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Abstract

The ultimate goal of high-energy physics is searching for novel elementary particles and fun-
damental interactions, which may enable the formulation of a more comprehensive physics
Beyond the Standard Model (BSM) able to explain a wider range of phenomena compared
to the actual Standard Model (SM) of particle physics. Physics analyses are numerous and
complex; so far, no theory tested against the SM has proven to be the right one. There
could be various reasons for this: the detector apparatus of particle colliders, which con-
tains tons of sensors that react to particles, is not able to reveal the new physics; the trigger
system, which is responsible for the first selection of the huge volume of data produced by
the collision of particles, discards the almost totality of “interesting”, i.e., potentially new
physics, events; lastly, the space of plausible alternative hypotheses to the Standard Model
is so vast that we may be looking in the wrong directions. Assuming the detector is suffi-
ciently expressive to capture the potential new physics, this thesis describes and provides
novel data-driven tools, powered by deep learning, to improve various aspects of particle
physics analyses resulting in better sensitivity to the new physics. In particular, the signal
sensitivity can be increased either directly (e.g., better classifiers), indirectly (e.g., improved
physics pipelines), or jointly (i.e., enhancing the main task results in better downstream
models.)

Parameter-conditional neural networks are deep learning models that incorporate do-
main knowledge at various levels, for example by conditioning the network with one or
more physics parameters allowing a single model to handle the whole parameter range, also
thanks to the interpolation capability. This kind of neural network is effective at enhancing
the separation of the background from the signal in a model-dependent search scenario, also
reducing the complexity of the analysis since only a single model is necessary to test for
multiple values of the parameter, which can be the searched particle’s mass for example.

If we consider events from known physics the norm, unexpected, out-of-distribution,
rare, and surprising events can be regarded as anomalies from which novel particles and
interactions may originate. In this case, the problem of searching for new physics can be
seen as an anomaly detection task. Auto-encoders are popular anomaly detection models,
and this thesis presents two variations of them aiming at both improving the triggering
system of the particle detector and, as well as, increasing the sensitivity towards a broad
range of signals given the known physics targeting a model-independent search.

Problems like accelerator tuning, data quality monitoring, and particle reconstruction
indirectly affect the sensitivity of particle physics analyses, meaning that either a sub-
optimal configuration of the particle accelerator, an undetected malfunctioning during the
data taking, or even an inaccurate reconstruction of the particle’s properties can negatively
limit the upper-bound sensitivity to the new physics. Usually, these problems are opti-
mized by hand-defined heuristics guided by domain knowledge, which could not be optimal
due to difficulties or impossibility in specifying a well-defined objective function. To this



end, reinforcement learning can help overcome these limitations, potentially learning opti-
mal decision-making policies from data, simulations, and even human feedback, indirectly
improving future physics analyses.

Following the enormous success of large language models in these years, foundation mod-
els are proposed to be general-purpose rather than specialized models for a given domain.
Thanks to both large-scale training and model architectures, these models can learn a gen-
eral and transferable data representation, allowing them to solve multiple tasks without
being specifically designed in advance to do so. This capability could unlock unprecedented
data efficiency, enabling us to leverage large unlabeled datasets and solve tasks for which
few samples are available.

All the models, methods, and ideas presented in this thesis are generally applicable.
They may help particle physicists conduct better analyses by leveraging the increasing
amount of big data that particle accelerators, like the Large Hadron Collider, can produce
and collect when collisions between two beams occur.
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Chapter 1

Introduction

In the last decade, we have seen the rise ofDeep Learning (DL) [1] over the more classic
way of learning from data, i.e., what we commonly callMachine Learning (ML) [2]. Such
revolution was possible thanks to the constant increase incomputational power, the avail-
ability of large datasets, and that domain knowledgeis often not a strict requirement since
DL models can learn highly complex and non-linear relations from the (raw) input features,
therefore not necessarily requiring a hand-madefeature engineering phase which is often
mandatory to achieve satisfactory performance with classical ML methods. Through an ap-
parently easy recipe, another revolution is happening these days: scaling existing e�ective
neural network models and architectures. By leveraging adistributed training paradigm
over a su�ciently large computing infrastructure, it is possible to scale up (i.e., enlarge) a
well-performing neural network, like a Transformer [3], even thousands of times obtaining
models with billions (or even trillions ) of learnable parameters. These so-calledlarge or
foundation models[4] can learn to solve a speci�c task at unprecedented accuracy, and even
demonstrate a wide generalization capability, which enables them to solve problems (related
to the main one) in a zero- or few-shot regime[5, 6], i.e., when provided with zero or a few
additional data examples. Indeed, this is only possible by also scaling up the dataset(s)
and, often, by employing both pre-training [7] and (multiple) post-training [8] phases.

Deep learning models can �t very complex and unknown functions thanks to the combi-
nation of stochastic gradient descent(SGD) [9] and back-propagation[10], which allows opti-
mizing the model's parameters by following the gradient of the prediction error. This basic
idea can be applied to various data modalities (or types), like table entries, images, videos,
sequences (e.g., audio samples, time series, text), and even graphs (e.g., point clouds). For
each of these kinds, a speci�c computational model (i.e., alayer in DL terminology) has
been developed such that learning is more e�cient: convolutions [11] for images and videos,
recurrences [12] and attention [13] for sequences, andgraph networks[14] for graphs. This
allows applying DL models, i.e., deep neural networks, to a wide range of domains (e.g.,
chemistry, physics, engineering, etc.) and problems (e.g., protein folding [15], face recogni-
tion [16], weather forecasting [17] and much more) that admit a solution that isdi�erentiable
w.r.t. the model's parameters. In case of problems whose mathematical formulation allows
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for a discontinuity at some point, it is possible to recur to various interesting techniques like
either a variational approximation [18], a continuous relaxation of a mathematical operator,
or even ascore estimator [19] of the gradient. In this way, the non-di�erentiable parts of
the model are either relaxed (e.g., subject to a continuous approximation because discrete)
or transformed such that there is now a continuously di�erentiable path in the resulting
computational graph, which represents both the model computation and parameters.

As brie
y discussed, DL can be applied to (almost) whatever problem for which a
su�cient amount of data is available 1. In general, the ease of gathering image and textual
data, for example by scraping the web, allowed a fast-paced development of bothComputer
Vision (CV) [20] and Natural Language Processing(NLP) [21] paradigms, over the more
classic image processing, and early language modelsand grammars. Today, CV and NLP
mostly dominate the application landscape of DL models. The huge research e�ort behind
them provided us excellent default and generalist model architectures like theResNet [22,
23], U-NET 24, the Transformer [3], and the recently hypedGPTs [7, 25] to name a few.
These models are so successful that are employed in a variety of �elds like medicine and
biology [26] (e.g., for lung cancer detection), engineering (e.g., autonomous vehicles and
robots [27]), music and audio [28], astronomy, meteorology (e.g., weather forecast [29]),
economics (e.g., automated stock trading [30]), physics, and much more.

It should be noted that each domain poses its unique challenges. For example, we would
like to have explainablepredictions [31] such that a human expert can later evaluate if these
follow the underlying physics theory. Another example can be found in medicine, where
predictions must be trustworthy [32], i.e., at least complying with strict con�dence inter-
vals. Next, when developing a robot (i.e., a physical agent), it is crucial to avoid hurting
the human operator and preventing the agent from damaging itself [33] since the hardware
and equipment are usually expensive. This is often solved by training in simulation and
�ne-tuning on the real world [34] or even by learning a world model [35], which is used to
plan [36] an action before executing it. Then, in economics, the DL model can be sub-
ject to distribution shifts [37] due to trends developing and evolving as time passes. Other
challenges are about the di�culty in gathering data, therefore the model must be e�cient
at learning from few samples [38, 5], and the robustness againstadversarial attacks [39],
which can exploit the model's weaknesses for malicious intents: e.g., extract the training
data violating privacy [40], confuse or alter predictions, damaging the equipment and so on.
The impact of these challenges should be considered before facing a new problem with deep
learning, and, often, the introduction of domain knowledge by an expert, either in form
of a prior, feature engineering, pre-processing, or as aninductive bias [41] of some form
(e.g., ad-hoc di�erentiable operator, loss function, auxiliary supervision, etc), can greatly
mitigate such issues yielding an overall better solution. As mentioned, expert knowledge
has not disappeared with the advent of deep learning since it can be a useful resource to
improve the model's performance: the hard part is to �gure out how this knowledge can be

1ML is usually more e�ective than DL when the data is scarce. Moreover, some classes of problems admit
an exact solution that can be found by studying the nature of the problem. Then, even if we can collect
some data for them, a search-based, algorithmic, or analytical solution is often preferred to solve them.

