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Abstract

With the advent of largely available computational power and datasets, a broad number of new algo-
rithms for learning and control of dynamical systems has been proposed; however, the complexity of the
considered frameworks has outpaced the theoretical analysis of these new techniques. To reduce this gap,
this thesis focuses on the development of both theoretical tools and control algorithms for the learning
and optimal control of uncertain systems. The main challenges which arise in these frameworks regard
the problems of i) guaranteeing informative systems trajectories, ii) extracting the information from
measurable quantities and iii) designing robustly stabilizing and optimal control laws from gathered
data. We start by addressing the problem of giving Persistency of Excitation (PE) guarantees in the
context of Linear Time-Invariant (LTT) systems, finding necessary and sufficient conditions to obtain
this property via an input signal. Our results are developed within a notation which underlines the
perfect analogies between the continuous- and discrete-time frameworks. Next, we study data-driven
approaches for the stabilization of LTT systems. For the continuous-time framework, we start by ad-
dressing the design of model-free observers that extract full-state information from output data, and
then we proceed with the design of stabilizing controllers via LMIs when state measurements and
derivatives are unavailable. Next, we consider the Linear Quadratic Regulator (LQR) problem, and we
propose a nonlinear on-policy controller which globally converges to the optimal feedback preserving
the stability of the interconnection during the transient. Finally, leaving the linear framework, we design
a model-free optimal control algorithm which, differently from other techniques, takes into account
the problem of safety whilst performing the necessary exploration. A distinctive feature of this thesis is
its retrospective look at classical techniques and concepts from the adaptive and linear multivariable
control field, which we repropose in combination with more recent approaches and which we believe

hold the answers to many current questions.

Keywords: Persistent Excitation, Sufficient Richness, Adaptive Control, Data-Driven Control, Rein-
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Introduction

Motivation and challenges

rom the first half the XX century, control theory has dealt with the problem of understanding

intelligence and the flow of information, aiming to solve the problem of automating certain

tasks [181,194, 208,220,221, 225]. These topics have somehow diverged and specialized during

-

the second half of the last century, giving birth to different literature branches: the first, using more

heuristic approaches (expert systems, fuzzy logic, neural networks, etc.) and taking inspiration from
natural intelligence to deal with mathematically untractable systems [81, 115]; the second, considering
idealized dynamical systems and analyzing them in a more systematic and mathematical manner [99,
228].

Today, with the advent of a largely available computational power and datasets, artificial intelligence is
becoming more and more pervasive into our lives. Whilst these new instruments - which have proved
their potential in several applications such as economics and finance [s1], racing [199], games [148,196]
and biology [167] - are undoubtly promising, they often preceed formal understanding and mathematical
rigour, and they still have to demonstrate their thrustworthiness in real-world applications. In recent
years, several attempts have been made to merge the capabilities of the machine learning to deal with
complex and unknown dynamics with the robust guarantees and understanding which are proper
of control theory. In this thesis, we take another step in this direction by considering the challenge
of combining learning and optimal control - fundamentals both in machine learning and in control
theory - in uncertain systems. By following the flow of the information needed to control a system, we
give guarantees on i) the presence of this information into the system trajectories, ii) the possibility of
extracting it entirely from the measurable outputs iii) how to use it to robustly stabilize a system and to
achieve closed-loop optimality.

Through the years, several estimation techniques relying on data have been developed depending
on the purpose of the estimation, and the major field developing these kind of techniques is system
identification [15,121, 123,197, 211]. In general, the idea underlying these algorithms is to find a (tipically

algebraic) relation between known quantities, and then to reconstruct this relation using a parametrized



Introduction

function estimator and the collected data. A key aspect which determines the success of these algorithm
is the quality of the collected data, which must carry the information about the quantities we are
interested in. The problem of achieving successful estimation has been addressed in several seminal
works resulting in the definition of the PE concept [33,72,132,154, 155,188, 206]; however, to the author’s
knowledge, there is no unified theory regarding how to impose PE on systems trajectories through the
input signal (though several sufficient results are available for specific frameworks [42,142,226]). The
specific framework proposed in this thesis investigates sufficient richness in LTT systems. However,
embedding enough information into the collected data is essential in all data-driven frameworks (see,
e.g., [84,159,200] for similar desirable properties in the context of neural network training).

In general, not all signals in which we are interested (for learning or control purposes) can be directly
measured. The devices which reconstruct the internal state of a system are called observers [26,103,140],
and a typical problem of their design is their reliance on the dynamics knowledge. This problem is
addressed by adaptive observers [98, 112, 209], which reconstruct, together with the state information, a
parametrization of the plant dynamics (however, introducing sometimes stability issues even in presence
of PE trajectories).

Another challenge is understanding how to robustly stabilize an equilibrium or a trajectory in presence
of uncertainties in the system model. Addressing this issue is fundamental in particular for safety-critical
systems such as collaborative robotics [217] or aircraft control [201]. Several control techniques approach
this problem in different ways. In this field, we find robust controllers [8s, 234], which tipically rely on
the knowledge of an upper bound for system noise or uncertainties (however, which do not exploit the
gathered data to improve their performances), adaptive controllers [98,157,162,191], whose founding
idea is to adapt (leveraging on the collected data) a parametrized control law to achieve a zero error in
the interested outputs, and other more recent data-driven algorithms, which use numerical techniques
to estimate control laws directly from the data [64].

At last, we consider the problem of optimality, namely, the minimization of a given performance index
in presence of uncertainties. This objective is meaningful since the definition of a performance index
is a very intuitive (and broadly used) way to encode control objectives which go beyond the simple
stabilization of a system [27, 46]. Several techniques have been developed to solve optimal control
problems when the controlled system is unknown, such as black-box optimization, derivative-free
optimization, extremum seeking, and others [3, 4, 53,178, 203]. Though the specific approaches may be
different, the underlying idea is to probe the cost function to find a descent direction. Reinforcement
learning [177, 202] somehow preserves this idea, but shifting the optimization variable from system
trajectories to control policies.

We believe that the clear understanding of all the fundamental mechanisms involved in learning, control
and optimization is a necessary step for a clever and meaningful design of complex algorithms, and it
is natural to study these mechanisms in a mathematically tractable context before applying them to

real-world scenarios.



Introduction

Summary of the main contributions

From an high-level perspective, the techniques developed in this thesis contribute to the scientific
community in the following three aspects.

First, we approach the problem of guaranteeing data informativity (in terms of a persistence of excitation
notion) in linear systems via the design of a proper input signal. Whilst the existing literature already
contains several results, we address this problem from a more systematic way both for continuous-
and discrete-time systems, providing new necessary conditions and highlighting how the multivariable
structure of multi-input systems influences the ability to impose PE on system trajectories. Furthermore,
we show how to exploit the spectral properties of the input signal together with the linear systems
structure to obtain tighter sufficient conditions. We believe that a fundamental analysis of linear systems
is the corner stone for nonlinear extensions of these results (as it is for other very important system
theoretical properties such as controllability [92,120]). A full paper with the presented result has been
submitted for publication, and it is available on Arxiv [3s].

Second, we tackle the problem of extracting the necessary information from the output data. The issue
of full state unavailability was approached years ago by the adaptive control literature, and we draw
inspiration from continuous-time techniques [77,185,209, 210, 231] which emphasize the importance of
signal pre-processing in the implementation of identification and adaptation laws. Inspired by classical
adaptive observers [162, Ch. 4], [s], we propose a framework for the development of a new type of
observer - the gazer - able to obtain a representation of the unavailable state of a linear system without
relying on adaptive laws or prior model knowledge. The underlying idea is to trade this necessity with
the nonminimality of the resulting representation. We then investigate the feasibility of this approach,
studying how the observability of the plant and the controllability of the gazer interact to ensure the
existence of solutions. We stress that some of these results are still preliminary results, and further
investigations are needed.

Third, we consider the problem of using the extracted information to achieve robust stabilization with
optimality guarantees. In an initial study, we consider a simple offline scenario, where optimality is not
required and where the data have been previously collected. In this case, the problem is the design of
a state-feedback gain. Recent literature often assumes access to state derivatives; however, this is not
always possible, and trying to estimate them may introduce additional, unwanted noise. For solving this
problem, we leverage the above presented gazer. A conference article containing the results of this work
has been submitted for publication and is currently available on Arxiv [38]. Next, we consider an online,
on-policy LQR setting which takes into account all the problems of learning, robust stabilization and,
optimality above mentioned altogether. In this context, we propose a common framework for the design
of online, on-policy regulators aimed at achieving optimality; furthermore, we provide a new algorithm
inspired to the model-reference adaptive controllers [205], able to perform learning, stabilization, and
optimization altogether. To the authors’ knowledge, this is one of the first works possessing all these
properties, and a preliminary version of it has been presented in a conference paper CDC 2023 [36]. A

tull version of this work is currently under peer review and it is available on Arxiv [37].

(. .. .)
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Atlast, we extend our investigation to the nonlinear framework. In this case, we consider a finite-horizon
optimal control problem where the system is unknown, and we design an optimization algorithm
which, differently from reinforcement learning techniques, takes into account the problem of avoiding
numerical instabilities whilst the dynamics and the cost function are being probed. In particular, we
achieve this desirable feature by drawing inspiration to PRONTO, a solver for nonlinear optimal control
which leverages on a projection operator, namely, a stabilizing controller to be designed separately,
which ensures robustness to the algorithms evolution and to the dynamics exploration. An article with

the presented result is currently under preparation, to be soon submitted.

Organization and chapter contribution

Chapter 1

In Chapter I, we formally present the uncertain frameworks central to this thesis. We start with
the uncertain LQR problem, and we introduce the reader to the problems of signal reconstruction,
uncertainties estimation, system stabilization and optimization of a performance index which are faced
in Chapters IL, III, IV. Then, we consider the problems of finite-horizon nonlinear optimization and

its challenges, which are explored in Chapter V.

Chapter 11

This chapter addresses the problem of guaranteeing PE of systems trajectories in the context of LT1T
systems, and contributes in three ways to the scientific community. First, we find necessary and sufhicient

conditions on the input for obtaining persistently excited state (state-input) signals.

i) Necessary conditions for sufficient richness are completely new results for the case of multi-input
systems, and -to the author’s knowledge- the only necessary result existing in the literature is given
for a finite-time notion of PE (“Willems’ PE", see Section IL.1) and only for discrete-time single-
input systems in [143, Thm. 3]. In order to find these conditions, we leverage on the concept of
Partial Persistence of Excitation -namely, signals which persistently span only subspaces of the
whole space they live in-, which firstly appeared in [161, Def. 3] but, to the author’s knowledge,
was never used up to now. We also remark that the arguments used in the proofs can be used
for the design of input sequences that optimize certain “exploration” performance indices (see
Remark IL.10).

ii) Sufficient conditions to obtain PE in LTT systems are not completely new results (see, e.g.,
[17, 86, 152]). However, the cited works only provide sufficient conditions for discrete-time
systems. For the continuous-time framework, there exists different results, which differ from
our result in the following way. In [98, Thm. 5.2.3], a sufficient condition is found on the
spectral measure of each scalar input channel only for stationary signals. In [176, Prop. 1], the

result is similar to ours; however, the notion of PE used in the article is different from Definition

(. ... .)
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iii)

I1.14 since it is a finite-time notion (“Willems’ PE", see Section IL1) which does not require the
existence of a uniform lower bound in time for the energy of the span in each direction. Next,
in [142, Thm. 4.2] the author finds a characterization for sufficient richness which, however,

does not consider pure signal derivatives, but some filtered version of them.

At last, we combine the obtained necessary and sufficient results to derive and discuss the shape
of the sets of Sufficiently Rich signals for stable, reachable, LTT systems. It turns out that, for the
case of single input, SR signals are an open cone in the space of input signals (independent on
the particular system and in accordance with [161, Thm. 1]). In the case of multi-input systems,
this set is not anymore independent on the considered system. We corroborate the theoretical

results by providing two numerical examples which show the tightness of the new results.

The second contribution of this chapter is the proposal of clear, separate concepts of persistence of

excitation and sufficient richness, and the development of all the above results within a notation unifying

discrete-time and continuous-time framework. This contribution is concrete for the following reasons:

i)

ii)

Separating the concepts of PE and SR, we clarify how we could use them in a non-overlapping
way, and we avoid the need to talk about “PE of order” or “SR of order". The distinction between
these concepts reduces the proliferation of equivalent (but apparently different) definitions and
terminology that permeates the field. Furthermore, all specific results (which lead to specific

definitions) are all seen as particular characterizations of the same property.

By unifying the results and the notation for the discrete-time and the continuous-time framework,
we better highlight the structural properties which are intrinsic of linear systems; more specifically,
in their ability of obtaining PE signals. We believe this is a fundamental step for proceeding with

this research and extending these results to nonlinear systems.

At last, we show how to exploit the geometric structure of linear systems together with their ability

of preserving the spectral content of an input signal to obtain tighter sufficient conditions for PE in

multi-input systems.

i)

By leveraging on an insightful decomposition for linear systems [228] and on PE characterizations
in the frequency domain [41], we improve the sufficient results given first in [232, Thm. 3, Thm.
4] and then in [98, Thm. 5.2.3]. Specifically, with respect to the first work we give a more
generic result involving the spectral content of the input signal, halving the required number of
sinusoids and not necessarily asking for almost periodic input signals. Furthermore, our result is
not “almost certain” (see [232, Thm. 3]). With respect to the second work, we better highlight
the structure of linear systems showing how to reduce the required number of spectral lines in

the input signal.

Chapter 111

This chapter contribution is twofold. At first, we introduce a new type of observer, the “gazer”, which,

differently from classical observers, is designed for model-free signal reconstruction and is not focused

(c i .)-Q—i——
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in obtaining the true state of the linear system.

i)

Inspired by adaptive observer design [162, Ch. 4], [s], we propose a framework for the de-
velopment of filters able to obtain a representation of the unavailable state of a linear system.
Requirements and sufficient conditions for their fullfillment are thus given for this type of

observer.

Structural properties (such as observability of the plant and controllability of the gazer) are
studied in their role of guaranteeing the existence of a solution to the gazing problem via certain
matrix equations, whose solution are analyzed. Leveraging all of these results, we show how

classical filters can be seen as gazers in filter form, and we derive a new gazer for MIMO systems.

Second, we develop a data-driven stabilization technique for continuous-time systems that eliminates

the need for signal derivatives. The approach is first demonstrated for state-feedback stabilization and

then extended with minor modifications to the single-input single-output (SISO) output-feedback

scenario.

i)

Instead of using derivative approximations or methods based on integrals and temporal dif-
ferences, we leverage the above presented gazers to define a non-minimal realization of the
plant.Specifically, we process the input and state/output signals with a low-pass filter that is
shown to converge exponentially to an augmented system representation. Since both the state
and the derivative of the filter are accessible, we employ LMIs similar to those in [62] to compute
the gains of a dynamic, filter-based, stabilizing controller. Feasibility of the LMIs is ensured
under suitable excitation conditions, and closed-loop stability is guaranteed regardless of the

initial filter transient.

Chapter IV

This chapter’s contribution is twofold. At first, we introduce a novel formulation of the on-policy

data-driven LQR problem where centrality is given to the stability of the whole closed-loop learning

and control system.

i) Concerning our first contribution, we formulate the on-policy data-driven LQR problem in

terms of convergence of the controller, the plant, and an exosystem (modeling the dither signal) to
an asymptotically stable set . The fundamental property defining this set is that the learned policy
is optimal. Additionally, the set becomes smaller as the dither amplitude is reduced. Thanks
to this formulation, we ensure that asymptotic stability in the nominal scenario is preserved,
practically and semiglobally, also for a broad class of perturbations, see [79, Ch. 7]. With the
generality of the proposed framework, we aim to provide a solid foundation for future work in

the field.

The second contribution of this chapter to the scientific community is a specific solution to the above

presented problem, namely the Model Reference Adaptive Reinforcement Learning (MR-ARL), a
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control algorithm integrating concepts from system identification, adaptive control, and reinforcement
learning paradigms. The architecture is structured as a modular actor-critic system with a time-varying
reference model bridging the two modules. The actor, inspired to an Model Reference Adaptive
Controller (MRAC) architecture, guides the plant to a desired behavior set by the reference model,
even in the presence of parametric uncertainties. The reference model is updated online by the critic,

which leverages system identification techniques to estimate the dynamics.

i) Toimpose the desired learning properties, the reference model is driven by a dither signal for which
we require suitable richness properties. By relying on analysis tools related to adaptive control,
differential inclusions, and singular perturbations, we prove formally that our architecture
achieves the following properties for the whole closed-loop system: (i) convergence of the policy
to the optimal one; (ii) asymptotic estimation of the true system parameters; (iii) uniform
asymptotic stability of an attractor (tunable with the dither amplitude); (iv) robustness in the
sense of semiglobal practical asymptotic stability with respect to unmodeled nonlinearities and
disturbances. To the best of authors’ knowledge, in the context of on-policy data-driven LQR,

this algorithm is the first one possessing all these properties.

ii) Differently from other works, we require no assumptions about the initial policy. Further,
persistency of excitation, needed to ensure convergence, is not assumed a priori, but rather

guaranteed by design by resorting to concepts from nonlinear adaptive systems [171].

iif) Given the inherent robustness of the proposed design framework, we ensure that the algorithm is
effective in the presence of slowly varying parameters [79, Cor. 7.27] automatically adapting to
changes and recovering optimality without having to stop the system. To validate this property,

our numerical simulations cover both the constant parameters case and the one with drifts.

iv) Asabyproduct of our approach, we study for the first time in MR AC literature (to the author’s
knowledge) the stability of an MR AC where the reference model is not fixed but its state and

input matrices are time varying.

Chapter V

The main contribution given in this chapter is DATA-DRIVEN PRONTO, an algorithm for nonlinear
optimal control extending the applicability of PRONTO [90] to the model-free scenario. In particular,
DATA-DRIVEN PRONTO leverages the possibility to probe the system dynamics in a safe way via the
application of an independently-designed control law (which is required in [90] under the name of
“projection operator"). At each algorithm iteration, we perform L experiments (simulations) in which
we use the given controller plus an exploration dither to gather data in the neighbourhood of the current
trajectory. This data is then used to identify the dynamics linearizations about the current trajectory,
substituting the need of a model in the optimization process. The proposed algorithm achieves the

following desirable features:
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i) Avoid parametrization errors: DATA-DRIVEN PRONTO uses data only to identify lineariza-
tions of the dynamics, avoiding any error that would occur when identifying or estimating

a parametrization of the nonlinear dynamics or optimal policy.

ii) Fully data-driven: DATA-DRIVEN PRONTO itself does not require any knowledge of the system;
however, the importance of partial system knowledge is needed to improve the numerical stability

of the algorithm via the independent design of a good control law.

iif) Data-efficient: thanks to the efficient algorithm structure, the number of required experiments
(simulations) needed is significantly smaller than the one needed by RL algorithms, since at each

iteration it is comparable with the system dimension.

We provide theoretical guarantees on the algorithm convergence properties, together with insight on
how to choose hyperparameters. The proposed algorithm is proved to be Locally Uniformly Ultimately
Bounded to a ball about the optimal solution whose radius is related to the quality of the collected
data (which can be augmented by enlarging the number of collected explorations and by reducing the

amplitude of the injected exploration dither).

Appendix

We leave in the Appendix most of the proofs of the several lemmas, propositions and theorems. The
general criteria is that when a proof does not interrupt the discussion (being it very brief or informative),
itis kept in the main body of the thesis; otherwise, it is left in the Appendix. Throughout this thesis, we
present some known results for readability reasons. However, all the proofs contained in this thesis

(main body or Appendix) refer to new results.
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Symbol Meaning

N Natural numbers

N; Natural numbers

R Real numbers

Rso Positive real numbers

S Unit circle

ct Functions n—times continuously differentiable

X, U, w When used with the Roman font, indicates the infinite-
dimensional continuous- or discrete-time signal x(¢) or x;

Ccy (RY) Linear space of all infinitely differentiable functions f
Rso — R? with bounded derivatives equipped with norm
Il

loo(RY) Linear space of all bounded functions f : N — R¢ equipped
with norm || * ||

B, Open ball in R" space (of appropriate dimension), centered in
zero and of radiusr > 0

B, (x) Open ball in R” centered in x € R" and of radiusr > 0

ox(y) Function of x e R,y € R™ such that
lim, o ox(Y)lyl™" = 0.

Class K function Function @ : Ry — Ry such that it is strictly increasing
and @(0) =0

Class K L function Function ¢ : [0,a) X Rs9 — Ry such that ¢(r, s) is a class
K function for all fixed s € R, and ¢(r, s), for all fixed r, is
decreasing and such that ¢(r, s) — 0 fors — oo

Vif(x, ) Given f(x,u) differentiable in the first argument at &, i,
Vif(x,a) = W ;lc—u

Sy, St Cone of n X n symmetric, positive semidefinite (resp. positive

£=f(1.6),6cCCR

definite) real matrices

Differential equation with flow set and initial state constrained
to C [79]
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Symbol Meaning

|- | Euclidian norm for vectors and spectral norm for matrices

|- |F Frobenius norm

Il - Il Lo norm

x = (x1,x2,...) Column vector stacking a finite number of elements x; €
R™M x, e R™, ...

diag(Ai, Az, ...) Block-diagonal matrix obtained stacking diagonally the matri-
ces (vectors) A; € R™M*™ A, € R"™*™2__  and zero in all
other elements

® Kronecker product

k(M) Condition number of the matrix M € R"*™

Mt Moore-Penrose pseudoinverse of matrix M

U(a,b) Uniform distribution between a, b € R

o(M) Spectrum of the square matrix M

M7 Transpose of the real matrix M

M* Complex conjugate of the complex matrix M

I, Identity operator on R"






Chapter 1

Optimal control of uncertain systems

(0

9 n this chapter, we motivate and introduce mathematically the frameworks and the challenges
© which are explored in the subsequent chapters of this thesis. Similarly to the way the thesis
5 is structured, we start by considering a linear framework and, more specifically, we begin by
introducing the LQR problem and its challenges in the context of uncertain systems. Next, motivated
by the need of taking into account more complex dynamical systems, we move to a the nonlinear optimal

control framework.

L1 Linear quadratic regulation in presence of uncertainties

Consider a multi-input, multi-output linear system

x=A(wx+ B(uu (L)
y = C(p)x '

where x € R" is the state, u € R™ is the input, and y € R? is the measurable output. We represent the

uncertainties in the system via the unknown parameter 4 € K, € R and the maps
A: K, —» R B: %K, —» RV C: K, — R (L2)

Depending on the specific framework, the uncertainties may be both in u and in the maps A, B, C;
furthermore, one may have to deal both with constant or time-varying uncertainties u(t), A(u, t),
B(u, 1), C(u,1) see, e.g., Section IV.3.3 for an example of such systems. While in this thesis the focus is
on constant uncertainties, we deal implicitly with slowly time-varying uncertainties and other types of

perturbations (process and output noise) leveraging on robustness results.
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Example L1. A Doubly Fed Induction Motor (DFIM) can be modeled [117] with a linear system in the
form of (I.1) with state and input

. . . . 4
X = (lluallv,12u,12v) € R%,

u= (ulu, Uly, U2y, MZV) € R4, (13)

where i1,, i1y, 24, [2, are the stator and rotor currents, and u1,, U1y, U2y, U2y, are the stator and rotor
voltages. System matrices are defined as

LRy

_a+ﬁ LmRZ B2 L2 0 —Lm 0
1 - —-L»>R - -L,.R 1 0 L 0 -L
R B 2Ry B2 mRo | p_ 1 2 )
L LmR1 _ﬁl —L1R2 _CY_,812 L Lm 0 L1 0
B1 LuRy a+p12 -LiR; 0 -L, O L
with

L=LL,-L2 a:=Lw, B:=L}w,,

p12 = L1Lyw,, B1=L1Lyw,,

(Ls)
ﬁ2 = Lz mer .
Parameters R, R, are the stator and rotor resistances, L1, Ly, L,y are the stator and rotor auto-inductances

and the mutual inductance, and wg, w, are the electrical angular speeds of the rotor and the rotating
reference frame. In this case, we may define the vector of uncertainties y as

IJ = (Rl’RZ’ LI’LZ, Lm’wr, 0)0), (16)
and the maps (I.2) can be found by expressions (I.4), (Ls).

o
We associate to system (I.r) a known quadratic performance index

J(y(),u(") = /0 (y(1)"Qy(7) +u(r) " Ru(r)) dr, (L7)
and our goal is to solve the LQR problem

y<.)£?(i.§‘,u(_)/0 (y(0)TQy(7) + u(t) "Ru(r)) dt
subj. to:  %(f) = A(u)x(t) + B(p)u(r)

(L8)
y(1) = C(p)x(1).

It is known that, under certain assumptions on the matrices A, B, C, Q, R, the solution to (I.8) has a
closed form, and the input u(-) has to be chosen according to the feedback law

u(p, 1) = =R7'BT () P(u)x (1), (Lo)
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where P(p) is the solution to the algebraic Riccati equation
A(u)"P + PA(u) - PB()R™' B(1) TP+ C (1) " QC(u) = 0. (Lo)

In our framework, however, three major problems arise in the implementation of control law (L.9). First,
the knowledge of x(¢) is required, and the full state measurement is, in general, not always possible.
Next, solving (I.10) requires the knowledge of the unknowns A (), B(u), C (), which must be learned
from the collected data. This means that the gathered data must be informative. Third, in online, on-
policy frameworks one needs to consider also the problem of guaranteeing some form of stability of the

closed-loop system. In the following, we discuss more in details these challenges.

Guaranteeing informativity of system trajectories

For several reasons - state reconstruction, system stabilization, optimal control or simply identification -
one may be interested in finding the unknown matrices A(u), B(u), C (1) (or directly the parameter
(). Supposing that we are interested in finding 1, and that we have the availability of the output y, the
input u and some generic, additional signal £, we define the estimate fI and look for update laws of the

form
f=h(h,y,ul) (L)

such that i — p. The shape of / is typically found by leveraging on a known algebraic relation between

the available quantities £, y, u and p.

Example L.2. As an example, suppose that the uncertainties are only in matrix C(u) = p in (I.1) and
that x is available. Since it holds y = ux, we introduce the estimate fi(z) and define the instantaneous

cost function

J(a(0) = ly(@) = a0x @) (I12)

whose gradient in £i is given by VJ (1) = 2(y — fix)x . We then choose a simple gradient rule to define
the update
fi=2(y—px)x". (Lu3)

<

Notice however that, without assuming any additional property of the regressor x(¢),

lim |y()-a0x(0>=0 = lim[(u-a@OxOF =0 =  lim|u-40))° =0.

(L14)
More in general, finding a “good” update law (I.11) to fit some known algebraic relation is not enough
to reach the goal i — u. In order to guarantee this objective, some regularity condition on x(¢) has
to be fulfilled. The problem of the estimation convergence has been deeply analyzed by the adaptive
control literature, and it has been found that it is solved if a persistency of excitation condition on the

regressor is met.
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Thesis contribution L1. In Chapter II, we find necessary and sufficient conditions on the input u(#)
to achieve persistency of excitation of the signals x(¢) and (x(#), u(z)) in LTT systems. Furthermore,

the presented results do not require the model knowledge. *

Extracting the state information from available signals

A key challege in solving almost any control problem is having the access to the full state x() of the
controlled system. In fact, reconstructing the state allows for i) the estimation of the unknown state
matrix, ii) the design of state-feedback controllers, and iii) the implementation of the optimal policy
(Lg). More in general, in the continuous-time framework we are interested not only in reconstructing
x(1), but also in substituting the knowledge of its derivative x(#). Since the parameter y is unknown,
model-based observers are not enough for these purposes. In the adaptive literature, this problem is
typically addressed via adaptive observers. Introducing the state estimate £ € R, adaptive observers

may be in general written as dynamical systems in the form

>

f@, ¢, y.u),
g(d,

¢

. (Lis)
)

M

y,u)

where I} € © is an estimate of a certain function of the plant parameters () (e.g., the characteristic
polynomial of A(u)). Notice that this technique introduces in the control law an auxiliary dynamics f
and it requires some estimate of the true system parameters (and thus, its convergence properties need
to be studied together with the update laws for 9). On the other hand, another way to asymptotically
reconstruct the state is to build a nonminimal realization of the plant introducing only an auxiliary

variable / € R?, with z > n, governed by dynamics

2 = m(éc’ Vs M) (116)

without requiring an estimate of the parameters ¥(u). In this case, the subsequent design of the

controller should consider the stabilization of the nonminimal plant.

Example 1.3. Consider a simple scalar dynamics * = ax + bu with output map y = x, with non-

measurable X and with a, b unknown. By implementing, for some A > 0, the filter

X

2= —/lf+ BE (L17)

defining € = x — ., M =[a+A b]and calculating €, we can rewrite (I.17) as the cascade system

(I118)
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which converges asymptotically to

;_a b A+0 (I)
{—0_/14" 1u. .19

By taking the output & = I1Z, it can be checked that we have found a nonminimal realization of the
system X = ax + bu, whose derivatives £ are available from (L.r7) and do not require knowledge of a, b

to be implemented. o

Thesis contribution L.2. In Chapter III, we reframe classical filtering techniques developed for
continuous-time system identification and adaptive control. Next, we apply them for the robustification
of more recent numerical techniques (LMIs) dealing with data batches for the design of stabilizing

control laws. *

Stabilization and convergence to the optimal policy

Provided that the problems of reconstructing unknown signals and estimating unknown parameters
are solved, we still need to solve the optimization problem (1.8), reaching the optimal control law (L.9)
keeping into account the closed-loop stability of the controlled system. The estimation of the solution
of the ARE (L.10), or directly estimating the optimal feedback K (1) := —R7'B(p)P(p) in presence
of uncertainties may be approached in two ways.
First, one may implement techniques from the reinforcement learning field such as policy iteration or
value iteration to use the collected data £, u to directly find an estimate P or K. These techniques read
as (seen as continuous-time updates)

P= o(P, ¢ u). (I.20)
In an on-policy, online framework where one needs to reach optimality, this estimate P needs to enter
directly in the control law, and thus the stability properties of this update need to be studied together
with the rest of the control law.
A second approach, which however requires an available estimate £i of y, is to apply the certainty

equivalence principe and to find the solution P of
A(@) P+ PA(p) ~ PB(R™' BT ()P + C(1)"QC (1) = 0. (Lax)
In this case, provided that /I — u, we obtain P — P(p).

Example I.4. In an online context, solving (I.21) at each time instant may not be practical. However,
this problem can be circumvented with different approaches, e.g. i) calculating the solution only via

discrete-time jumps or ii) implementing the differential Riccati equation

P=A(@)TP+PA(R) - PB)R'BT())P+C(1)TQC(4)  P(0) > 0. (I22)
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<&

Thesis contribution L.3. In Chapter IV, to formalize the concepts presented in this introductory
sections, and to provide a solution to online uncertain LQR problem developing a derivative-free

algorithm which guarantees convergence i — p, P — P while stabilizing the closed-loop system.

L2 Nonlinear optimal control in presence of uncertainties

In the last part of the thesis, we consider an uncertain nonlinear system with dynamics given by

X = fe(x,u,u) (L.23)

where x € M C R" is the (measurable) state, u € R" is the input and Xy is the initial condition. We
represent the uncertainties in the system via the constant unknown parameter ¢ € K, C R? and the

unknown static map

fe tMXR" XK, = R". (I.24)

Example Ls. The pendubot [195] is a robot consising of two links and one actuator on the first joint.

Its dynamics reads as

Figure L1: The pendubot.

ay +az +2azcos(qz) az+azcos(qz)||gi e cos(q1) +ascos(q1 +q2) N
as +as cos(qz) as G2 as cos(q1 +q2)

gi| _|u
42 0|’

where g = (q1,q2) € [0, 27]? stacks the two joint angles g1, g2 € R, u € R is the input torque on

N —azsin(q2)g2 + fi  —aszsin(q2)(¢1 +42)
assin(g2)q: 12
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the first joint, and the coefficients a1, . . ., as are given by
=1 d? £? =1 d? = matid
al =11,zz +mpdy + mpty, az = 12,72z + mady, az =maptidy, (126)
2
ay = g(mydy + myty), as = gmads.

In this case, we may define the vector of uncertainties u as the vector stacking the unknown masses,

moments of inertia, length of links and positions of their centers of mass

po=(my,mo,dy, da, 01,60, 1 22, 1 22),s (L.27)
and the map (I.24) can be found by expressions (I.25), (1.26). o
We associate to the dynamics (I.23) the finite-horizon nonlinear optimal control problem

T
x(rr)uur}) ‘/0 C(x(1),u(7))dr

subj. to %(t) = fo(x(t), u(t), 1)

x(0) = Xinic»

(1.28)

where Xinic is assumed to be known. With respect to the previous setup, we consider a finite-horizon
framework which is better suited for certain applications such as the offline computation of, e.g.,
industrial robot movement, or minimum-time trajectories for vehicles or aircrafts. Furthermore, since
we are interested in solving numerical instances of problem (I1.28), we discretize the dynamics, obtaining

the problem

T
min Z C(xe,uz)
xT,u
7=0

subj. to xp41 = fa(xs, ur, p)

X0 = Xinit-

Notice that, whilst we have added some assumptions with respect to the previous linear framework,
these are more than compensated by the complexity of the nonlinearity (and possible nonconvexity of
the problem (I.29)). Furthermore, the uncertainties in ¢ and f; (x, u, ) make the solution of problem

(I.29) hard to be found. In the following, we sum up the two challenges that we face in Chapter V.

Optimality guarantees

Being the problem (I.29) uncertain, several approaches may be considered. First, one may suppose to
know the set K, in which the uncertainties are confined, and add as additional constraints the system
dynamics for all possible parameters p1 € K,. In this way, at the price of suboptimality (and provided
feasibility is preserved), we may still obtain the best solution with the available information. A problem

of this approach is that the elements of K, are typically infinite, and so a semi-infinite program has to
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be solved.

A second way to deal with this problem (the reinforcement learning approach) is having the possibility
of repeating experiments multiple times. In particular, one may parametrize a feedback control law in
0, say m(6, x), and then, at the end or the k-th experiment, update gk+1 according to some gradient

information (instead of directly updating the resulting trajectory =, uk):
A TCAR AR (L30)

Data efficiency and safety of the dynamics explorations

A problem of the above mentioned approach is that one needs to probe the dynamics function with
additional dither to guarantee a successful learning -exactly as for linear systems -. In other words, it is

necessary to repeat experiments of the type

uk = (0%, x5y + d*
. P (I.31)
xt+1 = f(xt > Uy ’/“‘)9

where k denotes the experiment, in order to obtain improvements in the experiment cost ZZ:O O(xk, uk).
The number of required explorations, in order to find good approximations of the solution, depends
strongly on the dimension of the parameter 6, which should be large enough to find good approxima-
tions of the optimal solution. Furthermore, both the update of #% and the addition of the dither d¥

introduce the risk of possible system instabilities, even when starting from safe initializations.

Thesis contribution I.4. In Chapter V, we tackle these problems by studying how to leverage on a
known, well-behaved, fixed control policy 7(x) which does not necessarily enter in the optimization
process, and we exploit its tracking properties to reduce the effects of the possible instabilities of the
necessary exploration. Furthermore, we avoid the problem of performing a high number of experiments

avoiding policy parametrizations and keeping (&, u) as the only optimization variable. *




Chapter II

Persistent excitation and sufficient

richness

hilst the notion of “Persistence of Excitation” arose from the beginning of my P.h.D. (in

particular, with the celebrated Willems Lemma [226]), I started investigating it only in the

+ last year. By far, I think this concept one of the most interesting I have encountered, since
it appears (for the first time in [16]) as an omnipresent condition that guarantees parameter convergence
in data-driven techniques, and it is strictly related to the idea of information carried by a signal. Before
going into formal details, it is useful to present the key ideas behind the concept of persistency of

excitation that will be used in this thesis.

i) Goal: a PE signal guarantees exponential convergence of adaptive, identification and learning

algorithms.
ii) Movement: a PE signal spans in time all the directions y of the space it lives in.
iii) Energy: the movement in each direction is done with a guaranteed minimum energy a.

iv) Finite time: both movement and energy are guaranteed to be completed in a time span of fixed
length T

v) Persistency: movement, energy, finite time hold uniformly in time, i.e., for all time intervals [#, 7 +
T].

To recap, there exists a window of maximum length 7" after which, starting from any time instant #, the
signal has spanned all space directions y with a minimum energy va (in an RMS sense). We propose also

a preliminary notion for “Sufficient Richness", inspired by the reasonings in [41,98,162]. In real setups,
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it is often not possible to directly impose PE on the signals in which we are interested. In other words,
we can arbitrarily design only zzput signals. This motivates the following informal characterization of

sufficient richness.

i) Goal: given a certain dynamical system, a SR input signal u guarantees PE of a specific output

signal y.

ii) Sufficiency: we look for sufficient properties that may depend on the particular dynamical system

and initial condition. We are not looking for equivalent formulations of PE.

iii) Richness: the “finite time”, “energic” “movements” features required by a PE signal should be

embedded into the input signal in some form.

Whilst it can be said there is agreement on the definition of PE (but for some minor details), SR seems a
confused notion in the literature: whilst the underlying idea seems the one proposed here, it has never
been formalized, and all the proposed definitions for SR are very specific to particular setups.

This Chapter is organized as follows. In Section IL1 we perform a historical review of the concepts
of persistence of excitation and sufficient richness, providing also references for the existing results.
Next, in Section II.2, we present the problem we want to solve and the considered framework. In
Section II.3, we present the mathematical results which have been found, corroborating them with a
numerical example showing their tightness and confuting a recently proposed conjecture. At last, in
Section II.4, we consider a more restricted framework and show how to exploit the geometry of linear
systems together with the properties of sinusoids to obtain tighter sufficient conditions for PE in linear
systems. The proofs of the simplest results are given contextually, while the others can be found in

Appendix V.4. An article containing the results of this chapter has been submitted as a full paper, [35].
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II.t  An introduction to PE and SR

ILrx A historical review of the concept of PE

The first notion of PE

From the first work introducing persistency of excitation [16], definitions for “persistency of excitation”,
“persistence of excitation”, “persistent excitation”, “PE of order”, “sufficient richness", “SR of order”,
“sufficient excitation” proliferated, being used somehow interchangeably in a first moment (between
’70s and ’80s) and then specializing for the continuous-time adaptive literature (PE, SR, SR of order)
or discrete-time behavioral literature (PE, PE of order). A variety of definitions for both concepts
have been proposed, moving away the involved concepts and the related literatures. Scope of this
section is (i) to try, starting from the first introduction of these concepts, to provide the reader with a
(philological) review of the main definitions that arose until today, (ii) to motivate the ideas behind
the “Persistent Excitation” and "Sufficient Richness” definitions that are used in this thesis and (iii) to
highlight the importance of the words in making the usage of mathematical concepts more or less clear
and understandable. We start from the first definition (1965) for “persistency of excitation of order”,

given in [16] and reported here for the reader’s convenience.

Definition ILx. /PE of order, [16]] A bounded scalar signalu : Ni — R is said to be persistently
exciting of order m if the limits

N N
= 1\1/13(1» % ; Uy ru(T) = I\ljlir(l)o % ; UsUssT (ILx)
exist and the following matrix is positive definite
re(0) ry(=1) ... ry(-m)
R, = ru(1)  r,(0) . e (IL2)
ru(m) ... re(0)
&
Notice that r,,(T) is an even function, namely, considering u; = 0 forallt < 1, we get
1« 1 < 1«
ro(=T) = lim Z} witer = lim t;TuHTut = lim Z; usruy = ro(T),  (IL3)

so the matrix R, is symmetric. Later, we will see how r,,(T) is closely related to the power spectrum of

the signal u.
The first thing we need to specify is the framework considered in this article: in [16] the authors study

an unknown SISO discrete-time linear system, with input signal u and output signal y, on which they

(c .)~¢—|——
——{—7 II )
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design a maximum likelihood method for estimation of the input-output relation. The “persistency of
excitation of order" is required on the Znput signal, and its goal is the identification of the input-output
relation parameters. Notice furthermore that the authors quantify the “amount of excitation” that
it is required by the algorithm. This first idea of persistency of excitation embeds somehow both the
two concepts of PE and SR that have been introduced at the beginning of this chapter: the goal is
the convergence of some identification algorithm (as the goal of our PE); however, the requirement is
imposed on the input signal, which is available for the design, and it is not imposed on some internal

signal (as it is for our PE).

Remark IL1. Considering the five informal “components of PE" that were given at the beginning of
this chapter (goal, movement, energy, finite time, persistency), we see that this original definition includes
all of them, though some are hidden. In fact, as made clearer later, energy, finite time, persistency are all
implied by condition (II.2), and also the goal is the same of our definition. Being this notion for scalar

signals, however, movement is the hardest to be seen. &

PE for UGAS of certain nonautonomous differential equations

We continue our review by passing to the year 1977, where in the two seminal articles [154,155], the

authors studied the uniform asymptotic stability of nonautonomous differential equations of the type

H : (IL4)
y

where in the first equation itholds P(7) = u(#)u(t) " > 0andin the second equation A(#)+A(z) " < 0,

X

y

X =-P(t)x,

A(t) -B()7
B(?) 0

forall # > 0. These results are fundamental since nonautonomous differential equations of the type
(II.4) arise in a huge number of adaptive control and recursive identification schemes such as adaptive
observers [97,98, 111], model reference adaptive controllers [6, 41, 42], gradient-based algorithms [32,114],
reinforcement learning [37,173,192,193] and several others [9,15,16,73,83,124,190,198, 223] (both discrete
and continuous-time). From [154, 155] we now recall - for the reader convenience - the main results (in a

shortened version).

