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Abstract

Alma Mater Studiorum - Universita di Bologna

Department of Statistical Sciences “Paolo Fortunati”

Doctor of Philosophy in Statistical Sciences

Essays on Latent Factor Models in Financial Markets:

A Focus on Commodity Prices and Volatility Dynamics

by Christian TEZZA

This PhD dissertation investigates financial applications of factor models, or latent variable
models, with a focus on model specifications that link observable processes to multiple under-

lying drivers in two distinct contexts: the modeling of volatility and commodity prices.

Empirical evidence indicates that the conditional volatility of financial assets is more accu-
rately captured by models that incorporate multiple stochastic components. Numerous studies
have demonstrated the superiority of two-factor models over single-factor models in effectively
capturing the complex dynamics of volatility. The generalized autoregressive conditional het-
eroskedasticity (GARCH) model, originally proposed by Bollerslev (1986), is one of the most
popular models for filtering volatility in discrete time. Despite recent advancements in the
literature of two-factor GARCH models, theoretical properties, such as ergodicity and strict
stationarity, and further rigorous empirical testing are still lacking. This dissertation con-

tributes to the literature by proposing a novel two-factor GARCH model.

Regarding the modeling of commodity prices, it is well established that the uncertainty inherent
in commodity price dynamics is a complex phenomenon, making it challenging to achieve ac-
curate representations of reality and reliable future predictions. Consequently, there has been
significant interest in models capable of capturing the stylized facts of different commodity
prices. Among these, multi-factor affine models have been particularly valued for their ana-
lytical tractability and ease of estimation using the Kalman filter. This thesis demonstrates
their practical relevance through a novel empirical application, highlighting their potential to

address the complexities associated with commodity price dynamics.
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Chapter 1

Introduction

In recent years, there has been a significant increase in the use of latent factor modeling for
financial purposes. This growth is driven by easier access to large amounts of data and advances
in computing power, which enable the development of complex models to analyze extensive
financial time series data. However, creating and fine-tuning latent variable models can be
challenging, as their specification and estimation are often difficult to establish. Additionally,
with so many models available for financial time series, it is crucial to compare the results from

different models to identify the most effective specifications.

In this doctoral thesis, we focus on two financial topics: market volatility and commodity
prices. The primary goal is to offer new approaches and methods in factor modeling that could

be useful for analyzing complex financial data more effectively.

1.1 Overview

The modeling of equity returns volatility in this thesis builds on the successful Heston-Nandi
model, developed in Heston and Nandi (2000), which provides a semi-analytical formula for
computing European option prices and captures key empirical stylized features. This work con-

tributes to the GARCH literature by proposing two distinct models. The first is a novel GARCH
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model that integrates two sources of uncertainty to capture the complex, multi-component dy-
namics observed in financial asset volatility. The second is an improved GARCH model, build-
ing on the two-component approaches of Christoffersen et al. (2008) and Oh and Park (2023),
ensuring the positivity of return volatility both theoretically and empirically. For both models,

we provide a detailed statistical analysis, supported by theoretical and empirical results.

The dynamics of commodities are influenced by several latent factors, as discussed in, e.g.,
Schwartz (1997), Hughen (2010), and Schéne and Spinler (2017). State-space modeling is a
widely used approach in this context, particularly suited for capturing these underlying factors.
Within a linear framework that assumes Gaussian random errors, state-space models can be
efficiently handled using the Kalman filter, originally introduced by Kalman (1960). By utilizing
the Kalman filter, we model commodity prices based on multiple latent factors and conduct

rigorous empirical tests to evaluate the model’s effectiveness and performance.

1.2 Main Contributions of the Thesis

The first two chapters of this thesis are devoted to the analysis of financial volatility modeling.
We propose two innovative nonlinear time series models of the GARCH type that are particu-
larly useful for revealing the complex behavior of volatility. Our approach builds on the seminal
work in the Heston-Nandi model class, which introduces asymmetric nonlinear GARCH models.
As discussed later in this thesis, a distinctive feature of this class of models is their ability to
provide a semi-closed form formula for pricing European options. This area has been explored
extensively in recent years, as evidenced by works such as Christoffersen et al. (2008), Christof-
fersen et al. (2012), Ghanbari (2024), and Wang et al. (2024). We contribute to the existing
literature by extending some of these models to a more general framework and providing both
theoretical and empirical justifications. Our focus on GARCH component models is motivated
by their ability to address the challenges of nonlinear time series modeling with a high degree

of generality and clarity.

The last chapter of this thesis addresses the modeling of commodity prices. There has been
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significant development in financial products within commodity markets and the mathematical
modeling behind such transactions over the last 20 years. Oil futures, in particular, have become
the most heavily traded commodity globally. There is a continuing interest in understanding
how the prices of oil futures evolve over time and across maturities, and which factors influence
their dynamics. In this work, we contribute to the existing literature, as highlighted by Schwartz
(1997), Hughen (2010), and Schone and Spinler (2017), by proposing a novel multi-factor model.
The primary advantage of the proposed specification over previous models is the development of
a joint framework that enables a more accurate estimation of the underlying factors influencing
commodity prices. Consequently, this framework also facilitates the study of dependencies

between futures and other asset classes, such as bond yields.

1.3 Structure of the Thesis

e Chapter 2: (based on a joint work with L.V. Ballestra and E. D’Innocenzo)
We introduce a novel GARCH model that integrates two sources of uncertainty to better
account for the rich and multi-component dynamics often observed in the volatility of
financial assets. This model offers a quasi closed-form representation of the characteristic
function for future log-returns, from which semi-analytical formulas for option pricing
can be obtained. A theoretical analysis is conducted to establish sufficient conditions for
strict stationarity and geometric ergodicity, and to derive the continuous-time diffusion
limit. Moreover, we perform both in-sample and out-of-sample empirical analyses using
the S&P500 time series, and we show that the proposed model outperforms popular

benchmark models on both returns and option prices.

e Chapter 3. (based on a joint work with L.V. Ballestra and E. D’Innocenzo)
Christoffersen et al. (2008) proposed an improved Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) model for valuing European options, in which the volatility
of returns comprises two different components. They provided evidence suggesting that

their model outperforms the single-component GARCH model developed by Heston and
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Nandi (2000) and fits options data better than an approach combining conditional het-
eroskedasticity and Poisson-normal jumps. However, as demonstrated in Bormetti et al.
(2015) and Oh and Park (2023), the modeling specification proposed by Christoffersen
et al. (2008) permits the variance process to become negative. Oh and Park (2023) par-
tially addressed this issue by developing a closely related model to the one proposed in
Christoffersen et al. (2008), but the positivity of the volatility components is still not
guaranteed, either theoretically or experimentally. The present paper proposes a new
model that improves the models proposed by Christoffersen et al. (2008) and by Oh and
Park (2023) and guarantees the positivity of the volatility of log-returns. Compared to the
approaches in Christoffersen et al. (2008) and Oh and Park (2023), the novel methodology
demonstrates similar in-sample performance on returns data and superior performance

on S&P500 options data.

e Chapter 4: (based on a joint work with L.V. Ballestra)

We propose a novel multi-factor model for commodity pricing that accounts for four dis-
tinct risk factors, including stochastic volatility, convenience yield, and stochastic interest
rates. The model accommodates key stylized facts of commodity prices, such as dynamic
correlation structure and time-varying risk premiums. We employ a Kalman filter-based
estimation framework, which enables simultaneous estimation of model parameters and
filtering of state variables using a joint term structure of futures prices and bond yields.
Through an empirical analysis of crude oil futures, we benchmark our model against pop-
ular models. Our findings demonstrate that the proposed four-factor model effectively
captures the complexities of futures term structures and outperforms existing models.
This advancement is expected to enhance risk management strategies and support in-

formed decision-making in commodity markets.

Contribution statement
C. Tezza: Conceptualization, Methodology, Formal analysis, Investigation, Data curation,

Writing — original draft, Writing — review & editing. L.V. Ballestra: Conceptualization,
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Methodology, Formal analysis, Investigation, Writing — review & editing, Supervision. E.
D’Innocenzo: Conceptualization, Methodology, Writing — review & editing, Supervision, Data

curation.
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We introduce a novel GARCH model that integrates two sources of uncertainty to better capture
the rich, multi-component dynamics often observed in the volatility of financial assets. This
model provides a quasi closed-form representation of the characteristic function for future log-
returns, from which semi-analytical formulas for option pricing can be derived. A theoretical
analysis is conducted to establish sufficient conditions for strict stationarity and geometric
ergodicity, while also obtaining the continuous-time diffusion limit of the model. Empirical
evaluations, conducted both in-sample and out-of-sample using S&P500 time series data, show
that our model outperforms widely used single-factor models in predicting returns and option

prices. The code for estimating the model, as well as for computing option prices, is made

accessible in MATLAB language!.

!The model code is available at the GitHub repository: github.com /tezzachris/GARCH
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2.1 Introduction

Empirical evidence indicates that the conditional volatility of financial assets is influenced by
several stochastic components. Researchers have demonstrated the superiority of employing
two factors over a single factor in capturing and modeling the rich and multifaceted dynamics
of volatility. For example, Alizadeh et al. (2002), Bollerslev and Zhou (2002), and de Magistris
and Grassi (2015) support stochastic volatility specifications that incorporate two sources of
uncertainty, highlighting the inadequacy of a simple one-factor volatility model to fully account
for the dynamic dependencies observed in the daily volatility of exchange rates. Additionally,
Gallant et al. (1999) and Chernov et al. (2003) find that two-component volatility specifications
provide higher accuracy than single-factor models when fitting equity market data and conclude

that at least two components are necessary to capture the dynamics of volatility.

In addition, Bates (1996), Taylor and Xu (1994), Fouque et al. (2004), Schwartz and Trolle
(2009a), and Fouque and Lorig (2011) demonstrate that the introduction of a second volatility
factor is crucial for capturing the behavior of the volatility surface implied by options. Moreover,
Bates (2000) and Christoffersen et al. (2009) propose two-factor stochastic volatility models that
significantly outperform closely related one-factor models both in-sample and out-of-sample
when applied to equity options data. Furthermore, Christoffersen et al. (2012) highlight the
potential of multi-factor models for capturing time and cross-sectional variations in the implied

volatility structure.

The aforementioned research documents the significantly superior performance achieved by
multi-factor volatility models in continuous time. However, theoretical and empirical studies
have also explored the multi-factor nature of volatility in discrete time. The generalized au-
toregressive conditional heteroskedasticity (GARCH) model, originally proposed by Bollerslev
(1986), is one of the most popular and effective single-component models for filtering volatility
in discrete time, as it inherently allows for direct estimation of volatility from historical returns.
Consequently, given the complex and multifaceted nature of volatility observed empirically in

financial markets, researchers have generalized the original GARCH model to incorporate two
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volatility components.

Ding and Granger (1996) propose a novel approach to modeling volatility persistence by em-
ploying two GARCH components, demonstrating a significant likelihood improvement over the
standard GARCH model when applied to S&P500 daily returns data. Another two-component
GARCH model is developed by Engle and Lee (1999), who provide evidence in support of
volatility decomposition into two components by investigating the US and Japanese stock eq-
uity markets. Adrian and Rosenberg (2008) further advance this area by proposing a GARCH
model with short-run and long-run components that significantly outperforms one-component
GARCH-type models. Leveraging this approach and building on the work of Engle and Lee
(1999), Christoffersen et al. (2008) introduce a Heston-Nandi GARCH model with two volatility
components, demonstrating excellent option pricing performance compared to a one-component
GARCH model. The model of Christoffersen et al. (2008) was generalized by Christoffersen
et al. (2014) and Bormetti et al. (2015) by also including the realized variance. Additional evi-
dence supporting the effectiveness of two-component models on equity returns data is presented

in Christoffersen et al. (2010) and Conrad and Kleen (2020).

All the two-component models mentioned so far have considered a single innovation term in
the return equation. However, there is no inherent rationale to assume that both volatility
components are driven by the same stochastic factor. In contrast, Fouque et al. (2000) and
Fouque et al. (2003) extensively document the presence of two distinct volatility scales in re-
turns driven by different random processes. Employing two different innovation terms seems
appropriate, as the volatility components may relate to diverse sources of uncertainty. For
example, Adrian and Rosenberg (2008), Engle and Rangel (2008), and Engle et al. (2013), who
propose two-component models with single innovation factors, indicate that one volatility com-
ponent captures market skewness risk, which may be interpreted as a measure of the tightness

of financial constraints, while the other volatility component models business cycle risk.

This underscores the advantage of employing a different stochastic factor for each volatility
component. Notably, Wang et al. (2024) recently developed a non-affine model utilizing two

variance components with two different stochastic factors by incorporating the realized variance.
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However, their approach implicitly assumes that both variance components are predictable,
as both the returns and the realized variance are observable. Moreover, Ghanbari (2024)
proposed a two-factor GARCH model that aims to capture the volatility of returns through two
independent stochastic components. Nevertheless, the equations describing the two volatility
components are independent, so the model does not account for spillovers between the volatility
components, which may limit its ability to fully capture the complexities of the interaction

mechanisms driving volatility dynamics.

Therefore, in the present work, filling a gap in the GARCH literature, we propose a GARCH
model that incorporates two distinct components, each driven by an independent and unobserv-
able innovation factor. In particular, by including two different stochastic factors, consistent
with Engle and Rangel (2008), Adrian and Rosenberg (2008), and Engle et al. (2013), we allow
the model to effectively adapt to diverse market conditions and discern different market trends.
For instance, as evidenced by the empirical analysis conducted in this paper, we can accurately
identify two volatility components with different reactions to external shocks. Furthermore,
our approach provides flexible modeling of volatility spillovers, incorporating the influence of
each volatility component’s lagged value on the other, thereby capturing dynamic interactions

between the two volatility components.

From a mathematical standpoint, the model we propose is a bivariate affine specification that
extends the one-factor GARCH model of Heston and Nandi (2000), allowing for a closed-form
expression of the moment-generating function, which allows for quasi closed-form derivatives
pricing. Notably, our proposed framework nests the recent model by Ghanbari (2024), as
it allows for a richer interaction structure between the volatility components. Additionally,
the continuous-time limit of our volatility process recovers the popular stochastic volatility
specification by Christoffersen et al. (2009). Importantly, this study is the first in the literature
to derive conditions for geometric ergodicity and strict stationarity in a GARCH model driven

by two stochastic factors and two volatility components with coupled dynamics.

We test the empirical performance of the proposed two-factor GARCH model by comparing it

against closely related models such as the one-factor model of Heston and Nandi (2000), the



2.2. Modeling Returns with Two Factors 11

component GARCH model of Christoffersen et al. (2008), and the two-factor GARCH model
of Ghanbari (2024). We conduct extensive in-sample and out-of-sample exercises, focusing on
the S&P500 total return time series. The results show that our model exhibits superior per-
formance compared to the benchmark models in explaining the cross-section of equity returns.
Specifically, the introduction of a second innovation term significantly enhances the empirical
fit compared to single-innovation benchmarks. Furthermore, the advantage of incorporating
volatility spillovers leads to a marked improvement in predictive accuracy, both in-sample and

out-of-sample, when applied to returns data.

Finally, after deriving the risk-neutralized version of the proposed model, we utilize it for pricing
options written on the S&P500 index. The empirical findings show that the inclusion of a
second factor generally enhances the option pricing performance compared to single-innovation

benchmark models across various moneyness and maturity levels.

The remainder of the paper is organized as follows. In Section 2.2, we introduce the GARCH
model with two innovations, establish sufficient conditions ensuring ensuring strict stationarity
and geometric ergodicity, and derive a continuous-time limit. Section 2.3 discusses the param-
eter estimation procedure in detail. In Section 2.4, we briefly review some popular (affine)
GARCH models that we use as benchmarks. Section 2.5 presents the empirical performance of
the proposed model and the benchmarks when applied to the S&P500 total return time series.
In Section 2.6, we perform the risk-neutralization, derive the expression for the characteristic
function, and in Section 2.7, we test the models in pricing options written on the S&P500.

Finally, Section 2.8 concludes. All mathematical proofs are gathered in the appendix.

2.2 Modeling Returns with Two Factors

In this section, we introduce a novel bivariate GARCH model with two innovation factors to
capture the different components of the volatility of log-returns. This model will be labeled

GARCH with two factors (GARCH-2F).

Let S; denote the price of a risky asset at time ¢t € Z and let us consider the total log-return
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R, = 1n(%), including the dividend D;. We model the return process as follows:

Ry = py + /14214 + /U212y, (2.1)

where vy, and vy denote the time-varying variance components. Moreover, we specify the
conditional expected return as p, = r + A(v1; + va), where r represents the (constant) risk
free rate and A is the (constant) risk premia parameter. Unlike traditional GARCH models
and similarly to continuous time stochastic volatility models, the specification in (2.1) contains
two sources of risk, Z;; and Zy,, and we assume Z £ N(0,1), Zs, big N(0,1) with Z;,

independent from Z,, for all ¢ € Z. Note that the (conditional) total variance of returns is

equal to vy + voy.

We model the time-varying variance components via the following bivariate system of equations:

2

V1t w1y B Biz| |[vig—1 o ar| | (Zig—1 — v /U11)
+ + )

Vot ) 521 522 V2,t—1 Qo1 (gg (Z2,t—1 - 72\/7)2,15—1)

Equation (2.2) specifies two volatility processes governed by Heston-Nandi type GARCH(1,1)
dynamics, see Heston and Nandi (2000), allowing spillovers between each variance compo-
nent and innovation component. The specification includes only one lag in order to keep
a parsimonious structure, but further lags can be added. Note that there is no spillover if
P2 = P21 = aia = ag; = 0. Moreover, if wy = B19 = B = fo1 = @12 = oy = a1 = 0
we obtain a model with a single volatility component driven by the standard Heston-Nandi
dynamic, see Heston and Nandi (2000). We note that y; and -, introduce asymmetry in how
volatility responds to shocks, which reflect different sensitivities to negative news between the

two volatility components.

Assumption 2.1. To ensure the positivity of the variances we assume that the parameters of
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model equations (2.2) satisfy the following conditions:

Wi > 07 Bl] Z 07 aij 2 07 Za] = 1727 (23)
a1 + Qg > O, 91 + Qigg > O,

Bi1 + Bz >0,  Par + B > 0.

2.2.1 Stationarity and Ergodicity

In this section, we derive sufficient conditions under which the model given by (2.1) and (2.2)

generates stationary and ergodic trajectories.

We prove the geometric ergodicity of {R;,v;}, where v, = (Uu,vz,t)T, based on the Markov
chain stability theory of Nummelin (1984) and Meyn and Tweedie (1993). To this aim, let us
define D = |wy, 00) X [we, 0) and let us consider the following (non-linear) state representation

of model (2.1)-(2.2):

Rt = [t + G('Ut, Zt)a (24)

Uy = F(’Ut—h Wt)y (25)
where W, = Z,_; and G : D x R? = R, and F : D x R?> — D, are defined as follows:

Z14
Gtonzo = |y ] | ).

Loy

(Wl,t - 71\/1)1,1&—1)2

F(’Utfl, Wt) = w + ,th,1 + « ,

(WZ,t - 72\/U2,t—1) 2
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4 Bi1 Pre a1 Qg2
where w = |w; wy| ;B = and a =

Bar Baz Q21 (2
The process for v, is a homogeneous Markov chain with state space (D, B), where B is the
Borel o-algebra on D. Following Chapter 7 of Meyn and Tweedie (1993), we define inductively
a sequence of functions Fy by Fi(x,W1,... W) = F(Fy(x,Wy,..., W), W) for
t =1,2,3,..., so that, for any initial condition vg = @ and ¢ > 1, we can use equation (2.5)
recursively to obtain v, = Fy(x, W,..., W}). If we replace the random disturbances {W}
with a deterministic control sequence, say {w;}, we obtain the so-called deterministic control
model associated to the non-linear state space model (2.5), see Chapter 7 of Meyn and Tweedie

(1993) for more details.

We use pipen(+) to denote the Lebesgue measure and P" (x, A) = P (v,, € Alvg = x), for x € D
and A € B, to denote the n—step transition probability measure of the Markov chain v;. For
n = 0 we have P’(x, A) = 14(x), that is the indicator of the set A: T4(x) = 1if ¢ € A,
Ta(x) =0if & ¢ A. For n = 1 the notation P(x, A) is used. We denote with ||| the Lo-
norm of any vector and matrix and by p(A) the spectral radius of any square matrix A, i.e.,

p(A) = max{|p;| : ; is an eigenvalue of A}.

For later purposes, we introduce the autoregressive matrix of the model (2.2):

Bu+anri P+ aneys
B _ 11 11 /1 12 12 /2 ' (26)

Bar + a1i Paz + anas
We state the definitions of the main concepts related to stationarity and ergodicity.

Definition 2.1 (Meyn and Tweedie (1993)). A Markov process {v;} is said to be geometrically
ergodic if there exist a probability measure ™ on (D, B), a constant 0 < ¢ < 1, and a w-integrable

nonnegative measurable function ) such that:

1P (e, ) =7( )l < "Qx), n=0, VxeD,
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where ||-[| gy, denotes the total variation norm, that is |||l = supjy < [#(g)| for any signed

measure [ on B.

