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Chapter 1

Introduction

In the fast-paced, connected world of the 21st century, our financial systems, industrial
processes, communication- and transportation networks, wholesale and retail, are all es-
sentially unfolding on an online- or even real-time scale. Advanced IT infrastructures, like
cloud-computing and web sockets, allow the share of current stock prices with traders and
small investors at seconds- or even milliseconds intervals (Google Cloud Services, 2023).
Satellite imagery feeds traffic control centers and drivers with immediate warnings on road
conditions and traffic. In smart manufacturing plants, sensors and machinery capture and
share detailed information on the production’s progress with the control center in real-
time, through the Internet of Things (Cafias et al., [2021; Phuyal et al., [2020)). Services
and goods are ordered comfortably and spontaneously through mobile applications and
e-commerce platforms with just a few clicks. As quickly as these messages are sent, the
recipients are expected to process the information — and react accordingly.

From an optimization perspective, the decision problems that arise in these environ-
ments, are classified as dynamic - or online optimization problems. More formally, those
are sequential decision problems, for which the implementation of decisions may start,
before all the relevant input data of the problem is available. Some- or all of the input
data arrives dynamically as the solution evolves, and the decisions may be altered ac-
cordingly. An online algorithm defines a sequence of decisions for these problems, that
prescribe a tentative solution given the available input at each point when new informa-
tion is received, without the explicit knowledge of future input. In some contexts, we
also use the alternative notion of online policy, in the sense of a strategy for reacting to
dynamic information, based on the current status of the problem.

Online algorithms have first been studied in the field of computer science, for instance,
to describe resource management tasks in operating systems, or, the maintenance of data
structures to serve dynamic access requests to its elements at low cost, introduced by
Sleator and Tarjan (1985)) as the paging problem and the list accessing problem, respec-
tively (see also Albers, 2003; Borodin & El-Yaniv, 1998, for a comprehensive overview in
this field). In the following years, the Operations Research community joined the research
stream, leading to the introduction of several online variants to the most fundamental
optimization problems, such as the Online Traveling Salesman - and Repairman Prob-
lem, distinct Online Job Scheduling Problems, Online Bin Packing, Online Matching, and
some of their most natural extensions (see, e.g. Ausiello et al., [2001; Feuerstein & Stougie,
2001; Galambos & Woeginger, 1993} Karp et al., 1990} Lee & Lee, 1985} G. Zhang et al.,
2001). These classical problems have the advantage that, despite their static variant
possibly being computationally challenging, they have a quite simple structure, that can
be described mathematically with just a few types of constraints. As a result, although
with considerable mathematical effort, it has been possible to study them analytically,
providing simple-to-implement - and sometimes even polynomial-time - online algorithms
with performance guarantees. In some cases, even best-possible online policies have been



2 Chapter 1. Introduction

identified under specific criteria. However, the difficulty of the analytical study increases
with the addition of every practical problem feature.

Decision problems in realistic real-time environments, as described at the beginning
of this chapter, often involve a substantial amount of constraints and assumptions. For
instance, solution algorithms may have to synchronize the tasks of several - often hetero-
geneous servers, vehicles, or machines; adhere to capacity-, resource-, and time window
constraints; or, deal with complex objective functions. Furthermore, in our digitized world,
the pervasive collection of data inherently provides these algorithms with an additional
input — an enormous amount of historical data. It is expected that these algorithms will
leverage this wealth of information to their advantage. Therefore, the current stream of
literature on dynamic optimization problems has largely shifted its focus to the develop-
ment of fast online algorithms for these complex problem structures, which can propose
adjusted feasible solutions at the reception of each new input rapidly enough to fulfill the
real-time criterion (cf., e.g. Annear et al., [2023; Didden et al., 2024; Schilde et al., 2014;
Ulmer et al., 2021)). Additionally, new ways to use stochastic assumptions and avail-
able data within these approaches are presented. However, due to the lack of analytical
performance guarantees and the unavailability of optimal algorithms, most studies resort
to comparative computational simulations to assess the performance of their methods
against simpler benchmark online policies to validate their effectiveness, typically using
case- and problem-specific datasets. This approach leaves us with uncertainty about the
generalizability of these findings and the potential for further improvement in the proposed
algorithms.

This dissertation focuses on two realistic and contemporary online optimization prob-
lems, namely the Online Order Batching, Sequencing, and Picker Routing Problem (OOB-
SRP), which is of high practical relevance in e-commerce warehouses, and the Traveling
Salesman Problem with a Truck and a Drone under Incomplete Information (TSP-DI),
which describes a crucial operation in modern disaster relief. Our studies distinguish them-
selves from the prevailing literature, as we will recommend well-performing online policies
based on both classical- and innovative analytical performance measures and mechanisms.
Our suggestions will be supported by extensive computational studies. Real-time plan-
ning often goes hand-in-hand with automation and robotics. Therefore, robots will be
considered an aspect of both studied online problems in this dissertation. For instance,
in TSP-DI, our analysis will point out the benefits of embedding drone technology in a
previously underestimated role as a surveillance tool for knowledge acquisition. The new
type of recommended policies leveraging the power of robots are often associated with
some practical challenges, for example, stemming from their limited battery capacity.
This particular challenge is addressed in a dedicated chapter with an algorithmic focus,
which is also of independent significance.

The rest of this chapter is organized as follows: Section provides the reader with a
short literature overview and some necessary background for embedding the problems and
methods at the heart of this dissertation into the current landscape of online optimization.
Section proceeds with the list of papers that contribute the substance of this thesis,
elaborating on the author’s contribution to these papers and summarizing the main results.

1.1 A glimpse on online optimization

We first categorize online optimization problems in the context of the applications they
occur and informally introduce the OOBSRP and the TSP-DI within these classifications
(see Section [1.1.1)). Then, Section briefly summarizes some of the main algorithmic
approaches found in dynamic optimization, and Section [1.1.3|elaborates on different ways
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of evaluating the performance of these approaches. Finally, Section discusses the
usage of robots in online problems.

1.1.1 Problem classification and applications

Application fields of dynamic optimization are extremely diverse, and dynamic informa-
tion may affect planning decisions of different nature, such as routing-, -scheduling-,
resource allocation- or packing decisions. Besides that, problems may differ concerning
their sources of dynamism and uncertainty (SoD) (cf. Ouelhadj & Petrovic, [2009; Pillac
et al., 2013; Psaraftis, 2016]). This dissertation centers around two online problems of
very distinct application areas and SoDs.

In the Online Order Batching, Sequencing, and Picker Routing Problem (OOBSRP)
studied in Chapters [2] and [3, customer orders must be retrieved by a picker from the
inventory of a warehouse, and be brought to the depot for packing. In the era of e-
commerce, the orders are placed through the retailer's website and thus arrive dynamically
over time. To increase efficiency and customer satisfaction, they should be accommodated
immediately upon their arrival in the current picking plan, which classifies the OOBSRP's
SoD as dynamic requests. The uncertainty relates to the orders’ arrival times and the
associated picking locations. As it is custom in practice, several orders may be picked
simultaneously in one load of the picker's cart, forming a so-called batch. Thus the
decisions regarding the grouping orders into batches, the scheduling of these batches, and
the picker routing through the warehouse for the orders’ retrieval, are altered dynamically
in OOBSRP. In this sense, the problem is a non-trivial blend of the Online Traveling
Salesman Problem (OTSP) (Ascheuer et al., 2000; Ausiello et al., [2001)), where the cities
to be visited are announced dynamically, and the Online Batching Problem (Tian et al.,
2012; G. Zhang et al., 2001), where jobs are grouped and scheduled dynamically on a
batch-processing machine.

Dynamic requests is a frequent SoD that occurs also in other real-life routing problems,
for example in taxi services, delivery- or pickup operations like courier or food ordering,
and medical transportation, where the requests reach the servers sequentially as they
are in the field (cf. e.g., D. Bertsimas et al., 2019; Ulmer et al., 2021). Similarly,
in machine scheduling problems, manufacturing jobs, including the information on their
product-specific production requirements, may reveal themselves on the fly (cf. e.g., Hall
et al., 1998 Weibo Ren & Guan, [2022). The same SoD appears in general variants
of online knapsack or revenue management problems, with applications for instance in
online booking, advertising, or cloud computing, where an online planner must decide on
the acceptance of dynamically incoming requests characterized by their consumption of a
limited resource and the associated reward (cf. e.g., Ball & Queyranne, 2009; Kleywegt
& Papastavrou, 1998).

The second online problem of this dissertation, the Traveling Salesman Problem with
a Truck and a Drone under Incomplete Information (TSP-DI) considered in Chapter [4} is
a routing problem of distinct SoD. Specifically, it refers to the delivery of relief supplies
to a given set of destinations in the aftermath of a disaster. The latter has caused
unknown road damages, which are completely impassable by the delivery truck, and
which are detected on the fly, as they are approached by one of the delivery vehicles.
Thus, the SoD that defines the online problem is dynamic network availability. The
deliveries are performed in tandem with a drone, which is launched- and retrieved by the
truck at dedicated (optional) Steiner locations. In that sense, the TSP-DI is a non-trivial
extension of the Steiner traveling salesman problem with online edge blockages proposed
by J. Zhang et al. (2015]).
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Dynamic network availability is closely related to the SoD of dynamic travel times,
which frequently occurs in traffic management- and vehicle routing problems. There,
the traversing times of arcs are uncertain, for instance, due to traffic congestion, or,
again, road damages, and are revealed only at their traversal (see, e.g., Mills et al.,
2018; Schilde et al., 2014; Vodopivec & Miller-Hooks, [2017)). Other widespread SoDs are
dynamic service times, -resource demand, - resource capacity or server availability (cf.
e.g., Didden et al., 2024; Gokalp et al., 2023; Goodson et al., 2016 J.-Q. Li et al., [2009).
As we will see in the following, the SoD has a profound impact on both the solution
and analysis of an online problem. Considering for example a dynamic traveling salesman
problem, introducing a different or additional SoD can drastically change the criteria for
what constitutes a good online algorithm: a policy that is near-optimal with one SoD
may become highly suboptimal when faced with another SoD.

Another important characterization that appears in the taxonomy of dynamic problems
is, whether they are dynamic deterministic or dynamic stochastic (cf. Pillac et al., 2013]).
In the first case, there is no probabilistic information on future input, because either
historical data is unavailable, or, it cannot be assumed that the input follows a specific
stochastic structure. Those are reasonable assumptions when a novel real-time operation
is studied in a new environment, or in the unpredictable effects of a natural disaster, see
Chapter[4] In the second case, planners have exploitable information either in the form of
probability distributions for dynamic events or through extensive historical data at their
disposal. In reality, this applies to OOBSRP in the case of an established e-commerce
provider. In Chapter [2] we analyze the performance of an online policy that does not
make use of the available data. Then, in Chapter 3] we qualify the potentials of using
available stochastic information within so-called anticipatory online policies, introduced
in the next Section [1.1.2]

1.1.2 Policy design and classical algorithmic approaches

In the following, we will briefly review some general algorithmic schemes commonly found
in the online optimization literature, with particular emphasis on the reoptimization pol-
icy, which will be revisited repeatedly throughout the subsequent chapters. We aim to
distinguish some of its variants, understand its limitations, and introduce some derivatives
and alternative schemes designed to overcome these limitations.

In the case of dynamic deterministic (DD) problems, the most straightforward policies
are myopic. This means that they are simply reactive to dynamic input, with no foresight
on possible future events. Especially in the cases where dynamic decisions are irrevocable,
not intricate, or explicitly apply to only one aspect of the solution, for instance when
deciding on the acceptance or the allocation of resources to a request immediately at its
arrival (see e.g., Jalota et al., 2023; Kalyanasundaram & Pruhs, |1993)), myopic decision
making is referred to as the Greedy policy. In other more thorough cases, we talk about the
reoptimization (Reopt) policy, which repeatedly resolves the (static) offline problem that
results from the current status of the problem, with the currently known information (cf.
Chapters [2| and . Even this simple concept involves important considerations, some
of which are when, what and how to reoptimize. The three questions are implicitely
addressed for Reopt in OOBSRP in Chapter [3]

In some problems, like the TSP-DI, Reopt may be inherently event-driven, as the
encounter of a blocked road necessitates the computation of an alternate route (see
Chapter {4)). In other areas, there is an ongoing discussion on when to reoptimize, whether
it should be periodically or event-driven (e.g., at the reception of each new information)
(see, e.g., Baykasoglu et al., 2020; Ninikas & Minis, 2014). In the context of OOBSRP,
some authors recommend applying state-of-the-art solution approaches for the offline
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problem in waves to orders that have accumulated over time (Loffler et al., 2022; Schiffer
et al., 2022), and others have studied analytically the best-possible time windows to
trigger periodical reoptimization in some simplified systems (Le-Duc & De Koster, [2007;
Van Nieuwenhuyse & De Koster, 2009). In Chapter , we will discuss the possible loss of
potential by periodical- compared to event-driven Reopt in OOBSRP.

The question of what to reoptimize may refer to narrowing the solution space for
Reopt. Depending on the system’s scale, local reoptimization at each dynamic event
may suffice. For instance, Didden et al. (2024)) highlight that full rescheduling in large-
scale manufacturing plants, with countless job-to-machine assignments, is inefficient.
Instead, they propose partial rescheduling focused on selected areas of the shop floor,
which performs well compared to complete rescheduling. A similar direction was taken
by D. Bertsimas et al. (2019)), who tackled a large-scale online taxi-routing problem
in New York City by limiting Reopt to a few likely optimal solutions by prohibiting,
for example, that a taxi drives empty to a far-away customer when demand is high,
making their Reopt more efficient and tractable. Another interpretation of what to
reoptimize may concern the subset of the decisions where the reoptimization takes effect.
For instance, in the area of dynamic vehicle routing problems (VRPs) Ichoua et al. (2000)
advocate for the benefits of allowing Reopt to divert a vehicle from its route between
two customer locations, which is restricted in most other studies. In job scheduling,
the discussion about the algorithmic benefits of preemption belongs into this category.
Turning to OOBSRP, very similarly, most studies on online batching and picker routing
do not allow modifications to the currently picked batch when a new order arrives. Only
Giannikas et al. (2017)) introduced this possibility under the name of interventionist-
(reoptimization) policies, which distinguish themselves from non-interventionist policies
who allow modifications only when the picker is at the depot. Interestingly, our research
in Chapter [2] demonstrates that, from an asymptotical perspective, the interventionist
Reopt has no advantage compared to the non-interventionist Reopt in OOBSRP. Later,
in Chapter [3] we show that from a more practical point of view, on a finite horizon, the
opposite is the case.

Finally, the question of how to reoptimize is strictly shaped by the complexity of the
associated offline problem, for which finding an optimal solution in real-time is often
not possible in practical problems. As a consequence, heuristic reoptimization is applied
in practice and academia, which reaches from simple policies like priority dispatching
rules in job scheduling (cf. Ouelhadj & Petrovic, 2009) or greedy insertion of requests
(Bent & Van Hentenryck, [2004)), to sophisticated metaheuristics, which are the most
widespread in dynamic optimization literature (see e.g., surveys of Ojeda Rios et al., 2021
Ouelhadj & Petrovic, 2009; J. Zhang & Woensel, [2023| for an overview). Metaheuristics
have the advantage that they enable continuous reoptimization (Gendreau et al., 1999).
Furthermore, they are practical as the previously planned solution prior to a dynamic
event might render straightforwardly a good initial solution for an improvement procedure
incorporating the new information. Such a metaheuristic improvement procedure is for
example developed in Chapter [5| of this thesis. In general, D. Bertsimas et al. (2019)
and J. Yang et al. (2004) have demonstrated in the case of dynamic routing, that the
efficiency of Reopt significantly relies on the quality of the embedded offline algorithm.
In Chapter 3| we observe the same for OOBSRP, when comparing simple S-shape routing
policies and First-Come-First-Serve batching policies to optimal batching and routing in
Reopt.

Myopic policies such as Reopt were frequently advised against due to consequential
mistakes or blamed of bringing instability and disruption to the dynamic system (Bent
& Van Hentenryck, 2004; Ouelhadj & Petrovic, [2009; Xu et al., [2009). In many on-
line environments, researchers have recommended policies which select solutions based
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on the similarity with other solutions instead. A typical approach to generate better
predictive-reactive schedules in production is to re-plan at each dynamic event consider-
ing simultaneously shop efficiency (e.g. in terms of the makespan) and deviation from
the original schedule (e.g., from original job starting times or the original production
sequence) for more stability (see Ouelhadj & Petrovic, 2009, for an overview). For the
dynamic deterministic VRP with time windows, Bent and Van Hentenryck (2004) in-
troduced the Multiple Plan Approach (MPA) which significantly improved the greedy
approach in terms of serviced customers by maintaining not only one plan but a set of
plans during the dynamic routing operation, and currently following the distinguished
plan with the highest value of the consenus function, which measures the similarity to
other plans in the set, also denoted as the least commitment strategy.

In online VRPs with dynamic requests, some worst-case outcomes could be avoided
with so-called Plan-at-Home (PAH) algorithms, by replanning routes only at the depot and
disregarding dynamic requests depending on the relative request location and the current
server position to the depot (Ausiello et al., 2001} Jaillet & Wagner, 2008b)). Furthermore,
rule-based policies, like threshold-algorithms have proven effective in online matching and
resource allocation problems (cf. Pavone et al., 2022). Some authors proposed rule-based
algorithms also in OOBSRP (J. Zhang et al., 2016, [2017). Other simple anticipative
mechanisms have proven effective in the area of online routing with dynamic customer
requests, such as waiting strategies or relocation of vehicles to strategic locations (D. J.
Bertsimas & van Ryzin, [1993; Branke et al., 2005 Mitrovi¢-Mini¢ & Laporte, 2004;
Moretti Branchini et al., |2009). Strategic Waiting is also a trending but controversial
topic in online order picking (Gil-Borras et al., 2024; Pardo et al., 2024), which will be
thoroughly discussed in Chapter [3| while strategic relocations have been implemented for
the first time in OOBSRP in the research of this chapter. All the above non-myopic,
anticipatory algorithmic strategies can be applied in the case of dynamic deterministic
problems without the availability of accurate probability distributions.

In dynamic stochastic problems, more sophisticated algorithms can leverage the avail-
able stochastic information. For instance, the Multiple Scenario Approach (MSA) intro-
duced by Bent and Van Hentenryck (2004) as an extension of the MPA is amongst the
most widespread algorithmic schemes in routing with dynamic customer requests. The
MSA samples the given probability distributions to create possible future requests that
are added to the known requests in scenarios, for which routing plans are created and
then projected to the real requests by removing the artificial customers from the plans.
Another approach is to model the problem as a Markov decision process, and, to overcome
the curse of dimensionality, solve it heuristically, e.g. with value function approximation
methods or deep reinforcement learning (DRL) (Bono et al., [2021; Ulmer et al., 2018).
We refer to Soeffker et al. (2022)) for a comprehensive introduction to these methods.
Similarly to MSA, D'Haen et al. (2023) proposed an anticipatory approach for online
warehousing, where they integrated dummy orders generated from forecasts in the pick-
ing schedule. Cals et al. (2021)) and Shelke et al. (2021) used DRL in online order picking.
In Chapters [2] and [3] we validate the need and potential of such advanced anticipation
mechanisms for OOBSRP.

1.1.3 Performance evaluation of online policies

Static (or offline) optimization problems, where the complete (possibly stochastic) prob-
lem information is available a priori, allow for a unique definition of an optimal solution.
In this field, a whole number of researchers have specialized in the development of exact
solution approaches dedicated to solving problem instances even for NP-hard problems
of ever-increasing size to optimality. In the design of heuristic approaches, it is regarded
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as good practice to validate the computed solutions through their gap to optimality on
small-sized instances. In the field of dynamic (or online) optimization problems, this
practice has not achieved broad adoption, owing to a lack of consensus and challenges
we will outline below. A key objective of this dissertation is to address these difficulties
for two practical problems at focus. Without loss of generality, we focus the following
discussions on a minimization objective.

In the implementation phase of an online policy, optimal decisions are not clearly
defined, since every new information changes the cost of the suggested solution (Karp,
1992). In dynamic stochastic (DS) problems, a classical definition of an optimal online
policy, adopted from the static stochastic case, is the one which minimizes the expected
objective value in every decision. However, this approach has two obvious disadvantages.
First, for most practical problems the computation is intractable due to the curse of
dimensionality (c.f. Powell, 2011). Second, the exact distribution is usually unknown,
and there exists no equivalent for dynamic deterministic (DD) problems.

In their seminal work, Sleator and Tarjan (1985) introduced the complete information
optimum (CIOPT) as a benchmark, representing the best-possible result provided by
an oblivious algorithm, with perfect information on the complete input, including the
dynamic elements. Thereby they set the foundation of the for classical online problems
widely adopted competitive analysis. CIOPT, which may also be interpreted as a lower
bound for the performance of any anticipatory online algorithm, will play a crucial role
in the remainder of this thesis. Tailored to the DD case, and similarly to the concepts of
approximation ratios in static optimization (cf. Williamson & Shmoys, 2011)), an online
algorithm ALG is denoted asymptotically a-competitive, if there exists a constant const,
such that for all finite input sequences I:

ALG(I) < a- CIOPT(I) + const (1.1)

The asymptotic competitive ratio is then defined as the infimum over all constants «, such
that ALG is asymptotically a-competitive. When the additive constant const is equal to
zero, we say that ALG is (strictly-) a-competitive. We refer to Chapters |2 and [4| for a
detailed discussion (see also Borodin & El-Yaniv, (1998, for a comprehensive introduction
to the topic).

The competitive ratios (CRs) of the same or similar policies may differ significantly
depending on the nature, and assumptions of the online problem at hand. No example
illustrates this as clearly as the myopic Greedy and Reopt policies. Consider, for instance,
the classical K-Server Problem (Manasse et al., [1988), for which a sequence of requests
arrive dynamically in a metric space and require one out of k available servers to move
to the request location. The Greedy algorithm, which always moves the closest server
to the request, has no bounded CR, while online policies exist with a /inear ratio in
k (cf., e.g., Koutsoupias & Papadimitriou, 1995, for a policy with a CR of (2k + 1)).
The Reopt policy similarly performs poorly in the worst case for the online shortest
path problem with dynamically revealed edge blockages, known as the Canadian Traveler
Problem (CTP). In this case, the CR grows exponentially with the number of blockages k,
specifically reaching 25*1, whereas others have proposed best-possible algorithms with a
CRof 2k +1 (Xu et al.,[2009). In other cases, Greedy and Reopt policies attain CRs close
to the lower bounds for the best possible ratios of deterministic online algorithms (i.e.,
those who do not use randomization). For instance, in online multiprocessor scheduling
with m identical machines, scheduling each dynamically arriving job on the machine that
currently has minimum load achieves a CR of 2 — % which is best-possible in the case of
m = 2 and m = 3 machines (Graham, 1969; Karp, [1992). This performance is very close
to the proven lower bounds, which exceed 1.8 for a large number of machines (Albers,
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1999; Rudin, 2001). Similarly, for the OTSP, Reopt is strictly 2.5-competitive, while
the best-possible PAH policy (see Section is only slightly better with a ratio of 2
(Ausiello et al., 2001). Note that OTSP and CTP showing such different performance
of Reopt are both single-server dynamic routing problems, differing merely in their SoD.
We will conduct competitive analysis for Reopt in Chapters[2] and [4] and our results will
reveal a similar significant disparity in performance between the problems OOBSRP and
TSP-DI.

By its very nature, competitive analysis serves as a metric for the worst-case perfor-
mance of an online algorithm. Specifically, by definition, it computes the policy’s regret
in the worst-case scenario. Since risk-averse optimization is appropriate and desirable in
a disaster situation (M. Yang et al., [2024; Zhong et al., 2020), it is reasonable focus our
attention on this metric for TSP-DI in Chapter [4]

In other situations, the classical competitive analysis can provide valuable performance
guarantees, but it was frequently criticized as too conservative and unrealistic. For in-
stance, Koutsoupias and Papadimitriou (2000) stated that: ' [...], in the face of the
devastating comparison against an all-powerful offline algorithm, a wide range of online
algorithms (good, bad, and mediocre) fare equally badly; the competitive ratio is thus
not very informative and fails to discriminate or to suggest good approaches.” To narrow
the power gap between the oblivious algorithm generating CIOPT and the online poli-
cies under investigation, some authors have suggested enhancing the online policy with
artificial advantages during the competitive analysis, e.g. through resource augmenta-
tion (Sleator & Tarjan, |1985), or advanced information (Allulli & Laura, 2005 Jaillet
& Wagner, 2008b)). Recently, Hwang et al. (2021) proposed a model that balances the
protection of online decision-making from worst-case outcomes with the realistic assump-
tion of stochastic regularities in the data, which online policies can exploit. They apply
competitive analysis to a mixed model for a two-fare online resource allocation problem,
assuming part of the input follows a stochastic pattern derived from past requests, while
the rest can appear in its least favorable outcome. Other authors relaxed the assump-
tion that nothing is known about the probability distribution of dynamic events (as in
the DD settings) - without resorting to the often equally unrealistic assumption that al/
is known about it (as in the DS setting). In that sense, Koutsoupias and Papadimitriou
(2000) assumed that the actual distribution of the inputs is a member of a known class of
possible distributions I'. The proposed diffuse competitive ratio then describes the worst
ratio between the expected performance of the online policy and the expected CIOPT
under a fixed but arbitrary distribution in I'. Similarly, Jaillet and Wagner (2008b, [2010])
imposed some very general stochastic assumptions on the problem data, by limiting for
instance the stochastic nature of the arrival time sequence of the requests in online VRP,
(by imposing either the order statistics property or a Poisson process model for the latter)
without specifying distributional parameters like the expected rate. As it is reasonable to
assume some stochastic patterns for the order placement in e-commerce, we adopt the
same analysis for OOBSRP, in Chapter [2]

Analytical guarantees, as mentioned above, are often difficult to compute for realistic
problems, as the complexity of the study increases with each additional problem feature.
Therefore, many authors to rely on simulations in their performance analysis. However,
they typically use other online policies as the sole benchmark, as discussed in Chapter [3|
In our studies of Chapters , we also conducted simulations to assess the average
performance of the investigated policies, thereby using, however, Complete-Information
Optimal policy Solutions (ClIOSs) as a benchmark to obtain a more reliable understanding
of the policies’ performance compared to optimal decision making on small instances, in
line with established practices in static optimization.
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1.1.4 Robotic applications in dynamic environments

In real-world applications, the successful implementation of online optimization is closely
tied to the integration of automation, technology, and robotics. One reason is that robots
are more responsive than humans and can easily adapt to frequent changes in policy so-
lutions consequential to dynamic events. For instance, in OOBSRP, the introduction of
autonomous mobile picking carts (cf. Azadeh et al., 2019} Loffler et al., 2022, [2023) may
ultimately pave the way for interventionist picking policies (cf. Section[1.1.2). In the sce-
nario described by Loffler et al. (2022), pickers follow a robotic cart, which can effortlessly
guide them through spontaneous changes in the picking route caused by interventions.
As such, we incorporate this technology in our study of Chapter [2|

In some online environments, robots may push the limits of what can be achieved
with dynamic policies in the non-robotized counterpart of the problem. One impressive
example is the mobility on demand system studied by Pavone et al. (2012)), which considers
autonomous vehicles. Traditional car or bike-sharing services face difficulties in handling
the dynamic demand balancing problem, which occur, sometimes in an unpredictable
manner, when some origins or destinations are more popular than others at particular
times of the day. Associated policies, including for instance, dynamic trip pricing and
operator-based relocation, sometimes inevitably let vehicles pile up at some stations,
allow depletion at others, or, perform an increased number of unnecessary expensive
rebalancing trips (cf. Eliyan & Kerbache, 2024, for an overview). With empty vehicles
driving autonomously between the stations, Pavone et al. (2012) were able to find dynamic
rebalancing policies that keep the system stable.

In delivery applications, authors have demonstrated the added efficiency and prof-
itability from combined truck and drone fleets in the case of static- (cf. Moshref-Javadi
& Winkenbach, [2021} Otto, Agatz, et al., [2018} Srinivas et al., 2022, for an overview),
and also dynamic- environments (Ulmer & Thomas, 2018). However, our study of Chap-
ter [ will show that drones can push the algorithmic limits for the TSP-DI, when using it
creatively and not just as a delivery assistant for the truck. Specifically, when leveraging
its speed and ability to acquire knowledge on the road status from the air in a specialized
surveillance role, worst-case scenarios (competitive ratios) can be significantly improved
compared to policies that do not make use of this technology.

However, the usage of robots comes at the cost of adding challenging aspects to the
planning problem, such as stochastic breakdowns or the need for replenishment schedules

(cf. Chapter [f).
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1.2 The contribution of this dissertation

1.2.1 List of papers and author’s contribution

The following chapters of the dissertation are based on four co-authored papers:

= Catherine Lorean”ﬂ Alena Ottoﬂ Michel Gendreau(2024). Picking Operations
in Warehouses with Dynamically Arriving Orders: How Good is Reoptimization?
Under review.
Contribution: Leading.

» Catherine LoreanHﬂ, Alena Ottoﬂ Michel Gendreau [ (2024). On picking opera-
tions in e-commerce warehouses: Insights from the complete-information counter-
part. Working paper.

Contribution: Leading.

» Alena OttoEl Bruce Golderﬂ Catherine Lorenz E]E] Yuchen Luo E] Erwin Pesch ﬂ
Luis Aurelio Rocha ] (2024). On delivery policies for a truck-and-drone tandem in
disaster relief. /ISE Transactions, 1-17, DOI: 10.1080,/24725854.2024.2410353

Contribution: Considerable.

= Catherine Lorean”ﬂ, Nicola Mimmo EI Alena Otto EI Daniele VigoH (2024). Very
large-scale neighborhood search for drone routing with energy replenishment. Under
review.
Contribution: Leading.

The published or submitted versions of the papers may differ slightly from those presented
in this dissertation. While the core content remains unchanged, minor adjustments in
contributions or writing may have occurred during the revision process. The submission
and publication statuses of the listed papers reflect their state as of the dissertation’s
publication date.

Each paper listed above indicates the contribution role of the dissertation’s author.
Two distinct roles were assumed, depending on the tasks undertaken, as defined by the
Contributor Roles Taxonomy (CRediT) (cf. National Information Standards Organization,
2022)), described as follows:

» Leading: Main responsible for the conceptualization, formal analysis, investigation,
methodology, software, validation, data curation, writing — original draft, writing —
review and editing.

» Considerable: Participation in formal analysis (mathematical proofs), investigation
(literature review and development of hybrid solution approach), validation, writing
— original draft, writing — review and editing.

Section [1.2.2] summarizes the research contributions of each of the four papers and
draws the relations between them.

2Chair of Management Science / Operations and Supply Chain Management, University of Passau,
Passau, Germany

bDepartment of Electrical, Electronic and Information Engineering and CIRI-ICT, University of
Bologna, Viale del Risorgimento, 2 - 40136, Bologna, Italy

“Department of Mathematics and Industrial Engineering and CIRRELT, Polytechnique Montréal, Mon-
tréal, Canada

dRobert H. Smith School of Business, University of Maryland, College Park, U.S.

¢Department of Mathematics, University of Maryland, College Park, U.S.

fChair of Management Information Science, University of Siegen, Siegen, Germany
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Figure 1.1: The optimization problems considered in this thesis
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1.2.2 Research contribution and outline

This thesis explores selected topics in online optimization within two distinct application
areas, as illustrated in Figure[1.I] Chapters[2/and[3] examine dynamic order-picking opera-
tions in e-commerce warehouses, while Chapter 4] focuses on collaborative truck-and-drone
delivery operations following a disaster, addressing incomplete information regarding road
conditions. Chapter [5| complements the previous one, as it focuses on a fundamental
subproblem related to the usage of drones in practical (online) applications: the integra-
tion of energy replenishments into the drone’s route, necessitated by its limited battery
capacity. We now provide a summary and outlook of the following chapters. Table
provides a compact overview of the main results and contributions.

Chapter[2: Picking Operations in Warehouses with Dynamically Arriving Orders: How
Good is Reoptimization?.
In warehousing logistics, a central component, which accounts for up to 60-70% of the
warehouse's operating cost (cf. Marchet et al., 2015) is the planning of the order picking
task. In fast-paced e-commerce, incoming orders must be integrated dynamically into
the picking process, as a high reactivity is an important key to customer satisfaction. In
this chapter, we formally introduce the Online Order Batching, Sequencing, and Picker
Routing Problem (OOBSRP) (see also Section in two variations: with manual
pushcarts and robotic picking carts. When we initiated this research, analytical results in
the context of online order picking were largely confined to examining system properties
and queuing behavior of first-come-first-serve picking (Le-Duc & De Koster, 2007; Van
Nieuwenhuyse & De Koster, 2009)) on one hand, and the competitive analysis of Henn
(2012) for a subproblem of OOBSRP, on the other hand. Although several authors
have developed sophisticated rule-based, anticipatory- or learning-based algorithms, or,
have embedded fast metaheuristics in reoptimization frameworks for OOBSRP and its
subproblems (cf. Pardo et al., 2024, for an overview), the performance validation of these
algorithms mainly relied on comparative computational studies against simpler benchmark
policies, leaving us in the dark about the potential for improving these online algorithms,
and their gap to an optimal policy.

This chapter makes a significant contribution by providing, for the first time, com-
prehensive performance guarantees for an online algorithm applied to the two studied
OOBSRP variants, through an examination of its gap to CIOPT (see Section [1.1.3)), in
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Table 1.1: Focus and highlights of the papers in this thesis

Paper (short title) Focus of Methodology Main contributions
paper
Efficacy of Analytical Competitive- , - Statement and proof of Reopt's almost sure
Reopt  for dy- Asymptotic- , asymptotic optimality under very general stochas-
namic order & Stochastic Analyses; tic assumptions for OOBSRP
picking Computational study - Lower- and upper bounds for Reopt’s asymptotic-
(Chapter and overall worst-case performance
- Validation of Reopt's near-optimal performance
in experimental study across broad range of ware-
house configurations
Picking in Managerial  Pattern analysis; - Dynamic programming formulations for OOB-
e-commerce Algorithmic recommen- SRP under perfect information to get CIOS
warehouses: in- dations; - Detection of decision patterns in CIOSs and ac-
sights from CIOS Exact approach tionable advice to enhance online picking with sim-
(Chapter i pler algorithms; e.g. rejection of waiting
- Quantification of potential of advanced anticipa-
tion mechanisms in different warehouse settings
Truck-and-drone Analytical Competitive Analysis; - Statement of exponential growth of Reopt’s com-
delivery  policies Computational study petitive ratio in TSP-DI in the number of network
in disaster relief damages k
(Chapter - Detection of alternate policy with drone surveil-
lance (SF) with a competitive ratio linear in k and
superior to any non-surveillance policy
- Design of hybrid policy which combines Reopt
and SF and excels in average- and worst-case per-
formance in experiments
VLNS for drone Algorithmic  Time complexity - Proposition of a novel very large-scale neighbor-
routing with analysis; hood (BS-R) of exponential size for DRP-E
replenishment Metaheuristic approach; - Development of a pseudo-polynomial search pro-
(Chapter 5) Exact approach cedure (VLNS), that searches BS-R entirely
- Flexible adjustment of VLNS to various DRP-E
variants and and algorithmic schemes
- Improvement of state-of-the-art heuristics
through VLNS-based approaches in experiments
- Optimal solutions in some settings with up to
149 locations through exact offshoot of VLNS

specialized probabilistic asymptotic analyses, asymptotic- and strict competitive analy-
ses, and a computational study encompassing a wide range of warehouse configurations.
The chosen policy for this study is the widely adopted and straightforward immediate
reoptimization (Reopt) in an interventionist and non-interventionist variation (c.f. Sec-
tion [1.1.2). The performance of this purely myopic policy sheds light on the need and
potential of anticipatory online algorithms, which incorporate, for instance, waiting strate-
gies and learning.

The main results of this chapter include the statement and proof of Reopt's a/most
sure asymptotic optimality for all studied variants, under very general stochastic assump-
tions on the input instances of OOBSRP, which are unknown and unused by Reopt.
Furthermore, we demonstrate that Reopt is asymptotically 2-competitive for OOBSRP,
and that this ratio is tight for interventionist Reopt. The close-to-optimal performance
of Reopt is confirmed by the computational study. Given these results, Reopt provides a
tough benchmark for anticipatory policies. For the widespread assumption that customer
requests arrive according to a homogeneous Poisson process, our study is, to the best of
our knowledge, the first to provide optimality results for a reoptimization policy in the
general field of capacitated routing, without imposing an artificial infinite increase of the
vehicle's capacity. In this sense, it extends the seminal work of Jaillet and Wagner (2008b)).

Chapter [3: On picking operations in e-commerce warehouses: Insights from the
complete-information counterpart.
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We proceed with the study of the OOBSRP. While the theoretical results from Chapter 2]
indicate strong performance of the myopic Reopt under the makespan minimization ob-
jective, which aims to reduce costs through picker time and wages, much of the success of
major e-commerce players is attributed to their ability to balance this goal with the often
conflicting demand for fast deliveries. To achieve this, they heavily invest in Al-based fore-
casting to anticipate future customer order characteristics. This chapter shifts from the
theoretical, asymptotic, and stochastic assumptions of the previous chapter, adopting a
managerial perspective. Specifically, we analyze a perfect anticipation algorithm for pick-
ing operations that computes Complete-Information Optimal Solutions (CIOSs), under
full knowledge of future customer orders, including ordered items and arrival times. This
is done for both the makespan and average order turnover objectives, the latter focusing
on delivery speed. The goal is to assess how far simple online picking policies deviate from
the optimal solution, identify decision patterns in CIOSs that could improve those policies
through simple algorithmic enhancements and actionable steps for both objectives, and
quantify the remaining improvement potential for advanced anticipation mechanisms in
different warehouse settings. This study is the first of its kind, as computing CIOSs re-
quires solving a static version of the OOBSRP with release times (OBSRP-R). No existing
exact algorithm for order batching and picker routing can directly address release times,
as they disrupt both the polynomial solvability of the routing subproblem (cf. Bock et al.,
2024)) and the logic underlying current batching methods.

The algorithmic contribution of this paper lies in the development of an exact dynamic
programming (DP) formulation for OBSRP-R with the makespan objective, and a heuristic
variant of this DP for the average order turnover objective. The DP can solve instances
with 15-21 orders, encompassing 25-48 picking locations. As demonstrated with a Kruskal
Wallis Test, the associated ClOSs exhibit statistically significant stability at this scale. The
practical contribution of the Chapter consists of the in-depth analysis of the observed
CIQOSs, revealing the importance of anticipatory elements and optimization in routing,
batch formation, and -selection. Importantly, through the analysis of CIOSs, we could
shed light on one of the least understood concepts in the online warehousing literature,
namely strategic waiting, which deliberately delays picking for a better fit of future orders.
Although perceived as highly promising, it was showing mixed results in previous studies.

Indeed, both the makespan and the orders’ turnover can be simultaneously improved
with simple algorithmic enhancements, that have largely been overlooked in the ware-
housing literature. Specifically, our study promotes the investment in technologies that
enable intervention (cf. Section , which affects 62-64% of all orders in CIOSs on
average and reduces the average observed gap to CIOS significantly in all studied policies,
(e.g., for Reopt reduced by 3.0 and 16.6 percentage points for the makespan and turnover
objective, respectively). The strategic relocation of the picker to the 'gravity center’ of
anticipated future orders during idle time, can significantly improve the orders’ turnover.
However, our study advises against strategic waiting, which is very brief and well-timed
in CIOSs (lasting just 12-70 seconds on average), and thus as demonstrated in our study,
results in significant opportunity costs for online algorithms that can only be mitigated by
fully accurate order anticipation. In line with the results in Chapter [2| we find that the
improvement potential from advanced anticipation is quite limited in OOBSRP, (e.g. af-
ter applying optimization and simple enhancements, just 3-4% of improvement potential
is left for reducing the picker's time), thus we recommend to focus data science efforts in
e-commerce on an upstream planning level.

We turn to the second online problem of the thesis.

Chapter[4; On delivery policies for a truck-and-drone tandem in disaster relief.
In the aftermath of a disaster, the timely provision of relief supplies like water or medication
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is of utmost importance. Unfortunately, the deliveries are often hindered by impassable
road damages, discovered in a dynamic fashion by the delivery trucks at their approach,
causing potentially escalating long truck detours. In the presented Traveling Salesman
Problem with a Truck and a Drone under Incomplete Information (TSP-DI), a drone,
which can surpass the road damages, is assisting with the deliveries, but is limited to
carrying only one package at a time and requires periodic meetings with the truck for
reload. The conservative competitive analysis (cf. Section of the online delivery
operation is highly significant under the unpredictable circumstances of a catastrophe, in
which the worst-possible regret should be impeded.

Thus, the contribution of this chapter consists of a comprehensive parametric investi-
gation of competitive ratios for the online reoptimization policy (Reopt) — widely used for
TSP-DlI in practice, and several alternative delivery policies. The newly proposed policies
use the drone - aside from delivery- innovatively, to acquire knowledge on the network via
surveillance, cf. Section[I.1.4] Also the average performance of these policies is compared
in an extensive computational study, based on their observed ratio to CIOS.

In contrast to the previous Chapters, the results demonstrate the unfavorable com-
petitive ratio of Reopt for TSP-DI, which grows exponentially in the number of damaged
edges k. On the other hand, we find that the alternative, seemingly conservative policy
SF, which holds back deliveries until complete knowledge on the important roads has
been acquired in a prior surveillance tour of the drone, has a better competitive ratio,
which grows polynomially in k. Despite SF dominating Reopt in the worst-case, our com-
putational experiments show that Reopt performs better on average. Thus we design a
hybrid policy, S;g’gg'd which combines the best of Reopt and SF, and has state-of-the-art
average- and worst-case ratios to CIOS.

Chapter [5 Very large-scale neighborhood search for drone routing with energy re-
plenishment.
A major limitation caused by the technicality of the study, is that the previous chapter did
not consider the energy limitations of the drone during surveillance in the policies SF and
Sgggg'd. In practice, the drone must regularly interrupt its (surveillance) operation to swap
its battery at one of its designated stationary charging stations or, by meeting with a mo-
bile replenishment station (MRS) in well-selected replenishment locations. In a disaster
scenario, the MRS could be either the truck, moving along edges of known status, or a
mobile charging robot designed for this purpose (cf. Barrett et al., 2018). The resulting
static subproblem belongs to the generic class of drone routing problems with energy re-
plenishment (DRP-E), which is characterized by challenging synchronization constraints
between vehicles. The existing solution approaches for DRP-E-like problems in the lit-
erature mainly focus on route-first-split-second heuristics, which are heavily sub-optimal
in some cases, and metaheuristic approaches such as the adaptive large neighborhood
search (ALNS) which primarily aim to diversify the searched solutions. However, the
literature lacks a powerful intensification procedure around promising DRP-E solutions.
In the context of the online policies from Chapter [4] DRP-E is solved repeatedly at each
encounter of a road damage in the surveillance phase, thus a promising initial solution
for the new problem data might be derived easily from the previously planned route. In
conclusion, although of general significance, the development of an efficient improvement
procedure for static and generic DRP-E may be particularly beneficial in the context of
online TSP-DI.

In this chapter, we propose a very large-scale neighborhood which synergetically lever-
ages two large-sized polynomially solvable DRP-E subproblems (SP1 and SP2). The num-
ber of feasible solutions in the resulting neighborhood is a multiple of those in SP1 and
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SP2, and, thus, exponential in the input size of the problem. As a main contribution,
we develop a non-trivial search procedure, VLNS, which examines this neighboorhood
entirely, in a computational time that remains polynomial in the problem size. VLNS
is a two-stage dynamic programming approach, for which the desired trade-off between
accuracy and runtime can be flexibly adjusted with just a single parameter. The proposed
VLNS can flexibly accommodate many additional problem-specific features, and thus may
be applied in a diverse range of applications. Also, VLNS is an improvement tool that
may be embedded in any algorithmic scheme, meta- or math-heuristic. We additionally
propose a high-performing exact solution method (DP-ILP) for DRP-E, that stems from
the structure of VLNS.

Our computational results demonstrate the performance and the generalizability of
VLNS; a simple VLNS-based local search achieves small gaps to optimality, and outper-
forms state-of-the-art heuristics on DRP-E variants from the literature. On the other
hand, DP-ILP solves instances with up to 149 locations to optimality in some settings.
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Chapter 2

Picking operations in warehouses
with dynamically arriving orders:
How good is reoptimization?

Catherine Lorenz, Alena Otto, Michel Gendreau

Abstract. E-commerce operations are essentially online, with customer orders arriving
dynamically. However, very little is known about the performance of online policies for
warehousing with respect to optimality, particularly for order picking and batching oper-
ations, which constitute a substantial portion of the total operating costs in warehouses.
We aim to close this gap for one of the most prominent dynamic algorithms, namely
reoptimization (Reopt), which reoptimizes the current solution each time when a new
order arrives. We examine Reopt in the Online Order Batching, Sequencing, and Routing
Problem (OOBSRP), in both cases when the picker uses either a manual pushcart or a
robotic cart. Moreover, we examine the noninterventionist Reopt in the case of a manual
pushcart, wherein picking instructions are provided exclusively at the depot. We estab-
lish analytical performance bounds employing worst-case and probabilistic analyses. We
demonstrate that, under generic stochastic assumptions, Reopt is almost surely asymp-
totically optimal and, notably, we validate its near-optimal performance in computational
experiments across a broad range of warehouse settings. These results underscore Reopt's
relevance as a method for online warehousing applications.

2.1 Introduction

E-commerce has emerged as an important channel of retail trade, emphasizing fast deliv-
eries and large product assortments, while pressuring for low logistics costs. This makes
warehousing an operational challenge and a leading determinant of competitiveness in
the e-commerce market. The central component of efficient warehousing is order picking,
which accounts for up to 60-70% of the total operating costs (T.-L. Chen et al., [2015;
Marchet et al.,|[2015). Most warehouses are so-called picker-to-parts warehouses (Napoli-
tano, [2012; Vanheusden et al., 2023)), in which order pickers travel around the warehouse
to collect inventory items (see Figure . In a widespread pick-while-sort setup, pickers
try to collect several orders simultaneously to save on costs. They use a manual push-
cart (Figure or a robotic cart (Figure [2.1b). Each cart contains several bins, and
each bin can accommodate an order. In this paper, we focus on picking operations in
picker-to-parts warehouses and examine both technologies, manual pushcarts and robotic
carts.
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Figure 2.1: An order picker with a cart in a picker-to-parts warehouse
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Source: KBS Industrieelektronik GmbH. License: CC BY-SA 3.0 Source: SSI Schafer
(a) Pushcart (b) Robotic cart

E-commerce operations are essentially online, with customer orders arriving dynam-
ically. However, very little is known about the performance of the online policies for
handling these orders with respect to optimality. A prominent online policy is reopti-
mization, which myopically optimizes picking operations for the set of available orders
at specific points in time. Moreover, reoptimization can leverage the recent progress in
exact algorithms and heuristics developed for the offline setting, in which all the customer
orders are known in advance (cf. Loffler et al., 2023; Schiffer et al., Valle et al.,
. Nevertheless, it remains open whether reoptimization makes sense for picking op-
erations in warehouses. Optimization literature provides examples both of good (Hwang
& Jaillet, 2018} Jaillet & Wagner, and unfortunate (cf. Borodin & El-Yaniv,
performance of reoptimization in online problems.

In this paper, we study reoptimization analytically and experimentally in a generic
order picking setting, which is known as the Online Order Batching, Sequencing, and
Routing Problem (OOBSRP) in the taxonomy of Pardo et al. (2024). In OOBSRP, given
the dynamically arriving orders, we have to determine a) [batching] which orders to pick
together in a single cart tour and b) [routing] how to schedule the picking operations and
how to route the picker. In the following, Section [2.1.1] reviews the literature, and we
state the article’s contribution in Section 2.1.2]

2.1.1 Literature review

Online order picking and batching problems have attracted much interest in the literature,
see the surveys of Boysen et al. (2019), Y. Li et al. (2022), Pardo et al. (2024), and Van
Gils et al. and Vanheusden et al., Yet, very little is known about optimal
policies. The available research can be roughly classified into three threads. The first one
analyzes intuitive policies (such as 'first come first served’, S-shape routing, etc.). Here,
important insights on the system stability and policy parameters are formulated using, in
most cases, the tools of the queuing theory (cf. Le-Duc & De Koster, Schleyer
& Gue, Van Nieuwenhuyse & De Koster, [2009; Yu & De Koster, [2008; Yu & De
Koster, [2009). Within this thread, Bukchin et al. analyze optimal decisions on the
waiting time before picking a batch for a significantly simplified problem (e.g., the time to
collect a batch does not depend on the locations of the respective items in the warehouse).
Secondly, a number of papers design sophisticated online policies based on metaheuristics,
Al, or rule-based approaches (e.g., Cals et al., [2021; D'Haen et al.,[2023; J. Zhang et al.,
2016, [2017). Finally and prominently, a number of authors use reoptimization as the

online policy of choice (see Dauod & Won, [2022; Giannikas et al., 2017; Lu et al., 2016).
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In all these studies, reoptimization is performed immediately at the arrival of a new order.
In all the discussed cases, the designed policies are usually benchmarked against simple
policies, so that their performance gap to optimality is generally unknown.

To the best of our knowledge, only Henn (2012)) and Alipour et al. (2020) compare
selected policies to optimality. Both papers focus on the worst-case performance using
competitive analysis. Henn (2012)) studies reoptimization in a special case of OOBSRP
with a manual pushcart, where the picker routes start and end in the depot and follow
a predefined simplified scheme, which defines the problem as the Online Order Batching
Problem (OOBP) according to the classification of Pardo et al. (2024)). In his analysis,
reoptimization can only be performed when the picker retrieves a new cart in the depot;
it is performed either immediately when some recently arrived orders are available or after
some deliberate waiting time. The concept of waiting times seems appealing, because
further orders may arrive that make better-matching batches with the available orders.
In Henn (2012), the introduction of the waiting time did not improve the results of the
algorithm. The paper establishes a lower bound of 3/2 for the strict competitive ratio
for any deterministic online algorithm and proves an upper bound of 2 for the asymptotic
competitive ratio for their reoptimization policy (see definitions in Section . The
tight competitive ratios remain unknown. Alipour et al. (2020]) extend the results of
Henn (2012) to multiple pickers.

On a more general note, OOBSRP can be described as a nontrivial blend of two well-
known optimization problems — the online traveling salesman problem (online TSP) (since
the picker is routed over a set of locations) and the online batching problem (OBP) (since
the incoming orders have to be grouped into batches to be processed simultaneously in
one cart tour). The seminal work of Ausiello et al. (2001) introduces two versions of
online TSP: the nomadic one (N-TSP), for which the route of the online server ends at
the last visited location, and the homing one (H-TSP), which requires the server to return
to the depot. As we will explain in Section N-TSP and H-TSP resemble OOBSRP in
the special case of infinite cart capacity in the cases where a robotic cart and a manual
pushcart are used for picking, correspondingly. In OBP, the machine can process up to
¢ € IN jobs simultaneously, and the processing time equals the processing time of the
longest job. The objective is to schedule the processing of dynamically arriving non-
preemptive jobs on this machine in order to minimize the makespan (cf. G. Zhang et al.,
2001). OBP can be interpreted as a special case of OOBSRP with a manual pushcart
in a single-aisle warehouse with the depot located at the end of the aisle. Let us denote
as Reopt the immediate reoptimization policy, which reoptimizes each time a new order
arrives. The worst-case performance of Reopt has been estimated as follows: The strict
competitive ratio of Reopt equals 2.5 for N-TSP (Ausiello et al., 2001)), does not exceed
2.5 for H-TSP (Ausiello et al., 2001)), and equals 2 for OBP (Liu & Yu, [2000). Moreover,
although better policies are possible, Reopt's results in these problems are quite close to
the best achievable worst-case results (see Ascheuer et al., 2000; Ausiello et al., [2001; G.
Zhang et al., 2001). Further, Ascheuer et al. (2000) proved that the result of Reopt in H-
TSP is at most twice the complete-information optimum objective value plus a constant
additive factor that characterizes the diameter of the studied metric space. In none of
the aforementioned studies, Reopt was compared empirically to an optimal algorithm.

Only very few papers in the literature perform probabilistic competitive analysis for
online routing problems with capacity restrictions. The reason is that the service times of
the tours formed for each capacitated vehicle by nontrivial policies, such as Reopt, usually
have a nonzero length and are highly interdependent, which makes a formal analysis very
hard. Therefore, most existing studies analyze variants of the ‘first come first served’
policy to leverage the methods of the queuing theory (cf. e.g., D. J. Bertsimas & van
Ryzin, 1993)). An exception is a prominent article by Jaillet and Wagner (2008b)), who
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studied the online TSP with precedence and capacity constraints (OTSP-PC). Jaillet and
Wagner (2008b]) examine a problem extension with several salesmen, propose online algo-
rithms with the best-possible strict competitive ratio for several problem variants, perform
competitive analysis under resource augmentation, and, for specific problem variants and
under several additional assumptions, perform probabilistic asymptotic analysis of online
algorithms for a renewal process of arriving requests and an arrival process with order
statistics property. However, OTSP-PC studied by Jaillet and Wagner (2008b)) differs
from OOBSRP as it allows splitting of orders (called requests) among several tours,
whereas OOBSRP does not. Consequently, once the first item of an order (called city of
a request in OTSP-PC) is collected, a commitment to collect all the remaining items of
this order within the current tour emerges in OOBSRP (see Example [I] of Section [2.3.4).
This is nontrivial and changes the character of the problem completely. Overall, the idea
of a probabilistic asymptotic analysis of Reopt as well as the nature of examined arrival
processes in this paper were inspired by Jaillet and Wagner (2008b)). However, this pa-
per's methodology is distinct in several essential ways. For instance, Jaillet and Wagner
(2008b)) rely on a number of additional assumptions in their probabilistic analysis that do
not apply to OOBSRP and are not used in this paper, such as Euclidean space, one item
per order, and — in case of a renewal process for order arrivals — infinitely growing cart
capacity (called server capacity) with the number of orders n. This radically changes the
mechanics of the proofs and, as in Theorem (3] requires new proof techniques.

To sum up, the optimality analysis of reoptimization for OOBSRP, which combines
the features of routing (online TSP) and batching (OBP) has not been performed so
far. Although the results of Reopt in online TSP and OBP are promising, it is absolutely
unclear, whether it retains its good performance in the more general case of OOBSRP.
Furthermore, this paper is the first to prove almost sure asymptotic optimality of a reop-
timization algorithm in case of a fixed server capacity for any capacitated online routing
problem, under a renewal process model for arrival times.

2.1.2 Contribution

OOBSRP, which describes picking operations in e-commerce, is a central problem in the
warehousing literature. However, we still do not know the performance gap to optimality
for any OOBSRP policy. We aim to close this gap for one of the most prominent dynamic
algorithms, namely immediate reoptimization (Reopt), which reoptimizes the current so-
lution each time a new order arrives. Therefore, we establish analytical performance
bounds by means of worst-case and probabilistic analysis, and empirically validate the
almost optimal performance of Reopt, which is indicated by our analytical findings. In
particular,

= We analyze OOBSRP for two widespread technologies: manual pushcarts and
robotic picking carts. Since in the former case, transmitting instructions to the
picker is only possible at the depot in some types of warehouses cf. C.-M. Chen
et al., 2010, we also examine a so-called non-interventionist version of Reopt for
manual pushcarts. Non-interventionist Reopt does not allow the modification of
started batches, therefore reoptimization only takes place when the picker is at the
depot.

» QOur main result states that Reopt is almost surely asymptotically optimal under
very general stochastic assumptions in all the examined picking systems. Stated
differently, in any sufficiently large instance, the result of Reopt coincides, with
probability one, with the outcome of the optimal policy for this instance and cannot
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be improved. This is the case when the order arrival times can be modeled as so-
called order statistics, or as a Poisson process with sufficiently small rates. In the
case of a Poisson process, we also show that Reopt achieves a slightly weaker notion
of optimality when the order arrival rate is sufficiently large.

= In the subsequent analysis, we drop stochastic assumptions and examine the per-
formance of Reopt in any large instance as well as in instances of arbitrary sizes.
Among others, we prove that the worst-case performance of Reopt compared to
the optimum (competitive ratio) approaches 2 in all studied picking systems, in
sufficiently large instances. In other words, no policy can improve upon the results
of Reopt by more than 50% in such instances.

= Our experiments, which feature typical warehouse settings and order arrival rates,
reveal almost optimal performance of Reopt already in moderate-sized instances.

Our analysis offers significant insights into long-standing discussions within the ware-
housing literature. The first pertains to the merits of waiting, wherein the picker interrupts
picking to wait in the depot (or field) for additional orders, in the hope for the arrival
of better-matching orders for the next batch (Bukchin et al., [2012; Pardo et al., 2024).
Waiting is an integral part of prominent fixed-time-window batching and variable-time-
window batching policies (Pardo et al., 2024, Van Nieuwenhuyse & De Koster, [2009).
The second involves anticipation, which seeks to predict upcoming order properties based
on historical data (Ulmer, 2017)). In prevalent designs, anticipatory algorithms reserve
slots in batches for future orders, resulting in the under-utilization of the cart for some
time and potentially leaving out well-matching orders. Both waiting and anticipation in-
cur immediate costs for uncertain future benefits. The performance gaps of Reopt, which
eschews both waiting and anticipation, establish a clear benchmark for assessing the ben-
efits of these concepts. In scenarios where Reopt closely approaches complete-information
optimality (which is a strong concept of optimality, cf. Section , the introduction of
waiting or anticipation cannot significantly improve the results and could potentially lead
to deterioration.

We emphasize the novelty of the performed probabilistic analysis of Reopt. This
analysis is one of the few research endeavors to scrutinize optimality gaps of a nontrivial
online policy for a variant of the capacitated vehicle routing problem, diverging from the
conventional ‘first come first served’ approach, and assuming realistic capacity restrictions
(see the discussion in Section [2.1.1)).

We proceed as follows. Section states OOBSRP formally, Section presents
theoretical analysis of Reopt for OOBSRP, and Section reports on computational
experiments. We conclude with a discussion in Section [2.5]

2.2 Problem description

A typical warehouse (see Figure resembles a rectilinear grid of length L and width W,
which has a > 1 equidistantly positioned parallel aisles and b > 2 equidistantly positioned
cross-aisles. The depot is located at some fixed location I; in the grid. The picker moves
in a rectilinear way through aisles and cross-aisles, which results in a particular distance
metric d( ). As explained in Figure , the picker can access items only from the aisles,
in particular, no items are located in cross-aisles.

