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Abstract

In this thesis, we study the diffusion of regularity and the propagation of isotropic
microsingularities induced by quadratic forms, or by the corresponding quadratic
differential operators, from two different perspectives. The first part is devoted to
constructing a subelliptic diffusion on a closed manifold associated with a second
order subelliptic operator and to establish convergence to equilibrium for such a
diffusion. The construction we carry out is based on the notion of subunit curves,
namely curves for which the velocity vector is controlled from above by the princi-
pal symbol of the operator under consideration, which is locally a quadratic form
with respect to the frequency variables. To construct the randomwalk and prove the
convergence result, we reduce the problem to the study of a constant coefficient op-
erator that is locally equivalent to our second order subelliptic operator, in the sense
that the diffusion generated by it induces a local diffusion for our operator. By us-
ing the compactness property this local diffusion can be lifted to a global diffusion,
and the convergence result is then obtained via the spectral theory of the associated
Markov operator. In the second part, we investigate the propagation of isotropic sin-
gularities for evolution equations whose generator is given by a Weyl-quantization
of a global (that is, on both the position and frequency variables) complex qua-
dratic form. In order to establish the propagation results, we develop the isotropic
microlocal theory and we use it to relate the Shubin-Sobolev microsingularities of
the solution of the evolution equation to those of the initial datum and the singular
space associated with the quadratic form.
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1. INTRODUCTION

The purpose of this thesis is to study the propagation of regularity and singu-
larities induced by quadratic differential operators (or by the associated quadratic
forms) from two different perspectives. Accordingly, the work is divided into two
main parts. In the first part, we focus on the propagation of regularity from a
stochastic viewpoint (see Chapters 3, 4, 5, and 6). In this context, we construct a
subelliptic diffusion on a closed manifold based on the notion of subunit curves,
namely curves for which the velocity vector is controlled from above by the princi-
pal symbol of the operator under consideration, which is locally a quadratic form
with respect to the ξ variables. For such a diffusion we prove a convergence to
equilibrium formulated in terms of the convergence of the transition law to a fixed
measure (which is stationary for the process) with respect to the so-called total
variation distance (see Definition A.6.19). In the second part, we examine the
propagation of singularities from an isotropic microlocal point of view (see Chap-
ters 7, 8, and 9). More precisely, we study evolution equations of the form (1.1)
whose generator is given by a Weyl-quantization of a complex quadratic form on
the phase space, i.e. a quadratic form in the (x, ξ) variables. In order to establish
the propagation results we develop the isotropic microlocal theory and we use it to
relate the Shubin-Sobolev microsingularities of the solution of the evolution equa-
tion to those of the initial data and the singular space associated with the quadratic
form. We now explain briefly these two parts of the thesis.

The aim of the first part is to construct an (h, ρ)-subelliptic diffusion on a
closed, connected smooth Riemannian manifold (M, g) and to establish conver-
gence to equilibrium through the spectral theory of the associatedMarkov operator.
Specifically, starting from a subelliptic operator A onM , we construct a Random
Walk (see Definition 4.1.1) associated with it (cf. [6], [7], [29], [1]), which de-
pends on two small parameters h, ρ representing, respectively, the step size and
the speed at which the step is performed.

This random walk can be interpreted as a subelliptic version of the Gibbs-
Metropolis algorithm, a Markov chain widely used in statistical mechanics to reach
low-energy configurations of many-body systems.

More precisely, the Gibbs-Metropolis algorithm proposes local moves that are
always accepted if they reduce the system’s energy, and accepted with decreas-
ing probability as the energy increases, according to the Boltzmann distribution.
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Therefore, it is commonly used to study, for instance, liquid-solid phase transitions
in particle systems, as well as magnetic phase transitions in spin models (see for
instance [16], [33] and the references therein).

On the other hand, from a mathematical perspective this problem originated
from the aim of generalizing the construction of a hypoelliptic random walk de-
veloped by G. Lebeau and L. Michel in [29]. They considered the case of differen-
tial operators onM that can be written as A =

∑p
k=1X

2
k , where X1, . . . , Xp are

divergence-free vector fields (with respect to a fixed measure µ) and satisfy Hör-
mander’s condition (the term hypoelliptic refers to this fact). In this context, the
main novelty of the subelliptic construction we present is that it applies to second-
order differential operator onM , which, in general, cannot be written as sums of
squares of smooth vector fields. Namely, we consider a subelliptic operator A of
order 0 < ε < 1 (see Definition 3.1.1) that can be locally written as (with (U,ϕ)
local chart and Ũ = ϕ(U))

AU = −
n∑

i,j=1

aij(x̃)
∂2

∂x̃i∂x̃j
+

n∑
k=1

bk(x̃)
∂

∂x̃k
+ d(x̃), x̃ ∈ Ũ ,

where aij , bk, d ∈ C∞(Ũα;R) for all i, j, k ∈ {1, ..., n} and (aij)i,j ≥ 0. There-
fore, with this approach we are able to include any second-order differential opera-
tors (which satisfy the natural hypotheses (H1), (H2), (H3)) on a closed, connected
Riemannian manifold. This result can be interpreted in terms of propagation of
regularity: indeed, the convergence to equilibrium corresponds to convergence to-
wards a stationary measurewith respect to the constructed diffusion. The diffusion
we consider is based on the notion of subunit balls BA(x, ρ) (see Definition 3.2.6)
associated with our subelliptic operator A. Loosely speaking, one moves from a
point x ∈ M to a point x′ ∈ BA(x, ρ), for sufficiently small ρ, along a (pertur-
bation of) subunit curve for A, that is a curve γA : [0, 1] → M from x to x′ such
that the velocity vector is controlled from above by the principal symbol a2(x, ξ)
of A, almost everywhere. More precisely, we look for a curve γA : [0, 1] → M
that satisfies

γA(0) = x, γA(1) = x′,

|γ̇A(t, ξ)|2 ≤ a2(γ(t), ξ), for a.e. t ∈ [0, 1], ∀ξ ∈ T ∗γ(t)M,

where a2(x, ξ) is the principal symbol of A (see Remark A.2.8) and γ̇A(t, ξ) is the
principal symbol of the vector fields γ̇A(t) along the curve (see Remark A.2.9).

The second part of the thesis is motivated by two main goals: a generalization
of Hörmander’s microlocal results of [23] in the isotropic framework, and the con-
sequent study of the propagation of singularities for an evolution equation of the
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form {
∂tu+ Opw(a)u = 0 in R+ × Rn,

u(0, ·) = u0 ∈ S ′(Rn),
(1.1)

where a is a complex quadratic form on the phase space

a : R2n −→ C, X 7−→ a(X) = 〈X,QX〉,

defined by the symmetric complex matrix Q ∈ M2n(C) with ReQ ≥ 0. The
existence of a solution operators {e−tOpw(a)}t≥0 for such a problem may be found
in [24] and we discuss this matter in more detail in Chapter 9.

The importance of studying such isotropic theory comes from the fact that it
allows us to study a broader class of meaningful problems. Indeed, every evolution
problem in the whole of Rn for which the generator is given by an operator whose
symbol is a quadratic form with positive real part - such as the Heat equation and
the Schrödinger equation - are included in our theory. We also study the particu-
lar case of more general operators tailored to a complex combination of quantum
Harmonic Oscillators, such as

Opw(a) = −∆x′ + |x′|2 + i(−∆x′′ + |x′′|2),

where x′ ∈ Rn1 and x′′ ∈ Rn2 , with n1 + n2 = n (note that if n2 = n we recover
the standard Harmonic Oscillator). This operator has a symbol that falls within
the scope of our study (see Theorem 9.2.1 and Example 9.2.11) and, as we expect,
since the Heat equation has a regularizing behavior, we have that the singularities
of the solution of the problem at time t > 0 live in the second group of variables (in
other words, there is a heat diffusion with respect to some variables, and a quantum
diffusion in some others.)

In conclusion, both parts of this thesis are concernedwith propagation phenom-
ena induced by quadratic forms, or by the corresponding (pseudo)differential op-
erators. Indeed, once again, in the first part, the diffusion we construct relies on the
notion of subunit curves determined by the principal symbol of a second-order dif-
ferential operator, which is essentially a quadratic form in the frequency variable.
In the second part, the evolution equation is generated by the Weyl-quantization of
a complex quadratic form in the phase space variables. In what follows, we present
separately the key ideas and the main results of these two parts of the thesis.

1.1 Subelliptic Random Walks on Riemannian Manifolds and
Their Convergence to Equilibrium - Key Ideas and Main

Results

This first part of the thesis is essentially divided into two main parts. The first
one is devoted to the construction of a global subelliptic diffusion, while the sec-
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ond focuses on establishing convergence results for this diffusion, obtained via an
analysis of the spectral theory of the associated Markov operator. In what follows,
we provide a brief overview of these two parts.

The first basic construction that we develop is a local construction based on
the Oleinik–Radkevich vector fields. However, as discussed in Remark 4.3.1, this
approach is not optimal. This motivates the introduction of a new more refined
construction based on an iterative procedure, which we next explain. The idea is to
reduce locally the operatorA to an equivalent (the term equivalent should be more
clear soon) constant coefficients operator Ã, which will be our universal model.
Therefore, we reduce matters to constructing a diffusion for such an operator and
then we "pullback" this diffusion to a local diffusion on our manifoldM . Finally,
using the compactness ofM we are able to extend this local construction to a global
one.

To employ this procedure we use a technique of Fefferman and Phong based on
the Calderón-Zygmund localization (see [10], [11], [12], [14]). To briefly explain
this technique, since it is of local nature, we reduce to the case of the standard cube
Q ⊆ Rn with dilations Q∗ and Q∗∗ (see Section 4.1 for the notation). Essentially,
by choosing the smallest δ1 = 2−N1 for which

max
1≤i≤n

max
x∈Q(0,δ1)

|aii(x)| ≥ 10R1δ
2
1,

with R1 > 0 a sufficiently large universal constant, it is possible to construct a
diffeomorphism

φ1 :]− r1, r1[×Qn−1(0, 1)→ φ1(]− r1, r1[×Qn−1(0, 1)) ⊆ Q(0, δ1)

(w1, z) 7→ x,

for some universal r1 > 0, such that, in these new coordinates, the operator A
looks like

Aφ1 = −∂2
w1

+
n∑

i,j=2

bi,j(w1, z)∂zi∂zj .

At this point the key tool is that, for ρ > 0 sufficiently small, one has

{|w1| ≤ ρ} ×BĀφ1
(0, ρ) ⊆ BAφ1

(0, Cρ), C > 0 universal,

where,

Āφ1 = −
n∑

i,j=2

b̄ij(z)
∂2

∂zizj
, b̄ij(z) =

1

2ρ

∫ ρ

−ρ
bij(w1, z)dw1.

Therefore, by iterating this argument we obtain that locally

A ∼ Ã = −
n∑
i=1

c2
jρ

2κj
∂2

∂w2
j

,
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where 1 = κ1 ≤ κ2 ≤ · · · ≤ κn = 1/ε (recall that ε is the order of subellipticity of
A) and c1, . . . , cn are universal constants. This equivalence should be understood
in the sense that subunit curves for Ã induce subunit curves for A and vice versa.
For our purposes, it is important to emphasize the fact that subunit curves for Ã
induce subunit curves for A. We highlight this in the following theorem, which is
one of the main results of the thesis.

Theorem 1.1.1. Let A be a second-order differential operator of the form

A = −
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
k=1

bk(x)
∂

∂xk
+ d(x),

where aij, bk, d ∈ C∞(Q∗∗,R) for every i, j, k = 1, ..., n and A2(x) = (aij(x))i,j
is symmetric and positive semidefinite for any x ∈ Q∗∗.
Then, if A is subelliptic of order ε (0 < ε < 1), there exists a universal block

Qρ =]− c1ρ, c1ρ[×]− c2ρ
κ2 , c2ρ

κ2 [× · · ·×]− cnρκn , cnρκn [,

where ρ > 0 is sufficiently small, c1 = 1, . . . , cn > 0 are universal constants
and κ1 = 1 ≤ κ2 ≤ · · · ≤ κn = 1/ε, such that for any x0 ∈ Q there exists a
diffeomorphism,

Φ : Qρ → Φ(Qρ), Φ(0) = x0,

with uniformly bounded derivatives.
In addition, there exists a second-order differential operator with constant coeffi-
cients on this universal block defined as

Ã := −
n∑
j=1

c2
jρ

2κj
∂2

∂w2
j

,

with the following property.
If we define γj : [0, 1]→ Rn, for 1 ≤ j ≤ n as

γj(t) = e
tcjρ

κj ∂
∂wj (0),

we have that this curve is a subunit curve for Ã, starting at 0 with speed less than
1 and it determines a curve γ : [0, 1] → Q∗, subunit for A, with speed less than
Cρ, for some universal constant C > 0, such that

γ(0) = x0, γ(1) =: x ∈ BA(x0, Cρ).

Tomake this construction global, we use the uniform boundedness of the coeffi-
cients along with some geometric arguments, which lead to the following universal
inclusions.
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Theorem 1.1.2. There exist ν, ρ, C > 0 universal constants, such that, for every
x ∈M ,

Φ(Qρ) ⊆ Φ(Q∗ρ) ⊆ BA`(x̃, Cρ) ⊆ Q(x̃, ν), (1.2)

where, x̃ = ϕ`(x) ∈ Rn for some ` = 1, . . . ,m, A` is the operator corresponding
to A on the open set Ṽ` ⊆ Rn, Qρ is the universal block of radius ρ (see Definition
4.4.2), Q∗ρ is a fixed dilation of Qρ (i.e. Q∗ρ = Qc∗ρ, with c∗ > 1) and Φ is a
diffeomorphism with uniform bounds.

Therefore, we fix ρ0 > 0 sufficiently small and for ρ ∈]0, ρ0] we construct
an atlas {(Qi,Ψi)}Ni=1 ofM where the local open sets Qi are subunit cubes - i.e.
image (throughΨ−1

i ) of an universal blockQρ ofRn - (see Definition 4.5.4). Hence
for h ∈]0, h0], with h0 sufficiently small, we define the subunit (h, ρ)-diffusion as
follows.
• Step 0. Fix x0 ∈M .
• Step k. At step k ∈ N we choose at random i ∈ {1, ..., N}, j ∈ {1, ..., n} and
t ∈]− h, h[ (with respect to the uniform probability) and set

xk+1 =

{
Φi,j,h,ρ(t, xk), if xk ∈ Qi and Φi,j,h,ρ(t, xk) ∈ Qi

xk, otherwise,

where Φi,j,h,ρ(t, xk) is the flow of Xi,j , the divergence-free version of the vector
field ∂(i)

xj with respect to the coordinates induced by Ψi. In order to obtain the
convergence to equilibrium for this diffusion we study the spectral theory of the
self-adjoint (h, ρ)-Markov operator Sh,ρ associated with it (see (4.20) and the dis-
cussion above for the construction).

We express this operator in term of its Markov-Riesz kernel sh,ρ(x, dy) (see
(4.22)) as

Sh,ρf(x) =

∫
M

f(y)sh,ρ(x, dy), f ∈ C∞(M),

and analogously, for k ∈ N, we denote by skh,ρ(x, dy) the Markov-Riesz kernel of
the iterated operator Skh,ρ = Sh,ρ ◦ · · · ◦ Sh,ρ︸ ︷︷ ︸

k-times

.

The key tools to reach the spectral results and the convergence to equilibrium
are Theorem 5.1.1 and Theorem 5.2.1. In the first we obtain a lower bound for
our (h, ρ)-Markov kernel, which yields an L∞ upper bound for the eigenfunctions
of Sh,ρ, associated with energy levels close to 1. In the second we decompose
the L2 functions with bounded Dirichlet energy into low and high frequency parts,
u = uL+uH , where uH ∈ H1(M) (the Sobolev space onM ofL2 distributionwith
L2 derivatives) and uL has small L2 norm. This decomposition is the key tool to
obtain aWeyl-type estimate (see Subsection 5.3) which yields the following results
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for the spectrum of the operators Sh,ρ (Theorem 1.1.3). The latter, in turn, leads
to convergence to equilibrium (Theorem 1.1.4) i.e. the convergence of the (h, ρ)-
Markov-Riesz kernel of the iterated (h, ρ)-Markov operator to a fixed stationary
1-density on M , with respect to the so-called total variation distance, when the
number of the step of the walk goes to infinity. Finally, it is interesting to note
that the rate of convergence is given by the spectral gap gh,ρ of I − Sh,ρ, which
corresponds distance between the eigenvalue 1 of Sh,ρ and the rest of the spectrum,
and satisfies gh,ρ ≈ h2. Recall that here ρ ∈]0, ρ0], where ρ0 > 0 is chosen
sufficiently small to ensure the validity of the previous construction.

Theorem 1.1.3. Let ρ ∈]0, ρ0] be fixed. There exists h0 > 0 such that, for any
h ∈]0, h0] the following facts hold.
(i) Sh,ρ1 = 1 and 1 is a simple eigenvalue of the operator Sh,ρ;
(ii) There exists a fixed constant δ1 > 0 such that Spec(Sh,ρ) ⊆ [−1 + δ1, 1];
(iii) There exists a fixed constant δ2 > 0 such that Spec(Sh,ρ) ∩ [1 − δ2, 1] is
discrete. Moreover, for any 0 ≤ ζ ≤ δ2h

−2,

]
(

Spec(Sh,ρ) ∩ [1− h2ζ, 1]
)
≤ C1(1 + ζ)m,

for some fixed constants C1,m > 0;
(iv) There exist two universal constants C2, C3 > 0 such that the spectral gap gh,ρ
of the operator I − Sh,ρ (see Definition A.4.22) satisfies

C2h
2 ≤ gh,ρ ≤ C3h

2.

Theorem 1.1.4. Let ρ ∈]0, ρ0] be fixed. There exists h0 > 0 such that for any
h ∈]0, h0] one has

sup
x∈M

∥∥skh,ρ(x, dy)− µ
∥∥
TV
≤ Ce−kgh,ρ , (1.3)

for any k ∈ N, where C > 0 is a universal constant.

The plan of this first part of the thesis is the following. In Chapter 3, we recall
basic facts about subelliptic differential operators on smooth manifolds, along with
the notion of subunit geometry. Chapter 4 is devoted to the construction of the h-
subelliptic random walks, first via the Oleinik–Radkevich vector fields, and then
using the Fefferman–Phong localization argument. In Chapter 5, we prove several
auxiliary results that play a key role in establishing the spectral properties of the
associated operators. Chapter 6 is dedicated to the proofs of Theorem 1.1.3 and
Theorem 1.1.4.
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1.2 Propagation of Shubin-Sobolev Singularities of
Weyl-Quantizations of Complex Quadratic Forms - Key Ideas

and Main Results

In order to extend Hörmander’s results we will recall the isotropic calculus
developed by Shubin (see [43]), that is the calculus with respect to the isotropic
Hörmander metric

g0,X =
|dX|2

〈X〉2
, X = (x, ξ) ∈ R2n,

and we provide the main facts needed in this framework, based on the notion of
isotropic wave front set introduced in [23] (see also [8]).

We study the "stratification" of WFiso given by the s-wave-front sets WF s
iso,

that are a measure of microlocal Bs-regularity, where Bs is the Shubin-Sobolev
space on Rn (see Definition 8.1.11 below). The setsWF s

iso allow for a more pre-
cise information about the regularity of the distribution that we are dealing with.
Indeed, one of the reasons to study such stratification arises from the fact that
once the results are achieved in the stratified setting, it is possible to reconstruct
the corresponding properties in the "Schwartz regularity" setting (see Proposition
8.1.23).

To obtain such results we need to use different global metrics in addition to
the isotropic one, that is the iso,iso metric on R2(n+m) and the SG metric on R2n

(see Definition B.2.2 and Definition B.2.4). Furthermore, we will examine the
relation with the Time-Frequency calculus introduced in [18], and developed by
many authors (see e.g. [34], [42], [44]; see also [5] for an SG-situation). In that
context, we show that the tools we have introduced are related to a complementary
perspective that, in the end, gives an essentially equivalent information, however
through a more pseudodifferential (and flexible) viewpoint, that in many cases is
better adapted to phase-space geometry.

We finally use our results to study the propagation of singularities, aiming to
relate the Shubin-Sobolev singularity of the solution of the problem (1.1) at time
t to that of the initial datum.

The propagation of singularities problem (1.1) was already studied from a time-
frequency point of view using, as we do, the symplectic geometry of the quadratic
form. To explain briefly the result on propagation of singularities we begin by
mentioning that, thanks to the symplectic classification of quadratic forms due to
Hörmander [24], we are able to give the first rough inclusion (see [23], [24])

WFiso(e−tOpw(a)u0) ⊆ e2tImFWFiso(u0),

where F is the complex matrix that satisfies the equation (with σ the standard
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complex symplectic form)

σ(X,FX) = a(X),

that is called the Hamilton map associated with a. In what follows we will write
a = aR + iaI , where aR = Re a and aI = Im a. The goal is then to improve the
inclusion above.

First of all, by using the geometry of the singular space S, introduced by M.
Hitrik and K. Pravda-Starov in [22], the authors of [40] proved that, for all t > 0

WFiso(e−tOpw(a)u0) ⊆ (etHaI (WFiso(u0) ∩ S)) ∩ S, (1.4)

that essentially says that the S -singularities of the solution at time t are local-
ized inside the singular space and propagate along the bicharacteristic curves of
the imaginary part Im a of the symbol. In the case of WF s

iso, i.e. for studying
the Shubin-Sobolev singularities, the inclusion (1.4) was already studied by using
again the time-frequency tools in [47] in which one has a different loss of deriva-
tives. In recent years, the inclusion has also been studied for an initial condition in
the Gelfand-Shilov class and in the anisotropic context (see [3], [2], [48], [49]).
We will also obtain this inclusion from a complementary point of view by using
the isotropic microlocal theory developed in Chapter 8.

In particular, in order to study the singularities of a tensor product of two tem-
pered distributions we have to keep into account the global regularity of both of
them and this produces a first loss of derivatives (the s∗ in Theorem 1.2.1) due to
the interaction of the single tempered distributions u and v in the tensor product
u⊗v ∈ S ′(Rn

x×Rm
y ). Moreover, when we consider the "pullback" of a temperate

distribution - that satisfies suitable conditions - through an injective map from Rm

toRn we encounter an additional loss of derivatives, that depends on the codimen-
sion n−m, since it basically corresponds to taking the trace of the distribution. In
fact, we reduce matters to the case in which the pullback is done via an immersion
L : Rm → Rm × {0n−m}, and after making sense of the notion of the pullback
via an injective map of distributions in a certain class, we show that on sufficiently
regular distributions the pullback is the trace on {xm+1 = · · · = xn = 0} and the
Trace Theorem leads to a loss of regularity of (n−m)/2.
We next describe the main result on the Schwartz kernels that plays a crucial role
in this work. Let K : S (Rn)→ S ′(Rm), with n ≥ m, be a linear operator with
Schwartz kernel K ∈ S ′(Rn+m). Then, if K ∈ S (Rn+m) and u ∈ S (Rn), we
may write

K u(x) =

∫
L∗(K ⊗ u)(x, y)dy,

where K ⊗ u ∈ S (Rm+n+n) is the function

(x, y, z) 7→ K(x, y)u(z),
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and L is the map (x, y) 7→ (x, y, y). Therefore, after extending this expression
to those K ∈ S ′(Rm+n) and u ∈ S ′(Rn) that satisfy condition (1.6) below (see
Section 8.3 for the notation), we put together the previous results into the following
theorem.
Theorem 1.2.1. Let K : S (Rn) → S ′(Rm), with n ≥ m, be a linear operator
with Schwartz kernel K ∈ B−r1(Rm+n) for r1 ≥ 0. Then, if u ∈ S (Rn) and
µ > n is fixed, we have that for all s1 ∈ R

WF s1−µ
iso (K u) ⊆ WF s1

iso,X(K). (1.5)

In addition, the definition of the map u 7→ K u can be extended by continuity to
those u ∈ S ′(Rn) for which

WFiso(u) ∩WFiso,Y (K) = ∅. (1.6)

Finally, if u ∈ B−r2(Rn), for some r2 ≥ 0, satisfies (1.6) and s1, s2 ∈ R are such
that s∗ := min{s1 − r2, s2 − r1} ≤ s1 + s2, then for any fixed µ > n we have

WF s∗−µ
iso (K u) ⊆ WF s1

iso,X(K) ∪WF s1
iso(K)′ ◦WF s2

iso(u). (1.7)

By using the geometric structure of the kernelKe−2itF of the propagatorKe−2itF =
e−tOpw(a) (see [24]) - and of the associated singular space S - we will specialize
Theorem 1.2.1 to improve the inclusion (1.4) in the stratified setting giving in addi-
tion a lower bound on the loss of derivatives of 4n+ ε, with ε as small as we wish.
This will be the main result concerning the propagation of isotropic microsingu-
larities, stated as follows.
Theorem 1.2.2. Let t > 0 be fixed and consider the operator Ke−2itF : S (Rn)→
S ′(Rn). Then, for any given ε > 0 (small), the Schwartz kernel Ke−2it′F of
Ke−2it′F belongs to B−(n+ε)(R2n), uniformly in t′ ∈]0, t].
Moreover, on defining r0 = inf{r ≥ 0; Ke−2it′F ∈ B−r(R2n), ∀t′ ∈]0, t]}, one
has that if u0 ∈ S ′(Rn) and µ > 2(n+ r0), then for all s ∈ R

WF s−µ
iso (e−tOpw(a)u0) ⊆ (etHaI (WF s

iso(u0) ∩ S)) ∩ S. (1.8)

We conclude this introduction by giving the plan of this second part of the
work. In Chapter 7 we recall the isotropic calculus. Namely, we define the class of
symbols whose quantization leads to the class of the isotropic pseudodifferential
operators (ψdos) that we will use in the following sections. The aim of Chapter 8 is
to define the isotropic wave front sets and show the basics of isotropic microlocal
analysis, we investigate the relationwith the time-frequency analysis andwe extend
Hörmander’s results concerning the operations for the wave front set, in terms of
the WF s

iso (see [26] for the C∞ case and [23] for the S case) needed to prove
Theorem 1.2.1. Finally, in Chapter 9 we give the results on the propagation of
isotropic singularities.



2. NOTATION

2.1 Notation of the first part

In this section we consider (M, g) being a connected and closed smooth Rie-
mannian manifold endowed with a 1-density dµ to be chosen later. In some situa-
tions - as we will specify - the basic definitions apply to a general smooth manifold
M .

• By (·, ·)0 we mean the L2-product onM (with respect to the fixed 1-density
dµ)

• By (·, ·)s the Sobolev product of order s ∈ R onM .

• By 〈·, ·〉 we mean the standard Euclidean product.

• We will use the notation 〈·〉 = (1 + |·|2)1/2.

• We write a ≈ b if there exist two universal constants c, c′ > 0 such that
a ≤ cb and b ≤ c′a.

• We denote by N0 = N ∪ {0}.

• By Γ(M,E) we mean the set of sections of the fiber bundle E overM .

• We denote by B the σ-algebra of Borel on M , by P(M) the set of the
probability measures on (M,B), by M (M,R) the set of real-valued (with
respect to the σ-algebra of Borel) measurable functions onM and finally by
Mb(M,R) the set of real-valued, bounded measurable functions onM .

• If f, g : I ⊆ R→ C we write f = Ounif(g) if there exists a constant C > 0
such that |f(x)| ≤ C|g(x)| for all x ∈ I .

• We denote by S (Rn) the space of Schwartz functions and by S ′(Rn) the
space of tempered distributions.

• If U, V ⊆ Rn, we write U ⊆ V if there exists a universal constant C > 0
such that C−1U ⊆ V ⊆ CU , where cU = {y ∈ Rn; y = cx, x ∈ U},
for c > 0.
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2.2 Notation of the second part

In this part we will work on T ∗Rn ∼= R2n = Rn × Rn. Hence, we write
X = (x, ξ) ∈ R2n for the points in the phase-space.

• We write Ṙ2n = R2n \ {0}.

• 〈·〉 = (1 + |·|2)1/2, Dxj = −i∂xj and (·, ·)0 is the L2-product on Rn.

• We denote by N0 = N ∪ {0}.

• We denote by {0n} the origin on Rn.

• By 〈·, ·〉 we mean the non-Hermitian product on C2n defined by 〈X, Y 〉 :=∑
iXiYi for X, Y ∈ C2n.

• We say that a set Γ ⊆ Ṙ2n is conic if it is invariant under multiplication by
positive real numbers. Hence a cone (i.e. a conic set) Γ ⊆ Ṙ2n is uniquely
determined by its intersection with the unit sphere S2n−1. Therefore Γ is
open, resp. closed, in Ṙ2n if Γ is relatively open, resp. closed, in Ṙ2n (equiv-
alently, Γ ∩ S2n−1 is open, resp. closed, in S2n−1).

• We say that A ≈ B, for A,B > 0 if there exists C > 0 such that C−1A ≤
B ≤ CA.

• We denote by S (Rn) the space of Schwartz functions and by S ′(Rn) the
space of tempered distributions.



3. SUBELLIPTIC OPERATORS

The purpose of this chapter is to introduce the basics of the subelliptic calculus
for a second order differential operator on a smooth closed Riemannianmanifold of
dimension n. In the first section, we give the notion of subellipticity and establish
the setting of work. Then, in the second section, we review some fundamental
geometric tools related to this notion, which will play a crucial role in studying
our diffusion problems.

3.1 Subelliptic Operator on Manifolds and Main Hypotheses

Let (M, g) be a connected, closed Riemannian manifold of dimension n, with
U = {(Uα, ϕα); α ∈ A } the differentiable structure on M , where ϕα : Uα →
Ũα ⊆ Rn are the local maps.

The aim of this first part is to study a diffusion associated with a second order
differential operator onM (by differential operator onM we mean an operator de-
fined as in Definition A.2.7) that satisfy a subellipticity condition stated as follows.

Definition 3.1.1. LetA be a second order differential operator onM . The operator
A is said to be subelliptic of order ε, 0 < ε < 1, if there exist some constants
c, C > 0, such that,

‖Au‖0 + C‖u‖0 ≥ c‖u‖2ε, ∀u ∈ C∞(M). (3.1)

We will deal with a second order differential operator defined on a closed man-
ifold, but, since we usually work locally, it is convenient to clarify early what we
mean by a local expression of our operator.

Let A be a second order differential operator on M . By definition (see again
A.2.7), for every α ∈ A , we have that the operator

Aαf := A(f ◦ ϕ−1
α ) ◦ ϕα, f ∈ C∞(Ũα)

(that we call local expression of A on Ũα) has the form

Aα = −
n∑

i,j=1

a
(α)
ij (x̃)

∂2

∂x̃i∂x̃j
+

n∑
k=1

b
(α)
k (x̃)

∂

∂x̃k
+ d(α)(x̃), x̃ ∈ Ũα,
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where a(α)
ij , b(α)

k , d(α) ∈ C∞(Ũα,C) for all i, j, k ∈ {1, ..., n}. In addition, we
denote by A(α)

2 = (a
(α)
ij )i,j=1,...,n the matrix of the coefficients of the principal part

of the local expression Aα.
We will work throughout with a subelliptic second order differential operator

A onM under the following hypotheses.

(H1). For every local expression Aα we assume that the associated coefficients
a

(α)
ij , b

(α)
k , d(α) are real valued functions, for all i, j, k ∈ {1, ..., n}, and the matrix

of coefficients A(α)
2 (x̃) = (a

(α)
ij (x̃))i,j=1,...,n is symmetric and positive semidefinite

for every x̃ ∈ Ũα.

(H2). A is a formally self-adjoint operator.

(H3). For every local expression Aα we assume that the coefficients a(α)
ij does not

vanish on open sets, that is, for all i, j ∈ {1, . . . n} and for all givenW ⊆ Rn one
has

a
(α)
i,j
∣∣
W

= 0⇒ Int(W) = ∅.

Finally, we wish to emphasize that the subellipticity condition is weaker than
the ellipticity one in the following sense.

Remark 3.1.2. By Proposition A.1.1 we have that (3.1) holds if and only if

Re(Au, u)0 + C ′‖u‖2
0 ≥ c′‖u‖2

ε, ∀u ∈ C∞(M). (3.2)

Therefore, since the latter with ε = 1 is the celebrated Gårding inequality (see for
instance Taylor [46], Theorem 8.1), we have that if A is a elliptic, it satisfies (3.2),
and consequently (3.1), with ε = 1.

3.2 Subunit Vector Fields

The aim of this section is to give some geometric tools related to the subel-
lipticity notion. To do that we refer to Fefferman and Phong [12], Fefferman and
Sánchez-Calle [14], or Jerison and Sánchez-Calle [27]. The key tool will be the so-
called subunit ball associated with a subelliptic operator A and to introduce it we
first need to recall the notion of subunit vector field associated with A, satisfying
the hypotheses (H1), (H2) and (H3).

In what follows, we denote by a2(x, ξ) ∈ C∞(T ∗M \ 0), the principal symbol
of A (see Remark A.2.8), as the function that corresponds locally to

a
(α)
2 (x̃, ξ̃) := 〈A(α)

2 (x̃)ξ̃, ξ̃〉, (x̃, ξ̃) ∈ Ũα × Rn.

Moreover, given a smooth vector field X ∈ Γ(M,TM) we denote by X(x, ξ) its
principal symbol (see Remark A.2.9).
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Definition 3.2.1. Let X ∈ Γ(M,TM) and let A be a subelliptic operator on M
with the aforementioned properties. We say that X is subunit for A at x ∈M if

|X(x, ξ)|2 ≤ a2(x, ξ), ∀ ξ ∈ T ∗xM. (3.3)

The subunit condition could be equivalently stated using the fixed Riemannian
metric g onM , or in coordinates, as shown below.

Remark 3.2.2. If we fix x ∈ M and we take ξ ∈ T ∗xM , there exists vξ ∈ TxM
such that

gx(vξ, v) = ξ(v), ∀v ∈ TxM.

Thus, we have

X(x, ξ) = gx(vξ, X(x)) = ξ(X(x)), ∀ξ ∈ T ∗xM.

Hence, in particular, condition (3.3) is equivalent to

gx(X(x), vξ)
2 ≤ a2(x, ξ), ∀ ξ ∈ T ∗xM.

Indeed, writing X in coordinates with respect to the coordinate basis around x,
and a covector field ξ ∈ T ∗xM at x with respect to the relative dual basis, as

X(x) =
n∑
i=1

Xi(x)
∂

∂xi
, ξ =

n∑
i=1

ξi(x)dxi.

we may conclude that

gx(X(x), vξ(x)) = ξ(X(x)) = X(x, ξ).

Now, it is useful to discuss condition (3.3) in case ofM = U ⊆ Rn open.

Remark 3.2.3. Let U ⊆ Rn be an open set, let A a differential operator of second
order on U of the form

A = −
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
k=1

b(x)
∂

∂xk
+ d(x), (3.4)

that satisfies (H1), (H2) and (H3) and let X =
∑n

i=1Xi(x)∂/∂xi ∈ Γ(U, TU) be
a vector field. By identifying X(x) with the vector (X1(x), . . . , Xn(x)), we have
that condition (3.3) in x ∈ U can be written as

|〈X(x), ξ〉|2 ≤
n∑

i,j=1

aij(x)ξiξj, ∀ξ ∈ Rn,

where we recall that 〈·, ·〉 denotes the standard Euclidean product on Rn.



18 3. Subelliptic Operators

Remark 3.2.4. Let now U, V ⊆ Rn be two open sets and let A be a subelliptic
operator defined on U of the form (3.4). Let also Φ : V → U be a diffeomorphism
and set AΦf := A(f ◦ Φ−1) ◦ Φ, with f ∈ C∞(V ).
IfX(x) =

∑n
i=1Xi(x)∂/∂xi is a vector field on U and Y (y) =

∑n
i=1 Yi(x)∂/∂yi

is a vector field on V such that
X1(x)
X2(x)

...
Xn(x)

 = JΦ(y)


Y1(y)
Y2(y)
...

Yn(y)

 ,

we have thatX is subunit forA at x if and only ifY is subunit forAΦ at y = Φ−1(x).

Proof. Suppose that X is a subunit vector for A at x, and denote by A2, AΦ
2 the

matrix of coefficients of the principal part respectively of A and AΦ. Then

|〈Y (y), ξ〉|2 = |〈JΦ−1(x)X(x), ξ〉|2

= |〈X(x), tJΦ−1(x)ξ〉|2

≤
〈
A2(x) tJΦ−1(x)ξ, tJΦ−1(x)ξ

〉
=
〈(
JΦ−1(x)A2(x) tJΦ−1(x)

)
ξ, ξ
〉

= 〈AΦ
2 (y)ξ, ξ〉, ∀ξ ∈ Rn,

where in the inequality we have used thatX(x) is a subunit vector for A at x. The
converse is analogous.

The remarks say that it would have been possible to give the definition of sub-
unit vector field in coordinates, using the local expressions of A, since this notion
does not depend on the coordinates that we choose.

The notion of subunit vector field allows us to give a notion of subunit curve.
Roughly speaking, a subunit curve for A, is a curve for which the velocity vector
is controlled from above by the principal symbol of A, for almost every time.

Definition 3.2.5. Let γ : [0, 1] → M be a Lipschitz curve. We say that γ is a
subunit curve for A if γ̇(t) is subunit for A for a.e.t ∈ [0, 1].

Finally, using the notion of subunit curve, it is possible to define a new distance
onM , the so-called subunit distance that yields to the notion of subunit ball.

Definition 3.2.6. Let A be a subelliptic operator defined onM . The subunit dis-
tance associated with A between two points x, x′ ∈M is defined as
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dA(x, x′) = inf{r > 0; ∃ γ : [0, 1]→M subunit curve for r2A and
γ(0) = x, γ(1) = x′}

and the subunit ball associated with A centered at x ∈ M of radius ρ > 0 is
defined as

BA(x, ρ) = {x′ ∈M ; dA(x, x′) < ρ}.

Remark 3.2.7. Note that by Remark 3.2.4 the notion of subunit ball could be
equivalently given in coordinates as well. Indeed, if we consider two open sets
U, V ⊆ Rn, a subelliptic operator A defined on U and a diffeomorphism Φ : V →
U , we have that setting AΦf := A(f ◦ Φ−1) ◦ Φ, with f ∈ C∞(V ), the pullback
of A by this diffeomorphism, we get

BAΦ
(Φ−1(0), ρ) = Φ−1(BA(0, ρ)), ρ > 0.

Equivalently, if γ = γ(t) is a subunit curve forA such that γ(0) = 0 and γ(1) = x,
then η(t) := Φ−1(γ(t)) is a subunit curve for AΦ and η(0) = Φ−1(0), η(1) =
Φ−1(x). Hence, essentially, subunit balls are sent to subunit balls through a dif-
feomorphism.

Example 3.2.8. Let us consider (Rn, gE), where gE is the standard Euclidean met-
ric andA = −∆. Then, the subelliptic ball associated withA is just the Euclidean
ball, i.e.

BA(x, ρ) = BE(x, ρ) = {y ∈ Rn; |x− y| < ρ},

(or equivalently d∆(x, y) is just the ordinary Euclidean distance).
Indeed, let us consider first x′ ∈ BE(x, ρ). Recall that x′ ∈ B∆(x, ρ) if and only
if

d∆(x, x′) = inf
{
r ; ∃ γ : [0, 1]→ Rn Lipschitz,

|〈γ̇(t), ξ〉| ≤ r2|ξ|2, for a.e.t ∈ [0, 1],

γ(0) = x, γ(1) = x′
}

=: inf Wx′ < ρ.

Then, if we take γ : [0, 1] 3 t 7→ x + t(x′ − x) ∈ Rn we have that γ is Lipschitz,
γ(0) = x, γ(1) = x′ and

|〈γ̇(t), ξ〉| ≤ |γ̇(t)|2|ξ|2 = |x− x′|2|ξ|2, ∀ξ ∈ Rn.

Hence |x− x′| ∈ Wx′ and inf Wx′ ≤ |x− x′| < ρ, so x′ ∈ B∆(x, ρ).
On the other hand, if x′ ∈ B∆(x, ρ), then

d∆(x, x′) = inf Wx′ =: c < ρ.
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Suppose |x− x′| > ρ > c. Taking γ as before, we have that |x− x′| ∈ Wx′ , so
∃ α ∈ Wx′ , α < |x− x′| and ∃ γ̃ : [0, 1]→ Rn such that∣∣〈 ˙̃γ(t), ξ〉

∣∣2 ≤ α2|ξ|2, for a.e. t ∈ [0, 1].

Observe now that for a.e. t ∈ [0, 1] one has∣∣∣∣〈 ˙̃γ(t),
˙̃γ(t)

| ˙̃γ(t)|
〉
∣∣∣∣2 =

∣∣ ˙̃γ(t)
∣∣2 ≤ α2.

Therefore,

L(γ̃) =

∫ 1

0

∣∣ ˙̃γ(t)
∣∣dt ≤ α < |x− x′| = dE(x, x′)

and since

dE(x, x′) = inf{L(γ); γ Lipschitz, γ(0) = x, γ(1) = x′},

this is a contradiction. Thus we have proved

B∆(x, ρ) = BE(x, ρ).

Example 3.2.9. If we consider on (R2, gE) the Grushin operator

A =
∂2

∂x2
1

+ x2
1

∂2

∂x2
2

by proceeding similarly it is easy to see that for ρ > 0

BA(0, ρ) ≈ [−ρ, ρ]× [−ρ2, ρ2].

Indeed, by definition x = (x1, x2) ∈ BA(0, ρ) if and only if there exists γ : [0, 1]→
R2 subunit for ρ2A, γ(0) = 0 and γ(1) = x such that (with γ(t) = (γ1(t), γ2(t)))

|γ1(t)ξ1 + γ2(t)ξ2|2 ≤ ρ2(ξ2
1 + γ1(t)2ξ2

2), for a.e. t ∈ [0, 1] (3.5)

Then, if x ∈ [−cρ, cρ] × [−cρ2, cρ2], for c sufficiently small we have that the
curve γ(t) = (t + (1 − t)x1, t + (1 − t)x2) satisfies (3.5). On the other hand,
if x ∈ BA(0, ρ) there exists a curve γ = γ(t) that satisfies (3.5) and γ(1) = x.
Hence x ∈ [−Cρ,Cρ]× [−Cρ2, Cρ2], for C > 0 sufficiently large.



4. h-SUBELLIPTIC RANDOMWALKS

The aim of this chapter is to investigate different ways of constructing an h-
subelliptic random walk on our manifold M , where h ∈]0, h0], h0 � 1, can be
thought of as the semiclassical parameter (or as the Planck constant).

4.1 Preliminary Comments

In the first place it is useful to specify what we mean by a Random Walk on
a manifold, which we usually call a diffusion. To do so we refer to [28] (Section
8.2).

Definition 4.1.1. Let (M, g) be a closed manifold. A RandomWalk onM is a fam-
ily P = (px)x∈M of probability measures px on (M,B), depending measurably
on x.

Roughly speaking, for B ∈ B the value px(B) is interpreted as the probabil-
ity of the random walk to land on B after one step starting from x ∈ M . If we
consider a discrete stochastic process {Xn}n∈N0 that satisfy the Markov property
(see for instance [28], p. 233 or [45]), by the Chapman-Kolmogorov equation,
the first transition probability functions p1(x, dy) determine all the others. Hence,
for a discrete Markov process we have that it is determined by the random walk
(p1(x, ·))x∈M . Therefore, when speaking about random walks one can refer inter-
changeably to a stochastic process (Xn)n∈N0 or to the family (p1(x, ·))x∈M .

Themain novelty of the constructions that we will carry out is that they apply to
general second order differential operators onM , i.e. operators that in coordinates
look like (with (U,ϕ) local chart)

AU = −
n∑

i,j=1

aij(x̃)
∂2

∂x̃i∂x̃j
+

n∑
k=1

b(x̃)
∂

∂x̃k
+ d(x̃), x̃ ∈ ϕ(U) ⊆ Rn, (4.1)

where aij, bk, d are C∞ real-valued functions for all i, j, k ∈ {1, ..., n} and A2 =
(aij)i,j ≥ 0.

Remark 4.1.2. In particular, we wish to point out that our operators include sec-
ond order differential operators that cannot be written as sums of squares of vector
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fields. Indeed, if A is locally of the form (4.1), denoting as usual with A2(x̃) =
(aij(x̃))i,j=1,...,n ≥ 0 the matrix of the coefficients of the principal part, it is well
known (see for instance [27], p. 48) that the matrix A2 can always be factorized -
though not uniquely - as A2 = B tB where B(x̃) = (bij(x̃))i,j is an n×m-matrix.
However, in general, the coefficients bij are not smooth functions. Therefore, al-
though we may write

AU = −
m∑
j=1

X∗jXj = −
m∑
j=1

X2
j +X0,

where Xj =
∑n

i=1 bij∂/∂x̃i, the vector fields Xj are not smooth vector fields.
Other interesting examples of second order differential operators that cannot be
written as sum of squares of vector fields can be obtained from local operators of
the form

∑n
j=1 Y

∗
j p(x)Yj , where p(x) =

∑
|α|=k cαx

2α, with k ∈ N and cα > 0

for each |α| = k (cf. [39]).

In this section, we begin by dealing with cubes in Rn, then, to avoid any con-
fusion, we start by fixing the notation.

Definition 4.1.3. Let x0 ∈ Rn. The cube of radius r > 0 centered at x0 in Rn is
defined as the open set

Q(x0, r) =
{
x ∈ Rn; |x− x0|∞ < r

}
,

where
|x− x0|∞ := max

j=1,...,n
|xj − x0,j|.

