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Abstract

This PhD thesis explores the correlation between chemical composition, microstructure, and
magnetic behavior of Fe–Si alloys for applications in energy conversion and electrical machines.
The study integrates theoretical modeling, experimental analysis, and computational methods
to optimize magnetic properties—namely permeability, coercivity, and energy losses—in the
framework of high-efficiency and low-environmental-impact materials.

Experimentally, a rapid-heating annealing procedure was developed to accelerate recrys-
tallization kinetics in non-oriented Fe–Si steels. Specimens were inserted into a furnace pre-
stabilized at the treatment temperature, inducing strong thermal gradients and promoting dif-
fusion processes. Electron Backscatter Diffraction (EBSD) analyses enabled the quantitative
evaluation of grain size, texture, and residual deformation. Results demonstrated that complete
recrystallization can occur in less than one minute at suitable temperatures, showing promising
potential for industrial energy saving.

On the theoretical side, a unified mathematical framework was developed for describing
crystalline microstructure, elasticity, and magnetization. Using tensor analysis and dislocation
theory, correlations were established among lattice curvature, dislocation density, and stored
elastic energy. A generalized magnetization model was proposed by extending the Langevin
formulation to include the orientation distribution function f(g), thus accounting for crystallo-
graphic anisotropy and texture effects.

The outcomes provide a quantitative link between microstructure and macroscopic magnetic
performance, demonstrating how the control of texture, defect density, and heat treatment can
minimize hysteresis and eddy-current losses. The developed methodology offers a predictive
and physically grounded approach for designing next-generation Fe–Si magnetic materials for
sustainable energy applications.
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Chapter 1

Introduction

1.1 Global context and European policies
Climate change and the increasing instability of global energy systems represent one of the main
challenges of the 21st century.

The international community has recognized the need for coordinated action to reduce
greenhouse gas emissions, promote the efficient use of resources, and foster sustainable economic
development.

In this framework, the 2030 Agenda for Sustainable Development of the United Nations
defines 17 global goals (SDGs) aimed at achieving a balance between economic growth, so-
cial equity, and environmental protection [1]. Among them, Goals 7 (Affordable and clean
energy), 9 (Industry, innovation, and infrastructure), 12 (Responsible consumption and
production), and 13 (Climate action) represent the pillars of the transition toward more sus-
tainable production systems [2].

At the European level, the European Green Deal [3] constitutes the central strategy to achieve
climate neutrality by 2050, through a reduction of net greenhouse gas emissions by 90% by
2040 [4]. This initiative, articulated in the Green Deal Industrial Plan [5], promotes a more
competitive and circular European economy based on technological innovation and advanced
materials. Sectoral policies particularly concern transport, industrial production, and the energy
system, as highlighted by the actions of the European Commission and the European Parliament
to reduce emissions from ships and aircraft [6], reform the Emissions Trading System (ETS)
[7], and ban the sale of internal combustion vehicles from 2035 [8].

According to the European Parliament, the transport sector accounts for about 25% of total
greenhouse gas emissions in the European Union [9]. CO2 emissions from passenger cars alone
represent more than 60% of those direct emissions [10], making the large-scale transition toward
electric mobility a priority. In parallel, data from the European Environment Agency show an
exponential growth in the registration of electric and hybrid vehicles [11]. This transformation is
closely linked to innovation policies for magnetic materials, which are a key factor in increasing
the efficiency of electric motors and reducing energy conversion losses.

At the national level, the Italian Ministry of Environment and Energy Security (MASE) reaf-
firms Italy’s commitment to European climate cooperation by supporting research on high-
performance materials for industrial decarbonization [12]. In this context, research on low-loss
magnetic materials represents a crucial frontier for combining technological progress, environ-
mental sustainability, and energy security.

1.2 Scientific and industrial motivations
Achieving the goals of energy efficiency and emission reduction requires profound innovation
in materials for electromagnetic energy conversion. Among these, iron–silicon (Fe–Si) alloys
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have for decades represented the reference material for magnetic cores in motors, transformers,
and generators. Their excellent magnetic properties—high permeability, low coercivity, and
reduced core losses—make them irreplaceable in alternating current applications and electric
traction systems.

However, the growing demand for efficiency has made it increasingly clear that the magnetic
performance of Fe–Si materials critically depends on microstructural parameters such as grain
size, crystallographic orientation distribution, and residual stress state. Each variation in the
microstructure affects the mobility of domain walls, the pinning mechanisms, and the overall
response of the material to alternating magnetic fields. Consequently, improving magnetic
properties cannot rely solely on empirical approaches but requires a deep understanding of the
underlying physical phenomena at the microscopic level and an integrated approach combining
metallurgy, solid mechanics, and magnetism theory.

1.3 State of the art

1.3.1 Influence of microstructure and texture on magnetic properties
The correlation between microstructure, crystallographic orientation, and magnetic response
in Fe–Si materials is a central aspect for optimizing the performance of non-oriented elec-
trical steels (NOES). Magnetic properties—particularly permeability, coercivity, and specific
losses—strongly depend on crystallographic anisotropy and grain morphology, which govern
magnetization mechanisms and domain wall motion.

One of the first quantitative approaches to describing the angular dependence of magnetic
properties showed that the variation of the angle between the applied magnetic field and the
⟨100⟩ and ⟨111⟩ crystallographic directions significantly affects the behavior of permeability
and hysteresis losses [13]. This analysis demonstrated that controlling the distribution of
crystallographic orientations in the rolling plane is a decisive factor in minimizing macroscopic
magnetic anisotropy.

Subsequent studies further investigated the correlation between microstructure and total mag-
netic losses, showing that an increase in average grain size leads to a reduction in hysteresis
losses, whereas an increase in dislocation density and local residual stresses causes higher eddy-
current losses [14]. Grain morphology, in addition to size, plays a key role in the mobility of
magnetic domain walls, directly influencing the overall response of the material to alternating
fields.

Further works analyzed the combined effects of texture and grain size on the magnetic perfor-
mance of high-silicon steels, demonstrating that the presence of crystallographic components
such as {100}⟨011⟩ and Goss {110}⟨001⟩, associated with easy magnetization directions, to-
gether with a controlled grain growth, enhances magnetic flux density and reduces total losses
[15, 16, 17]. In these conditions, secondary recrystallization and abnormal grain growth are
crucial for the development of favorable textures and the achievement of optimized magnetic
properties.

More recent analyses have extended the relationship between grain size, texture, and magnetic
losses over a wide range of operating frequencies [18]. It has been observed that grain refinement
produces opposite effects on different loss components: at low frequencies, hysteresis losses
decrease due to increased domain-wall mobility, while at high frequencies, eddy-current losses
become dominant, requiring an optimal compromise in the microstructural design of materials.

A comprehensive review has systematized the main advances in the field of magnetic steels [19],
highlighting how microstructure, chemical composition, alloying elements, and surface coatings
jointly influence magnetic properties, dimensional stability, and energy efficiency. The most re-
cent literature also emphasizes the importance of integrating numerical modeling, experimental

2



metallurgy, and process control to reduce magnetic losses and enhance the efficiency of Fe–Si
materials used in electrotechnical applications.

Overall, these results confirm that improving the magnetic properties of Fe–Si alloys requires
a thorough understanding of the microstructural and crystallographic mechanisms underlying
magnetization. Grain size and shape, orientation distribution, and dislocation density are key
parameters for reducing losses and increasing magnetic efficiency. The most advanced research
focuses on thermomechanical control strategies and predictive microstructural modeling, which
form the foundation for the development of next-generation magnetic materials.

A particularly recent contribution proposed a microstructural model for evaluating scalar mag-
netic permeability, capable of quantitatively correlating crystallographic texture and grain size
with the anisotropic behavior of magnetization [20]. The model integrates orientation distri-
butions and lattice geometric parameters to compute the effective average permeability of the
material, providing a predictive tool useful for estimating the influence of microstructure on
macroscopic magnetic performance. This approach unifies experimental analysis and physical
modeling, contributing to a deeper understanding of magnetic anisotropy mechanisms in Fe–Si
steels.

1.3.2 Effects of deformation and recrystallization on magnetic properties
The influence of deformation and subsequent recrystallization processes on the magnetic prop-
erties of Fe–Si materials represents a topic of particular relevance in the metallurgy of magnetic
materials. The final magnetic behavior is closely dependent on the microstructural conditions
introduced during rolling and annealing stages, which determine the distribution of crystallo-
graphic orientations and the residual stress state within the material.

It has been demonstrated that the initial grain size plays a fundamental role in determining the
resulting microstructure, texture, and magnetic properties. In specimens with finer grains, plastic
deformation induces a high dislocation density and a more uniform preferential orientation,
whereas coarser grains promote the formation of shear bands and deformation localization,
leading to more pronounced magnetic anisotropy [21]. These differences are reflected in the
competition between the γ and λ fibers, which decisively influence the ease of magnetization.

Recent studies on non-oriented steels produced by twin-roll casting have revealed a peculiar
texture evolution, investigated through in-situ experiments and simulations based on the Crys-
tal Plasticity Finite Element Method (CPFEM) [22]. It was found that the combination of
controlled thermomechanical deformation and specific solidification conditions promotes the
alignment of orientations favorable to magnetization along the ⟨100⟩ directions, while simulta-
neously reducing the unfavorable ⟨111⟩ components. The integration of numerical simulations
with experimental observations allowed for a detailed description of the interaction between
deformation, rearrangement, and recrystallization, providing useful insights for the design of
more efficient production processes.

The study of hot deformation has also provided significant results [23]. Analyses conducted
on non-oriented steels—with and without phase transformations during deformation—showed
that such transformations modify slip mechanisms and the kinetics of dynamic recrystallization.
These effects translate into a differentiated control of grain size and dislocation density, which
in turn affect magnetic anisotropy and total losses. The use of Zener–Hollomon parameters
and advanced constitutive models has enabled the prediction of microstructural evolution and
optimization of process parameters to obtain low-loss materials with high magnetic permeability.

More recent studies on Fe–Si steels have confirmed that recrystallization dynamics depend
significantly on deformation parameters and silicon content [24]. Higher temperatures and lower
strain rates promote dynamic recrystallization, leading to more homogeneous microstructures
and textures favorable to magnetization along ⟨100⟩. The study, based on EBSD analyses
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and kinetic modeling, also proposed a constitutive model founded on the activation energy of
recrystallization, useful for predicting microstructural evolution during industrial rolling.

1.3.3 Residual stresses, cutting techniques, and magnetic modeling
Beyond thermomechanical effects, a non-negligible contribution to the degradation of magnetic
properties arises from residual stresses introduced during manufacturing, particularly in the
cutting stages of electrical steel sheets. These stresses can compromise the overall magnetic
efficiency by increasing coercivity and reducing effective permeability.
A comprehensive review on the variation of mechanical and magnetic properties as a function
of cutting technology showed that conventional methods, such as mechanical and laser cutting,
induce significant plastic deformation and microstresses in edge regions, resulting in increased
magnetic losses and reduced motor efficiency [25]. Conversely, alternative techniques such
as water-jet or wire electrical discharge cutting can substantially reduce residual stress levels,
improving magnetic performance. The comparative analysis highlights that the choice of cutting
technology can impact the overall efficiency of electromechanical devices by several percentage
points.
In parallel, the development of advanced numerical methodologies has made it possible to deter-
mine local magnetic properties from macroscopic measurements through inverse simulations.
In particular, inverse methods coupled with finite element models enable the estimation of local
distributions of quantities such as permeability and specific losses as functions of stress state
and position within the material [26]. This represents an evolution beyond traditional empirical
models, as it explicitly integrates the combined effect of microstructure and residual stresses in
magnetic characterization.
Three-dimensional numerical modeling of magnetic cores has also provided new tools for
analyzing anisotropic behavior and specific losses in systems combining different grades of
electrical steels [27]. Finite element simulations on single-phase cores and hybrid structures
containing multiple GOES grades have revealed a nonlinear reduction in specific losses and a
heterogeneous magnetic flux distribution depending on rolling orientation and local properties.
Hence, optimizing the coupling between different types of steels can represent an effective
strategy to achieve high performance at reduced cost, opening perspectives for hybrid core
architectures.
Finally, significant developments in the analytical modeling of magnetic anisotropy are based
on directional models formulated through distribution functions and probabilistic relations [28].
These approaches account for both the isotropic component—associated with eddy-current
losses—and the anisotropic component—related to hysteresis and excess losses—allowing a
more accurate description of the directional dependence of losses and their integration into the
design of magnetic circuits and electrical machines.
Overall, recent literature confirms that the magnetic quality of Fe–Si steels is strongly influenced
not only by thermomechanical processing parameters but also by residual stresses introduced
during cutting and by the intrinsic anisotropic response of the material. The combination of
experimental analysis, inverse modeling, and anisotropic characterization currently represents
the most effective approach for correlating microstructure, stress state, and overall magnetic
performance.

1.3.4 Modeling of magnetic losses and application implications
The optimization of Fe–Si sheet behavior cannot disregard an accurate analysis of magnetic
losses, which represent one of the main limiting factors for the efficiency of electromechanical
devices. Total losses are commonly divided into three components: hysteresis, eddy-current,
and excess losses. Each component depends, to varying degrees, on microstructure, frequency
of the applied field, and processing conditions.
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From an experimental standpoint, one of the most relevant aspects concerns the influence of
sheet thickness [29]. Reducing the thickness of hot-rolled sheets decreases eddy-current losses,
although it modifies the distribution of crystallographic orientations and, consequently, the
overall permeability. The optimal balance between thickness, dislocation density, and texture
homogeneity is therefore crucial, especially for high-frequency applications.

On the modeling side, a recent review of simplified loss models [30] critically analyzes empirical
and semi-empirical formulations (Bertotti, Steinmetz, Boglietti, and generalized phenomenolog-
ical models), highlighting that accuracy depends on the correct representation of the anisotropic
component and the ability to distinguish loss mechanisms as a function of frequency. This un-
derlines the need to incorporate microstructural parameters and directional properties of Fe–Si
sheets into design models.

A further step forward for applications in electrical machines comes from methodologies for the
direct experimental determination of losses in switched-reluctance motors [31]. The proposed
method evaluates losses in laminated and composite cores through a procedure based on local
electrical and magnetic variables, enabling quantitative comparison between materials and
machine configurations. This approach integrates direct loss measurement with structural and
microstructural characterization, providing a robust basis for validating analytical and numerical
models.

In parallel, interest in high-performance non-oriented steels has grown with the need to increase
energy efficiency and reduce losses. A recent review provided a comprehensive overview
of manufacturing processes and metallurgical variables influencing magnetic properties [32].
Different production routes—from conventional rolling to continuous casting and twin-roll
casting—were analyzed, highlighting their advantages and limitations. Parameters such as
silicon content, grain size, texture, and surface roughness emerge as critical factors in reducing
losses and increasing permeability. The review also pointed out the challenges of large-scale
production of high-silicon steels, where intrinsic brittleness limits traditional rolling techniques,
suggesting alternative routes to obtain thin, highly oriented sheets. This framework serves as a
bridge toward the most recent metallurgical innovations described in the following sections.

1.3.5 Development of new materials and thermophysical aspects in high-
performance Fe–Si steels

Improving the magnetic performance of electrical machines and energy devices requires an
increasingly sophisticated balance between mechanical properties, magnetic efficiency, and
thermal stability. In recent years, research has focused on multicomponent alloys and the
characterization of the thermophysical properties of Fe–Si steels, with the goal of ensuring
reliable performance under severe operating conditions, such as those typical of electric vehicle
motors.

An innovative approach to designing high-strength non-oriented steels involves microalloying
with copper and nickel, which provides high mechanical strength without compromising mag-
netic properties [33]. The Cu–Ni multicomponent system promotes the formation of nanosized
Cu-rich phases responsible for modulus and ordering strengthening, while maintaining a com-
pact microstructure and a texture favorable to magnetization. During aging, the controlled
formation of ordered B2 and bcc precipitates at early stages preserves good magnetic properties;
at later stages, coalescence into coarser fcc phases instead leads to an increase in eddy-current
losses. This demonstrates the possibility of reconciling strength and magnetic performance
through fine control of secondary precipitation and microstructural evolution.

In parallel, the study of high-temperature deformation has enabled comparison between classical
constitutive models and machine-learning approaches to accurately describe flow behavior dur-
ing hot rolling [34]. The comparison between empirical models (Johnson–Cook, Hensel–Spittel,
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Zerilli–Armstrong, Zener–Hollomon) and deep neural networks showed that Deep Neural Net-
work (DNN) models reproduce the entire deformation domain with higher fidelity, capturing
the simultaneous dependence on temperature, strain rate, and strain. This opens the way to the
targeted use of artificial intelligence in the design of thermomechanical processes for magnetic
steels.

From a thermophysical standpoint, a relevant contribution comes from recent experimental
measurements of density, surface tension, and viscosity in high-silicon Fe–Si melts over a
temperature range up to about 1600 °C [35]. The data, obtained using high-precision techniques
(e.g., maximum bubble pressure and oscillating viscometry methods), allowed the derivation
of empirical relations between physical properties of the liquid metal, temperature, and silicon
content. These correlations are essential not only for casting modeling and refractory behavior
prediction but also for the production of metal powders by atomization, where surface tension
and viscosity control particle size distribution. The study fills a gap in the literature, since the
thermophysical properties of high-silicon steels have historically been poorly documented due
to experimental challenges at high temperatures.

Taken together, these results indicate that the integration of advanced metallurgy, computational
modeling, and high-precision thermophysical characterization represents the most promising
route for developing next-generation high-performance Fe–Si steels. Control of precipitated
phases, accurate prediction of thermomechanical response, and knowledge of liquid metal prop-
erties are today key elements for designing efficient, sustainable, and technologically adaptable
magnetic materials for the electromechanical sector.

1.4 Objectives, strategy, and research structure
The primary objective of this thesis is to optimize the magnetic properties of Fe–Si steels for
electrical machines by reducing the energy losses associated with internal dissipative phenomena
and by maximizing magnetic polarization at low field intensities. This goal fits within the
framework of the European Green Deal and the policy-driven transition toward high-efficiency,
low-environmental-impact magnetic materials, with a view to sustainability and reduced energy
costs in manufacturing.

The improvement of magnetic properties does not depend solely on the alloy’s chemical com-
position but, above all, on the control of microstructure, crystallographic texture, and internal
stress state. The ability to obtain grains with optimal size and orientation, with a low content
of defects and inclusions, is a key factor for shortening heat-treatment times and, consequently,
reducing the overall energy consumption of industrial processes. From this perspective, the the-
sis aims to identify heat-treatment conditions that yield a magnetically favorable microstructure
in significantly shorter times than conventional cycles, while keeping the process temperature
unchanged.

To this end, an experimental rapid-heating annealing procedure was investigated, in which
specimens of size 25 × 15 × 0.5mm3 were inserted into a furnace already stabilized at the
treatment temperature. This methodology, which imposes a sharp thermal gradient within the
specimen, accelerates diffusive processes and enables the analysis of recrystallization kinetics
under non-stationary conditions. EBSD acquisition made it possible to identify active slip
systems, the presence of residual plastic deformation, deformation structures, and the internal
energy of the material, providing a quantitative description of recrystallization mechanisms. The
analysis showed that, for at least one of the temperatures considered, complete recrystallization
can occur in less than one minute—a result of considerable technological relevance, not yet
achieved on an industrial scale, which suggests substantial energy savings while keeping the
thermal conditions of the process unchanged.

From a theoretical standpoint, the thesis addresses the correlation among crystal structure, lattice
defects, and the magnetic properties of the material. Magnetic characteristics depend not only
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on lattice type but also on the distribution of crystallographic orientations in polycrystalline
materials and on the elastic energy state associated with defects. In this direction, the work
develops a rigorous treatment of the mathematical foundations of crystallography and elasticity
theory, leading to a tensorial formulation of dislocations and grain boundaries in terms of
lattice curvature, elastic energy, and dislocation density. This formalism provides the basis for
quantitatively interpreting EBSD maps and for correlating local variations in energy and stress
with microstructural evolution and magnetic response.
Building on these foundations, the probabilistic theoretical model of magnetization originally
introduced by Langevin is reformulated by integrating crystal symmetry and a generalized
definition of the material’s average magnetization that explicitly accounts for the distribution of
crystallographic orientations. In particular, incorporating the orientation distribution function
f(g) into the definition of magnetization allows one to represent the contributions of different
crystallographic families and to describe the magnetization of the material as a function of the
rotation angle of magnetization vectors with respect to the applied magnetic-field vector. This
formalism, which moves from a purely statistical description to a deterministic one based on
crystal orientation, overcomes the isotropic assumptions of traditional models and provides a
quantitative representation of the influence of texture and lattice defects on macroscopic magnetic
properties.
Overall, the research pursued three strongly interconnected objectives:

• Theoretical: to develop a coherent mathematical and physical framework for the descrip-
tion of the crystalline microstructure and internal elastic energy, based on dislocation
theory and the tensor analysis of lattice curvature, as well as for the processes governing
magnetization;

• Experimental: to identify rapid heat-treatment conditions capable of producing a fully
recrystallized and magnetically favorable microstructure, through quantitative EBSD anal-
ysis and correlation with the material’s internal energy state;

• Modeling: to integrate crystal symmetry and the distribution of crystallographic orienta-
tions into existing models and definitions of the overall magnetic response.

The thesis is organized into seven main chapters:

• Chapter 1 introduces the scientific context, motivations, and research objectives.

• Chapter 2 presents the mathematical foundations and analytical tools employed through-
out the subsequent chapters.

• Chapters 3, 4, 5 address crystallography, elasticity theory, and dislocation theory, respec-
tively, providing the basis for the energetic description of crystalline defects.

• Chapter 6 covers aspects of electromagnetism and magnetization modeling.

• Chapter 7 reports the application of the concepts developed in the preceding chapters to
the experimental and modeling work.

Taken as a whole, the work proposes a unified methodological approach that integrates theory,
modeling, and experimentation. The methodology developed enables a quantitative interpre-
tation of how microstructure influences the magnetic properties of Fe–Si alloys, providing a
physical and predictive basis for the design of high-performance magnetic materials with re-
duced environmental impact.

The author declares the use of ChatGPT (OpenAI) exclusively as a support tool for language
revision, LATEX formatting, and stylistic consistency checks, always under the author’s
direct supervision. All scientific content, analyses, and interpretations are the author’s
original work.
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Chapter 2

Basic Mathematical Concepts and Tools

2.1 Introduction
This chapter aims to collect and formalize the basic mathematical concepts and definitions
that will serve as the theoretical reference for the entire work. These contents are presented
within a unified framework, with the goal of providing a clear and rigorous understanding
of the quantities, relations, and mathematical structures underlying the essential elements of
crystallography, elasticity theory, and electromagnetism, which will be further developed in the
following chapters.

The adopted approach is intended to form an organic set of supporting notions, usable both
in theoretical analysis and in the discussion of experimental results, thereby providing a common
context for the interpretation and understanding of the treated phenomena.

In what follows, the exposition proceeds from set-theoretic and algebraic notions to functions
and fields with their corresponding operators and geometric tools, then to multilinear algebra and
tensors, and concludes with transversal analytical instruments that will be used in the subsequent
chapters.
The concepts and formulations presented in this chapter are the result of an integration of different
literature sources. Some passages—like fundamental mathematical expressions, theorems and
definitions—are quoted exactly from the original works to preserve their formal accuracy. The
main references are: [36], [37], [38], [39], [40], [41], [42], [43], [44], [45], [46]

2.2 Set-theoretic Foundations and Algebraic Structures

2.2.1 Set-theoretic Foundations

Definition — Spherical neighborhood
Let x0 ∈ Rn. The spherical neighborhood with center x0 and radius r > 0 is defined as the set

Ur(x0) = {x ∈ Rn : |x− x0| < r}.

The point x0 is called the center, and r the radius of the neighborhood.

Definition — Interior, exterior, and boundary point
Let A ⊂ Rn and x0 ∈ Rn.

• Interior point of A: there exists a spherical neighborhood of x0 entirely contained in A;

• Exterior point of A: there exists a spherical neighborhood of x0 contained in AC (the
complement of A);
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• Boundary point of A: every spherical neighborhood of x0 contains at least one point of
A and at least one point of AC.

Definition — Open and closed sets
A set A ⊂ Rn is said to be:

• open if each of its elements is an interior point of A;

• closed if its complement AC is open.

Definition — Neighborhood
Given x0 ∈ Rn, any open set containing x0 is called a neighborhood of x0.

Definition — Properties of set operations
The following properties hold:

• the union of any (possibly infinite) family of open sets is an open set;

• the intersection of a finite number of open sets is an open set;

• the intersection of any family of closed sets is a closed set;

• the union of a finite number of closed sets is a closed set.

Definition — Characterization via continuous functions
Let f : Rn → R be continuous. The following sets are open:

{x ∈ Rn : f(x) > 0}, {x ∈ Rn : f(x) < 0}, {x ∈ Rn : f(x) ̸= 0};

the following sets are closed:

{x ∈ Rn : f(x) ≥ 0}, {x ∈ Rn : f(x) ≤ 0}, {x ∈ Rn : f(x) = 0}.

Definition — Interior, boundary, and closure
For a set A ⊂ Rn:

• the interior A◦ is the set of interior points of A;

• the boundary (or border) ∂A is the set of boundary points of A;

• the closure Ā is defined as Ā = A ∪ ∂A.

The relation A◦ ⊆ A ⊆ Ā always holds.

Definition — Bounded and unbounded set
Let A ⊂ Rn. We say that A is bounded if

∃M ∈ R∗
+ : ∀x ∈ A, ∥x∥ ≤M.

A set that is not bounded is called unbounded.

Definition — Compact set
Let A ⊂ Rn. We say that A is compact if it is both bounded and closed.
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Definition — x-simple and y-simple sets
Let B ⊂ R2. We say that B is y-simple if it can be expressed as

B = {(x, y) ∈ R2 | a1 ≤ x ≤ b1, g1(x) ≤ y ≤ g2(x)},

where g1, g2 ∈ C([a1, b1],R) and g1(x) ≤ g2(x) for every x ∈ [a1, b1].

Similarly, let D ⊂ R2. We say that D is x-simple if it can be expressed as

D = {(x, y) ∈ R2 | a2 ≤ y ≤ b2, h1(y) ≤ x ≤ h2(y)},

where h1, h2 ∈ C([a2, b2],R) and h1(y) ≤ h2(y) for every y ∈ [a2, b2].

A subset of R2 is said to be simple if it is either x-simple or y-simple.

2.2.2 Algebraic Structures

Definition — Internal composition law
Let A be a non-empty set and A× A the Cartesian product of A with itself. A function

⋆ : A× A→ A

is called an internal composition law (or internal operation) on A. If (a1, a2) ∈ A × A, its
image is the element a1 ⋆ a2 ∈ A.

Definition — External composition law
Let A,B,D be non-empty sets and A×B the Cartesian product of A and B. A function

⋄ : A×B → D

is called an external composition law (or external operation) with values inD. If (a, b) ∈ A×B,
its image is the element a ⋄ b ∈ D.

Definition — Semigroup
Let A be a non-empty set and ⋆ an internal composition law on A. The pair (A, ⋆) is called a
semigroup if ⋆ is associative, that is:

∀a1, a2, a3 ∈ A (a1 ⋆ a2) ⋆ a3 = a1 ⋆ (a2 ⋆ a3).

Definition — Monoid
A semigroup (A, ⋆) is called a monoid if there exists an element e⋆ ∈ A such that:

∀a ∈ A a ⋆ e⋆ = a = e⋆ ⋆ a.

The element e⋆ is called the neutral element of the monoid and it is unique.

Definition — Additive and multiplicative monoid
Let (A, ⋆) be a monoid.

• If ⋆ coincides with addition, the neutral element is 0 and the monoid is called additive.

• If ⋆ coincides with multiplication, the neutral element is 1 and the monoid is called
multiplicative.
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Definition — Symmetric (inverse) element
Let (A, ⋆) be a monoid and a ∈ A. An element a′ ∈ A such that

a ⋆ a′ = e⋆ = a′ ⋆ a

is called the symmetric element (or inverse) of a. If it exists, the symmetric element is unique;
moreover, the symmetric element of the neutral element coincides with the neutral element itself.

Definition — Group
A monoid (A, ⋆) in which every element admits a symmetric element is called a group.

Definition — Commutative law
Let A be a non-empty set and ⋆ an internal composition law on A. The operation ⋆ is said to be
commutative if:

∀a1, a2 ∈ A a1 ⋆ a2 = a2 ⋆ a1.

Definition — Distributivity
Let A be a non-empty set and ⋆, • two operations on A.

• • is right-distributive with respect to ⋆ if ∀a1, a2, a3 ∈ A it holds that a1 • (a2 ⋆ a3) =
(a1 • a2) ⋆ (a1 • a3).

• • is left-distributive with respect to ⋆ if ∀a′1, a′2, a′3 ∈ A it holds that (a′1 ⋆ a′2) • a′3 =
(a′1 • a′3) ⋆ (a′2 • a′3).

• If • is both left- and right-distributive with respect to ⋆, it is simply called distributive with
respect to ⋆.

Definition — Ring
Let A be a non-empty set equipped with two operations + and ·. The triple (A,+, ·) is called a
ring if:

• (A,+) is a commutative group;

• (A, ·) is a semigroup;

• multiplication is distributive with respect to addition:

∀a1, a2, a3 ∈ A

{
a1 · (a2 + a3) = a1 · a2 + a1 · a3,
(a1 + a2) · a3 = a1 · a3 + a2 · a3.

Definition — Commutative ring and ring with unity
A ring (A,+, ·) is said to be:

• commutative if (A, ·) is a commutative semigroup;

• with unity if (A, ·) is a monoid.

Definition — Zero divisors
Let (A,+, ·) be a ring, and set A∗ = A \ {0}. Elements a1, a2 ∈ A∗ such that

a1 · a2 = 0

are called zero divisors. More precisely, a1 is called a left zero divisor and a2 a right zero
divisor.
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Definition — Integral domain
A commutative ring without zero divisors is called an integral domain.

Definition — Field (body)
An integral domain (A,+, ·) such that for every element a ∈ A∗ there exists inA∗ a multiplicative
inverse of a is called a field (or body). In particular, the triple (A,+, ·) is a field if the following
properties hold:

• (A,+) is a commutative group;

• (A∗, ·) is a group;

• multiplication in A is distributive with respect to addition.

Definition — Commutative field
A field (A,+, ·) in which multiplication is commutative is called a commutative field.