Theorem ILx. [ /i55], Thm. 1] Letu : Rsg — R™K be g piecewise continunous and bounded function.
Then, the following are equivalent
i) x = —u(t)u(t) " x is uniformly asymptotically stable

iz) there are real numbers a > 0, b such that, if y € R" is a fixed unit vector, then

t
/ Y u(t)u(t) "ydr > a(t—tg) +b, Vt>1ty>0, (ILs)

to

Theorem IL2. [ [154], Thm. 1] Let A : Ry — R"™" be a piecewise continnous and bounded function
such that A(t) + A(t) T is negative definite. Let B : Ry — R be a piecewise continnous and bounded

(c .)~¢—|——
——{—? 12 )
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[x H (IL6)
¥ y

is uniformly asymptotically stable if and only if there are positive numbers T, € and 8 such that, given

Sfunction. Then, the system
A(t) -B(1)7
B(1) 0

t > 0 and a unit vectorw € R", thereisat’ € [t,t +T] such that

t'+6
/ B(t)"wdr| > €. (IL7)
t/

We refer the reader to the above mentioned articles and to [161, 162] for more insight into the slight
differences between these PE expressions (which can be collapsed into the same condition under
sufficient smoothness of the involved signals). These theorems - together with other important results
from those years which aligned the discrete-time framework and found other important adaptive control
or recursive identification schemes which resulted in systems in the form (II.4) - lead to a new notion of
PE, which we could state as (being more restrictive to include many proposed definitions, see e.g. the
books [8,98,162,191])

Definition IL2. The piecewise differentiable bounded signal w : R — R4 45 persistently exciting if
there exist T, a > 0 such that, for allt € Ry, it holds

/HT w(t)w(t) dr > al. (IL.8)

&

For the discrete-time, the same type of analysis on the stability of equations of the form x;41 = Fyx;
arose, treated e.g. in [33], and from [32] we can infer a definition equivalent to Def. IL.2 for the discrete-

time domain

Definition IL3. The bounded signal w : N — R9 is persistently exciting if there exist T, a > 0 such
that, for all t € N, it holds

t+T

Z wewl > al. (IL9)
t
&

A few important observations are in order. First, with this definition there is no more a quantification
of “how much” a signal is persistently exciting, namely a signal is PE and it is not “PE of order". Second,
whilst the final goal of this new definition is still to guarantee the convergence of adaptive control
(recursive identification) schemes, we notice that the PE condition has passed from the input signal u to

a generic signal (from now on called “regressor”) which plays the role of u () or B(t) in equations (IL.4).
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The shape of the regressor depends strongly on the considered closed-loop scheme, and to achieve this
PE property via the design of an appropriate input signal becomes a completely different problem. Of
course, one could also study when solutions of autonomous systems are PE depending on the initial
conditions and the properties of the system, and this was done very recently in [168].

In 2001, the stability of nonautonomous differential equations more complex than those in (II.4) was
considered. In fact, stability of equations in (II.4) is not only uniformly asymptotic, but it is also global
and exponential thanks to the linearity of the equation. However, other frequently arising differential

equations such as

A Bo(t,x)T
i= o2 (IL1o)
—¢(t,x)CT 0
or even more generic equations of the type
x=F(x,t) (ILm)

need more careful analysis. We refer the reader to the following works for other variations of this

definition in more complicated frameworks [13, 14, 101, 130-134, 165, 171, 188].

Remark IL2. The definitions for PE presented here have the same goal, movement, energy, finite-time,

persistency connotations presented at the beginning of this chapter. o

Remark IL3. [Excited or exciting?] In this thesis we prefer to say that a signal is “persistently excited”
instead of the “persistently exciting” used in the literature. In its original definition, an input signal was
exciting when it moved the measurements strongly enough to guarantees a successful identification.
With Definition II.2, the property of PE has now been moved to a generic regressor to guarantee
stability of certain equations. It is hard to say that the regressor is “exciting” for systems (II.4), since if it
is exciting, the origin of these systems is UAS and the state x(#) goes to zero. We prefer then to say that
the regressor is just excited since it possesses the movement, energy, persistence characteristics introduced

at the beginning of the chapter. o

Before addressing this problem, we make a short digression on frequency-oriented characterizations for

PE that arose from the first years after 1965.

PE in the frequency domain

In 1971, we find in [122] an interesting characterization for PE in the frequency domain. Notice that
the considered framework was the same of [16] (namely, a single-input single-output system), and also
the goal of this “persistency excitation of order” was the same as in [16]: an input signal has to achieve
convergence of recursive identification schemes. In fact, the authors consider a discrete-time scalar

signal u : N — R which should satisfy, similarly to IL1, the existence of the limits

N N
.1 1 _ _
0= 1\1/12(1» N IZ:; U ru(T) = 1\1/13(1” T ;(ut — i) (Ugyr — 10). (IL.12)

(c J¢—|——
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Then, the authors implicitely define the function s, : [-m, 1] — R such that

ru(t) = / e ds, (w) Vt €N, (IL.13)

T

which is unique, symmetric and enjoys some smoothness properties (see [122] and references therein).

We are now ready to present the characterization for “PE of order n" in the frequency domain.

Theorem IL.3. [ [122], Thm. 1] A necessary and sufficient condition for u to be persistently exciting of
order n (as per Def. I1.1) is that supp(s,) contains at least n points. w

The mostimportant takeaway from this theorem is that there is a one to one correspondence between the
number of points w € [—m, 7] in which s, (w) is not zero and the level of excitation of u. We will later
see that s,, is closely related to the spectrum of u, so this means that frequency-domain characterizations
may be very helpful in design purposes. Still, we are in a scalar framework, and we expect things to
become more complicated as soon as the quantities 7,,(¢) and s,,(#) become matrix-valued.

As soon as new, multi-valued definitions for PE arose and lost their “order of excitation” quantification,
new proposals for a frequency domain characterizations were made. In 1986, in the work [42] the
authors considered a definition of PE similar to the one given in Definition IL.2, and found an equiva-
lent frequency-domain characterization. Before addressing it, we better formalize and complete the
theoretical digression on the relation between the quantities r,,(¢) and s, (¢) seen before. Consider a

multi-valued continuous-time signal w : Ryg — R?. We define the quantity Ry, : R59 — Réxd

T
Ry, () = %%1_{{)10/0 w(t)w(t+7)Tdr (IL.14)

as the “autocovariance” of w. Signals for which R, exists are also called Wide-Sense-Stationary (WSS)

[71, p- 388]. Notice that the autocovariance evaluated in zero, namely,

T
R\, (0) = %Th_ri)lo‘/o w(t)w(r) dr (IL1s)

closely recalls the PE expression in Definition II.2. The main difference is that the condition in IL.2
is explicitely required to hold uniformly in time along moving time windows, while in (IL1s) all the
knowledge of the signal is somehow collapsed into one point of the autocovariance. Notice furthermore
that the division by % in (IL1s) prevents vanishing signals to satisty R,, (0) > 0. We are now ready to
state the important result in [42, 191], which holds for a definition of PE similar (less smoothness is

required) to IL.2.

Lemma ILx. [ /42], Lemma 3.2] Suppose w : Rz — R has autocovariance Ry, (t). Then w is PE iff
R,,(0) > 0. &

It was proved in the Wiener-Khinkin theorem [224, Ch. 2] that for WSS signals whose Fourier transform

exists (which, in general, are not all WSS signals), their autocovariance R,, and their Power Spectral

(c o)
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Density (PSD) S, form a Fourier-transform pair, namely,

R, (1) = N / Sw(w)e’"dw, (IL.16)
21 ) o
from which . -
R, (0) = —/ Sw(w)dw. (IL17)
27 )

For having PE signals, equation (IL.17) together with the above Lemma IL1 clearly requires, as noted
in [42], that S, (w) must be non-zero at least in d different points, namely, supp(S,,) should contain
at least d points. Notice that for WSS scalar signals whose Fourier transform exists, the quantity s,
defined in (IL13) is exactly the PSD of the input signal.

In other words, we have now seen that quantity of points in the support of the PSD of a generic signal
w has been used for different purposes, namely i) quantifying excitation levels of a scalar signal [122]
and (ii) guaranteeing the “simple” PE of a multi-valued signal [42]. Notice furthermore that, by Lemma
(IL1), itis not enough to contain enough points in the PSD to guarantee PE of the involved signal, since

we need to require
1

o

R, (0) = —/ Sw(w)dw > 0. (IL.18)
27 ) o

In other words, if S, (w) is not scalar, we have to guarantee also some form of independence between

the points Sy, (w1), Sw(w2), . . ., to guarantee that the integral is positive definite. An interesting work

in which this is addressed is [41]; however, we refer the reader to Section II.4 for an overview of the

results regarding spectral lines, since these will be used later.

We refer the reader to [71,147, 224] for a more detailed discussion on autocovariance, power spectrum

and WSS signals, and to [41, 42, 191] for their relation to with PE.

Willem’s PE

In 2005, 40 years after the first notion of PE was introduced, a new notion making use of the so called

“Hankel matrix" was proposed for discrete-time systems [226]. Given a discrete-time signal w, € R? in

theinterval# = 1,...,T, we may build the associated Hankel matrix of depth L as
w1 w2 ... Wr-_L4l
%) w3 eee WT_L42 _
HY = T e RALX(T-LAL) (IL19)
wr Wrsl ... wr

Definition IL.4. [ [226], Pag. 3] The sequence wi, . .., wr, with w; € R is said to be persistently
exciting of order L if rank(H}") = dL. &

The condition rank (H}") = dL can be shown to be equivalent to the positive definiteness of following
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quantity:

T
T—L+1 Wi Wi
Z . e > 0. (IL.20)
We+L-1

t=1
Wi+L-1

A few important observations are in order. First, we notice that the proposed definition takes into
account the notion of excitation level in the signal: this is different from more recent continous-time or
discrete-time characterizations and it is closer to the original notion given in [16]. The order of excitation
is embedded in the number of time-shifts of the signals which one considers in building the matrix
(IL.20), and in [226][Cor. 1] this notion is used to derive how to obtain excited state-input trajectories
from a sufficiently excited input (however, we deal with this in the next section). Second, notice that in
this case the PE property is not a property which holds uniformly in time, since it is a property which
a finite amount of data satisifies or not. An interesting question is then the following: why should
we call this persistency if uniformity in time does not enter the definition? Third, by choosing L = 1,

considering a signal on the whole time axis w : N — R9 and asking for condition (IL.20) to hold for

each time windowt =1¢,...,t + T forallt € N, we obtain the condition
T-L+1
Do wewl >0 Vt €N, (IL21)
7=t

which is not equivalent to discrete-time definitions of PE I1.3 for two reasons: (i) no uniform lower
bound is implied by the full rankness of the Hankel matrix, and (ii) also the boundedness of the signal
is not implied by this definition.

These features make this definition not well-suited for the analysis of recursive or asymptotic algorithms;
however, this notion of persistency of excitation is more adapt to the cases where the number of data is
finite (batch methods). Furthermore, the interpretation given by the authors in [226] of this kind of
PE condition is also very different from the original one, since it is seen as the ability of gathered data
to represent all system trajectories (of a LTT system). Still, also this notion of PE has been proved to
be fundamental for the effectiveness an enormous amount of data-based techniques for learning and
control (see [23, 62, 64,127,213] to cite a few), and very recently (2022 — 2023) “robustified" versions
of this notion have been proposed [22,55].

The Hankel matrix notation used for this definition prevented for long time the proposal of equivalent
definitions for the continuous-time framework. Only recently some attempts have been made in the
direction of fixing this problem. Among the others, in [128] (2022) the authors proposed to solve
the problem introducing an Hankel matrix constructed from sampling the continuous-time signal. A

different attempt was instead done in [176], where the following definition was proposed

Definition ILs. //[176], Def 1] Let1 = (to,t1) € R w : I — RY is persistently exciting of order k if
(a) W is (k — 1)-times continuously differentiable in |,
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(b) foreveryv € R*4 it bolds that

w(t)
v : =0 Vitel = v=0. (IL.22)
wE=D (1)

&

Similarly to Definition II.4, this notion of PE is not a “persistent” property, and thus it is less suited
for recursive or asymptotic algorithms; however, it introduces a nice analogy between time shifts
and derivatives. In particular, in this definition time derivatives are presented as the continuous-time

counterpart of time shifts in quantifying the order of excitation of the signal.

Remark IL.4. To recap, the biggest difference between these definitions and the one seen before
stands in the concepts of energy (no minimum amount of energy is guaranteed in each direction) and
persistence, since this property holds only on a finite time window and not persistently. Furthermore,
the goal of these definitions is different, (and justifies the lack of persistency, term which should be more
carefully used), since it regards the ability of a seguence of measurements of x;, u, to represent systems

trajectories. ¢

Remark ILs. Since in this thesis we deal with both the two notions, we will use the term “persistence of
excitation” for the Definitions II.14, IL.13 presented at the beginning of this chapter, and we will use only

the term “excitation” for the finite-time Definition II.4 and similar continuous-time counterparts. ¢

IL12 A historical review of the concept of SR

To the author’s knowledge, one of the first works (1977) mentioning “sufficient richness” for some
signal is [154]. In that work, the authors consider the stability of the differential equation (II.6), and
require “sufficient richness" on the matrix signal B(#). Although “sufficient richness” is not formally
defined, it is interesting to notice that the required condition, namely the one given in Theorem IL2 is
the same that will evolve (under sufficient smoothness of signals) into the “persistence of excitation” as
per Definition IL2.

In the same year, we can find “sufficient richness" mentioned in [6, Pag. 5]. In the paper, the author is
in the context of multivariable adaptive identification, in which the problem is the identification of
rational transfer functions. The term “sufficiently rich" is required, generically, on the input signal v7 (¢)
in order to achieve convergence of the identification scheme to the true transfer function parameters.

An interesting comment on the “richness” property was made in [232]:
The intuition bebind the concept of persistent excitation is that the input should be (recurrently) “rich”
enough to excite all the “modes” of the system which is being probed. Thus, from the system theoretic point
of view, we can say that the input u(-) is persistently exciting for the system (1) if the combined vector

Sfunction [x'(-),u’(-)] is persistently spanning.

(c .)-Q—i——
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A few comments are in order. First, the authors use “rich” for an input signal that should impose
excitation on some output signal (x(#), u(t)). Second, the authors recognize the need of saying for
which system a certain input is persistently exciting. An interesting takeaway is thus the following: it
makes sense to separate the spanning condition (in other works, called “mixing” [198, 223], which we
called movement), from the means to achieve it. Furthermore, the spanning condition may be required
on regressors which depend on the particular application: this means that a certain input may be “rich”
for a system but not for another. We conclude from this that either we should quantify “how much" a
signal is persistently exciting or we should use a different term (“sufficient richness") for what concerns

input signals. Five years later, in [9] we read

We shall show that when the output of the unknown plant is required to follow a sufficiently rich reference
tragectory, in the sense that conditions like the output-only conditions of Section 2 see especially Theorem
2.4 are satisfied by the reference trajectory, then the estimate of the plant parameters will converge
exponentially fast to the true value, as will the plant output to the reference trajectory.

In this case, we are in the context of discrete-time systems and the authors are investigating the stability
of identification and adaptive control algorithms. In particolar, in Section 2 the authors show how to
impose PE (as per Def. II.2) on the regressor X; = (y¢, ..., Yimn+1s Uss - - - Ur—ms1), With y; and u;
input and output of a SISO system. The condition to which this quote refer is asked on the output

trajectory u, (or y;) is the existence of some N € N, p1, p2 > 0 such that

T
t+N | Ut+n Ursn

pl= | | > pal Vt € N. (IL23)

Ur—m+1 ]| [Ut-m+1

An important observation is the following: this condition is very close to the original “persistency of
exitation of order” (Def. IL1) and to Willems’ one (Def. II.4). However, in this case, its role is to directly
impose PE on x;, and it is only indirectly looking for the convergence of the control/identification
scheme. Furthermore, we can notice how the “order of excitation” required depends on the dimension
of the considered system. Moving on, whilst in [41, Pag. 3] the term “sufficient richness" is used with
the same meaning as PE (as per Def. I1.2), three years later in 1986 the same authors [42] propose a

different idea

The terms sufficiently rich (SR) and persistently exciting (PE) have been used somewhat interchangeably
in the literature. It is proposed that PE refers to property (2.7) for a vector of signals, and that sufficient
richness be a property of the reference signal (scalar valued). A vector of signals is thus PE or not, but
whether or not a reference signal is SR depends on the MRAC being studied. More specifically it depends
only on the number of unknown parameters in the system, so it is proposed that a reference signal which

results in a PE in an N-parameter MRAC be referred to as sufficiently rich of order N.

With this notion of SR in mind, we are close to the definition proposed in this thesis. Whilst in this

article the authors are focused on the MR AC field, they clearly distinguish between the idea of PE and

(c o)
——I—? 19 )~¢—|——



CHAPTER II. PERSISTENT EXCITATION AND SUFFICIENT RICHNESS

the idea of guaranteccing the PE via an input signal, and they recognize that different conditions may
be required depending on the number of parameters to be identified. Another inportant step in this

direction was made in [152]

Since the plant states X cannot be manipulated directly, but only via the plant inputs uy,it is important to
translate “persistency of excitation” conditions on the states of the plant, to“persistence of excitations” or

Sufficiently rich” conditions on the plant inputs and noise.

where the idea of imposing PE via suitable properties is very clear. The condition found in [152] for
achieving PE in a DT-LTT system leverages, once again, on a PE-like condition on the time-shifts of the
input signals. In 1985 [17], this notion is formalized and a first proposal for a mathematical definition

of this concept is given for discrete-time framework:

Definition IL.6. [ /17] Def. 2] A sequence x; € R" is said to be sufficiently rich (SR) of order m (in N
steps), if there exists N € N, a > 0 such that

t+N Xral | | X741
vVt € N. (IL.24)

T= t+1

Xrim| [ Xv+m

This definition was also characterized in the frequency domain, at first for scalar signals

Lemma IL2. [ [17] Lemma 2, [98] Def. 5.2.3] If a scalar sequence u; has an autocovariance, then u, is
SR of order n if and only if the spectral measure of u, is not concentrated on k < n points. A

and later for multivariable ones [165].
Notice however, that whilst a frequency domain characterization for SR is available for both the
continuous-time and discrete-time frameworks, an equivalent of Definition I1.6 for the continuous

time is still missing. An interesting attempt in this direction was done by [142] (1988).

DefinitionIL7. [[142], Def4.1] A signalu : R — R™ iscalled sufficiently rich of order (ny, . . ., np /1)
where n > max(n;) if, for anyy > 0, there exist constantst, @ > 0, and T > O such that

t+T
% / Yy (r)dr > al V>, (IL2s)
t



CHAPTER II. PERSISTENT EXCITATION AND SUFFICIENT RICHNESS

with
1 0 0
s
sm-l 0
0 o
1 K 0
Y(t) = — . u(t). (IL.26)
(s+y)" 1 0
1
s
0 e s stml
&

Notice that the proposed definition involves again a PE-like condition on a certain function of the
input signal; in this case however the authors do not take pure derivatives of the considered signal, but
a filtered version of them. This was not the case in [97], where, studying the convergence guarantees
of an adaptive observer with observability indices n; (see [140]), the authors proposed the following

definition for sufficient richness.

Definition IL8. [/97], Pag. 5] Let ng denote ng = max; n;, and p denote differential operatorp = d/dt.
Input u(t)is said to be sufficiently rich if, for any t, r((n + ng — 1)) functions

n+ng—1 n+n0—1ur (11'27)

up,pui,...,p

’u27"'sp

are linearly independent on the interval [t(, 00), that is, for any n + ng — 1-th order polynomials

2i(P) = Zio+ s Zimamg—1p"TOTY, i=1,..,r, (I1.28)
D zui(t) =0 (IL.29)
i=1
does not hold. &

Although this article does not seem to be well-recognized, we anticipate that a very similar condition on
the input derivatives will be found out in the next section to provide sufficient conditions for imposing
PE on systems trajectories.

We conclude here our historical digression on the evolution of the concepts of PE and SR, which was
made i) for motivating our choices for the Defs. II.14, IL13, IL.1s and i) as a contribution itself to the

community working in this field. We refer the reader to, e.g., [19, 22,78, 129, 160,171,176] for other more

(c .)-Q—i——
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recent works in which the term “richness” of a signal is somehow involved; however, we stress the fact
that these concepts were more used for online schemes, and terms such as “sufficient richness” are not

in auge anymore.

IL.2 Problem setup

IL2.x  Preliminaries: infinite-dimensional notation and operators

Since, as previously mentioned, we are dealing with properties which should hold uniformly in time for
signals, it is useful to introduce some notation to lighten infinite-dimensional operators and results.
We start by defining what a dynamical system is, for both the discrete-time and the continuous-time

frameworks.

Definition IL.9. [BIBO Dynamical system - DT] A Bounded Input Bounded State Output discrete-time

dynamical system is a map

0 o (R™) X R" = £ (RP
(R™) (R”) (ILs0)
u,xXg — y

that can be written in the form

Xee1 = f(xp,up), xo € R",
1+ 1y Ut (IL31)
Yt = h(-xl’ut),

whereu; € R™,x; € R",y; € RP are the input, the state and the output at time t and f, h are the

dynamics and the output map. &

Definition ILxo. /BIBO Dynamical system - CT] A Bounded Input Bounded Output continunous-time

dynamical system is a map

o:Cy(R™) xR" = C°(RP)
(IL32)
u,x(0) —y

that can be written in the form

x(1) = f(x(2),u(1)), x(0) eR",

(IL.33)
y(t) = h(x(1), u(t)),

whereu(t) € R™,x(t) € R",y(t) € RP are the input, the state and the output at time't and f, h are
the dynamics and the output map. &

Clearly, we could have defined dynamical system in a more general way, e.g. including unbounded

signals, discontinuities, ecc.; we require instead smoothness and boundedness of the involved signals

(c .)~¢—|——
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just for simplifying the exposition of the subsequently given result. Next, we introduce a list of useful
operators to operate with discrete-time signals (shift operators) and continuous-time signals (derivative

operators).
Definition ILxx. /Shift Operators] Given k,d € N and the space {o (RY), we define the shift operator as
q° i Lo (RY) — o (RY)

Wi t>k (IL.34)
0 t<k.

Wi —

Furthermore, we introduce the following multi-shift operator:

QF : to(RY) = L (R
1 0 (IL35)
wi— (qQ° W, ...,q W).

&

Definition ILx2. [Derivative Operators] Given k, d € N and the space C,° (RY), we define the derivative

operator as

d*: e (RY) — Cr(RY)

d*w (H.36)

I3 —(1).

Wi — <20

Furthermore, we introduce the following multi-derivative operator:

DX : C(RY) — G (RYY)
o1 0 (IL37)
W (dw, ..., d"w).

&

II.2.2 Persistent excitation and sufficient richness

We are now ready to state the definitions for Persistence of Excitation which will be used throughout

the thesis.

Definition ILx3. [Discrete-Time PE] A signal w € {o (RY) is Persistently Excited (PE) if there exist
positive scalars a, and T such that, for allt € N,

t+T
Z wew, > al. (I1.38)
T=t

(c 0)
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Definition ILx4. [Continuous-Time PE [7]] A signalw € C;° (RY) 45 Persistently Excited (PE) if there
exist positive scalars & and T such that, for all t € Rsq

t+T
/ w(t)w(t)dr > al. (IL39)

L

As done before for the considered systems, the given definitions for PE are more conservative than
other present in the literature, since in general only boundedness and some degree of smoothness are
required, and this is done for simplicity reasons. See however Section IL1 for a more comprehensive list

of possible definitions. Similarly as done in [161, Def. 2], we define the subsets

QY = {w € Lo (R?) : w satistisfies (I1.38)}

. - - (IL.40)
Q; ={w € C;°(RY) : w satistisfies (IL.39)},

which are the set of all the PE signals in the discrete and continuous-time setting. The following lemma

characterizes these sets.
Lemma IL3. QF (vesp., Q) is an open cone in €e (R9) (resp., Cr (RY)). A
The proof of Lemma IL3 is in Appendix V.4.1.

Remark I1.6. Notice that the property of being open sets is a reformulation of the robustness (in Lo
sense) of the PE property given in [191, Lemma 6.1.2]. In other words, being €27, an open cone, for any
given signal w € QZ we can always find a sufficiently close signal w” such thatw’ € QZ. However, this

robustness is not the same for every PE signal. o

Before addressing the main questions we want to solve, we formally define how the notion of “Sufficient
Richness" is intended in this work. Consistently with the adaptive literature, we say an znput signal
sufficiently rich if, injected into a dynamical system, it guarantees persistence of excitation of the output
signal we are interested in. Notice that imposing the PE to some output signal y via input u is a problem
which is not in general guaranteed to be solvable. Furthermore, an input u may be sufficiently rich
for a specific system but not for a different one. Specifically, the following two aspects determine the

solvability (and the solution) of the problem:

i) the structural properties of the dynamical system o~ we are considering (dynamics and output

map)
ii) the set of initial conditions x(0) of the systems in which we are interested.
These reasonings motivate the following definition for SR.

Definition ILxs. [Sufficient Richness] Given a discrete (vesp. continuous)-time dynamical system o and

initial condition xo (vesp. x(0)) we say that the input signal u € Lo (R™) (resp. C°(R™)) is SR for the

(c .)~¢—|——
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tuple (o7, x0) if
o(u,xg) € Q?,(resp, Q;) (IL.41)

We can define the set of all SR input signal for system o~ and initial condition xo € R" as

Dsr (0, x0) ={u€leo(R™) : 0(u,x0) € Q) }

(IL.42)
Csr (0, x(0)) ={ueC;’(R™) : o(u,x(0)) € Q}.

Notice that any characterization of the sets Csr (), Dsr (-) for the SR property as per Definition IL1s
requires explicitely the considered system (dynamics and output map) and initial conditions for which
the characterization of SR is valid.

IL.2.3 Problem statement: sufficient richness in LTI systems

Consider a discrete or continuous-time linear time invariant system in the form

Xt+1 = Ax; + Buy, x(t) = Ax(t) + Bu(t),
v, = Cxy + Duy y(t) = Cx(t) + Du(t)

(IL.43)

where x € R" is the state, u € R is the control input, y € RP is the output, while A € R"*" and

B € R™ ™ are the system matrices. The aim of this chapter is twofold, namely

i) given meaningful classes of systems in form (II.43) and initial conditions, find an explicit charac-

terization of the sets of SR inputs Csg (+), Dsr ()

ii) obtain a characterization of Csg (), Dsr (-) which underlines the analogies between the discrete-

time and the continuous-time framework.

Notice that while the specific framework proposed in this thesis investigates these properties only for
linear systems, the proposed questions and concept of persistent excitation and sufficient richness are
exportable also to nonlinear frameworks. An example of an apparently different setup is the training of
neural networks: it was demostrated [84] that richness of the training data ensures well posedness of
the estimation problem. Very recently [159,200], it has been shown that richness conditions on both
the input data and the loss functions can be found so that the resulting trained neural network is more
robust to adversarial attacks [50, 96].

Concerning the first objective, since we are not interested in solving a control problem (and having
defined PE only for bounded signals), we consider only asymptotically stable systems, i.c., systems in
which A is Schur (resp., Hurwitz). Intuitively, this means that the answer we are looking for will not
depend on the chosen initial condition. Next, given a stable system it is known [161, Lemma 5], [98]

that a necessary condition for having PE state trajectories is that (A, B) must be reachable. We formalize

(c o)
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these classes of systems with the following notation

L® := {0 in form (I1.43) : A Shur, (A, B) reachable, dim(x) = n,dim(u) = m}

(IL.44)
L := {0 in form (I1.43) : A Hurwitz, (A, B) reachable, dim(x) = n, dim(u) = m}.

Next, since one may be interested in considering different output maps depending on the uncertainties

in the matrices A, B, we define system classes

LE-:{O-ELDC:In’Dzom}’ L§~:{O—€LCC:In7D:0m}a
Ly =40 €l’:C= In ,D = O , LS, ={0€el®: C = In ,D = Onxm .
mXn Im Oan Im

(IL.4s)

At last, we are interested in separating the results for single-input and multi-input systems, for which

we introduce the notation

Ly, ={cel]:m=1}, L; ={c el :m=1},

D D c c (IL.46)
Loy ={ocel):m>1} Lyoy={oceli:m>1}

Concerning the second objective, namely the problem of unifying the continuous and discrete-time,
our major concern is to avoid incompatible descriptions. An example of incompatible description is the
Hankel matrix notation, since it is not well-suited for the continuous-time framework. The idea is to
rely on the correspondence between time shifts in discrete-time and derivatives in continuous-time,

exploiting the infinite-dimensional operators defined in IL11, IL12.

IL.3 Necessary and sufficient conditions for SR in LTT systems

IL3.x1  Necessary conditions
Discrete-time

We start by consider the problem of giving necessary results for sufficient richness in the case of discrete-
time systems. As previously mentioned, these results are new, since to the author’s knowledge necessary
conditions have been recently found only for single-input systems [143] in the framework of finite-time
excitation. Before presenting the theorem, we introduce a notion to characterize signals that persistently

span only subspaces of the space they live in.

Definition ILx6. [Discrete-Time Partial PE] A signal w € {o (RY) is Partially Persistently Exciting
(PPE) of degree d’ < d (and writew € QZ’ o) 1f there exists a canonical projection P : RY — RY such
that Pw € Q5. &

Remark IL.7. Analmostequivalent notion of PPE was introduced for the continuous-time in [161, Def.
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3], [162, Def. 6.3], from which we also adopt the simplified notation Qz,d/' o

Introducing this notion is important since, in the following, we will prove that the only necessary
condition for achieving PE trajectories in multi-input systems is a PPE condition on Q" (u).

It turns out that if the degree of PPE of signals in the form Q" (u) (namely, stacks of time-shifts of the
same signal u) is sufficiently small, then it never increases when increasing the number of considered
time shifts. The intuition behind this property is that shifts a certain time window of the same signal are
not completely independent. Consider e.g., the sequence of scalars {wg, w1, ..., w, } and its time shift
{w1,w2,..., Wns1}. Notice that the two sequencies share n — 1 elements, and the same holds true
also considering the successive window {w2, w3, ..., wpi2}. This constraint can be shown to bind the
number of directions possibly spanned by the moving window {w;, w41, ..., Wi4n-1} depending
on the number of directions persistently spanned by the original signal w. This is formalized in the

following lemma.

Lemma IL4. Letw € (oo(RY). Ler d’ € N be the biggest natural for which Q"(w) € QrDld’d,. If
d" < d(n—1), then for all k > n, the biggest natural for which Qk(w) € QE dod” bolds is such that
d’ <d'. A

The proof of Lemma II.4 is provided in Appendix V.4.2.

We are now ready to state a necessary condition to obtain PE in discrete-time LTT multivariable systems.
Theorem IL.4. [Necessary condition for DT systems] Letu € oo (R™). For all initial conditionsxg € R",

1) If o € LY and o (u, xo) € Q), then Q" (u) € €,

nm,n*

ii) Ifo € LR and o (u,xo) € Qb then Q" (u) € QP

n+m’ (n+l)m,n+m’

The proof of Theorem II.4 is provided in Appendix V.4.7.

Remark I1.8. Notice that, in the case of single-input systems, this result collapses into a “full” persis-

tency of excitation requirement on Q" (u) and Q™ (u), namely, for all xg € R"

o el o(ux) €Q) = Q"(u) Q)

ocell, o(ux) e, = Q" (u)eQ,,.

(IL.47)

¢

We sketch here the proof of Theorem II.4, since it provides arguments which are perfectly repeatable
in the continuous-time framework and gives insight on why PPE of Q" (u) is a necessary condition.
This result is proven by contraposition, namely, we want show that if the input signal u is not PPE of a

sufficiently high degree then the resulting X is not PE. We follow these steps

1. In asymptotically stable systems, x can be approximated arbitrarily well by a linear combination

of alarge enough number k € N of time-shifts of the input, Q*(u), namely, x % K Q¥ (u).

(c 0)
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2. IfQ"(u) is PPE of degree at most n — 1, then for any k > n, the PPE of Q¥ (u) does not increase
(using Lemma II.4) by picking any k > n.

3. IFQ¥*(u) is PPE of degree at most n — 1, then X cannot be PE, since it is a linear combination of

a signal persistently spanning at most # — 1 directions.

Remark IL9g. For this necessary condition, we considered A Schur. Notice that in this case this
assumption is required not only to guarantee boundedness of the state, but also to approximate the

state as a linear combination only of a finite number of inputs. o

Remark ILro. The arguments used for these proofs give insight into how one may specifically design
inputs to achieve PE trajectories (provided that the matrices A, B were known). In particular, one
may leverage the approximation x ~ KQ¥ (u) (for sufficiently high k) and the knowledge of K (given
in (V.108)) to guarantee the energy of the input is used in the “best way” possible, according to some
performance index. As an example, one may desire to maximize @ (from Definition IL.13) for a fixed
input energy. Notice furthermore that, in general, solving this task requires a good “planning” of the
inputs, namely, one should solve the problem for a sufficiently high k and thus finding the input for

several time instants. &

Continuous-time

Before presenting the results for the continuous-time framework, we need to consider some problems
which arise when applying Definition IL.14 (that are not present in the discrete-time framework). With
the following lemma, we leverage the smoothness properties of the considered signals to guarantee that

a non-PE signal is arbitrarily small for arbitrarily long periods along certain directions.

LemmaILs. Letw € Cp° (RY). Ifw ¢ Q, then forany T, € > O there existt > 0,z € R such that,
forall v € [t,t +T), it holds that
lz"w(r)| < e. (I1.48)

A

The proof of Lemma ILs is provided in Appendix V.4.3.

Notice that whilst the above result is immediate in the discrete-time framework, in the continuous time
it is not necessarily true - without assuming some degree of smoothness of the signal.

Next, in order to state necessary results for PE in continuous-time systems, we introduce the notion of

PPE also for this framework.

Definition ILx7. [Continuous-Time Partial PE] A signalw € C d is Partially Persistently Exciting
(PPE) of degree d’ < d (and writew € QX ) if there exists a canonical projection P : R4 — R such
that Pw € Q. &

To get the necessary conditions of PE in the continuous-time framework by following the same steps of

the discrete-time one, we need an analogous of Lemma II.4.

(c .)~¢—|——
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LemmaIL6. Letw € C;° (RY). Lerd’ € N be the biggest natural for which W := D"(w) € Q° ..
Ifd" < d(n — 1), then for any 0 < T <T e€> 0thereexistt > ON € N,d” < d', and

G e Rrd(N+)xd" o 1 that, forall N > N,

W(7)
w (T — %) -
=GA(t)+W(r), Vre|[tt+T] (I1.49)
W(r-T)
forsome A(t) € R and W(t) € R™N*D such thar |W(7)| < e. &

The proof of Lemma II.6 is provided in Appendix V.4.4.

Unfortunately, the above lemma is not as elegant as its discrete-time counterpart (Lemma II.4). However,
the intuition is the same: under a certain threshold of PPE, and sampling with a sufhiciently small sample
time, the number of directions spanned persistently by a certain stack of time shifts of D" (w) does
not increase if the time shifts are increased. Given Lemma II.6, and following the same steps of the

discrete-time case, we obtain the following necessary conditions (the proof is in the Appendix).
Theorem ILs. [Necessary condition for CT systems] Letu € C,°(R™). For all x(0) € R”,

) If o € LS and o (u,x(0)) € Q;,, then D" (u) € Qs

nm,n*

ii) Ifo € LS, and o (u,x(0)) € Q,,,, then D" (u) € QF

n+m’ (n+1)m,n+m’

The proof of Theorem ILs is provided in Appendix V.4.9.

Remark ILxx. Asin the case of discrete-time systems, notice that when m = 1 this result collapses into
a “full” persistency of excitation requirement on D" (u) and D"*! (u), namely, for all x(0) € R”, it
holds that

o eLS,0(u,x(0)) € Q) = Q"(u) € Q,
oel’ o(u,x(0) e, = Q" (u)e Q°

xu’ n+1 n+l-

(ILso)

II.3.2 Sufficient conditions
Discrete-time

We proceed by finding sufficient conditions for the case of discrete-time systems. Whilst the following
result is known in the literature [17, 86, 152], it is worth noting that the proof given here is new, provides
insight on the obtained result, and its principles are completely repeatable in the continuous-time

framework.

(c .)
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Theorem IL.6. [Sufficient condition for DT systems] Letu € oo (R™). For all xo € R",

i) If o € L) and Q" (u) € Qp,,, then o (u, x9) € Q).

nnmy

ii) Ifo € LY, and Q" (u) € QP then o(u,x9) € QN

(n+1)m’

W

The proof of Theorem IL6 is provided in Appendix V.4.6.

Though the proof is given in the Appendix directly for the multi-input case, in order to have an easier

understanding of the underlying arguments, consider the single-input case. We prove the above result

by contraposition following these three arguments:

I.

3.

Any solution X = 07(u,x(0)) € €w(R") of system o~ which is not PE constrains the (scalar)
system input to be arbitrarily close to a feedback gain for arbitrarily long intervals, namely,

u; =~ Kx;.

. Such an input renders the system an autonomous system for arbitrarily long intervals. This

means that time shifts x;, x;_1, ..., X;_,41 of the state can be written as a linear function of the

state X;_j41.

Time shifts of inputs are given by state feedbacks of time shifts of the state ((u, . .., Us—pn+1) =
(Kx¢, ..., Kx;—_y+1)), which are a linear function of the state x;_,1. This means that if x is not
PE, Q"(u) is not PE.

The principles behind the proof for multi-input systems are the same as those for single-input systems,

with the differences explained in the following steps.

I.

Any solution x = 07 (u,x(0)) € £ (R") of system o which is not PE does not fully constrain
the input signal to be arbitrarily close to a feedback gain of the state. In particular, we obtain an

input which can be written as u; =~ Kx; +v;.

. V; is constrained, however, to span in a space which is at most m — 1 dimensional.

It can be checked that in the end this means Q" (u) is not PE, since it is a function of x and Q" (v)

which, altogether, span persistently a subspace of R™”* which is at most nm — 1 dimensional.

Remark ILx2. For this sufficient condition we considered A Schur. However, we stress that we require

it only to fulfill an upper bound on the state evolution. In order to guarantee only a spanning condition

with a lower bound (see, e.g., [82, Def. 3]), it is not required A to be Schur. Another application of this

result in absence of a stable system is when the gathered data is finite (Willems’ PE): in those cases, it is

possible to recover the same results as those in [226]. o
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Continuous-time

In order to repeat the proof given for the sufficient results in the discrete-time domain, we need now to

find a relation between the PE of a signal and the PE of its time derivative.

Lemma IL7. Letw € C;° (Rd). Ifw ¢ QF, then foranyT, € > 0 there existt > 0,z € R such that
lzTw(n)] <€, 127W(T)| <, (ILs1)

forallt € [t,t +T]. A

The proof of Lemma II.7 is provided in Appendix V.4.s.
Once Lemmas II.5 and I1.7 are established, we can repeat the proof of Theorem II.6 as it is to derive an

equivalent result for continuous-time systems (the proof is in the Appendix).
Theorem IL7. [Sufficient condition for CT systems] Letu € C,°(R™). For all x(0) € R",

i) If o € L{ and D" (u) € Q,,., then o (u,x(0)) € ;.

nm’

ii) If o € LS, and D" (u) e Q¢ , then o (u,x(0)) € QF

(n+1)m n+m:

The proof of Theorem IL.7 is provided in Appendix V.4.8.

IL3.3 The cone of SR signals

Having collected all these necessary and sufficient conditions in the above theorems, we are now inter-
ested in understanding the shape of the set of the signals which are SR for 4/l stable systems sharing
certain structural properties, namely, the input and state dimension (since, in general, we are interested
in PE when the system matrices A, B are not completely known). At first, consider the case of single

input systems of fixed dimension L) , LS | defined in (II.46). We are interested in the sets

X, 17 X, 1

Dsr(Ly ) = ﬂ Dsr (07, X0), Csr (L5 ) = m Csr (0, x0), (ILs2)
xo€R™ x(0)eR™
oell, oelg,

where Dsg (07, x0), Csr (0, xp) are defined in (I1.42).

