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Abstract

This thesis investigates the inference properties of Boltzmann-Gibbs learning engines, focusing on
their ability to learn from data and applying this understanding to optimization problems. The study
focuses on high-dimensional inference in Restricted Boltzmann Machines (RBMs) and Hopfield
networks. These models rely on inferring structures from data as a prerequisite to leverage their
generative capabilities.

Central to this work is the teacher-student paradigm, where a teacher network generates datasets
analyzed by a student network. Learning performance is evaluated under various conditions, in-
cluding Bayes-optimal and mismatched regimes. In low-temperature settings, the student network
effectively learns through memorization. Conversely, high-temperature datasets induce a modern
signal retrieval (sR) phase, where the student aggregates partial information from noisy inputs.
These findings, derived from mean-field spin glass theory, are extended to RBMs by analyzing the
effects of different architectures, particularly through a parametric class of priors. Gaussian hidden
units are shown to facilitate entry into the sR region, although the needed critical amount of data
remains influenced by the dataset generation process.
Inference capabilities are further enhanced by introducing ferromagnetic coupling among repli-
cated Hopfield networks. This coupling significantly expands the signal retrieval region beyond
what can be achieved by modifying unit priors. Analytical results demonstrate that as the number
of coupled student networks grows, the sensitivity of the learning region size diminishes, con-
firming that aligned replicas enhance learning efficiency without allowing for improbable weight
regularizations.

Finally, the thesis explores energy-efficient training by optimizing the classification perfor-
mance of deep neural networks (DNNs) under finite resource constraints, addressing a critical chal-
lenge in sustainable machine learning and satellite technology. By optimizing the distribution of
neurons within hidden layers, the robustness of DNNs against radiation noise is improved. Insights
drawn from Deep Boltzmann Machines (DBMs) inform the identification of optimal architectures
based on thermodynamic parameters, such as form factors and inverse temperatures. Experimental
validation across multiple datasets demonstrates measurable improvements in network robustness.

Together, these results provide a unified perspective on the learning performance of RBMs and
related models. They also contribute to advancing sustainable technology applications by enabling
robust neural network designs that perform efficiently under resource constraints.
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Introduction

Deep neural networks (DNNs) are at the forefront of the technological revolution driven by Artifi-
cial Intelligence (AI) [1]. These networks have the ability to learn complex patterns and represent
high-dimensional data, making them invaluable tools across a wide range of domains. Examples
are image recognition, language processing, protein design [2]. Over the past decade, DNNs have
firmly established themselves due to their exceptional performance in diverse applications, their
adaptability to various datasets, and their suitability for both research and industrial purposes [3–
5]. Their advancement as a powerful tool was further recognized by this year’s Nobel Prize in
Physics [6].
As with other revolutionary technologies, the initial phase of DNN adoption has focused primarily
on achieving functionality, often without regard for the quality-to-cost ratio. Over time, however,
resource constraints make optimization a critical concern. Historically, the pursuit of optimiza-
tion has often driven significant scientific progress. For instance, during the 19th century, Carnot’s
studies on the efficiency of heat engines, grounded in the second law of thermodynamics, became
a cornerstone of the Industrial Revolution [7]. As the founding fathers of Deep Learning often
claim we are nowadays in the same pre-scientific age, searching for the thermodynamics of learn-
ing [1, 8].
Central to this effort is the investigation of the bounds of the learning mechanism [9, 10], which
forms the core of modern machine learning technologies. Attempts to understand these bounds
have unveiled a lack of a solid underlying theoretical framework that explains remarkable success
of DNN over the multitude of their applications.
In this context, substantial contributions to the theoretical foundations of neural networks have
come from statistical mechanics, particularly the replica method [11]. This approach is widely re-
garded as a powerful—albeit not strictly rigorous—tool and will be extensively employed through-
out this thesis. One of its most prominent applications is the analysis of the Hopfield model [12],
one of the earliest artificial neural networks designed to explore associative memory mechanisms
analogous to those observed in biological systems [13].
The Hopfield model represents memories as stable configurations of neurons, which can be re-
called via Hebbian synaptic connections [14]. Using statistical mechanics, the recall process can
be depicted in phase diagrams, which illustrate how many memories the network can reliably store
before confusion states emerge. Since the advent of Hopfield’s work, numerous extensions have
been proposed to enhance the network’s representational capacity [15–17], ultimately culminating
in the modern learning mechanisms of Artificial Intelligence. A particularly relevant case is unsu-
pervised learning, which aims to derive internal representations of datasets by mapping them onto
probability distributions. The goal of these networks is often to generate typical configurations of
the data, but they can also be tailored to specific tasks.
One well-known example of unsupervised models is the Deep Boltzmann Machine (DBM) [18, 19].
Under the statistical mechanics framework, a DBM can be modeled as a multi-species spin system
[20], where the interactions are learned from the data. These networks consist of neurons arranged
in successive layers, with interactions—referred to as weights—representing the synapses that con-
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nect the units in adjacent layers. From a generative perspective, DBMs have been already studied
[18, 20, 21], but many questions remain open. For instance, generalizing Parisi’s theory [22, 23] to
non-convex structures such as DBMs is an ongoing challenge, as it is necessary to characterize the
learning equilibrium states of these networks. Studying phase diagrams in these models can help
answer critical questions, such as:

• How much data, sampled from the environment, is necessary for the machine to efficiently
learn a representation of the same environment?

• How does the machine learn the structure of the dataset, and how is this encoded in the
interactions?

While directly answering these questions for deep stratified networks is challenging, an insightful
approach involves investigating Restricted Boltzmann Machines (RBMs). These are simpler archi-
tectures, composed of only two layers, which are typically stacked [18, 24, 25], thereby forming
their proper deep counterpart. Despite their relative simplicity, RBMs are capable of learning rich
internal representations [26, 27], making them a foundational step toward understanding DBMs.
This thesis is situated precisely at this intersection. Our primary goal is to contribute to the theo-
retical understanding of RBMs inference. We approach this problem using the so-called teacher-
student scenario [28–30], in which a neural network with a given architecture (teacher) defines the
model of the environment (signal), while another network (student) has to learn some key prop-
erties about this environment by leveraging a dataset generated by the teacher. In this controlled
setup, it is possible to rigorously investigate the data requirements for the student network to tran-
sition into a learning regime and to study how this phase is influenced by the student’s architectural
properties, such as unit priors or weights regularization. Initially, we apply this inference method-
ology to the Hopfield model, which can be interpreted as a particular case of a RBM representation.
Subsequently, we extend our analysis to a broader class of RBM models. Finally, we focus on a
specific DBM implementation, evaluating its performance under defined constraints.

More specifically, the first part of the thesis provides a brief yet rigorous and self-contained in-
troduction to statistical inference and the foundational tools of statistical mechanics used through-
out the work. To illustrate these concepts, we include concrete examples from well-known models,
such as the Curie-Weiss and Hopfield models. This approach highlights the distinction between
the direct problem (analyzing configurations sampled from the distribution of these spin systems)
and the inverse problem (inferring system parameters from observed data), which constitutes the
primary focus of the thesis.

In Chapter 2, we introduce the teacher-student scenario within the context of the Hopfield model
and explore its parameter estimation theory. Here, the data represents the dual version of the con-
nections in the original Hopfield model. In the direct perspective, the weights or patterns represent
the saved memories within the network, that we aim to reproduce. Typically, these weights are
independent and identically distributed (i.i.d.) random variables, drawn from a uniform binary dis-
tribution. Parisi’s spin glass theory, allow us to depict the network’s sampled configurations. Each
sample may or may not resemble an embedded pattern, depending on key parameters such as the
total number of initially stored patterns and the system’s noise level (temperature) [31]. The dual
inverse perspective, on the other hand, uses data as interactions, focusing on reconstructing weights
(training) from observed data. We show that having complete prior knowledge about the generating
process (Bayes-optimality [32, 33]) significantly simplifies the description of the learning phase in
the dual Hopfield model. However, when the prior information is incomplete, the difference be-
tween classical memorization mechanisms [34] and modern machine learning approaches becomes
apparent.
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In Chapter 3, we extend our analysis to RBMs and examine the impact of architectural choices
on their learning mechanisms. Specifically, we construct student networks with units (hidden,
visible, patterns) whose priors interpolate between continuous (Gaussian) and binary distributions.
This parametric approach allows us to model the effects of various architectural choices for both
teacher and student RBMs on the efficiency of learning. Efficiency is quantified in terms of the
dataset size required for learning and the level of regularization needed to enable the learning
phase, referred to as signal retrieval (sR).

In Chapter 4, we address the limitations of the learning phase identified in earlier chapters,
particularly the constraints on data availability and the role of temperature in expanding the sR
phase. The breakthrough idea presented in [35] enhances the Perceptron’s generalization perfor-
mance by incorporating ferromagnetic coupling. Specifically, this approach reduces the onset of
the hard phase [36], enabling standard thermal updating algorithms to more efficiently reach the
signal solution and avoid being trapped in metastable states. Inspired by this, we apply the same
collective learning approach to the Hopfield teacher-student scenario. By coupling a number of
y Hopfield students, we investigate the sR phase of the new system, exploring if this collective
learning strategy can reduce data requirements or increase learning temperature.

The final chapter focuses on the application of DBMs in supervised learning tasks, specifically
in image classification. Here, we utilize a dataset of labeled images, divided into training and test
sets. The training set is used to teach the network to distinguish between image classes, while the
test set evaluates its performance. To adapt a DBM for this task, we add a final layer with neurons
corresponding to the number of labels and use standard backpropagation to compute the weights
across all layers, optimizing for prediction accuracy. This experiment serves as a practical entry
point to the problem of resource optimization. As discussed at the beginning, optimizing neural
network performance is critical in addressing the energy-intensive nature of modern AI systems.
The chapter extends this theme by exploring methods to achieve maximum performance under
constrained resources. Using the number of neurons in hidden layers as a proxy for resource allo-
cation, we investigate the optimal network topology for enhancing classification performance. This
problem is particularly relevant for satellite applications, where embedding efficient architectures
in hardware designed to operate in radiation-rich environments is critical [37, 38]. To meet these
demands, we design a compact network optimized for integration into hardware that functions
in ambient radiation environments. To assess the feasibility of these architectures, we introduce
a robustness metric specifically tailored to quantify the resilience of the network’s predictions.
This metric is sensitive to environmental factors, such as interactions with energetic neutrons [39].
Guided by recent theoretical results [20, 40], which establish a relationship between neuron place-
ment and network performance, we propose a neuron reconfiguration procedure. We apply this
procedure to evaluate the behavior of the performance metrics and identify the most robust archi-
tecture across multiple datasets. We find that only a small number of thermodynamic parameters
are sufficient to determine these optimal architectures.
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Chapter 1

Preliminaries

This chapter introduces the fundamental concepts that will be utilized throughout the subsequent
chapters of the manuscript. We begin by discussing the notions of direct and inverse problems,
which form the core framework for understanding the dual nature of inference and generation in
Restricted Boltzmann Machines (RBMs). Before diving into the analysis, we will first present some
essential results from Statistical Mechanics that will be referenced in the main chapters. This will
be done by initially exploring the Curie-Weiss model, followed by an examination of the generative
properties of RBMs, starting with the influential Hopfield model [12]. The Hopfield model serves
as one of the pioneering frameworks for understanding the mechanisms underlying associative
memory [34, 41], providing key insights into energy-based models such as RBMs.

1.1 Statistical Inference

Inference is a crucial process that involves extracting meaningful information about a model of a
specific environment from data. The environment is characterized by a distinct signal, also referred
to as the ground truth, which, in our case, consists of a large set of N components. The goal of
inference is to (at least partially) reconstruct this signal. In the following chapters, we will consider
the case where both the size of the set and the amount of data, denoted by M , grow simultaneously,
with N being very large. This regime is commonly referred to as high-dimensional inference. For
our purposes, we require at least an extensive scaling of the number of observations with respect to
the number of signal components, such that M = αN , with α > 0.
A key characteristic of real-world datasets is the inevitable presence of noise, which arises from
unpredictable factors and affects the generative process that produces the observations. This neces-
sitates a probabilistic approach to inference. Statistical inference [42] addresses this challenge by
deducing properties of an underlying probabilistic model from noisy datasets. Among the available
frameworks, the Bayesian approach is one of the most widely used, providing a structured method-
ology for integrating prior knowledge with observed data to make predictions about the signal.
We introduce the general random generative process with the following notation

x→ Y ,

where we consider Y as the data produced by some model, which is characterized by a set of
parematers x. With the → symbol we are referring to the random process generating the data
starting from the signal components. The parameters are known and fixed, while the (noisy) data
is not, therefore it is modeled as a random variable. For this reason the study of this problem can
be also recast as the investigation of the forward probability distribution P (Y |x). It involves the
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description of the possible data configuration we could obtain starting from a particular instance of
the parameters. Therefore we are trying to predict what data the model is going to generate.
The opposite case

y ←X ,

is referred to as inverse problem. In this case the random process has already taken place and data
are known. We would like to use the data to infer the parameters originating the process. Here
X is modeled as a random variable and the investigation of its probability distribution P (X|y)
derives the instance of the possible parameters responsable for data generation. The random generic
process is modeled by the likelihood function

L(x|y) := P (y|x) .

The notation P (y|x) refers to the data formation step for given values of the unknown parameters.
It has to be interpreted as a function of the parameters at given observations.
As one can already imagine the reconstruction process is based on a multitude of assumptions that
can lead to an imperfect reconstruction of the signal. As an example one can ignore the nature of
the model shaping the environment i.e. the form of the likelihood is incorrect, or having a partial a
priori knowledge over the parameters x, which will be encoded inside the prior term P (x).

All the information (even if partial or incorrect) that we have on the data and on the process,
are combined in the Bayes formula

P (x|y) = P (x)P (y|x)∫
dP (x′)P (y′|x)

=
P (x)P (y|x)

P (y)
. (1.1)

Eq. (1.1) is known as posterior distribution and it contains all our believes about the parameters
configuration, given the data. Another useful version of the Bayes formula is the following chain
rule

P (x,y) = P (y)P (x|y) = P (x)P (y|x) . (1.2)

Inference is the basis for machine learning problems. Typically, we want our models to uncover the
underlying ground truth from the data itself, for this reason this method is always called learning.
Once the machine learns from the data we can direct it towards a specific task, as an example data
generation [43] or classification [44] . The machines used for performing inference are usually very
large, in the sense they contains a huge number of parameters. This huge set can be tuned correctly
only because of the presence of a huge number of observations, thus in a high dimensional inference
setting. We will explore (chapters 2-3) the remarkable effectiveness of the learning mechanism
when dealing with noisy datasets. In this context, we observe a significant improvement in signal
retrieval, thanks to the availability of a large number of (noisy) examples.

Peculiar properties, deriving directly from the Bayes formula (1.1) are the Nishimori identities.

Proposition 1. Let be (X, Y ) a couple of random variables, with joint distribution P (X, Y ) and
conditional distribution P (X|Y ). Take k ≥ 1 i.i.d. random variables X(1), X(2), · · · , X(k) with
distribution P (X|Y ). Let us denote with the symbol E the expectation with respect to P (X, Y ),
and with ⟨·⟩ the one w.r.t. the product measure, then the following identity holds:

E⟨g
(
Y,X,X(2), X(3), · · ·X(k)

)
⟩ = E⟨g

(
Y,X(1), X(2), X(3), · · ·X(k)

)
⟩ (1.3)
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Proof. from the chain rule P (X, Y ) = P (Y )P (X|Y ) it is equivalent sampling the couple X, Y
from the joint distribution P (X, Y ) or first samplping Y according to its marginal P (Y ) and then
to draw X from the conditional one. Applying directly such information

E⟨g
(
Y,X,X(2), X(3), · · ·X(k)

)
⟩ = EXYEX(2)|Y · · ·EX(k)|Y g

(
Y,X,X(2), X(3), · · ·X(k)

)
= EYEX|YEX(2)|Y · · ·EX(k)|Y g

(
Y,X,X(2), X(3), · · ·X(k)

)
= EYEX(1)|YEX(2)|Y · · ·EX(k)|Y g

(
Y,X(1), X(2), X(3), · · ·X(k)

)
= E⟨g

(
Y,X(1), X(2), X(3), · · ·X(k)

)
⟩ .

This identity is a powerful tool and it can be used to carry on a huge amount of simplifications in
studying high dimensional inference models [45]. When we are allowed to use such simplification
it usually referred as Bayesian optimal setting. It is ”optimal” since both priors and posterior are
exactly known. This can be appreciated already from the proof of Eq. (1.3). Inside the proof we
replaced X by X(1). This can be done only if we impose the correct likelihood function; then
sampling X(1) from P (X(1)|Y ) is equivalent to sampling it from P (X|Y ). Using another function
the proof cannot be carried out. Instead, under the correct hypothesis, inside the average over all
the random variables, the signal X can be replaced by a replica, drawned from the posterior.

Starting from Chapter 2 we will largely use this property. We are going to work in the mis-
match prior setting showing that the inference problem can be mapped into a spin glass out of the
Nishimori line, as so the previous identities will be obtained only with specific configurations.

The study of the posterior distribution (1.1) is then the most fundamental step when dealing
with a inference problem. It is a way to understand whether data contain enough information so
that the signal can be retrieved. At this level Statistical Mechanics comes into play. It helps us in the
analysis of the posterior distribution, providing us with all the information to answer the previous
question. We can interpret the posterior as a Boltzmann Gibbs distribution [46]

P (x|y) = P (x)P (y|x)
P (y)

= Z(y)−1e−βH(x;y) , (1.4)

where H(x;y) is called Hamiltonian of the system, or simply energy function, which encodes all
the microscopic degrees of freedom of the considered system.

H(x;y) = − log(P (x))− log(L(x|y))
Z(y) =

∑
x

e−H(x|y) .

In the language of disordered systems x plays the role of model’s configurations and the data y
that of quenched disordered interactions. In this notation the evidence is nothing but the partition
function (Z) of the model.
This connection allows to interpret common estimators used in Bayesian inference under statis-
tical machanics terms: for instance, the maximum-a-posteriori (MAP) estimator is equivalent to
the ground state of the Hamiltonian in (1.4). Conversely, marginal probabilities computed on the
posterior coincide with equilibrium expectation values over the Boltzmann measure.
To complete the Statistical mechanics connection one should add a fictitious temperature β

Pβ(x|y) = Z(y, β)−1e−βH(x;y) = Z(y, β)−1 exp (β logL(x|y) + β logP (x)) , (1.5)

in this way the ground state ofH can be obtained when β →∞. Typically, the prior distribution is
factorized over the components x, so that the second term in the exponential of (1.5) is interpreted
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as a one-body interaction term, while all the remaining interacting parts are encoded in the likeli-
hood function.
We will see, in the following, the deepest meaning of these quantities and the advantage of using a
statistical mechanics perspective to investigate inference problems.

1.2 Statistical Mechanics formalism

Statistical mechanics aims to describe the thermodynamics of systems composed of a large number
of components. It is now widely accepted that macroscopic physical phenomena are manifesta-
tions of underlying microscopic processes. Statistical mechanics serves as a bridge between these
two levels, deriving the macroscopic physical laws of thermodynamics from a statistical average
description of microscopic phenomena, as exemplified by the description of an ideal gas [46].
From a macroscopic perspective, such a system can be physically described using macroscopic ob-
servables such as pressure, volume, and temperature. From a microscopic perspective, the physical
description of the same system must be based on the microscopic dynamics of its many compo-
nents (molecules), each with its internal degrees of freedom. If the gas is allowed to relax over a
sufficient amount of time, its macroscopic properties become fixed. However, at the microscopic
level, there will be a vast number of states consistent with these fixed macroscopic constraints.
The microscopic system is then represented by a probability density function, which weights the
collection of states compatible with the macroscopic constraints and generally depends on time.
However, as said for the ideal gas, we are interested in determining macroscopic properties related
to the equilibrium. After a sufficiently long time interval, observables become time-independent
and therefore, the entire statistical mechanics analysis is restricted to cases where the probability
density function of states does not depend explicitly on time. The complete information about the
microscopic interactions between the microscopic degrees of freedom is encoded in the Hamilto-
nianH, which can be generally expressed as a sum of k-body interactions:

H(y) =
N∑
k=1

Hk(y1, · · · , yN) (1.6)

Hk(y) =
∑

i1,··· ,ik

Ji1,··· ,ik yi1 , · · · , yik , (1.7)

Here, each yi represents a generic degree of freedom. In this manuscript, we will mainly focus
on systems with discrete degrees of freedom, with some finite set X representing the possible
configurations of a single system’s component yi. For example, we will consider components that
can be in two different states, X = {−1, 1}. These degrees of freedom are often referred as spins
and will be denoted by σi.
Typically, it is assumed that the system described by the Hamiltonian in Eq. (1.6) is in thermal
equilibrium with an external temperature T . Under these conditions, the probability distribution
governing the microscopic configurations in equilibrium is given by the Boltzmann distribution

P (y) = Z−1e−βH(y) , (1.8)

where β = 1/T is the inverse temperature. At zero temperature, the Boltzmann distribution (1.8)
is concentrated on configurations that minimize the total energy.
The sign and nature of the couplings Ji1,··· ,ik determine the type of system being studied. For in-
stance, if all couplings (k ≥ 2) are positive the system is classified as ferromagnetic. Conversely,
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if they are all negative, the system is an anti-ferromagnet. When the couplings include both posi-
tive and negative values, the system is categorized as a spin glass. Each coupling factor imposes a
constraint on the spins it connects. Specifically, if Ji1,··· ,ik ≥ 0, the variables y1, . . . , yk must align
(i.e., having the same sign) to minimize energy. Conversely, if Ji1,··· ,ik ≤ 0, the variables should
anti-align to achieve energy minimization. A model is described as unfrustrated if a configuration
that satisfies all constraints, exists. Otherwise, the model is considered frustrated, in which case,
the ground state is defined as the configuration that violates the fewest amount of constraints.
The presence of frustration significantly alters the nature of phase transitions among these systems,
distinguishing spin glasses (SG) from ferromagnets. In spin glasses, the interaction couplings are
typically drawn from a specified distribution, allowing both positive and negative values. This vari-
ability in the couplings introduces disorder, a defining characteristic of spin glasses. Consequently,
the energy landscape becomes dependent on the specific instance of the interaction parameters. To
address this, the focus often shifts to studying the averaged behavior of such systems under disorder,
aiming to reduce dependence on individual instances of the interactions. When the thermodynamic
properties of the system exhibit minimal sample-to-sample fluctuations, the system is referred to
as self-averaging, and its averaged description becomes a reliable representation. In the following
sections, we provide specific examples to illustrate these concepts, beginning with the well-known
Curie-Weiss ferromagnet and progressing to the spin-glass Hopfield model. We start by present-
ing a dynamical example that demonstrates how a system of spins evolves over time, eventually
converging to states distributed according to the (time-independent) Boltzmann-Gibbs probabil-
ity distribution. As a result, the system’s properties are derived from the study of a probability
distribution P over a finite configuration space Σ, where P represents the invariant (equilibrium)
distribution of the dynamics, encapsulating all information about its long-term behavior.
Consider then a system consisting of N random spin variables, labeled i = 1, . . . , N with each
spin σi taking values in X = {−1, 1}. A configuration of the system is represented by the vector
σ = σ1, . . . , σN , and the entire configuration space is Σ = XN = {−1, 1}N . A simple stochastic
dynamic for generating a configuration σt at time t can be described as follows:

• at t = 0 σ0
i , i = 1, · · · , N , are sampled independently and uniformly in {−1, 1}

• At each time step t the configuration σt is updated as follows:

• Initialization: At t = 0, the spins σ0
i are sampled independently and uniformly from {−1, 1}.

• Evolution: at each subsequent time step t, the configuration σt is updated according to the
following procedure:

1. Select a Spin: choose a single spin randomly from the set i = 1, . . . , N .

2. Compute Magnetization: calculate the direction similarity of the system, defined as
the fraction of spins pointing up or down:

mt =
1

N

N∑
i

σt
i mt

i = mt − σt
i

N

3. Flip Probability: update the selected spin σt
i by flipping its direction with the following

probability:

pflip
i =

{
1 if mt

iσ
t
i < 1

exp (−2βmt
i) otherwise ,

(1.9)
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Here, β ∈ R+ is the inverse temperature, which takes into account external sources of ran-
domness or errors in the system. This parameter reflects the level of stochasticity in the
dynamics; with larger β corresponding to lower randomness and a stronger tendency of the
system going towards its equilibrium configuration.

The update rule described above can be interpreted as a transition probability, Tσt→σ(t+1) , from
the state σt to σ(t+1). The sequence of configurations {σt

t≥0} forms a Markov chain [47] whose
invariant distribution is the Boltzmann-Gibbs one

µβ,N = Z−1
β,N exp

(
β
N

∑
i<j σiσj

)
, (1.10)

Zβ,N =
∑

σ∈Σ exp
(

β
N

∑
i<j σiσj

)
.

This distribution satisfies the detailed balance condition:

Tσ→σ′µβ,N(σ) = Tσ′→σµβ,N(σ
′) .

This means that, after a transient period, the system thermalizes and becomes approximately sta-
tionary. As a consequence, any observable property of the system, which can be derived as a time
average over the chain, can equivalently be reformulated as a static problem involving the invariant
distribution.
The above equilibrium distribution is defined by the Hamiltonian H(σ) = − 1

N

∑
i<j σiσj , as in

Eq.(1.4). Then the Boltzmann-Gibbs distribution can be rewritten in the more compact way, as

Pβ(σ) = Z−1
β exp (−β H(σ)) (1.11)

with its corresponding partition function

Zβ =
∑

σ∈Σ exp (−β H(σ)) .

This formulation applies to a general functionH : Σ −→ R and describes any system whose inter-
actions are encoded in the HamiltonianH.
The ultimate goal of Statistical Mechanics is to study the state of the system. The state is charac-
terized by the expectation values of all possible observables

⟨O⟩ =
∑
σ∈Σ

O(σ)µβ,N = Z−1
β,N

∑
σ∈Σ

O(σ)e−βH(σ) ,

representing the outcomes of measurements. To compute the expectation value of any observable,
it is necessary to determine the system’s free energy,:

Fβ,N := − 1

β
logZβ,N ,

which, as we will show in the following lines, serves as the generating function for the averaged
observables. The link between observable measurements and the free energy involves techniques
such as linear response theory, which provides a framework for understanding how the system
responds to small perturbations

Theorem 1. (Linear response)
Consider a perturbed HamiltonianH(h,σ) : [0, 1]× Σ→ R of the form

H(h,σ) = H0(σ) + hH1(σ) (1.12)
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withH1(σ) = O(σ) and indicate with

⟨O⟩h = Z−1
β,h

∑
σ∈Σ

O(σ)e−βH(h,σ)

the average w.r.t. the Boltzmann-Gibbs distribution with the perturbed Hamiltonian at inverse
temperature β. Then it holds

∂

∂h
logZβ,h|h=0 = −β⟨H1⟩0 .

Proof. By direct computation

∂

∂h
logZβ,h|h=0 = Z−1

β,h

∑
σ∈Σ

(−β ∂hH(h,σ))

This result describes how we can generate the expectation of any observable using the free
energy, which serves as a critical tool for identifying phase transitions. To compute the expected
value of a generic observableO, it is sufficient to perturb the original Hamiltonian by the observable
itself, H → H + hO, with a sufficiently small external field h. Afterward, one can compute the
free energy and its derivative with respect to h. Another important property of the free energy is
captured by the following

Theorem 2. (Fluctuation-Dissipation)
Consider the perturbed Hamiltonian H(h,σ) of (1.12) and the corresponding Boltzmann-Gibbs
distribution at inverse temperature β. Then for any observable O it holds

∂

∂h
⟨O⟩h|h=0 = −β⟨O;H1⟩0 ,

where we indicte as
⟨O;H1⟩h = ⟨O H1⟩h − ⟨O⟩h⟨H1⟩h

the covariance between the observable and the perturbation, under the Boltzmann-Gibbs distribu-
tion.

Proof. Always by direct computation

∂

∂h
⟨O⟩h = Z−1

β,h

∑
σ∈Σ

O(σ)e−βH(h,σ) (1.13)

= −βZ−1
β,h

∑
σ∈Σ

O(σ)H1(σ)e−βH(h,σ) + (1.14)

−Z−2
β,h∂hZβ,h

∑
σ∈Σ

O(σ)e−βH(h,σ) (1.15)

= −β

(
⟨O H1⟩h − Z−1

β,h

∑
σ∈Σ

H1(σ)e−βH(h,σ) ⟨O⟩h

)
(1.16)

= ⟨O;H1⟩h (1.17)

which is concluded by the evaluation at h = 0.
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The Fluctuation-Dissipation Theorem connects two distinct quantities: the system’s response to
a perturbation and the fluctuations of the unperturbed system. To illustrate it, takeH1(σ) = O(σ)

∂

∂h
⟨O⟩h|h=0 = −β

(
⟨(H1)2⟩0 − ⟨H1⟩20

)
where the right-hand side is simply the variance of the observable O at equilibrium. Building on
this, we can relate the Fluctuation-Dissipation Theorem to the linear response theory. Specifically,
by differentiating the free energy Fβ,N with respect to h, we obtain

∂2

∂h2
Fβ,h|h=0 = −β

(
⟨(H1)2⟩0 − ⟨H1⟩20

)
;

which shows that the variance (fluctuation) of an observable at equilibrium can be computed from
the second derivative of the free energy and provides a connection between the equilibrium fluctu-
ations and the response of the system to perturbations.
These results highlight the importance of the free energy, but its effective computation is often
challenging. However, in the thermodynamic limit, where the number of components N → ∞,
the free energy density fβ = Fβ,N/N can be analyzed more efficiently. We will explore how this
thermodynamic limit regime allows for powerful approximations.

1.2.1 Curie-Weiss model

Our first step is the application of the Statistical Mechanics formalism on the system which time
evolution is described in Eq.(1.9). The model we are referring is called Curie-Weiss model (CW)
[48] and it is depicted by the Hamiltonian

H(σ) = − 1

N

∑
i<j

σiσj − h
∑
i

σi (1.18)

where σi represents the spin at site i, N is the number of spins, and h is an external magnetic
field, like the one in Thm(1- 2). This model serves as a prototypical example of a ferromagnetic
mean-field model, since, as we are going to see, in the thermodynamic limit, its free energy density
coincides with that of a system of identically independent spins. As described above, our goal is
to obtain a complete description of the equilibrium properties of this system by determining the
most probable configurations σ ∈ Σ, sampled from the Boltzmann-Gibbs distribution µβ,N (1.11),
calculating the free energy at N →∞.
To compute the free energy density, we start with the partition function:

−βfβ = lim
N→∞

1

N
ZN(β) ,

ZN(β) =
∑
σ∈Σ

exp

(
β

N

∑
i<j

σiσj + βh
∑
i

σi

)
.

The Boltzmann factor can be rewritten in terms of the averaged alignment of the entire configura-
tion, or simply the magnetization: m = 1/N

∑
i σi

ZN(β) =
∑
σ∈Σ

exp

(
Nβ

2
m(σ)2 +Nβ h m(σ)− β

2

)
.
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The last term,−β/2, is a constant additive factor that can be absorbed into the partition function,
as it does not affect the Boltzmann distribution; moreover it is subleading in N , in the thermody-
namic limit. Therefore, we redefine the partition function as follows

ZN(β) = e−Nβf(β) =
∑
σ∈Σ

exp

(
Nβ

2
m(σ)2 +Nβ h m(σ)

)
.

The free energy density in the thermodynamic limit can be derived using the following variational
principle

−βf = lim
N→∞

1

N
logZN(β) = inf

N

logZN(β)

N
= sup

m

[
log 2 + log cosh (βm)− 1

2
βm2

]
. (1.19)

This result comes from the fact that the partition function can be approximated by performing a
Gaussian linearization

Eg[e
λg] =

∫
Dg eλg = e

λ2

2 , (1.20)

where λ ∈ R, g ∼ N (0, 1) and Dg is the Gaussian measure. Applying the same steps to the
partition function

ZN(β) =
∑
σ

e
Nβ
2

m(σ)2+Nβh m(σ) =
∑
σ

e
1
2((

√
βNm(σ))2)+Nβh m(σ)

=
∑
σ

Eg e
√
βNm(σ)g+Nβh m(σ) = Eg

∑
σ

e(
√

β
N
g+β h)

∑
i σi

=

∫
dg√
2π

[
2 cosh

(√
β

N
g + β h

)]N
.

Using the change of variables g
√
β/N = βm, we have

ZN(β) =

√
βN

2π

∫
dm exp

(
N

[
log 2 + log cosh(βm+ β h)− βm2

2

])
. (1.21)

Applying the Laplace or saddle point method to (1.21)

lim
N→∞

1

N
logZN(β) = lim

N→∞

1

N
log

∫
dm exp

(
N

[
log 2 + log cosh(βm+ β h)− βm2

2

])
= sup

m

[
log 2 + log cosh(βm+ β h)− βm2

2

]
,

in the second passage we can neglect the non extensive term O(
√
N) and finally obtain the result

stated in Eq.(1.19). The study of the variational principle defines different regimes for the possi-
ble configurations σ derived from (1.11), which are the equilibrium states of the dynamics (1.9).
Calling

ĝ(β) = sup
m
g(m; β) = sup

m

[
log 2 + log cosh(βm+ βh)− βm2

2

]
, (1.22)

the corresponding free energy density results as

f(β) = inf
m

[
m2

2
− log 2

β
− 1

β
log cosh(βm+ βh)

]
.

The transition behavior of the Curie-Weiss model can be resumed in the following
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Proposition 2. When h = 0, the critical inverse temperature βc = 1 separates two sets of maximiz-
ers of the variational principles (1.22). If β ≤ βc there exist a unique maximizer m̄(β) = 0. For
β > βc the maximum of f(m; β) is reached at two symmetric points ±m̄(β), with m̄(β) > 0.

Proof. g(m; β) is an even function of m. We just restrict the proof when m ≥ 0 and study the
concavity of g only in this range of magnetizations. We have

1

2m
∂mg(m; β)|h=0 = ∂2mg(m; β)|h=0 = β

(
tanh(βm)

m
− 1

)
which is a decreasing function of m, thus f is a concave function of m2. Consequently is has a
unique maximum at m = 0, when its first derivative in m = 0 is negative

∂2mg(m; β)|m=0 = β(β − 1) < 0 ,

giving β < 1 = βc. Conversely it has a unique maximum at m = m̄(β). By simmetry the other
maximum will be at m = −m̄(β).