2.3 Functions, Fields, and Elementary Geometry

2.3.1 Real and Vector Functions
Let A ⊂ Rn, with n,m ∈ N∗, n,m ≥ 1. Functions of the form

f : A→ Rm

are called:
• real functions if m = 1;

• vector functions if m > 1.
The number n represents the dimension of the Euclidean space of the domain and is equal to
the number of real variables on which the function depends. The argument of the function is
therefore a vector x ∈ Rn, and the function is expressed as f(x).

Differentiability and Regularity Classes

In the case of a vector function defined on a set A ⊆ Rn, let c ∈ A◦. If f admits continuous
partial derivatives in a neighborhood of c, then f is differentiable at c.

Based on this, we define:

Definition — Function of class C1

Let A ⊆ Rn be an open set and f : A → Rm. The function f is said to be of class C1 if, at
every point of A, it admits all partial derivatives and these are continuous.

The set of functions of class C1 from A to Rm is denoted by

C1(A,Rm).

Higher-order regularity classes are defined analogously.

Definition — Function of class C∞

Let A ⊆ Rn be an open set and f : A→ Rm. The function f is said to be of class C∞ in A if it
belongs to Cp(A,Rm) for every p ∈ N∗.

The set of functions of class C∞ from A to Rm is denoted by

C∞(A,Rm).
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Operations and Properties of Real Functions

We now define a fundamental vector associated with real functions:

Definition — Gradient
Let A ⊆ Rn, n ∈ N∗, f : A → R, c ∈ A. If f ∈ C1(A,R), the gradient of f at c ∈ A is
defined as

∇f(c) =

(
∂f

∂x1
,
∂f

∂x2
, · · · , ∂f

∂xn

)
.

The gradient transforms a real function into a vector function.
In a three-dimensional affine space {O, k̂1, k̂2, k̂3}, the gradient takes the form:

∇f = k̂1
∂f

∂x1
+ k̂2

∂f

∂x2
+ k̂3

∂f

∂x3
.

In the more general case where f ∈ C1(A,Rm), the Jacobian matrix of f at c is defined as

J(c) =


∇f1(c)
∇f2(c)

...
∇fm(c)

 ∈ Rm×n.

2.3.2 Scalar and Vector Fields
Let A ⊂ Rn, with n,m ∈ N∗. A function

f : A→ Rm

is called:

• a scalar field if n > 1 and m = 1;

• a vector field if n = m and n > 1.

It is always assumed that A is an open and connected set and that f ∈ C1(A).

Definition — Connected set
Let A ⊂ Rn. The set A is said to be connected if for every x,y ∈ A there exists a continuous
arc in A joining x and y.

Some properties of connected sets:

• Let A ⊂ R be non-empty; then A is connected if and only if A is an interval, possibly
non-degenerate.

• Let A ⊂ Rn and f : A → Rm. If A is connected and f ∈ C(A,Rm), then f(A) is
connected.
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Component Functions

Let A ⊂ Rn, n ∈ N∗, m > 1, and consider the function f : A → Rm. If x ∈ A, then
f(x) ∈ Rm, and hence f(x) has m components (functions of x):

f(x) =
(
f1(x), f2(x), . . . , fm(x)

)
.

Therefore, the vector function f definesm real functions with domain A, called the component
functions of f .

Interpretation in an Affine Space

Given an affine space determined by an orthonormal Cartesian triple {O, k̂1, k̂2, k̂3}, where O
is an arbitrary origin and k̂1, k̂2, k̂3 are orthonormal unit vectors, the j-th component function fj
can be interpreted as the projection of f(x) onto the j-th axis identified by k̂j . In particular, if

f : A ⊂ R3 → R3, f(x1, x2, x3) = f1(x1, x2, x3) k̂1 + f2(x1, x2, x3) k̂2 + f3(x1, x2, x3) k̂3,

then the field associates to each point (position vector) of space a vector whose components are
functions, and not merely constant scalar quantities.

Operations on Vector Fields and Specific Cases

We now define some fundamental operations on vector fields:

Definition — Divergence
LetA be an open subset of Rn and f ∈ C1(A,Rn). The divergence of the field f is the function:

∇ · f(x) =
n∑

i=1

∂fi(x)

∂xi
.

The field is said to be solenoidal in A if:

∇ · f = 0.

Definition — Curl
Let A be an open subset of R3 and f ∈ C1(A,R3). The curl of f is the vector field:

∇× f =

(
∂f3
∂x2
− ∂f2
∂x3

,
∂f1
∂x3
− ∂f3
∂x1

,
∂f2
∂x1
− ∂f1
∂x2

)
.

All partial derivatives are computed at the point (x1, x2, x3).

The field is said to be irrotational if:

∇× f = 0.

Definition — Laplacian
Let A be an open subset of Rn and f ∈ C2(A,R). The Laplacian of f is the function:

∆f : A→ R, ∆f = ∇ ·∇f,

from which it follows that:

(∆f) (x) =
n∑

i=1

∂2f

∂x2i
.

If f ∈ C2(A,Rn), the Laplacian of f is defined as the vector field in Rn:
∆f : A→ Rn, ∆f = (∆f1,∆f2, · · · ,∆fn) .
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Identities Among Differential Operators

Let A be an open subset of R3, f ∈ C1(A,R), and g1, g2 ∈ C1(A,R3). Then the following
identities hold:

∇ · (fg1) = (∇f) · g1 + f∇ · g1,
∇× (fg1) = (∇f)× g1 + f (∇× g1) ,

∇ · (g1 × g2) = (∇× g1) · g2 − g1 · (∇× g2) ,

∇× (g1 × g2) = (g2 ·∇) g1 − (∇ · g1) g2 + (∇ · g2) g1 − (g1 ·∇) g2.

LetA be an open subset of R3, f ∈ C2(A,R), and h ∈ C2(A,R3). Then the following relations
hold:

∇× (∇h) = 0,

∇ · (∇× f) = 0,

∇ · (∇h) = ∆h,

∇× (∇× f) = ∇(∇ · f)−∆f,

where the Laplacian of f is intended componentwise.

2.3.3 Curves and Paths

Definition — Parametric curve (or path)
Let A ⊂ R. A function f : A→ Rm with m ∈ N, m ≥ 2, is called a curve (or path) in Rm.

Definition — Continuous curve arc
Let A ⊂ R. A continuous curve arc (or path in Rm) is a continuous function f : A→ Rm.

Definition — Support of a curve
Given a continuous curve arc f : A→ Rm, the support of the curve is the image f(A) ⊂ Rm.

Definition — Closed and simple curves
A curve f : A→ Rm is said to be closed if there exist a, b ∈ Awith a < b such that f(a) = f(b).
It is said to be simple if it is injective.

Definition — Planar curve and parametrization
A curve is said to be planar if there exists a plane that contains its support. A continuous curve
arc γ is identified by the pair (f, f(A)), where f : A → Rm is a parametrization and f(A) is
its support. Two different parametrizations define the same curve if they have the same support.

Definition — Orientation of a curve
Let γ be a compact, regular, and simple curve in Rn. The orientation of γ is a function
T : γ → Rn such that:

• T ∈ C(γ,Rn);

• for every x ∈ γ, T (x) is a tangent vector to γ at x;

• for every x ∈ γ, ∥T (x)∥ = 1.
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An alternative version of the definition of curve orientation is as follows:

Definition — Orientation of a curve – alternative version
A parametrized curve arc f : A→ Rm is oriented according to the direction of traversal induced
by the increasing value of the parameter within its domain interval.

Definition — Oriented curve
Let γ be a compact, regular, and simple curve in Rn, and let T be an orientation of it. The pair
(γ, T ) is called an oriented curve.

Definition — Regular (or piecewise regular) curve arc
A curve arc f : A→ Rm is said to be regular if f ∈ C1(A,Rm) and f ′(t) ̸= 0 for every t ∈ A.
It is said to be piecewise regular if f is continuous and A can be divided into a finite number of
subintervals on each of which f is regular.

Definition — Union (concatenation) of curves
Let γ1, γ2 ⊂ Rm with parametrizations f1 : [a, b] → Rm and f2 : [b, c] → Rm such that
f1(b) = f2(b). The concatenation γ1 ∪ γ2 is the curve f : [a, c]→ Rm defined by

f(t) =

{
f1(t), t ∈ [a, b],

f2(t), t ∈ [b, c].

2.3.4 Surfaces in R3

Definition — Surface
Let S ⊂ R3. The set S is said to be a surface if there exists a connected open set A ⊂ R2 and a
continuous and surjective function

f : A→ S

such that f is a parametrization of S.
In this case, S is called the support of the parametrization f .

Definition — Regular surface with boundary
Let S be a surface in R3.
The set S is said to be a regular surface with boundary if there exists a parametrization

f : Ω̄→ S,

where Ω ⊂ R2 is a regular open set, such that:

• f ∈ C1(Ω̄,R3);

• f is injective;

• for every (u, v) ∈ Ω̄, the rank of the Jacobian matrix of f is equal to 2.

In this case, f is called a regular parametrization of S.
The boundary of S is defined as

∂S = f(∂Ω).
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If ∂Ω consists of a piecewise regular, simple, and closed curve, and g : [a, b] → R2 is a
parametrization of it, then the boundary of the graph of f is the piecewise regular, simple, and
closed curve in R3 with parametrization

ψ : [a, b]→ R3, ψ(t) =
(
g1(t), g2(t), f(g1(t), g2(t))

)
.

A surface of this type is called a Cartesian surface of class C1.
Analogously, the graphs of class C1 functions in the variables (x1, x3) or (x2, x3), namely the
surfaces defined by the equations

x2 = f(x1, x3), x1 = f(x2, x3),

are also called Cartesian surfaces in R3.

If S is a regular surface with boundary, then ∂S is a piecewise regular, simple, and closed curve
in R3, or the union of a finite number of piecewise regular, simple, and closed curves, pairwise
disjoint. In particular, the number of such curves coincides with the number of curves forming
the boundary of the domain of any regular parametrization of S.

Definition — Area of a regular surface
Let S be a regular surface with boundary and g : Ω̄ → S a regular parametrization of it. The
area of the surface S is the positive real number

A(S) =

∫∫
Ω

∥∥∥∥∂g(u, v)∂u
× ∂g(u, v)

∂v

∥∥∥∥ du dv .

In particular, the definition of the area of S is independent of the chosen regular parametriza-
tion.
For a Cartesian surface in particular, A(S) can be computed through an explicit formulation:

A(S) =

∫∫
Ω

√
1 + |∇g| du dv .

Definition — Orientation of a surface
Let S be a regular surface with boundary. An orientation of S is a vector field n : S → R3 such
that:

• n ∈ C(S,R3);

• for every c ∈ S \ ∂S, the vector n(c) belongs to the normal space to S at c;

• for every c ∈ S, it holds that ∥n(c)∥ = 1.

Recall that the normal space to S at c is the set of all vectors orthogonal to S at the point c.

This definition can also be interpreted intuitively: a regular surface S is said to be orientable
if, for every closed curve r : [a, b]→ S, it holds that

n(r(b)) = n(r(a)).

In other words, if we follow the normal vector along a closed curve lying on S, at the end of the
path the vector points in the same direction as at the beginning. The choice of one of the two
possible normal fields ±n determines the orientation of S; a surface on which one of these two
orientations has been fixed is called an oriented surface.
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Definition — Parametrization compatible with an orientation
Let S be a regular surface with boundary, n an orientation of S, and g : Ω̄ → R3 a regular
parametrization of S.
The parametrization g is said to be compatible with n if, for every (u, v) ∈ Ω, it holds that

n(g(u, v)) =
∂g(u,v)

∂u
× ∂g(u,v)

∂v∥∥∥∂g(u,v)
∂u
× ∂g(u,v)

∂v

∥∥∥ .
Definition — Oriented regular surface with boundary
Let S be a regular surface with boundary and n an orientation of it.
The pair

(S, n)

is called an oriented regular surface with boundary.

Definition — Piecewise regular surface
Let S be a surface in R3.
The surface S is said to be piecewise regular if there exist regular surfaces with boundary
S1, S2, . . . , Sp such that:

• S =
⋃p

i=1 Si;

• for every i ̸= j, it holds that Si ∩ Sj = ∂Si ∩ ∂Sj .

Definition — Boundary of a piecewise regular surface
Let S be a piecewise regular surface.
The boundary of S, again denoted by ∂S, is defined as

{x ∈ S | ∃ i ∈ {1, . . . , p} : x ∈ ∂Si}.

The surface S is said to be closed when ∂S = ∅.

Definition — Regular open set
Let A ⊂ R3 be a connected open set.
The set A is said to be a regular open set if the following conditions hold:

• A is bounded;

• the boundary of A is a closed piecewise regular surface, or the union of a finite number
of closed, pairwise disjoint, piecewise regular surfaces;

• A◦
= A.

Let A ⊂ R3 be a regular open set and let

∂A =

p⋃
i=1

Si,

where each Si is a regular surface with boundary. If x ∈ Si \ ∂Si, then there exist two opposite
vectors belonging to the normal space to Si at x, both of unit norm.

One of these vectors, denoted by n(x), satisfies the following property:

∃ δ ∈ R∗
+ : ∀t ∈ ]0, δ[, x+ tn(x) /∈ Ā, x− tn(x) ∈ A.

Thus, on the set ∂A \ (
⋃p

i=1 ∂Si), one defines a vector field called the unit outward normal
field to A, or more briefly, the outward normal to A.
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Definition — Induced orientation on the boundary
Let (S, n) be an oriented regular surface with boundary, and g : Ω̄→ R3 a regular parametriza-
tion of S compatible with the orientation n. For simplicity, assume that ∂S consists of a single
piecewise regular, simple, and closed curve; consequently, ∂Ω also consists of a single piecewise
regular, simple, and closed curve.

If f ∈ PC1([a, b],R2) is a parametrization of ∂Ω compatible with the positive orientation
of ∂Ω, then g ◦ f is a parametrization of ∂S. We call induced orientation from n on ∂S the
orientation for which the parametrization g ◦ f is compatible.
The induced orientation is denoted by

n∗.

Recall that PC1([a, b],R2) denotes the set of piecewise C1 functions from [a, b] to R2.

2.3.5 Line and Surface Integrals, and Fundamental Derivatives of Vector
Fields

Line Integrals

Definition — Line integral (or curvilinear integral) of the first kind
Let γ be a compact, regular, simple curve in Rm, and let f ∈ C(γ,R).
If g : [a, b]→ Rm is a regular parametrization of γ, the line integral of the first kind of f over
γ is the real number ∫ b

a

f(g(t))∥g′(t)∥ dt ,

denoted by ∫
γ

f(x) ds .

Line integrals are independent of the choice of the parametrization g.

Definition — Line integral (or curvilinear integral) of the second kind
Let (γ, T ) be a compact, regular, simple, oriented curve in Rm, and let f ∈ C(γ,Rn). The line
integral of the second kind of f over the oriented curve (γ, T ) is the real number∫

γ

(f · T )(x) ds .

The line integral of the second kind is independent of the parametrization, provided that the
parametrization is compatible with the orientation T of γ; that is, there exists a quasi-regular
parametrization g : [a, b]→ γ such that

∀ t ∈ ]a, b[, T
(
g(t)

)
=

g′(t)

∥g′(t)∥
.

In particular, a function g : [a, b] → γ is called a quasi-regular parametrization if
g ∈ PC1([a, b],Rn), g′(t) ̸= 0 for every t ∈ ]a, b[, and the restriction g |[a,b[ is injective.

If γ is simple and closed, the circulation of f is denoted by:∮
γ

f · dx .
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Surface Integrals

Definition — Surface integral of the first kind
Let S ⊂ R3 be a regular surface with boundary, g : Ω̄ → R3 a regular parametrization of it,
and f ∈ C(S,R).
The surface integral of the first kind of f over S is the real number∫∫

Ω

f(g(u, v))

∥∥∥∥∂g(u, v)∂u
× ∂g(u, v)

∂v

∥∥∥∥ du dv ,

denoted by ∫∫
S

f dσ .

For a Cartesian surface in particular, the surface integral of the first kind can be computed using
the explicit formulation:

A(S) =

∫∫
Ω

f(g(u, v))
√

1 + |∇g| du dv .

Definition — Surface integral of the second kind
Let (S, n) be an oriented regular surface with boundary and f ∈ C(S,R3).
The surface integral of the second kind of the vector field f over the oriented surface (S, n) is
the real number ∫∫

S

f · n dσ .

Definition — Surface integral of the second kind over the boundary of a regular open set
Let A be a regular open set in R3 and f ∈ C(∂A,R3).
If ∂A = ∪pi=1Si, we call surface integral of the second kind of the vector field f over ∂A,
oriented according to the outward normal n, the real number

p∑
i=1

∫∫
Si

f · n dσ ,

denoted by ∫∫
∂A

f · n dσ .

Fundamental Derivations of Vector Fields

Let A ⊂ R3, x ∈ A, γ a piecewise regular curve arc, the infinitesimal displacement dx =
dx1 k̂1 + dx2 k̂2 + dx3 k̂3, and a vector function f : A→ R3. The elementary work performed
by the field f along the displacement dx is:

dL = f · dx = f1 dx1 + f2 dx2 + f3 dx3.

A vector field f ∈ C1(A,Rn) is said to be conservative if there exists a functionU ∈ C2(A,Rn),
called the potential of f , such that ∇U = f . In this case:∫

γ

f · dx = U(q)− U(p),

where p = x(a) and q = x(b) are the endpoints of γ.
For a conservative vector field, the following statements hold and are equivalent:
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• For every pair of piecewise regular curves γ1, γ2 contained in A and having the same
initial and final points but otherwise disjoint:∫

γ1

f · dx =

∫
γ2

f · dx;

• For every closed, piecewise regular curve γ contained in A:∮
γ

f · dx = 0.

Moreover, if a vector field is conservative, then it is irrotational in A. However, for this
implication to hold, the set A must be simply connected.

Definition — Simply connected set
Let A be a connected open subset of Rn. The set A is said to be simply connected if every
simple closed curve entirely contained in A can be continuously deformed into a point without
ever leaving A.

Examples:

• In the plane: circles, ellipses, polygons, half-planes, the entire plane, or the plane deprived
of a half-line;

• In space: spheres, ellipsoids, convex polyhedra, solids obtainable from them by continuous
deformation, spherical shells, half-spaces, or the space deprived of a finite number of
points.

A vector field may be locally conservative: given any set A and a simply connected spherical
neighborhood BR ⊂ A, the field is conservative in BR and thus admits a local potential.

For a solenoidal field f , if

∃F ∈ C2(A,R3) : ∇× F = f,

then F is called a vector potential of f . For such a potential to exist, an additional condition
on A must be imposed: the set must be star-shaped.

Definition — Star-shaped set
Let A ⊂ Rn and c ∈ A. The set A is said to be star-shaped with respect to c if

∀a ∈ A, [c, a] ⊂ A.

The set A is said to be star-shaped if

∃c ∈ A such that A is star-shaped with respect to c.

The vector potential defined in this way is not unique: indeed, if h is a scalar function of class
C1 in A, then F +∇h is also a vector potential of f .

Moreover, every solenoidal field admits a local vector potential; furthermore, it is always possible
to choose F so that one of its components is identically zero.
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Divergence theorem in R2 (Gauss–Green theorem)
Let B ⊂ R2 be an open set and g : B → R2 a function of class C1. If A ⊂ B is a regular open
set with A ⊂ B, then ∫∫

A

∇ · g dx dy =

∫
∂A

g · n ds ,

where n denotes the unit outward normal field to A.

The integration may be carried out equivalently over A or over A. The use of A emphasizes that
continuity of g up to the boundary of A is required.

Divergence theorem in R3 (Gauss–Ostrogradsky theorem)
Let A ⊂ R3 be a regular open set and f ∈ C1(A,R3). Then the following identity holds:∫∫∫

A

∇ · f dx dy dz =

∫∫
∂A

f · n dσ ,

where n denotes the outward normal to A.

Curl theorem (Stokes’ theorem)
Let (S, n) be an oriented regular surface with boundary in R3, and suppose that ∂S consists
of a single piecewise regular, simple, and closed curve. Let B ⊂ R3 be an open set such that
S ⊂ B, and let f ∈ C1(B,R3). Then the following relation holds:∫∫

S

(∇× f) · n dσ =

∫
∂S

f · n∗ ds ,

2.4 Cartesian Tensors

2.4.1 Definitions

Definition — Space of homomorphisms
Let U, V be vector spaces over the same field K, and let f1, f2 : U → V be two linear
transformations. We observe that:

• the function f1 + f2 is a linear transformation;

• for every k ∈ K, the function k f1 is linear.

Since the null function fnull : U → V is linear, the set of all linear transformations forms a
subspace of the vector space V U of all functions f : U → V . This space is denoted by

Hom(U, V ),

and its elements are called homomorphisms.

Definition — Isomorphism of vector spaces
A transformation f ∈ Hom(U, V ) is an isomorphism if and only if there exists a basis B of U
such that f(B) is a basis of V . Moreover, two vector spaces over the same field are isomorphic
if and only if they have the same dimension.

Two vector spaces U, V are said to be isomorphic if there exists an isomorphism between
them, and in this case one writes U ∼= V . The isomorphism relation ∼= is an equivalence
relation:
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• reflexive: U ∼= U ;

• symmetric: U ∼= V ⇒ V ∼= U ;

• transitive: U ∼= V, V ∼= W ⇒ U ∼= W .

Definition — Endomorphisms and automorphisms
Let V be a vector space. A linear transformation f : V → V is called an endomorphism; the
set of all endomorphisms of V is denoted by End(V ).

If f is bijective (that is, an isomorphism), it is called an automorphism. The set of all
automorphisms of V , denoted by Aut(V ), is a subset of End(V ) and forms a non-commutative
group under functional composition, i.e.,

f1 ◦ f2 ̸= f2 ◦ f1 in general.

Definition — Dual space
Let V be a vector space over K. The dual space of V is defined as

V ∗ = Hom(V,K),

that is, the vector space of all linear applications from V to K. Such linear maps are called
linear forms or linear functionals. It holds that

dimV ∗ = dimV.

In general, a tensor is a multilinear mapping defined on a vector space V and its dual, taking
values in R or in V .

In the context of this work, we will restrict ourselves to the case of Cartesian tensors in the
three-dimensional Euclidean space.

Let V ∼= R3 be a Euclidean vector space endowed with the scalar product ⟨·, ·⟩, and let
B = (k̂1, k̂2, k̂3) be an orthonormal basis generating the whole space V , i.e. V = Span(B).

A Cartesian tensor of order two can be represented as a linear transformation

T : V → V,

that is, as an endomorphism of V .
In this case, for every v ∈ V there exists a unique v′ ∈ V such that

v′ = T (v).

Cartesian tensors preserve the properties of linearity:

∀α ∈ R, v,v1,v2 ∈ V :

{
T (αv) = αT (v),

T (v1 + v2) = T (v1) + T (v2).

Moreover, there exist the identity operator I : V → V (with identity matrix I) and the null
operator (which maps 0 to every v ∈ V ).

2.4.2 Orthogonal Tensors
Given the Euclidean vector space (V, ⟨·, ·⟩), two vectors v,v′ ∈ V , the basis B = (k̂1, k̂2, k̂3),
and the transformation

T : V → V,
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the components of v′ are obtained from those of v through the matrix Q associated with the
transformation T :

[v′] =

Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

 [v], Qij = k̂′j · k̂i.

Recall that the matrix Q is orthogonal when Q−1 = QT.
The set of all orthogonal tensors is

Orth = {Q ∈ T 1
1 (V ) | QTQ = I, detQ = ±1}.

2.4.3 Types of Cartesian Tensors
Cartesian tensors of order zero

A tensor of order zero is a scalar quantity, i.e., a real number that remains invariant under any
orthogonal transformation of the reference frame.

Cartesian tensors of order one

These are linear transformations that preserve the vector description. This can be better under-
stood by means of an example.

Let v ∈ R3, v = (v1, v2, v3) = (x2,−x1, x3). Suppose that the following transformation is
given:

v′ = T (v) :


v′1 = cos θ v1 + sin θ v2,

v′2 = − sin θ v1 + cos θ v2,

v′3 = v3.

Substituting the values of (v1, v2, v3), one obtains:

v′1 = cos θ x2 − sin θ x1 = x′2,

v′2 = − sin θ x1 − cos θ x2 = −x′1,
v′3 = v3.

Hence,
v1 = v′1,
v2 = v′2,

}
⇒ v is a first-order tensor.

On the other hand, if v ∈ R3, v = (v1, v2, v3) = (x2, x1, x3), then

v1 ̸= v′1,
v2 ̸= v′2,

}
⇒ v is not a first-order tensor.

Proper rotation and reflection matrices

These are particular cases of orthogonal matrices.
We define the set

Rot = {Q ∈ Orth | detQ = 1},

which constitutes the subgroup of proper rotations. The elements of the set of proper rotations
are denoted by L.

Similarly, we define the set

Ref = {Q ∈ Orth | detQ = −1},

which contains the reflections. The elements of the set of reflections are denoted by mr.
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Rotation Matrices – Alternative Formulation

It is possible to derive rotation matrices and their properties through a simple example applied
to the tensorial transformation of a vector.

Given the Euclidean vector space (V, ⟨·, ·⟩), two vectorsv,v′ ∈ V , the basisB = (k̂1, k̂2, k̂3),
and the transformation

T : V → V,

consider
v = v1k̂1 + v2k̂2 + v3k̂3.

Then:

v′ = T (v) = v1T (k̂1) + v2T (k̂2) + v3T (k̂3)

= v1k̂
′
1 + v2k̂

′
2 + v3k̂

′
3,

from which it follows that

v′ · k̂i =
3∑

i=1

vik̂
′
i · k̂j = v′j.

In matrix form: v′1v′2
v′3

 =

L11 L12 L13

L21 L22 L23

L31 L32 L33

×
v1v2
v3

 .
In compact form:

[v′] = L× [v].

If L is orthogonal, then:
Lij = k̂′j · k̂i.

Hence:
• each element i in every row j represents the projection of k̂′i onto k̂j;

• each element j in every column i represents the projection of k̂j onto k̂′i.

Invariant Elements of Rotation Matrices

Every rotation leaves invariant two elements of the vector space in which it is defined:
• an axis of rotation;

• a plane of rotation, perpendicular to the rotation axis.
To better understand this, let us once again consider an example.
Given the Euclidean vector space (V, ⟨·, ·⟩), the basisB = (k̂1, k̂2, k̂3), and the transformation

T : V → V,

suppose that, in the simplest possible case, the rotation matrix associated with the transformation
is

L =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 .

It is straightforward to observe that if we apply the transformation

k̂′3 = T (k̂3),

we obtain
k̂′3 = k̂3.

Therefore, the unit vector k̂3 identifies a line—called the rotation axis—that remains invari-
ant under any rotation performed about it. The plane perpendicular to this axis is, by definition,
the plane of rotation.
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Cartesian Tensors of Order Two

These are linear transformations whose associated matrix T has components Tij such that:

• the following property is satisfied:

T ′
ij = LikLjlTkl ↔ Tij = LkiLljT

′
kl;

• the transformation law of first-order tensors also holds:

v′i = Lijvj;

• the associated matrix T must be orthogonal, i.e.,

T ′ = L× T ×LT.

Hence, not all linear transformations are second-order tensors.

2.4.4 Tensor Operations
Outer Product (Tensor Product – Dyads)

The outer product (or tensor product) between two vectors v1,v2 ∈ V is defined as:

v1 ⊗ v2 : V → V,

such that, for any third vector v ∈ V ,

(v1 ⊗ v2)(v) = (v2 · v)v1.

The product v1 ⊗ v2 is a second-order tensor, called a dyad. Its matrix representation with
respect to an orthonormal basis {k̂i} is:

[v1 ⊗ v2] =

v1,1 v2,1 v1,1 v2,2 v1,1 v2,3
v1,2 v2,1 v1,2 v2,2 v1,2 v2,3
v1,3 v2,1 v1,3 v2,2 v1,3 v2,3

 .
Transformation of the Components of a Vector

Let p ∈ V be a vector with components pi relative to a reference frame in the affine space
{O, k̂1, k̂2, k̂3}. Let {O, k̂′1, k̂′2, k̂′3} be a second orthonormal frame obtained from the first
through a rotation L. The components p′i of the vector p with respect to the new frame are
obtained through:

p′i = Lijpj (direct transformation) ↔ pi = Ljip
′
j (inverse transformation),

where Lij = cos(∠(pj,p
′
i)).

Transformation of the Coordinates of a Point

Let P be a point with coordinates xi in the system {O; k̂1, k̂2, k̂3} and coordinates x′i in the
system {O; k̂′1, k̂′2, k̂′3}. Then:

x′i = Lijxj (direct transformation),
xi = Ljix

′
j (inverse transformation).
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Transformation of the Components of a Second-Order Tensor

Let p,q ∈ V be vectors in the reference system {O; k̂1, k̂2, k̂3} such that:

pi = Tijqj, with i, j = 1, 2, 3.

Given a second reference frame {O; k̂′1, k̂′2, k̂′3} obtained from the first by a rigid rotation L, the
components of the vectors in the two systems are related by:

p′i = Lijpj, qj = Ljlq
′
l.

Composing the successive transformations:

p′i → pi → qj → q′j,

we obtain:
p′i = Lijpj = LijTjkqk = LijTjkLkmq

′
m,

that is,
p′i = T ′

imq
′
m with T ′

im = LijTjkLkm.

Reversing the order of composition (i.e. p′i → pi → qj → q′j), we can write more compactly:

p′i = LikTklLjlq
′
j =⇒ T ′

ij = LikTklLjl.

This is the transformation law for a second-order tensor.

The full expansion of the formula:

T ′
ij = LikTklLjl

for the case i, j = 1, 2, 3, using dummy indices k, l ∈ {1, 2, 3}, is for instance:

T ′
ij = Li1Lj1T11 + Li1Lj2T12 + Li1Lj3T13

+ Li2Lj1T21 + Li2Lj2T22 + Li2Lj3T23

+ Li3Lj1T31 + Li3Lj2T32 + Li3Lj3T33.

Each pair (i, j) defines an independent equation for T ′
ij .

Starting from the rotated system, the original form of the tensor can be reconstructed by com-
posing the inverse transformations:

pi ← p′i ← q′j ← qj,

from which it follows that:
Tij = LkiT

′
klLlj.

