or provide feedback on

the recommendation or explanation, initiating a turn-based interaction until the

session concludes. This framework promotes transparency by combining recom-

mendations and explanations, which can increase user acceptance. However, un-

requested explanations may impose cognitive load, highlighting the importance

of parsimony [Mua+22]. Parsimonious explanations are defined as the simplest

descriptions that adequately convey the situation.

To address this, the revised protocol proposed in this work allows users to

request explanations dynamically. It also supports “zooming” explanations, where

additional details are provided only upon user request. This approach enables users

to control the level of detail, ensuring explanations are tailored to their needs.

Spade: multi-agent programming in python Spade is an open-source MAS

platform implemented in Python3. It provides a modular and extensible library

for developing intelligent agents capable of interacting with each other and their

environment. Spade systems are distributed, with agents operating on the same or

different network nodes. Agent activities are governed by concurrent behaviours,

implemented as Python classes that developers can extend.

Unlike Jade [BCG07], which is Java-based, Spade leverages Python’s ecosys-

tem, facilitating integration with ML and AI frameworks. Agent communication

in Spade is mediated by the extensible messaging and presence protocol (XMPP)

3https://spade-mas.readthedocs.io
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protocol, ensuring robust, interoperable, and scalable interactions. This design

supports blended applications where agents interact with both humans and soft-

ware agents.

Spade includes features such as communication protocols, message passing,

and event handling. It also supports the implementation of interaction protocols

using finite-state machine behaviours. These capabilities make Spade a power-

ful tool for developing intelligent agents, widely adopted in MAS research and

development.

7.2.3 Explanation-based recommendation protocol

The term “explanation” originates from the Latin word explicare, meaning “to

unfold.” In this context, an explanation is understood as the process of clarifying

the meaning of a concept. This process is inherently interactive, involving an

explainee and an explainer. Explanations are thus considered a social protocol.

In human interactions, explanation protocols are typically informal and un-

structured. They involve an explainee seeking clarification from an explainer,

who is assumed to possess greater knowledge. Explainers adapt their strategies

and level of detail to the explainee’s needs and knowledge as the interaction pro-

gresses. Explanations are generally provided upon request and may respond to

prior information shared by either party.

Modern intelligent systems, such as XAI systems, aim to support decision-

making by providing recommendations. In these systems, the user typically acts

as the explainee, while the software system assumes the roles of both the recom-

mender and the explainer. By adopting a MAS perspective, recommendation and

explanation can be modeled as a single interaction protocol between two agents.

One agent, often the explainee, is a human user, while the other, the explainer, is

a software agent.

The proposed protocol assumes that the user initiates the interaction by sub-

mitting a query. Upon receiving the query, the agent generates a recommendation.

This recommendation is computed using available information, such as the user’s

profile, interaction history, and possibly aggregated data from other users. The

agent may utilize both symbolic reasoning and ML predictors to generate the
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recommendation.

After receiving the recommendation, the user may either accept or reject it,

or request an explanation. The explanation phase may involve multiple rounds

of interaction, where the user can ask for additional details or comparisons. The

agent provides the requested information, aiming to clarify the recommendation.

Ultimately, the user decides to accept or reject the recommendation based on the

explanation provided.

Feedback from the user, including the acceptance or rejection of recommen-

dations and the amount of explanatory information required, is used to improve

future interactions. In cases of rejection, the agent may also seek the reason for

the rejection to refine its recommendation and explanation strategies.

Explanations in this protocol are always: (i) provided upon request, (ii) related

to the recommendation, and (iii) tailored to the user. They can be categorized

into two types:

• Ordinary explanations: These address the question, “Why did you rec-

ommend this?”

• Contrastive explanations: These address the question, “Why did you not

recommend that instead?”

The protocol supports both types of explanations, allowing the user to choose the

type they prefer. The content and structure of the exchanged messages depend on

the type of explanation requested.

7.2.4 Abstract formulation of the protocol

Figure 7.2 presents an abstract formulation of the proposed protocol, which is

independent of the specific representation or computation of recommendations

and explanations. The focus is on the exchange of messages between the explainer

and the explainee, the information these messages carry, and the sequence in which

they are exchanged. The protocol defines two roles:

• The explainee, who initiates the interaction.

• The explainer, who responds to the explainee’s queries.
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Figure 7.2: Message communication diagram between an explainer agent (blue boxes)
and an explainee (green boxes). Each box represents a message. Arrows indicate the
possible replies to each message.

Five data types are identified as the potential payloads exchanged during the

protocol:

• Queries (Q): Requests for recommendations submitted by the explainee.

• Recommendations (R,R′): Responses to queries, provided by the ex-

plainer.

• Explanations (E,E ′): Information provided by the explainer to clarify

recommendations.

• Features (F ): User-specific aspects that justify the rejection of a recom-

mendation, which the explainer should consider in future interactions.

• Motivations (M): Reasons for rejecting a recommendation, which may

influence the explainer’s behavior.

Thirteen message types are defined, each represented as a named record of the

form Name(Payload), where Payload consists of instances of the aforementioned

data types. Optional fields in the payload are denoted with a question mark. The

message types are summarized as follows:

1. Query(Q): Sent by the explainee to initiate the protocol, carrying a recom-

mendation request.

2. Recommendation(Q,R): Sent by the explainer in response to a query, car-

rying the query and the computed recommendation.
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3. Why(Q,R): Sent by the explainee to request an explanation for a recommen-

dation.

4. WhyNot(Q,R,R′): Sent by the explainee to request a contrastive explana-

tion, comparing the recommendation with an alternative.

5. Accept(Q,R,E?): Sent by the explainee to accept a recommendation, op-

tionally including the explanation.

6. Collision(Q,R, F,E?): Sent by the explainee to notify the explainer of a

conflict between the recommendation and a personal feature.

7. Disapprove(Q,R,M,E?): Sent by the explainee to reject a recommenda-

tion, providing a reason and optionally the explanation.

8. Details(Q,R,E): Sent by the explainer to provide additional details about

a recommendation.

9. Comparison(Q,R,R′, E): Sent by the explainer to provide a contrastive

explanation when the alternative recommendation is also valid.

10. Invalid(Q,R′, E): Sent by the explainer to indicate that the alternative

recommendation is invalid, with an explanation.

11. Unclear(Q,R,E): Sent by the explainee to indicate that the provided ex-

planation is unclear.

12. Prefer(Q,R,R′): Sent by the explainee to express a preference for an al-

ternative recommendation.

13. Override(Q,R,R′): Sent by the explainee to enforce an alternative recom-

mendation, even if deemed invalid by the explainer.

This abstract formulation ensures flexibility, allowing implementers to tailor the

protocol to specific application domains.

Notably, messages are designed by keeping the representational state transfer

(ReST) [9] architectural style into account. Hence, each message type is designed

to carry all the information necessary for any involved party to decide which action

to take next. This is the reason why all/most messages carry the original query

Q and the recommendation R (or R′) which they are referring to. The message

communication diagram from Figure 7.2 depicts not only the messages exchanged

by the explainee and explainer, but also the admissbile request-response patterns

which the protocol allows. There, a more detailed view of the message flow is
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provided, which we briefly summarise in the following.

7.2.4.1 Relevant scenarios and protocol analysis

The proposed protocol is versatile and accommodates various user needs and de-

sires. These include: (i) requesting a recommendation, (ii) seeking an explanation

for the recommendation, (iii) asking for additional details about the explanation,

(iv) simulating alternative recommendations, and (v) providing feedback on rec-

ommendations or explanations. Figure 7.3 illustrates these scenarios, which are

detailed below.

Quick accept In this scenario, depicted in Figure 7.3a, the user accepts the

recommendation without requiring an explanation. For example, a user requests

a restaurant recommendation, and the agent suggests a restaurant that the user

finds satisfactory.

Quick retry In Figure 7.3b the user rejects the recommendation without asking

for an explanation. The rejection may occur because the recommendation conflicts

with the user’s preferences or is unsuitable for the current context. For instance,

if the agent recommends a steakhouse to a vegetarian user, the user may signal a

conflict with their preferences. Alternatively, the user may simply disapprove of

the recommendation without providing specific feedback. In both cases, the agent

generates a new recommendation. The agent is expected to learn from conflicts

but not from generic disapprovals.

Ordinary explanation loop In the case shown in Figure 7.3c, the user requests

an explanation for the recommendation. If the explanation is unsatisfactory, the

user may ask for further details, initiating an iterative process. This loop continues

until the user either accepts the recommendation or requests a new one. The

protocol supports “zooming” explanations, where the agent adjusts the granularity

of the explanation. For example, the agent may first provide local explanations,

describing how the specific recommendation was generated. Subsequently, it may

offer global explanations, detailing the general logic behind its recommendations.

The agent can also switch between textual and visual explanations to enhance
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Query(Q)

Recommendation (Q, R)

Accept (Q, R)

(a) Quick accept: the user accepts
the recommendation without asking
for explanations.

Query(Q)

Recommendation (Q, R)

Collision(Q, R, F)

Disapprove(Q, R, M)

loop

(b) Quick retry: the user rejects the
recommendation without asking for
explanations. Another recommenda-
tion is proposed, accordingly.

Query(Q)

Recommendation (Q, R)

Why? (Q, R)

MoreDetails(Q, R, E)
loop

Unclear(Q,R,E)

Accept(Q,R,E)

Collision(Q,R,E,F)

Disapprove(Q,R,E, F)

Reccommendation (R')

[Why, Unclear]

[Collision, Disapprove]

(c) Ordinary explanation loop: the
user asks ‘why’ after a recommenda-
tion, and then agent answers with fur-
ther details. The request for details
may be repeated several times.

Query(Q)

Recommendation (Q, R)

Why Not? (Q, R, R')

Comparison(Q, R, R', E)
loop

Accept(Q,R,E)

Prefer Alternative (R')

[Prefer Alternative]
Invalid Alternative (R')

Override (R')

[Why Not?, Override]

(d) Contrastive explanation loop: the
user asks ‘why not’ another recommen-
dation. The agent may then explain
why the other recommendation is ac-
ceptable or invalid. The user may ei-
ther accept the original recommenda-
tion or prefer their own.

Figure 7.3: Sequence diagrams describing most common scenarios of the protocol.
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clarity. Consider a user who requests a restaurant recommendation. The agent

suggests an Asian restaurant with a high rating and proximity to the user. If the

user asks for an explanation, the agent may state that the restaurant matches the

user’s taste for sushi and is within 1 km. If further details are requested, the agent

may explain its general recommendation strategy, such as prioritizing highly rated

restaurants within a certain distance.

Contrastive explanation loop Lastly, in Figure 7.3d, the user requests a con-

trastive explanation, comparing the given recommendation R with an alternative

R′. If R′ is valid, the agent provides a comparison, highlighting why one rec-

ommendation is preferable. If R′ is invalid, the agent explains why it cannot be

recommended. The user may then accept the original recommendation, prefer the

alternative, or override the agent’s decision. For example, if the agent recommends

an Asian restaurant, but the user prefers a steakhouse, the agent may compare the

two options. If the steakhouse aligns with the user’s dietary goals, the agent may

note that the Asian restaurant is closer. If the steakhouse violates dietary goals,

the agent explains this conflict. In either case, the user decides whether to accept

the original recommendation or override it. The agent learns from overrides to

refine future recommendations.

7.2.4.2 Which sorts of explanations and recommendations?

The proposed explanation protocol is agnostic regarding the specific representation

of explanations and recommendations. It is the responsibility of the implementer

to define how explanations and recommendations are represented and computed.

The protocol only specifies when these elements should be computed.

RSs typically rely on one or more ML predictors trained on user data. Whether

the training of these predictors is performed by the recommender agent or if the

agent is equipped with pre-trained predictors at deployment is an implementation

detail. In either case, the recommender agent must have access to user profile in-

formation. This information can be obtained during an initial configuration phase

or inferred from user interactions, such as accepted or rejected recommendations.

To support dynamic learning, the agent should include a learning algorithm capa-

ble of updating the predictors when new user data becomes available. From this
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perspective, the explainer agent acts as a proxy for the ML predictor(s).

Explanations, however, are not necessarily derived from ML predictors. The

XAI literature offers a wide range of approaches for generating explanations, in-

cluding visual, textual, and numerical methods [Arr+20; Gui+19; Cia+24]. The

explainer agent must not only wrap the ML predictor(s) but also encapsulate the

logic for computing and representing explanations.

A critical challenge arises when recommendations and explanations use differ-

ent representation formats, such as textual and visual. In such cases, the explainer

agent must bridge the gap by providing a unified representation of both the recom-

mendation and its explanation. To address this, designers may consider adopting

computational logic as a unifying framework for recommendations and explana-

tions. In computational logic, both knowledge bases and queries are represented as

logic formulas. These formulas can be used to represent recommendation requests,

solutions, and explanations.

For example, a recommendation query can be expressed as the logic goal:

should eat(Food, lunch),

where Food is a logic variable representing an unknown value. Recommendations,

such as R,R′, R′′, correspond to logic solutions, e.g., Food = paella. Explanations

E,E ′, E ′′ can take various forms:

• Local explanations: The path in the proof tree computed by the explainer

agent to derive the recommendation.

• Global explanations: The logic program used by the explainer agent to

generate the recommendation.

• Contrastive explanations: Metrics comparing multiple recommendations

or identifying constraints that make certain recommendations invalid.

• Combinations: Any combination of the above types.

User features, such as F, F ′, F ′′, may include raw facts describing the user,

e.g., age(31), goal(lose weight), or category(vegetarian). Motivations for

disapproval can include predefined facts, such as:

• dislike: The user dislikes the recommendation, prompting the agent to
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Figure 7.4: Modular architecture of PyXMas. The library provides parametric be-
haviours that can be customized by implementing specific components. If the explainee
agent is human, a UX component may be required to facilitate interaction via a device.

learn from this feedback.

• not now: The user does not want the recommendation at the moment, but

may accept it in the future. In this case, the agent should not memorize the

rejection.

7.2.5 From theory to practice with PyXMas

This section describes how the proposed protocol can be implemented as agent-

oriented software. We introduce PyXMas4, a Python library for explainable

multi-agent systems (MASs). The library is built on Spade and provides reusable

implementations of the protocol described in Section 7.2.4. This allows researchers

and developers to focus on designing recommender and explainer agents, as well

as defining the representation of recommendations and explanations, without re-

implementing the protocol.

7.2.5.1 PyXMas Architecture

Figure 7.4 illustrates the modular architecture of PyXMas. The library defines

two main behaviours: (i) the initiator, responsible for sending recommendation

queries and processing responses, and (ii) the responder, responsible for comput-

ing and returning recommendations and explanations. The initiator behaviour is

designed for the explainee agent, while the responder behaviour is intended for

4https://github.com/pikalab-unibo/pyxmas
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the explainer agent. Both behaviours are parametric, allowing users to customize

their functionality by implementing specific components.

Explainer agent The explainer agent requires the following components:

• Recommendation strategy: Computes recommendations based on user

queries, preferences, and goals (e.g., “vegetarian” or “weight loss”). The

strategy can adapt over time by learning from user feedback.

• Explanation strategy: Generates explanations for recommendations,

leveraging user profiles and domain knowledge (e.g., “ingredient X is plant-

based”).

• User profiler: Learns user preferences from feedback using heuristic or

ML-based methods. This enables the agent to refine recommendations and

explanations dynamically.

• Interaction strategy: Manages how recommendations and explanations

are presented to the explainee. For example, a humanoid robot may use

gestures or facial expressions to enhance interaction.

The explainer agent stores two types of data: (i) user profile data, and (ii) domain

knowledge. These are maintained in dedicated data stores and updated as needed.

Explainee agent The explainee agent requires the following components:

• Query provider: Generates queries based on the explainee’s goals.

• Recommendation evaluator: Assesses recommendations and decides

whether to accept or reject them.

• Explanation evaluator: Evaluates explanations and influences the recom-

mendation evaluator accordingly.

If the explainee is a human user, the agent acts as a proxy, mediating interactions

via a user interface (UI) on a device (e.g., a smartphone). In this case, a user

experience (UX) component is required to manage the UI, process user inputs,

and present recommendations and explanations.
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data

Serializable

parse(input)
serialize(): str

QueryRecommendation

Explanation

Motivation Feature

Figure 7.5: Abstract classes for message payloads in PyXMas.

7.2.5.2 PyXMas design

PyXMas is a Python library designed for developing explainable MASs. It pro-

vides:

• Abstract classes for the (de)serialization of message payloads exchanged be-

tween the explainer and explainee agents (see Figure 7.5).

• Abstract classes defining the initiator and responder behaviors.

These abstract classes allow developers to extend and customize their functionality

by overriding specific methods. This flexibility enables the creation of tailored

explainable MASs.

Data types for message payloads As illustrated in Figure 7.5, PyXMas pro-

vides five abstract classes corresponding to the data types defined in Section 7.2.4.

These classes enforce serialization, ensuring that data can be converted to and from

strings. This is essential for enabling communication between the explainer and

explainee agents over the network. Developers can define custom representations

for queries, recommendations, explanations, and other data types by extending
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these abstract classes. The only requirement is that the serialized data must be

both machine- and human-readable.

Predefined behaviors PyXMas provides two abstract classes for the protocol

roles:

• The initiator, which represents the explainee agent.

• The responder, which represents the explainer agent.

These behaviors are implemented as finite-state machines (FSMs) using Spade.

Each state corresponds to a specific action, such as waiting for a message or pro-

cessing a response. Figure 7.6 illustrates the state diagrams for the initiator and

responder behaviors. On the initiator side, developers can override callbacks to

control:

• Query generation.

• Evaluation of recommendations and decisions to accept or reject them.

• Evaluation of explanations and their influence on recommendation accep-

tance.

On the responder side, developers can override callbacks to control:

• Recommendation generation.

• Explanation generation.

• Handling of accepted or rejected recommendations.

This design ensures that PyXMas can be adapted to various application domains

while maintaining a clear and modular structure.

7.3 NeSy AI for supporting Chronic disease di-

agnosis and monitoring

7.3.1 Motivations and background

Telemedicine platforms are increasingly used for personal assistance, enabling pa-

tients to share their symptoms, medical history, and diagnostic data, such as medi-

cal images, lab results, or vital signs. These platforms often leverage AI data-driven
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Figure 7.6: State diagrams describing the initiator and responder behaviors in PyX-
Mas.
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models [HH23; Raj+22]. While promising, accurate disease monitoring and diag-

nosis require more than identifying patterns in data. The integration of AI into

clinical practice remains limited due to several challenges. First, the performance

of AI models is often suboptimal, primarily due to insufficient dataset sizes for ef-

fectively training ML algorithms [BDM20]. Second, even high-performing AI mod-

els frequently operate as black boxes, making their outputs difficult to interpret.

This lack of transparency hinders adoption in clinical settings, where healthcare

professionals require interpretable outputs to make informed decisions [Ali+23].

Traditional clinical protocols, while validated and robust, also exhibit limitations.

They often fail to classify all clinical cases, leaving certain scenarios unresolved.

Additionally, these protocols do not leverage data analytics, which could uncover

hidden patterns and provide valuable insights for decision-making.

Combining data-driven and knowledge-based models has been identified as

a promising solution to enhance ML performance and improve explainabil-

ity [Rüd+23]. This work focuses on NeSy AI, specifically SKI [Cia+24]. Among

the various SKI methods, we evaluate the LTN approach [Bad+22]. The potential

of this approach is demonstrated using the Pima Indians diabetes (PID) dataset

for diabetes prediction [Smi+88]. We compare its performance against classical

ML models, including k-nearest neighbor (KNN), logistic regression (LR), DT,

RF, and an uneducated MLP. Performance is evaluated based on criteria such as

classification accuracy and robustness.

Results indicate that classical ML models struggle to achieve consistent perfor-

mance. In contrast, injecting domain knowledge into neural networks via the LTN

method significantly improves clinically relevant metrics, such as recall, balanced

accuracy, F1 score, and Matthews Correlation Coefficient [Mat75]. Moreover, LTN

enhances adherence to clinical knowledge, a critical requirement in the medical do-

main. It also demonstrates high robustness against data manipulation, including

noise injection, data dropping, and label flipping.

7.3.2 Knowledge integration in medicine

The integration of medical knowledge into ML pipelines can occur at various

stages [Rüd+23; KKK23].
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• Data pre-processing: Errors in datasets can be mitigated by removing

anomalous samples based on clinical norms. Virtual samples adhering to

medical knowledge can be generated to address insufficient or missing data.

