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Abstract

In this thesis, we develop computational techniques for calculating correlation functions
of a spectator scalar field in de Sitter space within the long-wavelength approximation.
Our main objectives are threefold: to obtain perturbative quantum field theory results,
to compare them with the Starobinsky-Yokoyama stochastic approach, and to extract
non-perturbative information solely from perturbative data. To initiate this program, we
introduce a method for incorporating mass into the truncated Yang-Feldman equation.
Unlike the standard theory of a massive scalar field based on the de Sitter-invariant vacuum,
we develop a framework that does not require de Sitter invariance. Our framework yields
a smooth massless limit for the infrared part of correlation functions, thereby bridging the
gap between massless and massive perturbative results in the literature. Remarkably, the
two-point correlation function of a free massive scalar field matches that of the Ornstein-
Uhlenbeck stochastic process, which has a clear physical interpretation. By iteratively
employing the massive Yang-Feldman-type equation, we compute the two-point correlation
function to three-loop order and the four-point correlation function to one-loop order. Our
approach is equivalent to constructing a perturbative series in the mass for the massless
scalar field, summing leading logarithms, and organizing the perturbative massive series
in terms of the self-interaction coupling constant A. We also establish the correspondence
between integral structures arising from the massive Yang-Feldman-type equation and
the Schwinger-Keldysh ("in-in") formalism. Our perturbative results at late times agree
with both diagrammatic calculations and the Starobinsky-Yokoyama stochastic approach,
which describes the near-equilibrium regime. Within the stochastic framework, we derive
non-perturbative results for 2n-point correlation functions using recurrence relations in the
massive case with a quartic self-interaction. We further propose an alternative method for
computing perturbative series for equal- and multi-time correlation functions. Rather than
employing the massive Yang-Feldman-type equation or diagrammatic techniques, we derive
a simple first-order differential equation from the Fokker-Planck or forward Kolmogorov
equation. Its formal solution connects various correlation functions at different orders in
the self-interaction coupling constant A. Our method unifies the Starobinsky-Yokoyama
stochastic approach with quantum field theory results, extending this consistency beyond
the equal-time and stationary cases. Finally, we construct a renormalization group-inspired
autonomous equation for the long-wavelength part of the expectation value <¢2(t, 9?)).
Integrating its approximate form, we obtain an expression that is non-analytic in the self-
interaction coupling constant A. This solution reproduces the correct perturbative series up
to two-loop order. In the late-time limit, it almost coincides with the result obtained within

the Starobinsky-Yokoyama stochastic approach across the entire interval 0 < % < o0,

iii






Declaration

This dissertation is based on the results presented in the following published articles:

+ IR finite correlation functions in de Sitter space, a smooth massless limit,
and an autonomous equation
Alexander Kamenshchik and Polina Petriakova, Journal of High Energy Physics 04
(2025) 127, DOL: 10.1007/JHEP04(2025)127; arXiv: [2410.16226] [hep-th];

« From the Fokker-Planck equation to perturbative QFT’s results in de Sitter
space
Alexander Kamenshchik and Polina Petriakova, Journal of High Energy Physics 08
(2025) 063, DOI: 10.1007/JHEP08(2025)063; arXiv: [2504.20646][hep-th].

During my PhD programme (01/11/2022 - 30/10/2025), I have also been involved in research
projects outside the scope of this thesis. These led to the following publications:

« Newman-Janis algorithm’s application to regular black hole models
Alexander Kamenshchik and Polina Petriakova, Physical Review D 107, 124020 (2023),
DOI: 10.1103/PhysRevD.107.124020; arXiv: [2305.04697][gr-qc];

« Bianchi cosmologies, magnetic fields, and singularities
Roberto Casadio, Alexander Kamenshchik, Panagiotis Mavrogiannis, and Polina
Petriakova, Physical Review D 108, 084059 (2023), DOI: 10.1103/PhysRevD.108.084059;
arXiv: [2307.12830][gr-qc];

« Regular Friedmann universes and matter transformations
Alexander Kamenshchik and Polina Petriakova, Universe 10, (3), 137 (2024);
DOI: 10.3390/universe10030137; arXiv: [2403.08400][gr-qc].

Additional publications:

+ Self-tuning inflation
Polina Petriakova and Sergey Rubin, The European Physical Journal C 82, 1048 (2022),
DOI: 10.1140/epjc/s10052-022-10983-w; arXiv: [2204.04647][gr-qc];

+ Flexible extra dimensions
Polina Petriakova, Arkady Popov, and Sergey Rubin, The European Physical Journal C
83, 371 (2023), DOIL: 10.1140/epjc/s10052-023-11542-7; arXiv: [2303.04785][gr-qc].



https://doi.org/10.1007/JHEP04(2025)127
https://arxiv.org/abs/2410.16226v3
https://doi.org/10.1007/JHEP08(2025)063
https://arxiv.org/abs/2504.20646v2
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.107.124020
https://arxiv.org/abs/2305.04697v2
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.084059
https://arxiv.org/abs/2307.12830
https://doi.org/10.3390/universe10030137
https://arxiv.org/abs/2403.08400
https://link.springer.com/article/10.1140/epjc/s10052-022-10983-w
https://arxiv.org/abs/2204.04647v3
https://link.springer.com/article/10.1140/epjc/s10052-023-11542-7
https://arxiv.org/abs/2303.04785




Contents

Abstract
Declaration
Contents

1 Introduction

2 Yang-Feldman-type equation
2.1 Truncated Yang-Feldman-type equation for a massive scalar field in de
Sitter space . . . . . . . L e
2.2 Two-point correlation function . . . . . .. ... ... ... .. L.
2.3 Four-point correlation function . . .. ... ... .. ... ... ... ...

3 On the correspondence between the Yang-Feldman-type equation and
diagrammatic techniques
3.1 "In-in"formalism . ... ... ... ... ..
3.2 Stochastic diagrammatic technique . . . ... ... ... ... ... ...,

4 Comparison with the Starobinsky-Yokoyama stochastic approach
4.1 Starobinsky-Yokoyama stochastic approach . . . . .. .. ... ...
4.2 Recurrence relations for the massive case with quartic self-interaction . . .
4.3  One more perturbative agreement with quantum field theory results
44 Why are approaches in agreement? . . . . ... ... . ... ... .....

5 From the Fokker-Planck equation to perturbative QFT’s results
5.1 Equal-time correlation functions . . . . . .. ... ... ...
5.2 Multi-time correlation functions . . . . . .. ... ... L oL

6 Non-perturbative treatment: an autonomous equation
6.1 Hartree-Fock approximation . . . ... ... ... .. ... .........
6.2 Autonomousequation. . . . ... ... ... o oo

7 Conclusion
8 Outlook

A A trick to "hang up" the mass to the Yang-Feldman equation

vii

12
20

35
40
43

47
47
50
52
54

57
57
60

71
71
73

79

83

87

vii



B Two-point function at three loops: diagrammatic contributions 89
Bibliography 97

Acknowledgments 109

viil



1 Introduction

Friedmann’s relativistic model of a non-stationary, isotropic, and spatially homogeneous
universe, derived from the Einstein field equations, laid the theoretical foundation for the
concept of the expanding universe [1, 2]. This framework was linked to observations via
the empirical velocity—distance relation, first proposed by Lemaitre [3] and later confirmed
experimentally by Hubble [4]. These discoveries gave rise to fundamental questions of
modern cosmology: what is the origin of our universe, and how has it evolved to its present
state?

Although classical gravity and the hot expanding universe model based on it have
been highly successful in explaining many cosmological phenomena [5, 6], they fall short
in addressing key foundational issues. For instance, the model assumes, rather than
derives, the initial high-temperature, homogeneous, and isotropic state of the universe. The
inflationary paradigm [7, 8, 9, 10, 11] was introduced to address this challenge. It postulates
a period of rapid expansion in the early universe, which accounts for the large-scale
homogeneity and flatness observed nowadays and provides, through quantum fluctuations,
a mechanism for generating the primordial density perturbations that seeded the formation
of cosmic structures [12, 13, 14, 15, 16, 17]. Observational evidence for the accelerated
phases of the universe’s expansion came a few decades ago [18, 19, 20, 21].

The solution to the vacuum Einstein field equations with a positive cosmological constant,
known as de Sitter space [22], serves as an important model for studying the accelerated
expansion of the universe. It provides insights into both the inflationary epoch of the early
universe and the present phase of accelerated expansion. In addition to its relevance to
observational cosmology, de Sitter space is a maximally symmetric spacetime, with an
isometry group of the same dimension as the Poincaré group in Minkowski space. Its high
degree of symmetry provides mathematically tractable yet physically rich framework for
exploring quantum field theory in curved spacetime, revealing non-trivial quantum effects
distinct from those in Minkowski space [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

Given this, quantum field theory in curved de Sitter spacetime is of great interest from
both theoretical and phenomenological perspectives. Its relevance to the cosmology of
the very early universe has become especially important due to the explosive growth of
observational data. Even before the inflationary paradigm was proposed, the study of
quantum field theory in de Sitter space was pioneered by Chernikov and Tagirov [34, 35],
who examined the free massive scalar field. Nowadays, scalar fields are thought to play a
pivotal role during the inflationary (quasi-)de Sitter phase of the universe’s evolution and to
seed, through their quantum fluctuations, the formation of observable large-scale structures.
Even if scalar fields do not drive inflation, they can still play a significant role in various
physical processes. In particular, light fields exhibit strong semi-classical fluctuations on
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super-horizon scales, which lead to secular growth behavior and non-perturbative infrared
effects [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47]. This issue presents both mathematical and
physical challenges. Understanding infrared effects is crucial because the late-time behavior
of quantum fields during inflation can influence post-inflationary physics and observable
cosmological parameters; see, e.g., the review by Hu [48]. The study of light scalar fields,
with masses much smaller than the curvature scale, m < H, is also of particular interest
due to its relevance to inflationary cosmology and the absence of a flat-space counterpart.

Applying quantum field theory techniques to inflationary or fixed de Sitter backgrounds
is considerably more challenging than in flat spacetime, due to the nontrivial form of the
mode functions. While various well-established tools exist for flat spacetime, methods
for treating cosmological backgrounds are still under development. In addition, in curved
spacetime, the choice of the vacuum state becomes a non-trivial problem: quantum field
theory does not provide a unique prescription to define the vacuum state; see, e.g, the
classic book by Birrell and Davies [49] and references therein. Since de Sitter space is
maximally symmetric, one might attempt to define a vacuum state that remains invariant
under the full de Sitter isometry group. Meanwhile, for a massive scalar field, there exists a
one-parameter family of de Sitter-invariant vacuum states, whereas for a massless field no
such vacuum exists [40, 50, 51]. Consequently, there is no regular massless limit connecting
perturbative results for massive and massless scalar field theories in de Sitter space.

In this thesis, we propose an alternative framework that resolves this issue. In contrast
to the standard theory of a massive scalar field based on the de Sitter-invariant vacuum,
we develop a vacuum-independent approach that does not require de Sitter invariance but
results in a smooth massless limit of the infrared part of the correlation functions. Even in
Minkowski space, examining states that break Poincaré invariance can be insightful, since
such states carry information about the dynamical properties of the theory. Furthermore,
the most symmetric vacuum does not necessarily correspond to the physically realized one.
We explore a rather particular theory of a minimally coupled massive scalar field

1 1 A
Ly =+/-9 2 ¢, — Engbz 3 ¢* (1.1)
living in the flat de Sitter background expressed in planar coordinates:
ds? = guvdxtdx" = dt? — a?(t) dX?, a(t) = ef’. (1.2)

We consider only the long-wavelength modes: the simplest from a technical standpoint
and potentially the most relevant for upcoming observational tests.

Our framework not only bridges the massive-massless perturbative results but also
provides a unified picture of the Starobinsky-Yokoyama stochastic approach [52, 53] and
quantum field theory methods, laying the groundwork for non-perturbative resummation
techniques in de Sitter space.
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Starobinsky’s stochastic approach originated in [52] and was applied to inflation in
various early works [54, 55, 56, 57, 58, 59, 60, 61, 62] and more recent ones [63, 64, 65,
66, 67, 68, 69, 70, 71, 72, 73, 74]. Within the stochastic approach, one decomposes the
quantum field operator ¢ (t,X) in the Heisenberg representation into the super-Hubble
or long-wavelength, k < Hef! and the sub-Hubble or short-wavelength, k > H eflt, parts
using a window function, which one chooses to be the dynamical Heaviside step function.
The long-wavelength part ¢V (¢, X) satisfies the equation of motion 0 ¢ = -V’4(¢), and
for the slowly varying field, it takes the local Langevin-like form [52], where the noise term
represents short-wavelength modes that continually shift into the long-wavelength ones.
Therefore, the long-wavelength part of the quantum scalar field ¢V (t, X) can be treated
as the classical stochastic field ¢(t, X) with a probability distribution function P [(p(t, 55)]
that satisfies the Fokker-Planck or Einstein-Smoluchowski equation, associated with the
corresponding local Langevin-like equation [53]. The first non-perturbative development
for computing the vacuum expectation value of the coarse-grained, long-wavelength
massless minimally coupled scalar field with a quartic self-interaction in de Sitter space
was proposed in the seminal paper by Starobinsky and Yokoyama [53].

We begin with the computation of two-point and four-point correlation functions of a
massive minimally coupled scalar field (1.1) within the long-wavelength approximation in
Chapter 2. For this purpose, we employ the Yang-Feldman-type equation.

The Yang-Feldman formalism [75] recursively defines the interacting field as a formal
power series in the coupling constant, expressed in terms of the free field; see also the works
of Kéllén [76, 77]. Within this formalism, one solves perturbatively the field equation for the
quantum field in the Heisenberg representation. By iterating the Yang-Feldman equation to
the desired order in the coupling constant, one constructs the formal perturbative series for
the Heisenberg operator and computes the vacuum expectation value of products of field
operators. In the literature, that integral equation is widely exploited often without being
explicitly referred to as the Yang—Feldman equation. The expectation value of the stress-
energy tensor up to first order in the coupling constant for interacting scalar fields in de
Sitter space was first computed by Ford [78] using this form of the equation. Subsequently,
in the seminal works [44, 45] Tsamis and Woodard have shown that the Yang-Feldman
formalism is rather convenient to catch the leading infrared logarithms in cosmic time ¢,
namely, In (a(t)) = Ht, for the massless minimally coupled scalar field with a quartic
self-interaction in de Sitter space. They have also established the perturbative agreement
between the Starobinsky and Yokoyama stochastic approach [52, 53] and the quantum
field theory results in de Sitter space. This remarkable discovery launched the program to
examine the relation between the stochastic approach and quantum field theory [79, 80, 81,
82, 83, 84, 85, 86] and some modern techniques [87, 88, 89, 90, 91]. Furthermore, it stimulated
efforts to generalize the resummation techniques to more complicated models [92, 93, 94,
95, 96, 97]; see also the present-day review [98].

In Chapter 2, we follow this established program and propose a method to include the
mass into the truncated Yang-Feldman equation for a massless minimally coupled scalar
field derived by Tsamis and Woodard [44, 45]. In addition, we define the massive scalar field

Chapter 1
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in terms of the massless field. To define it, we invert the integral Yang-Feldman equation
considering only the massive term in the potential. The resulting relation allows us to
compute the vacuum expectation value of the free massive scalar field relying only on
the known vacuum expectation value of the free massless one. Our treatment could be
considered a theory of a massive scalar field with the vacuum “inherited” from a massless
field. This is not problematic, as the most symmetric vacuum is not always the physical
one. Remarkably, the obtained free massive two-point correlation function coincides with
that of the well-known Ornstein-Uhlenbeck stochastic process [99]. This process is the
unique Gaussian and Markov stochastic process with a stationary state [100, 101, 102,
103, 104]. By its virtue, the obtained two-point correlation function exhibits a smooth
massless limit and tends over time to the equilibrium de Sitter-invariant state. This attractor
feature was also discovered from other considerations in [53, 105, 106]. We employed the
Yang-Feldman-type equation to compute the two-point correlation function up to order A*
and the four-point correlation function up to order A%. Our resulting series are equivalent
to the resummation of leading infrared logarithms in the perturbative expansion in m?/H?
at each order of the self-interaction coupling constant A. Within this scheme, the infrared
divergences in cosmic time ¢ of the massless self-interacting scalar field are fully resummed
in the massive series.

In Chapter 3, we establish the correspondence between the integral structures arising in
the iterative Yang-Feldman-type equation and diagrams within the Schwinger-Keldysh,
or “in-in”, or “closed-time-path”, formalism [107, 108] and compare our findings with the
stochastic diagrammatic approach [81]. All types of diagrams have the same topological
structure, but in the stochastic case, one encounters a single vertex and three propagators,
while within the Schwinger-Keldysh formalism, there are two types of vertices and four
types of propagators; see [109, 110, 111, 112, 113, 114, 115, 116] for an introduction to this
formalism and some applications. The Schwinger-Keldysh, or "in-in", formalism [107, 108],
is one of the most efficient techniques for computing correlation functions in cosmology. In
contrast to the scattering computations, where the system evolves from ¢ = —oco ("in" state)
to +oo ("out" state) and both states are specified, in cosmology we are interested in evolving
the quantum system up to some finite moment of time. One specifies only the initial state,
and both the "in" state, |in), and its Hermitian conjugate, (in|, evolve from ¢t = —co to
a certain time, and the field operators are sandwiched between unitary time-evolution
operators. To spot what kind of correspondence might exist, in Chapter 3 we rely on
results for the two-point correlation function of a massive scalar field calculated at the
one-loop and two-loop orders via the Schwinger-Keldysh diagrammatic technique in [117]
by Kamenshchik, Starobinsky, and Vardanyan, and in [118] by Gautier and Serreau in the
p-representation [119]. In the massless case at equal times, we compare our outcomes
with [83, 84, 120, 121, 122, 123]. For the massive case, Garbrecht, Rigopoulos, and Zhu
introduced [81] a functional representation of equations within Starobinsky’s stochastic
approach. In the proposed technique, the expectation value of an operator is given through
distribution averages. In the late-time limit, they have computed the topologically distinct
diagrams for the two-point correlation function at equal times, using both the stochastic
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approach and the "in-in" formalism; see also [82]. At late times and the late-time limit at
equal times, our results are in agreement with those obtained from diagrammatic techniques.
We proceed with our reasoning, supported by the two-point correlation function results
and existing literature, to compute the four-point correlation function up to the one-loop
order in Chapter 3. For the two-point correlation function at the three-loop level, we
present the diagrams and their contributions in Appendix B.

We provide the basics of Starobinsky’s stochastic approach [52] in Chapter 4. Within
this approach, the stationary solution of the corresponding Fokker-Planck equation and
the related method to calculate the equal-time correlation functions at equilibrium were
derived by Starobinsky and Yokoyama in [53] for a massless minimally coupled scalar
field with a quartic self-interaction. We explore the Starobinsky and Yokoyama stochastic
approach for the model of a massive scalar field with a quartic self-interaction (1.1). With

the use of recursion relations involving the modified Bessel functions of the second kind,

we derive the non-perturbative late-time stochastic expectation value < gozn> et When

non-pert”
expanded in the small self-interaction coupling constant A regime, the obtaill)led series
are in agreement with results obtained from the massive Yang-Feldman-type equation
in Chapter 2 at the late-time limit. To make an additional contact between approaches,
we follow the method proposed by Tsamis and Woodard in their seminal work [45]. We
extract a first-order differential equation for the stochastic expectation values from the
Fokker-Planck equation and the corresponding series in the free massive case and in the
massless case with a quartic self-interaction. One readily observes the leading infrared

logarithm structure in cosmic time ¢ in the obtained series.

In Chapter 5, we develop an alternative approach to compute the perturbative series for
the equal-time and multi-time correlation functions within the leading logarithm approxi-
mation [124]. Instead of processing the massive Yang-Feldman-type equation or dealing
with the diagrammatic techniques, one derives a simple first-order differential equation
from the Fokker-Planck or forward Kolmogorov equation. The formal integral solution to
that equation relates various correlation functions at different self-interaction coupling
constant A orders. One solves it iteratively. The starting point is the non-interacting
case, and the exact solutions are well known in that context. Further, we related these
correlation functions to ones at different orders in A by the integral relation. In the case
of equal-time correlation functions, that relation provides the results order by order in A
via straightforward integration. In the multi-time case, we have the formal solution to
the corresponding first-order differential equation as an indefinite integral. To obtain
the multi-time correlation function in the free massive case, we extensively exploit the
Markov property, formulated in terms of the conditional (or transition) probability density.
The local Langevin-like equation underlying the Fokker-Planck equation in Starobinsky’s
stochastic approach [52] is a first-order differential equation. Therefore, for each noise
realization, one determines uniquely the stochastic field if its value at the initial time is
given. Moreover, since the fluctuating or noise term is delta-correlated [52], its values at
different times are statistically independent. Thus, the solution to the local Langevin-like
equation has the Markov property: the noise-term values at previous times, ¢ < t, do not

Chapter 1
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influence the conditional probabilities for t > f, times. After integration of the obtained
first-order differential equation for the correlation functions, one has the antiderivative and
the unknown function, which one defines by matching it to the known result for the equal-
time correlation function or to the previous "iteration" step by step. We provide the detailed
expressions to illustrate the proposed strategy. The obtained results are in agreement with
the corresponding perturbative series from quantum field theory for the two-point and
four-point correlation functions. This treatment provides an additional confirmation that
the Starobinsky-Yokoyama stochastic approach precisely reproduces quantum field theory
results in de Sitter space for scalar field potential models at all orders within the leading
logarithm approximation, extending its consistency beyond the equal-time and stationary
cases.

Contrary to the basic assumption, the perturbation theory might miserably fail due to the
growth of higher-order terms in both classical and quantum areas of physics. The presence
of these secular growth terms could stimulate the development of some analytical methods
to improve perturbative expansion. Some kind of quantum field theory renormalization
group technique [125] can be employed in quite different contexts of physics (both classical
and quantum) and mathematics [126, 127, 128, 129, 130, 131, 132]; see the corresponding
developments in de Sitter space [133, 134] and in stochastic inflation [135]. For instance,
Chen, Goldenfeld, and Oono have shown that one can improve the naive perturbative
terms that exhibit secular growth arising at the iterative solution of some complicated
differential equation [136]. The authors of [136] developed the dynamical renormalization
group method by considering differential equations that involve a small parameter and
whose zeroth order solutions are bounded functions, while the first iteration reveals the
presence of secularly growing terms. In contrast to their development, we have only some
pieces of that perturbative information for the long-wavelength part of the correlation
function and do not have a general differential equation. Following the spirit of [125, 128,
130, 136], Kamenshchik and Vardanyan constructed the renormalization group inspired
autonomous first-order differential equation for the massless minimally coupled scalar field
with a quartic self-interaction in de Sitter space [122]. Within the proposed techniques
to treat the series of secularly growing terms, the long-wavelength part of the vacuum
expectation values <¢r2n:0(t, 55)) and <¢;‘n20(t, 55)) in the late-time limit are finite and closely
agree with the Starobinsky-Yokoyama stochastic approach results. The massive expectation
values do not contain such secularly growing terms, however, it would be interesting to
obtain the non-perturbative result. The autonomous equation technique was also applied
in [137, 138], while a slightly different but conceptually similar resummation technique
was implemented in [123, 139, 140]. In Chapter 6, we construct an autonomous equation
for the long-wavelength part of the massive vacuum expectation value (gbz(t, 55)) relying
on the obtained perturbative series in the previous chapters. Before that, we consider the
so-called Hartree-Fock, or Gaussian, approximation. We have found the non-perturbative
solution within this approximation and revealed what it resums. With the help of our
extracted diagram contributions for the two-point function at the one-, two-, and three-loop
levels from Chapter 3 and Appendix B, we establish that the Hartree-Fock, or Gaussian,
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approximation resums only the so-called "Cactus"-type diagrams. Further, we construct
the autonomous first-order differential equation, relying on the obtained perturbative
series from the previous chapters. In order to capture the absentee "Sunset" contribution
at the two-loop level, we linearize the obtained autonomous equation and integrate it.
The full non-perturbative result in the self-interaction coupling constant A is the sum of
that obtained from the Hartree-Fock approximation and the solution of the linearized
autonomous equation. It reproduces the correct perturbative series for (gbz(t, 55)) up to the
two-loop level. In the late-time limit, it almost coincides with the result obtained within the
Starobinsky—Yokzoyama stochastic approach over the entire interval of the dimensionless
x*m?

