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Abstract

Quantum computation promises to revolutionize information processing by har-
nessing the unique properties of quantum systems, such as superposition and en-
tanglement. It offers unprecedented potential in areas such as simulating quan-
tum systems, solving combinatorial optimization problems, and enabling secure
quantum communication. Beyond individual processors, the quantum internet
aims to connect quantum nodes through entanglement distribution, enabling dis-
tributed computation. Yet, quantum states are exceedingly fragile: interactions
with the environment, imperfections in gate operations, and measurement errors
can quickly degrade the encoded information. Ensuring reliable quantum compu-
tation therefore demands both carefully designed quantum codes to protect infor-
mation and robust protocols that prevent the propagation of errors during compu-
tation. Unlike classical redundancy schemes, quantum error correction must pre-
serve delicate phase relationships and rely on indirect error detection strategies,
such as syndrome extraction with ancillary qubits, which enable error identifica-
tion without collapsing the encoded states.

Topological codes, in particular, emerged early as the preferred choice for
many architectures due to their planar structure, local interactions, and natural
support for fault-tolerant logical operations. Color codes, for instance, allow
transversal implementation of all Clifford gates, whereas non-Clifford operations
require magic-state injection. More recent constructions, including quantum low
density parity check codes, offer higher encoding rates and reduced resource over-
head, but require long-range qubit connectivity and more complex protocols for
implementing logical gates, such as lattice surgery and measurement-based proce-
dures. Over the years, a rich ecosystem of fault-tolerant strategies has developed,
from flag-based syndrome extraction to advanced distillation and code-switching
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schemes, reflecting the deep interplay between code structure, error models, and
operational requirements. Experimental progress has kept pace: repeated error-
correction cycles of surface and Steane codes, preparation of logical Bell and
GHZ states, and small-scale demonstrations of non-Clifford operations have been
realized on various quantum computing platforms.

Despite these advances, several challenges remain and motivate further in-
vestigation. Experimentally, many platforms exhibit biased noise underscoring
the need for codes that exploit channel asymmetry to reduce logical error rates.
Real-time decoding continues to be a critical bottleneck: although post-processing
can validate error correction, fault-tolerant computation requires low-latency de-
coders capable of keeping pace with microsecond-scale syndrome data. Addition-
ally, fault-tolerant protocols for the initialization of logical states remain resource-
intensive. Current approaches, based on repeated stabilizer measurements, scale
poorly with code distance and often introduce significant overhead, limiting prac-
tical implementations.

Addressing these gaps, this thesis develops a unified framework for advancing
quantum error correction from theory to practice. From a theoretical perspective,
precise characterization of error-correcting capabilities remains essential, particu-
larly under low physical error rates where Monte Carlo simulations are inefficient.
Building on this foundation, it introduces quantum codes specifically designed for
biased channels, exploiting noise asymmetry to improve logical error rates. Next,
fast decoding algorithms with linear complexity are developed for real-time syn-
drome processing, ensuring that logical errors can be corrected within microsec-
ond timescales. Finally, the thesis presents modular and efficient strategies for
fault-tolerant state preparation of CSS codes, significantly reducing gate over-
head. In particular, a logical zero state for the Golay code was implemented on
the Quantinuum H2 trapped-ion quantum computer, providing a concrete demon-
stration of scalable fault-tolerant state preparation.
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Chapter 1

Introduction

Quantum computation leverages the phenomena of superposition and entangle-
ment to process information in ways that are fundamentally different from clas-
sical devices. A single n-qubit quantum state lives in a 2n-dimensional complex
vector space, allowing certain algorithms to explore exponentially large solution
spaces more efficiently than classical algorithms. This leads to compelling poten-
tial applications across a variety of domains. One prominent example is the simu-
lation of quantum systems in chemistry, materials science, and condensed matter
physics, where classical computational methods rapidly become intractable [1,2].
Another important area is combinatorial optimization, where approaches such as
the quantum approximate optimization algorithm and quantum annealing offer
possible speedups for solving NP-hard problems [3, 4]. In cryptanalysis, Shor’s
algorithm shows that large-scale quantum computers could break widely used
public-key cryptosystems [5]. At the same time, quantum technologies enable
novel forms of secure communication, most notably quantum key distribution,
providing information-theoretic security guaranteed by the laws of physics [6].
Further opportunities are emerging in quantum machine learning and data science,
where quantum subroutines for linear algebra may offer computational advantages
over their classical counterparts [7].
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2 Introduction

Beyond stand-alone quantum processors, there is a broader vision of a quan-
tum internet: a network of quantum nodes linked by entanglement distribution and
quantum communication protocols [8]. Such a network could enable distributed
quantum computation, where separate processors collaborate on large-scale tasks,
and quantum-secure communication via entanglement-based key distribution [9].
Realizing this vision is technically challenging, requiring long-distance preserva-
tion of entanglement, high-fidelity quantum memories, and communication proto-
cols designed specifically for quantum information [10, 11]. Nonetheless, recent
experimental progress, such as entanglement distribution over metropolitan-scale
fiber networks, demonstrates that the foundations of such an infrastructure are
already being established [12]. Taken together, these advances suggest that the
future of quantum technologies will not be limited to isolated devices but will
instead involve an ecosystem of networked quantum machines. This perspective
highlights the central importance of quantum error correction (QEC) and fault-
tolerance, which provide the foundation for both scalable quantum computation
and the reliable operation of quantum networks.

Several physical platforms are currently being pursued for the realization of
quantum processors, each offering distinct advantages and challenges. Supercon-
ducting qubits, based on Josephson junction circuits, enable fast gate operations
and benefit from mature microfabrication techniques, but typically exhibit limited
qubit connectivity, comparatively short coherence times, and the need for cryo-
genic operation [13]. Trapped-ion systems offer excellent coherence properties,
high-fidelity gates, and effectively all-to-all connectivity within ion chains, at the
expense of slower gate speeds and scalability challenges associated with ion con-
trol and transport [14]. Neutral atom platforms, implemented using optical tweez-
ers and Rydberg interactions, provide long coherence times and reconfigurable,
long-range connectivity across large two-dimensional arrays, although gate fideli-
ties and interaction uniformity remain active areas of research [15]. Finally, pho-
tonic architectures naturally support long-distance quantum communication and
room-temperature operation, making them well suited for quantum networking,
but face fundamental challenges in realizing deterministic two-qubit gates and
scalable quantum memories [16].
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1.1 Protecting Quantum Information: Principles and
Codes

In classical computation, information is encoded in bits, each of which assumes
one of two discrete values, 0 or 1. At every step of a computation, the system can
reliably correct deviations toward the nearest of these two stable states, thereby
ensuring robustness against small errors. By contrast, quantum computation re-
lies on qubits, whose states are not restricted to discrete values but instead can
occupy any superposition of the computational basis states |0i and |1i. This con-
tinuous structure makes quantum information intrinsically more fragile: even in
the absence of active operations, interactions with the environment lead to a grad-
ual loss of coherence. While each such deviation may be slight, these deviations
accumulate over time and, without error correction, eventually compromise the
fidelity of the computation.

There exists a well-developed theory of classical error-correcting codes, but
it cannot be applied to the quantum setting in a straightforward way. Indeed,
whereas classical codes only need to correct for bit flips, quantum codes must
also preserve the relative phase of the state, which is equally crucial for main-
taining quantum information. Moreover, many classical strategies rely on direct
duplication of information. For instance, the simplest classical coding scheme,
the repetition code, stores a logical zero as three physical zeros and a logical
one as three physical ones. Such a scheme can detect and correct errors by ma-
jority voting: if one bit is flipped, the system can recover the original logical
value. One might imagine a quantum analogue in which an unknown qubit state
is copied directly onto multiple qubits. However, this is impossible due to the No-
Cloning theorem, which forbids making a perfect copy of an unknown quantum
state [17,18]. Even attempting to verify the stored information by measurement is
problematic, because measurement collapses the quantum state: a superposition
of |0i and |1i will collapse to either |0i or |1i with probabilities determined by
the amplitudes, destroying the original quantum information. As a result, QEC
requires fundamentally different strategies. Remarkably, although qubit errors
may appear continuous in nature, it suffices to correct a discrete set of represen-
tative errors to protect quantum information [19]. Redundancy is introduced not
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through direct copying but by entangling the logical state with additional ancil-
lary qubits [20]. Carefully designed protocols, such as syndrome extraction, al-
low errors to be detected and corrected indirectly, without disturbing the quantum
information itself [19,21]. The resulting syndromes contain information about the
physical errors that have occurred; a decoder processes it and attempts to restore
the logical state.

Given the challenges outlined above and the fact that no quantum gate can be
implemented perfectly, a central question arises: can a quantum computer perform
extended computations without noise compromising their fidelity? The quantum
fault-tolerance threshold theorem provides a resolution to this concern. It estab-
lishes that, if the error rate per qubit and per operation is below a certain critical
threshold, then arbitrarily long quantum computations can be carried out with
arbitrarily high fidelity. This is achieved through fault-tolerant (FT) protocols
that combine quantum error-correcting codes with systematic error detection and
correction at every stage of the computation. Although these protocols require
additional qubits and operations, the resource overhead grows only polylogarith-
mically with the size of the ideal circuit and with the inverse of the target accu-
racy [19,22]. The threshold theorem therefore demonstrates that scalable quantum
computation is possible, provided the physical error rate lies below the threshold.

The first explicit constructions of QEC were provided by codes such as the
Shor code and the Steane code. Shor’s nine-qubit code, inspired by the classical
repetition code, was the first to show explicitly that arbitrary single-qubit errors,
whether bit flips, phase flips, or their combinations, could be corrected in princi-
ple [20]. Soon after, the Steane seven-qubit code demonstrated a more efficient
construction, encoding one logical qubit into seven physical qubits [23]. A deci-
sive step forward came with the development of the stabilizer formalism, which
provided a unifying mathematical framework for describing and analyzing large
families of quantum codes. In this approach, codes are identified by the operators
that leave their logical states invariant, offering a compact and systematic way to
specify complex code spaces [19]. This perspective not only clarified the structure
underlying many existing codes but also enabled the general formulation of meth-
ods for encoding, detecting, and correcting errors. A particularly important class
of stabilizer codes is the Calderbank, Shor, and Steane (CSS) codes, whose stabi-
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lizers are composed exclusively of either X-type or Z-type generators [24, 25].
By organizing the stabilizers in this way, CSS codes allow for independent de-
tection and correction of bit-flip and phase-flip errors. Additionally, this structure
allows for a simplified implementation of certain encoded logical operations.

Among the most influential families of codes to emerge are the topological
codes, which exploit the geometry of qubits arranged on a lattice [26–30]. The sur-
face code has become the most prominent representative of this class. Defined on
a two-dimensional grid with only local stabilizer measurements, it is particularly
well suited for implementation in hardware platforms with nearest-neighbor inter-
actions. In addition, the surface code exhibits one of the highest known threshold
error rates, making it a leading candidate for large-scale FT quantum computa-
tion. Closely related are the color codes, which share the advantages of locality
but also possess an additional feature: the full Clifford group can be generated
transversally, meaning that each physical qubit in the code block is acted upon
independently. This property is valuable because it prevents errors from spread-
ing uncontrollably across qubits, thereby simplifying the realization of FT logical
operations. However, neither surface nor planar color codes alone enable a univer-
sal set of gates, as non-Clifford operations cannot be realized transversally [31].
Achieving full universality therefore requires complementary FT techniques, such
as magic state distillation [32] or code switching [33], which supplement these
topological architectures with the necessary non-Clifford resources.

Despite the robustness and high thresholds of topological codes, they require
a large number of physical qubits to encode a single logical qubit. This chal-
lenge has motivated the more recent development of quantum low density parity
check (QLDPC) codes, which aim to reduce resource overhead while ensuring
that each stabilizer involves only a limited number of qubits. This property is im-
portant both for technological feasibility and for fault-tolerance, as it simplifies
implementation and enables better control of error propagation during syndrome
extraction. However, this comes at the cost of requiring long-range interactions
between qubits, since the stabilizer checks are generally non-local and may in-
volve qubits separated by large distances on the physical layout. Moreover, per-
forming encoded operations on QLDPC codes often requires more complex pro-
tocols, such as measurement-based procedures [34] and lattice surgery [35–37], to
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implement logical gates fault-tolerantly. The first explicit QLDPC constructions
were the bicycle codes, a class of CSS codes whose stabilizer generators are con-
structed from a binary circulant matrix in a way that automatically satisfies the
commutation conditions [38]. Generalized bicycle codes extended this scheme by
allowing pairs of commuting matrices to define the stabilizers, providing greater
flexibility in code design [39]. Building on this, bivariate bicycle codes fall into
the family of tensor-product generalized bicycle codes. The resulting structure
can be visualized on a two-dimensional grid, where some of the check operators
are non-local and obtained by systematic shifts along the grid [40]. In parallel,
homological product codes and related constructions were introduced, taking the
tensor product of two classical or quantum codes, producing larger codes with
increased encoding capacity and improved error-correcting performance [41, 42].
Variants such as fiber bundle codes introduce controlled “twists” in the stabiliz-
ers to enhance code properties [43]. Lifted product codes generalize the product
construction further by applying it to a pair of protographs, which are matrices
constructed from linear combinations of circulant permutation matrices [44]. Sep-
arately, tri-orthogonal codes were developed not as QLDPC codes but as a class
of stabilizer codes designed for FT magic-state distillation. Their defining feature
is a triorthogonality condition on the stabilizer generators: any pair of rows over-
laps on an even number of positions, and any triple of rows also overlaps on an
even number of positions [45]. This property enables the transversal implementa-
tion of a non-Clifford logical gate across the code block, a crucial ingredient for
achieving a universal set of FT logical operations.

1.2 From Theory to Hardware: Realizing Quantum
Codes

The transition from theoretical constructions of QEC to practical demonstrations
on real hardware marks a critical step toward scalable quantum computing. In very
recent years, this area has witnessed intense experimental activity, reflecting rapid
progress in the development and testing of error-correcting codes on physical de-
vices. Surface codes naturally emerged as the leading candidates for early im-
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plementations, owing to their planar structure and local stabilizer measurements,
which align well with the connectivity of superconducting qubit platforms. The
first realizations focused on the distance three surface code [46, 47]. In these ex-
periments, error syndromes were extracted and decoded in post-processing using
the minimum weight perfect matching (MWPM) algorithm [48], which pairs non-
trivial syndrome bits from ancilla measurements to infer likely data qubit errors,
selecting connections that minimize the overall probability of the inferred error
configuration. This setting established the feasibility of stabilizer-based error cor-
rection on real devices and demonstrated repeated error correction cycles. Build-
ing on these advances, later work investigated how logical performance scales
with increasing code size. While larger codes in principle provide stronger error
protection, they also require more qubits and operations, introducing additional er-
rors. In [49], this trade-off was examined by implementing a distance five surface
code and comparing its performance to the distance three surface code. Using
belief-matching decoding [50], a hybrid of belief propagation and MWPM, the
larger code achieved modest but consistent improvements in logical error rates, of-
fering the first experimental evidence that increasing code distance can yield gains
in fault-tolerance. A decisive advance came with the first demonstration of surface
code operation below threshold on superconducting processors [51]. Distance five
and distance seven surface codes were realized, respectively, and it was shown that
increasing the code distance reduced the logical error rate by more than a factor
of two, in line with theoretical expectations. Importantly, these experiments also
implemented real-time decoding, based on a correlation-augmented MWPM al-
gorithm that used Sparse Blossom as its main subroutine [52]. This represented
a major step forward, showing that low-latency decoding can be integrated into
experimental cycles while still maintaining operation below threshold. Beyond
superconducting platforms, recent progress has also been achieved with neutral
atom arrays, which offer long coherence times and reconfigurable connectivity.
In [53], a logical processor was realized that demonstrated key building blocks
of QEC. Using distance three to distance seven surface codes, logical Bell states
were prepared and entangling performance was shown to improve with increas-
ing code size. Complementarily, the Steane code was employed to implement FT
Clifford circuits, including the preparation of a logical GHZ state.
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While error correction with surface and color codes provides the foundation
for protecting quantum information, achieving universal quantum computation
further requires the ability to implement non-Clifford gates. A standard approach
is magic state distillation, where multiple noisy magic states are purified into a
smaller number of high-fidelity ones using error-correcting codes [32]. In a re-
cent neutral atom experiment [54], a magic state factory based on the [[5, 1, 3]]

perfect code was demonstrated. The protocol consumed five noisy logical magic
states, applied an optimized un-encoding circuit made of three layers of entangling
gates, and produced a distilled output by measuring four of the logical qubits and
postselecting on favorable outcomes. This procedure achieved quadratic suppres-
sion of logical error rates, validating the principles of magic state distillation in a
hardware setting. Moreover, the experiment realized distillation of states encoded
in color codes of distances three and five, directly observing an improvement in
output fidelity compared to the noisy inputs. On trapped-ion processors, further
advances have been achieved in the direct preparation of encoded magic states.
In [55], a protocol was implemented to fault-tolerantly prepare a pair of logical
magic states within the [[6, 2, 2]] error-detecting code using only eight physical
qubits. The scheme begins by encoding two candidate states through an arbitrary
state encoder circuit, such that any single gate fault can affect at most one logi-
cal qubit. Potential single-qubit logical errors are then detected by fault-tolerantly
measuring joint logical Hadamard operators with the aid of an ancilla. By discard-
ing runs with detected faults, the protocol produces logical magic states whose
failure probability scales quadratically with the physical error rate. These states
were subsequently used to implement a logical controlled-Hadamard gate, which
outperformed its best physical counterpart and provided a clear demonstration of
the benefits of FT encoding. On the same trapped-ion platform, a complementary
strategy to magic state distillation was demonstrated through code switching [56].
In this approach, a magic state is first prepared in a code that admits a transversal
non-Clifford gate, and then transferred into a different code supporting a comple-
mentary FT gate set. Specifically, the experiment realized the first code switching
protocol between color codes, preparing a magic state in the [[15, 1, 3]] quantum
Reed–Muller code, which supports a transversal non-Clifford gate, and then tele-
porting it into the Steane code, which admits the full Clifford group transver-
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sally. The procedure combined verified initialization, transversal logical gates,
and a logical teleportation step to transfer the encoded state. The resulting logical
magic state reached state-of-the-art fidelity for encoded non-Clifford resources,
demonstrating code switching as a practical alternative pathway toward universal
FT computation.

Moving beyond topological codes, one of the first experimental realizations
of a QLDPC code with long-range interactions was recently demonstrated on
a trapped-ion platform [57]. This proof-of-principle experiment implemented a
[[25, 4, 3]] QLDPC code, encoding four logical qubits into 25 physical qubits. The
platform’s all-to-all connectivity enabled nonlocal stabilizer measurements and
transversal initialization of logical states. Logical GHZ states were prepared and
verified with high fidelity by implementing logical controlled-NOT gates through
software-level qubit relabeling, with only mild postselection. All error correction
was performed in post-processing using belief propagation plus ordered statistics
decoding (BP+OSD) [58], a decoder that combines probabilistic inference with a
subsequent processing step involving a matrix inversion to converge on a likely
error configuration for the data qubits. Building on the realization of QLDPC
codes, a recent experiment on a trapped-ion quantum computer demonstrated the
[[33, 1, 4]] 4D surface code [59], marking the first hardware implementation of
single-shot QEC. This code benefits from linear dependencies in its stabilizer
checks, which provide inherent robustness against syndrome errors and elimi-
nate the need for repeated measurements. Error correction was performed using
BP+OSD, demonstrating that single-shot codes can achieve high-fidelity logical
operations while minimizing measurement overhead. Finally, preliminary exper-
iments on superconducting platforms have also begun exploring QLDPC codes,
despite the challenges posed by limited connectivity [60]. Using a processor with
long-range-coupled transmons, the [[18, 4, 4]] bivariate bicycle code was imple-
mented. All nonlocal stabilizers were measured simultaneously via an efficient
syndrome extraction circuit, demonstrating the feasibility of executing QLDPC
protocols on superconducting hardware. While logical error rates remain above
the physical error rates, these results represent an important first step toward real-
izing low-overhead QEC across different quantum computing platforms.
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1.3 Motivation and Scope of this Thesis

Motivated by the rapid progress in experimental QEC, this thesis focuses on un-
derstanding and optimizing both the theoretical performance and practical imple-
mentation of quantum codes. A first key aspect is the performance analysis of
stabilizer codes, which is particularly relevant given the variety of physical plat-
forms and the need to understand how logical error rates scale with code parame-
ters under realistic noise. Second, the design of topological codes for asymmetric
channels addresses the fact that actual hardware rarely experiences uniform noise:
in trapped-ions, quantum dots, and certain superconducting qubits, dephasing er-
rors typically dominate over bit-flip and other errors, requiring codes optimized
for biased noise [61, 62]. Third, the development of fast, low-latency decoders is
crucial for realizing FT operations in practice, as real-time syndrome processing is
an active challenge even for surface codes. Finally, the construction of robust and
efficient FT preparation protocols for CSS states is essential, since all practical
QEC schemes rely on accurately initialized logical states. These considerations
together form the foundation and motivation for the research presented in this
thesis.

1.4 Thesis Organization

In the next chapters, we explore both the theoretical and practical aspects of QEC,
from the performance analysis of stabilizer codes to the implementation of FT
state preparation circuits on real hardware.

In Chapter 2, we examine the performance of quantum stabilizer codes, intro-
ducing the stabilizer formalism, noise channel models, and the weight enumerator
of undetectable errors. This chapter establishes theoretical benchmarks for logical
error rates and presents numerical results that guide code evaluation under varying
noise conditions [63–65].

Chapter 3 addresses the design of quantum codes tailored for asymmetric
channels, where dephasing errors dominate over bit-flip errors. We present con-
structions such as ZZZY codes, obtained by modifying the structure of surface
codes. Moreover, we introduce cylindrical codes and Möbius codes, belonging to
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the families of homological product and fiber-bundle codes, and show how chan-
nel bias can be exploited to enhance error-correction capability [66, 67].

In Chapter 4, we investigate fast decoders for quantum topological codes, in-
cluding the spanning tree matching (STM), Rapid-Fire (RFire), and bubble clus-
tering (BC). Each decoder is analyzed in terms of logical error rate, computational
complexity, and average execution time under different physical error rates, high-
lighting their potential for real-time syndrome processing [68–70].

Chapter 5 presents protocols for modular and efficient FT initialization of CSS
logical states. We introduce a bipartite preparation circuit for CSS states, FT flag
gadgets, and decoding strategies, concluding with the implementation of a logical
zero state for the [[23, 1, 7]] Golay code using 237 controlled-NOT gates on the
Quantinuum H2 trapped-ion quantum computer [71].





Chapter 2

Performance Analysis of Quantum
Stabilizer Codes

Estimating the logical error rates is a central task in quantum error correction, as
it directly determines the effective reliability of an encoded computation. While
Monte Carlo simulations are often employed for this purpose, they become in-
creasingly impractical as the physical error rate decreases: the probability of ob-
serving a logical failure diminishes so rapidly that an infeasibly large number of
trials would be required to obtain statistically meaningful estimates.

In this chapter, we introduce a framework for analyzing the performance of
stabilizer codes using the quantum MacWilliams identities. Our approach over-
comes the limitations of simulation by providing rigorous upper bounds on the
logical error rate of quantum CSS codes, valid across all physical error rates yet
especially informative in the low-noise regime. These bounds are derived from
the undetectable errors weight enumerator. We further develop a detailed char-
acterization of logical operators, leading to exact expressions for the asymptotic
logical error rate under the assumption of complete decoding, where the asymp-
totic regime corresponds to sufficiently low physical error rates.

13
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2.1 Background on Quantum Error Correction

In this section, we review the fundamental concepts of QEC, focusing first on the
stabilizer formalism, which provides a systematic way to describe quantum codes
and their error syndromes, and then on the channel models that characterize the
types of errors affecting physical qubits.

2.1.1 Stabilizer Formalism

A qubit is an element of the two-dimensional Hilbert space H2, with basis |0i
and |1i [22]. The Pauli operators I,X,Z, and Y , are defined by I |ai = |ai,
X |ai = |a� 1i, Z |ai = (�1)a |ai, and Y |ai = i(�1)a |a� 1i for a 2 {0, 1}.
These operators either commute (e.g. IX = XI) or anticommute (e.g. XZ =

�ZX) with each other. Also, apart from an overall factor ±1,±i, the composi-
tion of two Pauli produces another Pauli (e.g. XY = iZ). Thus, all the Pauli
operators, together with multiplicative factors ±1,±i constitute a group, indicated
as G1. Similarly, all Pauli operators on n qubits together with multiplicative fac-
tors ±1,±i form the Gn Pauli group [19, 22, 72]. We indicate with [[n, k, d]] a
quantum error-correcting code (QECC) with minimum distance d, that encodes
k information qubits |'i (called logical qubits) into a codeword of n qubits | i
(called data or physical qubits), allowing the decoder to correct all patterns up
to t = b(d � 1)/2c errors (and some patterns of more errors). The codewords
will be assumed equiprobable in the following. Using the stabilizer formalism,
we start by choosing n � k independent and commuting operators Gi 2 Gn,
called stabilizer generators. The subgroup of Gn generated by all combinations
of the Gi 2 Gn is a stabilizer, indicated as S . The code C is the set of quantum
states | i stabilized by S , i.e., satisfying S | i = | i 8S 2 S , or, equivalently,
Gi | i = | i , i = 1, 2, . . . , n � k. Operators that commute with every ele-
ment of the stabilizer group form the normalizer of S in the Pauli group, denoted
N(S) = {P 2 Gn | PS = SP 8S 2 S}. Logical operators are precisely those el-
ements of N(S) that are not contained in S , i.e., N(S) \ S . They act non-trivially
on the encoded logical qubits while preserving the code space. In what follows,
logical Pauli operators are denoted by XL and ZL, corresponding to the logical
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bit- and phase-flip operators, respectively.

Assume a codeword | i 2 C is affected by a channel error. Measuring the re-
ceived state according to the generators Gi with the aid of ancilla qubits, the error
is projected, up to logical operators, onto a discrete set of possibilities represented
by the Pauli operators E 2 Gn [72]. We call this E a Pauli error. The weight of an
error E 2 Gn is the number of single qubits Pauli operators which are not equal to
the identity. For example, the error E = X2Y 3 has weight two, with X occurred
on the second qubit and Y occurred on the third qubit (we implicitly mean that
the others qubits see the Pauli identity operator). The measurement procedure over
the ancilla qubits results in a quantum error syndrome s(E) = (s1, s2, . . . , sn�k),
with each si = 0 or 1 depending on E commuting or anticommuting with Gi, re-
spectively [72]. In the following, we will often refer to ancillas measuring si = 1

as switched on ancillas, or equivalently as defects. Note that an error E 2 S has
no effect on a codeword since in this case E | i = | i.

CSS codes form a subclass of stabilizer codes in which the stabilizer gen-
erators separate into two sets: one consisting only of tensor products of Pauli
X operators and the other consisting only of tensor products of Pauli Z opera-
tors [23, 24]. Such a code is constructed from two classical binary linear codes
CX and CZ satisfying the inclusion C?

Z
✓ CX . If HX and HZ denote the parity-

check matrices of CX and CZ , respectively, then each row of HX defines a stabi-
lizer generator composed of X operators, and each row of HZ defines a stabilizer
generator composed of Z operators. This structure enables independent syndrome
extraction and correction of bit-flip and phase-flip errors.

In the following, we will also adopt the notation [[n, k, dX/dZ]] for asymmetric
codes able to correct all patterns up to tX = b(dX � 1)/2c Pauli X errors and
tZ = b(dZ � 1)/2c Pauli Z errors. Moreover, other single- and two-qubit gates
considered in this thesis are the Hadamard H , phase S, and T gates, together
with the controlled-NOT CX and controlled-Z CZ gates, defined by H |ai =
1p
2

�
|0i + (�1)a |1i

�
, S |ai = ia |ai, T |ai = ei⇡a/4 |ai, CX |a, bi = |a, a� bi,

and CZ |a, bi = (�1)ab |a, bi, for a, b 2 {0, 1}.
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2.1.2 Channel Models

A possible channel model is one characterized by errors occurring independently
and with the same statistic on the individual qubits of each codeword. In this
model, the error on each physical qubit can be X , Z or Y with probabilities
pX, pZ, and pY, respectively. The physical error probability, i.e., the probability
of a generic error occurring on a physical qubit, is p = pX + pZ + pY. Two
important models are the depolarizing channel where pX = pZ = pY = p/3, and
the phase flip channel where p = pZ, pX = pY = 0. We will also consider more
general asymmetric channels with the constraint pX = pY, therefore completely
characterized by the bias parameter A = 2pZ/(p � pZ). Note that for A = 1 we
have the depolarizing channel, and for A!1 we have the phase flip channel.

This corresponds to a code-capacity noise model, where errors affect only the
physical qubits and syndrome measurements are assumed to be perfect. More
realistic models include the quantum phenomenological noise model, in which
both data qubits and syndrome measurements are subject to noise, and the quan-
tum circuit-level noise model, where errors are associated with all elementary
operations in the error-correction circuit, including gates, state preparation, and
measurements.

In Chapter 2, a code-capacity noise model is first considered, and the re-
sults are then further generalized by including a noisy syndrome extraction cir-
cuit within a circuit-level noise model. In Chapter 3, the code-capacity noise
model is adopted for the design of the codes, while the derivation of FT syndrome
extraction schemes is left for future research. In Chapter 4, we focus on the code-
capacity setting in order to benchmark the decoding performance of the proposed
decoders independently of the specific FT circuit used for syndrome extraction.
Finally, in Chapter 5, a circuit-level noise model is considered for the design of
the FT state preparation protocol.