Definition 2.2 (Meyn and Tweedie (1993)). The Markov chain {v:} is 1-irreducible if there
exists a measure 1 on B such that, for all x € D, whenever ¥(A) > 0, there exists some k > 0,

possibly depending on both A and x, such that P*(x, A) > 0.

If {v;} is ¢-irreducible there exists a maximal irreducibility measure M on (D, B), i.e., an
irreducibility measure such that all other irreducibility measures are absolutely continuous

with respect to M (Meyn and Tweedie (1993)). Moreover, we set B = {A € B: M(A) > 0}.

Definition 2.3 (Nummelin (1984)). A sequence (Ey, ..., Eq_1) of d non-empty disjoint sets in
B is called a d-cycle if for alli=0,...,d—1 and all x € F;:

P(x,E5) =0, j=i+1 mod (d).

If d =1, the chain is called aperiodic, otherwise is periodic.

Definition 2.4 (Nummelin (1984)). A set C' € BT is called small if there are n > 1, k > 0

and a positive measure v(-) such that

P'(z,) > kv(-), VzeC.

The following lemma appropriately defines the measure ¢ so that we achieve -irreducibility

and aperiodicity under mild-assumptions.

Lemma 2.1. If Assumption 2.1 holds, p(B) < 1, p(B8) < 1 and det(ax) # 0, the Markov chain
{v:} is Y-irreducible, where (-) = e, (- N Q) denotes the Lebesque measure restricted to the

set Q defined in equation (A.2) below. Moreover, {v;} is aperiodic.

Proof. See Appendix A.1.1. O

We note that in the proof of Lemma 2.1 we also derive an explicit form for the density of the

transition probability associated to (2.2), see equation (A.4).
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Studying the small sets of an irreducible chain allows us to derive its long-run probabilistic
behavior. Specifically, to prove geometric ergodicity, we first establish the following proposition

and preliminary lemma.

Proposition 2.1. If the assumptions of Lemma 2.1 hold and using the irreducibility measure
Y, the set C ={x € D : ||x| < r}, for any r > 7 where T is specified in equation (A.5) of the
appendiz, is a small set.

Proof. See Appendix A.1.2. O

Then, given that {v;} is irreducible and aperiodic, an appropriate small set exists and we can

provide sufficient conditions for the geometric ergodicity of the process { Ry, v, }.

Theorem 2.1. If the assumptions of Lemma 2.1 hold, then {R;,v;} is geometrically ergodic.

Proof. See Appendix A.1.3. 0

2.2.2 Continuous Time Limit

In this section, we derive the continuous time limit of the model in equations (2.1)-(2.2). We

adopt the convergence scheme of Nelson (1990) and also use the same notation.

Proposition 2.2. If Assumption 2.1 holds, as the time interval shrinks, the sequence {, Ry, yvi}
(defined in the Appendiz A.2.1) converges weakly (in distribution) to the solution {R;,v.} of

the following stochastic differential equations:

th == (7’ + )\(Ul,t + U27t))dt + \/Ul,tdWLt + \/Uz,tdWQﬂg,
dvy s = (w1 + aq1 + ang — 011014 — O19024)dE + 201171/ V1AW 4 + 2009724/ V2: AWy,  (2.7)

dvg s = (wo + a1 + oy — 021011 — o209 1) dt + 2009171 /V1,1AW3 1 + 20009721 /V2 1AWy 4,
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where the only non-zero correlations between Brownian motions are given by

E [dW:,,dW3,]) = —sign(y1)dt, E[dW,dWa,] = —sign(7ys)dt.

Proof. See Appendix A.2.1. O

We note that the set of equations (2.7) is analogous to the bivariate square-root stochastic

volatility specification considered, for example, in Christoffersen et al. (2009).

2.2.3 Three Nested Models

In this section, we present three parsimonious GARCH specifications nested within the GARCH-
2F model. This enables a comparison between the full GARCH-2F model and its nested

versions, where spillovers are either restricted or entirely absent.

The GARCH-2F 3 Model

In this model we partially remove the spillover between the two volatilities in Equation (2.2),

by imposing:

ﬁlQ = 521 = 0.

The GARCH-2F o« Model

In this model we remove the spillover between each volatility and the innovation driving the

other. This amounts to imposing:

19 = Qg1 — O
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The GARCH-2F a3 Model

In this model we remove all the spillover components given by the o and [ coefficients. This

amounts to setting:

fr2 = P = a1z = oz = 0. (2.8)

By implementing these restrictions, we can completely eliminate the spillovers between the
two volatility components, resulting in a more parsimonious variance process. Notably, under
the specification in (2.8), we recover the interesting two-factor GARCH model introduced by
Ghanbari (2024).

2.3 Parameter Estimation and Filtering

In this section, we illustrate a feasible and computationally efficient approach to estimate model
(2.1)-(2.2). Equation (2.1) contains two sources of unobservable uncertainty, Z; ; and Z, ;, which
implies that we cannot estimate the model as done in traditional GARCH models, rather we
need a filtering method. Following Christoffersen et al. (2012), we note that a key property of
a filter is that the filtered states are equal to their expected values conditional on the relevant
information set. Hence, we define the filtered estimates of Z;; and Z,; conditional to the

filtration F; = o({R¢, Ri—1,...}) at time ¢ as

Ziy = K[ Z;,

Fl, i=1,2 (2.9)

Since Z;; is normally distributed, then also R; is (conditionally) normally distributed so that
the conditional expectation in equation (2.9) can be computed using a well-known result on

Normal distributions conditioning, see Chapter 2 of Carlin et al. (2016), that is:
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. 1 (R -7
Ziy = ( i “’*), i=1,2, (2.10)

1/ :Ji,t V14t + Vgt

where fi; = r + AUy + Ua¢) and vy and s denoting the filtered estimates of the conditional

variances vy, and vq; respectively, which can be computed using equation (2.2)

~ 2
V1,4 w1 n B P2 U1,t—1 n 11 Qa2 (Zl,t—1—71\/v1,t—1>

_ ) (2.11)
52,75 ) 521 522 ;52,t—1 Qg1 Qg2 <ZQ,t—1—72\/52,t—1>

The log-likelihood function can now be constructed as the product of the conditional distribu-
tions across the sample. Specifically, conditional on ¥y 5 and U9%, the log-likelihood function

of returns is given by

T ~
T ~ ~ 1 Ry — Jip)?
éreturns<9) = —5 log (271'(7]1715 + UZJ)) - 5 Z (N L /it_) s (212)

where T' denote the length of the daily log-returns series.

2.4 Benchmarks Models

Given the affine and two-component structure of model (2.1)-(2.2), we will compare it with
the following models: the GARCH model developed by Heston and Nandi (2000), hereafter
GARCH-HN, the two-component GARCH model introduced by Christoffersen et al. (2008),
hereafter GARCH-CJOW model, and the GARCH-2Faf of Ghanbari (2024). Both models
employ a single innovation factor, and, for the reader’s convenience, they are briefly recalled

below.

2We note that in the estimation the initial values 91 o and 03 have been set equal to their long-run mean
values.
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2.4.1 The GARCH-HN Model

The return and the volatility processes are defined as follows

Rt =7r-+ )\Ul,t + N/Ul,tZty

Vi1 = wi + Brvie + o1 (Zy — 71\/U1,t)2,

where Z, 1 N(0,1).

2.4.2 The GARCH-CJOW Model

The component GARCH model proposed by Christoffersen et al. (2008) comprises three equa-
tions, one for the return process, one for the long-term variance component ¢;, and one for the

short-term variance component s;:

Ri =71+ XNa + s¢:) +Va + 5: 24,
Qi+1 = w1 + Buq + Oén(ZtQ — 1 =2vZaq + su),

str1 = (Bag + 9y3) st + o (Z7 — 1 — 272 Z4/q; + 1),

where Z, % N(0,1).

2.5 Empirical Results for Returns

In this section, we present empirical results for the total S&P500 daily adjusted log-returns time

series. Our data span from January 5, 1988 to December 29, 2023 (9069 daily observations),
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as shown in Figure 2.1.
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Figure 2.1: Daily time series of total S&P500 log-returns from January 5, 1988 to December
29, 2023.

2.5.1 In-Sample Analysis

The estimation procedure described in Section 2.3 requires, besides the time series of log-
returns, also the risk-free interest rate, which we proxy using the 3-month US Treasury Bill
rate. The data for the daily levels of the Adjusted Close Price for the S&P500 total Returns
series is retrieved from Refinitiv Datastream, whereas the data for the 3-month Treasury Bill

rate are gathered from the Federal Funds Effective Rate (FRED) dataset.

The in-sample results, based on the maximum likelihood estimation described in Section 2.3,
are illustrated in Table 4.2. To assess the model performance we consider the Akaike (AIC)
and the Bayesian information criteria (BIC). To further assess the goodness-of-fit of our model
specification we performed a likelihood ratio (LR) test for the GARCH-2F model and its three
nested models versus the one factor GARCH-HN model. The LR statistics are reported at the

bottom of Table 4.2.

As we may see, the GARCH-2F model and its nested versions provide superior goodness-of-
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fit to the returns data compared to the one-factor benchmark models. The LR statistic is
significantly higher, and the AIC and BIC values are lower by at least 60 points. Moreover,
the most parsimonious model, the GARCH-2Faf3 proposed by Ghanbari (2024), achieves 30
likelihood extra points compared to GARCH-CJOW and 130 points compared to GARCH-HN.
However, in comparison to GARCH-2Faf, results also highlight the significance of including
volatility spillovers, either through « for the GARCH-2F3 model or the g coefficient for the

GARCH-2Fa model specification.

We further assessed the volatility persistence for all the considered models. The persistences of
the two variance components vy ; and vq; in model (2.1)-(2.2) are defined as the two eigenvalues
of the autoregressive matrix B in (2.6). Whereas, the persistences, of the GARCH-CJOW
model, as discussed in Christoffersen et al. (2008), are equal to (11 + ;177 for the one volatility
component and By + o3 for the other volatility component. At the bottom of Table 4.2 we
present the persistences of the volatilities for all the models. A feature that characterize all the
component models is that the component displaying the highest S coefficient is also the one
possessing the lowest reaction to innovation shocks, as indicated by the o coefficient. However,
the persistence values do not differ significantly among the nested model specifications and are

aligned to the peristences of the GARCH-CJOW model.

When analyzing the model parameters, we observe that for all considered models, the first
volatility component returns a (; estimate around 0.9, which is commonly encountered in
the GARCH literature (see Heston and Nandi (2000), Christoffersen et al. (2008)). A similar
pattern holds for ay; and ;. The parameter w; is largely non-significant across most mod-
els, except for the GARCH-CJOW. In the component models, the second volatility component
exhibits higher sensitivity to innovations, as reflected by sy and 7,. The autoregressive pa-

rameter (oo for the second component is generally lower than 1, and is not always significant

in the GARCH-2F, GARCH-2F( and GARCH-2F«a models.

If we consider the spillover effects between the two volatility components in the GARCH-2F and
the GARCH-2F( models, the coefficients a5 and aip; are highly significant. In the GARCH-2F«

model, the spillovers through the 815 and By coefficients are also significant. Consequently, the
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more parsimonious GARCH-2F a3 specification proposed by Ghanbari (2024), which eliminates
spillovers between the two volatility components, is not fully capable of capturing the dynamics

of return data.

Table 2.1: Maximum likelihood estimation results.

GARCH-HN GARCH-CJOW  GARCH-2F GARCH-2F3 GARCH-2Fa  GARCH-2Faf
wr 0 1.115e-06™" 0 0 0 0
(8.849¢-09) (2.193¢-07) (6.925¢-08) (8.911e-09) (1.695¢-08) (2.792¢-10)
Wy 0 0 0 0
(5.268¢-08) (3.351e-09) (2.644¢-08) (6.743¢-10)
a;; 5.055e-06"" 1.764e-06""" 2.967e-07"" 2.966e-07""  4.676e-07""" 1.503e-07"""
(9.089¢-07) (3.426¢-07) (1.327¢-07) (1.069¢-08) (1.108¢-07) (5.654¢-10)
" 169.418™" 115.328" 107.640™ 107.638™ 145.708™ 358.980""
(17.864) (26.286) (32.944) (25.913) (88.501) (6.042)
B 0.812"" 0.9917 0.986™" 0.986™" 0.975"" 0.978"
(0.016) (0.001) (0.004) (0.004) (0.014) (0.001)
Q29 2.441e-06"" 5.334e-06"" 5.333e-06""" 4.195e-06™"" 1.039¢-05""
(7.818¢-07) (8.491e-07) (8.110e-07) (1.556¢-06) (2.069¢-07)
Yo 369.261""" 419.987" 420.007"" 469.691"" 154.782""
(115.072) (37.253) (33.263) (85.395) (2.691)
B 0.539" 2.599¢-07 1.607e-06 0.011 0.684™
(0.127) (8.989¢-07) (1.903¢-06) (0.019) (0.013)
o 2.921e-08""  2.921e-08""
(1.155€-08) (1.185¢-08)
Q21 1.716e-06™"  1.716e-06"""
(6.431e-07) (6.072e-07)
Bha 0 0.005™"
(2.107¢-08) (0.001)
Ba1 0 0.058"
(1.373¢-08) (0.030)
A 1.101 1.115™ 1.630 1.632 2.170 0.903
(1.073) (0.349) (4.790) (1.575) (1.830) (0.953)
Log-likelihood 29,667 29,761 29,831 29,831 29,812 29,797
AIC -59,324 -59,506 -59,636 -59,640 -59,602 -59,576
BIC -59,288 -59,449 -59,543 -59,561 -59,523 -59,511
LR 0 328 328 290 260
Persistence 0.96 0.99 | 0.87 0.99 | 0.94 0.99 | 0.94 0.99 | 0.93 0.99 | 0.93

The estimation period spans from January 5, 1988 to December 29, 2023 (9069 observations). The standard errors, reported in parenthe-
sis, are computed by inverting the negative Hessian matrix evaluated at the optimum parameter values. [*],[**],[***] denote statistical
significance at the 0.1, 0.05, 0.01 levels, respectively.

In Figure 2.2, we plot the filtered conditional volatility of the GARCH-HN model and the two

volatility components of the GARCH-CJOW model and GARCH-2F model. One of the volatil-

ity components of the GARCH-2F model mimics the dynamics of the one-factor GARCH-HN,

and the other volatility component is a slower moving process with much lower variation over

the considered time span.
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Figure 2.2: Filtered conditional volatility for the GARCH-HN (left); GARCH-CJOW to-
tal volatility /g; +s; (center blue) and long-term volatility component ,/g; (center red);
GARCH-2F first volatility component /vy, (right red) and second volatility component . /v3;
(right blue).

In Figure 2.3, we compare the conditional variances of the one-factor GARCH-HN model and
of the two-factor GARCH-2F model, that is vy ; + v;. The variance of both models displays a
similar pattern, however during highly volatile periods, as in 2008 and 2020, the higher spikes

of the GARCH-2F might yield a better descprition of the high volatility of such periods.
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Figure 2.3: GARCH-HN conditional variance (red) and GARCH-2F total conditional variance
U1+ + vay (blue).

Following Durham et al. (2015) we performed an experiment to assess the bias in state estimates
associated with using the filter in propose in equations (2.9)-(2.11). In particular, we investigate
the extent to which the filtered states v, ; and s, are informative about the true states v, ; and
vgs. We use simulated data generated from the GARCH-2F model with the parameter vector
reported in Table 4.2. We simulate one million observations for one trajectory with a burn-in
period of one thousand observations to minimize the effect of initial conditions. We then apply

the filter (2.9)-(2.11) to extract the filtered states o1, and 7; and innovations Zu and ZM.
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We report in Table 2.2 the summary statistics for the true and filtered states.

True Filtered

v1 Mean x1000 0.1543 0.1040
SD %1000 0.1698 0.1374
Skewness 2.1929 2.7557
Kurtosis 10.0504 14.1985

vy Mean x1000 0.1062 0.0790
SD x1000 0.0378 0.0287
Skewness 1.4715 1.7746
Kurtosis 6.7062 8.3708

Z1 Mean x1000 1.2473 7.5746
SD %1000 999.8772  T778.0238
Skewness 0.0033 0.0118
Kurtosis 3.0033 4.1288

Zy Mean x1000 2.4500 11.2246
SD x1000 1000.3257 984.2194
Skewness 0.0028 0.0268
Kurtosis 3.0044 4.2878

Table 2.2: Summary Statistics.

This table reports summary statistics for the true and filtered states and innovations using data
simulated from the GARCH-2F model with the parameter vector reported in Table 4.2. SD =
standard deviation.

2.5.2 Out-of-Sample Analysis

To test the forecasting performances of the rival models, we forecast the Value-at-Risk (VaR)
at the 1% and 5% significance levels from one to five days ahead. We test the models during
different periods of crisis by splitting the dataset into two subperiods (4534 observations each)
and running separate out-of-sample analyses: from January 5, 1988 to December 21, 2005 (to
include the September 11, 2001 crisis) and from December 22, 2005 to December 29, 2023
(to include the 2008 financial crisis and the COVID-19 period). For each of the considered
subsamples, we estimate the model parameters using a rolling window equal to 60% of the
days in the period. That is, we start by using the first 60% of the daily S&P500 total returns
to calibrate the models, leaving the remaining data for the out-of-sample analysis. Then, for
each day in the out-of-sample, we re-estimate the model parameters using the past 60% daily

observations and compute forecasts from one to five days ahead.
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In particular, for all the competing models, at each forecasting time, we simulate 100,000
sample paths of Ry, with £ = 1,2,3,4,5, according to the return equation (2.1). This is
done by randomly simulating the Z;; and Z5; standard normal random variables. Then, we
estimate the VaR at the 1% and 5% significance levels by computing the empirical quantiles of

the simulated sample paths of R, ,.

We then measure the statistical accuracy of the VaR forecasts by performing the proportion of
failures test of Kupiec (1995) and the correct conditional coverage test of Christoffersen (1998).
The results obtained for the proposed GARCH-2F, GARCH-2F«a and GARCH-2F(, together
with the competing GARCH-2Fa3, GARCH-HN and GARCH-CJOW models, are reported in
Tables 2.3 and 2.4.

We note that, overall, the novel two-factor specifications result in a significantly lower number
of failures compared to the one-factor models. For the period from January 1988 to December
2005, both the Kupiec and Christoffersen tests confirm the superior performance of the GARCH-
2F models, particularly the GARCH-2F 3, which consistently performs well at both the 95%
and 99% confidence levels, outperforming the GARCH-2F o8 model with no spillovers between
the volatility components. For the period from December 2005 to December 2023, the GARCH-

2F and GARCH-2F 8 models exhibit similar performances.

In addition, we further compare the accuracy of the VaR forecast using the Model Confidence
Set (MCS) introduced by Hansen et al. (2011). Following Gonzélez-Rivera et al. (2004), we
measure performance by means of the quantile loss function as in Bassett and Koenker (1978),

defined as

QLH—K(ﬂ) = (79 - H{Rt+é<VaRt+e(19)})(Rt+f - VaRt—l—Z(ﬁ))’

where VaR; (1)) denotes the VaR on day ¢ + ¢ at the significance level . Moreover, to check
if the forecasts of the models GARCH-CJOW, GARCH-2F, GARCH-2Fa, GARCH-2F[3 and
GARCH-2Fap significantly differ from the ones of the GARCH-HN benchmark we performed

the test of Diebold and Mariano (2002). The quantile losses and the p-values are reported in
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Table 2.5.

Overall, the GARCH-2F model, its three nested specifications, and the GARCH-CJOW model
return significantly different forecasts compared to the ones of the GARCH-HN as indicated
by the p-values for both periods and significance levels. For the period from January 5, 1988
to December 21, 2005, all the four GARCH-2F models return lower quantile lossess, thus
indicating a superior VaR forecasting accuracy and are included in the MCS, contrary to the
GARCH-CJOW model. In the period from December 22, 2005 to December 29, 2023, only
the GARCH-2Fp is always included in the MCS and outperform the benchmark models by

returning lower quantile losses.

2.6 Option Pricing

In this section, we derive results that allow us to value option contracts using the four proposed
two-factor models. First, we perform the risk-neutralization of these models. Second, we
estimate the GARCH-2F model (and its nested models) by jointly using returns and options

data.

2.6.1 The GARCH-2F Risk Neutral Dynamics

Equations (2.1)-(2.2) define the return and the volatility dynamics under the physical measure.
In this section, we risk-neutralize the model, so that we can compute option prices. Following

Christoffersen et al. (2012), we consider a pricing kernel with affine dynamic

e_T_'f(\/Ul,tzl,t+x/”2,tz2,t)

Mt = E[e_g(mZ1’t+mZ2’t) ’ th—l]’

(2.13)

where E denotes the expectation operator under the physical measure. Accordingly, we guess

the conditional Radon—Nikodym derivative in the following form
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dQ); eAMVIT 21,6 41/02,672,0)
ir, _ E [ AVt R0 | F ] (2.14)
and we impose
dQy
ap, = M 2.15
ap, (2.15)

so that using equations (2.13)-(2.15) we obtain A = —¢£. Therefore, we have the following

result.