Lemma IL8. Given system classes L) |, 1Ly | in (11.46), the sets of sufficiently rich inputs (11.52) are given
by
Dsr(Ly ) = {u € lo(R) : Q"(u) € )}, (L)
. -53
Csr (L) ={ueC(R): D"(u) € Q}.
A
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Proof. It is sufficient to apply Theorems I1.6, IL.4, I1.7, ILs to notice that for all o € L)If’ ,andxg € R",
it holds

Q"(u) € Q) < o(u,xg) € Q. (ILs4)

X

Remark IL13. Notice sets Dsr (L ,), Csr (L5 ;) are open cones in £ (R), C;° (R) (the proof is the
same as the one for LemmaII.3). As per per Remark IL.6, this means that sufficiently small perturbations

of SR signals are still SR signals. o

Notice that this characterization is complete, namely, we have found 4// the input signals which are SR
for systems in L), Ly Indeed, the single-input case is simplified by the fact that, as stated in [161, Thm.
1], any signal which is SR for a certain o € LY must be SR also for o € LY (which means that in
(IT.s2) we intersect always the same set). The same is not true for multi-input systems, and in this case
a complete characterization of the inputs which are SR for a// the stable systems sharing input and
state dimension seems not easy to obtain. Considering the classes Lg’>1 , L§’>1 defined in (I1.46), we

are interested in the sets

Dsr(Ly ) = ﬂ Dsr (0, x0), Csr(Ly ) = ﬂ Csr (0, x0), (ILss)
xpeR™ x(0)eR™
UELE>1 (reLf,)l

where Dsg (07, X0), Csr (07, x) are given in (II.42).

Lemma ILg. Given system classes L) _ |, LS _ | in (11.46), the sets of sufficiently rich input (IL.ss) satisfy

x,>1°

{u:Q"(u)eQ,,,} C DSR(LE’H) c{u:Q"(w) e, .}
{u:D"(v) € Q,,,} c Cr(L{.,) C {u:D"(u) € Qp,, ,}.

nm,n

(I1.56)

A

Proof. Ttis sufficient to apply Theorems I1.6, I1.4, II.7, IL5 to notice that forall o € LE,>1 andxg € R",
it holds

Q"(w) €Q,,, = o(u.x) €Qy

Q"(u) e Q) — o(u,xg) € Q).

nm,n

(ILs7)

X

The difficulties of obtaining a complete characterization of the sets Dsr (LY _ ), Csr (LS _ ;) are intro-
duced by the fact that in (IL.s5) we are intersecting different sets (in other words, there exists inputs
which are SR for a certain o7 € L? . but not for o € LS -1)- The reason of this needs not to be

searched into the initial condition, but into the system matrices A, B and how each input enters into

(c o)
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the system. To corroborate this statement notice that, by [228, Lemma 2.2], if (A, B) is reachable, then
itis possible to build a feedback gain F such that (A + BF, b) is reachable, with b € im(B). With such
areshape of the system, the conditions for single input systems hold, which are independent on A, b, F

and x¢ (so, it is only the structure of the system that influences the ability to obtain PE trajectories).

IL.3.4 Tightness of the sufficient and necessary condition

We show the tightness of the presented result by providing examples which show that the obtained
results are tight and cannot be improved without considering more specific classes of systems. Notice
that in Definition IL13, PE is an infinite-dimensional notion, and cannot be properly checked via a
numerical example. To deal with this problem, in both the following examples we inject periodic
inputs and gather sufficiently large data batches to obtain a representative behavior for the whole

infinite-dimensional time window.

Sufficient condition

We pick here a condition about u weaker than the one claimed to be sufficient by Theorem II.6, and we
show it is not enough to guarantee PE of (x, u). We consider a discrete-time LTT system in form (IL.43),

withn = 7, m = 3 and matrices

0 1 0 0 0 0 0]
0 o 1 0 0 0 0
0.024 -026 09 0 0 0 0
A=| o0 0o 0 0 10 o],
0 o 0 0 0 1 0
0 0 0 021 -1.07 1.8 0 (IL58)
| 0 o 0 0 0 0 08
- T
02 1 000 1
B={2 104 7 4 0 0
5 2 09 4 6 2 1

It can be verified that the pair (A, B) is reachable and A is Schur. We want to show that Q" (u) € Q},,

(instead of Q"1 (u) € Q?n+1)m) does notensure (x,u) € Q.. By choosing initial condition xg = 0,
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and input described by the dynamics u;+1 = Kyx; + K, u; + v,1 + v?, with ug = 0 and

[-0.4082

vl =1 0.9082 | (sin(r) + sin(2f) + sin(3¢) + sin(4¢)),
[ 0.0918

[0.4082

v2 = [0.0918] (sin(5¢) + sin(6¢) + sin(7¢) + sin(8¢)),
0.9082

-8 8.67 -300 -70 356.7 -600 -266.7

Ky=10"3|-4 433 -150 -350 178.3 -300 -133.3],
4 -433 150 350 -178.3 300 133.3
-0.6667 -0.1333 -1.3
K, =1-0.3333 -0.0667 -0.65],
0.3333 0.0667 0.65
simulating fort = 1,..., 1000, it can be checked that the input verifies Q" (u) € Q,, . However the

resulting state-input trajectory (X, u) is not PE, so we have shown that
Q" (u) eQ) = (x,u)eQ,,,. (ILs9)

In Figure IL1, we plot the functions

T
r1(x,u,T) :==rank (Z(x,, ug)(x;, ut)T)

=0 (IL60)

ra(u,T) :=rank (Z Q" (w),Q"(w); )

t=0
as the time window T of considered samples increases.

Remark ILx4. This example is a counterexample also for the sufficiency conjecture in [143, Pag. 4],
which we may state (with some abuse of notation) as
Q" (u) € Q= (xu) € Qs (IL.61)

where v is the controllability index [228, Pag. 121] of the pair (A, B). In this case, the controllability

index of the pair (ILs8) is v = 3,and v + 1 < n, so we may write Q"*!(u) = PQ"(u) for some

D
(v+1)m

[98, Lemma 4.8.3]. However, we have shown that (x, u) € Q7. is not achieved by this input, thus

full row rank matrix P, and Q" (u) € QP ensures that our input verifies also Q”*! (u) € Q

this counterexample demonstrates also that

Q"' (u) e Q° =% (x,u) € QP (11.62)

(v+1)m n+m:

(c o)
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I I
20 - ro(u, T) [
7’1(377“) T)
15 1 —
10 -
5 s -
0 | | | | | | | | |

100 200 300 400 500 600 700 800 900 1000
T

Figure IL1: Directions spanned in time by the signals (x, u) and Q" (u).

Necessary condition

We pick here a condition about u stronger than the one claimed to be necessary by Theorem II.4, and
we show it is not guaranteed by PE of (x, u). We consider a discrete-time LTT system in form (II.43),

withn =7, m = 3, matrix B given in (II.s8) and

0o 1 0 0 0 0 0
0o 0 1 0 0 0 0
03 02 01 0 0 O 0
A={0 0 0 0 1 0 0
o 0 0 0 o0 1 0
0 0 0 -03 02 0.1 0
|0 0 0 0 0 0 -07324]

It can be verified that the pair (A, B) is reachable and A is Schur. We want to show that (x,u) € Q},,,,

does not ensure Q"1 (u) € Q' 111y monems1- By choosing initial condition xo = 0, and input

sin(¢) + sin(2t)

u, = |sin(3¢) +sin(4t) |, (IL63)
sin(57)
simulating for# = 1, ..., 1000, it can be verified that (x, u) € Q},,,,,. However, it can be verified also
that Q™1 (u) ¢ QI()n )mtmsl” With this example, we have shown that

(x,u) €, == QN (W € QP L namat- (IL64)
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In Figure IL1, we plot the functions 71 (x, u, T) as defined in (IL.6o) and

T

raet (0,7) =rank | > Q" (w), Q" (w)/ (IL6s)

t=0

as the time window T of considered samples increases. Notice these plots show that the necessary
condition given in Theorem II.4 holds.
12 ‘

10 T'n+1 (U, T) -
1 (.CB, u, T)

O | | | | | | | | |
100 200 300 400 500 600 700 800 900 1000

T

Figure IL.2: Directions spanned in time by the signals (x, u) and Q"*! (u).

Remark ILxs. This example is a counterexample also for the necessary conjecture in [143, Pag. 4],
which we may state (with some abuse of notation) as

(x,u) Q0. = Q" (u) e QP (11.66)

n+m (v+1)m>

where v is the controllability [228, Pag. 121] of the pair (A, B). In this case, the controllability index of
the pair (ILs8) is v = 3,and v + 1 < n, so we may write Q”*! (u) = PQ"(u) for some full row rank
matrix P. However, since we have shown that Q" (u) spans only n + m = 10 directions, Q**! (u) can
span at most 10 directions. Being Q"*!(u) (v + 1)m = 12-dimensional, this means it is not PE, and

thus this counterexample demonstrates also that

(x,u) e 0, = Q"l(u)e Qi ym (IL.67)

I1.3.5 Future work

In this section, we have addressed the problem of guaranteeing persistence of excitation of state and input
signals in the context of LTT systems via the application of a sufficiently rich input. Throughout the
derivation of the results, we assumed an infinite-dimensional perspective allowing to make robustness
considerations on both the persistence of excitation and sufficient richness properties. Exploiting the

(c 0)
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analogies between time shifts for discrete-time and derivatives for continuous-time, we are able to
develop a unifying notation to state necessary and sufficient conditions to obtain PE of commonly
used regressors for both the frameworks. Leveraging on these conditions, we analyzed the shape of
the set of sufficiently rich signals for stable controllable LTT systems. Future work will be be done in
exploring the following direction: given the class of multivariable linear systems sharing output and
system dimensions, we have provided necessary and sufficient conditions to achieve PE which do not
coincide. However, it has not been proven that, given a single linear system, it is not possible to find a
unique necessary and sufficient condition characterizing all the sufficiently rich inputs for that system.

Future work will thus be in this direction.

II.4 Sufficient richness in the special case of sinusoids

In this section, we find some tighter sufficient conditions for PE which shed light on why sufficient

conditions on multi-input systems do not coincide with the necessary one.

IL4.x Preliminaries: the geometric structure of linear systems

Before approaching the sufficient richness given in case of sinusoids, we give some preliminary notions

on a powerful decomposition for linear systems.

Definition ILx8. [Rational canonical structure [228], Thm. 0.1] Let A € R"™". There exists a full
rank T : R"™" and a unique k € N such that

TAT™! = diag(A1,..., Ap), (IL.68)

where each A; € R"*" {5 in the companion form

1 0
0 0 1 ... 0
a1 azi ... ... Qg

&

Definition ILxg. [Cyclic index [228], pag. 17 ] The cyclic index of A, hereby denoted as cyc(A), is the

(unique) number of companion matrix blocks in its rational canonical form. &

Notice that if the number of inputs m is smaller than the cyclic number of a matrix A, then it is not
possible to have controllability. For simplicity reasons, we restrict the following results for the case of
m = cyc(A). We stress however that this restriction could be easily avoided, and we refer the reader

to [156, 228,229] for more insight into these decompositions.



CHAPTER II. PERSISTENT EXCITATION AND SUFFICIENT RICHNESS

Theorem IL8. [Thm. 1.2, [228]] Every controllable pair (A, B) such that m = cyc(A) admits a matrix

representation
b1 ... bim
A =diag(Ay,...,An), B=|0o . -, (I1.70)
0 bum
where A is in rational canonical form and each pair (A;, bj;) is controllable. 1

Definition IL.20. [Controllability indices [228], pag. 121, [156] Prop. 2.1] Let (A, B) controllable and
m = cyc(A). The controllability indicesny, . . ., Ny, of A are the (unique) dimensions of the blocks A; on
the diagonal of its rational canonical form. The controllability index of A is defined as

i =max{ny,...,My,}. (IL71)
Alternatively, the controllability index of (A, B) is the smallest natural it for which the matrix

R(1) = [A"'B, ..., B] (IL.72)
is full rank. &

II.4.2 Preliminaries: spectral lines and PE

One of the main concepts behind the definitions and results given in this section is the notion of spectral

line [41, Def. 3.2], which we provide here for signals defined over Ry .

Definition IL2x. [Spectral line [41] [A] A signalw : Rzg — R9 is said to have a spectral line at
frequency w € [—o0, 0] of amplitude W (w) € C # 0 if and only if

1 s+T .
Ww(w) = lim —/ w(t)e /T dr (IL73)
T—oo T s
exists uniformly in s € Rxo. &

Example IL1. A very easy way to introduce spectral lines in a signal is through sinusoids. Consider,

e.g., the real signal
U iwtre) | —i(wt+e)
u(t) = U cos(wt + ¢) = > (e +e ) . (IL.74)

It can be checked that this signal contains two spectral lines at frequencies w and —w, and their ampli-

tudes are given by

U . U .
i(w) = Ee"", i(-w) = Ee_’“’. (IL7s)
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Consider now the signal u(¢) = U(sin(wt), cos(wt)). Containing only a single frequency, the new
signal has again two spectral lines, and applying (I1.74), we can find them to be linearly independent in

C?2; furthermore, their expression is given by:
p g y

-

: (IL76)

i(w) = %

<

More generally, a real-valued signal containing a spectral line at wg with amplitude W (wy) has always
another spectral line at —w, for which it holds that W(wq) = W(—wq)*. This type of description is
particularly well-suited for periodic and almost-periodic signals. In fact, it is shown in [34, V] that
an almost-periodic signal w() has spectral lines only in the so-called set of characteristic exponents
{wi }ien, which is a countable and unique set for any almost periodic signal. Moreover [34, XV], any
almost-periodic signal w () can be arbitrarily approximated by a trigonometric polynomial consisting
of its spectral lines W (w;) at its characteristic exponents (the so called almost-periodic Fourier series).
Similar approximation capabilities hold trivially also for periodic signals [207, Pag. 79].

In the following lemma, we report the result of [41, Lemma 3.4] that establishes the connection between
the spectral lines of a signal and persistency of excitation by showing the condition is not only sufficient

but also necessary.

Lemma ILro. [ /41], Lemma 3.4] Letw € C;° (RY) bave at least d spectral lines whose amplitudes
Ww(w), ..., w(wgq) are linearly independent in C4. Then, w(t) € QY A

For completeness, we report also [41, Prop. 5.1] since it is the key result to understand why the above

presented decompositions are fundamental.

Proposition ILx. //41], Prop. 5.1] Ler o € LS, and let the scalar input a to the system bave n spectral
line. Then, u € Csr (L5 ). =

Whilst the above result holds only for single-input system, we show in the next section how to leverage
on the above presented decomposition for finding tighter conditions for sufficiently rich signals.
I1.4.3 Sufficiently rich sinusoids

We start our analysis by considering multivariable linear systems in rational canonical structure as per
Definition IL18.

Theorem ILg. Let o € L be in form (11.70), and let the input u € C.°(R™) be such that each i—th

input component, i = 1,...,m, contains at least n; spectral lines at frequencies w;j, j = 1,...,n;,
where all w;j € R are distinct and n; are the controllability indices of (A, B). Then, for all x(0) € R",
u € Csr(0,x(0)). L

Whilst we leave the proof in Appendix V.4.10 for readability reasons, we give an high-level overview on

the involved mechanism.

(c .)
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i) Decomposition (II.70) allows us to obtain cyc(A) linear systems which are coupled only in the
input signal. Notice however that the m—th system is a single-input system. It is thus sufficient to
inject n,,, spectral lines into the m-th component of the input to obtain PE in the last components

of x(t), applying [41, Prop. 5.1].

ii) Passing to the (m — 1)-th subsystem, we inject 1,1 spectral lines via the (m — 1)-th input
component. However, notice that this time we do not have a single input system, since B is
in (block) upper triangular form. However, it is possible to show that the previously injected
spectral lines “do not interfere” with those in the (m — 1)-th component, and that they are all

linearly independent.
iif) By repeating the same reasoning for all the subsystems, we obtain the given result.

Notice that, whilst the above result is similar to [232, Prop. 4], in our theorem it is not necessary to inject
n sinusoid at different frequencies to achieve sufficient richness; it is enough to inject (overall) only n
spectral lines, which can be obtained from (see Example I1.1) n/2 different frequencies. Furthermore,

we are not restricting the input signal to be periodic or almost periodic.

Remark IL16. Notice that an input signal respecting the conditions of Theorem II.9 is not necessarily
sufficiently rich for all systems Li -1 of fixed dimension. In fact, the controllability indices of two

matrices A1, Ay € R™ may be different, and thus the number of required spectral lines may vary. ¢

The above presented theorem is insightful from a theoretical point of view; however, its application
for design purposes is not adapt to uncertain systems since it requires the knowledge of the similarity
transformation bringing (A, B) in rational canonical form (II.70). In the following lemma, we establish
the importance of the knowledge of the controllability index of a matrix A, since it allows the application

of the above theorem without requiring the knowledge of the full decomposition.

Lemma ILtw. Let o € LS and m = cyc(A). Let the inpuru € Cp°(R™) be such that each i—th

input component, i = 1,...,m, contains at least i spectval lines at frequencies wij, j = 1,...,7,
where all w;j € R are distinct and i is the controllability index of (A, B). Then, for all x(0) € R",
u € Csr (0, x(0)). A

Proof. The proof is straightforward realizing that i) there exists a similarity transformation that brings
A, B into form (II.70), and ii) that under this similarity transformation, since 7 > n; forall i =

1,...,m,byinjecting 71 spectral lines on each component we ensure that all the hypotheses of Theorem
IL.9 are verified. X

Notice that, even if 77 was not known, it always holds n > 7, so one could inject n spectral lines into
each component (and thus recover [98, Thm. 5.2.3]). To conclude, we state the above lemma in a

more generic version, inspired by [232, Thm. 3]

Theorem IL1o. Let the input u € C.°(R™) contain at least m sets of i spectral lines at different

[frequencies ﬁ(w’i), el Li(a)fi), i=1,..., msuchthat

(c o)
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i) foralli=1,...,m,j=1,...,7
12((1)3) = kijl'ii (H'77)

forsomeii; € C™ and k;j € C

1) W1, ..., Uy arelinearly independent in C™. Then, for all x(0) € R", u € Csg (07, x(0)).

oy
Proof. Denote as U € C™™ the full rank matrix
0= [ﬁl o ﬁm] : (IL.78)
Notice that any spectral line in #(#) can be written as
12((1)[]) = 06,'](,']', (IL79)
where e; € C™ is a zero vector with a 1 in the i-th entry. Define v(z) = U~'u(z). In the new
coordinates, the dynamic reads
% =Ax+BUv. (I1.80)
Notice that the spectral lines of u are related to the spectral lines of v by the relation
P(wh) = U ti(wh) = U 0eik
J oY (IL.81)
= ejkij,

namely, in the new coordinates we obtain an input v(#) which has 72 spectral lines on each components
at distinct frequencies. Since the change of coordinate in the input space does not lose controllability of

the new pair (A, B U), we can then apply Theorem IL11 to conclude the proof. X







Chapter III

Data-driven stabilization via filtering for

continuous-time linear systems

(0

nowledge of the system state and its derivatives is fundamental in both the estimation of

X )

W
0
\ 9 unknown parameters and in the direct data-driven control. In this chapter, we prepare at
D g first the theoretical framework for a new type of observer, which we call “gazer”. Differently
from other approaches, we are not interested in knowing the true system state: we are interested only in

“representing” the plant dynamics, according to some requirements, here informally listed:

i) Model-free: only rough knowledge about the plant dimensions should be necessary for the gazer

implementation.

ii) Representation: we seek for the existence of a surjective, time-invariant map IT between the state
of the gazer { and the state of the plantx, mapping gazer trajectories into plant trajectories. Its

knowledge is not required.

iii) Attractivity: we require that, for any initialization of the gazer and plant state £(0), x(0), it holds

asymptotically that IT{ (1) — x(7).
iv) Stability: the gazer should not introduce instabilities.

The idea of directly looking for surjective maps from the gazer state to the plant state somehow shortcuts
the established design procedure of finding at first an injective map 7" from the plant state to the gazer
state, and then inverting it [26, 45, 106, 140], with advantages and disadvantages which are still not
entirely clear (to me).

After having explored gazers for SISO and MIMO systems, we show how to use them for solving

control problems by developing a data-driven stabilization method for CT-LTT systems with theoretical
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guarantees and no reliance on signal derivatives. The framework is based on linear matrix inequalities
(LMIs) and is illustrated in the state-feedback and single-input single-output output-feedback scenarios.
To avoid the need for differentiation, we exploit filters that, rather than approximating the derivatives,
reconstruct a non-minimal realization of the plant where the state and its derivative are accessible. Using
batches of input and filtered data, LMIs are then employed to compute a dynamic stabilizer of the plant.
The effectiveness of the framework is validated through numerical examples.

This chapter is organized as follows. In Section IIL1 we give an overview of the scientific literature
pertaining adaptive observers and data-driven LMI-based data-driven control, highlighting the typical
assumptions and requirements in the continuous-time framework. In Section IIl.2, we state the
design requirement for gazers. In Section III.3, we give sufficient criterias for the gazer design, and we
propose some possible solutions leveraging some new matrix results. In Section III.4, we provide a
stabilization numerical algorithm for the state-feedback and the SISO scenarios, describing its properties
and validating the approach with numerical results. The main proofs are given contextually; the others

can be found in the Appendix V.s. Part of the results of this chapter have been submitted as a conference

paper, [38].
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IIl.x Literature review

Over the past decades, the paradigm of data-driven learning has gained increasing attention in control
theory. A key factor to control a system, both in the model-based and in the data-driven context, is
the availability of measurements of the system state, which enables the application of state-feedback
techniques. This is particularly important when the controlled system has an uncertain dynamics,
since the 7nformation needed to achieve control has to be retrieved mainly from the collected data, and
not from the system knowledge. The extraction of the state information from output measurements
becomes thus a very important aspect in every data-driven control technique. From the earliest works
by Kalman [103-105] and by Luenberger [137-140], it was clear that certain dynamical systems allow for
the extraction of this information from the measured output. Since then, a great number of observers,
namely, dynamical systems able to asymptotically reconstruct the state from measurements, have been
developed (see [26] for a comprehensive review). Implementing an observer when the dynamics of
the system is uncertain increases significantly the challenges in its design. In the so-called adaptive
observers, the proposed solution is to leverage canonical forms in which a limited number of dynamics
parameters are updated by a suitable update law, at first considering SISO plants [48, 111, 135, 136] and
then passing to the MIMO framework [s,97,163,230]. Among these works, [s] is particularly interesting
since it presents an adaptive observer which satisfy the previously mentioned criteria design, namely,
neither model knowledge or an update law are necessary for achieving convergence to a nonminimal
representation of the state.

Once clarified how to extract full-state information from the collected data, several fields such as system
identification [123], adaptive control [98] and, more recently, reinforcement learning [202] proposed
algorithm to use it in different ways. Recently, inspired by the results in [40], the dominant paradigm in
data-driven control has become to compute controllers directly from data using linear matrix inequalities
(LMISs) or other optimization problems, without even requiring an intermediate identification step [62].
In this work, we focus on LMI-based methods for the stabilization of continuous-time linear time-
invariant (LTT) systems.

Fundamental contributions to data-driven control of discrete-time systems include [62] and [212],
which introduced two distinct data-based LMI formulations for state-feedback stabilization. These
methodologies have since been used to address the stabilization of bilinear systems [31], linear time-
varying systems [166], and the linear quadratic regulator problem [62], also accounting for the effects of
noise [63,68]. The integration of partial model knowledge into these approaches was explored in [24],
and in [215, 216] the authors study how to give probabilistic guarantees on exploration and robust
stabilization. Moreover, necessary and sufficient conditions for data informativity have been thoroughly
investigated [214].

In the continuous-time scenario, the discrete-time state-feedback stabilization paradigm can be recovered
via suitable sampling techniques. However, this comes at the cost of requiring samples of the state
derivatives [62], causing robustness issues in the presence of noise. In [25], LMIs inspired by [212]

were derived for the design of a stabilizing gain with non-periodic sampling and noisy state-derivative

(c o)
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estimates. Similarly, derivative estimates were employed in [146], which proposed quadratic matrix
inequalities for stabilizing linear parameter-varying systems in both discrete and continuous time.
Recent contributions include the study of the impact of sampling on data informativity [72] and the
stabilization of continuous-time switched and constrained systems [30].

To avoid differentiation in the state-feedback scenario, [61] proposed to construct datasets based on
integrals and temporal differences of the available signals. To the best of the authors’ knowledge, no
other algorithm in the continuous-time literature completely removes the need for state derivatives.
Furthermore, no output-feedback approach has been developed thus far, where the sensitivity to noise

is even more pronounced due to the need for multiple differentiations.

III.2  Problem setup

IIL2.x Preliminaries: some geometric properties of linear systems
The solutions of ITA = AIl

Consider the square matrices A € R™", A € R"™ " Given any similarity transformations U €
R™7 'V e R™ which bring A, A into their Jordan forms Aand A, namely

A=UAU!
i (IIL1)
A=VAV!,
all solutions IT € R™*™ to the equation ITA = AIT are given by [76, Pag. 219]
n=unv?, (IIL.2)
where IT can be divided in blocks ) )
Iy Iy
O=|... ... .. (IL.3)
M, ... I,

with u, v € N the number of Jordan blocks in A, A. By choosing the same ordering for the eigenvalues
of A and A given by the chosen Jordan forms A, A, we denote the i—th eigenvalue of A as /l? (and the
same for A). Each block I1;; in (IIL.3) is zero if /llA # /13.\. In case A = /1?, [1;; is given by

a b ¢ d
_ 0 a b
II;; = e RM*1 111
iPi=lo 0 a (IIL.4)
0 0 0 a
where n;, nj are the algebraic multiplicity of eigenvalues /l? = /l;.\ in thatJordanblock,and a, b, ¢, d, ... €

R are free parameters whose number is determined by min(n;, n;). In case n; # nj, the blocks may

(c .)~¢—|——
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have the rectangular forms

a b c
0 a b c
. 0 a b .
H,‘j= s H”: 0 0 a b (IHS)
0 0 a
0 0 0 a
0 00
A Jordan controllability decomposition for (A, ¢)
Given (A, €) controllable, there exists a similarity transform V [95, Example 3.4] such that
€nd
A=VAV'L ¢=v|.. |, (11L6)
€

where A is in Jordan form and where each e,,» € R™ is a vector of zeros but for a 1 in the last entry,
L

with n; the algebraic multiplicity of ;. Notice that there is a row correspondence between each i—th

Jordan block of A and the i—th vector e,a,namely, foralli =1,...,u
A1 .0 0
0 .
= , (I1L.7)
0 ... 0 A 1

where u is the number of distinct eigenvalues in A (and also the number of Jordan blocks, since A is
cyclic [228, Pag. 15] being (A, £) controllable).
How is controllability modified by output injection?

Since, in the subsequent discussion, we will often deal with output injections and feedback gains, it
is interesting to study how the controllability properties of a pair (A, b) are influenced by an output
injection Y¢ ". More specifically, consider A € R™", b, ¢ € R" such that (¢T, A) is observable. We

have the following result.

Lemma IILx. Let (¢7, A) observable with A € R™", ¢ € R™. Choose any symmetric set of n complex
numbers a*. Choose Yy € R" such that o(A — yc") = a*. Then,

) forall A € o* N or(A), rank [A ~yeT A1 b| =rank [a- a1 b]

ii) forall A € o* \ o°(A), rank [A —yeT Al (//] = n.
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The proof of Lemma IIL1 is provided in Appendix V.s.1.
Trivially, Lemma IIL1 says thatif 0* N 0 (A) = 0 then (A — yc T, ) is controllable. If this is not the
case, if (A, b) is stabilizable (controllable), then (A — w7, [b ¢]) is stabilizable (controllable).

IIL.2.2 Problem statement: gazing the state of a linear system

Consider a continuous-time linear time-invariant system in the form

X =Ax+ By
(I11.8)
y=Cx

where x € R" is the state, u € R™ is the control input, y € RP is the output, A € R™" is the state

RXm pXxn

matrix, B € is the input matrix, while C € R is the output matrix.

Given the dynamical system (IIL.8), consider an auxiliary system in the form

(=AL+ Ly + Bu, (ITL.9)
with state { € R? and system matrices &/ € R¥*%, % € R¥*™, & € R**P, driven by the same input
and output of system (IIL8).
Definition IILx. We say system (111.9) is a gazer of system (111.8) if it satisfies the following requirements.

i) Submersion: There exists a linear surjective map I1 : R* — R" such that, for all x(0) € R",
there exists £ (0) € R for which
x(t) =1 (¢) (IIL10)

Sorallt > 0 and for any input signal u € C,° (R™) entering dynamics (111.8) and (111.9). Notice
that pre-multiplication of both sides of equation (111.10) by C defines a map € : R* — RP which
satisfies

€ = CII (IL.1)

Jfor which, if x(t) = I1{ (t), then y(t) = €L (t). In other words, any trajectory of the plant (111.8)
is represented by a trajectory of the gazer.

ii) Attractivity: For any x(0) € R", {(0) € R* and u € C.;°(R™), it holds
tlim [TTZ (1) — x(2)] = 0. (IL.12)

In other words, any trajectory of the gazer converges in time to a trajectory representation of the

current plant trajectory.



CHAPTER III. DATA-DRIVEN STABILIZATION VIA FILTERING FOR
CONTINUOUS-TIME LINEAR SYSTEMS

i11) Stabilizability: The map € in (11L.n1) defines the closed-loop system

(= (A +ZLEC) + Bu
y=%C.

(ITL.13)

We want that, under stabilizability or controllability of the true pair (A, B), at least stabilizability
is preserved for the pair (A + L€, B).

&

When we say that a gazer is “in filter form”, we refer to the dynamical system (III.9) driven by the plant
output y. When we say that a gazer is “in feedback form", we refer to the dynamical system (IIL.13). Since
in the framework in which we are interested we have little or no knowledge of the true system matrices
A, B, C, a property that we seek for the design of &/, %8, Z is their independence on the knowledge of
A, B, C. Namely, we want to implement the update law (III.9) by requiring only the measurements of
y and u and designing &/, B, £ a priori, leveraging the existence of the unknown -but unnecessary-
map € (which is conditioned by the existence of the map IT) to match the two dynamical systems.
Furthermore, another desirable feature is the possibility of choosing z without the exact knowledge of

n. A few observations are in order.

Remark IILx. Full row rankess of ITand z > n are necessary conditions to fulfill the first requirement.
Given the linearity of the framework, the map IT defines a submersion between the trajectories of the

gazer (II.9) and the trajectories of system (II1.8). o

Remark IIL2. The stabilizability requirement ensures that the internal dynamics of the filter system
are stable (if not controllable). In other words, attractivity ensures that the information in x(#) is
contained also in {(¢) for any initialization; in addition to this we require that, if the plant possesses

good controllability properties, then the filter (III.9) must not blow up. o

Remark IIL3. Differently from an observer, we are not interested in finding the true plant trajectory
x(t), we are just interested in reaching a representation { (t) of that trajectory. Differently from adaptive
observer, a gazer does not require any additional adaptation law nor persistent excitation of {(¢) to
reach this representation. Adaptive laws may be implemented to obtain an estimate of the output map

€’; however, we will show in Section III.4 that this is not a necessary step for control purposes. o

IIL.3 Gazer design for LTI systems

IIL3.x  Sufficient criterias for the design of a gazer
The submersion problem

Consider the matrix representation of I defined in (IIL.10). Pre-multiplying by IT the equation (IIL.9),

and using (IIL.10) - (IIL.11), we have that any IT satisfying the submersion requirement satisfies the

(c .)
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following system of matrix equations

(o + Z€) = All
€ =CIl (IT.14)
119 = B.

Indeed, notice how these equations are similar - but not the same - as those arising in classical observer
design [140, Eqns. (4), (16)]. The theoretical difference consists in directly looking for a surjective
map IT : { +— x instead of looking for an injective " : x +— ¢ and then left-inverting it. Having a clear
understanding of the practical differences between the two approaches will be the subject of future
work; however, equations of the type (IIl.14) seems to pose less constraints on the design of the input
matrix 9. In the next lemma, we characterize a necessary condition for solving (III.14) for a full rank IT

which already gives insight on some properties of the pair (&, Z).
Lemma IIL.2. Any full rank solution to (111.14) is such that o (A) C o (A + L6). A

Proof. The proof (by contraposition) is straightforward by recalling from Section IIL.2.1 that, if &/ + €
and A are in Jordan form, if there exists an eigenvalue A € 07(A), A ¢ o (A + L) then there is at

least one row of zeros in IT. X

Lemma IIL.2 requires the output map & to be able to place at least n eigenvalues in the correct place
from o to o + L €. This, in turn, can be achieved only levaraging the controllability properties of
the pair (&, Z). In other words, the existence of solutions to equations (IIL.14) will depend on the
capability of € i) to match the eigenvalues A - if seen, via €, as an output injection term-, and ii) to
match the output map (IIL.1r). We conclude this section with the following proposition, which sums

up the discussion (we omit the proof since it is straightforward).

Proposition IILx. Any full rank matrix 1 € R"% satisfying equations (111.14) solves the submersion
problem, namely, for all x(0) € R", there exists {(0) € R for which x(t) = I1{(t) forallt > 0 and
Sor any input signal u € C,° (R™) entering dynamics (111.8) and (111.9). =

Remark III4. Notice that the existence of a full rank matrix IT € R"*? satisfying (IIL.14) can be used

4H[‘f _
n

to define a coordinate change
I1

b4

Z, (I.15)

(where the rows in ¥ € R(Z=*Z are free but linearly independent from those of IT) such that the

gazer is in Kalman observability form:

£ A 0 ||¢ . B

= u
n Ay Axn||n| |B: (M1L16)
y=C¢,

(c o)
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proving that the observable part of the gazer and the original system coincide. This change of coordinates

underlines the presence of an internal model of the plant into the gazer. &

The attractivity problem

Next, we consider the attractivity problem. Supposing that a full rank IT satisfying (III.14) exists, we
define the observation error
e=x-1II¢, (ITL.17)

and we obtain that its dynamics, induced by systems (II1.8) and (II1.9), is given by
e=x-TI¢
=Ax+ Bu - II(A{ + LCx + Bu)

= (A -TILC)e + (ALl - TI(f + LC))¢ + (B — 1Bu)
=(A-LC)e,

(IIL18)

where we have defined L := I1.Z. By construction, if IT satisfies the system (III.14), then it solves also

(by substituting the second equation into the first)

Mo = (A - LC)IT

(IL19)
1% = B.
Since IT is a full row rank solution of (IIL19), it holds necessarily that
c(A-LC) Co(d). (IIL.20)

From this consideration, we derive the following result (we omit the proof since it follows trivially from

the above discussion).

Proposition IIL2. Let a full rank solution 11 of (11L.14) exist. If A is Hurwitz, then the attractivity
problem is solved, namely, for any x(0) € R", £(0) € R* andu € C;°(R™), it holds1im,_,« |[T1{(t) -
x(1)| = 0. =t

The stabilizability problem

We start with a brief discussion on why we require only the stabilizability of the pair (& + L€, RB)
(and not its controllability). In fact, one may be interested the estimation of the matrix € leveraging
the algebraic relation y = €. For this estimation to be successful, persistency of excitation of { is in
general required, and it is known that this property can be enforced through an input signal only if the
pair (& + £€, B) is controllable [161, Lemma 5] (at least, in stable systems).

Nevertheless, we now leverage Remark III.4 to show that the matrix € can be entirely estimated through

an appropriate initialization of the filters also in absence of controllability (since PE on the full state

(c o)
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£ is not needed). Consider, for example, an estimate & € RP*Z which is updated via a gradient
algorithm [98, §4.3.5], namely,
E=(-6)". (I1L.21)

Defining the error coordinate € =¢- €, its dynamics is given by
=(y-%0¢"
= (6L -C)T (IIL22)
=67

From the decomposition in II1.16, notice that if (A, B) is controllable then any uncontrollable subspace
must lie in ker (IT), and thus also in ker (&), since € = CII. This means we can always find a full rank

change of coordinates T € R**? such that

T =

;] &r ! = [fgc o] : (IL23)

where . spans the controllable subspace and ;. the uncontrollable one. Since these subspaces are
orthogonal, we pick T orthogonal, namely, T-'=TT7, and by post-multiplying (III.22) by 771, itholds

that
Cr ' = €T
[i‘%c iﬂm] - @T T
L

[ 1 :

l[ele)

By choosing £(0) = 0, it holds {,c = 0 forall # > 0, and thus the gradient update (III.24) becomes

e R O |

7711 (ITL.24)

0 0 (I1L.25)

- |%ezdl o],

which, if €(0) = 0 requires only PE of the controllable £.(¢) to converge to zero. In other words, if

the plant output matrix C is identifiable, then also € must be identifiable.

Remark IILs. Notice furthermore that if the gazer matrices &, &, 9 are known by design, and if
€ is successfully estimated, then it is possible to bring the system in Kalman observability form, thus

reconstructing the true state x = I1{ (or, at least, a full rank coordinate change of x). o
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We conclude this section with the following sufficient condition to achieve the stabilizability require-

ment.

Proposition IIL3. Let a full rank solution 11 of (111.14) exist. If (A , RB) is stabilizable, the stabilizability
problem is solved, namely, if (A, B) is stabilizable then (A + L€, B) is stabilizable. )=t

The proof of Proposition II1.3 is given in Appendix V.s.2.

Collecting Propositions IIL1, III.2 and IIL3, and using them as guidelines for the design of a system
gazer, the main issue that still needs to be solved is an in-depth study of the solvability of the system
of equations (IIL14). In the following, we propose two “prototype equations” which will be used to

guarantee the feasibility of the subsequent design of gazers.

IIL.3.2  Special matrix equations and their solution
The system [TA = AIL, 67 = ¢ 11

We consider now a simplified framework, which may be interpreted as (II1.14) when the plant is au-
tonomous with a single output. In fact, it is useful to drop (for the moment) the presence of the input
to better understand the importance of the observability properties of (¢, A).

Letting A, A € R"™" and ¢, § € R", we are interested in solving in IT the system of equations

IIA = ATl
(I11.26)
07 =c"II.

At first, we study under which conditions a solution to the equations (II1.26) exists.

Lemma IIL3. Let pair (cT, A) be observable, with A, A € R"" cyclic and ¢, 6 € R". Then, equations
(I1.26) have a solution for any 0 in the unknown I1 € R™" if and only if A, A are similar. A

The proof of Lemma IIL3 is given for its dual Lemma IILs, in Appendix V.s.3.

Notice that, by substituting A with & + Z&, the above lemma underlines the importance of the plant
observability. In fact, since we require 07(A) C o (& + Z€) to obtain a full row rank IT (see Lemma
III.2), the map € has to be chosen to place the eigenvalues of & + £ €. Observability of the true plant
ensures that this choice for the output map does not compromise the solvability of the problem - at
least, in the simplified system (II1.26).

Next, we prove uniqueness of the solution, and we give an explicit expression for it.

Lemma IIL.4. Ifa solution to (111.26) exists, it is unique and it is given by
M=0_,0¢7, (IL.27)

where O ¢ a, O g7 are the observability matrices of pairs (¢*, A) and (07, A). A

The proof of Lemma III.4 is given for its dual Lemma IIL6, in Appendix V.s.4.

(c .)
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The system IIA = AIL II¢ = b

Now, we pass to the dual simplified framework, namely, we drop the requirement to match the output
map and we focus on single-input systems. This analysis is useful to characterize the importance of the
controllability properties of the gazer matrices (& + L€, B). Letting A, A € R and b, { € R",

we are interested in solving in IT the system of equations

ITA = ATl
I1¢ = b.

(IL.28)

At first, we study under which conditions a solution to the equations (II1.28) exists.

Lemma ILs. Let pair (A, €) be controllable, with A, A € R™" cyclic and b, € € R". Then, equations
(I11.28) have a solution for any b in the unknown I1 € R if and only if A, A are similar. A

The proof of Lemma IILs is in Appendix V.5.3.

Notice that, by substituting A with & + £ € and £ with 9, the above lemma underlines the importance
of the controllability properties of the pair (& + £€, B). In fact, this controllability ensures the
possibility of representing a7y input entering the plant.

We remark that, whilst similarity of A, A guarantees the existence of a solution to system (II1.28) for
any b, this condition is not necessary for the existence of a solution for some specific b, and we present

here a counterexample.

Example IIL1. Choose the matrices

2 0
; A=
0 0}

A=

1 0
, 11>
) 2‘ (I1.29)

with b = (0,1) and € = (1, 1). It can be checked that the two spectra are given by o (A) = {1, 2},

o(A)={0,2}and
0 0
I = III.
[1 0] (II.30)
is a solution to (IIL.28). o

Next, we prove uniqueness of the solution, and we give an explicit expression for it.

Lemma IIL6. Ifa solution to (111.28) exists, it is unique and it is given by
Il = RapR} (I11.31)

where Ra b, R, ¢ are the reachability matrices of pairs (A, b) and (A, €). A

The proof of Lemma IIL6 is in Appendix V.s.4.
At last, we characterize an interesting set of pairs (A, b) which require the similarity of two matrices

A, A for which similarity is necessary.

(c o)
——I—? 54 )~<)—|——
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Lemma IIL7. Let the pair (A, b) in Lemma I11Ls be controllable. The system (111.28) has a solution if

and only if A, \ are similar. Furthermore, the unique solution is full rank. A
The proof of Lemma IIL.7 is in Appendix V.s.s.

Remark IIL6. Incase A € R, € R" withr > n, in order to guarantee the existence of a solution

to (II1.28) it is sufficient to ask for 0 (A) C o (A). The expression of the solution is then modified into
M=o Ab ... Ar—lb] Rac. (ITL.32)

¢

In the following, we will show how to combine these result to propose design gazers at first for the SISO
case, and then for the MIMO case.