310 < 00,

We recap all findings in detail in Chapter 7 and list potential extensions of the applied
techniques in Chapter 8.

parameter 0 <
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2 Yang-Feldman-type equation

In this chapter, we derive the truncated Yang-Feldman-type equation within the long-
wavelength approximation for a minimally coupled massive scalar field (1.1) on a flat de
Sitter background (1.2). Using this equation, we then compute the two-point and four-point
correlation functions.

2.1 Truncated Yang-Feldman-type equation for a massive scalar field in de
Sitter space

The Yang-Feldman formalism [75, 76, 77] recursively defines the interacting field as a
formal power series in the coupling constant, expressed through the free field in the
Heisenberg representation. Following this approach, we start from the equation of motion
for a massless scalar field

0p (1, %) = =V’ 4(¢) (2.1)

and recast it as the integral equation:

P(t,%) = go(t,%) — [ d*x'\=g(x') Gr(t, %', X') V' ($ (¢, X)), (2.2)

where ¢y (t, X) is the free field satisfying the homogeneous equation, O¢y (¢, X) = 0, and the
retarded Green’s function satisfies

_ S(t-t)5(x—-X)

aOGr(t,x;t',X") (2.3)
V=9(x")
with the retarded boundary condition Gg(t,x;t',X’) =0 fort < t’.
The solution to equation (2.3) can be expressed as
Gr(t,X; 1, X') = i0(t — ') ([ do(£, %), po (¢, %) ]). (2.4)

The scalar field appearing in the commutator can be expanded in terms of canonically
normalized creation and annihilation operators as follows:

3k
(27[)3/2

= iK% A * —ik% A
do(t, %) = (uk(t) e a4 ur(t) e xa%), (2.5)

where the modes u(t) on a flat de Sitter background (1.2) are solutions to the linear




Chapter 2 Yang-Feldman-type equation

equation
iix + 3Huy + k2e?Hly, = 0, (2.6)

and they must be normalized through the Wronskian
W[uk(t), u,’:(t)] = Weuy — ully = —je 3t (2.7)

as a consequence of the canonical commutation relations

lagap] =[alal] =0 [ag.aL]=8(k-k). (2.8)

The expression for the retarded Green'’s function (2.4) can be written straightforwardly as
= 2 . ’ d3]_<) ik (¥-X") * (o0 * ’
Grlt 38, %) =10~ 1) | e (uk(t)uk(t ) = (£) ue(t )). (2.9)
T

We are interested in the contribution of the super-Hubble or long-wavelength (I-w)
modes, whose wave numbers are small, H < k < He!™'. Thus, in equation (2.6), one can
neglect the last term proportional to k?, leading to the simple general solution:

u}(’w(t) =c¢; +cye SHL, (2.10)

By employing the Wronskian (2.7) with (2.10), one obtains cjc; — ¢ic; = i/3H. Therefore,
from (2.9) we obtain’

o OW=)( gy ..
Gy (1,%:,%) = %(e S _ e 3Ht) S(E %) (2.13)

1 Let us also argue on a bit more detailed derivation. One can keep the full solution to (2.6), which is

_3 k _ _3 k _
u(t) =cre 2 Ht ]_3/2(Ee Ht) +cye 2t Y_3/2(Ee Ht). (2.11)

Here, J_3/2(z) and Y_3/,(z) are the Bessel functions of the first and second kinds. From the Wronskian (2.7)

. 2.7 _ . . k _ k _ k _ k _
Wk (1), ug™ (1)1 ke 4Ht(clc2—c2c1)(]_1/z(ﬁe Ht) Y—3/2(Ee Ht)—]—m(ﬁe Ht) Y_1/z(ﬁe Ht)),

in the long-wavelength approximation, k < H ef!, where the entering Bessel functions are [141]

] ( k e_Ht) 2H e% K e_aTHt + . ] ( k e—Ht) 2H? e3THt + .

—-1/2| == ~ = i — e s —3/2| == ~ = e s

A i gl H gl (2.12)
k g\ Yok _Ht k5 _sHt k Vok3  _sHt

Yoi2| e ~——e 2 - e 2 + .5 Yl —e ~— e 2 + ..,
H VrH 3V2rH® H 3VrH?

2 ,
we have c¢ic; — cjc; = —in/2H, and w (£)uy (¢') — up () ue(t') = 3—(clc;‘ - clep) (e’SHt - e’SH’) in (2.9)
P

becomes precisely one that was obtained in a bit more "cheating" way, leading to (2.13).

10



Truncated Yang-Feldman-type equation for a massive scalar field in de Sitter space

Substituting this expression into (2.2), one observes the multiplication by the measure
v—9g(x’) under the integral. When combined with the measure, the first exponent in
the brackets in (2.13) always prevails, whereas the second is "switched on” only at the
upper limit of integration in (2.2) and is truncated to isolate the leading logarithmic order
and prevent the appearance of sub-leading contributions; see the seminal works [44,
45]. Therefore, at the leading logarithmic order in cosmic time ¢, i.e., In (a(t)) = Ht,
equation (2.2) reduces to the truncated form:

t

$(£,3) = do(t, 7) - %{/dt’ V4 ((t.3)). (2.14)

0

Note that we did not use any particular choice of the vacuum. However, one can arrive at
the retarded Green’s function (2.13) owing to the explicit form of the basis functions of
the chosen vacuum in the Fock space, the so-called Bunch-Davies vacuum [142]. Tsamis
and Woodard derived the truncated form (2.14) for the massless, minimally coupled scalar
field with a quartic self-interaction in [44, 45]. To do this, they used the explicit form of
the Bunch-Davies basis functions and expanded them up to the third order, taking into
account only the contribution of the long-wavelength modes, H < k < He'™,

One can now iteratively use equation (2.14) to construct the formal perturbative series
for the Heisenberg operator and compute the vacuum expectation value of ¢(t, X) solely
from the known vacuum expectation value of the free massless field ¢y (¢, X).

Through (2.14), we define the free massive field gzg(t, X) in terms of the free massless field
¢o(t, X) as follows:

t
. 2 m2t m2t’
F(o.3) = go(1,3) ~ oo / d' 5 go(t', 3); (2.15)

0

see appendix A, namely (A.3). The relation introduced above, together with the massive
Yang-Feldman-type equation discussed below, is important for our proposed treatment. We
employ it to calculate the vacuum expectation value of the free massive scalar field, relying
only on the infrared part of the known vacuum expectation value of the free massless field.

Furthermore, we derive the analog of equation (2.14) in the massive case:

- m?t m?t’
P(t, %) = p(t, %) — % e 3H / dt’ e 3H ¢3(t',X); (2.16)
0

see (A.5) and the nearby reasoning. Note that equations (2.14) and (2.16) have the same
structure with two differences: the free massless field ¢ (¢, X) is replaced by the free massive
field ¢ (¢, X), and the retarded Green’s function for the massive field acquires an additional
exponential factor.

Section 2.1
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Yang-Feldman-type equation

The massive Yang-Feldman-type equation (2.16) can be iteratively expanded to the first
few terms of the formal perturbative expansion for the Heisenberg operator as

t

- m2t mit’ .
(1, %) = p(t,%) — %{e_ﬁ / dt’ e 3H (', % (2.17)

m?t” .

13 m2t met’"’
~ 3B © T3H /dt ¢ (¢, )/dt”gf) (t”, _))‘/dt”’e 3H ¢ (t"”, %)

t t’

1 ~ mot” .
+§/dt o5 ¢(t’,;? /dt”e 3H ¢(¢7,%) | [+0(2%)

0 0

to calculate the series for the vacuum expectation value of the massive field ¢(¢, X) in terms
of the known vacuum expectation value of the free massless field ¢, (¢, X) with the help
of (2.15).

Our proposed approach is equivalent to the following: we construct the perturbative
series in m? for the massless scalar field, then sum the leading logarithms (thanks to
the massive theory being Gaussian and to the relation (2.15)), and finally, organize the
perturbative series for the massive field in terms of the self-interaction coupling constant A.

2.2 Two-point correlation function

We begin with the two-point correlation function of the free massive scalar field gi;(t, x) for
coincident spatial points but different times.

Using the relation derived in (2.15), we express the two-point correlation function of the
free massive scalar field ¢ (¢, X) as follows:

- ~ - - 2 m?ty ; m2t’
(P11, %) (12, X)) = (P(t)p(t2)) = (o (t)po(t2)) — ?—H e 3H [ dt'e3H (go(t)o(t2))

0
1)

2 mzt mzt/
I [ e () (2.19)
3H
0
t ty
mi wiv
tom e “l””/dt’e 3H /dt”e SH (o () o ("))

0 0



Two-point correlation function Section 2.2

Hereafter, we omit the argument X, as it is the same in all contributions. To compute (2.18),
we substitute the known result for the infrared part of the free massless field [83]:

. . H |t, ty<t;
1y, to, = t t = —- 2.19
(Bo(t1,%) Po(t2, X)) := {Po(t1)o(t2)) 2 {tl, >t (2.19)
. o ) Ht
In the equal-time case, this simplifies to the well-known result [37, 38, 40]: <¢0(t)> = yrE
T

By inserting this expression for the infrared part of the free massless field (2.19) into
equation (2.18) and performing the time-ordered integration, we obtain:

t t
o ol P Y B O A o 2
t t =—t,——e 3H |t dt'e 3H + dit'e 3H t 2.20
Gude)], , =l -2 (1 / (220)
12
m? m’t, ¢ m’t’ m? m? ¢ m?t’ i m*t”
- —e_W/dt’e SH {4+ — e 30 (1*h) /dt'e 3H t'/ dt”e 3H
3H 9H2
O 0 tr
t ty ty t
ﬁ mzt/r ﬁ mzt//
+ / dt'e 3H / dt"e 3H t” + / dt'e 3H / dt"e 3H t”
f 0 0 0
4 2
_ BH [ Ein) _ ),
81im? ’

and, analogously, for the reversed time ordering:

ty
N N H3 m2 m2t1 mzt/
t t =—|t;— —e 3H dt'e3H t’ 2.21
Gadw)| 4ﬁz( e [ (221)
0
H t H t
m? _m’t m?t’ m’t mt _m? m?t’ mt”
-3¢ & /dt’e SH ' + 1 / di'e 3H | + o € (tr+t2) /dt'e 3H t’/ dt”e 3H
0 151 0 t’
tl mzt; tz mzt;/ tl ﬁ tl 2t//
+ [ di'e3H ¢ | dt”e3H + | dt’'e3H dt”e3H t”
0 151 0 0
4 2 2
_ 3H eg”—H(tl—tz) _ e—gn—H(t1+t2) ‘
8m2m?

In the general case, it suffices to add the modulus to the first term, resulting in:

82m?

($(t)P(t2)) = S (e‘%'“‘”' - e‘%“”“)- (2.22)
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Yang-Feldman-type equation

Hereafter, we apply the same time-ordering "tricks" to compute higher-order corrections to
the two-point and four-point correlation functions. The obtained correlation function (2.22)
serves as the primary input for computing perturbative series by iteratively applying the
Yang-Feldman-type equation (2.17). This result coincides precisely with the correlation
function of the Ornstein-Uhlenbeck process [99], which is the unique Gaussian and Markov
stochastic process with a stationary state [101, 102, 103]. Its key feature is the drift tendency
towards the average value, with the mean-reversion rate given by m?/3H. In our framework,
correlation functions at each perturbative order have a smooth massless limit, matching
the expressions for massless and massive scalar fields found in the literature, obtained
within diagrammatic quantum field theory and stochastic methods, as will be discussed in
Chapters 3 and 4. Our treatment can be considered a theory of a massive scalar field, where
the vacuum is "inherited" from the massless one. The transition between massive and
massless field perturbative results is smooth, even though de Sitter invariance is broken.
However, by virtue of the correlation function (2.22), this tends over time to the equilibrium
state, which depends only on the time difference and turns out to be de Sitter-invariant.

Building on (2.22), one can organize the perturbative loop series within the massive
Yang-Feldman-type equation (2.16) or its explicit iterated form (2.17):

($(t)p(t2)) = (p(1)d (1)) + ()P (1)), + (p(11)$(12)) ;.
+(p(t)P(t2)) 5 + O(2*).
Once again, the basic idea of the Yang-Feldman formalism is to recursively define the

interacting field as a formal perturbative series in the self-interaction coupling constant A
for the field’s operator expressed in the Heisenberg representation.

(2.23)

At linear order in A, the Yang-Feldman-type equation (2.17) yields

t t
2 1 2

(Beg), == | 5 [ @S Guag )+ [ e G )

A m?t p
1

_mh mit ~
=—e o /dt’e 3H ($(1) (1) ) (1)) + (t © ta) (2.24)
0
with time intervals ¢’ < t, < t; and t, < t’ < t1, and the one-loop contribution to (2.23) is

27 H8
128 r4mo

_my 4m? m?
(P(11)g(t2)), = (Ze 3glttl 4 3—H(|t1 — b - (t + tz)) e 3HH) (395)
2 2 2 2
- egn_H(“l_tz'_z(tlHZ)) + 23%“-1 - tgl(e_;n_H“l_tZ' _ e_;n_H(t1+tz))

mz mz "’l2
_ esrllnmnlemee) | 35 (-t trw) _ e |



Two-point correlation function

Correspondingly, at the two-loop level or A%, we have

<wmwm>—1ﬁaﬁ/ﬁg/W%ﬁXmm¢uwa%> (2.26)

2 mtz m?t”
+%e B3H /dt /dt”e H($(1)$* () ("))

0 0
+ 9/1—1;26 3H(t1+t2)/dte 3;_1 /dt//e ;HN <¢ (l’ )d) (t”))
0 0
P
- W [ar [ (500 G ) 227)

0 0

+x&wamﬂ@wwwwf+@Wﬁm»@%%@%@ﬁ

ty t’

+;Tze H;th/dt//dt"e 32H” (2<¢(t1)¢(t))(¢(t)¢(t”))(¢ ("))

0 0

+4&m&mﬂ@wﬁw»f+@mﬁ@%@%»@%ﬁﬁ

t 1)

+I%e_gn_H(t1+tz)/dt/erg—;/dt//e";H”( ((é(t’)é(t”)))g'i'<Q§2(t,)><¢~(t/)¢;(t”)><¢52(t”)>).

0

Here, time integration intervals for the first double integral in (2.27) are

"<t <th<t, t'<t<t'<t, and <t"'<t<t. (2.29)

These integrals result in the following expression:

81 A2H!? 12m? 2m* _m
<¢(t1)¢(t2)>,12 = 048 2omT0 30 + i [t; — ] +ﬁ|t1—t2|2 e 3g it (2.30)

m, m? 2m?
+2e H lti=to] _ 5e H (ti+t2) + (36 + ?(9“1 — tzl - 14(t1 + tg))
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tl t’
A3 _mztz —m2¢ m2t” m2
— e 3H dt'e 3H dt”e 3H dt”’e 3H
H

Yang-Feldman-type equation

2m?
3H?

_ _(|t1 _ t2| _ z(tl + tZ)) )e 3H(t1+t2) 2 e 3H (3|t1 i’2|+2(t1+t2))

2

2
48 + 2%(7|t1 — to] + 2(t + tz))) e - (At () _ ;e‘gn_H(zﬁl—@'”(fl”z))

2 2
45 + 2%(“1 1|+ 8(t, + tz)))e—;n—H(|t1—tz|+2(t1+l’z)) 125e3H (21t-t2]-3(t1+1))

2
% - 2%(7“1 — | - 8(t + tz)))e gn_H('“""Z"Z(“””)).

Finally, at three-loop order, we obtain the following expression:

)LS

(()g(12) o =~z / dt’/ dt"/ dt”’e%(<q§<n>g5<t~'>><q§2<t'>> (2.31)

x(¢* <t">><¢2<t"' )+ 4< (1) (1) (SN {P(E)P(E")){(P* (1))
+2 <¢(t1)¢(t )><¢(t )¢(t”’)><¢ (t”)><¢ (t///)>

4 {FEFONFOFE)((Bendan))
+ 2t AINF )PP )P ("))
+4(3(t) )W ()Pt (SN ())($* (7))

+a (G ((FuOFE)) (Gandam)
2SN ((Fundam)) (F)
+2(Fd N (G (Fm)

+8 (Pt ) NSNS SE)S(1™))
+2<4§(t1>g£<t"')>(<¢5(t')¢3(t'”>>)2<¢32<t">>)

1)

(<q5<tl>q5<t'>><¢32<t~>>x

X (FUNGAINFE) + Hdd ) ((da))
+2($(E) ()W) S(ENG(E™)){($*(2"))

+ ()Pt WP WP (")) {($* ("))
+2(FEFE) OB (GG
(PN SN F ) ()



Two-point correlation function

+2(F)FE NGOG ((Fund))
* 2<¢§(tl>¢3<t~,>><q5(t’>95<t"’>><¢§2(t”>><95<t~>¢§(t~f)>)

_1%336 3H(t1+t2)/dte3H /dt///dt///e 321_}” (2<¢ (t)><¢(t )¢(t//)>

X (GG ) +2 (<¢§(t’>¢3<t”>>)2<qE<t'>¢§<t"’>><<52<t"'>>

4 (OGN ((BWFEN) (G + (FONFOFCINF NG )

L2 (FOYEOFEN((Gdam)) + -9 g (¢ (t">>)
+ (t © B).
Here, the time intervals are somewhat more involved:

Ia: t"<t'<t <t,<t; Ib: t, <t”"<t'<t <t
t
t/ll<

4

t/// S

Ia: t”
tl/

IA
~ o~

<t <t <t IIb: " <t" <
4 S t/ S t2 S tl, t/// St

7

IA

Ila: " <t"<t <t <t IIIb: " <t" <t <ty <ty
" <t" <t <t < b "<t <t <t <t

"<t <t <t <ty ' <t”<t" <t <t

<t <t" <t <ty "<t <t <t <ty

<t <t <t" <ty

<t <t"<t'<t.

(2.32)
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The notation I, I, and III refer to the first, second, and third triple integrals, respectively.
The index a corresponds to (2.31) and b to the case involving the permutation (#; < t;).
After performing the integration of (2.31) over the time intervals given in (2.32), one has

mé

54H3

31716 2
($(t)d(1)) o = AT (( 6+ 0

"t
3 —ag|ti—t2
_—_— t1 —t e 3H
409678 m14 10~ | )

|t t|+5m4|t to|% +
- bl omlh—h

3m? _mt 5 _mi(,. _ 223 11m?
+ 7+ _ltl - tzl e H |ti—ta| + —e 3H (4”1 t2|+(tl+t2)) + | — + (4|t1 - t2| + (tl + tz))
2H 4 2 H

4 2 m? 2
m I (2lt-tal+(n+t)) | (2139 m( )
+ Tt —t +2t+t)e3H(12 o) (224 B (96t — ty] - 119(t + ¢
(71—l + 200 2)) =+ (96001 — 1] = 119(t + 1)
4 m6 3
- 17(t; — t2| — 26(8; + ¢ )(t—t —2t+t)+—(t—t —2t+t) X
(171 = o = 26(t+ 1)) (1 = o] = 200+ 1)) + — (1= ] — 20+ 1)
2 2 2
X e_;n_H(t1+t2) + (ﬁ + 5%(17”1 — 1| + 8(t + tz)))e_gn_H(3|t1_t2|+2(t1+t2))
3

339 m? m* 2\ ml(,
-\ E(gltl — o] + 208(t; + tz)) + @(Itl —to] + 8(t; + tz)) ) o5 (In-l+2(ti+e)
1203 m? m* 2\ m(,
-5 - @(441“1 — 1y — 488(1; + tz)) t o (7|t1 —ty| — 8(t; + tz)) )e s (In=tol-2(ti+2))
2 2 2
- ﬁ - 15m (|,51 — by —2(t + tz)) e—%(tﬁtz) + Ee—g”—H(4lt1—tz|+3(t1+tz))
16 4H 48
2 2 2
_(87> 5&(7“1 ]+ 18(t + tz)) o ar (n-nls3en)) _ 35 B (in-nl-a(n+)
16 8H 16
2 2 2
B 2395 3 S5m (17“1 by - 18(t, + tz)) eg”T{(zltl—tzl—s(tmz)) _ ﬁe_;n_H(|t1—t2|+4(t1+tz))
48  8H 16
2 2
_ %e—;n—H(3|t1—tz|+4(t1+tz)) _ %e%(ﬂtl—fﬂ—‘l(flﬂz)))‘ (2.33)

At late times, using the perturbative results (2.25)—(2.33) for the series (2.23), we obtain
the corresponding expression:

late 3H* —m—2|t | 9)\H* m2 —m—z|t o
<¢(tl)¢(t2)> m Sﬂzmz(e 3g il _ W 1+ ﬁltl —ty|]e 3H T (2.34)
27)*H® 6m* m* _am? o
+W(ls-}_?ltl_tzl+@|tl_t2|2+e 3H|t1 to e 3H|t1 1o
mrm
243)°H*" 85m* 5m4 ,  mb ;
T Rl |ty — ta] + @m —t]* + 54H3|t1 — 1|

2

3m e\ mE
+ (7+E|t1—t2|)e 3H|t1 tzl)e 3H|tl | +O(/14);




Two-point correlation function

while the massless limit of the series (2.23) with #; > t; is the following:

m—0 H3t2 AH® 2H7

(i) 7= 2 = Z (k4 1)) +
AH?

18432078

31
m(ll ity + 258 + = t> | (2.35)

Our late-time series (2.34) is in agreement up to O(A*) with those obtained from quantum
field theory’s diagrammatic techniques [117, 118]; see the next Chapter 3.

At equal times, i.e., t; = t; := t, expressions (2.25)—(2.33) for series (2.23) lead to

(1)) 3H* _2m’t 27AH® 4m®t _2m’t  _dm’t
t))=——F—|1—-e 3H | - - e 3H —e 3H 2.36
P (1) 8m2m? 64 T4¢m® 3H (2:36)
81A2H!? 21 3m?t  m*t?\ _2m’t 2m?t\ _4m’t 5 _2m’t
3 - - _ e 3H —|[3+ e 3H ——-¢ H
64 T m10 8§ 2H  3H2 H 8
2187A3H16 872 172m?t 16m*t?  32mft®\ _2m’t
- +|— - - - e 3H
4096 8 m!4 9H 3H? 81H3
72m°t  128m*t?\ _4m’t 20m®t\ _2m’t 35 _sm’t .
— |64+ + e 3H —[40+ e H ——e 3H |+0(1%),
H 9H?
and at the late-time limit this series (as well as all massive series from above) is
—eo  3H! 27AH®  81A*H'  24057A°H'
($*(1)) - - + - +0(1). (2.37)
8m2m?  64m*mb  647°ml0 4096 n8ml4

The obtained equilibrium result matches those from [81, 82, 117, 118] up to O(4®), and
agrees with the Starobinsky-Yokoyama stochastic approach results in the perturbative
regime. We will discuss this in detail in Chapters 3, 4, and 5.

While in the smooth massless limit, expression (2.36) leads to

m—oo H3t AHt3  A2H't> 53 3H°t

- - Y= (g2, ). (@
i aan T some  toos0mr T OW) = {dnao(0). (238)

(¢* (1))

This expression reproduces the well-known secular growth behavior. To a given order,
it agrees with results of several studies [45, 83, 84, 120, 121, 122]. It is important to note
that this perturbative series (2.36) not only reduces to (2.38) in the smooth massless limit,
but also approximates this behavior in the regime t < H/m?, as observed at the tree level
in [54, 143]. Specifically, it recovers the Wiener process (2.19), discussed in [37, 38, 40].

The resulting series (2.36) is equivalent to the resummation of the leading infrared
logarithms in the perturbative expansion in m?/H?, performed at each order of the self-
interaction coupling constant A. A nice way to see it is to expand the obtained expression

1331
(471t16t2 + 55t1t3 + 93t2L) + 160t L5 + — tg) +0(1Y) = (Pmeo(t1) Pmeo(t2) ).
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in the m?/H? regime:

(p*(1)) = Z% ((1 - %(Ht) n 227’;?4 (Ht)2 - STI; (Ht)3 + ) (2.39)
- Ly’ (1_ I (b) + 2 (b7 - 2 () )
s 0 1= S S~ S+
- 2230/1; (He)° (1 - %(Hﬂ + zgg—g(Ht)z - %(Htf + .. )) +0(2%).