Orders (01,0, .. 0. .) arrive dynamically over time and each order 0j is associated
with some number k(j) € IN of picking locations in the warehouse, where the ordered
items have to be retrieved. Following the hierarchical planning process in warehouses,



22 Efficacy of Reopt for dynamic order picking

Figure 2.2: A typical warehouse layout.
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OOBSRP assumes that the picking location of each ordered item has been already deter-
mined, therefore, we use these terms interchangeably. Recall that the cart of the picker
consists of ¢ € IN bins, so that, to save on costs, she collects up to c orders at a time dur-
ing one cart tour in a so-called batch. Orders cannot be split between different bins and
each bin may contain only one order at a time. Parameter c is called batching capacity.

We examine picking systems with two different types of carts: manual pushcarts
and robotic carts; we will denote these carts as pushcart and robot, respectively, in the
following. The main difference between them is that the picker has to bring the pushcart
to the depot each time after a batch has been collected; whereas the robot can drive
there autonomously and the picker can proceed to pick the items ‘in the field" into the
timely arrived new robot.

OOBSRP considers one picking zone of a single picker. Therefore, when we talk about
the warehouse layout below, we refer to the layout of a single zone of the warehouse.

We make the following assumptions:

= W.l.o.g., we assume that the picker travels at unit speed, so that we talk about the
distances and picker travel times interchangeably. In our theoretical analysis, we
set the picking times of retrieving an item from the shelf and placing it in the cart
to zero for simplicity. Later on, in the empirical analysis of Section [2.4] we consider
non-zero picking times.

» Following the literature on robotic carts (e.g., Loffler et al., [2022; Zulj et al.,
2022), we assume that an empty robot is immediately available for the picker after
she has completed a batch. Indeed, two robots per picker are usually sufficient to
avoid picker waiting (cf. Loffler et al., [2022).

Before stating OOBSRP in Section we introduce the offline problem variant
with complete information (OBSRP*) in Section 2.2.1] Figure [2.3] states an illustrative
example that we use throughout this section.

2.2.1 Offline problem variant with complete information: OBSRP*
An instance I of OBSRP* with a specific type of cart has the following input:

» Infrastructure parameters, such as the location of the depot I, width W, length L,
the number of aisles a and cross-aisles b, as well as the batching capacity c;
k(j)

» the sequence of dynamically arriving orders o = (04, ...,0,), where 0j = {sjl-,..., S

refers to the set of k(j) > 1 picking locations for the j*" order;

}
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Figure 2.3: lllustrative example.
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Note. Items of all (n = 4) orders are marked in different colors.

» the respective sequence of arrival times r = (r1,...,7y), with r; being the arrival
time of 0; and 1 < ... <r,. Observe that in OBSRP*, where all the information
is known in advance, arrival times can be simply interpreted as release times for
picking the items of the corresponding orders.

The objective is to minimize the total completion time of picking, which describes
the picker's working time. In the system with a pushcart, the picker has to return the
pushcart to the depot in the end. On the contrary, in the system with a robot, the total
completion time describes the time passed until the picker picks the last item of the last
batch. Given this objective, an optimal solution of OBSRP* for both cases of a pushcart
and a robot is uniquely defined by:

» a mutually disjoint partition of the orders into batches: {o01,...,0n} = S1US U
..USr, SINS = O Vk,I € {1,..., f},k # I; each batch contains at most c orders.

batches

= a sequence of these batches 7T , which determines the order in which the

batches are processed by the picker.

» for each batch S;, a permutation of the picking locations of all the included orders,
which determines in which order the picker collects the items.

Indeed, in an optimal picking schedule, the picker will pick each item at the earliest
possible time (which accounts for the arrival times of the orders) given the sequence of
batches 7t2thes and the visiting sequences of picking locations for each batch. We denote
the optimal objective value of instance I as complete information optimum CIOPT(I)
and a respective optimal solution as CIOPT. o

Table illustrates CIOPT(I) for the instance I with n = 4 orders provided in
Figure [2.3p in the case of a pushcart and a robot, respectively.

Note that in the optimal solutions for both cases, the picker leaves the depot towards
the first picking location even before the arrival of the respective order, since the arrival
times and picking locations of all the orders are known in advance. Also observe that grid
cells in Figure have a unit length, e.g., d(al,d2) = 4 as the picker has to traverse
four units (cell lengths) between the cell centers of the depot al and d2.

In an optimal solution of OBSRP* with a pushcart, the picker arrives at each picking
location after the arrival of the corresponding order. The first batch consists of two
orders (S; = {o01,03}) and is completed in (4+7+ 5+ 10+ 10) = 36 time units,
after the picker’s return to the depot. The second batch Sp = {02,04} is picked in
(7419 + 13+ 0+ 13) = 52 time units. Overall, CIOPT requires (36 + 52) = 88 time
units.
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Table 2.1: Algorithms and their solutions for the illustrative instance I from Figure

Objective  Sequence of batches

; - ii)

Algorithm value sbatehes _ (5 S, ) Picker route'") 7
Case of a pushcart

CIOPTY 88 ({o01,03}{02,04}) (a1,d2,d9,49,j2,a1,82,t9,m2,m2,al)
Non-interventionist Reopt 100 ({o01,02},{03,04}) (a1,d2,j2,19,m2,a1,d9,89,m2,g2,al),
Interventionist Reopt 90 ({o1,04}{02,03}) (a1,c¢1,d2,g1,g2,m2,j2,al,m2,t9,89,d9,al)
Case of a robot

CIOPT 52 ({01,04},{02,03}) (a1,d2,82,72,m2,m2,t9,¢9,d9)
Interventionist Reopt 54 ({01,053}, {02,04}) (a1,cl,d2,d6,d9, g9, 2, g2, m2,m2,19)

Note. ) CIOPT refers to an exact algorithm for the complete-information counterpart of instance I. ¥ The picker
positions at reoptimization events of the interventionist Reopt are marked in bold.

Observe that in CIOPT for OBSRP* with a robot (c.f. Figure[2.3p), the picker waits
for the arrival of order 04 for one time unit at location g2 while performing the first batch.
Overall, batch S; = {01,04} is picked in (4+5+ [1] +5+5) = 20 time units. After
having completed the first batch, the loaded robot returns to the depot autonomously, a
new empty robot is immediately available, and the picker continues with the next batch
Sy = {02,03} from her current location m2. CIOPT requires (20 4+ 32) = 52 time units.

2.2.2 Online problem and the reoptimization policy

In the online problem, OOBSRP, neither the number of orders #, nor the arrival times of
orders are known ahead of time, and the characteristics of each order o; are revealed at its
arrival r;. Therefore, online algorithms represent policies, which prescribe a decision given
the current state and available information. We analyze the online algorithm Reopt, which
optimizes picking operations based on the available information without any anticipation
of future orders.

In traditional warehouses with a pushcart, the picker can receive instructions only
at the depot, for example, because of pick-lists that are printed out, so that an al-
ready commenced batch cannot be replanned. Therefore, we differentiate between non-
interventionist Reopt and interventionist Reopt. In non-interventionist Reopt, reopti-
mization occurs at each return of the picker to the depot provided newly arrived orders
are available. If all the available orders have been completed, the picker simply stays at
the depot until further orders arrive. Let reoptimization take place at some time t, then
it amounts to solving the complete-information problem OBSRP* for the orders, which
arrived before t and have not been picked so far; obviously, these orders are treated as
immediately available.

To the contrary, in the interventionist Reopt, reoptimization is performed at each
arrival rj of a new order 0;. Also in this case, the planner solves a variant of OBSRP* for
the already arrived, but not yet processed orders; however, she takes the following aspects
into account: i) if some bins of the cart contain picked items, the respective orders must
be completed as part of the current batch; ii) in the current batch, empty bins are free
to be (re)assigned to any available and not yet commenced order, iii) the picker route
starts from her current position in the warehouse.

To sum up, we examine three picking systems for OOBSRP, each featuring a cart
technology and the applied Reopt algorithm: One with a pushcart and a noninterventionist
Reopt policy (Pcart-N), one with a pushcart and interventionist Reopt (Pcart), and one
with a robot and interventionist Reopt (Robot).
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Table illustrates the objective values Reopt(I) of Reopt for the instance I from
Figure[2.3]in the three considered picking systems: Pcart-N, Pcart, and Robot. In all three
systems, the picker stays at the depot until the first two orders arrive at time r; =1, = 2.

In Pcart-N, at the time t = 2 of the first (re)optimization, only orders 01 and o0; are
available and the batch S; = {01,02} with the completion time of (4 +8 + 16+ 13 +
13) = 54 is formed. Although new orders arrive at times 4 and 10, no replanning can
take place until the picker returns to the depot. The next reoptimization occurs at time
(54 +2) = 56 and the remaining orders are assigned to the next batch. Altogether,
Reopt(I) = 56 + 44 = 100 for Pcart-N.

In contrast, in Pcart and Robot, interventionist Reopt reoptimizes the current solution
at each arrival of a new order. In both systems, at r3 = 4 the picker is at decision point
c1l, and the planned routes for the batch S; = {o01,02} are (al,d2,m2,19,j2,al) and
(ul,dZ,jZ, m2, t9) in the case of Pcart and Robot, respectively. For Pcart, the new batch
sequence is ({01},{02,03}), and the new route (al1,cl,d2,2,al,m2,19,¢9,d9,al). This
route is interrupted at the arrival of 04 at r4 = 10, when the picker is at g1, resulting in the
final solution of Table 2.1 with Reopt(I) = 90. For Robot, the batching is first changed
to ({01,03}{02}) and the route is changed to (al,cl,d2,d9,g9,;2,m2,t9). Order o4
arrives when the picker is at position d6 having picked the first item of 01. Therefore, at
the next reoptimization at time r4 = 10, one bin in the current batch is reserved for order
01. So, the new batching is ({01,03},{02,04}) and results in Reopt(I) = 33 +21 = 54

for Robot (c.f. Figure [2.3¢).

2.3 Extended competitive analysis for Reopt in OOBSRP

In this section, we perform competitive analysis for Reopt. In competitive analysis, the
result of some algorithm ALG(I) for instance I is compared to the best possible online
policy for this instance. Obviously, the best possible online policy is that of an oracle,
which perfectly foresees the arrival time and the composition of each order, and the result
of this policy is CIOPT(I) (cf. Fiat & Woeginger, (1998).

We apply three different ratios to highlight the various aspects of OOBSRP perfor-
mance. We start in Section with the almost surely (a.s.) asymptotical competitive
ratio 0gsy (ALG), which assumes a probabilistic lens and disregards improbable events.

We say that 0735, (ALG) = a, if:

. ALG(I(n)rand)
P(1
(M, S TOPT (1 (n)an)

=ua)=1, (2.1)

where I(n)m”d is a random instance with 7 orders following given stochastic assump-
tions. Note that o735, (ALG) strongly depends on the stochastic assumptions under
consideration.

To analyze general large instances in Section [2.3.3] we turn to the asymptotic com-
petitive ratio Uasymp,(ALG). We call algorithm ALG asymptotically a-competitive if, for
any instance I, there exists a constant const, which is independent of the number and
characteristics of the orders in I, but may depend on the warehouse geometry, such that:

ALG(I) < a- CIOPT(I) + const (2.2)

The asymptotic competitive ratio (Tasymp,(ALG) is then defined as the infimum over all
constants «, such that ALG is asymptotically a-competitive.

Finally, to include small instances in our analysis (Section , which may display
anomalies, we use the strict competitive ratio 0(ALG), which is the worst-case ratio
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between ALG(I) and CIOPT(I) over all possible instances I of the problem:

ALG(I)
c(ALG) = sgp CIOPT(I) (2.3)
Observe that the strict competitive ratio derives from the asymptotic competitive ratio
by forcing the constant const to be zero.

We begin by stating the key properties of OOBSRP in Section 2.3.1] Afterward,
Section [2.3.2] establishes almost sure asymptotic optimality of Reopt in all the examined
systems under general stochastic conditions. Section and Section [2.3.4] examine the
asymptotic and the strict competitive ratios of Reopt, respectively.

2.3.1 Properties of OOBSRP

The results of this section are used throughout the following discussion. We state bounds
for a warehouse traversal in Lemma [1f as well as for the results of Reopt and CIOPT in
Lemmas respectively. We conclude by showing asymptotic optimality of Reopt for
a special OOBSRP case, where each order contains exactly one item.

Let us denote an OOBSRP instance with 1 orders as I(1). We denote as I(1n)"=° the
variant of some given instance I(n), in which all the orders are instantly available, i.e.,
withri=mn=...=r,=0.

Lemma 1 (Upper bound for the warehouse traversal). Notwithstanding the cart technol-
ogy — a pushcart or a robot — and given an arbitrary starting position of the picker, the
shortest time needed to visit all the picking locations in the warehouse and return to any
given location is bounded from above by the following constant u. The bound u is tight.

u=(a+1)W+2L. (2.4)

Proof. See Supplement 2.7.1] O

Lemma 2 (Upper bound for Reopt(I)). In Pcart-N, Pcart, and Robot, the results of the
respective Reopt policy for some instance 1(n) cannot be worse than the following bound:

Reopt(I(n)) < ry + CIOPT(I(n)"=%) + u (2.5)

Proof. At time ry,, when the last order arrives, Reopt reoptimizes having the complete
information and requires no more time than the following simple policy: Complete the
currently open batch and return to the depot in at most u time (cf. Lemma , then
follow the route of CIOPT for the instance I(1)"=° to collect the remaining orders. [J

For Pcart and Pcart-N, let us define the makespan M (o;) of order o; as the length
of the shortest route that starts at the depot, covers all items S;- € 0}, and ends at the
depot. Similarly, for Robot, we define the makespan M(o;) of order o; as the length of
the shortest route that starts in any picking location S]S- € 0j, covers all picking locations

in 0j, and ends at any arbitrary picking location s]t» € 0;.

Lemma 3. In Pcart-N, Pcart, and Robot, the complete information optimum for any
instance 1(n)"=Y, for which all orders are initially available, cannot be better than the
following bound:

> Liz1 M(0)

CIOPT(I(n)=?) :

, (2.6)
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Proof. This bound assumes the ideal case in which each batch can be fully packed with
¢ perfectly matching orders. These orders are then collected simultaneously during the
picking process at the walking cost of only one of these orders, M(o;), for o; in the
batch. In the case of Robot, it further ignores possible walking time between the items
of subsequent distinct batches. O

The following Lemma [4] summarizes some important straightforward relations, which
we state without a proof.

Lemma 4 (Lower bounds for CIOPT(I)). In Pcart-N, Pcart, and Robot, and any instance

I(n):

CIOPT(I(n)) >y (2.7)
CIOPT(I(n)) > CIOPT(I(n)"=?) (2.8)
> CIOPT(J"=%) V] C I(n) (2.9)

Proposition 1. /n Robot, in the special case of OOBSRP with single-item orders, i.e.,
k(oj) =1Vj e {1,...,n}, Reopt is asymptotically optimal, i.e., Casymp.(Reopt) = 1.

Proof. Observe that Robot with single-item orders is equivalent to the online nomadic
TSP. So, at the arrival of the last order at time r,,, Reopt reoptimizes having the complete
information and collects the remaining orders in no more time than that required by the
following simple policy: Traverse the warehouse in S-shape motion once. This traversal
requires a constant amount of time, dependent only on the warehouse geometry. Using
and the definition of the asymptotic convergence in (2.2), we complete the proof. [

2.3.2 Asymptotic optimality of Reopt

In this section, we show that, under general stochastic assumptions, when the number of
incoming orders is sufficiently large, Reopt is asymptotically optimal with a probability of
one (almost surely) in all the examined systems: Pcart-N, Pcart, and Robot.

In a probabilistic analysis, we consider random instances, and such an instance with
n € N orders is denoted as I(n)?. We denote the involved random variables in
capital letters, e.g., orders O = (O1,03,...,0;) and arrivals R = (Ry, Ry, .., R,). We
assume that distinct customer orders O; in O are independently identically distributed
(i.i.d.). For mathematical completeness, we redefine O; as a multivariate random variable

K; K:
Oj = (Kj, S}, ey S].’) with K; picking locations S},...,S]- 7. Further, in case of Robot, we
exclude the trivial case of single-item orders (cf. Proposition |1} and assume E[K;] > 1.

Observe that the specified stochastic assumptions explicitly allow product items S;- and

S} of the same order O; to be correlated, such as phones and matching protective cases,
which are usually ordered together.

We assume that the random sequences R and O are independent. In the following,
we will discuss two common stochastic models for the arrival time sequence R.

We begin by examining the order statistics property of arrival times in Section [2.3.2.1]
an order arrival model suggested in the context of online routing problems by Jaillet
and Wagner (2008b). This model considers a fixed number n of orders, with arrival
times that are independent and identically distributed (i.i.d.) according to a fixed but
arbitrary distribution. The i.i.d. assumption is natural in e-commerce warehousing, since
customers act independently. The distribution can be arbitrary (see Figure , eg.,
uniform, single-peaked, skewed, multimodal (the latter applies, for instance, when most
orders arrive during lunch breaks and evenings). Order statistics arrival model can have
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Figure 2.4: Realizations of 30 order arrival times with the order statistics model for different distributions

—— Weibull PDF: shape=15, scale=1
Realizations {arrival times)

o ©
T

—— Bi-modal PDF
¥ Realizations (arrival times)

— Uniform PDF: [0, 3]
015 ®  Realization (arrival time

Density (PDF)
Density (PDF)
Density (PDF)

010

000 P® ® 000 0000 @O ® seom o0 ®o 00 DO I W LK oo weT @ a® ®e
00 05 10 15 20 25 30 00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40

Value (time) Value (time) Value (time)

(a) Uniform distribution (b) Weibull distribution (c) Bi-modal distribution

Note. The three graphs show the probability distribution function (PDF) of the respective distributions (line) and
the dots on the x-axis represent the realizations of the arrival times.

both finite and infinite support; in the former case, the orders arrive within a finite time
interval, like a shift or a day, while in the latter, order arrival times are unrestricted. For
an example of the latter case, consider picking a stock of n limited-edition cell phones
from a warehouse that exclusively contains those items. The picking process concludes
when all n items have been picked.

The analysis in Section where order arrivals follow a homogeneous Poisson
process, builds upon the results of Section We proceed with a formal definition
of the two models and the analytical results in Sections and Section

2.3.2.1 Case of the order statistics property of arrival times

The order statistics property of arrival times can be defined as follows. The arrival times
of the orders are i.i.d. realizations Y],] € {1,...,n}, of a generic random variable Y > 0
with an arbitrary, given distribution and mean py < co. To derive the arrival times of
the orders, we sort the realizations of Y, the j arrival time is the j order statistic:
Rj = Yij). Yoy < Yy < o < V).

Theorem [1] states one of the main results of this work.

Theorem 1. In Pcart-N, Pcart, and Robot, given the specified stochastic assumptions,
including the order statistics property of arrival times:

rand
lim Reopt(I(n)") _
n—oo CIOPT (I(n)rnd)

a.s. (2.10)

Proof. Following a similar line of proof as Jaillet and Wagner, 2008b| we first recall two
relations from Lemmas [4] and [2] respectively:

CIOPT(I(n)"™%) > CIOPT(I(n)"™" =0) (2.11)
Reopt(I(n)™?) < CIOPT(I(n)™"=%) 4 R, + u (2.12)

Together, they imply

Reopt(I(n)rand) - n R, +u

1 : 2.13
CIOPT(I(n)rand) — + CIOPT(I(n)rand =0) n ( )

Since py < oo, Lemma 6 of Jaillet and Wagner, 2008b| can be applied:

lim Ru +2 =0 a.s. (2.14)

n—oo 1 n
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At this point, the proof of Jaillet and Wagner, |2008b| developed for the capacitated online
TSP is not applicable and we proceed in a unique way. To show that CIOPT(IFn)’”"d/VZO)
is bounded from above by a constant (which does not depend on 1), we use the lower

bound from Lemma 3k

M(O;
- (0))
c

n
CIOPT(I(n)redr=0) =
n

>2. = (2.15)

n

Recall that essentially makespan M (O;) of order O; is the shortest picker route to collect
all items in O;. Given the stochastic assumptions, M(O;),j € {1,..,n}, arei.i.d.. So by
the Strong Law of Large Numbers:

o1
im - —m—— =
n—oo C n

-E[M(07)] >0 as. (2.16)

We only consider the case of a strictly positive IE[M(O;)]. Otherwise, the problem is
trivial, and Reopt is optimal per definition in Pcart-N and Pcart; in Robot, the prob-
lem reduces to the single-item order case for which Reopt is asymptotically optimal by
Proposition [1}

Observe that % -IE[M(O1)] is a constant that does not depend on 1. The convergence
of implies that the right-hand sight of is larger than some nonzero constant
¢ < LE[M(O1)] a.s. if the number of orders n is large enough, i.e., Vi > ng for some no:

CIOPT(I(n)mﬂd,r:o) , :
S <z s (217
n >¢ C[OPT([(n)mnd,r:O) =7 a.s ( )
This, together with (2.13) and (2.14), completes the proof:
Reopt(I(n)™") " Ryt nes

= ' 140 S.

CIOPT(I(n)rand) = + CIOPT(I(n)rand. =0) . + as
J

The interpretation of Theorem [I] for an order statistic with a finite-support arrival-
time distribution Y such as during a shift, is quite intuitive. As the number of orders
arrived during this shift increases, the picker becomes overloaded, and most orders will
have to be picked after the shift ends, regardless of the picking policy. Therefore, Reopt,
which picks optimally after the end of the shift when no more orders arrive, converges to
optimality. However, the interpretation is less straightforward for a random arrival time
distribution Y with infinite support, such as a normal distribution in the limited-edition
cell phone example in Section [2.3.2] In this case, as the number of available products
increases, n — oo, the arrival time of the last order placement, R,;, will extend to infinity
(as for arbitrary x < oo, P(R, > x) =1 —P(Y < x)" — 1 by definition of Y’s infinite
support). This implies that the picking system remains dynamic throughout the entire
picking process. Even for these systems, Theorem [I] proves that Reopt can keep up with
an optimal picking strategy, with probability one.

2.3.2.2 Case of the homogeneous Poisson process for arrival times

Let random variables X, j € IN, which represent the time between the j and the (j — 1)
order arrival, be i.i.d. exponentially distributed with mean % then the sequence of order
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arrival times follows a homogeneous Poisson process with rate A.
A central notion for the analysis of Poisson-arriving orders is the queue QRePt(I(n)*"?)
which is the set of pending orders at time R, in instance I(n )m”d for policy Reopt. We

prove in Theorem that Reopt is a.s. asymptotically optimal if lim,, w =
0, i.e. if with probability one, the queue of pending orders does not grow as fast as the
total number of received orders. Note that this condition would be necessary under the
Reopt policy to safeguard the warehousing system against potential instability.

Because the queue length |QR®P!(I(1n)"*)| is generated by two independent se-
quences of i.i.d. random variables — the plcklng locations and the inter-arrival times —

i Q¥ 1| _
we believe that by the 0-1-Laws, the probability of the event lim,, =0

is either 1 or zero for a given rate A, and we suspect that the probab|||ty increases

|QReopt( ( )mnd)| _ 0 |s true

monotonously in A. In other words, we believe that lim; e
for small arrival rates until a fixed threshold A (see Conjecture [1)).

In the case of asymptotically increasing arrival rates, the probability that Reopt ap-
proaches optimality converges to 1 as well, as we prove in Theorem [3|

Observe the stand-alone character of this section’s arguments in the warehousing
research. The available queuing systems analysis, which is usually employed when order
arrivals follow a Poisson process, requires i.i.d. service times of the batches. The latter is
the case, for instance, for the ‘first come first served’ policy, when orders are serviced in
the sequence of their arrival. This is not the case for Reopt and neither it is the case for
CIOPT, where the service times of the batches are interdependent due to reoptimization.
Th 2. InP _ HaH |QReopt(I(n)mnd)| _ .

eorem 2. In Pcart-N, Pcart, and Robot, if lim,,_,c - =0 a.s., then:

lim Reopt(I(n)"nd)

=1 .S. 2.18
ntree CIOPT(1(n)rand) 2 (2.18)

Proof. Exploiting the i.i.d. inter-arrival time property of the Poisson process, the proof
combines the Strong Law of Large Numbers with the fact that the warehouse has bounded
dimensions. We refer to the Supplement for details. 0

Observe that Theorem [2] demonstrates the asymptotic optimality of Reopt not only
for a.s. stable picking systems, but also for certain systems with high order arrival rates,
where there is a non-zero probability that the queue length grows to infinity over time.
For instance, it applies to picking systems with queues growing as fast as /%, which is
sublinear in n. In summary, the statement of Theorem [2]is quite general, extending from
small to slightly too high order arrival rates.

Conjecture 1. In Pcart-N, Pcart, and Robot, there is a rate A such that
Reo rand ~ ~
P (lim;, 0 Q¥ (I(m) ™| _ 0) =1 forall A < A. Thus, for all rates A < A:

n

rand
lim Reopt(I(n)" )
n—oo CIOPT (I(n)rand)

=1 as (2.19)

It remains unclear whether Reopt is asymptotically optimal a.s. for rates A > A. To
prove a somewhat weaker notion of convergence, we fix the time interval [0,¢] (e.g., a
shift) and examine the orders I(#)" arrived in this time interval [0, ] given the arrival
rate A of the underlying Poisson process. Recall that, by definition, the number of
orders N(t) in the interval is Poisson(A - t)-distributed. We denote by P, the underlying
probability measure for a given arrival rate A.
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Theorem 3. Let A; > 0,i € IN be any increasing sequence of arrival rates such that
A;j — o0 if i — co. In Pcart-N, Pcart, and Robot, the following holds true:

. Reopt(I(t)r)
1 E,. =1 2.2
Hm L opT 1y (2:20)
And for all € > 0:
rand
lim Py (ROPHIE™) o) g (2.21)

im0 - M\CIOPT(I(t)rend)

Proof. The detailed proof is provided in the Supplement 2.7.3] Recall that to establish
convergence, Theorem [I| depended on a sublinear growth of the arrival time R, of the

n— - . . . .
n'" order (% 27, 0). This is not the case when the arrival time sequence is a Poisson
a.s.

process with some given inter-arrival time % Therefore, we must recur to a very different
line of proof. In this proof, we perform a formal transition from the probability space
described in Section to the probability space of this section. The proof proceeds
in three steps.

First, we want to leverage the convergence statement of Theorem [I] Therefore,
we apply it in the case of instances I(1)""¢ with independent uniformly[0, t]-distributed

arrival times for an arbitrary t € R*. Since the ratio % is bounded (cf.
Section [2.3.4)), we can restate Theorem [1] as the convergence in mean.

Secondly, we assume that the order arrival times follow a Poisson process with some
given arrival rate A € R*. We examine instances I(t)"" comprising all orders arriving
within a predefined time interval [0,¢], € R". Let N(t) be the random number of these
orders. We then use the Order Statistics Property of the homogeneous Poisson process,
in combination with the statements of the first step of this proof, to derive the conditional

convergence in mean:

rand
lim E, Reopt(I(t)" ")

n—00 C[OPT(I(t)mnd) | N(t) = Tl] =1 (2.22)

Convergence implies that for any € > 0, we can find n. € IN such that:

rand
EA[% | N(t) = n] <1+ 5 forall n > n.
. s . Reopt(l(t)”’”d) .
Thirdly, we compute the unconditional expectation EA[W] using the Law

of Total Expectation for distinct groups of instances — those with N(t) > n. and those
with N(t) < ne. After some transformations, we show that for any sequence of rates A;

with A; 7% %0 and any € > 0, one can choose i € IN in dependence of ¢t and €, such

R I rand . .
that B [Sabrihads] < (1+¢€) for all i > ic.

We use the Markov's inequality to derive the implication of (2.21)) from (2.20). O

2.3.3 Performance of Reopt in general large OOBSRP instances

In this section, we abolish the stochastic assumptions and examine whether Reopt retains
its good performance for general large problem instances. We show that even in the
worst-case, the Reopt result cannot be improved by more than 50% in any given OOBSRP
instance if it is sufficiently large. This is still an excellent performance.

Overall, having examined different worst-case examples for Reopt in OOBSRP with
a pushcart and a robot, we see two underlying mechanisms of the Reopt’s suboptimal
result: (i) unfortunate batching and, in case of the interventionist Reopt, (ii) unnecessary
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Figure 2.5: Pcart: Unfortunate large instance for Reopt

gleft sRight

| | “—
- back-and-forth
— Depot— walk in Reopt

left right

Note. ¢ = 2. Single-item orders with items s''* and s arrive such that, in Reopt, the picker keeps walking
back and forth without completing any batch until the arrival of the last order.

walking. In (i), Reopt places orders in one batch even if the savings from their batching
are small compared to a separate picking of these orders (cf. Example . CIOPT, to
the contrary, can anticipate upcoming better matching orders. In (ii), Reopt completely
changes the current route of the picker, including her next destination, at the slightest
promise of time-saving. Paradoxically, this behavior may result in a prolonged back-and-
forth walking without picking an item, which is avoided in CIOPT (cf. the proof of
Proposition [3)).

In the following, Proposition [2| establishes the upper bound of 2 for oysymp.(Reopt) in
all the examined picking systems. Proposition [3| states that this worst-case ratio is tight
for Pcart and Robot.

Proposition 2. In Pcart-N, Pcart, and Robot, 0asymp.(Reopt) < 2. In other words, for
every instance I(n)

Reopt(I(n)) <2-CIOPT(I(n)) + const (2.23)
where const is the warehouse traversal time u from Lemmalll

Proof. By Lemma [2] and Lemma [4}

Reopt(I(n)) < ry +u+ CIOPT(I(n)"=?)
<2-CIOPT(I(n)) 4+ u (2.24)

O

Proposition 3. /n Pcart and Robot, the upper bound of 2 is tight for the asymptotic
competitive ratio, i.e.

Oasymp.(Reopt) > 2 (2.25)

Note that in the case of Pcart, the statement requires a warehouse with at least two
aisles.

Proof. \We examine the case of Pcart and refer to Supplement[2.7.5]for the case of Robot.
Figure[2.5| provides an unfortunate example I"°"t for ¢ = 2 and a two-aisle warehouse.
This example can be generalized for ¢ > 2 and more general warehouse layouts.
Arriving orders in I"°'st consist of one item, which is placed either in the left aisle (at
position s'*®) or in the right aisle (at position s"8"). We simplify the notation for these
single-order items and write 0; = s'*f or 0; = s"&"t, Vi € IN, respectively. Recall that W
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and L are the width and the length of the warehouse, respectively. In this example, the
picker can traverse both aisles in a cyclic tour of length T = 2W + 2L from the depot.
Let d(ld,Sleft> — (ld,Sright) — % 'd(SIeft,Sright) — %T.

Instance "'t consists of n = 2k orders, where k € IN>4 is some uneven number.
Each time, orders s and s"8"t arrive simultaneously. The idea is to set the inter-arrival
times of the orders such that Reopt makes the picker oscillate between the positions of
s'*ft and s"&8" in the upper half of the warehouse, without picking any item, until the last
order arrives.

At time r; = rp = 0, Reopt batches the only two available orders together: S; =
{01,072} with 0; = s' and 0, = s"&", and plans to pick them in a circular tour. W.l.0.g.,
let Reopt pick o1 first (at time %T).

At time r3 =1y = %T — ﬁ, an order s'¢ft

and an order s"8"t arrive. In Reopt, the

right with 0; placed in her cart. Reopt has

picker is currently at distance ﬁ above item s
two choices. The first is to follow the initial plan and pick batch {o01,0,} = {s'f, s"ight}
to the end, then pick batch {03,04} = {s'f,s"&"} at a total cost of 2T. The second
is to turn back and complete a modified batch S; = {01,053} = {s'ft,s"*®}, then pick
Sy = {02,04} = {s"eht, srieht] at 3 total cost of 74 + %T — ﬁ + % =2T-2. 2,{‘5—_2.
Reopt decides for the second option.

At time 15 = rg = %T—3~2k‘5—_2, an order s
left

left and an order s"&" arrive, and

the picker is at a distance of ﬁ above s
two choices. The first is to continue picking S; = {01,035} = {s'f,s"*ft} and then
Sy = {0,04} = {s"&M sre"t} and S3 = {05,064} = {s'% s8N} at a total cost of
2T —2- ﬁ +T=3T-2. ﬁ. The second is to change the first batch again to
S1 = {o1,0p} = {s'"ft,s"&t} then pick Sy = {03,05} = {s'%,s"*f} and S5 = {04,06} =
{srieht, sright} - at a total cost of rg + 3T — 725 +2- & = 3T — 4. 2. Reopt decides
for the second option.

In gineral, at time 1y, = 13 = %T— (2p —3) - 525 for p € {2,.,k}, an
left

with 01 placed in her cart. Reopt has

order s
Sleft

and an order s"8" arrive. If p is uneven, the picker is at distance ﬁ above

planning to pick %1 batches of type {s'ft,s"*f} first, then ’%1 batches of type
{sright grightl \With the two recently arrived orders, Reopt decides to pick batch S; =
{01,002} = {s'"ft, 518"t} instead, then pT_l batches of type {s'"*®, s'*ft} and pT_l batches of
type {s"8ht st} So the picker turns around towards s"8Mt. Similarly, if p is even, the
picker is at distance 5’ above s"8" planning to pick S; = {01, 02} = {s'f, 578} first,
then £ — 1 batches of type {s'*", s}, and then £ — 1 batches of type {s"&, sright},
With the two recently arrived orders, Reopt decides to pick 5 batches of type {s'*f, st}
first, then £ batches of type {s"&"t, "Mt} So, the picker turns around towards s

If k is uneven, Reopt(I"°™t) = kT — §, which equals the release time of the last order
ro = 2T — (2k — 3) - 52 plus the time (3T — %) to reach s"&" and complete the
first batch plus (552 -2+ 1T) to pick 551 batches of type {s'®, st} and %5 batches of
type {s"&", 518"t} In contrast, CIOPT picks S; = {01,0,}, then ’“Tl batches of type
{s'ft st} and %51 batches of type {s"&", 578"} such that CIOPT(I(k)) = T + (k —
1)T =57+ 1. This implies that

left

lim Reopt(I(k))

am - CorT) (2.26)

By Lemma |5 in Supplement [2.7.4} 0usymp(Reopt) > 2 follows immediately for Pcart.
For ¢ > 2, we can place multiple single-item orders at positions s and s"&"t. Note
that in the example above, Reopt faces ties. Initially, there are two alternative plans with
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the same cost — picking the orders together as S; = {01,02} in a cyclic tour or picking
them separately as S; = {01} and S; = {02}. In the second plan, the example does not
work. We can avoid ties by considering 0; = {s'*,s'}, where s is placed just above s'f,
which makes Reopt to prefer picking both orders together. ]

2.3.4 Performance of Reopt in instances of all sizes

In any OOBSRP instance, Reopt never exceeds more than 4 times the complete-information
optimum in Pcart and Robot and no more than 2.5 times in Pcart-N, respectively (see

Proposition . However, strict competitive ratios of any deterministic online algorithm

are at least 2, 1.64, and 2 in Pcart-N, Pcart, and Robot, respectively, by Proposition [5

In other words, the performance of Reopt cannot be improved much across instances of

all sizes.

Observe that the upper bound 2.5 on the strict competitive ratio for Reopt in Pcart-N
Reopt(I)
CIOPT(I)

is almost tight, as we can construct instances I with = 2.5 — & for an arbitrary

small & > 0 (see Example [I)).

Proposition 4. The following upper bounds hold for the strict competitive ratio:

In Pcart-N: ~ o(Reopt) < 2.5 (2.27)
In Pcart and Robot: ~ o(Reopt) < 4 (2.28)

Proof of (2.27). We are in system Pcart-N and consider two cases.
In the first case, the picker in Reopt is idle at the depot at time r,,. Then, by Lemmal[4}

Reopt(I) < r, + CIOPT(I'=") < 2. CIOPT(I) (2.29)

In the other case, at r,, the picker in Reopt is collecting batch S, for which she
left the depot at time #(S). Let j be the index of the first order that arrives after time
t(S). Let L s denote an instance which contains the subset of orders {o;] s.t. i > 7} and
assumes these orders are instantly available. We denote by | an instance that contains all
orders in the queue of Reopt at time ¢(S), and that assumes all these orders are instantly
available. By definition, at time t(g) Reopt's plan to collect the orders of [ is optimal
given the current information. Therefore the solution of Reopt is not worse than the
following feasible policy: At t(S) complete first | in time CIOPT(J). After that, the
picker is at the depot and collects the remaining orders in at most CIOPT(I>]7) time.
We denote dyqx = max{d(ld,s;) ] s;'. €o;Uor U...U 05}, the maximal distance from
the depot to an item in sz' Altogether:

Reopt(I) < #(§) + CIOPT(]) + CIOPT(I;) (2.30)
< r;+ CIOPT(I;) + CIOPT(I) (2.31)
< CIOPT(I) + dmax + CIOPT(I) (2.32)
<25-CIOPT(I) (233)

Line (2.31)) follows by Lemma (4] I In CIOPT, the picker can move towards the first plck|ng
Iocatlon prlor to the arrival of the corresponding order, thus ([2.32)) ensues from (
CIOPT(I) + dmax = 17+ CIOPT(I;). Finally, since CIOPT(I > 2 dmax, 2 33
follows.

The logic above does not hold for Pcart-Int and Robot, because the initiated batch
S can be changed at each order arrival after t(g) possibly leading to a worse solution.
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Figure 2.6: Pcart-N: Unfortunate small instance I"*f for Reopt.

Sright
Y
vE
O 0, = {Sclose}
Do, = {Sleft'sright}
Ho; = {Sleft’sright}

depot

Note. c =2,r11 =1rp =L+ W,andr3 = L+ W +J with 6 — 0. Reopt myopically collects poorly matching orders
01 and o; together.

Proof of (2.28). Consider Pcart and recall Lemma[2} At time r,, when the last order
arrives, Reopt reoptimizes having the complete information and requires not more time
than the following simple policy: 1) Complete the currently open batch and move to the
depot, then 2) use CIOPT(I(n)"=) to collect the remaining orders. For 1), the picker
requires at most 7, + CIOPT(I(n)"=?), because she can walk from the current position
all the way back to the depot in 7, and then follow CIOPT for picking the remaining
items of the currently open batch (and skipping the rest). Thus, for 1) together with 2),
by Lemma [4}

Reopt(I(n)) < 21, +2- CIOPT(I(n)"=)
< 4-CIOPT(I(n)) (2.34)

The proof for Robot proceeds along the same lines. Observe, however, that at the start
of step 2) the picker may be away from the depot. However, she can follow CIOPT in
the reverse direction to collect the remaining items. O

Figure provides an unfortunate instance I""f for Pcart-N with ¢ = 2, such that
Reopt(rf) -, 2.5.
CIOPT(I*"f)
Example 1. In instance I""f of Figure Reopt receives two orders at time r;1 =
to = W + L: 01 with only one item s°1°%¢ at the closest picking location to the depot,
d(ls,s°%°) = €, and 0 with two far away picking locations that can be visited best in a
cyclic tour of length 2(W + L) from the depot. Reopt forms batch sy = {01,02}, and
as soon as the picker leaves the depot (at time r3 = W+ L+, 6 — 0), a third order
03 = 0y arrives. Although o, and o3 are perfectly matching, Reopt in Pcart — N cannot
modify the commenced batch Sy, and completes the operation with S, = {03} at time
Reopt(I""f) = r{ +2(W + L) +2(W +L) = 5(W + L). On the other hand, CIOPT
picks the first item of 0 and 03 (in s"8") at time W + L + & and completes its first
batch {03,035} at time 2(L + W) + € + 6. After picking 0, separately, CIOPT(I*"f) =
2(L+ W) +3e+46. Since § — 0 and € is the distance from the depot to the closest
picking location, we can construct instances with arbitrarily small (3¢ 4+ &) > 0.

We now denote by ALG an arbitrary deterministic online algorithm for OOBSRP in
each of the studied systems (Pcart-N, Pcart, and Robot). An algorithm is deterministic, if
for every fixed instance, it always generates the same result when run repeatedly. We dif-
ferentiate deterministic algorithms from probabilistic algorithms, which may choose their
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Figure 2.7: Pcart-N: Unfortunate small instance for all algorithms

—Depot™

Note. No action suits all possible future well: a) no further orders arrive, b) further orders arrive.

actions randomly. Note that ALG in Pcart-N must be an arbitrary non-interventionist
algorithm, that can update the current picking plan only when the picker is at the depot.

Proposition 5. For every deterministic online algorithm ALG for OOBSRP, the strict
competitive ratio cannot be better as the following:

In Pcart-N and Robot:  ¢(ALG) > 2 (2.35)
In Pcart :  o(ALG) > 1.64 (2.36)

Note that we require ¢ > 2 for Pcart-N and Pcart.

Proof. The lower bounds for Pcart and Robot are based on Theorem 3.1 and Theorem
3.3 of Ausiello et al. (2001), respectively. In both cases, Ausiello et al. (2001) construct
unfortunate instances for the online TSP on the real line. These instances can be trans-
formed to the warehouse environment. The proof requires nontrivial extensions, which
are given in the Supplement[2.7.6] Indeed, in the warehouse, the movements of the picker
are not limited to a real line and, moreover, the batching capacity should be respected.

To prove the lower bound for any ALG in Pcart-N, consider the instance in Figure[2.7]
Recall that the warehouse width is W and the picker moves at the unit speed. Initially, at
r1 =0, order 07 = {s}} with d(l;,s1) = W is available. Let ALG decide to dispatch the
picker to collect the single-order batch {01} at time t. In the following, we will construct
an unfortunate instance for each possible value of ¢.

If t > W, no more orders arrive. ALG needs (t + W) > 2W time to collect 07 in a
return-trip from the depot, while CIOPT(I) = W for the resulting instance I.

If W <t < W, then a second order 0, = {s}} with d(l,s}) = t arrives at time
rp =t (but after the picker dispatched). Then, in the resulting instance I, batch {01,02}
can be collected in time CIOPT(I) = 2t, while ALG collects 01 and 0y in two separate
batches with ALGP*=N(I) =t + W + 2t > 4t.

If t < IW, then a second order 0, = {s} with d(ls,s}) = IW arrives at time
rp = t (but after the picker dispatched). For the resulting instance I, it is possible to
collect both orders in the single batch {01, 02} in time CIOPT(I) = W, while ALG(I) =
t+ W+ W > 2W, because it picks 01 and 0, in separate batches.

In all the cases above, the ratio ﬁfﬁm > 2 for the respective instance I in Pcart-N.

Observe that in the unfortunate examples for Pcart-N and Pcart, ¢ > 2. If ¢ = 1,
a weaker lower bound of 1.5 can be straightforwardly derived in both cases from the
unfortunate instance created for OOBSRP in Robot in the Supplement 2.7.6] ]
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2.4 Computational experiments

The analysis of Section [2.3.2] showed that Reopt may converge to an optimal policy
with an increasing instance size. In this section, we compare the results of Reopt to
optimality (measured by CIOPT) experimentally and investigate the gap to optimality in
small instances.

Note the computational challenges associated with these experiments. In order to
make representative measurements across diverse warehouse settings, we create 2600
OBSRP* instances and solve more than 2380 of those to optimality. The quantity of items
that need to be picked in the created instances ranges between 4 and 50, and OBSRP*,
which combines batching and routing, is NP-hard in the strong sense (c.f. Loffler et al.,
2022). Given the scale of the endeavor, we limit our studies to the interventionist versions
of Reopt, i.e., systems Pcart and Robot. Section [2.4.1] explains the data generation and
Section reports on experiments.

2.4.1 Data sets

We randomly generate instances grouped in 10 settings (see Table that feature
different warehouse environments. Each setting comprises 10 instances of each order size
n € {3,4,...,15}. The procedure is repeated for two picking systems — Pcart and Robot.
Thus in total, 2600 instances (2 systems x 10 settings x 13 sizes x 10 ) are created.

In the Base setting (Base), the picker's speed equals 0.8 m/s (cf. Henn, 2012)) and
it takes 10 s to collect one item at each picking location. The warehouse consists of
10 aisles and 3 cross-aisles, each of which has a width of 3 m. One single shelf row
marks the left and right outer borders of the storage area, respectively, and neighboring
aisles are separated by two shelf rows placed alongside each other (cf. Figure . The
shelves measure 3 m in width and 1 m in depth. One aisle contains 20 shelves. Thus, the
warehouse has a length of 50 m (10 aisles x 3 m + (1+9-2+1) shelf rows x 1 m) and
a width of 69 m (20 shelves x 3 m + 3 cross-aisles x 3 m). Each shelf has slots for three
distinct stock keeping units (SKUs), i.e., distinguishable product items, which results in
a granularity of 1 m and provides 1200 slots for SKUs (20 shelves per aisle x 3 x 20
shelf rows) in the warehouse in total. The depot is positioned at the lower-left corner of
the warehouse. The batch capacity is ¢ = 2. The number of items k(j) in each order o;
is uniformly distributed in set the {1,2,...,k},k = 4, which reflects a common scenario
in e-commerce, where the typical order contains fewer than two items on average (c.f.
Boysen et al., 2019; Xie et al., [2023). The storage locations of ordered items are uniformly
distributed among all storage locations (uniform dispersion). The orders arrive according
to a homogeneous Poisson process with an arrival rate r. In preliminary experiments, we
investigated different arrival rates r for shifts of 4h, increasing the rates in steps of 10
orders/shift, and found that optimal arrival rates in the Base setting, at which the system
remains stable, are rP< = 90 orders/shift and rR°P°t = 110 orders/shift for Pcart and
Robot, respectively. So, we set the arrival rates to these numbers. For Pcart, the 130
instances in Base, which form 13 groups of 10 instances according to their size n, are
generated randomly and independently from each other. For better comparability, the
130 instances in Base for Robot are identical to those in Pcart, except for the sequence
of arrival times, which was produced using a higher stable rate rR°P°t. \We generate
the remaining nine settings, by taking the instances of Base and changing their specific
characteristics in a one-factor-at-a-time design (see Table 2.2). For better control of
the impact of warehouse characteristics, we keep the instances unchanged (including the
coordinates of the generated items and the order arrival times) over the different settings,
unless explicitly stated otherwise.
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Table 2.2: Overview of the 10 settings of the data set

Changed factor Settings
Number of aisles - Base Largewarehouse
(10 aisles) (20 aisles)
Number of cross-aisles  Lesscrossaisles Base -
(2 cross-aisles) (3 cross-aisles)
Storage policy - Base Classbaseddispersion
(uniform) (class-based)
Maximal order size Smallorders Base Largeorders
(2 SKUs) (4 SKUs) (8 SKUs)
Batching capacity Smallbatches Base Largebatches
(c=1) (c=2) (c=4)
Arrival rate Smallrate Base Largerate
(rPcart =70 (rPcart =90 (rPcart =110
yRobot _ 90) yRobot _ 110) yRobot _ 130)

We investigate different batch capacities in settings Smallbatches and Largebatches,
where we set ¢ = 1 and ¢ = 4, respectively (all other instance data remained unchanged).
In Smallrate and Largerate, the arrival rates are set to rPert = 70, rPet = 110 and
rRobot — 90 and rRobot — 130 for Robot and Pcart, respectively. We do it by generating
new arrival times for the instances in Base. We investigate warehouse geometries in
Largewarehouse (20 aisles) and Lesscrossaisles (2 cross-aisles). Observe that the lengths
and widths of the shelves, aisles, and cross-aisles, as well as the number of shelves per aisle,
remain the same so that the size of the warehouse changes accordingly. In particular, in
Largewarehouse, the warehouse has a length of 100 m (20 aisles x 3m + (1+19-2+1)
shelf rows x 1 m) and a width of 69 m is identical to Base; in Lesscrossaisles, the
warehouse length of 50 m is identical to Base, and the width is 66 m (20 shelves x 3 m +
2 cross-aisles x 3 m). In Largewarehouse, we generate the positions of the ordered items
anew. We do not have to do it in Lesscrossaisles, since the number of SKU slots remains
the same (1200) and only the middle cross-aisle disappears. In Classbaseddispertion,
SKUs are stored in the warehouse according to their turnover rates, so that we take
instances of Base and generate new picking positions. We randomly assign ordered items
to three classes: A, B, and C with probabilities of 52%, 36%, and 12%. Items in A
refer to high-turnover products, which occupy slots in the first aisle. ltems in B occupy
aisles 2 to 4. And aisles in C are low-turnover products, which occupy aisles 5 to 10.
We randomly assign a storage position to each ordered item in the respective aisles of
its class. Finally, in Smallorders and Largeorders, the maximal order size is set to k = 2
and k = 8, respectively. For this, we have to generate the orders (including their size,
positions of the items, and arrival times) anew in the instances of Base. The generated
instances can be found in the Supplement.

We performed the experiments on the Compute Canada cluster by using 1 CPU with
a time and memory limit of at most 1h and 350G, respectively. For each instance I,
we compute CIOPT(I) by solving the respective OBSRP* exactly with the dynamic
programming approach described in Lorenz et al. (2024). We calculate Reopt(I) by
letting the orders arrive dynamically according to their arrival rates and applying exact
reoptimization as described in Section using the straightforwardly adapted dynamic
programming approach of Lorenz et al. (2024).
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Table 2.3: Worst observed optimality ratios of Reopt in Pcart

Setting The number of orders n =

3 4 5 6 7 8 9 10 11 12 13 14 15
Base 118 114 116 1.12 115 109 120 1.08 1.14 1.14 107 1.10 1.11
Largewarehouse 121 115 115 118 118 112 118 1.15 1.11 1.12 1.13 1.12 *1.10
Lesscrossaisles 116 124 118 1.10 110 114 114 1.10 112 1.09 1.07 1.13 1.13
Classbaseddispersion 1.20 1.14 1.18 1.12 116 1.11 114 1.14 113 111 110 1.10 *1.08
Smallorders 134 133 122 111 116 1.08 116 1.08 1.07 1.09 1.23 1.10 1.09
Largeorders 118 121 110 1.08 1.12 *1.17 *1.10 - - - - - -
Smallbatches 1.15 1.15 108 1.08 107 106 106 1.05 1.05 1.04 1.04 1.04 1.03
Largebatches 1.17 117 131 116 1.17 1.12 1.13 - - - - - -
Smallrate 1.14 117 113 1.11 108 112 105 1.05 110 1.15 1.08 1.12 1.09
Largerate 119 114 119 121 112 111 113 1.12 1.12 1.14 1.13 1.11 *1.08
Total 1.34 133 131 121 118 117 120 1.15 1.14 1.15 123 1.13 1.13

Note. * Results for less than 10 (out of 10) instances. CIOPT did not solve 1 or 2 instances to optimality — No
results reported, since CIOPT solved less than 8 instances to optimality.

2.4.2 Optimality ratios of Reopt in Pcart and Robot

CIOPT(I)
report worst observed optimality ratios in Pcart and Robot. The average observed opti-

mality ratios for Pcart and Robot can be found in Tables[2.5]and [2.6]in Supplement [2.7.7]

According to our experiments, Reopt’s results are rather close to optimality even in
small-sized instances. For the smallest tested instance sizes (with the number of orders
n < 5), the average ratio over all settings equaled 1.10 and 1.09, for Pcart and Robot,
respectively; for the largest tested instance sizes (n > 13), it decreased to 1.05, for both
cart types. The worst observed optimality ratio across all the instances equaled 1.34
for Pcart and 1.32 for Robot; and the respective ratios for larger instances (n > 13)
decreased and equaled 1.13 and 1.16, respectively.

To statistically validate the monotonic decreasing relationship between the observed
optimality ratios and the instance size n, we conducted a Spearman’s rank correlation
test (see e.g., Corder & Foreman, 2009). For each of the 10 settings, we computed the
Spearman’s correlation coefficient for the optimality ratios across all solved instances of
different instance sizes (130 observations for most settings, fewer for Largeorders and
Largebatches, see Tables and . In Pcart (Robot), for all settings except Large-
orders, the coefficients ranged from -0.68 to -0.25 (from -0.61 to -0.27) with p-values of
less than 0.04 (less than 0.01) indicating a moderate but statistically significant decrease.
For Largeorders, the Spearman’s correlation coefficient was -0.23 (-0.16) and the p-value
of 0.07 (0.20) may be explained by the lower number of observations and the limitation
in instance size n.

For each instance I, we compute the optimality ratio as ReoptD)  Typles and

2.5 Conclusion

This paper performs an optimality analysis of reoptimization policies for the Online Order
Batching, Sequencing, and Routing Problem (OOBSRP). The focus is on immediate re-
optimization (Reopt), where the current (partial) solution adjusts each time a new order
arrives. We consider warehouses employing manual pushcarts and warehouses employ-
ing robotic carts. Given that picking instructions in traditional warehouses may only
be transmitted at the depot, we additionally examine the noninterventionist version of
Reopt for manual pushcarts. In total, we investigate three systems, each featuring a
specific reoptimization policy and cart technology: Robot for interventionist Reopt and
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Table 2.4: Worst observed optimality ratios of Reopt in Robot

Setting The number of orders n =

3 4 5 6 7 8 9 10 11 12 13 14 15
Base 1.18 124 112 110 118 105 112 1.09 1.06 1.09 1.07 1.11 1.08
Largewarehouse 1.32 1.14 119 124 112 108 112 1.09 1.07 1.08 1.11 1.09 1.10
Lesscrossaisles 1.25 125 131 112 116 113 113 110 1.17 1.11 1.14 116 1.12
Classbaseddispersion 1.15 1.22 1.10 1.18 1.14 1.18 1.08 1.09 1.08 1.04 1.08 1.10 1.10
Smallorders 1.19 129 117 111 110 108 1.13 1.07 1.08 1.06 1.06 1.12 1.07
Largeorders 1.12 1.11 122 1.07 1.10 *1.12 *1.10 - - - - - -
Smallbatches 1.22 124 119 106 115 108 1.14 1.11 1.09 1.07 110 1.06 1.06
Largebatches 118 124 115 109 111 111 115 *1.12 - - - - -
Smallrate 122 115 111 108 107 109 109 110 1.10 1.09 1.06 1.10 1.08
Largerate 125 112 123 108 117 109 115 110 1.09 1.09 1.13 1.11 *1.08
Total 1.32 129 131 124 118 118 115 1.12 117 1.11 1.14 116 1.12

Note. * Results for less than 10 (out of 10) instances. CIOPT did not solve 1 or 2 instances to optimality — No
results reported, since CIOPT solved less than 8 instances to optimality.

robotic carts, Pcart for interventionist Reopt and manual pushcarts, as well as Pcart-N
for noninterventionist Reopt and manual pushcarts.

OOBSRP can be interpreted as a nontrivial combination of the online batching prob-
lem and the online traveling salesman problem. To the best of our knowledge, there is
currently no clarity on the performance gaps to optimality for any OOBSRP policy. Reopt
is chosen for analysis due to its prominence in warehousing literature and its ability to
leverage recent algorithmic progress for the offline version of OOBSRP.

Our extended competitive analysis demonstrates the almost sure asymptotically opti-
mal performance of Reopt under very general stochastic assumptions in all three examined
systems — Robot, Pcart, and Pcart-N. Our stochastic assumptions can describe a variety
of order arrival patterns relevant for practice. On the formal side, they encompass arrival
times that are modeled as order statistics or as a homogeneous Poisson process with
specific arrival rates.

Even if we drop stochastic assumptions and examine any theoretically possible OOB-
SRP instances, Reopt performs well, with no policy improving its result by more than
50% in sufficiently large instances. Anomalies are possible in small OOBSRP instances,
which cannot be overcome by any deterministic algorithm (see strict competitive ratios
in Section . However, no policy can improve Reopt's result by more than 75%
regardless of the instance size.

Having established the almost sure asymptotic optimality of Reopt analytically under
various stochastic scenarios, we show empirically that Reopt remains rather close to the
complete-information optimality already in small instances in Pcart and Robot.

This paper provides insights into ongoing debates regarding the benefits of waiting
and anticipation for online policies in warehouse operations. Indeed, the performance
gaps of Reopt, which eschews both waiting and anticipation, serve as a benchmark for
assessing the benefits of these concepts (see Section [2.1.2).

Several questions remain for future research, including the open status of Conjecture [T
and determining stable rates A when order arrival times follow a Poisson process. Further
performance analysis is needed for other online algorithms, including simple policies like
"first-come-first-served’ and S-shape routing. An optimal online policy is still unknown,
especially for small OOBSRP instances. Exploration of additional OOBSRP variants and
extensions, including multiple pickers, picking location assignment, advanced information
on orders, and order due dates is suggested as avenues for future research. Furthermore,
the analysis of alternative objectives, particularly those related to the service level (e.g.,
tardiness), remains an outstanding research area.
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2.7 Supplemental material

2.7.1 Supplement: Proof of Lemma

Let us call an intersection of an outer aisle and an outer cross-aisle a corner. The shortest
time to traverse all the picking locations of the warehouse starting from the given position
s and ending in the given position { cannot be larger than the time of the following route
(see Figure [2.8): Move from s to some corner of the warehouse, visit all the picking
locations following an S-shape route starting from this (first) corner and ending in the
respective last corner, after that move to t. Obviously, the S-shape route to visit all the
picking locations of the warehouse takes time (a- W + L). By a smart selection of the
first corner, where we start this S-shape route, the total time { to reach this first corner
from s and then reach t from the /ast corner, does not exceed (W + L).

Let w!" and w}"" be the shortest horizontal distances from s and t to reach an
outer cross-aisle, respectively (see Figure . Observe that w" < 0.5- W and w’[”” <
05-W. If w;”i” < w?”'”, the picker shall move from s along wg'zi”, then:

vertical component of < w™" 4+ max{W — w/"", w/""} <W (2.37)

If w;”i” > w}”i”, the picker shall select the first corner such, that she can move from the
last corner to t along w}™", then:

vertical component of { < max{W — w™",w™"} + w"" < W. (2.38)

By examining I and ["" which are the shortest horizontal distances from s and t to
reach an outer aisle, respectively, we receive that the horizontal component of { < L.