IIL.3.3 A gazer for SISO systems

We begin the discussion by showing how filters which have classically been seen as adaptive observers
(see, e.g., [162, Eq. (4.29)] or [s, Eq. (6)] for a more specific design) do actually implement gazers in
filter form. Consider the SISO system

X =Ax+bu

(IIL.33)
y=c'x,

with x € R" and scalar input u and output y. Pickany A € R"™*", £ € R” with r > n and such that
the pair (A, £) is controllable. Consider the gazer in filter form with state { = (¢, () € R?" and

dynamics given by

Ly =N+
;e My (ITL34)
u = u u.

In other words, the matrices &/, %, Z of the gazer (IIL.9) are

A0

eRY” %= [9; 9;] e R?, (Ill3s)

c R2r><2r % — 0
’ ¢

e R 8:[5
’ 0

where o/, B, £ are known and € is unknown. We are now interested in finding a full row rank matrix

I € R™?" satisfying equations (ITL14).

Theorem IIL1. Let pairs (A, €) be controllable and (¢, A) observable, with A € R, b, ¢ € R" and
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AN eR™ L eR", r > n. Consider A, B, L given in (111.35), and the equations (I11.14), namely,

- A+L6] (6,

=AIl, II
0

0
=b
¢

(IIL36)
|67 61| =cTm,

in the unknowns I1 = [I1, I1,] € R™ 2" Letl € R" bea vector for which (A — lc) C o (A); then,

nyz[z (A—1c) ... (A—lcT)r-lz]R;}f
) (I1L.37)
Hu:[b (A—1cDb ... (A—lcT)"lb]Rx,f

is a solution of equation (111.36). Furthermore, if (A, b) is controllable, or if o(A) N o (A) = 0, I1 s of
[full row rank. W

The proof of Theorem IIL1is in Appendix V.s.6.

Notice that A, € are known a priori and no system knowledge is required for their design (but for an
upper bound on the dimension 7 of the system). Given Propositions III.2 and IIL3, if A is also Hurwitz
then o, B, Z in (I11.35) implement a gazer of (II1.33) as per Definition IIL1.

Algorithm 1 recaps the design procedure described so far.

IIL3.4 A gazer for MIMO systems

To the authors’ knowledge, the following design for MIMO system is new. An example of a similar, but

less generic, design, can be found in [5, Eqns. (8) — (9)]. Consider the MIMO system

X =Ax+ Bu
(II1.40)
y = Cx,

withx € R”, inputu € R™ and outputy € RP. Pickany A € R, ¢ € R" withr >
n and such that the pair (A, £) is controllable. Consider the gazer in filter form with state { =
({;, e {5, o 0m) e R(P+T and dynamics given by

L=AL+ty', i=1,....p

NI (ITL41)
éu:Aéu"'fu], ]:1,...,1’}’1.
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Algorithm 1 Gazer design for SISO systems

Plant
Dynamics:
X =Ax+bu
s (I1L38)
System matrices:
- AeR™" b ceR",
- (cT, A) observable.
Gazer construction
Filters dimension: r > n
Filters matrices:
- AER™T LR,
- A Hurwitz,
- (A, €) controllable.
Gazer implementation:
Filters state: { = ({y, {u) € R?"
Initialization: £ (0) € R*"
Dynamics:
b = ALy by (IIL39)
Fu= Ny + L. 39
In other words, the matrices &/, 8, & of (IIL.9) are given by
o = diag(A,...,A) e RPHrx(prm)r
B = O"PX'" c R(p+m)r><m
diag(¢,...,¢)
[diag(e, ..., ¢
= 1ag0( M ¢ glpemrsp (IIL42)
nmxp
oILT e elhT L ek
C=| T 2 s
o0t ey ekt et

We are now interested in finding a full row rank matrix IT € R (prm)r satisfying equations (IIL.14).

Theorem IIL2. Let pairs (A, €) be controllable and (C, A) observable, withA € R™", B = [by,...,by] €

(c .)



CHAPTER III. DATA-DRIVEN STABILIZATION VIA FILTERING FOR
CONTINUOUS-TIME LINEAR SYSTEMS

R™™M C e RP" and A € R™", € € R", r > n. Consider A, B, <L, given in (111.42), and the equa-

tions (I11.14) in the unknowns
m=lm .ongomoTp| e R, (IIL43)

H; € R”X’,HZ eR™ fori=1,...,pandj=1,...,m Let L =[l1,...,1,] € R"™P beavector
Jfor which A — LC is cyclic and (A — LC) C o (A); then

m=[n (a-rop .. (A-rLoy | R i=1.p,
' ! (ITL.44)
M=o, (A=LO)b; .. (A=LOY bRy j=1...om.

is a solution of equation (I1L.14). Furthermore, if (A, B) is controllable, or if o (A) N o (A) = 0, I1 s of
Sfull row rank. W

The proof of Theorem III.2 is in Appendix V.s.7.

Also in this case, A, £ are known a priori and no system knowledge is required for their design (but
for an upper bound on the dimension 7 of the system). Given Propositions III.2 and IIL3, if A is also
Hurwitz then &, %, Z in (II1.42) implement a gazer of (III.40) as per Definition IIL1.

We conclude with a recap of the design procedure described so far in Algorithm 2.

IIL.4 Robust filtering for data-driven LMIs

We now show how to leverage the previously studied gazers to solve control problems in a purely data-
driven way. Although the next sections will deal with both state and output feedback, for convenience,
we illustrate the problem for the state-feedback scenario. Consider a linear time-invariant system of the
form

X = Ax + Bu, (ITL.47)

where x € R" is the state, u € R™ is the control input, and A and B are unknown matrices of
appropriate dimensions. For a given initial condition x(0) and some input u(t), suppose that the
resulting input-state trajectory of (III.47) has been collected over an interval [0, T], with T > 0. More

specifically, suppose that the continuous-time dataset
(u(r),x(1)), vVt € [0,T], (II1.48)

is available. We are interested in finding an algorithm that uses (I11.48) to compute a stabilizing controller
for (II.47), without any prior knowledge of A and B. We present some preliminary notions related to
the existing approaches in the literature. To recover the results of data-driven stabilization of discrete-
time systems, algorithms developed in a continuous-time setting are based on collecting a finite batch

of data of u, x, and X with a suitable sampling mechanism [2s, 62,146]. Given a fixed sampling time
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Algorithm 2 Gazer for MIMO systems

Plant
Dynamics:
X =Ax+ Bu
y=Cx (IIL.45)
System matrices:
- AeR™1 B e R™M C e RPX™M,
- (C, A) observable.
Gazer construction
Filters dimension: v > n
Filters matrices:
-AeR™ L eR",
- A Hurwitz,
- (A, €) controllable.
Gazer implementation:
Filters state: { = ({;, cee, {5,{;, LM e RpHm)T
Initialization: £(0) € R(P+m)T
Dynamics:
é’; :A§;+[yi, i=1,...,p
Y T (I11.46)
=N +eu!, j=1,... m.
T, :=T/N,with N € N, the following batch is obtained:
U= [u(0) w(m) - w(N-1D)T)| e RN
Xi=[x(0) x(T) - x((N-DT)| e RN (IIL49)
X = [x(O) #(T) - £((N - 1)7;)] e RN,
We introduce a key definition used in this chapter.
Definition IIL.2. A data batch of the form (111.49) is excited if
rank =n+m. (IILs0)
&



CHAPTER III. DATA-DRIVEN STABILIZATION VIA FILTERING FOR
CONTINUOUS-TIME LINEAR SYSTEMS

Provided that the gathered data (III.49) are excited, they can be used to construct a stabilizing feedback
law of the form u = Kx for system (II1.47). In particular, it is possible to make the closed-loop system

matrix A + BK is Hurwitz by choosing
K=UQ(XQ)™, (IILs1)
where O € RV*7 g any solution of the following LMI:

X0+0™XT <0
X0=0"XT > 0.

(ITLs2)

This result follows mutatis mutandis from the discrete-time case; see [62, Thms. 2 and 3], [214, Thm.
17]. We remark that, in the discrete-time scenario, only the data X and U are needed to compute K [62].
Instead, the continuous-time framework requires X, which cannot be reliably inferred from (II1.48) if
the data are corrupted by noise. Also, even in a noise-free scenario, approximation via finite differences
leads to persistent errors in the dataset.

The direct data-driven control framework introduced in this chapter addresses the above issue. In
particular, we define a new methodology that does not require the measurement of X. The results are
presented both in the state-feedback scenario of system (III.47) and the case of output feedback for
SISO systems.

II.4.x  Filters and LMIs for state-feedback

In this section, we are interested in designing a stabilizing controller for system (III.47) under the

following assumption.
Assumption IILx. The pair (A, B) is controllable.

To avoid the central challenge of having to measure X, we propose a strategy that involves the design of a
filter of x and u. This filter is not used to approximate x but to reconstruct a non-minimal realization
of the plant (III.47) whose state and state derivative are accessible. Thus, our approach avoids the

robustness issues originating from the computation of derivatives from noisy data.
Non-Minimal Realization of the Dynamics
Consider the following dynamical system, having input u and output ¢ € R":

A B
0 -al,

0

l=
YIn

J+

u

(I1Ls3)
1

£== [A+/II,, B] ‘)
Y
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where £ € R is the state and A and 7y, with y # 0, are constant scalar tuning gains. System (IILs3)

will be proved to be a gazer in feedback form obtained by compactly rewriting the filter form

- 3
{=-A+y ) (ILs4)
together with the output map
1
&=— [A + A1, B] {. (I.ss)
Y

This filter, for 4 > 0, acts as a low-pass filter of ¢ and u. The relationship between systems (III.477) and
(IILs3) is provided in the next lemma.

Lemma IIL8. Under Assumption IIL1, for all A and all y # 0, the matrixT1 = y "' [A + Al Bl isa
full rank solution of the gazer equations (11L14) between the plant (I1L.47) and the system (ILs3). &

The proof of Lemma II1.8 is provided in Appendix V.s.8.
In other words, Lemma II1.8 states that all input-state trajectories of (III.47) are input-output trajecto-
ries of (IIL.s3). It is useful to recognize the structural controllability properties of system (IIL.53), which

are stronger than simple stabilizability.

Lemma IlL.g. Under Assumption Iz, for all A and all y # 0, the pair

|

is controllable. A

A B
0 -,

0
YIn

bl

) (I1L56)

The proof of Lemma IIL.g is provided in Appendix V.s.9.

Controller Design
The proposed procedure, described in Algorithm 3, is based on the following key ideas:

i) Consider an input-state trajectory of system (III.47) of the form (IILs7) (in the following page).
Choose gains A and y such that, in addition to y # 0 as before, also 4 > 0. By Lemma IIL.8,
data (IILs7) can be seen as an input-output trajectory of system (IILs3), with £(#) = x ().

ii) Since (Il.53) is equivalent to (IIL.54), its behavior is simulated with (IIL.58), which is a low-pass
filter of the data due to 4 > 0 and can be interpreted as a gazer of (IILs3) (see Definition IILx).

iii) The estimated non-minimal state ¢ and its derivative ¢ can be used for a data-driven control

strategy that exploits the realization (IIL.s3) to stabilize the original plant (IIL.47).
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Algorithm 3 Control Design from Input-State Data

Initialization:
Dataset:
(u(),x(1)), vt € [0,T]. (IlLs7)

Gains for tuning: A > 0,y # 0,T; > 0.
Data Batches Construction:

Filter of the data:
A A t
(1) =-AL(t) +y igt;} , Vte[0,T]. (I1Ls8)
Initialization: £(0) = 0.
Sampled data batches:
U=[u(0) u(T) - u((N-DT)]eR™N
z:=[£0) L(T) - L((N=DT)|eRIHm*N
. A A 2 (IL.59)
Z=|20) ) - N - 1ym|erOHmN
E:= [x(O) e Tx(0) - e‘A(N_l)T*x(O)]ER"XN.
Controller design:
LMI-find Q € RNX(m) qych that:
. . T
(-1 1e)eror(z-[plE) <o (IIL6o)
Z0=0"Z" > 0. '
Gain computation:
K=UQ(z0)™". (I1L.61)
Control law (arbitrary initial conditions):
bo=-db vy z] . u=KC. (IIL62)

Notice that, since A and B are unknown, £ (0) cannot be chosen such thatx(0) = y~! [A +Al, B] 2(0).

In other words, as it will be formalized later, for a generic initialization of f , it will hold that
x(t)#y! [A + A, B] L) Vt € [0,T]. (IIL63)

Therefore, the algorithm needs to account for the fact that the filtrations 40 converge only asymptoti-
cally to trajectories £ (¢) representation of the true state trajectories x(#), and that T’ may not be a degree

of freedom to reduce the error between ¢ (¢) and £(¢). This type of problem is not new to the field of

(c .)~¢—|——
——{—? 62 )
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signal processing, and we deal with it introducing a “denoising” term in the LMIs (III.60). We now
make the above arguments precise. Consider the interconnection of plant (IIL.47) and filter (II.58),
having states (x, 2). To characterize the filter transient, define the mismatch error

1 ,
emx-s [A + I, B] £, (I1L64)

whose evolution can be computed from (III.47), (II1.58) as follows:

1 ,
é:Ax+Bu——[A+In B] (—/l{+y
y

X
u

) (ITL6s)
b ;

N [A+In B] £ = e
y

Using the change of coordinates (IIL.64), the interconnection can be represented with states (e, ) as:

€ =-1e
; |A B A 0 I
- u+ |7 e, (IIL.66)
0 —Aly yln 0
S————— S~—— S~——
=F =G =D

where the ¢ -subsystem is a system with the same structure of (IIL.53) and subject the perturbation D,
which converges to 0 exponentially.

From (II1.64) and choosing Z(0) = 0 for simplicity, it holds that €(0) = x(0). Thus, €(¢) = e~ x(0)
can be computed for every t € [0,7]. The proposed procedure involves collecting N samples of
u, ¢, {A , and € as shown in (IL.59), then solving LMI (III.60) and computing a control gain K from
(IIL.61). The resulting controller (II1.62) is a dynamic feedback law that incorporates the filter dynamics.
Furthermore, when (IIL62) is used online, its state £, can be initialized arbitrarily. We are ready to

present the main result for Algorithm 3.
Theorem IIL3. Consider Algorithm 3 and let Assumption IIL1 hold. Then:

1. LMI (111.60) 7s feasible if the batch (111.59) is excited, i.e.:

Z
rank =n+2m. (I1L.67)

2. For any solution Q of (111.60), the gain K computed from (111.61) is such that F + GK is Hurwitz.
As a consequence, the origin (x, ) =0 of the closed-loop interconnection of plant (111.47) and
controller (I11.62) is globally exponentially stable.

o
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Proof. 1): Under Assumption IIL1, (F, G) is controllable by Lemma III.g. Therefore, there exist
matrices P, K satistying:

(F+GK)P+P"(F+GK)" <0

P=P" 0.

(I1L.68)

Given any P, K satisfying (IIL.68), condition (III.67) implies that there exists a matrix Mg such that
[62, Thm. 2]:

VA
U

In+m

Mg. I11.6
% K ( 9)

Notice that Z = FZ + GU + DE from (I1L.66). Then, using (IIL.69), it holds that:

I, Z
F+GK=[F G] =[F G] Mg
K U (IL.70)
= (Z - DE)Mk.
Combining (II1.68) and (IIL.70), we obtain:
(Z-DE)MgP+P "Mz (Z-DE)" <0
(IIL.71)

P=PT > 0.

Let Q = Mg P and notice that (IIL.69) implies that P = ZMg P = ZQ. Replacing these identities in
(IIL.71), we obtain (IIL.60).

2): Suppose that there exists Q that satisfies (II1.60). Since ZQ is symmetric and positive definite, Z
has full row rank. Also, ZT := Q(ZQ) isa right inverse of Z. Using 7 =FZ +GU + DE and the
above properties, we have that

F=(Z-DE-GU)Z". (I1L.72)

Using (I1L61) and (II1.72), we obtain:
F+GK=(Z-DE-GU)Z2'+GUZ = (Z-DE)Z". (I1L.73)
Let P = ZQ. Then, the first inequality of (III.6o) reads as:
(Z-DE)Q(ZQ)"'P+P(20)'Q"(Z-DE)T <0, (I1L.74)

implying that (Z — DE)Q(ZQ)~! = (Z - DE)Z" = F + GK is Hurwitz.
To conclude the proof, we pass to the online implementation of the designed controller, namely, we

study the interconnection of (IIL.47) and (IIL.62). Using the change of coordinates

[)f] . Lj _ lln ~1[(A+a1,) B]

0 1n+m gC

T] (IL75)
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as done in (I11.64) and (IIL.66), and applying u = K Z., this interconnection can be represented as

é =—Jle

. I11.76
l. = (F+GK){e + De. (Itt76)

Since F + GK is Hurwitzand A > 0, global exponential stability of (II1.76) follows from standard

results for cascaded linear systems. X

Remark ITL.7. The formal study on how to guarantee the excitation condition (IIL.67) is left for future

studies. However, we provide some informal design guidelines:

i) System (IILs3) is controllable by Lemma IIL.9, so if the input u(#) can be chosen sufficiently
rich as per Chapter II, to obtain a persistently exciting (u(?), {(¢)) (having a stable system
is not necessary for the guaranteeing only a spanning conditions, see Remark II.12). Since

C()-¢() — 0 exponentially, for a dataset length 7 > 0 sufficiently high, there exists 4 > 0

T lu@)| [u)|”
A A dr > n+2m- .
/o L(r)] Lm] ™= e (fL77)

such that:

ii) Under sufficient smoothness of the involved signals and sufficiently small sampling time 7 > 0

(see, e.g., [72, Lemma IV.3]), (IIL.77) implies (IIL.67).

IIl.4.2 Filters and LMIs for output-feedback

To highlight the parallelism with the state-feedback scenario, we slightly abuse the notation of Section

III. 4.1 by adopting similar symbols. Consider a single-input single-output system of the form

X =Ax+bu
(IIL8)
y=c'x
where x € R" is the unmeasured state, # € R is the control input, y € R is the measured output, and
A, b, and ¢ are matrices of appropriate dimensions whose values are unknown but satisty the following

assumption.

Assumption IIL2. The pair (A, b) is controllable and the pair (¢, A) is observable. Furthermore, we

assume n to be known.

Remark IIL.8. We require the knowledge of n only for simplicity of presentation, and this is not a
restrictive assumption for the following reasons. First, several techniques are available to estimate it
from data [211]. Second, the knowledge of an upper bound 72 > n would be enough for the subsequent
design of the filters, see Remark IIL.6. ¢
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Compared to Section III. 4.1, the additional challenge of this scenario is that only the output y is available
instead of the state x. However, once again, it is possible to introduce a filter of the data that reconstructs
a non-minimal realization of the plant, thus enabling the application of data-driven control without

measuring derivatives.

Non-Minimal Realization of the Dynamics

Consider the SISO gazer designed in Algorithm 1 in feedback form, having input u and output ¢ € R:

A+L0] (6,
0 A

=7 o3¢

d
+ u
¢ (IL.79)

where € R?" is the state, A € R™" and £ € R" are constant tuning gains, and 01, 6, € R" are
constant vectors (depending on A, b, ¢, A, and £) whose values will be chosen to match the input-output
behavior of systems (II1.78) and (IIL.79). In filter form, system (III.79), also used in the literature of
adaptive observers [162, Ch. 4], reads

q=Aa+ls (IT80)
é;z = A{z +fu '
with output map
E=0{0+60,0. (IIL.81)

Recalling Theorem IIL1 from the previous section, under Assumption IIL2 it is possible to show that
the gazer equations (IIL14), namely, equations (II1.36) for the above chosen matrices, have a full rank
solution IT given in (IIL.37) (in the Arxiv version of this work [38], due to space limitations, we presented
a more restrictive proof requiring distinct eigenvalues in A).

The next result is the equivalent of IIL.9 for the case of SISO plant.

Lemma IlLxo. Under Assumption I11.2, and given [9;—, 0;] = ¢ "I, where Il is the solution of equations

(IIL.36), the pair
A+¢€07 €67 |0
T 2 ]) (I11.82)

0 A

b

¢

is controllable. A

The proof of Lemma IIL1o is provided in Appendix V.s.10.

Controller design

The procedure presented in Algorithm 4 follows similar ideas to those presented for the state-feedback

scenario. Define a system of the form (III.84) replicating dynamics (III.80). Our main concern is,

(c o)
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Algorithm 4 Control Design from Input-Output Data

Initialization:
Dataset:
(u(r),y(t)),  Vtrel[0,T]. (111.83)

Tuning: A = diag(-A1,...,=4,), with 0 < A1 < ... < A,, € = (y1,...,Yn), with
YVis-oos¥Yn # 0, Ty > 0.
Data Batches Construction:

Filters of the data:
3 A 0], ¢ 0
ta) = [0 A} ¢+ |, 4 ng] . Vrel0,T]. (I1L.84)
Initialization: £(0) = 0.
Auxiliary dynamics:
x (1) = Ax(1), vVt € [0,T]. (II1.8s)
Initialization: y(0) = [1 --- 1]T.
Sampled data batches:
U= [u(0) w(T) - u((N-1)T)]eR™N
_|xO]  |x((N-DT) 3nxN
f= Hf(o)} [f((N— DT,) } K (IIL.86)
- )&(0)} [X((N— DTy) ] 3nxN
Z, = A s A eR .
H((O) SN -1Ty)
Controller design:
LMTI: find Q € RVN*3" such that:
Z0+Q077ZT <0
111
{ZaQ -Q7ZT > 0. (I1187)
Gain computation:
K=UQ(Z,0)! [ IO ] . (I11.88)
2n
Control law (arbitrary initial conditions):
5 A 0f, ¢ 0]y I
N -
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similarly to the state-feedback case, to find a way to compensate for the transient in which Z(1), obtained
from a “generic" initialization, converges to £ (¢) such that I1{ () = x(¢). For doing this, we choose A
diagonal with negative, different entries and ¢ such that the pair (A, €) is controllable. As a consequence,
A is Hurwitz and thus (II1.84) is a low-pass filter of the input-output data (II1.83). The proposed
denoising procedure can be derived for more general choices of A and £, although at the expense of

increased notational burden. Consider I1, 81, 0, from Theorem IIL1, then define:
e =x-1IIC, (IIT.90)

and note that €(0) = x(0) since we choose £(0) = 0. The dynamics of € are computed from (II1.78),
(I11.36), and (I11.84) as follows:

) A 0], ¢ 0||c"x
é€=Ax+bu-11 +11
0 A 0 ¢ u
A+c6T 67\, TIL.
—(A-TLec)e+ AT -1 Ve ({Lor)

0 A

= HAH e,

where H is a non-singular matrix that exists due to A and A — IT; ¢ " being similar by construction
(see the proof of Theorem IIL1in Appendix V.5.6). We can write the interconnection of plant (II1.78)
and filters (III.84) using the change of coordinates (III.90), leading to

¢ =HAH '€
A /\+t’01T 56; f+ 0 N et (I1Lox)
= u €, .02
0 A ¢ 0 ?
N— — N—— N——
=F =g =D

which shares the same structure of (II1.66).

Contrary to Section III.4.1, D€ is not available in the output-feedback scenario. Since € — 0 expo-
nentially, a simple approach would be to sample u, Z,and f after a sufficiently long time to make the
perturbation De small enough. Instead, we propose an approach that compensates D€ exactly without
any need for a waiting time.

From (II1.92) and €(0) = x(0), €(#) can be computed as
e(t) = M e(0) = HeMH'x(0) = Ly (1), (IL.93)

where L := ((H™'x(0))T ® H) diag(e, .. .,e,) € R™"isan unknown matrix depending on H and
x(0) (where (eq, . . ., e,) is thestandard orthonormal basis of R") , while y (¢) := [e =417 ... e=!]T €
R™. Instead, note that y () obeys dynamics ¥ = Ay (7), with x(0) = [1 --- 1]7, which is entirely
known and implementable (since both y (0) and A are known). The sequence (u(?), £ (1)) obtained

(c o)
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from (II1.83), (II1.84) satisfies for all € [0, T'] the following differential equation:

A0
DL F

0
8

X
e

X

A

¢

u, (IIL.94)

with initial conditions y(0) = [1 --- 1]7, £(0) = 0.

Note that the state and the state derivative of (III.94) are available. As a consequence, by implementing
(II1.84) and (III.85), we can sample u, (x, Z),and (y, {A), to obtain the batches (II1.86). Then, LMI
(II1.87) can be used to compute a feedback law for plant (IIL.78). Suppose that there exists a matrix Q
that solves LMI (II1.87), then we can use the same arguments of Theorem IIL.3 to show that [K, K] =

UQ(Z,0) ! is such that
A 0

III.
DL +gK, F+gkK (ILLss)

is Hurwitz. Thus, K computed from (II1.88) is such that ' + gK is Hurwitz. The resulting controller
is given in (IIL.89).
We are ready to state the result corresponding to Theorem II1.3. As the proof is identical, we omit it for

brevity.
Theorem IIL.4. Consider Algorithm 4 and let Assumption I11.2 hold. Then.:

1. LMI (111.87) is feasible if the batch (111.86) is excited, i.e.:

a

rank =3n+1. (IIL.96)

2. For any solution Q of (111.87), the gain K computed from (111.88) is such that F + gK is Hurwitz.
As a consequence, the origin (x, L) = 0 of the dosed-loop interconnection of plant (I1L.78) and
controller (111.89) 75 globally exponentially stable.

o

Remark ITLg. V := [x(0) --- y((N—1)T,)]isa Vandermonde matrix withrootse =417, . . ., e~ Ts,
so it has full row rank when N > n. Define Z = [£(0) --- {((N = 1)T,)]. Then, (IIL.96) holds if
[ZTUT]" has full row rank and is linearly independent from V. For the full rankness of [ZT UT]7,
we refer to Remark IIL7. To give an intuition on the second requirement, let Z(1) and u(t) be the sum

of p distinct sinusoids. From sin(wf) = (e'“! — e71¢") /(2i), cos(wt) = (e1®! + e71@1) /2

(1 el ... Glwi(N-DT ]
1 e iils .. pmion(N-DT
5 =YW =¥|: : (L97)
1 e@rT ... Gwp(N-DT,
1 e iwpTs ... pmiwp(N-DT;

(c .)
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where ¥ € C"*DX2P 3nd W is a Vandermonde matrix. Since W is linearly independent from V' if

N > n+ 2p, each non-zero row of YW is linearly independent from V.. o

Remark IILro. In order to pass to MIMO systems, one may substitute the SISO filters in (II1.84) with
MIMO ones (see Section II1.3). However, in the MIMO case, the resulting nonminimal representation
of the dynamics (the analogous of (II1.79)) may be stabilizable but not controllable. So, further studies
are necessary in order to guarantee the existence of solutions to the corresponding LMIs (given that

certain states cannot be excited by the input but only through the initial condition). o
II1.4.3 Numerical simulations

Algorithms 3 and 4 have been implemented in MATLAB using YALMIP [125] and MOSEK [12] to
solve the LMIs. The developed code is available at the linked repository".

Design with Input-State Data

We consider the continuous-time linearized model of an unstable batch reactor given in [219], also used

in [62] after time discretization. The system matrices are

1.38 —0.2077 6.715 —5.676
4 |"05814  -429 0 0.675
| 1.067 4273 -6.654 5.893|
0.048  4.273 1.343 -2.104
(IIL98)
0 0
5.679 0
B= ,
1.136 —3.146
1.136 0

where (A, B) is controllable and the eigenvalues of A are {—8.67,-5.06, 0.0635, 1.99}. We consider
an exploration interval of length 7 = 1.5 s, where we apply a sum of 4 sinusoids to both entries of
u and select 8 distinct frequencies to ensure informative data. We choose filter gains 4 = ¥ = 1 and
collect the data with sampling time 7 = 0.1 s.

Algorithm 3 has been extensively tested for random initial conditions x(0), with each entry extracted
from the uniform distribution ¢ (-1, 1), returning a stabilizing controller each time. As an example,
for the case x(0) = [0.311 —-0.6576 0.4121 —0.9363] 7, we obtain the gain

K= -1.507 -18.69 0.155 -0.681 2.925 0.79

= (I1L.99)
17.45 0.224 44.06 -36.37 1.09 -3.518

which places the eigenvalues of the closed-loop matrix F+GK in {-5.107+10.729i, -1.238, -1.024+
9.6541,-0.759}.

'https://github.com/IMPACT4Mech/continuous-time_data-driven_control

(c .)
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Design with Input-Output Data

We consider a non-minimum phase SISO system having input-output behavior specified by the transfer

function
s—1

T(sI—A) b= >
c (s ) s(s2+2)

(I1L.100)

for which we choose a minimal realization in controllability canonical form. We perform exploration
of T = 2 s with an input u given by the sum of 4 sinusoids at distinct frequencies. We choose filter
parameters A = diag(—1,-2,-3), ¢ = (1, 2, 3) and sampling time 7 = 0.1 s.
Similar to the previous case, Algorithm 4 has been extensively tested with random initial conditions
so that each entry of x(0) is extracted from the uniform distribution U (=5, 5). In each test, the
procedure returned a stabilizing controller. For the case x(0) = [-3.9223 4.0631 3.7965]T, we
obtain

K=]-0.508 3.208 -2.392 0.001 -0.577 1.055 (IIL.1o1)

which places the eigenvalues of F + gK in {-2.028,-0.723 + 0.647i,-0.22,-0.147 + 2.09i}.

IIl.4.4 Future work

In this chapter, we have addressed the problem of obtaining a representation of the unavailable state of
a linear system in a model-free fashion. First, we have proposed a kind of device, the “gazer”, which,
differently from classical observers, is not focused in obtaining the true state of the linear system, but it
is only interested in representing the true state trajectory via a constant surjective map from the gazer and
the plant trajetories. Sufficient conditions on gazer hyperparameters have been given to guarantee by
design the satisfaction of the proposed requirements. Next, structural properties such as observability
of the plant and controllability of the gazer have been studied in their role of guaranteeing the existence
of a solution to the gazing problem. Leveraging all of these results, we have shown how classical filters
can be seen as gazers in filter form, and we have derived a new design for MIMO systems. Future research
will be focused on extending the proposed framework to nonlinear systems and to better understand
the tight differences with the existing procedures for observer design.

Next, we addressed the problem of data-driven stabilization for continuous-time unknown linear
systems by proposing a framework that combines signal filtering with LMIs. By filtering the input and
state/output data, we obtained a non-minimal realization of the plant where the derivatives become
accessible. Using LMIs inspired by those in [62], we computed stabilizing gains for dynamic filter-based
controllers. This approach circumvents the need for state/output derivatives without resorting to
noise-sensitive numerical techniques like finite differences. Future research will focus on extending the
method to multi-input multi-output and nonlinear systems, to study the LMI feasibility conditions

when the system is only stabilizable and to investigate the conditions that ensure exciting data.

(c o)
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Chapter IV

Robustly stable on-policy data-driven

linear quadratic regulation

(0

-]

N~ he problem of guaranteeing stability of an unknown system whilst controlling it has been

historically addressed by the field of adaptive control [98, 112, 162, 191]. In particular, in
s the field of Model Reference Adaptive Control, adaptive control laws were designed for
tracking desired reference models, namely, exosystems representing an ideal behavior. Whilst these
approaches have nowadays somehow lost part of their relevance (in favour of a major interest in optimal
control, reinforcement learning and other topics), their robustness has so far not been matched by new
techniques, which are more concerned about reaching some form of optimality and often require large
amounts of data. In this chapter, we try to combine the robustness guarantees of MR AC techniques
with the optimality guarantees given by RL techniques. In particular, we address this problem for
the most relevant benchmark in optimal control, namely, the Linear Quadratic Regulator, and we
summarize in Table IV the generic problem.

This chapter is organized as follows. In Section IV.1 we give an overview of the scientific literature per-
taining data-driven LQR techniques, highlighting the typical assumptions and requirements. Next, in
Section IV.2, we give mathematical preliminaries on the ARE and DRE stability properties, we formalize
the problem we want to solve (namely, the on-policy data-driven LQR) and a generic framework for the
design of controller that solve the problem in a robust way. We also state the chapter contribution to
the scientific community. In Section IV.3, we present MR-ARL, the architecture proposed for solving
the robustly stable on-policy data-driven LQ problem in the case of structured uncertainties. We give
a controller in the form of an algorithm; then we analyze its stabilization properties and we provide
numerical simulations on a doubly-fed induction motor. All the proofs of the intermediate results can

be found in Appendix V.6, whilst the proofs of the main proposition and theorems are given within the
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chapter. A preliminary conference paper [36] containing the results of this chapter has been presented
to the Conference on Decision and Control (CDC) 2023, and a more comprehensive work [37] is

currently available on Arxiv.

TABLE I Robustly stable on-policy data-driven LQR

Plant:
% = Ax + Bu, (IV.1)

with statex € R", inputu € R™, and matrices A and B.
Infinite-horizon LQR: find an optimal control policy 7* : R — R such that u(t) = n* (x(7))
minimizes, for all initial conditions xg € R", the following cost functional along the solutions of

the plant:
J(xg,u(-)) = /0 x(1)"Ox(7) + u(t) " Ru(7)dr, (IV.2)

with tuning matrices Q = Q" > 0,R=RT > 0.

Problem: with A and B partially or totally unknown, find a dynamic controller of the form

Z=op(x,z,d) learning dynamics
(IV3)
u=n(x,z,d) applied control policy

with z € Z c Rf are additional states and d € RY is a dither signal, such that the following

properties are achieved.
1. Exploration: d probes the uncertainties of A and B.
2. Exploitation: map x — r(x, z, 0) converges to the optimal policy x — 7% (x).

3. Robust stability: learning is enforced through robust asymptotic stability of the closed-loop

system.
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IV.ax Literature review

Reinforcement Learning is a machine learning field that emerged to perform optimization and decision-
making by interacting with an environment without or with limited knowledge of its mathematical
model [109, 177]. Over the past years, this field has been successfully applied to multiple domains,
including computer games, biology, and economics and finance. RL has garnered the attention of the
control engineering community, where it has been used to address optimal control in uncertain or
model-free scenarios. Learning from system data aligns RL with principles found in adaptive control
literature [10], which seeks to design dynamic controllers for regulation and tracking in the presence of
model uncertainties. This work systematically investigates the connection between the fields of optimal
and adaptive control, paving the way for a new RL paradigm that provides formal certificates of robust
closed-loop learning and control, thereby leading to effective performance in real-world applications.
In particular, we focus on solving the infinite-horizon linear quadratic regulator (LQR) problem
by developing an on-policy data-driven algorithm where data collection and optimization are done
simultaneously by applying the learned policy to the actual system. The requirements of our framework
are schematically presented above in Table I and later formalized in Section IV.2. A key distinctive
feature of our proposed framework is the requirement of robust asymptotic stability for the whole
closed-loop system including both the learning and control dynamics. This requirement, as elucidated
in the subsequent sections, encapsulates the notion that the proven learning features in nominal cases
must persist in perturbed scenarios, encompassing disturbances, measurement noise, slowly varying
parameters, and sample-and-hold implementations. With a priori guarantees of effective closed-loop
controller implementation, our framework is particularly tailored for safety-critical applications, such
as collaborative robotics and aircraft control.

Motivated by the above discussion, we provide an overview of the literature pertaining to data-driven
LQR, distinguishing between both so-called oft-policy and on-policy approaches. Then, we recall

model reference adaptive control, one of the main inspirations of the approach of this article.

Off-Policy and Offline Data-Driven LQR

Oft-policy approaches involve finding the optimal policy whilst using a different policy for controlling
the system. In this context, we find iterative methods, often inspired by the Kleinman algorithm,
involving either parameter identification or direct estimate of the policy [102, 110, 127, 150,169,170, 222].
Typically, in these methods, the stabilization of the controlled system during the evolution of the
learning algorithm is circumvented by assuming an initial stabilizing policy. However, as discussed
in [235], there are situations where this assumption may be unrealistic due to plant uncertainties. The
algorithm [29] does not need this assumption. On the other hand, offline approaches involve identifying
the optimal policy from data batches [49, 57, 62, 63, 67,182] or via system-level synthesis [65]. All these
approaches differ from our setup, since they clearly separate the phase of data-collection and learning,
where stability issues are simplified or not addressed, from the phase where the estimated policy is

applied online.
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On-Policy Data-Driven LQR

In case of several types of perturbations, offline, oft-policy and model based-approaches either require
to repeat in time multiple experiments to keep the controller updated, suppose the stabilization is
already solved by some known policy or are intrinsecally suboptimal due to uncertainties and modeling
difficulties. As compared to off-policy approaches, the on-policy paradigm solves these problems by
adding the significant challenge of ensuring stability of the interconnection between the plant and the
control/learning algorithm. Early attempts to address this setup are [43,74,102,108,149, 179,180, 218],
where the stabilizing feedback gain is updated at discrete iterations. However, the stability of the whole
closed-loop system is not analyzed and an initial stabilizing policy is required, similar to off-policy
approaches. More recently, in [88] the knowledge of an initial stabilizing policy is not needed; however,
closed-loop stability and persistency of excitation are assumed. In [116], even though the need of an
initial stabilizing policy remains, the authors carefully analyze in three different algorithms how to
ensure closed-loop stability of input-affine systems during the learning phase. A data-driven approach
to compute the initial gain is presented in [172]. To the best of our knowledge, [173] is the only work in
the literature that provides stability guarantees without a stabilizing initialization, although the focus is

on the learning dynamics and not the overall closed-loop system.

Model Reference Adaptive Control

We finally review the literature dealing with model reference adaptive control. The principle of this
technique is to match the unknown system dynamics to a reference model with desired properties
[98,162, 205]. To ensure design feasibility, this stabilization technique requires the plant to satisty
constraints named matching conditions. A recent work combining MRAC and RL is [87], where
RL techniques are used to find the optimal controller for a reference model based on nominal plant
parameters. Then, MRAC is applied to assign the reference model to the real system. However,
convergence to the desired policy is not proved and can only be ensured to a policy that is optimal for

the reference model and not the true system.

IV.2  Problem setup

IV.za  Preliminaries: linear quadratic regulation

We start by introducing the basic concepts of LQR for system (IV.1) and the cost functional (IV.2). The
infinite-horizon LQR problem involves finding a control policy n* : R — R™ such that applying

u(t) = n*(x(t)) forall r € Ry solves, for all initial conditions xg € R", the following optimal control
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problem:
min J(xo,u()) = [ £(0)°Qx(r) +u(r) Ru(r)de
ul- 0
subject to:  x(f) = Ax(r) + Bu(r), Vi € Ry, (IV.4)
x(0) = xg.

Under the assumption that pair (A, B) be stabilizable and (v/Q, A) be detectable, the LQR problem
(IV.4) is solved by the linear stabilizing policy:

*(x) = K*x, K* .= —R"'BTP*, (IV.s)
where P* € S{} is the unique solution in S{ of the algebraic Riccati equation (ARE) [113, Thm. 13]:
ATP* + P*A-P*BR'BTP*+Q =0. (IV.6)

Additionally, P* € S if pair (0, A) is observable [227, Thm. 4.1]. We also recall that P* specifies

the value function, which is defined, for a given initial condition x, as the minimum of J (x, u(-)):
V*(x) = m(1€1 J(x,u(-)) =x"P*x. (IV.7)
(-

Consider the differential Riccati equation (DRE) with initial condition in the symmetric positive

semidefinite cone:
P=ATP+PA-PBR'B'P+Q, PeS]. (IV.8)

As shown in [47, Thm. 1], under observability of (v/Q, A), the cone S is forward invariant under the
motion induced by (IV.8). Namely, P(0) € S§ = P(1) € S{, forallt € Rso. Next, if (A, B) is
stabilizable and (v/Q, A) is detectable, the equilibrium point P* is uniformly globally asymptotically
stable (UGAS) for the differential equation (IV.8) [113, Thm. 15]. Furthermore, if (A, B) is controllable
and VO > 0, P* is uniformly locally exponentially stable (ULES) [47, Thm. 4]. Formal results
describing the stability properties of DRE (IV.8) are provided in [47,113].

IV.2.2  Problem statement: robustly stable on-policy data-driven LQR

Following the discussion in the introduction, we now provide a rigorous formulation of the on-policy
data-driven linear quadratic regulation (LQR) problem addressed in the chapter. Solving the LQR
problem (IV.4) involves computing the solution P* of ARE (IV.s), which depends on the matrices A
and B of plant (IV.1). Therefore, if A and B are unknown or only partially known, it is necessary to
resort to data-driven approaches based on acquiring the data of the state-input sequences (x (), u(t))
(continuously or via batches).

In this work, we are interested in finding an on-policy data-driven algorithm, where data collection and

learning are performed simultaneously by applying the learned policy. We now provide a novel rigorous

(c .)
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framework to formalize this problem so that its solution guarantees, by design, desirable learning and
robust stability properties.
As anticipated in the introduction, the class of controllers that we seek are described by continuous-time

dynamical systems of the form

;= ,2,d
z2=¢(x,z,d) ez, (Vo)
u=mn(x,z4d)

where 7 is the controller state, Z € Rf isa closed set, d € R? isa uniformly bounded signal, named
hereafter dither, while ¢ and 7 are maps that are locally Lipschitz in their arguments. To the algorithm

(IV.9), we associate the learning set L, defined as:
L={z€Z:n(x,z,0) = K*x, Vx € R"}, (IV.10)

which denotes the set of all controller states such that the control policy 7 coincides with the optimal
policy 7* in (IV.5) whenever the dither d is turned off.