One identifies the leading infrared logarithm structure in cosmic time ¢, In (a(t)) = Ht, and
establishes in the m? = 0 case the agreement with the massless series (2.38) and with the
results of [45, 83, 84, 120, 121, 122]. Within our framework, infrared divergences in cosmic
time ¢ of the massless scalar field (2.38) are fully resummed in the massive series (2.36).

2.3 Four-point correlation function

In the case of the four-point correlation function, where the spacetime points have different
times but coinciding spatial arguments, we compute the perturbative series in the self-
interaction coupling constant A in the same manner. Suppose the time ordering is:

1 21ty > 13 > Is. (2.40)
Then, one has the series for the four-point correlation function

(¢(t)(L) ()¢ (ta)) = ((11)$(12)$ (1) (1)), + ($(11)$ (£2)$ (£3)$ (1)) ,

2.4
+ <¢(t1)¢(t2)¢(t3)¢(t4)>,12 +0(2°). (241)
At the A° order, we already have the answer:
(P(t1)(t2)P(t3)(ta))y = (P(11) (1) )((t3) (1)) (2.42)

+{P(t1)P(t3) )P (£2) P (ta) ) + (S (1) (t) )P (22) B (1) ).

This expression corresponds to the product of two-point correlation functions from (2.22)
arranged in an appropriate manner and results in

8 m? 2m?
— 77 (1l +i3+E, -7 (fa+t.
e 3H( 1723 4) e 3H ( 2 4) (243)

(BRI, = —

4 wim*

2 2 2
om?2 (t3+t4) 2m°ty 2m°ts 2mty m—0
+ 2e3H —e3H —2e3H —-3e3H 43| —
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m—0 6

(t2t4 +2 t3t4) = <¢m=o(t1)¢m=o(t2)¢m=o(t3)¢m=o(t4)>0- (2.44)

16
At the A-linear order, we have a partial result, as the correlation function splits into

connected and disconnected diagram contributions. The complete expression, including
the appropriate permutations, is:

A m?ty ; m’t’ ~ ~ ~ ~ ~
(P(t)p(2)$(13)p (1)), = e dt'e3_H(<¢2(t')><¢(t')¢(t2)><¢(t3)¢(t4)>

0
(PPN P() P (t3) )P (£2) B (ta) ) + ($* ()W ()P () ) {p(£2)(23)) (2.45)
+2<95<t’>¢?<tz>><q5(t'>95<t3>><q5<t'>g5<t4>>) + (heot)+ (h o)+ (b o),
connected

where the time intervals for the corresponding permutations above, with the chosen time
ordering given in (2.40), are

a ' <ty < t3 <ty <ty b. ' <ty < 13 <1t <ty (2.46)
<t <3<t <t <t <3<t <t
th < 13 <t <ty <t < t13<t <ty <t
<3<t <t <t

c. <ty < t3<ty <ty d. ' <ty< t3<th <t
<t <3<ty <t

One can directly calculate the complete correlation function via (2.45) with (2.46), as we
have done. However, the contribution from the disconnected diagrams can be obtained
from the previously computed results for the two-point correlation function at different A
orders; see (2.51) below. According to (2.45) with (2.46), the contribution from the connected
diagrams is

con 81AH12 _m_z(t +to+t +t) 4m2 Z_mZ(t +t)
- — 3H \\1Tr2Ti3 T 4 _ 3[ 37T
(P(11)$(L2)p(13)$(ta) ) 512 26m8 © *3H (t2—t3) |e

2m? am*ty 2m? 2m? 2m?
e 3 (hi—t—t3—ts) _ e 3H 4+ e 3H (t1—t2—t3) +e 3H (t1—ta—t4) +e 3H (ti—t3—ts) (2.47)

2

2m? 4m 2m?13 4m? 2mty
=S (b=t3—t4) =T

+e 3H —4+ ——(tr—t3) | e 3H — |12+ ——(tp + 2t3 — 3t4) | e 3H
( s 3)) ( (21 4>)

2 2m? 2m? 2m? 2m?
m _eam_ o, _cam_ _am_ o, _am_ o
F12 4 (t2 + 2t3 } 3t4) e 3H (t1i—t2) e 3H (t1—t3) e 3H (t1—ty) e 3H (t2—t3)

m—0
_

_2m? (tr=t2) _2m? (ts=t2) _2m’y _2m’ty _2m’ty _2m’ty
—e 3HVT W _e"3H\B3 W 4" 3H +4+e 3H +4+e 3H +e 3H
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m—0 8

BET: titatsty = <¢m:0(t1)¢m:0(t2)¢m:0(t3)¢m:0(t4)>;°n. (2.48)

At the coinciding times, one has

81 AH _2m’t 4mPt\ _4mt _2mlt 50
(p*)" = - m(l—ée ST+ |34+ ——|e S +2¢ H S (2.49)
T m

m—0 /1H81L4
32 76

= (o (D) - (2:50)

The obtained massless limit (2.50) agrees with the corresponding results from [122, 144].
For the disconnected contribution at order A, the result is the sum of the products of the
zeroth and the linear A orders of the already known two-point correlation functions

($(10)$(12)(1)9 ()3 = (F(11) P (1) Wb (1) P (£0)) , + (B (1) G (83) WP () p(24)),
+ (Pt P (1) )P ()P (1)), + (P(12)p(t3) )P (1) P (1)), (2.51)
+{p(t2)P (1) )($(t) P (1)), + ($(13)(t2) ){P(11)$(12)), .

or, once again, one computes (2.45) with (2.46). The final result for the disconnected
contribution is

z—mz(t+t)
(tl—t2+t3—t4))e3H 2T (252)

<¢(t1)¢(t2)¢(t3)¢(t4)>jiscon _

81 AH? ( +2m2
1024 5m8 3H

2 2

4m m’ _m? _m?
+ (8+§(t1 + 1y —t3—t4))e 3 (13+1s) 4 o3 (hmlemle) | ge =7 (h=lsta)

m m? 2m? 2m’ty
+2e 3m eliTh) o (mtatly) (3+ Sttt +3t4))e 3H

4m? 2m’ty 2m? 2m’ty
— |6+ ——t1 + 1 — {3 + 3L )e3H —(9+—3t+5t+7t - 3t )e3H
(6+ S (t+ 12— 15+ 38 (381 + 5t + 75 = 38,

2m? 2m? 2m? 2m? 2m?
_e 3R _ g3 (himt) _ g 3 (ht) _ o T (ots) _ g 3 ()

2m? 2m? 2m’ 2m’ 2m?
— 3¢ 3m B0 _ o3 () _ o3 () _ 9 e3H (57 46 4 S (34 + 5ty + Tt3 + 9t4)

2m’t 2m?t 2m*t 2m’t m?
43¢ 3 43¢ 3F +3¢ 3H 43¢ 3H4)e_3H(t1+t2+t3+t4) =,
m—0 ’ 2 2 3 3 3 2
— 384 76 3t1t2t4+6t1t3t4+t2t4 +2t3t4+t2t4+6t2t3t4 (2.53)

+3 t2t§t4 +2 t3t2 ) = <¢m:0(tl)¢m:O(t2)¢m=0(t3)¢m:0(t4)>jiscon;
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and, once again, at the coinciding times, one has

243 A\H'? 4mt\ _2m’t 4m2t\ _4m’t om?’t
()5 == 21— (14 2 e T30 — [1- 22| 3H e H | (2.54)
3H 3H

256 m9m?

m—0 AHB discon

— T (o)), (2.55)

We provide the final answer, representing the sum of these contributions (2.47) and (2.52):

12 2 m?
(BEBRIF ), = - ((4 (=t s - 1) Je T (256)

2 2m? 4m?t
+ (16 + L;iH(tl + 3ty — 313 — t4)) Bty g B _ e Bttty

( 2m? 2m’ty 2 2m?ts

3+ (t t+t+3t)) 3H (14+4 (t1 + 3¢ 3t+3t)) 3H
- — |t - e - — - e
Y ! 3H ? ’ i

M _ 2m2 2m t4
+ e 30 (2Tl _ (33 + 7(tl + 3ty + 5t3 — 5t4)) S 426 3T (=t

2m? 2m? 2m? om2
+3e 3 (hmtete) | g o~ (hmtsmte) o g =3 (=ts—t) _ (Spr (—t3)
2m? 2m? 2m? Com?
—e3H 7l _ g3 (5T | 30 4 (b4 30 4+ 50+ 71,) = 3e7 30 (=t2)
2 2 2 2 2
_ 46_%(t1_t3) _5 e__zg)rlr; (h—ts) _ 46__2?3; (=ts) _ g e__%rlr} (=ts) _ 5 e__Z?’rIrfI (t5—ts)

2m’t 2m?t, 2m?ts 2m’ty m? m—0
+5e  3H +5e 3H +5e 3H +5e 3H |e3g(itlthil) T,

m—0 AHB
384 76

(3 bty + 6 12 taty + 12 tybotsty + £ Ly + 6 15 Lty + 3 byt ty (2.57)
3 3 3| .
+ t2t4 +2 t3 t4 + 2 t3t4 ) = <¢m=0(t1)¢m:0(t2)¢m:0(t3)¢m:0(t4)>/1-

Finally, regarding the correction at order A%, we repeat the same reasoning. The complete
expression for the correlation function at the A% level with the necessary permutations is

2//

212 . 2
(P (1) () P(13)(ta)) 5, =—e S /dt /dt”e 3H ( (¢(t’)¢(t”))) (2.58)

X (GBI FF ) + (W) (GGG ed(e)

+((Buda)) (GG )de)d )
+ (PSP (1) {F ()N (1) (1))

23



Chapter 2

24

Yang-Feldman-type equation

+ 2(d()pA WP ()P (1) ()P (1) Wb (1) (ta) )
connected

+{P (SN P()h () WP ()W ()P (1) )

+ 2(3() ()W) P(13) P () p ()W (1) P(ta) )
connected

+{P()FA") WP (t) WP ()W P ()P (13))

+ 2((t") )W) P (1) ()P (1) Wb (1) (23))

connected
+{P() (1) P (£ P (1) W (1) )P (") p (1) )
connected
+{P(t) (1) W P(# )P (1) W () )PV p(13))
connected

+{P(t") (1) W P(#)p (1) W{* (1) )Pt )p(12))

connected

(PPN ()P (12) )P (23) (1) )
(P2 (YW P2 ()W) P(13) )P (1) (1))

+ (GNP (NP (10)){P(22)B(25))
+{G )P ()P ()W) (t3) )P (t")p(1a))

+

+

RPN RN

connected
+ (t1 g tg) + (tl R d t3) + (tl R d t4)
t ty

Az —m—z(t1+t2) ’ m’t’ ” m't” 72040 TN\ T (at 72041 7 7
w0 [ar S [are S ((FO)GOHENEN )

0 0
+ 2 ((Bada)) (Bda)
+2{$ ()P (t3) Pt p (t) W) G () )P ("))

connected

(P NHWP PP (1) (9 (1))
+2(5091) (B3 )) (1)

connected

+ {2 (W)W ()P () WP () WPt p(13) )
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+2(FWF)) ((FFE)) (GG (1)
connected

R RN I I CON CICO I CICOLICHY
connected
+ (hot) + (o t)t (ho b ok o)

+ (t1<—>t2;t2(—>t4;t3(—>t1) + (tl(—>t3;t2(—>t4).

The corresponding time intervals are:

Ia. "<t <ty < t3 <ty <ty Ib. t" <t <ty < t3 <t <t;; (2.59)
"<ty <t < t3<ty <ty "<ty <t <3<ty <ty
"<ty <t3 <t <t <ty "<ty <t3 <t <t <ty
"<ty <t <t <t <ty b <t'<tz<t <t <t
t<t' <3<t <t <t ty <tz <t'<t <ty <t
ty<tz3<t" <ty <t <ty ty<t' <t <ty <ty <ty
<tz <L <t"<t <t
<t <3<t <t <ty
<tz <t'<t <ty<t;

L <t'<t <3<ty <t

Ic. "<t <ty <3<ty <ty Id. "<t <ty <3<ty <ty
"<ty <t < 3 <t <t
b <t'<t <t3 <ty <ty

Ila. "<t <ty <3<ty <ty IIb. "<tV <ty < 13t <ty
"<ty <t < 3 <t <t "<ty <t < 3 <t <t
"<ty <tz <t <ty <ty "<ty <t3 <t <t <ty
"<ty <3<t <t <ty "<ty <3<t <t <t
L<t'<t3<t <t <t L <t'<t3<th <t <t
<t <3<t <t <ty ty <t' <ty <t <ty <ty
<t <t <t3<t <t b <t" <t <ty <ty <ty
<tz <t'"<tH<t <t <t <t" <3<t <ty
h<t3<t" <t <t <t ' <ty <t' <ty <ty <t
<<t <t'<bh<t; <t/ <ty <t3<ty<t;
<t <t3<t'<t)<t;
<t <t' <3<t <ty
<ty <t'<t3<ty <ty
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' <t' <ty <ty <ty <ty
<ty <t3<t’" <t <ty
Ilc. "<tV <ty <3<ty <ty IId. "<t <ty < t3<ty <ty
"<t <t <3<t <ty "<ty <t <3<ty <ty
"<ty <t3 <t <ty <ty " <ty <t3 <t <ty <ty
" <ty <t <t <t <ty ty <t" <t <t <ty <ty
' <t' <ty <t3 <ty <ty t<t' <t <t3 <t <ty
b <t <t" <3<t <ty
<ty <t' <ty <ty <t
U <t' <ty <ty <ty <ty
Ile. t" <t <ty < t3 <ty < ty; Ilg. "<t <ty < t3 <ty <ty
"<ty <t <3<t <ty "<ty <t <3<t <ty
" <ty <ty <t <ty <ty '<t"<ty<tz<tr<thy

Here, we refer to the first and the second double integral by I and I in our expression (2.58),

and the letters link the time intervals with the corresponding permutations listed above.
From (2.58), by splitting into different parts with respect to (2.59) and computing all the

integrals appropriately, the contribution from the connected part takes the following form:

21716 m2
(Bt (1) (1) p() ) = LA B tovturtyny

m’
2T 3096 n8m12 (e S (4210 (2.60)
am

2 4 om?
+ (ﬁ + ﬂ(tl +9t; — 9ts — 1) + 41(@ —t3) (1 + 2ty — 2t5 — t4))e 3 (15+19)

2 ' 3H 9H2
2m? m’ 21 m? m’ty
14 Sty — 1) | e3E ) 20 L (3 4 3ty + 383 — T1y) |e 3H
1+ 5= ) L (b3 30— 70
om? 2 om? om?
+ le—%(tl—@—zm) (23 + m—(9t1 5ty = 3t — 1) e—%(n—@—@—g) + le_%(tl_tz_z t4)
2 2 ' 3H 2

2 2 2 2 2 2 2
RS eI AR O IR A RN S - CE IR - (G
2 2

2

4m* 2 m—z(t —t3+21y) m—z(t —3t3+4ty) 63  2m
+ (2 - —(ta—t e3H V2RI a3\ ETORTEM | (28 + 17ty — 1713 + 6t
( oz s~ 1) ) 7 P 2h > = 1785 + 6t4)

4m*

2m2t3 2m2
+ —=(t2 — 13)(t1 + 28 — 23 + 314) |e 3H —[146 + —— (611 + 2913 + 6413 — 75t
o 2= ) (1 2t = 213430 ) 57— (1404 37 oty + 290+ s - 750

! 2m?t
+ W((tg + 213 — 3tg) 1y + (202 + 913 — 10ty) 12 + (685 — 1584)t5 + 8t§))e o7

1 _2m? m? _em? m?
— —e 3 T2 4 19 4 — (98 — 58, — 315 + 3t) |e 3H 1T 4 {15 4 — (94 — 5t
2 3H 3H
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—M(t —ty—ty) m’ —M(t —t3—1y)
+ 7ty — Tty) |e” 3H 1T 4 21+§(9t1+13t2—11t3—7t4) e 3H 1R

2

3 _2m’ 5 _2m o, 51 m
— —¢ 3H (h—2ty) 2 e 3H (2t1—ta—t3—ty) + + _(tl + 21t2 _ 11t3 _ 7t4) e 3H (l‘z t3—t4)
2 2 2 3H

2m? 2m? om? 2
_ le—%(tz—z t5) _ §e—3%(t2—2 t) le—%(g—z L e b)e 3H(t2 3t5421,)
3H
4m? m? m 2m? 2m’ 223
b (ta— )1+ — (s —ta) |e 3H ™) _ (2 4+ 2 (1, — ) |e 30 (7% 4
37 4)( A 4)) 37 27 b) 2
4m2 4m4
+ 3—H(3t1 + 14t + 3085 + 55t4) * o ((tz + 285 + 3ty) 1 + (212 + 913 + 1284) 1

2

29 m
+ (6t3 + 23ty)t3 + 14t;‘) - (7 + ﬁ(9t1 — 5ty + Ttz + 9t4))e ) +2e 3 (=t

27
5 2

~

u,m L
— ( 30 (9t1 + 138, — 1185 + 9t4))e 3H (t1 1) 4 o= 3F (h—tetts—ts)

5+ 5 (90 + 136 + 1785 - 19t4))e Prew 2e Bttt | 2e B n-ne)
2 2 2
ge 3% (2t—tp—ty) | 2e 3H 2ty ta) | 2e 3H  (2tyty ta) | (2+ ﬁ(tg—t4))eg1_H(t2_3t3)

F(tmts) _ m’ 2 1yt
25+— (t1 + 218, — 1183 + 9t4) |e” S (1t 33+ﬁ(t1+21t2+17t3—19t4) e 3H M

i
(75

2

3 2m?
tl + 5ty + 29t3 — 151’4))6 3H (t3 t) (—

(t2—t3—2t4)
I3 —t 3H
AT 4))6

2 2
_leﬁ(tz—smzu) 5e 3F (201-1y) Se Erie " (201-t5) Se s ~(2ti-1) ze—%(tl+t2—t3)

[\

2m? 2m? 2m? 2m? 2m?
_ ze—ﬁ(flﬂz—hx) -9 e—ﬁ(t1+t3—t4) _ e—ﬁ(fl—t#%) _ e—ﬁ(tl—fzﬂd _ e—ﬁ(t1—t3+f4)

m? —2m al (t+t ta) (t t3+t)
+ 28+ﬁ(9t1+13tg+17t3+21t4) 3H —2e” S (st —e S (-t

5 _2m*., . _ 5 _2m*., . 65 m? _2mPty
-~ e s (2hts) _ 2 o~ (2 t4)+(?+§(t1+21t2+17t3+21t4) e 3H

2m? m? 2m’ts
—2¢ 30 3BT L1354 — (1) + 5ty + 2985 + 25t,) |e” 3H + —e B (tamtmaty)
3H 2
2 2m*t. 2 2

m _amly 1 m., me g
+ (43 + — (1 + 5ty + 1183 + 431y) |e” 30 + —e3A 20 _ @3g(3h721)

3H 2

2 2 2 2 2 2
e St B (4t L B4t o o~ EE () g (B () | g 5 ()

m—0
_

am’n 5 4m’n _4m’ts _4mPy
+§e 3H +5e 3H 4+ 2e 3H +4+2e 3H

27



Chapter 2 Yang-Feldman-type equation

m—0 /12 Hlo
_—

m(ll Blotaty + Litatsty + titataty + titytst) (2.61)
JT

+ 513ty + 385t + 265 ) = (Pmmo (1) Pmmo () Bz (15 bz (1)) 52

and the equal time result is

5103A2H1° 8m?t\ _2m’t 18  48m?t 16m*t?\ _4m’t
(¢4(t))“z’“:— -8+ e 3H —|—— - e 3H (2.62)
A 2048 78m!? 7 7TH 7H?

s

40m?t\ _2m’t 11 _8m’t) g0 A2H104® 4 con
+(8+ )e * e 3H) o (Pmeo (D))o - (2.63)

As before, the contribution of the disconnected diagrams can be calculated directly via (2.58)
and playing the game with (2.59) or can be obtained by combining the zeroth-order, linear-
A, and quadratic-A? contributions from the previously presented two-point correlation
function results as follows:

($(t)P(E2)P(1)$ (1)) 5 = (1) G () W (13) () (2.64)
+($(t)P(t3) )P (12§ (1)) o + (P(t)P (1) )(P(£2)$(8)) 1o + (P (1) P (13) ) (P(11)$(20)) ;.
+ (P8P (1) WP ()P (13)) o + (P(t3)P (1)) (B (1) (1)) 1o + (P(t)p(22)), (P (83)p(ta) ),
+{(t)$ (1)), ($(t)(t0)), + (P(t1)p(ta)) ($(£2)$(13)), -

We computed it straightforwardly with (2.58) and (2.59). The resulting explicit expression is

i 243 \*H'C _m’ Lt o
<¢(t1)¢(t2)¢(t3)¢(t4)>j;sc0n — W e 3H(t1+t2+t3+t4) e 3H (t1—21t,—14) (265)

2 2 2m? 2m?
m m 2m’ wm?
+[6+ 37{(1‘1 — L+ 13— t4))(6 + E(tl — L+l t4)) e 3H (1) 4 o7 (1767210
2m? 2m? 2m? 2m?
+ e 32t | S (hmtd2n) | ~SE (eet-2t) | S (-2tt)

2m? m? m?
+la+ (i +t—t5—ta) |18+ —= (11 + 1, — 13 — 1) | e 30 (*14)
3H(1 2 — I3 4))( H(l 2 — I3 4))

2 2m? 2m? 2m?
m _ell e el _Eel (=
+ (27 + —H(9t1 — 5ty + 13 — t4)) e 3 (7hemh) o3 (72h) o (2t

2m* _amd _am i,
e (9t1+t2—3t3—3t4))e s (7)o (072 e (272t

2 2m? 2 2
m am o, m
+ 127 + E(tl — Iy + 9t3 — 5t4)) e 3H (t2—ts+ts) + (54 + ?(tl + 9t2 - 3t3 - 3t4))><

2m’® m? m! e
< e 3H (ta—t3—tg) _ (E(”l — Tty + Ttz + 29t4) + 3?(1‘1 —ty+ 13+ 3t4)2) e 3H
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4

Rk

2m2t3

oty — 3+ 3t4)2) e 30

2 2m?
— e 3 (52t) _ (?(7151 + Tty — Tts + 29%4) +

2 4
m m
- (E(zu1 + 43t + 6515 — 211y) + ﬁ((?)tl + 10t + 1485 — 6ty)t; + (118, + 1813

2ty 15 15
— 10t4) 2 + (1985 — 14t4)t3+3t§))e e ren-u-t e S Gnnen)

51 m2 _Z_mZ(t_t) 2m2
_ ?+E(9t1—5t2+t3+3t4) e 3H (17h) _ 51+?(9t1+t2—3t3+5t4) X

_2m? 153  m?
x e 30 (h7h) _ (7 + E(zm + 9ty + 1183 — Tty) | - ) 4 2e o (1mtetst)

15 _2md, 51 m? m?
+ e (2r2~ts~ta) _ (7 & (B —tz+9t3+7t4))e3H (t2—t5)

129 m?
4

2m? 2m? m?
- T g(tl —ty+t3 + 15t4))e 3t (o) (51 + ?(tl + 9ty — 313 + 5t4)) e 3H (27h)

o 333 m? _am? _2m?
+3e 3 (hHh—ty) _ (T+ 7 (314331, + 11t3—7t4))e 3 (1) _ o3 (1

—21)

m? oy (129 2m?
- 90+E(3t1+5t2+39t3—7t4) e 3H BT — 7+7(t1+t2—t3+15t4) X

o 207 2m? m*
X e3H -5t —— (9t1 + 19t + 29t3 + 3944) + 3? (311 + 108, + 1485 + 18t4) 1y

15 2m? . 15 2m? .,
+ (118, + 1813 + 30t4)t, + (1983 + 42t4)t5 + 27t§) + e (fo=2ty+a) _ e (f2=285)

15 2m m? _wmh5ogm?,
- e (f2=28) 4 (72+E(27t1+9t2+11t3+13t4))e S — e 3 (to=t=ta)

2 2 2 2
15 By 15 By 15 T 45 Bnn) g o (nt)

2 4 2 4

2m? 2m? 2m? 2m?
_0 3 “(h+tmty) _ 3 3 Bt _ 3 SR b _ 1 ST

_em? 15 _2m ., _ 315 m? 2mlhy
—_4e 3H (ti—t3+ty) ? e 3H (2t,~t3) + (T + E(Btl + 33ty + 1113 + 13t4) e 3H

2 2 2 2
_ ﬁ e—%iH(Zfz—tzx) _ E e—%ﬂH(tzﬂru) _ 46_2?’%(t2_t3+t4) _ ﬁ e—z?’iH(Zt3—t4)
4
171 m? _am's 1 11
+ | ==+ — (3t + 51, + 3913 + 13ty) | e 3H + —e S 1 B
2 H 2 2
369 m? _mly 11 11
+ (T + ﬁ(3t1 + 5ty + Tts + 45t4)) e I+ e S 1 A
2m? 2m? 4m?t am’t 4m?t 4m?t
+ 12—1e 3H (1) 121 e~ 3 (s+ta) +§ e 3+ % e 3 +4f7‘5 e 3 +§ e 3
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m—0 /12H10

Ry L £ boty + 22813ty + 21283 by + 1212 £5 taty + 6 12 tytl 8y
JT

(2.66)

1
+ 2t + AL ty + AL 3t + ;t; ty + 221, t3ty + 213 toty

z 2, .3 4 2,3, 31 5 62 5

SHG A0 LA G 1O L+ 206+ bt + 1
4 62 discon
#3884 ]| = ot 0V

and at equal times it becomes

d&i 729 \2H1° 32mPt  16m*t?\ _2m’t
<¢4(t)> seon = W 19+ |26 — - 32 e 3H
a°m

8m?t  32mit?\ _am’t 40m2t\ _2m’t _8m’t

— 196 + — e 3H + |38+ e H +13e 3H

H 3H?2 H

m—0 23 /121‘110 t6 _ discon
960 78 = {Dneo (8 )> '

(2.68)
The full four-point correlation function at order A2, as the sum of (2.60) and (2.65)
729 A*H'®  _m® 1 2m
_ —ar7 (hi+t+t3+ty) (t2—t3+2t4)
<¢(t1)¢(f2)¢(t3)¢(t4)>lz = 2096 2miZ ¢ 3H TR i 3H 2T (2.69)

2 2 2m?
m m 20 (fy+t4)
6+—(ty—ty+ts—ty) |[1+ —=(t; — to + t3 — t) |e 3H =4
3FI(1 2 3 4))( 6H(1 2 3 4))

2m? L 91 4m?
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All the terms of the computed perturbative massive series are finite, have a smooth massless
limit at each A order (2.72), and approach the equilibrium value at the late-time limit (2.73).
Similar to the expectation value <¢2(t)>, the infrared divergences in cosmic time ¢ of the
massless self-interacting scalar field (2.72) are fully resummed in the massive series (2.71).
This corresponds to the resummation of leading infrared logarithms in the perturbative
expansion in m?/H? at each order of the self-interaction coupling constant A. Expanding
the resulting expression (2.71) in the m*/H? regime

s SHOE (O 2m? 7m* 2 2m° 3
(¢*(1)) = = ||\~ 32 (Ht) + T (Ht) T (Ht)” + ... (2.74)
A 2 46m* 76m* »  1864m° , 4
= g () (1 = s )+ Tasp () gagse (1Y)
53 A2 4 498m? 1054m* 5 1552m°® 4 5
* Tso0 () ( = 571 )+ s )~ Sapeme )+ ) +O(r)

we can trace the leading infrared logarithm structure in cosmic time ¢ and establish the
correspondence to series (2.72) in the m? = 0 limit. Additionally, we note that <¢fn:0( t)> 1
in (2.72) is in agreement with the results from [122, 123].