2



embedded into a DL work
ow.

This thesis presents multiple examples of integrating knowledge from the high-energy physics
(HEP) domain in a deep learning system. It discusses potential solutions, requirements,
and di�culties. While the examples and guidelines discussed in this thesis are speci�c to
HEP, they may hopefully inspire other scienti�c �elds as well. In particular, the topics that
will be presented in this thesis are all related to improving speci�c aspects of new physics
searches:

ˆ Chapter 2 introduces the notion of parameter-conditional neural networks. These are
mainly demonstrated for signal-background classi�cation assuming a physics model
of the signal.

ˆ Chapter 3 delves into anomaly detection and auto-encoders to implement model-
independent analyses, which are complementary to the techniques of the previous
chapter.

ˆ Chapter 4 �rst describes modern reinforcement learning, then discusses several tasks
and applications strictly related to HEP analyses. Better solutions to these problems
are expected to yield general improvements in model-dependent and -independent new
physics searches.

ˆ Chapter 5 presents the recent practice of large-scale pre-training, resulting in domain-
speci�c foundation models, which can be particularly bene�cial for high-energy physics.

ˆ Chapter 6 concludes this dissertation with an overview of the discussed topics.

3



Chapter 2

Parameter-conditional Neural
Networks

This thesis chapter introduces the research line about a class of neural networks that estab-
lish a dependency on one or more physics parameters (i.e., quantities relevant in particle
physics). These novel neural networks are particularly important for the search for new
physics when a model of the expected signal is assumed, helping to achieve a superior
discrimination accuracy of physics events.

2.1 Brief overview of a HEP analysis

One of the fundamental problems in high-energy physics is the separation of the so-called
signal from the backgroundto achieve signal sensitivity. This task is usually calledsignal-
background classi�cation (or signal selection), which is about classifying (discriminating)
already known physics events, i.e., the background, from an often small fraction of them that
can potentially represent a new physics: the signal. Theseeventsare originated by colliding
known particles (e.g., protons) in accelerators like the Large Hadron Collider (LHC) [42]; the
collision of such particles generates a variety of products ordecays, identi�ed by the triggers.
Through the observed decay products, the original event is reconstructed, and inspected by
physicists looking for resonancesthat may represent novel particles. The various products
of the collision are predicted by the underlying theory and validated experimentally through
complex equipment ordetectors, like the Compact Muon Solenoid (CMS) [43] at the LHC,
which can detect (react to) speci�c kinds of particles (e.g., muons). Detectors usually
comprise multiple layers or sub-detectors, composed of varied materials and technologies
that are sensible to a particular set of particles. Then, if such a particle passes through the
material it produces one or morehits, which can be combined across the di�erent layers,
forming a track. Historically, tracks were inspected by eye inbubble chamberssince their
peculiar shape may reveal the type of particle that hit the detector. Nowadays, things are
much more complex and, therefore, the existence of a new particle (or not) is validated
through strict statistical tests [44] based on the collection and processing of real-world
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2.1. Brief overview of a HEP analysis

collisions of particles uncovered by a given detector.
In general, a conventional HEP analysis �rst involves thegeneration of simulated particle

collisions, from which the objects of interest arereconstructed. Then, the resulting events
are �ltered according to various criteria, either de�ned by the underlying theory or as a
result of the experimental equipment, to remove trivial background events; thispre-selection
phase can discard even a large portion of the generated data. A successiveevent selection
algorithm is applied, estimating its e�ciency on selecting signal and rejecting background by
measuring the count of events passing it. Follows a precise estimation of the Standard Model
(SM) background and signal processes, through simulations or in a data-driven fashion, to
understand the contribution of each. Lastly, a statistical test, which involves the usage of the
real data collected by the collider, is performed to test for the presence of the signal through
a simultaneous �t of the signal and background distributions of a chosen observable (i.e.,
the signal + background hypothesis) against the SM background-only hypothesis, hoping to
extract a non-zero signal component whose magnitude is given by thesigni�cance, i.e., the
probability that the signal exists. To certify a discovery this signi�cance should exceed �ve
standard deviations, representing an extremely lowp-value, to be sure that the existence
of the signal cannot be excluded with high con�dence and cannot be mismatched for a
background 
uctuation.

Event selection algorithms can be implemented by hand or in a data-driven fashion.
Earlier criteria used to be expert-designed based on singlecuts (i.e., a threshold on a
particularly relevant variable) driven by physical considerations. The role of the physics
expert was to inspect the distribution of each measured variable characterizing the collected
events. Then, the variable for which most of the background can be rejected while preserving
the majority of the signal is chosen, and the cut (i.e., the threshold) is tuned to meet a target
signal or background e�ciency. After this point, the thresholded background events are
used to estimate the background contribution, for example by �tting a known mathematical
model with the real-world data (i.e., collision events collected by the detector), which is next
employed to perform a statistical test that should reject or not the hypothesis for which
the data also contains the signal. The test can have three outcomes: 1) the signi�cance
is too low, therefore the new particle does not exist with certainty; 2) the signi�cance is
larger than �ve standard deviations, thus the signal may exist with certainty (unless a
piece of dedicated equipment does not reveal it); and 3) the signi�cance is neither high
nor low, hence nothing can be concluded since there is too much uncertainty, and the best
attempt we can do is to improve the analysis work
ow hoping for a higher signi�cance.
Alternatively, since there could still be a possible discovery, in this latter case,upper limits
can be established to constrain the phase space for subsequent searches.

These are the steps that a typical particle physics analysis follows, and these days we are
experiencing a shift from hand-designed to data-driven methods and criteria since machine
learning can be introduced at various points of such pipeline:

ˆ Data simulation. Theory-driven software packages likePythia8 [45] can generate
several particle decays, following a speci�cation of the desired physics phenomena.
These Monte Carlo simulations are very accurate, trying to mimic data originating
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Chapter 2. Parameter-conditional Neural Networks

from real-world particle collisions in accelerators, but computationally demanding; to
achieve higher �delity, Geant4 [46], which models the detector's geometry, simulates
the interaction of the particles with the detector. The �eld of fast simulation exploits
DL to learn to generate high-quality samples directly through a generative model,
therefore without intermediate costly computational steps that simulate the under-
lying physics. Notable examples are [47, 48, 49, 50] that can generate high-quality
events in a fraction of time achieving considerable speedups.

ˆ Event selection. As brie
y described above, physics experts often conduct event
selection to determine human-readable selection criteria (or cut) to separate back-
ground from signal events. In principle, this operation can be entirely replaced by
a variety of ML models, like Decision Trees (DTs) [51] or Neural Networks (NNs)
[52, 53], adapting the selection criteria according to the given data. These models can
learn to classify the simulated samples, outputting either the class or probability that
an event is a signal or background. In this regard, the main challenge is to develop
models that are both accurate and interpretable, such that, later, a human expert can
reason about which features were most relevant for the classi�cation: this is one of the
requirements for trustworthy predictions since even well-performing models can put
too much focus on either noisy variables or weak ones (from a particle physics the-
ory perspective) to establish the predicted class. It should be noticed that simulated
events are just approximations of Nature, therefore, patterns and spurious correla-
tions due to systematic uncertainties (i.e., inaccuracies of the measurement due to,
for instance, limitations of the experimental apparatus) can be involuntarily injected
in the data samples which, in turn, could be captured by the learning algorithms
resulting in unreliable discrimination performance.