Figure 2.8: Warehouse traversal starting in s and ending in ¢
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2.7.2 Supplement: Proof of Theorem

Recall that |QReoP!(I(n)"™| is the queue length of available orders for Reopt at the

‘QReopt(I(n)mnd)‘ . . .
s=——, " =0 as. implies:

rand\ __ Reopt rand
Reopt(l(ni ) Rn§<|Q (i(”) )|+1> Uonoo o s (2.39)

arrival of the last order R,. The assumption lim,, e

where u is the warehouse traversal constant from Lemma[I] The right-hand side refers
to a feasible picking plan, when the cart is fully packed with ¢ orders in each batch (if
possible) and, to collect a batch, the picker traverses all the picking locations of the
warehouse. Since the inter-arrival times of the customer orders X;,i € {1,...,n} are i.i.d.,
we can apply the Strong Law of Large Numbers:

" X
Rn i=1 ' n—oo

1
= 1o - s. 2.4
n n /\<Ooas (2:40)

Putting (2.39) and (2.40) together:
Reopt(I(n)rand) o Rut Reopt(I(n)™d) — R,

2.41

CIOPT(I(n)rand) — Ry, (2.41)
Reopt(I(n)™™4) —R, n

=1 - — 2.42

+ . R, (2.42)

%1 as. (2.43)

2.7.3 Supplement: Proof of Theorem

This proof uses the Order Statistics Property of the homogeneous Poisson Process (cf.
Feigin (1979)):

Proposition 6. Suppose that order arrival times Rq, Ry, ... follow a homogeneous Poisson
process with rate A. Let N be the number of arrival times in the given time interval [0, ].
Then, conditional on N = n, the successive arrival times (R, ...,R,,) are distributed as
the order statistics of n independent identically distributed random variables (Y;);cN with
a uniform distribution on [0, t].

We use Proposition [0] to extend the analysis of Theorem [3|from the probability space
described in Section [2.3.2.1] to the probability space of Section [2.3.2.2] Thereby, we use

the following notation:

= Probability measures P ,i¢() for t € R™, when the arrival times are independent
uniformly[0, ] -distributed random variables. Observe that in this case, order arrival
times satisfy the order statistics property and, therefore, satisfy the conditions for
Theorem [Il

= Probability measures Ppy;51) for A € R™, when the arrival times R = (R;)jen
follow a Poisson Point process with rate A.

We denote the optimality ratio of Reopt for any given random instance I'™ in a
given picking system (Pcart-N, Pcart or Robot) as the respective measurable function

. rand Reopt(I"") ; ;
f:Q—[1,00), [ CIOPT (T} where () is the instance space.

The proof proceeds in four steps.
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First, we start with independently and uniformly [0, ] -distributed order arrivals.
The almost sure (a.s.) asymptotic convergence of f(I(n)"*?) towards 1 (cf. The-
orem directly implies the convergence in probability of f(I(n)™™™) for n — oo
(cf. Proposition 10.3 in Le Gall (2022)). In Pcart-N, Pcart and Robot, the ratio
f(I(n)4) is bounded for all n € IN (see Proposition [4)), so is the expected value
Eos unif(t) [f(I(n)™9] < o(Reopt) < co. Therefore, the convergence in probability im-
plies the convergence in mean (see Proposition 10.4 in Le Gall (2022)):

5im By [F(10)™ )] =1 Vi€ RT  (244)

Second, suppose the arrival times follow a Poisson process with some rate A € R™
and let I(#)™" consist of all orders that arrive in the fixed time interval [0,t],t € R,
Let denote the number of these orders as N(t) € IN and observe that N(f) a Poisson-
(A - t)-distributed random variable. Then by Proposition [6}

]EPois()\)[f(I(t)mnd) |N(t) = 1’1] = IEos,zmif(if) [f(](n)mnd)] (2'45)
Thus, for any A € Rt and any t € RT, by (2.44):

Lim Epois(y) [f (1(4)™™) | N(t) = n] =1 (2.46)

n—oo

The convergence in ([2.46]) implies that for any € > 0, there exists 1 € IN such that
€
Epoisn[FI(O)™) | N(t) =n] <145 ¥n>ne (2.47)

Third, by applying the Law of Total Expectation, we compute the unconditional mean
by examining groups of instances with N(t) > n, and with N(t) < ne:

E pois(n) L (1(1)™)] = Ppois(a) (N () < 1) - Epgis(a) f (1()"™) | N() < ne]

Loy Py (N(8) = 1) - B F((™) | N =
n=ne+
(2.48)

() ™) | N(t) < ne] <

By Proposition 4] on the strict competitive ratio, IEpois(r)[f (I
t) > ne) <1 by definition.

o(Reopt) < oo. Moreover, the probability mass IPp,i() (N(
Hence:

Epuison [F(1()™")] < (Reopt) - Pryisir) (N(#) < ne)
+ (1+3) Prois(y (N(1) > ne) (2.49)

< o(Reopt) - Ppyisa) (N () < ne) + (1+ =

) (250

Observe that 1. does not depend on the arrival rate A, but A influences the probability
of instances with N(t) < n.. Let A; > 0,i € IN, be any increasing sequence of arrival
rates such that A; — oo if i — oo. Recall that the cumulative distribution function
of the Poisson distribution is the regularized gamma function Q, i.e., Pp,is2)(N(t) <
ne) = Q(ne, A -t). By definition of Q for fixed ne, there exists an ic € IN such that
for all i > ic : o(Reopt) - Ppyis(r) (N(t) < ne) = o(Reopt) - Q(ne, A -t) < 5. After
implementing this in (2.50]):

Epus) FU™)] < T+e Vi (251)
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Figure 2.9: Robot: Unfortunate large instance for Reopt
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Note. ¢ = 2. Two-item orders, each with one item sP°t**™ and one item stP, arrive such that the picker in Reopt

keeps walking back and forth without completing any batch until the arrival of the last order.

Since (2.51)) is valid for any € > 0, we proved that for any increasing sequence (A;)jen
of arrival rates with A; — oo if i — o0

lim Epys0, FC1()™)] = 1 (252)

1—

Finally, the second convergence statement of Theorem [3|follows by Markov's inequality
for the nonnegative random variable (f(I(t)™"4) — 1) and any given € > 0:

IEPois()\,-) [f(l(t)mnd) - 1]

€

—0 if i = o0
(2.53)

Ppoisr) (F(I(#)™) > 1+€) <

2.7.4 Supplement: Auxiliary Lemma on the asymptotic competitive ratio

Lemma 5. /n Pcart and Robot, the following holds true:

, Reopt(I(n))
it 10 PT (1)) (2:54)
together with 1i_r>n CIOPT(I(n)) — oo (2.55)
n—oo

implies that 0ysymp.(Reopt) > a

Proof. In a proof by contradiction, suppose that for all n € IN and for all instances I(n),
Reopt(I(n)) < (a —€)CIOPT(I(n)) + const for two constants const,e > 0. Then

Reopt(I . —00 .
%&ﬂ% < (x—e)+ Clo%m ) for all n € IN. But since CIO?;’#(S;(”)) - 0, this
is a contradiction to llmn%w%(u((’% = a. O

2.7.5 Supplement: Proof of Proposition

Figure provides an unfortunate example I["°"s for Robot with ¢ = 2 in a one-aisle
warehouse; the example can be generalized for ¢ > 2 and more general warehouse layouts.

Arriving orders in I"°"st consist of two items each: sP°"*°™ (placed at the bottom of the
aisle) and s*P (placed on the top of the aisle). Recall that W is the width of the warehouse
and [ denotes the location of the depot. Let d(l,sP°%°™) = 2¢, (I,5%°P) = W, and
(Sbottom top) W — 2e¢.

Instance IW°'st consists of n = 2k + 1 orders, k € IN. The idea is to set the inter-
arrival times of the orders such that Reopt makes the picker oscillate between sP°t°™ and
the middle of the aisle without picking any item until the last order arrives.
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bottom

The first order arrives at 11 = 2¢, the picker in Reopt picks item s of order 07

at time 4e.

At time rp, = %W+3e — ﬁ, 0> arrives and the picker in Reopt is at distance

%W —€— ﬁ from sPottom with sPottom of order 01 placed in her cart. Reopt has two

choices. The first one is to return to s and batch the new order 0, together with
01 at the total cost of rp + %W —€— 2n‘5_2 +W—-2¢ =2W-2-. 2n5_2. The second
one is to continue to s*P and pick 07 and 0, in separate batches at the total cost of
2¢ + W+ (W — 2¢) = 2W. Reopt decides for the first option.

At time r3 = W + 2¢ — Bﬁ, 03 arrives and the picker in Reopt is at distance —2,1‘572

bottom

from sPto™  Now Reopt has two choices. The first one is to move up and finish order
01 in a separate batch by picking s*P, then collect orders 0, and 03 together at the total
cost of r3 + W —2e — ﬁ + W —2¢ =3W —2¢— 4%. The second one is to collect

item sP°t°M of 0, finish batch Sp = {01,0,} and pick 03 separately at the total cost of
13+ 525 +2(W — 2€) = 3W — 2¢ — 25-%. Reopt will decide for the first option.

In general, at time 1o, = 22"W — (2p —5) - € — (4p — 3) - 5.2, p € {2,3,.... k}, the
picker in Reopt is at distance %W —€— 21%2 from sP°tt°m  Now Reopt has two choices.
The first one is to return to sP°t°™ to batch the new order 02p with the commenced order
01, then pick all the remaining orders in pairs. The second one is to continue to s*P to
finish the commenced batch S; = {01}, then pick the remaining orders in p — 1 pairs
and the last order in a separate batch. Reopt decide for the first option with the total
cost of rpp + W — € — 325 + p(W — 2¢) = 2pW — (4p — 4)e — (4p — 2)5.25.

At time o1 = pW — (2p —4)e — (4p — 1) - 5.25,p € {2,3,.., k}, the picker
is at distance ﬁ from s Reopt has two choices. The first one is to change
the course and move up to s™P to finish order 07 in a separate batch, then pick the
rest of the orders in pairs. The second one is to pick up item sP°t°™ of o, finish
batch S; = {o01,02}, then pick all orders in pairs except from batch S,,1 = {0211},
which is picked separately. Reopt will decide for the first option at the total cost of
ropr1 + W —2e — 2;%2+P(W—2€) =@2p+1)W - (417—2)5—417'%-

Overall, to pick n = 2k + 1 orders of I"°'t, Reopt requires Reopt(I"°™") = (2k +
D)W — (4k — 2)e — 4k - 525 = (2k + 1)W — (4k — 2)e — & time. CIOPT will pick the
first order in a separate batch, which is completed at time W, and collect the remaining
orders in pairs, so that CIOPT (I"°™') = W+ k- (W —2¢) = (k+1)W — 2ke. It follows

Reopt(I™™) W—2e+6 k—oo worst) k= ;
that W(I‘N‘“St)) =2—- CIOPT([vorst) > 2 as C[OPT(I ) —— o0. This on the

other hand, implies that 0ysymp(Reopt) > 2 by Lemma .

bottom

2.7.6 Proof of Proposition @

Theorem 3.1 for N-TSP and Theorem 3.3 for H-TSP by Ausiello et al. (2001)) consider
the case when requests are located on the real line.

What remains is the translation of the specific positioning of the picking locations s
and sZ, from the real line to the warehouse, such that:

1

= They are at equal distance to the depot d(Iy,s!) = d(l,5%) = €.

= Any other location in the warehouse is at a larger distance to one of the picking
locations:

max{d (1", s1), d(1%"",s2)} > e (2.56)

Observe that d() refers to the warehouse metric as explained in Section
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Figure 2.10: Positioning of the potential order locations s' and s in Propositionfor Robot and Pcart
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(a) Warehouse with the depot not located in the corner (b) Warehouse with the depot in the corner

Note. Observe that d(s!,1;)) = d(s?,1;) = € for some €, which depends on the location of [?. The dotted green
line separates the warehouse in two sections. For each location ¥ in the same section as s!, d(I°'",s?) > ¢ and
for each location I“'" in the same section as s%, d(I°¥'",s!) > e.

Figure explains, how to position s and s? if the depot 17 is located i) in a corner
of the warehouse (Figure [2.10R) or /i) in any other location (Figure [2.10p).
To prove (2.56)), compare d() with the Manhattan metric m():

= Obviously d(I,1") > m(1,1") for any locations I,1" in the warehouse.

= The green dotted line in Figure depicts locations [ that are Manhattan-
equidistant to s' and s? at a distance of at least €: m(l,s') = m(l,s?) > e.

= The green dotted line divides the warehouse into two sections: s' is in section 1 and

s% is in section 2. If the picker's location [°*'" is in section 1, the picker must cross
the line to reach s? and vice-versa. Thus, for any location I°“’" in the warehouse,
max{d(lcurr, Sl), d(zcurr, 52)} > max{m(lcurr, Sl), m(zcurr, SZ)} > €.

The case of Robot. The main idea of Theorem 3.1 for N-TSP is that the upcoming
request (which we can interpret as a single-item order) is located in one of two locations —
s! and s2 — placed on opposite sides of the depot [ at distance d(l,s') = d(l;,5%) = €.
For any picker position " on the real line, max{d(I°*7,s!),d(I*"",s?)} > €. Now,
consider any algorithm ALG and the respective picker location [““" at time r;. There
is an instance I%°"s! defined on the real line, in which request 0; appears to the left of
l; if the picker's position [““'" is to the right of it, and vice versa; i.e., ALG is on the
‘wrong side’ of the depot in this instance. CIOPT has complete information about the
location of 07 and moves immediately in the right direction. In Robot, an unfortunate
instance I“°"! in a warehouse of any geometry, with n = 1 order and r; = € can be
constructed by the same scheme as just described for of N-TSP. Indeed, by this scheme,
CIOPT(I™"") = € and ALG(I*"*") = ¢ + max{d(I"",s'),d(I?¥""),s*)} > 2e.

The case of Pcart. In Pcart, the proof uses the same positional scheme for the
picking locations s' and s?, and is adapted from the proof of Theorem 3.3 from Ausiello
et al. (2001). It constructs seven unfortunate instances 1! to I*7 depending on the
decisions of the deterministic algorithm ALG:

= Instances I“! and I%?, each with one (n = 1) single-item order arriving at r; = €.
The order’s position is at s' in I*! and s2 in I%?, respectively.

= Instances I3 and [*4, each with two (1 = 2) orders arriving at r; = € and r, = 3¢.
The first order has two items at positions s! and s? in both instances. The second
order has one item at position s! in I*® and s? in I“*, respectively.
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= Instance [“° with one (n = 1) order arriving at r; = € with two items at positions
1 2
s* and s°.

= Instances I“® and I*7 with two orders (n = 2). The first order has the same two
items s' and s? and arrival time r; = € as in I“®. The second order 0y arrives
at time r; = (34 ¢)e, where 0 < g < 4 (%ﬂ) —5 < 1.6 and is computed
as explained below. In I“®, order 0, has one item at position s> located in the
direction of s' away from the depot with d(s?,1%) = (1 + q)e,d(s%,s') = ge and
d(s®,s*) = (2+q)e (see Figure . In I%7, the single item of order 0y is at
position s*, which is constructed along the same lines as s%, but in the direction of

s% away from the depot.

In all these instances, CIOPT has complete information. If ¢ > 2,

CIOPT(I*') = CIOPT(I*?) = 2¢
= CIOPT(I"*) = 4e

In contrast, no algorithm ALG can differentiate between the instances 11 to 1%7 before
time t = €, between instances I3 to I*7 before t = 3¢, and between instances I*° to
7 before t = (3 + q)e. The case-by-case proof of Ausiello et al. (2001) shows that any

deterministic ALG reaches the ratio of c?é%l()l) > 9+§/ﬁ ~ 1.64 for at least one of the

instances described above.

In the proof, we keep track of the distance from the current picker position [ in
some arbitrary algorithm ALG to the green dotted line (line) (see Figure [2.10)), which is
the shortest distance from [°“’" to any point on this line.

Let us denote 0(ALG) simply as 0. Assume that ALG has ¢ < (94 1/17)/8. Then,
in instances I € {I¥!, [*2}, the result of ALG should be less than ¢ - CIOPT(I) = 2ec
(see ([2.57))). To achieve this, at time t = €, the picker must be at a point I{*'" of distance
< (20 — 3)e from line, since she has to cross the line to pick the item s! (in I%1) or s?
(in I®%) and then return to the depot, which takes her at least € + d(line, I$") + € + €
time (see (2.56)).

Similarly, in instances I € {I%3,[**}, the result of ALG should be less than ¢ -
CIOPT(I) = 4ec (see (2.58)). Observe that at t = 3¢, given I{"" and r1, = €, ALG
was not able to pick at least one of the items — s! or s2. W.l.o.g, let it be s'. Then at
time t = 3¢, the picker must be at a point I§*"" of distance > (7 — 40)e from line (see
Ausiello et al. (2001)) for more details).

It remains to examine instances I € {I*%, [*%, [*7}. Recall that the picker's position
IS“" is situated at some distance > (7 — 40 )e from the line at time t = 3¢, thus can
be shown that she has to cross the [ine at least once to collect the remaining items as
follows. Since, as explained above, the picker cannot have picked both items of the first
order (s! and s?) at t = 3¢, there are two cases:

= The picker has picked neither s' nor s2, then she will have to cross the line at least
once to serve the first order.

= W.l.0.g., the picker has picked s2. Then, if we look at both warehouse sections
separated by the line, the picker has to be located at the part with s? from the line.
Indeed, she started moving to s> at time t = € being at the other side of the line at
a distance of at most (20— 3)e. Even if she moved directly to s! after having visited
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s2, at time t = 3¢, she is at a distance of at most 3¢ — € — (€ + (20 — 3)¢) =
(€ — (20 — 3)€) < € from s2. Therefore, also in this case, the picker has to cross
the line to collect the remaining item of the first order.

To sum up, in both cases in ALG, the picker crosses the line at some time after t =
3e. Let denote this time (34 g)e. Since the result of ALG should be less than o -
CIOPT(I*®) = 4e0, the picker should cross the line at no later time than (4ec — 2¢).
Therefore, we have

g<4c-5 (2.61)

Finally, if in ALG the picker crosses the line not later than time (3+g)e = (40 —2)e,
see ([2.61), then at least in one of the instances I € {I%%, 7}, ALG(I) > (7 + 3q)e (see

2.60)), whereas CIOPT = (4 + 2g)e. The least value of o that satisfies o > (7+39)
given (2.61)) is 0 = %ﬂ,

(4+2q9)e
2.7.7 Supplement: Average observed optimality ratios of Reopt in Pcart
and Robot

Tables[2.5 and [2.6] report the average observed optimality ratios of Reopt, for the exper-
iments described in Section

Table 2.5: Average optimality ratios of Reopt in Pcart

Setting The number of orders n =

3 4 5 6 7 8 9 10 11 12 13 14 15
Base 1.11 1.07 108 106 107 106 1.07 1.05 1.07 1.06 1.05 1.06 1.06
Largewarehouse 1.13 1.11 1.09 1.09 1.08 1.07 1.08 1.10 1.06 1.06 1.08 1.08 *1.06
Lesscrossaisles 1.11 1.10 1.07 1.07 1.06 1.07 1.07 1.05 1.07 1.04 1.05 1.07 1.07
Classbaseddispersion 1.11 1.07 1.08 1.06 108 106 1.07 1.05 1.03 1.04 1.05 1.05 *1.04
Smallorders 1.16 1.11 109 107 107 105 1.06 1.04 1.04 1.04 1.06 1.05 1.05
Largeorders 1.10 1.07 1.07 1.04 1.06 *1.05 *1.08 - - - - - -
Smallbatches 1.10 1.07 1.06 1.05 1.04 1.04 1.04 103 1.03 1.03 1.03 1.02 1.02
Largebatches 1.10 1.09 1.12 1.09 107 1.06 1.08 - - - - - -
Smallrate 1.10 1.11 1.08 1.06 1.05 1.06 1.03 1.04 1.04 106 1.04 1.06 1.05
Largerate 113 109 109 108 106 106 1.07 1.07 1.07 1.07 1.07 1.06 *1.04
Total 1.12 109 1.08 107 107 106 1.06 1.05 1.05 1.05 1.05 1.06 1.05
Note. * Results for less than 10 (out of 10) instances. CIOPT did not solve 1-2 instances to optimality.

— No results reported, since CIOPT solved less than 8 instances to optimality.
Table 2.6: Average observed optimality ratios of Reopt in Robot

Setting The number of orders n =

3 4 5 6 7 8 9 10 11 12 13 14 15
Base 1.09 109 107 105 108 104 1.05 1.05 1.04 1.04 1.05 1.05 1.04
Largewarehouse 110 1.09 109 108 106 105 1.06 1.05 1.04 1.04 1.06 1.05 1.06
Lesscrossaisles 111 111 111 107 109 107 1.06 1.06 1.07 1.05 1.07 1.07 1.06
Classbaseddispersion 1.08 1.10 1.05 1.05 1.08 105 1.03 1.04 103 1.03 1.04 105 1.05
Smallorders 1.11 1.10 1.08 1.06 1.06 1.04 1.05 1.04 1.04 103 1.03 1.04 1.03
Largeorders 1.07 1.06 1.08 1.05 1.06 *1.07 *1.05 - - - - - -
Smallbatches 1.10 1.08 1.07 1.05 1.07 1.05 1.04 1.04 105 1.04 1.05 1.04 1.03
Largebatches 1.09 1.08 1.08 1.06 1.07 1.04 1.05 *1.05 - - - - -
Smallrate 1.07 1.08 1.07 1.04 104 104 1.04 1.04 1.04 1.04 1.03 1.04 1.04
Largerate 1.12 1.08 1.09 1.04 1.08 1.06 1.06 1.05 1.06 1.05 1.06 1.06 *1.04
Total 1.09 1.09 1.08 1.06 1.07 1.05 1.05 1.05 1.05 1.04 1.05 1.05 1.04

Note. * Results for less than 10 (out of 10) instances. CIOPT did not solve 1-2 instances to optimality.
— No results reported, since CIOPT solved less than 8 instances to optimality.
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Chapter 3

On picking operations in
e-commerce warehouses: Insights
from the complete-information
counterpart

Catherine Lorenz, Alena Otto, Michel Gendreau

Abstract. A key factor in the success of major e-commerce players like Amazon or Za-
lando, is their ability to achieve the delicate balance between fast- and low-cost deliveries,
enabling them to fulfill promises of same-day deliveries. To accomplish this, they rely on
intelligent optimization algorithms that process incoming orders in a real-time (online)
fashion, paired with advanced anticipation techniques like Al to forecast certain charac-
teristics of future orders. At the level of warehousing operations, there exists so far no
unbiased benchmark to assess the potential of such dynamic algorithms similar to opti-
mality gaps in static optimization, as the computation of optimal online solutions suffers
from the curse of dimensionality and therefore is intractable.

In this paper, we design a perfect anticipation algorithm that computes CIOSs (Complete-
Information Optimal policy Solutions), an exact optimal algorithm under perfect infor-
mation on future customer orders, including ordered items and arrival times, for pick-
ing operations in widespread picker-to-parts warehouses. We analyze ClIOSs under two
common objectives: makespan (minimizing costs representing picker's working time and
wages) and average order turnover (minimizing speed of delivery), to identify those ware-
house settings where simple planning heuristics perform well and those where significant
improvements can be gained through investment in advanced anticipation mechanisms.
We creatively leverage CIOSs to uncover decision patterns that can enhance simpler al-
gorithms suited for uncertain environments. A central aspect of analyzing ClOSs is to
gain clarity on the role and configuration of strategic waiting, which imposes deliberate
delays in picking to improve future operations. Strategic waiting is regarded as one of
the most promising tools to enhance the efficiency of online operations, simultaneously
being one of the least understood concepts in the warehousing literature. Surprisingly,
our detailed analysis of CIOSs downplays the importance of strategic waiting and explains
why this may be the case. Instead, it offers actionable advice to significantly improve
simultaneously operation costs and order throughput time in e-commerce picking based
on fundamental concepts, that have been largely overlooked in the literature. To com-
pute CIOSs, we designed a customized dynamic programming algorithm (DP) for the
integrated Order Batching, Sequencing, and picker Routing Problem with Release times
(OBSRP-R), which is the first exact algorithm for OBSRP-R in the literature.
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3.1 Introduction

Worldwide warehousing operations cost businesses about €300 billion annually (Herrmann
et al., 2019). E-commerce, a prevalent segment, presents challenges due to dynamically
arriving customer orders and customer demands for both free and fast deliveries (Hen-
derson, 2020). Meeting these demands is expensive as it necessitates allocating more
resources to handle customer requests individually, thereby sacrificing economies of con-
solidation and scale in warehousing and logistics. Staying low-cost, while being fast is
a challenge. Not surprising many express delivery start-ups went bankrupt (Meyersohn,
2023). Conversely, Amazon has successfully reduced delivery costs and speed, boosting
its sales and profits and, partially because of this, becoming one of the world’s largest
companies by market capitalization alongside Alphabet, Microsoft, Apple, and Nvidia
(Palmer, [2024). Amazon's CEO, Andy Jassy, stated: “We've re-evaluated every part
of our fulfillment network over the last year. We obviously like the results, but don't
think we've fully realized all the benefits yet” (Drummer, 2023). Amazon is continuing
to expand its same-day delivery services globally (Herrington, 2024).

Achieving a delicate balance between fast and low-cost deliveries requires the use of
intelligent optimization algorithms and Al in operations planning and control. Companies
like Zalando and Amazon use Al to forecast and influence upcoming customer orders
by leveraging intelligent recommendations and search result sorting (Chan & Wanab,
2024; S. O'Neill, 2024; Steinker et al., 2017). This allows them to anticipate certain
characteristics of incoming orders. Emerging paradigms enable the direct integration of
these predictions, along with contextual information, into optimization algorithms, thereby
unlocking their combined potential (cf. Sadana et al., 2024). To asses the improvement
potential of such algorithms, similar to optimality gaps in static optimization, we need
a perfect anticipation algorithm that computes CIOSs (Complete-Information Optimal
policy Solutions). With CIOSs, we can identify warehouse settings where existing simple
planning heuristics are close to the best achievable result, and those where significant
improvements can be achieved by further investing in advanced anticipation mechanisms.

Another key motivation for designing a perfect-anticipation policy, which is an optimal
policy in case of perfect anticipation, is the limited knowledge on optimal policies for any
type of warehousing operations with dynamically incoming orders. This is not surprising,
as optimal policies for many dynamic optimization problems are unknown due to their
inherent complexity, known as the curse of dimensionality. (cf. Powell, 2011, for a detailed
discussion). The goal of seeking optimal policies isn't solely to obtain them — since they
are often computationally impractical for real-world instances — but to uncover decision
patterns that can enhance simpler algorithms suited for uncertain environments (Wang
et al., 2019). With this in mind, we analyze ClOSs to derive such insights.

This paper designs a perfect-anticipation algorithm that computes CIOSs, an exact
optimal algorithm under perfect information on future customer orders, including ordered
items and arrival times, for warehouse picking operations. We focus on operations inside
picker-to-parts warehouses, where a worker travels to collect inventory items (see Fig-
ure [3.1)). Despite recent advances in automation (see Azadeh et al., 2019, for a survey),
these warehouses remain prevalent (Napolitano, [2012; Vanheusden et al., [2023) due to
their superior flexibility in handling demand fluctuations, such as Black Friday (Boysen
et al., 2019).

A central aspect of analyzing CIOSs is gaining clarity on the role and configuration of
strategic waiting, which involves deliberate delays imposed to improve future operations.
For example, consider picking operations from receiving orders to delivering them to
the depot for packaging. These operations can be modeled as a queuing system with
stochastic order arrivals. Queuing theory shows that all stable systems, even at full
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capacity, experience idle times and short queues due to variability in arrival times (Abouee-
Mehrizi & O.Baron, . Figure illustrates that allowing the picker to wait at the
depot when the queue is short — despite available picking requests — can significantly
reduce picking completion time and improve the average order turnover. Although various
policies for strategic waiting have been discussed in the literature (see Gil-Borrés et al.,
2024, for a summary), findings are mixed. The recent survey of Pardo et al. (2024)
describes strategic waiting as the ‘by far least studied activity’, which is expected to have
‘a deep influence on the performance of the overall [planning] method [for warehousing
operations]’ .

This paper’s analysis relies on insights from perfect-anticipation algorithms with long
computational times, as the studied optimization problems are hard-to-solve (NP-hard in
the strong sense, see Section . Therefore, we had to narrow our focus to the most
essential aspects:

= We focus on the picking operations in a warehouse, from order arrival until order
delivery to the depot for further packaging and delivery, highlighting the sort-while-
pick system, where all items of a customer order are collected into the same bin. We
examine different classes of policies ranging from fully integrated to hierarchically-
taken decisions on order batching (= grouping customer orders into picking lists
served in one picking tour), batch selection (=selecting the picking list to be pro-
cessed next), and picker routing. \We analyze two common objective functions:
completion time, or makespan (cost-oriented, focusing on picker's time) and aver-
age order turnover time (service-oriented, focused on fast deliveries). For a detailed
discussion of warehousing objectives, we refer the reader to C.-M. Chen et al.

and De Koster and Balk (2008]).

= We observed a common warehousing practice designed to avoid congestion and
competition among pickers accessing items stored in the same location, by assigning
those items to workers during an upstream planning stage (see Schiffer et al., 2022).
Also comparative analyses in the literature reveal no differences in the performance
rankings of alternative heuristic policies between single-picker and multiple-picker
environments (Gil-Borrés et al., [2024)). Based on this, we focus on the operations
of a single picker.

= Besides traditional class-based storage, many e-commerce warehouses use a scat-
tered pattern known as mixed-shelves storage. Unlike class-based storage, where
each product item is assigned a picking position based on its picking frequency,
mixed-shelves storage places individual items at multiple locations throughout the

Figure 3.1: Picking operation in a picker-to-parts warehouse

Sou‘rce: Governo do Estado de S3o Paulo. License: CC BY 2.0
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Figure 3.2: A picking instance which profits from strategic waiting

Initial picker position: ©

Order arrivals: [ Joi, o, attimeo,

ﬂ]]]]]]]]]ﬂ 03 attime 21,
% 04 attime 41

Depot
Note. Picking plan without waiting: picker completes 01 at time 2I; 0, at time 4l; 03 at time 6l; 04 at time 8I.
Average order turnover time: 3.5
Picking plan with waiting: picker jointly completes 01 and o3 at time 3I; then she jointly completes 0, and o4 at
time 5/. Average order turnover time: 2.5].

warehouse. This approach is advantageous because e-commerce orders often con-
tain only one or two items (Boysen et al., 2019), the product assortment is exten-
sive, and demand distribution has a long tail (Brynjolfsson et al., |2003). Scattered
storage reduces unproductive picker walking by increasing the likelihood that or-
dered items can be picked together from nearby locations. The state-of-the-art
advice in the literature emphasizes the importance of allocating storage space to
product items during upstream planning, over the selection of picking locations
when planning a picking tour. In the latter case, simple myopic rules, such as
the nearest-neighbor heuristic, are considered sufficient (see Weidinger & Boysen,
2018)). Therefore, we assume the picking positions of ordered items are predeter-
mined, which allows our analysis to apply to both class-based and mixed-shelves
storage, subject to reservations discussed above.

As our practical contribution, we analyze ClOSs under two common objectives: makespan
(minimizing costs representing picker's working time and wages) and speed of delivery
(minimizing average turnover). Surprisingly, our detailed analysis of CIOSs downplays
the importance of strategic waiting and explains why this may be the case. Instead, it
offers actionable insights for significantly improving e-commerce warehousing operations
across both objectives, as demonstrated through computational experiments. While these
recommendations may seem intuitive in hindsight, they have been largely overlooked in
the literature.

As our theoretical contribution, we design a customized exact dynamic programming
algorithm (DP) for the Order Batching, Sequencing, and picker Routing Problem with
Release Times (OBSRP-R), classified after Pardo et al. (2024). To our knowledge, this is
the first exact algorithm for OBSRP-R in the literature. Serving as a perfect-anticipation
policy that computes CIOSs for the online counterpart OBSRP with dynamically arriving
orders, our DP sets a benchmark for emerging Al-based anticipatory approaches. Further-
more, computational experiments show that standard mixed-integer programming solvers
are unable to handle even small instances efficiently, highlighting the necessity of this
tailored DP algorithm. We also identify analytical properties of optimal policies for online
OBSRP.

We begin with a literature review (Section . Section states the problem,
Sections and describe the proposed DP and state some analytical properties of
online policies, respectively. Section [3.6] presents detailed experimental studies and the
results. This is the main section of the paper. Section [3.7] concludes with discussions and
an outlook.
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3.2 Literature review

Over the past decades, warehousing logistics has been a prominent topic in optimization
literature. The majority of scientific efforts have concentrated on the picking operation;
for a comprehensive overview, we refer to the recent surveys by Boysen et al. (2019),
Pardo et al. (2024), and Vanheusden et al. (2023).

This section outlines three key literature streams relevant to our study: insights from
optimal policies for planning warehousing operations with dynamically arriving orders; the
role of advanced anticipation in warehousing operations; exact solution approaches for
OBSRP-R and related problems. The latter refers to solution approaches for calculat-
ing the perfect-information optimum for the online OBSRP, serving as a benchmark for
policies incorporating anticipation.

3.2.1 Insights from optimal policies for warehousing with dynamic orders

Although roughly one in four papers addresses warehousing operations with dynami-
cally arriving orders, most focus on developing planning heuristics, including meta- and
matheuristics, rule-based, and Al-based methods (Pardo et al., [2024).

The majority of studies evaluate the developed heuristics' performance by comparing
them with other, often simpler, benchmark strategies. Such computational comparisons
of heuristics (Giannikas et al., [2017; Gil-Borras et al., 2024) offer insights into the relative
effectiveness of the investigated algorithmic elements. For instance, optimal picker rout-
ing and optimal batching of available orders have shown significant improvements over
simpler heuristics (Gil-Borras et al., [2024; Henn, [2012)). However, optimality gaps and
the remaining potential for improvement, e.g., by advanced anticipation, remain unclear.

A few studies derived analytical performance guarantees for online policies. Henn
(2012) and Alipour et al. (2020) provided performance guarantees for a reoptimization
policy with threshold-based waiting intervals, for the batching and sequencing subproblem
of online OBSRP. They proved that the investigated policy is 2-competitive for the studied
problem variant, meaning that the resulting makespan is at most twice that of the CIOS.
In Chapter [2| we proved that immediate, myopic reoptimization (Reopt) is an optimal
policy for the more general online OBSRP under generic stochastic conditions, based on
a probabilistic, asymptotic competitive analysis. This means that for sufficiently large
instances, and under the objective of minimizing the operation’s total completion time,
the result of Reopt coincides with that of a perfect anticipation exact algorithm with a
probability of one, and cannot be improved. However, the analysis of Chapter [2| applies
to large instances where the number of orders approaches infinity.

The significance of strategic waiting was extensively studied for first-come-first-served
(FIFO) order batching policies using queuing theory analysis (Gong & Gong, 2009; Le-Duc
& De Koster, 2007; Van Nieuwenhuyse & De Koster, [2009). In FIFO-batching, orders
are grouped as they arrive, and are released as a batch in fixed time intervals or when
a fixed number of orders are queued. In the context of FIFO-batching, strategic waiting
increases the likelihood of forming larger batches and, thus, realizes savings from picking
multiple orders together when the queue is short.

To gain further insights into strategic waiting, Bukchin et al. (2012) developed an
optimal waiting policy to minimize tardiness and overtime costs for pickers, by formulating
the underlying Markov decision process, for orders arriving according to a Poisson point
process. Because of the innate complexity of the online OBSRP, known as the curse of the
dimensionality (cf. Powell, [2011)), they studied the optimal strategic waiting in a setting,
where the batching and routing decisions are significantly simplified and the picking time
of a batch solely depends on the number of constituent orders. Interestingly, the selected
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objective function (overtime and tardiness) by Bukchin et al. (2012) significantly reduces
the opportunity costs associated with waiting. However, even in this setting, the optimal
policy recommended little to no waiting, except when lead times (the time available for
picking an order, from its arrival time to its due date) were long compared to the picking
time of an order. The authors suggest this may be due to the low order arrival rates used
in the computational experiments.

Since then, a variety of approaches for implementing strategic waiting have emerged,
ranging from fixed time windows to complex formulas (see Gil-Borras et al., [2024} for an
overview). For example, drawing on the batching machine problem, Henn (2012) evalu-
ated several methods to schedule strategic waiting for the makespan objective. However,
his experiments showed that no-wait policies performed better than those involving wait-
ing. Overall, for more advanced and better-performing policies than FIFO-batching, the
advice on strategic waiting remains mixed (Gil-Borras et al., 2024; Henn, [2012)).

Unlike the studies mentioned above, this paper develops an optimal policy for the
perfect-anticipation counterpart of the online OBSRP.

3.2.2 The role of advanced anticipation in warehousing and related tasks

Although precise prediction of order sequences and arrival times is still elusive, anticipation
can already be effectively utilized in warehouse operational planning.

The key to integrating anticipation into planning is to account for both immediate
effects of decisions and their delayed consequences (cost-to-go). For instance, when de-
ciding whether to dispatch a worker with a single order, the cost-to-go considers the
probabilities and timings of future order arrivals, potential savings from larger batches,
and quantifies the long-term impact of this decision. Estimating cost-to-go typically in-
volves sampling and statistical aggregation techniques, including machine learning and
deep learning methods (Bertsekas, 2020; Satton & Barto, [2018). Additionally, rather
than optimizing based on given forecasts, these forecasts can be directly integrated into
optimization. This approach incorporates contextual information — predictive factors driv-
ing the forecast, such as information on marketing campaigns — into the problem input.
By simultaneously considering forecasting and optimization, the framework penalizes fore-
cast errors that affect decisions while tolerating irrelevant ones (see Sadana et al., [2024,
for a discussion).

Recent advancements in predicting customer ordering behavior have leveraged new
data sources, such as weather data (Steinker et al., [2017)), click data and page views
(Ferreira et al., 2016; Huang & van Mieghem, 2014)), consumer reviews (Y. Chen & Xie,
2008), and social media activities (Cui et al., [2018)). Progress is moving towards hourly,
item-level forecasts of arriving orders (Dai et al., [2022; Hamdan et al., 2023)).

Few studies have integrated ML-based anticipation methods into warehouse picking
operations. D'Haen et al. (2023]) explored online OBSRP with fixed delivery truck sched-
ules, aiming to minimize average order tardiness. They used historical data to introduce
dummy orders with due dates aligned with truck departures, serving as placeholders for
potential future arrivals. Cals et al. (2021) used deep reinforcement learning (DRL) to
optimize e-commerce order batching in a combined picker-to-parts and parts-to-picker
system. Shelke et al. (2021)) proposed an end-to-end DRL method for scenarios where
anticipated orders can be picked during one of the previous night shifts.
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3.2.3 Exact solution approaches for order picking with complete informa-
tion

To the best of our knowledge, no solution approaches have been developed specifically for
OBSRP-R so far. While some papers provide mixed integer programs (MIP) for OBSRP-
R or its subproblems (e.g. Alipour et al., [2020; Cals et al., 2021; Gil-Borras et al., [2020,
2021, 2024; Henn, 2012; Pérez-Rodriguez et al., 2015} J. Zhang et al., 2017)), these MIPs
were mainly designed to communicate the problem clearly and were unable to solve even
small instances. Given the poor performance of these MIPs and since these formulations
focus on special cases of OBSRP-R or incorporate additional specific characteristics, we
developed new MIPs in Supplement [3.8.1]

Even without release times, no paper has proposed an exact solution approach that
simultaneously addresses all related picking decisions — order batching, sequencing, and
picker routing — due to the problem's complexity. Adding release times increases this
complexity. For example, the picker routing subproblem, which is polynomially solvable
(Ratliff & Rosenthal, 1983; Schiffer et al., [2022)), becomes NP-hard with release times
(Bock et al., 2024)).

Gademann and van de Velde (2005), Muter and Oncan (2015), and Wahlen and
Gschwind (2023) developed exact Branch-and-Price (B&P) algorithms for the Order
Batching Problem (OBP) with the objective of minimizing the single picker’s travel dis-
tance. In the three studies, the linear relaxation of the problem was solved by a column
generation approach. Thereby, the Master Problem was formulated as a set partitioning
problem and the columns (i.e. the decision variables) constitute all possible batches,
defined as a subset of orders. These formulations are characterized by difficult subprob-
lems, as the costs of the decision variables, i.e. the distance functions of the batches,
are inseparable, in the combined orders. Gademann and van de Velde (2005)) first tack-
led the pricing problem with the help of a combinatorial branch-and-bound (B&B) tree
with a maximum number of levels that coincides with the batching capacity. Muter and
Oncan (2015) then generalized and improved their approach with a column pool strategy
and acceleration strategies for the column generation subproblem. They implemented
their approach for the traversal-, return-, and midpoint routing policies. The current
state-of-the-art approach for OBP by Wahlen and Gschwind (2023)) showed effective for
any monotone routing policy, including optimal routing. They modeled the column gen-
eration pricing problem as a shortest path problem with resource constraints, that was
solved with a labeling algorithm strengthened by strong completion bounds. Furthermore,
they introduced two families of valid inequalities: capacity cuts and subset-row cuts, and
two heuristics for OBP, strengthening the lower- and upper bounds, respectively, in the
branching process to find the integer optimal solution. Although Wahlen and Gschwind
(2023) were able to solve instances with several hundred orders, they identified batching
capacity as a key factor driving the complexity of the OBP. This also applies to OBSRP-R
and the DP approach developed in this paper. Importantly, note that the B&P approaches
for OBP based on a set partitioning formulations cannot be extended to OBSRP-R. The
additional sequencing component stemming from the order release times causes the batch
travel times, and thus the cost functions associated with the columns, to depend not only
on the combined orders but also on the starting time of the batch, invalidating the pro-
posed strategies for the pricing subproblem, and in general the usage of a set partitioning
formulation.

A different exact approach was suggested by Valle et al. (2016, [2017)) to solve the
joint order batching and picker routing problem (OBPR) minimizing the total distance
traveled. They modeled the problem with a non-compact arc-based formulation using the
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sparse-graph representation of the warehouse. The model was embedded in a branch-
and-cut algorithm which separates the exponential amount of connectivity constraints
resulting from this formulation. Valle et al. (2017)) introduced several problem-specific
cuts to speed up the approach. In the context of online grocery shopping with a large
number of items per order, the approach found optimal solutions for instances with up to
20 orders. Notably, the method cannot be applied in the case of OBSRP-R. The proposed
MIP formulation specifically relied on the fact that each directed arc of the sparse graph
is traversed at most once per batch in an optimal OBPR solution. This does not hold
anymore in the case of release times and non-zero picking times; the same arc may be
traversed at the beginning of the batch route to collect an item with an early release, and
then again later to pick another item with a late release.

For the OBPR in a general multi-block warehouse with multiple depots, Schiffer et al.
(2022)) exactly optimized the pickers’ travel distances, thereby allowing cartless-subtours.
The batching subproblem in their study is different from OBSRP-R, in the sense that
the orders (in their case pick-lists) must be batched in the sequence of their appearance,
but may be dropped at one of the depots independently from the rest of the batch once
completed, freeing cart capacity for the next order in the sequence. The developed layered
graph algorithm for batch routing represents a new state-of-the-art, but is not applicable
in the case of release times, as it can not account for the picker’s arrival times at specific
picking locations. Aerts et al. (2021) showed that the OBPR, without a sequencing
aspect, can be modeled and solved as a clustered vehicle routing problem.

Scheduling in OBSRP-R is involved at two different levels. Firstly, the completion
times of individual orders are accounted for in the objective function, when the orders’
turnover times are minimized. Secondly, the schedule enforces that no item is picked
before the release time of the respective order. While this is, to the best of our knowl-
edge, the first study to propose an exact approach for scheduling at both levels, some
metaheuristc approaches have been proposed for the Order Batching, Sequencing, and
picker Routing Problem OBSRP considering the first-level scheduling aspect within the
objective or the constraints (T.-L. Chen et al., 2015; Scholz et al., 2017; Van Gils et al.,
2019).

3.3 Problem statement

We define OBSRP-R in Section [3.3.1] Afterward, we formally propose two different
objective functions in Section [3.3.2] and introduce the online variant of the problem in
Section B33

Throughout the rest of the paper, we abbreviate {1,...,n},Vn € IN simply as [n].
Table 3.1l summarizes the relevant notation introduced in this section.

3.3.1 The order batching, sequencing and picker routing problem with
release times (OBSRP-R)

OBSRP-R describes the picking operation of a single picker equipped with a pushcart (cf.

Pardo et al., 2024). For simplicity, we call the working zone of this picker a warehouse.
The warehouse is rectangular and consists of a > 1 vertical aisles of length W, b > 2
horizontal cross-aisles of length L, and a depot I; which is positioned at some arbitrary
location in the warehouse (see Figure . We dub the access point to the storage
location, from which an ordered item can be retrieved, as the picking location of this
item. (see circles in Figure . Note that the picker can access the product items only
from the aisles. Specifically, no items can be picked from the cross-aisles.
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Figure 3.3: An instance I°-9 of OBSRP-R
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Note. A warehouse with b = 3 cross-aisles and a = 7 aisles. The width of each shelf, aisle, and cross-aisle is one,
and the picker moves at uniform speed v = 1. The batching capacity is ¢ = 2 and the time to pick an item is
t?P = 5. The instance has n° = 3 orders, the items of which are stored in the colored shelves. The grey circles in
the adjacent aisles mark the respective picking locations of these items.

The picker begins her operation at the depot and navigates through the warehouse
at a constant speed, v. She has a cart with ¢ bins, as depicted in Figure @ where each
bin is dedicated to a different order, so that items from the same order are grouped in
one bin. Consequently, up to ¢ orders can be collected simultaneously (in one batch)
to speed up the process. We denote ¢ as the batching capacity in the following. Note
that items from the same order cannot be split across different batches. Completion of
a batch occurs when all of its items have been picked the picker returns the cart to the
depot for unloading. Subsequently, the picker retrieves a new cart to commence the next
batch.

Following the classical definition of OBSRP(-R) (cf. Pardo et al., [2024)), and as mo-
tivated in Section [3.I, we assume that each ordered item is associated with a unique
picking location as it enters the picking system. This framework establishes a specific
distance metric d() for all the product items stored in the warehouse: for any two items
s1 and sp; d(s1,52) represents the shortest walking distance between their respective pick-
ing locations, navigated rectilinearly through the warehouse’s aisles and cross-aisles. We
extend the distance metric with the shortest walking distance between the depot and the
location of any item s, noted as d(l;,s). It is important to highlight that the triangular
inequalities are inherently satisfied: any three i,[,s representing a picking item or the
depot, d(i,s) <d(i, 1) +d(l,s).

An instance I of the OBSRP-R has the following input (see Table [3.1)):

= warehouse parameters, such as the number of aisles a, the number of cross-aisles
b, length L, width W, distance metric d();

= parameters of the picker and the cart, such as the picker's speed v, the batching
capacity ¢, and constant pick time t? to retrieve an item from its picking location;

= set of n° orders. Each order 0;,j € [n°]:
C . . I
— represents a set of picking items 0; := {5]1-, vy s].]},lj e N;
— is associated with a release time r; € R*.

W.l.o.g., we assume 11 < 1rp < ... < rpo. We also abuse the notation and denote the
release time of item s in order o; simply as 7(s) := rj. Each order can have a different
number of items. For convenience, we denote the total number of ordered items as
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nU

n' := Y |oj| and the set of all such items in the instance as S := Uje(e{0;}. The
j=1
retrieval of each item requires fixed pick time t7.
Let denote the completion time of an ordered item s € S in some solution ¢ as
C(s, o), which is the time when the item is placed in the cart. We abuse the notation
and drop the reference to o, if it is clear from the context.

A feasible solution o of OBSRP-R for a given instance I consists of:

» the picking sequence of the ordered items 7T, which is constructed as
= (7B, 7P, ..., 7Br), || = n!, based on the following components:

— an ordered sequence of batches rrPatches — (B1, B, ..., Bf), such that the
batches form a mutually disjoint partition of the orders: {o1,...,0p0} = By U
ByU...UB¢, BN By = @ Vk,I € {1,...,f},k # I; each batch contains at
most ¢ orders. The number of batches f € IN is a decision variable.

— for each batch B;, a permutation of the items in the included orders 7t?:.

= the picking schedule consisting of a completion time C(s) for each item s € S,
such that the routing requirements are respected, and no item s is picked before its
release time (s).

Typically, the objectives in the order-picking process aim for each item to be col-
lected at the earliest possible time (which accounts for the release times of the orders).
Specifically, within the scope of the objectives discussed in this paper, an optimal picking
schedule can be uniquely determined for any instance I from a given picking sequence
7t and its associated batches 71P2t"es  This is achieved by applying the formulas from
equations to (3.2)). For convenience, let denote the i item in 7t as 7[i].

C(relt]) =max{ - d(1g, e{1]) r(e{1])} + ¥ (31
max{C(7[i]) + L -d(n[i], 7[i + 1]),r(n[i +1])} + t7,
if 7t[i], t[i + 1] belong to the same batch
max{C(7[i]) + L -d(n[i], ls) + L - d(lg, n[i + 1)), r(7[i + 1])} + #,
if 7t[i], 7t[i + 1] belong to distinct batches
Vie [n' —1] (3.2)

Clnli+1]) = .

The second case of equation ([3.2]) occurs when the picker, having completed a batch
with item 7t[i], returns to the depot for unloading. Subsequently, the picker starts a new
batch using a fresh cart, beginning with the collection of item 7t[i + 1].

3.3.2 Objectives

We study two objectives: minimizing the makespan (referred to as makespan) and
minimizing the average order turnover (referred to as turnover).

The makespan of a solution o for a given instance, also called total completion time,
is formally defined as follows:

ke () — max{C(c, s) + % (s, 1)} (3.3)

seS
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Table 3.1: Notation of the OBSRP-R and the DP approach

Parameters of an OBSRP-R instance I

a Number of aisles in the warehouse
b Number of cross-aisles in the warehouse
L Length of a cross-aisle
14% Length of an aisle
1y Depot
d() Distance metric between items and depot
v Picker speed
tP Picking time to retrieve one item from its storage location
c Batching capacity: the maximum number of orders in a batch
n° Number of orders
0j = {s},sé} Set of items requested by the j™ order, j € [n°],1 € N
7 Release time of order 0}, j € [n°], 11 < . <1
r(s) Release time of an item s, i.e. release time of respective order, r(s) :=r; if s € 0
0
n Number of items, n' := nZ |o;]
=1
S Set of all ordered items S := Ujc00;
o Feasible solution
= (nBl, b2, an) Picking sequence of items; with 7t% the picking sequence within a batch B;
C(o,s)/C(0,0)) Completion time of item s/order o; in solution ¢ (o dropped if clear from context)
zmakesp () Makespan of solution ¢
Zturmover () Average order turnover time of solution ¢
Notation used in the DP-approach
(@) Sequence of orders sorted with respect to their release times

Oy = (s,m°,Sbatch Opend)  State at stage k € [n' +1] U {0};
for k < n', k items have been picked at this state; ®n"+1 is the terminal state;
s € SUI; denotes the last picked item for k € [n'];
m°® € [c] U{0} counts the number of orders in the current batch;
Shatch G set of items in orders of current batch that have not been picked;
Ope"d\O is the sequence of pending orders

X(©) Set of feasible transitions from state @y

(O, xx) Transition function for state Oy at stage k and transition x; € X(©y)

2" (O, x¢) Immediate value x; € X(©f) at state @y, for val € {time, comp, comp—+}
Qv (@) Value of state Sy for val € {time, comp, comp+}

Abatch-comp Set of batch-completion states in state graph

x(0j) Shortest time to pick order 0, j € [n°] in a single-order batch

By definition of , the picking operation is completed once the picker returns the cart
to the depot after all ordered items have been collected.

Similarly, an order is completed, when all items of its associated batch have been
picked and the cart containing that batch has been brought to the depot. Formally, let
denote B(c,0;) C S the set of items in batch B; if o; € B; in solution . Then, the
completion time of order o; in solution ¢ is defined as:

C(,0;) = max {C(s)+%-d(s,ld)} (3.4)

s€B(0,0;)

The reference to the solution ¢ can be dropped in the following if clear from the context.
The turnover time of an order o; describes the time from its arrival ; to its completion.
Thus the average turnover time of a solution ¢ for a given instance formally writes as:

Zturnover(g.) :ﬁ Z (C(U’, 0]) — 1’]) (35)

j€ne]

:%~ Z C(O',Oj)—% ZT’] (36)

j€n°] jene
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Table 3.2: Optimal solutions for OBSRP-R instance I®*-9 from Figure

Solution 0-1'*’ ie {1/2} ‘ 7'[((71-*) nbatches(o.i*) Zmakesp(ai*) Zturnover(o.i*)
oy Optimal solution for makespan objective | (1,2,4,3,5) ({01,02},{03}) 76 37.3
o5+ Optimal solution for turnover objective (1,2,5,3,4)  ({o1},{03},{02}) 99 34.7

Observe that the right-hand summand of represents the average order arrival time
and is a constant. Thus minimizing the average turnover time is equivalent to minimizing
the sum of order completion times.

For instance I®-0 in the illustrative example of Figure optimal solutions for
both objectives, makespan (see 07°), and turnover (see 03), are provided in Table [3.2]
In the example, the picker moves at unit speed v = 1. In the case of the makespan
objective, by formulas (3.1)-(3.2), the items 1 and 2 from order 01 are picked first,
and have a completion time of C(1) = d(I;, 1)+t = 10+5 = 15 and C(2) =
c(1)+d(1,2) + P = 15+ 14 + 5 = 34, respectively, since the picker arrives first at item
1, then at item 2, after the release time of the respective order, ¥1. Then, the picker
proceeds toward item 4 of order 0y, reached at time 41, and must wait for one time unit
for its arrival, thus the completion time is C(4) = r(4) +t# = 42+ 5 = 47. Finally,
item 3 is picked at time C(3) = C(4) +d(4,3) + ¥ =47 +16+5 = 68 and the first
batch By = {01,02}, as well as their included orders, are completed at time C(01) =
C(0o2) =C(3)+4d(3,15) = 68+1 = 69. The second batch B, = {03} contains one item,
picked at time C(5) = C(3) +4d(3,14) +d(1;,5) +tF =68+ 1+ 1+5 = 75, thus the
third order is completed at time C(03) = C(5) +d(5,1;) = 75+ 1 = 76. By definition
, the associated optimal makespan is zM3P(gF) = 76. The associated average
turnover to this solution, which is not optimal, is given by formula (3.5): z™™ve" (o) =
1. ((Clo1) = r1) + (C(02) — r2) 4+ (C(03) — 13)) = % - (59 +27 +26) = 37.3. In the
second case of the turnover objective, the proposed optimal solution o of Table
suggests to pick all orders separately. By the same formulas as above, the first order
defines the first batch By = {01} and is completed at time C(01) = 50. The second
batch B, = {03} and its associated order are completed at time C(03) = 57. The last
batch Bs = {02} and its associated order are completed at time C(0y) = 99. This leads
to the suboptimal makespan of zmakes"(az*) = 99 and the optimal average turnover time
of ZHMover(g3) = %((50 —10) + (57 — 50) + (99 — 42)) = 47 + 57 = 34.7

Mixed integer programs for OBSRP-R with both objectives and are pro-
vided in Supplement [3.8.1]

3.3.3 The online problem with dynamically arriving orders: OOBSRP

In reality, the information about arriving orders is not perfect. For a future order o;, the

set of picking items 5]1-, ey sj- and the number of items [ are only revealed upon the order’s

arrival. Similarly, the total number of orders, [1n°], is unknown. The release times 7; are,
in fact, the dynamically revealed order arrival times. We refer to the online variant of the
problem as OOBSRP.

3.4 Dynamic program

In this section, we describe the developed dynamic programming (DP) formulations for
OBSRP-R. Section describes the associated state graph. Section introduces
the labeling algorithms to find optimal solutions for both objectives, as well as upper
bounds for the turnover objective. Afterward, Section introduces several dominance
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Figure 3.4: lllustration of the state graph

Stage:
k=0 k=1 k=2 k=3 k=4 k=5 k=6
.." (1,1, {2}, (02, 03))\—’ (2,1,{}, (02,03)) by . \ .
N 142, (3), (02) = (30,3, (05))
0y N : /a1, 3,00\ 30,0, 0)=% 86
- . | 20,0, (02,0 A \ ’

s

! /T N0,0,0)7 X60.0.0)

Note. Extract of the state graph corresponding to the instance I®*-0 from Figure The arcs in bold mark the
path through the state graph that corresponds to the optimal solution for the makespan objective ¢7; the dashed
arcs mark the path of the optimal solution o for the turnover objective; and the dotted arc belongs to both optimal
solutions (see Table[3.2)). The states involved on at least one of these paths have a black font; some other states
are included in light grey, as well as all other feasible transitions between two depicted states, which do not belong
to the optimal paths.

relations, which are used to speed up the DP approaches. Table summarizes the
additional notation introduced in this section.

3.4.1 State graph

The following construction is identical for both studied objective functions.

Recall that we sort the orders non-decreasingly with respect to their release times. Let
denote this sorted sequence of orders as O and, for convenience, abbreviate the expression
"O’ is an ordered subsequence of O" as O'|O.

OBSRP-R is reinterpreted as a sequential optimization problem with k € {0,1, ..., 7/,
n' 4+ 1} stages. At stage k < n!, the picker has picked k items and, given the current
state (such as her location, available bins in the cart etc.), faces the subproblem to pick
the remaining items of the remaining orders. Her immediate decision at stage k is about
the next item to collect - and, possibly about the closure or extension of the current
batch. Stage n’ + 1 is reserved for the terminal state as explained below. We depict the
resulting sequential problem as a state graph. The nodes of this graph are called states.
The directed edges depict transitions between the states of the subsequent stages and
are associated with decisions.

States. We define state @y at stage k € [1'] as a tuple of the following four variables:

O € {(s,m°,sP3h oPendy s € S, m° € {0,1,...,c}, SN C 5,0P*"d |0}  (3.7)

Variable s € S denotes the last picked item. Integer m° € {0,1,...,c} counts the number
of orders currently assigned to the open batch. The set SP2*" C S accommodates the
items of the orders from the current batch, which have not been picked yet. Sequence
OPe"d|O is the sequence of pending orders, no items of which have been picked so far.