The values of the maximizers of g (which minimize the free enegy density f ) can be obtained
with the solution of the saddle point equation

m = tanh(βm+ βh) . (1.23)

The numerical investigation of the solutions of Eq.(1.23), at h = 0, gives exactly m = 0 when
β < 1 or ±m̄(β) ̸= 0 otherwise. The two values of the magnetization signals the presence of a
phase transition at βc = 1:

• Paramagnetic (P) region: m = 0 and β ≤ βc. The highest probable configurations to be
sampled σ are just random configuration.

• Ferromagnetic (F) region: m = ±m̄(β) when β > βc. The configurations σ are aligned
configuration, which ordered is characterized by the value of m̄(β), solution of (1.23).

Figure 1.1: Magnetization of the CW model for different ranges of temperature. On the Left, at low
temperature we are in a paramagnetic (P) phase. On the Center we see the P-F transition, while at
the Right the agreement of with the magnetization obtained at the end of the dynamics (1.9). The
data points are the one in red, the blue line is the transition obtained by the equilibrium analysis
(1.23).
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Figure 1.2: Free energy of the CW model. For high temperatures( Left) we have a unique maximum
at m = 0. For β > βc = 1 (Center) the free energy has two symmetric maxima. (Right) The
presence of an external magnetic field select one of the two minimal configuration, when β > βc.
When h > 0 the positive magnetized configuration corresponds to the global minimum. The
contrary happens when h < 0.

The minima of the free energy function for β > βc are often referred to as pure states. Unlike the
typical Gibbs ones that represent an ensemble average over all configurations, pure states represent
configurations, that singularly dominate the equilibrium behavior of the system. This behavior is
illustrated in Fig. 1.2, where the free energy landscape transitions from having a single minimum
(m = 0) above the critical temperature to two minima (m = ±m̄) below it.

Mean field connection

The Curie-Weiss model is often described as a mean-field model. In this section we will see that it
behaves as such in the thermodynamic limit (N →∞)

Proposition 3. In the thermodynamic limit, the Curie-Weiss free energy density coincides with its
mean-field approximation, i.e.

lim
N→∞

1

βN
logZN(β) = lim

N→∞
inf

m∈[0,1]

G(Pm)

N
,

where G[.] is the Gibbs free energy and Pm is the product measure Pm(σ) =
∏

i pm(σi), where pm
is a bernoully probability distribution with mean m.

Proof. First we give the definition of Gibbs free nergy:

G[Pm] = ⟨H⟩Pm
− 1

β
S[Pm]

where H is the internal energy

⟨H⟩Pm
= −

〈
1

N

N∑
i<j

σiσj

〉
Pm

= − 1

N

∑
i<j

⟨σiσj⟩Pm
=

= − 1

N

∑
i<j

⟨σi⟩Pm
⟨σj⟩Pm

= −N(N − 1)

2N
m2 .

The second term S corresponds to the entropy

S[Pm] = −N
[
1 +m

2
log

(
1 +m

2

)
+

1−m
2

log

(
1−m

2

)]
,
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therefore the functional to be optimized is

G[Pm]

N
= −m

2

2
+

1

β

[
1 +m

2
log

(
1 +m

2

)
+

1−m
2

log

(
1−m

2

)]
+O(1/N) .

Now, it is sufficient to compute the extremum of the mean-field approximation, and compare it with
the solution of the variational formula (1.19). The extremum is given by

m =
1

2β
log

(
1 +m

1−m

)
;

using the identity 1/2 log (1 + x/1− x) = tanh−1(x) the previous equation became exactly the
optimal of the variational principle in (1.19): m = tanh(βm).

This confirm that, in the thermodynamic limit, the CW distribution with zero external field, is
well-approximated as a mixture distribution over the two pure states m = ±m̄, solution of (1.23).
The probability distribution can be expressed as

P (σ) =
1

2
(Pm̄(σ) + Pm̄(σ)) (1.24)

Pm̄(σ) =
N∏
i=1

pm̄(σi) : p(σi)m̄ =
1 + m̄

2
δσi,1 +

1− m̄
2

δσi,−1 (1.25)

When generating M independent samples from the CW distribution, it is possible to define a subset
V ⊂ {1, · · · ,M} s.t. {

µ ∈ V =⇒ mµ = m̄

µ /∈ V =⇒ mµ = −m̄
(1.26)

This division highlights the coexistence of two distinct macroscopic behaviors in the ferromagnetic
regime (β > βc).

Thermodynamic states

To complete the analysis of the CW model, we now give some results regarding the thermodynamic
states, specifically the averages of the system’s observables with respect to the Boltzmann-Gibbs
distribution. These averages can be derived from the free energy through differentiation as in
(1-1.27). We are interested in the limiting free energy density and in the interpretation of the
observables in the same limit. Particularly we are going to use the linear part of the Hamiltonian
(1.18) as perturbationH1(σ) = −

∑
i σi, that will became our observable O = H1.

Through the fluctuation dissipation relation

⟨O⟩ =
N→∞

∂

∂h
F |h=0 ,

⟨m(σ)⟩ =
N→∞

∂

∂h
f |h=0 = m,

from which one can also derive ⟨m2(σ)⟩ =
N→∞

m2. Note that this result holds outside the line

h = 0, β ≥ βc, where the averaged magnetization ⟨m(σ)⟩ =
N→∞

0. This is because the limiting
distribution of the magnetization has two symmetric peaks ±m asshown in (1.24-1.26).
For later purposes (Chapter 4) it is useful to obtain the scaling factor of the connected correlation
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Cij =
cij
N

= ⟨σiσj⟩ − ⟨σi⟩⟨σj⟩ of the CW model. To achieve this, we utilize again the fluctuation-
dissipation relation

∂

∂h
O|h=0 = −β

⟨(∑
i

σi

)2

⟩ − ⟨
∑
i

σi⟩2
 ,

∂

∂h

(∑
i

σi

)
|h=0 = β

⟨(∑
i

σi

)2

⟩ − ⟨
∑
i

σi⟩2
 . (1.27)

Eq.(1.27) can be further developed. Decomposing the two squared ones one obtains

⟨
(∑

i

σi

)2
⟩ − ⟨

∑
i

σi⟩2 = N − ⟨
∑
i

σi⟩2 + ⟨
∑
i ̸=j

σiσj⟩ −
∑
i ̸=j

⟨σi⟩⟨σj⟩

= N
(
1−m2

)
+N(N − 1)Cij .

It is possible to notice the l.h.s. is

∂

∂h

(∑
i

σi

)
|h=0 = N

∂m(σ)

∂h
|h=0

= βN
(
1−m2 + (N − 1)Cij

)
,

from which one obtain an expression of the correlation in function of the derivative of the magne-
tization

Cij =
∂hm(σ)|0 − β(1−m2)

β(N − 1)

N>>1∼ ∂hm(σ)|0 − β(1−m2)

βN
. (1.28)

In the thermodynamic limit we can use Eq.(1.23) to produce an explicit expression for ∂hm|0

∂m

∂h
|h=0 = β(1−m2)

(
∂m

∂h
+ 1

)
,

∂m

∂h
|h=0 =

β(1−m2)

1− β(1−m2)
;

Recollecting all pieces in (1.27), finally

Cij =
cij
N

=
1

βN

(
β(1−m2)

1− β(1−m2)
− β(1−m2)

)
=

1

N

(1−m2)2

1− β(1−m2)
. (1.29)
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1.3 Associative memory networks

The statistical mechanics approach to spin systems, particularly the study of spin glass models, has
made significant contributions to the theoretical foundations and development of neural networks.
Initially, these investigations aimed to model biological neurons [49], exploring intelligent behav-
ior. This required a model that was both simple to analyze and complex enough to exhibit biologic
macroscopic functionalities.
The focus of this chapter is on memory recall. We aim to recast this intricate process as an emergent
property of large systems (thermodynamic limit), where individual components interact through
simplified mechanisms compared to the complexities of biological systems. Rather than providing
a detailed description of a biological brain, our objective is to provide a simple model capable of
reproducing some of its fundamental properties. To achieve this, the basic units of the networks dis-
cussed here are conceptualized as artificial neurons. These neurons operate based on specific rules
inspired by biological principles. One such rule is the Hebbian rule, which establishes a connection
between stored memories and synaptic interactions among neurons [50].

A stored memory in the artificial brain is represented as a vector with N components, referred
to as a pattern ξµ, where µ = 1, · · · , p denotes the number of stored memories. The synaptic
connections between neurons are

Jij =

{
1
N

∑p
µ=1 ξ

µ
i ξ

µ
j i ̸= j ,

0 i = j .
(1.30)

A neuron is formalized as a spin variable σi ∈ {−1, 1}, indicating its active or inactive state in
response to external stimuli received from the other neurons. Then the dynamic process describing
the state of a neuron is

σi(t+ 1) = sign

(∑
j

Jijσj(t) + θi

)
, sign(x) =

{
−1 x ≤ 0

+1 x > 0
. (1.31)

In this framework, the i-th neuron receives signals from the others, quantified as
∑

j ̸=i Jijσj(t). If
the cumulative signal exceeds a certain threshold level (θi) the neuron i activates (σi = 1).

A pattern ξµ is considered retrieved, if, after the dynamics stabilize, the network reaches a
configuration σ = ξµ. There is no reason to think the activation pattern of neurons ξµ resemble
real-world data, such as photographic images. This is due to the numerous biological processes
involved in neural activation. Therefore the pattern components ξµi are modeled as identical inde-
pendent distributed (i.i.d.) random variables; e.g. somewhere in the artificial brain some neurons
are on σi = 1, i = 1, · · · , k and in the rest of the locations they are off.

Figure 1.3: Difference between a realistic random configuration of a pattern (right)
with respect to a simplified photographic letter configuration pattern (left).

In the Hopfield model [12] we consider uncorrelated pattern components ξµi as i.i.d Rademacher
random variables. The successful retrieval of a saved pattern is evaluated through the similarity
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(overlap) between the configuration of the brain σ(t) and one pattern ξµ

mµ(t) =
1

N

∑
i

σi(t)ξ
µ
i . (1.32)

This overlap measure can also quantify the similarity between patterns.
When extracting the components of the two patterns, say ξ1i and ξ2i , and compare them for each
i = 1, · · · , N , we are going to obtain as many matched components as the unmatched ones. This
is due to their nature of uncorrelated i.i.d. random variables, which make them almost orthogonal:∑

i

ξµi ξ
ν
i = δµν +O(1/

√
N) .

Using this condition it is possible to show that the patterns are stable configuration of the dynamics
(1.31). For instance, starting from σi(t) = ξ1i

σi(t+ 1) = sign

(∑
j

wijσj(t)

)
(1.33)

= sign

(
1

N

∑
µ

∑
j

ξµi ξ
µ
j ξ

1
j

)

= sign

(
ξ1i +

1

N

∑
µ̸=1

∑
j

ξµi ξ
µ
j ξ

1
j

)
= ξ1i sign

(
1− a1i

)
.

In the last step, we use the fact that ξ1i is binary and called a1i = − 1
N

∑
µ ̸=1

∑
j ξ

1
i ξ

µ
i ξ

µ
j ξ

1
j . If we want

the first pattern to be stable we need a1i < 1. Due to the random nature of the patterns components,

a1i behaves like a random walk ofN(p−1) steps and width 1/N . This implies a1i < 1, if
√

p−1
N

< 1,
i.e., when the number of patterns satisfy p << N , the set of saved memories are stable points of
the presented dynamics.

Beyond stability, we aim to address pattern completion [51]. This involves extending the dy-
namics in Eq. (1.31) to a broader context, requiring the evolution from a random initial condition
towards the memories.
The presented time evolution of spins, can be also interpreted as a zero-temperature process gov-
erned by the following Hamiltonian

H(σ) = −1

2

∑
ij

Jijσiσj , (1.34)

here, the effective field acting on spin σi is heffi =
∑

j Jijσj . The process (1.31) tends to align
the spins along the effective field direction at the next time step, leading towards decreasing energy
states. If a one-to-one correspondence exists between stored patterns and energy minima, the net-
work will converge to the nearest stored pattern, erasing noise from the initial condition. Moreover
the rule (1.31) definitely determines the spin state at the next time step and doesn’t consider for
external perturbations that could deviates the dynamics. To account for external perturbations we
extend the previous dynamics to a Glauber dynamics [14], with flipping rate (1+ e−2βheff

)−1. This
process reduces to the original one when β → ∞ and became completely random when β → 0.
As for the CW model, the invariant distribution resulting from the previously discussed dynamics
is the Boltzmann-Gibbs distribution, with the Hamiltonian given in equation (1.34). If the study
of the system’s equilibrium properties reveals that the patterns correspond to equilibrium states,
then the network dynamics will tend to converge toward the stored memories, even when the initial
condition is far from equilibrium.
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1.3.1 Hopfield Network

The Statistical mechanics approach to the Hopfield model starts from the energy Hamiltonian (1.34)
that we report here, replacing the interactions with their explicit Hebb rule representation

H(σ|{ξp}) = − β

2N

p∑
µ=1

N∑
i=1

N∑
j=1

ξµi ξ
µ
j σiσj . (1.35)

Here each ξµi ∼ 1
2
(δ1 + δ−1) independently, making the Hopfield network a spin-glass model.

We will first analyze how memory retrieval works with a finite number of patterns p [34]. This
means that in the thermodynamic limit, the ratio p/N → 0. This is exactly the condition needed in
Eq.(1.33) to ensure the patterns as stable dynamical configuration.
The diagonal part of the interactions is not taken into account since it is not extensive in the size of
the systemN . The energy function is constructed by a sum of quadratic terms each one representing
the contribution of each one of the patterns. As stated in the previous section we proceed with the
analysis of the partition function

Z(β, {ξµ}) =
∑
σ

e−βH(σ;{ξp}) =
∑
σ

exp

{
β

2N

p∑
µ=1

N∑
i=1

(σiξ
µ
i )

2

}
. (1.36)

By introducing a set of integration variables (one for each pattern)mµ we can linearize the quadratic
term in the exponential

Z(β, {ξp}) =
∫ ∏

µ

dmµ
∑
σ

exp

{
−βN

2

∑
µ

m2
µ + β

∑
µ

mµ
∑
i

σiξ
µ
i

}

=

∫ ∏
µ

dmµ exp

{
−βN

2

∑
µ

m2
µ +

∑
i

log

(
2 cosh

(
β
∑
µ

mµξµi

))}
, (1.37)

where we used the gaussian integration (1.20) and omit the normalization constant, since it does not
affect physical properties of the system. Given the large number of neurons in the brain (∼ 1011)
we are going to discuss phase transitions in the limit N → ∞. As for the CW model, under this
condition the integral can be evaluated by steepest descent, with free energy density

−βf = −β
2
m2 +

1

N

∑
i

log
(
2 cosh(β m · ξi)

)
, (1.38)

where m = (m1, · · · ,mp) and ξi = (ξ1i , · · · , ξ
p
i ). The extremization condition of the free energy

gives the equation of state

m =
1

N

∑
i

ξi tanh(β m · ξi) , (1.39)

the parameter m, appearing as order parameter in Eq.(1.38 ) is nothing but the limiting expected
overlap similarity of Eq,(1.32). This connection can be revealed using the saddle point condition,
starting from the first line of Eq.(1.37):

mµ =
1

N

∑
i

σiξ
µ
i . (1.40)

In the limit of large N , the sum over i in (1.37) becomes equivalent to the average over the random
components of the vector ξ = (ξ1, ..., ξp) = (ξ1 = ±1, ..., ξp = ±1), according to the self-
averaging property [52]. This corresponds to the configurational average over disorder, which we
denote in this case by Eξ[·],
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−βf = −β
2
m2 + Eξ

[
log
(
2 cosh(β m · ξ)

)]
, (1.41)

m = Eξ

[
ξ tanh(β m · ξ)

]
. (1.42)

For the purpose of this thesis we restrict to the case of a single pattern retrieval (even if other
solutions of (1.42) exist [14]). To be consistent with the choice made in (1.33) we assume the first
pattern to be retrieved, i.e. m1 = m, m2 = m3 = · · · = mp = 0. Then the equation of state (1.42)
simplifies considerably

m = Eξ

[
ξ tanh(β m · ξ)

]
= tanh(β m) , (1.43)

which behaves exactly as the Curie-Weiss model of the previous sections, at h = 0. This means the
presence of two symmetric energy minima ±ξ1 under T = 1, leading a random initial condition
towards the nearer minimum point, following the dynamics (1.31). Concluding, when the number
of pattern p is finite, we have obtained pattern completion.

Many saved memories

It is possible to go beyond the finite number retrieval of memories. We break the assumption of fi-
nite embedded memories, considering an extensive number of patterns: p/N → α. When the scale
α becomes too large the network becomes overloaded with information, leading to interference
between stored patterns. As a result, the system may enter a disordered phase, known as the spin
glass phase, even at low temperatures. In this state, the neural configuration becomes randomly
frozen, unable to retrieve any specific memory.
In this case, the computation of the configurational average of the free energy density, relies on the
calculation of the configurational average of the nth power partition function, the so called replica
trick:

−βf(β, α) = lim
N→∞

1

N
[logZ]S = lim

N→∞
n→0

log[Zn]S

Nn
.

The thermodynamic states description of the Hopfield network is realized on a system of many
replicas, idexed by a = 1, · · · , n which is described by a set of order parameters

ma = Q(σa, ξ) ,

qab = Q(σa,σb) ,

respectively the magnetization of one of the replicas with the chosen pattern to be retrieved and
the (spin-glass) overlap between two different replicas. The presence of these two sets of order
parameters divides the phase diagram of the Hopfield network as in Fig.1.4

• Paramagnetic (P) region: m = q = 0;

• Pattern retrieval (R) region: m ̸= 0, q > 0;

• Spin Glass (SG) region: m = 0, q > 0.

The phase diagram of Fig.1.4 is obtained under the Replica Symmetric (RS) assumption, that sim-
plify the number of order parameters up to two: ma = m, ∀a = 1, · · · , n and qab = q, ∀a, b =
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Figure 1.4: Hopfield model phase diagram when the number of patterns becomes extensive. It is
possible to see three phases: paramagnetic (P) and spin-glass (SG), where the solution is random
and an ordered phase (R), where it is possible to retrieve one pattern.

1, · · · , n, giving the following free energy density and saddle point equations

−βfRS(β, α) =Extr

[
− α

2
ln (1− β + βq) +

α

2

βq

1− β + βq
+
β2α

2
q̂(q − 1)+

− β

2
m2 + ln 2 + Eσ

∫
Dz ln cosh β

(
mσ + z

√
αq̂
)]

,

p =Eσ

∫
Dz tanh β(pσ + z

√
αq̂)σ ,

q =Eσ

∫
Dz tanh2[β(pσ + z

√
αq̂)] ,

q̂ =
αβ2q

(1− β + βq)2
.

The RS solution says that for α ≲ 0.138 it is possible to recover the selected pattern. It is necessary
to precise that the RS solution is unstable due to replica symmetry breaking (RSB) at very low
temperatures. The RSB region (which requires the introduction of a collection of infinite order
parameters) is small and the qualitative behavior of the order parameter m is well described by the
RS solution. In conclusion retrieval, thus memorization, is possible up to a critical load, beyond
which a spin-glass regime occurs where the system gets confused [41, 49].

1.3.2 Connection with the Restricted Boltzmann Machine

In the previous section, we explored how the Hopfield network effectively achieves pattern forma-
tion, successfully implementing associative memory. Interestingly, this model is a special case of a
broader class of powerful energy-based models known as Restricted Boltzmann Machines (RBMs)
[53]. Consequently, studying the Hopfield model serves as a milestone for understanding the gen-
erative processes underlying modern ML algorithms.
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To illustrate the connection, we start with the Hamiltonian (1.35) in the extensive case and combine
it with the definition of magnetization (1.40):

H(σ|{ξµ}) = −
p∑
µ

N(mµ)2 ,

where mµ denotes the magnetization. The Hamiltonian term within the partition function (1.36)
can then be linearized by introducing an extensive number of normal random variables, leading to

Z(β, {ξµ}) = Eσ,τ exp
(
β

N∑
i

p∑
µ

σiξ
µ
i τ

µ
)
.

From the ML perspective this model has a natural application in the context of unsupervised
learning, where a machine is trained over a dataset (training set) of unlabeled examples to retrieve
their probability distribution. To this task the Hopfield model belongs to the class RBMs [54, 55].
The first (visible) group of variables σ, reproduces the data with components σ = (σ1, . . . , σN).
The second (hidden) group has the role of building an internal representation of the data structure
using its units τ = (τ1, . . . , τp).

Figure 1.5: Bipartite representation of a RBM. The neurons are divided in two layers: hidden (τ )
and visible (σ). Only neurons of different layers are connected by synaptic interactions.

Together, they form a bipartite network structure, as illustrated in Fig.1.5, characterized by the
parametric probability distribution

Pw(s) = z−1
w Eτ exp

(
N,P∑
i,j

wj
iσiτj

)
, (1.44)

whose parameters w ∈ RNP need to be fit with the data. In statistical mechanics, RBMs are studied
in the context of multi-species spin-glass models [56–63]. A notable advantage of the RBM frame-
work is its flexibility in selecting different priors for the hidden nodes, enabling the introduction of
higher-order interactions among the visible nodes [27]. For instance, instead of restricting hidden
units to Gaussian distributions and data units to binary spins, one can generalize their set of priors.
An example of such generalization involves choosing one of the RBM components x ∈ {σ, τ, ξ}
from a mixture distribution

x =
√
Ωxgx +

√
1− Ωxϵx ,

where Ωx ∈ [0, 1], gx ∼ N(0, 1) and ϵx is a Rademacher random variables taking values ±1. By
applying the same replica symmetry (RS) analysis, used for the original Hopfield model, one can
investigate the impact of these priors on the retrieval phase of RBMs, see Fig.1.6.
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Figure 1.6: Examples of phase diagrams representing the retrieval transition in RBM models. The
represented phases are the ones in Fig.1.4. Left: effect on the retrieval phase when the RBM’s
weights ξ have Gaussian tails, while the hidden units have Ωτ = 1. The retrieval region shrinks the
more weights display a Gaussian nature. Right: Same effect displayed when σ have Gaussian tails
while having binary patterns and Gaussian hidden units. Here the effect is the same as in the left
panel.

The computation leading to Fig. 1.6 can be derived from Appendix D by setting β̂ = 0, where
the order parameter p plays the role of magnetization. Alternatively, these results can be found
in [64, 65]. In the broader context of Boltzmann machines, the retrieval of patterns in associative
neural networks exhibits a richer behavior. Specifically, retrieval remains feasible even at high load
for any pattern distribution that interpolates between Boolean and Gaussian statistics.
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Chapter 2

Dual Hopfield model

Up to this point, we have provided a brief explanation of how Hopfield networks serve as paradig-
matic models for memory storage and retrieval—an illustrative example of the direct process de-
scribed in Sec. 1.1. This concept extends naturally to Restricted Boltzmann Machines (RBMs),
which generalize the Hopfield model. In contrast, modern artificial intelligence systems primarily
rely on the machine learning paradigm, rather than memorization.

This chapter is devoted to demonstrating that such learning mechanism, aligns precisely with
the problem of self-supervised learning [66], where a machine is trained to infer the probability
distribution of a dataset using a subset of unlabeled examples. 1

We show that a teacher-student self-supervised learning problem can be formulated using Boltz-
mann machines as a suitable generalization of the Hopfield model with structured patterns. In
this framework, the spin variables represent the machine’s weights, and the patterns correspond
to examples from the training set. The learning performance is analyzed by examining the phase
diagram in terms of key parameters: the size of the training set, the noise in the dataset, and the
inference temperature (which corresponds to weight regularization).
In scenarios where the dataset is small but informative, the machine can achieve learning through
memorization. However, when the dataset is noisy, a critical threshold of extensive examples is
required. Beyond this threshold, the limits of memory storage provide an opportunity for the emer-
gence of a new learning regime where the system learns by generalization.

2.1 Introduction and Motivations

What is the maximum amount of patterns that can be stored by a neural network and efficiently
retrieved? What is the minimum amount of examples needed for a neural network to understand
the hidden structure of a noisy, high dimensional dataset? They seem two different questions, the
former concerning the limit of a memorization mechanism, the latter involving the beginning of a
learning process. In facts they are strictly related, being a common life experience, especially for
science students, that learning comes to help when memory starts to fail.

Since the Hopfield seminal work, several generalizations have been investigated in relation to
their critical storage capacity and retrieval capabilities. For example, super-linear capacity has been
found by allowing multi-body interactions [67], parallel retrieval has been studied in relation to
patterns sparsity [68–72] or hierarchical interactions [73–76] and non-universality has been shown

1The term self-supervised learning is often considered synonymous with the classical concept of unsupervised
learning, as opposed to supervised learning, which requires labeled data.
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with respect to more general patterns entries and unit priors [64, 77–81]. A specific attention has
been given to model with intra pattern and among patterns correlation [82–85]. In this works the
negative effects of the correlation structure on the system’s capacity emerge and different non-Hebb
rules are proposed to mitigate it, restoring the possibility of pattern retrieval. Other works on the
effect of patterns correlation on the critical capacity are [15–17].
From this perspective it appears as a collective endeavour in favour of an artificial intelligence (AI)
that works exclusively by machine memorization, in contrast to modern AI that is being dominated
by machine learning. Recent models have started to consider patterns correlation as connected to
the existence of a new regime which is more close to learning than memory retrieval. For example in
[28, 29, 86] patterns are blurred copies of some prototypes while in [87–89] patterns are generated
from a set of hidden features: in both cases there exists a regime where the Hopfield network can
extract (learn) the underlying structure more than merely memorize the examples.

We start giving a generalization of the Hopfield model with planted correlated patterns, together
with its natural interpretation in terms of the machine weights posterior distribution in a teacher-
student self-supervised learning problem. Successively, the model is studied in three different
regimes: in the Bayes optimal [33, 90] setting the machine can work by memorization if the dataset
noise is relatively small while it can retrieve the signal by generalization when the training set
is made of a sufficiently high number of weakly informative examples; beyond Bayes-optimality
[91, 92] the learning regime depends on the relation between dataset noise and weight regularization
(inference temperature). In the Appendix the proofs of the main results are given together with the
derivation of the conjectures.

We consider a Hopfield model with N binary spins ξ = (ξ1, . . . , ξN) ∈ {−1, 1}N and M
quenched random binary patterns S := {sµ}Mµ=1 = {sµ1 , . . . , s

µ
N}Mµ=1 ∈ {−1, 1}NM . Given a

specific realization of the patterns and a planted configuration ξ̂ ∈ {−1, 1}N , we consider the
Boltzmann-Gibbs distribution

P̂ (ξ|S, ξ̂) = Ẑ−1(S, ξ̂) exp
(
β

N

M∑
µ=1

N∑
i<j

sµi s
µ
j ξiξj + λ

N∑
i=1

ξ̂iξi

)
, (2.1)

where β ≥ 0 is the inverse temperature, λ ≥ 0 is the amplitude of an external field in the direction
of the planted configuration and

Z(S, ξ̂) =
∑
ξ

exp

(
β

N

M∑
µ=1

N∑
i<j

sµi s
µ
j ξiξj + λ

N∑
i=1

ξ̂iξi

)
(2.2)

is the model partition function. The term planted pattern or planted configuration is peculiar of
the self-supervised problem. We are saying on top of our system we ”plant” the solution ξ̂, which
will be the signal to be retrieved by the student after interacting with the data. The solution will be
corrupted by noise, in our case the inverse temperature β̂ of the teacher. Consequently we assume
the student patterns are independent but with a specific spatial correlation induced by the planted
configuration i.e. they are distributed according to

P (S|ξ̂) =
M∏
µ=1

P (sµ|ξ̂) =
M∏
µ=1

z−1
µ exp

(
β

N

N∑
i<j

ξ̂iξ̂js
µ
i s

µ
j + hµ

N∑
i=1

ξ̂is
µ
i

)
, (2.3)

in contrast with Sec.1.3, where patterns consist of i.i.d. Rademacher random variables. The parti-
tion function

zµ :=
∑
s

exp

(
β

N

N∑
i<j

ξ̂iξ̂jsisj + hµ
N∑
i=1

ξ̂is
µ
i

)
=
∑
s

exp

(
β

N

N∑
i<j

sisj + hµ
N∑
i=1

sµi

)
, (2.4)
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is nothing but the partition function of the classical Curie-Weiss model at inverse temperature β
and external field hµ ∈ R. In the second equality we just use the Gauge transformation si → siξ̂i.
Finally we assume the planted configuration ξ̂ is a quenched Rademacher random vector.
The model (2.1, 2.3), in particular in the limit λ,h → 0, is motivated by its natural application in
the context of self-supervised learning with RBMs. In this setting, given an unknown probability
distribution P 0 and a training set of M examples S = {sµ ∼ P 0}Mµ=1 drawn independently from
P 0, the aim is to approximately learn P 0 with

Pw(s) = z−1
w Eτ exp

(
N,P∑
i,j

wj
i siτj

)
, (2.5)

by tuning w. The learning performance clearly depends on the structure of the data, i.e. P 0,
the properties of the machine, i.e. Pw, and the amount of data. A crucial research question is
thus about the typical size of the training set necessary for the machine to efficiently learn, given its
architecture and the structure of the data. To explore this question we consider a controlled scenario
where the dataset S is generated from a (teacher) machine Pŵ and another (student) machine Pw

is trained over S. In the case P = 1, choosing τ ∼ N (0, 1) and ŵ =
√
β/N ξ̂, we find that the

probability distribution of the dataset is exactly as in Eq.(2.3), i.e. it has a spatial correlation induced
by the planted configuration ξ̂. The parameter β−1 can be interpreted either as the amount of noise
in the training set examples or as the same time the typical strength of the machine weights, i.e.
weights regularization. In a Bayesian framework, the posterior distribution of the student’s machine
weights w =

√
β/Nξ given the dataset reads as

P̂ (ξ|S) =
P (ξ)

∏M
µ=1 P (s

µ|ξ)
P (S)

= Z−1(S) exp

(
β

N

M∑
µ=1

N∑
i<j

sµi s
µ
j ξiξj

)
, (2.6)

which is exactly the Hopfield model of Eq.(2.1) in absence of fields. In the following we refer to
the machine weights ξ as the student pattern to distinguish them from the teacher (planted) pattern
ξ̂, also denoted as the signal. In the statistical inference framework of Sec.1.1, Eq.(2.3) define the
so called direct Hopfield model describing the dataset, while Eq. (2.6) can be considered as the
corresponding inverse model. Interestingly it is still a Hopfield model, Dual w.r.t. the direct model,
where the spin variables correspond to the machine weights ξ while the training set’s examples S
play the role of the patterns. We also refer to the dual patterns as planted disorder to enlighten that
they are in turn drawn from a Hopfield model with a planted pattern, i.e. ξ̂. This teacher-student
setting has been introduced in [65], originally inspired by [93] and recently studied in the case
P = 2 for boolean RBMs [94]. It was also used in [30] to propose alternative posterior based
methods for inverse problems in the case of structured dataset.

In this setting it is possible to quantify the learning performance of the student machine by
measuring how much the student pattern ξ is close to the signal ξ̂, i.e. by computing Q(ξ, ξ̂), once
introduced the overlap between two vectors ξ1, ξ2 ∈ RN as

Q(ξ1, ξ2) =
ξ1 · ξ2

N
. (2.7)

Similarly we can evaluate the amount of information contained in the data with the overlapQ(sµ, ξ̂)
between the examples and the teacher pattern. Finally we can characterize the memorization per-
formance of the machine by introducing the overlap Q(sµ, ξ) between the examples and the stu-
dent pattern (sampled from the posterior (2.6)). We define the bracket ⟨.⟩ˆ as the expected value
w.r.t the joint distribution of signal, training set and student pattern (ξ̂,S, ξ), i.e. for any function
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f : {−1, 1}N × {−1, 1}NM × {−1, 1}N → R,

⟨f⟩ˆ := 2−N
∑
ξ̂,S,ξ

f(ξ̂,S, ξ)P̂ (ξ|S, ξ̂)P (S|ξ̂). (2.8)

It is interesting to note that using the Gauge transformation ξi → ξiξ̂i and sµi → sµi ξ̂i, we get for
any bounded function f of the overlap that〈

f(Q(ξ, ξ̂))
〉̂

= 2−N
∑
ξ̂,S,ξ

f(Q(ξ, ξ̂))P̂ (ξ|S, ξ̂)P (S|ξ̂)

=
∑
S,ξ

f(Q(ξ,1))P̂ (ξ|S,1)P (S|1) = ⟨f(Q(ξ,1))⟩ , (2.9)

where we have defined the bracket ⟨.⟩ as the expectation w.r.t. the joint distribution P̂ (ξ|S,1)P (S|1)
that does not depend on the signal ξ̂ (ferromagnetic gauge), i.e. for any function g : {−1, 1}NM ×
{−1, 1}N → R,

⟨g⟩ :=
∑
S,ξ

g(S, ξ)P̂ (ξ|S,1)P (S|1). (2.10)

Note that P̂ (ξ|S,1) is the Boltzmann-Gibbs distribution induced by the partition function

Z(S) =
∑
ξ

exp

(
β

N

M∑
µ=1

N∑
i<j

sµi s
µ
j ξiξj + λ

N∑
i=1

ξi

)
, (2.11)

that is a Hopfield model in a field, whose patterns are drawn from

P (S|1) =
M∏
µ=1

z−1
µ exp

(
β

N

∑
i<j

sµi s
µ
j + hµ

N∑
i=1

sµi

)
, (2.12)

i.e. the distribution of M independent Curie-Weiss models at inverse temperature β and external
field h. In the following we indicate with Eβ,h the expectation w.r.t. the pattern distribution (2.12).
Eq. (2.9) means that the overlap with the signal can be interpreted as the magnetization of a
Hopfield model at inverse temperature β with patterns S extracted independently from a Curie-
Weiss model at the same temperature. Analogously it holds

⟨f(Q(sµ, ξ))⟩ˆ= ⟨f(Q(sµ, ξ))⟩ (2.13)〈
f(Q(sµ, ξ̂))

〉̂
= ⟨f(Q(sµ,1))⟩ (2.14)

i.e. the overlap between the examples and the signal corresponds, in the ferromagnetic gauge, to the
magnetization of S. For this reason in the following we always consider, without loss of generality,
that the patterns are drawn from (2.12), which does not depend on the signal ξ̂, keeping in mind that
a non-zero magnetization in this model corresponds to a macroscopic alignment with the planted
configuration ξ̂.