ˆ Hypothesis testing. Even the statistical test between the reference (or null) and
alternative hypothesis can be learned by machine learning. A notable example is the
New Physics Learning Machine(NPLM) [54, 55] that, through simulated or toy data,
can �t a parametric form of the log-likelihood-ratio hypothesis test in a complete end-
to-end manner, by parameterizing the data distribution with a neural network, which
results in a p-value for the discovery. The NPLM can also account for uncertainties
by introducing nuisance parameters in the test computation.

As just discussed, ML and DL can be introduced to either speed up or improve various
parts of a physics analysis, therefore, being complementary to domain experts.

2.2 Feed-forward neural networks

The basics of neural network de�nition and training are introduced in this section, being a
useful foundation for the rest of this thesis.
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2.2. Feed-forward neural networks

2.2.1 De�nition

Neural networks are a mathematical (or, better said, statistical) tool to approximate a
mapping, say f : Rd ! Rk in which: Rd and Rk are, respectively, arbitrary input and
output shapes. By shape we mean the rank and dimensionality of each axis, therefore by
changing d and k, we can indicate: scalars (d = 1), vectors (d = n, where n 2 N is an
integer indicating the number of elements of the vector), or tensors (d = n1 � n2 � � � � � nr

where r is the rank of the tensor and eachni 2 N indicate the dimensionality of each axis).
For example, a vector of shape(10,) has ten elements, while a 2� 3 matrix has shape(2,
3) and rank two. Notice that although the shape is mostly a practical rather mathematical
concept, introduced by numerical computation frameworks, it is useful for understanding
how the input data interacts with the components of a neural network.

Given an input x 2 Rd, a neural network maps (or, transforms) it to an output z 2 Rk

by the following application: f � : Rd ! Rk , which can also be written as z = f � (x) or
z = f (x; � ). The notation f � or f (�; � ) indicates that the neural network is a parametric
function whose set of parameters,� , can be learned by an optimization algorithm, like
gradient descent. In practice, thanks to both hardware and software optimization, we can
vectorize the underlying operations that made up a neural network, thereforef � can be
applied to a batch of data rather than a single example. Since this case is quite common,
we indicate the batch sizeby B and modify both input and output shapes to account for
an additional axis (usually the �rst or last one):

f � : RB � d ! RB � k : (2.2.1)

The resulting function now operates on a collection of inputsX 2 RB � d, and outputs
Z 2 RB � k , where a single element in the batch is denoted byX (i ) with i 2 1; : : : ; B .

At this point, the question is: what function f � is? The answer is a composition of
functions! Neural networks are built from basic building blocks called layers, which can
be arranged in an arbitrary complex manner forming a structure called adirected acyclic
graph, or DAG in short. The DAG (�gure 2.1a) represents the computation and data 
ow:
nodes depict layers, incoming edges their inputs, and outgoing edges their outputs. If the
nodes are further expanded to show the basic operations that a layer implements, we obtain
the computational graph of the neural network. This graph fully explains all the underlying
mathematical operations, intermediate results, partial derivatives, and the network output:
�gure 2.1b. To avoid useless complexities, let's consider a common sequential design of a
neural net: a feed-forward neural network (FFNN), also called fully-connected, or a multi-
layer perceptron (MLP) [56]. A FFNN is made of n layers, arranged in sequence one after
the other as follows:

f � = f n � f n� 1 � � � � � f 2 � f 1: (2.2.2)

Denoting a generic layer asf i (with i 2 1; : : : ; n), we use the symbol of function composition,
� , to combine multiple layers sequentially. With this notation, f 1 is the �rst layer to be
applied to the inputs X , which is also called the input layer, and f n is the last layer,
responsible for computing the outputs Z : in fact, it is called the output layer. All the
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Chapter 2. Parameter-conditional Neural Networks

(a) An example DAG. (b) The computational graph of z = ( x + � )2.

Figure 2.1: Left: the arbitrary arrangement of layers and operations can be pictured as a
DAG, describing the architecture of a neural network; neural networks can have multiple
inputs and outputs, consisting of layers with learnable parameters (blue rectangles) and
�xed, custom operations (purple). Right: a simple computational graph, in which input
(x; � ) and output ( z) nodes are linked by basic mathematical operations; blue, solid arrows
denote the forward computation or pass, while their back-propagated gradient path (from
output, z, w.r.t. the parameter, � ) is shown by the purple, dotted line; refer to the next
section for more details about the backward pass.

other intermediate layers (from f 2 to f n� 1) are namedhidden layersbecause their training
dynamics are somehow hidden from the user. Moreover, we calldeep whatever neural
network with more than one hidden layer1, and shallow otherwise.

The power of deep neural networks (DNNs) not only resides in the composition of many
layers, but it is also about two elements: weights, and non-linear activation functions. The
weights of a layer are its learnable parameters, which are all collected in� : some layers
have no weights, for example, the ones that perform a normalization operation. Each layer
applies the weights to its inputs, weighting its features. In some regards, we can think of
the weights as multiple learnable �lters able to capture a data-dependent set of (hidden)
features from a given input. We distinguish two kinds of weights: the biases, b, and the
weight matrix, W. The biases are vectors of sizeu, which indicates the number of units
(also called neurons, or the number of �lters). Whereas the weight matrix W has shape
(d, u) , where d is the input dimensionality in the case of vectors. A one-layer, therefore
shallow, FFNN can be denoted as:

f � (X ) = g
�
X > W + b

�
; (2.2.3)

where g is the so-called activation function, and � = (W ; b). If g is the identity function
1Nowadays this distinction is a bit controversial, as networks with few layers (depending on what \few"

means) are still considered shallow, since there exist extremely deep networks with hundreds of layers.
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2.2. Feed-forward neural networks

(i.e., g(x) = x), we obtain a linear neural network. These are simply linear models that can
only learn �rst-order (i.e., linear) relations between the inputs and the desired output(s). To
be useful the activation should be whatever non-linear transformation such as ReLU(x) =
max(0; x) [57], or the sigmoid � (x) = 1

1+ e� x , which is also called thelogistic function. The
right side of equation 2.2.3 depicts what we call adense or fully connected layer, which
implements an a�ne transformation on the input vector, x, changing its dimensionality
from d to u. Values like u, which is layer-speci�c, are calledhyperparametersbecause these
are outside the scope of the optimization algorithm. Hyperparameters often govern design
choices, being usually hand-picked. Selecting good hyperparameters is fundamental since
these in
uence the goodness of the model; the �eld ofhyperparameter optimization (HPO)
[58] aims at �nding the best set of hyperparameters, given a computational budget, through
sophisticated search strategies. Therefore, we call anarchitecture the arrangement of layers
and, sometimes, even the value of particularly relevant hyperparameters that de�ne a neural
network. Research brought us default architectures like the ResNet [22] or the Transformer
[3], which are often employed to solve a variety of problems with minor modi�cations,
simplifying how we approach a problem for the �rst time.

2.2.2 Training and validation

Finding a well-performing architecture is only half the work, the other half is about �nding a
good set of parameters too! Since neural networks are built around di�erentiable operations,
gradient-based optimization techniques can help us learn (discover) the best weights.

To train (or �t) a neural network we need essentially three elements: target data, a way
to �nd the direction of improvement, and an update rule. Target data are usually denoted
by y 2 Rm (where m indicates the shape of y) and, assuming asupervised setting, are
collected along with the input features, x. In this regard, the targets represent our desired
predictions or the ground-truth ; typically: classes or categories forclassi�cation problems,
or continuous values for regression tasks. A supervised dataset, with N data samples,
is often denoted asD = f (x; y) i gN

i =1 , emphasizing the coupling between features, x, and
targets, y since we want to learn (i.e., approximate with a NN) the mapping f : x ! y.
The notation (x ; y) i is a shorthand for (x(i ) ; y(i ) ), which indicates the i -th data sample.

