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Reversibility for Concurrent Memory Models

Abstract: Reversibility in concurrent programming languages has been extensively studied
in message-passing systems, but has not been studied in concurrent shared memory models.
In this work, we explore causal consistent reversibility in shared memory models, addressing
the challenges of making shared memory reversible, particularly when weak and non-standard
memory models are involved. We begin by extending reversible Erlang to handle shared memory
constructs, highlighting the difficulties that arise from non-standard memory operations, such
as reading entire maps. Next, we propose a structured, two-step approach. First, we introduce
a meta-model framework that defines memory models as synchronous products of labeled
transition systems (LTSs), incorporating three components: threads, memory, and scheduler.
This framework can describe various memory models, including sequential consistency, write
buffer, and transactional. Second, we develop a compositional theory to make the product of
LTSs reversible, ensuring causal consistency. We apply this theory to a sequential consistency
memory model, comparing it to an automatic approach and showing that our method avoids
capturing unwanted dependencies.

Key-words: reversibility, concurrency theory, reversible computing, memory models,

synchronous product of labeled transition systems.




Réversibilité pour les Modéles de Mémoires Concurrentes

Résumeé: La notion de réversibilité dans les langages de programmation concurrents a été
bien étudiée dans le cas de systémes & base d’échange de messages, mais pas dans le cas
de systémes concurrents a base de mémoire partagée. Dans cette thése, nous étudions la
réversibilité causalement cohérente dans des modéles de mémoire partagée, notamment dans
le cas difficile de modéles mémoires faibles ou non-standards. Nous commencons par étendre un
Erlang réversible pour traiter des constructions du langage impliquant une mémoire partagée,
ce qui permet de mettre en évidence les difficultés qui apparaissent en présence d’opérations
mémoire non-standards. Nous proposons ensuite une approche structurée en deux étapes.
Tout d’abord, nous développons un méta-modéle permettant de définir un modéle mémoire
comme un produit de synchronisation de systémes de transitions étiquetés comprennants trois
éléments: des fils d’exécution, une mémoire et un ordonnanceur. Ce méta-modéle est utilisé pour
décrire plusieurs modéles mémoire, notamment mémoire séquentiellement cohérente, mémoire
avec buffer d’écriture et mémoire transactionnelle. Nous développons ensuite une théorie
compositionnelle pour rendre réversible un produit de systémes de transition étiquetés tout en
garantissant la cohérence causale. Nous appliquons cette théorie & une mémoire séquentiellement
cohérente, en la comparant & une approche automatique et en montrant que notre méthode
compositionnelle permet d’éviter 'introduction de dépendances causales non justifiées.

Mots-clés: réversibilité, théorie de la concurrence, programmation réversible, modéles de

mémoire, produit synchrone de systémes de transition étiquetés.
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Chapter 1

Introduction

The main scope of this thesis is to study reversibility in concurrent systems with shared memory
architecture. Reversibility in computation refers to the ability of a system to execute operations
both forwards and backwards, thus allowing the system to go back to previous states. When
this concept is studied in concurrent systems, where multiple threads or processes operate
simultaneously and interact with shared memory, it is important to understand how the processes
can interact with each other. For this reason, it is also interesting to focus on the behavior of

the interactions between threads and memory.

1.1 Introduction to Reversibility

When we talk about a computation, we naturally think to a process that only progresses forward,
from an initial state to a final state through a series of well-defined steps. This view underlies
our understanding of most standard computational processes. However, when we consider the
field of reversible computation, what we typically consider as the “normal flow” of computation
takes on a new dimension. Reversible computation invites us to consider an execution where
not only we can proceed forward through a series of operations, but we can also backtrack,
performing a reverse operation to move backward along the same path. This concept is essential
for understanding reversibility in computational systems, where the ability to perform operations
forward and backward is crucial.

Reversibility studies have their origin in the studies on low power computing conducted by
Landauer in 1961 [I]. These studies focused on analyzing the thermodynamic cost associated
with irreversible actions in the computation process. In particular, it emerged that, in
conventional computation, irreversible actions lead to a loss of information, which results in
heat dissipation. Since heat dissipation is associated with increased energy consumption and the
production of unwanted heat, the potential to perform reversible computation without generating
heat emerged.

Historically, as we have shown, a main motivation behind the development of reversible
computing is low power computing since reversible computations can be performed without
dissipating heat. Nowadays, additional areas have emerged in which reversible computing has
found new applications, such as simulation [2] where it can improve performance by decreasing

state memory requirements and reducing the overhead associated with traditional state-saving



2 Chapter 1. Introduction

methods, robotics [3] since it allows one to handle errors efficiently and safely during some
operations, biological modeling [4] since several biological reactions are by nature reversible,
program debugging [5] and testing as it allows one to restore the state of the program to a
previous point in the computation where certain conditions are met. Additionally, reversible
computing has other applications.

In short, reversible computation invites us to reconsider our traditional concept
of computational flow, opening up new possibilities and challenges in the design and
implementation of advanced computational systems. In reversible computing the general
problem being studied, which can be modified and specialized depending on the context, is
that a given program can be executed in such a way that its forward execution can be paused
at any time and the direction of its execution can be reversed to go back to the previous states.
Backward execution can also be paused at any time and forward execution of the program can
be re-started. The possibility of stopping forward or backward execution at any time and the
possibility of reversing the direction of execution represent the generalized challenge of reversible

computing.

1.2 Reversibility in Concurrent Systems

Reversible computation allows for the execution of a program in both forward and backward
directions. However, not all programs can be executed in reverse due to potential loss of
information during their execution. For instance, an assignment like 2 = 96 results in irreversible
loss of the previous value of x, making it impossible to execute the program in reverse.

It is possible differentiate between programming languages that permit instructions resulting
in information loss and those that exclusively allow instructions without such loss. Notably,
among the latter category, Janus stands out, as the first structured reversible programming
language, designed by Christopher Lutz and Howard Derby [6]. Programming languages like
Janus only allow instructions with mathematical inverse functions, enabling straightforward
execution in both forward and backward directions. The literature on pure reversible
programming languages includes also object-oriented languages such as ROOPL [7, 8] and
Joule [9], and functional languages such as RFun [10] and CoreFun [11].

Every mainstream programming language allows instructions with information loss, anyway
it was noted that any irreversible computation can be transformed into a reversible computation
by including it in a larger computation in which no information is lost, saving intermediate
states each time so that no information is lost. The idea behind this work [1], called Landauer
embedding, is that any programming language or formalism can be made reversible by adding
the computation history to each state. This idea was further improved by Bennett [12] in order
to avoid the generation of “junk” data by applying a series of analyses in order to limit the
information required in the history as much as possible.

In a sequential system, undoing forward actions in reverse order of completion starting from
the last one produces a backward computation. Undoing a forward action can be seen as a
backward action. In a concurrent environment, one cannot easily decide which is the last action

since many actions can be executed at the same time, and a total order of actions may not be
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available. Even if a total order exists, undoing actions in reverse order may be too restrictive
since the order of execution of concurrent actions may depend on the relative speed of the
processors executing them and has no impact on the final state. For instance, when looking
for a bug causing a visible misbehavior in a concurrent system, independent actions may be
disregarded since they cannot contain the bug.

The first definition of reversibility in a concurrent setting has been proposed by Danos and
Krivine [I3]: causal-consistent reversibility. In short, it states that any action can be undone
provided that all its effects (if any) have been undone. By this notion, reversing a computation
means undoing actions in a way that maintains causal consistency. This means that during
backward computation, states reached could have been reached by executing independent actions
in a different order. This occurs because the model does not track the specific order in which

concurrent actions are executed. To better understand this problem let us consider the following

51/5\52
N

where from the state S, there are two possible execution paths to reach the state S3. We can

example:

either execute the sequence a b (choosing the left path) or the sequence b a (choosing the right
path). Assume the actions a and b are concurrent and independent, as both can be executed
from state S. Therefore, we can proceed either from S to S; to S3 or from S to So to S3. Let’s
assume that the forward computation leading to S3 follows the sequence a b. Now, from state
Ss3, we have the capability to go back to state S by first undoing action a, followed by action
b. This takes us to state Sz, which is a state that could have been reached during the forward
computation by simply swapping the execution order of concurrent actions, i.e., executing b
before a. In other words, we can achieve the following execution: S — S; — S3 ~» Sy ~+ 5,

where ~ denotes a backward step.

1.3 Introduction to Memory Models

In concurrent programming, one of the main challenges is to ensure proper synchronization
between threads running in parallel.  Generally, there are various methods to achieve
synchronization between threads, including shared memory, message passing, transactions and
tuple spaces. Shared memory allows threads to communicate by sharing access to common
variables stored in a shared memory. Threads can read from and write to these variables,
but synchronization is required to prevent data races and ensure consistency. Mechanisms
such as locks, semaphores, or atomic operations are often employed to coordinate access
to shared memory among threads. Message passing [14], commonly used in languages like

Erlang [15], involves threads communicating by explicitly sending and receiving messages.
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Threads interact through message queues or channels, which facilitate communication and
synchronization.  Message passing can be implemented with blocking (synchronous) or
non-blocking (asynchronous) operations, depending on the requirements of the application.
Transactions [10), [I7] treat sequences of operations as atomic units of work, ensuring that
all operations within a transaction either succeed together or fail together. This atomicity
simplifies synchronization by guaranteeing that concurrent operations do not interfere with each
other’s execution. Transactions are often used in database systems and have gained attention
as an alternative to locks for synchronization, potentially improving efficiency. Tuple space
[18], utilized by programming languages like Linda [18] and Klaim [19], define non-traditional
synchronization primitives (out(), in(), read()). In this model, when two threads want to
communicate, the first thread generates tuples and adds them to the tuple spaces, and the

second thread withdraws them.

The synchronization methods we have discussed are just a few examples. Each programming
language typically defines or adopts its own synchronization primitives and mechanisms, tailored
to its specific needs and design goals. Synchronization primitives provide different levels of
abstraction and flexibility, allowing programmers to choose the most appropriate method based

on the application’s concurrency requirements and design considerations.

A memory consistency model, or simply memory model, defines the rules and behaviors
of communication and synchronization operations between processes or threads. The best
known and most intuitive memory model, sequential consistency [20], is obtained by a sequential
execution of the operations of the various threads. This model is too strong for modern languages,
as it does not allow one to model many behaviors that can be observed on modern hardware due
to compiler and CPU optimizations. This gave origin to the weak or relared memory models.
In recent years, numerous weak memory models have been proposed for programming languages

[21], with trade-offs in terms of programmability and optimization potential.

Let us consider an example to understand the importance of memory models. Here is a
simplified version of Dekker’s Lock [22]:

r:=1 y:=1
rii=y ro =1
if rp =0 { if ro : =0 {
//eritical section //eritical section
} }

In this scenario, two threads compete to enter the critical section. Each thread sets one variable
(z or y) and then checks the other variable to determine if it is possible to enter the critical
section. The algorithm ensures that both threads cannot read the value 0 at the same time;
otherwise, both could enter the critical section, breaking the correctness of the algorithm. On
a multi-core system, we would expect to see one of the following results: [r; = 0,ry = 1],
[r1 = 1,70 = 0], or [r1 = 1,79 = 1], these results are sequentially consistent. However, not all
observable behavior on real concurrent systems is sequentially consistent. For example, if we
consider the C or Partial Store Order (PSO) 23] 24, 25] memory models, we may observe non-

sequentially consistent results like [r; = 0,72 = 0]. Such outcomes are called weak. Weak results
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appear due to compiler and CPU optimizations. In this case considering the left thread, storing
to z and loading from y are independent instructions and therefore they could be reordered.
Then, the outcome [r; = 0,79 = 0] is valid for the optimized program.

In summary, memory models define how threads and memory interact, detailing the possible
execution orders of memory actions [26]. They range from the strict sequential consistency to
various weak models like PSO, message passing and transactions, each offering different trade-offs
between programmability and optimization potential. Understanding these models is essential

when studying concurrent systems to gain a comprehensive and general understanding.

1.4 Contributions

Our goal is to explore causal consistent reversibility in programming languages based on shared
memory concurrency models. Reversibility in concurrent languages has focused on message-
passing, as we can see in RCCS [27], CCSK [28§], reversible 7 [29], reversible higher-order = [30],
and reversible Erlang [31], with reversible Klaim [32] being an exception that uses tuple spaces.

Initially, we focused on reversible Erlang [31] because it allows us to investigate the shared
memory model based on maps. This model includes both classic operations like reading, writing,
and deletion, as well as less standard operations such as reading the entire memory. Extending
reversible Erlang helped us realize that making a language reversible is complex, especially when
non-standard memory models are used. Automatic methods (like [33]) for obtaining reversible
semantics do not always help, as they can capture more dependencies than we actually want,
as in the case of Erlang maps (and also in the case of simple read and write operations). This
ad-hoc extension worked for Erlang, but if we want to deal with different shared memory models,
we can hardly use this ad-hoc approach, as this method is not easy to generalize to other shared
memory models.

Given these challenges, we propose a more structured approach divided in two steps to
address reversibility in shared memory concurrency models.

We first present a framework (which is actually a meta-model) that can represent most
memory models as synchronous products of labeled transition systems (LTSs). This allows us to
study reversibility through this framework. This framework is inspired by Effinger’s framework
(unpublished work [34]), which we extended to consider three components (thread, memory and
scheduler) instead of two (thread and memory). This makes the framework more similar to a real
system architecture. Our framework is described using the synchronous product T ®@r M ®x S
of three LTSs, each representing a different component: thread semantics (1), which defines
the operational rules for the programming language; memory semantics (M), which manages
memory representation and manipulation; and scheduler semantics (S), which controls process
execution order and interactions. We categorize the labels of the LTSs into groups and define the
synchronization relation R to manage the interactions among these components. This framework
enables us to describe several specific memory models, including sequential consistency, write
buffer (PSO), and transactional memory models, and to demonstrate their bi-similarity with
the corresponding models described in the literature.

In the second part we present a new compositional theory for making a product of LTSs
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reversible, demonstrating that, given some properties of the individual LTSs, the synchronous
product of these LTSs achieves causal consistency. We use an example to illustrate that our
approach captures the desired dependencies, while the automatic method also introduces some
unwanted dependencies. First, we introduce a monolithic LTS with a sequential consistency
memory model and apply the automatic method described in [33] to make this model reversible.
Then, we consider the sequential consistency memory model obtained through our framework
and apply our compositional theory to make it a reversible product. This comparison highlights
the advantages of our approach.

In conclusion, our work offers a modular framework for studying reversibility in shared
memory concurrency models and provides a robust, compositional theory for achieving causal
consistency in these systems. This approach not only generalizes across various memory models
but also addresses the limitations of ad-hoc methods, opening the way for further exploration

of reversibility in shared memory environments.

1.5 Outline

The thesis is structured in the following way:

Chapter Background. This chapter provides a description of the works on which the thesis
will be based. This chapter focuses on reversibility (more in general about reversible

computing) and about the formalization of memory models using operational semantics.

Chapter Reversibility in Erlang: Imperative constructs. In this chapter, we extend
CauDEr, a causal-consistent debugger for Erlang, by adding imperative primitives for
adding, deleting, and reading elements from a map, which can be seen as a form of
shared memory. Additionally, we show the difficulties of extending and proving Causal

Consistency in the system.

Chapter [4 A Meta-model for Memory Models. In this chapter, we describe our
approach to presenting an operational semantics that generalizes the descriptions of
memory models. We also present some instances of our framework and demonstrate the

bi-similarity with corresponding memory models presented in the literature.

Chapter A compositional theory of causal consistent reversibility. In this chapter,
we explore Causal Consistency in systems made of multiple components and propose two
approaches for establishing Causal Consistency in these systems. We then present an

example that shows the benefits of applying this theory.

Chapter [6f Conclusion and Future Works. In this chapter we discuss the perspectives of

future work and draw conclusions from our work.



Chapter 2
Background

In this chapter, we introduce the background and the works upon which this thesis is based.

We begin with a detailed description of CauDEr [5], a causal consistent debugger for Erlang,
in Section 2.1 The principles and methodologies from this work will be extended further in
Chapter

Following this, in Section we present the Effinger framework [34], which serves as the
basis for our own framework introduced in Chapter 4 The Effinger framework provides an
approach for describing shared memory concurrency models.

In Sections and we discuss two key works that are at the base of the theory developed
in Chapter [5] Section discusses the axiomatic approach to derive Causal Consistency from
specific properties [35]. Sectionintroduces an automatic method for reversing a programming
language [33], which we exploit in our exploration of reversible computation.

This chapter provides the basis for the contributions of subsequent chapters, providing the

context and theoretical foundations necessary for our research.

2.1 CauDEr: a Causal-consistent Debugger for Erlang

The idea of a causal-consistent reversible debugger was introduced in [36]. Such a debugger
allows one to explore a concurrent execution backwards, starting from a visible misbehavior, to
identify the bug responsible for it. E.g., if the misbehavior is a wrong value of some variable
X, one can look for the assignment that stored that value in X. If an assignment takes a value
from some message M, one can look for the send of that message M, which originates possibly
in another process. In general, one can define a rollback operator [37], which allows one to undo
a target action far in the past, including all and only its consequences, which are possibly spread
among multiple processes. Also, given a log of a concurrent execution one would like to replay
a selected action, including all and only its causes. This is called a causal-consistent replay [38].
E.g., if the action is the misbehavior, this will replay the shortest computation showcasing it.
Causal-consistent replay can be seen as dual of causal-consistent rollback.

In this Section we introduce the CauDEr debugger [5], described in [39, 40, [4T}, [38], a reversible
debugger for the functional, concurrent and distributed fragment of the Erlang programming
language [I5]. CauDEr implements also the causal-consistent rollback and the causal-consistent

replay. The rollback operator [37] allows one to undo a target action far in the past, including

7
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program = mody ... mody,
mod fun_def; ... fun_def,
fun__def fun_rule{"y fun_rule})
fun_rule = Atom fun

fun = ([exprs]) [when expr] — exprs
exprs == expr {') expr}
expr = atomic | Var | "{'[exprs|'} | '[[exprs|exprs]') | if if _clauses end
| case expr of cr_clauses end | receive cr _clauses end | expr | expr
| pattern = expr | [Mod:]expr([exprs]) | fun _expr | Opexprs
atomic = Atom | Char | Float | Integer | String
if _clauses = expr — exprs {'; expr — exprs}
cr_clause ::= pattern [when expr] — exprs {'; pattern [when expr] — exprs}
fun_expr == fun fun {'; fun} end
patterns = pattern {') pattern}
pattern = atomic | Var | '{[patterns]'}’ | '[[patterns|pattern]’]

Figure 2.1: Language syntax

all and only its consequences, which are possibly spread among multiple processes. Given a log
of a concurrent execution one would like to replay a selected action, including all and only its
causes. This is the causal-consistent replay [38]. E.g., if the action is the misbehavior, this will
replay the shortest computation showcasing it. Causal-consistent replay can be seen as dual of

causal-consistent rollback.

2.1.1 The Language Syntax

Erlang is a functional, concurrent and distributed programming language based on the actor
paradigm [I4] (concurrency based on asynchronous message-passing).

The syntax of the language is shown in Fig. 2.I] A program is a collection of module
definitions, a module is a collection of function definitions, a function is a mapping between the
function name and the function expression. An expression can be a variable, an atom, a list, a
tuple, a call to a function, a case expression, an if expression, or a pattern matching equation.
We distinguish expressions and patterns. Here, patterns are built from atomic values, variables,
tuples and lists. When we have a case expr of cr_clauses end expression we first evaluate expr
to a value, say v, then we search for a clause that matches v and such that the guard when expr
is satisfied. If one is found then the case construct evaluates to the clause expression. The
if expression is very similar to the evaluation of the case expression just described. Pattern
matching is written as pattern = expr. Then, expri ! expro allows a process to send a
message to another one. Expression expr; must evaluate to a pid and expro evaluates to the
message payload, indicated with v. The whole function evaluates to v and, as a side-effect, the
message will be sent to the target process. The complementary operation of message sending is
receive cr_clauses end. This construct takes a message targeting the process that matches one
of the clauses. If no message is found then the process suspends.

Erlang includes a number of built-in functions (BIFs).

In [40], they only consider self, which returns the process identifier of the current process,
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and spawn, that creates a new process. BIFs supporting distribution are considered in [41]. For

a deeper discussion we refer to [40], 41].

2.1.2 Formal Semantics of Erlang

Here we describe the semantics of the language. We begin by providing the definitions of process

and system.

Definition 1 (Process). A process is a tuple (p,0, e, S), where p is the process pid, 0 is the process

environment, e is the expression under evaluation and S is the stack of process environments.

In the definition above, 8 is a substitution, namely a mapping from variables to values.
Given a substitution 6, Dom(f) = {X € Var | X # 0(X)} is its domain. Substitutions are
usually denoted by (finite) sets of bindings like, e.g., {X1 — v1,..., X, — v,}. Substitutions
are extended to morphisms from expressions to expressions in the natural way. The identity
substitution is denoted by id. Composition of substitutions is denoted by juxtaposition, i.e.,
06’ denotes a substitution 6” such that 6”(X) = #'(6(X)) for all X € Var. Stack S is used
to store away the process state to start a sub-computation of the expression under evaluation
and then to restore it, once the sub-computation ends. This mechanism is needed to avoid the
production of illegal or unwanted Erlang expressions. We refer to [40] for a discussion on why
it is needed. Elements of S are either evaluation contexts C| |, namely expressions with a hole,
or pairs composed of an environment and an evaluation context. We denote as el : S a stack

with el as first element and S as rest of the stack.

Definition 2 (System). A system is a tuple T';II. The global mailbox, T', is a set of messages
of the form (sender pid,receiver pid, payload). Given a global mailbox I' we indicate a new
mailboz including also (p,p’,m) by TU{(p,p’,m)}. The pool of running processes, 11, is denoted

by an expression of the form

<p1,91,€1,51>‘ ‘ <pn,9n,6n,5n>

where ”|” is an associative and commutative parallel operator.

The semantics in [40] is defined in a modular way, similarly to the ones presented in [39} [41]:
there is a semantics for the expression level and one for the system level. This approach simplifies
the design of the reversible semantics since only the system one needs to be made reversible.
The expression semantics is defined as a labeled transition relation, where the label describes
side-effects (e.g., creation of a message) or requests of information to the system level. In the
latter case, the label contains the symbol k, which is a placeholder for the result of the evaluation,
and is not known at the expression level. The system rules will replace x with the correct value.

The semantics is a classical call-by-value semantics for a higher-order language. The labels

used in the expression semantics are:
e 7, denoting the evaluation of a (sequential) expression without side-effects;

e send(v1,v2), requiring the sending of a message, where v; and ve represent the pid of the

sender and the value of the message respectively;



10 Chapter 2. Background

VAR =
6,CIX],5 5 6,C[0(X)], S

v eval guard(gi10,...,g.0) =1
0,Clif g1 — e1;...;9n — enend,S 5 0,e,C] |:8

I

match _case(0,v,cli,...,cln) = (0;,¢€;)

CASE =
0,C[case v of cly;...;cl, end], S — 00;,e;,C[ ]: S

SEQ1 — SEQ2 =
0,Clv,e], S — 6,Cle], S 0,v,C[_]: 8 —6,C[v],S
match(patd,v) = o

MarcH —
6, Clpat = v], S — 0o,C[v], S

eval(op,v1,...,vn) =v

p
0,Clop (v1,...,v,)],8 = 0,C[v],S

Fun1l

0,Clfunfuni;...; funmend], S = 0, C[(0, funfuni;...; funmend)], S

def(f/n,Pwmod) = funfuni;...; fun,end

Fun2 =
0,C[Mod : f(vi,...,vn)],S = o,(0,funfuni;...; funmend)(v1,...,vn),S

match_fun((v1,...,vn), (¢, funfuni;...; funm,end)) = (o, e)
0,C[{0", funfuni;...; funmend)(vi,...,v,)], 8 = a,e,(0,C[ ]): S

CALL

RETURN

a,0,0,C ) :S 5 60,Cv], S

Figure 2.2: Semantics of sequential expressions

e rec(k, cl,,), requiring to receive a message matching one of the n clauses cl,, (we use overline
to denote tuples) of a receive expression; at the system level, the expresssion of the matching

clause will replace x;

e spawn(k, exprs), requiring to spawn a process to execute the expression exprs. At the

system level, x will be replaced by the pid of the spawned process.

We divide the rules of the expression level semantics in two sets: the set of sequential
expressions, depicted in Fig. and the set of concurrent expressions, depicted in Fig. [2.3]

The rules for sequential expressions define the behavior of the constructs of the language
without side-effects, in fact we label all the transitions with 7, since we do not need to distinguish
them in the system semantics. Now we briefly describe these rules. Rule VAR evaluates a variable
by searching its value in the environment 6. A possibly empty evaluation context C is used to
find the redex in a larger term according to an eager semantics. Rule IF evaluates the guards of
a conditional using the auxiliary function eval guard, which returns the index of the first guard
that evaluates to true, then pushes the current context to the stack, to avoid giving rise to an
illegal expression if e; is a sequence. Rule CASE matches the argument of the case v against the
case clauses (possibly including guards) using the auxiliary function match case. It returns a
pair (6;,e;) with the matching substitution #; and the expression e; in the selected branch. As
before, the context is pushed to the stack. Rule SEQ1 removes the first value from a sequence;
in this way, it is possible to evaluate the following elements. Indeed, the result of the evaluation

of a sequence of expressions is the evaluation of the last element. When a single value is left,
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Figure 2.3: Semantics of concurrent expressions

rule SEQ2 recovers from the stack the context where the evaluation needs to be performed, if
any. Rule MATCH evaluates a pattern matching equation using auxiliary function match, which
returns the resulting substitution . The OP rule is used to evaluate arithmetic and relational
operators, using the auxiliary function eval. Rule FUN1 evaluates an anonymous function by
reducing it to a closure. Rule FUN2 builds a closure from a named function and its parameters,
by joining the current environment and the function code Ppoq taken from its module. The
closure is immediately applied to parameters. Rule CALL evaluates a closure by moving the
current context and environment to the stack and then reducing the function body using the
auxiliary function match fun. This function takes as arguments the parameters of the function
call as well as a closure. Rule RETURN recovers the context and environment from the stack
once the function body is reduced to a value.

Fig. shows the semantics of concurrent expressions. The system semantics will use the
labels from the expression level to execute the associated side-effect or to provide the necessary
information.

Rule SEND, used to send a message to a process, reduces the expression vilve to vo. The
side-effect, specified by the label send(vy,v2), is that the message vy is sent, i.e., the message
will be added to the global mailbox I' at the system level. Rule RECEIVE, used to receive a
message, returns a placeholder, k, since the resulting value of the receive expression is not known
at this level, since it depends on the global mailbox. Like before, we label the step with enough
information for rule RECEIVE at the system level to complete the reduction. Rules SPAWN1
and SPAWN2, used to spawn a process, return a placeholder, x, that will be bound to the pid
of the spawned process at the system level. Rules SPAWN1 deals with named functions and rule
SPAWN2 with anonymous ones. Rule SELF returns a placeholder, k, as well, that the system
rule SELF binds with the pid of the current process.

In Fig. we show the system rules. Rule SEQ is used for expressions without side-effects,
and lifts the corresponding step at the system level. We apply rule SEND when a process performs
a send and, as a side-effect, we update I' by adding the triplet (p,p’,m), where p is the pid of
the sender, p’ of the receiver and m is the sent message. Rule RECEIVE nondeterministically
selects from the global mailbox I' a message that matches one of the n clauses (thanks to

the auxiliary function matchrec). Then, it updates the process’ environment 6" with the new
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Figure 2.4: System semantics

variables introduced by the match (from 6;), replaces k with the corresponding expression e;,
and removes the message from I'. Rule SPAWN evaluates the spawn expression, it chooses a
fresh identifier p as the pid of the new process, replaces k with p and finally adds to II the new
process.

Finally, rule SELF is used for the self BIF, which evaluates to the current process pid.

2.1.3 Reversible Semantics

Two relations describe the reversible semantics: one computes forwards (—) and one backwards
(=—). The former extends the system semantics using a Landauer embedding [42], namely by
executing the process expression while tracking enough history information so to be able to
recover past states.

The backward relation proceeds in the opposite direction and allows us to undo an action,
namely recovering the previous state from the current one, by ensuring Causal Consistency.
Causal Consistency ensures that before undoing an action all its consequences have been undone.

Syntactically, every process is extended with a history, denoted with h, which stores the

information needed in the backward semantics to undo an action.

Definition 3 ((Reversible) process). A (reversible) process is a tuple (p,h,0,e,S), where p is
the process pid, h is the process history, 0 is the process environment, e is the expression under
evaluation and S is the stack of process environments. The process history is a stack of history

items.
The definition of a system needs to be updated accordingly.

Definition 4 ((Reversible) system). A (reversible) system is a tuple I';I1. The global mailbox T
is a set of messages of the form (sender pid,receiver pid,{payload, \}), where X\ is a unique

identifier. The pool of running reversible processes is denoted by 1.

In reversible systems, messages also carry unique identifiers, denoted with A, without which

messages with the same value could not be distinguished. This choice is discussed in [39].
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Figure 2.5: Forward reversible semantics

In Fig. 2.5 we show the forward reversible semantics, which extends the system semantics
(cf. Fig. [2.4) with history information. In the semantic rules (from now on) we highlight the

history in red.

The history is composed of history items, to distinguish the last rule executed by a process

and track the related information. The history items introduced in [40] are:

{r(0,¢e,8),send (0, e, S, {v,\}),rec(d,e,S,p,{v,\}), spawn(d, e, S, p),self(d,e,S)}

Each history item carries the information needed to undo the corresponding action. For rules

SEQ and SELF it is enough to save 0, e and S, so that they can be restored. For the other rules,

we must carry additional information, to allow one to check that every consequence has been

undone. These pieces of information are:
e for the send, the message sent {v, A}, to check that it is still available in T’

e for the receive, the message received {v, A} and the pid p of the process that sent it,

restore the message in I';

to

e for the spawn, the pid p of the spawned process, to ensure all its actions have been undone

so the spawned process can be removed.

Fig. depicts the uncontrolled backward semantics. The backward semantics restores

previous states of a process computation if all of the consequences of the target action have been

undone. Rules SEQ and SELF can always be applied since they never have consequences. We

apply rule SEND when a message is in I" because in this case we are sure that the receiver has

not taken it yet. Rule RECEIVE puts back a received message in the global mailbox I' and can

always be applied. Finally, rule SPAWN can be applied when the child p’ has an empty history,

since this means it has not taken any step yet.
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2.1.4 Rollback Semantics

Now we introduce a rollback semantics, which undoes the execution of a past action, selected by
the user of the debugger and possibly far in the past of the computation, by undoing all and only
its consequences in an automatic manner. Rollback is handy when debugging a faulty program
to follow causal links backwards from a misbehavior to its causes. We describe the approach
following [40, 4T, 38].

A rollback is formalized as a sequence of steps derived using the backward semantics, driven
by the target action we want to undo. We denote a system in the rollback mode with [[ST|y, 1,
where we want to start a backward derivation to undo the action 1 performed by the process p;
to do so we want to undo all and only the actions that depend on .

More generally, we consider systems [[S]]y,, where ¥ is the sequence of undo requests that
need to be satisfied; ¥ can be seen as a stack where the first element is the most recent request
and once the stack is empty the action selected by the user has been undone. Stack elements

{p, ¥} can require to undo the following actions:

e {p,s}: the last action of the process p;

{p,rec(A\)}: the receive of the message uniquely identified by A;

{p,send(A\)}: the send of the message uniquely identified by A;

{p,spawn(p’)}: the spawn of process p';

{p,sp}: the action of the process p up to the point immediately after its creation.
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Figure 2.8: Rollback semantics

Note that all rollback requests are satisfied by a unique action in the past execution, thanks
to the use of unique identifiers for processes and messages. This ensures that requests from the
user are not ambiguous.

The requests satisfied by a transition are highlighting in the extended backwards semantic
show in Fig. , where in a transition s =, ¢/ s1 where ¥ is the set of the requests that the
transition satisfy.

Fig. 2.8 depicts the rollback semantics, whose steps execute selected transitions of the
underlying backward semantics. Rules U-AcT and U-SATISFY both lift single steps of the
backward semantics. In the former, the topmost request {p,?} is not satisfied (meaning that
the last action performed by p is not the one we are looking for and we need to dig deeper in its
history), hence it remains pending. In the latter, the request is satisfied hence it is removed. The
REQUEST-SEND rule is used to add a request to undo the receiving of a message whose sending
we want to undo, while the REQUEST-SPAWN rule is used to undo the actions of a process whose
spawning we want to undo. Rule SATISFY-SPAWN is fired when a process has reached its initial
state (with an empty history), and the request {p,sp} can be removed. In this last case, the
process p will actually be removed from the system when a request of the form {p’, spawn(p)} is

on top of the stack.

2.1.5 Replay Semantics

Previously we already argued that reversibility is an effective technique to debug programs,
nonetheless, it may still be difficult to (re)create faulty executions. A bug can arise at any point
in time, possibly very late in a program execution, hence reproducing it manually would be time
consuming. Even worse, the occurrence of some bugs, known as Heisenbugs [43|, depends on
the outcome of some races in the program, hence they show up only for some results of these
races. Reproducing the same computation is difficult and error-prone, since each wrong choice
would require to go back and try another possible execution.

Ideally, one would like to be able to log a program execution showcasing a bug and then
debug it by analyzing the logged computation. The log is useful for two reasons: first, once the
faulty behavior is captured one can always reproduce it; second, once the bug has been solved
one can re-try the same execution (provided that the concurrency structure of the code has not

changed) to ensure that the problem has really been removed.
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Figure 2.9: Forward semantics with logs and histories: the standard primitives

To tackle this problem, we now introduce a logging semantics that creates a log from the
execution of a given program and a causal-consistent replay semantics that replays an execution
following the log. Similarly to the backward semantics, the causal-consistent replay semantics
does not oblige the user to replay the execution following the same temporal order as the original
one, but only to follow a causal-equivalent execution.

Relation <, , defines the logging semantics, which decorates the standard semantics with
subscripts ,, ¢, denoting that item ¢ needs to be stored in the log of process p, as described below.

The rules for standard primitives can be obtained from the ones in Fig. by adding
subscripts ,, ; where p is the process executing the action and ¢ is send()), rec()), spawn(p’),
seq, and self for rules SEND, RECEIVE, SPAWN, SEQ, and SELF, respectively. See [38] for more
details.

Definition 5 (Log). A log is a (finite) sequence of events (¢1,0a,...) where each {; is either
send(\), rec()), spawn(p), with A a message identifier and p a pid. Logs are ranged over by w.
Given a derivation d = (S0 —p,.6, S1 ports -+ pnitn Sn), 1 > 0, under the logging semantics,

the log associated to a pid p in d, in symbols L(d,p), is inductively defined as follows:

0 ifn=0
L(d,p) = b1+ L(s1 =* sp,p) ifn >0, py =p and {1 € {seq,self}

L(s1 =" sn,p) otherwise

The log of d, written L(d), is defined as L(d) = {(p, L(d,p)) | p occurs in d}. We sometimes call
L(d) the global log of d to avoid confusion with L(d,p). Note that L(d,p) = w if (p,w) € L(d)
and L(d,p) = () otherwise.

Now we can present the forward and backward semantics of Section to be driven by a
log. The rules of the forward semantics with logs and histories are depicted in Fig.[2.9] Processes
in the forward semantics with logs and histories now have the generic shape (p,w, h, 8, e, S), and
the same for the corresponding backward semantics.

The forward semantics with logs and histories makes sure that the causal order of the
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execution present in the log is respected.

The forward semantics with logs and histories is paired with a backward semantics with logs
and histories which consumes histories and recreates the log. It coincides with the backward

semantics, but for the addition of logs. We refer to [38] for the semantics.

Formally, a system in replay mode is denoted as || S]] (p.}> Where {p, 1} is the request for a
process p to perform 1. The replay requests {p, 1} are analogous to the ones we presented in
Section 2.1.4] for rollback.

Similarly to rollback, we write ||S||y where U is the sequence of requests that need to be
satisfied to redo the desired action; ¥ can be seen as a stack where the first element is the first
request that will be satisfied by the replay semantics and once the stack is empty the required
action has been redone. If the first request cannot be satisfied, then it means that some causes
have not been replayed yet, so new requests, aimed at replaying these causes, will be pushed on
top of the stack.

Fig. depicts the replay semantics, built on top of the forward semantics with logs and
histories. Rules U-SATISFY and U-ACT are analogous to the corresponding ones in the rollback
semantics. The first one applies when the executed forward step satisfies the request on top of
the stack, which is thus removed. The second one applies when the target process can execute
an action, but it will not satisfy any request. This means that the target action is in the future
of the process. Rule SPAWN has no counterpart in the rollback semantics. It is fired when the
process p that needs to do the target action is not in II, that is p has yet to be spawned. Hence,
we add a request for the parent of p, say p’, to spawn it. We use the auxiliary function parent to
compute p’ from the logs of the derivation. More precisely, parent(L£(d),p) = p’ iff the history
item spawning p occurs in £(d,p’). Notably, p’ may also not be in II (hence we need to look
for it in the global log £(d)), such a case will be dealt with by recursive applications of rule
SPAWN. Rule REQUEST-REC is applied when the target process cannot execute (indicated by
#prw) because the message A has not yet been sent. The the request {p’, spawn(p’)} is adding
to the list of the request, we use the auxiliary functions sender(\) to identify the sender p’ of a
message .

One could base the rollback on the backward semantics with logs and histories, thus re-
creating logs while going backwards using rollback. This can be obtained by using in the premises
of the rules of the rollback semantics the backward semantics with logs and histories instead of

the backward semantics.
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Figure 2.11: MemModel’s generic system model

2.2 Modular Meta-theory for Memory Consistency Models

In this section, we describe the MemModel framework, as outlined in [34], used for formalizing
shared-memory programming languages with relaxed memory consistency models.

The core idea of this framework is to divide the semantics of a shared-memory system into
two parts: the language semantics, which describes the syntax and semantics of the program,
and the memory model, which describes the syntax and semantics of the heap.

The language semantics is represented as:
PP

where P represents the pool of threads, each identified by an identifier 8. The label p, called

program effects, corresponds to the actions that a thread can perform.

The heap semantics is represented as:

HMH
where H represents the heap. The label h, called heap effects, corresponds to the actions that
the heap can perform.

We can now present the system semantics depicted in Fig. 2.11], which merges the language
and heap semantics into a complete system model. Rule MUTUAL is applied when a thread 0
performs an action a that is visible to both the program and the heap; the step’s effect is the
pair (0,a). If a step by thread 6 has no effect on the heap, the step’s effect is (6, pure) and the
system uses rule PROGRAM. The third type of effect is the empty effect €, corresponding to
steps taken by the heap that are invisible to the program; in this case, rule HEAP is used.

We refer to [34] for a deeper discussion of the framework and its properties. In Sections
and we present two examples of memory models described in [34].

In both examples, they consider a language with locks, where the possible operations that a
thread may perform include: allocating a location r with initial value v; reading value v from
location 7; writing value v to location 7; spawning a new thread with ID 6; acquiring a lock [;
and releasing a lock [, described in Section

A generic map type is used throughout the examples. Let M : k = v denote a map M from
keys k to values v. The empty map is represented by [ ]. A default value vy for all keys can be
set with [* — vp]. The value stored for key k in map M (if any) is denoted by M (k). To update
map M to hold value v for key k, we use M[k — v]. To remove the mapping for key k (if any)
from map M, we use M;. The domain of a map M is dom(M).
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2.2.1 Language Semantics
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Optional spawn e == -|e|ee
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Figure 2.12: Language syntax
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Figure 2.13: Expression Semantics

We consider a lambda calculus that includes threads, references, and locks. We present the

language syntax in Figure 2.12] and Figure [2.13]shows the expression semantics.

The language (Fig. is defined using expressions e, which include the empty expression,
memory cells (r), locks (1), lambda abstractions, variables (z), function applications (e e),
reference creations (ref(e)), dereferencing (le), assignments (e := e), thread creations (spawn(e)),
lock acquisitions (acq(e)), and lock releases (rel(e)). Values v can be empty values, reference

values, locks, and lambda abstractions.

The language semantics (Fig. is delineated by a transition system showing the possible
transitions. Rule BETA shows the evaluation of a lambda expression applied to an argument.
Rule REF depicts reference creation, initializing a new reference cell with a given value. Rule
READ represents reading from a reference cell, returning the stored value. Rule WRITE allows to
modify a reference cell, replacing its current value with a new one. Rule ACQUIRE models lock
acquisition on a shared resource, potentially blocking the current thread until the lock becomes
available. Rule RELEASE models releasing a lock on a shared resource, making it available for
other threads. Rule SPAWN shows the creation of a new thread. Rules ApP1 and APP2 model
the evaluation of an expression in a function application.

In Fig. we show the program semantics used by the model, where rule PRGMSTEP
explains the evaluation of an action, different from the spawn, and rule PRGMSPAWN creates a

new thread with a new identifier &'.
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PRGMSTEP PRGMSPAWN
« 0/
P@)=e e—=¢€;- P@O)=e 0 ¢dom(P) e ) ¢
P Plf — €] p =) PO ][0 €]

a = pure, ref(r,v), rd(r,v), wr(r,v),acq(l), rel(l)

Figure 2.14: Threads Semantics

2.2.2 Sequential Consistency Memory Model

In this section we present the concept of sequential consistency memory model, which guarantees
global interleaving of memory operations consistent with each thread’s program semantics. Fig.
depicts the semantics of the sequential-consistent heap and it is formed by two components:
a store and a lock map, where store is a map from locations to values and a lock map is a map
from locks to thread IDs. The ALLOC rule is used to create a new location in the store, the
READ rule retrieves the value of an existing element in the store, the WRITE rule modifies the
value of an existing element in the store, the ACQUIRE rule is used by a thread to acquire an

available lock, and the RELEASE rule is used to release a lock.

ALLOC READ W
r ¢ dom(o) o(r)=v RITE
(0;0) LD s o L) (050) ZN (oin) (o5 ) PO (o s )i 1)
ACQUIRE RELEASE g
1 ¢ dom(L) L) =0 PAWN
(0:0) 229 i) (L) Z M (oiny) (o50) B2 (i

Figure 2.15: Sequential consistency semantics

We refer to [34] for a deeper discussion.

2.2.3 Write Buffer Memory Model

The second memory model presented is the write-buffering model, which implements the Partial
Store Order (PSO) memory model [23]. This model relaxes the write/read and write/write
program orders, allowing writes to be delayed such that they may actually commit after reads
or writes to other locations by the same thread.

Fig. depicts the heap semantics of the write-buffering memory models, and is formed
by three components: a store, a lock map and a buffer, where the store and the lock map are
the same of the causal consistent memory model while buffers are maps from thread ID /location

pairs to lists of values:

Queues q ::= - | ¢q,v

Buffers B : (8,7) = ¢
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ALLoC READM
r ¢ dom(o) o(r)=wv B0,r) =-
(03 B; L) LD (51 s o); B 1) (o3 B; 1) L0 (5B 1)
READB WRITE
B(0,r) =q,v B8,r)=q
(0:B; 1) N (0B 1) (0: ;1) "L (62 B[(6,7) 5 ¢,0]: L)
COMMIT ACQUIRE
B(0,r) =v,q I ¢ dom(L)
(03 B; L) = (olr — v}; B[(6,7) = q]; L) (o:B; L) (B2ca®), (o3 B; L[l — 6])
RELEASE SPAWN
L(l)=6 Vvr.B#,r)="- Vr.B(0,r) = -
(o; B; 1) 2ON (03 B; Lyy) (0;B;L) LN (0;B;L)

Figure 2.16: Write-buffering semantics

Rules ALLOC and ACQUIRE are the same of the sequential consistent memory model. The
READ rule has been split into two parts. Rule READB states that if the thread has values
buffered for that location, the value returned by the read is the most recently buffered value. If
the thread’s buffer for that location is empty, it sees the store’s current value for that location
(READM). Rule WRITE buffers the value in the appropriate queue, without updating the global
store. Rule CoMMIT, which is an empty transition (seen only by the heap semantics), commits
the oldest value for a thread ID /location pair by updating the store. The RELEASE and SPAWN
forcing the heap to commit any buffered values for the thread before proceeding.

We refer to [34] for a deeper discussion.

2.3 Reversibility and its Properties

We introduce the approach to reversibility introduced in [35]. To study reversibility of
programming languages in a setting as general as possible, we start from the notion of labeled
transition system with Independence (LTSI). We define first labeled transition systems (LTSs).

For these definitions we follow the notation used in [35].

Definition 6 (Labeled transition systems). A labeled transition system (LTS) is a tuple
(S, A, —) where:

e S is a set of states,
e A is a set of labels,
o — the labeled transition relation, is a subset of S x A x §.

We say that there is a transition from state p to state g with label ¢ if (p, ¢, q) €— and we
denote it with p 4 q.
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Definition 7 (LTS with Independence). We say that (S, A, —,t) is a LTS with Independence

(LTSI) if (S, A\, —) is a LTS and v is an irreflexive symmetric binary relation on transitions.

In many scenarios, the idea of independence aligns with concurrency, however this correlation
is not absolute. While concurrency suggests that transitions are independent because they occur
in distinct processes, it is important to note that transitions within the same process can also
be independent. The relation of independence ¢ is represented as a set of pairs of transitions.
Wewritep£1—>p’Lq£2—>q/iﬁ"(p£1—>p’,q£2—>q’)GL.

When defining a reversible causal-consistent semantics, the initial step is to define the
backward semantics. This entails specifying how the system can revert from a given state
to a previous state, undoing the effects of previous operations. Then we need to introduce
the concept of a reversible LTS, which represents a labeled transition system that can execute

transitions in backward direction.

Definition 8. Given a LTS (S, A, —), let the reverse LTS be (S, A, ~) where p EAN q iff q 4 p.
It is convenient to combine the two LTSs (forward and reverse) and define the combined LTS to

be (S, A, — U ~).

We, now, explore the fundamental properties that characterize reversibility according to
[35]: Loop Lemma, Square property, Backward Transitions are Independent, Well-Foundedness,
Causal equivalence and Causal consistency.

In order to present these properties, we need to introduce some notation, we indicate with
t:p EN p' a forward transition ¢ from p to p’ with a label ¢, and with ¢ : p’ ~% p the inverse of t.
Notably, we have t = ¢. Two transitions are co-initial if they start from the same state, co-final
if they end in the same state. We define a computation (or trace) as a sequence of consecutive
transitions. The empty computation is denoted by e. We use d to range over computations. We

define the inverse of a computation inductively as follows d t =t d.

Definition 9 (Loop Lemma). Given a combined LTS L we say that L satisfies the Loop Lemma
if whenever p EN o if and only if p' % p.

This first property that we have presented, called Loop Lemma, states that each transition

can be undone.

Definition 10 (Square Property (SP)). Given a combined LTSI L we say that L satisfies the
Square Property if whenevert : p 4, P, U:D b, po with t v w then there are co-final transitions

u’:p1£2—>p3 andt’:pgﬁbpg

Intuitively, Square Property shows that independent transitions can be executed in any order.

It can be seen as a safety check on the notion of independence.

Definition 11 (Backward Transitions are Independent (BTI)). Given a combined LTSI L we
say that L satisfies Backward Transitions are Independent if whenevert : p A qandt' :p SN q,
t £t then tut'.

Intuitively, BTI corresponds to the observation that two backward transitions are always

independent.
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Definition 12 (Well-Foundedness (WF)). Given a combined LTS L we say that L satisfies
Well-Foundedness if in L there is no infinite reverse computation, i.e. we do not have p; (not

necessarily distinct) such that p;j+1 LN p; foralli=0,1,....
Intuitively, Well-Foundedness requires backward computations to be finite.

Definition 13 (Causal equivalence). Let ~ be the smallest equivalence on computations closed

under composition and satisfying:

1.(Swap) if t1 = (p 4, p1), ta = (p L, p2) are independent (t1 ¢ ta) and ts = (p1 L, D3),

ty = (p2 b, p3) then tits = toty;
2.(Delete) tt ~ e and tt ~ ¢

Intuitively, computations are causal equivalent if they only differ by swapping independent

transitions and by adding do-undo or undo-redo pairs of transitions.

Definition 14 (Causal Consistency). Given a combined LTSI L, we say that L is causal

consistent if for all the traces r and s co-initial and co-final then r ~ s.

Intuitively, if co-initial computations are co-final then they have the same causal information
and can reverse in the same ways: we want computations to reverse in the same ways iff they
are causal equivalent.

In [35] the authors introduce a systematic approach to reversible computation in concurrent
systems by defining a set of axioms and starting from them prove properties relenting with
reversibility. The key result of our interest is that given a LTS where the Loop Lemma, Square
property, Backward Transitions are Independent, and Well-Foundedness holds then it is causal

consistent.

2.4 Deriving Reversible Semantics

In this section we summarize the framework that automatically derive a causal-consistent
reversible semantics starting from a non-reversible one described in [33] and implemented in [44].
To apply the framework, the syntax must be divided into two levels: the lower level, composed

of the entities and without any restrictions, and the upper level, which must follow this structure:

S =P |opn(S1,...,S,) |0

where P is an entity of the lower level, op,(S1,...,S,) is any n-ary composition operator
of the lower level and 0 is the empty system. Among the operators we always assume a binary
parallel operator |.

In [33] — denotes the relation defining the reduction semantics taken in input. The semantics
taken in input needs to have the format described in Fig. where rules S-AcCT and S-OPN
are schemas and the semantics may contain any number of instances of them. Rule S-AcT
allows one to specify interactions between entities, and rule S-OPN describes the behaviour of
the composition operator of the lower level. Rule EQv exploits a structural congruence. Finally,

rule PAR is used to execute two systems in parallel, it is possible to see that it is an instance of
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A EQv
S-Act S=5 S—5 Si=5
P1||Pn>—>T[Q1,,Qm] S/>—>Si
S-OpPN PAr
S; — S S— 9
opn (S0, -+ Siy ..., Sn) — opn(So, ... S, ..., S) S| — 818

Figure 2.17: Required structure of the semantics in input; S- rules are schemas

F-S-Act
J1y- -+, Jm are fresh keys

Ki:Pr| o | bn Py —=>T1:Q1, -y Jm Q] [ [k P | Kt Poiji i1, jm : o)

F-S-OpN
R, —» R; (keys(R;) \ keys(Ri)) N (keys(Ro, LR, Ri_;,_l, S ,Rn))

opn(Ro, ... Riy...,Ry) = opn(Ro, ... R, ..., Ry)

Figure 2.18: Forward rules of the uncontrolled reversible semantics

S-OPN. This is possible since a binary parallel operator is always assumed. We refer to [33] for
more details about the rules, the syntax and the structure of the semantics taken in input.

In order to define the causal-consistent reversible extension of a given system, one first needs
to extend the forward semantics to keep track of past states. First, the syntax of systems is

updated as follows:

R:=k:P|opy,(R1,...,R,) | 0] [R;C]
C =Tk :01,...,5np: o]

In particular, it is possible see that the syntax has been updated with unique keys k to
distinguish identical entities, and with memories [R;C] used to keep track of the parts of the
system which have been changed by a computational step. R is the old configuration of the
system, and C'is a context that acts as link between R and the new configuration of the system.

The relation — defines the forward reversible semantics, and it is defined by the rules in
Fig. where the non-reversible reduction semantics is updated by decorating the entities
with keys and by adding a memory information on each performed step, that connect the old
configuration with the new one.

The backward relation is defined by ~», and the semantics is defined by the rules depicted
in Fig. Let us note that every forward rule has a symmetric backward one. A backward
rule can be fired if a memory p = [R; C] and the entities tagged with the keys in C' are available
in the current system, the backward step restores the old configuration R.

The reversible semantics obtained through this approach captures causal dependencies in
terms of resources produced and consumed. This because the memory each time entities are

rewritten create a causal link. Additionally, the reversible semantics derived from this framework
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B-S-Act
/.L:[Hlipl|"'|I{n:Pn;j1101,...’jm:.m]
T[jl:le"'vjm:Qm} |/LM%/€12P1|--"K%:PR

B-S-OpN

opn(Ro, ... R, ..., Ry) ~ opn(Ro, ... Riy..., Ry)

Figure 2.19: Backward rules of the uncontrolled reversible semantics

satisfies the properties of the Loop Lemma (see Def. @, Square Property (SP, see Def. ,
Backward Transition are Independent (BTI, see Def. [11]), and Well-Foundedness (WF, see

Def. .

We refer to [33] for the formal proofs of causal-consistency and of the other properties.






Chapter 3

Reversibility in Erlang: Imperative

Constructs

The CauDEr debugger [5], described in [39, 40, 4T, [38], applies these ideas to provide a reversible
debugger for the functional, concurrent and distributed fragment of the Erlang programming

language [15]. CauDEr implements both causal-consistent rollback and causal-consistent replay.

In this chapter, we extend CauDEr and its underlying theory, including rollback and replay,
by adding the support for some primitives that were not considered in the previous versions.
These primitives, namely register, unregister, whereis and registered, provide imperative
behaviors inside the Erlang language, whose core is functional. More precisely, they define a
map linking process identifiers (pids) to names. They make it possible to add (register), delete
(unregister) and read (whereis and registered) elements from the map. From the theoretical
point of view, supporting these primitives is not trivial since they introduce causal dependencies
that are different from those originating from the functional and concurrent fragment of Erlang
considered in [39] [31] 40, [38]. In particular, read actions commute, but do not commute with
add and delete actions. Such causal dependencies cannot be reliably represented in the general
approach to derive reversible semantics for a given language presented in [33] and implemented
in [44] because the approach in [33] considers a causal relation based on resources consumed
and produced only, and does not support read operations. Similar dependencies are considered
in [41] to model the set of nodes in an Erlang network, but this model does not include a delete
operation, while we consider one. Similar dependencies are also used in [32] to study operations
on shared tuple spaces in the framework of the coordination language Klaim [I9], however they
only access single tuples, while we also access multiple elements of the map at once or check
for the absence of a given element of the map. Also, their work, which is in the context of an

abstract calculus, has never been implemented and does not consider replay.

The Chapter is structured as follows. Section describes the state of the art. Section
introduces and describes the imperative primitives. In Section we extend the reversible
semantics of Erlang to support the imperative primitives mentioned above. In Section we
prove the main properties of the reversible semantics, in particular its causal-consistency. In
Sections and we describe, respectively, the extensions of causal-consistent rollback and

causal-consistent replay. Finally, in Section we outline our extension of CauDEr, and we put

27
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it at work on an example.

3.1 State of the Art

While we have discussed many related works, in particular work on reversibility in Erlang at
the beginning of the chapter, we mention here some additional related approaches. Indeed,
reversibility of imperative languages with concurrency has been considered, e.g., in [45] [46].
There, however, actions are undone (mostly) in reverse order of completion, hence their approach
does not fit causal-consistent reversibility. Generation of reversible code is also studied in the
area of parallel simulation, see, e.g., [47], but their reversed code is sequential, and concurrency
is added on top of it by the simulation algorithm. Also, this thread of research lacks theoretical
results.

Beyond CauDEr, the only reversible debugger for actor systems we are aware of is
Actoverse [48], which is for Akka-based applications. It provides many relevant features
complementary to ours, such as a partial-order graphical representation of message exchanges
that would nicely match our causal-consistent approach. On the other side, Actoverse has several
limitations. For instance, its facilities to replay bugs, such as message-oriented breakpoints to
force specific message interleavings and support for session replay, are more limited than our
causal-consistent replay. Furthermore, Actoverse allows one to explore only some states of the
computation, such as the ones corresponding to message sending and receiving.

Another interesting related work is [49], where an approach to record and replay for actor
languages is introduced. While we concentrate on the theory, they focus on low-level features:
dealing with 1/0, producing compact logs, etc. Actually, we could adopt some of the ideas in
[49] in order to produce more compact logs and thus reduce our instrumentation overhead.

Concerning our replay technique, previous replay in CauDEr was akin to replay techniques
for message passing systems, while our extension to deal with imperative primitives is closer to
approaches for shared memory systems. Our approach is currently working on single processors,
but it makes no use of such an assumption, indeed it could work as well on multiprocessors,
and it is closer to approaches used in multiprocessors. According to the taxonomy in a recent
survey [50], our approach is a complete record approach, that is it keeps enough information to
solve all the data races in the same way as in the original execution. The approaches in the
literature we are aware of consider accesses to memory, which has a different structure than our
map. However, the approaches closer to ours are the ones that instrument each single access to
the memory, as in PinPlay [51].

While, as discussed above, CauDEr supports replay, it provides little help to actually generate
and identify a trace producing a misbehavior. This may not be trivial since some misbehaviors
only occur under some specific interleavings. Tools such as QuickCheck [52] and detectEr [53]
allow one to isolate misbehaving traces which can then be analyzed inside CauDEr. One can
increase the likelihood of finding misbehaviors which depend on the scheduling by generating rare
schedulings using tools such as PULSE [54], which has been developed to find race conditions.
Notably, while race conditions are a relevant class of bugs which can be analyzed using CauDEr,

CauDEr is more general. E.g., the bug discussed in Section does not depend on any race
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condition. We remark that all the tools above target Erlang, making future integration a concrete

possibility.

3.2 Syntax of the Imperative Primitives

In our extension, atoms and pids are central. In Erlang, a pid can be associated to an atom.
Thus, one can refer to a process, e.g., when specifying the target of a send action, using the
associated atom instead of the pid (atom!expr). On the one hand, an atom is more meaningful
than a pid for a human. On the other hand, this allows one to decide which process plays a
given role. E.g., if a process crashes another one can be registered under the same atom so that
the replacement is transparent to other processes (provided that they use the atom to interact).
All pairs (atom,pid) form a map, shared among the processes of the same node (we consider
here a single node, we discuss in Section how to deal with multiple nodes).

Our extension is based on the syntax in Fig. but we add the following built-in functions
(BIFs):

e register/2 (where /2 denotes the arity): given an atom a and a pid p, it inserts the pair
{a,p) in the map and returns the atom true. If either the atom a or the pid p is already

registered, an exception is raised.

e unregister/1: given an atom a, it removes the (unique) pair (a,p) from the map and

returns true if the atom «a is found, it raises an exception otherwise.

e whereis/1: given an atom, it returns the associated pid if it exists, the atom undefined

otherwise.
e registered/0: it returns the list (possibly empty) of all the atoms in the map.

We remark that in this work we will not consider exception handling and propagation. We refer

to [33] for a preliminary account on exception management in reversible Erlang.

3.3 Reversible Erlang with Imperative Primitives

Table summarizes the semantics used, pointing out the corresponding arrow symbols and
referencing where each semantics is defined. This table can serve as a guide to the reader to

better understand the meaning and use of each symbol.

3.3.1 Standard Semantics of the Imperative Primitives

We now start extending the semantics of Erlang introduced in previous sections with support
for the imperative primitives. According to the official documentation [15], the imperative BIFs
discussed in Section are implemented in Erlang using request and reply signals between the
process and the manager of the map. However, the detailed behavior of such signals is not
specified in the Erlang documentation, and even less the interplay between different signals.
Thus, to simplify the modeling, we have opted to implement these BIFs as synchronous actions.

Intuitively, this choice does not alter the possible behaviors since the behavior visible to Erlang
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Semantics Arrow Reference
Expression semantics — Fig. 2.2 and (3.1
System semantics / Logging semantics — OT —pid,event Fig. |3.3| and |3.10
Forward reversible semantics — 0T —pid,rule,item Fig. 2.5 [3.2| and ?ﬂ
Backward reversible semantics ~— O ~—pid,rule,item Fig. 2.6} 13.5| and [3.6
Forward and backward reversible semantics = OF =pidrule,item (=— U )

Forward reversible semantics with logs and histories —» Fig.|3.11

Backward reversible semantics with logs and histories “ Fig.|3.12

Forward and backward rev. sem. with logs and histories | & (=— U «)

Rollback semantics o Fig. 3.7

Replay semantics s Fig. 3.13|

Table 3.1: Summary of the semantics used

users is determined by the order in which the request messages are processed at the manager.
This modeling choice is coherent with the outcomes of our tests on the Erlang implementation.

We begin by providing the updated definition of a system (the definition of a process is
unchanged).

Definition 15 (System). A system is a tuple T';II; M. The global mailbox T' and the pool of
running reversible processes I1 are as in Definition [3 The map M is a set of registered pairs
of atom-pid of the form {{(ai,p1);...;{an,pn)}, where a; are atoms and p; are pids. Given

an atom a, M, is the set {(a1,p1)|[(a1,p1) € M and a = ai}; given a pid p, M, is the set
{{a1,p1)[{a1,p1) €M and p =p1}.

