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Abstract

In this thesis, we study the diffusion of regularity and the propagation of isotropic
microsingularities induced by quadratic forms, or by the corresponding quadratic
differential operators, from two different perspectives. The first part is devoted to
constructing a subelliptic diffusion on a closed manifold associated with a second
order subelliptic operator and to establish convergence to equilibrium for such a
diffusion. The construction we carry out is based on the notion of subunit curves,
namely curves for which the velocity vector is controlled from above by the princi-
pal symbol of the operator under consideration, which is locally a quadratic form
with respect to the frequency variables. To construct the random walk and prove the
convergence result, we reduce the problem to the study of a constant coefficient op-
erator that is locally equivalent to our second order subelliptic operator, in the sense
that the diffusion generated by it induces a local diffusion for our operator. By us-
ing the compactness property this local diffusion can be lifted to a global diffusion,
and the convergence result is then obtained via the spectral theory of the associated
Markov operator. In the second part, we investigate the propagation of isotropic sin-
gularities for evolution equations whose generator is given by a Weyl-quantization
of a global (that is, on both the position and frequency variables) complex qua-
dratic form. In order to establish the propagation results, we develop the isotropic
microlocal theory and we use it to relate the Shubin-Sobolev microsingularities of
the solution of the evolution equation to those of the initial datum and the singular
space associated with the quadratic form.
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1. INTRODUCTION

The purpose of this thesis is to study the propagation of regularity and singu-
larities induced by quadratic differential operators (or by the associated quadratic
forms) from two different perspectives. Accordingly, the work is divided into two
main parts. In the first part, we focus on the propagation of regularity from a
stochastic viewpoint (see Chapters [3, ] [0 and [6). In this context, we construct a
subelliptic diffusion on a closed manifold based on the notion of subunit curves,
namely curves for which the velocity vector is controlled from above by the princi-
pal symbol of the operator under consideration, which is locally a quadratic form
with respect to the £ variables. For such a diffusion we prove a convergence to
equilibrium formulated in terms of the convergence of the transition law to a fixed
measure (which is stationary for the process) with respect to the so-called total
variation distance (see Definition [A.6.19). In the second part, we examine the
propagation of singularities from an isotropic microlocal point of view (see Chap-
ters [7} [§] and [9). More precisely, we study evolution equations of the form (I.1))
whose generator is given by a Weyl-quantization of a complex quadratic form on
the phase space, i.e. a quadratic form in the (x, ) variables. In order to establish
the propagation results we develop the isotropic microlocal theory and we use it to
relate the Shubin-Sobolev microsingularities of the solution of the evolution equa-
tion to those of the initial data and the singular space associated with the quadratic
form. We now explain briefly these two parts of the thesis.

The aim of the first part is to construct an (h, p)-subelliptic diffusion on a
closed, connected smooth Riemannian manifold ()7, g) and to establish conver-
gence to equilibrium through the spectral theory of the associated Markov operator.
Specifically, starting from a subelliptic operator A on M, we construct a Random
Walk (see Definition {.1.1)) associated with it (cf. [6], [7], [29], [1]), which de-
pends on two small parameters h, p representing, respectively, the step size and
the speed at which the step is performed.

This random walk can be interpreted as a subelliptic version of the Gibbs-
Metropolis algorithm, a Markov chain widely used in statistical mechanics to reach
low-energy configurations of many-body systems.

More precisely, the Gibbs-Metropolis algorithm proposes local moves that are
always accepted if they reduce the system’s energy, and accepted with decreas-
ing probability as the energy increases, according to the Boltzmann distribution.
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Therefore, it is commonly used to study, for instance, liquid-solid phase transitions
in particle systems, as well as magnetic phase transitions in spin models (see for
instance [[16], [33]] and the references therein).

On the other hand, from a mathematical perspective this problem originated
from the aim of generalizing the construction of a hypoelliptic random walk de-
veloped by G. Lebeau and L. Michel in [29]]. They considered the case of differen-
tial operators on M that can be written as A = 22:1 X2, where X1, ... , X, are
divergence-free vector fields (with respect to a fixed measure ;) and satisfy Hor-
mander’s condition (the term hypoelliptic refers to this fact). In this context, the
main novelty of the subelliptic construction we present is that it applies to second-
order differential operator on M, which, in general, cannot be written as sums of
squares of smooth vector fields. Namely, we consider a subelliptic operator A of
order 0 < e < 1 (see Deﬁnition that can be locally written as (with (U, ¢)
local chart and U = ¢(U))

n

Ay = —MZ;% axlaxj Zbk 8_a:k +d(z), zel,
where a;;, by, d € C=(U,; R) for all 4, j, k € {1,....,n} and (a;;);; > 0. There-
fore, with this approach we are able to include any second-order differential opera-
tors (which satisfy the natural hypotheses[(HD)} [[H2), [[H3)) on a closed, connected
Riemannian manifold. This result can be interpreted in terms of propagation of
regularity: indeed, the convergence to equilibrium corresponds to convergence to-
wards a stationary measure with respect to the constructed diffusion. The diffusion
we consider is based on the notion of subunit balls B4(z, p) (see Deﬁnition
associated with our subelliptic operator A. Loosely speaking, one moves from a
point x € M to a point ' € By(x, p), for sufficiently small p, along a (pertur-
bation of) subunit curve for A, that is a curve 4 : [0,1] — M from x to 2’ such
that the velocity vector is controlled from above by the principal symbol as(z, &)
of A, almost everywhere. More precisely, we look for a curve v, : [0,1] — M
that satisfies

v4(0) =z, 7a(1) =2/,
[t &) < ax(y(t),€), forae.t e[0,1], VE € T, M,

where a(z, £) is the principal symbol of A (see Remark[A.2.8) and §4(t, ) is the
principal symbol of the vector fields §4(t) along the curve (see Remark [A.2.9).
The second part of the thesis is motivated by two main goals: a generalization
of Hormander’s microlocal results of [23]] in the isotropic framework, and the con-
sequent study of the propagation of singularities for an evolution equation of the
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form
{atu +OpY(a)u=0 in Rt xR (L1)
u(0,:) = ug € L' (R™),
where «a is a complex quadratic form on the phase space
a: R — C, Xr—a(X)=(X,QX),

defined by the symmetric complex matrix @ € M,(C) with ReQ > 0. The
existence of a solution operators {e~*OP" (@}, for such a problem may be found
in [24] and we discuss this matter in more detail in ChapterE[

The importance of studying such isotropic theory comes from the fact that it
allows us to study a broader class of meaningful problems. Indeed, every evolution
problem in the whole of R™ for which the generator is given by an operator whose
symbol is a quadratic form with positive real part - such as the Heat equation and
the Schrodinger equation - are included in our theory. We also study the particu-
lar case of more general operators tailored to a complex combination of quantum
Harmonic Oscillators, such as

Op“(a) = —Ay + |2'* +i(=Agr + [2"%),

where ' € R™ and 2" € R"2, with n; + ny = n (note that if n, = n we recover
the standard Harmonic Oscillator). This operator has a symbol that falls within
the scope of our study (see Theorem[9.2.T)and Example[0.2.TT)) and, as we expect,
since the Heat equation has a regularizing behavior, we have that the singularities
of the solution of the problem at time ¢ > 0 live in the second group of variables (in
other words, there is a heat diffusion with respect to some variables, and a quantum
diffusion in some others.)

In conclusion, both parts of this thesis are concerned with propagation phenom-
ena induced by quadratic forms, or by the corresponding (pseudo)differential op-
erators. Indeed, once again, in the first part, the diffusion we construct relies on the
notion of subunit curves determined by the principal symbol of a second-order dif-
ferential operator, which is essentially a quadratic form in the frequency variable.
In the second part, the evolution equation is generated by the Weyl-quantization of
a complex quadratic form in the phase space variables. In what follows, we present
separately the key ideas and the main results of these two parts of the thesis.

1.1 Subelliptic Random Walks on Riemannian Manifolds and
Their Convergence to Equilibrium - Key ldeas and Main
Results

This first part of the thesis is essentially divided into two main parts. The first
one is devoted to the construction of a global subelliptic diffusion, while the sec-
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ond focuses on establishing convergence results for this diffusion, obtained via an
analysis of the spectral theory of the associated Markov operator. In what follows,
we provide a brief overview of these two parts.

The first basic construction that we develop is a local construction based on
the Oleinik—Radkevich vector fields. However, as discussed in Remark .31} this
approach is not optimal. This motivates the introduction of a new more refined
construction based on an iterative procedure, which we next explain. The idea is to
reduce locally the operator A to an equivalent (the term equivalent should be more
clear soon) constant coefficients operator fl, which will be our universal model.
Therefore, we reduce matters to constructing a diffusion for such an operator and
then we "pullback" this diffusion to a local diffusion on our manifold M. Finally,
using the compactness of /M we are able to extend this local construction to a global
one.

To employ this procedure we use a technique of Fefferman and Phong based on
the Calderon-Zygmund localization (see [[10], [[L1], [12], [[14]). To briefly explain
this technique, since it is of local nature, we reduce to the case of the standard cube
@ € R" with dilations Q* and Q** (see Section[4.I] for the notation). Essentially,
by choosing the smallest §; = 2~ for which

max max_|ay(z)| > 10R.67,
1<i<n z€Q(0,61)

with R; > 0 a sufficiently large universal constant, it is possible to construct a
diffeomorphism

o1 :] — 11,11 [XQn_1(0,1) = ¢d1(] — r1, m1[xQn_1(0,1)) C Q(0, d)

(wn,2) — x,

for some universal 7y > 0, such that, in these new coordinates, the operator A

looks like
= —62 + Z sz w1, 2

1,j=2
At this point the key tool is that, for p > 0 sufficiently small, one has

{lwi| < p} x B, (0,p) € Ba, (0,Cp), C >0 universal,
where,
_ 1 [P
;bm 8zzzj bij(2) = 2 /_p bij(wy, 2)dw;.
Therefore, by iterating this argument we obtain that locally
n 2
A~ A= —Zc p%]@iﬂ

i=1 J
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where 1 = k1 < kg < --- < Kk, = 1/e (recall that ¢ is the order of subellipticity of
A)and ¢y, ..., c, are universal constants. This equivalence should be understood
in the sense that subunit curves for A induce subunit curves for A and vice versa.
For our purposes, it is important to emphasize the fact that subunit curves for A
induce subunit curves for A. We highlight this in the following theorem, which is
one of the main results of the thesis.

Theorem 1.1.1. Let A be a second-order differential operator of the form

A=-— i () =——=— b — +d(x),
1,j=1 k=1
where a;;, by, d € C®(Q**,R) for every i,j,k = 1,...,n and As(z) = (a;;(2));;
is symmetric and positive semidefinite for any x € QQ**.
Then, if A is subelliptic of order ¢ (0 < & < 1), there exists a universal block

Qp :] —ap, Clp[X] - CQpIQ?CQpFQ[X e X] - Cnpﬁnu Cnpﬁn[u

where p > 0 is sufficiently small, ¢, = 1,... ¢, > 0 are universal constants
and k1 = 1 < Ry < -+ < K, = 1/¢, such that for any xo € Q) there exists a
diffeomorphism,

D Qp — (I)(Qp)v (1)<O) = Ty,

with uniformly bounded derivatives.
In addition, there exists a second-order differential operator with constant coeffi-
cients on this universal block defined as

~ n 82
. 2 2K
A=— E cip R

7j=1 J

with the following property.
If we define v; : [0,1] = R", for1 < j <nas

i_ 0o

Yi(t) = 97 35 (0),

we have that this curve is a subunit curve for A, starting at 0 with speed less than
1 and it determines a curve v : [0,1] — Q, subunit for A, with speed less than
Cp, for some universal constant C > 0, such that

7(0) = o, v(1) =: & € Ba(xg,Cp).

To make this construction global, we use the uniform boundedness of the coeffi-
cients along with some geometric arguments, which lead to the following universal
inclusions.
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Theorem 1.1.2. There exist v, p, C' > 0 universal constants, such that, for every
x e M,

D(Q,) € (Q;) C Ba,(7,Cp) € Q(Z,v), (1.2)

where, T = @y(z) € R™ for some { =1, ..., m, Ay is the operator corresponding
to A on the open set V; C R", ), is the universal block of radius p (see Definition
4.4.2), Qy, is a fixed dilation of Q, (i.e. Q) = Qep, with ¢ > 1) and ® is a
diffeomorphism with uniform bounds.

Therefore, we fix py > 0 sufficiently small and for p €]0, py] we construct
an atlas {(Q;, U;)}¥, of M where the local open sets (; are subunit cubes - i.e.
image (through ¥~ 1y of an universal block Q), of R" - (see Deﬁnition. Hence
for h €]0, hyl, with hy sufficiently small, we define the subunit (h, p)-diffusion as
follows.
e Step 0. Fix x¢ € M.
e Step k. At step k € N we choose at random ¢ € {1,..., N}, j € {1,...,n} and
t €] — h, h[ (with respect to the uniform probability) and set

oV Rignp(tan), if o € Qrand @i, (1 ) € Qs
k+1 = .
* Tk, otherwise,

where ®; ; , ,(t, zy) is the flow of X ;, the divergence-free version of the vector

field 83(;? with respect to the coordinates induced by W,;. In order to obtain the
convergence to equilibrium for this diffusion we study the spectral theory of the
self-adjoint (h, p)-Markov operator S}, , associated with it (see and the dis-
cussion above for the construction).

We express this operator in term of its Markov-Riesz kernel s, ,(z, dy) (see

@) as
Sy (1) = /M FW)snple.dy), | e C(M),

and analogously, for k£ € N, we denote by sfl, p(x, dy) the Markov-Riesz kernel of
the iterated operator S , = S, 0 -+ 0 Sy .

-~

k-times

The key tools to reach the spectral results and the convergence to equilibrium
are Theorem 5.1.1] and Theorem 5.2.11 1In the first we obtain a lower bound for
our (h, p)-Markov kernel, which yields an L> upper bound for the eigenfunctions
of S}, ,, associated with energy levels close to 1. In the second we decompose
the L? functions with bounded Dirichlet energy into low and high frequency parts,
u = ul+ufl, where u! € H'(M) (the Sobolev space on M of L? distribution with
L? derivatives) and u” has small L? norm. This decomposition is the key tool to
obtain a Weyl-type estimate (see Subsection[5.3)) which yields the following results
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for the spectrum of the operators S, , (Theorem . The latter, in turn, leads
to convergence to equilibrium (Theorem i.e. the convergence of the (h, p)-
Markov-Riesz kernel of the iterated (h, p)-Markov operator to a fixed stationary
1-density on M, with respect to the so-called total variation distance, when the
number of the step of the walk goes to infinity. Finally, it is interesting to note
that the rate of convergence is given by the spectral gap g, , of I — S}, ,, which
corresponds distance between the eigenvalue 1 of S}, , and the rest of the spectrum,
and satisfies g5, ~ h®. Recall that here p €]0, po], where py > 0 is chosen
sufficiently small to ensure the validity of the previous construction.

Theorem 1.1.3. Let p €]0, po] be fixed. There exists hy > 0 such that, for any
h €]0, ho| the following facts hold.

(¢) Sh,pl = 1 and 1 is a simple eigenvalue of the operator Sy, ,;

(1) There exists a fixed constant §, > 0 such that Spec(Sy, ,) € [—1 + 01, 1];
(¢19) There exists a fixed constant 65 > 0 such that Spec(Sy,,) N [1 — d2,1] is
discrete. Moreover, for any 0 < ( < d,h72,

ﬂ(SpeC(Shm) N[ — %, 1]) < Cy(1 4 0™,

for some fixed constants Cy, m > 0;
(iv) There exist two universal constants Cy, Cs > 0 such that the spectral gap gy, ,

of the operator I — S}, , (see Definition satisfies
Cyh? < Jhp < C3h?.

Theorem 1.1.4. Ler p €]0, po| be fixed. There exists hg > 0 such that for any
h €]0, ho| one has

supl[si. o (,dy) = il < Cetme, (1.3)

forany k € N, where C' > 0 is a universal constant.

The plan of this first part of the thesis is the following. In Chapter 3] we recall
basic facts about subelliptic differential operators on smooth manifolds, along with
the notion of subunit geometry. Chapter [ is devoted to the construction of the h-
subelliptic random walks, first via the Oleinik—Radkevich vector fields, and then
using the Fefferman—Phong localization argument. In Chapter[5] we prove several
auxiliary results that play a key role in establishing the spectral properties of the
associated operators. Chapter [0] is dedicated to the proofs of Theorem [T.1.3] and
Theorem [LT.4l
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1.2 Propagation of Shubin-Sobolev Singularities of
Weyl-Quantizations of Complex Quadratic Forms - Key Ideas
and Main Results

In order to extend Hormander’s results we will recall the isotropic calculus
developed by Shubin (see [43]]), that is the calculus with respect to the isotropic
Hormander metric

|aXx)?

2n
go,x W? X = (]375) € R )

and we provide the main facts needed in this framework, based on the notion of
isotropic wave front set introduced in [23] (see also [§]).

We study the "stratification" of W Fiy, given by the s-wave-front sets W F}? ,
that are a measure of microlocal B*-regularity, where B® is the Shubin-Sobolev
space on R” (see Definition [8.1.11] below). The sets T F}, allow for a more pre-
cise information about the regularity of the distribution that we are dealing with.
Indeed, one of the reasons to study such stratification arises from the fact that
once the results are achieved in the stratified setting, it is possible to reconstruct
the corresponding properties in the "Schwartz regularity" setting (see Proposition
[B.1.23).

To obtain such results we need to use different global metrics in addition to
the isotropic one, that is the iso,iso metric on R2(+m) and the SG metric on R2™
(see Definition [B.2.2] and Definition B.2.4). Furthermore, we will examine the
relation with the Time-Frequency calculus introduced in [[18], and developed by
many authors (see e.g. [34]], [42]], [44]]; see also [S] for an SG-situation). In that
context, we show that the tools we have introduced are related to a complementary
perspective that, in the end, gives an essentially equivalent information, however
through a more pseudodifferential (and flexible) viewpoint, that in many cases is
better adapted to phase-space geometry.

We finally use our results to study the propagation of singularities, aiming to
relate the Shubin-Sobolev singularity of the solution of the problem (I.1) at time
t to that of the initial datum.

The propagation of singularities problem (I.T]) was already studied from a time-
frequency point of view using, as we do, the symplectic geometry of the quadratic
form. To explain briefly the result on propagation of singularities we begin by
mentioning that, thanks to the symplectic classification of quadratic forms due to
Hormander [24]], we are able to give the first rough inclusion (see [23]], [24])

WFiso(e_tOpw(a)uO) g e2t1m FWFiso(“O)a

where F' is the complex matrix that satisfies the equation (with o the standard
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complex symplectic form)
o(X,FX) = a(X),

that is called the Hamilton map associated with a. In what follows we will write
a = ar + tay, where ar = Rea and a; = Im a. The goal is then to improve the
inclusion above.

First of all, by using the geometry of the singular space .S, introduced by M.
Hitrik and K. Pravda-Starov in [22], the authors of [40] proved that, for all ¢ > 0

W Fgo (e 71OP" @y) C (etHer (W Figo(ug) N'S)) N S, (1.4)

that essentially says that the .”-singularities of the solution at time ¢ are local-
ized inside the singular space and propagate along the bicharacteristic curves of
the imaginary part Im a of the symbol. In the case of WF;] , i.e. for studying
the Shubin-Sobolev singularities, the inclusion (T.4)) was already studied by using
again the time-frequency tools in [47] in which one has a different loss of deriva-
tives. In recent years, the inclusion has also been studied for an initial condition in
the Gelfand-Shilov class and in the anisotropic context (see [3]], [2]], [48]], [49]).
We will also obtain this inclusion from a complementary point of view by using
the isotropic microlocal theory developed in Chapter 8]

In particular, in order to study the singularities of a tensor product of two tem-

pered distributions we have to keep into account the global regularity of both of
them and this produces a first loss of derivatives (the s, in Theorem@) due to
the interaction of the single tempered distributions « and v in the tensor product
u®v € (R} xR}'). Moreover, when we consider the "pullback” of a temperate
distribution - that satisfies suitable conditions - through an injective map from R™
to R™ we encounter an additional loss of derivatives, that depends on the codimen-
sion n —m, since it basically corresponds to taking the trace of the distribution. In
fact, we reduce matters to the case in which the pullback is done via an immersion
L :R™ — R™ x {0,_,,}, and after making sense of the notion of the pullback
via an injective map of distributions in a certain class, we show that on sufficiently
regular distributions the pullback is the trace on {z,,,1 = -+ = z,, = 0} and the
Trace Theorem leads to a loss of regularity of (n — m)/2.
We next describe the main result on the Schwartz kernels that plays a crucial role
in this work. Let % : . (R") — &/(R™), with n > m, be a linear operator with
Schwartz kernel K € ./(R™"™). Then, if K € Z(R"™™) and u € . (R"), we
may write

Hulw) = [ (K @ w)w.g)dy,
where K ® u € . (R™*"*") is the function

(z,y,2) = K(z,y)u(z),
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and L is the map (x,y) — (x,y,y). Therefore, after extending this expression
to those K € ./(R™*") and u € .’/(R™) that satisfy condition (I.6) below (see
Section[8.3]for the notation), we put together the previous results into the following
theorem.

Theorem 1.2.1. Let % : #(R") — '(R™), with n > m, be a linear operator
with Schwartz kernel K € B~ (R™*™) for ry > 0. Then, if u € ¥ (R") and
W > n is fixed, we have that for all s; € R

WEL (A ) C WES (). (1.5)

In addition, the definition of the map u — % u can be extended by continuity to
those u € ./'(R") for which

Wﬂso(u) N WESO,Y(K) = @ (16)

Finally, if u € B~"2(R"™), for some ro > 0, satisfies (1.6) and s1, s2 € R are such
that s, := min{s; — 19, So — r1} < 51 + So, then for any fixed j > n we have

WESH (A u) CSWEG (K)UWEL(K) o WEZ (u). (L.7)

By using the geometric structure of the kernel K, -2i:+ of the propagator 7, —2ir =
e tOr" (@) (see [24]]) - and of the associated singular space S - we will specialize
Theorem|[I.2.T]to improve the inclusion (I.4) in the stratified setting giving in addi-
tion a lower bound on the loss of derivatives of 4n + ¢, with € as small as we wish.
This will be the main result concerning the propagation of isotropic microsingu-
larities, stated as follows.

Theorem 1.2.2. Let t > 0 be fixed and consider the operator #,—ziir : ./ (R") —
" (R™). Then, for any given ¢ > 0 (small), the Schwartz kernel K _ivr of
H, 2w belongs to B~ (R?™), uniformly in t' €0, ).

Moreover, on defining ro = inf{r > 0; K,_.wvr € B~"(R®), VI’ €]0,t]}, one
has that if ug € .'(R™) and jn > 2(n + ry), then for all s € R

W E (0% @) C (or (W FL,(uo) N1 S)) N S. (1.8)

We conclude this introduction by giving the plan of this second part of the
work. In Chapter[7]we recall the isotropic calculus. Namely, we define the class of
symbols whose quantization leads to the class of the isotropic pseudodifferential
operators (ydos) that we will use in the following sections. The aim of Chapter[8]is
to define the isotropic wave front sets and show the basics of isotropic microlocal
analysis, we investigate the relation with the time-frequency analysis and we extend
Hormander’s results concerning the operations for the wave front set, in terms of
the W F; (see [26] for the C* case and [23] for the .’ case) needed to prove
Theorem [1.2.1] Finally, in Chapter [9] we give the results on the propagation of
isotropic singularities.



2. NOTATION

2.1 Notation of the first part

In this section we consider (), g) being a connected and closed smooth Rie-
mannian manifold endowed with a 1-density du to be chosen later. In some situa-

tions - as we will specify - the basic definitions apply to a general smooth manifold
M.

e By (-, )o we mean the L?-product on M (with respect to the fixed 1-density
dp)

e By (-, ), the Sobolev product of order s € R on M.
e By (-, -) we mean the standard Euclidean product.
e We will use the notation (-) = (1 + |-|?)1/2.

e We write a ~ b if there exist two universal constants ¢,¢ > 0 such that
a<cband b < ca.

e We denote by Ny = NU {0}.
e By I'(M, E) we mean the set of sections of the fiber bundle E over M.

e We denote by # the o-algebra of Borel on M, by &?(M) the set of the
probability measures on (M, %), by .# (M, R) the set of real-valued (with
respect to the o-algebra of Borel) measurable functions on M and finally by
AMy(M,R) the set of real-valued, bounded measurable functions on M.

o If flg: I CR — C we write f = Oyuy(g) if there exists a constant C' > 0
such that | f(x)| < Clg(z)| forall z € I.

e We denote by .(R"™) the space of Schwartz functions and by . (R") the
space of tempered distributions.

o If U,V C R", we write U C V if there exists a universal constant C' > 0
such that C™'U C V C CU, where cU = {y e R"; y=czx, x¢€U},
for ¢ > 0.
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2.2 Notation of the second part

In this part we will work on 7T*R" = R?" = R™ x R™. Hence, we write
X = (z,€) € R?" for the points in the phase-space.

e We write R?* = R*"\ {0}.

() =0+ D,, = —i0,, and (-, ) is the L*-product on R".

We denote by Ny = N U {0}.

We denote by {0, } the origin on R".

By (-, -) we mean the non-Hermitian product on C*" defined by (X,Y) :=
> XY for X, Y € C*.

e We say thataset ' C R2" is conic if it is invariant under multiplication by
positive real numbers. Hence a cone (i.e. a conic set) [' C R2" js uniquely
determined by its intersection with the unit sphere S**~1. Therefore I is
open, resp. closed, in R2"if T is relatively open, resp. closed, in R2" (equiv-
alently, I' N S?"~! is open, resp. closed, in S>"~1).

e We say that A ~ B, for A, B > 0 if there exists C' > 0 such that C~!A <
B < CA.

e We denote by . (R") the space of Schwartz functions and by .’ (R™) the
space of tempered distributions.



3. SUBELLIPTIC OPERATORS

The purpose of this chapter is to introduce the basics of the subelliptic calculus
for a second order differential operator on a smooth closed Riemannian manifold of
dimension n. In the first section, we give the notion of subellipticity and establish
the setting of work. Then, in the second section, we review some fundamental
geometric tools related to this notion, which will play a crucial role in studying
our diffusion problems.

3.1 Subelliptic Operator on Manifolds and Main Hypotheses

Let (M, g) be a connected, closed Riemannian manifold of dimension n, with
U = {(Ua, va); o € <} the differentiable structure on M, where ¢, : U, —
U, C R" are the local maps.

The aim of this first part is to study a diffusion associated with a second order
differential operator on M (by diftferential operator on M/ we mean an operator de-
fined as in Definition[A.2.7) that satisfy a subellipticity condition stated as follows.

Definition 3.1.1. Let A be a second order differential operator on M. The operator
A is said to be subelliptic of order ¢, 0 < ¢ < 1, if there exist some constants
¢, C > 0, such that,

lAully + Cllully = elfull,.  Yu € C=(00). (3.1)

We will deal with a second order differential operator defined on a closed man-
ifold, but, since we usually work locally, it is convenient to clarify early what we
mean by a local expression of our operator.

Let A be a second order differential operator on M. By definition (see again
[A.27]), for every a € <7, we have that the operator

Aof = A(fo 90;1) °pa, [ € COO(Ua)

(that we call local expression of A on Ua) has the form

a i
— O() 7
E a z %—l—g b xk+d (), T €U,

2,j=1 k=1
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where ' b,(f), d@ e C~(U,,C) for all i, j, k € {1,...,n}. In addition, we

ij
denote by A" = (ag;?‘))i,j:l
of the local expression A,.
We will work throughout with a subelliptic second order differential operator

A on M under the following hypotheses.

» the matrix of the coefficients of the principal part

,,,,,

(H1). For every local expression A, we assume that the associated coefficients
ag-l), b,(f), d®) are real valued functions, for all 4, j,k € {1,...,n}, and the matrix

of coefficients Aéa) (7) = (a(a) (7)), j=1

ij n» is symmetric and positive semidefinite

-----

for every x € U,.
(H2). A is a formally self-adjoint operator.

(H3). For every local expression A, we assume that the coefficients az(;‘) does not
vanish on open sets, that is, for all i, 5 € {1,...n} and for all given W' C R™ one
has
%(3')‘ =0 = Int(W) = 0.
w
Finally, we wish to emphasize that the subellipticity condition is weaker than
the ellipticity one in the following sense.

Remark 3.1.2. By Proposition [A.T.T we have that (3.1)) holds if and only if
Re(Au, u)o + C'|JullZ > ||ul?, Vu e C®(M). (3.2)

Therefore, since the latter with ¢ = 1 is the celebrated Géarding inequality (see for
instance Taylor [46], Theorem 8.1), we have that if A is a elliptic, it satisfies (3.2)),
and consequently (3.1)), with ¢ = 1.

3.2  Subunit Vector Fields

The aim of this section is to give some geometric tools related to the subel-
lipticity notion. To do that we refer to Fefferman and Phong [12], Fefferman and
Séanchez-Calle [14], or Jerison and Sanchez-Calle [27]. The key tool will be the so-
called subunit ball associated with a subelliptic operator A and to introduce it we
first need to recall the notion of subunit vector field associated with A, satisfying
the hypotheses [(HT), [[H2)| and [(H3)L

In what follows, we denote by ay(z, &) € C(T*M \ 0), the principal symbol
of A (see Remark[A.2.8)), as the function that corresponds locally to

(7, €) = (AS)(F)E,€),  (7,€) € Uy x R™.

Moreover, given a smooth vector field X € I'(M,TM) we denote by X (z, &) its
principal symbol (see Remark [A.2.9).
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Definition 3.2.1. Let X € I'(M,TM) and let A be a subelliptic operator on M
with the aforementioned properties. We say that X is subunit for A at x € M if

X (2,6)]” < aglx,€), VEeTIM. 3.3)

The subunit condition could be equivalently stated using the fixed Riemannian
metric g on M, or in coordinates, as shown below.

Remark 3.2.2. If we fix + € M and we take § € T; M, there exists v € T, M
such that
gz (ve,v) =E&(v), Vv e T, M.

Thus, we have
X(2,8) = go(ve, X (2)) = (X (2)), VE €T M.
Hence, in particular, condition (3.3) is equivalent to
9o (X (2),v¢)% < ag(w,€), VEETIM.

Indeed, writing X in coordinates with respect to the coordinate basis around z,
and a covector field £ € Ty M at x with respect to the relative dual basis, as

X(z) = Zxxac)a%, €= ()

we may conclude that

9:(X (), ve()) = £(X () = X(2, ).
Now, it is useful to discuss condition (3.3)) in case of A/ = U C R"™ open.

Remark 3.2.3. Let U C R” be an open set, let A a differential operator of second
order on U of the form

- 0? " 0

that satisfies|(H1), (H2)|and [(H3){and let X = >""" | X;(2)9/0x; € T(U,TU) be
a vector field. By identifying X (x) with the vector (X;(x), ..., X, (z)), we have
that condition (3.3) in « € U can be written as

(X(2), )P < Y ay(0)&g;, VEER?,

1,j=1

where we recall that (-, -) denotes the standard Euclidean product on R".
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Remark 3.2.4. Let now U,V C R" be two open sets and let A be a subelliptic
operator defined on U of the form (3.4). Letalso ® : V' — U be a diffeomorphism
and set Ag f := A(f o ®7 1) o @, with f € C>=(V).

If X(x) =51, Xi(x)0/0z; is a vector fieldon U and Y (y) = >, Y;(2)0/0y;
is a vector field on V' such that

Xi(x) Yi(y)
Xy() — Jaly) Ya(y) |
Xo(z) Ya(y)

we have that X is subunit for A at z if and only if Y is subunit for Ag aty = ®~1(x).

Proof. Suppose that X is a subunit vector for A at x, and denote by A,, A2 the
matrix of coefficients of the principal part respectively of A and Ag. Then

K |
= [(X(x), Tp-1(2)€)]”
Jo1 (2)E, thp_l(x)5>
Jot (2)Ag () g1 (@)g, 5>
= (A7 (1€, &), VEER™,

IN
TN T
p2
]
=
-+
~—~

where in the inequality we have used that X (z) is a subunit vector for A at z. The
converse is analogous. [

The remarks say that it would have been possible to give the definition of sub-
unit vector field in coordinates, using the local expressions of A, since this notion
does not depend on the coordinates that we choose.

The notion of subunit vector field allows us to give a notion of subunit curve.
Roughly speaking, a subunit curve for A, is a curve for which the velocity vector
is controlled from above by the principal symbol of A, for almost every time.

Definition 3.2.5. Let v : [0,1] — M be a Lipschitz curve. We say that v is a
subunit curve for A if 4(t) is subunit for A for a.e.t € [0, 1].

Finally, using the notion of subunit curve, it is possible to define a new distance
on M, the so-called subunit distance that yields to the notion of subunit ball.

Definition 3.2.6. Let A be a subelliptic operator defined on M. The subunit dis-
tance associated with A between two points x, 2’ € M is defined as



3.2 Subunit Vector Fields 19

da(x,x') = inf{r > 0; 37 :[0,1] — M subunit curve for r*A and
7(0) = z,7(1) = 2’}
and the subunit ball associated with A centered at x € M of radius p > 0 is

defined as
BA(xvp) = {‘/E, € M7 dA(IL‘,J}/) < 10}

Remark 3.2.7. Note that by Remark [3.2.4] the notion of subunit ball could be
equivalently given in coordinates as well. Indeed, if we consider two open sets
U,V C R", asubelliptic operator A defined on U and a diffeomorphism & : V' —
U, we have that setting Ag f := A(f o ®71) o @, with f € C>(V), the pullback
of A by this diffeomorphism, we get

By (@71(0), p) = & (Ba(0,p)), p> 0.

Equivalently, if v = ~(¢) is a subunit curve for A such thaty(0) = 0 and y(1) = =z,
then 7(t) := ®~!(y(¢)) is a subunit curve for A and 1(0) = ®~1(0), (1) =
<I>_1(x). Hence, essentially, subunit balls are sent to subunit balls through a dif-
feomorphism.

Example 3.2.8. Let us consider (R", gz ), where g is the standard Euclidean met-
ric and A = —A. Then, the subelliptic ball associated with A is just the Euclidean
ball, i.e.

Ba(z,p) = Be(z,p) = {y € R"; |x —y[ < p},
(or equivalently da(z,y) is just the ordinary Euclidean distance).
Indeed, let us consider first ' € Bg(x, p). Recall that 2’ € Ba(x, p) if and only
if
da(z,z") = inf {r ; 37 :[0,1] — R™ Lipschitz,
[(3(1), )] < r?|¢], for ae.t € [0,1],
v(0) =z, v(1) = x’} =:inf W, < p.

Then, if we take v : [0,1] 5 ¢t — x + t(2’ — z) € R™ we have that ~y is Lipschitz,
v(0) =z, y(1) = 2’ and

(70, 1 < KO = o — 2/ Ple?, Ve e R™.

Hence |x — 2/| € W, and inf W, < |z — 2/| < p, so 2’ € Ba(z, p).
On the other hand, if 2’ € Ba(z, p), then

da(z,z") = inf W =: ¢ < p.
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Suppose |z — 2’| > p > c. Taking =y as before, we have that |z — 2'| € W/, so
Jae Wy, a<|r—2a'|and 37 : [0, 1] — R" such that

|Gi(1),6)|" < a?l¢]?, forae.te[0,1].

Observe now that for a.e. ¢ € [0, 1] one has

‘@(t), ﬂ> - @[ < o
()]
Therefore, )
L(7) = /0 H(t)‘dt <a<|r—2]=dg(x,2)
and since

dg(z,2") = inf{L(y); ~ Lipschitz, v(0) = z, v(1) = 2'},
this is a contradiction. Thus we have proved
Ba(z, p) = Bg(z, p).
Example 3.2.9. If we consider on (R?, gz) the Grushin operator

02, 0

e — +x -
or? " “10x3

A

by proceeding similarly it is easy to see that for p > 0

Ba(0, p) = [=p, p] x [=p*, p*].

Indeed, by definition x = (x1, x2) € Ba(0, p) if and only if there exists v : [0, 1] —
R? subunit for p*A, v(0) = 0 and (1) = z such that (with y(t) = (71 (), y2(t)))

()& + 726 < pP(&5 +7(t)?E3), forae.t € 0,1] (3.5)

Then, if * € [—cp, cp] X [—cp?, cp?], for ¢ sufficiently small we have that the
curve Y(t) = (t + (1 — t)x1,t + (1 — t)xy) satisfies (3.5). On the other hand,
if x € Ba(0, p) there exists a curve 7 = (t) that satisfies (3.3) and (1) = .
Hence z € [-Cp, Cp] x [—=Cp?, Cp?], for C > 0 sufficiently large.