To conclude, in this chapter we have computed the two-point correlation function of
the free massive scalar field (2.22), relying solely on the known two-point correlation
function of the free massless field (2.19) with the use of the introduced relation (2.15)
derived within the truncated Yang-Feldman equation (2.14) for a massless scalar field.
We have further computed the quantum corrections and organized a perturbative series
in the self-interaction coupling constant A for the two-point and four-point correlation
functions through the massive Yang-Feldman-type equation (2.16); see also (2.17).

Section 2.3
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On the correspondence between
3 the Yang-Feldman-type equation
and diagrammatic techniques

Based on the previous chapter, computing the vacuum expectation value or correlation
function within the massive Yang-Feldman-type equation (2.16) involves integrating the
retarded Green’s function (i.e., exponential factors) together with products of two-point
correlation functions of the free massive field with some combinatorial coefficients.

In this chapter, we intend to explore the correspondence between integral structures
within the massive Yang-Feldman-type equation (2.16) and the Feynman or Schwinger-
Keldysh [107, 108] and stochastic [81, 82] diagrammatic techniques. All types of diagrams
have the same topological structure, but in the stochastic case, one encounters a single
vertex and three propagators, while in the Schwinger—Keldysh formalism, there are two
types of vertices and four types of propagators. To spot what kind of correspondence
may exist, we shall rely on the outputs for the two-point correlation function of a massive
scalar field calculated at the one-loop and two-loop levels via the Schwinger-Keldysh
diagrammatic technique in [117] and [118] in the p-representation [119], for a massless
one at equal times taken from [83, 84, 120, 121, 122, 123], and the stochastic ones at the
equilibrium for the massive case from [81, 82]; see the original development [145].

At linear order in A, via the Yang-Feldman-type equation (2.17),

: : one obtains the following integral structures for (2.24)
t
A mit d 2y

2 A mi . ~ ~
ik Ly =—ze st [ dtesim (o)1) (D)
Figure 3.1: One-loop A 0
diagram for two-point Il,b = [1 . With (tl o tz).

correlation function.
The corresponding one-loop diagram is shown in Figure 3.1 and

has the same topological structure for both the Schwinger-Keldysh
and Feynman diagrams; see below.

All integral structures for the two-point correlation function at the two-loop level in the
Yang-Feldman-type equation, see (2.27), are the following:

151 t
2 ’”

2 m’y
1l = T / ‘”'/ a5 (GG FOFENF ) (3.2)
0 0
If; = I with (t; & tg)'

2 mt1

)= e / dr / e (¢(t")¢(t2))((¢(t)¢(t”))) (3.3)
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2 2
I) = J;a with (t1 o tg)'

P / ar / are S (G B WFNF)) (3.9

Z;,b = 1'3,3 with (t1 TS tz);

51 1)

22 2&2 _m—z(t1+t2) t’ ” ﬁ TN (4 3
= et drem [ areH (<¢(t)¢(t ))) : (3.5)

0

, A2 m m’t’ m’t”
;= Dt / drest / are S (FONFOIONFE). 36)

0

Alongside, all possible two-loop level diagram structures are presented in Figure 3.2 below.

e
L, o L0

t ty

a. "Snowman" b. "Sunset" c. Independent Loops

Figure 3.2: All possible two-loop-level diagram structures for the two-point correlation function.

Our correspondence hypothesis is based on the following assignment assumption:

In order to obtain a given diagram topology, the points might be connected either by an
explicit correlation function in structures (3.1) and (3.2)—~(3.6) or by the limits of the
integration variables.

Regarding the one-loop contribution, one notices that ¢’ is integrated up to t; (or t,),
while under the integrals (3.1), we have the two-point correlation function, which connects
t" and t; (or t;), and another correlation function, which corresponds to the loop attached
at t’. Therefore, the two integral structures (3.1) correspond to the topology in Figure 3.1
and yield the result already obtained in (2.25). At late times, the obtained result (2.34)
is in agreement with those from [117, 118] within the Schwinger-Keldysh diagrammatic
technique [107, 108]. In the massless limit and at equal times, see (2.35) and (2.38), it
matches those obtained using quantum field theory methods [83, 84, 120, 121].

At the two-loop level, let us look at the first structure (3.2). We observe that t” is
integrated from 0 to ¢/, while ¢’ is integrated from 0 to t; (or ;). To reflect the fact that ¢”
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is integrated up to t’, we shall connect the points ¢’ and ¢” and add the line connecting the
point ¢ with the external points #; (or t;), corresponding to the absent free massive field
¢ (1) (or ¢(t)). One has another external point ¢, (or t;), where the field ¢(t,) (or ¢(t1)) is
present and connected to the field at the point ¢’ through the correlation function under
the integral. There is also the two-point correlation function <¢(t’ ) (t” )) that connects
t" and t” representing an additional line in the diagram. Finally, we have a closed loop
attached to the point t”. As a result, we obtain the topology of the so-called "Snowman"
diagram; see Figure 3.2a. By computing the contribution of these structures, one has

<¢(t1)¢(t2)>5nowman _ ]_ Ilb 243 )2H12 ((2 N 2m?

-t
1024 6m10 s h _t2|)e S (3.7)

2

1 2m(|t ts| 2(t+t))+ '
3H 1 2 1 2

12(|f1 —to| = (1 + tz)) ) e 3H(tl+t2)

2 2
+|2+ 2;; (|t1 —ty] + (01 + 12) )e 37 (2=l (t) | ;e 3 (ln-l+2(e)
2 2
o4 f™ 2m (|t1 o]+ (1 + tz) e 3H |t1—t2|+2(t1+t2)) _1 —;n—H(2|t1—t2|+3(t1+tg))
3H 2
2 2
_(1_ zi(“l — by — (1 + tz) m—H |ti—ta|~2(t1+t2)) _ le%(2|t1—t2|—3(t1+tz))
2 3H 2
late 243)*H"? m?
times 512 om0 L+ |t1 — ] e 3H|t1 t2| (3.8)
m—0 )LZH7 S
L (5 e, + 3t2) = (Bmmo (1) o (12) ) 0™ (3.9)
1=E2

equal 243)2H"? 1 2m?t  4m*t? _23%?
— e
times 512 77.'677110

4mPt\ _4m’t 1 _amt ’t
_ (1+ )e 3 _5 _<¢()>Snowman‘

In the case of the second structure (3.3), we have a pair of two-point correlation functions
connecting the points ¢’ and t”, as well as a third line, which connects these two points
because t” is integrated up to t’. The integration limit for ¢’ is ; (or t;), and the internal
two-point correlation function also connects t” with external points ¢, (or ;). As a result,
one has the so-called "Sunset" diagram; see Figure 3.2b. Moreover, structure (3.5) has
the same topology: the integration limits for " and t” are t; and t,, respectively, so the
integration effectively replaces the external fields qg(tl) (or ¢S (t2)), which are absent in
this structure. From the points ¢ and ¢”, one can draw two lines connecting them to the
external points #; and t, corresponding to the absent fields ¢(t;) and ¢(¢;), and these two
internal points, ¢’ and t”, are connected by three identical correlation functions. Therefore,
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their sum leads to

Sunset 2 : 243 \*H' 2m? m
<¢(t1)¢(t2)> unset _ 2a+ J-Z/lb I/l W 1+3_H|t1_t2| e 3H|t1 to| (311)
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2 2
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3
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— | (L S el e T e s e, (3.12)
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times 25677,'617’110

al  81A°H'Y 4mPt\ _2m’t 4mPt\ _4m’t 2
= 1+(9- e 3H — |9+ e 3H —e = (P*(t ))Sunset.
H H
(3.14)

In the last case of the third structure (3.4), we have closed loops attached to both internal
points. There is also a correlation function connecting these two points, and there are, as in
the case of the ﬁr~st structure, two lines connecting the moments ¢’ and t” with the external
fields ¢(t1) and @(t2). In the fifth structure (3.6), we also have two closed loops attached to
both internal points ¢’ and t”, and, hence, we again obtain two independent loops, or the
so-called "Double Seagull" diagram; see Figure 3.2c. Performing the computation, we get
for this contribution

Ind. Loops 22 2 243 \2H' 2m?
t 12 —f + 7, f =t 3.15
((t1)g(t2)) 5p T = 1024 7om10 |t — t2] (3.15)
4 m? 2 4
2| —amlti—t] m ( ) m ( 2
+ ——|t; — t,|°| e 3H +=(lti -tz —2(t1 + o)) + — (|t — t
St 2|) (3 It = tol = 2(1 + 1)) + o (1t~ ]
2

—2(t1+t2)2))e B | 4e - (ln-nlsaten) | (1+3’”—|t1 —t2|)e o (2ln—tl+ (v

2 2
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2 3H 4
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2 2
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4 3H

2
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4
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late 243)2H*" n 2”12|t ¢ | + m* |t t |2 _;‘r}l'—zlltl_tZ' (3 16)
- — |t = e ; .
times 1024 7m!1° 2 B Y R
m—0 AZH7 1 7 Ind Loops
T+ =+ — 1t t t 3.17

equal 243)2H1'? 1 2m?t  4m*t?\ _2mk
e 3H (3.18)

times 512 7T6m10

am?t _4m’t 1 2 Ind Loops
— |1+ e 3H ——¢e = (¢%(t

Our results at late times, given by (3.8), (3.12), and (3.16), exactly match those computed
in [117] and [118] in the p-representation [119] within the Schwinger-Keldysh, "in-in",
or "closed-time-path" diagrammatic technique [107, 108]. The full expressions for the
one-loop (2.25) and two-loop contributions, (3.7), (3.11), and (3.15) differ from the findings
of [117, 118]. This is due to the initial choice of the so-called Bunch-Davies, de Sitter-
invariant vacuum state [142] for a massive scalar field used there, as well as the specific
momentum cut-off, 0 < k < He!'*. However, by virtue of our "building block" (2.22), the
obtained results tend to the equilibrium, de Sitter-invariant state at late times, as seen
in (2.34), and turn out to be in agreement with [117, 118]. In addition to the agreement in the
final results, the structural form of the expressions is also consistent. We will demonstrate
it a bit later.

At the three-loop level, we present the results for each type of diagrams in Appendix B.
All types of diagrams are listed in Figure B.1. We follow the same assignments, as presented
below Figure 3.2, to sort out all the integral structures in (2.31). The full expressions for
each diagram type are (B.1), (B.5), (B.9), (B.13), (B.17), (B.21), (B.25), and (B.29), and their
sum, obviously, is (2.33). At late times, they appear to be de Sitter-invariant; see (B.2),
(B.6), (B.10), (B.14), (B.18), (B.22), (B.26), and (B.30). In the massless limit, they are equal
to (B.3), (B.7), (B.11), (B.15), (B.19), (B.23), (B.27), and (B.31).

In the four-point correlation function case, we follow the same assignments in between.
There is also another relation between the notion of a loop and A order. The connected
contributions from the A-linear order in (2.45):

con 24 Ztl /
(P(11)(t2)P(t3)P(ta) ) =-g¢ ? /dte3H () (12) (D (t) (1) ) (S (1) (1))

0

+ (heo )+ (het)+ (b ot (319

t t2 They belong to the single vertex diagram presented in
Figure 3.3. The result of that contribution is (2.47) and
¢ in the massless limit appears to be (2.48). In the equal-
time case, our obtained expression reduces to (2.49),
ty I3

Figure 3.3: Vertex diagram at tree
level contributing to the four-point
correlation function.
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and its massless limit is in agreement with the corresponding result from [122, 144];
see (2.50). The connected part at order A% in (2.58) corresponds to the one-loop contribution.
It is equal to the sum of two types of diagrams; see Figure 3.4 below. The full one-loop
answer is (2.60), and its massless limit is (2.61). In the late-time limit, one extracts the
equilibrium values from (2.60) or (2.62).

Figure 3.4: One-loop diagrams contributing to the four-point correlation function.

3.1 "In-in" formalism

The Schwinger-Keldysh, or "in-in" diagrammatic technique [107, 108], is one of the most
efficient formalisms for computing correlation functions in cosmology. In contrast to
the typical scattering computations, where the system evolves from t = —co ("in" state)
to t = +oo ("out" state) and both states are specified, in cosmology we are interested in
evolving the quantum system up to some finite moment of time. One specifies only the
initial state, and both the "in" state, |in), and its Hermitian conjugate, (in|, evolve from
t = —oo to a certain time moment, and the field operators are sandwiched between unitary
time-evolution operators. Therefore, within the Schwinger-Keldysh or "in-in" formalism,
the two-point correlation function is

<¢(t1, )_(')1) ¢(t2,)?2)> = <11’1| U]T(tl, —OO) gb[(tl,J_C)l) U](tl, —OO) X (320)

U[T(tz, —OO) ¢I (tg, J—C)z)U[(tz, —OO)| 1n>
Here, the subscript I denotes the interaction representation, ¢;(t, X) is the field in the inter-
action picture, and its time evolution is governed by the free massive theory Hamiltonian

Hpy, and |in> is the vacuum state of the free massive theory. The unitary time-evolution
operator Us(t, —oo) in (3.20) for the model under consideration (1.1) is defined as follows:

t
Up(t,—o0) = Texp(—i/ dt’ e3Ht/ d3x’ /Zlgbf(t', 3?’)), (3.21)

=H (¢I(t'))

Ut (¢, —0) in (3.20) is its Hermitian conjugate, and UU;T = U TU; = 1. We denote by 7 in
Ur(t, —o0) and 7 in Uy’ (¢, —c0) the time- and anti-time-ordering respectively.



"In-in" formalism

To provide some details for comparison with our findings in this chapter, we refer to
the results of [117]. We represent operators as Us(t;, —o0) = Uy’ (+ o0, t;) Up(+ 00, —c0)
and Uy’ (t3, —0) = U;'(+ 00, —00) Up(+ 00, t;) and substitute their product in (3.20), i.e.,
U (t1, —00) U/ (5, —00) = U, (+ 00, ;) Uy (+ 00, 1), resulting in

(¢(t1,%1) ¢ (t2,%2)) = (in]| Ur' (11, —00) ¢y (1, %1) U (+ 00, 11) X
U[(+ 00, tz) ¢] (tz, J_C)g) U](tg, —00)| 11’1> (322)

] _ . i +fmalt’ H(t') . —i Tdt' Hi(t") )
= <1n|‘7'(¢1(t1,x1)e oo )‘T( ¢r(ty, x2) e - )|1n>.

One starts in (3.22) with some initial state at t; = —oo in the last line of (3.22), evolves
forward through the time moment t,, continues to + oo, then backward to t; and to —co.
That allows one to describe the non-equilibrium dynamics, as well as to express (3.22) as
the time-ordered products. Thus, one introduces the following notations for the forward-
evolving field ¢/ (¢,x) and for the backward-evolving field ¢; (t,X), and the two-point
correlation function (3.22) takes the form

(0 Eb(0.50) = (] T (gb;(tl,a?l)qﬁf(tz,fz) Rk (w,(qs;(t'))—wf(qs;(t'))))|m>. 3.23)

All time-ordered products as a result of the Wick theorem fall into four possible combi-
nations of field contractions, i.e., four propagator types®:

(in| 7 (¢ (t1, %1) ¢ (t2, %2))|in) = (in| @1 (L2, %2) ¢r(t, X¥1)[in) := G= (11, X132, %2);  (3.24)
(in| 7 (g7 (t1, X1) @7 (t2, %2))|in) = (in| Py (21, %1) ¢r(t2, X2)[in) := G” (11, X152, %2);  (3.25)
(in|7 (] (11, %1) ¢] (12, %2))|in) = O (11 — £2)(in| ¢; (11, ¥1) p1(t2, %2)|in) (3.26)
+O(t, — t1)(in| g1 (t2, X2) ¢1(t1, X%1)|in)
= O(t; — 1)G™ (1, X1; b, X2) + Ot — 1) G = (t1, X1 12, X2);
(in|7"(¢7 (11, Z0) 7 (12, %)) |in) = ©(t2 — t1) (in| §1 (11, 1) $1(t2, Xz) |in) (3.27)
+0(t1 — t2)(in| $r(t2, X2) $r(t1, %1)|in)
= O(ty — 11)G” (t1, X13 b, X2) + O (81 — 12)G= (b1, X1 12, X2).

Here, Gz(tl,flg tg,a?z) are the free Wightman functions associated with the two-point
functions of the massive field evaluated in the initial vacuum state:
a3k

(27[)3 e ik(X1—%X2) Glf (tl’ tz), (3.28)

G2 (t, X1t Xa) =
and their momentum representation here is expressed through the mode functions as

2 Note that four propagator types are not independent: (3.24)+(3.25)=(3.26)+(3.27).
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follows:
Gy (i, t2) = u(t)uf(tz) and  Gp(ty, tz) = ug(tr)ux(tz). (3.29)

To perform the computation using the Schwinger-Keldysh, or "in-in", formalism, one
expands the operators in (3.23) as a series in A and sequentially carries out field contractions
for the expectation values of the field operators at specific time moments for the given
initial state.

At the A-linear order, the correction to the two-point correlation function is
(B(t7) Bt 7)), = - / are [ @y <m|fr(¢;<tl,a> 81 (12, %) X (330)

(197 20" = 6507 ).
Thus, in addition to four types of propagators (3.24)—(3.27), we have two types of vertices

with two different signs:
23 [aren [ o (331)

With appropriate field contractions and with the help of (3. 24)+(3 25) (3. 26)+(3 27), we
get for the connected diagram with the coinciding spatial points X; = X, := X:

(1, DB, 7)), = ($(0)B(12)), = 32 / are [ a3 x (332)

(<1n|7' ¢r (0, )G (1, 3)) T (9] (12, D)7 (1. X)) T (¢ (¢, %) (¢, %)) |im)

—(in| T (¢} (t1, )Py (¢, %)) T (8] (12, %) (', )T (¢ (£, ¥y (¢, X))] i)

= —3/1/ dt'e 3Ht/ d3*’ GR(tl,x t', %) G (tp, %; ', %) (3.33)

+ Gr(ty, X;t', %) G (t1, X; ', X )G>(t' X't X

The disconnected contributions canceled each other. Here, the retarded Green’s function is
defined as Gr(t;, X1;t,X') = iO(t; — t’)(in| [¢1(t1,%1), P (2, X")] |in>, and it is the difference
of (3.26)—(3.24) or (3.25)—(3.27). By substituting the long-wavelength part of the retarded
Green’s function (2.13) and truncating and dressing it with the mass, one gets
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t:

A —m2t2 d mZt/ - - - -

— e 3H /dt'e 3H G~ (t, X; 1/, X)G™ (¥, %, 1, X). (3.34)
0

Now, it is clear that the result is precisely the sum of two integral structures (2.24) or (3.1).

In [117], the authors have performed all calculations with the choice of the Bunch-Davies
vacuum state [142]. They replaced the cosmic time ¢ with the so-called conformal time,
which is related as 7 = —e ™! /H. In the analogous expression to (3.33), the authors of [117]
performed the integration by expanding Wightman’s functions at small physical momenta.
At the A-linear order, the obtained result is

2

. . 27 A\H?® 3 m?
(P(n1. %) P12, %)), :—W(%) (1—3—Hln %) (3.35)

By replacing back the cosmic time instead of the conformal one, we get precisely (2.25) at
late times; see also (2.34). The same reasoning works for each two-loop diagram as well.
Our late-time contributions (3.8), (3.12), and (3.16) agree with the results of [117].

In the four-point correlation function case, the corresponding structures will appear in the
Schwinger-Keldysh formalism through appropriate contractions of time-ordered products.

3.2 Stochastic diagrammatic technique

A further comparison can be made with the results of [81] obtained within the Starobinsky
stochastic approach by Garbrecht, Rigopoulos, and Zhu. This formalism will be discussed
in detail in the next chapter. Perhaps one can overcome this shortcoming with a less-than-
sequential reading.

The authors of [81] introduced a functional representation of equations within the
Starobinsky stochastic approach; see (4.2) and (4.5) below. In the proposed routine, the
expectation value of an operator is given by means of distribution averages. At the late-
time limit, they have computed the topologically distinct diagrams for the two-point
correlation function at equal times, employing both the stochastic approach and the "in-in"
formalism. Contributions for each type of diagram in the present chapter and series at the
equilibrium (2.37) up to A2 match those derived in [81].

Types of integrals that come up within the Yang-Feldman-type equation (3.2)- (3.6)
match the diagrammatic rules in [81, 82]; see Figure 3.5. The integration represents the
vertex with one wiggle and three solid lines, and the two-point correlation functions and
the retarded/advanced Green’s functions (which appear as exponential factors involving
the time difference) represent the propagators. Note that diagrammatic elements, shown in
Figure 3.5(a)—(d), are identical to the "in-in" formalism, expressed in the so-called Keldysh
basis, but with the three-wiggle-line vertex omitted. The retarded and advanced Green’s
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functions for the operator 9; + ;”T; have the following form [81]:

- ~ m
Gr(ti, 1) = Galty, tr) = e 3H720(1 - 1y), (3:36)
and the two-point correlation function is [81]

3

. H - . . 4
F(t, t) = — / dt'Gr(t1,t")Ga(t, 1) =

2 2
e 3H(R) _om3 ()| (337)
42
0

82m?