With this notation, the cubeQ(0, 1) of radius 1 centered at 0 inRn is called the unit
cube. In what follows we denote it by Q = Q(0, 1). Moreover, for 1 < c∗ < c∗∗

we define the dilations of Q, with constants c∗ and c∗∗, respectively, as

Q∗ =
{
y ∈ Rn; ∃x ∈ Q s.t. y = c∗x

}
,

Q∗∗ =
{
y ∈ Rn; ∃x ∈ Q s.t. y = c∗∗x

}
.

The first step is to construct a local diffusion using the so-calledOleinik-Radkevich’s
vector fields (see for instance [36] or [27]), where the term "local" comes from the
fact that we will work on Q∗, fixed dilation of the unit cube Q.

Nevertheless, as we will see in Remark 4.3.1 this construction is not optimal.
Then, we will construct a global "(h, ρ)-subelliptic random walk" using some lo-
cal results of Fefferman and Phong, based on the Calderón-Zygmund localization
(see again [11], [12], [27]), which will lead to a global construction due to the
compactness ofM .
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4.2 The Oleinik and Radkevich Local Diffusion

This section is devoted to constructing the Oleinik-Radkevich local diffusion.
The term local, once more, comes from the fact that we will work in an open cube
ofRn. In this context we we work withA subelliptic formally self-adjoint operator
of the form stated above, i.e.

A = −
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
k=1

bk(x)
∂

∂xk
+ d(x),

where aij, bk, d ∈ C∞(Q∗,R) for all i, j, k ∈ {1, ..., n}, such that the matrix
(aij)i,j is positive semidefinite. Note that the coefficients of the operator are bounded
on Q since they are defined on Q∗ ⊇ Q̄.

The Oleinik-Radkevich local diffusion is based on the Oleinik-Radkevich vec-
tor fields defined as follows.

Definition 4.2.1. The j-th Oleinik-Radkevich’s vector field on Q∗, where j ∈
{1, . . . , n}, is the vector field Yj ∈ Γ(Q∗, TQ∗) defined by

Yj(x) :=
n∑
i=1

aij(x)
∂

∂xi
, x ∈ Q∗.

For these vector fields we have the following theorem (see [27], Proposition
2.1′, p. 66).

Theorem 4.2.2. If A is subelliptic of order ε, there exist c = c(ε) > 0 and N =
N(ε) ∈ N universal constants, such that∑

|J |≤N

|YJ(0, ξ)| ≥ c|ξ|, ∀ξ ∈ Rn, (4.2)

where YJ = [Yj1 , ...[Yjs−1 , Yjs ]...], for J = (j1, ..., js), s ∈ N.

Remark 4.2.3. This theorem is a quantitative version of Hörmander’s condition
at the origin. Indeed, if (4.2) holds the family of vector fields {YJ}|J |≤N contains
n vector fields linearly indipendents at the origin. However, in general, there is no
known simple relationship between such N and the order of subellipticity ε.

Example 4.2.4. Let k ∈ N and let A be the k-Grushin operator on R2 defined by

A =
∂2

∂x2
1

+ x2k
1

∂2

∂x2
2

.
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We have that
A2(x) = (aij(x))i,j =

(
1 0
0 x2k

1

)
,

and so, in this case,
Y1 =

∂

∂x1

, Y2 = x2k
1

∂

∂x2

.

Remark 4.2.5. Let us conside also the case of the sub-Laplacian on the Heisen-
berg group H2. The Heisenberg group H2 is the manifold R3 endowed with the
group law

(x, y, t) · (x′, y′, t′) := (x+ x′, y + y′, t+ t′ +
1

2
(xy′ − x′y)),

with (x, y, t), (x′, y′, t) ∈ R3. The left invariant vector fields are given by

X1 =
∂

∂x
+
y

2

∂

∂t
, X2 =

∂

∂y
− x

2

∂

∂t
, T =

∂

∂t

and the sub-Laplacian is defined as

A = X2
1 +X2

2 .

In this case we have that

A2(x, y, t) =

1 0 y
2

0 1 −x
2

y
2
−x

2
1
4
(x2 + y2)

 , (x, y, t) ∈ R3,

and then

Y1 =
∂

∂x
+
y

2

∂

∂t
, Y2 =

∂

∂y
− x

2

∂

∂t
, Y3 =

y

2

∂

∂x
− x

2

∂

∂y
+

1

4
(x2 + y2)

∂

∂t
.

We next show that the Oleinik-Radkevich vector fields are subunit and satisfy
Hörmander’s condition (possibly after a rescaling). Therefore, we will use such a
property to construct a local subelliptic diffusion.
Theorem 4.2.6. Let Q,Q∗ be as before, let A be a subelliptic second order for-
mally self-adjoint differential operator defined on Q∗ with the aforementioned
properties and let Y1, . . . , Yn be the associated Oleinik-Radkevich vector fields.
Then, there exists C > 0 such that, the vector fields (Ỹj)j defined as

Ỹj :=
1√
C
Yj

satisfy Hörmander’s condition and they are subunit vector fields on this cube, i.e.
for all j ∈ {1, . . . n}, one has∣∣∣〈Ỹj(x), ξ〉

∣∣∣2 ≤ n∑
i,j=1

aij(x)ξiξj, ∀(x, ξ) ∈ Q× Rn.
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Proof. We first note that, since A is subelliptic, by Remark 4.2.3, there exists r ∈
N, locally independent of x, such that Y1, ..., Yn and its commutators of length at
most r, span the tangent space for every x ∈ Q. To prove the subunit property
it is sufficient to observe that if we consider A = (aij(x))i,j ≥ 0, the matrix of
coefficients of A, there exists a constant C > 0 such that

2ajj(x) ≤ C, ∀x ∈ Q,

for all j = 1, . . . n, since they are defined on Q∗ that contains Q. Hence, in view
of Proposition A.1.2, setting

Ỹj :=
1√
C
Yj,

for all j ∈ {1, .., n}, we have that they satisfy∣∣∣〈Ỹj(x), ξ〉
∣∣∣2 =

1

C

( n∑
i=1

aij(x)ξi

)2

≤ 2
ajj(x)

C

n∑
i,j=1

aij(x)ξiξj

≤
n∑

i,j=1

aij(x)ξiξj,

for all x ∈ Q and for all ξ ∈ Rn. Thus they are subunit vector fields.

Now, for h ∈]0, h0], with h0 > 0 sufficiently small we construct a local h-Markov
process through this theorem as follows.
• Fix x0 ∈ Q;
• at step k we choose at random j ∈ {1, ..., n} and t ∈]−h, h[ (with respect to the
uniform probability) and set

xk+1 := etỸjxk.

If h ∈]0, h0], with h0 > 0 sufficiently small, and x ∈ Q, we define

Yj,hf(x) :=
1

2h

∫ h

−h
f(etỸjx)dt, f ∈ C∞(Q∗;R)

and the h-Markov operator associated with our local h-Markov process

Yhf :=
1

n

n∑
j=1

Yj,hf, f ∈ C∞(Q∗;R).
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4.3 CZ-localization

In the previous section using Oleinik-Radkevich’s vector fields we have con-
structed a local subelliptic random walk. However, as we will see in the next ex-
ample, such a construction is not optimal.

Remark 4.3.1. Let A be the k-Grushin operator on R2 defined by

A =
∂2

∂x2
1

+ x2k
1

∂2

∂x2
2

, k ∈ N.

Note that A can be written as

A = X2
1 +X2

2 ,

with X1 = ∂
∂x1

, X2 = xk1
∂
∂x2

and that they satisfy Hörmander condition at order
k+ 1 (i.e. X1, X2 and their commutators up to order k+ 1 span the tangent space
at every poinx x ∈ Rn). On the other hand, in this case, the Grushin vector fields
are defined by Y1 = ∂

∂x1
, Y2 = x2k

1
∂
∂x2

and they satisfy Hörmander condition at
order 2k+1. Roughly speaking, this example shows that the speed of convergence
is not optimal (since we need more commutators). Then the purpose is to improve
it using the tools introduced by Fefferman and Phong [12] based on the so-called
Calderón-Zygmund localization.

In order to give the fundamental tool, let us first recall the Calderón-Zygmund
localization in details. Let us consider againQ be the unit cube and letQ∗, Q∗∗ be
two fixed dilations of constants c∗ and c∗∗ respectively, with 1 < c∗ < c∗∗. We also
always suppose that A is defined on Q∗∗, in order to ensure that the coefficients
are bounded in Q∗. Finally, recall that, for U, V ⊂ Rn open sets, Φ : U → V
diffeomorphism and A differential operator defined on V , we denote the pullback
of A between Φ defined on U by AΦf = A(f ◦ Φ−1) ◦ Φ, f ∈ C∞(U).

The main result of this section is the following theorem, that essentially allow
us to straighten the first vector field by using the Calderón-Zygmund localization
(cf. Fefferman [10] or Jerison and Sánchez-Calle [27]).

Theorem 4.3.2. Let A be a second-order differential operator defined on Q∗∗ of
the form

A = −
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
k=1

bk(x)
∂

∂xk
+ d(x),

where aij, bk, d ∈ C∞(Q∗∗,R) for every i, j, k = 1, ..., n and A2(x) = (aij(x))i,j
is symmetric and positive semidefinite for any x ∈ Q∗∗.
Then, there exists a change of coordinates, diffeomorphism on the image

φ :]− r1, r1[×Qn−1(0, 1)→ φ(]− r1, r1[×Qn−1) ⊆ Q(0, δ1), φ(0) = 0,

(w1, z) 7→ x,
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for some δ1 = 2−k, k ∈ N, and r1 > 0 constant that depends only on the bounds
of the aij’s on Q∗.
Moreover, the pullback of A by φ has the form

Aφ = − ∂2

∂w2
1

−
n∑

i,j=2

bij(w1, z)
∂2

∂zi∂zj
+ l.o.t

where bij ∈ C∞(] − r1, r1[×Qn−1;R) for all i, j = 2, . . . , n, with bounds inde-
pendent of δ1 (and l.o.t stands for ’lower order terms’).

Proof. To prove the theorem we need the following Calderón-Zygmund localiza-
tion argument (see [14] or [27]). Choose δ1 = 2−N1 for the smallestN1 ∈ N, such
that

max
1≤i≤n

max
x∈Q(0,δ1)

|aii(x)| ≥ 10R1δ
2
1, (4.3)

where R1 > 0 is a fixed constant so that

|∂αxaij(x)| ≤ R1

for all x ∈ Q∗, for all α ∈ Nn such that |α| ≤ 2 and for all i, j = 1, . . . , n (recall
that the LHS of (4.3) is strictly positive due to (H3)). This choice of R1 will be
more clear soon. We can assume, without loss of generality, that the index for
which the maximum is attained is i = 1.
The key point of the argument is the following lemma, which provides estimates
that will lead to the universal bounds (see Lemma 4.3.4 below) for the coefficients
of the principal part.

Lemma 4.3.3. Let A2(x) = (aij(x))ij and R1 > 0 be as before, then for all
x ∈ Q(0, δ1)

(i) |aij(x)| ≤ 40R1δ
2
1, ∀i, j ∈ {1, . . . , n},

(ii) a11(x) ≥ R1δ
2
1.

Proof. To get (i) it is sufficient to note that, since A2 is positive semidefinite, one
has |aij|2 ≤ aiiajj . Indeed, setting Mij = (ei ej) (where ei, ej are the col-
umn vectors of the standard basis of Rn) we have that tM ijAMij ≥ 0 and then
det(tM ijAMij) = aiiajj − a2

ij ≥ 0.
Moreover, sinceN1 is the first integer such that (4.3) is satisfied for δ1 = 2−N1 ,

we have
|aii(x)| ≤ 10R1(2δ1)2 ∀x ∈ Q(0, δ1), ∀i ∈ {1, ..., n}

(note also that at the first step |aii(x)| ≤ R12 · 2−1 = R1, since R1 is a bound for
all the aij’s). Hence,

|aij(x)| ≤
√
aii(x)ajj(x) ≤ 40R1δ

2
1, ∀i, j = 1, . . . , n, ∀x ∈ Q(0, δ1).
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Let us show (ii). Recall first that there exists x0 ∈ Q(0, δ1) such that

a11(x0) ≥ 10R1δ
2
1.

We suppose by contradiction that there exists x̄ ∈ Q(0, δ1) such that a11(x̄) <
R1δ

2
1 . Define

F (y) := a11(x̄+ y) + a11(x̄− y), y ∈ Q,
and note that it satisfies F (0) < 2R1δ

2
1 ,∇F (0) = 0 and its second derivatives are

bounded by 2R1. Moreover, we have

a11(x̄+ y) ≤ a11(x̄+ y) + a11(x̄− y) = F (y)

(a11 is positive) and by Taylor’s expansion F (y) < 2R1δ
2
1 + R1|y|2. Thus, taking

y = x0 − x̄, we obtain

a11(x0) ≤ F (x0 − x̄) < 10R1δ
2
1,

and this is a contradiction.

Now, we introduce a first change of coordinates

ψ : Q(0, 10)→ Q(0, δ1),

y 7→ x =
δ1y

10
.

Hence, if we consider the pullback of A by this diffeomorphism, we have in these
new coordinates

Aψ = −
n∑

i,j=1

ãij(y)
∂2

∂yi∂yj
+ l.o.t.,

where ãij(y) = 100δ−2
1 aij(

δ1y
10

). Note now that these coefficients have bounds that
do not depend on δ1. More precisely, we have the next lemma.

Lemma 4.3.4. Let ψ : Q(0, 10) → Q(0, δ1) be the previous diffeomorphism and
let Aψf := A(f ◦ ψ−1) ◦ ψ, for f ∈ C∞(Q(0, 10)), be the pullback of A by it.
Then, the coefficients of the operator

Aψ = −
n∑

i,j=1

ãij(y)
∂2

∂yi∂yj
+ l.o.t.,

have bounds that do not depend on δ1 > 0, i.e. there exists a universal constant
C > 0, independent of δ1, such that

|∂αy ãij(y)| ≤ C,

for all y ∈ Q(0, 10), for all α ∈ Nn and for all i, j = 1, . . . , n.
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Proof. Note that

∂αy ãij =
( δ1

10

)|α|−2

∂αxaij, ∀i, j = 1, ..., n, ∀α ∈ Nn.

Then the only non trivial cases is |α| = 0 or |α| = 1. First consider the case
|α| = 0. In this case we have

|ãij| =
( δ1

10

)−2

|aij| ≤
103

δ2
1

R1(2δ1)2 = C1,

for some universal constant C1 > 0.
Next, if |α| = 1, we write

ãij(y)− ãij(0) = 〈y,∇ãij(0)〉+O(1), |y| ≤ 10,

where the last term is due to the fact that the second derivatives have uniform
bounds. Hence, since the term on the LHS is bounded, we have

|∇ãij(0)| = 〈∇ãij(0),
∇ãij(0)

|∇ãij(0)|
〉 ≤ C ′

for some universal constant C ′ > 0. Moreover, for all k = 1, . . . , n, we have

∂xk ãij(y)− ∂xk ãij(0) = 〈∇∂xk ãij(0), y〉+O(1), |y| ≤ 10.

Hence, by using the bound on the second derivatives we get that for all |y| ≤ 10,

|∇ãij(y)| ≤ C2,

for some universal C2 > 0. Therefore, the result follows by choosing C :=
max{C1, C2} > 0.

We now come back to the proof of our theorem and write

Aψ = −
n∑

i,j=1

ãij(y)
∂2

∂yi∂yj
+ l.o.t.

= −ã11(y)
(( ∂

∂y1

+
n∑
j=2

ã1j(y)

ã11(y)

∂

∂yj

)2

+
n∑

i,j=2

ã′ij(y)
∂2

∂yi∂yj

)
+ l.o.t.,

where, for all i, j = 2, . . . , n, and for y ∈ Q(0, 10),

ã′ij(y) :=
( ãij(y)

ã11(y)
− ã1i(y)ã1j(y)

(ã11(y))2

)
.
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Hence, setting Y :=
(

∂
∂y1

+
∑n

j=2
ã1j(y)

ã11(y)
∂
∂yj

)
, we have

Aψ = −ã11(y)
(
Y 2 +

n∑
i,j=2

ã′ij(y)
∂2

∂yi∂yj

)
+ l.o.t..

Next, we change variables y = ϕ̃(w̃1, z̃), where ϕ̃(·, z̃) is the integral curve of the
vector field Y starting at (0, z̃). In these new coordinates, if we set φ̃ := ψ ◦ ϕ̃, we
have

Aφ̃1
= −ã11(ϕ̃(w̃1, z̃))

( ∂2

∂w̃2
1

+
n∑

i,j=2

b̃ij(w̃1, z̃)
∂2

∂z̃i∂z̃j

)
+ l.o.t.,

for some smooth coefficients b̃ij , for i, j = 2, . . . , n.
Now, if |w̃1| < 1, |z̃| < 1 we have |ϕ̃1(w̃1, z̃)| = |w̃1| < 1. Moreover, by Taylor’s
expansion, we may write

ϕ̃j(w̃1, z̃) = ϕ̃j(0, z̃) + w̃1
˙̃ϕj(w̃

′
1, z), w̃′1 ∈ (0, w̃1).

Hence, since |ã1j(y)| ≤ ã11(y) (by |ã1j(y)| ≤ ãjj(y)ã11(y) ≤ ã11(y)2), one has

|ϕ̃j(w̃1, z̃)| < |z̃|+
∣∣w̃1

˙̃ϕj(w̃
′
1, z̃)

∣∣ < 1 + 8|w̃1| < 10, ∀j ∈ {2, ..., n}.

Thus, we have obtained that ϕ̃(w̃1, z̃) ∈ Q(0, 10) if |w̃1| < 1, |z̃| < 1, and

φ̃ = ψ ◦ ϕ̃ : Q(0, 1)
ϕ̃−→ ϕ̃(Q(0, 1)) ⊆ Q(0, 10)

ψ−→ φ̃(Q(0, 1)) ⊆ Q(0, δ1),

(w̃1, z̃) 7→ y = ϕ̃(w̃1, z̃) 7→ x =
δ1y

10
.

Finally, since ã11 is bounded away from 0 and from above by constants independent
of δ1, if we consider the change of variables (w1, z) = κ(w̃1, z̃1), using as before
the flow κ(·, z̃) starting form (0, z̃) associated with the vector field

√
ã11

∂
∂w̃1

, we
obtain the last diffeomorphism with range into Q(0, 1)

κ :]− r1, r1[×Qn−1(0, 1)→ κ(]− r1, r1[×Qn−1(0, 1)) ⊆ Q(0, 1),

(w1, z) 7→ (w̃1, z̃),

where r1 > 0 depends only on the bounds of the coefficients and not on δ1. Then,
if we call ϕ := ϕ̃ ◦ κ and φ := ψ ◦ ϕ, we have that

φ :]− r1, r1[×Qn−1(0, 1)→ φ(]− r1, r1[×Qn−1(0, 1)) ⊆ Q(0, δ1),

(w1, z) 7→ x =
δ1ϕ(w1, z)

10
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is a diffeomorphism onto its image, φ(0) = 0 and Aφ, the pullback of A through
φ, satisfies

Aφ = − ∂2

∂w2
1

+
n∑

i,j=2

bij(w1, z)
∂2

∂zi∂zj
+ l.o.t.,

for some bij ∈ C∞(]− r1, r1[×Qn−1(0, 1);R), for all i, j = 2, . . . , n, with bounds
independent of δ1 (by Lemma 4.3.4).

Now, in order to iterate this argument on the dimension we make the following
observation.

Remark 4.3.5. Note that the matrix

Ã′2(y) = (ã′ij(y))i,j=2,..,n :=
( ãij(y)

ã11(y)
− ã1i(y)ã1j(y)

(ã11(y))2

)
i,j=2,...,n

, y ∈ Q(0, 10),

satisfies ã′ii(y) ≥ 0 for all i = 2, . . . n (since |ãij(y)|2 ≤ ãii(y)ãjj(y)). Then,
setting

Āφ =
n∑

i,j=2

b̄ij(z)
∂2

∂zj∂zk
, b̄ij(z) =

1

2

∫ 1

−1

bij(w1, z)dw1,

(with b′ijs as in the proof of the theorem) by induction we may apply the Calderón-
Zygmund localization for the operator Āφ in (n−1)-variables. Note that the matrix
(b̄ij)i,j=2,...,n is positive semidefinite, since the matrix (bij(w1, z))i,j=2,...,n is posi-
tive definite, for all w1 ∈]− r1, r1[. The latter assertion follows from the fact that
a(x, ξ) = 〈A2(x)ξ, ξ〉 ≥ 0 and the principal symbol does not depend on the choice
of coordinates (see Remark A.2.8).

4.4 The Subunit Geometry

We are now ready to approach the problem of constructing a global subelliptic
diffusion on M . To do that we need to understand the geometry of the subunit
balls (see [12]). This section is devoted to the proof of Theorem 1.1.1 in which we
will see some geometric consequences of the subellipticity. This theorem, in some
sense, is an alternative version of Theorem 1 in [12].

The goal is to locally reduce matter to a universal cube where the operatorA is
"equivalent" to a new second order differential operator with constant coefficients
Ã. This will be the most important geometric property that we will use to construct
a global diffusion. The term "equivalent" will be more clear in the following. We
first do this locally on a dilation of the unit cube Q∗ ⊆ Rn where the dilation
constant is chosen such that for all x0 ∈ Q, we haveQ(x0, 1) ⊆ Q∗, whereQ(x0, 1)
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is the unit cube centered at x0. We also assume as before that A is defined on Q∗∗
fixed dilation of Q∗.

The idea is to consider for every point x0 ∈ Q the Calderón-Zygmund cube
centered at x0 and reduce the diffusion on a neighborhood of this point to the
diffusion on the universal cube (see Definition 4.4.2), which is our universal model
and where we consider the diffusion associated with the operator Ã.

Proof of Theorem 1.1.1. Let us fix x0 ∈ Q. The first aim is to construct a diffeo-
morphism Φ between a neighborhood of 0 and a neighborhood of x0. Possibly by
composing with a translation, we may assume that x0 = 0 and work on a neigh-
borhood of 0.

Then we use the Calderón-Zygmund localization centered at 0. Choose δ1 =
2−N1 for the first N1 ∈ N such that

max
1≤i≤n

max
x∈Q(0,δ1)

|aii(x)| ≥ 10R1δ
2
1,

whereR1 > 0 is a constant much larger than a bound for the aij’s and their deriva-
tives on Q∗ determined on Lemma 4.3.3. Without loss of generality, as before,
we can also assume that the index for which the maximum is attained is i = 1.
By Theorem 4.3.2, there exists a change of coordinates, diffeomorphism onto its
image

φ1 :]− r1, r1[×Qn−1(0, 1)→ φ1(]− r1, r1[×Qn−1(0, 1)) ⊆ Q(0, δ1),

(w1, z) 7→ x,

for some δ1 = 2−N1 , N1 ∈ N, r1 > 0 constants that depends only on the bounds
of the aij’s onQ∗, such that φ1(0) = 0 and, moreover, the pullback of A by φ1 has
the form

Aφ1 = − ∂2

∂w2
1

−
n∑

i,j=2

bij(w1, z)
∂2

∂zi∂zj
+ l.o.t., (4.4)

with the bij’s smooth with bounds independent of δ1. We now want to apply the
following fundamental Lemma due to Fefferman and Phong (cf. [12], Lemma 2
and the proof of Lemma 1) to this operator.

Lemma 4.4.1. Let L be a subelliptic operator of order 0 < ε < 1 defined on Rn

with the properties discussed above (see (H1), (H2) and (H3)) of the form

L = − ∂2

∂t2
−

n∑
i,j=2

aij(t, x)
∂2

∂xi∂xj
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and let λ > 0, N > ε−50. Define

Lλ = − ∂2

∂t2
−

n∑
i,j=2

aij(t, x)
∂2

∂xi∂xj
− λ2N∆x,

and

L̄λ = −
n∑

i,j=2

āij(x)
∂2

∂xi∂xj
− λ2N∆x,

where
āij(x) =

1

2λ

∫
|t|≤λ

aij(t, x)dt.

Then, there exist universal constants c′, C ′ > 0 such that

BLλ(0, c′λ) ⊆ {|t| ≤ λ} ×BL̄λ(0, λ) ⊆ BLλ(0, C ′λ). (4.5)

Moreover, the subelliptic balls of the operators L and Lλ are equivalent in the
sense

BLλ(0, c′′λ) ⊆ BL(0, λ) ⊆ BLλ(0, C ′′λ), (4.6)

for some universal constants c′′, C ′′ > 0.

In order to use this lemma in our case we consider for ρ > 0 the operator

ρ2Aφ1 = −ρ2 ∂2

∂w2
1

− ρ2

n∑
i,j=2

bij(w1, z)
∂2

∂zi∂zj
+ l.o.t..

If we now choose a universal ρ > 0 and sufficiently small (recall that w1 ∈]r1, r1[)
we may consider another change of variables ψ(1)

ρ defined by

Q(0, 2) 3 (t1, t
′)

ψ
(1)
ρ7−−→ (ρt1, ρt

′) = (w1, z) ∈]− r1, r1[×Qn−1(0, 1). (4.7)

Thus, the pullback of the operator ρ2Aφ1 through ψ
(1)
ρ is L = (ρ2Aφ1)

ψ
(1)
ρ

defined
by

L = − ∂2

∂t21
−

n∑
i,j=2

bij(ρt1, ρt
′)

∂2

∂t′i∂t
′
j

+ l.o.t..

Therefore, by applying (4.5) and (4.6) to the operator L (with λ = 1) we have

BL(0, c) ⊆ {|t1| ≤ 1} ×BL̄(0, c̃) ⊆ BL(0, C), (4.8)

that in our coordinates (w1, z) becomes

Bρ2Aφ1
(0, c) ⊆ {|w1| ≤ ρ} ×Bρ2Āφ1

(0, c̃) ⊆ Bρ2Aφ1
(0, C), (4.9)



34 4. h-Subelliptic RandomWalks

for some universal constants c, C, c̃ > 0 and some universal ρ = ρ(r1) > 0 (recall
that r1 is universal as well) sufficiently small and where

Āφ1 = −
n∑

i,j=2

b̄ij(z)
∂2

∂zi∂zj
, b̄ij(z) =

1

2ρ

∫ ρ

−ρ
bij(w1, z)dw1. (4.10)

Finally, note that, since Bρ2A(0, c′) = BA(0, c′ρ) for all c′ > 0, we may rewrite
(4.10) as

BAφ1
(0, cρ) ⊆ {|w1| ≤ ρ} ×BĀφ1

(0, c̃ρ) ⊆ BAφ1
(0, Cρ). (4.11)

We now look at the operator

Āφ1 = −
n∑

i,j=2

b̄ij(z)
∂2

∂zi∂zj
, b̄ij(z) =

1

2ρ

∫ ρ

−ρ
bij(w1, z)dw1.

By construction it is defined on Qn−1(0, 1) we can repeat Calderón-Zygmund ar-
gument in this (n−1)-variables (see Remark 4.3.5), i.e. we choose the first strictly
positive integer N2, such that δ2 = 2−N2 satisfies

max
2≤i≤n

max
z∈Q(0,δ2)

∣∣b̄ii(z)
∣∣ ≥ 10R2δ

2
2,

withR2 positive universal constant sufficiently large. Thus, following the previous
discussion also in this case, there exists a change of coordinates

φ2 :]− r2,r2[×Qn−2(0, 1)→ φ2(]− r2, r2[×Qn−2(0, 1)) ⊆ Q(0, δ2),

u′ = (w2, u
′′) 7→ z,

with r2 > 0 universal. Hence, if we look at the operator Āφ1 in these new variables,
one has

Āφ1,φ2 = − ∂2

∂w2
2

+
n∑

i,j=3

cij(w2, u
′)

∂2

∂u′i∂u
′
j

,

for some smooth real coefficients cij , with i, j = 3, . . . , n. Furthermore, also in
this case, we may introduce the last change of variables

ψ(2)
ρ : (t2, t

′′) 7→ (ρw2, ρu
′′),

for ρ = ρ(r2) universal sufficiently small and use again Lemma 4.4.1 for the op-
erator in these new variables to obtain the corresponding inclusion (4.8) in the
"t-variables". Moreover, since the operator Āφ1 satisfies the same microlocal es-
timates of the operator Aφ1 (cf. [12]) the inclusion (4.9) in "w-variables" (the
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meaning of t-variables and w-variables will be more clear in the following) reads
as

BĀφ1,φ2
(0, c′ρ) ⊆ {|w2| ≤ c2ρ

κ2} ×B ¯̄Aφ1,φ2
(0, c̃′ρκ2) ⊆ BĀφ1,φ2

(0, c̃ρ), (4.12)

for some c2, c
′, c̃′ > 0 universal constant and 1 ≤ κ2 ≤ 1/ε.

Hence, we obtained a new diffeomorphism onto its image (recall u′ = (w2, u
′′))

(w1, w2, u
′′)

(Iw1 ,φ2)
7−−−−→ (w1, φ2(u′))

φ17−→ x ∈ Q(0, δ1).

Iterating n times and composing all the changes of variables we obtain a diffeo-
morphism Φ0 (corresponding to the "t-variables") between the standard unit cube
Q = Q(0, 1) and its image, i.e setting QA(0, ρ) := Φ0(Q),

Q 3 (t1, . . . , tn)
Φ0

7−→ Φ0(t1, . . . , tn) ∈ QA(0, ρ) ⊆ Q(0, δ1),

such that Φ0(0) = 0. Analogously, one has a diffeomorphism (corresponding to
the "w-variables")

Qρ 3 w
Φ7−→ Φ(w) ∈ QA(0, ρ) ⊆ Q(0, δ1),

such that Φ(0) = 0, where

Qρ :=]− ρ, ρ[×]− c2ρ
κ2 , c2ρ

κ2 [× · · ·×]− cnρκn , cnρκn [,

with 1 = κ1 ≤ κ2 ≤ κ3 · ·· ≤ κn = 1/ε and c1 = 1, c2, . . . , cn universal constants.
Note also that, by construction, Φ0(Q) = Φ(Qρ) = QA(0, ρ). In such a way, we
have constructed the universal cube Qρ centered at 0 and the diffeomorphism Φ
requested (note that we may consider also the diffeomorhpsim Φ0 and work on the
standard cube Q on t-variables, but we prefer to work in the w-variables in order
to emphasize the dependence on ρ).

Furthermore, iterating the inclusion (4.12) (after n integrations), choosing ρ >
0 sufficiently small and universal (such that all the changes of variables are done
inside the resulting cubes), one has

BAΦ
(0, cρ) ⊆ {|w1| ≤ ρ}×{|w2| ≤ c2ρ

κ2}×···×{|wn| ≤ cnρ
κn} ⊆ BAΦ

(0, Cρ),

for some universal constants c, C > 0, where AΦ is the pullback of A through the
diffeomorphism Φ obtained by composing all the change of variables, and then

Φ(Qρ) ⊆ BA(0, Cρ).
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Finally, on the cube Qρ, we define

Ã := −
n∑
j=1

c2
jρ

2κj
∂2

∂w2
j

.

If we now choose j ∈ {1, ..., n} and consider the curve γj : [0, 1] → Rn defined
by

γj(t) := e
tcjρ

κj ∂
∂wj (0),

one has that this curve is subunit for Ã (with speed less than 1) and coming back to
the appropriated step as explained before, we obtain that the point γj(1) = cjρ

κj

corresponds to some point x ∈ BA(0, Cρ). Thus, by definition of subunit ball,
there exists γ : [0, 1] → Q(0, δ1) ⊆ Q∗ subunit curve for A with speed less than
Cρ, for some universal constant C > 0, such that γ(1) = x.

Before commenting this theorem it is useful to give the following definition.

Definition 4.4.2. We define the universal block of radius ρ > 0 (ρ > 0 universal
and sufficiently small) centered at 0 as

Qρ :=]− ρ, ρ[×]− c2ρ
κ2 , c2ρ

κ2 [× · · ·×]− cnρκn , cnρκn [.

The subunit cube of radius ρ centered at 0 associated with A is instead defined as

QA(0, ρ) := Φ(Qρ),

i.e. as the image of the universal block through the diffeomorphism Φ constructed
in the proof of the previous theorem.

Remark 4.4.3. Summing up, once again, in the proof of the theorem we have con-
structed a universal blockQρ in w-variables (once again we prefer to use it instead
of the unit cubeQ in the t-variables because the dependence on ρ is more evident)
and an universal operator Ã defined on it that is equivalent to our subelliptic oper-
ator A.
In other terms, we could say that the geometry of the subunit cubes, and the subunit
balls are equivalents, i.e.

BA(0, cρ) ⊆ QA(0, ρ) ⊆ BA(0, Cρ), (4.13)

for some c, C > 0 universal constants, and ρ > 0 universal and sufficiently small.
This equivalence allows us to conclude that our operator A is locally equivalent to
the operator Ã, i.e. locally

A ∼ Ã := −
n∑
j=1

c2
jρ

2κj
∂2

∂w2
j

,
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where the equivalence should be understood in the sense that subunit curves for
Ã induce subunit curves for A and viceversa (in the theorem we emphasized one
direction of the equivalences but both are true thanks to the inclusion (4.13)).

Remark 4.4.4. Note also that, rescaling by a fixed constant, we can construct an-
other universal cube Qρ′ centered at 0, where ρ′ = cρ, with 0 < c < 1 positive
constant, such that

Φ(Qρ′) ⊆ Φ(Qρ) ⊆ BA(0, Cρ).

To become familiar with this construction, it is very useful to see it applied, for
instance, to the case of the Grushin operator.

Example 4.4.5. For k ∈ N the k-Grushin operator is defined as the operator

A = − ∂2

∂x2
1

− x2k
1

∂2

∂x2
2

, x = (x1, x2) ∈ R2.

Recall that in this case the matrix of coefficients of the principal part is

A2(x) = (aij(x))i,j =

(
1 0
0 x2k

1

)
, x ∈ R2.

The aim of this example is to calculate explicitly the subunit cubes for the operator
A. In the first place, note that the operator is already written in "(w1, z)-variables",
i.e. has the form for which we can apply Lemma 4.4.1.
Thus, we consider, for ρ > 0,

ρ2A = −ρ2 ∂
2

∂x2
1

− ρ2x2k
1

∂2

∂x2
2

and the change of variables

R2 3 (t1, t
′)

ψ
(1)
ρ7−−→ (ρt1, ρt

′) = (x1, x2) ∈ Rn

(note that since in this case the operator is defined on R2 and not on a small cube
it is not necessary to choose ρ small in this case). Then, the pullback of A through
this diffeomorphism is the operator L = (ρ2A)ψ1,ρ defined by

L = − ∂2

∂t21
− (t1ρ)2k ∂

2

∂t′2
.

By applying now Lemma 4.4.1 to the operator L one has

BL(0, c) ⊆ {|t1| ≤ 1} ×BL̄(0, c̃) ⊆ BL(0, C),
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where the constants c, c̃, C are given by Lemma 4.4.1. Thus, coming back to the
(x1, x2) coordinates (i.e. in (w1, z) coordinates) we have

BA(0, cρ) ⊆ {|x1| ≤ ρ} ×BĀ(0, c̃ρ) ⊆ BA(0, Cρ). (4.14)

We next examine, the operator Ā (in the proof of Theorem 1.1.1) that in this case
has the form

Ā = b(x2)
∂2

∂x2
2
,

where
b(x2) :=

1

2ρ

∫ ρ

−ρ
x2k

1 dx1 =
ρ2k

2(2k + 1)
.

Thus
Ā =

ρ2k

2(2k + 1)

∂2

∂x2
2
,

and
{|x2| ≤ c2ρ

k+1} ⊆ BĀ(0, c̃ρ),

for some universal c2 > 0. In conclusion, by (4.14),

{|x1| ≤ ρ} × {|x2| ≤ c2ρ
k+1} ⊆ BA(0, Cρ).

Note also that in this case

QA(0, ρ) =]− ρ, ρ[×]− c2ρ
k+1, c2ρ

k+1[

and hence

QA(0, ρ) ⊆ BA(0, Cρ) ≈ [−Cρ,Cρ]× [−(Cρ)k+1, (Cρ)k+1]

for a universal constant C > 0.

4.5 Subunit Cubes on a Manifold

The first aim of this section is to prove that we may choose an open cover of
M for which the coefficients of the principal part of the local expressions of A are
uniformly bounded. This property, as we saw in the previous section, is funda-
mental to construct a universal block (and a universal diffeomorphism). To reach
this property, we may consider the finite cover constructed trough the exponential
map (see Appendix A.5). For every x ∈M , given r := rg(M) > 0, we denote by
B(0, r) the open ball centered on 0 of radius r in TxM , with respect to the metric
gx, and by B(x, r) := expx(B(0, r)) ⊆ M . Note also that by Theorem A.5.2 we
have B(x, r) = Bg(x, r).
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SinceM is compact, we may consider the finite cover given byM =
⋃m
`=1 V`,

for m ∈ N, where V` := B(x`, r) and the atlas (that is contained in the maximal
atlas by definition)

O = {(U`, ϕ`); ` = 1, . . . L},
where U` := B(x`, 2r) and ϕ` := B−1 ◦ exp−1∣∣

B(0,r)

(see Appendix A.5).

By definition we have that the operator A` induced by A on Ũ` := ϕ`(Ũ`) ⊆
Rn, that is the local expression of A on Ũ`, is a second order differential operator
of the form

A` = −
n∑

i,j=1

a
(`)
ij (x̃)

∂2

∂xi∂xj
+

n∑
k=1

b
(`)
k (x̃)

∂

∂xk
+ d(`)(x̃), x̃ ∈ Ũ`,

where a(`)
ij , b

(`)
k , d(`) ∈ C∞(Ũ`,C) for all i, j, k ∈ {1, ..., n}. It is immediate to

note that the operator A` has the coefficients of the principal part that satisfy (with
Ṽ` := ϕ`(V`))

∀α ∈ Nn ∃ Cα,` > 0 s.t.

sup
x̃∈Ṽ`

∣∣∣∂αx̃a(`)
ij (x̃)

∣∣∣ ≤ Cα,`, ∀i, j ∈ {1, ..., n}.

Therefore, for each α ∈ Nn there exists a universal constant Cα > 0 (with Cα :=
max{Cα,1, . . . Cα,m}), such that

sup
`=1,...,m

sup
x̃∈Ṽ`

∣∣∣∂αx̃a(`)
ij (x̃)

∣∣∣ ≤ Cα, ∀i, j = 1, ..., n. (4.15)

The next goal is to further investigate the properties of the subunit metric. To
do that, we first define a Riemannian metric on B(x`, r) as the Euclidean metric
induced by ϕ−1

` , i.e. if x ∈ B(x`, r), v ∈ TxM we put

|v|Ex := |ϕ′`(x)v|E,

where ϕ′`(x) is the tangent map at x ∈ M (see [30], p. 63). This norm is locally
equivalent to the Riemannian metric defined onM in the following sense.
Lemma 4.5.1. There exist constants cx` , Cx` > 0 such that, for every x ∈ B(x`, r),
and for every v ∈ TxM ,

cx`|v|
E
x ≤ |v|

g
x ≤ Cx`|v|

E
x .

In particular, if γ : [0, 1] → M is a piecewise regular curve with γ([0, 1]) ⊆
B(x`, r) one has

cx`LE(γ) ≤ L(γ) ≤ Cx`LE(γ), (4.16)
where LE is the length of curve with respect to the Euclidean metric and L is the
length with respect to the Riemannian metric g defined onM , respectively.
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Proof. Let us define

K` := {(x, v); x ∈ B(x`, r), v ∈ TxM, |v|Ex = 1}

and a continuous function F : TM → R by F (x, v) := |v|gx.
SinceK` is compact and F is strictly positive onK`, there exist positive constants
cx` , Cx` > 0 such that

cx` ≤ |v|
g
x ≤ Cx` , ∀(x, v) ∈ K`.

Finally, for each x ∈ B(x`, r) and for each 0 6= v ∈ TxM we may write v := λv̄,
where λ = |v|Ex and v̄ := v

|v|Ex
. Then (x, v̄) ∈ K` and

cx` |v|
E
x ≤ λcx` ≤ λ|v̄|gx = |v|gx = λ|v̄|gx ≤ λCx` = Cx`|v|

E
x .

From this it immediately follows that, for every curve γ with image contained in
B(x`, r), one has

cx`LE(γ) ≤ L(γ) ≤ Cx`LE(γ).

Now, by Lebesgue’s Lemma (see Lemma A.5.3), we have that there exists δ >
0 such that for every x ∈M ∃ ` = `(x) ∈ {1, ...,m} such that

Bg(x, δ) ⊆ B(x`, r),

thanks to which we reach the next result.

Proposition 4.5.2. There exists a universal constant ν > 0 such that, for every
x ∈M , if Bg(x, δ) ⊆ B(x`, r), one has

ϕ−1
x`

(Q(ϕx`(x), ν)) ⊆ Bg(x, δ).

Proof. Since the Euclidean ball is equivalent to the Euclidean cube (i.e. there exist
c, C > 0 universal constants such thatQ(x, cr) ⊆ BE(x, r) ⊆ Q(x,Cr), for every
x ∈ Rn and r > 0) we may reduce to proving that there exists ν > 0 such that,
if y, y′ ∈ Ṽ` satisfy |y − y′| < ν, then dg(x, x′) < δ, for x = ϕ−1

` (y) and x′ =
ϕ−1
` (y′). Let γE : [0, 1]→ Rn be the curve inRn defined as γE(t) = ty+(1− t)y′

and γ(t) = ϕ−1
` (γE(t)) the curve from [0, 1] to M induced by γE . By (4.16),

setting c̄ := min{cx1 , ..., cxm} and C̄ := max{Cx1 , ..., Cxm} we obtain

c̄LE(γ) ≤ L(γ) ≤ C̄LE(γ).

Thus
L(γ) ≤ C̄LE(γ) = C̄LE(ϕ` ◦ γ) = C̄LE(γE) = C̄|y − y′|,

(on the second and third inequality, by an abuse of notation, we have used LE for
the length of a curve in Rn with respect to the Euclidean metric) and so, choosing
dg(x, x

′) < δ, we get ν < δ
C̄
.
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We finally show the next universal inclusion.

Proposition 4.5.3. If C > 0 is a universal constant, there exists ρ > 0 universal,
such that, for every x ∈M , when Bg(x, δ) ⊆ B(x`, r), one has

BA`(ϕ`(x), Cρ) ⊆ Q(ϕ`(x), ν),

where A` is the operator corresponding to A on the open set Ũ` ⊆ Rn.

Proof. As before we prove that if y ∈ BA`(ϕ`(x), Cρ) for ρ > 0 sufficiently small
one has |y − ϕ`(x)| < ν.
If y ∈ BA`(ϕ`(x), Cρ) by definition there exists γA : [0, 1] → Rn Lipschitz such
that γA(0) = ϕ`(x), γA(1) = y and

|〈γ̇A(t), ξ〉|2 ≤ C2ρ2

n∑
i,j=1

a
(`)
ij (γ(t))ξiξj = C2ρ2〈A(`)

2 (γ(t))ξ, ξ〉, for a.e. t ∈ [0, 1],

where the a(`)
ij
′s are the coefficients of the operator on the open set Ũ` ⊆ Rn. If

for a.e. t ∈ [0, 1] we choose ξ̄ = ξ̄(t) linearly dependent on γ̇A(t) we obtain

|γ̇A(t)|2
∣∣ξ̄∣∣2 ≤ C2ρ2〈A(`)

2 (γA(t))ξ̄, ξ̄〉. (4.17)

Thus, since A` is defined on a dilation of Ṽ`, we may construct a continuous func-
tionF on a compact set as in the proof of Lemma 4.5.1. By repeating this argument
for every ` = 1, ...,m, we are able to find a fixed constant C ′ > 0 such that for all
` = 1, ...,m, x̃ ∈ Ṽ`, one has

〈A(`)
2 (x)ξ, ξ〉 ≤ C ′, ∀ξ ∈ Rn, |ξ| = 1.

Hence, by (4.17),

|γ̇A(t)|2 ≤ C2ρ2〈A(`)
2 (γ(t))

ξ̄∣∣ξ̄∣∣ , ξ̄∣∣ξ̄∣∣〉 ≤ C2ρ2C ′,

so that |γ̇A(t)| ≤ Cρ
√
C ′ for a.e. t ∈ [0, 1]. Therefore, choosing ρ < ν/(C

√
C ′),

gives

|y − ϕ`(x)| = dE(y, ϕ`(x)) ≤ LE(γA) =

∫ 1

0

|γ̇A(t)|dt < ν

and hence the proof is concluded.

In conclusion, putting together these two last propositions and the uniform
bound of the coefficients in (4.15), we now prove Theorem 1.1.2.
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Proof of Theorem 1.1.2. The result follows directly from the previous proposi-
tions. Indeed, for every x ∈ M , by Proposition 4.5.2 we can find a universal
cubeQ(x̃, ν) on some open coordinates set Ṽ` on Rn, for which the image through
ϕ−1
` is contained in the Lebesgue ball centered at x of geodesic radius δ.

Possibly by composing by a fixed (universal) dilation and a translation we may use
the Calderón-Zygmund localization inside Q(x̃, ν) and that x̃ = ϕ`(x) = 0.
At this point, since the coefficients of the operator in coordinates are uniformly
bounded, choosing ρ > 0 sufficiently small, we have that, by applying Theorem
1.1.1, we may construct two universal blocks Qρ, Q∗ρ, where the latter is a dilation
by a fixed constant c∗ > 1 (that is Q∗ρ = Qc∗ρ). Thus, the first two inclusions
follow from Theorem 1.1.1 (see also Remark 4.4.3 and Remark 4.4.4). The last
inclusion is due to Proposition 4.5.3, by possibly shrinking ρ. Finally, the fact
that the diffeomorphism Φ has uniform bounds follows from Theorem 1.1.1 (cf.
[14]).