Sets M, and M,, contain at most one element because they contain the tuples in M with,
respectively, atom a and pid p, and in the map two elements can never have the same atom or
pid.

We extend the semantics to deal with maps, hence we still have one level for expressions (—)
and one for systems (—).

To simplify the presentation w.r.t. [40], in Fig. we extend rule OP from Fig. to deal
also with built-in functions. To this end, we extend the operator eval to produce also the label

for functions with side-effects. We define eval on them as:
e eval(self) = (k,self(k));
e eval(spawn, fun() — exprs end) = (k, spawn(k, exprs));
e eval(spawn, mod, f, [U,]) = (k,spawn(k, mod : f(0,)));
e eval(register, atom, pid) = (k, register(k, atom, pid));
e eval(unregister, atom) = (k, unregister(k, atom));
e eval(whereis, atom) = (k, whereis(k, atom));
e eval(registered) = (k, registered(k)).

On sequential expressions eval returns (v, 7), with v the result of the evaluation.
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eval(op,v1,...,v,) = (v, label)

0,Clop (vi,...,v,)],S “2% 0, Clv), S

or

Figure 3.1: Semantics of function application, revised

send(p’ v . . .
0,¢e,S send®lv), gy ,e', 8" \is a fresh identifier

i (p,h,0,e,8) | II;M — T U{(p,p,{v,\})}; (p,send(0, e, S, {v,\}):h,0 €, S")|I;M

SEND

Figure 3.2: Forward reversible semantics: sample rule

Thanks to our extension, rule OP in Fig. covers all function invocations, including BIFs
with side effects, while in [39, 40] each such BIF requires a dedicated rule (like in Fig. [2.3).
Furthermore, new BIFs with side effects can be added without changing the expression level, by
defining the function eval so to produce the label and the expected output on the new BIFs.

The rules of the expression level are as in Fig. 2.2 and [2.3] but for replacing the OP rule
in Fig. with the OP rule in Fig.[3.1] Thanks to this change, in Fig. we do not need to
consider rules SPAWN1, SPAWN2, and SELF because they are subsumed by the OP rule.

We now discuss the standard and the reversible semantics of the system level extended with
imperative primitives. According to Definition all systems now include the map, where we
store all the registered pairs atom-pid. We highlight in blue the components of the rules related
to the map.

Beyond adding the rules for the imperative primitives, we need to extend all the rules of the
system level in Fig. to include the map. The map has no effect on such rules, hence we just
show in Fig. below how rule SEND is extended. The extension of the other rules is analogous.

Fig. [3:3] shows the rules defining the standard semantics of the system level of the imperative
BIFs. The rules are divided into write rules (above the line), which modify the map, and read
rules (below the line), that only read it. This has an impact on their concurrent behavior, as
described later on.

Rule REGISTERS defines the success case of the register BIF, which adds the tuple (a,p)
to the map. The register fails either when the atom a or the pid p’ are already used, or when
the pid p’ refers to a dead process (this is checked by predicate isAlive, decribed below). The
failing behavior is described by rule REGISTERF. Similarly, for the unregister, the success case
corresponds to rule UNREGISTERS, which removes from the map the (unique) pair atom-pid
for a given atom a. The failure case, when there is no pid registered under the atom a,
corresponds to rule UNREGISTERF. Both failure cases replace the current expression with e
and the current stack with []. This denotes an uncaught exception (in this chapter we do not
consider exception handling, see [33] for a reversible semantics of Erlang supporting it, but not
imperative primitives). The predicate isAlive takes a pid p and the pool of running processes
and controls that the process with pid p is alive ((p, 6, e, S) with e # L).

Rules SENDS and SENDF define the behavior of send actions when the receiver is identified
with an atom a. The former is fired when the atom a is registered in the map, which results

in adding the triplet (p,p’,m) to I'. In the triplet, p is the pid of the sender, p’ is the pid of
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Li(p,0,e,S) [IEM < T'U{(p,p/,v)}; (p,0',€,5) | 1I;M
send(a,v)
f,e,S ——>0,¢,8 M,=0
SENDF

[;(p,0,e,S) | ITI;M — T';(p,0,¢,[]) | II;M

f,e, S

whereis(k,a)

o' ¢, S M, = {(a,p)}

WHEREIS1

L5 (p,0,e,S) | IEM — T (p, 0/, ¢'{x — p'},5") | TI; M

whereis(k,a)

0,e,S o', ¢, S M, =10

WHEREIS2

s (p,0,e,S) | II;M — T'; (p, 0, e’{r — undefined}, S") | II; M

i d
REGISTERED 0,e,S registered(r), 0,e, S registered(M) = atoms
I;(p,0,e,5) | I;M < T'; (p, 0, e'{k — atoms}, S") | II; M
END eis avalue Ve =c¢ M, =0

L (p,0,e,[]) | ILM < T (p,0, L,[]) | Iz M

Figure 3.3: System semantics of the imperative primitives
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the receiver (obtained by searching the atom a in the map) and m is the message. Rule SENDF
instead is fired when the atom a is not registered in the map, resulting in an uncaught exception.

Rules WHEREIS1, WHEREIS2 and REGISTERED define the behavior of the respective
primitives; these rules read M without modifying it. Rule REGISTERED uses the auxiliary
function registered. We define it as: registered(M) = [a1,...,a,] if M = {{a1,p1), ..., {(an,pn)}

Finally, we have two rules dealing with process termination. If the pid p of the process is not
registered in the map, rule END changes the expression to 1, denoting a terminated process.
Otherwise, rule ENDUN applies, additionally removing the pid from the map. Note that the two
rules could be merged in a single rule; we keep them separate since their causal behavior and

their reversible semantics differ. This will be clarified in the following.

3.3.2 Reversible Semantics of the Imperative Primitives

The definition of the forward semantics poses a number of challenges, due to the need of
balancing two conflicting requirements when defining the history information to be stored. On
the one hand, we need to keep enough information to be able to define a corresponding backward
semantics. This requires to understand when all the consequences of an action have been undone,
and to restore the state prior to its execution. On the other hand, we need to avoid storing
information allowing one to distinguish computations obtained by only swapping independent
actions. This would invalidate the Square Property (Lemma [2| in Section , as we will
discuss in Example 5] We first extend the definition of a system.

Definition 16 ((Reversible) system). A (reversible) system is a tuple T';II; M.  The global
mailbox T and the pool of running reversible processes Il are as in Definition[]. Each element
of the map M is a quadruple {a,p,t,s) where a and p are as in Definition t is the unique
identifier for the quadruple and s can be either T or L.

From now on, when discussing systems, we will implicitly refer to reversible ones, unless
otherwise specified. Unique identifiers ¢ are used to distinguish identical tuples registered in the
map at different times. For example, if we have two successful pairs of register and unregister
operations of the same tuple (a,p) of the map, without a unique identifier we would not know
which unregister operation is connected to which register. This information is relevant since each
instance of (a,p) generates a causal link between a register and the corresponding unregister.
This justification is similar to the one for unique identifiers A for messages, discussed in [31].
Notice that even if a map can contain at most one pair (a, p), identical elements can exist in the
map at different times, as discussed above.

Tuples of the map whose last field is T match the ones in the standard semantics, we call
them alive tuples. Those with L are ghost tuples, namely previously alive tuples that have been
removed from the map as a result of a past forward action. We will clarify in Example [2] why
they are needed.

Given an atom a, M is the set {{a1,p1,t1, L)[{a1,p1,t1, L) € M and a; = a}; similarly,
given a pid p, MP = {{ay,p1,t1, L)|[{a1,p1,t1, L) € M and p; = p}. Dually, from now on, sets
M, and M, include only alive tuples. We define function kill, which takes a map and sets to L
the last field of all its tuples.



34 Chapter 3. Reversibility in Erlang: Imperative Constructs

register(k,a,p’)
=

f,e,S o', ¢, S t fresh M,

REGISTERS T;(p,h,0,e,8) | I;M —T;(p,regS(h, e, S, {{(a,p/,t, T)}):h,

0 My =0 isAlive(p’, II)
0',e'{r — true}, S) [IELM U {(a,p',t, T)}

unregister(x,a)
_—

0,e,S o' e, S M, = {(a,p',t, T)}

UNREGISTERS 7
s (p,h,0,e,S) | I;M — T (p,del(d,e, S, My, M* UMP ):h 0, e'{x — true}, S") | ITI; M \ M,Ukill(M,)

eisavalue Ve=¢ M, = {{a,p,t, T)}
T; (p, 1,0, e, []) | TEM — T; (p, del(0, e, [ ], M, M® UMP):7, 0, L, []) | I[; M\ M,,Ukill(M,,)

ENDUN

register(x,a,p’)
=

0,¢e,S o', e, s Mg # 0V M,y # 0V — isAlive(p/, II)
s (p, h,0,e,8) | II;M — T (p,readS(0, e, S, M, UM, ):h,0,¢[]) | II; M

REGISTERF

unregister(k,a) o'

0,e,S e, S M, =10

U GIS F
O T (0 1,6, ¢, ) | TG M — T (p, readF (0, e, 5, a, M*):h, 6, €, [ ]) | 1I; M

SENDS 0,e,S send(a,o) 0, ¢, S A fresh My = {{(a,p,t, T)}
L;(p,h,0,e,S) | ILELM — T U{(p,p,{v,A\})}; (p,sendS(0, e, S, {v,\}, M,):h, 0 ¢, | II; M
I il N T Y g

S F
Y T (1, 6,6, S) [ TEM — T (p, readF (0, e, 5. a, M7):h, 6, €, []) | T; M

whereis(k,a)
f,e, S o', ¢, 5

W 1 y
HEREIS T;(p,h,0,e,S) | I;M —T; (p,readS(0, e, S )

{{a,p,t, )}
h,0'e'{x —p'},S") | II;M
0.c.5 whereis(k,a) 9/,6/, g M, — 0

\W S2
R o 1,0, ¢,8) | IEM — T; (p, readF (0, ¢, 5, a, M):h, 0", ¢/ (% — undefined}, 5y | IT; M

istered
f,e,S registered(r), 0,¢e, s registered(M) = atoms

T;(p,h,0,e,S) | ITI;M — T; (p,readM (0, e, S, M):h, ¢, e/{k — atoms},S’) | II; M

REGISTERED

e is a value Ve =¢ M, =10

L;(p,h,0,e,[]) | I;M — T (p,readF (0, ¢, [ |, p, MP):h,0, L,[]) | TI; M

END

Figure 3.4: Forward reversible semantics of the imperative primitives
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Forward reversible semantics The forward semantics of the sequential and concurrent
primitives is as in Fig. but for the introduction of the map M, as discussed in Fig.
in the sample case of rule SEND.

The forward semantics of the imperative primitives, defined in Fig. [3.4] is a conservative
extension of the standard one in which each forward step also produces the corresponding history
item. The following history items have been introduced to describe the imperative primitives:
regS, readS, readF, sendS, readM, and del. Rules with common characteristics share the
same history item, e.g., rule UNREGISTERS and rule ENDUN both remove a tuple from the map,
hence both use del as a history item. Using the same history item is not problematic when going
backwards, as discussed in the next paragraph.

All the new history items, like the old ones, carry the old state 6, e, S, thus allowing the
backward computation to restore it. Furthermore, they carry some additional information to

enable us to understand their causal dependencies:
e regS, created by rule REGISTERS, carries the tuple inserted in the map;

e readS, created by rules REGISTERF and WHEREIS], carries the tuple(s) read from the

map;

e sendS, created by rule SENDS, carries the tuple read from the map as well, but also the

sent message;

e readF, created by rules UNREGISTERF, SENDF, WHEREIS2 and END, carries the atom
or the pid which the rule tried to read and the ghost tuples for such atom or pid, if any;

e readM, created by rule REGISTERED, carries the whole map read by the rule;

e del, created by rules UNREGISTERS and ENDUN, carries the removed tuple and the ghost

tuples on the same atom or pid.

The need for such information will be clearer when discussing the backward semantics as well
as the concurrency model of the imperative primitives.

Let us now contrast the standard version of rule REGISTERS with its forward reversible
version. We remind that the parts highlighted in red are the ones necessary to reverse the
execution.

First, we observe that the forward reversible version deals with reversible processes, that is
processes equipped with their own history. The map has been integrated with additional elements
as well. More precisely, its tuples have been decorated with unique identifiers to distinguish
identical pairs atom-pid added at different times, and with a symbol to signal whether a tuple
is alive (T) or not (L). Hence now the map also contains tuples not alive anymore. Then, when
reducing, a tuple of the required kind is added to M and, finally, a new history item recording the
former state of the process along with the inserted tuple is added to the history of the process.
The backward reversible semantics uses this information to reverse the execution.

Similarly, the other forward reversible rules deal with reversible processes and the reversible

map and they all produce history items while going forwards.
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SEND T U{(p,p/,{v,\})}; (p,send (0, e, S, {v,\}):h, 8 €, S | I;M —T;(p,h,0,e,S) | I;M

Figure 3.5: Backward reversible semantics, sample rule

Backward reversible semantics The backward semantics of the sequential and concurrent
primitives is as in Fig. but for the introduction of the map M, as shown in Fig. below

in the sample case of rule SEND. As usual the map is in blue.

Fig. presents the backward semantics of the imperative primitives. In previous works [41],
40, BI] each forward rule produced a different history item, hence there was one backward rule
for each forward rule. Here, since different forward rules produce the same history item, some
backward rules cover more than one forward rule. This is possible because the history item
contains enough information to correctly reverse forward rules with similar effects. E.g., both
rules REGISTERF and WHEREIS] read information from the map, and the history item tracks
the read information. Hence, a single rule can exploit this information to check that the same

read information is still available in the map.

Rule REGISTERS undoes the corresponding forward action, which added a tuple to the map,
removing it. To this end, rule REGISTERS requires that the added tuple, uniquely identified
by identifier ¢, is still in the map (ensuring that possible deletions of the same tuple have been
undone) and, as a side condition, that no process performed a read operation on the tuple with
unique identifier . This last condition is checked by the predicate readop(t,II), which scans the

histories of processes in II looking for such reads.

Rule DEL undoes either rule UNREGISTERS or rule ENDUN, turning a ghost tuple back
into an alive one. Let us discuss its side conditions. The first two conditions require that in
M there is no alive tuple on the same atom a or process p’. The third one ensures that no
process performed a registered getting M, while the fourth that no process read a ghost tuple
with identifier ¢. Finally, we require ghost tuples on both a and p’ to be the same as when the
corresponding forward action has been performed. The last condition ensures that rule DEL will
not commute with pairs of operations that add and then delete tuples on the same atom or pid,
e.g., a pair register-unregister. This is needed to satisfy the properties described in Section [3.4]

such as causal consistency.

Rule READS reverses rules WHEREIS1 and REGISTERF. The only side condition requires
that the tuple(s) read from the map by the forward rule must be alive. Rule SENDS is analogous,

but it also requires that the sent message is in I'.

Rule READF undoes actions from rules UNREGISTERF, SENDF, WHEREIS2, and END. As
a side condition, it requires that no alive tuple matching ¢ - which is either a pid or an atom -
exists and that the ghost tuples related to ¢ are the same as when the corresponding forward

action triggered.

Rule READM is used to undo rule REGISTERED. It requires that the map M; stored in the

history is exactly the current map M.
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T; (p,regS(0,e, S, {{a,p’,t, T)}):h,0 e, S| ILMU {{a,p’,t, T)} — T;(p, h,0,e,8) | I; M
if readop(t,II) =0

T; (p,del(f,e, S, {(a,p',t, T)},My):h, 0", €', S | TI; MU {(a,p', t, L)} — T';{p, h,0,e,S) | I;MU{(a,p',t, T)}
if My =0 A M,y =0 Areadmap(M U {(a,p’, t, L)},II) = 0 A readghost(t,II) = 0 AM; = M* U M’

REGISTERS

DEL

READS T (p,readS(f,e,S,My):h,0" ¢, S") | I,M — T;(p, h,0,¢e,S) | ILM if My CM

TU{(p,p,{v,A\})};(p,sendS(0,e, S, {v,\},My):h,0" ¢, S | IM —T;(p, h,0,e,S) | I; M
if M CM
READF T;(p,readF(0,e,S,t,M;):h,0"€¢',5") | ILM «— T;(p,h,0,e,S) | I;M if M, =0 AM; =M

SENDS

READM T (p,readM (6, e, S, My ):h, 6" ¢, Sy | I;M — T (p, h,0,e,S) | II; M if My =M

Figure 3.6: Backward reversible semantics of the imperative primitives

3.4 Properties of the Reversible Semantics

Here we discuss some properties of the reversible semantics introduced in the previous section.
Since most of the properties are related to causality, we need to study the concurrency model of
the imperative primitives. Notably, this is not specific to reversibility and the same notion can

be useful in other contexts, e.g., to find race conditions [553].

In order to present our study, we need to introduce some notation. We indicate with = a
forward or backward transition of the reversible semantics (= = — U ). We also decorate
transition arrows with three pieces of information: the pid p of the process performing the action,
the applied rule r, and the item k added or removed to/from the history. This notation allows
us to extract relevant information from transitions. We indicate with ¢ : s —, . s' a forward
transition ¢ from s to ', and with ¢ = s’ ~—, 7 s the inverse of t. Notably, we have t=t. Two
transitions are co-initial if they start from the same state, co-final if they end in the same state.
We define a computation as a sequence of consecutive transitions. The empty computation is
denoted by €. We use d to range over computations. We define the inverse of a computation

inductively as follows d t =t d.

To define a notion of concurrency in Erlang which takes into account also the imperative
primitives, we define for each history item k the set of resources (atoms and pids) read or written
by the corresponding transition. The idea is that two transitions (including at least a forward
one) are in conflict on the map if, according to Bernstein’s conditions [56], they both access the
same resource and at least one of the accesses is a write (performed by either rule REGISTERS,

UNREGISTERS, or ENDUN).
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Definition 17 (Resources read or written). We define functions read(k) and write(k) as follows:

k read(k) write(k)
regS(0,e, 5, {(a,p,t, T)}) 0 {a,p}
del(0,¢, S, {(a,p,t, T)}, M) 0 {a,p}
readS (6, e, S, M) {alMy # 0} U {pM, #0} | 0
sendS (0, e, S, {v,\},{(a,p,t, T)}) | {a,p} 0
readF (0,e, S, ¢, M) {} 0
readM(0, e, S, M) {ala is an atom} 0

any other item 0 0

A transition reads the map if read(k) # 0 and writes on it if write(k) # 0; a transition is on the

map if it either reads or writes on it.

Functions read(k) and write(k) above given a history item k define, respectively, the set
of resources read and written by the transitions producing (or consuming, in case of backward
transitions) it. Intuitively, a transition writes a given atom a (resp. a given pid p) if it modifies
the set of tuples containing the atom a (resp. pid p), and it reads a (resp. p) if it accesses such set
of tuples without modifying it. For instance, the transitions defined using rule REGISTERS (and
creating item regS) add a tuple with an atom a and a pid p, hence they write on both resources.
The reasoning is analogous for the transitions producing item del, which remove a tuple with
the atom a and the pid p. The transitions producing item readS read one or two tuples, and
access in read modality all the involved pids and atoms. The transitions producing item sendS
just read the atom and pid of the accessed tuple. The transitions producing item readF access
in read modality either an atom or a pid, as tracked in the history item. Finally, the transitions
producing item readM exactly store the current map, and need to be in conflict with any
transition writing on the map, even if it writes a tuple with an atom and a pid not previously
used. Hence, we have chosen as read resources the set of all possible atoms, independently of
whether they are currently used or not. We could additionally store all possible pids, but this
will not impact the resulting notion of conflict, since each write access touches on at least an

atom.

Definition 18 (Concurrent transitions). Two co-initial transitions, t1 = (s =p, v k& 51) and

to = (8 =py.roky S2), are in conflict if one of these conditions hold:
e they both target the same process, i.e., p1 = pa;

e one transition is backwards and undoes the send of some message {v,\} (via either rule

SEND or SENDS ) and the other is forwards and receives the message {v, \};

e one is a forward transition performed by some process p, say p1 = p, and the other one is

a SPAWN that undoes the creation of p;

e both the transitions are on the map, at least one is forwards, and either read(ki) N
write(ka) # 0, or read(ke) Nwrite(k1) # 0, or write(ky) N write(ke) # 0.

Two co-initial transitions are concurrent if they are not in conflict.
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Intuitively, concurrent transitions can be executed in any order (we will formalize this in
Lemma . Note that co-initial backward transitions are never in conflict (indeed, each process

has at most one backward transition enabled, determined by its most recent history item).

Ezample 1 (Conflicting registers). Consider a system s where two processes, say p; and pa, try
to register two different pids (say p’ and p”, respectively) under the same atom a, and «a is not

already present in the map M (recall that an atom can be associated to one pid only).
s = 0; (p1, h1, 01, register(a, p’), S1) | (p2, ho, 02, register(a, p”), Sa); 0

In this scenario the order in which the two actions are performed matters, because the first
process to perform the action succeeds, while the second one is doomed to fail. Let us assume

p1 acts first.

p1,regS (01, register(a, p’), S1, {{a,p',t, T)}):h1, 01, true, S1) |

( ,
s — 0 {(a, 0 t, T
(p2, ha, B2, register(a, p”), So) tap }
g (pl,regS(Hl,regisjcer(a, p'). St {{a,p/,t, T)}):h1, 01, true, S1) | Aot T =
(pa, readS (., register(a, p”), Sa, {{a,p', t, T)}):he, b2, ¢, [])

Notably, in the above computation, the register at the second step fails since we have M, =
{{a,p',t, T)} # 0. Dually, if we take the steps in the opposite order, we reach a system s” of the

form:

<p17 readS(Gl, regiSter(a: p,)a Slv {<LL,pH, tla T>}):h1’ 017 & H> ’

§" — @;
(p2,regS(0s, register(a, p”), So, {{a,p”  t', T)}):ha, B2, true, Sa)

(0,0, T)}

The two computations lead us to two systems: s’ where p; has succeeded and py failed
(the history item created by the first transition is k1 = regS(6s,e1, 51, {{(a,p’,t, T)}), and
s” where py succeeded and p; failed (the history item created by the second transition
is ko = regS(fa,ea, S, {{(a,p”,t',T)})). Clearly s # s”. As we will see in Lemma
this is a consequence of the fact that the two transitions are in conflict, as visible since
write(k1) N write(ke) = {a,p'} N {a,p”} = {a} # 0. O

Ezample 2 (Register followed by delete).

s = 0; (p1, I, 01, registered(), S1) | (p2, ho, 02, register(a, p), unregister(a), Sa); 0

Consider the system s above where the process p; can do a registered operation, reading
some map M. Another process, py, performs a (successful) register, obtaining as new map
Mu{a,p,t, T}, followed by a delete operation (e.g., unregister) of the same tuple. The map now
becomes M U {a,p,t, L}.

Let us now consider two of the possible computations. We start with p; executing first,
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followed by po:

p1, readM (61, registered(), S1,0):h1, 01, [], S1) | 0
D2, ha, 02, register(a, p), unregister(a), S2) 7

(
(
(p1,readM (0, registered(), S1,0):h1, 61, ], S1) |
(
(

| | | Ala,pt, T}
p2, regS(0o, register(a, p), unregister(a), Sa, {{a,p,t, T)}):ha, 02, true, unregister(a), S)
p1, readM (61, registered(), S1,0):h1, 01, [], S1) |
9 t t S : ; ) ,taT
<p2’ ( 2, Lrue, un.regls er( )7 2) . 792’ unregister(a),5'2> {<CL p >}
regS(0s, register(a, p), unregister(a), S, {(a, p,t, T)}):ho
(p1,readM (01, registered(), S1,0):h1, 61, ][], S1) |
del(6s, unregister(a), So, {{a,p,t, T)},0):7(02, true, unregister(a), S2): i{({a,p,t, L)} =
(p2, : : , 02, true, So)
regS(6o, register(a, p), unregister(a), So, {{a,p,t, T)}):hy
Let us now execute po first, followed by p1:
<p1, ha, 01, registered(), 51> ’ ] {<a ot _|_>}
(p2, regS (0., register(a, p), unregister(a), So, { (a, p, t, T)}):hy, 0o, true, unregister(a), Sp) =
(p1, h1, 01, registered(), S1) |
0 ,t 5 ist ,S : . ; ’ 7ta—|—
(pa, 7 (02, true un.regls er(a), S2) | 0y, unregister(a), 51) {{a,p )}
regS(6o, register(a, p), unregister(a), So, {{a,p,t, T)}):ha
(p1, h1, 01, registered(), S1) |
del(6s, unregister(a), So, {{a,p,t, T)},0):7(02, true, unregister(a), S2): i {{a,p,t, L)}
(p2, . : , 02, true, Sa)
regS(0y, register(a, p), unregister(a), So, {{(a, p,t, T)}):ho
(p1, readM (01, registered(), S1, {(a, p,t, L) }):h1,61, ], S1) |
del(09, unregister(a), Sa, {{a, p, t, T)},0):7 (02, true, unregister(a), Ss): i {{a,p,t, L)} =
(P2, , 09, true, Sp)

regS(0s, register(a, p), unregister(a), So, {{(a, p,t, T)}):ho

Under the standard semantics, executing first p; and then po or vice versa would lead to
the same system. Indeed, ps is the same in s’ and s”, while the only difference in p; is that in
the history in s” there is a ghost tuple (a,p,t, L), which is not present in s’. If we were not
using ghost tuples, the histories of p; and py would be the same regardless of the order of the
operations. However, we want to distinguish the two computations above, since, in particular,
the delete operation can be immediately undone only in s’. Indeed, if we undo the delete
operation in s”, then undoing and redoing the registered would result in reading a different map,
violating the Loop Lemma (cf. Lemma. This behavior is ruled out in our semantics by the side
condition readmap(MU{(a, p',t, L)}, II) = @ in rule DEL, requiring that no process has read the
current map (including its ghost tuples). Hence the registered transition can not be concurrent
to either of register or unregister, otherwise they would commute because of the Square Property
(cf. Lemma [2)).

We get a similar behavior also if we consider, instead of the registered operation, any other

read operation involving the added tuple. O
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We can now discuss some relevant properties of the reversible semantics. As standard (see,
e.g., [3I] and the notion of consistency in [30]) we consider only reachable systems, namely
systems obtained from a single process with empty history (and empty I' and M) via some

computation.

Definition 19 (Reachable system). A system is initial if it is composed of a single process, and
this process has an empty history; furthermore the global mailbox and the map are both empty.
A system s is reachable if there exists an initial system sg and a derivation sg —* s using the

rules of the semantics.

The first property, called the Loop Lemma [I3, Lemma 6], states that each transition can

be undone.

Lemma 1 (Loop Lemma). For every pair of reachable systems, s1 and sa, we have s; — sa iff
S92 ~— S1.

Proof. The proof that a forward transition can be undone follows by rule inspection. The other
direction relies on the restriction to reachable systems: consider the process undoing the action.
Since the system is reachable, restoring the history item would put us back in a state where the
undone action can be performed again (if the system would not be reachable the history item
would be arbitrary, hence there would not be such a guarantee), as desired. Again, this can be

proved by rule inspection. We show below two sample cases, the others are similar:

Case SEND: consider the system
sy =T U{(p,p,{v,A\})}; (p,send (0’ ¢, S" {v,\}):h,0,e,S) | T;M
and consider transition so ~— s1, where
s1=015(p,h,0 ¢, 5 | II;M

Given that the system sy is reachable, the history item send(#' e’, S’ {v,\}) has
been created by a forward transition derived by rule SEND, hence from its hypothesis
0 o S send(p’,v)

configuration should be 6, e, S). We can thus apply rule SEND to derive s; — so where

0,e,S (notice that processes are sequential, hence the resulting

so =T U{(p,p,{v,\})}; (p,send (¢ ¢, S" {v,\}):h,0,e,S) | ;M
Case REGISTER: consider the system
sy =T {p,regS(0 ¢ S {(a,p/,t, T)}):h,0,e,8) | T;MU {{a,p,t, T)}
and consider transition sy < s1, where
sy =T5{p,h,0 €, 5);M

Given that the system sy is reachable, the history item regS(0', ¢, S" {(a,p/,t, T)})
has been derived by an application of rule REGISTERS, hence from its hypothesis
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0, e, s M f,e,S. Since sg is reachable and has map MU {(a,p’, t, T)} we know

that M, = 0 and M,y = (). Furthermore, thanks to the hypothesis of rule REGISTERS,
process p’ was alive when the transition has been executed. It is still alive, otherwise the
system would have executed either rule ENDUN or END, and this is not possible. Rule
ENDUN could not have been executed, otherwise operation kill would have killed the tuple
{a,p’,t, T), but we need it alive to apply rule REGISTERS. Rule END could not have been
applied since it requires that the process p’ is not registered. We can thus apply rule
REGISTERS to derive s; — s9 where

sy =I5 {p,regS(0 ¢, S" {(a,p/,t, T)}):h,0,e,8) | T;MU {{a,p,t, T)}

Thanks to the Loop Lemma, t exists iff ¢ exists.
We show now that the restriction to reachable systems is needed to prove the Loop Lemma,

in particular to show that a backward transition can always be undone by a forward one.

Ezample 3 (Loop Lemma, counterexample for unreachable systems). Consider the system:
s1 = 0;(p,regS(0', 1, 5", {{a,p',t, T)}):h,0,e,8); {{a, p/,t, T)}

This system is unreachable because the expression to restore (second element of the item regS)
is 1 and not the predecessor of e (a register expression). Indeed, consider transition s; «— s,
obtained by rule REGISTERS, where:

52 = ma (pu ha 0/7 1) Sl>a®

Now it is not possible to apply rule REGISTERS because the expression to evaluate is not a
register. Then the transition so — s; is not derivable. Hence, reachability of systems is needed
to prove the Loop Lemma.

O

Ezample 4 (Loop Lemma, further counterexample for unreachable systems). Consider the

system:
s1 = 0; {p,readS (¢, whereis(a), S", {{(a,p',t, T)}):h,0,e,8); {{a,p',t, T), (a,p", ¥, T)}

This system is unreachable because the map ({{(a,p’,t, T), (a,p”,t', T)}) contains two alive tuples
with the same atom, but this is not possible in Erlang. Indeed, consider transition s; «— sa,
obtained by rule WHEREIS1, where:

so = 0; (p, h, 0 ,whereis(a),S'); {{a,p', t, T), {a,p”, t', T)}

Transition s; «— s undid the read of the tuple (a,p’,t, T); but now it is not possible to apply
rule WHEREIS1 because the side condition M, = {{a,p’,t, T)} is not satisfied. Indeed, the map

contains two alive tuples with the same atom a. This is possible only since s; is not reachable,
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since in reachable systems there is at most one alive tuple per atom. This example shows that
reachability is not only relevant to ensure that the correct expression is restored, but also to

ensure a consistent structure of the system. O

The next lemma shows that concurrent transitions can be executed in any order. It can be

seen as a safety check on the notion of concurrency.

Lemma 2 (Square Property). Given two co-initial concurrent transitions

t1 = (s =p1,r1,k1 51) and ty = (s “pa,ra,ka 52)

there exist two transitions

ta/ti = (51 =poroky 83)  and  t1/ty = (52 =p; i ks 53)
Graphically:
P17k Ll’kl\
_— 31 S————— 81
pa2,r2,ks L = P27T27k2“ “pmm,k’z
52 52 p1,71,k1

Proof. We distinguish the following cases depending on the applied rules:
1. Two forward transitions. We have the following subcases:

e the two transitions are not on the map: we can prove that by applying rule 2 to p;
in 1 and rule 7 to p2 in sy we have two transitions ¢ /2 and to/t; which are co-final,

as desired;

e one of the two transitions is on the map and the other one is not: we can apply the

same reasoning as above;

e both transitions are on the map: we have a case analysis on the applied rules. We
show a few examples, the others are similar.

—if 71 € {UNREGISTERS, ENDUN}, k; = del(61,e1,51,M;,M’) and ry €
{UNREGISTERS, ENDUN}, ko = del(2, €2, S2, Ma, M”) we have that both M; =
{{a1,p1,t1, T)} and My = {{ag, p2,t2, T)} are in the map M of s and by definition
of concurrent transitions (Definition we also have that a; # as and p; # po.

Then applying k1 followed by ko or vice-versa leads us to the same system because
(M\ M; UKkill(My)) \ Mg Ukill(Mg) = (M \ Mg Ukill(Mg)) \ M; U kill(M;)

The only side effect of each rule is to kill a tuple from the system’s map.

— in the other cases we can apply a similar reasoning, more cases are shown in

Appendix [A]
2. One forward transition and one backward transition. We have the following subcases:

e the two transitions are both on the map, then we have the following subcases:
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— r1 = REGISTERS, where k1 = regS(_, , ,M;) with My = {{a1,p1,t1, T)},
and ro = DEL, where ko = del(_, , My, ) with My = {{az,p2,t2, T)}. By
Definition we know that a; # ay and p; # p2 (because otherwise they would
be in conflict), then the map M of s contains the tuple (a9, p2,to, L) (otherwise
it would not be possible to apply rule r2) and we can see that the applications

of r1 and r9 commute because
(M U Ml) \kﬂl(Mg) UMy = (M \ klu(Mg) U Mg) U My

— in the other cases we can apply a similar reasoning, more cases are shown in
Appendix [A]
e the two transitions are not both on the map: the claim follows easily (see [39)
Lemma 13| and [41, Lemma 3.1]).

3. Two backward transitions. We have a case analysis on the two rules. We show below a
few examples related to the map, we refer to [39, Lemma 13| and [41, Lemma 3.1| for

additional examples related to the other constructs:

e r; = REGISTERS, where k1 = regS(_, , ,M;) with My = {(a1,p1,t1, T)}, and
ry = DEL, where ks = del(_, , My, ) with My = {(ag,pa,t2, T)}. The map M
of s contains the tuple (a9, p2,te, L) (otherwise it would not possible to apply rule
r9) and the tuple (ai,pi1,t1, T) (otherwise it would not possible to apply rule 7).
Also, we know that t; # t5 since identifiers are unique. Now we can see that the

applications of rules r; and r9 commute because
(M My) \ kill(Mg) U My = (M \ kill(Mz) U Ma) \ My

e in the other cases we can apply a similar reasoning, more cases are shown in

Appendix [A] O

The next example shows that in order to ensure that the Square Property holds the semantics
needs to be carefully crafted, in particular one should avoid to store information allowing to

distinguish the order of execution of concurrent transitions.

Ezample 5 (Information carried by the register history item). If the history item of the register
would contain the whole map, it would be impossible to swap the register action with an unregister
action even if on a tuple with different pid and atom, because of the Square Property (Lemma.
Indeed, the Square Property requires to reach the same system after two concurrent transitions
are executed, regardless of their order. If we save the whole map in the history item of the

register, we would reach two different systems:

e if we execute the register operation first, the saved map would include the tuple that the

unregister operation will delete;

e if we execute the unregister operation first, the map saved by the register would not contain
the deleted tuple, but only its ghost. O
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We now want to prove that our semantics enjoys causal-consistency [13, [35], which essentially

states that we store the correct amount of causal and history information.

Definition 20 (Causal equivalence). Let < be the smallest equivalence on computations closed

under composition and satisfying:

1. ifts = (5 =p ok S1) and to = (8 =p, o ke S2) are concurrent and t3 = (51 =py.rq ks 53);

ty = (82 =pi1,r1,k1 83) then ti1ts < toty;
2. tt=<eandtt <e¢

Intuitively, computations are causal equivalent if they only differ by swapping concurrent

transitions and by adding do-undo or undo-redo pairs of transitions.

Definition 21 (Causal Consistency). Two co-initial computations are co-final iff they are causal

equivalent.

Intuitively, if co-initial computations are co-final then they have the same causal information
and can reverse in the same ways: we want computations to reverse in the same ways iff they
are causal equivalent.

To prove that our semantics enjoys Causal Consistency, we rely on the theory developed
in [35]. It considers a transition system with forward and backward transitions which
satisfies the Loop Leamma and has a notion of independence. The latter is concurrency
in our case. The theory allows one to reduce the proof that our semantics enjoys Causal
Consistency and other relevant properties to the validity of five axioms: Square Property (SP),
Backward Transitions are Independent (BTT), Well-Foundedness (WF), Co-initial Propagation
of Independence (CPI) and Co-initial Independence Respects Event (CIRE). We proved SP
in Lemma [2| BTI corresponds to the observation that two backward transitions are always
concurrent (see Definition , and WF requires backward computations to be finite. WF holds
since each backward transition consumes a history item, of which there are a finite number.
CPI and CIRE hold thanks to [35, Prop. 5.4] because the notion of concurrency is defined in
terms of transition labels only. Hence, Causal Consistency follows from [35, Prop. 3.6] thanks to
axioms BTI, SP and WF. We obtain as well a number of other properties (a list can be found
in |35, Table 1]), including various forms of causal safety and causal liveness (thanks to axioms
CPI and CIRE), that intuitively say that a transition can be undone iff its consequences have
been undone. One of these properties, particularly relevant for us since we will exploit it in the
next sections, is the Parabolic Lemma, stated below (proved thanks to axioms BTT and SP). It
essentially states that any computation can be decomposed into a backward one followed by a

forward one.

Lemma 3 (Parabolic Lemma [35, Prop. 3.4]). For any computation d there are forward only
computations d',d" such that d ~ d'd" and | d' | + | d" |<| d |, where |s| is the number of

transitions in the computation s.

We refer to [35] for precise definitions and further discussion on the other properties.



46 Chapter 3. Reversibility in Erlang: Imperative Constructs

3.5 Rollback Semantics

We extend the rollback semantics (Section , enabling a debugger to undo a past action
and its consequences automatically. This feature is useful for debugging, allowing users to
trace causal links backwards from a misbehavior to its causes. We mostly follow the approach
in [41], [40]. We however extract information for rollback from history items (cf. Definition
instead of writing it explicitly in the semantics as in previous approaches, better highlighting
the relation between the rollback and the backward semantics. More importantly, we extend
rollback with support for imperative primitives.

A rollback is formalized as a sequence of steps derived using the backward semantics, driven
by the target action we want to undo. We denote a system in the rollback mode with [[ST|y,
where V¥ is the sequence of undo requests that need to be satisfied; a request have the form
{p,}. We consider the same requests described in Section and we add also the requests

considering the imperative primitives:
o {p,regS(t)}: the register of the tuple with the unique identifier ¢;

o {p,del(t)}: the deletion (due to either unregister or the termination of the process

execution) of the tuple with the unique identifier ¢.

For example, a request {p,regS(¢)} asks to undo the register executed by the process with the
pid p that inserted the tuple (_, ,¢, T) into the map.

We can compute the requests satisfied by a transition by abstracting the information
contained in the corresponding history item. Remember that in a transition s =, s1 we

have that k is the history item created /removed by the transition.

Definition 22 (Satisfied requests). Given a transitiont = (s =p . s1) the set sat(k) of requests
satisfied by t is defined as {s} U abst(k) where abst(k) is defined as follows:

abst(7( , , ) = 0
abst(send( , , . { ,A})) = {send(N)}
abst(rec( , , , ,{ ,A}) = {rec(\)}

abst(spawn(_, , ,p')) = {spawn(p')}
abst(self( , |, )) = 0
abst(regS(_,_,_{{_._,t,_)}) = {regS(t)}
abst(del(_, . {(_,_ .t )}, ) = {del(®)}
abst(readS( , , , )) = 0
abst(sendS( , , . { AL (., .t, ))) = {send(\)}
abst(readF( , , |, |, ) = 0
abst(readM( , , |, )) = 0

Fig. 3.7 depicts the rollback semantics, whose steps execute selected transitions of the
underlying backward semantics (the rules are described in Section and they are shown



Chapter 3. Reversibility in Erlang: Imperative Constructs 47

/ /
S~prkS AN ;¢ sat(k) U-SATISFY S~prrS Nye Slat(k:)
STl {pp}: ¥ 1Sl {pap}: ¥ 15Tl {pp}:¥ I

L;(p,h,0,e,S) [ ILM A S ¥~,,x A bkDep(h,S) = {p',¢'}
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SATISFY-SPAWN
M5 (p, [ 1,60, €, 8) | Ty sprow < (T35, [1,0,€,5) [ 1]y

Figure 3.7: Rollback semantics

bkDep(send(_, _, ,p',{v,A\}):h, 5 5 ) = {p',rec(A)}

kaep(sendS( oy 7{” >‘}7 ) h fa<p/7h/a,7fvf> | 1L; f) = {p',rec()\)} if rec(fafvfafv{vaA}) en
bkDep(sendS(_, , , {(_, ,t, T)}:h, ;ILM = {p/,del(t)} if (, ,t,T)gM Ap' = getHP(del,t,1I)
bkDep(spawn(_, , .p'):h, ;II; ; ) ={p,sp} ifp' eIl

bkDep(readS( , , ,MU{( , ,t, T)}):h, ;ILM) = {p/,del(t)} if ( , 6, T)ZM Ap = getHP(del,,1I)
bkDep(readF(_, , ,a,M):h, ;ILM U{(a, ,t, )}) ={p,regS(t)} if (a, ,t, )& MAp = getHP(regS,¢, 1)
bkDep(readF(_, _, _,p, M):h, SIEMU{(Cp.t, )} = {p/,regS(t)} if (_,p.t, ) ¢ MAp' = getHP(regS,¢,1I)
bkDep(readM( _, M):h, IEM U{(_, ,t,T)}) ={p/,regS(t)} if( , ,t, T) & MAp = getHP(regS,t,1I)
bkDep(readM( _, M):h, IEM U{(_, ,t, 1)} = {p/,del(t)} if (, ,t, 1) ¢ MAp = getHP(del, t,1I)
bkDep(regS(_, , ,{( , St Tk, ILEMY) = {p/,del(t)} if (|, ,t,T)¢& M Ap' = getHP(del,t,1I)
bkDep(regS(_, , . {{(_, ,t,T)}):h, ;I; ) ={p, s} ifp = getHP(read,t,H)

bkDep(del(_, , ,{{a, ,t, T)},M):h, ;II;M U {(a, a 0} =A{p,regS(ts)} if (a, ,te, )& MADP = getHP(regS,t,,1I)
bkDep(del(_, _, ,{(_,p,t, T)},M):h, ;TEM U{(_ ,p, ,>}) = {p',regS(tp)}t if (_,ptp, ) ¢ MAp = getHP(regS, ¢, 1)
bkDep(del( , , {(_, &, T)} )b, ;1; ) ={p, s} if p’ = getHP(rghost, ¢, IT)

Figure 3.8: Backward dependencies operator

Fig. . It is possible to see that previously there was a rule for each request (REQUEST-SEND
and REQUEST-SPAWN). Now in Fig. we consider only one rule REQUEST for satisfy each
request and it is fired when the process p targeted by the topmost request {p, ¥} has no backward
transition enabled (indicated by ¥~ ). This means that the process p is blocked because of
some dependency on an action executed by another process. The operator bkDep (defined in Fig.
computes a new rollback request {p’,'}, aimed at solving the dependency. The request
{p’,¢'} is then pushed on W. Hence, the dependency will be solved before coming back to the
request {p, ¥ }.

If there are multiple dependencies to solve, we add them one by one. Examples are given
below, when describing in detail the bkDep operator. Adding all the dependencies at once
would be more complex, since by resolving one dependency, we could also resolve some deeper
ones; in this way, we would need an additional check to avoid starting a computation to solve a
dependency that no longer exists.

Adding dependencies one by one avoids the problem, so the bkDep operator (defined in
Fig. non-deterministically selects one of them. The order in which dependencies are resolved

is not relevant. Let us discuss the cases of the definition:

send: a send cannot be undone since the message sent has already been received by another
process p’, so a request has to be made to p’ to undo the receipt of the (unique) message

identified by A. That cover the rule REQUEST-SEND.

sendS: this case is similar to the one above, but it considers messages sent using rule SENDS.
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getHP(del, t, (p,h, , , ) |II) =p ifdel( , , { , ,t, }, )€
getHP(regS,t,(p,h, , , )|II) =p ifregS(_ , , ,{ , ,t, }HERM
readS(_, , ,MU{( , ,t,T)})€h
getHP(read,t, (p,h, , , )|II) =p if (vsendS( , , , {{(, ,t,T)Hehn
VreadM( , , MU{(_, ,t,T)})eh
getHP(rghost, ¢, (p,h, , , )|II) =p if {readF(_, — oMU, 6 D)) €h
VreadM( , , MU{(_, ,t,1)})eh

Figure 3.9: Get pid operator

This is a case where the bkDep operator is nondeterministic. In fact, a dependency is
possible both on the received message as for rule SEND, as specified by the first clause, as
well as on the atom a, as specified by the second clause. Indeed, if the tuple is no longer
alive in M we need to ask the process p’ that killed it to undo the delete. This is obtained
by the {p’,del(t)} request, where p’ is the pid of the process that deleted the tuple with
the unique identifier ¢. The pid p’ is computed using the auxiliary operator getHP, defined
in Fig. Operator getHP takes a descriptor of a memory item, a unique identifier ¢ and
a pool of processes, and finds the pid of a process whose history contains an operation on
the tuple with the identifier ¢ compatible with the descriptor. Notice that, while for the
sendS request the pid that fits is unique, in general many pids may fit the descriptor (e.g.,
many processes may have read the same tuple), hence the operator non deterministically

selects one.

spawn: before undoing the spawn of a process p/, it is necessary to undo all the operations
executed by p’, hence bkDep returns a request of a step back of p’. If p’ has executed more
than one step, the same case of bkDep will be triggered again by a new application of rule
REQUEST. This avoids introducing an auxiliary dependency target. That cover the rule
REQUEST-SPAWN.

readS: in this case it is necessary that the tuple ¢ read is still in the map. If it is not then it
means that it has been deleted by some successive operation, hence we need to undo the
deletion of t. As before, the pid p’ of the process that executed the delete of ¢ is retrieved

by means of the auxiliary operator getHP.

readF: for readF we have two cases, depending on whether the failed read concerned an atom a
or a pid p. In both the cases we have to undo all the registers on the same atom a or pid
p which are not in the map carried by the history item. This last check is needed since
there may be ghosts on the same atom or pid which preceded the readF, and should not
be undone. Ghosts of tuples created after the readF need to be removed instead. The

operator getHP returns the pid of the process that executed the register primitive.

readM: in this case we need to restore exactly the map M read by the registered primitive. In
the system’s map we may have in addition both further alive tuples, and in this case we
need to undo their creation via a register operation, and further dead tuples, and in this

case we need to undo their deletion (indeed the corresponding alive tuple may be in M).
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regS: in the case of the register of a tuple ¢ it is necessary to undo all the operations on ¢, namely
the deletion of ¢ (if it is no longer alive in the system’s map) as well as the read operations
on t. In this last case we use as request just to undo a step. This is enough since if the
dependency is not solved then the same condition will trigger again. As usual, the pid p’

of the target process is obtained using the operator getHP.

del: in the case of the deletion of a tuple t we may have as dependencies: (i) a tuple on the same
atom or pid, whose register needs to be undone before undoing the deletion, unless it is a
pre-existing ghost (which is in M); (ii) a read operation on the ghost of ¢ (undone using

requests for undoing single steps till needed).

We now present an example to clarify how rollback requests are managed.

Ezample 6. We consider the system in rollback mode [[ST] #)}» Where:

{p1,regS(

| <pla regs(elv regiSter(av p)a Sla {<avpv t? T>}):h17 /17 6/17 S£>
S= {p2.p.{v.:AD)}; | (p2,sendS(0a,a ! v, S, {v, A}, {{a,p,t, T)}):h2, 0, €5, 85) s {{a,p,t, L}}
| (ps,del(0s, unregister(a), Sz, {(a, p,t, T)},0):hs, 05, 5, S%)

and the rollback request {p1,regS(t)} asks to undo the register executed by process p; on the
tuple with identifier ¢.

We cannot directly answer the request, since rule REGISTERS is not applicable to system
S (S ¥ p,rk). Indeed, two conditions fail: first, the map does not contain an alive tuple with
the identifier ¢ (the corresponding tuple is dead), second, the side condition readop(t,II) =
fails since the process po has read the tuple with identifier . As a result, we can only apply
rule REQUEST, which adds the request {ps3, del(t)} (computed using the case analysis in Fig.|3.8
where the pid ps of the target process is computed using the operator getHP in Fig. [3.9)).
Now, the system becomes [[ST] ¢, gei(t)}:{p1 regs(t)}» Where it is possible to apply rule U-SATISFY
satisfying the request {p3,del(t)}. As a result, we can take the step:

P1, regS(Hl, regiSter(37 p) Sl? {<(l,p, t? T>}):h17 17 6/17 Si)
b2, Sel’ldS(QQ, a v, SQ: {Ua /\} {<a7p7 t T>}):h23 eéa 6,2a Sé> ; {{a,p, t, —L}}
p3, del(fs, unregister(a), Ss, {(a,p,t, T)},0):hs, 05, €5, S5)

p1,regS(0:, register(a, p), S1, {{a,p,t, T)}):h1, 01, €1, 57)
pa,sendS (6, a | v, Sy, {0, A}, {{ap, b, T)})ihas B, S) 5 L, t, T =&
ps, hs, 03, unregister(a), Ss3)

K

S= {2, {v, D)} |(
K

K

~ {(p2ap7 {U7)‘})}; ’<
K

and we get [[S'T,, regs(t)}-

As before, we can only apply rule REQUEST, since rule REGISTERS is not applicable to
system &’. As a result, we add the request {ps, s} to undo the read of the tuple with the
identifier ¢ (computed again using the case analysis in Fig. m using the operator getHP in
Fig. [3.15]).

Now the system is [[S']| (P2} {p1.regS(t)} and it is possible to apply rule U-SATISFY to execute
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the step:

(p1,regS(by, register(a, p), S1,{(a,p,t, T)}):h1, 07, €}, 57)

|
{(p27p7 {v7)\})}? ’<p27sends(623a ! ’U,SQ,{U,)\},{<a7p7t,T>})IhQ, 576/27Sé> ;{{a7p7t7—|—}}
|

(ps3, hs, 03, unregister(a), Ss)

| (p1,regS(6y, register(a, p), S1,{(a,p,t, T)}):h1, 01, €}, S7)
0; | (p2, ho,02,a ! v, Ss) {{a.p,t, T}} =S
‘ <p3a h37 93> unregiSter(a)? S3>

The resulting system is [[S"]] { O where it is possible to apply rule U-SATISFY satisfying

p2,regS(
the last request, leading to S”:

| <p17 regS(91, register(a, p)v Sl ) {<CL,p./ L, T>}>:hla /17 6,1’ Si>
S" = 0; |(p2,h2,02,a! v,S) s{a,p,t, T
| <p37 h37 937 unregiSter(a)7 S3>

| <pla hla 61’ regiSter(av p)a Sl)
N (07 ‘ <p2a hQa 02,@ ! v, S2> ,@ = Sm
| (p3, hs, 03, unregister(a), Ss)

Since there are no further pending requests, the rollback is completed. O

Now let us focus on the properties of the rollback semantics and of the relation «-, which
can be seen as a controlled version of the uncontrolled reversible semantics (~—). Indeed, an

execution of the rollback operator corresponds to a backward derivation.
Theorem 1 (Soundness of rollback). If [[STy «* [[S']]y: then S —* S'.

Proof. The rollback semantics is either executing backward steps using the backward semantics
or executing administrative steps (i.e., pushing new requests on top of ¥ via rule REQUEST),

which do not alter the underlying system. O

Our controlled semantics is not only causal-consistent (since it is based on the uncontrolled
one) but also minimal. This means that in order to satisfy the oldest request on ¥, and
consequently every other request in W, we undo the least number of steps which allow us to
satisfy such requests. Notice that minimality is a relevant property for a reversible debugger,
since executions can be very long and minimality allows the user, in quest for a bug, to focus
only on the subsystem(s) that may contain the bug, disregarding the other subsystems. This
simplifies the debugging activity.

In order to prove minimality we follow the approach in 38|, extending it so to cope with the
imperative primitives. First, we need to restrict our attention to those rollback requests which
require us to rollback transitions that are in the past of the selected process. The existence of
a derivation satisfying the request can be easily checked in finite time, where the time depends
on the length of the process’ history.

We now re-call some auxiliary notation. First, we provide a notion of projection from

controlled systems to uncontrolled ones:
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uctrl([[STly) =S

The notion of projection trivially extends to derivations. Given a derivation d = s; —* s, we
define init(d) as s; and final(d) as s,. We proceed now to prove that controlled derivations are
finite.

Lemma 4. Let d be a derivation under the rollback semantics. Then d is finite.

Proof. First note that uctrl(d) is finite. Indeed, the number of transitions in uctrl(d) is bounded
by the length of histories. In addition to lifting the uncontrolled steps, the controlled semantics
also takes some administrative steps. If we show that between each pair of uncontrolled steps
there is a finite amount of administrative steps, the thesis follows. Let us consider the rollback
semantics. The administrative steps are taken by rule REQUEST, and for each of them the target
process p’ is computed using the bkDep operator.

This operator can create a finite number of requests because it inspects the histories of all the
processes looking for dependencies only if the system is blocked. The number of dependencies
is finite because it depends on the messages, alive tuples, and ghost tuples (that are all finite).
Then the thesis follows. O

A main stepping stone to show minimality is proving that all transitions executed by the
rollback semantics are consequences of the target action we want to undo. The concept of
consequence is formalized using the happened-before relation [57]|, extended to cover both

message passing and imperative primitives.

Definition 23 (Happened-before). Given a derivation d and two forward transitions, t; =
(51 =prrkr S1) and ta = (S2 —pyraks So) i d, we say that t1 happened before to, written as

t1 > to, if one of the following conditions holds:
e they both target the same process, i.e., p1 = py and t1 occurs before to in d;
e 11 spawns a process p, i.e., 1 = SPAWN, and ty is performed by the process p;
o 11 sends a message X\, and to recetves the same message \;

e they both are on the map and either read (ki) Nwrite(ka) # 0, or read(ka) Nwrite(ky) # 0,
or write(k1) N write(k2) # 0 and t1 occurs before to in d.

Furthermore, if t1 > ta and ty > tg, then t1 > t3 (transitivity). Two transitions t1 and ta are
independent if t1 ¥ ty and to B t1.

Independence is related to our notion of concurrency.

Lemma 5 (Independence vs concurrency). Two consecutive transitions t1 = (S1 —p, ri. k1 52)

and to = (82 —pyro.ke 53) are independent iff t1 and ty are concurrent.

Proof. This can be seen by contrasting the definition of concurrent transitions (Definition
and of happened-before relation, using the Loop Lemma (Lemma [1)) to ensure the existence of

inverse transitions. OJ
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The next result is a version of the Square Lemma for consecutive, independent transitions.

Lemma 6 (Switching Lemma). Given two transitions of the form

t1 = (81 =py r1 k1 S2) and ta = (82 =py,ro ks 53)

such that t; and ty are concurrent, there exist a system s4 and two transitions
/ N /o .
6= (84 =pirik 53)  and  ty = (81 =py ok, 54)

Proof. The proof from [38, Lemma 2.9| applies. It relies on the Loop Lemma (Lemma (1) and
the Square Lemma (Lemma [2). O

We can now show that all the uncontrolled transitions executed as a consequence of a rollback
request depend on the action that needs to be undone. Notice that transitions executed during
rollback are backwards, while the happened-before relation is defined on forward transitions,

hence we need to consider the reverse transitions.

Theorem 2. Take a controlled system in rollback mode ¢ = [[S]] (p} and a mazimal derivation
d with init(d) = c. Let us call t the last transition in uctrl(d). We have that t satisfies {p, v},

and for each transition t' in uctrl(d), t>t'.
Proof. We adapt the proof from [38, Theorem 5.4|, which is based on the following observations:

e a derivation under the rollback semantics only terminates when the request at the bottom

of the stack is removed, and this is always the original request {p, ¥ };

e the controlled semantics executes steps from the backward semantics, and when it gets

stuck a new request is generated using rule REQUEST.

Both observations follow directly from rule inspection. The two observations combined ensure
that ¢ satisfies {p,¢}. The relation t >t follows by transitivity, noticing that two transitions
taken by the same process are in the relation, and that when a transition of the process p is
not enabled and operator bkDep is invoked, the target computed by bkDep corresponds to a

transition which is a consequence of the blocked one. ]
The two results below are needed to prove minimality.

Lemma 7 (Shortening Lemma). Let di and dy be co-initial and co-final derivations, such that
ds is a forward derivation while di contains at least one backward transition. Then, there exists
a forward derivation dy of length strictly less than that of di such that dy = d; .

Proof. We prove this lemma by induction on the length of d;. Thanks to the Parabolic Lemma
(Lemma there exist a backward derivation d and a forward derivation d’ such that d; ~ d;d’.
Furthermore, d;d’ is not longer than dy. Let tty be the only two successive transitions in d;d’
with opposite direction. Note that t is backwards, hence it removes an element from the history
of some process. We will show below that there is in d’ a transition ¢ which adds the same

element to the history of the same process as above.
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Moreover, we can swap ¢ with all the transitions between ¢ and ¢, in order to obtain a
derivation in which ¢ and the swapped version of ¢ are adjacent. To do the swapping we apply
the Switching Lemma (Lemma @, since for all transitions ¢’ in between, we have that ¢’ and the
(possibly swapped version of) £ are concurrent (this is proved below too). Since the swapped
version of £ undoes the effect of t, when adjacent to it, it coincides with t. Hence, we can remove
both of them using /. The resulting derivation is strictly shorter, thus the claim follows by
inductive hypothesis.

Let us now prove the results used above. Thanks to the Loop Lemma (Lemma (1) we have
the derivations above iff we have two forward derivations which are co-initial (with sy as initial
state) and co-final: d;ds and d’. Since the first transition of d;dy is ¢ : s9 —pir1,k1 1, Which
adds some item k; to the history of p; and such an item is never removed (since the derivation
is forwards), then the same item kj has to be added also by a transition in d’', otherwise the two
derivations cannot be co-final. The earliest transition in d’ adding item k; is exactly .

Let us now justify that for each transition ¢’ before £ in d’ we have that ¢ and (the possibly
swapped version of) ¢ are concurrent. First, #' is a forward transition and it should be applied to
a process which is different from p;, otherwise the item k1 would be added in the wrong position
in the history of p;.

We consider the following cases:

e If ¢ applies rule SPAWN to create a process p, then ¢ should not apply to process p since
the process p; to which ¢ applies already existed before ¢/, since p; was involved in the

action at the beginning of d.

e If ¢’ applies rule SEND to send a message to some process p, then £ cannot receive the same
message since the received message necessarily existed before (after the corresponding

RECEIVE has been performed).

e If ¢’ applies rule REGISTERS to create a tuple with unique identifier «, then # cannot access
a tuple with the same unique identifier u, since the tuple with identifier v’ accessed by £

necessarily existed before, since it was involved in the transition at the beginning of d.

e If #' applies rule UNREGISTERS or rule ENDUN to delete the tuple (a,p’,u, T), then ¢
cannot apply a read or register to an atom a or a pid p’ since the tuple read or created

necessarily existed before.

e If ¢’ applies rule REGISTERED to read the map M, then ¢ cannot modify M (delete or create

a tuple) since the map M is necessarily the same as before.

e If ¢ applies a read rule, then ¢ and f are concurrent for the same reason as for the rule

REGISTERED.

e If ¢/ applies some other rule, then t' and ¢ are clearly concurrent.

In all the cases we have that ¢’ and ¢ are concurrent, hence the thesis follows. O

Proposition 1 (Backward confluence). Let S be a system in the reversible semantics. If
S =* 8 and S =* Sy then there exists S’ such that S; ~* S’ and Sy —* S'.
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Proof. The proof from [38, Proposition 5.5| applies. It relies on the Loop Lemma (Lemma |1
and the Parabolic Lemma (Lemma 3)). O

We can finally prove minimality.

Theorem 3 (Minimality). Let d be a controlled derivation such that init(d) = [[STly, 4
Derivation uctrl(d) has minimal length among all uncontrolled derivations d' with init(d') = S

including at least one transition satisfying {p,¥}.