In the tensor transformation law:

• Direct transformation: T ′
ij = LikTklLjl (dummy indices adjacent);

• Inverse transformation: Tij = LkiT
′
klLlj (dummy indices separated).

The indices k and l are dummy indices, subject to contraction according to the Einstein
summation convention (which will be discussed in the next section). The indices i and j are
free indices, and they identify the components in the target reference frame.
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Product of Coordinates as a Tensor

It can be shown that the transformation law of a second-rank tensor is equivalent to the transfor-
mation law of the product between coordinates.
Given a point in space, let xi denote its i-th coordinate with respect to the system {O; k̂1, k̂2, k̂3},
and let x′i denote the same coordinate with respect to the rotated system {O; k̂′1, k̂′2, k̂′3}. Consider
the product x′ix′j , namely:

x′ix
′
j = Likxk · Ljlxl = LikLjlxkxl.

This relation has the same form as the transformation law of a second-rank tensor:

T ′
ij = LikLjlTkl.

Therefore, one can conclude that a quantity Tij that transforms according to this law behaves
like the product xixj .

However, a clarification is necessary. When the right-hand side of the coordinate product
equation is expanded:

x′ix
′
j = LikLjlxkxl,

the terms in which k ̸= l can be grouped in pairs. For example:

Li1Lj2x1x2 + Li2Lj1x2x1 = (Li1Lj2 + Li2Lj1)x1x2.

Such grouping, however, cannot be performed in the case of a general tensor, unlessTkl = Tlk,
that is, when the tensor is symmetric.

Consequently, the product xixj transforms as the components Tij of a second-order tensor only
if no symmetrization is performed. In particular:

x1x2 ̸= x2x1.

2.5 Einstein Summation Convention
The introduction of the Einstein summation convention is fundamental, as it allows for a compact
and elegant formulation of tensorial and vectorial expressions. It significantly simplifies the
formal treatment, which will be adopted throughout all theoretical developments in the following
chapters.

Given a generic linear transformation:

T : V → W, p = T (q),

according to the Einstein convention, an expression such as

pi = Tij qj, i, j = 1, 2, 3,

automatically implies a summation over the index j, without the summation symbol being
explicitly written.

In general, whenever an index (or subscript) appears twice within the same term, it is
understood that the summation is to be performed over all possible values of that index (in this
case from 1 to 3). This allows tensor expressions to be written in a compact form, making
different representations of component equations equivalent.

The index j is called a dummy index, since the letter itself is arbitrary: it may be replaced
by any other symbol, provided it does not appear elsewhere in the same term. What matters is
that the index appears exactly twice within a single term—once as a subscript of one variable
and once as a subscript of another. Conversely, the index i is called a free index, since it appears
only once per term, and must occur consistently on both sides of the equation.

In an expression written using the Einstein notation:
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• the free indices must be the same on both sides of the equation;

• the dummy indices must appear in pairs within each single term and are subject to the
implicit summation.

Example. Consider the expression:

Aij +Bik CklDlj = Eik Fkj.

In this case:

• the indices i and j are free, since they appear on both sides of the equation and identify
the components;

• the indices k and l are dummy, since they appear only within individual terms and in
pairs, thus being subject to summation.

An important aspect of the Einstein notation is that the order of factors in each term does
not affect the meaning of the summation. For instance, the following expressions are perfectly
equivalent:

Bik CklDlj = CklBikDlj.

Unless otherwise specified, from now on it is assumed that all indices vary within the range
{1, 2, 3}.

2.6 Airy Function (or Stress Function)
The Airy function plays a fundamental role in the Theory of Elasticity, as it allows for a compact
representation of the stress state—and consequently, the strain state— in linearly elastic media.
This function is also widely used in the study of stress fields generated by dislocations, thus
constituting an essential tool in the analysis of defects in crystalline materials.

Let n ∈ N. An Airy function is a scalar function:

A : Rn → R,

sufficiently regular (typically A ∈ C4). In two-dimensional problems of plane elasticity, the
components of the stress tensor can be expressed as functions of the second derivatives of A.

2.6.1 Examples of Functional Forms
For illustrative purposes, two functional forms are presented for the case n = 2:

Quadratic function:
A(x, y) = a2

2
x2 + b2xy +

c2
2
y2.

Cubic function:
A(x, y) = a3

6
x3 +

b3
2
x2y +

c3
2
xy2 +

d3
6
y3.

The coefficients ak, bk, ck, dk ∈ R represent fundamental parameters that determine the
internal stress state of the body. An appropriate choice of the Airy function A allows one to
satisfy the constraints imposed by the physical problem, such as boundary conditions, geometric
symmetries, or requirements of static equilibrium.
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2.7 Spherical Harmonic Functions

2.7.1 Generalized
Generalized spherical harmonic functions play a fundamental role in the analysis of the re-
lationship between the macroscopic behavior of a material—when subjected to a physical
interaction—and its microscopic properties, which may vary depending on the direction of
the interaction itself. The importance of these functions will become evident in the following
chapters, particularly in the study of the thermal interaction and the magnetic properties of the
material under investigation.

General Definition

The generalized spherical harmonic functions are the matrix elements of an irreducible repre-
sentation of the three-dimensional rotation group, denoted by G.

The group G is parametrized by the Euler angles and is defined as

G =
{
g = (φ1, ϕ, φ2) ∈ R3

∣∣ 0 ≤ φ1 ≤ 2π, 0 ≤ ϕ ≤ π, 0 ≤ φ2 ≤ 2π
}
.

For each ℓ ∈ N, the indices m,n ∈ Z are taken such that

−ℓ ≤ m,n ≤ ℓ.

The generalized spherical harmonic function is then defined as

Tmn
ℓ : G→ C, Tmn

ℓ (φ1, ϕ, φ2) = eimφ2 Pmn
ℓ (cosϕ) einφ1 .

By setting x = cosϕ for simplicity, the associated function Pmn
ℓ (x) is defined for every

x ∈ [−1, 1] and, in general,
Pmn
ℓ (x) : [−1, 1]→ C.

However, for certain combinations of indices (for instance, when m + n is even), the function
takes real values:

Pmn
ℓ (x) : [−1, 1]→ R.

The explicit form of Pmn
ℓ (x) is given by:

Pmn
ℓ (x) =

(−1)ℓ−m in−m

2ℓ (ℓ−m)!

[
(ℓ−m)! (ℓ+ n)!

(ℓ+m)! (ℓ− n)!

]1
2

· (1− x)−
n−m
2 (1 + x)−

n+m
2

· dℓ−n

dxℓ−n

[
(1− x)ℓ−m(1 + x)ℓ+m

]
.

Particular Cases

• For ℓ = m = n = 0:
T 00
0 (g) = P 00

0 (cosϕ) = 1.

• For g = (φ1, ϕ, φ2) = (0, 0, 0), corresponding to the identity element of the rotation
group:

Tmn
ℓ (id) = δmn, Pmn

ℓ (cos 0) = δmn.
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Addition Theorem

For two rotations g, g′ ∈ G performed successively, the following relation holds:

Tmn
ℓ (gg′) =

ℓ∑
s=−ℓ

Tms
ℓ (g)T sn

ℓ (g′).

This formula is also known as the addition theorem.
In the particular case g = {0, ϕ, 0}, g′ = {0, ϕ′, 0}, one has:

Pmn
ℓ (ϕ+ ϕ′) =

ℓ∑
s=−ℓ

Pms
ℓ (ϕ)P sn

ℓ (ϕ′).

Orthonormal System

The functions Tmn
ℓ (g) form a complete orthonormal system. Indeed, the following relation

holds: ∮
Tmn
ℓ (g)Tm′n′∗

ℓ′ (g) dg =
1

2ℓ+ 1
δℓℓ′ δmm′ δnn′ ,

where the symbol ∗ denotes the complex conjugate.
The normalized invariant measure is:

dg =
1

8π2
sinϕ dϕ dφ1 dφ2.

From this it follows that the orthonormalization condition for the associated functions
Pmn
ℓ (x), with x = cosϕ, is:∫ π

0

Pmn
ℓ (cosϕ)P ∗mn

ℓ′ (cosϕ) sinϕ dϕ =
2

2ℓ+ 1
δℓℓ′ .

Symmetries and Orthogonality

The functions Pmn
ℓ (ϕ) satisfy the following relations:

Pmn
ℓ (ϕ) = P nm

ℓ (ϕ) = P−m,−n
ℓ (ϕ),

Pmn
ℓ (π − ϕ) = (−1)ℓ+m+nP−m,n

ℓ (ϕ).

Particular cases:

• Pmn
ℓ (π/2) = (−1)ℓ+m+nP−m,n

ℓ (π/2);

• Pmn
ℓ (π) = (−1)ℓδm,−n.

Recursive Relations

If Tmn
ℓ (g) are elements of a unitary matrix, the following relation holds:

Tmn
ℓ (g−1) = T nm∗

ℓ (g).

From this, the following recursive relations between functions with the same index ℓ are
obtained:

αn+1
ℓ Pm,n+1

ℓ (ϕ)− αn
ℓP

m,n−1
ℓ (ϕ) = 2i

m− n cosϕ
sinϕ

Pmn
ℓ (ϕ),

αm+1
ℓ Pm+1,n

ℓ (ϕ)− αm
ℓ P

m−1,n
ℓ (ϕ) = 2i

n−m cosϕ

sinϕ
Pmn
ℓ (ϕ),

with
αn
ℓ =

√
(ℓ+ n)(ℓ− n+ 1).
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Classes of Conjugate Elements

Let two reference systems in Euclidean space be defined as:

KA = {O; k̂1, k̂2, k̂3}, KB = {O; k̂′1, k̂′2, k̂′3}.

The orientation distribution function of a vector described in KA, or equivalently in KB, is
written as:

f : G→ R.
Two rotations g, g′ ∈ G generate a class of conjugate elements defined by

g̃ = g′−1gg′ ∈ G.

The function f(|g|), which depends solely on the conjugacy class of g, can be expanded into
a series of characters of the irreducible representations:

f(|g|) =
∞∑
ℓ=0

αℓ χℓ(g),

χℓ(g) =
ℓ∑

m=−ℓ

Tmm
ℓ (g).

In the particular case
g = {ω, 0, 0},

one obtains

χℓ(ω) =
ℓ∑

m=−ℓ

eimω = 1 + 2
ℓ∑

m=1

cos(mω).

In the case
g = {0, ω, 0},

one has

χℓ(ω) =
ℓ∑

m=−ℓ

Pmm
ℓ (cosω).

Real Normalized Bases

The definition of Tmn
ℓ can also be written explicitly as:

Tmn
ℓ (φ1, ϕ, φ2) = eimφ2 Pmn

ℓ (cosϕ) einφ1

= Pmn
ℓ (cosϕ)

[(
cos(mφ2) cos(nφ1)− sin(mφ2) sin(nφ1)

)
+ i
(
cos(mφ2) sin(nφ1) + sin(mφ2) cos(nφ1)

)]
.

From the symmetric combinations:

1

2

[
Tmn
ℓ + T−m,−n

ℓ

]
= Pmn

ℓ (ϕ) [cos(mφ2) cos(nφ1)− sin(mφ2) sin(nφ1)] ,

i

2

[
T−m,−n
ℓ − Tmn

ℓ

]
= Pmn

ℓ (ϕ) [cos(mφ2) sin(nφ1) + sin(mφ2) cos(nφ1)] ,

one defines the real normalized bases of the generalized spherical harmonic functions as:

T ′mn
ℓ =

1√
2
im−n

[
Tmn
ℓ + T−m,−n

ℓ

]
,

T ′′mn
ℓ =

1√
2
i1+m−n

[
Tmn
ℓ − T−m,−n

ℓ

]
.
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2.7.2 Symmetric Generalized Functions
In the case of symmetric generalized functions, it is necessary to consider the subgroups of
proper rotations:

gA ∈ GA ⊂ G, gB ∈ GB ⊂ G,

where reflection operations are not included.
Let L(g) ∈ Rot be the rotation matrix associated with the transformation

T : KA → KB,

then we define:

• L(gB) ∈ Rot: the rotation matrix that transforms a vector ofKA into a crystallographically
equivalent one;

• L(gA) ∈ Rot: the rotation matrix that transforms a vector of KB into an equivalent one
of the specimen.

For these functions, the following symmetry conditions hold:

• Case KA:
f(gB · g) = f(g),

• Case KB:
f(g · gA) = f(g).

These conditions restrict the admissible forms of the functions f(g). Accordingly, the general-
ized series expansion becomes:

f(g) =
∞∑
ℓ=0

M(ℓ)∑
µ=1

N(ℓ)∑
ν=1

Cµν
ℓ

·· ·

T µν
ℓ (g),

where the symbol above T µν
ℓ (g) denotes the spherical harmonic generalized with respect to

the crystal symmetry, while the mirrored symbol represents that symmetric with respect to the
specimen.
The symmetric generalized spherical harmonic functions are linear combinations of the basis
functions:

·· ·

T µν
ℓ (g) =

ℓ∑
m=−ℓ

ℓ∑
n=−ℓ

··
Amµ

ℓ

·
Anν

ℓ Tmn
ℓ (g),

where the coefficients
··
Amµ

ℓ and
·
Anν

ℓ are determined so as to satisfy the symmetry conditions.
We start by analyzing

·
Anν

ℓ . The following functions are therefore introduced:

·
Tmν
ℓ (g) =

ℓ∑
n=−ℓ

·
Amnν

ℓ Tmn
ℓ (g).

The coefficients
·
Anν

ℓ must ensure the symmetry condition

f(g · gA) = f(g),

which implies
Tmn
ℓ (g · gA) = Tmn

ℓ (g).

By the addition theorem, it follows that:

·
Tmν
ℓ (g · gA) =

ℓ∑
n=−ℓ

·
Amnν

ℓ

ℓ∑
s=−ℓ

Tms
ℓ (g)

·
T sν
ℓ (g).
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Since f(g · gA) = f(g) holds for every g ∈ G, and the functions Tms
ℓ (g) are orthogonal for

different values of s, one must have:

ℓ∑
n=−ℓ

·
Amnν

ℓ T sn
ℓ (g) =

·
Amsν

ℓ .

Hence, the coefficients
·
Anν

ℓ must satisfy:

ℓ∑
n=−ℓ

·
Anν

ℓ

[
T sn
ℓ (gA)− δsn

]
= 0, gA ∈ GA.

The index ν labels, in a given sequence, the linearly independent orthogonal solutions of
this system of equations. The range of the index ν is:

ν ∈ N, 1 ≤ ν ≤MA(ℓ), MA(ℓ) ∈ N.

In particular, the values of MA(ℓ) depend on the symmetry group associated with the
reference system KA. These values are tabulated as functions of ℓ, depending on whether it is
even or odd (see figure below).

However, the way in which the independent solutions are selected from the set of all solutions
is entirely arbitrary.

Analogously, the study proceeds with the determination of
··
Amν

ℓ . The following functions are
thus introduced:

··
T µn
ℓ (g) =

ℓ∑
m=−ℓ

··
Amµ

ℓ Tmn
ℓ (g).

In this case as well, the following condition holds:
··
T µn
ℓ (gB · g) =

··
T µn
ℓ (g),

and the coefficients
··
Amν

ℓ must be determined from the system of equations:

ℓ∑
n=−ℓ

··
Amν

ℓ

[
Tms
ℓ (gB)− δms

]
= 0, gB ∈ GB.

Also in this case:
µ ∈ N, 1 ≤ ν ≤MB(ℓ), MB(ℓ) ∈ N,

where the values of MB(ℓ) are tabulated as functions of ℓ and depend on the symmetry group
associated with the system KB.

One finally arrives at the definition:

·· ·

T µν
ℓ (g) =

ℓ∑
m=−ℓ

ℓ∑
n=−ℓ

··
Amµ

ℓ

·
Anν

ℓ Tmn
ℓ (g)

=
ℓ∑

m=−ℓ

··
Amµ

ℓ

·
Tmν
ℓ (g) =

ℓ∑
n=−ℓ

·
Anν

ℓ

··
T µn
ℓ (g),

thus concluding that
·· ·

T µν
ℓ (g) possesses both right-hand and left-hand symmetry.
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Orthonormal System

The symmetric spherical harmonic functions are themselves orthogonal, and therefore satisfy
the relation: ∮

·
Tmν
ℓ (g)

·
Tmν′

ℓ (g) dg =
1

2ℓ+ 1
δνν′ .

Moreover, from the conditions

·
Tmν
ℓ (g) =

ℓ∑
n=−ℓ

·
Anν

ℓ Tmn
ℓ (g),

··
A∗mµ

ℓ =
··
Amµ

ℓ ,

one obtains the orthonormality condition for the coefficients:

ℓ∑
n=−ℓ

·
Anν

ℓ

·
Anν′

ℓ = δνν′ .

The same property holds for
··
Amµ

ℓ , from which the orthonormality condition for the symmetric
spherical harmonic functions follows:∮ ·· ·

T µν
ℓ (g)

·· ·

T ∗µ′ν′

ℓ (g) dg =
1

2ℓ+ 1
δℓℓ′ δµµ′ δνν′ .

Addition Theorem for Symmetric Spherical Harmonic Functions

From the addition theorem for generalized spherical harmonic functions, three fundamental
results follow:

·
Tmν
ℓ (g · g′) =

ℓ∑
s=−ℓ

Tms
ℓ (g)

·
T sν
ℓ (g′),

··
T µn
ℓ (g · g′) =

ℓ∑
s=−ℓ

··
T µs
ℓ (g)T sn

ℓ (g′),

·· ·

T µν
ℓ (g · g′) =

ℓ∑
s=−ℓ

··
T µs
ℓ (g)

·
T sν
ℓ (g′).
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Chapter 3

Fundamentals of Crystallography

3.1 Introduction
This chapter introduces the affine space representation of the fundamental units that constitute
the material investigated in this thesis — crystals — as well as most solid-state materials.

The periodic repetition of a crystal in space generates the so-called crystal lattice. Although
the crystal structure determines the intrinsic properties of a material, its spatial arrangement
and the combination with other crystal lattices, differently oriented with respect to each other,
significantly influence the macroscopic response of the material to external stimuli.

This chapter plays a central role in the analysis of the phenomena associated with the
thermal response of the material starting from its deformed state, with particular attention to the
interaction between the crystal structure and magnetic stimuli. The representation of the crystal
lattice in affine space, together with the symmetries that characterize it, constitutes an essential
complement to the concepts introduced in the previous chapters concerning tensor theory and
spherical harmonic functions.

Such representation will be formalized here by adopting the geometric viewpoint of classical
mechanics, in which crystallographic symmetries are interpreted as rigid motions in Euclidean
space.
The concepts and formulations presented in this chapter are the result of an integration of different
literature sources. Some passages—like fundamental mathematical expressions, theorems and
definitions—are quoted exactly from the original works to preserve their formal accuracy. The
main references are: [47], [48], [36], [49], [50], [51], [45], [46].

3.2 Classification and Structure of Solids
Solids can be classified, according to the internal arrangement of atoms, into two main categories:
crystalline and non-crystalline (or amorphous). This distinction is fundamental to understanding
the macroscopic properties of materials and the mechanisms governing the formation and
transformation of solid matter.

3.2.1 Non-crystalline (Amorphous) Solids
Non-crystalline solids, also known as glassy or amorphous materials, lack long-range periodic
order. They can be considered as supercooled liquids, since they differ from ordinary liquids
only in certain physical properties, such as viscosity.

By convention, a substance is considered liquid if its viscosity is lower than 1015 poise;
above this value, it is classified as solid. The transition between the glassy and liquid states,
which occurs upon heating, is gradual, whereas the melting of a crystal occurs in a sharp and
well-defined manner.
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Glasses do not form exclusively from substances with complex crystalline structures: simple
glassy materials also exist, representing all types of interatomic bonds, including metallic,
covalent, ionic, and Van der Waals bonds.

From a macroscopic perspective, amorphous solids are generally isotropic, meaning that
their physical properties are identical in all directions.

3.2.2 Crystalline Solids
Crystalline solids are characterized by an ordered and periodic atomic structure, which some-
times also manifests itself macroscopically through the formation of natural flat faces.

From a geometrical point of view, a crystal can be described as the repetition, through
translations in three-dimensional space, of an elementary unit called a motif.

The specific arrangement of the motifs in the plane and in space generates the so-called
fundamental patterns, which amount to 17 in the plane and 230 in three-dimensional space.

Three essential conditions must be satisfied for a pattern to exist, corresponding to its
fundamental features:

• Symmetry (qualitative property);

• Periodicity (quantitative property);

• Details of the motif (quantitative property).

The first two features — symmetry and periodicity — will be discussed in detail in the
following sections. As for the motif itself, it may consist of a single atom, a group of atoms,
or a more complex geometrical configuration. Its structure directly determines many of the
anisotropic properties of the crystal.

Polycrystalline materials consist of an aggregate of crystals (grains) with different orienta-
tions. When the grain size is very small, long-range order may be absent, although a certain
local organization is still preserved.

3.2.3 Unit Cell

Figure 3.1: Representation of a generic unit cell.

The unit cell is the elementary volume of the crystal lattice whose repetition by translation along
the three spatial directions generates the entire crystal structure, without overlaps or voids. It
represents the fundamental geometric module of the crystal’s periodicity.

For a cell to be considered a unit cell, two essential conditions must be satisfied:

1. It must completely fill the space through periodic repetition;
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2. It must maintain a constant orientation, so that all replicas are geometrically congruent.
A simple example is that of a cube with side 1m subdivided into smaller cubic blocks of

side 1 cm: the regular repetition and uniform orientation of the cubes satisfy both conditions.
Conversely, covering a plane with equilateral triangles alternately oriented may fill the space,
but it does not ensure directional consistency. In such a case, the true unit cell is a parallelogram
obtained by pairing two triangles with coherent orientation.

Crystallographic Axes

The crystallographic axes define the edges of the fundamental parallelepiped that constitutes the
unit cell ( a, b, c in Figure 3.1 ). Translation along these vectors generates the entire crystal
lattice. The choice of the unit cell is not unique: several equivalent representations of the same
lattice exist. However, configurations that best reflect the symmetries of the crystal system are
generally preferred.

Primitive and Non-primitive Cells

(a) (b)

Figure 3.2: Representation of a unit cell: (a) primitive; (b) non-primitive.

Lattice points can be located:
• only at the vertices: in this case, the cell is called primitive — Figure 3.2a;

• also at the center of the volume, faces, or edges: in this case, the cell is called non-primitive
(for instance, body-centered or face-centered) — Figure 3.2b.

A primitive cell contains exactly one lattice point per cell, whereas non-primitive cells
contain multiple equivalent repetitions, while still describing the same lattice.

Geometric Abstraction of the Lattice

A crystal lattice can be modeled as a discrete set of points in space — an abstraction that allows
one to focus on the periodicity and symmetry of the structure while disregarding atomic or
molecular details. This approach leads to the following definition:

Definition — Lattice
A lattice is a set of points such that every point has a neighborhood indistinguishable from that
of any other point.

In other words, every node of the lattice is indistinguishable from the others in terms of spatial
arrangement, a necessary condition to ensure crystallographic homogeneity.
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Anisotropy and Crystal Morphology

Unlike amorphous materials, crystals exhibit anisotropic properties — that is, properties that
depend on the direction considered. Among the most commonly anisotropic physical properties
are:

• electrical and thermal conductivity;

• thermal expansion;

• elastic constants.

Anisotropy is also evident in crystal growth. In the absence of external constraints, a
crystal tends to develop well-defined growth faces that directly reflect the symmetry and internal
orientation of its lattice structure.

3.3 Representation of the Unit Cell – Affine Space
The unit cell, and therefore the entire crystal lattice, is described within a three-dimensional
Euclidean affine space K, defined by a set of three linearly independent unit vectors — not
necessarily orthonormal — and an origin O:

K : {O; k̂1, k̂2, k̂3}.

Every point in the affine space is represented by a position vector:

r ∈ K : r = r1k̂1 + r2k̂2 + r3k̂3, r1, r2, r3 ∈ R.

In this framework, the symmetry operations applied in the space of the unit cell are interpreted
as rigid motions in affine space — that is, transformations that preserve distances between points.

3.3.1 Rational Directions and Planes in the Affine Lattice

Figure 3.3: Miller indices associated with crystallographic directions ⟨u, v, w⟩ and planes {h, k, l}.
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Directional Indices

A rational direction in a crystal lattice is represented by a vector connecting the origin to a lattice
point P , expressed as an integer linear combination of the unit cell vectors:

r = u k̂1 + v k̂2 + w k̂3, u, v, w ∈ Z.

The coordinates (u, v, w) identify the crystallographic direction according to the notation [uvw],
known as the direction index.

By convention:

• the smallest set of integers having the same ratio of components is chosen;

• negative values are indicated by a bar over the corresponding number, e.g., [uv̄w].

For instance, the vector 2 k̂1 + 2 k̂2 + 0 k̂3 corresponds to the direction [110], since it can be
reduced to the smallest integer ratio by dividing by the greatest common divisor, which in this
case is 2.

Crystallographic Directions and Equivalent Families

• The notation [uvw] denotes a specific direction within the crystal lattice;

• The notation ⟨uvw⟩ denotes a family of equivalent directions — that is, all directions
obtained by applying symmetry operations to [uvw].

Rational Planes

Figure 3.4: Rational planes.

A rational plane is one whose normal corresponds to a rational direction. Translation of such a
plane along a specific rational direction generates a family of parallel and equally spaced planes.

For a set of planes to correctly define a family of rational planes, the following conditions
must be met:
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1. the planes must be equally spaced, that is, separated by a constant distance d;

2. every lattice point must lie on at least one of the planes in the family.

Let a = ∥k̂1∥, b = ∥k̂2∥, c = ∥k̂3∥ be the magnitudes of the unit cell edges. If a plane
intersects:

• the k̂1 axis at a/h,

• the k̂2 axis at b/k,

• the k̂3 axis at c/l,

then, in Cartesian coordinates (x1, x2, x3) associated with the basis {k̂1, k̂2, k̂3}, its equation
is:

x1
a/h

+
x2
b/k

+
x3
c/l

= 1 ⇒ h

a
x1 +

k

b
x2 +

l

c
x3 = 1.

In the special case a = b = c = 1, the simplified form is:

hx1 + kx2 + lx3 = 1.

The integers (hkl) are called the indices of the plane, and can be referred to as:

• rational plane indices (or Miller indices) if they have no common factor;

• multiple plane indices if they share a common integer factor p ∈ N, corresponding to
p− 1 planes parallel to the rational one.

The procedure to determine these indices is as follows:

1. determine the plane intercepts with the crystallographic axes (in unit cell dimensions);

2. take their reciprocals;

3. reduce to the smallest three integers having the same ratio;

4. write the triplet in parentheses: (hkl).

For example, a plane with intercepts (2,∞, 1) has reciprocals (1/2, 0, 1), leading to (102).
As with directions, negative signs are indicated by a bar over the corresponding number

(e.g., (h̄kl)).

Crystal Forms and Equivalent Families

• The notation (hkl) denotes a specific plane;

• The notation {hkl} denotes a crystal form, that is, the set of planes equivalent by symmetry.

For example, in a cubic crystal:

{100} = (100) + (010) + (001) + (1̄00) + (01̄0) + (001̄)

All planes belonging to a crystal form share the same atomic configuration.
Crystal forms are also classified according to the crystallographic axes intersected by their

planes:

• Pinacoids: each plane intersects only one axis and is parallel to the other two;

• Prisms / Domes: each plane intersects two axes and is parallel to the third;

• Pyramids: the planes intersect all three axes and have indices of the type {hkl}.
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Crystallographic Zones and Zone Axes

Certain sets of crystallographic planes intersect along a common line or along parallel lines.
Such planes are said to belong to the same zone, and the common direction along which they
intersect is called the zone axis.

Any pair of non-parallel planes defines a zone; their line of intersection represents the zone
axis.

Crystallographic zones play a fundamental role in the stereographic projection of planes
and directions, as well as in understanding the nature of grain boundaries in polycrystalline
materials.

3.4 Symmetry Operations

3.4.1 Translational Symmetries
The set of translational symmetries forms a discrete subspace of the affine space K, defined as:

Transl =
{
t = t1k̂1 + t2k̂2 + t3k̂3 : t1, t2, t3 ∈ Z

}
.

The subspace Transl defines the translation lattice of the crystal.

3.4.2 Rotational Symmetries
The discrete set of admissible rotation angles consistent with translational symmetry is defined
as:

Θ = {θ : θ = 2π
n
, n = {1, 2, 3, 4, 6}}.

Values such as n = 5 or n ≥ 7 produce configurations that are not compatible with the
required translational periodicity. Therefore, only the values of n listed in the set above are
allowed.

The set of rotational symmetry axes is defined as:

Asym = {r ⊂ K : ∃ θ ∈ Θ such that Rr, θ(motif) = motif} ,

where r is an oriented line in the affine space K, and Rr, θ denotes a rigid rotation by an angle θ
around the axis r.

The complete set of rotational symmetries of the crystal is thus given by all pairs (r, θ)
satisfying the above condition:

Rot = {Rr, θ : r ∈ Asym, θ ∈ Θ} .

An axis is said to be of n-fold type if there exists a rigid rotation about it by an angle θ such
that the transformed motif coincides with its original configuration. In other words, the figure
appears indistinguishable from itself after a rotation of angle θ.

Composing n successive rotations of angle θ results in a total rotation of 2π, which corre-
sponds to the identity operation — every point of the motif returns to its initial position.

3.4.3 Enantiomorphism
According to the definition from the Oxford Dictionary of Science:

Definition — Enantiomorphism
A relationship between two forms (or structures) that are mirror-symmetric with respect to an
external plane but cannot be superimposed by rotations alone.
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Enantiomorphic operations therefore generate pairs of enantiomorphs, i.e., geometric con-
figurations that are mirror images of each other but cannot be made to coincide by any rigid
motion in space.

In the crystallographic context, the symmetric operations that produce enantiomorphs cor-
respond to elements already introduced — in particular, reflection planes and inversion centers.

When applied to a motif, such transformations generate a configuration that is mirror-
symmetric with respect to the original one. If this new configuration cannot be superimposed
onto the original by a rigid rotation, the result is a pair of enantiomorphs.

3.4.4 Elements of Symmetry
Planes of Reflection Symmetry

A reflection plane of symmetry is a geometric plane P ⊂ K with respect to which every point
rA = (rA1 , rA2 , rA3)

T ∈ K is transformed into a symmetric point rB ∈ K, whose position
differs from that of rA by the sign of a single coordinate.