Proposition 2.3. Let us consider the return process specified by equation (2.1), then the equiv-
alent martingale measure Q associated to the Radon—Nikodym derivative in (2.14) exists if and

only if the coefficient A satisfy

A=—-X—=. (2.16)

Proof. See Appendix A.3.1. U

Finally, the following proposition yields the dynamic of the risk-neutralized processes {R;},
{v1+} and {va.}.

Proposition 2.4. Under the risk-neutral measure Q, the dynamics of the return and of the

two variance components are as follows:

1
Rt =T — 5 (Ul,t + Ugyt) + \/Ul,tZit + w/’UQ’tZ;’t, (217)
2
U1,t+1 w1 B Biz| |vig Q11 Q2 (Zit - Vik\/vl,t)
= + + ) ) oK (2.18)
V2,141 (%) 621 522 Vo ¢ Qg1 Olig2 (Zg,t — Y2 \/U2,t)

where Z§, ~ N(0,1) and Z3, ~ N(0,1) denote the risk-neutral shocks and ~v; =y + A+ 3 and

Vo =72+ A+ % are risk-neutralized parameters.

Proof. See Appendix A.3.2. 0



2.6. Option Pricing 29

2.6.2 Moment Generating Function

Equations (2.1)-(2.2) allow us to derive the moment generating function using a standard

procedure as in Heston and Nandi (2000).

Proposition 2.5. The conditional moment generating function for the logarithm of the termi-

nal stock price In St, that is

fil¢) =E[e?5T|F], t<T, (2.19)

can be computed as

ft(¢> _ e¢1n St4+At(¢)+B1,t()v1,t4+1+B2 t(P)va 141 ’ (2‘20)

where the expressions for Ay(¢), B1(¢) and Bat(¢) can be computed using the recursion equa-

tions (A.42) in the Appendiz.

Proof. See Appendix A.4.1. O

2.6.3 Valuation of Options

Let us consider a European Call option on the underlying asset S; with strike price K and
maturity 7. Using the inversion theorem in Gil-Pelaez (1951), the option price at a generic

time ¢ < T', which we denote by C}, is computed as follows:

B 1 e—r(T—t) 00 K—i¢ft* (Z¢ + 1)
Cr=58%+— /0 Re{ w ]dqj (2.21)
ey (L1 [T o [ETS ()
Ke (2 + 7r/O Re ” do |,

where, as in Heston and Nandi (2000), f; denotes the (conditional) moment generating function

under the risk-neutral measure, that is function (3.32) evaluated using risk-neutral parameters.
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Put option values can be calculated using the well-known put-call parity as in Heston and
Nandi (2000). The valuation of the integrals in (2.21) can be performed using Fourier pricing

as illustrated in Papapantoleon et al. (2010).

2.7 Option Valuation Empirics

We consider European options, both Put and Call, written on the S&P500 index, with data
retrieved from Thomson Reuters Eikon Datastream. Specifically, we consider options with

maturities ranging from 2021 to 2023 and the time series of their daily prices from February

10, 2021 to December 29, 2023.

As a common practice, see for example Christoffersen et al. (2012), Ballestra et al. (2023) and
Ballestra et al. (2024), we apply several exclusion filters to obtain the final panel of option
contracts. We keep only the options with time-to-maturity between 14 and 365 days and we
select only out-of-the-money Put and Call options (we compute the moneyness as K/S;, where
K is the strike price and S; is the underlying index level), and we filter out illiquid quotes by
selecting only the six most liquid strikes at each maturity, and we consider option quotes only

on Wednesday. Finally, we remove price quotes lower than 3.8$.

In Table 2.6, we report the resulting number of option prices on the S&P500 index, sorted by

moneyness and days to maturity, for a total of N = 9372 options prices.

2.7.1 Parameter Estimation using both Returns and Options

A common practice for estimating parameters using daily time series of log-returns and a panel
of option contracts is using a suitably weighted log-likelihood function, see Christoffersen et al.
(2012) and Ballestra et al. (2023). The log-likelihood for the returns series, £retums (@), is already
available in equation (2.12), whereas, for the N option prices, we proceed as follows. First, we

define the error on the volatility implied by the i-th option price as
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[V — nvror

where IVMET and 1VMOP denote the market and the model volatilities implied by the i-th
option price, which we compute via the Black-Scholes model. Then, by assuming a Gaussian

distribution for e;, we can derive the log-likelihood associated to the option pricing errors as

-3y

=1

(2.23)

[\:JI —
)
o] o

N
goptions(e) = _5 log 27TO'

where o2 represents the variance of the option pricing errors.

The number N of data points available from the option panel could be significantly higher than
the number 7" of daily returns, see Section 4. Therefore, following Christoffersen et al. (2012),
we assign an equal weight to returns and option prices by considering the following weighted

joint (total) log-likelihood:

N + T Eoptions(e) N + T greturns(e)

b (0) = —5 N T3 T

(2.24)

The joint estimation results are presented in Table 2.7. We calculated standard information
metrics AIC and BIC, and we also report the persistence values, as we did in Table 4.2. We
observe different persistence values around 0.98 and 0.97 for the two volatility components,
compared to the returns data-only estimation, which were 0.99 and 0.92. Additionally, we
report the variance of the option pricing errors. The proposed GARCH-2F3 model return the
highest joint likelihood values and lower AIC and BIC compared to the benchmark models,
indicating improved performance in fitting both option and returns data. The GARCH-2F
models allowing for spillovers have highly significant parameters and provide a superior fit

compared to the GARCH-2Fa8 model.
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2.7.2 Empirical Results for Options

To assess the performance of the six competing models in option pricing, we follow Christoffersen

et al. (2012) and employ the (percentage) implied volatility root mean square error:

N

IVRMSE(%) = 100 x %Z (TVMET _ yMOD)? (2.25)

i=1

The results obtained, shown in Table 2.8, reveal that the novel two-factor specifications yield
better performance compared to the benchmark approaches when pricing options. In particular,
the GARCH-2F model and its nested models return lower (from 4% to 6%) overall implied
volatility pricing errors compared to the one factor GARCH-HN benchmark model. By sorting
the options for moneyness and days to maturity, the GARCH-2F and its nested models provide
consistent results, that is lower I[VRMSE than the one-factor benchmark models, and reveal
more robust performance in pricing out-of-the money options (0.8 < K/S; < 0.9). Notably,
the parsimonious GARCH-2Fa8 model provides consistent performance across both moneyness
and days to maturity which might indicate that the volatilities of the two series are es- sentially

independent or that any interaction between them is negligible.
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2.8 Conclusions

Accurately capturing the the complex and multi-faceted nature of volatility is crucial for ef-
fective financial analysis and risk management. In this paper, we introduce a novel GARCH
specification with two volatility components each driven by an independent stochastic factor,
an approach commonly used in the continuous time (stochastic) volatility models, see, e.g.,
Christoffersen et al. (2008) and Fouque and Lorig (2011), yet still overlooked in discrete-time
GARCH models.

We conducted a theoretical investigation that establishes, for the first time, sufficient con-
ditions for strict stationarity and geometric ergodicity in a two-component GARCH model
driven by independent stochastic factors. Additionally, we derived a continuous-time limit for
the proposed GARCH-2F model, which recovers a well-known bivariate square-root stochastic

volatility specification. Finally, we considered three more parsimonious nested models: the

GARCH-2F o, GARCH-2F 3, and GARCH-2F a3, the latter introduced by Ghanbari (2024).

We empirically tested the two-factor models on S&P500 total log-returns data and compare
their in-sample and out-sample performance against one-factor affine benchmark models. Over-
all, the two-factor models demonstrate superior in-sample and out-sample VaR prediction ac-
curacy. Then, we also considered the pricing of options on the S&P500 index. The two-factors
model provide lower implied volatility pricing errors, particularly for out-of-the money options,

when estimated jointly using returns and options data.

The approach proposed in this article can be extended in many directions. Potential exten-
sions include include incorporating fat-tailed distributions for the innovations while preserving
model affinity, exploring different specifications for the drift of the return process (e.g., an

autoregressive model), and considering additional lags.
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Table 2.3: Likelihood ratio test statistic of Kupiec (1995), p-values in parentheses.

January 1988 to December 2005

9 =5%
/=1 {=2 /=3 (=4 /=5
HN 52.206(0.000)  52.206(0.000)  54.805(0.000) 53.499(0.000) 54.805(0.000)
CJOW  36.641(0.000)  40.024(0.000) 37.755(0.000) 34.457(0.000) 35.542(0.000)
2F 7.113(0.007) 6.496(0.011) 7.761(0.005)  7.113(0.007)  7.113(0.007)
2Fp 2.275(0.132) 1.644(0.200) 1.644(0.200)  1.644(0.200)  1.946(0.163)
2F« 7.415(0.007) 7.965(0.005) 9.120(0.003)  9.724(0.002)  13.008(0.000)
2Faf 0.984(0.321) 1.440(0.230) 1.202(0.273)  1.202(0.273)  1.202(0.273)
December 2005 to December 2023
9 = 5%
/=1 0 =2 /=3 (=4 /=5
HN 9.688(0.001) 10.309(0.001)  9.688(0.001) 10.309(0.001)  9.688(0.001)
CJIOW 2.264(0.132) 2.923(0.087) 2.923(0.087)  2.264(0.132)  2.583(0.108)
2F 5.379(0.020) 5.379(0.020) 5.379(0.020)  4.852(0.021)  4.354(0.037)
2F0 1.961(0.161) 2.648(0.104) 2.648(0.104)  2.291(0.130)  2.648(0.104)
2F« 2.648(0.104) 2.648(0.104) 2.648(0.104)  1.961(0.161)  1.961(0.161)
2Faf 0.034(0.854) 0.006(0.940) 0.006(0.940)  0.006(0.940)  0.006(0.940)
January 1988 to December 2005
9 =1%
/=1 (=2 /=3 (=4 /=5
HN 81.442(0.000)  73.481(0.000) 76.104(0.000) 73.481(0.000) 70.891(0.000)
CJOW  115.931(0.000) 115.931(0.000) 98.179(0.000) 95.317(0.000) 89.679(0.000)
2F 0.781(0.377) 0.437(0.509) 0.001(0.976)  0.001(0.976)  0.042(0.838)
2FB 2.352(0.125) 2.352(0.125) 2.352(0.125)  2.352(0.125)  1.743(0.187)
2F« 0.001(0.976) 0.073(0.788) 0.263(0.608)  0.073(0.788)  0.073(0.788)
2Faf 7.611(0.006) 4.654(0.031) 3.042(0.081)  3.042(0.081)  3.042(0.081)
December 2005 to December 2023
9= 1%
/=1 {=2 /=3 /=4 /=5
HN 49.055(0.000)  40.323(0.000)  38.239(0.000) 38.239(0.000) 38.239(0.000)
CJOW  26.628(0.000)  21.439(0.000) 19.808(0.000) 18.228(0.000) 15.226(0.000)
2F 0.266(0.606) 0.583(0.445) 0.583(0.445)  1.632(0.201)  1.632(0.201)
2Fp 5.558(0.018) 3.801(0.051) 3.033(0.082)  3.033(0.082)  2.344(0.126)
2F« 15.226(0.000)  12.445(0.000)  11.141(0.001) 9.897(0.002)  8.715(0.003)
2Faf 16.700(0.000)  12.445(0.000)  8.715(0.003)  6.543(0.011)  5.558(0.018)
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Table 2.4: Likelihood ratio test statistic of Christoffersen (1998), p-values in parentheses.

January 1988 to December 2005

9 =5%
/=1 {=2 /=3 (=4 /=5
HN 53.399(0.000)  53.399(0.000)  55.774(0.000) 54.577(0.000) 56.362(0.000)
CJOW  37.093(0.000)  41.201(0.000) 39.923(0.000) 37.138(0.000) 40.089(0.000)
F2 9.294(0.009) 8.515(0.014)  10.111(0.006)  9.294(0.009) 13.271(0.001)
2Fp 3.143(0.208) 2.326(0.313) 2.326(0.313)  2.326(0.313)  2.718(0.257)
2F« 7.462(0.024) 8.211(0.017) 9.688(0.008) 11.661(0.003) 18.748(0.000)
2Faf 1.030(0.598) 2.341(0.310) 3.154(0.207)  3.154(0.207)  3.154(0.207)
December 2005 to December 2023
9 = 5%
/=1 0 =2 /=3 (=4 /=5
HN 11.631(0.003)  12.103(0.002) 11.631(0.003) 12.103(0.002) 11.631(0.003)
CJIOW 3.662(0.160) 5.028(0.081) 5.028(0.081)  4.698(0.096)  4.850(0.089)
2F 8.689(0.013) 8.689(0.013) 8.689(0.013)  7.957(0.019)  7.262(0.026)
2F0 3.839(0.147) 4.841(0.089) 4.841(0.089)  5.878(0.053)  6.456(0.040)
2F« 8.416(0.015) 8.416(0.015) 8.416(0.015)  7.176(0.028)  7.176(0.028)
2Faf 2.774(0.250) 2.566(0.277) 2.566(0.277)  2.566(0.277)  2.566(0.277)
January 1988 to December 2005
9 =1%
/=1 (=2 /=3 (=4 /=5
HN 82.208(0.000)  74.554(0.000) 77.067(0.000) 74.554(0.000) 72.078(0.000)
CJOW  115.996(0.000) 115.996(0.000) 98.494(0.000) 95.692(0.000) 91.254(0.000)
2F 1.322(0.516) 0.929(0.628) 0.362(0.834)  0.362(0.834)  0.444(0.801)
2FB 3.206(0.201) 3.206(0.201) 3.051(0.218)  3.051(0.218)  2.387(0.303)
2F« 0.362(0.834) 0.395(0.821) 0.548(0.760)  0.395(0.821)  0.395(0.821)
2Faf 10.126(0.006) 5.219(0.074) 3.791(0.150)  3.791(0.150)  3.791(0.150)
December 2005 to December 2023
9= 1%
/=1 {=2 /=3 /=4 /=5
HN 49.385(0.000)  40.478(0.000)  38.360(0.000) 38.360(0.000) 38.360(0.000)
CJOW  26.633(0.000)  21.445(0.000) 19.824(0.000) 18.258(0.000) 16.768(0.000)
2F 2.558(0.278) 3.111(0.211) 3.111(0.211)  1.820(0.403)  1.820(0.403)
2Fp 6.043(0.049) 4.454(0.108) 3.783(0.151)  3.783(0.151)  3.199(0.202)
2F« 19.300(0.000)  17.065(0.000)  16.054(0.000) 15.116(0.001) 14.254(0.001)
2Faf 16.750(0.000)  12.586(0.002)  8.999(0.012)  6.954(0.031)  6.043(0.049)
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Table 2.5: QL () ratios with respect to GARCH-HN and p-values of the test of Diebold and Mariano (2002) are
reported in parentheses (left column); Models included in the MCS of Hansen et al. (2011) according to QL,,,(?)
function (right column).

January 1988 to December 2005

¥ =5%
(=1 (=2 (=3 (=4 (=5
QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1 1
CJOW  1.021(0.000) 1. 023(0 000) 1.025(0.000) 1.025(0.000) 1. 025(0 000)
2F 1.073(0.000) v 1.074(0.000) v 1.075(0.000) v 1.077(0.000) v 1.078(0.000) v
2Fp 1.059(0.000) v 1.060(0.000) v 1.060(0.000) v 1.061(0.000) v 1.062(0.000) v
2Fa 1.050(0.000) v 1.050(0.000) v 1.050(0.000) v 1.049(0.000) v 1.048(0.000) v
2Fap 1.056(0.000) v 1.056(0.000) v 1.057(0.000) v 1.057(0.000) v 1.058(0.000) v
December 2005 to December 2023
¥ =5%
(=1 (=2 (=3 (=4 (=5
QL MCS QL MCS QL MCS QL MCS QL MCS
HN v 1 v 1 v v
cjow 1. 015(0 001) v 1. 017(0 000) 1.018(0.000) v 1.018(0.000) v 1. 018(0 000) v
2F 0.983(0.000) 0.986(0.000) 0.987(0.000) 0.988(0.000) v 0.988(0.000) v
2Fp 1.054(0.000) v 1.054(0.000) v 1.053(0.000) v 1.050(0.000) v 1.049(0.000) v
2Fa 0.985(0.000) 0.985(0.000) 0.985(0.000) 0.985(0.000) 0.985(0.000)
2Fap 1.027(0.000) v 1.028(0.000) 1.028(0.000) v 1.027(0.000) v 1.026(0.000) v
January 1988 to December 2005
9 =1%
(=1 (=2 (=3 (=4 (=5
QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1
cJow 0. 919(0 000) 0. 927(0 000) 0.932(0.000) 0.934(0.000) 0. 936(0 000)
oF 1.257(0.000) v 1.236(0.000) v 1.231(0.000) v 1.221(0.000) v 1.224(0.000) v
2Fp 1.244(0.000) v 1.234(0.000) v 1.233(0.000) v 1.223(0.000) v 1.221(0.000) v
2Fa 1.240(0.000) v 1.229(0.000) v 1.221(0.000) v 1.210(0.000) v 1.201(0.000) v
2Faf  1.237(0.000) v 1.234(0.000) «  1.234(0.000) v  1.230(0.000) v  1.226(0.000) v
December 2005 to December 2023
9 =1%
(=1 (=2 (=3 (=4 (=5
QL MCS QL MCS QL MCS QL MCS QL MCS
HN 1 1
cjow 1. 097(0 000) v 1. 104(0 000) v 1.111(0.000) v 1.114(0.000) v 1. 119(0 000) v
oF 1.138(0.001) v 1.134(0.001) v  1.129(0.001) v  1.121(0.001) v 1.120(0.001) v
2Fp 1.127(0.000) v 1.131(0.000) v 1.129(0.000) v 1.132(0.000) v 1.134(0.000) v
2Fa 1.101(0.002) v 1.099(0.001) v 1.096(0.001) v 1.095(0.001) v 1.094(0.002) v
2Fap 1.144(0.007) v 1.151(0.003) v 1.151(0.002) v 1.154(0.001) v 1.157(0.001) v

Values greater than one indicate better out-sample performance.
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Table 2.6: Number of S&P500 option prices considered, sorted by moneyness and day-to-
maturity (DTM).

Number of option prices

Maturity
Moneyness 14 < DTM <50 50< DTM <150 150 < DTM <365 All
0.8 < K/S; <09 156 573 1133 1862
09 < K/S; <1.02 817 1997 2527 5341
1.02< K/S; <1.2 245 807 1117 2169
All 1218 3377 4777 9372
Table 2.7: Joint maximum likelihood estimation results.
GARCH-HN GARCH-CJOW  GARCH-2F GARCH-2F3 GARCH-2Fa  GARCH-2Faf
wp  6.529e-07"" 8.109e-06™"" 1.207e-12 1.207e-12 1.207e-12 1.207e-12
(2.828¢-11) (3.053¢-08) (3.195¢-12) (1.624e-12) (1.804e-11) (1.898¢-12)
wa 1.207e-12 1.207¢-12 4.928¢-08""" 4.928¢-08""
(2.887¢-12) (4.240e-12) (4.081e-11) (6.855¢-12)
ann 1.738e-06"" 4.972¢-06"" 3.545¢e-11 3.545e-11"" 3.545¢e-11 3.545¢e-11
(2.279¢-10) (7.820e-09) (3.411e-12) (3.532¢-12) (5.671e-12) (2.660e-12)
" 335.931"" 291.608"" 132.891° 132.892™" 132.891° 132.891™"
(0.016) (0.443) (0.043) (0.091) (0.028) (0.014)
B 0.772" 0.907"" 0.985™" 0.985™" 0.984™ 0.985""
(1.337¢-04) (0.002) (1.107e-04) (5.428¢-04) (1.617¢-04) (2.719e-04)
(Voo 2.525e-06""" 2.175e-06™"  2.175e-06™"  2.175e-06""" 2.168e-06™"
(4.856¢-07) (2.618¢-10) (4.533¢-10) (1.704e-09) (6.660e-10)
Ya 149.7617 274.319™" 274.323"" 274.319" 274.318™"
(0.017) (0.087) (0.434) (0.064) (0.072)
Bas 0.7417 0.803™" 0.802" 0.803™" 0.804™
(5.498¢-04) (1.007e-04) (3.695¢-04) (8.350e-05) (2.134e-04)
Q12 1.135e-11""  1.135e-11"""
(1.475¢-12) (1.255¢-12)
Qo 1.230e-13 1.231e-13
(1.965¢-12) (3.158¢-12)
Bia 0.000 1.622e-05""
(4.466e-08) (1.350e-08)
Bo1 3.220e-05"" 1.622e-05"""
(4.902¢-09) (1.414e-08)
A 0.158™" -6.816™" 3.179™ 3177 3.179™ 3.178"
(1.583¢-05) (0.007) (5.890e-04) (0.002) (0.004) (3.443¢-04)
Log-likelihood 28,039 27,251 28,135 28,135 28,126 28,118
AIC -56,068 -54,486 -56,244 -56,248 -56,230 -56,218
BIC -56,029 -54,443 -56,142 -56,162 -56,144 -56,148
o2 0.084 0.076 0.085 0.083 0.085 0.086
Persistence 0.97 0.96 | 0.81 0.98 | 0.97 0.98 | 0.97 0.98 | 0.97 0.98 | 0.97

The estimation period spans from January 5, 1988 to December 29, 2023 (9069 observations) for the returns, and spans from February
10, 2021 to November 29, 2023 (9372 observations) for the option prices. The standard errors, reported in parenthesis, are computed by

inverting the negative Hessian matrix evaluated at the optimum parameter values. The variance o

is calculated as the empirical variance

estimator of the N option implied volatility errors. [¥],[**],[***] denote statistical significance at the 0.1, 0.05, 0.01 levels, respectively.
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Table 2.8: Implied volatility root mean square error, in percentage points.