4. h-SUBELLIPTIC RANDOM WALKS

The aim of this chapter is to investigate different ways of constructing an h-
subelliptic random walk on our manifold M, where h €]0, ho|, hy < 1, can be
thought of as the semiclassical parameter (or as the Planck constant).

4.1 Preliminary Comments

In the first place it is useful to specify what we mean by a Random Walk on
a manifold, which we usually call a diffusion. To do so we refer to [28] (Section
8.2).

Definition 4.1.1. Let (1, g) be a closed manifold. A Random Walk on M is a fam-
ily P = (pz)zem of probability measures p, on (M, %), depending measurably
on .

Roughly speaking, for B € 2 the value p,(B) is interpreted as the probabil-
ity of the random walk to land on B after one step starting from x € M. If we
consider a discrete stochastic process { X, }en, that satisfy the Markov property
(see for instance [28], p. 233 or [45]), by the Chapman-Kolmogorov equation,
the first transition probability functions p; (z, dy) determine all the others. Hence,
for a discrete Markov process we have that it is determined by the random walk
(p1(x, -))zen- Therefore, when speaking about random walks one can refer inter-
changeably to a stochastic process (X, )nen, or to the family (p;(z, -))zen-

The main novelty of the constructions that we will carry out is that they apply to
general second order differential operators on M, i.e. operators that in coordinates
look like (with (U, ¢) local chart)

0
- 7 C n .
Za” axzaijer )55 HdE), TERU) SR, @D

i,7=1 k=1

where a;;, by, d are C* real-valued functions for all 4, j, k € {1,...,n} and Ay =
(aij)i; = 0.

Remark 4.1.2. In particular, we wish to point out that our operators include sec-
ond order differential operators that cannot be written as sums of squares of vector
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fields. Indeed, if A is locally of the form (4.I), denoting as usual with Ay(Z) =
(a;j(Z))ij=1...n > 0 the matrix of the coeflicients of the principal part, it is well
known (see for instance [27], p. 48) that the matrix A, can always be factorized -
though not uniquely - as Ay = B ‘B where B(&) = (bi;()); is an n x m-matrix.
However, in general, the coefficients b;; are not smooth functions. Therefore, al-
though we may write

m

PP E T gp e
j=1

j=1

where X; = > ", b;;0/0%;, the vector fields X; are not smooth vector fields.
Other interesting examples of second order differential operators that cannot be
written as sum of squares of vector fields can be obtained from local operators of
the form » -7, Y;'p(x)Yj, where p(z) = 37,4 cor®, with k € Nand ¢, > 0
for each || = k (cf. [39]).

In this section, we begin by dealing with cubes in R", then, to avoid any con-
fusion, we start by fixing the notation.

Definition 4.1.3. Let 2y € R". The cube of radius r > 0 centered at xy in R" is
defined as the open set

Q(zo,7) = {z € R |z — 2ol < 1},
where

=1,...,

With this notation, the cube (0, 1) of radius 1 centered at 0 in R™ is called the unit
cube. In what follows we denote it by @) = Q(0,1). Moreover, for 1 < ¢* < ¢**
we define the dilations of (), with constants ¢* and ¢**, respectively, as

Q ={yeR"; Iz € Qs.t.y =z},

Q" ={yeR" JzeQ st y=c"z}.

The first step is to construct a local diffusion using the so-called Oleinik-Radkevich’s

vector fields (see for instance [36]] or [27]), where the term "local" comes from the
fact that we will work on (Q*, fixed dilation of the unit cube ().

Nevertheless, as we will see in Remark [4.3.1] this construction is not optimal.
Then, we will construct a global "(h, p)-subelliptic random walk" using some lo-
cal results of Fefferman and Phong, based on the Calderén-Zygmund localization
(see again [11], [12], [27]), which will lead to a global construction due to the
compactness of M.
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4.2  The Oleinik and Radkevich Local Diffusion

This section is devoted to constructing the Oleinik-Radkevich local diffusion.
The term local, once more, comes from the fact that we will work in an open cube
of R". In this context we we work with A subelliptic formally self-adjoint operator
of the form stated above, i.e.

= 0? 0
A= Zaw( )0x8x]+zbk 8—%+d()

i,7=1

where a;;, by, d € C*(Q*,R) for all i,j,k € {1,...,n}, such that the matrix
(a;;);,; is positive semidefinite. Note that the coefficients of the operator are bounded
on () since they are defined on Q* D Q.

The Oleinik-Radkevich local diffusion is based on the Oleinik-Radkevich vec-
tor fields defined as follows.

Definition 4.2.1. The j-th Oleinik-Radkevich’s vector field on Q*, where j €
{1,...,n}, is the vector field Y; € I'(Q*, TQ*) defined by

Z a;;(z (99(:2 x € Q.

For these vector fields we have the following theorem (see [27]], Proposition
2.1, p. 66).

Theorem 4.2.2. If A is subelliptic of order ¢, there exist c = c¢(¢) > 0 and N =
N(e) € N universal constants, such that

D VH0,9)] = cé], VEERT, (4.2)

|[JISN
where Y; = [Y;,,..[Y;, ,,Y,.]...], for J = (j1, ..., Js), s € N.

Remark 4.2.3. This theorem is a quantitative version of Hérmander’s condition
at the origin. Indeed, if (4.2) holds the family of vector fields {Y} <y contains
n vector fields linearly indipendents at the origin. However, in general, there is no
known simple relationship between such /V and the order of subellipticity e.

Example 4.2.4. Let k € N and let A be the k-Grushin operator on R? defined by

0? 0?
A= Qk_
a2 i L 0x?
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‘We have that
and so, in this case,

Remark 4.2.5. Let us conside also the case of the sub-Laplacian on the Heisen-
berg group H,. The Heisenberg group H is the manifold R? endowed with the
group law

1
(z,y,t) - (2", ¢, t") = (x+ 2y + v, t +1 + =(zy) — 2'y)),

2
with (z,y,t), (2,9, t) € R>. The left invariant vector fields are given by
0 0 0 x0 0
Sati T iw o
and the sub-Laplacian is defined as
A= X7+ X3
In this case we have that
1 0 s
As(z,y,t) =10 1 -3 o (z,y,t) € RY,
5 =5 al@ )
and then
0 0 o x0 o x0 1 0
N=getaar Y=o sor Y Tsar ey 1@ Ve

We next show that the Oleinik-Radkevich vector fields are subunit and satisfy
Hormander’s condition (possibly after a rescaling). Therefore, we will use such a
property to construct a local subelliptic diffusion.

Theorem 4.2.6. Let ), Q* be as before, let A be a subelliptic second order for-
mally self-adjoint differential operator defined on Q* with the aforementioned
properties and let Y1, ..., Y, be the associated Oleinik-Radkevich vector fields.

Then, there exists C > 0 such that, the vector fields (Y;); defined as

~ 1
Y, .= —Y,
J JO
satisfy Hormander’s condition and they are subunit vector fields on this cube, i.e.
forall j € {1,...n}, one has

"< > ai(@)6E;, V(@€ € QxR™

ij=1

(T5(@).¢)
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Proof. We first note that, since A is subelliptic, by Remark 4.2.3] there exists r €
N, locally independent of z, such that Y7, ..., Y,, and its commutators of length at
most 7, span the tangent space for every z € (). To prove the subunit property
it is sufficient to observe that if we consider A = (a;;(x));; > 0, the matrix of
coefficients of A, there exists a constant C' > 0 such that

2aj;(x) < C, Vxe,

for all ) = 1,...n, since they are defined on )* that contains (). Hence, in view
of Proposition[A.T.2] setting
~ 1
Y, .= —=Y,
j ol

for all j € {1,..,n}, we have that they satisfy

< Z ai; ()&,

ij=1
for all z € ) and for all £ € R™. Thus they are subunit vector fields. ]

Now, for h €]0, ho|, with hy > 0 sufficiently small we construct a local h-Markov
process through this theorem as follows.

e Fix xg € Q;

e at step k& we choose at random j € {1,...,n} and t €] — h, h[ (with respect to the
uniform probability) and set

Tpyl 1= etyka.

If h €]0, ho|, with hy > 0 sufficiently small, and x € @), we define
1"y
Vinf(@)i= op [ feBade e (@R
—h
and the h-Markov operator associated with our local h-Markov process

Vi = Yol [ ECYQR)
=



26

4. h-Subelliptic Random Walks

4.3 CZ-localization

In the previous section using Oleinik-Radkevich’s vector fields we have con-
structed a local subelliptic random walk. However, as we will see in the next ex-
ample, such a construction is not optimal.

Remark 4.3.1. Let A be the k-Grushin operator on R? defined by

82 ok 82
A= W—I—xl a—w%, k € N.
Note that A can be written as
A=X7+ X3,

with X1 = 57, Xy = ko a and that they satisfy Hormander condition at order
k41 (i.e. X, X5 and their commutators up to order k£ + 1 span the tangent space
at every poinx r € ]R") On the other hand in this case, the Grushin vector fields
are defined by Y; = Bz VY, = xR O 72, and they satisfy Hormander condition at
order 2k + 1. Roughly speakmg, this example shows that the speed of convergence
is not optimal (since we need more commutators). Then the purpose is to improve
it using the tools introduced by Fefferman and Phong [[12] based on the so-called

Calder6n-Zygmund localization.

In order to give the fundamental tool, let us first recall the Calderén-Zygmund
localization in details. Let us consider again () be the unit cube and let Q*, Q** be
two fixed dilations of constants ¢* and ¢** respectively, with 1 < ¢* < ¢**. We also
always suppose that A is defined on Q)**, in order to ensure that the coefficients
are bounded in Q*. Finally, recall that, for U,V C R" open sets, ® : U — V
diffeomorphism and A differential operator defined on 1/, we denote the pullback
of A between @ definedon U by Agf = A(fo® 1) o ®, f € C(U).

The main result of this section is the following theorem, that essentially allow
us to straighten the first vector field by using the Calder6n-Zygmund localization
(cf. Fefferman [10]] or Jerison and Sanchez-Calle [27])).

Theorem 4.3.2. Let A be a second-order differential operator defined on Q** of

the form
A=— —
l; 89518333 ; bl ka +d(x),

where a;;, by, d € C°(Q*,R) for every i,j,k = 1,...,n and Ay(z) = (a;j(x))i;
is symmetric and positive semidefinite for any x € ()**.
Then, there exists a change of coordinates, diffeomorphism on the image

¢ ] =711, [XQn-1(0,1) = &(] — 11,71 [xQn-1) € Q(0,01), ¢(0) =0,

(wy,2) — x,
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for some 6, = 27%, k € N, and v, > 0 constant that depends only on the bounds
of the a;;’s on Q)*.

Moreover, the pullback of A by ¢ has the form

82 2

- 0
3 _i;bij(wl’z)m + Lo.t

Ap=—
where b;; € C™(] —r1,m[xQn_1;R) for all i,j = 2, ..., n, with bounds inde-
pendent of 6, (and l.o.t stands for ’lower order terms’).

Proof. To prove the theorem we need the following Calderén-Zygmund localiza-
tion argument (see [[14] or [27]). Choose 6; = 2~ for the smallest N; € N, such
that

max max |a;(z)| > 10R;67, (4.3)
1<i<n 2¢Q(0,61)

where R; > 0 is a fixed constant so that
05 aij(z)] < Ry

for all x € Q*, for all &« € N such that |«| < 2 and forall i,j = 1,...,n (recall
that the LHS of @.J3) is strictly positive due to [(H3)). This choice of R; will be
more clear soon. We can assume, without loss of generality, that the index for
which the maximum is attained is 7 = 1.

The key point of the argument is the following lemma, which provides estimates
that will lead to the universal bounds (see Lemmaf.3.4]below) for the coefficients
of the principal part.

Lemma 4.3.3. Let Ay(xz) = (a;j(x));; and Ry > 0 be as before, then for all
z € Q(0,01)

(Z> |alj<x>| < 40R15%7 VZ,j S {17 s 7n}7
(Z’L) an(:c) Z Rl(S%

Proof. To get (i) it is sufficient to note that, since A, is positive semidefinite, one
has |0Lij|2 < aja;;. Indeed, setting M;; = (e; e;) (where e;, e; are the col-
umn vectors of the standard basis of R™) we have that ‘M ijAM;; > 0 and then
det("M;AM;;) = agaj; — ag; > 0.
Moreover, since N, is the first integer such that [@3) is satisfied for §; = 27,
we have
|CL”(.Z‘)| S 10R1<2(51)2 Vx € Q(O,(51>, Vi € {1, ,n}

(note also that at the first step |a;(x)| < R;2- 271 = Ry, since R; is a bound for
all the a;;’s). Hence,

‘aij($)| S aii(x)ajj(:v) S 40R1(5%, VZ,j = 1, oy ny Vz c Q(O,él)
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Let us show (7). Recall first that there exists 2o € (0, 1) such that
an(xo) Z 10R1(5%

We suppose by contradiction that there exists z € (0, d;) such that a;1(7) <
R16?. Define

Fly) =an(@+y)+an(@—-y), yeq,
and note that it satisfies F(0) < 2R;607, VF(0) = 0 and its second derivatives are
bounded by 2R;. Moreover, we have
a1 (Z+y) < an(@+y) +an(@ —y) = F(y)
(a1 is positive) and by Taylor’s expansion F(y) < 2R,6? + R, |y|2 Thus, taking
Yy = Ty — T, we obtain
CLH(ZE()) S F(l’o — (f’) < 10R15%,
and this is a contradiction. [

Now, we introduce a first change of coordinates

¥+ Q(0,10) = Q(0,41),
01y
> r=—.
AT
Hence, if we consider the pullback of A by this diffeomorphism, we have in these
new coordinates

Aq/,:—ZCNLZ]() +10t
= Fyi0y;

where a;;(y) = 1000, 2a;; (5”’) Note now that these coefficients have bounds that
do not depend on ¢;. More precisely, we have the next lemma.

Lemma 4.34. Let ¢ : Q(0,10) — Q(0, 1) be the previous diffeomorphism and
let Ayf = A(f oY) o, for f € C=(Q(0,10)), be the pullback of A by it.
Then, the coefficients of the operator

Aw:—Zd”() +lOt
= 9yi0y;

have bounds that do not depend on 6, > 0, i.e. there exists a universal constant
C > 0, independent of 61, such that

|0y ai;(y)| < C,
forally € Q(0,10), forall « € N" and foralli,j =1,...,n
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Proof. Note that

o~ (51 oo =2 o o n
ayaij = <1—O> araij, VZ,j =1,...,n, Yo € N™.

Then the only non trivial cases is || = 0 or |« = 1. First consider the case
|a| = 0. In this case we have

(51 —2 103
layl = (75) layl < <5 Ri(20)* = Cy,
J (10) 7=z T !

for some universal constant C'; > 0.
Next, if |o| = 1, we write

ai;(y) — ai;(0) = (y, Va;(0)) + O(1), [y <10,

where the last term is due to the fact that the second derivatives have uniform
bounds. Hence, since the term on the LHS is bounded, we have

- ~ Va;;(0)
[Va;(0)] = (Va;(0), ==--2) < C'
’ T Vag (0))
for some universal constant C’ > 0. Moreover, for all K = 1,...,n, we have

O, 5 (y) — 0,,0:5(0) = (VO ai(0), ) + O(1),  [y] < 10.
Hence, by using the bound on the second derivatives we get that for all |y| < 10,
[Vai(y)| < Co,

for some universal Cy, > 0. Therefore, the result follows by choosing C' :=
max{C4,Cy} > 0. L

We now come back to the proof of our theorem and write

Ay == ay(y) + lo.t
WZZI ayzﬁyj
5 9 ai; (y) 0 \? . ~/ 0?
B an(y)<<ay1 Z C~l11(y) 3%‘) * Z ”(y)ayzay) + Lo,
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—

Hence, setting Y := ( 30r T 2 bl

0
i=2 an(y )ayj)’ we have

Ay = —an(y) (V? + Z e ay) + Lodt.

Next, we change variables y = ¢(w1, Z), where ¢(-, Z) is the integral curve of the
vector field Y starting at (0, Z). In these new coordinates, if we set ¢ := 1) o P, we
have

~ o 62 82
Ag, = —an(@(1,2) (5 2+wa (1, 2) 5=

1]7

Lo.t.,
228,2])—'— o

for some smooth coeflicients l;l-j, fori,7 =2,...,n.
Now, if || < 1, |Z] < 1 we have |@1 (w1, Z)| = || < 1. Moreover, by Taylor’s
expansion, we may write

Dj (w1, 2) = ‘PJ(O Z) +w1%(w17 z), U~)/1 € (0,).
Hence, since |a1;(y)| < a11(y) (by |ay;(y)| < a;;(y)an(y) < ai1(y)?), one has
|3;(@1, 2)| < 2] + | @1 $; (0, 2)| < 14 8|in| <10, Vi€ {2,...,n}.

Thus, we have obtained that ¢(wy, 2) € Q(0, 10) i

~ ~ w ~
6 =10@:Q(0,1) % §(Q0,1)) € Q(0,10) = $(Q(0,1)) C Q0,4),
- 01y
(w1, 2) = 10
Finally, since a1, is bounded away from 0 and from above by constants independent
of 61, if we consider the change of variables (wy, z) = k(w1, 1), using as before

the flow x(-, 2) starting form (0, Z) associated with the vector field we
obtain the last diffeomorphism with range into Q(0, 1)

K] =11, [XQn-1(0,1) = k(] — 71, 71[xQr-1(0,1)) € Q(0,1),
(wy, z) — (W1, 2),

y =@, 2) »x=

0
A1 g5,

where r; > 0 depends only on the bounds of the coefficients and not on 9;. Then,
if we call ¢ := ¢ ok and ¢ := 1) o , we have that

¢ :} - T17T1[XQ7L—1(07 1) — gb(] - Tlarl[XQn—l((]? 1)) - Q(O7(51)7

5190(11}17 Z)

(wy,2) = x = 10
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is a diffeomorphism onto its image, ¢(0) = 0 and A, the pullback of A through

¢, satisfies
2

— bl (wn, 2 + lo.t.,

for some b;; € C*°(] — 11, rl[xQn_l(O, 1);R), foralli,j = 2,...,n, with bounds
independent of 0, (by Lemma.3.4). O

Now, in order to iterate this argument on the dimension we make the following
observation.

Remark 4.3.5. Note that the matrix

R(s) = (@ (0)igma = (2200 - BRI e Qo 0)

satisfies aj;(y) > 0 for all i = 2,...n (since |a;;(y)]* < ai(y)a;;(y)). Then,
setting

_ 1 !
A — .. —— ..
6= E bw 82]8zk bij(2) 5 /_ bij(wy, z)dwy,

2,]=2 1

(with b’ s as in the proof of the theorem) by induction we may apply the Calderén-
Zygmund localization for the operator A, in (n—1)-variables. Note that the matrix
(bij)i j=2...n is positive semidefinite, since the matrix (b;;(w1, 2)); j—2...» i posi-
tive definite, for all wy €] — 1, r;[. The latter assertion follows from the fact that
a(x, &) = (Ax(x)€, &) > 0 and the principal symbol does not depend on the choice
of coordinates (see Remark [A.2.8]).

4.4  The Subunit Geometry

We are now ready to approach the problem of constructing a global subelliptic
diffusion on M. To do that we need to understand the geometry of the subunit
balls (see [[12]). This section is devoted to the proof of Theoremmin which we
will see some geometric consequences of the subellipticity. This theorem, in some
sense, is an alternative version of Theorem 1 in [[12]].

The goal is to locally reduce matter to a universal cube where the operator A is
"equivalent" to a new second order differential operator with constant coefficients
A. This will be the most important geometric property that we will use to construct
a global diffusion. The term "equivalent" will be more clear in the following. We
first do this locally on a dilation of the unit cube Q* C R"™ where the dilation
constant is chosen such that for all xy € @), we have Q(x¢, 1) C Q*, where Q(zo, 1)
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is the unit cube centered at x,. We also assume as before that A is defined on Q**
fixed dilation of *.

The idea is to consider for every point z, € () the Calderén-Zygmund cube
centered at x( and reduce the diffusion on a neighborhood of this point to the
diffusion on the universal cube (see Definition[d.4.2)), which is our universal model
and where we consider the diffusion associated with the operator A.

Proof of Theorem[I.1.1} Let us fix zy € Q. The first aim is to construct a diffeo-
morphism ® between a neighborhood of 0 and a neighborhood of x,. Possibly by
composing with a translation, we may assume that z, = 0 and work on a neigh-
borhood of 0.

Then we use the Calder6n-Zygmund localization centered at 0. Choose ; =
2~M for the first N; € N such that

max max_|ag(z)| > 10R.67,
1<i<n mGQ(O 51)

where R; > 0 is a constant much larger than a bound for the a;;’s and their deriva-
tives on (* determined on Lemma 4.3.3] Without loss of generality, as before,
we can also assume that the index for which the maximum is attained is ¢ = 1.
By Theorem [{4.3.2] there exists a change of coordinates, diffeomorphism onto its
image

¢1 1] =1, 11X Qn-1(0,1) = d1(] — 71, m1[xQn-1(0,1)) € Q(O, 61),

(wy,2) — x,

for some §; = 27V, N; € N, r; > 0 constants that depends only on the bounds
of the a;;’s on (Q*, such that ¢, (0) = 0 and, moreover, the pullback of A by ¢; has

the form
2

0
Ay = bij(wr, Lo.t., 4.4

awl z; sl zazy e (44
with the b;;’s smooth with bounds independent of J;. We now want to apply the
following fundamental Lemma due to Fefferman and Phong (cf. [12], Lemma 2

and the proof of Lemma 1) to this operator.

Lemma 4.4.1. Let L be a subelliptic operator of order 0 < ¢ < 1 defined on R"
with the properties discussed above (see|[(HI)| [(H2) and|(H3)) of the form

0? " 0?
L—— ¢
o2 Z aij (t, z) O0x;0x;

Zj_
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and let A > 0, N > ¢, Define

0? -
Ly=——— i (t ——)\QNAI
A 6t2 Z,sza]( ’ x> 8@0% ’
and
_ i o
L, = Qi INA
A Z al] (:C> 8xlax] )\ €
1,]=2
where

_ 1
aij(ac) = ﬁ /|t|§)\ a”(t,x)dt

Then, there exist universal constants ¢, C' > 0 such that
B, (0,dX) C{]t] < A} x Bz, (0,A) C B, (0,C')). 4.5)

Moreover, the subelliptic balls of the operators L and L) are equivalent in the
sense
BLA (O, C///\) Q BL(O, )\) Q BLA (O, C”)\), (46)

for some universal constants ¢, C" > 0.
In order to use this lemma in our case we consider for p > 0 the operator

82 L3 82

2 2 2

Ay = —p°—= — bii(wy, 2) =——— + lo.t..

P Ao =P g = Jzzz sl 2) g5+ 1o

If we now choose a universal p > 0 and sufficiently small (recall that w; €]ry,7])
we may consider another change of variables zp,()l) defined by

(1)
Q(O,Q) > (tht,) ﬁp—% (ptl,pt/) = (wl, Z) 6] - Tl,T’l[XQn_l(O, 1) (47)

Thus, the pullback of the operator p?A,, through oM is L = (p*Ag,) s defined
by

0? _ 0?
L=—2 N b(pty, pt) —— + lLout.

Therefore, by applying (#.3)) and (4.6) to the operator L (with A = 1) we have
Br(0,¢) € {[t:] <1} x B(0,¢) € BL(0,C), (4.8)
that in our coordinates (wy, z) becomes

Bp2A¢1 (07 C) g {|’LU1| S P} X Bp2A¢1 (07 6) g -Bp2A¢1 (07 C)a (49)
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for some universal constants ¢, C, ¢ > 0 and some universal p = p(r;) > 0 (recall
that r; is universal as well) sufficiently small and where

A¢>1 ”Z bz] 8215'2] bz‘j(Z) = 2—p /_p bij<w1, z)dwl. 4.10)

Finally, note that, since B,24(0,c) = Ba(0,cp) for all ¢ > 0, we may rewrite

as
Ba,, (0,cp) C {lw1| < p} x Ba, (0.0) € Ba,, (0,Cp). (4.11)

We now look at the operator

_ 1 P
Z b” 62’18% bz‘j(z) = /p bij(wl,z)dwl.

7]7 2p

By construction it is defined on @),,_1(0, 1) we can repeat Calder6n-Zygmund ar-
gument in this (n — 1)-variables (see Remark4.3.5)), i.e. we choose the first strictly
positive integer Ny, such that 6, = 2Nz gatisfies

max max |5“(z)’ > 10R,63,
2Sisn 2€Q(0,62)

with R, positive universal constant sufficiently large. Thus, following the previous
discussion also in this case, there exists a change of coordinates

G2 1] — ra,ra[XQp—2(0,1) = ¢o(] — a2, 72[XQn—2(0,1)) € Q(0,>),

u = (wq,u") = 2,
with 7, > Ouniversal. Hence, if we look at the operator fl¢1 in these new variables,
one has
_ 5’2
A¢17¢2 = a 2 + Z Cl] w27 /au/ )
4,J=3

for some smooth real coeflicients c;;, with ¢,j = 3,...,n. Furthermore, also in
this case, we may introduce the last change of variables

1/]1()2) : (t27t”) — (sza Pu”)7

for p = p(ry) universal sufficiently small and use again Lemma [4.4.1for the op-
erator in these new variables to obtain the corresponding inclusion @.8) in the
"t-variables". Moreover, since the operator fld,l satisfies the same microlocal es-
timates of the operator A,, (cf. [12]]) the inclusion @.9) in "w-variables" (the
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meaning of ¢-variables and w-variables will be more clear in the following) reads
as
Bi,, 0, (0,¢p) € {lwe| < c2p™} x Bz, , (0,89™) C B, ,,(0,¢p), (4.12)

for some ¢, ¢, @ > 0 universal constant and 1 < ry < 1/e.
Hence, we obtained a new diffeomorphism onto its image (recall u’ = (ws, u”))

(Iw17¢2) / 1
I (wr, do(u') 2 1 € Q(0,6).

(U)l, Wy, U”)

Iterating n times and composing all the changes of variables we obtain a diffeo-
morphism ®° (corresponding to the "t-variables") between the standard unit cube

Q = Q(0,1) and its image, i.e setting Q (0, p) := °(Q),

Q3 (ty oo t) o Dt 1) € Qa(0, ) C Q(0,6)),

such that ®°(0) = 0. Analogously, one has a diffeomorphism (corresponding to
the "w-variables")

Q, 3w ®(w) € Qa(0,p) C Q(0,41),

such that (0) = 0, where

Qp =] = p, p[X] — c2p™, cop™[X - -+ X]| = cpp™, crp™],

withl =k < kg < k3 < Kk, =1/eand¢; = 1, ¢y, ..., ¢, universal constants.
Note also that, by construction, °(Q) = ®(Q,) = Qa(0, p). In such a way, we
have constructed the universal cube (), centered at 0 and the diffeomorphism ®
requested (note that we may consider also the diffeomorhpsim ®° and work on the
standard cube () on t-variables, but we prefer to work in the w-variables in order
to emphasize the dependence on p).

Furthermore, iterating the inclusion (@.12)) (after n integrations), choosing p >
0 sufficiently small and universal (such that all the changes of variables are done
inside the resulting cubes), one has

By (0, ¢p) € {lwi| < ppx{Jwa| < cap™ ) x{|wn| < cnp™} C Bay(0,Cp),

for some universal constants ¢, C' > (0, where Ag is the pullback of A through the
diffeomorphism ® obtained by composing all the change of variables, and then

(I)(Qp) C BA(Oa Op).
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Finally, on the cube (),, we define

n

A= —chp “JW.
j

J=1

If we now choose j € {1,...,n} and consider the curve ~; : [0, 1] — R" defined
by ,

% () = "7 (0),
one has that this curve is subunit for A (with speed less than 1) and coming back to
the appropriated step as explained before, we obtain that the point v,(1) = ¢;p"
corresponds to some point © € B4(0,Cp). Thus, by definition of subunit ball,

there exists v : [0, 1] — Q(0,d;) € @Q* subunit curve for A with speed less than
C'p, for some universal constant C' > 0, such that v(1) = z. O

Before commenting this theorem it is useful to give the following definition.

Definition 4.4.2. We define the universal block of radius p > 0 (p > 0 universal
and sufficiently small) centered at 0 as

Qp =] — p, p[x] — c2p"™, cop™ X -+ X] = cpp™, crp™ .

The subunit cube of radius p centered at 0 associated with A is instead defined as

QA(Ov P) = (I)(Qp)v

i.e. as the image of the universal block through the diffeomorphism ® constructed
in the proof of the previous theorem.

Remark 4.4.3. Summing up, once again, in the proof of the theorem we have con-
structed a universal block (), in w-variables (once again we prefer to use it instead
of the unit cube () in the ¢-variables because the dependence on p is more evident)
and an universal operator A defined on it that is equivalent to our subelliptic oper-
ator A.

In other terms, we could say that the geometry of the subunit cubes, and the subunit
balls are equivalents, i.e.

Ba(0,¢p) € Qa(0,p) € Ba(0,Cp), (4.13)

for some ¢, C' > 0 universal constants, and p > 0 universal and sufficiently small.
This equivalence allows us to conclude that our operator A is locally equivalent to
the operator A, i.e. locally

N n o2
A~A=— E 02-,02”]'
J 27
j=1 awj
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where the equivalence should be understood in the sense that subunit curves for
A induce subunit curves for A and viceversa (in the theorem we emphasized one
direction of the equivalences but both are true thanks to the inclusion (@.13)).

Remark 4.4.4. Note also that, rescaling by a fixed constant, we can construct an-
other universal cube (), centered at 0, where p’ = cp, with 0 < ¢ < 1 positive
constant, such that

B(Qy) € (Q,) € Bal0,Chp).

To become familiar with this construction, it is very useful to see it applied, for
instance, to the case of the Grushin operator.

Example 4.4.5. For k£ € N the £-Grushin operator is defined as the operator

02 02
A:—a—x%—.ffka—ﬁ, r = (Il,x2> GRQ

Recall that in this case the matrix of coeflicients of the principal part is

M) = (aslolig = (o ) 7R

The aim of this example is to calculate explicitly the subunit cubes for the operator
A. In the first place, note that the operator is already written in "(w;, z)-variables",
i.e. has the form for which we can apply Lemma.4.1]

Thus, we consider, for p > 0,

0? 0?
2 2 2, 2k
A=
P P ox? e 03
and the change of variables

(1)
R? S () "2 (pty, pt') = (w1, 72) € R”

(note that since in this case the operator is defined on R? and not on a small cube
it is not necessary to choose p small in this case). Then, the pullback of A through
this diffeomorphism is the operator L = (p®A)y, , defined by

0? 0?
L=—— — 2k 2
ot (f1p) ot

By applying now Lemma[.4.to the operator L one has

BL(()?C) - {|t1| < 1} X BE(076> - BL(O7C)7
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where the constants ¢, ¢, C' are given by Lemma.4.1] Thus, coming back to the
(21, z2) coordinates (i.e. in (wy, z) coordinates) we have

Ba(0,cp) € {[z1| < p} x B4(0,¢p) € Ba(0,Cp). (4.14)

We next examine, the operator A (in the proof of Theorem |[1.1.1)) that in this case
has the form

2
A= b(xQ)&i_f’
where Lo o
b(xg) := 5 /_p v dr, = —2(22 s
Thus o )
A-_r 0
2(2k + 1) Oxy?
and

{|za] < c2p™'} C B4(0,p),

for some universal c; > 0. In conclusion, by @.14),
{lz1] < p} x {|a] < c2p™'} C Ba(0,Cp).

Note also that in this case

Qa(0,p) =] = p, p[x] = c2p**, cop™H]

and hence
Qa(0,p) € Ba(0,Cp) = [-Cp, Cp] x [-(Cp)***, (Cp)*]

for a universal constant C' > 0.

4.5 Subunit Cubes on a Manifold

The first aim of this section is to prove that we may choose an open cover of
M for which the coefficients of the principal part of the local expressions of A are
uniformly bounded. This property, as we saw in the previous section, is funda-
mental to construct a universal block (and a universal diffeomorphism). To reach
this property, we may consider the finite cover constructed trough the exponential
map (see Appendix[A.5). For every z € M, given r := ry(M) > 0, we denote by
B(0,r) the open ball centered on 0 of radius r in 7;, M, with respect to the metric
gz, and by B(xz,r) := exp,(B(0,r)) C M. Note also that by Theorem [A.5.2] we
have B(x,r) = By(x, ).
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Since M is compact, we may consider the finite cover given by M = (J,-, V,
for m € N, where V, := B(zy,r) and the atlas (that is contained in the maximal
atlas by definition)

O ={(Uy, ¢0); £—1 .. L},

where U, := B(xy,2r) and p, := B! o exp’ (see Appendix |A.5)).

B(0,r) _

By definition we have that the operator A, induced by A on Uy := ¢,(U;) C

R™, that is the local expression of A on Uy, is a second order differential operator
of the form

n

A==l 0\ (7 d9(z), 1€l
¢ Za 8@8% ; 8:ck d0(@), Tely

ij=1

where aff), b,(f), d¥ e Cm(Ug,C) for all 4,4,k € {1,...,n}. It is immediate to

note that the operator A, has the coefficients of the principal part that satisfy (with
Ve = 0o(V2))
Vo € N"3Cyy > 0s.t.

agagf)(i‘)‘ < Ca,@v VZ,j € {17 ,77/}

sup
eV,

Therefore, for each o € N” there exists a universal constant C,, > 0 (with C, :=
max{Cy1,...Cqm}), such that

plogal (@ )‘ <C, Vij=1,..n. (4.15)

The next goal is to further investigate the properties of the subunit metric. To
do that, we first define a Riemannian metric on B(zy,r) as the Euclidean metric
induced by ¢, ', i.e. if v € B(xy, 1), v € T,M we put

E
ol = |ge(z)v]g,

where ¢} () is the tangent map at © € M (see [30], p. 63). This norm is locally
equivalent to the Riemannian metric defined on M in the following sense.

Lemma 4.5.1. There exist constants c,,, Cy,, > 0 such that, for every x € B(z, 1),
and for every v € T, M,

Coolvly < [0l < Cayloly -

In particular, if v : [0,1] — M is a piecewise regular curve with ~([0,1]) C
B(zy, ) one has
CWLE(V) < L(V) < CmgLE(’Y% (4.16)

where L is the length of curve with respect to the Euclidean metric and L is the
length with respect to the Riemannian metric g defined on M, respectively.
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Proof. Let us define
K, :={(z,v); x € B(xy,r), ve T, M, ‘U’f =1}

and a continuous function ' : TM — R by F(z,v) := |[v]?.
Since K is compact and F' is strictly positive on K, there exist positive constants
Cz,, Cz, > 0 such that

ez <0 <y, V(z,v) € K.
Finally, for each x € B(xy,r) and for each 0 # v € T,,M we may write v := A,
where A = |v|” and 7 := # Then (z,v) € K, and

sz’”’f < Acwz < AW\Z = ’U|g = A’ﬂi < )\ng = Cxe’mf

From this it immediately follows that, for every curve v with image contained in
B(xy, 1), one has

Cz, Le(y) < L(v) < Cy Lp(v).
O

Now, by Lebesgue’s Lemma (see Lemma|A.5.3)), we have that there exists 0 >
0 such that for every z € M 3¢ = {(z) € {1, ..., m} such that

By(z,8) C B(xy, 1),
thanks to which we reach the next result.

Proposition 4.5.2. There exists a universal constant v > 0 such that, for every
x € M, if By(x,0) C B(zy,7), one has

2, (Q0,(2),v)) C By(w,9).

Proof. Since the Euclidean ball is equivalent to the Euclidean cube (i.e. there exist
¢, C' > 0 universal constants such that Q(x, cr) C Bg(x,r) C Q(z, Cr), for every
x € R™ and » > 0) we may reduce to proving that there exists v > 0 such that,
if y,y/ € V;satisfy |y —¢/| < v, then d,(z,2) < 6, for x = ¢, (y) and 2’ =
0,1 (¢). Letyg : [0,1] — R" be the curve in R defined as v (t) = ty+ (1 —1t)y’
and y(t) = ¢, '(ye(t)) the curve from [0, 1] to M induced by vz. By @.I16),
setting ¢ := min{c,,, ..., ¢,, } and C' := max{C,,, ..., C,,. } we obtain

cLg(y) < L(y) < CLp(v).
Thus
L(y) < CLg(y) = CLg(pro7y) = CLg(ye) = Cly — /|,
(on the second and third inequality, by an abuse of notation, we have used Lp for

the length of a curve in R™ with respect to the Euclidean metric) and so, choosing
dg(z,3') < 0, we getv < 2. O
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We finally show the next universal inclusion.