For instance, if P is a plane orthogonal to the direction k̂2 and passing through the origin,
reflection with respect to P reverses the sign of the second component while leaving the others
unchanged:

rB = (rA1 , −rA2 , rA3)
T .

It is important to emphasize that reflection is not, in general, equivalent to a twofold (2-fold)
rotation.

Consider, for example, an isosceles triangle lying in the xy-plane together with a vector
oriented along the z-axis. A rotation of angle π about the x or y axis would leave the shape
of the triangle unchanged but would reverse the direction of the vector along z. Conversely,
a reflection with respect to a plane containing the z-axis (such as xz or yz) preserves the
direction of the vector along that axis. This example clearly shows that reflection and rotation
are geometrically distinct operations.

Centers of Inversion

A center of inversion is an arbitrary fixed point O′ ∈ K with respect to which every point
rA = (rA1 , rA2 , rA3)

T ∈ K is transformed into a symmetric point rB ∈ K, opposite to rA along
all spatial directions.

When the inversion center coincides with the origin of the reference system, the transforma-
tion takes the form:

rB = −rA = (−rA1 , −rA2 , −rA3)
T .

The point rB thus obtained is called the antipode of rA with respect to the inversion center
O′. A geometric configuration is said to be invariant under central inversion if every one of its
points has a corresponding antipode within the same configuration.

3.5 Pattern-Generating Operations
Pattern-generating operations are combinations of symmetry transformations and their corre-
sponding invariant geometric elements that construct ordered configurations in space. When
applied iteratively and coherently, these operations generate regular patterns either in the plane
or in three-dimensional space.

In the case of crystalline materials, such patterns assume a highly homogeneous form but
must satisfy two fundamental structural constraints:

1. The motif must occupy specific positions;
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2. Every three-dimensional crystal must necessarily admit three non-coplanar translations
that define the lattice periodicity. The presence of symmetries is possible but not manda-
tory; however, if symmetry operations are present, they must be compatible with the lattice
translations.

In other words, not all geometrically admissible symmetries are compatible with the discrete
lattice structure of crystals. The only symmetry operations allowed in crystalline systems are
those that, when applied together with lattice translations, generate a configuration perfectly
superimposable on the original lattice.

3.5.1 Rotation–Translation (Screw Operation)
The most homogeneous pattern obtainable through the congruent repetition of a motif in space
is generated by the composition of two elementary transformations:

• a proper rotation L by an angle θ about a fixed axis defined by the unit vector â ⊂ K;

• a translation τ of magnitude τ = ∥τ∥ along the same direction as the axis â, with

τ = q
n
t, t ∈ Transl, q < n ∈ N.

The composition of these two operations generates congruent copies of the motif arranged
along a helical trajectory around the axis â, with periodicity determined by θ and τ .

This pattern reduces to two special cases:
• if θ = 0 and τ ̸= 0, a linear sequence of motifs is obtained, aligned along the axis â and

separated by a constant distance τ ;

• if θ ̸= 0 and τ = 0, a circular distribution of motifs is obtained, each equidistant from the
axis â and rigidly rotated from the previous one by an angle θ.

3.5.2 Translation–Reflection (Glide Reflection)
This operation is defined by the composition of a rigid translation τ along a given direction and
a subsequent reflection with respect to a plane m parallel to the direction of translation. When
such a transformation leaves the geometric configuration of a motif unchanged, it is called a
translation–reflection symmetry (or glide plane symmetry).

The operation is denoted by mτ , where τ is the translational vector and m ≡ P represents
the associated reflection plane. It generates an ordered sequence of reflected motifs translated
along the direction of τ .

If the operation mτ is applied twice in succession, a pure translation t along the same
direction is obtained:

τ = 1
2
t, t ∈ Transl.

For the symmetry introduced by the plane m to be compatible with the spatial periodicity,
the translation vector τ must have a magnitude equal to half the lattice translation t.

3.5.3 Rotation–Reflection
This operation is defined by the composition of a rigid rotation by an angle θ about an axis â and
a subsequent reflection with respect to a plane m orthogonal to that axis. When such a transfor-
mation leaves the geometric configuration of a motif unchanged, it is called a rotation–reflection
symmetry.

The operation is denoted byAθ,m, where θ is the rotation angle andm represents the reflection
plane.

The reflection plane m is orthogonal to the axis â and contains the circle along which the
motifs are distributed. The presence of this plane is essential for the operation to be classified
as a rotation–reflection, and not simply as a rotation.
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3.5.4 Rotation–Inversion
This operation is defined by the composition of a rigid rotation by an angle θ about an axis â,
followed by a central inversion with respect to a point lying on the same axis. When such a
transformation leaves the configuration of a motif unchanged, it is called a rotation–inversion
symmetry, and the axis â is referred to as a rotation–inversion axis.

If the rotation angle is θ = 2π
n

with n ∈ N, the operation is referred to as an n-fold
rotation–inversion, and the corresponding axis is called an n-fold rotation–inversion axis, or
more simply an n-fold inversion axis.

The operation is symbolically denoted by Aθ,i, where θ is the rotation angle and i represents
the inversion center.

3.5.5 Invariant Geometric Elements and Symmetry Elements
With the exception of pure translation, every symmetry operation leaves at least one geometric
subset of space unchanged — a point, an axis, or a plane. These subsets are referred to as
invariant geometric elements and represent the spatial reference around (or with respect to)
which the operation takes place. Such elements characterize the type of symmetry involved and
are precisely the symmetry elements of the crystal.

For example, consider a pattern generated by a rigid rotation L(θ). If θ = 2π
n

with n ∈ N,
the pattern repeats identically every 2π

n
radians around the axis â. This axis, which remains fixed

during the transformation, is called an n-fold symmetry axis.
Referring back to the symmetry operations already introduced:

• In a rotation–reflection, the invariant geometric elements are the rotation axis â and the
reflection plane m; the resulting symmetry element is the rotation–reflection axis.

• In a rotation–inversion, the invariant elements are the rotation axis â and the inversion
center O′; the corresponding symmetry element is the rotation–inversion axis.

• In a translation–reflection mτ , the only geometric element that remains fixed is the plane
m; the corresponding symmetry element is called a glide plane.

3.6 Monoaxial Point Groups

3.6.1 Group Theory
In crystallography, the concept of symmetry is formalized through the algebraic notion of a group.
A group is a set of operations for which a binary composition law (called the “multiplication of
operations”) is defined and satisfies four fundamental properties:

1. Closure: the product of two operations of the group is itself an operation belonging to
the group.

2. Identity element: there exists an operation E such that, for every operation R of the
group, ER = RE = R.

3. Inverse: for every operation R, there exists an inverse operation R−1 such that RR−1 =
R−1R = E.

4. Associativity: for every triple of operations P,Q,R, it holds that (PQ)R = P (QR).

In the description of crystalline symmetries, these operations correspond to geometric trans-
formations — such as rotations, reflections, and inversions — that leave the spatial configuration
of the crystal or the motif unchanged. Since real crystal structures exhibit only a finite number
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of symmetries compatible with lattice periodicity, crystallographic symmetry groups are also
finite.

To introduce the concept concretely, consider a regular square lying in a plane. The symmetry
operations that leave it invariant are:

• E: the identity operation, which leaves the square unchanged;

• C+
4z : rotation by 90◦ counterclockwise about the z-axis perpendicular to the plane and

passing through the square’s center;

• C2z : rotation by 180◦ about the same axis;

• C−
4z : rotation by 90◦ clockwise;

• σx, σy: reflections with respect to the x and y axes passing through the center;

• σ1, σ2: reflections with respect to the diagonals of the square.

The set of these eight operations constitutes a finite, non-commutative group. For instance:

C+
4zσx ̸= σxC

+
4z .

The closure property of the group allows one to construct a multiplication table, in which
each row and column represents an operation, and each cell corresponds to their composition.

This structure provides the basis for the classification of crystallographic point groups, which
in turn serve as the foundation for the definition of space groups, where point operations are
combined with lattice translations compatible with three-dimensional periodicity.

3.6.2 Crystallographic Symmetries and Group Classification
The geometric patterns compatible with crystal periodicity are described by a finite set of
configurations known as space groups. Within this classification, an intermediate role is played
by the crystallographic point groups, which include all symmetry operations that leave at least
one point in space invariant, excluding any translational component.

Every crystallographic symmetry can, in first approximation, be traced back to an axial
symmetry — that is, a rigid rotation about an axis passing through the center of the unit
cell. By combining such symmetries with reflections in planes, inversions about a point, and
compositions following the algebraic rules of group theory, one obtains the 32 crystallographic
point groups compatible with three-dimensional lattice periodicity.

The symmetry operations that generate repetitive spatial configurations can be divided into
two fundamental classes:

1. First-type operations, which generate a sequence of congruent objects. These include:

• proper rotations,
• pure translations,
• helical (screw) rotations.

2. Second-type operations, which generate a sequence of alternately enantiomorphic motifs.
These include:

• reflections with respect to a plane,
• inversions with respect to a point,
• rotation–reflections,
• rotation–inversions,
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• translation–reflections (glide planes).

In the case of point groups, which do not include translations, the first-type operations
comprise only proper rotations, whereas the second-type operations include rotation–reflections
and rotation–inversions.

For this reason, one distinguishes between:

• Proper rotations, which preserve orientation;

• Improper rotations, which combine a rotation with either a reflection or an inversion (e.g.,
rotation–inversion and rotation–reflection).

3.6.3 Proper Rotations
The patterns associated with proper rotations compatible with crystallographic periodicity cor-
respond to the values n = 1, 2, 3, 4, 6, where n represents the order of the rotation axis.

Each pattern is named according to the value of n, and the symmetry axis is typically
represented by a regular polygon with n sides.

In the case n = 1, such a representation is omitted, as it corresponds to the identity operation.

3.6.4 Improper Rotations
The patterns associated with improper rotations compatible with crystallographic periodicity
correspond to the same values n = 1, 2, 3, 4, 6, where n represents the order of the rotation axis.
These operations are denoted by the notation n̄, with n ∈ {1, 2, 3, 4, 6}. Each operation n̄
generates a monoaxial improper point group, and the overbar notation graphically distinguishes
the composite (non–purely rotational) nature of the operation.

Some notable cases include:

• 1̄: central inversion, i.e. the transformation x 7→ −x;

• 2̄: reflection with respect to a plane (formally equivalent to a twofold rotation–inversion);

• 3̄: rigid rotation by θ = 120◦ followed by a central inversion;

• 6̄: rigid rotation by θ = 60◦ followed by a reflection with respect to a plane orthogonal to
the rotation axis;

• 4̄: a peculiar case, not reducible to a simple direct combination of a proper rotation with
either a reflection or an inversion.

These improper symmetry axes are conventionally represented with distinctive graphical
symbols, typically based on regular n-sided polygons with modified notation, in order to em-
phasize the orientation-reversing character of the operation.

The identification and analysis of such improper symmetries are fundamental for the clas-
sification of crystallographic point groups, as they allow a complete description of the point
symmetries observable in real crystal lattices.

3.6.5 Composition of Rotations and Construction of Point Groups
Crystal symmetries can be constructed from the composition of rotations about distinct axes
that share a common fixed point, usually the origin of the reference system. The composition of
two proper rotations — even when performed about different axes — is equivalent to a single
rotation about a third axis.
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Composition of Rotations about Distinct Axes

Figure 3.5: Cube with three symmetry axes and a feature on each face.

Consider two 3-fold symmetry axes oriented along two main diagonals of a cube – Figure 3.5.
An initial point located on face I is transformed by a first rotation about the axis â through

an angle θ1 = 120◦, bringing it to face II. This operation is denoted by Rθ1 .
A second rotation about the axis b̂, also of θ2 = 120◦, moves the point to a new position on

face III, denoted by Rθ2 .
The overall effect of composing the two rotations is equivalent to a single rotation of 180◦

about a 2-fold axis ĉ, orthogonal to the initial face and passing through the intersection of the
axes â and b̂.

This behavior can be formalized using Euler’s formula for the composition of rotations:

cos(Rθ1 ◦Rθ2) = cos(C2ĉ) =
cos
(
γ
2

)
+ cos

(
α
2

)
cos
(
β
2

)
sin
(
α
2

)
sin
(
β
2

) ,

where α/2, β/2, and γ/2 are the angles of a spherical triangle.
The values of γ and β are constrained by the value of α so that the identity holds. In

particular:

α ∈ {360◦, 180◦, 120◦, 90◦, 60◦} ⇒ γ, β ∈ {360◦, 180◦, 120◦, 90◦, 60◦}.

Six distinct combinations of the angles α, β, and γ can thus be identified, corresponding to
six different spatial arrangements of the rotation axes.

In four of these cases, two 2-fold axes form a planar angle α = 90◦, 60◦, 45◦, or 30◦.
The composition of two successive rotations — first about one axis, then about the other —
is equivalent to a rotation about a third axis perpendicular to the first two. The resulting
configurations are:

• α = 90◦: a 2-fold rotation about the third axis→ class 222;

• α = 60◦: a 3-fold rotation about the third axis→ class 223, 322, or 32;

• α = 45◦: a 4-fold rotation about the third axis→ class 224;
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• α = 30◦: a 6-fold rotation about the third axis→ class 226.

In the remaining two cases, the two axes form spherical angles of α/2 and β/2. Here too,
the composition of the two rotations is equivalent to a rotation about a third axis, though not
necessarily perpendicular to the first two:

• If both initial axes are 3-fold and form angles α/2 = 70◦32′ and β/2 = 54◦44′, the
composition is equivalent to a 2-fold rotation with spherical angle γ/2 = 54◦44′→ class
233 or 23;

• If one of the axes is 2-fold and the other 3-fold, with angles α/2 = 35◦16′ and β/2 =
54◦44′, the composition is equivalent to a 4-fold rotation with angle γ/2 = 45◦ → class
234 or 432.

Finally, if an additional rotation is performed about one of the initial axes, its composition
with the third axis generates a new symmetry axis belonging to the same class, possibly with a
different spatial orientation.

Relations among Rotations

A geometric relationship can be established among proper rotations about three distinct axes in
space.

Let â, b̂, ĉ be three rotation axes in three-dimensional space, and let L(α), L(β), L(γ) be
rigid rotations of amplitudes α, β, γ about these axes, respectively. If two rotation operations
Rα andRβ are performed in succession, their combination is equivalent to a third rotation about
axis ĉ, but with opposite angle:

Rα ◦Rβ = R−γ.

Multiplying both sides on the right by Rγ , one obtains:

Rα ◦Rβ ◦Rγ = Id.

This identity implies that, given two rotations about distinct axes, the third one is uniquely
determined and must therefore be considered implicit.

The analogous cyclic relations are:

Rβ ◦Rγ = R−α, Rα ◦Rγ = R−β.

These relations express the closure of the system under composition and the internal sym-
metry of crystallographic configurations.

General Rules for the Composition of Proper and Improper Rotations

Let us denote:

• P : a proper rotation;

• I: an improper rotation (reflection, inversion, or rotation–inversion).

The possible combinations between these operations satisfy the following rules:

P ◦ P = P (proper followed by proper)

I ◦ I = P (improper followed by improper)

I ◦ P = I (improper followed by proper)

P ◦ I = I (proper followed by improper)
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From these relations, it follows that a combination is equivalent to a proper rotation if and
only if it contains an even number of improper rotations (zero or two).

In total, eleven fundamental symmetry elements can be identified, including:

• single symmetry axes, i.e., not derived from combinations;

• combined symmetry axes, obtained through the composition of rotations according to the
above rules.

Furthermore:

• each axis may correspond to an n-fold rotation (proper) or to an n-fold rotation–inversion
(improper);

• combined axes must satisfy the rule of an even number of improper operations;

• the same axis may host both a rotation n and a rotation–inversion n; such a situation is
denoted as n/n.

Equivalences between Axes and Operations

Certain equivalences between improper operations and composite transformations are useful in
the classification of point groups:

• 2̄ ≡ m: reflection with respect to a plane;

• 3̄ = 3 ◦ 1̄: 3-fold rotation–inversion as the composition of a rotation and an inversion;

• 2 ◦m = 1̄: a 2-fold rotation followed by reflection gives a central inversion;

• 2 ◦ i = m: a 2-fold rotation followed by inversion is equivalent to a reflection;

• i ◦m = 2: inversion followed by reflection is equivalent to a 2-fold rotation;

• more generally: n ◦ n̄ = n̄ if n is odd, whereas n ◦ n̄ = n ◦m if n is even.

3.6.6 Operational Classification of Crystallographic Point Groups
The following section presents the operational approach by which the 32 crystallographic point
symmetry groups can be derived.

Axes of Pure Rotation (n)

This class includes proper rotations about a single axis, without any associated reflections or
inversions. Only the orders n = 1, 2, 3, 4, 6 are allowed, in accordance with the constraints
imposed by lattice periodicity.

• Groups: 1, 2, 3, 4, 6

Total: 5 groups.

Axes of Pure Rotation–Inversion (n̄)

These include symmetry operations composed of a proper rotation followed by a central inver-
sion. Notable cases include:

• 1̄: pure central inversion;

• 2̄: reflection with respect to a plane, conventionally denoted as m;

• Groups: 1̄, m, 3̄, 4̄, 6̄

Total: 5 groups.
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Rotation Combined with a Perpendicular Mirror Plane (n/m)

This category includes rotational axes associated with a symmetry plane orthogonal to the axis
itself (typically a horizontal mirror plane in stereographic projection).

• Groups: 2/m, 4/m, 6/m

Total: 3 groups.

Rotation Combined with Mirror Planes Perpendicular to the Projection Plane (nm, nmm)

This group type includes one principal rotation axis and one or more mirror planes m perpen-
dicular to it.

• Groups: mm2, 4mm, 3m, 6mm

Total: 4 groups.

Rotation–Inversion Combined with a Perpendicular Mirror Plane (n̄m)

These consist of operations where a rotation–inversion axis is combined with a mirror plane
orthogonal to it.

• Groups: 3̄m, 42̄m, 62̄m

Total: 3 groups.

Rotation Combined with a Second Perpendicular Axis (n2)

This class includes groups with one principal rotation axis and two mutually orthogonal 2-fold
axes.

• Groups: 222, 422, 622, 32

Total: 4 groups.

Rotation Combined with a Second Axis and Orthogonal Mirror Planes (n/mm)

Extension of the previous case, with the addition of two mutually perpendicular mirror planes,
both orthogonal to the principal rotation axis.

• Groups: 2mm, 4mm, 6mm

Total: 3 groups.

Cubic Groups

Groups with maximum symmetry, typical of cubic lattices. They exhibit multiple 3-fold axes
along the cube diagonals and several symmetry planes.

• Groups: 23, m3̄, 432, 4̄3m, m3̄m
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Total: 5 groups.

No. Category No. of Groups
1 Axes of pure rotation (n) 5
2 Axes of pure rotation–inversion (n̄) 5
3 Rotation + perpendicular mirror plane (n/m) 3
4 Rotation + parallel mirror plane (nm, nmm) 4
5 Rotation–inversion + perpendicular mirror plane (n̄m) 3
6 Rotation + second perpendicular axis (n2) 4
7 Rotation + second axis + orthogonal mirror planes (n/mm) 3
8 Cubic groups 5

Total number of crystallographic point groups 32

Table 3.1: Operational classification of the 32 crystallographic point symmetry groups.

3.7 Crystal Systems

3.7.1 Bravais Lattices
In addition to rotational, inversion, and reflection symmetries, it is essential to consider trans-
lational symmetries, which must be combined consistently with the others in order to describe
the periodicity of the crystal lattice.

Two-Dimensional Lattices

In two dimensions, there exist only five Bravais lattices, representing all geometrically admissible
configurations compatible with periodicity and planar symmetries. Considering a generic
parallelogram with sides AB and BC, the following cases can be distinguished:

• Oblique: AB ̸= BC; the internal angles are arbitrary and different from 90◦; no axial
symmetry is present.

• Hexagonal: AB = BC; the angle between the sides is 120◦; the cell exhibits a 6-fold
symmetry axis.

• Square: AB = BC; all internal angles are right angles (90◦); this lattice exhibits the
highest planar symmetry among the two-dimensional Bravais lattices.

• Rectangular: AB ̸= BC, but opposite sides are equal; all internal angles are right angles;
the cell is a rectangle without additional internal lattice points.

• Centered Rectangular: same as the previous case, but with an additional lattice point
at the center of the cell; this configuration introduces an additional symmetry element
compared with the simple rectangular lattice.

Three-Dimensional Lattices

In three dimensions, the configurations compatible with spatial periodicity and crystallographic
symmetries are fourteen, known as the three-dimensional Bravais lattices.

They are obtained by combining the seven metric classes of the crystal systems (triclinic,
monoclinic, orthorhombic, tetragonal, trigonal, hexagonal, and cubic) with the possible arrange-
ments of lattice points within the unit cell (at the corners, face centers, body center, etc.).

For a configuration to be recognized as a Bravais lattice, two fundamental conditions must
be satisfied:
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1. Translational invariance (mathematical condition): every point must have a neighbor-
hood indistinguishable from that of any other point;

2. Crystallographic compatibility (symmetry condition): the configuration must be com-
patible with at least one of the 32 point groups allowed by crystallographic symmetry.

The 14 Bravais lattices are not obtained merely by varying the cell dimensions or angles, but
also by the controlled introduction of additional lattice points (center, faces, or bases), provided
that:

• the local environment remains identical at every node (structural invariance);

• the symmetries of the lattice are not violated.

This principle leads, for example, to:

• the triclinic lattice, with the lowest symmetry, where the cell is an asymmetric paral-
lelepiped with unequal sides and angles;

• the rhombohedral lattice (R) in the trigonal system, obtained by deforming a cubic cell
along its diagonal;

• the centered lattices, obtained by adding a point at the center of the volume (body-
centered, I), at the centers of the faces (face-centered, F), or at the centers of the bases
(base-centered, A, B, C).

Each three-dimensional Bravais lattice is compatible with one or more of the 32 crystallo-
graphic point groups. Once a reference point (e.g., the originO) is fixed, all symmetry operations
of the corresponding point group must leave the overall structure of the lattice invariant.

The 14 Bravais lattices provide the geometric foundation for the construction of the space
groups, which combine translational and point symmetries to describe the full periodicity of
crystalline materials.

3.7.2 Crystal Systems
Referring to Figure 3.1, and following the classical convention of crystallography, the edges of
the unit cell are denoted by a, b, c, oriented along the basis vectors k̂1, k̂2, k̂3, with magnitudes:

a = ∥k̂1∥, b = ∥k̂2∥, c = ∥k̂3∥.

These define the fundamental units of the natural coordinate system associated with the lattice
in the affine space K.

The interaxial angles are defined as:

α = ∠(b, c), β = ∠(c, a), γ = ∠(a, b).

Due to the symmetry of the lattice, the edge lengths and interaxial angles must satisfy specific
constraints. These constraints do not arise from numerical coincidences, but rather reflect the
restrictions imposed by the symmetry operations compatible with each crystal system. In this
context:

• the symbol ≡ indicates an equality imposed by symmetry, valid for any configuration
belonging to the system;

• the symbol ̸= indicates a general inequality, which may admit equalities in special cases
without changing the classification.
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For example, a crystal belongs to the tetragonal system if and only if it possesses a 4-fold
symmetry axis, which implies a ≡ b. If, instead, all three axes exhibited 4-fold symmetry, the
system would be cubic, with a ≡ b ≡ c.

Although there exist 14 Bravais lattices, only six symmetrically distinct coordinate systems
are compatible with periodicity and crystallographic symmetries. These are known as the crystal
systems, and they constitute the geometric basis for the classification of crystalline lattices.

Each crystal system allows for several possible configurations of rational plane families —
that is, sets of equidistant planes with rational normal directions, as previously introduced.
The metric constraints imposed by the crystal systems determine not only the admissible point
symmetries (point groups), but also the interplanar spacing d between consecutive planes in a
family and the rationally allowed orientations.

Conventional Orientation of the Unit Cell The unit cell is represented following a right-
handed convention:

• the c-axis is oriented vertically, with its positive direction upward;

• the b-axis is oriented horizontally from left to right, being horizontal when α = 90◦;

• the a-axis points outward toward the observer, completing the right-handed triad.

Characteristics of the Crystal Systems

Table 3.2 summarizes the fundamental characteristics of the six crystal systems, including the
possible metric relationships among the lattice parameters and a qualitative description of their
respective geometries. This summary provides a useful reference for the analysis of lattice
symmetries and the structural configurations compatible with each system.
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Crystal System Metric Relationships Description

Isometric (Cubic)
a ≡ b ≡ c

α = β = γ = 90◦
The three axes are orthogonal and equal
in length. The system coincides with a

Cartesian reference frame.

Tetragonal
a ≡ b ̸= c

α = β = γ = 90◦
Two equivalent axes and one distinct

axis, all mutually orthogonal.

Hexagonal

a1 ≡ a2 ≡ a3 ̸= c

a1 + a2 + a3 = 0

α = β = 90◦, γ = 120◦

Three coplanar axes separated by 120◦,
orthogonal to the c-axis. Plane indices

are written as (h k i l), with
h+ k + i = 0.

Orthorhombic
a ̸= b ̸= c

α = β = γ = 90◦
Three mutually orthogonal axes of

different lengths. No equality relations
among edges.

Monoclinic
a ̸= b ̸= c

α = γ = 90◦, β ̸= 90◦
The system admits two settings: in the

standard one, the c-axis is vertical and γ
is obtuse; in the alternative (now

obsolete) setting, symmetry is assigned
to b.

Triclinic
a ̸= b ̸= c

α ̸= β ̸= γ ̸= 90◦
No axes are orthogonal. The reduced

cell is used, defined by the three shortest
non-coplanar edges. Two variants exist:
type I (acute angles) and type II (obtuse

angles).

Table 3.2: Metric characteristics and description of the six crystal systems.

3.7.3 Relationship with Point Groups
Each lattice is compatible with a specific subgroup of point symmetries, i.e., with a group of
transformations (rotations, inversions, reflections, and roto-transformations) that leave invariant
the relative positions of the lattice points with respect to a fixed point, generally the origin O.

The compatibility between translational periodicity and local symmetry is ensured by the
fact that each of the 14 Bravais lattices is associated with at least one of the 32 crystallographic
point groups.

Hermann–Mauguin Notation

According to the Hermann–Mauguin notation, each type of unit cell is classified by a letter
describing the internal distribution of its lattice points:

• P — Primitive: points only at the cell vertices;

• C — Base-centered: an additional lattice point at the center of a pair of parallel faces,
typically in the ab-plane; common in the monoclinic and orthorhombic systems;

• I — Body-centered (inner-centered): one lattice point at the center of the volume;
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• F — Face-centered: lattice points at the centers of all faces;

• R — Rhombohedral: a primitive cell representing trigonal symmetry through an inclined
configuration.

In the hexagonal system, the unit cell is typically represented as a prism with edges parallel
to a1, a2, c, such that a1 + a2 + a3 = 0. The Miller indices in this system adopt the extended
four-index notation (h k i l).

In the trigonal (rhombohedral) system, two equivalent representations can be used: one
based on hexagonal axes, and another with an inclined rhombohedral cell having equal edges
and identical (non-right) interaxial angles.

3.7.4 Summary Table

Crystal System Metric Condi-
tions

Main Symme-
tries

Allowed Cells (H–M)

Triclinic a ̸= b ̸= c, α ̸=
β ̸= γ ̸= 90◦

No symmetry
constraints

P

Monoclinic a ̸= b ̸= c, α =
γ = 90◦, β ̸= 90◦

1 twofold axis +
mirror plane

P, C

Orthorhombic a ̸= b ̸= c, α =
β = γ = 90◦

3 mutually or-
thogonal twofold
axes

P, C, I, F

Tetragonal a = b ̸= c, α =
β = γ = 90◦

1 fourfold axis P, I

Hexagonal a = b ̸= c, α =
β = 90◦, γ =
120◦

1 sixfold axis P

Trigonal (Rhombohedral) a = b = c, α =
β = γ ̸= 90◦

1 threefold axis R

Cubic (Isometric) a = b = c, α =
β = γ = 90◦

3 mutually or-
thogonal fourfold
axes

P, I, F

Table 3.3: Crystal systems: metric conditions, main symmetries, and allowed cells (Hermann–Mauguin
notation).

3.8 Space Groups and Real Crystalline Symmetry
The combination of point-group symmetry operations with the translational periodicity of the
Bravais lattice generates the space groups, which represent the fundamental tool for a complete
description of the symmetry of a real crystal.

3.8.1 Point Groups and Space Groups
Each crystal system is characterized by a finite set of point groups. For example, in the cubic
system, there are five point groups:

23, m3̄, 43̄m, 432, m3m.
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However, each cubic Bravais lattice possesses the symmetry of the most symmetric point group,
namely m3m, meaning that every lattice point remains invariant under all symmetry operations
of this group.

Since there are three cubic Bravais lattices (P, I, F), their combination with the cubic point
groups generates 15 distinct space groups.

Extending this principle to all seven crystal systems yields:

• 73 symmorphic space groups, obtained from pure rotations, reflections, inversions, and
translations;

• 157 asymmorphic (or non-symmorphic) space groups, which also include screw rotations
and glide reflections.

Hence, the total number of distinct space groups is:

230 space groups .

3.8.2 Symmorphic and Asymmorphic Groups: Meaning and Nomencla-
ture

The distinction between symmorphic and asymmorphic space groups is fundamental:

• In symmorphic groups, as typically found in metals, the designation is based solely on
the Bravais lattice and the corresponding point group.
Examples:

– Im3m: body-centered cubic lattice with m3m symmetry;
– Fm3m: face-centered cubic lattice with m3m symmetry.

• In asymmorphic groups, as in diamond, sodium chloride, or graphite, additional opera-
tions are involved:

– Screw axes (rotation–translation operations), indicated with subscript numbers (e.g.
41, 32, 63);

– Glide planes (reflections combined with translations), indicated with lettersa, b, c, d, n.

For instance, in the unit cell of diamond, the carbon atoms occupy positions:

• halfway between the base and the top plane;

• at fractional coordinates 1
4

and 3
4

along the diagonals of the two-dimensional lattice.

In this case, the space group designation is:

Fd3m,

where:

• F denotes a face-centered lattice;

• d replaces m to indicate a diagonal glide plane.