Proof. The proof from [38, Theorem 5.6] applies. It relies on Proposition [I} the Shortening
lemma (Lemma [7)) and Theorem O

3.6 Replay Semantics

In this section we extend the replay semantics (described in Section, as we see previously we
have before to define a logging semantics that creates a log from the execution of a given program
and a causal-consistent replay semantics that replays an execution following the log. Relation
—p¢ defines the logging semantics, which decorates the standard semantics with subscripts , ¢
denoting that item ¢ needs to be stored in the log of process p, as described below. The rules
of the logging semantics for the imperative primitives are available in Fig. Log events are
required to keep track of the causal links between actions of different processes; here we consider

the following five kinds:

e reg(a,p,t,M), which logs the register of a tuple (a,p,t, T), together with the map M
containing the dead tuples on the atom a or the process p present in the map when the
register was executed. This is needed to ensure that the transition would not be swapped
with other operations on the map involving the same atom a or pid p. See Example [7] for

more details.

e del(t,M), where t is the unique identifier of the deleted tuple and M is the set of dead

tuples on the same atom or pid.

e sendS (A, M), where A is the unique identifier of the message sent and M is the alive tuple

read to find the target process of the send.
e rd(M), where M is the part of the system’s map involved in the read.

e rdF (¢, M), where ¢ is the atom or pid that was not available, and M is the set of dead

tuples on the atom or pid ¢.
e rdM (M), where M is the system’s map read by the registered primitive.
Now we extend the Definition [f] to covers also the imperative primitives log events.

Definition 24 (Log). A log is a (finite) sequence of events (€1,02,...) where each {; is
either send(A), rec()), spawn(p), sendS(\, M), reg(a,p,t,M), del(t,M), rd(M), rdF (¢, M)
or rdM (M), with A\ a message identifier, p a pid, t a tuple identifier, a an atom, v either

an atom or a pid, and M a set of tuples. Logs are ranged over by w. Given a derivation
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Rbtremans 0,e,8 "ELEAE) g1 o1 g Me=0 My =0 isAlive(p/,I)
;(p,0,e,S) | II; M =, s (p, 0, e'{r — true}, S") | IT;M U {(a,p',t, T)}
UNREGISTERS 9.e,5 R, 7.¢,5 Mo = {{a,p/,t, T)}
I;(p,0,e,S) | I;M =, T (p, 0, e'{k — true}, S") | II; M \ M, U kill(M,,)
ENDUN eisavalue Ve=c¢ M, = {{a,p,t,T)} ‘
F; <p7 07 €, H> ’ H7 M (_>p F’ (pu 07 J—’ H> | H’ M \ 1\/‘[17 U klll(l\{p)
ReGIsTERF 0262 o), e S My £ DV My # 0V — isAlive(p’, IT)
[;(p,0,e,S) | ILM i (p,6,e,[]) | ITI; M
UNREGISTERF ,c,5 EE, g o1 g =0
Ii(p,0,e, ) [TEM <, F;< HHH;M
send(a,v) ., , o . f
SENDS f,e, S 0,¢, S M, = {{a,p,t, T)}
I;(p,0,e,S) | II; M p, Tu{(p, o, {vhH};(p,0, eS| 1I;M
-~ 0.e,8 =) g ot gt M, =0
T (p,0,e,5) [T M <, Ly (p,0.¢[]) [ IEM

whereis(k,a)

0 g e S M, = 't T

WHEREISl y €, S , € 7S /a / {<a7p/7 ) />}

I;(p,0,e,S) [ILM <, Li(p,0',e/{x —p'},5) | ILM
WHEREIS2 9’ €, S herels(r.o) 9/7 ela S’ M, = @

[ (p,0,e,S) | ILM <, I; (p, 0, e'{k — undefined}, S’) | I; M
REGISTERED f,e, S M o', ¢, 5 registered(M) = atoms

I (p,0,e,8) | I;M =, T;(p,0,e'{k — atoms},S") | I; M
eisavalue Ve=¢ M, =10
END P
L5 (p, 0,6, []) [TEM ), L5 (p, 0, L, []) | T, M

Figure 3.10: Logging semantics of the imperative primitives
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d = (50 = p1,01 51 “poyts -+ “pnitn Sn), 1 > 0, under the logging semantics, the log associated
to a pid p in d, in symbols L(d,p), is inductively defined as follows:

9) ifn=0
L(d,p) = b1+ L(s1 =* sp,p) if n >0, p1 =p and {1 € {seq,self}

L(s1 = sn,p) otherwise

The log of d, written L(d), is defined as L(d) = {(p, L(d,p)) | p occurs in d}. We sometimes call
L(d) the global log of d to avoid confusion with L£(d,p). Note that L(d,p) = w if (p,w) € L(d)
and L(d,p) = () otherwise.

We can now extend the forward and backward semantics of Section to be driven by a
log. The forward semantics with logs and histories computes forwards using the log to replay
a computation which is causally equivalent to the one captured using the logging semantics
(cf. Lemma. This semantics consumes the log and produces the history. Dually, the backward
semantics with logs and histories consumes the history and re-creates the log. The rules of
the forward semantics with logs and histories for the imperative primitives are depicted in
Fig. Processes in the forward semantics with logs and histories now have the generic shape
(p,w, h,0,e,S), and the same for the corresponding backward semantics.

The forward semantics with logs and histories makes sure that the causal order of the
execution present in the log is respected. In other words, it ensures that non-deterministic
choices are resolved in the same way as in the original computation. This is fundamental to
ensure that a faulty behavior recorded in the original execution shows up also in the replay
(cf. Theorem [5).

Let us now discuss the rules in Fig. Rules REGISTERS, UNREGISTERS, ENDUN behave
as their forward counterparts but also ensure, through the condition M U MP' = M’, that the
part of the map concerning the atom a and the pid p’ is exactly the same as it was when the
log was recorded.

Moreover, rule REGISTERS permanently modifies the map (if the added tuple is removed it
would not disappear but it would become a ghost, and if it is re-added it would have a different
unique identifier), hence we need to ensure that no process still needs to read the map as it
currently is (at least as far as tuples or processes it is interested in are concerned). We ensure
this property via the side condition noRead(a,p’,¢,1I, £). Predicate noRead(a, p’, t,II, L) holds
if there is no item in the logs of the processes in II, or in the processes to be spawned from them,
which requires to read tuples on the atom a or the process p’ (where a registered read any atom
or pid) without reading a tuple with unique identifier ¢. Instead, the rules UNREGISTERS and
ENDUN ensure, through the predicate noReadt(M,II, £), that in the logs of the processes in II
(or spawned from them) there are no read of the alive tuples in M. All the other rules, i.e., the
ones below the line, read the map but do not modify it, so the only additional check required,
w.r.t. the forward reversible rules, is to verify that the map is the same as when the log was

recorded.

Example 7. Consider a system composed of four processes, p1,p2,ps3, p4, that have executed,
respectively, a REGISTERED, REGISTERS, SENDS and an UNREGISTERS, in that specific order,
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register(r,a,p’) . . a /
REGISTERS 0,e,8 =C00E 0 ¢ e S M, =0 M, =0 isAlive(p’, II) M*UM? =M noRead(a,p’, t,11, L)

I_‘; <p7 reg((l’p/’t‘ I\Vl/):w7 }L7 07 e? S> | H; M - F; <p’w7 regs(e'/ 67 S’ {<a7p/’t’ —I—>}):}L7 0’7 el{ﬂ % true}7 Sl> ‘ H; M U {<a7p/’t7 —I—>}
6,¢,8 B gt M, = {{a,p/ 1, T)}  MCUMP =M’ noReadt(t, 11, £)

UNREGISTERS 7
T; (p,del(t, M"):w, h,0,¢e,S) | I;M — T; (p,w,del(0, e, S, Mq, M* UMP ):h, 0, e’ {r — true}, S") | II; M \ MoUkill(M,,)

eisavalue Ve=¢ M, = {{a,p,t, T)} M*UMP =M’ noReadt (¢, I1, £)

ENDUN o qel(t, M )0, 1, 8, ¢, [1) | TG M — T (p, o, del(0, ¢, [], My, M* U NP)h, 9, L, []) | IT; M\, M, U Kill(M,,)

register(x,a,p’)
4>

RecisterF 285 0'.¢,8" My, #OVMy #0V - isAlive(p’, 1) M, UM, =M
T; (p,rd(M'):w, h,0,e, S) [ TI; M — T; (p,w,readS (0, ¢, 5, Mo UM, ):h,0,¢,[]) | ITI; M
UNRBGISTERE 07 e, S unregister(r,a) 0/7 6/7 S/ Ma _ Q) M® — M/
I (p,rdF(a,M'):w, h,0,e,S) | I;M — [; {p,w, readF (0, e, S, a, M?*):h,0,¢,[]) | I[; M
send(a,v) ' A , ,
,t, )=
SENDS 0¢85 »0,¢, 5 M, = {{a,p",t, T)}=M

T; (p,sendS(A\, M'):w, h,0,¢,S) | II;M — T U{(p,p, {v, \})}; (p,w,sendS (0, e, S, {v,\}, My):h,0,€’,S") | IT; M
0,e,8 N gr ot 51 M, =0 M® =M

F
SEND T; {p,vrdF (a,M'):w, h,0,e,S) | I;M — T; (p,w,readF (0, e, S,a, M*):h,0,¢,[]) | I;M

whereis(k,a)

0,e,S 0',¢e,8 M, = {{a,p’,t, T)}=M'
s {p,rd(M'):w, h,0,e,S) | ILM — T; (p,w, readS (0, ¢, S, M,):h, 0" e'{x — p'},S") | II; M

WHEREIS1

whereis(k,a)

0,e,S o', ¢e,9 My, =10 M* =M’

\%W% 2
HERELS T; (p,rdF(a,M'):w, h,0,e,S) | ILM — T; (p,w, readF (0, e, S, a, M*):h, 0, e’'{r — undefined}, S") | II; M

registered (k)
e

0,e,S o', e, s registered(M) = atoms M=M
T; (p,rdM(M'):w, h,0,¢e,S) | I;M — T'; {p,w, readM (0, e, S, M):h, 0", e'{k — atoms}, S’) | TI; M

REGISTERED

eis avalue Ve =¢ M, =10 MP =M’
F7 <p> I‘dF(p I\I/):w7 h707e7 []> | H7M - Fa <p7w7readF(97€7 H',pal\lp):h7evj~7 []> | H’M

END

Figure 3.11: Forward semantics with logs and histories: the imperative primitives
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and all targeting the same atom a. The log of the computation, computed using the logging

semantics, is as follows:

£(d) = {{pb I‘dM(@)}, {an reg(a7p7 t, (D)}’ {p37 Sel’ldS()\, {<aap7 t, T>})}7 {p4a del(ta (D)}? s }

By using the forward semantics with logs and histories we can derive only the following

computation:

(p1,rdM(0):w1, hy, 01, registered(), S1)

| (p2,reg(a, p,t,0):ws, ha, b2, register(a, p), S2)
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)
| (pg,del(t,D):wy, hy, 04, unregister(a), Sy)

(p1, w1, readM (61, registered(), S1, 0):hy, 07, €}, S7)

| (p2,reg(a,p,t,0):ws, ho, b2, register(a, p), Sa) 0
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3) ’
| (ps,del(t,D):wy, hy, 04, unregister(a), Sy)

{p1, w1, readM 6y, registered(), S1,0):h1, 07, €], S})

| (p2, wo, regS(02, register(a, p), So, {{a,p,t, T)}):ha, 05, €5, S5)
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)

| (pa, del(t,D):ws, ha, 04, unregister(a), Sy)

(p1, w1, readM (01, registered(), S1,0):hy, 0, €], S1)

| (p2, w2, regS(02, register(a, p), S, {(a,p,t, T)}):ha, 05, €5, .55)
| (p3,ws,sendS(0s,a ! v, S5, {v,\},{({a,p,t, T)}):hs, 05, €5, 5%)
| (pa, del(t, 0):wy, hy, 04, unregister(a), Sy)

(p1,w1, readM (61, registered(), S1,0):hy, 0], €}, 5])

| (p2, w2, regS(2, register(a, p), So, {{a,p,t, T)}):ha, 05, €5, .55)
| (p3,ws,sendS(03,a ! v, S, {v,\},{(a,p,t, T)}):hs, 05, €5, 55)
| (p4, w4, del(0y, unregister(a), Sq, {{a, p,t, L)}, 0):hy, 0}, €4, Sy)

0; ;0

0;

{{a,p,t, T}

{(p3,p, {v, A\}) }; s {{a,p,t, T}}

{(p3;p. {v, A} s {{a,p,t, L}}

Let us analyze the mechanisms that ensure that the causal order provided in the log
is respected. The registered needs to be executed first, since for register the condition
noRead(a, p, t,I1, £) fails, while the send and the unregister cannot trigger since the required
tuple is not in the map. For this last reason, after the registered operation, only the register can
trigger. At this point, we need to execute the send. Indeed, the unregister is not enabled since the
side condition noReadt (¢, II, £) fails due to the send in the log of p3. Now, it is finally possible to
execute the unregister. In this example, even if each primitive is executed by a different process,
thanks to the log the execution above is the only possible one. In general, given a log, multiple

executions could be possible. This would happen if some actions were concurrent.

¢

The forward semantics with logs and histories is paired with a backward semantics with logs
and histories which consumes histories and recreates the log. It coincides with the backward
semantics, but for the addition of logs. We report in Fig. the semantics of the imperative
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T; (p,w,regS(0, ¢, S, {{a,p/ .t T)}):h, 0, ¢/, 8') [ IEMU {{a, ', £, T)} « T (p,reg(a,p/, t, M* UM? )uw, h,0,e,8) | II; M
if readop(t,I1) =0

T; (p,w,del(0, e, S, {(a,p’, t, T)},M1):h,0,€,S) [ TEM U {{a,p’, t, L)} « T;(p,del(t,M1):w, h,0,e,5) | ITMU {{a,p’,t, T)}
if My = 0 A M, = 0 A readmap(M U {(a,p’, £, L)},1I) = O A readghost(t, IT) = ) A My = M® U M?’

REGISTERS

DEL

READS T; (p,w,readS(0,e, S, M1):h, 0", e, S") | ILM « T; {p,rd(M;):w, h,0,e,S) | I;M if My CM

TU{(p,p,{v,\})}; (p,w,sendS(0, e, S, {v,\},Mi):h,0" €', S") | T; M « T;(p,sendS(\, M, ):w, h,0,¢,S) | LM
if My CM

READF T; (p,w,readF (0, ¢, S, 1, Mq):h,0" e, S") | TEM « T (p,vdF (¢, M1):w, h,0,e,8) | TI; M if M, =0 AM; =M

SENDS

ReabM T {p,w,readM (0, e, S, M1):h, 6" e',S") | I;M « T; {p,rdM(M;):w, h,0,¢e,S) | IT[; M if My =M

Figure 3.12: Backward semantics with logs and histories: the imperative primitives
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REQUEST

Figure 3.13: Replay semantics

primitives, which extends the one in Fig. [3.6f We refer to [38] for the semantics of the other

constructs.

In Section [3.5| we exploited the backward semantics to define a rollback operator, permitting
to undo an action far in the past, together with all and only its consequences. Dually, here we
define a replay semantics, allowing one to redo a future action, including all and only its causes.
Replaying the causes is needed to ensure that we reach consistent systems; e.g., if a process p
needs to redo a receive of some message with the unique identifier A, we first need to ensure
that the message with the unique identifier A has been sent, otherwise we would reach a system

where p has received a message that was never sent.

Formally, a system in replay mode is denoted as || S]] (.} where {p, 1} is the request for a
process p to perform . The replay requests {p, 1} are analogous to the ones we presented in
Section for rollback. For instance, a replay request {p, reg(t)} asks to redo the register made
by a process p that inserted a tuple (_, ,¢,T) in M.

Similarly to rollback, we write ||S||y where U is the sequence of requests that need to be
satisfied to redo the desired action; ¥ can be seen as a stack where the first element is the first
request that will be satisfied by the replay semantics and once the stack is empty the required
action has been redone. If the first request cannot be satisfied, then it means that some causes
have not been replayed yet, so new requests, aimed at replaying these causes, will be pushed on
top of the stack.

Fig. [3:13] depicts the replay semantics, built on top of the forward semantics with logs and
histories. The rules are described in Section and they are shown Fig. It is possible to
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regS, t, IT)

1)

1)

fwDep(rec(\):w,T; (', , , . )1 ) = {p/,send(\)} if send()\) € W' VsendS()\, )€’
fwDep(sendS(_, {(_, _,t,_J})w, _:TI; M) ~ G resSOF (LT M A = GALP (gD
fwDep(rd(M' U{(_, ,t, T)})w, ;I;M) ={p/,regS(t)} if {({_, TY} € M AP = getLP(
fwDep(rdF(_,M' U {< , St D) w, I M) ={p',del(t)} if {(_, ,t,1)} € MAD = getLP(del,t,1I)
fwDep(rdM (M’ u{(, ,t, H}Hw, ;I;M) = {p/,regS(t)} if {(_, T)} € MAp = getLP(regS, ¢, 11)
fwDep(rdM(M' U {({_, ,t, 1)})w, ;I;M) ={p',del(t)} if {(_, t J_>} Z M A p' = getLP(del, ¢,1II)
fwDep(reg(_, t MU{(, Lt D)w, STEM) = {p/,del(t)} i {(_, ¢, 1)} & MAp' = getLP(del, 7,
fwDep(reg(a,p,t, )w, ;II; ={y, s} if p/ = getLP(rghost a,p,t, 1)
fwDep(del(t, )w, ; IT; M) = {p/,regS(t)} if {(_, t T>} ¢ M A p' = getLP(regS, t, 1)
fwDep(del(t, M <_, A L)) w, I M) ={p'.del(t)} if {(_, 1)} ¢ MAp = getLP(del, t/,
fwDep(del(t, )w, ;IEMU{( , ,¢t,T)}) ={p/, s} if p/ = getLP(read t,IT)
Figure 3.14: Forward dependencies operator
getLP(del,t, (p,w, , , , )I|II) =p ifdel({( , ,t, )}, )ew
getLP(regS,t, (p,w, , , , ) |II) =p ifreg({(_, ,t, )}, )€w
rdMU{(_, ,t,T)}) ew
getLP(read,t, (p,w, , , , )|I) =p if cvedMMU{( , ,t,T)}) Ew

VsendS( ,MU{{( , ,t,TH})ew

(rdF(a,M) c wA (_, ,t, )&M)
getLP(rghost, a,p’,t, (p,w, , , _, Y|II) =p if SV (xdF(p,M)cwAn{ , ,t, )&M)

V(edMM") ewA(_, ,t, )gM")

Figure 3.15: Get pid operator

see that previously there was a rule for replay the receive request (REQUEST-REC). Now in Fig.
we consider only one rule REQUEST similar to its counterpart in the rollback semantics. It
is applied when the target process cannot execute because some causes have yet to be replayed
(indicated by 4, )., for e.g., a SENDS cannot be replayed if the target atom has yet to be
registered. With the help of the operator fwDep (defined in Fig. the rule computes a new
request, aimed at solving the dependency. It is then pushed on V.

The operator fwDep uses the getLP operator to find the pid of a process which is the target
of the dependency. Note that function getHP looks for dependencies inside histories while getLP
looks for dependencies inside logs. In Fig. we define the fwDep operator. Let us discuss

the different cases:

rec: a receive cannot be executed since the message received has yet to be sent by some other
process p', so a request has to be made to p’ to execute the send (via either rule SEND or

rule SENDS) of the (unique) message identified by .

sendS: a send of a message using an atom cannot be executed since the atom has yet to be
registered by some other process p’, so a request has to be made to the process p’ to

execute the register of the (unique) tuple identified by ¢.

rd: in this case we need to restore the portion of the map (one or two tuples) read by some
read operation. These are alive tuples which have not been created yet, hence we need to

create them via a register operation.

rdF: in this case we need to restore the ghost tuples in the portion of the map read by the
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operation, hence we need to perform the deletion of the tuples which are not present in

the system map.

rdM: in this case we need to restore the map as read by the registered primitive. In the read
map we may have both alive tuples which have not been created yet, and in this case we
need to create them via a register operation, and dead tuples which are not present, and

in this case we need to perform their deletion.

reg: in the case of the register of a tuple ¢ it is necessary to execute all the operations on tuples
in M’ (carried by the log), namely deletion of a tuple (if it is no more in the system’s map),
read operations on tuples and read operations on the whole map. In this case we use as
request just to take a step, this is enough since if the dependency is not solved the same
condition will trigger again. This avoids introducing an auxiliary dependency target. As

usual, the pid p’ is obtained from the operator getLP.

del: in the case of deletion of a tuple ¢t we may have as dependencies: (i) a tuple on the same
atom or pid, whose register needs to be executed before doing the deletion, unless it is a
pre-existing ghost (which is not in M); (ii) a read operation on the live tuple of ¢ (done

using requests for doing single steps till needed) (iii) a read operation on the whole map.

The pid p’ that identifies the process that needs to satisfy the request is computed using the
auxiliary operator getLP, defined in Fig. [3.15] In particular, operator getLP takes a descriptor
of a log item, a unique identifier ¢ and a pool of processes, and finds the pid of a process which
will do an operation compatible with the descriptor on the tuple with unique identifier £. Notice
that more than one pid may fit the descriptor (e.g., many processes may read the same tuple),
hence the operator non-deterministically selects one.

One could base the rollback on the backward semantics with logs and histories, thus re-
creating logs while going backwards using rollback. This can be obtained by using in the premises
of the rules of the rollback semantics (cf. Fig. the backward semantics with logs and histories
instead of the backward semantics.

We now present an example to clarify how replay requests are managed.

Ezample 8. We consider the same system as Example[7] with the same log, computed using the

logging semantics. The log is hence as follows:

L(d) = {{p1,rdM(0)}, {p2, reg(a, p,t, D)}, {ps3, sendS(A, {{a, p,t, T)})}, {ps,del(t,0)},... }

We consider the replay request {ps,send(\)}, asking to replay the send of the message with
identifier A traced in the log of p3. The system in replay mode is || S]], cend(n)}» Where:

(p1,vrdM(0):wy, hy, 01, registered(), S1)

| (p2, reg(a,p,t,0):ws, ho, 02, register(a, p), S2)
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)
| (pa, del(t, 0):wa, ha, B4, unregister(a), Sy)

S= 0 0
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We cannot immediately replay the requested send, since rule SENDS is not applicable to
system S (S 4y, k). Indeed, the map does not contain the element of the map used by the

send.

As a result, we can only apply rule REQUEST, which adds the request {p2, regS(¢)} (computed
using the case analysis in Fig. [3.14] where the pid of the target process ps is computed using the
operator getLP in Fig. . Now, the system becomes ||S|]y,, egs(t)}:{ps.send(r)}- Again, it is
not possible to apply rule REGISTERS to satisfy the request {p2,regS(t)}(S #p,.rk), hence we
need a second application of rule REQUEST. The newly added request is now {pi, s}.

Now the system is LLSJJ{pl s} {p2.regS()}: {ps.send(\)} where it is possible to apply rule
U-SATISFY to execute the step:

(p1,rdM(0):wy, hy, 01, registered(), S1)

| (p2,reg(a, p,t,0):ws, ha, b2, register(a, p), S2) 0

| (ps3,sendS(\, (a,p,t, T)):ws, h3,03,a ! v,S3)

| (pa,del(t,D):ws, hy, 04, unregister(a), Sy)

(p1, w1, readM (61, registered(), S1,0):hy, 07, €}, S7)

| (p2,reg(a,p,t,0):ws, ho, b2, register(a, p), Sa) 0
| (p3,sendS(\, (a,p.t, T)):ws, hs,03,a ! v,S3) ’

| (pg,del(t,D):wy, hy, 04, unregister(a), Sy)

S= 0

0; =8

The system is now ||S’|] {pa.regS(t)}: {ps,send( M)} where it is possible to apply again rule U-SATISFY

to execute the step:

(p1, w1, readM (6, registered(), S1, 0):hy, 07, €1, 51)
| (pa2,reg(a, p,t,0):ws, ho, b, register(a, p), S2)

| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)

| (pa, del(t, 0):wy, hy, By, unregister(a), Sy)

(p1, w1, readM 6y, registered(), S1,0):h1, 07, €], S1)

| (p2, w2, regS(0o, register(a, p), S2, {(a, p, t, T)}):ho, 05, €5, S5)
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)

| (pa,del(t, 0):wy, ha, B4, unregister(a), Sy)

S = 0;

®; ;{{a7p7ta—|—}} =5"

The system is now [[S”|[ . cend(r)y 2nd a final application of rule U-SATISFY satisfies the last

request:

{p1,w1, readM (01, registered(), S1,0):hy, 07, €}, S7)

| (p2, w2, regS(02, register(a, p), S, {(a,p,t, T)}):ha, 05, €5, .55)
| (p3,sendS(\, (a,p,t, T)):ws, hs,03,a ! v,S3)

| (pa,del(t, 0):wy, hy, 04, unregister(a), Sy)

{p1,w:1, readM (61, registered(), S1,0):h1, 07, €], S})

| (p2, w2, regS(0a, register(a, p), So, {{a,p,t, T)}):ha, 05, €5, 55)

| (p3,ws,sendS(0s,a ! v, Sz, {v, A}, {(a,p,t, T)}):hs, 05, €5, S5)
| (pa,del(t, D):ws, hy, 04, unregister(a), Sy)

S"= {{a,p,t, T}}

— {(p3,p,{v,)\})}; ;{{a,p,t,T}} N
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Since there are no more pending requests the replay ends.

9

Now, let us focus on the properties of the replay semantics and of the relation ~», which can
be seen as a controlled version of the forward semantics with logs and histories (—). Indeed, an

execution of the replay operator corresponds to a forward derivation.
Theorem 4 (Soundness of replay). If ||S||y ~* ||S]] ¢/ then S —* S'.

Proof. The replay semantics is either executing forward steps using the forward semantics or
executing administrative steps (i.e., pushing new requests on top of ¥ via rule REQUEST or rule
SPAWN), which do not alter the underlying system. O

We want to define a system taking a log from the logging semantics.

Definition 25. Let d = (s1 —* s2) be a derivation under the logging semantics, with s; =
i (p1,01,e1,51) | -~ | (Pn,On,en,Sn); M. The system corresponding to sy in the reversible

semantics with logs and histories is defined as follows:

addLog([,(d), 81) - Fa <p17 ﬁ(dapl)a ()7 617 €1, Sl> ‘ e ‘ <pn7£(dapn)) ()7 0717 €n, Sn>7 M

Conversely, given a system s = T'; (p1,w1, h1,61,e1,51) | -+ | (Dn,wn, By Ony €y Sp); M in
the reversible semantics with logs and histories, we let Proj(s) be the system obtained from s by
removing both logs and histories, i.e., Proj(s) = T'; (p1,61,e1,51) | -+ | (PnsOn,en, Sn); M. It is
extended to derivations in the obvious way: given a derivation d of the form s1 =, o - .. —p, 00

sp, we let Proj(d) be Proj(si) <=p, ¢ - .- —p,.e, Proj(sn).

Definition 26 (Well-initialized). A controlled system ¢ = |[s|] y,, 4y s well-initialized iff there
exist a derivation d under the logging semantics, a system sy = addLog(L(d),init(d)), an
uncontrolled derivation so 2 s, and an uncontrolled forward derivation from s satisfying {p,}.

A controlled derivation d is well-initialized iff init(d) is well-initialized.

In order to study the properties of replay, we need to restrict our attention to requests that
ask to replay transitions which are in the future of the process. The existence of a derivation
satisfying the request can be efficiently checked. For replay requests {p, s} it is enough to check
that the process p can perform a step, for other replay requests it is enough to check the process

log. We can now show that controlled derivations are finite.
Lemma 8. Let d a well-initialized derivation. Then d is finite.

Proof. The proof from [38, Lemma 5.3| applies. O

We want to compare different derivations using the same log. However, they may differ in
how many actions they execute after the last action in the log. Indeed, steps derived using rules
SEQ or SELF do not appear in the log. Thus, we restrict our attention to fully-logged derivations,
which block just after the last action in the log.
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Definition 27 (Fully-logged derivation). A derivation d under the forward semantics with logs
and histories is fully-logged if, for each process p in final(d), the log is empty and the last element

in the history (if any) is a logged transition (i.e., one which is not labeled with seq nor self ).

The next lemma shows that if the log is fixed, the behavior of each process is also fixed (but

not the alternation between them).

Lemma 9 (Local determinism for the replay semantics). Let dy, do be co-initial fully-logged
derivations under the forward semantics with logs and histories. Then, for each pid p occurring
in dy, do, we have S; = 5’3 where 5’; (resp. Sg) is the ordered sequence of configurations

(p,w, h,0,e,S) occurring in dy (resp. dg), with consecutive equal elements collapsed.
Proof. The proof from [38, Lemma 4.21] applies. O

Now, we can show that any reachable state in the replay semantics corresponds to a state

reachable in the logging semantics:

Lemma 10. Let d,d’ be fully-logged derivations under the logging and the replay semantics with
logs and histories, respectively. Let init(d') = addLog(L(d),init(d)). Then there exists a finite
forward computation d” =~ d' such that d = Proj(d").

Proof. The proof from [38, Lemma 4.20| applies. O

Now it is possible to prove that if a behavior occurs in the logged derivation then the replay
derivation also exhibits the same behavior (and vice-versa), hence replay is correct and complete.

Notably, correctness and completeness do not depend on the scheduling.

Theorem 5 (Correctness and completeness). Let d be a fully-logged derivation under the logging
semantics. Let d' be any fully-logged derivation under the replay semantics with logs and histories
such that init(d") = addLog(L(d), init(d)). Then:

e there is a system T';II; M in d with a configuration (p,0,e,S) in II iff there is a system
;s M in d' with a configuration (p,0,e,S) in Proj(I';TI'; M');

e there is a system T;ILM in d with a message (p,p',{v,\}) in T iff there is a system
;1M in d' with a message (p,p’, {v,\}) in T".

o there is a system T;IL;M in d with a tuple {a,p,t,s) in M iff there is a system T";11'; M’
in d' with a tuple {a,p,t,s) in M.

Proof. From Lemma [10] there exists a forward derivation d” ~ d’ such that Proj(d”) = d.
Trivially, the thesis holds for d”. Ttem (1) follows by applying local determinism (Lemma @ to
derivations d” and d’. Concerning item (2), every message in I' should either be in init(d) or must
be sent by a transition of d. In the first case, the claim follows since Proj(init(d')) = init(d). In
the second case, there should be a send action in d producing it, and the thesis follows from item
(1), observing that since the derivation d’ is fully-logged the send action is replayed. Concerning
item (3), every tuple in M should either be in init(d) or must be registered and/or deleted by

transitions of d. In the first case, the claim follows since Proj(init(d')) = init(d). In the second
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case, there should be a register and/or a delete action in d producing/removing it, and the thesis
follows from item (1), observing that since the derivation d’ is fully-logged the register and/or

delete actions are replayed. O

Our controlled semantics is not only causal-consistent but also minimal. This means that in
order to satisfy the oldest request on ¥, and consequently every other request in ¥, the replay
executes the minimal amount of actions needed to satisfy the replay request. Now we extend

function uctrl() to also project systems in replay mode to uncontrolled ones:

uctrl(||S]ly) =S

The extended notion of projection extends to derivations as well.

As for rollback, we need some auxiliary results.

Theorem 6. For each well-initialized controlled system c = USJJ{p,w} consider a mazximal
derivation d with init(d) = c. Let us call t the last transition in uctrl(d). We have that t
satisfies {p, v}, and for each transition t' in uctrl(d), ¢’ >t.

Proof. The proof from [38, Theorem 5.4] applies. O

Proposition 2 (Forward confluence). Let S be a system in the uncontrolled reversible semantics.
IfS 2% 81 and S 22" Sy then there exists S’ such that Sy —»* 8" and Sy —* S’

Proof. The proof from [38, Proposition 5.5] applies. It relies on the Loop Lemma (Lemma (1)
and the Parabolic Lemma (Lemma |3)). O

We can finally prove minimality.

Theorem 7 (Minimality). Let d be a well-initialized controlled derivation such that init(d) =
S]] (p.wy- Derivation uctrl(d) has the minimal length among all uncontrolled derivations d' with

init(d') = S including at least one transition satisfying {p,}.

Proof. The proof from [38, Theorem 5.6 applies. It relies on Proposition [2| the Shortening
Lemma (Lemma[7)) and Theorem [6] O

We now show the concrete impact of the result above.

Ezxample 9. Consider the computation in Example 8] which needs to replay the send operation.
It consists of three steps. Theorem [7] above guarantees that this is the minimal length of a
computation replaying the send. Indeed, both the other executed transitions (the read and
the register) are causes of the send, hence they need to be executed first in any uncontrolled

computation. Notably, the delete operation, which is not a cause of the send, is not executed.
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register(x,a,p’)
%

R g 0,e,S 0',e,S' t fresh M, =0 M, =0 isAlive(p’, IT)

SO D (i, p, 1, 0, ¢, ) | TI; {(nid, M)}UM; © — T (11, p, regS(0, ¢, 5, {(a, p' £, T)}))eh, 0/, ¢/ {r — true}, §') | IT; {(nid, MU {(a,p', £, T)})JUM;
ey —— F?( ,p,regS(@,e, S,{<a,p/,t,T>}):h,9,,€/,S/> |H;{<nid,MU{<a,p’,t, T>}>}UM§ ﬁF§< ,p,h,9,6,5> | H§{<nid7NI>}UM;
REGISTERS .

if readop(¢,I1) = 0

Figure 3.16: Distributed semantics, sample rules

3.7 CauDEr with Imperative Primitives

We exploited the theory presented above to extend CauDEr [5], 411, [39] [40], a Causal-consistent
reversible Debugger for Erlang. CauDEr is written in Erlang and provides a graphical
interface for user interaction. Previously CauDEr supported only the sequential, concurrent and
distributed fragment of Erlang, and we now have added support for the imperative primitives.
The updated code can be found at [58§].

While the theory discussed so far does not consider distribution, we have extended the version
of CauDEr supporting distribution [41], where systems can be composed of multiple nodes. This
is rendered by adding to each process the node identifier of the node where it is running.
Also, the description of the system now includes the set of identifiers () of the nodes in the
network. As far as the imperative primitives are concerned, the only difference is that each
node has its own map, shared only among its processes. Thus, we replace the map M with a
set of pairs (nid, M), denoted as M. Each pair associates a map M to a node identifier nid.
The imperative primitives we consider work only on the map of the node where the process is
running. As an example, Fig. shows how to update rule REGISTERS. Note that the nid of
the node of the process coincides with the one of the map it is acting on.

The interplay between the introduction of maps described in the present chapter and the
Erlang primitives supporting distribution as formalized in [4I] (to which we refer for a detailed
description of the reversible semantics of the distribution primitives) is limited. In particular,
updating the distribution rules in [41] requires only (i) the addition of M on both sides of each
rule and (ii) to extend the rule for node creation (rule STARTS in [41, Fig. 3|) to also create
an empty map associated to the identifier of the new node. Additionally, if one wants to add
support for the remote send primitive {atom, node}!expr (see [I5] for details), which uses a
pair to specify the target process, one needs to consider two aspects: (i) even if the target does
not exist, no exception is raised and (ii) the atom is evaluated in the map of the target node. As
a consequence of (ii), atoms may occur as part of the target of messages and the corresponding
pid needs to be retrieved by the receiver of the message. As a result, other actions may occur
in between the execution of the send and the evaluation of the atom.

Fig.[3:17 shows a snapshot of the new version of CauDEr, supporting the map. The interface
is organized as follows. On the left, from top to bottom, we can see (i) the program under
debugging, (ii) the state, call stack, history and log of the selected process, (iii) the map of the
node of the current process (the main novelty in the interface due to our extension, highlighted
with a red square). On the top-right we can find execution controls (they are grouped into
multiple tabs, here we see the tab for rollback), and on the bottom-right information on the

system structure and on the execution.
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Code Actions
14 {replay, Ris} -> Process
3 io:format(RESULT:~p\n", [Ris]), . Node: nonode@nohost PID: 1 - server:server/0 <)

16 log ! Ris;
17 {Atom, Val} -> '
18 io:format("SEND REQUEST:~p\n", [{Atom, Val}]), e
19 case whereis(Atom) of Manual ~ Automatic ~ Replay  Rollback
20 undefined ->
21 register(Atom,spawn(?MODULE, Atom,[)), Steps: 1 S Roll steps
22 Atom ! Val;
23 > vid: 11 Roll send
24 Atom ! Val

Uid: 0

Node:

Process Info Pid: 1 a

Bindings stack
Name: Roll variable
same Value server:server/0
server:server/0 Map Elem {adder4,.. &
server:server/0
server:server/0
server:server/0
server:server/0
server:server/0
server:server/0

Roll register

Map Elem

System Info
Nodes ~ Mailbox
Log History [nonodeenohost |

receive({logged,1},12)

send with atom log ({addder,20},13)
receive ({replay,{addder,20}},8)
send with atom log (100,11)

read of [{log,2,1}]
receive({log,100},2)
receive({logged,0},10)

send with atom log ({square,100},9)
receive({replay, {square,100}},6)
send with atom adder (20,7)

Map Info Trace  Roll Log
Node Map

Atom PID Tuple ID receive(22)
receive(20)
receive(18)
receive(16)
receive(5)
receive(14)
receive(3)
receive(12)

server
log

square

w N = o

PO

adder

Performed 284 (of 1000) forward steps in 4 ms Ln 30, Col 12 Alive 4, Dead 1

Figure 3.17: A screenshot of CauDEr

Debugging the case study CauDEr works as follows: the user selects the Erlang source
file, then CauDEr loads the program and shows the source code to the user. Then, the user
can choose the function that will act as an entry point, specify its arguments, and select the
identifier of the node where the first process should run. The user can perform single steps of
some process (both forwards and backwards), n steps in the chosen direction in an automatic
modality (a scheduler decides which process will execute each step), or use the rollback or the
replay operator (provided a log is available, which can be the result of previous executions inside
CauDEr) described in the previous sections.

The rollback operator allows one to undo a selected action (e.g., the send of a given message)
far in the past, including all and only its consequences. This corresponds to trigger a computation
in our rollback semantics (cf. Fig. with the selected target. As proved in Theorem (1| and
Theorem [2] this corresponds to an uncontrolled computation undoing the selected action and only
its consequences. All the consequences need to be undone thanks to causal safety, discussed at
the end of Section [3.4] Hence, the rollback operator is convenient to look for a bug causing a
visible misbehavior, as described below. We now put CauDEr at work on our case study.

We consider a server that dispatches requests to a set of mathematical services and logs the
result of each request. We consider the code in Fig. 318

The code begins with the definition of function main at lines 4-7. This function spawns and
registers the processes corresponding to the server and the logger (lines 5-6), and finally sends
the requests taken as input to the server through the sendRequest function.

The server (lines 9-26) waits for requests of the following forms:

o {logged,{Res,Time}} (lines 11-12): in this case, it prints out the value Time, which
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corresponds to the time at which the result has been logged.

e {reply,Res} (lines 13-15): in this case, the server prints Res, the result of the mathematical

service, and sends it to the logger (line 15).

e {Atom,Val} (lines 16-25): this case corresponds to a service request. The server prints
the request (in line 17). If the service is already registered, then the server sends a request
message to the service (lines 22-23). Otherwise, the server first creates and registers the

new service and afterwards it sends the request to it (lines 19-21).

Finally, after handling a request, the server recursively invokes itself to handle the next request
(line 26).

The logger (lines 28-32) keeps a log L of messages, each one equipped with a time (sequential
integers for simplicity). Whenever it receives a message, it adds it to the log, and sends the
information on the logged item to the server (line 31).

Our case study includes three services:

e the square service (lines 34-38) receives a value, computes its square, and sends the result

to the server;

e the logarithm service (lines 40-44), analogously, receives a value, computes its logarithm,

and sends the result to the server;

e the adder service (lines 46-51) receives a value, adds it to the accumulator N, and sends the
result to the server. The accumulator stores the sum of all the numbers that the service

has received; it starts at 0.

In our example, we invoke the program with the following list of requests:
[{square, 10}, {adder, 20}, {log, 100}, {adder, 30}, {adder, 100}]

The two first requests are successfully answered, while the request to compute the logarithm of
100 is not.

By checking the history of the server (this is exactly the one shown in Fig. [3.17) where
relevant items are grayed, most recent items are on top) we notice that the request to compute
the logarithm of 100 has been sent by the server as message 11. By using CauDEr rollback
facilities to undo the send of message 11 (including all and only its consequences), one notices
that the send has been performed at line 24 (also visible in the screenshot, upon rollback the
line becomes highlighted), which is used for already spawned services. This is wrong since this
is the first request to compute a logarithm.

One can now require to rollback the register of atom log (used as target of the send). We can
now see that the system logger has been registered under this atom in the main function (line 6
in Fig. [3.18):
register(log,spawn(?MODULE, logger,[0,[]])),

This is wrong. The bug is that the same atom has been used both for the system logger and for
the logarithm service.

Finding such a bug without the support of reversibility, and rollback in particular, would

not be easy. Also, rollback allows us to go directly to the points of interest (e.g., where the atom
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log has been registered), even if we do not know which process performed the action. Notice
that the function server, which sent message 11 using atom log as target, and the function main,
which made the register of atom log, are executed by different processes, and CauDEr guided
us from one process to the other. Hence, debugging via rollback scales better than standard
techniques to larger programs, where finding a bug without reversibility would be even more
difficult.

Notice also that every time one goes backwards, e.g., using the rollback operator, CauDEr
creates a log of the part of the computation which has been undone. If one by mistake goes too
far backwards, one can use the replay operator to go forwards again, till some event of interest
is re-executed. If the misbehavior was visible in the original computation, it can be shown again

using the replay semantics as proved in Theorem [5
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—module(server ).
—export ([main/1]).

main (A)—>
register (server ,spawn (?MODULE, server,|[])),
register (log ,spawn (?MODULE, logger ,[0,[]])),

sendRequest (A).

server () —>
receive
{logged ,Log} —>
io:format ("LOGGED TIME: " p\n", [Log]);
{replay, Ris} —>
io:format ("RESULT: "p\n", [Ris]),
log ! Ris;
{Atom, Val} —>
io:format ("SEND REQUEST: "p\n", [{Atom, Val}]),
case whereis (Atom) of
undefined —>
register (Atom, spawn (?MODULE, Atom, [])),

Atom ! Val;
>
Atom ! Val
end
end ,
server ().
logger (N,L)—
receive
Val —
server ! {logged ,N}, logger (N+1,L++[Val])
end .

square () —>
receive
N —
server ! {replay ,{square NxN}} 6 square()
end .

log () —>
receive
N —
server ! {replay,{log,math:logl0(N)}}, log()
end .

adder () —> adder (0).

adder (N)—
receive
Val —
server ! {replay ,{addder,Val + N}}, adder(Val + N)
end .
sendRequest ([]) —> ok;
sendRequest ([El | T]) —

server ! El, sendRequest(T).

Figure 3.18: Case study



Chapter 4

A Meta-model for Memory Models

In this chapter, we present our framework for describing memory models. This framework is
based on the concept of a synchronous product of LT'Ss and extends the framework proposed in
[34] described in Section The framework proposed in [34] defines how the components of its
model interact, whereas our framework is described as a product of LTSs in which we explicitly
define how the synchronization relation is composed (i.e., which describes how the various LT'Ss
interact with each other). Furthermore, unlike [34], our system is described as a product of three
LTSs (thread, memory and scheduler) instead of only two components (thread and memory).
We believe that the use of three components makes our framework closer to the description of

a real system and increases the modularity of the system.

The use of an LTS product instead of a fixed structure allows us to have more possible forms

of synchronization than Effinger.

In this Chapter we present several instances: the sequential consistency memory model as
a base; the write-buffer memory model as a well-studied model with a formalized operational
semantics; and finally automatic mutual exclusion (AME) as an example of a transactional
memory model, with three different semantics: the strong semantics where the semantics
provides strong atomicity in the executions, the weak semantics where is added the possibility
to interleave unprotected and protected step, and the weak semantics with optimistic rollback
which gives also the possibility to rollback the code when a computation is blocked on a false

condition.

The addition of the scheduler component gives us greater modularity in fact in the case of
the weak memory model we can see how changing a single rule allows us to obtain a different
model. In fact, as we shall see, changing a single rule in the scheduler of the strong semantics

gives us the weak memory model.

The Chapter is structured as follows. Section presents the state of the art. Section
introduces the notion of synchronous products of LTSs. In Section[4.3]we describe our framework.
Finally, in Sections [4.4] and we outline and describe three instances of our framework

and we prove the bi-similarity with the corresponding memory model in the literature.

71
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4.1 State of the Art

Each programming language typically has its own memory model that reflects its specific design
goals, trade-offs, and limitations [2I]. This diversity derives from the different requirements and
optimizations supported by each language, leading to a variety of memory models that meet
the individual features of concurrent programming in those languages. While there are general
principles that can guide the design of memory models, each programming language typically
has its own distinct memory model tailored to its specific needs and optimizations.

There are several studies that describe memory models specific to various programming
languages. For example, the memory models for Java [59, 60] and C/C++ [61] have been
extensively studied. Most of these works use trace analysis and/or event structures to describe
the system. Additionally, there are models described through operational semantics, such as
transactions |16}, [I7], but these are focused on specific languages and memory models.

To the best of our knowledge, the only work that uses a modular approach to describe a
variety of memory models is the framework proposed by [34]. This framework is characterized by
its ability to represent different memory models in a composite way, offering higher modularity
than traditional methods. In our work, we propose to extend this modular approach by
introducing a framework based on the concept of synchronous product of LTSs. This allows
us to represent the interactions between threads, memory and schedulers in a more accurate and

detailed manner, bringing the theoretical model closer to the reality of complex systems.

4.2 Synchronous Product of Labeled Transition Systems

We begin by introducing the notion of a Labeled Transition System (LTS) with idle transitions.
Idle transitions indicate that the LTS is not involved in any synchronizations. This concept will
be used later in the synchronous product of LTSs to represent scenarios where a LTS does not

participate in the synchronization process.

Definition 28 (LTS with idle transitions). Given a LTS L = (S,A,—), we define the LTS
with idle transitions as L? = (S, A?, —?), where the label ¢ denotes the idle transitions. Here,
A? = AU {¢}, while =? represents the set of possible transitions, including idle transitions,
defined as —%=— U{p 2 plpeS}.

Note that an idle transition p A p is a transition that does not change the state of the LTS.
Now, we introduce the concept of synchronous products of LTS, we follow the notations used
in [62].

Definition 29 (Synchronous products of LTS). Let Ly,..., L, be LTSs, we now consider the
corresponding LTSs that also include idle transitions: L? = (SZ-,A?,—>Z>).

relation (R) is R C A“lb x - x A% \ {{&1,...,6n)}. The synchronous product of Ly,..., Ly
indicated with L1 Qi ... Qg L, is defined as:

A synchronization

e S=8 X xS,

o the labeled transition relation is defined by rule SYNC below:
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¢ ln
p1—1—>ql oo DPn — Qn <€17~--,£n>€R

(01, )
P1®R~‘®an—L——AQ1®R~-®R%1

SYNC

l;
where p; — q; €—>§b.

In the definition of synchronous products of LTSs, we include idle transitions as part of the
LTSs. Consequently, in the synchronous product of LTSs, the LTSs executing a idle transition
do not contribute to the transitions of the synchronous product. It is important to note that the
transition p1 @R ... QR Pn M P1RR ... QR Pn is not possible in the synchronous product,

since no LTS would contribute to this transition.

4.3 A General Framework to Describe Memory Models

In this section we describe our framework which is based on the synchronous product of three
LTSs (Definition , each representing a different component: threads, memory, and scheduler.
In this framework, we define explicitly how to construct the synchronization relation among
these components.

The framework is described using the synchronous product T'®r M ®x S, where:

e Thread Semantics: Represented by the LTS T = (Sy,Ar,—7), which defines the
operational rules for the programming language, including syntax and operational rules

for commands and expressions.

e Memory Semantics: Represented by the LTS M = (Sys, Aas, —ar), which manages the
representation and manipulation of memory, defining how variables, data structures, and

other memory-related entities are stored, accessed, and updated.

e Scheduler Semantics: Represented by the LTS S = (Sg,Ag, —g), which controls the
execution order of processes, defining how processes are scheduled, interact, and resolve

concurrency issues.

After introducing the three components of the LTSs product, and before defining the

synchronization relation, we categorize the labels of the LTSs into the following groups:

Athread € (A7 \ Aps \ Ag) denotes a label exclusive to the thread semantics, representing an

operation involving only the thread semantics;

Amem € (Aar \ A7\ Ag) denotes a label exclusive to the memory semantics, representing an

operation involving only the memory semantics;

Asched € (Ag \ A7\ Ays) denotes a label exclusive to the scheduler semantics, representing an

operation involving only the scheduler semantics;

Amt € (Ar N Apr\ Ag) denotes a label common to both thread and memory semantics,

representing an operation involving both memory and threads;

Ast € (As N Ap \ Aps) denotes a label common to both thread and scheduler semantics,

representing an operation involving both scheduler and threads;
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Asm € (As M Ay \ A7) denotes a label common to both memory and scheduler semantics,

representing an operation involving both scheduler and memorys;

Aa € (Ar N Apr N Ag) denotes a label common to all three semantics, representing an operation

that involves the entire system.

Finally, to define the synchronous product of the LTSs that describe our model, we need to

define the synchronization relation R that we consider:

R = {{Athread; 9, 9),
¢, Amem; 9),
G5 @5 Asched)
mt, Amt, D),
St7¢a St>

¢ vaS)

{
{
{
(A
(A
{
(Aa, Aas Aa) )

The synchronization rule SYNC obtained is:

T2 T MM SES (bl ls)) €R
TorMerS (

Lyl hs)
A T or M @r S

The division into three levels, with respect to [34] which considers only a division into two
levels, offers some advantages. It allows us to develop dedicated models for both memory and the
scheduler. The scheduler manages the interactions between processes, ensuring that complexity
is distributed across multiple semantic layers rather than being confined to a single one. This
modular approach simplifies the semantics of each component.

Moreover, dividing the system into three levels aligns more closely with the architecture of
real-world systems. In actual implementations, language semantics, memory management, and
process scheduling are often handled by distinct components.

In the following sections, we will show how to instantiate our framework to obtain memory
models known from the literature. First, we define semantics for the language that the thread
semantics will use to perform a single step. After that, we will describe the three semantics
describing the LT'Ss corresponding to the thread, memory, and scheduler semantics. Then, we
will show the labels used by the system and to which labels they correspond in our framework.
Finally, we will show that our instances correspond to the memory model we wish to describe
thanks to the bi-similarity relation between two LTS, the LTS corresponding to our framework,
and the LTS of the model to which the memory model corresponds in the literature. Below we

give the definitions of similarity and bi-similarity that we will use for the proof.

Definition 30 (F-Simulation). Given two LTSs L1 = (S1,A1,—1) and Ly = (S2,A2,—2), a
function f: Ay — Ao and a relation R C Sy x So is a f-simulation (indicated with L, LR Ls)
if and only if for every pair of states (p,q) € R and all labels A € A:
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THREAD SPAWN

THREAD PAR
sp(el) [ [/

THREAD STEP

e e e—>¢se 0 is fresh T by
0,0) o 7 sp(f") @:sp(0) ]
0, ¢) L 19, e 0,¢) PN g ey (g e TIT ST |7

a = pure, ref(r,v), rd(r,v), wr(r,v),acq(l), rel(l)

Figure 4.1: Threads semantics
. Ay . O /A
e if p 5 P/, then there is ¢ "= ¢’ such that (p',q’) € R.

Definition 31 (F-Bisimulation). Given two LTSs Ly = (S1,A1,—1) and Ly = (S2, A2, —2), a
function f: A1 — Ay and a relation R C Sy x Sy is a f-bisimulation (indicated with Ly LR Ls)

if L1 -QR L2 and L2f_;R71 L1

4.4 Instance: Sequential Consistency

Sequential consistency memory model [20] is a type of memory model used in parallel computing.
In this model, the program order of memory operations within a single thread is maintained,
meaning that memory operations on a single thread are executed in the same order in which
they are defined in the program. This ordering is not affected by memory operations from other
threads, which may be executed concurrently. However, the ordering of memory operations
across multiple threads is not strictly enforced, meaning that there may be differences in the
order in which memory operations are executed across different threads. Sequential consistency
memory models often require the use of synchronization primitives, such as locks or barriers, to
enforce a stricter ordering of memory operations across threads. These primitives can be used
to ensure that memory operations are performed in a consistent order across all threads.

In this section, we describe the L'T'Ss that will compose the synchronous product that describe
the sequential consistent memory model. We start with the description of the thread semantics,
after we will describe the memory semantics and the scheduler semantics. Then we show the
synchronous relation that we will consider and in the end we show the bi-simulation between

our model and the sequential consistency memory model described in Section [2.2.2]

Threads

We describe a thread with the tuple (0, ) where 6 represents the unique identifier of the thread,
while e denotes the expression to be evaluated, where the expression is the same as described in
Section We show the syntax format of the LTS that describes the threads: 7 ::= (6, ¢) |
(T | 7).

In Fig. we show the rules that describes the thread execution. Rule THREAD STEP
explains the evaluation of an action, different from the spawn action (sp), as indicated by the

condition & # sp. THREAD SPAWN rule creates a new thread with a new identifier ¢'.



76 Chapter 4. A Meta-model for Memory Models

AvrLoc READ WRITE
(rHo)M(rl—)v) (THU)M(W—HJ) (rHvold)M(r»—M/)
MEMORY PAR
M L2 M
M| My L2 M| M,y
Figure 4.2: Memory Semantics
A R SCHEDULER PAR
CQUIRE ELEASE S Loy o
(1 0) 2290y gy (1 0) LD o) S8 &8s
Figure 4.3: Scheduler Semantics
Memory

Here, we present the LTS representing the memory. We assume a memory where all cells are
initially set to a symbol (r +— o), indicating that the specific memory cell r has not yet been
allocated with an action (ref(v)). This assumption is reasonable since, in practice, we typically
know beforehand which are all memory cells in the system. The syntax format for memory is
M= (r—ov)|(r—o)|(M]|M).

In Fig. we provide rules for memory operations, including allocation, reading, and
writing. The memory semantics is defined by the following rules: ALLOC describes the allocation
of memory for a new variable, READ governs the process of reading a value from memory, and

WRITE specifies how a value is written to memory.

Scheduler:

Here, we present the model of the LTS representing the scheduler that manages the acquisition
and release of locks. The syntax format for the scheduler is S := (I +— 0) | (I — o) | (S| S),
where (I — o) indicates a lock that has not yet been acquired, a similar reasoning was discussed
earlier for memory.

In Fig. we present the scheduler semantics defined by rule ACQUIRE, which describes
the process of acquiring a lock, and by rule RELEASE, which governs the release of a previously

acquired lock.

Labels:

We consider the synchronous products T' ®@r M ®% S where R is composed of the following

element:

((0, pure), ¢, @) correspond to the evaluation of a lambda expression applied to an argument;
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((0,sp(#)), b, ¢) correspond to the creation of a new process;

(0, ref(r,v)), (0, ref(r,v)), ¢) correspond to the allocation of a memory cell;
((0,rd(r,v)), (8, rd(r,v)), @) correspond to the reading of a memory cell;

(0, wr(r,v)), (0, wr(r,v)),®) correspond to the modification of a memory cell;
((0,acq(l)), ¢, (0,acq(l))) correspond to the acquisition of a lock;

((0,rel(l)), ¢, (0, rel(l))) correspond to the release of a previously acquired lock.

Bi-simulation:

We aim to compare our sequential consistent memory model with the one presented in [34].
Our goal is to establish a bi-simulation between the model described in[2:2.2] and the product
of LTSs T ®r M @ S.
To do this we need to define the function for the label and the relation between the state of

the two models.

Definition 32. The function ¢(-) is defined over labels:

p(((0,a),9,0)) = (0,),
(0, ref(r, v)), (0, ref(r, v)), §)) = (0, ref(r, v)),
@(((0,rd(r,v)), (0,rd(r,v)), ¢)) = (6, rd(r,v)),
(0, wr(r, v)), (0, wr(r, v)), ) = (0, wr(r,v)),
p(((8,acq(l)), ¢, (6,acq(l)))) = (6,acq(l)),
p(((0,rel(1)), ¢, (0, rel(1)))) = (0, rel(l))
where o = sp(¢’), pure.
Theorem 8. P | (o;L) ~ (T @r M ®r S)
P | (o;L) Rell TRr M @r S
w(a)l la
P'| (o L) T & M' @ S’

Proof. Firstly, we need to define the relation (Rel) between the states of T' ®r M ®% S and of
P| (o; L), where

Rel ={(T®r M @r S; P | (0;L)) | ¥(0,e) € T then P(0) =
V(r +— v) € M then o(r) = v;
V(r + o) € M then r ¢ dom(o);
V(I +— 6) € S then L(l) = 6;
V(l+ o) € S then | ¢ dom(L)}
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Now we show by case that for each transitions done by T'®r M ®z S then the P | (o; L) can

do the same transitions. Now we proceed by cases for on the labels:

e We consider the case where ¢(((0, pure), ¢, ¢)) = (0, pure), then in T'®r M @5 S we have
that:

pure
e——e

6,pure
( )

(0,e) (0, e’)
0,e) | T L2 9 ey | T
O,e) | TR M @RS

MEM  SEHS  (((0,pure),d,0)) € R

SYNC

6,pure), o,
W20, 19, ¢y | T @ M @R S
in P | (0;L) we have P[§ — e] (by Rel), and we consider the label (6, pure). Then, we

obtain:

pure

PO) =e e—>e;-

PRGMSTEP - Gpure)

6,pure
( )

P[0 — €]

PROGRAM

P|(o;L) Pl €] | (o3 L)

we can easily see that the final states are still related.

Now we consider the case starting from P | (o; L) and we consider then Rel~! and ¢~1. We

proceed by the case for each possible labels:

e We consider the case where o~ 1((6, pure)) = ((6, pure), ¢, ), then in P | (¢; L) we have

that:
PO)=e e 5 e
PRGMSTEP @ )
ure
PP plo s ¢
PROGRAM

Pl (o:L) 2P plg s o] | (0: L)

in T®r M@ S we have (6 — e) € T (by Rel™!), and we consider the label {(6, pure), ¢, ).

Then, we obtain:

pure
e——e

(0, e) L2 g 1)
0,e) | T L2 9 ey | T
O,e) | TR M @RS

MEBM  SLHS  (((6,pure), 6,0) € R

SYNC

(PR, (0,¢) | T @ M & S

we can easily see that the final states are still related.

The other cases are similar and they are shown in Appendix O
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4.5 Instance: Write Buffering

The write-buffering model [24, 25] implements the Partial Store Order (PSO) memory model
[23].

In this model, write operations are first buffered in a local buffer before being committed
to memory. Each processor or thread has its own buffer, which allows write operations to be
performed more quickly without immediately affecting the visible state of memory for other
processors or threads. However, to maintain the PSO memory consistency model, certain
ordering constraints must still be enforced when committing writes from the buffer to memory.
Specifically, any buffered writes to a particular memory location must be committed to memory
in the order in which they were issued by the writing processor or thread. To enforce this
ordering, each buffer maintains an index that tracks the order in which write operations were
issued. When a buffered write is committed to memory, the buffer checks the index to ensure
that all previous writes to the same memory location have already been committed in the correct
order. In addition, read operations must also respect the ordering constraints of the PSO model.
When a read operation is issued, it checks the local buffer of the issuing processor or thread first
to see if there are any buffered writes that have not yet been committed to memory. If a buffered
write exists, the read operation will return the value from the buffered write instead of the value
stored in memory. Overall, this write-buffering model provides a trade off between performance
and memory consistency, allowing write operations to be performed quickly while still ensuring
the ordering constraints of the PSO model are maintained. However, additional synchronization
mechanisms, such as memory barriers or fences, may still be necessary to enforce consistent

memory ordering across multiple processors or threads.

PSO model relaxes the ordering of writes with respect to other processors or threads, meaning
that writes from different processors or threads can be reordered with respect to each other. In
other words, if there are multiple threads or processors accessing the same memory location,
there is no guarantee on the order in which writes from different processors or threads will be
committed to memory. However, the PSO model does not relax the program order for writes
with respect to other memory operations (read or write) from the same thread, meaning that
writes cannot be delayed such that they actually commit after reads or writes to other locations

by the same thread.

Thread:

We describe a thread with the tuple (6, e) where 0 represents the unique identifier of the thread,
while e denotes the expression to be evaluated, where the expression is the same as described in
Section [2.2.1] We show the syntax format of the LTS that describes the threads: T == (,¢) |
(T|'T).