In the initial state ®y = (13,0,{},O) at stage k = 0, the picker is at the depot
with an empty cart. The last stage k = n’ + 1 consists of one state, dubbed terminal
state. It describes the picker's return to the depot with all the orders processed: ©,i | =
(1a,0,{}, ())-

States of type @ = (5,0, {},0P"d) with SPath = [} and m® = 0 are called batch-
completion states in the following. In batch completion states, the picker has completed
the batch by picking item s and moved to the depot for unloading, thus in these states,
the picker's current position is I;. In all other states, ®; = (s, m°, §P3th Opend) 130 > 0,
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Table 3.3: OBSRP-R with a pushcart: Feasible transitions at stages k = {0,1, .. i — 1}

Current state Transition New state
O Xk € X(@k) Vsk4q s.t. Opt1 = f(®kr xk)
1 (sx,0,{}, Opend) Sk41 € 0j,0; € OPed (sk+1,1, 05\ {Sk+dl }, 0P\ o))
2 —//— Sk+1 60]',0]' GOpe"d,\o]-\:l (skH,O,{},OI’:e" \0])
3 (sg,m®, {},0P), m°<c —1 Sk41 € 0j,07 € OP ($t41,m° +1,0; \ 541,07 \ 0))
4 -//- Sk+1 € 05,05 € Opend,‘(]j‘zl (skH,O,{},OPe”d\o]-)
5 (Sk/ mU, {}/ Opend)/mU:C -1 Sk+1 € oj/ Oj S Open:/ ‘01‘ >1 (Sk+]/mo + 1/ Oj } Sk+]lopend \ 0})
6 —//— Sk+1 onroj EOF’G”,\oj\zl (skH,O,{},OPe" \0])
7 (Sk/ me, Sbatchlopend), me<c—1, |Sbatch| >1 Ski1 € 0j, 0/ c Opend (Sk+1r mo+1’sbatch U oj\sk+1lopend\0/)
8 _//_ Skt c Sbatch (Sk+1’mo, Sbatch \ {Sk+1}/ Opend)
9 (Skr me, Sbatch’ Opend), me=c, ‘Sbatch‘ >1 Ski1 € Gbatch (5k+1r me, Gbatch \ {Sk+1}/ Opend)
10 (sk,m”, Sbatchlopend), me <c-— 1, |Sbatch| =1 ki1 c Oj/oj c Opend (sk+],mo+1’sbatch U Oj\sk+],opend\0],)
11 -;/- Skt € SEQIC: Eskﬂ,m"{,}{}, OP:";)
12-//- Sky1 € S7€ Sk+1,0,{}, OPe"
13 (Sk,mo, Sbatchlopend), me =c, ‘Sbatch‘ =1 Ski1 € Gbatch (sk+1,0, {}’Opend)

the picker's current position coincides with the picking location of the last picked item
s €S.

Transitions. We denote a set of feasible decisions, or feasible transitions, from state
Oy at stage k < n' as X(®y). The transition function f(®y,xx) = @1 describes the
next state after the execution of the decision x; € X(©y) at state Oy.

At stage k = n’, there is one only feasible transition in each state ®,:, which is to
move to the terminal state. At the remaining stages k = {0,1,...,n' — 1}, transitions
X € X(Ok) refer to the selection of the next picking item s, 1, and, potentially to the
decision of extending- or completing the currently open batch.

Table describes feasible transitions for OBSRP-R at stages k € {0,...,n' —1}.
Lines 1 and 2 describe transitions from a batch-completion state which initiate a new
batch. Note that, if the next batch starts by picking an item from a single-item order, the
picker has two alternatives: Either to pick this item as part of a larger batch (line 1) or
to limit the batch to this one order only (line 2). In lines 3 - 7 and 10, the currently open
batch is extended by a pending order. This is only possible when the batching capacity
is not exhausted (m° < c). Thereby, in lines 3 to 6, there are still empty bins in the
current batch, but all the items of the already assigned orders have been collected. If an
item sg,q from a single-item order is selected to be picked next, two alternatives must be
distinguished: either the batch is completed by this order (i.e., the next state Oy is a
batch-completion state, see lines 4 and 6), or further orders will be assigned to the current
batch (lines 3 and 5). In lines 8-9 and 11-13, at least one item from a commenced order
remains in SP2tM and is selected to be picked next. Similarly to previous transitions, if only
one item remains in S2*" and the batching capacity has not been depleted (m° < ¢ — 1)
(lines 11 and 12), the picker can either close the batch after picking this remaining item
and move to a batch-completion state (see line 12), or proceed by extending further the
current batch (line 11).

The next Proposition claims a one-to-one correspondence between the paths in the
constructed state graph and the feasible solutions of OBSRP-R.

Proposition 7. For a particular OBSRP-R instance, each path from the initial state to the
terminal state in the constructed state graph corresponds to exactly one feasible solution
for this instance and vice-versa.

Proof. Given that the first entry in each state at stage k € [ni] represents one picked item,
selected in the previous transition either from set SP2t" or an order from sequence OPe"d
which contain only outstanding items, the sequence of these entries in a path of states
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forms a visiting sequence of picking locations 7t of Hamiltonian nature. A partitioning
of this sequence into batches can be derived by closing one batch after each visit of a
batch-completion state and opening a new batch with the picking item of the following
state. By construction, the resulting batches form a disjoint partition of all n° orders of
the instance, and each batch contains at most ¢ orders.

The other way around, each feasible solution translates to exactly one path of states
connected by transitions from Table by construction. O

Figure illustrates an extract of the state graph corresponding to instance 1*-°
from Figure[3.3] highlighting the paths associated to the optimal solutions from Table[3.2]

3.4.2 Labeling algorithms

We first present the exact solution algorithms for the makespan- and turnover objective, in
Sections [3.4.2.1]and [3.4.2.2] respectively. In Section [3.4.2.3] we propose a faster heuristic
alternative for the turnover objective.

In all three presented algorithms, we propagate labels for each state of the state
graph in a forward inductive manner (cf. e.g., Desrochers & Soumis, 1988; Irnich &
Desaulniers, 2005, for a general introduction to labeling algorithms), and in all three
algorithms, these labels include a time value. A time value Q'™¢(©®;), for state @y at
stage k € {0, ..., n' 41} represents the time to reach this state through a particular path
in the state graph starting from the initial state ®q, i.e. by taking a sequence feasible
picking, batching, and sequencing decisions.

The propagation of labels and the associated time values starts at the initial state
with a time of Q%™¢(@y) = 0. Then, for every label associated to a state @ at stage
k € {0,..,n'}, every feasible transition x; € X (@) towards a state @1 = f (O, x¢)
produces a new label, with a new time value for @, 1. The time value of the new label
is composed by the immediate time of the transition, noted ¢"™®(@y, xr, QY™), and the
time value of the considered label for the starting state of the transition:

Qtime(®k+1> — Qtime(@k) +gtime(®k’ Xk, Qtime) (38)

The immediate times represent the amount of time necessary for the transition be-
tween states. If the transition results in a state @y, with last-picked item si 1, it is
composed of the maximum of the picker's walking time, and the waiting time for the
release of sg.1 — plus the picking time . To account correctly for the waiting time,
¢(Oy, x¢, QM) depends on the current time at the departure state, i.e. the time value
Qtime(@y) of the departing label. The picker's walking time on the other hand only de-
pends on the picker's current positions dictated by the states: if a state of the transition
is a batch-completion state, her position is the depot, else, it is the picking location of
item s or siy1, respectively. Let denote by Abateh-comp the gybset of batch-completion
states. Altogether, the immediate time of the transition from a label of state @y, with
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time value QfM¢(@y), towards a state Oy = f(Of, xx) is:

gtlme (@ Xj Qtlme)

max{M (Sk+1) _ Qtime(@k)}—i—tr}

if k < Tli, ®k é Abatch-comp and ®k+1 é Abatch-comp
max{m (Sk+1) _ Qtime(@k)}—i—ﬂ}

if k < Tli ®k c Abatch-comp and ®k+1 é Abatch-comp
e max{m (Sk+1) _ Qtime( )}+tp+ (Sk+1,ld)

if k < n O ¢ _Abatch- comp and @k+1 ¢ Abatch-comp
max{%;f’(skﬂ) (G W)} P+ (Sk+1rld)

ifk<n /®k c Abatch comp and ®k+1 c Abatch-comp
0 if k=n!

(3.9)

3.4.2.1 Exact labeling for the makespan objective

For the makespan objective is cost minimization, the time value is the only value in each
label and, by Bellman's Principle of Optimality (Bellman, [1952), it suffices to save only
one label for each state, namely the one with the lowest time value, which represents
the time of the shortest-possible subpath to reach this particular state through feasible
transitions in the state graph. We note this value Q*'time(G)k), for a state @1 at stage
k € [n°] and generate it inductively by the following Bellman equation:

Q*,time ® — : Q*,time O + time e , ,Qtime 3.10
(Ok41) (@k/xk)glflf}(@m){ (©k) +8"™(O, X )} (3.10)

The inverse image f‘1(®k+1) represents the set of all feasible transitions (see Ta-
ble to reach state O, 1: [ 1(Opy1) = {(O, xx) | Oy is a state at stage k, x; €
X(@k), and f(@k, xk) = @k+1}-

Finally, the optimal makespan for the given OBSRP-R instance equals the time value
of the terminal state: z*tme = O)*time(@,; ;).

3.4.2.2 Exact labeling for the turnover objective

Recall that by definition , minimizing the average order turnover time is equivalent
to minimizing the sum of order completion times of an instance. This objective will be
represented by a completion value in every label generated throughout the exact labeling
algorithm for the turnover objective. Specifically, the algorithm starts with one label
of the initial state ®y with a time value and a completion value of zero. Then, labels
are propagated again in a forward-inductive motion from every label of every state O
at stage k € {0,...,n'} through the feasible transitions x; € X(®). For every such
transition and every originating label, the time value Qf™¢(®;_ ) of the new label for
state Opy1 = f(O, xy) is generated exactly by the formula (3.8)). However, additionally
for this new label, the associated completion value, noted QC"mp'(@kH) is generated,
which represents the sum of the completion times of all completed orders up to that
state. Very similarly to the time value, the completion value Q°™P!(@;, ;) is computed
as:

Qcomp(®k+l) — Qcomp(@k) +gcomp(®k’ Xk, Qtime) (3.11)
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Thereby, Q°°™MP(@y) is the completion value of the originating label of the transition,
and g<°MP (@, xi, QiMe) is the immediate completion of the transition x; from the state of
the originating label ®y. Suppose that @ is defined by the entries (s, m°, Sbtch, Opend),
see Section Then, the immediate completion is non-zero for every transition towards
a batch completion state @y in APtch-comp for k < 5! and its value sums up the time
the current batch is completed (i.e., Q%™ (@ 1)) for all orders in this batch. Specifically:

gcomp(@k, Xk, Qtime) (3.12)
me - Qtime(®k+1) if k < I’li, ®k+l c Abatch-comp and Sbatch 7& {}

=4 (m°+1)-QM(Opyq) if k < 1!, Opyq € APAhcomP ang Ghatch — {3 (3.13)
0 if k = ni or @4y ¢ Abatch-comp

Importantly, in the case of the turnover objective, we cannot use Bellman equations
within the labeling algorithm to eliminate all but one label per state of the state graph.
In fact, for every state @, k € {0,...,n' + 1}, we must conserve all labels generated by
propagation which are pareto optimal with respect to the time value and the completion
value. The reason is that a low completion value in a state contributes directly in that
moment to the objective value, and a low time value improves the objective value over
the long term. The need to conserve the Pareto-optimal front of labels for the turnover
objective is further illustrated by Example

The optimal sum of order completion times for the given OBSRP-R instance equals the
lowest completion value of the terminal state, )*“°™P(®,, ), and the optimal average
turnover time z*tMOVer follows straightforwardly by formula ([3.6)).

Example 2. Consider the following instance I®~! with three single-item orders 0, = {1},
0, = {2} and 03 = {3}, and arrival times r, = r, = r3 = 0. The picker moves at unit
speed v = 1, with a batching capacity of ¢ = 2 and neglectable picking time t¥ = 0.
Consider the following distances: d(13,1) = 3,d(13,2) =5,d(1,2) =4 and d(14,3) = 2.
There are two possible paths in the state graph to reach state ©, = (2,0,{}, {03}):

Path P1 := @y — ©f = (1,0,{},{02,03}) — O, represents the picking of orders 0
and 0y in two separate batches and leads to a label of time value QV1Me(®,) = 2d(1;,1) +
2d(14,2) = 16 and completion value QV°™P(@,) = Q®™P(OF) + 1 - QVIme(@,) =
6+ 16 = 22.

Path P2 := @y — ©% = (1,1,{},{02,03}) — ©, represents the joint picking
of orders 01 and 0 in one batch and leads to a label of time value QY*1m¢(@,) =
d(l4,1) +d(1,2) +d(l4,2) = 12 and completion value Q><°™P(@,) = Q©°™P(@%) + 2 -
Q>tme(@,) = 0+2-12 = 24.

We see that path P1 renders a lower sum of completion times to reach state ©,.
Thus, considering only orders 01 and 0y, this path would lead to the best objective value.
However, if order 03 must be picked, path P, leads to a better objective value than path P;.
This is because the label of @3 = (3,0,{},()) through P; has the values QVtm¢(@3) =
Ql,time(@z) —|—2d(ld, 3) =16+4 = 20' Ql,comp(®3> — Ql,comp(@z) +1- Ql,time(@S) —
22 +20 = 42, and the label of @3 through P has the values Q> M¢(@;) = Q>1me(@,) +
2d(14,3) = 1244 = 16, O>°™P(@;) = Q¥ (@,) +1- O>1Me(@3) = 14+ 16 = 42.
The lower completion value Q*>°™P(®3) is a better candidate for the final objective value.

3.4.2.3 Heuristic labeling for the turnover objective

In the exact approach from the previous section, the number of Pareto-optimal labels that
must be preserved could be substantial. This renders the solution approach intractable
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even for small-sized instances in some settings. Therefore, we present a heuristic alterna-
tive, which only conserves one label for each state of the state graph.

Again in this algorithm, labels are propagated in a forward-inductive motion through
the feasible transitions of the graph, and every newly generated label for every state
Oki1,k € {0,...,ni} receives an associated time value Q%™M¢(@y, 1) by the same formula
(13.8]) as in the previous sections. In this algorithmic variant, also an additional forward-
looking completion value, noted Q®°™P*(© 1) is computed. The latter represents the
sum of the completion times for all the orders that are already completed at this state —
plus the value of the current time of the state (i.e. Q%™(®y.1)) summed up for all orders
that are completed in future states. Intuitively, a low forward-looking completion value
leverages both the long-term benefits of a low time value and the short-term benefits of
a low completion value from the previous section.

In parallel and similarly to the time value, the forward-looking completion value of
O is zero, then the value in new labels is propagated inductively through the feasible
transitions x; € X(®y) for every label of every state ©; at stage k € {0, ..., n'} as follows:

()compqL (®k+1) — Qcomer(@k) +gc0mp+(®k’ X, Qtime), (314)

where g<°™PT (@, x, OY™) is the immediate forward-looking completion of the transi-
tion. The latter sums up the duration of the transition (i.e. g"™¢(®, xx, Q™)) for
every uncompleted order at stage @y = (si, m°®, SP2tch, Opend).

gcomp+ (®k1 Xks Qtime> = gtime(®kl Xks Qtime) ’ <m0 + ’Opend‘) Vk < {O""’ ni}
(3.15)

In this heuristic, we just conserve one label per state Ok, 1,k € {0,..., ni} with flowest
forward-looking completion value:

Q*,comer @ — . Qcomer @ comp-+ @ : ’Qtime , 3.16
(Ok11) (@k,xk)rerlfﬂ(®k+l){ (Ok) + 8™ (O, Xk )}, (3.16)

Thereby ignoring the associated time value in the selection. Finally, the algorithm outputs
Q*°MPF (@, 1) of the terminal state and computes the suggested average order turnover
time straightforwardly with from formula (3.6]).

As we see in Example (3| the algorithm is indeed a heuristic, as it provides feasible
solutions, which may be sub-optimal in the case of waiting times for incoming orders.
In fact, the approach always finds the optimal solution, if the latter involves no waiting
time.

Example 3. Remember instance I¥~! from Example @ For 1=, the heuristic labeling
approach finds the optimal solution. Indeed, the time values of QFme(@1), Qtime(@2),
Qbtime(@,), 02tme(@,) as in Example [3 remain, and the associated forward-looking
completion values are: Q)™ (@}) = 3.6 = 18,A°mPH(@3) = 3-3 = 9,Q1°mPH(@,)
=18+2-10 = 38,Q2°mP*(@,) = 9+3-9 = 36. Path P2 leads to a lower forward-
looking completion time and thus, only the associated label remains which is propa-
gated towards a new label for ©3, rendering the forward-looking completion value of
Q" mpt(@3) = 36+ 1-4 = 40 (which is indeed, better than the path through P1
would have rendered, which would be 42 in this case.)

Now, consider an instance 1~° with the same parameters v,t?,c,01,02,03,71,t2, dis-
tance matrix d as for 1¥~1, but arrival time r3 = 17. The algorithm for 19-2 would
again, by the same calculations as above, discard the label of P1 and only conserve the
label of P2 at state ©®,. This however, is an erroneous decision given the waiting time
at state @3: The immediate time g”’"e for the transition between ®> with time value
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Q>time(@,) = 12 and @3 is max{d(l,3);r3 — Q¥Me(@,)} +d(l;,3) = 7, leading to
the sum of order completion times ()*<°"P*(@3) = Q%P+ (@,) +1-7 = 43. The
alternate path to @3 through P1 would have led to no waiting time and a superior sum
of order completion times of 42.

3.4.3 Dominance rules for transitions in the DP formulation

In this section, we show how some transitions in the state graph of the dynamic program
(DP) can be omitted, and, thus, the complexity of the DP can be reduced, without
compromising the optimality of the labeling approaches from Sections[3.4.2.7]and [3.4.2.2]

For a given instance, a feasible solution ¢ is said to be weakly dominated, if there
exists another feasible solution ¢’ with an identical or better objective value, i.e. if
zMmakesp () < zmakesp () or Zturnover(/) < tumover(o) 'in the case of the makespan and
turnover objective, respectively. Remember that by Proposition [3.4.1] feasible solutions
correspond to paths in the state graph from initial to terminal state, called complete
paths in the following. Hereafter, we say that a transition in the state graph is weakly
dominated, if, for every complete path involving this transition, the corresponding feasible
solution is weakly dominated by another feasible solution, whose complete path does not
involve this transition. By definition, weakly dominated transitions may be omitted in the
DP.

Propositions [8] [0 and [I0] identify weakly dominated transitions, based on the release
time of their next selected picking item: intuitively, dominance occurs when it lies too far
in the future. The propositions hold in case of the makespan objective, and in case of
the turnover objective.

Proposition 8. Consider a current state @ = (s, m°, SP3th, Opend) yith |Sbatch| > 1
and an associated time value Q"™¢(®y) . Then any transition x; € X(©y) that visits
next picking location sy, 1 € 0j,0; € Orend s weakly dominated, if

; 1
rj = Q@) + - - (d(si, ) +d(s,sk41)) + 1 (D1)

for some s € Sbatch,

Proof. See Supplement [3.8.2.1] O

In other words, Proposition [8| prohibits selecting item si 1 with a late release time, if
there is another item of a commenced order in the current batch (|SP2th| > 1) that can
be picked first.

Proposition 9. Consider a current state @, = (sy, m° {},0P") with m° > 0 and
an associated time value Q)"'™¢(®y). Then any transition x; € X(®y) that visits next
picking location sy, 1 € 0j,0; € Orend s weakly dominated, if

; 1
rj > Q0 + E(d(skz la) +d(la, sx41)) (D2)

Proof. See Supplement [3.8.2.2] O

In other words, Proposition [9] requires completing the current batch before moving to
item si.1 with a late enough release time, if all the items in the commenced orders of
the current batch have been picked.

Finally, Proposition [10| describes the dominance of feasible transitions from batch-
completion states. It prevents starting a new batch with a pending order 0; € OPed that
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has a late release time, if we can complete another pending order o; in a one-order batch
first. B

Proposition 10. Consider a current state ®; = (si, 0, {},0P"?) and an associated time
value Q"™¢(®y). Then, any transition x; € X(Oy) that visits next picking location
Sk+1 € 0,05 € Ored s dominated, if there exists 0j € OPend sych that

. 1
rj = max{Q"(O);7j} + x(0)) + = - d(la,sk41) (D)
Where x(o0;) is the minimum time to pick order o; in a single-order batch.

Proof. See Supplement [3.8.2.3 O

The dominance rules (D1), (D2), and (D3) from the previous Propositions are still
valid, if we replace the right-hand side of the inequalities by an upper bound. Specifically,
we introduce in each case a bound (threshold) that is independent of the particular
picking locations, to efficiently integrate the dominance rules in the proposed algorithms.
In this way, at the propagation of labels for each state O k € {0,...,ni} within DP,
transitions x; € X(©y), which select the next item s 1 to pick, can be considered in the
non-decreasing order of the release times of these items. Then, the propagation of labels
for @ can be interrupted immediately, when one of the release times r(s;,1) exceeds
the associated threshold (see Algorithm [1] for the efficient implementation of transitions
within DP). In particular, we consider the following adapted dominance rules derived from
(D1), (D2) and (D3):

For state @ = (sg, m°, SP2th, OP") and an associated time value Qf™M¢(@;), any
transition x; € X(©y) that visits next a picking location s;,1 € 0j,0j € Oorend is weakly
dominated, if:

Qtime(@y) + L(L+ W) + ¢

if m° >0 and SP<h £ {1 (D1)
Qfime(@) + 3 (L+ W)

if m° > 0 and SP¥h = {1 (D2)
max{r;,,; Q" (@)} + § - BL +  (a(oj,,) +2)W) +loj,,| - ¥

if m>=0 (D3)

In (D3), 0j,., 15 the first order in the sequence OPend je. the uncompleted order with
the smallest release time 7 ., and a(0j, ) represents the number of aisles which contain
picking items of 0;,. . The thresholds in (D1)-(D3) are indeed upper bounds for the
right-hand sides of (D1)-(D3), since d(i,s) < L+ W for all s,i € SU {l;} and x(0;) <
1(2L + (a(0;) + 2)W + |oj| - tP for all j € [n°]. The latter follows directly from Lemma
1 in Chapter |2 by reducing the warehouse to the relevant aisles for order o;.

3.5 Analytical properties of online policies for the makespan
objective

For the makespan objective in online OBSRP (OOBSRP), we can formulate several an-
alytical properties. Lemma [f] states that, ceteris paribus, given an optimal policy and
a fixed instance, the outcome will not worsen if we consolidate all system waiting and
idle times and place them at the beginning. After this initial waiting period, the picker
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Algorithm 1 Non-dominated transitions from state @, = (si, m®, SP2tch, Opend)

1: Let Ojpuin € OPed be the first order with the minimum release time in OPe"d.
2: for all spy1 € SP*M in arbitrary order do

3: perform applicable transition(s) of Table [3.3|

4: end for

5: for all o; € OPe"d in the given order of OPe"d do

6: if (D1)-(D3) is True then

7 break and go to line 13;

8: else

9: for all sp;1 € oj in arbitrary order do

10: perform applicable transition(s) of Table [3:3]
11: end for

12: end if

13: end for

can proceed with forming batches and routing following the original policy, but avoiding
further delays.

Lemma 6. Consider a fixed instance of OOBSRP with the makespan objective, and
any perfect-anticipation solution (CIOS) for this instance, with picking sequence * and
picking schedule C*(s),s € S. Let with w*(I) be the sum of all waiting and idle times of
the associated schedule. Then there exists an alternative optimal solution, with identical
makespan, picking sequence and batches, with an adjusted schedule C*(s),s €S, in
which the picker starts the operation at time w*(I):

C*(*[1]) = max{w* (1) + % Cd(ly, 7 1)), (T 1))} + 1P (3.17)

Proof. The lemma follows directly from formulas (3.1]) and (3.2). Details are provided in
Supplement [3.8.3.1] O

Strategic relocation is a form of anticipation where the picker moves towards the
picking position of an item before its actual arrival, it occurs frequently in the perfect-
anticipation solutions (ClOSs) (see Section [3.6.2). Some studies in the routing literature
demonstrated the positive effects of anticipatory routing during idle times (D. J. Bertsimas
& van Ryzin, [1993)). Lemma [7| limits the benefits of anticipatory strategic relocation of
the picker in the case of the makespan objective. Specifically, it compares the optimal
anticipatory policy with an algorithm ALG that constructs the same routes and the same
batches as the associated CIOS, without performing strategic relocation, i.e. the picker
in ALG remains at its last position until the arrival of the next planned picking item. The
improvement potential for ALG is limited by the warehouse’s dimensions (W + L).

Lemma 7. For any instance I of OOBSRP with the makespan objective, and any algo-
rithm ALG which performs optimal batching, optimal routing, but no strategic relocation,
the following holds:

(1) <z(I)+ max {d(i,j)} (3.18)
ijeSully}

where zALG(I) is the makespan of ALG, z*(I) is the optimal makespan with perfect
anticipation, and S are the picking locations of instance I.

Proof. The lemma is proven by induction in Supplement |3.8.3.2 ]
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3.6 Results

E-commerce warehouses strive to balance low costs with quick order turnovers, though
these objectives often conflict. To sharpen our observations, we analyze two idealized
systems focusing solely on one objective, either makespan minimization (representing
picker's time and wage costs) or order turnover minimization (representing average order
turnover). Although these systems do not exist in pure form, our main conclusions align
and lead to actionable recommendations that improve both objectives simultaneously.

For our experiments, we simulate a two-block rectangular warehouse with b = 3 cross-
aisles and a = 10 aisles, following standard simulation frameworks from the literature.
The depot is located on the central cross-aisle on the left side of the warehouse. The
picker moves at v =0.8 m/sec and spends ¥ =10 sec to collect an item at each picking
location. In the Basis setting orders average 1.5 items (Smallorders), the order arrival rate
is r = 200 orders/8h and the picking cart has a capacity of ¢ = 2 bins. For comparison,
orders at German Amazon warehouses average 1.6 items (Boysen et al., 2019} Xie et al.,
2023). We also generate three additional settings using a one-factor-at-a-time design by
examining larger orders (Largeorders, with 2.5 items per order on average), an increased
order arrival rate (r = 250 orders/8h), and a larger cart capacity (¢ = 4 bins). We
use the designed algorithm DP, which can solve instances with up to 70 item locations
in a reasonable time, to generate CIOSs. We independently generate 20 instances per
setting with n° = 15 orders each, a standard instance size for similar types of analysis
in the warehousing literature (cf. Bukchin et al., [2012). Additionally for the makespan
objective, we confirm the representativeness of our analysis for larger instances using the
nonparametric Kruskal-Wallis test (KWT) on independently generated Basis instances
with n° = 15,18, and 21 orders. Under general assumptions, the KWT assesses whether
the measured metrics for instances with n° = 15 orders remain consistent for instances
with 7n° = 18 and 21 orders. We expect the outcome of KWT for the turnover objective
to mirror that of the makespan. In total, we use 20 - (4 +2) = 120 instances in the
analysis of CIOSs.

For the makespan objective, we computed the CIOSs for all instances using the exact
DP approach from Section [3.4.2.1] After validating its performance in Section [3.6.1]
we generated the associated ClIOSs for the turnover objective with heuristic DP from
Section 3.4.2.3

All experiments have been conducted on the Compute Canada cluster using a maxi-
mum of 350 GB RAM and only one CPU for the DP approaches, but allowed the parallel
computation with 32 CPUs (1 GB RAM each) per instance for the MIP approaches used as
a benchmark in Section [3.6.2] The DP approaches were implemented with Python 3.11.4.
and Gurobi 11.0.0. was used to solve the MIP models.

In the following, after validating the designed DP algorithms in Section [3.6.1] the
main analysis of this paper, the investigation of CIOSs, is presented in Section [3.6.2]

3.6.1 Performance of the designed DP algorithms

Tables and validate the exact DP approach from Section [3.4.2.1] and the
heuristic DP approach from Section by comparing their performance to a standard
MIP solver (refer to Supplement for MIP models), using a one-hour runtime limit.
The MIP solver had the advantage of utilizing parallelization with 32 CPUs, while the DP
approaches did not use parallelization.

The MIP solver was not able to solve any instance to proven optimality, likely due to
weak lower bounds.
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Table 3.4: Performance of exact DP-approach for makespan objective compared to benchmarks for
runtime limit of 1h

Instances DP-approach Gains of dominance rules MIP solver

items 7’ Runtime (sec) Runtime reduction Opt. gap of UB
Setting n° med (max) | avg max #opt | #opt avg  max LB avg max
LargeOrders_c2_r200 15 37.5 (44) |1478 3430 18 0 26% 85% - 11.6% 37.3%
SmallOrders_c2_r200 15 22 (26) 51 119 20 0 49% 99% - 0.5% 3.7%
SmallOrders_c2_r250 15 22.5 (27) 74 123 20 0 27% 82% - 0.9% 4.1%
SmallOrders_c4_r250 15 22.5 (25) |1428 3226 20 3 30% T72% - 0.8% 4.4%
SmallOrders_c2_r200 18 27 (30) 755 1531 20 0 43% 96% - 31% 13.0%
SmallOrders_c2_r200 21 29 (34) 1216 3396 5 5 - - - 0.0% 0.1%

Note. Column 3, Items n' med (max): median (maximum) number of items in instance; Column 6, DP-approach
#opt: number instances out of 20 solved in 1h to optimality. Column 7, Gains of dominance rules, #opt: additional
optima found in 1h due to dominance rules; Column 10, MIP solver LB: lower bound found by MIP-solver; Column
11-12, MIP solver Opt. gap of UB: gap between upper bound of solver and DP solution. All values refer to the
subset of instances solved by DP within 1h.

Table 3.5: Performance of heuristic DP-approach for turnover objective compared to MIP solver for
runtime limit of 1h

Instances DP-approach MIP solver

items 7’ Runtime (sec) gap of UB to DP sol
Setting n° med (max) avg max #sol #sol < MIP UB |LB avg max  min
LargeOrders_c2_r200 15 37 (40) 1498 2512 16 16 (100%) | — 38% 141% 7%
SmallOrders_c2_r200 15 22 (26) 62 138 20 18 (90%) | = 9% 49% -T%
SmallOrders_c2_r250 15 22.5 (27) 93 159 20 20 (100%) | - 8% 26% 1%
SmallOrders_c4_r250 15 22 (25) 1576 3267 19 19 (100%) - 27% 169% 2%
SmallOrders_c2_r200 18 27 (30) 955 1801 20 20 (100%) - 13% 32% 1
SmallOrders_c2_r200 21 30 (34) 810 2410 4 4 (100%) - 18% 27% 5%

Note. Column 3, Items n' med (max): median (maximum) number of items in instance; Column 6, DP-approach
#sol: number instances out of 20 solved in 1h (heuristically). Column 7, DP-approach, #sol < MIP UB: number
of DP-solutions that are better than the MIP’s upper bound; Column 8, MIP LB: lower bound found by MIP-solver;
Columns 9-11, MIP solver gap of UB to DP: gap between upper bound of solver and DP solution. All values refer
to the subset of instances solved by DP within 1h.

For the makespan objective, DP solved almost all (103 out of 120) instances to proven
optimality (see Table [3.4). Customized dominance rules were highly effective, reducing
the DP’s runtime by an average of 36%, and up to 99% in some cases, enabling the
optimal solution of 8 additional instances.

For the turnover objective (see Table , the DP produced significantly better so-
lutions than the MIP solver, with 98% of the solutions improving upon the MIP’s upper
bound.

Note that an increase in batching capacity significantly impacts the runtime of the
DP approaches for both objectives.

For our analysis of the CIOSs in the following sections, we ran the DP without a time
limit for both objectives. Specifically, we computed optimal solutions for all 120 instances
in the dataset for the makespan objective. Overall, Tables and emphasize that
without the customized design of the DP algorithms, the CIOS analysis in the following
sections would have been impossible.

3.6.2 Analysis of complete-information optimal solutions (CIOSs)

Depending on the objective, the operations of the warehouse change.
The makespan is effectively minimized in warehouses with high order arrival rates:
With more frequent arrivals, long queues allow the picker to select orders whose items
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Figure 3.5: Portion of batches of different sizes
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Note. yellow: 1-order batches; red: 2-order batches; green: 3-order batches; blue:4-order batches.

are located close to each other into the same batch, thus, reducing the picking time per
order. High arrival rates also decrease idle time, as there are fewer moments when no
orders are available. As a result, most batches in CIOSs utilize the full capacity of the
picking cart (see Figure [3.5]). For a four-bin cart (Small_c4_r200), an average of 53%
of all batches are composed of four orders. In the remaining settings with two-bin carts,
batches of two orders account for 77-86% of all batches.

In contrast, warehouses that prioritize average turnover achieve the lowest turnover
times at low order arrival rates. Here, the picker often remains idle at the depot, enabling
immediate picking upon an order’s arrival, usually in a single-order batch. Consequently,
48% of CIOS batches are single-order batches (see Figure . Indeed, picking a smaller
order as a single-order batch first can offset savings from collecting multiple orders simul-
taneously, resulting in a smaller average order turnover.

We continue by examining batching (Section [3.6.2.1), routing (Section [3.6.2.2)), and
anticipation in CIOSs. Strategic waiting is discussed separately in Section[3.6.2.3] followed
by additional forms of anticipation in Section [3.6.2.4] We focus on identifying decisions
that improve both objectives simultaneously. For clarity, we compare certain decisions
in CIOSs with two common planning heuristics: first-in-first-out (FIFO) batching and
myopic reoptimization (Reopt). FIFO-batching forms batches by assigning orders as they
arrive, while Reopt is a purely myopic policy that reoptimizes based on the current queue
of available orders.

3.6.2.1 Batching in CIOSs

Batching decisions are the most costly in terms of runtime when generating ClIOS. This
section contrasts batching decisions in CIOS with FIFO-batching, and makes a general
observation how CIOS handle dynamically arriving orders.

Table shows significant differences between CIOS and FIFO batches for both
examined objectives — makespan and turnover. Unlike FIFO, 23%-34% of CIOS batches
do not contain consecutively arrived orders for the former objective, 14%-29% of batches
for the latter. When arranging orders in each CIOS batch by arrival time for the makespan
objective, about 30% of orders are at altered positions in the resulting sequence compared
to FIFO. The order sequence appears more important for warehouses operating under the
turnover objective (overall share of orders with altered positions of 37%).

A primary reason for deviating from the FIFO order sequence in batching is to improve
the matching of jointly collected orders. In case of ¢ = 2, this matching quality can be
measured as savings (cf. De Koster et al., 1999). The savings ¥(B) for a batch B is
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Table 3.6: Batching decisions in CIOSs compared to those in FIFO

# batches with # orders with
Obj Setting 1’ | non-consecutive orders  altered positions
LargeOrders_c2_r200 15 2.7 (34%) 5.1 (34%)
a-3  SmallOrders_c2_r200 15 2.2 (26%) 4.0 (26%)
£ 2= SmallOrders_c2_r250 15 1.9 (23%) 4.2 (29%)
S £ SmallOrders_c4_r250 15 1.3 (25%) 4.0 (26%)
Overall 15 2.0 (27%) 4.3 (29%)
o SmallOrders_c2_r200 15 26% 26%
@S SmallOrders_c2_r200 18 23% 28%
&S SmallOrders_c2_r200 21 18% 17%
= Kruskal Wallis test p-values 0.35 0.08
LargeOrders_c2_r200 15 2.6 (29%) 6.5 (43%)
S SmallOrders_c2_r200 15 1.6 (16%) 5.0 (33%)
2 SmallOrders_c2_r250 15 2.3 (24%) 5.7 (38%)
E SmallOrders_c4_r250 15 1.0 (14%) 5.4 (36%)
Overall 15 1.8 (21%) 5.6 (37%)

Note. Average number of batches with non-consecutive orders and average number of orders that deviate from
their FIFO position, per instance.

defined as the difference between the shortest picking time for B (noted x(B)) and the
sum of the individual shortest picking times for each order in B (noted x(0),0 € B).
The measure (B) is normalized from 0 to 1, where 0 indicates no savings (picking
each order separately takes the same time as picking them jointly) and 1 indicates the
maximum possible savings (picking both orders separately takes twice as long as picking
them jointly):

(EBX(O) —x(B)
¥(B) = <(B)

For settings with ¢ = 2, Table compares the savings in two-order CIOS batches
with those of randomly selected two-order batches. For the random batches, we sample
from all possible two-order combinations for the same instance. Observe that CIOS
batches have higher savings: about 70% of CIOS batches exceed the median savings
of randomly generated batches for the makespan objective, and 77% for the turnover
objective, respectively. The greater savings for the turnover objective can be attributed
to higher opportunity costs associated with batching in this case, as discussed in the
introduction to Section [3.6.2

Observation 1 (Batching). Batching in CIOSs differs significantly from the myopic FIFO-
rule, in particular, CIOS batches show a deliberate improvement in the quality of order
matching.

(3.19)

Upon a closer examination, batching in CIOS differs from most batching policies dis-
cussed in the warehousing literature (see Section for an overview) in one key aspect:
most orders are added to a batch after the picker has left the depot to collect items of this
batch. This applies to 64% and 62% orders for the makespan and turnover objectives,
respectively (see Table . Policies that allow modifications to an active batch, like in
CIOS, are termed interventionist, while non-interventionist policies do not allow changes
once a batch is started (cf. Giannikas et al., 2017). Similar to strategic waiting, interven-
tion allows for savings from batching when order queues are short. However, since the
picker does not stay idle but continues moving towards known orders instead of waiting,
intervention is a less costly alternative to strategic waiting in terms of the opportunity
costs, especially if no new orders arrive quickly.
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Table 3.7: Quality of batches in CIOS: Savings of two-order batches in settings with batching capacity

c=2

Mean CIOS # CIOS batch savings | Mean random

Obj Setting n’ | batch savings > random median batch savings
g .o LargeOrders_c2_r200 15 0.36 4.8 (69%) 0.28
9 9 SmallOrders_c2_r200 15 0.33 4.4 (68%) 0.26
= & SmallOrders_c2_r250 15 0.37 4.7 (71%) 0.27
=< Overall 15 0.35 4.6 (70%) 0.27
4 SmallOrders_c2_r200 15 0.33 68% 0.26
g8 SmallOrders_c2_r200 18 0.38 75% 0.27
- S SmallOrders_c2_r200 21 0.33 71% 0.26
= Kruskal Wallis test p-values 0.02 0.18 0.77
5 LargeOrders_c2_r200 15 0.37 4.2 (72%) 0.28
3 SmallOrders_c2_r200 15 0.37 3.4 (719%) 0.26
= SmallOrders_c2_r250 15 0.40 4.5 (81%) 0.27
F Overall 15 0.38 4.0 (77%) 0.27

Note. Columns 4, 6, 8: Average of the mean savings of the formed 2-order batches per instance. Columns 5,
7: Number of 2-order batches whose savings are larger than the median of the random 2-order batches of this
instance, averaged over all instances.

Table 3.8: Orders added by intervention in CIOS

‘ Makespan objective ‘ Turnover objective

Setting n° ‘ # orders ‘ # orders
Analysis LargeOrders_c2_r200 15 7.7 (5%) 7.8 (52%)
SmallOrders_c2_r200 15 10.3 (69%) 10.7 (71%)
SmallOrders_c2_r250 15 8.8 (59%) 8.9 (59%)
SmallOrders_c4_r250 15 11.4 (76%) 10.1 (67%)
Overall 15 9.5 (64%) 9.4 (62%)
Validation Smallorders_c2_r200 15 69%
Smallorders_c2_r200 18 62%
Smallorders_c2_r200 21 69%
Kruskal-Wallis test; p-value 0.58

Note. Average number of orders per instance added by intervention.

Observation 2 (Intervention in Batching). Most orders in CIOSs are added to a batch
dynamically, after the picker’s departure from the depot to collect the items of this batch.

3.6.2.2 Routing in CIOSs

Figure [3.6] shows a typical picker route for completing a batch in CIOSs, featuring three
horizontal direction changes while crossing the central cross-aisle and two cases where
sub-aisles (4th upper and 6th lower) are entered twice from the same side. We observed
CIOS batch routes with up to five horizontal direction changes within the cross-aisles.
This contrasts sharply with common routing heuristics like S-shape or largest-gap policies,
where sub-aisles are entered at most once from each side, and horizontal direction changes
while traversing the cross-aisles are limited to one and three, respectively (see Le-Duc &
De Koster, 2007; Roodbergen & De Koster, 2001, for a detailed discussion). The key
factor driving the CIOS routing pattern is intervention (cf. Observation [2), where newly
arrived orders are added to an active batch.

Observation 3 (Routing). CIOS routing differs significantly from common routing poli-
cies.
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Figure 3.6: Exemplary CIOS picker route for one batch
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Note. The numbers indicate the visiting sequence. A CIOS route for an instance in SmallOrders_c4_r250 with
n° = 15 for the makespan objective.

3.6.2.3 Strategic waiting in CIOSs

As discussed in Section [3.1] strategic waiting — deliberately delaying picking to enhance
future operations — is one of the least understood concepts in the warehousing literature.

Based on the analysis of ClIOSs, we identify two types of strategic waiting. Note that,
since CIOS operates with perfect anticipation, such waiting occurs at the first picking
location of the future order:

» Waiting for batch extension (B.ext.): The picker has collected all items for current
orders but, instead of delivering the collected orders to the depot, waits in the field
for the next order to add to the active batch, increasing savings from batching and
avoiding additional trips to the depot.

= Waiting for a better fit (B.fit): The picker waits at the picking location of a future
order, even though items of other orders are available for picking, because the future
order better fits the current batch route.

An illustrative example of waiting for B.fit is provided in Figure [3.2]in Section 3.1}

Table compares strategic waiting and idle time in ClIOSs. The latter occurs
when all available orders have been picked and delivered to the depot. For both the
makespan and turnover objectives, strategic waiting is significantly less than idle time.
For the makespan objective, strategic waiting accounts for merely 5% of the makespan
on average, compared to 15% of idle time; for the turnover objective, it is even 1% of
waiting compared to 17% of idle time. Notably, while strategic waiting is frequent —
occurring before 6% to 26% of orders depending on the setting and the objective — it is
extremely brief, with the average waiting time lying between 12 and 70 seconds.

This explains the monotonous decrease in performance for both objectives of the
(interventionist) Reopt policy when adopting a variable time window strategy (VTW)
(cf. Gil-Borras et al., [2024]) which enforces picker waiting times at the depot, until there
are at least N € {1,...,6} orders in the queue, see Figure . Even with the minimum
amount of waiting for this strategy (N = 2) the waiting affects too many orders and is
significantly longer than waiting in CIOS (depending on the setting and the objective, the
average waiting lasts between 92 and 184 seconds), see Table[3.10] Furthermore, 21-52%
of the waiting in this policy was misplaced, as the associated waiting times w; for the
arrival of the second order exceeded the time x(o0;) in which the delayed order o; could
have been completed in a single-order batch.
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Table 3.9: Strategic waiting in CIOSs

Avg. total waiting time Waiting for batch extension Waiting for a better fit

Obj Setting n° | Makesp. Idleness B.ext Bfit | # orders Avg time 80P time | # orders Avg time 80P time
LargeOrders_c2_r200 15 24388 277 (10%) 15 (1%) 16 (1%) | 0.6 (4%) 27 55 0.8 (5%) 22 32
a2 SmallOrders_c2_r200 15 | 2447 | 720 (27%) 77 (3%) 37 (1%) | 1.1(7%) 70 126 11(7%) 35 46
82> SmallOrders_c2_r250 15 | 1975 | 320 (15%) 58 (3%) 23 (1%) | 1.1 (7%) 55 101 0.7 (5%) 35 50
S £ SmallOrders_c4_r250 15 | 1773 | 193 (9%) 111 (6%) 83 (4%) | 1.7 (11%) 66 105 2.3 (15%) 36 67
Overall 15 | 2171 | 380 (15%) 65 (3%) 40 (2%) | 1.1 (7%) 59 106 12(8%) 33 48
o SmallOrders_c2_r200 15 2447 27% 3% 1% 7% 70 126 7% 35 46
$ SmallOrders_c2_r200 18 2571 15% 7% 2% 12% 92 166 6% 39 36
&S SmallOrders_c2_r200 21 | 3395 23% 6% 2% 14% 73 123 5% 52 69
= Kruskal Wallis test p-values - 0.01 0.02 1.00 < 0.01 0.43 - 0.97 0.57 -
s LargeOrders_c2_r200 15 | 2569 | 275 (10%) 3 (0%) 17 (1%) | 0.1 (1%) 34 51 0.8 (5%) 22 37
3 SmallOrders_c2_r200 15 2496 791 (29%) 2 (0%) 16 (1%) | 0.2 (1%) 12 20 1.2 (8%) 14 21
€ SmallOrders_c2_y250 15 | 2016 | 374 (17%) 6 (0%) 11 (1%) | 0.5(3%) 14 21 08 (5%) 14 19
= SmallOrders_c4_r250 15 1842 294 (14%) 10 (0%) 13 (1%) | 0.6 (4%) 17 32 1.0 (7%) 13 22
Overall 15 | 2225 | 434 (17%) 5(0%) 14 (1%) | 0.3 (2%) 17 32 0.9 (6%) 15 24

76

Note. Columns 4-6: Average total time per instance spent waiting (as % of the makespan). Columns 7 and 10,
#orders: Average number of orders per instance waited for in type B.ext- and B.fit-waiting, respectively. Columns 8
and 11 (9 and 12), Avg time (80P time): Average (80-percentile) duration of B.ext- and B.fit-waiting, respectively.
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Figure 3.7: Development of makespan and turnover when waiting for N € {1,...,6} orders at the
depot (VTW) in Reopt
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Table 3.10: Waiting times for N = 2 orders in Reopt (VTW)

‘ Makespan objective Turnover objective
Setting (n° = 15) ‘ # orders  Avg time  # w; > x(o;) ‘ # orders  Avg time  # w; > x(o;)
LargeOrders_c2_r200 | 2.3 (15%) 134 22% | 3.3 (22%) 116 23%
SmallOrders_c2_r200 | 3.8 (25%) 164 43% | 4.5 (30%) 184 52%
SmallOrders_c2_r250 | 2.9 (19%) 103 21% | 3.7 (25%) 115 33%
SmallOrders_c4_r250 | 2.8 (19%) 92 21% | 3.9 (26%) 95 27%
Overall 3.0 (20%) 123 27% | 3.9 (26%) 128 34%

Note. Columns 2 & 5, #orders: Average number of orders per instance delayed because of waiting for second order.
Columns 3 & 6, Avg time: Average duration of waiting, after first order has arrived. Columns 4 & 7, w;j > )((0]-):
Percentage of delayed orders that could have been picked in one-order batch within waiting time.

We also assessed the common advice in the literature to avoid waiting if there are
enough orders in the queue to complete a batch (c.f. Alipour et al.,2020; Giannikas et al.,
2017; Gil-Borras et al., [2024; Henn, [2012)). Contrary to this advice, in 28% and 41% of
the observed cases of waiting for a better fit in CIOSs, for the makespan and turnover
objective, respectively, enough orders were available to form a full batch.

Differences in strategic waiting behavior in CIOSs are observed depending on the
warehouse's objective.

Since one-order batches dominate under the turnover objective, strategic waiting
aimed at better batching is less relevant. This is especially true for waiting for batch
extensions, which is negligible—meaning the picker almost always returns orders to the
depot when the order queue is empty. On average, strategic waiting accounts for only
about 1% of the makespan and lasts just 12-17 seconds per occurrence in settings with
small orders. For larger orders, where even one-order batches take longer, the tolerance
for waiting is slightly higher (22-34 seconds per occurrence), though strategic waiting
happens less frequently.

Observation 4 (Turnover: Strategic Waiting). Under the turnover objective, only a
negligible amount of time is spent on strategic waiting, and each occurrence of strategic
waiting is brief and well-timed.

For the makespan objective, waiting for batch extension becomes more important
than waiting for a better fit, accounting for 3% and 2% of the makespan, respectively.
Additionally, when cart capacity is large (c = 4), creating more opportunities for batching,
strategic waiting increases further, reaching 6% and 4% of the makespan for both types
of strategic waiting, respectively. In this case, idle time is reduced ("cannibalized") by
earlier strategic waiting (9% idle time for ¢ = 4 compared to the 15% overall average).



78 Picking in e-commerce warehouses: insights from CIOSs

Table 3.11: The effect of prior waiting (total idle + waiting time in CIOS) on reoptimization policy for
the makespan objective

Improvement compared to standard Reopt
Setting (n° = 15) | Average Best
LargeOrders_c2_r200 0.0% 0.0%
SmallOrders_c2_r200 0.1% 2.4%
SmallOrders_c2_r250 0.0% 0.2%
SmallOrders_c4_r250 0.3% 6.6%
Overall 0.1% 6.6%

Note. Average and best improvement per instance.

An interesting aspect of the makespan objective is that the precise placement of
strategic waiting is almost irrelevant, as explained in Lemma [p] (Section [3.5)). Table
tests the following hypothesis: Unlike the turnover objective, where both the amount and
timing of waiting are critical, for the makespan objective, it may be sufficient to anticipate
only the amount of waiting. By positioning this at the start and gaining additional
information on incoming orders, we could potentially improve operations without needing
to predict future orders in detail. To test this, we conducted an analysis where, for each
instance I, we enforced initial waiting of w(I) and applied myopic reoptimization (Reopt)
afterwards. We calculated w(I) as the sum of the total idle time and the strategic
waiting time in the CIOS for this instance. As shown in Table [3.11] the results of Reopt
did not improve in most cases, except for two instances in two different settings, where
the improvement was significant (2.4% and 6.6%, respectively). This indicates that the
benefits of additional information from enforced initial waiting were outweighed by the
cost of waiting. In other words, strategic waiting alone is insufficient and must be paired
with adjustments in order batching and sequencing based on the anticipation of future
orders.

Observation 5 (Makespan: Strategic Waiting). For makespan objective, strategic wait-
ing becomes more important with larger carts due to increased batching opportunities.
Only the total waiting time matters, as it can be positioned at the start. However, to
leverage strategic waiting, future order anticipation and adjustments in order batching
and sequencing are necessary.

3.6.2.4 Further forms of anticipation in CIOSs

In addition to strategic waiting, CIOSs employ other forms of anticipation. The first
involves anticipatory adjustments in order batching, while the second involves anticipatory
adjustments in routing.

To evaluate anticipatory batching, we compared the batching decisions in CIOSs
with those in a purely myopic reoptimization policy (Reopt), by repeating the studies
of Table for the savings of two-order batches in Reopt solutions, see Table [3.12]
Surprisingly, the savings of the Reopt batches are almost equivalent, especially for the
makespan objective, where the overall mean batch savings have the equal value of 0.35,
and where on average 69% of the two-order batch savings exceeded the random median
savings (compared to 70% in CIOS). For the turnover objective, the Reopt two-order
batches even have relatively better savings compared to CIOS, which is also due to Reopt
solutions forming fewer two-order batches.

For the makespan objective, one type of situation, where batching in CIOS explicitly
relied on future orders to perform better-quality batches, is the following: the picker
returns a batch of B orders, while at this moment, there are exactly g other available
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Table 3.12: Quality of batches in Reopt: Savings of two-order batches in settings with batching
capacity ¢ =2

Mean Reopt  # Reopt batch savings | Mean random

Obj. Setting n’ | batch savings > random median batch savings
o LargeOrders_c2_r200 15 0.36 4.7 (71%) 0.28
] SmallOrders_c2_r200 15 0.33 3.8 (66%) 0.26
s SmallOrders_c2_r250 15 0.36 4.4 (70%) 0.27
= Overall 15 0.35 4.3 (69%) 0.27
5 LargeOrders_c2_r200 15 0.39 3.5 (79%) 0.28
3 SmallOrders_c2_r200 15 0.40 2.8 (92%) 0.26
s SmallOrders_c2_r250 15 0.46 3.2 (87%) 0.27
= Overall 15 0.42 3.2 (86%) 0.27

Note. Columns 4, 6,8: Average of the mean savings of the formed 2-order batches per instance. Columns 5,7:
Number of 2-order batches whose savings are larger than the median of the random 2-order batches of this instance,
averaged over all instances.

Table 3.13: Anticipative batching — strategic batch omission in CIOS for the makespan objective

Setting n® | # batch omission
Analysis LargeOrders_c2_r200 15 0.2 (2%)
SmallOrders_c2_r200 15 0.2 (2%)
Smallorders_c2_r250 15 0.5 (5%)
Smallorders_c4_r250 15 0.5 (9%)
Overall 15 0.3 (4%)
Validation ~ SmallOrders_c2_r200 15 2%
SmallOrders_c2_r200 18 2%
SmallOrders_c2_r200 21 4%
Kruskal Wallis test p-value 0.80

Note. Average number of batches per instance with batch omission.

orders in the queue, that could have fitted within the same batch 0 < g < ¢ — . In this
CIOS decision, the batching of those g orders is omitted for a better fit in a future batch.
A myopic policy on the other hand, would have formed the larger batch because of the
subadditivity of the batching process. We dub this type of anticipative batching strategic
batch omission.

Table reports the occurrence of strategic batch omission in CIOSs. Although this
effect is observable, it affects less than 5% of batches, for small cart capacities. The
importance increases with the cart capacity.

Observation 6 (Anticipatory Batching). CIOSs seldom rely on future orders to achieve
higher-quality batches. A myopic but optimal batching policy presents a valid alternative
in terms of batch quality.

While CIOSs optimize the picker routing for a given batch, there is a notable difference
from common warehousing heuristics. In ClOSs, the picker uses idle time to move towards
the next picking location for an upcoming order — a practice we term strategic relocation.
This occurs before the first pick for 39-60% of orders in the makespan objective and
41-62% of orders in the turnover objective (see Table , accounting for 8-19% of the
total completion time in both objectives.

For the makespan objective, time savings from strategic relocation are constrained
by the warehouse’s dimensions (the time to traverse the warehouse’s half-perimeter
(W + L)), as discussed in Lemma [7] For the turnover objective, strategic relocation
can significantly improve the turnover time of individual orders, leading to a noticeable
enhancement of the overall objective (see example in Figure .
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Table 3.14: Anticipative routing — strategic relocation in CIOS

‘ Makespan objective Turnover objective
Setting  n° ‘ Time # Orders ‘ Time # Orders

Analysis LargeOrders_c2_r200 15 | 213 (8%) 5.9 (39%) | 215 (8%) 6.1 (41%)
SmallOrders_c2_r200 15 | 381 (15%) 9.0 (60%) | 386 (15%) 9.3 (62%)
SmallOrders_c2_r250 15 | 269 (14%) 7.1 (47%) | 274 (13%) 7.6 (50%)
SmallOrders_c4_r250 15 | 356 (19%) 8.8 (58%) | 314 (17%) 8.0 (53%)

Overall 15 | 305 (14%) 7.7 (51%) | 297 (13%) 7.7 (52%)
Validation  SmallOrders_c2_r200 15 15% 60%
SmallOrders_c2_r200 18 15% 54%
SmallOrders_c2_r200 21 16% 60%
Kruskal Wallis test p-values 0.72 0.77

Note. Average time picker spends with strategic relocation per instance, and average number of orders with
strategic relocation before first pick.

Figure 3.8: Example of strategic relocation for the turnover objective
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Note. Consider ¢ = 2 and unit speed. Average turnover in CIOS is 10 (e.g. by picking pairs of A- and B-orders in
batches). For any policy without strategic relocation, the average turnover cannot be better than 14.

Observation 7 (Anticipatory Routing). C/OSs make extensive use of strategic relocation,
where the picker moves to the next order’s picking location during idle time.

3.6.3 Discussion: Design of good online policies

In this section, we build upon the analysis from Section [3.6.2) to design effective online
policies and estimate the potential for advanced anticipatory techniques.

Starting with the well-known Variable Time Window Batching (VTWB) policy, which
was extensively studied in the literature (Gil-Borras et al., 2024; Van Nieuwenhuyse & De
Koster, [2009), we progressively refine its algorithmic elements based on the insights from
the previous sections (see Figure [3.9) and Table 3.15). VTWB is a non-interventionist
policy that employs simple FIFO-batching, S-shape routing, and waits at the depot until
at least ¢, = 2 orders arrive (note that the value of ¢, = 2 equals the optimal amount of
waiting in the examined warehouse based on the queuing-theoretical formulas of Le-Duc
and De Koster (2007)) applied to our Basis setting). First, we replace the S-shape routing
with optimal routing (cf. Section , then introduce optimal batching in place of
FIFO batching (cf. Section [3.6.2.1)). We further incorporate intervention, resulting in a
myopic reoptimization policy with intervention (cf. Dauod & Won, [2022} Giannikas et al.,
2017, and Chapter. Given our findings on the high opportunity cost of strategic waiting
and its dependence on anticipatory batching (Section [3.6.2.3), we eliminate waiting.

For the makespan objective, we add a batch selection rule, prioritizing batches with
the largest number of orders and, in case of ties, those offering the highest savings (cf.
Section . No such rule is applied for the turnover objective, as reoptimization
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Figure 3.9: Development of the overall average gap to the perfect anticipation result of online policies
with algorithmic elements
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inherently selects batches to minimize additive order completion times. Finally, we allow
the picker to move to the warehouse center during idle time, inspired by the concept of
strategic relocation (cf. Section [3.6.2.4). The resulting policy is termed Reopt*.

We evaluate the impact of each algorithmic element by calculating the gap to the
perfect anticipation result. The gap of an algorithm ALG on instance I compares ZALG(I)
(the objective value achieved by ALG) to z*(I) (the optimal CIOS objective value) and
is defined as:

gap(ALG, T) = = (3.20)
Observe that for turnover objective, we compare the gaps of ALG's average turnover time
zturmoveri ALG (1) to the upper bound of z*(I), computed using the heuristic DP approach
from Section 3.4

The introduced algorithmic elements led to significant improvements in the basic
VTWB policy. On average, gaps were reduced from 16.3% to 3.4% for the makespan
objective and from 123.0% to 24.4% for the turnover objective across all settings, see
Figure [3.9}

While the positive effects of optimal routing and batching have been well-documented
in the literature, the benefits of no-wait, intervention, and strategic relocation have largely
gone unnoticed (cf. Pardo et al., [2024). Additionally, for the makespan objective, tailored
batch selection offers moderate improvements, especially for higher order arrival rates and
large orders, with a 0.1% average improvement across instances and up to 2% in specific
cases.

Only Dauod and Won (2022) and Giannikas et al. (2017)) applied intervention in their
policies, although its positive effect is stable across a large range of policies. While in
Figure [3.9] and Table we already documented this effect for a Reopt policy with
VTW-waiting for ¢, = 2 orders, Table[3.16] extend the findings to Reopt with no waiting,
and the FIFO policy, which performs optimal routing, FIFO-batching, and no waiting.
For both policies, intervention reduced all average gaps with the makespan objective by
impressive 1.7-4.0 percentage points, with the turnover objective the reduction was even
6.0-20.8 percentage points.