Other examples of asymmorphic space groups include:

Pn3m, Id3d, P4132.
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Caution in the Determination of the Space Group

The correct identification of a space group requires the analysis of the internal atomic arrange-
ment of the material. For example, in sodium chloride (NaCl):

• The chlorine atoms occupy positions halfway along the edges of the two-dimensional
sodium lattice;

• However, the space group of the entire crystal remains Fm3m, identical for both sublat-
tices.

Exceptions and Non-Ideal Cases

In some cases, symmetry conditions are not fully satisfied, such as in imperfect crystals or
quasi-crystals. An illustrative example is found in deformed gold, where five pure rotation axes
can be identified — a configuration incompatible with the translational symmetry constraints
of a perfect crystal. Such anomalies indicate the presence of structural defects and require
approaches different from the classical analysis based solely on space groups.

3.9 Stereographic Projection, Crystallographic Poles, and Zone
Axes

3.9.1 Experimental Origin of Pole Figures and Stereographic Projection
Pole figures do not originate as an abstract theoretical construction, but rather from the historical
development of optical techniques used in crystal studies. Understanding their experimental
origin is essential to correctly interpret their geometric and crystallographic meaning.

Optical Observation of Crystal Faces

In early experimental investigations, crystals were analyzed using reflecting goniometers. These
instruments allowed the identification of crystal faces that reflected light into the telescope. For
this to occur, the normal to the face — i.e., the vector perpendicular to the crystallographic plane
— had to be aligned with the optical axis of the observer. This direction was called the pole of
the face and was interpreted as a measurable and representable directional property.

Instrumental Determination of the Pole

The crystal was mounted on a rotatable support with two perpendicular axes (horizontal and
vertical), each equipped with a graduated goniometer. When a face optimally reflected the light
from the collimator tube toward the telescope, its normal was aligned with the bisector of the
angle between the two instruments. The direction of this normal — the pole — was recorded as
a pair of angles (θ, φ), known as Euler angles, which uniquely define the face orientation with
respect to the reference frame.

Need for a Two-Dimensional Representation

To graphically represent the orientation of all measured faces, it became necessary to project
the various pole directions onto a plane. The solution was the introduction of the stereographic
projection, a geometric technique that projects points from the surface of a sphere onto a plane
while preserving their angular relationships.
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Geometrical Construction of the Stereographic Projection

Consider a unit sphere centered at a point O, with an orthonormal reference system. The poles
of the crystal faces — i.e., the measured normal directions — are represented as points on the
sphere’s surface.

The projection plane is chosen as the equatorial plane xy, dividing the sphere into two
hemispheres: north and south. To construct the stereographic projection of a pole:

• If the pole lies in the northern hemisphere, a line is drawn connecting the south pole to
the point on the sphere; the intersection with the xy-plane gives the projected point.

• If the pole lies in the southern hemisphere, the projection is made from the north pole.

Graphical Conventions

In stereographic representations:

• poles from the northern hemisphere are indicated by filled black dots;

• poles from the southern hemisphere are indicated by open circles (continuous outline).

The Wulff Net and the Representation of Symmetry

Figure 3.6: Wulff Net. Picture is taken from [52].

To facilitate the construction and interpretation of pole figures, the Wulff net – Figure 3.6 is used
— a predefined circular grid representing the stereographic projection of the sphere. Each point
on the net corresponds to a pair of experimentally measured angles

(θ, φ),
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allowing a direct representation of the normals to the crystal faces.
The resulting pole figures faithfully reflect the crystal symmetry, making it possible to

visualize:

• rotation axes of order n (n-fold axes), indicated with conventional symbols;

• mirror planes, drawn as straight or curved lines;

• zones, represented as circles connecting poles aligned along a common crystallographic
direction.

Conclusion

Pole figures represent a graphical synthesis of the normals to the crystal faces projected onto
a plane and constitute a fundamental tool for the identification of crystallographic symmetry
classes. There are 32 such figures, each corresponding to one of the 32 crystallographic
classes, and each characteristically reflecting the three-dimensional symmetry of the crystal
under examination.

3.10 Mathematics of Pole Figures
This section provides the fundamental mathematical tools required to quantitatively evaluate the
density of crystallographic directions (poles), in order to analyze the macroscopic anisotropy
of the material. For this purpose, the concepts introduced in the previous chapter concerning
tensors and spherical harmonic functions are employed.

The crystal is described in a three-dimensional affine space equipped with an orthonormal
basis {O; k̂1, k̂2, k̂3}. Crystallographic directions are represented by vectors v ∈ R3, which,
when necessary, are considered in their normalized form (unit vectors) to uniquely describe
orientation.

To study the angular distribution of these directions, one makes use of real functions defined
on the set of unit vectors — in particular, the generalized spherical harmonic functions introduced
in the previous chapter. These functions provide a compact representation of orientational
properties while preserving the symmetry of the crystal lattice.

3.10.1 Description of Orientation in the Crystal Reference Space
Consider a three-dimensional Euclidean affine space containing two reference frames, KA and
KB, sharing the same origin O and associated, respectively, with the orthonormal Cartesian
bases:

KA : {O; k̂1, k̂2, k̂3}, KB : {O; k̂′1, k̂′2, k̂′3}.

In the context of a polycrystalline continuum, KA represents the global reference system of
the material, while KB is associated with a single crystal embedded within the medium.

The orientation ofKB with respect toKA is described by a proper rotation L. In this context,
the rotation is parameterized by the three Euler angles:

G =
{
g = (φ1, ϕ, φ2) ∈ R3

∣∣ 0 ≤ φ1 < 2π, 0 ≤ ϕ ≤ π, 0 ≤ φ2 < 2π
}
,

according to the z-x′-z′′ convention.
Assuming initially KA ≡ KB, the rotation transforming KB with respect to KA is obtained

through the following sequence:

• a rotation by an angle φ1 about the k̂3 axis;

• a rotation by an angle ϕ about the new axis k̂′1 resulting from the first rotation;
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• a rotation by an angle φ2 about the new axis k̂′′3 resulting from the previous rotations.

The matrix associated with this transformation is denoted by L(φ1, ϕ, φ2).

Each triplet of Euler angles can be represented as a point in Euler space, a parametric space
that allows for the geometric visualization of crystal orientation. Although this space is not a
vector space in the strict mathematical sense, it provides a convenient coordinate description of
the rotation group, making it suitable for the statistical study of crystallographic textures.

Representation of Orientation in the Pole Figure

Let a vector v ∈ KA be expressed with respect to the global orthonormal basis {k̂1, k̂2, k̂3}:

v = x k̂1 + y k̂2 + z k̂3.

The coordinates of the vector v in the system KB, associated with the crystal, are obtained
by applying the rotation matrix L, which describes the orientation of KB with respect to KA.
Denoting L = [Lij], with:

Lij = k̂′i · k̂j,

one obtains:

x′ = L11x+ L12y + L13z,

y′ = L21x+ L22y + L23z,

z′ = L31x+ L32y + L33z.

The elements Lij of the matrix L represent the direction cosines of the components of the
basis KB expressed in the global reference frame KA. The matrix can thus be written as:

L =

u′ r′ h′

v′ s′ k′

w′ t′ l′

 ,
where each column corresponds to the components, in the global systemKA, of the crystal basis
vectors KB:

k̂′1 = [u′, v′, w′]⊺, k̂′2 = [r′, s′, t′]⊺, k̂′3 = [h′, k′, l′]⊺.

These unit vectors are often expressed in terms of normalized Miller indices (i.e., as directions
or plane normals) according to the following conventions:

• [uvw]: rational direction obtained by assuming vKB
= (1, 0, 0), i.e., the direction of axis

k̂′1 in KA;

• [rst]: rational direction obtained by assuming vKB
= (0, 1, 0), i.e., the direction of axis

k̂′2;

• (hkl): rational plane whose normal is the direction vKB
= (0, 0, 1), i.e., the direction of

axis k̂′3.

Representation of Poles in the Wulff Net

Once the Wulff net is defined as a stereographic grid for the angular representation of directions
in three-dimensional space, it can be used to visualize the poles (hkl) projected in the sample
reference frame.

Each crystallographic direction (typically the normal to a plane (hkl)) is associated with a
pair of angles (ϕ(hkl), γ(hkl)), where:
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• ϕ(hkl) ∈ [0, π/2]: zenithal angle between the pole and the k̂3 axis, corresponding to the
radial distance from the center of the net;

• γ(hkl) ∈ [0, 2π): azimuthal angle with respect to k̂1, measured in the equatorial plane.

The Wulff net thus provides a conformal representation of the pole distribution, preserving
angular symmetries and making immediately visible:

• the directional distribution of crystal planes with respect to the sample;

• the possible presence of macroscopic crystallographic symmetries;

• the crystallographic zones (families of planes sharing a common axis), represented by
circles connecting aligned poles.

However, the knowledge of a single pole is not sufficient to completely determine the three-
dimensional orientation of the crystal, since a rotation about the direction n(hkl) leaves its
projection invariant.

Therefore, to uniquely specify the orientation, three independent parameters are required:
the Euler angles (φ1, ϕ, φ2), which uniquely define the element g describing the transformation
between the crystal and the sample reference systems.

Inverse Calculation of Euler Angles from Direction and Plane

Once the plane (hkl) and the direction [uvw] are known, such that:

(hkl) ∥ k̂3, [uvw] ∥ k̂1,

it is possible to determine the Euler angles (φ1, ϕ, φ2) that describe the crystal orientation with
respect to the global reference frame.

The direct relationships between the normalized components and the Euler angles are:

h = n sinϕ sinφ2,

k = n sinϕ cosφ2,

l = n cosϕ,

u = n′ (cosφ1 cosφ2 − sinφ1 sinφ2 cosϕ) ,

v = n′ (− cosφ1 sinφ2 − sinφ1 cosφ2 cosϕ) ,

w = n′ sinφ1 sinϕ,

where:
n = ∥(hkl)∥ =

√
h2 + k2 + l2, n′ = ∥[uvw]∥ =

√
u2 + v2 + w2.

From these relations, the inverse calculation of the Euler angles follows:

ϕ = arccos

(
l√

h2 + k2 + l2

)
,

φ2 = arccos

(
k√

h2 + k2

)
= arcsin

(
h√

h2 + k2

)
,

φ1 = arcsin

(
w√

u2 + v2 + w2
·
√
h2 + k2 + l2

h2 + k2

)
.

These relationships allow experimental data — typically given in terms of plane normals and
crystallographic directions — to be converted into the Euler angle space. This procedure is
fundamental for the analysis of crystal texture through the orientation distribution function f(g).
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Relation Between Stereographic Projection Angles and Euler Angles

The main crystallographic directions [100], [010], [001] are transformed into the sample reference
frame through the rotation matrix L. The stereographic projection of these directions onto the
Wulff net allows the corresponding zenithal and azimuthal angles to be determined.

For the direction [001], corresponding to the unit vector k̂′3, one obtains:

ϕ001 = ϕ,

γ001 = φ1 − π.

For the direction [100], corresponding to k̂′1, the following relations hold:

ϕ100 = arccos(sinϕ sinφ2),

γ100 = arcsin

(
sinφ2 cosϕ

sinϕ100

)
+ φ1,

γ100 = arccos

(
cosφ2

sinϕ100

)
+ φ1.

The two expressions for γ100 are equivalent but lead to complementary solutions; the correct
value must be chosen according to the sign of the Cartesian components of the direction in the
sample coordinate system.

Conversely, given the positions of the poles [100], [010], [001] in the pole figure (i.e., their
zenithal angles ϕ100, ϕ010, ϕ001), the corresponding Euler angles can be retrieved as:

ϕ = ϕ001,

φ1 = γ001 + π,

φ2 = arcsin

(
cosϕ100

sinϕ001

)
= arccos

(
cosϕ010

sinϕ001

)
.

Again, the two expressions for φ2 yield complementary results and must be interpreted
according to the geometrical context.

3.11 Orientation Distribution Functions
To fully describe the orientation of a crystal within a polycrystalline material, it is necessary to
specify the orientation g for each point with coordinates (x, y, z) inside the sample:

g = g(x, y, z).

If Euler angles are chosen as the orientation parameters, then:

φ1 = φ1(x, y, z), ϕ = ϕ(x, y, z), φ2 = φ2(x, y, z).

However, such a description would be excessively complex. Therefore, a simplification is
introduced by considering only a representative volume element within the sample, characterized
solely by its orientation and not by its spatial coordinates. Denoting:

• dV : the total volume of all elements having the same orientation g;

• dg: the infinitesimal orientation element containing the orientation g;

• V : the total volume of the sample;
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it is then possible to define the equation associated with the orientation distribution function
within the volume element dV :

dV

V
= f(g) dg . (3.1)

With the normalized invariant measure over the rotation group:

dg =
1

8π2
sin(ϕ) dϕ dφ1 dφ2 , (3.2)

it follows that
∮
dg = 1.

The function f(g) can be expanded as a series of generalized spherical harmonics:

f(g) =
∞∑
ℓ=0

ℓ∑
m=−ℓ

ℓ∑
n=−ℓ

Cmn
ℓ Tmn

ℓ (g).

When Euler angles are used, the function can be written explicitly as:

f(φ1, ϕ, φ2) =
∞∑
ℓ=0

ℓ∑
m=−ℓ

ℓ∑
n=−ℓ

Cmn
ℓ eimφ2 Pmn

ℓ (cosϕ) einφ1 .

Since f(g) is a real-valued orientation distribution function, it satisfies:

f(g) = f ∗(g),

which implies the following relation among the expansion coefficients:

C−m,−n
ℓ = (−1)m+nC∗mn

ℓ .

In general, the representation of f(g) through generalized spherical harmonics remains valid
even in the absence of crystal symmetries. However, when symmetry is present, one must
employ the symmetrized generalized spherical harmonics, leading to:

f(g) =
∞∑
ℓ=0

M(ℓ)∑
µ=1

N(ℓ)∑
ν=1

Cµν
ℓ

·· ·

T µν
ℓ (g). (3.3)

The function can be normalized as:∮
f(g) dg = 1. (3.4)

If the function corresponds to a random distribution, denoted by fr, the normalization
condition becomes:

fr

∮
dg = 1,

and since
∮
dg = 1, it follows that:

fr = 1.

By normalizing (3.3) according to (3.4), one obtains:

∞∑
ℓ=0

M(ℓ)∑
µ=1

N(ℓ)∑
ν=1

Cµν
ℓ

∮ ·· ·

T µν
ℓ (g) dg = 1. (3.5)

To determine the coefficients Cµν
ℓ , the orthogonality condition of the functions

·· ·

T µν
ℓ (g) is

employed: ∮
f(g)

·· ·

T ∗µν
ℓ (g) dg =

∞∑
ℓ′=0

M(ℓ′)∑
µ′=1

N(ℓ′)∑
ν′=1

Cµ′ν′

ℓ′

∮ ·· ·

T µ′ν′

ℓ′ (g)
·· ·

T ∗µν
ℓ (g) dg ,
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from which it follows that:

Cµν
ℓ = (2ℓ+ 1)

∮
f(g)

·· ·

T ∗µν
ℓ (g) dg . (3.6)

This formula is generally valid. If the function f(g) is strongly concentrated around a single
orientation g0, with nonzero values only within a small neighborhood of g0, the integral in (3.6)
can be approximated by:

Cµν
ℓ ≈ (2ℓ+ 1)

·· ·

T ∗µν
ℓ (g0). (3.7)

When multiple orientations gi are considered, each associated with a volume fraction Vi, and
f(g) is concentrated in small neighborhoods around these orientations, one obtains:

Cµν
ℓ ≈ (2ℓ+ 1)

∑
i Vi

·· ·

T ∗µν
ℓ (gi)∑
i Vi

. (3.8)

In this framework, f(g) can be described as a combination of functions localized at the
orientations gi. The truncated expansion up to a finite order L thus provides a continuous and
smooth function that approximates the discrete distribution of orientations:

f(g) ≈
L∑

ℓ=0

M(ℓ)∑
µ=1

N(ℓ)∑
ν=1

(2ℓ+ 1)

∑
i Vi

·· ·

T ∗µν
ℓ (gi)∑
i Vi

·· ·

T µν
ℓ (g). (3.9)

The smoothness of the approximating function is directly controlled by the truncation order L.
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Chapter 4

Theory of Elasticity

4.1 Introduction
The theory of elasticity deals with the study of the mechanical behavior of continuous deformable
bodies, that is, material systems in which every infinitesimal element always contains matter and
can undergo variations in the relative position of its internal points as a result of the application
of external forces.

The classical formulation of the theory is based on two fundamental sets of equations:

• the compatibility equations, which describe the displacement field of the points of the
body and the deformations derived from it;

• the equilibrium equations, which describe the internal stresses (i.e., the mechanical efforts)
acting at every point, as a function of the applied external forces and the boundary
conditions.

To rigorously develop this theory, it is necessary to preliminarily introduce some mathe-
matical tools that allow the description of the geometric transformations associated with the
deformed states of the body and of the physical quantities involved, particularly through the use
of tensor calculus.
The concepts and formulations presented in this chapter are the result of an integration of different
literature sources. Some passages—like fundamental mathematical expressions, theorems and
definitions—are quoted exactly from the original works to preserve their formal accuracy. The
main references are: : [53], [54].

4.2 Compatibility Equations

4.2.1 Displacement Field

Definition — Continuous body
A continuous body is defined as an entity that occupies a region of the three-dimensional space
such that each of its infinitesimal volume elements contains matter.

Definition — Deformable continuous body
A deformable continuous body is defined as a continuous body whose configuration can vary,
that is, the relative positions of its material points can change as a consequence of the application
of external forces.
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Figure 4.1: Deformation of a continuous body from the initial configuration C to the final configuration
C ′.

Let us consider:

• A three-dimensional affine Euclidean space, described by an orthonormal Cartesian ref-
erence frame {O, k̂1, k̂2, k̂3};

• C ⊂ R3: the initial configuration of the body;

• C ′ ⊂ R3: the final configuration of the body;

• The points:

– P ∈ C , described by the position vector x = P −O =
∑3

i=1 xik̂i;

– P ′ ∈ C ′, described by the position vector x′ = P ′ −O =
∑3

i=1 x
′
ik̂i;

• A displacement vector v : v = x′ − x;

The deformation of a continuous body can be described by a vector field

f : C → C ′, f(x1, x2, x3) = (x1 + v1, x2 + v2, x3 + v3).

From the relations above:
vi = vi(x1, x2, x3),

thus:
v = v1(x1, x2, x3)k̂1 + v2(x1, x2, x3)k̂2 + v3(x1, x2, x3)k̂3

is a vector field, which can be defined as:

v : C → R3.

This field is called the displacement field.
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Displacement Gradient

Figure 4.2: Deformation in an infinitesimal neighborhood I0 of P0.

Let us consider:

• I0 ⊂ C : an infinitesimal neighborhood of a material point in the body;

• P0 ∈ I0, described by the position vector x0 = P0 −O;

• P ∈ I0, described by the position vector x = P −O;

• a displacement field
v : C → R3, v = v(P ).

Since I0 is infinitesimal, the distance between P and P0 can be expressed as:

h = P − P0, dxi = xi − x0,i, i = 1, 2, 3.

Expanding the displacement field in a Taylor series around P0, one obtains:

v(x) = v(x0 + h) = v(x0) +
3∑

j=1

∂v

∂xj
dxj + higher-order terms.

Neglecting the higher-order terms, since I0 is an infinitesimal neighborhood, it follows that:

v(x) ≃ v(x0) +
3∑

j=1

∂v

∂xj
dxj .

Therefore, in matrix form:v1v2
v3

 =

v01v02
v03

+


∂v1
∂x1

∂v1
∂x2

∂v1
∂x3

∂v2
∂x1

∂v2
∂x2

∂v2
∂x3

∂v3
∂x1

∂v3
∂x2

∂v3
∂x3


P0

dx1dx2

dx3


In compact form:

v = v0 +H d (4.1)
where:

• d = x− x0;

• H is the Jacobian matrix of the displacement field at the point P0, also called the
displacement gradient matrix or deformation gradient tensor.
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Affine Transformation

Setting:

cij =
∂vi
∂xj

, dxi = xi − x0i,

the components of the displacement field can be written as:

vi(x) = vi(x0) +
3∑

j=1

cij (xj − x0j).

Expanding the product cij (xj − x0j) and collecting constant terms:

vi(x) = c0i +
3∑

j=1

cijxj,

where:

c0i = vi(x0)−
3∑

j=1

cijx0j.

The overall transformation of positions becomes:

x′ = x+ v(x) = c0 +Cx,

where:
C = [cij], c0 = v(x0)−C x0.

The presence of the constant term c0 makes the transformation non-homogeneous, and it is
called an affine transformation.

Rigid Translation, Rigid Rotation, and Pure Deformation

It follows that:
C = I +H ,

where:

• I ∈ R3×3 is the identity matrix;

• H ∈ R3×3 is the matrix of the infinitesimal homogeneous transformation, or the matrix
of the transformation tensor at P0.

The matrix H can be decomposed as:

H = ε+ ω,

with:

• ε ∈ R3×3, a symmetric matrix representing the pure deformation;

• ω ∈ R3×3, an antisymmetric matrix representing the infinitesimal rigid rotation.

These components are expressed as:

ε =
1

2
(H +HT), ω =

1

2
(H −HT),
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that is, in component form:

εij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
, (4.2a)

ωij =
1

2

(
∂vi
∂xj
− ∂vj
∂xi

)
, (4.2b)

hij = εij + ωij =
∂vi
∂xj

.

The associated matrices are:

ε =


∂v1
∂x1

1
2

(
∂v1
∂x2

+ ∂v2
∂x1

)
1
2

(
∂v1
∂x3

+ ∂v3
∂x1

)
1
2

(
∂v2
∂x1

+ ∂v1
∂x2

)
∂v2
∂x2

1
2

(
∂v2
∂x3

+ ∂v3
∂x2

)
1
2

(
∂v3
∂x1

+ ∂v1
∂x3

)
1
2

(
∂v3
∂x2

+ ∂v2
∂x3

)
∂v3
∂x3

 (4.3a)

ω =


0 1

2

(
∂v1
∂x2
− ∂v2

∂x1

)
1
2

(
∂v1
∂x3
− ∂v3

∂x1

)
1
2

(
∂v2
∂x1
− ∂v1

∂x2

)
0 1

2

(
∂v2
∂x3
− ∂v3

∂x2

)
1
2

(
∂v3
∂x1
− ∂v1

∂x3

)
1
2

(
∂v3
∂x2
− ∂v2

∂x3

)
0

 (4.3b)

The linear expression of the displacement field is therefore:

v = v0 + ω d+ εd,

where:

• v0 ∈ R3 is the displacement of the reference point;

• d = x− x0 ∈ R3;

• ωd is the displacement due to an infinitesimal rigid rotation;

• εd is the displacement due to pure deformation.

In compact form:

v = v0 + v′ + v′′, with v′ = εd, v′′ = ω d.

Physical Interpretation of Rigid Translation, Rigid Rotation, and Pure Deformation

Figure 4.3: Infinitesimal parallelepiped.
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Let an infinitesimal parallelepiped of volume be given, with sides parallel to the Cartesian axes
and dimensions dx1, dx2, dx3.

Figure 4.4: Infinitesimal normal deformation of the parallelepiped along a reference axis.

The diagonal components of the infinitesimal strain tensor ε ∈ R3×3 represent the relative
elongations along each Cartesian direction:

εii =
δ(dxi)

dxi
, i = 1, 2, 3,

that is, the relative variation of length along the axis xi.

Figure 4.5: Infinitesimal shear deformation of the parallelepiped in a reference plane.

The off-diagonal components εij , with i ̸= j, describe the change in shape of an infinitesimal
element in the plane xixj , and are associated with the angular shear in that plane.

In the small deformation regime, this angular variation is given by:

εij =
1

2
γij,

where γij represents the total angular shear (in radians) in the plane xixj .
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This variation can be interpreted as the sum of two elementary angles, associated with the
rotation of the sides parallel to the axes in the considered plane:

αij = rotation of the side parallel to xj in the plane xixj,
αji = rotation of the side parallel to xi in the plane xixj.

It follows that:
εij =

1

2
(αij + αji) =

1

2
γij, i ̸= j.

Transformation of the Strain Components

Let us consider two orthonormal Euclidean vector spaces:

KA : {O; k̂1, k̂2, k̂3}, KB : {O; k̂′1, k̂′2, k̂′3}.
The system KB is obtained from KA through a rigid rotation described by the matrix

L ∈ R3×3.
The position vector and the displacement field are therefore:

x′ = Lx, v′(x′) = Lv(x).

In index notation:
v′i = Lij vj.

The components of the infinitesimal strain tensor in the system KB are:

ε′ij =
1

2

(
∂v′i
∂x′j

+
∂v′j
∂x′i

)
.

Applying the transformation rule for derivatives:
∂

∂x′i
= Lip

∂

∂xp
,

one obtains:

ε′ij =
1

2

(
∂ (Lilvl)

∂x′j
+
∂ (Ljmvm)

∂x′i

)

=
1

2

(
LilLjm

∂vl
∂xm

+ LjmLil
∂vm
∂xl

)
= LilLjm εlm.

Thus, the second-order tensor transformation law follows:

ε′ij = LilLjm εlm.

Conversely, exploiting the orthogonality of L, one obtains:

εij = LliLmj ε
′
lm.

4.3 Equilibrium Equations

4.3.1 External and Internal Forces
The deformations of an elastic body may be generated by the application of forces acting on it.
The forces acting on a continuous body are divided into two categories:

• External forces, applied on the boundary or within the body by external agents;

• Internal forces, transmitted between adjacent portions of the body through imaginary
internal surfaces.
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External Forces

External forces are divided into two main categories:

• Surface forces: acting on portions of the boundary of the body due to contact with adjacent
bodies;

• Body forces: distributed within the volume of the body and depending on its mass.

Figure 4.6: Surface stresses acting on a deformable body.

Starting from surface forces, let a point on the surface S of the body be identified by the
position vector x. We define:

• ∆S : an infinitesimal surface element in the neighborhood of x;

• ∆P: the resultant of the forces acting on ∆S .

The surface force density at the point x is then defined as:

p(x) = lim
∆S→0

∆P

∆S
=

dP

d∆S
.

If
lim

∆S→0
P(x) ·∆S = constant,

the point x is the location of a concentrated force.
With respect to the orthonormal Euclidean space {O, k̂1, k̂2, k̂3}, the vector p takes the form:

p = p1(x1, x2, x3) k̂1 + p2(x1, x2, x3) k̂2 + p3(x1, x2, x3) k̂3.
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Figure 4.7: Volumetric stresses acting on a deformable body.

Proceeding to body forces, let a point inside the volume V of the body be identified by the
position vector x′. We define:

• ∆V : an infinitesimal volume element in the neighborhood of x′;

• ∆F: the resultant of the forces acting on ∆V .

The mass force density at the point x′ is:

f(x′) = lim
∆V →0

∆F

∆V
=

dF

dV
,

and can be expressed as:
f = f1 k̂1 + f2 k̂2 + f3 k̂3.

Internal Forces and Stresses within the Body

Internal forces are transmitted between different portions of the body through imaginary internal
surfaces.

Figure 4.8: Internal stresses within a deformable body.

Let us consider:

• an arbitrary internal surface Ω within the body;
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• a point x′ ∈ Ω, and a surface element ∆Ω containing x′;

• a unit normal vector â = (a1, a2, a3) to ∆Ω;

• an elementary resultant ∆T of the internal forces acting across ∆Ω.

The stress vector is then defined as:

t = lim
∆Ω→0

∆T

∆Ω
=

dT

dΩ
,

which represents the internal force per unit area, associated with the surface having normal a,
and can be expressed as:

t = t1 k̂1 + t2 k̂2 + t3 k̂3.

Let a local orthonormal reference frame {B, â, b̂, ĉ} be introduced, with:

• â normal to the surface Ω;

• b̂, ĉ tangent to the surface Ω.

The components of t with respect to the local system are:

σaa = t · â = t1a1 + t2a2 + t3a3,

σab = t · b̂ = t1b1 + t2b2 + t3b3,

σac = t · ĉ = t1c1 + t2c2 + t3c3.

where:

• σaa = σa is the normal stress;

• σab = τab and σac = τac are the shear stresses with respect to the planes ab and ac;

• the total shear stress with respect to the normal direction a is:

τa =
√
τ 2ab + τ 2ac.

In matrix form: σaτab
τac

 = L

t1t2
t3

 , where L =

a1 a2 a3

b1 b2 b3

c1 c2 c3

 .
The matrix L is orthogonal, hence:

L−1 = LT, ⇒ t = LT σ.

4.3.2 Local Equilibrium and Construction of the Stress Tensor

Figure 4.9: Stresses acting on an infinitesimal tetrahedral element.
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Consider an infinitesimal tetrahedral element having one vertex at a point B inside the elastic
body, from which the coordinate axes x1, x2, x3 depart, parallel to the edges of the tetrahedron.

The three faces of areas Ω1, Ω2, Ω3 are orthogonal to the respective Cartesian axes. The
fourth face, inclined with respect to the axes, has area Ωa and a unit normal vector â.

Let the center of mass of the tetrahedron coincide with an internal point G, and let the
internal forces transmitted through the faces be represented by:

• t: the stress vector acting on the inclined face;

• ti: the stress vectors acting on the faces orthogonal to xi, with i = 1, 2, 3;

• f : the body force acting within the element.

To study the static equilibrium of the body, one uses the fundamental equations of statics:

• Translational equilibrium:

R =

∫
Ω

P dΩ +

∫
V

f dV = 0,

• Rotational equilibrium with respect to an arbitrary fixed point O:

MO =

∫
Ω

(A−O)×P dΩ +

∫
V

(B −O)× f dV = 0.

Applying the translational equilibrium condition to the infinitesimal tetrahedron yields:

R = tΩa − t1Ω1 − t2Ω2 − t3Ω3 + f ∆V = 0.

Since ∆V is an infinitesimal of third order, the term f ∆V can be neglected. Moreover, one
has:

Ωi = Ωa ai, i = 1, 2, 3.

The equilibrium condition thus reduces to:

t∆Ωa −
3∑

i=1

ti ∆Ωa ai = 0,

from which, by the arbitrariness of ∆Ωa, it follows that:

t =
3∑

i=1

ti ai.

Each vector ti can be expressed in the global reference frame as:

ti =

ti1ti2
ti3

 , i = 1, 2, 3.