2.2 Asymptotic Performance of Quantum Codes

In the following, we will refer to the codeword error probability, pL, as logical
error probability, defined as the probability that the decoder does not correct the
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errors introduced by the quantum channel. Let us first assume an [[n, k, d]] QECC
together with a decoder which corrects up to t = b(d � 1)/2c generic errors
(i.e., X , Z, or Y ) per codeword, and no others. For this bounded distance (BD)
decoder, the logical error probability is simply

pL = 1�
tX

j=0

✓
n

j

◆
pj (1� p)n�j (2.1)

that, for p⌧ 1, can be approximated as

pL '
✓

n

t+ 1

◆
pt+1 . (2.2)

The error probability analysis can be generalized to asymmetric QECCs assum-
ing a decoder able to correct up to eg generic errors plus up to eZ Pauli Z errors
per codeword, and no others. In this case, weighting each pattern with the cor-
responding probability of occurrence, the BD decoding error rate (2.1) over an
asymmetric quantum channel with arbitrary pX, pY, and pZ becomes [73]

pL = 1�
eg+eZX

j=0

✓
n

j

◆
(1� p)n�j

jX

i=(j�eg)
+

✓
j

i

◆
pi
Z
(p� pZ)

j�i (2.3)

where (x)+ = max{x, 0}. For a channel with asymmetry parameter A = 2pZ/(p�
pZ), noting that (j � eg)+ = 0 if j  eg and using the binomial theorem, the ex-
pression in (2.3) can be rewritten

pL = 1�
eg+eZX

j=0

↵j

✓
n

j

◆
pj(1� p)n�j (2.4)

where

↵j =

8
>><

>>:

1 if j  eg
✓

2

A+ 2

◆j jX

i=j�eg

✓
j

i

◆✓
A

2

◆i

otherwise.
(2.5)
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Similarly to the approximation done in (2.2) derived from (2.1) when p ⌧ 1,
considering the most significant terms in (2.4), the asymptotic slope analysis can
be extended to asymmetric codes with eZ > 1 as

pL '

8
>>><

>>>:

✓
n

eg + 1

◆ ✓
2p

A+ 2

◆eg+1

1  A <1
✓

n

eg + eZ + 1

◆
peg+eZ+1 A!1 .

(2.6)

Let us now assume to have a decoder that always outputs a codeword (com-
plete decoder). This could allow correcting also some error patterns which are
not correctable with BD decoding. Specifically, we analyse the minimum weight
(MW) decoder, which can be implemented as the MWPM decoder for surface
codes.

Definition 2.1. We indicate with �j the fraction of errors of weight j that can be
corrected by a complete decoder.

Note that �j depends in general on the code structure, on the decoder, and on
the channel asymmetry parameter A.

Definition 2.2 (Error class). We state that two error patterns are in the same class
if they have the same Pauli weight with respect to each Pauli operator, i.e., they
contain the same number of X , Y , and Z errors, respectively.

In general, the logical error rate of an error-correcting code of length n is

pL =
X

E2Cn

P{error|E}P{E} (2.7)

where Cn is the set of all possible error classes over n qubits, P{error|E} is the
probability to have an error given the particular error class E, and P{E} is the
occurrence probability of E. Since the probability P{error|E} depends only on
how many X , Y , and Z the error E contains, we define fj(i, `) as the fraction
of errors of weight j with i Pauli Z and ` Pauli X errors that are not corrected.
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Then, we can write

pL =
nX

j=1

✓
n

j

◆
(1� p)n�jpj(1� �j) (2.8)

where

1� �j =
1

pj

jX

i=0

✓
j

i

◆
pi
Z

j�iX

`=0

✓
j � i

`

◆
p`
X
pj�i�`

Y
fj(i, `) . (2.9)

Considering a symmetric error correcting code with bounded distance decoding
which corrects up to eg errors, we have that fj(i, `) = 0 for j  eg and fj(i, `) = 1

otherwise. In the case of an asymmetric code able to correct eg generic errors plus
eZ Pauli Z errors, fj(i, `) = 0 for j  eg, fj(i, `) = 0 for eg < j  eg + ez and
i > ez, and fj(i, `) = 1 otherwise. For channels with pX = pY (e.g., depolarizing
and asymmetric) we have that

1� �j =
1

(A+ 2)j

jX

i=0

Ai

j�iX

`=0

✓
j

i

◆✓
j � i

`

◆
fj(i, `) (2.10)

and �j = �j(A). The dependence on A will be indicated only when necessary. In
the following we will assume pX = pY.

For a symmetric code, starting from (2.8) we obtain the upper bound

pL 6 (1� �t+1)

✓
n

t+ 1

◆
pt+1 (1� p)n�t�1 +

nX

j=t+2

✓
n

j

◆
(1� p)n�jpj . (2.11)

Also, we can approximate the logical error rate for p⌧ 1 as

pL ⇡ (1� �t+1)

✓
n

t+ 1

◆
pt+1 . (2.12)

Note that equation (2.12) differs from (2.2) in that the latter assumes that all errors
with weight greater than t are not correctable. The asymptotic slope in log-log
domain remains t + 1, but with an offset depending on (1 � �t+1), compared
to (2.2).
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In a similar way, we can find the asymptotic error correction capability of an
asymmetric code. In particular, for p⌧ 1 the performance of the code becomes

pL ⇡ (1� �eg+eZ+1)

✓
n

eg + eZ + 1

◆
peg+eZ+1 + (1� �eg+1)

✓
n

eg + 1

◆
peg+1 .

(2.13)

As indicated by (2.8) and its approximations, to calculate the performance of
quantum codes we need to determine the fraction of correctable errors �j .

2.3 Undetectable Errors Weight Enumerator

Definition 2.3 (Undetectable errors). The undetectable errors operators are those
coincident with the logical operators. They transform a codeword into another
codeword and are therefore undetectable.

Thus, the set of logical operators coincides with the set of undetectable errors.
In the following, we will use the two terms interchangeably.

The undetectable errors weight enumerator for a [[n, k, d]] quantum code is

L(z) =
nX

w=0

Lwz
w (2.14)

where Lw is the number of undetectable errors of weight w.
Then, we will show that L(z) can be written as

L(z) =
1

2k
B(z)� 1

4k
A(z) (2.15)

where A(z) =
P

n

w=0
Awzw, B(z) =

P
n

w=0
Bwzw,

Aw = 4k
X

Ew

|Ew \ S| (2.16)

Bw =
1

2n

nX

`=0

wX

s=0

✓
`

s

◆✓
n� `
w � s

◆
(�1)s3w�sA` (2.17)
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and where the sum in (2.16) is over all operators Ew 2 Gn of weight w.

We prove now that (2.15), together with (2.16) and (2.17), gives indeed the
undetectable weight enumerator (WE). To this aim, let us consider the operators
Ew 2 Gn with weight w, i.e., containing exactly w Pauli operators different from
the identity. For any two hermitian operators O1 and O2 we can introduce two
WEs Aw and Bw [74, 75]

Aw(O1,O2) =
X

Ew

tr (EwO1) tr (EwO2) (2.18)

Bw(O1,O2) =
X

Ew

tr (EwO1EwO2) (2.19)

where the sum is over all the Ew, and w = 0, . . . , n. We will often drop the
operators O1,O2 when the dependence is clear in the context. In the case in
which O1 = O2 = ⇧C , the projector onto a [[n, k, d]] binary stabilizer code, A(z)
and B(z) carry some important properties of the code. Indeed, let Gi 2 S , with
i = 1, ..., n� k, generators of the stabilizer group of a code, then [76]

⇧C =
1

2n�k

n�kY

i=1

(I +Gi) =
1

2n�k

X

S2S

S . (2.20)

The WE A(z) defined in (2.18) is proportional to the stabilizer WE [76]

1

4k
A(z) =

nX

w=0

X

Ew

|Ew \ S| zw. (2.21)

Moreover, B(z) is proportional to the normalizer WE [76]

1

2k
B(z) =

nX

w=0

X

Ew

|Ew \N (S)| zw. (2.22)

To find the relation between Aw and Bw we write the associated WEs in the form

A(v, z) =
nX

w=0

Awv
n�wzw, B(v, z) =

nX

w=0

Bwv
n�wzw . (2.23)
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These polynomials are related through the quantum MacWilliam identities [75–
77]

B(v, z) = A

✓
v + 3z

2
,
v � z

2

◆
. (2.24)

Using (2.24) in (2.23) we get (2.17). Finally, the number of undetectable errors of
weight w is given by the number of operators of weight w which commute with
S , given in (2.22), minus the number of stabilizers of weight w, given by (2.21),
which leads to (2.15).

The evaluation of the undetectable errors WE (2.15) requires therefore only
computing the Aw in (2.16), which can be carried out by direct inspection of
S for small code sizes, or more in general by using the tools for the computa-
tion of the weight distribution of classical codes as discussed in Section 2.3.3.
More in general, a trivial way to obtain A(z) for a [[n, k, d]] is to compute all
linear combinations among the set of generators. Alternatively, it is possible to
consider the connection between stabilizer codes and codes over the Galois field
GF (4) by identifying the operators I , X , Z and Y with the four elements of the
field [72,78]. Hence, the evaluation of A(z) can be seen as the computation of the
weight distribution of classical codes over GF (4). Although this problem may be
classified as NP-hard [79], a variety of advanced and optimized algorithms have
been developed. These algorithms surpass traditional brute force methods in effi-
ciently calculating key metrics such as the weight distribution and the minimum
weight. Some of them are the Brouwer–Zimmermann algorithm and its various
modifications for cyclic codes, quasi-cyclic codes, and divisible codes [80–86].
Such algorithms are implemented in software tools related to coding theory, such
as MAGMA [87]. Recently, new techniques have been developed for computing
the quantum weight enumerator polynomial A(z), which, for some degenerate
stabilizer codes, provide up to an exponential speed up compared to the previous
methods [88].
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2.3.1 Bounds on �t+1 via Undetectable Errors WE

The performance of an [[n, k, d]] QECC is mainly determined, according to (2.11),
(2.12), and (2.13), by the value of �t+1. We show here that, even without analyzing
in details the logical operators of a code, it is possible to exploit the undetectable
error WE L(z) in order to find upper bounds on the performance for a depolarizing
channel. Specifically, considering the general case of a complete MW decoder, we
will derive several lower bounds on the value of �t+1, indicated as �̂t+1 6 �t+1,
for some families of codes. Unless otherwise stated we will assume d odd.

A first bound, valid in general for stabilizer codes, is obtained assuming that
each logical operator of weight w can be caused by all the 3t+1 different Pauli
errors of weight t+ 1, as

�̂t+1 =

 
1�

3t+1
P

2t+2

w=2t+1
Lw

�
w

t+1

�
�

n

t+1

�
3t+1

!+

. (2.25)

In this equation, Lw is the number of logical operators of weight w, 3t+1 is the
number of permutations of the different Pauli operators of weight t+ 1 that cause
a logical operator, and

�
w

t+1

�
refers to the number of patterns of errors (made of

fixed Pauli operators) with weight t+ 1 that can realize the corresponding logical
operator. For instance, if we consider t + 1 = 2, we have 32 = 9 different Pauli
errors: ZZ, XZ, ZX , XX , ZY , Y Z, Y Y , Y X , XY . Moreover, a logical
operator of weight w = 3 can be produced by

�
3

2

�
= 3 patterns of each of the

previous Pauli errors of weight t + 1. Note that, the summation in (2.25) starts
from 2t+1 since Lw = 0 for w 6 2t+1, and is limited to 2t+2 because, when an
error of weight t+1 is introduced by the channel, a MW decoder will never choose
a codeword which differs in more than t+ 1 positions from the original one. The
previous bound can be made more tight if we deal with CSS codes, where the X

and Z corrections are performed independently. In this case the logical operators
of weight d are formed by one Pauli type only. Consequently, a logical operator
may be caused by only two types of Pauli errors. For instance, let us consider the
logical operator ZZZ: this can be caused only by ZZ, ZY , Y Z and Y Y Pauli
errors. Therefore, for CSS, the number of permutations of Pauli errors that cause
the generic logical operator is 2t+1. Moreover, since, for a MW decoder, the error
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recovery operator has always a weight lower or equal to the weight of the channel
error pattern, only half of the error patterns of weight t+1 cause a logical operator
of weight w = 2t+ 2. Hence, the fraction of corrected errors can be bounded by

�̂CSS

t+1
=

 
1�

2t+1
P

2t+2

w=2t+1
Lw

�
w

t+1

�
/
⌅

w

t+1

⇧
�

n

t+1

�
3t+1

!+

. (2.26)

We remark that this expression applies also to surface codes with MWPM decoder.
Furthermore, it is possible to obtain a tighter bound if the generators are composed
by X or Z Pauli measurements on the same qubits. In particular, this condition
holds for the category of CSS Dual-Containing codes [38]. These codes have
a third of the logical operators of minimum weight composed by only Y Pauli
operators. Hence, we know that these logical operators can be caused only by
Pauli errors composed by Y operators. In this situation, (2.26) can be rewritten as

�̂CSS�DC

t+1
=

 
1�

1

3

P
2t+2

w=2t+1
Lw(2 (2t+1 � 1) + 1)

�
w

t+1

�
/
⌅

w

t+1

⇧
�

n

t+1

�
3t+1

!+
. (2.27)

The values provided by (2.25), (2.26), and (2.27), can be used in (2.11), (2.12),
and (2.13) to compute upper bounds on the error rate. These new bounds are
easy to compute, as they just need the WE polynomial L(z) derived from the
MacWilliams identities.

In case we want to have a more precise estimation of the error performance we
should get tighter bounds on �t+1, and this is only possible by a closer analysis of
the code. In particular, we should take into account the code degeneracy, which
requires a more detailed description of the code logical operators, as discussed
in Section 2.3.1. To explain the role of degeneracy, assume we have a code with
logical operators that share the same Pauli operators on t + 1 common qubits. In
the event of an error composed exclusively of these Pauli operators, a deterministic
decoder will only trigger one of these logical operators. Therefore, by having
knowledge of the structure of the logical operators within a stabilizer code, we
could improve the previous bounds. For example, the estimation �̂CSS

t+1
of (2.26)
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can be extended to account for degeneracy as

�̂CSS

t+1
=

 
1�

2t+1
P

2t+2

w=2t+1
Lw

�
w

t+1

�
�w/

⌅
w

t+1

⇧
�

n

t+1

�
3t+1

!+

(2.28)

where �w 2
⇥
1/
�

w

t+1

�
, 1
⇤

is the average fraction of potential Pauli error patterns of
weight t + 1 that are not shared between two or more logical operators of weight
w. Note that this parameter is contingent on both the weight and the distinct
Pauli operators that constitute the logical operators. For instance, if the code is
asymmetrically degenerate with respect to the different Pauli operators, different
logical operators of the same weight could share a different number of Pauli oper-
ators. We remark that the bounds (2.25) to (2.27) are already in closed form and
do not necessitate the evaluation of �w. Their computational complexity solely
arises from evaluating the weight enumerator of the specific quantum code.

The expressions derived in (2.25) to (2.27) can be easily modified to the case
where d is even by keeping only the weight w = 2t + 2 in the summation, and
avoiding the division by

⌅
w

t+1

⇧
. For example, for codes with even distance d =

2t+ 2, (2.26) becomes

�̂CSS

t+1
=

 
1�

2t+1 L2t+2

�
2t+2

t+1

�
�

n

t+1

�
3t+1

!+

. (2.29)

Let us provide now examples for some important quantum codes. As regards
the [[7, 1, 3]] Steane code [89], using (2.15) we compute the WE as L(z) = 21z3+

126z5 + 45z7. Hence, by applying (2.27) it is possible to compute �̂2 as

�̂CSS�DC

2
=

 
1�

2

3
21 · 3 · 3 + 1

3
21 · 3

�
7

2

�
32

!+

=
2

9
' 0.22 (2.30)

i.e., at least 22% of the errors of weight j = 2 are corrected by a minimum weight
decoder. For this particular code this estimate is exact, i.e., �̂2 = �2, as will be
shown in section 2.3.3. This is because the logical operators of weight w = 3

share only t = 1 Pauli operators on common qubits. Hence, the code degeneracy
does not affect the computation of �̂2.
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In case of the [[9, 1, 3]] Shor code [20], from (2.15) the WE results L(z) =

39z3 + 208z5 + 332z7 + 189z9. Moreover, using (2.26) we get �̂2 = 0. This
result, which gives us no more information with respect to the bounded distance
performance, is due to the strong degeneracy of the code. In fact, even if the
number of logical operators of weight w = 3 is quite large for a 9 qubits code,
a lot of them share t + 1 = 2 Pauli operators, affecting the actual �2 (i.e.
�3 ⌧ 1). An accurate estimation taking into account the effect of degeneracy will
be provided in Section 2.3.1 by a counting argument on the logical operators.

Taking into consideration the [[13, 1, 3]] surface code, from (2.15) we first find
L(z) = 6z3 + 24z4 + 75z5 + 240z6 + 648z7 + 1440z8 + 2538z9 + 3216z10 +

2634z11 + 1224z12 + 243z13. Then, considering a MWPM decoder, from (2.26)
we have

�̂CSS

2
=

 
1�

22
�
6
�
3

2

�
+ 24

�
4

2

�
/2
�

�
13

2

�
32

!+

=
57

117
' 0.49 (2.31)

so that at least 49% of the errors of weight j = 2 is corrected.

The method works also for asymmetric CSS codes. For instance, taking the
[[23, 1, 3/5]] surface code, we have L(z) = 5z3 + 20z4 + 51z5 + 172z6 + ... .
Considering that errors of weight j = 2 can be caused only by X operators, while
errors of weight j = 3 can be caused both by X and Z operators, from (2.26) we
obtain

�̂CSS

2
=

 
1�
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�
5
�
3

2

�
+ 20

�
4

2

�
/2
�

�
23

2

�
32

!+

=
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759
' 0.87 (2.32)

and

�̂CSS

3
=

 
1�

23
�
51
�
5

3

�
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�
6

3

�
/2
�

�
23

3

�
33

!+

=
17840

47817
' 0.63 . (2.33)

The exact values of �t+1 for these codes are provided in Section 2.5. In
literature, some lower bounds on the logical error rate of surface codes have been
proposed for p ⌧ 1, not for the depolarizing but for the phase flip or the bit
flip channels [90, 91]. These bounds are quite far from the true performance, as
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they consider only channel errors leading to logical operators of minimum weight
w = 2t+ 1.

2.3.2 Closed form expression for the WE of Surface Codes

As evident from (2.26), when dealing with surface codes with MWPM, a channel
error with weight j = t+1 has the potential to induce logical operators of weight
w = 2t + 1 and w = 2t + 2, when d is odd. On the other hand, when d is even
�t+1 requires only the knowledge of the number of logical operators of weight
w = 2t + 2. Consequently, in order to assess the performance bounds of surface
codes over a depolarizing channel, it suffices to determine the WE coefficients
associated with these two degrees. In the following, we present an expression
for determining these values without the necessity of computing the MacWilliams
identities. Specifically, given a surface code with minimum distance d, there are
exactly 2d logical operators of weight w = d. These operators correspond to
straight horizontal Z and vertical X chains crossing the lattice. In fact, all other
paths from a boundary to an opposite one have at least d + 1 Pauli operators. We
conclude that Ld = 2d. Furthermore, logical operators of weight w = d + 1 can
be classified into two distinct groups. The first category, composed by 4(d� 1)2

operators, representing the chains starting from a boundary and reaching the op-
posite side of the lattice with only one turn. Some examples of these ZL and XL

operators for the [[13, 1, 3]] surface code are depicted in Fig. 2.1a and in Fig. 2.1a0.
The final group of logical operators includes some Pauli Y operators. In partic-
ular, these logical operators are obtained from the ZL (XL) operators of weight
w = d by applying one site (plaquette) generator. Let us consider firstly a logical
operator with w = d that traverse qubits which are measured by four-qubits gen-
erators. If we apply a four-qubits generator to these logical operators we end up
with another logical operator of weight w = d + 2. For this reason, we exclude
these from the counting. On the other hand, considering logical operators running
along a boundary of the lattice, we can apply a three-qubits generator to end up
with another logical operator of weight w = d + 1, corresponding to the overall
count of three-qubits generators, i.e., 4(d � 1). An example of these operators is
shown in Fig. 2.1e and in Fig. 2.1f. Counting all the combinations, we conclude
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Figure 2.1: Example of errors leading to a logical operator of w = 4 for the [[13, 1, 3]]
surface code. Z, X , and Y errors on qubits are depicted in red, purple, and blue, respec-
tively. (a) ZL occurs if Z correction operators are applied on data qubits D5 and D6. The
errors are corrected if the MWPM decoder applies Z on D3 and D7. (b) ZL occurs if Z
correction operators are applied on D3 and D7. The errors are corrected if the MWPM
decoder applies Z on D5 and D6. (c) ZL occurs if Z correction operators are applied on
D3 and D6. The MWPM decoder could apply also Z operators on D5 and D7, correcting
the error, or on D2 and D4, correcting the error. (d) ZL occurs if Z correction operators
are applied on D5 and D7. The MWPM decoder could apply also Z operators on D3 and
D6 or on D2 and D4, causing a different logical operator. (a0, c0) Analogous examples for
XL logical operator. (e, f ) Logical operators of w = 4 caused by Y Y errors.

that Ld+1 = 4d(d� 1).
In summary, a [[d2 + (d� 1)2, 1, d]] surface code has WE

Ld = 2d Ld+1 = 4d(d� 1) (2.34)

which can be used in (2.26) and (2.29). For example, for the [[41, 1, 5]] surface
code L5 = 10 and L6 = 80, resulting in �̂3 = 0.975.

2.3.3 Logical Operators Analysis

Now we show that it is possible to obtain the exact �j parameters with no need of
simulations. This requires an analysis of the structure of the code logical opera-
tors, which we do explicitly for some small-size codes. The same approach may
become too complicated for large codes, where the use of the closed-form bounds
(2.26), and (2.27) is preferable. Since we are interested in the value of �j , we have
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to find the fraction of errors of weight j that can cause the decoder to miscorrect
and induce a logical error. In order to compute it, we will consider not only L(z)

but also the structure of the stabilizer.

In the case of a CSS stabilizer code, taking into account that the total number
of different error patterns of weight j is

�
n

j

�
, we can express �j as

�j = 1�
P

j

i=0
Ai

P
j�i

`=0

P
w
Lw(i, `)µ

(w)

j
(i, `) �w(i, `)

(A+ 2)j
�
n

j

� (2.35)

where: Lw(i, `) stands for the number of logical operators of weight w that can be
caused by the combined action of channel errors of weight j composed by iZ and
`X Pauli operators and w�j correction operators applied by a complete decoder;
µ(w)

j
(i, `) refers to the number of different patterns of errors with weight j that can

induce the corresponding logical operator of weight w; and �w(i, `) 2
h
1/
�
w

j

�
, 1
i

is the average fraction of potential Pauli error patterns of weight j that are not
shared between two or more logical operators. Note that (2.35) and (2.10) are
equivalent, since

X

w

Lw(i, `)µ
(w)

j
(i, `) �w(i, `) =

✓
n

j

◆✓
j

i

◆✓
j � i

`

◆
fj(i, `). (2.36)

In particular, on both sides of (2.36) we find the total number of logical errors
induced by the weight j error class identified by i operators of type Z and `

operators of type X .

In the following, we provide some examples over a depolarizing channel, in
order to clarify the reasoning behind the evaluation of �j . First, let us consider
the [[5, 1, 3]] perfect code [92]. Note that this is not a CSS code. Using (2.15) we
obtain L(z) = 30z3 + 18z5, so we know that the number of logical operators of
weight 3 is 30. Then, we have

�2 = 1� 30 · 3�
5

2

�
32

= 0 (2.37)

where we have considered that the total number of pairs of Pauli errors is
�
5

2

�
32,

and that each logical operator of weight 3 can be caused exactly by three different
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combinations of errors of weight j = 2. This result was expected since the code
is perfect.

Steane code: A more interesting case is that of the [[7, 1, 3]] Steane code [89].
Starting from L(z) = 21z3 + 126z5 + 45z7 and assuming a MW decoder, we
calculate

�2 = 1� 1�
7

2

�
32


7µ(3)

2
(2, 0) + 7µ(3)

2
(1, 0) + 7µ(3)

2
(0, 2) + 7µ(3)

2
(0, 1) + 7µ(3)

2
(0, 0)

�

= 1� 7 (3 + 6) + 7 (3 + 6) + 7 · 3�
7

2

�
32

=
2

9
' 0.22. (2.38)

To derive this value we observed that, unlike the perfect code, each logical oper-
ator of w = 3 is composed of only one kind of Pauli operator. Specifically, we
have seven XXX , seven ZZZ, and seven Y Y Y logical operators. In addition,
�3 = 1 since there are no logical operators that share Pauli operators on the same
qubits. Moreover, we have to consider that each one of these X (Z) logical oper-
ators can be generated by ZZ (XX) errors, and also by XY (ZY ), since single
errors can always be corrected, while Y logical operators are caused only by two
Y errors.

Shor code: As a third example let us analyze the [[9, 1, 3]] Shor code [20].
From (2.15) the WE results L(z) = 39z3 + 208z5 + 332z7 + 189z9. Assuming a
MW decoder, 39 undetectable errors of weight three are caused by channel errors
of weight two. A closer look reveals that the 39 operators include three XXX , 27
ZZZ, and 9 Y Y X logical operators. The code is degenerate with respect to Z

Pauli errors, so it is necessary to treat differently the logical operators of each type.
In particular, since each channel error of the kind ZZ can cause three different
ZZZ logical operators, �3(2, 0) = �3(1, 0) =

1

3
. For instance, the channel error

Z1Y 4 could cause either Z1Z4Z7, Z1Z4Z8, or Z1Z4Z9. (The error X4 is
corrected by the decoder). Thus, considering that �3(0, 0) = �3(0, 1) = �3(0, 2) =
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1, we obtain

�2 = 1� 1�
9

2

�
32


27 [µ(3)

2
(2, 0) + µ(3)

2
(1, 0)] �3(2, 0)

+ 3 [µ(3)

2
(0, 2) + µ(3)

2
(0, 1)] + (27 + 9)µ(3)

2
(0, 0)

�

= 1�
27 (3 + 6) 1

3
+ 3 · 3 + 3 · 6 + 27 + 9
�
9

2

�
32

=
5

9
' 0.56 (2.39)

Surface codes: We investigate the �j values for surface codes, which belong
to the class of CSS codes, assuming MWPM decoding [27, 93, 94]. Considering
the [[13, 1, 3]] surface code, we have L(z) = 6z3+24z4+75z5+240z6+648z7+

1440z8 + 2538z9 + 3216z10 + 2634z11 + 1224z12 + 243z13. As before, we need
to analyze how channel errors of weight j = 2 cause logical operators. Let us
first look at the six logical operators of weight three. For the surface codes we
know that the logical operators cross the lattice from side to side. Thus, there are
three XXX (crossing horizontally) and three ZZZ (crossing vertically) logical
operators. As a result, µ(3)

2
(0, 2) = µ(3)

2
(2, 0) = µ(3)

2
(0, 0) = 3, given that, for

instance, a ZZZ logical operator can arise from
�
3

2

�
error patterns of the ZZ

type. Furthermore, µ(3)

2
(0, 1) = µ(3)

2
(1, 0) = 6, as a ZZZ logical operator is

induced by 2
�
3

2

�
error patterns of the ZY kind. In this code we have also logical

operators of weight w = 4, as illustrated in Fig. 2.1. Specifically, among the
L4 = 24 logical operators, 16 are composed by XXXX and ZZZZ, and the
remaining eight are of type Y Y XZ, as illustrated in Fig. 2.1e and in Fig. 2.1f.
For these eight cases, we are left, after MWPM decoding, with a logical operator
with three Z or three X , which have been already counted when discussing the
weight w = 3. In particular, for each of the 16 logical operators of weight w =

4 there are
�
w

j

�
=

�
4

2

�
= 6 different patterns of errors of weight j = 2 that

can cause it. However, one of them is always corrected (due to the degeneracy
of the code), while another one cause a logical operator of weight w = 3 that
we have already taken into consideration. For instance, with reference to the
logical operator shown in Fig. 2.1a, the error pattern Z3Z5 switches on the ancilla
A7, which leads to the correction operator Z8, thereby realizing the stabilizer
generator Z3Z5Z8. Moreover, the error Z6Z7 switches on the ancilla A7, and
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Table 2.1: Coefficients for performance evaluation, [[13, 1, 3]] surface code.

i = 2 i = 1 i = 0 i = 0 i = 0

` = 0 ` = 0 ` = 0 ` = 1 ` = 2

L3, �3 3, 1 3, 1 6, 1 3, 1 3, 1

µ(3)

2
3 6 3 6 3

L4, �4 8, 3/4 8, 3/4 16, 3/4 8, 3/4 8, 3/4

µ(4)

2
2 4 2 4 2

the resulting correction operator produces the logical operator Z6Z7Z8 of weight
w = 3. The remaining four error patterns, shown in Fig. 2.1a–d, produce the same
syndrome in pairs. We consider a deterministic decoder, such as the MWPM, that
associate one error pattern to each syndrome. Thus, only two patterns will not
be corrected. Hence, we have µ(4)

2
(2, 0) = µ(4)

2
(0, 2) = µ(4)

2
(0, 0) = 2, while

µ(4)

2
(1, 0) = µ(4)

2
(0, 1) = 4. Also, note that, among the four patterns of errors of

weight j = 2 that can cause a logical operator of weight w = 4, one is in common
with another logical operator. For example, the error pattern Z3Z6 depicted in
Fig. 2.1d may also cause the logical operator Z2Z3Z4Z6. Hence, among the four
faulty error patterns corresponding to the pair of logical operators, one pattern is
repeated twice. Therefore we have �4(i, `) = 3

4
. In Tab. 2.1, we report, for the

[[13, 1, 3]] surface code, the values of L(z), �w(i, `), and µ(w)

j
(i, `) that are needed

in order to compute �2. If we put these parameters into (2.35), we obtain

�2 =
267

351
' 0.76. (2.40)

Using (2.35) it is also possible to obtain the value of �j for asymmetric channels.
For instance, in the case of the [[13,1,3]] surface code over a phase flip channel,
we have only three Z logical operators with w = 3 and eight Z logical operators
with w = 4, giving

�2 = 1� 3µ(3)

2
(0, 2) + 8µ(4)

2
(0, 2)�4(0, 2)�

13

2

� = 1�
3 · 3 + 8 · 23

4�
13

2

� =
19

26
' 0.73 .