Proposition 4.5.3. If C' > 0 is a universal constant, there exists p > 0 universal,
such that, for every x € M, when By(z,8) C B(x,r), one has

BAz ((:W(x)? C/O) - Q(@z(l’), V)a

where A, is the operator corresponding to A on the open set U, ; C R™

Proof. As before we prove that if y € Ba,(p(x), Cp) for p > 0 sufficiently small
one has |y — ¢u(x)| < v.

If y € Ba,(¢e(x), Cp) by definition there exists y4 : [0, 1] — R™ Lipschitz such
that y4(0) = ¢¢(), 74(1) = y and

n

(), OF < 0% Y af (v(1))&&; = C2p*AY (1(1))€,€),  forae.te [0,1],

ij=1

)

where the a;;" s are the coeficients of the operator on the open set U, C R If

fora.e. t € [0,1] we choose & = £(t) linearly dependent on 74 (¢) we obtain

Fa()PE)* < C202AY (7a(1))E, €). (4.17)

Thus, since A, is defined on a dilation of f/g, we may construct a continuous func-
tion F’ on a compact set as in the proof of Lemma.5.1] By repeating this argument
for every ¢/ = 1, ..., m, we are able to find a fixed constant C’ > 0 such that for all
¢=1,..,m, % €V, one has

(AL (x)e,6) <C', VEERY, [¢] = 1.
Hence, by @.17),

[
[

Fa®)]? < C2p*(AY (1(1)) ) < C2p%C,

I

so that |[y4(t)] < Cpv/ (' for a.e.t € [0, 1]. Therefore, choosing p < v/(Cv/(C"),
gives

Rdai

ly — ou(@)| = dp(y, o)) < Li(ya) = / Sa(t)]dt < v

and hence the proof is concluded. [

In conclusion, putting together these two last propositions and the uniform
bound of the coefficients in (.15]), we now prove Theorem [[.1.2]
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Proof of Theorem[I.1.2] The result follows directly from the previous proposi-
tions. Indeed, for every x € M, by Proposition 4.5.2] we can find a universal
cube Q(Z, v) on some open coordinates set V; on R”, for which the image through
gogl is contained in the Lebesgue ball centered at x of geodesic radius 0.

Possibly by composing by a fixed (universal) dilation and a translation we may use
the Calderén-Zygmund localization inside (7, v) and that ¥ = ¢,(x) = 0.

At this point, since the coefficients of the operator in coordinates are uniformly
bounded, choosing p > 0 sufficiently small, we have that, by applying Theorem
rfl_j], we may construct two universal blocks @), ;“,, where the latter is a dilation
by a fixed constant ¢* > 1 (that is @)}, = Q,). Thus, the first two inclusions
follow from Theorem [I.1.1] (see also Remark [#.4.3] and Remark [4.4.4). The last
inclusion is due to Proposition 4.5.3] by possibly shrinking p. Finally, the fact
that the diffeomorphism @ has uniform bounds follows from Theorem [T.1.1] (cf.
[14]). [

Following this argument it is also possible to construct a covering of M/ made
by subunit cubes on M as follows.
Let (M, g) be our closed Riemannian manifold with a finite atlas

O ={(B(xg,7),00); L =1,...,m}.

By Lebesgue’s Lemma there exists 0 > 0 such that if we take © € M one has
By(z,0) C B(xyg,r) for some ¢ = ¢(x) € {1,...,m}. Now, by (L.2), for every y €
Q,, if we consider the integral curve associated with the vector fields c;p"/ 0 / &Uj
starting from y, we have that

tejp™i

_0
y=e iy € Q, (4.18)

fort €] — h, h[, h €]0, hyl, ho < 1 and
7' 0 ®(f) € Ba(x,Cp).
Then, for x € M we define
Qal, p) = ;1(Qy),

where ¥, := &~ o ¢, and analogously Q% (z, p) := ¥, '(Q%). We are now in a
position to define the subunit cubes of M.

Definition 4.5.4. The subunit cube on M centered at x of radius p is defined as
the open set Q(x, p) C M. The open set Q% (z, p) is said to be a dilation of the
subunit cube.
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By repeating this argument for every x € M we obtain a cover of M of such
subunit cubes
M = U QA(xap)
zeM
Therefore, by using the compactness of M we can extract a finite subcover that
will allow us to construct a global diffusion.

Remark 4.5.5. Note that the inclusion
{lwi] < p} x Bx(0,¢p) € Ba(0,Cp),

says that the end-point ¢, o ®(7) belongs to B4(z, Cp), so it can be reached by

subunit curve of A, but this curve could be different from the curve 7(t) = V! o

e!¢i2"9/9w; (4)) " Then, in the following, we will use the term "perturbed subunit
curves" referring to the curves W ! o €279/ () with j = 1,...,n.

4.6  Construction of a Global (h, p)-subelliptic Diffusion

The goal of this section is to construct, with the tools introduced before, a
global (h, p)-diffusion, with h, p > 0 sufficiently small. First of all, by compact-
ness, using the construction above, we may write, for some N = N(p) € N,

N
M = UQA(xZJp)
=1

and may consider the finite atlas

{(Q;,¥,); i=1,..,N},

and
Q;
where, foreachi = 1,...,n, U, ;== VU, , Q; := Qa(x;, p) and QF := Q% (x4, p).
Moreover, since the cover {Q;} | is finite, it is possible to introduce two par-
titions of unity {¢;}2,, {¢;}Y, subordinate to the covers {Q:}Y, and {Q;},
respectively.
We need to construct a non degenerate 1-density du € I'(M, 2 (M)) (see
Appendix[A.3) that will be used to study the convergence of the diffusion. Define,
forallk =1,..., N,

Wg = 1/)k\117;

dw(k)|.
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Since wy, € I'(M, 2, (M)), with supp wy, C Q; we can define

dp =Y wy € (M, (M)).

Let us now look at what happens to du € T'(M,Q(M)) in coordinates. To do
that, for £ = 1,..., N, we denote by ¢, : ; — M the inclusion map and by
dpuy, = tjdp the restriction of dy to the open set Q).

Remark 4.6.1. Let zp € Q; N Q}. Reordering of the cubes we may suppose
zo € AL, Q;, forsome Ny € N, 2 < N; < N and zy ¢ Qf forall k > Ny. If
zo = V; Hwp) = V' (w)), we have

Ny

() g (w) = (97 (03 | dw®]) ) (w)

_ Z((W oW ) - (W0 W) dw(k)|) (w)

and analogously

I

(1) dp () = > (W ()| et Ty, g1 ()| duo®)

= i (W)

where 7; € C*(V;(Q7),R) and 7 € (¥ (Q7), R).
Therefore, as expected, we have

(W0 W3y (5[] ) (wh)

= (% o (W, o0 \Pi_,l) det J\I/ioqul dw @)

) (wh)

= Z V(W5 (wo))|det Jypout (wp) ‘ ‘det J\Pioq,;/l (wp) ’ ‘dw(i/)

= > (W5 (wp))|det Ty, o1 (w)) ‘ ‘ du®)
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Remark 4.6.2. Furthermore, the 1-density dyu is strictly positive. Indeed, for all
i = 1,...,N, we may assume as before QF N Q5 # 0 for k = 1,...,N; and
QN Qr=0fork=N +1,..,N,with Ny = Ny(i) € N.

Then,

Ny
(7Y dpi = > (1 0 W) |det Ty, 1| du®)|

k=1

where 7; € C*°(V;(Q;),R) and 7;(w) # 0 for all w € Q. Moreover, we have
that there exists a universal constant r; > 0 such that y;,(w) > r;, for all w € W,
where W, is an open set of R" such that , C W, C Q;. In what follows we

denote dfi; := (V;')*du; = 7~i|dw(i)‘.

Since M is compact, by rescaling with a fixed constant, we may assume that
Jy; die = 1 so that the measure 1, defined through the 1-density dy as

w(A) ::/d,u, A C M Borel measurable,
A

is a probabibility measure 1 € &?(M). Note also that the integrals are taken in
the sense of the 1-density (see Appendix [A.3). The main goal of this chapter is to
study the convergence properties of the subunit diffusion to the measure.

We next define a rescaled version of the vector fields defined before, i.e. we de-
fine, fori =1,..., N, j = 1, ..., n, the vector fields constructed on a fixed dilation
@}, of the universal cube (), on R™ as

A

(1) k¥
~ C: J 8
X; =1 — e (Q:,TQY)
7 Yi Gwy) P P

and the vector fields on the corresponding open set on M as
Xig = (071, Xy € T(QF, TQ)).

Remark 4.6.3. Note that the vector fields X ; actually depend on p (since )E'i’j
depends on p). Thus we should write X, ; ,, but in what follows, in order to simplify
the notation, we will omit the subindex p.

The aim is now to prove that these local vector fields satisfy the so-called
divergence-free condition (see Definition[A.2.2)) with respect to the localization of
our strictly positive 1-density du, that will allow us to obtain a self-adjoint property
for the operators that we are going to construct.
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We have already seen that in our case the 1-density du, foreachi = 1,..., N,
corresponds locally to a smooth 1-density dji; on the open sets ()}, ( 9,
written as dji; = ; ‘dw | The latter then determines the smooth n-form dvy; :=
5; dw™ on (5. In the following, by an abuse of notation, we will sometimes iden-

Proposition 4.6.4. For eachi =1, ..., N the vector fields )N(m- € I'(Q;, TQ;) are
divergence-free with respect to the local measure dv;, forall j =1,....n

Proof. Tt suffices to use the local condition (]@[) of Remark@ In fact, dv; =

3 dw® and X; ; = a; 8/8w with a;(w) := ( )/7( ). Thus,
(i) k9
- 0 c J 0
diVDZ'Xi,j = 6) ($~z> = TC = 0,
8wjl Vi 8wjl
with ¢ > 0 a constant. O

Remark 4.6.5. By this proposition one has that .ZXijdﬁi = (div,;if(i,j)dﬁi =0
forall j = 1,..., N. Thus, the smooth n-form di; = 4;'(w’)dw’ is constant under
the flow ®; : w — w’ generated by X, ; on the open set (), of R", that is

(75" 0 @) (det (Js,)) dw = F;dw. (4.19)

Finally, by possibly rescaling the constants c; > 0, one has that the vector fields
X,; induce subunit curves of A (with speed less than C'p, where C'is the universal
constant of Theoreml'fl_j'[) say on W), where Q, C W, C Q5.

Henceforth, we consider p €]0, po] where py € R, is fixed and small enough
to reach the construction of the previous sections and we choose h €0, hg|, with
ho € R, being small enough to be fixed later. Essentially, the parameters A and p
represent respectively the size of the step of our random walk and the velocity at
which it is carried out.

To achieve our diffusion, fori =1, ..., N, 7 = 1, ..., n we define the flow

D jnp ] = hh[x M — M
(t2) = eXiig if (t,z) €] — h, h[xQ;
7:I; .
x, otherwise,

and then construct the (h, p)-subelliptic diffusion as follows.

e Step 0. Fix xo € M;

e Step k. At step k € N we choose at random i € {1,...., N}, j € {1,....n},
€] — h, h[ (with respect to the uniform probability) and set

— Dijnp(t,r), ifzy € Qiand @, p,(t, 21) € Q
k1 = )
* Tk, otherwise.



4.6 Construction of a Global (/, p)-subelliptic Diffusion 47

Roughly speaking, the (k + 1)-step of our (h, p)-subelliptic random walk is the
arrival point of the integral curve eXiix,, starting from xy, if both the initial and
the final points belong to the subelliptic cube );, or x;1; = x} otherwise. Hence-
forth, with an abuse of notation we sometimes write ¢*X#7 () referring to the flow
D, ;1 () starting from .

We now want to associate a Markov operator with this (h, p)-subelliptic diffu-
sion. To do that we firstly introduce fori € {1,..., N}, j € {1, ..., n}, the auxiliary
functions

Xi,j,h.p 2] — h, h[ X M — {0, 1}
<t7 x) = Xi’jah’p(t7 'T)
defined as
Xigihop(ts ©) 7= L(t0)e]—nh(x M; (t2)€]-hh[xQ:, @iyj,h,p(t,x)eQi}(t, ).
Then, fori € {1,..., N} and j € {1, ...,n} fixed we define
Si,j,h,p : ,//b(M, R) — ,//b(M, R)
(recall that ., (M, R) is the space of all bounded measurable functions on M) as

Siihpf (@) =M, jnof(x)+ T, f(2)

where
Mijnpf () = mijnp(2) f(2),
with
1 h
Mijhp() =1 - % hXi,j,h,p(ta x)dt
and

1
Tijnpf(x) = %/ Xiyjihop (L ) [ (Pijin,p(t, @))dt.

—h
Hence, the (h, p)-Markov operator of our (h, p)-Markov process is an operator

Sh,p : %b(M, R) — %5<M, R)
defined as

N n
Shp = niN SN Siing (4.20)

i=1 j=1
Therefore, for p €]0, po] sufficiently small fixed we have constructed a family of
operators (S ,)hejo,ho] that depend on the parameter h. In almost all situations we
will work with p > 0 fixed and we look at the behaviour for varying h. Never-
theless, in some situations we will investigate what happens to our results when p
goes to 0.
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Remark 4.6.6. The operators S; ;5 ,, and consequently .S}, ,, are initially defined
for real-valued functions, but they can naturally be extended as operators acting on
complex-valued functions f : M — C, by setting, for x € M,

Sijnpf (@) = (Sijn,Re f)(x) +i(Sijn,Im f)(z).

4.7 Basic Properties of the (h, p)-subelliptic Markov Operator

In this section we work with h €]0, hy] and p €]0, po] fixed and investigate
the basic fundamental properties of the (h, p)-Markov operator .S, , constructed
before, stated in the following proposition (cf. [29], [6]], [[7]).

Proposition 4.7.1. The operator Sy, , satisfies Sp,1 = 1 and ||Shpll ;e ;0o =
1. Furthermore, Sy, , can be extended to a bounded self-adjoint operator Sy, , :
L*(M, dp) — L*(M, dp) such that ||Sh || ;2,1 = 1. In particular, Spec(S}, ,) C
[_17 1]

—L2

Proof. The fact that S, ,1 = 1 follows immediately by definition. We then focus
to prove ||Shp|l ;e .7 = 1. If we take f € C*°(R"), since

1 n N
Sh,pf = m Z Z Sz‘,j,h,pfa

j=1 i=1

it is sufficient to examine every terms in the sum of the RHS. For such terms we
have to distinguish the following three cases.
(1) Let z ¢ @;. In this case S; j . ,f(x) = f(x), thus

sup |5 g ()] < [Lf [l oo
T€QS

(2) Let z € Q; such that ®; ; 1, ,(t, z) € Q; forall t €] — h, h[. In this case

I -
Siinpf(x) = o7 /hf(etxz’]x)dt

Hence,
sup ‘Si,j,h,pf(x)‘ < HfHLoo

z€Q;
P h,pt2)EQ; VEE]—h,h[

(3) Let z € @; such that @, ;, ,(t,z) € Q; forallt € I, C| — h, h]. Denoting
Ly, :=|I, 1| €]0,2h[ one has
1 1

Sipf (@) = (1 - %Lh)f(:v) + o L f(e™g)dt.
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Thus,

h
sgg |Siinpf(2) < (1— —Lh)Hf”Loo oh Nl e = IF N oo
‘I’i,j,h,p(t;)eéi Viel, p

In conclusion
HSi,jJL,prLoo < HfHLoo (4~21)

and since S} ,1 = 1 we may conclude that ||y , ||, ;0 = 1.

We now prove that the operator S}, , can be extended to a bounded self-adjoint
operator Sy, , : L*(M,du) — L*(M,dp). To do that, since the global operator
Sh,p is a linear combination of the operators S; ;5 ,, in order to prove the self-
adjointness property, it is sufficient to study, for f, g € C*°(M),

N

/M SeonpDadi =3 [ 62)Sesnpf (2)g(D)dn(x),

Qk
and in turn, for £ = 1, ..., NV fixed,
Or(2)Signpf (2)g ( )dpu(z).
Qk
By definition of S ; 4 ,,

O (2)Si g ()9 () dpu()

Qk

g O(@) i (2) f(2)g(2)dp(x) + ; ()T f ()9 () dpa().

Hence, it is sufficient to examine the last term. Denoting K" = supp ¢, one has

Cbk( ) z]hpf( )g(x )d/l( )

/ e >(21h R e

= [ o5 | vuanatarpe a)in)gdnte)

Thus, by Fubini’s Theorem and the change of variables y = ®;(z) = e!¥iiz,
using the fact that by Proposition #.6.4] the vector fields X ; are divergence-free
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with respect to the measure p, we have

; x(2) T jnpf (2)g()dp(x)

1 fh I
S 2, </chzmt1<czn k() Xijhp (8 ) f (€ fv)g(x)du(ﬂf)>dt

1 h o o S
- / h</q> (KNQ)NQ O (G T) PR TN (A tX“y)f(y)g(e‘txm'y)du(y)>dt
- t(KNQ;)NQ;

== 2

h —
/_ h( S Or(e™ Syt X)) gle Fry)dp(y) ) dt

1 h
::Z;(Eiﬁfm@“%yM@“wwxM@Atyﬂﬂf@ﬁmw%

where in the last equality we have used that x; ; » ,(t, e **4iy) = x; ;1 ,(—t,y) for
every (t,y) €] — h, h[x M.
Therefore, summing over k, we obtain

(Tijnptf>9)o = (f, Tijinp9)o

and so
(Shpfs9)o = (f, Snp9)o-
Moreover, using again the divergence-free property as before, we have

1 h
ISnfl = [ 0= 55 | xsanolta)at f(o)
1 h

+ oh \ Xijhp(t ) f (L p o (E, 2))dt|dp(z)

<|f7:, feEC=(M).

Therefore, by the Riesz-Thorin interpolation theorem (recall also (.21)), S, , can
be extended to a bounded self-adjoint operator S, , : L*(M,dp) — L*(M, du)
such that

1Shofllo < fllgs  f € L*(M, dp),
and since S3,,1 = 1 we have once again ||Sy | ;2 ;2 = 1.
Finally, since S}, , is self-adjoint and ||.Sy, ,|| ;> ;. = 1, by Proposition|A.4.13|and
Proposition [A.4.T4 we get

Spec(Sh,,) € [—1,1].
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We next note that the operator Sy, , is positive on the space of continuous func-
tions on M, i.e.

feC' (M), f>0=5,,f(x) >0, Vre M.
Therefore, for every x € M, the functional

F,:C°(M) =R
f = Sh,pf(x)

is a positive linear functional. Hence, by the Markov-Riesz Theorem (see Theorem
A.6.19), there exists a unique Radon measure sy, ,(z, -) on M, such that

I/A4f(3/)5h7p(x’dy)’

and then for every x € M

Shpf(x) = y fW)snp(x,dy). (4.22)

Thus, the function M > x — sp,,(z,-) € (M) is the Markov Kernel (see
Appendix [A.3)) associated with the operator .S}, ,. From now on, we consider S}, ,
acting on L*(M, du). In general, for f : M — R a bounded measurable function,
we may write,

Sh,pf = Mh,pf + Th,pf7
where, for x € M,

n

N
Mhpf :LNZmehp (z),

and

n

1 N
Thpf :_NZZ zyhpf

i=1 j=1

Hence, in terms of their distributional Kernels, one has

Syl /f Jsn o, dy) = /f it dy) + /f Yoz, dy),

where my, ,(x, dy) and t;, ,(z, dy) are the Markov Kernels associated respectively
with the operators M, , and T}, ,. The goal now is to study the (h, p)-Markov
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Kernel s, ,(z, dy) of the operator Sy ,. In the following we will also denote by
sy ,(x, dy) the Markov Kernel of the operator Sy | = Sy, , 0 ---0 .Sy,

~
k-times

Finally, to carry out our study it will be necessary to introduce for all 4 €]0, hy]
and p €]0, po| the operator Ay, , acting on L*(M, dy), defined as

1=,

Ah7p . h2

and the associated bilinear form

I—Sh,
h2

Bh,p(u,v) == (Appu,v)g = ( u,v) . u,v € LA(M, dy).
0

We denote the corresponding Dirichlet form by
Enp(u) == Bp,(u,u), we L*(M,dpu). (4.23)

Proposition 4.7.2. The operator Ay, , : L*(M,du) — L*(M,du) is a positive
self-adjoint operator.

Proof. The operator Ay, , is self-adjoint because so is S}, ,. Regarding the positivity
we may reduce the proof to showing that, with u € C*°(M),

1 [ N
2(( = Sijnp)u, u)o Z/ —/ |[u(z) — u(€™9 )| xijnp(t, 2)dtdp(z),
v 2h J
(4.24)
since, by construction of 5}, , it yields

(I = Shp)u,u)o > 0.

Note at first that, up to considering the real and the imaginary parts separately, we
may assume that v is real-valued. We have

2((I = Sijnp)u, u)o
=2((1 = Mijnp — Tijnp)u, u)o

1 h
- 2<_ / Xigihop(ts ) (u(z) — U(etxi’jx))dt,u) (4.25)
h

0

=2 /Q (ﬁ /_’; Xi,j,h,p(t,x)u(x)QdQ du(z) — 2<Ti,j,h,pu, u)o.



4.7 Basic Properties of the (1, p)-subelliptic Markov Operator

As regards the RHS of (#.24), we have

/M(% /_};|u(a:) — u(etXi,jx)‘QXM,h,p(t,x)dt) dp(x)
— /Q (% /_Z (u(x)z — 2u(z)u(eiz) 4 u(etXi,jx)2)Xi7j7h’p(t,m)dt) du(z)

“,

-2

L 2 L[ e
ﬁ/—h W) Xijih,p(t, @) dE + o _hu(e I ) Xi,j,h,p(t,x)dt>d,u(:1;’)

j—’i’j’h»pu7 u) 0

(4.26)
Then {.29) is satisfied if and only if

/Qi </_]; u(l')QXi,j,h,p(t,$)dt> dpu(x) = / </h w(eXi )y (1) x)dt) dp(z)

Qi ~J—h

but this is true by applying Fubini’s Theorem and the change of variables. ]
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5. AUXILIARY RESULTS IN PREPARATION TO THE
DIFFUSION THEOREMS

In this chapter we will provide the necessary auxiliary results to prove Theorem
[[.1.3]and Theorem|[I.T.4] In the first section we begin by investigating some useful
properties of the Markov Kernel (see Theorem [5.1.1] and the related corollaries).
Subsequently, in Theorem [5.2.1] we will obtain a decomposition of the spectrum
of Sy, , on the high and low frequency parts with respect to h and through it, we
will also obtain a Weyl-type estimate. Finally, in the last section we will examine
the properties of the infinitesimal generator of our Markov process.

5.1 A Lower Bound for the Markov Kernel

The goal of this section is to obtain a lower bound for the n-th power of the
(h, p)-Markov Kernel and from this result it will be possible to obtain an L bound
for the eigenfunctions of the operator S}, ,. The lower bound is to be understood
in the sense of measures. More precisely, we have the following statement.

Theorem 5.1.1. There exist hy > 0, and constants ¢,d > 0, such that, for all
x € M, forall p €]0, po] and h €0, hy,

Sz,p(x> dy) = 7ah(ma dy) + Chinﬂ{dg(m,y)<6h}dgya
where T,(x, dy) is a positive Borel measure for all x € M.

Proof. We have to prove that there exist hy > 0 and constants ¢, d > 0, indepen-
dent of h, such that, for all h €]0, ho] and for every f : M — R nonnegative and
continuous function, one has

Stpf(@) = FW)d 6.1
{dg(z,y)<oh}

We may reduce the proof to showing the weaker assertion that for all zq € M there

exist constants hg = ho(xg), a = a(xg),c = c(zg), = d(xy) > 0, such that, for

all h €]0, hy] and for every f : M — R nonnegative and continuous function,

dy(z,20) < = Sy f(z) > ch_”/ f(y)dyy, (5.2)
{dg(x,y)<dh}
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with o smaller than the injectivity radius r, (M) (see (A.13)). In fact, by compact-
ness M = UL B,(z, a(xy)), for some L € N and choosing § = min, §(z¢),
ho = miny ho(z) and ¢ = miny ¢(z;), one easily proves that (5.2) implies (3.1).
Hence, we fix o € M. Then zy € );, forsomei; = 1, ..., N, and, to simplify
notation (up reordering of cubes) we may assume z, € ();. We consider the set
of z € M such that dy(x, z9) < a(zy), for some suitable o(xy) > 0, such that the
image of the integral curves 7, :| — ho, ho[— M of the vector fields X, ; starting
from such z are all contained in ()¢, forall j = 1,...,n. We need to examine the
following two cases.
(1) Suppose first z € Q1, z ¢ UN,Q;. In this case

Sijnpf(x) = f(z), foralli=2 .. N,j=1..n

Thus (recall @.20)),

Sy z( ZSU,W) ().

Hence, since f > 0, there exists constants ¢, d > 0, such that

Sipf (@) > (nN HSuhpf 7)

2N / /f (el Xin e Mgy dty L dt,
n

>ch™ / f(y)dyy,
{dy(,y)<5h}

where the last inequality follows from the fact that the collection of vector fields
Xi1(), .; Xy () isabasis for T, M, x € Q;. Namely (with, ", ¢ ¢1,... ¢, >
0 universal constants and f, & the expressions of f and x in coordinates in R™)

h h
/ e / f(et"XL” .. ethl’lx)dh LoLodty,

cih
>c/ f:v—i—(sl,...,s))dsl...dsn
cih —cnh (53)

> ¢ / F@)dg
[ C//h C//h]n

S
{dg(z,y)<6h}
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(2) Suppose now z € ﬁévzllQig for some N; € N,2 < N; < N. As before, w.l.o.g,
we may assume 2 € N, Q; and since we deal with a finite of many cubes it is

sufficient to consider the case x € Ql QQ. Denoting S’L’,j = O4i,j,h,p> one has
h,p — (nN)n 171 2,1 172 2,1 1, 2,1

For simplicity, we examine the case n = 2. In this case,

S f(x) > 551,152,151,252,1 f (¥)

(2N )
so that, we have to consider two cases.
(1) We suppose first that the image of the integral curve v, :| — hg, ho|— M of the
vector field X5 ; starting from z is all contained in (),. In this case, by using the
same argument of (5.3)), we have

Sl 1 h,pSZ,l,h,pSLQ,h pSQ 1,h pf

> 24 nN / / / / f t4X21 t3X12 t2X21 t1X11 )dtldtzdtgdt4
> 24 nN / / / / f hS4X21 t3X12 h82X21 t1X11 )dtldSth3d84

> Jh? / f(y)dgy,
{dy(ay)<6h}
(5.4)

for a possibly smaller constants ¢, > 0, where the constants d;,d, > 0 are
choosen sufficiently small.
(17) If the integral curve associated with X ; starting from x is not all contained
on o, since m; jp, > 0,foralli =1,..., N, j =1,...,n, the result follows in
the same way.

The case n > 2 is analogous by repeating the same argument a finite number
of times.

In conclusion, we have obtained that there exist ¢ > 0 and 6 > 0 sufficiently
small, such that

S f(x) > b / F(y)dyy
{dg(a,y)<6h}
and thus the statement follows. ]

Remark 5.1.2. Note that, by reasoning as in (5.4]) we get that the statement holds
for all power k > n of the operator.
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As anticipated, this result allows us to obtain an estimate for the eigenfunctions
of our operator. To do that, for x € M and f : M — R bounded measurable
function we write

Mszé/@mmmw

that is the operator with Markov Kernel r, ,(x, dy) defined by Theoreom m
(note that such a kernel actually depends on ¢ given by Theorem[5.1.1)). With this
notation we state a first corollary.

Corollary 5.1.3. There exist hg > 0, 0 > 0 and T < 1 such that for all h €]0, hy|
the operator Ry, , satisfies

| Rhpll fooypoo <7 <1
Proof. By definition, for z € M,
Th,p(xa dy) = SZ,p(-ra dy) - Ch_n]l{dg(:r,y)<5h}dgy>
for h €]0, ho] and for ¢, § > 0 fixed constants. Hence, since S;, ,1 = 1, for f €
L*>(M,du), we have
\ / f(x)rh,p(a:,dy)‘ <1l [ mmstedy)
M M

< —ch™ |
= ”f||L°° <1 ch xlgl\f4 \/dvg(w7y)<(5h d9y>’

and so, by possibly shrinking o > 0,

HRh,prLoo < THfHLOO
for some fixed constant 0 < 7 < 1. O]

As a consequence of this result the following estimate easily follows.

Corollary 5.1.4. Let a €|7Y/" 1] be a fixed constant. Then, there exists C =
C(a) > 0 such that, for any \ € [a,1] and any f € L*(M,dpu) eigenfunction
Shpf = Af belonging to A\, one has

1z < CRT2(1f 1.

Proof. Let A € [a,1] and f € L*(M, dp) satisfy S ,f = Af. Then S} f = \"f,
whence

[ pwd| 2Nl = I e 2l 65)
{dg(-y)<oh}

LOO
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withc, =a™ — 7 > 0.
On the other hand, by Cauchy-Schwartz inequality,

o [ F(y)dyy
{dg(z,y)<Sh}

< ch™Vol,({d,(z,y) < 5h})1/2 </

{dg(z,y)<éh}

1/2 5.6
7)) o0

< 2| f -

for some ¢ > 0, where we have also used the fact that locally (in coordinates on
R™) the measures 1 and Vol, are both absolutely continuous with respect to the
Lebesgue measure.

Therefore, putting together the estimates (5.3) and (5.6, we conclude that there
exists C' = C'(a) > 0, such that

1z < CHT2IIf .

5.2  Decomposition in High and Low Frequency Part

For u € L*(M,du) that satisfies the energy estimate (5.7), in terms of its
L? norm and of the Dirichlet form E, , (see #.23)), we want to obtain an upper
bound for the so-called high-frequency part and low-frequency part of u. One has
the following result.

Theorem 5.2.1. There exists hg > 0 such that for any p €0, py| and any h €0, ho|
the following statement is true.
Ifu € L*(M,du) satisfies

[l + Epp(u) < 1, (5.7)
then there exist (ul ') € HY(M) x L*(M,dp) such that
u = uﬁ + uhH

and
[ur||, < Cop,  ||uil||, < Coph, (5.8)

for some Cy > 0.
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Proof. Let us take u € L*(M, du) that satifies (5.7) and write

N
U= Z ¢iu7
i=1

where, recall {¢;}¥, is a partition of unity subordinate to the cover {Q;}%,. Note
that, if ¢ € C°°(M), since sup,q, |p(e"72) — p(x)| < c|t| for some universal
¢ > 0, there exists a constant C' = C,, > 0, independent of h €]0, hy], such that

Enp(pu) < Col[ullg + Enp(w). (5.9)
Thus, forz = 1, ..., N, we have that u; := ¢;u satisfies
luilly + Enp(us) < Cy,,

for some C' = Cy, > 0. Therefore, possibly after rescaling, we may assume that
u; satisfies (5.7).

We now fix i € {1,...,n} and work with u; := ¢;u. Moreover, write ¢ > 0 for a
fixed absolute constant possibly changing from line to line.

First of all, by applying (#.24) to u;, we get that, forall j = 1,...,n,

I y
2(( = Sijnp)ui, ui)o = / ﬁ/ ‘Uz(iU) - Ui(etxz’%)f)(i,j,h,p(t» z)dtdp(r).
M —h

Then, by (5.9) one has

Enp(ui) = (I_h—;%umuz')() <c,

for a fixed constant ¢ > 0, so that

/@(% /}Juz(ﬁ) - ui(etX"’jfE)|2Xi7j,h,p(t’x)dt> dp()

L 5.10
_/M(%/JM(I) —ui(etXi,jx)‘QX@j’hﬁ(t,x)dt)d,u(x) ( )

= 2((I — Shp)u,u)y < ch®.

Since suppu; = K is compact and K C ();, we may choose iy > 0 sufficiently
small, such that

1 [k N
/Q_ <ﬁ /_h‘ui(x) - “i(etxl’]x)|2Xi,j,h,p(t,x)dt) dp(z)

(5.11)
1 [ X 2
:/Q<ﬁ/h‘ul(a:) — u;(e™iiz)| dt)d,u(a:).
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In fact, we may choose hy > 0 sufficiently small such that for every x € K,
etXiig € @, for all t €] — hg, hg[. Hence in this case, assuming also that u; is
real valued (by possibly considering separately the real and the imaginary part),
we have that (5.11)) is satisfied if and only if (recall supp u; = K)

/Q 1- (% /_ }; ui(etxwx)zdt) dy(z)

1 [h N
:/Q (ﬁ/hui(etXZ’Jx)QXi,jﬁvp(t’x)dt>d’u(l‘)'

Thus, we have to prove (3.12). By applying Fubini’s Theorem and the fact that
u(eMiiz) = 0ifz ¢ {y € Qy; iy € K} we have

/Q(%/hUz‘(eth,J];)QXi,j,h,p(t,x)dt)dlu,(x)

(5.12)

— % h(/; ui(etX”Jx)QXi,j,h,p@’ l')du(l'))dt
1 h Z

= — wi (€9 2) X i, (t,x)d,u(x))dt.
2h —h <\/{x€Qi;etX’iJ:v€K} he

At this point, since for all fixed ¢ €] — h, h[ the fact that z € {y € Q;; e'¥ivy €
K}, yields x; jn,(t, x) = 1, we get

Lo (/ X002
o i€ )X (8, 2) () )
2h J_ o\ fzeq; eXiia ek} Hp
I X
= — u; (e i’f:(:)2d,u(x)>dt
2h —h </{xEQi; e Xidg €K}
1 /h

_ . tXiyj 2
=35 _h</Qi w;(e i x) du(az))dt,

where in the last step we used again that u;(e!*iiz) = 0if z ¢ {y € Q;; ey €
K}.

Thus, we have proved (5.12)) and consequently (5.11). In conclusion we have
obtained

h
/ (%/ i () _“i(etxi’jfc)fdt)du(x) < ch?, (5.13)
Qs —h

for all j = 1,...,n. Moreover, in coordinates on (), = V;(();), we may rewrite

estimate (5.13) as
I ; 2
/ (ﬁ/ w;(w) — &i(etXivjw)’ dt) dw < ch?,
Qp —h
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where, X@j = (¥,).(Xi,) and @; := uo ¥; ' are defined on ), C R™.
Next, we extend 1, as a function to R" requiring that @; is vanishing outside (),,. We
thus have that @; € L*(R", dji;) with supp @; C @, and where dji; = (V;")*du

Q
(extended by 0 out31de the cube (),,). Moreover, we may assume, after a rescaling,

that X; J=Cj p*””] =— and dji; is the Lebesgue measure in coordinates.

Then, by applymg the Fourier transform to u; (and dropping the index ) in the
variable w;, and noting also

/ ’1 zthp i3

|
gt — o ((1 — cos(tc;p™&;))” + (Sin(tcjpwfj)f) dt
1 h

(2 — 2cos(tejp™iE;))dt
—h

" 2n
- 2(1 - Sm(hcjﬂ’”@‘))
thp'{jfj ’
(5.14)
we obtain
) / (1- w) | Py, 1| dyd! =
" K (5.15)

dt) | P, e, 1| dE du’ < ch?,

(L[ s
g _ — e J J
n 2h _h

where w' = (wy, ..., Wj, ..., w,). At this point, note that there exists ¢ > 0 such

that
sin(he;p™i;) | |
1 — 2 BNy S cp2e25265 €2 for hepti €| < b
( hejpri; ) = ch”cip™i &5, for hejp™ €] < b,
sin(hc;p™i ;) _
— ————%) >¢, forhe;p™|E;| >0,
hcjplfjgj ) J | ]l

where b > 0 is a fixed small constant, and then decompose u as

fb(w) _ i/ eiwicsp Jfgdg Hfju dfj
2 he;p™i1€51<b

1

iwiciptIEs ~
2_ e WiciP gj?wjﬁg-u dgj
T Jhe;p"i|g;|>b

Therefore, we choose a suitable cut-off function ¢ € C>*°(R"™), 0 < ¢ < 1, with
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¢ =1lonsuppu = K and ¢ = 0 on 7, and define

1
w)_/ eWiCiP Jgjfwgﬁéju dfj
2 hejp™i|€;]1<b

iy, (w) = <Z5(’w)2—/ TS Z, e dE;.
T Jhe;p®ile | >b

The functions QJL ;, and ﬂth are functions defined on R" satisfying
~ _ ~L | ~H
U= Uy + Ujp

that we call respectively j-low frequency part and j-high frequency part of u. For
them we have the following estimates.