In Fig.[d.4)we give the rules that describes the thread execution. Rule THREAD STEP explains
the evaluation of an action, THREAD SPAWN rule creates a new thread with a new identifier ¢'.
We consider also two rule for the reading: READM that correspond to a read from the memory,
while READB is a read from the buffer.
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THREAD STEP THREAD READM THREAD READB
a rd(r,v) , rd(r,v) ,
e—e e——e e—>e

a #sp(0),rd(r,v)

0.¢) 2 0,¢) 0.¢) L g ey (pe) TR (g, e
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0/
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Figure 4.4: Threads semantics
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Figure 4.5: Memory Semantics
Memory:

Here, we present the LTS representing the memory. We assume a memory where all cells are
initially set to a symbol (r — o), indicating that the specific memory cell r has not yet been
allocated with an action (ref(v)). This assumption is reasonable since, in practice, we typically
know beforehand which are all memory cells in the system. The syntax format for memory is
M= (r—ov)|(r—o)|(M]|M).

In Fig. we provide rules for memory operations, including allocation, reading, and
writing. The memory semantics is defined by the following rules: ALLOC describes the allocation
of memory for a new variable, READM governs the process of reading a value from the memory,
while READB governs the process of reading a value from the buffer, and COMMIT specifies how

a value is written to memory.

Scheduler:

Here, we present the model of the LTS representing the scheduler that manages the acquisition
and release of locks. The syntax format for the scheduler is § ::= £ | B where £ == (I — 6) |
(Il = o) | (L] L), where (I — o) indicates a lock that has not yet been acquired, a similar
reasoning was discussed earlier for memory.

While B is data structure called a buffer that stores the pending writes for each thread. The
buffers are maps of thread ID/position pairs into lists of values that are used as FIFO queues.
The idea is that each thread’s writes are stored in a buffer and are not visible to other threads

until they are not committed in the global memory. The buffer can be seen as the memory view
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A RELEASE SPAWN
CQUIRE Vr.B(6,r) =e Vr.B(0,r) =e
(1 0) 2290, (1 6 (1) | B2, o) B g L2,
WRITE COMMIT READM
B(@,T‘):q B(0¢T):U7q B(Q,T):.
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Figure 4.6: Scheduler

of each thread. When a value is not present, the thread reads from the shared memory. In this
way, a thread respects the order of its reads and writes, but reads and writes can be delayed for
other threads. The buffer has the same shape as the buffer described in Section [2.2.3]

In Fig. we define the scheduler semantics defined by rule ACQUIRE, which describes the
process of acquiring a lock, and by rule RELEASE, which governs the release of a previously
acquired lock, can be fired when all queues in B for 6 are empty. The SPAWN rule can be fired
when all the queues in B for 6 are empty, it governs the creation of a new thread. The WRITE
rule add to the value written is added to the queue of (0,7). The COMMIT rule states that the
least recent value in the queue for (0, 7) is inserted into memory. The READM and READB rules
handle reads from shared memory: if the queue for (#,r) is empty, memory is read; otherwise,

the scheduler reads the least recent value in the queue for (6, 7) and leaves B unchanged.

Labels:

We consider the synchronous products T ®r M ®z S where R is composed of the following

element:

((0, pure), ¢, @) correspond to the evaluation of a lambda expression applied to an argument;
((8,sp(0")), b, (0,sp(8"))) correspond to the creation of a new process;

((0,acq(l)), ¢, (0,acq(l))) correspond to the acquisition of a lock;

((0,rel(l)), ¢, (0, rel(l))) correspond to the release of a previously acquired lock.

(0, ref(r,v)), (0, ref(r,v)), ) correspond to the allocation of a memory cell;

(0, rdM(r,v)), (8, rdM(r,v)), (6, rdM(r,v))) correspond to the reading an element from memory
when the buffer is empty buffer.

((0,rdB(r,v)), (0, rdB(r,v)), (6, rdB(r,v))) correspond to the reading an element from the buffer.

(0, wr(r,v)), ®, (0, wr(r,v))) correspond to the write a value in the buffer;
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(¢, (0, mem(r,v)), (0, mem(r,v))) correspond to the update of a memory cell using the first value
of the buffer;

Bi-simulation:

We aim to compare our write buffer memory model with the one presented in [34].

Our goal is to establish a bi-simulation between the model described in[2:2.3)and the product
of LTSs T ®r M ®r S.

To do this we need to define the function for the label and the relation between the state of

the two models.

Definition 33. The function ¢(-) is defined over labels:

©(((0, pure), ¢, $)) = (0, pure),
©(((0,sp(6")), ¢, (8,5p(0)))) = (6,sp(6)),
p(((0,acq(l)), ¢, (#,acq(l)))) = (6,acq(l)),
p(((0,rel(l)), ¢, (0,rel(1)))) = (6, rel (D)),
o(((8, ref(r,v)), (0, ref(r,v)), ) = (0, ref(r,
e({(0,rdM(r,v)), (0, rdM(r,v)), (0, rdM(r,v)))) = (6, rd(r,v)),
p(((0,rdB(r,v)), (6, rdB(r, v)), (0, rdB(r, v)))) = (6, rd(r, v)),
p(((0, wr(r,v)), ¢, (0, wr(r,v)))) = (6, wr(r,v)),
p({¢, (mem(r, v)), (mem(r,v)))) = e

v)),
v)
v)

Theorem 9. P | (0;L; B) ~T @r M @ (L | B)

P | (0;L;B) T ®r M @r (L] B)

Rel
ol —1
so(ooi Rl la

P/’(U/;L/;BI) Rl1 T’®RM’®R(£/‘B/>

Proof. Firstly, we need to define the relation (Rel) between the states of T @xr M @% (L | B)
and of P | (¢; L; B), where

Rel ={(T®@r M @ (L | B); P | (c;L; B)) | V(0,e) € T then P(0) =
V(r +— v) € M then o(r) = v;
V(r + o) € M then r ¢ dom(c);
(I~ ) € £ then L(l) = 6;
V(I + o) € L then [ ¢ dom(L);
B =B}

Now we show by case that for each transitions done by T'®@r M @ (L | B) then the P | (o; L; B)

can do the same transitions. Now we proceed by cases on the labels:
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e We consider the case where ¢(((6,acq(l)), ¢, (6,acq(l)))) = (0,acq(l)), then in T'®@r M @r
(L | B) we have that:

(vaca(l))
e — €

> (0,acq(l)) <9,6/> (l|—>0) (0,acq(l)) (l’—>0)

(0,e
0. | T 205 0. | T (1) | £] B2 (6 | £ 8
MB M {((6.2c9(0)), 6, (6,2ca(1)) € R

<9,€> | T®'R M R (l s O) ’ L | B ((0,acq(1)),¢,(0,acq(l))) <0,€I> ‘ T®T\’, M SR (l — 9) | L | B

SYNC

in P | (0;L; B) we have P[f — e] and [ ¢ dom(L) (by Rel), and we consider the label
(0,acq(l)). Then, we obtain:

acq(l) ,

P —e o ¢ don()
p (6,acq(l)) P[9 N 6/] (o L; B) (Baca®)) (gjL[l — 9])

MuTUAL 6acal))
) bl q

P|(o;L;B PO+ €| (o; L[l = 6]; B)

we can easily see that the final states are still related.

e We consider the case where ¢~ 1((0,acq(l))) = ((6,acq(l)),,(,acq(l))), then in P |
(0; L; B) we have that:

acq(l)

PO)=e oo | ¢ dom(L)
p (0,acq(l)) Pw — 6/] (O';L;B) M (U,L[l — 9])

MuTUAL ) M

P|(o;L;B PO €| (o; L[l = 6]; B)

in T ®r M ®@r (L | B) we have (f,e) € T and (I — o) € L (by Rel™!), and we consider
the label ((0,acq(l)), ¢, (0,acq(l))). Then, we obtain:

(6,acq(l))
e——>e

<67 e) (evva(l)) <€, e/> (l|—>0) (evva(l)) (l'—>0)

(0, wﬂ””waTunmwiﬂ%anzw
ME M ((0.acq(1)), 6, (0,acq(D))) € R
0,6) | Tor Mar (s o) | £ | B 2002 g 1y T o0 Mar (s 0) | £ | B

SYNC

we can easily see that the final states are still related.

The other cases are similar and they are shown in Appendix O



84 Chapter 4. A Meta-model for Memory Models

Expressions e = V |ee|ref(e)|le|e:=e|async(e)
| acq(e) | blockUntil(e) | unprotected(e)
Values V. == c|z|Aze
Constant ¢ = unit | true | false
Var

Figure 4.7: Language syntax

4.6 Instance: Automatic Mutual Exclusion

Automatic Mutual Exclusion (AME) memory model [I6] is used in concurrent programming
that ensures that only one thread can access a critical section of code at a time. Transactions,
on the other hand, are a way to implement software transactional memory (STM) [17], a
concurrency control mechanism that allows multiple threads to operate on shared memory
without using locks. When AME is used in conjunction with transactions, it typically involves
a lock-free or wait-free approach to managing access to critical sections of code. Each thread
that wants to access a critical section first begins a transaction. Within the transaction, the
thread attempts to obtain exclusive access to the critical section without using a lock or other
blocking synchronization mechanism. If the thread is successful in obtaining access, it performs
the necessary operations and then commits the transaction. If the thread is unsuccessful in
obtaining access, it may retry the transaction or abort and try again later. In an AME system
with transactions, the STM implementation typically handles the details of tracking the state
of the transaction and ensuring that transactions do not conflict with each other. The use of
transactions can provide a number of benefits, such as improved performance, reduced contention
for locks, and better scalability in multi-threaded environments. However, care must be taken
to ensure that transactions are properly implemented and that conflicts between transactions
are appropriately handled to avoid errors and ensure correctness.

Automatic mutual exclusion (AME) is a technique used to ensure that only one thread or
process can access a shared resource at a time. It is a concurrency control mechanism that is
used to prevent race conditions and other synchronization problems.

In this section with our framework we want to create an instance that correspond to a

memory model for implementing the AME technique.

4.6.1 Language

Now we consider the language presented in [16]. We show the syntax in Figure

We also give several formal semantics in the following. The syntax introduces syntactic
categories of values, constants, variables, and expressions. The values are constants, variables,
and lambda abstractions. In addition to values and to expressions of the forms async e,
blockUntil e, and unprotected e, the expressions include notations for function application (e e),
allocation (ref e, which allocates a new reference location and returns it after initializing it to
the value of e), dereferencing (le, which returns the contents in the reference location that is the
value of e), and assignment (e := f , which sets the reference location that is the value of e to

the value of f). The syntax allows arbitrary nestings of the expression.
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APPL REF DEREF SET
pure ref(r,v) rd(r,v) wr(r,v) .
(Az.e)V —— e[V/a] ref Ve —Sr lre—=w r = v —> unit
BLOCK AsyNc
. blockUntil(true) . async(e) .
blockUntil true —— = unit async e —— unit

Figure 4.8: Expression Semantics

Figure [4.8shows a label semantics of the language, in the label we can see r that represent a
memory location, and « that represent a generic step of the program, then « ::= pure | ref(r,v) |
rd(r,v) | wr(r,v) | blockUntil(true) | async(e).

4.6.2 Strong Semantics

In this section, we will introduce the strong semantics for AME described in [16], after which we
will introduce our instance describing the components of the product of LTSs and the relation
we will use.

In [I6] they first introduce a strong semantics, this mean that when a thread starts a
computation it has to conclude its computation before giving the control to another thread.
The unprotected action can be done if the thread that have the control has as expression unit.
Each evaluation step produces a new state. The next possible operation in an expression is found
by decomposing the expression into an evaluation context and a sub-expression that describes
this operation. As usual, a context is an expression with a hole [ |, and an evaluation context
is a context of a particular kind. Given a context C and an expression e, we write C[e] for the

result of placing e in the hole in C. The context that we will use are:

EVALUATION CONTEXTS:
Ex=[]|€Ee|VE|refE] 1E|E :=e|r:=E&|blockUntil £ | unprotected £

Pu=[]|Pe|VP|ref P| P|P:=e]|r:=7P|blockUntil P
U ::=unprotected £ [U e |V U |ref U | WU |U :=e¢|r:=U | blockUntil U
About the context we said that:

e P evaluation contexts are for the execution of protected code: the position for evaluation

is not under unprotected.

e U/ evaluation contexts are for the execution of unprotected code: the position for evaluation

is under unprotected.

For more details we refer to [16].

In [I6] they use a system transition of the form:

(o,E,¢e) — (', E' ¢
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where o is the memory, E represents the active threads (expression) and e is the protected
expression that the system evaluates.

The semantics presented in [16] is a reduction semantics without labels. Since we want to
prove the bi-similarity between our system and the strong semantics for AME described in [16],
we consider a semantics where the expression are updated and have the form of (6, e) instead
of only e and where we decorate the semantics with the labels. The semantics it shown in
Appendix B3] in Fig. [B:2 and Fig. [B-3

For this reason the update system transition that we consider have the form:
(0,E,(8,¢)) & (o', E', (6, ¢))

where o is the memory, E represents the active threads (expression) and e is the protected
expression that the system evaluates and 6 is a unique identifier for the expression and ¢ is the
label of the transition.

For a deeper discussion we refer to [16].

Thread Semantics:

In this section we present the thread semantics, in our semantics we indicate with 7T the set of
the threads in the system. We indicate with ¢ a single thread. A thread is composed by an id
(0) that identifies the thread and by an expression. We denote the id and the expression of the
thread t respectively with ¢.id and t.exp. With t[id <= 0, exp < €] we define the update/creation
of the thread ¢t where the id became 6 and the expression became e.

We show the thread semantics in Fig.

Scheduler Semantics:

The scheduler is composed by S, this element is the id of the thread that can perform a protected
operation. S could be equal also to e in this case represent the possibility to a thread to perform
a unprotected action.

We show the scheduler semantics in Fig. [£.10]

Memory Semantics:

The memory is composed by a map, o, that associates a memory location with a value. The
possible operations are: o[r — v] that create/update the location r and map it with the value
v and o(r) which returns the value associated with r in o. We indicate with M the LTS that
represent the memory.

We show the memory semantics in Fig.

Labels:

In this case we have two sets of actions:

e the operation that involve all the system (between threads, memory and scheduler) the

operation ref, rd and wr
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ACTIVATE] ACTIVATE2X
tid=140 texp=e ) tid=20 t.exp = unit
(6,no unit,act) e # unit (6,unit,act)
T|t— : Tt T|t—— T

STEP P1
tid=146 t.exp = Ple] e e

(6,n0 unit,a aF async(e//) A P[e/] # unit

T|t ) T | tlexp <= Ple']]

STEP P2

tid=146 t.exp = Ple] e e
(6,unit,«)
R

a # async(e”) APle'] = unit

T |t T

StEP U
tid=0  texp=Ule e e

1
Tomn(a a # async(e”)

Tt L Dy 7\ tleap = U]

SPAWN P1
tid=6  texp="Plasynce] 0 fresh

(6,n0 unit,async(e’)) ] , , / P[unit] # unit
Tt T | tlexp <= Plunit]] | t'[id <= 0", exp < €]
SPAWN P2
tid=0  texp—Plasynce]  ¢.0 fresh
(0,unit,async(e’)) P[un't] = unit
T|t—— Y T | t'[id <« 0 exp < €]
SpAwWN U

tid=146 t.exp = Ulasync €' t', 0 fresh
T ’ ¢ (0,unp(async(e’))) T ‘ t[

exp <= Ulunit]] | t'[id <= 0, exp < €]

CLOSE UNPROTECTED
tid=146 t.exp = E[unprotected V] t.id=146 t.exp = Plunprotected €]
Tt LY beap i EV]) T | ¢ Lemertet), oy
REMARK:
a = pure | ref(r,v) | rd(r,v) | wr(r,v) | blockUntil(true) | async(e) B = unp(a) | unp(V)

Figure 4.9: Strong Threads Semantics

e the operation between scheduler and the program: pure, blockUntil(true), async(e’) and act

e in this case there are not the silent operation of the scheduler, of the memory and of the
thread.

We consider the synchronous products T'®g S ®g o where R is composed of the following

element:

((0, no unit, act), @, (8, no unit, act)) indicate the activation of a thread. This operation involves
the scheduler and the thread model;
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ACTIVATE] ACTIVATE2 STEP P1 STEP P2
S=e S=e S=46 S=46
S (6,no unit,act) 9 S (6,unit,act) g g (6,no unit,a) g g (6,unit,a)
STeEP U/CLOSE UNPROTECTED
S=e S=40
g 6,8) g g (6,unprotect)
REMARK:
a = pure | ref(r,v) | rd(r,v) | wr(r,v) | blockUntil(true) | async(e) B = unp(a) | unp(V)
Figure 4.10: Strong Scheduler Semantics
REF DEREF (READ)
r € (RefLoc — dom(o)) o(r)y=v SeT (WRITE)
o (6, ,ref(rv)) 0'[7“ . ’U] o (0, ,rd(rv)) o o 0, ,wr(r,v)) 0[7" N 1}]
UREF UDEREF (READ)
r € (RefLoc — dom(o)) o(r)y=wv USBT (WRITE)
o (8,unp(ref(r,v))) O'[T s U] o (6,unp(rd(r,v))) o o (0,unp(wr(r,v))) O'[T . ’U]
REMARK:

With _ we indicate either “unit” or “no unit”

Figure 4.11: Strong Memory Semantics
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((0, unit, act), ¢, (0, unit,act)) indicate the activation of a thread with expression equal to unit.

This operation involves the scheduler and the thread model;

((0,no unit, pure), ¢, (6, no unit, pure)) is used to evaluate a lambda expression (with a protected

action). This operation involves the scheduler and the thread model;

((0, unit, pure), ¢, (0, unit, pure)) is used to evaluate a lambda expression (with a protected action
and with the evaluation of the next expression equal to unit).This operation involves the
scheduler and the thread model,;

(6, no unit, ref(r,v)), (6, no unit, ref(r,v)), (0, no unit, ref(r,v))) indicate the transition for
creating a new reference in the memory (with a protected action). This operation involves

all the system (scheduler, thread and memory model);

(0, unit, ref(r,v)), (0, unit, ref(r, v)), (0, unit, ref(r,v))) indicate the transition for creating a new
reference in the memory (with a protected action and with the evaluation of the next
expression equal to unit). This operation involves all the system (scheduler, thread and

memory model);

((0,no unit, rd(r,v)), (8, no unit, rd(r,v)), (#, no unit,rd(r,v))) is used to reading an element in
the memory (with a protected action). This operation involves all the system (scheduler,

thread and memory model);

(0, unit, rd(r,v)), (0, unit, rd(r,v)), (6, unit, rd(r,v))) is used to reading an element in the memory
(with a protected action and with the evaluation of the next expression equal to unit). This

operation involves all the system (scheduler, thread and memory model);

((0,no unit,wr(r,v)), (0, no unit,wr(r,v)), (0, no unit,wr(r,v))) indicate the modification of a
reference in the memory (with a protected action). This operation involves all the system

(scheduler, thread and memory model);

(0, unit,wr(r,v)), (0, unit,wr(r,v)), (8, unit,wr(r,v))) indicate the modification of a reference in
the memory (with a protected action and with the evaluation of the next expression equal

to unit). This operation involves all the system (scheduler, thread and memory model);

((6, no unit, blockUntil(true)), ¢, (A, no unit, blockUntil(true))) indicate the success of an
asynchronous execution (with a protected action). This operation involves the scheduler
and the thread model;

((0, unit, blockUntil(true)), ¢, (0, unit, blockUntil(true))) indicate the success of an asynchronous
execution (with a protected action and with the evaluation of the next expression equal

to unit). This operation involves the scheduler and the thread model;

((8, no unit, async(e)), ¢, (6, no unit,async(e’))) indicate the creation of a new thread (with a

protected action). This operation involves the scheduler and the thread model;

((6, unit, async(e’)), ¢, (6, unit,async(e’))) indicate the creation of a new thread (with a protected
action and with the evaluation of the next expression equal to unit). This operation involves
the scheduler and the thread model;
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(0, unp(pure)), ¢, (6, unp(pure))) is used to evaluate a lambda expression (with an unprotected

action). This operation involves the scheduler and the thread model;

(0, unp(ref(r,v))), (6, unp(ref(r,v))), (8, unp(ref(r,v)))) indicate the transition for creating a
new reference in the memory (with an unprotected action). This operation involves all the

system (scheduler, thread and memory model);

(0, unp(rd(r,v))), (0, unp(rd(r,v))), (8,unp(rd(r,v)))) is used to reading an element in the
memory (with an unprotected action). This operation involves all the system (scheduler,

thread and memory model);

(0, unp(wr(r,v))), (6, unp(wr(r,v))), (6, unp(wr(r,v)))) indicate the modification of a reference
in the memory (with an unprotected action). This operation involves all the system

(scheduler, thread and memory model);

((6, unp(blockUntil(true))), ¢, (6, unp(blockUntil(true)))) indicate the success of an asynchronous
execution (with an unprotected action). This operation involves the scheduler and the
thread model;

((8,unp(async(€'))), ¢, (A, unp(async(e’)))) indicate the creation of a new thread (with an

unprotected action). This operation involves the scheduler and the thread model;

((0,unp(V)), &, (0,unp(V))) indicate the finish of an unprotected evaluation. This operation

involves the scheduler and the thread model;

((0, unprotect), ¢, (6, unprotect)) indicate the start of unprotected evaluation. This operation

involves the scheduler and the thread model;

Bi-similarity:

Now we have introduce the element to define our model we aim to establish a bi-simulation
(see Def[31)) between the strong semantics for AME described in [I6] and the product of LTSs
TRr SR 0.

To do this we need to define the function for the label and the relation between the state of

the two models.

Definition 34. The function ¢(-) is defined over labels:

pla, ¢, a) = a,
©(B,8,8) =B,
where o« = (0, ,act),(0, ,pure), (6, ,blockUntil(true)), (0, ,async(e)), (0, unp(pure)),

(0, unp(blockUntil(true))), (6, unp(async(e))), (8, unp(V)), (6, unprotect);
and where 5 = (0, _,ref(r,v)), (0, ,rd(r,v)),(0, ,wr(r,v)), (6, unp(ref(r,v))), (6, unp(rd(r,v))),

(0, unp(wr(r,v))) where with _ we indicate no unit or unit.
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Theorem 10. (o4, FE,e) ~ (T @ S ®r o)

(04, B e) <——0~ (T ©r S @ 0)
w(a)l \ch
/ [N Rel / ! !
(o'y, E' € P (T"@r S"®@r o)
€

Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel~! is also a strong similarity relation. Given {(c4, E, (0,¢)), (T®r S®r o)}
then this tuple is in Rel if:

e 0=o0y4
e Ve, € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;

e if ¢ = unit then S = e otherwise (if e # unit) exist ¢ € T where t.id = 6 A t.exp = e and
S=40

After the definition of Rel we start to give for each label the proof that there is a strong similarity

between Abadi system and our system:
e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, E.(0,e).E', unit)

(6,no unit,act)
—_

(o4, E.E',(0,¢€))

in our system we have:

ACTIVATE] AcCTIVATE]
tid=20 texp=e S=oe
(0,no unit,act) ¢ # unit (6,no unit,act)
s unit, s unit,
T|t T|t S —— 40

((8,no unit,act),¢,(0,no unit,act

T|tRreRro )>T|t®R9®RU

We know that {(o4, E.(0,¢).E’, unit), (T | tdr S®@ro)} € Rel where t.id = 6 and t.exp = e.
Then after the transitions we have that {(c4, E.E’, (6,¢€)),(T |t @gr 0 @ o)} € Rel. This
couple belongs to the relation Rel because we have that ¢ = 04 because none of the rules
applied to the two systems changed the memory. We also have that all the expressions
in E.E’ have a corresponding thread in T' (none of the rules applied to the two systems
changed either E.E’ or T') and the thread ¢ corresponds to e (because S = 6, t.id = 6 and
t.exp = e).

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then if
also Rel~! is a strong simulation relation then Rel is a bi-simulation relation. Now we show the
relationship Rel~! derived directly from Rel. Given {(T ®r S ®x o), (04, F, )} then this tuple

is in Rel™ 1 if:
e ops=0

e Vt; € T such that ¢;.id = 6; and 0; # S then exist e¢; = t;.exp and e; € FE
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e if S = e then e = unit, otherwise (if S # o) then exist ¢ € 7" such that t.id = S and we
have that e = t.exp

Now we start to analyses all the possible case:

e if in our system we have this transition:

((8,no unit,act),¢,(0,no unit,act

T|tore®ro )>>T|t®7g0®7ga

in Abadi.system we have:

TRANS ACTIVATE
(04, E.(0,e).E, unit)

(6,no unit,act) (JA,E.E’, (976»
We know that {(T' | t @ @ ®r o), {04, E.(0,e).E',unit)} € Rel™! where t.id = 6 and
t.exp = e. Then after the transitions we have that (T | t @ 0 @ 0),{(ca, E.E',(0,¢))} €
Rel™!. This couple belongs to the relation Rel™! because we have that o4 = ¢ because
none of the rules applied to the two systems changed the memory. We also have that all
the expressions in E and E’ have a corresponding thread in 7' (none of the rules applied to
the two systems changed either E and E’ or T') and e correspond to the thread ¢ (because
S =40, t.id =0 and t.exp = e).

The other cases are similar and they are shown in Appendix O

4.6.3 Weak Semantics

In this section, we will introduce the weak semantics for AME described in [16], after which we
will introduce our instance describing the components of the product of LTSs and the relation
we will use.

In [16] they introduce a weak semantics, this mean that this semantics allows unprotected
computations to proceed even when the active expression is not unit.

We consider the same context and the same updated transition used for the strong semantics.
For a deeper discussion we refer to [16], and we show the updated rule in Appendix in

Fig. [B:| and Fig. [B:6
Thread Semantics:

The thread semantics is in Fig.

Memory Semantics:

The memory semantics is in Fig.

Scheduler Semantics:

In the new scheduler semantics we can see that change only the red part. This semantics is

presented in Fig.
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ACTIVATE1L ACTIVATE2 STEP P1 STEP P2
S—=e S—=e S=40 S =
g (6,no unit,act) 0 g (6,unit,act) g g (6,no unit,a) g g (6,unit,a)
SteEP U/CLOSE UNPROTECTED
S#£0 S =40
S 6,8) g g (6,unprotect)

a = pure | ref(r,v) | rd(r,v) | wr(r,v) | blockUntil(true) | async(e) B = unp(a) | unp(V)
Figure 4.12: Weak Scheduler Semantics

The difference between the strong semantics presented above and this semantics is that in
this semantics protected actions can be interspersed with unprotected actions. Thus by analysing

the rules we can see that unprotected rules can always be executed thanks to the new rule.
Labels:

We consider the synchronous products T ®r S ®% o where R is composed by the same element
of the previews instance described in [£.6.2]

Bi-similarity:

Now we have introduce the element to define our model we aim to establish a bi-simulation
(see Def[31)) between the weak semantics for AME described in [I6] and the product of LTSs
TRr S®r 0.

To do this we need to define the function for the label and the relation between the states
of the two models that is the same of the presented before (Def. [34)).

Definition 34. The function ¢(-) is defined over labels:

gp(a’ QS? a) = a?
w(B8,5,8) =B,
where o« = (0, ,act), (0, ,pure), (6, ,blockUntil(true)), (0, ,async(e)), (6, unp(pure)),

(0, unp(blockUntil(true))), (6, unp(async(e))), (8, unp(V)), (6, unprotect);
and where 5 = (0, _,ref(r,v)), (0, ,rd(r,v)), (0, ,wr(r,v)), (8, unp(ref(r,v))), (0, unp(rd(r,v))),

(0, unp(wr(r,v))) where with _ we indicate no unit or unit.

Theorem 11. (04, F,e) ~ (T ®@r S ®r o)

Rel

(oa,E,¢) P (T ®r S ®r 0)
v(a) a
(', E' € frel (T' ®r S' @r o)

Rel™ !
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Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel™! is also a strong similarity relation. Given {(c4, E,e), (T ®r S ®r o)}
then this tuple is in Rel if:

o 0 =04
e Ve; € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;

e if e = unit then S = e otherwise (if e # unit) exist ¢ € T where t.id = 6 A t.exp = e and
S=46

After the definition of Rel we start to give for each label the proof that there is a strong similarity

between Abadi system and our system:

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, E.(0,e).E', unit)

(6,no unit,act)

(o4, E.E',(0,¢))

in our system we have:

ACTIVATE] AcCTIVATE]
tid=120 texp=ce S=e
(6,no unit,act) e # unit (6,no unit,act)
T|t— ’ T\t S—54

((8,no unit,act),¢,(0,no unit,act

T|t®re®r0 LT |terboro

We know that {(o4, E.(0,¢).E’,unit), (T | t’rS®@ro)} € Rel where t.id = 6 and t.exp = e.
Then after the transitions we have that {(c4, E.F’, (0,¢)),(T | t @z 0 ®r o)} € Rel. This
couple belongs to the relation Rel because we have that ¢ = 04 because none of the rules
applied to the two systems changed the memory. We also have that all the expressions
in E.E’ have a corresponding thread in T' (none of the rules applied to the two systems
changed either E.E’ or T') and the thread ¢ corresponds to e (because S = 6, t.id = 6 and
t.exp = e).

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then if
also Rel™! is a strong simulation relation then Rel is a bi-simulation relation. Now we show the
relationship Rel™! derived directly from Rel. Given {(T'®r S ®% o), {04, E,e)} then this tuple

is in Rel™! if:
e ops=0
e Vi; € T such that t;.id = 0; and 60; # S then exist e; = t;.exp and ¢; € E

e if S = e then e = unit, otherwise (if S # o) then exist ¢ € 7" such that t.id = S and we
have that e = t.exp

After the definition of Rel™! we start to give for each label the proof that there is a strong

similarity between Abadi system and our system:
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e if in our system we have this transition:

((6,no unit,act),¢,(0,no unit,act

T|tere®ro ) T|torl®ro if e # unit

in Abadi.system we have:

TRANS ACTIVATE
(o4, E.(0,¢e).E, unit)

(6,no unit,act)

(o4, E.E',(0,¢€))

We know that {(T' | t @ @ @r o), {04, E.(0,¢).E' unit)} € Rel™' where t.id = 6 and
t.exp = e. Then after the transitions we have that (T | t g 0 @ o), {{ca, E.E', (6,€))} €
Rel™!. This couple belongs to the relation Rel™! because we have that o4 = ¢ because
none of the rules applied to the two systems changed the memory. We also have that all
the expressions in E and E’ have a corresponding thread in 7' (none of the rules applied to
the two systems changed either F and E’ or T') and e correspond to the thread ¢ (because
S =20, tid =40 and t.exp =e).

The other cases are similar and they are shown in Appendix [B:3:2] O

4.6.4 Weak Semantics with Optimistic Rollback

In this section, we will introduce the weak semantics with optimistic rollback for AME described
in [I6], after which we will introduce our instance describing the components of the product of
LTSs and the relation we will use.

In [I6] they use a system transition of the form:
(0, E,0,l) — (o', E',O",l")

where o is the memory, E represents the active threads (expression) and O is a set of tuples
representing expressions that can be evaluated, these tuples have the form (e, f, a, P) where e
is the expression f is the origin, a is the location of the accesses that e has performed, and P
is a list of pending threads to be forked upon commit. [ is a list of memory locations and their
values, to be used as a log in undos. For a deeper discussion we refer to [16].

We use an updated form where we decorate the expression with a unique identifier and the
transitions with a label. Then the expressions in F, in O and in P will have the form (6, ¢e). We
show the updated semantics in the Appendix [B.3.3]in Fig. [B:8|

Thread Semantics:

We consider two types of thread: the normal threads and the pending threads which are related
to an id.

We indicate with AT the set off all the thread and it is composed by T and P, we have
AT = T | P. Now we describe the two component of AT. We denote the set of normal
threads as T, an element of this set is indicate as t a thread is composed by three elements:
the id, the expression and the expression that originated the thread (indicate whit init). With
tlid <+ 6,exp <« e, init <+ €'] we update the identifier of the thread ¢ with 6, the expression
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THREAD ACTIVATE THREAD STEP N
tid =0 tid =6 texp:P[] e—é
T|t|P—> BacH, T | t[init < t.exp] | P T|t|P T\t[emp<—«77[ MNP
THREAD SPAWN
tid =140 t.exp = Plasync €’] t'.0 fresh
T ¢| P 22 | fewp i Plunit] | P | [U]id < ¢, exp < €] o
THREAD STEP UNPROTECT
tid=146 t.exp = Ule] e e .
Gamp(a) a # async(e”)
T|t|P— T | tlexp <= U] | P
THREAD SPAWN UNPROTECT
tid =40 t.exp = Ul[async €' t'.0 fresh
T |t p @O ) rewp o td[unit] | ¢']id < 0, exp = €] | P
CLOSE UNPROTECT
tid=146 t.exp = EJunprotected V] t.id=146 t.exp = P[unprotected €]
71t P 2P | teap i €V | P T ¢| PP 1) poo)
U DoNE
NDO tid =10 t.exp = unit
7| p G fnndo ) i 0,,T) | 0 Tt P Y 7 po)

Figure 4.13: Optimistic Weak Threads Semantics with rollback

to evaluate with e and the init expression with ¢’. If the thread is not in the pool of process
we create a new thread with id equals to 6, the expression to evaluate equal to e and the init
expression equal to €.

We denote the set of pending thread as P, an element of this set is indicate as [t|y where
t is a thread and 6 is the thread which create this pending thread. With P(#) we activate
all the pending thread created by 6, if P =|ie; |ti]o | P’, then P(0) =|ier t; | P'. With
init(6,...,0,,T) we perform the undo of all the threads whit id in 6y,...,0,, f T ==y, t; | T’
then init(61,...,0,,T) = |i=1..n tilexp <= t;.init] | T".

We show the thread semantics in Fig. .13

Scheduler Semantics:

The scheduler is composed by three elements: SC := {S; A; L}. S is the set of the id, these ids
correspond to the threads that can perform a protected operation.

L is a list of memory locations and their values, to be used as a log in undos. With L.[r — v]
we add an element memory location, value to L.

A is the description of the accesses that all threads have performed, which are used for
conflict detection and which here is simply a set of tuples composed by the id and the list of

reference locations. A(f) is the set that correspond to the accesses done by the thread with id

a # async(e”
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ACTIVATE STEP U STEP/CLOSE
¢S hes 6¢S

54,0y P rsugey Ay {s:4:0) 2 isoany (sAn Y s a4y

UNPROTECT/DONE

6 € S A no conflicts Unpo

(54 L) D S\ QAN AW L - A))  {S: AL} SR (0:0:0)

SET (WRITE) DEREF (READ)
eSS eSS

(5; A4; 0y G e A0, Y L s o))y S5 A L) 2 rso AU g0, ) L)

REMARK:
a = pure | ref(r,v) | rd(r,v) | wr(r,v) | blockUntil(true) | async(e)

8 = unp(a) | unp(V)
Figure 4.14: Optimistic Weak Scheduler Semantics

equal 0, A(0) ={(0,r) | (0,r) € A}.
We show the scheduler semantics in Fig.

Memory Semantics:

The memory is composed by a map, o, that associates a memory location with a value. The
possible operations are: o[r — v] that creates/updates the location r and map it with the value
v, o(r) which returns the value associated with r in o, and oL that restores the elements in o
with the elements of L, we have that oL =V [r — v] € L, then o[r — v]. L — A(f) deletes from
L all the element that have memory location in A(#).

L—A0) = {[r ] | (0,7) ¢ A(0)}

We show the memory semantics in Fig.

Labels:

We consider the synchronous products AT ®% {S;A; L} @ o where R is composed of the

following element:

((0,act), ¢, (0,act)) indicates the activation of a thread. This operation involves the scheduler
and the thread model;

((0, pure), ¢, (0, pure)) is used to evaluate a lambda expression (with a protected action). This

operation involves the scheduler and the thread model;

((6,unp(pure)), @, (0, unp(pure))) is used to evaluate a lambda expression (with an unprotected

action). This operation involves the scheduler and the thread model;
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REF DEREF (READ)
r € (RefLoc — dom(co)) o(r)=v SET (WRITE)
o et olr vl g L)), o L)), olr — vl
UREF UDEREF (READ)
r € (RefLoc — dom(0o)) o(r) =v USET (WRITE)
UMU[THU] o Lunelwrro)), JMU[THU]
UNDO

(61,-...,0n,undo(L)) oL

Figure 4.15: Optimistic Weak Memory Semantics

(0, ref(r,v)), (0, ref(r,v)), (0, ref(r,v))) indicates the transition for creating a new reference in
the memory (with a protected action). This operation involves all the system (scheduler,

thread and memory model);

(0, unp(ref(r,v))), (6, unp(ref(r,v))), (8, unp(ref(r,v)))) indicates the transition for creating a
new reference in the memory (with an unprotected action). This operation involves all the

system (scheduler, thread and memory model);

(0, rd(r,v)), (0,rd(r,v)), (0,rd(r,v))) is used to reading an element in the memory (with a
protected action). This operation involves all the system (scheduler, thread and memory

model);

(0, unp(rd(r,v))), (6, unp(rd(r,v))), (6, unp(rd(r,v)))) is used to reading an element in the
memory (with an unprotected action). This operation involves all the system (scheduler,

thread and memory model);

((0,wr(r,v)), (0, wr(r,v)), (6,wr(r,v))) indicates the modification of a reference in the memory
(with a protected action). This operation involves all the system (scheduler, thread and

memory model);

(0, unp(wr(r,v))), (6, unp(wr(r,v))), (6, unp(wr(r,v)))) indicates the modification of a reference
in the memory (with an unprotected action). This operation involves all the system

(scheduler, thread and memory model);

((0,async(e)), ¢, (0, async(e))) indicates the creation of a new thread (with a protected action).

This operation involves the scheduler and the thread model;

((0,unp(async(e))), ¢, (6, unp(async(e)))) indicates the creation of a new thread (with an

unprotected action). This operation involves the scheduler and the thread model;

((0, blockUntil(true)), ¢, (0, blockUntil(true))) indicates the success of an asynchronous execution

(with a protected action). This operation involves the scheduler and the thread model;
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((6, unp(blockUntil(true))), (6, unp(blockUntil(true))), (A, unp(blockUntil(true)))) indicates  the
success of an asynchronous execution (with an unprotected action). This operation involves

all the system (scheduler, thread and memory model);

((01,...,6n,undo(l)),(01,...,0,,undo(l)),(01,...,0,,undo(l))) indicates the undo of the thread
with id 6y, ...,60,. This operation involves all the system (scheduler, thread and memory

model);

((0, unprotect), ¢, (6, unprotect)) indicates the start of unprotected evaluation. This operation

involves the scheduler and the thread model;

(done, ¢, done) indicates the finish of a protected thread. This operation involves the scheduler
and the thread model;

((0,unp(V)), ®, (0,unp(V))) indicates the finish of an unprotected evaluation. This operation

involves the scheduler and the thread model;

Bi-similarity:

Now we have introduce the element to define our model we aim to establish a bi-simulation (see
Def[31)) between the weak semantics with optimistic rollback for AME described in [I6] and the
product of LTSs AT @ {S; A; L} @r o.

To do this we need to define the function for the label and the relation between the states

of the two models.

Definition 35. The function ¢(-) is defined over labels:

o(a, 9,a) = a,
©0(B,8,8) =B,

where o = (6, act), (0, pure), (6, blockUntil(true)), (8, async(e)), (¢, unp(pure)), (6, unp(async(e))),
(0, unp(blockUntil(true))), (6, unprotect), done, (6, unp(V));

and where B = (0, ref(r,v)), (0, rd(r,v)), (6, wr(r,v)), (0, unp(ref(r,v))), (6, unp(rd(r,v))),

(0, unp(wr(r,v))).

Theorem 12. (04, F,0,l) ~ AT g {S; A; L} ®r o

(04, E,0,1) Rf:;jl (AT ®@r {S; 4; L} ®% o)
o(a) a
(04, B0, ') i (AT @r {S; A L'} o o)

Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel~! is also a strong similarity relation.
Given {{o4, E,0,01),(T' | P®xr {S; A; L} ®% o)} then this tuple is in Rel if:

e 0=04



100 Chapter 4. A Meta-model for Memory Models

e Ve, € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;
e Yo = (e, f,a, P,) € O we have that exist 6, such that:
— exist t, € T and t,.id = 0,, t;.exp = e and t,.init = f
- 6,8
— Vr € a then (6,,7) € A
— Vp € P, then exist 0, such that exist [t[id <~ ), exp <= p]|g, € P

o [ =1

After the definition of Rel we start to give for each label the proof that there is a strong similarity

between Abadi system and our system:

e if in Abadi.system we have this transition:

TRANS ACTIVATE

(oa, E.(0,€).E,0,1) &2,

(oA, E.E',((0,¢),e,0,0).0,1)

in our system we have:

THREAD ACTIVATE ACTIVATE
tid=140 0gS
Tt P22 7| tfinit < texp] | P (5:4; ) 22 rs U {6); A L)
(9 act)

T|t|Por{S;A;L} @gr o —= T | t[init <= t.exp] | P@r {SU{0}; A; L} @r o

We know that {(c4, E.(0,e).E',O0,1),(T |t | P®r{S;A4; L} ®r o)} € Rel where t.id = 6.

Then after the transitions we have that {(c4, E.E’,((6,¢),¢,0,0).0,1),
(T | tinit «= t.exp] | P@r {SU{6}; A; L} @k o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in F and E’ have a corresponding thread in T’ (none
of the rules applied to the two systems changed either £ and E’ or T') and the thread ¢
corresponds to (e, e, D, () (because § € S, t.id = 6, t.exp = e and t.init =¢). A and P do
not change in fact in (e, f,a, P,).0 we have a and P, equal to ().

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then if
also Rel™! is a strong simulation relation then Rel is a bi-simulation relation. Now we show the
relationship Rel~! derived directly from Rel.

Given {(T | P ®g {S; A; L} @ ), (04, E,0,l)} then this tuple is in Rel~! if:

— we have t; € T such that t¢;.id = 0;, t;.exp = ¢; and t;.init = f;,
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— we have a set of |t}]p, € P where t,.exp = e}, the set of this expression is indicate
with F;

— then exist o € O such that o = (e;, fi, A(6;), E;)
e Vf; ¢ S we have t; € T such that ¢;.id = 6; and tj.exp = e, then exist e; € F
o /=1
Now we start to analyses all the possible case:
e if in our system we have:

T|t\P®R{S;A;L}®R0M>T|t|P®R{Su{9};A;L}®Ra

in Abadi.system we have this transition:

TRANS ACTIVATE

(oA, E.(0,¢).E",0,1) 2% (61 ELE'((0,¢), ¢,0,0).0,1)

We know that {(T |t | P@r{S; A; L}®r o), (0, E.(0,¢e).E',0O,1)} € Rel~! where t.id =
and t.exp = e.

Then after the transitions we have that {(T |t | P ®g {SU{6}; A; L} ®x o),

(o4, B.E' ((0,€),¢e,0,0).0,1)} € Rel™t.

This couple belongs to the relation Rel~! because we have that 04 = ¢ and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in F and E’ have a corresponding thread in T’ (none
of the rules applied to the two systems changed either F and E' or T)) and (e,e,,0)
correspond to the thread ¢ (in fact 6 € S, t.id = 0, t.exp = e and t.init =¢). A and P do
not change in fact we add to O the element (e, E, 0, 0).0.

The other cases are similar and they are shown in Appendix O






Chapter 5

A compositional theory of causal

consistent reversibility

The aim of this chapter is to explore Causal Consistency in concurrent systems described as
synchronous product of labeled transition systems. We develop a reversible semantics for these
systems, investigate Causal Consistency, and apply our theory to the sequential consistency
memory model.

First, we discuss how to define a reversible semantics for synchronous products. We then
propose two approaches for establishing Causal Consistency within synchronous products. The
main approach involves proving Causal Consistency by establishing four properties: Loop
Lemma, Square Property, Backward Transitions are Independent, and Well-Foundedness. The
alternative approach assumes the causally consistent nature of the transition systems within
synchronous products and aims to prove their causal consistency.

We then provide an example of applying the discussed concepts to a model of sequential
consistency memory. This example describes the semantics of thread execution, memory
operations, and scheduler actions, both forward and backward, within the context of the
sequential consistency model.

In summary, this chapter is structured as follow. In Section we describe how to obtain
the reversible semantics in a synchronous product of labeled transition system. In Section
we discuss how to use this theory using as example the sequential consistency memory model
describes in the previews chapter in Section and we show the benefit of applying our theory.

It is possible note that we do not provide a state of the art review because, to the best of our
knowledge, there are not any study on reversing synchronous products of LTSs or on proving

causal-consistency for them.

5.1 Reversing Synchronous Products

We begin by introducing the notion of a Labeled Transition System with Independence
(LTSI) with idle transitions. Idle transitions indicate that the LTS is not involved in any
synchronization. This concept will be used later in the reverse synchronous product of LTSs to

represent scenarios where an LTS does not participate in the synchronization process.

103
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Definition 36 (LTSI with idle transitions). Given an LTSI L = (S, A, —, ), we define the LTSI
with idle transitions as L® = (S,A? —®,1®). Here, 1® represents the extended independence
relation that considers idle transitions. It is defined as the union of three sets 1® = 1U; Uty where
L 18 the original independence relation, 11 is the set of independence between idle tramsitions,
defined as 11 = {{p 2 D, q KA q} | p,q € S}, and 19 is the set of independence between idle
transitions and other transitions, defined as 1o = {{p N v.q KA qat | p EN p €= and q € S}.

This definition ensures that the independence relation ( accounts for both idle transitions

and their interactions with other transitions in the system.

Definition 37 (Synchronous products with Independence). Let L1, ..., L, be LTSI, we consider
the corresponding LTSIs that also include idle transitions: Lf’ = (SZ-,A?,—>?,L¢). The
synchronous product with Independence L1 ®pr ... ®r L, is defined by the product of the

correspondent L'TSs where the notion of independence ¢ is defined on the transition as follows:

<a‘17“'7a"> / / (bla"'7bn> ! /
PIOR...QORPn — D1 OR ... QORI LU OR ... QR Gp — ¢ QR ... QR Gy,

¢

e i b;
ifVie{l,...,n} pia—>pg v g — g

When defining a reversible causal-consistent semantics, the initial step involves defining the
backward semantics. This entails specifying how the system can revert from a given state to
a previous state, undoing the effects of previous operations. In this section, we introduce the

concept of a reversible synchronous product LTSs.

Definition 38 (Reverse synchronous products). Let Li,...,L, be LTSs, we consider the
corresponding LTSs that include idle transitions Lf’ = (Si,Af),%? ) and their reverse (that
consider the idle transitions) (S;, A?,«»f). A synchronization relation (R) is R C A‘f X+ x AD\
{{¢1,...,0n)}. The reverse synchronous product of Ly, ..., L, indicated with L1 @ ... dr Ly,
is defined as:

e S=8 X X8y,
o the labeled transition relation is defined by rules SYNC and SYNC.
L Ly
PL—= @1 e Pn—qn (1. 0) ER

01,0l
p1®R“.®anii__LQI®R~-®R%1

SYNC

£;
where p; = q; €—>?,

4 ln,
p1~l>ql ceo Pn v (Qn <€1,...,£n>€R

01,0l
p1®Rn.®anALWMAQ1®R~-®RQn

SYNC

l;
where q; ~ p; E«»f.

Another approach to consider reversible LTSs (or the reversible product of LTSs) involves
defining a set of labels derived from the forward transitions to establish the corresponding

backward transitions R = {£ : £ € R}. Consequently, a single transition type can be defined
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as the combination of the possible forward and backward transitions — U ~~» with the possible
labels R UR. Whether we use our definition or one that uses (negated) labels for backward
transitions, the concept is the same. The difference is that in our approach we look at the
relationship between the states to see if it is a forward or backward operation (if we have — or
~+), whereas in the other case we look at the label of the transition to see if it is a forward or

backward operation (if we have ¢ or £).

Theorem 13. Given n LTSs Ly, ..., Ly, where L; = (S;, A;,—;) and their combined version
LT = (Si, Ai,—»i=—i U ~=;), then the reverse synchronous product L; @ ... &R Ly is equal to
the synchronous product L} @x ... g Ly,.

Proof. If we consider a transition in the synchronous product of L; ®% ... ®r Ly, then the
synchronous product L] ®% ... ®g L;, can perform the same transition, since we have the same
R, and since L] ®x ... ®r Lj, can perform the same move with the synchronization relation —.
This because the synchronization relation — is equal to — when we have a forward move and is

equal to ~» when we consider a backward move. ]

Before presenting our theory, we define the projection operation and a related result. The
projection operation takes a trace of a product of LTSs and a position ¢ and returns the trace
of the LTS at position 1.

Definition 39 (Projection (Proj)). The projection of a trace is defined as follows:

<(L1,...,(Ln>

o Proj;((p1 ®r ... @R pn ———5 Pl R ... AR Pl)s) = pi — P} Proj;(s)

. < 7"'7¢i7-~'7 n) .
e Proj;((p1 ®Rr ... ®R Pn A Bindy Py ®r ... @r D)) s) = Proj;(s)

e Proj(e) =€

Lemma 11. Given two derivations of a product of LTSs s and r co-initial and co-final then

s; = Proj;(s) and r; = Proj;(r) are co-initial and co-final.

Proof. We know that s and r are co-initial and co-final then by the definition of co-initial
(starting from the same state) and co-final (ending in the same state) we know that they have
the same initial and final states. Therefore, if s; and r; were not co-initial or co-final, we would
have a different starting or ending state in one of the projections. However, this cannot happen

since s and r are co-initial and co-final. O

After defining the concepts of synchronous product and reversible synchronous product of
LTSs, let us explore how the synchronous product of LTSs behaves depending on the properties
of its components. We aim to demonstrate that a product of n LTSs, L1 ®% . ..®r Ly, is causally
consistent, considering the properties of its components L;. We develop two approaches: the
first one considers the Causal Consistency of all the L'TSs in the product based on the properties
Loop Lemma, SP, BTI, and WF. The second approach proves it directly, considering that all
the components are only causally consistent. In both the approaches we need a restriction on
the possible synchronization between transitions we can have. We show an example to explain

why we need this restriction.
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Ezxample 10. Consider the product of two LTSs causal consistent. Now, we consider two trace

b , b
s=pRrq ﬁ>p’®7gq’ andr:p@)Rqu)’@Rq Mp’®7zq’. Here, we can see that s
7b b
and r are co-initial and co-final but we cannot state that p ®% ¢ M P Rrq ~pQRrq M

’b . o, . .
P QR q m p' @r ¢’ because it does not match any cases of the definition of causal equivalence

(Definition , since in r we have two transitions not annullable and s is composed of one

transition. O

This example illustrates the need to add a restriction. To address this issue, we have decided
to resolve it by adding a restriction that ensures a transition of an LTS in the product cannot
synchronize with multiple transitions. We refer to this property as the Unicity of Transitions,

and it is formally defined below.

Definition 40 (Unicity of Transitions). A product of LTSs L1 @ ... ®x Ly, satisfies Unicity of

Transitions if for each different co-initial transitionst : p1 QR ... QR Pn {ar,an)

PLOR ... ORP),
and u : p1 QR ... AR Pn Mpﬁ’@n...@mpg if there exists i € {1,...,n} such that a; = b;
(the transitions have a common label) then pl; # p/. This means that the two transitions are
different (p; = pl, # p; LR Y ).

This condition resolves the issue presented in the previous example (Example , as it
prevents a single action from synchronizing with multiple actions (including the idle action).

Now we briefly introduce the two approaches. The main approach involves exploring
whether individual causally consistent LT'Ss exhibit specific properties and verifying if these
are preserved in the product. This approach aims to establish Causal Consistency within
the framework described in [35]. Starting from a transition system with forward/backward
transitions and a notion of independence, proving Causal Consistency requires proving four
properties: Loop Lemma, Square Property (SP), Backward Transitions are Independent (BTT),
and Well-Foundedness (WF).

The alternative approach assumes that the LTSs in our synchronous product are causally
consistent and demonstrates the product’s Causal Consistency without considering additional

properties.

5.1.1 Main approach

In this section, we examine the properties of Loop Lemma, Square property, Backward
Transitions are Independent, and Well-Foundedness in the product of LTSs denoted as L1 ®r
... ®R Lyp, with the assumption that each LTS in the product exhibits the same properties. We
show that when one of these properties holds in all individual LTSs, it also holds in their product,
demonstrating their compositional nature. Subsequently, we demonstrate that when all these
properties are satisfied in the product of LTSs, Causal Consistency also holds, as demonstrated
in [35].

Theorem 14 (Compositionality of Loop Lemma). Given n LTSs L1, ..., L, satisfying the loop

lemma, the loop lemma holds in the product of LTSs L1 Qg ... Qg Ly.
01 yeisln
Proof. To prove Loop Lemma in L1 @ ...®% L,, we need to show that p1 ®r...Qr pn M

. l1,...0n . L.
PLOR...Qrp, il piOR...QR D), St P1OR ... QR Pn. Since we have a transition we know
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that (¢1,...,¢,) € R because we have applied rule SYNC (resp. SYNC). For each L; we know

that the Loop Lemma stands, so if ¢; # ¢ then we have that p; b, P} iff pl 4, p; otherwise it is

possible to observe that p; i) p; iff p; 4 p;. Knowing that we can conclude the thesis because

we can apply the rule SYNC (resp. SYNC). O

Theorem 15 (Compositionality of Square Property). Given n LTSIs Ly, ..., L, satisfying the
Square Property, the Square Property holds in the product of LTSIs L1 Qg ... @R Ly.

Proof. To prove Square Property in L1 @R ...®% Ly, we need to show that given two transitions

. (a1,.an) / . (bryebn) /"
L:pIOR...QORPy — =PI OR...Qrp,and u:p1 QR ... AR Dy ——— P] OR ... QR D),

if t ¢+ w then there exist:

(brrerbn)
U Pl BR . BR DY S P @R . QR DY

<a 7-~~7an>
tp! Op .. @rp! S ) @ . @ DY

and

To prove that we need to show that it is possible to apply rule SYNC for the transitions v’ and
t’. Since we have the two transitions ¢ and u we know that (a1, ...,a,) € R and (by,...,b,) E R
because we have applied the rule SYNC. We have a case analysis on the labels where for each
L; we know that the Square Property stands. Since we have that p; — p} and p; LR p} then if:

1"
)

e we have that a; # ¢ and b; # ¢ we can conclude that p! 2% p/ and p| LN D

e we have in both cases p; g p; (we have that a; = ¢ = b;) then in both the transitions (v
and t') we apply the idle transition p; N D;.

e we have that a; # ¢ and b; = ¢ (in this case we can note that p; is equal to p! and p/ is

) the transition of «/ and t' are respectively p; — p; and p} 2, ;.

equal to p!”

(2
e we have that a; = ¢ and b; # ¢ is similar to the previous one.

Here for all the cases the transition v’ and ¢’ exist. Then the thesis follows. OJ

Theorem 16 (Compositionality of Backward Transitions are Independent (BTI)). Given n
LTSIs Ly,..., L, satisfying Backward Transitions are Independent, then Backward Transitions
are Independent holds in the product of LTSIs 14 QR ... QR Ly.

Proof. To prove Backward Transitions are Independent in L1 ®% ... ®g L,, we need to show
that if whenever ¢ : p1 @z ... Qg pn RSN @ OR ... QR qn and t/ 1p1®R...®anm
¢ AR ... ®r ¢, and t # t' then tut’. By Unicity of Transaction (Def. we have for all
i€ {l,...,n} that p; <% p, # p LR p}. Assume for contradiction that ¢/t’. Since t/t’ we have
that there exists i € {1,...,n} such that p; <% p/ LZ) Di L, p}. But this it is impossible because we
know that BTI holds in the individual LTSs and then for each i we have that p; % p/ Lf Di Ly Py
We also have the independence between idle actions and all the other actions p; 24 2 L? i by Y,

with b; possibly equal to ¢. O

To prove the next theorem we need to recall the Definition 77 of synchronous product of
LTSs where it is not possible to have a idle transition (this mean with the label (¢1,...,dn))

over the synchronous product.
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Theorem 17 (Compositionality of Well-Foundedness (WF)). Given n LTSIs Ly,...,L,
satisfying the Well-Foundedness, the Well-Foundedness holds in the product of LTSIs L1 Qg
... ®r Ly.

Proof. To prove Well-Foundedness in L @5 ...®% L,, we need to show that there is no infinite
reverse computation. We know that for each L; the Well-Foundedness holds. We also know,
thanks to the definition of synchronous product, that we cannot have an idle transition (it is
not possible to have p1 @R ... R Pn M) P1 OR ... ®R Pn). Then if the Well-Foundedness
did not hold in the product of LTSs then we have at least one of the LTS where WF did not

hold, but this is not possible since WF holds in the individual LTSs. O

Theorem 18 (Causal Consistency). Given n LTSIs Ly, ..., Ly satisfying Loop Lemma, Square
property, BTI and WF, Causal Consistency holds in the product of LTSIs L1 @R ... QR Ly.

Proof. Since Lq,...,L, satisfy loop lemma, square property, Backward Transitions are
Independent and Well-Foundedness then thanks to the Theorems [T4] [I5][I6] and [I7] we know that
these properties hold also in the product of LTSIs L1 ®%...®% L,. Then since the four properties
(Loop Lemma, Square Property, Backward Transitions are Independent, and Well-Foundedness)
hold due to [35], Proposition 3.6|, Causal Consistency holds in L1 ® ... ®r Ly. ]

5.1.2 Alternative approach

In this section, we explore the property of Causal Consistency in the product of LTSs denoted
as L1 ®r ... ®r Ly, where we assume it in each LTS of the product. Despite this assumption,
we present one example that highlights the need for additional properties to ensure Causal
Consistency in the product of LTSs. This emphasizes that relying solely on Causal Consistency
within each individual LTS is insufficient to guarantee it in their product. We illustrate
this aspect through the following example that emphasizes the necessity for supplementary

properties.

Ezxample 11. Consider the following derivations:

(a,b) (a/,0") (a,b) (a” b") (a,b)
S=PORG —P1ORQ — > P2ROR G2~ P3ORq3 —— P4 QR g4 — P5 QR G5

and
a’,b’ (a,b) a”,b"
Tr=pORI—Ps QR G —> P71 AR 7 — D5 QR G5

We consider the following relation of independence:

al a b b//

p1 —> P2 L P2 v P3, g2~ q3 L g3 —> 44,
1" b /

D3 pa L ps = ps, P> p1LpL = D2

Despite s and r being co-initial and co-final, these two computations are not causally equivalent.
% b b
Indeed, we cannot perform the swaps p; ®r q1 M P2 QR G2 «(Aam)» P3 QR q3 OF Po AR G2 «<Aa~w>»
//7b/l " b/
D3 ®R q3 a_)) P4 @R qa because, as we can see, p2 <% p3 / p3 s ps and q1 — @2 / q2 XA q3.
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Note that instead the projections are causal equivalent:

1

Proji(s) =p = p1 —p2Sps > ps=ps=p-—op1Spps = pr o ps 2P > pg — pr — ps = Projy (1)

. b 1% b b’ b v b b’ b b v b b’ .
Proja(s) =q = q1 = 2> q3 — Qu = ¢ X q — G — q7 — @5~ 48 — G5 = ¢ — g6 — q7 —> ¢5 = Projy(r)

This counterexample can be ruled out by requiring that .’ implies tit’. O

This example motivates the introduction of an additional constraint: Reversing Preserves
Independence (RPI) from [35]. This property states that if transitions ¢ and ¢’ are independent

(t ¢ t') then t is independent with the reversed version of ¢’ (¢ ¢ t').

Definition 41 (Reversing Preserves Independence (RPI)). Given an LTSI L we say that L

satisfies Reversing Preserves Independence if whenever tut’ then tut’.

Now, we show that under RPI we have that if ¢t/ ~ ¢t then t.t’, this result is crucial to prove
that Causal Consistency holds in the product of LTSs.

Lemma 12. Consider an LTSI satisfying RPI. Given two derivations, if ritt're = rit'tre then
tut’.

Proof. Consider the function ¢(-) on traces defined as follows: it counts how many times ¢
appears before ¢ plus how many times ¢ appears before ¢, minus how many times ¢ appears
before ¢/, and minus how many times ¢ appears before t'.

We observe that ¢(d) = ¢(d'dd”) if d' is a derivation that does not contain either ¢ or ¢ and
d” is a derivation that does not contain either ¢’ or ¢. This is because adding ¢’ or ¢’ in the
beginning cannot change the number of occurrences of ¢ before #', and similarly, adding ¢ or ¢
at the end does not change this count. Additionally, ¢(d) = c(ttd) because we add a number z,
representing the occurrences of ¢ before ', offset by the occurrences of t before ¢'. Similarly, we
add a number y representing the occurrences of ¢ before t’, offset by the occurrences of ¢ before
t'. The same logic applies for ¢(d) = c(dt't').