(2.41)

Rotated surface codes: We derive the WE function for the [[9, 1, 3]] rotated sur-
face code [95] as L(z) = 24z3 +192z5 +408z7 +144z9. In this case, we have 24
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Figure 2.2: (a-f) Examples of Z logical operators of weight w = 3 of the [[9, 1, 3]] rotated
surface code. Data qubits with a ZL error are depicted in red. The last four Z logical
operators have the form of (e) and (f) but with Y operators on qubits D1, D2, D8 and D9.
The other 12 X logical have the same structure on the dual lattice. (g,h) Examples of ZL

and XL logical operators of weight w = 4 for the [[13, 1, 3]] XZZX code. (i,l) Examples
of ZL and XL logical operators of weight w = 4 for the [[13, 1, 3]] surface code.

logical operators of weight w = 3 and zero of weight w = 4. However, as for the
[[13, 1, 3]] surface code when w = 4, we consider only 16 out of 24 logical oper-
ators, due to the fact that we are implicitly counting the 8 operators having both
Pauli Z and X into the 16 ones. Focusing on Y 1Y 2Z4 in the code of Fig. 2.2e,
consider the channel error Y 1Y 2. In this case, ancilla A4 is switched on and
the decoder applies the correction Z4, resulting in the logical operator Z1Z2Z4,
since X1X2 is a stabilizer. Let us now consider the eight operators constituted
of only Pauli Z, reported pictorially in Fig. 2.2a-f. As for the [[13, 1, 3]] surface
code, µ(3)

2
(0, 2) = µ(3)

2
(2, 0) = µ(3)

2
(0, 0) = 3, while µ(3)

2
(0, 1) = µ(3)

2
(1, 0) = 6.

We are interested in the number of Z errors of weight j = 2 that can cause these
logical operators. However, we can see that different logical operators share com-
mon patterns of Z errors with weight j = 2 and must be considered only once.
For instance, the operator in Fig. 2.2a can be caused by three different patterns of
Z errors: Z4Z5, Z4Z6 and Z5Z6. In particular, Z4Z5 can cause either (a) or
(d), while Z5Z6 can lead either to (a) or to (c), depending on the MWPM im-
plementation. Specifically, each logical operator of the kind (a-d) can be caused
by two patterns of Pauli errors of weight j = 2 which are in common with others.
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Table 2.2: Coefficients for performance evaluation, [[9, 1, 3]] surface code.

i = 2 i = 1 i = 0 i = 0 i = 0

` = 0 ` = 0 ` = 0 ` = 1 ` = 2

L3, �3 8, 3
4

8, 3
4

16, 3
4

8, 3
4

8, 3
4

µ(3)

2
3 6 3 6 3

On average, each of these four operators can be caused by
�
3

2

�
� 1 = 2 differ-

ent patterns of errors of weight j = 2. As regards the four logical operators in
Fig. 2.2e and Fig. 2.2g, they have just one pattern of errors of weight j = 2 in
common with each other. Hence, considering them in pairs, we must take into
account 2 ·

�
3

2

�
� 1 = 5 different pattern of errors per couple. The resulting value

of �3(i, `) = (42

3
+45

6
)1
8
= 3

4
. In Tab. 2.2, we report, for the [[9, 1, 3]] surface code,

the values of L(z), �w(i, `), and µ(w)

j
(i, `) that are needed in order to compute �2.

If we put these parameters into (2.35), we obtain

�2 =
5

9
' 0.56. (2.42)

It is also possible to derive �2 over a phase flip channel, observing that in this case
we have only Z Pauli errors. This leads for the same [[9, 1, 3]] rotated surface
code over a phase flip channel to

�2 = 1� 3µ(3)

2
(0, 2)�3(0, 2)�

9

2

� = 1�
3 · 83

4�
9

2

� =
1

2
' 0.5 . (2.43)

XZZX surface codes: XZZX codes have a similar structure to surface codes;
however, while standard surface code stabilizers consist only of X or Z operators,
the stabilizers in XZZX codes take the form XZZX within the lattice [30]. As
a result, XZZX codes are not CSS codes, and the previous analysis does not
directly apply. Nonetheless, a similar logical operator analysis can be carried out
to compute the fraction of faulty error patterns of weight t+ 1. The value of L(z)
for the [[13, 1, 3]] XZZX code is L(z) = 6z3 + 24z4 + 75z5 + 240z6 + 648z7 +

1440z8+2538z9+3216z10+2634z11+1224z12+243z13. As anticipated, this is the
same as that obtained for the original surface code. Indeed, the logical operators
have the same structure but they are composed of different Pauli operators. In
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particular, notice that, even if the logical operators differ for some Pauli operators
with respect to the surface codes, a decoder will make its decision based only
on the resulting syndrome. As a result, over the depolarizing channel and for
a MWPM decoder, for the XZZX variant of the [[13, 1, 3]] code, we still have
�2 ' 0.76, as can be checked by deriving it in the same way as (2.40).

Moving to the analysis over asymmetric channels, we note that the 16 weight-
w = 4 logical operators considered in the [[13, 1, 3]] surface code now consist of
both X and Z Pauli operators, as illustrated in Fig. 2.2g–h. As a consequence,
some of these operators occur only in the presence of both Z and X errors. Con-
sidering an asymmetric channel where X errors are less probable than Z errors, it
follows that logical operators of the kind shown in Fig. 2.2g are, on average, less
probable to occur. This is the reason behind the XZZX performance advantage
over asymmetric channels. For example, letting A ! 1 (i.e., assuming phase
flip channel), we have four error patterns of the type ZX that we have to exclude,
since X errors cannot occur on this channel. Hence, over the phase-flip channel,
the XZZX variant leads to

�2 = 1�
3 · 3 + 8 · 23

4
� 4

�
13

2

� =
61

78
' 0.782. (2.44)

This shows how the error correction capability of XZZX codes increases with the
asymmetry of the channel.

Rotated XZZX codes: We can compute for the [[9, 1, 3]] rotated XZZX code
the undetectable error WE, obtaining L(z) = 24z3 + 192z5 + 408z7 + 144z9.
This, as expected, is the same as the non-XZZX version. For the depolariziong
channel, the resulting �2 is, therefore, equal to (2.42) computed for the [[9, 1, 3]]

rotated surface code. Thus, the XZZX variant does not change the performance
over the depolarizing channel. However, the codes perform differently on asym-
metric channels. In fact, let us now consider the 18 configurations of errors with
weight j = 2 of (2.45), which, in the rotated surface code, correspond to only Z

Pauli errors. As for non-rotated codes, it can be shown that 10 of these configu-
rations include one X Pauli error in the case of the [[9, 1, 3]] rotated XZZX code.
Hence, this code has a great advantage over asymmetric channels. For example,
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we compute for it

�2 = 1� 4 · 2 + 2 · 5� 10�
9

2

� =
7

9
' 0.778 (2.45)

over a phase flip channel, to be compared with �2 = 1/2 of the non-XZZX code
given in (2.43).

2.4 Noisy Syndrome Measurement

In realistic quantum systems, syndrome measurements are inherently noisy and
often require repeated execution over time to yield reliable outcomes. In this sec-
tion, we shift our attention to syndrome extraction circuits and introduce a frame-
work that accounts for the presence of noise during measurement. We recall that
a gadget for a specific function is defined as a circuit to perform that function
on the encoded state [72]. Then, we replace each measurement in the original
circuit with a FT gadget that replicates its intended action on logical qubits, en-
suring it behaves as the ideal measurement would in the unencoded circuit. By
systematically propagating error probabilities through the circuit, we derive upper
bounds on the resulting physical error rate. When combined with the previously
established theoretical bounds, this approach enables us to estimate the logical
error rate including the effects of the noisy gadget, offering a practical tool for
analyzing performance in real-world quantum error correction scenarios. Specif-
ically, in realistic syndrome extraction gadgets, two main challenges arise. First,
syndrome measurements are inherently noisy, making a single-shot measurement
unreliable [21, 72]. This issue is typically addressed by repeating the measure-
ment until the same syndrome is obtained t+1 times consecutively [21]. In many
practical scenarios, for distance-d codes, it is common to perform d repeated mea-
surements [22,27]. The second challenge stems from error propagation during the
extraction process. In particular, errors on the syndrome qubit can spread to mul-
tiple data qubits through entangling gates, leading to high-weight errors known
as hook errors. To mitigate these effects, techniques such as the use of cat states
or flag qubits have been developed, which can signal the presence of correlated
faults [21, 96, 97]. An alternative is the Steane error correction gadget, which, by
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construction, implements a fault-tolerant gate through transversal operations and
destructive measurement of a logical ancilla [98]. In the following, we consider re-
alistic syndrome extraction gadgets that include faulty initialization, single-qubit
and two-qubit gates, and measurements. We assume that after each of these oper-
ations, a depolarizing channel acts on the qubits involved, with error probabilities
specific to each type of gate. In addition to these, we also include an initial depo-
larizing channel acting on each data qubit before the syndrome extraction gadget is
applied. Moreover, in practical quantum experiments, error correction is executed
over multiple consecutive correction cycles [49, 51]. Between cycles, data qubits
may accumulate errors due to decoherence or as a result of gate operations per-
formed during encoded computation. Importantly, errors arising from an incorrect
syndrome bit in a given cycle, as well as those introduced by the final two-qubit
gate during syndrome extraction (which are not detected within the same cycle),
can be dealt with in subsequent cycles.

2.4.1 Cat States

In this approach, the stabilizer generator Gi of weight �i is measured using a
cat state (or GHZ state) composed of �i ancilla qubits. This configuration en-
sures that each controlled gate in the extraction circuit interacts with a dedicated
syndrome qubit, thereby limiting the spread of errors [21]. The entire syndrome
extraction procedure is assumed to be repeated for r > t shots [21, 72]. The error
probability of a specific syndrome bit can be bounded by considering that t + 1

consecutive syndrome extractions providing the same syndrome, i.e., no errors
have occurred [21]. This is

Pi  1� (1� pi)
t+1 (2.46)

where pi is the error probability in a single shot syndrome bit measurement. This
can be upper bounded as

pi 6 1�(1� ⇢cat
init

)
h
(1� ⇢1Q)

⇥ (1� ⇢2Q)(1� ⇢meas)
i�i

(2.47)
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with ⇢cat
init

, ⇢1Q, ⇢2Q, and ⇢meas denote the depolarizing error probabilities associ-
ated with the cat state initialization, single-qubit gates, two-qubit gates, and qubit
measurement, respectively. Moreover, note that a MW decoder can apply correc-
tions to at most t qubits. As a result, a single syndrome bit error can, in the worst
case, be equivalent to a Pauli error affecting t qubits. For a given stabilizer gener-
ator, the probability that a physical qubit is affected due to a faulty syndrome bit
is t/n, where n is the total number of qubits. Therefore, the overall qubit error
probability resulting from faulty syndrome measurements can be upper bounded
as

Psyn 6 t

n

"
1�

n�kY

i=1

(1� Pi)

#
. (2.48)

To compute the depolarizing error probability after syndrome extraction, we also
account for an initial depolarizing channel on each data qubit, as well as a de-
polarizing channel associated with each two-qubit gate that interacts with a data
qubit. Since we aim to obtain an upper bound for the depolarizing error proba-
bility, which is assumed to be the same for every data qubit, we are interested in
the maximum number of two-qubit gates applied to any single qubit. Thus, we
define �max = max

j

�j , where �j represents the number of two-qubit gates applied

to qubit j in a single round of syndrome extraction. Hence, the equivalent depo-
larizing error probability on each qubit at the end of the measurement based on
cat state can be upper bounded as

⇢cat
eq

6 1�(1� ⇢)(1� Psyn)

⇥
h
(1� ⇢2Q)(1� ⇢catinit

)
ir �max

(2.49)

where ⇢ is the depolarizing error probability on each qubit before the gadget, and
Psyn is the faulty syndrome error probability due to the previous error correction
cycle. Finally, an upper bound on the logical error rate after the gadget can be
obtained by equation (2.11) with ⇢ replaced with ⇢cat

eq
from equation (2.49), in

conjunction with the results from Section 2.3.
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2.4.2 Flag Error Detection

In this scenario, a single ancillary qubit is assigned to each syndrome bit. How-
ever, to mitigate hook errors, additional flag qubits can be introduced [96, 97].
These flag qubits are designed to propagate any hook errors, and their subse-
quent measurements allow for the detection or the correction of such errors. Upon
detection, the computation can be post-selected and restarted, as an example, to
maintain the integrity of the syndrome extraction process. Error detection and cor-
rection flag circuits used for measuring syndrome bits in codes of distance three
and five are presented in [97, 99]. Here, the probability of syndrome error per
single measurement can be upper bounded as

pi 6 1� (1� ⇢init)(1� ⇢1Q)2

⇥ (1� ⇢2Q)�i+2fi(1� ⇢meas) (2.50)

where fi denotes the number of flag qubits required for the i � th generator, and
⇢init represents the depolarizing error probability associated with qubit initializa-
tion. Note that each flag qubit is associated with two two-qubit gates involving
the syndrome qubit. Also, we can compute Psyn using (2.50) in (2.46) and (2.48).
In this case, the equivalent depolarizing error probability per qubit at the end of
the gadget ⇢flag

eq
is

⇢flag
eq

6 1� (1� ⇢)(1� Psyn)(1� ⇢2Q)r �max (2.51)

where ⇢ is the depolarizing error probability on each qubit before the gadget, and
Psyn is the faulty syndrome error probability due to the previous error correction
cycle.

Moreover, we must account for the possibility that a flag gadget might fail to
detect a hook error, for instance, due to an additional error occurring during its
measurement. Since we are computing an upper bound, we assume that such a
failure results in a logical error. Specifically, the error probability in a flag gadget
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can be upper bounded as

pflag 6 1� (1� ⇢init)(1� ⇢1Q)2

⇥ (1� ⇢2Q)2(1� ⇢meas) (2.52)

Given a generator i, with 1 6 i 6 n � k, and a specific two-qubit gate c, with
1 6 c 6 �i, used for measuring that generator, we define Fi,c as the number of flag
qubits that, in the absence of errors, are capable of detecting a hook error resulting
from that particular two-qubit gate. This corresponds to all the flag qubits that
have been entangled with the syndrome qubit before the two-qubit gate c, but
have not yet been disentangled at the time c is applied. Then, the probability that
an hook error is undetected is upper bounded by

Pun,hook 6 ⇢2Q

n�kX

i=1

�i�2X

c=2

p
Fi,c

flag
. (2.53)

Note that the inner summation excludes the first and last two two-qubit gates of
the generator, as these cannot give rise to hook errors (up to a stabilizer generator).
Finally, an upper bound on the logical error rate can be computed as

⇢0
L
6 ⇢L + Pun,hook � ⇢LPun,hook (2.54)

where ⇢L is given by equation (2.11) with ⇢ replaced with ⇢flag
eq

from equation (2.51),
in conjunction with the results from Section 2.3.

2.4.3 Steane Error Correction

This gadget, specifically designed for CSS codes, involves preparing logical |0i
and |+i ancilla states, followed by the transversal application of CNOT gates to
propagate X and Z errors from the data block to the ancilla [98]. The ancilla states
are then destructively measured to extract the syndrome. Due to the transversality
of the CNOT operations, no hook errors can occur, and the circuit does not require
repeated measurements. Here, the ancilla error probability per qubit can be upper
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bounded as

Pa 6 1� (1� ⇢a)(1� ⇢1Q)(1� ⇢2Q)(1� ⇢meas) (2.55)

where ⇢a is the depolarizing error probability on each ancilla qubit before the
gadget. Note that, employing this error correction gadget, a single qubit error in
the ancilla state can only produce a single qubit error in the encoded state. The
depolarizing error probability on each qubit after the gadget is upper bounded as

⇢Ste
eq

6 1� (1� ⇢)(1� ⇢2Q)2(1� Pa)
2 (2.56)

where ⇢ is the depolarizing error probability on each qubit before the gadget.
Finally, an upper bound on the logical error rate after the gadget can be obtained
by equation (2.11) with ⇢ replaced with ⇢Ste

eq
from equation (2.56), in conjunction

with the results from Section 2.3.

2.5 Numerical Results

In this section, we evaluate the performance of several codes in terms of the logical
error rate as a function of the physical error rate, based on the analytical frame-
work introduced earlier. The results are compared with numerical simulations to
assess the accuracy and practical relevance of the analysis. For each simulation
point in the numerical analysis, 100 error realizations were tested to ensure suffi-
cient statistical accuracy.

Error patterns search via decoding: In Tab. 2.3 we report the percentage of
non-correctable errors fj(i, `) (i.e., composed by j Pauli operator, i of type Z and
` of type X) for some surface and XZZX codes. These values have been evalu-
ated by enumerating the error patterns of interest and running the MWPM decoder.
To this aim, we employ the library for efficient modeling and optimization in net-
works (LEMON) C++ software [100], which provides an efficient implementation
of graphs and networks algorithms. Once we have fj(i, `), we can compute the
value of 1� �j for arbitrary A, according to (2.10). Hence, by using these tabular
values, we can write analytical expressions for the code performance. This result
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Table 2.3: Fraction of non-correctable error patterns fj(i, `) per error class of several
topological planar codes decoded by minimum weight perfect matching.

Surface

Code XX XZ XY ZZ ZY Y Y

[[13, 1, 3]] 0.27 0 0.27 0.27 0.27 0.51

[[9, 1, 3]] 0.5 0 0.5 0.5 0.5 1

[[23, 1, 3/5]] 0.174 0 0.174 0 0 0.174

[[15, 1, 3/5]] 0.324 0 0.324 0 0 0.324

Code XXX XXZ XXY XZZ XZY XY Y ZZZ ZZY ZY Y Y Y Y

[[23, 1, 3/5]] 0.434 0.174 0.434 0 0.174 0.434 0.066 0.066 0.235 0.487

[[15, 1, 3/5]] 0.635 0.324 0.635 0 0.324 0.635 0.279 0.279 0.603 0.868

[[41, 1, 5]] 0.0212 0 0.0212 0 0 0.0212 0.0212 0.0212 0.0212 0.042

[[25, 1, 5]] 0.127 0 0.127 0 0 0.127 0.127 0.127 0.127 0.254

XZZX

Code XX XZ XY ZZ ZY Y Y

[[13, 1, 3]] 0.218 0.051 0.27 0.218 0.27 0.513

[[9, 1, 3]] 0.222 0.278 0.5 0.222 0.5 1

[[23, 1, 3/5]] 0.123 0.016 0.138 0 0.016 0.154

[[15, 1, 3]] 0.086 0.086 0.171 0.067 0.152 0.324

Code XXX XXZ XXY XZZ XZY XY Y ZZZ ZZY ZY Y Y Y Y

[[23, 1, 3/5]] 0.281 0.153 0.311 0.043 0.18 0.353 0.043 0.086 0.248 0.443

[[15, 1, 3]] 0.244 0.241 0.399 0.236 0.391 0.619 0.211 0.380 0.391 0.868

[[41, 1, 5]] 0.014 0.002 0.016 0.002 0.007 0.021 0.013 0.016 0.021 0.042

[[25, 1, 5]] 0.027 0.034 0.06 0.034 0.067 0.127 0.027 0.06 0.127 0.254

can be used to analyze and design complex systems without implementing the de-
coder. For instance, the logical error rate of a rotated XZZX [[9, 1, 3]] code tends
for small p to

pL ⇡
0.222A2 + 1.556A+ 2.222

(A+ 2)2

✓
9

2

◆
p2 . (2.57)

Similarly, for the original [[13, 1, 3]] surface code we have

pL ⇡
0.27A2 + 0.54A+ 1.32

(A+ 2)2

✓
13

2

◆
p2 . (2.58)

As an example, for A = 10 we obtain pL ! 10p2 for the rotated [[9, 1, 3]] XZZX
code and pL ! 18.3p2 for the [[13, 1, 3]] surface code.

By examining Tab. 2.3, it becomes apparent that the rotated XZZX code on a
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Figure 2.3: Examples of undetected error patterns on the rotated XZZX [[15, 1, 3]]. In
red are represented errors introduced by the channel, in yellow the ancilla anticommuting
with the error, and in orange the error correction applied by the MWPM decoder when
the current highlighted ancilla is given as input. (a) A particular ZZ error producing a
logical error when decoded. (b) A particular XX error producing a logical error when
decoded.

rectangular lattice exhibits a degradation in code distance. Specifically, without
the application of the XZZX variant, the code is characterized as [[15, 1, 3/5]], but
upon applying the XZZX variant, it becomes a [[15, 1, 3]] code. Notably, in this
specific configuration, there is no enhancement of asymmetric error correction
capability through the XZZX structure. This is due to some error patterns which
reduce the error correction capability of the starting code. We report in Fig. 2.3a an
example where, starting from the [[15, 1, 3/5]] rotated code, we apply the XZZX
variant. Here we show a decoding error caused by an ZZ error pattern. Since a
weight two pattern is not corrected, the code distance is not dZ = 5 for Z errors.
In Fig. 2.3b we also show a failure caused by an XX error, which confirms that
this asymmetric lattice with the XZZX variant has a symmetric distance d = 3.

Comparison between the �̂t+1 from the WE and the exact �t+1: In Tab. 2.4
we compare the estimated �̂t+1 from Section 2.3.1, and the exact �t+1 from Sec-
tions 2.3.3 and Tab. 2.3 over the depolarizing channel. We remark that the esti-
mates �̂t+1 are derived solely by employing the logical weight enumerator of the
particular quantum code (i.e., from the MacWilliams identities, or (2.34) for sur-
face codes), whereas the exact values are obtained through a counting argument
applied to the logical operators. Specifically, both the [[5, 1, 3]] perfect code and
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Table 2.4: Comparison between the bounds from Section 2.3.1, and the exact values from
Sections 2.3.3 and Tab. 2.3, depolarizing channel.

1� �̂t+1 1� �t+1

[[5, 1, 3]] 1 1

[[7, 1, 3]] 0.88 0.88

[[9, 1, 3]] 1 0.44

[[13, 1, 3]] 0.51 0.24

[[23, 1, 3/5]] eg = 1 0.13 0.07
[[23, 1, 3/5]] eg + ez = 2 0.37 0.20

[[41, 1, 5]] 2.5 · 10�2 1.4 · 10�2

[[85, 1, 7]] 6.00 · 10�4 -

[[145, 1, 9]] 1.02 · 10�5 -

[[181, 1, 10]] 4.33 · 10�7 -

the [[7, 1, 3]] Steane code exhibit asymptotic non-degeneracy, leading to a con-
gruence between the estimated values and their exact counterparts. Instead, the
[[9, 1, 3]] Shor code displays strong degeneracy, so that the estimate is useless
(�̂2 = 0). In this case, we can resort to the logical operator analysis detailed
in Section 2.3.3 which gives the exact �2. Regarding surface codes, we observe
that the estimated �̂t+1 closely approximate the exact values, with the disparity
diminishing as the code’s distance is increased.

Comparison between analysis and simulation for the [[9, 1, 3]] Shor code: To
verify the correctness of the proposed analytical approach we analyze the results
for the [[9, 1, 3]] Shor code. As observed, the estimation (2.26) is not useful, as it
gives �̂2 = 0, which coincides with the BD decoding due to the strong degeneracy
of the Shor code. Therefore, we use the logical operator analysis of Section 2.3.3.
Fig. 2.4 shows, for the [[9,1,3]] code, a comparison between the upper bound
(2.11), the asymptotic approximation (2.12), and the logical error rate obtained
via Monte Carlo simulations, adopting a MW decoder. It can be seen that the
results are in perfect agreement for p < 0.1, while there is a small gap for larger
p. This gap arises because (2.11) implicitly assumes �j = 0 for j > 3, while the
Shor code is able to correct also a little percentage of errors of weight j > 3, as for
instance X errors in three different qubit triplets (X1X4X7). Moreover, in the
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Figure 2.4: Logical error probability vs. physical error probability. Comparison between
theoretical analysis (curves) and simulation (symbols) for the [[9, 1, 3]] Shor code over a
depolarizing channel. The curves refer to: the BD decoding performance (2.1); the MW
decoding upper bound (2.11) and its asymptotic approximation (2.12) with the exact �2
from Tab. 2.4.

plot, we report the error probability with the BD decoder, computed using (2.1),
which has the same trend as the MW decoder. The gap between the two curves is
due to the fraction of weight two errors which are corrected by the MW decoder.

Asymptotic approximation and bounded distance decoder: In Fig. 2.5 we
report the asymptotic approximations computed using (2.57) for the [[9, 1, 3]] ro-
tated XZZX code, over the depolarizing and phase flip channels. We notice that
the estimates provided in (2.12) closely align with the results obtained from sim-
ulations using MWPM decoding. This shows how the performance of an error-
correcting quantum code with a complete decoder can be accurately described in
the typical region of interest, i.e., p < 0.1, where the code is actually providing an
improvement compared to the uncoded case. Moreover, we show in the same fig-
ure the bounded distance decoding performance, obtained by considering �j = 0,
for j > t = b(d � 1)/2c. The bounded distance decoding is unaffected by the
asymmetry parameter. For this reason, it is not able to describe the advantage of
XZZX codes over asymmetric channels. Specifically, the gap between bounded
distance and MWPM decoding is due to the fact that topological codes are able to
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Figure 2.5: Logical error probability vs. physical error probability. Comparison between
simulation (mark symbols), asymptotic approximations (2.12) (solid lines), and BD de-
coding performance (2.1) (dotted line) for the [[9, 1, 3]] XZZX code over depolarizing and
phase flip channels.

correct a large number of errors of weight w > t + 1. The [[9, 1, 3]] XZZX code
has the greatest error correction capability over the phase flip channel, where it
can exploit its intrinsic symmetries which make one kind of Pauli error to align
always in the same direction.

Comparison of topological planar codes: In Fig. 2.6 we depict some XZZX
and surface codes over a channel with asymmetry A = 10. Among the codes
with distance d = 3, the rotated [[9, 1, 3]] XZZX code is to be preferred due
to its good performance by using the lowest number of qubits. This shows that
the rotation technique is able to obtain an increase of the coding rate without
deteriorating the performance. As expected, the combination of a rectangular
lattice, rotation, and XZZX deteriorates the performance, and here it is shown by
the fact that the [[15, 1, 3]] rotated XZZX code achieves the same performance of
the shortest planar code (i.e., the [[9, 1, 3]]). Moving to lower coding rates, well-
design rectangular lattices show a higher Z error correction capability. For this
reason, they represent a good compromise between performance and codeword
length. On the other hand, codes with large distance show the best performance.
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Figure 2.6: Logical error probability vs. physical error probability with channel asym-
metry A = 10. The curves refer to the asymptotic approximations (2.12) for several
topological planar codes of possible interest.

Finally, it is visible in the plot how the code distance influences the slope of the
performance curve. For asymmetric lattices in the asymptotic regime p ⌧ 1,
those with finite A show the same slope as d = 3 codes, while those with A =1
match the slope of d = 5 codes.

Effect of channel asymmetry on topological planar codes: In Fig. 2.7, Fig. 2.8,
and Fig. 2.9 we show how the logical error rate is affected by the channel asym-
metry A, for all considered surface codes. To this aim, we fix p = 5 · 10�3 to be
in the p ⌧ 1 regime. In Fig. 2.7 we report the logical error rate for topological
planar codes with d = 3. Since they have the same code distance the relation
between them is independent by the chosen p. As expected, we have that XZZX
technique does not provide any advantage when A = 1, while it shows a clear
performance improvement in the presence of channel asymmetries. The rotated
codes for d = 3 are able to achieve advantages both in terms of codeword length
and performance compared to the non-rotated counterparts. We can conclude that
the rotated [[9, 1, 3]] XZZX code is the best choice among the surface codes with
distance d = 3. On the contrary, for d = 5 the performance of the rotated codes
slightly degrades on the depolarizing channel as shown in Fig. 2.8, due to the
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Figure 2.7: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.005. Surface codes with d = 3. The curves refer to the asymptotic approxima-
tions (2.12).

larger number of error patterns beyond the minimum distance that the decoder
can correct. However, given the reduced number of qubits, the small loss for the
depolarizing channel, and the performance improvement for asymmetric chan-
nels, the rotated [[25, 1, 5]] XZZX code can be considered the best choice among
those with d = 5. Finally, in Fig. 2.9 we report codes constructed on rectangular
lattices with dimension 3⇥5. The surface codes are the [[23, 1, 3/5]], with and w/o
XZZX, and its rotated versions [[15, 1, 3/5]] and [[15, 1, 3]] XZZX. As highlighted
before, the latter is the only one not able to guarantee dZ = 5.