Lemma 5.2.2. For every j = 1,...,n there exists C; > 0, independent of h &
10, hol, such that

Haw S Cj;

ijnj h.

i Jh||L2(R") (5.16)

@ HuLhHL?(Rn) =

Proof. We firstprove (i), i.e. the estimate for the j-low frequency part. By Minkowski’s
inequality we have

Hﬁw athm R™) </Q,,
“(,

1 K
<o ([ @relow gl du) e
T Jhe;ptile;1<b N Q,
2
1

+(/Q dw)a.

Now, since h~2(1 — %) > ccip*igZ, for hejpi|€] < b, by (B.13), we
obtain

2 L

dw> :

2 1

dw) :

1 Kj ¢ iwjcip™iE; ~
_/ d)(w)qﬂp ije 5CiP Jg]ﬁwjﬁﬁju dé]

2T ey prifg; 1<t

1

— O, (W)™ Z o G dE;
) I C (D) s

1

— Ow, Wit T e GdE;
2T /hch 13 |<b( Jqﬁ(w))e ks 51

P

19 <G

J jh”LQ ]Rn) —

for some constant C; > 0.
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To get (i7), we write

Haj,hHLQ(R") - (/Qp

1 (2 3
< (/ [6(w) T, ey ) ;.
T Jhesptilgs|>b ~ Qp

Thus, since (1 — %) > ¢, for hejp™i|€;| > b, possibly enlarging the
J

constant C';, once more by @[) we obtain

2 1

dw> :

1 » 5
_ / etwicsp JEjgb(w)gzwj_}gja d¢;
2 hejp™ilg;|>b

”uy hHL2(R") < Cjp*h.

Therefore, for all j = 1,...,n (recall we are working on each single 7)
= ak, +al,

with

||p“78w U < piCy, ||u Cip™ih,

thm (R™) JhHL2(R”) -

and so, there exists a constant C' > 0, independent of A, such that, for all j =
1,....n,

< pCh.

o e
HXi’jujvh L2(Rn) <puC, i th ®?) =
Our goal now is to make this decomposition independent of j. To do that we will
construct operators Ay, By, j , D, 5, defined from .#/(R™) to ./ (R"), depending

on h, such that

1— Ah = Z DjﬁthpKJ %,
j=1 J

0 0
¢ip™ 5 A = ZBk,gh cjp 78w
J

k=1

(5.17)

and Ay, By jn, Djn, D, hh B;whd— are bounded on L?(IR"), uniformly in h.

If there exist such operators we define
af = A, af = (1 — Ay, (5.18)

and in analogy to what has been done before we call them respectively the h-low
frequency part of u and the h-high frequency part of «.
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By this decomposition of © we get

s, 9]
cjp" Ow- uh_ZCJP Bkjha k(ukh+hhukh)
j

=1

— D h a L ~H

i = E: jnhe;p w0 (j,h+“ayh)
7=1

and consequently,
Jes0 0y ey < 0 iy < O, (519)

for some constant C” > 0.
Now, through Lemmal[A.T.4 we want to construct the operators Ay, By, ;, D; satis-

fying (5.17).

To do that we need to introduce the h-scaling operator T, defined as
Thg() :=h™"g(-/h), g€ S R")
and if F' € .//(R") as
(TwF'[ @) = (Fle(h-)),  © €S (R).

Moreover, we take ¢ € .#(R") be a fixed function such that [, ¢ (w)dw = 1.
We first define

Apf = fxTpp, feL*R). (5.20)
Next, since fRn %z/z = 0, by Lemma|A.1.4 we are able to find 1}, ; € .7(R"™) that
solve the equation

-0 o 0
c;p™ 5w cip Ja—w]g@/)k?j. (5.21)
j

Therefore, we define

Brjnf = [ * Tathey, [ e L*(R").

Finally, to define the operators D; j, we want to find solutions dy, ..., d,, € ./ (R")
of the equations

Z ¢ip™ d = 0o — V. (5.22)

To do that, let £/ be a fundamental solution of the hypoelliptic equation

AFE = 6,
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j=16P
of 0. Moreover, let g1, ..., g, € Z(R"), that solve the equation

where A = 37 2p?i 22_, and let Y € C2°(R™) with x = 1 on a neighborhood

- 0
=: . 5.23
chﬂ 8 g] 1/14‘26],0 [ }cjp J, ( )

j=1
The solvability of equation (5.23) follows from the fact that [;, ¢(w)dw = 1 and

n

Ky 0 K d _ A _ _ _
O [ear g eae® 5oy 10) = =0 = (6ol = —x(0) = —1

j=1

(note that we deal with compactly supported distribution thanks to presence of x)
and hence ¢y € . (R™) with fRn Yo(w)dw = 0.
Therefore, for all j = 1,...,n, we may deﬁne

L0
dj = chp wa — g],

and thanks to the equivalences

ZCJP

0
<:>Zc]p7 chpﬂa B —gj) =00 — ¢
w;

-

- 0 0
.'fj_ o NN i —-
<:>;ch G ¢+;c]p [awj,x]cyp Gu £ = v

we have that dy, ..., d, solve equation (5.22). Therefore, for j = 1,...,n, we
define

Dthf = f * Thdj
Furthermore, since T,0y = dg, we have that (5.21)) and (5.22) are equivalent to

1—-A, = Z Djﬁthp’ij

ow;’
j=1 J

= 0
=" Bujneip® .

Summing up, we have constructed the operators that satisfy (5.17).
We next have to prove the boundedness properties for them (i.e. that the opera-
tors Ap, By jny Djn, Djpheip™ aw , By jh52- - are bounded on L?(R™), uniformly

c;p™ 0
iP ow;

ow
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in h).
First of all, if f € L*(R™), by Young’s inequality

[ARfllo < WTatpll 2 llf Mo

and since ||Tp2|| .. = ||¢]|;1, for all A €]0, ho] we have that the operator A, is
bounded in L?, uniformly in / €]0, hy], and by the same argument the operators
By, jn, D;, are bounded in L? as well.

Furthermore,
0 0
Bkz,j,hha_wkf(w) = <h8_wkf * Th%,j)(w)
0
= (f # g (T ) )

= 7 (Talgtn) (),

thus, since %wk,j is a Schwartz function, we conclude that also the operators
Bk7j7hh%k are bounded in L?(R™), uniformly in h €]0, ko).

It remains to examine the operators D, ,hc;p™ =2-. Since
s J 811)]

IThfll 2 @ny = h_g”fHL?(R")?

it suffices to study
2 n K a 2 n
L*(R") 3 f = f*cjp™=——d; € L*(R").
8wj

By construction one has

-0 02 n
c;p™ %dj = Xc?pQ"JWE +r;, 1€ L(RY), (5.24)
J J

so, the distribution 0]2 p*ri f—;E is of type O (see [L5] pp. 164-167 for the terminol-
ogy and the proof) and hence

2

2 2K
cip
J ﬁwjz

E = kjéo + PV (f;),
where f; € C(R" \ {0}) and k; > 0 is constant. Moreover, the operator

82
L*(R™) > f fx* c?pQ”“jFE € L*(R")
wj
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is bounded and consequently, by (5.24))

L2<Rn> € f — f * ijﬂjidj € LQ(Rn)

8wj
is bounded as well. We thus have constructed the operators as of (5.17) and then
the estimates (5.19) are proved.
Finally, starting from (3.19) we wish to obtain the global estimates (5.8)). For such
purpose let x; € C°(Q;) be 0 < x; < 1, such that x; = 1 in a neighborhood of
supp ¢;. Then (¥;')*x; is a smooth function defined on R™ with support in @,
and (U;')*y; = 1 in a neighborhood of supp ;.
Thus, setting

ui = () 06 i), iy = U5 (P71 (xa)i),

one has
iy + uin = (07 (a))ai,) + 5 (07 () i)
= xiV;u;
= Xilly = U
in ); and
wially = Cohs - sup [[Xesuially < €, (5.25)
SN

where C' > 0 is a constant depending on x;, ¢; and other auxiliary functions but
independent of h and p. Until now we get the decomposition for u; = ¢;u, for all
i =1, ..., N. To obtain this result for u € L?(M, du) it is sufficient to write

N N N

L H L H

U= E piu = g ui’h—i—g u; =t uy + g,
i=1 i=1 i=1

Since uﬁ and uf are constructed by local pieces satisfying (5.23)), they obviously
satisfy
lui]l, < Cop. ||ur'[l, < Coph,

for some Cy > 0 universal constant. ]

5.3 A Weyl-type Estimate

The purpose of this section is to give a first result (see Theorem [5.3.3) con-
cerning the spectrum of the family of operators (Ay, ,)nejo,no)» fOr p €]0, po], Where,
recall,

A, L*(M,dp) — L*(M, du)
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is defined as

-5
Ah,p = % h’p.

where Sj,, is the (h, p)-Markov operator given in (.20). This result, in the next
chapter, will lead to a characterization of the spectrum of our S}, ,. Let us start by
fixing some notation.

In what follows, we denote by A = A* > Id € W?(M) a fixed elliptic pseu-
dodifferential operator on M, where A* is the formal adjoint of A on L*( M, du)
(for the existence of such operators see for instance Lemma 7.1 in [43]). Since
M is compact there exists an orthonormal basis (e;);>; of eigenfunctions of A in
L?(M,dpu) corresponding to the eigenvalues v; < 1, < ... counted by multi-
plicity. Moreover, by the classical Weyl law (see for instance [17], p. 138) one
has

#{j; 1/;/2 <7} pdim®) ey 4o,

Note that for s € R, the topology on H*(M) is equivalent to the topology defined
by the norm

11, = Qo wPIAM Y2 = (W1, 1%, =D fe; € H(M).

Finally, we define (P,)xco,n]> be a family of self-adjoint bounded operators de-
fined on L*(M, dp), for u = 3_ - uje; € L*(M, dp), as

Pyu = z:min(h_l7 V;/Q)ujej.
j>1
The goal now is to characterize the spectrum of the operators for which Theorem
[5.2.T]applies. In Lemma[5.3.2] we will give such a characterization in a more gen-
eral framework (cf. Appendix of [29]) and to do that we first need the following

estimate (which yields to the control of the eigenvalues of the operator I + T},
obtained by the Theorem [A.4.20] principle).

Proposition 5.3.1. Let (T},)nejon)s for ho > 0, be a family of nonnegative self-
adjoint bounded operators acting on L*( M, dy) that satisfy the following property.
There exists a constant Cy > 0, independent of h such that

ifu € L*(M,du) satisfies (I + Tp)u,u)y < 1
= 3s> 0and (uy,uy) € H*(M) x L*(M,dp), s.t. (5.26)
u = uy + ug and ||uq]|, < Co, |Jus|l, < Coh.

Then, for all h €]0, hy],
[Pyully < ACG((I + Th)u, u)o. (5.27)
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Proof. Note first that if u € L?(M,dp) and v = uy + ug, with uy € H¥(M) and
uy € L*(M, dp) one has

[Pl < 20 P2+ 20 Paa 2 < 20 |2+ B2 s 2. (5.28)
Suppose by contradiction there exists h €]0, ho] and u, € L?(M, du) such that
ACZ((I + T s, u)o < || Pt |2 (5.29)

Hence, setting

Cy =/ ((I + Ty, 1 )o > 0
(note ((I + Ty)us, uy)o > 0as Tj, > 0) one has

(r+ T Z—)O <1

and so, by hypothesis (5.26)), there exist v € H*(M) and w € L?(M,du) such that

U .
o =V +w, with |[v||, < Cy, ||w]|, < Coh.

Thus, defining u, ; := C,v and u, 5 := C,w, we have that u,; € H*(M), u.o €
L*(M, dp)

Uy = U1 + Uso, With |Jul]], < C.Cy, |Jusll, < C.Coh.
Therefore, by (5.28) and (5.29),

ACS((T + To)u*, u)o < 2([|uill2 + A2 lusl3)
<4C3C?
= 403(([ + Tp)u*, u*)o

and then the contradiction. ]
We next have the following Lemma (cf. Appendix of [29]).

Lemma 5.3.2. Let (T},)nejo,ho), for ho > 0, be a family of nonnegative self-adjoint
bounded operators acting on L*(M, dy) that satisfy property (5.26).

Then, if Cy < 1/(4C%) we have that Spec(T}) N [0, ¢ — 1] is discrete for all { <
C1h=2 and there exists Cy > 0, independent of h, such that

8(Spec(T3,) N [0,¢ — 1]) < Co ()™ M2 forall ¢ < C1h ™2
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Proof. By Proposition [5.3.1] for all j > 1, we have (with z1; defined by the min-
max principle see Theorem [A.4.20).

1
w1 +T3) > = p5(PF). (5.30)
Moreover, if ¢ < h™2, by the Weyl formula (ATT),
8 (PR < = #{j; v5 < ¢} < C(Q)mOn/2s, (5.31)

for some C' > 0. Therefore, by (5.30), we may apply Proposition [A.4.2T] to the
operator [ + T}, to obtain that the spectrum of I + T}, in [0, h~2/4C?] is discrete
and all the eigenvalues repeated by multiplicity are found by the min-max principle

(see Theorem[A.4.20).
Thus, again by (5.30) and (5.31)

8{7; (1 +Tp) < ¢} < Co(¢)ImAD/2s - e < O h~2,

with 0 < O} < 1/(4C%) and Cy > 0 universal constants, independent of i. The
statement follows by noting that Spec(7},) = Spec({ + T}) — 1. O

This result, for A, ,, yields to the next Theorem.

Theorem 5.3.3. There exists hy € R such that forany h €0, ho] and any p €10, po|
one has that Spec(Ay, ,) N [0, (] is discrete for all ¢ < C'h™? and

4(Spec(An,) N[0,¢]) < CO™™D2 - we <O (5.32)
for some constants C', C" > 0, independent of h and p.

Proof. By Proposition [4.7.1] and Proposition [#.7.2] we may apply Lemma [5.3.2]to
the operator A, ,.

By Theorem m there exist hy < 1 and a constant )y > 0 such that if u €
L*(M,dp) satisfies ((I + Ap,)u,u)g < 1 there exists (uf,ul’) € H' (M) x
L*(M, dp) such that u = uf + uf!, with ||uf||,,, < Cop and ||ufl||, < Coph.
Then, the fundamental hypothesis of Proposition[5.3.1]is satisfied and hence, tak-
ing C] < @, there exists C > 0 independent of h such that Spec(Ay, ,) N

[0, ¢ — 1] is discrete for all ¢ < C{h ™2 and
4(Spec(An,) N[0,¢ = 1]) < CY ()2 forall ¢ < CHh2

Then, by choosing hy small enough we get that there exist constants C’, C” > 0,
such that Spec(Ay, ,) N [0, ¢] is discrete for all ¢ < C"h ™2 and

4(Spec(An,) N[0, ¢]) < C"(C)T™M/2 - forall ¢ < C'h~2.
O

Remark 5.3.4. Note that if we shrink p, we may choose the constant C| and con-

sequently C” in the proof (O] < ﬁ) to be larger. Thus, if we shrink p, by (5.32)),
0

we obtain a discrete spectrum in a larger interval.



72

5. Auxiliary Results in Preparation to the Diffusion Theorems

5.4  The Infinitesimal Generator

The aim of this section is to prove some convergence properties of the operator
Ay, for h — 0and p €]0, po] fixed. In such a way we will obtain the p-infinitesimal
generator (see Definition[5.4.3) of our process. To obtain that, for any = € M and
f € C>(M), we are going to calculate the pointwise limit

. Shp
lim A f(2) 1= im 22 ().
In what follows, for all : = 1,...,n we denote by

a; : M —{0,1}
1, ifx € Q;
~ {O, ifx ¢ gz
Given f € C'*(M) we consider the map
d
d

Q1

frr | e

d
@n
where foreach: = 1,..., N, f‘ =" f, with ¢ : (); — M the inclusion map.
Q;
Moreover, since X;; € ['(QF, TQ;) and T,Q; = T,Q; for all z € Q;, we may
define X; ;| € I'(Q;, TQ}) and then the function

Qi

aiXi,j f M — R,

Q;

Q;

TN X i (z), ifzeqs

%,J
Q;

Q;

Therefore, we define the truncated vector fields Z; ; as the operators

COO(M) > f —> Zivjf = CYiXi’j f

Qi

Remark 5.4.1. The truncated vector fields are operators from C*° (M) to L>°(M ).
Indeed, since X, ;| f for all z € Q;, we get

Qi

Qi

Q;

SUP|Zi,jf( )| = Sup|X”f’ r)| < +oo0.
xeM

T€Q;
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In the same way we define the operators P; , : L*(M,du) — L*(M, du) by

n

1 2

on 2 Zi
J=1

Fip =

where 77, f = ;X ;i f) ,if f € C®(M). Note that P;, depends on p, since
Q; 1@
X j, o and hence Z; ; depends on p.

Theorem 5.4.2. Let f € C(M), p €]0, po] and x € M. Then

I I -
hli% h

S 1 —
Sl (@) = Y Pl ().
i=1

Proof. Letx € M and f € C°°(M). Up to rearranging the cubes, we may assume
that z € NN, Q; and = ¢ U?iNlH Q;, for some Ny € {1,..., N}.

Furthermore, note that, choosing ho > 0 sufficiently small, for all i € {1,... Ny}
and for all h €]0, ho) one has

D jnplt,x) € Qi Yt E|—h,hl.

We write N
(T = Sup)f (@) = —(nN = 303" S50,) ()
i=1 j=1
and since ]
Siinpf(®)=f(x), Vi=N+1,...,N,Vji=1,..,n,
one has

1 Ni n
(I = Shp)f(z) = n_N(an I — Z Zsi,j,h,p)f(x)
i=1 j=1

_ % SN U = Signg) ().

i=1 j=1

Hence, we focus on the term (I — S; ;1 ,) f(z) for some fixed i = 1,..., Ny, j =
1,...,n and we work in coordinates, with the notation used above. By Taylor’s
formula, in coordinates on a neighborhood of w = W;(z), we have

— o, . 2 L
Suimad @) = 55 [ (Flw)+ 0% )+ 552, Fw)+
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Thus, noting that
h
~h

and that the last term is o(¢?), for ¢t — 0, we get

—~ - 1 t3 N
Seanod (0) = Fw) + 53[5 X2, w) +o02)
1 (5.33)
:ﬂm+EMX%ﬂ)+dM) h — 0.
Then,
I— &p
lim fx (MNEZE:QX” Qx)
i=1 j=1 Q; i
:&WZZ%%MJ)
i=1 j=1
1 N
=N > Pl
=1
O

Definition 5.4.3. We call the operator Ay, = Ef\;l P; , just constructed the
p-infinitesimal generator of our Markov process.

Finally, we recall that for h €]0, ho| and p €]0, po|, the bilinear form B, , is
defined by

I1-5
Bip(1,0) = (5 2uv) | wve LM, dp)

and through them, we want to give the following convergence theorem for A — 0
and p €]0, po] fixed.

Theorem 5.4.4. Let ¢ € C*°(M) and (fn, gn)nejone] © H* (M) x L*(M, dp) be
a sequence such that

(@) fn h=0, fe Hl(M) weakly,
and
(i) sup |lgnlly < +oc.
hE]O,ho]
Then
1 n
lim By, ,(fo + ogn, ¢ = 6nN DO (Xisf Xi50) 120

=1 j=1
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Remark 5.4.5. First to start the proof let us point out that for u,v € L*(M,du)
one has

B, (u, v)o = RNZZB”MM (5.34)

=1 j=1

Moreover, if u,v € C°(M) (and by density also for u,v € L*(M, du))

Bi:jzth(u7 U)
I—S5ijn,
B < h2j pu,v>0
=h? / ((I - (Mwhp +Twhp)) )@d/ﬁ
(5.35)
2h3/ / Xi ot @) (u(@) — ule Kiig))o(x) dtdp
— g | [ Neanalta)ute) - e o~ e
Proof of the Theorem[5.4.4, We write
Bho(fh + 1gns ) = B p(fn: ) + Bup(hgn, )
and then we have to prove
1 N n
lim By, (f1 ) = 5 Z_; ;(X,,j £, X 590) 1200 (5.36)
and
}lllg(l) Bh.p(hgn, ¢) = 0. (5.37)

We first examine (5.37). By (5.34) we may reduce to show that for any given ¢, j
one has

: I—Sijne \

Since p € C*°(M), for x € @); we have

1 h .
(I = Sijnp)e(r) = 2h /h Xiginp(t, @) (p(x) — (i) dt
XZ' io\xr "
- %()/ t Xigihp(t, ©)dt + Ounie (h)
“h

= Th(SC) -+ Ounjf(h2).
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Now, we note that suppr, C {z € @Q;;d(x,00Q;) < h}. Indeed
h

h
d(z,00;) > h = / Exignp (b ) dE = / bt = 0.
—h

—h

Thus, since || || pe = Ounir(h) we get ||74]lo = Ounic(h*/?). Therefore, as ||hgn|lo =
Ouit(h) we obtain

1
Bijnp(hgn, @) = ﬁ(hgha (I = Sijnp)P)o

= (g0, h (I = Sigmp)9)o
= (gha hilrh)() + Ounif(h)
= Ounif(h1/2)

and hence (5.37) follows from (5.34).

We now prove (5.36). Also in this case we may reduce to study
I—Siin,
Bi,j,h,p(fhugo) = < h2] pfh790> .
0
In the first place, by (5.33),
I = Sijhp ) —
1 " ¥
=15 [ ([ Xeomalt: ) o) = fule ) o] = et du(o).
Qi ~J—h
At this point, writing (with z € Q);)
p(x) — p(e™ia) = t(t, x)
1
fula) = fu(e™ox) = t/ Xij fu(e*a)ds,
0

with 1) (¢, ) smooth function such that ¢)(0, z) = X, ;i (x), and denoting ®;(x) =

etXiix, one has

Bi,j,h,p<f7 90>

h 1
:# Qv</ Xi’j’h”’(t’x)tQ(/ Xiyjfh(etsx"’jx)ds)@/)(t,x)dt)du(l')

:1/ (/1 Yoo (BT, ) / X fule" ™5 2)ds) (b, 2)dr ) du()

/ / / thﬂ (hr, e~ "e%0ay)7?
-1 (I:'h‘rs Qz

x Xij fu(y)(hr, e=h7s¥es y)) du(y)dsdr.
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Next, since 1 (hr, e "™ %iiy) = X, i0(y) + Ounir(h), for any 6 > 0 we get

zghp .fha

/ / / Nepnpl, Xy 2 X () Koo () da(y)dsdr + Ounit ()
—-1J0 D

hTts (Ql sz

/ / / Xz]hp hT € hTSX”y> ZXZth( )Xz,](p(y>d:u(y)d8d7—
0]

hTs (Ql m{yeQz y 8Ql)>5}

/ / / Xijhp(hT, e X072 X 0 (9) Xy (y) dp(y)dsdr
-1 CI’h7—s

Qz m{yeQz y 0Q; )<6}
+ Ounif<h)

—: Iy(h) + J5(h) + Onit(h).

Now, by Cauchy-Schwarz inequality

[Js(h)] < C ()8 full @)

and, furthermore, choosing hg = ho(d) sufficiently small, we have that, for all
h E]O, ho]

=g [ X h @R

iN{z; d(z,0Q;)>6}

1 o , -
- 6/iXi,jfh(:B)Xi,jSO(x)du(@ - E/Qiﬁ{x- p X fn(2) X jo(x)dp(z)

,0Q;)<d}

1 -
= E/Q X5 fn(2) X jo()dp(x) + Ounit (62| full i1 ().

Therefore, given ¢ > 0 we may find § > 0 sufficiently small such that for any
| Js(h)| < e

and

() — 5 /Q X ) Koo @n(e)| < =

Hence, since f;, — f weakly in H*(Q;), for h — 0, we obtain

: 1 -
ly Bosinp () = | Xes (0 Xso@du(o).
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6. THE SPECTRAL RESULT AND CONVERGENCE TO
EQUILIBRIUM

In this Chapter we prove Theorem [[.1.3] and Theorem [[.1.4] The first one
concerns the spectrum of the operator S, , for h €0, ho] and p €]0, po], while
Theorem establishes the convergence of our (h, p)-subelliptic random walk
to the equilibrium when the number of steps goes to infinity.

6.1 Spectrum Properties of the (h, p)-Markov Operator

We start by proving the spectral results of Theorem [I.1.3] More precisely, we
will see some spectral properties near the eigenvalue 1 and we will investigate what
happens if we shrink the parameter p. Finally, we will show that the spectral gap
h,p of the operator I — S}, , (see Definition [A.4.22), that is the distance between
the eigenvalue 1 for S}, , (cf. Remark|§.4.23 , satisfies g, , = h”.

In the proof, ¢, C' will stand for absolute constants possibly changing in each ap-
pearances.

Proof of Theorem[I.1.3] In the first place note that for all k£ € N

2((T — SE Y, u)g //|u —u(y) 2k (=, dy)) (). 6.1)

In fact, to prove this equality we can reduce to prove (by reasoning as in (¢.23)) and

#.26))
/ /Iu %55 o (2, dy) du /\u )Pdu(a

but this follows as in (#.24)), using the change of variables and the divergence-free
property of the vector fields X; ; with respect to the local expression of the measure
L.

We now prove (i). We already saw in Proposition that Sy, ,1 = 1, thus it
remains to show that 1 is a simple eigenvalue of S, ,. Let u € L*(M,du) be a
function that satisfies Sy ,u = u. By Theorem there exists a universal 6 > 0
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such that

[ (] 1ute) = s o))t

(6.2)
= [ (f u(z) — u(y)Pdyy ) du(z).
M M {y; dg(z,y)<dh}

Hence, since

[ (] 1ute) = atw)Psi o)) = 21 = 7, ) =

by (6.2) we get that u(z) — u(y) = 0 for almost all (x, y) such that dy(x,y) < dh.
Therefore, since M is connected, we obtain that u is constant.
We proceed to prove (i7), i.e. we prove that the spectrum of S}, , is a subset of

[—1 + 61, 1]. To this end we may reduce to prove that there exist hg, ¢ > 0 such
that for all i €]0, hy),

(1 + Sp™ Y, u)o > cfjullg. (6.3)

Indeed, if Sy up = Apup, for some u;, € L*(M,dp), by (6.3) we get that that
A2Ft1 > ¢ — 1 and then \;, € [—1+ 4y, 1], for some universal §; > 0. Moreover, if
A, belongs to the essential spectrum of S}, ,, we have A\, > —1 + 6; by Theorem
A.4.20

Hence, we have to prove that (see (6.1))

/M</M'“<”’> + uly) P (. dy) ) da() > e,

Again by Theorem[5.1.T|(see also Remark[5.1.2) it is sufficient to prove that for all
h E]O, ho},

" / </ Ju(z) + U(y)|2dgy) dp(x) > cllull;
M N {y; dg(z,y)<Sh}

for some constant ¢ > 0 independent of 5.

By compactness we can cover M by a finite number of open set (U;);, such that
diam(U;) < h, p1(U;) > ¢1h™ and for all j the number of k such that U, N U; # 0
is bounded from c,, with ¢; and ¢, universal constants (that is they do not depend
on h). In fact, to do so it is sufficient to use Lemma 1.4.9 of [25]] on the universal
block ), € R™ and use that M is a finite union of ); = \I/;I(Qp).
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In this way, by reasoning as in [6] (p. 246),

aht /M (/{y dy(.4)<6h) uta) +uly) ‘2dgy) dpu(z)
>0 Y [ (] s @lu(e) +0(0) Py ) duta)

> S [ ([ 10w+ uw)Pdn(s))auta)

for some constant ¢ > (. In conclusion
((1+ 825y, w)o = clfull,
and then there exists 4; > 0 constant, independent of h, such that
Spec(Sh,,) C [—1+ 41, 1].
To obtain (4i7) it is sufficient to note that if > 0,

I-S
2 0y = Nu, with X € [0, (]

<= Sp,u=Mu,with A € [1 —h*(,1], A =1—h*N.

AthU =

Thus, by Corollary we conclude that there exists d, > 0 such that Spec(Sj, ,)N
[1 — dy, 1] is discrete and

#(Spec(Sh,) N1 — R, 1]) < CL(1+)™, forany 0 < ¢ < 0,072, (6.4)
P

for some m > 0. The fact that 0, = J5(p) increases when p decreases follows
directly by Remark [5.3.4]

It remains to show (iv), i.e. that there exist Cy, C3 > 0, independent of A, such
that the spectral gap gy, , satisfies

C3h? < gn, < Coh?, Yh €]0, hy). (6.5)
Let us recall that if f € C*°(M) and = € M by Theorem one has

. I — Sh,p
e

() = Ao, f(2)
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and then the upper bound follows by the min-max principle (see Remark [A.4.23).
Regarding the lower bound, assume by contradiction that there exist two sequences
(¢&)k»> (P#)x» such that ex, by — 0, k — +o00, and a sequence (ug)x C L*(M, dp),
with [|ug|l, = 1 and (ug, 1) = [, urdp = 0 such that

I B Shkvp
—— U = ERUL.

hi
This implies, by definition of the Dirichlet form E;, , (see §.23)), that Ej, ,(ux) =
er and so, by Theorem (applied to u/2) one has

H
Uy

L H L
U = Uy + wy :Uk+hk:h
k

= fi + "G,
with
sup lgxlly < Co, sup | fell; < Co.

At this point, since the sequence ( fi), is bounded in H'(M), we have that there
exists f € H'(M) suchthat f, — f weakly on H'(M) as k — +oo. Moreover, up
to subsequences we have that f,, — f strongly in L?(M, du) and hence || f|jo = 1
and [,, fdu = 0. Therefore, by Theorem we have that for all ¢ € C*°(M)

N n
. 1
0= gfilo Bijhp(Uk, ©) = 6N Z Z(Xi,jfa XijP)r2Qu)-

i=1 j=1

Finally, since C*>°(M) C H'(M) is dense, we may choose a sequence (g )y €
C°>°(M) such that o}, — f, strongly in H'(M), for k — +oo0.

Hence || .X;;f|/z2(g,) = Oforalli = 1,..., N, and since for all 7 the collection
{Xi ;}, forms a non-degenerate system of vector fields, we may conclude that f is
constant on M. This contradicts the fact || f|lo = 1 and [,, fdu = 0 and proves
the lower bound (6.5)). This concludes the proof of the Theorem. ]

6.2 Convergence to Equilibrium

We now prove the convergence to equilibrium stated in Theorem [1.1.4] The
convergence will be measured by the so-called rotal variation distance (see Def-
inition [A.6.19) and the velocity of such convergence will depend on the spectral
gap g, , of the (h, p)-Markov operator.

The estimate (I.3])) below encodes a convergence to the equilibrium. In fact,
since the local vector fields X; ; through which we have constructed our diffusion
are divergence free with respect to dyu, by the self-adjoint property of the oper-
ator, it is possible to obtain the reversibility of the Markov Chain and then the
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stationarity for the measure associated with respect to the constructed diffusion
(see Appendix [A.6).

Proof of Theorem[I.1.4) We first note that, for £ € N, by approximating the L>
functions on M with simple functions (cf. [29])

1
supl|si, (2, dy) = pllry, = 515 = Thol| o, 1o

where I, is the orthogonal projection of L?(M, dyu) onto the space of constant
functions on M

Iy : L*(M,dp) — Vi = Ker(Sp, — 1-1)

uH/ wds.

We thus have to prove that there exists ho > 0 such that, for all & €]0, k| and for
allk e N

”Sifjm - H0||L°°—>L0° < Cehame (6.6)

for some C' > 0 constant independent of h. Since by Theorem (1v) we have
gn,p ~ h* and

”Sf’f,p o HOHLOO—>L°° <2

we may assume that k > Cyh =2 for some Cyy > 0 sufficiently large. To prove (6.6)

we denote by
0<Mp<- - <ANp<--<6h?

the eigenvalues of the operator A; , smaller than doh =2, with d, > 0 sufficiently
small to be chosen. Moreover, we denote by .J,, the set of indexes

Jn=1{j €N; \ju < 6h7%},
and by
Vi, = Span({em € LQ(M, dp); Anpein = Ajnejn, J € Jh}> - LQ(M, dp).
Recall that, by Theorem[5.3.3|
dim(V3,) < Cp~dim@), (6.7)
for some C' > 0. Moreover, we have
Shpein = (1—=Xnh™?)ejn,

forall j € J, and (e 5, €xn)0 = ;i for all j, k € J,.
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Write now
Shp— o= K1+ Ko (6.8)

where K, : L*(M, du) — L*(M, dp) is the operator associated with the Schwartz
kernel

kin(z,y) = Z(l — B*X\jn)ejn(@)ejn(y).
J€JIn
Since S , — Il = K, + K}, forall k € N, in order to prove (6.6), we may
reduce to give the L* estimates for the operators K, and K% ,. We begin with
the following rough bounds.
Lemma 6.2.1. Let u € V},. Then, there exists a constant C' > 0 such that
[l oo < CRTETERODE
In addition, for all k € N,

1EE sy < CRT/2mdim0/2

and
< C«/h—n/Q—dim(M)/Z‘

(L[

Proof. Asusual, in what follows, by C’ > ( we mean a universal constant possibly
changing from line to line. By definition u = Zjejh Ujpe;n, with @, € C, for
all j =€ J,. From Corollary [5.1.4] possibly shrinking d, > 0, for all j € .J, one
has

lejll o < CH72

Therefore, by the Cauchy-Schwarz inequality and by (6.7), we get

1/2 )
oo < CR2 (i) (dim (V)2 < OO . (6.9)

J€JIn

Take now u € L*(M, du). By definition of K7 ; we have

Ky pu(z) = /MU(?J)]ﬁ,h(%y)dﬂ(y) = Z(l - h2)‘j,h)aj,h6j,h(x)'

J€JIn
Hence, since |(1 — h%\; )| < 1, by reasoning as above, we obtain

KTl e e S NETAll oy oo < CRTMZ7ERADIE,

e =
Finally, from S | — Iy = KT, + K3, and the fact that the norm Sy, is bounded
by 1 from L>*(M, du) to L>°(M, du) we conclude that

[ 54| e, oo < CTRT2ARAD, (6.10)
]
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Let now 7, (z, dy) and ch™" 14, (z,4)<cn}dgy be the Markov Kernels introduced in
Theorem[5.1.1] For simplicity in what follows we denote, respectively, by R, and
Ly, the corresponding operators. By Theorem@ one has that S} ) = Ry, + Ly,

and by Corollary [5.1.3|
||Rh||L°°—>L°° <T,

for some 0 < 7 < 1. Moreover, by definition of L, there exists a constant ¢ > 0
such that
1Lnll g2y o < k™2,

For all k& > Cyh™2 we now write k = qn + v for some ¢ € Nand 0 < v < n.
Thus, for all ¢ € N,

SZ,T;) = Fyn+ Ggn
where £, and GGy, are defined by recurrence as
o Fip =Ry, Gip:= Ly
® ['g+1,h = RthJl, Gq+1,h = RthJl + thi?;)
In this way, we obtain

£

and, since S,f’fp is bounded by 1 on L2,

<7 (6.11)

1Ganll oy S ch"PA47 4+ 4797 <ch /(1 =7).  (6.12)

Furthermore, since the operator K>, is bounded and self-adjoint from L?(M, dy)
onto itself, by Theorem |[A.4.16, we have || Kap|| 2 ;2 = Tspec(Kp2) =: 0 < 1.
Therefore, for all k € N,

HKg,hHLoo_)m < ||K§,h||L2_>L2 < 6. (6.13)

Thus, form > 1,¢ > 1and 0 < v < n — 1, putting together the estimates

©.10), (©.11)), (6.12), (6.13) and the fact that the norm S}, , is bounded by 1 from
L*(M, dp) to L®(M, dp), we get (since by (6.8) we also have || Ko p || 00, 0 <

HSh,pHLOO—ww)

gn+v—+m
153,

v qn m
< |ISh o Sip Kol oo oo

< HF‘Ithg}hHLC’OﬁLW + HquththLweLw

< Oh~/2-dmOD/20a | cp=n/2gm (1 7y,

HL°°~>L°°

Thus, there exist C; > 0, b > 0 and B >> 1 such that for all i €]0, kg
| K5 < Cre™, (6.14)

forall k > Blog(1/h) and hence, to obtain estimate (6.6), the contribution of K5,
is far smaller than e~*9». We now focus on the contribution of the first operator
K 3, and to do that we first recall the following Lemma (cf. [29] Lemma 5.3).
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Lemma 6.2.2. There exists p > 2 and ¢ > 0 constant, independent of h, such that
forall u € 'V}, one has

lulZ < ¢ (Enp(u) + lullg).