It is known that persistency of excitation of certain internal signals is necessary and sufficient for
convergence of learning schemes [191]. Therefore, we take into account this problem by introducing the
exogenous signal d in the control scheme (IV.9) with the specific role of guaranteeing PE of the signals
of interest. To this regard, in the Arxiv version of this work [37], we use [98, Def. 5.2.1] to guarantee
this property. However, in this thesis (since new results are available) we prefer to use the more generic
results presented in Chapter II. Notice however that d may be used also to represent references for
tracking or external disturbances. To ensure well-posedness of the problem formulation, from now
on we consider a general class of signals d that can be generated by an autonomous dynamical system

(exosystem) of the form

w = s(w)

d = h(w)

weW, (IVi)

where w is the exosystem state, W C RP is the set of admissible initial conditions w(0), while s and &
are locally Lipschitz maps. Since d is a bounded signal defined for all # € R, we suppose that the set

W be compact and strongly forward invariant under the flow of (IV.1).

Remark IV.x. Exosystem (IV.ir) is not implemented in the control solution but is used to represent
the class of admissible signals d. Moreover, the results of the section hold if (IV.11) is replaced by a
well-posed hybrid dynamical system [79] to include discontinuous dither signals, since the analysis in
Section IV.3.2 does not require continuity of the dither d (). Here, we use a continuous-time exosystem

to avoid an additional notational burden. o

The closed-loop system resulting from the interconnection of exosystem (IV.ix), plant (IV.x), and

(c 0)
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controller (IV.9) is given by
W =s(w)
X =Ax+ Br(x,z, h(w)) (w,x,z) € WxR"xXZ. (IV.r2)

z2=¢(x,z,h(w))

We are ready to precisely state the requirements for controller (IV.9), which include a precise stability

characterization for the closed-loop system (IV.12).

Definition IV.x. We say that controller (IV.9) solves the robustly stable on-policy data-driven LQR
problem if the learning set L in (IV.10) is non-empty and, for a chosen class of dither signals d generated
by exosystem (IV.11), there exists a compact attractor A, satisfying

AcCWXR"XL, (IV.13)

that is asymptotically stable for the closed-loop system (IV.12). &

We show that any algorithm satisfying Definition IV.1 covers all of the design requirements stated in the

introduction.

* Exploration: choosing the dither d determines the shape and the attractivity properties of A,

thus it ensures the necessary probing to estimate the optimal policy.

* Exploitation: since the projection of A in the z direction is a subset of the learning set £,
uniform attractivity of A (encoded in asymptotic stability) ensures z — L and, thus, correct

estimation of the optimal policy.

* Robust stability: under the regularity properties required for the controller and assumed for the
exosystem, asymptotic stability of the attractor A is preserved (practically and semiglobally) under
a broad range of non-vanishing perturbations [79, Ch. 7.2] such as disturbances, measurement
noise, unmodeled dynamics, sample-and-hold implementations of the controller [186], and

actuator dynamics [187].

Remark IV.2. In Definition IV.1, we do not specify the restrictions on the knowledge of A and B to
cover a broad range of applications and solutions. However, the prior knowledge on the parametric
uncertainties determines the design of ¢, 7, and Z. Note that, if controller (IV.9) is not appropriately

chosen, the learning set may be empty. o

Remark IV.3. The convergence of z to the learning set £ in Definition IV.r implies that the controlled

plant becomes asymptotically:

x=(A+BK"x+A(x,z,d), (IV.i4)

(c .)
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where A(x, z,d) = B(n(x,z,d) — K*x) vanishes in d = 0. Moreover, since A(x, z, d) is locally
Lipschitz, it is bounded for all (x, z, w) in the compact attractor A. As a consequence, the input-to-

state stability of (IV.14) implies that

limsup [x(7)| < e(lim sup |d(1)]), (IV.1s)

t—00 t—o0

where a is a class K function depending on the system, the cost matrices Q and R, and the attractor A.

In other words, the ultimate bound of x directly depends on the amplitude of the injected dither d. ¢

IV.3 MR-ARL: Model Reference Adaptive Reinforcement Learning

IV3.x  The algorithm

We now present a new control and learning approach, named Model Reference Adaptive Reinforcement
Learning (MR-ARL), which satisfies Definition IV.rin a scenario where Q > 0, B is known and A is

subject to structured uncertainties characterized by the following assumptions.

Assumption IV.x. There exists a closed convex set C C R™ " that is known for control design and is such

that:
1. C has a non-empty interior and A € Int(C);
2 (A,B)is controllable for all A € C.

Remark IV.4. From [145,173], it is known that if there exists Ag such that (Ag, B) is controllable and
(0O, Ap) is observable, then there exists a scalar p > 0 such that (A, B) is controllable and (O, A)
is observable for all A such that |[A — Ag| < p. Therefore, during implementation, a possible choice
for the set C is a ball centered in a nominal value Ag of A with radius p chosen to include all possible

uncertainties, provided however that controllability is preserved in the set. ¢

Assumption IV.2. Consider the linear map B : K € R™" +— BK € R™", where B is the input
matrix in (IV.1). For some known Ay € C, it holds that

Ao — A € Im(B), (IV.16)

where A is the state matrix in (IV.1).

Assumption IV.2 is an alternative formulation of the matching conditions used in the MR AC literature
[205]. In other words, this assumption requires the possibility of matching uncertainties in the systems
via a feedback gain.

Notice indeed that that for any A such that A — A € Im(B), Assumption IV.2 implies that there
exists K, € R"™*" such that

A — A = BK,. (IV.17)

(c JQ—}——
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Given the two sets C and A + Im(8B), we are interested in all matrices A € ©, where
®:=Cn(Ay+Im(B)) (IV.18)

since they can be used to build reference models. Notice that if B is full row rank, this assumption holds

forany Ag € R".

Remark IV.s. In our framework, we suppose B is known; whilst this assumption can be relaxed by
requiring only the knowledge of a certain structure in B [204, Pag. 375], [54] (and without introducing
any differences in the Assumptions IV.r and IV.2), to the authors’ knowledge no MR AC technique
has so far solved in a purely data-driven way the stabilization problem. Since the subsequent analysis
of this algorithm is already quite complicated, we leave for future work possible relaxation of this

assumption. o

Remark IV.6. This assumption can be checked in a purely data-driven way. Assume, for simplicity, to
be able to measure the derivative X (if this is not the case, the same reasoning may applied to appropriate

filters of x). Build the signal
e=x—(Aox +Bu) = (A — Ap)x. (IV.19)

Under a sufficiently rich input and if the system is controllable, x () spans in time all directions, and

collecting N > n samples of £(7), x(t), we get

e(t) ... s(tN)]=(A—A0) [x(tl) L xiwls (IV.20)

=FE X
from which Assumption IV.2 holds if EX T e Im(B), given the full row rankness of X. o

Our controller is conceived as an actor-critic modular architecture where a reference model bridges the
two parts of the design. The resulting structure is an MR AC where the reference model is continuously
updated with value iteration, thus we aptly name it Model Reference Adaptive Reinforcement Learning.

We introduce the building blocks of the design.
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Figure IV.1: Block scheme of the Model Reference Adaptive Reinforcement Learning.

* Critic: this block performs data-driven value function identification to build an optimal and
asymptotically stable reference model. In particular, a gradient identifier computes an estimate
A € © of A thatis used to obtain an estimate P of the solution P* of ARE (IV.6). In this respect,
Assumption V.1 guarantees that for any estimate A the computation of P is feasible. Then, A
and the optimal gain estimate —R™'BT P are used to build a reference model having state matrix
A—-BR!BTP. As input to the reference model, we consider a dither d with sufficient richness

properties to ensure convergence to the true system parameters and to the optimal policy.

* Actor: this block assigns the input to the plant to adaptively track the reference model. During
the transient, the feedback gain —-R°!BTP may be not stabilizing for the real system. For this
reason, the actor introduces in the control law an additional adaptive feedback gain K, to cancel
the mismatch between the estimated matrix A and the real A. Canceling such a mismatch is

possible due to Assumption IV.2.

See Fig. IV.1 for a block scheme of Model Reference Adaptive Reinforcement Learning. The full

description of the design is presented in Algorithm 5 and discussed in detail in the next subsections.
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Algorithm s MR-ARL

Initialization:
£(0), £(0) eR" filter initial conditions
P(0) € 8", A(0) € O, with © from Eq. IV.18
A,¥,v,8, 1 > 0 design gains
d(t) € CSR(]L;>1 ), e.g. as per Lemma IL.9

Repeat:
Swapping filters:
E=-A¢+x, {=-A(x+{)-Bu
Identifier dynamics:
. T
Ai=p; A-yBBi —% = Aé -
Value iteration:

A

P=g (ATP +PA—-PBR'BTP+ Q)

Reference model:

%m = (A — BR"'BTP)x,, + Bd

Adaptive gain dynamics:
K,=-uB P(x —xm)x" +B'A

System input:
u=-R'B"Px+ Ieax +d

(IV.21)

(IV.22)

(IV.23)

(IV.24)

(IV.2s)

(IV.26)

Critic: Value Function Identifier

In this subsection, we build a continuous-time identifier of P* based on the estimation of matrix A.

Given the structure of system (IV.1), we compute an estimate Ae®ofA by designing a swapping

filter [112, Ch. 6] of the form (IV.21), with A > 0 a scalar gain for tuning the filter time constant. The

role of this filter is to substitute the knowledge of systems derivatives by constructing, with available

quantities and asymptotically, an algebraic relation that can be used to estimate A. Using the filter states,

define the prediction error

€:=Aé - (x+0),

(c .)
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which we can rewrite as € = (A — A)& + €, where
E=A¢—(x+20) (IV.28)

is an error signal that is shown in Section IV.3.2 to converge exponentially to zero. Notice thatif € = 0,
we obtain the algebraic relation x + { = A&, which can be used to identify A. For doing so, we use
the normalized projected gradient descent algorithm (IV.22) to update the estimate A according to
the prediction error (A — A)é + €. In (IV.22), parameters y > 0 and v > 0 are scalar gains, while
the multiplicative term BBTisa projection onto Im(8) [8o, Sec. s5.5.4]. This projection is needed to
ensure, given any initialization A(0) € Ag+Im(B), that the estimate A () never leaves this hyperplane.
Finally, P 4 o {-} is a Lipschitz continuous parameter projection operator, whose expression is provided,
e.g., in 12, Appendix E] and depends on the shape of the set C. For convenience, we report in the
Appendix V.6.7 an expression for P 4. »{-} in case C is a closed ball about a nominal parameter.

Given the estimate A, we are interested in computing the matrix P € S that solves the ARE
R(P,A)=A"P+PA-PBR'BTP+Q =0. (IV.29)

From [36], such a matrix could be obtained by computing the map P (A) that solves (IV.29) for each A,
i.e., such that:

R(P(A),A) =0, forallAcO. (IV30)

For simplicity in the implementation and inspired by [r73], in Algorithm s, we compute P via the
dynamical system (IV.23), which is a DRE rescaled by the tuning gain g > 0. Notice that, if Ais

constant, then the solution P of (IV.23) converges to P(A).

Remark IV.7. Assumption IV.1 guarantees that, for each AecO,P (A) exists, is unique, and positive
definite for any A € O (see Section IV.2.1). Although stabilizability of (A, B) would be sufficient in
Assumption IV. for the solvability of R(P, A) =0, controllability is essential to guarantee convergence
of the identifier under sufficient richness of the dither d(¢) [161, Lemma 5]. Moreover, Q > 0 ensures

that P (A) has exponential stability properties for DRE dynamics (IV.23) (see Section IV.2.1). o

Remark IV.8. From Assumption IV.rand the parameter projection in (IV.22), matrix A-BR'BTP(A)
is Hurwitz by design, being the optimal closed-loop. Therefore, if A converges to a constant matrix,

(IV.23) ensures that A — BR™'BTP converges to a Hurwitz matrix. o

Reference Model

Given the estimate P of P*, we design a reference model for system (IV.1). The reference model has
to embed all the properties required for the plant, i.e., robust stability, optimality and persistency of
excitation. To these aims, consider system (IV.24), where x;, € R" is the reference model state. We
embed the stability and optimality properties through A — BR™'BT P, which s designed to converge

to a Hurwitz matrix. Different from classic MR AC, the state matrix A — BR™! BT P of the reference

(c .)~¢—|——
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model (IV.24) is not constant but time-varying as it depends on the estimates A and P. This property
leads to an adaptive design where the known-plant stabilizing gains are time-varying.

Finally, we embed the persistency of excitation properties through dither d € R™, which is chosen
through any characterization of sufficient richness, e.g., D" (d) € Q. (as per Theorem II.7) or via

sinusoids (as per Theorem IL10).

Remark IV.9. We model d(t) as the output of an exosystem of the form (IV.1x). It is not necessary to

actually implement the exosystem as part of the algorithm, as we show in the numerical example. ¢

Actor: Model Reference Adaptive Controller

Given the reference model (IV.24), we design an adaptive controller for system (IV.1). Define the tracking

error e = X — Xy, and compute its time derivative from (IV.1), (IV.24) as

é=Ax+Bu—(A-BR 'B"P)(x—¢) — Bd
= (A-BR'B"P)e (IV.31)
+(A-Ax+Bu+R'B"Px-d).

To ensure that the plant (IV.1) asymptotically copies the behavior of the reference model (IV.24), i.c.,
e(t) — 0, weexploit the fact that A € O, whichis guaranteed by Assumption IV.2 and by the projection
BB in the update law. In particular, from (IV.r7), for each A € O there exists K, (A) € R™ " such
that

A — A = BK,(A). (IV.32)

More specifically, we can ensure that map K,(A) is smooth in A by choosing:

K,(A) = BT(A - A). (IV.33)
This way, (IV.31) becomes
¢=(A-BR'B"P)e + Bu+ R 'BTPx - K,(A)x — d), (IV.34)
suggesting a control law of the form
u=-R'B"Px+K,(A)x+d (IV.3s)

if the plant dynamics were known. However, K, (A) is unavailable for design as it depends also on A,
as highlighted in (IV.32), thus we consider the certainty-equivalence-based adaptive controller given
in (IV.26), where K, (A) is replaced by the adaptive gain K,, driven by the adaptive law (IV.25) where
p > 0isascalar gain. The first term in the adaptive law (IV.25) is a standard update to ensure the error
e goes asymptotically to zero in a framework where the model mismatch is constant. However, since A

is continuously updated by identifier (IV.22), the second term in the update law takes into account the

(c 0)
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time-varying mismatch.

Main Result

We now provide the main results of this work, where we show that Model Reference Adaptive Rein-
forcement Learning solves the robustly stable on-policy data-driven LQR problem as per Definition
IV.1. To simplify the algorithm analysis, we follow a singular perturbation approach [206], namely,
we give a first result supposing to have a DRE dynamics in (IV.23) infinitely faster than the rest of the
system (reduced-order system), i.., supposing P(1) = P(A(r)) asin (IV.30) at each 7. For this reason,
we mark the results for the reduced-order system with a subscript s to highlight its slow dynamics. We
then leverage on this intermediate result to prove that Algorithm s solves the robustly stable on-policy
data-driven LQR problem.

Consider the Model Reference Adaptive Reinforcement Learning with ARE implementation of P as
in (IV.30). Following the notation of Section IV.2.1, the controller obtained by combining the value
function identifier (IV.21), (IV.22), (IV.30), reference model (IV.24), and the adaptive stabilizer (IV.25),
(IV.26) is in the form (IV.9), with state

2= (6,0, A, xm, K) € Zo =R X @ X R" X R, (IV.36)
and output policy
n(x, 2. d) = (K,— BR'BTP(A))x +d, (IV.37)

from which it follows that the learning set £ in (IV.10) is non-empty and given by
Li={z,€Z,:K,—~BR"'B"P(A) =-BR'BTP*}. (1V.38)

In particular, we recall that our algorithm aims at reaching the learning set by ensuring A — A (hence
P=PA) - P* by continuity of the map P(A))and K, — 0. The following result shows that,
with y > 0 sufficiently small, the Model Reference Adaptive Reinforcement Learning with ARE

implementation of P solves the robustly stable on-policy data-driven LQR problem.

Theorem IV.x. Consider the closed-loop system given by the interconnection of plant (IV.1) and the
controller of Algorithm s, with P(1) = P(A(1)) forall t and P(A) satisfying (IV.30). Let the stationary
dither d be generated by an exosystem of the form (IV.1x) and let its entries be sufficiently rich of order
n+ 1 and uncorrelated. Then, there exists y* > 0 such that, for all y € (0, y*], there exists a compact set
A, satisfying

A c{(w,x,z) € WXR"X Li: A=A, K, =0,x =xp, € =0} (IV.39)

that is uniformly globally asymptotically stable. L

The proof of Theorem IV.1 is provided in Appendix V.6.8.
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Consider now the Model Reference Adaptive Reinforcement Learning (MR-ARL) algorithm with
DRE implementation of P as in (IV.23) (Algorithm s). Following the notation of Section IV.2.1, the
controller obtained by combining the value function identifier (IV.21), (IV.22), (IV.23), reference model
(IV.24), and the adaptive stabilizer (IV.25), (IV.26) is in the form (IV.9), with state

z2:=(z,P) € Z:=2Z,x S}, (IV.40)
where z; and Z; are given in (IV.36). The output policy then becomes
n(x,z,d) = (K, — BRT'B"P)x +d, (IV.41)
and the learning set £ is given by
L:={ze€Z:K,-BR'B"P=-BR'B"TP*}. (IV.42)

In this case, the learning set is reached via A — A (hence P — P* by asymptotic stability of the
DRE (IV.8), sce Section IV.2.1) and K, — 0. The next result, which is the main result of this work,
shows that with y > 0 sufliciently small and g > 0 sufficiently large, the Model Reference Adaptive
Reinforcement Learning in Algorithm s solves the robustly stable on-policy data-driven LQR problem.

Theorem IV.2. Consider the closed-loop system given by the interconnection of plant (IV.x) and the
controller of Algorithm 5. Pick d and 7y as in Theorem IV.1. Then, the compact set

A=AxP*Cc{(w,x,2) e WxR"X L:

. X (IV.43)
A=AK,=0,x=xy,e=0,P=P*}

is semiglobally uniformly asymptotically stable in the tuning parameter g > 0, where A is given in
(IV.39) and g is the one in (IV.23). Namely, for any compact set K C W X R" X Z of initial conditions
for the closed-loop system, there exists g > 0 such that A is uniformly asymptotically stable with domain
of attraction containing K. w

The proof of Theorem IV.2 is provided in Appendix V.6.9.
Notice that solving the robustly stable on-policy data-driven LQR problem as per Definition IV.x allows
to characterize the evolution of x(#) as done in Remark IV.3, and thus to achieve arbitrarily small |x(¢)|

by injecting a sufficiently small dither |d(1)].

IV3.2  Algorithm analysis

In the following, we will only study the properties of the reduced-order version of the algorithm, i.e.,
with P(1) = P(A(¢)) for all t and P (A) satisfying (IV.30). The second result, i.e., the stability of
Algorithm s (implementing the DRE), is obtained by invoking singular perturbations techniques. We

now show boundedness and forward completeness of the solutions of the closed-loop system obtained

(c o)
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from the interconnection of the identifier dynamics (IV.46), (IV.47), the reference model (IV.48), and
the adaptive error system (IV.49), (IV.s1). The overall analysis entails proving uniform bounds on
the solutions of the main involved subsystems, then combining the results using arguments similar
to [112, Thm. 6.3] (see the proof of Proposition IV.1). We begin by showing uniform boundedness of A
and A.

Identifier Dynamics

Consider the error coordinate € in (IV.28), which can be written as

€=A¢f - (x+2). (IV.44)
Then, from (IV.1), (IV.21), it holds that

E=A(=AE+x) — (Ax+Bu— A(x + ) — Bu)
—A(A§ - (x +{)) = -1€,

(IV.45)

which ensures that the prediction error € := Ab—(x+0)=(A-A)¢+é converges to (A - A)¢
exponentially. Define A := A — A. Then, from (IV.28), (IV.45), we can rewrite the identifier dynamics

(IV.21), (IV.22), (IV.27) in error coordinates as the following cascaded system

E=-1€
N AeET + &£ (IV.46)
A :SDAEC{_)/BBTA&:—-F@:} ,
L+ v[¢]lel
driven by &(#), solution of the filter
é=—df+x. (IV.47)

In the following lemma, we establish the boundedness properties of the identifier subsystem.

Lemma IV.x. Let the maximal interval of solutions of (IV.46), (IV.47), (IV.48), (IV.49), (IV.s1) be
[0, 7). Then, it bolds that

i) €(-),A(-) are uniformly bounded in the interval [0,15)
i7) A(t) € @ forallt € [0,15)
7iz) |A(l‘)| <vyforallt € [0,tr).

Furthermore, if t ¢ = oo, the origin (€, A) = 0 of system (IV.46), driven by input £(t), is uniformly
globally stable (UGS). A

The proof of Lemma IV.1is provided in Appendix V.6.1.
The above results hold even if the input £(t), obtained from (IV.21), of the identifier (IV.22) escapes to

infinity ast — ¢ r. We analyze only arbitrarily small intervals [0, 7 ¢) since, being the closed-loop system

(c o)
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locally Lipschitz, all the solutions are guaranteed to exists in [0, ¢ ¢) for some ¢ > 0 [107, Thm. 3.1].
Although the overall boundedness analysis entails also the study of £(#), system (IV.47) ISS with respect
to input x(¢), thus its behavior will be analyzed directly in Proposition IV.1. To ensure A@t) > A,
it is known from the adaptive control literature that vector £(¢) must be a persistently exciting (PE)
signal [98]. However, notice that £(t) is a filtered version of x (), which is generated in closed-loop
by interconnecting the plant and the controller. For this reason, special care will be dedicated to its

analysis.

Reference Model Dynamics

From (IV.30), when P = P(A), system (IV.24) can be written highlighting the dependence on the

estimate A of the identifier:
%m = (A—BR'BTP(A))xn + Bd, (IV.48)

where from (IV.22), (IV.30), the pointwise-in-time value of P ( A)is provided implicitly as the solution
of a parameter-varying ARE. By [175, Thm. 4.1], P (A)isan analytic function of A, being all matrices of
ARER(P, A) = 0in (IV.29) analytic functions of A € ©. From this fact, matrix A — BR™1BTP(A)
is an analytic function of A and itis Hurwitz at any time 7. (see Remark IV.8).

We show now that the reference model (IV.48) is bounded as long as |A (1)| is sufficiently small.

Lemma IV.2. Let the maximal interval of solutions of (IV.46), (IV.47), (IV.48), (IV.49), (IV.s1) be
[0,2f). There existsy) > O such that, zf|AA(l‘)| < yp forallt € [0,ty), then x,,(-) is uniformly
bounded over the interval [0, r). Furthermore, if t f = oo, then the reference model (IV.48) with input
d(t) is input-to-state stable. A

The proof of Lemma IV.2 is provided in Appendix V.6.2.

Adaptive Tracking Dynamics

We conclude this overview by studying the interconnection of the error dynamics (IV.34) and the
adaptive controller (IV.25), (IV.26). We define K, := K, — K,(A). By choosing (IV.26) as input
for (IV.31), we obtain:

é=(A-BR'B"P(A))e + B(R.x — K(A)x) (IV.49)

By choosing expression (IV.33) for K,(A), we can explicitly calculate the variation in time of K,(A) due
to the movement of A. This is out of the standard framework of model reference adaptive control, and

thus particular attention is required. We can calculate the time derivative of K.(A) by deriving (IV.33):

K, = B'A. (IV.50)
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Since both B and A are known, we can use their knowledge to implement adaptive law (IV.25), which

takes into account this drift. Given equations (IV.25) and (IV.s0), the induced dynamics for K, is:

K, =K, -K,
—uBTP(A)(x —xpm)x" + BA-B'A (IV.st)
—uB P (A)ex™.

Next, we provide a statement for system (IV.49), (IV.s1).

LemmaIV.3. Let the maximal interval of solutions of (IV.46), (IV.47), (IV.48), (IV.49), (IV.s1) be [0, 1 7).
Pickyy; > 0 from Lemma IV2 and let |A(t)| <y forallt € [0,ty). Then, signals e(-), K, (") are
uniformly bounded in the interval [0, 1 ). Furthermore, if ty = oo, the origin (e, K,) = 0 of system
(IV.49), (IV.s1), with input A(t), is UGS. &

The proof of Lemma IV.3 is provided in Appendix V.6.3.
Finally, we combine the previous results to obtain that solutions are globally bounded and forward

complete.

Proposition IV.x. Consider the closed-loop system obtained from the interconnection of the identifier
dynamics (IV.46), (IV.47), the reference model (IV.48), and the adaptive error system (IV.49), (IV.s1).
Pick vy}, from Lemma IV1. Ify € (0,7, then the closed-loop solutions are bounded and forward
complete. =

Proof. Suppose that the maximal interval of existence of the solution of (IV.46), (IV.47), (IV.48),
(IV.49), and (IV.s1) is [0, 7). Then, from Lemma IV.1, A(-) and &(+) are uniformly bounded. From
Lemma IVy, |A()| is uniformly bounded by y. Consider any y € (0, y;], then Lemmas IV.2 and IV.3
ensure that x,,(+), e(-), and K, (+) are uniformly bounded, thus also £(+) is uniformly bounded from
(IV.47) and standard ISS results.

We have thus shown that all signals of the closed-loop system are bounded, with bounds that do not
depend on 7 ¢. By contradiction, we conclude that 7y = oo, thus the solutions are forward complete.
Namely, if ¢ were finite, the solutions would leave any compact set as  — f, contradicting the

independence of the bounds on 7 ¢ [112, Thm. 6.3]. X

Exponential Convergence to the Optimal Policy

We now focus on the uniform asymptotic stability properties of the closed-loop system (IV.46), (IV.47),

(IV.48), (IV.49), (IV.s1). First, we show that x, () is persistently exciting as long as |A] is sufficiently

small.

Lemma IV.4. Let d(t) € Csr(LS ) as per (ILss). There exists yp € (0,y}], with vy} from
Proposition IV, such that, for all y € (0, Y5, the solutions xy(t) of the reference model (IV.48) are
persistently exciting (PE). A
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The proof of Lemma IV.4 is provided in Appendix V.6.4.

Next, we provide a direct consequence of Lemma IV.4 for the adaptive error dynamics (IV.49), (IV.s1).

Lemma IV.s. Let the hypotheses of Lemma IV.4 hold and let y € (0,y% |, where v is given in
Lemma IV.4. Then, the origin (e, K,) = 0 of system (IV.49), (IV.s1) s uniformly globally asymptotically
stable (UGAS) and uniformly locally exponentially stable (ULES). A

The proof of Lemma IV.s is provided in Appendix V.6.s.
Now that we have established that every solution e(#) converges exponentially to zero, uniformly from

compact sets of initial conditions, we can conclude the convergence analysis by studying the identifier
dynamics (IV.46).

Lemma IV.6. Let the hypotheses of Lemma IV.4 hold and let y € (0, vy}, where vy} is given in
Lemma 1V.4. Then, the origin (€, A) =0 of system (IV.46), with input &(t), is uniformly globally
exponentially stable (UGES). &

The proof of Lemma IV.6 is provided in Appendix V.6.6.

IV.3.3 Numerical simulations

In this section, we propose two numerical examples to show the effectiveness of Model Reference
Adaptive Reinforcement Learning. In the first example, we consider the model of a doubly fed induction
motor (DFIM) at constant speed with unknown rotor and stator resistances. In the second example,
we test the robustness of the proposed algorithm by considering a DFIM with slowly time-varying
unknown resistances, due to the motor heating up, and rotor acceleration. In order to highlight the
claimed stability properties of the algorithm, we provide examples where we show the complete transient
from the initial condition to the steady state. Notice, however, that MR-ARL is not meant to achieve a
fast identification, but to follow (in an online fashion) slowly time-varying changes in the dynamics

while preserving stability of the closed loop.

Example 1: Constant Parameters

A DFIM at constant speed can be modeled [1r7] with a linear system in the form of (IV.r) with state
X = (i1 i1y, T2us 12y) € RY, (IV.s2)

where i1y, i1, are the stator currents and i3y, i3, are the rotor currents. The input is

U = (U, Uiy, U, Uay) € R, (IV.s3)
——{—%‘c 91 o)-¢—|——
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where u1,, 11, are the stator voltages and uy,, 2, the rotor voltages. System matrices are defined as

[—L,Ri —a+B LuR> B>
l|{a-B8 -LR; -52 —L,R;
L{\L,Ry -p1 -LiRy —-a-pn
B LuwRi a+fi2 -LiR;

- (IV.s4)
L, 0 -L,, 0
B i 0 L, 0 -L,, ’
L|-L,, 0 Ly 0
0 —-L,, 0 Ly
where
Fo._ 2
L=LiL,-L2
a=Lwy, B=L%w, (IV.ss)

B2 =LiLw,, p1=L1Lyw,, Br=LLyw,.

Parameters R1, R, are the stator and rotor resistances, while L1, Ly, L,, are the stator and rotor auto-
inductances and the mutual inductance, respectively. Finally, w, and wy are the electrical angular speeds

of the rotor and the rotating reference frame, which we suppose constant.

Remark IV.ro. We suppose to have uncertainties on the parameters Ry and R,. This makes the matrix
A uncertain in half of its entries. In this example B is such that Im(8) = R™*", so Assumption IV.2 is
fulfilled for any Ay € R™*". o

Denote the true resistances as Ry, Ry. We model our uncertainties specifying nominal values R, R,

and radiuses 1, 72 > 0 such that

Ry € [Ry —r1, Ry +11]
_ _ (IV.56)
Ry € [Ry —r2, Ry +12].

Next, we define C as a ball about the nominal A (i.e., having the structure (IV.s4) with resistances Ry

and R)) containing all possible parameter variation, i.e.,
C={AeR™:|A-Alp <p} (IV.57)

with p > 0 big enough. We report in Table V.1 the physical parameters of the motor. In Table IV.3, we
specify the values used for the uncertainties and the desired performances.

The dither d(¢) is designed, on each entry d; (t), according to

4
di(1) = 10 Z sawtooth(2wsijt), i€ {1,2,3,4} (IV.58)
j=1

(c o)
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Table IV.2: Physical parameters of the motor.

Parameter ‘ Value ‘ Parameter ‘ Value
L, [H] 0.02645 R [Q] 0.036
L, [H] 0.0264 R, [Q] 0.038
L,, [H] 0.0257 | wo [rad/s] | 2770.8

p 3 wy [rad/s] | 2762

Table IV.3: Uncertainty parameters for example 1.

Parameter ‘ Value ‘ Parameter ‘ Value
R [Q] 0.03 r1 [Q] 0.01
R, [Q] 0.03 ry [Q] 0.01

Jo, 20
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Figure IV.2: Convergence to true A and to optimal gain K *,

where sawtooth(-) is a triangular wave of unitary amplitude and ws = 0.2 rad/s.

The excitation levels in the closed-loop system strongly depend on the excitation levels of the dither

[7].

signals. Thus, by injecting stronger dither signals, it is possible to achieve faster parameter convergence
g Yy 10 g g g p % g

In Fig. IV.2-(a), we show the difference between the estimate A(1) and the true matrix A. Next, in Fig.

IV.2-(b), we show how the error between the optimal feedback gain K* and the overall applied feedback

(c .]
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Figure IV.3: Tracking error between plant and reference model.
9 T T
8 |
7 4
0.1
°[  10f i
— 0.08 1
5 5 8 _
| 0.06 |
Baf 6 -
0.04 ¢
Y .
5 | o002t
2 4
0 Or
1k L L L " " " L L -
0 2 4 6 8 802 804 806 808
OLHAAALA._AAAAAAL.:AAL .
0 500 1000 1500

time [s]

Figure IV.4: Difference between the optimal trajectory and the trajectory generated by MR-ARL.
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Table IV.4: Uncertainty parameters for example 2.

Parameter ‘ Value ‘ Parameter ‘ Value
@y [rad/s] | 2770 | r [rad/s] | 2715
Jo 4830

gain —R~ IBTP+K, approaches zero, thus controlling in an optimal way the system. In Fig. IV.3, we
show for completeness the error between the reference model and the real system, which reaches, despite
a slower parameter convergence, a small amplitude in a few seconds.

Finally, in Fig. IV.4 we show the difference between the trajectory x(#) generated by MR-ARL and the
trajectory obtained by choosing u* (¢) = K*x* () + d(t), namely, the optimal policy plus the dither

signal.

Example 2: Drifting Parameters and Variable Speed

In this example, we apply perturbations to the DFIM with model given in (IV.54) to test the robustness
of MR-ARL. We consider two perturbations to the nominal model occurring together: the first one is
a time-varying resistance due to motor heating up, while the second one is a time-varying rotor speed
due to load changes. We model both disturbances with sigmoid functions and we report them in the
plots. The temperature disturbance lasts for about 600 s and brings the temperature from 20 °C to
100 °C, ie., AT = 80 °C. The speed disturbance is a total increase of speed of 27120 rad/s occurring in

about 60 s. We model the dependence of resistances on temperature with
Ri(AT) = R; + aAT, i€ {1,2)}, (IV.59)

where acy = 4.041 x 1073 Q/°C is the temperature coefficient of resistance of the copper. We set
new nominal R;, Ry, @, with associated range 1,72, 7, (reported in Table IV.4) to consider these
uncertainties. We recalculate C as in the previous example. Besides these time-varying perturbations in
the matrix A, we introduce also noise in the measurements of the currents x(¢). The measured X(¢) is

given by
(1) = (1+1(t) + Dx(1) (IV.60)
where /(t) is extracted at each f from a uniform distribution in the interval [-0.5, 0.5]%, and I = 1%.

Finally, we leave the dither as in (IV.58).

Remark IV.ar. Due to the parameter variations, the plant becomes a slowly time-varying system. Con-
sistently with the theoretical result, due to the “small” variations, the stability properties of Theorem IV.2

are practically preserved and recovered when the variations vanish. o

In Fig. IV.s-(a), we show the difference between the estimate A(t) and the true time-varying matrix

(c .)
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Figure IV.s: Convergence to true A() and to optimal gain K* (7).

A(t). Notice that as soon as the speed disturbance ends, the gradient estimator is able to adapt and
recover convergence of the estimation to a small ball about the true parameters. Next, in Fig. IV.s-(b),
we show how the data-driven feedback gain approaches the optimal one. Since in this simulation we
have a LTV plant, we calculate at each time instant the optimal gain K*(#) by solving an LQR problem
with constant A(?). The importance of the adaptive controller action is particularly clear in presence of
the speed disturbance, where the estimated matrix is far from the true one and thus the optimal action
is likely to be destabilizing. Finally, we show in Fig. IV.6 how the error between the reference model and

the real plant is kept bounded also in the presence of these disturbances.
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Figure IV.6: Tracking error between plant and reference model. Different colors stand for different components
of e.

IV.3.4 Future work

In this chapter, we have addressed the problem of data-driven optimal control of partially unknown
linear systems. First, we have proposed a framework that formalizes a robustly stable on-policy data-
driven LQR problem in which optimality of the learned strategy is obtained while guaranteeing robust
stability of the whole learning and control closed-loop system. Next, we have proposed a new solution
to this problem consisting in the combination of model reference adaptive control and reinforcement
learning. As main result, we showed that our design has a semiglobally uniformly asymptotically stable
attractor where the plant follows the optimal reference model. To demonstrate the effectiveness of the
solution, we tested it in the control of a doubly fed induction motor. The results show that our solution
is also able to manage non-vanishing perturbations typical of real-world applications. Future work will
be dedicated to consider the output-feedback framework and to relax the assumption of the knowledge

of the input matrix B, as well as to extending the framework to the output-feedback scenario.






Chapter V

DATA-DRIVEN PRONTO: a model-free

algorithm for numerical optimal control

(0

tails in the next sections, we start by providing here some key concepts which are fundamental in
understanding both PRONTO and DATA-DRIVEN PRONTO.

i) PRojection Operator-based: whilst “pure” SQP methods [66] satisty the dynamic constraint only
asymptotically, several algorithms [69,118,144] developed specifically for optimal control perform
an additional “forward sweep" (on the whole time horizon) of the dynamics in order to satisfy at
each algorithm iteration the dynamic constraints. Both PRONTO and DATA-DRIVEN PRONTO
improve the numerical stability properties of this forward sweep by leveraging on an additional
control law to be designed separately. This step is called “Projection” step, since it projects an

infeasible curve to a trajectory of the system.

it) Newton method for Trajectory Optimization: by including the projection operator in the cost
function, PRONTO builds an unconstrained problem which can be solved through standard

Newton method.

Whilst all the mentioned algorithms exploit nicely the structure of the optimal control problem, a
major drawback is that they all require the knowledge of the dynamics and its derivatives. The main
idea behind DATA-DRIVEN PRONTO is to leverage on the control law introduced by PRONTO (which

“robustifies” the projection operator) to collect the data necessary to the estimation of derivatives.
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This Chapter is organized as follows. In Section V.1, we give an overview of the scientific literature
pertaining data-driven optimization and optimal control. Next, in Section V.2, we introduce the
considered nonlinear optimal control problem with the necessary preliminaries on PRONTO, and we
state the main contribution to the scientific community. Finally, in Section V.3 we present DATA-
DRIVEN PRONTO. Theoretical guarantees on its convergence are given, and its hyper-parameters are
discussed. The algorithm is analyzed via intermediate results, and a numerical example is given to show
the effectiveness of the proposed algorithm. All the proofs of the intermediate results can be found in
Appendix V.7. An article containing the results of this chapter is currently under preparation (to be

submitted soon).

(c o)
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V.1 Literature review

Nonlinear optimal control problems are prevalent in various applications within the fields of Automa-
tion and Robotics, where the goal is to develop a control strategy that, when applied to a dynamical
system, minimizes a specified performance index [28, 46, 66,164,189]. In general, the solution of Non-
Linear Optimal Control Problems (NL-OCPs) strongly relies on a valid model of the system under
control which, if inaccurate, can lead to the design of suboptimal trajectories for the true system. In
this chapter, we propose a combination of identification techniques together with data-driven control
which can solve NL-OCP in a model-free setting.

In particular, we focus on solving a finite-horizon NL-OCP where the dynamics is unknown but there is
the possibility of performing multiple deterministic experiments (or simulations) from the same initial
condition. Retrieving an optimal trajectory for this kind of setups is important, for example, in many
industrial systems, where optimized execution of a repeated task results in significant savings. Pioneers
in this field were the so called Repetitive Control (RC) and Iterative Learning Control (ILC) (2, 44, 94,
126,153], which successfully approached the generic problem of tracking a given reference exploiting the
possibility of learning a specific task by means of multiple repetition of that specific task. Besides RC
and ILC, and taking more explicitly into account the problem of optimality, we provide an overview
of two fields that deal with the problem of data-driven optimal control, distinguishing between the
“Reinforcement Learning” (RL) and “Data-driven optimization" approaches (where, since the two fields
have lots in common, we stress the fact that this distinction is done somehow arbitrarily, and several

works may be placed in both categories).

Reinforcement Learning

Having its foundations in the idea of Dynamic Programming [20, 21], RL field considers the more
generic problem of learning a control policy which minimizes (maximizes) a received reward through
interaction with the environment [177,202]. The learning happens during a so-called training phase,
in which - while the agent explores the environment - good actions are rewarded and bad actions are
penalized. At the end of the training, the result is in general a policy and not a sequence of open-
loop inputs. In some cases, this feature makes RL more robust than optimal control with respect to
unmodeled dynamics [199]. However, two problems arise in general with this approach: i) the number
of required episodes is usually so huge that this learning is achievable only via simulations (and not in
real setups); ii) (for continuous or highly-dimensional problems) a parametrization of the policy or the
value function, e.g., a Neural Network (NN), has to be introduced, constraining the resulting solution
to a particular form and introducing other complexity. In this field, [58, 59] propose to solve the optimal
control problem by imposing a linear parametrization of the value function, and finding its parameters
via a linear program constrained by collected data samples. In [1], it is proposed to use an approximate
model to obtain local improvements in the parametrized policy, which is evaluated via real experiments.
In [151], a NN is used to parametrize both policy and value function, and policy iteration is applied to
solve the infinite-horizon NL-OCP. In [93], the authors consider a finite horizon NL-OCP, and they

(c .)
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use a NN to approximate the costate and finding the optimal input. In [39], the authors consider a
continuous-time NL-OCP and train a NN that parametrizes the input with gradient descent. In [141],
the authors show by means of a practical application how the combination of a classic technique such
as ILC with RL can reduce significantly the amount of required data for the training. Finally, in [70],
the authors explore the idea of using RL to find open-loop optimal input instead of optimal policy,

thus overcoming the parametrization problem.