Hence:

t =

t1t2
t3

 =
3∑

i=1

ti1ti2
ti3

 ai.
In matrix form:

t =

t1t2
t3

 =

t11 t21 t31

t12 t22 t32

t13 t23 t33


a1a2
a3

 .
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The projections of the vectors ti along the axes ai represent the stress componentsσa, σab, σac;
hence, one can define the matrix associated with the stress tensor:

σ ∈ R3×3 : σ = [σij] =

t11 t21 t31

t12 t22 t32

t13 t23 t33

 =

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 , (4.4)

where:

• σa = σaa = σii = tii, i = 1, 2, 3;

• σab = σac = σij = tij, i, j = 1, 2, 3, i ̸= j.

Finally, by applying the moment equilibrium principle to the infinitesimal tetrahedron with
respect to its center of mass G, it can be shown that:

σ = σT.

4.3.3 Indefinite Equilibrium Equations

Figure 4.10: Infinitesimal volume used to derive the indefinite equilibrium equations.

Let an infinitesimal volume ∆V ⊂ R3 be given, with boundary surface ∆Ω. On the surface acts
a stress vector t with outward unit normal â; inside the volume acts a body force f , represented
by a vector field f : ∆V → R3.

The principle of translational equilibrium requires:

R =

∫
∆Ω

t dΩ +

∫
∆V

f dV = 0.

Projecting along a fixed Cartesian direction xi, with i = 1, 2, 3, one obtains the scalar form
of the equilibrium equation:

Ri =

∫
∆Ω

ti dΩ +

∫
∆V

fi dV = 0.

From the relation between the stress vector and the components of the stress tensor:

ti = σij aj,

it follows that:
Ri =

∫
∆Ω

σij aj dΩ +

∫
∆V

fi dV = 0.
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Applying the Gauss–Ostrogradsky theorem to the first integral:∫
∆Ω

σij aj dΩ =

∫
∆V

∂σij
∂xj

dV ,

one obtains: ∫
∆V

(
∂σij
∂xj

+ fi

)
dV = 0.

Since the volume ∆V is arbitrary, one deduces the local differential form of the equilibrium
equations:

∂σij
∂xj

+ fi = 0, i = 1, 2, 3. (4.5)

Furthermore, by applying once again the rotational equilibrium condition:

σij = σji.

4.3.4 Boundary Equilibrium
From the relation between the stress tensor σij and the stress vector t acting on a surface with
normal a, one has:

ti = σij aj,

or, in vector form:
t = σ a.

When the surface ∆Ω coincides with the external boundary of the body, the internal surface
force t acting across ∆Ω coincides with the externally applied force, that is:

t = p,

from which it follows that:
p = σ a. (4.6)

4.3.5 Statically Admissible Stress Field

Figure 4.11: Subdivision of the external surface of the elastic body.

Let ∂C denote the external surface of the body, subdivided into two distinct portions:

• ∂Cv: the portion on which kinematic boundary conditions are imposed, i.e., the displace-
ment field is prescribed;
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• ∂Cp: the portion on which static boundary conditions are imposed, i.e., the external
surface forces are prescribed.

At every point i of the body, the following conditions must be satisfied:

• the indefinite equilibrium equations (4.5);

• the boundary conditions (4.6).

A stress field that satisfies the equilibrium equations within the body and the boundary
conditions on the portion ∂Cp of the surface is called a statically admissible stress field.

4.4 Principle of Virtual Work
The Principle of Virtual Work (PVW) provides a fundamental relationship between the equilib-
rium equations and the compatibility equations in a deformable body. It is independent of the
constitutive behavior of the material and is based solely on static–kinematic considerations. For
this reason, it has general validity in all problems of elastic equilibrium.

Two independent systems of physical fields are introduced within an elastic body, in the
sense that one does not functionally depend on the other:

• System (a) – composed of:

– body forces: fa = (fa1 , f
a
2 , f

a
3 ) = fa(x1, x2, x3);

– surface force density: pa = (pa1, p
a
2, p

a
3) = pa(x1, x2, x3);

– stress field: σa
ij .

• System (b) – composed of:

– displacements: vb = (vb1, v
b
2, v

b
3) = vb(x1, x2, x3);

– strains: εbij = 1
2

(
∂vbi
∂xj

+
∂vbj
∂xi

)
.

The external virtual work is defined as:

LVe =

∫
V

fa · vb dV +

∫
∂C

pa · vb dC ,

Expanding the scalar products:

LVe =

∫
V

fai v
b
i dV +

∫
∂C

pai v
b
i dC .

However, from the boundary condition pai = σa
ij aj , it follows that:

LVe =

∫
V

fai v
b
i dV +

∫
∂C

σa
ij v

b
i aj dC .

Applying the Gauss–Ostrogradsky theorem to the second integral:∫
∂C

σa
ij v

b
i aj dC =

∫
V

∂

∂xj

(
σa
ij v

b
i

)
dV ,

and expanding the derivative of the product, one obtains:

LVe =

∫
V

[(
∂σa

ij

∂xj
+ fai

)
vbi + σa

ij

∂vbi
∂xj

]
dV .
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Using the condition of the indefinite equilibrium equations (4.5), one finally obtains:

LVe =

∫
V

σa
ij

∂vbi
∂xj

dV .

This integral represents the virtual work performed by the internal stresses on each infinites-
imal element dV of the body through the corresponding deformations. Thus, by making the
stress and strain components explicit:

LVi =

∫
V

3∑
i=1

(
3∑

j=1

σa
ijε

b
ij

)
dV .

For a deformable system in equilibrium:

LVe =

∫
V

σa
ij ε

b
ij dV = LVi.

Its explicit formulation is:∫
V

fai v
b
i dV +

∫
∂C

pai v
b
i dC =

∫
V

σa
ij ε

b
ij dV .

This principle is also known as the fundamental integral identity of mechanics.

Rigid Body

In the limiting case of a rigid body, one has εbij = 0 everywhere in V , since no deformations
occur. Therefore, the internal work is zero:

LVi =

∫
V

σa
ij ε

b
ij dV = 0,

and, by the validity of the Principle of Virtual Work, it follows that:

LVe = 0.

4.5 The Elastic Body Problem
The problem of the elastic body consists in determining the relationship between the stress and
strain components, in order to describe the laws governing the deformation of a material element
under the action of applied stresses.

The elastic body is modeled as a system undergoing a reversible transformation, such that
the energy spent to deform it is completely recovered upon unloading.

The process considered induces a transformation of the elastic body from the initial (or
natural) configuration C to the final one C ′.

The ability of the body to spontaneously return to its natural state is attributed to the presence
of elastic energy (or strain energy), which represents the amount stored in the material in potential
form during deformation. This energy can:

• be supplied by the work done by external forces in bringing the body from C to C ′;

• be released as work when the body returns from C ′ to C .

The energy supplied by external forces is therefore converted into internal energy during
deformation, while the release of elastic energy enables the body to perform negative work on
the acting forces.

Hence:

C −→ C ′ work −→ elastic energy,

C ′ −→ C elastic energy −→ work.
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4.5.1 Quasi-Static Loading
Consider an elastic body subjected to gradually increasing external forces, applied slowly over
time so that every intermediate configuration may be considered to be in static equilibrium. This
assumption defines a quasi-static loading.

Let again a body be such that:

C = CP ∪ Cv, f = (f1, f2, f3), p = (p1, p2, p3), v = (v1, v2, v3).

At the initial instant it is assumed that:

f0 = 0, p0 = 0.

The forces are then increased infinitesimally in a manner consistent with the equilibrium
equations, generating intermediate fields:

δf∗, δp∗,

which induce an internal stress state σ∗
ij that is statically admissible:

(f∗i , p
∗
i )←→ σ∗

ij.

Hence, at every instant, the system of forces and stresses is in equilibrium, or statically admissible.
To each infinitesimal variation δσ∗

ij caused by the variation of the external forces there
corresponds a kinematically compatible variation of the displacement field δv∗i , and thus an
associated variation of the strain field:

δv∗i ←→ δε∗ij.

Hence, at every instant, the system of displacements and strains is congruent, or kinematically
admissible.

4.5.2 Generalized Hooke’s Laws
Deformation Work

Given the variation of external work:

δLe =

∫
V

f∗i δv
∗
i dV +

∫
∂C

p∗i δv
∗
i dS ,

the variation of internal work is:

δLi =

∫
V

σ∗
ij δε

∗
ij dV .

According to the Principle of Virtual Work:

δLe = δLi.

The incremental internal deformation work per unit volume is defined as:

δw =
3∑

i=1

(
3∑

j=1

σ∗
ij δε

∗
ij

)
.

Hence:
δLi =

∫
V

δw dV .
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During the transition from the initial configuration C to the final configuration C ′:

Li =

∫ C ′

C

δLi =

∫ C ′

C

∫
V

δw dV =

∫
V

∫ C ′

C

δw.

The deformation work per unit volume is then defined as:

w =

∫ C ′

C

δw,

from which the total deformation work of the volume V is obtained as:

Li = W =

∫
V

w dV ,

also called the total deformation work or strain energy.
Since the deformation work per unit volume in an elastic body depends only on the initial

and final states: ∫ C ′

C

δw = w(C ′)− w(C ),

the quantity w may also be defined as the potential energy function of the system.
From this it follows that:

LVe =

∫ C ′

C

δLVe =

∫ C ′

C

δLVi = LVi ⇒ LVi = W.

In particular:

• W (C ′) represents the energy stored in the volume at the end of the deformation;

• W (C ) represents the energy stored in the volume at the beginning of the deformation,
also called constrained or latent energy.

4.5.3 Strain Work and Constitutive Relation
Since δw is an exact differential and can be defined as:

w = w(ε∗11, ε
∗
22, ε

∗
33, ε

∗
12, ε

∗
13, ε

∗
23), with ε∗ij ≡ γ∗ij, i ̸= j,

then:

δw = dw =
3∑

i=1

(
3∑

j=1

∂w

∂ε∗ij
δε∗ij

)
.

It follows, by definition, the direct constitutive relation:

σ∗
ij =

∂w

∂ε∗ij
.

4.5.4 Complementary Strain Work and Constitutive Relation
Analogously to the direct formulation, one introduces the function w′ such that:

δw′ =
3∑

i=1

(
3∑

j=1

ε∗ij δσ
∗
ij

)
.

From the sum of the two differentials:

δw + δw′ =
3∑

i=1

(
3∑

j=1

(σ∗
ij δε

∗
ij + ε∗ij δσ

∗
ij)

)
=

3∑
i=1

(
3∑

j=1

δ(σ∗
ijε

∗
ij)

)
,
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and since both δw and δ(σ∗
ijε

∗
ij) are exact differentials, δw′ is also exact, so that:

δw′ = dw′ =
3∑

i=1

(
3∑

j=1

∂w′

∂σ∗
ij

δσ∗
ij

)
.

It then follows that:
ε∗ij =

∂w′

∂σ∗
ij

.

The functionw′ is called the elastic potential or complementary elastic strain energy density,
which, integrated over the volume of the elastic body, gives the total complementary elastic
energy:

W ′ = W =

∫
V

w dV .

4.5.5 Stiffness and Compliance Matrices
Expanding the elastic potential w in a Taylor series about the undeformed configuration ε = 0,
one obtains:

w = w(0) +
∂w(0)

∂εi
εi +

1

2

∂2w(0)

∂εi∂εj
εiεj +O(ε3).

Defining:

gi =
∂w(0)

∂εi
, gij =

∂2w(0)

∂εi∂εj
,

and assuming in the undeformed state:

gi = 0, w(0) = 0,

it follows that:
w =

1

2
gij εiεj.

By functional differentiation, the direct constitutive relation in Einstein notation is obtained:

σi =
∂w

∂εi
= gij εj. (4.7)

In compact matrix form:

σ =



σ1

σ2

σ3

σ4

σ5

σ6


= G



ε1

ε2

ε3

ε4

ε5

ε6


= G ε.

The matrix G ∈ R6×6 is called the elastic stiffness matrix. It is symmetric and positive
definite, and its coefficients gij represent the elastic constants or stiffness coefficients of the
material in the contracted formulation.

The elastic potential is expressed in bilinear form:

w =
1

2
εT G ε =

1

2
εTσ =

1

2
σTε. (4.8)

The complementary elastic potential is instead:

w′ =
1

2
σT Aσ.
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The coefficients:
aij =

∂2w′(0)

∂σi∂σj

are called the elastic compliance coefficients, and form the matrix A ∈ R6×6, which is the
inverse of the stiffness matrix:

A = G−1.

In fully tensorial form, the constitutive laws of linear elasticity assume the following structure
in Einstein notation:

• Direct form (stiffness):
σij = gijkl εkl;

• Inverse form (compliance):
εij = aijkl σkl.

These relations are the Hooke’s Laws and represent the constitutive equations.
In general, the elastic or compliance constants amount to 81. If, however, one assumes:

• symmetry of stresses and strains, they reduce to 36;

• additional symmetry of the elastic constants, they reduce to 21.

4.5.6 Thermodynamic Foundations of Elastic Constants
The elastic constants of a continuous material can be systematically derived from the Helmholtz
free energy function:

F = U − TS,

where:

• U is the internal energy of the system;

• T is the absolute temperature;

• S is the entropy.

The total differential of the function F is:

dF = dU − S dT − T dS.

Under isothermal and reversible conditions, i.e., for dT = 0 and dS = 0, and in the case where
the internal energy of the system arises solely from mechanical contributions:

dF = dU = σij dεij = gijkl εkl dεij.

By differentiating F with respect to the strains, one obtains:

gijkl =
∂2F

∂εij∂εkl
.

The tensor gijkl therefore represents the set of linear elastic constants governing the local
response of the material under reversible and isothermal conditions.

85



4.5.7 Transformation of Stresses and Elastic Constants
Let KA be an orthonormal Cartesian reference frame in which the linear elastic constitutive
relations in direct form are known:

σgh = gghmn εmn. (4.9)

Let KB be a rotated reference frame with respect to KA, obtained through a rigid rotation
represented by the matrix L = [Lij]. The components of second-order tensors transform
according to the tensor transformation rule:

ε′ij = LikLjlεkl, (4.10a)

σ′
ij = LikLjlσkl. (4.10b)

Substituting (4.9) into (4.10a) and the inverse of (4.10b) into the resulting equation, one
obtains:

σ′
ij = Lik Ljl gklmn εmn = Lik Ljl gklmn Lmp Lnq ε

′
pq.

Hence, the constitutive law in the rotated coordinate system is:

σ′
ij = g′ijpq ε

′
pq,

where the transformed tensor g′ijpq is given by:

g′ijpq = Lik Ljl Lmp Lnq gklmn.

4.6 Principal Directions of Strain and Stress
To explicitly determine the values of the elastic constants, it is essential to:

• identify the principal directions of stress and strain;

• diagonalize the symmetric tensors εij and σij;

• reduce the analysis to the normal components along the principal axes.

This approach allows one to simplify the form of the constitutive laws and to determine
the elastic moduli experimentally through uniaxial or triaxial tests conducted along preferential
directions.

The principal directions of strain and stress are defined as those along which the tensors
εij or σij assume a diagonal representation, that is, they exhibit only normal components. In
these directions, the symmetric tensors admit an orthonormal basis of eigenvectors in which the
associated matrix is diagonal, and the eigenvalues represent the principal strains or principal
stresses.
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4.6.1 Principal Displacements
Displacement Parallel to an Arbitrary Axis

Figure 4.12: Spherical neighborhood.

Consider a spherical neighborhood of unit radius in the reference frame {P0, k̂1, k̂2, k̂3}.
A generic point A on the surface of the spherical neighborhood can be described by the

components of the half-line a passing through P0 and A, so that:

x1 = a1, x2 = a2, x3 = a3, where ai are the direction cosines.

If v ∥ a, then: v1v2
v3

 =

 ε11
1
2
γ12

1
2
γ13

1
2
γ12 ε22

1
2
γ23

1
2
γ13

1
2
γ23 ε33


dx1dx2

dx3

 .
Since:

dxi = xi − xi,0 = xi, xi = ai,

it follows that: v1v2
v3

 =

vA,1

vA,2

vA,3

 =

 ε11
1
2
γ12

1
2
γ13

1
2
γ12 ε22

1
2
γ23

1
2
γ13

1
2
γ23 ε33


a1a2
a3

 .

Displacements Associated with Coordinate Unit Vectors

Let Q = (1, 0, 0), R = (0, 1, 0), S = (0, 0, 1). Then:

Q = (1, 0, 0)⇒


a1 = 1,

a2 = 0,

a3 = 0

⇒


vQ1 = ε11 ∥ x1,
vQ2 = 1

2
γ12 ∥ x2,

vQ3 = 1
2
γ13 ∥ x3.

R = (0, 1, 0)⇒


a1 = 0,

a2 = 1,

a3 = 0

⇒


vR1 = 1

2
γ12 ∥ x1,

vR2 = ε22 ∥ x2,
vR3 = 1

2
γ23 ∥ x3.
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S = (0, 0, 1)⇒


a1 = 0,

a2 = 0,

a3 = 1

⇒


vS1 = 1

2
γ13 ∥ x1,

vS2 = 1
2
γ23 ∥ x2,

vS3 = ε33 ∥ x3.

Hence: {
v ∥ a,
ai ∥ xi

⇒ vi ∥ xi.

Since the unit vectors k̂i associated with the Cartesian axes are of unit length, it follows
that the displacements parallel to the reference axes coincide with the displacements of the
corresponding unit vectors of the axes.

Moreover, the shear angle γij between two axes xi and xj is equal to twice the component
of the displacement of the unit vector k̂i (or, symmetrically, k̂j) along the remaining orthogonal
direction.

Displacement Not Parallel to an Arbitrary Axis

In the case where vA is not parallel to a, it is possible to determine its components with respect to
the reference frame {P0, k̂1, k̂2, k̂3}, starting from an orthonormal reference frame {P0, â, b̂, ĉ}
such that â ∥ a.

In the reference frame {P0, â, b̂, ĉ}, the elongation component εa along a is:

εa = vA · â = vA,1 a1, â =
a

∥a∥
.

In the reference frame {P0, k̂1, k̂2, k̂3}:

εa = vA · â =
3∑

j=1

vA,i ai.

Given the strain state ε at P0 referred to {P0, k̂1, k̂2, k̂3}, one has:

vA,i = εijaj,

and therefore:
vA · â = εij aj ai.

In matrix form:
vA · â = [â]T [εij] [â],

and recalling that vA · â = vA,1 a1 = εa, one obtains:

εa = [â]T [εij] [â].

Following the same reasoning for γ, considering two axes a, b:

γab = 2vA · b̂, b̂ =
b

∥b∥
,

from which it follows that:

γab = 2 [â]T [εij] [b̂] = 2 [b̂]T [εij] [â],

and hence:
εab =

1

2
γab = [â]T [εij] [b̂] = [b̂]T [εij] [â].
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4.6.2 Principal Directions and Principal Strains
In the particular case where â is assumed to be the unit vector of a principal direction, the
following condition must hold:

v ∥ â.
The deformation in the reference system {P0, â, b̂, ĉ} will then have only one nonzero com-

ponent, εa.
In the system {P0, k̂1, k̂2, k̂3}:

vA,i = vA · k̂i = εa â · k̂i = εa ai.

Since: {
[vA,i] = [εij] [ai],

[vA,i] = [εa] [ai],
⇒ [εij] [ai] = [εa] [ai],

grouping terms gives:
([εij]− [εa]) [ai] = 0,

which is the characteristic equation associated with a diagonalization process, with eigenvalues
εa and corresponding eigenvectors [ai].

Since:

• [εa] is a diagonal matrix with the values εa along the main diagonal;

• a21 + a22 + a23 = 1;

the equation associated with the diagonalization process cannot admit a trivial solution. To obtain
the similar diagonal matrix, it is therefore necessary to solve the characteristic polynomial:

([εij]− εaIn) [ai] = 0,

with In being the identity matrix of order n.
The characteristic polynomial associated with this equation is:

∆(εa) = ε3a − I1,εε2a − I2,εεa − I3,ε = 0,

also known as the secular equation.
The terms Ii,ε are called the strain invariants and are defined as:

I1,ε = ε11 + ε22 + ε33, (First invariant),

I2,ε = − det

[
ε11

γ12
2

γ12
2

ε22

]
− det

[
ε11

γ13
2

γ13
2

ε33

]
− det

[
ε22

γ23
2

γ23
2

ε33

]
, (Second invariant),

I3,ε = det[εij], (Third invariant).

It is assumed that there exist three distinct real eigenvalues εξ, εη, εζ ∈ R, for which the
associated eigenvectors coincide with an orthonormal triad of unit vectors {ξ̂, η̂, ζ̂} ⊂ R3.

The roots of the secular equation represent the principal strains, while the unit vectors
represent the principal directions.

In this principal basis, the tensor εij is diagonalized:

[εij] =

εξ 0 0

0 εη 0

0 0 εζ

 ,
so that in this configuration no shear components are present and the angular distortion is zero.
The triad P0 (ξ, η, ζ) is therefore called the principal reference frame.
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The strain invariants simplify as:

I1,ε = εξ + εη + εζ ,

I2,ε = −εξεη − εξεζ − εηεζ ,

I3,ε = εξεηεζ .

4.6.3 Principal Directions and Principal Stresses
The procedure used to determine the principal stresses is entirely analogous to that employed
for the principal strains.

Let a ∈ R3 be an arbitrary direction. The stress vector ta ∥ a is defined as:

ta = σa a =


σa a1 = ta,1,

σa a2 = ta,2,

σa a3 = ta,3.

However, it is also true that:
ta,i = σij aj.

From the equality of the two systems, one obtains:

([σij]− σaIn) [a] = 0,

from which the secular equation follows:

∆(σ) = σ3
a − I1,σ σ2

a + I2,σ σa − I3,σ = 0,

where Ii,σ are the stress invariants, defined as:

I1,σ = σ11 + σ22 + σ33, (First invariant),

I2,σ = − det

[
σ11 σ12

σ12 σ22

]
− det

[
σ11 σ13

σ13 σ33

]
− det

[
σ22 σ23

σ23 σ33

]
, (Second invariant),

I3,σ = det[σij], (Third invariant).

The roots of the secular equation represent the principal stresses, while the corresponding
unit vectors represent the principal directions.

It can also be shown that the set of the three principal stresses contains both the minimum and
maximum stress values within an elastic body. However, this statement will be presented here
without proof, since the demonstration is not essential for understanding the concepts related to
the interpretation of dislocations and their stress states.

4.7 Generalized Hooke’s Laws and Isotropy
Within the framework of linear elasticity theory, the constitutive behavior of a material can
be described starting from the complementary elastic potential w′, which is a function of the
components of the stress tensor:

w′ = w′(σ11, σ22, σ33, σ12, σ13, σ23).

Assuming that the tensor σij is diagonalized in the principal basis associated with the
eigenvalues σξ, ση, σζ , and denoting by α, β, γ the angles formed by this basis with the original
triad (x1, x2, x3), one can write:

w′ = w′(σξ, ση, σζ , α, β, γ).
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However, for an isotropic material, the elastic properties are invariant under rotations.
Therefore, the function w′ depends only on the eigenvalues of the stress tensor:

w′ = w′(σξ, ση, σζ).

By requiring symmetry with respect to the cyclic permutation of the eigenvalues, one adopts
the most general quadratic form compatible with isotropy:

w′ =
1

2

(
a11σ

2
ξ + a22σ

2
η + a33σ

2
ζ + 2a12σξση + 2a13σξσζ + 2a23σησζ

)
.

The invariance under permutation requires:

a11 = a22 = a33 =
1

E
, a12 = a13 = a23 = −

ν

E
,

where:

• E is Young’s modulus;

• ν is the Poisson’s ratio.

Substituting, one obtains:

w′ =
1

2E

(
σ2
ξ + σ2

η + σ2
ζ

)
− ν

E
(σξση + σξσζ + σησζ) .

Returning to the Cartesian reference system (x1, x2, x3), the complementary elastic potential
takes the form:

w′ =
1

2E

(
σ2
11 + σ2

22 + σ2
33

)
− ν

E
(σ11σ22 + σ11σ33 + σ22σ33) +

1

2G

(
σ2
12 + σ2

13 + σ2
23

)
,

where:
µ =

E

2(1 + ν)

is the shear modulus or first Lamé constant.
By differentiating w′ with respect to the components of the stress tensor, the corresponding

elastic strains are obtained:
εij =

∂w′

∂σij
.

Writing the constitutive relation in contracted form yields:

ε11

ε22

ε33

γ23

γ13

γ12


=



1
E
− ν

E
− ν

E
0 0 0

− ν
E

1
E
− ν

E
0 0 0

− ν
E
− ν

E
1
E

0 0 0

0 0 0 1
µ

0 0

0 0 0 0 1
µ

0

0 0 0 0 0 1
µ


︸ ︷︷ ︸

A



σ11

σ22

σ33

σ23

σ13

σ12


. (4.11)

which represents the generalized Hooke’s law in direct form.
By inverting the system, the inverse form is obtained:

σ11

σ22

σ33

σ23

σ13

σ12


= 2µ



h ν∗ ν∗ 0 0 0

ν∗ h ν∗ 0 0 0

ν∗ ν∗ h 0 0 0

0 0 0 1
2

0 0

0 0 0 0 1
2

0

0 0 0 0 0 1
2


︸ ︷︷ ︸

G



ε11

ε22

ε33

γ23

γ13

γ12


, (4.12)
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where the auxiliary coefficients are defined as:

h =
1− ν
1− 2ν

, ν∗ =
ν

1− 2ν
.

The Lamé constants are related to the moduli E and ν by:

µ =
E

2(1 + ν)
, λ =

νE

(1 + ν)(1− 2ν)
.

Alternatively, the direct constitutive relation for an isotropic material can be expressed in
terms of the Lamé constants µ and λ as:

σ11

σ22

σ33

σ23

σ13

σ12


=



λ+ 2µ λ λ 0 0 0

λ λ+ 2µ λ 0 0 0

λ λ λ+ 2µ 0 0 0

0 0 0 2µ 0 0

0 0 0 0 2µ 0

0 0 0 0 0 2µ


︸ ︷︷ ︸

Gλ,µ



ε11

ε22

ε33

γ23

γ13

γ12


. (4.13)

4.7.1 Positivity Conditions of the Elastic and Complementary Potentials
For the complementary elastic potential to represent a physically admissible energy density, the
constitutive matrix A must be positive definite for every nonzero stress state. This requirement
is equivalent to imposing:

det


1
E
− ν

E
− ν

E

− ν
E

1
E
− ν

E

− ν
E
− ν

E
1
E

 =
1

E3
(1 + ν)2(1− 2ν) > 0.

This condition is satisfied if and only if:

E > 0, −1 < ν <
1

2
.

In general,
E = E(x1, x2, x3), ν = ν(x1, x2, x3),

but if these values are constant at every point of the elastic body, the material is said to be
isotropic and homogeneous.

The elastic potential w can then be expressed through the inverse generalized Hooke’s law:

w =
1

2

{
2µ
[
ε11 (hε11 + ν∗(ε22 + ε33)) + ε22 (hε22 + ν∗(ε11 + ε33))

+ ε33 (hε33 + ν∗(ε11 + ε22)) +
1

2

(
γ212 + γ213 + γ223

) ]}
.

Hence:

w = µ

[
1− ν
1− 2ν

(
ε211 + ε222 + ε233

)
+

2ν

1− 2ν
(ε11ε22 + ε11ε33 + ε22ε33)

+
1

2

(
γ212 + γ213 + γ223

) ]
.

From which the stresses follow:

σ11 =
∂w

∂ε11
= 2µ [hε11 + ν∗(ε22 + ε33)] , σ12 =

∂w

∂γ12
= µγ12.
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4.7.2 Particular Cases
The analysis of simple stress states makes it possible to determine experimentally the fundamental
elastic constants in isotropic materials. The two most significant cases are recalled below.

Uniaxial Stress State

Let us consider a uniaxial stress state oriented along the x3 direction:

σ33 = t33, σ11 = σ22 = 0, σ12 = σ13 = σ23 = 0.

From the compliance law for an isotropic material, it follows that:

ε33 =
t33
E
, ε11 = ε22 = −ν

t33
E
, γij = 0.

These relations allow the experimental determination of:

E =
t33
ε33

, ν = −ε11
ε33

.

Pure Shear State

Now consider a pure shear stress state:

σ23 = t23, all other components are zero.

The isotropic constitutive law gives:

γ23 =
t23
µ
, ε11 = ε22 = ε33 = 0.

Hence, the shear modulus can be determined experimentally as:

µ =
t23
γ23

.

These two cases form the basis of standard mechanical tests (uniaxial tension and pure
shear), from which the parameters E, ν, and µ can be directly determined for linearly elastic
and isotropic materials.

4.7.3 Degree of Anisotropy
The degree of elastic anisotropy of a crystalline material can be quantified by means of a
dimensionless parameter known as the anisotropy ratio Z.

Consider a linearly elastic crystal subjected to a simple strain state in which only one
component of the strain tensor is nonzero:

ε11 ̸= 0, εij = 0 for (i, j) ̸= (1, 1).

According to the general constitutive relation, the stress components are:

σ11 = g11 ε11, σ22 = σ33 = g12 ε11,

from which:
σ22 = σ33 =

g12
g11

σ11.
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Now consider a rigid rotation of angle θ = π/4 in the x1x2 plane about the x3 axis. The
associated orthogonal rotation matrix is:

L =


1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1

 .
Applying the transformation law for second-order tensors:

ε′ij = Lik Ljl εkl,

the shear component in the new reference frame is:

ε′12 = L11L21ε11 =
1√
2
·
(
− 1√

2

)
ε11 = −

1

2
ε11.

Similarly, for the stresses:

σ′
12 = L11L21σ11 + L12L22σ22 =

1√
2
·
(
− 1√

2

)
σ11 +

1√
2
· 1√

2
σ22 =

1

2
(σ22 − σ11) .

Substituting the previous expressions:

σ′
12 =

1

2
(g12 − g11) ε11 = (g11 − g12) ε′12.

For the isotropic case, the contracted constitutive law imposes:

σ′
12 = 2g44 ε

′
12.

Hence, the condition for elastic isotropy is:

2g44 = g11 − g12.

Based on this identity, the anisotropy ratio is defined as:

Z =
2g44

g11 − g12
.

• Z = 1 ⇒ perfectly isotropic behavior;

• Z ̸= 1 ⇒ anisotropic behavior.

The parameter Z is particularly useful in the study of cubic-symmetry materials (FCC and
BCC lattices), where elastic anisotropy has a significant influence on the macroscopic mechanical
properties, depending on the crystallographic orientation.