Proof. Once more, we denote by ¢ > 0 an absolute constant possibly changing
from line to line. Let u € V},. By reasoning similarly as in the proof of Proposition
.26l we assume

Enp(u) + [Jull? < 1. (6.15)

Hence, from Theorem [5.2.1, we have u = u} + u!’ with ||u£HH1(M) < C and

H“hHHo < ’h. Thus, by the continuous embedding H*(M) C L4(M) with s > 0,
s=n(1/2—-1/q) we get

il < @
with ¢ = 2. Moreover, if u = 3, s > @;nejn by our hypothesis (6.13) we
have
S <1
/\jyhgégh_Q

and by Corollary if 6, > 0 is small enough [lej4]|,. < ¢h™™/? for all j.
Therefore, by repeating the same argument of (6.9)), we obtain

Hu”Loo < C/hfn/Qfdim(M)/?

Next, since u? is defined by (5.18) as sum of local terms of the form (53.20), by
Young’s inequality we have

[ || oo < €MNull e

Thus, |
|| e < k]| e+ Nl oo < CR2-dmOD/2,

Furthermore, since Huh H 0S¢ 'h we obtain by interpolation that there exists ¢ > 2
such that

H /
k| o <

Therefore, the result follows by choosing p = min{q, ¢'}. ]

As a consequence of this lemma, using the interpolation inequality

-2
ol < flall 3o a3

we deduce that, for all v € V},,

a7 < C(En(u) + [|ull2) ]}, (6.16)
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where d :=1/(2 — 4/p) > 0. Moreover, for \;, < doh 2 one has h*);;, < 1 and
hence, foru € Vj,, u = Zjejh uje; we get

Enp(u) = (An,pu, u)o

= > Al

J€JIn
= i == Aw)lay)?
jE€Jn j€JIn

< Jlullg = 11Sn pul-
Therefore, by (6.16), for all u € V},,
lullg* < CR2([lully — 1 Shpulls + 2 [lullg) 4 (6.17)

Furthermore, by (6.14) and Sj; , — Il = K7}, + K%, we get that there exists
C5 > 0 such that, for all h €]0, ho| and & > Blog(1/h)

< (O

hHLOOA)LOO -

13
and so, since K, is self-adjoint on L*(M, dp)

1Tl < Co

We now fix s ~ Blog(1/h), g € L*(M,du) such that ||g||, < 1 and define the
sequence (g )xken, by ,
Ek = HKf,—;l_ngo

Then, for all £k € Ny, 0 < /41 < {, and since Kffg € Vj, using (6.17) we
obtain

G < OB (0, — b + B20)|| K EE2g)

» ; i (6.18)
< CCY W2 (U — lsr + W20 || gl A

By [6] (pp. 258-259), there exists a constant D = D(C, Cy, d) > 0 such that, for
all0 < k < h 2 and s &~ Blog(1/h) one has

(2 ol

and since K, is self-adjoint on L?(M, du), by duality, we get

Dh~
Ikl < () ol

KTl <
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Thus, if N ~ h™2, one has
[ o < C"lgls
for some C” > 0, and consequently,
HKf\,jiZLSergHLoo < C"(1=h*A0)™gll

for m > 0 and N ~ h~2. Finally, since h*\1,, = gp, and 0 < (1 —y)™ < ™™
for y € [0,1] we get that, forall k > h™2 + N + s,

||Kfah||L00*>Loo < Ce_(k_(N+5))gh1P = Oe(N+5)gh,pe_kgh,p < Cle_kgh’p,

for some C, C" > 0 universal constants. The proof of the theorem is complete. [



7. PRELIMINARIES OF WEYL-HORMANDER CALCULUS

In this chapter, we begin by addressing the propagation of isotropic microsin-
gularities, that is the second part of the thesis. To do so, we first recall the isotropic
calculus as part of the more general Weyl-Hormander calculus.

7.1 Hormander’s Metrics

The aim of this section is to recall briefly the Weyl-Hormander calculus intro-
duced in [26] (see also [38]]).

We start with the notion of admissible metric on the symplectic space R*" =
R% x Rg endowed with the standard symplectic form o = Z?Zl d&; N dz;.

Definition 7.1.1. An metric g on R?" is a function R?*" > X ~ gy, where gy is
a positive-definite quadratic form on R?".

Definition 7.1.2. A metric g is said to be an admissible metric (or an Hormander
metric) if it satisfies the following conditions.

e Slowness. There exists a constant Cy > 0 such that for all X, Y € R?" one
has
gx (Y = X) < Gy = Cy gy < gx < Cogy-

e Uncertainty. For any given X € R?" one has

o

ax SgX:

where ¢ is the dual metric defined by

Y, Z)?
X = g%(Y)= sup oV, 2)° Y € R*™.

o£zeren gx(Z)

e Temperateness. There exist a constant C; > 0 and N € N such that for all
X,Y € R?" one has

gx < Cigy (1 + g% (X — Y))N-



90

7. Preliminaries of Weyl-Hormander Calculus

Given an admissible metric it is possible to associate with it the Plank function,
and the notion of g-admissible weight, as follows.

Definition 7.1.3. Let g be an admissible metric on R*". The Planck function as-
sociated with g is defined as

)\ 1/2
RZ”BX»—HL(X):< sup gf”) eR.
0#£Z€eR2n gx(Z)

Definition 7.1.4. Let g be an admissible metric. A g-admissible weight m is a
positive function m : R?" — R* for which there exist some constants ¢, C, C" > 0
and N’ € Ny such that for all X,Y € R?"

gx(X =Y)<c=C'<

and

< C’(l +95(Y — X))N’,

Now, let g be an admissible metric. If a € C°°(R?*") we denote by ™ (X; V7, . ..
the k-th differential of a at X in the direction V, . .., V;, of R?" and define

*)(X;V; Vi
a ) yrey Vk
() = sup N
0#£W1,..., Vi €R27 szl ax(V;)
Definition 7.1.5. Let g be an admissible metric and let m be a g-admissible weight.

We say that a is a symbol with respect to the metric g and the weight m, and write
a € S(m, g), if for any given k € N

allk.smg) == sup
H (m-9) 1<k, X eR2n m(X)

We now specialize this definition in the case of the g-admissible weight m (X) =
h(X)~*, for some p € R.

Definition 7.1.6. Let 1 € R. We say that a is a symbol of order 1 for the metric
g, and write a € S*(g),if a € S(h™", g).

Example 7.1.7. One easily see that the metric

|

TW’ (z,€) € R*",

Grg = dx|* +

is an admissible metric, and in this case the Planck function h(z,&)™' = (1 +
€]?)Y/2. Therefore, in this case S*(g) = S*(R"), the standard class of symbols.
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Now, given a symbol a € S(m, g), we may define the corresponding Weyl-
quantized pseudodifferential operator as

Op™(a)u (r) = (QW)_"/ ¢ a((x +y) /2, uly)dyds, ue S (R").

R2n

It is easy to show that A = Op“(a) : Z(R") — #(R™) is a linear continuous
operator that extends by continuity to a linear continuous operator A = Op™(a) :
S (R") — .'(R") and its Schwartz kernel is

Ka=(n) ™ [ e r9a((a +y)/2,6)d¢ € 7' B2,

Finally, the following composition formula holds.

Theorem 7.1.8. Let a € S(mq,g) and b € S(ma,g). Then the composition
Op"(a)Op"™ (b) is well defined and

Op"(a)Op™(b) = Op™(afb),
where the symbol

ath(X) = elo(PxiDv)/2 (a(X)b(Y))‘ € S(mims,g)

Y=X
is called the Weyl-product and the map
Jj : S<m1a g) X S(mQa g) — S(m1m27 9)7

is continuous. Moreover, for all N € N

(af)(X) = i G2y (U(Dx; DY)>ja(X)b(Y>‘ + N,

= 7! y=X

with ry 11 € S(WN T myma, g), where for X = (2,€),Y = (y,n) € R™,

0(Dx; Dy) := 0(Dy, D¢; Dy, D,)) = (D¢, Dy) — (Dy, D).

7.2 The Global Metric gy: The Isotropic Calculus

In this section we recall some basic notions of microlocal analysis and pseu-
dodifferential calculus in the isotropic context. This calculus falls within the Weyl-
Hormander class, being the one associated with the Hormander metric

|dXJ?

_ 2n
—TLXP7 X € R,

go,x
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In this case we consider the g-admissible weight m(X) := (1 + |X|?)"/? and the
Planck function /(X )™! = (1+|X|?). The class of symbols S(m*, g) = S _(R")

along with its related properties was studied by Shubin in [43]] (see also [32]]). We
recall the basics here.

Definition 7.2.1. Let a € C*°(R?") and m € R. We say that a is an Isotropic (or
Shubin) symbol of order m, and write a € S (R™), if for all « € N2" there exists
C', > 0 such that

0%a(X)] < Cy (X)X e R™ (7.1)

Shubin symbols of order m form a Fréchet space where, if a € S (R"™), the
semi-norms are given by

la]{™ := max sup |9%a(X)|(X)"" D ke N, (7.2)

la|<k X cR2n

We denote
Se®") = | S (R).
meR

Note also that
(] Sm(R") = .7 (R*").

meR

If a € S (R™), we can associate to it a pseudodifferential operator using the
so-called quantization formulas. The different quantizations we will use belong
to the one-parameter family of quantizations known as ¢-quantizations, defined as

follows.

Definition 7.2.2. Let ¢t € [0,1] and a € S (R™). The t-quantized pseudodiffer-

ential operator associated with a is defined as
Op,(a)u(zr) = (27T)‘”/ ¢ UEa((1 = t)x +ty, Euly)dyde, ue S (R").
R2n

It is easy to verify that Op,(a) is a linear operator that acts continuously on
< (R™) and extends by duality to a linear continuous operator on . (R").

Different quantizations generally lead to different operators and the most im-
portant ones are the case for which ¢ = 0 (left-quantization) or ¢t = 1/2 (Weyl-
quantization). In these cases, if a € S7 (R"), we define by Op(a) = Opy(a) the
left-quantized pseudodifferential operator associated with it, given by

On(@pu(e) = (2m) " [ e ale Julp)yds, we SR
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and by Op"(a) = Op »(a) the Weyl-quantized pseudodifferential operator, given
by

Op* (a)u(w) = (27" [ a2, ul)duds, e SR

Given a € S™

™ (R™) and u € ./(R™) we sometimes use also the notation

a(x, D)u:= Op(a)u, a"(x,D)u:= Op"(a)u.

In what follows, by the convenient properties of the Weyl Calculus, such as the
adjoint property (see Theorem [7.2.7)) and the metaplectic invariance (see (8.13)),
we focus on the case of Weyl-quantized pseudodifferential operators. Therefore,
we define the set of pseudodifferential operators that we will deal with as

i (RY) = {4: S (R") - 7 (R"); Ja € SL(R"), A=Op"(a)}.

180

Nevertheless, given A € Op™(a) € VI (R"), it is well known (see for instance

[43], Theorem 23.2) that for all ¢ € [0, 1] there exists a; € S{ (R™) such that

Op™(a) = Op,(ar), (7.3)

and hence, the set of pseudodifferential operators could be equivalently described
as

v (RY) ={A: S'(R") - S'(R"); Fa € ST (R"), A= Op(a)},

180

or more generally as

T (R™) = {A: ' (RY) = . (R"); Ja € S™(R"), A= Op,(a)}.

1S0

If A= Op“(a) = Op(ar) € V2

180

and the left symbol of A, respectively.

Definition 7.2.3. If a € .7 (R?"), then Op™(a) : .'(R") — #(R") is called a
smoothing operator and we write A € W_>°(R").

(R™) we call a,ar, € Si

180

(R™) the Weyl symbol

180

Definition 7.2.4. Let (a;);>; be a sequence of symbols such that a; € S,/ (R"),
mj \y —oo as j — +oo and a € S{' (R"™). We write

180

a ~ E a,

Jjz1

if for any integer » > 2
a— Z aj € Spr(R™),

where m, = max;>, m;. This is called an asymptotic expansion.
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Lemma 7.2.5. Let (a;);>1 be a sequence of symbols such that a; € S, (R") and

1S0

m; \y —00 as j — +oo. Then there exists a function a € S} (R") such that
a ~ Z Qj.
Jj=>1
Moreover, if another function ' has the same property, then a — a' € . (R?").

We now specialize the composition formula stated in Theorem [7.1.8] in the
isotropic framework.

Theorem 7.2.6. Let a € S..'(R") and b € S!*(R™). Then the composition

1S0 1S0

Op™(a)Op™(b) is well defined and
Op™(a)Op™(b) = Op™(afid),
where the symbol

(at)(X) = (PP 2a(X)b(Y) )| _ € S (R?)

Y=X 1S0

is called the Weyl-product and the map
f: STH(R™) x SP2(R™) — SPH™2(R™),

180 1SO 180

is continuous. Moreover,

(att) () ~ Y L2

gl

(o(Dx; Dy)) a(xX)p(v)|

y=x"

where for X = (2,€),Y = (y,n) € R*",
0(Dx; Dy) := 0(Dy, D¢; Dy, D,)) = (D¢, D) — (Dy, Dy).
Theorem 7.2.7. Let A € U

15O

A* = OpY(a*), where a* = a.

(R™). Then the adjoint operator A* € V' (R™) and

1S0

Furthermore, for m € R, there exists a map

O 2 U

180

(R") = S (R")/ S (R™)

1S0

such that
0— \Ifi”;O’l — Ui Tm,, S&(R”)/S{;ﬁ)’l(R”) -0

is a short exact sequence, and 0,,,(A) = [a] = [ar], where a and a, are respectively
the Weyl symbol and the left symbol associated with a. In what follows we identify
the equivalence class of the principal symbol with its representative, since the tools
we introduce do not depend on the representative we choose.
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Definition 7.2.8. Let A € VI (R"), for m € R. The principal symbol of A is
defined as 0,,(A) € Si

o (R™) /S5t (R™).

180

In particular, when o,,(A) possesses an asymptotic expansion as in Definition

7.2.4] then 0,,(A) = a,,.

Next, we recall the notion of globally elliptic operator.

Definition 7.2.9. Let A = Op™(a) € VI (R™). We say that A is globally elliptic

(or elliptic) if there exists ¢, C' > 0 such that
|1 X|>C = a(X) > c(X)™.

Theorem 7.2.10. If A € VI (R") is elliptic, there exists B € W_"(R"), called a

1S0 1SO
global parametrix (or parametrix) of A, such that

BA=I1+R, AB=I1+R, R,R €VU_>R").

1SO0

We conclude this section by giving the notion of Hamilton vector field and, in
case of a is a quadratic form, the relation with the so called Hamilton map.

Let o be the standard symplectic form on R?": in coordinates (1, ..., Tp, &1, -, &5
itis given by o0 = . d§; A dx;.

Definition 7.2.11. The Hamilton vector field of a € C>(R*") is defined as the
unique vector field H, € TR?" such that

da(V) =o(V,H,), VYV € TR

Therefore in coordinates the Hamilton vector field of a takes the form
Ho =" (0g0- 0, — Oja-0s,).
7=1

Finally, we give the notion of Hamilton map - that is the linearized version near
a critical point of the Hamilton vector field (see [26l], Section 21.5) - in case of a
is a complex quadratic form on the phase space. More precisely, let

a: R — C, X+ a(X)=(X,0QX),

be a complex quadratic form defined by the symmetric matrix Q € M, (C). We
define the Hamilton map associated with a = a(X) as the matrix I’ defined by the
equation

o(X,FX)=a(X), (7.4)

where o is the symplectic form of R*" extended to C*" defined by

o((z,8), (y,n) = (Y, &) — (z,m).
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It is useful to observe that the matrix F' can be expressed also as F' = J(), where

0 I,
(o).

Therefore, if a is a real-valued quadratic form, one has

Ha(z,€) = ( Oea(w;¢) ) _9F @) . (z,6) e R™

_8xa($v 5)

(7.5)



8. ISOTROPIC MICROLOCAL ANALYSIS

In this chapter we provide the necessary tools to study the isotropic microsin-
gularities on the phase space (cf. [20] and [8]]). In the first place we establish the
classical results of microlocal analysis in the isotropic setting. We also investigate
the relation between the developed calculus and the time-frequency calculus. Fi-
nally, in the last section we study the standard operations for the s-wave front sets.
The results obtained in this section are essential to establishing the propagation
results in Chapter 0]

8.1 Basics of Isotropic Microlocal Analysis

The aim of this section is to give the basics of isotropic microlocal analysis.
To do that we first define a characteristic set for the isotropic class of symbols.

Definition 8.1.1. The operator A = Op“(a) € Vi (R") is said to be isotropic

elliptic at X, € R*" if there exist an open cone I'y, C R" that contains X, and
some constants ¢, C' > 0, such that

a(X)| > ¢|X|™, VX €Ty, |X|>C.

If A is isotropic elliptic at X, for every X, € R2" it is said to be isotropic elliptic.
If A is not isotropic elliptic at Xy, it is said to be isotropic characteristic at Xy.
We denote the set of the isotropic elliptic points for A by

Ellio(A) = {X, € R?™; Ais elliptic at X},
and the set of isotropic characteristic points by
Charig,(A) = R\ Ellig, (A).
With A = Op“(a), we say that a is non-characteristic at X, € R*" if X, ¢
Charis, (A).

From now on, since we will work in the isotropic setting, we will omit the term
isotropic for such a points, when there is no possibility of confusion.



98

8. Isotropic Microlocal Analysis

Remark 8.1.2. If A € V! (R"), Ellis,(A) is an open set and moreover for A €
7 (R™) and B € U

1SO 150 (Rn) 2

Elligo(A o B) = Ellio(A) N Ello(B).

Definition 8.1.3. Let a € S (R™). We say that X, ¢ essconesupp,,, a C R?",

if there exists a conic neighborhood Ty, of X such that, for all a € N2", N € N
there exists C, y > 0 such that

0%a(X)| < Can (X)™N, VX €Ty, |X|>1. (8.1)
The set essconesupp;,, a is called the isotropic essential conic support of a.

Remark 8.1.4. Note that, by definition, essconesupp;g, a is a closed conic subset
of R™.

Moreover, note that this definition differs from that of conic support in [23]
that we recall next.

Definition 8.1.5. Leta € %" (R?™). The isotropic conic support of a, denoted by
conesupp,,, @ C R?", is the set of all X, € R?" such that, for all 'y, C R*" conic
neighborhood of Xy, the closure in R?"

supp a N I'x, is not compact.

Remark 8.1.6. Note that if a € S™

180

(R™) then
essconesupp;,, @ & conesupp;g, a-

In fact, if X, € R2" is such that supp a N I'yx, is compact, for some conic neigh-
borhood Iy, then a satisfies (8.1) there.

The notion of essential conic support of a symbol leads immediately to the
definition of operator wave front set on this isotropic context.

Definition 8.1.7. Let A = Op“(a) € V2

m (R™). The isotropic wave front set of A
is defined as

W F'(A) := essconesuppy,, a C R*",
which is a closed conic set of R2",

Note first that the operator wave front set enjoys the following properties.
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Proposition 8.1.8. Let A € U7 (R") and B € VI (R™). Then
(i)

WF'(AoB) CWF'(A)NWF'(B);
(ii)

WF'(A+ B) CWF(A) UWF'(B);
(iii)

WF'(A*) = WF'(A).

(iv)

WF'(A) =0 <<= AcU_>(R").

1SO

Proof. The properties follow directly from the formulas for the composition and
the adjoint (Theorem|[7.2.6/and Theorem|[7.2.7) and from the definition of isotropic
essential conic support. O]

Proposition 8.1.9. Let U C R2" pe an open cone and K C U be a closed cone.
Then, there exists A = Op™ (a) € U2 _(R™) such that WF'(A) C U and W F'(I —

1S0

A)N K = . In particular, one actually has supp a C U.

Proof. Let T'; be a closed cone with K C T'; € U. Take & € C*°(R*") homo-
geneous of degree 0 such that EL|F1£ 1 and supp &‘ 2 C U N S?7~1. Let then
x € C®(R*") besuchthat 0 < y < 1,y = 0if | X| < 1/2and y = 1if | X| > 1.
Put a = ya and A = Op"(a). O

To study the microsingularities of a distribution, one of the most important
tools is the notion of microlocal parametrix.

Proposition 8.1.10. Ler A € U (R") and let K C R be closed such that
pr(K) C Ellg(A) NS*™ L where pr: R* —s S*"! is the projection. Then,
there exists an operator E € V_"(R"), called microlocal parametrix of A on K,

such that
KNWF(AE - 1) =10, KﬂWF’(EA—I):(Z). (8.2)

Proof. By Proposition(8.1.9] applied when considering the closed cone {t X; X €
pr(K), t > 0} C Elli,(A), there exists B; € ¥ _(R") such that

WF(I-B)NK =0, WF\(B)) C Elly(A)

and by repeating this argument (since W F”(B;) is a closed conic set) there exists
By € ¥ (R™) such that

1S0

WF(I — B)NWF'(B)) =0, WF'(By) C Ellio(A).
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Write By = Op"(b;), B = Op"(b2) and A = Op™(a). From Proposition [8.1.9)
we have supp by C Elli,(A). We now choose closed cones I'y C I'y C Ellig,(A)
such that X' C I'y. Then there exist ¢,C' > 0 such that |a(X)| > ¢|X|™ for
all X € Ty with |[X| > C. Choose x € C*(R?") with 0 < y < 1 such that

supp x C (I's N {|X| > 2C}) and X‘Fm{lez:’)C}E 1. Put
eo :=box/a, Ey:=O0p¥(ep) € U "(R™), By = Op“(byx) € Vi (R"),
and write, with R = [ — BY + ¥, € ¥ |
AEy=1-R=1-BR— (I - B)R. (8.3)

Next note that W F'((I — B1)R) N K = (), and since B R = Op"(b;1£r), we have
(recall Proposition [8.1.9] for the construction of b; and by)

bifir = by(1 —box) + 11 =714, 1,7 € St (R™).

1S0

Therefore B, R € ! (R™).

At this point, we use a Neumann series argument to invert microlocally [ — B R.
We choose

E' ~ i(BlR)j € UH(R").

j=1

Since (I — BiR)(I + Y1 |(BiR)Y) = I — (BiR)V*!, forall N € N, we get
(I-BR)(I+E)=1+5, SecU XR". (8.4)

180

Hence, we put
E:=FEy(I+FE') eV ™R").

In conclusion, by (8.3) and (8.4) k
AE = AEy(I + E)
:(1 ~BiR—(I - Bl)R> (I+E)
=1+5—((I-B)R)I+FE),

with WF'(((I — B1)R)(I + E') — S) N K = (). We have thus proved that there
exists £ € W_"(R™) such that WF'(AE — I) N K = (). Similarly, we construct

180

E; € U . "(R™) such that WF'(EyA —I)N K = () and

E=(E1\A+ R)E = E\(AE) + Ry = Ey + Ry + Ry,

with Ry, R}, Ry having operator wave front sets all disjoint from K. This proves
that any right microlocal parametrix is also a left microlocal parametrix and vice
versa. [
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In order to study the isotropic regularity we recall the definition of Shubin-
Sobolev space and to do that we refer to [20], [38].

First of all, for s € R, we define A®* := Op™((X)®). Since A® is globally
elliptic, we may find £, € U,_°(R") and R € ¥, .>°(R") such that E,A®* = I + R.
Hence, we define the Shubin-Sobolev spaces as follows.

Definition 8.1.11. Let s € Rand letp € N, p > s. We define the Shubin-Sobolev
space of order s € R as

B*(R") = {u € .7 (R"); A*u € L*(R")},
endowed with the inner product
(u,v)ps == (A°u, A°v)o + Z (z*DP Ru, 2*DP Rv)o,  u,v € B*(R"),
o +[B|<p

and norm
lllge = ()2, w e BYRY).

Remark 8.1.12. It is possible to prove (see [20]) that a different choice of p gives
rise to an equivalent norm.

Remark 8.1.13. Let us point out that another possible way to define such a norm
is to consider, for s € R, A® := (1 + |z[*> + | D, |*)*/2, where (1 + |z|? 4 | D,|?)*/?
denotes the s/2-th power of the operator (1 + |z|? 4 | D,|?), defined via the func-
tional calculus (see [20], [38]). It holds that A* € W (R"), and it satisfies
o.(A*) = (|z[*> + |€]?)*/2. Moreover,

A—s _ (As)—17 ]\s]\s’ _ ]\s—}—s’, ([\s)* _ As)

and finally,
‘s 1= (Nu, Au)g ~ ||ul

||u s, u€ B*(R").
These spaces have the property that for any given s > ¢/,
B*(R™) — B*(R") with compact and dense image.
Furthermore, for any given s € R,

S (R") — B*(R") with dense image,

and
B7*(R™) = (B*(R"))*, s€R.
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Finally, for s € N,
B*R") = {ue L2R"); Y [«*0%u], < +oo}

|| +|8]<s

2 anp
s N g Hx 0, u

| +[8]<s

and

2
0’

lul

that is, the two norms are equivalent.

Theorem 8.1.14. Let A € ¥*

180

(R™). Then, forall s € R,
A: BY(R") — B*™(R")
is bounded.

Using those spaces we want to introduce an isotropic wave front set as follows

(see [8]).

Definition 8.1.15. Let u € ./(R"). The Isotropic Wave Front Set of w is defined
as
WF(u)= () Charg(A)

AcT? (R™)

iso

Aue s (R™)

and the Isotropic Wave Front Set of u of order s € R is defined as

WEF(u)= (] Charg(A).

AeTO _(R™)

AueB*(R)
Remark 8.1.16. Note thatif s’ < s, since B*(R") C B* (R™), one has W F,

iso (U) g
W (u).

Remark 8.1.17. By multiplying by an elliptic operator that does not change the
characteristic set, one easily sees that the isotropic wave front set of order s € R
can be equivalently defined as

WEZ(u) = ﬂ Charis(4),

AT _(R™)

180

AueL?(R")
ore more generally, for ¢ € R,

WE,(u)= () Charg(A).

AcUs—Y(R")

iso

AueBY(R™)
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Remark 8.1.18. Note that the isotropic wave front set of v € ./(R™) can be
rephrased by saying that X, ¢ W Fis,(u) if there exists A = Op"(a), with a €
SY (R™), such that Xy ¢ Char(A) and Au € .7 (R"™).

Note that A may also be written as A = Op(ar), where ay, is the left-symbol
computed from a which has the same principal part. Hence, considering A written
as a Weyl-quantizazion or a left-quantization gives the same property (as a matter
of fact, the characteristic set depends only on the principal part of the symbol of
A and hence it does not see the kind of quantization we are using).

The same obviously holds for the s-isotropic wave front set W F_(u).

Proposition 8.1.19. Let u € .7'(R™). Then for s € R,

WE

(u) =0 < ue B*R") (8.5)

and
WFe(u) =0 <= ue SR"). (8.6)

Proof. Let us prove (8.3). The proof of (8.6) is completely similar.

Ifu € B5(R"), forevery X, € R*" we may find an operator A € W°(R") such that
Xy ¢ Charis(A) and Au € B*(R"), by Theorem[8.1.14] Then X, ¢ W F;, (u).
Conversely, if WFE (u) = (), for every X € S*"~! there exists Ax € ¥ (R")
and ["x open cone such that Ay is elliptic on I'y and Axu € B*(R"). By com-
pactness of S*"~!, there exists X1,..., Xy € S**~! and open cones I'x, (conic

neighborhoods of the X;) such that

N
R* = | JT,.
j=1

Then, if we set

N
A=Y Ay Ay, € UL (R,
j=1

we have that A is an elliptic operator on R?" such that Au € B*(R™). Hence, we
may find a global parametrix £ € ¥ _(R") for A. Therefore

u = FAu + Ru,

where R € W_>°(R™), so that we can conclude that u € B*(R"). O

1SO0

We now study, for a 1»do A and a temperate distribution u, the relation among
the isotropic microsingularities of Au, those of u and those of the operator wave
front set of A. We first prove that the isotropic pseudodifferential operators are
microlocal.



104 8. Isotropic Microlocal Analysis

Theorem 8.1.20. Letr A € U?

180

(R™) and v € /' (R™). Then, forall s € R

WFS™(Au) C WF' (A) N WEFS,(u) (8.7)

iso

and

W Fio(Au) C WE'(A) 0 W Fyy (1) (8.8)

Proof. We prove (87). Let us consider first X, € R?" such that X, ¢ WF'(A).
Thanks to Proposition we may construct B € Y (R") such that B is elliptic

at Xoand W F'(A)NW F'(B) = (). Therefore, by Proposition(8.1.8—(7), W F'(Bo
A) = 0 and so by Proposition [8.1.8}-(iv)

B(Au) = (BA)u € .#(R") C B*"™(R").

Thus, since X ¢ Char,(B) we have X ¢ WES ™ (Au).

We consider now X ¢ WF? _(u). By definition there exists C' € U9 _(R") elliptic
at X such that Cu € B*(R") and again by Proposition [8.1.9, we can construct
B € U (R"), elliptic at X,, such that WF'(B) C Ell,(C). By Proposition
there exists £/ microlocal parametrix of C' on W F'(B), that is, setting R =
EC —1 € ) _(R™) we have

WF'(R)NWEF'(B) = 0. (8.9)

Then,
B(Au) = BA(EC — R)u = BAE(Cu) — BARu.

Now, since Cu € B*(R"), A € ¥ (R"), B, E € ¥) _(R"), by Theorem [3.1.14
we have that BAE(Cu) € B*™(R™) and by (8.9) and Proposition (1),
BARu € .Z(R™) C B*™(R"). In conclusion

B(Au) € B*"™(R")
and X ¢ Chars,(B). Thus, also in this case Xy ¢ WF. ™ (Au).
The proof of (8.8) is analogous, requiring Schwartz regularity instead of B*-regularity.
O]

Corollary 8.1.21. Let s,;m € R u € ' (R") and A € VI,
WF'(A) N WFE (u) = 0. Then Au € B*~"(R").

iso

(R™) such that

Proof. By Theorem [8.1.20| we have W F.-™(Au) = () and so, by Proposition

iso

8.1.19, Au € B*™(R™). O

We next prove the microlocal elliptic regularity in the present isotropic context.
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Theorem 8.1.22. Let A € U™

180

(R™) and u € 7' (R™). Then forall s € R

WEFE (u) CWEZ™(Au) U Charigo(A), (8.10)
and
W Figo (1) C W Fo(Au) U Charieo(A). (8.11)
In particular, if A is elliptic
WE(u) = WEL™(Au)  and - W Fgo(u) = W Fo(Au). (8.12)

Proof. Suppose Xy ¢ WF; ™ (Au)and X, € Elli,(A). Since Xy ¢ WES ™ (Au)
by definition there exists B € W;_™(R") such that X, € Ell;;,(B) and BAu €
L*(R™). In conclusion Bo A € W5 (R"), Xy € Elli(B o A) = Elli,(A) N
Elli,(B) and BAu € L?(R"). Hence Xy ¢ WF: (u). Once again the proof
of (B.I1)) is the same. Finally, (8.12) follows from (8.10), (8.11) and Theorem
3.1.20 [

We conclude this section by showing that, as for the usual wave front set, the
following result holds.

Proposition 8.1.23. Let u € .7/ (R™). Then

ISO U W 150

seR

Proof. The inclusion 2’ follows from the fact that W F? (u) C W Fig,(u) for all
s € R combined with the fact that W Fi,,(u) is a closed set.

We now prove 'C’. If Xy & |J,.p WE,(u), there exists an open conic set I'x,
containing X, such that

FXOQUWISO )ZQ)
seR
Let now a € S2,(R") such that suppa C 'y, and X, € Elli,(A), with A =
Op"(a). By Theorem|8.1.20jand Theorem|8.1.19| since W F'(A)NW FE (u) = 0,
for all s € R, we have

Au e () B*(R") = Z(R").

Therefore Xy ¢ W Figo(u). O

Remark 8.1.24. Note that Proposition [8.1.23|provides a stratification of W Fi, in
terms of W F? . This, in particular, leads to the fact that the results for IV Fi;, can

180°

be described starting from the refined version given for W F: . For instance, the

180°

microlocal property (8.8) and the microlocal elliptic regularity (8.11)) follow from
and (8.10), respectively.



106 8. Isotropic Microlocal Analysis

8.2 Relation With the Time-Frequency Calculus

We next wish to establish a relation between this isotropic pseudodifferential
calculus and the time-frequency calculus developed by Grochenig [18]] (see also
[441]]), of which we briefly recall the basic notions below.

Definition 8.2.1. Let u € /(R") and ¢ € ./ (R"™). We define the short-time
Fourier transform (STFT) of u with respect to the window function ¢/, as the func-
tion

R* 3 (2,8) = X — Vyu(X) = (v, I[(X)y) € C,
where II(X) = M,T, is the time-frequency shift, composition of the translation
operator T,1)(-) = 9 (- — x) and the modulation operator M1)(-) = S (-).
Here (-, -) denotes the sesquilinear extension of the L?-productin ./ (R") x . (R™).

Remark 8.2.2. For the Short-Time Fourier Transform of u € .%’/(R") we have
that Vyu € C*(R?") and there exists N € Ny such that

Vou(X)| S (X)Y, X € R™,

Moreover, if u and ¢ are in L?(R"), similarly to the Fourier transform we have
the following orthogonality relation (cf. [[18]], Theorem 3.2.1 and Corollary 3.2.2).

Theorem 8.2.3. Let uy, uy, 1)1,v2 € L*(R"), then Vi u; € L*(R*") for j = 1,2,
and

(le Uy, V%W)L?(R?n) = (QW)H(M, U2)L2(Rn)(¢1, ¢2)L2(Rn).
In particular, if u,) € L?(R"), then
||un||L2(R2n) = (27T)n/2||u||L2(]R”)||77Z}HL2(R")’ (8.13)
So, if||¢||L2(Rn) =1
||un||L2(R2n) = (27T>n/2||u||L2(]Rn)7 for all u € L*(R™),
thus in this case the STFT is a conformal isometry from L*(R™) into L*(R*").

Remark 8.2.4. Note that if we consider F' € L*(R?"), then the conjugate-linear
functional

Ty h= /R% F(X)(h, TH(X)Y) 2y X

is a bounded functional on L*(R").
In fact, by Cauchy-Schwartz

T 7] < NF I paggam IVohll 2 ggany = 1) 2 Fl| aggen) 191 gy 1Bl 2y
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Therefore, by the Riesz Representation Theorem, there exists f € L*(R") such
that

f=1 FXOI(X)ydX.

R2n

This result leads to the following inversion formula.

Corollary 8.2.5. Suppose that 1,y € L*(R") and ({,7)12@rn) # 0. Then for all
u € L*(R")

Vypu(X)I(X)y dX.

u =

.
(Y, 7) L2mn) JR2n

Let now Ty, be the linear operator defined by
T,F = / F(X)I(X)ydX, F € L*R™).
R2n

By Remark 8.2.4] T, is a bounded operator from L*(R*") to L?(R"), and for F' €
L*(R*"), h € L*(R") we have

(TP by = [ POOMXS. B e X

R2n

== (F, Vl/Jh)LQ(]RQ") = (VJF, h)LQ(RQn) .
Thus, V; F' = T}, F and when |¢| 2 = 1 the inversion formula is given by
ViV = (2m)" 1.

The main tool that is used to reach the correspondence between this time-frequency
calculus and the isotropic calculus, is the so called Weyl-Wick lemma, and in or-
der to introduce this tool we introduce a new class of operators, also known as
localization operators, that are related to pseudodifferential operators.

Definition 8.2.6. For a € .#”(IR*"), we define the corresponding localization op-
erator called anti-Wick quantized operators A,, weakly by its action on f,g €
< (R™), that is,

(Aaf,9)o = (2m) " (aVip f, Vyg)o = 2m) " (ViaVy f, 9)o, (8.14)
thatis, A, = (2m)""VjaVy.

This operator can be written as a Weyl-pseudodifferential operator using the
following result known as Weyl-Wick lemma (cf. [34] Proposition 1.7.9, Theorem
1.7.10).
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Lemma 8.2.7. Let a € '(R?"). There exists b € /'(R*") such that A, =
Op™(b) where

b=m"e xa.
Ifa € S (R™) then b € S (R™), where
b~ Z 0%,
a€ENZ®

with ¢co = 1. Moreover, denoting A = Op"(a) and B = Op"(b) we have
Charis(B) = Chariso(A) and essconesupp;,, b C essconesuppi, d.

Now, we want to use the Short-Time Fourier Transform to define the Gabor
wave front set.