Note that r;tt'r. ~ rit'tre iff ryritt'rer, = r;rit'trer, (closure under contexts of =) iff tt' ~ t't
(delete operation and transitivity of ~). Note that ¢(tt') = 1 while ¢(t't) = 0. Since tt' =~ 't
there is a sequence of delete and swap operations transforming ¢’ into ¢'t. Note that, as discussed
above, delete operations do not change c¢. Also, swap operations involving at most one among
t, ', t, t' do not change c either. Hence, the derivation should include at least a swap operation
involving two of the transitions above. Hence, we need independence among two of them. We

have at least one of the following cases:
e t1t’, which proves the thesis;
e {it', which proves the thesis by RPI;

e t.t’, which prove the thesis since ¢ is symmetric, and we have t'i£, then by RPI we have
tut'

e #it', which proves the thesis since by RPI, we have tit’, so we are in the previous case

where t.t'.
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In all the cases the thesis follows. O

In the context of a product of LTSs L1 ®% ... ®% L, and given a transition ¢ of one of
the LTSs L;, we introduce the notation . This notation represents a transition of the product
of LTSs such that its projection Proj;(f) yields the original transition . The uniqueness and

existence of  are guaranteed by the Unicity of Transitions property (Definition .

Definition 42. Given a product of LTSs L1 @R ... Qg L, and a transition t of one of the LTSs
L; we define t as a possible transition of L1 ®g ... &g Ly such that Proj,( t ) =t.

We know that this transition exists and it is unique since the Unicity of Transitions stands.

Lemma 13. Given a product of LTSs L1 ®g ... ®g L, satisfying the Unicity of Transitions and

a transition t of one of the LTSs L;, then t is unique.

Proof. Assume for contradiction that £ is not unique then there exist #; #  such that Proj; () =
Proj;(t1) = t but since L; ®g ... ®r L, satisfy the Unicity of Transitions (Definition it is
impossible because we have, at least,  and ; with the same transition of L; since Proj;(f) =

Proj; (f1) = t. -

Now we show that given n LTSIs Lq,..., L, satisfying causal consistency, and Reversing
Preserves Independence (RPI). We establish that Causal Consistency is preserved in the product
of these LTSIs, denoted as L1 ®% ... ®g L, if it satisfy the Unicity of Transitions. This theorem

demonstrates the compositional nature of Causal Consistency across the product of LTSIs.

Theorem 19 (Compositionality of Causal Consistency). Given n LTSIs L1, ..., L, satisfying
causal consistency, and RPI. Then Causal Consistency holds in the product of LTSIs L1 @pr
... ®gr Ly if Unicity of Transitions hold.

Proof. To prove Causal Consistency in L1 ®% ...®% L,, we need to show that for any two traces
r and s, if they are co-initial and co-final, then r ~ s (by Definition [14)). We know by Lemma
and Causal Consistency of the individual LTSIs that Vi € {1,...,n} Proj;(s) = Proj;(r). We
fix j € {1,...,n} and we proceed by induction on the number of transformations in Proj;(s) ~
Proj; (r). We consider a stronger inductive hypothesis saying that if Projj(s) ~ d in L; then
there is 7 in L1 ®R ... ®r Ly such that Proj;(r) = d.

Base case: we consider the case when there are 0 transformations. We have that Proj;(s) = d.

We can take r = s and the thesis follows.

Inductive case: we have n swap/delete actions in Proj;(s) ~ d. Let d' be the trace after one
delete or swap operation. Then we have Proj;(s) ~ d =~ d. We know that d’' =~ d using
n — 1 swap/delete actions. Here we need to analyze the two cases according to the type of

action used to prove that Proj;(s) ~ d:

Delete: we have Projj(s) = ryttr. and d' = r;re. By Unicity of Transitions (Definition
and Lemma we also have s = 7;tt7. and we can choose s’ = 7;7.. We have
Projj(s’) = 1T and s &~ s’ using delete. In the case d’ = r;ttr. and Proj;(s) = rire the
reasoning is analogous, but we use Unicity of Transitions (Definition and Lemma
to ensure that there is some ¢ such that Proj;(t) = t.
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Swap: we have Proj;(s) = Fitt'Fe, d = 7it'tF, and t1;#'. We can take s’ = rit'tr.. By
definition of projection Proj;(s’) = d’. We have that tt' and 't are coinitial and
cofinal (since they are both obtained from s and s’ by removing r; and r.). Hence
Vi Proj;(tt') ~ Proj;(t't) by Lemma[l1]and using Causal Consistency of the individual
LTSIs. By Lemma (12| then for all i we have that Proj;(¢)¢;Proj;(t'). Then we also

have that t.t’ by definition of .. Hence we have r ~ s’ using swap.

By inductive hypothesis we know that there exists r such that Proj; (r) =dand ¢ =~ r.

By transitivity s =~ r.

5.2 Case Study: Sequential Consistency Memory Model

In this section, we delve into a sequential consistency memory model, described in [34]
(Section , and explore the process of obtaining its reversible version. This memory model
maintains the order of memory operations within individual threads but does not strictly enforce
the sequence across multiple threads. Synchronization primitives, such as locks or barriers, are
commonly used in this memory model to ensure consistent memory operation ordering across
all threads.

Initially, we consider two different representations of the memory model: the synchronous
product of three LTSs (as described in Section and a monolithic LTS that describe the
same memory model. The monolithic LTS is described using a monolithic semantics, meaning
there is a single rule for each type of action. On the other hand, the synchronous product
of LTSs, which we will refer to as the compositional LTS, is a composition of multiple LTSs,
where actions are described by synchronization between different LT'Ss. Following this, we
demonstrate that the compositional LTS and the monolithic LTS are bi-similar. Subsequently,
we examine two approaches to derive the reversible version of this memory model. The first
approach considers the reversible synchronous product of the three LTSs (reverse compositional
LTS), while the second approach derives the reversible version of the monolithic LTS through the
method described in [33], 44]. Finally, we describe the differences between the two approaches.

Using our theory, starting from n LTSs (Labeled Transition Systems) and for each of them
a notion of independence, it is possible to obtain a causal consistent product of LTSs. This
is possibile if we can show the Causal Consistency of the reversible LTSs that make up the
product (Theorem . Causal Consistency of the product is guaranteed if the individual L'TSs
that form the product satisfy the properties of SP (Square Property), BTI (Backward Transition
Independence), and WF (Well-Foundedness) in this case we can apply Theorem Furthermore,
our theory shows that if the individual LTSs are causally consistent, then the reverse of the
product is equivalent to the product of the reversible LTSs (Theorem .

If we consider the product of LTSs described in Section with a specific notion of
independence for each LTS, in order to apply our theory, we need to show that the properties

SP, BTI, and WF hold. The notions of independence for each component are defined as follows:

threads two transitions are independent if the same 8 does not appear in both labels.
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memory two transitions are independent if the same memory cell » does not appear in both
labels.

scheduler two transitions are independent if the same lock [ does not appear in both labels.

However, it is not possible to prove the BTI property for these LTSs. For example, in the
case of memory, we must show that two backward transitions applied to the same state are
not independent. Consider the state (r,v): we can apply both the read and write transitions
backward, but these operations are dependent because they refer to the same memory cell r,
with one being a write and the other a read. This dependency arises in all three L'T'Ss, meaning

that our theory cannot be directly applied.

Thus we need to obtain LTSs with Independence for our threads, scheduler and memory
components that either satisfy the three properties SP, BTI and WF, or directly obtain causally

consistent reversible variants of these LTSs in order to apply our result on their product.

We have decided to apply the approach in [33] for the reversal of reduction systems to each
individual LTS (threads, memory, scheduler), interpreting each labeled transition of these LTSs

as a reduction relation.

Using this method, we obtain a notion of independence defined by specific keys for each LTS,
where the keys are distinct and not shared among the LTSs.

Definition 43. Two co-initial transitions t : R 25 R andt' : R * R" are independent, written
t ot if key(u) Nkey(p') = 0.

As part of this case study on the sequential consistent memory model, we will compare the
the product of reversible LT'Ss we obtain by the above method with the monolithic LTS we can
obtain using the reversal of reduction system method to the whole LTS obtained joining the
individual LTSs (threads, memory, scheduler) specified in Section We will then show that:

e The monolithic is indeed bi-similar to the product of components specified in Section [4-4}

e That the product of our reversed components differ from the reversed monolithic LTS,
in that the latter introduces causal dependencies which are unwarranted according to the

independence relation obtained via the product of our reversed components.

The rest of this section is organized as follows: in Section [5.2.1] we delineate the monolithic
LTS and we show the bi-similarity with the compositional LTS described in Section 4] In
Section [5.2.2] we show the reversible version of the monolithic and of the compositional LTS.
Finally, in Section [5.2.3] we show that the independence relation obtained with the reverse
compositional LTS is different from the one obtained by the reverse monolithic LTS. Notably,
the independence relation derived from the compositional approach better matches the desired

one, while the monolithic approach introduces undesired spurious dependencies.
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ALLOC READ
(0,ref(r,v)) , (6,rd(r,v)) ,
e— S ¢ e—S> e
(6,ref(r,v)) , (6,rd(r,v)) ’
(0,€) | (r>0) ———=(0,¢) | (r = v) (0,e) | (r—=v) ——=(0,¢) | (r = v)
WRITE ACQUIRE
(Oowr(rv)) (Bacq(l))
Ce—¢ e—S> e
0,€) | (r = vora) L2 g ey | (1 s ) 0,¢) | (1= o) L29D 9 oy | (1 )
RELEASE
(Orll)) THREAD aST];DP
e ——> ¢ e—e
Orel) . 00) 0 P
(0,e) | (1= 0) ——=(0,¢) | (I = 0) (0,e) — (0,¢")
THRESA]Z;HSPAWN Svs PAR
e e:e’ 0" fresh SYyS EN Sys’
0, ¢) LD g oy (g, ey SYS | SYS: 5 SYs' | SYs

Figure 5.1: Monolithic LTS Semantics

5.2.1 Monolithic LTS

Now we consider a monolithic LTS where the system is

SYS =T | M| S| (SYS|SYS)
T = (0,e) | (T|T)
M= (reo)|(r—v) | (M[M)
Su=(l—o)[(I—=0)[(S]S)

The rules are detailed in Fig. where rules ALLOC, READ and WRITE describe respectively
the allocation, reading, and writing of memory cells, rules ACQUIRE and RELEASE describe
respectively the acquisition and release of locks, THREAD SPAWN and THREAD STEP describe
respectively the creation of a new thread and a beta reduction.

Now, we consider the compositional LTS T @ g M ®r S described in Section where we

recall the synchronization relation R (the set of the possible labels):

((0,), 9, 0),

(0, ref(r,v)), (0, ref(r, v)), 9),
(0, rd(r,v)), (0,rd(r,v)), &),
(0, wr(r, v)), (0, wr(r,v)), ),
((0,acq(1)), ¢, (0,acq(l))),
((0,rel(l)), ¢, (0, rel(1)))

where oo = sp(6”), pure.
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The shape of SYNC for the compositional LTS in the case of a read action is the following:

(6,rd(r,v))

/
e——¢€

<97 6> (6,rd(r,v)) < ,6/> (T‘ s U) (6,rd(r,v)) (7“ s v)
<6e>\”rm><,e/>r (s v) | M 2D sy | M
S4HS  (((6,rd(r,v), (0,rd(r,v)), 8)) € R

SyYNC
0,¢) | T 9r (r s 0) | Mg & 0EORED0 g N | T on (s v) | M oR S

In order to show the bi-simulation (see Definition between the monolithic LTS (7 | M |
S) and the compositional LTS (7 ®gr M ®@r S) we define a function ¢(-) to obtain a relation
between the labels of the compositional LTS and the labels of the monolithic LTS.

Definition 44. The function ¢(-) is defined over labels:

( 0,a),
p(((0, ref(r,v)), (0, ref(r,v)), ¢)) = (0, ref(r, v)),
(0,rd(r,v)), (0,rd(r,v)), ) =
), ¢)) =

p(((0,a),¢,0)) = (

)
(( ) ); 8)
(6, wr(r,v)), (6, wr(r,v)
(
(

(0,rd(r,v)),
(0, wr(r,v)),

¥

o( )

(6, acq(l)),

©(((0,acq(l)), ¢, (6, aca(l) 0
(0,rel(l))

)& ) =
p(((0,rel(1)), ¢, (6,rel(1)))) =

where o = sp(8'), pure.

Theorem 20 (Bi-Simulation). (7 ®r M @z S)= (71 | M1 | S1).

Proof. Firstly, we need to define the relation between the states of the compositional LTS and of
the monolithic LTS, we define the relation as a set of couple RL = {{((T @ x M@z S), (T1 | M1 |
Sp)) such that 7 = 71, M = M1,S = §1}. Now we show by case that for each transition done
by the compositional LTS (with the transformed label) then the monolithic LTS can do the same
transition. Formally we show that for each label ¢ such that T ®@xr M @z S LN T or M @r 8

then T | M| S — ACNY | M"| 8. Now we proceed by case analysis on the label:

e We consider the case where o(((6,rd(r,v)), (0,rd(r,v)),$)) = (0,rd(r,v)), then in the
compositional LTS we have that:

(0,rd(rp))

e ——e
(9, ¢) LraTD g oy (r 1 v) LTy
(6,¢) r’r—>9'd“’> 0. T (o) | MDD ()| M
Sync S —> S (((0,rd(r,v)), (0, rd(r,v)),0)) € R
((0,rd(r,v)),(8,rd(r,v)),¢

O,¢) | T @ (res v) | M@ S b (0, | T @r (r = v) | M@r S
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in the monolithic LTS we have the following configuration 7 | (f,e) | M | (r — v) | S
obtained by RL, and we consider the label (6, rd(r,v)). Then, we obtain:
(0,rd(r,v))
Ce———c
(0,rd(r,v))

/

READ
b 0,e) | (r—wv) 0,€) | (r—v)
AR

T1(0e) | M| (rov) | S ECDig oy | T (s w) [ M| S

we can easily see that the final states are still related.
Now we consider the case starting from the monolithic LTS and we consider then RL™! and
¢~ !. Formally we show that for each label ¢ such that 7 | M | S ENE | M’' | & then
“1p
TR MRS S0—()> T 9r M' ®r 8’ . We proceed by case analysis on the label:

e We consider the case where ¢~ 1((0,rd(r,v))) = ((0,rd(r,v)), (0,rd(r,v)),$), then in
monolithic LTS we have that:

(0,rd(r,v))
e———e

(6,rd(r,v))

/
READ

(0. €) | (r—v)
(6,rd(r,v))

0,¢) | (r— )
O,N | T|(r—v)| M|S

Par

T|{O,e) | M| (r—wov)]|S

in the compositional LTS we have the following configuration 7 | (f,e) @r M | (r —
v) @ S obtained by RL™!, and we consider the label ((6, rd(r,v)), (8, rd(r,v)), ¢). Then,

we obtain:
(0,rd(r,v)) ,
e — €
(0, ¢) 219D g oy (r s o) LT
0,0 | T 29D g 1T (o) | M Dy | M
SLS (((6,rd(r,0)), (0,1d(r,v)),8)) € R
SYNC
(@rd(r,0)), (B (r.0)),6)

O,e) | TOR (r—=v) | Mg S 0, | Tor (r—=v) | Mer S

we can easily see that the final states are still related.

All other cases are similar and are shown in Appendix O

By applying the method described in [33], we obtain labels in the form of memories ([k :
old, k' : e]) as shown in Fig. and Fig. m However, we have opted to use more convenient
labels for our purposes. This does not change the result, as each transition with the new labels
can be associated with a transition using memory labels, and vice versa. Now we will show an
example, with all other cases being analogous. We consider now a transition from the LTS with

memory labels and how it corresponds to a transition in the monolithic L'TS:

[kl:(G,e>|k2:(ro—>o);k’1:ol\ké:oz] ’

ki:(0,e) | ka: (r+— o) ki:(0,€) | ky: (r—v)|[k1:{0,e) | ka:(r— o)kl o1 | k) : es]

From this transition we can always understand that the label in the monolithic LTS is (6, ref(r, v))

because in the initial state we have (r + o) and in the final one (r +— v) and from here
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6,rd(r,v
e M e 1,k fresh

ki:(0,e) | ko: (r— o)

READ

ki : (0,

Y| Ky (r=v) | [k (0,e) | ko (r—v); k) e | k) : e

OrdCD 9 Y Ky s (s 0) | [Fr s (0, €) | ko : (v 0); KL : o | KD : o)

LTl o (0,€) | ko s (s 0)

Figure 5.2: Forward and backward READ reversible rules of monolithic LTS

we understand both the operation and the memory cell » and the value v, instead 6 can be
understood because the process has 0 as id. We can apply this reasoning to all rules. We can see
how from a transition of the monolithic LTS we obtain a transition of the LTS with memories.

This is always possible because we have the memory inside each transition.

5.2.2 Reversing Monolithic and Compositional LTSs

Now that we have shown the relationship between the monolithic LTS and the compositional
LTS, let us consider the reversible compositional LTS and the reversible monolithic LTS. They
are not bi-similar because we also consider the memories used by the approach we have adopted.
In the case of the compositional LTS, we have one memory for each LTS involved in the action
instead in the monolithic LTS we have one memory for each action. Indeed, as we will see, with
a synchronization move, we obtain one memory for each involved LTS. For example, for the read
operation, we obtain two memories.

In Fig. We show the forward and backward version of rule READ obtained through [33] [44]
for the monolithic LTS. It is possible to see the other rules in Fig. and Fig. in
Appendix [C:2]

Now, let us consider the compositional LTSs 7 ®r M ®r S. To obtain their reversible form,
we can use Theorem (13| to consider the product of reversible LTSs while maintaining the same
synchronization relation, resulting in 7Y @g MRV @r S®Y. The reversible compositional LTS
will be built from the LTSs where we apply the method described in [33] [44] to reverse them.
In this way, the LT'Ss that make up our reversible compositional LTS will satisfy the following
properties: Loop Lemma, SP, BTI, and WF.

Now we show the new form of the reversible compositional LTS TRY @r MR @x S®V. The
syntax format of the thread semantics is 7Y =k : (0,¢) | (TRV | TRV). In Figures |5.3[ and
[5.4] we depict respectively the forward and backward semantics obtained with the framework
described in the article [33, [44]. Rule THREAD STEP explains the evaluation of an action,
different from the spawn action (sp), as indicated by the condition a # sp. THREAD SPAWN
rule creates a new thread with a new identifier ¢’.

The syntax format of the memory semantics is M®Y =k : (r+>0) | K : (r —v) | (MR |
MPRV). The forward and backward semantics are depicted in Figures and both generated
with the approach described in [33],[44]. The memory semantics is defined by the following rules:

ALLOC describes the allocation of memory for a new variable, READ governs the process of
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THREAD STEP

e e ki1 fresh
(0,0) 7 sp
k:(f,e) —> ki :{(0,€)|[k:(0,e);ky: o]
THREAD SPAWN
e Py e 0 fresh ki,ko fresh

ki (0,e) LD p 0, ) ks (0" | ks (B, €)ikn : o1 | ky: e

Figure 5.3: Forward reversible semantics of Threads

THREAD STEP

Ruc(0,€) | ks (0,e)ikr : o] 25

k:(f,e) WITH « % sp

THREAD SPAWN
ki:(0,€) | ko (0 €y | [k:(0,e);ky: o1 | ko : eg) Gy, . (0,e)

Figure 5.4: Backward reversible semantics of Threads

reading a value from memory, and WRITE specifies how a value is written to memory.

The syntax format of the scheduler semantics is S®Y =k : (I = o) | k : (I = 0) |
(SRY | SRY). Figure depicts the forward reversible semantics and Figure represents the
backward semantics, both generated with the approach described in [33, 44]. The scheduler
semantics defined by rule ACQUIRE, which describes the process of acquiring a lock, and by rule
RELEASE, which governs the release of a previously acquired lock.

SYNC rules to go forward are analogous to those shown previously with the addition of

ALLOC

ki1 fresh

(6,ref(r,v))

E:(r—so)——"5k:(r—wv)|[k:(rw o)k :e]
READ

ki1 fresh

. (8,rd(r,v)) ) ) ] .
kE:(r—v) ——Sk:(r—v)|[k:(r—uv);k:e]
WRITE

k1 fresh

(6,wr(rw))

k:(r— voq) ki:(r—o)|[k:(r— voq); k1 : e1]

Figure 5.5: Forward reversible semantics of Memory
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ALLOC

k,‘l:(?“r—)v)|[k::(rr—>o);k:1;.1]N(j‘lvjfﬂfﬁ)),>

k:(rw o)

READ

kl:(rr—>v)|[k:(rHv);klzol]M

k:(rw—w)

WRITE

0,wr(r,v
K : (o o) | [k 2 (5 s voa): i : eq] 200l

k:(re voq)

Figure 5.6: Backward reversible semantics of Memory

ACQUIRE
ki1 fresh

k(e o) P20 b (s 0) [ [k (1 o)k : o]

RELEASE
k1 fresh

kel 0) OL p s o) [k (L 0);kr : o]

Figure 5.7: Forward reversible semantics of Scheduler

ACQUIRE

ks (L 0) | ks (1 0)iky - oq] 22590 (1 s o)

RELEASE

kl:(l»—>o)][k:(lHQ);klzol]Mk:(lb—)H)

Figure 5.8: Backward reversible semantics of Scheduler

memories (shown in red). We exhibit the example for the application of the read operation.

SYNC
(0,d(r,v)) ,
—e ki fresh ki1 fresh
k(8 e) LD ey |k (0, €); k : 01] K (r o ) 20D g s ) | K (s 0): K, - e

ko (0e) | T 220D g0,y [ [k: (0,e)i ko] | T Kt (resv) | M 220D g s o) [ [ (5 s 0)3 K 2 01] | M

SHS  (((0,rd(r,v)), (6, rd(r,v)),0)) € R
, . ((0.0d(r,v), (0.0 d(r ). @), 10 1\ |1y o . . .
ki0,e) | Tork :(rsv) | Mg S ke (0,€) | [k (0,e)iki o] | T@rE, : (rsv) | [k :(rsv)ik) 0] | M®r S

While to go backwards, we present the rule corresponding to the undo of read action, the other
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cases are similar.

SYNC
’ (6,rd(r,v)) / ’ / (6,rd(r,v))
ki:(0,€) | [k:(0,e);k1:01] s ki (0, €) Ki:(r—=o) | [E:(re=o) k) o] waaws ks (r = o)
ki:(0,e") | [k:(0,e); ki : o] |Tm>k: O,e) | T ki:(re=v)| K (r— )kl e |Mm1€':(rb—>v)|/\/l

S48 (((0,rd(r,0)), (0,rd(r,0)),4)) € R

ki:(0,¢) | [k:(0,e)ki o] | TORK : (rsv) | [k (r—=v) ki 0] | M®r S E:(0,e) | TOREK : (r—>v) | M@r S

If we compare these rules with those in Fig. (which illustrates the read action for the
reverse monolithic LTS), a significant distinction emerges. In the rule for the reverse monolithic
LTS, the keys of the memory (M) are directly associated with those of the thread that performed
the memory cell read. However, this association does not exist in the compositional LTS. We
have instead two distinct sets of keys, one for the threads and one for the memory, which are
not linked between them. This distinction is crucial because it enables us to synchronize this
operation with other read operations of the same cell resulting in the same value. This capability
becomes evident in the example discussed later, where it allows us to leverage the automatic
approach described in [33,[44]. Previously, this was not feasible because the approach erroneously
identified these read operations as dependencies, despite our intention for them not to be.

After showing how the reversible compositional LTS is formed, in order to show that it is

causally consistent, we must show that it satisfies the Unicity of Transitions (Definition .
Lemma 14. In the product of LTSs T ®xr M @z S the Unicity of Transition holds.

Proof. Each LTS (7, M, S) has only one possible transition for each label. Additionally, in
the synchronization relation R, there is only one possible synchronization for each label of the
various LTSs. Therefore, in the product of LTSs 7 ®xr M ®% S, the Unicity of Transitions is

ensured. O

Ezample 12. Consider the label ((6, rd(r,v)), (6, rd(r,v)), #) in R. It can be observed that both in
7T and in M only one transition is possible with the label (0, rd(r,v)) in the form (6, e) Ordrv)),
(6,€¢) (in T) and (r — v) Ordr0)), (r—wv) (in M). O

Thanks to Lemma|[I4] and since in the individual LTSs the proprieties Loop Lemma, SP, BTI
and WF hold since we have used the approach [33] described in Section for these reason it

is possible to apply the approach described in Section [5.1.1} Then we can stand that the reverse
compositional LTS is causal consistent thanks to Theorem

5.2.3 Comparison between Reversible Monolithic and Compositional LTSs

For sake of simplicity, we consider a system with two threads (61, 62) that needs to read from
the memory cell z, which has already been initialized. We also have a single lock [ that has
not been acquired yet. So, we have T' = kyy : (01,!z) | ko : (02,!2), M = kyp1 : (x — 0), and
S = ks1 : (I — o). As aresult, considering the reverse compositional LTS we show the projection
of the three LTSs of the trace corresponding to the read of = by 61, followed by the read of x by
02, and finally the undo of the read operation by 6;. In red, we show which element is modified

in the transition.
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— (01, 1) | ko ¢ (02, 2)
M Bz (01, 0) | [hrn < (01, 12): K < e1no] | B = (0, 1)
ki1 2 (01,0) | [kex 2 (01, 12); kyao : egaa] | kyon 2 (02,0) | [kua (02, 12); Fuor + @421
(01, 1) | Ra2n z (02,0) | [k = (02,!12); ko @ e401]

(62,rd(x,0))

%

— kmi : (z+—0)

01,rd(z,0
M) kmi2 (-7/' = 0) ‘ [kml : (T — 0)7 kmi2 : .77112]

02,rd(x,0
O2rd@O), s = (25 0) | [tz < (2 = 0); s : omas] | [Bmt ¢ (2 > 0); k12 : ®mia)]

01,rd(x,0
DL Kt (2 0) | [ = (@ > 0); K12 < 2]

%

ka1 (I 0)
2 ks (I o)
P kgt (I o)
L kgt (e o)
.

Additionally, we examine the trace if we considered the same actions performed by the
monolithic LTS.

— ke : (01, 1x) | ko i (O2,12) | Ky 2 (x = 0) | ks1: (I 0)

o@D, 1y (01,0) | Kz (2 0) | g = (01,12 | onn < (2 0); kg < @112 | K12 © @]
| ko @ (02,'x) | kg1 : (L 0)

ki1 @ (02,0) | ks : (x = 0) | [ke2 : (02,12) | kmaz @ (z — 0); ko1 : 021 | ks : @13
| keio 2 (01,0) | [k : (01,12) | ki 2 (= 0); k12 : 0412 | kmi2 : ®mi2] | ks1 2 (I o)

(62,rd(x,0))

. . c1. .- . 01,rd(x,0
As we can notice in the trace of the monolithic LTS it is not possible to execute M

in fact in the trace we have m This happens because with only one LTS we link the
process and the memory and then we must use the same key to undo this operation. Instead
with compositional LTS we do not link the key of the process with the key of the memory (we

have different memories for each LTS) and then it is possible to undo this action.
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Conclusions and Future Works

6.1 Conclusions

The aim of this thesis has been to investigate causal consistent reversibility in memory models.

We have extended CauDEr and the underlying reversible semantics of Erlang to support
imperative primitives used to associate names to pids. This required to distinguish write
accesses from read accesses to the map, since the latter commute while the former do not. Also,
the interplay between delete and read operations required us to keep track of removed tuples.
Notably, a similar approach needs to be used to define the reversible semantics of imperative
languages, such as C or Java. We have also extended the definitions of rollback and replay

operators, as well as the underlying theory.

This extension highlights the difficulties when you want reach the Causal Consistency in
a programming language, for this reason we extend the Effinger’s framework, in this way we
have a model that can describe more memory models. We described our framework using the
synchronous product of three LT'Ss, each representing different components: thread semantics,
memory semantics, and scheduler semantics. We divided the labels of the LTSs into groups
and defined a synchronization relation to manage the interactions among these components.
Our framework successfully described some memory models, including sequential consistency,
write buffer (PSO), and transactions memory models, demonstrating their bi-similarity with the

corresponding models in the literature.

We then presented a new compositional theory to show how to reverse a product of LTSs.
We demonstrated that the synchronous product of these L'TSs achieves causal consistency, given
certain properties of the individual LTSs. We applied this theory to a monolithic LTS with a
sequential consistency memory model, using an automatic method to make it reversible. By
comparing this to the sequential consistency memory model obtained through our framework,
we illustrated that our compositional theory better captured the desired dependencies, avoiding

some of the unwanted dependencies captured by the automatic method.

In conclusion, our framework offers a tool for representing memory models, and our
compositional theory shows how to obtain Causal Consistency in synchronous product of LTSs,

then also in systems described with our framework.
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6.2 Future Works

Concerning future work, the approach used to extend CauDEr, as well as the theory in [35] on
which we rely to prove properties, defines independence as a binary relation on transitions. We
plan to extend this approach in future work by defining independence as a binary relation on
sequences of transitions, since we have found cases where single transitions do not commute,
while sequences can. For instance, in the exertion of CauDEr a registered() does not commute
with either register(a, ) or unregister(a), but it can commute with their composition since the
set of registered tuples is the same before and after. Notably, covering this case would require
to extend the theory in [35] as well.

This extension would also necessitate an update to our compositional theory. Specifically,
the condition of Unicity of Transitions could be deleted. By removing the requirement for a
binary relation, an action could commute with a sequence of actions, including the idle action.
Consequently, Example [I0] would no longer be valid.

Other possible extensions include supporting further Erlang constructs, the first target would
be the global map shared by all the nodes of an Erlang application. Given that our replay
technique makes no assumption about distribution, the approach should work in this context as
well. More difficult target includes Erlang code hot-swap.

A possible future work involves describing the semantics of Erlang within our framework. To
achieve this, it will be necessary to understand how to implement the Erlang map and messages
in our framework. One possible division would be to manage the map through the memory
component and the messages through the scheduler component. Subsequently, it would be
interesting to make the obtained semantics reversible using our theory and compare the results
with the reversible semantics we have previously created.

Another potential study, still in the same direction, would be to apply our theory to the strong
and weak transactions memory models. This would allow us to understand the differences in
the reversible models since the only rule that changes is in the scheduler semantics.

Regarding transactions, another possible work could be to reverse the weak memory model
with optimistic rollback. In this case, it would be interesting to see if it is possible to achieve
the same results without implementing the rollback operator as currently done, but by using
reversibility to go back in case of conflicts. This approach would explore reversibility in the
context of transactions and could simplify the existing model by implementing the rollback
operator through reversibility.

Concerning efficiency, we have disregarded this aspect till now, hence large improvements
are possible. E.g., at each step we store the whole state of the process, but states in consecutive
steps are closely related, hence one could store far less information, at the cost of doing some

more computation to reconstruct the process state.
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Appendix A

Imperative Constructs: Square

Property

Lemma 2 (Square Property). Given two co-initial concurrent transitions

t1 = (s =p1,r1,k1 51) and ty = (s “pa,ra.ko 52)

there exist two transitions

to/t1 = (81 =pyraky 83)  and  t1/ta = (82 =p, i 5y S3)
Graphically:
Pl,’f'h]ﬂ p17T17k1
5 §=——— 351
pa,r2,ka L = p2r2k2 L “m#mb
52 2= ik 3

Proof. We distinguish the following cases depending on the applied rules:

1. Two forward transitions. We have the following subcases:

e the two transitions are not on the map: we can prove that by applying rule o to p;

in s; and rule r1 to py in s9 we have two transitions t1 /ty and to/t; which are co-final,

as desired;

e one of the two transitions is on the map and the other one is not: we can apply the

same reasoning as above;

e both transitions are on the map: we have a case analysis on the applied rules. We

show a few examples, the others are similar.

—if 71 € {UNREGISTERS, ENDUN}, k; = del(f1,e1,51,M;,M’) and ry €
{UNREGISTERS, ENDUN}, ko = del(s, €2, S2, My, M) we have that both M; =
{{a1,p1,t1, T)} and My = {{ag, p2,t2, T)} are in the map M of s and by definition
of concurrent transitions (Definition we also have that a; # as and p; # po.

Then applying k1 followed by ko or vice-versa leads us to the same system because
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The only side effect of each rule is to kill a tuple from the system’s map.

if m = REGISTERS and ry € {UNREGISTERS, ENDUN}, ky =
del(_, , ,Mj,Ms) we know thanks to rule ry that (aj,p1,t1, T) is not in the
map M of s. Thanks to rule ro we know that the tuple My = (ag,p2,ta, T) is
in M. By Definition [18 we have that a; # a2, p1 # p2 and, for this reason, My
is not affected by 1. We can see that adding the tuple (a1, p1,t1, T) and then

killing the tuple (a2, p2,t2, T), or vice-versa, leads us to the same system because
(M @] {<a1,p1, t1, T>}) \ M; U klll(Ml) = (M \ M; U le(Ml)) U {(al,pl, t1, T)}

The only side effects of the two rules are, respectively, an insertion and a kill of
a tuple from the map M.

if 11 = REGISTERS and 7y € {UNREGISTERF, SENDF, WHEREIS2, END}, ky =
readF( , ., 1, My), we know thanks to rule r; that M; = {{a1,p1,t1, T)} is
not in the map M of s. Thanks to rule ro we know that Ms is a subset of M.
By Definition [I8 we have that a; # ¢ At # p1 so Mg is not affected by r1, hence
adding the tuple (a1, p1,t1, T) and then reading a ghost tuple, or vice-versa, leads
us to the same system.

if 71 € {UNREGISTERS, ENDUN}, k1 = del(61,e1,51,M;,M) and ry €
{UNREGISTERF, SENDF, WHEREIS2, END}, ko = readF( , , ¢, Ms), we
know thanks to rule r; that My = {{(a1,p1,t1, T)} is in the map M of s. By
Definition we have that a; # ¢ At # p1 so Ms is not affected by rq, hence
killing the tuple (a1, p1,t1, T) and then reading a ghost tuple, or vice-versa, leads
us to the same system.

if ky = del(01,e1,S51,Mq1,M) and ky = readS(_, , ,Ms), we know thanks to
rule 71 that My = {{(a1,p1,t1, T)} is in the map M of s. Thanks to rule ro we
know that M is a subset of M. By Definition [18] we have that My N My = () and
so Ms is not affected by 1. We can see that killing the tuple (a1, p1,t1, T) and

then reading one or two tuples, or vice-versa, leads us to the same system.

if 11 = REGISTERS and ry € {REGISTERF, WHEREIS1}, ko =

readS(_, , ,Ms) we know thanks to rule r; that M; = {(ai,p1,t1, T)} is
not in the map M of s. Thanks to rule ro we know that Ms is a subset of M. By
Deﬁnitionwe have that ( ,p1, , )¢ Mgand (a1, , , )¢ My and, for this

reason, My is not affected by r;. We can see that adding the tuple (a1, p1,t1, T)
and then reading one or two tuples, or vice-versa, leads us to the same system.

if r1 = ro = REGISTERS we know thanks to rule r; that My = {(a1,p1,t1, T)} is
not in the map M of s and thanks to rule ry that My = {(ag, p2,t2, T)} is not in
M. By Definition [L8 we have that a1 # a2 and p; # p2. We can see that adding
the tuple M; and then adding the tuple Mo, or vice-versa, leads us to the same

system because
(M\Ml)UMg = (M\Mg)UMl

2. One forward transition and one backward transition. We have the following subcases:
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e the two transitions are both on the map, then we have the following subcases:

— r1 = REGISTERS, where k1 = regS(_, , M) with My = {{a1,p1,t1, T)},
and ro = DEL, where ko = del(_, , My, ) with My = {{az,p2,t2, T)}. By
Definition we know that a; # ag and p; # pa (because otherwise they would
be in conflict), then the map M of s contains the tuple (a2, pa,ts, L) (otherwise
it would not be possible to apply rule r2) and we can see that the applications

of r1 and 7o commute because
(M U Ml) \kﬂl(Mg) UMy = (M \ klll(MQ) U Mg) U My

— 71 € {UNREGISTERS, ENDUN}, k; = del(_, , ,M;,M}), where M; =
{{a1,p1,t1, T)}, and 7o = REGISTERS, where ks = regS(_, , ,Ms) and
My = {{ag, p2,t2, T)}. By Definition |18 we have that a; # ag and p; # p2, then
the map M of s contains both the tuple (a1, p1,t1, T) and the tuple (ag, p2,ta, T).

Hence the applications of the two rules commute because
(M\ M; Uill(M;)) \ My = (M \ Ma) \ M; UKill(M;)

— r1 € {UNREGISTERF, SENDF, WHEREIS2, END}, k; = readF( , , ,¢,M) and
ry = REGISTERS, where ko = regS(_, , ,Ms) and My = {{az, p2,t2, T)}. By
Definition [I8 we have that as # ¢t At # pe and so we can see that the applications
of the two rules commute.

— 71 € {UNREGISTERS, ENDUN}, k1 = del(_, , ,M;,M}), where M; =
{{a1,p1,t1,T)}, and r1 = READS where ko = readS(_, , ,Ms). By
Definition we have that ( , ,t;, ) & Ma, also we know that o does not
affect M} so we can conclude that the applications of the two rules commute.

— 1 € {UNREGISTERS, ENDUN}, k1 = del( , , ,M;,M}), where M; =
{{a1,p1,t1, T)}, and r1 = READF where ko = readF( , , ,:.,My). By
Definition we have that a1 # ¢ At # pi1, so r1 does not affect Ms. Also,
r9 does not affect M) since it is a read operation, so we can conclude that the
applications of the two rules commute.

— 1 € {UNREGISTERS, ENDUN}, k1 = del(_, , ,M;,M}), where M; =
{{a1,p1,t1, T)}, ro = DEL and ky = del(_, , ,My,M)), where My =
{(az2,p2,t2, T)}. By Definition we have that a1 # as A p1 # pa, so rp does
not affect M}, and similarly 75 does not affect M}, so the applications of the two

rules commute because
(M\ M; Ukill(My)) \ kill(Mg) UMy = (M \ kill(Mg) U M) \ My Ukill(M;)

— in the other cases we can apply a similar reasoning.

e the two transitions are not both on the map: the claim follows easily (see [39)
Lemma 13| and [41, Lemma 3.1]).

3. Two backward transitions. We have a case analysis on the two rules. We show below a
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few examples related to the map, we refer to [39, Lemma 13] and [4I, Lemma 3.1| for

additional examples related to the other constructs:

e 1 = REGISTERS, where k1 = regS(_, , ,M;) with My = {(a1,p1,t1, T)}, and
ry = DEL, where ks = del(_, , ,Ms, ) with My = {(ag,pa,t2, T)}. The map M
of s contains the tuple (a9, p2,te, L) (otherwise it would not possible to apply rule
r9) and the tuple (ai,p1,t1, T) (otherwise it would not possible to apply rule 7).
Also, we know that t; # to since identifiers are unique. Now we can see that the

applications of rules r; and r9 commute because

e 11 = DEL, ky =del(_, , My, M)), where My = {{a1,p1,t1, T)}, and 1 = READF
where ko = readF(_, , ,1,Ms). From the side condition readghost(t1,II) = @ of
rule DEL we know that the tuple with identifier ¢; is not in Ms. By combining this
with the side condition My = M" of rule READF we have that a1 # ¢ At # p1, so r;
does not affect Mo. Also, 7y does not affect M’l since it is a read operation. We can

conclude that the applications of the two rules commute. O
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Memory Models Proofs

B.1 Sequential Consistency
Theorem 8. P | (o;L) ~ (T @r M ®% S)

P|(o;L) Rl Tor MegS
Rel™1
“"(”)l la
P ‘ (U,;L/) Rel T R Wi QR S/

Rel™1

Proof. Firstly, we need to define the relation (Rel) between the states of ' ®g M ®@% S and of
P | (o; L), where

Rel ={(T®@r M @ S;P | (o;L)) | ¥(0,e) € T then P(0) = ¢;
V(r +— v) € M then o(r) = v;
V(r + o) € M then r ¢ dom(o);
(I 6) € S then L(l) = 6;
V(I + o) € S then [ ¢ dom(L)}

Now we show by case that for each transitions done by T'®r M ®x S then the P | (o; L) can

do the same transitions. Now we proceed by cases on the labels:

e We consider the case where ¢(((0, pure), ¢, ¢)) = (6, pure), then in T'®@r M ®r S we have
that:

pure
e ——e

(0, ¢) LR, g 1y
0,e) | T2 g9 ey | T
<076> | TOr MRS

MEM  S§LS  (((8,pure),6,8)) € R

SYNC

PO, (9,¢) | T 9r M &R S

in P | (o;L) we have P[§ — e] (by Rel), and we consider the label (0, pure). Then, we
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obtain:
P) =e e 5 e
PRGMSTEP Gpure)
PP plo s ¢

PROGRAM Gpure)
P|(o;L) 24 Plg s €] | (03 L)

we can easily see that the final states are still related.

e We consider the case where o(((0,sp(0')), ®,¢)) = (6,sp(¢')), then in T ®r M @z S we

have that:
e sp(6”) 6/;6”
(0, ¢) L2 1. ey | (@)
0, | T L2 9 ey @) | T
. MEM  S&S  ((0,00)),6,6) €R

((0:5p(6")),9,9)

0,) | TOr M®r S 0,¢)[(0,") | Tor M @R S

in P | (o;L) we have P[0 — e] (by Rel), and we consider the label (6,sp(6’)). Then, we

obtain:

sp(0’
PO)=e 9 ¢ dom(P) e ‘M eie’

(0,sp(6"))

P (0,sp(6"))

PO~ €0 — €"] (o3 L) (o3 L)

MUTUAL 6o (@)
P | (0:L) =222 Plo — €][0) — €] | (o L)

we can easily see that the final states are still related.

e We consider the case where ¢(((0, ref(r,v)), (0, ref(r,v)), ¢)) = (0, ref(r,v)), then in T @r
M ®% S we have that:

(O.ref(r0)
e—— e

<9’ €> (6,ref(r,v)) <9’ e,> (T‘ N o) (6,ref(r,v)) (T’ oy 7))
0,¢) | T 0D g o 1T (s o) | M Dy M

SLS (0 ref(r,v)), (0, ref(r,0)), 6)) € R
0,6) | T @ (r o) | Mg § oD Oref)o) g o1 T o (r s 0) | Mg S

SYNC

in P | (0;L) we have P[ — e] and r ¢ dom(o) (by Rel), and we consider the label
(0, ref(r,v)). Then, we obtain:

ref(r,v
P)=e e %( ) e r ¢ dom(o)
p (0,ref (r,v)) P[Q . 6/] (0_; L) (0,ref(r,v)) (0‘[7“ N ’U], L)

MUTUAL

(0,ref(r,v))

P (o;L) Pl €] | (o[r — v]; L)
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we can easily see that the final states are still related.

e We consider the case where ¢({(0,rd(r,v)), (0, rd(r,v)),¢)) = (0,rd(r,v)), then in T Rr
M ®7 S we have that:

¢ AT
0, ¢) 219D g oy (r s o) LT
<9,e>|TM><,e'>y (r= v) | M 22Dy M
SLHS (((0,rd(r,0)), (0, rd(r,v)), $)) € R

SYNC ((0,rd(r,v)),(0,rd(r,0)),0) (

O,e) | TROR (r—v) | Mg S 0, | Tor(r—ov) | Mg S

in P | (0; L) we have P[0 — e] and o[r — v] (by Rel), and we consider the label (6, rd(r,v)).

Then, we obtain:

rd(rv)
PO)=e e—>e€;- o(r)=w
p (0,rd(r,v)) P[9 . 6/] (O';L) (0,rd(r,v)) (O‘;L)
MuTtuaL Oxd(r0))
P (o;L) 220, plg s €] | (o3 L)

we can easily see that the final states are still related.

e We consider the case where ¢(((0, wr(r,v)), (6, wr(r,v)),¢)) = (0, wr(r,v)), then in T ®r
M ®%r S we have that:

(8,wr(r,v))

/
e——¢€

<0’ €> (6,wr(rw)) <0’ €/> (7“ N Uold) (6,wr(r)) (T‘ . ’U)
0,6) | T L2 D9 N 1T (r s wgga) | M 2D 0y | M

sS4 s (0, wr(r,v)), (0,wr(r,v)),d)) € R

Sywe (O (r,0)), (0. wr(10)) )
0,€) | T Qr (1 voig) | Mg § ————5(0,€) | T@r (r—v) | Mg S

in P | (o;L) we have P[§ — e] and o[r — v, (by Rel), and we consider the label
(0, wr(r,v)). Then, we obtain:

P®)=e e Jrtrio), e;-
p (0,wr(r,v)) P[Q s 6/] (O';L) M (g[r — U];L)
MuTUAL (6,wr(r,v))
P1(o:0) 2D, plg s ]| (o 0 1)

we can easily see that the final states are still related.

e We consider the case where ¢(((0,acq(l)), ¢, (0,acq(l)))) = (0,acq(l)), then in T®r M %S
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we have that:

(baca(l)

e—m¢e
(0.¢) L (6,) (1= 0) =0 (115 9)
0.0 | T 29D 40.6) | T (15 0) | S22 15 0) |

MEM  ((8:3cq(0)), ¢, (8 acq(D)) € R
((07va(l))7¢7(erva(l))) <97€/> ‘ T®R M ®R (l — 9) | S

SYNC
O,e) | TORM@r (I—0) ]S

in P | (o;L) we have P[0 — e] and | ¢ dom(L) (by Rel), and we consider the label
(0,acq(l)). Then, we obtain:

acall)

PO) =e e—>e;- [ ¢ dom(L)
p (0,acq(1)) P[9 o e,] (0: L) (0,acq(l)) (O';L[l s 9])

MuTtuaAL

P (o;0) 290 prg o | (03 Ll s 0))

we can easily see that the final states are still related.

e We consider the case where ¢({(0,rel(l)), ¢, (0,rel(1)))) = (0, rel(l)), then in T @r M @ S

we have that:

(0,rel(l)) ,
e———¢e€

(6,rel(1))
) —

) (6,rel(1)) (l N O)

0, e 0,¢') (l—6
0,0) [T 9 v 17 108200 1oy s
ME M {(0.rel(D), 6, (0, rel(1)))) € R
0,6) | T 9or Mag (s 0) | § LrED2EEAO) g n | T on Mo (1 0)| S

SYNC

in P | (o; L) we have P[f — e] and L[l — 6] (by Rel), and we consider the label (8, rel(l)).

Then, we obtain:

rel(l)

PO) =e e—>¢;- L(l)=46
p (0,rel(1)) P[9 N 6/] (U;L) (0,rel(1)) (U;L”)

MuTUAL

P (o;L) 24O plo s ] | (03 Ly)

we can easily see that the final states are still related.

Now we consider the case starting from P | (o; L) and we consider then Rel~! and ¢~!. We

proceed by the case for each possible labels:

e We consider the case where ¢~ 1((8, pure)) = ((0, pure), é, ¢), then in P | (o; L) we have
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that:
P) =e e 5 e
PRGMSTEP Gpure)
PP plo s ¢

PROGRAM

Pl (o;L) 2P plg s o] | (0: L)

in T®r M®5S we have (6 — e) € T (by Rel™!), and we consider the label {(6, pure), ¢, ¢).

Then, we obtain:

pure
e——e

(0, e) L2, g 1)
0,e) | T L2 9 ey | T
O,e) | TOrR MRr S

MEM  SES  (((8,pure).d,0)) €R

SYNe (0pure) 6.6)
PO 0,€) | T 9 M @5 S

we can easily see that the final states are still related.

e We consider the case where o= ((0,sp(#"))) = ((0,sp(6)), #, ¢), then in P | (o; L) we have

that:
, sp(0')  ,
P@)=e 0" ¢ dom(P) e—ese
p 0=@) P[0 — [0/ — €"] (o; L) L), (o;L)
MvuTtuaL 05p(0)
P|(o;L) =22 Plg s €[0) — €"] | (03 L)

in T ®gr M ®zr S we have (§ — e) € T (by Rel™!), and we consider the label
((0,sp(¢)), b, @). Then, we obtain:

e—>¢€e

0, ¢) LD g o1y, ey

<9’ e) ‘ 7- (975P(9,)) <9’€/> ’ <(9/,6//> ’7-
MEM 8§55 (((0,0(0)),6,0) €R

0,¢) | Tor Mar S EPED g on | (g oy | T op Mar S

SYNC

we can easily see that the final states are still related.

e We consider the case where o= 1((6,ref(r,v))) = ((0,ref(r,v)), (0, ref(r,v)),¢), then in
P | (0; L) we have that:

ref(r,v
P)=e e %( ) e r ¢ dom(o)
p (6,ref(r,v)) P[Q . 6/] (0_; L) (0,ref(r,v)) (0‘[7“ N ’U]; L)

MUTUAL

(0,ref(r,v))

P (o;L) Pl €] | (o[r — v]; L)
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in T ®r M @z S we have (0 + e) € T and (r + o) € M (by Rel™!), and we consider the
label ((0,ref(r,v)), (0, ref(r,v)), ¢). Then, we obtain:

(6,ref(r,v))

/
e ———¢e€

<9’ 6> (0,ref(r,v)) <9, 6/> (T N o) (0,ref (r,v)) (’I” . v)
w@|7ﬁfi@wa&|7 (r o) | M L0y M

SLS ({0, ref(r,v)), (0, ref(r,0)),6)) € R
<07 6) ‘ T@R (7’ . o) | M ®RS ((0,ref (rv)),(0,ref (r,v)),p) <

SYNC
0,y | Tor(r—v) | Mor S

we can easily see that the final states are still related.

e We consider the case where o= 1((0,rd(r,v))) = ((#,rd(r,v)), (8, rd(r,v)), ¢), then in P |
(0; L) we have that:

rd(rv)
Pl)=e e—>e€;- o(r)=wv
p (0,rd(r,v)) P[9 . 6/] (O‘;L) (0,rd(r,v)) (O‘;L)
MuTuaAL Oxd(r0))
P (o;L) 2, plg o ¢f] | (o3 L)

in T ®r M @z S we have (§ + ¢) € T and (r — v) € M (by Rel™!), and we consider the
label ((0,rd(r,v)), (0,rd(r,v)), ¢). Then, we obtain:

, (o)
0, ¢) 219D g oy (r o v) LT
wﬂmTﬁﬂﬂ%<¢H (r s v) | M 22Dy M
s4s ((0,rd(r,v)), (0,rd(r,v)), ¢)) € R

SYNC
((0,rd(r,v)),(8,rd(r,v)),0) (o,

BO,e) | TOr (r=v) | Mg S Y| Tor(r—v)| Mg S

we can easily see that the final states are still related.

e We consider the case where o~ 1((6,wr(r,v))) = ((6,wr(r,v)), (8, wr(r,v)), ¢}, then in P |
(0; L) we have that:

P(Q) —e e M e/; .
p (6,wr(r,v)) P[9 N 6/] (0.; L) M (J[r — U]; L)
MuTUAL (0.wr(r,v))
P(oyL) | Pl = €] | (o[r = v]; L)

in T ®@r M @ S we have (0 — e) € T and (r + v,q) € M (by Rel™!), and we consider
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the label ((0,wr(r,v)), (6,wr(r,v)), ¢). Then, we obtain:

(8,wr(r,v))

/
e——¢€

(9, ¢y L), g o (r 1= vgpg) 2D )
0,e) | T 2D g N 1T (s vgg) | M () | M

S48 (0, wr(r,0), (0,wr(rv)),8)) € R

Syne D)

(0,e) | T ®r (r—=voa) | M@= S 0.¢) | Ter(r—v) [ MarS

we can easily see that the final states are still related.

e We consider the case where o~ 1((0,acq(l))) = ((8,acq(l)), ¢, (8,acq(l))), then in P | (o; L)

we have that:

l
P@)=e e SialON e;- L ¢ dom(L)
p (0,acq(l)) P[9 — 6’] (O’;L) M\ (O’;L[l —> 9])

MuTUAL )
P | (o;L) 222 plo — €] | (o3 L[l — 6])

inT®r M ®r S we have (§ +e) € T and (I +— o) € S (by Rel™!), and we consider the
label ((0,acq(l)), ¢, (0,acq(l))). Then, we obtain:

(0acal))
e —¢€

<0’€> (evva(l)) <07€/> (l — O) (evva(l)) (l — 0)
0,¢) | 729D, g o | T (1 0) | 82290 10y s

MBS M - (((6:acq(1)), 6, (6,acq(1))) € R
<0,6> ’ T®RM % (l — O) ‘ S ((8,aca(l)),9,(0,acq(l))) <9,€/> ‘ T®RM SR (l — 9) ’ S

SYNC

we can easily see that the final states are still related.

e We consider the case where o= ((0,rel(l))) = ((0,rel(1)), $, (8,rel(1))), then in P | (o3 L)

we have that:

rel(l)

P)=e e—e;- L =9
p (6,rel(1)) P[9 s 6/] (J;L) M (0;L|l)

MuTUAL

P (o) 22D, plg s ] | (L)

inT®r M ®r S we have (§ +>e) € T and (I +— ) € S (by Rel™!), and we consider the
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label ((0,rel(l)), ¢, (6,rel(l))). Then, we obtain:

(O,rel(l))

e — €
(0, ¢) L9, (g ey (1 0) 2D, (1)
0, | 7LD g o 17 s h) |82 1 o) s

ME M ((0,rel(), ¢, (8, rel(1))) € R

Syne (Orel() (0 rel(0)))
0,¢) | T o Mag (I 6) | s LDl O,) | Tor Meg (o) |8

we can easily see that the final states are still related.

B.2 Write Buffering

Theorem 9. P | (0;L;B) ~T ®@r M @ (L | B)

P|(03L; B) ~——"t>T &r M &r (L | B)
(2
sa(coi la
P ’ (O'/;L,;B/) Rl’*?leil1 T! R M R (Ll ‘ Bl)
(2

Proof. Firstly, we need to define the relation (Rel) between the states of T ®@r M ®% (L | B)
and of P | (o; L; B), where

Rel ={(T@r M @ (L | B); P | (c;L; B)) | V(#,e) € T then P(0) = e;
V(r — v) € M then o(r) = v;
Y(r — o) € M then r ¢ dom(o);
V(I — 0) € L then L(I) = 6;
(I o) € £ then | ¢ dom(L);
B =B}

Now we show by case that for each transitions done by T'®@r M @ (L | B) then the P | (o; L; B)

can do the same transitions. Now we proceed by cases on the labels:

e We consider the case where ¢(((6, pure), ¢, ¢)) = (6, pure), then in T @ M @x (L | B) we
have that:

pure
e——e

(0, ¢) LRI, (g ey
0,e) | T L2 (g ey | T
ME M (LIBS (LB ((6,pure),6,0)) €R

0,e) | T o Mog (L] B) P20 g oy | T o Mar (L] B)

SYNC
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in P | (0;L; B) we have P[f — e] (by Rel), and we consider the label (¢, pure). Then, we

obtain:

pure

PO) =e e—>¢;-

PRGMSTEP - Gpure)

6,pure
( )

P[0 €]

PROGRAM

P | (o;L;B) P[0 €| (0;L; B)

we can easily see that the final states are still related.

e We consider the case where o({(0,sp(#')), ®, (0,sp(0")))) = (0,sp(#’)), then in T @r M @r
(L | B) we have that:

e—>¢€se

(6, ¢) L2 1. ey | (@)
0. e) | T 2D .y (97,7 | T
Vr.B(0,r) =e

, g 0@, /
M5B M (((0,5p(0")), 0, 0)) € R

r | B (0,sp(0’

AL RNy Y
0,¢) | T 9r Mog (£ | B) LEPELD g i 1o &) | T 9r M @g (L | B)

SYNC

in P | (o;L; B) we have P[0 — ¢] and Vr.B(6,r) = e (by Rel), and we consider the label
(0,sp(#’)). Then, we obtain:

sp(8”)

PO)=e 9 ¢ dom(P) e—>ee Vr.B(6,r) = e
p (0,sp(0")) P[Q . 6,][9/ . €//] (U;L;B) M (U;L; B)
MUTUAL 05p(0)
P | (o;L;B) RAAEN P[0 [0 — €"] | (o L; B)

we can easily see that the final states are still related.

e We consider the case where ¢(((6,acq(l)), ¢, (6,acq(l)))) = (0,acq(l)), then in T ®@r M @r
(L | B) we have that:

(0,acq(D))

e ——— e
<97 €> (evva(l)) <97 €/> (l|—>0) (e:va(l)) (l'—>9)
0, | T 829D g N |17 (1 0) | 2B sy 2| B

MEB M (((8,acq())), 6, (6,acq(D)))) € R

Syne (Baca(l)),o.(6,aca(1)))
0,e) | T@or Mg (I—o0)| £|B 22X 9,e) | Tor Mer (1 0) | L | B

in P | (0;L; B) we have P[# — ¢] and [ ¢ dom(L) (by Rel), and we consider the label
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(0,acq(l)). Then, we obtain:

acq(l
PO)=c DU L¢ dom(L)
P (0,acq(l)) P[9 s 6/] (U;L;B) M (g’L[Z — 9])
MUuUTUAL (6,acq(l))
P|(0;L; B) —55 P[0+ €] | (03 L[l — 0]; B)

we can easily see that the final states are still related.

e We consider the case where ¢(((0, rel(l)), ¢, (8,rel(l)))) = (6,rel(l)), then in T®r M % (L |
B) we have that:
0,rel(l
e <ﬂ> e Vr.B(0,r) =e
(6,rel(1))
) —

e 9, ¢') (=684 108

0,6 | T LD g 17 (o) 2B o) LB

ME M (((0,rel(D), 6, (0, rel(1)))) € R
0,¢) | T 9or Mog (s 0) | £| B DO g T on Mog (1 0) | £ | B

SYNC

in P | (o;L; B) we have P[0 — e], L[l — 0] and Vr.B(6,r) = e (by Rel), and we consider
the label (0, rel(l)). Then, we obtain:

rel(l)

PO)=c e=di L) =0  rB@.r) =
P (0,rel(1)) Plo— e/] (0;L; B) Brel®), (o';L”;B)

MuTUAL Gra)
P | (o;L; B) ——= P[0~ €| (o5 Ly; B)

we can easily see that the final states are still related.

e We consider the case where p({((0, ref(r,v)), (0, ref(r,v)), d)) = (0, ref(r,v)), then in T @z
M ®@g (L | B) we have that:

(0,ref(r,v))

!/
e——e

<0’ 6> (6,ref(r,v)) <0’ €/> (’I" N O) (6,ref(r,v)) (7“ N ’U)
@,¢) | T LD g 1T (s o) | M 2Dy M

(L|B) S (LIB)  (((6,ref(r,v)), (0, ref(r,0)),6)) € R
) LR, (0.6 | T @r (r o v) | Mo (L] B)

SyYNC
(0,e) | T@r (r—0) | Mag (L]|B

in P | (0;L; B) we have P[f + e] and r ¢ dom(o) (by Rel), and we consider the label
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(0, ref(r,v)). Then, we obtain:

ref(r,v
PO)=c 0% o r ¢ dom(o)
p (0,ref(r,v)) Plo s ¢] (0:L; B) (Oref(rv)), (o[r — v]; L; B)
MUTUAL (0,ref(r,v))
P|(0;L; B) ——— Pl0 — €] | (o[r = v]; L; B)

we can easily see that the final states are still related.

e We consider the case where ¢({(6,rdM(r,v)), (0, rdM(r,v)), (6, rdM(r,v)))) = (0,rd(r,v)),
then in T'®r M ®x (L | B) we have that:

O,rd(r0))
e—— e
0, ¢) (6,rdM(r,v)) (0,6@ (r = v) (6,rdM(r,0)) (r > v)
(0, e)lTM(H,e’HT (r s v) | M LEMED 0y M
B6,r) =
B (6,rdM(r,v)) B
GdM(r) (8, rdM(r,v)), (8, rdM(r,v)), (6, rdM(r,v)))) € R
£ M), g

S
YNC ((8,rdM(7,0)),(0,rdM(7,v)),(8,rdM(r,v)))

O,e) | T @r (r—=v) | Mg (L] B) 0, | T or (r—=v) | Mag (L] B)

in P | (o; L; B) we have P[0 — €], o[r — v] and B(6,r) = e (by Rel), and we consider the
label (6, rd(r,v)). Then, we obtain:

rd(r,v
PO) =e e %( ) e o(r)=v B(0,r)=e
p ) prg .y (0 L; B) 290 (6 1 B

MuTtuAL

(6,rd(r,v))

P | (o;L;B) P[0~ ¢']| (05 L; B)

we can easily see that the final states are still related.

e We consider the case where ¢(((6,rdB(r,v)), (8,rdB(r,v)), (0,rdB(r,v)))) = (0,rd(r,v)),
then in " ®r M ®@% (L | B) we have that:

(0,rd(rv))
e ——e
(o, >M(9,6/> (T'—>U1)M(THU1)
(0,00 | T LD i oy | T s ) | MBI, (|
B(G,’F) =4q,v
5 O
(6,rdB(r,v)) <((97 rdB(T, U))? (07 rdB(r, U))’ (97 rdB(r, U)))> ER
L|B—"5L|B

SYNC

((8,rdB(r,v)),(0,rdB(r,v)),(0,rdB(r,v)))

(0,e) | T ®@r (r=wv1) | Mg (L]B) 0, | T@r (r—uv1) | Mg (L] B)
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in P | (0;L; B) we have P[0 — €], o[r — vi] and B(6,r) = q,v (by Rel), and we consider
the label (6, rd(r,v)). Then, we obtain:

rd(r,v)

PO) =e e—>¢;- B(0,r) =q,v
P (O,rd(rv)) P[0 — e/] (0;L; B) (6yrd(rv)), (0;L; B)
MUTUAL Ord(r0)
P|(0;L; B) ———> P[0~ €] | (0; L; B)

we can easily see that the final states are still related.

e We consider the case where ¢(((0, wr(r,v)), o, (0, wr(r,v)))) = (0,wr(r,v)), then in T ®r
M ®r (L | B) we have that:

(6,wr(r,v))
e———e

(0,wr(r,v)) /

f,e) ——= (O,¢

0.0 0. e,
(0.6) | T L0 (0,6 | T

B6,r)=q

(6,wr(r,v))

/

B B[(6,r) — ¢,v]

050 (0, wr(r,v)), (0,wr(r,v)),¢)) € R

£ B2 B0, ) s g, 0]

(0.6) | T 5 M (£ | B) LD LIEDD, (9. ') | T o M i (£ ] BI(6,7) = q.])