• Feature engineering: Novel features can be derived using mathematical

or logical models informed by medical knowledge. Feature selection can also

be guided by prior knowledge.

• Model learning: Rules can be incorporated into the model’s loss function

or architecture.

• Output evaluation: ML outputs can be integrated with clinical guidelines

to filter predictions or verify consistency with domain knowledge.

While these strategies are promising, they often do not reference the SKI frame-

work or its complementary SKE paradigm [Cia+24]. These paradigms have proven

effective in other domains and hold potential for healthcare applications. Prelimi-

nary experiments [SM24] suggest that further evaluation of SKI methods, such as

LTN, is warranted.

7.3.3 Materials and methods

In this study, we utilize the PID dataset 5, a widely recognized benchmark

in medical-related ML research [KMJ11; Cha+23]. We focus on the LTN ap-

proach [Bad+22], a SKI method that combines structuring and constraining in-

jection strategies. This section details the dataset, the LTN methodology, and the

metrics used to evaluate the impact of SKI on predictive performance and QoS

aspects.

7.3.3.1 Dataset and knowledge

The PID dataset consists of 768 medical profiles of women aged 21 and above who

underwent an oral glucose tolerance test. The dataset includes features such as

glucose and insulin concentrations, blood pressure (BP), skin thickness (ST), body

mass index (BMI), diabetes pedigree function, number of pregnancies, and age.

5https://www.kaggle.com/datasets/uciml/pima-indians-diabetes-database
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The target variable is binary, indicating whether diabetes was diagnosed within

five years.

Missing values are present in several attributes, including insulin (48.70%), ST

(29.56%), BP (4.55%), BMI (1.43%), and glucose (0.65%). These missing values

were imputed using the median value of the respective attribute. The dataset is

imbalanced, with 65.1% of instances labeled as negative and 34.9% as positive.

Public health guidelines on type-2 diabetes risks indicate that individuals with

a high BMI (≥ 30) and high blood glucose levels (≥ 126) are at severe risk for

diabetes. Conversely, individuals with a normal BMI (≤ 25) and low blood glucose

levels (≤ 100) are less likely to develop diabetes. These guidelines are encoded into

logic formulas as follows:

∀x. (glucose(x) ≥ 125 ∧ bmi(x) ≥ 30→ Diabetic(x)), (7.4)

∀x. (glucose(x) ≤ 100 ∧ bmi(x) ≤ 25→ ¬Diabetic(x)). (7.5)

7.3.3.2 Logic tensor network for SKI

The LTN framework [Bad+22] extends FOL with fuzzy semantics, where formulas

are interpreted as continuous truth values in the interval [0, 1]. This allows the

definition of logic rules that are not strictly true or false but partially true, with

predicates computed by neural networks.

In this study, we use LTN to inject the knowledge encoded in Equations (7.4)

and (7.5). The predicate Diabetic(x) is modeled as a neural predicate backed by

a feed-forward NN with three hidden layers. The NN outputs a real number in

[0, 1], representing the truth value of Diabetic(x) for an input x ∈ R8.

The training process maximizes the truth value of the logic formulas while

considering the available data. This is achieved by minimizing a loss function

that penalizes violations of the injected knowledge. The predicates glucose(x)

and bmi(x) are grounded to the actual values in the dataset, while the following

dummy formulas are added to supervise the training:

∀x. (outcome(x) = diabetes→ Diabetic(x)), (7.6)

∀x. (outcome(x) = healthy→ ¬Diabetic(x)). (7.7)
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7.3.3.3 Evaluation Metrics

To assess the impact of SKI, we evaluate both predictive performance and QoS

metrics.

Performance metrics Predictive performance is evaluated using standard met-

rics for binary classification, including accuracy, precision, recall, F1-score, bal-

anced accuracy (BA), and the Matthews correlation coefficient (MCC).

Logic adherence Inspired by fidelity metrics in the SKE framework [Cia+24],

we propose a metric to assess adherence to clinical rules. For each rule, we create

a test set of instances satisfying the rule, assign labels based on the rule, and

compute the model’s accuracy on this subset.

Quality of service QoS metrics evaluate non-functional aspects such as ro-

bustness and complexity. This study focuses on robustness to data degradation,

which occurs when input data is noisy, incomplete, or biased. Robustness is quan-

tified using a reproducible procedure where training data is perturbed, and the

model’s performance is evaluated on the perturbed data [Agi+23]. The robust-

ness score ρN,D(D) of a predictor N trained on D is defined in Equation (5.10).

The robustness gain RN,D(I) of an injection mechanism I is computed as shown

in Equation (5.11). A value RN,D(I) > 1 indicates improved robustness, while

RN,D(I) < 1 indicates reduced robustness.

7.3.3.4 Experimental design

The experiments are designed to evaluate the impact of the LTN approach on

the performance of ML models in a clinical context. The implementation of LTN

used in this study is publicly available6, along with the code for replicating the

experiments. The evaluation focuses on three main aspects:

1. The predictive performance of ML models, with particular attention to recall

and F1-score, given the medical domain’s sensitivity to false negatives.

6https://github.com/pikalab-unibo/experiments-ltn-2024
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2. The adherence of ML models to established medical protocols, assessing

whether the educated model aligns more closely with the injected knowledge

compared to the uneducated one.

3. The robustness of ML models to data degradation, analyzing whether the

performance of the educated model degrades less than that of the uneducated

model under perturbed data.

To ensure a fair comparison, a grid search is performed to optimize the hyperpa-

rameters of all models. The best hyperparameters for the baseline models are as

follows:

• KNN: k = 7, L1 distance.

• DT: Entropy as the split criterion, maximum depth of 10.

• RF: 50 trees, maximum depth of 20, entropy as the criterion, and a minimum

of 5 samples per leaf.

• LR: Regularization parameter of 10, maximum iterations of 1,000, and

liblinear as the solver.

The uneducated MLP and the educated LTN models share the same feedforward

NN architecture:

• An input layer with 8 neurons, one for each feature in the dataset, using the

leaky rectified linear unit (LeakyReLU) [MHN+13] activation function and

batch normalization.

• Three hidden layers with 256, 128, and 64 neurons, respectively, each using

LeakyReLU and batch normalization.

• An output layer with a single neuron and a sigmoid activation function.

The training of the LTN model consists of two phases. First, the uneducated

model is trained for 50 epochs using the Adam optimizer with a learning rate of

10−4, weight decay of 10−4, a batch size of 32, and a binary cross-entropy loss

function. An early stopping criterion is applied, with a patience of 5 epochs. Sec-

ond, the knowledge is injected, and the model is fine-tuned for 200 epochs using

the same early stopping criterion but with a reduced learning rate of 10−6. All

models are evaluated using multiple runs of a 50–50 train-test split, with perfor-

mance metrics averaged over 50 runs. Statistical significance is assessed using the
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Model Accuracy Precision Recall F1 Score Balanced Accuracy MCC
KNN 0.738 ± 0.02 0.636 ± 0.03 0.583 ± 0.05 0.607 ± 0.03 0.702 ± 0.02 0.413 ± 0.05
DT 0.697 ± 0.02 0.565 ± 0.03 0.580 ± 0.05 0.571 ± 0.03 0.670 ± 0.02 0.339 ± 0.05
RF 0.758 ± 0.02 0.677 ± 0.03 0.592 ± 0.05 0.630 ± 0.03 0.720 ± 0.02 0.456 ± 0.04
LR 0.763 ± 0.02 0.702 ± 0.04 0.560 ± 0.04 0.622 ± 0.03 0.716 ± 0.02 0.460 ± 0.04
MLP 0.754 ± 0.02 0.644 ± 0.03 0.665 ± 0.05 0.653 ± 0.03 0.733 ± 0.02 0.464 ± 0.04
LTN 0.747 ± 0.02 0.620 ± 0.03 0.725 ± 0.05 0.666 ± 0.02 0.742 ± 0.02 0.471 ± 0.03

Table 7.4: Performance metrics (mean ± std) for ML models. The best scores are
highlighted in bold. According to the Wilcoxon signed-rank test with p-value=0.05, the
LTN model outperforms all other models in terms of Recall, F1 Score, and Balanced
Accuracy.

Wilcoxon signed-rank test with a significance level of 0.05. To evaluate robustness,

the experiments include multiple runs with different types and magnitudes of data

perturbations. The perturbations include noise addition, sample drop, and label

flipping, following the methodology in [Agi+23]. The noise magnitude µ ranges

from 0.1 to 1.0 in steps of 0.1, while the percentages of sample drop and label

flipping vary from 0 to 0.9 in steps of 0.1.

7.3.4 Results and discussion

We now present and discuss the results obtained for predictive performance met-

rics, logical adherence, and robustness.

7.3.4.1 Performance metrics

The performance metrics are summarized in Table 7.4. While LR achieves the

highest accuracy, this metric is less reliable for imbalanced datasets. In this study,

the minority class, representing diabetic instances, is the primary focus. The

LTN model achieves the highest scores in balanced accuracy, F1-score, and MCC.

These metrics are more suitable for evaluating clinical models as they account

for class imbalance. The LTN also achieves the highest recall value of 0.725,

which is critical in clinical settings. Recall measures the proportion of diabetic

patients correctly identified, minimizing false negatives. False negatives can lead

to missed diagnoses and untreated conditions, which are particularly problematic

in healthcare. In contrast, KNN and DT achieve recall values of 0.583 and 0.580,

respectively, indicating their limited ability to detect positive cases. LR achieves a
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Model Rule 1 Rule 2
KNN 70.8 ± 4.8 100.0 ± 0.0
DT 66.5 ± 6.3 97.0 ± 4.8
RF 76.6 ± 5.1 100.0 ± 0.0
LR 75.0 ± 4.2 100.0 ± 0.0
MLP 82.0 ± 5.8 100.0 ± 0.0
LTN 87.4 ± 5.2 100.0 ± 0.0

Table 7.5: Logic adherence results for Equation (7.4) and Equation (7.5) (mean ± std)
across various models.

recall of 0.560, while RF slightly improves with a recall of 0.592. Although the MLP

shows some improvement with a recall of 0.66, the injection of domain knowledge

via the LTN yields a significant performance boost. Precision, while highest for

LR, is less emphasized in clinical contexts, as false positives typically lead to follow-

up testing with minimal consequences. These results highlight the limitations of

classical ML models in achieving sufficient recall for clinical deployment. The

superior recall of the LTN can be attributed to its incorporation of logic formulas,

which effectively utilize background knowledge. By grounding predictions in logical

structures, the LTN identifies patterns that simpler models may overlook.

7.3.4.2 Logical adherence

In clinical applications, models must not only make accurate predictions but also

align with established medical protocols. Adherence to clinical guidelines enhances

trust and reliability, increasing the likelihood of adoption in practice. The logical

adherence results are presented in Table 7.5. All models, except for DT, fully com-

ply with the second rule, which classifies healthy patients. However, the primary

focus is on adherence to the first rule, which identifies diabetic patients. The MLP

achieves 82% adherence to the first rule, outperforming classical ML models such

as RF, which achieves 76%. The LTN further improves adherence, achieving 87%.

These results confirm that injecting domain knowledge through the LTN modifies

the model’s structure, aligning it more closely with medical knowledge and clinical

protocols.
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Figure 7.7: Robustness analysis under noise injection, label flipping, and data drop-
ping. The LTN demonstrates superior robustness across all metrics compared to other
models.

7.3.4.3 Robustness analysis

Robustness refers to the model’s ability to maintain performance under data per-

turbations, such as noise, missing data, or label flipping. This evaluation is critical

in clinical settings, where data collection is often noisy or incomplete. The robust-

ness results are illustrated in Figure 7.7. Under noise injection, the LTN demon-

strates the most stable performance across MCC, balanced accuracy, F1-score, and

recall. Performance declines significantly only at noise levels above 0.5, which are

uncommon in clinical environments. For label flipping, the LTN shows resilience

up to a flipping rate of 0.6, with recall remaining virtually unchanged. A notable

drop is observed only at a flipping rate of 0.7, which is rare in practice. In the

case of data dropping, all models maintain stable performance up to a drop rate of
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0.8. However, the LTN uniquely preserves recall, highlighting its ability to recover

positive cases even with missing data. These findings underscore the advantages

of knowledge injection via the LTN, which enhances robustness in complex clinical

data scenarios.

7.4 Applying RAG on open LLMs for a medical

chatbot supporting hypertensive patients

In this section, we report the contribution of the paper “Applying Retrieval-

Augmented Generation on Open LLMs for a Medical Chatbot Supporting Hy-

pertensive Patients”, presented at the 3rd Workshop on Artificial Intelligence for

Healthcare (HC@AIxIA 2024), co-located with the 23rd International Conference

of the Italian Association for Artificial Intelligence (AIxIA 2024) [Agu+24]. The

paper explores the use of retrieval-augmented generation (RAG) with open-source

large language models to develop a medical chatbot for supporting hypertensive

patients. By integrating external, domain-specific medical knowledge into the

generation process, the proposed approach aims to improve factual accuracy and

reduce hallucinations. The study provides empirical evidence on the feasibility

of RAG-based architectures for safe and reliable patient-oriented digital health

applications.

7.4.1 Motivations and background

Managing chronic diseases, such as hypertension, poses significant challenges for

both healthcare systems and patients. These conditions require continuous mon-

itoring, lifestyle adjustments, and often lead to substantial healthcare costs. Fre-

quent interactions with healthcare professionals can result in long wait times and

limited accessibility for patients. To address these issues, we propose the develop-

ment of a chatbot to support patients in the self-management of chronic conditions,

with a specific focus on hypertension. The chatbot aims to empower hyperten-

sive patients by providing timely, accurate, and empathetic guidance, particularly

for acquiring vital signs and maintaining a healthy lifestyle [Mon+24; Mon+23].

Two critical requirements emerge for such a system. First, the interaction must
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be empathetic to ensure patient engagement and motivation. Second, the chatbot

must provide highly accurate information, as no healthcare professional mediates

the conversation. Additionally, the system must comply with data privacy regu-

lations, precluding the use of third-party systems for NLP and natural language

generation (NLG).

Given these requirements, we consider LLMs as the core technology for the

chatbot. LLMs have demonstrated the ability to generate trustworthy, reliable,

and empathetic text, making them suitable for this application. For instance,

studies have shown that patients often prefer responses generated by LLMs over

those from physicians in online forums, rating the chatbot’s quality and empathy

higher [Aye+23]. To avoid reliance on proprietary third-party services, we focus

on open LLMs, including both domain-specific and general-purpose models. To

enhance their performance, we integrate RAG techniques [Lew+20]. RAG enriches

the LLM with symbolic knowledge, which aligns with the definition of SKI pro-

vided by [Cia+24]. Unlike traditional SKI methods that rely on logic rules, RAG

incorporates symbolic knowledge in the form of free text, enabling the LLM to

generate contextually relevant and precise responses.

The RAG approach involves constructing a knowledge base – usually stored in

a vectorial data base – from data provided by medical professionals and enrich-

ing it with retrieval techniques. This allows for a comprehensive comparison of

retrieval strategies and LLMs, both specialized and general-purpose. Our findings

demonstrate that RAG significantly improves model performance, often surpassing

specialized models in most tested cases.

7.4.1.1 Applications of LLMs in healthcare

The adoption of LLMs in healthcare has grown exponentially, with applications

spanning patient care, research, and education. In patient care, LLMs-based chat-

bots can assist healthcare professionals by abstracting key results from literature,

detecting medical errors, and supporting clinical decisions. For patients, these

chatbots can provide trustworthy and empathetic answers, resembling a dialogue

with a physician, and proactively suggest actions based on tracked activities and

vital signs. In research, LLMs can automate tasks such as data analysis, summa-
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rization, and literature search. In education, they can serve as interactive tutors,

providing teaching material and demonstrating strong performance in medical ex-

aminations.

7.4.1.2 Challenges and techniques

Three key requirements must be addressed for deploying LLMs in healthcare. First,

ethical concerns, including privacy and security risks, must be mitigated [Li+23].

Second, the system must be reliable, avoiding hallucinations and ensuring accu-

racy [HR24]. Third, the chatbot must communicate empathetically, motivating

patients and providing real-time support [Aye+23]. To meet these requirements,

open-source LLMs are preferred, as they allow local deployment and direct access

to model weights. However, open models may generate irrelevant or incomplete

content, undermining trust and compliance. To address these limitations, two pri-

mary techniques are recommended: RAG and fine-tuning. While fine-tuning aligns

models with domain-specific datasets, RAG dynamically updates the knowledge

base, ensuring relevance to recent information.

7.4.1.3 RAG in the medical domain

RAG represents an innovative integration of information retrieval and generative

models, enabling access to a medical knowledge base for generating precise and

contextually relevant responses. This approach enhances the safety and effective-

ness of LLMs in healthcare, where accuracy and specificity directly impact patient

care quality. For example, RAG has been used to improve LLMs in digestive

diseases [Giu+24] and Hepatitis C management [Kre+24], outperforming baseline

models in delivering guideline-specific recommendations. However, implementing

RAG in healthcare requires tailoring solutions to local needs, considering factors

such as demographics, resources, and cultural practices. This flexibility necessi-

tates a modular and configurable architecture.

7.4.1.4 Fine-tuning in the medical domain

Fine-tuning has demonstrated impressive results in specialized medical do-

mains [Mah+24]. For instance, Wang et al. [Wan+24] fine-tuned the Llama 2
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model using clinical concepts from standardized vocabularies, such as the Human

Phenotype Ontology (HPO), to address underdiagnosis and misdiagnosis. How-

ever, due to the limited dataset size in this study, we focus on RAG, which allows

dynamic updates to the knowledge base, ensuring the model remains relevant with

recent information.

7.4.2 Materials and methods

7.4.2.1 Fine-tuning

LLMs are initially pre-trained on large, general-purpose text corpora to predict

the next token in a sequence. This process equips the model with a broad un-

derstanding of language and serves as a foundation for fine-tuning. Fine-tuning

involves further training the model on smaller, domain-specific datasets to adapt it

to specific tasks or fields. This approach is computationally efficient as it leverages

the model’s pre-existing knowledge while refining it for specialized applications.

Full fine-tuning updates all the model’s parameters to optimize its performance

for a specific task. While effective, this method is resource-intensive, requiring

significant computational power and memory.

Parameter-efficient fine-tuning (PEFT) updates only a subset of the model’s

parameters, freezing the rest. This reduces memory requirements while retaining

the model’s general linguistic knowledge. Techniques such as low-rank adaptation

(LoRA) and quantized LoRA (QLoRA) further minimize resource usage by refin-

ing smaller weight matrices and lowering the precision of adapter weights [Hu+22;

Det+23]. By selecting the appropriate fine-tuning method, models can be opti-

mized for specific use cases while minimizing resource consumption.

7.4.2.2 RAG

Traditionally, LLMs generate responses based solely on patterns and information

learned during pre-training. This limitation often results in responses lacking

depth or specific knowledge. RAG addresses this by integrating external data

during the response generation process.

The RAG framework consists of two main phases:
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Figure 7.8: RAG architecture. The retriever identifies relevant information from a
knowledge base, which the generator uses to produce a contextually appropriate re-
sponse.

1. Retrieving relevant information from a large dataset or knowledge base in

response to a query.

2. Using the retrieved information to guide the generation of the response.

This enables software agents, such as chatbots, to provide accurate and context-

specific answers by supplementing the model’s internal knowledge with external

information, such as private documentation or databases.

The retriever component identifies relevant information by splitting documents

into smaller fragments (chunks) and converting these chunks into embedding vec-

tors. These vectors are stored in an indexed knowledge base for efficient retrieval.

When a query is processed, the system generates a query vector and matches it

with stored document vectors using vector similarity techniques. Sparse embed-

dings, such as those based on TF-IDF or BM25 [LRU14; RZ09], rely on keyword

matches but may struggle with synonyms and semantic meaning. Dense embed-

dings, generated by models like bidirectional encoder representations from trans-

formers (BERT), capture deeper semantic relationships, enabling retrieval based

on meaning rather than exact words [Dev+19]. Hybrid approaches combine both

methods to balance speed and semantic depth. The generator component, a LLM,
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produces the final text response. Figure 7.8 illustrates the RAG architecture,

highlighting the interaction between the retriever and generator components.

7.4.2.3 RAG vs. fine-tuning

RAG and fine-tuning represent distinct approaches to enhancing LLMs, each with

unique advantages.

• Knowledge integration vs. task specialization: RAG integrates ex-

ternal knowledge dynamically, enhancing versatility and ensuring up-to-date

information. Fine-tuning specializes the model for specific tasks, improving

task-specific accuracy.