Following this argument it is also possible to construct a covering ofM made
by subunit cubes onM as follows.

Let (M, g) be our closed Riemannian manifold with a finite atlas

O = {(B(x`, r), ϕ`); ` = 1, ...,m}.

By Lebesgue’s Lemma there exists δ > 0 such that if we take x ∈ M one has
Bg(x, δ) ⊆ B(x`, r) for some ` = `(x) ∈ {1, ...,m}. Now, by (1.2), for every y ∈
Qρ, if we consider the integral curve associated with the vector fields cjρκj∂/∂wj
starting from y, we have that

ỹ = e
tcjρ

κj ∂
∂wj y ∈ Q∗ρ (4.18)

for t ∈]− h, h[, h ∈]0, h0], h0 � 1 and

ϕ−1
` ◦ Φ(ỹ) ∈ BA(x,Cρ).

Then, for x ∈M we define

QA(x, ρ) := Ψ−1
x (Qρ),

where Ψx := Φ−1 ◦ ϕ`, and analogously Q∗A(x, ρ) := Ψ−1
x (Q∗ρ). We are now in a

position to define the subunit cubes ofM .

Definition 4.5.4. The subunit cube on M centered at x of radius ρ is defined as
the open set QA(x, ρ) ⊆ M . The open set Q∗A(x, ρ) is said to be a dilation of the
subunit cube.
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By repeating this argument for every x ∈ M we obtain a cover ofM of such
subunit cubes

M =
⋃
x∈M

QA(x, ρ).

Therefore, by using the compactness of M we can extract a finite subcover that
will allow us to construct a global diffusion.

Remark 4.5.5. Note that the inclusion

{|w1| ≤ ρ} ×BĀ(0, c̃ρ) ⊆ BA(0, Cρ),

says that the end-point ϕ` ◦ Φ(ỹ) belongs to BA(x,Cρ), so it can be reached by
subunit curve of A, but this curve could be different from the curve η(t) = Ψ−1

x ◦
etcj%

κj ∂/∂wj(y). Then, in the following, we will use the term "perturbed subunit
curves" referring to the curves Ψ−1

x ◦ etcj%
κj ∂/∂wj(y), with j = 1, . . . , n.

4.6 Construction of a Global (h, ρ)-subelliptic Diffusion

The goal of this section is to construct, with the tools introduced before, a
global (h, ρ)-diffusion, with h, ρ > 0 sufficiently small. First of all, by compact-
ness, using the construction above, we may write, for some N = N(ρ) ∈ N,

M =
N⋃
i=1

QA(xi, ρ)

and may consider the finite atlas

{(Q∗i ,Ψi); i = 1, ..., N},

and
{(Qi,Ψi

∣∣
Qi

); i = 1, ..., N}

where, for each i = 1, ..., n, Ψi := Ψxi , Qi := QA(xi, ρ) and Q∗i := Q∗A(xi, ρ).
Moreover, since the cover {Qi}Ni=1 is finite, it is possible to introduce two par-

titions of unity {ψi}Ni=1, {φi}Ni=1 subordinate to the covers {Q∗i }Ni=1 and {Qi}Ni=1

respectively.
We need to construct a non degenerate 1-density dµ ∈ Γ(M,Ω1(M)) (see

Appendix A.3) that will be used to study the convergence of the diffusion. Define,
for all k = 1, ..., N ,

ωk := ψk ·Ψ∗k
∣∣dw(k)

∣∣.
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Since ωk ∈ Γ(M,Ω1(M)), with suppωk ⊆ Q∗k we can define

dµ :=
N∑
k=1

ωk ∈ Γ(M,Ω1(M)).

Let us now look at what happens to dµ ∈ Γ(M,Ω1(M)) in coordinates. To do
that, for k = 1, ..., N , we denote by ιk : Q∗k → M the inclusion map and by
dµk := ι∗kdµ the restriction of dµ to the open set Q∗k.

Remark 4.6.1. Let x0 ∈ Q∗i ∩ Q∗i′ . Reordering of the cubes we may suppose
x0 ∈

⋂N1

k=1 Q
∗
k, for some N1 ∈ N, 2 ≤ N1 ≤ N and x0 /∈ Q∗k for all k > N1. If

x0 = Ψ−1
i (w0) = Ψ−1

i′ (w′0), we have

(Ψ−1
i )∗dµi (w) =

N1∑
k=1

(
(Ψ−1

i )∗(ψkΨ
∗
k

∣∣dw(k)
∣∣))(w)

=

N1∑
k=1

(
(ψk ◦Ψ−1

i ) · (Ψk ◦Ψ−1
i )∗

∣∣dw(k)
∣∣) (w)

=

N1∑
k=1

ψk(Ψ
−1
i (w))

∣∣∣det JΨk◦Ψ−1
i

(w)
∣∣∣∣∣dw(i)

∣∣
=: γ̃i(w)

∣∣dw(i)
∣∣

and analogously

(Ψ−1
i′ )∗dµi′ (w

′) =

N1∑
k=1

ψk(Ψ
−1
i′ (w′))

∣∣∣det JΨk◦Ψ−1
i′

(w′)
∣∣∣∣∣∣dw(i′)

∣∣∣,
=: γ̃i′(w

′)
∣∣∣dw(i′)

∣∣∣,
where γ̃i ∈ C∞(Ψi(Q

∗
i ),R) and γ̃i′ ∈ C∞(Ψi′(Q

∗
i′),R).

Therefore, as expected, we have

(Ψi ◦Ψ−1
i′ )∗

(
γ̃i
∣∣dw(i)

∣∣) (w′0)

=
(
γ̃i ◦ (Ψi ◦Ψ−1

i′ )
∣∣∣det JΨi◦Ψ−1

i′

∣∣∣∣∣∣dw(i′)
∣∣∣)(w′0)

=

N1∑
k=1

ψk(Ψ
−1
i′ (w0))

∣∣∣det JΨk◦Ψ−1
i

(w0)
∣∣∣∣∣∣det JΨi◦Ψ−1

i′
(w′0)

∣∣∣∣∣∣dw(i′)
∣∣∣

=

N1∑
k=1

ψk(Ψ
−1
i′ (w′0))

∣∣∣det JΨk◦Ψ−1
i′

(w′0)
∣∣∣∣∣∣dw(i′)

∣∣∣
= γ̃i′(w

′
0)
∣∣∣dw(i′)

∣∣∣.
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Remark 4.6.2. Furthermore, the 1-density dµ is strictly positive. Indeed, for all
i = 1, ..., N , we may assume as before Q∗i ∩ Q∗k 6= ∅ for k = 1, ..., N1 and
Q∗i ∩ Q∗k = ∅ for k = N1 + 1, ..., N , with N1 = N1(i) ∈ N.
Then,

(Ψ−1
i )∗dµi =

N1∑
k=1

(ψk ◦Ψ−1
i )
∣∣∣det JΨk◦Ψ−1

i

∣∣∣∣∣dw(i)
∣∣

= γ̃i
∣∣dw(i)

∣∣,
where γ̃i ∈ C∞(Ψi(Q

∗
i ),R) and γ̃i(w) 6= 0 for all w ∈ Q∗ρ. Moreover, we have

that there exists a universal constant ri > 0 such that γ̃i(w) > ri, for all w ∈ Wρ,
where Wρ is an open set of Rn such that Qρ ⊆ Wρ ⊆ Q∗ρ. In what follows we
denote dµ̃i := (Ψ−1

i )∗dµi = γ̃i
∣∣dw(i)

∣∣.
Since M is compact, by rescaling with a fixed constant, we may assume that∫

M
dµ = 1 so that the measure µ, defined through the 1-density dµ as

µ(A) :=

∫
A

dµ, A ⊆M Borel measurable,

is a probabibility measure µ ∈ P(M). Note also that the integrals are taken in
the sense of the 1-density (see Appendix A.3). The main goal of this chapter is to
study the convergence properties of the subunit diffusion to the measure.

We next define a rescaled version of the vector fields defined before, i.e. we de-
fine, for i = 1, ..., N, j = 1, ..., n, the vector fields constructed on a fixed dilation
Q∗ρ of the universal cube Qρ on Rn as

X̃i,j :=
c

(i)
j ρ

κ
(i)
j

γ̃i

∂

∂w
(i)
j

∈ Γ(Q∗ρ, TQ
∗
ρ)

and the vector fields on the corresponding open set onM as

Xi,j := (Ψ−1
i )∗ X̃i,j ∈ Γ(Q∗i , TQ

∗
i ).

Remark 4.6.3. Note that the vector fields Xi,j actually depend on ρ (since X̃i,j

depends on ρ). Thuswe shouldwriteXi,j,ρ, but in what follows, in order to simplify
the notation, we will omit the subindex ρ.

The aim is now to prove that these local vector fields satisfy the so-called
divergence-free condition (see Definition A.2.2) with respect to the localization of
our strictly positive 1-density dµ, that will allow us to obtain a self-adjoint property
for the operators that we are going to construct.
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We have already seen that in our case the 1-density dµ, for each i = 1, ..., N ,
corresponds locally to a smooth 1-density dµ̃i on the open sets Q∗ρ = Ψi(Q

∗
i ),

written as dµ̃i = γ̃i
∣∣dw(i)

∣∣. The latter then determines the smooth n-form dν̃i :=

γ̃i dw
(i) onQ∗ρ. In the following, by an abuse of notation, we will sometimes iden-

tify dν̃i = dµ̃i.

Proposition 4.6.4. For each i = 1, ..., N the vector fields X̃i,j ∈ Γ(Q∗ρ, TQ
∗
ρ) are

divergence-free with respect to the local measure dν̃i, for all j = 1, ..., n.

Proof. It suffices to use the local condition (A.9) of Remark A.2.3. In fact, dν̃i =

γ̃i dw
(i) and X̃i,j = aj ∂/∂w

(i)
j , with aj(w) := (c

(i)
j ρ

κ
(i)
j )/γ̃i(w). Thus,

divν̃iX̃i,j =
∂

∂w
(i)
j

(c(i)
j ρ

κ
(i)
j

γ̃i
γ̃i

)
=

∂

∂w
(i)
j

c = 0,

with c > 0 a constant.

Remark 4.6.5. By this proposition one has that LX̃i,j
dν̃i = (divν̃iX̃i,j)dν̃i = 0

for all j = 1, ..., N . Thus, the smooth n-form dν̃i = γ̃i
′(w′)dw′ is constant under

the flow Φt : w 7→ w′ generated by X̃i,j on the open set Qρ of Rn, that is

(γ̃i
′ ◦ Φt) (det (JΦt)) dw = γ̃idw. (4.19)

Finally, by possibly rescaling the constants cj > 0, one has that the vector fields
Xi,j induce subunit curves ofA (with speed less than Cρ, where C is the universal
constant of Theorem 1.1.1) say onWρ, where Qρ ⊆ Wρ ⊆ Q∗ρ.

Henceforth, we consider ρ ∈]0, ρ0] where ρ0 ∈ R+ is fixed and small enough
to reach the construction of the previous sections and we choose h ∈]0, h0], with
h0 ∈ R+ being small enough to be fixed later. Essentially, the parameters h and ρ
represent respectively the size of the step of our random walk and the velocity at
which it is carried out.

To achieve our diffusion, for i = 1, ..., N , j = 1, ..., n we define the flow

Φi,j,h,ρ :]− h, h[×M →M

(t, x) 7→

{
etXi,jx, if (t, x) ∈]− h, h[×Qi

x, otherwise,

and then construct the (h, ρ)-subelliptic diffusion as follows.
• Step 0. Fix x0 ∈M ;
• Step k. At step k ∈ N we choose at random i ∈ {1, ..., N}, j ∈ {1, ..., n},
t ∈]− h, h[ (with respect to the uniform probability) and set

xk+1 =

{
Φi,j,h,ρ(t, xk), if xk ∈ Qi and Φi,j,h,ρ(t, xk) ∈ Qi

xk, otherwise.
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Roughly speaking, the (k + 1)-step of our (h, ρ)-subelliptic random walk is the
arrival point of the integral curve etXi,jxk starting from xk, if both the initial and
the final points belong to the subelliptic cube Qi, or xk+1 = xk otherwise. Hence-
forth, with an abuse of notation we sometimes write etXi,j(x) referring to the flow
Φi,j,h,ρ(x) starting from x.

We now want to associate a Markov operator with this (h, ρ)-subelliptic diffu-
sion. To do that we firstly introduce for i ∈ {1, ..., N}, j ∈ {1, ..., n}, the auxiliary
functions

χi,j,h,ρ : ]− h, h[×M → {0, 1}
(t, x) 7→ χi,j,h,ρ(t, x)

defined as

χi,j,h,ρ(t, x) := 1{(t,x)∈]−h,h[×M ; (t,x)∈]−h,h[×Qi, Φi,j,h,ρ(t,x)∈Qi}(t, x).

Then, for i ∈ {1, ..., N} and j ∈ {1, ..., n} fixed we define

Si,j,h,ρ : Mb(M,R)→Mb(M,R)

(recall that Mb(M,R) is the space of all bounded measurable functions onM ) as

Si,j,h,ρf(x) := Mi,j,h,ρf(x) + Ti,j,h,ρf(x)

where
Mi,j,h,ρf(x) := mi,j,h,ρ(x)f(x),

with
mi,j,h,ρ(x) := 1− 1

2h

∫ h

−h
χi,j,h,ρ(t, x)dt

and
Ti,j,h,ρf(x) :=

1

2h

∫ h

−h
χi,j,h,ρ(t, x)f(Φi,j,h,ρ(t, x))dt.

Hence, the (h, ρ)-Markov operator of our (h, ρ)-Markov process is an operator

Sh,ρ : Mb(M,R)→Mb(M,R)

defined as

Sh,ρ :=
1

nN

N∑
i=1

n∑
j=1

Si,j,h,ρ. (4.20)

Therefore, for ρ ∈]0, ρ0] sufficiently small fixed we have constructed a family of
operators (Sh,ρ)h∈]0,h0] that depend on the parameter h. In almost all situations we
will work with ρ > 0 fixed and we look at the behaviour for varying h. Never-
theless, in some situations we will investigate what happens to our results when ρ
goes to 0.



48 4. h-Subelliptic RandomWalks

Remark 4.6.6. The operators Si,j,h,ρ, and consequently Sh,ρ, are initially defined
for real-valued functions, but they can naturally be extended as operators acting on
complex-valued functions f : M → C, by setting, for x ∈M ,

Si,j,h,ρf(x) := (Si,j,h,ρRe f)(x) + i(Si,j,h,ρIm f)(x).

4.7 Basic Properties of the (h, ρ)-subelliptic Markov Operator

In this section we work with h ∈]0, h0] and ρ ∈]0, ρ0] fixed and investigate
the basic fundamental properties of the (h, ρ)-Markov operator Sh,ρ constructed
before, stated in the following proposition (cf. [29], [6], [7]).

Proposition 4.7.1. The operator Sh,ρ satisfies Sh,ρ1 = 1 and ‖Sh,ρ‖L∞→L∞ =
1. Furthermore, Sh,ρ can be extended to a bounded self-adjoint operator Sh,ρ :
L2(M,dµ)→ L2(M,dµ) such that ‖Sh,ρ‖L2→L2 = 1. In particular, Spec(Sh,ρ) ⊆
[−1, 1].

Proof. The fact that Sh,ρ1 = 1 follows immediately by definition. We then focus
to prove ‖Sh,ρ‖L∞→L∞ = 1. If we take f ∈ C∞(Rn), since

Sh,ρf =
1

n ·N

n∑
j=1

N∑
i=1

Si,j,h,ρf,

it is sufficient to examine every terms in the sum of the RHS. For such terms we
have to distinguish the following three cases.
(1) Let x /∈ Qi. In this case Si,j,h,ρf(x) = f(x), thus

sup
x∈Qci
|Si,j,h,ρf(x)| ≤ ‖f‖L∞ .

(2) Let x ∈ Qi such that Φi,j,h,ρ(t, x) ∈ Qi for all t ∈]− h, h[. In this case

Si,j,h,ρf(x) =
1

2h

∫ h

−h
f(etXi,jx)dt.

Hence,
sup
x∈Qi

Φi,j,h,ρ(t,x)∈Qi ∀t∈]−h,h[

|Si,j,h,ρf(x)| ≤ ‖f‖L∞ .

(3) Let x ∈ Qi such that Φi,j,h,ρ(t, x) ∈ Qi for all t ∈ Ix,h (] − h, h[. Denoting
Lh := |Ix,h| ∈]0, 2h[ one has

Si,j,h,ρf(x) = (1− 1

2h
Lh)f(x) +

1

2h

∫
Ix,h

f(etXi,jx)dt.
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Thus,

sup
x∈Qi

Φi,j,h,ρ(t,x)∈Qi ∀t∈Ix,h

|Si,j,h,ρf(x)| ≤ (1− 1

2h
Lh)‖f‖L∞ +

Lh
2h
‖f‖L∞ = ‖f‖L∞ .

In conclusion
‖Si,j,h,ρf‖L∞ ≤ ‖f‖L∞ (4.21)

and since Sh,ρ1 = 1 we may conclude that ‖Sh,ρ‖L∞→L∞ = 1.
We now prove that the operator Sh,ρ can be extended to a bounded self-adjoint
operator Sh,ρ : L2(M,dµ) → L2(M,dµ). To do that, since the global operator
Sh,ρ is a linear combination of the operators Si,j,h,ρ, in order to prove the self-
adjointness property, it is sufficient to study, for f, g ∈ C∞(M),

∫
M

(Si,j,h,ρf)ḡdµ =
N∑
k=1

∫
Qk

φk(x)Si,j,h,ρf(x)g(x)dµ(x),

and in turn, for k = 1, ..., N fixed,∫
Qk

φk(x)Si,j,h,ρf(x)g(x)dµ(x).

By definition of Si,j,h,ρ,∫
Qk

φk(x)Si,j,h,ρf(x)g(x)dµ(x)

=

∫
Qk

φk(x)mi,j,h,ρ(x)f(x)ḡ(x)dµ(x) +

∫
Qk

φk(x)Ti,j,h,ρf(x)g(x)dµ(x).

Hence, it is sufficient to examine the last term. Denoting K = suppφk one has∫
Qk

φk(x)Ti,j,h,ρf(x)g(x)dµ(x)

=

∫
Qk

φk(x)
( 1

2h

∫ h

−h
χi,j,h,ρ(t, x)f(etXi,jx)dt

)
g(x)dµ(x)

=

∫
K

φk(x)
( 1

2h

∫ h

−h
χi,j,h,ρ(t, x)f(etXi,jx)dt

)
g(x)dµ(x)

Thus, by Fubini’s Theorem and the change of variables y = Φt(x) = etXi,jx,
using the fact that by Proposition 4.6.4 the vector fields Xi,j are divergence-free
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with respect to the measure µ, we have∫
Qk

φk(x)Ti,j,h,ρf(x)ḡ(x)dµ(x)

=
1

2h

∫ h

−h

(∫
K∩Qi∩Φ−1

t (Qi)

φk(x)χi,j,h,ρ(t, x)f(etXi,jx)g(x)dµ(x)
)
dt

=
1

2h

∫ h

−h

(∫
Φt(K∩Qi)∩Qi

φk(e
−tXi,jy)χi,j,h,ρ(t, e

−tXi,jy)f(y)g(e−tXi,jy)dµ(y)
)
dt

=
1

2h

∫ h

−h

(∫
Qk

φk(e
−tXi,jy)χi,j,h,ρ(t, e

−tXi,jy)f(y)g(e−tXi,jy)dµ(y)
)
dt

=

∫
Qk

( 1

2h

∫ h

−h
φk(etXi,jy)g(etXi,jy)χi,j,h,ρ(t, y)dt

)
f(y)dµ(y),

where in the last equality we have used that χi,j,h,ρ(t, e−tXi,jy) = χi,j,h,ρ(−t, y) for
every (t, y) ∈]− h, h[×M .
Therefore, summing over k, we obtain

(Ti,j,h,ρf, g)0 = (f, Ti,j,h,ρg)0

and so
(Sh,ρf, g)0 = (f, Sh,ρg)0.

Moreover, using again the divergence-free property as before, we have

‖Sh,ρf‖2
L1 =

∫
M

∣∣∣(1− 1

2h

∫ h

−h
χi,j,h,ρ(t, x)dt)f(x)

+
1

2h

∫ h

−h
χi,j,h,ρ(t, x)f(Φi,j,h,ρ(t, x))dt

∣∣∣dµ(x)

≤ ‖f‖2
L1 , f ∈ C∞(M).

Therefore, by the Riesz-Thorin interpolation theorem (recall also (4.21)), Sh,ρ can
be extended to a bounded self-adjoint operator Sh,ρ : L2(M,dµ) → L2(M,dµ)
such that

‖Sh,ρf‖0 ≤ ‖f‖0, f ∈ L2(M,dµ),

and since Sh,ρ1 = 1 we have once again ‖Sh,ρ‖L2→L2 = 1.
Finally, since Sh,ρ is self-adjoint and ‖Sh,ρ‖L2→L2 = 1, by Proposition A.4.13 and
Proposition A.4.14 we get

Spec(Sh,ρ) ⊆ [−1, 1].
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We next note that the operator Sh,ρ is positive on the space of continuous func-
tions onM , i.e.

f ∈ C0(M), f ≥ 0⇒ Sh,ρf(x) ≥ 0, ∀x ∈M.

Therefore, for every x ∈M , the functional

Fx : C0(M)→ R
f 7→ Sh,ρf(x)

is a positive linear functional. Hence, by theMarkov-Riesz Theorem (see Theorem
A.6.15), there exists a unique Radon measure sh,ρ(x, ·) onM , such that

Fx(f) =

∫
M

f(y)sh,ρ(x, dy),

and then for every x ∈M

Sh,ρf(x) =

∫
M

f(y)sh,ρ(x, dy). (4.22)

Thus, the function M 3 x 7→ sh,ρ(x, ·) ∈ P(M) is the Markov Kernel (see
Appendix A.3) associated with the operator Sh,ρ. From now on, we consider Sh,ρ
acting on L2(M,dµ). In general, for f : M → R a bounded measurable function,
we may write,

Sh,ρf = Mh,ρf + Th,ρf,

where, for x ∈M ,

Mh,ρf(x) :=
1

nN

N∑
i=1

n∑
j=1

mi,j,h,ρ(x)f(x),

and

Th,ρf(x) :=
1

nN

N∑
i=1

n∑
j=1

Ti,j,h,ρf(x).

Hence, in terms of their distributional Kernels, one has

Sh,ρf(x) =

∫
M

f(y)sh,ρ(x, dy) =

∫
M

f(y)mh,ρ(x, dy) +

∫
M

f(y)th(x, dy),

wheremh,ρ(x, dy) and th,ρ(x, dy) are the Markov Kernels associated respectively
with the operators Mh,ρ and Th,ρ. The goal now is to study the (h, ρ)-Markov
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Kernel sh,ρ(x, dy) of the operator Sh,ρ. In the following we will also denote by
skh,ρ(x, dy) the Markov Kernel of the operator Skh,ρ = Sh,ρ ◦ · · · ◦ Sh,ρ︸ ︷︷ ︸

k-times

.

Finally, to carry out our study it will be necessary to introduce for all h ∈]0, h0]
and ρ ∈]0, ρ0] the operator Ah,ρ acting on L2(M,dµ), defined as

Ah,ρ :=
I − Sh,ρ
h2

and the associated bilinear form

Bh,ρ(u, v) := (Ah,ρu, v)0 =
(I − Sh,ρ

h2
u, v
)

0
, u, v ∈ L2(M,dµ).

We denote the corresponding Dirichlet form by

Eh,ρ(u) := Bh,ρ(u, u), u ∈ L2(M,dµ). (4.23)

Proposition 4.7.2. The operator Ah,ρ : L2(M,dµ) → L2(M,dµ) is a positive
self-adjoint operator.

Proof. The operatorAh,ρ is self-adjoint because so isSh,ρ. Regarding the positivity
we may reduce the proof to showing that, with u ∈ C∞(M),

2((I − Si,j,h,ρ)u, u)0 =

∫
M

1

2h

∫ h

−h

∣∣u(x)− u(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dtdµ(x),

(4.24)
since, by construction of Sh,ρ it yields

((I − Sh,ρ)u, u)0 ≥ 0.

Note at first that, up to considering the real and the imaginary parts separately, we
may assume that u is real-valued. We have

2((I − Si,j,h,ρ)u, u)0

= 2((1−Mi,j,hρ − Ti,j,h,ρ)u, u)0

= 2
( 1

2h

∫ h

−h
χi,j,h,ρ(t, x)(u(x)− u(etXi,jx))dt, u

)
0

= 2

∫
Qi

( 1

2h

∫ h

−h
χi,j,h,ρ(t, x)u(x)2dt

)
dµ(x)− 2

(
Ti,j,h,ρu, u

)
0
.

(4.25)
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As regards the RHS of (4.24), we have∫
M

( 1

2h

∫ h

−h

∣∣u(x)− u(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dt

)
dµ(x)

=

∫
Qi

( 1

2h

∫ h

−h

(
u(x)2 − 2u(x)u(etXi,jx) + u(etXi,jx)2

)
χi,j,h,ρ(t, x)dt

)
dµ(x)

=

∫
Qi

( 1

2h

∫ h

−h
u(x)2χi,j,h,ρ(t, x)dt+

1

2h

∫ h

−h
u(etXi,jx)2χi,j,h,ρ(t, x)dt

)
dµ(x)

− 2
(
Ti,j,h,ρu, u

)
0
.

(4.26)

Then (4.24) is satisfied if and only if∫
Qi

(∫ h

−h
u(x)2χi,j,h,ρ(t, x)dt

)
dµ(x) =

∫
Qi

(∫ h

−h
u(etXi,jx)2χi,j,h,ρ(t, x)dt

)
dµ(x)

but this is true by applying Fubini’s Theorem and the change of variables.
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5. AUXILIARY RESULTS IN PREPARATION TO THE
DIFFUSION THEOREMS

In this chapter we will provide the necessary auxiliary results to prove Theorem
1.1.3 and Theorem 1.1.4. In the first section we begin by investigating some useful
properties of the Markov Kernel (see Theorem 5.1.1 and the related corollaries).
Subsequently, in Theorem 5.2.1 we will obtain a decomposition of the spectrum
of Sh,ρ on the high and low frequency parts with respect to h and through it, we
will also obtain a Weyl-type estimate. Finally, in the last section we will examine
the properties of the infinitesimal generator of our Markov process.

5.1 A Lower Bound for the Markov Kernel

The goal of this section is to obtain a lower bound for the n-th power of the
(h, ρ)-Markov Kernel and from this result it will be possible to obtain anL∞ bound
for the eigenfunctions of the operator Sh,ρ. The lower bound is to be understood
in the sense of measures. More precisely, we have the following statement.

Theorem 5.1.1. There exist h0 > 0, and constants c, δ > 0, such that, for all
x ∈M , for all ρ ∈]0, ρ0] and h ∈]0, h0],

snh,ρ(x, dy) = rh(x, dy) + ch−n1{dg(x,y)<δh}dgy,

where rh(x, dy) is a positive Borel measure for all x ∈M .

Proof. We have to prove that there exist h0 > 0 and constants c, δ > 0, indepen-
dent of h, such that, for all h ∈]0, h0] and for every f : M → R nonnegative and
continuous function, one has

Snh,ρf(x) ≥ ch−n
∫
{dg(x,y)<δh}

f(y)dgy. (5.1)

We may reduce the proof to showing the weaker assertion that for all x0 ∈M there
exist constants h0 = h0(x0), α = α(x0), c = c(x0), δ = δ(x0) > 0, such that, for
all h ∈]0, h0] and for every f : M → R nonnegative and continuous function,

dg(x, x0) < α ⇒ Snh,ρf(x) ≥ ch−n
∫
{dg(x,y)<δh}

f(y)dgy, (5.2)
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with α smaller than the injectivity radius rg(M) (see (A.15)). In fact, by compact-
ness M = ∪L`=1Bg(x`, α(x`)), for some L ∈ N and choosing δ = min` δ(x`),
h0 = min` h0(x`) and c = min` c(x`), one easily proves that (5.2) implies (5.1).

Hence, we fix x0 ∈M . Then x0 ∈ Qi1 for some i1 = 1, ..., N , and, to simplify
notation (up reordering of cubes) we may assume x0 ∈ Q1. We consider the set
of x ∈M such that dg(x, x0) < α(x0), for some suitable α(x0) > 0, such that the
image of the integral curves γx :] − h0, h0[→ M of the vector fields X1,j starting
from such x are all contained in Q1, for all j = 1, . . . , n. We need to examine the
following two cases.
(1) Suppose first x ∈ Q1, x /∈ ∪Ni=2Qi. In this case

Si,j,h,ρf(x) = f(x), for all i = 2, ..., N , j = 1, ..., n.

Thus (recall (4.20)),

Snh,ρf(x) ≥
( 1

nN

n∑
j=1

S1,j,h,ρ

)n
f(x).

Hence, since f ≥ 0, there exists constants c, δ > 0, such that

Snh,ρf(x) ≥ 1

(nN)n

n∏
j=1

S1,j,h,ρf(x)

=
h−n

(2nN)n

∫ h

−h
· · ·
∫ h

−h
f(etnX1,n . . . et1X1,1x)dt1 . . . dtn

≥ ch−n
∫
{dg(x,y)<δh}

f(y)dgy,

where the last inequality follows from the fact that the collection of vector fields
X1,1(x), ..., X1,n(x) is a basis forTxM , x ∈ Qi. Namely (with c′, c′′, c′′′, c1, . . . , cn >
0 universal constants and f̃ , x̃ the expressions of f and x in coordinates in Rn)∫ h

−h
· · ·
∫ h

−h
f(etnX1,n . . . et1X1,1x)dt1 . . . dtn

≥ c′
∫ c1h

−c1h
· · ·
∫ cnh

−cnh
f̃(x̃+ (s1, . . . , sn))ds1 . . . dsn

≥ c′′
∫

[−c′′h,c′′h]n
f̃(ỹ)dỹ

≥ c′′′
∫
{dg(x,y)<δh}

f(y)dgy.

(5.3)
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(2) Suppose now x ∈ ∩N1
`=1Qi` for someN1 ∈ N, 2 ≤ N1 ≤ N . As before, w.l.o.g,

we may assume x ∈ ∩N1
i=1Qi and since we deal with a finite of many cubes it is

sufficient to consider the case x ∈ Q1 ∩Q2. Denoting Si,j = Si,j,h,ρ, one has

Snh,ρf(x) ≥ 1

(nN)n
S1,1S2,1S1,2S2,1 . . . S1,nS2,1f(x).

For simplicity, we examine the case n = 2. In this case,

S2
h,ρf(x) ≥ 1

(2N)2
S1,1S2,1S1,2S2,1f(x)

so that, we have to consider two cases.
(i) We suppose first that the image of the integral curve γx :]−h0, h0[→M of the
vector field X2,1 starting from x is all contained in Q2. In this case, by using the
same argument of (5.3), we have

S1,1,h,ρS2,1,h,ρS1,2,h,ρS2,1,h,ρf(x)

≥ h−4

24(nN)2

∫ h

−h

∫ h

−h

∫ h

−h

∫ h

−h
f(et4X2,1et3X1,2et2X2,1et1X1,1x)dt1dt2dt3dt4

≥ h−2

24(nN)2

∫ δ1

−δ1

∫ h

−h

∫ δ2

−δ2

∫ h

−h
f(ehs4X2,1et3X1,2ehs2X2,1et1X1,1x)dt1ds2dt3ds4

≥ c′h−2

∫
{dg(x,y)<δh}

f(y)dgy,

(5.4)

for a possibly smaller constants c, δ > 0, where the constants δ1, δ2 > 0 are
choosen sufficiently small.
(ii) If the integral curve associated with X2,1 starting from x is not all contained
on Q2, since mi,j,h,ρ ≥ 0, for all i = 1, . . . , N , j = 1, . . . , n, the result follows in
the same way.

The case n > 2 is analogous by repeating the same argument a finite number
of times.

In conclusion, we have obtained that there exist c > 0 and δ > 0 sufficiently
small, such that

Snh,ρf(x) ≥ ch−n
∫
{dg(x,y)<δh}

f(y)dgy

and thus the statement follows.

Remark 5.1.2. Note that, by reasoning as in (5.4) we get that the statement holds
for all power k ≥ n of the operator.
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As anticipated, this result allows us to obtain an estimate for the eigenfunctions
of our operator. To do that, for x ∈ M and f : M → R bounded measurable
function we write

Rh,ρf(x) =

∫
M

f(y)rh,ρ(x, dy),

that is the operator with Markov Kernel rh,ρ(x, dy) defined by Theoreom 5.1.1
(note that such a kernel actually depends on δ given by Theorem 5.1.1). With this
notation we state a first corollary.

Corollary 5.1.3. There exist h0 > 0, δ > 0 and τ < 1 such that for all h ∈]0, h0]
the operator Rh,ρ satisfies

‖Rh,ρ‖L∞→L∞ ≤ τ < 1.

Proof. By definition, for x ∈M ,

rh,ρ(x, dy) = snh,ρ(x, dy)− ch−n1{dg(x,y)<δh}dgy,

for h ∈]0, h0] and for c, δ > 0 fixed constants. Hence, since Sh,ρ1 = 1, for f ∈
L∞(M,dµ), we have∣∣∣∣∫

M

f(x)rh,ρ(x, dy)

∣∣∣∣ ≤ ‖f‖L∞ ∫
M

rh,ρ(x, dy)

≤ ‖f‖L∞
(

1− ch−n inf
x∈M

∫
dg(x,y)≤δh

dgy
)
,

and so, by possibly shrinking δ > 0,

‖Rh,ρf‖L∞ ≤ τ‖f‖L∞

for some fixed constant 0 < τ < 1.

As a consequence of this result the following estimate easily follows.

Corollary 5.1.4. Let a ∈]τ 1/n, 1] be a fixed constant. Then, there exists C =
C(a) > 0 such that, for any λ ∈ [a, 1] and any f ∈ L2(M,dµ) eigenfunction
Sh,ρf = λf belonging to λ, one has

‖f‖L∞ ≤ Ch−n/2‖f‖0.

Proof. Let λ ∈ [a, 1] and f ∈ L2(M,dµ) satisfy Sh,ρf = λf . Then Snh,ρf = λnf ,
whence∥∥∥∥∥ch−n

∫
{dg(·,y)<δh}

f(y)dgy

∥∥∥∥∥
L∞

≥ λn‖f‖L∞ − τ‖f‖L∞ ≥ ca‖f‖L∞ , (5.5)
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with ca = an − τ > 0.
On the other hand, by Cauchy-Schwartz inequality,∣∣∣∣∣ch−n

∫
{dg(x,y)<δh}

f(y)dgy

∣∣∣∣∣
≤ ch−nVolg({dg(x, y) < δh})1/2

(∫
{dg(x,y)<δh}

|f(y)|2dgy
)1/2

≤ c̃h−n/2‖f‖0.

(5.6)

for some c̃ > 0, where we have also used the fact that locally (in coordinates on
Rn) the measures µ and Volg are both absolutely continuous with respect to the
Lebesgue measure.
Therefore, putting together the estimates (5.5) and (5.6), we conclude that there
exists C = C(a) > 0, such that

‖f‖L∞ ≤ Ch−n/2‖f‖0.

5.2 Decomposition in High and Low Frequency Part

For u ∈ L2(M,dµ) that satisfies the energy estimate (5.7), in terms of its
L2 norm and of the Dirichlet form Eh,ρ (see (4.23)), we want to obtain an upper
bound for the so-called high-frequency part and low-frequency part of u. One has
the following result.

Theorem 5.2.1. There exists h0 > 0 such that for any ρ ∈]0, ρ0] and any h ∈]0, h0]
the following statement is true.
If u ∈ L2(M,dµ) satisfies

‖u‖2
0 + Eh,ρ(u) ≤ 1, (5.7)

then there exist (uLh , u
H
h ) ∈ H1(M)× L2(M,dµ) such that

u = uLh + uHh

and ∥∥uLh∥∥1
≤ C0ρ,

∥∥uHh ∥∥0
≤ C0ρh, (5.8)

for some C0 > 0.
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Proof. Let us take u ∈ L2(M,dµ) that satifies (5.7) and write

u =
N∑
i=1

φiu,

where, recall {φi}Ni=1 is a partition of unity subordinate to the cover {Qi}Ni=1. Note
that, if ϕ ∈ C∞(M), since supx∈Qi |ϕ(etXi,jx)− ϕ(x)| ≤ c|t| for some universal
c > 0, there exists a constant C = Cϕ > 0, independent of h ∈]0, h0], such that

Eh,ρ(ϕu) ≤ Cϕ(‖u‖2
0 + Eh,ρ(u)). (5.9)

Thus, for i = 1, ..., N , we have that ui := φiu satisfies

‖ui‖2
0 + Eh,ρ(ui) ≤ Cφi ,

for some C = Cφi > 0. Therefore, possibly after rescaling, we may assume that
ui satisfies (5.7).
We now fix i ∈ {1, . . . , n} and work with ui := φiu. Moreover, write c > 0 for a
fixed absolute constant possibly changing from line to line.
First of all, by applying (4.24) to ui, we get that, for all j = 1, ..., n,

2((I − Si,j,h,ρ)ui, ui)0 =

∫
M

1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dtdµ(x).

Then, by (5.9) one has

Eh,ρ(ui) =
(I − Sh,ρ

h2
ui, ui

)
0
≤ c,

for a fixed constant c > 0, so that∫
Qi

( 1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dt

)
dµ(x)

=

∫
M

( 1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dt

)
dµ(x)

= 2((I − Sh,ρ)u, u)0 ≤ ch2.

(5.10)

Since suppui = K is compact and K ⊆ Qi, we may choose h0 > 0 sufficiently
small, such that∫

Qi

( 1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2χi,j,h,ρ(t, x)dt

)
dµ(x)

=

∫
Qi

( 1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2dt)dµ(x).

(5.11)
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In fact, we may choose h0 > 0 sufficiently small such that for every x ∈ K,
etXi,jx ∈ Qi, for all t ∈] − h0, h0[. Hence in this case, assuming also that ui is
real valued (by possibly considering separately the real and the imaginary part),
we have that (5.11) is satisfied if and only if (recall suppui = K)∫

Qi

( 1

2h

∫ h

−h
ui(e

tXi,jx)2dt
)
dµ(x)

=

∫
Qi

( 1

2h

∫ h

−h
ui(e

tXi,jx)2χi,j,h,ρ(t, x)dt
)
dµ(x).

(5.12)

Thus, we have to prove (5.12). By applying Fubini’s Theorem and the fact that
ui(e

tXi,jx) = 0 if x /∈ {y ∈ Qi; e
tXi,jy ∈ K} we have∫

Qi

( 1

2h

∫ h

−h
ui(e

tXi,jx)2χi,j,h,ρ(t, x)dt
)
dµ(x)

=
1

2h

∫ h

−h

(∫
Qi

ui(e
tXi,jx)2χi,j,h,ρ(t, x)dµ(x)

)
dt

=
1

2h

∫ h

−h

(∫
{x∈Qi; etXi,jx∈K}

ui(e
tXi,jx)2χi,j,h,ρ(t, x)dµ(x)

)
dt.

At this point, since for all fixed t ∈] − h, h[ the fact that x ∈ {y ∈ Qi; e
tXi,jy ∈

K}, yields χi,j,h,ρ(t, x) = 1, we get

1

2h

∫ h

−h

(∫
{x∈Qi; etXi,jx∈K}

ui(e
tXi,jx)2χi,j,h,ρ(t, x)dµ(x)

)
dt

=
1

2h

∫ h

−h

(∫
{x∈Qi; etXi,jx∈K}

ui(e
tXi,jx)2dµ(x)

)
dt

=
1

2h

∫ h

−h

(∫
Qi

ui(e
tXi,jx)2dµ(x)

)
dt,

where in the last step we used again that ui(etXi,jx) = 0 if x /∈ {y ∈ Qi; e
tXi,jy ∈

K}.
Thus, we have proved (5.12) and consequently (5.11). In conclusion we have

obtained ∫
Qi

( 1

2h

∫ h

−h

∣∣ui(x)− ui(etXi,jx)
∣∣2dt)dµ(x) ≤ ch2, (5.13)

for all j = 1, . . . , n. Moreover, in coordinates on Qρ = Ψi(Qi), we may rewrite
estimate (5.13) as∫

Qρ

( 1

2h

∫ h

−h

∣∣∣ũi(w)− ũi(etX̃i,jw)
∣∣∣2dt)dw ≤ ch2,



62 5. Auxiliary Results in Preparation to the Diffusion Theorems

where, X̃i,j = (Ψi)∗(Xi,j) and ũi := u ◦Ψ−1
i are defined on Qρ ⊆ Rn.

Next, we extend ũi as a function toRn requiring that ũi is vanishing outsideQρ. We
thus have that ũi ∈ L2(Rn, dµ̃i) with supp ũi ⊆ Qρ and where dµ̃i = (Ψ−1

i )∗dµ∣∣
Qi

(extended by 0 outside the cube Qρ). Moreover, we may assume, after a rescaling,
that X̃i,j = cjρ

κj ∂
∂wj

and dµ̃i is the Lebesgue measure in coordinates.
Then, by applying the Fourier transform to ũi (and dropping the index i) in the
variable wj , and noting also

1

2h

∫ h

−h

∣∣∣1− eitcjρκj ξj ∣∣∣2dt =
1

2h

∫ h

−h

(
(1− cos(tcjρ

κjξj))
2 + (sin(tcjρ

κjξj))
2
)
dt

=
1

2h

∫ h

−h
(2− 2 cos(tcjρ

κjξj))dt

= 2
(

1− sin(hcjρ
κjξj)

hcjρκjξj

)
,

(5.14)

we obtain

2

∫
Rn

(
1− sin(hcjρ

κjξj)

hρκjξj

)∣∣Fwj→ξj ũ
∣∣2dξjdw′ =

=

∫
Rn

( 1

2h

∫ h

−h

∣∣∣1− eitcjρκj ξj ∣∣∣2dt)∣∣Fwj→ξj ũ
∣∣2dξjdw′ ≤ ch2,

(5.15)

where w′ = (w1, ..., ŵj, ..., wn). At this point, note that there exists c > 0 such
that

(1− sin(hcjρ
κjξj)

hcjρκjξj
) ≥ ch2c2

jρ
2κjξ2

j , for hcjρ
κj |ξj| ≤ b,

(1− sin(hcjρ
κjξj)

hcjρκjξj
) ≥ c, for hcjρ

κj |ξj| > b,

where b > 0 is a fixed small constant, and then decompose ũ as

ũ(w) =
1

2π

∫
hcjρ

κj |ξj |≤b
eiwjcjρ

κj ξjFwj→ξj ũ dξj

+
1

2π

∫
hcjρ

κj |ξj |>b
eiwjcjρ

κj ξjFwj→ξj ũ dξj.

Therefore, we choose a suitable cut-off function φ ∈ C∞(Rn), 0 ≤ φ ≤ 1, with
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φ ≡ 1 on supp ũ = K and φ ≡ 0 on Qc
ρ, and define

ũLj,h(w) := φ(w)
1

2π

∫
hcjρ

κj |ξj |≤b
eiwjcjρ

κj ξjFwj→ξj ũ dξj

ũHj,h(w) := φ(w)
1

2π

∫
hcjρ

κj |ξj |>b
eiwjcjρ

κj ξjFwj→ξj ũ dξj.

The functions ũLj,h and ũHj,h are functions defined on Rn satisfying

ũ = ũLj,h + ũHj,h

that we call respectively j-low frequency part and j-high frequency part of ũ. For
them we have the following estimates.

Lemma 5.2.2. For every j = 1, ..., n there exists Cj > 0, independent of h ∈
]0, h0], such that

(i)
∥∥∂wj ũLj,h∥∥L2(Rn)

≤ Cj;

(ii)
∥∥ũHj,h∥∥L2(Rn)

≤ Cjρ
κjh.

(5.16)

Proof. Wefirst prove (i), i.e. the estimate for the j-low frequency part. ByMinkowski’s
inequality we have

∥∥∂wj ũLj,h∥∥L2(Rn)
=
(∫

Qρ

∣∣∣∣∣ 1

2π

∫
hcjρ

κj |ξj |≤b
φ(w)cjρ

κjξje
iwjcjρ

κj ξjFwj→ξj ũ dξj

∣∣∣∣∣
2

dw
) 1

2

+
(∫

Qρ

∣∣∣∣∣ 1

2π

∫
hcjρ

κj |ξj |≤b
(∂wjφ(w))eiwjcjρ

κj ξjFwj→ξj ũ dξj

∣∣∣∣∣
2

dw
) 1

2

≤ 1

2π

∫
hcjρ

κj |ξj |≤b

(∫
Qρ

c2
jρ

2κjξ2
j

∣∣φ(w)Fwj→ξj ũ
∣∣2dw) 1

2
dξj

+
(∫

Qρ

∣∣∣∣∣ 1

2π

∫
hcjρ

κj |ξj |≤b
(∂wjφ(w))eiwjcjρ

κj ξjFwj→ξj ũ dξj

∣∣∣∣∣
2

dw
) 1

2
.

Now, since h−2(1 − sin(hcjρ
κj ξj)

hcjρ
κj ξj

) ≥ cc2
jρ

2κjξ2
j , for hcjρκj |ξj| ≤ b, by (5.15), we

obtain ∥∥∂wj ũLj,h∥∥L2(Rn)
≤ Cj,

for some constant Cj > 0.
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To get (ii), we write

∥∥ũHj,h∥∥L2(Rn)
=
(∫

Qρ

∣∣∣∣∣ 1

2π

∫
hcjρ

κj |ξj |>b
eiwjcjρ

κj ξjφ(w)Fwj→ξj ũ dξj

∣∣∣∣∣
2

dw
) 1

2

≤ 1

2π

∫
hcjρ

κj |ξj |>b

(∫
Qρ

∣∣φ(w)Fwj→ξj ũ
∣∣2dw) 1

2
dξj.