Panel A: IVRMSE(%) overall

HN  CJOW F2 F28 F2a F2a3

5.383 5.573 5.273 5.273 5.200 5.161

Normalized 1.000 1.035 0.980 0.980 0.966 0.959
Panel B: IVRMSE(%) by moneyness

Moneyness HN CJOW 2 F2p Foa F2ap
08<K/S;<0.9 7.212 7418  6.936  6.935  6.831 6.765
Normalized 1.000 1.029  0.962  0.962  0.947  0.938
0.9 < K/S; <1.02 4.918 5.091 4.835  4.834 4769  4.735
Normalized 1.000 1.035 0.983 0.983  0.970  0.963
1.02< K/S; <1.2 4.874 5.103 4.873 4.873 4.810 4.784
Normalized 1.000 1.047 1.000 1.000 0.987 0.982
Panel C: IVRMSE(%) by day-to-maturity (DTM)

Maturity HN CJOW 2 F2p Foa F2ap
14 < DTM <50 5.902 5.658 5.819 5.818 5.746  5.712
Normalized 1.000 0959  0.98  0.986  0.974  0.968
50 < DTM < 150 5.050 5200  4.949 4948  4.872  4.832
Normalized 1.000 1.030 0.980 0.980 0.965 0.957
150 < DT'M < 365 5.478 5.809 5.355 5.355 5.284 5.243

Normalized 1.000 1.061 0.978 0.978 0.965 0.957
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Christoffersen, Jacobs, Ornthanalai, and Wang (2008) (CJOW) introduced an enhanced Gen-
eralized Autoregressive Conditional Heteroskedasticity (GARCH) model for valuing European
options, incorporating two distinct volatility components. Empirical studies show that CJOW’s
model outperforms widely used single-component GARCH models. However, a key drawback
is its allowance for negative variance values. Oh and Park (2023) (OP) partially addressed this
issue with a related model, but the positivity of its volatility components remains neither theo-
retically nor empirically guaranteed. Bormetti et al. (2015) proposed a general framework that
includes the CJOW and OP models, deriving specific conditions to ensure variance positivity.
In this paper, we introduce a novel GARCH model within this broader framework and establish
more general conditions for maintaining positive variance, extending beyond those proposed by
Bormetti et al. (2015). Our model incorporates a telescopic autoregressive structure, enabling
the construction of multi-component telescopic GARCH models. This, we further extend this
approach to a three-component model, enhancing flexibility in capturing complex volatility
dynamics. Compared to previous GARCH models, our methodology delivers comparable in-

sample performance on returns data while achieving superior results in pricing S&P500 options.
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3.1 Introduction

Building on the pioneering work of Engle and Lee (1999), Christoffersen, Jacobs, Ornthanalai,
and Wang (2008) (CJOW) proposed an interesting GARCH model with two volatility com-
ponents, hereafter referred to as the GARCH-CJOW model. One volatility component is a
long-run component that can be modeled as a mean-reverting or as a fully persistent process,
while the other is a short-run mean-reverting component with zero mean. As shown by the
authors, the model allows for an efficient valuation of European options and its most distinctive
feature is its ability to accurately describe the implied volatility term structure. In particular,
the empirical analysis that CJOW conducted on both long-maturity and short-maturity op-
tions demonstrates superior pricing performance compared to the popular GARCH model with
a single volatility component developed by Heston and Nandi (2000) and a GARCH(1,1) model
augmented with Poisson-normal jumps. Owing to its well-documented empirical performance,
the GARCH-CJOW model has gained popularity in the GARCH literature and has been used

for pricing S&P500 options in Corsi et al. (2013) and VIX futures in Cheng et al. (2023).

Despite its success, Bormetti et al. (2015) and Oh and Park (2023) provide evidence that
the GARCH-CJOW model fails to guarantee positive volatilities for parameter sets commonly
encountered in financial practice. This raises significant modeling concerns for out-of-sample
(volatility) analysis and for option pricing, especially for medium to long-maturing options.
Even though Bormetti et al. (2015) state that the likelihood of obtaining negative volatilities
is extremely low, Oh and Park (2023) further analyze the performances of the GARCH-CJOW
model and find that it can generate a consistent number of negative volatility trajectories. Then,
to address the issue, they propose an enhancement of the GARCH-CJOW model, hereafter
referred to as GARCH-OP, which allows for the pricing of SPX options and VIX derivatives.

However, this model also does not ensure positivite volatility.

In this paper, we investigate further the issue of negative volatility of the GARCH-CJOW
model and its implications for option pricing. As previously established in Oh and Park (2023),

we confirm that, for parameter sets commonly used in the empirical literature, the GARCH-
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CJOW model consistently generates a significant number of negative volatility trajectories.
Additionally, the GARCH-OP model also produces negative volatilities, a concern that becomes
more pronounced for longer time horizons. We also find that this issue affects the computation
of option prices, as it is based on an inversion formula where the integrands for longer maturities

may diverge.

To fix these issues, we propose an improvement to the model developed by CJOW that ensures
the positivity of the volatility process by properly specifying the impact of the innovation on
volatility. This new model, which allows for a well-posed option semi-closed form valuation,
will be referred to as corrected positive component GARCH model, or, in short, GARCH-CPC.
In contrast to the GARCH-CJOW model, the semi-closed formula of the GARCH-CPC model

remains reliable in option pricing scenarios involving large option maturities.

Moreover, we compare the performance of the GARCH-CJOW, GARCH-CPC and GARCH-
OP models in the valuation of a large panel of options written on the S&P500 index. We
find that the novel GARCH-CPC model offers a feasible and efficient solution for computing
option prices using affine formulas with greater accuracy than both the GARCH-CJOW and
the GARCH-OP models. The proposed model falls within the broader modeling framework
introduced by Bormetti et al. (2015) and further generalized in ?. Nevertheless, it incorporates
a less restrictive positivity condition, allowing the difference between volatility components to
change sign over time, which enhances the model’s flexibility. In addition, the GARCH-CPC
model follows a telescopic structure. Building on this, we explore a potential extension to
a three-component version with the same telescopic structure, which provides a comparable

goodness-of-fit to the two-component model on both returns and options data.

The remainder of this paper is organized as follows. Section 3.2 briefly revisits the GARCH-
CJOW and GARCH-OP models, highlighting the negativity issues inherent in these approaches
and their implications for option pricing. Section 3.3 introduces the GARCH-CPC model.
We derive its risk-neutral dynamics and provide the corresponding option valuation formulas.
Section 3.4 presents an empirical analysis using return and option data. Section 3.5 explores a

telescopic extension to three components. Finally, Section 3.6 offers concluding remarks.



3.2. Return dynamics with volatility components 43

3.2 Return dynamics with volatility components

The volatility component model proposed by CJOW for the return process R; = In ( Sf;),
where S; denotes the spot price, is given by the following equations (under the physical mea-

sure):

Ripi =71+ Ay + Ve Ziga, (3.1)
i1 = @1 + B(ht —q) +a (Zt2 —1-27 \/h_tZt) ) (3.2)
Qi1 =W+ pg + ¢ (Zf —1- 272\/h_tZt> , (3.3)

where r denotes the risk-free rate, Z; YN (0,1). CJOW refer to ¢; and hy — ¢; as the long-

run and the short-run variance component, respectively. The parameter w sets the long-term
means of both volatility components, while B and p represent the persistence of the short-
term and long-term components of volatility. The parameters o and ¢ capture the effects
of mean-zero stochastic terms, and 7; and 7, model the leverage effect. CJOW impose the

parameter constraints w > 0, a > 0, ¢ > 0, B < 1 and p < 1. In the long-run we have that

Elh] = Elg] = w/(1 = p).

As pointed out in Bormetti et al. (2015) and Oh and Park (2023), the model (3.1)-(3.3) does
not guarantee that the total variance h; remains positive. Therefore, in Oh and Park (2023),
the following model, hereafter referred to as GARCH-OP, has been proposed as a more robust

alternative to address the negative volatility issue that affects the GARCH-CJOW model:

Riy1 =71+ Ay + Vi1 Ziga, (3.4)
. 2 )
hevi = @1 + B — @) + (Zt — ’71\/h_t> —w — avyhy, (3.5)

2
Gi+1 = W+ pg + <Zt — 72\/h_t> ; (3.6)
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-
where the long-term means are given by (E[ht] E[Qt]) = (I, — P)™'R, where I, denote a

B+ew p—5 ate
2 X 2 identity matrix, P = 2 and R =
et p w+

We note that both the GARCH-CJOW and GARCH-OP models can be derived from the

framework proposed by Bormetti et al. (2015). Specifically, by setting

ftlzht_Qt7 ftzZQta

we introduce the linear operator £ : R? — R, , which acts on f, = (f}, f2)" and provide the

log-return variance as

‘C(ft) = ftl + ft2'

Then, we can rewrite the GARCH-CJOW and GARCH-OP model as follows:

Ry =71+ AC(frq) + \/ L(f111) 241, (3.7)
Zi — Y1V ‘C(.ft)>2
Zt — Y2/ ‘C(ft)>2 |

fin=w+ M f,+ N, E (3.8)

where for the GARCH-CJOW model we have

—« B—owz —ary? a 0
w = y M1: ' ' ) le )
W= —o% P =9V 0 ¢

and for the GARCH-OP model we have

—Ww B —ay? —avi a 0
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3.2.1 Model issues

In this section, we will document the issues of model (3.1)-(3.3) and model (3.4)-(3.6) related
to the negative values that the variance can take through a few test cases. Using parameters
established in the empirical literature, we will show via statistical simulation how many variance

trajectories h; can turn negative, and we will examine the implications for option pricing.

Negative volatility trajectories

For the model (3.1)-(3.3) we initially consider two sets of parameters available in the literature,
namely, those in Christoffersen et al. (2008) and in Cheng et al. (2023), which we denote as
CJOWO08 and CCLT23, respectively. These parameters are reported in Table 3.1. We note that
equation (1) in Cheng et al. (2023) specifies A — % instead of just A as in equation (3.1) in the
present paper, so in Table 3.1 we adjusted the value of A accordingly. Whereas, for model in
(3.4)-(3.6) we consider the same parameters as in Oh and Park (2023), which we denote OP23

and we report in Table 3.1.

Table 3.1: Model parameters.

Parameter w Q@ " 6] Y Y2 p A

CJOWO0S  8.208e-07 1.580e-06 415.100 0.6437 2.480e-06 63.240 0.9896 2.092
CCLT23  7.776e-07 1.380e-06 402.352 0.862 1.795e-06 73.205 0.991 1.357
OP23 -1.57e-06  0.190e-06 7050 0.922  2.62e-06 89 0.983 -7.88

We perform a Monte Carlo exercise where we simulate the trajectories of the variance in equa-
tions (3.2) and (3.5) to check if, and how many of them, turn negative. The simulation consists
in generating 1,000,000 paths of innovations Z; from t = 0 to a given time horizon T" > 0.
Using equations (3.2)-(3.3) and (3.5)-(3.6), for each path we compute the variance h; and count
the number of trajectories such that h; becomes negative for some ¢ < 7. We set Sy = 100,
r = 1075 and, following Oh and Park (2023), we choose gy and hq such that the (annualized)
initial volatility states v/252qo and v/252hg are equal to 5% and 10%, respectively. The results,

illustrated in Table 3.2, show that as T increases, the number of negative trajectories also
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increases for both the GARCH-CJOW and GARCH-OP models. However, as documented in

Oh and Park (2023), the number of negative trajectories generated by the GARCH-OP model
is significantly lower compared to the GARCH-CJOW model.

Table 3.2: Negative trajectories for the variance h; out of 1,000,000 simulations for time horizon
T.

Initial volatility (1/252qo, v/252"q)

(5% , 5%) (10% , 10%)
GARCH-CJOW GARCH-OP GARCH-CJOW GARCH-0OP
T CJOWos CCLT23 OP23 CJOW0S  CCLT23 OP23
15 226,386 185,403 2,328 0 0 0
30 287,888 235,937 7,848 317 0 0
50 315,161 251,841 10,422 3,671 115 7
80 330,745 258,352 11,023 10,034 481 33
120 339,795 260,234 11,112 16,883 891 41
252 351,374 261,183 11,114 29,129 1,465 44

Option pricing

In this subsection, after briefly recalling formulas commonly used to compute option prices, we
empirically analyze the consequences of generating negative volatility trajectories for option

valuation in the GARCH-CJOW and GARCH-OP models.

As shown by Heston and Nandi (2000) and further utilized by CJOW, the inversion formula
developed in Gil-Pelaez (1951) yields the following expression for a European call option on a

non-dividend paying stock with spot price S;, strike price K and expiration date T":

1
Ct == §St + T ’L(b :| d¢ (39)

o —r(T—t) 1 l OO |:K_Z¢f*(t7 T7 Z¢):| )
Ke (2 + W/o Re ” do |,

—r(T—t) ) K—iqﬁ (T4 1
e / Re[ frt.Tyig+1)
0

where Re[-] denotes the real part of a complex number and f*(¢, T’;i¢) represents the conditional

characteristic function of the terminal log-stock price under the risk-neutral measure. The risk-
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neutral conditional characteristic function of the GARCH-CJOW and GARCH-OP models can

be computed as follows:

[ (t,T;9) = Sfb exp {Ai(¢) + B14(0)(hes1 — qes1) + Boy(d)qea}, t<T, (3.10)

where the expressions of A;(¢), By :(¢) and By¢(¢) can be obtained using equations (25) in the
paper by Christoffersen et al. (2008) for the GARCH-CJOW model and using equations (8) in
the paper by Oh and Park (2023) for the GARCH-OP model.

Let us now focus on the integrand functions in (3.9):

IlzRe

K0 (1,36 + 1>} I Re [K—wf*(t,T; z’¢>] | (3.11)

ip i

For both the GARCH-CJOW and GARCH-OP models, we check the integrability of I; and
I, by analyzing the behavior of I; and I, as functions of ¢ and for different option maturities
T = 15, 30, 50, 80, 120, 252. For comparison purposes, we also consider the values of I; and I,
for the popular GARCH model developed in Heston and Nandi (2000), hereafter GARCH-HN:

Ripyr =7+ Ay + Vi1 Ziga, (3.12)
. 2
ht+1 =w+ 5}% + (ZtL — M \/h_t> . (313)

Similarly to the GARCH-CJOW model, for the GARCH-HN model we use parameters obtained
by Christoffersen et al. (2008) and Cheng et al. (2023), which are reported in Table 3.3. We
note that, for the GARCH-HN model, option prices can be computed using equation (3.9) in

conjunction with the risk-neutral conditional characteristic function obtained by Heston and

Nandi (2000).
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Table 3.3: Parameters of the GARCH-HN obtained by CJOW and Cheng et al. (2023).

Parameter w « Y B A

CJOWO0S 2.101e-17 3.317e-06 1.276e+02 0.9552 2.231
CCLT23 1.744e-06 3.098e-06  120.967 0.935 1.395

Figures 3.1-3.5 show the behavior of |I;| and |I5] for the GARCH-HN, GARCH-CJOW and
GARCH-OP models. In particular, Figures 3.1 and 3.2 display the behavior of |I;| and |I5],
respectively, for the GARCH-HN model using the parameters CJOW08 and CCLT23 in Table
3.1. As the initial (annualized) volatility state we set v/252hg equal to either 5% or 10% and
we set r = 107® and Sy = K = 100. Instead, for the GARCH-CJOW model we show the
behavior of |I;] and |I3| in Figures 3.3 and 3.4 and for the GARCH-OP model in Figure 3.5.
As for the initial volatility states, again we set v/252hg and /252¢, equal to 5% and 10%, and
we set 7 = 107° and S, = K = 100.

As we may notice, for both the CJOW08 and CCLT23 parameters, the GARCH-HN model
does not show any integrability issue for I; and I; in equation (3.11), whereas Figures 3.3, 3.4
and 3.5 clearly show that I; and I, explode for almost all the considered maturities. Only
for T'= 15 and for the 10% initial volatility state both the GARCH-CJOW and GARCH-OP

models do not exhibit any issues.
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Figure 3.1: Behavior of I; (left) and I, (right), as functions of ¢ for different values of 7" for the
GARCH-HN model. We set Sy = K = 100, r = 107° and 1/252hq = 5%. We use the CJOW0S
parameters (top panels) and the CCLT23 parameters as in Table 3.1 (bottom panels).
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Figure 3.2: Behavior of I; (left) and I, (right), as functions of ¢ for different values of 7" for the
GARCH-HN model. We set Sy = K = 100, r = 10~ and v/252ho = 10%. We use the CJOW0S
parameters (top panels) and the CCLT23 parameters as in Table 3.1 (bottom panels).
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Figure 3.3: Behavior of I; (left) and I (right), as functions of ¢ for different values of T" for
the GARCH-CJOW model. We used Sy = K = 100, r = 107> and the initial volatility states
V252hy = 5% and 1/252¢p = 5%. We use the CJOW0S8 parameters (top panels) and the

CCLT23 parameters as in Table 3.1 (bottom panels).
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Figure 3.4: Behavior of I; (left) and I (right), as functions of ¢ for different values of T" for
the GARCH-CJOW model. We used Sy = K = 100, r = 10~° and the initial volatility states

V252hg = 10% and 1/252¢p = 10%. We use the CJOW08 parameters (top panels) and the
CCLT23 parameters as in Table 3.1 (bottom panels).
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Figure 3.5: Behavior of I; (left) and I, (right), as functions of ¢ for different values of 7" for the
GARCH-OP model with the parameters OP23 of Table 3.1. We set Sy = K = 100, r = 1075.
We use /252hg = 1/252q9 = 5% (top panels) and 1/252hy = 1/252¢p = 10% (bottom panels).
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3.3 An improved two-component GARCH model for op-

tion valuation

In this section, we propose a component volatility model that enhances the one developed by
CJOW by ensuring that the volatility remains positive. We name this model GARCH-CPC,
which stands for Corrected Positive Component GARCH. The model consists of the following

equations:
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Riy1 =71+ M1 + Vg1 Ziga, (3.14)
. 2
hig1 = @1 + 5(}% - Qt> +a { <Zt - N \/h_t> - 712%} ) (3-15)
2
Qa1 =W+ pg + ¢ <Zt - 72\/h_t) 7 (3.16)

where Z; YN (0,1) and ¢; represents a process related to the long-run volatility component as

in the GARCH-CJOW model.

To ensure the positivity of h;, we assume the following conditions for the parameters: w > 0,

a>0,p>0and

B+a7§<p, >0, p>0. (3.17)

Substituting equation (3.16) into (3.15) immediately shows that these parameter conditions are
sufficient to guarantee the positivity of h, for all ¢. We remark that the GARCH-CPC model
is included in the modeling framework of Bormetti et al. (2015), using in equation (3.8) the

following specification for the coefficients:

W = y Mlz y le . (318)

Moreover, condition (3.17) relaxes the positivity conditions previously imposed by Bormetti
et al. (2015). In particular, Bormetti et al. (2015) require that M is component-wise positive,
which specifically implies that h; > ¢; for all ¢. This condition ensures that the total volatility
is always greater than or equal to the long-term volatility, enforcing component-wise positivity
to guarantee variance positivity. Conversely, in our approach, equation (3.17) does not impose

any restrictions on the sign of the difference h; — ¢, similar to what occurs in the CJOW model.
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The long-run means are given by

€0 E[th)T = (L~ PR,

Bran+en p—B—an
where I, denote a 2 x 2 identity matrix, P = ! ? " and R =
2
2 P
wta+e

w+ e

To avoid the divergence of the recursive equations (3.15)-(3.16) we must ensure that the spec-

trum of the matrix P is bounded by one. It readily follows that eigenvalues of P are 4, = S+ary?

and Ay = p + 73, so that in addition to condition (3.17) we need to assume

B+ay? <1, |p+¢E] <1 (3.19)

We note that, for the model in equations (3.2)-(3.3), E[h; — ¢;] = 0. In contrast, for equations
(3.5)-(3.6) it holds that E[h,—q,] = a/(1— ) and for equations (3.15)-(3.16) we have E[h,—q,] =

a/(1 — B8 — av?). Therefore, unlike in the GARCH-CJOW model, the long-run volatility
component in the GARCH-OP and GARCH-CPC models is represented not by ¢;, but rather

by q; + h, where h = ﬁ for the GARCH-OP model, and h = —=< for the GARCH-CPC

lfﬁfa'y%

model.