Data-driven optimization

Parallel to the RL paradigm, optimization techniques capable of handling problems with parametric
uncertainties where developed throught the years. Black-box optimization, derivative-free optimization
and simulation optimization [3, 4, 53, 178] enclose all the techniques which are developed when the
explicit cost function, its derivatives, or the constraints are not available to the optimization process
(or they are too complicated). In general, in these cases the idea is to substitute the missing knowledge
by cleverly probing the cost function, exploiting the knowledge of some known property (for example,
in [75,183,184] the authors leverage on Lipschitz continuity). Given the particular structure of NL-
OCPs, several iterative and efficient ways to solve them [60, 69, 90,100, 118, 119, 158] have been proposed
in the years. The structure of the NL-OCP for a data-driven resolution is exploited in [52], where the
authors propose an algorithm to iteratively solve a NL-OCP with partial knowledge of the dynamics.

We refer the reader to [64,174,177] for other ways of solving in a data-driven way NL-OCPs.

V.2 Problem setup

V2.1 Problem statement: data-driven nonlinear optimal control

In this first section, we introduce the problem setup together with some preliminaries on model-based
optimal control of nonlinear systems. In this chapter, we consider nonlinear systems described by the

discrete-time dynamics

X1 = f(-xt’ us), X0 = Xinit (Vi)

where f : R"XR™ — R"isthedynamicsand x; € R",u; € R™ are, respectively, the state of the system
and the control input at time ¢ € N. The initial condition is fixed to be Xjni; € R”. Importantly, we
assume dynamics (V.1) to be unknown, i.e., we do not have access to an explicit form of f. Nevertheless,
we assume to be able to actuate the system with given input sequence uo, . . ., ur—1 and to measure the
noiseless states X, . . ., x7: consider, e.g., the possibility to retrieve these data from a realistic simulator,
or from an experiment. To simplify the notation, we denote finite-dimensional stacks of vectors with

bold letters, namely, we can denote the stacks of state and input sequence as

u = (uo,...,uT_l) ER"T (V )
2
x = (x0, X1, ...,x7) € R"T*D,

(c .)
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More formally, we assume we can measure trajectories of system (V.1), i.c., state-input sequences satisfy-

ing the following definition.

Definition V.x. [System trajectory] The pair (x,w) € R® is a trajectory of system (V.1) if it satisfies

Xe1 = f(xp,up) (V3)

forallt =0,...,T =1 withxo = X &
Compactly, we denote a trajectory asn := (x, u) € R®, wheres = sy+s,and sy = n(T+1),s, =mT.

Definition V.2. [Trajectory manifold] We denote as T~ C R® the manifold of all the trajectories of (V.x)
as per Def. V1 of fixed initial condition X,,;,. Notice that, by defining

X0 — Xinit
h(x,u) = ) (Vi4)
xr — f(xr-1,ur_1)
we may characterize systems trajectories as
(x,u) €T < h(x,u)=0. (Vis)
&

Notice 7" is a manifold since the Jacobian of 4(x, ) has constant rank independently on f (provided
that f is differentiable). Conversely, a generic element of R® not necessarily satisfying Definition V.ris

said to be a curve and we denoted it as & = (o, i) € R®, with

o = (o, ..., ur-1) €R™, (V.6)
M= (“0’“1’-—-,0@)61&5", .

Our objective is to design input sequences u for the unknown system (V.1) such that the resulting

trajectory (&, w) minimizes a nonlinear performance index

T-1
C(@,u) = ) () +Cr(xr), (V:7)
t=0

where {; : R" X R™ — Ry is the so-called stage cost and {7 : R" — Ry is the terminal cost.
Compactly, we aim at solving the following optimal control problem
T-1
min G (xe,ur) + €r(xT)
r,u
t=0
Subj. 0O Xr41 :f(xt,l/it), = 0,...,T— 1,

X0 = Xinit-

(c .)
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Remark V.r. The finite-time nature of the considered problem make its solution interesting especially

for the generation of an optimal reference to be followed in repeated tasks. o
We introduce the following hypothesis on the smoothness of the dynamics and the cost function.

Assumption V.x (Regularity). The dynamics f in (V.x) and the cost function € in (V.7) are twice contin-

uously differentiable in their arguments, i.e., f,€ are C 2,

As it will be clearer further in this chapter, we also introduce the following assumptions regarding the

second-order derivatives of the cost function (V.7).
Assumption V.2. For all state and input sequences (x,w) € RS, it holds V*{(x,u) > 0.

Assumption V.2 guarantees the possibility of finding a valid descent direction; however, it can be
relaxed via regularizations (see Remark V.2). Furthermore, if the cost £ is user-defined, it is possible to
readily satisfy Assumption V.2. We highlight that the key challenge of solving problem (V.8) is that an
expression for the dynamics (V.1) or its derivatives is not accessible in explicit form, i.e., it is not available

to the solver.

V.2.2 Preliminaries: an introduction to PRONTO

In this preliminary section we present a discrete-time version of the optimal control algorithm PRONTO
(on which we build DATA-DRIVEN PRONTO), which has been proposed in [90] for the continuous-
time framework. The underlying idea is to leverage on a feedback policy to map generic elements (cx, pt)
of the space R?, the so-called curves, into the set of trajectories feasible for the dynamics (V.1). This

projection is assumed to be implemented via the nonlinear tracking system

U :ﬂ-(atautrxt’t) (V9)

Xt+1 = f(-xt’ ul)’ X0 = Xinit»

where 1 : R" X R™ X R" X R — R™ is a generic tracking controller whose properties will be later
clarified. The interconnection (V.9) between the control law 7 and the dynamics f can be seen as a
projection operator which projects generic curves (¢, ) onto the trajectory manifold of system (V.1), i.e.,
itimplements a map (o, i) = (@, u) (we refer to [90] for a detailed discussion). More in detail, for all
iterations indexed by k, the methodology proposed in [90] seeks for an update direction (Ax¥, Au*)
onto the tangent space of the trajectory manifold 7 at the current solution trajectory (X, u*) (step
1 of Algorithm 6). The descent direction is obtained by solving LQR problem (V.13), where A, BX,
gk, r¥ are defined as

Af = Vaf Gt u)T, Bf = Vo f(xf,uf)’,

k k  k\T k k  k\T (VIO)
q; =Vt (x;,u)) ", rio= Vol (xg,u))

(c .)
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and QF, QK e R, Sk € R™™ and RF € R™™ are defined as

0k =2 ¢,(xk, ub), Sk = V2,0, (xK, ub),

k 2 Kk k k 2 3 (Vorr)
Ry =V5,6(x/ u;), Q7 = Vi1 (x7).

After computing the descent direction, PRONTO updates the estimate of the solution (¥, u*) accord-

ing to

Axk
Auk

ol vk , (Va2)

where y* € (0,1] is an appropriate stepsize (step 2 of Algorithm 6). Since the updated solution
(ak, uk) does not satisfy, in general, the dynamics constraint, the updated trajectory (z**, uk+) s

then obtained from (a**!, pu**1) via (V.9) (step 3 of Algorithm 6).

Remark V.2. [Approximations of descent step] In (V.11), we simplified the cost matrices by neglecting
a term involving the Hessian of the dynamics. In order not to lose the convergence properties of the
algorithm, it is sufficient to guarantee that the matrix in the quadratic part of the cost in (V.13) is positive

definite for all # (e.g., using the identity matrix, regularizing the cost or using Assumption V.2) [66, Cor.

43). ¢

Algorithm 6 recaps the procedure described so far.

(c .)
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Algorithm 6 PRONTO

Require: Initial trajectory (x°, u®), controller 7, dynamics f.
fork=0,1,2...do
Step 1: find descent direction (Aa:k , Auk) by solving

= 1 A)Ct ! Qk Sk A)Ct qk T sz X k
min - ! ! + | + Ax Q5 AxT + ¢ Ax
Az, Au ; 2 | Aug | |STF R |Aug | [PF| | Aw, rQrdxr + qr A

subj. to Ax;41 = AfA.xt + BfAut,
Axg=0, t=0,...,T-1.

Step 2: update curve (af*1, pk*1):
ot = eyt
k+1 k k k (VI})
My =up +y Ay,
witht =0,...,T - 1.
Step 3: find new trajectory (z*+!, ukt1):
k+1 k+1 | k+1 k+1
U :ﬂ'(a't s My Xy at)
(Va14)

k+1 k+1  k+1 k+1
Xev1 = f(-xz s Uy )’ Xo = Xinit»

witht=0,...,T - 1.

end for

To summarize, the steps 1 — 2 of Algorithm 6 are the same of an SQP method. The main difference
between PRONTO and other algorithms stands in the projection step (V.9), which is intended to numer-

k+1
b

ically robustify its performance with repect to both SQP (where (x u**1) do notin general satisfy

the dynamic constraint, and this constraint violation needs to be taken into account) and shooting

k+1

approaches, which are in general less stable (since only u**! is updated and £**! is found in open loop

given dynamics (V.1)).

V.3 DATA-DRIVEN PRONTO

V.31 The algorithm

We are now ready to present DATA-DRIVEN PRONTO, our data-driven algorithm for optimal control.
Moving from the foundings ideas of PRONTO, our approach extends the algorithm to the model-free
framework. Indeed, notice that in order to implement Step 1 of Algorithm 6, perfect knowledge of the
dynamics (V.1) is required. In the following, we introduce how DATA-DRIVEN PRONTO is capable of

(c .)
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Algorithm 7 DATA-DRIVEN PRONTO

Require: Initial trajectory (°,u®) € T, controller 7, exploration bounds 6,6, > 0, stepsize

v > 0.
fork=0,1,2...do
Learning
Step L1: gatheri =1, ..., L trajectories perturbation (&K, alK) of (xk, uk) via closed-loop

experiment as in (V.21):

ﬁi’k = (xk, uf, ¢k 1)+ di”’; Vi)
; ) 15
f(xA; k7 A; k bl x\é],k = xinit + d_lx’k
Step L2: build AXK, AUtk, AX;“k fort=0,...T — 1lasin(V.24):
o1,k AL,k
AX,k = [%, —xf, X —xf]
AUF = [al*F -k, akk -k (V.16)
Kk ralk  k <Lk _ _k
AX: - ['xt+1 Xt+ls A1 T xz+1]
Step L3: forallt =0,...,T — 1, estimate the linearizations of the dynamics:
i
. x [axk
(A ] = axr* g (v
Optimization
Step O1.: solve the approximate problem
S ag ][k sk [ak] [qF] Ak Tk KT
: - t t t N A A
38 2.3 [Aﬁt} [sf”‘ Rf] [Aﬁt] ¥ [rf] [Aﬁ, + AL QrAdr +aqr Aty
1=0 (V.18)
Sub] to M;+1 = A;(Mt + E;{Aﬁt,
Atog=0, t=0,...T-1.
Step O2: update curve (a**!, p*+1)
o =yt )
k+1 k ~k (Via9)
we =y +yAiy,
witht=0,...,T-1.
Step O3: obtain new trajectory (zX*!, uk*1)
k+1 _ ﬂ(akﬂ,/,lf“, f“,t) (VZO)
5:11 J(x k+1 t+1)9 x’(j“ = Xinit,

witht=0,...,T-1.
end for
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generating a solution to problem (V.8) leveraging on successive learning and optimization steps, which

are denoted in Algorithm 7 by prefixes L and O, respectively.

Step L1: Closed-loop data collection  Ateachiteration k, a set of state-input data are collected in the
neighbourhood of the current trajectory (xk, u*) by successive experimental sessions (or simulations)
with additional exploration noise. The collected data are then used to estimate the Jacobians of the
unknown dynamics (V.r). More in detail, the i perturbation of the nominal trajectory (¥, u¥),

denoted as (7%, /%), is obtained from the real system by integrating the closed-loop dynamics

Wik k k aik ik

" =m(xg,uy, %, ,t)+du,t (Var)
.21

Gk = p(gik ik gik _ gk

xl’+1 _f x[ 7”[ > xo _-xlnlt X

where di’k e R", d;]; € R™ are appropriate exploration dithers injected to guarantee a successful
identification. Notice the exploration dither may be added by the experimenter (especially in the case of
simulation) or it may be spontaneous disturbances. In this article, for simplicity reasons, we suppose it is
a degree of freedom introduced by the experimenter. We introduce now two hypotheses to characterize

the control law 7 and the closed-loop experiments (V.2r).

Assumption V.3 (Properties of 7). The state-feedback control law n(a, p, x, t) is twice continuously
differentiable in its arguments, i.e., 7 is C 2 an designed such that w(a, p, a,t) = u bolds for all a €
R, ueR"teN

This assumption implies that when the reference curve (o, ) is a trajectory of the dynamics (V.1) as
per Definition V.1, ie., (o, ) € 77, it holds that the resulting trajectory (¢, u) of the closed-loop
system (V.9) is such that (x, u) = (o, p). In fact, under Assumption V.3 and if x; = a;, the input

chosen by the closed-loop dynamics (V.9) is given by
MZzﬂ-(at’ﬂtaxl’t)zﬂ-(al’ﬂtaa’t’t):#19 (VZZ)

resultingin f(x;, u;) = f(a;, p:) = ae1 if (o, p) € 7. As an example, a control law (e, u, x, 1) =

H + K; (a — x) respects this hypothesis.

Remark V.3. Due to the genericity of the framework, we do not provide here a “standard” way to
build the policy 7, which should be designed for the specific application and leveraging the specific
knowledge of the system (as an example, in robotics application one may use standard robust, adaptive,

or sliding mode control techniques). o

Assumption V.4 (Dither boundedness). The exploration dithers d,’;’,’;, d:* in (V.21) are known and

uniformly bounded, i.c.,
|dF| < 6 |d;%| < 6, (V.23)

foralli=1,...,LkeN,t=0,...,T -1.
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While the presence of exploration noise is necessary for performing a good identification, its integration
in time may let nonlinearities show up, thus leaving the neighbourhood of the current trajectory

(z¥, u*) and ruining the estimated linearization of the dynamics.

Remark V.4. In practical implementations, the experimenter may not be able to inject an arbitrarily
small dither signal. The tracking capabilities of the closed-loop control law 7 become thus fundamen-
tal to allow the injection of stronger dithers without leaving the neighbourhood of (z*, uk), thus,
influencing the convergence properties of DATA-DRIVEN PRONTO. This aspect will be shown in the

numerical example. ¢

Step L2 — L3: LTV dynamics identification Foralli =1,..., L, the perturbations (:ﬁi’k, ﬁi’k)
obtained via (V.21) are used to build matrices Ath, AU tk , AXt+ ’k, which are data batches stacking the

differences between all the perturbations and the nominal trajectory, namely

AXF = [g}F —xk gk o K e RXE
k A1,k k ~Lk k XL
AU =1a,”" —ug,...,4,"" —u;] € R" (Vi24)
+.k a1,k k ~L.k k nxL
AXD =R, = Xppqs - X0 = X €RTTL

Data AXK, AUF, AXT ** are used to perform a least-squares identification (V.17) of the matrices AX, B

for all z. The following assumption ensures the identification step to be well posed.

Assumption V.5 (Well-posed identification). Forall k € Nand forallt =0,...,T =1, there exists
M > 0 for which

AX € Fum, (V.2s)
AU¥
where
P = {F e Rl (FFT) < M} . (V.26)

Although it is challenging to establish sufficient conditions on the exploration noise to guarantee
Assumption V.5 for generic nonlinear dynamics, the proposed strategy allows for the collection of an
arbitrary number of trajectory perturbations and the verification of whether the conditions are met
using the gathered data. Notice that DATA-DRIVEN PRONTO does not identify a specific model of
the dynamics, but identifies linearizations of the dynamics about specific trajectories. This avoids the

introduction of possible parametrization errors when performing the identification.
Step O1: Data-driven descent calculation  Finally, in Algorithm 7 the descent direction is obtained

by solving the data-based problem (V.18) where the linearized linear time-varying dynamics is replaced

by its estimation based on data (V.24). The remaining steps remain identical to those in PRONTO.

(c .)
——I—? 109 ).Q_}——



CHAPTER V. DATA-DRIVEN PRONTO: A MODEL-FREE ALGORITHM FOR NUMERICAL
OPTIMAL CONTROL

Main result

In the following we present the main result of this chapter. For the sake of readability, for all iteration k
we denote the solution estimate provided by Algorithm 7 as n* = (x*, u*) while each isolated local

minimum solution of (V.8) is denoted as n* = (x*, u*).

Theorem V.x. Consider Algorithm 7 with unitary stepsize y = 1. Let Assumptions V1, Vz, V3, V4
and Vs bold. Then, there exist dither bounds 5,6, > 0, an iteration K € N, and a radius p > 0 such
that, if 5x € (0,3x), 6y € (0,6,), andn® € B,(n*) N T then

In* —n*| < ¢(Ino —n*|, k) Vk <K
I = n*| < b(6x,6.) Vk =K,

where ¢ is a class KL function and b(Sx, 0,) is dass K function of 6 x, 0. w
The proof of Theorem V.1is given in Appendix V.7.6.

Remark V.s. The proof s given for unitary stepsize y; however, there is a tradeoff between the basin of
attraction of the algorithm and the amplitude of the chosen stepsize. It is also possible to choose y with
techniques such as Armijo’s rule (depending on the type availability of simulation setup / experiments

that one is able to implement / perform). o

V.3.2  Algorithm analysis

We approach the proof of the main theorem in two steps. First, by realizing that the solution update
strategy implemented by Algorithm 7 can be viewed as a perturbed version of Algorithm 6 (where the
perturbation is introduced by the Jacobian estimation), we prove that under the assumption that the
difference between the descent direction obtained by solving problems (V.13) and (V.18) is sufficiently
small, we can ensure convergence to a neighborhood of the solution 7*. Second, we show how to
pick the algorithm parameters 6 and ¢,, to ensure that the difference between the descent direction
obtained by solving problems (V.13) and (V.18) is arbitrarily small. For the sake of clarity, we denote
the current (unperturbed) trajectory at each iteration as n* = (2, uk) € R*. To denote solutions of
problems (V.13) and (V.18), i.e., the descent direction, we introduce the symbols £* = (Azk, Auk) € RS
and % = (A2*, AaF) € RS, respectively.

Practical stability of DD-PRONTO

We now study the convergence properties of PRONTO in case of errors in the descent direction calculation.
At first, we briefly introduce a state-space reformulation of the exact version of PRONTO. Next, we show
how to modify PRONTO to obtain Algorithm 6 (i.e., we introduce the cost regularization) and how

its convergence properties are affected by the cost approximation. At last, we study Algorithm 7 asa

(c o)
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perturbed version of Algorithm 6. We start by rewriting problem (V.8) as

min £(n)
" (V.28)
subj.to n €T,

where £(+) and 7 are given in (V.7) and Def. V.2, respectively. We denote the projection operator given
by the closed-loop system (V.9) as P : R® — 7. The idea is to project any curve £ into a trajectory
1 by leveraging the tracking controller 7 and integrating the dynamics. Notice that Assumption V.3
ensures thati) P(n) = nifn € 7 andii) P(£) € T if € ¢ T, which are properties required to call
P a projection. Further details on the projection operator, its derivatives and their properties can be
found in [91]. We then embed the projection in the cost by defining g(¢£) = £(P(&)) to obtain the

unconstrained problem formulation
mnin g(m), (V.29)

which is shown to have the same isolated minima of problem (V.28) [90]. Problem (V.29) is then solved

via a quasi Newton’s method, which can be rewritten as the autonomous dynamical system

_ (1
{* = argmin | ~LTVg(n) + Ve ()¢
CeT T (V.30)

= pmt+ 75,

where T, 7" is the space tangent to the trajectory manifold 7~ at 1*. Notice this is not a “pure” Newton
method since it searches for updates in the tangent space 7,,x7 and since it projects the updated
curve onto the trajectory manifold. This allows to satisfy the dynamic constraints at each algorithm
iteration, instead of satisfying it only asymptotically. Being PRONTO a projected SQP algorithm [18, Thm.
3], it is shown that the autonomous system (V.30), under Assumptions V.2, V.1 and V.3, has locally
exponentially stable equilibria in isolated solutions of the optimal control problem 1* (or, more in
general, in points which solve KKT conditions) [18, Thm. 2]. In the next lemma, we study Algorithm
6 which implements a regularized version of PRONTO (namely, Alg. 6) where the Hessians of the cost
function g are approximated considering only the derivatives of the cost function £ (instead of their

composition with £). More in detail, Alg. 6 implements the iterative update

1
" = argmin | =TV ()¢ + VET ()¢
{ETnkT 2

nk+l — P(nk +§k)‘

(Vian)

Notice that, in (V.31), only the second order derivatives of the cost function ¢ are considered, instead
of the composition g (cf. dynamics (V.30)). The following lemma provides stability guarantees of the

optimal solution for Algorithm 6.
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Lemma V.1. [Exponential stability of optimal solution] Consider the discrete-time autonomous dynamical
system (V.31). Let Assumptions Vz, Vi and V.3 bold. Then, the equilibrium n* is Locally Exponentially
Stable. A

The proof is provided in Appendix V.7.1.
Given the stability properties of 7* for system (V.31), we are now able to provide a theoretical guarantee

for a perturbed version of the algorithm.

Lemma V.2. [Practical stability of optimal solution] Consider the non-autonomous dynamical system

given by

k= argmin (%(TV2€(nk){ + VT (¢
CeT, T (V.32)

s :P(nk+§k+A§k)’

where AZ* is a perturbation. Let Assumptions Vi, V.z and V3 hold. Let ||A Kl <6 ¢ forallk € N
and for some 5y > 0. Then, there exists 5y > 0 such that, if 6y < &, the equilibrium n* is Locally
Uniformly Ultimately Bounded, i.e., there exists K € N, p > 0, dass KL function ¢ and class K function
b(S¢) such that, ifn° € B, (n*), then it holds

I = n*| < ¢(Ino — n*1,k) Vk <K

(V.33)
In* —n*| < b(6s) Vk > K.

The proof is provided in Appendix V.7.2.

Data-driven descent error

In the following, we present formal error bounds about the calculation of the descent direction based
solely on input dithers. Since the results in this section are independent on the specific iteration k of
the algorithm, we omit the superscript & for clarity. Additionally, to compact the notation, we define

d, and d,, as the stack of exploration dithers across all time steps and perturbations, i.c.,

d,=(d,...,d-)eRr""

d, = (d, d, dy dy Rk V4
wi=(dy g sdyp g sdyon o d ) € :

The core idea is to show that the error between the data-driven descent direction £ = (A, Ad) solution
of (V.18) and the exact descent direction £ = (Ax, Au) solution of (V.13) is a smooth function of the

exploration dithers dy, d,,. Let us denote the stack of data matrices (V.24) obtained by collecting L

(c .)
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perturbed trajectories from (V.2r1) as

AX = (AXy,...,AXr_1) e R"TE

(V3s)
AU = (AU, ...,AUr_;) e R™"TE

First, we show that, for a given trajectory 17, the data matrices (AX', AU ) in (V.35) are a smooth function

of the exploration dithers d, d,,, namely we show the function

AXU RS % RI’IL % RS“L — RHTL % RmTL

(V.36)
n,dy,d, — (AX,AU).

is smooth in its arguments. Notice, Axy/ (77, dx, d,,) depends both on the exploration dithers of all
i = 1,..., L collected perturbations and on the current trajectory 1, where the dependence on 5

accounts for the closed-loop dynamics (V.21). The next lemma formally proves the claimed property.

Lemma V.3. Let Assumption VI and V3 hold. Then, Axy in (V.36) isa C 1 function of the current
tragectory 11 and of all the exploration dithers d, d,,. Furthermore,

Axy(n,0,0) =0 (V37)

for all system trajectoriesn € T . A

The proof is provided in Appendix V.7.3.

Notice that a continuously differentiable function is also Lipschitz continuous in bounded sets; fur-
thermore, being zero in zero, it is possible to obtain a bound for its norm which is linear and which is
zero in zero. Denote now the error between the matrices estimated using data via (V.17) and the exact

Jacobians of f about the current trajectory 17 at time instant £ as
AAZ = AI - Ata ABZ = Bz - Bz. (V;S)

and define their stack, for all #, as

AA = (AAy,...,AAp_) e R"T

(V139)
AB = (ABy,...,ABy_;) € R"™T,

The stack of estimation errors in (V.39) can be written as a function of both the current trajectory
717 and the data matrices AX, AU, which define the exact Jacobians and their data-based estimation,

respectively. We denote this function as

AAB RS x 7_~MT N RnZT x anT

(V.40)
n,AX,AU +— (AA,AB),

where f]\T[ = Far X Far X . .and Fpy € ROFMIXL i given in (V.26). The next lemma provides formal
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guarantees for this relation.

Lemma V.4. Let Assumption Vi hold. Then, Aap in (V.40) isa C! function ofn and AX , AU. Further-
more, for eachn € T~ and bounded K C TI\TIL, there exists g(1, K) > 0such that, if (AX,AU) € K,
then

|Aas(7,AX, AU)| < (1, K)(|AX] + [AU ). (V.41)

A

The proof'is provided in Appendix V.7.4.

Remark V.6. Itis not possible to entirely eliminate the estimation error given by A4, as this would
necessitate all trajectory perturbations 7}’ to coincide exactly with the current trajectory 7, leading to
singular matrices (AX;, AU;) ¢ Fa forany M > 0. Nevertheless, it is possible for the matrices AX;

and AU, to diminish in the directions that ensure a bounded condition number. o

We now consider the approximated problem (V.18) and the full knowledge problem (V.13). Notice
that, for a given trajectory 7, these two problems differ only in the constraint represented by the LI'V
dynamics. The descent direction error A := £ — ¢ canbe expressed as function of both the current

trajectory 77 and the estimation errors (V.39), so we define

A; RS XRYT xR RS

R (V.42)
n,AA,AB +— (- ¢,

where, for a given trajectory 7, ’ = (A&, AQ) and ¢ = (Ax, Au) are the solutions of (V.18) and (V.13),
respectively. The dependence of A on 7 accounts for the cost matrices being Hessian and Jacobian of
the cost function ¢ evaluated in the current trajectory 7. The next lemma provides formal guarantees

for this relation.

Lemma V.s. Let Assumption Vi and V.2 hold. For all system trajectories ) € T, there exists a continuous
Sfunction Sap : T — R, such that, if |(AA,AB)| < 6ap(n), then Ay in (V.42) isa Clﬁma‘z’on of
n, AA, AB such that

Az(n,0,0) = 0. (V.43)

A

The proof is provided in Appendix V.7.s.
In other words, Lemma V.5 provides us with a bound 6 4g(77) on the identification error which, if
respected, ensures that the error function A (17, AA, AB) is smooth in its arguments.

V.3.3 Numerical simulations

In this section, we demostrate the capabilities of DATA-DRIVEN PRONTO by solving an optimal control

problem for a nonlinear underactuated robot with unknown dynamics. First, we present the setup and
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the nonlinear optimal control problem, then we show the performances of DATA-DRIVEN PRONTO
under two different controllers 7, the first more accurate and the second less reliable. The robot,
cf. [195,233], consists of two links and one actuator on the first joint (see Figure V.1).

A

Y

~

T
Figure V.i: The pendubort.
Its dynamics read as
41 . q1 u
M(q)|. [+ Clg.9+F)| |+g(q) =] |, (V.44)
q2 q2 0

where ¢ = (g1, ¢2) € [0, 21]? stacks the two joint angles g1,g2 € R, u € R is the input torque
on the first joint, M (q) € R?*2 is the inertia matrix, F € R?*? accounts for friction, C(q, §) € R?

includes the Coriolis and centrifugal forces and g(g) € R? is the gravitational term. The matrices

in (V.44) are defined as
>611 +aj+ 2as COS(q2) a +as COS(C[Q)
M(q) :=
ap +ascos(qz) as
. —azsin(g2)g> —aszsin(q2)(41 +42)
C(q.q) = . .
| a3sin(g2)q1 0 (V.45)

agcos(gy) +ascos(q1 +q2)
as cos(q1 +q2)

F = diag(fl’ f2)

g(q) =
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Table V.1: Physical parameters of the pendubot

Parameter | Value | Parameter | Value
m1[Kg] 1.2 m;[Kg] 1.2
61[m] 1 {r[m] 1
di[m] 0.6 dy[m] 0.6
L [Kgm?] | 0.1 | I [Kgm?] | 0.1
f1[Ns/rad] 1 Jf2[Ns/rad] 1

where

ay =11,;; + mldf + m2€12
as =15 +m2d§, as =myl1d, (V-46)

ay = g(midy + myty), as = gmad,.

The physical parameters used to simulate the system are summarized in Table V.. From (V.44), we
obtain a state space model with state variable x = (g1, g2, §1, §2). The dynamics is then discretized via
forward Euler integration of step dt = 0.01s over a simulation time of 7 = 10s. The cost function is a

quadratic cost function designed to follow a step reference (X, it*):

T-1

C(% ) = ) (x = x7)TQ(x —x))+

t=0

(e = up) "R(us — uy) + (xr = x7) Q1 (37 = X7),

with Q@ = diag(102,102,10,10), 07 = Q and R = 5 - 103. The reference state curve is a step
from an initial (unstable) equilibrium condition xo = (§, %7‘(, 0, 0) to the final (unstable) equilibrium
xr = (%, 4,0, 0). The reference input curve compensates for the gravity term at the two equilibrium
position. The initial trajectory 7° for the algorithm is chosen as the standstill robot in the starting

position.

Exact-parameters projection operator

In this first example, the controller 7 in (V.9) and (V.21) is designed at each iteration k by solving a
finite-horizon LQR problem over the linearized dynamics about the current nominal trajectory n¥.
In order to collect the perturbations of the current trajectory at each iteration, we add the exploration
dither asin (V.21), with d,,,. ~ U(0, 6, )Nmand dy ~ U (-8, 0, )rad, with §,, = 0.001, 6, = 0.01.
At each iteration, we collect L = 6 perturbed trajectories.

In Figure V.2, we plot the iterations of the DATA-DRIVEN PRONTO for all the states and the input.
We use the Armijo rule to choose the stepsize, and we stop the algorithm when the update £* is not a

descent direction, namely, when we have reached the ball about the optimal solution * in which the
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cost does not improve significantly. In Figure V.3, we plot the norm of the descent direction ¥
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Figure V.2: In blue the reference curves for the states and the input. In red, the result of DATA-DRIVEN PRONTO.
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Figure V.3: Norm of descent direction.
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In order to better see the convergence properties of DATA-DRIVEN PRONTO depending on the hy-
perparameters 0 x, 0, we test 15 times the algorithm convergence, solving the same optimal control
problem. To do this, we halve at each instance the bound on the exploration noise, namely, §:! = 6% /2
and 6/ = 67 /2. We choose at the first algorithm run 62 = 0.001 and 69 = 0.01, and we pick
dy ~ U(=6', 6" )radand d,; ~ U(0, 6')Nm, for all 7. The results obtained, showed in Figure V.4,
demonstrate the strictly increasing bound (in this case, exponential) between the amplitude of the
dithers and the suboptimality of DD-PRONTO.

10° 5 S e
— In"=n"|
10714
10724

10—3 4

1074 4

10—5 4

1076 - T T T T T T T T
0 2 4 6 8 10 12 14
algorithm instance

Figure V.4: Distance from the optimum depending on the dither amplitude.

Estimated-parameters projection operator

In this second example, the controller 77 in (V.9) and (V.21) is designed at each iteration k by solving a
finite-horizon LQR problem over an inexact linearization of the current nominal trajectory 1%, relying
on the estimated matrices A;, B; (which are used both to find the descent direction and to obtain an
estimated controller).

In order to collect the perturbations of the current trajectory at each iteration, we add the exploration
dither as in (V.2x), with d,,.. ~ U(0,6,)Nm and dx ~ U(—0y,dy)rad, with 6, = 0.001,6, =
0.0001. At each iteration, we collect L = 6 perturbed trajectories. Notice that in this case, since the
controller 7 is “less precise”, dithers with the same amplitudes as in the previous example would lead to
numerical instabilities, so we are forced to choose smaller amplitude dithers (which is not often possible
in the practice). This strongly motivates the need of a good closed-loop policy 7.

Figures V.5 and V.6 highlight how the importance of relying on a good control law 7 affects the quality

of the obtained result.

(c o)
——I—? 118 ).¢_.__



CHAPTER V. DATA-DRIVEN PRONTO: A MODEL-FREE ALGORITHM FOR NUMERICAL

OPTIMAL CONTROL

50

o 40 1

[de

30 A
20

70

60

[deg]

50 1
40

ref

- g5

ddp
= — @

4 6 8 10

0.5 A

[rad/s]

0.0 A

-0.5

e qref
a1

0.5

0.0 A

[rad/s]

_05 .

16

Z 141
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V.3.4 Future work

In this chapter, we proposed a novel data-driven optimal control algorithm called DATA-DRIVEN
PRONTO. This algorithm extends the applicability of PRONTO by removing the knowledge of the system
model, relying on the ability to explore system trajectories. The main advantage of this algorithm is the
possibility to overcome the suboptimality of model-based solution by estimating the linearizations about
a trajectory instead of computing them from the model. Theoretical guarantees on the convergence
of the algorithm have been given, together with insight on how to tune the design parameters of the

algorithm. Future work will be directed to the real-world implementation of this algorithm.

(c .)
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Conclusions

Throghout this work, we showed how system theoretical tools can be used to solve modern problems
regarding optimization, stabilization and learning guarantees in the context of uncertain systems.
Motivated by the importance of enforcing the informativity of systems trajectories, we deeply studied
the concepts of persistence of excitation and sufficient richness, retracing the origin of the definitions
used today and proposing a clear separation between the two notions. Then, we developed new necessary
and sufficient characterizations of sufficient richness for linear systems, presented in a notation unifying
discrete- and continuous-time systems. The role of the system geometry in this context has been studied
leveraging on the properties of sinusoidal inputs. We then faced the problem of information extraction
from measured data. A new (to the authors’ knowledge) type of observer, the “gazer”, has been proposed
and motivated for the model-free context in which this thesis is framed, and several possible designs
(state feedback, single input single output, multi input multi output) have been given. We then showed
a possible offline application of the gazer by studying how to design stabilizing gains from input-output
data without the need of measuring the full state and its derivatives. Future work will be done in
the direction of extending the obtained results to the nonlinear framework, as well as in obtaining
a deeper understanding of the obtained equations. In the context of linear quadratic regulation, we
developed an on-policy, online algorithm which deals with both the problems of optimization and
system stabilization at the same time. Differently from other algorithms, to achieve both objectives we
rely on a combination of model reference adaptive control and reinforcement learning, avoiding the
requirement of an initial stabilizing policy. Furthermore, the obtained stability results are semi-global in
the algorithms hyperparameters. Future work will be done in the direction of extending this approach
to the output-feedback case. At last, we considered the case of model-free nonlinear optimal control,
and we developed DATA-DRIVEN PRONTO, a numerical solver inspired to PRONTO. The underlying
idea is to keep the data-efficient structure of solvers for optimal control problems whilst substituting the
model knowledge with experiments on a simulator or a real setup. The presence of a stabilizing control
law is included in the algorithm analysis, motivated by the need of guaranteeing a safe exploration of

systems trajectories.
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Appendix

V.4 Proofs for Chapter II

V.41 Proof of Lemma I1.3

Since the arguments for discrete-time are analogous but more straightforward, we prove only the
continuous-time part. Notice that for any w € Q% and 1 > 0, Aw € Q, 50 QF isa cone in C;° (RY).

Next, we show it is open. Let w € QSI‘ There exist T, & > 0 such that

t+T
/ w(t)w(r)"dr > al, Vt> 0. (V.47)
t
Choose any o’ € (0,@) and any € € (0, ﬁ) , where M = ||[W]||w. Choose any w’ such that

[[W = Wleo = ||AW]||co < €. We have

t+T
/ w(t)'w(r) Tdr =
= ‘/HT(W(T) +Aw (1)) (w(7) + Aw(7r)) Tdr
t t+T
>al + ‘/t (W(T)AW(T)T +Aw(D)w(T) T + AW(T)AW(T)T)dT (V.48)
t+T
>al +/ (W(T)AW(T)T + AW(T)W(T)T)dT

t+T
>1 (cx - / 2M EdT)
t
>I(a—2TMe) > (a —a')I > 0,
so, W’ is PE. Therefore, for each point w € Q¢ it is always possible to find an open ball about w which

is still in Q;.

X
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V.4.2 Proof of Lemma II.4
We divide the proof in three steps.
I) A useful characterization for PPE signals. Since W(w) := Q"(w) is PPE of degree at most

d <d(n-1),thereexisti = 1,...,nd — d’ orthonormal directions z; € R" such that for each

T € N, e > 0wecan find ¢t € N such that

t+T
Z W zi| <e, (V.49)
T=t

which means |W] z;| < €, forallt =+, ..., 1+T. Consider an orthonormal basis forR"4, {z1,. .. Zna }

Since W, = Zl":dl ziW] z;, there exists A, € R4 such that

Wy =Ed; + W, (V.s0)

e Rndxd’

forallt =¢,...,t+T,where E = [Znd—d’+1s - - - » Znd ] stacks the directions in which w is

PPE, the j-th component of A+ is given by /l]T' =W]zj,and |W;| < (nd — d’)e by (V.49).

II) Signal sequences are constrained by PPE. Pickanyk € N:n < k < T and € > 0. Consider
the signal QX(w)intheintervalt =1,...,t+T —k+1, namely, (W, ..., Wrsk—1) € R*_ For each
subsequence of k instants in the window 7 = ¢, ..., T — k+1, we can write (k —n+1) nd-dimensional

equations of the type (V.s0). Compactly, they read

We A W:
M = E . + N (V SI)
Warik-1 Azrtk—n+1 Wetk-n+1
—_———
=We ::/i.,- =We

(c .)
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with W, € Rk 1. e R4 (k=n+l) 5, ¢ Rud(k-n+l) and

c Rnd(k—n+1)><kd

<
I
o O O o o o o
<
(=R )
SES
o O o o o o o

0 0 0 Iy

E = Iini1 ®FE € Rnd(k—n+l)><d'(k—n+1)‘

We are interested in characterizing the solutions (W, A.) of (V.s1), namely, the possible signals which

tulfill the constraints which are imposed by PPE. In other words, we want to solve

\%
AT] =Wr. (V-53)

III) A small enough degree of PPE overconstrains the signal sequence. ~ Given the right pseudo-

_17 _ N
inverse [M —E] of [M —E], any solution (W, A7) can be written as

W 1t
[AT] = [M —E] Wer+ Ve, (Vis4)
Az

where v, € ker ([M -E ] ) Notice that, since [M -E ] has full row rank, by the rank-nullity

theorem it holds that
d"” = dim (ker ([M —E’]))

= dim (dom ([M —E])) — dim (im ([M —E])) (Vss)
=kd+d (k—-n+1)-nd(k-n+1)
=(k—-n)(d+d —nd)+d,

from which it is clear that, if d’ < d(n — 1), then d”’ < d’. Furthermore, notice that |Ww,| <
Vnd(k—n+1)eforallt=¢,...,t+T —k+ 1. Thismeans thatforallt =¢,...,t+T —k +1 we
can write

W, = [Ik 0] Gv, + [Ik 0] [M —E]TWT, (V.56)

(c .)
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with G any surjective map
G :RY = ker ([M —E]) , (Vis7)

and v; € R?" such thatv; = Gvs. Since v € R? | it can span in time at most d”’ directions,
and the same holds for [I k 0] Gv+. Being W arbitrarily small in the arbitrarily long interval T =

t,...,t+T —k+1,weconclude that Q% (w) = (¢*'w, ..., ¢") is PPE of degree at mostd”’ < d’.

V.4.3 Proof of Lemma IlL.s

Pick any time interval [#, ¢ + T'] of arbitrary length 7 > 0 and an unitary direction z € R4, Being w
bounded, the quantity

t+T
w(t,T,z) = / |z"w(7r)|dr, (Vs8)

is finite for all #, 7 > 0 and z € R4. Choose an arbitrarily small @ > 0, and define the sets

Too(t,T,2) ={t € [t,t+T]: |z w(r)| > a}

. (Vs9)
T<o(t,T,z) ={t€[t,t+T]:|z'w(r)| < a}.

Notice that, by continuity of w, 7% o (¢, T, z) is a union of open sets for any ¢, T, z. Since ||W|[ee < M

for some M > 0, then we can find an upper bound for the measure (7> o (¢, 7, 2)):

t+T
/ lz"w(r)|dr = w(¢,T, 2)
/ lz"w(7)|dr +/ lz"w(r)|dT = w(¢,T, 2)
Ts o

Téar

/T Wl < R(T ) (V6o)

/ adr < w(t,T,z2)
T>(l

au(Tsq) <w(t,T,2)
U(Tso) < @ 'w(t,T,z2)

Overall, we obtained that for every t, T, @ > 0,z € R4 may partition the interval [¢, 7 + T] such that

w(t)z| <a, V1 €Tolt,T,2),
(V.61)
|W(T)TZ| > Q’, VT S T>a/(ta Ty Z)y

with u(Ts o (t,T,2)) < a ™ 'w(t,T,z). We want now to find an upper bound on |w(7) "z| in the
region T (1, T, 2).