To �nd the direction of improvement we have to �rst score the predictions of our neural
network model. The loss, cost, error , or objective function, say L (y; ŷ) where ŷ = f � (x),
which is continuously di�erentiable, tells us how large the discrepancy between ground-
truths, y, and our predictions, ŷ, is. Since we train over mini-batches,B � D , we usually
averagethe loss over them:

L B =
1
B

X

(x ;y) 2B

L
�
y; f � (x)

�
: (2.2.4)

The loss, L B , is now part of the forward computational graph (i.e., all the operations the
neural net performs during a prediction, also calledinference or forward pass) and, since
di�erentiable, we can compute the derivative of each operation (i.e., each node in the graph
w.r.t. its inputs, depicted by the incoming edges) to obtain the direction along which our
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Chapter 2. Parameter-conditional Neural Networks

predictions, ŷ, are expected to improve. The way we get these derivatives is by theback-
propagation algorithm [10], which exploits the chain rule of calculus to yield the gradient
of the loss w.r.t. the set of learnable parameters� = [ � 1; � 2; : : : ; � n ]:

r � L B =
dL B

d�
=

�
@L B

@�1
;
@L B

@�2
; � � � ;

@L B

@�n

�
; (2.2.5)

where n is the number of (hidden) layers, and each� i =
�
W (i ) ; b(i )

�
represents the pa-

rameters (weight matrix and biases) of each layer. The gradient is a collection of partial
derivatives, each telling in which direction the respective parameter (or weight) increases
in value. Therefore, to improve the predictions the weights should be updated by taking a
step in the direction pointed by the negative gradient: this is because we want tominimize
the error, rather than maximizing it 2. During training this is iterated until convergence:
at a generic iteration, t, the typical update rule of mini-batch stochastic gradient descent
(SGD) [37] is the following:

� (t )  � (t � 1) � � (t ) r � L B ; (2.2.6)

where � (t ) is the so-calledlearning rate (or step size), whose value can change according
to a schedule [59] which depends on the iteration value. The role of the learning rate is
to shrink the gradient to avoid taking a too large step, hence preventing instabilities and
divergence during training.

As depicted in equation 2.2.5, the gradient of the loss is obtained by back-propagating
the error from the output layer down to the input layer by exploiting the chain rule. All
these operations to compute the gradient are indicated as thebackward pass, in which
starting from the loss, L B , computes

@L B

@�
=

@L B

@z
@z
@�

; (2.2.7)

until reaching the models' inputs, x, and where z denotes an intermediate result (i.e., yield
by a hidden layer). The term @z

@� in equation 2.2.7 is expanded, by applying the same rule
again, until z = x.

At this point, we are ready to train our model, f � , on a training dataset Dtr . The
usual training loop is divided into epochs, in which each should process all the examples
in Dtr . Each epoch is divided into training steps, in which a mini-batch sampled from
Dtr is fed to the model whose predictions are used to compute the loss and then update
the model's parameters by following equations 2.2.7 and 2.2.6; an epoch contains as much
training steps as the size ofDtr divided by the batch size, B . After the end of each
epoch, it is a good practice to validate the hyperparameters by evaluating the model on
a separated set of data,Dval , called the validation set. By keeping track of the target
metric(s) achieved on validation at each epoch, we can understand at which point in time
we obtained the model that is expected to perform the best on thetest set, Dtest : i.e., a

2 In some cases, we want to perform a maximization. To achieve that we negate the loss, and update the
model as usual: this is called gradient ascent.
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2.2. Feed-forward neural networks

completely separated set of data used for the �nal evaluation of the model, which occurs
only after a complete training. The practice of saving the model's weights at the best epoch
(according to validation metrics) is called model selection.

2.2.3 Regularization and the bias-variance trade-o�

A successful training phase aims not to learn the model that attains the lowest possible
error on the training data but to achieve the widest possiblegeneralization on unseen data:
i.e., the best performance on them. For a given task or problemT, say classifying images of
dogs and cats, there exists an ideal dataset,DT , that contains all the possible data samples
regarding the task T; in our example, DT holds all the images regarding the various breeds
of dogs and cats, which may include photographs, digital images, sketches, and so on. As
said, DT is ideal (and potentially in�nite): in practice, the best we can do is to collect a
subset of it, i.e., Ddata � D T . As a rule of thumb, our dataset, Ddata , is divided (split) into
three parts: training set, Dtr , validation set, Dval , and test set,Dtest , as seen in the previous
section and depicted in �gure 2.2.

Figure 2.2: How the collected data is split for model training and evaluation. In DL it is
common to divide the data into training, validation, and test sets. Ideally, each split is
randomly drawn from the same underlying distribution to introduce no shifts.

The split usually follows a 80=20 proportion, especially if we have plenty of data, meaning
the 20% of Ddata is allocated to test samples; the remaining 80% is further divided to
account for the validation samples, which take a 20-25% of them.

Data collection usually happens few times (typically, one), and imagine, instead, we
collect multiple datasets, i.e., D i

data � D T and, then, �t the same model (without changing
hyperparameters) on each training datasetD i

tr � D i
data . If we record all the performance

achieved on the di�erent training sets and draw them we may notice some variability, which,
in some cases, can be quite large: this is a statistical phenomenon, calledvariance, which
is in
uenced by the particular sampling of the (collected) data. Suppose we take the mean
of all these models, which we call theaverage model; the di�erence in performance between
the average model and a single one is the variance.

Now suppose we were given the full dataset,DT , and trained a model on it (let's also
assume an optimal set of hyperparameters): the performance of this model is thebest it
could be achieved, and if the data were clean from 
aws (e.g., mislabeling, noisy measure-
ment, intrinsic ambiguities, etc) such best model would match the perfect model, i.e., an

11



Chapter 2. Parameter-conditional Neural Networks

Figure 2.3: The bias-variance trade-o�: three regimes are possible in practice. The ideal
low-bias, low-variance regime, can be achieved by training bigger and better models for
longer, with more data, and proper regularization. Colored circles ( , , and ) denote the
training runs, average model, and perfect model, respectively.

ideal model that achieves the best possible performance. In practice, data are ambiguous
therefore there is a gap, called theirreducible error , between the best performer(s) and the
ideal model. Hence, there are unattainable models since theoretical, because we do not have
access to the full population of data samples for the taskT.

With this in mind, we should collect data and then clean them to be representative of
the population. Even so, the achieved model performance is only a mere approximation of
the full picture: in this regard, we aim to get a low bias (thus, low error) and low variance
(i.e., small variability) regime. In practice, this can be achieved by training a capable
model family (i.e., a performant architecture with good hyperparameters) on a su�cient
number of high-quality data, and applying the right regularization techniques: we seek a
good compromise (�gure 2.3) between bias and variance because, due to a trade-o� between
them, decreasing variance causes the increase of bias and vice-versa.

Regularization is usually employed when: after reaching a low-bias regime, meaning our
model can �t the training data well, the generalization performance on test data is still too
weak (i.e., there is too high variance); this situation is also regarded asover-�tting (�gure
2.4), where the training error tends to zero while the validation error keeps increasing rather
than decreasing. This happens because the model is too powerful for the amount and type
of data we have, therefore we should reduce its complexity. Instead, a situation in which the
model yields a high error (or high bias) is calledunder-�tting since the model is too simple
for �tting a more complex function. Therefore, regularization techniques aim at increasing
generalization (i.e., reducing variance) while keeping a good �t of the target function (low
bias). In the context of neural networks, popular methods are:

ˆ Weight decay [1]. Parameter norm penalties like weight decay (also known asl2,
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2.2. Feed-forward neural networks

Figure 2.4: Over-�tting can be detected by inspecting the learning curves: if either the
loss or the target metric (e.g., accuracy) computed on the validation set starts to diverge
compared to the curve achieved on the training set, then after that epoch the model be-
gins to over-�t the training data. Figure adapted from https://neptune :ai/blog/early-
stopping-with-neptune .

ridge, or Tikhonov regularization) add a penalty term to the loss function such that
it increases as thel2 norm of � (i.e., the parameters) increases. With the penalty, the
overall loss function now is:

L tot = L B +
�
2




 �




 2

2; (2.2.8)

where L tot is the new loss function, and� is a coe�cient that controls the strength
of the regularization term (i.e., the square of the Euclidean norm of the parameters.)
Recent research pointed out that if we update the weights by following the equation
2.2.6, the weight decay term does depend on the learning rate,� , making it more
di�cult to tune during training. Therefore, optimization methods that implement
the decoupled weight decay update rule[60] are preferred, allowing for better control
of the regularization strength through � .