• Dynamic vs. static learning: RAG allows dynamic access to external

data, while fine-tuning updates the model based on a static training cycle.

• Generalization vs. customization: RAG preserves the model’s general-

ity, making it adaptable across tasks, whereas fine-tuning tailors the model

for specific use cases.

• Resource demands: RAG requires runtime retrieval mechanisms, while

fine-tuning is resource-intensive during training but efficient during deploy-

ment.

7.4.2.4 Chosen approach

This study employs RAG techniques to enhance the performance of open LLMs

for developing a chatbot supporting hypertensive patients. RAG was chosen over

fine-tuning for several reasons:

• It dynamically integrates external data, allowing the system to adapt to

diverse contexts and provide accurate information.

• Fine-tuning requires extensive computational resources, which are currently

unavailable.

• RAG mitigates issues such as model drift, hallucinations, and biases that

can arise during fine-tuning.

Retrieval strategies Three retrieval strategies were tested:
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Model Description
Llama3.1 A general-purpose LLM based on the Llama3 architecture

with 8B parameters, trained on a diverse range of text
data [Gra+24].

Llama3.1-Medical A medical-domain-specific version of Llama3.1, fine-tuned
on medical data to enhance its performance in healthcare
applications: https://ollama.com/qordmlwls/llama3.

1-medical.
Qwen2 A general-purpose LLM with 7B parameters, trained on

29 different languages to improve cross-lingual perfor-
mance [Yan+24].

Qwen2-Medical A medical-domain-specific version of Qwen2, fine-tuned
on medical data to improve its performance in healthcare
tasks: https://ollama.com/echelonify/med-qwen2.

Mistral-Nemo A 12B parameter model with a large context window
(128K tokens) developed by Nvidia: https://ollama.

com/library/mistral-nemo.
Phi3 A relatively small LLM with 3B parameters, trained by

Microsoft on filtered high-quality data [Abd+24].
Gemma2 A 9B parameter model based on Deepmind Gemini devel-

oped by Google [Ta24].

Table 7.6: Evaluated LLM for our study.
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• Base retriever: Retrieves information based on vector similarity using max-

imum marginal relevance [CG98].

• Multi-query retriever: Enhances diversity and relevance by generating

multiple queries with a LLM and retrieving relevant chunks for each query.

• Ensemble retriever: Combines outputs from multiple retrievers, such as

the base retriever and BM25, using reciprocal rank fusion [CCB09].

The dataset used for RAG consists of 1,473 question-answer pairs extracted

from medical consultations. The questions cover topics related to hypertension,

including symptoms, causes, treatments, and lifestyle recommendations. All an-

swers, written in Italian, were reviewed by medical professionals to ensure accuracy

and relevance.

The evaluated LLMs include both general-purpose models (e.g., Llama 3.1,

Qwen2, Mistral Nemo) and medical-domain-specific models (e.g., Llama 3.1-

Medical, Qwen2-Medical). Further details are provided in Table 7.6.

7.4.3 Evaluation

7.4.3.1 Experimental setup

We evaluated the effectiveness of various RAG techniques using the RAGAS frame-

work7. This framework provides a comprehensive suite of metrics for assessing

retrieval and generation aspects of LLM-based systems. Instead of partitioning

the dataset into training and test sets, we leveraged an external LLM (GPT-4o)

to generate a test set of 20 question-context-answer triplets. These triplets were

designed to maintain statistical relevance to the original dataset. We evaluated

a range of state-of-the-art open-source LLMs, both general-purpose and domain-

specific, with and without RAG. The evaluation employed the following prompt:

Medical system prompt

You are an AI medical assistant specializing in hypertension. Provide detailed and evidence-based answers,

using clear and accessible language. Always respect patient privacy, and if you are unsure of the answer,

state “I am not sure of the answer.” Base your response on the provided context to answer accurately.

Include current recommendations and explain medical concepts in an understandable way.

**Context:** context

7https://docs.ragas.io/en/stable/
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**Question:** question

In the case of RAG, the context was the retrieved information from the knowl-

edge base. Otherwise, the context was left empty.

7.4.3.2 Metrics

To evaluate the performance of the RAG systems, we employed three key metrics:

Answer Relevancy, Answer Correctness, and Faithfulness. These metrics were

computed using a reference LLM (GPT-4o) to analyze the quality of the generated

responses.

Answer relevancy This metric measures the alignment between the generated

response and the original question. It is computed as the cosine similarity between

the embedding of the original question, Eo, and the embeddings of the generated

responses, Egi , for i ∈ {1, . . . , N}:

Answer Relevancy =
1

N

N∑
i=1

cos(Egi , Eo) =
1

N

N∑
i=1

Egi · Eo
∥Egi∥∥Eo∥

. (7.8)

Higher values indicate greater relevance.

Answer correctness This metric, denoted as AC, evaluates the factual accu-

racy of a generated answer A with respect to a ground truth answer G. It combines

Factual Correctness (FC) and Semantic Similarity (SS), both ranging from 0 to

1:

AC = w1 · FC + w2 · SS, w1 + w2 = 1. (7.9)

The FC is computed using the F1-score:

FC =
|TP |

|TP |+ 0.5 · (|FP |+ |FN |) , (7.10)

where TP , FP , and FN represent true positives, false positives, and false neg-

atives, respectively. The SS is calculated as the cosine similarity between the

embeddings of A and G.
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Faithfulness This metric assesses the consistency of the generated answer A

with the provided context C. Let CA = {c1, c2, . . . , cn} be the set of claims in A.

The faithfulness score F is defined as:

F (A,C) =
|{ci ∈ CA | ci can be inferred from C}|

n
. (7.11)

Higher scores indicate greater factual consistency.

7.4.3.3 Results

Our experiments revealed that RAG-based systems consistently outperformed

plain LLMs in terms of Answer Relevancy and Answer Correctness as shown in

Figure 7.9. The performance boost was particularly significant for models trained

on medical data, with improvements of up to 20% in correctness and 40% in rele-

vancy.

Impact of retrieval strategies The choice of retrieval strategy significantly

influenced performance. As illustrated in Figure 7.10, each strategy exhibited

distinct strengths and weaknesses across the evaluation metrics. The Base retriever

excelled in correctness and faithfulness, while the Ensemble Retriever achieved

superior relevancy. The Multi-query retriever showed promise in relevancy but

struggled with correctness due to the inclusion of irrelevant information.

Domain-specific fine-tuning Specialized models, such as LlamaMed and

Qwen2-Med, outperformed their general-purpose counterparts in relevancy (up

to 5%) and correctness (up to 3%). However, RAG-augmented base models con-

sistently surpassed even specialized models without RAG, highlighting the advan-

tages of retrieval augmentation.

7.4.3.4 Discussion

The findings demonstrate the effectiveness of RAG as a robust tool for enhancing

open-source LLMs in the medical domain. By incorporating a verified knowledge

base, RAG significantly improves the accuracy and relevance of chatbot responses,

making it an optimal solution for supporting hypertensive patients. Even without
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large datasets for fine-tuning, RAG provides an efficient, out-of-the-box solution

for creating high-performance chatbots in specialized domains. Future work should

include human evaluation by medical professionals to assess clinical accuracy and

explore metrics for evaluating empathetic responses.
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(a) Answer Correctness

(b) Answer Relevancy

Figure 7.9: Performance comparison of RAG-based systems against plain LLM sys-
tems. (a) Answer Correctness, (b) Answer Relevancy. The results demonstrate that
RAG significantly enhances both answer correctness and relevancy across all tested mod-
els.
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Figure 7.10: Performance comparison of different retrieval strategies: (a) Base Re-
triever, (b) Ensemble Retriever, (c) MultiQuery Retriever. Each strategy demonstrates
strengths and weaknesses across various evaluation metrics, highlighting the need for
careful selection based on the specific task and model.
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Chapter 8

Autonomous learning systems

What if SKI and SKE methods are paired

together?

How to design autonomous learning sys-

tems exploiting SKI and SKE?

– RQ0, RQ3 and RQ4
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This is arguably the most important chapter of the thesis, the crucial moment

when all the bricks come together. We choose to place this chapter at towards

the end of the thesis mainly for two reasons. First of all, the works described

in this chapter build upon the concepts and previous contributions on NeSy AI,

presented in the rest of the thesis. Second, from a chronological perspective, these

works were carried out in the last part of the PhD and this thesis tries to follow a

logical and temporal order.

Here we present key contributions of the PhD towards the development of

autonomous learning systems exploiting SKI and SKE. In particular, we make use

of SKE to systematically extract symbolic knowledge from a trained sub-symbolic

model, and conversely, we exploit SKI to provide the sub-symbolic model with

relevant context information. This cycle between SKI and SKE is an early idea of

my PhD, and it is presented in Section 8.1.

The goal of autonomous learning systems is straightforward: to create systems

that can learn – and possibly adapt – independently, without requiring constant

human intervention. The knowledge that is learnt can be presented in many forms.

We discussed in details about the differences between symbolic and sub-symbolic

representations in Section 2.2 and also the many forms of symbolic knowledge

that can be used to represent knowledge, such as rules, ontologies, and knowl-

edge graphs Section 2.2.1. We believe that the knowledge learnt by autonomous

learning systems should be represented symbolically. The advantages of symbolic

representations are many, as we discussed in Section 2.2.1. Here, we recall the most

important ones: (i) interpretability: symbolic knowledge is human-readable, which

makes it easier to understand and verify; (ii) reasoning: symbolic knowledge can
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be used to perform logical reasoning; (iii) transferability: symbolic knowledge can

be easily transferred between different systems and domains, which makes it more

versatile; (iv) model compression: symbolic knowledge can be more compact than

sub-symbolic representations, which makes it more efficient; (v) model checking:

symbolic knowledge can be formally verified, which makes it more reliable.

On the other hand, sub-symbolic models have recently reached impressive per-

formance in many tasks, especially in NLP and NLG, thanks to the advent of

LLMs. Indeed, LLMs are de-facto the new drivers of AI. Their presence is already

ubiquitous, and they are used daily by millions of people. Many LLMs are so good

at understanding and generating natural language that they can be considered

as domain experts in many fields. Still, limitations exist, and the possibility to

generate hallucinations is always present.

In the following sections, we will present first the conceptual SKI-SKE loop,

and then two main contributions towards the development of autonomous learn-

ing systems. Both contributions exploit LLMs to generate or finetune symbolic

knowledge about specific domains.

8.1 Bridging symbolic and sub-symbolic AI

In the discussion paper “Bridging Symbolic and Sub-symbolic AI: Towards Co-

operative Transfer Learning in Multi-Agent Systems” [MCO22b] presented at the

22nd International Conference of the Italian Association for Artificial Intelligence

(AIxIA 2022), we introduced the ideas of a loop between SKI and SKE processes

in the context of MASs. For computational agents, algorithms exist to mimic basic

cognitive capabilities such as induction, communication, knowledge representation,

and reasoning. These capabilities are developed under the domains of symbolic

AI and ML. However, unlike humans, symbolic AI and ML algorithms are typ-

ically designed to solve specific tasks and do not inherently support interaction,

cooperation, or knowledge exchange.

This work proposes that ML-based intelligent systems can benefit from sym-

bolic knowledge exchange to enhance their learning capabilities [Cia+21; Omi20;

Cal+21]. We argue that symbolic knowledge exchange can play a crucial role in

enabling software agents to achieve the ability to learn to learn new tasks.
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We introduce two types of intelligent systems: cooperative learning (CoL) and

cooperative transfer learning (CoTL). CoL systems are MASs in which agents

can retrieve or provide knowledge about specific tasks to or from other agents.

This knowledge can be used during learning or inference. CoTL systems extend

CoL systems by enabling agents to acquire, exploit, and combine knowledge about

related tasks to learn novel tasks they were not explicitly designed for. Both

systems aim to mimic the learning processes of human societies, albeit to varying

extents. Agents in these systems collaborate by sharing symbolic and, potentially,

sub-symbolic knowledge about their tasks, similar to human interactions.

This chapter outlines a roadmap for leveraging knowledge representation and

sharing to achieve higher levels of artificial intelligence through CoL and CoTL

systems. We analyze the requirements of these systems in relation to the state of

the art and discuss their potential implementation.

8.1.1 Background

We assume the understanding of symbolic and sub-symbolic representations as

given, as these concepts have been extensively discussed in Sections 2.2 and 2.2.1

and throughout the thesis. Symbolic representations, characterized by their inter-

pretability and reasoning capabilities, contrast with sub-symbolic models, which

excel in pattern recognition and scalability. This duality forms the foundation

for the integration of these paradigms, which is central to the development of

autonomous learning systems.

8.1.1.1 Transfer vs. multi-task learning

A task in ML refers to any supervised learning problem. Transfer learning (TL)

enables a predictor P trained on a task T ′ to transfer knowledge K to another

predictor P ′ targeting a related task T . The primary goals of TL are to: (i) reduce

the data required to train P ′, (ii) accelerate training, and (iii) improve predictive

performance.

TL methods vary in what, how, and when to transfer knowledge [PY10]. Most

TL techniques focus on sub-symbolic knowledge transfer, such as reusing shallow

layers of a NN [Shi+16]. To date, no TL methods explicitly leverage symbolic
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knowledge transfer.

multi-task learning (MTL) extends TL by training multiple predictors

P1, . . . , Pm on a set of related tasks {T1, . . . , Tm} simultaneously [Car97]. This

approach allows each predictor to benefit from the knowledge shared across

tasks [ZY22]. Unlike TL, where knowledge flows in one direction, MTL facilitates

bidirectional knowledge transfer.

MTL techniques are classified based on whether they target homogeneous or

heterogeneous tasks [DK17]. Homogeneous tasks share the same input and output

attributes, differing only in data distribution. Heterogeneous tasks, on the other

hand, have distinct attributes with little or no overlap.

In MTL, determining task similarity remains an open challenge, particularly

for heterogeneous tasks. Empirical methods, such as testing performance improve-

ments with MTL, are often used to assess task relatedness.

8.1.2 Contributions

8.1.2.1 CoL

A CoL system is a MAS where agents can exchange knowledge about specific tasks.

This exchange includes both retrieving knowledge from other agents and providing

knowledge when requested. Symbolic knowledge sharing is particularly crucial, as

it enables effective agent-to-agent communication and transfer [Omi20].

To enable CoL, agents must possess the following capabilities:

1. learning from experience and adapting their behavior accordingly,

2. representing their internal behavior in a symbolic format,

3. updating their behavior based on symbolic specifications,

4. interacting with other agents to exchange symbolic knowledge.

Capabilities 2 and 3 are complementary. When combined with 4, they facilitate

cooperative learning through interaction. Capability 1 ensures that agents can

independently acquire new behaviors.

In practice, CoL systems often rely on sub-symbolic ML to support capability 1.

Each agent is typically equipped with an ML predictor to learn from local data.
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(a) Agent’s architecture for CoL. The agent is
equipped with a set of SKE and SKI methods
to manipulate knowledge, plus some functions
to pre/post-process knowledge.

(b) Agent’s architecture for CoTL. The agent is
equipped with a set of SKE and SKI methods to
manipulate knowledge, functions to pre/post-
process knowledge, plus a task space and re-
latedness functions to evaluate if two different
tasks are related. Each task in the task space T
is paired with its specific knowledge. For each
task the agent has at least one predictor. In the
example are represented the knowledge of four
tasks but they can come in arbitrary number.

Figure 8.1: Architectures for CoL and CoTL agents.

Since MASs often consist of heterogeneous agents with diverse purposes, multiple

types of predictors may coexist within the same system.

To support capability 4, agents must agree on a shared symbolic representation

for describing and exchanging behavioral specifications. SKE and SKI techniques

are instrumental in enabling capabilities 2 and 3, respectively.

Figure 8.1a illustrates the architecture of a CoL agent. Each agent is equipped

with one or more SKE and SKI algorithms to handle symbolic knowledge input and

output. When queried, an agent extracts symbolic knowledge from its internal ML

predictor using SKE and shares it with the requesting agent. The recipient agent

can then update its predictor by injecting the received knowledge using SKI. Pre-

and post-processing steps, such as pruning or merging formulas, may be applied

to regulate the transferred knowledge.

Key design considerations for CoL systems include: (i) selecting appropri-

ate formalisms for knowledge representation, and (ii) choosing suitable SKI/SKE

200 CHAPTER 8. AUTONOMOUS LEARNING SYSTEMS



8.1. BRIDGING SYMBOLIC AND SUB-SYMBOLIC AI

techniques based on the predictors’ knowledge representation. For (i), while FOL

offers high expressiveness, it may limit the availability of compatible techniques.

Less expressive logics, such as propositional logic, may also be considered for prac-

tical reasons.

Agents can be trained without prior knowledge. During training, they can

extract knowledge, combine it with knowledge from other agents, inject it back,

and continue training. This iterative process, known as the train-extract-fix-inject

cycle, improves the agent’s performance over time. With each cycle, the extracted

knowledge becomes increasingly accurate, as the predictor itself improves.

8.1.2.2 CoTL

A CoTL system extends CoL by enabling agents to leverage knowledge from related

tasks to learn novel tasks. The ultimate goal of CoTL systems is to enable agents

to “learn to learn.”

The concept of learning to learn builds on the definition of ML [Mit97] and

was introduced in [TP98]. Formally, given:

• a set of tasks T = {T1, . . . , Tn},
• trainable experience for each task E = {E1, . . . , En}, such as ML predictors

or symbolic knowledge bases, and

• a performance measure fi : T × E → R for each task,

an agent is capable of learning to learn if fi improves as a function of all items in

E and the number of tasks n.

Practical aspects of CoTL include determining when and how to transfer ex-

perience. For the ‘when,’ agents must autonomously compute task similarity, as

manual intervention is infeasible. Similarity measures, such as distance-based or

learning-based methods, can be employed [Car97].

For the ‘how,’ the approach depends on whether tasks are homogeneous or het-

erogeneous. Homogeneous tasks share input and output spaces but differ in data

distribution, allowing straightforward knowledge transfer. Heterogeneous tasks,

however, differ in both input and output features, requiring more complex strate-

gies.
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Consider two heterogeneous classification tasks T1 and T2 with knowledge bases

K1 and K2 composed of Horn clauses. Knowledge transfer can proceed as follows:

1. If a rule r ∈ K1 ∪K2 refers only to shared input features and classes, it can

be used as-is.

2. If r’s body refers to shared features but its head targets task-specific classes,

SKI techniques or class mappings may be required.

3. If r involves both shared and task-specific features:

(a) Relax the rule to include only shared features, then apply step 1.

(b) Map task-specific features between tasks [DK17], then apply step 1.

(c) If neither is possible, discard the rule.

This procedure can be adapted for other tasks, such as regression, and other

knowledge representations.

Figure 8.1b depicts the architecture of a CoTL agent. In addition to SKE and

SKI algorithms, CoTL agents require a task similarity function σ : T 2 → R≥0 to

evaluate task relatedness.

Another design consideration is the criterion for selecting knowledge from re-

lated tasks. For example, designers may use a threshold-based approach, selecting

knowledge from tasks with a similarity score above a certain threshold. Alterna-

tively, the k most similar tasks can be chosen.

8.1.3 Discussion and conclusions

The integration of symbolic and sub-symbolic knowledge representations, along

with knowledge manipulation tools, represents a promising direction for advancing

MASs. This approach aims to mimic the knowledge-sharing capabilities of human

societies. It has the potential to address several limitations in the current state of

the art. For instance, TL focuses exclusively on sub-symbolic knowledge, which

lacks human interpretability. Similarly, MTL requires simultaneous training on

related tasks, posing scalability challenges. Moreover, MTL is currently limited to

sub-symbolic knowledge alone.

CoL and CoTL systems offer significant opportunities for the development of

intelligent systems. Some of their key advantages include: (i) providing more
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accurate and human-interpretable explanations for tasks; (ii) improving the per-

formance of agents or predictors in solving individual tasks; (iii) enabling im-

provements in one agent to positively influence others; (iv) facilitating knowledge

transfer between tasks, leading to improvements across multiple domains; (v) sup-

porting continuous and automated learning without human intervention.

Despite these advantages, several challenges remain. First, while many SKE

and SKI algorithms have been proposed, their practical implementations are still

rare. Second, determining task similarity in CoTL systems is non-trivial and

can significantly impact system performance. Third, trust mechanisms must be

considered. For example, how reliable is the knowledge received by an agent?