Thus, since (1 − sin(hcjρ
κj ξj)

hcjρ
κj ξj

) ≥ c, for hcjρκj |ξj| > b, possibly enlarging the
constant Cj , once more by (5.15) we obtain∥∥ũHj,h∥∥L2(Rn)

≤ Cjρ
κjh.

Therefore, for all j = 1, . . . , n (recall we are working on each single i)

ũ = ũLj,h + ũHj,h

with ∥∥ρκj∂wj ũLj,h∥∥L2(Rn)
≤ ρκjCj,

∥∥ũHj,h∥∥L2(Rn)
≤ Cjρ

κjh,

and so, there exists a constant C̄ > 0, independent of h, such that, for all j =
1, . . . , n, ∥∥∥X̃i,jũ

L
j,h

∥∥∥
L2(Rn)

≤ ρκj C̄,
∥∥ũHj,h∥∥L2(Rn)

≤ ρκj C̄h.

Our goal now is to make this decomposition independent of j. To do that we will
construct operators Ah, Bk,j,h, Dj,h, defined from S ′(Rn) to S ′(Rn), depending
on h, such that

1− Ah =
n∑
j=1

Dj,hhcjρ
κj

∂

∂wj
,

cjρ
κj

∂

∂wj
Ah =

n∑
k=1

Bk,j,hcjρ
κj

∂

∂wk
,

(5.17)

and Ah, Bk,j,h, Dj,h, Dj,hh
∂
∂wj

, Bk,jh
∂
∂wk

are bounded on L2(Rn), uniformly in h.
If there exist such operators we define

ũLh := Ahũ, ũHh := (1− Ah)ũ, (5.18)

and in analogy to what has been done before we call them respectively the h-low
frequency part of ũ and the h-high frequency part of ũ.
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By this decomposition of ũ we get

cjρ
κj

∂

∂wj
ũLh =

n∑
k=1

cjρ
κjBk,j,h

∂

∂wk

(
ũLk,h + h

1

h
ũHk,h

)
,

ũHh =
n∑
j=1

Dj,hhcjρ
κj

∂

∂wj
(ũLj,h + ũHj,h)

and consequently,∥∥cjρκj∂wj ũLh∥∥L2(Rn)
≤ C ′ρκj ,

∥∥ũHh ∥∥L2(Rn)
≤ C ′hρκj , (5.19)

for some constant C ′ > 0.
Now, through Lemma A.1.4 we want to construct the operators Ah, Bk,j, Dj satis-
fying (5.17).
To do that we need to introduce the h-scaling operator Th, defined as

Thg(·) := h−ng(·/h), g ∈ S (Rn)

and if F ∈ S ′(Rn) as

〈ThF |ϕ〉 := 〈F |ϕ(h ·)〉, ϕ ∈ S (Rn).

Moreover, we take ψ ∈ S (Rn) be a fixed function such that
∫
Rn ψ(w)dw = 1.

We first define
Ahf := f ∗ Thψ, f ∈ L2(Rn). (5.20)

Next, since
∫
Rn

∂
∂wj

ψ = 0, by Lemma A.1.4 we are able to find ψk,j ∈ S (Rn) that
solve the equation

cjρ
κj

∂

∂wj
ψ =

n∑
k=1

cjρ
κj

∂

∂wk
ψk,j. (5.21)

Therefore, we define

Bk,j,hf := f ∗ Thψk,j, f ∈ L2(Rn).

Finally, to define the operators Dj,h we want to find solutions d1, ..., dn ∈ S (Rn)
of the equations

n∑
j=1

cjρ
κj

∂

∂wj
dj = δ0 − ψ. (5.22)

To do that, let E be a fundamental solution of the hypoelliptic equation

ÃE = δ0,
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where Ã =
∑n

j=1 c
2
jρ

2κj ∂2

∂w2
j
, and let χ ∈ C∞c (Rn) with χ ≡ 1 on a neighborhood

of 0. Moreover, let g1, . . . , gn ∈ S (Rn), that solve the equation
n∑
j=1

cjρ
κj

∂

∂wj
gj = ψ +

n∑
j=1

cjρ
κj
[ ∂

∂wj
, χ
]
cjρ

κj
∂

∂wj
E =: ψ0. (5.23)

The solvability of equation (5.23) follows from the fact that
∫
Rn ψ(w)dw = 1 and

〈
n∑
j=1

[
cjρ

κj
∂

∂wj
, χ
]
cjρ

κj
∂

∂wj
E|1〉 = −〈χÃE|1〉 = −〈δ0|χ〉 = −χ(0) = −1,

(note that we deal with compactly supported distribution thanks to presence of χ)
and hence ψ0 ∈ S (Rn) with

∫
Rn ψ0(w)dw = 0.

Therefore, for all j = 1, . . . , n, we may define

dj := χcjρ
κj

∂

∂wj
E − gj,

and thanks to the equivalences
n∑
j=1

cjρ
κj

∂

∂wj
dj = δ0 − ψ

⇐⇒
n∑
j=1

cjρ
κj

∂

∂wj
(χcjρ

κj
∂

∂wj
E − gj) = δ0 − ψ

⇐⇒
n∑
j=1

cjρ
κj

∂

∂wj
gj = ψ +

n∑
j=1

cjρ
κj
[ ∂

∂wj
, χ
]
cjρ

κj
∂

∂wj
E =: ψ0,

we have that d1, . . . , dn solve equation (5.22). Therefore, for j = 1, . . . , n, we
define

Dj,hf := f ∗ Thdj.
Furthermore, since Thδ0 = δ0, we have that (5.21) and (5.22) are equivalent to

1− Ah =
n∑
j=1

Dj,hhcjρ
κj

∂

∂wj
,

cjρ
κj

∂

∂wj
Ah =

n∑
k=1

Bk,j,hcjρ
κj

∂

∂wk
.

Summing up, we have constructed the operators that satisfy (5.17).
We next have to prove the boundedness properties for them (i.e. that the opera-
tors Ah, Bk,j,h, Dj,h, Dj,hhcjρ

κj ∂
∂wj

, Bk,jh
∂
∂wk

are bounded on L2(Rn), uniformly



5.2 Decomposition in High and Low Frequency Part 67

in h).
First of all, if f ∈ L2(Rn), by Young’s inequality

‖Ahf‖0 ≤ ‖Thψ‖L1‖f‖0

and since ‖Thψ‖L1 = ‖ψ‖L1 , for all h ∈]0, h0] we have that the operator Ah is
bounded in L2, uniformly in h ∈]0, h0], and by the same argument the operators
Bk,j,h, Dj,h are bounded in L2 as well.
Furthermore,

Bk,j,hh
∂

∂wk
f(w) =

(
h
∂

∂wk
f ∗ Thψk,j

)
(w)

=
(
f ∗ h ∂

∂wk
(Thψk,j)

)
(w)

= f ∗
(
Th(

∂

∂wk
ψk,j)

)
(w),

thus, since ∂
∂wk

ψk,j is a Schwartz function, we conclude that also the operators
Bk,j,hh

∂
∂wk

are bounded in L2(Rn), uniformly in h ∈]0, h0].
It remains to examine the operators Dj,hhcjρ

κj ∂
∂wj

. Since

‖Thf‖L2(Rn) = h−
n
2 ‖f‖L2(Rn),

it suffices to study

L2(Rn) 3 f 7→ f ∗ cjρκj
∂

∂wj
dj ∈ L2(Rn).

By construction one has

cjρ
κj

∂

∂wj
dj = χc2

jρ
2κj

∂2

∂w2
j

E + rj, rj ∈ S (Rn), (5.24)

so, the distribution c2
jρ

2κj ∂2

∂w2
j
E is of type 0 (see [15] pp. 164-167 for the terminol-

ogy and the proof) and hence

c2
jρ

2κj
∂2

∂w2
j

E = kjδ0 + PV (fj),

where fj ∈ C∞(Rn \ {0}) and kj > 0 is constant. Moreover, the operator

L2(Rn) 3 f 7→ f ∗ c2
jρ

2κj
∂2

∂w2
j

E ∈ L2(Rn)
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is bounded and consequently, by (5.24)

L2(Rn) ∈ f 7→ f ∗ cjρκj
∂

∂wj
dj ∈ L2(Rn)

is bounded as well. We thus have constructed the operators as of (5.17) and then
the estimates (5.19) are proved.
Finally, starting from (5.19) we wish to obtain the global estimates (5.8). For such
purpose let χi ∈ C∞c (Qi) be 0 ≤ χi ≤ 1, such that χi ≡ 1 in a neighborhood of
suppφi. Then (Ψ−1

i )∗χi is a smooth function defined on Rn with support in Qρ

and (Ψ−1
i )∗χi ≡ 1 in a neighborhood of supp ũi.

Thus, setting

uLi,h := Ψ∗i
(
((Ψ−1

i )∗(χi))ũ
L
i,h

)
, uHi,h := Ψ∗i

(
((Ψ−1

i )∗(χi))ũ
H
i,h

)
,

one has

uLi,h + uHi,h = Ψ∗i
(
((Ψ−1

i )∗(χi))ũ
L
i,h

)
+ Ψ∗i

(
((Ψ−1

i )∗(χi))ũ
H
i,h

)
= χiΨ

∗
i ũi

= χiui = ui

in Qi and ∥∥uHi,h∥∥0
≤ Cρκjh, sup

1≤j≤n

∥∥Xi,ju
L
i,h

∥∥
0
≤ Cρκj , (5.25)

where C > 0 is a constant depending on χi, φi and other auxiliary functions but
independent of h and ρ. Until now we get the decomposition for ui = φiu, for all
i = 1, ..., N . To obtain this result for u ∈ L2(M,dµ) it is sufficient to write

u =
N∑
i=1

φiu =
N∑
i=1

uLi,h +
N∑
i=1

uHi,h =: uLh + uHh .

Since uLh and uHh are constructed by local pieces satisfying (5.25), they obviously
satisfy ∥∥uLh∥∥1

≤ C0ρ,
∥∥uHh ∥∥0

≤ C0ρh,

for some C0 > 0 universal constant.

5.3 A Weyl-type Estimate

The purpose of this section is to give a first result (see Theorem 5.3.3) con-
cerning the spectrum of the family of operators (Ah,ρ)h∈]0,h0], for ρ ∈]0, ρ0], where,
recall,

Ah,ρ : L2(M,dµ)→ L2(M,dµ)
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is defined as
Ah,ρ =

I − Sh,ρ
h2

.

where Sh,ρ is the (h, ρ)-Markov operator given in (4.20). This result, in the next
chapter, will lead to a characterization of the spectrum of our Sh,ρ. Let us start by
fixing some notation.

In what follows, we denote by Λ = Λ∗ ≥ Id ∈ Ψ2(M) a fixed elliptic pseu-
dodifferential operator on M , where Λ∗ is the formal adjoint of Λ on L2(M,dµ)
(for the existence of such operators see for instance Lemma 7.1 in [43]). Since
M is compact there exists an orthonormal basis (ej)j≥1 of eigenfunctions of Λ in
L2(M,dµ) corresponding to the eigenvalues ν1 ≤ ν2 ≤ . . . counted by multi-
plicity. Moreover, by the classical Weyl law (see for instance [17], p. 138) one
has

]{j; ν1/2
j ≤ r} ≈ rdim(M), r → +∞.

Note that for s ∈ R, the topology onHs(M) is equivalent to the topology defined
by the norm

‖f‖′s := (
∑
j

ν2s
j |fj|

2)1/2 = (Λsf, f)
1/2
0 , f =

∑
j

fjej ∈ Hs(M).

Finally, we define (Ph)h∈]0,h0], be a family of self-adjoint bounded operators de-
fined on L2(M,dµ), for u =

∑
j≥1 ujej ∈ L2(M,dµ), as

Phu :=
∑
j≥1

min(h−1, ν
s/2
j )ujej.

The goal now is to characterize the spectrum of the operators for which Theorem
5.2.1 applies. In Lemma 5.3.2 we will give such a characterization in a more gen-
eral framework (cf. Appendix of [29]) and to do that we first need the following
estimate (which yields to the control of the eigenvalues of the operator I + Th
obtained by the Theorem A.4.20 principle).

Proposition 5.3.1. Let (Th)h∈]0,h0], for h0 > 0, be a family of nonnegative self-
adjoint bounded operators acting onL2(M,dµ) that satisfy the following property.
There exists a constant C0 > 0, independent of h such that

if u ∈ L2(M,dµ) satisfies ((I + Th)u, u)0 ≤ 1

⇒ ∃ s > 0 and (u1, u2) ∈ Hs(M)× L2(M,dµ), s.t.
u = u1 + u2 and ‖u1‖s ≤ C0, ‖u2‖0 ≤ C0h.

(5.26)

Then, for all h ∈]0, h0],

‖Phu‖2
0 ≤ 4C2

0((I + Th)u, u)0. (5.27)
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Proof. Note first that if u ∈ L2(M,dµ) and u = u1 + u2, with u1 ∈ Hs(M) and
u2 ∈ L2(M,dµ) one has

‖Phu‖2
0 ≤ 2‖Phu1‖2

0 + 2‖Phu2‖2
0 ≤ 2(‖u1‖2

s + h−2‖u2‖2
0). (5.28)

Suppose by contradiction there exists h ∈]0, h0] and u∗ ∈ L2(M,dµ) such that

4C2
0((I + Th)u∗, u∗)0 < ‖Phu∗‖2

0. (5.29)

Hence, setting
C∗ :=

√
((I + Th)u∗, u∗)0 > 0

(note ((I + Th)u∗, u∗)0 > 0 as Th ≥ 0) one has(
(I + Th)

u∗
C∗
,
u∗
C∗

)
0
≤ 1

and so, by hypothesis (5.26), there exist v ∈ Hs(M) andw ∈ L2(M,dµ) such that

u∗
C∗

= v + w, with ‖v‖s ≤ C0, ‖w‖0 ≤ C0h.

Thus, defining u∗,1 := C∗v and u∗,2 := C∗w, we have that u∗,1 ∈ Hs(M), u∗,2 ∈
L2(M,dµ)

u∗ = u∗,1 + u∗,2, with ‖u∗1‖s ≤ C∗C0, ‖u∗2‖0 ≤ C∗C0h.

Therefore, by (5.28) and (5.29),

4C2
0((I + Th)u

∗, u∗)0 < 2(‖u∗1‖
2
s + h−2‖u∗2‖

2
0)

≤ 4C2
0C

2
∗

= 4C2
0((I + Th)u

∗, u∗)0

and then the contradiction.

We next have the following Lemma (cf. Appendix of [29]).

Lemma 5.3.2. Let (Th)h∈]0,h0], for h0 > 0, be a family of nonnegative self-adjoint
bounded operators acting on L2(M,dµ) that satisfy property (5.26).
Then, if C1 < 1/(4C2

0) we have that Spec(Th) ∩ [0, ζ − 1] is discrete for all ζ ≤
C1h

−2 and there exists C2 > 0, independent of h, such that

](Spec(Th) ∩ [0, ζ − 1]) ≤ C2 〈ζ〉dim(M)/2s , for all ζ ≤ C1h
−2.
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Proof. By Proposition 5.3.1, for all j ≥ 1, we have (with µj defined by the min-
max principle see Theorem A.4.20).

µj(I + Th) ≥
1

4C2
0

µj(P
2
h ). (5.30)

Moreover, if ζ < h−2, by the Weyl formula (A.11),
]{j; µj(P 2

h ) ≤ ζ} = ]{j; νsj ≤ ζ} ≤ C〈ζ〉dim(M)/2s, (5.31)
for some C > 0. Therefore, by (5.30), we may apply Proposition A.4.21 to the
operator I + Th to obtain that the spectrum of I + Th in [0, h−2/4C2

0 [ is discrete
and all the eigenvalues repeated by multiplicity are found by the min-max principle
(see Theorem A.4.20).
Thus, again by (5.30) and (5.31)

]{j; µj(I + Th) ≤ ζ} ≤ C2〈ζ〉dim(M)/2s, ∀ζ ≤ C1h
−2,

with 0 < C1 < 1/(4C2
0) and C2 > 0 universal constants, independent of h. The

statement follows by noting that Spec(Th) = Spec(I + Th)− 1.

This result, for Ah,ρ, yields to the next Theorem.
Theorem 5.3.3. There exists h0 ∈ R such that for any h ∈]0, h0] and any ρ ∈]0, ρ0]
one has that Spec(Ah,ρ) ∩ [0, ζ] is discrete for all ζ ≤ C ′h−2 and

](Spec(Ah,ρ) ∩ [0, ζ]) ≤ C ′′〈ζ〉dim(M)/2, ∀ζ ≤ C ′h−2, (5.32)
for some constants C ′, C ′′ > 0, independent of h and ρ.
Proof. By Proposition 4.7.1 and Proposition 4.7.2 we may apply Lemma 5.3.2 to
the operator Ah,ρ.
By Theorem 5.2.1 there exist h0 � 1 and a constant C0 > 0 such that if u ∈
L2(M,dµ) satisfies ((I + Ah,ρ)u, u)0 ≤ 1 there exists (uLh , u

H
h ) ∈ H1(M) ×

L2(M,dµ) such that u = uLh + uHh , with
∥∥uLh∥∥H1 ≤ C0ρ and

∥∥uHh ∥∥0
≤ C0ρh.

Then, the fundamental hypothesis of Proposition 5.3.1 is satisfied and hence, tak-
ing C ′1 < 1

4ρ2C2
0
, there exists C ′′1 > 0 independent of h such that Spec(Ah,ρ) ∩

[0, ζ − 1] is discrete for all ζ ≤ C ′1h
−2 and

](Spec(Ah,ρ) ∩ [0, ζ − 1]) ≤ C ′′1 〈ζ〉
dim(M)/2 , for all ζ ≤ C ′1h

−2.

Then, by choosing h0 small enough we get that there exist constants C ′, C ′′ > 0,
such that Spec(Ah,ρ) ∩ [0, ζ] is discrete for all ζ ≤ C ′h−2 and

](Spec(Ah,ρ) ∩ [0, ζ]) ≤ C ′′ 〈ζ〉dim(M)/2 , for all ζ ≤ C ′h−2.

Remark 5.3.4. Note that if we shrink ρ, we may choose the constant C ′1 and con-
sequentlyC ′ in the proof (C ′1 < 1

4ρ2C2
0
) to be larger. Thus, if we shrink ρ, by (5.32),

we obtain a discrete spectrum in a larger interval.
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5.4 The Infinitesimal Generator

The aim of this section is to prove some convergence properties of the operator
Ah,ρ for h→ 0 and ρ ∈]0, ρ0] fixed. In such a way we will obtain the ρ-infinitesimal
generator (see Definition 5.4.3) of our process. To obtain that, for any x ∈M and
f ∈ C∞(M), we are going to calculate the pointwise limit

lim
h→0

Ah,ρf(x) := lim
h→0

I − Sh,ρ
h2

f(x).

In what follows, for all i = 1, . . . , n we denote by

αi :M → {0, 1}

x 7→

{
1, if x ∈ Qi

0, if x /∈ Qi.

Given f ∈ C∞(M) we consider the map

f 7→


f∣∣
Q1

f∣∣
Q2...

f∣∣
Qn


where for each i = 1, . . . , N , f∣∣

Qi

= ι∗f , with ι : Qi → M the inclusion map.

Moreover, since Xi,j ∈ Γ(Q∗i , TQ
∗
i ) and TxQi

∼= TxQ
∗
i for all x ∈ Qi, we may

define Xi,j
∣∣
Qi

∈ Γ(Qi, TQ
∗
i ) and then the function

αiXi,j
∣∣
Qi

f∣∣
Qi

: M → R,

x 7→

0, if x /∈ Qi

Xi,j
∣∣
Qi

f∣∣
Qi

(x), if x ∈ Qi.

Therefore, we define the truncated vector fields Zi,j as the operators

C∞(M) 3 f 7→ Zi,jf := αiXi,j
∣∣
Qi

f∣∣
Qi

.

Remark 5.4.1. The truncated vector fields are operators fromC∞(M) toL∞(M).
Indeed, since Xi,j

∣∣
Qi

f∣∣
Qi

= Xi,jf∣∣
Q∗
i

for all x ∈ Qi, we get

sup
x∈M
|Zi,jf(x)| = sup

x∈Qi
|Xi,jf∣∣

Q∗
i

(x)| < +∞.



5.4 The Infinitesimal Generator 73

In the same way we define the operators Pi,ρ : L2(M,dµ)→ L2(M,dµ) by

Pi,ρ := − 1

6n

n∑
j=1

Z2
i,j,

where Z2
i,jf = αiXi,j

2∣∣
Qi

f∣∣
Qi

, if f ∈ C∞(M). Note that Pi,ρ depends on ρ, since

Xi,j , αi and hence Zi,j depends on ρ.

Theorem 5.4.2. Let f ∈ C∞(M), ρ ∈]0, ρ0] and x ∈M . Then

lim
h→0

I − Sh,ρ
h2

f(x) =
1

N

N∑
i=1

Pi,ρf(x).

Proof. Let x ∈M and f ∈ C∞(M). Up to rearranging the cubes, we may assume
that x ∈

⋂N1

i=1Qi and x /∈
⋃N
i=N1+1 Qi, for some N1 ∈ {1, ..., N}.

Furthermore, note that, choosing h0 > 0 sufficiently small, for all i ∈ {1, . . . N1}
and for all h ∈]0, h0] one has

Φi,j,h,ρ(t, x) ∈ Qi, ∀t ∈]− h, h[.

We write

(I − Sh,ρ)f(x) =
1

nN
(nN −

N∑
i=1

n∑
j=1

Si,j,h,ρ)f(x)

and since

Si,j,h,ρf(x) = f(x), ∀ i = N1 + 1, . . . , N, ∀j = 1, ..., n,

one has

(I − Sh,ρ)f(x) =
1

nN
(nN1 · I −

N1∑
i=1

n∑
j=1

Si,j,h,ρ)f(x)

=
1

nN

N1∑
i=1

n∑
j=1

(I − Si,j,h,ρ)f(x).

Hence, we focus on the term (I − Si,j,h,ρ)f(x) for some fixed i = 1, ..., N1, j =
1, ..., n and we work in coordinates, with the notation used above. By Taylor’s
formula, in coordinates on a neighborhood of w = Ψi(x), we have

S̃i,j,h,ρf(w) =
1

2h

∫ h

−h

(
f̃(w) + tX̃i,j f̃(w) +

t2

2
X̃2
i,j f̃(w)+

+

∫ t

0

X̃3
i,j f̃(esX̃i,jw)

(t− s)3

3!
ds
)
dt.
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Thus, noting that ∫ h

−h
tX̃i,j f̃(w)dt = 0

and that the last term is o(t2), for t→ 0, we get

S̃i,j,h,ρf(w) = f̃(w) +
1

2h

[t3
6

]h
−h
X̃2
i,j f̃(w) + o(h2)

= f̃(w) +
1

6
h2X̃2

i,j f̃(w) + o(h2), h→ 0.

(5.33)

Then,

lim
h→0

I − Sh,ρ
h2

f(x) = − 1

6nN

N1∑
i=1

n∑
j=1

αiXi,j
2∣∣
Qi

f∣∣
Qi

(x)

= − 1

6nN

N∑
i=1

n∑
j=1

αρ,iX
2
i,jαρ,if(x)

=
1

N

N∑
i=1

Pi,ρf(x).

Definition 5.4.3. We call the operator A0,ρ = 1
N

∑N
i=1 Pi,ρ just constructed the

ρ-infinitesimal generator of our Markov process.

Finally, we recall that for h ∈]0, h0] and ρ ∈]0, ρ0], the bilinear form Bh,ρ is
defined by

Bh,ρ(u, v) =
(I − Sh,ρ

h2
u, v
)

0
, u, v ∈ L2(M,dµ)

and through them, we want to give the following convergence theorem for h → 0
and ρ ∈]0, ρ0] fixed.

Theorem 5.4.4. Let ϕ ∈ C∞(M) and (fh, gh)h∈]0,h0] ⊆ H1(M)× L2(M,dµ) be
a sequence such that

(i) fh
h→0−−→ f ∈ H1(M) weakly,

and
(ii) sup

h∈]0,h0]

‖gh‖0 < +∞.

Then

lim
h→0

Bh,ρ(fh + hgh, ϕ) =
1

6nN

N∑
i=1

n∑
j=1

(Xi,jf,Xi,jϕ)L2(Qi).
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Remark 5.4.5. First to start the proof let us point out that for u, v ∈ L2(M,dµ)
one has

Bh,ρ(u, v)0 =
1

nN

N∑
i=1

n∑
j=1

Bi,j,h,ρ(u, v). (5.34)

Moreover, if u, v ∈ C∞(M) (and by density also for u, v ∈ L2(M,dµ))

Bi,j,h,ρ(u, v)

=
(I − Si,j,h,ρ

h2
u, v
)

0

= h−2

∫
M

(
(I − (Mi,j,h,ρ + Ti,j,h,ρ))u

)
v dµ

=
1

2h3

∫
Qi

∫ h

−h
χi,j,h,ρ(t, x)(u(x)− u(etXi,jx))v(x) dtdµ

=
1

4h3

∫
Qi

∫ h

−h
χi,j,h,ρ(t, x)(u(x)− u(etXi,jx))(v(x)− v(etXi,jx)) dtdµ.

(5.35)

Proof of the Theorem 5.4.4. We write

Bh,ρ(fh + hgh, ϕ) = Bh,ρ(fh, ϕ) + Bh,ρ(hgh, ϕ)

and then we have to prove

lim
h→0

Bh,ρ(fh, ϕ) =
1

6nN

N∑
i=1

n∑
j=1

(Xi,jf,Xi,jϕ)L2(Qi) (5.36)

and
lim
h→0

Bh,ρ(hgh, ϕ) = 0. (5.37)

We first examine (5.37). By (5.34) we may reduce to show that for any given i, j
one has

lim
h→0

(
hgh,

I − Si,j,h,ρ
h2

ϕ
)

0
= 0. (5.38)

Since ϕ ∈ C∞(M), for x ∈ Qi we have

(I − Si,j,h,ρ)ϕ(x) =
1

2h

∫ h

−h
χi,j,h,ρ(t, x)(ϕ(x)− ϕ(etXi,jx))dt

=
Xi,jϕ(x)

2h

∫ h

−h
t χi,j,h,ρ(t, x)dt+Ounif(h

2)

=: rh(x) +Ounif(h
2).
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Now, we note that supp rh ⊆ {x ∈ Qi; d(x, ∂Qi) < h}. Indeed

d(x, ∂Qi) ≥ h⇒
∫ h

−h
t χi,j,h,ρ(t, x)dt =

∫ h

−h
tdt = 0.

Thus, since ‖rh‖L∞ = Ounif(h)we get ‖rh‖0 = Ounif(h
3/2). Therefore, as ‖hgh‖0 =

Ounif(h) we obtain

Bi,j,h,ρ(hgh, ϕ) =
1

h2
(hgh, (I − Si,j,h,ρ)ϕ)0

= (gh, h
−1(I − Si,j,h,ρ)ϕ)0

= (gh, h
−1rh)0 +Ounif(h)

= Ounif(h
1/2)

and hence (5.37) follows from (5.34).
We now prove (5.36). Also in this case we may reduce to study

Bi,j,h,ρ(fh, ϕ) =
(I − Si,j,h,ρ

h2
fh, ϕ

)
0
.

In the first place, by (5.35),(I − Si,j,h,ρ
h2

fh, ϕ
)

0
=

=
1

4h3

∫
Qi

(∫ h

−h
χi,j,h,ρ(t, x)(fh(x)− fh(etXi,jx))(ϕ(x)− ϕ(etXi,jx))dt

)
dµ(x).

At this point, writing (with x ∈ Qi)

ϕ(x)− ϕ(etXi,jx) = tψ(t, x)

fh(x)− fh(etXi,jx) = t

∫ 1

0

Xi,jfh(e
tsXi,jx)ds,

with ψ(t, x) smooth function such that ψ(0, x) = Xi,jϕ(x), and denoting Φt(x) =
etXi,jx, one has

Bi,j,h,ρ(f, ϕ)

=
1

4h3

∫
Qi

(∫ h

−h
χi,j,h,ρ(t, x)t2

(∫ 1

0

Xi,jfh(e
tsXi,jx)ds

)
ψ(t, x)dt

)
dµ(x)

=
1

4

∫
Qi

(∫ 1

−1

χi,j,h,ρ(hτ, x)τ 2
(∫ 1

0

Xi,jfh(e
hτsXi,jx)ds

)
ψ(hτ, x)dτ

)
dµ(x)

=
1

4

∫ 1

−1

∫ 1

0

∫
Φhτs(Qi)

(
χi,j,h,ρ(hτ, e

−hτsXi,jy)τ 2×

×Xi,jfh(y)ψ(hτ, e−hτsXi,jy)
)
dµ(y)dsdτ.



5.4 The Infinitesimal Generator 77

Next, since ψ(hr, e−hτsXi,jy) = Xi,jϕ(y) +Ounif(h), for any δ > 0 we get

Bi,j,h,ρ(fh, ϕ) =

=
1

4

∫ 1

−1

∫ 1

0

∫
Φhτs(Qi)∩Qi
χi,j,h,ρ(hτ, e

−hτsXi,jy)τ 2Xi,jfh(y)Xi,jϕ(y)dµ(y)dsdτ +Ounif(h)

=
1

4

∫ 1

−1

∫ 1

0

∫
Φhτs(Qi)∩{y∈Qi; d(y,∂Qi)≥δ}

χi,j,h,ρ(hτ, e
−hτsXi,jy)τ 2Xi,jfh(y)Xi,jϕ(y)dµ(y)dsdτ

+
1

4

∫ 1

−1

∫ 1

0

∫
Φhτs(Qi)∩{y∈Qi; d(y,∂Qi)<δ}

χi,j,h,ρ(hτ, e
−hτsXi,jy)τ 2Xi,jfh(y)Xi,jϕ(y)dµ(y)dsdτ

+Ounif(h)

=: Iδ(h) + Jδ(h) +Ounif(h).

Now, by Cauchy-Schwarz inequality

|Jδ(h)| ≤ C(ϕ)δ1/2‖fh‖H1(Qi).

and, furthermore, choosing h0 = h0(δ) sufficiently small, we have that, for all
h ∈]0, h0]

Iδ(h) =
1

6

∫
Qi∩{x; d(x,∂Qi)>δ}

Xi,jfh(x)Xi,jϕ(x)dµ(x)

=
1

6

∫
Qi

Xi,jfh(x)Xi,jϕ(x)dµ(x)− 1

6

∫
Qi∩{x; d(x,∂Qi)≤δ}

Xi,jfh(x)Xi,jϕ(x)dµ(x)

=
1

6

∫
Qi

Xi,jfh(x)Xi,jϕ(x)dµ(x) +Ounif(δ
1/2‖fh‖H1(Qi)).

Therefore, given ε > 0 we may find δ > 0 sufficiently small such that for any
h ∈]0, h0(δ)]

|Jδ(h)| < ε

and
|Iδ(h)− 1

6

∫
Qi

Xi,jfh(x)Xi,jϕ(x)dµ(x)| < ε.

Hence, since fh → f weakly in H1(Qi), for h→ 0, we obtain

lim
h→0

Bi,j,h,ρ(fh, ϕ) =
1

6

∫
Qi

Xi,jf(x)Xi,jϕ(x)dµ(x).



78 5. Auxiliary Results in Preparation to the Diffusion Theorems



6. THE SPECTRAL RESULT AND CONVERGENCE TO
EQUILIBRIUM

In this Chapter we prove Theorem 1.1.3 and Theorem 1.1.4. The first one
concerns the spectrum of the operator Sh,ρ for h ∈]0, h0] and ρ ∈]0, ρ0], while
Theorem 1.1.4 establishes the convergence of our (h, ρ)-subelliptic random walk
to the equilibrium when the number of steps goes to infinity.

6.1 Spectrum Properties of the (h, ρ)-Markov Operator

We start by proving the spectral results of Theorem 1.1.3. More precisely, we
will see some spectral properties near the eigenvalue 1 and we will investigate what
happens if we shrink the parameter ρ. Finally, we will show that the spectral gap
gh,ρ of the operator I − Sh,ρ (see Definition A.4.22), that is the distance between
the eigenvalue 1 for Sh,ρ (cf. Remark A.4.23), satisfies gh,ρ ≈ h2.
In the proof, c, C will stand for absolute constants possibly changing in each ap-
pearances.

Proof of Theorem 1.1.3. In the first place note that for all k ∈ N

2((I − Skh,ρ)u, u)0 =

∫
M

(∫
M

|u(x)− u(y)|2skh,ρ(x, dy)
)
dµ(x). (6.1)

In fact, to prove this equality we can reduce to prove (by reasoning as in (4.25) and
(4.26)) ∫

M

(∫
M

|u(y)|2skh,ρ(x, dy)
)
dµ(x) =

∫
M

|u(x)|2dµ(x),

but this follows as in (4.24), using the change of variables and the divergence-free
property of the vector fieldsXi,j with respect to the local expression of the measure
µ.
We now prove (i). We already saw in Proposition 4.7.1 that Sh,ρ1 = 1, thus it
remains to show that 1 is a simple eigenvalue of Sh,ρ. Let u ∈ L2(M,dµ) be a
function that satisfies Sh,ρu = u. By Theorem 5.1.1 there exists a universal δ > 0
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such that ∫
M

(∫
M

|u(x)− u(y)|2snh,ρ(x, dy)
)
dµ(x)

≥ ch−n
∫
M

(∫
{y; dg(x,y)<δh}

|u(x)− u(y)|2dgy
)
dµ(x).

(6.2)

Hence, since∫
M

(∫
M

|u(x)− u(y)|2snh,ρ(x, dy)
)
dµ(x) = 2((I − Snh,ρ)u, u)0 = 0,

by (6.2) we get that u(x)− u(y) = 0 for almost all (x, y) such that dg(x, y) < δh.
Therefore, sinceM is connected, we obtain that u is constant.
We proceed to prove (ii), i.e. we prove that the spectrum of Sh,ρ is a subset of
[−1 + δ1, 1]. To this end we may reduce to prove that there exist h0, c > 0 such
that for all h ∈]0, h0],

((I + S2k+1
h,ρ )u, u)0 ≥ c‖u‖2

0. (6.3)

Indeed, if Sh,ρuh = λhuh, for some uh ∈ L2(M,dµ), by (6.3) we get that that
λ2k+1
h ≥ c− 1 and then λh ∈ [−1 + δ1, 1], for some universal δ1 > 0. Moreover, if
λh belongs to the essential spectrum of Sh,ρ, we have λh ≥ −1 + δ1 by Theorem
A.4.20.

Hence, we have to prove that (see (6.1))∫
M

(∫
M

|u(x) + u(y)|2s2k+1
h,ρ (x, dy)

)
dµ(x) ≥ c‖u‖2

0.

Again by Theorem 5.1.1 (see also Remark 5.1.2) it is sufficient to prove that for all
h ∈]0, h0],

h−n
∫
M

(∫
{y; dg(x,y)<δh}

|u(x) + u(y)|2dgy
)
dµ(x) ≥ c‖u‖2

0

for some constant c > 0 independent of h.
By compactness we can cover M by a finite number of open set (Uj)j , such that
diam(Uj) < h, µ(Uj) > c1h

n and for all j the number of k such that Uk ∩ Uj 6= 0
is bounded from c2, with c1 and c2 universal constants (that is they do not depend
on h). In fact, to do so it is sufficient to use Lemma 1.4.9 of [25] on the universal
block Qρ ⊆ Rn and use thatM is a finite union of Qi = Ψ−1

i (Qρ).
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In this way, by reasoning as in [6] (p. 246),

c2h
−n
∫
M

(∫
{y; dg(x,y)<δh}

|u(x) + u(y)|2dgy
)
dµ(x)

≥ h−n
∑
j=1

∫
Uj

(∫
Uj

1{y; dg(x,y)<δh}(y)|u(x) + u(y)|2dgy
)
dµ(x)

≥ ch−n
∑
j=1

∫
Uj

(∫
Uj

|u(x) + u(y)|2dµ(y)
)
dµ(x)

≥ ch−n
∑
j=1

µ(Uj)

∫
Uj

|u(x)|2dµ(x)

≥ c‖u‖2
0,

for some constant c > 0. In conclusion

((1 + S2n+1
h,ρ )u, u)0 ≥ c‖u‖2

0,

and then there exists δ1 > 0 constant, independent of h, such that

Spec(Sh,ρ) ⊆ [−1 + δ1, 1].

To obtain (iii) it is sufficient to note that if ζ > 0,

Ah,ρu =
I − Sh,ρ
h2

u = λ′u, with λ′ ∈ [0, ζ]

⇐⇒ Sh,ρu = λu,with λ ∈ [1− h2ζ, 1], λ = 1− h2λ′.

Thus, byCorollary 5.3.3we conclude that there exists δ2 > 0 such that Spec(Sh,ρ)∩
[1− δ2, 1] is discrete and

]
(

Spec(Sh,ρ) ∩ [1− h2ζ, 1]
)
≤ C1(1 + ζ)m, for any 0 ≤ ζ ≤ δ2h

−2, (6.4)

for some m > 0. The fact that δ2 = δ2(ρ) increases when ρ decreases follows
directly by Remark 5.3.4.
It remains to show (iv), i.e. that there exist C2, C3 > 0, independent of h, such
that the spectral gap gh,ρ satisfies

C3h
2 ≤ gh,ρ ≤ C2h

2, ∀h ∈]0, h0]. (6.5)

Let us recall that if f ∈ C∞(M) and x ∈M by Theorem 5.4.2 one has

lim
h→0

I − Sh,ρ
h2

f(x) = A0,ρf(x)



82 6. The Spectral Result and Convergence to Equilibrium

and then the upper bound follows by the min-max principle (see Remark A.4.23).
Regarding the lower bound, assume by contradiction that there exist two sequences
(εk)k, (hk)k, such that εk, hk → 0, k → +∞, and a sequence (uk)k ⊆ L2(M,dµ),
with ‖uk‖0 = 1 and (uk, 1)0 =

∫
M
ukdµ = 0 such that

I − Shk,ρ
h2
k

uk = εkuk.

This implies, by definition of the Dirichlet form Eh,ρ (see (4.23)), that Ehk,ρ(uk) =
εk and so, by Theorem 5.2.1 (applied to uk/2) one has

uk = uLk + uHk = uLk + hk
uHk
hk

=: fk + hkgk,

with
sup
k
‖gk‖0 < C0, sup

k
‖fk‖1 ≤ C0.

At this point, since the sequence (fk)k is bounded in H1(M), we have that there
exists f ∈ H1(M) such that fk → f weakly onH1(M) as k → +∞. Moreover, up
to subsequences we have that fk → f strongly in L2(M,dµ) and hence ‖f‖0 = 1
and

∫
M
fdµ = 0. Therefore, by Theorem 5.4.4, we have that for all ϕ ∈ C∞(M)

0 = lim
k+∞

Bi,j,h,ρ(uk, ϕ) =
1

6nN

N∑
i=1

n∑
j=1

(Xi,jf,Xi,jϕ)L2(Qi).

Finally, since C∞(M) ⊆ H1(M) is dense, we may choose a sequence (ϕk′)k′ ∈
C∞(M) such that ϕk′ → f , strongly in H1(M), for k → +∞.
Hence ‖Xi,jf‖L2(Qi) = 0 for all i = 1, . . . , N , and since for all i the collection
{Xi,j}j forms a non-degenerate system of vector fields, we may conclude that f is
constant on M . This contradicts the fact ‖f‖0 = 1 and

∫
M
fdµ = 0 and proves

the lower bound (6.5). This concludes the proof of the Theorem.

6.2 Convergence to Equilibrium

We now prove the convergence to equilibrium stated in Theorem 1.1.4. The
convergence will be measured by the so-called total variation distance (see Def-
inition A.6.19) and the velocity of such convergence will depend on the spectral
gap gh,ρ of the (h, ρ)-Markov operator.

The estimate (1.3) below encodes a convergence to the equilibrium. In fact,
since the local vector fields Xi,j through which we have constructed our diffusion
are divergence free with respect to dµ, by the self-adjoint property of the oper-
ator, it is possible to obtain the reversibility of the Markov Chain and then the
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stationarity for the measure associated with respect to the constructed diffusion
(see Appendix A.6).

Proof of Theorem 1.1.4. We first note that, for k ∈ N, by approximating the L∞
functions onM with simple functions (cf. [29])

sup
x∈M

∥∥skh,ρ(x, dy)− µ
∥∥
TV

=
1

2

∥∥Skh,ρ − Π0

∥∥
L∞→L∞ ,

where Π0 is the orthogonal projection of L2(M,dµ) onto the space of constant
functions onM

Π0 : L2(M,dµ)→ V1 = Ker(Sh,ρ − 1 · I)

u 7→
∫
M

u dµ.

We thus have to prove that there exists h0 > 0 such that, for all h ∈]0, h0] and for
all k ∈ N ∥∥Skh,ρ − Π0

∥∥
L∞→L∞ ≤ Ce−kgh,ρ (6.6)

for some C > 0 constant independent of h. Since by Theorem 1.1.3-(iv) we have
gh,ρ ≈ h2 and ∥∥Skh,ρ − Π0

∥∥
L∞→L∞ ≤ 2,

we may assume that k ≥ C0h
−2 for some C0 > 0 sufficiently large. To prove (6.6)

we denote by
0 < λ1,h < · · · < λj,h < · · · ≤ δ2h

−2

the eigenvalues of the operator Ah,ρ smaller than δ2h
−2, with δ2 > 0 sufficiently

small to be chosen. Moreover, we denote by Jh the set of indexes

Jh := {j ∈ N; λj,h ≤ δ2h
−2},

and by

Vh := Span
({
ej,h ∈ L2(M,dµ); Ah,ρej,h = λj,hej,h, j ∈ Jh

})
⊆ L2(M,dµ).

Recall that, by Theorem 5.3.3

dim(Vh) ≤ Ch−dim(M), (6.7)

for some C > 0. Moreover, we have

Sh,ρej,h = (1− λj,hh−2)ej,h,

for all j ∈ Jh and (ej,h, ek,h)0 = δjk for all j, k ∈ Jh.
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Write now
Sh,ρ − Π0 = K1,h +K2,h (6.8)

whereK1,h : L2(M,dµ)→ L2(M,dµ) is the operator associatedwith the Schwartz
kernel

k1,h(x, y) :=
∑
j∈Jh

(1− h2λj,h)ej,h(x)ej,h(y).

Since Skh,ρ − Π0 = Kk
1,h + Kk

2,h, for all k ∈ N , in order to prove (6.6), we may
reduce to give the L∞ estimates for the operators Kk

1,h and Kk
2,h. We begin with

the following rough bounds.

Lemma 6.2.1. Let u ∈ Vh. Then, there exists a constant C ′ > 0 such that

‖u‖L∞ ≤ C ′h−n/2−dim(M)/2‖u‖0.

In addition, for all k ∈ N,∥∥Kk
1,h

∥∥
L∞→L∞ ≤ C ′h−n/2−dim(M)/2

and ∥∥Kk
2,h

∥∥
L∞→L∞ ≤ C ′h−n/2−dim(M)/2.

Proof. As usual, in what follows, byC ′ > 0 wemean a universal constant possibly
changing from line to line. By definition u =

∑
j∈Jh ûj,hej,h, with ûj,h ∈ C, for

all j =∈ Jh. From Corollary 5.1.4, possibly shrinking δ2 > 0, for all j ∈ Jh one
has

‖ej,h‖L∞ ≤ C ′h−n/2

Therefore, by the Cauchy-Schwarz inequality and by (6.7), we get

‖u‖L∞ ≤ C ′h−n/2
(∑
j∈Jh

|ûj,h|2
)1/2

(dim(Vh))
1/2 ≤ C ′h−n/2−dim(M)/2‖u‖0. (6.9)

Take now u ∈ L2(M,dµ). By definition of K1,h we have

K1,hu(x) =

∫
M

u(y)k1,h(x, y)dµ(y) =
∑
j∈Jh

(1− h2λj,h)ûj,hej,h(x).

Hence, since |(1− h2λj,h)| ≤ 1, by reasoning as above, we obtain∥∥Kk
1,h

∥∥
L∞→L∞ ≤

∥∥Kk
1,h

∥∥
L2→L∞ ≤ C ′h−n/2−dim(M)/2,

Finally, from Skh,ρ −Π0 = Kk
1,h +Kk

2,h and the fact that the norm Skh,ρ is bounded
by 1 from L∞(M,dµ) to L∞(M,dµ) we conclude that∥∥Kk

2,h

∥∥
L∞→L∞ ≤ C ′h−n/2−dim(M)/2. (6.10)
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Let now rh(x, dy) and ch−n1{dg(x,y)<εh}dgy be the Markov Kernels introduced in
Theorem 5.1.1. For simplicity in what follows we denote, respectively, by Rh and
Lh the corresponding operators. By Theorem 5.1.1 one has that Snh,ρ = Rh + Lh
and by Corollary 5.1.3

‖Rh‖L∞→L∞ ≤ τ,

for some 0 < τ < 1. Moreover, by definition of Lh, there exists a constant c > 0
such that

‖Lh‖L2→L∞ ≤ ch−n/2.

For all k ≥ C0h
−2 we now write k = qn + ν for some q ∈ N and 0 ≤ ν < n.

Thus, for all q ∈ N,
Sqnh,ρ = Fq,h +Gq,h

where Fq,h and Gq,h are defined by recurrence as
• F1,h := Rh, G1,h := Lh;
• Fq+1,h := RhFq,h, Gq+1,h := RhGq,h + LhS

qn
h,ρ.