2.2 Learning by memorization from few highly informative ex-
amples

At low enough temperature we expect that the examples S are polarized, i.e. in terms of the
original variables they are correlated with the planted configuration ξ̂. At the same time, as long as
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the number of examples do not exceed the critical load of the student machine, the student pattern
ξ will be aligned with one of them and therefore we expect it to be polarized as well. From the
machine learning perspective, since each example carries a lot of information about the signal, the
student machine can easily learn ξ̂ by memorization, even if M = 1.

We can formalize this result and precisely quantify the goodness of the learning performance in
terms of the temperature β and the amount of data M by computing the system’s free energy

fN = − 1

βN
Eβ,h logZ(S) (2.15)

where Z(S) is given by Eq. (2.11). In the thermodynamic limit we have the following

Theorem 3. If β ≤ 1, or β > 1 and λ, h ∈ R \ {0}, it holds for any ϵ ∈ {−1, 1}M

−βf := lim
N→∞

1

N
Eβ,hϵ logZ(S) = supp∈RM g(p) (2.16)

with

g(p) = log 2− βp2

2
+ ⟨log cosh (βs · p+ λ)⟩s , (2.17)

where we have defined the random vector s ∈ {−1, 1}M whose entries are i.i.d. random variables
with mean

m0(β, h) := argmaxx∈R

[
log 2 + log cosh(βx+ h)− βx2

2

]
. (2.18)

The variational principle expressing the free energy corresponds to what one would expect for
a Hopfield model at a low load of biased patterns and this is natural since the model for the dual
patterns (2.3), as well as the Curie Weiss model (2.12), is mean-field in the thermodynamic limit,
therefore spatial correlations vanish. The solution of the variational principle is a stationary point
of g(p), therefore a solution of

p = ⟨s tanh(βs · p+ λ)⟩s =
∑

s s e
βm01·s tanh(βs · p+ λ)

(2 cosh(βm0))
M

. (2.19)

Note that Theorem 3 states that the limiting free energy doesn’t depend on ϵ, therefore we can
consider without loss of generality the case of a positive uniform external field h = hϵ = h1
acting on the examples. In terms of the learning scenario this corresponds to saying that the student
does not care whether the examples are aligned or anti-aligned with the planted configuration ξ̂.
Note that this is not a symmetry by global spin flipping because each example field can have a
different sign and thus a different alignment w.r.t ξ̂. This result is particularly useful because in
the limit of zero external field it is well known that the Curie Weiss measure at low temperature is
a mixture measure PCW = 1/2(Pm0 + P−m0) and consequently the training set S is in general
composed of two clusters of examples with opposite global magnetization: this is in general a
complication when dealing with inverse problems [30, 95, 96]. Nevertheless, using a Bayesian
approach and thanks to the resulting Hebbian interaction, the posterior distribution works exactly
as the examples were all aligned in the same direction.

From the solution of the free energy variational principle all the model order parameters can be
derived according to the following
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Proposition 4. Assuming ϵ = 1 and given p ∈ RM the global maximizer of g(p), then it holds

• lim
N→∞

〈
Q(sµ, ξ̂)

〉̂
= lim

N→∞

〈
sµ · 1
N

〉
= m0(β, h) ∀µ = 1, . . . ,M ; (2.20)

• lim
N→∞

⟨Q(sµ, ξ)⟩ˆ= lim
N→∞

〈
sµ · ξ
N

〉
= pµ ∀µ = 1, . . . ,M ; (2.21)

• lim
N→∞

〈
Q(ξ̂, ξ)

〉̂
= lim

N→∞

〈
1 · ξ
N

〉
= m = ⟨tanh(βs · p+ λ)⟩s . (2.22)

Moreover the random variables Q(sµ, ξ̂), Q(sµ, ξ) and Q(ξ̂, ξ) are self-averaging.

Since we are interested in the limit h, λ→ 0, we need to study the system of equations

p = ⟨s tanh(βs · p)⟩s =
∑

s s e
βm0(β)1·s tanh(βs · p)

(2 cosh(βm0(β)))
M

, (2.23)

where m0(β) = m0(β, 0
+). In the case M = 1 the equation (2.23) takes the form

p = ⟨s tanh(βsp)⟩s = tanh(βp). (2.24)

whose solutions are p = ±m0(β) and from which

m = ⟨tanh(βsp)⟩s = ⟨s⟩s tanh(βp) = m0 tanh(βp) = ±m0(β)
2, (2.25)

A similar ferromagnetic bifurcation occurs also for generic number of examples M . In fact when
β ≤ 1 the only solution for the example magnetization is m0 = 0, therefore the average ⟨· · · ⟩s
becomes uniform over {−1, 1}M . As a consequence, using | tanh(z)| < |z|, it holds

p2 = ⟨(s · p) tanh(βs · p)⟩s ≤ ⟨|s · p|| tanh(βs · p)|⟩s
≤ β

〈
(s · p)2

〉
s
= β

∑
µ,ν

pµpν ⟨sµsν⟩s = βp2. (2.26)

Hence, if β < 1 the only solution is p = 0, from whichm = 0. This means that at high temperature
there is no information about the planted pattern in a dataset composed of a finite number of exam-
ples, simply because they are uncorrelated with the signal ξ̂. It is immediate to verify that p = 0 is
a solution at any temperature, however, when β > 1 it is unstable and other solutions with non zero
overlap p appear. It is possible to characterize those solutions thanks to the following propositions.

Proposition 5. The solutions of Eqs. (2.23) have equal components, i.e. pµ = p̄ ∀µ = 1, . . . ,M .

Thanks to Proposition 5 it is sufficient to solve the one-dimensional equation

p =

〈
s1 tanh(βp

M∑
µ=1

sµ)

〉
s

=

∑
s s1 e

βm0
∑M

µ=1 sµ tanh(βp
∑M

µ=1 sµ)

(2 cosh(βm0))
M

, (2.27)

where p is the value of each component of p. By studying Eq. (2.27) we have the following

Proposition 6. The points pµ = p̄ = ±m0(β), ∀µ = 1, . . . ,M , are solutions of eqs. (2.23).

To check whether they are actually minimizers one should look at the free energy, obtaining the
following
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Proposition 7. For β > 1, λ = 0 and h = 0+, the maximum of g is attained in the two symmetric
points pµ = ±m0(β), ∀µ = 1, . . . ,M .

The previous results show that when the temperature is low enough, i.e. β > 1, both the example
magnetization m0 and the overlap of the system with the examples p̄ are different from zero. This
means that the examples are all macroscopically aligned with the signal ξ̂ (i.e. they are largely
informative) and that ξ is macroscopically aligned with all the examples. As a consequence the
system must be macroscopically aligned with the signal (learning is possible and easy) and in fact
in this regime m ̸= 0. It is interesting to note that while p̄ does not depend on M , i.e. the alignment
with the examples only depends from the posterior temperature, the system magnetization m, i.e.
the alignment with the signal, increases with the size of the dataset. In fact its value is simply
obtained as

m = ⟨tanh(βs · p)⟩s =
∑

s e
βMm0m(s) tanh(βMpm(s))

(2 cosh(βm0))
M

, (2.28)

where m(s) = M−1
∑M

µ=1 s
µ. We report in Figure 2.1 the value of the magnetization as a func-

tion of the temperature for different size of the dataset M . As M increases, it is evident that the
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Figure 2.1: Learning performance with a finite M dataset size. Left: System’s magnetization, i.e.
the overlap between teacher and student pattern is evaluated as a function of the temperature β−1.
The overlap increases with the number of examples M as long as the system is below the critical
temperature. Right: System’s free energy as a function of β−1. The free energy corresponding
to solutions with m > 0 are painted in solid lines, while the ergodic (E) free energy, i.e. the one
corresponding to m = 0, appears with a dashed line. As long as β−1 < 1, the global minimum of
the free energy is the state where the machine can learn the original pattern.

magnetization tends to 1 for β > 1. The system’s free energy

f =
M

2
p2 − 1

β

∑
s e

βMm0m(s) ln 2 cosh(βMpm(s))

(2 cosh(βm0))
M

(2.29)

is also displayed to show the instability of the solution p = 0 at low temperature.

2.3 Learning by generalization from many noisy examples

In the previous Section we have shown that when the examples are highly correlated with the
signal, i.e. at β > 1, learning is possible and easy, with any finite number of examples M > 0.
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Conversely when the examples are poorly correlated with the signal, i.e. β < 1, there is not enough
information in the posterior distribution to retrieve the original pattern. In this Section we show that
learning is possible also in the low correlation regime (high temperature) as long as we consider a
larger dataset. In particular we consider the case in which the machine can leverage on an extensive
number of examples, i.e.

lim
N→∞

M/N = α > 0. (2.30)

In this regime the free energy can only be derived exploiting the replica method under the replica
symmetric approximation [14] from which one gets the following

Conjecture 1. For λ = 0, h = 0, β < 1 and α > 0, the limiting free energy of the posterior
distribution is

−βf = lim
N→∞

1

N
Eβ,hZ(S) = Extrm,m̂,q,q̂ f(m, m̂, q, q̂), (2.31)

where

f(m, m̂, q, q̂) =− α

2

[
ln
(
(1− β)(1− β + βq)

)
− βq

(1− β)
+

β2(q2 −m2)

(1− β)(1− β + βq)

]
+
q̂q

2
− m̂m− q̂

2
+

∫
Dµ(z) ln 2 cosh(m̂+ z

√
q̂). (2.32)

Thus the saddle point equations read as

m =

∫
Dµ(z) tanh(m̂+ z

√
q̂) (2.33)

m̂ =
αβ2m

(1− β)(1− β + βq)
(2.34)

q =

∫
Dµ(z) tanh2(m̂+ z

√
q̂) (2.35)

q̂ =
αβ3(m2 − q2)

(1− β)(1− β + βq)2
+

αβ2q

(1− β)(1− β + βq)
. (2.36)

The solution of the saddle point equations have a physical interpretation in terms of the model’s
order parameters according to the following

Conjecture 2. Given (m, q) solutions of Eqs. (2.33,2.35) it holds

m = lim
N→∞

〈
1 · ξ
N

〉
= lim

N→∞

〈
Q(ξ̂, ξ)

〉̂
(2.37)

q = lim
N→∞

〈
Q(ξ1, ξ2)

〉
= lim

N→∞

〈
Q(ξ1, ξ2)

〉̂
, (2.38)

where ξ1, ξ2 are two replicas of the systems, i.e. two independent configurations sampled from the
posterior distribution (2.1) with the same data S.

The details about the derivation of Conjectures 1 and 2 are provided in Appendix B. As in
Theorem 3 the free energy is given as the solution of a variational principle in terms of the model’
s order parameters: in that case the overlap with the examples pµ ∼ Q(sµ, ξ). In this case, because
of the high temperature (β < 1) the system never aligns with any specific examples (p = 0) and
this overlap does not play a role in the free energy principle. Nevertheless, the signal (toward the
teacher pattern) carried by an extensive number of examples can become macroscopic and could
bring to non zero system’s magnetization and system’s overlap (m and q) that in fact emerge as the
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two natural order parameters. Eqs. (2.33) and (2.35) are similar to those of the standard Hopfield
model in Sec.1.3.1, with a random gaussian field of a different variance, still proportional to the
load α. Moreover the signal term m̂ doesn’t point towards the examples but towards the teacher
pattern and it is proportional to α, thus showing the beneficial effect of the training set size.

It is important to recall that we are studying the problem in which the student machine is ex-
actly as the teacher one (same architecture) and also the temperatures are the same. Therefore by
construction the model satisfies the Nishimori conditions, in particular〈

Q(ξ1, ξ2)
〉̂
=
〈
Q(ξ̂, ξ)

〉̂
. (2.39)

Infact we have at λ = 0 and h = 0 that〈
Q(ξ̂, ξ)

〉̂
= 2−N

∑
ξ̂,S,ξ

Q(ξ̂, ξ)P̂ (ξ|S)P (S|ξ̂)

=
∑
ξ̂,S,ξ

Q(ξ̂, ξ)P̂ (ξ|S)P (ξ̂|S)P (S)

= 2−N
∑

S,ξ1,ξ2

Q(ξ1, ξ2)P (ξ1|S)P (ξ2|S)P (S|ξ̂) =:
〈
Q(ξ1, ξ2)

〉̂
.

(2.40)

For this reason, according to Conjecture 2, we expect that the solution of the saddle point equations
satisfies m = q and at the same time, see Eqs. (2.34,2.36) m̂ = q̂. It is easy to show that this is in
fact a solution of Eqs. (2.33-2.36) by using the identity∫

Dµ(z) tanh(m̂+ z
√
m̂) =

∫
Dµ(z) tanh2(m̂+ z

√
m̂). (2.41)

We checked numerically this is a stable solution. This condition indicates the absence of a spin-
glass region (m = 0, q > 0). Analogously it is easy to show [14] that overlap and magnetization
have the same distribution. The expected self-averaging of the system’s magnetization motivates
the belief that the model is replica symmetric and that conjectures 1 and 2 therefore hold [25, 57].
Figs. 2.2 show the value of the magnetization, i.e. the learning performance, as a function of β
and α. It is evident the occurrence of a second order phase transition from a paramagnetic region
where the only solution is m = q = 0 to a ferromagnetic region where m = q > 0 and learning is
feasible. The phase transition occurs at a critical temperature βc(α) if we fix the size of the dataset
α or equivalently at a critical size αc(β) for a given level of the temperature. The critical line can
be obtained analytically by studying the reduced equation

m =

∫
Dµ(z) tanh(m̂(m) + z

√
m̂(m)) (2.42)

where

m̂(m) =
αβ2m

(1− β)(1− β + βm)
. (2.43)

By expanding for small values of the magnetization we get

m =
αβ2

(1− β)2
m+ o(m) (2.44)

from which the bifurcation must be at αβ2/(1− β)2 = 1, i.e. at

β−1
c (α) := 1 +

√
α αc(β) :=

1− β2

β2
. (2.45)
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Figure 2.2: Learning performance with a noisy (β < 1) but extensive (M = αN ) dataset on the
Nishimori line. Left: the system’s magnetisation m is shown as a function of the inverse temper-
ature β and for different dataset size α. Right: the magnetisation m is shown as a function of α
and different inverse temperatures β. The inferred pattern’s quality displays a second order phase
transition. Moreover it increases with α and decreases with the dataset noise β−1.

As expected the critical size is an increasing function of the data temperature β−1, thus of the
data correlation with the signal. What is interesting is that, despite we are in the regime in which
each example sµ does not share macroscopic correlation with the signal (m0(β) = 0), still the
machine is able to retrieve it m > 0 as soon as the dataset is sufficiently large. It means that the
dataset contains enough information but divided in many ( an extensive number of examples) small
(poorly correlated examples) pieces.

Figure 2.3: Phase diagram of the model on the Nishimori line. For β−1 > 1 +
√
α, the student

machine is in the paramagnetic phase with m = 0, where learning is impossible. Conversely
it enters a learning phase where it can infer the original pattern by generalization from a sea of
corrupted examples that the teacher provides. For β−1 < 1 each example is highly informative and
the learning performance is optimal (m = 1).

In Fig. 2.3 the phase diagram is shown. At low temperature we know from the previous section that
learning is always possible, in particular a perfect retrieval of the teacher’s pattern (m = q = 1)
is achieved when M → ∞. At high temperature, i.e. poorly informative dataset, a paramagnetic
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region where learning is not possible is separated from a ferromagnetic region where the signal
inference is still possible leveraging on a sufficiently large dataset.

It is interesting to note that the critical line coincides with the paramagnetic to spin-glass tran-
sition line in the standard Hopfield model: the two systems becomes frozen in the same moment,
when the signal from the patterns become macroscopic and prevails w.r.t. the temperature noise. In
the standard Hopfield model different patterns led to different signals because they were indepen-
dent and unbiased. For this reason the system got confused by increasing their number (the network
load) and enters a spinglass regime. In our model each example carries a vanishing but non zero
bias toward the signal, thus this bias becomes macroscopic by increasing extensively the size of the
dataset and the system enters a ferromagnetic, ordered phase, where learning is possible.

2.4 Inference temperature vs dataset noise

The assumption that the student’s machine is exactly equal to the teacher one is not realistic. The
interesting research question is in fact related to the representation performance of a particular
learning machine in relation to different possible data structures. To this aim, in this section we
investigate one possible miss-matching between data (i.e. teacher machine) and student machine:
the one related to the use of an inference temperature which differs from the real generating tem-
perature of the data. We therefore assume that the training set is generated at an inverse temperature
β̂, i.e.

P (S|ξ̂) =
M∏
µ=1

z−1 exp

(
β̂

N

N∑
i<j

ξ̂iξ̂js
µ
i s

µ
j

)
, (2.46)

while the student patterns are still sampled at an inverse temperature β as in Eq. (2.1), which
represents the posterior distribution of the learning problem with a miss-matched prior. It represents
the more realistic situation in which the dataset noise β̂−1 is unknown and the machine is trained
with a different weights regularization β.

When M is finite, it is possible to proof a result analogous of Theorem 3. At λ = 0, in the
ferromagnetic gauge, the following holds

−βf = lim
N→∞

1

N
Eβ̂,0+ logZ(S) = sup

p∈RM

ĝ(p). (2.47)

The limiting free energy density trial function is given by

ĝ(p) := log 2− βp2

2
+ ⟨log cosh (βs · p)⟩s,β̂ , (2.48)

and the conditions necessary for applying a generalized saddle point approximation, can be derived
directly from Lemmas 1-3, which are fully detailed in Appendix A. The difference in the derivation
of (2.47) w.r.t. (2.16) is that, now, the random vector s ∈ {−1, 1}M has i.i.d. entries with mean
m0(β̂), which depends on the generating temperature β̂. By extremizing Eq. (2.48), p has to be a
solution of

p = ⟨s tanh(βs · p)⟩s,β̂ =

∑
s s e

β̂m01·s tanh(βs · p)(
2 cosh(β̂m0)

)M , (2.49)

from which, the learning performance can be derived as

lim
N→∞

〈
Q(ξ̂, ξ)

〉̂
= m = ⟨tanh(βs · p)⟩s,β̂ =

∑
s e

β̂m01·s tanh(βs · p)(
2 cosh(β̂m0)

)M . (2.50)
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Similarly to Eq. (2.26) it holds the following

Proposition 8. As long as
β−1 > 1 + (M − 1)m2

0(β̂) (2.51)

the only solution of Eqs. (2.49) is p = 0. As a consequence from Eq. (2.50) m = 0.

Proof. It is sufficient to see that

p2 = ⟨p · s tanh(βs · p)⟩s,β̂ ≤ β
〈
(p · s)2

〉
s,β̂

= β
∑
µ,ν

pµpν ⟨sµsν⟩s,β̂

= β
∑
µ,ν

pµpν(δµν + (1− δµν)m2
0(β̂)) = β(1−m2

0(β̂))p
2 + βm2

0(β̂)(
∑
µ

pµ)2

≤ β(1 + (M − 1)m2
0(β̂))p

2. (2.52)

As soon as the inference temperature drops below the threshold provided by Proposition 8 other
solutions of Eqs. (2.49) appear according to the following

Proposition 9. As long as β−1 < 1 + (M − 1)m2
0(β̂) the global maximum of ĝ(p) is attained far

from 0. Moreover there exist solutions of Eqs. (2.49) of the form pµ = ±p̄, ∀µ = 1, . . . ,M where
p̄ > 0 is unique.

Proof. It is sufficient to study the reduced equation

p =

〈
s1 tanh

(
βp
∑
µ

sµ

)〉
s,β̂

:= f(p; β, β̂). (2.53)

The function f is odd and bounded in (−1, 1). Moreover its derivative in p = 0 is

∂f

∂p
|p=0 = β

〈
s1
∑
µ

sµ

〉
s,β̂

= β(1 + (M − 1)m2
0(β̂)). (2.54)

As soon as this derivative becomes larger than 1 the function must intersect the bisector far from
the origin in at least two symmetric points ±p̄, p̄ > 0. At the same time, the unique maximum of
ĝ(p) restricted to pµ = p, ∀µ = 1, . . . ,M , is attained in p̄ > 0, see the proof of Proposition 7. This
proves the uniqueness of p̄ and the instability of p = 0.

Note that Proposition 9 does not prove that the maximum of ĝ(p) is in p = ±p̄1 because there
could exist other solutions of Eqs. (2.49) that are not homogeneous. For example as long as β̂ < 1
(thus m0(β̂) = 0) and β > 1, there exist solutions in which the system is aligned with a single
example (pure states), i.e. pµ = p̄1 ̸= 0, pν = 0 ∀ν ̸= µ. In fact it is sufficient to fix p̄1 as the
solution of

p = ⟨s1 tanh(βps1)⟩s,0 , (2.55)

i.e. p̄1 = ±m0(β). Analogously there could exist solutions in which the system is homogeneously
aligned with a subset Ek ⊂ {1, . . . ,M}, |Ek| = k, of the examples (mixed states), i.e. pµ = p̄k ̸= 0
∀µ ∈ Ek, pν = 0 ∀ /∈ Ek: in this case p̄k has to be the solution of

p =

〈
s1 tanh(βp

k∑
µ=1

sk)

〉
s,0

. (2.56)
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However, if the value of the inference temperature is not too low with respect to the dataset noise,
then Proposition 6 can be generalized according to the following

Proposition 10. As long as
β−1 > 1−m2

0(β̂) (2.57)

the solutions of Eqs. (2.49) have equal components.

Proof. Following the proof of Proposition 6 it can be proved that for µ ̸= ν it holds

|pµ − pν | ≤ β(1−m2
0(β̂))|pµ − pν |. (2.58)

Therefore as long as β(1−m2
0(β̂)) < 1 the only solution is homogeneous.

In the region between the instability condition of Proposition 9 and the homogeneity condition
of Proposition 10, i.e.

1−m2
0(β̂) < β−1 < 1 + (M − 1)m2

0(β̂), (2.59)

which is non empty only if β̂ > 1, the global maximum of ĝ(p) is attained in the two symmetric
point p = ±p̄ ̸= 0 and consequently the system is magnetized, i.e. it is aligned with the signal
since

m = ±

〈
tanh(βp̄

∑
µ

sµ)

〉
s,β̂

̸= 0. (2.60)

Conversely if β̂ < 1 the value of the system’s magnetization given by Eq. (2.50), i.e. the learning
performance, is always zero because m0(β̂) = 0 independently from the value of p. The phase
diagram of the model, in terms of the value of m and p is shown in Fig. 2.4, where four different
regions appear:

• Paramagnetic (P) region: p = 0 and m = 0;

• Signal retrieval (sR) region: p = p̄1, m > 0 ;

• Example retrieval (eR) region: p ̸= 0, m = 0;

• Mixed retrieval (mR) region: p ̸= 0, m > 0.

In the paramagnetic region the inference temperature is too high and the machine neither stores
the examples p = 0 nor can learn the signal m = 0. In the eR region the inference temperature
is low enough to allow the storage of the examples p ̸= 0 but they are not enough informative to
allow signal learning. The stability of the different p ̸= 0 solutions can be investigated exactly
as in the case of the standard Hopfield model (see [49]) but every one of them leads to a poor
learning performance m = 0. Conversely in the sR region the dataset noise is low and the stored
examples informative: in this region the machine can learn the signal by example memorization.
Moreover, since p = p̄1 in this region, it seems that the machine is working by uniformly using
all the examples in a kind of early attempt of learning by generalization. Interestingly the machine
can work efficiently even at temperatures β−1 higher then the dataset noise β̂−1. However the
learning performance m increases monotonically by lowering the inference temperature. Finally in
the mR region, different stable solutions for p ̸= 0 coexists, everyone leading to a positive global
magnetization m, where typically the globally stable one is non-homogeneous, with max |pi| > p̄.
It seems to suggest that in this regime the machine prefers to learn the signal mainly leveraging
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Figure 2.4: Phase diagram of the model in the case of mismatched setting and finite M (M = 1 on
the left, M = 3 on the right) in terms of the dataset information β̂ and the inference temperature
β−1. According to the values of m and p solutions of Eqs. (2.50,2.49) four different regimes
appear: in the paramagnetic (P) regime m = 0, p = 0; in the example retrieval (eR) regime p ̸= 0
but m = 0; in the signal retrieval (sR) regime p = p̄1 is homogeneous and m > 0; in the mixed
retrieval (mR) regime it is p ̸= 0 andm > 0. Only in the sR and mR regimes the machine can learn
the original signal and the learning performance monotonically increases with β̂. The Nishimori
line β̂ = β is shown in green.

on the high amount of information carried by a single (or few) examples, typical behaviour of a
learning by memorization.

As in the previous section we expect that increasing the size of the dataset proportionally to the
size of the system, i.e. M = αN , it could be possible to retrieve the original pattern even when the
examples are particularly noisy, i.e. their generating temperature is higher than 1. In this regime
it is possible to generalize the Conjecture 1 and obtain the replica symmetric approximation of the
limiting free energy in terms of the two temperatures β and β̂ as

−βfRS = Extrm,m̂,p,p̂,q,q̂ f̂(p, q,m, p̂, q̂, m̂), (2.61)

where

f̂(p, q,m, p̂, q̂, m̂) = ln 2− α

2
ln
(
(1− β̂)(1− β + βq)

)
+
α

2

β(1− β̂)q + β̂βm2

(1− β̂)(1− β + βq)

+
q̂q

2
− m̂m− q̂

2
− p̂p+ β

2
p2 +

〈∫
Dz ln cosh

(
p̂s+ z

√
q̂ + m̂

)〉
s

.

(2.62)

The RS saddle point equations read as

m =

∫
Dµ(z)

〈
tanh(βps+ m̂+ z

√
q̂)
〉
s

(2.63)

q =

∫
Dµ(z)

〈
tanh2(βps+ m̂+ z

√
q̂)
〉
s

(2.64)

p =

∫
Dµ(z)

〈
s tanh(βps+ m̂+ z

√
q̂)
〉
s

(2.65)
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Figure 2.5: Phase diagram of the model in the mismatched setting, where β̂ ̸= β, and extensive
dataset M = αN . In the paramagnetic (P) and spin glass (SG) regions learning is impossible. For
higher values of the dataset size, the machine enters a signal retrieval region (sR) where it learns
by generalizations. In this region the learning performance m has a maximum (dot-dash line) for
a specific value of the inference temperature. In particular if β−1 gets too low the machine enters
the example retrieval (eR) region where it is forced to work by memorization when this approach
is inefficient for learning. The dotted line is the Nishimori condition β = β̂.

where s is an auxiliary Rademacher random variable with symmetric distribution and

m̂ =
αβ̂βm

(1− β̂)(1− β + βq)

q̂ =
αβ̂β2m2 + αβ2q(1− β̂)
(1− β̂)(1− β + βq)2

. (2.66)

The order parameter p has to be interpreted as the overlap between the student pattern and the
examples, i.e.

p = lim
N→∞

⟨Q(sµ, ξ)⟩ = lim
N→∞

⟨Q(sµ, ξ)⟩ˆ. (2.67)

Equations (2.63,2.64,2.65) reduce to those of Conjecture 1 when β̂ = β and p = 0. In fact in
that case, since β̂ = β < 1, the system is never aligned with any example. Conversely if β ̸= β̂,
even if β̂ < 1, the inference temperature β−1 could be in principle low enough to allow example
retrieval. It is important to stress however that, since the examples are only weakly correlated with
the signal, this situation would prevent the system to be aligned with the original pattern. In Figure
2.5 the phase diagram of the model is shown for different values of the generating temperature β̂.
Four different regions appear, depending on the properties of the globally stable solution of Eqs.
(2.63,2.64,2.65):

• Paramagnetic (P) region: m = q = p = 0;
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• Signal retrieval (sR) region: m ̸= 0, q > 0, p = 0 ;

• Example retrieval (eR) region: p ̸= 0, q > 0, m = 0;

• Spin Glass (SG) region: m = p = 0, q > 0.

Only in the sR phase student and teacher patterns are correlated and the learning performance
is positive. In all other phases the student patterns is uncorrelated with the signal, being a random
guess (P region), aligned with a noisy example (eR) or aligned with a spurious low energy state (SG
region). From the high temperature (P) phase to the low temperature (SG or sR) phases a second
order phase transition occurs when the system’s overlap q detaches from zero. The transition line
can be obtained by expanding eq. (2.63) or eq. (2.64) depending on the magnetization m behavior.
For small values of both m and q (P to sR), from eq. (2.63) we get

m =
αβ̂β

(1− β)(1− β̂)
m+O(mq,m2) (2.68)

that gives the instability condition

αβ̂β

(1− β)(1− β̂)
= 1 =⇒ β−1 = 1 + α

β̂

1− β̂
. (2.69)

On the other hand if m = 0 across the transition (P to SG), by expanding Eq. (2.64) for small
values of q we get

q =
αβ2

(1− β)2
q +O(q2) (2.70)

that gives the usual instability condition

αβ2

(1− β)2
= 1 =⇒ β−1 = 1 +

√
α (2.71)

Therefore, starting from the paramagnetic region and decreasing the inference temperature a phase
transition occurs as soon as one of the two instability condition is satisfied, i.e. at

β−1(α; β̂) := max

{
1 +
√
α; 1 + α

β̂

1− β̂

}
. (2.72)

Interestingly the two lines cross exactly at the point (β, α) = (β̂, (1− β̂)2/β̂2)), in agreement with
the usual property of the Nishimori line of crossing a triple critical point. For smaller values of
α the transition is towards a SG regime, while for higher values of α the transition is towards a
sR region, where learning is easy. The other two transitions, from sR to SG (second order) and
from SG to eR (first order) can be found numerically and shown in Figure 2.5. The phase diagram
shows a non monotone behavior of the learning performance in terms of the inference temperature:
if β−1 is too high the learning performance is that of a random guess (P phase), if β−1 is too low
the learning performance can deteriorate because of the emergence of low energy configurations
that are uncorrelated with the signal (they can be either correlated with the examples, eR region,
or completely uncorrelated with both signal and examples, SG region). In particular the eR phase
identifies a regime in which the machine is forced (through β) to work by memorization (p > 0)
in a situation where this approach is highly inefficient for learning. By increasing α the memory
storage limit of the machine becomes beneficial for the occurrence of a region where learning is
possible by generalization. Interestingly the phase diagram of Fig. 2.5 seems qualitatively similar
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to that of Fig. 2.4 where in both cases the x-axis measures the amount of information contained in
the dataset.

Finally note that Eqs. (2.63)-(2.65) becomes exactly those of the classicl Hopfield model if we
force m = 0. This means that a purely SG solution always exists below the inference temperature
1+
√
α, which is only locally stable inside the sR region. In this case a Monte-Carlo simulation, per-

formed at a low temperature, can remain trapped in the locally stable spin-glass state. Fortunately,
this occurrence can be avoided by using Simulated Annealing and lowering the temperature very
slowly; this is possible because the critical temperature for signal retrieval is higher than 1 +

√
α.

A similar strategy that leverages on the hierarchy between temperatures of ergodicity breaking is
investigated in [91].
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Appendix A

Proofs

In this section the proofs of the main results are provided, together with some technical results,
in the form of lemmas and propositions, needed for the proofs. Since it will be used many times
in the rest of the section we recall a standard result about the Fourier decomposition of a function
of boolean (±1) variables. Given Λ = {1, . . . ,M}, any function f : {−1, 1}M → R can be
decomposed as

f(s) =
∑

X⊂P(Λ)

⟨f, sX⟩ sX , (A.1)

where sX =
∏

µ∈X sµ and ⟨f, g⟩ = 2−M
∑

s f(s)g(s) = ⟨fg⟩s,0.

Proof. of Theorem 3

By using gaussian linearization we can write the partition function as

Z(S) :=
∑
ξ

exp

(
β

2N

M∑
µ=1

N∑
i,j=1

sµi s
µ
j ξiξj + λ

N∑
i=1

ξi

)

=
∑
ξ

∫
Dµ(z) exp

(√
β

N

M∑
µ=1

N∑
i=1

sµi ξiz
µ + λ

N∑
i=1

ξi

)
.

(A.2)

where RM ∋ z ∼ N (0, I). By making a change of variables pµ = zµ/
√
Nβ we have

Z(S) ∝
∑
ξ

∫
dp exp

(
−βNp2/2 +

N∑
i=1

(βsi · p+ λ)ξi

)
(A.3)

=

∫
dp exp

(
N

(
log 2− β

2
p2 +

1

N

N∑
i=1

log cosh(βsi · p+ λ)

))
=

∫
dp eNgN (p,S)

We recall that the random vector of the examples S is drawn from Eq. (2.12): using Lemma 1 on
the function F : {−1, 1}M → R, F (s) = log cosh(βs · p+ λ), it holds

lim
N→∞

Eβ,hϵ gN(p,S) = g(p) := log 2− βp2

2
+ ⟨log cosh(βs · p+ λ)⟩s,ϵ , (A.4)

where ⟨.⟩s,ϵ denotes the mean-field expectation w.r.t. the random vector s ∈ {−1, 1}M , whose
entries are independent with mean ⟨sµ⟩s,ϵ = m0(β, ϵ

µh) and m0(β, h) is the unique solution of
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m0 = tanh(βm0 + h). For any compact set K ⊂ R, using Lemma 2 on F : K × {−1, 1}M → R,
F (p, s) = log cosh(βs · p+ λ), it holds that

gN(p,S)
p−→ g(p), (A.5)

uniformly in K, meaning that gN(p,S) is self-averaging uniformly in any compact. Thanks to
Lemma 3, gN and g satisfy the conditions necessary for a generalized saddle point approximation,
i.e. Proposition 11 and Proposition 12, so that

−βf = lim
N→∞

1

N
logEβ,hϵ

∫
RM

dp eNgN (p;S) = sup
RM

g(p). (A.6)

It is easy to show that −βf does not depend on ϵ by using the transformations sµ → ϵµsµ and
pµ → ϵµpµ. This concludes the proof if one chooses ϵ = 1.

Lemma 1. Let si ∈ {−1, 1}M the i-th marginal of S = {si}Ni=1 ∈ {−1, 1}NM , distributed accord-
ing to (2.12). For any function F : {−1, 1}M → R it holds

lim
N→∞

Eβ,hϵ F (si) = ⟨F (s)⟩s,ϵ , ∀i = 1, . . . , N, (A.7)

where ⟨.⟩s,ϵ denotes the expectation w.r.t. the random vector s ∈ {−1, 1}M whose entries are inde-
pendent with mean ⟨sµ⟩s,ϵ = m0(β, ϵ

µh) and m0(β, h) is the unique solution of m0 = tanh(βm0+
h).