ˆ Label smoothing [61, 62]. To solve classi�cation problems the model should learn
class probabilities, which are often extreme values like being exactly zero or one. The
cross-entropy loss, which is typically used in classi�cation, encourages the model to
match those probabilities therefore still penalizing the model if its predictions are not
exactly zero or one: for example, if the neural net predicts 0:95 instead of 1:0, the loss
is still not negligible; hence, the gradient of the error is still large. Label smoothing
is a simple technique in which the class probabilities (or their one-hot encoding3) are
softened by a small value,� : typically 0 :05 or 0:1. In binary classi�cation, if a sample

3Considering three class labels (1, 2 and 3), these can be one-hot encoded as[1,0,0] , [0,1,0] , and
[0,0,1] , respectively. The one-hot encoding (OHE) generally works for categorical variables.
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Chapter 2. Parameter-conditional Neural Networks

is assigned a probability of 1 this regularization technique smooths the value to 0:95
(with � = 0 :05.) Instead, in multi-class classi�cation, the one-hot encoding,yohe, of a
label, y, is modi�ed as follows:

yohe
i =

(
1 � � C� 1

C if ( i = C � 1)

�=C otherwise
; (2.2.9)

whereC is the number of classes, andi = 1 ; : : : ; C indexes the one-hot encoding which
is a C-dimensional vector. Label smoothing is a handy method to both mitigate over-
�tting, caused by large gradients that try to exactly match the probability value, and
mislabeled class labels as well, which may be (or considered as) corrupted by noise
with magnitude � .

ˆ Early stopping [1, 37]. When training models with a su�cient capacity to over�t
the learning task, we often observe the training error decreasing over time while the
validation error increases. To �ght this phenomenon we can think of constraining the
number of epochs rather than the values of the weights, returning the parameters
associated to the lowest validation error. This is known as early stopping, in which
the validation error is monitored at regular intervals (e.g., after each epoch) during
training to determine if the learning should be halted at some point. Early stop-
ping can be interpreted as an e�cient hyperparameter selection algorithm, allowing
control of the e�ective capacity of the model by determining the number of train-
ing steps. Moreover, it can be combined with other regularization strategies. Since
early stopping requires a validation set, which reduces the e�ective number of training
samples, we can think of performing additional training after the initial one in which
the validation data is also used for training. In this case, we train the model on all
the training data, i.e., Dtr and Dval , for the same number of steps the early stopping
procedure determined. Lastly, the regularization e�ect of early stop can be studied
in terms of l2-regularization, in which, compared to weight decay, early stopping has
the advantage of automatically determining the correct amount of regularization [1].
In addition, an early stop can be particularly e�ective in the presence of label noise
or intrinsic variability in the target variables [37].

ˆ Ensembles. It turns out that if we aggregate (e.g., by averaging) the predictions
of (many) models, even of di�erent kinds, we get anensemble of models, i.e., a new
model, which is better than every single model in the ensemble. A fundamental
requirement for the ensemble to work is that the individual models should make
statistically independent mistakes. If models are uncorrelated, the average of the
errors made by each model will cancel out as more models are added to the ensemble,
reducing variance. Regarding neural networks, a way to make independence more
likely is to change weight initialization method [63], or even to train the models on
random subsets of the data such as inbagging[64]. To be e�ective, ensembles should
be su�ciently large, hence the computational resources to both train and infer on
these models can get quite costly. Knowledge distillation [65] is a simple technique
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2.2. Feed-forward neural networks

that can distill (compress) either a large model or ensemble into a smaller neural
network, without losing its discriminative power while keeping inference lightweight.

ˆ Dropout [66]. In each forward pass, during training, some activations are randomly
set to zero thereforedropped out. In practice, according to the dropout probability p
(usually set between 0:2 and 0:5), a new binary mask is sampled at each mini-batch,
which is then multiplied by the output of a given hidden layer (i.e., the one to which
the regularization should be applied to). Dropout has two main interpretations. The
�rst regards the model being forced to lean aredundant representation that prevents
the co-adaptation of features, i.e., a phenomenon in which a neuron relies too much
on the other ones. The second, instead, is as if dropout enables training a large
ensemble of models that share parameters; these models are obtained each time a
binary mask is sampled since the mask is as if changing the structure of the neural
network removing and moving neurons randomly. Since sampling is involved, dropout
(as described) makes the output of our neural network stochastic! To avoid averaging
many predictions at test time (inference), which is costly, the inverted dropout scales
the model parameters during training by the inverse of the dropout probability, i.e.,
1=p, to yield a model that at inference time behaves like the average of each sampled
networks.

ˆ Data augmentation [67]. In general, the model complexity of a neural network can
also be controlled by the amount of training data we use. For example, sayf � has
1M parameters. If we keep the number of parameters �xed while varying the number
of training examples, we may notice that: 1) with few samples (say less than a thou-
sand), the model easily over-�ts them since these can be memorized in� ; 2) with a
lot of varied samples (e.g., 100� more than the parameters) the model cannot �t all
the data equally well, therefore it may start to under-�t them due to limited capacity;
and 3) with the right amount, the model can �t the training-set well also achieving
good generalization. In case we witness over-�tting, by gathering more training data
we can mitigate it but, in practice, this can be either di�cult or prohibitive. Hence,
data augmentation techniques aim to generatesynthetic data by smartly altering the
real ones, increasing both quantity and variety. Most augmentation techniques are
developed for images, as shown in �gure 2.5, and mostly involve:geometry (e.g., ro-
tation, 
ip, shear, translation, zoom) and color (hue, contrast, brightness, saturation,
channel shu�e or drop). Furthermore, advanced image augmentations were developed
to improve the learning of better representations [68] such ascutout [69], or to ensure
a wider generalization like in CutMix [70] and MixUp [71], in which both samples and
their class probabilities are mixed to �ll the \gaps" in the feature (pixel) space, thus
ensuring a smoother �t in those regions where data samples are scarce. Notice that
data augmentations are only applied to training data.

As mentioned, when training a neural network we should aim to reach a low-bias low-
variance regime, meaning that the model achieves both low error and generalizes on unseen
data samples. The general recipe to achieve this regime is to train a high-capacity model
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Figure 2.5: Examples of data augmentations for images. Figure adapted from [68] and [70].

�rst, then, regularize it until over�tting is mitigated. Once a good model is obtained, we
can improve its performance further by searching for better hyperparameters or building
an ensemble of models.

2.3 Conditioning on a physics parameter

So far we have seen a simple yet working formulation of neural networks, which can be
directly employed to solve the signal-background classi�cation part of a HEP analysis as
described in section 2.1. For example, Baldi et al. [52] showed that a deep neural network
trained on either low-level variables (e.g., energy, momentum, and transverse momenta of
each observed particle) or high-level ones (e.g., the invariant mass of a particle) can surpass
both decision trees and shallow neural nets, achieving a higher background rejection rate
while preserving a larger amount of signal events. Nevertheless, their approach su�ers for
those benchmark scenarios in which the mass of the hypothetical particle or decay is not
known in advance because the theoretical prediction is uncertain. In such cases, the new
physics analysis is often carried overM di�erent (signal) mass hypotheses, therefore many
signal events are generated for each. Then, a further responsibility of the analysis is to
understand which mass point is more plausible for the signal to exist. In this regard, the
canonical approach was to train as manyindividual and independent classi�ers as the mass
hypotheses, i.e.,M . It is easy to see that such an approach won't scale asM increases, since
the physicists' e�ort increases proportionally. We need a kind of classi�er that can handle
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all the mass points jointly, thus avoiding the redundancy of training multiple models.