In this way, we obtain
‖Fq,h‖L∞→L∞ ≤ τ q (6.11)

and, since Sqnh,ρ is bounded by 1 on L2,

‖Gq,h‖L2→L∞ ≤ ch−n/2(1 + τ + · · ·+ τ q−1) ≤ ch−n/2/(1− τ). (6.12)

Furthermore, since the operatorK2,h is bounded and self-adjoint from L2(M,dµ)
onto itself, by Theorem A.4.16, we have ‖K2,h‖L2→L2 = rspec(Kh,2) =: θ < 1.
Therefore, for all k ∈ N,∥∥Kk

2,h

∥∥
L∞→L2 ≤

∥∥Kk
2,h

∥∥
L2→L2 ≤ θk. (6.13)

Thus, for m ≥ 1, q ≥ 1 and 0 ≤ ν < n − 1, putting together the estimates
(6.10), (6.11), (6.12), (6.13) and the fact that the norm Sh,ρ is bounded by 1 from
L∞(M,dµ) to L∞(M,dµ), we get (since by (6.8) we also have ‖K2,h‖L∞→L∞ ≤
‖Sh,ρ‖L∞→L∞)∥∥Kqn+ν+m

2,h

∥∥
L∞→L∞ ≤

∥∥Sνh,ρSqnh,ρKm
2,h

∥∥
L∞→L∞

≤
∥∥Fq,hKm

2,h

∥∥
L∞→L∞ +

∥∥Gq,hK
m
2,h

∥∥
L∞→L∞

≤ Ch−n/2−dim(M)/2τ q + ch−n/2θm/(1− τ).

Thus, there exist C1 > 0, b > 0 and B � 1 such that for all h ∈]0, h0]∥∥Kk
2,h

∥∥
L∞→L∞ ≤ C1e

−bk, (6.14)

for all k ≥ B log(1/h) and hence, to obtain estimate (6.6), the contribution ofK2,h

is far smaller than e−kgh,ρ . We now focus on the contribution of the first operator
K1,h and to do that we first recall the following Lemma (cf. [29] Lemma 5.3).
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Lemma 6.2.2. There exists p > 2 and c′ > 0 constant, independent of h, such that
for all u ∈ Vh, one has

‖u‖2
Lp ≤ c′(Eh,ρ(u) + ‖u‖2

0).

Proof. Once more, we denote by c′ > 0 an absolute constant possibly changing
from line to line. Let u ∈ Vh. By reasoning similarly as in the proof of Proposition
5.26 we assume

Eh,ρ(u) + ‖u‖2
0 ≤ 1. (6.15)

Hence, from Theorem 5.2.1, we have u = uLh + uHh with
∥∥uLh∥∥H1(M)

≤ C and∥∥uHh ∥∥0
≤ c′h. Thus, by the continuous embedding Hs(M) ⊆ Lq(M) with s > 0,

s = n(1/2− 1/q) we get ∥∥uLh∥∥Lq ≤ c′,

with q = 2n
n−1

. Moreover, if u =
∑

λj,h≤δ2h−2 ûj,hej,h by our hypothesis (6.15) we
have ∑

λj,h≤δ2h−2

|ûj,h|2 ≤ 1

and by Corollary 5.6, if δ2 > 0 is small enough ‖ej,h‖L∞ ≤ c′h−n/2 for all j.
Therefore, by repeating the same argument of (6.9), we obtain

‖u‖L∞ ≤ c′h−n/2−dim(M)/2.

Next, since uLh is defined by (5.18) as sum of local terms of the form (5.20), by
Young’s inequality we have ∥∥uLh∥∥L∞ ≤ c′‖u‖L∞ .

Thus, ∥∥uHh ∥∥L∞ ≤ ∥∥uLh∥∥L∞ + ‖u‖L∞ ≤ Ch−n/2−dim(M)/2.

Furthermore, since
∥∥uHh ∥∥0

≤ c′hwe obtain by interpolation that there exists q′ > 2
such that ∥∥uHh ∥∥Lq′ ≤ c′.

Therefore, the result follows by choosing p = min{q, q′}.

As a consequence of this lemma, using the interpolation inequality

‖u‖2
0 ≤ ‖u‖

p
p−1

Lp ‖u‖
p−2
p−1

L1 ,

we deduce that, for all u ∈ Vh,

‖u‖2+1/d
0 ≤ C(Eh(u) + ‖u‖2

0)‖u‖1/d

L1 , (6.16)
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where d := 1/(2− 4/p) > 0. Moreover, for λj,h ≤ δ2h
−2 one has h2λj,h ≤ 1 and

hence, for u ∈ Vh, u =
∑

j∈Jh ûjej we get

Eh,ρ(u) = (Ah,ρu, u)0

=
∑
j∈Jh

λj,h|ûj|2

=
∑
j∈Jh

|ûj|2 −
∑
j∈Jh

(1− λj,h)|ûj|2

≤ ‖u‖2
0 − ‖Sh,ρu‖

2
0.

Therefore, by (6.16), for all u ∈ Vh,

‖u‖2+1/d
0 ≤ Ch−2(‖u‖2

0 − ‖Sh,ρu‖
2
0 + h2‖u‖2

0)‖u‖1/d

L1 . (6.17)

Furthermore, by (6.14) and Skh,ρ − Π0 = Kk
1,h + Kk

2,h, we get that there exists
C2 > 0 such that, for all h ∈]0, h0] and k ≥ B log(1/h)∥∥Kk

1,h

∥∥
L∞→L∞ ≤ C2

and so, since K1,h is self-adjoint on L2(M,dµ)∥∥Kk
1,h

∥∥
L1→L1 ≤ C2.

We now fix s ≈ B log(1/h), g ∈ L2(M,dµ) such that ‖g‖0 ≤ 1 and define the
sequence (`k)k∈N0 by

`k :=
∥∥Kk+s

1,h g
∥∥2

0
.

Then, for all k ∈ N0, 0 ≤ `k+1 ≤ `k, and since Kk+s
1,h g ∈ Vh, using (6.17) we

obtain

`
2+1/d
k ≤ Ch−2(`k − `k+1 + h2`k)

∥∥Kk+s
1,h g

∥∥1/d

L1

≤ CC
1/d
2 h−2(`k − `k+1 + h2`k)‖g‖1/d

L1 .
(6.18)

By [6] (pp. 258-259), there exists a constant D = D(C,C2, d) > 0 such that, for
all 0 ≤ k ≤ h−2 and s ≈ B log(1/h) one has

∥∥Kk+s
1,h g

∥∥
0
≤
(Dh−2

1 + k

)d
‖g‖L1 ,

and since K1,h is self-adjoint on L2(M,dµ), by duality, we get

∥∥Kk+s
1,h g

∥∥
L∞
≤
(Dh−2

1 + k

)d
‖g‖0.
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Thus, if N ≈ h−2, one has ∥∥KN+s
1,h g

∥∥
L∞
≤ C ′′‖g‖0,

for some C ′′ > 0, and consequently,∥∥KN+s+m
1,h g

∥∥
L∞
≤ C ′′(1− h2λ1,h)

m‖g‖0

for m ≥ 0 and N ≈ h−2. Finally, since h2λ1,h = gh,ρ and 0 ≤ (1 − y)m ≤ e−mt

for y ∈ [0, 1] we get that, for all k ≥ h−2 +N + s,∥∥Kk
1,h

∥∥
L∞→L∞ ≤ Ce−(k−(N+s))gh,ρ = Ce(N+s)gh,ρe−kgh,ρ ≤ C ′e−kgh,ρ ,

for someC,C ′ > 0 universal constants. The proof of the theorem is complete.



7. PRELIMINARIES OF WEYL-HÖRMANDER CALCULUS

In this chapter, we begin by addressing the propagation of isotropic microsin-
gularities, that is the second part of the thesis. To do so, we first recall the isotropic
calculus as part of the more general Weyl-Hörmander calculus.

7.1 Hörmander’s Metrics

The aim of this section is to recall briefly the Weyl-Hörmander calculus intro-
duced in [26] (see also [38]).

We start with the notion of admissible metric on the symplectic space R2n =
Rn
x × Rn

ξ endowed with the standard symplectic form σ =
∑n

j=1 dξj ∧ dxj .

Definition 7.1.1. An metric g on R2n is a function R2n 3 X 7→ gX , where gX is
a positive-definite quadratic form on R2n.

Definition 7.1.2. A metric g is said to be an admissible metric (or an Hörmander
metric) if it satisfies the following conditions.

• Slowness. There exists a constant C0 > 0 such that for all X, Y ∈ R2n one
has

gX(Y −X) ≤ C−1
0 ⇒ C−1

0 gY ≤ gX ≤ C0gY .

• Uncertainty. For any given X ∈ R2n one has

gX ≤ gσX ,

where gσ is the dual metric defined by

X 7→ gσX(Y ) = sup
06=Z∈R2n

σ(Y, Z)2

gX(Z)
, Y ∈ R2n.

• Temperateness. There exist a constant C1 > 0 and N ∈ N0 such that for all
X, Y ∈ R2n one has

gX ≤ C1gY
(
1 + gσX(X − Y )

)N
.
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Given an admissible metric it is possible to associate with it the Plank function,
and the notion of g-admissible weight, as follows.

Definition 7.1.3. Let g be an admissible metric on R2n. The Planck function as-
sociated with g is defined as

R2n 3 X 7→ h(X) =
(

sup
06=Z∈R2n

gX(Z)

gσX(Z)

)1/2

∈ R.

Definition 7.1.4. Let g be an admissible metric. A g-admissible weight m is a
positive functionm : R2n → R+ for which there exist some constants c, C, C ′ > 0
and N ′ ∈ N0 such that for all X, Y ∈ R2n

gX(X − Y ) ≤ c⇒ C−1 ≤ m(X)

m(Y )
≤ C,

and
m(X)

m(Y )
≤ C ′

(
1 + gσX(Y −X)

)N ′
.

Now, let g be an admissiblemetric. If a ∈ C∞(R2n)we denote by a(k)(X;V1, . . . , Vk)
the k-th differential of a at X in the direction V1, . . . , Vk of R2n and define

|a|gk(X) := sup
0 6=V1,...,Vk∈R2n

|a(k)(X;V1, . . . , Vk)|∏k
j=1 gX(Vj)1/2

.

Definition 7.1.5. Let g be an admissible metric and letm be a g-admissible weight.
We say that a is a symbol with respect to the metric g and the weightm, and write
a ∈ S(m, g), if for any given k ∈ N

‖a‖k;S(m,g) := sup
`≤k,X∈R2n

|a|g`(X)

m(X)
< +∞.

Wenow specialize this definition in the case of the g-admissibleweightm(X) =
h(X)−µ, for some µ ∈ R.

Definition 7.1.6. Let µ ∈ R. We say that a is a symbol of order µ for the metric
g, and write a ∈ Sµ(g), if a ∈ S(h−µ, g).

Example 7.1.7. One easily see that the metric

gx,ξ = |dx|2 +
|dξ|2

1 + |ξ|2
, (x, ξ) ∈ R2n,

is an admissible metric, and in this case the Planck function h(x, ξ)−1 = (1 +
|ξ|2)1/2. Therefore, in this case Sµ(g) = Sµ(Rn), the standard class of symbols.
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Now, given a symbol a ∈ S(m, g), we may define the corresponding Weyl-
quantized pseudodifferential operator as

Opw(a)u (x) := (2π)−n
∫
R2n

ei〈x−y,ξ〉a((x+ y)/2, ξ)u(y)dydξ, u ∈ S (Rn).

It is easy to show that A = Opw(a) : S (Rn) → S (Rn) is a linear continuous
operator that extends by continuity to a linear continuous operator A = Opw(a) :
S ′(Rn)→ S ′(Rn) and its Schwartz kernel is

KA = (2π)−n
∫
ei〈x−y,ξ〉a((x+ y)/2, ξ)dξ ∈ S ′(R2n

x,y).

Finally, the following composition formula holds.

Theorem 7.1.8. Let a ∈ S(m1, g) and b ∈ S(m2, g). Then the composition
Opw(a)Opw(b) is well defined and

Opw(a)Opw(b) = Opw(a]b),

where the symbol

a]b(X) = eiσ(DX ;DY )/2
(
a(X)b(Y )

)∣∣
Y=X

∈ S(m1m2, g)

is called the Weyl-product and the map

] : S(m1, g)× S(m2, g) −→ S(m1m2, g),

is continuous. Moreover, for all N ∈ N

(a]b)(X) =
N∑
j=0

(i/2)j

j!

(
σ(DX ;DY )

)j
a(X)b(Y )

∣∣∣
Y=X

+ rN+1,

with rN+1 ∈ S(hN+1m1m2, g), where for X = (x, ξ), Y = (y, η) ∈ R2n,

σ(DX ;DY ) := σ(Dx, Dξ;Dy, Dη) = 〈Dξ, Dy〉 − 〈Dx, Dη〉.

7.2 The Global Metric g0: The Isotropic Calculus

In this section we recall some basic notions of microlocal analysis and pseu-
dodifferential calculus in the isotropic context. This calculus falls within theWeyl-
Hörmander class, being the one associated with the Hörmander metric

g0,X =
|dX|2

1 + |X|2
, X ∈ R2n.
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In this case we consider the g-admissible weight m(X) := (1 + |X|2)1/2 and the
Planck function h(X)−1 = (1+ |X|2). The class of symbols S(mµ, g) = Sµiso(Rn)
along with its related properties was studied by Shubin in [43] (see also [32]). We
recall the basics here.

Definition 7.2.1. Let a ∈ C∞(R2n) andm ∈ R. We say that a is an Isotropic (or
Shubin) symbol of orderm, and write a ∈ Smiso(Rn), if for all α ∈ N2n

0 there exists
Cα > 0 such that

|∂αXa(X)| ≤ Cα 〈X〉m−|α| , X ∈ R2n. (7.1)

Shubin symbols of order m form a Fréchet space where, if a ∈ Smiso(Rn), the
semi-norms are given by

|a|(m)
k := max

|α|≤k
sup
X∈R2n

|∂αXa(X)|〈X〉−(m−|α|), k ∈ N0. (7.2)

We denote
S∞iso(Rn) =

⋃
m∈R

Smiso(Rn).

Note also that ⋂
m∈R

Smiso(Rn) = S (R2n).

If a ∈ Smiso(Rn), we can associate to it a pseudodifferential operator using the
so-called quantization formulas. The different quantizations we will use belong
to the one-parameter family of quantizations known as t-quantizations, defined as
follows.

Definition 7.2.2. Let t ∈ [0, 1] and a ∈ Smiso(Rn). The t-quantized pseudodiffer-
ential operator associated with a is defined as

Opt(a)u(x) = (2π)−n
∫
R2n

ei〈x−y,ξ〉a((1− t)x+ ty, ξ)u(y)dydξ, u ∈ S (Rn).

It is easy to verify that Opt(a) is a linear operator that acts continuously on
S (Rn) and extends by duality to a linear continuous operator on S ′(Rn).

Different quantizations generally lead to different operators and the most im-
portant ones are the case for which t = 0 (left-quantization) or t = 1/2 (Weyl-
quantization). In these cases, if a ∈ Smiso(Rn), we define by Op(a) = Op0(a) the
left-quantized pseudodifferential operator associated with it, given by

Op(a)u(x) = (2π)−n
∫
R2n

ei〈x−y,ξ〉a(x, ξ)u(y)dydξ, u ∈ S (Rn)
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and by Opw(a) = Op1/2(a) theWeyl-quantized pseudodifferential operator, given
by

Opw(a)u(x) = (2π)−n
∫
R2n

ei〈x−y,ξ〉a((x+ y)/2, ξ)u(y)dydξ, u ∈ S (Rn).

Given a ∈ Smiso(Rn) and u ∈ S ′(Rn) we sometimes use also the notation

a(x,D)u := Op(a)u, aw(x,D)u := Opw(a)u.

In what follows, by the convenient properties of the Weyl Calculus, such as the
adjoint property (see Theorem 7.2.7) and the metaplectic invariance (see (8.15)),
we focus on the case of Weyl-quantized pseudodifferential operators. Therefore,
we define the set of pseudodifferential operators that we will deal with as

Ψm
iso(Rn) :=

{
A : S ′(Rn)→ S ′(Rn); ∃ a ∈ Smiso(Rn), A = Opw(a)

}
.

Nevertheless, given A ∈ Opw(a) ∈ Ψm
iso(Rn), it is well known (see for instance

[43], Theorem 23.2) that for all t ∈ [0, 1] there exists at ∈ Smiso(Rn) such that

Opw(a) = Opt(at), (7.3)

and hence, the set of pseudodifferential operators could be equivalently described
as

Ψm
iso(Rn) = {A : S ′(Rn)→ S ′(Rn); ∃ a ∈ Smiso(Rn), A = Op(a)},

or more generally as

Ψm
iso(Rn) = {A : S ′(Rn)→ S ′(Rn); ∃ a ∈ Smiso(Rn), A = Opt(a)}.

If A = Opw(a) = Op(aL) ∈ Ψm
iso(Rn) we call a, aL ∈ Smiso(Rn) the Weyl symbol

and the left symbol of A, respectively.

Definition 7.2.3. If a ∈ S (R2n), then Opw(a) : S ′(Rn) → S (Rn) is called a
smoothing operator and we write A ∈ Ψ−∞iso (Rn).

Definition 7.2.4. Let (aj)j≥1 be a sequence of symbols such that aj ∈ S
mj
iso (Rn),

mj ↘ −∞ as j → +∞ and a ∈ Sm1
iso (Rn). We write

a ∼
∑
j≥1

aj,

if for any integer r ≥ 2

a−
r−1∑
j=1

aj ∈ Smriso (Rn),

wheremr = maxj≥rmj . This is called an asymptotic expansion.
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Lemma 7.2.5. Let (aj)j≥1 be a sequence of symbols such that aj ∈ S
mj
iso (Rn) and

mj ↘ −∞ as j → +∞. Then there exists a function a ∈ Sm1
iso (Rn) such that

a ∼
∑
j≥1

aj.

Moreover, if another function a′ has the same property, then a− a′ ∈ S (R2n).

We now specialize the composition formula stated in Theorem 7.1.8 in the
isotropic framework.

Theorem 7.2.6. Let a ∈ Sm1
iso (Rn) and b ∈ Sm2

iso (Rn). Then the composition
Opw(a)Opw(b) is well defined and

Opw(a)Opw(b) = Opw(a]b),

where the symbol

(a]b)(X) =
(
eiσ(DX ;DY )/2a(X)b(Y )

)∣∣∣
Y=X
∈ Sm1+m2

iso (Rn)

is called the Weyl-product and the map

] : Sm1
iso (Rn)× Sm2

iso (Rn) −→ Sm1+m2
iso (Rn),

is continuous. Moreover,

(a]b)(X) ∼
+∞∑
j=0

(i/2)j

j!

(
σ(DX ;DY )

)j
a(X)b(Y )

∣∣∣
Y=X

,

where for X = (x, ξ), Y = (y, η) ∈ R2n,

σ(DX ;DY ) := σ(Dx, Dξ;Dy, Dη) = 〈Dξ, Dy〉 − 〈Dx, Dη〉.

Theorem 7.2.7. Let A ∈ Ψm
iso(Rn). Then the adjoint operator A∗ ∈ Ψm

iso(Rn) and
A∗ = Opw(a∗), where a∗ = ā.

Furthermore, form ∈ R, there exists a map

σm : Ψm
iso(Rn)→ Smiso(Rn)/Sm−1

iso (Rn)

such that
0→ Ψm−1

iso → Ψm
iso

σm−→ Smiso(Rn)/Sm−1
iso (Rn)→ 0

is a short exact sequence, and σm(A) = [a] = [aL], where a and aL are respectively
theWeyl symbol and the left symbol associated with a. In what follows we identify
the equivalence class of the principal symbol with its representative, since the tools
we introduce do not depend on the representative we choose.
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Definition 7.2.8. Let A ∈ Ψm
iso(Rn), for m ∈ R. The principal symbol of A is

defined as σm(A) ∈ Smiso(Rn)/Sm−1
iso (Rn).

In particular, when σm(A) possesses an asymptotic expansion as in Definition
7.2.4, then σm(A) = am.

Next, we recall the notion of globally elliptic operator.

Definition 7.2.9. Let A = Opw(a) ∈ Ψm
iso(Rn). We say that A is globally elliptic

(or elliptic) if there exists c, C > 0 such that

|X| ≥ C =⇒ a(X) ≥ c〈X〉m.

Theorem 7.2.10. If A ∈ Ψm
iso(Rn) is elliptic, there exists B ∈ Ψ−miso (Rn), called a

global parametrix (or parametrix) of A, such that

BA = I +R, AB = I +R′, R,R′ ∈ Ψ−∞iso (Rn).

We conclude this section by giving the notion of Hamilton vector field and, in
case of a is a quadratic form, the relation with the so called Hamilton map.

Let σ be the standard symplectic form onR2n: in coordinates (x1, ..., xn, ξ1, ..., ξn)
it is given by σ =

∑
j dξj ∧ dxj .

Definition 7.2.11. The Hamilton vector field of a ∈ C∞(R2n) is defined as the
unique vector field Ha ∈ TR2n such that

da(V ) = σ(V,Ha), ∀V ∈ TR2n.

Therefore in coordinates the Hamilton vector field of a takes the form

Ha =
n∑
j=1

(
∂ξja · ∂xj − ∂xja · ∂ξj

)
.

Finally, we give the notion ofHamilton map - that is the linearized version near
a critical point of the Hamilton vector field (see [26], Section 21.5) - in case of a
is a complex quadratic form on the phase space. More precisely, let

a : R2n −→ C, X 7−→ a(X) = 〈X,QX〉,

be a complex quadratic form defined by the symmetric matrix Q ∈ M2n(C). We
define the Hamilton map associated with a = a(X) as the matrix F defined by the
equation

σ(X,FX) = a(X), (7.4)

where σ is the symplectic form of R2n extended to C2n defined by

σ((x, ξ), (y, η)) = 〈y, ξ〉 − 〈x, η〉.
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It is useful to observe that the matrix F can be expressed also as F = JQ, where

J =

(
0 In
−In 0

)
.

Therefore, if a is a real-valued quadratic form, one has

Ha(x, ξ) =

(
∂ξa(x, ξ)

−∂xa(x, ξ)

)
= 2F

(
x
ξ

)
, (x, ξ) ∈ R2n. (7.5)



8. ISOTROPIC MICROLOCAL ANALYSIS

In this chapter we provide the necessary tools to study the isotropic microsin-
gularities on the phase space (cf. [20] and [8]). In the first place we establish the
classical results of microlocal analysis in the isotropic setting. We also investigate
the relation between the developed calculus and the time-frequency calculus. Fi-
nally, in the last section we study the standard operations for the s-wave front sets.
The results obtained in this section are essential to establishing the propagation
results in Chapter 9.

8.1 Basics of Isotropic Microlocal Analysis

The aim of this section is to give the basics of isotropic microlocal analysis.
To do that we first define a characteristic set for the isotropic class of symbols.

Definition 8.1.1. The operator A = Opw(a) ∈ Ψm
iso(Rn) is said to be isotropic

elliptic at X0 ∈ Ṙ2n if there exist an open cone ΓX0 ⊆ Ṙ2n that contains X0 and
some constants c, C > 0, such that

|a(X)| ≥ c|X|m, ∀X ∈ ΓX0 , |X| ≥ C.

If A is isotropic elliptic atX0, for everyX0 ∈ Ṙ2n it is said to be isotropic elliptic.
If A is not isotropic elliptic at X0, it is said to be isotropic characteristic at X0.
We denote the set of the isotropic elliptic points for A by

Elliso(A) = {X0 ∈ Ṙ2n; A is elliptic at X0},

and the set of isotropic characteristic points by

Chariso(A) = Ṙ2n \ Elliso(A).

With A = Opw(a), we say that a is non-characteristic at X0 ∈ R2n if X0 /∈
Chariso(A).

From now on, since we will work in the isotropic setting, we will omit the term
isotropic for such a points, when there is no possibility of confusion.
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Remark 8.1.2. If A ∈ Ψm
iso(Rn), Elliso(A) is an open set and moreover for A ∈

Ψm
iso(Rn) and B ∈ Ψm′

iso(Rn),

Elliso(A ◦B) = Elliso(A) ∩ Elliso(B).

Definition 8.1.3. Let a ∈ Smiso(Rn). We say that X0 /∈ essconesuppiso a ⊆ Ṙ2n,
if there exists a conic neighborhood ΓX0 of X0 such that, for all α ∈ N2n

0 , N ∈ N
there exists Cα,N > 0 such that

|∂αXa(X)| ≤ Cα,N 〈X〉−N , ∀X ∈ ΓX0 , |X| ≥ 1. (8.1)

The set essconesuppiso a is called the isotropic essential conic support of a.

Remark 8.1.4. Note that, by definition, essconesuppiso a is a closed conic subset
of Ṙn.

Moreover, note that this definition differs from that of conic support in [23]
that we recall next.

Definition 8.1.5. Let a ∈ S ′(R2n). The isotropic conic support of a, denoted by
conesuppiso a ⊂ Ṙ2n, is the set of allX0 ∈ Ṙ2n such that, for all ΓX0 ⊆ Ṙ2n conic
neighborhood of X0, the closure in R2n

supp a ∩ ΓX0 is not compact.

Remark 8.1.6. Note that if a ∈ Smiso(Rn) then

essconesuppiso a ⊆ conesuppiso a.

In fact, if X0 ∈ Ṙ2n is such that supp a ∩ ΓX0 is compact, for some conic neigh-
borhood ΓX0 , then a satisfies (8.1) there.

The notion of essential conic support of a symbol leads immediately to the
definition of operator wave front set on this isotropic context.

Definition 8.1.7. Let A = Opw(a) ∈ Ψm
iso(Rn). The isotropic wave front set of A

is defined as
WF ′(A) := essconesuppiso a ⊆ Ṙ2n,

which is a closed conic set of Ṙ2n.

Note first that the operator wave front set enjoys the following properties.
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Proposition 8.1.8. Let A ∈ Ψm
iso(Rn) and B ∈ Ψm′

iso(Rn). Then
(i)

WF ′(A ◦B) ⊆ WF ′(A) ∩WF ′(B);

(ii)
WF ′(A+B) ⊆ WF ′(A) ∪WF ′(B);

(iii)
WF ′(A∗) = WF ′(A).

(iv)
WF ′(A) = ∅ ⇐⇒ A ∈ Ψ−∞iso (Rn).

Proof. The properties follow directly from the formulas for the composition and
the adjoint (Theorem 7.2.6 and Theorem 7.2.7) and from the definition of isotropic
essential conic support.

Proposition 8.1.9. Let U ⊆ Ṙ2n be an open cone and K ⊆ U be a closed cone.
Then, there existsA = Opw(a) ∈ Ψ0

iso(Rn) such thatWF ′(A) ⊆ U andWF ′(I−
A) ∩K = ∅. In particular, one actually has supp a ⊂ U .

Proof. Let Γ1 be a closed cone with K ⊂ Γ1 ⊂ U. Take ã ∈ C∞(Ṙ2n) homo-
geneous of degree 0 such that ã

∣∣
Γ1
≡ 1 and supp ã

∣∣
S2n−1⊂ U ∩ S2n−1. Let then

χ ∈ C∞(R2n) be such that 0 ≤ χ ≤ 1, χ ≡ 0 if |X| ≤ 1/2 and χ ≡ 1 if |X| ≥ 1.
Put a = χã and A = Opw(a).

To study the microsingularities of a distribution, one of the most important
tools is the notion of microlocal parametrix.

Proposition 8.1.10. Let A ∈ Ψm
iso(Rn) and let K ⊆ Ṙ2n be closed such that

pr(K) ( Elliso(A) ∩ S2n−1, where pr : Ṙ2n −→ S2n−1 is the projection. Then,
there exists an operator E ∈ Ψ−miso (Rn), called microlocal parametrix of A on K,
such that

K ∩WF ′(AE − I) = ∅, K ∩WF ′(EA− I) = ∅. (8.2)

Proof. By Proposition 8.1.9, applied when considering the closed cone {tX; X ∈
pr(K), t > 0} ( Elliso(A), there exists B1 ∈ Ψ0

iso(Rn) such that

WF ′(I −B1) ∩K = ∅, WF ′(B1) ⊆ Elliso(A)

and by repeating this argument (sinceWF ′(B1) is a closed conic set) there exists
B2 ∈ Ψ0

iso(Rn) such that

WF ′(I −B2) ∩WF ′(B1) = ∅, WF ′(B2) ⊆ Elliso(A).
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Write B1 = Opw(b1), B2 = Opw(b2) and A = Opw(a). From Proposition 8.1.9
we have supp b2 ( Elliso(A). We now choose closed cones Γ1 ⊂ Γ2 ⊂ Elliso(A)
such that K ⊂ Γ1. Then there exist c, C > 0 such that |a(X)| ≥ c|X|m for
all X ∈ Γ2 with |X| ≥ C. Choose χ ∈ C∞(R2n) with 0 ≤ χ ≤ 1 such that
suppχ ⊂ (Γ2 ∩ {|X| ≥ 2C}) and χ

∣∣
Γ1∩{|X|≥3C}≡ 1. Put

e0 := b2χ/a, E0 := Opw(e0) ∈ Ψ−miso (Rn), Bχ
2 = Opw(b2χ) ∈ Ψ0

iso(Rn),

and write, with R = I −Bχ
2 + Ψ−1

iso ∈ Ψ0
iso,

AE0 = I −R = I −B1R− (I −B1)R. (8.3)

Next note thatWF ′((I −B1)R) ∩K = ∅, and since B1R = Opw(b1]r), we have
(recall Proposition 8.1.9 for the construction of b1 and b2)

b1]r = b1(1− b2χ) + r1 = r′1, r1, r
′
1 ∈ S−1

iso (Rn).

Therefore B1R ∈ Ψ−1
iso (Rn).

At this point, we use a Neumann series argument to invert microlocally I −B1R.
We choose

E ′ ∼
∞∑
j=1

(B1R)j ∈ Ψ−1(Rn).

Since (I −B1R)(I +
∑N

j=1(B1R)j) = I − (B1R)N+1, for all N ∈ N, we get

(I −B1R)(I + E ′) = I + S, S ∈ Ψ−∞iso (Rn). (8.4)

Hence, we put
E := E0(I + E ′) ∈ Ψ−miso (Rn).

In conclusion, by (8.3) and (8.4)

AE = AE0(I + E ′)

=
(
I −B1R− (I −B1)R

)
(I + E ′)

= I + S − ((I −B1)R)(I + E ′),

withWF ′(((I − B1)R)(I + E ′) − S) ∩K = ∅. We have thus proved that there
exists E ∈ Ψ−miso (Rn) such thatWF ′(AE − I) ∩K = ∅. Similarly, we construct
E1 ∈ Ψ−miso (Rn) such thatWF ′(E1A− I) ∩K = ∅ and

E = (E1A+R1)E = E1(AE) +R′1 = E1 +R′1 +R2,

with R1, R
′
1, R2 having operator wave front sets all disjoint from K. This proves

that any right microlocal parametrix is also a left microlocal parametrix and vice
versa.
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In order to study the isotropic regularity we recall the definition of Shubin-
Sobolev space and to do that we refer to [20], [38].

First of all, for s ∈ R, we define Λs := Opw(〈X〉s). Since Λs is globally
elliptic, we may find Es ∈ Ψ−siso(Rn) and R ∈ Ψ−∞iso (Rn) such that EsΛs = I +R.
Hence, we define the Shubin-Sobolev spaces as follows.

Definition 8.1.11. Let s ∈ R and let p ∈ N, p ≥ s. We define the Shubin-Sobolev
space of order s ∈ R as

Bs(Rn) = {u ∈ S ′(Rn); Λsu ∈ L2(Rn)},

endowed with the inner product

(u, v)Bs := (Λsu,Λsv)0 +
∑

|α|+|β|≤p

(xαDβ
xRu, x

αDβ
xRv)0, u, v ∈ Bs(Rn),

and norm
‖u‖Bs = (u, u)

1/2
Bs , u ∈ Bs(Rn).

Remark 8.1.12. It is possible to prove (see [20]) that a different choice of p gives
rise to an equivalent norm.

Remark 8.1.13. Let us point out that another possible way to define such a norm
is to consider, for s ∈ R, Λ̃s := (1 + |x|2 + |Dx|2)s/2, where (1 + |x|2 + |Dx|2)s/2

denotes the s/2-th power of the operator (1 + |x|2 + |Dx|2), defined via the func-
tional calculus (see [20], [38]). It holds that Λ̃s ∈ Ψs

iso(Rn), and it satisfies
σs(Λ̃

s) = (|x|2 + |ξ|2)s/2. Moreover,

Λ̃−s = (Λ̃s)−1, Λ̃sΛ̃s′ = Λ̃s+s′ , (Λ̃s)∗ = Λ̃s,

and finally,
‖u‖′Bs := (Λ̃su, Λ̃su)0 ≈ ‖u‖Bs , u ∈ Bs(Rn).

These spaces have the property that for any given s > s′,

Bs(Rn) ↪→ Bs′(Rn) with compact and dense image.

Furthermore, for any given s ∈ R,

S (Rn) ↪→ Bs(Rn) with dense image,

and
B−s(Rn) = (Bs(Rn))∗, s ∈ R.
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Finally, for s ∈ N0,

Bs(Rn) = {u ∈ L2(Rn);
∑

|α|+|β|≤s

∥∥xα∂βxu∥∥2

0
< +∞}

and
‖u‖2

Bs ≈
∑

|α|+|β|≤s

∥∥xα∂βxu∥∥2

0
,

that is, the two norms are equivalent.

Theorem 8.1.14. Let A ∈ Ψm
iso(Rn). Then, for all s ∈ R,

A : Bs(Rn)→ Bs−m(Rn)

is bounded.

Using those spaces we want to introduce an isotropic wave front set as follows
(see [8]).

Definition 8.1.15. Let u ∈ S ′(Rn). The Isotropic Wave Front Set of u is defined
as

WFiso(u) =
⋂

A∈Ψ0
iso(Rn)

Au∈S (Rn)

Chariso(A)

and the Isotropic Wave Front Set of u of order s ∈ R is defined as

WF s
iso(u) =

⋂
A∈Ψ0

iso(Rn)
Au∈Bs(Rn)

Chariso(A).

Remark 8.1.16. Note that if s′ < s, sinceBs(Rn) ⊆ Bs′(Rn), one hasWF s′
iso(u) ⊆

WF s
iso(u).

Remark 8.1.17. By multiplying by an elliptic operator that does not change the
characteristic set, one easily sees that the isotropic wave front set of order s ∈ R
can be equivalently defined as

WF s
iso(u) =

⋂
A∈Ψsiso(Rn)

Au∈L2(Rn)

Chariso(A),

ore more generally, for ` ∈ R,

WF s
iso(u) =

⋂
A∈Ψs−`iso (Rn)

Au∈B`(Rn)

Chariso(A).
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Remark 8.1.18. Note that the isotropic wave front set of u ∈ S ′(Rn) can be
rephrased by saying that X0 /∈ WFiso(u) if there exists A = Opw(a), with a ∈
S0

iso(Rn), such that X0 /∈ Char(A) and Au ∈ S (Rn).
Note that A may also be written as A = Op(aL), where aL is the left-symbol
computed from awhich has the same principal part. Hence, consideringAwritten
as a Weyl-quantizazion or a left-quantization gives the same property (as a matter
of fact, the characteristic set depends only on the principal part of the symbol of
A and hence it does not see the kind of quantization we are using).
The same obviously holds for the s-isotropic wave front setWF s

iso(u).

Proposition 8.1.19. Let u ∈ S ′(Rn). Then for s ∈ R,

WF s
iso(u) = ∅ ⇐⇒ u ∈ Bs(Rn) (8.5)

and
WFiso(u) = ∅ ⇐⇒ u ∈ S (Rn). (8.6)

Proof. Let us prove (8.5). The proof of (8.6) is completely similar.
If u ∈ Bs(Rn), for everyX0 ∈ Ṙ2n wemay find an operatorA ∈ Ψ0(Rn) such that
X0 /∈ Chariso(A) and Au ∈ Bs(Rn), by Theorem 8.1.14. Then X0 /∈ WF s

iso(u).
Conversely, if WF s

iso(u) = ∅, for every X ∈ S2n−1 there exists AX ∈ Ψ0
iso(Rn)

and ΓX open cone such that AX is elliptic on ΓX and AXu ∈ Bs(Rn). By com-
pactness of S2n−1, there exists X1, . . . , XN ∈ S2n−1 and open cones ΓXj (conic
neighborhoods of the Xj) such that

Ṙ2n =
N⋃
j=1

ΓXj .

Then, if we set

A :=
N∑
j=1

A∗XjAXj ∈ Ψ0
iso(Rn),

we have that A is an elliptic operator on Ṙ2n such that Au ∈ Bs(Rn). Hence, we
may find a global parametrix E ∈ Ψ0

iso(Rn) for A. Therefore

u = EAu+Ru,

where R ∈ Ψ−∞iso (Rn), so that we can conclude that u ∈ Bs(Rn).

We now study, for a ψdo A and a temperate distribution u, the relation among
the isotropic microsingularities of Au, those of u and those of the operator wave
front set of A. We first prove that the isotropic pseudodifferential operators are
microlocal.
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Theorem 8.1.20. Let A ∈ Ψm
iso(Rn) and u ∈ S ′(Rn). Then, for all s ∈ R

WF s−m
iso (Au) ⊆ WF ′(A) ∩WF s

iso(u) (8.7)

and
WFiso(Au) ⊆ WF ′(A) ∩WFiso(u). (8.8)

Proof. We prove (8.7). Let us consider first X0 ∈ Ṙ2n such that X0 /∈ WF ′(A).
Thanks to Proposition 8.1.9 we may constructB ∈ Ψ0

iso(Rn) such thatB is elliptic
atX0 andWF ′(A)∩WF ′(B) = ∅. Therefore, by Proposition 8.1.8−(i),WF ′(B◦
A) = ∅ and so by Proposition 8.1.8−(iv)

B(Au) = (BA)u ∈ S (Rn) ⊆ Bs−m(Rn).

Thus, since X0 /∈ Chariso(B) we have X0 /∈ WF s−m
iso (Au).

We consider nowX0 /∈ WF s
iso(u). By definition there existsC ∈ Ψ0

iso(Rn) elliptic
at X0 such that Cu ∈ Bs(Rn) and again by Proposition 8.1.9, we can construct
B ∈ Ψ0

iso(Rn), elliptic at X0, such that WF ′(B) ⊆ Elliso(C). By Proposition
8.1.10 there exists E microlocal parametrix of C onWF ′(B), that is, setting R =
EC − I ∈ Ψ0

iso(Rn) we have

WF ′(R) ∩WF ′(B) = ∅. (8.9)

Then,
B(Au) = BA(EC −R)u = BAE(Cu)−BARu.

Now, since Cu ∈ Bs(Rn), A ∈ Ψm
iso(Rn), B,E ∈ Ψ0

iso(Rn), by Theorem 8.1.14
we have that BAE(Cu) ∈ Bs−m(Rn) and by (8.9) and Proposition 8.1.8-(i),
BARu ∈ S (Rn) ⊆ Bs−m(Rn). In conclusion

B(Au) ∈ Bs−m(Rn)

and X0 /∈ Chariso(B). Thus, also in this case X0 /∈ WF s−m
iso (Au).

The proof of (8.8) is analogous, requiring Schwartz regularity instead ofBs-regularity.

Corollary 8.1.21. Let s,m ∈ R, u ∈ S ′(Rn) and A ∈ Ψm
iso(Rn) such that

WF ′(A) ∩WF s
iso(u) = ∅. Then Au ∈ Bs−m(Rn).

Proof. By Theorem 8.1.20 we have WF s−m
iso (Au) = ∅ and so, by Proposition

8.1.19, Au ∈ Bs−m(Rn).

We next prove themicrolocal elliptic regularity in the present isotropic context.
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Theorem 8.1.22. Let A ∈ Ψm
iso(Rn) and u ∈ S ′(Rn). Then for all s ∈ R

WF s
iso(u) ⊆ WF s−m

iso (Au) ∪ Chariso(A), (8.10)

and
WFiso(u) ⊆ WFiso(Au) ∪ Chariso(A). (8.11)

In particular, if A is elliptic

WF s
iso(u) = WF s−m

iso (Au) and WFiso(u) = WFiso(Au). (8.12)

Proof. SupposeX0 /∈ WF s−m
iso (Au) andX0 ∈ Elliso(A). SinceX0 /∈ WF s−m

iso (Au)
by definition there exists B ∈ Ψs−m

iso (Rn) such that X0 ∈ Elliso(B) and BAu ∈
L2(Rn). In conclusion B ◦ A ∈ Ψs

iso(Rn), X0 ∈ Elliso(B ◦ A) = Elliso(A) ∩
Elliso(B) and BAu ∈ L2(Rn). Hence X0 /∈ WF s

iso(u). Once again the proof
of (8.11) is the same. Finally, (8.12) follows from (8.10), (8.11) and Theorem
8.1.20.

We conclude this section by showing that, as for the usual wave front set, the
following result holds.

Proposition 8.1.23. Let u ∈ S ′(Rn). Then

WFiso(u) =
⋃
s∈R

WF s
iso(u).

Proof. The inclusion ’⊇’ follows from the fact thatWF s
iso(u) ⊆ WFiso(u) for all

s ∈ R combined with the fact thatWFiso(u) is a closed set.
We now prove ’⊆’. If X0 /∈

⋃
s∈RWF s

iso(u), there exists an open conic set ΓX0

containing X0, such that

ΓX0 ∩
⋃
s∈R

WF s
iso(u) = ∅.

Let now a ∈ S0
iso(Rn) such that supp a ⊆ ΓX0 and X0 ∈ Elliso(A), with A =

Opw(a). By Theorem 8.1.20 and Theorem 8.1.19, sinceWF ′(A)∩WF s
iso(u) = ∅,

for all s ∈ R, we have

Au ∈
⋂
s∈R

Bs(Rn) = S (Rn).

Therefore X0 /∈ WFiso(u).

Remark 8.1.24. Note that Proposition 8.1.23 provides a stratification ofWFiso in
terms ofWF s

iso. This, in particular, leads to the fact that the results forWFiso can
be described starting from the refined version given for WF s

iso. For instance, the
microlocal property (8.8) and the microlocal elliptic regularity (8.11) follow from
(8.7) and (8.10), respectively.
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8.2 Relation With the Time-Frequency Calculus

We next wish to establish a relation between this isotropic pseudodifferential
calculus and the time-frequency calculus developed by Gröchenig [18] (see also
[44]), of which we briefly recall the basic notions below.

Definition 8.2.1. Let u ∈ S ′(Rn) and ψ ∈ S (Rn). We define the short-time
Fourier transform (STFT) of u with respect to the window function ψ, as the func-
tion

R2n 3 (x, ξ) = X 7→ Vψu(X) = (u,Π(X)ψ) ∈ C,

where Π(X) = MξTx is the time-frequency shift, composition of the translation
operator Txψ(·) = ψ(· − x) and the modulation operator Mξψ(·) = ei〈·,ξ〉ψ(·).
Here (·, ·) denotes the sesquilinear extension of theL2-product inS ′(Rn)×S (Rn).

Remark 8.2.2. For the Short-Time Fourier Transform of u ∈ S ′(Rn) we have
that Vψu ∈ C∞(R2n) and there exists N ∈ N0 such that

|Vψu(X)| . 〈X〉N , X ∈ R2n.

Moreover, if u and ψ are in L2(Rn), similarly to the Fourier transform we have
the following orthogonality relation (cf. [18], Theorem 3.2.1 and Corollary 3.2.2).

Theorem 8.2.3. Let u1, u2, ψ1, ψ2 ∈ L2(Rn), then Vψjuj ∈ L2(R2n) for j = 1, 2,
and

(Vψ1u1, Vψ2u2)L2(R2n) = (2π)n(u1, u2)L2(Rn)(ψ1, ψ2)L2(Rn).

In particular, if u, ψ ∈ L2(Rn), then

‖Vψu‖L2(R2n) = (2π)n/2‖u‖L2(Rn)‖ψ‖L2(Rn). (8.13)

So, if ‖ψ‖L2(Rn) = 1,

‖Vψu‖L2(R2n) = (2π)n/2‖u‖L2(Rn), for all u ∈ L2(Rn),

thus in this case the STFT is a conformal isometry from L2(Rn) into L2(R2n).

Remark 8.2.4. Note that if we consider F ∈ L2(R2n), then the conjugate-linear
functional

T Fψ h =

∫
R2n

F (X)(h,Π(X)ψ)L2(Rn) dX

is a bounded functional on L2(Rn).
In fact, by Cauchy-Schwartz∣∣T Fψ h∣∣ ≤ ‖F‖L2(R2n)‖Vψh‖L2(R2n) = (2π)n/2‖F‖L2(R2n)‖ψ‖L2(Rn)‖h‖L2(Rn).
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Therefore, by the Riesz Representation Theorem, there exists f ∈ L2(Rn) such
that

f =

∫
R2n

F (X)Π(X)ψ dX.

This result leads to the following inversion formula.

Corollary 8.2.5. Suppose that ψ, γ ∈ L2(Rn) and (ψ, γ)L2(Rn) 6= 0. Then for all
u ∈ L2(Rn)

u =
1

(ψ, γ)L2(Rn)

∫
R2n

Vψu(X)Π(X)γ dX.

Let now Tψ be the linear operator defined by

TψF =

∫
R2n

F (X)Π(X)ψ dX, F ∈ L2(R2n).