What is the reputation of the knowledge source? Finally, there is a need for

datasets – likely smaller than those required for systems without CoL and CoTL

– to train predictors effectively on new tasks. Humans, for instance, can perform

new tasks with minimal training, often relying solely on explanations (e.g., learning

to play a new game). Achieving such capabilities would mark a significant step

toward artificial general intelligence.

In summary, this work introduces the novel concepts of CoL and CoTL within

the scope of MASs. These systems integrate symbolic and sub-symbolic knowl-

edge representations and manipulation tools to emulate the learning processes of

human societies. We propose a general agent architecture for both CoL and CoTL,

highlighting their advantages and limitations.

8.2 Ontology instantiation with LLMs

In this section we present the paper “Large language models as oracles for instan-

tiating ontologies with domain-specific knowledge” [Cia+25], which is published

in the international journal Knowledge-Based Systems.

The demand for intelligent systems capable of understanding, reasoning, and

interacting with complex information is rapidly increasing. The development of

such systems relies on the integration of machine-interpretable knowledge repre-

sentations that can encapsulate human domain-specific knowledge across diverse

fields.

The proliferation of data and its varied representation formats raises the ques-
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tion: How can domain-specific information be precisely represented in a machine-

understandable manner? The answer lies in the concept of ontology [Gri10]. On-

tologies are formal, extensional representations of knowledge based on the princi-

ples of DLs. They define concepts, relationships, and properties in a structured,

machine-readable format, enabling computational systems to reason about the

world in a manner akin to human cognition.

Unlike sub-symbolic approaches, which rely on distributed or loosely orga-

nized data [Cia+24], ontologies provide a structured framework. This framework

bridges the semantic gap, allowing AI systems to move beyond superficial pattern

recognition and grasp the underlying meaning of data. From a human perspec-

tive, ontologies offer a shared vocabulary and an unambiguous understanding of

domain-specific knowledge. However, creating ontologies is a meticulous and time-

consuming process, requiring adherence to the real-world domain they represent.

Currently, ontology population is performed either manually by domain ex-

perts or communities, or through semi-automatic extraction from data [Pet+11].

Manual population, while time-intensive and prone to human error, can yield high-

quality results if the process is thorough and inclusive. In contrast, data-driven

approaches offer speed and scalability but may result in lower-quality ontologies

due to biases in the data or limitations in the extraction process.

An ideal ontology population method would combine human- and data-driven

approaches. The former would refine and validate the ontology, while the lat-

ter would provide the necessary volume of instances. To this end, we introduce

KGFiller, a novel approach that amalgamates the strengths of both methods.

Leveraging the observation that LLMs are trained on diverse data from the

web, we hypothesize that these models encapsulate substantial domain-specific

knowledge. KGFiller is an automated procedure designed to extract this knowl-

edge from LLMs and use it to populate ontologies. Starting with an initial schema

of interrelated classes and properties, and a set of query templates, the method

queries the LLM multiple times. It generates instances for classes, relationships,

and properties based on the responses. Further queries refine the ontology and

balance the class hierarchy, ensuring compliance with the initial schema. The re-

sult is an enriched ontology that experts can review, adjust, or complement as

needed.
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Our method has several advantages over state-of-the-art approaches. First, it is

not tied to any specific dataset, as it uses LLMs as oracles to generate data. Second,

it supports both ontology population and refinement, making it incremental and

applicable to pre-existing ontologies. Finally, it is general-purpose, suitable for

various domains and different LLMs.

To validate our approach, we implemented KGFiller in Python and used

it to populate a custom web ontology language (OWL) ontology. We evaluated

the quality of the populated ontology through a detailed inspection of the gener-

ated instances, assessing their meaningfulness and placement within the ontology

structure. The experiment was repeated with different LLMs, and the results were

compared.

In summary, our method contributes to the ongoing discourse on ontology pop-

ulation by presenting a hybrid approach that leverages the capabilities of LLMs.

To further analyze the strengths, weaknesses, opportunities, and threats of our

approach, we dedicate a section to a detailed strengths, weaknesses, opportunities

and threats (SWOT) analysis.

8.2.1 Related work

Ontology population The task of populating ontologies with instances, com-

monly referred to as ontology population, is well-established in the semantic web

community [LNM19]. This process involves expanding an ontology with addi-

tional assertions, also known as ABox axioms, while ensuring compliance with

the concepts and properties defined in the TBox axioms. Some authors use the

term ontology learning to emphasize the (semi-)automatic inference of the entire

ontology, including TBox axioms. However, in this work, we adhere to the term

ontology population.

The need for (semi-)automatic ontology population arises from the limita-

tions of manual methods, which are time-consuming, error-prone, and inherently

costly [KAG21]. To address these challenges, various methods for structured data

extraction from text have been proposed. These methods can be broadly catego-

rized into linguistics-based and ML approaches.

Linguistics-based approaches [FM99; Mor99; Har+03] include techniques such
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as syntactic analysis, pattern-based extraction, part-of-speech tagging, and the use

of dictionaries. While effective, these methods require significant human effort for

tasks like corpus selection, supervision, and parameter fine-tuning. Additionally,

they are often domain-specific, as different corpora may yield varying statistical

information, necessitating tailored thresholds.

ML-based approaches can be further divided into shallow ML and deep learning

techniques. Shallow ML methods rely on classical NLP techniques, such as term

frequency-inverse document frequency (TF-IDF), to convert text into numerical

data, which is then processed by algorithms like decision trees [TM06; Yoo+07;

MLP08; CV04; Etz+05; Jia+11; SCR15]. However, these methods often struggle

to capture contextual information. In contrast, deep learning approaches automat-

ically learn representations from data, enabling them to better capture contextual

nuances [Liu+13; Zen+14; Aya+19].

Despite their advancements, all these methods require a large corpus of tex-

tual documents for extracting concepts, instances, and properties. This reliance

on external data introduces challenges such as bias, incompleteness, and domain

non-representativeness. Moreover, state-of-the-art methods are highly domain-

sensitive and lack incrementality. Domain sensitivity refers to the difficulty of

finding sufficient relevant documents for narrow domains or avoiding irrelevant in-

formation in broad domains. Poor incrementality implies that once an ontology is

populated, adding new instances often requires re-populating it from scratch.

LLMs and knowledge graphs In recent years, LLMs have been applied to

(semi-)automatic manipulation of KGs [Pan+24; Zhu+24; Pan+23]. KGs repre-

sent knowledge as structured triplets of the form (s, p, o), where s is the subject,

p the predicate, and o the object. Unlike ontologies, KGs do not impose strict

schema constraints, making them more flexible but less amenable to automated

reasoning [EW16]. Conversely, ontologies use a well-defined set of axioms, ensur-

ing compliance with the original schema. Applications of LLMs to KGs can be

categorized into KG completion and KG construction.

KG completion involves predicting missing facts, where LLMs act as either

encoders or generators. As encoders, LLMs encode textual information to assist

another model in predicting missing facts [CJK21; Wan+21a; She+22]. As gen-
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erators, they directly extract missing facts [SKG22; Che+22; Xie+22; Zhu+24].

However, these methods often require input text or ad-hoc training, which our

approach does not.

KG construction involves building a KG from scratch, including tasks like entity

discovery, end-to-end construction, and KG distillation. Entity discovery identifies

entities in text data and links them to form a KG [Ayo+22; Cao+21]. End-to-end

methods generate KGs directly but rely on domain-specific textual data [Kum+20;

MDD21; Han+23]. KG distillation uses LLMs as oracles to generate triplets.

Notable examples include Comet [Bos+19] and Harvest [Hao+23], which generate

triplets based on prompts. While similar to our method, these approaches are not

tailored for ontologies and may produce inconsistent KGs. Additionally, they often

require prompt engineering or specific training phases, which our method avoids.

8.2.2 Filling ontologies with KGFiller

The KGFiller framework is designed for semi-automatic ontology population,

leveraging LLMs as oracles. An overview of the KGFiller framework is depicted

in Figure 8.2. This section provides a concise yet general description of the frame-

work.

Core functionality At its core, KGFiller operates on a partially instantiated

ontology. The ontology must include class and property definitions, organized

hierarchically as a directed acyclic graph (DAG). Classes may or may not have

instances.

Class names should be meaningful, concise, and unambiguous to avoid issues

during query generation for the LLM. The same applies to property names.

Given these assumptions, KGFiller generates individuals for all classes and

associates them using the ontology’s properties. Generated individuals are as-

signed meaningful names and placed in the most specific class available.

The framework supports two primary use cases: (i) ontology designers have

defined the ontology’s structure but lack instances, and (ii) designers want to add

more instances to an already populated ontology. These use cases can be combined,

allowing iterative rounds of population and manual refinement.
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Query templates KGFiller relies on query templates to generate ques-

tions for the LLM. Templates are text strings containing placeholders, which

are replaced with actual values during execution. For example, the template

t =“What is the capital of ⟨c⟩?” can be instantiated with the substitution σ =

{⟨c⟩ 7→ “Italy”}, resulting in t/σ = “What is the capital of Italy?”.

We define four types of query templates:

• Individual-seeking templates: Ask for instances of a class, e.g., “Exam-

ples of ⟨class⟩?”.

• Relation-seeking templates: Ask for individuals related to a given indi-

vidual via a property, e.g., “Examples of ⟨property⟩ for ⟨individual⟩?”.

• Best-match templates: Ask for the best class for an individual among

candidates, e.g., “What class is best for ⟨individual⟩ among ⟨classes⟩?”.

• Individuals-merging templates: Ask if two instances in a class are iden-

tical, e.g., “In ⟨class⟩, are ⟨ind1⟩ and ⟨ind2⟩ the same?”.

LLM oracle We do not impose constraints on the nature of the LLM oracle

or the underlying model. KGFiller is agnostic to the specific LLM used, as long

as it supports generating textual responses from textual prompts. Both prompts

and responses are assumed to be strings of arbitrary length, written in a natural

language. The natural language must match the one used for naming classes and

properties in the ontology. Without loss of generality, we assume this language is

English. A key assumption is that the LLM oracle is pre-trained on a large corpus

of textual data, which includes domain-specific knowledge relevant to the ontology.

Problem statement We formalize the ontology population problem addressed

by KGFiller as follows:

1. A partially instantiated ontology O = C ∪ P ∪ I, where:

• C ̸= ∅ is a non-empty set of class definitions,

• P ≠ ∅ is a non-empty set of property definitions, and

• I is a possibly empty set of individuals and their relationships.

2. A subsumption relation ⊑ among the classes in C.
3. A set of query templates T = TI ∪ TR ∪ TB ∪ TM , where:
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• TI contains individual-seeking templates,

• TR contains relation-seeking templates,

• TB contains best-match templates, and

• TM contains individuals-merging templates.

4. A trained LLM oracle L, encapsulating domain-specific knowledge.

The goal of KGFiller is to generate a set of individuals and relationships I ′
such that I ⊆ I ′. All new individuals and relationships in I ′ must be consistent

with the class and property definitions in C and P , respectively. Specifically:

• Every individual is associated with the most specific concept in C with respect

to ⊑.

• For every property in P , every individual in the property’s domain is asso-

ciated with one or more individuals in the property’s range.

Phases To compute I ′, KGFiller executes four sequential phases:

1. Population Phase: Novel individuals are identified for each class in C.
2. Relation Phase: New relationships are identified for each property in P .

3. Redistribution Phase: Individuals are redistributed among the classes in

C to ensure each individual is placed in the most specific class available.

4. Merge Phase: Semantic duplicates within each class in C are detected and

merged.

The order of these phases is critical. The population phase generates individuals

used in the relation phase, which may, in turn, generate additional individuals.

The redistribution phase ensures all individuals are placed in the most specific

class, while the merge phase reduces semantic duplication.

Ancillary functions The next section introduces several auxiliary functions

used throughout the framework. The function GetRange (resp., GetDomain) re-

trieves the range (resp., domain) of a given property. The function AskOracle

models queries to the LLM oracle, accepting and returning arbitrary strings. The

function ExtractBinary (resp., ExtractNames) extracts binary values (resp., rel-

evant names of individuals or concepts) from the textual responses of the LLM.
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It returns a Boolean value (resp., a list of names) and accepts a string as input.

Finally, the function AddToClass assigns an individual to a class. If the individual

is already part of the class or any of its subclasses, the function performs no action.

8.2.2.1 Population phase

Algorithm 4 Populates the given ontology with novel individuals queried from an LLM
oracle
Require: O = C ∪ P ∪ X : partially populated ontology
Require: TI : individual seeking query templates
Require: L: LLM oracle
Require: R ∈ C: root concept to be populated
Ensure: X ′ contains novel individuals, assigned to the classes in C

1: function Populate(O, TI ,L,R)
2: X ′ ← X
3: for all C ∈ C s.t. C ⊏ R ∧ C ̸= ⊥ do
4: O′ ← C ∪ P ∪ X ′

5: X ′ ← Populate(O′, TI ,L,C )
6: end for
7: for all t ∈ TI do
8: q ← t/{class 7→ R}
9: text ← AskOracle(L, q)
10: for all i ∈ ExtractNames(text) do
11: O′ ← C ∪ P ∪ X ′

12: X ′ ← AddToClass(O′, i,R)
13: end for
14: end for
15: return X ′

16: end function

The population phase is based on the Populate function, as defined in Algo-

rithm 4. This function is designed to populate a partially instantiated ontology,

denoted as O, with new instances. It achieves this by querying a LLM oracle,

represented as L, using a set of instance-seeking query templates, TI .
The process begins with a root class R ∈ O. The function then traverses the

class hierarchy defined by the subsumption relation ⊑, following a depth-first post-

order strategy. This means that all direct and indirect subclasses of R are visited

before R itself, ensuring that the most specific classes are populated first. Such a

strategy is crucial to guarantee that any individual generated during this phase is

assigned to the most specific class available.

For each subclass C ⊑ R, the function generates queries by replacing the

placeholder class in each template from TI with the name of C . These queries are

then submitted to the LLM oracle L, and the responses are processed to extract
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the names of the individuals. The number of individuals generated per query

is unbounded and depends on the capabilities of the LLM oracle L and other

implementation-specific factors.

It is possible for the same individual to be generated by multiple queries or

for multiple subclasses of R. However, this does not pose any issues, as the Ad-

dToClass function ensures that individuals are not duplicated and are always

assigned to the most specific class. This behavior aligns with the post-order ex-

ploration strategy, which prioritizes the population of specific concepts over more

general ones.

To populate the entire ontology O, the function can be invoked with the top

class ⊤ as the root: Populate(O, TI ,L,⊤). This ensures that all classes in O are

visited and populated systematically.

8.2.2.2 Relation phase

Algorithm 5 Populates the given ontology with novel relationships queried from an
LLM oracle
Require: O = C ∪ P ∪ X : partially populated ontology
Require: TR: relation seeking query templates
Require: L: LLM oracle
Require: p ∈ P: property to be populated
Ensure: X ′ contains novel relationships, involving individuals in X

1: function Relate(O, TR,L, p)
2: X ′ ← X
3: D ← GetDomain(p)
4: R ← GetRange(p)
5: for all (i : D) ∈ X do
6: for all t ∈ TR do
7: q ← t/{individual 7→i, property 7→p}
8: text ← AskOracle(L, q)
9: for all i′ ∈ ExtractNames(text) do
10: O′ ← C ∪ P ∪ X ′

11: X ′ ← AddToClass(O′, i′,R)
12: X ′ ← X ′ ∪ {p(i, i′)}
13: end for
14: end for
15: end for
16: return X ′

17: end function

The relation phase utilizes the Relate function to populate a partially in-

stantiated ontology, O, with new relationships. These relationships link existing

individuals and may introduce novel individuals, based on queries to a LLM oracle,

L, using a set of relation-seeking query templates, TR.
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Consider a property p ∈ O, defined as p : D × R, where D and R represent

the domain and range of p, respectively. The function queries the LLM oracle, L,

to identify relationships between each individual i ∈ D and potential individuals

i′ ∈ R through p.

For each individual i and each query template t ∈ TR, a query q is generated

by substituting placeholders property and individual in t with the names of p and

i, respectively. The query q is submitted to the LLM oracle, and the response is

processed to extract the names of individuals to be added to the ontology. Each

new individual i′ is added to the range R of p, along with the relationship p(i, i′).

To populate relationships for all properties p ∈ O, the function is invoked for

each property as follows: Relate(O, TR,L, p).

It is important to note that the Relate function may generate new individuals

during its execution. In some cases, the range R of the property p may not be

the most specific class for these individuals. For example, a subclass C ⊏ R

might better represent some of the generated individuals. This necessitates the

redistribution phase, which ensures that all individuals are assigned to the most

specific class available.

8.2.2.3 Redistribution phase

The redistribution phase utilizes the Redistribute function, as defined in Algo-

rithm 6. This function redistributes individuals among the classes of an instan-

tiated ontology, O, ensuring that each individual is assigned to the most specific

class available. To achieve this, the function queries the LLM oracle, L, using a

set of best-match query templates, TB.

Starting from a root class R ∈ O, the function recursively explores the class

hierarchy defined by the subsumption relation ⊑. It follows a depth-first pre-

order traversal strategy, visiting each class before its subclasses. This approach

ensures that individuals can be reassigned to more specific classes as the traversal

progresses.

For each visited class C ⊑ R, the function evaluates whether C is the most

appropriate class for all individuals currently assigned to it. If a more specific

subclass of C is better suited for an individual, the function reassigns the individual
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Algorithm 6 Redistributes individuals from the given ontology’s classes, in such a way
that each individual is assigned to the most specific class available

Require: O = C ∪ P ∪ X : partially populated ontology
Require: TB : relation seeking query templates
Require: L: LLM oracle
Require: R ∈ C: root concept within which redistribution should occur
Ensure: X ′ contains the different assignments of individuals to classes

1: function Redistribute(O, TB ,L,R)
2: X ′ ← X
3: S ← {S ∈ C | S ⊏ R}
4: for all (i : R) ∈ X ′ do
5: B ← R
6: for all t ∈ TB do
7: q ← t/{individual 7→ i, classes 7→ S}
8: text ← AskOracle(L, q)
9: for all C ∈ ExtractNames(text) do
10: B ← C
11: break going to line 14
12: end for
13: end for
14: O′ ← C ∪ P ∪ X ′

15: X ′ ← AddToClass(O′, i,B)
16: end for
17: for all C ∈ C s.t. C ⊏ R ∧ C ̸= ⊥ do
18: O′ ← C ∪ P ∪ X ′

19: X ′ ← Redistribute(O′, TB ,L,C )
20: end for
21: return X ′

22: end function
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accordingly. For example, if Cat ⊏ Animal and an individual tom is initially

assigned to Animal , the function reassigns tom to Cat .

To determine the best class for an individual i : C , the function generates a

query for each template t ∈ TB. The placeholders individual and classes in t are

replaced with the name of i and the concatenated names of all direct subclasses

of C , respectively. The resulting query is submitted to the LLM oracle, and the

response is processed to extract candidate class names. The first class in the

response is selected as the best match, and i is reassigned to it.

Since the function is recursive, an individual may be reassigned multiple times

until it reaches the most specific class available in the ontology. The depth-first

pre-order strategy is crucial for this process, as it allows individuals to “move

down” the class hierarchy efficiently while keeping query sizes manageable.

To redistribute all individuals in an ontology, the function can be invoked with

the top class ⊤ as the root: Redistribute(O, TB,L,⊤). This ensures that every

individual in O is assessed and reassigned to the most specific class, if necessary.

8.2.2.4 Merge phase

The Merge function is responsible for identifying and merging duplicated in-

dividuals in an instantiated ontology, denoted as O. Duplicated individuals are

defined as those with slightly different names but representing the same semantic

entity. Such duplicates often arise as a by-product of earlier phases in the ontology

population process.

For example, consider the individuals maincoone cat and maincoone, both

belonging to the class Cat ⊏ Animal . Although their names differ syntactically,

they refer to the same entity. To address this, the Merge function queries the

LLM oracle, denoted as L, to identify semantically similar individuals and merge

them into a single entity.

The Merge function operates by scanning the ontology O for pairs of syntac-

tically similar individuals. For each pair, it uses a set of merging query templates,

TM , to query the LLM oracle. The oracle’s response determines whether the indi-

viduals should be merged.