6) Noisy syndrome extraction performance analysis. In Fig. 2.10 and Fig. 2.11,
for the [[13, 1, 3]] surface code, we compare the simulated logical error rates un-
der noisy syndrome extraction with the upper bounds described in Section 2.4. In
Fig. 2.10 we set the error rates as ⇢2Q = ⇢1Q = ⇢init = ⇢cat

init
= ⇢meas = ⇢/100,

while in Fig. 2.11 we set ⇢2Q = ⇢1Q = ⇢init = ⇢cat
init

= ⇢meas = ⇢/10. Furthermore,
we set the Steane ancillary state preparation error ⇢a = ⇢/10, or ⇢a = ⇢/2, to en-
sure that the ancillary resource state employed for syndrome extraction is more
reliable than the data state it is used to correct. To achieve FT syndrome extrac-
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Figure 2.8: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.005. Surface codes with d = 5. The curves refer to the asymptotic approxima-
tions (2.12).
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Figure 2.9: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.005. Surface codes with dX = 3/dZ = 5. The curves refer to the asymptotic
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tion, one strategy is to repeatedly measure all stabilizer generators until the same
syndrome is obtained t + 1 times consecutively. Considering that up to t errors
may occur during this process, in the worst-case scenario, (t + 1)2 measurement
rounds are required [19,21]. Hence, we choose r = (t+1)2 = 4, while �max = 4,
since some qubits participate in two X and two Z generators. For weight-four
generators, two flags ancillas are needed for fault detection. Setting �2 = 0.76,
we compute upper bounds on the logical error rate by applying equations (2.49),
(2.51), and (2.56) in (2.11), for the various gadgets discussed in Section 2.4. From
our analysis, we observe that the proposed upper bounds are tight with respect to
the numerical simulations. For circuit error rates equal to ⇢/100 and ⇢a = ⇢/10,
the three techniques exhibit comparable performance. In particular, the effective-
ness of the Steane syndrome extraction gadget is highly dependent on the fidelity
of the resource state used in the procedure. Specifically, when ⇢a = ⇢/10, it
achieves the lowest logical error rates among the considered gadgets; however,
for ⇢a = ⇢/2, its performance deteriorates significantly. In contrast, the perfor-
mance of the cat and flag syndrome extraction gadgets depends strongly on the
circuit error rates: when these are set to ⇢/10, the resulting logical error rates are
substantially higher.
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Figure 2.10: Logical error rates considering noisy syndrome extraction: comparison be-
tween theoretical analysis and simulation using the MWPM decoder for the [[13, 1, 3]]
surface code over a depolarizing channel, assuming uniform noise parameters ⇢2Q =
⇢1Q = ⇢init = ⇢cat

init
= ⇢meas = ⇢/100.
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Figure 2.11: Logical error rates considering noisy syndrome extraction: comparison be-
tween theoretical analysis and simulation using the MWPM decoder for the [[13, 1, 3]]
surface code over a depolarizing channel, assuming uniform noise parameters ⇢2Q =
⇢1Q = ⇢init = ⇢cat

init
= ⇢meas = ⇢/10.
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Chapter 3

Design of Quantum Codes Tailored
for Asymmetric Channels

In practical scenarios, quantum technologies are often more prone to dephasing
noise, therefore suffering more phase-flip errors compared to bit-flip ones [61,
62, 101, 102]. Due to this, asymmetric quantum codes have been proposed as
a solution for scenarios where strong asymmetries in quantum channel errors
arise [30,103]. In [103], codes are constructed starting from classical codes, using
the CSS construction. In [73,104], non-CSS asymmetric codes are constructed us-
ing the quantum Hamming bound, by syndrome assignment in order to find the
shortest possible codes able to guarantee a certain asymmetric error correction ca-
pability. In [30], the XZZX variant of surface codes has been proposed. As shown
in Section 2.5, XZZX codes exhibit a performance boost in presence of quantum
channel asymmetries when compared to the conventional surface code.

In this chapter, we propose a new class of quantum codes, named ZZZY sur-
face codes, in which a few Pauli Y measurements are incorporated at carefully
selected locations within the lattice. This approach aims to improve code per-
formance over asymmetric channels while considering decoder complexity. To
preserve the use of the MWPM decoder, while admitting an additional lowcom-
plexity pre-processing phase, we insert at most one Y measurement per plaquette.
The resulting ZZZY surface code shows a marked improvement in the correction
of error patterns consisting of Z operators.

53
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Moreover, we introduce two classes of quantum topological codes referred to
as cylindrical and Möbius codes, particular cases of the fiber bundle codes [43].
Cylindrical codes exhibit a two-dimensional topological structure that can be con-
figured over planar lattices, and therefore necessitating only local qubit interac-
tions in two dimensions. On the other hand, despite the topological structure of
Möbius codes, in two dimension they are quasi-planar, in the sense that few non-
local qubit interactions are required. In this scenario, a natural implementation
choice could be to leverage the inherent mobility offered by reconfigurable atom
arrays [105]. These architectures allow for processor connectivity to be reconfig-
ured during quantum evolution by shuttling atoms around in optical tweezers, with
minimal decoherence. As a result, they are particularly well-suited for realizing a
limited number of remote connections.

In the following, we focus on the design and performance assessment of the
proposed codes under asymmetric noise, highlighting their advantages for quan-
tum memory applications. When extending their use to quantum computation,
standard lattice surgery techniques [95, 106, 107] developed for surface codes
should be suitably adapted to support FT logical operations within these archi-
tectures.

3.1 Quantum ZZZY Codes

The ZZZY codes are obtained starting from the lattice of a non rotated surface
code, by modifying some of the measurements of the generators, as shown in
Fig. 3.1. We emphasize that these codes are still planar and they require only local
connectivity between qubits. Moreover, for the decoding it is possible to employ
the MWPM algorithm, with the addition of some conditional statements. In the
case of standard squared surface codes, each generator is responsible for only one
kind of Pauli error (e.g., X or Z), since they are composed by either all X or all
Z operators. As a result, such codes have a balanced error correction capability
and perform best over symmetric channels. The basic idea behind ZZZY codes
is to sacrifice some X error correction capability to enhance the performance of
the code over channels where phase flip errors are the most probable. Hence, we
substitute a Z with a Y measurement for a subset of generators. For instance, we
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Figure 3.1: [[13, 1, 3]] ZZZY code. Circles stand for data qubits D, and squares for an-
cillae A. The six edges depicted in red denote a modified Y measurement with respect
the standard surface code. X , Z, and Y measurements are depicted in green, blue, red,
respectively.

design the [[13, 1, 3]] ZZZY code with the following generators

G1 = X1X2X4 G2 = X2X3X5

G3 = Y1Z4Z6 G4 = Z2Z4Z5Y7 G5 = Y3Z5Z8

G6 = X4X6X7X9 G7 = X5X7X8X10

G8 = Z6Z9Y11 G9 = Y7Z9Z10Z12 G10 = Z8Z10Y13

G11 = X9X11X12 G12 = X10X12X13

which are shown in Fig 3.1. Hereafter, we will denote these modified generators
as ZY generators. To build larger ZZZY codes, it is sufficient to start from the
corresponding [[n, k, d]] surface code, as follows. Considering data qubits only on
odd rows, let assign two indices i and j to each data qubit in the lattice, where
i, j = 0, . . . , d� 1, denoting the row and column of the respective qubit q. Some
examples of these labels are depicted in Fig. 3.1. Next, transform the Z measure-
ments on qubits q2`,0 and q2`,d�1, with ` = 0, . . . , d � 1, into Y measurements.
Finally, convert the Z measurements on qubits q2`+1,1 and q2`+1,d�2 to Y mea-
surements. For the particular case d = 3, depicted in Fig. 3.1, d � 2 = 1 and
then q2`+1,1 and q2`+1,d�2 is the same qubit, for each `. This leads to 3(d� 1) = 6



56 Design of Quantum Codes Tailored for Asymmetric Channels

modifications to X generators when d = 3. It is easy to show that, when d > 3,
the procedure leads to 4(d� 1) modifications of X generators. Note that the dual
construction, where some X are replaced by Y to improve the error correction
capability of bit flip errors, can be achieved in a similar manner.

To transform a surface code into its corresponding ZZZY code, it is sufficient
to apply a specific sequence of gates to a subset of data qubits, thereby mapping
the Z-type operators in the stabilizer generators to Y -type operators. This trans-
formation is achieved by the composite operator HS†H .

In the following, we will examine the logical operators of the [[13, 1, 3]] ZZZY
code to elucidate the advantage it attains in the presence of Z channel errors.
The number of logical operators of each weight can be computed starting from
MacWilliams identities as shown in Section 2.3. Specifically, for the [[13, 1, 3]]

code we find that the undetectable error WE polynomial is L(z) = 6z3 + 24z4 +

75z5+240z6+648z7+1440z8+2538z9+3216z10+2634z11+1224z12+243z13.
Since this code has distance three, its asymptotic logical error rate depends on the
fraction of errors of weight j = 2 that it is able to correct. In particular, errors
of weight j = 2 can cause logical operators of weight w = 3 and w = 4. We
observe that the [[13, 1, 3]] ZZZY code, as for the surface code, has six logical
operators with w = 3 and 24 logical operators with w = 4. Specifically, by com-
paring the logical operators with those of the standard surface code, as discussed
in Section 2.3.3, we observe that the logical operators composed of X Pauli oper-
ators remain unchanged for the [[13, 1, 3]] ZZZY code, whereas those composed
of Z Pauli operators have some of their Z terms replaced by Y .

Since this code is designed for channels in which phase-flip errors occur more
frequently, we focus our discussion on Z Pauli errors. Referring to Fig 3.1, some
examples of logical operators for the standard [[13, 1, 3]] surface code with w = 3

and w = 4 are Z1Z2Z3 and Z1Z2Z5Z8, respectively. The first one can be
caused by three error patterns: Z1Z2, Z1Z3, and Z2Z3. In surface codes, where
these errors are detected exploiting only information coming from X generators,
whenever one of these patterns occurs, the MWPM is not able to recover it. For
instance, if the channel introduces a Z1Z2 error, the decoder will apply a Z3, re-
alizing the correspondent logical operator. However, ZZZY codes have additional
information coming from ZY generators. Indeed, in case of a Z1Z2 occurs, an-
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cilla qubit A3, which performs Y 1Z4Z6 measurements, anticommutes with the
error and it is switched on during the error correction. In particular, the corre-
sponding logical operator in the ZZZY code is Y 1Z2Y 3; hence, it cannot result
solely from the action of Pauli Z errors.

A similar reasoning can be done also for logical operators with w = 4. Let
us consider the surface code logical operator Z1Z2Z5Z8. This operator is due to
�
4

2

�
� 2 = 4 pattern of errors of weight two: Z1Z5, Z2Z8, Z1Z8, and Z2Z5.

This is because Z1Z2 causes a logical operator with w = 3, while Z5Z8 is always
corrected. In particular, the decoding error is due to the fact that the MWPM is not
able to distinguish between Z1Z5 and Z2Z8 (Z1Z8 and Z2Z5) since they give
the same syndrome. However, in the [[13, 1, 3]] ZZZY code, a Z1Z5, contrary to
Z2Z8, would switch on A3, which can be exploited to identify the correct channel
error. Indeed, the corresponding logical operator for the [[13, 1, 3]] ZZZY code is
Y 1Z2Z5Z8.

Hence, in the [[13, 1, 3]] ZZZY code, all Z error patterns of weight t + 1

are corrected, except for one: Z6Z8, resulting in �2 = 0.987. This cannot be
corrected as it results in the same syndrome as the error Y 7.

3.2 ZZZY Minimum Weight Perfect Matching

In decoding ZZZY codes, we must adapt the standard MWPM algorithm to lever-
age the insights gained from Y measurements. Notably, as surface codes fall
under the category of CSS codes, the decoding process for Z generators operates
independently from that for X generators [93]. Consequently, the MWPM can be
divided into two phases: MWPMX, focusing solely on X generators, followed by
MWPMZ for the Z stabilizers. As detailed in Section 3.1, ZY generators offer
insights into certain Z errors. However, without careful handling, they can erro-
neously trigger X error detections. Take, for example, Fig 3.1, where a Z1 error
activates ancillas A1 and A3. Neglecting to deactivate ancilla A3 before MWPMZ

would falsely attribute an additional X1 error. To address this, we introduce a
preprocessing step to both MWPMX and MWPMZ. The algorithm’s complete
description utilizes binary representation for the generators (i.e., for the parity
check matrix H) and the estimated channel error vector ê. For instance, in a code
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Algorithm 1: ZZZY Decoder
input : s, syndrome

H , matrix of the generators
nZY, nX, number of ZY and Xgenerators

output: ê, vector of the estimated channel errors

init q to all ones, vector of the weights associated to each data qubit of the lattice
q  update weights(s, q,H, nZY, nX)
D  compute distance(s), matrix of the distances between switched on ancilla
ê MWPMX(D)
forall i 2 {1, . . . , nZY} do

forall j 2 {1, . . . , n} do
if ê(j) = 1

if H(i, j) = 1 and H(i, j + n) = 1
s(j) 1� s(j)

ê MWPMZ(D)

with n qubits, the matrix H comprises 2n columns, with each row representing a
generator. The first n columns contain a 1 where the corresponding generator fea-
tures a Z or Y Pauli measurement, while the second n columns contain a 1 if the
generators measure X or Y [72]. We also use the first nZY rows to describe the
ZY generators. The decoder for ZZZY codes is presented as Algorithm 1 above.
Excluding the function update weights (to be introduced later), the algorithm
ensures the minimum distance for ZZZY surface codes. After evaluating the syn-
drome, the function compute distance utilizes Dijkstra’s algorithm to find the
shortest paths on a graph, where vertices correspond to switched on ancillas and
edges’ weights are the sums of the underlying qubit weights. Subsequently, via
MWPMX, pairs of X ancillas are connected, producing the estimated Z channel
errors. Next, the parity of all ancillas measuring Y operators on qubits involved in
Z errors is inverted. Finally, MWPMZ also allows for finding the X channel er-
rors. The algorithm corrects, therefore, all patterns of weight up to t. Further, we
would like to correct as much as possible Z errors of weight t+1. To this aim we
can exploit the information coming from ZY generators. Specifically, after eval-
uating the syndrome, if some of the ZY generators are activated, we modify the
weights of the edges of the MWPM graph using the function update weights.
Since we are considering minimum weight decoders, error patterns of weight t+1

could trigger only logical operators of weight d and d+1 (if, as assumed, d is odd).
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Algorithm 2: update weights
input : s, q,H, nZY, nX

output: q
forall i 2 {1, . . . , nZY} do

forall j 2 {1, . . . , n} do
if s(i) = 1

if H(i, j) = 1 and H(i, j + n) = 1
q(j) 0.9

if s(i) = 0
if H(i, j) = 1 and H(i, j + n) = 1

q(j) 1.1

init A to the empty set
forall i 2 {1, . . . , nZY} do

if s(i) = 1
A A [ ni

forall j 2 g(h(ni)) do
if s(j) = 1

A A \ ni

forall i 2 A do
forall j 2 {1, . . . , n} do

if H(i, j) = 1 and H(i, j + n) = 1
q(j) �0.1

Let us start improving the correction in case of possible logical operators of
weight d + 1. We can achieve this if we apply the following procedure: if one
of the generators performing a Y measurement on the i-th qubit is activated, the
weight q(i) of the corresponding edge is modified to a number slightly smaller
than one, e.g., q(i) = 0.9. Moreover, if a generator performing a Y measurement
on the i-th qubit is switched off, the weight q(i) is set to a number slightly larger
than one, e.g., q(i) = 1.1. In this way, during the MWPMX, the decoder is
pushed to choose paths where the ZY generators are switched on. If the i-th
qubit is actually affected by a Z Pauli error, this strategy allows the decoder to
choose correctly between different paths composed by the same number of edges.
We elucidate this with an example reported in Fig 3.2a. In particular, if Z errors
occur on data qubits D6 and D3, ZY ancilla A5 is switched on. If we directly
apply MWPMX, the decoder has to choose between three error patterns of the
same weight: Z3Z6, Z2Z4, and Z5Z7. This ambiguity could lead to an error
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with high probability. However, with our modification, the weight of qubit D3 is
set to 0.9, guiding MWPMX to select it for correction.

Let us now focus on logical operators of weight d. In this case, if an error pat-
tern with t+1 Pauli Z operators occurs activating a ZY generator, we would like
the decoder to select a path composed of a higher number of qubits if certain con-
ditions are met. In doing so, we need to be sure that we are dealing with a potential
logical operator of weight d. For this reason, if a ZY generator measuring a Y

operator on qubit i-th is activated, and there are no X generators activated in the
rows of the lattice adjacent to the one of qubit i-th, q(i) is set to a small negative
number, e.g., �0.1, to force its selection. To formalize the algorithm, let us define
h(·) as a function that takes as input the index of a ZY generator and returns the
index ` of the qubit under Y measurement. Additionally, we define the function
g(·), which takes as input a qubit index and returns a list of X generator indexes
located in the row above and in the row below the input qubit. This function can
be implemented efficiently using modulo operations. An example is depicted in
Fig 3.2 b. Specifically, Z errors have occurred on qubits D2 and D3. Applying
the function h(·) to A5, we obtain h(5) = 3, representing D3. Consequently, g(3)
returns {6, 7}.The list has only two elements due to the fact that D3 is on a bound-
ary. Since ancillas A6 and A7 are both deactivated, the weight of qubit data D3,
measured by A5, is set to �0.1, ensuring the correction of the error. On the other
hand, without our Update weights, the MWPMX decoder would apply a Z1 cor-
rection, leading to the logical operator Z1Z2Z3. In the worst case scenario, for
each of the 4(d�1)ZY generators we could perform an assignment based on two
conditional statements. In practice, this can be easily implemented in hardware
by means of simple logic gates, resulting in a pre-processing complexity of O(1).

Lemma 1. Given an [[n, k, d]] ZZZY code, for d > 3, the fraction of Z errors
of weight t + 1 that cannot be corrected by the ZZZY decoder over a phase flip
channel is d

�
d�2

t+1

�
/
�

n

t+1

�

Proof. Over a phase-flip channel, all errors of weight t + 1 that can cause logi-
cal operators of weight 2t + 2 are corrected. Indeed, the decoder has to choose
between two solutions composed of the same number of qubits. Hence, by modi-
fying the weight of the paths using the function update weights, the actual error
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Figure 3.2: Decoding of the [[13, 1, 3]] ZZZY code. Qubits affected by Z errors are high-
lighted in orange. Switched on ancillas are depicted in yellow. Each qubit i is associated
with the corresponding weight q(i) resulting from the function Update weights.

pattern is always identified. In case the t + 1 errors occur on the same row of
the lattice, they can cause a logical operator of weight 2t + 1. To correct these
errors, it is necessary that at least one of them occurs on a qubit measured by one
of the two ZY generators, since the ZZZY decoder has to set the weight of the
corresponding qubit to�0.1. Hence, the uncorrected error patterns for each of the
d rows are

�
d�2

t+1

�
. Finally, the total number of Z error patterns of weight t + 1 is

�
n

t+1

�
.

Note that, as the code distance increases, the fraction of errors of weight t+ 1

that cannot be corrected becomes smaller.

3.3 Cylindrical and Möbius Quantum Codes

In what follows, we firstly introduce several concepts from topology, which we
later use to construct quantum cylindrical codes and determine their parameters.

3.3.1 Topological Interpretation of Linear Codes

A chain complex C is a collection of vector spaces {Ci} for i = 0, 1, ...,m, and
linear maps [108, 109]

@i : Ci �! Ci�1 (3.1)
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with the requirement that @i@i+1 = 0, or, equivalently, that im @i+1 ✓ ker @i.
Note that the trivial operators @0 : C0 �! {0} and @m+1 : {0} �! Cm are implicit.
In particular, each vector space has a canonical basis, which elements are called
i-cells, while vectors of Ci are named i-chains. It is possible to express the i-th
homology as the quotient space

Hi (C) =
ker @i
im @i+1

(3.2)

where elements of ker @i and im @i+1 are called i-cycles and i-boundaries, respec-
tively. Each chain complex has a dual chain, or cochain. This is defined as the
sequence of dual vector spaces C⇤

i
(the space of linear functionals of Ci) and dual

maps
@⇤
i+1

: C⇤
i+1
 C⇤

i
. (3.3)

The i-th cohomology is

H i (C) =
ker @⇤

i+1

im @⇤
i

(3.4)

where dimHi(C) = dimH i(C). Moreover, we define

⇠i , min {fi(c) | c 2 ker @i \ im @i+1} (3.5)

⇣i , min
�
fi(c) | c 2 ker @⇤

i+1
\ im @⇤

i

 
(3.6)

where fi(c) : Ci ! N is a function that counts how many formally summed terms
are in c 2 Ci. For Ci ✓ Fm

2
, fi(·) coincides with the Hamming weight function

wH(·) on a binary m-tuple.

Example 3.1 (Topological interpretation of classical linear codes). Any classical
[n, k, d] binary linear code can be seen as a 2-term chain complex

C = C1

@1�! C0 (3.7)

where @1 = H 2 Fr⇥n

2
, with r � n � k and rank(H) = n � k, is the linear

map given by the parity check matrix, C1 = Fn

2
, and C0 = Fr

2
. We can compute

H1(C) = ker @1 and ⇠1 = min {wH(c) | c 2 ker @1}. By definition, we have that
ker @1 ✓ Fn

2
is the space of the codewords which implies that k = dim(ker @1) =
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dim(H1(C)), im @1 is the space of the parity checks (or error syndromes), and
the code minimum distance is d = ⇠1. Finally, we point out that, when H is full
rank, we have r = n � k, im @1 = Fn�k

2
, and H0(C) = Fn�k

2
/Fn�k

2
⇠= 0. On the

other hand, when H is not full rank, r > n � k, im @1 ⇢ Fr

2
and in particular

dim(im @1) = n� k, and H0(C) = Fr

2
/ im @1 ⇠= F2

r�n+k.

Lemma 2 (CSS binary construction [103]). Consider two linear codes Cx and
Cz with parameters [n, kx] and [n, kz], respectively. If C?

x
✓ Cz there exists an

[[n, kx + kz � n, dX/dZ]] quantum code where dX = min
�
wH(c) | c 2 Cx \ C?

z

 

and dZ = min
�
wH(c) | c 2 Cz \ C?

x

 
.

Similarly to classical codes, the chain complex formalism can be used to de-
scribe CSS quantum codes [41, 43, 110–112]. The following example illustrates
this interpretation in detail.

Example 3.2 (Topological interpretation of quantum CSS codes). In general, a
CSS code corresponds to a three terms chain complex

C = C2

@2�! C1

@1�! C0 (3.8)

where @2 = H>
Z
2 Fn⇥rz

2
, @1 = HX 2 Frx⇥n

2
, rz > rank(HZ) = n � kz,

rx > rank(HX) = n � kx, C2 = Frz
2

, C1 = Fn

2
, and C0 = Frx

2
. In this

case, H1(C) = ker @1/ im @2, ⇠1 = min {wH(c) | c 2 ker @1 \ im @2}, H1(C) =

ker @>
2
/ im @>

1
and ⇣1 = min

�
wH(c) | c 2 ker @>

2
\ im @>

1

 
. As regards the code

parameters, we have by definition that n = dim(C1), ker @1 ✓ Fn

2
is the space of

the codewords on which act only X parity checks (Cx), ker @>2 ✓ Fn

2
is the space

of the codewords checked by Z stabilizers (Cz), and k = dim(H1) = dim(H1).
In addition, im @1 is the space of the X generators and im @>

2
is the space of the

Z stabilizers. The code minimum distance are dX = ⇣1 and dZ = ⇠1, correspond-
ing to the minimum weight of a nontrivial representative of H1 and H1. Note that,
if we ensure @i@i+1 = 0 by construction, then C?

x
✓ Cz. Hence, the chain stands

for a valid CSS code. On the other hand, if we choose codes such that C?
x
✓ Cz

we obtain a valid chain complex. This proves that this structure can be used to
represent any CSS code.
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To construct a chain complex representing a CSS code it is common to use
double complexes of a total complex. For any two chain complexes C and D, of
length M and N , it is possible to define the double complex C ⇥ D as [113,114]

(C ⇥D)
p,q

= Cp ⌦Dq (3.9)

where p = 0, 1, ...,M and q = 0, 1, ..., N . In this construction we have two types
of boundary maps: @v

i
= @C

i
⌦ ID and @h

i
= IC ⌦ @D

i
, such that @v

i
@v
i+1

= 0,
@h
i
@h
i+1

= 0 and @v
i
@h
j
= @h

j
@v
i
.

We can collect vector spaces of equal dimensions by summing along the diag-
onals, in order to obtain the total complex

En = Tot (C ⇥D)
n
=

M

p+q=n

Cp ⌦Dq (3.10)

where n = 0, 1, ..., N +M . The resulting boundary maps are @E = @v � @h. Fi-
nally, we can obtain a new chain complex, called tensor product complex, starting
from C and D as

E = C ⌦D = Tot (C ⇥D) . (3.11)

Moreover, the Künneth formula gives a method to compute the homology of a
tensor product complex from the homology of the original chains

Hn (C ⌦D) ⇠=
M

p+q=n

Hp(C)⌦Hq(D). (3.12)

In the following, we will use these concepts to describe the cylindrical and
Möbius codes.

3.3.2 Cylindrical Codes: Design using Topology

As shown in Section 3.3.1, it is possible to describe a quantum CSS code using a 3-
term chain. Here we report how to construct CSS codes starting from 2-term chain
complexes representing classical linear binary codes. In particular, we detail the
construction of the more general family of hypergraph product codes [41], within
which the cylindrical code is included.
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Figure 3.3: (a) [[13, 1, 3]] surface code. Data qubits are depicted as circles, blue ancil-
las represent Z stabilizers while red ancillas stand for X stabilizers. Examples of XL
and ZL logical operators are drawn on the lattice. (b) [[15, 1, 3]] cylindrical code. (c)
[[15, 1, 3]] Möbius code.

Let us denote with C and F their respective chain complexes

C = C1

HC��! C0 (3.13)

F = F1

HF��! F0 (3.14)

where HC 2 Frc⇥nc
2

and HF 2 Frf⇥nf

2
are the code parity check matrices. At

this point, we take the dual of F obtaining the cochain complex

F ⇤ = F ⇤
0

H
⇤
F��! F ⇤

1
⇠= F0

H
>
F��! F1 . (3.15)

Considering the isomorphism between chain and cochain, we rewrite F ⇤ as a
chain complex D, resulting in

D = D1

H
>
F��! D0 . (3.16)

Having C and D representing our two initial codes, we construct the double com-
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plex according to (3.9) as

C1 ⌦D1 C1 ⌦D0

C0 ⌦D1 C0 ⌦D0.

Inc⌦H
>
F

HC⌦Irf HC⌦Inf

Irc⌦H
>
F

The tensor product complex E assumes the form

E = C1 ⌦D1

E2

@
E
2�! C0 ⌦D1 � C1 ⌦D0

E1

@
E
1�! C0 ⌦D0

E0

(3.17)

where

@E
2
= H>

Z
=

0

@ HC ⌦ Irf

Inc ⌦H>
F

1

A (3.18)

@E
1
= HX =

�
Irc ⌦H>

F
| HC ⌦ Inf

�
. (3.19)

Since a tensor product complex is a complex chain, we have a valid CSS by con-
struction (i.e., @E

1
@E
2

). We can also verify that

@E
1
@E
2
= HXH

>
Z
=
�
HC ⌦H>

F

�
+
�
HC ⌦H>

F

�
= 0. (3.20)

We use the developed topological framework to describe and evaluate the char-
acteristics of the cylindrical code. To glue the boundaries of a surface code in
only one direction and obtain a structure homeomorphic to a cylinder (i.e., an
annulus in 2D), we choose two repetition codes, one with full rank parity check
matrix and one with a square parity check matrix. Specifically, the complex chain
C represents a repetition code [L, 1, L] with L parity checks. Its homologies
are H1(C) ⇠= F2 and H0(C) ⇠= F2, since one of the checks is linearly depen-
dent. Furthermore, the complex chain F is also a repetition code [L, 1, L], but
with L � 1 parity checks. In this case, the code has full rank parity check ma-
trix and the homologies are H1(F ) ⇠= F2 and H0(F ) ⇠= 0, since all the checks
are linearly independent. Using (3.12) it is straightforward to find the num-
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ber of logical qubits encoded by the tensor product code: k = dimH1(E) =

dim(H0(C) ⌦ H1(D) � H1(C) ⌦ H0(D)) = 1 · 1 + 1 · 0 = 1. Moreover,
n = dimE1 = dim(C0⌦D1�C1⌦D0) = L·(L�1)+L·L, while the distance of
the code is still L. The resulting CSS code has parameters [[L2+L ·(L�1), 1, L]].

For example, using L = 3 and

HC =

0

BBB@

1 1 0

0 1 1

1 0 1

1

CCCA
HF =

0

@1 1 0

0 1 1

1

A

we obtain the generators of the [[15, 1, 3]] cylindrical code through (3.18) and
(3.19) as

G1 = X1X7X10 G2 = X1X2X8X11 G3 = X2X9X12

G4 = X3X10X13 G5 = X3X4X11X14 G6 = X4X12X15

G7 = X5X7X13 G8 = X5X6X8X14 G9 = X6X9X15

G10 = Z1Z5Z7Z8 G11 = Z2Z6Z8Z9 G12 = Z1Z3Z10Z11

G13 = Z2Z4Z11Z12 G14 = Z3Z5Z13Z14 G15 = Z4Z6Z14Z15 .