Proof. By Fourier decomposition F can be written as

F (s) =
∑

X⊂P(Λ)

cX
∏
µ∈X

sµ. (A.8)

As a consequence, for any factorized probability π(s) =
∏M

µ=1 πµ(s
µ) it holds

⟨F (s)⟩π =
∑

X⊂P(Λ)

cX

〈∏
µ∈X

sµ

〉
π

=
∑

X⊂P(Λ)

cX
∏
µ∈X

⟨sµ⟩πµ
. (A.9)

Therefore, since the Fourier decomposition has a finite number of terms, it is

lim
N→∞

Eβ,hϵ F (si) =
∑

X⊂P(Λ)

cX
∏
µ∈X

lim
N→∞

Eβ,hϵ s
µ
i

=
∑

X⊂P(Λ)

cX
∏
µ∈X

⟨sµ⟩s,ϵ = ⟨F (s)⟩s,ϵ , (A.10)

where in the second line we have used that in the Curie-Weiss model at β > 0 and h > 0

lim
N→∞

Eβ,hϵ s
µ
i = m0(β, ϵ

µh) = ⟨sµ⟩s,ϵ ∀i = 1, . . . , N. (A.11)

Lemma 2. Let si ∈ {−1, 1}M the i-th marginal of S = {si}Ni=1 ∈ {−1, 1}NM , distributed accord-
ing to (2.12). Given a compact set K ⊂ RM and a bounded function F : K × {−1, 1}M → R, it
holds, uniformly in K, that

1

N

N∑
i=1

F (p, si)
p−→ ⟨F (p, s)⟩s,ϵ .
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Proof. Given the set

AN,ϵ =

{
S : sup

p∈K

∣∣∣∣∣ 1N
N∑
i=1

F (p, si)− ⟨F (p, s)⟩s,ϵ

∣∣∣∣∣ > ϵ

}
, (A.12)

we need to show that, ∀ϵ > 0, limN→∞ P(AN,ϵ) = 0. To this aim let’s consider the Fourier
decomposition of F (p, s) as

F (p, s) =
∑

X∈P(Λ)

cX(p)
∏
µ∈X

sµ (A.13)

and define the set

BN,ϵ =

S : sup
X∈P(Λ)

∣∣∣∣∣∣ 1N
N∑
i=1

∏
µ∈X

sµi −

〈∏
µ∈X

sµ

〉
s,ϵ

∣∣∣∣∣∣ > ϵ

LF

 , (A.14)

where LF =
∑

X∈P(Λ) supp∈K |cX(p)| < ∞. According to this definition note that within the set
Bc

N,ϵ it holds

sup
p∈K

∣∣∣∣∣ 1N
N∑
i=1

F (p, si)− ⟨F (p, s)⟩s,ϵ

∣∣∣∣∣ ≤ sup
p∈K

∑
X∈P(Λ)

|cX(p)|

∣∣∣∣∣∣ 1N
N∑
i=1

∏
µ∈X

sµi −

〈∏
µ∈X

sµ

〉
s,ϵ

∣∣∣∣∣∣ ≤ ϵ.

Therefore Bc
Nϵ ⊆ Ac

Nϵ and thus AN,ϵ ⊆ BN,ϵ. As a consequence

P(AN,ϵ) ≤ P(BN,ϵ) = P

 ⋃
X∈P(Λ)

S :

∣∣∣∣∣∣ 1N
N∑
i=1

∏
µ∈X

sµi −

〈∏
µ∈X

sµ

〉
s,ϵ

∣∣∣∣∣∣ > ϵ

LF




≤
∑

X∈P(Λ)

P

S :

∣∣∣∣∣∣ 1N
N∑
i=1

∏
µ∈X

sµi −

〈∏
µ∈X

sµ

〉
s,ϵ

∣∣∣∣∣∣ > ϵ

LF




≤
∑

X∈P(Λ)

(LF/ϵ)
2 Eβ,hϵ

 1

N

N∑
i=1

∏
µ∈X

sµi −

〈∏
µ∈X

sµ

〉
s,ϵ

2

(A.15)

that goes to zero in the thermodynamic limit since

Eβ,hϵ

(
1

N

N∑
i=1

∏
µ∈X

sµi

)2

=
1

N2

∑
i ̸=j

∏
µ∈X

Eβ,hϵ

(
sµi s

µ
j

)
+

1

N
(A.16)

and using the factorization property of the Curie-Weiss model that

lim
N→∞

Eβ,hϵ

(
sµi s

µ
j

)
= m2

0(β, ϵ
µh) = ⟨sµ⟩2s,ϵ ∀i, j = 1, . . . , N, i ̸= j. (A.17)

Lemma 3. The functions gN : RM × {−1, 1}NM → R and g : RM → R defined in eqs. (A.3) and
(A.4) satisfy

|gN(p,S)− g(p)| ≤ 2β
M∑
µ=1

|pµ| , ∀p ∈ RM ,S ∈ {−1,+1}NM . (A.18)

As a consequence it holds
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• supN supK×{−1,1}NM |gN | <∞ for any compact K ⊂ RM ;

• ∃ C1 <∞: supRM×ΣN
gN < C1 ;

• ∃ C2 <∞:
∫
RM egN (p,s)dp < C2;

• ∃ K ⊂ RM , δ > 0: gN(p, s)− supK g < −δ, ∀(p, s) ∈ Kc × ΣN .

Proof. It holds,

|gN(p,S)− g(p)| =

∣∣∣∣∣ 1N
N∑
i=1

log cosh (βsi · p+ λ)− ⟨log cosh (βs · p+ λ)⟩s,ϵ

∣∣∣∣∣
=

∣∣∣∣∣ 1N
N∑
i=1

〈
log

cosh (βsi · p+ λ)

cosh (βτ · p+ λ)

〉
τ ,ϵ

∣∣∣∣∣ =
∣∣∣∣∣ 1N

N∑
i=1

〈∫ βsi·p+λ

βτ ·p+λ

tanh(x)dx

〉
τ ,ϵ

∣∣∣∣∣
≤ 1

N

N∑
i=1

∣∣∣⟨βsi · p− βτ · p⟩τ ,ϵ∣∣∣ ≤ 2β
M∑
µ=1

|pµ|.

As a consequence of the previous relation gN is bounded uniformly by

gN(p,S) ≤ g(p)+|gN(p,S)− g(p)| ≤ log 2−βp
2

2
+⟨log cosh(βs · p+ λ)⟩s,ϵ+2β

M∑
µ=1

|pµ| := ĝ(p).

(A.19)
Since ĝ is continuous, it is bounded in any compact set K ⊂ RM . Moreover it is easy to see that
supRM ĝ <∞ and that

∫
RM eg(p)dp <∞ since it has gaussian tails. Moreover since ĝ goes to −∞

at infinity it always exists a sufficiently large ball Brδ of radius rδ such that ĝ(p)− sup ĝ < −δ for
p ∈ Bc

rδ
. Therefore the properties for gN are proved uniformly in N .

Proposition 11. Let K ⊂ RM a compact set, µN a probability distribution over a finite set ΣN ,
FN : K × ΣN → R a sequence of bounded functions such that supN supK×ΣN

|FN | < ∞ and
F : K → R bounded such that

• FN
p−→ F uniformly in K.

• limN→∞
1
N
log
∫
K
eNF = supK F ;

Then it holds
lim

N→∞

1

N
EµN

log

∫
K

dpeNFN (p,s) = sup
K
F. (A.20)

Proof. Let’s define C = supN supK×ΣN
|FN | <∞ and the set

AN,ϵ =

{
s ∈ ΣN : sup

p∈K
|FN(p, s)− F (p| > ϵ

}
. (A.21)

By assumptions it holds, ∀ϵ > 0, that µN(AN,ϵ)→ 0. Therefore it holds, ∀ϵ > 0, that

lim
N→∞

1

N
EµN

IAN,ϵ
log

∫
K

dpeNFN (p,s) = 0,
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where IA is the indicator function of the set A, since, calling |K| the Lebesgue measure of K,∣∣∣∣ 1N EµN
IAN,ϵ

log

∫
K

dpeNFN (p,s)

∣∣∣∣ ≤ µN(AN,ϵ) |C + log(|K|)/N | . (A.22)

Thanks to these results we just need to evaluate the expected value overAc
N,ϵ that has full probability

in the limit. Inside Ac
N,ϵ we can substitute FN with F at the exponent with an error ϵ i.e.∣∣∣∣ 1N EµN
IAc

N,ϵ
log

∫
K

dpeNFN (p,s) − 1

N
EµN

IAc
N,ϵ

log

∫
K

dpeNF (p)

∣∣∣∣ < ϵ. (A.23)

Since EµN
IAc

N,ϵ
= µN(A

c
N,ϵ)→ 1 and using the standard Laplace approximation, it holds

lim
N→∞

1

N
EµN

IAc
N,ϵ

log

∫
K

dpeNF (p) = sup
K
F, (A.24)

therefore, ∀ϵ > 0,∣∣∣∣ limN→∞

1

N
EµN

log

∫
K

dpeNFN (p,s) − sup
K
F

∣∣∣∣ = ∣∣∣∣ limN→∞

1

N
EµN

IAc
N,ϵ

log

∫
K

dpeNFN (p,s) − sup
K
F

∣∣∣∣ < ϵ.

(A.25)

Proposition 12. Let K ⊂ RM a compact set, µN a probability distribution over a finite set ΣN ,
FN : RM ×ΣN → R and F : RM → R satisfying the conditions of Proposition 11 when restricted
on the set K. Assuming moreover that

• ∃ C1 <∞: supRM×ΣN
FN < C1 ;

• ∃ C2 <∞:
∫
RM eFN (p,s)dp < C2;

• ∃ δ > 0: FN(p, s)− supK F < −δ, ∀(p, s) ∈ Kc × ΣN ;

then it holds
lim

N→∞

1

N
EµN

log

∫
RM

dpeNFN (p,s) = sup
K
F. (A.26)

Proof. Since

1

N
EµN

log

∫
RM

dpeNFN (p,s) =
1

N
EµN

log

∫
K

dpeNFN (p,s) +
1

N
EµN

log

(
1 +

∫
Kc dpe

NFN (p,s)∫
K
dpeNFN (p,s)

)
(A.27)

it is sufficient to apply Proposition 11 for the first term and showing that the second term is vanish-
ing in the limit. Defining the set AN,ϵ as in the proof of Proposition 11, with ϵ < δ and denoting
F ∗ = supK F and C0 = supN supK×ΣN

|FN |, it holds

1

N
EµN

IAN,ϵ
log

(
1 +

∫
Kc dpe

NFN (p,s)∫
K
dpeNFN (p,s)

)
≤ µN(AN,ϵ)

1

N
log

(
1 +

e(N−1)C1C2

|K|e−NC0

)
N→∞−→ 0, (A.28)
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since µN(AN,ϵ)→ 0. Moreover, choosing ϵ2 < δ − ϵ, it holds ∀N > Nϵ2

1

N
EµN

IAc
N,ϵ

log

(
1 +

∫
Kc dpe

NFN (p,s)∫
K
dpeNFN (p,s)

)
≤ 1

N
EµN

IAc
N,ϵ

∫
Kc dpe

NFN (p,s)∫
K
dpeNFN (p,s)

≤ 1

N
EµN

IAc
N,ϵ

e(N−1)F ∗ ∫
Kc dpe

(N−1)(FN (p,s)−F ∗)+FN (p,s)∫
K
dpe−N |FN (p,s)−F (p)|+NF (p)

≤ 1

N

e(N−1)F ∗−δ(N−1)C2

e−ϵN
∫
K
dpeNF (p)

≤ 1

N

e(N−1)F ∗−δ(N−1)C2

e−ϵNeNF ∗−Nϵ2
= Ce−N(δ−ϵ−ϵ1) N→∞−→ 0,

where we have used that ∣∣∣∣ 1N log

∫
K

dpeNF (p) − F ∗
∣∣∣∣ < ϵ2. (A.29)

Proof. of Proposition 4
To find the value of the magnetization (third point) we use that, ∀N ∈ N,〈

1 · ξ
N

〉
= −β∂λ fN . (A.30)

Thanks to the concavity of fN in λ, we can exchange the thermodynamic limit with the derivative
obtaining

m = ∂λ(−βf) = ⟨tanh(βs · p+ λ)⟩s .
Moreover

Var(
1 · ξ
N

) = −βN−1 ∂2λfN (A.31)

and therefore the magnetization has to be self-averaging in the thermodynamic limit. Analogous
arguments, based on the response of the free energy to linear external perturbations [47] can be
used for the first two points that are just generalizations of classical results about the Curie Weiss
model [97].

Proof. of Proposition 5
Applying the Fourier decomposition to the function f(s;p) = s tanh(βs · p) it holds

pµ = ⟨fµ(s;p)⟩s = Aµ(p) +
∑
ν ̸=µ

Aν(p) ⟨sµsν⟩s = Aµ(p) +m2
0(β)

∑
ν ̸=µ

Aν(p) (A.32)

where
Aµ(p) = ⟨tanh(βpµ + β

∑
ν ̸=µ

pνsν)⟩s,0 (A.33)

In fact it is easy to check by symmetry that

⟨sµ tanh(β(s · p)), 1⟩ = Aµ(p)

⟨sµ tanh(β(s · p)), sν⟩ =

〈
tanh(β(pνsµ + pµsν +

∑
k ̸=µ,ν

pksksµsν))

〉
s,0

= 0 ∀ν ∈ Λ, ν ̸= µ

⟨sµ tanh(β(s · p)), sµsν⟩ = ⟨sν tanh(β(s · p)), 1⟩ = Aν(p) ∀ν ∈ Λ, ν ̸= µ

⟨sµ tanh(β(s · p)), sksν⟩ =

〈
tanh(β(pµsksν +

∑
l ̸=µ

plslsµsksν))

〉
s,0

= 0 ∀k, ν ∈ Λ, k, ν ̸= µ

⟨sµ tanh(β(s · p)), sX⟩ = 0 ∀X ⊂ P(Λ), |X| > 2.
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Using eq. (A.32) it holds ∀µ, ν ∈ Λ, µ ̸= ν, that

pµ − pν = (1−m2
0(β)) (A

µ(p)− Aν(p)) . (A.34)

and by direct computation we have that

Aµ(p)− Aν(p) =

〈
tanh(βpµ + β

∑
k ̸=µ

pksk)

〉
s,0

−

〈
tanh(βpν + β

∑
l ̸=ν

plsl)

〉
s,0

=
1

2

〈tanh(βpµ + βpν + β
∑
k ̸=µ,ν

pksk)

〉
s,0

+

〈
tanh(βpµ − βpν + β

∑
k ̸=µ,ν

pksk)

〉
s,0


− 1

2

〈tanh(βpν + βpµ + β
∑
k ̸=µ,ν

pksk)

〉
s,0

+

〈
tanh(βpν − βpµ + β

∑
k ̸=µ,ν

pksk)

〉
s,0


=

〈
tanh(β(pµ − pν) + β

∑
k ̸=µ,ν

pksk)

〉
s,0

.

Thus pµ − pν satisfies an equation of the form

pµ − pν = (1−m2
0) ⟨tanh(β(pµ − pν) + βZp)⟩Zp (A.35)

with Zp =
∑

k ̸=µ,ν p
ksk a random noise. The function A ⟨tanh(Bx+ Zp)⟩Zp is odd and for x ≥ 0

it is always under the line ABx. In fact, for any vector p and λ ∈ (0, 1),

d

dλ
A ⟨tanh(Bx+ λp · s)⟩s,0 = A

〈
(p · s)

(
1− tanh2(Bx+ λp · s)

)〉
s,0

= −A
〈
(p · s) tanh2(Bx+ λp · s)

〉
s,0

= −A
2

〈
(p · s)

(
tanh2(Bx+ λp · s)− tanh2(Bx− λp · s)

)〉
s,0

≤ 0 (A.36)

since tanh2(x+ y)− tanh2(x− y) ≥ 0, ∀x, y ≥ 0. As a consequence it holds ∀p and x ≥ 0

A ⟨tanh(Bx+ p · s)⟩s,0 ≤ A tanh(Bx) ≤ ABx. (A.37)

Therefore we have that
|pµ − pν | ≤ β(1−m2

0(β)) |pµ − pν | . (A.38)

From the theory of the Curie Weiss model it holds that β(1 −m2
0(β)) < 1 at any temperature. In

fact if β < 1 it is m0(β) = 0 and β(1 − m2
0(β)) = β < 1. On the contrary if β > 1, tanh(βx)

intersects the bisector from above at the point x = m0(β) > 0, thus with

1 >
d

dx
tanh(βx)|m0 = β(1− tanh2(βm0)) = β(1−m2

0). (A.39)

Therefore the only solution of (A.38) is |pµ − pν | = 0.

Proof. of Proposition 6
We have to solve

p̄ =
∑
s

s1
eβm0

∑M
µ=1 s

µ

(2 cosh(βm0))
M

tanh(βp̄
M∑
µ=1

sµ). (A.40)
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By symmetry (s→ −s) this is equivalent to

p̄ =
∑
s

s1
cosh(βm0

∑M
µ=1 s

µ)

(2 cosh(βm0))
M

tanh(βp̄
M∑
µ=1

sµ). (A.41)

Evaluating the rhs in the point p̄ = m0 and denoting z = 2 cosh(βm0) we have

∑
s

s1
sinh(βm0

∑M
µ=1 s

µ)

(2 cosh(βm0))
M

= z−M
∑
s

s1 sinh(βm0

M−1∑
µ=1

sµ + βm0s
M)

= z−M
∑
sM

∑
s1,...,sM−1

s1

[
sinh(βm0

M−1∑
µ=1

sµ) cosh(βm0s
M) + cosh(βm0

M−1∑
µ=1

sµ) sinh(βm0s
M)

]

= z−M
∑
sM

∑
s1,...,sM−1

s1 sinh(βm0

M−1∑
µ=1

sµ) cosh(βm0s
M) =

∑
s1,...,sM−1

s1
sinh(βm0

∑M−1
µ=1 sµ)

(2 cosh(βm0))
M−1

= . . . =
∑
s1

s1
sinh(βm0s

1)

2 cosh(βm0)
= tanh(βm0).

Proof. of Proposition 7
Thanks to Proposition 5 it is sufficient to evaluate the free energy along the line pµ = p̄, where

f(p̄) =
M

2
p̄2 − 1

β

〈
log 2 cosh(βp̄

M∑
µ=1

sµ)

〉
s

. (A.42)

Since f(p̄) is an even function we can just study the branch p̄ ≥ 0. As a function of p̄2 the free
energy is convex since

df

dp̄2
=
f ′(p̄)

2p̄
=
M

2

1−

〈
s1 tanh(βp̄

∑M
µ=1 sµ)

〉
s

p̄

 (A.43)

is an increasing function, therefore the position of the minimum depends on the sign of the deriva-
tive in zero. Since for β > 1

df

dp̄2
|p̄=0 =

M

2

(
1− β − β(M − 1)m2

0

)
<
M

2
(1− β) < 0, (A.44)

the minimum is attained away from zero.
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Appendix B

Replica computation of the RS conjecture

We define the model partition function as

Z(S) :=
∑
ξ

exp

(
β

N

M∑
µ=1

∑
i<j

sµi s
µ
j ξiξj

)
=
∑
ξ

exp

(
β

2N

M∑
µ=1

∑
i,j

sµi s
µ
j ξiξj −M

β

2

)
. (B.1)

We assume that the system could be aligned with a subset ℓ1 = O(1) of examples, extracted by the
Curie-Weiss at inverse temperature β̂ and we measure the corresponding overlaps with

pµ(ξ) =
1

N

N∑
i=1

sµi ξi µ = 1, ..., ℓ1 . (B.2)

to get

Z(S) =
∑
ξ

exp

(
βN

2

ℓ1∑
µ=1

(pµ(ξ))2 +
β

2N

M∑
µ=ℓ1+1

∑
i,j

sµi s
µ
j ξiξj

)
. (B.3)

In the present analysis we focus on the case when ℓ1 = 1 for the sake of brevity. Our aim is to
compute the disorder average free energy density:

−βf(β, β̂, α) = lim
N→∞

1

N
[lnZ]S , (B.4)

here [· · · ]S corresponds to the average versus disorder, given by the dual patterns. It is possible to
rewrite the previous expression by exploiting the standard replica trick as

−βf(β, β̂, α) = lim
N→∞
n→0

ln[Zn]S

Nn
(B.5)

where

[Zn]S =
∑
S

PCW
β̂

(S) Zn(S) =
∑
S

M∏
µ=1

1

z(β̂)
eβ̂/2N

∑
i,j s

µ
i s

µ
j Zn(S) ,

and

Zn(S) =
∑

ξ1,...,ξn

exp

(
βN

2

n∑
a=1

(pa(ξ))2 +
β

2N

n∑
a=1

M∑
µ=2

∑
i,j

sµi s
µ
j ξ

a
i ξ

a
j

)
.
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The summation over S, is intended over (s1, . . . , sM). One can subdivide [Zn]S in two parts: the
one related to the first aligned example (say s1) and the second related to the others. These two
pieces will be evaluated separately

[Zn]S =
∑

ξ1,...,ξn

∑
s

1

z(β̂)
exp

(
β̂

2N

∑
i,j

sisj +
βN

2

∑
a

(pa(ξ))2

)
×

×
∑
S

M∏
µ=2

1

z(β̂)
exp

(
β̂

2N

∑
i,j

sµi s
µ
j +

β

2N

∑
a

∑
i,j

sµi s
µ
j ξ

a
i ξ

a
j

)
,

=
∑

ξ1,...,ξn

∑
s

1

z(β̂)
exp

(
β̂N

2
m2

0(s) +
βN

2

∑
a

(pa(ξ))2

)
×

×

(
2N

z(β̂)
eβ̂/2N

∑
i,j sisj+β/2N

∑
a

∑
i,j sisjξ

a
i ξ

a
j

s
)M−1

,

where in the first line we simply drop out the index for the first example and we introduced the mag-
netization as m0(s) = 1/N

∑N
i si, while in the second line we denoted by · · · s the average w.r.t a

single example. The second term can be computed by introducing Gaussian variables (z1, . . . , zn)
and z to linearize the exponent as∫ n∏

a=1

DzaDz e
√

β/N
∑

i

∑
a zaξai si+

√
β̂/N

∑
i zsi

s

=

∫ n∏
a=1

DzaDz e
∑

i ln cosh(
√

β/N
∑

a zaξai +
√

β̂/Nz)

≈
∫ n∏

a=1

DzaDz eβ/2[
∑

a̸=b zazbqab+
∑

a z2a]+β̂/2z2+
√

β̂βz
∑

a zama =: det
(
Ξ(q,m)

)−1/2
, (B.6)

where in the last line we have expanded the ln cosh(x) and we have introduced the quantities

qab(ξ) =
1

N

N∑
i=1

ξai ξ
b
i , ma(ξ) =

1

N

N∑
i=1

ξai . (B.7)

The averaged partition function thus becomes

[Zn]S =
∑

ξ1,...,ξn

∑
s

e
β̂N
2

m0(s)2+
βN
2

∑
a(p

a(ξ))2 2N(M−1)

z(β̂)M
det
(
Ξ(q,m)

)(1−M)/2
. (B.8)

If we denote by D(m0) the density of states for the s configuration

D(m0) =
∑
s

δ

(
m0 −

1

N

∑
i

si

)
∝
∑
s

∫
dm̂0 exp−Nm̂0

(
m0 −

1

N

∑
i

si

)
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and with D(q,m,p) the one related to the states of the student machine

D(q,m,p) =
∑

ξ1,...,ξn

∏
a<b

δ

(
qab −

1

N

∑
i

ξai ξ
b
i

)∏
a

δ

(
ma −

1

N

∑
i

ξai

)∏
a

δ

(
pa −

1

N

∑
i

siξ
a
i

)

∝
∑

ξ1,...,ξn

∫ ∏
a<b

dq̂ab exp

(
−N

∑
a<b

q̂ab

(
qab −

1

N

∑
i

ξai ξ
b
i

))
×

×
∫ ∏

a

dm̂a exp

(
−N

∑
a

m̂a

(
ma −

1

N

∑
i

ξai

))
×

×
∫ ∏

a

dp̂a exp

(
−N

∑
a

p̂a

(
pa −

1

N

∑
i

siξ
a
i

))

the averaged partition function becomes

[Zn]S ∝
∫
dm0 D(m0)

∫
dqdmdp D(q,m,p) e

β̂N
2

m2
0+

βN
2

∑
a(p

a)2 2N(M−1)

z(β̂)M
det
(
Ξ(q,m)

)(1−M)/2
,

and then by saddle point approximation the free energy density results as

−βf ≈ lim
N→∞
n→0

1

Nn
ln

(
eN Extr f(q,m,p,m0;q̂,m̂,p̂,m̂0)

)
≈ lim

n→0

1

n
Extr f(q,m,p,m0; q̂, m̂, p̂, m̂0)

(B.9)
where

f(q,m,p,m0; q̂, m̂, p̂, m̂0) =
β

2

∑
a

(pa)2 +
β̂

2
m2

0 + (M − 1) ln 2−MfCW −
α

2
ln det

(
Ξ(q,m)

)
− m̂0m0 −

∑
a

p̂apa −
∑
a<b

q̂abqab −
∑
a

m̂ama

+ ln
∑
s

em̂0s
∑

ξ1,...,ξn

exp

(∑
a

p̂a s ξa +
∑
a<b

q̂abξaξb +
∑
a

m̂aξa

)
.
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The Replica symmetric (RS) ansatz assumes qab = q,ma = m, pa = p, ∀a, b = 1, . . . , n. Under
the RS ansatz the term ln det

(
Ξ(q,m)

)
can be computed as

det
(
Ξ(q,m)

)−1/2
:=

∫ n∏
a=1

DzaDz exp

(
βq

2

∑
a̸=b

zazb +
β

2

∑
a

z2a +
β̂z2

2
+

√
β̂βm

∑
a

zaz

)

=

∫ n∏
a=1

Dza exp

(
βq

2

∑
a̸=b

zazb +
β

2

∑
a

z2a

)
×

×
∫

dz√
2π

exp

(
−(1− β̂)z

2

2
+

√
β̂βm

∑
a

zaz

)

=

∫ n∏
a=1

Dza exp

(
βq

2

∑
a̸=b

zazb +
β

2

∑
a

z2a

)
(1− β̂)−

1
2×

× exp

(
β̂βm2

2(1− β̂)
(
∑
a̸=b

zazb +
∑
a

z2a)

)

= (1− β̂)−
1
2 det

(
I− βq − β̂βm2

2(1− β̂)
1

)− 1
2

,

where we introduced the matrix q = (1− q)I+ q1. A matrix of the form AI+B1 has eigenvalues
λ1 = A+nB with multiplicity 1 and λ2 = A with multiplicity n− 1. Hence ln det

(
Ξ(q,m)

)
can

be expressed in the n→ 0 limit as

ln det
(
Ξ(q,m)

)
= ln

(
(1− β̂) det

(
I− βq − β̂βm2

2(1− β̂)
1

))
= ln

[
(1− β̂)(1− β + βq)− n((1− β̂)βq + β̂βm2)

]
+ (n− 1) ln

[
(1− β̂)(1− β + βq)

]
≈ n

[
ln
(
(1− β̂)(1− β + βq)

)
− β(1− β̂)q + β̂βm2

(1− β̂)(1− β + βq)

]
.

Finally the term related to the density of states becomes under the RS ansatz

∑
s

em̂0s−n q̂
2

∫
Dz

[∑
ξ

exp
(
ξ(p̂ s +

√
q̂z + m̂)

)]n
= 2Es e

m̂0s−n q̂
2

∫
Dz
[
2Eξ exp

(
ξ(p̂ s +

√
q̂z + m̂)

)]n
,

≈ e−n q̂
2

(
2Es e

m̂0s + n 2Es e
m̂0s

∫
Dz ln 2Eξ e

ξ(p̂ s +
√
q̂z+m̂)

)
≈ e−n q̂

2 2Ese
m̂0s

(
1 +

n

Esem̂0s
Es e

m̂0s

∫
Dz ln 2Eξ e

ξ(p̂ s +
√
q̂z+m̂)

)
.

Putting all together we define

−βfRS(β, β̂, γ) = lim
n→0

1

n
Extr fRS(p, q,m; p̂, q̂, m̂) . (B.10)
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where

fRS(p, q,m; p̂, q̂, m̂) = ln 2 + ln cosh m̂0 +
β̂

2
m2

0 + (M − 1) ln 2−MfCW − m̂0m0 + n
β

2
p2 − np̂p+

+
n

2
q̂q − nm̂m− nα

2
ln
(
(1− β̂)(1− β + βq)

)
+ n

α

2

β(1− β̂)q + β̂βm2

(1− β̂)(1− β + βq)
+

− nq̂
2
+ n ln 2 +

n

Esem̂0s
Ese

m̂0s

∫
Dz ln cosh

(
p̂s+ z

√
q̂ + m̂

)
+O(n2) .

Since β̂ < 1, by extremizing with respect to (m̂0,m0) we obtain m0 = 0 and therefore

−βfRS(β, β̂, α) =Extr

[
− α

2
ln
(
(1− β̂)(1− β + βq)

)
+
α

2

β(1− β̂)q + β̂βm2

(1− β̂)(1− β + βq)
+

1

2
q̂q+

− m̂m− q̂

2
− p̂p+ β

2
p2 + ln 2 + Es

∫
Dz ln cosh

(
p̂s+ z

√
q̂ + m̂

)]
.

The equations for the saddle point are

m = Es

∫
Dz tanh(m̂+ z

√
q̂ + p̂s)

m̂ =
αβ̂βm

(1− β̂)(1− β + βq)

q = Es

∫
Dz tanh2(m̂+ z

√
q̂ + p̂s)

q̂ =
αβ̂β2(m2)

(1− β̂)(1− β + βq)2
+

αβ2q

(1− β + βq)2

p = Es

∫
Dz tanh(m̂+ z

√
q̂ + p̂s)s

p̂ = βp

where integration by parts was used to calculate q. In particular on the Nishimori line, where
β̂ = β < 1 and p = 0, it is

−βfRS(β, α) = Extr

[
− α

2
ln detΞ

∣∣∣
β̂=β

+
1

2
q̂q − m̂m− q̂

2
+ ln 2 +

∫
Dz ln cosh(m̂+ z

√
q̂)

]
(B.11)

and

m =

∫
Dz tanh(m̂+ z

√
q̂)

m̂ =
αβ2m

(1− β)(1− β + βq)

q =

∫
Dz tanh2(m̂+ z

√
q̂)

q̂ =
αβ3(m2 − q2)

(1− β)(1− β + βq)2
+

αβ2q

(1− β)(1− β + βq)
.
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Chapter 3

The effect of priors on Learning with
Restricted Boltzmann Machines

In this chapter, we build upon the results of the Dual Hopfield network concerning the critical
dataset size required for effective learning. Specifically, we expand the teacher-student framework
to consider scenarios where a student RBM learns from examples generated by a teacher RBM.
This analysis focuses on the impact of unit priors on learning efficiency.
We explore a parametric class of priors that interpolate between continuous (Gaussian) and bi-
nary variables, as introduced at the end of chapter 1. This framework allows us to model various
architectural designs for both the teacher and student RBMs.

By examining the phase diagram of the posterior distribution under both Bayes-optimal and
mismatched conditions, we reveal the existence of a triple point that determines the critical dataset
size necessary for learning through generalization. This critical size is significantly influenced by
the properties of the teacher RBM—and consequently, the structure of the data—but is independent
of the properties of the student RBM.
However, a careful selection of the student RBM’s priors can still enhance training efficiency.
Specifically, it can extend the signal retrieval region, thereby improving learning outcomes.

Introduction and motivations

Restricted Boltzmann Machines (RBMs) [98–100] are a type of generative stochastic neural net-
work (NN) that can learn a probability distribution over its set of inputs. Their ability to learn
rich internal representations [101–103] makes them a fundamental building block in deep learning
architectures [21, 104, 105].

We recall RBMs have a visible layer of N units s = {si}1≤i≤N , a hidden layer of P units τ =
{τµ}1≤µ≤P and a set of internal connections ξ = {ξµi }1≤i≤N,1≤µ≤P . Given ξ, the joint distribution
of the visible and hidden layers has the Gibbs structure

P
(
s, τ

∣∣ξ) = z−1 (ξ)P (s)P (τ ) exp

(√
β

N

N∑
i=1

P∑
µ=1

ξµi siτµ

)
, (3.1)

where P (s) and P (τ ) are priors on the visible and hidden layers, respectively, β is the inverse
temperature modulating the weights intensity and z (ξ) is the partition function normalizing the

55



distribution. RBMs with given weigths can generate data s by sampling the marginal distribution

P
(
s
∣∣ξ) = z−1 (ξ)ψ (s; ξ) = z−1 (ξ)P (s)Eτ

[
exp

(√
β

N

N,P∑
i,µ

ξµi siτµ

)]
(3.2)

where Eτ is the expectation over the hidden units. Marginal Gibbs distributions of the form (3.2)
are also known as generalized Hopfield networks [55, 64, 72–74, 78]. RBMs with generic priors,
i.e. the generalized Hopfield networks, have been extensively studied in the statistical mechanics
literature, for their properties as models of associative memory [34, 41] and their challenging con-
nection with the Parisi theory of spin glasses [47, 56, 106–109]. These studies only address the
direct problem where the statistical properties of the generative model are investigated.

In a machine learning context the weights are learned [110, 111] from a dataset of exam-
ples, whose distribution the RBM must reconstruct. Therefore the study of the inverse problem
of weights optimization is fundamental for a theoretical understanding of the RBM learning mech-
anisms. As seen in Chapter 2, a very useful approach is the teacher-student setting where a student
RBM is trained with data produced by another teacher RBM [65, 94, 112]. Such studies are crucial
to isolate individual characteristics of data and machine architecture in a controlled environment
and explain their effects on the NN training. For instance in the case of the Dual Hopfield we saw
the effects of the inference temperature in relation with the dataset’s size and noise. Other examples
are [113] where the choice of the hidden layer’s size in relation to the number of patterns in the
data and their correlation is studied; or [114] where the role of possible multi-body interactions is
analyzed in the context of the so called Dense Hopfield models.