Definition 8.2.8. We say that 0 # X, ¢ W Fg(u) if there exists an open cone
I'x, € R*" that contains X such that

sup (X)) |Vyu(X)| < 400, VN >0.

XEFXO

The set W F(u) C R is called the Gabor wave front set.

Remark 8.2.9. This definition is independent of the choice of window function ¢
(cf. [42], Corollary 3.3).

Now, note that it is possible to characterize the Shubin-Sobolev wave front sets
in terms of the Short-Time Fourier Transform as follows.

Remark 8.2.10. Note that by the properties of elliptic operator the Shubin-Sobolev
spaces of order s € R previously defined can be equivalently defined as

B*R") = {u € #(R"); Au € LA(R")},

for any given elliptic operator A € W: (R™). More generally, one may give an
equivalent definition of Shubin-Sobolev spaces in terms of localization operator
and modulation spaces. Indeed, for s € R, all the following three spaces coincide
with B*(IR™) (see [44]], pp. 98-99):

(4)
B5(R") :={u € ' (R"); Auc L*(R")}, Ac ¥

1S0
s = |Aulo + Z |z*DYR'u
lal+]8]<p

(R™) elliptic,

Ju

0’
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withp € Z,p > sand I = E'A + R with £/ € V. (R") and R’ € V_°(R").
(i7)

By (RY) = {u € #'(R"); Aeu € PR}, |u
(iid)
Byr(R") := {u € #'(R"); ()" Vyu € LE™)}, |ul

By, = [Apsufo;

B, = ()" Vyulo.
We are in a position to give the definition of Sobolev-Gabor wave front set.

Definition 8.2.11. If v € .%/(R") and ¢ € .#(R") \ {0} then the Gabor wave
front set W I, (u) of order s € R is defined by saying that X & W F(u) if there
exists an open cone I' = 'y, C R*" containing X, such that

xr () Vyu € LA(R™),
where here xr denotes the characteristic function of the cone I'.

Note that for s’ < s we have W F¥, (u) € W F&(u) and also in this case the def-
inition of W F§(u) does not depend on the window function (cf. [44], Proposition
3.2). Finally, the following property is still true (cf. [44], Proposition 3.6).

Proposition 8.2.12. Ifu € .'(R") then
WFe(u) = | JWEF(u) CR™
seR

The next goal is to put in relation this Gabor wave front set and the isotropic
wave front set introduced before.

Theorem 8.2.13. Let u € .'(R") and s € R, then

WE,

Proof. Let Xy & W F¢(u). We want to show that X, ¢ W F? (u). By hypothesis
there exists an open cone I' = I'x, that contains X, such that

xr () Vyu € LA(R™),

where, once again, xr is the characteristic function of I'. Then, since VJ - L? (RQ”) —
L?*(R™), we have
(Vixr () Vy)u € L*(R")
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and A, .y = (2m)7"(Vixr () Vy). By the Weyl-Wick correspondence we there-
fore have that there exists b := (7)"e~1" % (xr (-)*) € S2_(R™) such that

B :=0p"(b) = Ay.ys and Charis(B) = Charig(xr (-)°).

Hence, we have X, ¢ Chari,(B). Moreover, since Op™(b)u € L*(R"), we
conclude that Xy ¢ WFE? (u).
The converse follows as in Proposition 3.5 in [44]].

]

Remark 8.2.14. As a consequence by Proposition [8.1.23| and Proposition [8.2.12]
one has
WFq(u) = WEg(u), foreveryu € ' (R").

8.3 Main Properties of the s-isotropic Wave Front Set

In this section we get back to isotropic wavefront sets, with the aim of giving
a new interpretation of Hormander’s results concerning the isotropic wave front
set of [23]], in terms of the s-isotropic wave front set. Through these results, in
particular we obtain a relation between the isotropic wave front set of the kernel
of the operator ., -2 in [23]], of an initial datum u € .&/(R™).

First of all it is known that if y is a linear symplectic map in R*", there exists
a unitary operator U, from L*(R") to L?(R™), associated with y, and determined
up to a constant factor (cf. [26], Theorem 18.5.9), such that

U, 'Op*(a)U, = Op™(aox), (8.15)

where a € S (R") for some m € R. Thanks to this result the following proposi-

tion easily follows.

Proposition 8.3.1. Let u € .7/(R"), x be a symplectic transformation in R?" and
U, be a unitary operator on L? associated with x as above. If X € R*", one has

X € WE(u) & x(X) € WFq(Uyu), (8.16)
and more precisely, for all s € R

X e WF: (u) & x(X) € WE (Uyu), (8.17)

iso
Proof. We first note that (8.16) follows by (8.17) and by Proposition[8.1.23] there-
fore it is sufficient to show (8.17). To prove the latter we observe that by (8.13))

Op“(ao X)Ux_lu = UX_lOpW(a)u7
so, ifa € S?

5o(R™) and Op™(a)u € L*(R"™) we have Op™(a o x)Uy 'u € L*(R™),
since U, is a unitary operator from L*(R") to L*(R"). Hence x ' (X) ¢ WF3, (U u)

ifand only if X ¢ WES (u). O
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As first application of this theorem we have the following fundamental remark,
that roughly speaking says that the (s-)isotropic wave front set is invariant under
change of coordinates induced by an invertible linear map - that we identify with
the associated matrix - as stated below (cf. [23], p. 119).

Remark 8.3.2. Let x : R” — R™ be an invertible linear map and let x(z,&) =
(k~ 'z, % €) be the corresponding symplectomorphism.
Therefore,

Upf(x) = f(ra)ldet "%, f € S (R,

so that, if u € ./(R"), by Proposmon 8.3.1} for all s € R, we get
WES (k*u) = KW ES, (u) = {(z, ' §) € R™; (kz,&) € WS (u)}.

150 180

We now want to relate the isotropic microsingularities of two tempered distri-
butions with the isotropic microsingularities of their tensor product.

Proposition 8.3.3. Let u € B~ (R") and v € B~ "2(R™), for some r1,15 > 0
and let 51, $3 € R be such that s, = min{s; — rg, Sy — 11} < 81 + So. Then

WEL (e v) © (W) U{(0,0)}) x (WF2() u{(0,0)}).

Proof. We write X = (2,€) € R™and Y = (y,n) € R*™. Let0 # X, ¢
WEFEL(u) and 0 # Yy ¢ WEF:2(v). Then, by definition, there exist a = a(X) €
S:t (R™) non-characteristic at X, and b = b(Y) € S;2 (R™) non-characteristic at
Yp, such that Op™(a)u € L?(R"™) and Op™ (b)v € L*(R™). We define the symbol
C([L’, Y, 67 77) = CL(X)Z)(Y), then

Op“(c)(u ®v) € L*(R™™). (8.18)

However, this is a symbol for the split iso,iso-metric in R¥* x R3™

= [dX /(L + [X]") + |dY /(L + [Y]),

but not for the isotropic metric on Ry ;™

= (ldX[* +1aY ") /(L + X[+ [Y]),

ie. ce S (R™ x R™) (see Appendix A for the properties of the calculus. The

idea is to have operators which are a Weyl quantization separately in the X and Y
variables, where (X,Y) € R™ x R™). To cope with this problem we introduce
a symbol of order 0 for the metric gy i.e. ¢ = ¥(x,y,&,n) € SL (R" x R™) C

15O

S20. (R"™ x R™) (see Proposition of the Appendix), such that

180, iso

suppt) C {C' < (1+|X|)/(1+]Y]) < C},
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for some C' > 0 fixed. In this way we may consider the composition of this symbol
with respect to the metric g, to obtain

Op™(¥)Op”(c) = Op™(p),

with p € S;0% (R™ x R™). Now, using the support of ¢) we have that the symbol ¢

180, iso

is actually a symbol for the metric go. Moreover Op™ (¢)(u ® v) € L2(R"*™), by
(8-18). So, choosing a, b, 1) such that ¢ is non-characteristic at (o, o, £, 70) We
get that (o, yo, &0, 0) §é WF;Z:’” (u®w) and then (9, Yo, &0, M0) & WEL (u®w)
(since s, < s1 + s9). Now, let Yy = 0o, and Xy ¢ WFE!(u). By definition

1S0
there exists a = a(X) € S;.(R") non-characteristic at X, such that Op"(a)u €

L?(R™). We next choose 1y = ¢g(z,y,&,m) € SO, (R™ x R™) non-characteristic
at (o, 0, &, 0) such that

supp ¢ € {1+ [Y| < C(1+ |X[)}
for some C' > 0. Then ¢y € Spr. (R" x R™). Define

180,150

&<$7y7§ﬂ77) = (X)®1Y 65810 ( XRm)

180,180

At this point we have to prove a lemma about the composition (with respect to the
metric g2) of Op™ (1)) and Op™(a).

Lemma 8.3.4. Let uw € B~ (R") and v € B~ "*(R™). Let a and 1) be the two
symbols defined above. Then

Op™(¢)Op™ (@) (u @ v) € B™(R™™)

Proof. Let
AT =0p"(((z,5,§,m) ") € Ui *(R™T™).

Then (again by Proposition[B.2.3),
AT"20p" (¢o) € Uiy 2 (R™ X R™).

180, iso

We next have to prove that
A"Op" (10)Op™ (@) (u ® v) € L*(R™ x R™).
By the hypothesis on a we have that
OpY(a)(u®@v) =0pY(a)u®@v =:u1® v,
with & € L*(R"). Let now By := 1x ® Op™((Y)™™) € ¥ 2(R" x R™).

Therefore there exists £y € W2’ (R™ x R™) such that

180, iso

E\B, =1+R,
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where R € \IIO oo (R™xR™) is of the form 1 x ® (smoothing operator in y). Hence

ElBl(ﬂ(XJU) :ﬂ®?}+ﬂ®’(~],
with @ € L?(R"), v € B™"2(R™), v € .(R™). It is important to notice that

AT"20p" (¢0)E1 S PO

1S0, iso

(R™ x R™).
Now we have

AT20p" (tho) (2 @ v) = A7 0p™ (¢o) Er By (i ® v) + 7,
where r € L2(R"™™) and B, (t ® v) € L*(R™ x R™). Since

A_TQOpw(@Do)El S \IJOO

180, iso

(R™ x R™)
this concludes the proof of the lemma. ]

By Lemma [8.3.4] we have thus found a symbol ¢ = ¢(x,y,&,n) defined by the
relation

Op™ () = A720p"™ (1) Op™ (a)

such that Op™ () (u®v) € L*(R™™), ¢ is non-characteristic at (o, 0, &, 0) and
€ Siy ?(R™ x R™). The latter is due to the fact that ¢ € S i (R™ x R™)
and that on supp ¢y one has (X) < ((X,Y)) < C(X). Hence (xo,O,fo, 0) ¢
W 2" (u @ v) and consequently (70,0, &,0) & WESS (u @ v).
The case Xy = 09, and 0 # Y, ¢ WF:2(v) is analogous. For the case X, €
W FE (1) and 0 # Yy & IWEZ(0) or0 # Ko ¢ WS () and Yo € WER(0) s
sufficient to choose a ¢ having the support on a set of type {C ' < (1+|X])/(1+
|Y]) < C} for some C' > 0 fixed, as in the first part of the proof and repeat the
argument of the second part. This concludes the proof of the proposition. [

We next want to examine the pull-back of a temperate distribution u € .#’(R")
through a surjective linear map and then the case in which the map is injective. The
latter case is more complicated and will require some extra assumptions.

Proposition 8.3.5. Ler 0 # u € 7' (R™). Let L : RN — R™ be a linear surjective
map. Then, for all fixed ;o > (N —n)/2 and for all s € R

WEGH (L u) © L'WEL (u) U (Ker L x {Oy})

= {(z,"LE) e R*N; (L, &) € WE,(u)} (8.19)
U (Ker L x {Ox}).
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Proof. By Remark [8.3.2) may assume, possibly by changing coordinates, that L is
the projection

L:R"xRY™" 3 (2,2") — 2/ € R™.
The idea is to reduce the proof to showing that

( 07*7507507 )G WFS M<L* )7 (x67§6) 7é 0 = (x6>§6) S WEZo( ) (820)

180

since we will show that this conditions implies (8.19). We first assume that this
condition holds and we prove that it implies (8.19).
To prove that (8.19) is satisfied, it is sufficient to notice that, since A,»L*u = 0,
by definition of the isotropic wave front set we have

WEH(L*u) € RY x (R™ x {Ox_n})

1SO

and then by (8.20)
WESH(L*u) = WES*(L*u) N (RN x (R™ x {ON—n})>

C {(x,"L¢") € R*Y; (La, ') € WFL(u)} U (Ker L x {Ox}),

(the second set in the above inclusion is needed to keep into account the case
(a',€) = (0,0)).

In order to complete the proof, it remains to prove that (8.20) holds and to do that
we show that for all © > (N —n)/2

0 # (25,&) ¢ WE,(u) = (x5, 25,6, 0) ¢ WEL"(L'u), Vg e RV,
(8.21)
We assume at first that =, # 0 (we will treat the case &, # 0 later). By hypothesis
there exists C' = Op“(c) € Wi (R") elliptic at (zf, &) such that Cu € L*(R"™).

Let z € R" and pick v € S2 (R") be non-characteristic at (z}, z(, &, 0) such
that supp ¢ C {|2"]| + |¢"| < C(|2'| + [£'])}, for some C' > 0, and define

(o', 2", ¢, €") = p(x, ) e(a’, ).
We have that ¢ € S5 (RY) is elliptic at (z(, [, &, 0) by virtue of the ellipticity of
c at (), £)). Moreover, since L*u = u ® 1., denoting C' := Op™(é), we get
CL*u= Op*(¥)Op™(c)(u ® L) = Op¥ () (Cu @ Ln).

Now, with A=* = Op"({(z’ x” &N T ) we have A=*Op™(¢)) € W M (RY)
and hence (by Proposition[B.2.3) also in Wi, % (R" x R¥—").

Since 1, € B*“(RN*”) for all 4 > (N —n)/2 in view of Proposition[B.2.7),
we have that (see the proof of Lemma [8.3.4)

A HCL*u € L*(RY).
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Therefore, as A~*C' € Wi *(RN) is elliptic at (z, /!, £, 0), we have (8.21)) in the
case x( # 0.

Now, we consider the case &, # 0. By Proposition used with U, the nor-
malized Fourier transform .%#,/_,¢ in the 2’ variable (and, hence, x : (2/,{’) —
(&', —a')), we prove (in the same way as when xf, # 0),

(&, 20, —20,0) € WESH(L* Foseu) = (&, —xp) € WL (Fwoeu),
and since .%o L*u = L* %, _,ou we obtain
(56’1,/0/’ —$6,0) € WFiSso_u(yx/HE’L*u) = (567 —1‘6) € WFiZi)(Lng’Hé’u)'

Hence, again by Proposition[8.3.1] we have (8.21)) in the case &) # 0.
Therefore, we have proved (8.21)) and this concludes the proof of the proposition.

]

We next examine the case in which the map is injective. To do that for [' C R”,
a closed cone, we introduce the following space

Sr(R?) = {u e ' (R"); WF(u) C T}

and we endow it with a notion of convergence by saying that:
A sequence (u;)jen converges to 0 in A1 (R™) if u; — 0in &' (R") for j — 400,
and for every a € S2 (R™) with T’ N essconesupp;,, a = 0 one has Op™ (a)u; — 0

180

in . (R") for j — +oo.

Remark 8.3.6. Note that .’(R") is a dense subspace of ..(R"). In fact, let u €
S'(R") and ¢ € C*(R?*"), with #(0) = 1. Setting ¢.(X) := ¢(cX), by the
standard rules of calculus

Op%(¢e)u — u in S(R™) ase — 0. (8.22)

Indeed, the convergence in .’ (R") follows from Theorem 18.6.2 in [26]. More-

over, if a € SY_(R™) such that essconesupp;,, a N T = () we write

Op"(a)Op™(1 — ¢.)u = Op™(1 — ¢.)Op™ (a)u + [Op™(a), Op™ (1 — ¢.)]u.
Now, again by Theorem 18.6.2 in [26], since Op" (a)u € . (R"),
Op“(1 — ¢.)Op“(a)u — 0, in L (R"), ase — 0.

Furthermore [Op™ (a), Op™ (1—¢.)] = Op™(eb), with b € S, (R"). Hence (8:22)
follows.
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In addition, if u € B*(R™), for all § > 0, we also have
Op™(¢.)u — u, in B °(R™), ase — 0. (8.23)

Indeed, by Proposition [B.1.2] there exist k£ € Ny and a constant C' > 0 such that

1Op™ (¢ — D]l gos < Clbe — 12| . (8.24)
Therefore, since by Proposition [B.1.]]
¢ — 1| =0, ase—0, (8.25)

we have that (8.23)) follows from (8.24).

Proposition 8.3.7. Let L : R™ — R", with n > m be an injective map and let
I' C R?" be a closed cone such that

I'N{(0,&) e R*™ ‘Le =0} =0. (8.26)

Then, the pullback through L, defined on . (R™) as (L*u)(x') = u(Lx'), 2’ € R™,
can be uniquely extended as a sequentially continuous linear map

L* : AR") — L (R™).
In addition, if u € L(R") and > (n —m)/2 (with 2’ = (x1,...,x,)), for all
seR
WEFS (L) C LW ES

iso iso

(u) = {(«','LE) € R*™; (La',€) € WFL,(u)}.
(8.27)

Proof. Note first that if n = m then L : R™ — R" is invertible and then the result
follows from Remark [8.3.2] Moreover, since L is an injective map, and, again by
Remark [8.3.7] the result is invariant under change of coordinates, we may restrict
ourselves to the case for which L is an immersion of R} into R} x R, ™, i.e.

L:R"—=R", L:R">32+— (22" =0)eR"
Hence, hypothesis (8.26) becomes
{(z=0,8); =0, j<mpnl =0,

and, consequently, there exists C' > 0, such that, denoting &’ the dual variable of
x’, one has
2] + €] < C(lz| + [€']), V(z,8) €T (8.28)
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Now, we choose a symbol a = a(z, &) € S2,
(i) T N essconesuppy,, a = 0;
(it) withb := 1 — a € S2_(R"), one has suppb C I'; U {0} and

1SO

|z + [¢] < Cu(Jz[ +[€']), V(z,8) €T, (8.29)

(R™) such that

where I'; is a closed cone that contains I' and C; > C' > 0.

One may construct a as follows. Take y € C*(R3") the usual excision function,
thatis0 <y < 1,x=0in|X| <1/2and y = 1in |X| > 1. Ifw € C®(S* 1)
suchthat 0 < w < 1,w =1onT'NS?* ! and suppw C I'; NS?**~L. Define finally
a(X) = 1 — x(X)w(X/|X]).

To extend L* as a sequentially continuous map from .7/ (R") into ./(R™)
we proceed as follows. The uniqueness will be a consequence of the sequential
continuity and of the density of . (R") in 1. (R™).

Write

u = 0p"“(a)u+ Op"“(1 — a)u = Op"“(a)u + Op" (b)u, (8.30)
and consider the two terms separately. The plan is to define L*u = L*Op" (a)u +

L*OpY (b)u.
Let us consider first the term Op" (a)u. In this case, since W Fis,(u) C T" and

essconesupp;,, a NI =0,
by Theorem [8.1.20| we have
SARY) 3 u— Op¥(a)u € L(R"),
which is hence sequentially continuous by definition of .#}:(R™). Thus, L*Op" (a)u €
Z(R™) and L*Op™(a): A (R") — '(R™) is sequentially continuous.

We next investigate the second term Op™ (b)u, the most delicate of the two. Note
first that, by Remark [B.3.1] it is possible to write v as a finite sum

u= > D@ uap), (8.31)

laf+[BI<N

for some N € Ny, where D7u,p € L*(R") for |y| < n and hence, in particular,
by the Sobolev embedding theorem, u,z is continuous. Furthermore, we note that
if (uj)jen C '(R™), u; — 0in . (R™) as j — oo for all «, 3 in the sum,
we may choose corresponding sequences (uqs,;); converging to 0 in L*(R") (see
Remark [B.3.2)). This will shortly be useful.

By (8.31) we may write

Op“(u= Y Op“(b)D*(ztag)
|a|+|BI<N
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and then focus our attention on a fixed term of the finite sum on the RHS. To do
that we define
w 2
By = Op™((1+ |z + ) 4 )

with ¢ € N sufficiently large to be determined and where 1) € C*(R?"), 0 < ¢ <
1, is such that ¢y = 1 on supp b and has support in a larger open cone ['s (with
[y NS?"~! relatively compact) for which (8:29) is still true (by choosing a constant
Cy > (). It suffices to choose @ € C*°(S* 1), with 0 < @ < 1 and Gw = w,
suppw C [o NS and put (X)) = x(X)o(X/| X]).

In this way B, € V% (R"). We have I = B, E + R, where E € U_*(R")

is a microlocal parametrix of By on I'y and WF'(R) N T'y = {) (cf. Proposition

[B.1.10). Therefore,
Op™ () D2 unp = Bi(EOD™ (b) D 2" Yuas + Tap
= Blopw<baﬁ)uaﬁ + TaB,
where, for ¢ sufficiently large, we have that b,z is a symbol of order < 0 and

rop € L (R™) (note that WEF'(R) N W E'(Op™ (b)) = 0). Therefore, by using the
Leibniz rule

Op" =3 3 DL(F0p"(b)uas) £ (832)

[ +BISN |y|+|6|<N

for some N = N(a, ) € Ny, r := 2 jalipl<n Tas € L (R"), bys of order 0 and
with D), := D' ... D)= for all v € Ni*,0 € Nj in the sum. At this point, by
(8:3T)), we have that

DEOpW(b,yg)uag S L2<Rn)
for |¢] < n, for all |a| 4 |8] < N and |y| + |§] < N. Hence Op™(bys)uas €
C°(R™) N L>°(R"). In this way, for a term D), 2°0p" (b,s)uag it is possible to
define L* as

L*D),2°0p™ (bys)tas := D), L*3°Op™ (bys)Uag,

because L* commutes with D, on sufficiently regular functions, as D], operates
only in the 2’ variable. Moreover, since z° is a multiplier and

Op" (bys)uas € L™ (R") € ' (R"),

one has
L*D2,2°0p™ (bys)uas € ' (R™).

By using this for every term in the sum (8.32)) we at last may define L*Op™ (b)u as
an element of ./(R™). Finally, as mentioned earlier, if we take a sequence u; — 0
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in ./(R") as j — o0, then for each term of the sum (§.32)) we may construct a
sequence of continuous functions such that the sequence of restrictions (that is, L*)
converges to 0 in L?(R™). This implies that the restriction of the sequence (u;);
converges to 0 in .#”(R™). Thus the operator L*Op™ (b): .7L(R") — ' (R™) is
sequentially continuous, whence

L*: AR = S (R™)

is a sequentially continuous linear map.
Now we prove (8.27). Namely, we prove that if 0 # (x(,&) ¢ L*WF? (u) then
(2}, &) ¢ WESH(L*u), for p > (n — m)/2. More explicitly, we have to prove
that if i > (n — m)/2 one has

(20, 0,80,€") & WE,(u), V&" € R = (20, &) ¢ WEL" (L7w).

By hypothesis we can find a conic neighborhood V' of (z7, 0, £}) such that

WE,

(u) N (V x R*™) = 0, (8.33)

We then define
(2,8 = oz, &) (2, £))"",

where ¢ € C*(R} x R, 0 < ¢ < 1, with supp¢ C V, ¢ = 1 on V' smaller
conic neighborhood of (zy,0,¢)) and > (n — m)/2. Therefore, we note that
c(z,§) = (z,&) @ 1gr is a symbol with respect to the metric

g = (|def* +1d€'P) /(L + |2 + |€'T)

and ¢(2/, &) := c(2/,0,£,0) € S *(R™) is a symbol, elliptic at (zf, &) € R*™,

with respect to the isotropic metric in R?™.
Now, as before, we write

u = Op"“(a)u+ Op™(b)u

and examine the two terms separately.
Let us first look at Op™ (a)u. In this case, since Op™(a)u € .(R™) we have that
L*Op™(a)u € .(R™) and then

Op™(¢)L"(Op™(a)u) € (R™).

We next examine Op" (b)u. In the first place, since b € S2 (R™), it is a symbol

180

also for the metric ¢’. Thus we may consider the composition with respect to
the metric ¢’ between Op™(b) and Op™(c). By using (8.29), which is valid on
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the support of b, we may conclude that cffb € S;_"(R"™) and since W F$

iso iso

eSSCOnesupp;,, ¢ b = 0, by Corollary 8.1.21| we get
OpY(ctb)u = Op™(c)Op™(b)u € B*(R").

(u) N

Now, since
v := Op"(c)Op" (b)u € B*(R") N A (R")

by Remark [8.3.6, we have that there exists a sequence (v;);>1 C .(R™) such that
v; = v inS(R")as j — 400,
and for all 6 > 0
v; — v in B O(R") as j — +oo.

We then choose § > 0 sufficiently small such that y — 6 > (n —m)/2 and denote
by 7 the trace operator

7: S(R") - SR™), SR> [fe7f(a):=f(20)
which extends to a bounded operator
7 HY(R™) — L*R™), if s> (n—m)/2.

In this way, since by Proposition|B.2.1|we have B*~°(R") C H*~%(R"), we obtain
that (7v;);>1 is a Cauchy sequence in L*(R™) and hence there exists w € L*(R™)
such that

Tv; = w=:7v in L*(R™)as j — 400
(note also that, as a consequence, 7v; — Tv in .’ (R™) as j — +o0).
Now, since L*v; = 7v; for all j > 1 and since the map L* : S/ (R") — /'(R™)
is sequentially continuous, as 7 — +00 we have

L*v; — L*v = v € L*(R™),
and so
L*Op™(c)Op¥ (b)u € L*(R™).
Therefore, we have that C' := Op¥ (&) € Ui #(R™) is elliptic at (x(,&)) and

Op"(&)L*u = Op” (&)L*(Op* (a)u) + Op™ (&) L*(Op* (b)u) € L*(B™),
that is (xg,&)) ¢ WF.."(L*u) and so we have proved the proposition. O
Next, as a consequence of the previous proposition, given a distribution v €
<" (R™), if it satisfies condition (8.34) below, essentially by integrating in the "reg-
ular variables", we are able to define a distribution v € ./(R™), with m < n, the
singularities of which are related to those of u. The result can be stated as follows.
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Proposition 8.3.8. Ler m,n € N, withn > m, let p > (n — m)/2, and let
u € . (R"™) be such that

W Fiso(u) N {(0,2",0,0); 2" € R"™™} = 0. (8.34)

Then
v(-) = /u(-,:v”)d:v” e S (R™)

can be defined by continuity, i.e. through L*, as in Proposition[8.3.7| and for all

seR

WFS_M(U) g {(ZE’, 6/) e RQm; ($/,$”, 5/7 0) cWEF*

iso s (w), for some 2 € R"™"}.

Proof. Note first that, if f € .#(R") denoting by fz the Fourier Transform of f
with respect to the x” variables and by L : R™ — R" the injection of R™ into
R™ x R*™™, (i.e Lz’ = (2/,0)) we may write

/ fa! 2" da" = (L* fo) (o).

Therefore, the idea, essentially, is to use such an expression and the continuity of
the map L* given in Proposition[8.3.7] to give a characterization of the s-isotropic
wave front set of a distribution u € .%/(R") satisfying (8.34)), as follows.

Let u € ./(R") that satisfies (8.34) and let @iy and L be given as before. Re-
call that, by Proposition (since for x : (z;,&;) — (&, —z;) the associated
metaplectic operator is U, = (2) /2%, _¢,), we have

W Fo(lia) = {(2/, 2", €, €") € R*™; (¢, ¢",€, —a") € WF(u)}, (8.35)
and

WE, (i) = {(a', 2", €,€") € R™; (¢!, ¢, ¢, —a") € WE,(u)}. (8.36)
The two inclusions give rise to the following two facts. By (8.33)) we have that if

W Eiso(u) N {(0,2",0,0)} = 0, then
W Fisoliiz) 1 {(0,€) € R*; 'LE =€ =0} =0,
and consequently we may apply Proposition to 1. Moreover, by (8.36)

L*WEFE (is) € {(2',&) € R*™; (2/,¢",¢,0) € WES,

(u) for some " € R"™™}.
(8.37)
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We now take a sequence (u;);>1 € .%(R"™) such that u; — u as j — o0 in
<" (R™). In this way we obtain L*u;o — L*ly =: v as j — 400, and again by
Proposition[8.3.7 if yt > (n — m)/2,

WEH (L ay) © L"W FE,(1s). (8.38)

Hence, by (8.38) and (8.37), we obtain
WESH(L* i) C {(2', &) e R*™; (2", €,0) € WE

iso iso

(u) for some " € R"™™},
that we may rewrite as

WFS#L(U) g {(Il7€/) c R2m; (1)’,:6”,5’,0) c WES

iso * (u) for some 2" € R"™™}.
[]

By putting together these auxiliary results we now give the proof of Theorem
[T.2.1] but first we provide some useful notations.
In what follows, given two sets X, Xo and A C X; X X5, B C X5, we write

AoB={r e X;; dye Bs.t. (z,y) € A} C X;.
Furthermore, if K € ./(R™*™) we denote by
W Fox (K) = {X = (z,€) € R*™; (2,0,£,0) € WF(K)},

by
WESO,Y(K) = {Y = (y> 77) € R2n7 (07 y7 Oa _77) € WESO(K)}7

and
W Foo(K) = {(z,y,&,m) € RE"™: (2,y,¢,—n) € W Fo(K)}.

The definitions for the s-isotropic wave front set are the same considering the s-
isotropic wave front set on the RHS.

Proof of Theorem[I.2.1} We will see that (I.5)) is a particular case of (I.7) and
hence we prove (I.7). Note first that, if K € . (R™"") and u € . (R"), we may
write

Hulw) = [ (K @ ) )dy,
where K ® u € . (R"™""™) is the function

(z,y,2) = K(z,y)u(z),
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and L is the map (x,y) — (x,y,y). Therefore, the idea is to extend this expression
by continuity as we already did in Proposition[8.3.8]

We begin by noting that, if K € ./(R""™)andu € .'(R"), K®u € ' (R™"+")
is still well defined and by Proposition [8.3.3] we get

WEZ(K @ u) Q{(fﬁ,y,z,ﬁ,n,é‘); (z,y,§,m) € WEZ(K) U{020m1n) }

(2,€) € WFE(u) U {020} } \ {Oa(minim }

Moreover, by Hormander ([23]], Proposition 2.8), we also have

WESO(K ®U) g{(l‘,y, Z»fﬂ?af); (xaya§777> € WESO(K) U {02(m+n)}7

(2,€) € W Feo(w) U {030} } \ {Oa(msmsm}-
(8.39)
Hence, with § = (£, ), (), one has that the RHS of (8.39) does not intersect the set
{(0,0); ‘LO = 0}. Indeed, if (x,y,2,&1,¢) € {(0,0); 'L = 0} then z = 0,

y=20,2=0,&=0,and n + ¢ = 0. However, if such a point belongs to the RHS
of (8.39), by condition (I.6) we have

(0,0) € (W Fiaoy (K) U {020}) 0 (W Frao (1) U {020} ) = {020}

andso( =0andn = 0.

Therefore, we can apply Proposition to K ® u to obtain for p/ > ((m +n+
n)—(m+n))/2=n/2

WES™ (LK @ u)) g{(:v, Yy, &+ Q) (2,y,6m) € WEG(K) U{Oxmsn)

(4:€) € WEE () U{020} |\ {O20m4}
Next, again by Hormander ([23] Proposition 2.9) we have
W FaolL* (K @ w)) S{(2, 5.6+ O (2,9,€,1) € WFioo(K) U {Oamsm

(4:€) € Whe(u) U {02} }\ {02}

and also in this case the RHS of the inclusion does not intersect the set { (0, y,0,0); y €
R"}. Infact,ifz = =n+(=0and

(4:€) € (W B (K) U {020} ) 1 (W Fro() U {020} ) = {02}
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we must have y = 0, ¢ = 0 and hence = 0. Therefore, by applying Proposition
to L*(K ® u), the integration with respect to y is well defined and for " >
((m+n) —m)/2 = n/2 we have

WEL ™ () € {(2.) € R (2,9,€, —n) € WFL(K) U {Osnim

(v,1m) € WF(w) U {02}, for some (y,) }
= W, < (K) UW FL(K) o W (u),

iso
that is, for © > n,

WES™(Hu) CWES ((K)UWE:

iso iso

(K)" o WEZ(u).

Finally, to prove (L.3)) it is sufficient to note that if u € .(R™) then W F22 (u) = ()
for every s, € R. Thus, choosing s; sufficiently large such that

Sy =min{s; —ro,So — T} =8 — 719 =81

since ro = 0 because u € . (R™) C L*(R") = B°(R"). Therefore, for any fixed
©w>n
WEG (A u) C WEG x(K).

iso



9. PROPAGATION OF SHUBIN-SOBOLEV SINGULARITIES

This chapter is concerned with the propagation of isotropic microsingularities.
In the first section we explain in details our problem and the properties of the
associated propagator. Subsequently, the second section is devoted to studying
the propagation of singularities for such a problem, first on some fundamental
examples and then in the general case.

9.1 Statement of the Problem and Propagator

We study the isotropic propagation of singularities problems of the form

du~+ OpY(a)u =0, in RT x R™, ©.1)
u(0,-) = ug € ' (R"), '

where
a: R — C, X+—a(X)=(X,0QX),

is a complex quadratic form defined by the symmetric matrix ) € My, (C) that
satisfies Re Q > 0 (where, once again, for z,w € C", (z,w) := Zj zjwj is the
non-Hermitian inner product). Moreover, recall that the Hamilton map F' associ-
ated with a (see (7.4)) is defined by the relation

o(X,FX) =a(X),

where o denotes the standard complex symplectic form.
In what follows we assume that the linear maps that we will consider act on

C2n — RQn + ,L']RQn

and we sometimes use the subscript R to indicate that we are considering the in-
tersection of a subspace of C?" with R*". So, for instance, given M € My, (C),
we write

Kerg(M) = {w € R*; Mw =0} = {w € Ker(M); w € R*"}.

Finally, we denote by ag = ar(X) and a; = a;(X) the real and the imaginary
part of the symbol respectively, i.e.

CL(X) = (IR(X) + ZCL[(X)
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Remark 9.1.1. Note that a broader class of significant problems is included in our
setting. For instance, with a(X) = |£|> we obtain the Cauchy problem for the
Heat equation, with a(X) = i|£|?, the Cauchy problem for the (free) Schrédinger
equation and finally, with a(X) = i(|z|?+|¢|?), we obtain the Cauchy problem for
the Schrodinger equation of the (purely imaginary) quantum Harmonic oscillator.
The Kramers-Fokker-Planck operator is also included (see [40]). Other interesting
cases will be examined below.

To study such a problem, it is necessary to recall first that by [24] (p. 426)
we know that there exists a C’-contraction semigroup {e~*OP" (@}, on L%(R").
Moreover for any ¢ > 0, by Theorem 5.12 and Theorem 5.8 in [24], we have that
e~*OP"(@) 5 a continuous map

e 1OP" @ . Z(R") - .Z(R")
and extends to a continuous map

etOP" (@ . /(R) — S (R™).
Then, essentially, for uy € /(R"), the goal is to study the regularity of u =
e~tOP" (@) that solves problem (0.1).

The main goal of this section is to prove Theorem[I.2.2] which states, roughly
speaking, that the solution at time ¢, with respect to the initial datum, has a loss of
derivatives that depends on the regularity of the kernel of the propagator and on
the dimension n of the space.

To approach such a problem, we first recall the notion of Gaussian distribution
introduced in [24] (Section 5) through which we will characterize the kernel of the

propagator.
For 0 # u € 2'(R") we denote by

L= {W(x, D); ¢"(x,D)u=0,

n

E(l’,g) = Zajfj +ij$j, CLj,bj € C,Vj = 1,...,n},

j=1 j=1
and we give the following definition.

Definition 9.1.2. A distribution u € 2'(R") is called a Gaussian distribution if
every v € 2'(R™) such that £¥(z, D)v = 0 for all ¥ (z, D) € .%,, is a complex
multiple of u.

It is possible to obtain a correspondence between these distributions and the
space of complex Lagrangian planes in C?" (with respect to the standard complex
symplectic form). To do that define

Ao = {(2,6) € C*; U(x,6) =0, VLY (2,D) € L}
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and recall the following result (cf. [24]], Proposition 5.1).

Proposition 9.1.3. Ifu is a Gaussian distribution, then )\, is a complex Lagrangian
plane such that V .= {£ € C"; (0,€) € A\, } is invariant under complex conjuga-
tion, hence generated by its intersection with R™.