Since 75 (¢, T, z) is a union of open sets of measure u(7s,) < a~YWw(t,T,z), we consider the
case in which it is a unique interval (namely, the case in which |w(7)| can grow more). Denote as

f € [t,t +T] the last time instant for which |w(7)"z| < @, and M := ||d(W)||e. Then, we express

(c o)
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any T € Tso(t,T,2) as T = f + 6, with§ < a~'Ww(t,T, 2) (since we have shown that u(7Ts4) <
a~'Ww(t,T, 2)). It holds that

|w(7+06)"z| =

t+0
w(f) 'z +/ w(r)Tzdr
t

W({E+6)"z| <a+Ms

(V.62)

Ww({E+6)"z| <a+ Ma/_lw(t, T,z2).

Choose any @ > 0. Pick e(a) = % Then, forall 7 > 0, since w ¢ QC, there exists 7 > 0, 7 € R?

such that
t+T
w(t,T,z) = / lz"w(r)|dr < e. (V.63)
t

Substituting in (V.62), we have

w(t)Tz] < @+ Ma e

<a+a,

forallT € Tv. o (¢,T,z),and thus forall T € ¢, + T].
To recap, we have proved that for any @, T > 0, there exists € > 0, z € R? and thus ¢ > 0 for which
lw(t)Tz| < 2aforall T € [t,7+T], and this concludes the proof.

X

V.4.4 Proof of Lemma II.6

We prove the theorem in three steps.

I) A useful characterization for PPE signals. Since W(w) := D" (w) is PPE of degree at most
d’ < d(n—1),by Lemma ILs, and following the same steps as in Lemma I.4 I), for all 7, € > 0 we
can find r > 0 such that

W(r) = EA(7) + W(7), (V.65)

where E € R"4*?’ stacks the directions in which D" (w) is PPE, A(7) € R? stacks the projections of

D" (w) along these directions, and |W(7)| < e forall 7 € [1,7 +T].

II) Sampled signal sequencies are constrained by PPE.  Pick an arbitrary 7 < T and N € N. We
define 6 := T'/N. Notice that, being d (W) Lipschitz continuous, it holds that

W(T+06) =W(r)+6W(r) +7(9), (V.66)

where |r(6)] < ¢, ¢ = ||d2(W)|co.

(c o)
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By recalling that W(r) = (w(7),W(7),..., W=D (1)), we can rewrite (V.66) as
W(t+6) = (I +38S)W (1) + Seq™ (1) + 1 (), (V.67)

where § € Rdxnd o ¢ Rrdxd gpe given by

T

O0¢p— I, —
= (n-1)dxd (n=1)d }, edz[odxd Ouxa ... 1g| - (V.GS)

S
Odxa Oax(n-1)d

By substituting (V.65) into (V.67), we obtain that in the interval T € [£,7 + T — ¢] we can write

EA(1+8)+W(r+0) =

_ ) (V.69)
=(lq +0S)(EA(T) + W(T)) + degw'™ (1) + r(5).
Considering N consecutive instants 7, T + 0, . . ., T+T -9, similarly to (V.s1) we obtain
Mw(t) = EA(T) + w(7), (V.70)
where w (1) € RV9, A(1) € RN+ 5 (1) € R"N are given by
W (1) A(7)
W (1 +6) X AT +6)
Ww(r)= ) . A= ,
W ) (14T -6) At +T)
] 3 y (Vi7n)
—(Ing + 6S)W (1) + W(T+6) +r(6)
—(Ing + 0S)W(T + 6) + W(7+28) +r ()
Ww(r)= . ,
= (Ina + )W (4T = 6)+W (v+T)+r(6)
and
M :=6Iy ® eq € R™N*N4
[=(1,a+6S)E E] 0 ... 0
P 0 [-(Iya+6S)E E] O ¢ RrANXd (N+1) (V.72)

0 ... 0 [~(Ing+0S)E E]

We are interested in characterizing the solutions (W (7), A(1)) of system (V.70), namely, the possible

signals which fulfill the constraints which are imposed by PPE. In other words, we want to solve

v(T

R =w(t V.

p ] (1) (V73)
in the interval [z, + T'].

(. .)
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III) A small enough degree of PPE overconstrains the sampled signal sequence. Given the

right pseudo-inverse [M -E ] ' of [M -E ] , any solution (W (1), A(7)) can be written as

w(T) 1t

N =M -E| w(r)+v(1), V.
L(J (M -E| W +v() (V.74)
where v(1) € ker ([M -E ] ) Consider the term w(7): we show at first it can be made arbitrarily
small. By recalling the bounds on r(6) (see (V.66)) and W(7) (see (V.65)), it holds that

(Ina +5S)W(7) W(T+6) r(0)
(Ina + 8)W(T +6) || [|[W(z+20)|| |r(5)
w(r)< . + : +H
(Lia+6S)W(+T-6) || || W(z+D) || [[r(6) (V.75)

62
<@ +6)We+\/ﬁe+\/ﬁc?

< 2\/N+i e+\/NcT—2
) VN 2N

We now show we can always find an arbitrarily long interval in which Ww(7) is arbitrarily small. Notice

that, given any €’ > 0, by choosing

_ 5|T4c? 72 €
N >N = VNc—— < —. V.76
= \ez = YWonz =3 (V.76)

W}/‘/ﬁ)’ we have from (V.7s) thatforany €’ > 0,7 > 0,7 > T
there exists N € N, ¢ > 0 such that, forall N > N,

Exploting this, and choosing € =

Ww(r)| <€ Vreltt+T]. (V.77)

We move now to the term v(7) € ker ([M —E] ) Notice that, since [M —E] has full row rank,
by the rank-nullity theorem it holds

4 = dim (ker ([M —E] ))

= dim (dom ([M —E])) —dim (irn ([M —E])) (V)
=Nd+d (N+1)-ndN
=N(d+d —nd)+d’,
from which it is clear thatif d” < d(n — 1) then d”” < d’. This means that we can write the solution
A1) of (V.74) as
im=]o w|evm+lo w][m -£] (), (V79)

(c .)
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with G any surjective map
G :RY = ker ([M —E]) (V.80)

and v(7) € R?" such that v(1) = Gv(7). Using (V.65) and (V.79), and recalling the definition of A7)

in (V.71), we can reconstruct the vector in which we are interested in:

W(r) W(t)
T i T
W(T.+ V) =G'v(1) + Fw(7) + W(T_+ w) , (V.81)
W(r+T) W(r+T)

where

G' = (Iy ® E) [0 IN]G
; (V.82)
F=(Iy®E) [0 IN] [M —E] .

The proof is complete by recalling that the choices of N, € are such that [W(7)| < € (in (V.77))
and |(W(7),...,W(t+T))| < €/2forallT € [t,t +T].

X
V.4.5 Proof of Lemma II.7
By Lemma ILs, if w ¢ Q, then forall 7, € > 0 wecan find 7 > 0, z € R such that
w(t)z| <€, Vrel[tt+T]. (V.83)
Picking any 7,6 > O such that 7,7 + 6 € [t,7 + T], we have that
[(w(t+8) —w(1) " z| < [w(t+6) T z| +|w(r) 2| < 2€ (V.84)
Expanding w(7 + 6) in Taylor series, we obtain that
w(t+8) —w(t) =w(1)d +0(9), (V.8s)
where |0(6)| < M%Z, with M := ||d?(W)||. Using (V.8s) in (V.84), we obtain
[(w(T+6) —w(r)) 2| < 2€ (V.56)

[(W(T)d +0(0))"z] < 2e.
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Since, by the triangle inequality, |(W(7)6 + 0(6)) "z| > [W(7) " z6| — |0(6) " z|, we have that
|6W(7)Tz] —o(6) Tz| < 2€
60(0) 2] < 26 + o(8)] (Vs7)

5
b(1) 72| < 25+ M2,
W(r) 2l <25+ M3

Choosing a sufficiently small € > 0 and 6(€) = Ve, forall 7 € [t,7+ T — 5(€)] we have
T M
W(r)z| < 2+? Ve. (V.88)
By defining y(€) := max(ve, (2 + % )+/€), we obtain

[w(r) "z < y(e) (1) "z < y(e) (V-89)

forallt € [t,t+T - 6(¢)].
Since y (€) is a strictly increasing function of € such that y(0) = 0, we may pick an arbitrarily small €’
and find € : € = y(€); consequently, since # exists for any choice of €, T > 0, for any choice of €’ there

exists an interval for which (V.89) holds.

X
V.4.6 Proof of Theorem IL.6
We prove that Q" (u) € Q),, = o (u,x0) € Q) foro € L and for all xg € R" by contraposition,

i.e., we show that forall xg € R", 07 (u,x9) ¢ Q) = Q"(u) ¢ Q,,,. We prove this in four points.

I) The lack of PE of x constrains the system input. Ifx = o (u,xo) ¢ @, applying Definition

II.13 we have that forall T, € > 0 we can find a direction z € R" and t € N such that

lz7x.| <€ (V.90)
forallT =¢,...,t+T. Along direction z, system dynamics read
Z X741 =2 Ax; + 2" Bus. (Vo)
If z" B # 0, we can find the input u as
ur=—(2"B) 2TAx; + (2" B) 2 xp41 +vs, (V.92)
=K =iy

where |ii;| < |(z"B)|e, and v, € ker(z" B).

(c .)
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II) The closed-loop dynamics depend only on x;,v-. The dynamics become

Ur =Kxr+is +ve,

X711 =(A—BK)x;+Bii; + Bv, (V.93)
[ —
=A
where, forall T =¢,...,t+ T — 1, itholds that |Bii| < e and v, € ker(z" B). Consider the signal

U(u) = Q" (u). Given (V.92), we obtain

Xr-n+1 Ur—n+l Vi-n+l
Ur=(In®K)| = [+ + |+ © |- (V.94)
Xr Ur Ve
—_—
=U, =Vr
Using (V.93), it holds that
X1r-n+l
=Fx¢pi1 +G (U + Vo), (V.95)
Xz
where
0 ... 0
1
B o ... 0
F=| .|, G=| . A (V.96)
An—l : : : :
A"2B B 0

and substituting (V.95) in (V.94), we obtain

Ur =1, ® K)F x7_ps1 + (I ® K)G + 1) (U 4V7),

— Sr——
=F G’
(V.97)
_ [F’ G'] Yool 60D,
V:

III) Lack of PE in x implies Q" (u) is not PE. Notice thatin theperiodr=t+n—-1,...,t+7T,
it holds that

i) v; € ker(z"B), with dim(ker(z"B)) < m — 1, by construction of v.
ii) |z"x7| < € by lack of PE of x.
i) |U¢| < vVn|(z"B)"|€ from (V.92).

Holding i) and ii), the space persistently spanned by (x-, V7) isatmost (n — 1) + n(m — 1) =nm — 1

dimensional. In other words, by following the same procedure as in Lemma II.4, we can write for all

(c .)
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T=t+n-1,t+T

=EA; + 1., (V.98)

Xr-n+l
Ve
where E € R)*(nm=1) ¢racks the directions which are persistently spanned by (x¢, V), Ar €

R™""~1 stacks the projections of (x, V;) along these directions, and A € R, |1;| < €isan

arbitrarily small perturbation. Finally, we have

U, = [F' G'] Ed + [F’ G’] 1, +G'U,, (V.99)
——
=H

and since [F’ G’] E e Rvmx(nm=1) ‘here exists 7 € R such that 7" [F’ G’] E = 0, which
implies

ZTUT = ZT [F, G’] /i‘r + ZTG/UT- (V'IOO)

Being both U, and A arbitrarily small in the arbitrarily long interval T = t +n —1,...,t + T, we
conclude Q" (u) ¢ Q..

IV) The case of y" B = 0. Consider the case where z" B = 0, namely, the columns b1, . . ., by, of B

satisfy by, ..., by, € ker(z"). In that case, along direction z, the system dynamics read as

2 Xe41 =2 Ax + 2 Bus
(V.ror)
=z Ax,.

We can distinguish two cases: either ker(z") = ker(zTA) orker(z") # ker(zTA). Ifker(z") =
ker(z"A), then ker(z") must be an invariant subspace of A of dimension n — 1. Since ker(z") is
A-invariant, and since by, ..., b,, € ker(z"), there are at most n — 1 linearly independent vectors
between the columns of B, . .., A"~! B. This is a contradiction, since we assumed (A, B) controllable,
thus, it cannot hold ker(z7) = ker(z" A).

At last, consider the case ker(z") # ker(z" A). Since (V.ro1) holds forallt = ¢t +1,...,t+T — 1, we

can write

ZTxT <e€
. T (V.r02)
7 X411 =2 Axe < €,

from which we deduce that we can write x; = X, + %, with ¥; € ker(z") N ker(z"A) and
|%;] < €. Since ker(z") # ker(z"A) and since the dimension of each kernel is at most n — 1,
then dim(ker(z") Nker(z"A)) <n-2.

This means that X spans persistently at most n — 2 directions, namely, there exists an unitary z, €

(c .)
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R™, zo L z L (ker(z") Nnker(z"A)), such that
|y;xT|:|y;xT_Fy;iT|:|y;iTlS €. (Vjoﬂ

We can thus repeat the same procedure as before, checking if z) B # 0. If z; B # 0, we can repeat the
reasoning in points I), IT), III); otherwise, we can repeat the above reasoning to find another direction
z3 such that zng < € (and repeat the process until we find some zl.TB # 0, which must exist since
B # 0. In each of these cases, Q" (u) ¢ Q,,,,, which concludes the proof for the first statement of the
theorem.

We move to the second statement of the theorem. Since it has an analogous proof, we sketch only

the main differences with respect to the proof given before. We want to prove by contraposition that

Q*(u) € QL()n+1)m = o(u,xp) € Qp,,, foro € L and forall xg € R" by showing that for all
x0 € R", or(u,x0) ¢ Q0,,, = Q"l(u) ¢ Ql()n+1)m'

I) The lack of PE of (X, u) constrains the system input. If (x,u) ¢ Q  we have that for all

n+m

T,e > 0wecanfind z = (zy,z4) € R"™, ¢ € Nsuch that

Z;Crx‘r = _ZIMT +XT, (VIO4)
where yr € R, |x¢| < eforallt =1¢,...,1+T. By pre-multiplying by z,. the systems dynamics, we
obtain the update

er1 = —(23) 2% (Axz + Bur) + (z0) Xre1 + Ve, (V.ios)

where vy € ker(z))).

II) The closed-loop dynamics depends only on x, v, ur. Since we can write X741 = Ax; + Bu,
intheinterval T = ¢, ..., #+T we can use (V.105) to express each t+, U 11, . . ., U4, as alinear function
of X7, Uz, V41, .., Veen (similarly as done in (V.94)) plus an arbitrarily small quantity U,. In other

words, we have

Ur
Ur Xz
=K [Ves1 |+ U, (V.106)
Urin :
[V7+n |

III) A lack of PE in (x,u) implies Q"*! (u) is not PE. Since (x, u) is not PE, it spans at most
n+m—1 directions. Since v, € ker(z,), thevector (Vz41, . . ., Vr4n) spansat most (m—1)n directions.
Opverall, we have that the right-hand side of (V.106) spans persistently onlyn +m — 1 + (m — 1)n =

(n+ 1)m — 1 directions, which means that the signal (4, ..., Ursn) € R*DM 1 the left-hand side
g

D
(n+l)ym’

of (V.106) spans persistently only (n + 1)m — 1 directions, namely, Q"*! (u) ¢ Q

(c .)
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V.4.7 Proof of Theorem II.4

We prove this result by contraposition, i.e., we show that given o € L2, if Q" (u) € £ (R"™™) is PPE of

degree at most n” < n — 1, then forall xg € R",x = o-(u,xg) ¢ €, regardless of the initial condition.

I) x; can be approximated arbitrarily well by a linear function of older inputs. Letxg = 0.

We can write system dynamics as
n
Xr41 = A"Xr_p41 + RU, (VIO7)

where R is the reachability matrixand Uz = (U, . .., r—p+1) € R™". By writingx¢_,,41 asa function

of the previous inputs, and repeating this recursion for arbitrary K steps, we obtain

Kn
Xr41 =A™ X1 _kn

U,
P Urn (V.108)
+(I A" ... A®"'|[(Ik®R) .
| —
=A =K UT—(K—I)n

Notice that for any € > 0, we can choose K > 0 such that AKX _gpe1]| < eforallT € N, being
the signal x bounded. Notice the vector (Us, ..., Ur_(k-1)n) is given by the signal QE-Dn(y)

evaluated at time 7.

II) The degree of PPE of QUK=Dn(y) js limited by the degree of PPE of Q" (u). IfQ"(u)is
PPE of degree at most n” < n — 1, thenn” < m(n — 1) and we can apply Lemma II.4 to ensure that
forany K > 1,Q€~D"(u) is PPE of degree at mostn’ < n — 1.

III) If the spanned directions are n — 1, x ¢ Qf;, Leveraging the lack of PPE demonstrated in the
above point, forall 7, K, € > 0 there exists t > 0 for which we can rewrite (V.108) as (see the derivation
in Lemma I.4)

xr = A%"x .k, +AREA, + ARA,, (V.109)

forallt=1¢,...,t+7T,forsome E € R(K-Dnmx(n-1) stacking the directions in which there is PPE,
A, e R1 stacking the projections of (U, . . ., U;—(k-1)n) along these directions, A, € RIK-Lnm
such that [1,_ | < €.

Since ARE € R™("=1) there exists 7 € R" such that 7T ARE = 0, which implies that

ZTxT = ZTAK”XT—Kn + ZTAR/L‘ (VHO)

(c .)
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Being both |AX"x . _kn|and A arbitrarily small in the arbitrarily long interval T =t +n — 1,¢ + T, we
conclude x = o (u, 0) ¢ Q) and thus u ¢ Csr (0, 0). To conclude the proof, since o is a stable linear
system, we have that all solutions X = o~ (u, xg) converge exponentially to those initialized in xo = 0.
Since a vanishing term cannot guarantee PE of a signal, we can conclude that for all xo € R",if Q" (u)
is PPE of degree at mostn” < n — 1, then x = o (u, xo) ¢ Qj,.

We pass now to the second statement of the theorem. Since it has an analogous proof, we sketch

D
Xu?

if Q" (u) € € (R™™) is PPE of degree n’ < n+m — 1, then forall xo € R",x = o-(u,x) ¢ QD

regardless of the intitial condition.

only the main differences with respect to the proof given before. We want to prove that, given o~ € L.

I)(x;, u;) can be approximated arbitrarily well by a linear function of the previous inputs.

Similarly as done in (V.108), we obtain

Uri1
0 I 0 U
el | X + " ! , (Vi)
X1+l AR X _Knt 0 AR
UT—(K—I)n

where A, R are the same as in (V.11), and by choosing an appropriate K € N, for any € > 0 we achieve
AKX _kna1| < €,since A is Shur and x is bounded. Notice that the vector (#4741, Uz, . . ., Ur—(k-1)n)

is given by the signal QK=+l () evaluated at time 7 + 1.

II) The degree of PPE of QK=1n+1 () js limited by the degree of PPE of Q"*!(u). Applying
LemmaIL4, if Q™! (u) is PPE of degrec atmostn” < n+m—1, then,sincen+m—1 < m(n+1-1) =

nm for alln,m € N, QK-+l () js PPE of degree at most n’.

III) If the spanned directions are n+m—1, then (x,u) ¢ Q7 This point proceeds exactly as for

the previous case, so we omit it.
X
V.4.8 Proof of Theorem IL.7

We prove that D"(u) € Q) = o0(u,x(0)) € Qj, foro € L{ and for all x(0) € R" by
contraposition, i.e., we show that for all x(0) € R", o-(u, x(0)) ¢ Q; = D"(u) ¢ Q5,,,. We prove

this in four points.

I) The lack of PE of x constrains the system input. Ifx := o(u,x(0)) ¢ Qf, by applying

Lemma II.7 we have that for all 7', € > 0 we can find a unitary direction z € R" and ¢t > 0 such that

lz73%(7)| < € 127x(7)] < € (Vi)
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forall T € [, + T]. Along direction z, the system dynamics read
7' X%(1) = 2" Ax(7) + 2" Bu(r). (Varz)

If "B # 0, we can find the input u(7) as

w(t) = —("B) 2TAx(7) + (T B) k(1) +v (1), (V.1i4)
R e
=K =i(1)

where |i#(7)| < [(z"B)'|e, and v(7) € ker(zTB).
II) The closed-loop dynamics depends only on x(7), v(7). The dynamics become

u(t) = Kx(t) +i(r) + v(r),
%(1) = (A = BK) x(7) + Bi(7) + Bv(1) (Vas)

=A

where, for all 7 € [t,7 + T, it holds |Bii(7)| < € and v(7) € ker(z"B). Consider the signal
U(u) := D"(u). Given (V.114), we obtain

x(”_l)(‘r) ﬁ("_l)(‘r) 1')(”_1)(7)

U(t) =, ®K) + + . (V.16)
x(7) i(t) v(7)
=U(1) =V (1)
Using (V.115), it holds
x(m-1) (1)
: =Fi" V(1) + G (O(r) +V(1)), (Varz)
x(7)
where
0 oo ... 0
1
0o ... 0
F=| 1|, G= ) ) R (V.i8)
An-1 ;2 .
A" ‘B B 0

(c .)
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and substituting in (V.116), we obtain

U(t)=(I,®K)F x" V(1) +((I,®K)G+I) (U (7)+V (1)),

————— ~— ——
=F ¢ (V.1r9)
)'c(”_l)(‘r) -
= [F’ G’] +G'U(7).
V(T)

III) A lack of PE in x implies D" (u) is not PE. Notice that in the period 7 € [t,¢ + T, it holds
i) v(7) € ker(z"B), withdim(ker(z"B)) < m — 1, as per (V.114).
ii) |z"x(7)| < € by assumption.
i) 10(7)| < Val(<" B)le, from (Viisg),

Holding i) and ii), the space persistently spanned by (x(7), V(7)) isatmost (n—1)+n(m—1) = nm-1
dimensional. In other words, by following the same procedure as in Lemma I1.6, we can write for all
Te|[t,t+T]

=D ()

V() = EA(7T) + A(7), (V.r20)

where E € Rm)X(mm=1) gacks the directions which are persistently spanned by (x(7), V (7)), A(7) €
R~ stacks the projections of (x(7), V(7)) along these directions, and (1) € R"™, |A(7)| < €is

an arbitrarily small perturbation. We have

U(T):[F' G/]E/I(T)+[F/ G']1(7)+G'U(7), (Vorz1)
| —
=H

and since [F’ G'] E € Rmmx(nm=1) there exists 7 € R such that z7 [F’ G'] E = 0, which
reads
U@ =77 [F G’] A1) +77G'U (7). (Vii22)

Being both U(7) and A arbitrarily small in the arbitrarily long interval T € [z, + T], we conclude
D"(u) ¢ Q.

IV) The case of y "B = 0.  Consider the case in which z" B = 0, namely, the columns by, . . ., by, of

B satisfy b1, ..., by, € ker(z"). In that case, along direction z, the system dynamics reads as

7' %(1) = 2" Ax(7) + 2" Bu(1)

. (Vir23)
=z Ax(7),

We can distinguish two cases: either ker(z") = ker(z"A) orker(z") # ker(z"A). Ifker(z") =

ker(z"A), then ker(z") must be an invariant subspace of A of dimension n — 1. Since ker(y ") is

(c o)
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A-invariant, and since b1, . .., by, € ker(y"), there are at most n — 1 linearly independent vectors
between the columns of B, ..., A"~ B. This is a contradiction, since we assumed (A, B) controllable,
thus, it cannot hold ker(z ") = ker(zT A).

At last, consider the case ker(z") # ker(z" A). Since (V.1o1) holds for all 7 € [z, + T, we can write

2'x(1) <€
. . (Virz4)
7' X(1) =z Ax(1) < €,

from which we deduce that we can write x(7) = %(7) + X(7), with (1) € ker(z") Nker(y"A) and
|%(7)| < €. Since ker(z") # ker(z" A) and since the dimension of each kernel is at most n — 1, then
dim(ker(z") nker(z"A)) <n-2.
This means that X(7) spans persistently at most 7 — 2 directions, namely, there exists zo € R", 25 L
z L (ker(z") Nker(z"A)), such that

|z, x(7)| = |z, %(7) + 2, %(7)| = |2, %(7)| < €. (V.r2s)

We can thus repeat the same procedure as before, checking if z;B #0.If z;B # 0, we can repeat the
reasoning in points I), I), III); otherwise, we can repeat the above reasoning to find another direction
z3 such that zgx-, < € (and repeat the process until we find some zl.TB # 0, which must exist since
B # 0. In each of these cases, D" (u) ¢ Q,,,, which concludes the proof for the first statement of the
theorem.

We move now to the second statement of the theorem. Since it has an analogous proof, we sketch

only the main differences with respect to the proof given before. We want to prove by contraposition

that D*1(u) € Q?m_l)m = o0(u,x(0) € Qf,,, foro € L, and for all x(0) € R" by showing
that for all x(0) € R", o(u,x(0)) ¢ QF,, = D"1(u) ¢ an+l)m'

I) The lack of PE of (X, u) constrains the system input. If (x,u) ¢ Q. we have that for all

n+m

T,e > Owecanfind z = (zx, zu) € R™™, ¢ > 0 such that
2ex(7) = —zu(7) + x (1), (Var26)
where (1) € R, |x(7)| < eforall T € [z, +T]. By isolating u(7) and deriving it, we obtain
(1) = =(z;) 2y (Ax(7) + Bu (1)) + (z,) ¥ (7) + v(2), (V27)
where v(7) € ker(z)).

II) The closed-loop dynamics depends only on x(7),v(7), u(7). Since we can write X(7) =
Ax(7)+Bu(7),intheinterval 7 € [t,#+T] we can use (V.127) to express each u(7), u(7), .. ., ™ (1)

as a linear function of x(7), u(7),v(7), ...,v" (1) (similarly to (V.116)) plus an arbitrarily small

(c .)
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quantity U(7). In other words, we have

i () ;
u(7) x(7)
: =K| v(7) |+U(7) (V.128)
u(")(‘r) :
)

III) A lack of PE in (x,u) implies D"*! (u) is not PE. Since (x, u) is not PE, it spans at most
n+m — 1 directions. Since v(7) € ker(z,)), the vector (v(7),. .., v (1)) spans at most (m — 1)n
directions. Overall, we have that the right-hand side of (V.128) spans persistently only n+m — 1 + (m —

1)n = (n+ 1)m — 1 directions, which means that the signal (u(7), ..., a (1)) € RUHD™ op the

C
(n+1)m"

X

left-hand side of (V.128) spans persistently only (7 + 1)m — 1 directions, namely, D™l(u) ¢ Q

V.4.9 Proof of Theorem ILs

Since the proof is analogous to the one for discrete-time systems, we only highlight where they differ.
We show that given o € L{, if D" (u) € C,;°(R"™) is PPE of degree at mostn” < n — 1, then for all

x(0) e R",x = 0 (u,x0) ¢ Qj, regardless of the initial condition.
I) x(¢) as a linear function of older inputs. Consider xo = 0. For all 7, we can write
t+o
x(1+6) = ex(t) + / AT By (1)dr. (V.r29)
t
By writing the Taylor expansion for x(f + 6), it holds also

_ : £ e
x(t+6) =x(t) +x(1)6 + o o+ ... (Vaizo)

=e%x(1) + RU(t) + (1),
where

R:= [Ba ABs2 %6”],

o (Va31)
Ut) =), ...,a" V@), r(t) ::Zo(é‘)u(‘)(t).
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Notice that, given M := ||d"(X)]|co, the remainder 7(#) can be bounded by [r(¢)| < M¢6"/(n!).
Confronting (V.129) and (V.130), we obtain

t+6
/ AT By (r)dr = RU(t) + r (1) (V.32)
t
Given any T > 0 (to be chosen later), we can write x (7 + T) as
_ ~ t+T ~
x(t+T) = e Tx(r) + / A7) By (1)dr. (V.33)
t

Now, let N € N (to be chosen later) and 6 = T/N. Recalling (V.132) to approximate the integral in
(V.133), we obtain

t+N 6
x(t + N6) = e2Nox(1) +/ eAUNO=T) By () dr
t

N-1 Lr+(i+1)6
=eNox(1) + Z / eANO-T) By (1) dr
t

i=0 +io
N-1
=eNox(1) + Z r(t+i6)+ (V.134)
i=0
U(t+ (N -1)5)
[eo oAS eA(N—l)(S] (In ® R) U(t+ (1‘\’— 2)9)
‘-\/_-———/ .

=A =R U(t)

II) x(t) can be approximated arbitrarily well by a linear function of the previous inputs. We
show now the terms e ®x(¢) and Zf\ia Ly (1+i6) can be made arbitrarily small. Pick any € > 0. Since
e is Schur and x is bounded, there exists a sufficiently large T = N > 0 such that 1eATx(1)| < € for

all # € Rsg. Next, we choose N. It holds

N-1 =

. Mo mMT"
EO r(t + 16) <N o = W, (\7.135)
i=

50, given any € and picking

n-1 MTn
nle

we obtain | Zflal r(t+id)| < e.

III) If the remaining term is not PPE of degree n, x ¢ Q. At last, applying Lemma IL6,
if D"(u) ¢ Q,, > we have that for any 7, T,e > 0 there exists N,7 > 0 such that, if N >

nm,n



CHAPTER V. DATA-DRIVEN PRONTO: A MODEL-FREE ALGORITHM FOR NUMERICAL
OPTIMAL CONTROL

max(N, "} A;IL,—T:), we can rewrite (V.134) as
N-1
x(1 + N&) =e*Nox (1) + Z r(t +i6)
i=0 (V.7)

+ARGA(7) + ARX (1),

where A(1) € R*™1,|X(1)| < eforall t € [£,7+ T]. We can thus conclude that x = o(u, 0) ¢ QF
similarly as done in Theorem II.4 (since X is a sum of a signal spanning only n — 1 directions plus
arbitrarily small perturbations). To conclude the proof, since o is a stable linear system, we have that all

solutions X = o-(u,x(0)) converge exponentially to those initialized in x(0) = 0. Since a vanishing

C

v then

term cannot guarantee PE of a signal, we can conclude that for all x(0) € R",if D" (u) ¢ Q
x = 0(u,x(0)) ¢ Q. We omit the second statement since it combines arguments from previous

proofs.

X

V.4.10 Proof of Theorem Il.9

Looking at decomposition (II.70), the dynamics of the last subsystem can be written as a single-input
system in the form

Xm = AmXm + bmmtm, (V.138)

with x,, € R™, u,, € Rand A, by, of appropriate dimensions. Since u,(t) contains at least
Ny, spectral lines, by [41, Lemma 3.3] also x,,(#) contains the same number of spectral lines at the
same frequencies. Furthermore, by [41, Prop. 5.1], x,,,(¢) is PE, since these spectral lines are linearly
independent. We denote these spectral lines as £,,, (w7"), . . ., £ (w}: ) € C'm.

Consider the (m — 1)-th subsystem. Its dynamics is given by
Xm-1 = Am-1Xm-1 + b(m—l)(m—l)um—l + b(m—l)mum, (V.39)

with x,,-1 € R"™, u,,_1 € R and the other matrices of appropriate dimensions. Being the system

linear, we can apply the superposition principle and write the solution x,,,—1 (¢) as
Xm—1(1) = X1 (1) + X1 (2) (V.140)

where X,,,—1(2) is the system response to input u,, -1 (¢) and X(¢),,,—1 is the system response to input

U (1). Repeating the above reasoning, we know &,,,—1 (#) contains at least 7,,,—1 linearly independent

m—1

nm_l) € C™n-1 and so does x;,_1(¢), since X;;,—1(¢) and

. A -1 o
spectral lines £, 1 (0"™), ..., X1 (w
Xm-1(t) have different spectral content by assumption.

Notice that the signal (x;,,—1(¢), X, (#)) contains at least n,,,_1 + ny, spectral lines which are linearly

independent, since
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i) ny-1 of those in x,,—1 (¢) that are not present in x,, (¢) are linearly independent eachother
ii) 7, of those in x,, () are linearly independent eachother,

iii) the spectral lines in these two sets are linearly independent, since they are in the forms

€ Cnmf 1+nm

lﬁm_1<w;"-1] [aem_1<w;"":ﬂ] [ﬁm_wwwl lﬁm_l(wﬁm>
(Va41)

0 0 (0] Xm (i

m

so the signal (x,,,—1(#), X (¢)) is PE by [41, Lemma 3.4]. This reasoning can be done for all subsystems,

and since the overall system solution is given by

-x(t) = (-xl(t)""’-xm(t))’ (VI42.)

then x(¢) contains );"; n; = n linearly independent spectral lines and thus it is PE by [41, Lemma
3.4].
X

V.s Proofs for Chapter III

V.s.x  Proof of Lemma IILx

Without loss of generality, we consider (¢, A) in observability canonical form. We prove now the first
statement. Notice that, for a generic M € R™1+1 e holds

rank(M) = n — dim (leftker(M)) . (Vii43)
For this reason, we want to show that, forall A € o (A — ™) N o (A),

dim (leftker [A -yt = b]) =dim (leftker [A -l b]) . (Viig4)

Being A and A — ¢ cyclic (A — ¢ ™ must be cyclic since (¢ 7, A — ¢ ") is observable), the geometric
multiplicity of each eigenvalue is one. This means that the matrices A — A/ and A — ¢ ™ — A1 will
have a left kernel of dimension 1 for each shared eigenvalue. We want, however, to prove that the
associated left eigenvectors are the the same for both matrices (in order to conclude the proof for the
matrices [A — Al b] and [A —¢c™ — Al b]). ForallA € o (A — ™) N o (A), the associated left

eigenvector wy € R™ is such that w) (A —yc™ — AI) = 0. Given the observability canonical form of

(c .)
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(¢, A —ycT),itholds that
wita-an=[o ... wiy|
-2 0 ... 0 a; |
1 -4 0 ... aj
wilo 1 ... ... .. =[0 w}p], (V.14s)
|0 ... ... 1 a,-A1]
where ay, ..., a, are the opposite of the coefficients of the characteristic polynomial of A. From the
first n — 1 equation, we obtain that wy = (w1, ..., w,) must be of the form
wh=wi |l 4 ... /1"-1]. (V.146)

However, it can be checked that this vector is also the unique left eigenvector of A associated to the
eigenvalue A, and so w} (A — AI) = 0. To conclude the proof, notice that any w, € leftker(A —
Yc' — Al) is in the left kernel of [A — ¢ b] only if w}b = 0, and the same holds for the matrix
[A — AI b] We have thus shown that the two matrices [A — ¢/¢T b] and [A — Al b] have the same left
eigenvectors, which implies they have the same rank.

We prove now the second statement. We show the result by contraposition, namely, we suppose that

the second statement does not hold and then we derive that A € o (A). If
rank |[A—yc" -1 y|<n (Vi47)

forsomed € o (A—ycT), then thereexistsw € R" suchthati)w Ty = 0andii)wT (A—yc™—AI) = 0.

Condition ii) becomes
w (A=) =wyc, (V.148)

and using condition i), we have w " (A — AI) = 0, namely, A € o-(A). This proves, by contraposition,
that
A€eoc(A) = rank [A—yc" —AI y|=n (V.149)

and concludes the proof.

X

(c .)
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V.s.2  Proof of Proposition III.3

Recall that (following Remark III.4), the existence of a full rank matrix IT € R"*Z satisfying (IIL14)

defines a coordinate change { + (&, 1) such that the gazer is in Kalman observability form:

£ A 0 ||¢ B

| = + u

n Ay Axn||n| |B2 (V.150)
y=C¢.

Notice that any uncontrollable subspace Z C R? must be such that Z C ker(II). In fact, given the
change of coordinates in (V.150), £ = I1{ follows a dynamics which is stabilizable by assumption and
that does not depend on 7 (so, any uncontrollable subspace must lie in ker (IT)). Consider the gazer in

filter form, whose dynamics read

(=l + Ly + Bu. (Vasr)

Notice that, for any { € ker(Il), Ly = L€ = LCII{ = 0. So, for all € ker I, it holds that
¢ = + Bu. Since (A, B) is stabilizable by assumption, the system must be at least stabilizable.

X

V.s.3 Proof of Lemma IILs

Without loss of generality, consider A, A in Jordan form with the same ordering of eigenvalues. In
particular, since the pair (A, €) is controllable by assumption, we use the transform [95, Example 3.4],
which brings the pair (A, £) in the form described in Section IIT.2.1.

We start by proving that if the two matrix are similar, a solution to (II.28) can always be found. Since
A, A are in Jordan form, we consider solutions IT to the first equation (ITA = AIT) of (II1.28) of the
form explained in Subsection (IIL.2.1). Expliciting the matrix IT and the vector € using (II1.3) and (IIL.6),
we find

I[e=»5
I I €n (Virs2)
AU I B I8
Hul P Huu enﬁ

where u is the number of Jordan blocks in A and A. Being the matrices A and A similar and cyclic, for
each corresponding eigenvalue A;, we have that IT;; € R™ " satisfying the first equation in (IIL.28) is
square and upper triangular (of the form (III.4)), n; being the algebraic multiplicity of A; (which is the
same in both matrices). All the other IT;; are zero. For this reason, equation (V.152) reads as u equations
of the type

;e n = b;. (Vias3)

A& 9/
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To make an example, if n; = 3, we have

;e n = b,
. . . 1
a; b; ¢;i||0 b; (Viis4)
0 a; b[ 0] = b? .
0 0 a|l] [b}
Notice that, foralli = 1, ..., u these systems have a solution for any b; in the unknowns describing

IT;;, which can be easily found as (for the case of the example (V.154))

b} b b}
;=0 b} b?. (Varss)
0 0 b’

We prove now the second part, namely, that if A and A are not similar, system (III.28) may not be
solvable for certain b. If A, A are not similar, being the matrices of the same dimension, either there
exists an eigenvalue 4; € 0 (A), 4; ¢ o (A) or there exists an eigenvalue A; in A whose algebraic
multiplicity in A is greater than its algebraic multiplicity in A. In the first case, IT has a row of zeros,
thus it is not full rank and for all » € im(IT)*, b # I1¢. In the second case, I1;; is rectangular, tall, and

system (V.152) is of the form

Hlle /\ = i
a; bi
0 a; (Vi156)
0 0 '
0 0 O

Notice however thatif b; = (0, 0, 0, 1), there are no solutions to (V.156) in the unknowns a;, b;, ¢;.

X

V.s.4 Proof of Lemma IIL.6

Assuming a solution to equations (IIL.28) exists, being the system linear its solutions are in the form
II=1Ip + In, (Viis7)

where I1p is the particular solution and Iy are the homogeneus solutions, namely any Iz which

solves

[IyA = Ally
HHf =0.

(Vs8)
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We start by finding the particular solution. Premultiplying the second equation in (III.28) by A, and

using the first equation we obtain
I[IpAl = Ab. (V.is9)

By repeating this procedure, the particular solution ITp must satisfy

Ipl=5>b
IIpA€ = Ab
(V.160)
HpA" 1o =A""1p,
which means that it holds
HPRA’g = RA,b (V.IGI)
from which, being (A, €) controllable, R4 ¢ is invertible, and we obtain
Ip = RabRy, (V.162)
By repeating the same procedure, it is easy to see that the homogeneous solution is such that
I RA, =0, (V163)

from which we derive that I = 0 is unique (being R ¢ full rank by controllability of (A, £)), and

thus the complete solution is unique and it is given by
M =Tp+0y = RapR;, +0. (V.164)
X

V.s.s Proof of Lemma IIL.7

In order to prove this result, it is sufficient to repeat the same proof of Lemma III.5 by applying the
Jordan controllability decomposition [9s, Example 3.4] to both pairs (A, b) and (A, £). So, without
loss of generality, consider A, A in Jordan form with the same ordering of the eigenvalues. Under the
same arguments as per Lemma IILs, if A, A are similar we obtain that the second equation in (II1.28)
reads as

Miien; = ey, (V.16s)

foralli =1,...,u, u being the number of Jordan blocks in A, A. Given the square form of each IT;;
under the similarity assumption (see (III.4)), the unique solution of this system is I1;; = I,,, where n;

is the algebraic multiplicity of the i-th eigenvalue in A and A.

(c .)
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We can prove that similarity of A, A is also necessary by following the same arguments of Lemma IILs
but considering both pairs (A, b) and (A, €) in Jordan controllability form. Full rankness of IT is then

derived since the expression of the solution is given by (Lemma II1.6)
Il = RapR} L, (V.166)
X

V.s.6 Proof of Theorem IIlLx

We prove this theorem by considering r = n. Leveraging Remark III.6, it is easy to obtain the final
statement of Theorem IIL1. Define IT := [IT,, I1, ], with I1,, IT,, € R™*". Then, (II1.36) can be written
as

IyA = (A -1, tc "I,

T oT (V.i67)
Qy =c II,

and
I, A = (A - IItcT)I,
Im,t=»b (V.168)
0, =c'Il,,
where we notice that A — I, ¢ appears in both equations. Consider the second system (V.168),
which is in the same form as (IIL.28) (notice that, since 6,, is a degree of freedom, it does not introduce
constraints).
Due to the observability of (¢, A), we can choose [ € R" as the unique vector such that (A — LC) =
o (A) (furthermore, being A — Ic T, A cyclic, the geometric multiplicity of all the eigenvalues is 1 and
thus A and A — [c¢T are also similar). We thus impose the new equation ! = I1,¢, and by denoting

A’ = A - lcT, we obtain from (V.167), (V.168) the following systems:

MyA = A'TI, M,A = A'TI,
Myt =y, ¢ = b,

(V169)

where we have dropped the equations 0; = ¢'Ily and 0, = c'Il, since, being 0y, 6, degrees of
freedom, they do not impose constraints on I1y, IT,. We then apply Proposition IILs, and we know
that, since the pair (A, £) is controllable and since A, A” are similar by construction, both systems can

be solved and their solutions I1y, I, are given (Lemma IIL.6) by
M=, m]=[RaR, Rasky, (V7o)

To conclude full rankness of T, it is sufficient to apply Lemma IIL.1 and notice that, either if (A, ) is
controllable or 0-(A) N (A) = 0, then the pair (A—Ic ", [b []) is controllable, and thus [Ra’; Ra’ 5]

\& D/
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is of full row rank.