3.1 The RBM Teacher-Student framework

Consider the inference problem of a student machine (S-RBM) trained over a dataset generated
by a teacher machine (T-RBM). The T-RBM model is built upon P quenched patterns ξ̂ ∼ P (ξ̂).
A dataset of M examples S := {sa}Ma=1 = {sa1, . . . , saN}Ma=1 is generated by drawing independent
samples from the T-RBM distribution

P (S|ξ̂) =
M∏
a=1

P (sa|ξ̂) =
M∏
a=1

z−1(ξ̂)P (sa) Eτ̂ exp

√ β̂

N

N∑
i=1

P∑
µ=1

sai ξ̂
µ
i τ̂µ

 . (3.3)

and provided to the student. The student is trained over S to recover its structure, i.e. the teacher
patterns. In this process the student patterns ξ are optimized. In a Bayesian framework, they are
sampled from the posterior distribution

P (ξ|S) =
P (ξ)

∏M
a=1 P (s

a|ξ)
P (S)

= Z−1(S)P (ξ)
M∏
a=1

z−1(ξ) Eτ exp

(√
β

N

N∑
i=1

P∑
µ=1

sai ξ
µ
i τµ

)

= Z−1(S)z−M(ξ)
P∏

µ=1

P (ξµ)Eτ exp

(√
β

N

N∑
i=1

M∑
a=1

ξµi s
a
i τ

a

)
(3.4)

with partition function

Z(S) = Eξz
−M(ξ)

P∏
µ=1

Eτ exp

(√
β

N

N∑
i=1

M∑
a=1

ξµi s
a
i τ

a

)
. (3.5)
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In general, the student is unaware of the properties of the T-RBM, therefore we assume β̂ ̸= β,
P (ξ̂) ̸= P (ξ), P (τ̂ ) ̸= P (τ ). Without the term z−M(ξ), the posterior distribution (3.4) would cor-
respond to P independent generalized Hopfield models, one for each student pattern ξµ, where the
examples {sa}Ma=1 act as dual patterns [30, 65, 114]. In [113] it is shown that, for teacher patterns
that are uncorrelated, the interaction term z(ξ)−M has the only effect of enforcing orthogonality
between student patterns. Furthermore, the learning performance of a S-RBM with P hidden units
learning P teacher patterns is equivalent to that of P separate S-RBM with a single hidden unit,
each learning one pattern. For this reason, in the following we assume P = 1, see Fig. 3.1.

Figure 3.1: Inverse teacher-student problem. On the left, the T-RBM generates the data, following
the interactions of the planted signal ξ̂. On the right, a representation of the S-RBM, which tries to
align its own weight vector ξ towards ξ̂ using information extracted from the dataset S.

The efficiency of the learning mechanism depends on how effectively the student can recover
the ground truth encoded in the teacher’s patterns. The overlap

Q(ξ̂, ξ) =
1

N

N∑
i=1

ξ̂iξi, (3.6)

serves as a reliable measure of learning performance, as it quantifies the similarity between the
student’s inferred patterns and the teacher’s true patterns. Since we are considering a generic RBM
as teacher machine, we cannot use the gauge transformation (2.14) and consequently a dataset
drawn from a CW. The learning efficiency is well known to depend on the data-to-neuron ratio, α,
the noise level in the examples, T̂ = β̂−1, and the parameter β, often referred to as the student’s
inverse inference temperature, which reflects the typical magnitude of the student’s weights and
acts as a form of regularization.

Our goal is to analyze different scenarios, choosing RBMs with different priors for both teacher
and student to observe the effects of these hyper-parameters on the learning efficiency. To this
aim, we choose priors from a parametric family of distributions. For each label x ∈ {ξ̂, τ̂ , ξ, τ, s},
consider the random variable √

Ωxgx +
√

1− Ωxϵx . (3.7)

where Ωx ∈ [0, 1], gx ∼ N(0, 1) and ϵx is a Rademacher random variables taking values ±1. We
denote its probability distribution with PΩx , which interpolates between a standard gaussian and
a binary distributions, having zero mean and unitary variance for any choice of Ωx. We assume
the entries of the teacher pattern {ξ̂i}Ni=1 are drawn independently from PΩξ̂

. Similarly τ̂ ∼ PΩτ̂
,
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τ ∼ PΩτ , ξi ∼ PΩξ
and sµi ∼ PΩs . We indicate with Ω = {Ωx}x∈{ξ̂,τ,ξ,τ,s} the set of prior

hyperparameters.

We leverage techniques from statistical mechanics to calculate the expected value of the overlap
(3.6) in the limit of large dimension and large dataset N,M → ∞, M/N = α as a function of Ω.
Specifically, we obtain it as a byproduct of the limiting quenched free energy

−βf(Ω;α, β̂, β) = lim
M,N→∞

1

N
Eξ̂,S log [Z(S)] , (3.8)

where Eξ̂,S is the expected value w.r.t. the joint distribution of the teacher pattern and generated
dataset. In fact, we will show in Section 3.2 that Eq. (3.8) can be expressed as the result of a
variational principle w.r.t. a set of order parameters.

3.2 Free energy and saddle point equations

The quenched free energy can be computed exploiting the replica method in the replica symmetry
(RS) approximation (see the Appendix C) and reads as

−βfRS(Ω;α, β̂, β) = −β ExtrΛ,Λτ ,Λ̂,Λ̂τ
f̂(Λ,Λτ , Λ̂, Λ̂τ ) , (3.9)

where we introduced the sets of parameters Λ = {p,m, q, d} and Λτ = {pτ ,mτ , qτ , dτ}, together
with their conjugates Λ̂ and Λ̂τ . The function f̂ to be extremized is defined as

−βf̂(Λ,Λτ , Λ̂, Λ̂τ ) =
1

2
q̂q + α

1

2
q̂τqτ − m̂m− αm̂τmτ − d̂d− αd̂τdτ + α2β

2
Ωξp

2
τ +

β

2
Ωτp

2+

(3.10)

+
α

Eτ̂ed̂τ̂ τ̂
2

〈
Eτ̂e

d̂τ̂ τ̂
2Es logEτ exp

{
− (

q̂τ
2
− d̂τ )τ 2 + τ(m̂τ τ̂ +

√
q̂τz + p̂τs)

}〉
z

+

+
1

Eξ̂e
d̂ξ̂ ξ̂

2

〈
Eξ̂e

d̂ξ̂ ξ̂
2

Es logEξ exp

{
− (

q̂

2
− d̂)ξ2 + ξ(m̂ξ̂ +

√
q̂z + p̂s)

}〉
z

+

− βα

2
qqτ + α

√
β̂βmmτ − αpτ p̂τ − pp̂+

βα

2
ddτ − α logEτe

β
2
d τ2 ,

where ⟨.⟩z denotes the expectation w.r.t. a standard gaussian random variable z ∼ N (0, 1). Ex-
tremization gives

p̂τ = βαΩξ pτ , m̂τ =

√
ββ̂m, q̂τ = βq, d̂τ = β

d

2
, (3.11)

p̂ = βΩτp, m̂ = α

√
ββ̂mτ , q̂ = αβqτ , d̂ =

αβ

2

(
dτ − ⟨τ 2⟩τ

)
, (3.12)

for the conjugated parameters where we define ⟨τ 2⟩τ as follows ⟨τ 2⟩τ = Eτ [τ
2e

β
2
d τ2 ]/Eτ [e

β
2
d τ2 ]) =

(1−β dΩ2
τ )/(1−β dΩτ )

2. The order parameters have to be solutions of the following saddle point
equations:
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p =
〈
s⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

, pτ =
〈
s⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

, (3.13)

m =
〈
ξ̂⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

, mτ =
〈
τ̂⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

, (3.14)

q =
〈
⟨ξ⟩2

ξ|z,s,ξ̂

〉
z,s,ξ̂

, qτ =
〈
⟨τ⟩2τ |z,s,τ̂

〉
z,s,τ̂

, (3.15)

d =
〈
⟨ξ2⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

, dτ =
〈
⟨τ 2⟩τ |z,s,τ̂

〉
z,s,τ̂

. (3.16)

The averages ⟨.⟩ξ̂ and ⟨.⟩s are respectively w.r.t. PΩξ̂
(ξ̂) and PΩs(s), while ⟨.⟩τ̂ is over PΩτ̂

(τ̂)e
β̂
2
τ̂2 .

Finally ⟨.⟩ξ|z,s,ξ̂ and ⟨.⟩τ |z,s,τ̂ stand for the expectation over respectively

PΩξ
(ξ)e

−α
2
β(qτ−dτ+⟨τ2⟩τ)ξ2+ξ

(
α
√

β̂βmτ ξ̂+
√
αβqτ z+βΩτps

)
, (3.17)

PΩτ (τ)e
−β

2
(q−d)τ2+τ

(√
β̂βmτ̂+

√
βqz+βαΩpτ s

)
. (3.18)

We recall the optimal order parameters p,m, q, d solving Eqs. (3.13-3.16) have to be interpreted as
expected overlaps. First of all, m is the limiting expected overlap between the teacher pattern ξ̂ and
the student pattern ξ, i.e.

m = lim
N,M→∞

Eξ̂,S,ξ

[
Q(ξ̂, ξ)

]
(3.19)

where Eξ̂,S,ξ is the expectation w.r.t. the joint distribution P (ξ̂)P (S|ξ̂)P (ξ|S) of teacher patterns,
dataset and student patterns. Similarly p is the limiting expected overlap between the student pattern
ξ and an example sa, i.e.

p = lim
N,M→∞

Eξ̂,S,ξ [Q(ξ, s
a)] . (3.20)

Then q is the limiting expected overlap between any two student patterns ξ1 and ξ2 from two
independent posterior samples, i.e.

q = lim
N,M→∞

Eξ̂,S,ξ1×ξ2

[
Q(ξ1, ξ2)

]
= lim

N,M→∞
Eξ̂,S

[
Q(Eξ|S [ξ] ,Eξ|S [ξ])

]
(3.21)

Finally d is the limiting expected self-overlap i.e.

d = lim
N,M→∞

Eξ̂,S,ξ [Q(ξ, ξ)] . (3.22)

The RS saddle-point Eqs.(3.13-3.16) can be solved by numerical iteration for any values of the
hyper-parameters β̂, β, α and Ω. We expect the RS solution to be exact when the student is
fully informed about the teacher’s prior and hyperparameters and matches them with its own, i.e.
β = β̂, Ωξ̂ = Ωξ and Ωτ̂ = Ωτ . This is the Nishimori line for this version of RBM teacher-
student problem. Outside of this regime, i.e. in the mismatched setting, replica symmetry breaking
corrections are expected at low temperature. It is important to remark on the role of z(ξ)−M in
Eq. (3.5). This term is responsible for the emergence of the quadratic term −αβ

2
ξ2⟨τ 2⟩τ within

the distribution (3.17). This mechanism enables the automatic regularization of the self-overlap,
consistently yielding d = 1 as the solution to Eq. (3.16), as will be shown throughout the following
sections, and in the Appendix C.

3.3 Exploring arbitrary priors: the Bayesian Optimal setting

With the set of equations (3.13-3.16), we can gain deeper insights into what is happening in the
student learning process. In this Section we analyze the ideal situation of the Bayesian optimality
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setting [45], in which the student has access to all the information about the generating process and
therefore it is able to mimic the teacher architecture and hyper-parameters to have a better chance
of recovering the ground truth ξ̂. In this regime we therefore assume β̂ = β, Ωξ̂ = Ωξ and Ωτ̂ = Ωτ .
At low temperature all the examples have macroscopic alignment with the signal and the student can
easily learn it perfectly. Conversely, at a sufficiently high generating temperature β̂ the examples
have vanishing overlap with the teacher pattern. At the same time, the high inference temperature
β = β̂ prevents the student pattern to have macroscopic alignment with a single example, i.e. p = 0.
The saddle point equations (3.13-3.16) reduces to

m =
〈
ξ̂⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

mτ =
〈
τ̂⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

(3.23)

q =
〈
⟨ξ⟩2

ξ|z,s,ξ̂

〉
z,s,ξ̂

qτ =
〈
⟨τ⟩2τ |z,s,τ̂

〉
z,s,τ̂

(3.24)

d =
〈
⟨ξ2⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

dτ =
〈
⟨τ 2⟩τ |z,s,τ̂

〉
z,s,τ̂

. (3.25)

We can further reduce the number of equations thanks to the Nishimori identities [32, 33, 115].
Infact, in the Bayes optimal setting it holds

Eξ̂,S,ξ1×...×ξkf(ξ
1, . . . , ξk) = Eξ̂,S,ξ2×...×ξkf(ξ̂, ξ

2, . . . , ξk), (3.26)

for any regular function f and with (ξ1, . . . , ξk) being k independent samples from the posterior
distribution. In particular we can apply the identity (3.26) to the overlap obtaining that

Eξ̂,S,ξ1×ξ2Q(ξ
1, ξ2) = Eξ̂,S,ξQ(ξ̂, ξ). (3.27)

As a consequence, recalling Eqs. (3.19,3.21), it must bem = q and therefore it is sufficient to solve

m =
〈
ξ⟨ξ⟩ξ|z,s

〉
z,s

mτ =
〈
τ⟨τ⟩τ |z,s

〉
z,s

(3.28)

d =
〈
⟨ξ2⟩ξ|z,s

〉
z,s

dτ =
〈
⟨τ 2⟩τ |z,s

〉
z,s
, (3.29)

where the averages are now recast in the form

PΩξ
(ξ)e−

α
2
β(mτ−dτ+⟨τ2⟩τ)ξ2+ξ

√
αβmτ z , (3.30)

PΩτ (τ)e
−β

2
(m−d)τ2+τ

√
βmz . (3.31)

Figure 3.2: Retrieval phase transition lines in the case of the Bayesian optimal scenario. Below
the transition curve it is possible to recover the planted signal ξ̂. Left: P-F transition line for
Ωτ ∈ {0, 0.44, 1}. For each choice of the τ prior the perfect retrieval (PF) region starts below the
star marked line, i.e. T < Ωτ . Right: Different P-F lines (without the perfect retrieval region)
for all the possible values of Ωτ . Above each colored line (taken singularly) the student is in a
paramagnetic phase, below in a ferromagnetic regime.
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In Fig. (3.2) the learning phase diagram in the (α, T ) plane is presented as a function of Ω. One
can observe the three aforementioned different regimes:

• the Paramagnetic (P) phase, where the order parameter m = q vanishes;

• the Ferromagnetic (F) phase, where m > 0.

• the Perfect Retrieval (PR) phase, where m = 1.

In the ferromagnetic phase the student RBM is capable of learning (at least partially) the teacher
pattern. Conversely this ability is lost in the paramagnetic phase. The ferromagnetic phase emerges
even at high temperature once the dataset size reaches a critical threshold, i.e. α ≥ αc(T,Ω). In
fact, at high generating temperature, each example provides only a vanishing amount of information
about the teacher pattern. Therefore an extensively large number of examples are needed for the
student to retrieve the signal. The corresponding P-F phase transition is thus the onset of learning.
Descending from high temperatures, where m = mτ = 0, the P-F transition line can be obtained
by expanding in m ∼ 0. First of all, note that at m = mτ = 0 Eqs. (3.28, 3.29) give

dτ = ⟨τ 2⟩0 = Eτ [τ
2e

β
2
d τ2 ]/Eτ [e

β
2
d τ2 ] , τ ∼ PΩτ (3.32)

d = ⟨ξ2⟩0 = Eξ[ξ
2e

αβ
2
(dτ−⟨τ2⟩τ ) ξ2 ]/Eξ[e

αβ
2
(dτ−⟨τ2⟩τ ) ξ2 ] , ξ ∼ PΩξ

(3.33)

where ⟨·⟩0 denotes the expectations w.r.t. the distributions of Eqs. (3.30) or (3.31) at zero effective
field. Note that, since dτ = ⟨τ 2⟩τ it is e

αβ
2
(dτ−⟨τ2⟩τ ) ξ2 = 1 and therefore d = 1. This is expected

because, thanks to the Nishimori identities, it must be

Eξ̂,S,ξf(ξ) = Eξ̂,S,ξf(ξ̂) = Eξ̂f(ξ̂). (3.34)

Therefore the statistics of the student pattern matches those of the teacher’s: in particular the self-
overlap must be equal to that of the teacher pattern, being one by definition. By expanding the
effective distributions in Eqs. (3.30, 3.31) as

PΩξ
(ξ)
(
1 +

√
αβmτz ξ +O(qτ )

)
(3.35)

PΩτ (τ)
(
1 +

√
βmz τ +O(q)

)
e

β
2
τ2 (3.36)

one obtains

m =
〈
ξ⟨ξ⟩ξ|z,s

〉
z,s

= αβmτ + o(mτ ) (3.37)

mτ =
〈
τ⟨τ⟩τ |z,s

〉
z,s

= βm⟨τ 2⟩20 + o(m) . (3.38)

As a consequence the transition line turns out to be

1 = αβ2d2τ . (3.39)

Eqs. (3.32) and (3.39) can be solved numerically obtaining all the P-F transition curves in Fig.(3.2).
Note that the transition Tc(Ω, α) is only function of Ωτ and that it is an increasing function of Ωτ

and α. In particular, in the low load limit, α→ 0, the transition temperature is Tc(Ω, 0) = Ωτ . At
lower temperatures, specifically when T ≤ Tc(Ω, 0) the Perfect Retrieval regime appears. This is
the region where the examples exhibit a finite overlap with the teacher pattern, then the student can
perfectly retrieve the signal, i.e. m = 1, for any extensive dataset α > 0.
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3.4 Exploring arbitrary priors: Mismatched Setting

As in Sec.2.4, a more realistic scenario is when the student is not aware of the model underlying
the data. This means that the inference temperature is different from the dataset noise, i.e. β ̸= β̂
and that the hyperparameters of the S-RBM do not match the ones of the T-RBM, i.e. Ωξ ̸= Ωξ̂ and
Ωτ ̸= Ωτ̂ . In this part, we focus on the last scenario, as the effect of various generating temperatures
was studied previously. As in Chapter 2 the phase diagrams show four different regimes:

• the Paramagnetic (P) region, where m = q = p = 0;

• the Signal Retrieval (sR) region, where m ̸= 0, q > 0, p = 0;

• the Example retrieval (eR) region, where p ̸= 0, q > 0, m = 0;

• the Spin Glass (SG) region, where m = p = 0, q > 0.

In the eR phase the student is not capable of learning the teacher pattern because it is aligned
with one example that shares vanishing overlap with the signal. In the SG phase, the student
retrieves a spurious pattern unrelated to both the teacher and any examples. The sR phase is the
only region where learning is possible, with phase transitions marking the boundaries between
different learning regimes that depend on Ω.

Transition to the Spin Glass Phase

At very high temperature (β ∼ 0) the distributions (3.17) and (3.18) have no external effective
fields and therefore ⟨ξ⟩ = ⟨τ⟩ = 0. In this regime the student is just making a random guess.
All the relevant order parameters p = m = q = 0 together with their hidden counterparts pτ =
mτ = qτ = 0, i.e. the system is in the paramagnetic phase. As in the Bayesian Optimal setting,
lowering the temperature may start a spin glass transition, with nonzero overlaps q and qτ ; while
the other parameterns remain zero. Assuming this transition is continuous, we can linearise Eqs.
(3.15) for small q. Expanding first Eqs. (3.17) and (3.18) we get that ξ and τ in Eqs. (3.15) have to
be averaged out over respectively

PΩξ
(ξ)
(
1 +

√
αβqτzξ +O(qτ )

)
e

α
2
β(dτ−⟨τ2⟩τ )ξ2 (3.40)

PΩτ (τ)
(
1 +

√
βqzτ +O(q)

)
e

β
2
d τ2 . (3.41)

First of all it is

dτ = ⟨τ 2⟩0 = Eτ [τ
2e

β
2
d τ2 ]/Eτ [e

β
2
d τ2 ], τ ∼ PΩτ (3.42)

d = ⟨ξ2⟩0 = Eξ[ξ
2e

αβ
2
(dτ−⟨τ2⟩τ )ξ2 ]/Eξ[e

α
2
β(dτ−⟨τ2⟩τ )ξ2 ], ξ ∼ PΩξ

, (3.43)

where ⟨·⟩0 denotes the expectations w.r.t. the distributions of Eqs. (3.17) or (3.18) at zero effective
field (i.e. m = mτ = q = qτ = p = pτ = 0). Therefore also in this case it is d = 1 at the transition.
Moreover we get

q =
〈
⟨ξ⟩2

ξ|z,s,ξ̂

〉
z,s,ξ̂

= αβqτ ⟨ξ2⟩20 + o(qτ ) = αβqτ + o(qτ ) (3.44)

qτ =
〈
⟨τ⟩2τ |z,s,τ̂

〉
z,s,τ̂

= βq⟨τ 2⟩20 + o(q) = βqd2τ + o(q), (3.45)

From Eqs. (3.44-3.45) a second order phase transition to the spin glass phase may occur at

1 = αβ2d2τ (3.46)
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that can be solved to obtain the critical temperature Tc(α) or equivalently the critical size αc(T ).
Note that there is no dependence of β̂, meaning that the spin glass transition only depends on a
(too low) inference temperature of the student. As expected [65, 114] the P-SG transition (3.46)
corresponds to the P-F transition in the Nishimori regime (3.39). Moreover it also corresponds to
the P-SG transition of a generalized Hopfield model with random patterns at inverse temperature
β and load α. Indeed, the expression (3.46) matches the one found in [64]. For example fixing
Ωξ = Ωτ = 0 one gets the bipartite SK P-SG transition Tc(α) =

√
α, while using Ωξ = 0 and

Ωτ = 1 it is possible to recover the P-SG transition line of the Hopfield model Tc(α) = 1 +
√
α.

Transition to the Retrieval Phase

When the size of the dataset is sufficiently large, lowering the temperature may lead to a continuous
transition towards a signal retrieval (sR) region. The transition line can be obtained by expanding
Eq. (3.14) for small m and mτ , keeping p = pτ = q = qτ = 0. As previously done, first of all Eqs.
(3.17-3.18) can be expanded as

PΩξ
(ξ)

(
1 + α

√
ββ̂mτ ξ̂ξ +O(mτ )

)
e

α
2
β( dτ−⟨τ2⟩τ )ξ2 (3.47)

PΩτ (τ)

(
1 +

√
ββ̂mτ τ̂ +O(m)

)
e

β
2
dτ2 , (3.48)

from which it holds

m =
〈
ξ̂⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

= α

√
β̂βmτ ⟨ξ̂2⟩ξ̂⟨ξ

2⟩0 + o(mτ ) = α

√
β̂β mτ d ⟨ξ̂⟩ξ̂ +O(mτ )(3.49)

mτ =
〈
τ̂⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

=

√
β̂βm⟨τ̂ 2⟩τ̂ ⟨τ 2⟩0 + o(m) =

√
β̂β mdτ ⟨τ̂ 2⟩τ̂ +O(m), (3.50)

where again ⟨·⟩0 denotes the expectations w.r.t. the distributions of Eqs. (3.17) or (3.18) at zero
effective field. In Eq.(3.49) we can use dξ̂ := ⟨ξ̂2⟩ξ̂ = 1 which derives from the analysis of the
teacher partition function (C.34). Again the self-overlaps d and dτ are solutions of Eq.(3.42-3.43),
which implies d = 1. Recalling that ⟨.⟩τ̂ is the average over the tilted distribution PΩτ̂

(τ̂)e
β̂
2
τ̂2 , it

holds

dτ̂ := ⟨τ̂ 2⟩τ̂ =
1− β̂Ω2

τ̂

(1− β̂Ωτ̂ )2
, (3.51)

thus, from Eqs. (3.49-3.50), a second order phase transition to the sR phase may occur at

1 = αβ̂βdτdτ̂ . (3.52)

For example when both the T-RBM and S-RBM have only binary units the critical temperature
reads as Tc(α) = αβ̂ while in the case of the Dual Hopfield model, i.e. Ωτ = Ωτ̂ = 1, Tc(α) =
1 + αβ̂ . Since d = 1 and dτ doesn’t depend of α, the P-sR critical temperature Tc(α) grows
linearly with the dataset’s size α. Conversely, from Eq. (3.46), the critical temperature of the P-SG
transition grows only as O(

√
α). This means that for larger values of α the P-sR phase transition

occurs first. On the contrary for small α the spin glass phase emerges at a higher temperature.

A triple point exists when the two transition lines (3.46) and (3.52) cross, i.e. at the solution of{
1 = αβ2d2τ
1 = αββ̂dτdτ̂ ,

(3.53)
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giving

Ptriple = (αc, Tc) =

(
1

β̂2d2τ̂
,
dτ

β̂dτ̂

)
. (3.54)

As expected the Nishimori line β = β̂ crosses the triple point when the student and teacher priors
match, i.e. dτ = dτ̂ . It is interesting to note that the α of the triple point only depends on the
properties of the data, i.e. of the teacher, while its temperature may also depend on the student’s
priors. The critical temperature at the triple point, Tc, is shown in Fig. 3.3 to be an increasing
function of Ωτ . Explicitly, Tc increases with Ωτ , but decreases with Ωτ̂ . Conversely, the critical
value αc decreases as both T̂ and Ωτ̂ increase.

Figure 3.3: Triple point’s coordinates as a function of the prior parameters. Left: Critical tem-
perature for different choices of the the hidden units prior of both S-RBM and T-RBM. Tc is an
increasing funciton of Ωτ , but decreases with Ωτ̂ . Right: Critical size as function of the relevant
teacher variables. It is a decreasing function of both Ωτ̂ and T̂ = 1/β̂.

These properties can be observed from the phase diagrams obtained by different choices of the
priors, which are presented in Figs. (3.4-3.8). All the depicted transition lines from the SG region
to the sR or the eR regions can be found numerically by solving the saddle point Eqs. (3.13-3.16).

In all the cases the triple point appears to be the point of the sR region with smaller α. In
other words the α of the triple point corresponds to the minimum size of the dataset for which
learning is possible, at least for suitable choice of the inference temperature. For this reason we
refer to it as the model’s αc. For α ≥ αc there exists an optimal inference temperature where the
learning performance, i.e. the overlap with the teacher pattern, is maximal. Notably if the inference
temperature is set too low one can eventually exit the sR region and enters a glassy phase. However,
for sufficiently large values of α, the sR region extends down to zero temperature.

Finally, the example retrieval region may emerge at low inference temperature when α is very
close to zero. This phase corresponds to the pattern retrieval region in the generalized Hopfield
models [64] under the critical capacity. In this region the student pattern tends directly to be aligned
with one of the examples instead of learning their archetype.

The role of the S-RBM priors

By fixing the properties of the T-RBM, i.e. of the generating process, it is possible to explore
the effects of the S-RBM priors on the learning performance. In the following discussion the
examples are assumed to have binary entries, i.e. Ωs = 0. In the following section, as well as in the
subsequent sections, the phase diagrams presented illustrate the existing phases.
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Figure 3.4: Phase diagram of different S-RBM configurations, each with a different choice of
hidden unit prior Ωτ . All Students have a binary prior for ξ, i.e., Ωξ = 0. The teacher is generating
(β̂ = 0.8) binary data (Ωs = 0), and its architecture is fixed by the choice Ωξ̂ = Ωτ̂ = 0. The black
star represents the critical point (αc, Tc), while the vertical dashed line shows that the position
αc ≃ 1.55 is the same for all the images. The eR phase emerges when the τ prior has a gaussian
tail.

In Fig. (3.4) the phase diagrams of different S-RBMs with binary patterns (Ωξ = 0) are shown
in the case of a binary T-RBM, i.e. Ωξ̂ = Ωτ̂ = 0. One can observe the appearance of the eR phase
at low temperature as soon as the student hidden unit starts to have a Gaussian tail, i.e. Ωτ > 0. The
critical temperature at α = 0 is exactly Ωτ . In the limit Ωτ → 1 this phase extends up to the critical
capacity of the Hopfield model α = 0.14. As expected the critical size αc of the triple point doesn’t
change with the student priors while its temperature increases with Ωτ . As a consequence the area
of the sR phase expands in the direction of higher temperatures. This is typically an advantage
for MC algorithms that samples from the posterior starting from high temperature like simulated
annealing [116, 117].

Figure 3.5: Phase diagrams showing the effect of student’s hidden unit prior when the teacher
generates (β̂ = 0.8) the dataset (Ωs = 0) using a Hopfield model. The student pattern is chosen
with Ωξ = 0. The critical size needed to enter the inference regime is unaltered by the choice of Ωτ

and its value is αc ≃ 0.06, while the temperature Tc increases.

In Fig. (3.5), we observe similar behavior for a dataset generated by a Hopfield like T-RBM,
i.e. Ωτ̂ = 1, Ωξ̂ = 0. The different generation procedures significantly affect the number of
data points required for the student to transition into the sR regime: as prescribed by Eq.(3.54),
αc is smaller than that of Fig.(3.4). One can in principle investigate the effect of changing Ωξ,
however we have verified that the phase diagram is not affected by that prior since it only enters
in the self-overlap, and d = 1 is always solution of Eqs. (3.13-3.16). Interestingly, the benefit of
using Gaussian units—where at any given temperature, the sR region occurs at smaller α—remains
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consistent regardless of the dataset properties. Specifically, it is not always advantageous for the
student to align their hyperparameters with those of the teacher.

The role of the T-RBM priors

By fixing the S-RBM architecture, one can instead investigate the impact of the data structure,
specifically the T-RBM priors, on learning performance. For now, it is assumed that the examples
consist of binary entries. From Eq. (3.54), an effect on both the minimum amount of data required
to enter the sR phase and the retrieval temperature is expected.

Figure 3.6: Effect of the teacher architecture (β̂ = 0.8) on the student’s phase diagram. The
signal’s prior is defined by Ωξ̂ = 0. The analyzed student is working with a Hopfield architecture:
Ωξ = 0,Ωτ = 1. The more τ̂ is gaussian the more easily the student retrieves the pattern ξ̂, in
particular Ptriple decreases in both its coordinates.

Fig. (3.6) shows the effect of changing Ωτ̂ . It is possible to appreciate the fact that the infor-
mation present in the data increases notably the more the τ̂ prior becomes Gaussian. This can be
seen by the reduced amount of generated samples we need to enter the sR regime (a similar effect
of increasing β̂ in Chapter 2). On the other hand, the critical temperature of the student at the triple
point, Tc, is lowered. Nevertheless, if we fix an inference temperature, the student enters the sR
regime more easily as Ωτ̂ → 1.

Figure 3.7: Effect of the teacher (β̂ = 0.8) architecture on a binary student’s phase diagram. Since
Ωτ = 0 we do not have example memorization. As in Fig.(3.5) when Ωτ̂ → 1 the S-RBM retrieval
region becomes larger.

Same effect is shown in Fig. (3.7) where the student priors are binary and the teacher prior
changes. We checked that the phase diagrams are not affected by ξ̂, as expected from the transition
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line expressions.

Figure 3.8: Phase diagram of the teacher-student problem (β̂ = 0.8) with Ω = {0, 1, 0, 0.9,Ωs},
Ωs ∈ {0.005, 0.1, 0.2}. The effect of the manipulation of the data affects only the eR phase. The
more the data have gaussian nature, the more the example memorization region is compressed.

Finally in Fig. (3.8) we explore the role of the dataset unit prior Ωs. The different values of
Ωs do not change the triple point Pc. As one can observe the only effect is the shift of the eR-SG
transition line. This is related to the memorization capability of the S-RBM and is in agreement
with the phase diagrams in Fig.(1.6).

Spherical regularization

In the previous sections we have seen that the term z(ξ)−M in the posterior plays the role of a
regularization enforcing the Nishimori identity d = 1. Without that regularization the model would
be ill defined in the case of an architecture with both Ωξ and Ωτ different from zero. This is a
typical problem with fully Gaussian disordered systems at low temperature [60, 63, 64, 77].

From a practical point of view is more convenient to replace that term directly with a spherical
constraint δ

(
N −

∑N
i=1 ξ

2
i

)
. The computation leading to the set of saddle point Eqs. (3.13-3.16)

can be exactly followed with the only addition of a lagrange multiplier ω in the gaussian weight for
the ξ variable, i.e. its effective distribution reads as

PΩξ
(ξ)e

−αβ
2
(αβqτ−dτ+ω)ξ2+ξ

(
α
√

β̂βmτ ξ̂+
√
αβqτ z+βΩτps

)
, (3.55)

where ω has to be fixed to obtain d = 1. Making a comparison with Eq.(3.17) one can see that
the correct choice is ω = ⟨τ 2⟩τ . From the computational point of view it is more convenient to
adjust the Lagrange multiplier during the solution of the saddle point equations. In Fig.(3.9) it is
shown the phase diagram where the priors of both the weights and the student hidden variables have
Gaussian tails. The weights have been regularized with a spherical constraint. One can compare
these results with the right panel of Fig.(3.4), where Ωξ = 0. It is possible to see the presence of
the eR phase, due to Ωτ = 1, that tends to quickly disappear as Ωξ → 1, in agreement with [64].
It is also observed a bending of the sR region at low temperature that however is not particularly
significant since that is the region where RSB corrections are expected. Finally, as expected, the
triple point position doesn’t change.
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Figure 3.9: Spherical regularization effect on the retrieval capability of the model (case with Ωτ =
1). Using binary data from a binary T-RBM (β̂ = 0.8), it is possible to see that αc and Tc do not
move. The only effect from the changes of Ωξ is the compression of the eR phase.

3.5 Discussion

We investigate the learning performance of Restricted Boltzmann Machines (RBMs) trained on a
noisy dataset in a teacher-student setting. We considered RBMs with different unit and weight
priors and analyzed the generalization capability in both the Bayes optimal scenario and in a more
realistic mismatched case. We proved the existence of a well-defined critical dataset size below
which learning is impossible, characterizing a triple point in the phase diagram where paramag-
netic, spin glass, and signal retrieval phases intersect.

We show that Gaussian hidden units help the machine to more easily enter the signal retrieval
region, even though the critical size only depends on the properties of the dataset, i.e., the teacher
RBM. At the same time, certain choices of priors favor the emergence of an example retrieval
region where the machine learns by memorization without generalizing well. Notably, the posterior
distribution approach for training includes automatic self-regularization of the weights, preventing
parameter explosions and other typical convergence issues.
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Appendix C

Derivation of the RS equations

In this section we discuss the computation of the averaged partition function (3.5) in the mismatch
case with one single student pattern. The posterior of the student’s (single) weight is

P (ξ|S) = Z−1(S)z−M(ξ)P (ξ)Eτ exp

(√
β

N

N∑
i=1

M∑
a=1

ξis
a
i τ

a

)
(C.1)

then its partition function Z(S) can be written in the following form

Z(S) = Eξz
−M(ξ)Eτ exp

(√
β

N

N∑
i=1

M∑
a=1

ξis
a
i τ

a

)
, (C.2)

z(ξ)M =
∑
S

Eτ exp
(√ β

N

N∑
i=1

M∑
a=1

sai τ
aξi

)
. (C.3)

Differently from the teacher, which generates the data at inverse temperature β̂ < 1, the student’s
temperature range is T ∈ [0,∞]. Due to this possibility, when T < 1, ξ has the chance to be
aligned with one of the data, say the first one s(1). The alignment can be in principle valid also for
the extensive hidden unit vector τ . It is measured with the two Mattis magnetizations

p =
1

N

N∑
i=1

ξis
(1)
i , (C.4)

pτ =
1

M

M∑
a=1

τasa(1) , (C.5)

which allow to rewrite the previous partition function (discarding irrelevant non extensive terms)
as

Z(S) = Eξz
−M(ξ)Eτ exp

(
M

√
β

N
pτ (τ) ξ(1) +N

√
β

N
p(ξ) τ (1) +

√
β

N

N∑
i=2

M∑
a=2

sai τ
aξi

)
.