By Remark 8.2.4, Tψ is a bounded operator from L2(R2n) to L2(Rn), and for F ∈
L2(R2n), h ∈ L2(Rn) we have

(TψF, h)L2(Rn) =

∫
R2n

F (X)(Π(X)ψ, h)L2(Rn) dX

= (F, Vψh)L2(R2n) = (V ∗ψF, h)L2(R2n).

Thus, V ∗ψF = TψF and when ||ψ||L2 = 1 the inversion formula is given by

V ∗ψVψ = (2π)nI.

Themain tool that is used to reach the correspondence between this time-frequency
calculus and the isotropic calculus, is the so called Weyl-Wick lemma, and in or-
der to introduce this tool we introduce a new class of operators, also known as
localization operators, that are related to pseudodifferential operators.

Definition 8.2.6. For a ∈ S ′(R2n), we define the corresponding localization op-
erator called anti-Wick quantized operators Aa, weakly by its action on f, g ∈
S (Rn), that is,

(Aaf, g)0 = (2π)−n(aVψf, Vψg)0 = (2π)−n(V ∗ψaVψf, g)0, (8.14)

that is, Aa = (2π)−nV ∗ψaVψ.

This operator can be written as a Weyl-pseudodifferential operator using the
following result known as Weyl-Wick lemma (cf. [34] Proposition 1.7.9, Theorem
1.7.10).
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Lemma 8.2.7. Let a ∈ S ′(R2n). There exists b ∈ S ′(R2n) such that Aa =
Opw(b) where

b = π−ne−|·|
2

∗ a.

If a ∈ Smiso(Rn) then b ∈ Smiso(Rn), where

b ∼
∑
α∈N2n

0

cα∂
αa,

with c0 = 1. Moreover, denoting A = Opw(a) and B = Opw(b) we have
Chariso(B) = Chariso(A) and essconesuppiso b ⊆ essconesuppiso a.

Now, we want to use the Short-Time Fourier Transform to define the Gabor
wave front set.

Definition 8.2.8. We say that 0 6= X0 6∈ WFG(u) if there exists an open cone
ΓX0 ⊆ Ṙ2n that contains X0 such that

sup
X∈ΓX0

〈X〉N |Vψu(X)| < +∞, ∀N ≥ 0.

The setWFG(u) ⊆ Ṙ2n is called the Gabor wave front set.

Remark 8.2.9. This definition is independent of the choice of window function ψ
(cf. [42], Corollary 3.3).

Now, note that it is possible to characterize the Shubin-Sobolev wave front sets
in terms of the Short-Time Fourier Transform as follows.

Remark 8.2.10. Note that by the properties of elliptic operator the Shubin-Sobolev
spaces of order s ∈ R previously defined can be equivalently defined as

Bs(Rn) = {u ∈ S ′(Rn); Au ∈ L2(Rn)},

for any given elliptic operator A ∈ Ψs
iso(Rn). More generally, one may give an

equivalent definition of Shubin-Sobolev spaces in terms of localization operator
and modulation spaces. Indeed, for s ∈ R, all the following three spaces coincide
with Bs(Rn) (see [44], pp. 98-99):
(i)

Bs
A(Rn) :={u ∈ S ′(Rn); Au ∈ L2(Rn)}, A ∈ Ψs

iso(Rn) elliptic,

||u||BsA := ||Au||0 +
∑

|α|+|β|≤p

∥∥xαDβ
xR
′u
∥∥

0
;
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with p ∈ Z, p ≥ s and I = E ′A + R′ with E ′ ∈ Ψ−siso(Rn) and R′ ∈ Ψ−∞iso (Rn).
(ii)

Bs
Aa(R

n) := {u ∈ S ′(Rn); A〈·〉su ∈ L2(R2n)}, ||u||BsAa := ||A〈·〉su||0;

(iii)

Bs
ST (Rn) := {u ∈ S ′(Rn); 〈·〉s Vψu ∈ L2(R2n)}, ||u||BsST := ||〈·〉sVψu||0.

We are in a position to give the definition of Sobolev-Gabor wave front set.

Definition 8.2.11. If u ∈ S ′(Rn) and ψ ∈ S (Rn) \ {0} then the Gabor wave
front setWF s

G(u) of order s ∈ R is defined by saying that X0 6∈ WF s
G(u) if there

exists an open cone Γ = ΓX0 ⊆ Ṙ2n containing X0 such that

χΓ 〈·〉s Vψu ∈ L2(R2n),

where here χΓ denotes the characteristic function of the cone Γ.

Note that for s′ < swe haveWF s′
G (u) ⊆ WF s

G(u) and also in this case the def-
inition ofWF s

G(u) does not depend on the window function (cf. [44], Proposition
3.2). Finally, the following property is still true (cf. [44], Proposition 3.6).

Proposition 8.2.12. If u ∈ S ′(Rn) then

WFG(u) =
⋃
s∈R

WF s
G(u) ⊆ Ṙ2n.

The next goal is to put in relation this Gabor wave front set and the isotropic
wave front set introduced before.

Theorem 8.2.13. Let u ∈ S ′(Rn) and s ∈ R, then

WF s
iso(u) = WF s

G(u).

Proof. LetX0 6∈ WF s
G(u). We want to show thatX0 6∈ WF s

iso(u). By hypothesis
there exists an open cone Γ = ΓX0 that contains X0, such that

χΓ 〈·〉s Vψu ∈ L2(R2n),

where, once again,χΓ is the characteristic function ofΓ. Then, sinceV ∗ψ : L2(R2n)→
L2(Rn), we have

(V ∗ψχΓ 〈·〉s Vψ)u ∈ L2(Rn)
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andAχΓ〈·〉s = (2π)−n(V ∗ψχΓ 〈·〉s Vψ). By theWeyl-Wick correspondence we there-
fore have that there exists b := (π)−ne−|·|

2 ∗ (χΓ 〈·〉s) ∈ Ssiso(Rn) such that

B := Opw(b) = AχΓ〈·〉s and Chariso(B) = Chariso(χΓ 〈·〉s).

Hence, we have X0 6∈ Chariso(B). Moreover, since Opw(b)u ∈ L2(Rn), we
conclude that X0 /∈ WF s

iso(u).
The converse follows as in Proposition 3.5 in [44].

Remark 8.2.14. As a consequence by Proposition 8.1.23 and Proposition 8.2.12
one has

WFG(u) = WFiso(u), for every u ∈ S ′(Rn).

8.3 Main Properties of the s-isotropic Wave Front Set

In this section we get back to isotropic wavefront sets, with the aim of giving
a new interpretation of Hörmander’s results concerning the isotropic wave front
set of [23], in terms of the s-isotropic wave front set. Through these results, in
particular we obtain a relation between the isotropic wave front set of the kernel
of the operator Ke−2itF in [23], of an initial datum u ∈ S ′(Rn).

First of all it is known that if χ is a linear symplectic map in R2n, there exists
a unitary operator Uχ from L2(Rn) to L2(Rn), associated with χ, and determined
up to a constant factor (cf. [26], Theorem 18.5.9), such that

U−1
χ Opw(a)Uχ = Opw(a ◦ χ), (8.15)

where a ∈ Smiso(Rn) for somem ∈ R. Thanks to this result the following proposi-
tion easily follows.

Proposition 8.3.1. Let u ∈ S ′(Rn), χ be a symplectic transformation in R2n and
Uχ be a unitary operator on L2 associated with χ as above. If X ∈ Ṙ2n, one has

X ∈ WFiso(u)⇔ χ(X) ∈ WFiso(Uχu), (8.16)

and more precisely, for all s ∈ R

X ∈ WF s
iso(u)⇔ χ(X) ∈ WF s

iso(Uχu), (8.17)

Proof. We first note that (8.16) follows by (8.17) and by Proposition 8.1.23, there-
fore it is sufficient to show (8.17). To prove the latter we observe that by (8.15)

Opw(a ◦ χ)U−1
χ u = U−1

χ Opw(a)u,

so, if a ∈ Ssiso(Rn) and Opw(a)u ∈ L2(Rn) we have Opw(a ◦ χ)U−1
χ u ∈ L2(Rn),

sinceUχ is a unitary operator fromL2(Rn) toL2(Rn). Henceχ−1(X) /∈ WF s
iso(U−1

χ u)
if and only if X /∈ WF s

iso(u).
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As first application of this theorem we have the following fundamental remark,
that roughly speaking says that the (s-)isotropic wave front set is invariant under
change of coordinates induced by an invertible linear map - that we identify with
the associated matrix - as stated below (cf. [23], p. 119).

Remark 8.3.2. Let κ : Rn → Rn be an invertible linear map and let χ(x, ξ) =
(κ−1x, tκ ξ) be the corresponding symplectomorphism.
Therefore,

Uχf(x) = f(κx)|detκ|1/2, f ∈ S (Rn),

so that, if u ∈ S ′(Rn), by Proposition 8.3.1, for all s ∈ R, we get

WF s
iso(κ∗u) = κ∗WF s

iso(u) := {(x, tκ ξ) ∈ Ṙ2n; (κx, ξ) ∈ WF s
iso(u)}.

We now want to relate the isotropic microsingularities of two tempered distri-
butions with the isotropic microsingularities of their tensor product.

Proposition 8.3.3. Let u ∈ B−r1(Rn) and v ∈ B−r2(Rm), for some r1, r2 ≥ 0
and let s1, s2 ∈ R be such that s∗ = min{s1 − r2, s2 − r1} ≤ s1 + s2. Then

WF s∗
iso(u⊗ v) ⊆

(
WF s1

iso(u) ∪ {(0, 0)}
)
×
(
WF s2

iso(v) ∪ {(0, 0)}
)
.

Proof. We write X = (x, ξ) ∈ R2n and Y = (y, η) ∈ R2m. Let 0 6= X0 /∈
WF s1

iso(u) and 0 6= Y0 /∈ WF s2
iso(v). Then, by definition, there exist a = a(X) ∈

Ss1iso(Rn) non-characteristic at X0 and b = b(Y ) ∈ Ss2iso(Rn) non-characteristic at
Y0, such that Opw(a)u ∈ L2(Rn) and Opw(b)v ∈ L2(Rm). We define the symbol
c(x, y, ξ, η) := a(X)b(Y ), then

Opw(c)(u⊗ v) ∈ L2(Rn+m). (8.18)

However, this is a symbol for the split iso,iso-metric in R2n
X × R2m

Y

g2 = |dX|2/(1 + |X|2) + |dY |2/(1 + |Y |2),

but not for the isotropic metric on R2(n+m)
X,Y

g0 = (|dX|2 + |dY |2)/(1 + |X|2 + |Y |2),

i.e. c ∈ Ss1,s2iso,iso(Rn ×Rm) (see Appendix A for the properties of the calculus. The
idea is to have operators which are a Weyl quantization separately in theX and Y
variables, where (X, Y ) ∈ Rn × Rm). To cope with this problem we introduce
a symbol of order 0 for the metric g0 i.e. ψ = ψ(x, y, ξ, η) ∈ S0

iso(Rn × Rm) ⊆
S0,0

iso,iso(Rn × Rm) (see Proposition B.2.3 of the Appendix), such that

suppψ ⊆ {C−1 ≤ (1 + |X|)/(1 + |Y |) ≤ C},
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for someC > 0 fixed. In this way we may consider the composition of this symbol
with respect to the metric g2 to obtain

Opw(ψ)Opw(c) = Opw(ϕ),

withϕ ∈ Ss1,s2iso,iso(Rn×Rm). Now, using the support ofψ we have that the symbolϕ
is actually a symbol for the metric g0. Moreover Opw(ϕ)(u⊗ v) ∈ L2(Rn+m), by
(8.18). So, choosing a, b, ψ such that ϕ is non-characteristic at (x0, y0, ξ0, η0) we
get that (x0, y0, ξ0, η0) /∈ WF s1+s2

iso (u⊗v) and then (x0, y0, ξ0, η0) /∈ WF s∗
iso(u⊗v)

(since s∗ ≤ s1 + s2). Now, let Y0 = 02m and X0 /∈ WF s1
iso(u). By definition

there exists a = a(X) ∈ Ss1iso(Rn) non-characteristic at X0 such that Opw(a)u ∈
L2(Rn). We next choose ψ0 = ψ0(x, y, ξ, η) ∈ S0

iso(Rn × Rm) non-characteristic
at (x0, 0, ξ0, 0) such that

supp ψ0 ⊆ {1 + |Y | ≤ C(1 + |X|)}

for some C > 0. Then ψ0 ∈ S0,0
iso,iso(Rn × Rm). Define

ã(x, y, ξ, η) := a(X)⊗ 1Y ∈ Ss1,0iso,iso(Rn × Rm).

At this point we have to prove a lemma about the composition (with respect to the
metric g2) of Opw(ψ0) and Opw(ã).

Lemma 8.3.4. Let u ∈ B−r1(Rn) and v ∈ B−r2(Rm). Let ã and ψ0 be the two
symbols defined above. Then

Opw(ψ0)Opw(ã)(u⊗ v) ∈ B−r2(Rn+m)

Proof. Let
Λ−r2 = Opw(〈(x, y, ξ, η)〉−r2) ∈ Ψ−r2iso (Rn+m).

Then (again by Proposition B.2.3),

Λ−r2Opw(ψ0) ∈ Ψ0,−r2
iso,iso(Rn × Rm).

We next have to prove that

Λ−r2Opw(ψ0)Opw(ã)(u⊗ v) ∈ L2(Rn × Rm).

By the hypothesis on a we have that

Opw(ã)(u⊗ v) = Opw(a)u⊗ v =: ũ⊗ v,

with ũ ∈ L2(Rn). Let now B1 := 1X ⊗ Opw(〈Y 〉−r2) ∈ Ψ0,−r2
iso,iso(Rn × Rm).

Therefore there exists E1 ∈ Ψ0,r2
iso,iso(Rn × Rm) such that

E1B1 = I +R,



8.3 Main Properties of the s-isotropic Wave Front Set 113

whereR ∈ Ψ0,−∞
iso,iso(Rn×Rm) is of the form 1X⊗(smoothing operator in y).Hence

E1B1(ũ⊗ v) = ũ⊗ v + ũ⊗ ṽ,

with ũ ∈ L2(Rn), v ∈ B−r2(Rm), ṽ ∈ S (Rm). It is important to notice that

Λ−r2Opw(ψ0)E1 ∈ Ψ0,0
iso,iso(Rn × Rm).

Now we have

Λ−r2Opw(ψ0)(ũ⊗ v) = Λ−r2Opw(ψ0)E1B1(ũ⊗ v) + r,

where r ∈ L2(Rn+m) and B1(ũ⊗ v) ∈ L2(Rn × Rm). Since

Λ−r2Opw(ψ0)E1 ∈ Ψ0,0
iso,iso(Rn × Rm)

this concludes the proof of the lemma.

By Lemma 8.3.4, we have thus found a symbol ϕ = ϕ(x, y, ξ, η) defined by the
relation

Opw(ϕ) = Λ−r2Opw(ψ0)Opw(ã)

such that Opw(ϕ)(u⊗ v) ∈ L2(Rn+m), ϕ is non-characteristic at (x0, 0, ξ0, 0) and
ϕ ∈ Ss1−r2iso (Rn × Rm). The latter is due to the fact that ϕ ∈ Ss1,−r2iso,iso (Rn × Rm)
and that on suppψ0 one has 〈X〉 ≤ 〈(X, Y )〉 ≤ C〈X〉. Hence (x0, 0, ξ0, 0) /∈
WF s1−r2

iso (u⊗ v) and consequently (x0, 0, ξ0, 0) /∈ WF s∗
iso(u⊗ v).

The case X0 = 02n and 0 6= Y0 /∈ WF s2
iso(v) is analogous. For the case X0 ∈

WF s1
iso(u) and 0 6= Y0 /∈ WF s2

iso(v) or 0 6= X0 /∈ WF s1
iso(u) and Y0 ∈ WF s2

iso(v) it is
sufficient to choose a ψ having the support on a set of type {C−1 ≤ (1+ |X|)/(1+
|Y |) ≤ C} for some C > 0 fixed, as in the first part of the proof and repeat the
argument of the second part. This concludes the proof of the proposition.

We next want to examine the pull-back of a temperate distribution u ∈ S ′(Rn)
through a surjective linear map and then the case in which the map is injective. The
latter case is more complicated and will require some extra assumptions.

Proposition 8.3.5. Let 0 6= u ∈ S ′(Rn). Let L : RN → Rn be a linear surjective
map. Then, for all fixed µ > (N − n)/2 and for all s ∈ R

WF s−µ
iso (L∗u) ⊆ L∗WF s

iso(u) ∪ (KerL× {0N})
= {(x, tL ξ′) ∈ Ṙ2N ; (Lx, ξ′) ∈ WF s

iso(u)}
∪ (KerL× {0N}).

(8.19)
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Proof. By Remark 8.3.2 may assume, possibly by changing coordinates, that L is
the projection

L : Rn × RN−n 3 (x′, x′′) 7→ x′ ∈ Rn.

The idea is to reduce the proof to showing that

(x′0, x
′′
0, ξ
′
0, 0) ∈ WF s−µ

iso (L∗u), (x′0, ξ
′
0) 6= 0 =⇒ (x′0, ξ

′
0) ∈ WF s

iso(u), (8.20)

since we will show that this conditions implies (8.19). We first assume that this
condition holds and we prove that it implies (8.19).
To prove that (8.19) is satisfied, it is sufficient to notice that, since ∆x′′L

∗u = 0,
by definition of the isotropic wave front set we have

WF s−µ
iso (L∗u) ⊆ RN × (Rn × {0N−n})

and then by (8.20)

WF s−µ
iso (L∗u) = WF s−µ

iso (L∗u) ∩
(
RN × (Rn × {0N−n})

)
⊆ {(x, tLξ′) ∈ Ṙ2N ; (Lx, ξ′) ∈ WF s

iso(u)} ∪ (KerL× {0N}),

(the second set in the above inclusion is needed to keep into account the case
(x′, ξ′) = (0, 0)).
In order to complete the proof, it remains to prove that (8.20) holds and to do that
we show that for all µ > (N − n)/2

0 6= (x′0, ξ
′
0) /∈ WF s

iso(u)⇒ (x′0, x
′′
0, ξ
′
0, 0) /∈ WF s−µ

iso (L∗u), ∀x′′0 ∈ RN−n.
(8.21)

We assume at first that x′0 6= 0 (we will treat the case ξ′0 6= 0 later). By hypothesis
there exists C = Opw(c) ∈ Ψs

iso(Rn) elliptic at (x′0, ξ
′
0) such that Cu ∈ L2(Rn).

Let x′′0 ∈ Rn and pick ψ ∈ S0
iso(RN) be non-characteristic at (x′0, x

′′
0, ξ
′
0, 0) such

that suppψ ⊆ {|x′′|+ |ξ′′| ≤ C(|x′|+ |ξ′|)}, for some C > 0, and define

c̃(x′, x′′, ξ′, ξ′′) := ψ(x, ξ)] c(x′, ξ′).

We have that c̃ ∈ Ssiso(RN) is elliptic at (x′0, x
′′
0, ξ
′
0, 0) by virtue of the ellipticity of

c at (x′0, ξ
′
0). Moreover, since L∗u = u⊗ 1x′′ , denoting C̃ := Opw(c̃), we get

C̃L∗u = Opw(ψ)Opw(c)(u⊗ 1x′′) = Opw(ψ)(Cu⊗ 1x′′).

Now, with Λ−µ = Opw(〈(x′, x′′, ξ′, ξ′′)〉−µ), we have Λ−µOpw(ψ) ∈ Ψ−µiso (RN)
and hence (by Proposition B.2.3) also in Ψ0,−µ

iso,iso(Rn × RN−n).
Since 1x′′ ∈ B−µ(RN−n) for all µ > (N −n)/2 in view of Proposition B.2.7),

we have that (see the proof of Lemma 8.3.4)

Λ−µC̃L∗u ∈ L2(RN).
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Therefore, as Λ−µC̃ ∈ Ψs−µ
iso (RN) is elliptic at (x′0, x

′′
0, ξ
′
0, 0), we have (8.21) in the

case x′0 6= 0.
Now, we consider the case ξ′0 6= 0. By Proposition 8.3.1 used with Uχ the nor-
malized Fourier transform Fx′→ξ′ in the x′ variable (and, hence, χ : (x′, ξ′) 7→
(ξ′,−x′)), we prove (in the same way as when x′0 6= 0),

(ξ′0, x
′′
0,−x′0, 0) ∈ WF s−µ

iso (L∗Fx′→ξ′u) =⇒ (ξ′0,−x′0) ∈ WF s
iso(Fx′→ξ′u),

and since Fx′→ξ′L
∗u = L∗Fx′→ξ′u we obtain

(ξ′0, x
′′
0,−x′0, 0) ∈ WF s′−µ

iso (Fx′→ξ′L
∗u) =⇒ (ξ′0,−x′0) ∈ WF s′

iso(Fx′→ξ′u).

Hence, again by Proposition 8.3.1, we have (8.21) in the case ξ′0 6= 0.
Therefore, we have proved (8.21) and this concludes the proof of the proposition.

We next examine the case in which the map is injective. To do that for Γ ⊆ Ṙn,
a closed cone, we introduce the following space

S ′
Γ(Rn) = {u ∈ S ′(Rn); WFiso(u) ⊆ Γ}

and we endow it with a notion of convergence by saying that:
A sequence (uj)j∈N converges to 0 in S ′

Γ(Rn) if uj → 0 in S ′(Rn) for j → +∞,
and for every a ∈ S0

iso(Rn) with Γ ∩ essconesuppiso a = ∅ one has Opw(a)uj → 0
in S (Rn) for j → +∞.

Remark 8.3.6. Note that S (Rn) is a dense subspace of S ′
Γ(Rn). In fact, let u ∈

S ′(Rn) and φ ∈ C∞c (R2n), with φ(0) = 1. Setting φε(X) := φ(εX), by the
standard rules of calculus

Opw(φε)u→ u in S ′
Γ(Rn) as ε→ 0. (8.22)

Indeed, the convergence in S ′(Rn) follows from Theorem 18.6.2 in [26]. More-
over, if a ∈ S0

iso(Rn) such that essconesuppiso a ∩ Γ = ∅ we write

Opw(a)Opw(1− φε)u = Opw(1− φε)Opw(a)u+ [Opw(a),Opw(1− φε)]u.

Now, again by Theorem 18.6.2 in [26], since Opw(a)u ∈ S (Rn),

Opw(1− φε)Opw(a)u→ 0, in S (Rn), as ε→ 0.

Furthermore [Opw(a),Opw(1−φε)] = Opw(εb), with b ∈ S−1
iso (Rn). Hence (8.22)

follows.
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In addition, if u ∈ Bs(Rn), for all δ > 0, we also have

Opw(φε)u→ u, in Bs−δ(Rn), as ε→ 0. (8.23)

Indeed, by Proposition B.1.2, there exist k ∈ N0 and a constant C > 0 such that

‖Opw(φε − 1)u‖Bs−δ ≤ C|φε − 1|(δ)k ‖u‖Bs . (8.24)

Therefore, since by Proposition B.1.1

|φε − 1|(δ)k → 0, as ε→ 0, (8.25)

we have that (8.23) follows from (8.24).

Proposition 8.3.7. Let L : Rm → Rn, with n ≥ m be an injective map and let
Γ ⊆ Ṙ2n be a closed cone such that

Γ ∩ {(0, ξ) ∈ Ṙ2n; tL ξ = 0} = ∅. (8.26)

Then, the pullback throughL, defined onS (Rn) as (L∗u)(x′) = u(Lx′), x′ ∈ Rm,
can be uniquely extended as a sequentially continuous linear map

L∗ : S ′
Γ(Rn)→ S ′(Rm).

In addition, if u ∈ S ′
Γ(Rn) and µ > (n −m)/2 (with x′ = (x1, . . . , xm)), for all

s ∈ R

WF s−µ
iso (L∗u) ⊆ L∗WF s

iso(u) = {(x′, tL ξ) ∈ Ṙ2m; (Lx′, ξ) ∈ WF s
iso(u)}.

(8.27)

Proof. Note first that if n = m then L : Rn → Rn is invertible and then the result
follows from Remark 8.3.2. Moreover, since L is an injective map, and, again by
Remark 8.3.2, the result is invariant under change of coordinates, we may restrict
ourselves to the case for which L is an immersion of Rm

x′ into Rm
x′ × Rn−m

x′′ , i.e.

L : Rm → Rn, L : Rm 3 x′ 7→ (x′, x′′ = 0) ∈ Rn.

Hence, hypothesis (8.26) becomes

{(x = 0, ξ); ξj = 0, j ≤ m} ∩ Γ = ∅,

and, consequently, there exists C > 0, such that, denoting ξ′ the dual variable of
x′, one has

|x|+ |ξ| ≤ C(|x|+ |ξ′|), ∀(x, ξ) ∈ Γ. (8.28)
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Now, we choose a symbol a = a(x, ξ) ∈ S0
iso(Rn) such that

(i) Γ ∩ essconesuppiso a = ∅;
(ii) with b := 1− a ∈ S0

iso(Rn), one has supp b ⊆ Γ1 ∪ {0} and

|x|+ |ξ| ≤ C1(|x|+ |ξ′|), ∀(x, ξ) ∈ Γ1, (8.29)

where Γ1 is a closed cone that contains Γ and C1 > C > 0.
One may construct a as follows. Take χ ∈ C∞(R2n

X ) the usual excision function,
that is 0 ≤ χ ≤ 1, χ ≡ 0 in |X| ≤ 1/2 and χ ≡ 1 in |X| ≥ 1. If ω ∈ C∞(S2n−1)
such that 0 ≤ ω ≤ 1, ω ≡ 1 on Γ∩S2n−1 and suppω ⊂ Γ1∩S2n−1. Define finally
a(X) = 1− χ(X)ω(X/|X|).

To extend L∗ as a sequentially continuous map from S ′
Γ(Rn) into S ′(Rm)

we proceed as follows. The uniqueness will be a consequence of the sequential
continuity and of the density of S (Rn) in S ′

Γ(Rn).
Write

u = Opw(a)u+ Opw(1− a)u = Opw(a)u+ Opw(b)u, (8.30)

and consider the two terms separately. The plan is to define L∗u = L∗Opw(a)u+
L∗Opw(b)u.
Let us consider first the term Opw(a)u. In this case, sinceWFiso(u) ⊆ Γ and

essconesuppiso a ∩ Γ = ∅,

by Theorem 8.1.20 we have

S ′
Γ(Rn) 3 u 7→ Opw(a)u ∈ S (Rn),

which is hence sequentially continuous by definition ofS ′
Γ(Rn).Thus,L∗Opw(a)u ∈

S (Rm) and L∗Opw(a) : S ′
Γ(Rn)→ S ′(Rm) is sequentially continuous.

We next investigate the second term Opw(b)u, the most delicate of the two. Note
first that, by Remark B.3.1, it is possible to write u as a finite sum

u =
∑

|α|+|β|≤N

Dα(xβuαβ), (8.31)

for some N ∈ N0, where Dγuαβ ∈ L2(Rn) for |γ| ≤ n and hence, in particular,
by the Sobolev embedding theorem, uαβ is continuous. Furthermore, we note that
if (uj)j∈N ⊆ S ′(Rn), uj → 0 in S ′

Γ(Rn) as j → +∞ for all α, β in the sum,
we may choose corresponding sequences (uαβ,j)j converging to 0 in L2(Rn) (see
Remark B.3.2). This will shortly be useful.
By (8.31) we may write

Opw(b)u =
∑

|α|+|β|≤N

Opw(b)Dα(xβuαβ)
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and then focus our attention on a fixed term of the finite sum on the RHS. To do
that we define

B1 := Opw((1 + |x|2 + |ξ′|2)` ] ψ)

with ` ∈ N sufficiently large to be determined and where ψ ∈ C∞(R2n), 0 ≤ ψ ≤
1, is such that ψ ≡ 1 on supp b and has support in a larger open cone Γ2 (with
Γ2∩S2n−1 relatively compact) for which (8.29) is still true (by choosing a constant
C2 > C1). It suffices to choose ω̃ ∈ C∞(S2n−1), with 0 ≤ ω̃ ≤ 1 and ω̃ω = ω,
supp ω̃ ⊂ Γ2 ∩ S2n−1, and put ψ(X) = χ(X)ω̃(X/|X|).

In this way B1 ∈ Ψ2`
iso(Rn). We have I = B1E + R, where E ∈ Ψ−2`

iso (Rn)
is a microlocal parametrix of B1 on Γ1 and WF ′(R) ∩ Γ1 = ∅ (cf. Proposition
8.1.10). Therefore,

Opw(b)Dαxβuαβ = B1(EOpw(b)Dαxβ)uαβ + rαβ

= B1Opw(bαβ)uαβ + rαβ,

where, for ` sufficiently large, we have that bαβ is a symbol of order ≤ 0 and
rαβ ∈ S (Rn) (note thatWF ′(R) ∩WF ′(Opw(b)) = ∅). Therefore, by using the
Leibniz rule

Opw(b)u =
∑

|α|+|β|≤N

∑
|γ|+|δ|≤Ñ

Dγ
x′

(
xδOpw(bγδ)uαβ

)
+ r, (8.32)

for some Ñ = Ñ(α, β) ∈ N0, r :=
∑
|α|+|β|≤N rαβ ∈ S (Rn), bγδ of order 0 and

with Dγ
x′ := Dγ1

x1
. . . Dγm

xm for all γ ∈ Nm
0 , δ ∈ Nn

0 in the sum. At this point, by
(8.31), we have that

DεOpw(bγδ)uαβ ∈ L2(Rn)

for |ε| ≤ n, for all |α| + |β| ≤ N and |γ| + |δ| ≤ Ñ . Hence Opw(bγδ)uαβ ∈
C0(Rn) ∩ L∞(Rn). In this way, for a term Dγ

x′x
δOpw(bγδ)uαβ it is possible to

define L∗ as

L∗Dγ
x′x

δOpw(bγδ)uαβ := Dγ
x′L
∗xδOpw(bγδ)uαβ,

because L∗ commutes with Dγ
x′ on sufficiently regular functions, as Dγ

x′ operates
only in the x′ variable. Moreover, since xδ is a multiplier and

Opw(bγδ)uαβ ⊆ L∞(Rn) ⊆ S ′(Rn),

one has
L∗Dγ

x′x
δOpw(bγδ)uαβ ∈ S ′(Rm).

By using this for every term in the sum (8.32) we at last may define L∗Opw(b)u as
an element ofS ′(Rm). Finally, as mentioned earlier, if we take a sequence uj → 0
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in S ′(Rn) as j → +∞, then for each term of the sum (8.32) we may construct a
sequence of continuous functions such that the sequence of restrictions (that is, L∗)
converges to 0 in L2(Rm). This implies that the restriction of the sequence (uj)j
converges to 0 in S ′(Rm). Thus the operator L∗Opw(b) : S ′

Γ(Rn)→ S ′(Rm) is
sequentially continuous, whence

L∗ : S ′
Γ(Rn)→ S ′(Rm)

is a sequentially continuous linear map.
Now we prove (8.27). Namely, we prove that if 0 6= (x′0, ξ

′
0) /∈ L∗WF s

iso(u) then
(x′0, ξ

′
0) /∈ WF s−µ

iso (L∗u), for µ > (n −m)/2. More explicitly, we have to prove
that if µ > (n−m)/2 one has

(x′0, 0, ξ
′
0, ξ
′′) /∈ WF s

iso(u), ∀ξ′′ ∈ Rn−m ⇒ (x′0, ξ
′
0) /∈ WF s−µ

iso (L∗u).

By hypothesis we can find a conic neighborhood V of (x′0, 0, ξ
′
0) such that

WF s
iso(u) ∩ (V × Rn−m) = ∅. (8.33)

We then define
c′(x, ξ′) := φ(x, ξ′)〈(x, ξ′)〉s−µ,

where φ ∈ C∞(Rn
x × Rm

ξ′ ), 0 ≤ φ ≤ 1, with suppφ ⊆ V , φ ≡ 1 on V ′ smaller
conic neighborhood of (x′0, 0, ξ

′
0) and µ > (n − m)/2. Therefore, we note that

c(x, ξ) := c′(x, ξ′)⊗ 1ξ′′ is a symbol with respect to the metric

g′ = (|dx|2 + |dξ′|2)/(1 + |x|2 + |ξ′|2)

and c̃(x′, ξ′) := c(x′, 0, ξ′, 0) ∈ Ss−µiso (Rm) is a symbol, elliptic at (x′0, ξ
′
0) ∈ R2m,

with respect to the isotropic metric in R2m.
Now, as before, we write

u = Opw(a)u+ Opw(b)u

and examine the two terms separately.
Let us first look at Opw(a)u. In this case, since Opw(a)u ∈ S (Rn) we have that
L∗Opw(a)u ∈ S (Rm) and then

Opw(c̃)L∗(Opw(a)u) ∈ S (Rm).

We next examine Opw(b)u. In the first place, since b ∈ S0
iso(Rn), it is a symbol

also for the metric g′. Thus we may consider the composition with respect to
the metric g′ between Opw(b) and Opw(c). By using (8.29), which is valid on
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the support of b, we may conclude that c ] b ∈ Ss−µiso (Rn) and since WF s
iso(u) ∩

essconesuppiso c ] b = ∅, by Corollary 8.1.21 we get

Opw(c ] b)u = Opw(c)Opw(b)u ∈ Bµ(Rn).

Now, since
v := Opw(c)Opw(b)u ∈ Bµ(Rn) ∩S ′

Γ(Rn)

by Remark 8.3.6, we have that there exists a sequence (vj)j≥1 ⊆ S (Rn) such that

vj → v in S ′
Γ(Rn) as j → +∞,

and for all δ > 0
vj → v in Bµ−δ(Rn) as j → +∞.

We then choose δ > 0 sufficiently small such that µ− δ > (n−m)/2 and denote
by τ the trace operator

τ : S (Rn)→ S (Rm), S (Rn) 3 f 7→ τf(x′) := f(x′, 0)

which extends to a bounded operator

τ : Hs(Rn)→ L2(Rm), if s > (n−m)/2.

In this way, since by Proposition B.2.1 we haveBµ−δ(Rn) ⊆ Hµ−δ(Rn), we obtain
that (τvj)j≥1 is a Cauchy sequence in L2(Rm) and hence there exists w ∈ L2(Rm)
such that

τvj → w =: τv in L2(Rm) as j → +∞
(note also that, as a consequence, τvj → τv in S ′(Rm) as j → +∞).
Now, since L∗vj = τvj for all j ≥ 1 and since the map L∗ : S ′

Γ(Rn)→ S ′(Rm)
is sequentially continuous, as j → +∞ we have

L∗vj → L∗v = τv ∈ L2(Rm),

and so
L∗Opw(c)Opw(b)u ∈ L2(Rm).

Therefore, we have that C̃ := Opw(c̃) ∈ Ψs−µ
iso (Rm) is elliptic at (x′0, ξ

′
0) and

Opw(c̃)L∗u = Opw(c̃)L∗(Opw(a)u) + Opw(c̃)L∗(Opw(b)u) ∈ L2(Rm),

that is (x′0, ξ
′
0) /∈ WF s−µ

iso (L∗u) and so we have proved the proposition.

Next, as a consequence of the previous proposition, given a distribution u ∈
S ′(Rn), if it satisfies condition (8.34) below, essentially by integrating in the "reg-
ular variables", we are able to define a distribution v ∈ S ′(Rm), withm ≤ n, the
singularities of which are related to those of u. The result can be stated as follows.
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Proposition 8.3.8. Let m,n ∈ N, with n ≥ m, let µ > (n − m)/2, and let
u ∈ S ′(Rn) be such that

WFiso(u) ∩ {(0, x′′, 0, 0); x′′ ∈ Rn−m} = ∅. (8.34)

Then
v(·) :=

∫
u(·, x′′)dx′′ ∈ S ′(Rm)

can be defined by continuity, i.e. through L∗, as in Proposition 8.3.7 and for all
s ∈ R

WF s−µ
iso (v) ⊆ {(x′, ξ′) ∈ Ṙ2m; (x′, x′′, ξ′, 0) ∈ WF s

iso(u), for some x′′ ∈ Rn−m}.

Proof. Note first that, if f ∈ S (Rn) denoting by f̂2 the Fourier Transform of f
with respect to the x′′ variables and by L : Rm → Rn the injection of Rm into
Rm × Rn−m, (i.e Lx′ = (x′, 0)) we may write∫

f(x′, x′′)dx′′ = (L∗f̂2)(x′).

Therefore, the idea, essentially, is to use such an expression and the continuity of
the map L∗ given in Proposition 8.3.7, to give a characterization of the s-isotropic
wave front set of a distribution u ∈ S ′(Rn) satisfying (8.34), as follows.
Let u ∈ S ′(Rn) that satisfies (8.34) and let û2 and L be given as before. Re-
call that, by Proposition 8.3.1 (since for χ : (xj, ξj) 7→ (ξj,−xj) the associated
metaplectic operator is Uχ = (2π)−1/2Fxj→ξj ), we have

WFiso(û2) = {(x′, x′′, ξ′, ξ′′) ∈ Ṙ2n; (x′, ξ′′, ξ′,−x′′) ∈ WFiso(u)}, (8.35)

and

WF s
iso(û2) = {(x′, x′′, ξ′, ξ′′) ∈ Ṙ2n; (x′, ξ′′, ξ′,−x′′) ∈ WF s

iso(u)}. (8.36)

The two inclusions give rise to the following two facts. By (8.35) we have that if
WFiso(u) ∩ {(0, x′′, 0, 0)} = ∅, then

WFiso(û2) ∩ {(0, ξ) ∈ Ṙ2n; tL ξ = ξ′ = 0} = ∅,

and consequently we may apply Proposition 8.3.7 to û2. Moreover, by (8.36)

L∗WF s
iso(û2) ⊆ {(x′, ξ′) ∈ Ṙ2m; (x′, ξ′′, ξ′, 0) ∈ WF s

iso(u) for some ξ′′ ∈ Rn−m}.
(8.37)
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We now take a sequence (uj)j≥1 ⊆ S (Rn) such that uj → u as j → +∞ in
S ′(Rn). In this way we obtain L∗ûj,2 → L∗û2 =: v as j → +∞, and again by
Proposition 8.3.7, if µ > (n−m)/2,

WF s−µ
iso (L∗û2) ⊆ L∗WF s

iso(û2). (8.38)

Hence, by (8.38) and (8.37), we obtain

WF s−µ
iso (L∗û2) ⊆ {(x′, ξ′) ∈ Ṙ2m; (x′, ξ′′, ξ′, 0) ∈ WF s

iso(u) for some ξ′′ ∈ Rn−m},

that we may rewrite as

WF s−µ
iso (v) ⊆ {(x′, ξ′) ∈ Ṙ2m; (x′, x′′, ξ′, 0) ∈ WF s

iso(u) for some x′′ ∈ Rn−m}.

By putting together these auxiliary results we now give the proof of Theorem
1.2.1, but first we provide some useful notations.

In what follows, given two sets X1, X2 and A ⊆ X1 ×X2, B ⊆ X2, we write

A ◦B = {x ∈ X1; ∃ y ∈ B s.t. (x, y) ∈ A} ⊆ X1.

Furthermore, if K ∈ S ′(Rm+n) we denote by

WFiso,X(K) := {X = (x, ξ) ∈ Ṙ2m; (x, 0, ξ, 0) ∈ WFiso(K)},

by
WFiso,Y (K) := {Y = (y, η) ∈ Ṙ2n; (0, y, 0,−η) ∈ WFiso(K)},

and

WFiso(K)′ := {(x, y, ξ, η) ∈ Ṙ2(n+m); (x, y, ξ,−η) ∈ WFiso(K)}.

The definitions for the s-isotropic wave front set are the same considering the s-
isotropic wave front set on the RHS.

Proof of Theorem 1.2.1. We will see that (1.5) is a particular case of (1.7) and
hence we prove (1.7). Note first that, if K ∈ S (Rm+n) and u ∈ S (Rn), we may
write

K u(x) =

∫
L∗(K ⊗ u)(x, y)dy,

where K ⊗ u ∈ S (Rm+n+n) is the function

(x, y, z) 7→ K(x, y)u(z),
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andL is the map (x, y) 7→ (x, y, y). Therefore, the idea is to extend this expression
by continuity as we already did in Proposition 8.3.8.
We begin by noting that, ifK ∈ S ′(Rn+m) andu ∈ S ′(Rn),K⊗u ∈ S ′(Rm+n+n)
is still well defined and by Proposition 8.3.3 we get

WF s∗
iso(K ⊗ u) ⊆

{
(x, y, z, ξ, η, ζ); (x, y, ξ, η) ∈ WF s1

iso(K) ∪ {02(m+n)},

(z, ζ) ∈ WF s2
iso(u) ∪ {02n}

}
\ {02(m+n+n)}.

Moreover, by Hörmander ([23], Proposition 2.8), we also have

WFiso(K ⊗ u) ⊆
{

(x, y, z, ξ, η, ζ); (x, y, ξ, η) ∈ WFiso(K) ∪ {02(m+n)},

(z, ζ) ∈ WFiso(u) ∪ {02n}
}
\ {02(m+n+n)}.

(8.39)

Hence, with θ = (ξ, η, ζ), one has that the RHS of (8.39) does not intersect the set
{(0, θ); tLθ = 0}. Indeed, if (x, y, z, ξ, η, ζ) ∈ {(0, θ); tLθ = 0} then x = 0,
y = 0, z = 0, ξ = 0, and η + ζ = 0. However, if such a point belongs to the RHS
of (8.39), by condition (1.6) we have

(0, ζ) ∈
(
WFiso,Y(K) ∪ {02n}

)
∩
(
WFiso(u) ∪ {02n}

)
= {02n}

and so ζ = 0 and η = 0.
Therefore, we can apply Proposition 8.3.7 toK ⊗ u to obtain for µ′ > ((m+ n+
n)− (m+ n))/2 = n/2

WF s∗−µ′
iso (L∗(K ⊗ u)) ⊆

{
(x, y, ξ, η + ζ); (x, y, ξ, η) ∈ WF s1

iso(K) ∪ {02(m+n)},

(y, ζ) ∈ WF s2
iso(u) ∪ {02n}

}
\ {02(m+n)}.

Next, again by Hörmander ([23] Proposition 2.9) we have

WFiso(L∗(K ⊗ u)) ⊆
{

(x, y, ξ, η + ζ); (x, y, ξ, η) ∈ WFiso(K) ∪ {02(m+n)},

(y, ζ) ∈ WFiso(u) ∪ {02n}
}
\ {02(m+n)}

and also in this case the RHS of the inclusion does not intersect the set {(0, y, 0, 0); y ∈
Rn}. In fact, if x = ξ = η + ζ = 0 and

(y, ζ) ∈
(
WFiso,Y(K) ∪ {02n}

)
∩
(
WFiso(u) ∪ {02n}

)
= {02n}
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we must have y = 0, ζ = 0 and hence η = 0. Therefore, by applying Proposition
8.3.8 to L∗(K ⊗ u), the integration with respect to y is well defined and for µ′′ >
((m+ n)−m)/2 = n/2 we have

WF s∗−µ′−µ′′
iso (K u) ⊆

{
(x, ξ) ∈ Ṙ2m; (x, y, ξ,−η) ∈ WF s1

iso(K) ∪ {02(m+n)},

(y, η) ∈ WF s2
iso(u) ∪ {02n}, for some (y, η)

}
= WF s1

iso,X(K) ∪WF s1
iso(K)′ ◦WF s2

iso(u),

that is, for µ > n,

WF s∗−µ
iso (K u) ⊆ WF s1

iso,X(K) ∪WF s1
iso(K)′ ◦WF s2

iso(u).

Finally, to prove (1.5) it is sufficient to note that if u ∈ S (Rn) thenWF s2
iso(u) = ∅

for every s2 ∈ R. Thus, choosing s2 sufficiently large such that

s∗ = min{s1 − r2, s2 − r1} = s1 − r2 = s1

since r2 = 0 because u ∈ S (Rn) ⊆ L2(Rn) = B0(Rn). Therefore, for any fixed
µ > n

WF s1−µ
iso (K u) ⊆ WF s1

iso,X(K).



9. PROPAGATION OF SHUBIN-SOBOLEV SINGULARITIES

This chapter is concerned with the propagation of isotropic microsingularities.
In the first section we explain in details our problem and the properties of the
associated propagator. Subsequently, the second section is devoted to studying
the propagation of singularities for such a problem, first on some fundamental
examples and then in the general case.

9.1 Statement of the Problem and Propagator

We study the isotropic propagation of singularities problems of the form{
∂tu+ Opw(a)u = 0, in R+ × Rn,

u(0, ·) = u0 ∈ S ′(Rn),
(9.1)

where
a : R2n −→ C, X 7−→ a(X) = 〈X,QX〉,

is a complex quadratic form defined by the symmetric matrix Q ∈ M2n(C) that
satisfies ReQ ≥ 0 (where, once again, for z, w ∈ Cn, 〈z, w〉 :=

∑
j zjwj is the

non-Hermitian inner product). Moreover, recall that the Hamilton map F associ-
ated with a (see (7.4)) is defined by the relation

σ(X,FX) = a(X),

where σ denotes the standard complex symplectic form.
In what follows we assume that the linear maps that we will consider act on

C2n = R2n + iR2n

and we sometimes use the subscript R to indicate that we are considering the in-
tersection of a subspace of C2n with R2n. So, for instance, given M ∈ M2n(C),
we write

KerR(M) = {w ∈ R2n; Mw = 0} = {w ∈ Ker(M); w ∈ R2n}.