The retarded Green’s functions (3.36) match the additional exponential factor that appeared
in the massive Yang-Feldman-type equation (2.16) in the previous chapter, and the two-
point correlation function (3.37) precisely matches (2.22). The number of different diagram
types in [81] is the same as the number of integral structures within the massive Yang-
Feldman-type equation (2.16). One establishes the one-to-one correspondence between the
diagrams in [81] and our integral structures (3.1) and (3.2)—(3.6); see Figure 3.5(e) below.

@) :—iGr(tt)  (b):=iGa(tit) () Ft, ) (d): -5 [dr’
0 . Q. 85 .8
(6%)se (#%)ca
_ O Q- 00 QO Q-

(6°)sess
R T
(¢2>ss

(e) : The stochastic diagrams contributing to (gb(tl)gb(tz)) up to A? order from [81]. Labels refer to the
diagram topology: Seagull, Cactus, Double Seagull, and Sunset; see (3.38) for the link with our notations.

Figure 3.5: The stochastic diagrammatic elements and the corresponding diagrams from [81].
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At the A-linear order, we have two types of diagrams: the wiggle line corresponds to an
integration, and exponents in front of the integral structure (3.1) correspond to the retarded
Green’s function; see (¢*)s, in Figure 3.5(e) with assignments (3.36) and (3.37). The same
reasoning applies to the A% or two-loop order: after a straightforward calculation, one can

find the correspondence between them. The authors of [81] assign the following factors:

—16A7%/H* and 3H*/(87%m?) for each vertex and propagator, respectively, and divide by
an appropriate symmetry factor for the diagram. The final equilibrium contributions for
each type of diagram, according to [81], appear to be equal to

2 late-time 2 _ _ ﬂ .
(9*(1)); = (¢ >sg 64 mitmS’
2 Snowman 2 _ 243 AZHlZ .
<¢ (t)>late—time T <¢ >ca T 51276mi0°
DI (3.38)
2 Sunset L 2 - .
<¢ (t)>late—time . <¢ >SS B 256 om0’
2 Ind. Loops 2 — 243 \°H'?
<¢ (t)>late—time T <¢ >sgsg B W ‘

They are precisely in agreement with our limiting values of (2.34) or (2.37) and the
sum of (3.8), (3.12), and (3.16) at equal times from above; see also the late-time limit
of (2.25), (3.10), (3.14), and (3.18).

Hence, instead of developing the diagrammatic technique, one can discern the diagram’s

topology from the integral structures arising in the iterated Yang-Feldman-type equation.

The processing of the Yang-Feldman-type equation (2.16) is much more economical while
providing an extension to the non-equilibrium regime in the coordinate representation. At
the same time, in the limiting cases, the results are fully in agreement with those obtained
from diagrammatic techniques.
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4 Comparison with the Starobinsky-
Yokoyama stochastic approach

Since our "building block", the obtained massive correlation function (2.22), coincides
with the Ornstein-Uhlenbeck mean-reverting stochastic process, results of the previous
Chapter 2 must be in agreement in the late-time limit with those from the Starobinsky-
Yokoyama stochastic approach [52, 53], which operates with a near-equilibrium state.
In this chapter, we present the basics of this approach and deduce the recurrent expression
for arbitrary 2n-point correlation functions (4.26) with (4.25) in the massive interacting case.
In addition, we establish the perturbative agreement with our outcomes from Chapter 2,
following the approach proposed in [45] using the Fokker-Planck equation.

4.1 Starobinsky-Yokoyama stochastic approach

The Starobinsky-Yokoyama stochastic approach [52, 53] was the first non-perturbative
development for the vacuum expectation value of fluctuations of the coarse-grained, long-
wavelength scalar field in de Sitter space. Such an approach identifies the long-wavelength
part of the quantum scalar field with the classical stochastic field with a probability distri-
bution function that satisfies the Fokker-Planck equation. The resummed non-perturbative
quantities are free of secular growth, which occurs for the two-point correlation function
of the massless scalar field already at the tree level [37, 38]; see (2.19) in our Chapter 2.

According to Starobinsky’s stochastic approach, one decomposes the operator of the
quantum scalar field ¢(t,X) in the Heisenberg representation into the super-Hubble or
long-wavelength, k < He!', and sub-Hubble or short-wavelength, k > He?, parts using a
window function, which we choose to be the dynamical Heaviside step function, as follows:

G4, %) = ¢V (1, %) + ¢ (1, %)

&3k >
= | G @(|k| —Her) (uk(t) e a4 ur(r) e a;:) (4.1)
Ll_é @(Hth - |E|) (u (t) e a4 u; (t) o ik dT)
(27)3/2 k k k k]

In de Sitter space the splitting into the ‘long’ and ‘short’ modes does not possess an absolute

physical meaning; rather, it changes over time.
The coarse-grained long-wavelength part satisfies the equation of motion O¢ = —V¢'(¢),
which for the slowly varying ¢V (¢, ¥) takes the local Langevin-like form:

V(LF) =~ V(97 (1,9) + (4,3, (4.2
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where the noise term 7(¢, X) represents short-wavelength modes that continually shift into
the long-wavelength ones. From (4.1) it is given by

Lk i Ba) @)

>\ _ ry2 Ht ol Ht ikX * —ikX A
n(t,%) = He —(Zn)3/25(|k| He )(uk(t)e G + (e g

x4 —t

with the white noise properties [52, 53]:

H? sin (Hef! |3 — %)

ar? Hell |3 — %

(n(t,%)) =0 and (n(t1, %1) n(tz, %2)) = S(t1—t5). (4.4)

Clearly, at the coinciding spatial points, X¥; = X, := X, the expression above takes the form:

3

- - H
<f](t1, X) I](tg, X)> = <f](t1) l’](tz)) = 4—”2 5(t1 - tg). (45)
To obtain correlation function (4.4), one employs the canonical commutation relations (2.8),
converts the integrand to polar coordinates in momentum space, and performs the integral.

The local Langevin-like equation (4.2) is a first-order differential equation. For each noise
realisation 7 (t), one determines uniquely ¢ ¥ (t) if the value at the initial time ¢ (t)
is given. Moreover, since the fluctuating or noise term is delta-correlated, its values at
different times are statistically independent. Thus, the solution to (4.2) has the Markov
property: the noise-term values at previous times, t < tj, do not influence the conditional
probabilities at times t > t,. We will extensively exploit Markov’s property in Chapter 5.
Consequently, the long-wavelength part of the quantum scalar field ¢'"¥ (¢, ¥) can be treated
as a classical stochastic field ¢(t, X), which commutes with itself [(p(t, X), (t, 3?’)] =0,
with a probability density # [(p(t, J?)] that satisfies the Fokker-Planck equation [52, 53].
The short-wavelength part retains the quantum character, while a classical noise assumed
to be white represents its effect. The long-wavelength ¢'"¥ (¢, X) part’s vacuum expectation
value is equal to the expectation value of the classical stochastic field ¢ (¢, X) at each order
in perturbation theory in the leading logarithm approximation in cosmic time t.

To find the corresponding Fokker-Planck or Einstein-Smoluchowski equation for the
local Langevin-like equation (4.2), one derives® the coefficients a(<=12) (¢, ) that enter the
Kramers—Moyal expansion [147, 148] of the master equation [102, 103]:

(4.6)

(t + At) — ()"
a(kzl’z)(qo, t) = lim o r@®) >

(k=3) _
At—0 At ¢ ((,0, t) 0

3 There are limits to the validity of that approach. For the problem under consideration, it does work since
the transition probability enjoys the specific form, and the terms higher than second do indeed vanish in
the Kramers-Moyal expansion; see the critical remarks in [102, 146].
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By replacing ¢ ™ (¢, X) with ¢(t,¥) and omitting the ¥ argument in (4.2), we rewrite it
in the integral equation form:

t+At t+At

et + At) — (1) = / dt’ (_TI V(p [¢ t), t’]) + / dt'n(t). (4.7)

Further, we expand and iterate the above integrand in the r.h.s. (4.7) as follows:

t+At t+At

/dt’(__V [ (1), l‘] ;I ,;[qo(t)’t/](ﬂt')—(p(t))+...)+ / dt'n(t) = (4.8)

t t
t+At t t+At

dt’

H

t

By averaging (4.8) and taking the limit (4.6), one gets

1 ’
0((1)(<p, t) = ~3H | [(p (1), t]; (4.9)
t+At t+At
" 144 45) H
a ) (g.t) —Al}gqo—/dt /dt (n(t)nt")) ypt (4.10)

Thus, the corresponding Fokker-Planck or Einstein-Smoluchowski equation for (4.2) is

3 32

Zplpt,%)] = %% (Vé(qo(t,f))?[qo(t,f)]) 4 ﬁa—q)z?[q)(t,f)]. (4.11)

Any solution to the Fokker-Planck equation (4.11) tends to the stationary one at late
times [53]:

R lat 1 _8r
Plotd)] —— Pule] = 37, (4.12)
+00

where N is defined to ensure the normalization condition, namely, / do Pst[@] = 1. In the

stochastic language, a de Sitter invariant state for a free massless minimally coupled scalar
field does not exist, as we mentioned in the introduction, due to the nonexistence of any
static solution to (4.11) with the absent potential in the so-called drift term.

In the original work by Starobinsky and Yokoyama [53], for the massless case with a
quartic self-interaction, the stationary solution is

(32Ax2)"* _axia

P, S Y T 4.13
1) = ST © (4.13)

Vo). 1] + V.o [o(1), t]/dt"(—é V) [o(0),1"] + )) + / dt'n(t).
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and the corresponding expectation values are

late-ti 32 A2)"* Leta s (B + 1) 3H%\"?
<¢2n>;;§.2§:ﬁ/dw e 3 = 2 1)4 ( ) : (4.14)
4 4

—00

One also computes expectation values of the stochastic variable in the massive case by
expanding in the small self-interaction coupling constant A regime using (4.12), as follows:

+00
dog’® Pl o]
( 2>late—time 3 _[o i 3H*  27AH® N 81A2H'  24057A°H!® + . (415)
perturb T +oo ~ 8rlm?2 644mo 645m10 4096 r8m14 ' ( ’
/ dgopst[@]
+00
de ¢* Pulo]
late-time _{o i 27H®  81AH'™  24057A\*H'®
(0 perturd = ~ - + (4.16)
¢ perturb T +oo T eamtmt  6475m8 4096 18ml2 )

/ do Pstle]

which exactly coincide with our equal-time series at the late-time limit, (2.37) and (2.73)
correspondingly, from the previous Chapter 2.

4.2 Recurrence relations for the massive case with quartic self-interaction

Let us derive the recurrence expressions for any 2n-point correlation function within the
Starobinsky-Yokoyama stochastic approach for our massive and self-interacting theory (1.1).

The explicit form of the normalization constant was found from its definition [65, 117]:

W %ﬁ%) m m* ’m?
N = d = Kl — |, 4.17
[ ot bl ) S
2mé
here K; M(W) is the modified Bessel function of the second kind.
Therefore, the expectation value <<p2>fotiz$ i

m? (9G4 (2) 2,4

late time V((p) 3/4 _tm
_ d -39 1|, wh = . (418
(0 noneper N/ 0¢e 22 (7(1/4(2) ) where z:=27m (418)

That result can be extracted by an appropriate differentiation of (4.17) with respect to m?
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as follows:
I (oo = 5 (Zifﬁigi ) ) Y
where we have used the recursion relations [141]:
dilz(}(v(z) = —1—2/ K, (z) — K,-1(2) and K- (z) =K, (2). (4.20)

In the massless limit, the obtained expression (4.18) or (4.19) descends to (4.14) forn =1
from the original work by Starobinsky and Yokoyama [53]. Let us also point out that the
two-point correlation function (4.18) and (4.19) resembles the exact zero-mode propagator
in Euclidean de Sitter space [149].

Onward, one can proceed and get the expression anew with the help of (4.20) for

< 4>late—time_ _3H4 zi d*N
¢ non-pert 472 Nd(mz)z

4

< 4>late—time _ 3H* m

K3/4(2)
= +—|1-———=
non-pert 812l 212

K1/4(Z)

). (4.21)

This result again reduces to (4.14) for n = 2 in the massless limit.

Thanks to (4.20), the general structure of any 2n’th expectation value will always have
the following form:

d*N
d(md)® an €” K1/4(2) + fn €* K3/4(2), (4.22)
where from the definition (4.17), from (4.19), and (4.21) we have
m \/§ﬂ2m3
w4 heo a1 =~P1 = g (423)
2 72 a2 tm? a2 4m?
oy = \/_7[ m \/_7'[ m , and ﬂz — _m. (4.24)
3A3/2H4 9)5/2H8 9)\5/2 8

Consequently, we observe that the defined coefficients satisfy the recurrence relations

3 doy Otn 2m2m?
et = G " o * a2 (Pl 4.25
dp _3,3n_27T2m2( ) (4.25)
Pn+1 = dm?2 om?2 3 H4 n = fn
and result in
< 2n>late—time _ _3H4 ni an _ \/ﬁ _3H4 ! o +ﬁ M (4 26)
4 non-pert 42| N d(m2)n m 4572 " ! K1/4(Z) . .

Naturally, in the large-z expansion, z > 1, the obtained expressions (4.19) and (4.21)
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become
< 2>late-time ~ m_z K3,4(2) ~ m_2 B 3m? . 3m? _ 297m? . (427)
mon-pert = 2} | K /4(2) 8lz  641z%  64Az3 4096Az* '
< 4>1ate—time _ 3H* m_4 _ K3/4(Z) N 3H' _ m' + 3m* (4.28)
non-pert 8m21  2)2 K1/4(Z) 8miA  8A%2z  64A2z2 .
3m* . 297m* .
647223 4096A%z% T
6 4 4 2774 6
» 9AH* \ K3/4(z 15AH 3m°H
<(p6>late time — m_ 3/4( ) —-1-= — _m— + m— (429)
non-pert 2)3 812m4 K1/4(Z) 82m4 82 )2 83z

3m® . 3m® 297m® N Im?H* 27Tm*H* N 27m*H* N
640322 641323 4096 A3z4  64m2A%z  512m2M2z2  512m272%23

ooy

and using the value of z defined in (4.18), they reproduce our series (2.37), (2.73), (4.15),
and (4.16). We present (4.29) here for the upcoming comparison with the next Chapter 5. To
obtain expression (4.29), we have defined a3 and f5 through (4.25) with the known (4.24).

4.3 One more perturbative agreement with quantum field theory results

To make an additional comparison of our perturbative results with the stochastic approach,
we follow the seminal work by Tsamis and Woodard [45], in which the expectation value of
a massless, minimally coupled scalar field with quartic self-interaction was derived using
the Fokker—Planck equation.

The corresponding Fokker-Planck equation for our model under consideration is (4.11)
with the same potential as one studies within the quantum field theory (1.1). We multiply

+00

both sides of (4.30) by ¢** and perform the integral / dp weighted by the probability
density P [(p(t, )?)], and after integration by parts, this yields

sile o) =S () - (o)

H3 -
+n (2n — l) ol <(p2n_2(t, x)>

(4.30)

Hereafter, we omit the argument X since it is the same in all our expressions. Let us also
point out that this system of equations must be valid for any value of n, while in the
literature one can find the equation obtained after multiplying by ¢? only [69].

In the free massive case, A = 0, and after some redefinitions, namely,

Ht 87%m®
a=— m’:=——- and ¢ :=

472’ 3H? ° (431)
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one obtains a more convenient form of (4.30) with A = 0 to deal with:

%< ¢Z“>O = —n <(p2“>0 +n(2n-1) <<p2“‘2 >0. (4.32)

The solution to equation (4.32) above can be found in the following way:
<(p2n>0 = (2n — 1)1 @ F, (am?®), Fo(z) =1+ Bz + f22° + B22° + Bizt + ..., (4.33)
where F,(z) obeys
nFy(z) + zF)(z) = —nzFy(z) + n Fy_1(2). (4.34)

The recurrence relations on the unknown coefficients S, are

(n+i)g.=-nprt+npl | and i=1, 0. (4.35)

Therefore, up to O(z°) in (4.33), one can obtain the perturbative expansion:

(o)), = (2n- 1>“(H—3t)n(1 - o) + 2D g D

4772 H2 H* 162 HS
8
n m
+ —(15n3 +30n° + 5n — 2)—(Ht)4 (4.36)
29160 H8
2 10
n“(n+1 m
- ¥(3n2 + 7n — 2)—(Ht)5 + ... | + O(mlz).
87480 H10
And for specific values n = 1 and n = 2, we have
< 2(t)> _ Ht m’H*® N m*H>  mtt* N m®t® m!°t¢ b @3D)
¢ 0 42 12 72 5472 32472  2430H 7%  21870H2g%2 T T

< 4 (t)> B 3Ht? mPH13 N Tm*H*t*  mCH3 N 31m8H?%t®  m°Hit’ . (4.38)
¢ 0o 1674 8t 144 14 72 4 9720 4 162074 0

The obtained series are precisely the same as those obtained by expanding <q)2(t)> , and
<<p4(t)>0 from expressions (2.36) and (2.71) in the small m®/H? regime; see the first lines of
the corresponding expressions from the previous chapter, namely (2.39) and (2.74). Being so,
our free massive correlation functions are exactly the resummed expressions of these series.
One readily notices the leading infrared logarithm structure in cosmic time ¢ in (4.36).

In the massless case involving a quartic self-interaction, we apply analogous redefinitions
outlined in (4.31) and get

2
ai< <p§nn:0> =-nl < P2 > +n(2n-1) <<p,il“;02 > A= 8%/1. (4.39)
(04
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The solution can be again found in the form of (4.33):
<¢,2nf;0> = (2n-1)!1a"Gy( 1),  Gul(z) =1+lz+ B2+ B2 + ..,  (4.40)
and Gy (z) obeys
nGy(z) +22G(z) = —n(2n + 1) 2 Gpy1(2) + nGy—1(2). (4.41)

Here, the recurrence relations for coefficients are

(n+ 21)/331 =-n(2n+ 1)/31_1 +npl and 1i=1,00. (4.42)

n+1 n-1°

Therefore, up to O(z*) in (4.40) one can obtain the perturbative expansion:

/12n 3 2 4
+— (35n +170n® + 225n + 74) (Ht)
10080 7
An(n+1)(n+2)

(35n3 +300n? + 685n + 252) (Ht)® + ... |.
362880 716

Here, we extended this expression up to the next A*> order through the same reasoning as
in the original work by Tsamis and Woodard [45] up to O(A®). One can easily compare
these outcomes for n = 1 and n = 2 with (2.38), (2.39), (2.72), and (2.74).

In the next chapter, inspired by [45], we develop an alternative approach to perturbative
computations of expectation values in a more economical way, directly using the Fokker-
Planck equation, and extend it to the case of multi-time correlation functions. Our treatment
is based on the non-stationary solution for the probability distribution function, including
the conditional (or transition) one, in the case of the linear drift. Through the Fokker-
Planck or forward Kolmogorov equation, we gain the integral relation to various correlation
functions at different self-interaction coupling constant A orders. With an appropriate
integration, it matches the corresponding perturbative quantum field theory results from
our previous Chapter 2.

4.4 Why are approaches in agreement?

The key point is that the equations of motion for the long-wavelength part of the quantum
scalar field at leading logarithmic order and for the classical stochastic field coincide. One
catches sight of that agreement by taking the time derivative of both sides of the truncated
Yang-Feldman equation (2.14) and comparing with (4.2).



Why are approaches in agreement?

At first glance, additional exponents in the modified Yang-Feldman equation (2.16) do
not preserve this correspondence with the local Langevin-like equation (4.2). Nevertheless,
let us substitute the relation between the massive and the massless fields (2.15) into (2.16)
and take the time derivative of both its left-hand and right-hand sides:

¢
4 m?t

(t.3) = ¢o<tx>——¢o<tx> + e at 5 go(t, %) (4.44)

0

2
m - 7 -
= 2 (ot 3) - 9(1,9))
t
2) mht m?t’
——¢( )+m?e 3H/dt'eW¢3(t',5e
0

t
2

. m* | ~ A _mi , me o Aa
— _ = — e 3H 3H - .
Po(t, X) 30 ¢(t,X) 3He dt' e ¢° (1, x) 3H¢ (t,X)

0

= (5. %)

Therefore, we arrive at the following form:

(1, %) = ——V (¢(t, %)) + do(t, %), (4.45)

which is precisely the original local Langevin-like form derived by Starobinsky [52]. The
proposed way to "hang up" the mass in (2.16) using (2.15) does not go beyond the leading
logarithm approximation.
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5 From the Fokker-Planck equation
to perturbative QFT’s results

The present chapter provides an alternative approach for computing the perturbative series
for equal- and multi-time correlation functions in the leading logarithm approximation
beyond the equal-time and stationary cases [124]. Instead of iterating the massive Yang-
Feldman-type equation or dealing with diagrammatic techniques, one derives a simple first-
order differential equation through the Fokker-Planck or forward Kolmogorov equation.
The formal solution to that equation relates various correlation functions at different orders
in the self-interaction coupling constant A.

5.1 Equal-time correlation functions

We shall start with the case of equal-time correlation functions. The corresponding Fokker-
Planck equation for the model under consideration is (4.11) with the same potential as
studied in quantum field theory; in our case, this potential is given by (1.1). As in the

+0o0
previous Chapter 4, one multiplies both sides by ¢?" and integrates over / dp weighted
by the probability distribution function # [qo(t, 55)], and after integration by parts, this
yields (4.30). This differential equation can be easily rewritten as

e_zrggtz(ehg_r;ft<¢2n(t)>) __2nk <¢2n+2(t)> +n(2n-1) 4H—; <402n_2(t)>, (5.1)

ot 3H

which immediately leads to the integral relation for equal-time correlation functions

2nm?t 2nm?t’

<(p2n(t)> =e 3H [ dt'e 3H (—?I—HA <(p2n+2(t’)> + n(2n— 1)13 <(p2n_2(t’)>). (5.2)

472

0

The obtained relation connects various correlation functions at different self-interaction
coupling constant A orders.

We begin by defining equal-time correlation functions in the free massive case without
self-interaction, A = 0. In this case, one can find an exact non-stationary solution to
the Fokker-Planck equation (4.11) for the probability distribution function %, [(p(t, )?)]
By taking the ansatz as

e P2t
Pulo(t,%)] = —— (5.3)

Vg (1)

and substituting it into (4.11), one gets a simple equation, whose solution is given by

gz_i_r;jg(t).;-zi; = {(t) :%(l—e_zgn;t). (5.4)
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Using the obtained solution, we can calculate any 2n-point correlation functions as

(2n—1)!!
n

(o2(0) = =0 = (™)

. (5.5)

.
One sets on foot the iterative series <q)2n(t)> =y Ak (qozn(t))k and gains from (5.2):
k=0
t

2nm?t 2nm?t’ nl
2n ¢ > — o 30 / dt/ 30 _ _< 2n+2 t/ > 56
(o), =e e o7 o) (5:6)
0

+n(2n-1) 4H—7:2 <(p2n_2(z")>k+1 )

We rely on this interconnection in order to derive various correlation functions and to
compare them with those found in Chapter 2 within the massive Yang-Feldman-type
equation.

Let us start with the case of the <q)2(t)> correlation function. According to (5.6), one
obtains at linear order in A

t
21 _2m’t 2m’t’ 27 AH® 4mPt _2m’t _4m’t
<qoz(t)>/1:—§e 3H /dt’e 3H <qo4(t')> = (1— ML SH —e 3 | (5.7)

0 64rtmb 3H

Hereafter, all correlation functions with zero subscript are related to the free massive
case and are given in (5.5). Besides, ((po(t)> = 1 and does not contribute to the A-linear
order. Integrating <(p°(t)> =1, ((pz(t)>, etc. in (5.2) in the free massive case, one obtains
exactly (5.5). This result for <(p2(t)> , precisely coincides with our previous result (2.36).