3.3.1 The risk-neutral GARCH-CPC dynamics

Following Christoffersen et al. (2008), we risk-neutralize the dynamics for the GARCH-CPC

model as follows:
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1
Ry =r— Eht-i-l + V1 27, (3.20)
. 2
hiy1 = qe1 + 5(]% - Qt) +a <Z: - Vik\/h_t) - O‘(Vik)%]n (3‘21)
2
Gt+1 = W+ pg + (Zt* — Y2V ht) ) (3.22)

with v =, + 3 + A or i = 1,2 and Z; ~ N(0, 1).

3.3.2 Moment generating function

To perform option valuation, we derive the moment generating function associated to the

terminal log-spot price of equation (3.20).

Proposition 3.1. The conditional moment generating function for the logarithm of the termi-

nal log-price In Sy, denoted by f(t,T;¢), can be computed as

f(t, T; ¢) — e¢10gSt+At(¢)+Bl,t(¢)(ht+1—Qt+1)+32,t(¢)Qt+17 t<T, (3‘23)

where the expressions for Ay(¢), B1:(¢) and Byy(¢) are derived in equation (B.5) in the Ap-

pendiz B.1.1.

Proof. See Appendix B.1.1. O

3.4 Empirical results for returns and options

In this section, we examine the goodness-of-fit of the GARCH-CJOW, GARCH-OP and the
GARCH-CPC models on both returns and options data.

The data for the daily levels of Adjusted Close Price for the S&P500 returns series is retrieved

from Refinitiv Datastream. As a proxy of the risk-free interest rate, we utilize the 3-month
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Treasury Bill rate and we gathered its time series data from the Federal Funds Effective Rate
(FRED) dataset. For the returns, we considered two different periods: one covering the same
period considered by CJOW, from July 2, 1962, to December 31, 2001 (labeled as “Period
17) resulting in 9943 days, and another covering more recent data from January 2, 2002, to

December 29, 2023 (labeled as “Period 27) for a total of 5537 days.

We consider both Put and Call European options written on the S&P500 index, with data
retrieved from Thomson Reuters Eikon Datastream. The options we examined have maturities
ranging from 2020 to 2023 and we consider the option daily prices from February 10, 2020,
to December 29, 2023. As a common practice, following Christoffersen et al. (2012), Ballestra
et al. (2023), and Ballestra et al. (2024), we apply several exclusion filters retaining a total of
14,247 options prices. In particular, we keep only the options with time-to-maturity between
14 and 365 days and we select only out-of-the-money Put and Call options (we compute the
moneyness as K /S;, where K is the strike price and S; is the underlying index level), and we
filter out illiquid quotes by selecting only the six most liquid strikes at each maturity, and we

consider option quotes only on Wednesday. Finally, we remove price quotes lower than 3.8$.

Following CJOW, the estimation we conducted relies on maximum likelihood estimation using
only the log-returns. The results for Period 1 and Period 2 are shown in Table 3.4. For
Period 1, since we considered the same time frame as CJOW, we included the parameters they
estimated in their article. To evaluate the goodness-of-fit on the returns data, we also include
log-likelihood values alongside standard information criteria such as AIC and BIC. Finally, the
fit to the option data is assessed using a standard metric, the implied volatility root mean

square error:

N
IVRMSE(%) = 100 x S (TVMET — qyMopy?, (3.24)
=1

1
N

where TVMET and TVMOP denote the market and the model implied volatilities of the i-th

option price, respectively.

Generally speaking, for both periods, the GARCH-CPC and GARCH-OP models exhibit
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slightly worse fit on the returns data compared to the GARCH-CJOW, as indicated by AIC

and BIC values. However, for the GARCH-CJOW model it was not possible to calculate all

the option prices due to the issues of negative variance outlined previously in Section 3.2.1.

Thus, the fit to option data was assessable only for the GARCH-CPC and GARCH-OP models.
In particular, the GARCH-CPC displayed IVRMSE values of 5.7% and 4.9% for Period 1 and
Period 2, respectively. For the GARCH-CJOW model the “NaN” values, reported at the
bottom of Table 3.4, indicate that it was not possible to compute prices for all the N options
based on the numerical integration of (3.9). Whereas, for the parameters estimated in Table
3.4, the GARCH-OP did not encounter any issues in pricing the options we considered but

returned higher pricing errors compared to the GARCH-CPC model.

Table 3.4: Maximum likelihood estimation results.

Period 1 Period 2
GARCH-CPC  GARCH-OP GARCH-CJOW  GARCH-CPC GARCH-OP GARCH-CJOW
w 1.546e-16 8.678¢-12 8.208e-07""" 6.177e-14 6.689¢-09 7.735e-07""
(7.420e-09) (1.911e-08) (7.620e-08) (3.860e-09) (5.651e-09) (1.957e-07)
a 2.923e-06"" 1.337¢-06™  1.580e-06™" 1.003e-06™" 3.004e-06""  3.520e-06"""
(1.392¢-06) (1.339¢-07) (2.430e-07) (5.463¢-07) (6.094¢-07) (1.234¢-06)
v 140.269 438.588™ 4.151e402™ 343.652™ 337.450"" 227.209"
(29.868) (73.865) (6.341e+01) (123.759) (59.820) (82.479)
8 0.374™" 0.776™" 6.437¢-01""" 0.626™" 0.887™" 0.704™"
(0.151) (0.180) (2.759¢-02) (0.232) (0.033) (0.082)
© 2.205¢-06""" 2.152¢-06™"  2.480e-06"" 5.146¢-06""" 1.684¢-06™ 1.510e-06"""
(4.226e-07) (1.035e-07) (1.160e-07) (1.016e-06) (8.926e-07) (3.910e-07)
o 134469 58.924™ 6.324e+01"""  148.223™" 120.697" 188.654™"
(16.244) (15.322) (5.300) (21.761) (40.545) (65.588)
p 0.925™ 0.960" 9.896e-01""" 0.836" 0.949™" 0.993"
(0.009) (0.033) (9.630e-01) (0.033) (0.016) (0.002)
A 0.472 0.843 2.092" —2.957 —3.957" —3.412""
(0.813) (0.852) (7.729¢-01) (1.415) (1.405) (1.264)
Log-lik. 33,978 33,979 34,102 17,993 17,997 18,065
AIC -67,940 -67,942 -68,188 -35,970 -35,978 -36,114
BIC -67,882 -67,884 -68,130 -35,917 -35,925 -36,061
IVRMSE(%) 5.787 6.237 NaN 4.965 5.163 NaN

Note: The standard errors, reported in parenthesis, are computed by inverting the negative Hessian matrix evaluated at the optimum parameter
values. [¥],[¥*],[***] denote statistical significance at the 0.1, 0.05, 0.01 levels, respectively. As initial volatility states we use the long-term
means.

In Figure 3.6, we display the S&P500 daily log-return data for both Period 1 and Period 2
along with the filtered variance h; and the long-run component ¢, + h of the GARCH-CPC

model. Overall, the filtered long-run component is centered around the return variance h; and
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the model seems to correctly capture the spikes corresponding to higher volatility periods.
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Figure 3.6: Log-returns S&P 500 series (top panels) and GARCH-CPC model (conditional)
variance (bottom panels): h; (blue) and ¢, + h (red) where h = a/(1 — 3 — av}).

As a further comparison, in Figure 3.7, we display the filtered conditional variance h;, the
long-term component ¢;, and the short-term component h; — ¢;, as considered by CJOW,
for the GARCH-CJOW, GARCH-OP, and GARCH-CPC models. The filtered variances are
computed using the parameters from Table 3.4 for both Period 1 and Period 2. Overall, the
filtered variance components of the three models exhibit similar patterns. Moreover, the short-
term component h; — ¢; for the GARCH-OP and GARCH-CPC models is not mean-zero, as

explained in Section 3.3.
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3.5 Telescopic extension to three components

The model introduced in equations (3.15)-(3.16) exhibits an autoregressive telescopic structure,
as can be seen from matrix M in (3.18). Therefore, in this section we propose a telescopic

extenstion to include three volatility components given by:

Rip1 =7+ Mgy + /s Ziy, (3.25)
hip1r = peg1 + p1(he — pp) + <Zt -—MN \/h_t>2 — 17ipe, (3.26)
Pe+1 = Qer1 + p2(Pe — @) + 02 (Zt — % \/h_t>2 — 5, (3.27)
Q41 = W+ p3qe + 3 (Zt - 73\/h_t>2 : (3.28)

To retrieve the positivity conditions, we substitute equations (3.28)-(3.27) into (3.26), obtaining:

3
2
heyr = w + (95— p2 = 0273) @i + (2 — p1 — ayD)ps + prhu + ) o <Zt — iV ht) , (3:29)

i=1

from which we derive

po+ovs < ps, pLtaiyi<py, pi>0, i=1,23. (3.30)

The long-run means are given by:

(E[ht} Elp:] E[Qt]>T = (Is - P)7'R,
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W+ a3+ ag+

where I3 denote a 3 x 3 identity matrix, R = W~ asg + s and

W+ o

pL+ a1+ aeys +azy: pa—p1— a1y ps — pa2 — avi

P = s + o373 P2 p3 — p2 — Q273

as7; 0 P3

It can be easily checked that the eigenvalues of P are 4, = a1 + p1, Ao = anys + po and

A3 = azys + ps3, so that once again in addition to condition (3.30) we need to assume

a7 +p1| <1, aoys +pa] <1, agys +ps| < L.

Model (3.25)-(3.28) can still be reformulated within the framework established by Bormetti

et al. (2015). By setting

ftlzht_pta ft2:pt_qt7 ftgz%

we consider the linear operator £ : R® — R, acting on f, = (f!, f2, f2)" and providing the

log-return variance L(f,) = f! + f? + f?. Then, we obtain

(2 -1 VEFD)
fiin=w+M f, + N, (Zt—’YQ\/m>2 , (3.31)
(Zt — V3V ‘C(ft)>2

where

0 po—ai —aa; ap 0 0
w=|0], Mi=1]0 P2 —aw% ., Ni=|10 a, 0
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To perform option valuation, we derive the moment generating function associated to the

terminal log-spot price of equation (3.25).

Proposition 3.2. The conditional moment generating function for the logarithm of the termi-

nal log-price In St, denoted by f(t,T; ), can be computed as

ft,T;¢) = e¢>10gSt+At(¢>)+Bl,t(¢>)(ht+1*pt+1)+32,t(¢>)(17t+1*Qt+1)+33,t(¢)%+1’ t<T, (3.32)

where the expressions for Ay(p), B1+(¢), Bat(¢) and Bsi(¢) are derived in equation (B.8) in
the Appendix B.1.2.

Proof. See Appendix B.1.2. O

In Table 3.5, we report the estimation results of the three-component model extension on the
same data considered in Table 3.1. In Period 1, the majority of the model coefficients are not
significant at standard levels, whereas in Period 2, 9 out of 11 parameters are significant. The
option pricing errors are slightly higher to those of the GARCH-OP model reported in Table

3.1 for Period 1 and lower to all other models for Period 2.

In Figure 3.8, we present the volatility dynamics of the three-component model for both periods.
Similar to our observations for the two-component model in Figure 3.7, we find that the three

components exhibit closely related dynamics and occasionally intersect with one another.
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Table 3.5: Maximum likelihood estimation

results.
Period 1 Period 2
w  3.162e-15  3.338e-11
(5.807¢-09) (1.911e-08)
a;  1.376e-06  2.321e-06""
(1.340e-06)  (1.245¢-06)
v 299.745 108.112"
(297.445) (51.464)
n 0.321 0.386
(0.448) (0.420)
ay  6.523e-07  2.556e-06"""
(9.865¢-07)  (3.373¢-07)
v 355.052" 333.484""
(266.136) (25.002)
D2 0.696 0.638"
(0.616) (0.079)
as  1.460e-06""  8.308e-07""
(7.104e-07)  (3.581e-07)
vy 119.496™  114.837"
(69.469) (49.793)
03 0.955"" 0.967""
(0.031) (0.010)
A 0.202" -3.613"
(0.142) (1.588)
Log-lik. 33,983 17,999
AIC  -67,946 -35,976
BIC  -67.867 -35,903
IVRMSE (%) 6.394 4.931

Note: The standard errors, reported in parenthe-
ses, are computed by inverting the negative Hes-
sian matrix evaluated at the optimum parameter
values. [*], [**], [***] denote statistical significance
at the 0.1, 0.05, and 0.01 levels, respectively. Long-
term means are used as the initial volatility states.



64 Chapter 3. GARCH option valuation with multiple volatility components: Ensuring variance positivity

via telescopic autoregression

3.6 Conclusions

In the influential article by Christoffersen et al. (2008), it is demonstrated that the GARCH-
CJOW component model significantly outperforms single component models in capturing stock
return volatility. Moreover, the GARCH-CJOW model also shows excellent performance in

explaining option prices.

However, a key limitation of the GARCH-CJOW model is its failure to not guarantee positive
volatilities, leading to substantial practical challenges. Specifically, even with realistic param-
eter sets, it is unfeasible to compute option prices for several maturities using the popular

semi-closed formula, thereby vanishing one of the main advantages of affine models.

These challenges were partially addressed by the model proposed in Oh and Park (2023). How-
ever, as we demonstrate in this paper, it still experiences negative volatilities. Therefore, we
propose an enhancement of the GARCH-CJOW and GARCH-OP models, termed GARCH-
CPC model, which guarantees the positivity of the variance by leveraging from the telescopic
autoregressive structure. Moreover, we illustrate a possible extension to three volatility com-
ponents. Our approach, which fits within the general framework established by Bormetti et al.
(2015), demonstrates comparable performance on returns data and superior performance in

pricing options compared to both the GARCH-CJOW and GARCH-OP models.
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We present a new model for commodity pricing that enhances accuracy by integrating four
distinct risk factors: spot price, stochastic volatility, convenience yield, and stochastic interest
rates. While the influence of these four variables on commodity futures prices is well recognized,
their combined effect has not been addressed in the existing literature. We fill this gap by
proposing a model that effectively captures key stylized facts including a dynamic correlation
structure and time-varying risk premiums. Using a Kalman filter-based framework, we achieve
simultaneous estimation of parameters while filtering state variables through the joint term
structure of futures prices and bond yields. We perform an empirical analysis focusing on
crude oil futures, where we benchmark our model against established approaches. The results
demonstrate that the proposed four-factor model effectively captures the complexities of futures

term structures and outperforms existing models.
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4.1 Introduction

In recent years, the crude oil market emerged as the largest and most influential commodity
market globally. Accurate modeling of the key drivers of commodity price dynamics is essential

for effective pricing, hedging, and risk management of commodity derivatives.

Empirically, as documented in Litzenberger and Rabinowitz (1995), Duffie et al. (1999), and Ey-
deland and Wolyniec (2003), many commodity prices are mean-reverting, strongly heteroscedas-
tic, and influenced by the Samuelson (1965) effect, whereby volatility tends to increase as
futures contracts approach maturity. Furthermore, commodity futures prices are often “back-
wardated,” meaning they decline as the delivery date approaches. Notably, the analysis of crude
oil prices in Routledge et al. (2000) shows that the degree of backwardation is positively related

to volatility, implying that volatility encompasses a component spanned by futures contracts.

To address there stylized facts, as discussed in Duffie et al. (2003), affine factor models gained
traction among practitioners due to their desirable analytical properties and because they allow
for straightforward pricing of futures and bonds. However, a significant challenge remains in
determining the optimal number and type of factors driving the spot price dynamics. In the
seminal work of Schwartz (1997), it is assumed that all the uncertainty is summarized by
one factor, namely, the spot price of the commodity. However, one-factor models imply that
the returns of all futures in the term structure are perfectly correlated and that the degree
of backwardation is time-invariant, which are overly restrictive assumptions inconsistent with

empirical data.

To address the drawbacks of using a single factor, Gibson and Schwartz (1990) and Schwartz
(1997) considered two stochastic factors, the spot price and the convenience yield. Under these
models, futures prices are no longer perfectly correlated, allowing for richer term structures.
However, Routledge et al. (2000) argued that the correlation between the spot price and the
convenience yield needs to be time-varying and that two factors do not adequately capture
price volatility dynamics. Consequently, several articles have proposed three-factor models,

typically including either stochastic volatility (see Deng (2000), Geman and Nguyen (2005),
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Hikspoors and Jaimungal (2008), Lutz (2010), and Hughen (2010)) or stochastic interest rate
(e.g., Cortazar and Schwartz (1994), Schwartz (1997), Cortazar and Schwartz (2003), Casassus
and Collin-Dufresne (2005), Tang (2012) and Mellios et al. (2016)).

While the above-mentioned articles suggest that effective pricing of commodity futures require
at least three factors, the filtered estimates from these models are not always satisfactory.
Hughen (2010) found that the pricing performance of three-factor models is often comparable
to that of two-factor models, indicating the potential need for a fourth factor. Cortazar (2006)
support this finding showing that a fourth factor is crucial for fitting the volatility term structure
of crude oil futures. Four-factor model specifications proposed by Yan (2002), Schwartz and
Trolle (2009b), Schwartz and Trolle (2009¢), and Schone and Spinler (2017) aim to enhance
commodity futures pricing by incorporating factors like mean reversion, convenience yield,

stochastic volatility, and jump clustering, albeit with different factor combinations.

To shed light on the appropriate number and types of factors needed to model commodity
prices, we propose a novel four-factor model that incorporates the spot price, the convenience
yield, the interest rate, and the volatility of the spot price, treating the variables in the drift
term of the log spot price as stochastic. This combination of factors has not been considered
in the literature, yet it allows for a more accurate evaluation of the impact of interest rates on
the risk-neutral drift of log spot prices. In line with Hughen (2010) and Schéne and Spinler
(2017), we utilize affine specifications for the drift and covariance terms, while maintaining a
parsimonious structure, and we account for a time-varying correlation matrix and time-varying
risk premia since, following Duffee (2002), Casassus and Collin-Dufresne (2005), and Cheridito

et al. (2007), we model risk premia as affine functions of the state factors.

We develop an innovative estimation framework that incorporates bond yields, marking the
first effort to jointly model the four factors that we model using panel data on futures prices
and bond yields. Moreover, we adapt the discretization derived by Kelly and Lord (2023) for
square-root processes to our state-space estimation framework to ensure the positivity of the
state volatility process. We conduct rigorous empirical testing, both in-sample and out-of-

sample, using a comprehensive panel dataset of crude oil futures prices and bond data. The
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results show that our approach outperforms popular models like Schwartz (1997), Yan (2002),
Hughen (2010), and Schone and Spinler (2017), particularly when bond estimation is included,

which enhances short-term futures accuracy.

The contribution of this paper is twofold. First, our four-factor model improves upon existing
benchmarks for pricing commodity futures while accounting for the interaction between futures
and bond yields. Second, our analysis highlights the crucial role volatility and interest rates
in the drift and diffusion terms of log spot prices. Notably, the incorporation of bond yields
not only enhances the accuracy of interest rate estimation, but also provides a more effective
representation of commodity futures prices dynamics. While the empirical analysis in this
paper focuses on the crude oil market, our model and estimation framework are applicable to

a broad range of commodities.

The remainder of this article is structured as follows: In Section 4.2, we present our model
and derive formulas for the valuation of commodity futures and bond yields. Section 4.3
briefly reviews the benchmark models. Section 4.4 details the data sources and the model
estimation framework. Empirical results, including both in-sample and out-of-sample analyses,

are presented in Section 4.5. Finally, Section 4.6 concludes the paper.

4.2 The four-factor model

In this section, we present our proposed model for commodity prices, which incorporates
Stochastic interest Rate and Volatility, comprising a total of four factors. Thus, we refer

to this model as SRV-4f.

We assume that the commodity spot price S is driven by four independent sources of uncer-
tainty and is influenced on the convenience yield §, the (instantaneous) interest rate r, and tlge
variance of the log spot price v. We define the state vector X (t) = (hl S(t) §(t) r(t) v(t)) ,
which we assume satisfies the following stochastic differential equation, under the risk-neutral

probability measure:
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dX (t) = [A+ BX(t)]dt + ZY2(t, X (t))dZ(t), (4.1)
0 0 -1 +1 -1
A _ ]CQ,MQ ’ B 0 —kz 0 0 7
ki3 0 0 —k O
]{34/,64 0 0 0 —k?4

where dZ(t) is a vector of four uncorrelated standard Brownian motion increments, $'/2(¢, X (t))

denotes the Cholesky decomposition of the instantaneous variance and covariance matrix given

by
S(t, X (1) = Qo + Qo(t), (4.2)
where
0 s12 s13 0 1 P12022 P13033 P14044
S12 S22 S23 0 P12022 052 P23022033 24022044
QO - ’ Ql =
513 S23 S33 0 P13033 23022033 0:'33 P34033044
0O 0 0 O P14044  P24022044 P34033044 024

As in Duffie and Kan (1996), both the drift term and (¢, X (¢)) are affine functions of the state
variables. We note that Q(1,1) = 0 and ,(1,1) = 1, so that v(¢) is actually the variance of

the first state variable log S(t), and we require £y 4+ ©,v(t) to be positive definite.