In spin-glass models with planted disorder we introduce n independent replicas, then take the
limit N →∞

Zn(S) = E{ξγ}z({ξγ})−ME{τγ} exp

(
M

√
β

N

n∑
γ=1

pγτ (τ)ξ
γ
(1) +N

√
β

N

n∑
γ=1

pγ(ξ)τ γ(1) +

√
β

N

n∑
γ=1

N∑
i=2

M∑
a=2

sai τ
a,γξγi

)
.

(C.6)
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The shorthand notation {ξγ} stands for the average over all the replicas indexed by γ: {ξ1, . . . , ξn},
same is done for {τ γ} . Then the averaged partition function over the quenched disorder induced
by the dataset is

[Zn]S =
∑
S

Pβ̂(S) Zn(S) =
∑
S

Eξ̂Eτ̂ z(ξ̂)
−M e

√
β̂/N

∑
ia sai ξ̂iτ̂a Zn(S) , (C.7)

z(ξ̂)M =
∑
S

Eτ̂ exp
(√ β̂

N

N∑
i=1

M∑
a=1

sai τ̂
aξ̂i

)
. (C.8)

The presence of both z(ξ̂) and z(ξ) make it diffucukt to compute [Zn]S as a straightforward ex-
tremization problem. A possible solution is the application of the saddle point method to both (C.8)
and (C.3). We can write them as an exponential function to be extremized over a set of parameters
pT and pS . Each set will depend respectively on ξ̂ and ξ

z(ξ̂)M ≈ e−N ExtrpT β̂fT (pT (ξ̂)) , z(ξ)M ≈ e−N ExtrpS βfS(pS(ξ)) , (C.9)

which, after the extremization, could be inserted in the exponential of (C.7).

Teacher normalization

In order to evaluate Eq.(C.8) as a variational principle we start computing
∑

S writing each sa ∈ S
in the interpolating form

√
Ωsg

a
s +
√
δsϵ

a
s for each a = 1, · · · ,M , obtaining

z(ξ̂)M =

∫ ∏
a

[Dga] Eτ̂ exp


√
β̂

N

N∑
i=1

M∑
a=1

√
Ωs g

a
s,iτ̂

aξ̂i

∏
i,a

2 cosh


√
β̂

N

√
δsτ̂

aξ̂i

(C.10)

≈ Eτ̂ exp

{
β̂

2N

N∑
i=1

M∑
a=1

(
τ̂aξ̂i

)2}
, (C.11)

where, in the first passage we already average over the set {ϵas}a=1,··· ,M , while in the last one,
we exploit log cosh(x) ≈ x2

2
and Ωs + δs = 1. It is possible to use the Fourier representation of the

Dirac delta function to enforce the relation

δ

(
dτ̂ −

1

M

∑
a

τ̂ 2a

)
=

1

2π

∫
dd̂τ̂ e

−Md̂τ̂(dτ̂− 1
M

∑
a τ̂2a) , (C.12)

where we refer at dτ̂ as the self-overlap for the teacher hidden variables. Using the following
expression for the density of states of the τ̂ configurations

D(d̂τ̂ , dτ̂ ) =
∑

τ̂ δ
(
dτ̂ − 1

M

∑
a τ̂

2
a

)
∝
∑

τ̂

∫
dd̂τ̂ e

−Md̂τ̂(dτ̂− 1
M

∑
a τ̂2a) , (C.13)

we can rewrite (C.11)

z(ξ̂)M =

∫
ddτ̂ D(d̂τ̂ , dτ̂ ) exp

{
αβ̂

2
dτ̂
∑
i

ξ̂2i

}
(C.14)

≈ e−Nβ̂ ExtrpT f(pT ) , (C.15)
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which is nothing but the variational principle in (C.9) with pT = {d̂τ̂ , dτ̂}. Using dξ̂(ξ̂) =
1
N

∑
i ξ̂

2
i

as well, for the self overlap of the teacher pattern, the function to be extremized in (C.15) is

−β̂f(pT ) = α

(
−dτ̂ d̂τ̂ +

β̂

2
dξ̂(ξ̂)d̂τ̂ + logEτ̂e

d̂τ̂ τ̂
2

)
(C.16)

reaching its minimum at

d̂τ̂ =
β̂

2
dξ̂(ξ̂) , dτ̂ = ⟨τ̂ 2⟩τ̂ =

Eτ̂ τ̂
2e

β̂
2
dξ̂(ξ̂)τ̂

2

Eτ̂e
β̂
2
dξ̂(ξ̂)τ̂

2
. (C.17)

In view of the above, the averaged partition function (C.7) can be approximated as

[Zn]S =
∑
S

Eξ̂Eτ̂ e
Nβ̂ ExtrpT f(pT ) e

√
β̂/N

∑
ia sai ξ̂iτ̂a Zn(S) (C.18)

Student normalization

The same problem of the teacher normalization term affects Eq.(C.6), due to the presence of
z({ξγ}). As already stated in Eqs.(C.9) we want to write it in a variational principle manner.
The steps to do that are the same of the one used for (C.10-C.17). We start computing the sum over
the examples using their interpolated form, then we impose the self overlap with the Dirac delta

z({ξγ})M =

∫ ∏
a,γ

[Dgaγ] E{τγ} exp

{√
β
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∑
γ,i,a

√
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γ
a ξ
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a ξ

γ
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}
(C.19)

≈ E{τγ} exp

{
β

2N

n∑
γ=1

N∑
i=1

M∑
a=1

(τ γa ξ
γ
i )

2

}
, (C.20)

≈
∫ ∏

γ

ddγτ D(d̂τ ,dτ ) exp

{
αβ

2

∑
γ

dγτd
γ(ξ)

}
(C.21)

≈ e−Nβ ExtrpS f(pS) , (C.22)

with density of states and self overlap for every student replica as

D(d̂τ ,dτ ) =
∑
{τγ}

δ

(∑
γ

dγτ −
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∑
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2 .

Finally we can rewrite Eq.(C.6) as

Zn(S) = E{ξγ}E{τγ} exp

(
M

√
β

N
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.

The function fS(pS) together with the values of pS that minimize it are

−βfS(pS) = −α
∑
γ

dγτ d̂
γ
τ +

αβ

2

∑
γ

dγ(ξ)dγτ +
1

N
logE{τγa }e

∑
γ,a d̂γτ

∑
a(τ

γ
a )

2

(C.23)

d̂γτ =
β

2
dγ(ξ) , dγτ̂ = ⟨(τ γ)2⟩τ =

Eτγ (τ
γ)2 e

β
2
dγ(ξ)(τγ)2

Eτγe
β
2
dγ(ξ)(τγ)2

. (C.24)
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RS free energy ans saddle point equations

Based on the preceding sections, we can rewrite the averaged partition function as

[Zn]S =
∑
{ξγ

(1)
}

E{τγ
(1)

}

∑
s, s̃

exp

{
M

√
β

N
pγτ (τ)ξ

γ
(1) +N

√
β

N
p(ξ)γτ γ(1)

}
× (C.25)

×Eξ̂Eτ̂

∑
S

exp

Nβ̂ ExtrpT
fT (pT ) +

√
β̂

N

N∑
i=2

M∑
a=2

sai τ̂
aξ̂i

× (C.26)

×
∑
{ξγ}

E{τγ} exp

{
Nβ ExtrpS

fS(pS) +

√
β

N

N∑
i=2

M∑
a=2

n∑
γ=1

sai τ
a,γξγi

}
. (C.27)

By incorporating the variational principle approximation (C.9) into (C.6) and (C.7), we account
for both z(ξ̂)−M and z({ξγ})−M . Additionally we isolate the average over the first example as
described in (C.4, C.5), denoting s = (s

(1)
1 , · · · , s(1)N ) and s̃ = (s1(1), · · · , sM(1)). Starting with the

first term (C.25) of the quenched free energy, this term can be transformed by constraining the
overlap with the examples pγτ and pγ∫ ∏

γ

dpγ
∏
γ

dpγτ D(p,pτ )
∑
{ξγ

(1)
}

E{τγ
(1)

} exp

{
M

√
β

N

∑
γ

pγτ ξ
γ
(1) +N

√
β

N

∑
γ

pγτ γ(1)

}

=

∫ ∏
γ

dpγ
∏
γ

dpγτ D(p,pτ ) exp

{
Nβ

2
α2Ω

∑
γ

(pγτ )
2 +

Nβ

2
Ωτ

∑
γ

(pγ)2

}
, (C.28)

where we introduced the notation for the density of states for the configurations s and s̃

D(p,pτ ) =
∑
s, s̃

∏
γ

δ

(
pγ − 1

N

∑
i

siξi

)∏
γ

δ

(
pγτ −

1

N

∑
a

s̃aτa

)

∝
∑
s, s̃

∫ ∏
γ

dp̂γ
∏
γ

dp̂γτ exp

(
−N

∑
γ

p̂γ

(
pγ −

1

N

∑
i

siξ
γ
i

))
−

(
M
∑
γ

p̂γτ

(
pγτ −

1

M

∑
a

s̃aτ
γ
a

))
.

Next, we turn our attention to the second and third terms, (C.26) and (C.27), which emphasize the
data-dependent components. Since these terms are already linear in sai we can already compute the
average over the examples

∑
S

∑
ξ1,...,ξn

E{τγ}Eξ̂ Eτ̂e
∑

i,a sai

(√
β̂
N
τ̂aξ̂i+
√

β
N

∑
γ τγa ξ

γ
i

)
=
∑

ξ1,...,ξn

E{τγ}Eξ̂ Eτ̂e
∑

i,a ln cosh(

(√
β̂
N
τ̂aξ̂i+
√

β
N

∑
γ τγa ξ

γ
i

)

≈
∑

ξ1,...,ξn

E{τγ} Eξ̂ Eτ̂ e
Mβ̂
2

dτ̂dξ̂+Mβ
∑

γ<γ′ q
γγ′
τ qγγ

′
+Mβ

2

∑
γ dγτd

γ+M
√

β̂β
∑

γ mγ
τm

γ

, (C.29)
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in the last line we expanded the log cosh and introduced the order parameters

mγ =
∑
i

ξ̂iξi
N
, mγ

τ =
∑
a

τ̂aτa
M

,

dγ =
∑
i

(ξγi )
2

N
dγτ =

∑
a

(τ γa )
2

M
,

qγγ
′
=
∑
i

ξγi ξ
γ′

i

N
qγγ

′

τ =
∑
a

τ γa τ
γ′
a

M
,

dξ̂ =
∑
i

ξ̂2i
N

dτ̂ =
∑
a

τ̂ 2a
M

.

Consequently, we can fix the values of these parameters, as previously done in (C.28), and incorpo-
rate the corresponding densities of states D(Λ,Λτ ) := D(m, q,d)D(mτ , qτ ,dτ )D(dξ̂, dτ̂ ). Both
the densities affect the extremized functions fT and fS , as their parameters depend respectively on
dξ̂ and dγ . For brevity of notation we defined the sets of order parameters: Λ := {p,m, q,d, dξ̂}
and Λτ := {pτ ,mτ , qτ ,dτ , dτ̂} and their conjugated ones Λ̂, Λ̂τ , obtaining the following form of
the averaged partition function

[Zn]S =

∫
dΛdΛτD(Λ,Λτ ) exp

{Mβ̂

2
dτ̂dξ +Mβ

∑
γ<γ′

qγγ
′

τ qγγ
′
+

Nβ

2
α2Ω

∑
γ

(pγτ )
2 +

Nβ

2
Ωτ

∑
γ

(pγ)2+

(C.30)

+
Mβ

2

∑
γ

dγτd
γ +M

√
β̂β
∑
γ

mγ
τm

γ +Nβ̂ ExtrpT fT (pT ) +Nβ ExtrpS fS(pS)
}
.

At this point we use the Laplace method on the averaged partition function (C.30). Remembering the replica
trick we have

−βf(β, β̂, α) = lim
N→∞

1

N
[lnZ]S = lim

N→∞
n→0

ln[Zn]S

Nn

−βf ≈ lim
N→∞
n→0

1

Nn
ln

(
e

N ExtrΛ,Λτ

Λ̂,Λ̂τ

f̂(Λ,Λτ ,Λ̂,Λ̂τ )
)
≈ lim

n→0

1

n
ExtrΛ,Λτ

Λ̂,Λ̂τ

f̂(Λ,Λτ , Λ̂, Λ̂τ ) (C.31)
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−βf̂(Λ,Λτ , Λ̂, Λ̂τ ) =
αβ̂

2
dτ̂dξ̂ + αβ

∑
γ<γ′

qγγ
′

τ qγγ
′
+

β

2
α2Ωξ

∑
γ

(pγτ )
2 +

β

2
Ωτ

∑
γ

(pγ)2+ (C.32)

+
αβ

2

∑
γ

dγτd
γ + α

√
β̂β
∑
γ

mγ
τm

γ + β̂ ExtrpT fT (pT )+

− d̂ξ̂dξ̂ −
∑
γ

p̂γpγ −
∑
γ<γ′

q̂γγ
′
qγγ

′ −
∑
γ

m̂γmγ + β ExtrpS fS(pS)+

− αd̂τ̂dτ̂ − α
∑
γ

p̂γτp
γ
τ − α

∑
γ<γ′

q̂γγ
′

τ qγγ
′

τ − α
∑
γ

m̂γ
τm

γ
τ+

+ α logEτ̂Es̃E{τγ} exp

(
d̂τ̂ τ̂

2 +
1

2

∑
γγ′

q̂γγ
′

τ τγτγ
′ − 1

2

∑
γ

q̂γγτ (τγ)2 +
∑
γ

m̂γ
τ τ

γ τ̂+

+
∑
γ

d̂γτ (τ
γ)2 +

∑
γ

s̃pγτ τ
γ

)
+

+ logEξ̂EsE{ξγ} exp

(
d̂ξ̂ ξ̂

2 +
1

2

∑
γγ′

q̂γγ
′
ξγξγ

′ − 1

2

∑
γ

q̂γγ(ξγ)2 +
∑
γ

m̂γξγ ξ̂+

∑
γ

d̂γ(ξγ)2 +
∑
γ

s p̂γξγ

)
,

where, in the last two lines, we just collect the linearities in a, i inside the exponentials of D(Λ,Λτ ) and
substitute them with, respectively, N and M times the averages on one representative. As an example

logEξ̂EsE{ξγ} exp

(
d̂ξ̂

∑
i

ξ̂2i +
1

2

∑
γγ′

q̂γγ
′∑

i

ξγi ξ
γ′

i −
1

2

∑
γ

q̂γγ
∑
i

(ξγi )
2+

+
∑
γ

m̂γ
∑
i

ξγi ξ̂i +
∑
γ

d̂γ
∑
i

(ξγi )
2 +

∑
iγ

si p̂
γξγi

)
=

= log

Eξ̂EsE{ξγ} exp

d̂ξ̂ ξ̂
2 +

1

2

∑
γγ′

q̂γγ
′
ξγξγ

′ − 1

2

∑
γ

q̂γγ(ξγ)2 +
∑
γ

m̂γξγ ξ̂ +
∑
γ

d̂γ(ξγ)2 +
∑
γ

s p̂γξγ

N

,

then, using the properties of the log function, one can express it as the extensive term of the last line of
(C.32).
From now on we assume the Replica symmetric (RS) ansatz for all the order parameters: qγγ

′
= q,mγ =

m, pγ = p, dγ = d, ∀γ, γ′ = 1, . . . , n, same is valid also for their τ version and their conjugated. The last
two terms of the partition function can be ulteriorly worked out
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Eτ̂e
d̂τ̂ τ̂

2
Es̃ E{τγ} exp

1

2
q̂τ

(∑
γ

τγ

)2

− 1

2
q̂τ
∑
γ

(τγ)2 + m̂τ

∑
γ

τγ τ̂ + d̂τ
∑
γ

(τγ)2 + s̃p̂τ
∑
γ

τγ

 =

=

〈
Eτ̂ e

d̂τ̂ τ̂
2
Es̃

(
Eτ exp

(
−( q̂τ

2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

))n〉
z

=

〈
Eτ̂ e

d̂τ̂ τ̂
2
Es̃ exp

{
n log

[
Eτ exp

(
−( q̂τ

2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)]}〉
z

≃

〈
Eτ̂ e

d̂τ̂ τ̂
2
Es̃

{
1 + n log

[
Eτ exp

(
−( q̂τ

2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)]}〉
z

=

〈
Eτ̂ e

d̂τ̂ τ̂
2
+ nEτ̂ e

d̂τ̂ τ̂
2
Es̃ log

[
Eτ exp

(
−( q̂τ

2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)]〉
z

=Eτ̂ e
d̂τ̂ τ̂

2

{
1 +

n

Eτ̂ ed̂τ̂ τ̂
2

〈
Eτ̂ e

d̂τ̂ τ̂
2
Es̃ log

[
Eτ exp

(
−( q̂τ

2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)]〉
z

}
,

where we use the expansion of the exponential for small n. Reconstructing the term inside the free energy
and substituting log(1 + x) ≃ x for small x

α log

(
Eτ̂ e

d̂τ̂ τ̂
2

{
1 + n

Eτ̂ ed̂τ̂ τ̂2

〈
Eτ̂ e

d̂τ̂ τ̂
2Es̃ logEτ exp

(
−( q̂τ2 − d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)〉
z

})
≃

≃ α logEτ̂ e
d̂τ̂ τ̂

2
+ αn

Eτ̂ ed̂τ̂ τ̂2

〈
Eτ̂ e

d̂τ̂ τ̂
2Es̃ logEτ exp

(
−( q̂τ2 − d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + s̃ p̂τ )

)〉
z

,

the same procedure holds for

logEξ̂e
d̂ξ̂ ξ̂

2

Es E{ξγ} exp

(
q̂

2

(∑
γ

ξγ
)2

− q̂

2

∑
γ

(ξγ)2 + m̂
∑
γ

ξγ ξ̂ + d̂
∑
γ

(ξγ)2 + s p̂
∑
γ

ξγ

)
≃

≃ logEξ̂e
d̂ξ̂ ξ̂

2

+ n

Eξ̂ e
d̂
ξ̂
ξ̂2

〈
Eξ̂ e

d̂ξ̂ ξ̂
2

Es logEξ exp
(
−( q̂2 − d̂)ξ2 + ξ(m̂ ξ̂ +

√
q̂ z + s p̂)

)〉
z

.

Collecting the previous two expansions, and imposing the RS ansatz on the other terms of the free energy
(C.31), the final extremization can be rewritten as

−βfRS(β, β̂, α) ≈ lim
n→0

1

n
Extr Λ,Λ̂

Λτ ,Λ̂τ

fRS(Λ, Λ̂,Λτ , Λ̂τ ) ,

where now Λ is the RS reduced set of the pattern-related order parameters Λ = {p, q,m, d}, while Λ̂ is the
conjugated one ( Λτ , Λ̂τ are the same for the hidden units). The free energy can be divided into two parts
according to its power of n

fRS(Λ, Λ̂,Λτ , Λ̂τ ) = fRS
0 + nfRS

1 +O(n2) ,
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fRS
0 =

αβ̂

2
dτ̂dξ̂ + β̂ ExtrpT fT (pT ) + α logEτ̂e

d̂τ̂ (τ̂)
2
+ logEξ̂e

d̂ξ̂(ξ̂)
2

− αd̂τ̂dτ̂ − d̂ξ̂dξ̂ ,

fRS
1 =

1

2
q̂q + α

1

2
q̂τqτ − m̂m− αm̂τmτ − d̂d− αd̂τdτ + α2β

2
Ωξp

2
τ +

β

2
Ωτp

2+

+
α

Eτ̂ed̂τ̂ τ̂
2

〈
Eτ̂e

d̂τ̂ τ̂
2
Es logEτ exp

{
− (

q̂τ
2
− d̂τ )τ

2 + τ(m̂τ τ̂ +
√
q̂τz + p̂τs)

}〉
z

+

+
1

Eξ̂e
d̂ξ̂ ξ̂

2

〈
Eξ̂e

d̂ξ̂ ξ̂
2

Es logEξ exp

{
− (

q̂

2
− d̂)ξ2 + ξ(m̂ξ̂ +

√
q̂z + p̂s)

}〉
z

+

− βα

2
qqτ + α

√
β̂βmmτ − αpτ p̂τ − pp̂+

βα

2
ddτ + β ExtrpS fS(pS) . (C.33)

The extremization of fRS
0 involves only the teacher order parameters. The extremizers should be s.t.

Extr fRS
0 = 0 in order to avoid divergences when n → 0. Indeed, remembering Eqs.(C.17), the param-

eters of order zero in n satisfy the following

d̂ξ̂ = 0 , dξ̂ = 1 , (C.34)

d̂τ̂ =
β̂

2
, dτ̂ = ⟨τ̂2⟩τ̂ ,

which implies fRS
0 = 0 and ensure the student partition function is not diverging. Using Eqs.(C.24) and

updating fRS
1 with (C.34) we obtain the values of Λ and Λτ that extremize fRS

1

p̂τ = βαΩξpτ , m̂τ =

√
ββ̂m , q̂τ = βq , d̂τ = β

d

2
, (C.35)

p̂ = βΩτp , m̂ = α

√
ββ̂mτ , q̂ = αβqτ , d̂ = αβ

(
dτ
2
− ⟨τ2⟩τ

)
, (C.36)

p =
〈
s⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

pτ =
〈
s⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

(C.37)

m =
〈
ξ̂⟨ξ⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

mτ =
〈
τ̂⟨τ⟩τ |z,s,τ̂

〉
z,s,τ̂

(C.38)

q =
〈
⟨ξ2⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

qτ =
〈
⟨τ⟩2τ |z,s,τ̂

〉
z,s,τ̂

(C.39)

d =
〈
⟨ξ2⟩ξ|z,s,ξ̂

〉
z,s,ξ̂

dτ =
〈
⟨τ2⟩τ |z,s,τ̂

〉
z,s,τ̂

. (C.40)

The internal distributions that average ξ and τ are respectively

P (ξ|z, s, ξ̂) =Pξ(ξ) exp

{
−
(
q̂

2
− d̂

)
ξ2 + ξ

(
m̂ξ̂ +

√
q̂z + p̂s

)}
, (C.41)

P (τ |z, s, τ̂) =Pτ (τ) exp

{
−
(
q̂τ
2
− d̂τ

)
τ2 + τ

(
m̂τ τ̂ +

√
q̂τz + p̂τs

)}
, (C.42)

while the outher distributions Pξ̂(ξ̂) and Pτ̂ (τ̂)e
β̂
2
(τ̂)2 depend from the choice of the planted configuration

and z is a Normal random variable.
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Appendix D

RS equations in the interpolating case

So far, Eqs. (C.37-C.40) are general and valid for any arbitrary choice of the priors for all variables. In this
section we derive explicitly the saddle point equations, replacing each of the random variables with their
prior interpolation (3.7). The expressions of the distributions (C.41) and (C.42) can be recast as follows:

Zξ
−1
∑
ϵ

e
− ξ2

2γ
+ξ(ϕϵ+h)

,

Zτ
−1
∑
ϵτ

e
− τ2

2γτ
+ξ(ϕτ ϵτ+hτ ) ,

where we use the shorthand notation

γ =
Ωξ

1− αβΩξ (dτ − qτ − ⟨τ2⟩τ )
, γτ =

Ωτ

1− βΩτ (d− q)
,

ϕ =

√
δ

Ωξ
, ϕτ =

√
δτ

Ωτ
,

h = m̂ξ̂ +
√

q̂z + p̂s , hτ = m̂τ τ̂ +
√
q̂τz + p̂τs .

The averages in the mean field equations (C.37-C.40) become:

⟨ξ⟩ξ|z,s,ξ̂ =∂h lnZξ =

∑
ϵ e

γ
2
(ϕϵ+h)2γ (ϕϵ+ h)∑
ϵ e

γ
2
(ϕϵ+h)2

= γ h+ γϕ tanh (γϕh)

⟨ξ2⟩ξ|z,s,ξ̂ =∂2
h lnZξ + ⟨ξ⟩2ξ|z,s,ξ̂ = γ + γ2(h2 + ϕ2) + 2γ2ϕh tanh (γϕh) ,

the same is also valid for the corresponding τ counterparts. We can also proceed with the evaluation of the
averages on the planted teacher and the example randomness, using their interpolating decomposition

Es,ξ̂f(s, ξ̂) = Egs,ξ̂
Eϵs,ξ̂

f(
√
Ωs gs +

√
δsϵs,

√
Ωξ̂ gξ̂ +

√
δξ̂ ϵξ̂) .

This leads to the final form

p =γβΩτp+ γ2ϕ2ΩsβΩτp (1− q̄) + γϕ
√

δsm̄s, (D.1)

m =γα

√
β̂βmτ + γ2ϕ2Ωξ̂ α

√
β̂β mτ (1− q̄) + γϕ

√
δξ̂ m̄∗ (D.2)

q =γ2

((
α

√
β̂β mτ

)2

+ αβqτ + (βΩτp)
2

)
+ γ2ϕ2q̄+ (D.3)

+2γ2ϕ

(
βΩτp

√
δsm̄s + α

√
β̂βqτ

√
δξ̂ m̄∗

)
+

+2γ3ϕ2

(
(βΩτp)

2Ωs + (α

√
β̂β mτ )

2Ωξ̂ + αβqτ

)
(1− q̄)

d =γ + γ2ϕ2 (1− q̄) + q . (D.4)
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Here we can distinguish the effective magnetization related to the signal and the example, along with an
effective overlap

m̄∗ =

〈
Es tanh

(
γϕ

(
αmτ

√
β̂βδξ̂ + σz + βΩτps

))〉
z

(D.5)

m̄s =

〈
Esϵs tanh

(
γϕ

(
αmτ

√
β̂βδξ̂ + σz + βΩτps

))〉
z

q̄ =

〈
Es tanh

2

(
γϕ

(
αmτ

√
β̂βδξ̂ + σz + βΩτps

))〉
z

.

where σ2 =
(
αqτ

√
β̂βΩξ̂

)2
+ αβqτ . The same can be done for the τ side. This turns out not to be a

completely symmetric case, due to the presence of the Gaussian factor inside the average over τ̂

Eτ̂ e
β̂
2
(τ̂)2f(τ̂) = EĝτEϵ̂τ e

(
√
Ωτ̂ gτ̂+

√
δτ̂ ϵτ̂ )

2
f(
√
Ωτ̂ gτ̂ +

√
δτ̂ ϵτ̂ ) ,

this difference is due to the presence of the self spherical constraint (C.10) in the teacher model. The hidden
set of equations are

pτ =γτβαΩξpτ + γ2τϕ
2
τΩsβαΩξ pτ (1− q̄τ ) + γτϕτ

√
δsm̄τ,s (D.6)

mτ =γτ

√
β̂β m

(
δτ̂ +Ωτ̂ (1− β̂Ωτ̂ )

(1− β̂Ωτ̂ )2

)
+

√
δτ̂(

1− β̂Ωτ̂

)γτϕτm̄τ,∗ (D.7)

+
γ2τϕ

2
τ

(1− β̂Ωτ̂ )

√
β̂β mΩτ̂ (1− q̄τ ) (D.8)

qτ =γ2τ

[
βq + (βαΩξ pτ )

2 + (

√
β̂β m)2

(
δτ̂ +Ωτ̂ (1− β̂Ωτ̂ )

(1− β̂Ωτ̂ )2

)]
+ γ2τϕ

2
τ q̄τ+ (D.9)

+2γ2τϕτ

βαΩξpτ
√
δsm̄τ,s +

√
β̂β m

√
δτ̂

(1− β̂Ωτ̂ )
m̄τ,∗


+2γ3τϕ

2
τ

Ωs(βαΩξpτ )
2 + βq +

(

√
β̂β m)2Ωτ̂

(1− β̂Ωτ̂ )

 (1− q̄τ )

dτ =γ2τϕ
2
τ (1− q̄τ ) + γτ + qτ . (D.10)

The effective magnetizations and overlap in the τ version are

m̄τ,∗ =
1

Eτ̂ e
β̂
2
(τ̂)2

〈
Es Eτ̂ e

β̂
2
(τ̂)2ϵτ̂ tanh

(
γτϕτ

(√
β̂ β mτ̂ +

√
βqz + βαΩξpτs

))〉
z

(D.11)

m̄τ,s =
1

Eτ̂e
β̂
2
(τ̂)2

〈
Es Eτ̂e

β̂
2
(τ̂)2ϵτ,s tanh

(
γτϕτ

(√
β̂ β mτ̂ +

√
βqz + β2αΩξpτs

))〉
z

q̄ =
1

Eτ̂e
β̂
2
(τ̂)2

〈
Es Eτ̂e

β̂
2
(τ̂)2 tanh2

(
γτϕτ

(√
β̂ β mτ̂ +

√
βqz + βαΩξpτs

))〉
z

.

Numerical solver and complexity

The self-consistent equations (D.1-D.4) are solved using a relaxed fixed-point iteration scheme. At each step,
the difference between the current and next estimates, described by the values of the parameters p, q,m,
is computed, and the process continues until this difference falls below a suitably small threshold. The
employed relaxation updates the order parameters as follows:

Λ(t+1) = Λ(t) +w(t)∆(Λ(t)) , (D.12)
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where the w(t) is a vector of relaxation weights. These weights can be constant across the entire parameter set
Λ, or dynamically adjusted to better prevent oscillations or divergence, as proposed in e.g. [98]. Convergence
is declared when the total residual—defined as the sum of absolute differences across all parameters—falls
below a fixed threshold ϵ.
Eqs. (D.1-D.4) involve the numerical evaluation of the effective magnetizations and overlap defined in
(D.5, D.11), whose computational complexity depends on the chosen interpolation parameters Ωx, x ∈
{ξ̂, τ̂ , ξ, τ, s}. In the most general case, where Ωx ∈ (0, 1), the order parameter x exhibits both binary and
Gaussian behavior, requiring three integrals to be computed. For example, in the case of (D.11), this results
in a computational complexity of O(n3). However, this can be reduced to O(n2), by restricting the search
to solutions with pτ = 0.
A similar issue arises with the effective magnetizations in (D.5). The first of these equations takes the form

m̄∗ =

〈
Es Eξ̂ ϵξ̂ tanh

(
γϕ

(
α

√
β̂ β mτ ξ̂ + α

√
βqτz + βΩτps

))〉
z

, (D.13)

which also exhibits O(n3) complexity. Unlike the τ -equations, we are also interested in solutions where
p ̸= 0; nevertheless, the reduction to O(n2) remains valid. Indeed, solutions with p ̸= 0 (the pattern ξ
aligned with a single example s), imply m = 0, and consequently mτ = 0. Conversely, if m ̸= 0, then
p = 0, again leading to the same O(n2) complexity. Moreover, in equation (D.13), there is no exponential

factor of the form e
β̂
2
(ξ̂)2 , inside Eξ̂. In the absence of such problematic mixing terms, a Gaussian convolution

can be applied, yielding the simplified form of Eq.(D.5), and further reducing the complexity toO(n). Since
both sets of effective magnetizations must be computed during each iteration, the overall computational
complexity is O(n2).

Additional remarks

The methodology described above can be specialized to the case of the Dual Hopfield model presented in
Chapter 2, particularly for solving Eqs.(2.63-2.65), which can also be addressed using the iterative scheme of
Eq.(D.12). Since the Hopfield network corresponds to a specific instance of the RBM-satisfying Ωξ̂ = Ωξ =

0 and Ωτ̂ = Ωτ = 1-the computational complexity reduces to O(n), as only a single Gaussian expectation
needs to be computed.

A similar argument applies to the model discussed in Chapter 4, where the replica method is used to solve
the self-consistency equations (E.26-E.28) describing a system of interacting Hopfield student networks. In
this case, the evaluation of the equations involves two irreducible Gaussian integrals, resulting in an overall
computational complexity of O(n2).
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Chapter 4

Inference with coupled Hopfield students

In the previous chapters we saw the learning capabilities of different RBMs, firstly we introduce
the Dual Hopfield model (Ωτ = 1) and then we investigate the effect of different units prior on the
signal retirieval phase (sR). From there we observed that the inference temperature is affected by
the architecture, but also that the minimum amount of data (α) necessary to enter in a learning phase
is an exclusive property of the teacher (β̂,Ωτ̂ ). We would like to discover a way to break through
the barriers of the learning phase by either lowering the amount of data needed to learn the signal
or increasing the learning temperature, thereby expanding the Signal Retrieval (sR) phase area. In
recent years, researchers have introduced a theoretical framework that uses coupled replicas [118–
121] to understand the effectiveness of training algorithms. This concept has provided convincing
evidence [91] that coupling replicas can help in identifying favourable local minima, e.g. in the
coupled perceptron in [35]. For these reasons we try to apply collective learning to the Hopfield
Teacher-Student scenario of Chapter 2. We couple a number of y Hopfield Students and study the
signal retrieval phase of the new system. Since we are interested only in the sR phase we search for
the solutions with the example retrieval (eR) parameter p = 0.