The process begins with a root class R ∈ O and recursively explores the class
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Algorithm 7 Merges syntactically and semantically similar individuals from the given
ontology’s classes

Require: O = C ∪ P ∪ X : partially populated ontology
Require: TM : indivuals merging query templates
Require: L: LLM oracle
Require: R ∈ C: root concept within which merge should occur
Ensure: X ′ contains no duplicated individuals

1: function Merge(O, TM ,L,R)
2: X ′ ← X
3: for all C ∈ C s.t. C ⊏ R do
4: D ← ∅
5: for all i, j : C s.t. (i, j) ∈ X ′ ×X ′ do
6: if SyntacticallySimilar(i, j) then
7: D ← D ∪ {{i, j}}
8: end if
9: end for
10: for all {i, j} ∈ D do
11: for all t ∈ TM do
12: q ← t/{ind1 7→i, ind2 7→j, class 7→C}
13: text ← AskOracle(L, q)
14: if ExtractBinary(text) then
15: X ′ ←MergeIndividuals(i, j)
16: break going to line 11
17: end if
18: end for
19: end for
20: end for
21: end function

hierarchy defined by the subsumption relation ⊑. For each class C ⊑ R, the

function identifies a set D of candidate duplicate pairs using the Syntactical-

lySimilar function. Each pair is then evaluated using the ExtractBinary

function, which interprets the oracle’s response as a Boolean value. If the response

is positive, the MergeIndividuals function is invoked to merge the individuals.

This involves transferring all information from one individual to the other and

removing the redundant individual, resulting in an updated ontology X ′.
The merging process relies on templates in TM . For each candidate pair, a

query is generated by replacing the placeholders ind 1 , ind 2 , and class in the

template with the names of the individuals and the class C , respectively. The first

template yielding a positive response is considered definitive, and further templates

are not queried. To ensure deterministic behavior and avoid issues arising from the

oracle’s creativity, the temperature parameter is set to 0.0 during these queries.

To detect and merge all duplicated individuals in an ontology O, the function

can be invoked as follows: Merge(O, TM ,L,⊤). This ensures that all classes in

O are systematically visited, and any semantic duplicates are resolved.
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Remarks Algorithm 7 employs a post-order exploration strategy. However, the

choice of exploration strategy is not critical for the merging phase. Alternative

strategies can be used, provided they visit all direct and indirect subclasses of R.

The SyntacticallySimilar function plays a crucial role in determining

whether two instances, i and j, are sufficiently similar to be considered for merging.

Its implementation significantly impacts the overall performance of the Merge

function.

Regarding the merging phase, one might question why entity alignment ap-

proaches [Zha+22] are not used. While effective for identifying similar instances

across different KGs, these methods typically require additional domain-specific

data [Che+18; Xu+19]. This is because entity alignment systems rely on ad-hoc

ML models trained for the alignment task, introducing extra complexity.

In contrast, our approach leverages the same LLM oracle for both ontology pop-

ulation and duplicate identification. Although not entirely error-free, this method

avoids additional computational overhead during the population phase. It also

eliminates the need for users to provide extra domain-specific data or train addi-

tional models, simplifying the overall process.

8.2.3 Case study and experiments

This section presents a case study designed to empirically validate KGFiller.

8.2.3.1 Experimental setup

The experimental setup involves designing a non-trivial ontology, as detailed in

Section 8.2.3.3. The ontology includes a class hierarchy and a set of properties,

which are populated using KGFiller. We fine-tune specific query templates

(Section 8.2.3.4) and utilize various LLMs from different families and technologies

(Section 8.2.3.5). This process generates a set of populated ontologies, all sharing

the same structure but differing in their content. The populated ontologies are

analyzed and compared to evaluate the performance of KGFiller and the impact

of the chosen LLM on the quality of the population process. To achieve this, we

define a taxonomy of errors and a set of metrics (Section 8.2.4) to measure the

quality of the generated ontologies. The evaluation is performed through a manual
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inspection of the populated ontologies, examining each individual and relationship

(Section 8.2.5).

Testing KGFiller on a custom ontology, rather than a publicly available one,

offers several advantages. First, it allows precise control over the experiment’s

complexity and content. Second, it avoids potential biases where LLMs perform

well due to prior exposure to the ontology during training. However, this ap-

proach lacks ground truth data, making automatic validation infeasible. Thus,

manual inspection is necessary to identify errors and ensure the correctness of the

algorithm’s output.

8.2.3.2 Code and data

The experiments are conducted using a Python implementation of KGFiller,

which is publicly available on GitHub1. The experimental results are also avail-

able on a dedicated repository2, where each Git branch corresponds to a specific

experiment. The main branch contains the initial ontology, which includes only

class and property definitions without any individuals.

For reproducibility, each experiment branch includes the populated ontology

and the cache of query–response pairs from the LLM. This allows others to inspect

the exact queries and responses and reproduce the experiments deterministically.

Additionally, the experiments are automated, with each commit in the branch

corresponding to a single operation performed by KGFiller (e.g., populating a

class or property). This commit history provides a detailed sequence of operations

for each experiment.

8.2.3.3 Ontology

The ontology is designed in the nutritional domain, as required by the Expecta-

tion project [Cal+21]. In Expectation, the ontology serves as the foundation for

a nutritional recommender system, which suggests recipes based on users’ dietary

needs and preferences [Mag+23]. Although the recommender system is outside

the scope of this work, this context helps clarify the ontology design choices.

1https://github.com/Chistera4-Expectation/kg-filler
2https://github.com/Chistera4-Expectation/knowledge-graphs/branches
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Figure 8.3: Class hierarchy of the case study ontology. Notice that the hierarchy is
not really a tree, but rather a DAG. The asterisk (*) denotes classes having multiple
super-classes (they are depicted once per super-class for the sake of readability).

The ontology focuses on representing recipes and their ingredients. It cate-

gorizes edible items into several subclasses to accommodate diverse dietary re-

quirements and preferences. Figure 8.3 illustrates the class hierarchy, which is

structured as a directed acyclic graph (DAG). The root class is Edible, with sub-

classes such as Recipe, which further branches into various cuisines (e.g., Italian,

Chinese).

Some classes include an annotation property, fancyName, to provide a more

descriptive label for the class. Another key property is ingredientOf : Edible ×
Recipe, which links recipes to their ingredients. Initially, the ontology is a skeleton

containing no individuals.

8.2.3.4 Query templates

To query the LLM oracle, we define and fine-tune specific query templates.

The set of individual-seeking templates, TI , is defined as:

"(instances|examples) list for class class(, names only)?". Here, (A|B)

denotes two template variants, one with A and one with B, while (A)? indicates

optional inclusion of A.

The set of relation-seeking templates, TR, includes: "ingredient list for

individual, names only". This template uses a hard-coded property name for

natural phrasing.
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The set of best-match templates, TB, is defined as: "most adequate class

for individual among: classes. concise".

Finally, the set of individual-merging templates, TM , is: "in the class

class, should instances ind1 and ind2 be merged together as semantic

and ontologic duplicates? yes or no answer only".

8.2.3.5 LLM oracles

To evaluate the impact of LLM quality on KGFiller, we integrate several state-

of-the-art LLMs. These include both open-source models (e.g., OpenChat, Llama)

and closed-source models (e.g., GPT), as well as mixture of experts (MoE) models

like Mixtral.

Open-source models are queried using the Hugging Chat API3, a third-party

library for the HuggingFace platform4. This API supports multiple simultaneous

conversations with different LLMs. The selected open-source models include:

Llama 2: A family of open-source LLMs, with the 70 billion parameters model

used in our experiments [Tou+23a].

OpenChat 3.5: A 13 billion parameters model fine-tuned from the Llama family,

optimized for mixed-quality data [Wan+23].

Mistral 7B: A 7 billion parameters model, designed for high performance relative

to its size [Jia+23].

Gemma: A lightweight model from Google, based on the Gemini re-

search [Ani+23].

For MoE models, we include:

Mixtral: A sparse MoE aggregating eight 7 billion parameters models [Jia+24].

Nous Hermes: A flagship model trained on high-quality data, including GPT-4

outputs.

Closed-source models are queried using the OpenAI API5. The selected models

include:

3https://github.com/Soulter/hugging-chat-api
4https://huggingface.co
5https://openai.com/blog/openai-api
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Table 8.1: Size (number of parameters) and experiments setup of the different LLMs
used in KGFiller. Values reported with ∗ are an educated estimate – not confirmed –,
as the corresponding models have not be fully disclosed to the public.

LLM size [B] max tokens max retries back-off time [s] temperature

GPT 3.5 Turbo [Bro+20] 375∗ 1000 2 30 0.7
GPT 4 Turbo [Ope23] 1500∗ 1000 2 30 0.7

Openchat [Wan+23] 13 1000 2 30 0.1
Llama2 [Tou+23a] 70 1000 2 30 0.1
Mistral [Jia+23] 7 1000 2 30 0.1
Gemma [Ani+23] 7 1000 2 30 0.1

Mixtral [Jia+24] 56 1000 2 30 0.1
Nous Hermes 56 1000 2 30 0.1

GPT 3.5 Turbo: A widely used model with significant performance improve-

ments [Bro+20].

GPT 4 Turbo: The latest version, reported to be a MoE [Ope23].

Table 8.1 summarizes the LLMs used, their sizes, and relevant hyperparam-

eters. The size of the LLM significantly impacts its performance, with GPT-4

being nearly 200 times larger than the largest open-source model (Llama 2). This

size difference is expected to influence the quality of the constructed ontology, as

discussed in Section 8.2.5.

8.2.4 Performance metrics

Evaluating the quality of ontology construction and population processes is chal-

lenging. This is due to the interplay of various factors, such as the quality of

the generated instances and the validity of the relationships. In this section, we

outline the potential issues in the KGFiller framework and define corresponding

quantitative performance metrics.

8.2.4.1 Types of errors

When using sub-symbolic black-box models, such as LLMs, for ontology popu-

lation, several types of errors may arise. These errors depend on the quality of

the oracle’s output and the robustness of the post-processing procedure. LLMs are
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prone to hallucinations, which can lead to unreliable suggestions. Additionally, the

structure of their output is often unpredictable, making post-processing complex

and error-prone. We categorize the errors as follows:

Misplacement error (Emis) This error occurs when an individual is added to

the ontology but assigned to the wrong class. It is common in large ontologies with

many classes. We distinguish between two cases: (i) the individual is assigned to

a class that is too general, where a more specific subclass exists, and (ii) the

individual is assigned to a semantically incorrect class. While both cases are

treated equally in our analysis, the first represents a lack of precision, whereas the

second is a more severe semantic issue.

Incorrect individual (Eii) This error arises when an individual is added to

the ontology but is irrelevant to its context, despite having a meaningful name.

Such errors may result from: (i) hallucinated responses from the LLM, suggesting

out-of-scope instances, or (ii) incorrect post-processing of valid LLM outputs. For

example, the LLM might suggest that “dog” is an instance of the class “Edible

meat”.

Meaningless individual (Emi) This error occurs when the name of an indi-

vidual is nonsensical and should not be part of the ontology. It often results from

the failure to interpret negative responses or to correctly extract valid instances

from the LLM output. For instance, failing to recognize a response like “I do not

have access to such data” as negative could lead to meaningless entries.

Class-Like individuals (Eci) These errors occur when an individual has the

same or a very similar semantic meaning as the class it belongs to. This often

happens due to overly broad responses from the LLM. For example, querying for

“meat” instances might result in the LLM suggesting “meat” as an individual of

the class “Meat”.

Duplicate individuals (Edi) Duplicate individuals are semantically identical or

very similar entries in the ontology. They may arise from: (i) repeated suggestions
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by the LLM, or (ii) errors in post-processing. The iterative nature of the ontology

population process can also lead to duplicates. The merge phase of KGFiller

aims to address this issue by identifying and merging duplicates, but errors may

still persist.

Wrong relation (Ewr) This error occurs when a relationship between two in-

dividuals is invalid. During the relation phase, KGFiller queries the LLM to

populate relationships. However, hallucinated responses can lead to incorrect re-

lationships. For example, the LLM might suggest that “onions” are an ingredient

of “carbonara spaghetti,” which is inconsistent with the ontology.

On subjectivity The identification of these errors involves a degree of subjec-

tivity, particularly for Eii and Ewr. To mitigate this, multiple evaluators inde-

pendently assess the ontology, and disagreements are resolved through majority

voting.

8.2.4.2 Measures

To assess the quality of the ontology population process, we define the following

metrics:

1. The total number of generated individuals, TI , which evaluates the ability

of KGFiller to generate diverse instances.

2. The minimum and maximum class weights, minCW and maxCW , represent-

ing the smallest and largest number of individuals per class, respectively.

3. The total number of individuals in leaf classes, TL, which measures the

specificity of the generated instances.

4. The total number of individuals affected by errors, TE , where each individual

is counted once, regardless of the number of errors.

5. The relative individual error, RIE , defined as:

RIE =
TE

TI
. (8.1)

6. The total number of errors for each error type, as defined in Section 8.2.4.1.
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7. The total number of generated relationships, TR.

8. The relative relation error, RRE , defined as:

RRE =
Ewr

TR
. (8.2)

Finally, we define an overall quality metric, Q, which summarizes the correct-

ness of the ontology:

Q =
TI − TE + TR − Ewr

TI + TR
. (8.3)

This metric ranges from 0 (all data is invalid) to 1 (all data is valid).

8.2.4.3 Quality of service

To evaluate the QoS of the LLM oracle, we consider the following metrics:

• The time required to populate the ontology, ∆t, measured as the difference

between the first and last query timestamps.

• The total number of queries, N , submitted to the LLM, including inconclu-

sive ones.

• The total cost, $, in USD, of a single KGFiller run, considering cached

queries.

These metrics are influenced by factors such as network latency, response

length, and the pricing scheme of the LLM provider. At the time of writing,

Hugging Face models are free but rate-limited, while OpenAI models have the

following costs:

GPT 3.5 Turbo: $0.5 (input) and $1.5 (output) per million tokens.

GPT 4 Turbo: $10 (input) and $30 (output) per million tokens.

8.2.5 Results

Table 8.2 summarizes the results obtained from different runs of KGFiller, sup-

ported by the various LLMs discussed in Section 8.2.3.5. Overall, the results

demonstrate the feasibility of constructing ontologies by leveraging the implicit

knowledge embedded in LLMs during their training. Focusing on the quality

224 CHAPTER 8. AUTONOMOUS LEARNING SYSTEMS



8.2. ONTOLOGY INSTANTIATION WITH LLMs

metric Q, at least 75% of the instances and relations added to the initial empty

ontology are valid for most of the evaluated LLMs. For instance, GPT 3.5 Turbo

achieves 92.4% valid instances and relations, while its successor, GPT 4 Turbo,

achieves a comparable performance with Q = 89.6%. These findings highlight the

reliability of the proposed approach.

The analysis of error types during the ontology population phase provides ad-

ditional insights. Most errors are related to the relative positioning of added

instances rather than the inclusion of nonsensical entries. This observation re-

inforces the potential of LLMs to extract structured and precise knowledge for

specific domains, such as the food domain in this case study.

Different models excel in different performance metrics. For example, the Mis-

tral model constructs one of the largest ontologies, adding 1176 instances and 1211

relations. However, the large size of the ontology introduces quality issues, result-

ing in a high relative error rate. In contrast, GPT-based models achieve lower

relative error rates, with GPT 3.5 Turbo achieving a relative individual error of

0.0861 and a relative relation error of 0.0693. Despite this, GPT-based models

tend to produce smaller ontologies, with the GPT 3.5 Turbo version containing

nearly half the instances of other models.

When minimizing erroneous instances and relations, GPT-based solutions, par-

ticularly GPT 3.5, emerge as the most effective. The significant size difference

between GPT-based models and their counterparts provides an advantage in han-

dling complex tasks, such as classifying instances into semantic classes or listing

recipe ingredients without hallucinations or inaccuracies. Ontologies constructed

using the GPT family exhibit the fewest critical mistakes or hallucinations (see

Section 8.2.5.1).

Nevertheless, the results also indicate that closed-source models are not the

only viable option. Some open-source models achieve comparable performance

levels. For instance, the Llama 2 model constructs a smaller but effective ontol-

ogy, maintaining low counts of incorrect (Eii) and meaningless (Emi) individuals,

thereby demonstrating its potential.

Additionally, the Nous Hermes model, leveraging the MoE process, constructs

a large ontology—nearly twice the size of the GPT 3.5 version. It achieves nearly

90% correctness for added individuals, surpassing GPT 4 Turbo, with an overall
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quality metric of Q = 85.1%. These results confirm the correlation between the

dimensionality of LLMs and the quality of the constructed ontology, as Llama 2

and Nous Hermes are among the largest open-source models (see Table 8.1).

A strong proportionality is observed between the relative individual error (RIE )

and the relative relation error (RRE ). Models achieving low RIE also tend to

achieve low RRE . This suggests that the ability of LLMs to suggest instances for

specific classes or classify random instances correctly is proportional to their ability

to establish valid relationships between instances without proposing meaningless

associations. This finding underscores the general capability of LLMs to handle

both instances and relationships in ontology construction.

QoS-related remarks Table 8.3 summarizes the QoS measurements from the

experiments. GPT-based models generally exhibit faster execution times (∆t),

primarily due to the looser rate limitations applied by OpenAI for paying users.

However, this comes at the cost of moderate expenses in USD ($). In contrast,

models accessible via the Hugging Face API are free to use but subject to stricter

rate limitations, resulting in longer execution times for KGFiller.

The total number of queries (N) varies significantly across runs, depending on

the LLM model. Given that all models were subject to the same length limita-

tions, this variability likely stems from differences in the verbosity of the LLMs’s

responses, which depend on their training data and architecture.

8.2.5.1 Mistakes and hallucinations examples

This section presents and analyzes notable examples of mistakes and hallucinations

encountered during the investigation. The examples are ranked from least to most

significant to provide insights into the shortcomings of KGFiller.

Minor mistakes Most models, particularly smaller open-source ones, struggle

with identifying the correct spices for recipes. These errors are not considered

hallucinations, as they remain within the recipe context and are not blatantly in-

correct. For instance, the concept of a recipe varies based on personal preferences.

Such mistakes, including misclassifying sauces as toppings or vice versa, are minor
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Table 8.2: Performance of KGFiller over different state-of-the-art LLMs. For each
performance metric (row) we denote with † and ‡ the best and second best performing
model respectively. For presentation purposes, the columns with GPT models omit the
Turbo suffix and Nous-Hermes is abbreviated as NH.

Metric GPT 3.5 GPT 4 Openchat Llama2 Mistral Gemma Mixtral NH

TI 511 735 997 665 1176† 433 841 1121‡

minCW 4 5 9 6 11† 1 3 11†

maxCW 40 56 105 55 110 40 111‡ 121†

TL 495 727 970 609 1113† 407 819 1082‡

TE 44† 91‡ 244 119 255 107 228 123
RIE 0.0861† 0.1238 0.2447 0.1789 0.2168 0.2471 0.2711 0.1097‡

Emis 37† 40‡ 105 84 133 70 94 59
Eii 1† 5 65 8 14 2‡ 22 12
Emi 0† 18 11 4‡ 60 21 78 11
Eci 13† 19 23 21 32 16‡ 22 28
Edi 3† 8 32 7 72 3† 15 11
TR 736 1061 1329† 1062 1211 989 960 1222‡

Ewr 51† 96‡ 440 197 284 290 174 227
RRE 0.0693† 0.0905‡ 0.3311 0.1855 0.2345 0.2932 0.1813 0.1858
Q 0.924† 0.896‡ 0.706 0.817 0.774 0.721 0.777 0.851

Table 8.3: QoS measurements (duration, number of queries, cost) of KGFiller over
different state-of-the-art LLMs. Each line describes the QoS of the experiment corre-
sponding to the same line in Table 8.2.

LLM ∆t N $

GPT 3.5 Turbo [Bro+20] 15m 39s 1236 0.06
GPT 4 Turbo [Ope23] 58m 43s 2414 2.16

Openchat [Wan+23] 11h 50m 25s 4710 n.a.
Llama2 [Tou+23a] 5h 8m28s 1990 n.a.
Mistral [Jia+23] 2h 19m 40s 907 n.a.
Gemma [Ani+23] 4h 55m 2s 1141 n.a.

Mixtral [Jia+24] 12h 51m 2s 2620 n.a.
Nous Hermes 14h 40m 3s 6083 n.a.
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and can be easily corrected after the ontology is populated. An example of a fuzzy

classification is whether peanut butter qualifies as butter.

Mistakes due to ontology structure The completeness of the initial empty

ontology skeleton significantly impacts the classification of fuzzy instances. Un-

common suggestions or peculiar items may not fit neatly into predefined classes.