Within the same equation (5.6), we are able to compute the four-point correlation function
at linear order in A, <(p4(t)> ,: one should, obviously, integrate the six-point correlation

function at zeroth order, <q)6(t)> o> from (5.5) and the two-point correlation function at
A-linear order, (goz(t)) ,» which is already known from the previous step. Next, we find the
two-point correlation function at A? order, <q)2(t)> 520 Again, through (5.6). In that fashion,
for the four-point correlation function at order A2 <<p4(t) > )22 We compute the A-linear order
for <<p6(t)> ,» and, finally, with the appropriate integration, we obtain <q02(t)> ,5- Below we
list the final results of that trivial integration performance:

3H* _2m’t 27 A\H® am?t  2mlt am’t
l-e 3H - (5.8)

2 _4am’t
t > = — e 3H —e 3H
<(p (®) 8 12m? 64 4m® 3H

81)LZH12( (21 3mlt m4t2) 2m (3+2m2t) amkt 5 _6m2t)
e (]

_ 3H — —e 3H
64 15m10
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2187A3H16( (872 172m2t  16m*t? 32m6t3) _amt

4096 8m 9H 3H2  81H3
72mPt 128 m*r?\ _4mlt 20m?r\ _omt 35 _sm’t s
— |64 + + e 3H — (40 + e 3H ——e 3H |+0(N);
H 9H? 9
< 4(t)> 27H° (- 2 81AHY N 59)
=——7|1-¢ - — 1=+ —]e¢ .
A 64 ttm* 64 tom?8 4 H
2mPr _am’t 5 _am’t 729A*H!® 48m®t  16m*t*\ _2m’t
+ e SH +-e H |+——[33-(86+ + e 3H
4 4096 78m12 3H?
88m°t  128m*t?\ _4m’t 120m?t\ _2m’t _sm’t 3
— (132 = = = e 3 +(150+ e H +35e 3H [+O0(1);
< G(t)> 405H' (e > 18225 AH' N A (5.10)
= — e - <~ - € .
¢ 512 %mS 4096 w8m1° 5H
18 16mPr\ _amt (4 12mPt) _emlt 7 _smt )
4 e 3H + |- — e 3H ——e 3H |+0(A%).
5 5 5H 5

All of them, namely, contributions to ((pz(t)> at orders A°, A, 12, and A3 and to <(p4(t)> at
orders A°, A, and A? coincide with our outcomes from the previous Chapter 2; see (2.36)
and (2.71) respectively.

Once again, our results (5.8)—(5.10) are equivalent to the resummation of leading infrared
logarithms in the perturbative series in m* at each order in the self-interaction coupling
constant A. That is precisely what we revealed in the previous Chapter 2; see (2.39), (2.74),
and nearby reasoning. Within this scheme, the massless infrared divergences of the self-
interacting scalar field are fully resummed. Our massive-field perturbative series in A with
m? < H% and 1 < m*/H* converge and, in the late-time limit, approach

< 2 (t)> late  3H* 27 AH® N 81A°H'>  24057A°H'® ()t s )
¢ tmes. 872m?  64mimb | 64m0ml0 4096 xBmid  \' /perturb ’ '

. late  27H® 81AH  24057A%H'¢
<<p (t)>

O(/13) _ <¢4>late—time_ (5'12)

— + ;
times 647w4*m*  647°m® 4096 r8m12 perturb
late  405H 18225 AH'® late-time
(o) = B o) = (po) et 65.19)
times 512 7°m 4096 1°m pertur

The obtained series for <(p2(t)> at equilibrium (5.11) is in agreement with those obtained
from diagrammatic techniques in [81, 82, 117] up to O(A*). Outcomes (5.11)—(5.13) match
the results from the previous Chapter 4; see (4.15), (4.16), and (4.27), (4.28), and (4.29), gained
through recurrence relations (4.25), when inserted into (4.26). As expected, (5.11)—(5.13)
are in agreement with (2.37) and (2.73) from Chapter 2.
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Regarding the massless case, our approach is also clearly efficient. In this case, the
ansatz has the same form (5.3), and the equation for the unknown function is (5.4) without
the massive term. The solution to the corresponding equation is {;,=o(t) = H’t/27* and
coincides with the smooth massless limit of the solution (5.4), as one expects. The 2n’th
correlation function in the case without self-interaction is defined by a relation identical-
to (5.5) .

3
<(pm 0(t)> (2n-1)! (E) , (5.14)

452

and the resulting formal solution to the corresponding first-order differential equation (4.30)
in the massless case takes the form (5.6) without the exponential factors:

t

(o), = [ ar (5 (o)) nenm) 35 (i), | 9

0

Let us also note that in our previous Chapter 2 in the massive case, the Yang-Feldman-type
equation (or the retarded Green’s function) acquires additional exponents in a manner
analogous to the massless case; see also [81, 82, 150].

Using (5.14) and (5.15) and following the proposed routine, one calculates

H3t AH’t® MH'  5303H°t7
2 4
(1)) = - + - 0(14): 5.16
<(’)m—°( )> 472 2474 T 8076 10080 78 (27) (5.16)
3Ht2 3 AH3t* 53 12H!04°
4 3
(1)) = - + O(A°); 5.17
<(pm—°( )> 167* 3275 | 96078 ) G17)
15H°t3 15 AHp
6 2
_ t>: _ + 0(22), 5.18
<¢m_°( ) 64 ¢ 64 8 *) (5.18)

which are precisely the massless limits of (5.8), (5.9), and (5.10) and coincide with (2.38),
(2.72), and (4.43). Outcomes also coincide with the corresponding results up to some (which
are present in the references onward) perturbative orders using quantum field theory
methods [83, 84, 120, 121, 122]. One recovers of the leading infrared logarithm structure in
cosmic time ¢ in the massless limit.

5.2 Multi-time correlation functions

Now we are in a position to generalize our approach to the multi-time correlation functions.
The idea is the same: to derive the first-order differential equation from the Fokker-Planck
equation and the integral relation for the multi-time correlation functions through it.

In that case, the conditional (or transition) probability P ( ¢, t | o, to) must also obey the
Fokker-Planck equation or the forward Kolmogorov equation for ¢ > t;:

H3 2

0 7}
% ((mZ(p +/1(p3) P((p,t|§00, to)) + Wﬁp ¢,t|(p0, t()) (5.19)

1

_7) (.t o, 1) __H



Multi-time correlation functions

and have the initial value P (g, to | @0, o) = 8(¢ — ¢o).

For the massive case without self-interaction, namely, A = 0, the exact non-stationary
solution to (5.19) for the conditional (or transition) probability is known:

rn2 2
-2 (t—to)
2\/rm 2 (1 1) i 4’ m? (qo—q)oe " O)
— e 3H \t7h0 _
V3 H? (1 7 ) P e A (1ty)
(1 —e 3HV ° )

P (0. t| 0o, t0) = (5.20)

That is nothing other than the Gaussian distribution, which can be obtained by the method
of characteristics; see, e.g., the classic book by Risken [101]. Thus, one can obtain any
multi-time correlation function through appropriate integration with (5.20) in the free
massive case.

In the following computations, we will exploit the Markov assumption or the Markov
property [101, 102, 103], formulated in terms of the conditional (or transition) probability
density, which is

Plo,t1; oota; ...; 0L, T1; 02,725 ...
) déf ((Pl 15 Q2,12 01,715 02,72 ) (5.21)

Poutis o2 tos .| o115 02,725 .
?(al,rl ; 09, To ; )

The r.h.s. of (5.21) consists solely of joint probability densities (and we assume that they
exist and describe the system under consideration); o; are the past values of our time-
dependent random variable at times 7;, while ¢; are the future values at times ;.

Under the Markov assumption, the conditional (or transition) probability is defined
entirely by the known value of the most recent one:

P((pl, by @2, I ... | 01,715 02, T2 ) = P(q)l, 1 @2, Iy ... | 01,71 ) (5.22)

for the time ordering t; > t, > ... > 17 > 1, > .... Using the conditional (or transition)
probability density definition (5.21) and the Markov assumption (5.22), one gets

P(o1t1; 2 tr|on, 1) .2
(5.22)
=" Plont | 212 )P (2.t | 01,71 ),

P((Ply tl|(P2at2;0'1’Tl )P((pZa t2|01’T1) (5 23)

and in the generalized case:

Pt @2, t2; @3, 135 ---;§0n,tn|0'1,T1) G20 P (g1t |<,02, t25 3 @nstns 01,71 )X (5.24)

XP((pz,t2|(p3,t3; ...;(pn,tn; O'1,T1)7)((p3,t3|(p4,t4; ...;(pn,tn; O'1,T1) X ... X
X P((Pn—latn—l|§0n’tn§ O'1,T1)p((,0n,tn|0'1,1'1)

(5:22) Pont1] 02 t2)P (2 ta| 03.13)P (93,13 | oata) . P (@t |01, 71).  (5.25)
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By definition and using the Markov property (5.23), the two-time correlation function
with t; > t, >ty is

+00 +00

<<P(t1) <P(t2)‘ [<P0, to] >0 = / / do1do; @1 @2 Pm( P1, t15 @2, 2 | ©0, to)
e b
(5.22)
= / / do1de: o102 Pm( @1, 1 |<P2, t2) Prm (@2, b2 | @0, to). (5.26)

Without making any assumptions about the initial values of ¢, and ty, using (5.26) together
with (5.20), one has

3H* [ _m’, _ M-
<‘P(t1) ‘P(tz)“fﬂo, to]> = S AIm? (e 3 (1=t _ =3 (it ZtO)) (5.27)
0 m’m

m? m?
(/)2 (e—3_H(t1+t2—2to) _ e—3_H(t1+3t2—4f0))
0

+

2
(1 _ e—%(tz—to))

We choose the initial value ¢y = 0 at time ¢, = 0 so that ((p(to)qo(to)Hgoo, t0]>|t0=0 = 0.
The chosen values ¢, = t; = 0 lead to the following form of the conditional (or transition)
probability P, (2, tglq)o =0, t, = 0), which is given by (5.3) together with (5.4):

2ymm _2miy\ T/ 4m2m??
P2, 12) = \/\5/;2 (1 —e 3H ) exp| — 22mzt2 ) (5.28)
3H4(1 —e 3H )

Remarkably, the transition probability P, (g2, t2| @0, t) at the limit tp — —oo goes to

fo—> — 0o 24/ m 42m?p?
the stationary distribution, and the two-time correlation function (5.27):
tp— —o0 3H4 _m_z(t —t )
t t , b 3H V1T 5.30
(ot ote|[ona]), | e (5:30)

depends only on the time difference. That is the notable feature of the stationary process,
to which belongs the Fokker-Planck or forward Kolmogorov equation (5.19) with the linear
drift term, i.e., in the free massive case with A = 0. By inserting the chosen initial values
@o =ty = 01into (5.27) or, equivalently, after straightforward integration of (5.26) with (5.20)
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and (5.28), one gets

4

(o o|[0.0]) = (ot o)) =

mz mz
-3 (ti—t2) -3 (ti+t2)
e 3H —e 3H . 5.31
8 m2m? ( (5:31)
This is the well-known Ornstein-Uhlenbeck stochastic process [99, 101, 103]: the unique
Gaussian and Markov process that possesses a stationary state. The obtained two-point

correlation function (5.31) precisely coincides with that of the free massive scalar field (2.22).

Note that at equal times (5.31) matches (5.5) above, which can be obtained using (5.28)
by straightforward integration:

+00
3H* 2m’t
2 2 2 -
t0,0>:=< t>:/d Pulp,t) = —— [1—-¢e 3H |. 5.32
(e@|lo.0]) = (o*®) = [ do o Pulpt) = 75— (1-e (5:32)
Indeed, (5.28) is exactly our ansatz (5.3) with (5.4). Let us point out that this two-point
function not only reduces to that of the Wiener process [37, 38] in the smooth massless
limit but also approximates this behavior in the regime t < H/m?, as observed in [54, 143].

To get the iterative A series for the multi-time correlation functions, one employs (5.19)
with ¢ replaced by t1, ¢ by ¢1, ty by t2, and ¢y by ¢,. For the two-time correlation function,
we multiply Lh.s. and rh.s. of (5.19) by @1, ¢z, and P (@2, t2), integrate by parts over ¢, ¢z,
and obtain the corresponding first-order differential equation:

2 (o) o(t) =~ (ot 0(6)) - 1 (o0 0(0). (5:33)

Its formal solution can be written as

Aomnopoown
t b > =———e 3H dteSH< t b > 5.34
(o o), ==pe 5 [ dneS (o1 o), (531
In contrast to the equal-time correlation functions, we have here the indefinite integral.
After integration, one has the antiderivative and the unknown function, which is determined
by matching it to the known result for the equal-time correlation function.

In the simplest example, namely at A-linear order in (5.34), we will illustrate the pro-
posed technique in detail. We extract the integrand” using the definition of the Markov

4 Here, one can recognize the discrete Furutsu-Novikov’s theorem [151, 152] for a multivariate Gaussian
distribution with zero mean <qoi> = 0. According to that theorem, averages of <qoi f ((]5)) can be obtained as

(0 f(@) = Z(%%><M>

20 = Z((pi<pn><5kn¢1<pn + S0Pk @m + S mn k1) (5.35)
n n

f(3):=¢x @1 Pm n
= (@ipe ) {@10m) + {@i01) {Pxpm) + {Pi0m ) (1)

For our multi-time functions, it takes Wick’s form, (5.37), (5.41), etc. For the theorem’s proof, see, e.g., [153].
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property (5.23) and the initial conditions ¢y = t; = 0 as above, obtaining

+00 400
<(P3(t1) @ (t2) [0, 0]>0 = <(,03(t1) 40(f2)>0 = / / do1 do; ¢} @2 P Q1. t1; @2, b | 0o, bo)
400 +00 o
(5.23) s
= do1dps 93 02 Pl @1 t1| 02, t2) P02, 12) (5.36)
8 2m2t1 rn2 mZ
= i 1—e 3H e_ﬁ(tl—tz) _ e—ﬁ(tﬁ'tz) ) (5.37)
64 mim*

Therefore, one calculates indefinite integral (5.34) with the obtained integrand (5.37):

27AH® [ mit mh\ (mlt, 1 _2m’h mity
t t>:— 3H — e 3H +-e 30 |+C(t)|e 3H. (538
<“”( Delt)) = =i (e ¢ )( 3H 2° ) (t2) | e (5.38)

Here, C (t;) is an unknown function depending only on t;. To define it, one can rely on the
known answer for <(p2(t)> , from (5.7). We set t; = t; in this expression (5.38) and equate it
to (5.7), after substituting t = t,, resulting in

2

27 AH?® 2 _mt m
<<p(t1)<0(tz)>l =- W((u S —tz))e 3R 4TI (5.39)
amT'm

2 2 2 2
— (1 + ZiH(tl + 3t2))e—;n_H(t1+tz) _ e_;n_H(S t1+tp) _ e_;n_H(tﬁ-th)).
3

That expression matches one from (2.25) with the expanded moduli.

One can proceed in this way to calculate the four-point correlation function. The idea
is the same: we relate different correlation functions at different orders in A through the
Fokker-Planck or forward Kolmogorov equation (5.19). We intend to compute the four-
point correlation function at linear order in 4, i.e., <(p(t1) @(t2) p(t3) p(tq) > ;- Not surprising
to find that one needs to have at hand the six-point correlation function at zeroth order
and the two-point correlation function at A-linear order.

At zeroth order in A, one calculates the integrand using the definition and the same initial
conditions @q = ty = 0, together with the Markov property (5.25), t; > t, > t3 >ty >ty = 0:

+00 400,
<<p3(t1)¢(tz)¢(t3)<p(t4)>o=/.-/(ndtpi) @3 0203 0P (01,115 @2, 12503, 133 94 L o, o)
00 —00 i=1

+00 )
(5.25) /

+0co

/

4 3
d%) 0} 0203 04 (HPm(¢i,ti i1, 1) | Prulonts)  (5.40)
1 1
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12 m2t 2mt 2mét m? m?
- 51821H6 5 e I (1 _e ) (e_ S (5 e 30 () _ g o7 () (5.41)
T m

m? m? m? m? m?
—3e 3T{(t2—t3+f4) +2e 3_H(t2+t3+t4)) _ 36—3_H(t2+t3—f4) + 26—3_H(t2—t3—f4) +e 3_H(t2—t3+t4)

By setting t; = t, = t3 = t4 := t in (5.41), one comes back to (5.5) for n = 3, as expected.
One can also identify the expected form of (5.35) or the Wick form including additional
permutations.

We shall start with the case where the last time differs from the others, which are equal,
<qo3(t1)qo(t4)>/1, and after iterating through {¢?(t)¢(t3) (p(t4)>l, we will have at hand the

final result for <(p(t1) o(t2) p(t3) (p(t4)>/1.

By multiplying both Lh.s. and r.h.s. of (5.19) (with t replaced by t1, ¢ by ¢1, ty by t,, and
@0 by @2) by @2, ¢, and P (g2, t,), integrating by parts over ¢; and ¢, and setting t, = t4,
one arrives at the first-order differential equation, whose formal solution takes the form:

mztl mztl 3

<‘P3(t1)(/’(t4)> =e H [ dhe H (—%<(p5(t1)<p(t4)>k+ 3H

— t 3 . (5.42
k+1 472 <(P( 1 4)>k+1) ( )
For the computation at A-linear order, we already know the integrand from (5.39) and (5.41).
By taking indefinite integral (5.42), one gets an expression with the unknown function
C(t4) and defines it as in the previous case: by substituting t; = t, in the indefinite integral’s
expression and equating it to ((p4(t4)> , from (5.9). The result is the following:

(o (o) =

81 AH" 2m* _m _3m
_W((lg + ?(tl _ t4) e 3H([1 t4) — 2e 3H (tl t4) (543)
mm

2m? _m? 2m? _m? _3m?
-~ (15 5 (t +3 t4))e ZACRL (21 5 (9t -5 t4))e 30 3h~) | 573 (i)

2 2 2 2 2
+ (18 + —2; (9t +7 t4))e_g1_H(3t1+t“) —3e 3 ) _ 157300 4 15 e‘gn_H(Stl”“).

Following the same spirit, one finds the corresponding equation for <<p2(t1)q)(t3) qo(t4)> e
We multiply both Lh.s. and r.h.s. of (5.19) (with t replaced by t1, ¢ by ¢4, ty by 3, and ¢ by

03) by 0%, @3, @4, P (93, t3 | ¢4, 11), and P (¢4, t4) and integrate by parts over ¢y, 3 and ¢s.
The formal solution in this case becomes

2m2t1 2?712 t

(0t o) ) =5 dtles—H(—%(wulm(mw(u))k (5.44)

k+1

3
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For the A-linear order, after straightforward integration, one obtains the indefinite integral
and the unknown function of two arguments, C(ts, t4), which we define by matching it to
the previous "iteration" <(p3(t1)(p(t4)>/1; see (5.43).

As the final step, one gets the analogous equation through (5.19), and its formal solution
can be written in the same manner as above:

mz 1

A o_mn m’ty
<‘P(f1) @(t2) @(t3) 90(154)>k+1 =730 e 3H / dty e 3H <§03(f1)§0(t2)§0(t3)fl’(t4)>k- (5.45)

For the A-linear order, that integral is equal to some expression with the unknown func-
tion of three arguments C (tg, 13, t4). We define it by setting ¢, = #; and matching it to
<(p2(t1) o(13) (p(t4)> , from the previous "iteration" result. Therefore, one gets

2

m
- - _ _ —a7 (=t +t3—ty)
024 2o + (h—ty+ 15 t4))e 3H

3H

<(/’(t1)<p(tz)</)(t3)<p(t4)>1: B1AH™ (( om’

4m? _m el _m _
+ (16 + 3_H(t1 +3ty—31t3 — t4)) e 3 (h+ta—t3—ty) _ 2¢ g (+ta+t3=31) (5.46)

2

M 2m _m
—2e 3H(3t1 ty—t3—ty) _ (3+ _(t1 —t2+t3+3t4))e 3H(t1 ty+iz+ig)
3H
2

4m _m _ _m _
- (14 tog (43 -36+3 t4)) e 3H (HRtith) | =3 (hftSt—t)

2m? —m—z(t Flytts—ty) —m—2(3t —ty—t3+ty)
—(33+?(t1+3t2+5t3—5t4))e 3H\ITRTETH) | 9 em3g WhThThTh

mZ mz Wl2 mz
+ Se_§(3tl_t2+t3_t4) + 4e—§(3t1+t2—t3—t4) + 4e—§(t1+3t2—t3—t4) _ e_ﬁ(tl_t2+3t3+t4)
_m 2m? _m?

—e 3H(t1 ty+t3+3ty) + (30 + ?(tl +3t, +5t+7 t4))e 3H(t1+t2+t3+t4)

mz mz mz mz
-9 e—ﬁ(t1+t2—t3+3t4) -3 e—ﬁ(3t1—t2+t3+t4) _ 4e—ﬁ(3t1+t2—t3+t4) -5 e—ﬁ(3t1+t2+t3—t4)

mz m2 m2 m2
_ 4e—3_H(t1+3t2—t3+t4) _ 5 e—3_H(t1+3t2+t3—t4) _ 5 e—3_H(t1+t2+3t3—t4) + 5 e—3_H(3t1+f2+t3+t4)

2 2 2
+5 e—gl_H(t1+3t2+t3+t4) +5 e—;n_H(t1+t2+3t3+t4) +5 e—;n_H(t1+t2+t3+3t4))

The last comparison will be made for the two-point correlation function at order A%. Our
equation is (5.34) and <qo3(t1) qo(t2)> , is taken from (5.43). Following our proposed routine,
one takes the indefinite integral and finds the unknown function C(¢;) by matching this
expression to <<p2(t2)> 52 from (5.8). The final answer after all is

— 2\~ (1)
= 20487[6,”10 (tl - t2) + _(tl — t2) e 3H (547)

3H?

81 \*H'" 12m? 2m*
(o(to(e) (( 0+
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_m 2m? _m g,
+2e H BTy (48+—H (9t1—5t2))e 37 (3h—t)

2m? 2m? _m?
+ (36 - ? (Stl + 23t2) - ﬁ (tl + 3t2)2) e 3H<t1+t2)

2m? ey (117 2m? s
=45+ 7 (91 + 7ap) | & SH T — | —= 4 — (13 4 158p) | 73

2 2 2 2
+ E e_gn_H(Stl_tz) _ E e_;n_H(5t1+t2) _ 5 e_gn_H(3tl+3t2) _ E e_;nT‘I(tl-'-Stz)).
2 2 2

For the de Sitter-invariant two-time correlation functions, one can obtain perturbative
series using our approach. We take the late-time behavior of <q)3(t1) o(t2) > , from (5.37) and

<<p3(t1) (p(t2)> , from (5.43), which depends solely on time difference, integrate using (5.34),

and match the result to equal-time results at late times, which are just constants:

3 late 27 H® —m—z(tl—tz)
t ¢ 3H = 5.48
<(P (t:) (P( 2)>0 times 64 w*m?* ¢ ( )
34 9AH’ ( ) _m_z(t —t,) late-time (5.11) 27 A\H®
t t = - 1+ Cl(t 3H V1
<(p( Dol 2)>/1 64mimi\! (t2) e b=ty < > ~oantm’
lat 81AH! m? _m _m
<‘p3(t1)‘p(t2)>a e 512716m8((9+ " _tZ))e (A A B
27 A*H 2 2 _m
<<p(t1)</)(tz)> - 512 258 (9::1 +;’—Htf—%t1tz)e 3 (") (5.49)
3H _ _ﬁ late-ti (5.11) 81 12H!?
|t1 t2| ate-time
+ — H + C(ty)e 3H = —
2m? e (&2) ) - < > 64 Tom10’
1=12

Therefore, the final de Sitter-invariant series is the following:

late 3H* _m_z _ 27 AH8 m? _m_z _
<<p(t1)</)(t2)> — e3¢ 3 (h=t) _ pymE— 1+ 3_H(t1 — 1) |e 3HBTR) (5.50)
81 /12H12 4

15+6m2(t t)) +
H 1 2

+
1024 75m?10 3H?

All the obtained expressions in this part of the chapter coincide with those from our
previous Chapter 2; see (2.25), (2.30), and (2.56). Our series are convergent and well
defined. The two-point correlation function at late times approaches the de Sitter-invariant
result (5.50) and is in agreement with (2.34) and results from the Schwinger-Keldysh
formalism [117, 118]. Remarkably, our proposed technique in this chapter takes several
trivial lines, in contrast to alternative approaches.

2 2 2
(v BB o
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From the Fokker-Planck equation to perturbative QFT’s results

We conclude this section with the massless case. The exact solution to (5.19) for the
conditional (or transition) probability is also known:

Vor (_2n2 (¢ - q)o)z)_

IO (= 10) (5.51)

Prm=o (@, 1| @0, t0) =

One finds the analogue of (5.28) and the correlation function by straightforward integration,
as in (5.26), (5.36), (5.41), etc. For arbitrary initial values ¢y and #;, through (5.26) we have

H3

o = 4—77:2(t2 — t()) + (pg, (552)
1212

<<Pm:0(t1) ‘Pm:O(tZ)‘ [(Po, to]>

0

being the smooth massless limit of (5.27). To ensure ((pm=o(to) qomzo(to)l [(Po, to] >|t0:0 =0,
we set ¢o = 0 at the initial time #, = 0 as before.