We define the vector of risk-premia A(t, X (¢)) = ()\x(t7 S(t)) As(t,8(1)) M(t,r(t) Aot v(t)))

as an affine function of X (), that is

Alt, X (1) = S(t, X (1) (21 A+ [B- B]X(t)) , (4.3)
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where the physical drift parameters A and B are given by

i o -1 0 -1

| eem o =k 0o o0

A= |7 B-= o (4.4)
kst 0 0 —k3 O
Foafia 0 0 0 —k

From the Girsanov Theorem, see Theorem 11.3 in Bjork (2009), we know that the process
Z(t)F, defined by

Z(F = Z(t) —/0 A(s, X(s))ds, (4.5)

is a standard P-Wiener process, where P denotes the physical probability measure.

Substituting (4.5) into (4.1) yields the continuous time model dynamics under P:

dX (1) = [21 + EX(t)] dt + SY2(t, X (£))dZE (t). (4.6)

From a mathematical standpoint, the diffusion term in (4.2) follows an affine specification
similar to the model proposed by Schone and Spinler (2017). However, we model different risk
factors and we allow for a more parsimonious parametrization of the expressions for B and ()

(see Section 4.3.6).

4.2.1 Futures prices

The futures price at time ¢ with time to maturity 7 = T'—t can be computed as the risk-neutral

expectation of the futures price:

P(t,7,X(t) =E[eX"]F(1)],
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where F(t) denotes the information available at time ¢. The futures price is then the solution

to the following partial differential equation (PDE) (see Proposition 5.5 in Bjork (2009)):

OF (t, 1, X(t))

5, = (V. F(t,7,X(t) [A+ BX(t)] + %Tr {(HF(t,7, X (1)) 2(t, X())}, (4.7)

with the terminal condition F(¢,0,X(t)) = eX®, where V,F(t,7, X (t)) and H,F(t,7,X(t))
are the gradient of F(¢,7, X(t)) with respect to X (¢) and the Hessian matrix of F (¢, 7, X(¢))

with respect to X (t), respectively, and Tr is the trace operator.

Given that the drift and diffusion term in (4.1) are affine functions of X(¢), the solution to

equation (4.7) can be guessed as follows:

InF(t, 7, X(t)) = a(r) + B(1) X (1), (4.8)

where [(71) = (51(7) Ba(T) P3(7) 54(7—)). By substituting equation (4.8) into (4.7) we

obtain

da(r) | dB(7)
dr + dr X

(1) = B)A+ BXW] + 5 BB + 58 To(0)].

Separation of variables leads to the following system of ordinary differential equations (ODEs):

WD sma+ gomaosm)’, D = gy, B0 gy, DU g,
(4.9)
BT _ 5(r) By + BB, (.10

where B(;) denotes the i-th column of B, i = 1,2,3,4. Equations (4.9)-(4.10) must be solved
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with terminal conditions «a(0) = 0, 81(0) = 1, 55(0) = 0, 53(0) = 0 and £4(0) = 0.

4.2.2 Bond yields

The present value at time ¢ of a unit discount bond P(t, 7, X (¢)) with time to maturity 7 can

be computed as:

P(t, 7. X (1)) = E [e 7t

]—"(t)] . (4.11)

The conditional expectation (4.11) is the solution of the following PDE:

p@ﬂ,xmy@):—95%£39+«vg%mmxu»fL4+BX@N (4.12)

1
+ 5T {(H Pt 7, X (1)) 2(8, X (1)}
with terminal condition P(t,0, X (¢)) = 1. The PDE (4.12) can be solved as

In P(t,7, X (£)) = 7(7) + C(T) X (1), (4.13)

where ((7) = (Cl(T) G(T) G(T) §4(7—)). By substituting equation (4.13) into (4.12) we

obtain

bir) | &)

P B X (1) = A+ BXW] + 5 [T + ) To(0)] - (o)

which leads to the following system of ODEs:
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D — (a4 50T, U = gy, ©0 = )8, 0D = () -1,
T — () By + )T,

and (0) = ¢(0) = 0 so that P(t,0,X(¢t)) = 1.

4.3 Benchmark models

In this section, for the readers convenience, we briefly recall well-known factor models for

commodity prices which we will utilize as benchmarks.

4.3.1 Schwartz’s (1997) one-factor model

The one-factor model of Schwartz (1997), hereafter SCH-1f, assumes that In S(t) follows an

Ornstein-Uhlenbeck stochastic process, under the risk-neutral measure:

dinS(t) =k (a—A—1InS(¢t))dt + odZ(t),

where A is the (constant) market price of risk and dZ(t) denotes the increment to a standard

Brownian motion.

According to equation (8) of Schwartz (1997), we can compute the logarithm of the futures

price with time to maturity 7 as:

2

In F(t, 7, S(t)) = e InS(t) + (1 — e )(a — \) + Z?(l )
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4.3.2 Schwartz’s (1997) two-factor model

The two-factor model of Schwartz (1997), denoted SCH-2f, models the logarithm of the spot

price and convenience yield § via the following equations, under the risk-neutral measure:

dln S(t) = (r —o(t) — %(72) dt + o1dZ;(t),

do(t) = K[(c — 8(t)) — Ndt + oadZs(t),

where the increments of the standard Brownian motions are correlated with E[dZ; (t)dZ,(t)] =
pdt. The logarithm of the futures price with time to maturity 7 is given as in equation (19) of

Schwartz (1997):

mF@nS@j@»:mS@—5@£1£i+Aﬂﬂ,

K

where A*(7) is specified in equation (20) of Schwartz (1997).

4.3.3 Schwartz’s (1997) stochastic interest rate model

The three-factor model of Schwartz (1997), which we denote by SCH-3f, comprises the following

stochastic differential equations under the risk-neutral measure:

dmﬂﬂ:<mw—&w—%£)ﬁ+amau%
d5(t) = k (a — 8(t)) dt + 02dZs(t),

dr(t) =a(p—r(t))dt + o3dZs(t),
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where the Brownian motion increments are correlated via E[dZ, (t)dZs(t)] = p1dt, E[dZ(t)dZ5(t)] =

p2dt and E[dZ;(t)dZ3(t)] = psdt. The logarithm of the futures price with time to maturity 7 is

given by equation (27) of Schwartz (1997):

0L —e) | r()d —e™)

+ C* (1),

where C*(7) is specified in equation (28) of Schwartz (1997).

4.3.4 Hughen’s (2010) stochastic volatility model

.
The model of Hughen (2010), hereafter HU-3f, considers X (t) = (ln S(t) 6(t) @(t)> as

state vector, which, under the risk-neutral measure, satisfies the following SDE:

dX(t) = (A4 BX(t))dt + SY2(t, X (t))dZ (1),

Z(t, X(t)) = Q() + le(t),

where Z(t) is a vector of three uncorrelated Brownian motions, and

0 0 1 —1/2
A=l |, B=|kio ko Ka |
J25] 0 0 K33
0 S12 0'13’19 1 012 013
Qo= | so So9 0930 | Q1= [0y 09 023 | »
o310 0320 0330 031 032 033

where () is positive definite and €2y — €2, is positive semi-definite with ¥ < 0. The logarithm

of the futures price with time to maturity 7 is given by equation (27) of Hughen (2010), that
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is:

InF(t, 7, X(t)) = a(r) + B(1) X (1),

where «o(7) and S(7) = (51 (1) BalT) 53(7—)) can be obtained via numerical integration of

the following system of ODEs:

2D~ sra+ 2o00mT, D = gy, PO gy,
WD) _ 5(r) By + BB,

where B(;) denotes the i-th column of B, ¢ = 1,2, 3, and the terminal conditions are a(0) =

0751(0) = 1752(0) = 0753(0) =

4.3.5 Yan’s (2002) stochactic volatility with jumps model

The four-factor model of Yan (2002), which we denote by YAN-4f, comprises the following set

of equations under the risk-neutral measure:

2

dIn S(t) = <r(t) —0(t) — vy — % - %v( )> dt + 0,dZ,(t) + \/v(t)dZ,(t) + dL(t

do(t) = (us — ks0(t)) dt + o5dZs(1),

dr(t) = (pty — Kpr(t)) dt + op\/7(t)dZ, (1)
dv(t) = (L ) dt + op\/v(t)dZ,(t) + dL,(t),

where (L(t), L,(t)) denote a two-dimensional compound Poisson process defined as
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®)
L) =Y Ji Lt)=>_ Jui (4.14)

and ¢(t) is a Poisson process with constant intensity v. The jump sizes of the log spot price
and volatility are modeled by J and J,, respectively. Here, J, ~ Exp(f) with § > 0 and
In(1+J) ~ N <ln(1 + 1) — §,02>. The Brownian motion increments are correlated as
E[dZ,.(t)dZs(t)] = pesdt and E[dZ,(t)dZ,(t)] = pwdt. The logarithm of the futures price with

time to maturity 7 is given by:

I (¢, 7, 5(t),0(t),7(t)) = InS(t) + fo(7) + Bs(T)8(t) + e (7)r (1),

where the expressions for 5y(7), 8s(7) and 5,(7) are given in equation (13) of Yan (2002). We
note that the futures price does not directly depend on the spot volatility. Moreover, only the
convenience yield and the spot volatility are correlated with the return process, whereas all the

other correlations are set to zero.

4.3.6  Schoéne and Spinler (2017) four-factor model

The four-factor model of Schone and Spinler (2017), denoted SS-4f, uses as state vector X (¢) =
T

(ln S(t) 6(t) qt) v(t)) , where 6(t) represent the long-term level of In S(¢) and ¢(t) is a

factor related to the cost of carry. Schéne and Spinler (2017) formulate their model, under the

risk-neutral measure, as follows:

dX (t) = [A+ BX(t)] dt + SY2(t, X (t))dZ(t),

X(t, X (1) = Qo + Qo(t),

where Z(t) is a vector of four uncorrelated Brownian motions and
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0 —R11 Rn -1 K14
i 0 0 0 0
A= ., B= ,
K333 0 0 —kzg O
Raqfbq 0 0 0 —Ry4q
0 s12 S13 Vo 1 o012 013 oua
521 5929 523 Vo4 021 O22 023 024
QO - s Q1 - 5
531 532 533 Vo 031 032 033 034
Vog Vose 19043 Vo 041 O42 043 Oy4

where Q; and Qg — 19 are positive semi-definite with ¥ < 0. The logarithm of the futures

price with time to maturity 7 is given by equation (11) of Schéne and Spinler (2017), that is

InF(t, 7, X(t)) = a(r) + B(1) X (1),

where «a(7) and f(1) = <51 (1) Balr) PB3(7) 54(7)> can be obtained via numerical integra-

tion of the following system of differential equations:

d(zl(:) = B(1)A+ %5(7)905(7)T: d%y) = B(1)B), dﬂ;f) = B(7)B), dﬁ;ﬁ) = B(7)B),
BT _ o) By + SAEORBE)T,

where B(; denotes the i-th column of B, i = 1,2, 3,4, and the terminal solutions are a(0) =

B2(0) = B3(0) = 54(0) = 0 and $,(0) = 1.

4.4 Estimation methodology

Since the variables included in the state vector are typically unobserved, we utilize the estima-

tion framework developed in Duan and Simonato (1999), which is based on the Kalman filter,
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as it allows us to extract latent variables from a cross-section of observables and to estimate
the parameters of the commodity price models (see Schwartz (1997) and Schone and Spinler

(2017)).

In subsection 4.4.1, we illustrate the traditional Kalman filter equations for estimations that
rely solely on observed futures prices. In subsection 4.4.2, we derive a state-space system
and the related filtering equations, which allow for the joint estimation of futures and bond
prices. Lastly, subsection 4.4.3 derives a discretized transition equation for the volatility process,

ensuring its positivity.

4.4.1 Futures prices

At each time ¢ we observe the prices of H futures with different maturities 7;, fori =1,..., H.
To proceed, we stack the corresponding pricing equations, derived from (4.8) by adding a

measurement error term, resulting in the following representation:

In FO(t, 7, X (t)) eM(t)
y(t) = 5 =a(m)+pMmXO+ | |, (4.15)

In FE(t 7y, X (1)) e ()

+ 51(7'1) 52(7'1) 53(7'1) 54(7'1)
where a(7) = (04(7'1) a(TH)) , B(1) = : : : : and e (¢)
Bl(TH) /32(7'1{) 53(7'H) /34(7'1{)

represents the measurement error related to logarithm of futures price ¢ with zero mean and
standard deviation o.,, « = 1,...,H. This accounts for the possibility of bid-ask spreads,
nonsimultaneity of observations and errors in the data. In a correctly specified model, the

errors £(t) should be serially and cross-sectionally uncorrelated with zero mean.

To obtain the transition equation for the state-space system we need to derive the expressions

for the conditional mean and variance of the (unobserved) state variables over a discrete time
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interval of length h, which we set equal to 1/252 to represent daily data. We discretize equation

(4.6) over h using Euler discretization and we obtain the following transition equation:

X(t+h) = Ah + (I, + BR)X(t) + VEZ2(t, X (t))n(t + h), (4.16)

where X (t) represents the discretized approximation of the process at time step t, n(t + h) is a
normally distributed (4 x 1) error vector of zero means and unit variances and I, denotes the
(4 x 4) identity matrix. Given that (¢, X (¢)) is a function of X(t), the transition density of
equation (4.16) will not be Gaussian, so that we have a quasi-optimal Kalman filter. However,
as explained in Duan and Simonato (1999) and in Ewald and Zou (2021), the use of this quasi-
optimal filter yields an approximate quasi-likelihood function with which parameter estimation

can be efficiently carried out.

The state-space system of equations (4.15)-(4.16) can be directly used in the Kalman filter
recursion, which we briefly recall hereafter. Using 0p = {A,B,A\, E,QQ,Ql,Usl, ey Oy b 8S
the set of parameters, we compute the one-step ahead prediction and variance of X (¢) for a

step size h, conditional to the information at time t:

X(t+hlt) = Ah + [14+§h} X (1), (4.17)

P(t+ hlt) = [14 + éh] P(t]t) [14 + Eh] LS X,

where

S(t, X (1)|t) = Qo + Quo(t]t).

To finish the Kalman filter we need the updating equations:
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X(t|t) = X(t|t — h) + P(t|t — h)B(r) "V (t|t — h)"e(t),

P(t|t) = P(t|t — h) — P(t|t — h)B(T) "V (t|t — h) "' B(r)P(t|t — h).

where e(t) = y(t) — y(t|t — h) is the forecast error. We compute then the one-period-ahead

prediction and variance of the logarithm of futures prices as:

y(t + hlt) = a(r) + B(7) X (t + hlt), (4.18)
V(t+ hlt) = B(T)P(t + ht)B(T)" + Q, (4.19)
where @ is a (H x H) diagonal matrix with entries O’?i, 1=1,...,H. The estimated parameter
vector 07} solves
N
03 = argmax » _log L(fle(t), V(t[t — 1)),
(]

where N represents length of the time series of futures prices and the day-t log-likelihood is

equal to

log L(0le(t), V(t|t — h)) = —% (Nlog2m + [logdet (V ([t — b)) + e(t) 'V (¢t — h)e(t)]) -
(4.20)

4.4.2 Futures prices and bond yields

So far, we have shown how to estimate the model using only futures prices. Ideally, as explained

in Schwartz (1997), the parameters 0 of the state vector should be estimated simultaneously
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from a time series cross-sectional data of futures prices and bond yields. In this section, we
illustrate an estimation framework based on a state-space representation that jointly models

futures prices and bond yields, allowing for effective estimation of the model parameters.

Let R(t, 7, X(t)) denote the time ¢ continuously compounded yield on a zero-coupon bond of

maturity 7 with price P(¢, 7, X(t)):

Rt 7, X(1)) = —% In P(t, 7, X(£)). (4.21)

Similarly to our approach for futures prices, we assume that yields for different maturities are
observed with errors of unknown magnitudes. Using the bond pricing formula in equation
(4.13), the yield to maturity can be written, after the addition of a measurement error to

equation (4.21), as:

R(t,m, X(0) = =~ b (r) + ()X (0)] + 0(0), (122)

where 9(t) is an error term with zero mean and standard deviation oy.

Given that at each time t we observe H futures and K bond yields with different maturities,

equations (4.15) and (4.22) can be stacked to obtain the following representation:

In FO(t, 7, X (t)) eM(t)
n FU (t 7y, alT T (H)
o [prnemxe | fao) (o) o feme |
RO(t, 71, X (1)) V() ¢(7) ()
R (t, 7, X (1)) P (t)
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_G(m)  G(n) G(m)  Ga(m)

T1 T1 T1 T1

-
where (1) = (_M _M> , (1) = : : : : and

T1 TK
_ Gk) Gx) Gx)  Gltk)
TK TK TK TK
¥ U)(t) represents the measurement error related to bond yield j at time ¢ with zero mean and

standard deviation oy, 7 = 1,..., K. Moreover, given that now we also observe bond yields,
we need to consider the parameter set Opg = {A,B,A\, E,QO,Ql,Usl, ey Oy Opys o ey O}
Note that 0rp contains the same parameters as 0 along with the standard deviations oy,
j=1,..., K. In addition, we adjust @ of the observation equation (4.19) asa (H+K)x (H+K)

diagonal matrix with entries o2 and aij, i=1,....H,j=1,..., K.

€

4.4.3 Positivity of the state volatility process

The Euler discretization scheme in equation (4.16) does not guarantee the positivity of the CIR
process for the variance process. We address this issue by modifying equation (4.16) to utilize an
alternative discretization approach. This adjustment ensures the positivity of the variance state
process without enforcing restrictive parameter conditions. We follow the numerical approach
developed in Kelly and Lord (2023), which is to apply a Lamperti transformation to the CIR

process and to numerically approximate the related process.

Let us consider the equation for the variance process v; in (4.6):

dv(t) = Ra(fia — v(t))dt + /()0 4 dZ (1), (4.24)

where Qi/ 2 @ denotes the fourth-row of the Cholesky decomposition of €2;. By using the Lam-

perti transform m(t) = y/v(t), after an application of Itd’s formula we obtain

dm(t) = (vm(t)™ = pm(t))dt + Y 7dZD (1), (4.25)

i=1

~ ~ (@) ©) . .
where v = £(4Rafis — S L(2%)?), p=Ra/2 and y; = %91/2(4), 91/2(4) denoting the i-th entry of
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91/2(4), i =1,2,3,4. Following Kelly and Lord (2023), let us consider the mesh {to,1,... %}
consisting of M + 1 equally spaced points with step size h on the interval [0, 7], where to = 0
and tpy = T. Thus, t, = nh with n =0,..., M with h = T/M. We approximate (4.25) using

the Lie-Trotter splitting method (see Chapter 2 of Hairer et al. (2006)):

4
m(t+ h) = e " ( m(t)? + 2vh + Z Y AZD (t + h)) :

=1

where AZO(t + h) = ZO(t + h) — ZO(t) ~ N(0,h). Then, since v(t + 1) = m?(t + 1), we

compute

A 2
v(t 4+ h) = e 2" <\/v(t) + 2vh + Z%AZ(t + h)(i)> ,
i=1

or, equivalently,

v(t + h) = e Ml (v(t) + 2vh 4+ 2y/v(t) + 2vh (Z YAZD(t + h))
- (Z WAZD (t + h)) ) ,

i=1

which is non-negative for any v > 0. We finally proceed to derive the first (conditional) moment

as in equation (16) of Kelly and Lord (2023):

v(t + h|t) = e Fah (v(t) +h <2V + Zﬁ)) = e PN (u(t) + hRafly) (4.26)

which we use as a state transition equation for the variance process of the SRV-/f model. We

note that the Kalman filtering procedure for the benchmark models remains unchanged.
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4.5 Empirical results

Having introduced the models, the data and the estimation methodology, we proceed to describe

the calibration results to market data, both in-sample and out-of-sample.

4.5.1 Data description

We use daily observations of crude oil futures prices sourced from Thomson Reuters Eikon
Datastream. In particular, we consider light crude oil futures prices quoted on the New York
Mercantile Exchange (NYMEX), as discussed in Hughen (2010). Specifically, the underlying
asset of the futures prices is the West Texas Intermediate (WTI) crude oil spot price, quoted
in USD per barrel (USD/BBL)*.

Each futures contract is defined by its delivery month, and its trading terminates three business
days before the first day of its delivery month. The maturity date for each futures contract is
set to the midweek of its delivery month. We select 11 time series of futures prices, organized
by their time to maturity: Fi, Fs, F3, Fy, F5, Fgs, Fr, Fy, Fy, Fl9, and Fy;. Here, F), represents
the contract that is the n-th month closest to maturity. The sampling period spans 24 years,
from January 2000 to April 2024, encompassing a total of 6,333 business days. In Figure 4.1, we
display the time series of crude oil futures’ daily prices for the maturities we considered. We note
that on April 20, 2020, both the crude oil spot price and the price of the one-month maturity
futures contract I} were quoted at negative values. This unprecedented event occurred as the
COVID-19 pandemic caused a sharp decline in global petroleum demand, while U.S. crude oil

inventories surged. As a result, we opted to exclude F} from the analysis.