2.3.1 Parameterized neural networks

The Baldi's parameterized neural network(or pNN) [53] is a neural network architecture that
leverages an additional input, e.g., a physics quantity, which can replace a set of individual
classi�ers (each speci�c for a mass hypothesis), therefore achieving smooth predictions over
a mass range. Let's de�ne the set of (discrete) mass hypotheses asM = f m1; m2; : : : ; mM g,
in which each mi is a signal generating mass (withi = 1 ; : : : ; M ) and jMj = M ; the input
feature vector as x, which can represent either low- or high-level physics variables. The pNN
formulation introduces an additional (auxiliary) input, called the mass featurem, which is
a vector of mass hypothesesm(i ) 2 M each associated to an event: ideally the model learns
from both x and m, therefore

ŷ = f � (x; m) (2.3.1)

is our new classi�er. To overcome the problem of how to learn from two input vectors, Baldi
et al. simplify the above formulation to a standard FFNN by introducing the extended
features �x = [x m] 2 Rd+1 , which are obtained by concatenating x2 Rd with m 2 R, hence:
f � (�x) is a special case of equation 2.3.1 that can be implemented with dense layers as shown
in �gure 2.6.

Figure 2.6: A schematics of Baldi's pNN architecture: the parameter is concatenated with
the features, and then non-linearly transformed.

It should be noticed that our supervised dataset now has the form ofD = f (x; y; m) i gN
i =1 ,

in which the mass hypotheses should also be collected as features. Moreover, we can think
of the mass feature as providing us with some form of domain knowledge, and, in principle,
this can be exploited to improve the pNN model further: this will be discussed in detail in
the next sections.

Parametric neural networks show an interesting property calledinterpolation . As an-
ticipated at the beginning of this section, a pNN can smoothly replace a set of individual
classi�ers, each trained on a speci�c hypothesismi , but what does it mean at all? Assume
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our signal events are generated at three, equally spaced, mass points like 200; 400 and 600
GeV4. A pNN capable of interpolation can predict the class of an unknown (i.e., novel)
event even if this were generated at anintermediate mass point, like 300 or 500 GeV. This
capability is crucial since it allows physicists to reduce both the number of signal hypotheses
and the time required to generate the events from simulated collisions, which are tremen-
dously expensive. Moreover, without retraining the model we can perform inference and,
therefore, validate new mass hypotheses within the same analysis setup, saving time and
e�ort. As we will see, a pNN does not always accurately interpolate the intermediate mass
points. So it is important to evaluate such capability before employing the model in an
HEP analysis.

2.3.2 Embedding a physics observable

As seen in equation 2.3.1, to implement a pNN we need a way to combine the features, x,
with the mass, m: in the following, we assume both are shaped like vectors. To do so, we
can follow three basicfeature-wise transformations [72]:

ˆ Concatenation-based conditioning. The physics parameter, m, is �rst concate-
nated (along the last dimension or axis) with the input features, x, and the result is
then passed through a linear layer, which can shrink or expand the result according
to the target dimensionality. The overall conditioning operation is

z = W [x m] + b; (2.3.2)

where z is theconditioned representation, and (W; b) indicates the learnable weight ma-
trix and bias vector of the linear combination. Considering a numerical computation
framework, such as TensorFlow [73] or PyTorch [74], the concatenation, which is de-
noted by [�], can be implemented astf.concat([x, m], axis=-1) or torch.cat([x,
m], dim=-1) .

ˆ Conditional biasing. The physics parameter is �rst expanded (through a linear
layer) to match the dimensionality of x, which is then added in an element-wise
fashion:

z = ( W m + b) � x; (2.3.3)

where the symbol � denotes element-wise addition. Here, the �rst part of the equa-
tion (i.e., W m + b) yields a learnablebias vector which is then used to bias (o�set)
the individual input features: each element of this vector can be positive or neg-
ative, representing the relative amount of conditioning, resulting in how much the
corresponding input variable should be increased or decreased such that to be best
exploited by the subsequent layer(s).

4The GeV is a common unit measure in HEP, where 1eV= 1 ; 609� 10� 19 joule.
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2.3. Conditioning on a physics parameter

Figure 2.7: Concatenation-based conditioning: in the context of parameterized neural net-
works, the conditioning representation is the physics parameter like the mass feature. Figure
from [72].

Figure 2.8: Conditional biasing. Figure from [72].
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It turns out that conditional biasing is equivalent to concatenation-based conditioning,
as pictured in �gure 2.9. Considering the matrix-vector product in equation 2.3.2, i.e.,
W [x m], this can be decomposed into two sub-products:Wxx and Wmm, in which the
concatenation of the new weight matrices,Wx and Wm , yields the original one, i.e.,
W = [ Wx Wm ] since these are obtained by slicingW along its columns. Then, the
resulting vectors are added together, in which the m-dependent one is the conditional
bias that alters the representation of x.

Figure 2.9: The equivalence between concatenation-based conditioning and conditional bi-
asing. Figure from [72].

ˆ Conditional scaling. The mass feature, m, is �rst expanded to ascaling vector and
then multiplied element-wise to the input features:

z = x � (W m + b); (2.3.4)

where the symbol � denotes the Hadamard product, which is an element-wise mul-
tiplication. In general, the scaling operation modulates (alters) the input features
according to the value of the physics parameter. Intuitively, this operation can shrink
the value of irrelevant features while enlarging important ones.

A special case of conditional scaling is calledsigmoidal gating, likewise the input and
forget gates [12], in which the scaling vector is squashed between 0 and 1 (by a sigmoid
function) allowing to select which features are passed forward and which are ignored
(i.e., forget because zeroed-out).

Both additive (concatenation: �gure 2.7, biasing: �gure 2.8) and multiplicative (scaling:
�gure 2.10) interactions are e�ective yet simple to implement and fast. So, which one is
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Figure 2.10: Conditional scaling. Figure from [72].

the best? Neither of these mechanisms is the best in all the situations: the scaling tends to
be more e�ective at learning relations between the two inputs (since multiplication is the
base for the dot-product, which is a measure of similarity), whereas additive interactions
should be better suited for applications that involve feature aggregation (i.e., combining
useful parts of each input into a lower-dimensional representation).

In this regard, we can combine both conditioning mechanisms yielding a more general
one calleda�ne conditioning [75], which is implemented by an a�ne transformation:

z = x � s� (m) + b (m) ; (2.3.5)

where the functionss� and b represent the conditional scaling and biasing mechanisms, re-
spectively, along their set of learnable parameters,� and  . The structure of the mechanism
is explained in �gure 2.11.

Another question regarding the conditioning is where it should occur. Should we con-
dition the input layer, the output, or all the intermediate layers? Well, it depends. If our
problem requires incorporating the conditioning information at the input layer, we can con-
dition them obtaining also a parameter-e�cient solution. In other cases, the conditioning
information should be propagated across layers, since the hidden features may bene�t from
it. Lastly, it is bene�cial for some tasks to only condition the model's output. In general,
if we do not know this information in advance we can avoid any assumption and, therefore,
condition the input and the hidden layers. For this purpose, section 2.4.6 evaluates the im-
pact of the conditioning method and where it occurs on our signal-background classi�cation
problem.

The conditioning mechanisms described in this section act at the feature level, meaning
they leverage feature-wise interactions between the conditioning representation and the
conditioned model; if there is no relation between the two, the conditioning is expected to
be meaningless. Although more complex interactions exist [76, 77] (e.g., ones that operate
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Figure 2.11: The a�ne conditioning mechanism �rst, independently, expands the physics
parameter, m, twice, by two linear layers mapping it to scaling and biasing vectors,s and
b, which are subsequently multiplied to the inputs, x, and �nally added to the resulting
vector.

at a global rather than local or feature level), feature-wise transformations are a compromise
that is both e�ective and e�cient: the number of scaling or shifting coe�cients to predict
scales linearly with the number of features in the model. It is worth noticing that these
transformations only enforce a limited inductive bias and remaindomain-agnostic, meaning
that these mechanisms can be widely e�ective across problem domains.