Conversely, let \ be a Lagrangian plane and letuw € 9'(R") suchthat (™ (x, D)u =
0, for every { = ((x, &) which vanishes on \. Then, u is a Gaussian distribution.
Moreover u = celd where d is a -function on a linear subspace, q is a quadratic
form there (both determined by \) and ¢ € C \ {0}.

Let now u € ./ (R™) that can be written as the oscillatory integral
u = / e?@0dp,  x e R", (9.2)
RN

where p is a complex-valued quadratic form on R**#,
p(z,0) = ((x,0), P(z,0)), z€R", HcRY
and P € CP+N)x(+N) g symmetric. Writing
Py By
P= (Pex PG:,)
we require that Im P > 0 and that the rows of the submatrix
(Pex Pee) c CNx(n+N)

be linearly independent over C. By Proposition 5.5 in [24], if u € .#’(R™) has the
form (9.2), then it is a Gaussian distribution and the corresponding Lagrangian is

A = {(z,p(.60)) € C*; p(x,0) = 0, (2,6) € C**V} € C*".

In this setting one has the following result for the isotropic wave front set of such
distributions (cf. [40], Theorem 4.6).

Lemma 9.1.4. Let u € .7'(R"™) be a tempered distribution of the form (9.2) and
let \ be the Lagrangian associated. Then

W Fio(u) € (AN R\ {0}.

Remark 9.1.5. Note that since W Figo(u) = J,cg W F

5 (u) one has that for every
seR

WE;

iso

(u) € (ANR*)\ {0}.
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9.2  The Isotropic Propagation Results

At this point, before examining the general case we study the propagation of
singularities for the evolution equation

Ou+ Op“(a)u =0, in Rt x R,
u(0,-) = uy € S'(R"),

a(X) = ap(X) +iar(X), ap(X) = [X'P, ar(X)=|X",  ©3)

with X' = (2/,¢&’) for 2’ € R™ and ¢’ € R™, X" = (2",£") for 2" € R™ and
" € R™ and ny, ny € N satisfy n; + ny = n. Therefore, we have

Op*(a) = =Aw + |2']" +i(=Apr + [2"]),
and we may rewrite it as
Op“(a) = Op™(ar) +1Op™(ar). 9.4)

We wish to study how the operator Op" (a) propagates singularities. Roughly
speaking, we expect that in the first n; variables it destroys the singularities (that
is, it is regularizing), since in those variables it behaves like a heat evolution op-
erator in n; variables. From a physical viewpoint, the operator Op"(a) can be
interpreted as a model describing the combined action of diffusive and oscillatory
phenomena acting on different sets of variables. Here we are interested in studying
its properties from a mathematical point of view, and we state the following result.

Theorem 9.2.1. Let uy € . (R"), a be as in (0.3) and let t > 0 be fixed. Then
W RO Oy © ({00, % B2) x ({0,,) xR

Proof. The idea is to use the Mehler formulas for the Harmonic Oscillator (see
[24], pp. 424-427). First of all, we note that if we are able to prove the result for ¢ <
7/2 (in this case the Mehler formulas are easier to handle) then the result follows
for any ¢ > 0. Indeed, if ¢ > 7/2, by fixing ty < 7/2 (since e~ (t~t)OP"(@)q;
' (R™)), we have that

W Fo(e ™" Wug) = W Fgo (e~ 0O (@ (1000 @y )

c <{0n1} x R”2> x <{0n1} X R”2>.



9.2 The Isotropic Propagation Results 129

Therefore, we may reduce matters to proving that if ¢ < 7/2 we have

(0, &) # (0,0) == (20, &) & W Fiso(e™ " D).

Suppose first z;, # 0 (we will deal with the case &, # 0 later). In this case, roughly
speaking, the idea is to work on a cone for which the variable " controls the other
variables. For such purpose we define, for some suitable constants ¢ > ¢; > 0, the
cones [' and I'; containing X (with ' C I'y) as

I'={(z,&) € R*; |z| > c[¢], |2'] > c|2"]},
[y = {(z,6) e R™; [z| > c1f¢], [2'| > ei]2"]},

and let b € S2 (R™) be such that b = 1 on T outside a compact neighborhood of
the origin, supp b C I[';. We define

B :=0p"(b) € ¥

180

(R™).

Since the Hamilton maps Fr and F; of ar and a; commute, we may write (see
Proposition 5.9 in [24] and also Example[9.2.11] below)

G_tOpw(a) _ e—t(OpW(aR)+iOpw(aI))
_ e—tOpw(aR)e—itOPw(aI)
_ Opw(e_(|$,|2+‘§/‘2)/tanht/ cosh t)Opw<6_i(|z”|2+‘£”|2)/tant/ COS t)
and then

Bem0r"@) = (B Op" (e~ PPt cosh 1)) Op (¢ P 0t o )

Thus, since Op™ (e~ (1#'*+1€'")/tanht / ¢o0h £) is smoothing in supp b, we have
W F'(B) N W F'(Op™ (e~ (& F+EP) tankt f oy 1)) — ),
and hence
1712 1"
Be —tOp¥( = S O0p"” ( —i(|z" |2+|¢"|? /tant/ COSt)

where S is a smoothing operator, and thus B e~®°P"(@) . &/(R") — .7(R"),
Therefore, since
Be 0P @y ¢ 7(R)

and Chari,,(B) N T' =0 (X, € T'), we get
Xo & W Figo (e 0P @),
The case &) # 0 is analogous by choosing

[ ={(z,€) € R™; [¢] = clz|, [¢] = cl¢"|};
I ={(z,6) €R™; [¢] > lal, [¢'| = CI¢"[}-



130 9. Propagation of Shubin-Sobolev Singularities

Remark 9.2.2. If we consider

a(z, &) = '] +il¢"],
by reasoning as above, we get that for all ¢ > 0
LVP%Je‘“mWW%m)QQR”><({QH}XIRM>.
Now we want to go into details about the propagation of singularities in the
general case. According to Theorem 5.12 in [24] we have that the propagator of
our problem (9.1)) for ¢ > 0 can be written as

e~tOP"(@) — K —2itF

where H,—2ur 1 /' (R") — ' (R") is the linear operator with Schwartz kernel

p// Z p/l ‘
K, e = (21)" N2 | det ( 9?,/ _ 9,?) / v e € ' (R™). (9.5)
Pro pry

In this kernel the quadratic form p is a form that defines the Lagrangian \ associ-
ated with its twisted Lagrangian \' := graph(e=2%") (see [24] and [40] for more
details). Using Lemma[9.1.4] we have the following property for the kernel.

Theorem 9.2.3. Let a(z, &) be a quadratic form defined by a symmetric matrix )
with Re ) > 0, and F' its Hamilton map. Then (with the notation above) for all
t > 0 we have

W Fo(K—2itr) € {(z,y,€, —1) € R*; X = 72y, Im e 2y = 0}.

We now use Theorem [[.2.1] and Theorem [9.2.3| to prove the following funda-
mental lemma.

Lemma 9.24. Let t > 0 be fixed and let K, —2i:r be the kernel of the operator
Ko —aur satisfying K, —2ur € B™"(R*") and ug € B~ (R"), for some 9,1 > 0.
Let also sg, s € R be such that s, := min{sg —r,s —ro} < so + s. Then, for all
fixed . > n, we have

W (e Wug) C W EL (K eaar) 0 W (ug)

C e 2™ (WE (ug) N Kerg (Im e~ #*F)),

iso

(9.6)

where Kerg (Im e ") = Ker(Im e~2*F') N R?".
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Proof. First of all by Theorem one has that W Fis, (K -2ier ) contains neither
points of the form (0,y, 0, —n) for (y,7) € R**, nor points of the form (z,0,¢,0)
for (z,£) € R?", i.e. using the previous notations (see Theorem [1.2.1)

W Frox (K25 ) = W Figg y (K, -20r) = 0.
Thus, by Theorem [[.2.1] for all fixed 1 > n

WS (e tOP" @y ) C WE

iso iso(Ke_QitF)/ © WFSS(UO)
Hence

WS (e OP"@yg) C{X € R*™; 3 (y,1) € WED (up);

iso

(0,6 =) € WEL (Koair)) O

and so, again by Theorem[0.2.3]
WES (e 0P " @Wyg) C e 21 (W F (up) N Kerg (Im e~ 24F)). (9.8)
O

We finally give the next result through which we obtain a lower bound for the
regularity of the kernel that will lead to a lower bound for the loss of derivatives
in Theorem [9.2.6l and then in Theorem [1.2.2!

Proposition 9.2.5. Lett > 0 be fixed. Then for € > 0 we have
K —2ur € B_n_a(RQn).

Proof. Recall that (see (9.3)) K,-2:r is a Gaussian distribution of the form

AR [y

Ke—QitF = (27T)7(n+N)/2 det .
Dy szy

Therefore, by Proposition 5.7 in [24]], there exists an injective map L : R} — R?E’fy
and a quadratic form q: Rﬁf‘y — C, with Im ¢ > 0, such that

p(x,y,0) = (L0, (2,y)) + q(x,y)
and hence (again by Proposition 5.7 in [24])

KefzitF = Ceiq(:}c,y)( tL)*(S() € y,(Ri?y)J
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for some constant ¢ # 0. We then use this expression to prove K, 2ir € B~"7¢(R*"),
that is equivalent (see Proposition [8.1.19) to
WF_n_s(Ke—%tF) = 0.

Therefore, writing ¢(z,vy) = qr(x,y) + iq;(x, y), we have to show that

WE_ (e 9 e"r("L)*5y) = 0. (9.9)

iso
We begin with noting that, setting v := €% ( ‘L )*§,, one has that

W,

(v)=0=WEF (e7"v) =10, VseR.

Indeed, if v € B*(IR?"), we have that there exists a constant C' > 0 such that (with
A* = Op™((z,y,£,m)")

[Ave” A A%, < Cllo] ..

In fact, since ¢; is positive semidefinite, A*e~ % A~° = Op™(a), where a and all its
derivatives of any order are uniformly bounded. Hence, A®e~9 A~* is a bounded
operator on L?(IR?*") (see [50], Theorem 4.23). We thus have reduced the problem
to showing

WEL ™ (e'"(*L)"d0) = 0.
Now, since ¢p is defined through a real symmetric matrix )z we have that €% is
the metaplectic operator associated with the symplectomorphism

X (@ y,.6m) = (7,9), (§n) — 2Qr(2,y))
so that, by Proposition [8.3.1]

WE " (e"%('L)*60) = xWE"(("L)*dp).

iso iso
Therefore, we reduce (9.9) to showing that

WEZ™(("'L)"d0) = 0.
By possibly changing coordinates in R?" and using Remark(8.3.2}, we may suppose
that

L:Ry =R =Ry XRZ N L:0— (' =0,y =0),

whence (‘L )*5y = &y(2') ® 1,. Therefore, the result follows by reasoning as
before, by virtue of the fact that dp(z') © 1, = Z, (1), that F ., is a

n—ax’ x

metaplectic operator and that 1,.,, € B~"¢(R?") by Proposition O
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Next, note that from Remark [9.1.5] the property of the kernel of the propagator
of Theorem [9.2.3holds for all s € R with W F}, replacing W Fiy,. We therefore
have the following corollary that allows us to have a loss of derivatives that does
not depend on the regularity of the initial datum.

Theorem 9.2.6. Let t > 0 be fixed and consider the operator K ,—ziwr : S (R") —
' (R™). Then, for any given ¢ > 0 (small), the Schwartz kernel K, oivr of
K, 2w belongs to B~("9)(R?™), uniformly int' €0, 1).

Moreover, on defining vy = inf{r > 0; K__..r € B7"(R*"), Vt' €]0,t]}, one
has that if ug € .'(R™) and 1 > n + rq, then for all sy € R

WFSO*/.L<€—tOpW(CL)u0> C 6—2itF(WF50 (UO) N Ker(Im G_ZitF))- (9.10)

Proof. The fact that K, s.vr € B~*9) for all #' €]0,t] follows directly from
Proposition[9.2.5] We thus focus on proving the inclusion (9.10).
If
u € ' (R") = | B"(R),
reR
there exists o > 0 such that up € B~"(R"). Moreover, by Theorem [9.2.3, we
have

WE

iso

(Ke-2er) € {(2,y,£,—n) € R™; X = 7Y, Im e "y = 0},
for all s € R. Hence, if we choose s > max{ry + so — r, —r}, we have that

Sy =min{sg —r,s —ro} =59 —71 < 50+ s.
Therefore, the inclusion (9.10) is a consequence of Lemma@ ]

The goal now is to use the geometry of the singular space introduced in [22]
(see also [40])
2n—1
S = ( N Ker(ReF(ImF)j)> AR C R,
5=0
to refine the inclusion (9.10). The singular space enjoys important properties (see
[40] pp. 147-149), among which are:

$=( () Ker(me 7)) nR> ©.11)
0<t'<t
and S is stable for Re F' and Im F', that is
(Re F)S ={0}, (ImF)SCS. (9.12)

We are in a position to prove the main result concerning propagation of isotropic
microsingularities, that is Theorem [[.2.2]
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Proof of Theorem[1.2.2} First of all, by Theorem[9.2.6] for y/ > n + r (with r <
n 4+ €) we have

WFS ,u( —tOpW() )C e 2th(WFs (UO) ﬂKer(Ime 21tF))

180 1S0

' (ug) C R?*™ and e~%'*" is an invertible linear map
(see Lemma 5.2 in [40]), we may write

e (W FE (up) N Ker(Im e~ %))
= e 2" (W ES (ug) N Ker(Im e #*F) N R*™)
— (e 2V, (1)) O (62 (Kex(Tm - 2F) 1 R2")).
Now, setting Z = e~ 2/, with Z, W € C*",
7 € Ker(Im e*™) N R* <= W € Ker(Ime ") N R?",
Therefore, it follows that

672th(WFs (u()) N Ker(Im e 2th)) 72th(WFs

1S0 180

Now we note that, since W F?

(up)) NKer(Im e***) NR?",
and then

WES Y (7" @ug) € (%W EL, (ug)) N Ker(Im ') N B>, (9.13)

Now by Theorem 5.9 in [24] for all ¢ > 0 the linear continuous operator
Hosir : S(R) = S(RY),
extends to a continuous map
Hiar : S(RY) = ' (RY),
satisfying
M 2i(ty 4t F = H—2ityF K y—2ityF
and, then, for all ¢, > 0

e~ (t1+t2)0p%(a) _ e*hopw(a)e*tzopw(a), (9.14)

Now choosing t1,t5 > 0 such that ¢; + ¢, = ¢ and using (9.13)) and (9.14)), with
w=2p" and ' > n +r, we get

WES™ 2,u< 7tOpW(a)uO)

180

— WS (e 0p" (@) o=120p" (@)

180

C ( 21t1FWFS w ( —tQOpW(a)uO» N Ker(Im eQitlF) N RQn

(e_Q’tlF _2”2F(WFS (ug)) N Ker(Im €2it2F) N RQ”)> N Ker(Im egitlF) N R

180

N

672thWFs ( )) (( QitlF(Ker(Im e2it2F) ) R2n)> N Ker(Im €2it1F) N RQn

180

(
(e’QZtFWFs (up)) N Ker(Ime™ 22“F) NR?".

180

N



9.2 The Isotropic Propagation Results 135

Hence,

WFS*H<€7tOpW(a)u0> C (ef%tFWFs

iso iso

(uo))ﬂ< N Ker(Ime*M’F)) nR>"

0<t'<t

and, then, by (9.11),

WS H (e 0P @Wayg) C (e P FWES (up)) N S, (9.15)

(up)) NS, we findY € WES,

If we now take X € (e 2 W F?

iso

that X = e 2%y € S C R?". Then

(ug) € R*" such

+oo . ; +oo .
: 2itF)Y X —2tImF')’ X
Y — 6QZtF)( — Z ( ? : ) — Z ( m ) — 6—2tIInF)(7 (916)
= 7 J!
since, by (9:12), (iF)?X = (—Im F)7 X for all j > 0. We deduce that
X =2y e (MW ES (ug)) N S.

(up)) NS, then

J=0

Conversely, from (9.16), if X € (e*™FWES

1S0

Y =X = 2 X € WE (uo).

On the other hand this implies that
(efZitFWFs (U(])) NS = (e2tImFWFs

iso iso

— €2tImF<WFS

iso

(UO) N (672t1mFS)). (917)

Now, since by (9.12) the singular space S is invariant with respect to Im F', we get

6—2ﬂmFS g S

—2tImF g invertible, we have that

e 2Mmb g S
S

Moreover, as the linear map e

is an injective endomorphism and since .S is finite dimensional it is also surjective.

Therefore
e 2mEg — g
Hence, putting together (9.13) and we obtain that
WELH (€707 hug) C (XM (W FL, (u) 1 8)) NS,
and hence, by (7.3)
W EZ (e Wug) C (eMer (WF

iso iso

(u)yNns))NnSs.

This concludes the proof of the theorem. ]
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Remark 9.2.7. Let us stress that, in the inclusion (I.8)), we have a maximum
derivative loss of 4n + ¢, with ¢ > 0 arbitrarily small, since by Proposition [9.2.5]
the kernel of the propagator has (at least) Shubin-Sobolev regularity —(n + ¢).

Let us now consider the particular case when the operator Op"™(a) commutes
with its adjoint Op™(a), i.e.

Op" (@)Op™ (@)u = Op"(@)Op™ (a)u, u € F(R").
This condition is equivalent to the condition on the Poisson bracket
{a,a} = (Vea, V,a) — (Vya, Vea) = —2i{ag,a;} =0,
and in this case (cf. [40l)
S = Ker(Re F) N R* = Kerg(Re F)) N R*".

Corollary 9.2.8. Let a be a quadratic form on R*" such that {a,a} = 0. Then,
under the hypotheses of Theorem for u>2(n+r) (withr < n+¢)and for
all s e R

WS~ ,Lt( tOpW(a)u(]) C ( tHa; (WFS (’U,O) N KerR(Re F)) N KerR(Re F)

180 180

This corollary allows us to treat the case in which the quadratic form a = a(X)
is real-valued. 1In this context we obtain a more precise information about the
propagation of singularities as we see in the following two examples (cf. [40]).

Example 9.2.9. Let ug € ./(R") and a(X) = |¢]%. In this case, as we already
pointed out, we have that (9.1)) corresponds to the Cauchy problem for the Heat
equation

{Gtu —Au =0, in R xR", 9.18)

u(0,-) = up € S'(R"),
and since in this case S = Ker(Re F') N R?", we have

WEL* (e @ug) € WE (1) O (R” x {0})

10 180

and
WESO( ~tOp™(a) ) C WESO(UO> ( n X {0})

Example 9.2.10. Let ug € .%/(R") and let
a=a(x) = (x, Mz),

where 0 < M € M, (R) is symmetric (and where (-, -) is the euclidean scalar
product on R™). Then

WE (e 0P @ug) € WES, (ug) N (Ker(M) x {0})

180

and
W Fio (e7OP" @) € W Fo(ug) N (Ker(M) x {0}).
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We finally use the results that we proved to refine the inclusion showed in
Theorem [9.2.1] and obtain a more precise information about the propagation of
a quantum Harmonic Oscillator. To do that recall the notation X’ = (2/,¢’)
with 2/ € R™, ¢ € R™ and X" = (2”,£") with 2" € R"2, " € R"2, where
n1, N9 € Ny are such that nqy + ny = n.

Example 9.2.11. Let us consider the propagation of

Ou+ Op¥(a)u =0, inRT xR",
u(0,) = ug € ' (R"),

where

a(X) = |X'|? +4| X"
Let now 0 < t < m/2 be fixed. In this case, for t' €]0,¢] we have (see [24] pp.
425-427)

K —2it’F<$ y)
= exp(——((|x 2+ |y/|*) cosh(2t') — 2(z’, %))/ sinh(2t) )/\/27Tsmh (2t')

X exp( (12”2 + |y"[2) cos(2t)) — 2(z", "))/ sin(2t') >/\/2m sin(2t'),

where here /2 sin(2t) is a fixed complex root of z = 27i sin(2t').
Then, for ¢ > 0, since K__»r is Schwartz in the (2, y') variables, by Proposition

and for all ¢’ €]0, t| we have
K, sur € H2=e0 (R2") C BT (R2n>‘

Moreover,
Inl On1 X1ng
Q _ OTLQ XNy Zlnz %
O ]nl On1 X1 ,
e 0n2 Xni Z]ng
and so
0 o Im Om Xn2
F — JQ — On2><n1 ZI’nz
_[n1 0n1 XMno O "
OTLQ Xn1 _ZITL2 e
Therefore
_ 0 y On1 0n1 Xng
R Ongsny  Iny
21 0n1 Xn1 O?’Ll Xn2 0
nxn

0n2><n1 _ITLQ
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and
[nl O?’Ll Xng

Ongy

On n
ReF = F+F = - Onzxcmy
2

_[nl 0n1 X1no 0
nxn
0n2><n1 Ong

Hence, since (Re FIm F') = 0, in this case
S = Kerg(Re F') = ({0,,} x R™) x ({0,,} x R"?)
and as

[n1 On1 Xng On1 0711 Xng
2P _ Onyxny  €0s(2t) 1, Ongxn, Sin(2t)1,,

0n1 On1 Xng Inl 0711 Xng

Onyxn, — sin(2t)1,, Onyxny  €OS(2t) 1,

we may conclude that, denoting 7, : (z,£) — (2”,£") the projection onto the
ny-group of variables, for 0 < ¢ < 7 /2, for s € R and for € > 0,

WFS—Qn—Qng—a(eftOpw(a)uo)

c (eMmF(WFS (o) N S) N s)

:({Om} x {cos(2t)z" + sin(2t)¢"; (2",&") € 7rn2WFi§0(u0)})
X ({0} x {=sin(2t)a" + cos(20)¢"; (2",€") € Wy (o)} )

Remark 9.2.12. Note that, in the previous example, when n; = n we have

a(z,€) = [§]* + [

(9.19)

and for all s € R we get
WFS—Qn—E(e—tOpW(a)UO) — @

When ny = n we have
a(x,€) = i(|€]° + [zf)

for which

WF5—4”—5(e*tOpw(“)uo) C ({Cos(zt)x +sin(2t); (x,€) € WFEOWO)})

x ({=sin(20)a + cos(20)&; (2,€) € WL (uo)}).
for all s € R.

Remark 9.2.13. In the latter example we assumed ¢ < 7/2, with the aim of mak-
ing an explicit calculation through Mehler’s formulas. Nevertheless, once more,
using Proposition[9.2.5] we get the inclusion (9.19) for all ¢ > 0, with a maximum
derivative loss of 4n + ¢, for € > 0 arbitrarily small.
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A. AUXILIARY RESULTS OF SUBELLIPTIC RANDOM
WALKS

A.l Technical Lemmas

The aim of this section is to provide the technical Lemmas that we use through-
out the work.

First of all we note that there exists an equivalent characterization of subellip-
ticity due to Fefferman and Phong (cf. [12], Theorem 1).

Proposition A.1.1. Let A be a second order differential operator on M (see Def-

inition[A.2.7) that satisfies (HI)| [(H2)and [(H3)} Then

[Aully + Cllully = cllully,,  Vu € C=(M), (A.1)

for some ¢, C' > 0 and some 0 < € < 1 if and only if
Re(Au, u)o + C'|JullZ > ¢ ||ul?, Vu e C®(M), (A2)
for some constants ¢, C' > 0.

Proof. During the proof, we will use some basic notions of standard pseudodifter-
ential calculus on R" (see for instance [26], Chapter 18.1).
Suppose first that A satisfies (A.T]). Our goal is to prove that this condition implies

(A4 C'I)? > *A*, (A.3)

for some C’, ¢ > 0, where A® here is an elliptic (in the standard calculus) pseudod-
ifferential operator on M (see Lemma 7.1 in [43]] for the existence of such elliptic
operator). Such a property is sufficient for our purpose. Indeed, if (A + C'1)* >
¢*A*, we know from operators theory that this implies A + C'I > /A% and

consequently (A.2).
Note that we may write (A.3)) as

(A%u,u)o + C(u, u)g + 2Re C"(Au, u)y > *(A*u,u)y, Yu € C®(M),
(A4)
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Hence we may reduce matters to proving that (A.T)) implies (A.4). By hypothesis

V (Au, Au)g + C/ (u, w)g > e/ (Aeu, u)o.

Thus, since A is self-adjoint, we get
(A%u,u)y + C2(u,u)o + 2C AulgJully > A(A*u, u)o

and so

[

(A%u,u) + C%(u, u)o > C—(A4€u, u)o. (A.5)

Let us now consider a finite cover {U;}Y, of our compact manifold and fix a
squared partition of unity subordinate to it {¢y}4_,, (that is for each k, ¢, €
C>(M;[0,1]), supp ¢ C Uy, and >, o7 = 1). Write

N

N N
Au u Z A¢ku u 0= Z([A, qbk]qﬁku, U)o + Z(A(bku, ¢ku)0.
k=1 k=1

k=1

Next, note that the principal symbol of the first term on the RHS is imaginary and
¢ru is supported on a local chart. Therefore, by applying the Fefferman-Phong
inequality (see [11]) for each term of the sum of the second term of the RHS (recall
that the principal symbol a(z, £) is non-negative) we obtain

Re(Au,u)g > —CFP||u||(2)
for some C'rp > 0 and then

(A%u,u)o + C" (u, u)o + 2C"Re(Au, u)o
> (A%u,u)o + C'Q(U, u)g — 2C"Crp(u, u)g
> (A%u,u)o + C'(u, u)o,

where the last inequality follows by choosing C’ > —2C'rp. Therefore, by (A.5)),
choosing C’" > C'and ¢ := ¢/+/2 > 0 we get

(A%u,u)o + C’Q(u, u)g + 2C"Re(Au, u) > c’2(A4Eu, u)o,

which proves (A.4) and consequently (A.2).
Conversely, suppose that A satisfies (A.2)), i.e.

Re(Au,u)o + C'l[ufl? > ¢[lul2,  Yu € C(M),

for some ¢/, C" > 0.
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Write
Re(Au, A*u)y = Re(AAu, A°u)o + Re(A°[AS, Alu, u)o,

and from the rules of standard pseudodifferential calculus we have
AE[A€7 A} = Op(—l <£>E {<£>E ) a2}) + T27
where 75 is an operator of order 2¢. Therefore,
[Re(A°[A%, Alu, u)o| = [Re(Tou, u)o| < ei|ull5, + 10 |[ullg,

for a small ¢; > 0, to be picked later. Moreover, our assumption (A.2)) implies
C/
Re(AA“w, Aw)o > ¢ull2, — O'lull2 > Sllull3. — ”llul?,
for some C” > 0 constants. Putting these estimates together we obtain

c _
§||U||§g — C"||ul|5 — ei||ulls, — 107 |ull)
< Re(A°[A%, AJu, u)o + Re(AATu, Au),
< |Re(Au, A*u)ol

< clulls. + 10¢; || Aulfg,

Hence, if we choose ¢; < &, we get (A]). O

The next result that applies to the local expression of our operator is very useful.
Proposition A.1.2. Let Ay(z) = (a;j()):; > 0, for all x € R™. Then, for all
1 <5 < n, one has

n 2

Z Qij ()&

=1

n

< 2a;;(2) > a;(2)&&,  V(x,€) € R} x Ry

3,7=1

Proof. To prove the proposition we need the following Lemma.

Lemma A.1.3. Let f € C*(R) be such that f > 0. Then

£ < 2suplf”|f.

Proof. Suppose by contradiction there exists zy € R such that

f(20)* > 2sup|f”| f(zo) (A.6)
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(and note that in particular this implies f'(xo) # 0). If we put Ty := z¢ — 2 Jf,(é?),
by Taylor’s formula
~ f(zo) f($0)2 "~ - ~
= —2 2
f(Zo) = f(wo) f’(:ro)f (zo) + f,(xO)Qf (7), T € [Zo, w0
and so F(a0)
~ Lo 1"(= )
=— 1-2 : A7

(o) = = an) (1 = 255251 (@) (A7)

Now, by (A.6),
f(x(]) "~
1-2 z) >0,

and therefore, since f(Zo) > 0, from (A.7) we must have f(xy) < 0. This is a
contradiction, since by hypothesis f is nonnegative. [

We now prove the Proposition. Fix j € {1,...,n} and fix z and &, with k # j.
We consider the function f; € C?(RR) defined by

fi:&0 > aw(@)6& = aj;(0)E +2 ar(2)&8 + > awl(@)Eib.

ik=1 k£j ik#j

We have that f; > 0 (since by hypothesis (a;;(x));; > 0). Therefore, by Lemma

[AL3l
Z aij ()&
i=1

By using this argument for all x, &, ... ,éj, ..& and for all 5 = 1,...,n (by
writing §; we mean that the variable {; does not appear) we get that, for all j =

2 n

< 2a,;(x) Z i (2)&iSk-

ik=1

1,...,n, one has
n 2 n
ZCLZ](ZE)SZ S 2(1jj(l’) Z azk(a:)ﬁsz, V(l}é) - RZ X R?
i=1 ik=1

‘We conclude this section with the next lemma.

Lemma A.14. Let ¢ € Y (R") such that fRn o(x)dz = 0. Then there exist
D1y ey P € L (R™) such that
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Proof. We first note that, by applying the Fourier transform, since fRn o(z)dr =0,
we may reduce to finding ¢y, ..., ¢, € % (R™) such that

> &=,
=1

with $(0) = 0.
Since

ij 0 agj

forj =1,...n, defining

T [Og
$;(§) = i 85](755)
and
6,(6) = X(E8;(€) + (1 - x<|s|2>>¢<s>é—;;7

where y € C®(R), 0 < x <1, x(t) =1if|t] < 1land x(¢t) = 0if |[¢t| > 2.
In this way ¢; € ./ (R") forall j = 1,...,n and

- -h — 2 - .N.
;@@(s) x(€l )j;m(f) x(I€%) ; |5| As)
= x([€)9(&) + (1 = x(E*)@(€) = ¢(&).
The result follows by setting ¢; := ﬁg_m(@-), forj=1,...,n. O

A.2  Operators on Manifolds

We recall in this section the basics of (pseudo)differential analysis on a smooth
manifold M. Let M be a smooth manifold with % = {(Ua, ¢a); a € &/} max-
imal atlas (or differentiable structure) on M, and ¢, : U, — U, local maps. We
denote by I'(M, E) the set of sections of the fiber bundle E over M.

Let X be a vector field on M smooth manifold and let dv be a non-degenerate
volume form on M. Since the Lie derivative Zxdv (see Lee [30] p.321) of this
volume form is still a smooth n-form, there exists a unique smooth function f €
C*(M) such that Zxdv = fdv.

Definition A.2.1. The divergence of a vector field X € T'(M,T M) with respect a
volume form dv (or with respect to the measure |1 associated with it) is defined as
the unique function f € C°°(M) that satisfies £xdr = fdv and we denote it by
div, X := f.
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Definition A.2.2. Let dv be a volume form on a manifold M and let X be a vector
field on M. We say that X is divergence-free with respect to v if div, X = 0.

Remark A.2.3. An easy computation shows that, if locally dv(z) = y(z)dx; A
<o Ndz,, withy # 0, and X (z) = > | a;(x) 9/0x;,

" 10
1 VX — - i)
div ; S o (va;)

Then, locally
"0
div,X =0 <— —(va;) = 0. A9
iv ; 5z, 1) (A.9)
Now, to introduce what we mean by a differential operator on M, we recall the
notion of differential operator on R".

Definition A.2.4. A differential operator (with smooth coefficients) of order m &
R on an open set () C R", is

where a, € C*°(Q; C), for all multi-index .

Definition A.2.5. Let A be a differential operator on €2 as before. We define the
principal symbol of A as

an(2,6) = Y aa(2)E,  (2,§) € QxR
lal=m

In case of differential operators we have the following coordinates invariance
Lemma (see for instance [[19]], Theorem 8.1).

Lemma A.2.6. Let U,V C R" be two open sets and let  : V' — U be a diffeo-
morphism. Let also A : C°(U) — C*(U) be a differential operator of order m
and A* : C>(V) — C>=(V) the pullback of A through ® defined by

A% = Auod Hod, wueCxV).

Then
ad (2,€) = an(®(2), (@7 (2)€), (2,6) €V xR"

We now are ready to give the definition of differential operator on a smooth
manifold M.



A.3 a-Density on Smooth Manifolds 147

Definition A.2.7. Let A : C>°(M) — C°°(M) be a linear operator. We say that
A is a differential operator on M of order m with smooth coefficients on M, if,
for each chart (U,, ¢a), with U, = ¢,(U,) C R", the operator

Au s C%(T,) — C=(U,)

defined by

Aaf:A<f090a)o¢;17 f€ COO(Ua)a
is a differential operator of order m on U, C R". The operator A, is called a local
expression of A on Ul,.

Remark A.2.8. Now, the cotangent bundle 7™M can be described by saying that
it has an atlas consisting of open sets 7~ 1(U,) (with 7 : T*M — M being the
projection) and local trivializations O, : 7~(U,) — U, x R™ such that the asso-
ciated space mapping ¢, : U, — U, are connected with the transition functions
in the following way:

If v € U, NUg the linear map ©500," : {¢on(2)} x R™ — {ps(z)} x R™ equals
the inverse transpose of the Jacobian of pg o o, .

Therefore, by Remark [A.2.6] we have that we may define the principal symbol of
a differential operator A : C°(M) — C°°(M) of order m on M as a well-defined
function a(x, &) € C=(T*M \ 0) (where T* M \ 0 is the cotangent space with the
zero section removed, i.e. T7*M \ (M x {0})) that corresponds to the principal
symbol of its local expression in coordinates (cf. [23]], p. 151 or [19], p. 205)

Q(%,) = Y ay (1) € C®(Uy x R").
[v|=m

Remark A.2.9. In a similar fashion, if X € T'(M,TM)and X = 7| X;0/0x;
in coordinates on U, C M, then the principal symbol of X can be defined as the
function X (x, &) € C*°(T*M \ 0) that corresponds locally to the function

X(%,6) = ZXj(f)fj € C™(Uy x R")

(to be consistent with the previous notation this actually should be the symbol of
1.X).

A.3  «a-Density on Smooth Manifolds
The aim in this section is to introduce the notion of a-density (see for instance

Duistermaat [9] or Zworski [50]) on a compact manifold and to do that we start
with the case of an a-density on a finite dimensional vector space.
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Definition A.3.1. Let IV be an n-dimensional vector space over R and o € R. An
a-density on V isamap w : A"V \ {0} — C such that

w(A) = |A"w(v), Yve A"V \ {0}, A e R\ {0}.
We denote by €2, (1) the space of all a-density on V.
Remark A.3.2. If w € A"(V*) and a € R, then

w[*(v) = w(@)[*,  ve A"V {0}
is an a-density on V.

Remark A.3.3. Since dim(A"V') = 1, the space of all density of order « is one-
dimensional over R. In particular

Qu(R™) ={a|dzy A+ Ndx,|™; a € R}

We now want to define the a-density bundle over M. In the same way, it is
possible to give the structure of complex line bundle but for our purposes we focus
on the real case.

Definition A.3.4. Let M be an n-dimensional smooth manifold. We define the
a-density bundle over M, denoted by (M) as the line bundle

Qa(M) = | | Qu(To)
zeM
with trivialization
O; : 7T_1<UZ‘) — U; xR,
w i (z,a),
0
where © = w(w) and a = 6(w), with 6 given by Q, (7, M) = R.

Definition A.3.5. A section of the a-density bundle, s € I'(M, Q,(M)), is called
an a-density.

Definition A.3.6. Let F' : M — N smooth map between M, N, n-dimensional
manifolds and let w an a-density on N. We define the pull-back through F' of w
as the a-density on M defined by

(Frw)z(v) = wpE)(dFyv), e M, veT,M.

Thanks to this notion we examine the behavior of the change-coordinate maps.
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Remark A.3.7. Let us consider the charts (Uy, ¢1), (Us, 2) and let Uy = o1 (Uy),
Us = 3(Uz) be the corresponding open sets on R", with coordinate, respectively,
y=(y1,...,yn) and ¢’ = (¢}, ..., y.). If we take wy = f|dy|” € T'(Uy, Q. (U1)),

with f € C*°(U,), we have

(10w (Fldyl”) = f o (1 0 w3 |det (1 05 )| |y

Moreover, one can show that the a-density bundle can be equivalently defined by
giving the transition functions ¢;; € C*°(U; N U;; GL(n,R)) defined as

pij(x) = |det J(p; 00, )|" 0 i (), =€ UinUj.