V.s.7 Proof of Theorem IIL.2

This proof follows the same steps as the one of Theorem IIL.1and considering r = n. Leveraging Remark

IIL.6, it is easy to obtain the final statement of Theorem IIL.2 for r > n.

Defining IT = [H}l,, e, H§7 , Hblt, ..., II'] and considering the block structure in (IIL42), system

(IIL.14) can be rewritten as

T (A +€05) + Y T o) = AT, i=1,....p,
J#

together with
anywij +IUA= AT, j=1,...,m.
i=1

Imposing € = CII,
0 = et 0 = i,

y

where ¢c;,i =1, ..., p are the rows of C. Substituting (V.173) in (V.171), we obtain

p
A = ATT irell =
A = AL - Y 1ee), i=1,....p,
j=1
. . p . .
A = AL, - Y Iee,I1, i=1,...,p,
J=1
. p . .
A= (A=Y Tc)Il, i=1,...,p,
j=1

and substituting (V.173) in (V.172),
IIJA = ATTZ —Zn;fe,’j, i=1,...,m,
i=1

p
A = AT, = Y Tibe 0T, j=1,....m,
i=1

p
A= (A- Zn;fci)ng, i=1,...,m.
i=1

(V.r71)

(Va72)

(Via73)

(Vaz4)

(Varzs)
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Notice that we may rewrite A — 211'7:1 H;fci as
p .
A- Z Mtc;=A-|NLe ... TX¢[C. (V.176)
i=1

By observability of (C, A), there exists L € R"*? such that A — LC is cyclicand (A — LC) = o (A)

[228, Lemma 2.2, Thm. 2.1]. We thus impose the new equation
me ... mye| =L, (Vaz7)
which, writing L = [[1, ..., [,], results in p equations of the type
=1, i=1,....p. (V.178)
Denoting A" := A — LC, we obtain that equations (V.174) are equivalent to

A = AL,

. : (Vaz9)
Hyle,-, i=1,...,p.

Next, considering also the equation II98 = B, and denoting B = [by,..., b,,], we obtain that

equations (V.175) are equivalent to

A = AT,

) (V.180)
M l=b;, j=1,...,m.

By applying Lemma III.6, all of these p + m systems of equations have a solution I, Hf; which can be

found with Lemma III.6. Full rankness of T follows as per Theorem IIL.1.

X
V.5.8 Proof of Lemma IIL.8
It can be checked by simple calculations that IT := y "1 [A + A1,, B] solves the equations
A B
- AT, T - B, MI=T (V.181)
0 —Al, i,

arising by substituting the matrix &/, %, € in (IIl.14) with the matrices in (IIL.53). The fact that IT is
tull rank follows directly from the controllability Assumption IIL.1 on (A, B), which ensures that

rank [A + Al B] =n (V.182)

forallA € o(A).
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X
V5.9 Proof of Lemma IIl.9
We use the PBH test, which requires that
I,— A -B
rank g =n+m (V.183)

0 (s+ VI, vy

forall s € 0(A) U {-A}. From Assumption IIL1, the first # rows are linearly independent for all
s € 0(A) U {=A4}. Therefore, the result follows by noticing that the remaining m rows are linearly

independent from the previous ones. X

V.s.10  Proof of Lemma IIL1o

Recall the notation F and g from (IIL.92). By [11, Thm. 2.17], (F, g) is controllable if and only if the
2n rows of
H(s) = (s -F) g (V.184)

are linearly independent over the field of complex numbers, i.e., if and only if there exists now € c?n,
w # 0, such that
wlH(s) =0, VseC. (V.185)

Notice that H (s) can be equivalently seen as the transfer function of the cascade between plant (II1.78)
and the filters (IT1.80):
I =A)NeeT(sT - A7

H(s) (sI —A)7'e.

(V.186)

We follow similar steps to [191, Thm. 2.7.3]. Suppose that there exists w # 0 such thatwTH (s) = 0

forall s. Split w = col(w1, w2), with wi, wo € R™. Then, it holds that

Ni(s) N(s) N Na(s) _
Dp(s) D(s)  Da(s)

0, VseC, (V.187)

where N'(s), D(s), N1(s), Na(s), and D, () are polynomials of s such that N(s) T(sI—A)"1b,

D(s) - ¢
g/l\((ss)) =w (sl - A)~1¢, and gi((z)) =w, (s] - A)~1¢. For the above expression to be identically
zero, it must hold that
N
Na(s) = =Ni(s) (s)’ Vs € C. (V.188)
D(s)

To ensure that the left- and the right-hand sides are equal, since N> (s) has no poles, there must be

n pole-zero cancellations in Ni () 58 . Notice that N (s) and N> (s) are at most of degree n — 1.

Therefore, there must be at least one pole-zero cancellation in % However, N (s) and D(s) are

coprime by Assumption III.2, hence we have a contradiction. X
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V.6 Proofs for Chapter IV

V.6.1 Proof of Lemma IV.x

At first, to simplify the expressions for the Lyapunov function, we introduce the following vectorized

coordinates:
Op = vec(A) € R"z, G =vec(A) € R™. (V.189)
It can be verified the following relation holds:
vec(BB'et™) = B(é®1,)e, B :=(l,® BB"), (V.190)

where B defines a projection onto Im(1,, ® B) C R™. Notice that, for any O, € Im(I, ® B) and
TE R"z, then 85 € Im(I,, ® B) and, since the scalar product of orthogonal vectors is zero and by

idempotence of the projection,

é}:‘l‘ = éX(T” +TJ_) = éXT” +0

o o (V.191)
= QXBT” = HXB(T” +71,)= QXBT,

where 7] € Im(/,, ® B) and 7, € (I,, ® B)*. We rewrite (IV.22) by using the vectorized coordinates
defined above:

Op =P ‘M} . (Vi92)

‘?AGC{_Y T+ VIEle]

The computations from here are similar to [112, Lemma 6.1] but we report them for the reader’s
convenience. Define

N 1 1 .
Va(€,8n) = =|€]* + —104l%, (V.193)
A 2y

which is positive definite with respect to (0, 0) and radially unbounded. Note that € = (£ ®1,,) T4 +€.

Then, using (V.191) and [112, Lemma E.1] to treat the projection operator P 4. -{}, the derivative of

(c 0)
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V 4 along the solutions of (IV.46) is

. 2 _(€®1)e
Va==2|e>+0iP, 1, ~-B—=>—""—
A |€| A7 vec 1QAEC{ 1+V|f||€|
0TB(E£® e 0T (£ 1,)e
5—2|€|2_M:_ |E~|2_M
1 +v|é||e 1 +v|€||e
B le|> —€Te
<20 - —— V.
€ L (Vio4)
EE 1 le|? N e 3 |e)?
o 4(1+v|€12)2  1+v|E]2 41 +v[E)?
o (Ll )3 e
=—|élf-|z————-€| ————— <
21 +v|é)? 41 +v|é?

implying that (€(#), 64 (7)) is contained for all 7 € [0, ) in a compact sublevel set of V4. We conclude
the proof by recalling [112, Lemma E.1] to ensure A(t) € O, for all its domain of existence.

We prove now the last point. Using [112, Lemma E.1] to treat the projection operator £ 4 ~{-} and the
fact that |B| = 1 due to (V.190), we can bound |A| as follows:

% B

|A|<|Alr =164l <v|B]

(€ ® Lullel __vigllel
< <v.
L+viEllel — 1+ v[E][e]

(V.19s)
X

V.6.2 Proof of Lemma IV.2

Function SD(A) being continuous and ® a compact set, there exist scalars puin, Pmax > 0 such that
Pminln < P(A) < praxln, VA €O (V196)
Then, define the Lyapunov function
Vin(Xms 1) = X P(A)xXm (V.197)

which is positive definite and radially unbounded, and whose derivative along the solutions of (IV.24)

is given by:
Voo =" (P(A)Aa(A) +Aa(A) P (D))
A X (Vi98)
+ X (GP(A ) 0] A) Xm + 2xm  P(A)Bd,
0A
where
Aq(A) = A-BR'BTP(A) (V.199)

(c .)
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and the product © is defined as
OP(A) i <t 0P(A) 5
— O0A= —[Alij, V.200
9A i=1 j=1 d[Ali; ! ( )

with [A]; j thei-th row and j-th column entry of matrix A. Since P = P (A) solves at each time instant
ARE (IV.29), it holds that:

Aa(A) P (A)+P(A)Aq(A) =—0—-K(A) RK(A),

(V.201)
=-0(A)

where from Assumption IV.r, Q@ > 0 and © being compact, O(A) > ¢ > 0forall A € O, with ¢
defined as

¢ = min Amin (—Q - P(A)BRBTP(A)) : (V.202)
Ac®
. . . AP (A)
where Amin (+) denotes the smallest eigenvalue of a matrix. Define ¢ = max; je(1,....n} {max ico | OLAL; },
i

9A i=1 j=1 a[A]U
(V.203)
n n n
<e, (Z|[A],-J-|)Scn max > |[Alij] < en?|A|
i=1 \j=1
By letting |A| <y = q/(2cn%), (V.198) becomes
. - . OP(A) .
Vg = — X " (Q(A) - (A ) 0 A) Xm + 2xm  P(A)Bd
0A
< = (q = cplA]) [xm|? + 2Pmax| Bl |xm]|d]| (V.204)
4 B||d
Therefore,
8 Bl|d )
|xm| = M == Vm < _glxmlz’ (V-ZOS)
q 4
which concludes the statement. X

V.6.3 Proof of Lemma IV.3

At first, to simplify the expressions for the Lyapunov function, we introduce the following vectorized
coordinates:

8, = vec(K,) € R™, 6, = vec(K,) € R™, (V.206)

(c .)
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We rewrite dynamics (IV.49) and (IV.s1) by using the vectorized coordinates above defined:

¢ = Ag(A)e + BK,x — BK,(A)x
= AC](A)e +B(x® Im)Téae (V.207)
éa = —u(x®1I,)B"P(A)e.

Consider the Lyapunov function
~ T A ]. 512
Vo(e,0,,t) :=e P(A)e+ ;l@al , (V.208)

which is positive definite and radially unbounded. The time derivative of V, along the trajectories

of (V.207) is given by
V,=e" (P(A)ACI(A) +Aq(Ad) P(A) + Mgi{‘) oAle
. - 2 N
+2¢"P(AB(x®1,)" 0, - ﬁez(p(x ®1,)B"P(A)e) (V.209)
P (A)

:—eT(Q_A— = @A eS—g€2S0,
4 - Z5 e

where A (A) is defined in (V.199), O (A) is given in (V.201), and g is found in (V.202). We have ensured
that (e(?), 8,(¢)) is contained for all t € [0, ¢ f) in a compact sublevel set of V., thus concluding the
proof. X
V.6.4 Proof of LemmaIV.4

Forall A € ©, pair (Aq(A), B) in (IV.48), with Aq(A) given in (V.199), is controllable because (A, B)
is controllable from Assumption (IV.r). Additionally, the origin of system X, = Acl(A)xm is UGES
from Lemma IV.2. If d(¢) € Csg (L§,>1 ), then by definition (ILss) ofCSR(]L,;:’>1 ), if A = 0 then Xm (1)
is PE, i.e, there exist T > 0, @ > 0 such that

t+T
/ Xm($)xXm(s)Tds > al,, Vt>0. (V.210)
t
By [142, Thm. 6.1], there exist a constant scalar 7 > 0, such that, if
|Aa(A(s)) = Aa(A(T)| <, Vs,T € [t,1+T], (V.am)

forall t > 0, then x,(¢) is PE also when A # 0. Recall that Aq(A) = A - BRT'BTP(A) is an

analytic function of A [175, Thm. 4.1]. Thus, from the mean-value theorem and similar computations
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to (V.203), we obtain:

|Aa(A(s)) - Aa(A(7))] = ‘(s—r)aA(;;ng) Gfi(s‘)’ (Varz)

< ls = tlen?|A(5)),
where ¢ € [s,7], ¢ = max; je(1,.. n} {maerG ‘%f]i)”. From the fact that |A()| < v, we
conclude that for y% . = n/(Tcn%), if y € (0,y%], then bound 7 in (V.211) is enforced and thus
X (£) is PE. %

V.6.5 Proof of Lemma IV

From Lemma IV.3 and the solutions being forward complete, it holds that the origin (e, 8,) = 0 of
system (V.207) is UGS. Note that the regressor in (IV.s1) is given by x (). Therefore, if x(#) is uniformly
PE (u-PE) as in [171, Def. 5], then UGAS and ULES of (e, 8,) = 0 follows from [r71, Thm. 1and 2]. To
prove u-PE of x(#), note that x(¢) = x1,(¢) + e(t), where x,,(¢) is PE from Lemma IV.4. Therefore,
we conclude u-PE of x(¢) from [r71, Prop. 2]. X

V.6.6 Proof of Lemma IV.6

From Lemma IV.r and UGES of the € subsystem, we only need to prove UGES of system (IV.46) with

€ = 0, which we write here in vectorized coordinates:

éA —p B(§®In)(§®1n)TéA}.

- ) / V.21
vec 19A€C{ Y 1+ v[E||A€] ( i

Since the directions where learning happens are unchanged by the projection operator and by B, we
are interested in studying regressor £(t) = £l

ying regressor £(1) VIv[EOIA@D € (1))
small enough gain 7, it holds from Lemma IV.4 that x,, (¢) is PE, while e(f) — 0 exponentially fast
from Lemma IV.s. From (IV.47), £(t) is a filtered version of the PE signal x, (f) + e(?), thus £(¢) is
PE [98, Lemma. 4.8.3). Since all signals are bounded and (£ ® I,,) (6 ® I,,) " = (¢£7) ® I, PE of £(1)

implies that

in order to prove our result. Given a

t+T _ _ t+T T In
E(5)E(s)Tds > (£()(s) ~) il ds > al,2, (V.214)
2 n
t t 1+ gMAM
forsome T, @ > 0 and all# € Ry, with &x7 = sup, . 1£(7)], Ay = Sup,cp |A(1)], thus &(¢) is PE.
From [98, Thm. 8.5.6], we conclude that A = 0is UGES. X

V.6.7 An expression for the projection operator

For the reader’s convenience, we report the expression of the projector P 4. -{7} as presented in

[112, Appendix E] for the case where the set C is a closed ball having center in the nominal parameter A
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and radius p > 0. In this scenario, C is given by
C={AeR™:|A-Alr <p}, (V.21s)

where | - | is the Frobenius norm. Denoting 4 = vec(A — A) and following the same procedure as
in [112, Pag. 512], we introduce an arbitrarily small parameter o= > 0 which is used to define a boundary

region around the given ball C. The expression for 4. {7} is then given by

(4)
Pacelrh = vec™! ((1 - c(éA)F%) VeC(T)) (B) (V-216)
where T € §7” is a tuning gain, ¢(f) = min(1, LAE=22) 5 the conditions (A), (B) are:
(A) |0al < porfT <0.
(B) 10l € [p,p+0]andf,7 > 0.
P

V.6.8 Proof of Theorem IV.x

Pick y* :== min{y}, y;} = ¥p > Where y}; is from Proposition IV.rand y ; is the one of Lemma
IV.4. Then, if y < y*, the closed-loop solutions are bounded and forward complete. Moreover, xp, is
PE. The remainder of the proof involves showing the existence of a UGAS attractor using the concept
of w-limit set of a set, see [79, Def. 6.23]. By Lemmas IV.5 and IV.6, from any compact set of initial
conditions, it holds that A—>AE—0,e—0, K,— 0 exponentially. Moreover, by Lemma IV.2,
the model reference subsystem (IV.48) is ISS with uniformly bounded input d(¢), in particular we have
that:

Xm| = X = Vi < —%lxm|2, (V.2r7)

where Xp,, can be found in (V.205) and depends on ||d(-)|c0, and Vi, in (V.197) is an ISS Lyapunov

function for the reference model. Consider the ¢ subsystem in (IV.21). It holds that

2|x|

21x| d (L) o A
g2 == = df(z'f')ﬁ i (V.218)

Denote 2 = %Xm and define the compact set

K* = {(w,x,z) e WXR'"XZ,: A=A, E=0,

(Vi2r9)
e=0,|xn| < Xn, €] <E} Cc W XR" X L,

where L is the learning set given in (IV.38). Consider a set of initial conditions K = K + ¢B, with

¢ > 0 arbitrary, and note that the solutions are empty if they start outside W x R" x Z,. We now

(c .)
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prove that K is uniformly attractive from %K. By the above-mentioned properties for the subsystems

A, € e, K,, xy, there exists T’ > 0 such that, for any € > 0, it holds that

[A(1)| <&, |E()] <e, Je(t)] <min (s, /—lf)

23
1 (V.220)
|xm(?)] < X + min a,—f .
23
forallt > T’, from which it holds also that
2x()] 2
<2 ()] + e )
T e & _ 2 (V.221)
SE+-+-<E+ e
3 3 3

Thus, from (V.218), there exists T > T” such that [£(¢)| < E+ g forallt > T. For compactness of
notation, denote &5 == (W, x, z;). The arguments above have proved that K is uniformly attractive
from K. Namely, for any p > 0, there exists 7, > 0 such that |¢(z, z,) | < p, forallt > T, and
x; € K, where ¢(t, x,) is the solution at time ¢ of the closed-loop system having initial condition
;. Denote with Ay = Q(K;) the w-limit set of K. We want to prove that A, € K. We do it by
contradiction, i.e., we suppose that Ay C K is false. Under this hypothesis, there exists &, € As
and p > 0 such that |Zg* > 3p. By definition [79, Def. 6.23], the w-limit set of % is the set
of all points & such that there exist sequences s, € K, t, > 0 such thatlim, . #, = coand

lim,, 00 ¢(tn, Ts,n) = ;. Therefore, by definition of limit, there exists 77 € N such that
|¢(tn, Ts.n) — Xl < p, Vn > n. (V.222)

Pick any subsequence & ,,, t,, such that, forn; > 7, thent,, > T,,, where T}, derives from the uniform
attractivity of K (see above). We have thus proved that, for n; > 7, [¢(tp,;, Ts n;) — Ts| < p, thus
|¢(tn;> Ts,n;)l5cx = 2p, and at the same time | (2, Ts ;)| gx < p by uniform attractivity of K.
This is a contradiction, hence necessarily A, € K. To summarize the previous results, we have thus

proved that the solutions are globally bounded and forward complete and
Ay = Q(K;) c K c Int(K,) C K. (V.223)

By [79, Corollary 7.7], A, = Q(%K,) is asymptotically stable, with domain of attraction containing %K.
Since K can be chosen arbitrarily large due to Proposition IV.1, we conclude UGAS of Aj. X
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V.6.9 Proof of Theorem IV.2

Consider the reduced-order system with state @, := (w, x, z5) and the boundary layer system with state

P. Define the indicator functions

|x5|ﬂg wsE(WXRnXZS
ws(ms) = A
00 elsewhere
(Vi224)
A |P-P(A)| (x,P)e WxR"*xXZ
wyr(xs, P) =
00 elsewhere.
By Theorem IV.1, the reduced-order system satisfies
a)s(xs([)) < ﬁs(ws(ws(o))’l)a (V-ZZS)

where f is a class KL function. Moreover, by the DRE properties [47, Thm. 4], the boundary-layer
system dP/dt(t) = R(P(t),A), with A € © constant and 7 := g1, satisfies

wy(@s, P(7)) < Br(wy(zs, P(0)),7), (V.226)

where ¢ is a class KL function. From [206, Thm. 1] (Assumptions 1, 3, 4, 7, 8 can be verified), from
any compact set of initial conditions K € ‘W X R" X Z and for any § > 0, there exists g* > 0 such

that, forall g > g*, the solutions are forward complete and satisfy:

ws(x(1)) < Bs(ws(x(0)),7) +0

A . (V.227)
wr(xs(1), P(1)) < Br(ws(xs(0), P(0)), g1) + 6.

In particular, choose K := A X P* + ¢B, with ¢ > 0 arbitrary. Reference model dynamics (IV.24)

can be rewritten as:

%m =(A = BR™'BTP)x,, + Bd
=(A - BR™'B" P*)x,, + Bd+
(A= BR'BT(P - P*))xm (V.228)
=(A - BR"'BTP*)x,, + Bd+
(A-BRT'BT(P-P(A) +P(A) = P(A))Xm.

Notice that x,, is PEif P = P(A) and A = 0. Furthermore, since P (A) is an analytic function of
A, xp is PE by [191, Lemma 6.1.2] if |P —P(A)|and |A| are sufficiently small, because the solutions
of (V.228) are sufficiently close to those with P =P(A)and A = 0. Moreover, also x and & are PE
if x, is PE and |e] is sufficiently small. Choose ¢ > 0 such that the conditions ws(x,) < 26 and

w (s, P) < 26 imply that X, x, and & are PE. Then, pick g > g*, where g* is obtained from the

(c o)
——l—? 159 ).¢_|_—
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considered K and 6. From (V.227), the closed-loop solutions converge in finite time 7" to a compact set
satisfying wg () < 26 and wy(xs, P) < 25. Then, fort >T,é —» 0,A — A exponentially from
Lemma IV.6 since £ is PE. From the local exponential stability of the DRE [47, Thm. 4], it follows
that P — P* exponentially. By Lemma IV.s and 2 — P(A), we conclude thate — 0,K, — 0
exponentially. As a consequence, the same arguments of Theorem IV.1 (omitted here to avoid repetition)

can be used to show that the compact set

K*={(x,,P) e WxR"XZ:A=A4,€=0,
e =0, x| < Xm, [¢] < E,P=P*} (V.229)
=K x P*,

is uniformly attractive from %, with K given in (V.219) . The same steps as in Theorem IV.x allow to
prove that A == Q(K) c K* c Int(K) c K, thus A is uniformly asymptotically stable with domain
of attraction containing K, and since K can be chosen arbitrarily large we can conclude semiglobal
uniform asymptotic stability of A. Finally, we want to prove that A = A, X P*, where A = Q(KY).
In A, it holds that P = P*, A = A and € = 0, from which it holds that P = P(A) = P(A) = P* for
all points in this set. For this reason, in A, the vector field of Algorithm 5 coincides with the vector field
of the reduced-order system with A = Aand € = 0. Since the vector fields coincide, we have that in this
set solutions (#) of Algorithm s can be written as & (#) = x5(#) X P*, where x4 (1) is the solution of
the reduced-order system having the same initial conditions. From (V.229) and A c K™, it follows
that A = Q(K) = Q(K*) = Q(K} x P*) = A’ x P*. Since for the slow states of Algorithm 1 the
solutions coincide with those of the reduced-order system, it follows that A’ = Ay. As a consequence,

A=A X P*. X

V.7 Proofs for Chapter V

V.71 Proof of Lemma V.

Consider problem (V.28). The (approximate) Newton method for constrained optimization applied

on (V.28) updates the tentative solution ¢ k by applying, for all iterations k, the iterative rule, cf. [66,

Algorithm 4.1],
ert| || [ vreen vaen] T [veeh) _—
pLa - 0 Vh(fk)T 0 h(fk), .230
Z(gk)
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where 1X € R5~ are the lagrangian multipliers associated to the equality constraint. This means the

update law for £X is given by

K = 21 (EFYVet) + 21 (€5 n(EY)
::{1" ::{zk (V'23I)
ghHl = gk _ sk

where Z; ; denotes the ij-th block of matrix Z in (V.230). It can be proved [66, Thm. 4.2] that, under
Assumptions, V.2 and V.1, a local solution n* to (V.28) is LES for dynamics (V.231). Notice that in
general the tentative solution & Kisnota trajectory of the system. It can be shown that the term ¢ f

in (V.231) is the result of the following optimization problem

{f =argmin TVZE(EN) ¢+ VE(ER)C
¢ (V.232)
st. VA(EH) T =0,

namely, it satisfies by construction f € T,k T at all iterations. The second term, ¢ é‘, takes into account
the constraint violation, and it is zero when &% € 7.
We show now that, introducing a projection, the update law (V.231) does not lose the convergence

properties of the algorithm. Consider the update law

CF = Zi (EF)VEER) + Z1a(EF)h(£F)

V.
= pek — by, (V.233)

Thanks to the projection # in the update, we know it holds ¢ ke T forall k € N. For this reason, we

re-write (V.233) as

K =ZuHVE®) + ZimF)h(nh)

V.
nk+1 — P(nk _ gk), (V234)

where we only highlithted by using 1¥ the fact that iteration (V.234), unlike (V.231), produces only

system trajectories. Under Assuption V.3, we can expand the update in Taylor series and we obtain

K =21 (MHVemh) + 2 (") h(nb)
N =P - VP )T +o(Z5)
=" = VP(n") ¢ +o(Lh),
=" = VP +5) +o(dh),

(V.235)

where we exploited the fact that (1) = n foralln € 7. It can be shown (see [90] for more insight)



CHAPTER V. DATA-DRIVEN PRONTO: A MODEL-FREE ALGORITHM FOR NUMERICAL
OPTIMAL CONTROL

that,ifn € 7 and { € T,,7, it holds
VP =, (V.236)

namely, VP : R® — T,,7 isitself a projection into the space tangent to the trajectory manifold at 7.
Since {{‘ € T,,xT by construction (being the solution of (V.232)), and since {é‘ =Z1,(nM)h(n*) =0
(sincen € T~ = h(n) = 0), we re-write (V.235) as

K =2 Vemt) + 2" (n*)

V.
nk+1 — nk _ {k + 0(§k)’ ( 237)

Notice that dynamics (V.231) and (V.237) differ only in the little-o term. By definition of 0(¢), for all
€ > Owecanfind 6, > 0 such that

Il <6 = lo(d)] < €ld]. (V.238)

Furthermore, holding SOSC for n* and being f, £ smooth, it can be shown that for any ball B, (7*),
there exists k() > 0 such that |{]| < k(r)|n — n*| forally € B, (n*). Overall, we have that for any

€ > 0 there exists 0 > 0 such that

In—n*l <6 = lo({()] < eln —n*]. (V.239)

In [66, Thm. 4.2], it is shown that by choosing the Lyapunov function V(¢) = [£ — 1*], the optimal
solution n* is Locally Exponentially Stable for dynamics (V.231), and for some s < 1,7 > 0 it holds

€551 — | < s1g — | (V.240)
forall ¢ € B, (n*). By using the same Lyapunov function for dynamics (V.237), we obtain

I =% =In* = & +0(2) — 0¥

(V.241)
<slp* = n*| +]o(O)-
Recalling (V.239), picking € : s + € < 1, we have that there exists 6¢ > 0 such that
|k+l_ *|=| k+1+0( _ *l
=l =g OH-n (Vasa)

<(s+e)ln* —n*|

foralln* € Bs_(n*) N B, (n*), which proves LES of n* under dynamics (V.237). At last, notice that
since 7% € 7 for all k, we have h(*) = 0 and thus the update (V.237) can be rewritten as

K =z2um"vemh)

(V.243)
7t =Pt -5,
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which is exactly dynamics (V.31). We can thus conclude Local Exponential Stability of n* under
dynamics (V.31) [89, Thm. 13.11]. The proof follows. X

V.7.2  Proof of Lemma V.2

The proof is obtained by applying [56, Theorem 2.7]. First, notice that by taking the squares of (V.242),
it is possible to use V(17) = | — 7*|? as C! Lyapunov function for the unperturbed dynamics (V.31).
This means that Assumption Br of [56, Theorem 2.7] is satisfied since the equilibrium 77* of unperturbed
system is locally asymptotically stable with C! Lyapunov function V(37) = | — n*|*. Next, we rewrite

the perturbed system (V.32) as

=P+ )+ VP A 4o ((A092), (V.244)
~—_—— K
unperturbed

perturbation d (77%,AL %)

for A{ — 0, to explicit the disturbance as an additive term. Finally, to satisfy assumption B2 of
[s6, Theorem 2.7], we need a bound for the perturbation term. Being d(1, A{) differentiable in its
arguments and such that d(n, 0) = 0 for allp € RY, for every ball B, € R**S there exists d(r) > 0
such that

|d (", AC)| < d(r)|ACK] VALK € Byn* e R (V.245)

Denote now as B C R* the basin of attraction of the unperturbed dynamics (V.31). Then, by [s6,
Theorem 2.7], if |AZ¥| < 6 forall k € N, there exists 5, > 0 such that, ifn® € Band |AZK| < 0 <
) ¢ forall k, then there exists K > 0, class KL function ¢ and class K function b such that

|AR%| < o (|x0l, k) Vk < K

(V.246)
|An*| < b(8;) Vk > K.

The proof follows. X

V.7.3 Proof of Lemma V.3

Notice that each perturbation 7 = (&', @') is obtained via the closed-loop (V.21), which can be seen as
a repeated composition of the functions 7 (controller), f (dynamics) and the dither injection. We thus
write 1§’ = 5' (7, dx, d,,), where the dependence on 17 = (, u) takes into account the fact that 7 is
tracking the current trajectory 5. By composition of C ! functions, under Assumptions V.1, V.3, we have
then that for all iterations i = 1, ..., L, " (1, d, d,,) isa C' function of i, d, d,,. Next, notice that
the data batches built as in (V.24) are stacks of differences between components of 7§ and components
of 7, so the function Axys can be seen as a smooth composition between functions i (n, dy, d,), with
i=1,...,L,and n, which means Axy (17, dy, dy,) is C'. To conclude the proof, if all dithers d,,, d

are zero, then by Assumption V.3 we have that all perturbed trajectories 73’ coincide with the current one
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1, namely, 7 (n, 0,0) =y foralli = 1, ..., L. In turn, this means that the difference %' (1, 0, 0) — 17
used to build Axy is zero, and so Axy (77, 0, 0) = 0. The proof follows. X
V.7.4 Proof of Lemma V.4

The proof goes through three main steps. First, we find a closed-form expression for the errors (V.38) on
the Jacobians at each 7. Second, we show that this expression is a differentiable function of the entries

of AX;, AU;. Finally, we define a local linear bound on the norm of A .

I) Closed-form expression for AA; and AB,;. Define

i _ i i _ i
Ax; =%, —x;, Aup =1, — uy,

. o (V.247)
Ax;r’l = f()e;’ﬁ; — f(xe,uyp)

where the apex i denotes the i-th perturbation of the current trajectory 7 = (&, u). By expanding in

Taylor series the dynamics f about x;, u;, we obtain:
AxP' = A, Ax + By Aul + 0, (Ax!, Aub), (V.248)

for Ax — 0, Aul — 0. The pedex 77 in 0,,(-) highlights the fact that the little-o term depends on the
trajectory 77. We then build AX;, AU;, AX} as in (V.24). It holds:

aX; =|a, B Al o, (|2 (V.249)
= 0] 5 2
¢ t t AU, n AU, 49
for Ax§ — 0, Aui — Oforalli =1,..., L, from which, under Assumption V.s, we obtain:
il
[A B ] =|AX; - o AX: AXi (V.250)
L ©7M Ao A, '
Recall that we estimate the Jacobians with
+
A oA AX,
A; B ] =X V.51
[ t t t AU, (Voas1)
We can then subtract (V.250) from (V.251) to obtain
ax |\ [ax, |’
[AA, ABt] =oy , (V.252)
AU || | AU,

forallt=0,...,T - 1.
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II) Continuous differentiability of [AA;, AB;] in (V.2s2) Notice that 0, () in (V.252) must be a
continuously differentiable function of AX;, AU; by Assumption V.1 (since it is a stack of the 0, () in
(V.248), which in turn must be C! in their argument being the remainder of a first-order approximation
of a C? function). Furthermore, also the pseudoinverse in (V.252) is a C* function of the the entries of
AX;, AU, since, for (AX;, AU;) € Fpy, it can be calculated as

-1
” (V'2’53)

" T

T

AX;
AU,

AX;
AU,

AX;
AU,

AX;
AU,

and this is a product of C 1 functions of the entries of AX,, AU, in the considered domain. This proves
that, given (AX;, AU;) € Far,forallt =1,...,T — 1 the error matrix [AA;, AB;] in (V.252) is a C!
function of AX;, AU;. In turn, this implies that the function Ayg (1, AX,AU) isa C ! function of
AX, AU, since it is the stack of all [AA,, AB;]. Furthermore, it is also C' in 77 since the little-o term

05, (+) is C! with respect to 7 by Assumption V.1.

III) Local linear bound on [A4p| Denote, for simplicity,

AX;
= . V.a
t AU, (Vi2s54)
By substituting (V.253) in (V.252), we obtain
[AAt AB,] = 0y (M)A (AA])™!
. - (V.255)
= OU(AZ‘Az )(AtAt ) P
and by taking the norms,
|24, AB/|| < loy(aAT)IIAA]) ]
< oy (AADIAAD T k(AA]) (V:256)

< oy (AADI(AAD) M

Notice that by definition, 0,,(+) goes to zero faster than its argument, i.e., for any € > 0 we can find
0 > Osuch that, forallr =0,...,7 — 1, itholds

IAMAT <6 = Jo(AAD|IAAT|T <e. V.2s57
t t t

Being [AA; AB;] continuously differentiable in AX;, AU, in the considered domain, we know that
forany n € 7 and any bounded set K C Fay, forall A; := (AX;, AU;), A} = (AX], AU]) € K there
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exist k(n7, K) > 0 such that

|[AA, ABt] - [AA; AB;]

< k(n. %) |A — A
(V.258)
HAA, ABt]

<|[aa; as]

+k(n, O (1A | + |AL])

Using (V.257), given any € > 0, there exists > 0 for which, by picking |A’| < &, we can to ensure
|[[AA] AB;]| < €, from which

|24, as,]

<k(n,K)|A¢| + k(n, K)o + €. (V.259)
Since € can be picked arbitrarily small, we obtain it must hold

|[AAt AB,] <k(n,5)|A], (V.260)

and since this holds forall# = 0,...,7 — 1, we have
|Aag(n, AX,AU)| <k(n, K)T(|AX]| + |AU|). (V.261)
The proof follows. X

V.7.s Proof of Lemma V.5

Consider the exact problem (V.13). We reformulate it as
min LTV +VEm)TL (V.262)
- e o
st. H(n)¢ =0,

with ¢ = (Ax, Au) and

H(n) = :Hx(n) Hu(n)],
(10 0
Hy(n) = ~Ao 8 € RS
0 -Ary I (V.263)
0 0
-B
AT L P
0 0 -Br

(c .)
——I—? 166 )—¢_|——
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The estimated problem (V.18) differs from this only in the constraints, i.c., it can be written as

min V(¢ + V)T (V-264)

st. Hn,AA,AB){ =0,

where H(n,AA,AB) = H(n) + H(AA, AB) given by

A(AA,AB) = |A.(AA,AB) HM(AA,AB)] :
[0 o0 0
i “Ady 0O 0
A.(AA,AB) = 0 € RSx%Sx
0 ... ... 0
0 0 -AAr_; O (V.265)
0 0 0
i ~ABy 0 0 e
A,(AA,AB) = . 0 € RS XS,
0 0 -ABr

By Assumption (V.2), (V.262) is a strictly convex program and has a unique minimizer {*(#). Fur-
thermore, given the structure of H (1) LICQ hold for any n € R®. This means that KKT conditions
hold for the solution {*(n7) of problem (V.262) [66, Thm. 3.14]. By [66, Thm. 3.18], having only
equality constraints, also SOSC holds for {* (7). We can apply [66, Thm. 3.19] and obtain that
there exists a 6 45(17) > 0 such that, for all |[H(AA, AB)| < 64p(7), there exists a unique solution
Z*(n,AA, AB) to (V.264) and it depends differentiably on H(n, AA, AB). Furthermore, 6 45(1)
must depend continuously on 1, since V2€(n), V&(n7), H(17) describing the QP (V.262) are all contin-
uous in 77 by Assumption V..

Next, as H(AA, AB) is linear in 7, AA, AB, {A*(n, AA, AB) is differentiable also in 7, AA, AB.
This means that * () — £* (17, AA, AB) is smooth in its arguments.

To conclude the statement, notice that if AA,AB = 0 then H(AA,AB) = 0, and thus, since
problems (V.262) and (V.264) become identical, {*(17) — Z*(n,0,0) = 0. The proof follows. X

V.7.6 Proof of Theorem V.x

We are now ready to prove the main result of this chapter. The proof goes through three main steps.
First, we show that for sufficiently small exploration dithers problems (V.18) are well-posed and admit a
solution, hence Ay smoothly depends on d, d,,. Second, we leverage on the smoothness properties
of functions Axy, Aag, A to obtain a linear bound on the maximum error on the descent direction.

Third, we show how to use this bound to guarantee convergence of Algorithm 7.
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I) A; as smooth function of d,,d,, Consider an isolated local minima 1* of (V.8) and 6 oz (n*) >
0, where 6 4p(+) is given in Lemma V.s. By continuity and positivity of 6 oz (+), we have that for any
o > 0 there exists

0AB = inf 0 > 0. V.266
api= inf aB (1) (V.266)

So, by Lemma Vs it holds that forallp € B, (n*) N T, if [(AA,AB)| < 6B, then Ay (7,AA,AB)
isa C! function of its arguments.

In the following passages, we restrict our analysis only to those 1, dx, d,, such that
(1, dy, dy) € Axp (RS X Frl) (V.267)

to guarantee that the composition of the functions Axy and Aap is well posed (this will be later
guaranteed by Assumption V.s).

By applying Lemmas V.3 and V.4, it follows that there exists Ox, 0y, > Osuch that,if 6, € (0,6,) and
6u € (0,6,) then |(AA,AB)| < 545, where 6, and §,, are user-defined parameters of Algorithm 7,
cf. Assumption V.4.

II) Linear bound for the maximum error on the descent direction Composing Lemmas V.3, V.4
and V.5, we have that (by continuous differentiability in a bounded set) if § € (0, 6x) and 5, € (0, 6,,),
then there exists g = g(o, n*) > 0 such that

|A; (7, Aug (1, Axu (7, dy, du))| < g(|dx] + [dul) (V.268)

forally € B, (n*) N T, from which we can define

5{ (6)63 514) = sup |A£ (77’ AAB (777 AXU(na dxy du))'
n€Bq (17*)
neT
dXEB(;X
dueBﬁu

IA

g(0x +64). (V.269)

Notice that the bound in (V.269) is structural, i.e., it depends only on the algorithm parameters 6, 6,

and on 17*, not on the algorithm iteration.

IIT) Convergence guarantees for Algorithm 7 By writing Alg. 7 (DATA-DRIVEN PRONTO) asa
perturbed version of Alg. 6 (PRONTO), hence as the dynamical system (V.32) where the perturbations
are introduced by the estimation of the dynamics Jacobians, we apply Lemma V.2 from which we define
the quantities 5, > 0, ¢(-,-), b(:). If|AL kKl <6 ¢ is satisfied at each iteration, then the algorithm
evolution is constrained to the ball of radius ¢ (|9 — n*|, 0). Let 79 € B (n*) N T, and define

p(o) =sup{p’>0:4(p’,0) <o} (V.270)

(c .)
——l—? 168 ).Q_}——
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We have by construction that for any 79 € B, (o) (n*) N 7, if IAZK| < S; is satisfied at each
iteration, then the algorithm evolution is constrained to the ball B - (7*), namely, n* € B, (n*) for all
k. Furthermore, thanks to the projection step in (V.32), it holds n* € B (7*) N 7 for all k. In this
region, and thanks to Assumption V.5 which ensures condition (V.267) is satisfied for all k, we can use
the bound in (V.269) to ensure that |AZ¥| < 5. Specifically, by picking &’ = ﬁ%*), o), = %,
and choosing 6 € (0, min(dx, 0%)), 6, € (0, min(d,, ,,)) it holds, from (V.269), that

0
IAZK| < 675, 6u) < 7‘5 (V.271)

for all k. The bound in (V.271) then ensures that Algorithm 7 is Locally Uniformly Ultimately Bounded
by Lemma V.2. Finally, we prove also that the bound in (V.33) is a strictly increasing function of
O, 0y. Being 6, 0, independent on the algorithm iteration &, it holds, from (V.269), that 67 (x, 0.,)
is bounded by a strictly increasing function of ¢ and 6,,. Hence, since b(d) is a class K function of

its argument, we conclude using (V.269) that
b(éf (6)67 614)) S b(g(5x + 614)) = b,(ax’ 614)’ (VZ7Z)

from which the result follows with the function b’ (8, 8,,).
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