4.1 Introduction and motivations

We consider a variation of the teacher-student scenario from Chapter 2. Instead of using a single
Hopfield network to learn the teacher pattern ξ̂, we introduce a system of ferromagnetically cou-
pled, replicated Hopfield networks. This system consists of y replicas, each with its own individual
pattern ξu, where u = 1, . . . , y. The learning process is driven by the same teacher, used to generate
an extensive number of data S = {sµ}µ=1,··· ,M , as in Chapter 2:

P (S|ξ̂) =
M∏
µ=1

P (sµ|ξ̂) =
M∏
µ=1

z−1
µ exp

(
β

N

N∑
i<j

ξ̂iξ̂js
µ
i s

µ
j

)
. (4.1)

The Hamiltonian of the new students model is given by

H({ξu}) =
√
β

N

N∑
i=1

M∑
µ=1

sµi s
µ
j ξ

u
i ξ

v
j +

γ

y

∑
i<j

∑
u<v

ξui ξ
v
i (4.2)

and the corresponding posterior

P̂ (ξ|S) = Z−1(S) exp

(√
β

N

N∑
i=1

M∑
µ=1

sµi s
µ
j ξ

u
i ξ

v
j +

γ

y

∑
i<j

∑
u<v

ξui ξ
v
i

)
. (4.3)
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Notice that at γ = 0 we have a sum of independent Hopfield models with the same disorder, that
correspond exactly to the Dual Hopfield model. To perform a sanity check, we aim to recover the
expected result in the limit γ → 0. It should be noted that, in this specific scenario, the use of
an incorrect likelihood function places us outside the Bayes-optimal regime. As stated in Chapter
2, by applying the gauge transformation ξi → ξiξ̂i and sµi → sµi ξ̂i, we can replace the alignment
towards ξ̂ with the one along 1 and the disorder average can be substituted with samples drawn
from a CW model, as described by:

P (S|1) =
M∏
µ=1

z−1
µ exp

(
β

N

∑
i<j

sµi s
µ
j

)
. (4.4)

In alignment with the analyses of the previous chapters, our focus is on computing the partition
function and the quenched free energy density for this model. Specifically, we aim to determine:

Z(S) = E{ξu} exp

(√
β

N

N∑
i=1

M∑
µ=1

sµi s
µ
j ξ

u
i ξ

v
j +

γ

y

∑
i<j

∑
u<v

ξui ξ
v
i

)
(4.5)

−βf = lim
N→∞

1

Ny
[logZ (S)]S (4.6)

where, α = M/N represents the network load. As done previously, we assume that the teacher
operates at β̂ < 1 (in the figures of this chapter will be always fixed at β̂ = 0.8), meaning that
each example provides no macroscopic useful information about the signal ξ̂. We expect that, as
the patterns become extensive, the collection of students will enter a retrieval regime. However, the
impact of the new parameters, γ and y, is not straightforward and needs to be investigated.
Before going on, a bit of notation. Neuron indeces are denoted with i, j ∈ {1, . . . , N}; replica
indeces with u, v ∈ {1, . . . , y}. Then, we will introduce “fake” replicas (to compute the quenched
free energy); they will be labelled with the usual letters a, b ∈ {1, . . . , n}.

4.2 Free energy and saddle point equation

The quenched free energy will be computed using a version of the replica symmetry (RS) approxi-
mation. The key challenge in this computation arises from the treatment of coupled students. These
“real” replicas share the same quenched disorder as the “fake” replicas introduced via the replica
trick, while also interacting through explicit pairwise couplings. The analysis follows the mean-
field theory approach, introducing a set of order parameters that are evaluated using the saddle-point
method in the thermodynamic limit. These parameters, first introduced in Chapter 2 and 3, are de-
fined as:

• Magnetization for each student, towards the signal

ma
u = lim

N,M→∞
⟨Q(ξa,u,1)⟩ , (4.7)

• Overlap with the examples

pa,µu = lim
N,M→∞

⟨Q(ξa,u, sµ)⟩ , (4.8)
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• Pairwise overlap between two students u, v in replicas a, b

qabuv = lim
N,M→∞

⟨Q(ξa,u, ξb,v)⟩ . (4.9)

The simplest RS ansatz assumes permutation symmetry in the replica space, i.e., qabuv = q , ∀a, b.
However this was in the case when the “fake” replicas contains non-interacting degrees of freedom.
In the present case this assumption fails. For a more accurate description we assume permutation
symmetry over the replica space qabuv = q , ∀a ̸= b. While diagonal blocks (a = b) represent the
average correlation between students in the same replica. Here, due to the choice of a uniform
interaction, we assume a uniform overlap as well, for different students (u ̸= v), within the same
replica a. Under this fashion the diagonal blocks in the full replica space, take the following form
qaauv = δuv+t(1−δuv) , ∀a. Due to the distinct roles of replicas (a, b) and students (u, v), two values
of the overlap are distinguished. For the other order parameters we assume: ma

u → m, while all
pau → p, where we suppose all the students align (at low temperatures) with the same example s(1).
However for the purposes of the sR analysis we turn off the example alignment, i.e. p = 0. Under
these assumptions, the free energy can be expressed as a variational principle :

−βfRS(α, β̂, β, y, γ) = −β ExtrΛ,Λ̂ f̂(Λ, Λ̂) , (4.10)

where we introduced the sets of parameters Λ = {m, q, t}, together with the conjugates Λ̂. To
proceed, we define the following quantities:

• ∆T = 1− β̂, derived from the teacher.

• ∆ = 1 − β − β t, reflecting the impact of student-to-student correlations in the diagonal
blocks of the “fake” replica space.

• ∆y = (1− β + βq + (y − 1)β(q − t)), accounting for the off-diagonal interactions weighted
by the coupling parameter y.

The function f̂ to be extremized is defined as

−βf̂(Λ, Λ̂) = ln 2 + ln cosh(m̂0) +
β̂

2
m2

0 + (M − 1) ln 2−MfCW (β1)− αm̂0m0+ (4.11)

− ny(y − 1)

2
t̂t+ y2

n

2
q̂q − nym̂m+

α

2
n
y
(
βq + β̂βm2/∆T

)
∆y

+

− α

2
n {(y − 1) ln[∆T ∆] + ln (∆T ∆y)}+

+ n

〈
Eσ ln

[
2Eξu exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1
2

(
t̂− q̂ + γ

y

)∑
u̸=v

ξuξv

}]〉
z

,

where ⟨.⟩z denotes the expectation w.r.t. a standard gaussian random variable z ∼ N (0, 1). This
framework allows us to analyze the interplay between the mean alignment m, the replica overlap q,
and the student-to-student interaction term t. By solving the extremization condition we obtain the
following set of equations

m̂ = α
β̂βm

∆T ∆y

, (4.12)

q̂ = αβ2

(
q + β̂m2/∆T

∆2
y

)
, (4.13)

t̂ =
αβ2(t− q)

∆∆y

+ q̂ (4.14)
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for the conjugated parameters. The order parameters can be written as the following expectations

m =
〈
1
y
⟨
∑

u ξ
u⟩{ξu}|z,s

〉
z,s
, (4.15)

q =
〈

1
y2
⟨
∑

u ξ
u⟩2{ξu}|z,s

〉
z,s
, (4.16)

t =
〈

1
y(y−1)

⟨
∑

u<v ξ
uξv⟩{ξu}|z,s

〉
z,s
. (4.17)

In the above expressions ⟨.⟩ξ|z,s,ξ̂ stands for the expectation over

P ({ξu})E{ξu} exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1

2

∑
u̸=v

(γ
y
+ t̂− q̂

)
ξuξv

}
, (4.18)

where P ({ξu}) stands for the product measure of the binary distribution for all the students’
patterns. It is possible to appreciate that the internal average is nothing but a Curie-Weiss model
with couplings J = γ

y
+ t̂ − q̂ and external field h = m̂ + z

√
q̂. With the sets (4.12-4.14) and

(4.15-4.17), we can determine the phase behavior of the system under different temperature and
dataset size regimes.

4.3 Retrieval effect of the coupled students

As we already said in the introduction we focus exclusively on the sR and SG neighboring phases
because the parameter p signals the presence of spurious memorization inference states, when β̂ <
1.
The magnetization toward the signal is illustrated in Fig. 4.1. Increasing both y and γ has a similar
effect: the inference temperature of the system rises as the values of these parameters increase.
Interestingly, we observed that the learning performance reaches a maximum, similar to what is
depicted in Fig. 2.5. This behavior is further demonstrated in the accompanying images.

Figure 4.1: Left: Magnetization of the coupled Hopfield system for different values of the inverse
students’ temperature β. The amount of data given to the system are α = 0.12. A transition
occurs while lowering the temperature. The step towards a magnetized phase moves towards higher
temperature the more the system size y increases. Right: Magnetization of the coupled Hopfield
system for different values of the coupling strenght γ. Also here the amount of data is α = 0.12
and we can see a transition towards the magnetized phase is happening for lower temperature. It is
possible to appreciate the same affect as for y, i.e. the more the system is coupled the lower is the
regularization in order to enter the retrieval phase.
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The transition points shown in the previous figure can also be derived analytically. As in the
earlier chapters, at very high inference temperatures (β ∼ 0), the effective Curie-Weiss internal
distribution in (4.1) simplifies as follows:

P ({ξu})E{ξu}e
1
2

∑
u̸=v

(
γ
y
+t̂

)
ξuξv

[∑
u

ξu
(
m̂+ z

√
q̂
)
−
∑
u̸=v

q̂ ξuξv
]
.

In this regime, we assume that the order parameters m = q ∼ 0 and that a continuous phase
transition occurs as the temperature decreases. Given that the order parameters are small, the same
assumption applies to their conjugates. By expanding the equation for the magnetization toward
the signal, we obtain

m =
〈
⟨
∑
u

ξu⟩{ξu}|z,s
〉
z,s

=
αβ̂βm

(1− β̂) (1− β − β t(y − 1))
Ωy

(
1

y

∑
u,v

ξuξv

)
+O(m) , (4.19)

where we use the fact that Ωy (
∑

u ξ
u) = 0 and that the average Ωy (g({ξu})) of a function g of

the y-student patterns is computed over the Curie-Weiss model at zero external field

Ωy (g({ξu})) = Z−1
CWy

∑
{ξu}

e
1
2

∑
u̸=v

(
γ
y
+t̂

)
ξuξv

g({ξu}) , (4.20)

ZCWy =
∑
{ξu}

e
1
2

∑
u̸=v

(
γ
y
+t̂

)
ξuξv

. (4.21)

In this regime also the Eqs.(4.17-4.14) simplifies:

t =
〈 1

y(y − 1)

∑
u<v

ξuξv
〉
CWy

, (4.22)

t̂ =
αβ2t

[(1− β)− (y − 1)β t)] (1− β + βt)
, (4.23)

then the equation for the P-sR transition results as

βsR
y =

(1− β̂)(1− β t(y − 1)− β)
αβ̂(1 + (y − 1) t)

, (4.24)

where we use ⟨
∑

u,v ξ
uξv⟩CWy = y + y(y − 1)t. Eq. (4.24) can be solved numerically along with

Eqs.(4.22-4.23).
A Spin-Glass transition line can also be derived. In this case we impose m = 0 and q ∼ 0 and
follow the same steps as above. Expanding for small q and q̂ in (4.16) we obtain

q =
〈
⟨
∑
u

ξu⟩2{ξu}|z,s
〉
z,s

=
αβ2q

(1− β − β t(y − 1))2
⟨1
y

∑
u,v

ξuξv⟩2CWy
+O(q) , (4.25)

leading to the equation for the P-SG transition line

βSG
y =

√
(1− β t(y − 1)− β)2
α(1 + (y − 1) t)2

. (4.26)
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It is evident that when γ = 0, the sR and SG transition lines reduce to the results for a single
Dual Hopfield model (2.69, 2.71). This is expected, as setting the coupling strength to zero yields
a set of independent Hopfield models that behave exactly as described in Chapter 2.
In the following, we illustrate these effects using phase diagrams. Figure 4.2 shows the impact
of increasing the number of students. As evident, the ferromagnetic interactions among students
extend the range of inference temperatures compared to the original model in Chapter 2 (y = 1).
However, the critical load αc ∼ 0.06 remains independent of the number of interacting students in
the model.

Figure 4.2: Different Phase diagram showing the sR phase for systems containing different stu-
dents. The left panel represent the Dual Hopfield model of Chapter 2 for a direct compharison.
The other two represent respectively y = 2 and y = 10 coupled students. The coupling strenght as
well as the teacher temperature are fixed β̂ = 0.8, γ = 1.0. Augmenting the number of interacting
students increases the retrieval temperature towards the signal. However the minimal amount of
data remains the same as the one of one single Hopfield student.

Figure 4.3: Different Phase diagram showing the sR phase for systems containing different students
y = 2, 6, 10. The coupling strenght as well as the teacher temperature are fixed β̂ = 0.8, γ = 1.0,
the latter is rescaled as in the following γ → βγ. The rescaling contains the increase of the retrieval
temperature towards the signal.

In Fig. 4.3, we applied a rescaling of the coupling parameter γ → βγ. This rescaling aligns the
scaling in β of the coupling strength with the one of the conjugate order parameters, appearing in
the external field h in Eqs. (4.15-4.22). Additionally, this approach mitigates the influence of the
ferromagnetic term, allowing us to observe more clearly how the increase in inference temperature
behaves.
It becomes apparent that the system of students cannot infer at arbitrarily high temperatures. The
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model inherently sets a barrier that is rapidly saturated. A similar phenomenon was observed in
Chapter 3, where the self-overlap constraint determined the critical point Pc. The limiting P-sR line
is further analyzed in Sec. 4.4, where the behavior in the limit y →∞ is explored.

Figure 4.4: Phase diagram showing the effet of the coupling interaction γ = 0.5, 2. The bottom
image is the starting point at γ = 0.5, while the other two are: Left γ = 2 without rescaling of
the coupling constant, Right: same but with the rescaling γ → βγ. Here the number of coulped
students is y = 2

The effect of varying the coupling strength γ is illustrated in Fig.4.4. As γ increases, the
learning process becomes more effective. This phenomenon can be attributed to the ferromagnetic
coupling, which facilitates the sharing of information about the retrieved signal between the stu-
dents. Consequently, the system transitions into the sR phase at higher temperatures, enhancing
inference performance.

4.4 Infinite number of students

As discussed in the previous section and illustrated in Fig. 4.5, the interaction of many students
leads to an increase in the learning temperature. However, this increment is not unbounded, as the
gap between the transition lines decreases as y grows. The aim of this section is to analyze the limit
y → ∞ and derive the limiting transition lines, β∞(α, γ, β̂)SG and β∞(α, γ, β̂)sR. We begin by
examining the terms within the averaging distribution (4.18)

∑
u

(
m̂+

√
q̂z
)
ξu +

1

2

(
γ

y
+ t̂− q̂

)∑
u̸=v

ξuξv .

The first terms, as well as the one proportional to γ/y, are extensive in y, while the remaining
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part is of O(y2). To preserve the linear scaling with the system size in the internal effective Curie-
Weiss model, i.e., O(y), we assume the combination t̂ − q̂ = δ̂

y
. The same assumption applies to

the conjugate variables t and q.

t =

∫
DzΩ(ξ1ξ2) q =

∫
DzΩ2(ξ1)

t− q =
∫
Dz

(
Ω(ξ1ξ2)− Ω2(ξ1)

)
→y→∞

∫
Dz
L(z)
y

=
δ

y
, (4.27)

where, with Ωy(O) we are referring to the average over the CW model:

Ω(O)y =

E{ξu}O exp

{∑
u ξ

u
(
m̂+ z

√
q̂
)
+ 1

2

∑
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)
ξuξv

}

E{ξu} exp

{∑
u ξ

u
(
m̂+ z

√
q̂
)
+ 1

2

∑
u̸=v

(
γ
y
+ t̂− q̂

)
ξuξv

} .

Then we reparametrize the free energy according to δ and δ̂

f(q,m, δ; q̂, m̂, δ̂) =
q̂δ

2β
+
qδ̂

2β
− q̂q

2β
+
m̂m

β
+

q̂

2β
+ (4.28)

+
α

2β

ln[∆T∆]−

(
βq + β̂βm2/∆T

)
∆y

+

+
1

β

〈
Eσ

(
−JM̄

2

2
+ log 2 + log cosh

{(
h(z) + JM̄

)})〉
z

with

h(z) =m̂+ z
√
q̂

J =
δ + γ

y

M̄(σ, z, δ̂, q̂, m̂, p̂) = tanh
(
h(z) + JM̄

)
.

From Eq.(4.27), the term inside the Gaussian average corresponds to the correlation of the
CW model. As discussed in Chapter 1, these correlations vanish at infinite size, scaling as 1/y.
However, we require an estimation of the prefactor δ, which can be determined using the Linear
Response theory, specifically through Eq.(1.29). This leads to an updated formulation of the saddle
point equations (4.15 - 4.17)

m =Eσ

∫
DzM̄

q =Eσ

∫
DzM̄2

δ =Eσ

∫
Dz

(1− M̄2)2J

1− J(1− M̄2)
.
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With this new set of equations, it is possible to see that the transition lines don’t grow indefi-
nitely with the number of students. Below, we provide the expansions of the ∆ terms, which were
initially introduced. These expansions are derived in the y →∞ limit

∆y = 1− β + βq + (y − 1)β(q − t) ≃y→ ∞ 1− β(1− q)− βδ ,
∆ = 1− β + βt ≃y→ ∞ 1− β(1− q) .

Our purpose is to find the transition lines and observe they are y-independent. We proceed once
again by working with small values of m and q, as we did in the steps leading to Eq. (4.24). In this
regime, the relevant parameters are

δ =
δ̂ + γ

1− (δ̂ + γ)
, (4.29)

δ̂ =
αβ2δ

(1− β)∆y|q=0

, (4.30)

β =
∆y|q=0 ∆T

(δ + 1)(α β̂)
, (4.31)

this set of equations gives an analytical expression for the critical line

βsR
∞ =

[ 2(α− 1)β̂ + 2

β̂2(α + γ − 1)−
√(

β̂2(α + γ − 1)− β̂γ + 1
)2
− 4(β̂ − 1)β̂(γ − 1)((α− 1)β̂ + 1)− β̂γ + 1

]−1

,

(4.32)

which can be found also after the rescaling γ → βγ

βsR
∞ =

[
2(β̂(α− β̂γ + γ − 1) + 1)

β̂2(α− γ − 1)−
√

(β̂(β̂(α− γ − 1) + γ) + 1)2 − 4(β̂ − 1)β̂(−αβ̂ + (β̂ − 1)β̂γ + β̂ − 1) + β̂γ + 1

]−1

.

(4.33)

On the other hand, the P-SG transition line βsR
∞ , can be found only numerically, solving together

(4.29-4.30) and the following
αβ2

(δ + 1)2∆y|2q=0

= 1 . (4.34)
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Figure 4.5: P-SG, P-sR transition lines for different number of coupled students y = 2, 6, 10, at
fixed coupling γ = 1.0. The dashed lines represent the transition for y finite, while the solid line is
the one for y →∞, obtained from Eq.(4.33)

4.5 Discussion

In the presented study we extensively use all the tools and techniques presented in Chapters 1-
3 to provide the equilibrium behavior of a system of interacting Hopfield networks within the
Teacher-Student inverse problem. With the use of such tools, we obtain a mean-field analysis
that displays the behavior of the sR phase of such system. Even if we see the amount of data
is not effected by the applied interaction, αc ∼ 0.06, we discovered that interaction with more
students enhances the regularization barrier, triggering the learning behavior. The more students
are interacting, the more the collective learning enhances the learning temperature T , Fig.4.2-4.4.
However, this improvement cannot be extended reaching an infinitely high inference temperature.
From the ML side, this would mean that the Hopfield-RBM system could have already learned
(presumably) the features from the dataset without even undergoing the training process. The
limiting barrier has an analytical expression βsR

∞ and can be seen in Fig.4.5 when coupling an
infinite amount of students. This effect is similar to the one seen in Chapter 3, but stronger as
one can see by compharison between Fig.3.5 and Fig.4.2. This could suggest that other types of
interaction with data are needed in order to produce fluctuations in αc.
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Appendix E

Derivation of Quenched free energy

We discuss how to compute the averaged quenched free energy (4.11) ad, consequently, (4.28). As
already seen in the appendices of the previous chapters, a standard procedure in spin-glass mod-
els with quenched disorder, involves introducing a number n of replicas, with the limit n → 0
taken afterwards. These replicas differ from those in the Hamiltonian (4.2) in that they are inde-
pendent and there is no explicit coupling between them. In the following derivation, we explicitly
distinguish between the two sets. We use indices a, b ∈ {1, · · · , n} to denote “fake” replicas and
u, v ∈ {1, · · · , y} to index the students (i.e., the real replicas in the original Hamiltonian). By
replicating all degrees of freedom ξui we can express the disorder average of the nth power partition
function

[Zn]S =
∑

ξ1,...,ξn

∑
s

e
β̂N
2

m0(s)2
2N(M−1)

z(β̂)M
det
(
Ξ(q,m, t)

)(1−M)/2
. (E.1)

This expression can be derived by following the same steps as those used from Eq. (B.5) to (B.8),
where m0 corresponds to the magnetization of a representative teacher sample.
The only differences are related to pai = 0, as we are only interested in the signal solutions, along
with the presence of the real replicas. The major changes involve the following determinant

det
(
Ξ(q,m)

)−1/2
:=

∫ n∏
a,u

DzauDz exp

{
β

2

[∑
a̸=b

∑
u,v

zauz
b
v q

ab
uv +

∑
a,u

(zau)
2

]
+
β̂

2
z2 +

√
β̂βz

∑
a,u

zaum
a
u

}
.

(E.2)
where we have introduced the quantities

qabuv =
1

N

∑
i

ξaui ξ
bv
i , ma

u(ξ) =
1

N

N∑
i=1

ξaui , (E.3)

which are an extended variation of the ones in (B.7) in Chapter 2. The set of order parameters
represents the overlap between student u (in replica a) with the teacher signal (ma

u) and the two-
replica overlap between two student vectors u, v (qabuv). The overlap matrix can be visualized in a
n× n block matrix fashion

K =


Q11 Q12 · · · Q1n

Q21 Q22 · · · Q2n
... . . . . . . ...
Qn1 · · · · · · Qnn

 , (E.4)
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with each block Quv having y × y entries, e.g.

Q11 =


q1111 q1112 · · · q111y
q1121 q1122 · · · q112y
... . . . . . . ...
q11y1 · · · · · · q11yy

 . (E.5)

From the definition of in (E.3) it is possible to count the number of independent overlaps as
(
ny
2

)
=

n2y2

2
− ny

2
. We can proceed enforcing the definitions (E.3) in the partition function, using the

corresponding densities of states (see Chapter 2): D(q,m, t) , D(m0)

[Zn]S =

∫
dm0dm̂0

∫
dqdmdt dq̂dm̂dt̂ e−β Nf̂ , (E.6)

f̂ = f̂ (0)(m0, m̂0) + f̂ (1)
n (q,m; q̂, m̂) (E.7)

−βf̂ (0)(m0, m̂0) =
β̂

2
m2

0 + (α− 1) ln 2− αfCW − m̂0m0 + ln 2, (E.8)

−βf̂ (1)
n (q,m; q̂, m̂) = lnEse

m̂0s
∑

ξ1,...,ξn

exp

(∑
u<v

∑
a

q̂aauv ξ
u
aξ

v
a +

∑
u,v

∑
a,b

q̂abuv ξ
u
aξ

v
b +

∑
a

m̂a
u ξ

u
a +

γ

y

∑
a

∑
u<v

ξuaξ
v
a

)
+

(E.9)

−
∑
a

∑
u<v

q̂aauvq
aa
uv −

∑
a<b

∑
u,v

q̂abuvq
ab
uv −

∑
a,u

m̂a
um

a
u −

α

2
ln det

(
Ξ(q,m)

)
. (E.10)

The free energy is obtained by the following replica trick

−βf(β, β̂, α) = lim
N→∞

1

N
[lnZ]S = lim

N→∞
n→0

ln[Zn]S

Nn

−βf ≈ lim
N→∞
n→0

1

Ny n
ln

(
eN Extr f̂(q,m,t,m0;q̂,m̂,t̂,m̂0)

)
≈ lim

n→0

1

y n
Extr f̂(q,m, t,m0; q̂, m̂, t̂, m̂0)

(E.11)
where we already factorized over the number of components i = 1, · · · , N . Since β̂ < 1, f̂ (0) can
be easily extremized, being the CW free energy at high temperature. By extremization we obtain
m0 = 0; which implies f̂ (0) = 0, as it should be in order to prevent divergences of the exponential
measure, when n→ 0.

The evaluation of the equilibrium behavior is performed under a Replica Symmetry (RS) ansatz,
which also involves the student space. The simplest choice is to assume permutation symmetry over
both the replica and student spaces. We can make this assumption without concern for the ”fake”
replicated space, as it represents the most straightforward choice in any spin-glass model [11]. On
the other hand, a symmetry ansatz also arises for the pairwise correlations between students, i.e., the
overlaps qaauv. This symmetry emerges from the fully connected topology with uniform interaction
strengths between the students’ weight vectors, as assumed in the Hamiltonian (4.2). Under this
extended RS ansatz, we have only three order parameters (and their conjugates), namely:

mu
a = m m̂u

a = m̂ ∀u,a (E.12)
qaauv = t q̂aauv = t̂ ∀u̸=v,a (E.13)
qabuv = q q̂abuv = q̂ ∀u,v,a̸=b (E.14)
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The meaning of the symmetry can alternatively be expressed as follows: within the same replicated
system, the interaction between different students is the same (since it is an exact copy, this seems
a reasonable assumption). For what concern the overlap, we can interpret the separation of t and
q, in the following way. The parameter t indicates that, within the same replicated system, the
interaction between different students is identical. For q, we are stating that the interaction between
the same students in different replicated systems is the same. Moreover, it is also equal to the inter-
action between different students in different replicated systems. This is expressed as:

ξaui ξ
bu
i = ξa

′u
i ξb

′u
i ,

ξaui ξ
bv
i = ξa

′u
i ξb

′v
i .

The fact that ξaui ξ
bu
i = ξaui ξ

bv
i can be interpreted as meaning that the student u in replica a does not

distinguish between being replicated in replica b or being another student in replica b.
With this choice we can update f̂ (1)

n of Eq.(E.9). Let start first with the explicit computation of the
ln det

(
Ξ(q, t,m)

)
:

det
(
Ξ(q, t,m)

)
=

∫ ny∏
au

DzauDz exp

(
βt

2

∑
u̸=v

∑
a

zauzav +
βq

2

∑
a̸=b

∑
u,v

zauzbv +
β

2

∑
a

z2au +
β̂z2

2
+

√
β̂βm

∑
au

zauz

)

=
1√
1− β̂

∫ ny∏
au

Dzau exp
( β̂βm2

2(1− β̂)

∑
a,b

∑
u,v

zauzbv +
βt

2

∑
u̸=v

∑
a

zauzav +
βq

2

∑
a̸=b

∑
u,v

zauzbv+

+
β

2

∑
a

(zau)
2
)
.

As it can be seen, the form of the matrix in det
(
Ξ(q, t,m)

)
is

Ξ(q, t,m) =


A B · · · B
B A · · · B
... . . . . . . ...
B · · · · · · A

 (E.15)

Aij = δij a0 + (1− δij)a1
Bij = δijb0 + (1− δij)b1 ,

where A,B ∈ Ry×y and Ξ ∈ Rny×ny. In our case, the entries are respectively a0 = 1− β̂βm2

(1−β̂)
− β,

a1 = −βt− β̂βm2

(1−β̂)
and b0 = b1 = − β̂βm2

(1−β̂)
− βq.

Using the following definitions: ∆a = a0−a1, ∆b = b0−b1 and ∆ab = a1−b1, the log-determinant
of a block matrix with these characteristics, in the n→ 0 limit is

log detΞ ≈ n(y − 1)

{
log[∆a −∆b] +

∆b

∆a −∆b

}
+

+n log[∆a −∆b + y∆ab] + n
∆b + y b1

∆a −∆b + y∆ab

≈ n(y − 1) log[(1− β̂)(1− β + βt)] + n log
(
(1− β̂) [(1− β + βq) + (y − 1)β(q − t)]

)
+

−n
y
(
βq + β̂βm2/(1− β̂)

)
1− β + βq + (y − 1)β(q − t)

.
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Then we can update (E.9) as

−βf̂ (1)
n (q, t,m; q̂, t̂, m̂) = ln

∑
{ξau}

exp

(
t̂
∑
a

∑
u<v

ξuaξ
v
a + q̂

∑
a<b

∑
u,v

ξuaξ
v
b + m̂

∑
a,u

ξau +
γ

y

∑
a

∑
u<v

ξuaξ
v
a

)
+

(E.16)

− ny(y − 1)

2
t̂t− y2n(n− 1)

2
q̂q − nym̂m+

β

2
nym2 +

α

2
n

[
y
(
βq + β̂βm2/(1− β̂)

)
1− β + βq + (y − 1)β(q − t)

]
+

(E.17)

− α

2
n
{
(y − 1) ln[(1− β̂)(1− β + βt)] + ln

(
(1− β̂) [(1− β + βq) + (y − 1)β(q − t)]

)}
(E.18)

Under the RS approximation f̂ (1)
n is linear in n. To see this we have to elaborate more on the first

term of (E.9). Followig the same steps of Appendix B we need just to linearize the quadratic term
q̂
∑

a<b

∑
u,v ξ

u
aξ

v
b , obtaining

log
∑
{ξau}

exp

(
t̂
∑
a

∑
u<v

ξuaξ
v
a + q̂

∑
a<b

∑
u,v

ξuaξ
v
b + m̂

∑
a,u

ξau +
γ

y

∑
a

∑
u<v

ξuaξ
v
a

)
≈ (E.19)

≈ log e−ny q̂
2

(
1 + n

∫
Dz log

[
2y Eξu exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1
2

(
t̂− q̂ + γ

y

)∑
u̸=v

ξuξv

}])

≈ −ny q̂
2
+ n

〈
log

[
2y Eξu exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1
2

(
t̂− q̂ + γ

y

)∑
u̸=v

ξuξv

}]〉
z

,

where in the last step we use the properties of log and expand it for small n, finally we substitute
with ⟨·⟩z the Normal average.
Recollecting all together we have that f̂ (1)

n is linear in n. This allow us to search for the free energy
as in the following

−βf ≈ Extr
1

y
f̂ (1)(q,m, t; q̂, m̂, t̂) (E.20)

−βf̂ (1)(q, t,m; q̂, t̂, m̂) =

〈
log

[
Eξu exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1
2

(
t̂− q̂ + γ

y

)∑
u̸=v

ξuξv

}]〉
z

+

(E.21)

+ y log 2− y q̂
2
− y(y − 1)

2
t̂t+

y2

2
q̂q − ym̂m+

α

2

[
y
(
βq + β̂βm2/(1− β̂)

)
1− β + βq + (y − 1)β(q − t)

]
− α

2

{
(y − 1) ln[(1− β̂)(1− β + βt)] + ln

(
(1− β̂) [(1− β + βq) + (y − 1)β(q − t)]

)}
,

which is exactly Eq.(4.11) in the case p = 0. The equations to be fullfilled, obtaining the extrem-
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ization are

m̂ = α
β̂βm

∆T ∆y

,

q̂ = αβ2

(
q + β̂m2/∆T

∆2
y

)
,

t̂ =
αβ2(t− q)

∆∆y

+ q̂ ,

m =
〈1
y
Ωy

(∑
u

ξu
)〉

z
= ⟨Ωy

(
ξ1
)
⟩z , (E.22)

q =
〈 1
y2

Ωy

(∑
u

ξu
)2〉

z
= ⟨Ωy

(
ξ1
)2⟩z , (E.23)

t =
〈 1

y(y − 1)
Ωy

(∑
u<v

ξuξv
)〉

z
= ⟨Ωy

(
ξ1ξ2

)
⟩z , (E.24)

where ⟨·⟩z is a Normal average, and Ωy(·) stands for the expectation over

P ({ξu})E{ξu} exp

{∑
u

ξu
(
m̂+ z

√
q̂
)
+

1

2

∑
u̸=v

(γ
y
+ t̂− q̂

)
ξuξv

}
, (E.25)

which is the average over a Curie-Weiss model with couplings J = γ
y
+ t̂ − q̂ and external field

m̂ + z
√
q̂. P ({ξu}) stands for the product measure of the binary distribution for all the students’

patterns.

It is possible to further simplify the above expresion. In particular we can linearize the interact-
ing term J

∑
u<v ξ

uξv as for (E.19) and rewrite a new version of

−βf̂ (1)(q, t,m; q̂, t̂, m̂) =

∫
Dz log

∫
Dη
[
Eξ exp

{(
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√
J η
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}]y
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2
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2
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2
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2
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(
βq + β̂βm2/(1− β̂)

)
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{
(y − 1) ln[(1− β̂)(1− β + βt)] + ln

(
(1− β̂) [(1− β + βq) + (y − 1)β(q − t)]

)}
,

leading to the following second version of saddle point equations

m =

∫
Dz

∫
Dηy coshy

(
h(z) +

√
Jη
)
tanh

(
h(z) +

√
Jη
)

∫
Dη coshy

(
h(z) +

√
Jη
) , (E.26)

q =

∫
Dz

∫ Dηy coshy
(
h(z) +

√
Jη
)
tanh

(
h(z) +

√
Jη
)

∫
Dη coshy

(
h(z) +

√
Jη
)

2

, (E.27)

t =

∫
Dz

∫ Dη coshy tanh2
(
h(z) +

√
Jη
)

∫
Dη coshy

(
h(z) +

√
Jη
)

 . (E.28)
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Infinite number of students

To analyze the y → ∞ limit, we already assume the order parameters to bem, q and δ, along with
their conjugates, as stated in (4.27). This is done by allowing an extensive CW free energy with
respect to its size y, as discussed in Chapter 1. By imposing the combination t − q = δ/y and
taking the limit in ∆y and ∆

∆y = 1− β + βq + (y − 1)β(q − t) ≃y→ ∞ 1− β(1− q)− βδ ,
∆ = 1− β + βt ≃y→ ∞ 1− β(1− q) ,

which transform the free energy density as in the following

1

y
f̂ (1)(q,m, δ; q̂, m̂, δ̂) =

q̂δ

2β
+
qδ̂

2β
− q̂q

2β
+
m̂m

β
+

q̂

2β
+ (E.29)

+
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ξuξv

}]〉
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.

Under this limit Eq.(E.20) can be rewritten as

−βf ≈ lim
y→∞

Extr
1

y
f̂ (1)(q,m, q; q̂, m̂, d̂) .

The average inside ⟨·⟩z is the same average of a CW model in the thermodynamic limit (here the
size is y →∞). We can follow the same steps of the solution of the CW model in Chapter 1

Eξu exp

{∑
u

ξuh(z) +
J

2y

∑
u̸=v

ξuξv ± J

2y

∑
u=v

(ξu)2
}
≃ e

yExtrM

[
−JM2

2
+log 2+log cosh{(h(z)+JM)}

]

where we suitably redefined the coupling and field term as h = m̂ + z
√
q̂ and J = γ + δ̂. This is

exactly the extremization of the CW, leading to

M̄(σ, z, δ̂, q̂, m̂, p̂) = tanh
(
h(z) + JM̄

)
.