3.6.4 Discussion: Quantifying the potential of advanced anticipation tech-
niques

The last column of Table highlights the potential benefits of advanced anticipa-

tion, comparing the enhanced myopic reoptimization algorithm Reopt* with the perfect
anticipation algorithm. Advanced anticipation could reduce the average makespan by
2.7-3.9%, with higher gains for larger order arrival rates and larger orders, where the
potential for greater savings from batching is higher. For the turnover objective, relative
gains from advanced anticipation are more substantial, ranging from 19.2% to 26.4%,
particularly for small orders. However, notice the comparatively small denominator (aver-
age order turnover) for these improvements. Overall, as outlined in Section [3.6.3} simple
adjustments can lead to significant improvements in basic myopic heuristics, even without
the use of anticipation techniques.
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3.7 Conclusion

This paper investigates perfect-information policies for warehouse picking operations with
dynamically arriving orders. The goal is to identify decision patterns that reduce order-
picking costs and average order turnover, which can be integrated into practical ware-
housing policies. Additionally, the study uses perfect-information policies to assess the
potential benefits of advanced anticipation techniques, such as contextual information
and machine learning approaches.

To achieve this, we developed a customized dynamic programming algorithm (DP)
for the Order Batching, Sequencing, and picker Routing Problem with Release times
(OBSRP-R), representing perfect-information operations in picker-to-parts warehouses.
For the makespan objective, which focuses on the picker's time and associated wage
costs, the DP is exact, making it the first exact solution approach for OBSRP-R in the
literature. For the turnover objective, the DP serves as an efficient heuristic and becomes
exact if no waiting times are involved. Commercial solvers were incapable of solving even
small instances optimally, even with extensive computational resources for parallelization,
highlighting the necessity of our algorithms.

Our findings confirm the importance of using optimal batching and routing strategies
over simpler heuristic rules like first-come-first-serve (FIFO) or S-shape routing. More im-
portantly, our analysis generates actionable insights on how to improve both the makespan
and the turnover objectives simultaneously.

Insight 1. Implement intervention. Intervention involves dynamically adjusting picking
plans while the picker is ‘in the field’, such as adding a new order to the cart or replac-
ing an order whose items have not yet been picked with another. Although it requires
investment in data and communication systems for real-time updates of the picker’s in-
structions, these adjustments can vyield operational benefits. Intervention fully utilizes
incoming order information reducing costs and speeding up operations. Despite being
highlighted by Giannikas et al. (2017)) for its benefits, intervention has received little at-
tention, notwithstanding its consistent positive impact across various heuristic approaches
(see Section [3.6.3).

Insight 2. Eliminate waiting. The perceived importance of strategic waiting has been
influenced by compelling examples like Figure (Section B.1)). While brief periods
of strategic waiting have shown some positive effects in FIFO policies (Bukchin et al.,
2012; Le-Duc & De Koster, |2007; Van Nieuwenhuyse & De Koster, 2009), attempts to
incorporate it into more advanced planning heuristics have largely failed (cf. Gil-Borras et
al., [2024; Henn, |2012)). In fact, when intervention is allowed, strategic waiting becomes
detrimental to both the makespan and the average order turnover. For the turnover
objective, eliminating strategic waiting yields the most significant improvement, cutting
the average optimality gap by 50% across all instances, with reductions as high as 188%
in one case.

Our analysis in Section [3.6.2.3] explains these findings, showing that strategic waiting
is effective only when it is brief, well-timed, and based on accurate order anticipation.
This makes it challenging to integrate into non-anticipatory online policies. Ultimately,
strategic waiting resembles an "all-in" gamble, with high opportunity costs if the waiting
period is too long.

Insight 3. Relocate the picker to the ‘gravity center’ of anticipated future orders
during idle time. In practice, space constraints and proximity to sorting and packaging
areas often prevent the depot from being centrally located, unlike in idealized warehouse
designs. Allowing the picker to move to the 'order gravity center’ during idle time can
help offset this limitation. Similar strategies have been observed in other dynamic routing
problems in the literature (D. J. Bertsimas & van Ryzin, |1993)).
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The benefits of no-wait, intervention, and strategic relocation have largely gone un-
noticed in the warehousing literature (cf. Pardo et al.,[2024)), despite their positive impact
on both the makespan and turnover objectives.

Insight 4. Advanced anticipation offers limited leverage in picking operations — fo-
cus data science efforts on upstream planning. Significant improvements in warehouse
picking can be achieved using classic optimization methods, with only modest gains left
for advanced anticipation, as shown by the perfect-information benchmark. For example,
classic optimization can improve the picker's time and wages by about 13 percentage
points, leaving a smaller 3-4% improvement potential from advanced anticipation. Ad-
ditionally, as discussed in Sections the margin for error in anticipation
is likely small in picking operations. Higher-impact decisions with more tolerance for
anticipation errors are found in upstream areas like daily staffing, inventory levels, item
repositioning, and zoning.

Perfect-information benchmarks offer useful insights on the limits and promises of
advanced anticipation techniques. Future research is needed to investigate anticipation
potential across further decisions in e-commerce warehousing. Future studies may improve
the scalability of online algorithms, especially those that allow for time-consuming optimal
batching and routing.

3.8 Supplemental material

3.8.1 Supplement: Mixed-integer linear programming formulations for
OBSRP-R

In this section, we present mixed-integer programming (MIP) formulations for OBSRP-R
with the makespan (Section and turnover (Section objective.

In addition to the previous notation summarized in Table 3.1} we introduce in the
MILP formulations a n' x n° adjacency matrix A = (asj)ses,jefne) for which each entry
asj € A takes the value 1 if item s belongs to order 0;, and the value 0, else. Let K
denote an upper bound for the number of batches in an optimal solution.

For both objectives, we use a three-index formulation similar to in T.-L. Chen et al.
(2015) and Van Gils et al. (2019) for the order batching, sequencing, and picker routing
problem without release times.

We use the following decision variables:

= For each batch index k € [K], and each pair of locations i € SU{l;},] € SU
{l3},i # 1, in the of set picking locations or the depot, the binary variables yy;
indicate if location I is visited within the kth batch, and if it is visited directly after
location 7 in this batch (then, y4;; = 1), or not (then, y; = 0).

= For each batch index k € [K] and every j € [1n°], the binary variable x;; indicates if
order 0] is in the k™ batch (then, x;; = 1), or not (then, x; = 0).

» For each item s € S, the continuous variable t; represents the completion time C(s)
of item s.

= For each batch index k € [K + 1], the continuous variable tfd represents the time
the picker leaves the depot I, to start the k™M batch.

3.8.1.1 MIP formulation for the makespan objective

For the makespan objective, we can use a customized upper bound K for the number of
batches, which is given by Proposition [I}
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Proposition 11. For every instance of OBSRP-R with the objective of minimizing the
makespan,there exists an optimal solution that forms at most K batches, with

2

K:=|n°-
L c+1

[ (321)

Proof. Consider a solution & with 7°2*<hes(¢) = (By, ..., B}, Bj41, ..., Bf), such that
for two consecutive batches |B;| + |Bj1| < c. Then & is weakly dominated by the solu-
tion & that conserves the visiting sequence of items 71(¢), and the sequence of batches

srbatehes (5) except from replacing By, Bj,1 by a single batch B, with 718 = (781, 7tBi+1),
This fact follows from the triangle inequality of the considered distance metric: transition-
ing directly from the last item of 781 to the first item of 7781+ is at least as fast as taking
the detour through the depot. Thus, even with release times for the orders, at most the
waiting time for one of the items in B;;1 may increase, which has no consequences on the
solution’s completion time, and the overall makespan of the solution can not deteriorate.

By definition, an optimal solution with the smallest number of batches K cannot be
weakly dominated by a solution with fewer batches, and from the above, we conclude
that each pair of consecutive batches in such a solution may count together at least ¢+ 1
orders. In case 2n° mod (c+ 1) = 0, every solution having this property has at most
as many batches as a solution that partitions the n° orders into pairs of batches with
exactly ¢ + 1 orders. There are c+1 such pairs of batches which can be formed, thus 2 c+1
individual batches. In the case where 2n° mod (¢ + 1) > 0, there must be even one
pair of consecutive batches with more than ¢ + 1 orders, and the maximum amount of
formed batches is K as in ([3.21)). O

We propose the following MILP formulation:

Minimizekér[}?f”{t;‘d} (3.22)
s.t.
K
Y Y yw=1 VseS (3.23)
k=1ieSU{ly},i#l
Eykﬂd <1 Vk € [K] (324)
i€S
Z Ykis < Z Yisi Vs € S, Vk € [K] (3.25)
ieSU{ld} i#s i€SU{ly},i#l
K
2 Zyksld - 2 Zyklds (326)
=1s€S k=1seS
Y ks <Y Y-y Yke{2,3,.K} (3.27)
seS seS
Xkj > asj Z Ykis V] S [?IO],Vk € [K],VS €S (328)
ieSU{l;}
K
Z X <1 Vj € [n°] (3.29)
Y x;<c VkelK] (3.30)
j=1

1
ts >t — M(1— Zykls (i,s) +tF VseS,VieS,s#i (3.31)
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1
ts > t’{d — M(1 —yg,s) + . d(lg,s)+t" Vs e S, Vk e [K] (3.32)

t >t — M(1 = yge1ys,) + % -d(s,1;)  Vs€S,Vke{2,3,.,K+1} (3.33)
ts >rj-a+tP  Vse S, Vje [n] (3.34)

v € {0,1}  Vke [K],Vi,l € SU{l;},i #1 (3.35)

xii €10,1}  Vk e [K], V] € [n°] (3.36)

ti>0 Vies (3.37)

t >0  Vke[K+1] (3.38)

The objective function minimizes the total completion time. The constraints
- are flow constraints, which also ensure that every picking location is
visited. Constraints are symmetry-breaking constraints. Constraints ([3.28]) and
(3.29)) assign orders to batches, such that all items that belong to the same order are
placed in the same batch. Constraints define the batch capacities. Constraints
(3.31)-(3.33) are Miller-Trucker-Zemlin (MTZ) subtour elimination constraints and at the
same time define the completion time of the items. The following large parameter M is
used within these constraints:

0

1 ' 1
M::rno+5-(2-L+(a—|—1)-W)-[n?]+nl-t”+5-(L+W) (3.39)

as it is an upper bound for the expressions t; + %d(i,s) + t? and t;‘d + %d(ld,s) + tP for all
s € SU{l;} and thus guarantees that the right-hand side of the constraints —
are non-positive in case M is multiplied by 1. To see this, note that the problem turns
into a static problem after the arrival of the last order 7,0, whose optimal completion time
is bounded from above by the time to pick [”?0] arbitrarily formed batches by traversing
the warehouse completely in an S-shape motion of at most 2 - (2- L+ (a+1) - W) time,
see also Lemma 1 in Chapter[2] Thus the first two summands of M form an upper bound
for t; and tﬁ in any optimal solution, and similarly, the last summand of M bounds from

above the traversal time %d(i,s) foralli,s € SU{l;}. Constraints 1} make sure that
the release times are respected and ([3.35))-(3.38)) define the nature of the variables.

3.8.1.2 MIP formulation for the turnover objective

In the case of the turnover objective, one additional group of variables is needed:

= For each order 0j,j € [n°], the continuous variable t] represents the completion
time C(o;) of order o;.

Furthermore, the upper bound on the number of batches K from Proposition [II] does not
hold in this case, thus, K := n° is used as an upper bound.
The objective in this case writes as follows:

n"l

]
Minimize .Z;ﬁt? — .Z;ﬁrj’ (3.40)
= =

nO

where we remember that ) %rj is a constant.
j=1
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In addition to all constraints ([3.23)-([3.38]) from the previous section, the following
must hold to define the completion times of the orders:

> 5 - N1 -xg)  Vje[n],Vke [K+1] (3.41)
>0 Vjen (3.42)

Similarly to (3.39) the large parameter N receives the value

0

1 .
N;:rnu+5'<2-L+(a+1)-W)'(%Hn’-t’?- (3.43)

3.8.2 Supplement: Proof of dominance rules

In this section, we consider an arbitrary instance I for OBSRP-R and show that the
dominance rule claimed in Section are valid for both objective functions - makespan
and turnover minimization.

3.8.2.1 Proof of Proposition

We use Lemma [g] to define a set D; of feasible solutions for OBSRP-R instance I that are
weakly dominated by other feasible solutions. In the second step, Lemma [9] states that
every path from the initial state to the terminal state in the constructed state graph -
refered to as a complete path in the following, which involves a transition x;, k € [n! — 1],
from a label of state @ with time value Q)t™¢ as described by Proposition , is associated
to a solution in set D1.

Lemma 8. Consider any feasible solution 0 with a visiting sequence of picking locations
7t and the respective sequence of batches 7t?thes such that some item #[i + 1] has a
late release date:

Pl 1]) > CAL) + - - (@Al s +d(sh Al 4 1)+ (349)

for some fixed st € 05, such that st = #&[i + k] for some k > 1, i.e. s’ is picked after
ftli + 1] in &, and, such that the order 0; is already commenced at the picking of item
7t[i + 1], i.e. some item of o; is picked before 7t[i 4 1].

Let decompose the visiting sequence of & as follows: 7t = (!, &li +1], &A1), ie.
Al and 'l denote the subsequences before and after the visit of location #[i + 1],

respectively.
Then the following solution & weakly dominates solution ¢ :

. n.batches(a.) — ﬁ.batches

» 1(6) = (Al,sT, Ali + 1], A1\ s'), where A1\ st is the sequence 7! after remov-
ing item st

In other words, solution & collects item s*

immediately before item 7t[i + 1].

Proof. By construction, & is a feasible solution. What remains to show, is that z°% (&) <
z°% (&), where obj € {makesp, turnover}, depending on the objective.

Let compute the schedule of both solutions & and ¢ as described in (3.1)-(3.2)). Since
some items of order 0; are picked before item 7[i + 1] and since s also belongs to order
Of:

r(s") < C(li]) (3.45)
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In both & and &, items #[i], 4[i + 1] and s are in the same batch B(@',Of) and the
visiting sequences of the first i items are the same in & and 0. Thus:

C(nrt[l],0) = C(7[l],0) forall I < i (3.46)
and

C(0j,0) = C(0j,0) for all ojscheduled in batches prior to B(¢, oj) in APatehes (3.47)

By the triangle inequality of the distance metric, we furthermore have: C(s*,&) <
C(st,0).

Observe that in solution &, item 7[i + 1] is picked immediately after visiting location
s'. Furthermore, By applying -, the completion time of item 7[i 4 1] in solution
7 is:

C([i +11,0) =max{C(s") + ~d(s", Ali + 1)), r(A[i +1])} + 7 (3.48)
= max{max{C(7[i]) + %d(ﬁ[i]ISJr)/f(SJr)} + 17
+ %d(s*,ﬁ[i+1]),r(ﬁ[z’+1])}+t” (3.49)
= max{C(#]) + Sd([i]s")
AP (s Al 1), (Rl 1))+ (3.50)
<r(&[i+1]) +t”, (3.51)

where the equality ([3.49) follows from ([3.45]) and the subsequent inequality ([3.50]) follows
from (|3.44]).

Similarly, by applying (3.1 and (3.2)), the completion time of item 7[i + 1] in solution
0 cannot be smaller, since:

C([i +11,6) = max{C(#li) + 3 - d(A[i], Ali + 1)), r(Ali + 1))} + 18
> (Afi+1]) + (3.52)
In other words:
C(A]i+1),6) < C(A]i +1),6) (3.53)

After applying to compute the completion times of the remaining items and
observing that the distances are metric and that the sequences of the visiting locations
after picking 7[i + 1] coincide in & and &, but ¢ excludes the location of the already
picked item s', we receive that C(7[l],&) < C(#]l],) for all I > i+ 1, and thus by
that C(0;,5) < C(0j,0) for all orders o; in batch B(&,o;) and batches scheduled
after this batch. By definitions and we receive that zM2kesP () < zmakesp(f)

or zturmover(g) < gtumover(g) - depending on the objective.
O

We denote the set of the weakly dominated feasible solutions & described by Lemma
as Dj.

In Proposition [3.4.1] we have established the one-to-one correspondence between
feasible solutions of an instance I and the complete paths the corresponding state graph.



90 Picking in e-commerce warehouses: insights from CIOSs

Furthermore, every label for state @ of the graph with a specific time value Qf™¢(©y)
represents exactly one sub-path to reach ®; from the initial state. Lemma [9] uses this
relation to complete the proof.

Lemma 9. Consider a feasible transition x;, € X(®y) from a state @y = (s;, m°, S,
OPend) with |SPateh| > 1, and an associated time value Qt™¢(@®y), that dictates a next
picking location sy, 1 € 0j,0; € orerd with the following property

ri > Q(O) + % (d(sk,sT) +d(st,sp41)) + 1P for st e ghateh, (3.54)

Then, any complete path that involves x; through the given label belongs to the class of
dominated solutions Dy described by Lemma |8,

Proof. First, note that the items sy 1 an s of Lemma |§I correspond to items 7[i + 1]
an st in Lemma , respectively, and that r(sxq) = 7; given that s € 0. Let Psub pe
the path of transitions from the initial state to state ®j that is associated to the value
Qtime(@;). Consider any complete path that uses Psub as a sub-path, followed by xy,
denote by ¢ the corresponding feasible solution as by Proposition [3.4.1] The completion
time of s, in 0 is C(sy, ) = Q(Oy) by definition. Because of (3.54)), property
holds for & and therefore, & belongs to the set of weakly dominated solutions D;.

O

3.8.2.2 Proof of Proposition @

We proceed along similar lines as in Section For an arbitrary instance I of
OBSRP-R, we use Lemma to define the set D, of feasible solutions for I that are
weakly dominated by another feasible solution. In the second step, Lemma [11] associates
every complete path that uses xi, k € [ni — 1] through a label of state O with time value
Q)fime(@y) as described by Proposition [9] to a solution in set D;.

Lemma 10. Consider any feasible solution 0 with a visiting sequence of picking locations
# and the respective sequence of batches 7P2tches sych that:

= Some item #[i + 1] that belongs to some batch B, € 7b3ths has a late release
date:

(i +1]) > C(Al) + - (d(AliL 1) + (g Al +1))  (355)

= This batch B, = B’l] U BIH can be partitioned into two sets of orders B’II and EIH

such that
— Bl and BH are picked subsequently in A = (ABvI, #ABi1T),
A B IT

— item 7t[i + 1] is the first item in the sequence 7t
Then the following solution & weakly dominates solution ¢ :

= Orders of BII and BII I"are picked in separate batches, whereas the remaining batches
and their sequence remain the same: rtbat<hes(5) = (By,...,B;_1, B!, BI, B1,q,...)

» 71(7) = 7, i.e. the sequences of picking locations coincide.

Proof. The proof proceeds along the same lines as the proof of Lemmalg] By construction,
& is a feasible solution. What remains to show, is that z°% (&) < z°%(), where obj €
{makesp, turnover}, depending on the objective.
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We apply and notice that C(A[i +1],0) < C(7A[i+1],6) = r(7A[i +1]) + tP.
By the recursive nature of equations ([3.1))-(3.2), all following items in 7 conserve their
completion time and by order completion times are identical in & and &. The
conclusion of the proof follows by the definition of the objective functions and

) 0

Let denote the set of weakly dominated solutions ¢ introduced in Lemma (10| as D.
Lemma associates each path through the state graph that involves a transition xj
described by Proposition [9] to a weakly dominated solution and thereby closes the proof.

Lemma 11. Consider a feasible transition x; € X(®y) from a state Oy = (sg, m°,{},
OPend) with m® > 1, that dictates a next picking location sy, € 0j,0j € orerd with the
following property

; 1
7’]' Z Qt’me(Gk) + E(d(sk’ ld) + d(ld, Sk+1)) (356)

Then, any complete path that involves x;. through the given label belongs to the class of
dominated solutions D, described by Lemma|8,

Proof. First, note that the item sx,; of Lemma corresponds to item 7[i + 1] in
Lemma , and that 7(sg41) = 7 since si41 € 0j. Given that SP*" = {} and m° > 1 in
state @, item si. 1 belongs to batch B, that can be decomposed as follows: B; = B’ZI U B’ZH,
where BII is a set of orders for which all items have already been picked by the time state
Oy is reached, and Bl” is a set of completely unprocessed orders at state @y, one of which
includes item sgq.

Using the same arguments as in the proof of Lemma [0} each complete path of the
state graph that involves transition x; € X(©®y) from the label of state @) with time value
Qtime(@;) completes the picking of item s at time C(s;,0) = Q(©y), thus property
translates to property ([3.55), and the path is associated with a weakly dominated
solution in the set Ds. O

3.8.2.3 Proof of Proposition

Again, the proof of Proposition [10] follows the same lines as the one presented in Sec-
tion [3.8.2.1] Consider an instance I for OBSRP-R. Lemma identifies a set D3 of
feasible solutions, that are weakly dominated by another feasible solution.

Lemma 12. Consider any feasible solution & with a visiting sequence of picking locations
7t = (&!, &) and the respective sequence of batches 7tbatches |7batches| — £ ¢ N such
that:

= The second subsequence 7! contains the batches By U ... U Bf- for some I € [f].
Let denote the first location of the second subsequence as 7t[i + 1].

» There exists an order 0; € BjU...UB 7 whose items are picked in the second

11

subsequence 7' in &, which satisfies the following relation:

r(#i +1]) > max{C’, ri} 4+ x(oj) + % ~d(lg, tli +1]), (3.57)

where C' := C(#[i],6) + 1 - d(#[i],14) ifi # 0 and C' := 0 else.
Then the following solution & is feasible and weakly dominates 0 :
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« 71(5) = (A, 7, w71) with il representing a visiting sequence of the picking loca-
tions in order o of travel distance x(0;), and A representing the subsequence
of 7t after removing all the items of order 0j. In other words, solution & picks the

items of order o; directly after Al and then resumes visiting the remaining locations
in the same order as in 0.

« mbatches(g) = (By,...,B1_q,{0;}, B\ {oj},...Bf \ {o;}), i.e., in solution &, order

0j is collected as a separate batch directly after Al

Proof. By construction, & is a feasible solution, for instance, nbatCheS(FT) represents a

mutually disjoint partition of the orders into batches and each batch contains at most
c orders. What remains to show, is that z°%(5) < z°V(6), where obj € {makesp,
turnover}, depending on the objective.

Let compute the schedule of both solutions & and ¢ as described in (3.1)-(3.2).
Observe that the first i items in & and & are the same, thus all items and orders in 7!
have the same completion times in both solutions. By definition, C(0;,&) < C(0;,0) .
In solution &, item 7t[i 4- 1] is picked after all the items of order o; are collected in some

sequence ni. Following the assumptions, and by applying (3.1 —3.27 the completion time
g y applying
of item 7 [i + 1] in solution 7 is:

C(#[i +1],5) <max{max{C’, rit + x(oj) + %d(ld, ali+1));r(Rli+1])} +t°
(3.58)
= r(fli+1]) + (3.59)

The completion time of item 72[i + 1]) in solution ¢ cannot be smaller by (3.1))-(3.2),in
other words:

C(#li+1]),5) < C(A[i +1]),6) (3.60)

After applying to compute the completion times of the remaining items and observ-
ing that the distances are metric and that the sequences of the visiting locations after
picking 7t[i + 1] coincide in & and &, but & excludes the locations of the items from the
already picked order o;, we receive that all C(s,&) < C(s,0) and C(0;,&) < C(0j,0),
for all items s and orders 0;j completed after ftli + 1] in . By definition of the objective

functions, (3.3)) and (3.5)), this completes the proof. O

Let denote by D3 the set of weakly dominated solutions ¢ described by Lemma [12]
Again, the following Lemma uses the one-to-one correspondence between feasible so-
lutions for an instance and complete paths in the corresponding state graph (see Proposi-
tion , to associate any transition x; from a label of state @, with time value Q)time
described by Proposition [10] to a dominated solution in Dj.

Lemma 13. Consider a feasible transition x; € X(®y) from a state ©; = (s, 0, {}, OPe)
and time value Q)'™¢ that dictates a next picking location sy 1 € 0j,0; € OPend with the
following property

: 1
rj = max{Q(O);r;} + x(0;) + — - d(la skr1) (3.61)

for some 0; € OPerd  Then, any closed path in the state graph that involves this transition
belongs to the set of dominated solutions D3 described by Lemma[I2
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Proof. Note that the item s, 1 of Lemma corresponds to item 77[i 4+ 1] in Lemma .
Since m® = 0 in Thetay, a new batch is initiated by the pick of si,1. Using the same
arguments as in the proof of Lemma [9] each complete path that involves transition
x; € X(Of) through the label of @ with time value QM¢(®;) completes the picking of
item s at time Q™¢(@y) = C! — % -d(sk,1z). Therefore, property translates to
property (3.57)), and thus the path is associated with a weakly dominated solution in the
class Ds. O

3.8.3 Supplement: Proof of analytical properties
3.8.3.1 Proof of Lemma @

The lemma follows directly from formulas (3.1)) and (3.2]). Specifically, (3.2) can be
reformulated as follows:

C*(m*[i +1]) = C*(7*[i]) + walk(7*[i], 7*[i + 1)) + w(r*[i +1]) + P Vi € [n' —1]
(3.62)

where walk(7t*[i], 7r*[i + 1]) is the picker's walking time between picking locations 77*[i]
and 7t*[i 4+ 1]:

Lod(m (i), m[i + 1))

[

Wi i B if 7o%[i], 0% [i + 1] belong to the same batch
AT = L )+ Ll 1)

if 7o [i], T [i + 1] beIong to distinct batches
(3.63)

and w(7t*[i + 1]) is the waiting- or idle time at picking location 77*[i + 1]:
w(r*[i +1]) = max{0, r(7*[i +1]) — C(rt*[i]) — walk(7*[i], 7" [i +1])}.  (3.64)

Recursively, from (3.62)) the following formula follows for the completion time of the last
picking item in both policies:

-1

C*(*[n']) = )+ Zw li+1]) + Zwalk i), i+ 1))+ (n = 1) - P
- (3.65)
:%~d(ld,n*[l])+w( *[1]) + 7 + le *li+1]) (3.66)
i=1
+n§ walk(m*[i], T*[i +1]) + (n' — 1) - ¥ (3.67)
i=1

—w*(I) + % cd(ly, (1)) + £ +"f walk(7*[i], 7 [i + 1)) + (n' — 1) - ¥
- (3.68)
=C*(m Z walk(rt*[i], 7 [i +1]) 4+ (n' — 1) - ¥ (3.69)

=C*(r*[n']) (3.70)
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This cIos_es the proof, as the makespan of the alternate policy with waiting is Z* =
C*(rr*[n']) + d(lg, r*[n']) and equivalently, the makespan of the departing CIOS was
2t = C*(m*[n']) +d(ly, 7" [n']). O

3.8.3.2 Proof of Lemma

For simplicity, let consider a picking time of t# = 0. The proof for non-zero picking
times follows the same logic. Let s = (sq,5p,...,5;) be the visiting sequence of picking
locations and the depot, of CIOS and ALG, starting with the first picking location. Let
done®'95(s;) and done”C(s;) denote the time when CIOS and ALG, respectively, finish
their task (visit for the depot and picking for a picking location) at location s, k € [I].
Let dep”-C(s;) be the time the picker in ALG departs from location sy, k € [I]. Recall
that r(sx) for sy € S denotes the arrival time of picking location s;. We extend this
notation by writing r(sg) = 0 if s = I;.

Induction over k € [I].
Initialization; k = 1. For the first picking location s, we have:

done®tC(s1) — done“(s1) < r(s1) +d(lg,s1) —r(s1) < max {d(i,j)} (3.71)

i,jeSU{ls}
Inductive hypothesis. \We suppose that for fixed k € [I]

done®t (sy) — done®(s;) < max {d(i,j)} (3.72)
i,jeSU{l;}

Inductive step, k — k + 1.
We distinguish two cases.

Case 1. dep”-C(sy) = done”C(s;), i.e. the picker in ALG departs immediately
towards s ;1 after she reaches and terminates at location s, since 7(sgy1) < done”L6 (sk)-
Then:

done®C (syy1) — done> (s 11)
= done”C(sp) + d(sg, sp1) — max{r(sisq); done®OS(sp) +d(sk, se41)}  (3.73)
< doneC(sp) 4+ d(sg, sp1) — done™O% (sp) — d(sy, sp41) (3.74)
< d 3.75
S }{ (i,7)} (3.75)

by the inductive hypothesis.

Case 2: dep”'C(sy) = r(sgy1), i-e. the picker in ALG must wait for the arrival of
Skt+1 after she terminates at location sx. Then:
done®C (s 1) — done®'95 (s, 1)
= r(sir1) + d(sk, S41) — max{r(sgs1); done®> (s) + d(sg, sx41) } (3.76)
< r(sker) +d(s sk1) — 7(Sk41) (3.77)
< max {d(i 3.78
< max {di) (379

O]
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Chapter 4

On delivery policies for a
truck-and-drone tandem in disaster
relief

Alena Otto, Bruce Golden, Catherine Lorenz, Yuchen Luo, Erwin
Pesch, Luis Aurelio Rocha

Abstract. This paper introduces the traveling salesman problem with a truck and a
drone under incomplete information (TSP-DI). TSP-DI is motivated by the deliveries
of emergency supplies under unknown road conditions in the immediate aftermath of a
disastrous event. The urgency may force the immediate dispatch of relief vehicles, such
that road damages blocking the truck’s planned route are detected 'on-the-fly. The relief
transport must schedule deliveries anticipating possible unplanned truck detours, enforce
(planned) drone detours for early checking of key road segments, and consider the dynamic
nature of road condition information. In this paper, we perform a competitive analysis
of a widely used delivery policy for TSP-DI in practice — the online reoptimization policy
(Reopt) — and compare it to several alternative delivery strategies. Competitive analysis
examines the worst-case performance of the strategies and is particularly important in
the context of disaster relief, where worst-case outcomes must be avoided. Our analysis
shows that Reopt is dominated by alternative delivery policies in terms of the competitive
ratio even at a medium level of damage on the road. It also underscores the importance
of surveillance detours performed by the drone, even if the surveillance delays the start of
the deliveries.

4.1 Introduction

Driven by climate change, the destructive force of weather-related disasters has intensified,
and the frequency of those events has increased by a factor of five over the past 50
years (WMO, [2021)). During or in the aftermath of a natural disaster, timely response
is absolutely essential. A response includes distribution of emergency supplies, such as
medication, water, toolkits, and communication devices, to the impacted individuals.
However, road infrastructure may be severely damaged and some roads may become
impassable for vehicles. Aggravating this situation, dense cloud coverage, smoke, and
vegetation may make satellite pictures of the terrain uninformative, and the state of
many roads may remain unknown for a prolonged period of time. As a result, available
supplies may not be distributed in time, leading to severe shortages (American Red Cross,
2015} Farzaneh et al., [2023). Emergency deliveries can be improved by using unmanned
aerial vehicles (UAVs), or drones (see Figures [4.1H4.2).
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In this article, we examine the delivery of medical, food, and other supplies by a truck
and a drone as part of the immediate response phase. This means that the vehicles
can depart immediately, tolerating the uncertainty on the traversability of the truck’s
scheduled route. What comes out is an online problem, since the condition of single road
segments is revealed dynamically during the mission as the truck or the drone approaches
the impassable segment. This requires from the developed delivery policies a real-time
adjustment of routing decisions at each edge blockage.

We formulate the delivery problem as the Traveling Salesman Problem with a truck
and a drone under incomplete information (TSP-DI). To provide the first impression of
TSP-DI, Figure illustrates an instance and a possible delivery plan for the complete-
information counterpart of TSP-DI, i.e., for the problem in which the status of each edge
is known. TSP-DI resembles the Traveling Salesman Problem with a drone (TSP-D)
(Agatz et al., , because both the truck and the drone can perform deliveries, the
drone can carry one package at a time, the drone has to meet the truck periodically
at one of the admissible rendezvous nodes to pick up packages, and the drone can be
retrieved by the truck at the same node where it is launched. However, there are two
main differences between our problem and TSP-D. Firstly, we allow the drone to take
off and land on the truck at nodes that are not required to be visited. Secondly, the
information on the edge status is incomplete.

Figure 4.1: A drone transports a lunchbox Figure 4.2: A drone delivers prescription med-
to an elderly person in a remote village ication to a remote hospital in Texas
cut off by road damage in Penela, Portugal

CC BY-SA 4.0 (Paulo Novais) CC BY-SA 3.0 (Tim C. Cox)

We examine several important routing policies for TSP-DI and provide their compet-
itive ratios. Consider an online minimization problem, i.e., a problem with incomplete
information, where some of this information can be revealed in the future. Let A be an
online approximation algorithm. The competitive ratio c(A) is the worst-case ratio of
the online algorithm'’s cost to the cost of an optimal offline algorithm, where all data are
known a priori (Jaillet & Wagner, [2008a). If A(I) is the objective value of algorithm A
on instance I, I* is the respective instance with complete information, and OPT(I*) > 0
is the optimal objective value of I*, then

A(I)
o(A) = SUP GpT(ry:

The exact value of 0(A) provides crucial insights for decision making.

These insights cannot be gleaned by running simulations. Firstly, unlike simulations,
it provides a performance guarantee for the algorithm in any possible scenario. Further,
if delivery times in some disaster relief operation turned out to be long, the competitive
ratio indicates how much of the delivery time is attributed to the severity of the disaster
and how much can be potentially shortened by improving algorithms. For example, if the
competitive ratio is close to one, then no algorithm is able to achieve a better result; so,
if the resulting objective value is bad, it can be attributed to the severity of the disaster.
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Figure 4.3: Example of a complete-information counterpart of TSP-DI with one damaged edge (vy,v3)
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Note. Left figure: An instance with & = 2, i.e., the drone is two times faster than the truck.

Right figure: An optimal solution for this instance with makespan 13. The drone leaves vy on the roof of the truck;
it launches in f; to deliver to v and returns to the truck in v;. The truck delivers to v;. While the truck remains
in vy, the drone makes a circular sortie to deliver to v4. Finally, the drone launches in v, to deliver to v3, and both
vehicles return to the depot.

Our contributions are as follows. Firstly, we calculate and prove competitive ratios
of several important routing policies for the truck and the drone in TSP-DI. To the best
of our knowledge, we are the first ones to perform the competitive ratio analysis in the
context of truck-and-drone routing. The conducted competitive analysis is parametric.

Secondly, based on our analysis , we formulate nontrivial managerial insights. For
instance, our analysis underscores the role of information collection: In many cases, the
drone should take a detour to examine the status of some pivotal road segments in ad-
vance. Furthermore, our analysis also reveals that a straightforward online reoptimization
policy has a bad competitive ratio and is outperformed by alternative policies.

We proceed with the literature review in Section |4.2| and a problem description in
Section [4.3] Section [4.4 summarizes the main results of this paper — the competitive ratio
results for three important policies. This section can be understood without going into the
technical details of the proofs provided in Section Section presents computational
experiments and an improved planning policy. We conclude with a discussion and an
outlook in Section [4.71

4.2 Literature review

Studies on humanitarian logistics, including routing of supply vehicles in the aftermath
of a disaster, have recently attracted a considerable amount of attention, see the reviews
of Farahani et al. (2020) and Ozdamar and Ertem (2015) and Kundu et al. (2022).
Several papers investigate the routing of repair crews to restore the damaged edges under
complete information (e.g., Faiz et al., 2024, Moreno et al., 2020; Shin et al., [2019).
Much less attention is paid to a more realistic setting of incomplete information on
the state of the infrastructure. The available research focuses on two-stage algorithms
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for relief distribution performed by (homogeneous) trucks, in which uncertainty impacts
only certain long-term decisions, such as the location of depots or fleet sizing, and the
information on the road condition is revealed in the second stage, when the delivery routes
of the vehicles are planned (e.g., Ahmadi et al., 2015; Moreno et al., [2018; Rath et al.,
2016). Among these articles, only a few investigate cases where relief distribution is
performed by trucks and drones (Chowdhury et al., 2017; Dukkanci et al., 2023; Golabi
et al., 2017)), see also the surveys of Otto, Agatz, et al. (2018]) and Yucesoy et al. (2024).
Several studies investigate a pure monitoring or assessment of damage by off-road vehicles
such as drones or motorcycles without considering the following relief distribution (e.g.,
Oruc & Kara, 2018 Reyes-Rubiano et al., 2021} 2022 G. Zhang et al., |2023] G. Zhang
et al., [2021)).

In contrast, similar to our study, Van Steenbergen et al. (2023) consider dynamic
routing decisions for post-disaster relief distribution with trucks and drones, without ex-
ploiting the latter for damage assessment. They address travel time uncertainty for trucks
due to infrastructure damage, excluding full road blockages. As stochastic travel times
are realized during the arc’s traversal, drones benefit from short, deterministic travel times
but are unable to conduct surveillance. Two deep reinforcement learning approaches are
used to solve the formulated dynamic stochastic program. To the best of our knowledge,
only Macias et al. (2020) and Farzaneh et al. (2023)) consider simultaneous network dam-
age assessment by drones and relief distribution. However, in both articles, only trucks
perform deliveries of emergency supplies; i.e., the advantage of the drone’s capability
to fly over road debris is ignored. In Macias et al. (2020), the damaged edges remain
passable for the trucks, just the truck traversal times increase, which is different from
our model. Macias et al. (2020) consider the normal distribution for the truck traversal
times on damaged edges and propose a greedy-based heuristic and a genetic algorithm for
the formulated problem. Farzaneh et al. (2023) consider an integrative heuristic planning
framework, which includes the road damage assessment by drones, road recovery and
relief distribution by trucks. However, the drone routing for damage assessment does not
anticipate the impact of the gained information on the relief distribution; the objective
is to scout the impacted region completely at minimum cost. Furthermore, the relief
distribution framework is different: Trucks attend only one customer (demand node) per
trip in a direct way there and back from the depot; they can only use roads, which are
known to be intact, and disrupted roads can be repaired after a certain amount of time
by recovery teams. To the best of our knowledge, no studies on truck-drone routing
policies for simultaneous network damage assessment and deliveries in case of impassable
road blockages have been performed so far. Moreover, the competitive ratio analysis for
truck-and-drone missions in disaster relief that we present is new.

A separate thread of the literature studies competitive ratios of online algorithms in
routing applications with incomplete information. Ausiello et al. (2001]) were the first ones
to consider an online variant of the TSP, where the requests (i.e, the nodes to be visited)
appear dynamically over time. From the analytical point of view, the aforementioned TSP
problem with node uncertainties deviate significantly from the setting studied in this paper.
Liao and Huang (2014)) were the first to study an online TSP with uncertainty about edge
traversability. They called the problem Covering Canadian Traveler Problem (CCTP)
and proposed a touring policy with an attractive competitive ratio for one traveler who
dynamically encounters blocked edges on her pass, in case the graph remains connected.
H. Zhang et al. (2015 added Steiner nodes to this formulation, i.e., nodes that can
be visited once, more than once, or never, and proposed an exponential-time algorithm
with the best-possible competitive ratio and a well-performing polynomial-time algorithm.
Further variations of the CCTP and the online Steiner Traveling Salesman Problem with
edge blockages have been studied in recent years, for example, with multiple agents,
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advanced information on blocked edges, or with the minimum latency objective (Akbari
& Shiri, 2021} Akbari & Shiri, [2022} Biittner & Krumke, 2016] H. Zhang et al., [2016),
2019; Y. Zhang et al., 2022)). TSP-DI is different from the studied problems as it involves a
drone, which is able to fly over the blocked edges. Additionally, nontrivial synchronization
of the delivery tours of the truck and the drone invalidates the results of competitive
analysis for the truck-only case.

To the best of our knowledge, we are the first ones to perform competitive analysis
for truck-and-drone routing in disaster relief. Moreover, ours is the first study on online
delivery policies for the truck and the drone in case of incomplete information on impass-
able road blockages. In the preliminary work of the authors, several heuristic algorithms
are presented for the problem variant of TSP-DI with given probabilities of arc damages
(Otto, Poikonen, & Golden, 2018).

4.3 Problem statement

Before we state TSP-DI in Section we formulate its complete-information counter-
part in Section first, which we mark with * as TSP-DI*. Section discusses
assumptions.

4.3.1 Problem statement under complete information

We consider a truck and a drone. The drone can deliver packages, but can carry only one
package at a time. In contrast, the truck always carries a sufficient number of packages.
The street network is described as a undirected graph G = (L, E,c"), where L is the set
of nodes, E defines the set of edges, and ¢’ are non-negative edge weights. The set L
consists of subsets of nodes D C L and V C D with additional properties.

The subset D C L includes locations where the drone can safely take off from the
truck or land on the truck, such as parking lots. The drone lands on the truck to pick up
the next package. The drone may also traverse an edge while parked safely on the roof
of the truck. The set D includes the depot vy.

The subset V C D refers to delivery addresses, each of which demands one package
to be delivered by either the drone or the truck.

Observe that the nodes in V' are required to be visited at least once either by the
truck or by the drone. The remaining nodes are so-called Steiner nodes since they can
be skipped or visited any number of times by the vehicles.

In the following, we write f; for nodes in D\ V (pure parking lots) and I; for nodes
in L\ D (we will elaborate on these nodes in Section [4.3.2).

The set of undirected edges E C {(i,])|i,j € L} describes road segments between
nodes 7,j € L. We define E such that the graph G is connected, but not necessarily
complete. For convenience, we define ¢!(i,i) :== 0 Vi € L. Some subset & = {(i,])|i #
i} C E of these edges is damaged. Edge weights c’(i,j) > O represent travel times. We
normalize the truck speed to be 1 and the drone speed to be & > 0, i.e., ¢/(i,]) is the
travel time needed for the truck to traverse (i,j) € E, and by ¢?(i,j) = 2 -c'(i,j) we
denote the drone flight time for this edge. We call a set of delivery addresses that share
the same location an agglomeration. Formally, if some v;,v; € V belong to the same
agglomeration, then ¢(v;,v;) = ¢?(v;,v;) = 0, and the status of edge (v;,v;) is known
and it is not damaged.

We define a walk of a vehicle as a sequence of nodes in G consisting of launch, return,
and delivery nodes. We mark launch, return, and delivery nodes with superscripts L, K,
and with the overline ~, respectively. If there are several launches and returns to the
same node, then this node is listed in the walk the respective number of times — once
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for each launch and once for each return (e.g., for a sortie that starts and ends at this
node — as viL and UZR) If the drone departs from the depot on the roof of the truck, we
treat this node vg as a return node for convenience. Consider the example in Figure ,
which contains one damaged edge (v1,v3). We emphasize that vy, v3, v3, and v4 denote
delivery addresses. In the case of complete information, the damage of edge (v1,v3) is
known; in the illustrated solution, the drone travels on the truck that departs from vy to
f1., then it launches to perform delivery to v; and returns back to the truck at node vy;
thereafter, it performs a cyclic operation from v, to deliver to v4, and finally, it launches
at v, to deliver to v3 and returns along the shortest route to the depot vg. The resulting

drone walk is sequence 7 = (ovf, fL, 71, 0%, 05,04, 08, 05,03, 01, f1,08) and the truck

ot _ (R ¢L =R L R L R
walk is 7T = (v, f1, 05,05, V3,05, f1, 75 ).

A solution of TSP-DI* consists of a truck walk 7t* and a drone walk 7t such that:
= Both walks start and end at the depot.

» The truck walk contains no damaged edges.The drone walk can contain damaged
edges.

= All launch and return nodes are eligible parking lots, i.e. they belong to subset D.
In the walk of any vehicle, each launch node is followed by a return node as well as
each return node (unless this is the first node in the walk) is preceded by a launch
node.

= Each delivery address v; € V is visited at least once either in the truck walk (truck
delivery) or in the drone walk (drone delivery). Since the drone can carry only one
package at a time, there is a return and a launch node between any two deliveries
in the drone walk. We assume that the delivery takes no time.

» The walks of the truck and the drone are interrelated, since they physically meet
each other for launches and returns, therefore the subsequences of launch and return
nodes are identical in the truck walk and in the drone walk.

In order to verify the conditions above, we denote a solution s of TSP-DI as a sequence
of operations and travel legs. Each operation is associated with exactly one delivery
performed by the drone, and consists of two sequences of nodes: The truck walk and
the drone walk that start at the preceding launch node and end at the subsequent return
node of this delivery. Each travel leg describes that the drone travels on the roof of
the truck, and is denoted as the respective (one) sequence of nodes. The solution in
Figure consists of one travel leg (vp, f1) and three operations ((f1,v2)(f1,v1,72)),
((02,02)(02,04,02)), and ((Uz,fl,Uo)(Uz,Ug,,Ul,fl,ZJo)).

The objective is to find a solution s of TSP-DI* which minimizes the duration or
makespan T(s), i.e., the time until both the truck and the drone return to the depot
after having completed the required deliveries. Makespan T(s) of solution s equals the
sum of the durations of its travel legs and operations. In a given solution s, the duration
To(s) of operation o(s) is the maximum of the truck travel time Tot(s) and the drone travel
time T(‘)’l(s) in this operation: T, = maX{Tot(s),T(‘)’l(s)}. Here and in the following, we
simplify notation and skip the reference to solution s, whenever this solution is clear
from the context. For example, we write T, instead of 7,). The duration of the travel
leg depends on the truck travel time only. The duration of travel leg (vg, f1) in the
solution of Figure is 1. The travel times of the truck and the drone in operation
((v2,v2)(v2,v4,v2)) are 0 and 1, so that the operation’s duration is max{0,1} = 1.
The durations of the remaining two operations are 5 and 6, so that the makespan of this
solution equals 13. It is an optimal solution for the instance in Figure [4.3
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Figure 4.4: lllustrative example for modeling the visibility of the roads

©Adobe Stock on the integrated fotographies
Note. The truck and the drone only see the travel conditions of an edge after reaching one of its defining nodes.
The white node in the gray area marks the current position of the vehicle.

We denote an instance with the complete information on edge damages as I*, the
makespan of the optimal solution for instance I* as T* = OPT(I*), and an optimal
solution of I* as s*.

4.3.2 Problem statement under incomplete information

An instance I of TSP-DI shares all characteristics with its complete information counter-
part (instance) I*, except that we do not know initially whether certain edges in E are
damaged. Observe that in problems under incomplete information, we do not talk about
solutions, but about policies. Policies specify, how the truck and the drone should act
— such as "wait", "move from a node v; along an edge (v;, v]') in G" — in each possible
information state of the system. Luckily, since we analyze particular given policies, we do
not need to formalize the state and action space completely, which would result in some
cumbersome notation.

We introduce the information acquisition below and state policies informally in Sec-
tion [4.4] and formally in Section [4.5]

Edges with unknown status are identified as "damaged" or "intact" only after either
the drone or the truck have visited one of its adjacent nodes. Therefore, we call all
the nodes in L lookout nodes. Lookout nodes model locations from which the travel
condition of the adjacent road segments can be observed, see Figure 4.4, A curvy road
in a dense forest or in a dense urban terrain has very poor visibility and can be modeled
by a path in G with many lookout nodes connecting several edges which represent short
road segments. On the other hand, a straight road segment in flat terrain with a clear
view can be represented by only one edge and its two adjacent lookout nodes. A similar
information acquisition process is used, for instance, in the Canadian traveler problem
(Aksakalli et al., [2016; Papadimitriou & Yannakakis, [1991)). We assume that £ is initially
unknown, except for those edges adjacent to the depot vy.

To sum up, in this article, we examine competitive ratios of certain policies (algorithms
A) for any instance I of TSP-DI. The policies A, which we examine in this article, always
result in a feasible solution for the complete-information counterpart I* and the value
of the objective function (makespan) of this solution can be calculated as defined in

Section 4.3.1]
4.3.3 Discussion of assumptions

We make several assumptions and leave the study of the respective extensions for future
research:

» Immediate information transmission. No repairs and no further damages. As soon as
either truck or drone has an update on the status of a road segment, the information
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immediately reaches the other vehicle. The set £ of damaged edges does not
change.

= Unlimited truck capacity. The truck carries a sufficient number of identical pack-
ages.

= Sufficient energy. We assume that the drone energy is sufficient to cover the
longest drone sortie in the examined policies. For instance, in case of Reopt, the
drone energy is sufficient to reach the next rendezvous location if an edge damage
in the truck walk has been discovered. Section [4.6.3|compares the duration of drone
sorties in different policies.

» The same fields of view of the truck and the drone. For simplicity of exposition,
we assume the set of lookout nodes L to be the same for the truck and the drone,
i.e., the fields of view of the truck and the drone are identical. Computational
experiments in Section illustrate the case of a larger field of view for the
drone.

To simplify the exposition and w.l.0.g., in the following, we discuss only the case when
both vehicles use the same road network. Observe that the stated lower bounds on the
competitive ratios remain valid also for the generalized case, because the presented worst-
case instances are applicable for this generalization. Furthermore, it is straightforward to
see that the proofs of the stated upper bounds on the competitive ratios remain valid as
well, as long as the drone is allowed to follow the same edges as the truck. This is, for
instance, the case when the drone is allowed to take 'crow-fly’ shortcuts additionally to
using the existing edges E of the street network, meaning it can fly directly between any
two points.

4.4 Competitive ratios of several important policies

In this article, we analyze the competitive ratio for the widely used optimistic online reopti-
mization policy (Reopt) and two alternative more conservative policies — the conservative
delivery policy (CD) and the surveillance-first policy (SF). SF uses drone surveillance since
other surveillance alternatives are costlier and often unavailable. For example, dense veg-
etation and smoke may hinder informative satellite imagery and pose risks for helicopter
deployments.

Optimistic online reoptimization. In Reopt, the planner assumes all the edges with
unknown status are intact. Therefore, the truck and the drone start performing deliveries
based on an optimal solution of the resulting TSP-DI instance with no edge damages. In
the course of their walks, the truck or the drone might discover damaged edges that affect
the currently planned truck route. Each time such a damage is discovered by either of the
vehicles, the delivery walks of both vehicles are reoptimized given their current positions
and assuming all the edges with yet unknown status are intact (see Section for
details). Reopt is considered attractive by practitioners, because deliveries start immedi-
ately and are performed in the shortest possible time, if there are no damaged edges on
the truck walk. Also observe that, until recently, economically viable and fast surveillance
options, such as drones, simply did not exist.

Conservative delivery. In CD, deliveries are performed only by the drone, which collects
a package at the depot vy each time and makes a return flight to a customer along the
shortest trajectory. This policy is the best possible algorithm if all the edges are damaged.

Surveillance first. In SF, the initial truck and drone delivery walks are constructed
under the assumption that all edges with unknown status are intact. But before the truck
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departs from the depot, there is a surveillance phase during which the drone clarifies the
status of all the edges of the planned truck walk starting from the depot. Each time
the drone discovers that an edge of the truck walk is damaged, a new delivery tour for
the truck and the drone is calculated assuming all the edges with yet unknown status are
intact. Neither vehicle starts deliveries before the drone has returned to the depot and has
confirmed that all the edges in the truck walk of the currently planned delivery solution
are intact (see Section [4.5.3|for details). In disaster relief, the decision to pause deliveries
until more information on road status is collected is always difficult because each minute
counts.

In our analysis, we parametrize the competitive ratio. Observe that in TSP-DI, no
policy may have a constant competitive ratio. It is in line with a similar observation
for the truck-only case of the Canadian Traveler Problem (cf. H. Zhang et al., |2015).
We provide the value for the competitive ratio for each combination of the following
parameter values: the number of damaged edges k € IN U {0}, the ratio a between the
travel time of the truck and the drone, and the number of required deliveries |V| € IN.

Table reveals significant differences in the competitive ratios of the described
policies, proven in the subsequent sections. For instance, with a typical speed ratio of
drone to truck & = 2, conservative strategies CD and SF notably outperform Reopt in
an illustrative example. Next, we summarize managerial insights based on our analysis of
the competitive ratios.

Table 4.1: Parametric competitive ratios of some policies

Optimistic online reoptimization Conservative delivery Surveillance first
1 i V[=1La>1, 1+ M e >n, 1 if |V =1a>1,
> 2k otherwise. % ifa<1. 1+ % otherwise.

lllustration for k =5, |V| =30, and & =2
> 32 15.5 4

Reopt is optimal whenever the truck encounters no damages in its walk (k = 0).
But it is a costly gamble. If several damaged edges are encountered, Reopt may end up
generating extremely poor solutions: Myopic truck drivers select risky routes based on the
slightest promise of shorter delivery times and may have difficulties in returning to the
depot. This behavior is typical and is known in psychology as risk seeking in the domain
of losses (Kahneman & Tversky, 2000). The worst-case for Reopt tends to occur when
there are multiple impassable consecutive pathways between a pair of delivery addresses,
which eventually causes a long backtrack. Since damaged edges are often clustered in
highly impacted regions, such blocking of multiple alternative pathways can reasonably
occur. For example, flooding or storm surge could damage clusters of road segments
leading to massive backtracking, especially if an island or coastal area is impacted. If the
drone is faster than the truck (a« > 1), the more conservative policy SF dominates Reopt
already for k > 2 in terms of the competitive ratio. As expected, CD may become very
attractive if the drone is fast and the number of addresses is rather small. For example,
if @ > 1, it dominates SF when |V| < (k+2).

SF performs surprisingly well if measured by the competitive ratio. It may outperform
Reopt even if the drone is slow (& < 1), the advantage grows quickly with each damaged
edge in the truck walk. To sum up, an optimal policy should include surveillance in one
form or another as soon as the truck should deliver to some of the addresses.

Observe that competitive analysis makes no statement about the average performance
of the algorithms. Even if the worst-case performance of some policy is bad, it may
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Figure 4.5: lllustration for Lemma An instance with V = {vy,0,}

Note. The figure visualizes only a portion of the graph, the k damaged edges are located somewhere in the not-
visualized part of the graph. Distances are selected such that the drone delivers to v1, and the truck delivers to v;;
both vehicles return at the same time T* to the depot in a complete information optimal solution (CIOS).

perform quite well on average. Yet, in disaster relief, the worst outcomes are to be
avoided. Therefore, the knowledge of the competitive ratios should complement the
simulation results as an assessment tool for the selection of a suitable policy.

4.5 Proofs of competitive ratios

In this section, we provide the proofs for the competitive ratios, which were stated in
Section [4.4]

In the following, we refer to the truck and the drone solving instance I as a policy so-
lution (PS), and to those optimally solving instance I* as a complete information optimal
solution (ClOS). To streamline our exposition, we make the following two assumptions.
First, we have to decide how to proceed with the cases of ties. We assume that in case of
ties, a policy selects the worst possible decision for the examined instance. For example,
if [V| = 1 and the truck and drone are equally fast with & = 1, we assume that the
Reopt-planner sends the truck to perform this only delivery. An alternative tie-breaker
would not change the general direction of our conclusions. Nevertheless, we carefully mark
the cases, where this technical assumption is used as well as highlight its consequences.
Second, if we have to construct an unfavorable instance with many delivery addresses ]V|
we usually place most of them in one location as an agglomeration. Not only does this
serve as a valuable technical tool, but agglomerations are also quite common in disaster
relief. For instance, a village in a sparsely populated area or a dormitory suburb of a
city can be modeled as agglomerations. We use [a,b] := {a,...,b} to denote the set
of integers between a and b, a,b € Z. We use the word loop in its mundane meaning
to descriptively refer to loop-like formations of edges that form a cycle with a fixed start
point. We start with Lemma (see Figure , which we use throughout the section.

Lemma [I4] is proven in the Supplement

Lemma 14. For any |V| > 2, &« > 0 and k € N U {0} we can always construct an
instance where the set V is divided into two subsets Vi and V, and the damaged edges
are such, that in CIOS the drone delivers to all v € V4, the truck to all v € V5, and both
finish at the same time T*.

!
In the following proofs, we first find an unfavorable instance I’ with % = w for
some w € R'. Then, we prove the non-existence of instance I with O;‘TZ*) > w.

4.5.1 Analysis of the optimistic online reoptimization policy

In Reopt, the planner starts with an initial policy solution s°° of makespan T :=
T(s*?). Recall that the initial policy solution s finds an optimal delivery tour under the
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Figure 4.6: An unfortunate example for Reopt with k =2 and |V| =3
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(b) Complete information optimal solution (CIOS)

Note. The truck in PS delivers to address v, and v3 along the lower loop to the right of the depot. It encounters
damaged edge (f1, 1) at the end of its travel and decides to drive to the depot along the upper loop. But because
of another damaged edge (f2,2), it has to travel all the way back.

assumption that all the edges with unknown status are intact. Observe that T%0 < T*.
At each occurrence i, when either the truck or the drone discovers a damaged edge in the
current truck walk, Reopt immediately updates the current truck-and-drone tour given
the current positions of the vehicles; thereby one of the vehicles may still be traversing
its edge. Denote the time passed from the beginning of the truck-and-drone tour to the
moment of the ith such update as 8;. We somewhat compromise on notation and denote
s as an optimal solution of the following (‘remaining’) TSP-DI instance: At 6;, given
the current positions of the truck and the drone and assuming all edges with currently
unknown status intact, start delivering packages to the remaining delivery addresses while
the part of schedule s traversed up to time 6; remains fixed. We denote the makespan
of this solution as T := T(s*!). Obviously, T**1 > T,

Theorem 4. The competitive ratio of the optimistic online reoptimization policy is

o( ARy {1 k if |V| - La>1,
> 2% otherwise.

Proof. For |V| =1 and a > 1, the policy sends the drone to deliver, since the drone is
« times faster than the truck: If the drone’s shortest driving time to the delivery address
is T*, then the truck would need the larger time T* - «. The competitive ratio is 1 since
PS and CIOS coincide.

As for the remaining cases, we start with examining the case of |V| =3 and a > 0.
Figure illustrates PS for an unfavorable instance with V = {v1,vp,v3} and k = 2.

Several loops start and end at the depot vy. Node vy is positioned in the middle of
the left loop of length a - T'. Nodes v, and v3 are located on the right lower loop from
the depot, on opposite sides of the loop’s midpoint at a distance of ¢ from the midpoint,
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where & > 0 is a very small number. The length of this loop is T’, which equals the truck
travel time as the truck speed is normalized to 1.

In total, there are k loops on the right side of the depot, each having a damaged
edge (fi, gi),i € [1,k], located close to depot vp, such that the truck travel time from f;
over g; to vy would be ¢; in case of no damage. We assume that the distances to the
depot decrease in a geometric progression and define & := 217/& for i > 1. The ith loop
shares the part from depot vy via g;_1 to fi_1 with loop i — 1 and leads over f; and g; to
the depot, for all i > 2. Further assume that the truck travel time on each loop i > 2,
starting and finishing in the depot if all the edges were intact, is 22T — §; and 6; > 0
are monotonically increasing. Recall that the truck travel time is T’ for the first loop.

If & is sufficiently small (see Supplement [4.9.3), then in CIOS, the drone delivers to
v1 and the truck delivers to v, and to v3, taking the lower half-loop there and back
(Figure . The makespan of CIOS equals the truck driving time: T* = T’ + 2¢.