The structure of cylindrical codes can be visualized by gluing together two
plaquette (or site) boundaries of a surface code (see Fig. 3.3a), including d �
1 additional qubits, obtaining an annulus (see Fig. 3.3b). Note that, the qubit
indexing of the surface code in Fig. 3.3a is obtained with

HC = HF =

0

@1 1 0

0 1 1

1

A .

It is important to note that cylindrical codes are still planar and their generators
require only local connectivity, as in surface codes.

3.3.3 Möbius Codes: Design using Topology

A possible method to close in a loop a surface code, although admitting 2(d� 1)

non-local measurements, is to attach the boundaries together with a twist. Due to



68 Design of Quantum Codes Tailored for Asymmetric Channels

the particular construction we name these codes as Möbius codes. An example is
depicted in Fig. 3.3c. Before proceeding with the construction, let us recall some
concepts from the fiber boundle literature [43, 113]. In fact, the Möbius codes are
particular cases of the family of fiber bundle codes [43].

Let us consider the complex chains C and D in (3.13) and (3.16). Denote by
Aut(D) the finite group of linear automorphisms of the complex D, i.e. linear
automorphisms of D1 and D0 that commute with the differential H>

F
. Moreover,

denote basis vectors of Ci by ci and write c0 2HC c1 if c0 appears with a nonzero
coefficient in HCc1. It is possible to twist the vertical differentials in the double
complex C ⇥ D by an automorphism �(c1, c0) 2 Aut(D) to every pair (c1, c0)
such that c0 2HC c1. The resulting fiber boundle double complex C ⇥� D is

C1 ⌦D1 C1 ⌦D0

C0 ⌦D1 C0 ⌦D0

Inc⌦H
>
F

@�1
@�0

Irc⌦H
>
F

where @�i(c
1 ⌦ di) =

P
c02HC c1

c0 ⌦ �i(c1, c0)(di) and �i(c1, c0) 2 Aut(Di).
Aiming to construct a topological code having a Möbius structure, we define

as: i) P plaq, a (L � 1) ⇥ (L � 1) matrix with all elements to zero, except for
the elements in the secondary diagonal (also called the anti-diagonal or counter-
diagonal), which are ones; ii) P site, a L ⇥ L matrix with all elements to zero,
except for the elements in the secondary diagonal, which are ones; iii) Sx, a
L ⇥ L matrix with all elements to zero, except for the element in position (x, x),
which is a one1. The matrices P plaq and P site are permutation matrices we use to
produce the twist of the plaquettes and sites, respectively. The matrix Sx is used to
select a single location to perform the cut of the cylindrical structure, enabling the
twist operation. Then, a Möbius code is derived from the fiber boundle complex
C ⇥� D imposing

@�0 = (HC � S(L+1)/2)⌦ Inf
+ S(L+1)/2 ⌦ P site

@�1 = (HC � S(L+1)/2)⌦ Irf
+ S(L+1)/2 ⌦ P plaq .

(3.21)

1Here, we assume that both the rows and columns are indexed starting from one.
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Finally, the construction proceed as usual, obtaining

@E
2
= H>

Z
=

0

@ @�1

Inc ⌦H>
F

1

A (3.22)

@E
1
= HX =

�
Irc ⌦H>

F
| @�0

�
. (3.23)

Note that, the defined P plaq, P site, and Sx matrices correctly construct a
Möbius code if HC and HF are defined accordingly. In particular, take the binary
vector v of length L in which the first two entries are ones and the other entries
are zeros. Therefore, HC and HF should be constructed having as a first row
the vector v, and the other rows are obtained performing a cyclic shift to the right
of the above rows. Then, HC and HF should be constructed with the first row
being the vector v, the second row obtained by performing a cyclic shift to the
right on the above row, and so on. As an example, using L = 3, we can construct
the [[15, 1, 3]] Möbius code adopting

HC =

0

BBB@

1 1 0

0 1 1

1 0 1

1

CCCA
HF =

0

@1 1 0

0 1 1

1

A

similarly to the cylindrical code. Then, considering that

P plaq =

0

@0 1

1 0

1

A P site =

0

BBB@

0 0 1

0 1 0

1 0 0

1

CCCA
S1 =

0

BBB@

0 0 0

0 1 0

0 0 0

1

CCCA

we obtain from (3.22) and (3.23) the same generators of the cylindrical code,
except for

G4 = X3X12X13 G6 = X4X10X15

G12 = Z1Z4Z10Z11 G13 = Z2Z3Z11Z12
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3.3.4 Cylindrical Codes: Performance Analysis

For the [[15, 1, 3]] cylindrical code, we compute L(z) = 6z3 + 18z4 + 66z5 +

228z6+678z7+1836z8+4236z9+7920z10+11274z11+11442z12+7746z13+

3132z14 + 570z15. This code features six fewer logical operators with weight
w = 4 than the surface code. In particular, for the [[13, 1, 3]] surface code, we find
eight ZZZZ logical operators of weight w = 4 that cross the lattice from bound-
ary to boundary, as shown in Section 2.3.3. The main advantage of the [[15, 1, 3]]

cylindrical code is that these are no longer logical operators, since boundaries are
periodic. As an example, using notation from Fig. 3.3a, the ZL logical operator
Z3Z5Z8Z12 has no counterpart in the cylindrical code. This is due to the fact that
an error of the kind Z3Z7Z11Z13 in the cylindrical code turns on both ancillas A1

and A2 (see Fig. 3.4a and Fig. 3.4b). Moreover, in the surface code we have two
logical operators of weight 2t+2 of the kind Y Y ZX , such as Z1Y 5X7Z6, that
are no longer present in the cylindrical structure. However, in the [[15, 1, 3]] cylin-
drical code we can find four XL logical operators of weight w = 4 which are not
present in the [[13, 1, 3]] surface code and involve the two additional qubits. For
instance, there are two logical operators, i.e., X1X6X7X8 and X3X9X10X11,
crossing the surface code from the bottom boundary to the top one, each making a
single rightward turn at the upper part of the lattice (see Fig. 3.4c). As anticipated,
looking at the cylindrical code, there are three such patterns, i.e., X6X9X13X14,
X2X7X8X12 and X4X10X11X15 (see Fig. 3.4d). Since a path crossing four
qubits from bottom to top can have the turn placed either at the upper or lower
part, and it can be directed to the right or left, there is a difference of four logical
operators of this type.

We now discuss the logical operator analysis introduced in Section 2.3.3 to
obtain exact asymptotic performance for the [[15, 1, 3]] cylindrical code. For larger
codes, we defer to Section 3.3.6. To compute the value of �2 of the [[15, 1, 3]]

cylindrical code, we focus on the logical operators of weight w = 3 and w = 4, in
order to find the fraction of faulty errors of weight j = 2. From the undetectable
error WE, we have six logical operators with w = 3. Specifically, we have three
XXX and three ZZZ logical operators (see Fig. 3.3b), all of which exhibit
channel errors triggering a failure when composed of two X or two Z errors.
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Figure 3.4: Some comparison between logical operators on the surface and the cylindrical
codes. The pattern highlighted in (b) is not a logical operator. In (a) and (b) error patterns
are composed by Z operators, while in (c) and (d) are composed by X operators.



72 Design of Quantum Codes Tailored for Asymmetric Channels

As for surface codes, µ(3)

2
(0, 2) = µ(3)

2
(2, 0) = µ(3)

2
(0, 0) = 3, given that, for

instance, a ZZZ logical operator can arise from
�
3

2

�
error patterns of the ZZ

type. Furthermore, µ(3)

2
(0, 1) = µ(3)

2
(1, 0) = 6, as a ZZZ logical operator is

induced by 2
�
3

2

�
error patterns of the ZY kind.

Moving to logical operators of weight w = 4, we observe that we have
to search for L4 = 18 logical operators. Among them, twelve are composed
by XXXX , and the remaining six are in the form Y Y XZ. Regarding the
Y Y XZ logical operators, we have a similar behaviour observed for the surface
code, i.e., after MWPM decoding, we are always left with a logical operator with
three Z. Since all the possible errors arising from this kind of logical operators
have been already accounted for, we neglect them. To help the visualization of
such patterns let us make another example. Consider the X1Y 7Y 10Z13 oper-
ator. Focusing on channel errors of weight j = 2, this logical operator could
be triggered by a Y 7Y 10, since the MWPM decoder applies an X1 and a Z13.
However, the resulting X1X7X10 is a stabilizer generator, and we are left with
the logical operator Z7Z10Z13. Since we have already accounted for the case in
which ZL = Z7Z10Z13 is generated by Y 7Y 10 when considering logical oper-
ators of weight w = 3, we correctly discard it. Regarding the twelve XXXX

logical operators, we have already observed three of them in Fig. 3.4d. In fact,
these error patterns can be derived enumerating all possible paths traversing from
the inside to the outside boundary of the lattice, performing a single turn. This
lead to a total of four paths starting from the same inner qubit, that makes twelve
when considering that we have three inner qubits (i.e., qubit 7, 10, and 13). In
particular, for each logical operator of weight w = 4 there are

�
w

j

�
=

�
4

2

�
= 6

different patterns of errors of weight j = 2 that can cause it. However, one of
them is always corrected due to the degeneracy of the code. For instance, let us
consider the logical operator X6X9X13X14. In case of an error pattern X6X9,
the decoder applies X15 and it leads to a stabilizer. Moreover, an error pattern
causes a logical operator of weight w = 3 that has already been considered. In
the previous example, X13X14 can be ignored because it generates the logical
operator X13X14X15 of weight w = 3. About the remaining four patterns, they
cause, in pairs, the same syndrome. We consider a deterministic decoder, such
as the MWPM, that associate one error pattern to each syndrome. Thus, only
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Table 3.1: Coefficients for performance evaluation, [[15, 1, 3]] cylindrical code.

i = 2 i = 1 i = 0 i = 0 i = 0

` = 0 ` = 0 ` = 0 ` = 1 ` = 2

L3, �3 3, 1 3, 1 6, 1 3, 1 3, 1

µ(3)

2
3 6 3 6 3

L4, �4 0,� 0,� 12, 3/4 12, 3/4 12, 3/4

µ(4)

2
� � 2 4 2

two patterns will not be corrected. Indeed, the error pattern X6X13 and X9X14,
and X9X13 and X6X14 produce the same syndrome in pairs. Hence, we have
µ(4)(0, 2) = µ(4)(0, 0) = 2, while µ(4)(0, 1) = 4. Lastly, among the four patterns
of errors of weight j = 2 that can cause a logical operator of weight w = 4, one is
in common with another logical operator. Returning to the example, the two op-
erators XL = X6X9X13X14 and XL = X5X8X9X13 share X9X13. Among
the four faulty error patterns corresponding to the pair of logical operators, one
pattern is repeated twice. Hence, the value of �4(i, `) = 3

4
. In Tab. 3.1, we report,

for the [[15, 1, 3]] cylindrical code, the values of L(z), �w(i, `), and µ(w)

j
(i, `) that

are needed in order to compute �2. If we put these parameters into (2.35), we
obtain

�2 =
89

105
' 0.85. (3.24)

Moving to a phase flip channel, we need to count only the patterns in the
form ZZZZ. Since the cylindrical code has no logical operators of such a type
with weight w = 4, only the three ZZZ operators of weight w = 3 remain.
Furthermore, for each logical operator, there exist three distinct ways to distribute
two errors among the three available locations. This results, for the [[15, 1, 3]]

cylindrical code over a phase flip channel, in

�2 = 1� 3µ(3)

2
(0, 2)�
15

2

� ' 0.91 . (3.25)
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3.3.5 Möbius Codes: Performance Analysis

Employing the procedure described above, we compute the undetectable error WE
for the [[15, 1, 3]] Möbius code, resulting in L(z) = 4z3 +18z4 +60z5 +220z6 +

666z7+1836z8+4288z9+7968z10+11280z11+11378z12+7668z13+3156z14+

610z15. Differently from the cylindrical code, we highlight that only four logical
operators with a weight of w = 3 are present. Taking as example Fig. 3.3c, the
three XXX logical operators are the same of the cylindrical code in Fig. 3.3b.
On the other hand, only one ZZZ logical operator of the cylindrical code is still
present, i.e., Z8Z11Z14.

Regarding logical operators of weight w = 4, we have that all L4 = 18 of
them are in the form XXXX Pauli operators. Within them, there are twelve
operators that cross the lattice vertically (e.g., X6X9X13X14) and six that tra-
verse it horizontally (e.g., X2X3X6X14). Let us consider the X6X9X13X14

vertical logical operator. Channel errors X6X9 and X9X13 are corrected by a
MWPM decoder realizing the stabilizers X6X9X15 and X2X3X9X13, respec-
tively. Furthermore, the occurrence of the error X13X14 results in the logical
operator X13X14X15, a contribution that is taken into consideration when ana-
lyzing operators with a weight of w = 3. Moreover, the error patterns X6X13

and X9X14 give rise to identical syndromes, meaning that the MWPM decoder
consistently corrects one of these patterns, while the other induces the logical op-
erator. Lastly, the channel error X6X14, turning on the ancillas A11 and A14,
causes the horizontal logical operator X2X4X6X14. Hence, we note that a ver-
tical logical operator can arise solely from one specific XX error pattern. Let
us shift our attention to the horizontal logical operators, such as X2X3X6X14.
In this scenario, among the

�
4

2

�
= 6 error patterns with a weight of j = 2,

three pairs of error patterns result in identical syndromes. The decoder suc-
cessfully corrects half of these patterns, i.e., for each of the six horizontal log-
ical operator there are

�
4

2

�
/2 = 3 pattern that trigger an error. Then, we have

µ(4)(0, 2) = µ(4)(0, 0) = (12+6 · 3) 1

18
= 5

3
, while µ(4)(0, 1) = 10

3
. In Tab. 3.2, we

report, for the [[15, 1, 3]] Möbius code, the values of L(z), �w(i, `), and µ(w)

j
(i, `)

that are needed in order to compute �2. If we put these parameters into (2.35), we



3.3 Cylindrical and Möbius Quantum Codes 75

Table 3.2: Coefficients for performance evaluation, [[15, 1, 3]] Möbius code.

i = 2 i = 1 i = 0 i = 0 i = 0

` = 0 ` = 0 ` = 0 ` = 1 ` = 2

L3, �3 3, 1 3, 1 4, 1 1, 1 1, 1

µ(3)

2
3 6 3 6 3

L4, �4 0,� 0,� 18, 1 18, 1 18, 1

µ(4)

2
� � 5/3 10/3 5/3

obtain

�2 =
37

45
' 0.82. (3.26)

Since no logical operators in the form ZZZZ exists and only one in the form
ZZZ is present, for the [[15, 1, 3]] Möbius code over phase flip channel, we have

�2 = 1� µ(3)

2
(0, 2)�
15

2

� ' 0.97 . (3.27)

This shows us that Möbius codes, employing the same number of qubits of
cylindrical codes, exhibit superior performance over asymmetric channels.

3.3.6 Analytical Upper Bounds

In this section, we provide an upper bound on the logical qubit error rate for
both cylindrical and Möbius codes, without limiting the code distance d. In order
to derive a bound valid for any d, we require a closed-form expression for the
L(z) coefficients related to the logical operators of weight 2t + 1 and 2t + 2.
Observing the topological structure of the cylindrical code, we have 2d logical
operators of weight 2t + 1: d Z logical operators crossing horizontally, and d X

logical operators crossing vertically across the lattice. Two examples of these are
depicted in Fig. 3.3b. Moving to logical operators of weight 2t+ 2, we search for
the ones composed only by X . These logical operators traverse the lattice from
the outer ring of the cylindrical structure to the inner ring, performing a single turn
along the path. An example of this is given by the logical operator X5X8X9X13

in Fig. 3.3b. In general, there are d different starting points (i.e., qubits in the outer
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ring) and d � 1 possible locations where the turn can occur, either to the right or
to the left. Then, the logical operators composed only by X Pauli are 2d(d � 1).
Additionally, there are 2d logical operators in the form Y Y XZ . . .Z, with 2t�1
Pauli Z. In conclusion, we have that L2t+1 = 2d and L2t+2 = 2d2.

Regarding the Möbius code, we have d+1 logical operators of weight 2t+1:
one ZL operator crossing horizontally, and d XL operators crossing vertically
across the lattice (e.g., see Fig. 3.3c). Regarding XL operators of weight 2t + 2,
the ones traversing horizontally the lattice are the same of the cylindrical code,
i.e., 2d(d � 1). On the other hand, there are d(d � 1) XL operators of weight
2t+2 crossing horizontally the lattice. Indeed, we have d� 1 starting points (i.e.,
qubits connecting the outer and the inner rings) and d possible locations where the
turn can occur. In conclusion, we have L2t+1 = d + 1 and L2t+2 = 3d(d � 1).
Furthermore, we define as LX

w
the total number of XL operators composed only

by X operators of weight w. Similarly, LZ

w
is defined as the total number of ZL

operators composed solely of Z operators of weight w. Therefore, for cylindrical
codes LX

2t+1
= LZ

2t+1
= d and LX

2t+2
= 2d(d � 1), while, for Möbius codes

LX

2t+1
= d, LZ

2t+1
= 1, and LX

2t+2
= 3d(d � 1). For both codes we have that

LZ

2t+2
= 0.

Theorem 3.1. The value of �t+1, for a cylindrical or Möbius code of distance
d = 2t+ 1, can be upper bounded as

�t+1 > 1�
�
2t+1

t+1

�
LZ

2t+1�
n

t+1

�
✓
pZ + pY

p

◆t+1

�
�
2t+1

t+1

�
LX

2t+1
+
�
2t+2

t+1

�
LX

2t+2
/2

�
n

t+1

�
✓
pX + pY

p

◆t+1

(3.28)

Proof. Cylindrical and Möbius codes are CSS codes, therefore, t+ 1 errors com-
prising both X and Z Pauli operators are always corrected. Hence, t + 1 errors
can cause a logical operator of weight 2t + 1 or 2t + 2 only if they are made of
either X and Y , or Z and Y Pauli operators. As a consequence of this, we have
that each error pattern composed by X and Y , which triggers an XL, has to be
weighted by (pX+pY)t+1. For ZL operators, the weighting is (pZ+pY)t+1. Then,
consider that each logical operator of weight 2t+ 1, can be caused by

�
2t+1

t+1

�
pos-
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sible error patterns of weight t+ 1. Similarly, for each logical operator of weight
2t + 2, there are

�
2t+2

t+1

�
possible error patterns of weight t + 1. However, due to

the MWPM decoding, there are always a pair of different error patterns of weight
t + 1 causing the same syndrome when occurring over the same logical operator
of weight 2t + 2. As an example, referring to Fig. 3.3b, the errors X5X15 and
X7X14 result in the same syndrome. As a consequence, only half of the

�
2t+2

t+1

�

combinations should be counted. In conclusion, the enumerators in (3.28) are the
total number of faulty error patterns comprising t+1 Pauli operators, weighted by
their probability of occurrence. On the other hand, the common denominator is the
total number of error patterns of weight t + 1 that can occur over n qubits,

�
n

t+1

�
,

weighted by its probability. We remark that this is an upper bound since we are
not taking into account the degeneracy of the code. Specifically, we are not con-
sidering the overlapping of logical operators, which reduces the total number of
possible error patterns given by the binomials, as explained in Section 2.3.1.

Corollary 1. For a cylindrical or Möbius code of distance d = 2t + 1 over an
asymmetric channel with asymmetry parameter A = 2pZ/(p� pZ) and pX = pY,
the logical error rate can be upper bounded as

pL 6
(A+ 1)t+1

�
2t+1

t+1

�
LZ

2t+1

(A+ 2)t+1
pt+1 +

2t+1
⇥�

2t+1

t+1

�
LX

2t+1
+
�
2t+2

t+1

�
LX

2t+2
/2
⇤

(A+ 2)t+1
pt+1 .

(3.29)

3.4 Numerical Results

In this section we numerically evaluate the performance of ZZZY codes with
the proposed decoder and cylindrical codes under MWPM decoding, providing
a comparison with surface codes. For each simulation point in the numerical anal-
ysis, 100 error realizations were tested to ensure sufficient statistical accuracy.
In Tab. 3.3 we report the fraction of non-correctable errors for each error class
fj(i, `), evaluated by exhaustive search.

ZZZY codes : In Fig. 3.5 we report the logical error rates of surface, XZZX,
and ZZZY codes with distance d = 3 and d = 5 for a physical error rate p = 0.001,
varying the channel asymmetry. We note that ZZZY codes, while exhibiting com-
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Table 3.3: Fraction of non-correctable error patterns fj(i, `).

Code XX XZ XY ZZ ZY Y Y

[[13, 1, 3]] ZZZY 0.27 0.013 0.37 0.013 0.28 0.59

[[15, 1, 3]] Cyl. 0.257 0 0.257 0.086 0.086 0.343

[[15, 1, 3]] Möb. 0.371 0 0.371 0.029 0.029 0.400

[[25, 1, 3/5]] Cyl. 0.150 0 0.150 0 0 0.150

[[25, 1, 3/5]] Möb. 0.150 0 0.150 0 0 0.150

Code XXX XXZ XXY XZZ XZY XY Y ZZZ ZZY ZY Y Y Y Y

[[41, 1, 5]] ZZZY 0.021 0 0.021 0.001 0.005 0.021 5 · 10�4 0.008 0.020 0.047

[[25, 1, 3/5]] Cyl. 0.384 0.150 0.384 0 0.150 0.384 0.013 0.013 0.163 0.397

[[25, 1, 3/5]] Möb. 0.396 0.150 0.396 0 0.150 0.396 0.004 0.004 0.154 0.401

[[45, 1, 5]] Cyl. 0.019 0 0.019 0 0 0.019 0.004 0.004 0.004 0.023

[[45, 1, 5]] Möb. 0.025 0 0.025 0 0.150 0.0251 7 · 10�4 7 · 10�4 7 · 10�4 0.401

parable error correction capabilities with respect to surface codes over a depolariz-
ing channel, show a significant performance advantage as the channel asymmetry
increases. For A < 1 we can just use the dual version of the ZZZY code, which
will give the same performance as for A > 1. Finally, Fig. 3.6 shows, for A = 100,
a comparison varying the physical error rate. We observe that for high physical
error rate the advantage of ZZZY codes over XZZX codes diminishes.

Cylindrical and Möbius codes : Fig. 3.7 shows the asymptotic performance,
computed using (2.12), of surface, cylindrical, and Möbius codes of distance
d = 3 and d = 5, as a function of the channel asymmetry parameter A. These
curves are computed for a value of physical error rate p = 0.01. In the case of
the [[13, 1, 3]] and the [[41, 1, 5]] surface codes, the logical error rate has a min-
imum value for A = 2.9 and for A = 1.8, respectively. Moreover, increasing
or decreasing the asymmetry of the channel with respect to this value, reduces
the error correction capability of the same amount. Indeed, symmetric surface
codes, especially those with distance d > 3, do not perform well over channels
where one kind of Pauli error happens rather more frequently than the others. On
the contrary, for the [[15, 1, 3]] and the [[45, 1, 5]] cylindrical codes, the logical
error rate has a minimum for A = 10.7 and for A = 5.3, respectively. Specif-
ically, for values of asymmetry higher than these minima, the logical error rate
increases very slowly. This asses how the error correction capability of cylindri-
cal codes is enhanced over asymmetric channels. The logical error rate of the
[[15, 1, 5]] Möbius code has its minimum value for A = 78.8, while the [[45, 1, 5]]

for A = 14.9. Moreover, these codes outperform surface codes across all values
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Figure 3.5: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.001. Surface, XZZX, and ZZZY codes with d = 3 and d = 5. In the plot are
reported the asymptotic approximations (2.12).
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numerical simulations.
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Figure 3.7: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.01. Surface and cylindrical, and Möbius codes with d = 3 and d = 5. The curves
refer to the exact (2.12) (solid lines) and the upper bound (3.29) (dashed lines).

of channel asymmetry, exhibiting a significant improvement in error correction
capability, i.e. exceeding an order of magnitude for moderate asymmetry values.
To validate our theoretical findings, we compute bounds on error correction capa-
bility of cylindrical and Möbius codes, employing (3.29).

Fig. 3.8 shows the analytical upper bound (3.29) for cylindrical and Möbius
codes of distance d = 7, 9, 11, for a physical error probability p = 0.001. Note
that for codes of these dimensions, it becomes impractical to compute the exact
asymptotic logical error rate through exhaustive search of faulty error patterns,
as was feasible for smaller codes, or to simulate performance using the MWPM
decoder. Consequently, this bound represents an important alternative for esti-
mating the logical error probability of these codes, particularly when the channel
asymmetry is significantly pronounced.

Fig. 3.9 shows the asymptotic logical error rate of the distance d = 5 surface,
cylindrical and Möbius codes, over channels with different values of asymme-
tries. As anticipated, over a depolarizing channel (A = 1), the Möbius code’s
error correction capability is inferior to that of the cylindrical code. Indeed, al-
though Möbius code has only

�
d

t+1

�
faulty Z error patterns (which are part of the
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Figure 3.8: Effect of channel asymmetry on the logical error rate for a physical error rate
p = 0.001. Surface and cylindrical, and Möbius codes with distance d = 7, d = 9, and
d = 11. The curves refer to the analytical upper bound (3.29).

untwisted central row), it has a bigger amount of faulty X errors of weight t + 1

with respect to the cylindrical version. Moreover, as the asymmetry of the channel
increases, the error correction capability of cylindrical and Möbius codes is en-
hanced. In particular, in the asymptotic condition A!1, the [[45, 1, 5]] Möbius
code outperforms both surface and cylindrical codes. Additionally, it’s worth not-
ing that the performance of the Möbius code over a channel with A = 10 is nearly
indistinguishable from that of a phase flip channel. This observation underscores
the great advantage this structure provides in terms of reducing logical error rates
when dealing with slightly asymmetric channels.

Finally, in Fig. 3.10 displays the logical error rates for various asymmetric
surface, cylindrical, and Möbius codes. Specifically, for moderately asymmetric
channels, the performance of these asymmetric codes is quite similar. However, as
the channel asymmetry increases, the Möbius code emerges as the best performer.
Note that the slope of the three curves changes moving from A = 10 to A ! 1
since these codes have distance d = 5 over a phase flip channel.

For the sake of completeness, we also report the threshold values, a metric
related to the performance in the high physical error rate regime. In particular,
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Figure 3.9: Logical error probability vs. physical error probability with channel asymme-
try A = 1, A = 10, and A ! 1. [[41, 1, 5]] surface code, [[45, 1, 5]] cylindrical code,
and [[45, 1, 5]] Möbius code. The curves refer to the asymptotic approximations (2.12).
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Figure 3.10: Logical error probability vs. physical error probability with channel asym-
metry A = 10 and A!1. [[23, 1, 3/5]] surface code, [[25, 1, 3/5]] cylindrical code, and
[[25, 1, 3/5]] Möbius code. The curves refer to the asymptotic approximations (2.12).
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Table 3.4: Threshold estimations of Cylindrical and Möbius codes.

A = 1 A = 10 A =1

Cylindrical Codes 0.14 0.12 0.10

Möbius Codes 0.14 0.12 0.10

Tab. 3.4 shows the threshold values obtained via Monte Carlo simulations for the
cylindrical and Möbius codes. The simulations were conducted for channels with
varying asymmetry values, revealing that an increase in asymmetry leads to a
decrease in the threshold value.
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Chapter 4

Fast Decoders for Quantum
Topological Codes

In recent years, considerable effort has been devoted to identifying quantum codes
that are practical to efficient implementation. Among them, one of the most
promising approaches in QEC is represented by surface codes [26, 93]. With
their high error threshold, locality, and scalability, surface codes have therefore
emerged as a leading candidate for implementation in FT quantum computing ar-
chitectures [47, 49, 53]. The MWPM decoder is currently the prevalent choice
for surface code decoding [115, 116]. While it offers high threshold error rates,
its high order polynomial time complexity can lead to latency issues, potentially
hindering the performance of quantum computation architectures [117, 118]. In-
deed, if the decoder is unable to process measurements quickly enough, the ac-
cumulating backlog of syndrome information can lead to an exponential increase
in computation time [51]. To overcome this latency problem, the PyMatching
sparse blossom implementation was introduced, delivering a remarkable speed
boost compared to the standard MWPM decoder [52]. Among the alternatives to
the MWPM discussed in the literature, the union-find (UF) decoder stands out as
a prominent choice [119, 120]. The UF decoding begins by initializing clusters,
each containing a single vertex representing an ancilla that has detected an error
during the syndrome measurement, often referred to as defect. Finally, each clus-
ter is processed in order to obtain a suitable matching. This decoder achieves an

85
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almost-linear worst-case runtime relative to the number of physical qubits. How-
ever, despite its ability to correct errors up to the code distance, the UF decoder is
less accurate than the MWPM decoder [48, 121]. As evidenced by the numerous
proposals in the field, the pursuit of a fast decoder suitable for real-time decoding
of surface codes remains a highly active research topic [48, 52, 68, 119–127].

In this chapter, we firstly introduce two fast decoding techniques tailored for
surface codes: the spanning tree matching (STM) and Rapid-Fire (RFire) de-
coders. Specifically, we define the defect graph as a complete graph in which
the vertices represent defects, and the edges are weighted based on the error prob-
abilities of the qubits that lie between each pair of defects. We prove that, under
a particular metric, all distinct matchings in the defect graph of a surface code
are equivalent to the minimum-weight matching. Consequently, using this metric
to identify errors ensures accurate correction up to the code minimum distance.
Building on this, the STM decoder applies a modified version of the minimum
spanning tree (MST) algorithm to a selected subset of ancilla qubits on the lattice.
This is followed by an efficient construction of an appropriate perfect matching,
yielding the estimated error pattern. The RFire decoder is an even faster approach,
optimized for scenarios where decoding speed is critical. Both decoders achieve
significantly reduced decoding times compared to the standard LEMON imple-
mentation of the MWPM decoder, albeit with some performance trade-offs.