Following Schwartz (1997), the bond yield data we used consist of U.S. Treasury Par Yield Curve
Rates and were gathered from the U.S. Department of the Treasury dataset. We consider the
bond yields for two maturities, 3 months and 6 months, denoted as R3 and Rg, respectively. In

Figure 4.2, we display the time series for these bond yields.

IBBL is an abbreviation for oilfield barrel.
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Figure 4.1: Crude oil futures daily prices (dollars per barrel) for several maturities from January
3, 2000 to April 14, 2024.
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Figure 4.2: Bond yield daily quotes for two maturities from January 3, 2000 to April 14, 2024.

4.5.2 In-sample analysis

Table 4.1 presents the results of the estimation of the SRV-4f model. First, we perform an

estimation using only futures data, applying equations (4.15), (4.17), and (4.26) with even

maturities, specifically Fy, Fy, Fs, Fg, and Fjg (so that futures with odd maturities are left
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for the out-of-sample analysis). As already mentioned, we include bond yield data in the
estimation, using equations (4.17), (4.23), and (4.26). In this joint estimation, bond yields Rj
and Rg are incorporated alongside the futures prices. In both estimations, the average return
on the spot commodity, ji1, and the average convenience yield, Jis, are positive and significant

at standard levels, and, the speed of adjustment coefficients are significant.

As expected, the correlation between the first two state variables - the spot price and conve-
nience yield - is positive. The correlation between the spot price and volatility is also positive
and significant. Thus, several correlations among the state variables are significant, contrary
to the assumptions made in Yan (2002). Only the correlation between the interest rate and
volatility is not significant at any conventional level. Furthermore, it is noteworthy that the
significant correlation between the spot price and interest rate change sign when bond yields
are included in the estimation. This suggests that the value of a futures contract is sensitive to

the interest rate used in its calculation.

In Table 4.2, we report in-sample results for the different models we considered. The information
criteria suggest that the four-factor models, with the exception of the model in Yan (2002),
provide a better fit to futures term structure than one, two and three factor models. Moreover,
the proposed SRV-j4f model, when estimated on solely futures data, outperforms the other

specifications.

Figure 4.3 presents the filtered state variables of the SRV-4f model corresponding to the es-
timation in Table 4.1. In this figure, we also include the spot price, which is observed in the
market, as well as the other state variables computed using different models or formulas. In
particular, the convenience yield has been estimated using the formula in Javaheri et al. (2003),
while the instantaneous interest rate has been estimated using the Vasicek model. Finally, the
volatility of the logarithm of the spot price has been filtered using the (annualized) volatility
estimate of the GARCH(1,1) model on log-spot prices, excluding the negative price value from

April 20, 2020 (see subsection 4.5.1).

From the first plot in Figure 4.3, we observe that the first state variable closely follows the

observed crude oil spot price. In the second and third plots, the filtered estimates of the
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Figure 4.3: Filtered (red) and observable (blue) state variables.

convenience yield and interest rate are not as accurate when compared to the estimates from
the models or functions we considered. Finally, the volatility estimate is centered around the

mean of the GARCH estimate, but with lower variation.

Figure 4.4 mirrors Figure 4.3 but it represents results from the joint esimation procedure, using
crude oil futures F5, Fy, Fg, Fg, and Fjg in conjunction with bond yields R3 and Rg. In this
case, we can see that the filtered estimate of the interest rate is closer to the Vasicek model
estimate. The convenience yield estimate is also more aligned with the one from Javaheri et al.

(2003), resulting in a more accurate representation of the spot price drift term dynamics.

In Figure 4.5, we display the prediction errors e(t) for both the estimations based solely on
futures and the estimation incorporating futures and bond yields. As we may see, the errors are

centered around zero and exhibit volatility clustering, indicating changing levels of uncertainty

over time.
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Figure 4.4: Filtered (red) and observable (blue) state variables.
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Figure 4.5: Prediction errors using futures (left panel) and using both futures and bond yields
(right panel). The left panel shows errors from the estimation based solely on futures, while
the right panel reflects errors from the joint estimation.
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4.5.3 QOut-of-sample analysis

As is standard in the reference literature (see Schwartz (1997) and Schéne and Spinler (2017)),
we evaluate futures prices for maturities not included in the estimation. We consider futures
prices corresponding to odd maturities, that is, F3, F5, Fy, Fy, and Fi;, and we evaluate them
using the parameters from Table 4.1. More precisely, after filtering the state variables and
obtaining the coefficients in the futures pricing equation (4.8), we can price the futures that
were excluded from the estimation, that is F3, Fy, Fr, Fy, and Fi;. We then compare models
using standard metrics, namely root mean square error (RMSE), mean absolute percentage

error (MAPE). For a futures contract with maturity 7', the error metrics are defined as follows:

where N is the length of the time series of futures prices, y(¢,7T") is the observed log futures
price at time ¢t with maturity 7" and §(t, T, X (t)) = In F(t,T —t, X(t)) is the corresponding
predicted value, with X (t) representing the filtered state variable. The results are reported
in Table 4.3, where we also include the predictive log-likelihood, which is the log-likelihood
function evaluated on out-of-sample data using in-sample parameters (for more details, see
Gonzélez-Rivera et al. (2004)). For the SRV-/f model, we highlight performance for both the
futures-only estimation and the joint estimation involving futures and bonds. In the case of
joint estimation, when calculating the predictive likelihood, we used only the futures data,

while the model parameters were estimated using both futures and bond data.

The results show the superior performance of the SRV-4f model across the different futures
maturities, in both the futures-only estimation and the joint estimation with futures and bonds.

Specifically, for the futures-only estimation, the RMSE and MAPE futures pricing errors are
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lower for almost all maturities compared to other models, and the predictive likelihood value is
higher. When estimated jointly with bond data, the SRV-4f model achieves the lowest average
errors for shorter maturities, likely due to the inclusion of short-term bonds in the estimation

process.

4.6 Conclusions

We present a novel four-factor model for commodity prices that includes convenience yield,
interest rate, and volatility of logarithm of the spot price. This particular combination has not
been explored in existing research, even though these factors play a crucial role in influencing
commodity futures prices. Consistent with previous empirical findings, the proposed model
allows for time-varying correlations and time-varying risk premiums. We develop a novel esti-
mation framework using the Kalman filter, which enables joint estimation of the term structure
of NYMEX crude oil futures prices and U.S. Treasury bond yields. Moreover, we ensure the
positivity of the discretized equation for variance process by leveraging an discretization scheme

for square-root processes.

Based on an out-of-sample analysis, our model is statistically preferred over well-known two-
factor, three-factor, and even four-factor model specifications that also include stochastic jump
factors. Incorporating bond data in the estimation significantly improves the out-of-sample
accuracy of short-term futures pricing compared to using futures data alone. Several extensions
are possible for our model. One possibility is to add a jump factor to the spot price and examine
the effect of the jump risk premium on futures pricing. Another approach is to specify the
instantaneous covariance matrix as a function of directly relevant fundamental factors, such as

statistical measures of the degree of backwardation. These topics are left for futures research.



4.6. Conclusions 95

Table 4.1: Model estimation results for crude-oil futures.

Parameter  6p: Only futures 6pp: Futures and bonds
11 1.670 (0.543) 0.622 (0.160)
4o 4.962 (0.631) -0.151 (0.002)
112 1.989 (0.601) 0.244 (0.107)
113 2.027 (0.561) 0.317 (4.000e-2)
113 2.051 (0.527) -0.053 (0.013)
I -2.763 (0.221) 1.577 (8.000e-3)
14 0.227 (0.015) 0.095 (0.004)
Ko 0.222 (0.022) 1.075 (0.011)
Ro -0.723 (0.129) 1.516 (0.267)
K3 2.712 (0.129) 0.030 (4.000e-4)
K3 4.711 (0.398) -0.022 (0.006)
Ky 1.557 (0.085) 4.945 (0.027)
R4 2.075 (0.329) 1.097 (0.221)
S19 -0.055 (0.008) 0.045 (0.002)
S92 0.019 (0.004) 0.249 (0.038)
S13 -0.171 (0.018) 0.001 (1.000e-4)
S93 0.102 (0.018) 0.001 (1.000e-4)
S33 0.772 (0.053) 0.006 (3.000e-4)
P12 0.998 (0.056) 0.572 (0.009)
P13 0.444 (0.113) -0.445 (0.020)
P14 0.725 (0.082) 0.385 (0.017)
P23 0.827 (0.124) -0.933 (0.012)
P24 0.583 (0.081) 0.330 (0.043)
P34 -0.001 (2.000e-4) 0.568 (0.317)
092 0.375 (0.016) 0.309 (0.002)
033 0.595 (0.146) 0.015 (0.001)
Oa4 0.194 (0.015) 0.155 (0.007)
Ocy 0.011 (0.001) 0.017 (0.001)
Oc, 1.582e-5 (6.453e-6) 4.000e-3 (7.145e-5)
Ocq 1.000e-3 (1.498e-5) 6.881e-5 (4.807e-6)
Ocq 6.948e-5 (1.227e-5) 2.000e-4 (2.530e-6)
Ocro 3.539e-5 (1.764e-5) 2.000e-3 (6.936e-5)
Oy 7.535e-6 (1.964e-6)
O 2.000e-3 (3.467e-5)

The estimation data includes crude oil futures Fy, Fy, Fg, Fg, and Fjg. The standard errors, reported in
parentheses, are computed by inverting the negative Hessian matrix evaluated at the optimum parameter

values.
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Table 4.2: In-sample model estimation results for crude-oil futures Fy, Fy, Fg, Fy, and Fip.

Model Log.Lik. AIC BIC

SCH-1f  66.582 —133.150  —133.070
SCH-2f  85.473 —170.920  —170.810
SCH-3f  92.550 —185.070  —184.930
HU-3f 100.550 —201.030  —200.790
YAN-/f 82786 —165.530  —165.350
SS-4f  109.670 —192.050  —191.770
SRV-Jf 135,791 —271.512  —271.245

Table 4.3: Out-of-sample RMSE and MAPE pricing errors (in percentage) for valuing futures
contracts for the considered models, along with the out-of-sample predictive log-likelihood in
equation (4.20), computed using the F3, F5, Fy, Fy, Fy; futures. SRV-4f (0r) and SRV-4f (Orp)
denote the estimations using only futures and using both futures and bonds, respectively.

Futures SCH-1f SCH-2f SCH-3f HU-Sf YAN-4f S8S-4f  SRV-4f (0F) SRV-4f (0r5)
RMSE(3) 4588 2095  1.332 1717 2241 1577 1.568 1.436
RMSE(5) 2964  1.007  1.256  1.477 1120  1.195 1.118 1.064
RMSE(7) 2.667  0.891  1.041 1118  0.994  0.956 0.904 0.906
RMSE(9) 3339 0923 0788  0.768  0.846  0.789 0.773 0.773
RMSE(11) 4324 1163 0913 0721 0715 0.708 0.686 0.745
Mean 3576 1234  1.066  1.160  1.183  1.045 1.010 0.985
MAPE(3) 0.873 0440 0254 0287 0522  0.314 0.319 0.303
MAPE(5) 0555  0.224 0235 0272 0231 0.240 0.227 0.227
MAPE(7) 0489  0.180 0204  0.224 0204  0.196 0.188 0.190
MAPE(9) 0.655  0.183  0.166  0.164  0.176  0.165 0.165 0.165
MAPE(11) 0.889 0233 0192 0149  0.154  0.148 0.148 0.159
Mean 0.692 0254 0210 0219 0257  0.213 0.209 0.209

Predictive Log.Lik. 68.631  86.761  93.987 107.420 83.555 112.160 138.862 126.680




Appendix A

Proofs of Chapter 2

A.1 Strict stationarity and geometric ergodicity

A.1.1 Proof of Lemma 2.1

Proof. We need to prove that for each k € N, the k-step transition probability density of {v,}
is strictly positive over the set of states €2 defined below. This ensures that if the set € has
positive Lebesgue measure, then {v,} is irreducible w.r.t. the Lebesgue measure restricted to

2, that is the measure v, see Meyn and Tweedie (1993).

We begin by studying the set of states that are reachable in one step from an initial state

x = (z1,12)" € D, which we denote by G, ;.

Given an initial value & and using equations (2.2) and Assumption 1, we derive the set of points

y = (y1,y2)T that can be reached by the process {v;} in one step starting from x as

Gz,lz{yeD:yZvecw+ﬁw}a

where >,.. denotes component-wise inequality. We proceed deriving the reachable set in two-

steps, G2 which includes the points z = (21, 29)7 that can be reached by the process {v;} in

97
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two-steps starting from «, i.e.,

G:CQZ{ZGDZZZMCW‘FB% yEGx,l}-

Similarly, the reachable set in k-steps starting from @ can be recursively obtained as follows

Gx,k = {Z €D:z Zvec W+ /6y7 yc G:mk—l} .

By induction and using Proposition 1.5.31 Hubbard and Hubbard (2009) we can derive a more

compact expression for G, that is:

Ga:,k: {zGD:zZvec (IQ_Bk) (12—6)_1w—|—,6k33}7 (Al)

where I, denotes a 2 x 2 identity matrix and (-)~! denotes matrix inversion.

We can also define the limit set €2 that can be reached with an infinite number of steps as

Q={z€D:2>, (I,-B) 'w}. (A.2)

We note that the set €2 does not depend on . Now that we have derived the reachable sets in
any step, we proceed studying the one-step transition probability. Given an initial value € D

and y € G, 1, the one-step transition probability is given by

P(vy <ylvg=x) = P(w+ Pvy+ ad; <ylvy=x), (A.3)

where A1 = (Al,la AQJ)T with A171 = (Wl,l — V14 /’U170>2 and A271 = (WQJ — V24 /U270)2.

Using the independence between A;; and As;, we can compute the transition probability

density function of A; given v, as follows
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2
1
_ _ | | —(ai+k;)/2
PA|v0(CL1, CL2|’UO = 33) = e COSh(\/IiiCLi) a; > O,
Pl \2ma;

which is the product of two independent non-central chi-squared probability density functions

with one degree of freedom and non-centrality parameters k; = 2z, and Ky = Y3xs.

Using the linear transformation M; = aA; and based on (A.3) we have

P(vi <ylvg=x)=P(M; <y—w— Bo|vg=2x) = // PM|v, (M|vg = x)dm,
D2><D1

where D; = (0, Y1 —wi — Bz — 5121‘2], Dy = (0, Yo — wa — PBor171 — 52212] and PM vy is the one-
step transition probability density function of M, given a starting value v, which is computed

as follows

PMve (M|Vo = X) = DAjw, (a’lm‘vo = zl:) ~det(a™), (A.4)

where the Jacobian determinant det(a™!) is not null by assumption.

According to Definition 2.2, it remains to prove that for any set A that satisfies ¥)(A) > 0 there
exists k € N such that P¥(x, A) > 0 for all £ € D. Since 1)(A) > 0 the intersection between
A and 2 has positive Lebesgue measure. Moreover, since (2 is the limit of the G, sequence
of sets, there exists a set A* C A, with ¢¥(A*) > 0, which is included in G, for every  and
for k sufficiently large. Moreover, for each integer £ > 2, given an initial state x, the k-step
transition probability density function of reaching state z is given by the Chapman-Kolmogorov

equation (Meyn and Tweedie (1993), Theorem 3.4.2)

Pty (M|v0 = ) // P, (Y0 = &) - Daajo, (M]v1 = y)dy,

zkl

where m = z — w — B, for z € G, and pagje, (Mm|v1 = y) denotes the transition probability
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density function of M given v;. By mathematical induction, we deduce that p’fwvo (m|vy = x)

is positive for every z € A* so that P¥(x, A*) > 0 and P*(x, A) > 0.

Having proved v-irreducibility, we now proceed to study the aperiodicity of the Markov chain
{v;}. The aperiodicity is proved if d = 1 according to Definition 2.3. By contradiction, if we
assume a period d > 2, then there exists a d-cycle of y-positive disjoint sets Ejy, ..., E4_1 such
that P(x, E; 1) = 1 for every @ € E; with i = 0,...,d — 1 and such that V' = |:U?:_()1 EZ-]C has
null ¢ measure. This implies that when starting our chain {v,} at any initial state € Fy we
have P(zx, E1) = 1 so that ¢(E; N G,1) > 0 and that ¥(E; N G,1) = 0 for every i # 1. Then,
similarly at a second step, we would have P(y, E2) = 1 for y € E} implying ¢)(E; N Gy2) > 0
and ¢ (E; N Gy2) = 0 for every ¢ # 2 and for initial states & € Ej such that our chain is in
E, after one step. But in our case, we know that the intersection G, 1 N G2 has non-null
measure since G, and G » are unbounded sets of the type [a, 00) x [b, 00) for some a,b € R

with non-empty intersection with Q. Therefore, ¢)(G41 N Gy 2) > 0. Furthermore,

d—1 d—1
W(Gun N Gro) = ¢ ((G%1 N Gys) N <U E; U v)) = (Ga1 NGap N E;) > 0.

Hence, there exists an integer i = 0,...,d—1 such that (G, 1NG,2NE;) > 0. This contradicts

the fact that ¢(E; N G,1) = 0 for every i # 1 and ¢(E; N G,2) = 0 for every i # 2. OJ

A.1.2 Proof of Proposition 2.1

Proof. First, let us define

T = max (\/w%—i—w%,ﬁ) : (A.5)

max([(1—fBa2)wi+f1ows,  Barwi+(1—PF11)ws]

(=) (1—F2a)—BraPo1) represents the the maximum coordinate value of

where ) =
the closest point to the origin of the set €2, as defined in (A.2). It can be easily shown that

€ > 0. Indeed, we have
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1 1 — B2 Bi2

L-B)'w=——
( : IB) N det<I2 B IB) BQI 1 - 511

W,

where

det(Iy — B) = 1 — trace(3) + det(B3)
=1— (4 + )+ 441

=(1—2)(1—2) >0,

with A; and Ay denoting the eigenvalues of 3, which are guaranteed strictly smaller than one

in absolute value by p(8) < 1.

For proving that the compact set C' = {& € D : ||x|| < r}, for any r > 7 , is small we use
Proposition 2.11 of Nummelin (1984). We note that by letting r > 7 we ensure C' to be non-
empty and C' € BT, given that C' has pre-positive intersection with €. The proposition states

that a set C' € B* is small, if there is a set B € B*, such that for all A € B* with A C B,

L
inf » P"(xz,A) >0,

xeC
n=0

for some non-negative integer L.

We prove that the condition above holds for some L > 1. The first step is to find the set B
with ¢(B) > 0 which implies that B € B* as ¢ is the irreducibility measure. Let us define
B = (dy,00) X (dy,00) with (dy,dy)” = (Iy — B)"'w + B - (r,7)T so that B C G, for each
x € Candk>0.

By the v-irreducibility proved in Lemma 2.1, for & € C, we have a positive probability of
visiting all sets A C B with ¢(A) > 0, i.e., P*(x, A) > 0 for some k > 0. Lastly, the proof

is concluded since we know that a positive and real-valued continuous function on C' has a
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positive infimum on C. O

A.1.3 Proof of Theorem 2.1

Proof. We first show that the so-called drift condition is satisfied with the function Q(v) = ||v||.
Then, we can extend geometric ergodicity property of the variance process {v;} to the return

process thanks to Carrasco and Chen (2002).

For verifying the drift condition we use the m-step criterion introduced by Tjgstheim (1990).
Specifically, we verify Conditions (3.7) and (3.8) in Tjgstheim (1990) using a small set C' =
{x € D : ||| < r} for r > 7 sufficiently large with complement C° and a non-negative test

function @Q:

E [Q(v:)1(qw)ece)

R-ElQ(v)|v;1 =x]| < Q(x) —¢, xe€C° (A.7)

Vi1 = w] <M, xeC, (A.6)
for some M < oo, € > 0 and some R > 1.

T
Given a standard Gaussian vector [ Zie 7o t} , we have the expression

Elvi|vi1] = w + aE + Bv;_; =d+ Bv;_q, (A.8)

T
z 2]

T
where B is given in (2.6) and d = w+ {0411 + aqy g F 0422} . Iterating m times this formula,

we get

E[vi|vi_pm] = B™v;_p + Z Bd, (A.9)
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By leveraging the non-negativity, subadditivity, and submultiplicativity properties of the Fu-
clidean norm, and under the assumption that p(B) < 1 (as imposed in Lemma 2.1), Gelfand’s

formula ensures that ||B™|| < 1 if m is large enough. Consequently, we obtain:

E[Q()vim = 2] < | B™| Q@) + <, (A.10)

where ¢ = ||d| Z;n;ol |B’|| < oo is independent of .

Using inequality (A.10), we can easily verify condition (A.6), since E [Q(v¢)|vi—1 = x] < M,
for & € C' and @ is nonnegative. Let us prove inequality (A.7). We can find a constant R > 1,
such that R||B™| < 1, so that after multiplying inequality (A.10) by R and by adding and

substracting ||z|| we obtain

R-E[Q(vi)|vi = z] < [l + (R||B™| - 1) |||l + ke, @€,

which satisfies (A.7) for r > 7 large enough.