Thus one can use both the linear response theory and the fluctuation relation to interpret the internal
expectation in (E.22-E.24), in particular
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.
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Chapter 5

Architectural Optimisation in Deep Neural
Networks

In this chapter, we focus on optimizing a ”learning engine” in a supervised learning setting using
Deep Neural Networks (DNNs). Unlike in unsupervised or self-supervised scenarios, the machine
is provided with a database containing a large dataset—such as images—where each sample is cor-
rectly labeled. The network parameters are optimized using standard backpropagation algorithms
[122] [9], aligning the input-output mappings as closely as possible to the desired labels. During
this process, the network is said to be in the training phase. Subsequently, a second database, known
as the test set, is used to evaluate classification performance using appropriate metrics (Fig.5.1).

Figure 5.1: Scheme describing training and testing sessions working on a neural network.

The optimization of machine learning models has been widely addressed, particularly by tack-
ling the complex set of hyperparameters (to distinguish them from the ones learned by the network)
involved in the training process [10]. Examples of these include neuron activation functions, mini-
batch size, and learning rate [123–126]. Among these, the initialization of synaptic weights is
especially crucial for ensuring the machine’s ability to generalize effectively. Notable in this con-
text are Deep Belief Networks [18], which provide insights into the network’s internal structure
(hidden layers) and aid in understanding and improving overall system behavior [104] [123] [127].
Nowadays, the growing emphasis on green technologies has underscored the need to reduce the re-
sources required to train these networks [128][129]. Early efforts in this direction include working
with smaller datasets [130] or handling corrupted datasets [131] [86].

Our contribution to this challenge focuses on achieving maximum performance within a con-
strained set of resources. We use the number of neurons as a proxy for resource measurement and
aim to determine the optimal topological architecture to maximize a classification task. This prob-
lem is particularly significant for satellites, where embedding the most efficient architecture is of

96



paramount importance [132]. Our approach is inspired by theoretical advancements in the domain
of Deep Boltzmann Machines (DBMs) [53], composed of stacked RBMs. These theoretical results
suggest methods for reallocating neurons towards what we term the ”coldest area” of the network.
In this study, we conducted classification experiments on a relatively small network (with three hid-
den layers and a total of 192 movable neurons) across three fundamental datasets: MNIST, a version
of MNIST divided into even and odd digits, and Fashion MNIST [133]. Our findings demonstrate
that the theoretical guidelines significantly aid in designing effective network architectures.

5.1 Results

5.1.1 Form factors and temperatures

A deep network (Fig.5.2) is built with a set ofN neurons that are arranged in an arbitrary amount of
K > 2 layers. We refer with L(p) at the p-th hidden layer within the set of all the ones composing
the network p ∈ {1, 2, · · · , K} and the number of neurons inside the layer L(p) is indicated as
N (p). Each of the i-th neurons of a layer L(p) are connected to each of the j-th neurons of the
successive layer L(p+1) through a set of values called weights W (p)

ij . A way to represent the neuron
quantity in each layer is through the vector, α = (α(1), · · · , α(K)) whose entries α(p) are called form
factors (see Fig.(5.2)). Each form factor is defined by the relative amount of neurons with respect
to the total number in the network: α(p) = N (p)/N . Moreover, another useful vector describing
the connections between two successive layers β = (β(1), · · · , β(K)) is introduced. The entries of
this second vector are referred as inverse temperatures and represent the scale of the fluctuations
of the coupling strength of each W (p)

ij between neuron i and j, within layer L(p) and L(p+1). Their
computation is done through the empirical fluctuation of the weights W (p)

ij within layers Lp and
Lp+1 , as shown in Sec. 5.1.3.
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Figure 5.2: Representation of a DBM with arbitrary depth K. Each layer L(p) contains a certain
number of neurons N (p), s.t. its form factors will be α(p) = N (p)/N . To each couple of layers, we
can associate an inverse temperature β(p).

A set of theoretical computations show [40] [20] how to estimate the spectral radius of a specific
phase transition matrix which signals the exit from the highly fluctuating (paramagnetic) phase, i.e.,
the area of the parameters where the neural network can not reach satisfying performances. The
theory suggests concentrating neurons in the coldest area of the network, namely those with the
smallest weight variance. These theoretical insights form the basis of this chapter, where we em-
pirically test the results by rearranging the neurons of a network, while keeping their total number
constant.

The theoretical model proposed in [20], which inspires our work, describes the thermodynamic
properties of Deep Boltzmann Machines (DBMs), such as the one shown in Fig.5.2, through the
following energy function::

H(σ) = −
√

2

N

K−1∑
p

β(p)
∑

(i,j)∈Lp×Lp+1

J
(p)
ij σiσj . (5.1)

where each σi represents a spin of the layer Lp. The neurons are connected to the successive layer’s
neurons through centered Gaussian weights. The spectral radius mentioned above ρ(β,α) is com-
puted from the following matrix
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

0 α(2)
(
β(1)
)2

α(1)
(
β(1)
)2

0 α(3)
(
β(2)
)2

α(2)
(
β(2)
)2

. . .

α(K)
(
β(K−1)

)2
α(K−1)

(
β(K−1)

)2
0


. (5.2)

This quantity acts as an order parameter describing the thermodynamic properties for phase
transition of DBMs models, signaling spontaneous symmetry breaking: a transition from a convex,
stable energy landscape (ρ(β,α) < 1) to a complex, rugged one. In the first scenario the Boltzmann
machine cannot properly work, no matter of what is the database or the network architecture. In
order to display some structure, we need a rich non-convex energetic landscape, where suitable
minima represent the learning states [134]. The functional dependence of the spectral radius, on
both β and α, suggests that performance can be enhanced by balancing the layer sizes with the
corresponding local temperatures. The outcome is to relocate neurons in the hidden layers from the
higher-temperature region to the low-temperature one, with respect to the components of β. For
example, if the layers L(p̂) and L(p̂+1) register the highest inverse temperature β(p̂), the remaining
neurons have to be moved towards this couple. The movement is constrained by maintaining the
same number of neurons between the selected couple: α(p̂) = α(p̂+1). The rigorous mathematical
treatment of the DBMs is done only for very large networks and with a simplified hypothesis for
the distribution of the variables. The first assumption consists in the usage of the thermodynamic
limit, which is a reasonably good hypothesis as observed in the LLM [135]. As for the second, the
classical and simplified assumption is that the variance of the Gaussian distribution for the synaptic
variables depends only on the layer.

These suggestions, emerging from theoretical works, must be empirically tested within simula-
tions where the network has a finite number of neurons and the synaptic variables are real numbers
obtained from specific algorithms. The network we used for this experimentation is introduced in
Fig.(5.3a), it is composed by one fully-connected input layer of 784 neurons, three hidden layers of
64 neurons each, and an output layer of 10 neurons. The small neural network constructed for our
experimentation is designed also to fit within the constraints of embedded hardware intended for
image classification in a radiation environment. Due to the limited resources provided by embed-
ded systems, low-dimensional neural networks are utilized [136]. The hardware is designed using
the FINN firmware [137], a framework provided by AMD [138], and integrated with the Brevitas
library [139] and the PYNQ framework [140]. This combination allows the implementation of such
models into electronic systems.

5.1.2 Accuracy and Robustness

For the evaluation of the performance, we use two metrics: the Accuracy (Acc), that measures
how accurate are the network predictions, and the Robustness (Rob), measuring the sturdiness of
such predictions. Their definitions depend on the classification behaviour of the network that is
explained in the following. Each of the ten classes representing the MNIST digits, have a label that
we express with the index i ∈ {0, 1, ..., 9}. We call Mi the total amount of images in the testing set
for an i-digit. For each provided j-image in Mi, to be tested, an output layer vector Vij is provided.
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(a) (b)

Figure 5.3: a, Deep neural network for the classification of handwritten digits. The input layer has
the size of the 1D-vector representing one instance of the MNIST dataset, corresponding to 784
values. The output layer is made up by 10 neurons, each one related to one of the label of the
digits. The three hidden layers have the same dimension and are each composed of 64 neurons. b,
Movement of the neurons according to the theoretical suggestion. We take two neurons from the
third hidden layer of the starting network α = (64/192, 64/192, 64/192) and move them to the
coldest couple of layers, obtaining a new network (65/192, 65/192, 62/192), maintaining the same
fraction of neurons α(1) = α(2).

We can define the set of its ten components as

Vij = {V ℓ
ij, ℓ = 0, · · · , 9} ,

only the highest V ℓ
ij is associated with the prediction ℓ. The definition of the metrics are therefore:

Acc =
1

10

9∑
i=0

1

Mi

Mi∑
j=1

fV i
ij
(max(Vij)) fa(x) : R→ {0, 1} fa(x) =

{
1, if a = x

0, otherwise
,

(5.3)

Rob =
1

10

9∑
i=0

1

Mi

Mi∑
j=1

gi
(
V i
ij

)
− gi(maxℓ̸=i(Vij)), (5.4)

Ωi =
⋃
j∈Mi

Vij, gi(x) : R→ R≥0 gi(x) =
x−min(Ωi)

max(Ωi)−min(Ωi)
. (5.5)

Since the number of images of each label in the testing set Mi is not constant, Acc weights the total
amount of correct prediction with Mi, and a uniform average on all the classes is performed. Rob
provides the difference between the prediction associated to the correct label V i

ij and the highest
score among the remaining ones maxℓ̸=i(Vij). In particular, the higher is Rob, the higher is the
distance between the correct prediction and the first possible misleading digit. For this reason, we
consider Rob as a measure of sturdiness of the answer given by the network. Both the metrics have
been developed for having a better understanding of the behavior of the networks when noise is
induced by the field radiation. If accuracy has a straightforward meaning, robustness is more in-
tricately and directly connected to the experimental setup, particularly when the network hardware
interacts with radiation [39] [37][38]. This is explained in greater detail in Appendix F.0.1.
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5.1.3 Temperature estimation

In order to study the consequences of the theoretical indications over the choice of the architecture
and its performance, an estimation of the temperature must be added. It turns out that the empirical
fluctuations of the weight matrix elements, connecting each couple of layers, is linked to the inverse
temperature [141], [142]. We therefore evaluate it as:

(
β(p)
)2 ∼ 1

N (p)N (p+1)

N(p)∑
i=1

N(p+1)∑
j=1

(
W

(p)
ij −

〈
W (p)

〉)2

, (5.6)

where
〈
W (p)

〉
is the mean value of the weights W (p)

ij of a particular couple of nearest neighbours
layers. Assigned the inverse temperature β(p) and the form factors α(p), we introduce a version of
the matrix (5.2) adapted to our problem 0 α(2)

(
β(1)
)2

0

α(1)
(
β(1)
)2

0 α(3)
(
β(2)
)2

0 α(2)
(
β(2)
)2

0

 . (5.7)

The spectral radius ρ(β,α) carries an important thermodynamic meaning. In order for the network
to be able to have a properly classifying structure, one must have ρ(β,α) > 1, which is what we
obtain for the network at the end of the training procedure, Fig. 5.4b.
As suggested from the theoretical results we perform the neurons reallocation, following the tem-
peratures estimation. This strategy shows the configurations reaching thermal equilibrium β(1) ∼
β(2) are the ones giving the desired performance. These topologies are also the ones where ρ(β,α)
is higher and coincide with the maximum of the Robustness. This is a remarkable fact since the
Spectral Radius is a pure thermodynamic property of an infinite dimensional network, while the
Robustness is an empirical quantity measured in a real finite dimensional system.

5.1.4 Architectural optimisation 1. The MNIST case study.

From this section, we refer to a network configuration with the vector αk, containing the form fac-
tors of each hidden layer of our test network. The k-index stands for the k-th step of moving neu-
rons, starting from the initial network configuration α0. The initial condition is the equidistributed
neurons network α0 = (α

(1)
0 , α

(2)
0 , α

(3)
0 ) where α(1)

0 = α
(2)
0 = α

(3)
0 = 64/N andN = 192. For a net-

work configuration, we can also associate βk = (β
(1)
k , β

(2)
k ). Once the network is trained, we com-

pute the associated inverse temperature values, using (5.6) and we obtain β0 = (β
(1)
0 = 7.42, β

(2)
0 =

7.35). We notice that β(p)
0 > 1 implies ρ(β0,α0) > 1 and therefore the exit from the paramagnetic

phase. The accuracy of the model that we obtain is Acc = 85.815, therefore, confirming the theo-
retical modelisation. Since β(1)

0 > β
(2)
0 , the elementary redistribution is shifting two neurons from

the last hidden layer to the first two layers, ensuring that α(1)
1 = α

(2)
1 = 65/192. We continue this

movement for every k, as observed in Fig.(5.3b), until α30 = (α
(1)
30 = α

(2)
30 = 94/N, α

(3)
30 = 4/192).

The results of this movement are shown in Fig.(5.4a) and Fig.(5.4b). In Fig. (5.4a) are represented
the Accuracy and (β

(1)
k , β

(2)
k ), Fig. (5.4b) illustrates the Robustness and ρ(β,α). After three neu-

ronal modifications, we observe that β(1) and β(2) reach a region where they overlap. After that, we
observe β(1) and β(2) diverge from each other, till reaching the bottleneck effect at α28 where the
Accuracy drops drastically. Within the architectural changes, the Accuracy is a slow increasing
function, with its maximum reached at α18, where it gains the 2.17% with respect to α0. The total
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variation of this metric from the network α8, inside the overlapping region, to maximum turns out
to be 0.87%.

The maximum value reached for the Robustness at α8 comes with a 13.5% improvement with
respect to α0. With these two metrics, we can compare better each architectural configuration
and find the optimal tradeoff between the two. The configuration obtained with α8 maximises the
Robustness and makes it the most suitable configuration for resisting the radiation field. From figure
(5.4b) it turns out that the maximum value of ρ is reached in proximity of configuration displaying
the highest Robustness. This is a hint to the fact that not only the model is valuable, but it suggests
a deeper link between its ideal thermodynamic properties with the practical behaviour of the neural
network.

(a) (b)

Figure 5.4: a, Graphical representation of the (β(1), β(2)) and Acc of a sample training for each
network topology. b, Displays of Rob and ρ for each network configuration. The dotted line
coincide with the Acc local maximum and Rob maximum at α8.

To validate such statements, we produce a series of trained networks, each time with the neu-
ronal exchange introduced in Fig.(5.3b), and averaging the results. In this way we can obtain an
average behavior of our metrics and identify the networks belonging to the overlapping region that
we name thermal equilibrium. Its quantitative evaluation is explained fully in Appendix F.0.2. De-
noting as O the generic observable representing one of the metrics or the inverse temperatures, we
define its average and fluctuation over repetitive trainings as:

Ō =
1

T

T∑
t=1

Ot , (5.8)

EO =

(
1

T

T∑
t=1

(
Ot − Ō

)2)1/2

, (5.9)

where T is the number of trainings, Ot is the observable measured at the end of the t-th training.
The plots illustrating all the observables, together with their fluctuations, are displayed in Fig.(5.5).
In these tests, we observe the maximum value of the Robustness for α8, which proves to be the most
stable value under repetitive trainings. This architecture is reached within the thermal equilibrium
area. This suggests that reaching the equilibration of temperatures among the synapse connec-
tions is a good argument to find a suitable architecture configuration. Also the computation of the
(averaged) spectral radius gives hints about the optimal solution. It suggests the higher scores of
the Robustness are reached for sufficiently high values of ρ. As one can see from Fig.(5.5), α8

102



represents the correct tradeoff between performance and the network’s Robustness, reaching an
enhancement of 4.8% with respect to α0.

Figure 5.5: Average of the Rob in yellow, Acc in green, SR in black and (β(1), β(2)) respectively in
blue and red, for the MNIST dataset for each architectural configuration.

To fully investigate the effect of topological changes, we also tested alternative movement
schemes, independently of the theoretical suggestions. Fig.(5.6) shows two cases, the former mov-
ing neurons from the middle layer towards the outer layer, as shown in Fig.(5.6a), the latter in the
opposite direction of the temperature criterion, as shown in Fig.(5.6b). From the computation of
the metrics, we observe that these architectural choices yield lower performance results, as shown
in Fig. (5.6c) and (5.6d). Moving the neurons towards the coldest couple of layers appears to be
the best choice among the tested ones.
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(a) (b)

(c) (d)

Figure 5.6: a, Movement of neurons from the middle layer to the two outer ones. b, movement of
neurons from the cold area toward the hotter one. c, performances of the network when moving
neurons from the middle layers. d, performances of the network when moving neurons from the
cold area.

5.1.5 Architectural optimisation 2. The other case studies.

The previous work has been performed utilising the same dataset, number of classes and training
procedure. Therefore, we aim to visualise how the network would respond to perturbations of these
attributes.

The first modification we implement is reducing the number of classes of the MNIST dataset
while maintaining the same code implementation. Instead of assigning each digit to its own class,
we sort them into two classes: odd and even numbers. The output layer of the network is then
changed from 10 to 2 neurons. We perform the same test as before by transferring neurons from
the hottest area towards the coldest one. The results are visualised in Fig.(5.7a), which displays
the mean of different trainings for all the architectures. Compared to the results obtained with the
MNIST dataset in Sec.5.1.4, both the Accuracy and the Robustness show enhanced results. This
is due to the fact that the task is simplified by performing binary classification. Here, the Spectral
Radius has a plateau in the thermal equilibrium region, where the maximum value of theAccuracy,
α16, is registered. At this architecture Acc increases by 0.7% and Rob increases by 1.7% with
respect to α0 performance. We also observe that ρ(α,β) tends to have a similar functional form
of the Robustness as we continue the architectural changes. In particular, the Robustness peaks at
the final architectural model, which no longer suffers from the bottleneck effect, with Rob showing
a 6% improvement compared to α0. However, a slight decline in accuracy is observed compared
to the previous configurations. This can be explained by considering the role of ρ as the order
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parameter signaling the network phase transitions. As we stated, once the critical value ρc = 1 is
reached, the network transitions from a stable energy landscape to a more complex one. However,
continuously increasing the spectral radius does not necessarily lead to further improvements. Very
large values may be associated with highly irregular energy landscapes, characterized by narrow
minima that are difficult to reach during training, ultimately resulting in a degraded performance.

(a) (b)

Figure 5.7: a, Graphical representation of the averaged (β(1), β(2)), Acc, Rob and SR for the
MNIST dataset with odd-even classification for each architectural configuration. b, Graphical
representation of the (β(1), β(2)), Acc, Rob and SR for the fashion MNIST dataset for each ar-
chitectural configuration.

In the second test, we change the dataset from MNIST to fashion MNIST [133]. It con-
sists of ten classes of clothes items, with the same input dimensions as the standard MNIST im-
ages, as described in the Appendix. The results of the study, using this dataset, are displayed in
Fig.(5.7b), showing the mean results of five different studies. From the scale of the two metrics,
both Robustness and Accuracy are significantly smaller compared to the standard MNIST results.
However, we once again observe the same interesting area around thermal equilibrium, correspond-
ing to α5, where the Robustness peaks and the three metrics exhibit the smallest uncertainties. Here,
Acc and Rob respectively reach < 1% and 2.8% with respect to the initial condition α0. In Fig.
5.5, the higher scores of Rob and ρ correspond to a narrow region of architectures, whereas, in the
fashion MNIST case, the higher values of ρ alone correspond to a broader region, forming a plateau
in Fig. 5.7b.

5.2 Discussion

In this chapter, we have used a theoretical inspired method to fine-tune the performance of deep
networks with a fixed number of neurons. We observe that the movement of the neurons from one
layer to another leads to improvements in Accuracy and, most importantly, Robustness. The sug-
gestion of moving neurons towards the coldest area of the network [20], which suitably increases
the spectral radius, proves to be effective across the two tested datasets. In our cases we move the
neurons across the hidden part of the network, since both input and output layers are fixed. We
find that continuing the moving procedure up to the region of thermal equilibrium leads to robust
architectural configurations. Additionally, the spectral radius of the phase transition matrix (5.7)
serves as a reliable indicator for exploring nearby configurations. Our method suggests that the
most stable and robust architecture lies inside or at the boundary of the identified thermal equi-
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librium region, as illustrated in Figs.(5.5, 5.7a and 5.7b). By following this approach, we achieve
average robustness improvements of 4.8% and 6% for the MNIST and its modified version, and the
2.8% for the Fashion MNIST.This work primarily focused on finding a method to select the opti-
mal architecture with the best tradeoff between Accuracy and Robustness, while adhering to a fixed
number of neurons due to energy limitation. This approach is intended to produce a small network
suitable for use and training in satellite hardware, which often face power limitations. Additionally,
we aimed to identify architectures with the highest possible Robustness, being a metric affected by
space ambient interactions.
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Appendix F

Description of network training and testing

The network is constructed using the Brevitas libraries [139], which enable the allocation of
bits for deployment on embedded systems. The various features of the network are as follows:

• Dropout, representing the probability of randomly setting elements of the input tensor to
zero, is set to 0.2. The input dimension is determined by the number of pixels composing
each image,

• The number of layers and neurons within each layer is initially set to three hidden layers,
each containing sixty-four neurons,

• The dimension of the output layer depends on the number of classes present in the dataset,

• The number of bits allocated to the weights and activations is set to 1 for both,

• The number of epochs is set to 500 to ensure good performance, mitigate the risk of overfit-
ting, and reduce computation time,

• The learning rate is set to 0.02 and is adjusted using the ADAM optimizer [125],

• Weights are initialised with a uniform distribution between -1 and 1,

• Biases are initialised to 0,

• The loss function used is the Square Hinge loss.

F.0.1 Metrics motivations

In this section, we briefly summarize the main steps that connect this chapter to the hardware
testing. The details of the hardware analysis are beyond the scope of our architectural study; for an
in-depth overview, see [39]. As mentioned in the main text, one of the parallel goals of this work
was to study the resilience and behavior of the tested networks under irradiation. The successful
implementation of the DNN on the hardware board (Zybo Z7-10) was achieved using the Brevitas
libraries, which convert all characteristics of the trained network into an electronic format, as shown
in Fig. (F.1a).
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(a) (b)

Figure F.1: a, Display of the electronics composing the hardware board. The network elements
allocated to electronic are: purple for the input layer; yellow, orange and khaki for the hidden
layers; bright green for the output layer. The size matches the form factors specified for the tested
networks. b, List of the Robi for the network at respectively 0% and 10%noise in the testing and
training sessions. The ”Total” line corresponds to the Rob. This metric is the one affected by
particles interaction .

The first metric introduced is the Accuracy (Acc) and is computed by averaging the accuracy of
each digit, as shown in Eq.(5.3). This approach ensures homogeneity regarding the weight of each
digit in the final result, given that the number of images in the testing set, of all the used databases,
is not equally distributed.
The Robustness (Rob) is the second metric, and is computed by exploiting the difference between
the value expected by the network, and the highest value of the non-expected predictions in the
output layer. This method has been computed taking into account the consequences of the radiations
interacting with hardware, as described in [37] and [38]. This metric quantifies the steadiness of
the network against variations induced by field radiations, as one can observe in the table presented
in Fig.(F.1b). Rob can also have negative values indicating the network is performing incorrect
predictions.
A practical example of the computation of one element of the sum in Eq.(5.4) is explained in the
following. Assume the network is testing a specific image ĵ ∈ M2, therefore corresponding to the
label i = 2 as in Fig.(F.2). We further assume that the minimum and maximum output values of
all the outputs {V ℓ

2j}, ℓ = 0, · · · , 9, j ∈ M2 of the tested images are respectively max(Ω2) = 3,
min(Ω2) = −2.
Then we just shift all the output values of {V ℓ

2ĵ
} of the corresponding minimal value and normalize

them, as in Eq.(F.1)
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Figure F.2: This scheme describes how a network predicts the class corresponding to the input. A
picture of a 2-digit is provided and then processed through the trained network and an output array
is obtained. In this case, the highest value in red (2.569) at index 2, corresponding to a correct
prediction of the class ”2”.

V ℓ
2ĵ
− 1ℓmin(Ω2) =



2.413
2.112

4.569
...

3.512
...


; V ℓ

2ĵ
− 1ℓ min(Ω2)

max(Ω2)−min(Ω2)
=



0.48
0.42

0.91
...

0.70
...


, (F.1)

where 1ℓ is the ℓ−dimensional vector with 10 components. After normalization we obtain Rob2 =
g2
(
V 2
2ĵ

)
− g2(maxℓ̸=2(V2ĵ)) = 0.21.

F.0.2 Thermal equilibrium

In a numerical setting, defining when a system has reached thermal equilibrium requires an opera-
tional criterion. Our choice is based on a dimensionless comparison between two quantities: The
relative spread of the local inverse temperatures, which we denote as ∆L1; the intrinsic statisti-
cal fluctuations of the local temperatures, measured via the normalized variance (variance divided
by the square of the mean), denoted ∆L2. Remembering (Eqs.(5.8-5.9)) that we denote as Ō the
average of an observable under repetitive training, the definitions of ∆L1 and ∆L2 are as follow:

∆L1 =
|β̄1 − β̄2|

β̄1+β̄2

2

, (F.2)

∆L2 =

√√√√ 1

T

T∑
t=1

(
βt − β̄

)2
β̄2

. (F.3)

We say that the system is at equilibrium when ∆L1 ≤ ∆L2. The rationale is that if the spread of tem-
peratures across the system falls within the scale of their intrinsic statistical fluctuations, then any
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remaining inhomogeneities can be attributed to noise rather than to a genuine out-of-equilibrium
state. This criterion provides a practical and physically motivated argument to distinguish tem-
perature equilibration. With this choice, the points of thermal equilibrium discussed in Sec.5.1.4
correspond to those in Fig.(F.3). Although the inverse temperatures signal the presence of a cold
and hot area, we note the temperatures of each area of the network are T1,2 = 1/β1,2 < 1. This is
directly liked with the value of ρ(β,α) > 1, signaling the network is catching data structure.

Figure F.3: Representation of the architectures with hidden layers in thermal equilibrium. In yellow
and green, we have the inverse temperatures points that are indistinguishable. The yellow ones
refers to the first couple of hidden layers of the network. All the temperatures points are obtained
after an average over many trained networks.

F.0.3 Datasets

To mimic the interfierence of the radiation environment that affects also the dataset images [39]
we convert the grayscale pixels composing the MNIST and Fashion MNIST performing a random
symmetric swithc as in Fig.(F.4) . This is done both for the training and testing parts.
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(a) (b)

Figure F.4: Example of the implemented symmetric flip on a grayscale image of the MNIST dataset.
The original class sample is on the left, while on the right an implementation of the flipping with a
rate of 10% is shown.

MNIST

The MNIST dataset [143] comprises 70,000 images, with 60,000 images in the training set,
and 10,000 images in the testing set. The images depict handwritten digits ranging from 0 to
9. Each image consists of 28x28 greyscale pixels. The distribution of images is heterogeneous
across the various classes. This dataset is well-suited for tasks involving image recognition, and its
reputation provides valuable insights into the performance of artificial intelligence systems on this
dataset.

Fashion MNIST

The fashion MNIST dataset [133] comprises 70,000 images, with 60,000 images in the train-
ing set, and 10,000 images in the testing set. The images depict different types of clothes divided
in 10 classes. Each image consists of 28x28 greyscale pixels. The distribution of images is homo-
geneous across the various classes. This dataset being very close to the MNIST dataset, it allows
studying variations while sticking to the same area of image recognition.

(a) (b)

Figure F.5: Samples of MNIST (left) and Fashion MNIST (right) datasets
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F.0.4 Data and Code availability

All the datasets supporting the findings of this study as well as the code used for the analy-
sis and training of the neural network can be found on GitHub at https://github.com/
ArchitecturalOpt/Architecture-Optimisation
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Chapter 6

Concluding remarks

In this thesis, we study the inference properties of different Boltzmann-Gibbs engines, which are
well-known for their remarkable ability to learn from data. Our focus has been on understanding
their behavior in optimization contexts, gaining insights that could enhance their learning efficiency
through better selection of key properties. The first chapter provides a concise overview of the di-
rect problem for Restricted Boltzmann Machines, with a particular focus on the Hopfield model.
This serves as an essential foundation, highlighting that the celebrated generative properties of these
models rely on their ability to learn the underlying structure of the data they process. Consequently,
inference emerges as a fundamental step in their operation.
The second chapter delves into the Dual version of the Hopfield model, introducing the teacher-
student framework. In this setup, one Hopfield network (the teacher) generates a dataset that is
subsequently analyzed by another Hopfield network (the student). The challenge of recovering the
teacher’s planted pattern is examined in two regimes: the Bayes-optimal case, where the likelihood
is known and the mismatched case, where the beyond Bayes-optimality is operated on the param-
eters of the student. This exploration provides insight into the equilibrium inference properties in
a more realistic scenario, since the assumption that the student’s machine is exactly equal to the
teacher one is not realistic.
In the initial scenario of small datasets, we find that, with a suitable transformation, the examples
are those derived from a Curie-Weiss (CW) model. When the CW model operates at low temper-
atures, these examples exhibit a macroscopic overlap with the teacher’s planted pattern, enabling
the student to learn by directly memorizing the data. As the dataset grows, alignment between the
student and the teacher’s pattern becomes easier, making learning trivial when the dataset becomes
extensive.
However, in cases where the examples are noisy—such as when the teacher generates data at higher
temperatures—memorization fails. The Hopfield student then transitions to a signal retrieval (sR)
phase, where it extracts small fragments of useful information from the examples. This behavior
mirrors the modern learning mechanisms observed in contemporary AI models. We then realize
the mismathcing between the two models by adopting different temperatures of inference and gen-
eration (β ̸= β̂). In such cases, the emergence of low-energy configurations, uncorrelated with
the signal, can hinder learning. These student pattern configurations may either correlate with the
examples (eR phase) or remain entirely uncorrelated with both the signal and the examples (SG
phase). Despite this, increasing the dataset size enables the student to effectively learn by general-
ization.
These findings, derived through the mean-field theory of spin glasses, are not limited to the Hop-
field model but extend to the broader class of Restricted Boltzmann Machines (RBMs). Chapter 3
builds on this foundation by examining the effects of prior mismatches in RBMs within the teacher-
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student framework. Specifically, we explore challenges arising from differing teacher processes or
student architectures. Through this approach, we derive general equations applicable across vari-
ous prior configurations, with a focus on an interpolating case where the priors transition between
continuous (Gaussian) and binary variables. Notably, Gaussian hidden units facilitate the student
machine’s entry into the sR region more efficiently, though the critical dataset size depends on the
dataset’s properties. This can be seen by the computation of the critical point Ptriple = (αc, Tc)
in Sec.3.4, which components move according to the different choices of teacher (both αc and Tc
move) and student (only Tc moves) architecture. Unlike the direct problem approach, the poste-
rior distribution method inherently incorporates self-regularization, eliminating the need for ad hoc
constraints and avoiding issues like parameter divergence.

In Chapter 4, we address the limitations imposed by the teacher’s influence on the critical point
component αc. Trying to overcome these boundaries, we introduced ferromagnetic coupling among
y replicated machines, focusing our efforts on the initial case of the Hopfield inverse problem.
Unlike previous approaches, this method does not achieve Bayes-optimality because the inclusion
of interacting replicas distorts the likelihood’s form. Interestingly, we observed that the minimum
dataset size required for entering the sR regime remains unchanged, regardless of the coupling
strength (γ) or the number of replicas (y). However, the sR region in the (α, T ) phase space
expands significantly compared to earlier architectural efficiency mechanisms (see Fig.3.5). Similar
to the findings in Chapter 3, the sR area extends in the direction of higher inference temperatures
(weights regularization). This expansion occurs whether the system is enhanced by increasing γ
or y, suggesting that ferromagnetic coupling promotes alignment among replicas. This alignment
amplifies the signal retrieval effect as soon as the data threshold (αc) is crossed.
Nevertheless, the maximum temperature for transitioning into the sR regime remains bounded,
as seen in the self-spherical constraint for the RBM teacher-student framework. This limitation
becomes evident when analyzing the transition lines P-SG: βSG

y and P-sR: βsR
y . By plotting these

lines, and with a suitable rescaling of the coupling strength, we observe that the gap between
transition lines diminishes as y increases (Fig.4.3). In the limit y → ∞, the coupled replicas yield
transition lines (βSG

∞ and βsR
∞ ) that no longer depend on y (Fig. 4.5). Notably, we derived an

analytical form for βsR
∞ , as shown in Eqs. (4.32-4.33). This is reasonable from a machine learning

perspective: if a model can enter a learning regime at arbitrarily high temperatures, it implies
that learning could occur with minimal training epochs or even immediately after random weight
initialization, where no structure is apparent.

These results deepen our understanding of the learning properties of RBM models under differ-
ent configurations. In contrast, Chapter 5 shifts focus to the optimization of deep neural networks
(DNNs), aiming to reduce the energy demands of their training processes—a pressing concern in
the context of green technological initiatives. Our investigation centers on an image classification
problem using a DNN with a finite number of neurons. This problem has practical implications
for satellite applications, where efficient architectures must be embedded in hardware operating
in radiation-rich environments. Since the visible and output layers are constrained by the specific
task, we optimized the placement of neurons within the hidden layers to enhance resilience against
radiation. This optimization was achieved through two approaches: introducing noise to both train-
ing and test datasets, to simulate the effects of particle interactions on hardware, and defining a
robustness metric (Rob) to evaluate network sturdiness. Guided by theoretical insights from Deep
Boltzmann Machines, we found that a small set of thermodynamic parameters—specifically, form
factors (α) and the inverse temperatures of layer pairs (β)—suffices to define an equilibrium topol-
ogy with maximum Rob. This is achieved by moving the neurons from the hot part of the network
towards the colder one, reaching a thermal equilibrium area where we find the desired topology. We
validated these findings through repetitive training, yielding averaged performance metrics for dif-
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ferent architectures. The results, tested on three datasets (MNIST, Fashion MNIST, and Odd-Even
MNIST—a binary classification variant of the MNIST), demonstrated consistent improvements in
robustness. Our procedure enhanced network resilience by 4.8%, 2.8% and 6% for the respective
datasets.
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[11] Marc Mézard, Giorgio Parisi, and Miguel Angel Virasoro. Spin glass theory and beyond:
An Introduction to the Replica Method and Its Applications, volume 9. World Scientific
Publishing Company, 1987.

[12] John J Hopfield. Neural networks and physical systems with emergent collective computa-
tional abilities. Proceedings of the national academy of sciences, 79(8):2554–2558, 1982.

[13] Peter Dayan and Laurence F Abbott. Theoretical neuroscience: computational and mathe-
matical modeling of neural systems. MIT press, 2005.

[14] Hidetoshi Nishimori. Statistical physics of spin glasses and information processing: an
introduction. Number 111. Clarendon Press, 2001.

116

https://www.youtube.com/watch?v=gG5NCkMerHU
https://www.youtube.com/watch?v=gG5NCkMerHU
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[112] Thibault Lesieur, Florent Krzakala, and Lenka Zdeborová. Constrained low-rank matrix
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