To mitigate these limitations, we introduce the bubble clustering (BC) decoder.
This method places each defect at the center of a bubble with a uniform radius,
which is carefully chosen to guarantee error correction up to the code distance.
Defects are then efficiently grouped into cluster trees, storing only the edges be-
tween adjacent defects. Finally, these trees are peeled to obtain an appropriate
matching.

4.1 Efficient decoders for surface codes

In this section, we introduce several well-known algorithms from the literature
that are used for efficiently decoding quantum surface codes.

A matching in a graph is defined as a set of edges where no two edges share a
common vertex. A perfect matching is a type of matching that includes every ver-
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tex in the graph [128]. A minimum weight perfect matching is a perfect matching
with the smallest possible total edge weight. In the context of QEC, the MWPM
decoder builds a complete graph where vertices represent defects. The edges in
this graph are weighted according to the error probabilities of the qubits that lie be-
tween each pair of defects. Given an error syndrome, the standard implementation
of the MWPM decoder involves three sequential steps [115]. First, Dijkstra’s al-
gorithm is used to assign weights and construct the graph of defects as previously
described. Next, the Blossom algorithm is employed to find the minimum weight
perfect matching solution [117]. Finally, Dijkstra’s algorithm is utilized again to
map the paired defects back to chains of faulty qubits in the actual lattice. Note
that, when dealing with independent identically distributed (i.i.d.) data qubit er-
rors, the process can be significantly simplified by using the Manhattan distance1

between defects. Moreover, for surface codes with boundaries, it is essential to
introduce ghost defects before applying Dijkstra’s algorithm [129]. Indeed, error
chains can terminate at a boundary, creating an odd number of defects. To address
this, the decoder includes a corresponding ghost defect for each real defect. In the
final graph, to ensure the correct decoding procedure, these ghost defects are con-
nected to each other with zero distance. A similar implementation of the MWPM
decoder exhibits a worst-case complexity in the number of nodes N in the graph
of O(N3 log(N)), yet empirically, the expected running time for typical instances
is approximately O(N2) [48, 115].

Given that executing the three aforementioned steps sequentially can be com-
putationally demanding, recent proposals have emerged to circumvent the Dijk-
stra step in constructing the edges of the defect graph. Notably, the PyMatching
sparse blossom implementation dynamically discovers and stores an edge only
when necessary for the blossom algorithm’s operation [52]. This proposal adopts
an error model where each error mechanism is defined by the generators and log-
ical operators it affects, rather than by its Pauli type and circuit location. This
approach enables the use of techniques such as compressed tracking, a sparse
representation of paths in the defect graph. Compressed tracking stores only the
endpoints of a path, along with the logical observables it affects (represented as a

1The Manhattan distance between two points in an n-dimensional space, with coordinates
(x1, . . . , xn) and (y1, . . . , yn), is given by

Pn
i=1 |xi � yi|.
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bitmask). Specifically, the authors define compressed edges, which denote a path
through the defect graph linking two defects or a defect and a boundary. These
compressed edges retain information about the two endpoints and the list of logi-
cal operators flipped by inverting each edge of the real lattice included in the path.
This method enables a highly efficient transition from the final matching to the de-
coded channel error, resulting from the algorithm. Such an implementation of the
MWPM is expected to run between 100 and 1000 times faster than the standard
implementation [48].

Among the various alternatives to the MWPM proposed in the literature, one
of the most notable is the UF decoder [119, 120]. The UF decoder comprises
a syndrome validation step and an erasure decoder. First, the process involves
transforming the set of Pauli errors into clusters distinguished by an even parity of
defects. During this stage, all defects are initialized as separate clusters. Then, in
each iteration, every odd cluster extends by half an edge in each direction, facili-
tating connections between defects rather than between a defect and a boundary.
If a cluster encounters another one, they merge, with each defect from the smaller
cluster becoming part of the larger one. In particular, the use of a tree repre-
sentation for each cluster enables efficient execution of this step. When two odd
clusters merge, or when a cluster encounters a boundary, they acquire even parity
and cease to grow. Finally, after a cycle detection and removal within clusters, the
erasure decoder employs a peeling decoder to identify an appropriate matching
for each cluster. This decoder shows an almost-linear worst-case running time
concerning the number of physical qubits [119]. However, the UF decoder, while
offering error correction capability up to the code distance, is less accurate than
the MWPM decoder [48, 121].

4.2 Spanning Tree Matching Decoder

In this section, we introduce the STM decoder for surface codes. Since the surface
codes belong to the class of CSS codes, for the sake of simplicity we will refer to
the lattice where the sites constitute the X generators. The same reasoning can be
applied to the dual lattice.

The STM decoder consists of three phases: MST evaluation, tree matching
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procedure, and error correction.

4.2.1 Minimum Spanning Tree Phase

We first construct the complete graph G = (nd,
�
nd

2

�
) connecting all defects, by

using Dijkstra or the Manhattan distances, where nd denotes the number of de-
fects. Note that, since there are no ghost ancillas at this stage, this graph has fewer
edges and vertices than the one used by the MWPM. Then, we execute the MST
algorithm on the graph. This can be achieved with a complexity of O(M logN),
where M =

�
nd

2

�
and N = nd stand for the edges and the vertices of the graph,

respectively [130]. At this stage, we construct two MSTs starting from the ob-
tained one. If the number of defects is already even, one of the output trees is
the original one, while the other is derived by introducing a ghost defect on both
the left and right sides. If the number of defects is odd, an output tree is obtained
by adding a ghost defect to the left, while the alternative output tree is built by
adding a ghost defect to the right. Then, the added ghost defects are connected to
the nearest defect in the lattice. An example of this phase is reported in Fig. 4.1b.
In case of multiple defects with a ghost defect at the same distance, we select the
one with the highest minimum distance to other non-ghost defects.

4.2.2 Tree Matching Phase

During this step, we match the trees to obtain the estimated error patterns. For a
tree T let us define as E its perfect matching graph. We use adj(v,G) to indicate
the set of vertices adjacent to the vertex v in the graph G, and deg(v,G) for the
degree of v in the graph G. B(T ) = {v 2 T | deg(v, T ) = 1} is the set of
boundary vertices in T .

A simple algorithm for obtaining the perfect matching of an MST consists of
the following steps.

1. For each b 2 B(T )

Let a = adj(b, T );
If deg(a, T ) = 2: call the edges e1 = (a, b) and e2 = (a, adj(a, T ) \ {b}).
Add e1 to E , and remove the subgraph ({a, b}, {e1, e2}) from T .
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Figure 4.1: Spanning tree matching decoder with a [[85, 1, 7]] surface code. a) Three Z
channel errors occur on the lattice. Exited ancillas are depicted in red. b) Two alternative
minimum spanning trees obtained with the nearest ghost ancilla to the left (above) and to
the right (below) boundary, respectively. c) Resulting E from the tree matching procedure.
The weight w2 of the matching E2 satisfies w2 6 t� 1; therefore, this matching is chosen
as the final solution.

2. For each b 2 B(T )

Let a = adj(b, T );
If deg(a, T ) = 3: call {v1, v2} = adj(a, T ) \ {b}, and the edges e1 = (a, b),
e2 = (a, v1), e3 = (a, v2). Add the edge e1 to E and remove from T
the subgraph ({a, b}, {e1, e2, e3}). Insert the edge e = (v1, v2) with weight
w(e) = w(e2) + w(e3) in T . Return to step 1.

3. For each b 2 B(T )

Let a = adj(b, T );
If deg(a, T ) = 4: remove from T the edge e = (a, v) where v is the sole
vertex in adj(a, T ) with deg(v, T ) > 1. Return to step 2.

Note that, considering i.i.d. data qubit errors, a vertex v in the MST cannot
have deg(v, T ) > 4. The algorithm terminates when the graph T becomes empty,
and gives a set of edges E representing a valid solution to the error correction prob-
lem. This procedure is carried out for both the MSTs obtained in Section 4.2.1,
and the two solutions are indicated as E1 and E2. Examples of the tree matching
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procedure described above are depicted in Fig. 4.1c and in Fig. 4.2c.

4.2.3 Error Correction

After the previous phase we have two possible sets of faulty qubits, E1, E2, with
a total number of data qubit errors w1 and w2, respectively. An instance of STM
decoding, involving both MSTs, is illustrated in Fig. 4.1. If w1  t + 1 or w2 
t + 1, then we have found the correction operator2. If, instead, both w1 and w2

have weight > t + 1, a simple processing considering both E1 and E2 can be
applied, which guarantees the correction if the channel errors has weight  t (see
Section 4.2.4). The basic idea is choosing the solution with the smallest number
of horizontally traversed edges. This is motivated by the fact that logical operators
traverse the lattice from one side to the other one. Hence, the correction with more
operators along the horizontal dimension will more likely cause a logical operator.

Definition 4.1. A column is the set of horizontal edges aligned in the vertical
direction of the lattice, as shown in Fig. 4.2a.

In this way, we can enumerate the columns from left to right ranging from 1

to d. Then, we can define two vectors ci with entries ci,j , where i = 1, 2 and
j = 1, . . . , d, representing the cardinality of the intersection between Ei and the
j-th column. Since a solution Ei with two edges in the j-th column is equivalent,
by adding a stabilizer, to another solution without any edge in the j-th column, we
also define as ui a vector with entries ui,j = ci,j mod 2. Hence, the function

f(Ei) =
dX

j=1

ui,j (4.1)

can be used as a metric to quantify how much correcting Ei is likely to cause a
logical operator. Thus, the final solution is that minimizing (4.1). For instance,
in Fig. 4.2c there are three edges in solution E1, with weights w = 1, w = 2,
and w = 5. They consist of one, two, and three horizontal qubits, respectively.
However, the horizontal qubit of the edge with weight w = 1 belongs to the same
column as the edge with weight w = 5. Hence, f(Ei) = 4.

2Note that, if w1 6 t, the matching of the second tree can be avoided to save time.
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Figure 4.2: Spanning tree matching decoder with a [[85, 1, 7]] surface code. Both matched
spanning trees have w > t+1. Hence, the error correction is performed according to (4.1).

4.2.4 Distance-preserving Decoding

In this section we show that (4.1), in the case of a [[n, k, d = 2t+ 1]] surface code,
assures the correction of channel errors with weight w 6 t.

Lemma 3. Given a surface code, let us call C an arbitrary Pauli Z error chain
connecting two sites defects v1 and v2. Then, the intersection of C with any column
between v1 and v2 has cardinality 1 (mod 2). The intersection with any of the
other columns has cardinality 0 (mod 2).

Proof. The minimal-weight chain linking v1 and v2 clearly satisfies the theorem.
Every other chain can be obtained from this one, through the application of pla-
quette generators. Since each plaquette has two edges in the same column, it does
not affect the modulo 2 counting.

Lemma 4. Given any error pattern over an [[n, k, d]] surface code, resulting in
an even number of site defects (including also ghost defects), all possible perfect
matchings M have the same metric f(M).

Proof. We label the horizontal position of the sites in the lattice, from left to right,
as 0, 1, . . . , d + 1, with 0 for the left ghost defect and d + 1 for the right ghost



4.2 Spanning Tree Matching Decoder 93

defect. Vertically aligned sites share the same label. Let us firstly examine the case
where the lattice has four site defects. Reordering them we obtain four indexes
0  j1  j2  j3  j4  d + 1, representing the site positions. In this setup we
can have three possible perfect matchings Mi, with i = 1, 2, 3. Considering M1

as the one connecting site 1 with 2, and site 3 with 4, by application of Lemma 3,
we have that f(M1) = (j2� j1) + (j4� j3). It is easy to check that the other two
matchings have the same metric. Finally, we observe that each perfect matching
M in any graph G with an even number of defects can be obtained by iteratevely
removing two edges and reconnecting them as needed. Hence, the claim follows
since this operation does not affect the metric f(M).

Corollary 2. Each perfect matching has the same metric (4.1) as the MWPM. It
follows that (4.1) can be interpreted as the minimum number of traversed columns
for all perfect matchings of the same graph.

We have seen in Section 4.2.1 that, starting from a complete graph G formed
by connecting all defects, we obtain two distinct graphs G1 and G2 by adding ghost
ancillas. Due to the even number of defects in these graphs, we can compute two
perfect matchings, denoted as E1 and E2. It is noteworthy that applying a logical
operator to one matching we get the other. Consequently, one of the solutions will
correct the error (call it Ec), while the alternative, Ea, will produce a logical error.

Theorem 4.1. Let us consider an [[n, k, d]] surface code and an error pattern
of weight w  t. A perfect matching leading to the correct solution, Ec, has
f(Ec) < f(Ea), with Ea being any perfect matching on the alternative graph.

Proof. The number of columns in the lattice is d. Since we are considering error
patterns with weight w  t, we have that any perfect matching Ec representing the
correct solution, due to Lemma 4, satisfies f(Ec)  t. Regarding the alternative
solution Ea, we have that f(Ea) = d�f(Ec), since they differ by a logical operator.
This leads to f(Ea) � t + 1 for d odd and f(Ea) � t + 2 for d even, proving the
statement.

The previous theorem states that a surface decoder chosing a matching with the
minimum traversed column metric (4.1) preserves the error correction capability
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of the code. The same theorem applies to rotated surface codes as well, owing to
their similar lattice structure.

4.3 Rapid-fire Decoder

We show now how to design an even faster decoder, the RFire decoder, that en-
sures the correction for all errors with weights w 6 t. Due to Corollary 2, each
matching is equivalent to the minimum one in terms of (4.1). Hence, it is possible
to compute Ei with i = 1, 2 without evaluating and matching the MST. Firstly, we
compute the complete graph G on the defects. Then, we construct two graphs Si

by adding to G ghost ancillas on boundaries with the same strategy described in
Sections 4.2.1. For each Si, we iteratively pair each defect with its closest one in
a greedy fashion, we update the solution Ei, and we remove both the defects from
Si. This process results in two potential sets of faulty qubits, E1 and E2. Finally,
we determine the error correction operator to adopt, following the procedure out-
lined in Section 4.2.3. In this way, we guarantee the correction of all errors of
weight up to w = t by Theorem 4.1.

4.4 Bubble Clustering Decoder

Although STM and the RFire decoders are able to guarantee the error correction
capability t of surface codes, due to some uncorrected error patterns of weight
t + 1, a gap in performance between these decoders and the MWPM arises. We
observe that several error patterns, among the ones causing the performance dis-
crepancy, have errors located far away to each other in the lattice grid. For in-
stance, the error patterns shown in Fig. 4.3 cannot be decoded by the STM or
RFire decoders, whereas the MWPM decoder successfully decodes them. To ad-
dress this issue, we clustered the defects into smaller subsets using an ad-hoc
radius, enabling the decoding of multiple erroneous patterns and approaching the
performance of MWPM. Moreover, to further reduce execution times, we devel-
oped an algorithm that, while performing the clustering, simultaneously generates
a series of trees, i.e., connected graphs without cycles. In the following sections,
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Figure 4.3: Examples of non corrected error patterns in a [[85, 1, 7]] surface code for the
RFire and STM decoders. Each faulty qubit is represented by a red Z symbol, while
defects are illustrated as red dots. The correction operators applied by the RFire decoder
are represented by thick blue edges, whereas those applied by the STM decoder are rep-
resented by green edges. a) An error pattern of weight t + 1 that is not corrected by the
RFire decoder but is corrected by the STM decoder. b) An error pattern of weight t + 1
that is not corrected by the STM decoder but is corrected by the RFire decoder. Both error
patterns are corrected by the BC decoder.

we delve into the details of our BC decoder that starts from the error syndrome
and returns an estimated error pattern. In particular, the four phases composing
our solution are: radius evaluation phase, a bubble clustering phase, a peeling
phase, and an error correction phase.

Defect Graph

(a)

Bubble Clustering Lattice Representation

(b) (c)

Figure 4.4: Example of bubble clustering phase for a [[85, 1, 7]] surface code.
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(a) (b) (c) (d)

Figure 4.5: Example of bubble clustering phase for a [[85, 1, 7]] surface code. A number
of Z errors occurred on the lattice resulting in defects depicted as red circles. Different
clusters are depicted with different colors, and adjacent defects are connected by edges of
the corresponding color. a) Four Z errors with nd = 2 and Rsph = 4, resulting in one
single cluster. b) Four Z errors with nd = 3 and Rsph = 3, resulting in two different
clusters. c) Four Z errors with nd = 4 and Rsph = 3, resulting in three different clusters.
d) Four Z errors with nd = 7 and Rsph = 1, resulting in four different clusters. Note that
two defects can belong to the same cluster if they both lie within the region where their
corresponding bubbles intersect, or if a third defect exists such that the distance between
each defect and the third defect is less than or equal to the radius.

4.4.1 Bubble Radius Evaluation

The primary goal of this stage is to determine the optimal radius to cluster the
defects on the lattice. Specifically, each defect is placed at the center of a bubble
with uniform size. This step is critical because defects located in different bubbles
will never be paired in the final solution.

From (2.12), we observe that the performance of an [[n, k, d]] code, with
t = b(d� 1)/2c, is asymptotically determined by the fraction of errors of weight
w = t+ 1 that the decoder can correct. The main idea is to exploit the number of
defects to determine the smallest possible radius of the bubbles such that, given
any error pattern of weight 6 t + 1, the clustering is carried out in such a way
that it never compromises the error correction capability t and aids as much as
possible the decoding of t + 1 error patterns. For instance, in the case of a t + 1

chain of adjacent errors, resulting in only a pair of defects, we would like to have
them inside the same cluster. For this reason, we have that the radius must be at
least Rsph = t + 1 when the number of defects is nd = 2. This ensures that the
two defects belong to the same cluster, allowing them to be connected in subse-
quent steps of the decoding process. Therefore, a simple but suboptimal solution
is to set this radius to Rsph = t + 1. However, if there are more than two defects
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in the lattice, this radius can be reduced to potentially improve the error correc-
tion capability of errors with weight t + 1. As a simple example, adopting this
choice, both the error patterns in Fig. 4.3 would form a single cluster, leading to
the performance of one of the decoders presented in [68].

In general, the radius should be determined by evaluating whether two defects
need to be connected or not in the solution. For clarity, let us first consider a lattice
with three defects. When focusing on two of these defects, they must be connected
if their distance is at most t + 1 minus the weight of the edges connecting the re-
maining defect to a boundary. This ensures that the error correction capability
is not compromised. Since there is a single unpaired defect, in the worst-case
scenario, it could be connected to a boundary via an edge of weight one, result-
ing in a bubble radius of t. This scenario represents the most conservative case,
where the radius is the largest possible, leading to fewer clusters overall. Indeed,
if a single cluster is generated, the error correction capability becomes similar to
that of the RFire decoder. Similarly, for the case with four defects, two defects
must be connected if their distance is at most t+ 1 minus the weight of the edges
connecting the other two defects. In the worst-case scenario, these defects are
connected to each other via an edge of weight one, which results again in a radius
of t. Generalizing this trend, we observe that from the maximum value of the
radius t + 1 it is possible to subtract an edge of weight one for each pair of de-
fects, apart from the initial pair that is being analyzed, to determine if they should
be connected. Therefore, the minimum value of the radius, while satisfying the
conditions outlined above, will be t+ 1 minus dnd/2e � 1, leading to

Rsph = t+ 2�
lnd

2

m
. (4.2)

4.4.2 Bubble Clustering Phase

During this stage, utilizing the information provided by the syndrome s along with
the calculated Rsph, all defects are organized into one or more clusters. In doing
so, a subset of edges from the lattice is assigned to each cluster, ensuring the
formation of trees, thus preventing the occurrence of any cycles. To formalize the
algorithm, let us define v as the column vector of size nd containing the indexes
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Algorithm 3: Bubble Clustering Phase
input : nd, v, Rsph;
output: A, adjacency matrix;

p, indexes of the clusters for each defect;
c, cardinality of each cluster;
L, matrix of clusters;
o, order of each defect;

init A, p, c to all zeros;
Nc  0;
totalDef  0;
while totalDef 6 nd do

contDefect 1;
while p[contDefect] 6= 0 do

contDefect contDefect + 1;

Nc  Nc + 1;
totalDef  totalDef + 1;
c[Nc] c[Nc] + 1;
L[Nc][c[Nc]] v[contDefect];
p[v[contDefect]] Nc;
flagEndCluster 0;
currentDef  1;
while flagEndCluster = 0 do

flagEndCluster 1;
forall ndi 2 v do

if evalD(L[Nc][currentDef], ndi) 6 Rsph

if p[ndi ] = 0
A adjDef(currentDef, ndi);
o[L[Nc][currentDef]] o[L[Nc][currentDef]] + 1;
o[ndi ] o[ndi ] + 1;
c[Nc] c[Nc] + 1;
L[Nc][c[Nc]] ndi ;
p[ndi ] Nc;
totalDef  totalDef + 1;
flagEndCluster 0;

if flagEndCluster = 0
currentDef  currentDef + 1;
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of each defect, and L as the matrix containing in the i-th row the list of the defects
belonging to the i-th cluster. The size of L, Nc ⇥ nd, is determined during the
clustering phase depending on the number of clusters needed.

The procedure unfolds as follows. During the initialization step, the first de-
fect v1 is added to the first row of L, referred to as l1. Subsequently, the algorithm
systematically examines whether any other defect lies within a distance less than
or equal to Rsph from v1. If, for instance, this condition is verified for the j-th
defect, then vj is included in l1. The proposed goal can be effectively achieved
employing the function evalD, which computes the distances between two ver-
tices in the grid, calculated based on their integer coordinate positions, enabling
precise and efficient measurement of spatial relationships. In particular, defining
as qi and ri as the quotient and the remainder of the integer division between si

and 2t, the function evalD(si, sj) returns |qi � qj| + |ri � rj|. Additionally, we
employ the function adjDef to record that defects v1 and vj are adjacent to each
other using an nd ⇥ nd adjacency matrix A. Then, the same procedure is sequen-
tially applied to all the other defects added to l1. Starting from the second defect
of each cluster, we have to verify whether a particular defect is already present
in the corresponding list before adding it. This can be performed by maintaining
an array storing the cluster membership of each defect, thereby preventing cycles.
Note that a defect that is already part of a cluster, meaning it is adjacent to at least
one other defect, can only become adjacent to additional defects when consider-
ing the bubble centered around that defect. This is essential to ensure that the
algorithm produces a tree structure. For each defect, the column vector p of size
nd stores the index of the cluster to which it belongs. Also, the cardinality of each
cluster is stored in a column vector c of size Nc.

Once all defects in l1 have been processed, if there are any remaining defects
not yet included in the list, the first of these defects is added to l2, and a new
cluster is initialized. This process iterates until all defects have been assigned to
a cluster, resulting in a total of Nc clusters. An instance of the bubble clustering
procedure, illustrating the defect graph, is shown in Fig. 4.4. For clarity, we will
henceforth use the lattice representation notation. Some examples of bubble clus-
tering procedures for the [[85, 1, 7]] surface code are depicted in Fig. 4.5. This
bubble clustering stage is outlined in Algorithm 3. During the algorithm execu-
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tion, a vector o is initialized to record the order of each defect.

4.4.3 Peeling Phase

Algorithm 4: Peeling Phase
input : s, nd, A, p, c, L;
output: {E1

1
, . . . , E1

Nc
}, list of the matchings;

{w1

1
, . . . , w1

Nc
}, list of the weights;

forall i 2 {1, . . . , Nc} do
clusterDim c[i];
idx addGhost(i);
buildMatch(idx);
s[idx] 0;
while c[i] > 0 do

forall j 2 {1, . . . , clusterDim} do
if o[L[i][j]] = 1

idxAdj Adjacent(L[i][j]);
if s[L[i][j]] = 1
buildMatch(L[i][j], idxAdj);
s[L[i][j]] 0;
s[idxAdj] 1� s[idxAdj];

if o[(idxAdj] = 1
c[i] c[i]� 1;

peel(L[i][j], idxAdj);
c[i] c[i]� 1;

The goal of this step is to begin with the obtained tree and generate a suitable
matching for each cluster. Then, in the final post-processing phase, each match-
ing will be evaluated using specific metrics, after which it will either be selected
as the final solution or set aside for further consideration. In the latter case, an-
other solution is generated and an additional peeling phase will be required for
that cluster (see Section 4.4.4). Specifically, the peeling phase, described in Algo-
rithm 4, consists of two distinct sections: a pre-processing stage and a matching
stage. Note that the processing described below is performed independently for
each cluster, where a tree has been generated by the previous step if more than
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one defect resides in the cluster. In the following, we will define the order of a
defect as the number of its adjacent defects in the tree of its cluster. A defect of
order one is called boundary defect.

Algorithm 5: addGhost
input : i, cluster index;
output: si, sj , vertices connected to the ghost ancillas;

if first peeling phase
if cluster i has an odd number of defects

attach a ghost ancilla to the nearest defect si;

else
if cluster i has an odd number of defects

attach a ghost ancilla to the nearest defect si on the opposite boundary
with respect to the boundary selected in peeling phase;

else
attach two ghost ancillas: one to the nearest defect si on the left boundary,
and one to the nearest defect sj on the right boundary;

Ghost ancillas addition: This step is required to assure that each cluster tree
comprises an even number of defects and then is applied for all clusters with an
odd number of defects. Indeed, since surface codes feature non-periodic bound-
aries, it is possible for an error chain to terminate at a boundary, resulting in the
creation of just a single defect. In such cases, obtaining a suitable match is not
feasible. Therefore, if the cardinality of a cluster is odd, a ghost ancilla is added to
one of its defects according to the following criteria. The required ghost ancilla is
connected to the defect closest to a boundary. If multiple defects are equidistant,
the ghost ancilla is attached to the defect that is farthest from the other defects in
the cluster. In particular, the defect that is farthest from the others in the cluster is
the one with the maximum distance from its cluster nearest neighbor. Addition-
ally, we retain in memory the specific boundary (i.e., left or right) to which the
ghost ancilla is attached. In case of a second peeling solution, if the i-th cluster
contains an even number of defects, we include a ghost ancilla on both the right
and left boundaries. This is done to preserve the even parity of the defects. On the
other hand, if the number of defects is odd, we add a ghost ancilla to the right (left)
boundary if the cluster was attached to the left (right) boundary during the previ-
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ous peeling phase. The criteria for determining which defects these ghost ancillas
connect to remain the same. For conciseness, we utilize the function addGhost

which takes as input the cluster index and returns the index of the adjacent defect
as previously outlined (see Algorithm 5). We remark that the algorithm handles
defects sequentially from left to right and top to bottom. As a result, when two
defects are equidistant from the boundary and have the same distance from the
nearest defect, the ghost ancilla is always assigned to the first one encountered in
this order. Note that all the required information can be stored during the clus-
tering phase. Here it has been presented separately for the sake of presentation
clarity.

Algorithm 6: buildMatch
input : si, sj , vertices;

k, index of the cluster;
output: Ek, current solution (edge/qubit set);

Compute the vertical and horizontal coordinates of si and sj using modular arith-
metic;

Start from si;
Move step by step along the vertices in the vertical direction, until reaching a
vertex sk that has the same vertical coordinate as sj;

For each step, include in Ek any edge that connects two consecutively visited
vertices;

Start from sk;
Move step by step along the vertices in the horizontal direction, until reaching sj;
For each step, include in Ek any edge that connects two consecutively visited
vertices;

Tree peeling: In this stage, for each cluster i-th, the corresponding tree is
iteratively peeled to achieve a first suitable matching E1

i
. For this purpose, we

define as vertices the defects present in the current cluster, all initially set to be
switched on (i.e., set si to one). For each cluster, there are two possibilities:
it could contain either an even or an odd number of vertices. If the number is
odd, we must add edges between the vertex selected by addGhost and the nearest
boundary to complete the final matching. After this, we switch off (i.e., set si
to zero) the vertex selected by addGhost. In this way, we have ended up to an
even number of vertices, allowing the algorithm to proceed identically for both
possibilities. In Algorithm 4, we employ the function buildMatch to describe
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this matching. This function takes as input the indices of two vertices and inserts
all the qubit edges between them into the final solution (i.e., the qubit in the path
composing the edge of the tree). On the other hand, if the function is called with
only one single index, it adds the edges between the input vertex and the nearest
boundary to the final matching. In this way, we connect it to the ghost ancilla in
that cluster. This can be efficiently handled by using simple modular arithmetic
operations, which exploit the regular structure of the lattice to directly compute
qubit indices without requiring complex lookups or additional overhead.

After this pre-processing, the algorithm processes each boundary vertex (i.e.,
a vertex of order one) within the cluster as follows. To identify it, we employ the
vector o, prepared during the clustering phase, which contains the order of each
defect. For each of the boundary vertices, we have one adjacent vertex indexed
by idxAdj, retrieved using the function Adjacent. Then, if the current bound-
ary vertex is switched on, we add its incident edge to the final matching E1

i
, and

its adjacent vertex is flipped (i.e., si  1 � si). Afterward, even if the current
boundary vertex was switched off, we remove the incident edge from the graph
and update the vertex orders accordingly. This is accomplished using the function
peel. Finally, before proceeding with the next boundary vertex, we also update
the cardinality of the cluster c[i]. The desired matching among the initial defects
is achieved as soon as the tree becomes an empty graph, which terminates the
procedure. In addition, we keep track of the number of physical qubits associated
with each matching. This count is referred to as the weight w1

i
of the matching

E1

i
. The peeling procedure is detailed in Algorithm 4. The functions addGhost

and buildMatch are detailed in Algorithm 5 and Algorithm 6, respectively. An
instance of peeling phase procedure, for the error pattern of Fig 4.5b, is described
in the following example.