Finally, we denote by aR = aR(X) and aI = aI(X) the real and the imaginary
part of the symbol respectively, i.e.

a(X) = aR(X) + iaI(X).
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Remark 9.1.1. Note that a broader class of significant problems is included in our
setting. For instance, with a(X) = |ξ|2 we obtain the Cauchy problem for the
Heat equation, with a(X) = i|ξ|2, the Cauchy problem for the (free) Schrödinger
equation and finally, with a(X) = i(|x|2 + |ξ|2), we obtain the Cauchy problem for
the Schrödinger equation of the (purely imaginary) quantum Harmonic oscillator.
The Kramers-Fokker-Planck operator is also included (see [40]). Other interesting
cases will be examined below.

To study such a problem, it is necessary to recall first that by [24] (p. 426)
we know that there exists a C0-contraction semigroup {e−tOpw(a)}t≥0 on L2(Rn).
Moreover for any t ≥ 0, by Theorem 5.12 and Theorem 5.8 in [24], we have that
e−tOpw(a) is a continuous map

e−tOpw(a) : S (Rn)→ S (Rn)

and extends to a continuous map

e−tOpw(a) : S ′(Rn)→ S ′(Rn).

Then, essentially, for u0 ∈ S ′(Rn), the goal is to study the regularity of u =
e−tOpw(a)u0 that solves problem (9.1).

The main goal of this section is to prove Theorem 1.2.2, which states, roughly
speaking, that the solution at time t, with respect to the initial datum, has a loss of
derivatives that depends on the regularity of the kernel of the propagator and on
the dimension n of the space.

To approach such a problem, we first recall the notion of Gaussian distribution
introduced in [24] (Section 5) through which we will characterize the kernel of the
propagator.

For 0 6= u ∈ D ′(Rn) we denote by

Lu =
{
` w(x,D) ; ` w(x,D)u = 0,

`(x, ξ) =
n∑
j=1

ajξj +
n∑
j=1

bjxj, aj, bj ∈ C,∀j = 1, . . . , n
}
,

and we give the following definition.

Definition 9.1.2. A distribution u ∈ D ′(Rn) is called a Gaussian distribution if
every v ∈ D ′(Rn) such that ` w(x,D)v = 0 for all ` w(x,D) ∈ Lu, is a complex
multiple of u.

It is possible to obtain a correspondence between these distributions and the
space of complex Lagrangian planes in C2n (with respect to the standard complex
symplectic form). To do that define

λu = {(x, ξ) ∈ C2n; `(x, ξ) = 0, ∀ ` w(x,D) ∈ Lu}
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and recall the following result (cf. [24], Proposition 5.1).

Proposition 9.1.3. If u is aGaussian distribution, thenλu is a complex Lagrangian
plane such that V := {ξ ∈ Cn; (0, ξ) ∈ λu} is invariant under complex conjuga-
tion, hence generated by its intersection with Rn.
Conversely, letλ be a Lagrangian plane and letu ∈ D ′(Rn) such that ` w(x,D)u =
0, for every ` = `(x, ξ) which vanishes on λ. Then, u is a Gaussian distribution.
Moreover u = ceqd where d is a δ-function on a linear subspace, q is a quadratic
form there (both determined by λ) and c ∈ C \ {0}.

Let now u ∈ S ′(Rn) that can be written as the oscillatory integral

u =

∫
RN
eip(x,θ)dθ, x ∈ Rn, (9.2)

where p is a complex-valued quadratic form on Rn+N ,

p(x, θ) = 〈(x, θ), P (x, θ)〉, x ∈ Rn, θ ∈ RN

and P ∈ C(n+N)×(n+N) is symmetric. Writing

P =

(
Pxx Pxθ
Pθx Pθθ,

)
we require that ImP ≥ 0 and that the rows of the submatrix(

Pθx Pθθ
)
∈ CN×(n+N)

be linearly independent over C. By Proposition 5.5 in [24], if u ∈ S ′(Rn) has the
form (9.2), then it is a Gaussian distribution and the corresponding Lagrangian is

λ = {(x, p′x(x, θ)) ∈ C2n; p′θ(x, θ) = 0, (x, θ) ∈ Cn+N} ⊆ C2n.

In this setting one has the following result for the isotropic wave front set of such
distributions (cf. [40], Theorem 4.6).

Lemma 9.1.4. Let u ∈ S ′(Rn) be a tempered distribution of the form (9.2) and
let λ be the Lagrangian associated. Then

WFiso(u) ⊆ (λ ∩ R2n) \ {0}.

Remark 9.1.5. Note that sinceWFiso(u) =
⋃
s∈RWF s

iso(u) one has that for every
s ∈ R

WF s
iso(u) ⊆ (λ ∩ R2n) \ {0}.
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9.2 The Isotropic Propagation Results

At this point, before examining the general case we study the propagation of
singularities for the evolution equation{

∂tu+ Opw(a)u = 0, in R+ × Rn,

u(0, ·) = u0 ∈ S ′(Rn),

where

a(X) = aR(X) + iaI(X), aR(X) = |X ′|2, aI(X) = |X ′′|2, (9.3)

with X ′ = (x′, ξ′) for x′ ∈ Rn1 and ξ′ ∈ Rn1 , X ′′ = (x′′, ξ′′) for x′′ ∈ Rn2 and
ξ′′ ∈ Rn2 and n1, n2 ∈ N satisfy n1 + n2 = n. Therefore, we have

Opw(a) = −∆x′ + |x′|2 + i(−∆x′′ + |x′′|2),

and we may rewrite it as

Opw(a) = Opw(aR) + iOpw(aI). (9.4)

We wish to study how the operator Opw(a) propagates singularities. Roughly
speaking, we expect that in the first n1 variables it destroys the singularities (that
is, it is regularizing), since in those variables it behaves like a heat evolution op-
erator in n1 variables. From a physical viewpoint, the operator Opw(a) can be
interpreted as a model describing the combined action of diffusive and oscillatory
phenomena acting on different sets of variables. Here we are interested in studying
its properties from a mathematical point of view, and we state the following result.

Theorem 9.2.1. Let u0 ∈ S ′(Rn), a be as in (9.3) and let t > 0 be fixed. Then

WFiso(e−tOpw(a)u0) ⊆
(
{0n1} × Rn2

)
×
(
{0n1} × Rn2

)
.

Proof. The idea is to use the Mehler formulas for the Harmonic Oscillator (see
[24], pp. 424-427). First of all, we note that if we are able to prove the result for t <
π/2 (in this case the Mehler formulas are easier to handle) then the result follows
for any t > 0. Indeed, if t ≥ π/2, by fixing t0 < π/2 (since e−(t−t0)Opw(a)u0 ∈
S ′(Rn)), we have that

WFiso(e−tOpw(a)u0) = WFiso(e−t0Opw(a)e−(t−t0)Opw(a)u0)

⊆
(
{0n1} × Rn2

)
×
(
{0n1} × Rn2

)
.
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Therefore, we may reduce matters to proving that if t < π/2 we have

(x′0, ξ
′
0) 6= (0, 0) =⇒ (x0, ξ0) /∈ WFiso(e−tOpw(a)u0).

Suppose first x′0 6= 0 (we will deal with the case ξ′0 6= 0 later). In this case, roughly
speaking, the idea is to work on a cone for which the variable x′ controls the other
variables. For such purpose we define, for some suitable constants c > c1 > 0, the
cones Γ and Γ1 containing X0 (with Γ ⊆ Γ1) as

Γ = {(x, ξ) ∈ R2n; |x| ≥ c|ξ|, |x′| ≥ c|x′′|},
Γ1 = {(x, ξ) ∈ R2n; |x| ≥ c1|ξ|, |x′| ≥ c1|x′′|},

and let b ∈ S0
iso(Rn) be such that b ≡ 1 on Γ outside a compact neighborhood of

the origin, supp b ⊆ Γ1. We define

B := Opw(b) ∈ Ψ0
iso(Rn).

Since the Hamilton maps FR and FI of aR and aI commute, we may write (see
Proposition 5.9 in [24] and also Example 9.2.11 below)

e−tOpw(a) = e−t(Opw(aR)+iOpw(aI))

= e−tOpw(aR)e−itOpw(aI)

= Opw(e−(|x′|2+|ξ′|2)/ tanh t/ cosh t)Opw(e−i(|x
′′|2+|ξ′′|2)/ tan t/ cos t)

and then

B e−tOpw(a) =
(
BOpw(e−(|x′|2+|ξ′|2)/ tanh t/ cosh t)

)
Opw(e−i(|x

′′|2+|ξ′′|2)/ tan t/ cos t).

Thus, since Opw(e−(|x′|2+|ξ′|2)/ tanh t/ cosh t) is smoothing in supp b, we have

WF ′(B) ∩WF ′(Opw(e−(|x′|2+|ξ′|2)/ tanh t/ cosh t)) = ∅,

and hence
Be−tOpw(a) = SOpw(e−i(|x

′′|2+|ξ′′|2)/ tan t/ cos t),

where S is a smoothing operator, and thus B e−tOpw(a) : S ′(Rn) → S (Rn).
Therefore, since

B e−tOpw(a)u0 ∈ S (Rn)

and Chariso(B) ∩ Γ = ∅ (X0 ∈ Γ), we get

X0 /∈ WFiso(e−tOpw(a)u0).

The case ξ′0 6= 0 is analogous by choosing

Γ = {(x, ξ) ∈ R2n; |ξ| ≥ c|x|, |ξ′| ≥ c|ξ′′|};
Γ1 = {(x, ξ) ∈ R2n; |ξ| ≥ c′|x|, |ξ′| ≥ c′|ξ′′|}.
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Remark 9.2.2. If we consider

a(x, ξ) = |ξ′|+ i|ξ′′|,

by reasoning as above, we get that for all t > 0

WFiso(e−tOpw(a)u0) ⊆ Rn ×
(
{0n1} × Rn2

)
.

Now we want to go into details about the propagation of singularities in the
general case. According to Theorem 5.12 in [24] we have that the propagator of
our problem (9.1) for t ≥ 0 can be written as

e−tOpw(a) = Ke−2itF ,

where Ke−2itF : S (Rn)→ S ′(Rn) is the linear operator with Schwartz kernel

Ke−2itF = (2π)−(n+N)/2

√√√√det

(
p
′′

θθ/i p
′′

θy

p
′′

xθ ip
′′
xy

)∫
eip(x,y,θ)dθ ∈ S ′(R2n). (9.5)

In this kernel the quadratic form p is a form that defines the Lagrangian λ associ-
ated with its twisted Lagrangian λ′ := graph(e−2itF ) (see [24] and [40] for more
details). Using Lemma 9.1.4 we have the following property for the kernel.

Theorem 9.2.3. Let a(x, ξ) be a quadratic form defined by a symmetric matrix Q
with ReQ ≥ 0, and F its Hamilton map. Then (with the notation above) for all
t > 0 we have

WFiso(Ke−2itF ) ⊆ {(x, y, ξ,−η) ∈ Ṙ4n; X = e−2itFY, Im e−2itFY = 0}.

We now use Theorem 1.2.1 and Theorem 9.2.3 to prove the following funda-
mental lemma.

Lemma 9.2.4. Let t > 0 be fixed and let Ke−2itF be the kernel of the operator
Ke−2itF satisfying Ke−2itF ∈ B−r(R2n) and u0 ∈ B−r0(Rn), for some r0, r ≥ 0.
Let also s0, s ∈ R be such that s∗ := min{s0 − r, s− r0} ≤ s0 + s. Then, for all
fixed µ > n, we have

WF s∗−µ
iso (e−tOpw(a)u0) ⊆ WF s

iso(Ke−2itF )′ ◦WF s0
iso(u0)

⊆ e−2itF (WF s0
iso(u0) ∩KerR(Im e−2itF )),

(9.6)

where KerR(Im e−2itF ) = Ker(Im e−2itF ) ∩ R2n.
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Proof. First of all by Theorem 9.2.3 one has thatWFiso(Ke−2itF ) contains neither
points of the form (0, y, 0,−η) for (y, η) ∈ Ṙ2n, nor points of the form (x, 0, ξ, 0)
for (x, ξ) ∈ Ṙ2n, i.e. using the previous notations (see Theorem 1.2.1)

WFiso,X(Ke−2itF ) = WFiso,Y (Ke−2itF ) = ∅.

Thus, by Theorem 1.2.1, for all fixed µ > n

WF s∗−µ
iso (e−tOpw(a)u0) ⊆ WF s

iso(Ke−2itF )′ ◦WF s0
iso(u0).

Hence

WF s∗−µ
iso (e−tOpw(a)u0) ⊆ {X ∈ R2n; ∃ (y, η) ∈ WF s0

iso(u0);

(x, y, ξ,−η) ∈ WF s
iso(Ke−2itF )}

(9.7)

and so, again by Theorem 9.2.3,

WF s∗−µ
iso (e−tOpw(a)u0) ⊆ e−2itF (WF s0

iso(u0) ∩KerR(Im e−2itF )). (9.8)

We finally give the next result through which we obtain a lower bound for the
regularity of the kernel that will lead to a lower bound for the loss of derivatives
in Theorem 9.2.6 and then in Theorem 1.2.2.

Proposition 9.2.5. Let t > 0 be fixed. Then for ε > 0 we have

Ke−2itF ∈ B−n−ε(R2n).

Proof. Recall that (see (9.5)) Ke−2itF is a Gaussian distribution of the form

Ke−2itF = (2π)−(n+N)/2

√√√√det

(
p
′′

θθ/i p
′′

θy

p
′′

xθ ip
′′
xy

)∫
eip(x,y,θ)dθ ∈ S ′(R2n

x,y).

Therefore, by Proposition 5.7 in [24], there exists an injective map L : RN
θ → R2n

x,y

and a quadratic form q : R2n
x,y → C, with Im q ≥ 0, such that

p(x, y, θ) = 〈Lθ, (x, y)〉+ q(x, y)

and hence (again by Proposition 5.7 in [24])

Ke−2itF = c eiq(x,y)( tL )∗δ0 ∈ S ′(R2n
x,y),
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for some constant c 6= 0. We then use this expression to proveKe−2itF ∈ B−n−ε(R2n),
that is equivalent (see Proposition 8.1.19) to

WF−n−εiso (Ke−2itF ) = ∅.

Therefore, writing q(x, y) = qR(x, y) + iqI(x, y), we have to show that

WF−n−εiso (e−qIeiqR( tL )∗δ0) = ∅. (9.9)

We begin with noting that, setting v := eiqR( tL )∗δ0, one has that

WF s
iso(v) = ∅ ⇒ WF s

iso(e−qIv) = ∅, ∀s ∈ R.

Indeed, if v ∈ Bs(R2n), we have that there exists a constant C > 0 such that (with
Λs = Opw(〈x, y, ξ, η〉s)) ∥∥Λse−qIΛ−sΛsv

∥∥
0
≤ C‖v‖Bs .

In fact, since qI is positive semidefinite, Λse−qIΛ−s = Opw(a), where a and all its
derivatives of any order are uniformly bounded. Hence, Λse−qIΛ−s is a bounded
operator on L2(R2n) (see [50], Theorem 4.23). We thus have reduced the problem
to showing

WF−n−εiso (eiqR( tL )∗δ0) = ∅.

Now, since qR is defined through a real symmetric matrix QR we have that eiqR is
the metaplectic operator associated with the symplectomorphism

χ : (x, y, ξ, η) 7→ ((x, y), (ξ, η)− 2QR(x, y))

so that, by Proposition 8.3.1,

WF−n−εiso (eiqR( tL )∗δ0) = χWF−n−εiso (( tL )∗δ0).

Therefore, we reduce (9.9) to showing that

WF−n−εiso (( tL )∗δ0) = ∅.

By possibly changing coordinates inR2n
x,y and using Remark 8.3.2, wemay suppose

that
L : RN

θ → R2n = RN
x′ × R2n−N

y′ , L : θ 7→ (x′ = θ, y′ = 0),

whence (tL )∗δ0 = δ0(x′) ⊗ 1y′ . Therefore, the result follows by reasoning as
before, by virtue of the fact that δ0(x′) ⊗ 1y′ = F−1

η→x′(1η,y′), that F−1
η→x′ is a

metaplectic operator and that 1η,y′ ∈ B−n−ε(R2n) by Proposition B.2.7.
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Next, note that from Remark 9.1.5, the property of the kernel of the propagator
of Theorem 9.2.3 holds for all s ∈ R with WF s

iso replacing WFiso. We therefore
have the following corollary that allows us to have a loss of derivatives that does
not depend on the regularity of the initial datum.

Theorem 9.2.6. Let t > 0 be fixed and consider the operator Ke−2itF : S (Rn)→
S ′(Rn). Then, for any given ε > 0 (small), the Schwartz kernel Ke−2it′F of
Ke−2it′F belongs to B−(n+ε)(R2n), uniformly in t′ ∈]0, t].
Moreover, on defining r0 = inf{r ≥ 0; Ke−2it′F ∈ B−r(R2n), ∀t′ ∈]0, t]}, one
has that if u0 ∈ S ′(Rn) and µ > n+ r0, then for all s0 ∈ R

WF s0−µ
iso (e−tOpw(a)u0) ⊆ e−2itF (WF s0

iso(u0) ∩Ker(Im e−2itF )). (9.10)

Proof. The fact that Ke−2it′F ∈ B−(n+ε) for all t′ ∈]0, t] follows directly from
Proposition 9.2.5. We thus focus on proving the inclusion (9.10).
If

u0 ∈ S ′(Rn) =
⋃
r∈R

Br(Rn),

there exists r0 ≥ 0 such that u0 ∈ B−r0(Rn). Moreover, by Theorem 9.2.3, we
have

WF s
iso(Ke−2itF ) ⊆ {(x, y, ξ,−η) ∈ Ṙ4n; X = e−2itFY, Im e−2itFY = 0},

for all s ∈ R. Hence, if we choose s ≥ max{r0 + s0 − r,−r}, we have that

s∗ = min{s0 − r, s− r0} = s0 − r ≤ s0 + s.

Therefore, the inclusion (9.10) is a consequence of Lemma 9.2.4.

The goal now is to use the geometry of the singular space introduced in [22]
(see also [40])

S =
(2n−1⋂
j=0

Ker(ReF (ImF )j)
)
∩ R2n ⊆ R2n,

to refine the inclusion (9.10). The singular space enjoys important properties (see
[40] pp. 147-149), among which are:

S =
( ⋂

0≤t′≤t

Ker(Im e−2it′F )
)
∩ R2n (9.11)

and S is stable for ReF and ImF , that is

(ReF )S = {0}, (ImF )S ⊆ S. (9.12)

We are in a position to prove themain result concerning propagation of isotropic
microsingularities, that is Theorem 1.2.2.
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Proof of Theorem 1.2.2. First of all, by Theorem 9.2.6, for µ′ > n + r (with r ≤
n+ ε) we have

WF s−µ′
iso (e−tOpw(a)u0) ⊆ e−2itF (WF s

iso(u0) ∩Ker(Im e−2itF )).

Now we note that, since WF s
iso(u0) ⊆ R2n and e−2itF is an invertible linear map

(see Lemma 5.2 in [40]), we may write

e−2itF (WF s
iso(u0) ∩Ker(Im e−2itF ))

= e−2itF (WF s
iso(u0) ∩Ker(Im e−2itF ) ∩ R2n)

= (e−2itFWF s
iso(u0)) ∩ (e−2itF (Ker(Im e−2itF ) ∩ R2n)).

Now, setting Z = e−2itFW , with Z,W ∈ C2n,

Z ∈ Ker(Im e2itF ) ∩ R2n ⇐⇒ W ∈ Ker(Im e−2itF ) ∩ R2n,

Therefore, it follows that

e−2itF (WF s
iso(u0)∩Ker(Im e−2itF )) = e−2itF (WF s

iso(u0))∩Ker(Im e2itF )∩R2n,

and then

WF s−µ′
iso (e−tOpw(a)u0) ⊆ (e−2itFWF s

iso(u0)) ∩Ker(Im e2itF ) ∩ R2n. (9.13)

Now by Theorem 5.9 in [24] for all t ≥ 0 the linear continuous operator

Ke−2itF : S (Rn)→ S ′(Rn),

extends to a continuous map

Ke−2itF : S ′(Rn)→ S ′(Rn),

satisfying
Ke−2i(t1+t2)F = Ke−2it1FKe−2it2F

and, then, for all t1, t2 ≥ 0

e−(t1+t2)Opw(a) = e−t1Opw(a)e−t2Opw(a), (9.14)

Now choosing t1, t2 > 0 such that t1 + t2 = t and using (9.13) and (9.14), with
µ = 2µ′ and µ′ > n+ r, we get

WF s−2µ′

iso (e−tOpw(a)u0)

= WF s−2µ′

iso (e−t1Opw(a)e−t2Opw(a)u0)

⊆ (e−2it1FWF s−µ′
iso (e−t2Opw(a)u0)) ∩Ker(Im e2it1F ) ∩ R2n

⊆
(
e−2it1F ((e−2it2F (WF s

iso(u0)) ∩Ker(Im e2it2F ) ∩ R2n)
)
∩Ker(Im e2it1F ) ∩ R2n

⊆ (e−2itFWF s
iso(u0)) ∩

(
(e−2it1F (Ker(Im e2it2F ) ∩ R2n)

)
∩Ker(Im e2it1F ) ∩ R2n

⊆ (e−2itFWF s
iso(u0)) ∩Ker(Im e−2it1F ) ∩ R2n.
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Hence,

WF s−µ
iso (e−tOpw(a)u0) ⊆ (e−2itFWF s

iso(u0)) ∩
( ⋂

0≤t′≤t

Ker(Im e−2it′F )
)
∩ R2n

and, then, by (9.11),

WF s−µ
iso (e−tOpw(a)u0) ⊆ (e−2itFWF s

iso(u0)) ∩ S. (9.15)

If we now take X ∈ (e−2itFWF s
iso(u0)) ∩ S, we find Y ∈ WF s

iso(u0) ⊆ R2n such
that X = e−2itFY ∈ S ⊆ R2n. Then

Y = e2itFX =
+∞∑
j=0

(2itF )jX

j!
=

+∞∑
j=0

(−2tImF )jX

j!
= e−2tImFX, (9.16)

since, by (9.12), (iF )jX = (−ImF )jX for all j ≥ 0. We deduce that

X = e2tImFY ∈ (e2tImFWF s
iso(u0)) ∩ S.

Conversely, from (9.16), if X ∈ (e2tImFWF s
iso(u0)) ∩ S, then

Y = e−2tImFX = e2itFX ∈ WF s
iso(u0).

On the other hand this implies that

(e−2itFWF s
iso(u0)) ∩ S = (e2tImFWF s

iso(u0)) ∩ S
= e2tImF (WF s

iso(u0) ∩ (e−2tImFS)).
(9.17)

Now, since by (9.12) the singular space S is invariant with respect to ImF , we get

e−2tImFS ⊆ S.

Moreover, as the linear map e−2tImF is invertible, we have that

e−2tImF ∣∣
S

: S → S,

is an injective endomorphism and since S is finite dimensional it is also surjective.
Therefore

e−2tImFS = S.

Hence, putting together (9.15) and (9.17) we obtain that

WF s−µ
iso (e−tOpw(a)u0) ⊆ (e2tImF (WF s

iso(u) ∩ S)) ∩ S,

and hence, by (7.5)

WF s−µ
iso (e−tOpw(a)u0) ⊆ (etHaI (WF s

iso(u) ∩ S)) ∩ S.

This concludes the proof of the theorem.
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Remark 9.2.7. Let us stress that, in the inclusion (1.8), we have a maximum
derivative loss of 4n + ε, with ε > 0 arbitrarily small, since by Proposition 9.2.5
the kernel of the propagator has (at least) Shubin-Sobolev regularity −(n+ ε).

Let us now consider the particular case when the operator Opw(a) commutes
with its adjoint Opw(ā), i.e.

Opw(a)Opw(ā)u = Opw(ā)Opw(a)u, u ∈ S (Rn).

This condition is equivalent to the condition on the Poisson bracket

{a, ā} = 〈∇ξa,∇xā〉 − 〈∇xa,∇ξā〉 = −2i{aR, aI} = 0,

and in this case (cf. [40])

S = Ker(ReF ) ∩ R2n = KerR(ReF ) ∩ R2n.

Corollary 9.2.8. Let a be a quadratic form on R2n such that {a, ā} = 0. Then,
under the hypotheses of Theorem 1.2.2, for µ > 2(n+ r) (with r ≤ n+ ε) and for
all s ∈ R

WF s−µ
iso (e−tOpw(a)u0) ⊆ (etHaI (WF s

iso(u0) ∩KerR(ReF )) ∩KerR(ReF ).

This corollary allows us to treat the case in which the quadratic form a = a(X)
is real-valued. In this context we obtain a more precise information about the
propagation of singularities as we see in the following two examples (cf. [40]).
Example 9.2.9. Let u0 ∈ S ′(Rn) and a(X) = |ξ|2. In this case, as we already
pointed out, we have that (9.1) corresponds to the Cauchy problem for the Heat
equation {

∂tu−∆u = 0, in R+ × Rn,

u(0, ·) = u0 ∈ S ′(Rn),
(9.18)

and since in this case S = Ker(ReF ) ∩ R2n, we have

WF s−µ
iso (e−tOpw(a)u0) ⊆ WF s

iso(u0) ∩ (Rn × {0})

and
WFiso(e−tOpw(a)u0) ⊆ WFiso(u0) ∩ (Rn × {0}).

Example 9.2.10. Let u0 ∈ S ′(Rn) and let

a = a(x) = 〈x,Mx〉,

where 0 ≤ M ∈ Mn(R) is symmetric (and where 〈·, ·〉 is the euclidean scalar
product on Rn). Then

WF s−µ
iso (e−tOpw(a)u0) ⊆ WF s

iso(u0) ∩ (Ker(M)× {0})

and
WFiso(e−tOpw(a)u0) ⊆ WFiso(u0) ∩ (Ker(M)× {0}).
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We finally use the results that we proved to refine the inclusion showed in
Theorem 9.2.1 and obtain a more precise information about the propagation of
a quantum Harmonic Oscillator. To do that recall the notation X ′ = (x′, ξ′)
with x′ ∈ Rn1 , ξ′ ∈ Rn1 and X ′′ = (x′′, ξ′′) with x′′ ∈ Rn2 , ξ′′ ∈ Rn2 , where
n1, n2 ∈ N0 are such that n1 + n2 = n.

Example 9.2.11. Let us consider the propagation of{
∂tu+ Opw(a)u = 0, in R+ × Rn,

u(0, ·) = u0 ∈ S ′(Rn),

where
a(X) = |X ′|2 + i|X ′′|2.

Let now 0 < t < π/2 be fixed. In this case, for t′ ∈]0, t] we have (see [24] pp.
425-427)

Ke−2it′F (x, y)

= exp
(
−1

2
((|x′|2 + |y′|2) cosh(2t′)− 2〈x′, y′〉)/ sinh(2t′)

)
/
√

2π sinh(2t′)

× exp
( i

2
((|x′′|2 + |y′′|2) cos(2t′)− 2〈x′′, y′′〉)/ sin(2t′)

)
/
√

2πi sin(2t′),

where here
√

2πi sin(2t′) is a fixed complex root of z = 2πi sin(2t′).
Then, for ε > 0, sinceKe−2it′F is Schwartz in the (x′, y′) variables, by Proposition
B.2.7 and for all t′ ∈]0, t] we have

Ke−2it′F ∈ H−n2−ε,0(R2n) ⊆ B−n2−ε(R2n).

Moreover,

Q =


In1 0n1×n2

0n2×n1 iIn2

0n×n

0n×n
In1 0n1×n2

0n2×n1 iIn2

 ,

and so

F = JQ =

 0n×n
In1 0n1×n2

0n2×n1 iIn2

−In1 0n1×n2

0n2×n1 −iIn2

0n×n

 .

Therefore

ImF =
F − F̄

2i
=

 0n×n
0n1 0n1×n2

0n2×n1 In2

0n1×n1 0n1×n2

0n2×n1 −In2

0n×n


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and

ReF =
F + F̄

2
=

 0n×n
In1 0n1×n2

0n2×n1 0n2

−In1 0n1×n2

0n2×n1 0n2

0n×n

 .

Hence, since (ReF ImF ) = 0, in this case

S = KerR(ReF ) = ({0n1} × Rn2)× ({0n1} × Rn2)

and as

e2tImF =


In1 0n1×n2

0n2×n1 cos(2t)In2

0n1 0n1×n2

0n2×n1 sin(2t)In2

0n1 0n1×n2

0n2×n1 − sin(2t)In2

In1 0n1×n2

0n2×n1 cos(2t)In2


we may conclude that, denoting πn2 : (x, ξ) 7→ (x′′, ξ′′) the projection onto the
n2-group of variables, for 0 < t < π/2, for s ∈ R and for ε > 0,

WF s−2n−2n2−ε
iso (e−tOpw(a)u0)

⊆
(
e2tImF (WF s

iso(u0) ∩ S) ∩ S
)

=
(
{0n1} ×

{
cos(2t)x′′ + sin(2t)ξ′′; (x′′, ξ′′) ∈ πn2WF s

iso(u0)
})

×
(
{0n1} ×

{
− sin(2t)x′′ + cos(2t)ξ′′; (x′′, ξ′′) ∈ πn2WF s

iso(u0)
})
.

(9.19)

Remark 9.2.12. Note that, in the previous example, when n1 = n we have

a(x, ξ) = |ξ|2 + |x|2

and for all s ∈ R we get

WF s−2n−ε
iso (e−tOpw(a)u0) = ∅.

When n2 = n we have
a(x, ξ) = i(|ξ|2 + |x|2)

for which

WF s−4n−ε
iso (e−tOpw(a)u0) ⊆

({
cos(2t)x+ sin(2t)ξ; (x, ξ) ∈ WF s

iso(u0)
})

×
({
− sin(2t)x+ cos(2t)ξ; (x, ξ) ∈ WF s

iso(u0)
})
,

for all s ∈ R.
Remark 9.2.13. In the latter example we assumed t < π/2, with the aim of mak-
ing an explicit calculation through Mehler’s formulas. Nevertheless, once more,
using Proposition 9.2.5, we get the inclusion (9.19) for all t > 0, with a maximum
derivative loss of 4n+ ε, for ε > 0 arbitrarily small.
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A. AUXILIARY RESULTS OF SUBELLIPTIC RANDOM
WALKS

A.1 Technical Lemmas

The aim of this section is to provide the technical Lemmas that we use through-
out the work.

First of all we note that there exists an equivalent characterization of subellip-
ticity due to Fefferman and Phong (cf. [12], Theorem 1).

Proposition A.1.1. Let A be a second order differential operator onM (see Def-
inition A.2.7) that satisfies (H1), (H2) and (H3). Then

‖Au‖0 + C‖u‖0 ≥ c‖u‖2ε, ∀u ∈ C∞(M), (A.1)

for some c, C > 0 and some 0 < ε < 1 if and only if

Re(Au, u)0 + C ′‖u‖2
0 ≥ c′‖u‖2

ε, ∀u ∈ C∞(M), (A.2)

for some constants c′, C ′ > 0.

Proof. During the proof, we will use some basic notions of standard pseudodiffer-
ential calculus on Rn (see for instance [26], Chapter 18.1).
Suppose first that A satisfies (A.1). Our goal is to prove that this condition implies

(A+ C ′I)2 > c′
2
Λ4ε, (A.3)

for someC ′, c′ > 0, whereΛs here is an elliptic (in the standard calculus) pseudod-
ifferential operator onM (see Lemma 7.1 in [43] for the existence of such elliptic
operator). Such a property is sufficient for our purpose. Indeed, if (A + C ′I)2 >
c′2Λ4ε, we know from operators theory that this implies A + C ′I > c′Λ2ε and
consequently (A.2).
Note that we may write (A.3) as

(A2u, u)0 + C ′
2
(u, u)0 + 2ReC ′(Au, u)0 > c′

2
(Λ4εu, u)0, ∀u ∈ C∞(M),

(A.4)
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Hence we may reduce matters to proving that (A.1) implies (A.4). By hypothesis√
(Au,Au)0 + C

√
(u, u)0 ≥ c

√
(Λ4εu, u)0.

Thus, since A is self-adjoint, we get

(A2u, u)0 + C2(u, u)0 + 2C‖Au‖0‖u‖0 ≥ c2(Λ4εu, u)0

and so
(A2u, u)0 + C2(u, u)0 ≥

c2

2
(Λ4εu, u)0. (A.5)

Let us now consider a finite cover {Ui}Ni=1 of our compact manifold and fix a
squared partition of unity subordinate to it {φk}Nk=1, (that is for each k, φk ∈
C∞(M; [0, 1]), suppφk ⊆ Uk, and

∑
k φ

2
k ≡ 1). Write

(Au, u)0 =
N∑
k=1

(Aφ2
ku, u)0 =

N∑
k=1

([A, φk]φku, u)0 +
N∑
k=1

(Aφku, φku)0.

Next, note that the principal symbol of the first term on the RHS is imaginary and
φku is supported on a local chart. Therefore, by applying the Fefferman-Phong
inequality (see [11]) for each term of the sum of the second term of the RHS (recall
that the principal symbol a(x, ξ) is non-negative) we obtain

Re(Au, u)0 ≥ −CFP‖u‖2
0

for some CFP > 0 and then

(A2u, u)0 + C ′
2
(u, u)0 + 2C ′Re(Au, u)0

≥ (A2u, u)0 + C ′
2
(u, u)0 − 2C ′CFP (u, u)0

≥ (A2u, u)0 + C ′(u, u)0,

where the last inequality follows by choosing C ′ > −2CFP . Therefore, by (A.5),
choosing C ′ > C and c′ := c/

√
2 > 0 we get

(A2u, u)0 + C ′
2
(u, u)0 + 2C ′Re(Au, u)0 ≥ c′

2
(Λ4εu, u)0,

which proves (A.4) and consequently (A.2).
Conversely, suppose that A satisfies (A.2), i.e.

Re(Au, u)0 + C ′‖u‖2
0 ≥ c′‖u‖2

ε, ∀u ∈ C∞(M),

for some c′, C ′ > 0.
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Write
Re(Au,Λ2εu)0 = Re(AΛεu,Λεu)0 + Re(Λε[Λε, A]u, u)0,

and from the rules of standard pseudodifferential calculus we have

Λε[Λε, A] = Op(−i 〈ξ〉ε {〈ξ〉ε , a2}) + T2,

where T2 is an operator of order 2ε. Therefore,

|Re(Λε[Λε, A]u, u)0| = |Re(T2u, u)0| ≤ c1‖u‖2
2ε + 10c−1

1 ‖u‖
2
0,

for a small c1 > 0, to be picked later. Moreover, our assumption (A.2) implies

Re(AΛεu,Λεu)0 ≥ c′‖u‖2
2ε − C

′‖u‖2
ε ≥

c′

2
‖u‖2

2ε − C
′′‖u‖2

0,

for some C ′′ > 0 constants. Putting these estimates together we obtain

c′

2
‖u‖2

2ε − C
′′‖u‖2

0 − c1‖u‖2
2ε − 10c−1

1 ‖u‖
2
0

≤ Re(Λε[Λε, A]u, u)0 + Re(AΛεu,Λεu)0

≤ |Re(Au,Λ2εu)0|
≤ c1‖u‖2

2ε + 10c−1
1 ‖Au‖

2
0,

Hence, if we choose c1 <
c′

10
, we get (A.1).

The next result that applies to the local expression of our operator is very useful.

Proposition A.1.2. Let A2(x) = (aij(x))i,j ≥ 0, for all x ∈ Rn. Then, for all
1 ≤ j ≤ n, one has∣∣∣∣∣

n∑
i=1

aij(x)ξi

∣∣∣∣∣
2

≤ 2ajj(x)
n∑

i,j=1

aij(x)ξiξj, ∀(x, ξ) ∈ Rn
x × Rn

ξ .

Proof. To prove the proposition we need the following Lemma.

Lemma A.1.3. Let f ∈ C2(R) be such that f ≥ 0. Then

f ′
2 ≤ 2 sup|f ′′|f.

Proof. Suppose by contradiction there exists x0 ∈ R such that

f ′(x0)2 > 2 sup|f ′′|f(x0) (A.6)
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(and note that in particular this implies f ′(x0) 6= 0). If we put x̃0 := x0 − 2 f(x0)
f ′(x0)

,
by Taylor’s formula

f(x̃0) = f(x0)− 2
f(x0)

f ′(x0)
f ′(x0) + 2

f(x0)2

f ′(x0)2
f ′′(x̄), x̄ ∈ [x̃0, x0]

and so
f(x̃0) = −f(x0)

(
1− 2

f(x0)

f ′(x0)2
f ′′(x̄)

)
. (A.7)

Now, by (A.6),

1− 2
f(x0)

f ′(x0)2
f ′′(x̄) > 0,

and therefore, since f(x̃0) ≥ 0, from (A.7) we must have f(x0) < 0. This is a
contradiction, since by hypothesis f is nonnegative.

We now prove the Proposition. Fix j ∈ {1, ..., n} and fix x and ξk, with k 6= j.
We consider the function fj ∈ C2(R) defined by

fj : ξj 7→
n∑

i,k=1

aik(x)ξiξk = ajj(x)ξ2
j + 2

∑
k 6=j

akj(x)ξkξj +
∑
i,k 6=j

aik(x)ξiξk.

We have that fj ≥ 0 (since by hypothesis (aij(x))i,j ≥ 0). Therefore, by Lemma
A.1.3 ∣∣∣∣∣

n∑
i=1

aij(x)ξi

∣∣∣∣∣
2

≤ 2ajj(x)
n∑

i,k=1

aik(x)ξiξk.

By using this argument for all x, ξ1, . . . , ξ̂j, . . . ξn and for all j = 1, . . . , n (by
writing ξ̂j we mean that the variable ξj does not appear) we get that, for all j =
1, . . . , n, one has∣∣∣∣∣

n∑
i=1

aij(x)ξi

∣∣∣∣∣
2

≤ 2ajj(x)
n∑

i,k=1

aik(x)ξiξk, ∀(x, ξ) ∈ Rn
x × Rn

ξ .

We conclude this section with the next lemma.

Lemma A.1.4. Let ϕ ∈ S (Rn) such that
∫
Rn ϕ(x)dx = 0. Then there exist

ϕ1, ..., ϕn ∈ S (Rn) such that

ϕ =
n∑
j=1

∂

∂xj
ϕj.
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Proof. Wefirst note that, by applying the Fourier transform, since
∫
Rn ϕ(x)dx = 0,

we may reduce to finding φ1, ..., φn ∈ S (Rn) such that
n∑
j=1

ξjφj = ϕ̂,

with ϕ̂(0) = 0.
Since

ϕ̂(ξ) =
n∑
j=1

ξj

∫ 1

0

∂ϕ̂

∂ξj
(tξ)dt,

for j = 1, . . . n, defining

φ̃j(ξ) :=

∫ 1

0

∂ϕ̂

∂ξj
(tξ)dt

and
φj(ξ) := χ(|ξ|2)φ̃j(ξ) + (1− χ(|ξ|2))ϕ̂(ξ)

ξj

|ξ|2
,

where χ ∈ C∞c (R), 0 ≤ χ ≤ 1, χ(t) ≡ 1 if |t| ≤ 1 and χ(t) ≡ 0 if |t| ≥ 2.
In this way φj ∈ S (Rn) for all j = 1, ..., n and

n∑
j=1

ξjφj(ξ) = χ(|ξ|2)
n∑
j=1

ξjφ̃j(ξ) + (1− χ(|ξ|2))
n∑
j=1

ϕ̂(ξ)
ξ2
j

|ξ|2

= χ(|ξ|2)ϕ̂(ξ) + (1− χ(|ξ|2))ϕ̂(ξ) = ϕ̂(ξ).

(A.8)

The result follows by setting ϕj := F−1
ξ→x(φj), for j = 1, ..., n.

A.2 Operators on Manifolds

We recall in this section the basics of (pseudo)differential analysis on a smooth
manifoldM . LetM be a smooth manifold with U = {(Uα, ϕα); α ∈ A } max-
imal atlas (or differentiable structure) onM , and ϕα : Uα → Ũα local maps. We
denote by Γ(M,E) the set of sections of the fiber bundle E overM .

LetX be a vector field onM smooth manifold and let dν be a non-degenerate
volume form on M . Since the Lie derivative LXdν (see Lee [30] p.321) of this
volume form is still a smooth n-form, there exists a unique smooth function f ∈
C∞(M) such that LXdν = fdν.

Definition A.2.1. The divergence of a vector fieldX ∈ Γ(M,TM) with respect a
volume form dν (or with respect to the measure µ associated with it) is defined as
the unique function f ∈ C∞(M) that satisfies LXdν = fdν and we denote it by
divνX := f .
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Definition A.2.2. Let dν be a volume form on a manifoldM and letX be a vector
field onM . We say that X is divergence-free with respect to ν if divνX = 0.

Remark A.2.3. An easy computation shows that, if locally dν(x) = γ(x)dx1 ∧
· · · ∧ dxn, with γ 6= 0, and X(x) =

∑n
i=1 ai(x) ∂/∂xi,

divνX =
n∑
i=1

1

γ

∂

∂xi
(γai).

Then, locally

divνX = 0 ⇐⇒
n∑
i=1

∂

∂xi
(γai) = 0. (A.9)

Now, to introduce what we mean by a differential operator onM , we recall the
notion of differential operator on Rn.

Definition A.2.4. A differential operator (with smooth coefficients) of orderm ∈
R on an open set Ω ⊆ Rn, is

A =
∑
|α|≤m

aα(x)Dα

where aα ∈ C∞(Ω;C), for all multi-index α.

Definition A.2.5. Let A be a differential operator on Ω as before. We define the
principal symbol of A as

am(x, ξ) =
∑
|α|=m

aα(x)ξα, (x, ξ) ∈ Ω× Rn.

In case of differential operators we have the following coordinates invariance
Lemma (see for instance [19], Theorem 8.1).

Lemma A.2.6. Let U, V ⊆ Rn be two open sets and let Φ : V → U be a diffeo-
morphism. Let also A : C∞c (U) → C∞(U) be a differential operator of order m
and AΦ : C∞c (V )→ C∞(V ) the pullback of A through Φ defined by

AΦu := A(u ◦ Φ−1) ◦ Φ, u ∈ C∞c (V ).

Then
aΦ
m(x, ξ) = am(Φ(x),

t
(Φ−1)′(x)ξ), (x, ξ) ∈ V × Rn

We now are ready to give the definition of differential operator on a smooth
manifoldM .
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Definition A.2.7. Let A : C∞(M) → C∞(M) be a linear operator. We say that
A is a differential operator on M of order m with smooth coefficients on M , if,
for each chart (Uα, ϕα), with Ũα = ϕα(Uα) ⊆ Rn, the operator

Aα : C∞(Ũα)→ C∞(Ũα)

defined by
Aαf = A(f ◦ ϕα) ◦ ϕ−1

α , f ∈ C∞(Ũα),

is a differential operator of orderm on Ũα ⊆ Rn. The operatorAα is called a local
expression of A on Ũα.

Remark A.2.8. Now, the cotangent bundle T ∗M can be described by saying that
it has an atlas consisting of open sets π−1(Uα) (with π : T ∗M → M being the
projection) and local trivializations Θα : π−1(Uα)→ Ũα ×Rn such that the asso-
ciated space mapping ϕα : Uα → Ũα are connected with the transition functions
in the following way:
If x ∈ Uα∩Uβ the linear map Θβ ◦Θ−1

α : {ϕα(x)}×Rn → {ϕβ(x)}×Rn equals
the inverse transpose of the Jacobian of ϕβ ◦ ϕ−1

α .
Therefore, by Remark A.2.6, we have that we may define the principal symbol of
a differential operator A : C∞(M)→ C∞(M) of orderm onM as a well-defined
function a(x, ξ) ∈ C∞(T ∗M \ 0) (where T ∗M \ 0 is the cotangent space with the
zero section removed, i.e. T ∗M \ (M × {0})) that corresponds to the principal
symbol of its local expression in coordinates (cf. [25], p. 151 or [19], p. 205)

ã(x̃, ξ̃) =
∑
|γ|=m

aγ(x̃)ξ̃γ ∈ C∞(Ũα × Rn).

Remark A.2.9. In a similar fashion, ifX ∈ Γ(M,TM) andX =
∑n

j=1 Xj∂/∂xj
in coordinates on Uα ⊆ M , then the principal symbol of X can be defined as the
function X(x, ξ) ∈ C∞(T ∗M \ 0) that corresponds locally to the function

X̃(x̃, ξ̃) =
n∑
j=1

Xj(x̃)ξj ∈ C∞(Ũα × Rn)

(to be consistent with the previous notation this actually should be the symbol of
iX).

A.3 α-Density on Smooth Manifolds

The aim in this section is to introduce the notion of α-density (see for instance
Duistermaat [9] or Zworski [50]) on a compact manifold and to do that we start
with the case of an α-density on a finite dimensional vector space.
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Definition A.3.1. Let V be an n-dimensional vector space over R and α ∈ R. An
α-density on V is a map ω : ΛnV \ {0} → C such that

ω(λv) = |λ|αω(v), ∀v ∈ ΛnV \ {0}, λ ∈ R \ {0}.

We denote by Ωα(V ) the space of all α-density on V .

Remark A.3.2. If ω ∈ Λn(V ∗) and α ∈ R, then

|ω|α(v) := |ω(v)|α, v ∈ ΛnV \ {0}

is an α-density on V .

Remark A.3.3. Since dim(ΛnV ) = 1, the space of all density of order α is one-
dimensional over R. In particular

Ωα(Rn) = {a |dx1 ∧ · · · ∧ dxn|α ; a ∈ R}.

We now want to define the α-density bundle over M . In the same way, it is
possible to give the structure of complex line bundle but for our purposes we focus
on the real case.

Definition A.3.4. Let M be an n-dimensional smooth manifold. We define the
α-density bundle overM , denoted by Ωα(M) as the line bundle

Ωα(M) :=
⊔
x∈M

Ωα(TxM)

with trivialization

Θi : π−1(Ui)→ Ui × R,
ω 7→ (x, a),

where x = π(ω) and a = θ(ω), with θ given by Ωα(TxM)
θ∼= R.