Since Reopt treats all the unvisited edges as intact, the truck in PS, which has
incomplete information, will decide to take the lower loop on the right side of the depot
with a travel time T’. However, it encounters a damaged edge (f1,41) at the end of
its travel. Facing two alternatives, to return back taking time T’ — & or taking the next
upper loop (loop i = 2) from fi via (f2,42) to vy of duration T — & — &, the naive
truck in PS will choose the latter. Indeed, at the time of this decision, the truck is aware
of the damaged edge (f1,£1), but does not know that edge (f2,42) is damaged. At each
point f;, 1 <1i < k, the truck chooses loop i +1 < k to return to the depot. The travel
time from f; via fi41 to vg is 21T — ;1 — &;, which is the length of loop i + 1 minus
Ci. The travel time of the truck from f; back to the depot using loops (i,i —1,...1) is

i i i—1 , i i—1
Y 2T+ T - Y 65— <2Z§j +§i> =271 — Y 5 — <2Z§j +§i> . (41)
j=2 j=2 j=1 =2 j=1

If we define Jp = ¢ and 6; 11 = 2;22 6 +2 ;;% §j+ ¢ for i > 2, (observe that we
added term ¢ to avoid ties), then in PS the truck needs more time (by ¢) to drive the
whole way back than to take the next upper loop to reach the depot and, thus, prefers

the latter.
By replacing J; in the recursive definition of the ith loop’s length, we obtain for i > 2:

. . 1_2 . . .
22T 5 =212 — Z; 2ilg — 22 (4.2)
=

Recall that & = 217¢ and that Z;;% Zi_j_lé'j converges to the infinite sum of a geometric
progression. We get

i-2 i-2 ) Ci=2 . o i=2 1 . 4 ; 16
Y2 = Y2 g =2y 0 = 0ig Y < 0ien =270, (43)
=1 =1 =1 =1

which leads to a lower bound on the length of the ith loop, see (4.2)):

21'72']-'/ o 51’ Z 21'*2'1—'/ o 21'*2];5765 - 21'*2@' — 21'*2 <T/ _ 139€'> . (44)

In the worst case, in PS the total truck travel time to reach f; from depot vy taking
loops 1,2, ...,k, and to travel all the way back to the depot as stated in (4.1]), adds up
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to:
(zk T - 25—(2ch+ck>>= (2T g+ -210) (45)
, 19
zzk(T 3@‘),

therefore we used the definition of d;,1 and of ¢; for i = k for the first transformation
and the lower bound on the ith loop’s length computed in . Recalling T* = T’ + 2¢,
observe that this bound approaches 2KT* for & converging to 0. We conclude that
(T(AREO’”) > 2k since Reopt may perform worse in some other instances. Also observe,
that the bound is valid both for the cases of a fast drone with & > 1 and for the cases of
a slow drone with 0 < a < 1.

If |V| > 3 (and any & > 0), we can construct a similar instance by putting nodes
vj,j > 3, in the location of v, as an agglomeration.

If [V] =2 and 0 < a < 1, we can straightforwardly adjust the above instance and
drop 0.

In the remaining cases of (|V| = 2 and &« > 1) as well as (]JV| =1 and « < 1),
we rely on our technical assumption that in case of ties, PS always makes the worst
possible decision. To construct an unfortunate instance, we drop v3 from the example in
Figure , move v, exactly in the middle of the right lower loop and set T/ = T*. In
case of |V| =1 and & < 1, we also remove node v1; observe that the truck performs
only one delivery in PS. When the truck in PS reaches node vy, it has a choice between
two paths to the depot of the same length I either taking the same way back which
is known for sure to be intact, or traveling along the uncertain upper half of the lower
right loop. Because of our technical assumption on the ties, the truck decides on the
latter. The remaining proof proceeds along the same lines as above. In Supplement [4.9.2]
we establish a lower bound on the competitive ratio that does not rely on the technical
assumption about the ties (but for a very special case of |V| =1 and « = 1) and show
that also this lower bound increases exponentially in k. O

4.5.2 Analysis of the conservative delivery policy

In CD the drone has to deliver to all addresses in V starting from the depot. We refer to
the CD algorithm as ACP and to the competitive ratio of the conservative delivery policy
as o (ACD).

CD performs badly if there is an agglomeration of delivery addresses far away from
the depot, while the truck can reach these addresses, as we discuss in Lemma and @

Lemma 15. ¢(AP) > 1+ |V[T—1

Proof. The case of |V| = 1 is trivial. If |V| > 2, consider the example of Figure [4.7]
where v1 is located such that in CIOS, the drone delivers to v7 in a return flight from the
depot in T* time, and the truck delivers to an agglomeration of |V| — 1 addresses in T*
time (cf. Lemma[14). In PS, the drone performs all |V| deliveries in a return flight from
the depot in T* + (]V| — 1) - L= time, so that the competitive ratio c(ACP) cannot be

lower than 1 + M%l O

Lemma 16. c(ACP) > %

Proof. In the example in Figure[4.8) the truck in CIOS delivers to an agglomeration of | V|
addresses in T* time In PS, the drone performs all |V| deliveries in a return flight from

the depot in |V] " time, so that the competitive ratio cannot be lower than %. O
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Figure 4.7: An unfortunate example for CD with |V| =n > 2
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(a) Policy solution (PS) (b) Complete information optimal solution (CIOS)

Note. The drone in PS delivers to each address in V in a separate return flight from vgy. In CIOS, the truck delivers
to the agglomeration of |V| — 1 addresses in a single return trip, the drone visits the remaining address v;.

Figure 4.8: An unfortunate example for CD with |[V|=n >1
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(a) Policy solution (PS) (b) Complete information optimal solution (CIOS)

Note. The drone in PS delivers to each address in V in a separate return flight from the depot. The truck in CIOS
delivers to the agglomeration of |V| addresses in a single return trip.

Theorem 5. The competitive ratio of the conservative delivery policy is

_|V| +max{a —1,0}
. .

U'(ACD)

Proof. Consider two cases: &« <1 and & > 1.

The case of a slow drone with &« < 1 is quite obvious. Since each address is visited
by at least one of the vehicles in CIOS, the drone can follow the complete CIOS tour of
this vehicle from the depot to this delivery address and back to the depot. This results

V[T
o

in a solution with a makespan of at most , since the visit of each delivery address

takes at most %* time.

The case of a fast drone with &« > 1 is more complicated. We will show how to
construct a feasible delivery plan s/, in which only the drone performs deliveries and the
truck never leaves the depot. The makespan of CD obviously cannot be larger than the
one of s’. In s’ for each v € V, the drone performs one operation that starts and ends at
the depot as follows:

» If v is delivered by the truck in CIOS, then the corresponding delivery tour in s’
Mo

follows the complete truck walk of the CIOS solution s* in T* — ¥ (7, — 7) time,
o=1

where 1, := n,(s*) is the total number of operations in s* and the expression

on the right-hand side sums up the truck waiting time for the drone in all of

these operations. We recall that T, is the duration of operation o in s* given

as the maximum of the corresponding truck- and drone time respectively: 7, =

max {7}, 74}. Since the drone is a times faster than the truck, the time it needs to
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perform this delivery tour for v in ' is

o

Lo S — ). (4.6)

& o=1

» |If for some operation 0, := 0,(s*), v is delivered by the drone in CIOS and then
the delivery tour for v in s’ follows the complete truck walk of s* like above, except
for 0,, where it follows the drone walk of the operation instead of the truck walk
and still requires at most T, time. Thus, the time of this drone delivery tour for v
in s’ is at most

o Tt
LT = Y (50— ) + oy —

o=1

(4.7)

In the example of Figure[4.3] node v is delivered by the truck in CIOS and the respective
drone walk in " is (v}, f1,72, f1,08). The delivery node v; is covered by the drone in
CIOS, thus, the drone walk in s is (Ué,ﬁ,vﬁ, Uz,fl,Ug).

Considering that the number of operations n, in s* corresponds to the number of
drone delivery nodes in this solution, the makespan of the solution s’ sums up to:

1 . Mo No Tt
T(s") < |V];(T —Z(TO—TJ))-FZ(TO—;O) (4.8)
0=1 0=1
\V4 o _ 4t o t
SRLARY N 8 Ul YA TR (4.9)
x o=1 x o=1 x

where the last inequality follows from |V| > 1. Given that the makespan of CIOS is at

g
least the total duration of its operations, i.e., T* > Y 1,, that « > 1, and that we can
o=1

No ¢
.. T .
eliminate terms ) -2 in the last two summands, we conclude that
0=1

T(s/)<u-T*+L_1T*:7‘V|+a_1-

T". 4.1
o o o (4.10)

Given the makespans of the constructed drone-only delivery plans for both cases of & <1
and & > 1, as well as given Lemmas [15/and (16} and from the definition of the competitive

ratio, we conclude that c(AP) = w. O

4.5.3 Analysis of the surveillance-first policy

A policy solution (PS) of surveillance first (SF) is divided into a surveillance phase and
a delivery phase. Consequently, we will note in the following the route and makespan of
these phases with superscripts s and d, respectively. In SF, the planner starts with initial
delivery plan 540 of makespan T*40 := T(s>%9). Solution s>#? is an optimal solution
of the respective instance if all the edges with unknown status are intact. Observe that
To40 < T*. The drone examines all the (not yet surveyed) nodes in the truck walk of
s%40 and returns to the depot before deliveries can start. If the drone returns to the
depot after having discovered no damaged edges at time T%*?, then the makespan of the
policy solution is T%*0 4 T*40 At each occurrence i € IN, when the drone discovers a
damaged edge in the current truck walk, SF updates the current truck-and-drone tour
to 5% and the drone has to inspect the (remaining) nodes with unknown edge status
in the truck walk of the new delivery plan s®% in the surveillance phase. Obviously,
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T4+l > To4i  The overall makespan of PS in SF sums up from the surveillance time
after k discovered damaged edges, which is T*5*, and delivery time T4,

The main idea of SF is to take a short amount of extra time to examine the truck
walk with a (usually faster) drone before starting the deliveries.

When we think about disaster relief, the decision to pause deliveries until more infor-
mation on road conditions is collected is always difficult since every minute counts. Thus,
the surveillance-first policy seems overly conservative and its benefits are not quite intu-
itive at first glance. However, in the instance described in Figure[4.12] the surveillance-first
policy performs surprisingly well for a fast enough drone. In particular, we benefit greatly
from discarding some impassable paths early on because the detour is quite long. For
instance, if the truck notices edge damage at node [y, it has to travel the whole way back
to the depot. Overall, our analysis shows that the surveillance time in SF may be quite
small if the visibility of the roads is excellent.

Lemma [17| proves that o(ASF) > 42 for |V| > 2,4 > 1, which is an important
scenario with a fast drone and several delivery addresses. Supplement shows the
validity of the lower bound for the remaining cases of |V| =2,a& > 1 and |V| > 2,a <1,
if the policy always takes the worst possible decision in case of ties. Theorem [6] proves
that this bound is tight.

We analyze drone surveillance in more depth in Theorem|7| According to this theorem,
any policy that does not include surveillance detours of the drone has a worse competitive
ratio than SF for a range of practical parameter values, such as k > 1 (several damaged
edges), & > I (the drone is faster than the truck) and |V| > (k+1+a) (many
delivery addresses).

Lemma 17. If |V| > 3 and a > 1, the competitive ratio of SF o(ASF) > L}(*"‘,

Proof. Consider instances with |V| > 3 delivery nodes as illustrated in Figure for
|V| = 3. There are k+ 1 edge- and node-disjoint cycles, which intersect only at the
depot node. In each cycle there are |V| equidistant nodes, namely the depot vy and
(|V]| —1) Steiner nodes from D\ V. Between any pair of adjacent nodes of a cycle there
is a path (spike) connecting these adjacent nodes and leading over exactly one of the
nodes from V. We call the structure formed by one cycle together with its spikes a circular
path with spikes (CPS). Figure illustrates one such CPS — it is the CPS which the
vehicles traverse in CIOS. Observe, the vehicles do not have to visit the (|V| — 1) Steiner
nodes of a CPS, but may use them for the drone’s launch or landing. In the cycle over
the Steiner nodes, starting and ending at the depot of a CPS p (in Figure these
are edges (vo, 1), (f1, f2), and (f2,vp)), the travel distances between consecutive Steiner
nodes ¢! (/" ,, f/') are all the same for all p and all i € [1,|V]], where the depot vy € D
is denoted as fg’ and fﬁ/‘, for all p, for convenience. Recall that the edges connecting
Steiner nodes and delivery nodes form spikes, such that each delivery node v; € V is a
neighbor of the two respective successive Steiner nodes fi’il and fip of each CPS p. The
travel distances are c!(f] |, v;) = c!(v;, f]) = & - ct(fF 1, fF). Figure illustrates all
(k4 1) CPSs for an instance with |V| = 3 and k = 1. In k of the CPSs, we have a
damaged edge close to the depot vy, which cannot be detected from vy.

Obviously, no feasible delivery tour can have a makespan of less than T' = |V| -
c'(fi_1, fi), which is the minimum time to visit all the delivery nodes by the fastest vehicle,
the drone. Figure[4.9b depicts a CIOS with makespan T* = T’, in which the truck travels
the undamaged circular path 7t = (vo,f1,f2,...f|v|,1,vo) taking time T’ and the drone
travels along the spikes of this circular path as 7% = (vo,vl,fl,vz,fz,...,v‘v|,vo) taking
the same time T’. l.e., the drone delivers to all the addresses by picking packages from
the truck in the Steiner nodes. Note that the vehicles reach the Steiner nodes at the
same time and do not wait for each other.
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Figure 4.9: An unfortunate example for SF with |V| =3,k=1and a > 1
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(c) Initial delivery plan s*9 (d) Complete surveillance tour in the policy solution

Note. In CIOS, the truck takes the undamaged circular path from the depot and launches the drone from its nodes
for each delivery. Since the circular paths are indistinguishable for the online policy, SF proposes at each update of
the delivery plan a truck walk through a damaged circular path, until all damages are detected. Since damages are
detected only at the end of such path, the drone traverses all circular paths in the surveillance phase of SF, which

results in a distance of (k+ 1) times the truck walk in CIOS.

Since SF does not know about road damages, the initially planned truck walk in s*40

takes one of the damaged circular paths. In the surveillance phase, the drone traverses

the complete circular path in W = %* time to discover the damage at the end
of this walk. At each discovery of a damaged edge at the end of a circular path, SF
suggests a new delivery route for the truck along yet another damaged path, until all k
damaged edges have been discovered. Thus, in the surveillance phase, the drone traverses

all k +1 circular paths in T*5f = (k4 1) - %* time. The makespan of PS sums up this
surveillance time and the duration T*4% = T* of the final delivery tour. We conclude
that o(ASF) > ke, O

Theorem 6. The competitive ratio of SF is

1 iflV]=1,a>1

SF
o(A) =
k+1+a :
= otherwise

Proof. If |[V| =1 and a > 1, the drone in PS will perform the delivery and o(ASF) = 1.
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Lemma |17| and Supplement @ prove that o(ASF) > KLt if either |V| > 1 or
a < 1. It remains to show that o(AS) < kﬂ%

Observe that the makespan of the delivery schedule in SF cannot exceed the objective
value of CIOS: T%% < T*, because SF treats all the edges with not yet known status
as intact when planning deliveries. Assume the drone in PS would finish surveillance
and return to the depot (if all the remaining edges were intact) at time T%%~1, but it
discovers a damaged edge at time 8; < T°*~1_In SF, the drone selects a shortest flight
to investigate the not yet surveyed edges in the truck walk of the updated delivery plan
s>%1 This cannot take more time than the following feasible walk: Approach the depot
by completing the current surveillance flight at time T%%~1 and follow the updated truck
walk of s> to reach the depot no later than time T%~1 4 % As the drone starts
information collection at time 0, its initially planned duration cannot exceed TS0 < %.
Moreover, the drone performs at least 1 and at most k + 1 such surveillance iterations: A
damaged edge may be discovered in each of k consecutive surveillance iterations and the
drone will make one more iteration to confirm that all the edges in the currently planned
truck walk are intact. Consequently, the drone in PS will complete information collection
and return to the depot no later than To5k < (k + 1)% Thus, we get an upper bound

for o(ASF) by summing the received upper bound on the surveillance time kTTl -T* and

the upper bound on the delivery time T*, and dividing this sum by T*. O

Theorem 7. Fork > 1, a > K1 and |V| > (k+1+a), any truck-and-drone delivery
policy without drone surveillance has a worse competitive ratio than SF.

We define “without drone surveillance” as follows: The drone performs deliveries to
some addresses v € V by moving along the shortest path from the launch node to address
v and returning along the shortest path to the return node. See Supplement for a
proof.

4.6 Computational experiments

In this section, we describe the data set (Section and investigate observed perfor-
mance ratios of the presented policies in detailed simulations by using settings, common
in the TSP-D literature (Section . For instance, we perform sensitivity analysis for
the case of a slow drone (« < 1), an alternative objective function (minimize last delivery
time), nonzero delivery times, hybrid policies with partial initial drone surveillance, and
differing fields of view of the vehicles. Since energy expenditure is a central aspect in the
deployment of a drone, we examine the duration of drone sorties and, thus, the required
energy, in different policies in Section [4.6.3]

4.6.1 Data generation and the hybrid policy

We generate 200 graphs with |L| = 16 nodes, by placing the nodes randomly in a 1000 x
1000 square. Afterward, we randomly assign |V| = 5 nodes to be delivery addresses and
one node to be the depot. Following Letchford et al. (2013)), we create sparse graphs
since they most resemble real road networks. We keep the graphs connected to ensure
feasibility: There is a road between each delivery address and the depot. We start with a
complete graph and gradually reduce the number of edges to |E| = 36 (or 30% of @) by
randomly deleting edges that do not disconnect the graph. For each graph, we randomly
generate 20 instances by setting 22 edges (or ~ 60% of |E|) to be damaged. This results
in 200 x 20 = 4000 instances in total. Observe that Reopt and SF are computationally
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expensive, and require an optimal solution of TSP-DI* at each replanning iteration; this
limits the size of the tested instances significantly.

In the basic setting (Base), the drone is twice as fast as the truck («# = 2) and
D =VU {vo}, i.e., the remaining nodes serve exclusively as surveillance nodes. We set
the truck speed to 1.

We examine seven additional settings by changing one factor at a time in Base.
In four settings, we vary the drone speed (¢ = 1, &« = 3) and the incidence of the
parking lots (|D| = 11, |D| = 16). Three further settings refer to widespread network
characteristics in the TSP-D literature: the Euclidean metric (L) for the truck with
drone shortcuts as well as the Manhattan metric (L1) for the truck with and without
drone shortcuts. In more detail, the drone flight is always measured by the Euclidean
distance, i.e., ¢?(i,j) = 1. (7 = 7)||2, where i,j € R? denote the coordinates of two
nodes i,j € L. In Base, the drone only follows edges (i,j) € E. Alternatively, we
allow the drone to travel shortcuts (shortest Euclidean distances) between its current
position and any node j € L. The truck distance is measured by the Euclidean metric
in Base for the sake of comparison to the theoretical analysis, where the truck and the
drone use th_g same metric. We examine the Manhattan metric for the truck by setting
i) = 1=l for (i,j) € E.

For every instance, we report the ratios 7(A) between the result of policy A and the
CIOS result. We extend the dynamic programming approach of Bouman et al. (2018)) to
optimize the delivery phases in Reopt and SF. The surveillance phase of SF amounts to the
traveling salesman problem, which we solve with a standard MIP with IBM ILOG CPLEX
22.1.1. We run experiments on a Linux server (6248R CPU, 3.00GHzx 96 processors, and
754.5 GB RAM).

Our analysis in Section [4.5.3]suggests the benefits of drone surveillance in the case of a
fast drone. To test this, we introduce an additional hybrid policy Sgg’g:'d, which integrates
features of both SF and Reopt. Similar to SF, it starts with a surveillance phase; however,
this phase is shorter, constrained by a runtime limit cpax. To determine the surveillance
route, we solve an orienteering problem, where the objective is to maximize the cumulative
‘prizes’ gathered from visiting nodes from the truck walk of the currently planned delivery
tour, within the given time limit. Asin SF, whenever a damaged truck edge is encountered
during surveillance, provided cmax is not exceeded, the planned delivery tour and the
remaining surveillance route are reoptimized. In S;ggﬂ”d, the time limit cpax is set to 25%
of the minimum required surveillance time to check the status of each edge in the initially
planned truck walk by visiting one of its adjacent nodes. Supplement[4.9.6] provides details
on hybrid policies with varying cmax. Due to the limited surveillance phase, S;g%ﬁd may still
encounter damaged truck edges within the delivery tour, which, similarly to Reopt, leads
to a reoptimization of the delivery routes to cover the remaining unvisited locations. A new
feature of SF is that during the reoptimization of both surveillance and delivery phases,
Sgggj'd penalizes the use of edges with unknown status in the truck walk by applying a
penalty factor to account for the increasing makespan due to a potential truck detour.
This is because these edges might be damaged, potentially causing additional detour
time for the truck. Based on calibration experiments conducted on separate instances,
we multiply the length of such edges by 1.3 to account for this uncertainty (see the
Supplement. More details and a pseudocode of the hybrid policy S;g’f,};id are provided

in the Supplement [4.9.6]

4.6.2 Observed average and worst performance of the policies

In terms of the observed average ratios (Avg), Reopt dominated SF in all the settings (see
Table[4.2)). Indeed, in as much as 10% of the instances (397 out of 4000), Reopt’s results
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Table 4.2: Relative performance of alternative policies

7(SF) F(Shyend) #(Reopt) #(CD) % < o(Reopt)
Avg Max Avg Max Avg Max Avg Max &(SF) &(S%";:'d)

Influence of the drone speed

a=1.0 1.9 2.8 1.2 2.4% 1.2 25 2.1 3.7 1.3 57
a=20 15 2.1 1.1 2.0% 1.1 2.3 1.6 2.5 2.8 80
a=3.0 1.3 1.7* 1.1 19 1.1 2.1 1.4 1.9 5.4 90
Influence of the drone shortcuts and alternative distance metrics for truck
Ly for truck 1.5 2.1 1.1 2.0% 1.1 2.3 1.6 2.5 2.8 80
Lq for truck 1.3 1.8* 1.1 2.1 1.1 2.4 15 2.1 4.3 82
Ly for truck, shortcuts 1.4 1.8% 1.1 2.4 1.1 2.5 1.5 2.3 6.9 90
Ly for truck, shortcuts 1.3 1.8 1.0 1.8 1.0 2.5 1.3 2.0 7.0 95
Influence of parking possibilities
ID| =6 1.5 2.1 1.1 2.0 1.1 2.3 1.6 2.5 2.8 80
D] =11 15 2.2 1.1 2.1*% 1.1 2.2 1.7 2.5 1.6 75
\D\ =16 1.5 2.2 1.1 2.0% 1.1 2.2 1.7 2.5 0.8 73

Note. The Base setting is highlighted in grey. The maximum (minimum) worst observed ratios to the CIOS result
for each setting are marked in bold (marked with *).

coincided with that of CIOS, since the truck walk did not contain any damaged edges. The
picture reverses, when we examine the observed worst ratios (Max). Here, SF performed
better than Reopt in five settings out of eight. Only when the drone speed equaled that
of the truck (« = 1), the observed worst ratio of SF was inferior to that of Reopt. In case
of edge damages in the truck walk of Reopt, the required replannings were quite costly
resulting in up to 2.5 times larger makespan (each replanning caused a 1.4 times increase
in the makespan, on average). CD had the worst observed average and worst ratios in
most settings compared to SF and Reopt. Supplement contains sensitivity analysis
for the case of non-zero delivery times as well as for an alternative objective — minimize
the time of the last delivery. The relative performance of the algorithms remained similar.
Overall, the ratios obtained by minimizing the time of the last delivery exceeded those
achieved with the makespan objective. This trend has also been observed in other routing
problems, such as the online TSP with and without the requirement to return to the
depot (Ausiello et al., |2001). Overall, Reopt has a higher competitive ratio than SF in
case several damaged edges are present and the drone is fast (see Section . Table
confirms this relation in terms of the observed worst ratios.

Table 4.3: Data generation and the number of relevant* damaged edges in Reopt in Base

Share of damaged edges
in the generated graph
20% 40% 60 %

% instances with no damaged edges in the initial truck walk 50 24 10
Avg # of relevant® damaged edges per instance 0.6 1.2 1.6
Max # of relevant* damaged edges per instance 4 7 7

Note. *) Relevant damaged edges refer to the damaged edges in the truck walk discovered during the application
of Reopt. The share of damaged edges in the generated data set is highlighted in grey.

Observed worst ratios in Table [4.2) were, quite as expected, significantly smaller than
competitive ratios of the examined policies, which are theoretically possible worst ratios.
For instance, competitive ratios of CD for « = 1,2,3 are 1 + MT_l = 5,3,2.3, respec-
tively, compared to the observed worst ratios 3.7, 2.5, and 1.9. Interesting are possible
interpretations of parameter k — the maximal number of damaged edges — which is pivotal
for the computation of competitive ratios for SF and Reopt. For this, consider the total
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number of so-called relevant damaged edges, which are the damaged edges in the truck
walk discovered during the application of a policy. Recall that only relevant damaged
edges cause replannings, since the drone can fly over the damage. As Table shows
for Reopt in Base, the number of relevant damaged edges never exceeded 7 (out of 22
damaged edges in the graph) and equaled 1.6 on average. ldentifying k as the expected
number of relevant damaged edges leads to a closer gap between theoretical and observed
worst ratios. For instance, for « = 1,2,3; if k := 1.6, competitive ratios of SF are 3.6,
2.3, 1.9, whereas observed worst ratios were 2.8, 2.1, 1.7; the respective observed worst
ratios of Reopt were 2.5, 2.3, 2.1, whereas the competitive ratio is 2k 2~ 3.0. The first
columns in Table report sensitivity analysis for the instance generation: if the share
of damaged edges decreases, the share of instances, in which initial Reopt solution is
optimal, raises fast.

Hybrid policy S;%'g:id achieved the best performance among all tested policies. Ta-

ble shows that S;‘é’&rid had low observed average ratios similar to Reopt, but signif-
icantly improved the observed worst ratios in all the settings. Interestingly, S;g};:id also
had a better observed worst ratio than SF in the majority of settings, because of the
shorter initial surveillance phase.

In addition, Table[4.4] presents the case of a slow drone, which is uncommon in practice
but interesting in its own right. Here, both CD and SF performed worse than Reopt both
in observed average and worst ratios. Interestingly, drone surveillance may still pay off,

since S;gggid moderately improved the observed worst ratios of Reopt in one setting.

Table 4.4: Relative performance of alternative policies in case of a slow drone

7(SF) F(shyerd) 7(Reopt) #(CD) % < &(Reopt)
Avg Max Avg Max Avg Max Avg Max o(SF) a(Shr)

Influence of the drone speed, the drone is slower than the truck

=025 35 6.3 1.6 33*% 15 3.6 4.2 13.0 O 47
a=050 26 4.3 1.4 3.3 1.4 32% 29 7.2 1 53
=075 22 3.3 1.3 3.2 1.3 2.8*% 24 4.8 1 54

Note. The maximum worst observed ratios to the CIOS result for each setting are marked in bold. The minimum
worst observed ratios to the CIOS result are marked with *.

Finally, Table presents the case where the truck and the drone have different
fields of view. We introduced two additional lookout nodes on each damaged edge which
inhibit the view of the truck, but have no influence on the field of view of the drone.
In other words, the field of view of the truck deteriorates. We vary the field of view
of the truck in three different settings: the truck encounters the damage exactly in the
middle of the original damaged edge (at 50% of the edge length), the truck encounters
the damage after having traversed 25% of the edge (at 25% of the edge length), and the
original edge (i,]) is partitioned into three equal segments and we randomly place the
damage with probability % in one of the segments (uniformly at the edge). The smaller
field of view of the truck obviously does not affect SF, which relies on the complete initial
drone surveillance. Interestingly, the observed average ratios stay stable and increase
only slightly compared to the base setting with equal fields of views. The increase in the
observed worst ratios for both policies can be explained by the longer detours of the truck
if it encounters a damaged edge compared to the base setting.

4.6.3 Drone energy requirements: Duration of drone sorties

Table reports the duration of the drone sorties both excluding and including the
waiting time for the truck. Indeed, depending on the application, the drone may have
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Table 4.5: Relative performance of Reopt and S;%'otzid with different fields of view for truck and drone
7 (SF) (?(Sgg};:id) 7(Reopt) % < 7(Reopt)
Avg Max Avg Max Avg Max &(SF) FT(S;;(E;:d)
Equal field of view 15 2.1 1.1 2.0% 1.1 23 B 80
Uniformly at the edge 15 2.1 1.1 2.4 1.1 2.4 6 82
At 25% of the edge length 1.5 2.1 1.1 2.4 11 2.4 6 82
At 50% of the edge length 1.5 2.1 1.1 2.6 1.2 2.6 8 82

Note. The Base setting is highlighted in grey. The maximum (minimum) worst observed ratios to the CIOS result
for each setting are marked in bold (marked with *).

Table 4.6: Average and maximum drone flight time in surveillance and per drone sortie

Initial drone surveillance  Drone travel time per sortie  Drone travel + waiting time per sortie

SF S;gﬁ}:id ‘ SF Reopt S;gﬁ’/:id SF Reopt S;gob/:id
Influence of the drone speed

a=1.0 3717 172 1539 1548 1534 1635 1689 1622
(9113) (776) | (4632) (8186) (5870) | (5536) (9750) (8335)

a =20 1168 30 742 769 761 790 835 813
(4695) (253) | (2156) (4494) (3428) | (2452) (5404) (5220)

a=23.0 525 8 493 501 503 539 558 552
(2268) (153) | (1437) (2317) (2261) | (2035) (3364) (2871)

Influence of the drone shortcuts and alternative distance metrics for truck

L, for truck 1168 30 742 769 761 790 835 813
(4695) (253) | (2156) (4494) (3428) | (2452) (5404) (5220)

Ly for truck 936 24 737 759 757 798 834 817
(3998) (327) | (2156) (4154) (3418) | (2831) (4984) (4984)

L, for truck, 661 10 435 454 453 482 511 506
shortcuts (2488) (160) | (1075) (2944) (1972) | (1578) (3746) (3944)
L, for truck, 533 5 453 466 467 510 526 523
shortcuts (1782) (160) | (1087) (3680) (1784) | (1682) (4992) (2730)

Influence of parking possibilities

ID| =6 1168 30 742 769 761 790 835 813
(4695) (253) | (2156) (4494) (3428) | (2452) (5404) (5220)

D] =11 1150 33 698 713 709 732 759 745
(3676) (294) | (2156) (2971) (2442) | (2259) (4954) (3564)

D] =16 1135 33 672 681 678 702 714 703
(3554) (294) | (2180) (2248) (2228) | (2480) (4954) (3266)

Note. The Base setting is highlighted in grey. For each setting, the first (second) row of values without with)
parenthesis are the average (maximum) times. The largest values for each setting are marked in bold.

to hover while waiting for the truck to prevent theft. Interestingly, as predicted by the
theoretical analysis, drone sorties may turn long in Reopt, when the truck has to take a
detour to reach the next landing location. As a result, maximal observed drone sorties
in Reopt may take even longer than the initial drone surveillance phase in SF, especially
if the truck follows the L; metric with drone shortcuts (maximum drone travel time per
sortie in Reopt of 3,680 vs. maximum surveillance time in SF of 1,782). Drone sorties in
Reopt get longer if the number of rendezvous locations |D| is small, the drone speed is
small, or the truck follows the L metric. Overall, drone sorties in the delivery phase are
the shortest in SF, which is achieved at the cost of a long initial drone surveillance time.
The hybrid policy S;g;j'd again offers a good compromise for drone energy consumption: It
significantly reduces initial drone surveillance time compared to SF, making it compatible
with most drones’ battery capacities, while the time for drone sorties is generally shorter
than in Reopt. Since all the examined policies require long drone sorties, efficient energy
management is essential. This may involve installation of battery swapping facilities in
the field, enforcing a short distance between the drone and the vehicle at all times, as
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well as a preference for longer-range drones at least for the initial surveillance phase.

4.7 Discussion and outlook

In this paper, we investigate the traveling salesman problem with a truck and a drone
under incomplete information (TSP-DI), motivated by deliveries of emergency supplies
under unknown road conditions, which are often faced by disaster relief teams. The
paper computes competitive ratios (CRs) for several policies for TSP-DI, including the
widespread online reoptimization policy (Reopt). CRs reveal the worst-case performance
of these policies. Competitive analysis is especially relevant and important in the context
of disaster relief, where the worst outcomes have to be avoided. We conduct a parametric
analysis and differentiate problem classes according to the number of damaged edges
k € N U{0}, the factor by which the drone is faster than the truck « € R™, as well as
the number of required deliveries |V| € IN.

Our analysis reveals that Reopt performs poorly in realistic worst-case instances if
several damaged edges are present, moreover, its CR increases exponentially with k.
Reopt fails if several alternative routes to a required destination exist and all but a few
routes are impassable, so that the truck gets easily trapped in a damaged region. For
instance, this situation is typical in inundated urban areas. Our analysis underscores
the significance of a rather counter-intuitive decision — to delay the start of emergent
deliveries, so that the drone can examine the most relevant road segments of the truck
tour. One such policy is surveillance first (SF), which has a better CR than Reopt if the
road network is severely damaged. In experiments on conventional data sets, we illustrate
that worst observed CRs indeed improve in almost all settings if we use SF. Nevertheless,
Reopt outperforms SF in all the settings, on average. We further show that hybrid
policies with limited initial drone surveillance, as in Sggob/:ld, may already be sufficient
to improve the worst observed ratios significantly while maintaining the good average
performance on par with Reopt. The main limitation of our computational experiments is
the small size of the instances caused by computationally intensive replanning iterations
in Reopt and SF. The validation of the observed trends is a topic for future research.
Although the question about a policy with the best possible CR remains open, we narrow
its properties analytically and prove that such a policy should include detours for the
purpose of surveillance if the drone is fast (k > 1 and a > ﬁ—%) and the number of
the required deliveries is large (|V| > (k+a +1)). We also compute the CR for the
conservative delivery policy, in which the drone performs all the deliveries in return flights
from the depot.

A number of questions remain for future research. Firstly, both Reopt and SF rely on
reoptimization, in which an NP-hard truck-and-drone routing problem is solved repeat-
edly. Therefore, suitable fast heuristics are required. Secondly, the question of an optimal
policy remains open. Depending on a specific disaster relief application, the robustness
of the policy (such as its worst-case performance, eventually restricted to some interval
or a set of probable scenarios) may be more important than its expected average perfor-
mance. Therefore, respective types of optimality analysis are important for disaster relief
management. Thirdly, future research has to investigate extensions of TSP-DI, including
the influence of vehicle fleet characteristics (e.g., several drones and/or several trucks),
of the limited energy of the drone, of information transmission mechanisms between the
vehicles as well as of deadlines/releases and priorities of the deliveries. The authors con-
firm that the data sets used in the computational experiments are available in the Online
Supplement.
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4.9 Supplemental material

4.9.1 Supplement: Proof of Lemma
In this section, we repeat the technical Lemma and provide the complete proof.

Lemma 18. For any |V| > 2, « > 0 and k € INU {0}, we can always construct
an instance where the set of locations V is divided into two subsets V1 and V5 and the
damaged arcs are distributed such that in a complete information optimal solution (CIOS)
the drone delivers to all v € Vi, the truck to all v € V,, and both finish at the same time
T*.

Proof. Figure provides an illustration. There are two loops on opposite sides of the
depot vy, consisting of two or more intact edges each. Address vq is located in the middle
of the left loop, and the remaining addresses V' \ {v1} are placed in the middle of the
right loop of total length T,. Recall that the speed of the truck is normalized to 1 and
the speed of the drone equals a. The length of the left loop is T} = a - T,. The rest of
the graph is not visualized and can be chosen arbitrarily provided that the left and the
right loops remain shortest paths from the depot vy to v1 and from the depot vy to all
addresses V' \ {01} in I*, respectively. All k damaged edges can be located arbitrarily in
that hidden portion of the graph. Obviously, the vehicles travel % = T, and T, time,
respectively, and return at the same time to the depot. ]

4.9.2 Supplement: Further unfortunate examples for Reopt

If either (|V| =2 and a > 1) or (]V| = 1 and a < 1), the proof of o(ARePt) > 2K in
Theorem [4] relies on our technical assumption that if the truck in the PS faces alternative
paths of the same length, it always chooses the worst possible path. In particular, it
prefers a not yet completely investigated path to the path of the same length known to
be intact. This assumption may appear counterintuitive. Therefore, we design further
unfavorable examples for Reopt, which do not rely on the technical assumption above and
they also result in a lower bound on the competitive ratio that is exponential in k. The
example in Lemma [L9 covers the case of (|[V| =2 and a > 1) and the one in Lemma
covers the case of (|[V| =1 and a < 1), respectively.

Lemma 19. For any |V| =2 and « > 1, the competitive ratio of the optimistic online
reoptimization policy is o( AReoPt) > k=1,

Proof. We relax the assumption that PS always chooses the worst possible tie-breaker.

The case of k = 1 is trivial. In the following, we will discuss two cases: (k > 2,
«#1)and (k>2,a=1).

For k > 2 and a # 1, consider the instance in Figure . Nodes v; and v, are
located at the mid-points of two loops: the left loop (of length aT’) and the lower right
loop (of length T'), respectively. The distances are selected such that the truck and the
drone would complete their trips at the same time through the left and lower right loop,
respectively, if all edges were intact (cf. Lemma . There is a damaged edge (go, fo) in
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Figure 4.10: An unfortunate example for Reopt with k =3 and |V| =2
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(b) Complete information optimal solution (CIOS)

Note. The truck in PS plans to deliver to address v, along the lower loop via gg and fp to the right of the depot.
It encounters damaged edge (fo,g0) close to v, and takes a detour. At vy, the truck decides to return to the depot

along the yet unexplored upper part of the right lower loop of length TT, since it would take T% +¢,6>0,(—0,
to return the same way back to the depot. At the end of its travel, the truck encounters damaged edge (g1, f1)
and decides to drive to the depot along the upper loop. But because of another damaged edge (f2,$2), it has to
travel all the way back.

the vicinity of v, and there is an additional intact direct edge between gp and v2, which
allows for a detour. Let the truck travel time between depot vy via go over the detour to
vy be Tj, + ¢, where ¢ > 0 is very small.

The remaining edges in the instance are constructed as explained in Theorem |4] with
the difference that there are just (k — 1) loops on the right side of the depot, including
the lower right-hand loop. Similar to Theorem [4] each such loop has a damaged edge
(fi,gi),i € {1,...,k—1}, located close to depot vp, such that the truck travel time from
fi over g; to vy equals . Also here, the ith loop shares the path from depot vy via g;_1
to f;_1 with loop (i — 1) and is connected via the edges (f;,<;) and (gi, vo) to the depot,
for all i > 2.

Obviously, the makespan of CIOS T* is bounded by the following interval: T/ < T* <
T' 4+ 2&. Observe that T < T*, since the makespan of CIOS cannot be smaller than
the time it takes the fastest vehicle to deliver to v1 and v and return to vy assuming
all the edges are intact (cf. Lemma . Moreover, in a feasible solution with makespan
T' 4 2¢, the drone delivers to v; and, in parallel, the truck delivers to v, taking the lower
loop via the direct detour-edge (g0, v2) there and back.

In PS, the truck tries to deliver to vy traveling the walk (vo, o, fo, 02, f1,§1,v0), since
it does not know that specific edges are damaged. Because of the damage at (go, fo),
the truck takes the detour via the direct edge (go,v2), provided ¢ is sufficiently small
(& — 0). At vy, it has a choice to travel all the way (v, o, V) back or to proceed along

(v2, f1,81,00). The latter path takes T% and is shorter than the former, which has the

duration of (% + &). The proof proceeds along the same lines as in Theorem .
For k > 2 and & = 1, we have to modify the example. Indeed, otherwise, the Reopt-
planner would rather send the truck to the left and the drone to the right, since we already



120 Truck-and-drone delivery policies in disaster relief

see from the depot that the left Joop is intact, but we have uncertainty whether all the
edges are intact for the right-hand lower loop, and both loops are of the same length. To
prevent this, we must introduce two additional lookout nodes in the left loop such that
both Joops are indistinguishable for the ex-ante planner. ]

Lemma 20. For any |V| =1 and « < 1, the competitive ratio of the optimistic online
reoptimization policy is o( AReoPt) > k=1,

Proof. If |[V| =1 and & < 1, we simply remove node v; in the example in Figure m
PS remains the same as described in Lemma [19} since initially the truck, as the faster
vehicle, will try to deliver to vy driving along (v, g0, fo, V2, f1,£1,70).

In CIOS, the makespan remains bounded by the interval T/ < T* < T'+2¢. In a
feasible solution, the truck delivers to v, taking the lower loop via the direct detour-edge
(0,v2) there and back, hence, T* < T’ + 2¢. Further, the makespan of CIOS cannot
be smaller than the time it takes the fastest vehicle to deliver to v, in a return trip from
the depot vy assuming all the edges are intact, hence, T* > min{T’, %}} =T. O

4.9.3 Supplement: On the unfortunate example for Reopt in Theorem @

Let's recall the description of the unfavorable instance with V' = {v1,v5,v3} and k €
IN U {0} from Theorem [4] illustrated schematically in Figure [4.6f Nodes v, and v3 are
located on the lower right-hand loop from the depot of length T’. They are located on
opposite sides at a distance of ¢ from the middle of the loop, where ¢ is a very small
number. Node vy is positioned in the center of the left-hand loop. This loop has the
length of a - T'. There are, in total, k loops to the right side of the depot, each having
a damaged edge (fi, gi),i € [1,k], located close to depot vy, such that the truck travel
time from f; over g; to vy equals §. The ith loop shares the path from depot vy via
gi—1 to fi—1 with loop i — 1 and connects through the edges (f;, gi) and (gi, vo) to the
depot, for all i > 2. Further, assume that the truck travel time on each loop i > 2,
starting and finishing at the depot if all the edges were intact, is 22T’ — §; and &; > 0
are monotonically increasing. Recall that the truck travel time is T for the first loop.

Lemma 21. Let an unfavorable instance with V. = {v1,v;,v3} and k € N U {0} be
given as presented in Theorem . Let edges (fi, gi) and edges (vg, gi) have lengths of %
fori € [L,k]. If ¢ < min{F, ;L=}, then the makespan of CIOS is T' + 2¢.

Proof. Let's prove that the makespan of CIOS equals T* = T” + 2. In one such possible
solution, the drone delivers to v and the truck delivers to v, and to v3 taking the lower
half-loop there and back (see Figure [4.6a]).

Let’s observe that the drone can launch from the truck at nodes vy, v1,v,v3, gi, or
fi. 1€ [1,k].

We will prove by enumerating possible feasible solutions and showing that their
makespan cannot be lower than (T’ 4 2&). First, observe that any feasible solution,
in which the truck delivers to (or simply visits) node v3 or node f; cannot have a lower
objective value than T’ 4+ 2&. Similarly, no solution, in which the truck delivers to (or
simply visits) both nodes v1 and vy, can have a better makespan either. Indeed, the truck
needs at least as much time as it takes to traverse the minimum duration tour from the
depot over nodes v; and v, back to the depot, which equals aT' + T —2& > T’ +2¢
because ¢ < “TT/.

In the remaining cases, the drone necessarily delivers to v3, the truck does not visit
nodes v3 and f;,i € [1,k], and the truck visits at most one node from v; and v,. Let's
enumerate the following possibly overlapping cases:
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(i) First, consider complete information solutions s € Gp, in which the truck does not
visit v1. Then, the drone has to deliver to v1 in an operation that has its start and
end at nodes that are distinct from v1. The makespan of the solutions in G; cannot
be less than the following computation:

— the drone delivers to v in a return flight from vy first, which takes time T’
(observe that vy is the closest node in which the drone can meet the truck to
take another package, moreover, any shortest path of the drone from v; to
v € L\ {v1} contains vg),

— then the drone travels there and back to v3 with the speed of the fastest
!’
vehicle, which cannot take more time than min{T’" —2&, T 0(2@}'

We obtain that:

T —
2¢,

T(s € G1) > T+ min{T — 25} > T +2¢. (4.11)

In the last transformation, we used the relation { < %, which implies that
—2¢ > ¢(4a +5) — 2¢, and the nonnegativity of « and ¢.

(ii) Let the truck visit v1. If the truck visits v1, then it must visit v, and v3. In this
case, the makespan is the maximum of aT’ (the time that the truck needs to visit

/ / . i

v1 in a return trip from vg) and % + % (the time, the drone needs to deliver
to v3 and v, from the closest possible launch-return points, which are g1 and vy,
respectively).

Consider two cases:

- Ifa> (1 + %) and using the fact that ¢ < (a +5)
of the resulting solution cannot be smaller than

< 3 , then the makespan

T — T T’
3 + +=—>T +2¢. (4.12)

_26 ! /
>al" >T
o b2l > 3

max{aT’,

T'(2—a)

-Ifa < (1—1—%) and using the fact that ¢ < (4“15) < 475 then the
makespan of the resulting solution cannot be smaller than
T — T -2
max{ucT' C } C - ¢ _
T'(2 — 4
T’+(““)— , ( “?:5) 5€>T/+2§. (4.13)

O

4.9.4 Supplement: Further unfortunate examples for SF

In Lemma [17] we provided a lower bound for the competitive ratio of the surveillance-
first policy (SF) in the most relevant case, where the drone is faster than the truck and
deliveries have to be made to more than two addresses. In the following, we provide
additional worst-case instances for SF in the general case of |V| > 1 or & < 1, which rely
on the assumption that the policy always chooses the worst possible path, when it faces
alternative paths of the same length.

Lemma 22. If |V| > 1 ora <1, the competitive ratio of SF o(ASF) > ktlta,
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Figure 4.11: An unfortunate example for SF with k =1 and |V| =2
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(b) Delivery in a policy solution (PS) and complete information
optimal solution (CIOS)

Note. In the initial delivery plan s%40 of PS, the truck travels along the inner loop to the left of the depot. So the
drone in PS has to examine the edges of this inner loop, but discovers a damaged edge in the end of this initial
surveillance sortie. As a result, the drone in PS has to proceed with surveying the complete replanned truck walk
along the outer loop to the left of the depot. Afterward, the truck and the drone can deliver packages. The final
delivery plan in PS coincides with CIOS.

Proof. If |V| > 1, there are instances, such as the one presented in Figure [4.11] where
the truck in CIOS performs at least one delivery notwithstanding the value of parameter
a (cf. Lemma [14)).

We consider the example in Figure with k = 1 and |V| = 2 constructed as
described in Lemma [14] in which the drone in CIOS needs T* units of time to deliver to
address v1, and the truck needs T* units to deliver to address v;. Furthermore, there are
four paths of equal lengths and very low visibility connecting vy and v,. This is achieved
by placing many lookout nodes along the paths. Thus, the drone in PS, basically, has
to traverse the whole path to check whether it is passable. Since the four shortest paths
between vy and v, have equal lengths, a possible delivery route of the truck in PS will
initially go through the paths in the inner loop. Assume there is a damaged edge (f1,41)
at the very end of the drone'’s surveillance flight through the inner loop, such that the
drone reaches f; at time 6 close to T{. The truck in the re-planned delivery trip travels
along the outer loop. The total surveillance time, including the time to examine edges in
the updated truck walk and the delivery time after the surveillance is completed, converges
to 2L° + T*. Therefore, o(ASF) > 22 for k = 1.

We can construct examples for k > 2 in a similar manner using (k + 1) low-visibility
loops of the same length that start and end at vy and where v; is in the middle of these
loops.

For |V| = n > 2, we place all delivery addresses v € {vy,...,v,} at the location of
node v as an agglomeration. If [V| =1 and a < 1, we construct an example where node
vq is dropped in Figure . In case the truck and the drone are equally fast (x = 1), we
use our technical assumption that a possible SF solution will require the truck to perform
the only delivery. O

4.9.5 Supplement: Proof of Theorem

We proved that the competitive ratio of SF is 1+ kjLTl if either |V| > 1 or & <1. Thus,

we look for an instance I with a larger ratio %8*) for any policy (algorithm) A without
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Figure 4.12: Example of the benefits of drone surveillance with k = 3
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(a) A possible policy solution (PS) without (b) A possible complete information optimal so-
surveillance lution (CIOS)

Note. It is important to discard some impassable paths early on due to the lengthy detours they would otherwise
cause for the truck.

drone surveillance.

Proof. For any k > 1, a > ’% and |V| > (k+ 1+ «), we can construct an example

similar to that in Figure with lookout nodes [; € L\ D and m; € L\ D, and
edges (vo,1;), (1j,m;), (mj,v;) for j € [1,k+1],0; € V. All delivery nodes belong to
the same agglomeration. Some edge (I, my), k' > 1, is intact and (k — 1) remaining
edges (l]-, m]-),k > 1,k # k', as well as edge (ly,m1) are damaged, but this information
is initially unknown.

Paths (vo,lj, mj,v;), j > 1,0; € V, have equal lengths of T' whereas the length of
each path (vg, 11, m1,v;) is %/ — €. For this purpose, we set the first edge cf(vp, 1) to
be infinitesimally smaller by € > 0 than c¢!(vy, l]-) for j > 1, whose edge lengths are all
equal. As for the remaining edges, we keep the lengths of (mj, v;) equal and the lengths
of (Ij,m;) equal for any j € [1,k+1],0v; € V.

The makespan of CIOS is T* = T’, provided € is sufficiently small to make the

L . k+1 . . .
drone-only deliveries unattractive, e.g., € < T’m. Indeed, in a feasible solution,

the truck delivers to all addresses v; € V, using the undamaged path (vo, [y, My, v1)
from the depot there and back within the time of T* = T’. Any feasible solution, in
which the truck visits one or several nodes v; € V, has the makespan of at least T'. In
the remaining solutions, the drone delivers to all v; € V starting from vy, because no
launch is possible in lookout nodes I; and m;. The makespan of such drone-only deliveries
equals | V| - % > (k+1+w)- % > (k+1+a)- %—T’-lﬂ%1 = T'; here we used
relations |V| > (k+ 1+ a) (from the definition of the theorem) and € < T/z(kkjilia)'

In PS, the drone may start or end its delivery operations only in nodes vy and v; € V,
because [;'s and m;'s are lookout nodes (I;,m; € L\ D,Vj € [1,k+1]). If the drone
launches in vy to deliver to some node v; € V, then it always takes the shortest path
(vo,11,m1,v;). The same is true (in the reverse direction), if the drone returns to the
depot vy after delivering to v;. The case is obvious, if the drone delivers to v; using
some node vy € V, as a launch or return node. To sum up, the drone will not collect
information on the damaged edges (I;,m;),j > 1, in policies without drone surveillance.

First, we consider delivery policies where the truck performs at least one delivery.
Since paths (v, [j, m;, v;) are identical for j > 1,v; € V, no delivery policy can distinguish
between them. Therefore, for any such delivery policy, we can construct an instance where
the truck has to perform (k — 1) detours before it can deliver packages using the intact
path (vo, l, my,...), k" € [2,k+1]. We let the length of each detour (vo, [}, vo) be 6T*
for some 0 < 0 < 1 and j > 1. Then, the truck may require at least (6(k —1) 4+ 1)T*
units of time to deliver its package(s). By shifting edges (I, m;) to the right so that

1>6> (kkjll)a' we obtain a worse ratio than we do for the surveillance-first policy.
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Now, consider policies without surveillance, in which the truck does not perform any
deliveries and does not visit any v; € V. As reasoned above, in this case the drone
can only launch from node vg. Since |V| is sufficiently large, ie., |V| > (k+1+a),
the resulting ratio for these drone delivery policies is worse than for the surveillance-first
policy, see Theorem [6] O

4.9.6 Supplement: Additional details for the hybrid policy

Policy S;ggjd is a hybrid approach that combines the advantages of both Reopt and SF
policies. As with SF, the new policy S;g&rid consists of a surveillance phase and a delivery
phase. The basic idea is that the surveillance phase is shorter compared to SF, and the
delivery phase begins with some pre-acquired knowledge about the condition of certain
roads. _ .
Algorithm [2| provides the pseudocode of S;g};:'d. Prior to the surveillance in S;g};:'d,
an initial delivery plan s%0 is generated (line 2), which is an optimal solution under the
assumption that all the edges with unknown status are intact. Let V40, E*0 be the nodes
and edges of the truck walk in the solution s>#0, respectively. The sets V40, E0 and the
matrix (c‘l-’i-)z-,]-evt,o are then provided as input to a standard solver, to solve the integer
linear programming (ILP) formulation Adjusted TSP. Thereby, (C%)i,]‘evf,() contains for
each pair of nodes i,j € V¥ of the original graph the distance of the shortest connecting
path that the drone is allowed to take, determined by whether the drone is allowed to
take shortcuts or not. The binary decision variable x;; equals 1 if the drone travels from
ie Voo j € Vvt (taking a shortest path, as described above), and 0 otherwise. The
integer variable 1; € IN denotes the position of each visited node i € V? in the drone

path.
Adjusted TSP
Minimize YY" chx (4.14)
i€Vl jevto
subject to
Yo owi+ Y, xg>1 v(i,j) € EY (4.15)
kEV ki kEVI ko f
Yo x> 1 (4.16)
jEV,jFuo
Z Xij = Z Xji Vie VP (4.17)
JEVI j#i JEVIO j#i
VO x4 uy —uj < [V -1 Vi,je Vi0i 4| (4.18)
x;j € {0,1} Vi, j e vi0 (4.19)
u; €N vie vio (4.20)

The Adjusted TSP ILP describes a variant of the classical TSP problem, in which
not every node must be visited, but instead, for every arc in (i,j) € E*0, at least one
of its adjacent nodes i,j € VE0 must be visited, see constraints , in the shortest
possible time (4.14)). It is guaranteed that the depot is part of the tour ([4.16)); are
flow constraints and ([4.18)) are the classical Miller-Tucker-Zemlin constraints for subtour
elimination. Let T®%0 be the resulting optimal objective value.
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Algorithm 2 S;ggjid

1: # Phase 1: surveillance

2: # Preprocessing: compute 540 V0 EEO0 ¢

3: ceurr < 0, v?u,, < copy of vy, replan < True, k < 0

4: while replan = True and Cpax — Courr > 0 do

b: replan < False

6 Solve orienteering problem for given k with output s%5*
7 Start the surveillance tour s for the drone, thereby
8 for each traversed edge in s> do

9: Update the set of known edges in E and the current time cqyr
10: if new damage is observed in the planned truck walk of s®4X then
11: replan « True, k + k +1, vk,,, := current position of drone
12: Set penalty factor wi‘] for all unknown edges in (i,j) € E

13: Recompute truck-and-drone delivery tour s;g,’k

14: Set Vi, Etk .= nodes and edges in truck tour of sZ;,d,,’k

15: Cimax < Cmax — Ceurr, SF Szgfk

16: break and go to line 4

17: end if

18: end for

19: end while

20: # Phase 2: delivery

21: replan + True, s9%0 « 54K k <0

22: while replan = True do

23:  replan < False

24 Start truck-and-drone delivery tour s%#K, thereby

25: for each traversed edge in s®%f do

26: Update the set of known edges in E

27: if new damage is observed in the truck walk s> then

28: replan < True, k < k+1

20: Set penalty factor wfj for all unknown edges in (i,j) € E

30: Recompute optimal truck-and-drone tour s;g,’k given current positions of truck and drone, for the
currently unvisited customers

31: gk o sZ'g‘i,'k

32: break and go to line 22

33: end if

34: end for

35: end while
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In lines 3-19 of Algorithm , bluesg_,y’g!id performs surveillance. Unlike SF, which
necessitates visiting all truck nodes as quickly as possible — effectively modeling the
surveillance route construction as a Traveling Salesman Problem (TSP) —, the idea of
S%ﬁfd is to limit the total surveillance time by a time limit ¢y, at the cost of not
acquiring knowledge of the complete truck tour. This time limit is given as a fixed
portion of the total required time to check all truck edges of the initially planned tour,
T4 On a separate dataset of 100 graphs with 20 different distributions of damaged
edges per graph (thus, 2000 instances) of the Base setting, constructed as described in
Section [4.6.1] we compared the results for different durations of the surveillance tour:
Table orts the results for the hybrid policy with 25%, 50%, and 75% of T*4?
as surveillance time. The results reveal that 25% of the full surveillance time is already
enough to provide the best results, thus, the name of the main policy, Sggg:'d, and the
selection of Cyax = 0.25 - 40,

Within time ¢y, the most important truck nodes should be visited. Given those
requirements, the construction of surveillance routes of S;g’gﬂrid can be appropriately mod-
eled as an orienteering problem, see ([4.21)-(4.27]), where the objective is to maximize
the cumulative 'prizes’ gathered from visiting nodes from the truck walk of the currently
planned delivery tour within the time limit. The prize p; for each node i of the truck walk
equals the number of its adjacent edges with unknown status in E.

First, an initial surveillance tour s>*? is found by solving the orienteering problem
(#-21)-(427) for truck nodes i € V0 of the initially planned delivery tour s*# with time
limit Cpay. Then the drone traverses s®0. The elapsed time ¢y is tracked, and the set
of unknown edges of the graph is continuously updated. In case the drone encounters no
edge damage in the planned truck walk of s>, the surveillance phase terminates after
time T*0 := T(s>*Y). Otherwise, at each encountered damaged truck edge, the drone

stops at its current node ©¥,,,, and the planned truck-and-drone delivery tour is updated
to sz’e‘fq’k. In the computation of s;;”kk, edges (i,j) € E of unknown status are penalized

by multiplying their truck-traversal time by a penalty factor wf‘ This is because these

edges may potentially lead to costly detours if included in the route and are later found
to be damaged. In our implementation of S;g&rid, we set the penalty factor for every
damaged edge, in every iteration, to the same value of 1.3, determined by calibration
on the separate test dataset described above. We refer to Table for details on the
calibration for the makespan objective. Again, the orienteering problem is solved for
computing a surveillance tour starting from vlc‘wr that maximizes the collected prizes by
visiting truck nodes of the new delivery plan szg,;k given the updated prizes for each node
and the updated remaining time c¢;;;,x. Then, the drone continues surveillance according
to its new route s>** and this procedure is repeated until no more edge damages in the
planned truck delivery walk are found. The time of the surveillance phase is then the time
7" as last updated.