Example 4.1. In Fig 4.6 we report an example of peeling phase procedure. The
arrows indicate the currently processed defect, while switched-off defects are rep-
resented as white circles. Vertices are processed sequentially from left to right and
top to bottom during the operation. If a ghost ancilla is present, it will always be
processed first. Edges included in the solution are highlighted in green. a) Radius
evaluation phase. b) Bubble clustering phase and addition of a ghost ancilla where
necessary. c) A boundary vertex for the orange cluster is identified. Since this ver-
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Figure 4.6: A detailed step-by-step example of the peeling phase procedure on a [[85, 1, 7]]
surface code with four errors present in the lattice.

tex is currently switched on, it will be switched off along with its adjacent defect.
The incident edge will also be added to the solution. The edge connected to the
ghost ancilla is added into the blue solution, and the adjacent vertex is switched
off. d) A boundary vertex for the blue cluster is identified. Since this vertex is
currently switched on, it will be switched off along with its adjacent defect. The
incident edge will also be added to the solution. e, f) A boundary vertex is iden-
tified. Since this vertex is switched off, the incident edge will be discarded. g)
A boundary vertex for the blue cluster is identified. Since this vertex is currently
switched on, it will be switched off along with its adjacent defect. The incident
edge will also be added to the solution. h) Resulting matching for both clusters.

4.4.4 Post-Processing Phase

The goal of this phase is to identify a suitable error correction pattern for each
cluster, utilizing the matching solutions obtained from previous stages. For each
cluster, if w1

i
6 t, the corresponding matching is selected as the error pattern

and this phase is skipped. On the other hand, if the i-th cluster does not satisfy
this condition, a post-processing is required (i.e., an additional peeling phase).
The main idea is to construct a new solution differing from the previous one by a
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logical operator. In this way, we can compare the two solutions using our tailored
metric.

Then, the tree peeling is performed on this new graph to obtain the matching
E2

i
. The error pattern is chosen as follows:

• if w2

i
6 t, E2

i
is chosen as the current solution;

• else if w1

i
= t+ 1, E1

i
is chosen as the current solution;

• else if w2

i
= t+ 1, E2

i
is chosen as the current solution.

At this point it is very likely that the solution has been already determined. How-
ever, if both w1

i
and w2

i
have weight > t + 1, we apply the decision criteria pre-

sented in 4.2.4. Let us define a column as the set of horizontal edges aligned
vertically on the lattice, and let us enumerate columns from left to right, ranging
from 1 to d. Then, considering cluster i-th, we define two vectors cj

i
with entries

cj,k
i

, where j = 1, 2 and k = 1, . . . , d, representing the cardinality of the intersec-
tion between E j

i
and the k-th column. Also, we define as uj

i
a vector with entries

uj,k

i
= cj,k

i
mod 2. Hence, the final error pattern consists in the matching that

minimize

f(E j

i
) =

dX

k=1

uj,k

i
. (4.3)

4.4.5 Adjustments for High Physical Error Rates

Previously, we focused our attention on guaranteeing the error correction capabil-
ity t and obtaining a good performance in the low physical error region given by
error patterns of weight t + 1. Here, we present some simple adjustments for the
bubble clustering phase which mainly target error patterns of weight greater than
t+ 1, affecting the performance curve in the high physical error regime.

Setting the minimum: The BC decoder, as described in previous sections,
achieves asymptotic performance that is very close to that of the standard MWPM
decoder. However, some simple precautions are necessary when dealing with
high physical error rates, specifically when the number of defects exceeds 2t +

2. In particular, according to (4.2), the maximum radius of a cluster would be
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zero, making it impossible to connect any pair of defects and always relying on
boundary connections. Hence, to avoid failures in the decoding process caused by
this issue, we adjust the bubble radius as

Rsph =

8
<

:
t+ 2�

lnd

2

m
if nd 6 2t,

2 otherwise.
(4.4)

Note that, using (4.4), not only the radius cannot be zero, but also it cannot be one.
This has been done to guarantee that error patterns with a double error occurring
on two adjacent qubits in the actual lattice reside always in the same cluster if
all other errors are not interfering with their defects. Beside this reasoning, we
also fine-tune this adjustment testing other possibilities, such as constant radius
one and non-constant shapes. The solution in (4.4) was the one having the best
performance for error patterns of weight greater than t+1. In Fig. 4.8 we show the
impact of this adjustment on a [[85, 1, 7]] surface code. We observe that, for high
physical error rates, applying these radius modifications provides an advantage in
terms of the logical error rate, as demonstrated by comparing the black and yellow
curves. This improvement arises from the enhanced ability to correct errors of
weight > t+ 1.

Star-defects avoidance: Recall that the bubble clustering stage, described in
Section 4.4.2, is performed on the defect graph. This implies that there is no direct
correspondence between the edges in the resulting clusters and the physical qubits
in the lattice. Hence, since the defects are processed sequentially, due to Rsph it is
possible that several defects are connected to the defect under processing even if
a different defect was the nearest neighbour, creating a star-like graph. These star
defects do not harm the decoder ability to correct up to the code distance, however,
they worsen the performance in the high physical error regime (capability to cor-
rect error pattern with more than t errors). For instance, let us consider the bubble
clustering stage in Fig. 4.7a. Since the error causes five defects, Rsph = 2. Then,
according to the standard procedure and proceeding from the lower vertex index
to the higher one, the defect v2 results in a star defect, being adjacent to defects
v1, v3 and v4. In this way, the resulting tree is the one having as edges: (v1, v2),
(v2, v3), (v2, v4), and (v3, v5). Indeed, during the peeling phase, this tree results in
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a matching consisting of: a weight-two horizontal edge between the ghost ancilla
and v1; a weight-two edge between v2 and v4; and a weight-two edge from v3 to
v5. In this particular configuration, the problem arises if the buildMatch(v2,v4)
does not share a qubit with buildMatch(v3,v5) (e.g., the qubit between v3 and v4).
In fact, if this qubit is not shared, the weight results in w1

1
(E1

1
) = 6. Moreover,

the alternative solution, obtained by attaching a ghost ancilla to v5 instead of v1
would have weight w = 6. In this case, both solutions are greater than t + 1.
Furthermore, according to metric (4.3), the incorrect solution would be selected,
causing an error in the correction process.

To avoid this, we introduce an improvement of the bubble clustering. Specifi-
cally, each time a defect is added to a cluster, we record the distance to its adjacent
defect within the tree. Then, if the defect being processed is closer to another de-
fect already in the tree, and both defects are adjacent to the same star defect, the
second defect is detached from the star defect and attached to the defect being
processed. This modification requires additional processing, which may increase
the execution time. However, it should be noted that, in the presence of star de-
fects, the information about the same physical qubits must be retrieved multiple
times from memory during the peeling phase. Therefore, avoiding star defects
helps recover execution time in this regard. Referring back to the previous ex-
ample, with the proposed modification, when processing defect v3, it becomes
possible to detach v4 from v2, and attach v3 to v4. Moreover, when processing v5

it is also possible to detach it from v3 and attach it to v4, obtaining the tree shown
in Fig. 4.7b. In this way, the first matching has weight w1

1
(E1

1
) = 4, and will be

chosen as a final solution, correcting the error. Let us clarify this procedure with
an example.

Example 4.2. In Fig. 4.7, we have four Z channel errors occurred on the lat-
tice, resulting in defects depicted as red circles. Since nd = 5, the bubble radius
Rsph = 2, resulting in a single cluster with an odd number of defects, necessitat-
ing the insertion of a single ghost ancilla. a) Bubble clustering decoding without
star-defects avoidance. The matching E1

1
, evaluated during the peeling phase, has

weight w1

1
= 6 > t. Therefore, a post-processing phase is required. The sec-

ond matching has weight w2

1
= 6 > t. Both solutions have weight w1 > t + 1.

Therefore, the solution is selected based on (4.3), which results in choosing the
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Bubble Clustering                     Peeling                           Post-Processing

(a)

(b)

Figure 4.7: Examples of BC decoding for a [[85, 1, 7]] surface code: a) without star-
defects avoidance. b) with star-defects avoidance.

faulty error pattern. b) Bubble clustering decoding with star-defects avoidance.
The matching E1

1
, evaluated during the peeling phase, has weight w1

1
= 4 > t.

Therefore, a post-processing phase is required. The second matching has weight
w2

1
= 6 > t. Moreover, the weight of the first matching is equal to t + 1. Hence,

E2

1
is chosen as final matching, and the error is actually corrected.

In Fig. 4.8 we show the impact of this adjustment on a [[41, 1, 5]] surface code.
Without star-defect avoidance, the logical error rate is represented by the yellow
curve. However, by applying these techniques, we achieve the green curve, in-
dicating a significant improvement. This gain shows that avoiding star defects
enhances the correction of errors with weight > t+1, leading to improved overall
performance. For completeness, we also include the case where the star-defect
avoidance technique is employed without radius adjustments, shown by the red
curve. The radius adjustment technique yields performance improvements at high
physical error rates, whereas the star-defect avoidance technique provides an ad-
vantage at low physical error rates. Adopting the described techniques, we ob-
serve an overall improvement of the performance that increases with the code
distance. As an example, in Fig. 4.8, for p = 10�2, we observe an improvement
of 90% in error correction. For p = 10�2, the [[41, 1, 5]] surface code yields an
improvement of 42%, while the [[145, 1, 9]] surface code achieves a higher im-
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Figure 4.8: Logical error probability vs. physical error probability of the [[85, 1, 7]] sur-
face code. The curves illustrate the impact of radius adjustments and star-defect avoidance
techniques on the error correction capability.

provement of 78%.
High code distance: As the number of qubits scales with the square of the

code distance, in this error regime it is beneficial to implement additional low-
complexity measures to refine the error correction capability. Specifically, for
surface codes with a code distance of d > 11, we will adopt the following mea-
sures. During the sphere clustering phase, we record clusters that contain a single
defect. If exactly two such clusters are found, and their defects are separated by a
distance of R0

sph + 1, we merge them into a single cluster containing both defects.
If a cluster contains a single defect, and its distance from the boundary equals the
distance to a defect in an odd-cardinality cluster, we connect these defects in a
single cluster.

4.4.6 Error Correction Capability Preservation

Before proceeding with the last technical details of the decoder, we demonstrate
that the whole processing using the BC decoder ensures error correction capability
up to the code distance.
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Theorem 4.2. For an [[n, k, d]] surface code, an error pattern with weight w 6 t

is always correctly corrected using the BC decoder.

Proof. Note that in case both E1

i
and E2

i
have weight > t + 1, (4.1) is employed,

and the error is always corrected as proven in Section 4.2.4 . Regarding errors
of weight 6 t, for which at least one matching between E1

i
and E2

i
has weight

6 t+ 1, we want to show that these are always corrected. To this aim, we remark
that one of the two possible solutions, E1

i
and E2

i
, always corrects the error, while

the other always realizes a logical operator. Indeed, the two solutions are related
by the application of a logical operator since the surface codes encode k = 1

information qubit. Let us initially focus on a surface code with odd distance. As a
worst case, we first consider t Pauli errors in the same row of the lattice, possibly
causing an horizontal logical operator of weight 2t+1. In case of an odd number of
defects, one of the two solutions E1

i
or E2

i
has weight w = t due to the horizontal

disposition, also corresponding to the actual error. The alternative solution has
always weight 2t + 1 � t = t + 1. Moreover, if an even number of defects
is obtained, the first solution (with no ghost ancillas) always coincides with the
error and has weight t. Hence, in both cases, the error is always corrected. Next,
let us consider the case in which t errors occur on two adjacent rows, possibly
causing a logical operator of weight 2t+2. In this configuration, it is possible for
the correct solution not to be of minimum weight, i.e., its weight can be greater
than t. This happens when the final matching results in the correct solution plus
an element of the stabilizer. However, given that the possible logical operator
has a weight of 2t + 2 and the actual error has a weight of t, the weight of the
incorrect solution will be at least 2t + 2 � t = t + 2 > t + 1. Hence, in the
worst case, both solutions have weight greater than t + 1 and, using (4.1), the
error is corrected. Moreover, if t errors occur across multiple rows, the weight of
the resulting logical operator would exceed 2t+2, further reinforcing the validity
of the previous argument. The same arguments apply to a surface code with even
distance, where the corresponding logical operators have a weight greater by one,
i.e., the smallest logical operator has weight 2t+ 2.

This theorem has important consequences on the decoding performance. In-
deed, there is a great amount of errors of weight t + 1 that are not corrected by
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(4.1) but can result in a solution of weight t+1. Hence, they are actually corrected
by the BC decoder, according to Section 4.4.4. An instance of the BC decoder re-
quiring a post-processing phase is depicted in Fig. 4.7 for the [[85, 1, 7]] surface
code.

Corollary 3. Any error pattern of weight t+`�1, for which the bubble clustering
procedure results in at least ` > 0 distinct clusters, is always corrected.

4.4.7 Complexity Analysis

In this section we analyze the complexity of the BC decoder. The first phase,
i.e., the evaluation of the bubble radius, is performed with a complexity of O(1).
Next, for each defect the algorithm potentially compares it to every other defect
to check the distance condition. This check is performed during the bubble clus-
tering phase. Hence, the worst-case scenario involves O(n2

d
) operations. Also,

before adding a defect to a cluster, the algorithm checks if it is already in the
cluster. Each check is constant time O(1) because it simply involves looking up
the defect’s membership in an array. Thus, the total complexity is dominated by
the quadratic terms, resulting in an overall complexity of O(n2

d
). The star-defects

avoidance technique involves checking whether two defects share any adjacent
defects, and this check is performed during the bubble clustering phase whenever
two defects are assigned to the same cluster. This verification can be performed
efficiently by accessing a pre-stored element in an array that was created during
the cluster construction specifically for this purpose. As a result, this procedure
can be completed in constant time, with a complexity of O(1). The tree peeling
stage processes each cluster to iteratively remove defects and edges until a suit-
able matching is achieved. Since each defect in the lattice is part of exactly one
cluster, and each operation (inverting parity, removing edges) is proportional to
the number of defects, the overall complexity is proportional to the total number
of defects O(nd). Moreover, in the post-processing phase, the weight of each
cluster matching is compared to the t parameter. This comparison is a simple
O(1) operation per cluster. If there are Nc clusters and recalling that Nc  nd the
complexity becomes O(nd). Finally, the vector uj

i
can be computed simply by

enumerating the horizontal qubits in the lattice row by row, from left to right. It
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Table 4.1: Decoder Complexities.

MWPM [48] UF [119] BC STM [68] RFire [68]

complexity O(n3

d
log(nd)) O(n↵(n)) O(n2

d
) O(n2

d
log(nd)) O(n2

d
)

is sufficient to perform a single mod operation (which can be performed in O(1))
for each horizontal qubit in the solution. Thus, the worst-case complexity of this
step is O(w), where w is the weight of the error. Note, however, that this step is
required only in a small number of cases. Overall, the BC decoder complexity
is primarily determined by the bubble clustering stage. Note that for an [[n, k, d]]

surface code, in the case of an error of weight 6 t + 1, the number of defects
is nd 6 2t + 2. Hence, the complexity of the algorithm in this regime can be
written as O(d2) or O(n), considering that in a surface code n = d2 + (d � 1)2.
Table 4.1 presents a comparison of the complexities of different decoders. Here,
n represents the number of qubits, nd denotes the number of defects, and ↵ is the
inverse of Ackermann’s function [119].

4.5 Numerical Results

In this section we compare the performance of surface codes using BC, MWPM,
UF, and RFire decoding via Monte Carlo simulations. We included RFire in the
comparison because it offers faster execution times than STM while providing
similar error correction capability. All these decoders are implemented in C++,
run with an Apple Silicon M2 processor and executed on a single core. The UF
algorithm is a C++ implementation of the efficient weighted union find described
in [119]. In the standard implementation, we exploit the LEMON C++ library for
an efficient MWPM algorithm [100]. Also, we employ the PyMatching 2 library
for the sparse blossom implementation [52]. Additionally, when using PyMatch-
ing, we submit shots in batches of 1000 to minimize the overhead of Python-to-
C++ method calls. Also, for an efficient implementation of LEMON version of
the MWPM, and RFire decoders, we use Manhattan distance to assign weights
and construct the graph of defects, avoiding the usage of Dijkstra’s algorithm.
Regarding the BC decoder, the numerical evaluation is performed by including all
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Figure 4.9: Average execution times per single decoding vs. number of defects. The
abbreviation Py stands for PyMatching [52] version of the MWPM.

adjustments discussed in Sec. 4.4.5. For each simulation point in the numerical
analysis, 100 error realizations were tested to ensure sufficient statistical accuracy.

Average execution times: To assess the complexity of the decoders, we mea-
sure the average execution time of the complete decoding procedure: from the
syndrome measurement to the final solution. Fig. 4.9 and Fig. 4.10 show the aver-
age execution times per single decoding over the number of defects in the lattice.
The evaluation is carried out when varying the number of defects and the lattice
size, from the [[13, 1, 3]] to the [[221, 1, 11]] surface codes. Specifically, the de-
coders are provided with batches of 1000 instances, each containing nd defects.
From Fig. 4.9, it is evident that the BC decoder outperforms both PyMatching
and UF algorithms in terms of execution speed across all code instances. From
Fig. 4.10, we observe that the BC decoder achieves a time savings of over an order
of magnitude compared to the RFire decoder for code distances greater than three.
Moreover, Fig. 4.11 presents a comparison of the average execution times of the
BC, UF, and Pymatching algorithms for high code distances, i.e., surface codes
up to the [[685, 1, 19]]. The results indicate that the performance advantage of the
BC decoder remains consistent as the code distance increases.

Logical error rate: In Fig. 4.12 and Fig. 4.13, we show the logical error rate
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Figure 4.10: Average execution times per single decoding vs. number of defects. The
abbreviation Py stands for PyMatching [52] version of the MWPM.
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Figure 4.11: Average execution times per single decoding vs. number of defects. The
abbreviation Py stands for PyMatching [52] version of the MWPM.
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Figure 4.12: Logical error probability vs. physical error probability over depolarizing
channel.

as a function of the physical error rate of some surface codes over depolarizing
channel. We can observe that, employing the clusterization procedure, we have a
large gain in error correction capability for the BC decoder when compared to the
RFire. From these results we observe that, for shorter code distances, the perfor-
mance of the BC and the MWPM decoders are quite comparable. In Fig. 4.13 we
observe that the performance gap between the MWPM and BC decoders widens
when comparing distances d = 7 and d = 9, but shows only a slight increase
between d = 9 and d = 11.
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Chapter 5

Flag at Origin. A Modular
Fault-Tolerant Preparation for CSS
Codes

Stabilizer states play a central role in universal FT quantum computation [72,
131]. Logical states such as

��0
↵

and |+i frequently serve as initial qubits or an-
cillary resources in quantum algorithms [132]. In case of QLDPC codes with
multiple encoded qubits [133], a broad set of stabilizer states must be prepared
fault-tolerantly to support teleportation-based protocols for the universal Clif-
ford group. [134–136]. Moreover, FT error correction schemes such as those
by Steane [137, 138] or Knill [139] rely on additional logical stabilizer states to
extract the error syndrome. Beyond these roles, stabilizer states serve other pur-
poses as well, including the mediation of interactions between distant logical qubit
blocks in architectures with restricted connectivity, thereby enabling long-range
logical operations [34, 140].

The overarching goal is therefore to devise FT, resource-efficient initializa-
tion protocols for QEC codes across arbitrary code distances d. Specifically, a
FT circuit guarantees that up to t = bd/2c faults lead to logical errors only with
probability scaling as O(pt+1) [141,142], where p denotes the physical error rate.
In the case of CSS codes, the design of FT circuits is simplified, since X and Z

stabilizers can be treated independently. A common strategy first employs a non-

117
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FT Clifford circuit to prepare the target CSS state, followed by a verification stage
that ensures fault-tolerance. The non-FT component can be engineered via partial
Latin rectangle completions [143, 144] or Clifford synthesis methods [145–147].
Verification then relies on redundant ancilla states together with either determinis-
tic [148, 149] or probabilistic [150–152] filtering techniques. Although effective,
these approaches often incur substantial resource overheads, though for certain
codes optimizations are possible [153]. Recent work has introduced heuristic
and automated approaches to identify compact FT circuits, including direct in-
spection for small codes [154,155], reinforcement learning [156], and SAT-based
solvers [157]. Nevertheless, scaling such methods to large code distances remains
computationally demanding.

In this chapter we propose a modular and scalable framework for FT initial-
ization of CSS codes that significantly reduces resource overhead, especially for
the largest codes considered. We show that CSS states can be prepared using
bipartite circuits composed of CX and Hadamard gates, with the bipartition nat-
urally determined by the control and target qubits of the CX gates. The proposed
construction exploits the asymmetric propagation of Pauli errors inherent to such
circuits: Pauli-X errors propagate exclusively from control to target qubits, while
Pauli-Z errors propagate in the opposite direction, from target to control qubits.
By appending X- and Z-detecting flag gadgets to the corresponding qubit par-
titions, the scheme achieves fault-tolerance in a structured and resource-efficient
manner.

5.1 Bipartite Preparation Circuit for CSS Codes

A CSS state is a stabilizer state whose stabilizer generators consist exclusively of
tensor products of either Pauli X operators or Pauli Z operators. Any CSS code,
prepared in a logical state stabilized by logical operators of this form, yields a CSS
state. For instance, CSS states include

��0
↵

or |+i in CSS codes with k = 1, logical
GHZ states of the form (

��0 · · · 0
↵
+ |+ · · ·+i)/

p
2 in CSS codes with k > 1, or

any tensor product of such states. In this section, we prove that CSS states can be
prepared using a bipartite circuit composed only of CX gates and qubit initializa-
tions in the |0i or |+i states. The proof follows the approach in [158], tailored to
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the specific case of CSS states. Specifically, a CSS state can be represented by the
2n⇥ n binary matrix

rz}|{ n�rz}|{

S =

2

4 0 B

A 0

3

5

where A and B are n⇥r and n⇥(n�r) matrices representing the X-type and Z-
type generators, respectively. Since no product of generators yields the identity,
A and B must be full-rank matrices with ranks r and n� r, respectively. Hence,
by applying gaussian elimination, the stabilizer representation can be brought into
the form

A =

2

4X1

X2

3

5 , B =

2

4Z1

Z2

3

5

such that X1 and Z2 are invertible r⇥r and (n�r)⇥(n�r) matrices, respectively.
Applying Hadamard gates to the last n � r qubits transforms the stabilizer state
into the graph state

G =

2

6666664

0 Z1

X2 0

X1 0

0 Z2

3

7777775
. (5.1)

Recombining the columns from the right with the invertible matrix R yields iden-
tity matrices in the lower block of the graph state representation:

GR =

2

6666664

0 Z1Z
�1

2

X2X
�1

1
0

I 0

0 I

3

7777775
, R =

2

4 X�1

1
0

0 Z�1

2

3

5 . (5.2)

This step consists in a change of the generator basis. From the commutation con-
dition ZTX = 0, we find that the top block of the graph state matrix is symmetric
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with zeros on the diagonal, satisfying

Z1Z
�1

2
=
�
X2X

�1

1

�T
.

The matrix GR represents the adjacency matrix of a bipartite graph in which the
control qubits (first r columns) are connected only to the target qubits (last n� r

columns).
This shows that the generator matrix of CSS stabilizer states can be brought

into the form of a bipartite graph state, up to Hadamard operators on one partition.
Graph states can be prepared by initializing all n qubits in |+i and applying a
CZ gate between every pair of qubits that are connected in the underlying graph.
When Hadamard gates are applied to one partition of the qubits, all CZ gates are
transformed into CX gates, and the target qubits become initialized in the |0i state
instead. This yields a bipartite CX circuit, in which all CX gates act from control
qubits belonging to one partition (initialized in |+i) onto target qubits belonging
exclusively to the complementary partition (initialized in |0i).

For any input CSS state, the Python library StabGraph [159] can generate
bipartite CX circuits with a reduced CX count.

5.2 Fault-Tolerant Circuit Construction

In realistic quantum hardware, imperfections cause circuit components to fail with
some probability, thereby introducing errors into the computation. Such faults can
be modeled by replacing the faulty component with its ideal counterpart, followed
by the application of a random Pauli error. Specifically, after a faulty qubit prepa-
ration, single-qubit gate, or idling period, a random Pauli operator from the set
{X,Y ,Z} is applied prior to measurement. For a faulty two-qubit gate, a ran-
dom Pauli operator from {I,X,Y ,Z}⌦2 \ {I ⌦ I} is applied. These errors may
propagate through the circuit, potentially leading to high-weight correlated errors.
Controlling such error propagation is therefore essential to ensure fault-tolerance.

Definition 5.1. A preparation circuit for a CSS state is FT [142] if, for any number
f 6 t = bd/2c of faulty components, the resulting propagated error is either of
minimum weight w 6 f and therefore correctable by an ideal decoder, or is
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detected by the ancillas and flags in the circuit, causing the preparation attempt to
be restarted. The minimum weight of a Pauli error is the minimum support of the
error under the multiplication by all stabilizer operators of the CSS state.

As shown in Section 5.1, every CSS state can be prepared using a bipartite CX
circuit, such as the one in Fig. 5.1a, where each qubit serves as either a control
or a target for CX gates. Notably, in bipartite CX circuits, Z errors on control
qubits and X errors on target qubits do not propagate, making the construction
inherently compliant with the fault-tolerance criterion for state preparation. The
only propagating errors that must be detected are X errors on control qubits and
Z errors on target qubits. These errors are caught at their origin by appending
X-detecting flag gadgets to each control qubit, and Z-detecting flag gadgets to
each target qubit, as shown in Fig. 5.1b and in Fig. 5.1c, respectively. Whenever
a flag gadget detects an error, the preparation attempt is restarted. The resulting
circuit, shown in Fig. 5.1d, is FT. The two types of flag gadgets must be carefully
coordinated to preserve the internal gate ordering within each gadget, as this or-
dering is essential to ensuring their fault-tolerance. Importantly, this construction
is general for CSS codes and, thanks to its simplicity and modular design, can be
scaled to large code distances. An example of an X-detecting flag gadget for five
CX gates and code distances d = 5 is given in Fig. 5.2j.

Since the number of gates in a bipartite circuit scales as O(n2) in the worst
case, the overall construction requires only a polynomial amount of resources. In
practice, we observe that the flag gadgets require relatively few additional CX
gates and flag qubits, with their size growing only linearly in both the code dis-
tance and the number of gates acting on each code qubit. Table 5.1 provides a
comparison of the CX gate count achieved by our construction against state-of-
the-art optimized implementations for specific codes (when available), or against
baseline methods. These consist of initializing all code qubits in the |0i state and
fault-tolerantly measuring all X stabilizer generators [132]. The measurement is
repeated bd/2c + 1 times, with the process restarted upon detection of any error.
This approach is modular and applicable to any CSS code at any distance, making
it a suitable benchmark for comparison.

For most CSS codes, achieving FT measurements of the stabilizer generators
requires either attaching flag gadgets to the ancillary qubits used for syndrome
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Figure 5.1: Flag at origin construction of a CSS state. (a) Such a state can be prepared
non-fault-tolerantly by a bipartite CX circuit, where CX gates control only control qubits
initialized in |+i and target only target qubits initialized in |0i. X errors propagate only
from control to target qubits, while Z errors propagate only from target to control qubits.
(b) An X-detecting flag gadget appended to a control qubit can detect any X error occur-
ring on it before it propagates. (c) A Z-detecting flag gadget appended to a target qubit
can detect any Z error occurring on it before it propagates. (d) Appending X-detecting
flag gadgets to all control qubits and Z-detecting flag gadgets to all target qubits results
in a FT preparation circuit.

extraction [96] or employing cat states [21]. Designing flag gadgets that maintain
the fault-tolerance of the protocol remains a nontrivial task. While several gen-
eral constructive methods exist, they often produce gadgets that demand a large
number of flag qubits and additional gates [160,161]. However, for surface codes,
whose stabilizer generators are of low weight, FT measurements can be achieved
through carefully designed gate schedules [27, 162]. In the present analysis, for
non-surface codes, the number of CX gates in the baseline techniques is cal-
culated by considering a FT flag-based stabilizers measurement, where the flag
gadgets are constructed as described in Section 5.3. Indeed, since these gadgets
are designed to detect any combination of f 6 t faults that propagate to an error
of weight w > f in a GHZ state preparation circuit, they are well suited for FT
syndrome extraction based on post-selection.