2.3.3 Gating coe�cients as feature importance

As discussed in the previous section, sigmoidal gating is a special case of conditional scaling
in which the scaling coe�cients can select which input feature should be propagated to the
next layers according to

z = x � � (W m + b); (2.3.6)

in which the sigmoid function, � (�), yields gating coe�cients in a [0 ; 1] interval. If sigmoidal
gating is applied to the input layer (as in the above equation), therefore on the input
features, x, it turns out that these coe�cients (i.e., � (W m+ b), which yields a jxj-dimensional
vector) can be interpreted as a form offeature importance: values close to one indicate
important features, whereas coe�cients close to zero depict features that are ignored because
probably not relevant (e.g., redundant) for the task to solve. The learned coe�cients are
multiplied by the features, x, hence, \�ltering" them. Moreover, it should be noted that
the gating coe�cients depend on the physics parameter,m, rather than the features.

In �gure 2.12 we can see an example of how the gating coe�cients can be interpreted
as feature importance scores. In particular, we can observe that 1) for some features the
coe�cients are zero meaning that the respective features are completely ignored, whereas
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Figure 2.12: Feature importance through gating coe�cients, computed by training a pNN
[78] on theHEPMASS-IMBdataset [79], which is introduced in section 2.4.1. The importance
is computed for 27 features aggregated over �ve mass hypotheses and class labels (since
there were no relevant di�erences in the coe�cients between the two classes.) Values range
from zero to one, corresponding to darker colors and brighter ones.

for some others the importance quickly tends to zero as the mass increases; this can mean
that such features became less and less discriminative for the classi�cation of such events.
2) in some cases, the increase in mass yields an increase in the feature importance indicat-
ing a positive correlation whereas, for others, the correlation is negative: the importance
decreases. And 3) for a few features their importance remains stable across mass points,
meaning that these are somewhat independent of the mass value.

Feature importance can be a useful means to sanity check the features but also to
perform feature selection when there are several of them and, in which, we only keep the
most relevant (i.e., important) of them. As depicted by the �gure 2.12 we may remove from
the training data those features for which the importance is close to zero and retrain our
pNN model: in such a case we should expect the same classi�cation performance since the
removed features were not relevant; in this regard, the importance of features may help us
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at �nding redundant variables that do not carry any additional information. This fact is
con�rmed experimentally, in which six features (f2, f4, f8, f12, f16, and f20 ) were
removed according to their importance which was close to zero: after retraining, the model
demonstrated the same classi�cation performance without any loss in accuracy.

In conclusion, removing unused, noisy, or redundant features is also useful to achieve a
more optimized model. This model is expected to be smaller (since the input dimensionality
is lower), faster (because there are fewer parameters), and potentially even more robust, as
both noisy and redundant features may hurt generalization.

2.3.4 Exploiting domain knowledge

Domain or expert knowledge can be integrated into a deep learning solution in various ways:
at the architecture, data, or training level. For example, our knowledge of the problem or
underlying theory may allow us to implement a novel di�erentiable operator, which can
be included in a neural network architecture or even learned, or to design better features
from the available data, or even guide the model training utilizing a better loss function or
�tting procedure. These are examples of inductive biases [41] that can be embedded in a
DL model, making it more e�cient, hence, boosting its performance.

Learning the particle representation. The variables used to describe particles or
events are usually manually engineered. The Lorentz Boost Networks (LBNs) [80] pro-
vide an e�ective way to autonomously learn high-level features from low-level ones like
particle four-momenta vectors (also calledfour-vectors5), which describe the kinematics of
the particle. After the learned preprocessing, the extracted features are fed to a task-speci�c
neural network.

The LBN combines N input four-vectors into M particles, CP , and M rest frames,CR ,
through linear combinations, whose weighting coe�cients are learned. Then, the Lorentz
transformation

B = � R � CP (2.3.7)

applies the boost matrix � R on the rest frames, boosts the particles, yieldingB which rep-
resents variables like invariant masses, transverse momenta, pseudo-rapidities, and angular
distances between them. Lastly, feature extraction transforms theM boosted particles (each
with four components) into F one-dimensional features: the overall process is described in
�gure 2.13. In this example, the Lorentz transformation (from the special relativity theory)
provides the inductive bias for automated feature engineering, which can be employed to
solve multiple HEP problems.

5The four-vectors are quadruplets ( E; px ; py ; pz ) consisting of energies,E , and momentum components,
px , py and pz , for the particle p.
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Figure 2.13: The LBN: input four-vectors are linearly combined to get particles and rest
frames, which are then boosted and, lastly, a generic set of features is extracted. Figure
adapted from [80].

In a similar spirit, since collision events consist of a variable-length, unordered list of
particles their observables should be de�ned as functions of sets of particles. Energy 
ow
networks (EFNs) and Particle 
ow networks (PFNs) [81] adopt a per-particle internal rep-
resentation, � , that is then summed over all particles, resulting in a permutation-invariant
event-level representation:

EFN : F
� MX

i =1

zi �
�
p̂i

�
�

; PFN : F
� MX

i =1

�
�
pi

�
�

: (2.3.8)

The functions � : Rd ! R` (for EFNs, d = 2) and F : R` ! R are both parameterized by
neural networks, zi is the energy andp̂i the angular information of particle i . Moreover, pi

denotesd kinematic features, such as the particle'spT , rapidity, and azimuthal angle. In-
stead, ` is the latent space dimensionality in which the particles are embedded. In addition,
the function F can further generalize the representation obtained by summing the individ-
ual particles. The authors employ the above mappings to learn general observables to study
jets, which are a spray of hadrons (made of quarks and gluons) produced in high-energy
proton-proton collisions [82]. Since jets are composed of a varying number of particles, the
above formulation can be used to obtain a �xed-length jet representation.
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Figure 2.14: Learned �lters, i.e., � , for latent dimensions ` = 8 and ` = 16. The model
appears to have learned a \pixelization" of the rapidity-azimuth plane: the pixels learned
by the model are smaller near the core of the jet and larger at its edges. Figure adapted
from [81].

Since the per-particle mapping,� : R2 ! R` , of an EFN, takes two-dimensional angular
information as input, the resulting space can be easily visualized to get insights about
what the EFN is learning. As shown in �gure 2.14, the model projects each jet into a sort
of dynamically-sized calorimetric image because each (colored) �lter captures a di�erent
part of the jet kinematic in proportion to its size. EFNs and PFNs are notable examples
of physics-informed automatic feature engineering, each achieving high performance and
interpretability.

Assignment of the physics parameter. The mass feature (in general, the physics
parameter) is only well de�ned for the signal samples since it represents the mass hy-
potheses,M , at which the signal events are generated. This is because associating the
signal-generating mass with the background events is usually not meaningful. Therefore,
to train a pNN we need a safe way to assign the mass feature to the background without
introducing any label leakage, i.e., an unwanted phenomenon in which the class label is
indirectly provided to the model as input feature.

The general approach is to de�ne a probability distribution, p(�), from the set of mass
hypotheses and sample the mass features for thei -th background event from it: i.e., m(i ) �
p(M ). The distribution can be discrete, uniform, or even Gaussian to name a few: the
choice of the distribution can also be seen as a way to encode an assumption about the
underlying physics. From my experiments, the discrete distribution is the best performer
yet simple to de�ne assignment strategy since the mass feature is directly sampled fromM :
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i.e., m(i ) � M , representing a Categorical distribution over a �nite set of elements with
equiprobable probabilities; refer to appendix A.2 for more details. Another conceivable
approach is to uniformly assign the parameter in a continuous interval:m(i ) � U(m1; mM ),
assumingm1 = min M and mM = max M ; but it is discouraged since it causes severe over-
�tting due to label leakage. The important point is that sampling the parameter only occurs
during training for the background events. Whereas, at test time, the model is evaluated at
each mass point considering the whole background and assigning it the current mass point
as the mass feature.