In the following, Sg‘é’%ﬁd begins with the truck-and-drone delivery (lines 20-34 in Algo-
rithm . Initially, truck and drone follow the delivery tour s%#0 := %4k that was lastly
planned in the surveillance phase. If they encounter no damaged truck edge during the
delivery, the time of the delivery phase is T®#9 = T(s%49). Otherwise, at each damaged
truck edge that is encountered, a new delivery plan sz’ggk is computed, given the current
positions of the vehicles. As a result, the truck is encouraged to use edges that are know-
ingly intact, by applying the same penalty factor as above for the truck travel time of
each unknown edge in the computation. After the completion of the delivery phase, the
S;%'(l,zid policy terminates with a total objective value equal to the surveillance time plus
the duration of the delivery tour.
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Table 4.7: Calibration of penalty factors and surveillance time for hybrid policy, on separate dataset

penat ") ") oS
factor w{-‘j Avg  Max % < 7(Reopt) Avg Max % <&(Reopt) Avg Max % < &(Reopt)
1.0 1.1 2.6 84 1.2 2.8 40 1.2 2.8 25
11 1.1 2.6 81 1.2 25 41 1.2 25 26
1.2 1.1 2.3 80 1.2 25 42 1.2 2.5 28
1.3 1.1* 1.8 79* 1.2 20 42 1.2 1.9 28
1.4 1.1 1.8 79 1.2 2.0 42 1.2 1.9 28
1.5 1.1 1.8 79 1.2 2.0 42 1.2 2.1 28
1.6 1.1 1.8 78 1.2 2.0 41 1.2 2.1 28
1.7 1.1 1.8 7 1.2 20 41 1.2 21 28
1.8 1.1 1.8 76 1.2 2.0 41 1.2 2.0 29
1.9 1.1 1.9 76 1.2 2.0 41 1.2 2.0 29
2.0 1.1 1.9 75 1.2 1.9 41 1.2 21 29
2.1 1.1 1.9 74 1.2 1.9 40 1.2 1.9 29
2.2 1.1 1.9 74 1.2 1.9 40 1.2 1.9 29
2.3 1.1 1.9 73 1.2 1.9 40 1.2 1.9 29
2.4 1.1 1.9 73 1.2 1.9 40 1.2 1.9 29
25 1.1 1.9 72 1.2 1.9 39 1.2 1.9 29
2.6 1.1 1.9 72 1.2 1.9 39 1.2 1.9 29
3.0 1.1 1.9 70 1.2 1.9 39 1.2 1.9 29
4.0 1.1 2.1 69 1.2 2.1 38 1.2 2.1 28

Note. This calibration was performed on a separate data set of 2.000 instances, generated along the same line as
Based. For each hybrid policy with varying surveillance times (25%, 50%, 75%), the best average, worst observed,
and the ratio of instances where Reopt was outperformed are highlighted in bold. The values for the selected
parameter setting (25% of full surveillance time, 1.3 penalty factor) are marked with *.

Orienteering problem for the drone surveillance after the k'th damaged edge

Maximize Z Z pixij (4.21)
ic thkU{’Ucury} je Vt’kU{Ucurr}/].#i

subject to
Y, x= ) xi<l1 Vie VP (4.22)

jevf’kU{Ucurr} jevt’ku{vcurr}
xUOrUClH‘V = ]' (423)

Z Z cfjxij < Cmax (4.24)
ieVE\{vg} jEVE\{veur }
(VU {ocur } - xip 4w — 1 < VAU {oaun | — 1 Vi, je V,i£ | (4.25)
ui € {0,1, ..., |V* U {vc }} Vie VIRU{vun}  (4.27)

The objective maximizes the sum of the prizes of visited nodes. Constraints
are flow constraints, and constraint guarantees that the starting point and the
depot are visited and connected by an artificial edge of weight zero. Constraint
limits the duration of the tour to ¢,;;,. Constraints are the Miller-Tucker-Zemlin
subtour elimination constraints. Constraints and (|4.27)) specify the domains of the
decision variables.

4.9.7 Supplement: Alternative objective and impact of non-zero delivery
times

Table[4.8]reports the results of the same set of experiments described in Section[4.6.2|using
the alternative objective of minimizing the time of the last delivery. Table and Table
[4.10] report the results of the same set of experiments as described in Section [4.6] with
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Table 4.8: Relative performance of alternative policies for the last delivery time objective

7(SF) F(Shyend) #(Reopt) #(CD) % < &(Reopt)

Avg Max Avg Max Avg Max Avg Max &(SF) &(S%";:id)

Influence of the drone speed

a=1.0 2.4 3.9 1.4 3.7*% 1.4 4.1 2.6 6.0 2 68
a=20 1.7 2.6% 1.2 2.7 1.2 3.6 1.9 3.8 5 80
a=3.0 1.5 2.3% 1.1 2.7 1.1 3.0 1.6 2.7 6 89
Influence of the drone shortcuts and alternative distance metrics for truck
L, for truck 1.7 2.6* 1.2 2.7 1.2 3.6 1.9 3.8 5 80
Lq for truck 1.6 2.4% 1.2 3.3 1.2 3.3 1.7 3.1 5 85
Ly for truck, shortcuts 1.6 2.5% 1.2 3.1 1.2 3.3 1.8 3.7 5 91
Ly for truck, shortcuts 1.5 22% 11 3.2 1.1 3.7 1.6 2.9 7 94
Influence of parking possibilities
ID| =6 1.7 2.6% 1.2 2.7 1.2 3.6 1.9 3.8 5 80
D] =11 1.8 2.7 1.2 25% 1.2 2.7 2.0 3.8 2 78
\D\ =16 1.8 2.8 1.2 2.2 1.2 2.1% 2.0 3.8 1 7

Note. The Base setting is highlighted in grey. The maximum (minimum) worst observed ratios to the CIOS result
for each setting are marked in bold (marked with *).

a non-zero delivery time for the makespan and last delivery time objectives, respectively.
We set delivery times to 10, which is a conventional parameter for delivery times in the
vehicle routing literature (cf., Solomon, [1987). We assume the following sequence of
events upon the arrival of a vehicle at a node, where it has to perform a delivery: First,
the status of the adjacent edges to his node is revealed, then — in case of the delivery by
the truck and if applicable — the drone can dispatch for a sortie from the truck or return
from a sortie and land on the truck, afterwards, the delivery commences.

Table 4.9: Relative performance of alternative policies for the makespan objective with a service time
of 10

7(SF) ﬁ(52§5:id) 7(Reopt) 7(CD) % < (Reopt)

Avg Max Avg Max Avg Max Avg Max &(SF) FT(S%EZM)

Influence of the drone speed

a=1.0 1.9 2.7 1.2 2.4% 1.2 2.5 2.1 3.7 1 58
a=2.0 1.5 2.1 1.1 2.0% 1.1 2.3 1.6 2.5 3 78
a=23.0 1.3 1.7% 1.1 2.0 1.1 2.2 1.4 1.9 5 89
Influence of the drone shortcuts and alternative distance metrics for truck
L, for truck 1.5 2.1 1.1 2.0% 1.1 2.3 1.6 2.5 3 78
Ly for truck 1.3 1.8* 1.1 2.0 1.1 2.4 1.5 2.1 4 82
L, for truck, shortcuts 1.4 1.8* 1.1 2.5 1.1 2.5 15 2.3 6 920
L1 for truck, shortcuts 1.3 1.7* 1.0 1.8 1.0 2.5 1.4 2.0 7 95
Influence of parking possibilities
\D\ =6 1.5 2.1 1.1 2.0% 1.1 2.3 1.6 2.5 3 78
ID| =11 15 2.2 1.1 2.1*% 1.1 2.2 1.7 2.5 2 74
D] =16 15 2.2 1.1 2.0% 1.1 2.0% 1.7 2.5 1 73

Note. The Base setting is highlighted in grey. The maximum (minimum) worst observed ratios to the CIOS result
for each setting are marked in bold (marked with *).
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Table 4.10: Relative performance of alternative policies for the last delivery time objective with a
service time of 10

#(SF) (Shybrid)

25%

7(Reopt) 7(CD)

% < &(Reopt)

Avg Max Avg Max Avg Max Avg Max 0(SF) &(
Influence of the drone speed
a=1.0 2.4 3.9 1.4 3.7 1.4 3.9 2.6 5.9 2 68
a=20 1.7 2.6% 1.2 2.7 1.2 3.6 1.9 3.8 5 79
a=23.0 15 25% 1.1 2.6 1.1 3.0 1.6 2.7 6 88
Influence of the drone shortcuts and alternative distance metrics for truck
L, for truck 1.7 2.6% 1.2 2.7 1.2 3.6 1.9 3.8 5 79
Ly for truck 1.6 2.4*% 1.2 3.3 1.2 3.3 1.7 3.1 5 85
L, for truck, shortcuts 1.6 25% 1.2 3.1 1.2 3.3 1.8 3.6 6 91
L, for truck, shortcuts 1.5 22*% 1.1 3.2 1.1 3.6 1.6 2.9 8 92
Influence of parking possibilities

|D| =6 1.7 2.6* 1.2 2.7 1.2 3.6 1.9 3.8 5 79
ID| =11 1.8 2.6 1.2 25% 1.2 2.7 2.0 3.8 2 78
ID| =16 1.8 2.8 1.2 22% 1.2 2.3 2.0 3.8 1 77

Note. The Base setting is highlighted in grey. The maximum (minimum) worst observed ratios to the CIOS result

for each setting are marked in bold (marked with *).
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Chapter 5

Very large-scale neighborhood
search for drone routing with
energy replenishment

Catherine Lorenz, Nicola Mimmo, Alena Otto, Daniele Vigo

Abstract. The Drone Routing Problem with Energy replenishment (DRP-E) describes a
general class of routing problems with intermediate stops and synchronization constraints.
In DRP-E, the drone has to visit a set of nodes and routinely requires battery swaps,
energy- or payload replenishment from a mobile replenishment station. Thereby, the drone
may visit several destinations between two replenishments, and mutual waiting at the
rendezvous locations may occur. In this paper, we propose a very large-scale neighborhood
that synergetically leverages two large-sized polynomially solvable DRP-E subproblems
(SP1 and SP2). The number of feasible solutions in the resulting neighborhood is a
multiple of those in SP1 and SP2, and, thus, exponential in the input size of the problem.
We develop a non-trivial search procedure, VLNS, which examines this neighborhood
entirely, in a computational time that remains polynomial in the problem size. The desired
trade-off between accuracy and runtime of the proposed two-stage dynamic programming
approach can be flexibly adjusted with just a single parameter. For large parameter values,
it converts to an exact approach. VLNS is a flexible improvement procedure, which is
easy to implement. It can be straightforwardly adapted to many DRP-E variants and
may be embedded in any algorithmic scheme, meta- or math-heuristic. In computational
tests, we demonstrate that a simple VLNS-based local search heuristic outperforms state-
of-the-art heuristics for several DRP-E variants by a significant margin. We furthermore
propose a high-performing exact approach for DRP-E.

5.1 Introduction

Aerial drones are a highly promising modern technology. Just in the U.S. alone, around
850,000 drones are registered for commercial and recreational purposes FAA, 2022, One
of the main challenges in the usage of commercially attractive small multi-rotor drones is
the short battery life, so a large number of applications require periodic landings of the
drones for energy replenishment, e.g., by performing a battery swap. Currently available
technologies allow the battery swaps within just a few seconds, while the drone may
remain fully powered during this time (Mohsan et al., 2022; Schneider et al., 2022).

In this article, we study the scheduling of a single drone, in which the drone has to
replenish its energy regularly, and possibly refill other capacitated resources, like payload.
We formulate a basic optimization problem —the Drone Routing Problem with Energy
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Figure 5.1: lllustration of a feasible solution for DRP-E: Route of the MRS and the drone
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Note. Example for n; = 5 destinations, n, =5 RLs, and a battery capacity of e,y = 7 time units; the makespan
of the route equals 22. The route contains three operations with makespans M (01) = M(wp,v1,wp) = 4,
M(0z) = M(wp,v2,v3,w1) =7, and M(03) = M(ws3,v4,v5,w;) =7 as well as one nonempty traveling leg with
makespan M(rp) = M(wq,w3) = 4. The drone tour can be notated as an alternating sequence of operations and
traveling legs 7ty = (rg,01,71,02,72,03,73), the traveling legs ro, 1,73 being empty. See Section for details.

replenishment (DRP-E) (cf. Figure 5.1]), which is relevant for a large number of applica-
tions. The drone has to visit a set of points of interest (destinations). It can replenish
its energy and other resources at one of the replenishment locations (RLs) by meeting
a mobile replenishment station (MRS). Specially equipped trucks, replenishment robots,
or autonomous platforms are examples of such MRSs. At RLs, the vehicles can wait for
each other and perform the replenishment operations safely. The objective is to sequence
the visits of destinations by the drone, schedule the drone’s replenishment stops, and
determine the replenishment locations to minimize the makespan subject to the following
basic constraints (additional constraints are possible):

= The energy consumption of the drone between two subsequently visited RLs should
not exceed the maximal energy capacity of the drone's battery;

= The replenishment starts when both the drone and the MRS have reached the
selected RL, in other words, waiting times eventually emerge.

The described problem setting, in which a single drone has to visit a set of nodes,
emerges in a large number of applications (e.g., Evers et al., 2014 Guerrero & Bestaoui,
2013; Jawhar et al., 2014} K. Li et al., |2016), (see also Otto, Agatz, et al., [2018). For
example in disaster management, environmental monitoring, and infrastructure mainte-
nance, the drone has to collect data from sensors. Drones also scan or take photographs
of points of interest for maintenance, police surveillance, filming or for the purposes of
precision agriculture. Furthermore, the problem setting emerges in the surveillance of non-
convex and/or non-connected areas, where area discretization remains a state-of-the-art
solution technique (Cabreira et al., 2019; Galceran & Carreras, 2013). DRP-E requires
a high degree of synchronization compared to many other routing problems with inter-
mediate stops and synchronization constraints (cf. Section . For such problems,
solutions of frequently used construction heuristics of the route-first-split-second-type are
notoriously hard to improve, notwithstanding the significant gap to optimality of these so-
lutions in a number of settings. In recent drone-routing literature, metaheuristics, like the
adaptive large neighborhood search (ALNS), utilizing rapid destroy- and repair operators
have demonstrated considerable effectiveness in diversifying the heterogeneous vehicle's
routes. However, complex spacio-temporal synchronization constraints pose substantial
challenges in verifying the feasibility of these moves. Moreover, in terms of intensification,
these methods often struggle to achieve the necessary adjustments to enhance already



5.1. Introduction 133

promising solutions. Therefore, the focus of this paper being on powerful and flexible im-
provement procedures for DRP-E appears to be a logical step toward achieving progress
within this class of problems.

In this article, we propose very large-scale neighborhood search (VLNS) for DRP-E,
which can search an extremely large neighborhood exactly, whose size is exponential in
the input size of the problem, in a computational runtime that grows polynomialy in
the input size. Problem-specific search procedures for very large neighborhoods achieved
remarkable success in a wide range of problems (see Ahuja et al., [2002; Brueggemann &
Hurink, 2011; Grangier et al., 2017)). Moreover, in contrast to generic heuristic approaches
(including ALNS algorithms), these search procedures overcome the critique of No-free-
lunch theorems (Wolpert & Macready, [1997)). For instance, the merit of VLNS has a solid
analytical justification in terms of the number of feasible solutions that can be examined
within an extremely short computational time (see Theorems [8] and [9)).

We design VLNS based on the idea of Balas and Simonetti (2001). We prove that
for DRP-E (and similar problems), the very large neighborhood of Balas and Simonetti
(2001)) can be merged synergetically with another very large neighborhood such that the
size of the resulting, ‘extremely’ large neighborhood is a multiple of the initial two. The
elaboration of the efficient search procedure for this neighborhood is the key contribution
of this paper, as it introduces a tight construction scheme based on novel ideas and obser-
vations, which are backed up by non-trivial proofs. For instance, the search procedure of
Balas and Simonetti (2001) cannot be straightforwardly adapted, because of the problem-
specific two-stage architecture of VLNS, which provides the flexibility and tractability to
handle the two-echelon structure of DRP-R. Fortunately for future applications, once the
main framework is established, the implementation of VLNS is quite straightforward and
boils down to simple two-stage dynamic programming with a look-up table.

The VLNS's architecture involves i) a meta state graph that subsumes the properties of
the MRS and ii) an operations state graph that describes the properties of the drone. This
architecture allows for easy accommodation of different drone and MRS characteristics
without the need to adjust the overall logic of VLNS, which may be especially attractive
for practice in view of the constantly evolving drone technology. For instance, VLNS can
be adopted to stationary recharging stations instead of the mobile MRS, cargo-drones,
as well as to some alternative objective functions. Furthermore, as a valuable extension
of our research, we were able to exploit the same two-stage architecture to propose a
simple, high-performing exact solution approach for DRP-E.

In the following, we review related literature in Section and conclude by stating
the contribution of this article and providing the outline of the paper in Section [5.1.2]

5.1.1 Literature review

The formulated DRP-E can be interpreted as a variant of the Traveling Salesman Problem
(TSP) which is embedded in a two-echelon network: The drone is a second echelon vehicle
that must regularly meet with the first-echelon vehicle, the MRS, for replenishment. In
this regard, DRP-E is closely related to the classical Two-Echelon Vehicle Routing- (2E-
VRP), the Two-Echelon Location Routing (2E-LRP) and the Truck and Trailer Routing
Problems (TTRP) (cf. H. Li et al., [2021} Sluijk et al., |2023| for recent reviews). Single-
Truck TTRPs (Accorsi & Vigo, [2020)) are direct special cases of DRP-E. However, the
synchronization between the heterogeneous vehicles in DRP-E is more complex and routes
are much more closely interrelated compared to those classical problems: The drone can
be launched in one RL, and rejoin the MRS at another one, which may lead to mutual
waiting times. Whereas state-of-the-art approaches for 2E-VRP, 2E-LRP, and TTPR
often rely on the separability of the routing sub-problems of the vehicles, this approach
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doesn’'t seem reasonable in our case and the solution method developed in this paper
constructs the heterogeneous vehicle routes simultaneously. We refer to the surveys of
Drexl (2012) and Soares et al. (2023) for a detailed elaboration on different classes of
synchronization.

Several other routing problems are DRP-E special cases and could serve as potential
application targets for the developed VLNS. For instance, the MRS in DRP-E can be
replaced straightforwardly by multiple stationary replenishment stations, to form a special
case of DRP-E which belongs to the family of location routing problems with intermediate
stops (cf. Schiffer et al., [2019; Tarantilis et al., |2008). Furthermore, the general class
of asymmetric TSPs with replenishment arcs (Mak & Boland, 2007, Smith et al., [2012)
can be converted to DRP-E using basic arc-node transformations. Also, the TSP with
hotel selection with the objective of minimizing the number of nights spent in the hotel
(Vansteenwegen et al., 2011) is a DRP-E special case. VLNS can straightforwardly be
adapted to stationary replenishment stations (c.f. Section .

Recently, complex spacio-temporal synchronization constraints, similar to DRP-E,
have been introduced to the field of Electric and Green Vehicle Routing Problems(see
e.g. Marrekchi et al., 2021; Vidal et al., 2020). Although this thread of the literature
mostly considers stationary recharging stations to handle the limited operating range of
delivery vehicles (DVs), the recent articles by Catay and Sadati (2023)), Hof and Schneider
(2021)), Raeesi and Zografos (2020, 2022), and Ren et al. (2023) and Xiao et al. (2024))
study mobile replenishments with MRSs. However, these problem formulations are mo-
tivated by different types of applications and differ from DRP-E in several key aspects.
The objective is to minimize the overall fixed- and variable costs of a delivery system with
several DVs and several MRSs, while adhering to hard time windows at the customer
locations. Therefore, major contributions in the proposed solution methodology focus on
the accurate and fast accounting of neighborhood moves between the routes of distinct
vehicles, e.g., to reduce the fleet size. DRP-E, on the other side, focuses on reducing the
overall makespan. Most notably, the majority of studies significantly simplify the synchro-
nization between DVs and MRSs by eliminating DV waiting times. The only exception are
studies of Hof and Schneider (2021) and Xiao et al. (2024)). Hof and Schneider (2021)
propose an adaptive large neighborhood search (ALNS) with removal- and insertion oper-
ators for diversification of different vehicle's routes, complemented with a path relinking
method for intensification. Xiao et al. (2024) restrict replenishment - and thus, the meet-
ing points DVs and MRSs - to customer locations only which significantly simplifies the
problem. In DRP-E, the presence of distinct, non-proximate recharging locations trans-
forms the DV's routing problem into a generalized one, where visiting additional locations
becomes optional. This, in turn, alters the sequencing of customer locations considerably,
as ’'neighboring’ customer locations may become 'distant’ if a remote recharging loca-
tion must be visited in between (see also discussions in our computational experiments).
Xiao et al. (2024) design a customized dynamic-programming-based repair operator for
ALNS that inserts the (limited number of) nodes, which have been removed in the pre-
vious destruction-operator move. Both studies confirm the importance of customized
intensification in ALNS. In this context, the present study introduces an additional inten-
sification operator for EV problem classes. Finally, studies on EV vehicles do not allow for
drone-specific features (such as an opportunity to ride on the back of the MRS without
consuming energy).

Turning to the vast and rapidly evolving literature on drone-and-truck routing, we
restrict ourselves to the main, distinctive properties of DRP-E, and refer the reader to
the recent surveys of Chung et al. (2020), Macrina et al. (2020), Moshref-Javadi and
Winkenbach (2021)), Otto, Agatz, et al. (2018), and Srinivas et al. (2022]) for a generic
overview on drone routing. In contrast to the classical TSP with Drones, or the Flying
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Sidekick TSP (cf. e.g., Agatz et al., 2018; Bouman et al., [2018; Murray & Chu, 2015), the
drone in DRP-E is allowed to visit multiple destinations in between two replenishments,
and it can be recovered at a location different from its launch point, allowing for mutual
waiting times between the MRS and the drone. In the field of package delivery, several
studies have adopted these properties in a system, where both a truck (the MRS) and a
drone can deliver packages to the customers. In that context, Gao et al. (2023)) and Yin
et al. (2023)) have developed exact approaches for their problem variants with customer
time windows, namely a hybrid algorithm combining column generation and Benders
decomposition techniques, and a branch-and-price-and-cut algorithm, allowing them to
solve instances with up to 25 and 35 customer locations, respectively. Most articles in
this field propose metaheuristics (e.g. Variable Neighborhood Descent (VND), ALNS,
and simulated annealing (SA)), which, at their core, iteratively apply destroy- and repair
operators of different neighborhoods to one current candidate solution. The algorithmic
contributions include the extension of classical operators like swaps or reinsertion with
problem-specific elements (see Jiang et al.,[2024; Madani et al., [2024; Meng et al., [2023)),
procedures to navigate intelligently through the diverse neighborhoods (e.g., through
adaptive learning, clustering of neighborhoods or tabo lists, see Madani et al., [2024;
Meng et al., 2023), the extension to multiple objectives (P. L. Gonzalez-R et al., 2024)
or fast feasibility checks (Meng et al., [2023). In contrast, Masmoudi et al. (2022) aim
to balance intensification and diversification by proposing a population-based version of
the SA, injecting elements from evolutionary-based algorithms, to solve the considered
multi-drone and multi-truck package delivery problem. The VLNS proposed in our paper
can be perceived as a technique for intensification around a promising solution, which
explores an extremely large number of neighbors around this solution simultaneously.

Furthermore, in DRP-E, the drone, as the primary vehicle, has to visit all destinations,
whereas the MRS is a purely supportive vehicle. Such kind of two-echelon systems
frequently occur in diverse applications, like the inspection of infrastructure, search-and-
rescue, or surveillance, but as well in package delivery, for instance in urban areas to reduce
carbon emissions. In this area, multi-visits and mutual waiting are considered by Karak
and Abdelghany (2019), who investigate a pick-up-and-delivery problem with one vehicle
and a swarm of drones with the cost minimization objective, where the vehicle can visit
each RL at most once. They propose a construction heuristic based on the computation of
regrets, which is an adaptation of the Clarke and Wright savings algorithm. In the case of
a single drone, the problem formulations of Poikonen and Golden (2020)) and Zeng et al.
(2022)) fall under this category and are, to the best of our knowledge, the closest problem
formulations to DRP-E. Zeng et al. (2022) feature a drone-lead surveillance application
with additional constraints on the routes (e.g. each vehicle may visit a node at most once).
They propose a mixed-integer program and a customized iterated local search. Poikonen
and Golden (2020]) study DRP-E variant for package delivery. The authors develop a
route-first-split-second construction heuristic, dubbed Route, Transform, Shortest Path
(RTS), which optimally inserts replenishment stops within a fixed sequence of destinations
(= 'splits’ this sequence). Both articles consider some application-specific generalizing
aspects compared to the basic variant of DRP-E, which we explain in Section [5.5] We
use the approaches of these articles as a benchmark for VLNS on the respective DRP-E
variants in our computational experiments.

Finally, most articles on joint drone- and MRS routing have proposed a mathematical
programming formulation for their studied problem variant (see, e.g., Jiang et al., 2024;
Meng et al., [2023} Zeng et al., [2022). However, the largest instances that could be solved
to optimality was limited to roughly 10 customers locations, so that the gaps to optimality
of the developed solution approaches have been provided for small-sized instances only.
In this paper, the proposed DP-ILP can solve significantly larger problem sizes across all
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settings to proven optimality, and can solve specific DRP-E problem settings with up to
149 locations optimally.

5.1.2 Contribution and the outline of the paper

DRP-E describes a general class of problems that are challenging to solve as they in-
volve a close temporal synchronization of two vehicles. Our paper makes the following
contributions:

» Qur key contribution is the introduction of a non-trivial very large-scale neighbor-
hood for DRP-E that can be searched exactly in pseudo-polynomial time with our
developed search procedure VLNS. We perform an extensive formal analysis of the
proposed VLNS, including its computational complexity and the number of the
examined solutions.

= The designed VLNS approach refers to an algorithmic scheme, in the sense that
the size of the neighborhood is controlled by a single parameter and any desired
trade-off between the number of examined feasible solutions and the computational
time can be achieved by setting the value of this parameter respectively. For a large
enough parameter value, the resulting algorithm becomes exact.

» We show that VLNS can be straightforwardly adapted to a large range of DRP-E
variants (cf. Section . As an example, we apply VLNS to a drone surveil-
lance application incorporating numerous problem-specific features, and a package
delivery problem with a payload-dependent energy consumption of the drone in our
computational experiments (cf. Section .

= VLNS is a flexible improvement tool that can be embedded in many exact-, meta-
or math-heuristic algorithms. In this paper, we show that a simple VLNS-based
local search outperforms state-of-the-art algorithms.

= As a valuable extension of our research, we also propose an exact solution approach
(DP-ILP) for DRP-E that incorporates elements of VLNS. This approach is capable
of finding new optimal solutions for the studied DRP-E variants from the literature
and can solve instances with up to 149 locations in certain settings of the basic
DRP-E.

To avoid distracting details in outlining the mechanics of VLNS, we first introduce
formally a basic variant of DRP-E in Section Basic DRP-E fits the main framework
of many drone- or general (e.g., electric-) vehicle routing problems with mobile replenish-
ments. Section outlines VLNS. In Section [5.4, DRP-E and the proposed VLNS are
extended with additional problem features that realistically occur in drone applications,
VLNS is embedded in a local search framework, and the exact solution approach DP-ILP
is presented. We conclude the paper with an extensive computational study on a tailored
DRP-E dataset and DRP-E variants from the literature (see Section [5.5)), followed by
final remarks and an outlook in Section 5.6

5.2 The drone routing problem with energy replenishment

DRP-E can be described as follows. Given are

= a set of destinations Vj, |V;| = ny,
» aset of RLs V;, |V;| = n,,
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= special RLs wy € V; (initial depot) and w; € V, (target depot),
= drone flight times ¢; : (Vd U Vr) X (Vd U Vr) — R>o,
= MRS travel times ¢, : V, X V, = R>o,

= a maximal flight time e, € R<p; enqr depends on the capacity of the drone's
battery. To exclude infeasible instances, we assume that e, is enough to visit
each destination in a return flight from its nearest RL.

We define ¢; and ¢, as the shortest drone flight and MRS travel times between a
pair of locations, respectively, thus the triangular inequalities are valid, i.e. ¢;(i,j) <
ca(i, k) +cq(k, j) Vk € V; UV, (equivalently for c;).

We call operation a drone sortie starting from a RL, then visiting at least one destina-
tion and returning to the same or a different RL (see Figure . We notate operation o
with k(o) visited destinations as an ordered sequence 0 = w, vp1, V02, ...-Vok, W' = wsw/’,
with w,w’ € V, being the starting and ending RLs of the operation, respectively, Oi
denoting the index of the ith destination in the operation, and s being the destinations
sorted according to their visiting order. We call operation o feasible, if the drone flight
time C4(0) of this operation does not exceed ey, i.€.,

Ca(0) := ca(w,vo1) + 25;2)—1 ca(00i, Vo(it1)) + ca(vor, W') < emax-

In basic DRP-E, we assume the drone may land and turn off when arriving first at an RL,
which enables drone waiting without battery consumption. The case of drone waiting
times in a hovering state is discussed in Section [5.4.1] We call traveling leg r a sequence
of k(r) consecutive RLs, where the drone travels on the back of the MRS without spending
energy, v = (le, .. .,ka) with wg1,..., W € V.

Objective: Determine a feasible drone tour, i.e. a sequence of operations and traveling
legs, 7ty = (ro,01,71,02,...) such that
= each destination is visited, i.e. v € 7Ty Yo € Vy,
= sequence 7T, starts at the initial depot wy and ends at the target depot wy,
= each operation 0 € 71, is feasible,
= the makespan M(71y) = Loe, M(0) + Yyer, M(r) is minimized, where
— M(0) = max{Cy(0); cr(w,w")}, for 0 = wsw’' (makespan of operation

0),
k(r)—1
- M(r) = ¥ c(wri,wr(iy1)) for ¥ = (wr1,...,wrk) (makespan of
1
traveling leg 7).

~

Il
—_

Observe that the makespan of a traveling leg solely depends on the MRS, because
the drone travels on its back without spending any energy. On the other hand, the
makespan of an operation equals to the maximum of the drone's and the MRS’s travel
times, because both vehicles have to meet for the battery exchange. See Figure for
an example. W.l.o.g., we use the following properties of DRP-E in our solution procedure
VLNS, which directly follow from the triangular inequalities of the drone flight times and
MRS travel times:

1) 74 is an alternate sequence of operations and 2-node traveling legs: k(r) = 2
Vr € my (trivial traveling legs ¥ = (w, w) for w € V" mark consecutive operations).

2) Each destination is visited exactly once.

DRP-E is NP-hard, as its special case with unlimited battery capacities of the drone
reduces to a standard traveling salesman problem.
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5.3 The very large-scale neighborhood search

As stated above, we propose a very large-scale neighborhood that synergetically unites
two polynomially solvable DRP-E subproblems (SPs). The first one, SP1, is a TSP over
destinations with restrictions on the relative positions of the nodes as explored in the
seminal studies of Balas (1999) and Balas and Simonetti (2001)). The second one, SP2,
is DRP-E with a fixed sequence of destination visits x. We call the designed neighborhood
Balas-Simonetti neighborhood with Replenishment (BS-R). For example, for the sequence
of destination visits by the drone from Figure , which is x = (v1,v2,03,04,05), a
possible formulation of BS-R examines eight sequences of destinations listed in Table
as part of SP1 and all possible insertions of RLs (wp, w1, wy, w3, w;) into each of these
sequences as part of SP2.

To search BS-R, we propose a two-stage dynamic programming procedure VLNS con-
sisting of an operations state graph (ops graph) and a meta state graph (meta graph).
The meta graph explores how to construct an optimal drone tour in BS-R by combining
traveling legs and operations, precomputed in the ops graph. For each subset of destina-
tions and a pair of start- and end-RLs, the ops graph computes a feasible operation for
BS-R neighbors with a minimum required drone flight time. Much mathematical effort is
devoted to keeping these graphs polynomial in size.

Throughout this section, we assume that x denotes a Hamiltonian path over V; and
that destinations in x are enumerated in the increasing order of their position, i.e. x =
(v1,02,...,0n,). We also use shortcut [n] for the set of integers {1,...,n},n € N, and
similarly [a1, by] for integers {ay,...,b1}. The position of destination v; in a permutation
o of the visiting sequence x is referred to as o (i), while o{~1 (1) returns the destination
at the [th position in permutation o.

We proceed with the formulation of BS-R and its properties in Section Then,
Sections and explain the construction of the ops graph and the meta graph,
respectively. The resulting VLNS algorithm is quite easy to implement and we provide its
pseudocode in Online Supplement[5.8.2] Finally, Section [5.3.4] states the time complexity
of the VLNS.

5.3.1 Balas-Simonetti neighborhood with replenishment

To define the proposed BS-R, we first introduce Balas-Simonetti neighbourhood (BS).

For a given Hamiltonian path of destinations x : (v1, ..., Uy, ), v; € Vj, and a parameter
p € N, the Balas-Simonetti neighbourhood Nps(x,p) is a collection of permutations
defined by the following precedence constraints:

X' = (0], 05, 0,) = (Vo1(1), Vg1(2)s Vg1 (i) € Nps(x, p) iff
Vi,j € [ng] st. i+ p <jwe have o(j) > (i) (5.1)

Table illustrates how to construct BS-neighbors for n; =5 and p = 2.
Now, we formally define BS-R, which integrates the replenishment decisions.

Definition 1 (Balas-Simonetti neighbourhood with replenishment Nzs (x,p))-
For a given Hamiltonian path of destinations x and a given parameter p € IN, we define
the Balas-Simonetti neighbourhood with replenishment Ngs_gr (x, p) as the subset of all
drone tours 114 such that the drone tour restricted to destinations 71;(Vy) respects the
precedence constraints of Ngs(x,p):

g € Nps—r(x,p) iff m3(Vy) € Nps(x,p)
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Table 5.1: Balas-Simonetti neighbourhood for x = (v1,v2,v3,v4,v5) and p =2

X X' Neighbors in Ngs(x,2):

v v (01, 02,03, 04, 05)
< pI, K (01,02, 03, V5, V4)
vy vy (01,02, v4,v3, 05)
r (v1,v3,v2,04,05)
(01,’03,’02, Us, ’04)
(v2,v1,03,04,05)
(’02, V1,03, Vs, ’04)
(Uz,Ul,’U4,’U3,U5)

Note. The table on the right lists all the neighbours in Nps(x,p). The figure on the left illustrates, how to
construct these neighbours. So-called matching arcs depict, to which position a node in x moves in x/, e.g. v;
can move to position 1 in x’. To receive a valid Nps(x, p)-neighbour, only matching arcs that start in nodes
v;,v; : |i — j| < p may cross.

Observe that we can initialize neighborhood BS-R without having a feasible DRP-E
solution, since it is defined just on the visiting sequence of destinations x and parameter
p € NN.

Having defined BS-R, we are able to state a lower bound for its complexity.

Theorem 8. For a given sequence x of destinations and a given parameter p, the number
of feasible drone tours that belong to Nps_r(x,p) for DRP-E grows exponentially with
the input size ny (number of destinations).

If the maximal flight time is unlimited, e, — 00,

_ 1 nd—l
Wiss_r(x,p)] > (n)2 (P)

e
(5.2)
_ 1 Tld*l
Otherwise, for ey € R, INBs—wr(x,p)| > <P 5 > (5.3)
Proof. Consider the case of e;,;, — oo first. By Proposition 1 in Balas and Simonetti
ng—1
(2001), Nps(x,p) contains at least (%) ’ sequences of destinations. For each

sequence of destinations x’, VLNS implicitly examines all possible replenishment schedules
and inserts replenishment stops optimally. By Property 1) in Section [5.2} it is enough
to examine two-node traveling legs between each pair of operations. l.e., after each
destination in x’, we can either fly to the next destination or end the current operation
and insert a traveling leg, and there are n? possible traveling legs, except for the last
one that should end in w;. We add n, variants for the initial traveling leg that starts in

wo. This results in 1, - (2 + 1)~ .51, or O <n$”"’ , replenishment schemes for each
‘\

examined sequence of destinations. Lower bound (5.2)) follows immediately.

If €4y is limited, then we can construct at least one feasible drone tour for each
sequence of destinations X" = (v,-1(1), Vy-1(2), - Vg-1(n,)) € NBs(%,p). Indeed, in Sec-
tion [5.2] we assumed that the maximal flight time ey, is large enough to visit each
destination in a return flight from its nearest RL. Therefore at least the tour, where the
drone replenishes energy after each visited destination in the closest-by RL, is feasible for
each sequence of destinations x’. Thus, the number of examined feasible drone tours is
not less than the number of neighbors in Ngs(x,p). O
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We note that the bound in Theorem [3|is overly pessimistic, since the actual number
of the examined drone tours is many times larger than this bound and rapidly grows with
ng even at such low values of p as p = 2, as we show in computational experiments in
Section 5.5.3

We proceed with the main contribution of this paper, which is the development of
the search procedure VLNS to search the extremely large BS-R entirely while keeping its
runtime complexity polynomial in the instance size (but exponential in the parameter p).
The construction is non-trivial, as it does not straightforwardly extend from the search
procedure of BS presented by Balas (1999). In the proposed two-stage approach, which is
necessary for the flexible integration of replenishment into the drone sequences of DRP-E,
the BS-precedence constraints must be checked efficiently by VLNS for disconnected
sub-sequences - the operations - in the ops graph, invalidating the techniques of Balas
(1999) for the connected TSP. Furthermore, different from Balas (1999), the arcs of the
meta graph represent operations and traveling legs, rather than direct transitions between
destinations, necessitating novel validation techniques for the precedence constraints.

5.3.2 Operations state graph

In the ops graph, we generate a collection of operations by computing the best way to
fly over any subset of destinations S C V; starting and ending in any pair of RLs w and
w’, respectively. The challenge is to consider only those operations which are relevant for
the BS-R neighbors of x given neighborhood Ngs_%(x, p), i.e. only those which can be
found in at least one neighboring drone tour 77; of Ngs_x (x, p). We call such operations

Nps_n-valid.
Figure 5.2: Example of a Nzg_g-invalid operation 0 = wsw’,s = (vy,v2,04,v5) for p =2
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Note. Placing destination v3 ¢ s before operation o in a drone tour 71; forces the crossing of the matching arrows
from v3 and vy, with |3 — 1| > p. Placing destination v3 ¢ s after operation 0 in a drone tour 71 forces the crossing
of the matching arrows from v3 and vs, with |3 —5| > p. This implies a violation of 1i

We have to recognize N ps_gr-valid operations efficiently already during the construc-
tion of the ops graph, to ensure that the algorithm remains polynomial. However, it is a
nontrivial task, since the sequence of destinations s of some operation wsw’ may force
the remaining operations to violate the Balas-Simonetti precedence relations . For
instance in Figure , sequence of destinations s = (v1,v2,v4,v5) does not violate
for p = 2 itself. Nevertheless, operation 0 = wsw’ is not Nps_g-valid, i.e. no BS-R
neighbor may contain this operation. This is because node v3, which is excluded from o,
cannot be assigned to any other operation without violating . Note that, the search
procedure introduced in Balas (1999) and Balas and Simonetti (2001) does not provide
any hints on detecting efficiently the precedence violations in this case.
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Figure 5.3: A schematic illustration of the ops graph
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For the sake of clarity, we explain the ops graph in case of ¢;,;, — oo first and discuss

its complexity (Sections[5.3.2.115.3.2.2)). Afterward, we show how to respect limited e,y
in Section £.3.2.3

5.3.2.1 Architecture of the ops graph for unlimited flight time

States in ops graph O are arranged in stages t € {0,1,...,n; + 1} and have the form
(w,S,v) with w € V, being the initial RL, S C V;; being the set of destinations of the
current operation visited so far and v € S U V, referring to the current position of the
drone (see Figure . Stage 0 consists of m initial states (w, @, w),w € V, indicating
the initial RL of the drone. State (w, S,v) with v € S belongs to stage |S|. Terminal
states (w, S, w’) with w,w’ € V, and S C V;;, S # @ correspond to completed operations
and belong to stage |S| + 1.

By analogy with Ngs_r-valid operations, we define N/gs_g-valid states, which are

= all initial states,

» terminal states (w, S, w’) such that there exists at least one associated Nps_x-valid
operation 0 = wsw’ with {s} = §,

» and all other states (w, S, v), for which there exists at least one associated Ngs_x-
valid operation 0 = wsw’, {s} = S, with a visiting sequence of destinations s
terminating in v € S.

We construct the ops graph such that O contains only Ns_r-valid states.

Transition arcs in O connect states between consecutive stages. Outgoing arcs from
initial states (w,®,w) income in states (w,{v},v) with v € V; and have the cost of
c4(w,v). Non-terminal states (w, S,v) with v € S are adjacent to the following groups
of states:

» (w,SU{v'},v) with o € V;\S, and ' ¢ S; the cost of the corresponding
arcs equals c;(v,v") (the prolongation of the drone flight by one not yet visited
destination),

» (w,S,w') with w’ € V,; the cost of the respective arcs is ¢ (v, w') (closure of the
operation).

Figure depicts the overall architecture of the described state graph.

In Lemma [23] we explain, how to construct outgoing transition arcs from some
Nps_r-valid state efficiently, such that the head state of the transition arc is an Ngs_x-
valid state as well. Since all the initial states (w, @, w), w € V", as well as states on the
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first stage are Nzs_n-valid by definition, this lemma essentially explains, how to construct
the ops graph efficiently in the forward direction.

Lemma 23. For the BS-R neighborhood Nps_r(x,p) with p € IN, consider non-

terminal Nps_p-valid state (w, S,v) € O with |S| > 1. Consider numbers m := min{;j :

vj € S} and M := max{j : v; € S}. Then, a corresponding state (w,SU {v'},v" = v;)

with o' € V4 \ S is Nps_r-valid iff

i€ M—p+1max{M—1,m+2p—1}] or (5.4)
i € [max{M+1,m+2p}, M+ p| and (vj € SVje [m+p,i—p]) '

Each corresponding terminal state (w, S, w') with w' € V, is Ngs_r-valid.

Proof. See Supplement [5.8.1.1 O

We compute all shortest paths between initial and terminal states in O by applying
the following Bellman's equation in the forward induction manner for states (w, S,v) €
O,veSuV,:

ci(w,v) if |S| € {0,1}

Cw,S,0) = min yeso, {4(w,5\ {0},0') +ca(v/,0)} otherwise (5.5)
(w,S\{v},")eO

By construction, for any w, w’, and S C Vj, the shortest path in O from the respective
initial state (w, @, w) to terminal state (w, S, w') represents an Ns_r-valid operation
0 = wsw’ with {s} = S (thus the visiting order) that has the shortest drone flight time,
if such an operation exits.

5.3.2.2 Computational complexity of the ops graph for unlimited flight time

Proposition 12. Consider the BS-R neighborhood Ngs_g(x,p). The construction of
the ops graph is polynomial in the input size of the considered DRP-E instance (but
exponential in parameter p), and requires a worst-case computational time of

O (4 (r2n3p + mn3p?)).

Proof. The described dynamic programming approach implied by equations has
linear time complexity in the number of transition arcs in ops graph 0. There are no
outgoing arcs from terminal states. Lemma bounds the number of transition arcs
from each non-terminal state by 1, +2p: There are n, transitions to terminal states and
at most 2p — 1 transitions to non-terminal states. Lemma [26] from Supplement
reports that the total number of non-terminal states in the ops graph is O(n%n,p - 47).
Putting this together, we get the stated complexity. O

5.3.2.3 Ops graph with energy constraints

In the case of limited maximal flight time e,,5x, we prohibit transitions that lead to (energy-
)infeasible operations. We use triangular inequalities to perform this in a forward-looking
manner. For each non-terminal state (w,S,v) € O, we consider the transition to a
corresponding non-terminal state (w, SU {¢'},v" = v;) with o € V;\ S only if the flight
time does not exceed é€;,4y:

Z(w,S,v) +cq(v,7') + u{/r}ér‘} {ca(@',w")} < emax (5.6)
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Figure 5.4: A schematic illustration of the meta state graph
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The (energy-)feasibility check of the transition arcs to terminal states (w, S, w') is straight-
forward.

Note that the verification of the energy constraints does not change the time com-
plexity stated in Proposition [12] The distance to the closest RL mingey,{cs(v, w)} can
be pre-computed for every destination v € Vj in runtime O(nyn,), such that feasibility
checks require O(1) for each transition.

5.3.3 Meta state graph

Based on the ops graph, we construct the meta graph to evaluate feasible drone tours
74 € Nps—wr(x,p). Let operation set O = wSw’,S C V; denote the set of all feasible,
Nps_g-valid operations 0 = wsw’ with S = {s} for given neighborhood Ngs_%(x, p).
Let C;(O) denote the shortest drone flight time over all operations in O, if such exist.
By construction, the costs C;(0O), O = wSw’, correspond to the costs of the terminal
states (w, S, w’) of the ops graph. We use these costs from the ops graph as an input to
compute OPpg_g — the collection of all feasible A/gs_g-valid operation sets associated
with their makespan M (O) = max{c,(w,w’),C4(O)} for O = wSw'. Let also denote
T L as the collection of all traveling legs r € V, x V, associated with their makespans.
Then the meta graph G = (V, A) enumerates all sequences of operations in OPps_z
and traveling legs in 7L that form feasible drone tours 7% € Nps—r(x,p).

Similarly to the ops graph, the main challenge in the construction of the meta graph is
to examine only those states, which are relevant for the construction of BS-R-neighbors of
x. We call such states Ngs_r-valid and limit the state set V to Ngs_n-valid metastates
only. In order to efficiently discard Nzs_x-invalid metastates during the construction
procedure, we use a special encoding for the states. This encoding was originally proposed
by Balas (1999)) for the traveling salesman problem (TSP), but we extend it to our
problem. Before we introduce this encoding, we outline the general architecture of the
meta graph G with an intuitive straightforward description of the states in Section[5.3.3.1]
In Section we show how to formulate states in an equivalent way by using the
mentioned encoding and state the time complexity of the meta graph.

5.3.3.1 Architecture of the meta graph

States in G are arranged in stages k € {0,1,2,...,n;}. Each state (S, w) at stage k := |S]|
describes the set of visited destinations S C Vj; and the drone’s position at some RL
w € V,, where it meets the MRS. Stage 0 consists of states (@, w), w € V,, where the
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initial state (O, wy) describes the start of each drone tour. At stage n,, we find states
(V4,w), w € V,, including terminal state (V;, w;) that marks the end of each drone tour.

Transition arcs A in G do not necessarily connect metastates at the neighboring stages,
but may span over several stages. The overall structure of G is depicted in Figure [5.4]
Given state (S,w) € V, there is a transition to (T, w’) € V if and only if one of the cases
below holds:

» S =T. Then the transition corresponds to a traveling leg r = ww’ and its weight

is M(r).

» S C T and the respective operation set O = wT \ Sw’ is in OPggs_g. Then the
transition weight is M (O).

By construction, each path in G corresponds to a feasible drone tour 7t; € Ngs_r(x, p),
and the shortest of these paths corresponds to the best drone tour 775 in the considered
BS-R neighborhood. We compute the shortest path with the Bellman’'s equations (5.7)).
Recall that it is sufficient to consider drone tours formed as an alternate sequence of
operations and (possibly trivial) two-node traveling legs (see Section . This allows us
to iterate through the stages of G in a forward induction manner, combining incoming
operation arcs with exactly one two-node traveling leg:

cr(wo, w) ifS=0

¢(S,w) = mirvl{e(S, w')+ M(r) | st. r:=w'w e TL} otherwise (5.7)
w' eV,

with €(S,w') = min {¢(T,w") + M(O) | s.t. (T,w")eV (5.8)

w" eV,

and O = w"{S\ T}w' € OPps_r}

5.3.3.2 Alternative representation of states and complexity of the meta graph

In the following, we explain the encoding, which enables to construct AV/gs_x-valid metas-
tates only, so that the meta graph can be constructed in polynomial time. The transition
arcs and the Bellman’s equation remain as stated in Section [5.3.3.1]

The key idea is that we can uniquely describe set S of the k = |S| first visited
destinations of any BS-R neighbor 71; of destination sequence x as follows:

S={vj: je (k]\SF)US }, with (5.9)
S ={leny:1>k+1v,€S}and S} :={he[ng]:h<kwv, ¢S} (510)

In other words, S]: refers to the destinations that are at positions later than k in x
and are moved up (before or at position k) in x" = 71,;(V}) of neighboring tour 7. S,:r
refers to the destinations that are at positions no later than k in x and are moved down
(after position k) in x" = 15(V}).

Example 4. Consider the drone tour 11; = (wo, Wy, V4, V1, Vs, W1, W1, V2, V3, W, W) €
Nps_wr(x,4), with x = (v1,v2,v3,04,05). Then the set of k = 3 first visited destinations
in 14 is S = {v4,v1,v5}, which can be uniquely described by the index sets S; = {4,5},
Sy ={2,3}.

With this new notation, we represent metastates as (S, , S;, ), where k refers to the
stage number. In this encoding, Ns_r-valid metastates and valid transitions between
them have the same structure for all the stages, which solely depends on parameter p
and not on the instance-specific parameters (see Propositions [13] and . As the result,
these can be computed as a lookup table in the preprocessing, see Table[5.2]
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Proposition 13. For the BS-R neighborhood Nps_ (x, p), the encoded state (S, , S, w)
is a Ngs_r-valid metastate at stage k € [ny] if and only if the following conditions hold:

— IS¢ =15{] Sg (5.11)
— S C{k+1,...,k+p—1},SF C{k—p+2,...,k} (5.12)
— max{l:leS }—min{h:he S’} <p (5.13)
Proof. See Supplement [5.8.1.3 O

Different from the state graph presented in Balas (1999) and Balas and Simonetti
(2001)), the meta graph in VLNS allows not only transitions between states from consec-
utive stages, but allows transitions from states on one stage towards any larger stages,
as long as there are associated feasible transitions. Thus, Proposition [L4] introduces new
transition rules for VLNS.

Proposition 14. There is an arc between metastate (S, ,S;,w) € V at stage k and
metastate (Sk+h' Sk+h' w') € V at stagek+h,h > 0 if and only if one of the cases below
holds:

] h:OandSkjrh:S* SkJrh—SJr

= h > 1, operation set O = wHuw' that corresponds to the transition arc belongs to
OPps_g and the following conditions hold simultaneously:

— {jeSc:j>k+h}CS ., (5.14)
— {jeS :j<k+hInNS;, = (5.15)
- {jeSt,i<krcsy (5.16)

Thereby H={v; : 1€}, I=({k+1,..,.k+h}USFUS_ )\ (S5 ,US)
Proof. see Supplement [5.8.1.3] O

The proof of Proposition [17] in Supplement sketches the construction proce-
dure for Ngs_g-valid metastates at any stage k based on the rules of Proposition [13} we
basically have to enumerate all possible combinations of (S, S ,w), which obey condi-
tions (| 1.’ For example, for p = 2, S;” and SJr may contaln at most one element
each cond|t|on (5.11)), thereby S, C {k+ 1} and S+ C {k} (condition (5 ) which
results in two valid pairs of (S, ,S+ ): (©,9) and ({k+ 1},{k}); so that we have 2 - |V;|
metastates at each typical stage (| e., nelther the first nor the last stage). For fixed stage
k, all these metastates can be constructed from a well-specified list of valid combinations
(S;,S). The first and second columns of the lookup table (see Table provide an
example of such list for p = 4. Metastates can then be computed by replacing the pa-
rameter value k of each valid (S, ,S;") from this lookup table by the stage number and
combining it with each w € V.

Similarly, we can quickly identify all valid transitions in the meta graph based on
pre-computed lists, which we construct from Conditions ((5.14))-(5.16]) of Proposition
(see the remaining columns of Table [5.2]for an example). A similar lookup table has been
proposed in Balas and Simonetti (2001) for the simpler case of the TSP, with only one
column for the transitions limited to neighboring stages.

Example 5. Let x = (v1,02,03,04,05) and p = 4. Then there are 8 valid pairs of
(S3,S5) at stage k = 3, which results in 8 - n, Ngs_g-valid metastates (see Table
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Table 5.2: Lookup table for Nzs_x-valid transitions for p = 4 between stage k and stage k+ 1, h <3

Valid pairs of Valid transitions
No. (S;,5%) stage k+1 stage k+2 stage k+3
1 (@,9) 15,67 1,3.4,5,6,7.8 1,2,3,4,5,6,7.8
2 ({k+1}, {k—2}) 1 1,5,6,7 1,3,4,5,6,7.8,
3 ({k+1}, {k—1}) 1,2 1,5,6,7 1,3,4,5,6,7,8
4 ({k+2}, {k—1}) 2,5 1,34 1,2,5,6,7
5 ({k+1},{k}) 1,34 1,2,5,6,7 1,3,4,5,6,7,8
6 ({k+2}, {k}) 35,8 1,2,3,4 1,2,5,6,7
7 ({k+3},{k}) 468 2,358 1,2,3,4
8 ({k+1,k+2} {kk—1}) | 23 1,2 1,5,6,7

Note. The values of columns 2 and 1 list valid pairs of (Sk_,S,'c*') and provide their IDs (numbering), respectively.

For each valid pair (S, ,S;"), columns 3-5 list the IDs (cf. column 1) of valid pairs (Sk_Jrh,S,:rh) which can be part
of the head states of outgoing valid transition arcs in the meta graph.

[6.9). For example, (S ,S;)-pattern no. 8 describes metastates (S; = {4,5},5§ =
{2,3},w),w € V,, i.e. metastates in which destinations {v1,v4,v5} have been already
visited and the drone subsequently meets the MRS in RL w. The third column of Ta-
ble states valid transitions to stage k +1 = 4. These are transitions to states
(S, = {5}, Sf = {2}, w'),w €V, [(S.,S,)-pattern no. 2] and (S; = {5},5] =
{3}, w'),w" €V, [(S;,S)-pattern no. 3].

We conclude by stating the computational complexity of the meta graph in Proposi-
tion [I5]

Proposition 15. Consider BS-R neighborhood Nzs_(x,p). Given the collection of fea-
sible, Ngs_r-valid operations OP}ys_g, the best feasible drone tour 7, € Ngs_r(x, p)
can be determined with the worst case computational complexity of O(ngn;?' -4P).

Proof. The best tour 7w} € Nps_r(x,p) is determined by solving the shortest path
problem in meta graph G with the Bellman's equations (5.7). The complexity of this
procedure is linear in the number of transition arcs, which is the highest for e,,,, — 0.
In this case, all outgoing arcs for each state are exactly those listed in the lookup table
(cf. Table [5.2). By Proposition from Supplement [5.8.1.3) there are O(nyn, - 27)
Nps_r-valid metastates. For increasing h, the list of valid transitions for each metastate
at stage k towards stage k + K, converges to the complete set of valid metastates at stage
k+h (see Table . From this follows the approximation of the time complexity. [

5.3.4 Time complexity of the developed VLNS approach

Finally, we can combine the insights from the previous sections to receive the overall time
complexity of VLNS:

Theorem 9. For any given instance of DRP-E, sequence x of destinations and given p,
a best feasible drone tour 17§ € Nps_r(x,p) can be found in the worst-case runtime of
O(p*n2n3 - 47).

Proof. The time complexity of VLNS sums up from the complexities to construct the ops
graph at the first stage and the meta graph at the second stage, which are O (47 (n?n3p + n,n%p?))
(see Proposition and O(nﬁn% -47) (see Proposition , respectively. This results in
O(p*n2n3 - 4P) for VLNS. O

Computational experiments of Section show that the bound in Theorem [9] is
pessimistic in case of a realistic battery capacity of the drone: With each increase of p
by 1, the observed runtime of VLNS about doubles.
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5.4 VLNS-based algorithms and extensions

5.4.1 Relevant DRP-E variants and additional problem features

The proposed VLNS approach can be applied to a range of DRP-E variants. In this section,
we discuss how to incorporate selected additional or alternate problem features to VLNS,
that are widespread in the drone routing literature and practice. The following extensions
can be applied straightforwardly and do not affect the overall runtime complexity of VLNS
stated in Theorem [

Drone hovering while waiting. In many drone applications, the drone must wait
for the MRS in a hovering state, to prevent vandalism or theft, thereby consuming
energy at a specific rate rj,,. In VLNS, this is incorporated by further reducing
the collection Ngs_-valid operation sets OPjg 1, see Section with the
following feasibility check of cost O(1) for each operation set O = wSw’,

max{c,(w,w") — C4(0),0} - 4o + Ca(O) < epax (5.17)

Non-zero service times. Service times s(v) > 0 at destinations v € Vj, e.g. for
drone delivery- or surveillance, as well as replenishment times csqp > 0, e.g. for
charging or battery swaps, can be straightforwardly embedded as in the transition
weights of the meta graph. If the service times are performed in flight, these must
be added as summands to the feasibility checks of Section [5.3.2.3] Furthermore,
the MRS may perform a replenishment in motion during a traveling leg (w,w’),
whose makespan then augments to max{cCswap, cr(w, ') }.

Stationary replenishment stations. We can also apply our method to the case
of stationary replenishment stations (instead of MRS) by setting the travel time
parameters ¢, to zero and prohibiting the so-called traveling legs.

Some practice applications face complex energy- or resource consumption of the drone.
For instance, changes in altitude in the drone tour might lead to an energy consumption
function that is non-linear in flight time. In package delivery applications (cf. Sec-
tion , the energy consumption rate may depend on the current payload of the
drone. Furthermore, a limited payload capacity of the drone might act as a further con-
straining resource. Also in these cases, the overall logic of VLNS remains. In the ops
graph, the Bellman equations are replaced by a label setting algorithm (cf. Pugliese
& Guerriero, 2013)) that conserves all Pareto-optimal time-, energy-, and possibly other
resource values in every state, which invalidates the time complexity of the ops graph
from Proposition [I2] The construction of the meta-graph, which is still, in most practice
implementations, the more time-consuming stage of the VLNS approach, remains unaf-
fected by this extension and pseudo-polynomial in complexity. Note that the feasibility
checks of Section remain in place, for complex energy consumption and other
resources, as long as these resources are additive along the arcs of an operation in a for-
ward motion. This is not the case in a delivery application where packages to be delivered
to the destinations are loaded at every RL, as the payload then in decreases along the
arcs. This can be fixed by solving with VLNS the inverted problem, making it a package
pick-up problem, and reversing the received solution.

Most of these extensions are analyzed in Section [5.5] In many realistic applications,
there is just one single depot where the drone starts and ends its tour, i.e. wy = w;.
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Therefore, Online Supplement comments on how to extend the BS-R neighboorhood
by some additional promising solutions in this case in a way that conserves the pseudo-
polynomial computational complexity of the neighborhood search.

5.4.2 A VLNS-based local search

The presented neighborhood search, VLNS, should not be perceived as a stand-alone
solution algorithm. Instead, it is an improvement procedure which can be embedded
flexibly in any algorithmic scheme, meta- or math-heuristic for DRP-E and its variants.
The application of VLNS is especially effective as an intensification procedure around
promising incumbent solutions.