Definition A.3.5. A section of the α-density bundle, s ∈ Γ(M,Ωα(M)), is called
an α-density.

Definition A.3.6. Let F : M → N smooth map between M,N , n-dimensional
manifolds and let ω an α-density on N . We define the pull-back through F of ω
as the α-density onM defined by

(F ∗ω)x(v) = ωF (x)(dFxv), x ∈M, v ∈ TxM.

Thanks to this notion we examine the behavior of the change-coordinate maps.
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Remark A.3.7. Let us consider the charts (U1, ϕ1), (U2, ϕ2) and let Ũ1 = ϕ1(U1),
Ũ2 = ϕ2(U2) be the corresponding open sets on Rn, with coordinate, respectively,
y = (y1, . . . , yn) and y′ = (y′1, . . . , y

′
n). If we take ω1 = f |dy|α ∈ Γ(Ũ1,Ωα(Ũ1)),

with f ∈ C∞(Ũ1), we have

(ϕ1 ◦ ϕ−1
2 )∗

(
f |dy|α

)
= f ◦ (ϕ1 ◦ ϕ−1

2 )
∣∣det J(ϕ1 ◦ ϕ−1

2 )
∣∣α|dy′|α.

Moreover, one can show that the α-density bundle can be equivalently defined by
giving the transition functions ϕij ∈ C∞(Ui ∩ Uj; GL(n,R)) defined as

ϕij(x) =
∣∣det J(ϕj ◦ ϕ−1

i )
∣∣α ◦ ϕi (x), x ∈ Ui ∩ Uj.

From now on, to define the integral of an α-density, we consider the case ofM
closed manifold with fixed finite atlas U = {(Ui, ϕi); i = 1, ..., N}. It is possible
to give the same notion in the case of general smooth manifold with locally finite
cover and a locally finite partition of unity subordinate to it.

In the first place, if ω = f |dx| ∈ Γ(U,Ω1(U)), with U ⊆ Rn open, the integral
of ω on U is defined as ∫

U

ω :=

∫
U

fdx

and if ω ∈ Γ(M,Ω1(M)) satisfies suppω ⊆ U for some chart (U,ϕ)∫
M

ω :=

∫
ϕ(U)

(ϕ−1)∗ω.

Thus, using a partition of unity {φi}Ni=1 subordinate to {Ui}Ni=1, it is possible to
define the integral of ω ∈ Γ(M,Ω1(M)) as∫

M

ω :=
N∑
i=1

∫
M

φiω =
N∑
i=1

∫
ϕi(Ui)

(ϕ−1
i )∗(φiω)

and as usual one can prove that this definition does not depend on the choice of the
partition of unity.

More generally, if ω ∈ Γ(M,Ωα(M)) and η ∈ Γ(M,Ωβ(M)), with α+β = 1,
using the pointwise product ω · η ∈ Γ(M,Ωα+β(M)), the map

(ω, η) 7→
∫
M

ω · η,

defines a continuous bilinear form on Γ(M,Ωα(M))× Γ(M,Ωβ(M)). This pair-
ing allows us to give the definition of a distribution on a smooth manifold (not
necessarily closed).
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Definition A.3.8. The space of distributions D ′(M) on a smooth manifoldM , is
defined as

D ′(M) = {u : C∞c (M,Ω1(M))→ C; u linear and continuous}.

Remark A.3.9. Note that

C∞(M) ↪→ D ′(M),

u 7→ 〈u|·〉,

where
〈u|ϕ〉 :=

∫
M

uϕ, ϕ ∈ C∞c (M,Ω1(M)).

Remark A.3.10. If we fix a 1-density dµ ∈ Γ(M,Ω1(M)), we have an isomor-
phism

C∞(M)→ Γ(M,Ω1(M))

g 7→ g dµ

Then, if we fix a 1-density we can think of the space of distributions as the dual of
C∞c (M), as in the case of Rn.

Definition A.3.11. Let M be a smooth manifold and dµ ∈ Γ(M,Ω1(M)) be a
fixed 1-density on M . For 1 ≤ p < +∞ we define the Lp space on M with
respect to the measure µ as

Lp(M,dµ) =
{
u : M → C measurable ;

∫
M

|u|pdµ < +∞
}
/ ∼ ,

where u ∼ v iff u = v almost everywhere, with respect to the measure induced by
dµ. It is possible to endow the Lp(M,dµ) space with the norm

‖f‖Lp :=
(∫

M

|f |pdµ
)1/p

.

Definition A.3.12. We define the L∞ space onM with respect to dµ as

L∞(M,dµ) =
{
f : M → C measurable;

∃C > 0 s.t |f(x)| ≤ C for µ− a.e. x ∈M
}
,

with the norm

‖f‖L∞ := inf{C > 0; |f(x)| ≤ C for µ− a.e. x ∈M
}
.
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Remark A.3.13. The L2-space and the space of distributions on a manifold can
be defined in a more natural way using the 1/2-densities. In fact, one can define
L2(M,Ω1/2(M)) as the closure of Γ(M,Ω1/2(M)) with respect to the norm

‖u‖L2,Ω1/2
:=
(∫

M

|u|2
)1/2

,

where |u|2 ∈ Γ(M,Ω1(M)) can be integrated, while the spaces of distributions on
M can be defined as the dual of the space of Γ(M,Ω1/2(M)). However, since we
work with a fixed 1-density dµ, we prefer to use the previous definition.

We conclude this section by giving the notion of Sobolev space on a smooth
manifoldM . To do that we refer to Shubin [43].

Definition A.3.14. LetM be an n-smooth manifold and s ∈ R. Then we say that
u ∈ Hs

loc(M), the local Sobolev space of order s onM , if for all coordinate chart
(ϕ,U) of M and all φ ∈ C∞c (M) with suppφ ⊆ U , one has that (ϕ−1)∗(φu) ∈
Hs(Rn).

We denote also by

Hs
c (M) = {u ∈ Hs

loc(M); suppu ⊆M is compact}.

If M is a smooth manifold with countable cover U = {(Ui, ϕi)}i∈I and {φ}i∈I
partition of unity subordinate to {Ui}i∈I we can equipHs

loc(M) with the structure
of a Fréchet space by using the seminorms

∥∥(ϕ−1
i )∗φiu

∥∥
Hs(Rn)

. It is possible to
show that the resulting topology is independent of the choice of the cover and the
partition of unity.

We now focus on the case of compact manifold. In this case, for s ∈ R we
denote by

Hs(M) := Hs
loc(M) = Hs

c (M)

and it is possible to give a Hilbert structure.

Proposition A.3.15. LetM be compact, let s ∈ R and fix a positive 1-density on
M . Then, there exists Λ ∈ Ψs(M) elliptic such that

(u, v)s := (Λu,Λv)0, ‖u‖2
s = (u, u)s,

gives the structure of a Hilbert space. Moreover, the topology onHs(M) induced
by the norm is the same of the topology on Hs(M) induced by the family of semi-
norms introduced above.

Remark A.3.16. There exists a third way to give the topology on Hs(M), that is
equivalent to the previous ones, via the seminorms

‖u‖s,A = ‖Au‖0, A ∈ Ψs(M).



152 A. Auxiliary Results of Subelliptic RandomWalks

A.4 Basic Notions of Spectral Theory

The purpose of this section is to provide the basic notions of spectral theory
on a separable Hilbert space that we use in the work. To do that we refer to [21]
and [41]. In what follows (H, 〈·, ·〉H) is a Hilbert space with norm ‖·‖H induced
by the scalar product.

Definition A.4.1. An unbounded operator (or simply an operator) on H is a pair
(T,D(T )) where D(T ) is a subspace of H and T : D(T ) ⊆ H → H is a linear
map. If T is a continuous map from D(T ) (with respect to the induced topology)
to H then T is said to be a bounded operator.

In what follows for a general unbounded operator (T,D(T )) we will write T :
D(T ) ⊆ H → H and we always suppose that D(T ) ⊆ H is a dense subspace.
It is important to emphasize the case for which D(T ) = H . In this case the set
of bounded operators from H to itself is denoted by L (H) and it is possible to
endow such a space with the structure of Banach space. More generally, given
(B1, ‖ · ‖B1) and (B2, ‖ · ‖B2) Banach spaces, we denote by L (B1, B2) the set of
continuous operator from B1 to B2 and for T : B1 → B2 we define the norm

‖T‖B1→B2
:= sup

u6=0

‖Tu‖B2

‖u‖B1

.

that in what follows we simply denote by ‖T‖ := ‖T‖H→H .
We next give the notion of a graph that is very useful to study unbounded

operators, and consequently the notion of closed and closable operator.

Definition A.4.2. Let T : D(T ) ⊆ H → H be an unbounded operator. The graph
of T is the set

G(T ) := {(x, y) ∈ H ×H; x ∈ D(T ), y = Tx}

Definition A.4.3. An unbounded operator T : D(T ) ⊆ H → H is said to be
closed if its graph is a closed set in H ×H , with respect to the product topology.

Definition A.4.4. An unbounded operator T : D(T ) ⊆ H → H is said to be
closable if its closure in H ×H is a graph.

Equivalently an unbounded operator (T,D(T )) is closable if there exists a
closed extension, i.e. if there exists T1 : D(T1) ⊆ H → H such that T1 is closed,
D(T ) ⊆ D(T1) and T1u = Tu for all u ∈ D(T ).

Note that bounded operators in general are not excluded from the class of un-
bounded operators. However, it is a common use to study first the properties of
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bounded operators fromH toH and then the properties for general unbounded op-
erators. Let us investigate now the notion of the adjoint that will be fundamental
to study the spectrum of an operator.

If T ∈ L (H), the Hilbertian adjoint T ∗ is defined by the relation

〈Tu, v〉H = 〈u, T ∗v〉H (A.10)

More precisely, for v ∈ H , the map H 3 u 7→ 〈Tu, v〉H defines a continuous
linear map inH , thus, by Riesz theorem (see [21] Theorem 3.1), there exists w =:
T ∗v ∈ H such that (A.10) is satisfied. In general we have the following definition
(that includes the case of unbounded operators).

Definition A.4.5. Let T : D(T ) ⊆ H → H be an unbounded operator. We define
the domain of the adjoint as

D(T ∗) := {v ∈ H; |〈Tu, v〉H | ≤ C‖u‖H , for some C > 0}

and the adjoint T ∗ : D(T ∗) ⊆ H → H , defined through the Riesz Theorem, by
settingw =: T ∗v, for v ∈ D(T ∗), wherew ∈ H is the unique element that satisfies

〈Tu, v〉H = 〈u,w〉H , ∀u ∈ D(T ).

From this definition immediately follows that ifD(T ) = H and T is bounded,
its adjoint satisfies (A.10).

Definition A.4.6. Let T : D(T ) ⊆ H → H . The operator T is said to be symmet-
ric if

〈Tu, v〉H = 〈u, Tv〉H , ∀u, v ∈ D(T ).

Definition A.4.7. An operator T : D(T ) ⊆ H → H is said to be self-adjoint if
D(T ) = D(T ∗) and Tu = T ∗u, for all u ∈ D(T ), i.e. if it is symmetric and its
domain coincide with the domain of the adjoint.

Finally, in the case ofH = L2(M,dµ) it is useful to recall the notion of formal-
adjoint.

Definition A.4.8. Let A : C∞(M) ⊆ L2(M,dµ) → L2(M,dµ) be a linear op-
erator. The formal adjoint of A is the operator A× defined (again by the Riesz
Theorem) by the relation

(Au, v)0 = (u,A×v)0, u, v ∈ C∞(M).

In this context we thus say that A is formally self-adjoint if A = A×.

We now go back to our abstract framework and continue to state the following
properties for an operator T : D(T ) ⊆ H → H .
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Definition A.4.9. Let T : D(T ) ⊆ H → H be a symmetric operator. We say that
T is positive, and write T ≥ 0, if

〈Tu, u〉H ≥ 0, ∀u ∈ D(T ).

In particular, if T and S are symmetric, we write T ≥ S, if T − S ≥ 0.

Definition A.4.10. Let T : D(T ) ⊆ H → H be a symmetric operator. We say
that T is semibounded if there exists a constant C > 0 such that

〈Tu, u〉H ≥ −C‖u‖2
H , ∀u ∈ D(T ).

We are now in a position to deal with the spectrum and its characterizations
first in the case of a bounded operator defined on H and then for an unbounded
closed operator.

Definition A.4.11. Let T ∈ L (H) be a bounded operator. The resolvent set of T
is defined as

%(T ) = {λ ∈ C; (T − λI) is bijective from H to H}.

The spectrum of T is defined as

Spec(T ) = C \ %(T ).

It is easy to verify that the resolvent set is an open set and then the spectrum
is a closed set of C. Moreover, it is useful to clarify now what we mean to be an
eigenvalue.

Definition A.4.12. Let λ ∈ C. If the nullspace N(T − λ · I) 6= {0}, then λ is
said to be an eigenvalue of T . The set of all eigenvalues of T is called the point
spectrum of T and it is denoted by Specp(T ) ⊆ Spec(T ).

The spectrum of a bounded operator satisfies the following properties (see [21],
Proposition 6.15).

Proposition A.4.13. Let T ∈ L (H). Then Spec(T ) is a compact set and

Spec(T ) ⊆ B(0, ‖T‖).

In the case of a self-adjoint operator we have a more precise characterization
(see [21] p. 59).

Proposition A.4.14. Let T ∈ L (H) be a self-adjoint operator. Then the spectrum
of T is real and it is contained in [r, R], where r := inf0 6=u∈H〈Tu, u〉H/‖u‖2

H and
R := sup06=u∈H〈Tu, u〉H/‖u‖

2
H . Moreover, r and R belong to the spectrum of T .

Finally, if T is also positive then R = ‖T‖.
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We may read these properties also in terms of the spectral radius (see [41] p.
192).

Definition A.4.15. The spectral radius of T ∈ L (H) is defined as

rspec(T ) := sup
λ∈Spec(T )

|λ|.

Theorem A.4.16. Let T ∈ L (H). Then limn→+∞‖T n‖1/n exists and is equal to
rspec(T ). Moreover, if T is self-adjoint, then rspec(T ) = ‖T‖.

We now define the spectrum for a general closed operator (not necessarily
bounded), We will characterize it in terms of discrete spectrum and essential spec-
trum and recall the main properties of the spectrum of unbounded self-adjoint op-
erators. To do that we follow Helffer [21].

Definition A.4.17. Let T : D(T ) ⊆ H → H be a closed operator. The resolvent
set ofT , denoted again by %(T ) is the set of allλ ∈ C such that the range of (T−λI)
is equal toH and such that (T−λI) admits a continuous inverse, denoted byR(λ),
whose range is therefore included in D(T ), such that R(λ)(T − λI) = ID(T ) and
(T−λI)R(λ) = IH . The spectrum ofT , denoted by Spec(T ), is then again defined
by Spec(T ) = C \ %(T ). Also in this case if the nullspace N(T − λ · I) 6= {0},
with λ ∈ C, then λ is said to be an eigenvalue of T . The space N(T − λ · I) is
called the eigenspace of T corresponding to the eigenvalue λ. The dimension of
the space N(T − λ · I) is called the multiplicity of λ.

We have the following property (see [21], Proposition 11.2).

Proposition A.4.18. Let T : D(T ) : H → H be an unbounded self-adjoint
operator. Then T ≥ 0 if and only if Spec(T ) ⊆ [0,+∞[.

Definition A.4.19. Let T : D(T ) ⊆ H → H be a self-adjoint operator. We call
the discrete spectrum denoted by Specdisc(T ) the set of λ ∈ C such that λ is an
isolated point in Spec(T ) and an eigenvalue of finite multiplicity. The essential
spectrum is the complementary set of the discrete spectrum, i.e.

Specess(T ) = σ(T ) \ Specdisc(T ).

We next recall the following variational description of the spectrum, the so-
called max-min principle (see [21], Theorem 11.7).

Theorem A.4.20. Let T : D(T ) ⊆ H → H be a self-adjoint semibounded oper-
ator. For each n ≥ 1 we set

µn(T ) = sup
ψ1,ψ2,...,ψn−1

inf
φ ∈ [span(ψ1, . . . , ψn−1)]⊥

φ ∈ D(T ) and ‖φ‖H = 1

〈Tφ, φ〉H .
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Then either,
(a) µn(T ) is the n-th eigenvalue when the eigenvalues are ordered in increasing
order (counting the multiplicity) and T has a discrete spectrum in ]−∞, µn(T )[;
or
(b) µn(T ) corresponds to the bottom of the essential spectrum. In this case, we
have µj(T ) = µn(T ) for all j ≥ n.

This theorem leads to the following proposition.

Proposition A.4.21. Let T : D(T ) ⊆ H → H be a semibounded self-adjoint
operator on a Hilbert space H and let a > 0 be a positive constant such that

]{j, µj(T ) ∈ [0, a[} < +∞. (A.11)

Then Spec(T ) ∩ [0, a[ is discrete and all the eigenvalues of T in [0, a[, repeated
according to multiplicity, are all found by the max-min principle.

Finally, the last tool that we need, in order to study the velocity of the conver-
gence to the equilibrium is the notion of spectral gap.

Definition A.4.22. Let T be a bounded operator of norm 1 such that T1 = 0. The
spectral gap g ∈ R associated with some bounded operator T , is the best constant
1/g > 0 that satisfies the inequality

‖u‖2
L2 − (u, 1)2

0 ≤
1

g
(Tu, u)0, ∀u ∈ L2(M,dµ).

Remark A.4.23. The spectral gap g of an operator T acting on L2(M,dµ) as
above, can be interpreted as the minimum eigenvalue. In fact, observe first

‖u‖2
0 − (u, 1)2

0 =

∫
M

|u|2dµ−
(∫

M

udµ
)2

= Varµ(u),

from which it follows

g = inf

{
(Tu, u)0

Varµ(u)
, Varµ(u) 6= 0

}
.

Then

inf

{
(Tu, u)0

Varµ(u)
; Varµ(u) 6= 0

}
= inf

{
(Tu, u)0∫

M
|u|2dµ− (

∫
M
udµ)2

; u 6= cost

}

= inf

{
(Tu, u)0; ‖u‖2

0 = 1,

∫
M

udµ = 0

}
.

(A.12)
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where the last equality follows by writing u = u1 +u2, where u2 is the orthogonal
projection of u on the space of constant functions, and using the fact that Tu2 = 0.
Finally, in view of the min-max characterization (see Theorem A.4.20) we have
that the first eigenvalue λ1 is defined by

λ1 = inf { (Tu, u)0; ‖u‖0 = 1 } ,

so that, since T1 = 0,

λ1 = inf

{
(Tu, u)0; ‖u‖2

0 = 1,

∫
M

udµ = 0

}
= g. (A.13)

A.5 Exponential Map and Some Related Topics

Let (M, g) be a smooth Riemannian manifold with the Levi-Civita connection.
The aim of this section is to construct an atlas through the exponential map. For
such arguments we refer to the book of Lee [30]. In the first place it is useful
to recall that the Riemannian distance dg(x, x′) between two points x, x′ ∈ M is
defined as

dg(x, x
′) := inf

{
Lg(γ); γ : [a, b] ⊆ R→M piecewise regular,

γ(0) = x, γ(1) = x′
}
,

where, if γ : [a, b]→M is a piecewise regular curve (i.e. if there exists a subdivi-
sion a = t0 < t1 < . . . tn = b such that, for each i, the restriction γ∣∣

[ti−1,ti]

is C∞

and γ′∣∣
[ti−1,ti]

never vanish)

Lg(γ) :=

∫ b

a

|γ̇(t)|gγ(t)dt.

It is well known that each initial point x ∈ M and each initial velocity vector
vx ∈ TxM determine a unique maximal geodesic γv, with v = (x, vx). Then we
define the domain of the exponential map as

E = {v ∈ TM ; γv is defined on an interval containing [0, 1]}.

The exponential map is thus defined as the map

exp : E →M,

v 7→ γv(1).
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From it we also define the exponential map at point x as the restriction of the
exponential map to the set Ex := E ∩ TxM , i.e.

expx : Ex ⊆ TxM →M

vx 7→ γv(1).

For every x ∈M , expx is smooth and has the property that

d(expx)0 : T0(TxM) ∼= TxM → TxM

(with 0 the origin in TxM ) is the identity map. Then, by the inverse function
theorem, there exists a neighborhood of the origin U ′0 in TxM and a neighborhood
Ux of x inM such that expx : U ′0 → Ux is a diffeomorphism. Note also that every
choice of basis (bi)i for TxM determines an isomorphism B : Rn → TxM . By
combined these two diffeomorphisms it is possible to get a smooth coordinate map

ϕx : B−1 ◦ exp−1∣∣U ′0 : Ux → Rn. (A.14)

and such Ux ⊆M is called a normal neighborhood of x.
Let us denote now by B(0, a) ⊆ TxM the ball centered at 0 ∈ TxM of radius

a > 0 with respect to the metric gx and

rg(x) := sup{a > 0; expx is a diffeomorphism from B(0, a) ⊆ TxM onto its
image }.

The injective radius ofM is then defined as

rg(M) := inf
x∈M

rg(x). (A.15)

TheoremA.5.1. If (M, g) is a compact Riemannianmanifold then rg(M) is strictly
positive.

Thanks to this result, setting r := rg(M) > 0 we may consider for every
x ∈M the map

expx : B(0, r)→ B(x, r)

where B(x, r) := expx(B(0, r)) is a normal neighborhood of x called geodesic
ball centered at x inM . In this way we have an open cover ofM

U ′ = {(B(x, r), ϕx); x ∈M},

where ϕx := B−1 ◦ exp−1∣∣
B(0,r)

is defined as in (A.14).
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Moreover, if B(x, r) ∩B(x′, r) 6= ∅,

ϕx ◦ ϕ−1
x′ : ϕx′(B(x, r) ∩B(x′, r))→ ϕx(B(x, r) ∩B(x′, r))

is a diffeomorphism by definition. So the open cover U ′ is an atlas for M , con-
tained in the maximal atlas U . Furthermore, we also have that the geodesic balls
we have just defined are equal to the metric balls onM .

Theorem A.5.2. If (M, g) is a Riemannian manifold, x ∈M one has

B(x, a) = Bg(x, a) := {y ∈M ; dg(x, x
′) < a},

for every 0 < a < inj(x).

The last tool we need is the Lebesgue number given as follows.

Lemma A.5.3. Let (X, d) be a compact metric space andU = {Uα}α∈A an open
covering of X . Then there exists δ > 0 such that every set of diameter less than δ
is contained in some Uα ∈ U .

In our context, sinceM is compact and (M, g) with the geodesic distance is a
compact metric space, we have a finite cover

{Bg(x`, r); ` = 1, . . . ,m},

for somem ∈ N, and by Lemma A.5.3 there exists δ > 0, such that for every x ∈
M the geodesic ball Bg(x, δ) is contained in Bg(x`, r), for some ` ∈ {1, ...,m}.

A.6 Markov Processes

The aim of this section is to recall some basic notions of Markov processes
theory and to do that we follow Taira’s book [45]. For the sake of completeness
we first recall the following probabilistic tools. Throughout this section we denote
by B the Borel σ-algebra onM .

Definition A.6.1. Let I ⊆ R be an interval and let (Ω,F , P ) be a probability
space. A filtration F = (Ft)t∈I is an increasing family of sub-σ-algebras of F ,
i.e.

Fs ⊆ Ft ⊆ F , s, t ∈ I, s ≤ t.

Definition A.6.2. (Ω,F , P ) be a probability space, let G be a sub-σ-algebra of
F and let

X : Ω→M
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be a function with values in M . We say that X is measurable with respect to G ,
if, setting

(X ∈ H) := {ω ∈ Ω | X(ω) ∈ H} = X−1(H), H ∈ B,

one has (X ∈ H) ∈ G , for all H ∈ B. In this case we write X ∈ mG .
If G = F and X ∈ mF we say that X is a random variable on the probability
space (Ω,F , P ) with values inM .

Definition A.6.3. A stochastic process X on (Ω,F , P ) with values in M is a
family of random variablesX = {Xt}t∈I such that for each t ∈ I ,Xt is a random
variable on (Ω,F , P ) with values inM .

Definition A.6.4. Let X = (Xt)t∈I be a stochastic process on (Ω,F , P ) with
values on M . We say that X is adapted to the filtration F = (Ft)t∈I if Xt is
measurable with respect to the σ-algebra Ft (i.e. Xt ∈ mFt) for all t ∈ I .
Definition A.6.5. Let (Ω,F , P ) be a probability space and let G be a sub-σ-
algebra of F . A regular version of the conditional probability to G is a family
P (·|G ) = (Pω(·|G ))ω∈Ω of probability measures, such that, for any given A ∈ F ,
one has:
(i) P (A|G ) is a random variable on (Ω,G , P );
(ii) For eachW ∈ mG bounded random variable

E[WP (A|G )] = E[W1A],

(where E[·] denotes the expected value).
Definition A.6.6. A transition law on M is a function p = p(t, x, T,H), t, T ∈
I ⊆ R, t ≤ T, x ∈ M, H ∈ B that satisfies the following conditions for any
t ≤ T, t, T ∈ I .
(i) For all x ∈M, p(t, x ; T, ·) is a probabilitymeasure on (M,B) and p(t, x ; t, ·) =
δx;
ii) For all H ∈ B one has p(t, ·;T,H) ∈ mB.

Definition A.6.7. Let X = (Xt)t∈I be a stochastic process on (Ω,F , P ) with
values onM , we say that X has transition law p if:
(i) p is a transition law;
(ii) one has

p(t,Xt ; T,H) = P (XT ∈ H|σ(Xt)), t ≤ T, t, T ∈ I, H ∈ B.

where σ(Xt) is the σ-algebra generated from Xt (that is from the set (X ∈ H),
with H ∈ B).
If the processX = (Xn)n∈N is discrete and its transition law satisfies p(n, x ; n+
1, dy) = p(m,x ; m + 1, dy) for all x ∈ M and for all n,m ∈ N, we denote the
transition law by p(x, dy).
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Definition A.6.8. LetX = (Xt)t∈I be an adapted stochastic process on the filtered
space (Ω,F , P, (Ft)t∈I). We say that X is a Markov process if its transition law
p satisfies

p(t,Xt ; T,H) = P (XT ∈ H|Ft), t ≤ T, t, T ∈ I, H ∈ B. (A.16)

If the Markov process is discrete, it is called Markov Chain.

The property (A.16) represents the so-called loss of memory, that is, the fact
that the knowledge of all the trajectories ofX until the time t or the knowledge of
Xt, give the same information regarding the distribution at time T associated with
XT .

DefinitionA.6.9. LetX = (Xn)n∈N be aMarkov chainwith transition law p(x, dy).
We say that it is reversible with respect to the probability measure µ if

µ(dx)p(x, dy) = µ(dy)p(y, dx).

Through the reversibility notion it is possible to give the stationarity notion.

Definition A.6.10. Let X = (Xn)n∈N be a Markov Chain with transition law
p(x, dy). A probability measure µ is stationary with respect to (X, p) if∫

x∈M
µ(dx)p(x, dy) = µ(dy).

Remark A.6.11. It is immediate to note that if (X, p) is reversible with respect to
the measure µ, then µ is stationary with respect to (X, p).

Definition A.6.12. Let p = p(t, x ; T, ·) be a transition law. It is possible to asso-
ciated a family of linear operators (Tt,T )0≤t≤T called Markov operators

Tt,T : bB → bB

defined by

Tt,Tf(x) :=

∫
M

f(y)p(t, x ; T, dy), f ∈ bB,

where bB denote the family of bounded and measurable function with respect to
the Borel σ-algebra.

Remark A.6.13. Let us note that Tt,Tf ∈ bB for any f ∈ bB and

‖Tt,Tf‖∞ ≤ ‖f‖∞.
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Remark A.6.14. One might also consider the case T = +∞. In this case a
stochastic process {Xt}t≥0 is said to be a Markov process with respect a filtra-
tion {Ft}t≥0 ifXt is adapted to Ft and P (A|Ft) = P (A|σ(Xt)), for all A ∈ Ft.
In such a case the transition law is a function p = pt(x, dy) that satisfies condition
(i) and (ii) in the definition of transitian law for all t ≥ 0, and it is possible to
associate a family of operators {Tt}t≥0 defined by

Ttf(x) :=

∫
X

f(y)pt(x, dy), f ∈ bB.

Moreover, if the transition law is associated with someMarkov process, it is possi-
ble to show that it satisfies the so-called Chapman-Kolmogorov equation and then
the family of operators {Tt}t≥0 satisfies the semigroup property Tt · Ts = Tt+s for
all t, s ≥ 0.

We now want to obtain the converse of this construction and to do that the key
tool is the Markov-Riesz representation theorem (see for instance [45], Theorem
5.41).

Theorem A.6.15. Let (X, d) be a locally compact metric space and let F be a
non-negative linear functional on the spaceC∞c (X). Then there is a unique Radon
measure µ on X such that

F (f) =

∫
X

f(x)dµ(x), for all f ∈ Cc(X).

Furthermore, the Radon measure µ enjoys the following two properties:
(i) For every U ⊆ X open, one has

µ(U) = sup{F (f); f ∈ Cc(X); 0 ≤ f ≤ 1, supp f ⊆ U}.

(ii) For every K ⊆ X compact, one has

µ(K) = inf{F (f); f ∈ Cc(X), f ≥ 1K}.

Definition A.6.16. Let (X, d) be a locally compact separable metric space and
let {Tt}t≥0 be a family of operators acting on C(X). The family {Tt}t≥0 forms a
nonnegative contraction semigroup on C(X) if
(i) Tt+s = Tt · Ts, for all t, s ≥ 0 (semigroup property) and T0 = I;
(ii) If f ∈ C(X), 0 ≤ f ≤ 1 on X ⇒ 0 ≤ Ttf ≤ 1 on X , for all t ≥ 0.

Definition A.6.17. We say that a transition function pt(x, dy) is a Cc-transition
law if the associated operator Ttf(x) =

∫
X
f(y)pt(x, dy) satisfies

f ∈ Cc(X)⇒ Ttf ∈ Cc(X), for all t ≥ 0.
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Therefore, starting from a non-negative contraction semigroup, using the Riesz-
Markov representation Theorem one can prove the following.

Theorem A.6.18. If {Tt}t≥0 is a non-negative contraction semigroup on the space
Cc(X) then there exists a unique Cc-transition law pt on X such that the formula

Ttf(x) =

∫
X

f(y)pt(x, dy)

holds true for all f ∈ Cc(X).

We conclude this section by giving the notion of total variation distance.

Definition A.6.19. Let (X,F ) be a measurable space, and µ, ν be two measures
on (X,F ). The total variation distance between µ and ν is defined as

‖µ− ν‖TV = sup
A∈F
|µ(A)− ν(A)|.
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B. AUXILIARY RESULTS OF PROPAGATION OF ISOTROPIC
SINGULARITIES

B.1 Some Useful Properties of Isotropic Calculus

In this section we collect some helpful results of isotropic pseudodifferential
calculus. We begin by showing the following useful properties on the isotropic
context, and in order to do so, it is convenient to recall that, form ∈ R, Smiso(Rn) is
a Fréchet space with semi-norms given by (7.2) and, moreover, for s ∈ R, Λs :=
Opw(〈X〉s).

Proposition B.1.1. Let a ∈ S0
iso(Rn) and set aε(X) := a(εX), with ε ∈ [0, 1].

Then (aε)ε is bounded in S0
iso(Rn) and for allm > 0,

aε → a0 in Smiso(Rn) as ε→ 0.

Proof. The proof of this fact is the analogous (in the isotropic framework) of the
proof of Proposition 18.1.2 in [26]. We first note that, since a0 = a(0) is constant,
it is sufficient to prove that for a fixedm ∈ [0, 1], we have that for all α ∈ Nn

0 there
exists a constant Cα > 0 such that

sup
X∈R2n

|(1 + |X|)|α|−m∂αX(aε(X)− a0)| ≤ Cαε
m, ε ∈ (0, 1]. (B.1)

If α = 0 we have that (B.1) follows from the fact that, by Taylor’s formula,

|aε(X)− a0| ≤ C|εX|m,

for some constant C > 0. Indeed, if |εX| ≤ 1, |aε(X) − a0| ≤ C ′|εX|m, while,
if |εX| > 1, |aε(X) − a0| ≤ C ′′ ≤ C ′′|εX|m, for some C ′, C ′′ > 0 (since
a ∈ S0

iso(Rn)).
Finally, if α 6= 0 (recall m ∈ [0, 1] and then |α| − m ≥ 0), we have that (B.1)
follows from the inequality

(1 + |X|)|α|−m(1 + |εX|)−|α|ε|α|−m ≤
(

(1 + |X|)/(1/ε+ |X|)
)|α|−m

≤ 1,

that holds for all X ∈ R2n and ε ∈ (0, 1].
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Proposition B.1.2. Let A = Opw(a) ∈ Ψm
iso(Rn), with m ∈ R. Then, for all

s ∈ R there exist k = ks ∈ N0 and a constant C = Cs > 0 such that

‖Au‖Bs ≤ C|a|(m)
k ‖u‖Bs+m , u ∈ Bs+m(Rn).

Proof. Let us consider first the case u ∈ S (Rn). Let Es+m ∈ Ψ−s−miso (Rn) be a
global parametrix of Λs+m, i.e. I = Es+mΛs+m +R, with R ∈ Ψ−∞iso (Rn).
Define

A0 := ΛsAE ∈ Ψ0
iso(Rn), v := Λs+mu.

In this way (with p ∈ N, p ≥ s)

‖Au‖Bs = ‖ΛsAu‖0 +
∑

|α|+|β|≤p

∥∥xαDβ
xRAu

∥∥
0

= ‖A0v‖0 + ‖ΛsARu‖0 +
∑

|α|+|β|≤p

∥∥xαDβ
xRAu

∥∥
0

and, writing A0 = Opw(a0), by Theorem 7.2.6, we have that the map

Smiso(Rn) 3 a 7→ a0 ∈ S0
iso(Rn),

is continuous. Therefore, by Theorem 18.6.3 in [26] (see also [38], Theorem
3.1.13) we get

‖A0v‖0 ≤ C0|a0|(0)
k0
‖v‖0

and then (since R ∈ Ψ−∞iso (Rn))

‖Au‖Bs ≤ C|a|(m)
k ‖u‖Bs+m , (B.2)

for some k0, k = k(s) ∈ N0 and some constants C0, C = C(s) > 0.
Now, if u ∈ Bs+m(Rn) we have that there exists a sequence (uj)j≥1 ⊆ S (Rn)
such that

uj → u in Bs+m(Rn) as j → +∞.

Thus, by the apriori estimate (B.2) we have that (Auj)j≥1 is a Cauchy sequence in
Bs(Rn) and then there exists w ∈ Bs(Rn) such that

Auj → w in Bs(Rn) as j → +∞.

Hence, since Auj → Au in S ′(Rn) we get w = Au and

‖Au‖Bs = lim
j→+∞

‖Auj‖Bs ≤ lim
j→+∞

C|a|(m)
k ‖uj‖Bs+m = C|a|(m)

k ‖u‖Bs+m .
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B.2 Relationship Between the Isotropic Calculus and Other
Weyl-Hörmander Calculi

In this section we examine the relation between the Isotropic Calculus, the
standard calculus and others Weyl-Hörmander calculus, such as the SG-calculus
and the iso,iso-calculus.

We begin by showing the following relation between the Shubin-Sobolev spaces
and the standard Sobolev spaces.

Proposition B.2.1. If s ≥ 0 then

Bs(Rn) ⊆ Hs(Rn).

Proof. Let u ∈ S (Rn) and write I = EsΛ
s + R, where Es ∈ Ψ−siso(Rn) and

R ∈ Ψ−∞iso (Rn). Denoting 〈D〉s = Opw(〈ξ〉s) and using that Λ−s ∈ Ψ−siso(Rn) ⊆
Ψ−s(Rn) (where the latter denotes the set of pseudodifferential operators in the
Kohn-Nirenberg calculus of order −s) we get

‖u‖Hs = ‖〈D〉su‖0

≤
∥∥(〈D〉sΛ−s)Λsu

∥∥
0

+ ‖〈D〉sRu‖0

≤ C‖Λsu‖0 + ‖〈D〉sRu‖0

≤ C ′‖u‖Bs ,

for some constants C,C ′ > 0.

We now examine the relation between the isotropic metric on Rn+m with re-
spect to the iso,iso metric and then the relation of the isotropic metric on Rn with
respect to the SG-metric. We start with the relation between a symbol on the
isotropic metric R2(n+m)

X,Y given by

g0 = (|dX|2 + |dY |2)/(1 + |X|2 + |Y |2),

and a symbol for the split iso,iso-metric in R2n
X × R2m

Y

g2 = |dX|2/(1 + |X|2) + |dY |2/(1 + |Y |2),

defined as follows.

Definition B.2.2. Let a ∈ C∞(Rn×Rm×Rn×Rm) and (m1,m2) ∈ R2. We say
that a is a iso,iso-symbol of order (m1,m2), denoted a ∈ Sm1,m2

iso,iso (Rn×Rm), if for
all α1, β1, α2, β2 ∈ Nn

0 there exists a constant C = C(α1, β1, α2, β2) > 0 such that∣∣∣∂α1
x ∂

β1

ξ ∂
α2
y ∂

β2
η a(x, y, ξ, η)

∣∣∣ ≤ C 〈X〉m1−|α1|−|β1| 〈Y 〉m2−|α2|−|β2| , (B.3)
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forX = (x, ξ) ∈ Rn×Rn, Y = (y, η) ∈ Rm×Rm. We denote the corresponding
set of iso,iso-pseudodifferential operator of order (m1,m2) as

Ψm1,m2

iso,iso (Rn × Rm) = {A : S ′(Rn × Rm)→ S ′(Rn × Rm);

∃ a ∈ Sm1,m2

iso,iso (Rn × Rm), A = Opw(a)}.

We briefly describe the composition law in Sm1,m2

iso,iso (Rn × Rm). Let σn, resp.
σm, be the standard symplectic form in R2n, resp. R2m. For X,X ′ ∈ R2n and
Y, Y ′ ∈ R2m, and

σ(

[
X
Y

]
,

[
X ′

Y ′

]
) := σn(X,X ′) + σm(Y, Y ′),

given symbols a ∈ Sm1,m2

iso,iso (Rn × Rm) and b ∈ Sm
′
1,m
′
2

iso,iso (Rn × Rm) one has (from
Hörmander’s Weyl-calculus)

a]b(X, Y )

= eiσ(DX,Y ,DX′,Y ′ )/2a(X, Y )b(X ′, Y ′)
∣∣
(X,Y )=(X′,Y ′)

∈ Sm1+m′1,m2+m′2
iso,iso (Rn × Rm).

Proposition B.2.3. Let r ≥ 0. One has that

S−riso (Rn × Rm) ⊆ S0,−r
iso,iso(Rn × Rm).

Proof. Let a = a(x, y, ξ, η) ∈ S−riso (Rn × Rm). For all α = (α1, α2), β =
(β1, β2) ∈ N2n

0 one has∣∣∣∂α1
x ∂

β1

ξ ∂
α2
y ∂

β2
η a(x, y, ξ, η)

∣∣∣ =
∣∣∣∂α(x,y)∂

β
(ξ,η)a(x, y, ξ, η)

∣∣∣ ≤ C 〈(x, y, ξ, η)〉−r−|α|−|β|

= C 〈(x, y, ξ, η)〉−|α1|−|β1| 〈(x, y, ξ, η)〉−r−|α2|−|β2|

≤ C 〈X〉−|α1|−|β1| 〈Y 〉−r−|α2|−|β2| ,

for some C > 0.

Moreover, we recall the notion ofSG-Symbol onRn, i.e. a symbol with respect
to the metric

gSG =
|dx|2

1 + |x|2
+
|dξ|2

1 + |ξ|2
,

and of SG-pseudodifferential operator (see [37] or [4]).

Definition B.2.4. Let a ∈ C∞(R2n) and (m1,m2) ∈ R2. We say that a is a SG-
symbol of order (m1,m2), denoted a ∈ Sm1,m2(Rn), if for all α, β ∈ Nn

0 there
exists a constant C = C(α, β) > 0 such that∣∣∂βx∂αξ a(x, ξ)

∣∣ ≤ C 〈x〉m1−|β| 〈ξ〉m2−|α| . (B.4)
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In addition, we define the set of SG-pseudodifferential operator of order (m1,m2)
as

Ψm1,m2

SG (Rn) = {A : S ′(Rn)→ S ′(Rn); ∃ a ∈ Sm1,m2(Rn), A = Op(a)}.

Proposition B.2.5. If µ, µ1, µ2 ≥ 0 are such that µ = µ1 + µ2 one has

S−µiso (Rn) ⊆ S−µ1,−µ2

SG (Rn).

Proof. The result follows similarly to Proposition B.2.3 noting that, for all α, β ∈
Nn

0 , there exists C > 0 such that∣∣∂βx∂αξ a(x, ξ)
∣∣ ≤ C 〈(x, ξ)〉−µ−|α|−|β|

= C 〈(x, ξ)〉−µ1−|β| 〈(x, ξ)〉−µ2−|α|

≤ C 〈x〉−µ1−|β| 〈ξ〉−µ2−|α| .

Finally, the SG-Sobolev space of order (m1,m2) ∈ R2 is defined as

Hm1,m2(Rn) = {u ∈ S ′(Rn); Op(〈x〉m1〈ξ〉m2)u ∈ L2(Rn)}

and the following boundedness property holds.

Proposition B.2.6. Let A ∈ Ψm1,m2

SG (Rn). Then, for all (s1, s2) ∈ R2,

A : Hs1,s2(Rn)→ Hs1−m1,s2−m2(Rn)

is bounded.

By using these spaces, through the Proposition B.2.5, we reach the following
result.

Proposition B.2.7. If µ1, µ2 ≥ 0 and µ = µ1 + µ2, then

H−µ1,−µ2(Rn) ⊆ B−µ(Rn). (B.5)

In particular, if µ > n/2,
1x ∈ B−µ(Rn). (B.6)

Proof. Let u ∈ H−µ1,−µ2(Rn). By definition of the space B−µ(Rn) we have to
prove that

Λ−µu ∈ L2(Rn),

and since Λ−µ ∈ Ψ−µ1,−µ2

SG (Rn) (see Proposition B.2.5), the result follows by the
boundedness properties on the SG-Sobolev spaces (see Proposition B.2.6). Con-
sequently, to obtain (B.6) it is sufficient to notice that for µ > n/2 one has

1x ∈ H−µ,0(Rn).



170 B. Auxiliary Results of Propagation of Isotropic Singularities

B.3 Characterization of the Dual of Shubin-Sobolev Spaces of
Positive Integer Order

In this section we give the following characterization of the space

B−k(Rn) = (Bk(Rn))∗, for k ∈ N.

Remark B.3.1. If u ∈ S ′(Rn), there exists k ∈ N0, such that u ∈ B−k(Rn) =
Bk(Rn)∗. Let now k1 ∈ N0 be such that k = 2k1, and define (withM := ]{|α|+
|β| ≤ k1})

Φ : Bk(Rn)→ Φ(Bk(Rn)) =: Ek ⊆ (Bk1(Rn))M ,

v 7→ V = (xα∂βxv)|α|+|β|≤k1 .

By definition of the norm inBk1(Rn) we have that Φ is an isometry, and therefore,
by the Hahn-Banach theorem, the functional S := u ◦ Φ−1 : Ek → C can be
extended as a functional

S̃ : (Bk1(Rn))M → C,

such that
S̃∣∣

Ek

= S, ‖S̃‖((Bk1 (Rn))M )′ = ‖S‖(Ek)′ .

Then, by the Riesz theorem ∃U = (ũαβ)|α|+|β|≤k1 ∈ (Bk1(Rn))M , such that

S̃(V ) = (V, U)(Bk1 (Rn))M , V ∈ (Bk1(Rn))M ,

(where (·, ·)(Bk1 (Rn))M is the inner product induced on the product space (Bk1(Rn))M

by the inner product of Bk1(Rn) on each component).
Thus, if ϕ ∈ S (Rn) and φ = (xα∂βxϕ)|α|+|β|≤k1 ∈ (Bk1(Rn))M , we have

u(ϕ) = S̃(φ) =
∑

|α|+|β|≤k1

(xα∂βxϕ, ũαβ)Bk1

=
∑

|α|+|β|≤k1

∑
|γ|+|δ|≤k1

(xδ∂γxx
α∂βxϕ, x

δ∂γx ũαβ)0

=
∑

|α|+|β|≤k1

∑
|γ|+|δ|≤k1

〈(−1)|γ|+|β|∂βxx
α∂γxx

2δ∂γx ũαβ|ϕ〉.

Hence, since B−s1(Rn) ⊆ B−s(Rn), if s > s1, we may write, for some N ∈ N0,

u =
∑

|α|+|β|≤N

Dβ
x(xαuαβ),

where uαβ ∈ Bs(Rn) for s > 0 sufficiently large.
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Remark B.3.2. Note also that by the previous remark, if we have a sequence
(uj)j≥1 ⊆ B−k(Rn), with uj → 0 in S ′(Rn), as j → +∞, we may write

uj =
∑

|α|+|β|≤N

Dβ
x(xαuj,αβ).

Then, by the Banach-Steinhaus theoremwe get that, for allα, β, (uj,αβ)j is bounded
inBs(Rn) for s = s(α, β) > 0. Therefore, by the compact embeddingBs(Rn) ↪→
L2(Rn), for s > 0, we obtain (up to subsequences) that, for all fixed multi-index
α, β,

uj,αβ → 0, in L2(Rn), as j → +∞.
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