SYNC

in P | (o;L; B) we have P[0 — e] and B[(0,r) — ¢] (by Rel), and we consider the label
(0, wr(r,v)). Then, we obtain:

P(H) —e e M el; . BI:(H; r) — Q]
PO plgs o] (o) W (0 1 B0, 1) o g,0)
MUTUAL (@.wr(rv))
P|(o:L; B) === Pl0 = €] | (7 L; BI(6,7) = q,0])

we can easily see that the final states are still related.

e We consider the case where ¢((¢, (0, mem(r,v)), (8, mem(r,v)))) = ¢, then in T ®r M Qg
(L | B) we have that:

@
T=>T
(r = vo1q) (6,mem(r.v)) (r —w)
8(9, T) =v,q
B mem(r,v) B[(G, 7") s q]
. (. (6, mem(r,v)), (0, mem(r,v)) € R
L|B—""5 L] B[(6,r) — d

SYNC

0,wr(r,w)),(0,wr(r,v)),o)

T @r (r = voa) | Mg (£ ] B) & 0,¢) | T ®r (r— v) | Moz (L | B)

in P | (o; L; B) we have P[0 — €], o[r — vy4] and B(0,7) = v, q(by Rel), and we consider
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the label e. Then, we obtain:

B(0,r) =wv,q
(03 L; B) = (olr — v}; L; B[(0, 1) — q])
P|(0;L; B) = P9 — €] | ((o[r = v]; L; B[(6,7) — q])

HeAP

we can easily see that the final states are still related.

Now we consider the case starting from P | (o; L; B) and we consider then Rel~! and o1, We

proceed by the case for each possible labels:

e We consider the case where ¢~ 1((6, pure)) = ((0, pure), ¢, @), then in P | (o; L; B) we have

that:
P)=e e 5 e
PRGMSTEP Gpure)
PP plo s ¢

PROGRAM

P (0:L; B) "™, Pl s ¢'] | (03 L; B)
in T ®r M @z (L | B) we have (f,e) € T (by Rel™!), and we consider the label
((0,pure), @, »). Then, we obtain:

pure
e ——e

(0, ¢) LR, g ey

0,¢) | T L2 9 ey | T
MEM (LB S (LB ((0.pure),d,0)) € R

0,¢) | T or Mag (£ | B) P00 g oy | T on Mar (£ | B)

SYNC

we can easily see that the final states are still related.

e We consider the case where o 1((0,sp(#"))) = {((0,sp(?")), ¢, (0,sp(¢"))), then in P |
(03 L; B) we have that:

sp(8”)

P) =e 0" ¢ dom(P) e—>ee Vr.B(6,r) =e
p D) plg s g €] (0:L; B) ") (5, 1 B)

MUTUAL )
P | (0:L; B) =225 Plo — [0 — €] | (0 L; B)

in T ®r M ® (L | B) we have (§,e) € T and Vr.B(6,7) = e (by Rel™!), and we consider
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the label ((0,sp(68")), ¢, (0,sp(8’))). Then, we obtain:

sp(¢)
e—>¢€e

(0,¢) O g 0y | (e
(. | T C2ED, 9.y g,y | T

"

Vr.B(0,r) = e
¢ g L), /
M= M =0 (8,5p(8)), 6, 8)) € R
L|B—"——%L|B

SYNC

0,sp(0")),0,
0,€) | T o Mag (£ | B) 2O g on | g7 "y | T or Mo (£ B)
we can easily see that the final states are still related.

e We consider the case where ©~1((0,acq(l))) = {((6,acq(l)), ¢, (6,acq(l))), then in P |
(03 L; B) we have that:

acq(l)

P)=e e——¢; L¢ dom(L)
p (6,acq(l)) P[9 N 6/] (U;L;B) (Baca®)) (gjL[l — H])

MuTUAL

P (o:L; B) 29U plg s | (05 Ll 6]; B)

in T ®r M ®@r (L | B) we have (§,e) € T and (I + o) € L (by Rel™'), and we consider
the label ((0,acq(l)), ¢, (0,acq(l))). Then, we obtain:

(Baca(l)

e—¢e€
(0.¢) L= (6. (1) 20, (15 6)

0,) | T 229D g N |7 10y 2B sy 2| B

ME M ((8,acq(l), 6, (6,acq(l))) € R

SYNC
<9’6> | T Qr M Qgr (l —> o) ’ L | B ((0,acq(1)),¢,(0,acq(1)))

0,) | TOrR MR (1—0)|L|B

we can easily see that the final states are still related.

e We consider the case where o= 1((6,rel(1))) = ((0,rel(l)), ®, (0, rel(1))), then in P | (o; L; B)

we have that:

rel(l
Pl)=e %o L0)=8  VrBO,r)—e
p (0,rel(1)) Pl €] (03 L; B) (Byrel®) (U5L|Z5B)

MuTuUAL

P (o:L; B) L9 plo s ¢ | (o3 Ly; B

inT®r M @5 (L | B) we have (0, e) € T, (I — ) € £ and Vr.B(0,r) = e (by Rel™!), and
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we consider the label ((0,rel(l)), ¢, (0,rel(l))). Then, we obtain:

(B,rel(l))

e——e Vr.B(0,r) =e
0, ¢) LD g oy (=088 108
0,00 | T LD g ey |7 10y 2B o) 2B

MM (((0,rel(l)), o, (0,rel(1)))) € R
0,¢) | T 9r Mog (s 0) | £| B D EEAO) g T on Mog (1 0) | £|B

SYNC

we can easily see that the final states are still related.

e We consider the case where ¢~ 1((0,ref(r,v))) = ((0,ref(r,v)), (0, ref(r,v)), ¢), then in
P | (0; L; B) we have that:

ref(r,v)

PO)=c e- s el r ¢ dom(o)
P (G,ref(r,'u)) P[Q — 6/] (O', l/7 B) M\ (O'[T —> v], L’ B)
MuTUAL (0,ref(r,v))
P | (0;L;B) ———= P[0 — €] | (o]r — v]; L; B)

in T ®@r M ®% (L | B) we have (§,e) € T and (r — o) € M (by Rel™!), and we consider
the label ((0, ref(r,v)), (8, ref(r,v)), ¢). Then, we obtain:

(O,ref(rv))
e —mmm

€
<07 6> (0,ref(r,v)) <07 €,> (7’ s o) (0,ref(r,v)) (T’ . 7))
0, | 7LDyt o) | T (s o) | M EEED, () |

(L1B) S (LB (0, ref(r,v)), (0, ref(r,v)),9)) € R
0,¢) | T 9r (r s o) | Mg (£ | B) "D Orefr)0) g o | T g (s v) | M &g (£ | B)

SYNC

we can easily see that the final states are still related.
e We consider the case where the label is (0, rd(r,v)) and we have two possible cases:
— when the buffer is empty then when B(6,7) = e and we read from the memory, in this

case we have o= 1((0,rd(r,v))) = (8, rdM(r,v)), (8, rdM(7,v)), (8, rdM(r,v))), then in
P | (0; L; B) we have that:

rd(r,v
PO)=e e#e';- o(r)=v B(0,r)=e
p (0,rd(r,v)) P[9 . 6/] (U;L;B) M (O';L;B)

MuTUAL

(6,rd(r,v))

P | (o;L;B) P[0 — €'l (03 L; B)

in T ®r M ®@r (L | B) we have (f,e) € T, (r — v) € M and B(#,r) = e (by
Rel™1), and we consider the label (8, rdM(r,v)), (6, rdM(r,v)), (8, rdM(r,v))). Then,
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we obtain:
(0,rd(r,v)) ,
e— e
<9’ €> (6,rdM(r,v)) <97 6,> (7” . ’U) (6,rdM(r,v)) (T‘ = U)
0,¢) | T EMED g oy 1T (s v) | M DDy M
B(O,r)=e
B (6,rdM(r,v)) B
e (8, /dM(r, ), (6, rdM(r, v)), (6, idM(r, v)))) € R
L|B——=L|B

SYNC

((6,rdM(7,0)),(0,rdM(7,v)),(6,rdM(r,v)))

0,e) | T @r (r—v)| Mg (L] B) 0, | T @r (r—v) | Meg (L|B)

we can easily see that the final states are still related.

— when the buffer is not empty then when B(6,r) # e and we read from the buffer in
this case we have = 1((0, rd(r,v))) = (8, rdB(r,v)), (6, rdB(r,v)), (6, rdB(r,v))), then
in P | (o; L; B) we have that:

rd(r,v
P) =e eC~——+( ) e B(0,r) =q,v
p G0 plg s ) (0: L; B) LU (5 1 By
MUTUAL Ord(r0))
P|(0;L; B) ————= P[0 — €] | (0; L; B)

in T ®@r M ®@r (L | B) we have (§,e) € T, and B(0,r) = q,v (by Rel™!), and we
consider the label ((0,rdB(r,v)), (6, rdB(r,v)), (6, rdB(r,v))). Then, we obtain:

(0,rd(r,v))

e — €
0, ¢) LU, g oy (r v vp) ZBE )
0,¢) | T LBED g 1T (s ) | M ZEBED Gy | M
B(0,r) =q,v
B (6,rdB(r,v)) B
T, (1B 0.8 ), (O ) < R
£ B OB g

S
YNC <0 6> | T®R (T‘ . ’Ul) ‘ M % (,C | B) ((8,rdB(r,v)),(0,rdB(r,v)),(0,rdB(r,v)))

0, | Tor (re=v) | M@g (L | B)

we can easily see that the final states are still related.

e We consider the case where o= 1((8,wr(r,v))) = (8, wr(r,v)), ¢, (0, wr(r,v))), then in P |
(0; L; B) we have that:

PO)=c e Bl(0,r) = dl
p ) oo (05 L) LD o L B0, 1) 5 g, 0])
MuTuAL (0,wr(r,v))
P| (03 L; B) ———= P[0 — €] | (05 L; B[(6,7) > ¢,v])
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in T ®@r M @ (L | B) we have (0,¢) € T and B[(6,7) — ¢q| (by Rel™!), and we consider
the label ((8,wr(r,v)), ¢, (6, wr(r,v))). Then, we obtain:

(6,wr(rw))

/
e———¢€

(6,wr(rw)) /
f,e) ———= (O, e
< > (6,wr(rw)) < > M i}/\/l
(O.) | T ———=(0,€) | T
B(Q,T) =q
(0,wr(r,w))
B ————= B[(6,r) — q,]

; (0, wr(r,v)), (0, wr(r,v)),$)) € R
282D B0, 1) = g,0]

SYNC

0,e) | T o Moy (£ | B) DO, 1y o | T op Mag (L] B(6,r) — q,v])

we can easily see that the final states are still related.

e We consider the case where ¢~ !(e) = (¢, (0, mem(r,v)), (0, mem(r,v))), then in P |
(0; L; B) we have that:

B(0,r) =wv,q
(03 L; B) = (o[r — v]; L; B[(6,7) — q])
P|(0;L; B) = Pl0— €] | ((olr = v]; L; B[(0,7) = q)

HeAP

in T ®r M ®r (L | B) we have (0,¢e) € T and B(6,7) = v, q(by Rel™!), and we consider
the label (¢, (0, mem(r,v)), (6, mem(r,v))). Then, we obtain:

T i) T (6,mem(r,v))
(r = vo1q) — ’ (r—wv)
B(0,r) =v,q
B ", Bl(0,7) > g
@) (¢, (0, mem(r,v)), (6, mem(r,v))) € R
L|B-=2 L] Bl(0,7) = q)

Syne (Oowr(r0)) (Bwr (70)) )
T @ (1 voa) | Mg (£ | B) LG CDOWC0, g o1y | T n (15 v) | M @R (L | B)

we can easily see that the final states are still related.

B.3 Automatic Mutual Exclusion

B.3.1 Strong Semantics

In Fig. we show the original strong semantics for AME described in [16].
For a deeper discussion about the semantics we refer to [16].
Instead in Fig. and Fig. we refer to the updated semantics decorated with labels and

with unique identifier for expressions. We can note that for each protected action we consider to
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TRANS APPL P
(o,T,P[(\ x.€) V]) —> (0, T, Ple[V/x]])
TrANS AppPL U
(o, TU[(\ z.€) V].T',unit) — (o, T.U[e[V/x]].T’, unit)
TRANS REF P
(0,1, Plref V]) — (o[r — V], T,P[r]) if r € RefLoc — dom(o)
TrRANS REF U

(o, TU[ref V].T',unit) — (o[r — V], T.U[r].T', unit) if r € RefLoc — dom(o)

TRANS DEREF P

<g, T,P[!r]> — (a, T777[V]> if a(r) =V

TRANS DEREF U

(o, TU'7]. T, unit) — (o, TU[V].T', unit) if o(r)=V
TRANS SET P
(o,T,Plr :=V]) — (o[r — V], T, Plunit])

TrANS SET U

(o, TU[r == V].T',unit) — (o[r — V], T.U[unit].T", unit)

TrRANS AsyNC P

TRrRANS Async U
(0,T, Plasync €]y — (o, T.e, Plunit])

(o, T.U[async €].T", unit) — (o, T.e.U[unit].T", unit)
TrRANS BLock P
(o, T, P[blockUntil true|) — (o, T, P[unit])
TrRANS Brock U
(o, T.U[blockUntil true]. 7", unit) — (o, T.U[unit].T", unit)
TRANS UNPROTECTED
(o, T, Plunprotected e]) — (o, T.P[unprotected €], unit)
TrRANS CLOSE

TRANS ACTIVATE
(o, T.E[unprotected V|.T", unit) — (o, T.E[V].T’, unit)

(o, T.e. T’ unit) — (o, T.T",€)

Figure B.1: Strong Semantics Abadi [16]
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transition one if the evaluated expression is evaluated to unit and one for the other cases. This
is because we need to distinguish these cases but it does not change the result of the original
semantics, in fact if we delete the labels and the unique identifiers for the expression we will

obtain the semantics described in [16].
Theorem 10. (04, F,e) ~ (T @ S ®r 0)

Rel

(oa,E,e) ol (T'®or S®r o)
)| |
(04, B, ¢) =2 (I' ®r §' @ ')

Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel~! is also a strong similarity relation.
Given {(04, E, (0,€)), (T ®r S ®r o)} then this tuple is in Rel if:

e 0=o0y
e Ve, € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;

e if ¢ = unit then S = e otherwise (if e # unit) exist t € T where t.id = 6 A t.exp = e and
S=40

After the definition of Rel we start to give for each label the proof that there is a strong

similarity between Abadi system and our system:

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, E.(0,¢).E, unit)

(6,no unit,act)

(04, E.E',(0,€))

in our system we have:

AcCTIVATEL AcCTIVATE]
tid=20 texp=ce _ S=e
T ‘ ¢ (6,no unit,act) T | ‘ ¢ 7 unit S (6,no unit,act) 9

((8,no unit,act),¢,(0,no unit,act

T|tre®ro )>T’t®R9®RU
We know that {(oa,E.(0,e).E' unit),(T | t ®r S ®r o)} € Rel where t.id = 6 and

t.exp = e.
Then after the transitions we have that {(ca, E.E’,(0,¢)),(T |t ®r 0 @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in E.FE’ have a correspond thread in T (none of the rules applied to the two
systems changed either E.FE’ or T') and the thread ¢ correspond to e (because S = 6,
t.id = 0 and t.exp = e).
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TRANS APPL P '
(0, T, (0, P[(\ we) V])) L0080, (5 1 (0, Ple[V/a]]))
TrRANS APPL P .
(0,T, (0, P[(A z.) V])) 2P0 nit)
TrANS APPL U
(0, T.(0,U[(\ z.¢) V]).T', unit) 220D 1 (0, Ule[V/a])).T', unit)
TrRANS REF P

(0,T, (0, Plref V])) &0 0D or oV T, (0, PF]))  if € RefLoc — dom(o)

TRANS REF P

<O', T (G,P[ref V])> (8,unit,ref (r,v))

(olr — V], T, unit) if r € RefLoc — dom(o)
TrANS REF U

(0, T.(8, Ulref V]).T", unit) 2P V1 70, U[r]). T, unit)
if r € RefLoc — dom(o)

TRANS DEREF P
(0, T, (0, P[ir]))

(6,no unit,rd(r,v))
_

(0,T,(0,P[V])) if o(r)=V
TRrRANS DEREF P

(o, T, unit) if o(r)=V

TRANS DEREF U

(0, T.(0,U[r]). T, unit) 220D (9 U V)T unit) i o(r) = V
TRANS SET P

(0,T, (0, Pr := V])) 20 em ) o s V1, T, (0, Plunit]))

TRANS SET P .
(0,T, (0, Plr := V])) 20D i s VLT unit)
TRANS SET U
(o, T.(0,U[r :== V]).T', unit) [(unplur(rv)), (o[r— V], T.(0,U[unit]).T", unit)
TRANS AsyNC P

(0,T, (8, Plasync ¢])) L2002, 7 ¢), (8, Plunit]))

TRrRANS AsynNc P _
(0,T, (0, Plasync ¢])) 22 (97 o), unit)
TrANS AsyNc U
(o, T.(0, Ulasync €]).T", unit) ~22mPCY D e).(0, Ulunit]). T, unit)

TRANS BLock P _ _
(0, T, (0, P[blockUntil truel)) {90 unit blocklnti(erue)) (o, T, (6, Plunit]))

TrANS BrLock P _ _
(0, T, (6, P[blockUntil trug])) »ZmsPlockUntittrue)) - ity

TrANS Brock U .
(o, T.(0, UlblockUntil true]).T”, unit) R 22mP®lokUntltnel)) o (g 14(unit]).T”, unit)

Ficure B 2: T.TS Abadi strone sem. [16]
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TRANS UNPROTECTED
(0,T, (0, Plunprotected €]))

(6,unprotect)
—_h

(0, T.(6, Plunprotected e]), unit)

TrRANS CLOSE
(0, T.(0, E[unprotected V]).T", unit) 2PV (5 7.9, £[V]).T', unit)

TRANS ACTIVATE TRANS ACTIVATE

(0, T(60,).7" unit) 2" (6 T (0,0)) (o, (0, ¢).T", unit) 2,

(o, T.T", unit)

Figure B.3: LTS Abadi strong sem, [16]

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, E.(0,e).T", unit)

(6,unit,act)
—

(04, E.E', unit)

in our system we have:

ACTIVATE2 ACTIVATE2
tid=20 t.exp = unit ' S=oe
T ’ ‘ (6,unit,act) T €= unit g (6,unit,act) g

((@,unit,act),¢,(0,unit,act))

T|tre®ro TRreRro

We know that {(oa,E.(0,e).E' unit),(T | t ®r S ®r o)} € Rel where t.id = 6 and
t.exp = unit.

Then after the transitions we have that {(c4, E.E’, unit), (T @z S ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E.E’ have a correspond thread in T (none of the rules applied to the two systems changed

either E.E’ or T') and S = e because e = unit (and in fact also t.exp = unit).

e if in Abadi.system we have this transition:

TrRANS APPL P
(o4, E,(0,P[(\ x.e) V]))

(6,no unit,pure)

(04, E, (0, Ple[V/x]]))

in our system we have:
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STEP P1
1 pure
tid =20 t.exp = P\ z.e) V Az.e) V—selV/x
(Gpno unit[f)ure) ) ] ( ) [ / ] Ple[V/z]] # unit
T|t— ) T | tlexp «+ Ple[V/z]]]
STEP P1
S=20

(6,no unit,pure)
—_

S

((8,no unit,pure),p,(6,no unit,pure

S

T|torloro Vs T | tlexp 4o Ple[V/a]] 9% 0 ©r 0
We know that {(oa, E,(0,P[(A z.e) V])),(T | t ®r 0 ®r o)} € Rel where t.id = 0,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(ca, E, (0, Ple[V/x]])), (T | tlexp <= Ple[V/z]]|®r
0 ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in T' (none of the rules applied to the two systems changed
either F or T') and the thread t correspond to Ple[V/z]] (because S = 6, t.id = 6 and
t.exp = Ple[V/z]]).

e if in Abadi.system we have this transition:

TRANS APPL P

(o4, E,(0,P[(\ xz.e) V]))

6,unit,pure .
(Grunitpure), (o4, E, unit)

in our system we have:

STEP P2
tid=146 t.exp = P[(A xz.e) V] Nze)V Rk elV/x]

T | ¢ Conitei), PlelV/z]} = unit
STEP P2

S=40

(6,unit,pure)
—_—

S

((@,unit,pure),,(0,unit,pure))

T‘t®R9®RU T®’R.®RU

We know that {(ca, F,(0,P[(\ xz.e) V])),(T | t ®r 0 ®% o)} € Rel where t.id = 6,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(o4, E, unit), (T ®@% ¢ @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions

in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either £ or T') and S = e because P[e[V/z]] = unit.
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e if in Abadi.system we have this transition:

TrANS AppPL U
(oa, E.(0,U[() z.¢) V]).E,unit) 2P CU) 0 B0, Ule]V/2]]).E', unit)

in our system we have:

Step U STEP U/CLOSE
t.id=140 t.exp = U[(\ z.€) V] Az.e)V Lk elV/x] S=e
T |t LU eap i Ule]V/al] g Lureleure), g

((6,unp(pure)),,(6,unp(pure)

T|toredro s | tleap — Ule]V/a]]] 9% 0 OR 0
We know that {(oa, E.(0,U[(\ z.€) V]).E' unit),(T | t @r S ®r o)} € Rel where t.id =0
and t.exp = U[(\ z.e) V.

Then after the transitions we have that {(ca, E.(6,U[e[V/z]]).E',unit), (T | tlexp <
Ule[V/z]]] @r S ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either £ and E’ or T'), the thread t correspond to U[e[V/z]] (because
t.exp = U[e[V/z]]) and S is equal to e in fact the last field in Abadi.system is equal to unit.

e if in Abadi.system we have this transition:

TrANS REF P
(04, E, (0, Plref V])) » (oalr = V], E,(0,Pr]))
if r € RefLoc — dom(o)

(0,no unit,ref(r,v))

in our system we have:

STEP P1
tid =140 t.exp = Plref v] ref v M ,
(0,no unit,ref(r,v)) ,P[T} # unit
T|t— ——= T | tlexp <= Plr]]
STEP P1 REF
5=0 r € (RefLoc — dom(0))

(6,no unit,ref(r,v))\ (6,no unit,ref(r,v))

S S

((0,no unit,ref(r,v)),(6,no unit,ref(r,v)),(6,no unit,ref (r,v

olr +— v

T|torORro ) T | tlexp <= P[r]] ®r 0 @r o[r — v]

We know that {(o4, E, (0, P[ref v])),(T | t ®r § ®r )} € Rel where t.id = 0, t.exp =
Plref v].

Then after the transitions we have that {{(ca[r — v], E, (8, P[r])), (T | tlexp <= P[r]] @r
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0 @r olr — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the o4 and o in the same way. We also have that
all the expressions in E have a correspond thread in 7' (none of the rules applied to the
two systems changed either E or T') and the thread ¢ correspond to P[r] (because S = 6,
t.id = 6 and t.exp = P[r]).

if in Abadi.system we have this transition:

TRANS REF P

(0.4, B, (0, Plref V])) Lm0,

(oa[r — V], E, unit) if r € RefLoc — dom(o)

in our system we have:

STEP P2
ref (r,v
t.id=140 t.exp = P|ref v] ref v & T
(8,unit,ref (r,v)) P[r] = unit
T | t—— "

STEP P2 REF

S=40 r € (RefLoc — dom(co))
I (6,unit,ref (r,v)) o o (8,unit,ref (r,v)) O'[’r‘ s U]

T | t QR 0O o ((0,unit,ref(r,v)),(0,unit,ref (r,v)),(0,unit,ref (r,v)))

T QR ® @ olr — v]

We know that {(oa, E, (8, P[ref v])),(T | t ®r § ®r 0)} € Rel where t.id = 6§, t.exp =
Plref v].

Then after the transitions we have that {{(o4[r — v], E, unit), (T @reQ@rc[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in 7' (none of the rules applied to the two

systems changed either E or T') and S = e because P[r| = unit.

if in Abadi.system we have this transition:

TRANS REF U
(o4, E.(0,U][ref V]).E', unit) [unp(ref(r,2))), (oa[r = V], E.(0,U][r]).E', unit)
if r € RefLoc — dom(o)

in our system we have:
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STep U
ref (r,v
tid=120 t.exp = Ulref V] ref V & r

7| ¢ LD | yewp U]
STEP U/CLOSE UREF
S=e r € (RefLoc — dom(o))

(6,unp(ref(r,v))) (6,unp(ref(r,v)))
—_— g ——5

S S or — v

((8,unp(ref(r,v))),(0,unp(ref(r,v))),(6,unp(ref(r,v)

T|togeoro Do 7| tlewp U] @R ® @k ofr — 1]
We know that {{(ca, E.(0,U]ref v]).E’ unit), (T | t @ ® @ o)} € Rel where t.id = 6 and
t.exp = Ulref v].

Then after the transitions we have that {(oca[r — v|, E.(0,U[r]).E’,unit), (T | tlexp <+
Ur]) ®r ® @g olr — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E and E’ have a correspond thread in 7' (none of the rules applied to
the two systems changed either E and E’ or T), the thread ¢ correspond to U[r] (because
t.exp = U|r]) and S is equal to e in fact the last field in Abadi.system is equal to unit.

e if in Abadi.system we have this transition:

TRANS DEREF P

(04, B, (8, P[tr])) A2reunitrdtv),

(oa, E,(0,P[V])) if o(r)=V

in our system we have:

STEP P1
rd(r,v
Lid=0  texp=Plr] 2y,
(6,no unit,rd(r,v)) P['U] # unit
T|t— 5 T | tlexp «= P[v]]
STEP P1 DEREF (READ)
S =0 O'(T’) =

6,no unit,rd(r,v 6,rd(rv
( (rv)) - (0,rd(r,v)) -

S S

((0,no unit,rd(r,v)),(0,no unit,rd(r,v)),(6,no unit,rd(r,v)

T|tor0or o Vs T | tlexp 4o Plo]] @ 6 9% o

We know that {(c4, E, (6,P['r])), (T | t ®r 0 @% o)} € Rel where t.id = 0, t.exp = P[!r].
Then after the transitions we have that {(oa, F, (8, P[V])), (T | tlexp = P[V]] ®r 0 @
o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the

expressions in FE have a correspond thread in 7' (none of the rules applied to the two
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systems changed either E or T) and the thread ¢ correspond to P[v] (because S = 6,
t.id = 6 and t.exp = P[v]).

if in Abadi.system we have this transition:

TRANS DEREF P

(o4, B, (0, Plu])) L0,

(04, E, unit) if o(r)=V

in our system we have:

STEP P2
| rd(r,v)

tid=26 t.exp = P|!r] lp N

(0,unit,rd(r,v)) Plv] = unit
T|t—"—=T
STEP P2 DEREF (READ)
S = 0 U(’I”) =
T | t®np 0 Qo ((Q,Unit,rd(r,v)),(0,unit,rd(r,v)),(9,unit,rd(r,y)))\ R -

We know that {(o4, E, (0, P[!r])), (T | t ®r 6 ®r o)} € Rel where t.id = 0, t.exp = P[Ir].
Then after the transitions we have that {(c4, E,unit), (T ®g e ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either F or T') and S = e because P[v] = unit.

if in Abadi.system we have this transition:

TRANS DEREF U

(a0, E.(0,U[r]).E', unit) £ 2200l

oA, E.(0,U[V]).E, unit) if o(r)=V

in our system we have:

StEP U STEP U/CLOSE UDEREF (READ)
d )
tid =146 t.exp = U[!r] Ir ﬂ v S=e o(r)=v

(0,unp(rd(r,v) (6,unp(rd(r,v))) S o (6,unp(rd(r,v))) o

D, | tlexp <= U[]] S
((8,unp(rd(r,v))),(8,unp(rd(r,v))),(0,unp(rd(r,v)

Tt

T|tere®ro ) T | tlexp — U] ®r @ QR 0

We know that {(oa, E.(0,U[!7]).E',unit),(T | t ®r ¢ ®r o)} € Rel where t.id = 6 and
t.exp = U[!r].

Then after the transitions we have that {(ca, E.(0,U[V]).E’,unit), (T | tlexp ++ U[v]] ®%
e R 0)} € Rel.
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This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F and E’ have a correspond thread in 7' (none of the rules applied to the two systems
changed either E and E’ or T'), the thread ¢ correspond to U[v] (because t.exp = U[v])
and S is equal to e in fact the last field in Abadi.system is equal to unit.

e if in Abadi.system we have this transition:

TRANS SET P
(oA, E,(0,P[r:=V]))

(6,no unit,wr(r,v))

(oalr — V], E, (0, Plunit]))

in our system we have:

STeEP P1
tid =40 t.exp = Plr = v] TIi=v ‘—>Wr(m) unit
(6,n0 unit,wr(r,v)) P[unit] # unit
T|t— —5 T | tlexp <= Plunit]]
STEP Pg , Se (WriTE)
g (6,n0 unit,wr(r,v)) S (6,n0 unit,wr(r,v)) U[T’ . 1)]

((8,no unit,wr(r,v)),(0,no unit,wr(r,v)),(0,no0 unit,wr(r,v))

T[torORR o ) T | tlexp <= Plunit]] ®r 0 @ o[r — ]

We know that {(ca, E, (0,P[r :=V])),(T' | t ®r 0 ®r 0)} € Rel where t.id = 0, t.exp =
Plr := 0.

Then after the transitions we have that {(oca[r — V], E, (0, P[unit])), (T | tlexp <
Plunit]] ®r 0 @ o[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread ¢ correspond to Plunit] (because S = 6,
t.id = 6 and t.exp = Plunit]).

e if in Abadi.system we have this transition:

TRANS SET P
(oA, E,(0,P[r:=V]))

AL, (g alr v V], E, unit)

in our system we have:
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STEP P2
t.id =10 t.exp = Plr :=v] ri=0 M unit . _
(6,unit,wr(r,v)) P[umt] = unit
T|t———5T
StEP 22: 0 SET (WRITE)
g (0,unit,wr(r,v)) R o (0,unit,wr(r,v)) 0[7’ N U]

((8,unit,wr(r,v)),(0,unit,wr(r,v)),(0,unit,wr(r,v)))

T|terb@ro T e @ro(r — v

We know that {(c4, E, (0, P[r :=V])),(T |t ®r 0 ®r o)} € Rel where t.id = 6, t.exp =
Plr :=v].

Then after the transitions we have that { (g 4[r — V], E, unit), (T®@re®@xro[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in F have a correspond thread in T' (none of the rules applied to the two

systems changed either E or T') and S = e because Punit] = unit.
e if in Abadi.system we have this transition:
TrRANS SET U

(oa, E.(0,U[r := V]).E', unit) 200D s V], B0, Uunit]). B, unit)

in our system we have:

STEP U
tid=60  texp=U[r:=1] ri=v M unit
T | ¢ PO ) terp e Ufunit]
STEP U/CLOSE
G SET (WRITE)
S (8,unp(wr(r,))) g - (8,unp(wr(r,v))) O'[T . ’U]

((0,unp(wr(r,v))),(6,unp(wr(r,v))),(0,unp(wr(r,v)))

T|toreRro >,T|t[exp<—<l/{[unit]] QR ® Qr olr — v]
We know that {(oa, E.(6,U[r := V]).E' unit),(T | t ®r @ ®r 0)} € Rel where t.id = 6

and t.exp = U[r := v].

Then after the transitions we have that {(oa[r — V], E.(6,U]unit]).E’, unit), (T | t[exp <
Ulunit]] @ @ @ o[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E and E’ have a correspond thread in T' (none of the rules applied to the
two systems changed either F and E’ or T)), the thread ¢ correspond to U[unit] (because
t.exp = UJunit]) and S is equal to e in fact the last field in Abadi.system is equal to unit.
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e if in Abadi.system we have this transition:

TRANS AsyNC P
(04, E, (6, Plasync €]))

(6,no unit,async(e’))

(o4, E.(0/,€), (0, Plunit]))

in our system we have:

SpawN P1
tid=6  t.exp = Plasync ¢'] t'. 0" fresh
- ; Plunit] # unit
T|t (O:n0 unitasynel)), | tlexp <= Plunit]] | ¥'[id <+ 0, exp = €]
STEP P1
S=40

(6,n0 unit,async(e’))

S

((8,no unit,async(e’)),¢,(0,no unit,async(e’)

S

T|torl®ro Ny | tlexp <= Plunit]] | ¢'[id <= 0, exp <1 €'] 9r 0 @R o

We know that {(ca, F, (6, Plasync €'])), (T | t ®r 0 ®r o)} € Rel where t.id = 0, t.exp =
Plasync ¢'].

Then after the transitions we have that {(c4, E.(0',¢€'), (6, Plunit])), (T | t[exp += P|unit]] |
t'[id <+ 6, exp 1 €] @r 0 @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either E or T), e correspond to t' (because t'.exp = e and both have been added with
the last transition) and the thread ¢ correspond to Plunit] (because S = 6, t.id = 6 and
t.exp = Plunit]).

e if in Abadi.system we have this transition:

TRANS AsyNcC P

(o4, E, (8, Plasync ¢'])) (2mtand©)),

(oA, E.(0',€), unit)

in our system we have:

SPAWN P2
tid=146 t.exp = Plasync €] t', 0 fresh

Plunit] = unit

T ‘ " (0,unit,async(e’)) T | t/[id . 9/’ exrp < 6/]
STEP P2
S=40

(0,unit,async(e’))

S—— e

((8,unit,async(e’)),p,(0,unit,async(e’))

T|torfoRo L T #id = 0, exp i €] @r o @R 0

We know that {(o4, E, (6, Plasync €])),(T | t ®r 6§ ®% o)} € Rel where t.id = 6, t.exp =
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Plasync ¢'].

Then after the transitions we have that {(ca, E.(¢/,¢'),unit), (T | t'[id <+ 6" exp <
¢l @r e @r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F have a correspond thread in 7' (none of the rules applied to the two systems changed
either F or T'), e correspond to ¢’ (because t'.exp = e and both have been added with the

last transition) and S = e because P[unit] = unit .

e if in Abadi.system we have this transition:

TRANS AsyNc U

(o4, E.(0,U[async €']).E’, unit) (O:unp(async(<'))),

(o4, E.(0,€).(6,U][unit]).E’, unit)

in our system we have:

SpawnN U STEP U/CLOSE
t.id=10 t.exp = U[async €’] t',0" fresh S=oe

T | " (6,unp(async(e’))) T ’ t[ (8,unp(async(e)))

exp < Ulunit]] | ¢'[id <= 0", exp <1 €] S S

((0,unp(async(e’))),¢,(0,unp(async(e’))))

T|tore®ro T | tlexp <= Ulunit]] | t'[id <+ 0, exp < €] @ e @r o
We know that {(ca, E.(6,U[async €']).E’,unit), (T | t @r ® @ o)} € Rel where t.id = 6
and t.exp = Ul[async ¢'].

Then after the transitions we have that {(o4, E.(6',¢").(0,U[unit]).E’, unit), (T | tlexp <
Ulunit]] | t'[id <= 0’ exp < €'] @r @ @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the

rules applied to the two systems changed the memory.

We also have that all the expressions in F and E’ have a correspond thread in T' (none
of the rules applied to the two systems changed either E and E’ or T), the thread ¢
correspond to Uunit] (because t.exp = Ulunit]), ¢’ correspond to t' (because t'.exp = ¢’
and both have been added with the last transition) and S is equal to e in fact the last
field in Abadi.system is equal to unit.

e if in Abadi.system we have this transition:

TRANS BLock P
(04, E, (0, PlblockUntil true]))

(6,no unit,blockUntil(true))

(ca, E, (0, Plunit]))

in our system we have:
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STEP P1
. . . blockUntil(true) .
tid=10 t.exp = P[blockUntil true] blockUntil true —————— unit
(6,no unit,blockUntil(true)) Plunit] # unit
uni I u
T|t— : T | tlexp <= Plunit]]
STEP P1
S=40
g (6,no unit,blockUntil(true)) g

((8,no0 unit,blockUntil(true)),¢,(0,no unit,blockUntil(true

T|tor0or o D T | tlexp <o Plunit] @ 8 9% o
We know that {(ca, E, (0, P[blockUntil true])),(T" | t ®r 0 ®% o)} € Rel where t.id = 6
and t.exp = P[blockUntil true].

Then after the transitions we have that {(o4, F, (6, P[unit])), (T | tlexp <+ Plunit]] ®%
0 ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread ¢ correspond to Plunit] (because S = 6,
t.id = 0 and t.exp = Plunit]).

e if in Abadi.system we have this transition:

TRANS BLoCK P

(o4, E, (6, PlblockUntil trug])) »2msPockUntItne)) g unit)

in our system we have:

STEP P2
. . . blockUntil(true) .
tid=146 t.exp = PblockUntil true] blockUntil true ————— unit
(6,unit,blockUntil (true)) Plunit] = unit
T | et
STEP P2
S=40
g (0,unit,blockUntil(true)) o
T | t R 0 ®p 0 ((0,unit,blockUntil(true)), ¢, (0,unit,blockUntil (true))) T 9r @ @ 0

We know that {(o4, E, (6, P[blockUntil true])), (I' | t ®r 0 ®r o)} € Rel where t.id = 0,
t.exp = P[blockUntil true].

Then after the transitions we have that {(c4, F, unit), (T @ ¢ @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either ' or T') and S = e because P[unit] = unit.
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e if in Abadi.system we have this transition:

TRANS BLock U

(0.4, E-UblockUntil true]. E', unit) «Z2mPCoUnie) o £ y[unit].E', unit)

in our system we have:

STEP U
. . . blockUntil .
tid=10 t.exp = U[blockUntil true] blockUntil true ————"""% unit

(6,unp(blockUntil true)

L T | tlewp < Ulunit]

STEP U/CLOSE
S=e

(6,unp(blockUntil true))

Tt

S S
((6,unp(blockUntil true)),¢,(0,unp(blockUntil true)))

T|tore®ro

T | tlexp <= Ulunit] @r @ @ o

We know that {(c4, E.U[blockUntil true|.E’, unit), (T | t @z e ®r o)} € Rel where t.id = 0
and t.exp = U[blockUntil true].

Then after the transitions we have that {(o4, EU[unit].E’, unit), (T | tlexp <+ U[unit] @
e 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 because none of the

rules applied to the two systems changed the memory.

We also have that all the expressions in F and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E' and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = Uunit]) and S is equal to e in fact the last field in Abadi.system

is equal to unit.

e if in Abadi.system we have this transition:

TRANS UNPROTECTED

(04, E, (0, Plunprotected e])) [Gunprotect), (04, E.(0, Plunprotected e]), unit)

in our system we have:

UNPROTECTED UNPROTECTED
tid=146 t.exp = Plunprotected e] S=40
T | " (6,unprtect) T | ¢ g (6,unprotect)

((@,unprtect),¢,(0,unprtect

T|t®73(9®730’ ) T‘t@RO(X)RU

We know that {(o4, E, (6, Plunprotected e])), (T | t @ 0 ®% o)} € Rel where t.id = 6,
t.exp = P[unprotected e].
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Then after the transitions we have that {(c4, E.(6, P[unprotected €]), unit), (T | t @r e @R
o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T), the thread ¢ correspond to P[unprotected e] (because
t.exp = P[unprotected e]) and S is equal to e in fact the last field in Abadi.system is equal

to unit.

e if in Abadi.system we have this transition:

TRANS CLOSE

(o4, E.(0,Eunprotected V]).E’, unit) (Gunp(V),

(o4, E.(0,E]V]).E', unit)

in our system we have:

CLOSE STEP U/CLOSE
t.id=40 t.exp = E[unprotected V] S=e
T|t —>(9,unp(V)) T | tlexp <= E[V]] S —>(9,unp(V)) S

((6,unp(V)),9,(8,unp(V)

T|treQro ) T |tlexp = E]V]] Qr e @ 0
We know that {(oa, E.(6,E[unprotected V]).E’ unit), (T | t @ ® ®r o)} € Rel where
t.id = 6 and t.exp = E[unprotected V].

Then after the transitions we have that {(o4, E.(0,E[V]).E’,unit), (T | tlexp <+ E[V]] ®@r
e g 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F and E’ have a correspond thread in 7' (none of the rules applied to the two systems

changed either E and E’ or T), the thread ¢ correspond to E[V] (because t.exp = E[V])
and S is equal to e in fact the last field in Abadi.system is equal to unit.

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then
if also Rel™! is a strong simulation relation then Rel is a bi-simulation relation. Now we show
the relationship Rel~! derived directly from Rel.

Given {(T ®r S ®R o), {04, E,e)} then this tuple is in Rel ™! if:

e o =0
e Vt; € T such that ¢;.id = 6; and 0; # S then exist e¢; = t;.exp and e; € FE

e if S = e then e = unit otherwise (if S # o) then exist ¢ € T such that t.id = S and we
have that e = t.exp

Now we start to analyses all the possible case:
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e if in our system we have this transition:

((8,no unit,act),¢,(0,no unit,act

T|tRreRro )>T|t®R9®RU

in Abadi.system we have:

TRANS ACTIVATE
(o4, E.(0,¢e).E, unit)

(6,no unit,act)

(oa,E.E',(0,¢€))

We know that {(T | t ®r ® @ o), (04, E.(0,¢).E' unit)} € Rel™! where t.id = 6 and

t.exp = e.
Then after the transitions we have that (T |t ®% 0 ®% o), {{oa, E.E',(0,€))} € Rel™L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either £ and E’ or T) and e correspond to the thread t (because
S =20, tid =40 and t.exp =e).

if in our system we have this transition:

((8,unit,act),,(6,unit,act))

T|treRr o TRreQr o if e = unit

in Abadi.system we have:

TRANS ACTIVATE
(04, E.(0,€).E, unit)

(0,unit,act)
_

(o4, E.E', unit)

We know that {(T' | t @ @ @r o), {04, E.(0,¢).E' unit)} € Rel™' where t.id = 6 and
t.exp = e.

Then after the transitions we have that (T @r e ®r o), {{ca, E.E’, unit)} € Rel™'.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either F and E' or T') and S = e in fact the last field of the Abadi

system is equal to unit.

if in our system we have this transition:

((6,no unit,pure),p,(6,no unit,pure)

T|torORRO Ny | tlexp <= Ple[V/z]]] @ 0 @r o

in Abadi.system we have:

TRrRANS APPL P
(oA, E,(0,P[(\ xz.e) V]))

(6,no unit,pure)

(04, E, (0, Ple[V/x]]))
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We know that {(T | t ®r 0 ®r 0), (04, E,(0,P[(\ z.e) V]))} € Rel~! where t.id = 0,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(T' | tlexp <« Ple[V/z]]] @r 0 ®@r o),
(04, E,(0,Ple[V/z]]))} € Rel™*.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and Ple[V/z]] correspond to the thread ¢ (because S = 6,
t.id = 6 and t.exp = Ple[V/x]]).

e if in our system we have this transition:

((@,unit,pure),p,(0,unit,pure))

T|terb@ro TRk e Qr o
in Abadi.system we have:
TrANS ApPL P
(04, B, (0, P[(\ m.e) V])) <205 B, unit)

We know that {(T | t ®r 0 ®r o), (o4, E, (0, P[(A z.€) V]))} € Rel™! where t.id = 0,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(T @ ® ®% o), (04, E,unit)} € Rel™!.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((0,unp(pure)),®,(0,unp(pure)

T|tore®ro D T\ tewp - Ule]V/a]]] 9% » O%

in Abadi.system we have:

TRANS ApPPL U
(o4, B.(0,U[(\ 2.¢) V]).E, unit) LZ22PPYD o (0, Ule[V/a])).E, unit)

We know that {(T | t@r e®r o), (04, E.(6,U[(A z.€) V]).E',unit)} € Rel~! where t.id = 0
and t.exp = U[(\ z.e) V].

Then after the transitions we have that {(T' | tlexp <+ Ule[V/z]]] ®r ® ®r o),
(o4, E.(0,U[e]V/x]]).E', unit)} € Rel™t.

This couple belongs to the relation Rel~! because we have that o4 = ¢ because none

of the rules applied to the two systems changed the memory. We also have that all the
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expressions in F and E’ have a correspond thread in 7' (none of the rules applied to the
two systems changed either F and E’ or T'), the thread ¢ correspond to U[e[V/x]] (because
t.exp = U[e[V/z]]) and S = e in fact the last field of the Abadi system is equal to unit.

e if in our system we have this transition:

((8,n0 unit,ref(r,v)),(0,no unit,ref(r,v)),(0,no unit,ref(r,v)

T|[torORR o ) T | tlexp <= P[r]] ®r 0 @r o[r — v]

in Abadi.system we have:

TRANS REF P
<UA7E7 (G’P[ref V])> : <UA[T = V]va (9,?[7“]))
if r € RefLoc — dom(o)

(6,no unit,ref(r,v))

We know that {(T | t ®r 0 ®r o), (04, E, (0, P[ref V]))} € Rel™! where t.id = 6 and
t.exp = Plref V].

Then after the transitions we have that {(T' | tfexp «= P[r]] ®r 0 @r o[r — v]), (oa[r —
V], E,(0,P[r]))} € Rel!.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the o4 and o in the same way. We also have that
all the expressions in E have a correspond thread in 7' (none of the rules applied to the
two systems changed either E or T') and P]r| correspond to the thread ¢ (because S = 6,
t.id = 6 and t.exp = P[r]).

e if in our system we have this transition:

((8,unit,ref (r,v)),(0,unit,ref (r,v)),(0,unit,ref (r,v)))

T|terl®ro T @r QR olr — ]

in Abadi.system we have:

TrRANS REF P

(o4, E, (0, Plref V1)) [(Bounit,ref(rv))

(oalr — V], E, unit) if r € RefLoc — dom(o)

We know that {(T | t ®r 0 @ o), {0a, E, (0, P[ref V]))} € Rel~! where t.id = § and
t.exp = P[ref V].

Then after the transitions we have that {(T @ e @% o[r — v]), (ca[r — V], E,unit)} €
Rel™ 1.

This couple belongs to the relation Rel~! because we have that 04 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.
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e if in our system we have this transition:

((0,unp(ref(r,v))),(0,unp(ref (r,v))),(0,unp(ref (r,v)

T|treQro ) T | tlexp <= U[r]] @r ® @ o[r — v]

in Abadi.system we have:
TrANS REF U

(o4, E.(0,U]ref V]).E', unit) (oalr — V], E.(0,U[r]).E’, unit)
if r € RefLoc — dom(o)

(6,unp(ref(r,v)))

We know that {(T' | t @ @ ®r o), (o4, E.(0,U[ref V]).E',unit)} € Rel~! where t.id = 0
and t.exp = Ulref V].

Then after the transitions we have that {(T" | tlexp <+ U[r]] @r ® @R o[r — v]), (oa[r —
V], E.(8,U[r]).E', unit)} € Rel™!.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in £ and E’ have a correspond thread in 7' (none of the rules applied to
the two systems changed either E and E or T'), U[r] correspond to the thread ¢ (because
t.exp = U[r]) and S = e in fact the last field of the Abadi system is equal to unit.

e if in our system we have this transition:

((8,no unit,rd(r,v)),(8,no unit,rd(r,v)),(6,no unit,rd(r,v)

T|terb@ro 2 T | tlexp <= Pv]] @r 0 @r o

in Abadi.system we have:

TRANS DEREF P
(oa, E,(0,P[Ir]))

(6,n0 unit,rd(r,v))
——

(04, E,(0,P[V])) ifo(r)=V

We know that {(T' | t ®r 0 ®@r o), (04, E, (0, P[!'7]))} € Rel~! where t.id = 0 and t.exp =
Pllr].

Then after the transitions we have that {(T" | t[exp <= P[v]|@r0@%0), (04, E, (0, P[V]))} €
Rel™t.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and the thread t correspond to P[v] (because S = 6,
t.id = 6 and t.exp = P[v]).

e if in our system we have this transition:

T | t g 0 @ o ((8,unit,rd(r,v)),(6,unit,rd(r,v)),(6,unit,rd(r,v)))

T®R.®RU
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in Abadi.system we have:

TRANS DEREF P

(04, B, (0, Pllr])) A2umtrdro),

(04, E, unit) if o(r)=V

We know that {(T' |t ®% 0 ®% o), (o4, E, (0, P['r]))} € Rel~! where t.id = 6 and t.exp =
Pllr].

Then after the transitions we have that {(T @r e @ o), (04, E,unit)} € Rel™!.

This couple belongs to the relation Rel™! because we have that o4 = ¢ because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((8,unp(rd(r,v))),(8,unp(rd(r,v))),(0,unp(rd(r,v)

T|[tere®ro ) T | tlexp «— Uv]] @r e R 0

in Abadi.system we have:

TRrRANS DEREF U
(a0, E(0,U[r]). B, unit) 2200 g (0, UV]).E unit) if o(r) = V

We know that {(T | t @  ®% o), (o4, E.(0,U[!r]).E’,unit)} € Rel™! where t.id = 6 and
t.exp = U[!r].

Then after the transitions we have that {(T' | tlexp <« U]v]] @r ® Rr o),
(o4, E.(0,U[V]).E',unit)} € Rel~L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either F and E’ or T), U[v] correspond to the thread ¢ (because
t.exp = U[v]) and S = e in fact the last field of the Abadi system is equal to unit.

e if in our system we have this transition:

((8,no unit,wr(r,v)),(0,no unit,wr(r,v)),(0,no0 unit,wr(r,v))

T|[torORR O ) T | tlexp <= Plunit]] ®r 0 @ o[r — ]

in Abadi.system we have:

TRANS SET P
(oA, E, (0,P[r:=V]))

(6,no unit,wr(r,v))

(oalr — V], E, (6, P[unit]))

We know that {(T | t ®% 0 ®% o), {ca, E, (0, Plr := V]))} € Rel~! where t.id = § and
t.exp = Pr :=v].
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Then after the transitions we have that {(T" | t[exp <= Plunit]] ®r 0 @ a[r +— v]), (ca[r —
V], E, (0, Plunit]))} € Rel™™.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread ¢ correspond to Plunit] (because S = 6,
t.id = 6 and t.exp = Plunit]).

e if in our system we have this transition:

((@,unit,wr(r,v)),(6,unit,wr(r,v)),(6,unit,wr(r,v)))

T|torORro > T @ Qro|r — v

in Abadi.system we have:

TRANS SET P
(oA, E, (0,P[r:=V1]))

AL, (g alr > V1, E, unit)

We know that {{T | t ®r 0 @ o), (o4, E, (0, P[r := V]))} € Rel~! where t.id = 6 and
t.exp = Plr :=v].

Then after the transitions we have that {(T' @ e @% o[r — v]), (ca[r — V], E,unit)} €
Rel™!.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either F or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((0,unp(wr(r,v))),(0,unp(wr(r,v))),(0,unp(wr(r,v)))

T|[tore®ro ) T | tlexp <= Uunit]] @r @ @r o[r — v]

in Abadi.system we have:

TRANS SET U

o4, E.(0.U[r == V]).E', unit) {200,
{ (6,u] )

(oalr = V], E.(6,U]unit]).E’, unit)

We know that {(T |t ®r @ ®% o), (o4, E.(0,U[r := V]).E', unit)} € Rel~! where t.id = 0
and t.exp = U[r := v].
Then after the transitions we have that {(T"| t[exp <= U[unit]] @ e @ a[r +— v]), (ca[r —

V], E.(6,U]unit]).E’, unit)} € Rel™'.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all

the expressions in E and E’ have a correspond thread in 7' (none of the rules applied to the
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two systems changed either E and E’ or T'), U[unit] correspond to the thread ¢ (because
t.exp = UJunit]) and S = e in fact the last field of the Abadi system is equal to unit.

e if in our system we have this transition:

((8,no unit,async(e’)),p,(0,no unit,async(e’)

T|tor0Rr o NG | tlexp <= Plunit]] | t'[id <+ 0, exp <1 €'] @r 0 @R o

in Abadi.system we have:

TRANS AsyNC P

(o4, E, (0, Plasync €]))

(0,no unit,async(e’))

(o4, E.(0,€), (0, Plunit]))

We know that {(T' | t ®r 0 @ o), (o4, E, (0, Plasync €']))} € Rel~! where t.id = 0 and
t.exp = Plasync €'].

Then after the transitions we have that {(T" | t[exp <= Plunit]] | ¢'[id <= 0',exp <= €] @1
0 @R o), (oa, E.(0/,¢), (0, Plunit]))} € Rel™.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either FE or T'), ¢’ correspond to ¢’ (because t'.exp = ¢ and both have
been added with the last transition) and P[unit] correspond to the thread ¢ (because S = 6,
t.id = 0 and t.exp = Plunit]).

e if in our system we have this transition:

((0,unit,async(e’)),o,(0,unit,async(e’))

T|torlOR0 T #[id 0, exp i €] @r @R 0

in Abadi.system we have:

TRANS AsyNC P
(o4, E, (0, Plasync €'])) [Gunit,asyncle’)), (oA, E.(0/,€), unit)

We know that {(T' | t ®r 0 @ o), (o4, E, (0, Plasync €']))} € Rel~! where t.id = 0 and
t.exp = Plasync €'].

Then after the transitions we have that {(T" | t[exp <= Plunit]] | ¢'[id <= 0',exp <= €] @1
0 @R o), (oa, E.(0/,€),unit)} € Rel™t.

This couple belongs to the relation Rel™! because we have that o4 = ¢ because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either FE or T'), €’ correspond to ¢’ (because t’.exp = ¢ and both have
been added with the last transition) and S = e in fact the last field of the Abadi system is

equal to unit.
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e if in our system we have this transition:

((6,unp(async(e’))),¢,(6,unp(async(e”))))

T|tore®ro T | tlexp <+ Ulunit]] | t'[id <+ 0, exp <+ €] @ e @ T

in Abadi.system we have:

TrANS Async U
(o4, E.(8,Ulasync &]).E, unit) LLmPCYON B (¢, ¢').(8, Ulunit)). B, unit)

We know that {(T' | t @ ® ®% o), (04, E.(0,U[async €']).E’, unit)} € Rel~! where t.id = 0
and t.exp = U[async €'].

Then after the transitions we have that {(T | tfexp <= Uunit]] | t'[id <= €', exp < €] R
e R a), (o, E.(0/,¢).(0,U[unit]).E’, unit)} € Rel~L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either E and E’ or T'), U[unit] correspond to the thread ¢ (because
t.exp = Ulunit]), €’ correspond to t' (because t'.exp = €’ and both have been added with
the last transition) and S = e in fact the last field of the Abadi system is equal to unit.

e if in our system we have this transition:

((8,no unit,blockUntil(true)),¢,(0,no unit,blockUntil(true)

T|torloro Vs 7| texp o Plunit] 0z 0 O o

in Abadi.system we have:

TrANS BLock P
(04, E, (0, PblockUntil true]))

(6,no unit,blockUntil(true))

(o4, E, (0, Plunit]))

We know that {(T |t ®% 0 @ o), (04, E, (0, P[blockUntil true]))} € Rel~! where t.id =
and t.exp = P[blockUntil true].

Then after the transitions we have that {(T" | tlexp <+ Plunit] ®r 0 ®r
o), (o4, E, (0, Plunit]))} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in T' (none of the rules applied to the two
systems changed either £ or T') and Plunit] correspond to the thread ¢ (because S = 6,
t.id = 0 and t.exp = Punit]).

e if in our system we have this transition:

T | t R 0 Op o ((8,unit,blockUntil(true)),,(0,unit,blockUntil(true)))

T®'RO®RO'
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in Abadi.system we have:

TRANS BLocK P

<UA,E, (G,P[blockUntiI true])) ‘(0,unit,b|ockUnti|(true))\

(o4, E, unit)

We know that {(T | t ®r 0 ®% o), (04, E, (0, P[blockUntil true]))} € Rel~! where t.id = 0
and t.exp = P[blockUntil true].

Then after the transitions we have that {(T @z e @ o), (04, E,unit)} € Rel L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T) and S = e in fact the last field of the Abadi system is

equal to unit.

if in our system we have this transition:

((8,unp(blockUntil true)),o,(6,unp(blockUntil true)

T|tere®ro ) T | tlexp <= Ulunit] g @ @ o

in Abadi.system we have:

TRrRANS BLock U

(0.4, E.(8,U[blockUntil true]). E, unit) «22np®lockUntite) - 5 (9 y4[unit]). B, unit)

We know that {(T | t @ ® @ o), (04, E.(0,U[blockUntil true]).E’ unit)} € Rel~! where
t.id = 0 and t.exp = U |[blockUntil true].

Then after the transitions we have that {(T' | tlezp <+ Ulunit] @r o ®x
o), (o, E.(0,U[unit]).E’, unit)} € Rel™ .

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either E and E’ or T'), U[unit] correspond to the thread ¢ (because
t.exp = UJunit]) and S = e in fact the last field of the Abadi system is equal to unit.

if in our system we have this transition:

((@,unprtect),¢,(0,unprtect)

T|t®739®7z0’ >T|t®RO®RO'

in Abadi.system we have:

TRANS UNPROTECTED
(04, E, (0, Plunprotected e]))

(O-unprotect) (o4, E.(0, Plunprotected e]), unit)

We know that {(T' | t ®r 0 ®% o), (04, E, (0, Plunprotected ¢]))} € Rel~! where t.id = 0,
t.exp = P[unprotected e].
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Then after the transitions we have that {(T" | tQreRr0), (04, E.(0, Plunprotected €]), unit) } €
Rel™L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T'), Plunprotected e| correspond to the thread ¢ (because
t.exp = Plunprotected ¢]) and S = e in fact the last field of the Abadi system is equal to

unit.

e if in our system we have this transition:

((6,unp(V)),9,(6,unp(V))

T|tore®ro ) T |tlexp <= E[V]] @r @ @R 0

in Abadi.system we have:

TrRANS CLOSE
(o4, E.(0, E[unprotected V]).E', unit) 2PV B0, E[V]).E, unit)

We know that {(T' | t @ ® ®% o), (04, E.(0, E[unprotected V]).E’, unit)} € Rel~! where
t.id = 6 and t.exp = E[unprotected V].

Then after the transitions we have that {(T" | tlexzp <« E[V]] @r o ®r
o), (o4, E.(0,E[V]).E',unit)} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T' (none of the rules applied to the
two systems changed either E and E’ or T), £[V] correspond to the thread ¢ (because
t.exp = E[V]) and S = e in fact the last field of the Abadi system is equal to unit.