For all medium- to large-scale codes, the proposed CSS state preparation out-
performs both state-of-the-art circuits and baseline constructions. Even for indi-
vidually optimized QEC codes, such as the [[31, 1, 7]] color code and the [[23, 1, 7]]
Golay code, our construction produces more efficient circuits, notably with a re-
duced number of CX gates. In addition, the table reports the maximum number of
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QEC code and logical
state prepared

Baseline
CXs

CXs Sim.
Qubits

Flags Depth Log. Error Rate Acceptance Rate

[[7, 1, 3]] Steane
��0
↵

11 [154] 15 8 3 10 [2.7, 2.9]⇥ 10�5 [0.9783, 0.9784]

[[9, 1, 3]] rot. surface
��0
↵

8 [155] 26 12 9 9 [2.4, 2.6]⇥ 10�5 [0.97150, 0.97158]

[[17, 1, 5]] color code
��0
↵

71 [157] 74 23 21 25 [7.7, 18.2]⇥10�7 [0.8945, 0.8948]

[[25, 1, 5]] rot. surface
��0
↵

120 [163] 92 32 28 23 [6.7, 24.2]⇥10�7 [0.8980, 0.8984]

[[49, 1, 5]] triorthogonal |+i 936 361 95 105 59 [4.3, 5.4]⇥ 10�5 [0.585, 0.584]

[[20, 2, 6]] self-dual
��00

↵
376 145 36 47 54 [2.3, 9.7]⇥ 10�8 [0.8234, 0.8235]

[[23, 1, 7]] Golay
��0
↵

297 [153] 237 44 80 33 [1.8, 3.1]⇥ 10�7 [0.7095, 0.7099]

[[31, 1, 7]] color code
��0
↵

421 [157] 211 55 69 58 [8.0, 21.8]⇥10�7 [0.750, 0.751]

[[49, 1, 7]] rot. surface
��0
↵

336 [163] 262 64 85 46 [1.4, 2.1]⇥ 10�6 [0.702, 0.703]

[[95, 1, 7]] triorthogonal |+i 4792 1175 258 380 389 [8.5, 9.8]⇥ 10�5 [0.240, 0.241]

[[49, 1, 9]] color code
��0
↵

1020 408 93 136 123 [1.5, 9.8]⇥ 10�7 [0.531, 0.532]

[[81, 1, 9]] rot. surface
��0
↵

720 [163] 614 141 206 129 [3.8, 4.1]⇥ 10�5 [0.355, 0.356]

[[47, 1, 11]] self-dual
��0
↵

4140 1033 186 388 292 [2.4, 3.2]⇥ 10�5 [0.122, 0.123]

[[71, 1, 11]] color code
��0
↵

1860 829 177 268 282 [2.7, 2.8]⇥ 10�5 [0.214, 0.215]

Table 5.1: Size and performance of the FT preparation circuits obtained with the flag at
origin construction. From left to right, the first two columns indicate: the code and the
initial logical state prepared, the number of CX gates required by the best of the baseline
and known optimized constructions. Then, for the proposed construction: the maximum
number of simultaneous qubits required, the number of flag qubits, the depth in terms of
two-qubit gates, the logical error rate, and the acceptance rate in circuit-level simulations
(using the noise model described in Section 5.4) at a physical error rate of 10�3, using
Wilson confidence intervals of 95%.

qubits used simultaneously during execution (assuming fast qubit reset), the cir-
cuit depth, and the logical error and acceptance rates obtained from circuit-level
simulations under depolarizing noise (on gates and measurements) and memory
noise (on idle qubits).

The proposed construction admits several optimizations to reduce circuit depth,
the number of CX gates, and the maximum number of simultaneously active
qubits. First, for each CSS code, we exploit the freedom to choose among dif-
ferent bipartite circuit representations, selecting the configuration that minimizes
the number of required CX gates by exploring many random instances. Second,
a further degree of freedom, applicable to all CSS codes, is the ordering of com-
muting CX gates in bipartite circuits. Since any ordering remains FT once flag
gadgets are appended, randomly shuffling the gates and selecting the optimal order
allows minimization of circuit depth or the maximum number of simultaneously
active qubits. Finally, the Golay code admits an additional simplification: any Z
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(X) error is equivalent, up to multiplication by a Z (X) logical operator, to an
error of weight at most three. As a result, when preparing the logical |0i, the flag
gadgets need not detect combinations of three Z-type faults, allowing the use of
smaller Z-detecting flag gadgets designed for distances d = 4 and d = 5, thereby
reducing both the number of flag qubits and the CX count. By employing these
techniques, we obtain a preparation circuit for the Golay code that fits within the
56-qubit limit of the Quantinuum H2-1 device, enabling the experiment described
in Section 5.5.

5.3 Discovery of Flag Gadgets

This section presents the algorithm proposed to discover flag gadgets. The goal
of the gadget is to entangle the target qubits to the control qubit with a FT cir-
cuit. Hence, any combination of f 6 t faults must propagate to a weight w 6 f

error, up to multiplication with stabilizer operators. Specifically, a non-trivial
measurement outcome on any of the flag qubits signals the occurrence of a po-
tentially uncorrectable error. In such cases, the preparation attempt is aborted and
restarted.

The algorithm takes as input the number t of correctable faults, the number
of target qubits, and an estimate of the number of flag qubits required. The flag
gadget is then constructed gate by gate, starting from the end of the circuit. This
is necessary because, at each iteration, the fault-tolerance of the gadget must be
tested, which is only possible once the end of the circuit is defined. Some of
the CX gates in the gadget entangle the target qubits to the control qubit. The
rest entangle and disentangle flag qubits to allow the detection of potentially non-
correctable fault combinations. All flag qubits must be disentangled before the
circuit terminates. We remark that the components comprising the flag gadget
are themselves subject to failure. Algorithm 7 presents the pseudo-code for the
discovery of flag gadgets.

Fig. 5.2 describes the steps leading to the discovery of an X-detecting flag
gadget with two flag qubits, f1 and f2, that protects a control qubit c connected to
five target qubits t1, . . . , t5 against up to t = 2X faults. Analogously, to protect a
target qubit connected to five control qubits against Z faults, the Z-detecting flag
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Figure 5.2: Algorithm to discover flag gadgets. (a) The inputs are t = 2, representing the
number of correctable faults; the number of target qubits; and the number of flags believed
to be sufficient (2 in this example). (b) The first attempted gate results in a non-FT circuit
because a single fault can propagate into two faults. (c) Adding flag qubit f1 makes the
gadget FT because no single fault propagates to an undetected error of weight greater than
1. (d) Re-adding the first attempted gate now preserves fault-tolerance because even two
faults do not propagate to an undetected error of weight greater than 2. (e) Adding the
next CX gate from c to t2 is not FT because two faults propagate to an undetected weight
w = 3 error. (f) The next CX in the pool controls f1 instead. This is possible because
at this point f1 shares a GHZ-like entanglement with the control qubit, but this attempt is
still not FT. (g) Adding a new flag f2 makes the gadget FT. (h) After several successful
steps, adding the last CX from c to t4 is not FT because two faults propagate undetected
to a weight w = 3 error. (i) Moving the control of the previous attempted gate to f2 and
disentangling f1 makes the gadget FT despite two faults propagating to weight w = 4.
This is because this error reduces to weight w = 2 up to the weight-6 stabilizer operator
created by the circuit for the CSS code. (j) The algorithm outputs the FT flag gadget.
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gadget consists in a Hadamard-conjugated version of the one in the figure. This
example serves as a basis for the explanation that follows.

To manage the construction of the circuit, three pools of CX gates are ini-
tialized and updated as the construction proceeds. The first pool, responsible
for entangling target qubits, is initialized to entangle the first target qubit: T0 =

[CX(c, t1)]. The second pool, responsible for entangling flag qubits, is initialized
to entangle the first flag qubit: E0 = [CX(c, f1)]. The third pool, for disentan-
gling flag qubits, is initialized as an empty list: D0 = ?. Additionally, the set of
entangled target qubits T0, the set of entangled flags E0, and the output circuit C0
are initialized as empty lists.

First, the algorithm adds the gate from T0 to a temporary circuit Ctemp =

[CX(c, t1)], as shown in Fig. 5.2b. This circuit is then used to test fault-tolerance.
In Algorithm 7, the test is carried out through the function IsFaultTolerant.
However, in this example, the FT test fails, as a single fault propagates into an
error of weight w = 2. The algorithm then updates T1 = ?, and leaves the
other lists unchanged: E1 = E0, D1 = D0, T1 = T0, E1 = E0, and C1 = C0.
Specifically, in Algorithm 7, we employ the function EntangledQubits to up-
date the lists of entangled targets and flags based on the current circuit, and the
function AvailableGates to update the three pools of available CX gates ac-
cordingly. Next, as the entangling target qubit pool is empty, the algorithm pro-
ceeds by adding the gate from E1 to Ctemp = [CX(c, f1)], as shown in Fig. 5.2c. In
this case, the FT test is successfully passed. Moreover, f1 shares a GHZ-like en-
tanglement with c, meaning it can be used interchangeably with c. The pools are
updated accordingly: T2 = [CX(c, t1), CX(f1, t1)] to reattempt entangling t1,
E2 = [CX(c, f2), CX(f1, f2)] to entangle f2, and D2 = [CX(c, f1), CX(f1, c)]

to disentangle f1. The sets are updated to T2 = T1, E2 = {f1}, and the circuit
becomes C2 = Ctemp. At this stage, the algorithm adds the first gate from T2 to
the circuit: Ctemp = [CX(c, f1), CX(c, t1)]. As shown in Fig. 5.2d, the weight
of the undetected error remains less than or equal to the number of faults. The
pools and sets are updated to T3 = [CX(c, t2), CX(f1, t2)], E3 = E2, D3 = D2,
T3 = {t1}, E3 = E2, and C3 = Ctemp. Fig. 5.1e–i illustrate additional successful
and unsuccessful steps. Regarding Fig. 5.1i, note that target qubits t4 and t5 are
entangled using CX gates whose control is a flag qubit rather than the designated
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control qubit c. This is permissible because c and f2 become indistinguishable
once they are entangled. Indeed, it is possible for the final preparation circuit to
include a CX gate in which the control is a flag from an X-detecting gadget and
the target is a flag from an Z-detecting gadget. Moreover, the specific two-fault
combination illustrated propagates to an undetected error of weight w = 4. How-
ever, the stabilizer operator XcX t1X t2X t3X t4X t5 , obtained by propagating the
stabilizer Xc of the control qubit’s initial state |+i through the circuit, reduces
this error to weight w = 2 under multiplication.

The algorithm terminates once the following conditions are met: i) Ts con-
tains all target qubits; ii) Es is empty for some step s; iii) the fault-tolerance test
is satisfied. In the example, these conditions are achieved with the gadget shown
in Fig. 5.2j. If, at any step s, all three pools are exhausted before the termina-
tion conditions are met, the algorithm backtracks to the most recent successful
step, selects the next unused gate from the pools, and proceeds to construct a new
branch. If no valid configuration can be found after all gates across previous steps
have been explored, the algorithm terminates without generating a FT gadget for
the given inputs. By gradually increasing the number of flag qubits provided as
input, the algorithm is able to identify optimal gadgets, as the first successful con-
figuration found corresponds to the minimal number of flags required. Table 5.2
shows the number of flag qubits consumed by the flag gadgets discovered. Note
that, for some large values of t, many target qubits, and a small number of flag
qubits, no gadget may be found within reasonable time. In such cases, a larger
number of flag qubits than initially expected is provided, enabling the algorithm
to find a solution within seconds or minutes. These suboptimal flag counts are
indicated in Table 5.2 using the 6 symbol.

5.4 Decoding

In this section, we describe the noise model used in the simulations and the decod-
ing strategy adopted to estimate the logical error rate of the prepared circuits. In
the noise model, each qubit initialization is followed by a single-qubit depolariz-
ing channel with error rate p, and every two-qubit gate is followed by a two-qubit
depolarizing channel with the same error rate p. In addition, each flag-qubit mea-
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Algorithm 7: Flag Gadget Discovery Algorithm
input : number of non-problematic faults t, targets r, and flags m
output: flag gadget C
initialize step s 0;
initialize gadget Cs  ?;
initialize disentangled targets Ts  [t1, . . . , tr];
initialize disentangled flags Es  [f1, . . . , fr];
initialize gates to entangle targets Ts  [CX(c, t1)];
initialize gates to entangle the flags Es  [CX(c, f1)];
initialize gates to disentangle the flags Ds  ?;
initialize available gates Gs  Ts + Es +Ds;
while Ts 6= ? and Es 6= ? do

if there are available gates Gs 6= ?
propose the next gate Gs  Gs[0];
Ctemp  Cs + [Gs];
if IsFaultTolerant(Ctemp, t, r) = True

remove the proposed gate Gs  Gs[1 :];
increase step s s+ 1;
add gadget to history Cs  Ctemp;
Ts, Es  EntangledQubits(Cs, r,m);
Ts, Es,Ds  AvailableGates(Ts, Es, r,m);
Gs  Ts + Es +Ds;

else
if IsFaultTolerant(Cs, t, r) = True

return Cs;
if Gs = ? for all steps s

return “No FT gadget. Increase m”;
else

remove last history step Gs = Gs�1;
update gadget Cs  Cs�1;

propose new gate Gs  Gs[0];
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tar. qbts. 1�4 5 6 7�8 9�10 11 12�13 14 15�16 17 18 19 20�21 22 23 24 25 26�27 28�29

t = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
t = 2 1 2 3 3 3 3 4 4 4 4 5 5 5 5 5 6 6 6 6
t = 3 1 2 3 4 5 5 6 6 67 67 68 68 69 69 69 610 610 611 611
t = 4 1 2 3 4 6 7 7 68 69 610 610 611 611 612 613 613 614 614 615
t = 5 1 2 3 4 6 69 69 610 611 613 613 613 614 615 615 616 � � �

Table 5.2: Size of FT flag gadgets discovered to protect one control qubit connected to
several target qubits via CX gates at distance d. Column headers indicate the number
of target qubits. The gadget requires two CX gates for every flag qubit. The symbol 6
indicates that the number of flags may not be optimal.

surement is preceded by a single-qubit bit-flip channel with error rate p. Measure-
ments of code qubits at the end of the circuit are assumed to be noiseless, since in
practice such measurements are typically performed only after state preparation.
Memory noise is modeled by applying a single-qubit depolarizing channel with
error rate p/100 for every active qubit during each CX gate application. Qubits
are initialized as late as possible, immediately before the first CX gate that acts
on them, and flag qubits are measured as early as possible, immediately after their
final CX gate, to limit the accumulation of memory noise. All code qubits are
measured simultaneously only after the last flag qubit has been measured.

As regards decoding, performing simulations for large code distances at low
physical error rates poses considerable numerical challenges. To obtain sufficient
statistical accuracy, we perform high-speed circuit-level (CL) Pauli propagation
simulations, generating up to 109 random Pauli errors drawn from the noise model
for each circuit and physical error rate under study. The obtained dataset is further
expanded to as many as 1010 errors through subset sampling. Given the high
computational cost of algorithmic decoders in this regime, we instead construct
maximum-likelihood (ML) look-up tables (LUTs) from the simulated data. We
use half of the error set as a training set to build the CL-ML-LUT, while the
remaining half serves as a test set for estimating logical error rates. As the number
of code qubits increases, it becomes more likely that syndromes in the test set are
absent from the CL-ML-LUT. To address this, we supplement it with a code-
capacity (CC) minimum-weight (MW) LUT, ensuring that any previously unseen
syndromes can still be decoded.
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5.4.1 Subset-sampling

In Monte Carlo simulations of Pauli error channels, at moderately low physical er-
ror rates p, it is highly likely that no errors occur, producing the trivial syndrome.
To avoid expending computational resources on such instances, subset-sampling
techniques are employed [164, 165]. We first count the number of circuit loca-
tions, Lp and Lq, where faults can occur at rates p and q = p/100, the two error
rates considered in the noise model. From these, we compute the normalized
probability distribution Pp,q(fp, fq) over the number of faults fp and fq. Exclud-
ing the case with no faults, we obtain a normalized distribution Qp,q(fp, fq) with
Qp,q(0, 0) = 0. To reduce memory usage, we discard extremely unlikely fault
events by removing (fp, fq) pairs with probabilities Pp,q(fp, fq)  1/S2, where
S denotes the number of Monte Carlo samples. Subsequently, we draw S fault
events from Q and, for each, generate Pauli errors at random according to the
noise model. Finally, we account for the expected number of missing trivial fault
events by restoring their known trivial syndromes to the final error set, thereby
effectively increasing the total sample count.

5.4.2 Look-Up Table-Based Decoding Strategy

Once the final error set is obtained, each error instance is propagated through the
circuit using Clifford simulations. During this process, errors that trigger a flag
measurement are recorded to estimate the acceptance rate. When all flag measure-
ments are trivial, the corresponding syndromes and equivalence classes are stored.
Equivalence classes are determined by checking whether an error commutes or
anticommutes with a chosen logical operator representative that stabilizes the log-
ical state: logical ZL for

��0
↵

and logical XL for |+i. For the [[20, 2, 6]] code,
logical qubits are prepared in the state

��00
↵
, resulting in four equivalence classes

corresponding to whether the error commutes or anticommutes with each of the
two logical ZL operators. To prevent overfitting, the dataset of (syndrome, equiva-
lence) class pairs is randomly split into two equal subsets: one used as the training
set to generate the CL-ML-LUT, and the other as the test set to evaluate logical
error rates. Specifically, the CL-ML-LUT stores, for each syndrome observed in
the training set, the most likely equivalence class.
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The CC-MW-LUT for preparing the logical state
��0
↵

is built by considering all
X errors of weight 1 up to t on the ideally prepared state, and recording their cor-
responding (syndrome, equivalence class) pairs. By definition, all such errors are
correctable; therefore, any errors that produce the same syndrome must belong to
the same equivalence class. Consequently, the CC-MW-LUT can be implemented
as a dictionary that maps each syndrome to a unique equivalence class.

After both LUTs have been populated, they are used to decode the shots in
the test error set. Firstly, the CL-ML-LUT is used to decode every (syndrome,
equivalence class) pair in the test set. An instance is considered uncorrected if
its equivalence class differs from the class predicted by the CL-ML-LUT. If the
syndrome is not present in the CL-ML-LUT, the CC-MW-LUT is consulted. In
case the syndrome is absent from both tables, a logical error is declared whenever
the equivalence class corresponds to an error that anticommutes with the logical
operator. Although such cases are rare, when they occur the applied correction is
likely to result in a logical error. Despite the strong performance of the CL-ML-
LUT and CC-MW-LUT decoders, the suboptimal behavior of the final decoding
layer explains the unexpectedly high logical error rates observed for large codes in
the simulations (see Table 5.1). As the number of possible syndromes grows, the
likelihood of encountering them in the LUTs decreases. Consequently, whenever
an error anticommutes with the logical operator, it is treated as a logical error.
A possible solution to this issue is to append an algorithmic decoder at the final
stage, used only when the syndrome is absent from both LUTs. Decoders such
as BP+OSD, which are well suited for QLDPC codes, have cubic complexity
in the number of qubits; however, this step would only be required for the small
fraction of shots not already decoded by the LUTs. By replacing the final decoding
layer with an algorithmic decoder capable of handling any syndrome, one could
significantly improve logical error rates while still maintaining a fast and accurate
decoding procedure in practice.

Finally, for codes with even distance, such as the [[20, 2, 6]] code, errors of
weight t = d/2 are not expected to be corrected. In these cases, the entire com-
putation is discarded whenever such errors are detected.
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5.5 Numerical and Hardware Results

This section presents the numerical and hardware results obtained employing the
decoding pipeline described in Section 5.4.

Performance of preparation circuits: The logical error rate and the discard
rate (1 minus acceptance rate) as a function of the physical error rate are plotted
in Fig. 5.3 for some CSS codes of interest. In the regime of low error rates, the
simulations match the expected decays O(pt+1). This provides numerical con-
firmation that the preparation circuits are indeed FT up to t faults. In the case
of even-distance codes, some errors of weight t = d/2 can be detected but not
corrected. Therefore, if a syndrome is compatible with a weight-t error but not
with lower-weight errors, instead of correcting the state, the entire computation is
discarded during decoding, even after a successful state preparation. The resulting
post-discard rate for the [[20,2,6]] code is plotted in the subplot at the bottom of
Fig. 5.3, sowing the expected trend of O(pt).

Performance of Steane-QEC : Since the logical error rate in the preparation
of a logical

��0
↵

state is sensitive only to X errors, performance against Z er-
rors is studied using a Steane-QEC gadget. In this gadget, a logical

��0
↵

resource
state is fault-tolerantly prepared, a transversal CX is applied from the resource
block to the computational block to be corrected, and the resource block is sub-
sequently measured destructively in the X basis. Decoding the output provides
information about the joint Z errors on the blocks and allows the application of
a suitable correction to the computational block. In realistic settings, logical op-
erations introduce more noise than freshly prepared resource states. To emulate
this, we consider the following experiment: a computational block is noiselessly
prepared in the logical |+i state, single-qubit depolarizing channels of rate 10p

are applied to each qubit, Steane-QEC is performed, and the same depolarizing
channel is applied again on the computational block. The logical resource state��0
↵

for Steane-QEC is prepared using our construction and subjected to the noise
model defined in Sec. 5.4 with error rate p. The same noise model is applied to
the subsequent transversal CX gate, additional idle locations in the gadget, and
the measurement of the resource state. The logical error rate of this experiment is
compared to that obtained without Steane-QEC. Figure 5.4 shows the logical error
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Figure 5.3: Logical error probability (top) and discard rate (bottom) vs. physical error
probability for various CSS codes. Dashed lines visually indicate the expected O(pt+1)
scaling with the code distance d. The subplot below shows the post-discard rate of the
[[20,2,6]] code during decoding. Error bars indicate 95% confidence intervals.
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Figure 5.4: Logical error probability with and without (indicated by NSt in the legend) a
Steane-QEC gadget vs. physical error probability for various CSS codes. Dashed lines
indicate the expected O(pt+1) scaling with code distance d, where t = bd/2c is the
number of non-problematic faults. Error bars represent 95% confidence intervals.

rate as a function of the physical error rate p. For five of the six CSS codes stud-
ied, Steane-QEC reduces the logical error rate across the simulated range by up
to a factor of two. The [[49, 1, 5]] triorthogonal code is an exception, showing no
clear improvement, likely due to the substantial circuit overhead required for FT
preparation. Dashed lines indicate the expected O(pt+1) scaling; apart from the
[[49, 1, 5]] case, the results follow the predicted scaling in the low-error regime.

Fault-tolerance of both X and Z Pauli errors: Protecting against Z errors
during the preparation of

��0
↵

may seem unnecessary, since these errors do not im-
mediately cause a logical fault. However, Z errors can persist in the system, later
propagating through logical gates or Steane-QEC gadgets. As they accumulate,
they increase the risk of logical failure. To illustrate this risk, we present a numer-
ical demonstration in the setting of Steane-QEC. Specifically, when the

��0
↵

state
serves as the control of a transversal CX in a Steane-QEC gadget, any Z errors
in the

��0
↵

state can combine with Z errors propagated from the data qubit under
correction, resulting in an incorrect recovery operation. Figure 5.5 shows the log-
ical error rate of the Steane-QEC gadget when the

��0
↵

state of the [[17, 1, 5]] color
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Figure 5.5: Logical error probability vs. physical error probability for a Steane-QEC
gadget in which the resource state

��0
↵

is prepared either with or without FT protection
against Z errors. The light dashed line shows the expected O(p3) scaling for a distance-
d = 5 code, while the dark dashed line shows the O(p2) scaling expected for an effective
distance-d = 3 code. Error bars indicate 95% confidence intervals.

code is prepared fault-tolerantly against X errors but not against Z errors. The
figure demonstrates that the scheme fails to achieve the expected O(p3) logical
error scaling characteristic of a fully FT gadget, as illustrated in Fig. 5.4. This
result highlights the importance of preparing ancillary states such as

��0
↵

and |+i
fault-tolerantly with respect to both X and Z errors.

Hardware results: We implement the FT preparation of the
��0
↵

state for
the [[23, 1, 7]] Golay code on Quantinuum’s H2-1 and H2-2 trapped-ion quantum
computers. The results are summarized in Table 5.3. Decoding is performed us-
ing LUTs generated from numerical simulations at an error rate of p = 10�3, as
described in Sec. 5.4. Memory noise in Quantinuum devices can be partially ap-
proximated by single-qubit coherent rotations exp(�i�Z) on every qubit at every
time step, with the same small angle � [166]. If unmitigated, these rotations ac-
cumulate over time and propagate to other qubits through CX gates. To optimize
performance, we explore four different settings for mitigating such memory noise,
combining compilations in terms of either CX or CZ gates with three variants
of dynamical decoupling (DD) [167]. Specifically, compiling the circuit in terms
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of CX gates with CZ gates prevents this propagation, since Z Pauli noise com-
mutes with the unwanted rotations. Moreover, DD inserts Pauli-X and Pauli-Y
operators at regular intervals without affecting the final logical state. These opera-
tors reverse the direction of the coherent rotations, effectively canceling them. We
test three DD configurations: i) no DD, ii) the default software DD in Quantin-
uum devices [166], which accounts for precise timing and ion positioning, and iii)
a custom DD that simply inserts an XX Pauli operator after every two-qubit gate.
Similarly to the experimental setting employed in the previous numerical simula-
tions, all qubits are initialized as late as possible, all flag qubits are measured as
early as possible, and all code qubits are measured simultaneously after the last
measured flag qubit.

Across all experiments, the acceptance rate ranges from 38% to 51%. The best
performance is obtained when using CZ gates in combination with DD. Aggre-
gating the four experiments E3–E6 on H2-1, which use CZ gates with varying
DD schemes, yields 6,140 accepted runs out of 13,000 preparation attempts—an
acceptance rate of 47.23%. Among these accepted attempts, only two fail, cor-
responding to an average logical error rate of 3.3 ⇥ 10�4 with a 95% Wilson
confidence interval of [0.9, 11.9] ⇥ 10�4. H2-2 shows a slightly higher average
logical error rate of 5.18 ⇥ 10�4 with a confidence interval of [1.4, 18.9] ⇥ 10�4.
For context, the logical error rate without additional post-discarding is better
(within 95% confidence intervals) than the minimum hardware SPAM error rate
of 6.0(1.6)⇥10�4 of a physical |0i in Quantinuum H2-1 and H2-2 [168]. It is also
consistent with the state-of-the-art logical error rates reported in QEC experiments
with distances greater than two and with moderate post-selection: 8+16

�6
⇥ 10�4

with the tesseract code [169], and with the Steane code, 5.1(2.7) ⇥ 10�4 [56],
9(2)⇥ 10�4 [170], 5+4

�3
⇥ 10�4 [171], and 4.1(1.3)⇥ 10�4 [172].
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E1 E2 E3 E4 E5 E6 E7

Machine H2-1 H2-1 H2-1 H2-1 H2-1 H2-1 H2-2
2q gates CX CX CZ CZ CZ CZ CZ

DD None Def. None Def. Cust. Def. Def.

Attempts 1000 1000 1000 1000 1000 10000 10000

Acc. Att. 411 509 389 493 426 4832 3859

LE post. 10 1 0 0 0 2 2

Table 5.3: Hardware experiment settings and results. In descending order by row:
Quantinuum hardware, compilation type (CX or CZ gates), dynamical decoupling (DD)
strategy used (none, default, or custom), number of initialization attempts, number of ac-
cepted attempts, number of logical errors within them.
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Conclusion

The first part of this thesis focused on the analysis and design of quantum error-
correcting codes. Chapter 2 introduced the undetectable errors WE polynomial,
derived from the quantum MacWilliams identities. Each coefficient of this poly-
nomial corresponds to the number of logical operators of a given quantum code
and provides a way to evaluate upper bounds on its error-correcting capability. We
employed this tool to analyze the logical error rates of topological codes of vari-
ous distances, highlighting their strengths and limitations under both depolarizing
and biased physical noise.

Motivated by the prevalence of noise asymmetry in experimental platforms,
Chapter 3 presented the ZZZY codes, a new family of codes tailored for asym-
metric channels. In these constructions, selected Z operators in the stabilizers of
the surface code are replaced by Y operators, yielding improved performance un-
der biased noise. Furthermore, building on the homological product construction,
we introduced cylindrical codes, and by applying structural twists to the result-
ing stabilizers, we designed the Möbius codes. We demonstrated that these new
codes outperform standard surface codes when deployed over asymmetric noise
channels.

In Chapter 4, we turned to the problem of real-time decoding, where sub-
microsecond processing is essential for FT operation. We proved that, under a
suitably chosen metric, all distinct matchings in the defect graph of a surface
code are equivalent to the MW matching. This implies that decoding with respect
to this metric guarantees correction up to the code distance. Building on this
insight, we proposed three new low-complexity decoders. In particular, the BC
decoder achieves a complexity that scales quadratically in the number of defects,
which corresponds to linear scaling in the number of data qubits for moderate
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error rates. Numerical simulations show that these decoders significantly reduce
decoding latency compared to standard surface code decoders, at the expense of a
modest trade-off in logical performance.

The second part of the thesis addressed the development of FT state prepa-
ration protocols. Stabilizer states occupy a central position in universal quantum
computation, providing indispensable resources for quantum algorithms, error-
correcting procedures, and a broad spectrum of applications. We showed that CSS
states can be prepared using bipartite circuits composed of CX and Hadamard
gates, where the bipartition is naturally defined by the control and target qubits of
the CX gates. The proposed scheme then exploits the asymmetric propagation of
Pauli errors in such circuits: Pauli-X errors propagate exclusively from control
to target qubits, whereas Pauli-Z errors propagate from target to control qubits.
By appending X- and Z-detecting flag gadgets to the respective partitions, the
scheme achieves fault-tolerance in a scalable and modular manner. Using this
framework, we constructed preparation circuits for surface, color, and triorthog-
onal codes, obtaining significantly more resource-efficient designs than previous
methods, particularly for large codes. As a final demonstration, a logical zero state
of the [[23, 1, 7]] Golay code was successfully implemented on the Quantinuum
H2 trapped-ion quantum computer using a circuit of 237 CX gates, providing
concrete experimental evidence of scalable FT state preparation.
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