In our computational experiments (see Section , we test the performance of VLNS
by simply embedding it into a standard best improvement local search procedure (see e.g.
Taillard, 2023). We initiate the local search with the best visiting sequence of destinations,
Xpest, received after performing an adaptive large neighborhood search (ALNS) with a
given time limit. We refer the reader to Voigt (2024) for details on the outline of general
ALNS approaches.

The initializing ALNS proposed in this paper is problem-specific and will be dubbed
ALNS* in the following. ALNS* operates on the space of destination sequences rather
than the solution space of DRP-E itself. For the exploration of different destination se-
quences, we propose a novel type of operators, which populate the current candidate
sequence with RLs and remove them shortly afterward. ALNS* itself is initialized with
the shortest Hamiltonian path through all destinations and the depot, xtsp. To evalu-
ate the quality of the current destination sequence in each iteration, replenishments are
inserted optimally, e.g. by applying VLNS with p = 1, and the objective value of the
resulting feasible DRP-E solution is compared to the current best objective value zpeg;.
The pseudocode of Algorithm (3| provides a detailed description of ALNS*. We refer to
the VLNS-based local search, initialized with ALNS*, as VLNS-LS'* in the following.

Algorithm 3 Initialization procedure ALNS*

1: Input: xTsp

2: Set Xpest ¢+ XTSP;

3: Set Zpest, TThest <= RTS(Xpest); # apply RTS to Xpest, Zbest and 7Thest are the resulting objective value and drone
tour, resp.

4: Set s’ < multiset of RL's that are visited in 7pest; Spest < §';

5: while time < time limit do

6 7' + TSP(V;Us’); # Compute shortest Hamiltonian path through destinations and set of RL's s’

7 x' < 7'\ V; # Remove RL's from 77’ to get new sequence of destinations

8 Z/, " + RTS(¥');

9 if z/ < Zpes; then

10: Zhest = 25 Xpest < X'; Tpest < 7T;

11

12

13

Set s’ + multiset of RL's that are visited in 7Tpest; Sbest < S';
else
: s’ < perturbation(spest);
14: end if
15: end while
16: Return: Xpest, Zpest, Thest

Note: perturbation(spest) is in this case a random removal of RL’s from spest, followed by a random insertion of
RL's from V,

5.4.3 An exact solution approach for DRP-E

One important aspect of VLNS is its scalability with the parameter p: The bigger p, the
larger the neighborhood, but also the larger the computational time needed to examine
it. With p — ny; VLNS converges to an exact approach for DRP-E.
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A more time-efficient exact solution approach for DRP-E, which we dub DP-ILP, can
be derived directly from the two-stage structure of VLNS (see Section by dropping
the restriction to Ns_r-valid states in the ops graph, and replacing the meta graph
with an integer linear program (ILP).

The resulting exact dynamic programming (DP) formulation in the ops graph has the
worst-case runtime of O(n,n,4(ngz + n,) - 2"): Consider O(n,n, - 2"¢) non-terminal states
of the form (w,S,v),w € V;,S C Vy,v € V;, each having up to O(n,) arcs to terminal
states for the closure of the current operation at an RL, and, O(#n,) arcs to non-terminal
states, for the extension of the operation towards a destination. The feasibility checks
of Section are conserved, making the exact DP in the ops graph very efficient in
most practical applications, since realistic energy capacities significantly reduce the length
of feasible operations and thus, the actual complexity of the ops graph. The resulting set
of feasible operations OP* (see Section is then provided to the second stage of
the procedure.

In this stage, we could indeed proceed similarly, by dropping the restriction to Ngs_x-
valid states in the meta graph of Section [5.3.3] However, the resulting DP-formulation in
the meta graph is of large complexity (of exponential order 3”d) and becomes untractable
for large instance sizes. We found it more efficient to construct the optimal drone tour
with an ILP that is inspired by Agatz et al. (2018). Therefore, the feasible operation
sets in OP* and the set of traveling legs 7 L are combined to a new set L of feasible
transitions between RLs, representing the main decision variables of ILP. The resulting
program resembles the shortest path problem with set covering constraints: Find the
shortest path between the initial and the target depots using arcs from L such that each
destination is covered exactly once. Table summarizes the additional notation and
equations ((5.18)-(5.26)) the ILP formulation for the most frequent variant of DRP-E, with
only one single depot wy.

Table 5.3: Notations used in the ILP formulation

Sets and locations

L Collection of all feasible operation sets and recharging legs

M(1) Makespan of | € L

L(v) For v € Vj;, L(v) is the collection of operation sets that cover v,

ie. O=wSw € L(v) ifand only ifv € S

Lt (w) Forw €V, LT (w) is the set of transitions [ € £ that start in w.

L (w) Forw €V, L~ (w) is the set of transitions | € L that end in w.

LT(T) For T CV,, LT(T) is the set of transitions | € L that start in some w € T
and end in some w’' € V, \ T

Decision variables

X For each | € L, x; = 1 if operation set or recharging leg I is part of the drone
tour, and x; = 0 else
Yo For each w € V;, y,, =1 if w is part of the MRS's tour, and y,, = 0 else
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Minimize ) M(I) - x; (5.18)
lel

s.t.

Z x>1 Yo e Vy (5.19)
leL(v)

Y o x= Y =x Yw €V, (5.20)
leL+(w) leL—(w)

Y u>1 (5.21)
leLt (w,)
Yuwy = 1 (5.22)

Y, 0 <2n5-y0 Yw eV, (5.23)
leL+(w)

Y x>y VT C Vi \{wo},YVw e T (5.24)
leL*(T)
x€40,1} Viecl (5.25)
yw € {0,1} Yw e V, (5.26)

The objective function minimizes the makespan of the drone tour, constraints
assure that the drone covers every destination v € V. Constraints are
flow constraints for the MRS. Constraints (5.21) and include the depot wy in
the MRS's tour. Constraint establishes the relation between x - and y- variables,
thereby, note that 2 - 1 is an upper bound for the amount of operation sets and recharging
legs starting in w € V,. Equations are connectivity constraints of the MRS's tour.
One important factor of the ILP’s success is to add these constraints gradually during the
optimization process in the form of lazy constraints. Constraints (5.25]) and ([5.26]) define
the binary decision variables.

5.5 Computational experiments

The aim of the presented computational study is three-fold. On a structured, well-
balanced dataset for the basic DRP-E, presented in Section [5.5.1] we first validate in
Section the performance of the developed VLNS-LS™ algorithm and the exact DP-
ILP approach. On the same dataset, we analyze the performance of algorithmic elements
of VLNS-LS™, specifically, the dependence on the initial sequence of destinations and
the impact of the scaling parameter p, see Section Thirdly, in Section [5.5.4 we
demonstrate the generalizability of VLNS to different DRP-E variants from the literature
and show that VLNS-based approaches can outperform the state-of-the-art heuristics for
these problems. In the same section, we also see that DP-ILP finds new optimal solutions
for larger problem sizes, compared to the original literature.

Unless stated otherwise, we set p = 4 in VLNS. For the experiments, we used an Intel
Xeon(R) Gold 6248R CPU 3.00GHz x 96 processor. The algorithms are coded in Python
3.9 without parallelization. The integer programs are solved with Gurobi 10.0.1 using 8
logical CPU cores.

5.56.1 Tailored data generation procedure

We propose a data set structured around a wide range characteristics that can occur in
DRP-E. In the generated instances, a given number of destinations 1, is randomly and
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Table 5.4: The nine settings in both data sets Medium and Large

Figure 5.5: Basis setting

<

€max = 1000
1 =1250

(e

e X

O

ORL X% Destination

Replenish- MRS Energy Location Density
ment Setting speed §  capacity emax  ratio 32 d (x1079)
Basis 1/ 1000 2 16

< MRSSpeedLow /3 1000 2 16
g EnergylLow L/, 750 2 16
o RLDensityLow  '/; 1000 3 16
w DensityLow 1/, 1000 2 8
i MRSSpeedHigh 1 1000 2 16
3 EnergyHigh L/y 1250 2 16
= RLDensityHigh '/, 1000 1 16
- DensityHigh L/, 1000 2 45

uniformly scattered in a square [ x [, € IN. The placement of RLs should ensure the
feasibility of instances. Unfeasible instances occur when at least one destination has no
close-by RL, such that the battery life of the drone is insufficient even for a visit in a
direct return flight. Possible workarounds in the literature include dismissal of infeasible
instances (cf. Poikonen & Golden, 2020) or calculation of e,y as a function of the
realized positions of v € V; and w € V, (P. Gonzalez-R et al., [2020)). For the sake of
data generation transparency, and similar to Karak and Abdelghany (2019), we decided to
place RLs in the nodes of a uniform grid instead (see Figure, having as a consequence
that the number of RLs should possibly be quadratic (e.g. 9=3x3, 16=4x4, 100=10x10).
A randomly selected RL is set to be both the initial and target depot of the drone’s
and MRS's routes. We use the Euclidean metric to measure the distances flown by the
drone. Because the MRS is usually restricted to moving on a street network, we use the
Manhattan metric for the MRS. The chosen metrics are common in the drone routing
literature (cf. Betti Sorbelli et al., [2023; Dell’Amico et al., [2020; Ha et al., 2018; Murray
& Chu, 2015).
We generate two data sets:

» Medium-sized data set (Medium) contains instances with n; := 25 destinations
and n, € {9,16,25} RLs, thus up to 50 locations in total.

= Large-sized data set (Large) contains instances with n; := 100 destinations and
n, € {36,49,100} RLs, thus up to 200 locations in total.

Each data set contains 180 instances grouped in 9 settings with 10 instances each.

Since the performance of solution algorithms depends more on the ratio of the vehicle
speeds, and the relative drone ratio compared to the application area, rather than their
absolute values, we normalize the drone speed to 1 and condense further instance charac-
teristics to a few essential details. Such normalization makes our results more informative
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Table 5.5: Performance of VLNS-LS!* and DP-ILP on Medium dataset

Gap to optimality of VLNS-LS!" ‘ Avg. runtime (s)

Replenish- Avg. Times Times
ment Setting gap (%) gap <1% gap <5% |VLNS-LS' DP-ILP
Basis | 16 7/10 8/10 | 27 33
g MRSSpeedLow 2.9 4/10 8/10 26 42
2 EnergylLow 1.0 7/10 9/10 23 3
g RLDensityLow 4.2 4/10 8/10 23 1
w DensityLow 2.1 6/10 9/10 23 2
3 MRSSpeedHigh 0.5 9/10 10/10 25 24
3 EnergyHigh 1.4 7/10 9/10 31 165
g RLDensiyHigh 0.1 9/10 10/10 32 657
= DensityHigh 11 6/10 10/10 37 4472
Total 17 59/90 81/90 | 27 600

Note. DP-ILP could solve all 90 instances to proven optimality. VLNS-LS™* was initialized with 20s of ALNS*.

in view of the ever-changing characteristics of young drone technology and different ap-
plication scenarios. We construct our datasets around a basic setting, called Basis (cf.
Table [5.4)), for which, when setting the time unit TU := 2 seconds and the length unit
LU := 20 m, we receive the same vehicle speeds of 10m/sec and 5m/sec, as well identical
location density as considered by Poikonen and Golden (2020]), combined with a realistic
maximal drone flight time of e, = 33 minutes (cf. Stolaroff et al., 2018).

We control the following factors in our settings and use a one-factor-at-a-time design
around the basic settings (marked in bold):

= MRS speed 6 € {1,%,3} TU/LU. The lower is §, the larger the impact of the
waiting times for the MRS on the routing decisions of the drone.

» Energy capacity ey, € {750,1000,1250} TU.

= The ratio of the number of destinations and RLs Z—‘j ~ 1,2 or 3. Given n? = 25
for Medium and n; = 100 for Large, we set n, € {9,16,25} for Medium and
n, € {36,49,100} for Large to achieve these values.

= The number of destinations per square unit (density) d € {8,16,45} x 10~ LU 2.
To achieve these values, we set I € {750,1250,1750} LU for Medium and I €
{1500, 2500,3500} LU for Large.

The eight additional settings to the Basis setting are labeled MRSSpeedLow, Energylow,

RLDensityLow, DensityLow, MRSSpeedHigh, EnergyHigh, RLDensityHigh and Density-

High. The former four settings describe expensive replenishment, because each replen-

ishment stop of the drone is more costly than in Basis, as it potentially has to wait for

a slow MRS, can visit less destinations between subsequent replenishments, or has to fly

further to reach an RL. Similarly, the four latter settings describe low-cost replenishment.
The data sets are included in the Online Companion of this paper.

5.5.2 Performance analysis of the VLNS-based local search and DP-ILP

Tables and show the performance of the proposed solution approaches.

First, observe that DP-ILP could solve all Medium instances, across all settings, with
an impressive number of 31-50 locations in total, to proven optimality. For expensive
replenishment settings EnergyLow, RLDensityLow and DensityLow, all optima could even
be found within a maximum of 4s. Strikingly, DP-ILP's efficiency pertains also for Large
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Table 5.6: Performance of VLNS-LS* and DP-ILP on Large dataset

Performance of DP-ILP Performance of VLNS-LS" Avg. runtime (s)

Replenish Times ~  Avg. Times Avg. Times Times VLNS- DP-
-ment Setting optimal  gap(%) gap< 15% | gap(%) gap< 5% gap< 15% Ls" ILP
Basis | 1/10 31.2 6/10 | 15 9/10 10/10 | 1189 1800

£ MRSSpeedlLow 0/10 31.3 7/10 2.3 7/10 10/10 1233 1800
2 Energylow 9/10 0.0 10/10 7.1 2/10 10/10 1142 1471
;-). RLDensityLow 9/10 0.5 10/10 11.4 1/10 8/10 1132 1381
W DensityLow 10/10 0.0 10/10 9.4 0/10 10/10 1090 796
% MRSSpeedHigh 10/10 0.2 10/10 0.8 10/10 10/10 1263 1682

$ EnergyHigh 0/10 >100 0/10 0.0 10/10 10/10 1566 1800

£ RLDensiyHigh 0/10 >100 0/10 0.0 10/10 10/10 2034 1800
— DensityHigh 0/10 > 100 0/10 0.0 10/10 10/10 1770 1800
Total | 39/90 > 100 53/10 | 3.6 59 /90 88 /90 | 1380 1576

Note. DP-ILP is ~ optimal when the optimality gap of the solver < 5%; gap refers to the gap to the best known

solution, i.e. the minimum of the VLNS-LS™* and DP-ILP objective values. A time limit of 1800s was set to
DP-ILP. VLNS-LS™ was initialized with 900s of ALNS*.

instances. In the same three settings, it handles successfully the astonishing total of 149
locations within the runtime limit of 1800s, closing the optimality gap of the optimization
solver down to less than 5% in 28 out of the 30 associated instances. This clearly
eliminates the need for heuristic approaches in this group of settings. The efficacy can
be attributed to the relatively small number of feasible operations found by the exact DP
approach in the ops graph, which provide the variables to the ILP solver; e.g., 1562 on
average for Medium in the setting DensityLow, compared to 7737 in Basis. Note that,
the same does not hold for MRSSpeedLow, since the MRS speed does not affect the
feasibility of operations, given that in basic DRP-E, the drone waits without consuming
energy.

Table[5.5 furthermore demonstrates the excellent performance of the proposed VLNS-
LS™ on Medium instances, showing an overall average gap to optimality of 1.7% and
close-to-optimal solutions, with optimality gaps of no more than 5%, in 90% of all tested
instances. On Large, in the setting MRSSpeedHigh, all soft-optima (solver interrupted
with optimality gap of < 5%) are known. In this setting, the VLNS-LS!* solutions showed
an average gap of 0.8% to the DP-ILP solutions, encouraging optimism regarding close-
to-optimal solutions of VLNS-LS'* also in other low-cost replenishment settings and the
Basis. In these settings, where DP-ILP was not effective on Large, VLNS-LS™* rendered
the best-known solution in 97.5% of the cases. In the three expensive replenishment
settings EnergyHigh, RLDensityHigh and DensityHigh, the gaps of VLNS-LS!* on Large
increase to moderately good values between 5% and 15% in most cases. This reminds
us of the fact that VLNS is an improvement procedure which strongly depends on the
initial visiting sequence of destinations. The initialization procedure ALNS* presented
in this paper (see Section builds on shortest Hamiltonian paths for the drone
only. Despite also considering the RLs, it cannot fully replicate the tight clustering of
drone sorties around these locations or fully capture the critical synchronization with the
MRS. In order to find better gaps with VLNS-based approaches, further research on good
initial sequences with strong replenishment focus may be needed. However, we remind
the reader that the alternate exact approach proposed in this paper, DP-ILP, is already
sufficiently fast and reliable in these settings, questioning if these further enhancements
of VLNS-LS'* are truly warranted. Finally, note that VLNS-LS'* shows a stable runtime
over all instances, of around 30s and 1400s for Medium and Large, respectively.
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Figure 5.6: Avg. improvements compared to route-first-split-second heuristic in Basis of Large
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5.56.3 Analysis of algorithmic elements in the VLNS-based approach

In this section, we analyze the performance factors of the proposed VLNS-LS'*. First,
we discuss the importance of the initial destination sequence, in the example of Basis
on Large, see Figure . We compare VLNS-LS™, initialized with 900s of the newly
developed ALNS* (see Section , with the local search VLNS-LS!, that was initialized
for 900s with a simpler adaptive large neighborhood search, simply dubbed ALNS. The
latter starts with the shortest Hamiltionian sequence of all destinations xtsp, and uses
classical destroy- and repair operators on to perturb this sequence. Specifically, ALNS
selects by chance either the random removal of 1-3 destinations or the random removal of a
sequence of 1-3 destinations from the current candidate sequence (see Voigt, [2024), then
re-inserts them randomly. Each new destination sequence is evaluated by inserting RL's
optimally, and the candidate solution is updated when the resulting makespan is better
than the current upper bound. Figure additionally depicts the simple local search
VLNS-LS, which takes xtsp as an input and skips the initialization phase. The three
algorithms are compared based on their improvement of the simple route-first-split-second
heuristic as proposed, e.g., by Poikonen and Golden (2020). The results confirm that the
selection of a good initial sequence for the VLNS-based local search can significantly
boost the quality of the approach: by using the more effective initialization procedure
ALNS*, VLNS-LS™ could increase the improvement by 2.5 % and 2.6%, respectively,
compared no initialization (VLNS-LS) and simple initialization (VLNS-LST).

Taking the same basis for comparison, Figure [5.6b addresses the question, of whether
simpler metaheuristics without the VLNS could achieve the same level of improvement
than VLNS-LS™ when applied for the same runtime. Specifically, we performed ALNS*
and ALNS (introduced in the previous paragraph) to Basis on Large for the VLNS-LS!*
runtime. The results suggest, that the use of VLNS significantly increases the improve-
ment potential. Specifically, VLNS-LS'* reached a 4.6 % and 5.3% higher improvement
compared to ALNS* and ALNS, respectively. Furthermore, the VLNS-based approach
achieved a better improvement compared to both ALNS-based approaches in all 10 in-
stances. Also, VLNS-LS™ improved the route-first-split-second solution in all the in-
stances, while ALNS* and ALNS fail to achieve any improvement in 4 and 2 out of 10
instances, respectively. The reason is that ALNS* and ALNS examined only 44 and 2021
destination sequences, respectively, on average within their runtime of more than 1300s.
On the other side, as discussed in Section[5.3| VLNS-based approaches nontrivially explore
exponentially many promising solutions in an efficient manner.
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In the following, we quantify the number of feasible solutions examined by VLNS, as
well as achieved solution qualities and runtimes at different values of p. For transparency,
we report the results of VLNS in one BS-R neighborhood of the initial destination sequence
xTsp, without proceeding computations until a local optimum is found. Table[5.7] exactly
enumerates sequences of destinations contained in one BS-R neighborhood for small values
of p. Already for n; = 11 and p = 4, VLNS examines more than 22,000 sequences of
destination visits. Observe that for each such sequence, we insert RLs optimally. We get
that VLNS spends much less time than splitting procedures to analyze one destination
sequence, and explores significantly more solutions than ALNS and ALNS*, explaining its
superiority.

Table 5.7: The number of destinations’ sequences examined by VLNS

# of destinations
=5 nl=7 n'=9 ni=11

Parameter p

2 10 23 57 146
3 31 130 594 2,807
4 62 411 3144 22,728

Finally, Table reports the trade-off between the computational time and the solu-
tion quality of VLNS with different values of p, in the Basis setting of Medium. With each
increase of p by 1, the runtime about doubles on average. The results of the remaining
settings are similar.

Table 5.8: Performance dynamics of VLNS, Basis setting of Medium

Parameter p =
1 2 3 4 5 6 7 8 9 10

Avggap(%)‘6.3 57 43 40 32 32 27 21 18 1.7

Runtime (s) 05 08 15 28 54 107 218 46.2 1027 239.0

5.5.4 Generalizability of VLNS to DRP-E variants

As discussed in Section [5.1.1] the closest problem formulations to the basic DRP-E are
those of Poikonen and Golden (2020) and Zeng et al. (2022)). Therefore, we selected the
algorithms of these articles as a reference point for VLNS. We perform our tests on the
original problem formulations from the respective publications for one truck and one drone,
to demonstrate the generalizability of VLNS, and present our findings in Sections[5.5.4.1
and [5.5.4.2] Both formulations have a number of problem-specific extensions compared
to the basic DRP-E, which we summarize in Table VLNS can straightforwardly
incorporate all of these extensions, as we showed in Section [5.4.1] Since the actual
problem instances are not published, in both cases, we reproduce the data generation
procedures of the articles and for transparency, publish all generated instances (720 and
160 instances, respectively) as well as the received solutions in the Online Companion.

5.5.4.1 Drone-lead surveillance DRP-E of Zeng et al. (2022)

Zeng et al. (2022) denote the studied drone-lead surveillance as the nested VRP. It has a
number of simplifications and extensions compared to the basic DRP-E. On the simplifying
side, the set of RLs coincides with the set of destinations (V, = V; U {wo}), and neither
the drone nor the truck can visit a location twice. The extensions refer to the following
aspects: The drone should spend uninterrupted surveillance time at each destination; the
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Table 5.9: Overview of DRP-E variants studied in computational experiments
| Problem features

Variant Application Service times at  Drone hovers  Service time for  Energy

veVy while waiting replenishment consumption
Nested VRP by | Surveillance v v v time-linear  at
Zeng et al. (2022) surveillance at RL or rate r
(Section [5.5.4.1]) times s(v) >0 traveling leg
MVDRP by Poiko- | Package X v time-linear  at
nen and Golden | delivery at RL rate  7(we(;)),
(2020)) (Sec- W (i) is
tion |5.5.4.2)) current load
Basic DRP-E (Sec- | General X X X time-linear  at
tion |5.5.2]) rate r

Table 5.10: Comparative performance of VLNS-LS and NS of Zeng et al. (2022)) within same runtime

‘ Comparison of VLNS-LS relative to NS solutions ‘ Comparison to the optimum

Instance Average Best Times Times Average gap(%)  Times gap < 3%
size ng+1 | improv.(%) improv.(%) improved deteriorated | VLNS-LS NS  VLNS-LS NS

7-10 1.4 15.4 205/360 0/360 0.2 1.7  352/360 296/360
20 1.0 5.0 77/90 0/90 0.4 1.4 88/90 77/90
50 0.6 2.5 90,/90 0/90 0.4 1.0 28/28 27/28
75 0.7 2.7 90/90 0/90 - - - -

100 0.6 1.9 90/90 0/90 - - - -

Total ‘ 1.08 15.38 552/720 0/720 ‘ 0.3 1.6 468/478 400/478

Note. A time-limit of 3600s was set to DP-ILP. VLNS-LS was initialized with destination sequence xTsp.

drone can wait for the truck only in the hovering state, which consumes energy; battery-
swapping times Cspqp are non-zero and can be performed either in a stationary state at
RL's or in motion during a traveling leg.

Zeng et al. (2022) propose an iterated local search, dubbed NS. At each iteration, an
operation with much unused energy before the battery swap is destroyed together with a
neighboring operation or traveling leg. The resulting set of disconnected destinations with
fixed starting and ending points is then given as input to an exact mixed-integer program
(MIP) which reconstructs the subroute locally optimally (local search procedure). The
new solution is accepted if it improves the current best solution, else it is accepted with
probability % Since in the pretests, our adapted DP-ILP was faster by a significant factor
than the original MIP of Zeng et al. (2022) even on small instances, we used DP-ILP in
the local search procedure to provide a fair advantage to the method.

Table compares VLNS-LS (see Section [5.5.3), and NS on the data sets with
(ng+1) € {7,8,9,10,20,50,75,100} proposed by Zeng et al. (2022)). Thereby NS was
given the same run time as VLNS-LS and VLNS-LS used p = 4 on small (7 < n; < 20)
and p = 3 on large (n; > 50) instances. VLNS-LS outperformed NS in every instance,
with the best improvement of 15.4%. The runtime of VLNS-LS (and NS) equaled less
than a second on small (7 < n; < 20) instances and around 30 min on large (n; > 50)
instances, on average. Note that DP-ILP could solve all instances with (nz;+1) < 20
to optimality within a runtime of 1200s, and additionally, 28 out of 90 instances with
(ng +1) = 50 within a time limit of 3600s. This is significantly more than the exact
solution method proposed by Zeng et al. (2022), which could close the optimality gap
for instance sizes of at most (1; +1) < 9. For small instances (n? +1 < 20), VLNS-LS
found close to optimal solutions (with a gap of < 3%) in 98% of the cases, for the large
instances (n¢ 41 = 50) with available optimum, it was even in 100% of the cases.
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Table 5.11: Performance of VLNS-LS'* and RTS of Poikonen and Golden (2020)

‘ Comparison of VLNS-LS* relative to RTS solutions ‘ Comparison to the optimum
Setting Average Best Times Times | Average gap (%) Times gap < 3%
improv.(%)  improv.(%)  improved deteriorated | VLNS-LS™ RTS  VLNS-LS™* RTS
Quadcopter
Low energy 8.0 21.8 40/40 0/40 | 2.1 12,5 21/28 2/28
High energy | 7.6 16.5 40/40 0/40 | 2.1 114 16/21 1/21
Octocopter
Low energy | 4.4 20.0 39/40 0/40 | 0.7 5.1 12/12 5/12
High energy | 1.4 6.3 26/40 0/40 | — - - -
Total | 5.3 21.8 145/160 0/160 | 1.8 10.7  49/61 8/61

Note. VLNS-LS™* was initialized with 900s of ALNS*. A time-limit of 3600s was set to DP-ILP.

5.5.4.2 Delivery DRP-E of Poikonen and Golden (2020) with weight-dependent
energy consumption

In the last-mile delivery DRP-E with a single drone of Poikonen and Golden (2020)), each
destination v € V; requires a drone delivery of a package with weight w(v). Therefore,
the energy consumption of the drone is not linear in time, as in the basic DRP-E, but also
depends on the currently carried weight. Furthermore, the drone can only wait for the
truck while hovering, which consumes energy at a constant rate. Poikonen and Golden
(2020)) propose RTS to solve this delivery DRP-E, which optimally inserts RLs into a fixed
sequence of destinations, namely the shortest Hamiltonian tour xtsp over all destinations
and the depot.

The left-hand side of Table compares our VLNS-LS™* with RTS on the data
sets proposed by Poikonen and Golden (2020)) with |V, U V| € {50,75,100}. The data
sets feature a quadcopter and an octocopter. The latter has twice as many rotors, a
much larger battery, and usually requires less battery swaps in operation. Each drone is
considered with a battery of low energy density (540.000 J/kg) and high energy density
(900.000 J/kg). Observe that RTS cannot return better solutions than VLNS-LS'*, since
it can be interpreted as a special case of VLNS-LS with p = 1. Remarkably, VLNS-LS*
improved RTS in 91% of instances, in some cases by over 21%. The utility of VLNS-
LS™ compared to the simple approach RTS is higher in the case of less powerful drones
with lower battery capacity, because the drone tour involves more frequent detours for
battery swapping and thus the fixed delivery sequence xtsp considered in RTS might be
sub-optimal.

The right-hand side of Tablecompares VLNS-LS™ to optimal solutions generated
with DP-ILP. Notice that in the original work of Poikonen and Golden (2020)), no optimal
solutions have been available. For instances with |V, U V;| = 50, DP-ILP found the
optimal solution for 19 out of 20 quadcopter instances, all 10 instances for octocopter with
low energy density, and further 32 optima for large-sized instances with |V, U V| > 75.
No optimal solutions have been found for the octocopter with a high energy density. Take
note of the excellent performance achieved by VLNS-LS'* on these instances: with an
overall average gap of 1.8%, VLNS-LS™* achieved close-to-optimal solutions (with a gap
< 3%) in 80% of the cases; for the powerful octocopter, it was even in 100% of the
cases.
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5.6 Conclusions

In this paper, we propose VLNS — a flexible improvement procedure for the drone routing
problem with energy replenishment (DRP-E). In DRP-E, the drone, which is supported
by a mobile replenishment station (MRS), has to visit a set of destinations. This problem
setting is relevant for many drone applications and is a generalization of a number of clas-
sical routing problems. The proposed VLNS is a non-trivial very large-scale neighborhood
search, which synergetically leverages two large polynomially solvable DRP-E subproblems
(SP1 and SP2). Roughly speaking, the number of examined feasible solutions by VLNS is
a multiple of those in SP1 and SP2, and, thus, grow exponentially in the size of the DRP-
instance, whereas the computational complexity remains pseudo-polynomial. In VLNS,
the size of the associated neighborhood, and thus, the computational time complexity,
can be flexibly controlled via parameter p. If p = 1, the solutions of VLNS are equivalent
to the state-of-the-art algorithm RTS (Poikonen & Golden, [2020)), and with large enough
values of p, VLNS turns into an exact approach.

It must be stressed, that VLNS is not an algorithm developed for a specific appli-
cation, but it is a general improvement tool suitable for a wide family of DRP-E-like
problems. In computational experiments (Section [5.5]), we provided an insight on the
generalizability of VLNS by applying it to several distinct DRP-E variants, in the context
of a drone surveillance operation, and a last-mile delivery problem with payload restrictions
and non-trivial energy consumption of the drone. We demonstrated that even a simple
implementation of VLNS as a local search procedure, possibly equipped with a novel,
problem-specific initialization procedure (VLNS-LS'), outperformed the state-of-the-art
heuristics for DRP-E variants by a significant margin.

As a valuable by-product of our research, we introduced an exact approach, DP-ILP,
which was able to find new, optimal solutions for large-sized problem instances of the
studied DRP-E variants from the literature, and solved specific DRP-E settings with up
to 149 locations to optimality.

Future research should refine the concept of VLNS by reasonably embedding it in
further meta- and hyper-heuristic frameworks. Although the computational time of VLNS
is low-degree polynomial in the number of nodes, it takes quite a significant time to search
the neighborhood for very large problem instances. Promising opportunities for a speed-
up may include a heuristic search of the developed neighborhood or the customization of
the neighborhood by turning parameter p to be node-specific, see the related discussions
in Balas and Simonetti (2001)). Future research should also address how to adapt the
proposed VLNS methodology to a number of non-trivial extensions of DRP-E, such as
multiple drones or MRSs, or stochastic flight times.
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5.8 Supplemental material

5.8.1 Supplement: Technical details and proofs

5.8.1.1 Construction of the ops graph

In order to achieve polynomial complexity of the ops graph, we represent only operations
in the graph which are A/gs_x-valid for the given neighborhood Ns_% (x, p). Therefore,
we introduced the concept of A/gg_x-valid states in Section and limited the ops
graph to Ngs_g-valid states only. The goal of this section is to prove Lemma [23] from
Section which provides instruction how to construct the ops graph in a forward
induction.

The example from Figure[5.2] provides an intuition for identifying Ngs_x-valid states.
Lemma formalizes this intuition by introducing a property which limits the possible
sets of visited destinations inside of an operation which is relevant for Ngs_%(x, p).

Lemma 24. For the BS-R neighborhood Ns_r(x,p), consider a Ngs_r-valid opera-
tion 0 = wsw' with {s} = S and let define m := min{j : v; € S} (the lowest index of
destinations in S) and M := max{j : v;j € S} (the largest index of destinations in S).
Then

Vie [m+p, M — p] we havev; € S (5.27)

Proof. Consider a Ngs_r-valid operation 0 € wsw’ with {s} = S and m and M as
defined above. We prove Condition by the law of contraposition. Let v; € (V;\ S).
Then, for any drone tour 775 € Nps_r(x,p) with 0 € 74, two cases are possible. Either
v; precedes the operation o in 714, then I < m 4 p by the precedence constraints of
the Balas-Simonetti neighborhood, or v; follows the operation o in 71, then I > M —p
by the precedence constraints of the Balas-Simonetti neighborhood. We conclude
thatv; € SVie [m+p, M — p). O

Proposition uses this lemma to give a full characterization A/gs_x-valid states in
the ops graph. Note that all initial states are Ngs_x-valid by definition.

Proposition 16. For the BS-R neighborhood Ngs_x(x,p), consider state (w, S, v) with
w eV, SC VS| >1, andv € SUV,. Define indices m and M as in Lemma .
Then (w,S,v) is Ns_r-valid iff one of the following is true:

= ifv €V, then

- Viem+pM-—p]: vy €S (5.28)
= fv=uv; €S then

- Viem+pM—pl: v, €S8 (5.29)

— Yy eS:i>l-p (5.30)

Proof. The necessity of Conditions (5.28)) and (5.29) follows directly from Lemma [24]and
the necessity of Conditions as a consequence of the Balas-Simonetti precedence
constraints (5.1]). Let's consider the sufficiency of Conditions ((5.29) and (5.30]) for the
case of v € S, since the proof can be directly extended to the remaining case. Define set T}
as the subset of V; \ S such that Vo; € Ty : j < m+ p and T as the subset of V; \ S such
that Vo; € T : j > M — p. Because of Condition (5.29), we have i USUT, = V. Let's




160 VLNS for drone routing with replenishment

define (T) as a sequence of destinations of some set T C V; ordered in increasing order
of their indices. Consider the sequence of destinations p = ((Ty), (S\ {v}), v, (T2)).
Observe that:

» Vu; € Ty,v; € S: we have j < [+ p and Balas-Simonetti precedence constraints

(5.1) hold.

» Vv, € S\ {v =1v;}, v;: we have by condition (5.30) i > [ — p and Balas-Simonetti
precedence constraints ([5.1]) hold.

= Vou; € S,u; € Tp: we have [ > j— p and Balas-Simonetti precedence constraints

ED).

Since constraints applies straightforwardly to the remaining cases by construction,
we conclude that p € Nps(x,p). We can construct a drone tour 71y € Nps_r(x,p)
with operation 0 = (w, (S \ {v}),v,w") € 7 for some arbitrary w’ € V, and 77,(V;) = p
accordingly. Thus state (w, S,v) is Nps_r-valid. O

Now we are able to proof Lemma [23]

Proof of Lemma[23 The second statement follows straightforwardly. For the first
statement, define M’ := max{M, i} and S’ = SU{v'}. The necessity of Condition (/5.4))
for state (w,S’,v") € O follows from the following analysis of the values of i in v/ = v;:

= i < M — p: impossible given Condition (5.30)) of Proposition [16]
» | = M: impossible since v; € V;\ S.

» i € [M+ p+1,n4): impossible since in this case there is v; € V;\ S’ with
| € [M+1,M —p], in contradiction with Condition ([5.29) of Proposition [16]

i€ [max{M+1,m+2p}, M+ p]: In this case, M' =i and [m+p, M' — p] # @.
Therefore, Proposition applies to (w,S',0") only if (v; € SVj € [m+p,i—p]).

We proof the sufficiency of Condition (5.4)), by distinguishing the following cases:

= i€ [M—p+1,M—1]: Since M' = M and (w,S,v) € O, Proposition [16] applies
to (w,S’,v').

= i€ [M+1,m+2p—1]: Since M' =i and [m + p, M’ — p] = @, Proposition
applies to (w,S',v").

= i € [max{M+1,m+2p}, M+ p]: Since M’ = i, Proposition applies to
(w,S', 7). O

5.8.1.2 Complexity of the ops graph

The goal of this section is to prove the upper bound for the polynomial time complexity of
the ops graph O from Proposition [12]in Section 5.3.2.2] We outlined that the complexity
is linear to the amount of transition arcs in O, and that the number of outgoing arcs of
non-terminal states is bounded by n, +2p — 1, while terminal states have no outgoing
arcs. What remains to complete the proof of Proposition [12 is to give approximate the
total amount of non-terminal states in O.
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Lemma 25. Let U be the number of subsets S C V; with |S| =k > 1, ng > 4p —2
(large enough number of destinations), m := min{j : v; € S} and M := max{j : v; € S}
such that Condition from Proposition [16] holds, i.e:

Viem+p M—p|l:vy €S (5.31)
Then:
. ifk € 2p,ng —2p +2], then U = (ng —k — p+2)4/~1 (5.32)
. ifk <2p, then U < (ng —k —p +2)4r~1 (5.33)
. ifk >ng—2p+2, then U < p-4P~1 (5.34)

Proof. Let construct a subset S as described above. For any choice of the minimal
index m and maximal index M, let denote by T, 1 the subset of all destinations with
indices between m and M: T, m = {0Um, Upm+1,---UM—1,0M}, and let denote I, p its
length: I, 7 = M —m + 1. In the following, we will count possible ways to select T}, m
from V; and S from Ty, for each possible k = |S|. Since S needs to accommodate k
destinations, and S C T, »1, we must have: [, ;s > k. On the other hand, T, s C V3,
thus: I, m < ny.

i) The desired subset S is completely defined by the choice of m, M and T, um \ S.
According to Condition (5.31), Yo; € Tym \ S, we must have:

j € Iym:=|m min{m+ p, M}[ U |max{M — p,m}, M],
with 2p — 2 being the maximal length of I, p;.

ii) All together, m and M must be chosen such that:

k <ILyym <min{|S| + |Lym|, na} < min{k+2p—2,n,}

i) For fixed length I, o1, there are exactly ny — I, p + 1 subsets T, 1 of that length
in Vd-

Case 1: 2p <k <mng—2p+2.

Since Iy,m > k > 2p, then M —m +1 > 2p as well as the interval I,y is exactly
m+1,m+p—1U[M—p+1,M—1] and has 2p — 2 elements. So, for given m, M
with associated length I,, pr = k+ i, and i € [0, min{2p — 2,1y — k}] = [0,2p — 2], we
have (ZPi_z) possibilities to select the indices of Ty, a1 \ S out of I, p. Putting i), ii) and
iii) together, the amount U of choices for S with |S| =k, is given by:

u :zg(nd_ (k+ 1) +1)<2”i‘2> (5.35)
ke (P TP

=(ng —k+1)22P72 — (2p —2)2% 271
=(ng—k—p+2)4"

Case 2: k < 2p.
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In this case, it is possible to select m and M such that [,, »y < 2p, which implies that
the left sub-interval and right sub-interval of I, p1 overlap. The size of I, 1 reduces then
from 2p — 2 to L,y pm — 2.

Thus, we need to split up the number of choices U in two sums, according to the
distance of the selected m and M. Note that I, can still take all values k + i for
ie|0,2p—2].

u:zpfkm—<k+i>+1><"+j‘2) £ 5 e ()

i=0 i=2p—k

The amount U is obviously bounded by the expression on the right-hand side from Equa-
tion ((5.35)).

Case 3: k=mny—2p+2+jforje[l,2p—2].

Observe that k +2p —2 — j = ny. In this case, m and M must be chosen such that
Imm < ng =k +2p—2—j. The remaining construction of U is identical to case 1.

2p=2-j 2p —2
u="% (- e+ + 0 (%2

i=0
2p 2] 2p—2

< % -1 (T
i=0
P2 2p—2

< ¥om- -+ +0 (77
i=0

= p-4"~1 by Formula (5.35) O

Using the technical upper bound from Lemma ([25]), we can now provide an approximation
for the number of non-terminal states in O:

Lemma 26. Consider the BS-R neighborhood Ngs_%(x,p). The associated ops graph
O has O(n3n,p - 4P) non-terminal states.

Proof. By construction, there are n; - n, non-terminal states at stage 1, each having
transitions to at most 2p — 1 different non-terminal states at stage 2 by Lemma[23] Thus
there are O(n, - n,(2p — 1)) non-terminal states at stage 2. For any state (w, S,v),v € S
at stage k = |S| > 3:

= W can take n, possible values

» set S\ {v}, which has k — 1 items, can take the following number of values (insert
1S\ {v}| = k— 1 in equations (5.32)-(5.34) of Lemma [25):
— not more than (ng —k — p +3)47~! values if k < ny —2p +3

— not more than p - 4P~ values otherwise

» 0, provided fixed S\ {v}, can take not more than 2p — 1 values according to
Lemma 23]
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Observe that there are (2p — 3) stages with k > n; —2p + 3. In total, for all stages
k > 3, the number of non-terminal states is not larger than:

ﬂd—2p+3
(2p —=3)n,2p—1)p- 41 4 Z n2p—1)(ng—k—p+ 3)4P~1
k=3

ng—2p

—m(2p—1)-4"1-[ 2p—3)p + k;) (na —k—p)]

= n(2p 1) 47 [ (2p = 3)p+ (ma~ 2p +1)pnd

= O (p-n 47 [(na)* +p* = p )
= O (p-njn, -47) O

Multiplying the amount of non-terminal states in O with the upper bound of outgoing
transition arcs for each of those states, provides us with the complexity of the ops graph
as stated in Proposition [12]

5.8.1.3 Construction and complexity of the meta graph

The meta graph implicitly enumerates all drone tours in a given BS-R neighborhood
Nps_r(x,p). In order to achieve polynomial complexity of the meta graph, we reduce it
to so-called Nps_x-valid metastates and transitions which are relevant for Ngs_z (x, p),
while preserving the general architecture of the graph described in Section [5.3.3.1] In
this section, we prove Proposition [13| and Proposition which characterize the special

structure of valid metastates and transitions, respectively, given the new encoding scheme
introduced in Section £.3.3.2]

Proof of Proposition[I3 The necessity of the left hand side of Condition follows
straightforwardly from the definition of sets 5, and S;r. We refer to Balas, 1999 for the
proof of necessity for the remaining conditions.

Now suppose that for two sets S and Sk+ as defined by Equations , Condi-

tions ((5.11))-(5.13)) are satisfied. We can define a corresponding permutation o of [ny],
such that the BS precedence constraints for x" = (x,-1(1), Xo-1(2), s Xg-1(5,)) hold.

Set ¢(i) =i fori € [n4]\ (S US;") and consider any bijective mapping from S to
Sk+. Let check precedences for all possible configurations of a pair of indices 7,j € [n4]
with i+p <j:

= i,j ¢S, US!: by definition o(i) =i < j = 0(j)

= i ¢S U S,j and j € S, : then by definition and Condition (5.13),
o(j) >min{h:he S} >max{l: 1S }—p>j—p>i=oc(i)
= i ¢S US andje Sl theni <kando(j) >k>i=0c(i) by definition

i€ S;’: then we must have j ¢ S,” U S,j because of Conditions 1) and 1'
So,

o(i) <max{l:1e S} <min{h:heS}+p<it+p<j=0(j)

i€S,:thenj>kandjé& S U S;“ because of Conditions (b and 1) So,
o(i) <k <j=0(j)

In Section we assumed that the maximal flight time e;,,, suffices to visit each des-
tination in a return flight from its closest-by RL. Since state (Sk_,S;,w) is relevant for
this 74, it is Ngs_r-valid. ]
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Proof of Proposition[I4. The case of h = 0 is straightforward.

Consider h > 1. Let S = [k] \ S US; and T = [k+ k] \ S, US,., be the index
sets of the k first visited and k + & first visited destinations respectively. By the definition
of transition arcs in Section [5.3.3.1] the following should be true: S C T.

Let show that S C T is equivalent to Conditions ((5.14))-(5.16).

Given j € S, let show that j € T by analysing the following cases:

= j <k Then j ¢ S (by definition of S), j ¢ S;, because of Condition (5.16)).
Thus, j € T.

= k <j<k+h: Since j €S, we have j € S,". Then j € T because of Condi-
tion ([5.15)).

= j>k+h: Sinceje€S, wehavejeS, . Thenj & T because of Condition ((5.14).

The necessity of conditions Conditions (5.14))-(5.16)) if S C T follows straightforwardly.
Now, we need a formula to deduce the operation set O = wHuw' corresponding
to the transition arc between metastate (S, ,S,",w) € V at stage k and metastate
(St S w') € V atstagek+ 1, > 1, with the new encoding. Let I, = [k] \ S;7 US;
and Iy = [k+ 1]\ S, US,,, be the index sets of the k first visited and k + i first
visited destinations, respectively.
We can compute the set of destinations H as H = {v; : | € I}, with

I =L\ k= ({k+1,...,k+h}USTUS )\ (S, USK) (5.36)
Note that we got the second equality of by applying the well-known set properties
(1) A\(BUC)=A\B\C=A\C\B
(2) (AUB)\C=(A\C)U(B\C)
(3) A\N(B\C) = (A\B)U(ANC)
to Ir.y and I from the left-hand side. ]

Given the characteristics of Nps_r(x, p)-valid metastates from Proposition ,
Proposition counts the amount of these states in the metagraph. The proof also
sketches the construction for these states at fixed stage k which we use to fill in the

lookup table (cf. Table[5.2)).

Proposition 17. For a given sequence of destinations x and a given parameter p, meta
graph G for neighbourhood Ngs_r(x,p) has O(ngn,2P) states.

Proof. Consider state (S, ,S,",w) with i := [S,/| = |S}f| > § at some typical stage k
(i.e., neither the first (p — 1) nor last (p — 1) stages). If i = 0, there is exactly one
possible pair of sets S, = S,j =@. For1 <i< L%j the rules of Proposition allow
us to construct all Ngs_x-valid meta states in the following manner:

Let denote m := max{l : | € S, }. S_ and S; can be chosen as any i-sized
subsets of {k+1,k+2,...,m} that include m, and {m —p+1,...,.k —1,k}, respectively.
To ensure that Skf,Sk+ fit i elements, the range of possible values for m is given by:
k+i<m<k+p—i
Putting all together, the amount of Ngs_gr-valid metastates at stage k equals exactly:

i=1m=i

ng p—i -1 _
(EEENE) e e
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where Equality can be proven in a similar fashion as Lemma 4.6 in (Balas,
1999).

For non-typical stages, we can adapt a similar construction procedure of states, and
further limit S, and S to subsets of [ng]. The statement of Proposition follows
straightforwardly.

5.8.2 Supplement: Pseudocodes for main functions of VLNS

The implementation of the neighborhood search VLNS is based on three main functions
only: The function extend_operations(w) is called for each RL w € V, and, stage by
stage, extends states of the operations graph described in Section 3.2.1 towards non-
terminal NVgs_x-valid states, by prolonging a drone flight by one not yet visited destina-
tion. The function close_operations gets as input the state collections VO for w € V,
created by extend_operations(w) and closes feasible Nzs_g-valid operations. The out-
put of the latter is the collection of all feasible, Ngs_r-valid operation sets OP*ps_xg,
where each operation set is associated with its lowest-possible makespan and the visiting
sequence to attain this makespan is re-traceable with the information stored in VOU.
The function close_operations calls two auxiliary routines, closing_distance and clos-
ing__location, which take as input some v € V;. The output of closing_distance(v)
is a vector with 7, entries, which orders the distances of v toward each RL w € V,,
ci(v,w), in an increasing fashion. For the same v € Vj, closing__location(v) returns a
list of RL's, ordered in the way of increasing distance toward v. The pseudocodes for
extend_operations and closing_distance are presented by Algorithms [4] and [5]

Algorithm 4 extend_operations

L Input w € V,, ny:= |Vy| , x = (v1,..., vn,) visiting sequence of V;, p € IN parameter
2: VOV «+— @ ;

3: # Extensions from initial state (w, @, w) of operations graph

4: for ic[1,n4] do

5 if ci(w,v;) +min{cy(v;, u)|u € V;} < emax] then

6: add state s = ({i}, i) to VO” with s.value = c(w,v;),s.last = w,s.m = i,s.M = i;
7 end if

8: end for

©

# Extend other states in the order of increasing stage k
10: for k € [1,n; — 1] do
11:  for all states s = (S,j) € VOV with |S| =k do

12: treshold = max{s.M,s.m + 2p};

13: for ie ([1,n4]\S)N[s.M—p+1,min{n,treshold —1}] do

14: z <+ s.value + cd(vj,vi);

15: if state s’ = (SUi,i) ¢ VO and z + min{c,(v;, w)|w € V;} < eyax then

16: add s’ to VO with §'.value = z,s'.last = j,s'.-m = min{i, s.m},s'.M = max{i,s.M};
17: else if state s’ = (SU,i) € VO and z < s'.value then

18: update s’ in VO with s'.value = z,¢'.last = j,s'.m = min{i, s.m},s’. M = max{i,s.M}
19: end if

20: end for

21: i + treshold ;

22: whilei —p € Sandi <n; do

23: if i € [1,n4]\ S then

24: z < s.value + cd(v]-, v;);

25: if state s’ = (SU4,i) ¢ VOY and z +min{cd(x]-,w)\w € V;} < epmax then

26: add s’ to VO with §'.value = z,s'.last = j,s'.-m = min{i,s.m},s'.M = max{i,s.M}
27: else if state s’ = (SU,i) € VOV and z < s'.value then

28: update s’ in VO with s'.value = z,¢'.last = j,s'.m = min{i, s.m},s’.M = max{i,s.M}
29: end if

30: end if

31: i+—i+1

32: end while

33: end for

34: end for

35: Return YOV
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Algorithm 5 closing__operations

1: Input VO for w € V;, x = (vy, ..., U, ) Visiting sequence of V;, p € IN parameter;
2: OPis_g < D;
3: for w € V, do

4 for all states s = (S,i) € VO do

5 j+< 1

6: z < s.value + closing_distance(v;)1;

7: while z < ¢, do

8: u « closing_location(v;);;

9: if ¢,(w,u) < emqax then

10: if state s’ = (w, S, u) ¢ OPjg_ then
11: add s’ to OPgg_g with s’ .value = max{z, c-(w,u)},s last = i,
12: else if max{z,c-(w,u)} < s'.value then
13: update s’ in OPgg_g with s'.value = max{z,c,(w,u)},s" last = i
14: end if

15: end if

16: if j <n, then

17: j—Ji+1

18: z = s.value + closing_distance(v;);;

19: else

20: break

21: end if

22: end while

23: end for

24: end for

25: Return OPgg_p

The function metagraph of Algorithm [f] takes as input the set of Ngs_g-valid op-
erations OPjs_g and the lookup table (cf. Table 2) of Ngs_g-valid metastates with
respect to the parameter p € IN. It creates the metagraph in a forward movement, by
extending states of type s = (k,ind, w), where k is the number of visited destinations
and the stage of state s , ind is the index of the Ngs_xr-valid meta state s in the lookup
table and w € V, is the current position of the drone at an RL. Each state s is attributed
with the following information s.value is the minimum time to reach this state, s.leg
contains the RL w’ € V”, such that the current position w was reached directly through
the recharging leg r = (w’,w), and s.last saves the predecessor state before going that
recharging leg.

5.8.3 Supplement: Special case of DRP-E with a single depot

Consider instances with a single depot wy = w;. The first and the last visited destinations
of a good drone tour 7t; will probably be geographically close to wy and, thus, close to one
another. This implies that it may be reasonable to visit destinations at terminal and initial
positions of sequence x = 714(V;) within the same operation. But BS-R neighbourhood
does not allow this if n; > (2p 4+ 1) and if the maximal flight time ey is limited. For
example, as follows from Lemma 1, v; and v,, may belong to the same operation only if
destinations [01p, Uy, p] belong to it as well.

The adaptation of neighbourhood Nps_%(x,p) to the case of the single depot is
not straightforward. We proceed as follows: After having examined Ngs_%(x,p) as
described above, we create a small number, p(p — 1), of additional permutations of x by
shifting one node in x either from one of the (p — 1) positions in the beginning to one of
the (p — 1) positions in the end of sequence x, or vice versa. For each such permutation,
we compute an optimal positioning of the RLs in O (n3n?).

The computational complexity of VLNS remains unchanged.
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Algorithm 6 function metagraph

N RN

. Input set of Nps_g-valid operations OPjg_r, lookup
. # Initialization

M <« {so} where sg is the initial state so = (0,0, wp) with sg.value = 0, so.leg = None, so.last = None ;
# Start main loops

: for i € [0,n,] do

# Extend by replenishment legs
for all states s = (k,ind, w) € M with k =i do
if s.leg = None or s.leg = w then
for u € V, do
z = s.walue + ¢, (w, u);
if state s’ = (k,ind, u) ¢ M then
add state s’ to M with s'.value = z,s'.leg = w,s’ — last = s.last
else if s'.value > z then
update state s’ in M with s’.value = z,5'.leg = w,s’ — last = s.last
end if
end for
end if
end for
# Extend by operations
for all states s = (k,ind, w) € M with k =i do
forall je [1,n;—kl,u €V, do
In row ind (which encodes the current Ngs_g-valid state s at stage k) and in column j+ 1 of lookup,
we find the list of state indices at stage k + j which can be reached by an Nps_g-valid transition
from the current state s
for each state index ind’ € list do
Let H be the set of destinations corresponding to this transition, given by the formula from
Proposition
if op = (w,H,u) € OPjg_p then
z = s.value + op.value;
if state s’ = (k+j,ind’,u) ¢ M then
add state s’ to M with §’.value = z,5'.leg = None,s' — last =s
else if s’.value > z then
update state s’ to M with s’.value = z,s'.leg = None,s' — last ='s
end if
end if
end for
end for
end for

: end for
. # Extend by last replenishment legs connecting to target depot
: for all states s = (n,ind, w) € M do

z = s.walue + ¢, (w, wp);
if state s’ = (n,0,wy) ¢ M then

add state s’ to M with s'.value = z,s'.leg = w,s' — last = s.last;
else if s’.value > z then

update state s’ in M with §’.value = z,s'.leg = w,s’ — last = s.last
end if

. end for
: Return M
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Chapter 6

Conclusions and future directions

In this thesis, we considered selected topics on online optimization and its associated
subproblems. The main goal was to contribute to the landscape of contemporary, real-
world dynamic optimization problems with new recommendations for good online policies
based on solid analytical studies and evaluation mechanisms.

Some background about online algorithms and the difficulty of evaluating them has
been provided in Chapter|[l} including a glimpse on the importance of robotic applications
in dynamic environments. In Chapter [2| we formally introduced the Online Order Batch-
ing, Sequencing, and Picker Routing Problem (OOBSRP) with manual- and robotic carts,
and demonstrated through competitive and probabilistic analysis, as well as a computa-
tional validation, the close-to-optimal performance of the myopic reoptimization policy
(Reopt). Chapter [3| continued the study of OOBSRP from a managerial perspective, by
providing actionable advice on how to reduce both the operating costs and the deliv-
ery times through simple algorithmic enhancements, by conducting a pattern analysis of
Complete-Information Optimal policy Solutions (CIOSs). Chapter [4] turned to disaster
relief distribution with dynamically revealing edge blockages, specifically the Traveling
Salesman Problem with a Truck and a Drone under Incomplete Information (TSP-DI),
and presented a parametric competitive analysis for Reopt, a conservative- delivery policy,
and a policy with prior drone surveillance. Given the technicality of the study, the battery
limitations of the drone have been left aside and considered separately in Chapter [, which
develops the very large-scale neighborhood search VLNS, a general algorithmic tool to
tackle drone routing with energy replenishment.

Our research highlights the volatility of what characterizes a good online algorithm
with the structure of the given problem: While myopic policies are near-optimal in order
picking with dynamically arriving orders, myopic decision-making could be the downfall
of truck-and-drone deliveries with network uncertainty. The same was observed for an-
ticipatory mechanisms: In OOBSRP, the intuitive meaningfulness of strategic waiting,
i.e. the deliberate delay of picking for a better fit of future orders, was deceptive (see
Chapter [3)), while in TSP-DI, the seemingly conservative postponement of relief deliv-
ery for additional knowledge acquisition demonstrated extremely useful (see Chapter [4)).
Managers and planners should keep this in mind and analyze carefully the nature of their
problem at hand, before trusting their instincts on allegedly forward-thinking tweaks, and
also before investing in high-stake advanced anticipatory mechanisms - in some cases,
the latter will lead to substantial increases in profitability and cost efficiency, in other
cases, the improvements to simple policies might be only marginal. Last but not least,
managers should also give thorough consideration to implementing automation and inte-
grating robots in their dynamic environment - their mechanical abilities may potentially
allow for an important expansion of algorithmic limits (see Chapter [4]).

A similar recommendation shall be addressed to academics entering the field of online
optimization. Before pursuing sophisticated learning-based and data-driven approaches,
they should first carefully assess the accessibility and reliability of the available data
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and the stochastic assumptions in the targeted dynamic environment. Additionally, they
need to evaluate the importance of robustness and worst-case performance compared
to average quality and speed in the associated applications. Following this, conducting
competitive or probabilistic analyses, as well as developing and learning from optimal
online algorithms on targeted subproblems, could be extremely beneficial. This process
will enhance their understanding of the problem at hand and provide a solid foundation
for further investigations. A wide array of practical dynamic optimization problems may
benefit from this class of analytical studies, representing a largely unexplored field that
offers numerous rich research opportunities.

This dissertation, which has forged a path in this direction for online order picking
and delivery with dynamic edge blockages, has answered numerous research questions,
but it has also opened the door to many more. Recall for instance Conjecture [I] of
Chapter [2] that left the intriguing question, of whether Reopt for OOBSRP under the
Poisson process model for order arrivals pertains its asymptotic optimality for all rates of
incoming orders, or, whether there exist fixed thresholds for rates bounding this property.
On a more practical side, the recommendation of simple policies may have to be revised,
when extending the problem definition of OOBSRP to packing and delivery, or, to the
collaboration of multiple pickers. The latter for instance, may add an additional source of
dynamism (see Section to the problem through dynamic congestion of the aisles,
which could alter the algorithmic properties. Similarly, additional problem features may
be incorporated in the study of TSP-DI, like, for instance, the extension of uncertainty
to the demand of relief supply, the collaboration of multiple vehicle teams, and - most
importantly, the energy limitations of the drone. The developed VLNS in Chapter 5 is
inherently designed to seamlessly integrate into algorithmic schemes like reoptimization or
the multiple scenario approach (cf. Section [1.1.2)), paving the way for exciting algorithmic
research in the area of dynamic robot routing problems.
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