B.3.2 Weak Semantics

In Fig. we show the original weak semantics for AME described in [16].
For a deeper discussion about the semantics we refer to [16].

While in Fig. and Fig. we refer to the updated semantics decorated with labels and
with unique identifier for expressions. We can note that for each protected action we consider
to transition one if the evaluated expression is evaluated to unit and one for the other cases.
This because we need to distinguish these cases but it does not change the result of the original
semantics, in fact if we delete the labels and the unique identifiers for the expression we will

obtain the semantics described in [16].
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TRANS ArPPL P TraNs ArrL U

(o, T, P[(A z.€) V]) — (o, T, Ple[V/x]]) (o, TU[(\ z.e) V].T',e) — (o, T-Ule|[V/x]].T', €)
TRANS REF P
(0,1, Plref V) — (o[r — V], T,P[r]) if r € RefLoc — dom(o)

TRrRANS REF U
(o, TU[ref V].T',e) — (o[r — V], TU[r].T', e) if r € RefLoc — dom(o)

TRANS DEREF P
(0. T.Plrl) — (0. T.PV])  ifo(r)=V

TRANS DEREF U
(o, TU\W].T &) — (o, TU[V].T,e) if o(r)=V

TRANS SET P
(0, T,Plr :=V]) — (o[r — V], T, Plunit])

TRANS SET U TRANS AsyNcC P

(o, TU[r :=V].T &) — (o[r — V], TU[unit].T', €) (0,T,Plasync e]) — (o, T.e, Plunit])
TRrRANS AsyNc U TrRANS BLock P
(o, T.Uasync €]. T, e) — (o, T.eU[unit].T"  €) (o, T, P[blockUntil true]) — (o, T, P|unit])

TRANS BLock U
(o, T.U[blockUntil true].T", €) — (o, T.U[unit].T", e)

TRANS UNPROTECTED
(o, T, Plunprotected e]) — (o, T.P[unprotected e], unit)

TRANS CLOSE TRANS ACTIVATE

(o, T.Eunprotected V].T", e) — (o, T.E[V]. T’ ) (o, T.e. T unit) — (o, T.T", €)

Figure B.4: Weak Semantics Abadi [16]
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TRANS APPL P '
(0, T, (0, P[(\ we) V])) L0080, (5 1 (0, Ple[V/a]]))
TrRANS APPL P .
(0,T, (0, P[(A z.) V])) 2P0 nit)
TrANS APPL U
(0, T (0, U\ ) V]).T', (@, ') 2P (0, Ule[V/a])). T, (8, ¢'))

TRANS REF P |
<O-7 T’ (07 P[I’ef V])> l(eyno Un|t7ref(r’v))

(o[r— V], T,(0,P[r])) if r € RefLoc — dom(o)
TRANS REF P

<O', T (G,P[ref V])> (8,unit,ref (r,v))

(olr — V], T, unit) if r € RefLoc — dom(o)
TrANS REF U

(0, T.(0,U[ref V]).T, (¢, e)) Z2meC D)ot o V1 T(0,Ur]). T, (0 €)) if r € RefLoc — dom(o)

TRANS DEREF P _
(0, T, (0, Plir])) LD o (0, PIV])) i o(r) =V

TRANS DEREF P

<O’, T (9,P['T‘D> (6,unit,rd(r,v))

(o, T, unit) if o(r)=V

TRrRANS DEREF U

(0, T-(6,U[)).T', (8, e)) 229D 0, UV]).T, (6, e)) i o(r) =V
TRANS SET P

(0,T, (8, Pr := V])) A2 ) s LT, (0, Plunit]))

TRANS SET P _
(0,T, (0, Plr = V])) 20T s V)T unit)
TrANS SET U
(0, T.(0,Ulr == V]).T', (¢, €)) "m0 170, Ulunit]). T, (8 €))
TRANS AsynNc P

(6,no unit,async(e))

(0,T, (0, P[async e])) (o0, T.(0,e), (0, Plunit]))

TRANS AsyNC P _
(0,T, (0, Plasync €])) [Gunit.asyne(e)), (o, T.(0,e), unit)
TRrRANS AsyNc U
(0, T.(6, Ulasync €]).T", (8", ")) ZPCY Dm0 o). (0, Ulunit]). T, (6", "))
TrANS BrLock P . .
(0, T, (6, P[blockUntil trug])) » &m0 smbplockUntititrue) - g plunit]))

TRANS BLOCK P _ _
(0,T, (0, P[blockUntil true])) (Gyunit blockUntil(true)) (o, T, unit)

TrANS Brock U _
(0, T.(6, UlblockUntil true]).T", (6, ¢)) (2 1nPblockUntil(true)))

(o, T.(0, Ulunit)).T", (¢, e))

Figure B.5: LTS Abadi weak sem, [16]
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TRANS UNPROTECTED
(0,T, (0, Plunprotected €]))

6
(Gunprotect), (0, T.(6, Plunprotected e]), unit)
TrANS CLOSE

(o, T.(0, E[unprotected V]).T", (6, ¢)) 22mP),

(0, T.(0,E[V]).T', (0',¢))

TRANS ACTIVATE TRANS ACTIVATE

(0, T(60,).7" unit) 2" (6 T (0,0)) (o, (0, ¢) T, unit) 2,

(o, T.T', unit)
Figure B.6: LTS Abadi weak sem, [10]

Theorem 11. (04, FE,e) ~ (T @ S ®r o)

(oa,E,e) P (T ®r S®r 0)

o(a) @

<0147E/’ €/> Rl’%le_l1 (T/ R S’ R UI)
€

Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel™! is also a strong similarity relation.
Given {(04, E,e),(T ®r S @r o)} then this tuple is in Rel if:

e 0=o0y
e Ve; € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;

e if e = unit then S = e otherwise (if e # unit) exist ¢ € T where t.id = 6 A t.exp = e and
S=40

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, E.(0,¢).E', unit)

(6,no unit,act)

(o4, E.E',(0,¢))

in our system we have:

ACTIVATEL ACTIVATE]
tid=20 texp=ce _ S=e
T ‘ ¢ (6,no unit,act) T | ‘ ¢ # unit S (6,no unit,act) 9

((8,n0 unit,act),¢,(0,no unit,act

T|tore®ro ) T|terb®ro

We know that {(o4,E.(0,¢e).E',unit),(T | t @ S ®r o)} € Rel where t.id = 0 and

t.exp = e.
Then after the transitions we have that {(c4, E.E’,(0,¢e)),(T | t ®r 6 ®% o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of

the rules applied to the two systems changed the memory. We also have that all the
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expressions in E.FE’ have a correspond thread in 7' (none of the rules applied to the two
systems changed either E.E’ or T') and the thread t correspond to e (because S = 6,
t.id = 0 and t.exp = e).

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04,E.(0,e).E', unit)

(6,unit,act)
_

(o4, E.E', unit)

in our system we have:

ACTIVATE2 ACTIVATE2
tid=20 t.exp = unit ' S=e
T ’ ‘ (6,unit,act) T €= unit g (6,unit,act) g

T ‘ tRR QR T ((0,unit,act),¢,(0,unit,act))

TRReR®R O

We know that {(oa,E.(0,¢).E' unit),(T | t ®r S ®r o)} € Rel where t.id = 6 and
t.exp = unit.

Then after the transitions we have that {(c4, E.E’, unit), (T @% S ®r o)} € Rel.
This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions

in E.E’ have a correspond thread in T (none of the rules applied to the two systems changed

either E.E’ or T') and S = e because e = unit (and in fact also t.exp = unit).

e if in Abadi.system we have this transition:

TRANS APPL P
(o4, E,(0,P[(A z.e) V]))

(6,no unit,pure) <
—_—

E, (0, Ple[V/z]]))

in our system we have:

STEP P1
1 pure
tid =140 texp="P|(Aze)V Az.e)V——celV/x
(Gpno unit[faure) ) ] ( ) [ / ] Ple[V/x]] # unit
Tt === T | tlexp -+ Ple[V/a]]
STEP P1
S=40
g (6,no unit,pure) g

((8,no unit,pure),p,(6,no unit,pure

T|torloRo s 7| texp < Ple[V/a]]] 9= 0 ©%

We know that {(oa, E,(0,P[(A z.e) V]),(T | t ®r 0 ®r 0)} € Rel where t.id = 0,
t.exp = P[(A x.e) V].

Then after the transitions we have that {(c4, E, (0, Ple[V/x]])), (T | tlexp = Ple[V/z]]|@r
0 @R o)} € Rel.
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This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either £ or T') and the thread ¢ correspond to Ple[V/x]] (because S = 6, t.id = 6 and
t.exp = Ple[V/z]]).

e if in Abadi.system we have this transition:

TRANS APPL P

(0a, B, (0, P[() z.e) V])) A2 B unit)
in our system we have:
STEP P2 STEP P2
tid=146 t.exp = P[(A z.e) V] ANze)V ke e[V/x] Plell: S=40
- (& =
T | " (6,unit,pure) T g (6,unit,pure)

((@,unit,pure),,(0,unit,pure))

T|t®739®730 T®’R'®RU

We know that {(oa, E,(0,P[(A xz.e) V]),(T | t ®r 0 ®r 0)} € Rel where t.id = 0,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(c4, E, unit), (T @z e ®% o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either E or T') and S = e because P[e[V/z]] = unit.

e if in Abadi.system we have this transition:

TrANS APPL U
(o4, (O, U[(N z.) V]).E, (@, ")) &P B (0, UleV/a]).E (0, ¢'))

in our system we have:

STEP U STEP U/CLOSE
tid=0 texp=U[Nze)V] (Aze)V s e[V/a] S 0
7| ¢ L) terp e Uhe]V/a]]] g funelpure)), o

((6,unp(pure)).&,(0,unp(pure)

T|t®rSOro V1| tlexp s Ule]V/2]] @ S ©r 0

We know that {(o4, E.(6,U[(\ x.e) V]).E', (¢',¢)), (T | tor S®@r o)} € Rel where t.id = 6
and t.exp = U[(\ z.e) V.

Then after the transitions we have that {(oa, E.(0,U[e[V/x]]).E’, (0',€)), (T | tlexp +
Ule[V/z]]] @r S ®r o)} € Rel.
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This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in 7' (none of the rules applied to the
two systems changed either F and E’ or T'), the thread ¢ correspond to U[e[V/x]] (because
t.exp = U[e[V/z]]) and S correspond to €’ in fact the two rules do not change them.

e if in Abadi.system we have this transition:

TRANS REF P
(oa, E, (0, P[ref V])) (oalr— V], E,(0,P[r]))
if r € RefLoc — dom(o)

(6,no unit,ref(r,v))

in our system we have:

STEP P1
tid=146 t.exp = P|ref v] ref v m r
(6,no unit,ref(r,v)) Plr] # unit
T|t— —— 5 T | tlexp <= Pr]]
STEP P1 REF
S=40 r € (RefLoc — dom(o))

(6,no unit,ref(r,v)) (8,n0 unit,ref(r,v))

S S or — v

((8,no unit,ref(r,v)),(6,no unit,ref(r,v)),(6,no unit,ref(r,v)

T|torloRo s 7| texp < PIr]] 9% 6 ©% ol s o]

We know that {(oa, E, (8, P[ref v])),(T" | t ®r 6§ ®r 0)} € Rel where t.id = 0, t.exp =
Plref v].

Then after the transitions we have that {(ca[r — v], E, (8, P[r])), (T | tlexp <= P[r]] @r
0 @ o[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that
all the expressions in F have a correspond thread in 7' (none of the rules applied to the
two systems changed either F or T') and the thread ¢ correspond to P[r] (because S = 6,
t.id = 6 and t.exp = PIr]).

e if in Abadi.system we have this transition:

TrANS REF P

(04,8, (0. Plef V])) H0

(oalr — V], E, unit) if r € RefLoc — dom(o)

in our system we have:
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STEP P2
ref(r,v
tid=10 t.exp = Plref v] ref v <L> r
(0,unit,ref (r,0)) Plr] = unit
Tt ——"0h T

STEP P2 REF

S=40 r € (RefLoc — dom(o))
g (8,unit,ref (r,v)) . o (0,unit,ref (r,v)) J[T’ o 1}]

T | t @ 0 @r 0 ((0,unit,ref(r,v)),(0,unit,ref (r,v)),(0,unit,ref (r,v)))

T Qr e R olr — v]

We know that {(o4, E, (8, P[ref v])),(T | t ®r § ®r o)} € Rel where t.id = 0, t.exp =
Plref v].

Then after the transitions we have that {{(o4[r — v], E, unit), (T @reQ@rc[r — v])} € Rel.
This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all

the expressions in E have a correspond thread in 7' (none of the rules applied to the two

systems changed either F or T') and S = e because P[r| = unit.

e if in Abadi.system we have this transition:

TRANS REF U
(o0, E.(0,U[ref V]).E', (¢, e)) 220D 1y V], EL(0,U[).E (0, )
if r € RefLoc — dom(o)

in our system we have:

STEP U
ref(r,v)

tid=20 t.exp = Ulref V] ref Ve r
(0,unp(ref(r,v)
R

T|t D, 1 | tlexp <= U[r]]
STEP U/CLOSE UREF
S#0 r € (RefLoc — dom(co))

(0,unp(ref(r,v))) (0,unp(ref(r,v)))
_ g—

S S or — v

((8,unp(ref(r,v))),(0,unp(ref(r,v))),(0,unp(ref(r,v)

T|tor S®ro ) T | tlexp = U[r]] ®r S @R o[r — ]

We know that {(oa, E.(0,U[ref V]).E',(0',e)),(T | t ®r S ®r o)} € Rel where t.id = 0
and t.exp = Ulref v].

Then after the transitions we have that {(ca[r — V], E.(0,U[r]).E’, (¢',¢)), (T | tlexp <
Ulr]] @r S @ ofr — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all

the expressions in £ and E’ have a correspond thread in 7' (none of the rules applied to
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the two systems changed either E and E’ or T'), the thread ¢ correspond to U[r] (because

t.exp = U]r]) and S correspond to e in fact the two rules do not change them.

e if in Abadi.system we have this transition:

TRANS DEREF P
(oa, E,(0,P['r]))

(6,no unit,rd(r,v))
_

(oa, E,(0,P[V])) if o(r)=V

in our system we have:

STEP P1
d(r,v
tid=260 t.exp = 73['7“] Iy rd(r,v) v
(6,00 unit,rd(r,v)) Plv] # unit
T|t— ——5 T | tlexp <= P[v]]
STEP P1 DEREF (READ)
S=20 a(r) = v

(6,no unit,rd(r,v)) (6,no unit,rd(r,v))
E— EE—

S S
((8,no unit,rd(r,v)),(6,no0 unit,rd(r,v)),(6,no0 unit,rd(r,v)))

T|[torORr o T | tlexp <= Pv]] @r 0 @r o

We know that {(o4, E, (0, P[!r])), (T | t ®r 0 ®r o)} € Rel where t.id = 0, t.exp = P[Ir].

Then after the transitions we have that {(oa, E, (0, P[V])), (T | tlexp <= P[V]] @r 0 ®r
o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread t correspond to P[v] (because S = 6,
t.id = 6 and t.exp = P[v]).

e if in Abadi.system we have this transition:

TRANS DEREF P

(04, B, (6, Plir)) 0D,

(04, E, unit) if o(r)=V

in our system we have:

STEP P2
i rd(r,v)

tid=26 t.exp = P|!r] I N

(0,unit,rd(r,v)) Plv] = unit
T|t—"——=T
STEP P2 DEREF (READ)
S — 0 0'(’[“) =
T | tRp0Rp 0 <(0,unit,rd(r,v))7(0,unit,rd(r,v)),(9,unit,rd(r,y)))\ T on e 0r o
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We know that {(ca, E, (8, P['r])), (T | t ®r 0 ®r 0)} € Rel where t.id = 0, t.exp = P[!7].
Then after the transitions we have that {(c4, E, unit), (T ®x ¢ @z o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F have a correspond thread in 7" (none of the rules applied to the two systems changed
either £ or T') and S = e because P[v] = unit.

if in Abadi.system we have this transition:

TRANS DEREF U

(04 B(0.U). B, (0 ) R

(oA, E.(0,U]V]).E', (¢ ¢)) if o(r)=V

in our system we have:

STEP U ; STEP U/CLOSE UDEREF (READ)
tid =46 t.exp = U]!r] Ir M v S #£6 o(r)=wv
T ‘ ¢ (6,unp(rd(r,v))) T ’ t[e:cp o U[’UH g (0,unp(rd(r,v))) g o (0,unp(rd(r,v))) o

((8,unp(rd(r,v))),(8,unp(rd(r,v))),(0,unp(rd(r,v)

T|torS®ro ) T | tlexp <~ UP]] @r S ®@r o

We know that {(oa, E.(6,U['r]).E’, (¢',e)),(T | t ®r S ®r o)} € Rel where t.id = 6 and
t.exp = U[!r].

Then after the transitions we have that {(c 4, E.(6,U[V]).E’, (0’ ¢)), (T | tlexp <+ U[v]]®@r
S ®gr o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F and E’ have a correspond thread in 7' (none of the rules applied to the two systems
changed either E and E’ or T'), the thread ¢ correspond to U[v] (because t.exp = U[v])

and S correspond to e in fact the two rules do not change them.

if in Abadi.system we have this transition:

TRANS SET P
(oA, E, (0,P[r:=V]))

(6,no unit,wr(r,v))

(oalr — V], E, (0, Plunit]))

in our system we have:
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STEP P1
tid =10 t.exp = Pr :=v] ri=0 M unit
(6,n0 unit,wr(r,v)) Plunit] # unit
T|t— —5 T | tlexp <= Plunit]]
STEP Pg _0 SET (WRITE)
g (6,n0 unit,wr(r,v)) g (6,n0 unit,wr(r,v))> U[T‘ . U]

((8,no unit,wr(r,v)),(0,no unit,wr(r,v)),(0,no unit,wr(r,v

T|[torO®R o W, | tlexp <= Plunit]] @ 0 @ o[r — v]
We know that {(ca, E, (0,P[r :=V])),(T' | t ®r 0 ®r 0)} € Rel where t.id = 0, t.exp =

Plr = ).

Then after the transitions we have that {(oca[r — V], E, (0, P[unit])), (T | tlexp <

Plunit]] ®r 0 @ o[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in F have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread ¢ correspond to P|unit] (because S = 6,
t.id = 0 and t.exp = Plunit]).

e if in Abadi.system we have this transition:

TRANS SET P
(o, E,(0,Plr:=V]))

Qi) s V], B unit)

in our system we have:

STEP P2
t.id=146 t.exp = P[r := ] ri=v M unit . .
(@ unit,wr(r,v)) Plunit] = unit
T|t —————=T
STEP 122: 0 SET (WRITE)
g (6,unit,wr(r,v)) R - (8,unit,wr(r,v)) O‘[T N U]

((8,unit,wr(r,v)),(8,unit,wr(r,v)),(8,unit,wr(r,v)))

T‘t®R9®RU

T @r e Qg olr — v]

We know that {(ca, E,(8,P[r :==])), (T | t ®r 0 ®r 0)} € Rel where t.id = 6, t.exp =
Plr :=v.

Then after the transitions we have that {{(o4[r — v], E, unit), (T @reQ@rc[r — v])} € Rel.
This couple belongs to the relation Rel because we have that ¢ = 04 because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all

the expressions in E have a correspond thread in 7' (none of the rules applied to the two

systems changed either F or T') and S = e because P[unit] = unit.
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e if in Abadi.system we have this transition:

TrRANS SET U
(oa, E(0,U[r = V]).E, (@, ¢)) L)t V], (0, Ulunit]) B (6, €))

in our system we have:

STEP U
tid=60  texp=U[r =] ri=v <—>Wr(r7v) unit
T | ¢ L)) terp e Uunit]
STEP U/CLOSE . W
S 40 ET (WRITE)

g g o (8,unp(wr(r,))) 0’[7" . U]

((0,unp(wr(r,v))),(6,unp(wr(r,v))),(0,unp(wr(r,v)))

(8,unp(wr(r,v)))

T|torS®ro ) T | tlexp <+ Uunit]] @ S @ o[r — ]

We know that {(ca, E.(0,U[r := V]).E',(¢/,e)),(T | t ®r S ®r o)} € Rel where t.id = 0
and t.exp = U[r :=v].

Then after the transitions we have that {(ca[r — V], E.(6,U]unit]).E’, (¢',¢)), (T | t[exp <
Ulunit]] @ S @ or — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
applied to the two systems changed the o4 and o in the same way. We also have that
all the expressions in E and E’ have a correspond thread in 7' (none of the rules applied
to the two systems changed either E and E’ or T'), the thread ¢ correspond to U[unit]

(because t.exp = U[unit]) and S correspond to e in fact the two rules do not change them.
e if in Abadi.system we have this transition:

TRANS ASYNC P

(04, E,(0,Plasync €']))

(6,no unit,async(e’))

(o4, E.(0',€),(0,Plunit]))

in our system we have:

SPAWN P1
tid=60  texp="Plasynce] 0 fresh

(6,no unit,async(e’)

Plunit] # unit

N | tlexp <= Plunit]] | '[id <+ ', exp < €]
STEP P1
S=40

(6,no unit,async(e’))

Tt

S

((8,no unit,async(e’)),o,(6,no unit,async(e’

S

T|torloRo Do T\ teap < Plunit] | ]id < 0, exp < €] 9 0 O 0

We know that {(ca, F, (6, Plasync €])), (T | t ®r 0 ®r o)} € Rel where t.id = 0, t.exp =
Plasync €'].
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Then after the transitions we have that {{(o4, E.(0',€'), (0, Plunit])), (T | tlexp <+ P[unit]] |
t'|id <+ 0',exp < €] @r 0 @r 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either E or T), e correspond to t' (because t'.exp = e and both have been added with
the last transition) and the thread ¢ correspond to P[unit] (because S = 6, t.id = 6 and
t.exp = Plunit]).

e if in Abadi.system we have this transition:

TRANS AsyNc P
(04, E, (6, Plasync €']))

(0,unit,async(e’))
—_—

(o4, E.(0/,€), unit)

in our system we have:

SPAWN P2
tid=140 t.exp = Plasync €] t'. 0" fresh

Plunit] = unit

Tt (O,unit,async(e)), | t'[id <= 0, exp <~ €]
STEP P2
S=40

g (8,unit,async(e’)) .

((8,unit,async(e’)),p,(0,unit,async(e’))

T|torl®ro >‘T\t’[idHH’,epoe’]@Ro@@Ra

We know that {(o4, E, (8, Plasync €'])), (T | t @& 0 ®r o)} € Rel where t.id = 0, t.exp =
Plasync €'].

Then after the transitions we have that {(oa, E.(0',€¢),unit), (T | t'[id <+ 0’ ,exp «
] @r e @r 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed
either F or T'), e correspond to ¢’ (because t'.exp = e and both have been added with the

last transition) and S = e because P[unit] = unit .

e if in Abadi.system we have this transition:

TRANS AsyNc U
(o4, E.(0,Ulasync &]).E, (6", ")) LRI g (@, ). (0, Uunit]).E, (6", "))

in our system we have:
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t.id =140 t.exp = Ulasync €' t',0" fresh S #£0
T | ¢ LN, ) yreap < Ulunit] | £id = 6, eap < ¢] LI, o

T ‘ tRr S Qr o ((8,unp(async(e’))),o,(0,unp(async(e’)))

Ny | tlexp <= Ulunit]] | t'[id <= 0, exp < '] @ S @R o

We know that {(c4, E.(0,U[async €']).E’, (0",e")),(T | t@dr S®r o)} € Rel where t.id = 6
and t.exp = Ulasync €'].

Then after the transitions we have that {(ca, E.(¢',¢").(6,U]unit]).E’, (6", ¢")), (T |
tlexp <= Ulunit]] | t'[id <= 0, exp <+ €'] @r S @R o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the

rules applied to the two systems changed the memory.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = U[unit]), €’ correspond to ¢’ (because t'.exp = ¢’ and both have
been added with the last transition) and S correspond to e in fact the two rules do not

change them.

e if in Abadi.system we have this transition:

TRrRANS BLOCK P

(ca, E, (0, PlblockUntil true]))

(6,n0 unit,blockUntil(true))

(o4, E, (0, Plunit]))

in our system we have:

STEP P1
. . . blockUntil(true) .
tid=146 t.exp = P|blockUntil true] blockUntil true ————— unit
(6,no unit,blockUntil(true)) . Plunit] # unit
T|t— T | tlexp <= Plunit]]
STEP P1
S=4
g (6,no unit,blockUntiI(true))\ g

((8,n0 unit,blockUntil(true)),¢,(0,no unit,blockUntil(true

T|torloRo W 7| texp < Plunit] @ § ©r o
We know that {(oa, E, (6, P[blockUntil true])),(T" | t ®% 0 ®r o)} € Rel where t.id = 6
and t.exp = P[blockUntil true.

Then after the transitions we have that {(oa, F, (0, Plunit])), (T | tlexp <= Plunit]] ®r
6 ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the

expressions in FE have a correspond thread in 7' (none of the rules applied to the two
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systems changed either E or T') and the thread ¢ correspond to P[unit] (because S = 6,
t.id = 0 and t.exp = Punit]).

e if in Abadi.system we have this transition:

TrANS BLOoCK P

<O’A, E, (G,P[blockUntiI true])) :(6,unit,b|ockUntiI(true))

(o4, E, unit)

in our system we have:

STEP P2
. . . blockUntil(true) .
t.id=40 t.exp = P[blockUntil true] blockUntil true < unit ' .
T ’ ‘ (6,unit,blockUntil (true)) Plunit] = unit
STEP P2
S=46
g (6,unit,blockUntil(true)) o

((8,unit,blockUntil(true)),¢,(0,unit,blockUntil (true)))

T|tr0Qro TRRreRJr o

We know that {{(c4, E, (6, P[blockUntil true])), (T | t ®r 6§ ®% o)} € Rel where t.id = 0,
t.exp = P[blockUntil true].

Then after the transitions we have that {(o4, E, unit), (T @z e ®% o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in E have a correspond thread in 7' (none of the rules applied to the two systems changed

either E or T') and S = e because P[unit] = unit.

e if in Abadi.system we have this transition:

TrANS BLock U

(0.4, E.(8,U[blockUntil true]).E, (', ¢)) A 2unpblockUnti(true))

(o4, B.(0,U[unit])).E', (¢, ¢))

in our system we have:

STEP U
blockUntil
tid=20 t.exp = U[blockUntil true] blockUntil true ————"""% unit

0,unp(blockUntil true

NG | tlexp <= Uunit]]
STEP U/CLOSE

S#6
(6,unp(blockUntil true))

T|¢ !

S
((8,unp(blockUntil true)),¢,(0,unp(blockUntil true))

T|tOrS®ro

Ny | tlexp <= Ulunit] @r S @r o

We know that {(ca, E.(6,U[blockUntil true]).E’, (¢',¢e)),(T | t ®r S ®r o)} € Rel where
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t.id = 6 and t.exp = U [blockUntil true].

Then after the transitions we have that {(oa, F.(0,U[unit]).E’, (¢',e)), (T | tlexp <
Ulunit] ®r S ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the

rules applied to the two systems changed the memory.

We also have that all the expressions in F and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either F and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = U[unit]) and S correspond to e in fact the two rules do not

change them.

if in Abadi.system we have this transition:

TRANS UNPROTECTED
(04, E, (0, Plunprotected ¢]))

DB, (g a, (6, Plunprotected e]), unit)

in our system we have:

UNPROTECTED UNPROTECTED
tid=40 t.exp = P[unprotected €] S=40
T | ‘ (6,unprtect) T | " S (6,unprotect)

((@,unprtect),¢,(0,unprtect

T|tor0®ro ) T|tre®ro

We know that {(o4, E, (6, Punprotected €])), (T | t ®r 0 @ o)} € Rel where t.id = 0,
t.exp = P[unprotected e].

Then after the transitions we have that {(c4, E.(6, P[unprotected €]), unit), (T | t @r e @R
o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because none of
the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T'), the thread ¢ correspond to P[unprotected e]| (because
t.exp = Plunprotected e]) and S is equal to e in fact the last field in Abadi.system is equal

to unit.

if in Abadi.system we have this transition:

TRANS CLOSE

(04, E.(0, E[unprotected V]).E', (¢, e)) L2mP0),

(o4, E.(0,E]V]).E', (0, ¢))

in our system we have:
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CLOSE STEP U/CLOSE
t.id =140 t.exp = E[unprotected V] S#£0
7 [+ 8P | feap 1 EV]] g L), g

T|torS®ro ((0,unp(V)),@,(0,unp(V)

NG | tlexp <= E[V]] @r S ®@r o

We know that {(ca, E.(0, E[unprotected V]).E', (¢',¢)), (T | t @r S @r o)} € Rel where
t.id = 6 and t.exp = E[unprotected V.

Then after the transitions we have that {{(o4, E.(0,E[V]).E’, (¢, ¢e)), (T | tlexp <= E[V]|@r
S®@gr o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. We also have that all the expressions
in F and E’ have a correspond thread in 7' (none of the rules applied to the two systems
changed either E and E’ or T)), the thread ¢ correspond to E[V] (because t.exp = E[V])

and S correspond to e in fact the two rules do not change them.

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then
if also Rel~! is a strong simulation relation then Rel is a bi-simulation relation. Now we show
the relationship Rel™! derived directly from Rel.

Given {(T ®r S ®R o), {04, E,e)} then this tuple is in Rel~! if:

e o =0
e Vi; € T such that t¢;.id = 0; and 6; # S then exist e; = t;.exp and e; € E

o if S = e then e = unit otherwise (if S # o) then exist ¢ € T such that ¢.id = S and we
have that e = t.exp

e if in our system we have this transition:

((0,no0 unit,act),®,(0,no unit,act

T|tereRro ) T|torl®ro if e # unit

in Abadi.system we have:

TRANS ACTIVATE
(04, E.(0,e).E', unit)

(6,no unit,act)

(o4, E.E',(0,¢))

We know that {(T' | t @ @ @r o), {04, E.(0,¢).E' unit)} € Rel™' where t.id = 6 and
t.exp = e.

Then after the transitions we have that (T |t ®g 0 ®@% o), {{ca, E.E',(0,¢))} € Rel™L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the

expressions in F and E’ have a correspond thread in T (none of the rules applied to the
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two systems changed either F and E’ or T') and e correspond to the thread ¢ (because
S =0, tid =0 and t.exp =e).

e if in our system we have this transition:

((0,unit,act),¢,(0,unit,act))

T|tereRro TRreRro if e = unit

in Abadi.system we have:

TRANS ACTIVATE

(o4, E.(0,e).E, unit)

(6,unit,act)
_—

(o, E.E', unit)

We know that {(T | t @r ® @ 0), (o4, E.(0,¢).E' unit)} € Rel™! where t.id = 6 and

t.exp = e.
Then after the transitions we have that (T @ e ®r o), {{o, E.E’, unit)} € Rel™!.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in 7' (none of the rules applied to the
two systems changed either E and E’ or T') and S = e in fact the last field of the Abadi

system is equal to unit.

e if in our system we have this transition:

((8,no unit,pure),p,(6,no unit,pure

T|torloRo Vs T | texp < Ple[V/a]]] 9r 0 ©r o if Ple[V/a]] # unit

in Abadi.system we have:

TRANS ApPPL P
(o4, E,(0,P[(A z.e) V]))

(6,no unit,pure) <
—_—

E, (0, Ple[V/x]]))

We know that {(T' | t ®r 0 ®% o), (04, E,(0,P[(A z.¢) V]))} € Rel™! where t.id = 6,
t.exp = P[(\ z.e) V.

Then after the transitions we have that {(T'" | tlexp <« Ple[V/z]]] ®r 6 ®@r
), {oa, E, (0, Ple[V/z]]))} € Rel™".

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either FE or T') and Ple[V/x]] correspond to the thread ¢ (because S = 6,
t.id = 6 and t.exp = Ple[V/x]]).

e if in our system we have this transition:

T | t @R 0 Fp 0 ((8,unit,pure),¢,(0,unit,pure))

T®'RO®RO'
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in Abadi.system we have:

TRANS ApPPL P
(ca, E,(0,Pl(A z.€) V]))

0,unit, .
|—>( unit,pure) (o4, E, unit)

We know that {(T | t ®r 0 ®r o), (o4, E, (0, P[(A z.€) V]))} € Rel™! where t.id = 0,
t.exp = P[(A z.e) V].

Then after the transitions we have that {(T @r e @ o), (04, E,unit)} € Rel L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.
e if in our system we have this transition:

((6,unp(pure)),o,(8,unp(pure)

T|teorS®ro ) T | tlexp <~ Ule[V/z]]] @r S @r o

in Abadi.system we have:

TrANS APPL U
(o, B.(0,U[(\ z.¢) V]).E, (@, ) Lm0 B0, Ule[V/a]]).E, (0, ¢))

We know that {(T' | t @ S @ o), (o, E.(0,U[(\ z.€) V]).E',(0',¢'))} € Rel™! where
t.id = 0 and t.exp = U[(\ z.e) V].

Then after the transitions we have that {(T" | tlexp <« Ule[V/z]]] ®r S ®r
o), (oA, E.(0,U[e[V/x]]).E', (0,¢'))} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either E and E’ or T'), the thread ¢ correspond to U[e[V/z]] (because
t.exp = U[e[V/z]]) and €’ correspond to S in fact the two rules do not change them.

e if in our system we have this transition:

((8,no unit,ref(r,v)),(0,no0 unit,ref(r,v)),(6,no unit,ref(r,v)

T|torbl@ro D | tlexp <= Pr]] @r 0 @ o[r — v] if Plr] # unit

in Abadi.system we have:

TrRANS REF P
<UA’E3 (97P[ref V])> f ” <UA[T = V]an (9,73[7“]»
if r € RefLoc — dom(o)

(6,no unit,ref(r,v))

We know that {(T | t @z 0 ®% o), {04, E, (0, P[ref V]))} € Rel™! where t.id = 6 and
t.exp = Plref V].
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Then after the transitions we have that {(T" | tlexp <= P[r]] ®r 0 @ o[r — v]), (calr —
V], E, (0,P[r]))} € Rel™".

This couple belongs to the relation Rel~! because we have that 04 = o because the rules
applied to the two systems changed the o4 and o in the same way. We also have that
all the expressions in F have a correspond thread in T' (none of the rules applied to the
two systems changed either E or T') and P]r| correspond to the thread ¢ (because S = 6,
t.id = 6 and t.exp = P[r]).

e if in our system we have this transition:

((@,unit,ref (r,v)),(0,unit,ref (r,v)),(0,unit,ref (r,v)))

T‘t®R9®RU T@’R.@)RU[THU]

in Abadi.system we have:

TRANS REF P

(74, B, (6, Plref V) 00,

(oa[r — V], E, unit) if r € RefLoc — dom(o)

We know that {(T | t ®r 0 @ o), {0a, E, (0, P[ref V]))} € Rel~! where t.id = § and
t.exp = Plref V].

Then after the transitions we have that {(T' @ e % o[r — v]), (ca[r — V], E,unit)} €
Rel™!.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((0,unp(ref(r,v))),(0,unp(ref(r,v))),(0,unp(ref(r,v)))

T|torS®ro ) T | tlexp = U[r]] ®r S @r o[r — ]

in Abadi.system we have:

TRANS REF U
(oA, E.(0,U]ref V]).E', (0, ¢)) (oalr = V],E.(0,U[r]).E', (0, ¢))
if r € RefLoc — dom(o)

(6,unp(ref(r,v)))

We know that {(T |t ®r S ®@r o), (04, E.(0,U[ref V]).E',(0',¢))} € Rel~! where t.id = 6
and t.exp = Ulref V].

Then after the transitions we have that {(T | tlexp <= U[r]] ®r S @r olr — v]), (car —
V],E.(0,U[r]).E', (0, ¢e))} € Rel ™!,

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all

the expressions in £ and E’ have a correspond thread in 7' (none of the rules applied to
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the two systems changed either E and E’ or T'), U[r] correspond to the thread ¢ (because

t.exp = U]r]) and e correspond to S in fact the two rules do not change them.

e if in our system we have this transition:

((8,n0 unit,rd(r,v)),(0,n0 unit,rd(r,v)),(0,no unit,rd(r,v)

T|tor0or o Vs T | tlexp 4o Plo]] @ 6 9% o

in Abadi.system we have:

TRANS DEREF P
(o4, E,(0,P[r]))

(6,no unit,rd(r,v))
_

(oa, E,(0,P[V])) if o(r)=V

We know that {(T |t ®r 0 @ o), (o4, E, (0, P[7]))} € Rel™! where t.id = 0 and t.exp =
Pllr].

Then after the transitions we have that {(T" | tfexp <+ P[v]|@r0®r ), (o4, E, (0, P[V]))} €
Rel™.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T') and the thread ¢ correspond to P[v] (because S = 6,
t.id = 6 and t.exp = P[v]).

e if in our system we have this transition:

T ‘ t o 9 % o ((8,unit,rd(r,v)),(0,unit,rd(r,v)),(0,unit,rd(r,v)))

TRreR®R 0

in Abadi.system we have:

TRANS DEREF P

(04, E, (0, P1r])) A2umbrde),

(o4, E, unit) if o(r)=V

We know that {(T |t ® 0 @ o), (o4, E, (0, P[7]))} € Rel™! where t.id = 0 and t.exp =
P[lr].

Then after the transitions we have that {(T @r e @ o), (04, E,unit)} € Rel L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((8,unp(rd(r,v))),(8,unp(rd(r,v))),(0,unp(rd(r,v)

T|t®rS®Oro Dy 7| tlexp i U] ©r S @R o
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in Abadi.system we have:

TRANS DEREF U

(04 B(0.UII). B, (0 ) PP

(o, EO,UV])).E,(0,e) ifo(r)=V

We know that {(T | t®@r S®r o), (04, E.(0,U['r]).E’,(6,e))} € Rel~! where t.id = 6 and
t.exp = U[!r].

Then after the transitions we have that {(T" | tlexp <« U] ®r S ®r
o), (oA, E.(O,U[V]).E', (¢ e))} € Rel™.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either E and E’ or T'), U[v] correspond to the thread t (because

t.exp = U[v]) and e correspond to S in fact the two rules do not change them.
e if in our system we have this transition:

((8,no unit,wr(r,v)),(0,no unit,wr(r,v)),(0,no0 unit,wr(r,v))

T|torORro ) T | tlexp < Plunit]] @ 0 @ or — v]

in Abadi.system we have:

TRANS SET P
(0a, E,(0,P[r:=V])

> . (6,no unit,wr(r,v))

> (oalr — V], E, (0, Plunit]))

We know that {(T' | t ®r 0 @ o), (04, E, (0, Plr := V]))} € Rel~! where t.id = 6 and
t.exp = Plr :=vl.

Then after the transitions we have that {(T" | t[exp <= Plunit]] ®r 0 @ a[r +— v]), (ca[r —
V], E, (0, Plunit]))} € Rel™ ™.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the 04 and o in the same way. We also have that all
the expressions in F have a correspond thread in 7' (none of the rules applied to the two

systems changed either E or T') and the thread ¢ correspond to P[unit] (because S = 6,
t.id = 6 and t.exp = P[unit]).

e if in our system we have this transition:

T ’ t or 0 % o ((0,unit,wr(r,v)),(0,unit,wr(r,v)),(0,unit,wr(r,v)))

T ®r e @R olr — v

in Abadi.system we have:

TRANS SET P
(oA, E,(0,P[r:=V]))

AL, (g 4lr =+ V], B, unit)

We know that {(T | t ®% 0 ®% o), {ca, E, (0, Plr := V]))} € Rel~! where t.id = § and
t.exp = Pr :=v].
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Then after the transitions we have that {(T' @ e ®g o[r — v]), (ca[r — v], E,unit)} €
Rel™!.

This couple belongs to the relation Rel~! because we have that 04 = o because the rules
applied to the two systems changed the 04 and ¢ in the same way. We also have that all
the expressions in E have a correspond thread in T' (none of the rules applied to the two
systems changed either E or T) and S = e in fact the last field of the Abadi system is

equal to unit.
e if in our system we have this transition:

T ‘ t o g % o ((8,unp(wr(r,w))),(0,unp(wr(r,v))),(8,unp(wr(r,v))

UNG | tlexp <= Uunit]] @ S @r o[r — v]

in Abadi.system we have:

TrANS SET U
(oa, E(0,Ulr = V]).E, (@, ¢)) Loty V], EL(0,Ulunit]) B (€, €))

We know that {(T' | t®r S®r o), (04, E.(0,U[r := V]).E',(0',e))} € Rel~* where t.id = 0
and t.exp = U[r := v].

Then after the transitions we have that {(T" | t[exp <= Uunit]] @ S Qg a[r — v]), (oa[r —
V], E.(0,Uunit]).E’, (¢, ¢e))} € Rel™ .

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
applied to the two systems changed the o4 and ¢ in the same way. We also have that
all the expressions in E and E’ have a correspond thread in 7' (none of the rules applied
to the two systems changed either E and E’ or T'), U[unit] correspond to the thread ¢

(because t.exp = UJunit]) and e correspond to S in fact the two rules do not change them.
e if in our system we have this transition:

((8,no unit,async(e’)),o,(0,no unit,async(e’)

T|torl®ro N | tlexp <= Plunit]] | '[id <+ 0, exp < €| @r 0 @ o

in Abadi.system we have:

TRANS AsyNC P

(04, E, (0, Plasync €))

(0,no unit,async(e’))

(o4, E.(0/,€), (0, Plunit]))

We know that {(T' | t ®r 0 ®% o), (o4, E, (0, Plasync €']))} € Rel~! where t.id = 0 and
t.exp = Plasync ¢'].

Then after the transitions we have that {(T" | t[exp <= Plunit]] | ¢'[id <= ', exp < €] @
0 @R o), (oa, E.(0',€), (0, Plunit]))} € Rel™t.

This couple belongs to the relation Rel~! because we have that o4 = ¢ because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7 (none of the rules applied to the two

systems changed either FE or T'), €’ correspond to ¢’ (because t'.exp = ¢’ and both have
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been added with the last transition) and P[unit] correspond to the thread ¢ (because S = 6,
t.id = 0 and t.exp = Punit]).

e if in our system we have this transition:

((0,unit,async(e’)),®,(0,unit,async(e’))

T|torloOR0 L T #[id 0, exp i ) @r @R 0

in Abadi.system we have:

TRANS AsyNcC P

(o4, E, (0, Plasync €]))

(0,unit,async(e’))
—_

(o4, E.(0/,€), unit)

We know that {(T' | t ®r 0 ®@% o), (o4, E, (0, Plasync €']))} € Rel~! where t.id = 0 and
t.exp = Plasync €'].

Then after the transitions we have that {(T" | t[exp <= Plunit]] | ¢'[id <= 0’ exp <= €] @1
0 @r o), (s, E.(0,€),unit)} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either F or T'), ¢’ correspond to ¢’ (because t'.exp = ¢ and both have
been added with the last transition) and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((8,unp(async(e’))),o,(0,unp(async(e’)

T|torS®ro DN | tlexp <= Ulunit]] | t'[id <= 0, exp < '] @r S @R o

in Abadi.system we have:

TRANS AsyNc U
(o4, E.(0,Ulasync &]).E', (8", ")) Lm0 B (@, ¢).(0,Ulunit]).E, (6", "))

We know that {(T' | t ®r S ®g o), {ca, E.(0,U[async €']).E',(0",e"))} € Rel~! where
t.id = 6 and t.exp = U[async e].

Then after the transitions we have that {(T | tfexp <= Uunit]] | t'[id <= €', exp < €] @
S@r o), {oa, E.(0',€).(0,U[unit]).E', (0",€"))} € Rel~*.

This couple belongs to the relation Rel™! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T' (none of the rules applied to the
two systems changed either E and E’ or T'), U[unit] correspond to the thread ¢ (because
t.exp = Ulunit]), €’ correspond to ¢ (because t'.exp = €’ and both have been added with

the last transition) and e correspond to S in fact the two rules do not change them.
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e if in our system we have this transition:

((0,no unit,blockUntil(true)),¢,(0,no unit,blockUntil(true)

T|[torORR O ) T | tlexp <= Plunit]] @r 0 @r o

in Abadi.system we have:

TrANS BrLock P
(ca, E, (0, PlblockUntil true]))

(6,no unit,blockUntil(true))

(o4, E, (0, Punit]))

We know that {(T |t ®r 0 ®% o), (04, E, (0, P[blockUntil true]))} € Rel~! where t.id = 0
and t.exp = P[blockUntil true.

Then after the transitions we have that {(T" | tlexp <+ Plunit] ®r 0 ®r
o), {oa, E, (0, Plunit]))} € Rel™L.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in E have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and Plunit] correspond to the thread ¢ (because S = 6,
t.id = 0 and t.exp = Plunit]).

e if in our system we have this transition:

((8,unit,blockUntil(true)),¢,(0,unit,blockUntil(true)))

T’t®R9®RU TRr e Rr 0
in Abadi.system we have:
TRANS BLocK P
0 .uni :
(04, E, (0, PblockUntil true])) [Gyunit blockUnti(srue)) (o4, E, unit)

We know that {(T | t ®r 0 ®% o), (04, E, (0, PblockUntil true]))} € Rel~! where t.id = 0
and t.exp = P[blockUntil true].

Then after the transitions we have that {(T @r e @ o), (04, E,unit)} € Rel™!.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in FE have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T') and S = e in fact the last field of the Abadi system is

equal to unit.

e if in our system we have this transition:

((0,unp(blockUntil true)),e,(0,unp(blockUntil true

T|torS®ro V) T | tlexp <= Uunit] @r S Qg o

in Abadi.system we have:

TrANS BLock U

(0.4, E.(8, U[blockUntil trug]).E, (', ¢)) 2rpblockUnti(true))

(o4, B.(0,Ulunit]).E', (¢, ¢))
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We know that {(T | t®r S ®r o), (o4, E.(6,U[blockUntil true]).E’, (¢, e))} € Rel~! where
t.id = 0 and t.exp = U [blockUntil true].

Then after the transitions we have that {(T'" | tlezp <+ Uunit] @r S @r
o), (oA, E.(0,U[unit]).E’, (0',e))} € Rel™t.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in T (none of the rules applied to the
two systems changed either F and E’ or T'), U]unit] correspond to the thread t (because

t.exp = UJunit]) and e correspond to S in fact the two rules do not change them.

e if in our system we have this transition:

((0,unprtect),,(0,unprtect)

T’t®R9®RU >T’t®RO®RU

in Abadi.system we have:

TRANS UNPROTECTED

(04, E, (0, Plunprotected €]))

(6,unprotect)
)

(04, E.(0, Plunprotected e]), unit)

We know that {(T' |t ®r 0 @ o), (ca, E, (0, Plunprotected €]))} € Rel~! where t.id = 0,
t.exp = P[unprotected e].

Then after the transitions we have that {(T | t®re®R%0), (04, E.(0, Plunprotected e]), unit)} €
Rel™t.

This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F have a correspond thread in 7' (none of the rules applied to the two
systems changed either E or T'), Plunprotected e] correspond to the thread t (because
t.exp = P[unprotected ¢]) and S = e in fact the last field of the Abadi system is equal to

unit.

e if in our system we have this transition:

((8,unp(V)),,(6,unp(V')

T|t®orS®ro Do) tlexp o E[V]) 9r S @R o

in Abadi.system we have:

TRANS CLOSE

(o4, E.(0, Elunprotected V]).E, (¢, e)) L 22mP0),

(oA, E.(0,E]V]).E', (¢, ¢))

We know that {(T' | t @z S ®r ), (04, E.(0, E[unprotected V]).E’, (¢, ¢e))} € Rel~! where
t.id = 6 and t.exp = E[unprotected V].

Then after the transitions we have that {(T' | tlexp <+~ E[V]] ®r S ®r
o), {oa, E.(0,E[V]).E', (0 e))} € Rel L.
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This couple belongs to the relation Rel~! because we have that o4 = o because none
of the rules applied to the two systems changed the memory. We also have that all the
expressions in F and E’ have a correspond thread in 7' (none of the rules applied to the
two systems changed either E and E’ or T), £[V] correspond to the thread ¢ (because

t.exp = E[V]) and e correspond to S in fact the two rules do not change them.

B.3.3 Weak Semantics with Optimistic Rollback

In Fig. [B.7] we show the original weak semantics with optimistic rollback for AME described in
[16].
For a deeper discussion about the semantics we refer to [16]. While in Fig. we refer to

the updated semantics decorated with labels and with unique identifier for expressions.

Theorem 12. (04, F,0,l) ~ AT g {S; A; L} ®r o

(04, B, 0,1) S~ (AT @R {S; 4; L} 95 0)
o(a) a
(o', E', O, 1) RR;_’l (AT @r {S"; A'; L'} @r o)

Proof. We start by defining Rel and then show that it is a strong similarity relation, after which
we will show that Rel~! is also a strong similarity relation.
Given {{oa, E,0,0),(T'| P®r {S; A; L} ®& o)} then this tuple is in Rel if:

e 0=o0y
e Ve; € F exist 0; such that t; € T and ¢;.id = 6; A t;.exp = ¢;
e Yo = (e, f,a, P,) € O we have that exist 6, such that:

— exist t, € T and t,.id = 0,, t;.exp = e and t,.init = f
- 60,8
— Vr € a then (6,,7) € A

— Vp € P, then exist ), such that exist [t[id < ), exp <= p]|g, € P
o L=1

After the definition of Rel we start to give for each label the proof that there is a strong similarity

between Abadi system and our system:

e if in Abadi.system we have this transition:

TRANS ACTIVATE
(04, B.(60,¢).E,0,1) 2% (60 B, ((8,¢),¢,0,0).0,1)
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TRANS APPL P
(0,T,0.(P[(\ z.e) V], f,a, P).O',l) — (0, T,0.(Ple[V/z]], f,a, P).O0’,1)

TrANS AppPL U
(o, TU[(X z.e) V].T',0,1) — (o, T.U[e[V/z]].T', O,1)

TrRANS REF P
(0,T,0.(Plref V], f,a, P).O",1) — (o[r — V], T,0.(P][r], f,a, P).O',1)
if r € RefLoc — dom(o)

TRrRANS REF U
(o, TU[ref V].T',0,1) — (o[r — V], TU[r].T",O,l) if r € RefLoc — dom(o)

TRANS DEREF P
(0,T,0.(P'r], fya,P).O",1) — (o, T,0.(P|V], f,7.a, P).O',1) if o(r)=V

TRANS DEREF U
(o, TUT).T", 0,1) — (o, TUV].T',0,1) if o(r)=V

TRANS SET P
(0, T,0.(P[r :=V], f,a, P).O" 1) — (cr — V], T,0.(Plunit], f,r.a, P).O",l')
where I" = if 7 € dom(l) then [ else I.[r — V]

TRrRANS SET U
(o, TU[r :==V].T',O,l) — (or — V], T.U[unit]. T, O, 1)

TRANS AsyNc P
(0, T,0.(Plasync €], f,a, P).O",1) — (o, T,O.(Plunit], f,a,e.P).0O",1)

TrANS AsyNc U
(o, TU[async €].T",0,1) — (o, T.e.U[unit].T",0,1)

TRANS BLoCK P
(o, T, O.(P[blockUntil true], f,a, P).O',1) — (o, T, O.(P[unit], f,a, P).O’,1)

TrANS BLock U
(o, T.U[blockUntil true].T", O,1) — (o, T.U[unit].T", O, 1)

TrANS UNDO
(0,T,0,l) — (al,origin(O).T, 0, 0)

TRANS UNPROTECTED
(o, T,0.(Plunprotected el f,a, P).O’,l) — (o, T.P[unprotected e].P,0.0',] — a)
if (P[unprotected €], f, a, P) does not conflict with 0.0’
TRANS DONE
(o, T,0.(unit, f,a, P).O",l) — (0, T.P,0.0',] — a)
if (unit, f,a, P) does not conflict with 0.0’

TRANS CLOSE
(o, T.E[unprotected V].T",0,1) — (o, T.E[V].T", O,1)

TRANS ACTIVATE
(0, T.eT",0,l) — (o, T.T', (e,e,0,0).0,1)

Figure B.7: Optimistic Weak Semantics Abadi [16]
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TRANS APPL P

(0,T,0.((0, P[(\ z.¢) V]), fa, P).O", 1) 2% 16 T 0.((0, Ple[V/]]), f,a, P).O", 1)
TrRANS AppPL U
(0, T-(0,U[(\ z.¢) V]).T', 0,1) LR 1 (9. Ule[V/a]]).T', O, 1)

TRrRANS REF P

(0, T,0.((0, P[ref V), f,a, P).O,1) (olr— V], T,0.((0,P[r]), f,a, P).O',1)
if r € RefLoc — dom(o)

(0,ref(r,v))

TRANS REF U
(0. T.(8,Uref V]).T", 0,1y L&Dy v T(0,U]]). T, O, 1)
if r € RefLoc — dom(o)
TRANS DEREF P

. T,0.((0, P['r]), f,a, P).0", 1) Lrae),
( (0, P

(0,T,0.(6, PIV]), f.ra, P).O ) if o(r) =V
TRANS DEREF U
(0, T.(0,U[r)). T, 0, 1) &P g v T, 0,1 i a(r) =V

TRANS SET P

(0,T,0.((8,P[r :==V]), f,a, P).O,1) (olr — V], T,0.((0, Plunit]), f,r.a, P).O", ')
where I" = if 7 € dom(l) then [ else I.[r — V]

(6,wr(rw))

TRANS SET U
(0, T.(0,U[r == V]).T", 0, 1) 22RO or v 70, Uunit]) T, O, 1)
TRANS AsyNc P
(0, T,0.((0, Plasync €)), f,a, P).0", 1) "2 .1.0.((6, Plunit]), £,a, (¢, ¢).P).O', 1)
TRrRANS AsyNc U
(0, T.(0,Ulasync €]).T", 0, 1) 2P g7 e (6, U[unit]).T", O, 1)

TRANS BLocK P

(0,T,0.((6, P[blockUntil true]), f, a, P).0", 1) \Z2tockuntilttree)

(o, T,0.((0, Plunit]), f,a, P).O",1)

TRANS BLock U

(0, T.(6, UlblockUntil true]).T", 0, [y 2PN e)) o 1 (g 241unit]).T”, O, 1)

TrANS UNDO

(0,T,0,]1) (61 6n undoll)), (al,origin(0).T, 0, 0) where 61, ...,0, are the §; in O

TRANS UNPROTECTED

(0,T,0.((0, Plunprotected €]), f,a, P).O’,1) (0, T.(0, Plunprotected ¢]).P,0.0",1 — a)
if (P[unprotected ¢], f, a, P) does not conflict with 0.0’

(6,unprotect)
—_

TRANS DONE
(o, T,0.((0,unit), f,a, P).0", 1) 2" (0, T.P,0.0’,1 — a)
if (unit, f,a, P) does not conflict with 0.0’

TRANS CLOSE

(o, T.(0, E[unprotected V]).T", 0, 1) A22mP),

(0, T.(0,E[V]).T",0,1)

TRANS ACTIVATE
(0, T.(0,¢).T',0,1) 22 (5. 7.1 (0, ¢), e,0,0).0,1)
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in our system we have:

THREAD ACTIVATE ACTIVATE
tid =0 s
(6 act) L. (6 act)
T|t|P—> T\t[|n|t<—ctepoP {S;A; L} ——= {SU{6}; A; L}

(9 act

T|t|Por{S;A;L} @r o T|t[|n|t<—+texp]|P®R{SU{9} ALy ®ro

We know that {(oa, E.(0,¢).E',0,1), (T |t | Per {S;A; L} @ 0)} € Rel where t.id = 0.

Then after the transitions we have that {(c4, E.E’,((6,¢),¢,0,0).0,1),
(T | tlinit <= t.exp] | P@g {SU{0}; A; L} Qg o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in T' (none
of the rules applied to the two systems changed either E and E’ or T') and the thread ¢
correspond to (e, e,(,D) (because 6§ € S, t.id = 6, t.exp = e and t.init = e). A and P do
not change in fact in (e, f, a, P,).O we have a and P, equal to .

if in Abadi.system we have this transition:

TRANS APPL P

(74, E,0.((6, P\ we) V]), £, P,).0', 1) 22

(o4, E,0.((0,Ple[V/x]]), f,a, B,).0,1)

in our system we have:

THREAD STEP STEP
tid=60  texp=P[\ z.e) V] Az.e)V i e[V/x] eSS
Tt PEPN 7| teap i Ple[V/a]]] | P (5 A Ly @R vg 4. 1y
(6,pure)

T |t Pog{S; AL} or o 22 T | tlexp ¢« PlelV/all] | P &r {S; AL} O o

We know that {(o4, E,O0.((0,P[(\ z.€) V]), f,a, P,).0',1),
(T'|t| Por{S;A;L} ®r o)} € Rel where t.id = 0, t.init = f and t.exp = P[(\ z.e) V].

Then after the transitions we have that {(c4, E,O.((0, Ple[V/x]]), f,a, P,).0",1),
(T | tlexp <= Ple[V/z]]] | P®r {S;A; L} @R 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Ple[V/x]], f,a, P,) (because 6 € S, t.id = 0, t.exp = Ple[V/xz]] and t.init = f). A and P

do not change in fact the rule does not modify a and P,.
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e if in Abadi.system we have this transition:

TrRANS ApPpPL U
(oa, E0,U[(\ z¢) V]).E',0,1) &P B (0, Ule[V/a]]).E, O, 1)

in our system we have:

THREAD STEP UNPROTECT U STEP/CLOSE
tid=0 texp=UNze)V] (Aze)V s e[V/a] 0¢s
Tt P PP htenn s Ule[V/a]]] | P (5; A; L) DHrRUe) g g 1)

QB 7 | tlewp ¢ UlelV/alll | P @r {S; AL} @ o

T|t|Por{S;A;L} ®r o
We know that {(o4, E.(6,U[(\ z.€) V]).E',O,l), (T | t| P®r {S;A;L} ®r o)} € Rel
where t.id = 0, t.exp =U[(A z.e) V] and 6 ¢ S.

Then after the transitions we have that {(oa, E.(0,U[e[V/z]]).E',O,1), (T | tlexp <
Ule[V/z]]] | P®r {S;A; L} @ 0)} € Rel.
This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E' and E’ or T'), the thread ¢ correspond
to Ule[V/z]] (because t.exp = U[e[V/z]])). We have that the element in O does not change
in fact we have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the
ids of these threads are in S. Furthermore for all the tuple (e, f, a, P,) in O each element

in a and P, has a correspondence with the elements in A and P.
e if in Abadi.system we have this transition:

TRANS REF P
(o4, E,0.((0,Plref V), f,a, B,).0',1) (oalr — V],E,0.((0,P[r)), f,a, P,).0",1)
if r € RefLoc — dom(o)

(0,ref(r,v))

in our system we have:

THREAD STEP
ref(r,v)

tid=146 t.exp = Pref V] ref Vee—r

T|t\PM>T]t[ea:p<—<P[r]]|P
STEP REF
eSS r € (RefLoc — dom(o))
{S;A;L} (0,ref(r,v)) {S;A; L} o (0,ref(r,v)) 0'[7” . 1)]

(0,ref(r,v

T|t|Por{S; AL} o o LD D) tlexp 4 Pr]] | P 0w {S; A; L} @r ofr s 1]

We know that {(ca, E,O.((0, Plref V), f,a, P,).0",1),
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(T'|t| Por{S;A;L} ®r o)} € Rel where t.id = 6, t.init = f and t.exp = P|ref V].

Then after the transitions we have that {(ca[r — V], E,0.((8, P[r]), f,a, P,).0", 1),
(T | tlexp <+ P[r]] | P @r {S; A; L} @g o[r — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
add the same element to 04 and to 0. L = [ because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plr], f,a, P,) (because § € S, t.id = 0, t.exp = P[r] and t.init = f). A and P do not

change in fact the rule does not modify a and P,.

e if in Abadi.system we have this transition:

TrANS REF U
(o0, E.(0,UJref V]).E',0,1) 2TtV EL(0,Ulr]).E, O, 1)
if r € RefLoc — dom(o)

in our system we have:

THREAD STEP UNPROTECT
f )
tid =10 t.exp =Ulref V] ref V S ) r
a # async(e”)

7| t| p LD ewp s Ulr]] | P
U STEP/CLOSE UREF
¢S r € (RefLoc — dom(o))

(8,unp(ref(r,v) o (6,unp(ref(r,v)))

{545 1) 5 {Si 4L}
((,unp(ref(r,v))),(0,unp(ref(r,v))),(0,unp(ref (r,v)

olr — ]

T|t|Pog{S: AL oro Do\ teap < U] | P or (S5 A; LY ©r ol v 0]

We know that {(ca, E.(0,U[ref V]).E',O,1), (T |t | P®r {S;A;L} ® o)} € Rel where
t.id =6, t.exp =UJref V] and 0 ¢ S.