For example, the Nous Hermes model classified crocodile and alligator as instances

of the poultry-derived food class. While these are valid food items in some con-

texts, their classification highlights the need for a rigorous and complete ontology

structure. The boundary between reasonable and unreasonable suggestions is often

tight, requiring careful consideration during ontology population.

LLM hallucinations LLMs are prone to hallucinations, which can lead to the

inclusion of irrelevant or factually incorrect instances in the ontology. For example,

the Mistral model suggested chemotherapy infusion as an instance of the infusion

class in the food domain. Although grammatically and semantically valid, this

suggestion is contextually incorrect. Similarly, the Mixtral model confidently clas-

sified pizza as an American recipe, despite its Italian origin. Addressing such issues

is challenging, as verifying the validity of all suggestions would require multiple

queries, significantly increasing inefficiency.

Worrying hallucinations In some cases, hallucinations result in factually in-

correct but contextually plausible suggestions, posing a significant challenge. For

instance, the Gemma model suggested Amanita muscaria, a poisonous mushroom,

as an instance of the edible mushrooms class. While the suggestion aligns with the

context, it introduces dangerous misinformation. Interestingly, the Gemma model

correctly identified Amanita muscaria as poisonous when queried separately. Such

cases highlight the complexity of detecting and addressing hallucinations in ontol-

ogy construction.

8.2.6 Comparison with related works

This section compares KGFiller with other methods for LLM-augmented KG

construction, as surveyed in Section 8.2.1. The comparison is conducted in two
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Table 8.4: Feature-based comparison between KGFiller and state-of-the-art KG con-
struction methods. The arrow (→) denotes the best-featured method from the litera-
ture, namely Harvest, which we compare with KGFiller under a performance-based
perspective.

Method
Document
Free (F1)

Training
Free (F2)

Construction
(F3)

Prompt
Templating (F4)

Consistency
(F5)

[Lua+18] ✗ ✗ ✓ ✗ ✗

[Bos+19] ✗ ✗ ✓ ✗ ✗

[Kum+20] ✗ ✗ ✓ ✗ ✗

[CJK21] ✗ ✗ ✗ ✗ ✗

[Wan+21a] ✗ ✗ ✗ ✗ ✗

[Cao+21] ✗ ✗ ✓ ✗ ✗

[MDD21] ✗ ✗ ✓ ✗ ✗

[SKG22] ✗ ✗ ✗ ✗ ✗

[Che+22] ✗ ✗ ✗ ✗ ✗

[Xie+22] ✗ ✗ ✗ ✗ ✗

[Ayo+22] ✗ ✓ ✓ ✗ ✗

[She+22] ✗ ✗ ✗ ✗ ✗

[Han+23] ✗ ✓ ✓ ✓ ✗

→[Hao+23] ✓ ✓ ✓ ✓ ✗

[Li+24] ✓ ✗ ✓ ✓ ✗

[FC24] ✓ ✗ ✓ ✓ ✗

Ours
(KGFiller)

✓ ✓ ✓ ✓ ✓

phases. First, we perform a feature-based analysis to identify key characteristics

of an ideal ontology population method. Next, we filter out methods that differ

significantly in their approach, retaining only those suitable for a performance-

based comparison with KGFiller.

8.2.6.1 Feature-based comparison

An ideal ontology population method should satisfy the following features: (F1)

It should adopt a document-free approach, relying solely on the knowledge embed-

ded in the LLM oracle during training, without requiring textual input for instance

or relation extraction. (F2) It should be training-free, avoiding the need for ad-

ditional training or fine-tuning of the LLM oracle. (F3) It should support the

construction of the entire ontology, encompassing both entities and relationships.
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(F4) It should allow user-defined prompt templates to customize LLM queries for

the specific domain. (F5) It must ensure consistency in the generated ontology,

preserving its structural integrity throughout the population process. Table 8.4

summarizes the feature-based comparison of KGFiller and other methods dis-

cussed in Section 8.2.1. Most surveyed approaches either depend on user-provided

textual data or require costly model training. Additionally, they often fail to guar-

antee the structural integrity of the generated ontology, as they primarily target

KGs without considering ontological constraints. In contrast, KGFiller satis-

fies all the above features, offering a document- and training-free approach that

ensures consistency through prompt templating and the use of the LLM as an

oracle. Harvest [Hao+23] emerges as the second-best approach in terms of feature

satisfaction.

Given this, Harvest is the only method suitable for a fair performance-based

comparison with KGFiller. The next section evaluates their empirical perfor-

mance.

8.2.6.2 Performance-based comparison

The performance comparison focuses on populating the ontology schema described

in Section 8.2.3.3. We evaluate Harvest using the same metrics defined in Sec-

tion 7.3.4.1, replicating the experiments on the LLM families tested in the original

paper [Hao+23]. The selected models include:

RoBERTa base: A 12-layer, 768-hidden, 12-heads model with 125M parame-

ters [Liu+19].

RoBERTa large: A larger version with 24 layers, 1024 hidden dimensions, 16

heads, and 355M parameters.

BERT large cased: A 24-layer, 1024-hidden, 16-heads model with 340M param-

eters, trained on cased English text [Dev+19].

The terms heads and hidden refer to the number of attention heads and the hidden

dimension of each transformer block, respectively6.

6https://huggingface.co/transformers/v3.3.1/pretrained_models.html
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Table 8.5: Performance of Harvest [Hao+23] over different state-of-the-art pre-trained
models. Each row is a metric, and each column is a model.

Metric RoBERTa base RoBERTa large BERT large cased

TI 812 580 1086
minCW 2 0 22
maxCW 36 36 61
TL 682 867 942
TE 617 440 909
RIE 0.7599 0.7586 0.8370
Emis 391 479 734
Eii 118 126 153
Emi 84 54 45
Eci 70 30 97
Edi 20 25 125
TR 40 55 51
Ewr 25 27 37
RRE 0.6250 0.4909 0.7255
Q 0.2465 0.2646 0.1680

The results of these experiments are presented in Table 8.5. The source code

for the comparison is publicly available7. To facilitate comparison, Figure 8.4

highlights the best-performing runs of both KGFiller and Harvest. As shown,

KGFiller outperforms Harvest across all metrics. The quality metric of the

generated ontology is up to five times higher with KGFiller, while the relative

individual error (RIE) and relative relation error (RRE) are up to ten times lower.

8.2.7 Discussion and SWOT analysis

To the best of our knowledge, this work introduces a novel methodology for on-

tology population, enabling the generation of structured knowledge tailored to

specific domains or schemas. This section provides a SWOT analysis, highlight-

ing the Strengths, Weaknesses, Opportunities, and Threats of KGFiller. The

discussion transitions from technical aspects to strategic considerations, including

potential applications, limitations, and future directions.

7https://github.com/Chistera4-Expectation/experiments-knowledge-harvest-from-llm
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Figure 8.4: Performance comparison of Harvest [Hao+23] and KGFiller for popu-
lating the food ontology (Section 8.2.3.3). The best-performing closed-source and open-
source LLM models are considered: GPT 3.5 Turbo and Nous Hermes, respectively.
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8.2.7.1 Strengths

Automation KGFiller leverages LLMs trained on extensive general-

knowledge datasets. This eliminates the need for large corpora of textual doc-

uments and makes it the first fully automatic ontology population method. No

prior domain knowledge representation is required from the user.

Generality LLMs enable KGFiller to operate across virtually any domain,

irrespective of the availability of domain-specific data. Unlike traditional methods,

which rely on potentially incomplete or biased document collections, KGFiller

benefits from the broad and diverse knowledge embedded in LLMs.

Incrementality KGFiller supports both ontology population and refinement.

It can be applied iteratively to enrich existing ontologies, allowing for incremen-

tal improvements over multiple runs. This flexibility contrasts with traditional

methods, which are often constrained by predefined input datasets.

Future potential As LLMs continue to evolve, their emergent capabilities are

expected to enhance the quality of ontology population. Future advancements may

enable KGFiller to extract knowledge beyond the explicit content of training

data.

8.2.7.2 Weaknesses

Completeness KGFiller does not guarantee completeness in the populated

ontology. Instances or relations may be missing, as the method is not designed

to extract all knowledge from the LLM. This limitation is inherent to any (semi-

)automatic data-driven approach.

Sampling bias The reliance on LLMs trained on web data introduces potential

sampling biases. Underrepresented topics on the web may result in unbalanced or

biased ontologies. Further research is needed to mitigate these biases in LLMs.
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Correctness KGFiller cannot ensure the correctness of extracted information.

LLMs are prone to hallucinations, which may lead to the inclusion of false or

misleading data in the ontology [Zha+23]. Careful validation of the populated

ontology is necessary to address this limitation.

8.2.7.3 Opportunities

Cold Start KGFiller addresses the cold start problem in knowledge-based

systems by providing a quick and cost-effective way to generate domain-specific

data. This capability is particularly valuable in early-stage projects where data

availability is limited.

Automatic Hierarchy Construction Extensions of KGFiller could enable

the automatic construction of ontology schemas, a task often referred to as hi-

erarchy construction [Fun+23]. Such advancements could automate the entire

ontology creation process, combining schema construction with population.

Zero-shot ontology creation Building on the idea of hierarchy construction,

KGFiller could be adapted to create ontologies from scratch. This would involve

generating both the schema and instances based on a natural-language description

of the domain.

Procedural knowledge extraction KGFiller could be extended to extract

procedural knowledge, representing structured steps to achieve specific goals. This

application has potential in fields like automated planning and MASs, where agents

require executable plans to perform tasks.

8.2.7.4 Threats

Dependence on LLMs The effectiveness of KGFiller is tied to the quality

and capabilities of the underlying LLMs. Limitations in LLMs, such as biases or

inaccuracies, directly impact the quality of the populated ontology.
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Cost and efficiency The computational and financial costs of querying LLMs

may pose challenges, especially for large-scale ontology population tasks. Opti-

mizing the process to balance cost and quality remains an open research question.

Ethical concerns The use of LLMs trained on web data raises ethical concerns,

including data privacy and the propagation of biases. Addressing these issues is

critical to ensure responsible deployment of KGFiller.

8.2.8 Conclusion

Ontologies provide a structured framework to define concepts, relationships, and

properties within a specific domain. This ensures an unambiguous and compre-

hensible representation of domain-specific knowledge. However, the process of

ontology population is often meticulous, time-consuming, and prone to human

errors and biases.

In this work, we hypothesize that LLMs8 embed a significant amount of domain-

specific knowledge. This knowledge is acquired during their domain-agnostic train-

ing on vast datasets collected from the Web. Based on this hypothesis, we propose

KGFiller, a novel approach for automatic ontology population leveraging LLMs.

The proposed method starts with: (i) an initial schema consisting of interre-

lated classes and properties, and (ii) a set of query templates. KGFiller queries

the LLM multiple times to generate instances for classes, relationships, and proper-

ties based on its responses. Additional queries are performed to refine the ontology,

ensuring balanced class hierarchies and avoiding duplicate entries.

The validity of KGFiller is demonstrated through a case study in the food

domain. This domain requires the population of an ontology with food ingredients,

categorized across multiple classes, and recipes. We evaluate KGFiller using

various state-of-the-art LLMs, including open-source, closed-source, and MoEs.

The evaluation employs a range of metrics to assess the quality of the constructed

ontology.

Our results show that KGFiller reliably populates ontologies across different

LLMs. For instance, the GPT 3.5 model achieves accuracies of up to 0.91 for

8Defined in my acronyms.sty
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instances and 0.93 for relations. As expected, larger LLMs generally perform

better. We also observe a correlation between erroneous instances and misplaced

relations, highlighting areas for improvement.

Finally, we analyze the severity of errors, emphasizing how hallucinations from

LLMs can negatively impact the ontology population process. Despite these chal-

lenges, the results are promising. They demonstrate that the complex task of ontol-

ogy construction can be partially automated, requiring only minor post-processing

efforts.

8.3 Actively learning EL terminologies from

LLMs

We now present the paper “Actively Learning EL Terminologies from Large Lan-

guage Models”, accepted at the 28th European Conference on Artificial Intelligence

(ECAI 2025)9. In active learning, a learner attempts to learn from a teacher by

posing questions. The questions made by the learner are called membership queries

and are answered with ‘yes’ or ‘no’. This kind of query is often studied as part of a

communication protocol that also includes equivalence queries. Intuitively, equiva-

lence queries ask whether the idea of the learner about the knowledge of the teacher

is correct or not. If not, then the teacher should provide a counterexample showing

the difference (or equivalently, with ‘true’ or ‘false’). In this work, we consider the

teacher as a LLM and study the case in which knowledge is expressed as an EL
terminology. Membership queries ask whether concept inclusions are true or not.

Equivalence queries are simulated by a sample with concept inclusions labelled as

positive or negative. We present a non-trivial extension of the ExactLearner tool to

extract EL terminologies from LLMs. The ExactLearner was originally designed

to run with a synthetic teacher that answers membership queries together with

equivalence queries. Given the relevant symbols as input (e.g., algae, plant, etc.),

the tool tries to find how these symbols should be logically connected by posing

questions to LLMs. To evaluate the approach, we present performance results of

the ExactLearner in the task of reconstructing existing EL terminologies.

9https://ecai2025.org/
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8.3.1 Introduction

LLMs have accumulated vast amounts of information and significantly improved

their question-answering capabilities. This has led to the development of meth-

ods to interact with and extract knowledge from these models. Prompts to LLMs

range from general knowledge questions, such as definitions and historical events,

to domain-specific queries, such as scientific facts in health and medicine. Re-

cent efforts have focused on automating the extraction of knowledge from LLMs,

often representing this knowledge in the form of an ontology [Cau+24; Cia+25;

Dur+24; Fun+23; SW24]. Ontologies, a cornerstone of KR, provide a structured

representation of the conceptual knowledge within a domain. The most widely used

formalism for specifying ontologies is description logic [Baa+17]. In life sciences,

ontologies are extensively used for tasks such as data integration, information re-

trieval, and automated reasoning [Noy+08].

A key question arises: What can we learn from LLMs? Moreover, given that

LLMs can produce incorrect or inconsistent information, is there an automated

way to identify such inaccuracies? To address these questions, this work explores

an active learning approach to construct description logic ontologies from LLMs.

Our approach is grounded in Angluin’s exact learning framework [Ang87], where a

learner acquires knowledge from a teacher by posing queries. This method, known

as active learning [Ang92], involves two types of queries: membership queries and

equivalence queries. Here, we consider the LLM as the teacher and aim to learn

ontologies formulated in the EL description logic [BBL05].

Exact learning of lightweight description logic ontologies has been studied ex-

tensively for theoretical purposes [Fun+19; FJL21; KOW16; Kon+17; OPM20].

However, a major challenge in applying these algorithms is finding a suitable

teacher capable of answering the required queries. The only known implemen-

tation for exact learning of EL ontologies is the ExactLearner tool [DKO18]. This

tool learns EL terminologies10 from a synthetic teacher that can answer member-

ship and equivalence queries. Membership queries verify whether a given concept

inclusion is true or false, while equivalence queries check whether the learner’s

hypothesis matches the teacher’s knowledge. If the hypothesis is incorrect, the

10An EL terminology is an ontology with specific syntactic restrictions (see Section 8.3.2)
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teacher provides a counterexample.

The synthetic teacher in ExactLearner was designed to test the tool using

ontologies from the Oxford Ontology Repository11. Given a set of relevant symbols,

referred to as the vocabulary or signature (e.g., algae, plant), the tool determines

how these symbols are logically connected by posing queries to the teacher.

In this work, we extend the ExactLearner tool to interact with LLMs as teach-

ers, naming the extended version ExactLearner+LLM. We use the Manchester

OWL Syntax [Hor+06] and a custom parsing function to translate concept in-

clusions from description logic into natural language. While membership queries

can be directly mapped to a question-answering setting with LLMs, equivalence

queries are more challenging [WGY24; Blu+24]. To address this, we simulate

equivalence queries using a sample of randomly generated concept inclusions clas-

sified as true or false by the LLM. This approach aligns with the theoretical analysis

of Angluin’s framework within the probably approximately correct (PAC) learning

paradigm [Ang87].

To evaluate our approach, we conducted experiments using ExactLearner+LLM

with open-source LLMs. The tool was provided with a signature and tasked

with reconstructing existing ontologies. We tested it on small ontologies from

the original ExactLearner benchmark and modules extracted from the GALEN

ontology [Ala96], which contains medical terms. Our results also examine whether

there is statistical evidence of correlation between the concept inclusions extracted

by ExactLearner+LLM and those in the original ontologies created by human en-

gineers.

8.3.2 Background and related work

In this section, we define the concept of an EL terminology, elaborate on the exact

and PAC learning frameworks, and describe the algorithm implemented in the

ExactLearner tool [DKO18], which is designed to learn EL terminologies from a

teacher capable of answering membership and equivalence queries.

11https://www.cs.ox.ac.uk/isg/ontologies/
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The EL Description Logic Let NC and NR be countably infinite and disjoint

sets of concept names and role names, respectively. In some cases, we may consider

NC and NR as finite sets, depending on the context. An EL concept is defined as

C,D := C ⊓D | ∃r.C | A | ⊤, where A ∈ NC and r ∈ NR. An EL concept inclusion

is an expression of the form C ⊑ D, where C and D are EL concepts. An EL
equivalence is expressed as C ≡ D, which is equivalent to C ⊑ D and D ⊑ C. An

EL ontology is a finite set of EL concept inclusions C ⊑ D. For a given ontology O,

we denote the sets of concept names and role names occurring in O as NC(O) and

NR(O), respectively. These sets are also referred to as the signature of O. If, for

all concept inclusions C ⊑ D in O, at least one of C or D belongs to NC, and there

is at most one inclusion of the form A ⊑ C for every A ∈ NC, then O is called a

terminology12. The semantics of EL is defined using interpretations, as described

in [Baa+17]. Given an ontology O and a concept inclusion C ⊑ D, we say that

O entails C ⊑ D, denoted as O |= C ⊑ D, if every interpretation satisfying O
also satisfies C ⊑ D. Two ontologies O and H are equivalent, denoted as O ≡ H,

if they are satisfied by the same interpretations. This means that, for all concept

inclusions C ⊑ D, O |= C ⊑ D ⇐⇒ H |= C ⊑ D.

Exact learning The exact learning framework, introduced by Angluin [Ang87],

involves a learner attempting to acquire a target concept, which in this work is an

EL terminology, from a teacher. The communication protocol between the learner

and the teacher includes two types of queries:

• Membership queries, where the learner asks whether a specific statement is

true or false.

• Equivalence queries, where the learner proposes a hypothesis and receives

either confirmation that the hypothesis matches the target or a counterex-

ample highlighting the difference [Ang87].

In our context, membership queries verify whether an EL concept inclusion C ⊑ D

is true or false. For example, the learner may ask whether Algae ⊑ Plant holds

true.

12This definition is slightly more flexible than the standard one in the description logic litera-
ture [Baa+17].
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Simulating equivalence queries To simulate equivalence queries, we adopt a

sampling strategy. Instead of directly asking the LLM to evaluate the hypothesis

and provide a counterexample, we generate a random set of EL concept inclusions

and query the LLM to classify them as true or false. We then verify whether

the learner’s hypothesis is consistent with the LLM’s classification. Consistency

is achieved if all true concept inclusions are logical consequences of the hypoth-

esis and all false inclusions are not. If the hypothesis is consistent, the learning

process terminates. Otherwise, a counterexample is identified, and the process

continues as if the LLM had returned a counterexample in response to an equiv-

alence query. This approach has been used in prior work to simulate equivalence

queries [WGY24; Blu+24]. Under certain conditions, this strategy provides the-

oretical guarantees within the PAC learning framework [Ang87; Val84]. In PAC

learning, the required sample size is determined by the hypothesis space H (in this

case, EL terminologies of a specific size and structure defined by a given signature)

and two parameters, ϵ and δ, representing the error tolerance and confidence level,

respectively. According to PAC theory [SB14, Cor. 2.3], the sample size must be

at least ln(|H|/δ)/ϵ for finite H.

Algorithm 8 The learning algorithm for EL [DKO18]

1: Input: NC(O) ∪ NR(O) and access to a teacher that can answer membership and equivalence queries (or
just membership queries if equivalence queries are simulated in a PAC setting).

2: Output: An EL terminology H such that O ≡ H.