Now that we have proved the conditions (A.6)-(A.7), according to Tjostheim (1990) we can
state that {v,} is geometrically ergodic and if it is initialized from its invariant measure 7, then
it is strictly stationary. Finally, the geometric ergodicity can be extended to the Markov chain
{(Rt,v;)} by Proposition 4(i) of Carrasco and Chen (2002), so that {R;} is strictly stationary

and geometrically ergodic. U

A.2 Continuous-time limit

A.2.1 Proof of Proposition 2.2

Proof. Following the discretization scheme of Nelson (1990), we consider the stochastic dif-

ference equations (2.1) and (2.2) as we partition time more and more finely. We allow the
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parameters of the system w, 3, a and ~ to depend on the time partition h > 0 and make both

the drift term of equation (2.1) and the variance of Z;; and Z; proportional to h, so that

nRin = 7h + A (h01kn + nV2.60) + A/hVULkR - hZ1 kR T \/RV2.kR * B L2 khs

where v, and pva 5, denote a sequence of discrete times that depend on both h and the
(discrete) time index kh, k = 0,1,2,... and ,Zig, =" N(0,h), i = 1,2, with 4 Z1m L 1 Zon.

After computing the square and using matrix notation, equation (2.2) is rewritten as follows

thQ,(k—l)h W21 (k=1)h /RO, (k—1)h

—2h_1ah’7h )

hZ?Q,(kfl)h hZ2,(k—1)h/hV2,(k—1)h

hUkh = Wh+ (ﬂh+ah7z7h>hv(k—1)h+h_1/2ah

T T
where hUKh = lhvl,kh hUQ,k:h:| y Wh = |:C<J1,h w27h:| ’

By Bign Qi,n Q12 v 0
/Bh = ) ap = ) 7h )
Boin Bazn Qo1 p Qoo 0 7

where, for all h, Assumption 2.1 ensures that the process , v, remains positive with probability

one.

We define continuous time processes {,R;} and {,v;} as

Wl = nRkn, 10 = p0pn, kb <t <(k+1)h.

We derive the drift per unit of time, conditioned on information at time (k —1)h, for the return

as

Exp [h*Ithh] =7+ )\h(hvl,kh + hU2,kh)7 (A‘ll)
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and for the variance process as

Qi1,p + Qigp
Exp [h71<hv(k+1)h - h’Ukh)] = h " wp + N (B, + anyh v, — L) v, + 2 )

Qo1,p + Qg p

(A12)

where Egp[-] = E[-| M) and My, denotes the o—algebra generated by Ry, ..., nRx-1)n and
with ,vq,..., V. For the drift per unit of time to converge the following limits must exist

and be finite

limh tr, =7, limh A, =N, limhlw, =w, (A.13)

h—0 h—0 h—0

. Q11,h + Qa2 o1 + Qg2 o

lim ™1/ =  lm AT L = B - auviy,) = 0. (AL4)
Qo1 + Qoo p Qo1 + Qg9

Similarly, by letting ppun = rn + An(n01,6n + nV2,kn) for convenience, we can derive the second

conditional moment per unit of time for the return:

En [0 Rin] = nbtien + w01k + 10205 (A.15)

the conditional covariance per unit of time:
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Ein [P h Ren(h0 k1) — nVkR)| = h ' Egp, |:(h,ukh + 121 kb /RVL kR + h D2 kh/RV2kR)  (A.16)

_ hZ12,kh
X (wh +(B), + iy, — I)wvrn + ey,

2
hZQ,kh

hZ1 kh/hUL kh )}
hZZ,kh\/hUZ,kh

= Wp * plbkh * KUkR T (5h + ah’)’{’)’h - IQ)h'Ukhh,ukh

—2h "ty

Qi1h + Qiah

+ W2 pgen — 20" oY Ok,

Qo1p + Qoo p

and the second conditional moment of the variance per unit of time:
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Ein [P (b0t )h — n0kn) (b0 1yh — n0kR)" | = (A.17)
T
. L h 27 khA/B ULk hZ7,khA/B UL kh
=h""Eg |4h oYy, oYy,

hZ2,kh\/hU2,kh hZ2,kh\/hU2,kh

2
hZ1 kh
T —1/2 ;
+ | win + (B, + anyy v — I2)nvin + aph / ,
hZQ,kh
T
2
hZ1 kh
T —1/2 s
x| w4 By, + anvi v, — Lo)wown + aph™ , +&o
hZQ,kh
o? 2 0 + a? 2.0 o o 2 0 + « o 2 0
—Ap-2 11,h11,nhV1,kR 12,nY2,nhV2,kh 11,h 21,1 ph V1, kR 12,h 22,72 V2, kh
2 2 2 2 2 2
Q11,021 B YT R VL kR T Q12,0002 hY5 R U2, kR Q%1 V1 phV1kh T Qo9 pY2 BhV2 kR

a11,n + Q12h
+h7t [ wn+ (B, + anviyn — I2)nven + 30

Qo1.p + Qoo
T

11, + Q2h
x| wn+ (8B + anviyn — Io)wvin + 307 7

Qo1,p + Qg p

where £, is defined as a (2 x 1) vector containing terms of equation (A.17) that satisfy Egy, [€,] =
0.

Assuming that

lim h~1/2y, =, (A.18)

and substituting (A.13)-(A.14) into equations (A.15)-(A.17) we obtain
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Ein [h ' wRin] = nvien + nvzmn + o(1), (A.19)
Ein [0~ 0 Rin(n0esyn — nvrn)] = =200y - pog, + o(1), (A.20)
Ein [A (00 er1yn — n0kn) 000 n — a0kn)" ] = (A.21)
4 Oé%ﬁ%hvl,kh + Oé%ﬂ%hvz,kh Ckh +o(1),

Cih Of%ﬂ%hm,kh + a%Q'V%hUZkh

where cp, = ap1amVipv1en + Q12000Y3 Ve n. We can easily find {7y, A, wh, @n, vy, By} se-
quences that satisfy (A.13)-(A.14) and (A.18), for instance, r, = r-h, \y = A+ h, w, =
w - h,ap = Vho,y, = Vhv, 8, = I, — b3« (’yT'y) — Oh. Let us denote the instantaneous
drift function, i.e., the right hand side limit for h tending to zero of equations (A.11)-(A.12),

as b:

7+ AMviy + voy)
(R, v1,6,v2) = |wy + cq1 + oz — 1101 — O1avay | (A.22)

Wo + (o1 + (g — Oo1v1 ¢ — O202 4

and denote the instantaneous covariance matrix, i.e., as the right hand side limit for h tending

to zero of equations (A.19)-(A.21), as a:

CL(RtyUl,t;UZt) = (A23)
Vit + Vo —2(0q171v1,4 + Q127202,) —2(a217101, + Q22Y202¢)
—2(a171v14 + Q12Y2U2,) 4(a2 Vv + adyyavey) 4(ar10a2173v14 + Q1202273 U2 )
117101t 127202t 117101t 127202 ¢ 1102177 V1t 12062275V ¢
—2( + ) A 1oL+ svap)  Hag UL+ agyav)
Q217Y1V1,¢ T (2272V2 ¢ Q11000171 V1t T (1202275 U2t 0511 V1,¢ T QYo Uot

Using Theorem 2.1 of Nelson (1990), the limits in (A.13)-(A.14) and (A.18), and definitions

(A.22) and (A.23), we have that the processes Ry, and vy, converge to continuous time
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processes R; and v;, solutions of the following system of stochastic differential equations:

th = (7’ + )\('Ul,t + Uz7t))dt + \/Ul,tdWLt + \/UQ,tdWZt,
dvyy = (w1 + aq1 + aig — 01101 — G120, dt + 200171 \/V1,.dWs 1 + 2009721/V2,i AWy,

dvgy = (wo + a1 + ag — 02101 — Oaova ) dt + 2000171 \/U1,1.AW3 1 + 20009721 /V2,1 AWy,

where the Brownian motions W, i = 1,...,4, are independent from the initial values (R, v1 9, v2,)

and from each other, except for

E [dWLtdW&t] = —sign(%)dt, E [dW27tdW47t] = —mgn(m)dt

O
A.3 Risk neutral dynamics
A.3.1 Proof of Proposition 2.3
Proof. The equivalent martingale measure Q must satisfy
d
E {eth;% .7:,5_1} = (A.24)
From equations (2.1) and (2.14) we obtain
(A+1) (V1,6 21,t++/V2,: 22 ¢
6r+>\(v1,t+v2,t)E [6 VLA /02,022 )lFt—l] — (A25)

E [eA(\/mzl,Hr\/m)Zu |]:t71]

By taking logarithms we can rewrite (A.25) as
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Avre +vay) +1n ( E [GA(\/mZLt—‘r\/mZQ,t)LFt_l]

E [6(A+1)(\/1T¢Z1,t+\/@22,t) ’E—l} )
= 0.

(A.26)

The conditional expectations in (A.26) can be easily computed since Z; ; and Zs; are normally

distributed and independent, we obtain

E [eA(\/Ul,tzl,t+x/”U2,tZ2,t)‘E_l} _ G%AQ(Ul,t"F'UZ,t)

I

E [e(A—i-l)(\/le,t—&-\/mZg,t) ‘]:t—l} — 6%(A+1)2(U1,t+v2,t)'

Therefore, by using (A.27) and (A.28) we obtain

=0,

e%(A+1)2(Ul,t+'U2,t)
)\<U1,t + U2,t) -+ In

6%A2(01,t+v2,t)

which yields

1
<)\ + 5) (V1 +v2¢) + A(vr e +v24) = 0.

By collecting terms we obtain

1
()\ + 5 + A) (Ul,t + ’Ug,t) = 0,

and, by equating the coefficients of v, and v, to zero we obtain equation (2.16).

A.3.2 Proof of Proposition 2.4

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

Proof. First, we denote by E? the expectation operator under the risk-neutral measure Q,

so that the risk-neutral (conditional) moment generating function of the process {,/v1:Z1+ +
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V2122, } s given by

EQ 6¢(\/v1,tZ1,t+\/U2,tZ2,t)

]—"t_l} _ | | etz ymmizen 4G
dF

]-}_1] . (A.32)

Using the Radon-Nikodym derivative given in equation (2.14) we can write the conditional

expectation in (A.32) as

(p+A) (VT2 21,6/T2¢ Z2,t)
o [t 0], | BT
db; E [ AV 2t miZen)| F, ]

Since the innovations Z;; and Z,; are independent and based on (A.27)-(A.28) we finally have

+A) (V1,6 21,t /U2, %
E@ ed’(\/"T,tZl,t‘f‘\/’UQ,tZQ,t) E*l} — E [e(d) VL > Q’t)‘f.tfl} (A34)
E [eA(\/vl,tZI,t'f‘\/'lT,tZQ,t)“Eil}
_ e%(q&k[\)zf%Az(vl,rFUQ,t).

It can be seen that %gb%u + ¢Avy; is the exponent of the normal (conditional) moment gener-
ating function with mean Av;,; and variance vy, so that we denote the risk-neutral shocks as

Zl,t ~ N(Avl’t, 1) and ZAQJ ~ N(A'UQJ, 1)

Therefore, under the risk-neutral measure, the return process in (2.1) can be written as

Ry =1+ XNy +v9y) + \/Ul,tzl,t + \/UQ,tZQ,t- (A.35)

However, to express the normal shocks as mean-zero innovation we set

Ziv=Zvp = NG Z3y = Zoy — Moy, (A.36)

so that Z7; ~ N(0,1) under the risk-neutral measure, i = 1,2. Then, by using (2.16) we can
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rewrite equation (A.35) as

1 * *
Ry =7 = {01+ 000) + T Zi, + 02

Lastly, under the risk-neutral measure and based on equation (A.36), the recursions in (2.2)

are written as

2
U1,t4+1 w1 B P2 U1t a1 Qa2 Z1, — ’Y*\/Uu
R " n (Zie =i )2 , (A.37)
V2,t+1 ) Par Paz V2t Q21 (g2 (Zit - 75\/1/2,1;)
where 77 =\ + % + 7y and 75 = A+ % + 72, which concludes the proof. U

A.4 Moment generating function

A.4.1 Proof of Proposition 2.5

Proof. To obtain the recursive equations for A;(¢), Bi(¢) and Byy(¢) for t < T, we use the

tower property of the conditional expectation

fi(@) = E[fi11(9)| Fe] (A.38)

so that by using equation (3.32) we can express (B.1) as

ft(¢) —F [€¢>10gSt+1+At+1(¢)+Bl,t+1(¢>)U1,t+2+32,t+1(¢>)U2,t+2 ‘-Ft} ) <A39)

If we substitute equations (2.1) and (2.2) into (B.2) we obtain
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ft(¢) —F e¢(10gSt+7’+>\(vl,t+1+'02,t+1)+\/Ul,t+1zl,t+1+x/v2,t+1Z2,t+1)+At+1(d’)

2 2
« eBl,t+1(¢)(UJI+/81101,t+1+,812v2,t+1+0111(Zl,t-ﬁ—l*'Yl\/'Ul,t+1) +0¢12(Z2,t+1*’72\/v2,t+1) >

2 2
B i4+1(9) <w2+/3211)1,z+1+ﬁ22v2,t+1+0421 (Z1,t+1—’yh/v1,t+1) +a22 <Z2,t+1_'}/2x/1}2,t+1> )

7|

X e

After re-arranging terms and by completing squares and some algebra we obtain

ft(¢) =F 6¢’(10gStJFT)JFBl,H—l(¢)W1+B2,t+1(¢)W2+At+1(¢)+(¢>)\+511+Bl,z+1a11'yfﬁ21+32,t+1a217%)Ul,z+1 <A40)

5 e(a’llBl,H—l(¢)+062132,t+1(¢))Zit+1+\/vl,t+12’)/1 <%—O¢11Bl,t+1(¢)—02132,t+1(¢)) Z1,t41

% 6(051231,15-4-1(¢)+062232,t+1(¢))Z§7t+1+\/v2,t+12’)’2 (%—amBl,Hl(¢)—a2232,t+1(¢)) Z2,t+41

X e (¢A+512+Bl,t+1a1273622 +32,t+1a227§)v2,t+1

ft:|7

so that we can make use of the following result for a standard Normal random variable Z:

E [eaZQ-i-bZ} _ 62(%22@—%1%(1—211)7 a < % (A.41)

Using (B.4), the independence between Z;, and Z,, and subsequently equating terms in both

sides of (A.40) we obtain:
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A(¢) =Ar1(0) + ¢or + Bryg1(P)wr + Bapr1(@)ws — %108; (1 =2(By1(@)ons + Bayyr(@) o))

— %log (1 = 2(Bar1(d)ao + Biii(d)auz))

Bi4(¢) =pA + (Bu1 + 01177) Biys1(9) + (Ba1 + 02177) Bays1(9) (A.42)

2
273 (% — a1 B 1(0) — 042132,t+1(¢)>
1 —2(c11Buy1(@) + a2 Bayia(9)

+

By i(¢) =pA + (/322 + 04227§> By yy1(¢) + (512 + 012722) Bi41(9)

2
2’73 (% - 042232,t+1(¢) - a1231,t+1(¢)>
1 —2(a2Bai41(¢) + c12B1141(9))

We can finally use equations (A.42) to calculate the coefficients recursively starting with

Ap(¢) = Bir(¢) = Bar(¢) = 0. O



Appendix B

Proofs of Chapter 3

B.1 Moment generating function

B.1.1 Proof of Proposition 3.1

Proof. To obtain the recursive equations for for A;(¢), B1+(¢) and Ba(¢) for t < T', we use

the tower property of the conditional expectation

ft,T;9) =E[f(t+1,T;0)|F], (B.1)

so that by using equation (3.32) we can express (B.1) as

f(t,T:¢) =E [€¢10gSt+1+At+1(¢)+BLt+l(¢)(ht+2_qt+2)+327t+1(¢)qt+2 |E} . (B.2)

If we substitute equations (3.20)-(3.22) into (B.2) we obtain

115
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f(t, T; ¢) = efl5(log St+T+>\ht+1+\/ht+1Zt+1)+At+l(¢)
eBl’tH(d)) (B(ht“7qt+1)+a(zt2+1+’@ht+172v1 \/ﬁZtH)*a’Y%QHJ

X

2 2 _
% eBz,t+1(¢) <w+th+1+90(Zt+1+’Yg hit1—2724/ ht+IZt+1>> ’ft:| .

After re-arranging terms and performing some algebra, we obtain

f(t,T:¢)=E e?l0g St+7)+wB2,t41(d)+At+1(4) (B.3)
> 6(¢A+(5+Q'Y%)Bl,t+l(¢)+¥77§BQ,1§+1(¢))(hH—l*Qt+1)+(¢)‘+(P+‘P’Y§)BQ,t+1(¢))qt+1

> e(aBl,t+1(¢)+<PBQ,t+1(¢))Zt2+1_2\/ hit1Zi41 (a7131,t+1(¢)+<,07232,t+1(¢)—%)

-Ft:| )
so that we can make use of the following result for a standard Normal random variable Z:

Y

E |:eaZ2+bZ:| _ 62(%22@7%1%(17211) o< % (B.4)

Using (B.4) and by equating both sides of (B.3) we obtain:

A6) = Auis(6) 476+ Bara(@w — 3 Tog (1~ 2AaBra(9) + 9Bacia(9)), (5.5)

(a1 Bis1(@) + py2Boii1(d) — %)2
1 —2(aB141(¢) + ¢Bai1())

(am Briyi(@) + w12 Baia(d) — %)2
1 —2(aByy1(d) + ¢Bosii(d)

Y

Bi4(¢) = Biy1(9)(B+ an?) + Ad + Ba i1 (¢)p7s + 2

Bau(¢) = Bag1(0)(p + ©73) + Ap + 2

We can use equations (B.5) to recursively calculate the coefficients starting from Az (¢) = 0,

BI,T<¢) =0 and BQ7T<¢) =0. ]
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B.1.2 Proof of Proposition 3.2

Proof. Similarly to the proof of Proposition 3.1 we can express (B.1) as

ft,T;¢) =E [edﬁlogSt+1+At+1(¢)+Bl,t+1(¢)(ht+2—Pt+2)+B2,t+1(¢)(Pt+2—fIt+2)+B3at+1(¢)qt+2 |.7:t] . (B.6)

If we substitute equations (3.25)-(3.28) into (B.6) we obtain

f(t T ¢) ) 6¢(10gst+r+)\ht+1+\/ht+1Zt+1>+At+l(¢)

w eBrt+1(@) (Pl(ht+1—pt+1)+a1 (ZEH +y3hir1—2714/her1 Zt+1> —alvfptﬂ)

w B2t+1(@) (P2 (Pt+1—qes1)+o2 (Zt2+1 +73htt1—2v24/hey1 Zz+1) —Oézvgqurl)

2 2 _
« 633,t+1(¢) (w+p3qt+1+a3 (Zt+1+73ht+1 2734/ ht+12t+1>> ‘]:t} ‘

After re-arranging terms and performing some algebra, we obtain

ft,T;:¢)=FE eP10g St+7)+wBs,t-4+1(4)+Ar+1(9) (B.7)

w (O3 (p1+a1n?) Br 41 (9)+0293 Ba,t41(9) +a373 B3 11(9) ) (hes1—pes1)
% e (6A+(pa+a273) Ba,i41(6)+asv2 Bs,e41(8) ) (Per1—ge+1)

> e<¢>\+(ﬂ3+a37§)33,t+1(¢)>Qt+l+(061B1,t+l(¢)+04232,t+1(¢)+063B3,t+1(¢))zt2+1

o2V P11 Zip1(@1m B (@) +0272 B2 p41(6)+asvBs e 11(6)— 5 )

7|

Using (B.4) and by equating both sides of (B.7) we obtain:
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Ai(¢) = Ap11(@) + 716 + B (p)w — %log (1 = 2(a1B1t4+1(9) + 2 Bayi1(¢) + asBs11(9))),

(B.8)

Bi4(¢) = B1y+1(9)(p1 + a177) + Ad + Bays1(9)aavs + Bs i (d)asys

(11 B1441(0) + a2v2Bay1(P) + asysBs 141(¢) — %6)2
1 —2(a1B1y41(¢) + a2 Boy11(¢) + azBs41(9))

+2

bl

B y(¢) = Boy1(9)(p2 + aov3) + Ad + Bs i1 (d)asys

(11 B1441(0) + a2v2Bayr1(P) + sy Bs 141(¢) — %6)2
1 —2(o B1g+1(P) + aBoy1(¢) + azBs11(9))

(a1Y1B14+1(0) + a2 Bar41(9P) + asy3sBs 141(¢) — %)2
1 —2(a1B1141(0) + a2Bay1(¢) + asBsi1(0))

+2

bl

B3 (¢) = Bs41(0)(ps + Oé37§) + Ao+ 2

We can use equations (B.8) to recursively calculate the coefficients starting from Ar(¢) = 0,

Bi1r(¢) =0, Bor(¢) = 0 and By () = 0. 0
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