Following our approach, one defines the necessary first-order differential equation and,
from its formal solution (without exponents), takes the indefinite integral. The result of
integration should match equal-time results (or those from the previous "iteration") to fix
the unknown function. We present the final expressions with the chosen initial conditions
@o =ty = 0 for the massless case:

H3t, AH

(omealts) pmeo(12)) = T2 = 2 (388 + 1) (5:53)

A2H 31
+ ———(11¢ft + 28282 + = 2] + O(A%);
15367[6( 12T g (*)

9
<‘P?n:o(t1) Om=0(t2) Pm=o(t3) <Pm:0(t4)>0 e (t1t2t4 + 2 tt3ts + 2 t2t3t4); (5.54)
8

<<.0m=0(t1) Pm=0(t2) Pm=0(13) <.0m=0(t4)>/1 Rryp: (3 1} taty + 6 1 t3ty (5.55)

+ 12t blsty + £ ty + 615 3ty + 3tote ty + oty + 2165 ty + 2t3tj).

Indeed, all results listed above correspond to the massless limit of (5.31), (5.39), (5.41), (5.46),
and (5.47), and two-point and four-point correlation functions match those obtained in
Chapter 2; see (2.35) and (2.57). At equal times, those expressions reduce to (5.16)—(5.18).

Several studies have proposed modified forms of the Fokker—Planck equation to include
the sub-leading corrections; see, e.g., [88, 154, 155, 156]. However, from a mathematical
perspective, the question of the uniqueness of the solution to the Fokker—Planck or forward
Kolmogorov equation remains non-trivial. Even for its standard form, with constant
diffusion and polynomial drift terms, the uniqueness was only recently proved [157, 158].
For the corrected form of the Fokker—Planck or forward Kolmogorov equation, it remains
unclear how to consistently impose a well-defined probabilistic interpretation and compute
the corresponding moments.



Multi-time correlation functions

The last comment we would like to make is about the free massive case, A = 0. In this case,
our equations (5.33) and the preceding equations leading to (5.42), (5.44), and (5.45) resemble
the "formulae of differentiation" from the original work by Shapiro and Loginov [159]:

ditl< at) alty) . a(ty)) = v a(t) alt) .. alt) (5.56)

ift; > t; > ... > t, and a(t) is the Ornstein-Uhlenbeck stochastic process with
(a(t)> =0 and <0{(t1) a(t2)> = g2 eVl (5.57)

see also [102, 160]. The full form of this "formulae of differentiation” is [159]:

d d
—(at) @ (1 1al)) = (at) -0 (t [al)) - v(a(t) Dl [al)),  (559)
dtl dtl

where @ (t;, [«] ) is a functional depending on #; and all values of a(t;) at the moments f;
prior to #;. Note that they did not operate with the Fokker-Planck equation. Shapiro and
Loginov [159] have also deduced its generalized version, which is

d%(“k(“) o (1, [a] )> =<ak(tl) d%cb(tl, [a] )> “kv <a(t1) o (t, [a] )> (5.59)
+k(k-1)v 02<ak_2(t1) P (11, [a] )>

This expression coincides with our (5.33) and the preceding equations leading to (5.42), (5.44),
and (5.45) in the free massive case after restoring the parameters v and o as given in (5.57)
and (5.30).
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6 Non-perturbative treatment:
an autonomous equation

In this Chapter, we develop the non-perturbative framework for the long-wavelength part
of the expectation value <¢2(t, J_C))> Our aim is to extract non-perturbative results, relying
only on some pieces of the perturbative information. As discussed in the introduction, it is
possible to improve the naive perturbative secular terms that arise in the iterative solution
of some complicated differential equations; see [136] by Chen, Goldenfeld, and Oono.
Following the spirit of [125, 128, 130, 136], Kamenshchik and Vardanyan constructed the
autonomous first-order differential equation for a massless minimally coupled scalar field
in de Sitter space [122]. Within the proposed techniques to treat the series of secular terms,
they obtained finite late-time vacuum expectation values for <¢r2n:0( t, 55)) and <¢fn:0( t, 5c')>
Although the massive case does not exhibit secular growth, it remains of interest to
obtain the non-perturbative result. In this chapter, we therefore construct an autonomous
equation for the massive vacuum expectation value <¢2(t, J?)) based on the perturbative
series derived in the preceding chapters. By integrating an approximate version of this
equation, we derive a non-analytic expression in the self-interaction coupling constant A
that reproduces the correct perturbative expansion up to two-loop order. We start with the
comparison of our outcomes with the Hartree-Fock, or Gaussian, approximation, derive the
corresponding non-perturbative solution, clarify which terms it resums, and then refine it
to include the two-loop correction.

6.1 Hartree-Fock approximation

We shall start with the computation of <¢2(t, J_C))> within the Hartree-Fock, or Gaussian,
approximation, which is known to be exact for the free massive case. To compare our
outcomes for <¢2(t, 55)) = <gb2(t)> from the previous chapters with those obtained in the
Hartree-Fock approximation, one considers the equation of motion, O¢(t) = —=V'4(¢),
for (1.1). Multiplying both sides of that equation by ¢(t), integrating the left-hand side
by parts, taking expectation values of the field operators, and using the Hartree-Fock, or

Gaussian, approximation, namely <¢4(t)>HF =3 <¢2(t)>IZ{F, one arrives at

208 g = (8B =~ (8 g = M e (61)

In the case of a massless and non-interacting scalar field, r.h.s. of (6.1) vanishes, the
dominant contribution to the left-hand side comes from its long-wavelength part, i.e.,
3H9;, and O <¢r2n=0(t)> = 3H*/47?. We dare to assume that for small mass and small
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self-interaction coupling constant, this approximation remains valid

d H* 2m*, , 2, .,
dt <¢ (t)>HF = 4’ 3%<¢ (t)>HF - ﬁ(ﬁf’ (t)>12{F' (6.2)

The solution to the equation above is’

3H* ( ( om2t 9\H* ))
——|1—exp|-— 1+ ——

472m? 3H 2m2m?
1+4/1+ 9AH" 1 1+ 9AH" 2m’t 1+ OMH
V 2m2m? 2m2m? P 3H 2m2m?

Expanding the obtained solution along a small self-interaction coupling constant A, one
gets the following series:

(6.5)

<¢2(t)>HF =

($2() 3H* . _ZSLI? 27AH?® 4m?t _25? _4;1; 66
— —— S|1—e€ - - e —e .
HF 8m2m? 6474ms 3H
243)2H"? am?t  8m*t?\ _2m’t 8mt\ _4m’t  _2m’t
— 2+ |1- ——F—|e 3H — |2+ e 3H —e H
512 r6m10 3H 9H2
2187 A3H'® A am?t  16m*t?  32m°t3 _z%t
4096 w8 m14 3H 9H? 81H3
8m?t  32m*t?\ _am’t amt\ _2m’t _8m?t
_( H oz )e B e H —e 3H | +0(2).

Now, we are in a position to compare the retrieved series with our previous outcomes,
e.g., (2.36) in Chapter 2. One can compare and notice that at tree and one-loop levels, the
Hartree-Fock, or Gaussian, approximation gives correct results, but fails at two-loop and
three-loop orders.

5 By denoting <¢2(t)>HF := f (1), equation (6.2) reads

df 2 H? 2m? 21
— =q- - wh = — = — = —. .
T a bf cf R ere a Pk b 30 and ¢ (6.3)

Then, the solution can be defined through

fidy(1-ee Vi)

6.4
fo- freme Uiof)s “

af __ _
e

where f; and f, obviously, are the roots of r.h.s. (6.3). Substituting into this expression (6.4) the assigned
values (6.3), one gets precisely the solution (6.5).



Autonomous equation

Through our outcomes for each of the two-loop diagrams in the previous Chapter 3, one
notices that the Hartree-Fock approximation only resums the "Snowman" (3.10) and the
"Double Seagull" (3.18) diagrams, leaving aside the "Sunset" (3.14) one. These are known as
"Cactus" diagrams. At the three-loop level, the story is the same. The Hartree-Fock, or Gaus-
sian, approximation resums the following contributions: from the "Triple Snowman", the
"Mouse", the "Snowman + Independent Loop", and the "Three Independent Loops" diagrams
on Figures B.1a, b, ¢, and d; see also the corresponding Appendix with (B.4), (B.8), (B.12),
and (B.16). Therefore, the other four diagrams, namely, the ones on Figures B.1e, f, g, and h,
are not captured by the Hartree-Fock approximation.

6.2 Autonomous equation

Having encountered the missing contribution from the "Sunset" diagram, in this section we
go beyond the Hartree-Fock approximation (but not so far). Here, we construct through the
known perturbative series for ($%(¢)) a simple first-order differential equation, which we
refer to as the autonomous equation. The solution of such an equation is non-analytic in
the self-interaction coupling constant A while providing the correct perturbative series up
to O(A%), including the "Sunset" diagram. We also compare that result at the late-time limit
with the non-perturbative one within the Starobinsky and Yokoyama stochastic approach.

The idea is to obtain an equation such that its expanded solution reproduces the correct
perturbative series up to the two-loop level. We will rely on our outcomes from Chapter 2,
i.e., series (2.36). At the tree level from (2.36) one has

3H* 2m’t
2 _ - —
<¢ (t)>0 = W(l —e 3H ) = f(t) (67)
This tree-level expression above is a solution to the following autonomous equation:
H®>  2m?
(f( ) =175l O (6.8)
?

One can take the time derivative of both sides of (6.7) and express the resulting exponential
factor in terms of f(t) to verify this.

Hereafter, we repeat this prescription in order to find an autonomous equation at the
one-loop level. We replace the function in (6.8) with f(t) := <¢2(t)>, taken up to linear
order in the self-interaction coupling constant A from (2.36). In this case, comparing the
left- and right-hand sides of (6.8) shows that a correction term 8 f; (t) must be added

3 2
SUO) = 1 = 2o f(0) + 850, 69
where ; )
2m?t
SA(t) == —%(1 _e ) _ —%(f(t))z. (6.10)
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As expected, this equation is precisely (6.2) in the Hartree-Fock approximation above, and
the solution to such an autonomous equation is (6.5).

Proceeding with the same routine, we are also able to find the correction term for the
two-loop or A? level, which takes the following form:

C27HZ

3 21711 T
2 (pw) = 25 -2 iy - 2y - A (2 ’” " (1) (611)
ﬂ6m6 71'2m
e () + (1— 83H4 f(t)) m( t))

This autonomous equation above in the massless limit reduces to its analogue from the
preceding work by Kamenshchik and Vardanyan [122]:

m— d H® 21 9 1671

) ) R ) S e

For our purposes, namely, to capture the contribution of the "Sunset" diagram, it is
sufficient to represent a solution to the obtained equation (6.11) in the compact form:

() ={¢*(1))p + 8£2(1) := ﬁ(t) +3f2(1), (6.13)
where we have introduced
2m?
1 _ —ﬁzt 2 4
Fo(t) = c with Z:=4[1+ i LD (6.14)

— = .
1427 (1-2)e 32 % 3AH

Suppose that the correcting A%-term in our autonomous equation (6.11) can be considered
small. Hence, its linearized version appears to be

( 2m? 3/1H3

2 (0500) == (5 + T 7o) o 615)

81A2H!

_ W(z%(r)—a?—‘ (0 + 5 720 + (1-272(0) ln(l—Zﬁ(t)))-

=W(t)

Hereafter, we denote the correcting term with the help of the new notation as “W(t).
Therefore, the solution to our linearized equation (6.15) can be found in the following form:

55(1) =exp(— / ar (23”;1 f’r”p ﬁ(t))) (6.16)
0
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t ¢
44 144 ” 2m2 BAHB 4
X/dt W(t)exp(/dt (ﬁ'l‘m%(t )))
0 0
Here, the first integral is

2

t

, [ 2m*  2m? , 2m?*Zt _md

- 4+ — — = - 3H

/dt ( T, (Z 1)ﬁ(t)) g tin (1 +Z+(Z-1)e ) (6.17)

where we have used (6.14) to rewrite the integrand. Therefore, the first factor in (6.16) is

exp(—/dt’(z_mz+2_mz(22—1)ﬁ(t'))
0

2

) -2
o = ((Z+1)e§n_HZf+(Z—1)e‘§n_HZf) . (6.18)

By straightforwardly integrating the second factor in (6.16) using the result from (6.17),
the resulting expression is

243 \2H12 em?, \TP 32237 -2
= ——|(Z+1 Z -1 H - 1
Of(1) 32 wom!10 (( 1)+ Jes ) 6Z(Z +1) (6.19)
21 [(Z=1)+(z+1)e S 1) (1) iy
_ 7 n _M + 57 n|-— ~ e
(Z+1)+(z-1)e 3
2m? 2
| Z-1)+(Z+1)e 32\ (Z2-1) 4z
x _2m?, * 27 Liz| = o _2m,
(Z+1)+(z-1)e 3554 (z2-1)+ (z-1)*e 57
(z%-1) 4z 16 Z*

L
0z 2

(<Z+1>2+<ZZ—1>e%Zt)) e

72 +1 m?t\ (Z+1) Z
+(Z-1)|+4 71 1n2—3H L In| - —
(z2-1) (z-1) (Z+1)+(z-1)e308”
2m?
Z-1) Ze sH” _amt
TR P
(Z+1)+(Z-1)e 3H
2 2
.\ (Z +1)° | (Z—1)+(Z+1)e‘%2t 328 +3Z+2| _dmy,
n - €
47 m 6Z(Z - 1)

(Z+1)+(Z-1)e 3H
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Z1
Here Liy(z) is the dilogarithm function: Liz(z) = f 1nu du.
1 1-u

Immediately, the limiting value as t — oo from the first two terms of the obtained (6.19) is:

6fa(t)

oo 24302H2( 322-3z-2 (z-1)°  (z-1
- In (6.20)

7m0\ 6z(z+1)°  az(z+1)} \Z+1

That precisely matches the "Sunset” diagram contribution, since, when expanded, it yields

Sfo(t) —— (6.20) ~ Ty 0(2%), (6.21)

which was precisely absent in the Hartree-Fock approximation; see Section 3, namely, (3.14).

The full non-analytic in A result for the vacuum expectation value <¢2(t)> within the
autonomous equation at the late-time limit is the sum of late-time outcomes (6.5) and (6.20):

V12z + 18 — v12z

+(3m-2z_9)(m-m)3+3(m_r) (m+r)
1728z V4z2 + 6z 6422V12z + 18 \V2z+3 -2z

t— o0

(2(1))™ = (¢*(1) )y e + So(1) (6.22)

Expanding in the small self-interaction coupling constant A, this expression naturally
leads to (2.37) up to O(A%). Let us also point out that in the smooth massless limit it
recovers the late-time non-perturbative result from the preceding work by Kamenshchik
and Vardanyan [122]:

(¢?)1" = (6.22) moo  _TH = (Pho)i (6.23)

12 7V2A

One can straightaway compare it with (4.14) from the seminal work by Starobinsky and
Yokoyama [53] to establish the accuracy of the autonomous equation:

(62 )™ ~o01313 1L (p?)etme g 315 T 6.24
Pn=0 t—oo T Vi Vvs. ? Jnon-pert = V- \//T (6.24)

Besides, our massive late-time non-perturbative result (6.22) almost coincides with the
Starobinsky-Yokoyama stochastic approach. Using our derived expressions (4.18) and (6.22),
one has

<¢>?itoo em0 TI(H) 747 ay 2 r(y) I

)
)

< >1ate time ~ 12@[‘(%) 12\/5 + 35\/5 1"(?_1) a 1"2(

non-pert

+0(z)
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z2—0 70(3)

% 0.9964; (6.25)
12v3 ()
2\ aut
00 9 81 107 3 00
<¢ >lt—>oo ZT)':: 1+ ;- = +In— | + O(Z_S) L) 1. (626)
< 2> ate-time 256z 1024 z 18 8z

non-pert

Numerical estimates show that this relation increases to a maximum of approximately
1.0055 at z ~ 0.145 before decreasing to its asymptotic value.

Therefore, the amplitude of the deviation of the autonomous late-time result <¢2>jit) o’

see (6.22), from the one within the Starobinsky-Yokoyama stochastic approach (4.18) does
not exceed 0.6 % in the whole interval of a new dimensionless parameter z, which is

n?m?
0 <

~ 3AH*

< oo. (6.27)
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Conclusion

In the present thesis, we have developed techniques for computing correlation functions
of a spectator scalar field in de Sitter space within the long-wavelength approximation.
The following conclusion provides a detailed recap of the main results from each chapter.

We have started with the computation of two-point and four-point correlation functions
within the long-wavelength approximation and rather particular theory (1.1) in Chapter 2.
To perform it, we have employed the massive Yang-Feldman-type equation (2.16). By
iterating (2.16) up to the necessary self-interaction coupling constant A order, see (2.17),
one builds up the formal perturbative series for the Heisenberg operator and computes
the vacuum expectation value of products of field operators. In the case of a massless
scalar field with a quartic self-interaction, the Yang-Feldman equation (2.14) appeared to
be rather convenient to catch the leading logarithms in cosmic time ¢; see the seminal
work by Tsamis and Woodard [44, 45]. We proposed a way to "hang up" the mass into
that equation (2.14): the free massless field is replaced by the free massive field and the
retarded Green’s function acquires the additional exponential factor; see again (2.16). To
define the massive scalar field in terms of the massless field, (2.15), we have inverted the
integral equation (2.14) considering only the massive term in the potential. The obtained
relation (2.15) allows us to compute the two-point correlation function of the free massive
scalar field relying only on the known two-point correlation function of the free massless
scalar field (2.19). Our treatment could be considered a theory of a massive scalar field
with the vacuum “inherited” from a massless one. Remarkably, our "building block", i.e.,
free massive two-point correlation function (2.22) coincides with that of the well-known
Ornstein—Uhlenbeck stochastic process [99]. By virtue of this, the obtained correlation
function exhibits a smooth massless limit and tends over time to the equilibrium de Sitter-
invariant state. We employed (2.16) to compute the two-point correlation function up to
order A* and the four-point correlation function up to order A%. Our resulting series are
equivalent to the resummation of leading infrared logarithms in the perturbative series in
m?/H? at each order of the self-interaction coupling constant . Within this scheme, the
infrared divergences in cosmic time ¢ of the massless self-interacting scalar field are fully
resummed in the massive series.

In the next Chapter 3, we have established the correspondence between the integral
structures arising in the iterative Yang-Feldman-type equation and the diagrams within
the Schwinger-Keldysh, or “in-in”, formalism and the stochastic approach. All types of
diagrams have the same topological structure, but in the stochastic case, one encounters the
single vertex and three propagators, while in the Schwinger-Keldysh formalism, there are
two types of vertices and four types of propagators. To spot what kind of correspondence
may exist, we relied on the outputs for the two-point correlation function of a massive
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scalar field calculated at the one-loop and two-loop orders via the Schwinger-Keldysh
diagrammatic technique in [117] and [118] in the p-representation [119], for the massless
equal-time case from [83, 84, 120, 121, 122, 123], and the equilibrium stochastic results for
the massive case [81]. Our obtained full expressions for the one-loop (2.25) and the two-
loop, (3.7), (3.11), and (3.15), for each diagram’s contributions to the two-point correlation
function differ from findings in [117, 118]. That is due to the initial choice of the so-
called Bunch-Davies, de Sitter-invariant vacuum state [142] for a massive scalar field made
there. Nonetheless, by virtue of our "building block" (2.22), the obtained results tend to an
equilibrium, de Sitter-invariant state at late times, see (2.34), and turn out to be in agreement
with [117, 118] as well as with [81] at the late-time limit. Apart from the revealed results
coincidence, one finds the same structure in the used expressions; see (3.20)—(3.35). By the
same reasoning, we present the contributions of each diagram at the three-loop level in
Appendix B. We have also commented on the four-point correlation function case; see (3.19)
and nearby reasoning. We conclude that instead of using the diagrammatic techniques, one
can discern the diagram’s topology from integral structures arising in the iterated Yang-
Feldman-type equation. The processing of the massive Yang-Feldman-type equation (2.16)
is much more economical while providing the extension to the non-equilibrium regime in
the coordinate representation.

Further, we presented in Chapter 4 the basics of the Starobinsky and Yokoyama stochastic
approach [52, 53]. One decomposes the quantum field operator ¢ (t, X) in the Heisenberg
representation into the super-Hubble or long-wavelength, k < He!’!, and the sub-Hubble
or short-wavelength, k > Hef!?, parts using a window function, which one chooses to be
the dynamical Heaviside step function. The long-wavelength part ¢!V (¢, X) satisfies the
equation of motion O¢ = —V¢’ (¢), and for a slowly varying ¢'"¥(t,X), it takes the local
Langevin-like form [52], where the noise term represents short-wavelength modes that
continually shift into the long-wavelength ones. Therefore, the long-wavelength part of
the quantum scalar field "™V (t, %) can be treated as the classical stochastic field ¢(t, ¥)
with a probability distribution function [q)(t, 3?)] that satisfies the Fokker-Planck or
Einstein-Smoluchowski equation, associated with the corresponding local Langevin-like
equation. We explored the Starobinsky and Yokoyama stochastic approach for the model
of the massive scalar field with a quartic self-interaction. Through the recursion relations
involving the modified Bessel functions of the second kind (4.20), we have derived the
Ltntpmt , see (4.26) with (4.25).
Being expanded in the small self-interaction coupling constant regime, the resulting series
agree at late times with those obtained from the massive Yang—Feldman-type equation in
Chapter 2. To make an additional contact between approaches, we followed the method
proposed by Tsamis and Woodard [45]. We extracted the first-order differential equation for
the stochastic expectation values through the Fokker-Planck equation, see (4.30), and the
corresponding series in the free massive case (4.36) and in the massless case with quartic
self-interaction (4.43). One can readily notice the leading infrared logarithm structure in
cosmic time ¢ in the obtained series. As well as to verify that our free massive correlation
functions are exactly the resummed expressions of series (4.36); see (2.39) and (2.74) at A = 0.

non-perturbative late-time stochastic expectation value <(p2n>
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In Chapter 5, we developed an alternative approach to compute the perturbative series
for equal- and multi-time correlation functions in the leading logarithm approximation.
Once again, instead of processing the Yang-Feldman-type equation or dealing with the
diagrammatic techniques, one derives a simple first-order differential equation through the
Fokker-Planck or forward Kolmogorov equation. Its formal integral solution relates various
correlation functions at different orders in the self-interaction coupling constant. One solves
it iteratively. The starting point is the non-interacting case, and the exact solutions are well
known in that context. Further, we related these correlation functions to ones at different
orders in A by the integral relation. In the case of equal-time correlation functions, that
relation provides the results order by order in A via the straightforward integration (5.6). In
the multi-time case, we have the formal solution to the corresponding first-order differential
equation as an indefinite integral. To obtain the multi-time correlation function in the
free massive case, we extensively exploited the Markov property, formulated in terms
of the conditional (or transition) probability density (5.21); see (5.24) and (5.25). After
integration, one has the antiderivative and the unknown function, which one defines by
matching it to the known result for the equal-time correlation function or to the previous
"iteration" step by step; see Section 5.2. The obtained results are in agreement with the
corresponding quantum field theory perturbative series for two-point and four-point
correlation functions. This treatment, going beyond the equal-time and stationary cases,
provides further confirmation that Starobinsky and Yokoyama stochastic approach precisely
reproduces quantum field theory results in de Sitter space for models with a scalar field
potential within the so-called leading logarithm approximation.

Finally, in Chapter 6, our goal was to extract the non-perturbative result relying only on
some pieces of the perturbative information, which we computed in the previous chapters.
First of all, we compared our outcomes with the Hartree-Fock, or Gaussian, approximation.
To do so, we have found the non-perturbative solution within this approximation and
revealed what it resums. Using our extracted diagram contributions for the two-point
function at the one-, two- and three-loop orders from Chapter 3 and Appendix B, we have
established that the Hartree-Fock approximation resums only the so-called "Cactus"-type
diagrams; see details in (6.6). Further, we have constructed the renormalization group-
inspired autonomous first-order differential equation for the long-wavelength vacuum
expectation value (¢?(t,X)) of the massive scalar field, see (6.11), relying on the obtained
perturbative series (2.36). In order to capture the absentee "Sunset" contribution at the
two-loop level, we linearized the obtained autonomous equation (6.15) and integrated it;
see (6.19). The full non-perturbative result in the self-interaction coupling constant A is the
sum of that obtained from the Hartree-Fock approximation and the solution of the linearized
autonomous equation. It reproduces the correct perturbative series for <¢)2(t, 55)) up to the
two-loop level. In the late-time limit, it almost coincides with the result obtained within the
Starobinsky-Yokoyama stochastic approach over the entire interval of the dimensionless

parameter 0 < gjg: < 00; see (6.25), (6.26), and for the massless case (6.24).
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8 Outlook

We would like to list potential extensions of the applied techniques and results.