3: Initialize H ← {A ⊑ B | O |= A ⊑ B,A,B ∈ NC(O)}
4: while H ̸≡ O do
5: Let C ⊑ D be a positive counterexample for O relative to H
6: Compute C′ ⊑ D′ with C′ or D′ in NC(O)
7: if C′ ∈ NC(O) then
8: Compute a right O-essential α from C′ ⊑ D′ ⊓

d
C′⊑F ′∈H F ′

9: else
10: Compute a left O-essential α from C′ ⊑ D′

11: end if
12: Add α to H
13: end while
14: return H

The algorithm for EL terminologies The ExactLearner tool [DKO18] is de-

signed to learn EL terminologies by interacting with a synthetic teacher that an-

swers membership and equivalence queries. The teacher’s responses are logically

consistent with a target EL terminology, and the communication is conducted in
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OWL rather than natural language. The main steps of the learning procedure are

outlined in Algorithm 8. The algorithm performs equivalence queries in line 4 and

membership queries in lines 6, 8, and 10. In line 6, a counterexample C ′ ⊑ D′ is

extracted from C ⊑ D, ensuring that one of the sides belongs to NC(O). This step

is guaranteed to find a counterexample because O is a terminology [DKO18]. The

algorithm applies various operations using membership queries, including concept

saturation for O, sibling merging, decomposition on the right, and decomposition

on the left. Additionally, two heuristics, desaturation and branching, are employed.

These operations aim to maximize the informativeness of concept inclusions while

minimizing their size. The resulting concept inclusions, referred to as O-essential,

are added to the hypothesis in line 12.

8.3.3 LLMs as teachers

LLMs present significant opportunities for acquiring knowledge in the form of

ontologies. However, several challenges must be addressed to effectively employ

them as teachers in an active learning framework. The main challenges are as

follows:

• Membership queries in the ExactLearner tool are expressed in OWL, whereas

LLMs are designed to process natural language inputs.

• Responses from LLMs may deviate from the expected format, even when

explicitly instructed to answer with ‘yes’ or ‘no’.

• Queries generated by the ExactLearner can be lengthy and complex, in-

volving multiple logical operators, which may hinder the ability of LLMs to

provide accurate answers.

• Even when responses are concise and well-formatted, they may be logically

inconsistent with previous answers or incorrect, and they may vary if the

same query is repeated.

• The expressivity of the ontology language used (EL) limits the scope of the

knowledge that can be extracted.

Below, we discuss how these challenges are addressed.
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Input format The format of the queries plays a crucial role in ensuring effective

communication with LLMs. We use both the Manchester OWL syntax [Hor+06]

and controlled natural language to standardize the queries. Queries in Manchester

OWL syntax take the form [A] SubClassOf [B]. In natural language, these are

translated into questions such as:

“Can [A] be considered a subcategory of [B]? Answer only with yes or no.”

Here, [A] and [B] are placeholders for the left-hand and right-hand sides of the

concept inclusion. This approach aligns with the third formulation proposed by

Funk et al. [Fun+23], which is well-suited to our setting. The translation of OWL

concept expressions into natural language is applied recursively:

1. Expressions of the form [A] and [B] are replaced with “[A] that is also

[B]”.

2. Expressions of the form [r] some [A], where [r] is a role name, are replaced

with “something that [r] [A]”.

Example 1 The concept inclusion Person SubClassOf Human is translated into:

“Can Person be considered a subcategory of Human?” Similarly, Carnivore

SubClassOf Animal and eats some Meat becomes: “Can Carnivore be consid-

ered a subcategory of Animal that is also something that eats Meat?” Finally,

(Bird and Fish) SubClassOf Animal is translated to: “Can Bird that is also

Fish be considered a subcategory of Animal?”

Unexpected responses LLMs may return arbitrary responses, even when the

expected answer is a single word such as ‘true’ or ‘false’. To mitigate this, we

explicitly instruct the LLM to answer with ‘true’ or ‘false’ by appending this

requirement to the query. Alternatively, we use system prompts or adjust hyper-

parameters, such as temperature, to guide the model’s responses. Despite these

precautions, unexpected responses may still occur:

1. The response may include additional text beyond ‘true’ or ‘false’.

2. Both ‘true’ and ‘false’ may appear in the response.

3. Neither ‘true’ nor ‘false’ may be present in the response.
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To address these issues, we limit the maximum number of tokens in the response.

If the response does not contain ‘true’ or ‘false’, we treat it as ‘false’.

Length of queries Long and complex queries can lead to biased responses

from LLMs, such as always answering ‘true’. To address this, we modify the

ExactLearner tool as follows:

• Simplification: Concept expressions are simplified by removing redundant

concept names. For example, if A ⊓B is a concept expression and A ⊑ B is

entailed by the hypothesis, B is omitted.

• Splitting: Long queries with multiple conjuncts are split into smaller queries.

For instance, instead of asking whether C ⊑ D1 ⊓ . . . ⊓Dn, we ask whether

C ⊑ D1, C ⊑ D2, and so on.

These modifications reduce the likelihood of biased responses and improve the

accuracy of the LLM.

Correctness and logical consistency Responses from LLMs may not always

reflect the truth or be logically consistent with an EL ontology. Errors can occur

in the following cases:

1. A false inclusion C ⊑ D is incorrectly answered as ‘true’.

2. A true inclusion C ⊑ D is incorrectly answered as ‘false’.

3. The LLM answers ‘true’ for all inclusions in an ontology O, but answers

‘false’ for a logical consequence of O.

To handle logical inconsistencies, we compute the closure under logical conse-

quence [Blu+24]. Additionally, we use a caching mechanism to store the first

response to each query, ensuring consistency across repeated queries.

Expressivity The algorithm focuses on extracting EL terminologies, which may

not fully capture knowledge better expressed in more expressive languages. How-

ever, EL is widely used in real-world ontologies, particularly in the medical do-

main [Ala96; Noy+08]. Its polynomial-time reasoning complexity [BBL05] and

the availability of efficient reasoning tools [KKS14] make it a practical choice for

ontology construction.
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8.3.4 Experiments

The code for the experiments is publicly available on GitHub13. All experiments

were conducted on a workstation equipped with two NVIDIA Tesla V100S-PCIE-

32GB GPUs and dual Intel© Xeon© Gold 6226R CPUs, providing a total of 64

threads. The system was configured with CUDA 12.5 and NVIDIA driver version

535.183.01.

Evaluation approach Algorithm 8 takes as input the signature, which consists

of finite sets of concept and role names, and constructs an EL terminology by

posing membership and equivalence queries. Equivalence queries are simulated

using a PAC sample, which is a set of concept inclusions randomly generated and

answered by the LLM. For an ontology O with n logical axioms, the PAC sample

size is computed as:
ln(An/δ)

ϵ
,

where δ = 0.1, ϵ = 0.2, and A is the number of all possible axioms of the form:

A ⊑ B, A ⊓B ⊑ C, B ⊑ ∃r.A, and ∃r.A ⊑ B,

with A,B,C ∈ NC and r ∈ NR, formulated using the signature of O. We refer

to these axioms as normalized. The ability of ExactLearner+LLM to reconstruct

existing ontologies is tested by posing queries to the LLM.

Hypotheses We test the following hypotheses in our experiments:

1. Even though LLMs may make mistakes and the simulation strategy does not

guarantee exact learnability, we expect a correlation between the ontologies

built by ExactLearner+LLM and the original ontologies.

2. Queries expressed in controlled natural language using our parsing function

will yield better results than those using the OWL Manchester syntax.

3. Larger LLMs will perform better than smaller ones.

4. Ontologies expressing common knowledge, such as family relations, will be

13https://github.com/MatteoMagnini/ExactLearner-LLM/
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Table 8.6: Ontology statistics and PAC sample sizes with ϵ = 0.2 and γ = 0.1. NC and
NR are the number of concept and role names occurring in the ontologies.

Ontology NC NR Log. Ax. PAC Sample Poss. Ax.
Animals 17 4 12 542 6,936
Cell 22 0 24 1,119 10,164
Football 10 3 9 341 1,500
Generations 20 4 18 847 10,800
University 7 3 4 139 588

easier to learn than those with specialized knowledge, such as medical on-

tologies.

5. Simplifications introduced to reduce query length (see Section 8.3.3) will im-

prove the performance of LLMs and, consequently, the ontologies constructed

by ExactLearner+LLM.

Datasets We use two datasets:

1. Five small ontologies from the ExactLearner benchmark [DKO18].

2. Ten modules extracted from the GALEN ontology [Ala96], which contains

medical information.

The small ontologies include:

• Animals, which describes the animal realm, including subphyla, classes, and

orders.

• Cell, which provides information about cells based on type, development

stage, and organism.

• Football, a minimal ontology describing relations between football games,

teams, players, and managers.

• Generations, which describes family members and their relations.

• University, focusing on the professor role.

Table 8.6 summarizes the size of the signature, logical axioms, PAC sample size,

and possible normalized axioms for these ontologies.
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Table 8.7: Ontology statistics and PAC sample sizes with ϵ = 0.2 and γ = 0.1 for
medical ontologies.

Ontology NC NR Log. Ax. PAC Sample Pos. Ax.
Ab. Elb. J. C. 27 14 43 2,286 39,366
BNF Sec. 36 24 80 4,646 107,568
Chlorhexidine 23 14 38 1,946 26,450
Cone of Tissue 42 42 100 6,163 220,500
Kalli Krein 18 10 27 1,279 11,988
Neon 16 10 25 1,149 8,960
Pin 43 40 99 6,113 225,578
Pros. Drug 29 14 47 2,540 47,096
Zopiclone 32 36 77 4,465 105,472
Zuccini 33 22 58 3,295 82,764

The GALEN ontology is a large medical ontology with 22, 286 concept names,

950 role names, and 46, 558 logical axioms. Since not all axioms are connected, we

modularize GALEN using the bottom locality strategy [Gra+08]14. This method

generates 22, 286 modules, one for each concept name. We randomly select 10

modules, ensuring each has at least one concept and one role name, and no more

than 50 concept or role names. Table 8.7 lists the selected modules.

LLMs, query format, and prompts We use four open LLMs: Mistral [Jia+23]

(7B parameters), Mixtral [Jia+24] (47B parameters), Llama2 (13B parameters),

and Llama3 (8B parameters) [Tou+23a], accessed via Ollama’s API15. Queries are

expressed in either Manchester OWL syntax or controlled natural language (see

Section 8.3.3). We use two system prompts:

Simple system prompt

Answer with only True or False.

14https://github.com/ernestojimenezruiz/locality-module-extractor
15https://github.com/ollama/ollama
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Advanced system prompt

You need to classify the following statements as True or False. The statement will be provided in either

Manchester OWL syntax or natural language. Strictly follow these guidelines:

1. Answer with only True or False.

2. Entities with has part relations are not in a subclass relation.

3. Statements containing numerous entities are most probably False.

4. Take a deep breath before answering.

5. If unsure, answer False.

The advanced prompt provides additional contextual information and guide-

lines to improve LLM performance. For instance, it emphasizes that entities with

has part relations should not be in a subclass relation [Fun+23]. It also mitigates

the tendency of LLMs to answer “True” to long queries, which may arise during

the computation of O-essential concept inclusions (Section 8.3.2).

Experimental details To constrain LLM responses, we limit the maximum

number of tokens to 2, ensuring answers are either “True” or “False”16. We also

employ a caching mechanism to store LLM responses, reducing computation time

and ensuring consistency when the same query is posed multiple times.

8.3.5 Evaluation and results

We evaluate the experimental results by computing the following metrics: accu-

racy, precision, recall, and F1-score. These metrics are calculated considering all

possible axioms of the form:

A ⊑ B, A ⊓B ⊑ C, B ⊑ ∃r.A, and ∃r.A ⊑ B,

where A,B,C ∈ NC and r ∈ NR, formulated using a finite signature. Tautologies,

such as A ⊑ A, A⊓B ⊑ B, and A⊓B ⊑ A, are excluded to avoid artificially inflat-

ing the number of true positives. Our language does not allow for the expression

of contradictions.

Axioms entailed by both the original and the learned ontology are labeled as

true positives. Those not entailed by either are labeled as true negatives. Axioms

16A token is a unit of text, typically corresponding to a few characters. For example, “False”
requires 2 tokens. See https://help.openai.com/en/articles/4936856.
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entailed by the original ontology but not by the learned one are labeled as false

negatives, and vice versa for false positives.

8.3.5.1 Learning performance

Table 8.8: Results of ExactLearner+LLM grouped by ontologies.

Ontology Accuracy Recall Precision F1-Score

Animals 0.737 0.858 0.381 0.428

Cell 0.391 0.733 0.206 0.284

Football 0.553 0.890 0.422 0.477

Generations 0.691 0.658 0.564 0.476

University 0.622 0.629 0.313 0.302

Table 8.9: Results of ExactLearner+LLM grouped by models.

Model Accuracy Recall Precision F1-Score

Llama2 (13b) 0.521 0.710 0.294 0.314

Llama3 (8b) 0.430 0.947 0.218 0.333

Mistral (7b) 0.741 0.747 0.450 0.490

Mixtral (47b) 0.705 0.611 0.547 0.436

Table 8.10: Results of ExactLearner+LLM grouped by prompt types.

Prompt Type Accuracy Recall Precision F1-Score

M. OWL Syntax 0.340 0.930 0.165 0.262

Natural Language 0.751 0.811 0.414 0.511

A. M. OWL Syntax 0.537 0.767 0.326 0.347

A. Natural Language 0.767 0.506 0.603 0.454

For the Animals ontology learned using the Mistral model, the learner correctly

inferred that “Carnivore is an animal that eats some meat,” consistent with the

original ontology. However, it also inferred that “Carnivore is a mammal,” which

is incorrect as some carnivores are not mammals. Additionally, it inferred that

“Carnivore is an animal that eats some animal,” which aligns with real-world

knowledge but is not entailed by the dataset ontology. To provide a comprehensive

analysis, we present aggregated results in Tables 8.8 to 8.10.
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Table 8.11: Individual results of ExactLearner+LLM on the Animals ontology. All re-
sults have been analysed with the Chi-Squared test (p-value < 0.05). The null hypothesis
is that there is no correlation between the ontology constructed by ExactLearner+LLM
and the Animals ontology. They all have p-value lower than 0.05 (i.e., refused null hy-
pothesis).

Model Prompt & Query Accuracy Recall Precision F1-Score

Llama2 (13b)

M. OWL Syntax 0.276 0.982 0.074 0.138
Natural Language 0.859 0.930 0.286 0.437
E. M. OWL Syntax 0.380 0.945 0.083 0.152
E. Natural Language 0.970 0.651 0.801 0.718

Llama3 (8b)

M. OWL Syntax 0.309 1.000 0.078 0.145
Natural Language 0.920 0.890 0.414 0.565
E. M. OWL Syntax 0.314 0.985 0.078 0.145
E. Natural Language 0.894 0.842 0.339 0.483

Mistral (7b)

M. OWL Syntax 0.552 0.996 0.116 0.207
Natural Language 0.955 0.912 0.575 0.706
E. M. OWL Syntax 0.830 0.945 0.250 0.396
E. Natural Language 0.943 0.890 0.511 0.649

Mixtral (47b)

M. OWL Syntax 0.712 0.904 0.158 0.269
Natural Language 0.970 0.893 0.690 0.779
E. M. OWL Syntax 0.960 0.739 0.636 0.684
E. Natural Language 0.955 0.228 1.000 0.371

Table 8.8 summarizes the results grouped by ontology. Ontologies in technical

domains, such as the Cell ontology, exhibit lower average F1-scores (e.g., 0.284),

while non-technical domains, such as Animals (0.428), Football (0.477), and Gen-

erations (0.476), perform better. This supports hypothesis (4).

Table 8.9 shows the aggregated results by LLM. The Mistral model achieves the

highest average F1-score (0.49), outperforming larger models like Mixtral. This

contradicts hypothesis (3).

Table 8.10 compares query formats and prompt types. Natural language

prompts yield significantly higher F1-scores (0.511 and 0.454) compared to Manch-

ester OWL syntax (0.262 and 0.347), confirming hypothesis (2).

Results on GALEN modules For experiments on GALEN ontology modules,

we used the best-performing LLM from Table 8.9 with the advanced natural lan-

guage prompt. Due to the larger size of these modules, we limited experiments to
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Table 8.12: Individual results of ExactLearner+LLM on the Cell ontology. All results
have been analysed with the Chi-Squared test. A yellow line means p-value ≥ 0.05
(null hypothesis cannot be refused). A red line means no axiom has been learnt (empty
ontology).

Model Prompt & Query Accuracy Recall Precision F1-Score

Llama2 (13b)

M. OWL Syntax 0.163 1.0 0.163 0.280
Natural Language 0.586 0.715 0.241 0.360
E. M. OWL Syntax 0.163 1.0 0.163 0.280
E. Natural Language 0.830 0.002 0.049 0.005

Llama3 (8b)

M. OWL Syntax 0.163 1.0 0.163 0.280
Natural Language 0.208 1.0 0.171 0.292
E. M. OWL Syntax 0.208 1.0 0.171 0.292
E. Natural Language 0.254 1.0 0.179 0.304

Mistral (7b)

M. OWL Syntax 0.254 1.0 0.179 0.304
Natural Language 0.779 0.432 0.354 0.390
E. M. OWL Syntax 0.224 0.946 0.167 0.284
E. Natural Language 0.769 0.337 0.308 0.322

Mixtral (47b)

M. OWL Syntax 0.163 1.0 0.163 0.280
Natural Language 0.654 0.970 0.317 0.477
E. M. OWL Syntax 0.840 0.320 0.514 0.394
E. Natural Language - - - -

one LLM. Table 8.13 shows heterogeneous F1-scores, ranging from 0.253 (Neon)

to 0.434 (Prostaglandin Drug). This variability is attributed to the lack of fine-

tuning for medical domains. Nevertheless, all experiments passed a Chi-Square

correlation test, confirming hypothesis (1).

Synthetic teacher evaluation To validate our implementation, we tested Ex-

actLearner+LLM with a synthetic teacher capable of perfectly answering member-

ship queries. Table 8.14 reports the results. Precision is always 1, as the synthetic

teacher has full knowledge of the target ontology. Other metrics may not reach 1

due to the PAC stopping criterion with ϵ = 0.2 and δ = 0.1.

Learner behavior analysis Figure 8.5 illustrates the operations performed by

the learner, grouped by teacher type. For LLMs, saturation is the most frequent

operation, followed by right decomposition, left decomposition, and desaturation.

In contrast, the synthetic teacher primarily involves saturation and right decom-
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Table 8.13: Results of the Exact Learner using Mistral with the advanced system
prompt and the natural language query format on the modules of Galen. The orange
colour line means that we ran out of memory.

Ontology Accuracy Recall Precision F1-Score
Above Elbow Jacket Cast 0.86 0.185 0.441 0.261
BNF Section 13.11 0.834 0.394 0.341 0.365
Chlorhexidine 0.891 0.199 0.522 0.288
Cone of Tissue - - - -
Kallikrein 0.877 0.283 0.771 0.414
Neon 0.868 0.163 0.564 0.253
Pin 0.87 0.482 0.204 0.287
Prostaglandin Drug 0.887 0.36 0.546 0.434
Zopiclone 0.923 0.233 0.303 0.263
Zuccini 0.915 0.182 0.588 0.278

Table 8.14: Results of ExactLearner+LLM with the synthetic teacher on small ontolo-
gies and modules extracted from Galen.

Ontology Accuracy Recall Precision F1-Score
Animals 0.997 0.941 1.0 0.97
Cell 1.0 1.0 1.0 1.0
Football 0.995 0.969 1.0 0.984
Generations 0.977 0.859 1.0 0.924
University 0.984 0.794 1.0 0.885

Above Elbow Jacket Cast 0.991 0.932 1.0 0.965
BNF Section 13.11 0.992 0.935 1.0 0.967
Chlorhexidine 0.993 0.936 1.0 0.967
Cone of Tissue 0.996 0.931 1.0 0.964
Kallikrein 0.994 0.962 1.0 0.981
Neon 1.0 1.0 1.0 1.0
Pin 0.997 0.94 1.0 0.969
Prostaglandin Drug 0.993 0.941 1.0 0.97
Zopiclone 0.995 0.916 1.0 0.956
Zuccini 0.993 0.918 1.0 0.957
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Figure 8.5: Aggregated results of the operations performed by the learner during the
PAC learning of all the ontologies grouped by teacher type (LLMs and synthetic).
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grouped by LLM. Each equivalence query is simulated by a batch of randomly gen-
erated queries.

position.

Figure 8.6 shows the average number of membership and simulated equivalence

queries per LLM. The choice of LLM significantly impacts the number of queries

posed during learning.