4.7.4 Stresses and Elastic Constants in an Isotropic Medium
Recalling the constitutive relationship between stresses and strains in an isotropic elastic material
defined in (4.13), the two Lamé constants λ and µ are related by:

g11 = λ+ 2µ, g12 = λ, g44 = µ.

In the general tensorial formalism, the fourth-order tensor of elastic constants for an isotropic
medium is given by:

gijkl = λ δijδkl + µ (δikδjl + δilδjk) , (4.14)

where δij is the Kronecker delta. This symmetric structure is fully determined by the two
parameters λ and µ and remains invariant under any orthogonal rotation.
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Elastic Energy Density

For an isotropic material, the elastic strain energy density per unit volume can be expressed as
a function of the strain tensor components:

w =
1

2
(λ+ 2µ)(ε11 + ε22 + ε33)

2 + 2µ
(
ε212 + ε223 + ε231 − ε11ε22 − ε11ε33 − ε22ε33

)
. (4.15)

Alternatively, using the inverse form of the constitutive relation, the same energy density
can be expressed in terms of the stress tensor components:

w =
1

2E
(σ11 + σ22 + σ33)

2 +
1 + ν

E

(
σ2
12 + σ2

23 + σ2
31 − σ11σ22 − σ11σ33 − σ22σ33

)
. (4.16)

4.7.5 Relations Between Elastic Constants and Strains
A concise collection of the main relationships linking the elastic constants of an isotropic material
to the derived tensorial quantities and the most commonly used experimental parameters is
provided below.

Derived Quantities

• Volumetric strain:
e = ε11 + ε22 + ε33.

• Mean pressure (negative hydrostatic stress):

p = −1

3
(σ11 + σ22 + σ33) .

• Compressibility:
k =

3

3λ+ 2µ
= −e

p
.

• Bulk modulus (or incompressibility):

B =
1

k
=

3λ+ 2µ

3
.

Relationships Between Elastic Constants

The main elastic constants E, ν, λ, µ, and B are connected through the following equivalent
relations:

• Young’s modulus:

E = 2µ(1 + ν) = µ · 3λ+ 2µ

λ+ µ
=

9µB

3B + µ
.

• Poisson’s ratio:
ν =

λ

2(λ+ µ)
=

3B − 2µ

2(3B + µ)
.

• Inverse relations:

µ =
E

2(1 + ν)
, λ =

νE

(1 + ν)(1− 2ν)
=

2νµ

1− 2ν
.
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Constitutive Equations in Inverse Form

In the isotropic case, the components of the strain tensor can be expressed directly in terms of
the components of the stress tensor:

ε11 =
1

E
(σ11 − ν(σ22 + σ33)) ,

ε22 =
1

E
(σ22 − ν(σ11 + σ33)) ,

ε33 =
1

E
(σ33 − ν(σ11 + σ22)) ,

ε12 =
σ12
2µ

, ε23 =
σ23
2µ

, ε31 =
σ31
2µ

.

(4.17)

4.8 Introductory Concepts for the Study of Dislocations

4.8.1 Isotropic Medium Under Plane Strain
In an isotropic elastic medium subjected to plane strain:

v1 = v1(x1, x2), v2 = v2(x1, x2), v3 = 0.

The equilibrium equations in the absence of body or surface forces (fi = 0) take the form:

∂σ11
∂x1

+
∂σ12
∂x2

= 0,

∂σ12
∂x1

+
∂σ22
∂x2

= 0.

In polar coordinates (r, θ):

∂σrr
∂r

+
1

r

∂σrθ
∂θ

+
σrr − σθθ

r
= 0,

∂σrθ
∂r

+
1

r

∂σθθ
∂θ

+
2σrθ
r

= 0.

The stresses can be derived from the Airy stress function A:

σ11 =
∂2A
∂x22

, σ22 =
∂2A
∂x21

, σ12 = −
∂2A

∂x1∂x2
. (4.18)

In polar coordinates (r, θ):

σrr =
1

r

∂A
∂r

+
1

r2
∂2A
∂θ2

, σθθ =
∂2A
∂r2

, σrθ = −
∂

∂r

(
1

r

∂A
∂θ

)
+

1

r2
∂A
∂θ

. (4.19)

The compatibility condition leads to the biharmonic equation:

∂4A
∂x41

+ 2
∂2A

∂x1∂x2
+
∂4A
∂x42

= 0 ⇒ ∇4A = 0. (4.20)

In polar coordinates: (
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂θ2

)2

A = 0. (4.21)
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4.8.2 Solution in the Continuum Theory of Dislocations
The goal is to determine the displacement field induced by the presence of dislocations in an
elastic continuum, under different external constraints and geometrical conditions of the material
body. The analysis is developed within the framework of continuum mechanics, assuming as
reference space a three-dimensional affine Euclidean space {O, k̂1, k̂2, k̂3}.

Case of a Point Force

Let us consider the elastic equilibrium of an isotropic medium:

(λ+ µ)
∂

∂xi
+ µ

∂2ui
∂x2j

+ fi = 0.

For a force f = f1 δ(r) applied at the origin, with δ(r) the Dirac delta function, we have:
(λ+ µ) ∂

∂x1
+ µ∇2v1 + f1 δ(r) = 0,

(λ+ µ) ∂
∂x2

+ µ∇2v2 = 0,

(λ+ µ) ∂
∂x3

+ µ∇2v3 = 0.

Assuming the displacement field as the sum of potential contributions:

v = ∇Π+∇×Ψ,

where Π(x1, x2, x3) is a scalar potential and Ψ is a vector potential, we obtain:
(λ+ 2µ)∇2 ∂Π

∂x1
+ µ∇2

(
∂Ψ3

∂x2
− ∂Ψ2

∂x3

)
+ f1 δ(r) = 0,

(λ+ 2µ)∇2 ∂Π
∂x2

+ µ∇2
(

∂Ψ1

∂x3
− ∂Ψ3

∂x1

)
= 0,

(λ+ 2µ)∇2 ∂Π
∂x3

+ µ∇2
(

∂Ψ2

∂x1
− ∂Ψ1

∂x2

)
= 0.

Using the fundamental identities:

∇2|r| = 2

|r|
, ∇4|r| = −8πδ(r),

a particular solution of the system is:

Π =
f1

8π(λ+ 2µ)

∂|r|
∂x1

, Ψ1 = 0, Ψ2 = −
f1
8πµ

∂|r|
∂x3

, Ψ3 =
f1
8πµ

∂|r|
∂x2

.

Hence, the displacement vij(r) generated by fj = 1 applied along direction j at the origin is:

vij(r) =
1

8πµ

(
δij∇2|r| − λ+ µ

λ+ 2µ

∂2|r|
∂xi∂xj

)
.

If, by symmetry, uij(r) = uji(r), then uij(r) is called the Green’s tensor function for elastic
displacements.

If the point force is instead applied to a finite medium, the boundary conditions on the free
surfaces must also hold, namely σijnj = 0.

Finally, if fj(r) is a continuous distribution of forces, the same system of equations must be
solved using the convolution relation:

vi(r) =

∫
vij(r− r′) fj(r

′) dV ′ .
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Case of a Point Expansion Source

Consider three pairs of forces fi, each parallel to the respective axis xi, applied such that:

• one component is located at the origin O;

• the other is placed at a distance h, k, l along its respective direction.

Each pair generates a moment:

M = fx h = fy k = fz l.

For example, the pair composed of −fx at O and +fx at x = h induces a displacement given
by:

• the term at O: −fx · v11(r);

• the term at x = h: fx · h · ∂v11∂x
=M · ∂v11

∂x
.

Extending the reasoning to all directions, one obtains:

vx(r) = −M
(
∂v11
∂x

+
∂v12
∂y

+
∂v13
∂z

)
.

Substituting the Green tensor representation and using the potential decomposition, we get:

vx(r) =
M

8π(λ+ 2µ)

∂

∂x

(
∇2|r|

)
.

Since∇2|r| = 2

|r|
, it follows that:

vx(r) =
M

8π(λ+ 2µ)

∂

∂x

(
2

r

)
= − M

4π(λ+ 2µ)
· x
r3
.

The displacements vy(r) and vz(r) are obtained by symmetry with the same procedure:

vi(r) = −
M

4π(λ+ 2µ)
· xi
r3
, i = 1, 2, 3.

Spherical Expansion with Boundary Condition

The displacement field can be derived by assuming that the origin represents a point of volumetric
expansion, and that the neighborhood of the point is a sphere of radiusR, whose surface satisfies
the boundary condition σijnj = 0.

Starting from the expression of the radial field in spherical coordinates:

vr(r) =
M

4π(λ+ 2µ)
· 1
r
,

the local volume variation associated with the expansion is:

δV = 4πr2vr =
Mr

λ+ 2µ
.

To satisfy the boundary condition on the spherical surface, we impose:

σrr(R) = 0.
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To ensure this, a linear corrective term must be added:

vr(r) =
δV

4πr2
+ αr.

In spherical coordinates, the radial stress takes the form:

σrr = (λ+ 2µ)
∂vr
∂r

+
2λ

r
vr.

Imposing the condition σrr(R) = 0 yields the value of the parameter α:

α =
4µ

2µ+ 3λ
· δV
4πR3

.

The radial displacement on the spherical surface is therefore:

vr(R) =
3λ+ 6µ

3λ+ 2µ
· δV
4πR2

=
3B + 4µ

3B
· δV
4πR2

.

The effective volumetric dilatation then becomes:

∆V =
3B + 4µ

3B
· δV .

Finally, the stress components in spherical coordinates, for r ≪ R, are:

σrr = −
µ δV

πr3
, σθθ = σφφ =

µ δV

2πr3
.

4.8.3 Validity of the Superposition Principle in Elasticity Theory
In linear elasticity, the principle of superposition of effects holds: given an initial configuration
of a body and a deformation state in which the acting forces are known, the resulting stress state
can be decomposed as the sum of the contributions associated with each external force. In other
words, the solutions to the linear elastic equilibrium equations are additive.

This principle applies only within the regime of small deformations and stresses, where the
relationship among displacements, strains, and stresses is linear, and the order of the contribu-
tions is irrelevant. However, this assumption loses validity in the case of large deformations
or in the presence of internal stress sources (e.g., dislocations, inclusions, defects), where the
geometric description becomes ambiguous.

Geometric Ambiguity and Reference Frame

Considering a point of the deformed body identified by the coordinates (x1, x2, x3), it must be
specified with respect to which reference frame these coordinates are defined. In particular, the
description can be:

• with respect to an external frame fixed in space, which does not deform with the body;

• or with respect to a frame attached to the deformation, i.e., deforming together with the
body.

Linear elasticity, by construction, does not discriminate between these two possibilities,
since it employs only first-order terms in the expansion of the equilibrium and compatibility
equations. Therefore, near the core of a dislocation—where both deformations and stresses may
reach high values—this theory must be applied with caution, because the displacement field
v(x) and its derived quantities are no longer uniquely defined within the order of approximation
considered.
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Stress Ambiguity and Anisotropic Contributions

The stress state is also ambiguous if the reference system with respect to which it is measured
is not specified. For example, consider a cube of anisotropic material. Extract a portion of this
cube and suppose a shear stress σ2 is applied to it, inducing a deformation γ2. If instead a shear
stress σ1 is applied to the entire cube, the stress on the extracted portion will be σ1 + σ2, but the
deformation will remain γ′2 = γ2. This shows that the deformation may depend on the global
configuration, while the stress represents the local sum of the contributions.

Linear elasticity thus represents matter as a continuous medium that occupies space in a
completely linear manner, neglecting geometric effects and second-order interactions.

Internal Stresses and the Superposition Principle

Let us now consider two bodies:

• the first, free of internal stresses;

• the second, containing internal stress sources (line, point, or surface type).

If both are subjected to the same external stress σ, the deformed regions of the two bodies
will be geometrically identical only if the internal stress sources are locked-in, i.e., constrained
to remain in the same position during the deformation of the material.

When the sources are locked-in, it is legitimate to sum the deformation and stress con-
tributions produced by internal and external sources, and the superposition principle remains
valid.

Absence of Cross Terms in Elastic Energy
In the expression of the total elastic energy of a stressed body, no cross terms appear between the internal
stresses (present in the absence of external forces) and the stresses generated by external loads.

It follows that the total elastic energy w of a body containing internal stress sources and
subjected to external loads can be expressed as:

w = wint + wext,

where wint is the contribution associated with the internal (locked-in) stresses, and wext is that
due to the external loads. No mixed term appears between the two contributions, provided that
the sources remain fixed during the deformation process.

4.8.4 Point Sources of Dilatation and Application to Line Singularities
Consider a hollow sphere with inner radius r0 and outer radius R, within which a distributed
internal pressure p0 is applied. This pressure generates a volumetric expansion of the cavity
equal to δV .

Once the inner cavity reaches the desired expansion, it is assumed to be filled with a
material that prevents retraction, thereby maintaining the pressure p0 constant due to mechanical
interference. The following condition holds:

p0 =
µ δV

πr30
= σrr.

Subsequently, a uniform external pressure p is applied on the outer surface of the sphere.
The total elastic energy accumulated within the spherical core of radius r0 is:

W =
(p0 + p)2

2B
· 4πr

3
0

3
.
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This expression can be expanded as:

W =
p20 + p2

2B
· 4πr

3
0

3
+
p0 p

B
· 4πr

3
0

3︸ ︷︷ ︸
Wcross

,

where the term Wcross represents the cross contribution to the interaction energy between the
two sources.

Using the previous relation between p0 and δV , the cross term can be rewritten as:

p0 p

B
· 4πr

3
0

3
=

1

B
· 4πr

3
0

3
·
(
µδV

πr30

)
p

=
4µ

3B
p δV .

It is observed that, keeping δV constant and letting r0 → 0, the cross energy Wcross remains
finite and proportional to p δV . Consequently, this finite amount of energy is concentrated at a
point, which can be interpreted as a volumetric singularity.

Such a singularity acts as a sink of interaction energy, i.e., as a point toward which elastic
energy flows. The external pressure p induces a radial displacement in the surrounding material:

vr(r) = −
pr

3B
.

The energy flux through a spherical surface of radius r, centered at the singularity, is then:

Φ(r) = 4πr2 σrr(r) vr(r) =
4µ

3B
p δV .

This flux is constant with respect to the radius r, implying that the transported energy
converges toward the singularity point.

Application to the Case of Dislocations

This analogy extends to dislocations, which represent line singularities. A locked-in dislocation,
perpendicular to the plane of the sheet, generates a stress field that decreases radially as:

σd(r) ∝
1

r
.

The displacement field resulting from the internal stress satisfies:

v(r) ∝ r σd(r) ∝ constant.

The energy flux per unit length toward the dislocation line, in the presence of an external
stress, is:

Φ(r) = σd(r) v(r) 2πr ∝ r.

Hence,
Φ(r)→ 0 as r → 0.

Therefore, a locked-in dislocation does not concentrate interaction energy. The elastic flux
generated by external loads vanishes in the limit approaching the line singularity, in contrast to
the volumetric point singularity case discussed previously.
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Chapter 5

Foundations of Dislocation Theory

The concepts and formulations presented in this chapter are the result of an integration of different
literature sources. Some passages—like fundamental mathematical expressions, theorems and
definitions—are quoted exactly from the original works to preserve their formal accuracy. The
main references are: : [55], [56], [54].

5.1 Introduction
Let a displacement field be given by

v : R3 → R3, v = v1(x1, x2, x3) k̂1 + v2(x1, x2, x3) k̂2 + v3(x1, x2, x3) k̂3,

associated with the atomic displacement of the lattice from its initial ideal position.

Let γ ⊂ R3 be a closed path, regularly parametrized by

x1 = x1(s), x2 = x2(s), x3 = x3(s),

where s is the arc–length parameter along γ.
If in (4.1) one assumes v0 = 0, then the presence of a dislocation in the material can be

characterized by the following integral criterion:∮
γ

Hd ds = 0, absence of dislocations, (5.1a)∮
γ

Hd ds ̸= 0, presence of a dislocation. (5.1b)

Figure 5.1: Dislocation circuit.
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Now consider a dislocation line identified by the unit tangent vector ξ̂. Take a closed circuit
γ lying in a plane orthogonal to ξ̂ and oriented positively around it – Figure 5.1. The Burgers
vector b is defined as the circulation of the gradient of the displacement field:

b = −
∮
γ

∂v

∂s
ds , (5.2)

where s is the arc–length parameter along γ. In components one has:

bi = −
∮
γ

dvi
ds

ds , (5.3)

that is, a line integral of the first kind of the derivatives of the components of the displacement
field.

According to the direction of b, the following cases are distinguished:

• b = (b, 0, 0): edge dislocation;

• b = (0, 0, b): screw dislocation.

A dislocation is said to be of Burgers type if the displacement field v exhibits, at the end
of every closed circuit around the dislocation line, a net increment equal to b. It follows that a
dislocation cannot terminate within the crystal lattice.

Although this property can be proved formally, the treatment is deferred to later sections.

Figure 5.2: Dislocation in the discrete crystal lattice.

An edge dislocation is a line defect corresponding to the presence of an incomplete atomic plane
within the crystal lattice. It is commonly represented by the symbol ⊥, where _ denotes the
glide plane — that is, the plane along which the displacement occurred — and | the terminal
part of the interrupted plane – Figure 5.2.
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Figure 5.3: Dislocation in the continuum crystal lattice — transverse section.

The dislocation is localized in a region of the material, denoted by segmentAA′. Considering
the plane perpendicular to AA′ passing through A and A′, one observes that above this plane
there are n atomic planes, whereas below it there are only n − 1. In crystals, the region TA
represents the slipped zone, i.e., the region deformed due to the cumulative glide of multiple
dislocations. The plane x1x2 is generally defined as the glide plane – Figure 5.3.

Figure 5.4: Dislocation in the continuum crystal lattice — top view.

In domain I a screw dislocation is depicted. In this case, the dislocation line is parallel to
the slip direction, which coincides with the x1 axis.

In domain II an edge dislocation is depicted. Here, the dislocation line is parallel to the x2
axis and is orthogonal to the slip direction – Figure 5.4.

The two types can combine to form a mixed dislocation. In general, dislocation lines are not
polygonal chains but smooth curves. The vector associated with the dislocation slip is called the
Burgers vector.

We now proceed with the detailed study of the different types of dislocations.

5.2 Volterra Models — Basic Models of Dislocations
Volterra models constitute the essential starting point for the study of dislocations.

They provide the theoretical foundation upon which the entire mechanics of dislocations is
built and represent the reference framework from which the modern understanding of plastic
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deformation phenomena in crystals has progressively evolved.
In this section, two representative cases of the original formulation are presented.

5.2.1 Screw Dislocations

Figure 5.5: Screw dislocation according to the Volterra model. Picture adapted from [54]

Displacements, Strains, and Stresses

Let an affine space {O; k̂1, k̂2, k̂3} be given. A screw dislocation is represented by a cylinder
of length L and base radius R, in which a maximum displacement equal to the Burgers vector
b, parallel to the dislocation direction ξ̂, has occurred – Figure 5.5. The displacements of the
material along the three principal directions x1, x2, x3 are:

v1 = v2 = 0, v3 ̸= 0

The displacement v3 exhibits a discontinuous behavior, from which the magnitude of the
Burgers vector can be obtained:

lim
η→0,x1>0

(
v3(x1,−η)− v3(x1, η)

)
= b

with η > 0.
Assuming that the medium of the cylinder is isotropic, the displacement v33 can be considered

to increase linearly.
Using the definition of v3 in polar coordinates and the relation between polar and Cartesian

systems:

vx3(r, θ) = b · θ
2π
, θ = arctan

(
x2
x1

)
one obtains the expression of v33 in Cartesian coordinates:

v3(x1, x2) =
b

2π
arctan

(
x2
x1

)
(5.4)

Substituting (5.4) into (4.2a) gives the strain components:

ε =



ε13 =
1

2
· b
2π
·
(
− x2
x21 + x22

)
ε23 =

1

2
· b
2π
·
(

x1
x21 + x22

)
ε11 = ε22 = ε33 = ε12 = 0

(5.5)
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Substituting (5.5) into (4.13) yields the stress field:

σ =



σ23 =
µb

2π
· x1
x21 + x22

σ13 = −
µb

2π
· x2
x21 + x22

σ11 = σ33 = σ12 = 0

(5.6)

From the relations between Cartesian and polar coordinates:

x1 = r cos θ

x2 = r sin θ

r2 = x21 + x22


η→0 ⇒ θ→0−−−−−−−→


x1 ≈ r

x2 ≈ r θ

r2 = x21 + x22

The stress components in polar coordinates are then obtained as:

σ =


σθx3(r, θ) = σx3θ(r, θ) =

µb

2πr

σrx3(r, θ) = σrθ(r, θ) = σrr(r, θ) = σθθ(r, θ) = σx3x3(r, θ) = 0

The stress σθx3 acts on the base surface of the cylinder, producing a torque with a single
component along the x3 axis:

Mx3 =

∫ R

0

(∫ 2π

0

σθx3 r dθ

)
r dr =

µbR2

2

To satisfy the boundary equilibrium conditions, one must introduce a fictitious stress equal
and opposite to σθx3 , generating an opposite torque:

σ′
x3θ

= −σθx3 = −
µb

2πr
⇒ M ′

x3
= −Mx3 = −

µbR2

2
This equal and opposite torque produces a torsion, known as Eshelby torsion ϕ, per unit

length of the cylinder:

ϕ

L
=
M ′

x3

µL
= − b

πR2
, I =

∫
A

r2 dA =
πR4

2

Hence, a circumferential displacement follows:

vθ = −
b

πR2
r x3

From which:

εθx3 =
∂vθ
∂x3

= −1

2

b

πR2
r, σθx3 = 2µεθx3 = − µb

πR2
r (5.7)

Finally, the displacements and stresses generated by dislocations are:

vx3(r, θ) = b
θ

2π
, vθ(r, x3) = −

b

πR2
r x3, σx3θ =

µb

2πr
− µbr

πR2

If: x3 = 0, R→∞

vθ =
br

2π(ρ+ x3)
, σrθ = −

µbr

2πρ(ρ+ x3)2
, σθx3 = −

µbr

2πρ(ρ+ x3)

with ρ =
√
x21 + x22 + x23.
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Energy per Unit Length

Figure 5.6: Coaxial screw dislocation.

The elastic energy per unit length associated with the screw dislocation can be derived as follows.
Starting from (4.8) and considering the one–dimensional case:

w =
1

2
σ · ε

σ = σθx3 = Eε =
µb

2πr

 ⇒ w =
1

2
Eε2 =

σ2

2E
=
σ2
θx3

2E

The elastic strain energy per unit length stored in a cylinder of inner radius r0 and outer
radius R – Figure 5.6 – for an infinite dislocation line is:

W

L
=

∫ R

r0

σ2
θx3

2E
· 2πr dr =

µb2

4π
ln
R

r0
(5.8)

Moreover:
lim
R→∞

µb2

4π
ln

(
R

r0

)
=∞, lim

r0→0

µb2

4π
ln

(
R

r0

)
=∞

Hence, the elastic strain energy stored by the dislocation is not an absolute property but
depends on the size of the crystal lattice in which it lies.

Due to the logarithmic nature of the stored elastic energy, one does not need to determine
the exact value of R precisely. In a lattice, a reasonable approximation for R may be:

• the distance of the dislocation line from the free surface of the lattice, if only one dislocation
is present;

• half of the distance between dislocations, if two dislocations of the same sign are present
in the lattice.

The divergence of the elastic energy per unit length as r → r0 arises from the inadequacy of
the classical theory of elasticity to describe the region near the dislocation core, where distortions
are extremely large. Therefore, the theory of elasticity is valid only for r > r0, with r0 ∼ b.

For r < r0, a modified formulation of the elastic energy stored by the dislocation must be
used:

W

L
=
µb2

4π
ln

(
αR

b

)
(5.9)
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with
r0 =

b

α
, α ∼ 1

In particular, the value of α depends on the specific atomic forces considered.
It is also possible to express the stored elastic energy taking into account the deformation

energy of the free surface, by including the twist effect induced by the screw dislocation.
Therefore, for a finite cylinder of external radius R:

W

L
=
µb2

4π
ln

(
αR

b

)
− µb2

4π
(5.10)

where the term −µb
2

4π
arises from the formulation of σθx3 .

Force per Unit Length

The forces acting on dislocations are virtual forces, representing the variation of the system’s
free energy with the displacement of the dislocation. Hence, these forces do not act directly on
the dislocation line itself but on the entire deformed material.

Let us consider, for the moment, forces acting on dislocations arising solely from elastic and
mechanical effects.

The total dislocation energy Wt is given by the sum of two contributions:

• Elastic energy We (elastic effect),

• Potential of external forces WP (mechanical effect).

Thus:
Wt = We +WP

Starting from the total dislocation energy, knowing the generalized configuration coordinate
of the dislocation η, one can obtain the total force acting on the dislocation, Fη:

δWt = −Fη δη

and therefore:
Fη = −

∂Wt

∂η

For example, consider a screw dislocation parallel to a free surface and located at a distance
l from it:

W

L
=
µb2

4π
ln

(
αl

b

)
⇒ F

L
= −

∂
(
W
L

)
∂l

=
µb2

4πl

Therefore, the total force acting on the dislocation is an imaginary force, since it originates
from the elastic energy stored in the lattice.

An application of these concepts can be seen by considering a single crystal with one predominant
dimension L′.

Figure 5.7: Single crystal with predominant dimension and a screw dislocation. Picture adapted from
[54]
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The dislocation is placed in such a position that it lies far from the lateral face of area L×L′′,
so that in that region the imaginary force is negligible and the dislocation energy is independent
of its position along x1 – Figure 5.7.
When an external stress (mechanical contribution) σ23 is applied on the L × L′ face, the two
portions of material move relative to each other by b. If the dislocation, under the effect of the
applied stress, moves from position x1,1 to position x1,2, then the work performed by the external
stress is:

∆WP = −σ23L (x1,2 − x1,1) b, Fη = σ23L (x1,2 − x1,1)

If ∆Wt = ∆Wp, then the force acting on the dislocation is:

Fx1

L
= σ23b

In this case, the energy required for the dislocation to move from position x1,1 to x1,2 is that
dissipated through slip along the plane, and it is released in the form of heat.

Total Deformation Energy

The work is performed at the expense of the total energy of the system, and is thus directly
related to the total force acting on the dislocation.

Self–stresses do not perform work during the motion of dislocations, and this can be demon-
strated.

Consider a pure screw dislocation. In the core region of the dislocation, the total stress σT
is given by the sum of two contributions:

• σd: the self–stress of the dislocation,

• σ: the stress due to external loads, image forces, or other lattice stress sources such as
point or lattice defects.

Thus:
σT = σd + σ

(a) (b)

Figure 5.8: (a) Stress distribution due to elastic and mechanical effects; (b) displacement distribution
due to elastic and mechanical effects. Both pictures are adapted from [54].

The stresses in screw dislocations have only one component parallel to the slip plane –
Figure 5.8a – therefore:

σ ≡ σ23, σd ≡ σ23,d
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The stress – Figure 5.8a – and displacement – Figure 5.8b – fields generated by the dislocation
exhibit singularities near the origin of the Cartesian axes because of the use of the classical theory
of elasticity to describe dislocations.

These behaviors, however, imply a simplifying assumption: the absence of asymmetries in
the real crystal.

The self–stress does not perform work when the dislocation undergoes a displacement δx1
to the right:

W

L
= δx1

∫ ∞

−∞
σd

∂

∂x1
(∆u) dx1 = 0

Indeed, σd is an antisymmetric function, whereas ∂(∆u)
∂x1

is symmetric. Consequently, the
integral from −∞ to 0 equals and opposes that from 0 to +∞.

Conversely, an external stress performs work when the dislocation moves by δx1:

δW

L
= δx1 σ

∫ ∞

−∞

∂

∂x1
(∆u) dx1 = δx1 σb

Hence, the total energy of the system varies exclusively due to external stresses:

δWT

L
= −δW

L
= −δx1 σb

Therefore, the force acting on the dislocation is solely due to the external contribution:

Fx1

L
= σb ⇒ Fx2

L
= −σb

This demonstrates that, if a dislocation lies far from a free surface, an external stress must be
applied to move it toward that surface. Only this stress contributes to the motion, in the absence
of other opposing effects.

Image forces are necessary to satisfy the boundary conditions imposed on the outer surfaces
of the volume deformed by the presence of the dislocation.

They are associated with image dislocations – Figure 5.9: fictitious entities introduced to
generate the stresses required to ensure such boundary conditions.

Figure 5.9: Dislocation and image dislocation.

In the simplest case of a straight dislocation, parallel to a free surface in the plane x1x2 and
located at a distance l from it, the stress generated by the image dislocation is:

σ13
L

=
µb

4πl

from which the force driving the dislocation toward the surface follows:

Fx1

L
=
µb2

4πl
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Figure 5.10: Image dislocation at distance l from the real dislocation.

In a more general case, consider a screw dislocation located at a distance λ from the origin
inside a cylindrical single crystal – Figure 5.10.

To satisfy the boundary conditions on the cylindrical surface of radius R, i.e.,

σijnj = 0 ⇒ σρx3nρ = 0,

it is necessary to introduce an image dislocation at ρ = R2

λ
so that the total stress on the surface

ρ = R vanishes.
The total displacement generated by the dislocation and its image is given by:

• Real dislocation: − bθ
2π

,

• Image dislocation:
bθ′

2π
.

Hence, the resulting displacement is:

vx3 =
b

2π
(θ − θ′),

which, in Cartesian coordinates, becomes:

v3(x1, x2) =
b

2π

[
arctan

(
x2

x1 − λ

)
− arctan

(
x2

x1 − R2

λ

)]
.

From (4.2a) and using the stress definition in (5.7), the Cartesian form of the stress is:

σ23(x1, x2) =
µb

2π

∂

∂x1

[
arctan

(
x2

x1 − λ

)
− arctan

(
x2

x1 − R2

λ

)]
.

For x2 = 0, this yields:

σ23(x1, 0) =
µb

2π

(
1

x1 − λ
− 1

x1 − R2

λ

)
.
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Figure 5.11: Cylinder with removed surface. Picture adapted from [54].

This expression represents the stress generated by forces acting in the x1x3 plane, regarded
as the shear plane of the cylinder, with x1 > 0, to displace the lower surface by b along x3 –
Figure 5.11.