Beyond de Sitter space

One can extend our approach to computations in a flat Friedmann background with a
power-law scale factor [58, 161]:

2

2 _ g2 2 =2 p _
ds® =dt° — a*(t) dx*, a(t)ycct? and p 3(1+w)>1

(8.1)

Here, w is the parameter relating pressure and energy density in the equation of state. Such
an expansion corresponds to a negative pressure and hence inflation for p > 2/3, since in
this case w < —1/3.

Following reasoning analogous to (2.6)—(2.10), the mode equation in this background is

2
(1) + STP (1) + tkTp ur(t) =0, (8.2)

and the Wronskian condition in that case has the following form: W [u (t), u; (¢)] = —i 3P,
For the long-wavelength (I-w) modes, k < p tP~1 one neglects the last term ~ k2, solves (8.2),
yielding u};w(t) = ¢1 + ¢z t P*!, and from the Wronskian one finds ¢jc, — c1¢ = i/(3p — 1).

Therefore, for the retarded Green’s function (2.9) one can obtain

o -1)

let /—»/_
(1730, %) = 2 =

t') (( ) -3p+1 _ —3p+1) S(x—%"). (8.3)

The truncated Yang-Feldman equation for the massless scalar field with a quartic self-
interaction in that setting is

¢(ta -7_5) = ¢O(t: 3—5) -

t
dt' v ¢ (', %), 8.4
- [arvges 4
0
and the expression of the free massive scalar field through the free massless one is
t

2 m?t? m?t"?
7 - - m ) 9 -
H(t,X) = Po(t,X) — -1 e P2 /dt’ e P72 ' ¢y (¥, X); (8.5)

0
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see Appendix A as a reference. Thus, in the power-law background, the Yang-Feldman-type
equation (2.16) takes the form

t

. i it
P(t, %) = p(t, %) — 3p/1 e 61’—2/dt’ e r-2 t' (', X). (8.6)

1
0

What is needed is the infrared part of the correlation function of the massless scalar field,
see, e.g., [162, 163, 164], and everything is almost prepared for the calculations similar to
those presented in Chapter 2.

Another way to derive the truncated Yang-Feldman equation for the power-law back-
ground is to solve the corresponding equation for the long-wavelength massive zeroth
modes

i (1) + fuk'W(t) +mAul () =0, (8.7)
whose solution is
3 1
W) = et o (mt) + et Yy (mt),  vis 7” -5 (8.8)

Here J,(mt) and Y, (mt) are the Bessel functions of the first and second kinds respectively.
Analogously, using the Wronskian condition W [u(¢), u, ()] = —i t73P, we have

) .
(ciez —c1cy) (Jv(mt) Yyi1(mt) = Jy41(mt) Yv(mt)) = - %(01‘02 —cicy) = # (8.9)

ir
Therefore, cjc, — cic; = ey and the retarded Green’s function (2.9) becomes

n@(t t')

GRY (4, %1, %) = 2"

( T.(mt) Y, (mt') = J.(mt") Y, (mt)) 5(F - (8.10)
Since one cannot treat the mass as a perturbation over time intervals such that mt > 1[111],

one can consider the region 0 < mt < Vv + 1. In that case, the Bessel functions have the
asymptotic form [141]:

1 mt\” rvy(z\
J.(mt) — m(j), Y,(mt) —» - - (%), (8.11)

and in that regime, expression (8.10) above takes the following form

Iwg, = YR = F(V) @(t—t’) i V_ t_/ v .
G (b3 = 2F(v+1) (tv)” ((t) (t))(S(x xX'), (8.12)

which is precisely the previous result (8.3) with the assigned v as in (8.8). That leads to
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the Yang-Feldman equation (2.2) with the inserted expression for the retarded Green'’s
function (8.12). By "truncating" the second term under the integral, one obtains (8.4).
Further, one can proceed to (8.6) with (8.5) and perform the computation of vacuum
expectation values.

It would certainly be interesting to attempt a non-perturbative treatment in the spirit of
the stochastic formalism in a power-law background (and even more so in more general
backgrounds) and to establish what it resums (if so) in the corresponding quantum field
theory within a certain approximation.

Beyond white noise assumption

Apart from Starobinsky’s brilliant intuition, there is no fundamental reason to split the
quantum scalar field into the ‘short” and ‘long’ parts by the chosen Heaviside step function;
see again (4.1). The form of that window function was crucial for the short-wavelength
contribution to induce white noise. The white-noise assumption is a great simplification
and does not exist (no more than the delta function exists as a function) but serves as
the model for any rapidly fluctuating force. Some studies initiate this research direction
by exploring the non-white noise properties from different perspectives [165, 166, 167].
In addition, as we pointed out in the main part of the present thesis, the Starobinsky-
Yokoyama stochastic approach [52, 53] does its job in the small mass regime, namely,
m < H; see again [111]. However, the heavy massive field case, m ~ H could possibly
induce non-white noise effects. It would also certainly be interesting to approach that
possible non-white property and explore it within a modified Fokker—Planck or master
equation framework. The non-Markovian features are much more fruitful from the physical
point of view, but they involve more complicated techniques to compute something there.

Do other choices of the window function correspond to any quantum field theory results
within a certain approximation?

Does the mass control the transition between Markovian and non-Markovian regimes?
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A A trick to "hang up" the mass

to the Yang-Feldman equation

In this Appendix, we will show how to derive the massive Yang-Feldman-type equation
starting from its massless counterpart. Let us start with the following equation

t

$(0.3) = go(t.3) + [ d Fp(3) A1)

0

here F(¢(¢',X)) = ag(t,%) + W(¢(#,X)) is a general function of the scalar field and
Po(t',X) is a given fucntion. Introducing the new scalar field ¢(t, X), which satisfies the

equation
t

ﬂnﬂ:¢dn®+a/dfﬂﬂf, (A.2)
0

and taking the time derivative, one finds exactly a solution to an ordinary inhomogeneous
first-order linear differential equation:

t

$(1,%) = go(, %) + e / dt’ e g (¢, ). (A.3)

0

One can also express the known function ¢(t, X) in terms of the new free massive one
@ (t,X) from (A.2) and substitute this expression into (A.1), resulting in

t t

¢@@:$@a+¢/mfau@—$wj)+/ﬁﬂw@¢j» (A.4)

0 0

Hereafter, we introduce a new equation
t
$(1,%) = ¢(1,%) + e‘”/ dt’ e 'W (¢, %)), (A.5)
0

which is equivalent to (A.4). To establish this, we take ¢ (¢, X) — qg(t, x) from (A.5), substitute

itinto (A.4), and after changing the order of integration, one finds that (A.5) reduces to (A.4):

/dt’ at’ /dt’ W (p(t", %)) _a/dt’ W (p(t", %)) /dt’ @ (A6)
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B Two-point function at three loops:
diagrammatic contributions

In the present Appendix, we provide the diagram contributions at the three-loop level and
the corresponding expressions, as well as their results at late and equal times and in the
smooth massless limit.

We display all types of diagrams in Figure B.1 and list the following contributions to
those diagrams below. We follow the same assignments as in Chapter 3:

In order to obtain a given diagram topology, the points might be connected either by an
explicit correlation function in structure (2.31) or by the limits of the integration variables.

One defines each diagram topology through the general expression (2.31) and computes
the corresponding integrals with all time-ordering tricks, see (2.32).

tl / t2 tl 7 t tl t t/// t2 tl t/ t// t/// 2
a. "Triple b. "Mouse" c. "Snowman d. "Three Ind. Loops"
Snowman" + Ind. Loop"

t t// ty 4 v v t t Iz
e. "Sunset f. "Peephole" "Sunset + Ind. Loop h. "Shackle"

+ Loop"

Figure B.1: All the possible three-loop-level diagrams for the two-point correlation function.

By doing so, one obtains the contribution of the first diagram type in Figure B.1, "Triple
Snowman", which is

Triple Snowman 2187 A*H' m? _m
<¢(t1)¢(t2)> = - W 1+ ﬁltl — tzl e 3H|t1 t (Bl)
1 m? m* 2 m®
————t—t—2t+t) (t—t—t+t)——(t—t
(6 (1t -l =200+ 1) + o (1 - 2l = (1) - (10— g
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Two-point function at three loops: diagrammatic contributions

m? 5 m? m* 2
hh+t 3H + + t Ll+ (1 +5))]+ 3 b+ (t + ¢
(t 2)))e (I o |tr — t2| + (41 + £2) 13H? |ty = t2| + (1 + 1)

_m 5 m? 2
x I (aly—tol+(41)) _ ~T (1t-tal+2(+1)) L2 (t (4t ) y
(e e 4 18H2 |1 2| (1 2)
m? 1 m? 1 m
« o 311 (In—t=2(t+2)) _+_(t il 4 (f 4t ) o (Bl-tsaen) _ (1 (t
e > T e t1 — 2 + (81 + t2) i Ity

2
_ t2| + (t] + tz)))e 3H(2|t1 t2|+3(l’1+t2)) (% _ Z_H(ltl _ t2| _ (tl + tZ))) mTI(2|t1 —ty]— 3(t1+t2))

2
+ie 3H(4It1 Bl+3(h+t)) _ L 1. 3H(3|t1 bl +4(t+12)) _ ie?_H(3|tl_t2|_4(tl+t2)))

12 12 12
1 2187 A3H'® 2 _m
ate _ + m_|t1 _ t2| e ’:}H't1 t2|; (BZ)
times 4096 r8ml4 3H
m—0 AH? 5 Triple Snowman
- Lty + =11 := t t ; B.3
e ”8( 't 2) (oot gmeolt2)) (B:3)

(B.4)

+ + +
12 3H 9H? 81H3

equal 2187 A3H!16 7 mt  2m*t?  8mt? _Z%t
times 4096 77.'817'114

1 2m?t  4am*t?\ _4m’t (3 2m?t\ _em’t 1 _8mit
+|l-- — — e 3H — |-+ e 3H —— e 3H |.
2 3H 9H?2 4 3H 6

The result for the "Mouse" diagram type in Figure B.1b appears to be:

M 2187 A3H'® 8m? mh 44  8m?
<¢(t1)¢(t2)> ouse - _ 8 + 3 |t1 _ t2| e 3H|t1 | _ 2% _ oM |t1 _ t2|

32768 m8m14 3 3H
4

m 2
Sl —nl =+ w) -

6

—2(t + )| + -
) s

3 m?
(|t1 —t| = (1 + tz)) )e_ﬁ(hm)

4

2
i(“‘l - t2| + (tl + tz)) )(e 3H (2|t1 t2|+(t1+t2))

+10+4m2(|t t|+(t+t))+4
g 1Tk 1T 12 9H2

) 2
_ e—%('“‘”'+2(h+t2))) B (g - %(ltl —ty| = (ts + tz))) e 57 (2ln-tl=3(tr+1)) (B.5)

2

am* mi( 4
+ (10— 9—22(|t1 — |- (4 +t2)) )ea‘H('t1 bl-2(n+t) (4+ 31(|t1 —to| + (1 + tg)))

2 4|t - t2|+3(t1+t2))

2
% (e—gn_H(3|t1—t2|+2(t1+t2)) e 3H(2|t1 t2|+3(t1+tz))) +Ze 3H(

2
— g e 3H (3|t1 t2|+4(t1+t2)) _ E e ;ﬂ_H (3|t1_t2|—4(t1+t2)))
3 3
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late 2187 A*H' 8m? m

_ 8 + t — to| | e 3E M. B.6
e 32768 a0 |0 T a1 T Rl € (B.6)
m—0 A3H 5 Mouse
on 5760 748 (tl ty+ - tz) = <¢m_0(t1)¢m_o(t2)> w5 (B.7)

equal 2187 A3H'® 7 mPt  2m*t?  8mltd\ _2m’t
- —— 4+ + + 3H (B.8)
times 4096 8ml4 12 3H 9H? 81H3
1 2m?t  4am*t?\ _4am’t (3 2mPt) _om’t 8m’t
- - — | - 3 — — e 3H
2 3H 9H? 4 3H
For the next one, Figure B.1c, the result is the following:
Snowman+Ind.Loop 729 A*H'¢ 8m? 4m* _m h—t
<¢(t1)¢(t2)> —m 24+?|t1—t2|+ﬁ|t1—t2|2 e 31Tl
2m? m* 2 2
+ (51 + 7(|t1 -t = 3(t + tg)) - @((m — |+ (b + tz)) - 6(|t1 — b = (t + &) )
2 4m® 2\ _m
3(|t1 — o] = (t + tz)) ) BPYT2E (2|t1 b + (t + tz))(|t1 — o] = (0 + tz)) )e ZACRLY
2m2 4 m_ _
+ 18+7(5|t1—tz|+2(t1+tz))+@|t1 |(|t1_t2|+ b+ b )) s (2t -nl+(nes)

2 4
- 9—2%(2|t1—t2|—7(t1+tz)) el (Itl—tzl = 5(t +1,) ))e G CRAETRR)

3m?
— 166 — ?(7“’1 - tgl - 8(t1 + tz))

i (3|t1 bl = 5(t+ 1)) (It - ta (B.9)

m, m2
— (tl + tz))) e 3H(|t1 ta] 2(t1+t2)) + (9 + E(3|t1 — t2| + 2(t1 + tZ))) e “3H (3|t1 t2|+2([1+t2))
15  4m? m 15 m? ( )
[+ St + 1) | e 3E ) +—(t b+ At 4t ) o 37 (2ln—tl+3(0+12)
(2 H(1 2)) > H|1 2| + 4(ty + t3)
2
- (% - %(3“1 — | — 4(t + tz))) e 3H 7 (el -t~ () z e 3H (a1t l+3(+)
2
_§ e m—H(3|t1 t2|+4(t1+t2)) +e Q”—H(|tl—t2|+4(t1+t2)) +e m—H(|t1 ta]— 4(t1+t2)) ’"—H(_o,|t1 t| 4(t1+t2))))
2
late 729 A’ H'S 8m? Am? N\
- 24+ — | — b+ —|t; — t e 3H 1—t2|; B.10
times 16384 n8m14 H |t~ & 3H2| 1~ 1 (B.10)
m AH 6 ! 443 3 53 Snowman + Ind.Loop
- 0ty + =t + =128 — (¢ o (t
t12>1o 3072 77"8( 12 3 1 2 5 1 2 105 <¢m 0( 1)¢m 0( 2)>
(B.11)
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times 2048 7r8m14 -

equal 2187 A3 H!'® 23 m?t 5m*t?  4am®s3 _ZBLI?
8 6H  9H? 81H3

(B.12)

11 3m?t  10m*t?\ _4m’t (7  mPt\ _em’t 1 _8mit
=+ + e 3H —|—+—]e 3H —= e 3H |.
4 H 9H? 8 H 4

The "Three Independent Loops" contribution is

Three Ind. Loops 729 P H'® 4m? 2m* 2
t t =—— |12 + — |1 — b| + — |t — ¢ B.13
<¢( 1)(}5( 2)> 163847T8m14 H | 1 2| 3H2| 1 2| ( )

2m® 3\~ 1) 2m? m*
+ -t e3H12—13——(t—t—t+t)——(t—t2
27H3|1 2|) I |ty = to] = (11 + 1) NP |t1 — 12|

2mS _m? 2m?
—2(t + tz)z) I (|t1 —t —2(t + t2)3))e 3 (1+12) 4 (6 + = -t

4 2 4
m _m m m
o |t1 — 1| ) H(2|t1 i) + (E(ltl —ty| = 2(t; + tz)) t 3 (|t1 — ty?
2 2 4
2 _m - 2 9 m m
— Z(tl + tz) )) e 3H (|t1 ta|+ (t1+t2)) + (5 _ E(?’ltl _ t2| + 4(t1 + tz)) + 3 (ltl _ t2|2
2 2 2
— 2(t1 " t2)2) e;n_H(|t1—t2|_2(t1+t2)) + 3 + m—|t1 —1|)e 3H (3|tl t2|+2(t1+t2)) 2_1 _m
2 2H 4 H
(t +t2) _ 3 m? (2|t —to|+3(t1+t ))
X (|t1 -t -2(k +t2)) e S (s - ﬁ('tl -t -2(k +t2)) e 3H \2lhhI+3 it
2
— (E - m_(h«1 —t] —2(t + tz))) m—H(zltl ty|— 3(t1+tz)) 1 e -3g (4|t1 |43 (t+t2) )
4 2H 4
2 2
1(6 3H(3It1 tz|+4(t1+tz)) +3e—;n—H(|t1—t2|+4(t1+t2)) +3em—H(|t1—t2|—4(t1+t2)) +em_H(3|t1 ta|— 4(t1+t2))))
4
late 729 ’H'® 4m® 2m* 2, 2m® 3\ -2ty
e Tozsa i |12 b kel gl — Bl 4 ool - bl e ;
(B.14)

m—0 A3H? 6 4 3 9 Three Ind. Loops_
- ity + £t — 128 = t £ B.1
t>t, 1228877:8( 1t2 1 2 5 1 2 3 <¢m 0( 1)¢m O( 2)> ( 5)

equal 2187/13H16( (7 m2t  2m*t? 8m6t3) _omt

+ + + B.16
times 4096 8m14 12 3H 9H? 81H3 ( )

1 2m?t  4am*t?\ _4m’t (3 2mPt) _em’t 1 _8m’t
el e 3H — |- e 3H ——e 3H |.
2 3H 9H?2 4 3H

92



Two-point function at three loops: diagrammatic contributions Chapter B

The final expression for the "Sunset with a loop" diagram, Figure B.1e, is

Sunset+L00p 2187 A3H16 7m2 _m_2 _
<¢(t1)¢(t2)> ~200e8mia | |1t aﬁl — by| | e3EIN "] (B.17)
Y Ity — o I, (449, M (17|t to] — 24(t, + ¢ )) m’ (lt b
— — e — —_— J— —_—
i EYIRnT, 1—t 1+t s\ 2

2\ _m? 5m? m*
-2 (ti+t)
—t+t) e 3H + 9+—(2t—t + (1 + ¢ )+—t—t (3t—t
(ty 2)) ( 3 ltr — ta] + (1 + £2) 9H2|1 2| (3]t — to

3 2 4

7 m
+4(t; + tz))) e 3H 7 (lnnlenen) (Z + 6—H(7|t1 —ty| +23(t + tz)) + emp

(3|f1 —1,]?

129  11m®
+ 2|t1 — t2|(t1 + tz) + 9(1'1 + Iy 2)) |t1 t2|+2(t1+t2)) (? - oH (|t1 - t2| - (tl + tz))
2

4

m (lt
o\

m

2 2
ty| — (t1 + tz)) ) _H(|t1 —ty|- 2(t1+l‘z)) + (% + ?_H(Sltl — b + 2(t1 + tz)))

5 m?

% e 3H (3|t1 bl+a(ti+n)) (2 _ _(ltl — b - 2(t + tz)) e—:;iHZ(tl+t2)
8 ©6H

2

1e_mTq((‘”tl ~tl+(n+t) _ (23 + m—(2|t1 —to| +5(t; + tz)) e 3H(2|t1 Ll (t+)
8 6H

8
(_ _om |t1 — bl - (1 +t2))) m_H(2|t1—t2| 3(h+) 274e 3H(4|t1 L |43(t1+1))

2 2
e 3H (3|f1 t2|+4(t1+t2)) 1e—gnH(|t1—t2|+4(t1+t2)) _ le gnH (|t1—tz|—4(t1+l‘z))
24

) 37716 2
_ 7 S (Bn-tl-a(nen)) | late _ 2187 °H 1+ 7£|t1—t2| e 3HILI (B.18)
24 times 4096 r8m14
2 3m?
m _2m
+1+ —|t1 —tz] ] e s el ),
6H

20
(7 t?tz +3 t1t26 + — 7 ) = <¢m O(tl)¢m 0(t2)>Sunset+Loop (B19)

o)

m—0 A3H9

t>ty 11520 78

equal 2187 A3H!® 167 14m’t  4m*t? _ZL;t
- —_— = - e

times 4096 7r8m14 6 3H 3H2

45 18m’t  4am*t?\ _4m’t 13 4m?t\ _em’t 5 _8m’t
=+ + e e .
2 H H?
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Chapter B Two-point function at three loops: diagrammatic contributions

For the "Peephole" diagram we have

Peepho]e 729 A,?)Hlé n'l2 —m_2|t1—l’2|

t t =——— |1+ —|t; — & 3H B.21
($(t)g (1)} e at] | PR R (B.21)

35 m? m* 2
- ? + ﬁ(éltl — t2| — 5(1’1 + tz)) + ﬁ(ltl - t2| - (t1 + tz)) )e 3H(tl+t2)

2 2

— § — m_(|t1 — b + (t1 + tz))) (e 3H(zln tz|+(t1+tz)) e—g"—H(ltl—tz|+2(t1+tz)))

2 H

27 m? m—2(|t —ty|—2(t;+t )) m’
il i ﬁ('tl — |- (t + tz)) e3g\hhlmathrh) ] 4 {3 4 ﬁ('tl — b+ (0 + tz))

2

o o35 Gin-ts2(vt) _ 25 (2l tzl+3<t1+tz>)) (g = (1t =t = (1 + tz)))

2
% e%(2|t1—t2|—3(t1+t2)) le 3H (4|f1 tz|+3(t1+t2)) le 30 (3|t1 tz|+4(f1+tz))

6
2 31716 2 2
1 . B (3l-tol-4(tety) | e T294°H m—|t1 1| o 3g it (B.22)
6 times 2048 w8ml4 3H ’
m—0 AH? 5 Peephole
— titg+—1,] := t t B.23
oty 5760 71.8( 142 2) <¢m 0( l)gbm 0( 2)) 5 ( )
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_ S + e 3H +18e¢ 3H (B.24)
times 2048 m8m14 6 3H 3H?2

11 2mPt\ _ém’t 1 _8mt
—|—+ e 3H ——e¢e 3H |.
2 H 3

For Figure B.1g, i.e., the "Sunset and Independent Loop" contribution, we obtain

<¢ (t1)¢(t2) >Sunset+1nd Loop _

L - Zoin-nl _ (1_7 m’

- - e (e +6t+t)
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8192 8ml og 't AT g7t 2

4
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2 4
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9 9H 27TH 36
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4
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2
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43 2m _3m? 1
_(E_ﬁ(ltl_t2|_2(tl+t2)))e 3H (ti+12) (5 H(|t1—t2| (t1+t2)))
2
x & (2 tisatee) (% - ;g—H(3|t1 —ta] — 4(t1 + 1) ) B (e -l-3(t )
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9 18

1 6561A3H1® 2m? 2m* _m 1 _m.
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And finally, the last contribution of the "Shackle" diagram is

($(1) (1)) 5 = - :isg ﬁii((l + i’;’; It — t2|) o Bl (B.29)
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2

2
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2
_ l e_gn_H(|t1_t2|+4(tl+t2)) - 1
5 2

lat 2187 A3H'® 8m? _m 2m? _m
e 1+ ——|t — to| | e3A 17"l 4 3+ Sl - nffe mh=tl ) (B .30)

2
o 517 (In—tal=4(u+t)) _ 2 eg”—H(3|t1—t2|—4(t1+t2)))
6

times B 8192 m8m14 3H
ti>ty 1280 8
equal 2187 A3H1® 220 56m?t\ _2m’t

— e 3H — |54+
times 4096 r8m14

5 Shackl
hty + ﬁtg) = <¢m:0(t1)¢m:0(t2)>/13ac 5 (B.31)

40m?t  16m*t?\ _4m’t
+ e 3H (B.32)
H 3H?2

8m?t\ _em’t 4 _8mt
— 120 + e 3H ——e 3H |.
H 3

When summed, the obtained results lead to (2.33); at late times, to (2.34); in the smooth
massless limit, to (2.35); and at equal times, to (2.36) and (5.8).
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