Simplification and splitting operations improved F1-scores across most LLM

and prompt combinations, confirming hypothesis (5). For instance, the Mistral

model with natural language prompts saw an F1-score increase from approximately

0.5 to 0.7.

8.3.6 Conclusion and discussion

We introduced ExactLearner+LLM, an extension of the ExactLearner tool that

leverages LLMs as teachers to learn EL ontologies. The tool addresses challenges

such as query input format, unexpected responses, and logical consistency. Mech-

anisms like query simplification and splitting were implemented to adapt to LLM

behavior.
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Experimental results demonstrate statistical evidence of correlation between

learned and original ontologies. Key findings include:

1. Concept inclusions of the form A ⊑ B are easier to learn than A ⊑ ∃r.B
or ∃r.B ⊑ A, leading to worse results for ontologies with more of the latter

types.

2. Operations such as saturation, desaturation, and right decomposition were

successfully applied.

3. The Mistral model outperformed larger models like Mixtral.

4. Natural language prompts significantly improved performance compared to

Manchester OWL syntax.

Our approach guarantees the construction of EL terminologies with a specified

vocabulary, even in a zero-shot setting. Future work includes exploring efficient

counterexample generation, enhancing ontology language expressivity, and fine-

tuning LLMs for technical domains like medicine.
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This thesis situates itself at the intersection of symbolic and sub-symbolic AI,

focusing on the integration of both to enhance the capabilities of intelligent sys-

tems. The foundation of this work lies in classical AI techniques and KR such

as computational logic and ontologies (Chapter 2). An SLR was conducted to

explore the current landscape of SKI and SKE techniques (Chapter 3) defining

a taxonomy to categorize existing approaches and identifying gaps in the litera-

ture. A considerable amount of the work carried out in this thesis contributed

to the design and development of SKI methods, a novel SKI framework (PSyKI),

and evaluation metrics (Chapters 4 and 5). Also, studies about AI and society,

in particular related to the fairness of AI systems through SKI methods, were

conducted (Chapter 6). Real-world applications of SKI techniques were explored,

demonstrating their effectiveness in various domains (Chapter 7). Finally, because

the ultimate goal of this work is to design and implement intelligent systems that

can autonomously learn knowledge about a given domain, solutions based on SKI

and SKE techniques were proposed and evaluated (Chapter 8).
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9.1 Discussion

About the relevance of SKI and SKE techniques

Regarding the research question RQ0, introduced in Chapter 1, we conducted an

SLR to investigate the current state of SKI and SKE techniques (Chapter 3). The

SLR investigated 249 relevant papers, identifying 117 distinct SKI works and 132

SKE methods. These high numbers, along with the increasing trend of publications

in recent years, indicate that SKI and SKE are active research areas within the AI

community. In the course of other chapters – e.g., when presenting the possibility

to use SKI techniques to enhance the fairness of AI systems in Chapter 6 and

when showing real-world applications in Chapter 7 – we further demonstrated the

relevance of SKI and SKE techniques in addressing contemporary challenges in

AI. In Chapter 4 we also presented several novel SKI methods and in Chapter 5 a

new framework (PSyKI) to facilitate the application of SKI techniques.

RQ0: are SKI and SKE relevant in the context of modern AI?

Answer: not only SKI and SKE are relevant, but they are arguably one of

the leading areas of research in AI today, especially considering the recent

advancements and integration with LLM technologies. In the near future, we

expect many contributions in this area, both from a theoretical and practical

standpoint, further solidifying the importance of SKI and SKE in the broader

AI landscape.

About the characteristics of SKI and SKE techniques

The SLR also provided insights into the characteristics of existing SKI and SKE

techniques posed by the research question RQ1. A comprehensive taxonomy was

developed to categorize the techniques based on various dimensions.

RQ1: what are the characteristics of SKI and SKE techniques?

Answer: for SKI, the dimensions that characterise most the methods are

input knowledge type, sub-symbolic model target, and injection strategy. We

256 CHAPTER 9. CONCLUSIONS



9.1. DISCUSSION

observed that SKI techniques predominantly utilize structured knowledge rep-

resentations, such as ontologies and knowledge graphs, to inject knowledge into

sub-symbolic models. Also logic rules are widely used. Regarding the target

sub-symbolic models, SKI methods mainly focus on NNs of any kind, with a

predominance of feed-forward architectures. Finally, the injection strategies

are quite balanced among the three main categories: structuring, embedding,

and guided learning.

For SKE, the most characterising dimensions are output knowledge shape, out-

put knowledge expressiveness, and translucency. SKE techniques predomi-

nantly generate knowledge in the form of logic rules, with DT being the second

most common shape. The expressiveness of the extracted knowledge is often

limited to propositional logic, with fewer methods producing first-order logic

or more complex representations. Regarding translucency, SKE methods are

fairly evenly distributed among pedagogical and decompositional approaches.

We believe that future contributions in the field of SKI and SKE will further

diversify the characteristics of the techniques. In particular, we expect more

methods to leverage unstructured knowledge sources (e.g., text documents) for

SKI, and more expressive knowledge representations (e.g., ontologies with rich

semantics, natural language) for SKE.

Measuring the effectiveness of SKI and SKE techniques

Accuracy, precision, recall, and F1-score are the most commonly used metrics to

evaluate ML models, but these metrics do not capture the full spectrum of qualities

of SKI and SKE techniques. To answer the research question RQ2, we proposed

QoS metrics specifically designed to assess other aspects beyond traditional per-

formance metrics (Chapter 4). In particular, in Section 5.2 four different QoS

metrics were proposed: memory footprint, energy consumption, latency, and data

efficiency. Additionally, in Section 5.3, we introduced a robustness metric to eval-

uate the resilience of SKI methods against different types of data degradation. All

the metrics were rigorously defined and empirically validated through experiments.

Finally, the fairness dimension was explored in Chapter 6, where we demonstrated
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how SKI techniques can mitigate the bias of ML models, quantifiable through

established fairness metrics.

RQ2: how can the effects of SKI and SKE be measured?

Answer: classical ML metrics are still relevant to measure the performance of

SKI and SKE techniques, but they are not sufficient to capture all the relevant

aspects involved. They should be complemented with additional metrics that

capture other important aspects such as resource efficiency, robustness, and

fairness depending on the context of application. We acknowledge that the

research on this topic is still in its early stages, and we believe that future

researches will further refine and expand the set of metrics available to evaluate

SKI and SKE techniques.

When and where to use SKI and SKE techniques

In the context of real-world applications, we addressed the research question RQ3

by exploring various domains and purposes where SKI and SKE techniques have

been successfully applied (Chapter 7). Specifically: (i) we mitigated bias in AI

systems (Section 6.2) using SKI techniques to enhance fairness, (ii) we exam-

ined applications in healthcare (Section 7.1) using SKE to enhance explainability

and customization of nutritional recommendations, (iii) we introduced a protocol

for multi-agent based explanations in AI systems (Section 7.2) to improve trans-

parency and user trust, (iv) again in the healthcare domain (Section 7.3), we used

SKI to provide established domain knowledge to ML predictors in the context of

chronic diseases, (v) finally, we explored the use of RAG – that falls into our SKI

definition – by providing contextual prior knowledge to LLMs.

RQ3: when and where should SKI and SKE be used?

Answer: SKI techniques are particularly beneficial in scenarios where well

established domain knowledge exists and can be leveraged to enhance the per-

formance or other qualities of sub-symbolic models, including fairness and ro-

bustness. On the other hand, SKE techniques should be employed when there

is a need to extract human-understandable knowledge, especially in domains
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where explainability and transparency are critical, such as healthcare.

SKI and SKE techniques for designing NeSy AI systems

The last research question RQ4 was addressed in both Chapter 7 (already sum-

marised in the previous paragraph) and Chapter 8. Because the ultimate goal of

this thesis is to design and implement intelligent systems that can autonomously

learn, in Chapter 8 we focused entirely on this aspect. In Section 8.1 we pro-

posed a conceptual architecture for autonomous learning systems that leverage

SKI and SKE techniques to continuously acquire, integrate, and refine knowledge.

The idea consists in cycle of SKI and SKE steps, where knowledge is injected into

sub-symbolic models, which are then used to extract new knowledge that can be

reintegrated. Concrete systems that automatically learn knowledge are presented

in Sections 8.2 and 8.3. The first work (Section 8.2) uses LLMs as oracles to

populate ontologies starting from a predefined schema (the schema itself can be

asked to the LLM). One can perform multiple iterations to refine the ontology at

will. The second work (Section 8.3) instead consists in an active-learning frame-

work that exploits LLMs as a teacher and the student learns the target ontology

by posing queries to the teacher. Membership queries are directly answered by

the LLM, while equivalence queries are simulated through the PAC framework.

These contributions demonstrate the feasibility of designing autonomous learning

systems.

RQ4: how to design and develop NeSy AI systems that leverage SKI and SKE?

Answer: SKI and SKE are fundamental components in the design and de-

velopment of NeSy AI systems. There are various ways to integrate these

techniques, depending on the specific requirements and constraints of the ap-

plication domain. Generally speaking, these techniques should be employed

whenever the AI system deals with both symbolic and sub-symbolic knowl-

edge representations or requirements (e.g., explainability, transparency, fair-

ness). For more advanced AI systems, such as autonomous learning agents,

SKI and SKE can be combined in many ways. We suggest to use them in a

CHAPTER 9. CONCLUSIONS 259



9.2. FUTURE WORK

cyclic manner to continuously acquire, integrate, and refine knowledge about

the environment and the tasks at hand. Also, the conjoint use of LLMs and

SKI/SKE techniques appears to be the promising direction for future research

and applications.

9.2 Future work

Universal SKI language

The vast majority of the existing SKI methods in the literature suffer from a lack

of implementations and standardization. The techniques that actually have an

implementation often rely on hard-coded rules and procedures that make them

difficult to adapt to different contexts. Moreover, the use of logic programming

formalism is often required, which can be a barrier for practitioners not familiar

with it. PSyKI (Section 5.1) partially addresses these issues by providing a simpler

interface to apply SKI techniques, but it still requires the user to know logic

programming to define the input knowledge. To address these issues and make SKI

accessible to a broader audience of users, a simplified and universal SKI language

could be developed.

Practical implementation of the SKI-SKE cycle

The conceptual architecture for extracting and refining knowledge through a cycle

of SKI and SKE steps was proposed in Section 8.1. However, a practical imple-

mentation of this architecture is still missing in the literature to the best of our

knowledge. Developing a concrete system that embodies this cycle, possibly in-

volving multiple intelligent agents sharing knowledge between each others, would

be of great interest.

Social implication of SKI and SKE

Both SKI and SKE can affect the social implications of AI systems. Concerning

SKI, we demonstrated in Chapter 6 how these techniques can be used to mitigate
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bias in AI systems. Moreover, they can be used to enhance the transparency

and explainability – by design – of AI models, which are crucial for user trust

and acceptance (Chapter 4). SKE techniques can also contribute to explainability

by providing human-understandable representations of the knowledge learned by

sub-symbolic models (Sections 7.2 and 7.3).

Despite having these positive aspects, a measurement of the social impact of

SKI and SKE in real-world applications among the users is still missing. Moreover,

SKI methods and in particular the most recent techniques that involve the use of

LLMs raise concerns about data privacy and AI safety. Indeed, if the knowledge

used to inject into a sub-symbolic model contains sensitive information, and this

knowledge is sent to a third party, there is a risk that this information could be in-

advertently exposed or misused. Finally, whenever LLMs are used, there is always

a chance of having hallucinated or biased information that could compromise the

integrity of the knowledge being injected. We believe that these aspects should be

further investigated in future studies.

Autonomous learning in the real world

Knowledge and data are just a representation of the real world. The best way

to learn about the real world is to interact with it, like animals and humans did

in millions of years of evolution (billions for the life in general). We believe that

the next step for autonomous learning systems – and ultimately AGI – is to be

embodied in the real world, through robots and other physical agents that can

perceive and act in the environment. When this will take place, it will be of

paramount importance to guarantee human and environmental safety, as well as

ethical behavior of the agents. This will require a multidisciplinary approach –

involving computer science, robotics, ethics, lawmakers, and social sciences – and

a strong collaboration between academia, industry, and the society at large.
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[OKM21] Iñigo Orue-Saiz, Miguel Kazarez, and Amaia Mendez-Zorrilla. “Sys-

tematic Review of Nutritional Recommendation Systems”. In: Ap-

plied Sciences 11.24 (2021). issn: 2076-3417. doi: 10 . 3390 /

app112412069.

[Omi20] Andrea Omicini. “Not Just for Humans: Explanation for Agent-

to-Agent Communication”. In: Proceedings of the AIxIA 2020 Dis-

cussion Papers Workshop co-located with the the 19th Interna-

tional Conference of the Italian Association for Artificial Intelligence

(AIxIA2020), Anywhere, November 27th, 2020. Ed. by Giuseppe Viz-

zari, Matteo Palmonari, and Andrea Orlandini. Vol. 2776. CEUR

Workshop Proceedings. CEUR-WS.org, 2020, pp. 1–11. url: http:

//ceur-ws.org/Vol-2776/paper-1.pdf.

[Ope23] OpenAI. “GPT-4 Technical Report”. In: CoRR abs/2303.08774

(2023). doi: 10.48550/ARXIV.2303.08774.

REFERENCES 293

https://doi.org/10.18653/V1/2022.FINDINGS-EMNLP.516
https://doi.org/10.18653/V1/2022.FINDINGS-EMNLP.516
https://doi.org/10.1016/j.artint.2021.103573
https://doi.org/10.1017/9781139025355
https://doi.org/10.1145/360018.360022
https://doi.org/10.1145/1357054.1357222
https://doi.org/10.3390/app112412069
https://doi.org/10.3390/app112412069
http://ceur-ws.org/Vol-2776/paper-1.pdf
http://ceur-ws.org/Vol-2776/paper-1.pdf
https://doi.org/10.48550/ARXIV.2303.08774


REFERENCES

[OPM20] Ana Ozaki, Cosimo Persia, and Andrea Mazzullo. “Learning Query

Inseparable ELH Ontologies (Extended Abstract)”. In: DL. Ed. by

Stefan Borgwardt and Thomas Meyer. Vol. 2663. CEUR Workshop

Proceedings. CEUR-WS.org, 2020. doi: 10.1609/AAAI.V34I03.

5688.

[Pad+21] Ishita Padhiar et al. “Semantic Modeling for Food Recommendation

Explanations”. In: 37th IEEE International Conference on Data En-

gineering Workshops, ICDE Workshops 2021, Chania, Greece, April

19-22, 2021. IEEE, 2021, pp. 13–19. doi: 10.1109/ICDEW53142.

2021.00010.

[Pan+23] Jeff Z. Pan et al. “Large Language Models and Knowledge Graphs:

Opportunities and Challenges”. In: TGDK 1.1 (2023), 2:1–2:38. doi:

10.4230/TGDK.1.1.2.

[Pan+24] Shirui Pan et al. “Unifying Large Language Models and Knowl-

edge Graphs: A Roadmap”. In: IEEE Trans. Knowl. Data Eng. 36.7

(2024), pp. 3580–3599. doi: 10.1109/TKDE.2024.3352100.

[Pea01] Karl Pearson. “LIII. On lines and planes of closest fit to systems of

points in space”. In: The London, Edinburgh, and Dublin Philosoph-

ical Magazine and Journal of Science 2.11 (1901), pp. 559–572. doi:

10.1080/14786440109462720.

[Pet+11] Georgios Petasis et al. “Ontology Population and Enrichment: State

of the Art”. In: Knowledge-Driven Multimedia Information Extrac-

tion and Ontology Evolution - Bridging the Semantic Gap. Ed. by

Georgios Paliouras, Constantine D. Spyropoulos, and George Tsatsa-

ronis. Vol. 6050. Lecture Notes in Computer Science. Springer, 2011,

pp. 134–166. doi: 10.1007/978-3-642-20795-2_6.

[Pet+19] Fabio Petroni et al. “Language Models as Knowledge Bases?” In:

Proceedings of the 2019 Conference on Empirical Methods in Natural

Language Processing and the 9th International Joint Conference on

Natural Language Processing, EMNLP-IJCNLP 2019, Hong Kong,

China, November 3-7, 2019. Ed. by Kentaro Inui et al. Association

294 REFERENCES

https://doi.org/10.1609/AAAI.V34I03.5688
https://doi.org/10.1609/AAAI.V34I03.5688
https://doi.org/10.1109/ICDEW53142.2021.00010
https://doi.org/10.1109/ICDEW53142.2021.00010
https://doi.org/10.4230/TGDK.1.1.2
https://doi.org/10.1109/TKDE.2024.3352100
https://doi.org/10.1080/14786440109462720
https://doi.org/10.1007/978-3-642-20795-2_6


REFERENCES

for Computational Linguistics, 2019, pp. 2463–2473. doi: 10.18653/

V1/D19-1250.

[PQ95] Terence John Parr and Russell W. Quong. “ANTLR: A Predicated-

LL(k) Parser Generator”. In: Softw. Pract. Exp. 25.7 (1995),

pp. 789–810. doi: 10.1002/SPE.4380250705.

[PY10] Sinno Jialin Pan and Qiang Yang. “A Survey on Transfer Learning”.

In: IEEE Transactions on Knowledge and Data Engineering 22.10

(2010), pp. 1345–1359. doi: 10.1109/TKDE.2009.191.

[Qui86] J. Ross Quinlan. “Induction of decision trees”. In: Machine Learning

1.1 (1986), pp. 81–106. doi: 10.1007/BF00116251.

[Rad+18] Alec Radford et al. “Improving language understanding by gen-

erative pre-training”. In: (2018). url: https : / / cdn . openai .

com / research - covers / language - unsupervised / language _

understanding_paper.pdf.

[Rad+19] Alec Radford et al. Language Models are Unsupervised Multitask

Learners. https : / / d4mucfpksywv . cloudfront . net / better -

language-models/language-models.pdf. 2019.

[Raf+20] Colin Raffel et al. “Exploring the Limits of Transfer Learning with

a Unified Text-to-Text Transformer”. In: J. Mach. Learn. Res. 21

(2020), 140:1–140:67. url: http://jmlr.org/papers/v21/20-

074.html.

[Raf+24] Andrea Rafanelli et al. “An Empirical Study on the Robustness

of Knowledge Injection Techniques Against Data Degradation”.

In: Proceedings of the 25th Workshop ”From Objects to Agents”,

Bard (Aosta), Italy, July 8-10, 2024. Ed. by Marco Alderighi et

al. Vol. 3735. CEUR Workshop Proceedings. CEUR-WS.org, 2024,

pp. 20–32. url: https://ceur-ws.org/Vol-3735/paper%5C_02.

pdf.

[Raj+22] Pranav Rajpurkar et al. “AI in health and medicine”. In: Nature

Medicine 28.1 (2022), pp. 31–38. doi: 10.1038/s41591-021-01614-

0.

REFERENCES 295

https://doi.org/10.18653/V1/D19-1250
https://doi.org/10.18653/V1/D19-1250
https://doi.org/10.1002/SPE.4380250705
https://doi.org/10.1109/TKDE.2009.191
https://doi.org/10.1007/BF00116251
https://cdn.openai.com/research-covers/language-unsupervised/language_understanding_paper.pdf
https://cdn.openai.com/research-covers/language-unsupervised/language_understanding_paper.pdf
https://cdn.openai.com/research-covers/language-unsupervised/language_understanding_paper.pdf
https://d4mucfpksywv.cloudfront.net/better-language-models/language-models.pdf
https://d4mucfpksywv.cloudfront.net/better-language-models/language-models.pdf
http://jmlr.org/papers/v21/20-074.html
http://jmlr.org/papers/v21/20-074.html
https://ceur-ws.org/Vol-3735/paper%5C_02.pdf
https://ceur-ws.org/Vol-3735/paper%5C_02.pdf
https://doi.org/10.1038/s41591-021-01614-0
https://doi.org/10.1038/s41591-021-01614-0


REFERENCES

[Rec+19] Benjamin Recht et al. “Do ImageNet Classifiers Generalize to Im-

ageNet?” In: Proceedings of the 36th International Conference on

Machine Learning, ICML 2019, 9-15 June 2019, Long Beach, Cal-

ifornia, USA. Ed. by Kamalika Chaudhuri and Ruslan Salakhutdi-

nov. Vol. 97. Proceedings of Machine Learning Research. PMLR,

2019, pp. 5389–5400. url: http://proceedings.mlr.press/v97/

recht19a.html.
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