Then after the transitions we have that {{(ca[r — V], E.(6,U[r]).E',O,1), (T | tlexp <
Ulr)] | P @r {S; A; L} @ olr v v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
add the same element to 04 and to 0. L = [ because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[r] (because t.exp = U[r])). We have that the element in O does not change in fact we
have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the ids of these
threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a and P,

has a correspondence with the elements in A and P.
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e if in Abadi.system we have this transition:

TRANS DEREF P
(o4, B, O.((0, P[IF]), f,a, P).0", 1) L2240y i B, O.((6, PIV]), £, ma, P,).O', 1)

if o(r)=V
in our system we have:
THREAD STEP
rd(r,v

tid=60  texp="Pr] Ir <¥> v

Tt P LD 1 beap P | P
DEREF (READ) DEREF (READ)

0esS o(r)=wv

(5;4; 03 220D g Ao,y | Lo 2T,

((0,rd(rw)),(0,rd(r,v)),(0,rd(r,v)

T|t|Por{S; AL} oo D T | tlexp 4 Po]] | P 9w {S; AU{0,r}: L} 9r o

We know that {(o4, E,O0.((0,P['r]), f,a, P,).0O",1),
(T'|t|Por{S;A;L} ®r o)} € Rel where t.id = 0, t.init = f and t.exp = P|[!r].

Then after the transitions we have that {(c4, E,O.((0, P[V]), f,r.a, P,).0",1),
(T | tlexp <~ Pv]] | P®r {S; AU{0,r}; L} @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(P|V], f,r.a,P,) (because 6 € S, t.id = 0, t.exp = P[V] and t.init = f). All the other
element in O and O’ does not change, (P[V], f,r.a, P,) add r to a in fact in our system
the element {6, r} is added to A. P does not change in fact the rule does not modify P,.

e if in Abadi.system we have this transition:

TRANS DEREF U

(74, B.(6,Ullr]) 2, 0,1) L2200,

(04, E(O,UIV]).E,O,l) ifo(r)=V

in our system we have:
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THREAD STEP UNPROTECT
. rd(r,v)
tid=10 texp=U[r] lIr——>wv

U STEP/CLOSE UDEREF (READ)
9 ¢ S U(T’) =
(S; 4, ) L), wg gy o L)),

Lm0, | tlexp U] | P& {S; 4 L} @ 0

T|t|Peor{S;A;L}®@ro
We know that {(o4, E.(6,U['7]).E',O,1), (T | t | P ®r {S;A; L} ®% o)} € Rel where
t.id=0, texp=U[r] and 0 ¢ S.

Then after the transitions we have that {(ca, E.(0,U[V]).E’,O,1), (T | tlexp <= U[v]] |
P@r{S;A;L} ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in F and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[v] (because t.exp = U[v])). We have that the element in O does not change in fact we
have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the ids of these
threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a and P,

has a correspondence with the elements in A and P.

e if in Abadi.system we have this transition:

TRANS SET P
(o4, E,0.((0,Plr :=V)]), f,a, P,).0",1) (oalr — V], E,0.((0, Plunit]), f,r.a, P,).0",l')
where I" = if 7 € dom(l) then [ else I.[r — V]

(6,wr(rw))

in our system we have:

THREAD STEP
wr(r,v)

tid=10 t.exp=Pr:=v| r:=v——> unit
(8,wr(rv))
R S LAY

T|t|P T | tlexp <= Plunit]] | P

SET (WRITE)

hes SET (WRITE)

D (8 AU{0,7); Lr s o(r)]}

Gperro) | tlexp «= Plunit] | P @r {S; AU{0,r}; L.[r — o(r)]} ®@r ofr — 1]

0,wr(r,v

(6,wr(rv))

(5;4; L) olr 0]

T|t|Por{S;A;L}@ro

We know that {(c4, E,O.((0,P[r :=V)), f,a, P,).0,1),
(T|t|Por{S;A;L} ®r o)} € Rel where t.id = 0, t.init = f and t.exp = P[r := V.
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Then after the transitions we have that {(o4[r — V], E,O.((8, Plunit]), f,r.a, P,).O", 1"},
(T | tlexp <= Plunit]] | P@r {S; AU{0,r}; L.[r — o(r)]} @ olr — v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

the rules applied to the two systems changed the memory and the logs in the same way.

We also have that all the expressions in FE have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a, P,) (because 6 € S, t.id = 6, t.exp = P[unit] and t.init = f). All the other
element in O and O’ does not change, (P[unit], f,r.a, P,) add r to a in fact in our system
the element {6, r} is added to A. P does not change in fact the rule does not modify P,.

e if in Abadi.system we have this transition:
TrRANS SET U

(oa, E(0,U]r = V]).E,0,1) L))o s V), B0, Uunit]). B, O, 1)

in our system we have:

THREAD STEP UNPROTECT

tid=60  texp=U[r:=v] r:=v M unit

Tt p 2P D yreny o Ufunit]] | P
U StEP/CLOSE . -
0¢ s ET (WRITE)
{S; A; L} (6,unp(wr(r,)) {S, A; L} (6,wr(rw)) O'[T‘ s U]

((8,unp(wr(r,v))),(6,unp(wr(r,v))),(0,unp(wr(r,v)))

T|t|Pog{S; AL oro L T | tlexp = Ulunit]] | P ®g {S; A; L} @r ofr — o]

We know that {(ca, E.(0,U[r :==V]).E',O,1), (T |t | P@r {S;A; L} ®r 0)} € Rel where
tid=0,t.exp=U[r:=V]and § ¢ S.

Then after the transitions we have that {(ca[r — V], E.(6,U[unit]).E", O,1), (T | t[exp <
Ulunit]] | P @r {S; A; L} @ o[r +— v])} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
add the same element to 04 and to 0. L = [ because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[] (because t.exp = U[unit])). We have that the element in O does not change in fact
we have that all the tuple (e, f,a, P,) in O have correspond to a thread in T, the ids of
these threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a

and P, has a correspondence with the elements in A and P.
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e if in Abadi.system we have this transition:

TRANS AsyNcC P

(o4 B, 0.(6, Plasync ), f,a, P). 01, 1) {22,

(o4, E,0.((0, Plunit)), f,a, (¢, €).P,).0",1)

in our system we have:

THREAD SPAWN STEP
tid =140 t.exp = Plasync ¢'] t'. 0" fresh esS
T ¢ P 22 feap o Plunit] | P | [F]id = 0 eap i e]]o {5 4L} 22D, 15 4. 1)

Basyne()) 7 | tlexp <= Plunit]] | P | ['[id <= 0, exp < €]|g @r {S; A; L} @r o

T|t|Por{S;A;L}®ro
We know that {(c4, E,O.((0, Plasync €|), f,a, P,).0’, 1),
(T'|t| Por{S;A;L} ®r o)} € Rel where t.id = 0, t.init = f and t.exp = P[async €'].

Then after the transitions we have that {(ca, F, O.((0, Plunit]), f,a, (¢, €¢).P,).0',1),
(T | tlexp <= Plunit]] | P | [t'[id <+ 0, exp «- €]]g @r {S; A; L} @ o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a,e’.P,) (because § € S, t.id = 6, t.exp = P[unit] and t.init = f). A does not
change in fact the rule does not modify a. [t']y correspond to €’ in fact t'.exp = €/, instead

the other elements in P, have a thread in P that correspond to them.

e if in Abadi.system we have this transition:

TRANS AsyNc U
(o4, E.(0,U[async €']).E’, O, 1) LGunp(asyne(©))), (o4, E.(0,€).(0,U]unit]).E’, O,1)

in our system we have:

THREAD SPAWN UNPROTECT
tid=140 t.exp = Ulasync €' t', 0 fresh
T|t|P (Ounplasync()), mn | tlexp < Ulunit]] | ¢'[id <= 0 exp <= €] | P
U StEP/CLOSE
¢S

{S;A;L} (6,unp(async(e’)) {S, A L}

T|t|Por{S;A; L} @r o LI, pyrorn o« tfunit] | ¢id = 0, exp i €] | P ®g {S; A; L} ® o

We know that {{(c4, E.(6,U[async ¢']).E',O,1), (T |t | Per{S;A; L} ®r o)} € Rel where
t.id =0, t.exp = U[async ¢/] and 0 ¢ S.
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Then after the transitions we have that {(o4, E.(0',¢').(8,U[unit]).E’, O,1), (T | tlexp <
Ulunit]] | t'[id <= 0’ exp <= €] | P @r {S; A; L} ®@r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in £ and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = U[unit])). €’ correspond to ¢’ in fact t’.exp = ¢/. We have that
the element in O does not change in fact we have that all the tuple (e, f,a, P,) in O have
correspond to a thread in T, the ids of these threads are in S. Furthermore for all the

tuple (e, f,a, P,) in O each element in a and P, has a correspondence with the elements

in A and P.

e if in Abadi.system we have this transition:

TRANS BLoCK P

(o4, E, O.((0, PlblockUntil true]), f,a, P,).0", 1) A20nime)) o B 0.((8, Plunit]), f, a, P,).0', 1)

in our system we have:

THREAD STEP STEP
. . . blockUntil(true) .
tid=146 t.exp = P[blockUntil true] blockUntil true ————— unit 0es

0,blockUntil(true 0,blockUntil(true

Dy 7| tleap < Plunit] | P (5;4; L) D, (5. 4. 1)

(6,blockUntil(true

Tt P

T|t|Por{S;A;L} ®r o D, | tlexp <= Plunit]] | P @r {S; 4; L} @r o

We know that {(c4, E,O.((0, P[blockUntil truel), f,a, P,).0’,1),

(T'|t| Por {S;A;L} ®r o)} € Rel where t.id = 0, tinit = f and mi t.exp =
P[blockUntil true].

Then after the transitions we have that {(o4, E, O.((6, P[unit]), f, a, P,).0’, 1),
(T | tlexp <= Plunit] | P ®r {S; A; L} @R 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in FE have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a, P,) (because 0 € S, t.id = 0, t.exp = P[unit] and ¢.init = f). A and P do not

change in fact the rule does not modify a and P,.

e if in Abadi.system we have this transition:

TRANS BLock U

(0.4, E.(8,U[blockUntil true]). B, O, 1) +21nplblockUntil(true)))

(04, E.(0,U[unit]).E', O, 1)

in our system we have:
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THREAD STEP UNPROTECT U STEP/CLOSE
. . . blockUntil(true) .
tid=20 t.exp = U[blockUntil true] blockUntil true ———— unit 0¢5S
T ‘ " ’ p (6,unp(blockUntil true)) T ‘ t[exp o Z/{[unit]] ‘ P {S,A,L} (6,unp(blockUntil true) {S,A7L}

((8,unp(blockUntil true)),¢,(6,unp(blockUntil true)))

T|t|Por{S;A;L}®ro T | tlexp <+ Uunit] | PR {S; A; L} @r o
We know that {(o 4, E.(6,U|[blockUntil true]).E’, O, 1), (T |t | Por{S; A; L} ®r o)} € Rel

where t.id = 6, t.exp = U[U[blockUntil true|] and 6 ¢ S.

Then after the transitions we have that {(c4, E.(6,U[unit]).E’, O, 1), (T | tlexp <= U[unit] |
P@r{S;A;L} ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in F and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = UJunit])). We have that the element in O does not change in
fact we have that all the tuple (e, f,a, P,) in O have correspond to a thread in T, the ids
of these threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in

a and P, has a correspondence with the elements in A and P.
e if in Abadi.system we have this transition:

TRrRANS UNDO

(o4, E,0,1) (61 6n uindold)), (o al,origin(O).E, 0, D) where 01, ...,0, are the §; in O

in our system we have:

UNDO UNDO UNDO
7| p Yo fntndo ) i 00, TY |0 (S5 A; L) 20 g gy o Sunde@) oy

T|Por{S;A; L} @ro 2D it .. 00, T) | 0 0r {0;0;0} ©r oL

We know that {(c4, E,0,l), (T | P®@g {S; A; L} ®% 0)} € Rel.

Then after the transitions we have that {{(cal,origin(O).E,, (),
(init(6r,...,0,,T) | 0 @r {0;0;0} ®r oL)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = o4 because the rules
change the same element in 04 and in ¢ such that L = [. L = [ because both rules applied

put the logs equal to the (.

We also have that all the expressions in E have a correspond thread in 7' (none of the rules
applied to the two systems changed either E or T'). origin(O) correspond to the expressions
f of all the elements inside O, in our system all the elements inside O correspond to the

threads with ids 64, .. ., 6,, and the expression of this threads is set to t.init that correspond
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to f (thanks to the predicate init(6y,...,60,,T)). A, P and S became equal to () because

O became equal to ) and then there is not element inside O.

e if in Abadi.system we have this transition:

TRANS UNPROTECTED
(o4, E,0.((0, Plunprotected €]), f,a, P,).0’,1) (04, E.(0, Plunprotected e€]).P,,0.0',1 — a)
if (P[unprotected €], f,a, P,) does not conflict with 0.0’

(6,unprotect)
_—

in our system we have:

UNPROTECT UNPROTECT/DONE
t.id =0 t.exp = P[unprotected €] f € S A no conflicts
T PO g Pe) (S A L) PP 500 | AN A®) | L - A9)

(0’,0,unprtect)
0

T|t|Por{S; AL} ér o Tt P(0) @ {5\ 0; A\ A(0); L — A(9)} &m0
We know that {(oa, E, O.((6, Plunprotected €), f,a, P,).0’,1),

(T | t| Per {S;A;L} ®r o)} € Rel where t.id = 0, tinit = f and mi t.exp =
Plunprotected e].

Then after the transitions we have that {(c4, F.(0, Plunprotected e]).P,,0.0’,1 — a),
(T|t|PO)@r{S\0;A\ A(0); L — A(f)} ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the
rules applied to the two systems changed the memory. L = [ because the rules applied to

the two systems changed the logs in the same way, A(f) correspond to the elements in a.

We also have that all the expressions in F have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
Plunprotected e] (because 6 € S, t.id = 6 and t.exp = Plunprotected e]). P(0) activate the
threads that correspond to P,. A — A(f) correspond to the elements in 0.0’ because the

two rules delete the elements that correspond to a.

e if in Abadi.system we have this transition:

TrANS DONE
(04, E,0.(0,unit), f,a, P,).0",1) &% (54, B.P,,0.0,1 — a)
if (unit, f,a, P) does not conflict with 0.0’

in our system we have:

DONE UNPROTECT/DONE
tid=20 t.exp = unit # € S A no conflicts
Tt P2 Py (8400 D9 5\ 9| A\ A(0) | L — A(6)

T|t|Per (S AL} oro % T | PO) 0 {S\ 0 A\ AO); L — A0)} @r o
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We know that {(sigmaa, E,O.((0,unit), f,a, P,).0’,1),

(T'|t| Por{S;A;L} ®r o)} € Rel where t.id = 0, t.init = f and mi t.exp = P[unit].
Then after the transitions we have that {(c4, E.P,,0.0',1 — a),

(T|PO)2r {S\0;A\ A(9);L — A(0)} ®r o)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = g4 because none of the

rules applied to the two systems changed the memory. L = [ because the rules applied to

the two systems changed the logs in the same way, A(6) correspond to the elements in a.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T'). P(0) activate the threads that
correspond to P,. A — A(f) correspond to the elements in O.0" because the two rules

delete the elements that correspond to a.

e if in Abadi.system we have this transition:

TRrRANS CLOSE
(o4, E.(0, Elunprotected V]).E', 0,1y LYo E.(0,E[V]).E', 0,1)

in our system we have:

CLOSE U STEP/CLOSE
tid=146 t.exp = EJunprotected V] 0¢S
Tt P PP yteap eV | P {S; 4Ly P rg 4y

((0,unp(V)),,(6,unp(V')

T|t|Par{S;AL}®ro NG | tlexp <= E[V]] | POr {S; A; L} @ o
We know that {(o4, E.(0,E[unprotected V]).E’, O, 1),

(T | t]| Per {S;A;L} ®r o)} € Rel where t.id = 0, tinit = f and mi t.exp =
E[unprotected V.

Then after the transitions we have that {(ca, F.(0,E[V]).E’, O,1),
(T | tlexp = E[V]] | PR {S;A; L} ®r 0)} € Rel.

This couple belongs to the relation Rel because we have that ¢ = 04 and L = [ because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7" (none of the rules
applied to the two systems changed either E and E’ or T') and the thread ¢ correspond to
EIV] (because 0 ¢ S, t.id = 0 and t.exp = E[V]). A and P do not change in fact the rule
does not modify O.

To proof the bi-simulation we can prove that given Rel as a strong simulation relation then
if also Rel~! is a strong simulation relation then Rel is a bi-simulation relation. Now we show
the relationship Rel™! derived directly from Rel.

Given {(T' | P ®% {S; A; L} ®r o), {04, E,O,1)} then this tuple is in Rel~! if:

e oy4=0
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o VO; €S-

— we have t; € T such that t;.id = 6;, t;.exp = e; and t;.init = f;,

— we have a set of |t;]p, € P where t,.exp = ¢}, the set of this expression is indicate
with F;

— then exist o € O such that o = (e;, fi, A(6;), E;)
o V0; ¢ S we have t; € T such that ¢;.id = 6; and tj.exp = e, then exist e; € F
o [=1
Now we start to analyses all the possible case:
e if in our system we have:

TIt| Por{SiALlore 2L T 1| Pog {SU{0); AL} o o

in Abadi.system we have this transition:

TRANS ACTIVATE
(o4, E.(0,¢).E",0,1) 2% (64 BLE',((0,¢), ¢,0,0).0,1)

We know that {(T |t | Per{S; A; L}®r o), {04, E.(0,¢).E',O,1)} € Rel~! where t.id =

and t.exp = e.

Then after the transitions we have that {(T |t | P ®g {S U{6}; A; L} ®x o),
(o4, E.E' ((0,e),¢e,0,0).0,1)} € Rel™.
This couple belongs to the relation Rel~! because we have that 04 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none
of the rules applied to the two systems changed either F and E' or T') and (e,e,(,0)
correspond to the thread ¢ (in fact 6 € S, t.id = 0, t.exp = e and t.init =¢). A and P do
not change in fact we add to O the element (e, E, 0, 0).O.

e if in our system we have:

(6,pure

T|t|Por{S;A;L} ®@r o —)> T | tlexp <= Ple[V/x]]] | P®r {S; A; L} @r o

in Abadi.system we have this transition:

TRANS ApPPL P
(o4, B, 0.(6, Pl z.¢) V], f,a, B,).O", 1) 22 % 154 E.0.((0, Ple[V/al)), f,a, P,).O', 1)

We know that {(T" | t | Per{S; A; L}®r0o), (04, E,0.((6, P[(A z.€) V]), f,a, P,).0",1)} €
Rel where t.id = 0, t.init = f and t.exp = P[(A z.e) V].
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Then after the transitions we have that {(T" | tfexp <= Ple[V/z]]] | P @ {5; 4; L} ®r o),
(o4, E,0.((0,Ple[V/x]]), f,a, P,).O", 1)} € Rel L.

This couple belongs to the relation Rel~! because we have that o4 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Ple[V/z]], f,a, P,) (because 8 € S, t.id = 0, t.exp = Ple[V/z]] and t.init = f). A and P

do not change in fact the rule does not modify a and P,.

e if in our system we have:

T|t|Por {S;A; L} og o \CuPCUe) SOOI, 1) 4oy e thfe]V/all] | P o {S; A L} @ o

in Abadi.system we have this transition:

TRrRANS ApPL U
(04, E.(0,U[(\ z.¢) V]).E, 0,1y 2O B (0, Ule]V/2]]).E, O, 1)

We know that {(T' |t | P ®g {S; A; L} ®@r o), (04, E.(0,U[(\ w.e) V]).E',O,ll)} € Rel !
where t.id = 0, t.exp = U[(\ z.e) V] and 6 ¢ S.

Then after the transitions we have that {(T | tlexp <= U[e[V/z]]] | P @ {S; A; L} ®r o),
(o4, E.(0,U]e]V/2]]).E',O,1)} € Rel™.

This couple belongs to the relation Rel~! because we have that 04 = ¢ and [ = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to Ule[V/z]] (because t.exp = U[e[V/z]])). We have that the element in O does not change
in fact we have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the
ids of these threads are in S. Furthermore for all the tuple (e, f, a, P,) in O each element

in a and P, has a correspondence with the elements in A and P.

e if in our system we have:

(0,ref(r,v

T|t|Por{S; AL} 0 o LD D) tlexp 4 Pr]] | P 0w {S; A; L} @r ofr s 1]

in Abadi.system we have this transition:

TRANS REF P
(oA, E,0.((0,Plref V), f,a, P,).0", 1) (oalr — V],E,0.((0,P[r]), f,a, P,).0", 1)
if r € RefLoc — dom(o)

(0,ref(r,v))
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We know that {(T" |t | P ®@g {S; A; L} ®% o),
(o4, E,0.((0,Plref V), f,a,P,).0",1)} € Rel™' where t.id = 0, t.init = f and t.exp =
Plref V].

Then after the transitions we have that {(T" | tlexp <= P[r]] | P@r {S; A; L} @r or — v]),
(oalr = V]I, E,0.((0,Plr]). f,a, P,).0", 1)} € Rel™".

This couple belongs to the relation Rel~! because we have that o4 = o because the rules
add the same element to ¢ and to o 4. [ = L because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(P[], f,a, P,) (because 6§ € S, t.id = 6, t.exp = P[r] and t.init = f). A and P do not

change in fact the rule does not modify a and P,.
e if in our system we have:

((0,unp(ref(r,v))),(0,unp(ref(r,v))),(0,unp(ref (r,v)

T|t|Por{S;A;L} ®r o DN | tlexp < U[r]] | P ®r {S; A; L} @r o[r = ]

in Abadi.system we have this transition:

TrANS REF U
(oa, E.(0,U[ref V]).E',0,1) Lm0 s V], EL0,U[]).E, O, 1)
if r € RefLoc — dom(o)

We know that {(T' | t | P {S; A; L} ®r o), (04, E.(0,U[ref V]).E',O,1)} € Rel~! where
t.id =0, t.exp =U[ref V] and § ¢ S.

Then after the transitions we have that {(T" | tlexp <+ U[r]] | PR {S; A; L} Qg o[r — v]),
(oalr —= V], E.(0,U[r]).E',O,1)} € Rel L.

This couple belongs to the relation Rel~! because we have that 04 = o because the rules
add the same element to ¢ and to o 4. [ = L because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in F and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[r] (because t.exp = U[r])). We have that the element in O does not change in fact we
have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the ids of these
threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a and P,

has a correspondence with the elements in A and P.

e if in our system we have:

T | ¢ ’ p 2 {57 A; L} % o ((8,rd(r,v)),(0,rd(r,v)),(0,rd(r,v)))

T | tlexp = P[]l | P@r {S;AU{0,r}; L} ®r o
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in Abadi.system we have this transition:

TRANS DEREF P
(o4, B, O.((0, P[IF]), f,a, P,).0", 1) L2240y i B, O.((6, PIV]), £, ma, P,).O', 1)
if o(r)=V

We know that {(T' |t | P @g {S;A4; L} @ o),
(o4, E,0.((0,P['r]), f,a, P,).0",1)} € Rel™! where t.id = 0, t.init = f and t.exp = P[!r].

Then after the transitions we have that {(T" | t[exp «= P[v]] | Per {S; AU{0,r}; L} @R o),
(o4, E,0.(0,P[V]), f,r.a, P,).0", 1)} € Rel L.

This couple belongs to the relation Rel~! because we have that 04 = ¢ and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(P|V], f,r.a,P,) (because 6 € S, t.id = 0, t.exp = P[V] and t.init = f). All the other
element in O and O’ does not change, (P[V], f,r.a, P,) add r to a in fact in our system
the element {6, r} is added to A. P does not change in fact the rule does not modify P,.

e if in our system we have:

((0,unp(rd(r,v))),(0,unp(rd(r,v))),(0,unp(rd(r,v)))

T|t|Per{S;A; L} @ro ) T | tlexp <~ U] | PR {S;A; L} @r 0

in Abadi.system we have this transition:

TRANS DEREF U
(oa, E(0,U[lr]).E, 0,1 L))o B (0, UV]).EL O, 1) if o(r) =V

We know that {(T |t | P ®r {S;A;L} ®% o), (04, E.(0,U['r]).E',0,1)} € Rel™! where
t.id =0, t.exp=U[r] and 0 ¢ S.

Then after the transitions we have that {(T' | tlexp <+ U[]] | P ®@r {S;A; L} ®r o),
(o4, E(0,U]V]).E',O,1)} € Rel L.

This couple belongs to the relation Rel~! because we have that 04 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[v] (because t.exp = U[v])). We have that the element in O does not change in fact we
have that all the tuple (e, f,a, P,) in O have correspond to a thread in 7', the ids of these
threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a and P,

has a correspondence with the elements in A and P.

e if in our system we have:
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(0,wr(r,v)

T|t|Peor{S;A;L} @r o ) T | tlexp <= Plunit]] | P@r {S; AU{0,r}; L.[r — o(r)]} @ o[r — 0]

in Abadi.system we have this transition:

TRANS SET P
<O’A, Ea O((ev P[T = V])a fa a, Po)'0,7 l> <O-A[T = V]a Ea O((ev P[unit]), f7 r.a, Po)'Olv l,>
where I' = if 7 € dom(l) then [ else I.[r — V]

(6,wr(rw))

We know that {(T' |t | P ®r {S;A; L} ®r o),

(o4, E,0.((0,P[r :== V), f,a,P,).0", 1)} € Rel™! where t.id = 0, t.init = f and t.exp =
Plr:=V].

Then after the transitions we have that {(T" | t[exp <= Plunit]] | P {S; Au{0,r}; L.[r —
o(r)]} @r olr — ),

(oalr = V], E,0.((6, Plunit]), f,r.a, P,).0", ')} € Rel™*.

This couple belongs to the relation Rel~! because we have that o4 = o and | = L because

the rules applied to the two systems changed the memory and the logs in the same way.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a, P,) (because 8 € S, t.id = 6, t.exp = P[unit] and t.init = f). All the other
element in O and O’ does not change, (P[unit], f,r.a, P,) add r to a in fact in our system
the element {6, r} is added to A. P does not change in fact the rule does not modify P,.

e if in our system we have:

((,unp(wr(r,v))),(0,unp(wr(r,v))),(0,unp(wr(r,v))

T|t|Por{S;A; L) 9o s T | texp < Ulunit]] | P ®g {S; A; L} ®r ofr — o]

in Abadi.system we have this transition:

TrANS SET U
(oa, E.(0,U[r = V]).E,0,1) &P D)o s L B0, Uunit]). B, O, 1)

We know that {(T | t | P ®r {S;A; L} ®@r o), (o4, E.(0,U[r := V]).E',0,1)} € Rel™!
where t.id =6, texp=U[r:=V] and 0 ¢ S.

Then after the transitions we have that {(T"| t[exp <= U|unit]] | P ®r {S; A; L} @R o[r —
v]), (oalr — V], E.(0,U[unit]).E’, O,1)} € Rel™t.

This couple belongs to the relation Rel~! because we have that o4 = o because the rules

add the same element to ¢ and to o 4. [ = L because none of the rules applied to the two

systems changed the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7" (none of

the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
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to U[] (because t.exp = U[unit])). We have that the element in O does not change in fact
we have that all the tuple (e, f,a, P,) in O have correspond to a thread in T, the ids of
these threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in a

and P, has a correspondence with the elements in A and P.

e if in our system we have:

(8,async(e’

T|t|Por{S; AL} oro Do 7| tleap s Plunit]] | P | |¢]id — 0, exp <1 €]|g 0 {S; A; L} ©r o

in Abadi.system we have this transition:

TRANS AsyNc P

(0.4, E,0.((0, Plasync ¢')), f,a, P,).0", 1) {222,

(o4, E,0.((6,Plunit]), f,a, (¢, ¢).P,).0" 1)
We know that {(T" |t | P ®@g {S; A; L} ®% o),

(04, E,0.((0,Plasync €]), f,a, P,).0", 1)} € Rel™! where t.id = 0, t.init = f and t.exp =
Plasync ¢'].

Then after the transitions we have that {(T' | tlexp <= Plunit]] | P | [t'[id <+ 0, exp <

e'llo ®r {S; A; L} @r o),

(o4, E,0.((0,Plunit]), f,a, (¢, ¢').P,).0", 1)} € Rel ™.

This couple belongs to the relation Rel~! because we have that o4 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a,e’.P,) (because § € S, t.id = 6, t.exp = P[unit] and t.init = f). A does not
change in fact the rule does not modify a. [t']g correspond to €’ in fact t'.exp = ¢, instead

the other elements in P, have a thread in P that correspond to them.

e if in our system we have:

(6,unp(async(e’)
R N

T|t|Per{S;A; L} @ro D, | tlexp <=+ Ulunit]] | t'[id <= 0 exp < €'] | Por {S;4; L} @r o

in Abadi.system we have this transition:

TRANS AsyNc U
(o4, E.(8,UJasync ¢]).E', 0, 1) LD B (@ (0, Ulunit]).E, O, 1)

We know that {(T | t | P ®@r {S;4;L} ® o), (o4, E.(0,U[async €']).E',O,1)} € Rel™!
where t.id = 6, t.exp = U[async €' and 0 ¢ S.

Then after the transitions we have that {(T' | tlexp <+ Ulunit]] | '[id <+ 6, exp < €] |
P®r {S;A; L}y @r o), (o4, E.(0',¢).(0,U[unit]).E’,O,1)} € Rel L.
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This couple belongs to the relation Rel~! because we have that 04 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either F and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = U[unit])). €’ correspond to ¢’ in fact t'.exp = ¢/. We have that
the element in O does not change in fact we have that all the tuple (e, f, a, P,) in O have
correspond to a thread in T, the ids of these threads are in S. Furthermore for all the
tuple (e, f,a, P,) in O each element in a and P, has a correspondence with the elements
in A and P.

e if in our system we have:

T|t|Per{S;A; L} @ro (6,blockUntil(true))

T | tlexp <= Plunit]] | P@r {S; A; L} @r o

in Abadi.system we have this transition:

TrANS BLoCK P

(04, B, O.((6, PlblockUntil true]), f,a, P,).0", 1) {2ockuntilte))

(o4, E,0.((0, Plunit]), f,a, B,).0",1)

We know that {(T' |t | P ®r {S;A; L} ®r o),

(04, E,0.((0, P[blockUntil true)), f,a, P,).0',1)} € Rel~! where t.id = 0, t.init = f and mi
t.exp = P[blockUntil true].

Then after the transitions we have that {(T | t[exp <= Plunit]] | P ®% {S; A; L} ®r o),
(o4, E,0.((0,Plunit]), f,a, P,).0",1)} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = o and | = L because
none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
(Plunit], f,a, P,) (because 0 € S, t.id = 0, t.exp = P[unit] and t.init = f). A and P do not

change in fact the rule does not modify a and P,,.

e if in our system we have:

((0,unp(blockUntil true)),¢,(0,unp(blockUntil true

T|t|Por{S;A;L} 9o D 1| teap < Ulunit] | P &g {S; A; L) 9r o

in Abadi.system we have this transition:

TrANS BLock U

(0.4, E.(6,U[blockUntil true]).E', 0, 1) {2 mpblockUntil(irue))

(o4, E.(0,U]unit]).E’, O,1)

We know that {(T' | t | P ®gr {S;A; L} ®r o), (o4, E.(6,U[blockUntil true]).E’,O,1)} €
Rel™! where t.id = 0, t.exp = U[U[blockUntil true]] and 0 ¢ S.
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Then after the transitions we have that {(T' | t[fexp < U[unit]] | P @ {S; A; L} ®r o),
(04, E.(0,U[unit]).E',O,1)} € Rel™L.

This couple belongs to the relation Rel~! because we have that 04 = ¢ and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in £ and E’ have a correspond thread in 7' (none of
the rules applied to the two systems changed either E and E’ or T'), the thread ¢ correspond
to U[unit] (because t.exp = Uunit])). We have that the element in O does not change in
fact we have that all the tuple (e, f,a, P,) in O have correspond to a thread in T, the ids
of these threads are in S. Furthermore for all the tuple (e, f,a, P,) in O each element in

a and P, has a correspondence with the elements in A and P.

if in our system we have:

(S,undo(L))

T ‘ P ®r {S;A;L} KRR O init(@l,.. . ,Qn,T) ’ @@R {@,@,@} ®pr oL

in Abadi.system we have this transition:

TrANS UNDO

(oa, B, 0,1) Lfrn®®O) 0 origin(0).E,0,0)  where 64,... 60, are the 0; in O

We know that {(T | P ®g {S;A; L} ®r o), (04, E,0,1)} € Rel L.

Then after the transitions we have that {(init(61,...,60,,T) | 0 @z {0;0;0} @& oL),
(oal,origin(0).E,0,0)} € Rel™!.

This couple belongs to the relation Rel~! because we have that 04 = o because the rules
change the same element in o4 and in ¢ such that [ = L. [ = L because both rules applied

put the logs equal to the (.

We also have that all the expressions in E have a correspond thread in 7' (none of the rules
applied to the two systems changed either E or T'). origin(O) correspond to the expressions
f of all the elements inside O, in our system all the elements inside O correspond to the
threads with ids 64, .. ., ,, and the expression of this threads is set to t.init that correspond
to f (thanks to the predicate init(6y,...,60,,T)). A, P and S became equal to () because

O became equal to () and then there is not element inside O.

e if in our system we have:

(6,unprtect

T|t|Por{S;A; L) 0o LTt P(0) @r {S\ 6; A\ A(6): L — A(0)} 9% o
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in Abadi.system we have this transition:

TRANS UNPROTECTED
(o4, E,0.((0, Plunprotected e]), f,a, P,).0',1) (04, E.(0, Plunprotected e]).P,,0.0',1 — a)
if (P[unprotected €], f,a, P,) does not conflict with 0.0’

(0,unprotect)
_

We know that {(T' |t | P ®r {S;A; L} ® o),
(04, E,0.((0, Plunprotected €]), f,a, P,).0’,1)} € Rel™! where t.id = 0, t.init = f and mi
t.exp = P[unprotected e].

Then after the transitions we have that {(T" |t | P(0) @r {S\0; A\ A(0); L — A(0)} @ o),
(o4, E.(0, P[unprotected €]).P,, 0.0',] — a)} € Rel ™.

This couple belongs to the relation Rel~! because we have that o4 = ¢ because none of
the rules applied to the two systems changed the memory. | = L because the rules applied
to the two systems changed the logs in the same way, A(6) correspond to the elements in

a.

We also have that all the expressions in E have a correspond thread in 7' (none of the
rules applied to the two systems changed either E or T') and the thread ¢ correspond to
Plunprotected e] (because 6 € S, t.id = 6 and t.exp = Plunprotected ¢]). P(#) activate the
threads that correspond to P,. A — A(f) correspond to the elements in 0.0’ because the

two rules delete the elements that correspond to a.

e if in our system we have:

T |t Pog{S; AL} oro 22 7| PO) or {S\ 64\ AB); L — AB)} ©r 0

in Abadi.system we have this transition:

TRANS DONE
(o4, E,0.((0,unit), f,a, P,).0’,1) (04, E.P,,;0.0'/] —a)
if (unit, f, a, P) does not conflict with 0.0’

(6,done)
_—

We know that {(T'|t| P ®@r {S; A4; L} ®r o),

(o4, F,0.((0,unit), f,a, P,).0",1)} € Rel™' where t.id = 6, t.init = f and mi t.exp =
Plunit].

Then after the transitions we have that {(T'| P(0) @z {S\ 0; A\ A(0); L — A(0)} ®r o),
(04,E.P,,0.0',1 —a)} € Rel™*.

This couple belongs to the relation Rel~! because we have that o4 = o because none of
the rules applied to the two systems changed the memory. | = L because the rules applied
to the two systems changed the logs in the same way, A(f) correspond to the elements in

a.

We also have that all the expressions in E have a correspond thread in T' (none of the
rules applied to the two systems changed either E or T'). P(f) activate the threads that
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correspond to P,. A — A(f) correspond to the elements in O.0" because the two rules

delete the elements that correspond to a.

e if in our system we have:

((8,unp(V)),,(6,unp(V')

T|t|Por{S; AL} @r o Vs | teap < EV]] | Por {S; A; L} 9r 0

in Abadi.system we have this transition:

TRANS CLOSE

(o4, E.(0,Eunprotected V1).E', O, 1) [(Gunp (V) (

oa, E.(0,E[V]).E, 0,1)

We know that {(T' |t | P ®g {S;A4; L} @ o),
(04, E.(0,Eunprotected V]).E',0,1)} € Rel™! where t.id = 6, t.init = f and mi t.exp =
Eunprotected V.

Then after the transitions we have that {(T | tfexp <= E[V]] | P ®%r {S; A; L} ®r o),
(o4, E.(0,E]V]).E',O,1)} € Rel™L.
This couple belongs to the relation Rel~! because we have that 04 = o and | = L because

none of the rules applied to the two systems changed the memory and the logs.

We also have that all the expressions in E have a correspond thread in 7' (none of the rules
applied to the two systems changed either E and E’ or T') and the thread ¢ correspond to
E[V] (because § ¢ S, t.id = 0 and t.exp = £[V]). A and P do not change in fact the rule
does not modify O.
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Monolithic and Compositional LTSs

C.1 Bi-similarity between Monolithic and Compositional LTSs

In order to show the bi-simulation between the monolithic LTS (7 | M | S) and the
compositional LTS (7 ®r M ®r S) we recall the notions of simulation (Definition and
bi-simulation (Definition that we use.

Definition 30 (F-Simulation). Given two LTSs L1 = (S1,A1,—1) and Ly = (S2,A2,—2), a
function f: Ay — Ay and a relation R C S1 x S is a f-simulation (indicated with Ly —f<R Ls)
if and only if for every pair of states (p,q) € R and all labels A € A:

A
e ifp 2 o', then there is q ) q such that (p',q') € R.

Definition 31 (F-Bisimulation). Given two LTSs Ly = (S1,A1,—1) and Ly = (S2, A2, —2), a
function f: A1 — Ay and a relation R C S7 X So is a f-bisimulation (indicated with L, LR Ls)
if Ly -QR Lo and L2f<R71 Ly

We recall also the function that we use for the relation between the label (Definition [44]).

Definition 44. The function ¢(-) is defined over labels:

p(((0,2),0,9)) = (0,a),
p(((0, ref(r,v)), (0, ref(r,v)), ¢)) = (0, ref(r, v)),
@(((0,rd(r,v)), (0,rd(r,v)), $)) = (6, rd(r, v)),
p(((0, wr(r,v)), (0, wr(r,v)), ¢)) = (0, wr(r,v)),
p(((0,acq(l)), ¢, (8,acq(l)))) = (6,acq(l)),
o(((8,rel(l)), o, (0,rel(l)))) = (8,rel(l))

)
)
where o = sp(6'), pure.

We also give the definition of ¢ ~1(-), the function that we use in the second part of the bi

simulation.

225



226 Appendix C. Monolithic and Compositional LTSs

Definition 45. The function ¢~ 1(-) is defined over labels:

(0, @) = ((0,0), ¢, 9),
(0, ref(r,v))) = ((0, ref(r,v)), (0, ref (r,v)), ),
e~ (0,rd(r,v))) = (6. rd(r, v)), (0, rd(r, v)), §),
(O, wr(r,v))) = ((0,wr(r,v)), (0, wr(r, v)), §),
e (0, aca(1)) = ((0,2cq(l)), ¢, (6, acq(1))),
e H((0,rel(1))) = (0, rel(1)), ¢, (0, rel(1)))

Let us now recall the Theorem [20] and show its complete proof.

Theorem 20 (Bi-Simulation). (T ®@r M @z S)~ (T | M1 | 81).

Proof. Firstly, we need to define the relation between the states of the compositional LTS and
of the monolithic LTS, we define the relation as a set of couple RL = {{(T @ M @r S), (T1 |
M | §1)) such that T =T, M = M1, S = §1}. Now we show by case that for each transitions
done by the compositional LTS (with the transformed label) then the monolithic LTS can do

the same transitions. Now we proceed by cases for on the labels:

e We consider the case where p(((8,ref(r,v)), (0, ref(r,v)),®)) = (6,ref(r,v)), then in the

compositional LTS we have that:

(0,ref(r,v))

/
e———¢€

<9’ €> (0,ref(rv)) <97 €/> (7“ . o) (0,ref(r,v)) (7“ o Q})
(0, ¢) |7’M><9,e’>|7’ (r s o) | M LTy | M

S48 (((0.ref(r,v)), (0.ref(r,v)),6)) € R
<9’ e) ‘ T®R ('I" — O) | M ®RS ((G’rEf(rvv))7(97r6f(r7”))7¢)\ <07e/> | T®R ('f' — U) | M ®R S

SYNC

in the monolithic LTS we have the following configuration (6,e) | 7 | (r — o) | M | S
obtained by RL, and we consider the label (6,ref(r,v)). Then, we obtain:

(0,ref(r,v)) ,
e——e

ALLOC

<0’ €> | (T‘ . O) (0,ref(r,v))

(6,ref(r,v))

0,€) | (r—w)
O,Y|T|(r—=v) | M|S

PAr
(O,e) [ T|(r=>o) | M[|S

we can easily see that the final states are still related.

e We consider the case where ¢((0,rd(r,v)),(0,rd(r,v)),¢) = (0,rd(r,v)), then in the
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SYNC

compositional LTS we have that:

, o)),
0, ¢) 2190 g oy (r o v) LT
<9,e>\TM><,e’>y (r s v) | M 29Dy M
shs ((0,rd(r,v)), (6,rd(r,v)),¢)) € R

O,e) | TR (r—=v) | Mer S

e We consider the case where o((6,wr(r,v)), (6,wr(r,v)),¢) =

((0,rd(r,0)),(6,rd(r,v)),¢) (

0, | T or (r—v) | Mg S

in the monolithic LTS we have the following configuration (6,e) | T | (r — v) | M | S

obtained by RL, and we consider the label (6, rd(r,v)). Then, we obtain:

(0,rd(r,v))
e ———e

(6,rd(r,v))

/

READ

<976>’(7°|—)1))
0,6 | T1 (s 0) | M| 5 220D,

ar 0,¢) | (r— )

0,N | T|(r—v)| M|S

we can easily see that the final states are still related.

compositional LTS we have that:

@Owr(rw))
e———¢e€
<0 e> (6,wr(rw)) <9’ €/> (7“ N Uold) (6,wr(r)) (7" . ’U)

(6,wr(rw))

(6,wr(rw))

(0e) | T O.) 1T (re— voa) | M (r—=v) | M

sS4 s (0, wr(r,v)), (0,wr(r,v)),d)) € R

SYNC

(0,e) | T @R (1= voa) | M@R S

((0,wr(r,)),(0,wr(r,v)),¢) (

0,) | T or (r—v) | Mg S

(0, wr(r,v)), then in the

in the monolithic LTS we have the following configuration (6,e) | T | (r — voq) | M | S

obtained by RL, and we consider the label (6,wr(r,v)). Then, we obtain:

(0,wr(r,v))
e ——¢€

(6,wr(rw))

/

WRITE

0,e) | (r— voq) 0, | (r— )

PAR

0,6) | T | (s vga) | M| S LD g N VT | (55 0) | M| S

we can easily see that the final states are still related.

e We consider the case where ¢((0,acq(l)),,(0,acq(l))) = (0,acq(l)), then in the
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compositional LTS we have that:

(0acq(l)
e — €

(0, ¢) 229D, g oy (1 o) 22290, gy

(0, >r’r““* 0,V T (=088 1spy|s
MBS M (((0,acq(l)), ¢, (6, acq(])))) € R

0,6) | T 0r Mag (s o) | § W20 g on | T o Mar (1es 0) | S

SYNC

in the monolithic LTS we have the following configuration (f,e) | T | M | (I — o) | S
obtained by RL, and we consider the label (6,acq(l)). Then, we obtain:

(B.acq(@)
e—e

0,e) | (1 — o) L229O) g oy | (10 0)

ACQUIRE

Par

O,e) | T | M| (10) | S E9D g e | TIM|(10)|S

we can easily see that the final states are still related.

e We consider the case where ¢((0,rel(1)), ¢, (6,rel(l))) = (0, rel()), then in the compositional
LTS we have that:

(O,rel(1))

e —m €
0,¢) 2D g o (1 0) LDy
(0,rel())

0,) | 7LD g o 17 1m0 829 1 o)) s
M —> M (((0,rel(l)), ¢, (0,rel(l)))) € R

0,¢) | T 9or Mag (s 0) | § LrED2OEO), g n | T on Mo (1 0)| S

SYNC

in the monolithic LTS we have the following configuration (f,e) | T | M | (I — 0) | S
obtained by RL, and we consider the label (6,rel(l)). Then, we obtain:

(O,rel(l))
e———¢€

0,6) ] (1 0) LD g oy | (1 o)

RELEASE

Par

O, rel ’
O,6) | TIM| 1 0) 824D g N T I M| (10)|S

we can easily see that the final states are still related.

e We consider the case where ¢((0,7), ¢, ¢) = (6, 7), then in the compositional LTS we have
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that:
e i> 6/
(0.) 22 (6, o !
(9»7') / M - M S - S (((97 7_)7 ¢7 ¢)> € R
Sync (0,e) | T —2(0,e)| T

0,7),¢,
0,¢) | Tor Mor s D2 (g o | Tor Mag S
in the monolithic LTS we have the following configuration (6,¢€) | T | M | S obtained by
RL, and we consider the label (0, 7). Then, we obtain:

(& i> 6/
0,¢) 7 10, ¢')

O, | TIM|SED (9.ey | T M|S

THREAD STEP

Par

we can easily see that the final states are still related.

e We consider the case where ¢((0,sp(0')), ¢, ¢) = (0,sp(6’)), then in the compositional LTS

we have that:

1"

Sp ¢ non
e——¢e

(0, ¢) L2 1. ey | (@)

0,¢) | T L g oy | g ey | T
MEM  §5HS  (((0.5p(8)),6,6) €R

SYNC -
0,e) | Tor Mar S EPEED g on | (g Y | T op Mar S

in the monolithic LTS we have the following configuration (f,e) | 7 | M | S obtained by
RL, and we consider the label (6,sp(#)). Then, we obtain:

spe’
e——e;e

0, ¢) LD g oy | (g, e

0. | T M| S LD g ey 40"y | T | M| S

THREAD SPAWN

PAr

we can easily see that the final states are still related.

Now we consider the case starting from the monolithic LTS and we consider then RL™! and

©~1. We proceed by the case for each possible labels:

e We consider the case where ¢~ 1() = ((6, ref(r,v)), (0, ref(r,v)), ), then in monolithic LTS
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we have that:

(0,ref(r,v)) ,
e——e€

ALLOC

<07 €> | (7" . o) (6,ref(r,v))

(6,ref(r,v))

0,€¢) | (r—w)

PAr

(#e) [T[(r=o)[M]|S 0.eY T (r=v) | M[S

in the compositional LTS we have the following configuration (0, e) | T®g (r — o) | MRrS
obtained by RL™!, and we consider the label ((6,ref(r,v)), (6, ref(r,v)),#). Then, we

obtain:
(O,ref(rv))
e— e
<9’ 6> (0,ref(r,v)) <9, e/> (T’ N o) (0,ref(r,v)) (?” . v)
(0,ref(r,v)) ' (6,ref(r,v))
W@IT————Maw\T (ro) | M =2 (rs v) | M

SLS (0, ref(r,v)), (0, ref(r,0)),6)) € R
<9, e) ‘ T®R (7’ N o) | M ®RS ((@,ref(r,v0)),(0,ref(r,v)),0) <0,€/> ‘ T®R (7" o U) ’M ®RS

SYNC

we can easily see that the final states are still related.

e We consider the case where ¢ 1(6,rd(r,v)) = ((6,rd(r,v)),(0,rd(r,v)),#), then in
monolithic LTS we have that:

(6,rd(r,v))
e———e

(6,rd(r,v))

/

READ

0,€) | (r—wv)
(0.¢) | T | (r=v) | M| s L2,

0,€) | (r—w)
0,Y | T|(r—v)| M|S

Par

in the compositional LTS we have the following configuration (6,e) | T @g (r — v) |
M @r S obtained by RL™!, and we consider the label ((6, rd(r,v)), (6, rd(r,v)), $). Then,

we obtain:
, (ordr)
0, ¢) 219D g oy (r s o) ST
w&HTﬁﬂﬂa<£H (r s o) | M LDy M
SLS  (((0,rd(r,v)), (0,rd(r,0)),9) € R

SYNC

((0,rd(r,0)),(6,rd(r,v)),¢) (

BO,e) | TOr (r=v) | Mg S 0, | T or (r—v) | Mg S

we can easily see that the final states are still related.

e We consider the case where ¢~ 1(6,wr(r,v)) = ((0,wr(r,v)), (0, wr(r,v)),¢), then in
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monolithic LTS we have that:

(8,wr(r,v))
e——¢€

(6,wr(rw))

/

WRITE
(0, ¢) | (r— vola) (0,€') | (r—0)

0.0 | T| (r = vaa) | M| § L0,

PAR

0, | TI(r—=v)|M|S

in the compositional LTS we have the following configuration (6,e) | T ®r (1 — vo1q) |
M@z S obtained by RL™!, and we consider the label ((6, wr(r,v)), (6, wr(r,v)), ). Then,

we obtain:
. (0,wr(rv)) o
(9, ¢) LD g oy (= vgrg) 20D, ()
@,¢) | T LT g o 1T (s vgga) | MDDy | M

S4HS (0, wr(r,v), (6, wr(r,v)),6)) € R
0,¢) | T 9r (r s voa) | M g & DO )0 g iy | T on (1 0) | Mor S

SYNC

we can easily see that the final states are still related.

e We consider the case where o ~1(6,acq(l)) = ((#,acq(l)), ¢, (#,acq(l))), then in monolithic
LTS we have that:

(0,aca(l))
e———e

ACQUIRE (6200
(O,e) | (I = o) ~50 (0,¢') | (1 6)

0. | TIM| (1 0) | S99 g N | TIM| (1 0)]S

PAr

in the compositional LTS we have the following configuration (6, e) | Tr MRz (I — o) | S
obtained by RL™!, and we consider the label ((6,acq(l)), #, (6,acq(l))). Then, we obtain:

(0,acq(l))

e——¢e
<07 €> (evva(l)) <07 e/> (l '_> O) (evva(l)) (l '_> 0)

0,e) | T 229D g 1T (1 0)| 82290 1) s

M5 M (((0,3c9(1), 6, (0, 2ca(1)))) € R
<0,€> ’ T®RM ®R (l — O) | S ((eﬂva(l))v¢v(gvva(l))) <9’e/> ‘ T®RM ®’R, (l — 9) | 8

SYNC

we can easily see that the final states are still related.

e We consider the case where ¢ ~1(0,rel(l)) = ((6,rel(l)), #, (6, rel(l))), then in monolithic
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LTS we have that:
(O,rel(1))
e—> e

RELEASE
(0rel(1))
) —

O,e) | (I—6 0,¢y | (I~ o)

PAR
0,e) | TIM| (1 0) ]S L2 g ey | TIM|(10) ]S

in the compositional LTS we have the following configuration (6, ) | T r Mgl — 6) | S
obtained by RL™!, and we consider the label ((6,rel(1)), ¢, (0, rel(1))). Then, we obtain:

(O,rel(1))

e ——— €
0,¢) 2D g oy (1 0) LD o

0.0 | T2 g ey g s Y 1oy s

M S M (((0,rel(l)), ¢, (6,rel(l)))) € R

SYNC
0,6) | Tor Mag (s 0) | § LGSR g o) T on Meg (1 0) | S

we can easily see that the final states are still related.

e We consider the case where o= 1(6,7) = ((0,7), ¢, ¢), then in monolithic LTS we have that:

e i> 6/
0,e) L7 10, ¢y

0,) | TIM|SED (0.e) | TIM|S

THREAD STEP

PAr

in the compositional LTS we have the following configuration (6, e) | T®r M@z S obtained
by RL™!, and we consider the label ((8,7), ¢, ). Then, we obtain:

T 7
e — e

0,¢) 275 19, ')

T T gy MOM §55 (@nes)eR
, € — , €

O.e) | TORM @R S

SYNC

O g o) | T 9r Mog S

we can easily see that the final states are still related.

e We consider the case where p=1(8,sp(8)) = ((8,sp(#")), &, $), then in monolithic LTS we
have that:

spe’
e——ee

(6,¢) L2 1 ey | (0"

0.) | T M|SE2D g ey 0"y | T MI|S

THREAD SPAWN

PArR

in the compositional LTS we have the following configuration (6, e) | T®@r M@z S obtained
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by RL™!, and we consider the label ((6,sp(6)), ¢, ¢). Then, we obtain:

"

Sp ¢ ron
e——¢e

(6, ¢) L2 1. ey | (@)

0. | T E2O 9 ey |0,y | T
MEM L5 ((6,000)),6,0) €R
0.6) | T or Mg S UL g o | (g | T o Mog S

SYNC

we can easily see that the final states are still related.

C.2 Reversible Monolithic LTS

Here we show the rules of the reversible monolithic LTS obtained with the approach described
in [33, 44]. In Fig. we show the forward rules, while Fig. depicts the backward rules.

ArLoc
(6,ref(r,v))
[N

ki, kb fresh
(0,ref(r,v)) ’

k1:(0,¢€) | ka: (r+— o) kL 0,e) | ky: (rsv) | [k1:(0,e) | ko (r—0); ki : o1 | ks : ]

READ
(0,rd(r,v)) / / /
ce—S> ¢ k1,ky fresh

Ky (0,€) |k (r s v) 0D 0 Y TR (s ) | [ (8,€) | ko s (r s 0); ) s o1 | K - o)

WRITE
(0 wr(rv))
e—e

ki, ky fresh
(0,wr(r,v))

k1:(0,¢e) | k2 : (1 — voiq) ki:(0,e) | ky: (resv) | [k1:(0,€) | k2 (1> vora); k1 : o1 | k5 - @3]

ACQUIRE

0,acq(l
e‘ﬂe' ki, k5 fresh

key s {0,€) | ks (s o) 229D bt g ey ks (L 0) | [k z (B,€) | koz (I o) K, - o1 | Kb - @]

RELEASE
(O,rel(1)) ’ ’
e———e ki,ky fresh

ky:(0,€) | Kot (1 ) L kg ) [ Ky (L o) | [k (0, €) | kot (I 0); K} < o1 | K : @]

THREAD STEP

(6,0) ’
e——e k1 fresh

K (0,e) ZO K (0,€) | [k : (0, €) K, - o]

« = pure

THREAD SPAWN
Bspe”) ,

ee 0" fresh ki, kb fresh
ks (0,€) SO hr g ey | K (0, €Y | Tk s (0,€); k) e | Kb : o)

Figure C.1: Forward reversible rules of the monolithic LTS
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ALLocC

i i ’ 0, ref (r,v

Ky (0, | Ky : (res ) | [ : (0, €) | Ko (r s o)k :or | K : @] SN k12 (8, ) | Ky - (1 v o)
READ

K, (0, | Ky: (rs o) | [k : (Gre) [ ko: (r s v)i Ky c o | K : o] SXN k(0. e) | ko (r s 0)

WRITE
!

, , 0,wr(r,v

L0, | Ky s (o ) | [k c (Bse) | Ko (s vora); Ky c o | K - o]~ (9, e) | ko (1 s vora)
ACQUIRE

Ky (0, | Ky : (s 0) | [ky:(B,e) | ko s (I o) Ky :or | K : @] LS80 (0, €) [ ko (I s o)
RELEASE

Ky (0,€) | Ky: (Lo o) | [kr: (B,e) | ha: (Lo )ik, : o | Ky : o] <% k1 (G,e) [ ko : (1 6)

THREAD STEP
K0, | [k : (0, €): k) : 1] “22h &y ¢ (9, e) @ = pure

THREAD SPAWN
KL (0,6 | Ky (0, €") | [ky: (0,¢); k) : o1 | Kb : 0a] SBU (0, )

Figure C.2: Backward reversible rules of the monolithic LTS
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ALLOC

0,ref(r,v))
e&) ! ki, k5 fresh

[k1:(60,e)[ka:(rso);k] 01 |kh:ea]

k1:(0,e) | ky: (re>v) | [kr:(0,e) | ka:(rs0);ky: e |ky: o)

ki:(0,e) | ka: (r+— o)

READ
(0,rd(r,0)) ’ f
e—— e ki,ky fresh

[k1:<6,e)\k2:(r»—w);k/l:ol|k:/2:02] /

Ey:(0,€) | ky: (rsv)|[kr:(0,e) | ka: (r>v);ky:er|ky: e

ki:(0,e) | k2 : (r—v)

WRITE
(0,wr(r,v)) ’ ’ /
e——>e ki,ky fresh

[k1:(0,e)|k2:(rsvopq)ik] o1 |k e2]

ki:(0,e) | k2 : (r — voia) kL (0,e) | ky: (rv) | [k1:(0,e) | ko (r— vora); k7 : @1 | Kb : @a]
ACQUIRE

0,acq(l
e <(Lq(>>> e ki, kb fresh

[k1:(0,e) [k2:(l—0);k] 101 |kh:e2]

ki:(0,e) | ka2 : (I — o) kL (0,e") | Ky (I 0) | [k1:(0,e) | ka: (I 0);k:er|kp: e

RELEASE

6,rel(l
e ‘ﬂ e ki, kb fresh

[k1:(0,€) [k2:(1—6);k] ;01| k) 02]

ki:(0,e) | ka: (Il —0) ky:(0,¢) | ky: (I o) |[k1:{(0,e) | ka: (I 0);ky: o1 | ks : e

THREAD STEP

(6,0) ’
e—e k1 fresh

[k1:(8,);k] e1]
ALy

o = pure
ki:(0,e) Kz (0,€') | [k (0,e); ki - o]

THREAD SPAWN

(GRS
e——— €€’ 0" fresh ki, k5 fresh

[k1:(0,e);k]:01|k5:02]

Ky <9,€> ki : <056/> | k/2 : <9l7e”> | [kl : <07e>§kl1 P e ‘ ké : .2}

Figure C.3: Forward reversible rules of the monolithic LTS with memories
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ALLOC

k1:(0,e) | ks :

READ

E1:(0,e) | ks :

WRITE

k1:(0,e) | ks :

ACQUIRE

k1:(0,e) | ks :

RELEASE

ki:(0,¢) | Ky

[k1:(0,€) |ka:(r—>0);k] 01 |k):ea]
INPNEHATC ISV TNEI I SO0-+-

(re=sv) | [k1:{0,e) | ka:(r+o);ki:er|kh: e ki:(0,¢€) | k2 : (r+— o)

[k1:(9,e)|k2:(r>—>v);k/1:ol ‘kéﬁ.Q]
AN NANNANF AN ANNNNE AN S

(r=v) | [k1:(0,e) | ka: (r—w)iki: e | k) el ki:(0,€) | ka: (r—0)

[kl:(0,e>|k2:(7'>—>v01d);k/1101 \kIZ:oz]
AN NN NSLR PPN NN ZANS S

(r—=v) | [k1:{0,e) | ka: (r > vora); k1 : @1 | k5 : e3] ki:(0,e) | k2 : (r — vo1a)

[k1:(0,e)|ka:(l—>0);k] 101 kb :ea)
A A AAAAAAAAAAAANAANANANANNNNANATS

(I 0)|[k1:(0,€) | ka: (I o)k o1 |ks: @) ky:(0,e) | ka:(l—o0)

[k’y(G,erg:(l»—)@);ki:ol |k’é:.2]
A ANANANANANANANANRNNAANANAR NS

(I 0) | [k1:{0,e) | ka: (1> 0);k] : o1 | Kb : @) ki:(0,e) | ka:(l—0)

THREAD STEP

K (0,¢) | [k : (0,e); K, ¢ o] —x8aied)

ki : (0,e) @ = pure

THREAD SPAWN
Ky (0,€) [ Ky (0" | [z (0,e): k) o1 | K - o]

[k1:(0,e);k] 01 kb 00]
R ANANANALANNAANNANIANNES

k1:(0,¢e)

Figure C.4: Backward reversible rules of the monolithic LTS with memories
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