The displacement δv33 = b can be seen as the sum of infinitesimal contributions db′ = dv33.
From this, the work follows:

δWe =

∫ b

0

σ23(x1, 0) δA db′ = σ23(x1, 0) δA

∫ b

0

db′ = σ23(x1, 0) δA · b,

or explicitly:

δWe =
µb2

4π

(
1

x1 − λ
− 1

x1 − R2

λ

)
δA.

Integrating over the entire shear area of the cylinder gives the elastic energy per unit length:

W

L
=
µb2

4π

∫ R

λ+r0

(
1

x1 − λ
− 1

x1 − R2

λ

)
dx1 ≃

µb2

4π
ln

(
R2 − λ2

r0R

)
.

The torque Mx3 produced by the dislocation at its position is:

Mx3 =

∫
A

σθx3 ρ dA = µ

∫
A

(
x1
∂v3
∂x2
− x2

∂v3
∂x1

)
dA .

Applying the Gauss–Green theorem yields:

Mx3 = µ

∮
C

(v3x1 dx2 − v3x2 dx1) ,

where C is the contour obtained by removing a surface from the cylinder – Figure 5.12.
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Figure 5.12: Integration contour C. Picture taken from [54].

The only contribution to the line integral comes from the removed surface. Hence:

Mx3 = µb

∫ R

λ+r0

x1 dx1 =
µb

2
(R2 − λ2).

The additional work generated by the cylinder twist (elastic relaxation on the removed
surface) is:

W

L
=
M2

x3

πR4
=

µb2

4πR4
(R2 − λ2)2.

This term represents an elastic relaxation contribution associated with the residual torsion
in the cylinder.

Therefore, the total deformation energy associated with the screw dislocation is:

W

L
=
µb2

4π

[
ln

(
R2 − λ2

Rr0

)
− (R2 − λ2)2

R4

]
.

This energy can also be interpreted as the work done on the removed surface to generate the
dislocation.

Moreover, a screw dislocation constrained to remain straight is stable with respect to small
transverse displacements relative to the axis of the crystalline cylinder.

From a theoretical standpoint, one should also take into account the energetic contribution
of the surface generated by the screw dislocation, which exerts a traction tending to attract the
dislocation toward it.

Formally, there also exists an entropic contribution associated with the fluctuation of the
dislocation line, but this term is usually neglected in analyses based on the linear configurational
form, since it is secondary compared to the main elastic contributions.
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5.2.2 Edge dislocations

Figure 5.13: Edge dislocation according to the Volterra model. Picture adapted from [54].

Displacements, strains, and stresses

Given a reference system {O; k̂1, k̂2, k̂3}, an edge dislocation can be represented by a cylinder of
length L and base radius R, within which a maximum displacement equal to the Burgers vector
b has occurred, perpendicular to the dislocation line ξ̂ — see Figure 5.13.

The material displacements along the three main directions x1, x2, x3 are:

v1 ̸= 0, v2 ̸= 0 v3 = 0 (5.11)

By inserting (5.11) into (4.2a), the following strain components are obtained:

ε =

{
ε12 ̸= 0

ε13 = ε23 = 0.
(5.12)

Recalling (4.20), and defining:

σ11 + σ22 = ∇2A,
from the definition of the strain invariants, applied to the plane case:

I1σ = σ11 + σ22 + σ33 → I1σ = σ11 + σ22 = ∇2A

in polar coordinates, one obtains an equation equivalent to (4.21):

∇2I1σ =

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)
I1σ = 0.

This equation can be solved by means of the separation of variables method:

I1σ(r, θ) =
∞∑
n=0

Rn(r)An(θ).

Imposing that the solution be single-valued in the plane (I1σ(r, θ + 2π) = I1σ(r, θ)), yields:

I1σ(r, θ) = (α0 + β0 ln r) +
∞∑
n=1

[(
αnr

n + βnr
−n
)
sin(nθ) +

(
γnr

n + δnr
−n
)
cos(nθ)

]
.

(5.13)
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A qualitative analysis of the field associated with an edge dislocation, considering that:

I1σ = −(σ11 + σ22) = −∇2A,

suggests that I1σ should:

• exhibit a maximum for θ = −π/2,

• a minimum for θ = π/2,

• and decrease with increasing r.

The simplest term capable of reproducing such behaviour is:

I1σ, e = β1r sin θ,

which represents the dominant asymptotic behaviour of the stress field far from the disloca-
tion core.

From a physical standpoint, the terms in the series can be interpreted as follows:

• The terms rn represent effects due to external forces applied on the surface of the body.

• The terms r−n, with n ≥ 2, are associated with additional line singularities or with the
internal structure of the dislocation core. These contributions depend on local details and
do not significantly affect the behaviour at the macroscopic scale. Therefore, for large
values of r, i.e., far from the dislocation core, these terms must decay rapidly so that the
stress field reduces to the main contribution I1σ, e.

• The term ln r represents a constant shear stress over half of the outer surface of a semi-
infinite medium. However, this term is not relevant to the description of the stress field of
a dislocation.

In conclusion, the characteristic stress field of an edge dislocation must satisfy the following
non-homogeneous differential equation:(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2

)
A = β1r

−1 sin θ. (5.14)

The homogeneous solution of this equation can be neglected when focusing on the stress
behaviour far from the dislocation core. Hence, only the particular solution is considered:

Ae =
β1
2
r sin θ ln r (5.15)

As previously discussed, an edge dislocation can be interpreted as the insertion of a half-
plane of atoms into an infinite crystal lattice with a thickness equal to b, i.e., the magnitude of the
Burgers vector. In this context, b represents the integral discontinuity in the displacement field
and must equal the difference in elastic strain above and below the inserted plane. Therefore:

b = −
∫ ∞

−∞
[ε11(x1, η)− ε11(x1,−η)] dx1 , η > 0 (5.16)

From (5.15), the stress components can be obtained in Cartesian coordinates using (4.18),
and in polar coordinates using (4.19). From (4.17), it follows that:

ε33 =
1

µ
(σ33 − ν(σ11 + σ22)) = 0 ⇒ σ33 = ν(σ11 + σ22). (5.17)
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Since the analysis is performed under plane stress conditions, substituting (5.17) into (5.16)
gives:

b = −2π(1− ν)
µ

· β1
2

⇒ β1 = −
µb

4π(1− ν)
.

By substituting β1 into (5.15), and expressing r =
√
x21 + x22, y = r sin θ, one obtains:

Ae = −
µbx2

4π(1− ν)
ln

(√
x21 + x22

)
. (5.18)

Applying (4.18) to (5.18), the stress components in Cartesian coordinates are derived as
follows:

σ =



σ11 = −
µb

2π(1− ν)
· x2(3x

2
1 + x22)

(x21 + x22)
2
,

σ22 =
µb

2π(1− ν)
· x2(x

2
1 − x22)

(x21 + x22)
2
,

σ33 = −
µbν

π(1− ν)
· x2
x21 + x22

,

σ12 =
µb

2π(1− ν)
· x1(x

2
1 − x22)

(x21 + x22)
2
,

σ13 = σ23 = 0.

(5.19)

Similarly, by applying (4.19) to (5.18), the stress components in polar coordinates are
obtained:

σ =



σrr = σθθ = −
µb sin θ

2π(1− ν)r
,

σx3x3 = −
µbν sin θ

π(1− ν)r
,

σrθ =
µb cos θ

2π(1− ν)r
.

(5.20)

The displacement along x1 can be obtained by integrating (4.2a):

v1(x1, x2) =
b

2π

[
− arctan

(
x1
x2

)
+

x1x2
2(1− ν)(x21 + x22)

]
+ Cx,

where the constant Cx is determined by imposing v1(0) = 0, leading to Cx = b
4
, and thus:

v1(x1, x2) =
b

2π

[
arctan

(
x2
x1

)
+

x1x2
2(1− ν)(x21 + x22)

]
.

Similarly, the displacement along x2 is given by:

v2(x1, x2) = −
b

2π

[
(1− 2ν)

4(1− ν)
ln
(
x21 + x22

)
+

x21 − x22
4(1− ν)(x21 + x22)

]
+ Cy, Cy =

b

4π(1− ν)
.
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The logarithmic term in v2 diverges as r increases. This behaviour can be idealised by
interpreting the dislocation as the insertion of a half-plane containing the x3 axis.

In polar coordinates, the displacement fields are expressed as:

vr =
b

2π

[
− 1− 2ν

2(1− ν)
sin θ ln r +

sin θ

4(1− ν)
+ θ cos θ

]

vθ =
b

2π

[
− 1− 2ν

2(1− ν)
cos θ ln r − cos θ

4(1− ν)
− θ sin θ

]
The stress components σrr and σθθ do not vanish for any value of r. This also occurs in the

model where the dislocation is represented by a hollow cylinder with inner radius r0 and outer
radius R, centred along the cylinder axis.

Consequently, non-zero residual stresses are generated on the external surface of the cylinder.
To ensure that the boundary conditions are satisfied, it is necessary to introduce a corrective
function for the Airy potential that compensates these stresses. One possible choice is:

AR =
µbr3

4π(1− ν)R2
sin θ, (5.21)

which cancels the normal forces on the external surface r = R, and symmetrically compen-
sates those on the inner cutoff surface r = r0:

Ar0 =
µbr20

4π(1− ν)r0
sin θ. (5.22)

Equation (5.21) represents the contribution of the surface traction term α1r sin θ in (5.13),
while (5.22) represents the component associated with the dislocation core, derived from the
solution of the homogeneous equation (5.14).

The resulting stress and displacement components can then be obtained from the superposi-
tion of the internal and external effects:

σrr,R =
1

r

∂AR

∂r
+

1

r2
∂2AR

∂θ2
,

∂AR

∂r
=

3µbr2 sin θ

4π(1− ν)R2
,

∂2AR

∂θ2
= − µbr3 sin θ

4π(1− ν)R2
,

⇒ σrr,R =
µbr sin θ

2π(1− ν)R2
(5.23)



σrr,r0 =
1

r

∂Ar0

∂r
+

1

r2
∂2Ar0

∂θ2
,

∂Ar0

∂r
=

µbr20 sin θ

4π(1− ν)r2
,

∂2Ar0

∂θ2
=

µbr20 sin θ

4π(1− ν)r
,

⇒ σrr,r0 =
µbr20 sin θ

2π(1− ν)r3
(5.24)

Hence:
σrr = σrr,R + σrr,r0 =

µb sin θ

2π(1− ν)

(
r

R2
+
r20
r3

)
(5.25)
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Moreover:
σθθ,R =

∂2AR

∂r2
=

6µbr sin θ

4π(1− ν)R2
,

σθθ,r0 =
∂2Ar0

∂r2
= − µbr20 sin θ

2π(1− ν)r3
,

⇒ σθθ =
µb sin θ

2π(1− ν)

(
3r

R
− r20
r3

)
(5.26)


σrθ,R = − ∂

∂r

(
1

r

∂AR

∂θ

)
= − µbr cos θ

2π(1− ν)R2
,

σrθ,r0 = −
∂

∂r

(
1

r

∂Ar0

∂θ

)
= − µbr20 cos θ

2π(1− ν)r3
,

⇒ σrθ = −
µb cos θ

2π(1− ν)

(
r

R2
+
r20
r3

)
(5.27)

Finally:

σx3x3 = ν(σrr + σθθ) (5.28)

The corresponding displacements in polar coordinates are:

vr =
b sin θ

8π(1− ν)

[
(1− 4ν)

r2

R2
− r20
r2

]
,

vθ =
b cos θ

8π(1− ν)

[
−(5− 4ν)

r2

R2
+
r20
r2

]
.

(5.29)

Energy per unit length

The elastic strain energy induced by the dislocation in an infinite cylinder with inner radius
r0 and outer radius R can be calculated starting from the elastic strain energy density per unit
volume.

From (4.16), and considering the stress conditions of the dislocation field:
σ11 ̸= 0, σ22 ̸= 0, σ12 ̸= 0

σ33 = ν(σ11 + σ22),

σ13 = σ23 = 0

the strain energy per unit length of the cylinder is expressed as:

W

L
=

∫ R

r0

∫ 2π

0

r w dθ dr (5.30)

By substituting (4.16) into (5.30), one obtains:

W

L
=

∫ R

r0

∫ 2π

0

[
1

2µ
σ2
12 +

1

2E

(
σ2
11 + σ2

22 − 2νσ11σ22 − σ2
33

)]
r dθ dr

From this, the total elastic energy is obtained as:

W

L
=

µb2

4π(1− ν)
ln

(
R

r0

)
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If the energy associated with the dislocation core is also included, the condition r0 =
b

α
is

imposed, yielding:

W

L
=

µb2

4π(1− ν)
ln

(
αR

b

)
(5.31)

The radial components of the stress generate forces directed toward the cylinder axis, which
in turn perform mechanical work. The total work done by these forces per unit length is given
by: 

WR

L
=

1

2

∫ 2π

0

(σrrvr)

∣∣∣∣
r=R

·R dθ +
1

2

∫ 2π

0

(σrθvθ)

∣∣∣∣
r=R

·R dθ ,

Wr0

L
=

1

2

∫ 2π

0

(σrrvr)

∣∣∣∣
r=r0

· r0 dθ +
1

2

∫ 2π

0

(σrθvθ)

∣∣∣∣
r=r0

· r0 dθ .

(5.32)

By substituting (5.25), (5.26), (5.27), and (5.29) into (5.32) and performing the integration,
the result is:

W

L
=
µb2(1− 2ν)

16π(1− ν)2
(5.33)

In the case of a cylinder with finite dimensions, the strain energy in the final state represents
the change in the crystal’s free energy required for the creation of the dislocation.

Since the change in free energy is a state function, it is independent of the path followed. In
particular, it can be assumed that on the external surface r = R, radial forces equal and opposite
to those generated by the dislocation act, thereby keeping the cylinder constrained in position.
This constraint ensures that the external work performed to create the dislocation is entirely
stored in the system as internal energy.

If the stresses on the outer surface are released, the cylinder may undergo radial (vr) and
circumferential (vθ) displacements that allow it to cancel the constraining traction components.

Recomputing the work performed by the forces generated by the radial stress components
yields:

W

L
= −µb

2(3− 4ν)

16π(1− ν)2
(5.34)

Therefore, the total elastic strain energy per unit length is given by:

W

L
=

µb2

4π(1− ν)
ln

(
αR

b

)
− µb2(3− 4ν)

16π(1− ν)2
(5.35)

Force per unit length

In the case of an edge dislocation, it is possible to determine the force components acting on it
starting from the stresses in the surrounding material.

The first component is directed along the x1 axis and is referred to as the glide component:

Fx1

L

Let σT denote the total stress at a point in the vicinity of the dislocation core. It is given by
the sum of two contributions:

• σd: the self-stress generated by the dislocation itself,

• σ: an externally applied stress.
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Since the self-stress does not perform work on the dislocation motion, the effective force is
associated only with the externally applied stress σ, acting on the slip plane x1x2. Consequently,
the force per unit length is given by:

Fx1

L
= σ12b

The second component acts along the x2 axis and is associated with the climb motion of the
dislocation:

Fx2

L

This force is related to motion perpendicular to the slip plane (climb), which involves the
insertion or removal of portions of the crystal plane — see Figure 5.14.

Figure 5.14: Removal of an ideal crystal portion and dislocation climb. Picture adapted from [54].

The magnitude of this force can be obtained from the derivative of the total energy of the
system with respect to x2, evaluated at the dislocation position.

By definition, the total variation in energy during the climb process corresponds to the
energy required to remove a portion of the extra half-plane and replace it with a perfectly elastic,
stress-free crystal region. In this situation, the system locally relaxes, thereby reducing its stored
energy.

If less energy is required to remove an atom from the inserted plane, the same amount is
gained by reintroducing it into a stress-free region of the crystal. The energy difference is
compensated by a reduction in both the strain energy and the potential energy associated with
external mechanisms.

During this process, the energy flows toward the dislocation core and is dissipated through
the climb phenomenon.

Let us now analyse the various energy contributions involved during the climb motion.
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Figure 5.15: Dislocation climb and the resulting volumetric variation of the crystal lattice. Picture
adapted from [54].

When the dislocation moves by an infinitesimal distance δx2, the crystal segments A–A’ and
B–B’ — see Figure 5.15 — shorten, generating a displaced volume per unit depth equal to:

δV /L

The work done by the forces acting on the moving walls is:

δW1

L
≈ σd(h) ·

δV

L
∝ δV

Lh

To this, the elastic contribution associated with the deformation of the displaced volume
must be added:

δW2

L
∝ δV

Lh2

Hence, the total energy per unit length, as a function of the volumetric variation associated
with climb, is given by:

δW

L
=
δW1

L
+
δW2

L
=
Fx2

L
δx2 = α

δV

Lh
+ β

δV

Lh2
, α, β = constants

Since the stress generated by the dislocation, σd, decays with increasing distance from the
slip plane, it follows that:

lim
x2→±∞

σd(x2) = 0

Consequently, the total displacement discontinuity across the dislocation plane satisfies the
relation:

b =

∫ ∞

−∞

[
∂v1(x2, h)

∂x2
− ∂v1(x2,−h)

∂x2

]
dx2

From this, the displaced volume per unit length can be expressed as:

δV

L
= δy

∫ ∞

−∞

[
∂v1(x2, h)

∂x2
− ∂v1(x2,−h)

∂x2

]
dy = b δy
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Substituting this expression into the total elastic work yields:

δW

L
=
Fx2

L
δx2 = α

bδx2
h

+ β
bδx2
h2

=

(
αb

h
+
βb

h2

)
δx2

In particular:

lim
h→∞

δW

L
= 0

Since Fx2/L is independent of h, the only consistent conclusion is that:

Fx2

L
= 0

that is, the self-stress σd does not exert any climb force on the dislocation.
However, if a compressive external stress −σ11 is present in the dislocation core region, a

climb force arises. Physically, the local stress state in the core region determines the magnitude
of the force acting on the dislocation and, consequently, the amount of energy dissipated during
the climb process.

A local stress equal to σ11 + σd acts on the dislocation in the same way as a homogeneous
stress σ11 superimposed on the field σd. In the presence of a uniform external stress σ11,
the asymmetric configuration of the system implies that the energy associated with a climb
displacement of amplitude δx2 flows through the shear surfaces AA,BB and A′A′, B′B′.

Finally, for any given value of σ11, one can always find a distance h sufficiently large that the
self-stress σd becomes negligible with respect to the contribution of σ11.

In this case, the total energy per unit length associated with the climb motion of the dislocation
is:

δW

L
=
Fx2

L
δx2 = −σ11 b δx2 +

σ2
11

2E
b δx2

The second term represents a quadratic contribution related to the elastic energy, but it can be
neglected as it is of the same order as the intrinsic inaccuracy of the linear elasticity description.

Therefore, within the linear approximation, the climb force per unit length is:

Fx2

L
= −σ11 b

The force expressions derived above are generally valid for straight dislocations, both in
isotropic and anisotropic media. They are directly related to the work performed on the disloca-
tion during its motion, which occurs at the expense of the elastic and potential energy stored in
the system.

We now consider the contribution of image forces in the case of an edge dislocation.
Consider an edge dislocation with its line parallel to a free surface and a slip plane perpen-

dicular to it.
To satisfy the boundary conditions imposed by the free surface, an image dislocation is

introduced, symmetric with respect to the free plane and located outside the body.
This symmetric configuration cancels all stress components on the free surface except σ12.

In particular, the stress generated by the real dislocation along the surface x1 = 0 is:
σ12(0, x2) =

µb

π(1− ν)
· l(l

2 − x22)
r4

,

r =
√
l2 + x22,

where l is the distance of the real dislocation from the free surface.
For the stress equilibrium conditions to be satisfied for an edge dislocation near a free surface,

the Airy stress function A must be chosen so as to ensure:
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• σ12(0, x2) = −
µb

π(1− ν)
· l(l

2 − x22)
r4

,

• σ11 = σ13 = 0 on the boundary,

• stress decay as x1 → −∞.

We thus propose a separable stress function:

A(x1, x2) = X(x1) · Y (x2) (5.36)

In addition to satisfying boundary and symmetry conditions, this function must also satisfy
moment equilibrium about a point.

For all these conditions to hold, the function A must satisfy (4.20).
Substituting (5.36) into (4.20) yields:

∂4X

∂x41
+

2

Y

∂2X

∂x21

∂2Y

∂x22
+
X

Y

∂4Y

∂x42
= 0 (5.37)

To make the equation depend on the sole variable x1, we impose for Y (x2) a combination
of sines and cosines:

Y (x2) = a sin(kx2) + b cos(kx2)

From which it follows that:

d2Y

dx22
= −k2 (a sin(kx2) + b cos(kx2)) = −k2Y (x2)

d4Y

dx42
= k4 (a sin(kx2) + b cos(kx2)) = k4Y (x2)

Substituting into (5.37) gives:

d4X

dx41
− 2k2

d2X

dx21
+ k4X = 0

which is a fourth-order linear ODE with constant coefficients forX(x1), admitting exponen-
tial solutions.

Solving for X(x1) yields:

X(x1) = (a0 + a1x1)e
kx1 + (C0 + C1x1)e

−kx1

For the stress to vanish as x1 → −∞, we impose:

C0 = C1 = 0 ⇒ lim
x1→−∞

X(x1) = 0

Moreover, imposing the boundary condition X(0) = 0 ⇒ A(0, x2) = 0 ⇒ σ12(0, x2) = 0
gives:

a0 = 0

Therefore, the Airy stress function can be written as:

A(x1, x2) =
∫ ∞

0

a(k)x1e
kx1 sin(kx2) dk

The term containing cos(kx2) is neglected because σ12(0, x2) is an even function of x2.

To satisfy the boundary condition:
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−σ12(0, x2) =
∂2A

∂x1∂x2

∣∣∣∣
x1=0

=

∫ ∞

0

a(k) k cos(kx2) dk =
µb

π(1− ν)
· l(l

2 − x22)
(l2 + x22)

2

Applying Fourier inversion gives:

k · a(k) = µb

π2(1− ν)

∫ ∞

−∞

l(l2 − x22)
(l2 + x22)

2
cos(kx2) dx2

After an integration by parts, one obtains:

k · a(k) = µbl

π2(1− ν)
· k
i

∫ ∞

−∞

x2e
iky

(l2 + x22)
2
dx2

Using the residue at the complex pole x2 = il, we obtain:

a(k) =
µbl

π(1− ν)
e−kl

Finally, the Airy function for an edge dislocation in the presence of a free surface is:

A(x1, x2) =
µbl

π(1− ν)

∫ ∞

0

x1e
k(x1−l) sin(kx2) dk

The Airy function associated with the configuration of an edge dislocation near a free surface
is:

A(x1, x2) =
µbl

π(1− ν)
· x1x2
(x1 − l)2 + x22

In particular, evaluating at (−l, 0):

σ12 = −
∂2A(−l, 0)
∂x1∂x2

= − µbl

π(1− ν)

∫ ∞

0

k(1− kl)e−2kl dk = 0

This result shows that the stresses generated by A do not produce a force along the x1
direction: hence, the attractive force toward the surface is entirely due to the image dislocation.

The attractive force per unit length exerted by the image dislocation is:

Fx1

L
=

µb2

4π(1− ν)l

The overall stress distribution for an edge dislocation near a free surface includes three
contributions:

• the real dislocation,

• the image dislocation,

• the correction field described by A(x1, x2).

The stress components associated with A are:
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σ =



σ11 = −
2µblx1x2
π(1− ν)r6

[
3(l − x1)2 − x22

]
,

σ22 =
µbl

π(1− ν)r6
[
4(l − x1)3x2 + 6(l − x1)2x1x2 + 4(l − x1)x32 − 2x1x

3
2

]
,

σ12 = −
µbl

π(1− ν)r6
[
(l − x1)4 + 2x1(l − x1)3 − 6x1x

2
2(l − x1)− x42

]
,

σ33 =
4µblν

π(1− ν)r6
[
(l − x1)3x2 + (l − x1)x32

]
,

where:

r2 = (x1 − l)2 + x22

The analytically obtained stresses are particularly relevant for dislocations in thin films,
where proximity to free surfaces significantly influences mechanical equilibrium.

In the case where the dislocation does not assume the ideal configuration described above,
(5.22) does not vanish on the free surface but produces a residual stress of the form:

σ12(0, x2) = −
µbr20

π(1− ν)
· x

3
1 − 3x1x

2
2

r6

It is nevertheless possible to introduce a corrective stress function that cancels this contribu-
tion. In particular, evaluated at the point (−l, 0), it yields:

σ12(−l, 0) =
µbr20

16πl3(1− ν)
It follows that the attractive force exerted by the free surface can no longer be represented

solely by the image dislocation, but also includes the corrected contribution that compensates
for the residual stress induced by the core structure.

When the edge dislocation is oriented normal to the free surface, the added stress field can
be treated analogously to the screw dislocation case.

Consider a semi-infinite crystalline medium with x3 > 0 and a free surface on the plane
x3 = 0, in the limit R→∞.

As a reference stress function, one may take:

A(x1, x2, x3) = x2 log (ρ+ x3) +
x2x3
ρ+ x3

(5.38)

where ρ =
√
x21 + x22 + x23.

This expression satisfies the symmetry conditions with respect to the free surface and enables
the construction of solutions that account for relaxation along the direction normal to the surface.

Two stress components of particular interest, derived from the function A(x1, x2, x3), are:

σ33 =
νµb

π(1− ν)

[
x2x3
ρ3

+
x2

ρ(ρ+ x3)

]
,

σ23 =
νµb

π(1− ν)

[
− x3
ρ(ρ+ x3)

+
x22x3

ρ3(ρ+ x3)
+

x22x3
ρ2(ρ+ x3)2

]
,

(5.39)

For x3 = 0, σ33 cancels the stresses produced by (5.18), ensuring that the boundary condition
on the free surface is satisfied.
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For a finite volume of radiusR, the additional stresses from (5.21) generate σ33 contributions
that introduce complicated end effects.

Far from the end, i.e., in the limit |x3| ≫ R, the end-effect stresses generated by (5.21) tend
to compensate the stresses in (5.39), restoring the overall stress distribution to that associated
with the systems (5.19) and (5.25)–(5.27).

5.2.3 General straight dislocation

Figure 5.16: General straight dislocation.

The Burgers vector of a general straight dislocation — Figure 5.16 — can be decomposed into
its edge and screw components:

b = be + bs (e = edge, s = screw)

Knowing that the elastic energies per unit length associated with the two components are:

We

L
=

µb2e
4π(1− ν)

ln

(
αR

b

)
,

Ws

L
=
µb2s
4π

ln

(
αR

b

)
and that:

be = b sin β, bs = b cos β,

then, by the principle of superposition of effects, the total energy per unit length is:

Wg

L
=
We

L
+
Ws

L
=
µb2

4π

(
cos2 β +

sin2 β

1− ν

)
ln

(
αR

b

)
= E(β) ln

(
αR

b

)
(5.40)

where E(β) is the prelogarithmic energy factor.

A dislocation that possesses both edge and screw components is said to have a mixed
character. Its glide plane is determined by the plane of the edge component, whereas the screw
component does not define a glide plane. In general, the glide plane is the plane that contains
both the dislocation line and the Burgers vector.

If the dislocation undergoes a climb, that is, it moves by an amount δr perpendicular to the
plane in which it lies, a quantity of material per unit length equal to:
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δV

L
=
(
ξ̂ × b

)
· δr

is removed.

If this quantity of material is removed, the continuity of the medium can be restored by the
relative displacement of the free shear surfaces by a vector equal to b. If a uniform stress σ acts
in the dislocation core, the work done during this process is:

δW

L
=

F

L
· δr =

[
σ · (ξ̂ × δr)

]
· b

where σ · (ξ̂ × δr) is the force exerted by the stress tensor on the surface element of area
ξ̂ × δr.

Rewriting the work using vector identities gives:

δW

L
=
[
(b · σ)× ξ̂

]
· δr ⇒ F

L
= (b · σ)× ξ̂

The force components therefore result as:

Fgl

L
=

[
(b · σ)× ξ̂

]
·
[
ξ̂ × (b× ξ̂)

]
∣∣∣b× ξ̂∣∣∣ (GLIDE)

Fcl

L
=

[
(b · σ)× ξ̂

]
· (b× ξ̂)∣∣∣b× ξ̂∣∣∣ (CLIMB)

(5.41)

When a straight dislocation undergoes a generic climb along δr, the restoration of material
continuity is not determined solely by the forces acting on the core but also involves the glide
and climb components arising from the dislocation geometry.

5.3 Peierls Model — Influence of Lattice Periodicity
The Volterra models, while providing the essential theoretical basis for the description of
dislocations, do not allow an accurate evaluation of the stress, strain, and displacement fields in
the immediate vicinity of the dislocation core.

The Peierls model addresses this limitation by introducing lattice periodicity into the formu-
lation of the problem, providing a more realistic description of the Burgers vector and of the
elastic strain distribution within the crystal.
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5.3.1 Introduction to the model: edge dislocation

(a) (b)

Figure 5.17: (a) Division of a perfect lattice into two half-crystals; (b) reference system and displacement
function of the crystalline lattice.

Consider a crystal with a perfect cubic lattice, divided into two half-crystals I and II separated
by a mutual distance d — Figure 5.17a.

A Cartesian coordinate system {O, k̂1, k̂2, k̂3} is placed midway between I and II, with the
axis x1 ∥ k̂1 parallel to the faces of the two half-crystals and the axis x2 ∥ k̂2 parallel to the
crystallographic planes. The spacing between parallel crystal planes is equal to the modulus of
the Burgers vector, b = b k̂1 — Figure 5.17b.

The maximum relative misalignment between the crystal planes is defined as:

δ0x =


b

2
, x1 > 0

− b
2
, x1 < 0

To restore the continuity of the material, a displacement function is introduced for edge
dislocations:

ux(x1) : R→ R, ux(x1) ∈ C1(R)
The misalignment function is then defined as:

δx(x1) : R→ R, δx(x1) =


2ux(x1) +

b

2
, x1 > 0

2ux(x1)−
b

2
, x1 < 0

which is assumed to be convergent:

lim
x1→±∞

ux(x1) = −
b

4

To re-establish crystalline continuity, displacements must occur that generate restoring forces
associated with the atomic bonds distorted across the plane x2.

As a first approximation, these forces are assumed to produce a local stress σ12 on the plane
x2 = 0, defined by a sinusoidal function of the misalignment δx(x1). This assumption is valid
for small displacements along x2.
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