From now on, to define the integral of an a-density, we consider the case of M
closed manifold with fixed finite atlas Z = {(U;, ¢;); i = 1, ..., N }. It is possible
to give the same notion in the case of general smooth manifold with locally finite
cover and a locally finite partition of unity subordinate to it.

In the first place, if w = f|dz| € T'(U,Q1(U)), with U C R"™ open, the integral

of w on U is defined as
/ W= / fdx
U U

and if w € I'(M, Q,(M)) satisfies suppw C U for some chart (U, ¢)

/Mw = [O(U)(wl)*w-

Thus, using a partition of unity {¢;}X, subordinate to {U;}Y |, it is possible to
define the integral of w € T'(M, Q;(M)) as

/Mw = g/Mcbiné/i(Ui)(wfl)*(@w)

and as usual one can prove that this definition does not depend on the choice of the
partition of unity.

More generally, if w € I'(M, Q,(M)) and n € I'(M, Qp(M)), witha+ 5 =1,
using the pointwise product w - n € I'(M, Q,45(M)), the map

(w,n)H/Mw.n,

defines a continuous bilinear form on I'(M, Q,(M)) x I'(M, Qz(M)). This pair-
ing allows us to give the definition of a distribution on a smooth manifold (not
necessarily closed).
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Definition A.3.8. The space of distributions 2'(M ) on a smooth manifold M, is
defined as

D' (M) = {u: C(M,Q;(M)) — C; u linear and continuous}.
Remark A.3.9. Note that

C*(M) = 7' (M),
w= (ul),

where

(ulg) = /M up, € C2(M, (M),

Remark A.3.10. If we fix a 1-density du € I'(M,Q(M)), we have an isomor-
phism

C*(M) — I'(M, Q. (M))
g— gdp

Then, if we fix a 1-density we can think of the space of distributions as the dual of
C(M), as in the case of R".

Definition A.3.11. Let M be a smooth manifold and dy € T'(M,Q(M)) be a
fixed 1-density on M. For 1 < p < +oo we define the LP space on M with
respect to the measure [ as

LP(M,dp) = {u : M — C measurable ; / lulPdp < +oo}/ ~,
M

where u ~ v iff u = v almost everywhere, with respect to the measure induced by
dp. Tt is possible to endow the LP(M, dy) space with the norm

1= ([ 1r7an) ™

Definition A.3.12. We define the L*° space on M with respect to dj. as
L>®(M,dp) = {f : M — C measurable;
AC > 0s.t [ f(x)] < Cfor p—ace. x € M},

with the norm

| fll oo :=Inf{C > 0; |[f(x)] < Cfor p—a.e. x € M}
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Remark A.3.13. The L?-space and the space of distributions on a manifold can
be defined in a more natural way using the 1/2-densities. In fact, one can define
L*(M, Qy5(M)) as the closure of I'(M, Q o(M)) with respect to the norm

fullg, = ([ )"
) / M

where |u|®> € T'(M, Q,(M)) can be integrated, while the spaces of distributions on
M can be defined as the dual of the space of I'(M, €2, »(M)). However, since we
work with a fixed 1-density du, we prefer to use the previous definition.

We conclude this section by giving the notion of Sobolev space on a smooth
manifold M. To do that we refer to Shubin [43]].

Definition A.3.14. Let M be an n-smooth manifold and s € R. Then we say that
u € H} (M), the local Sobolev space of order s on M, if for all coordinate chart

(p,U) of M and all ¢ € C°(M) with supp ¢ C U, one has that (¢~!)*(¢u) €
H*(R™).

We denote also by
H:(M) ={ue€ H, (M); suppu C M is compact}.

If M is a smooth manifold with countable cover % = {(U;, v;) }icr and {¢}ics
partition of unity subordinate to {U; },c; we can equip H; (M) with the structure
of a Fréchet space by using the seminorms H (p; 1)*¢>iu‘ (B It is possible to
show that the resulting topology is independent of the choice of the cover and the
partition of unity.

We now focus on the case of compact manifold. In this case, for s € R we

denote by

H*(M) := Hy, (M) = HZ(M)
and it is possible to give a Hilbert structure.

Proposition A.3.15. Let M be compact, let s € R and fix a positive 1-density on
M. Then, there exists A € V*(M) elliptic such that

(U,U)S = (AU’AU)Ov HUHS = (uvu)sa

gives the structure of a Hilbert space. Moreover, the topology on H*(M) induced
by the norm is the same of the topology on H*(M) induced by the family of semi-
norms introduced above.

Remark A.3.16. There exists a third way to give the topology on H*(M), that is
equivalent to the previous ones, via the seminorms

[ully 4 = 1 Aully, A€ ¥ (M).
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A.4  Basic Notions of Spectral Theory

The purpose of this section is to provide the basic notions of spectral theory
on a separable Hilbert space that we use in the work. To do that we refer to [21]
and [41]. In what follows (H, (-, -)) is a Hilbert space with norm ||-||,;; induced
by the scalar product.

Definition A.4.1. An unbounded operator (or simply an operator) on H is a pair
(T, D(T)) where D(T) is a subspace of H and 7" : D(T') C H — H is a linear
map. If 7" is a continuous map from D(7T’) (with respect to the induced topology)
to H then 7' is said to be a bounded operator.

In what follows for a general unbounded operator (7', D(T')) we will write T" :
D(T) € H — H and we always suppose that D(7T') C H is a dense subspace.
It is important to emphasize the case for which D(7) = H. In this case the set
of bounded operators from H to itself is denoted by .Z’(H) and it is possible to
endow such a space with the structure of Banach space. More generally, given
(B1, ] - |ls,) and (Ba, || - || 3,) Banach spaces, we denote by .Z’( By, Bs) the set of
continuous operator from B, to B, and for 7' : By — By we define the norm

[Tull
I = sup .
Pt ullp,
that in what follows we simply denote by ||T'|| := ||7'||;,_, ;-

We next give the notion of a graph that is very useful to study unbounded
operators, and consequently the notion of closed and closable operator.

Definition A.4.2. Let 7 : D(T') C H — H be an unbounded operator. The graph
of T is the set

G(T):={(z,y) e Hx H; v € D(T), y=Tx}

Definition A.4.3. An unbounded operator 7" : D(T) C H — H is said to be
closed if its graph is a closed set in H x H, with respect to the product topology.

Definition A.4.4. An unbounded operator 7" : D(T) C H — H is said to be
closable if its closure in H x H is a graph.

Equivalently an unbounded operator (7', D(T')) is closable if there exists a
closed extension, i.e. if there exists 77 : D(7T1) C H — H such that T7 is closed,
D(T) C D(Ty) and Thu = Tu for all u € D(T).

Note that bounded operators in general are not excluded from the class of un-
bounded operators. However, it is a common use to study first the properties of
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bounded operators from / to [ and then the properties for general unbounded op-
erators. Let us investigate now the notion of the adjoint that will be fundamental
to study the spectrum of an operator.

If T € £ (H), the Hilbertian adjoint T* is defined by the relation

(Tu,vyg = (u, T*v)y (A.10)

More precisely, for v € H, the map H > u — (Tu,v)y defines a continuous
linear map in H, thus, by Riesz theorem (see [21] Theorem 3.1), there exists w =:
T*v € H such that (A.T0) is satisfied. In general we have the following definition
(that includes the case of unbounded operators).

Definition A.4.5. Let T : D(T') C H — H be an unbounded operator. We define
the domain of the adjoint as

D(T*) :={v € H;|(Tu,v)u| < C||ul|, for some C' > 0}

and the adjoint T* : D(T*) C H — H, defined through the Riesz Theorem, by
setting w =: T*v, forv € D(T*), where w € H is the unique element that satisfies

(Tu,vyg = (u,w)y, Yue D(T).
From this definition immediately follows that if D(7") = H and T" is bounded,
its adjoint satisfies (A.10).

Definition A.4.6. Let 7" : D(T') C H — H. The operator 7' is said to be symmet-
ric if

(Tu,vyg = (u, Tv)y, Vu,ve D(T).
Definition A.4.7. An operator T : D(T) C H — H is said to be self-adjoint if
D(T) = D(T*) and Tu = T*u, for all u € D(T), i.e. if it is symmetric and its
domain coincide with the domain of the adjoint.

Finally, in the case of H = L?(M, dy) it is useful to recall the notion of formal-
adjoint.

Definition A.4.8. Let A : C°(M) C L*(M,du) — L?*(M,du) be a linear op-
erator. The formal adjoint of A is the operator A* defined (again by the Riesz
Theorem) by the relation

(Au,v)g = (u, A%v)o, u,v e C(M).
In this context we thus say that A is formally self-adjoint if A = A*.

We now go back to our abstract framework and continue to state the following
properties for an operator 7' : D(T) C H — H.
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Definition A.4.9. Let 7' : D(T') C H — H be a symmetric operator. We say that
T is positive, and write T' > 0, if

(Tu,uyg >0, Yue D(T).

In particular, if 7" and S are symmetric, we write 7' > S, if T'— S > 0.

Definition A.4.10. Let 7' : D(T) C H — H be a symmetric operator. We say
that 7" is semibounded if there exists a constant C' > 0 such that

(Tu,uyg > —C|lull, Yue D(T).

We are now in a position to deal with the spectrum and its characterizations
first in the case of a bounded operator defined on H and then for an unbounded
closed operator.

Definition A.4.11. Let 7' € .Z(H) be a bounded operator. The resolvent set of T
is defined as

o(T) ={X € C; (T — XI) is bijective from H to H}.
The spectrum of T' is defined as

Spec(T) = C\ o(T).

It is easy to verify that the resolvent set is an open set and then the spectrum
is a closed set of C. Moreover, it is useful to clarify now what we mean to be an
eigenvalue.

Definition A.4.12. Let A € C. If the nullspace N(T' — X - I) # {0}, then A is
said to be an eigenvalue of 7. The set of all eigenvalues of 71" is called the point
spectrum of T and it is denoted by Spec,,(T') C Spec(T).

The spectrum of a bounded operator satisfies the following properties (see [21],
Proposition 6.15).

Proposition A.4.13. Let T € £ (H). Then Spec(T) is a compact set and
Spec(T) € B0, [TT).

In the case of a self-adjoint operator we have a more precise characterization
(see [21] p. 59).

Proposition A.4.14. Let T € £ (H) be a self-adjoint operator. Then the spectrum
of T is real and it is contained in [r, R], where v := info_yc i (Tu, w) g /|| ull, and
R := supg,ep (Tu, u) g1 /||ull?,. Moreover, r and R belong to the spectrum of T.
Finally, if T is also positive then R = ||T||.
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We may read these properties also in terms of the spectral radius (see [41] p.
192).

Definition A.4.15. The spectral radius of T € £ (H) is defined as

Tepec(T) == sup |A[.
AE€Spec(T)

Theorem A.4.16. Let T € Z(H). Then lim,,_,oo||T"||"/" exists and is equal to
Tspec(T"). Moreover, if T is self-adjoint, then rspec(T') = ||T.

We now define the spectrum for a general closed operator (not necessarily
bounded), We will characterize it in terms of discrete spectrum and essential spec-
trum and recall the main properties of the spectrum of unbounded self-adjoint op-
erators. To do that we follow Helffer [21]].

Definition A.4.17. Let 7' : D(T)) C H — H be a closed operator. The resolvent
set of T', denoted again by o(7") is the set of all A € C such that the range of (17— A1)
is equal to H and such that (7"— A\I) admits a continuous inverse, denoted by R(\),
whose range is therefore included in D(7), such that R(\)(T — AI) = Ip(r) and
(T—=AI)R(X\) = Iy. The spectrum of T', denoted by Spec(T'), is then again defined
by Spec(T') = C\ o(T'). Also in this case if the nullspace N(T"— X\ - I) # {0},
with A € C, then X is said to be an eigenvalue of T'. The space N(T' — X - I) is
called the eigenspace of T' corresponding to the eigenvalue A. The dimension of
the space N (17" — A - I) is called the multiplicity of .

We have the following property (see [21], Proposition 11.2).
Proposition A4.18. Let T : D(T) : H — H be an unbounded self-adjoint
operator. Then T' > 0 if and only if Spec(T') C [0, +o0].

Definition A.4.19. Let 7" : D(T) C H — H be a self-adjoint operator. We call
the discrete spectrum denoted by Specy,..(T') the set of A € C such that A is an
isolated point in Spec(7") and an eigenvalue of finite multiplicity. The essential
spectrum is the complementary set of the discrete spectrum, i.e.

Specess(T) = o (T') \ Specgie (1)

We next recall the following variational description of the spectrum, the so-
called max-min principle (see [21l], Theorem 11.7).

Theorem A.4.20. Let T : D(T) C H — H be a self-adjoint semibounded oper-
ator. For eachn > 1 we set

pn(T) = sup inf AT, ) n.
brvetn-t @ € [span(y, ..., Yn-1)]
¢ € D(T) and [|¢]|;; = 1
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Then either,

(@) pn(T') is the n-th eigenvalue when the eigenvalues are ordered in increasing
order (counting the multiplicity) and T has a discrete spectrum in | — oo, p,(T)];
or

(b) 1n(T) corresponds to the bottom of the essential spectrum. In this case, we
have 1;,(T) = p,,(T) for all j > n.

This theorem leads to the following proposition.

Proposition A.4.21. Let T : D(T) C H — H be a semibounded self-adjoint
operator on a Hilbert space H and let a > 0 be a positive constant such that

0, 15(T) € 0,af} < +o0. (A.11)

Then Spec(T') N [0, a[ is discrete and all the eigenvalues of T in [0, a], repeated
according to multiplicity, are all found by the max-min principle.

Finally, the last tool that we need, in order to study the velocity of the conver-
gence to the equilibrium is the notion of spectral gap.

Definition A.4.22. Let 7" be a bounded operator of norm 1 such that 7'1 = 0. The
spectral gap g € R associated with some bounded operator 7, is the best constant
1/g > 0 that satisfies the inequality

1

Remark A.4.23. The spectral gap g of an operator T acting on L*(M,du) as
above, can be interpreted as the minimum eigenvalue. In fact, observe first

2
Jully = .08 = [ Jufda = ([ udu)” = Ve w),
M M

from which it follows

g= inf{ g;i;g; Var, () # 0 } .

Then

inf{ g; 1‘“2‘3; Var,, (1) # 0 }

, (T'u,u)o
= inf : A.12
n { fM\Ulzdu — (fM udu)27 u # cost } ( )

= inf{ (Tu,u)o;  ullz =1, / udp =0 } .
M
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where the last equality follows by writing © = wu; 4 u9, where us is the orthogonal
projection of v on the space of constant functions, and using the fact that T'us = 0.
Finally, in view of the min-max characterization (see Theorem [A.4.20)) we have
that the first eigenvalue )\, is defined by

A= inf{ (Tw, u)o;  lully =1},

so that, since 7'1 = 0,

A = inf{ (Tu,w)o; ulls =1, / udp =0 } =g. (A.13)
M

A.5 Exponential Map and Some Related Topics

Let (M, g) be a smooth Riemannian manifold with the Levi-Civita connection.
The aim of this section is to construct an atlas through the exponential map. For
such arguments we refer to the book of Lee [30]. In the first place it is useful

to recall that the Riemannian distance d,(z,z') between two points z, 2’ € M is
defined as

dy(z,2") := inf{Lg(’y); v : [a,b] CR — M piecewise regular,
(0) =z, ~(1)= x'},
where, if v : [a,b] — M is a piecewise regular curve (i.e. if there exists a subdivi-

siona =ty < t; < ...t, = bsuch that, for each 7, the restriction ~y is O

[ti—1,t5]

/

and y never vanish)

[ti—1,t;]

b
Ly(y) = / ) .

It is well known that each initial point x € M and each initial velocity vector
v, € T, M determine a unique maximal geodesic +,, with v = (x, v, ). Then we
define the domain of the exponential map as

& = {v € TM; ~, is defined on an interval containing [0, 1]}.
The exponential map is thus defined as the map

exp:& — M,
v = Y,(1).
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From it we also define the exponential map at point x as the restriction of the
exponential map to the set &, := & N1, M, i.e.

exp,: é, CT,M — M
Vg > Yo(1).
For every x € M, exp, is smooth and has the property that

d(exp,)o : To(T,M) = T,M — T, M

(with O the origin in 7, M) is the identity map. Then, by the inverse function
theorem, there exists a neighborhood of the origin U} in 7, M and a neighborhood
U, of x in M such that exp, : U} — U, is a diffeomorphism. Note also that every
choice of basis (b;); for T,,M determines an isomorphism B : R* — T,M. By
combined these two diffeomorphisms it is possible to get a smooth coordinate map

¢, B'o exp‘_Ul, U, — R"™. (A.14)
0

and such U, C M is called a normal neighborhood of x.
Let us denote now by B(0,a) C T, M the ball centered at 0 € T, M of radius
a > 0 with respect to the metric g, and

rq(x) := sup{a > 0; exp, is a diffeomorphism from B(0, a) C T, M onto its
image }.

The injective radius of M is then defined as

rg(M) = inf ry(x). (A.15)

Theorem A.5.1. If (M, g) is a compact Riemannian manifold then r,(M ) is strictly
positive.

Thanks to this result, setting r := r,(M) > 0 we may consider for every
x € M the map
exp, : B(0,7) — B(x,r)

where B(z,r) := exp,(B(0,r)) is a normal neighborhood of x called geodesic
ball centered at x in M. In this way we have an open cover of M

U ={(B(x,7r),¢a); x€ M},

where @, := B~ oexp;! isdefined as in (A.14).

B(0,r)
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Moreover, if B(z,r) N B(z/,r) # 0,
a0yt u(B(x,m) N B(a', 1)) = ¢u(B(x,1) N B(/,7))

is a diffeomorphism by definition. So the open cover %’ is an atlas for M, con-
tained in the maximal atlas %/. Furthermore, we also have that the geodesic balls
we have just defined are equal to the metric balls on M.

Theorem A.5.2. If (M, g) is a Riemannian manifold, x € M one has
B(x,a) = By(z,a) :={y € M; dy(x,2") < a},
forevery 0 < a < inj(z).
The last tool we need is the Lebesgue number given as follows.

Lemma A.5.3. Let (X, d) be a compact metric space and % = {U,}ocr an open
covering of X. Then there exists § > 0 such that every set of diameter less than 0
is contained in some U, € % .

In our context, since M is compact and (M, g) with the geodesic distance is a
compact metric space, we have a finite cover

{By(z¢,7); £=1,...,m},

for some m € N, and by Lemma [A.5.3| there exists § > 0, such that for every = €
M the geodesic ball B,(z, d) is contained in By(x,r), for some ¢ € {1,...,m}.

A.6  Markov Processes

The aim of this section is to recall some basic notions of Markov processes
theory and to do that we follow Taira’s book [45]. For the sake of completeness
we first recall the following probabilistic tools. Throughout this section we denote
by % the Borel o-algebra on M.

Definition A.6.1. Let / C R be an interval and let (§2,.%, P) be a probability
space. A filtration F = (%;)c; is an increasing family of sub-c-algebras of .7,
ie.

FCFHZHCF, s,tel s<t.

Definition A.6.2. (€2, .%, P) be a probability space, let 4 be a sub-c-algebra of
Z and let
X: Q=M
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be a function with values in M. We say that X is measurable with respect to ¥,
if, setting

(XeH)={weQ|Xw) eH}=XYH), He2AB,

onehas (X € H) € ¢, forall H € A. In this case we write X € m¥.
IfY = . and X € m.% we say that X is a random variable on the probability
space (§2,.% , P) with values in M.

Definition A.6.3. A stochastic process X on (2, F, P) with values in M is a
family of random variables X = { X}, such that for each ¢ € I, X, is a random
variable on (£2,.%, P) with values in M.

Definition A.6.4. Let X = (X;);c; be a stochastic process on (£2,.%, P) with
values on M. We say that X is adapted to the filtration F = (%;)e; if X, is
measurable with respect to the o-algebra .%; (i.e. X; € m.%;) forall t € I.

Definition A.6.5. Let (€2, .%, P) be a probability space and let 4 be a sub-o-
algebra of .%. A regular version of the conditional probability to ¢ is a family
P(-|9) = (P,(-|9))weq of probability measures, such that, for any given A € .Z,
one has:

(i) P(A|¢) is a random variable on (2,4, P);

(ii) For each W € m% bounded random variable

EWP(A|9)] = E[W14],
(where E|-] denotes the expected value).

Definition A.6.6. A transition law on M is a function p = p(t,z, T, H), t,T €
I CR, t<T x € M, He 2 that satisfies the following conditions for any
t<T t,Tel.

(i)Forallxz € M, p(t,x; T,-)is aprobability measure on (M, &) and p(t,z; t,-) =
Og;

ii) For all H € % one has p(t,; T, H) € mA.

Definition A.6.7. Let X = (X;);c; be a stochastic process on (£2,.%, P) with
values on M, we say that X has transition law p if:

(i) p is a transition law;

(ii) one has

p(t, X, T,H) = P(Xr € Hlo(X,)), t<T,t,T€l, HeZ®B.

where o(X;) is the o-algebra generated from X, (that is from the set (X € H),
with H € A).

If the process X = (X,,)nen is discrete and its transition law satisfies p(n, x ; n +
1,dy) = p(m,z; m + 1,dy) for all z € M and for all n, m € N, we denote the
transition law by p(z, dy).
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Definition A.6.8. Let X = (X});c; be an adapted stochastic process on the filtered
space (2,.7, P, (%,)er). We say that X is a Markov process if its transition law
p satisfies

p(t,Xy; T)H)=P(Xr € H|F), t<T,t,T€l, He AB. (A.16)
If the Markov process is discrete, it is called Markov Chain.

The property (A.T6) represents the so-called loss of memory, that is, the fact
that the knowledge of all the trajectories of X until the time ¢ or the knowledge of
X, give the same information regarding the distribution at time 7" associated with
Xr.

Definition A.6.9. Let X = (X,,),cn be a Markov chain with transition law p(z, dy).
We say that it is reversible with respect to the probability measure y if

p(dx)p(z, dy) = p(dy)p(y, dz).
Through the reversibility notion it is possible to give the stationarity notion.

Definition A.6.10. Let X = (X,,),en be a Markov Chain with transition law
p(z,dy). A probability measure y is stationary with respect to (X, p) if

/ (e, dy) = p(dy).

Remark A.6.11. It is immediate to note that if (X, p) is reversible with respect to
the measure 1, then p is stationary with respect to (X, p).

Definition A.6.12. Let p = p(t,z; T, ) be a transition law. It is possible to asso-
ciated a family of linear operators (7} 1)o<i<r called Markov operators

E,T bAB — bA

defined by
Torf(x) = /M fplt.x: Tody),  f € b,

where b% denote the family of bounded and measurable function with respect to
the Borel o-algebra.

Remark A.6.13. Let us note that 7}, r f € b% for any f € b% and

1T flloe < 1 llo-
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Remark A.6.14. One might also consider the case 7' = +oo. In this case a
stochastic process {X;};>o is said to be a Markov process with respect a filtra-
tion {.%; }+>¢ if X, is adapted to .%; and P(A|.%#;) = P(A|o(X})), forall A € %,
In such a case the transition law is a function p = p;(x, dy) that satisfies condition
(¢) and (77) in the definition of transitian law for all ¢ > 0, and it is possible to
associate a family of operators {7} }:>( defined by

T,f(x) = /X f@pdr.dy), [ e b

Moreover, if the transition law is associated with some Markov process, it is possi-
ble to show that it satisfies the so-called Chapman-Kolmogorov equation and then
the family of operators {7} }:> satisfies the semigroup property 7; - T = T}, s for
all t,s > 0.

We now want to obtain the converse of this construction and to do that the key
tool is the Markov-Riesz representation theorem (see for instance [45]], Theorem
5.41).

Theorem A.6.15. Let (X, d) be a locally compact metric space and let F be a
non-negative linear functional on the space C°(X). Then there is a unique Radon
measure |1 on X such that

F(f) = /X f(2)du(x), forall f € C.(X).

Furthermore, the Radon measure | enjoys the following two properties:
(1) For every U C X open, one has

p(U) =sup{F(f); f € Cc(X); 0< f <1, supp f CU}.
(17) For every K C X compact, one has
p(K) = inf{F(f); f € C(X), f>1x}.

Definition A.6.16. Let (X, d) be a locally compact separable metric space and
let {T}}:>0 be a family of operators acting on C'(X). The family {7} },>o forms a
nonnegative contraction semigroup on C'(X) if

(1) Tyys =Ty - Ty, for all t, s > 0 (semigroup property) and Ty = I;

() feC(X),0<f<1lonX=0<T,f<lonX,forallt>0.

Definition A.6.17. We say that a transition function p;(x, dy) is a C.-transition
law if the associated operator T} f (z) = [ f(y)pi(z, dy) satisfies

feCuX)=Tif € Co(X), forallt > 0.
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Therefore, starting from a non-negative contraction semigroup, using the Riesz-
Markov representation Theorem one can prove the following.

Theorem A.6.18. If {T}}:>¢ is a non-negative contraction semigroup on the space
C.(X) then there exists a unique C.-transition law p, on X such that the formula

Tof(z) = /X F(@)pile, dy)

holds true for all f € C.(X).

We conclude this section by giving the notion of total variation distance.

Definition A.6.19. Let (X,.#) be a measurable space, and i, v be two measures
on (X, .%). The total variation distance between p and v is defined as

1 = vllpy = sup|u(A) —v(A)].
AeF



164 A. Auxiliary Results of Subelliptic Random Walks




B. AUXILIARY RESULTS OF PROPAGATION OF ISOTROPIC
SINGULARITIES

B.1 Some Useful Properties of Isotropic Calculus

In this section we collect some helpful results of isotropic pseudodifferential
calculus. We begin by showing the following useful properties on the isotropic
context, and in order to do so, it is convenient to recall that, for m € R, S (R") is

a Fréchet space with semi-norms given by (7.2) and, moreover, for s € R, A*® :=
Op™ ({(X)*).

Proposition B.1.1. Let a € S (R") and set a.(X) := a(eX), with e € [0,1].

Then (a.). is bounded in S (R") and for all m > 0,

a. — ap in Sp,

(R™) ase — 0.

Proof. The proof of this fact is the analogous (in the isotropic framework) of the
proof of Proposition 18.1.2 in [26]. We first note that, since ay = a(0) is constant,
it is sufficient to prove that for a fixed m € [0, 1], we have that for all & € Ny there
exists a constant C, > 0 such that

XsuRp |(1+4 ]X])‘a|_m8§‘((aa(X) —ap)| < Cee™, €€ (0,1]. (B.1)
c 2n

If & = 0 we have that (B.I) follows from the fact that, by Taylor’s formula,
|a:(X) — a0l < CleX|™,

for some constant C' > 0. Indeed, if e X| < 1, |a.(X) — ag| < C'|eX|™, while,
if |eX] > 1, |a.(X) — ag| < C" < C"eX|™, for some C',C” > 0 (since
a €S2 (R™)).

Finally, if & # 0 (recall m € [0, 1] and then |a| — m > 0), we have that (B.I)
follows from the inequality

|at]—m

(14 [X ]l feX ) elelelm < (X /e + 1) <1,

that holds for all X € R*" and € € (0, 1]. O
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Proposition B.1.2. Let A = Op“(a) € VI (R"™), with m € R. Then, for all

s € R there exist k = k, € Ny and a constant C = Cy > 0 such that

|Au o < Clali™ |lul

Bs+tm> (% E BS—‘,—T)’L(RH)

Proof. Let us consider first the case u € .(R"). Let Fg,,,, € V. 5" (R") be a

global parametrix of A**™, i.e. [ = E,y,,,A°"" + R, with R € U, *°(R").
Define
Ag = NAE € ¥

1S0

(R™), v:=A"T".
In this way (withp € N, p > s)

| Aul| go = [|A*Aul|, + Z ||z*D? RAu||,
la|+]BI<p
= || Agvll, + ||A*ARu||, + Z |2°DERAu||,

laf+[B1<p
and, writing Ag = Op"(ag), by Theorem [7.2.6 we have that the map

S

180

(R™) > a+ ag € S,

1S0

(Rn)7

is continuous. Therefore, by Theorem 18.6.3 in [26] (see also [38]], Theorem
3.1.13) we get
0
| 40vlly < Colaoliy l[vlly

and then (since R € ¥_>°(R"))

1S0

|Au] o < Clali™ |lul

Bs+m7 (B.2)

for some ko, k = k(s) € Ny and some constants Cp, C' = C(s) > 0.
Now, if u € B*T™(R") we have that there exists a sequence (u;);>1 C .7 (R")
such that

u; — u in BST™(R") as j — +o0.

Thus, by the apriori estimate (B.2) we have that (Auw;);>; is a Cauchy sequence in
B*(R™) and then there exists w € B*(R™) such that

Au; - w in B*(R") as j — +o0.
Hence, since Au; — Auin . (R™) we get w = Au and

[ A

gorm = Clal{™ ||l

o | - Qo
g =l |Au |5 < tim Clal™ | -
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B.2  Relationship Between the Isotropic Calculus and Other
Weyl-Hormander Calculi

In this section we examine the relation between the Isotropic Calculus, the
standard calculus and others Weyl-Hormander calculus, such as the SG-calculus
and the iso,iso-calculus.

We begin by showing the following relation between the Shubin-Sobolev spaces
and the standard Sobolev spaces.

Proposition B.2.1. If s > 0 then
B*(R") C H*(R").

Proof. Let u € . (R™) and write I = E,A®* + R, where E, € ¥_°(R") and

180

R € ¥_>°(R™). Denoting (D)* = Op"((£)*) and using that A=* € U _*(R™) C

10 1SO
U~—5(R™) (where the latter denotes the set of pseudodifferential operators in the

Kohn-Nirenberg calculus of order —s) we get

ue = {D)*ullg
< [[(D)* A=) A%ul[, + [KD)* Rull,
< Cl|A%ullg + [[{D)" Rull,
< Clul

|

Bs»
for some constants C, C’ > 0. O]

We now examine the relation between the isotropic metric on R with re-
spect to the iso,iso metric and then the relation of the isotropic metric on R™ with

respect to the SG-metric. We start with the relation between a symbol on the

isotropic metric R%jﬁm) given by

go = (ldX* + |dY]") /(L + | X" + [Y]),
and a symbol for the split iso,iso-metric in R3* x R¥"
g2 = |dX"/(L+ | X[") + |dY /(L + [Y),
defined as follows.

Definition B.2.2. Let a € C*°(R" x R™ x R" x R™) and (my, m») € R% We say
that a is a iso,iso-symbol of order (m1,m;), denoted a € Sii;0* (R™ x R™), if for

all ay, By, ag, Po € N there exists a constant C' = C(«, 51, aa, f2) > 0 such that

0?18?183285261(% Y, &, 17) <C <X>m1*|a1|*|51| <Y>m2*|a2|*|52| : (B.3)
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for X = (z,£) e R"xR™, Y = (y,n) € R™ x R™. We denote the corresponding
set of iso,iso-pseudodifferential operator of order (m;, ms) as

VIR x R™) = {A .2 (R* x R™) — . (R" x R™);
da € S.mlymz(Rn > Rm)’ A= Opw<a)}

iso,iso

We briefly describe the composition law in S{:"*(R™ x R™). Let o, resp.

iso,iso

om, be the standard symplectic form in R?"?, resp. R?™. For X, X’ € R?" and
Y, Y’ € R?*™, and

o[ 3 |3 =t + o,

given symbols a € S[""2(R™ x R™) and b € Sy, 1 (R™ x R™) one has (from

iso,iso iso,iso

Hormander’s Weyl-calculus)
ath(X,Y)

— eiU(DX’Y’DX"Y')/za(X, Y)b(X/, Y,)|(X’y): )E Sm1+m'1 ma+my (Rn % Rm)

(XY’ iso,iso

Proposition B.2.3. Let r > 0. One has that

ST(R™ x R™) C Sl (R™ x R™).

iso iso,iso

Proof. Let a = a(x,y,&,n) € S (R" x R™). For all @ = (v, a0),5 =
(B, B2) € N2" one has

o0 2 0fale.y. €.m)| = |0 pate.y. €| < O (&)1

= C{(x,y, &) (@, y, & )y loe
<C <X>—|a1|—|51| <Y>—r—|a2\_|32| ’

for some C' > 0. [

Moreover, we recall the notion of SG-Symbol on R", i.e. a symbol with respect
to the metric

_|dzf? |d€ )
BT T T
and of SG-pseudodifferential operator (see [37] or [4]]).
Definition B.2.4. Let a € C*°(R?") and (m;, my) € R?. We say that a is a SG-

symbol of order (my, ms), denoted a € S™™2(R"), if for all o, 5 € Nf there
exists a constant C' = C'(a, #) > 0 such that

0802 a(x,€)| < C ()™ P gyl (B.4)
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In addition, we define the set of SG-pseudodifferential operator of order (my, ms)
as

™R ={A: S (R") - ' (R"); Ja e S™™(R"), A= Op(a)}.
Proposition B.2.5. If 1, j11, 1o > 0 are such that pn = 11 + pio one has
Siso (R") C© Sgg™ " (R™).

Proof. The result follows similarly to Proposition [B.2.3|noting that, for all o, 5 €
N, there exists C' > 0 such that

0002 a(x, )| < C{(z, )11
¢

= C (@, ) (@, )
<C <x>*u1*|b’\ <£>7u27\a| .

Finally, the SG-Sobolev space of order (my, msy) € R? is defined as
H™™(R") = {u € ' (R"); Op({z)™(§)"*)u € L*(R")}
and the following boundedness property holds.
Proposition B.2.6. Ler A € U™ (R™). Then, for all (sy, s2) € R?,
A HV2(R") — Hommes2mm2 (R
is bounded.

By using these spaces, through the Proposition [B.2.5] we reach the following
result.

Proposition B.2.7. If 111, 1o > 0 and pn = pq + jio, then
Hmr2(R™) C BH(RM). (B.5)
In particular, if 1 > n/2,
1, € B(R"). (B.6)

Proof. Let u € H #-~#2(R"™). By definition of the space B~*(R") we have to
prove that

Ay € LA(R™),
and since A™# € W """ (R") (see Proposition , the result follows by the
boundedness properties on the SG-Sobolev spaces (see Proposition [B.2.6). Con-
sequently, to obtain (B.6) it is sufficient to notice that for i > n/2 one has

1, € H O (R™).
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B.3  Characterization of the Dual of Shubin-Sobolev Spaces of
Positive Integer Order

In this section we give the following characterization of the space
B7*R") = (B*(R"))*, fork € N.

Remark B.3.1. If u € .%/(R"), there exists k € Ny, such that u € B™*(R") =
B*(R™)*. Let now k; € Ny be such that k = 2ky, and define (with M := #{|a| +

18] < k1})
® : B¥R") — ®(B*(R")) =: E; C (B"™(R"))M,
v V= (2°070) 0l (8/<k -
By definition of the norm in B*!(R") we have that ® is an isometry, and therefore,
by the Hahn-Banach theorem, the functional S := u o ®~! : £, — C can be
extended as a functional 3
S: (BHR")M = C,
such that }
=5, 151l (sr1 @eyyrey = 11l -

Then, by the Riesz theorem 3U = (tng)|al+|s)<k € (B (R™))M, such that

S<V) = (Vv U)(Bkl(R”))M7 Ve (Bkl (Rn))M7

(where (-, -) (g1 (gny)a is the inner product induced on the product space (B** (R™))"

by the inner product of B*' (R") on each component).
Thus, if ¢ € . (R") and ¢ = (2*02¢) a|+8<k € (B™(R™))M, we have

u((p) = §(¢> = Z (xa fgp?aaﬁ)B’ﬁ

|| +|B]<k1

— Z Z (2207 2°0P p, 2° D iiap)o

laf+1BI<k1 |y|+18|<k1

= Y S (DP9 g s ).

la+|B]<k [y]+[6|<k1

Hence, since B~ (R") C B~*(R"), if s > s;, we may write, for some N € Ny,

u= > DIa"usp),

la|+[BISN

where u,g € B*(R"™) for s > 0 sufficiently large.
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Remark B.3.2. Note also that by the previous remark, if we have a sequence
(uj)j>1 € B7*(R"), with u; — 0 in .#/(R™), as j — +00, we may write

uj= Y DIa%ujap).

| +|BI<N

Then, by the Banach-Steinhaus theorem we get that, for all o, 3, (ujﬁa B) ;jis bounded
in B*(R"™) for s = s(a, ) > 0. Therefore, by the compact embedding B*(R") —
L?*(R™), for s > 0, we obtain (up to subsequences) that, for all fixed multi-index
a, 3,

Ujop — 0, in L*(R™), as j — +oo.
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