Figure 2.15: Comparison between parameter assignment strategies. The Categorical dis-
tribution (left) works only for discrete parameters, assigning a random value from its set
to a background event. The Uniform distribution (middle) can cover a continuous range
of values for discrete or continuous parameters. Lastly, by using intervals (right) we can
discretize a continuous parameter but if these are not overlapping, some data samples will
be discarded.

In principle, the mass feature can also be assigned according to the reconstructed mass of
the event given the experimental signature being searched. In this case, all the background
events whose reconstructed mass falls in a given mass interval are assigned the mean of that
interval (or a prede�ned value) as the mass feature. For example, considering (150; 250)
GeV to be a speci�c mass interval centered around 200 GeV, we can assign m = 200 as the
mass feature for each background event whose reconstructed mass is within the interval.
Figure 2.15 compares the three outlined approaches: discrete, uniform, and interval-based
parameter assignment. In particular, for the last one, we can �rst see that the intervals
are symmetric in size but also non-overlapping, meaning that some background events are
discarded. Then, the width and symmetry of each interval are important design choices
that should be set according to the distribution of the events' reconstructed mass, which is
expected to be uneven in real scenarios.

The signal mass hypothesis is only one of the possible physics parameters that we can
use to condition a neural network. Assuming a general parameter,� 2 P , the typical HEP
work
ow [83] keeps it �xed during detector simulations by construction to yield the data
according to a probability, p(x j �; y ) 8� 2 P ; y 2 f 0; 1g, which is conditional on both the
parameter � and class labely. During the simulations, the parameter, � , is �xed beforehand
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because it was determined by the hypothesis that should be validated with the analysis.
Therefore, in the case of the parameter being the mass hypotheses, i.e.,� = m, a signal
event is generated according top(x j � = m; y = 1), where m 2 M and y = 1 indicates the
positive class. Instead, a background sample is yielded byp(x j y = 0). Notice that in the
latter probability there is no dependence on the parameter since, in the case of the mass
hypotheses, it is meaningless for a background event to depend on a signal hypothesis. If
we assume such probability to be amarginal distribution obtained by summing over the
parameter, i.e.,

p(x j y = 0) = E� �P
�
p(x j �; y = 0)

�
; (2.3.9)

it is reasonable in practice to consider a random assignment of the parameter for the back-
ground events during training, which should be sampled from aclass-speci�c prior such as
p(� j y): for example a discrete distribution over P. The prior depends on the class label
and should be designed as discussed at the beginning of this paragraph. In general the
prior is trivial for the signal, since the parameter is already speci�c to an event, but not
for the background. Let's consider a background event, xb. During training, it happens
that the same xb is associated with di�erent values of the parameters (say� 0; � 002 P with
� 0 6= � 00), therefore the model yields predictions from the same event but conditioned on
di�erent values, which are expected to di�er: i.e., f � (xb; � 0) 6= f � (xb; � 00). In the limit of
the training iterations approaching a large number, the neural network would experience
all possible parameter assignments for all the background events. Hence, the model would
learn (converge to) thebest response on averagefor a background example, xb, which should
be robust to the parameter value as if the model were marginalized: i.e.,

f � (xb; � 0) � E� � p(�j y=0)
�
f � (xb; � )

�
with � 0 � p(� j y = 0) : (2.3.10)

If so the prediction on a random parameter, � 0, i.e., f � (xb; � 0), approximates the expected
prediction averaged over the background's parameter prior,p(� j y = 0); instead, predictions
over signal samples should be fully dependent on the mass hypotheses. Since the parameter
for the background is randomly assigned during training,which value should we pick for a
correct evaluation of these events?At test time if we were sampling the parameters like the
�tting phase we would end up in non-determinism, obtaining slightly di�erent results at
each sampling. To avoid that, in practice, we can replicate the background as many times
as jPj (i.e., the size ofP) and weight the background contribution by 1

jPj . This is a feasible
approach only if the parameter takes few discrete values, instead if continuous or large we
can approximate the evaluation by just sampling the parameter one or few times for each
background event. Notice that this is the typical scenario for pNNs, in which the parameter
is the signal-generating mass, therefore the model should learn to average over it for the
background since randomly assigned. Generally, both classes can establish an arbitrarily
complex dependency on the parameter.
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Balanced training. To further improve our parametric models we can leverage the do-
main knowledge about our data. In general, our background events can belong toP di�erent
processes6, and the physics parameter, if discrete7 or enumerable, can take at mostM dis-
tinct values. This results in P � M � C possible combinations of background processes,
parameter value, and class labels (for binary classi�cation,C = 2.) These possibilities allow
us to organize (or balance) the samples within each training mini-batch in multiple ways,
potentially allowing the network to model the underlying sub-classes(in this case, mostly
the grouping by the signal generating mass and background processes), in which the data
can be divided into, better: balancing aims at building mini-batches in which all sub-classes
or frequencies are equally representative. We distinguish the following cases:

ˆ No balance. The model is trained by experiencing the original frequency of the data
sub-classes. For example, if there is a class imbalance mini-batches would re
ect that
imbalance: examples of the most (least) frequent class would be more (less) likely to
appear in a mini-batch. Figure 2.16a.

ˆ Class balance. The class labels,C, are balanced within each mini-batch, regardless
of the signal and background processes. Considering two classes, we balance them
by a biased samplingof events such that half the batch represents the positive class
(i.e., the signal), and the other half the negative one (i.e., the background). A similar
approach would be to weigh the loss function by sample- or class-weights. Notice that
sampling with bias is as if class weights were provided. Figure 2.16b.

ˆ Signal balance. Mini-batches are built such that there is an equal amount of signal
events for each distinct mass hypothesis, implying that eachm 2 M is present in a
batch: in real scenarios, it happens that some mass hypotheses are way rarer than
others (i.e., fewer signal events pass the pre-selection phase), therefore such data
samples could be missing in some mini-batches. In this case, the batch sizeB =
(M � Bs) + Bb would contain a total of M � Bs signal samples (whereBs denotes the
number of events to consider at each mass point), andBb background events. Notice
that this procedure balances only the positive class. Figure 2.16c.

ˆ Background balance. Similarly to signal balance, an equal amount of background
samples are allocated in a mini-batch per process,P. This results in a batch size of
B = Bs + ( Bb � P), where Bs is the proportion of the (unbalanced) signal andBb � P
is the total number of background events. In this case, all the background processes
are always contained in a mini-batch even if some processes may be rarer than others,
yielding less data, consequently having a lower chance of being sampled. Notice that
with this procedure only the negative class is balanced. Figure 2.16d.

ˆ Full balance. The mini-batches are built considering an equal proportion of samples
given all the possible combinations ofP, M , and C. For two classes the batch size,

6Following the HEP jargon, a process is a particle physics phenomena that results in a given decay of
particles.

7 If continuous, it can be binned to yield a �nite number of disjoint intervals.
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(a) Unbalanced mini-batches can present un-
even proportions of labels, and physics parameters.(b) Class balance: label proportions are equal.

(c) Signal balance: parameter values are
evenly distributed for the signal class.

(d) Background balance: background pro-
cesses are uniformly represented.

(e) Full balance: labels, parameter values, and
background processes are all equally distributed.

Figure 2.16: Visualizing mini-batch balancing strategies, assuming a discrete physics pa-
rameter: M = f m0; m1; m2; m3g. Cyan squares (i.e., ) denote signal events. Pink ones
(i.e., ) indicate background samples, which can be divided into di�erent processes: here,
as an example, green (i.e., ) and red squares (i.e., ) denote two distinct processes.

B , is divided in two balanced halves such thatB = ( Bs � M ) + ( Bb � P), where Bs

and Bb should be chosen such thatBs � M and Bb � P are approximately equal to
avoid introducing class imbalance. Figure 2.16e.

Adopting the balanced training procedure can help mitigate the bias that arises from class
frequencies, especially if some of them are largely more frequent than others. This can be
particularly helpful if the sub-classes of the simulated collisions do not re
ect the occurrence
of them in real data, therefore the balanced training can help achieve a model that is robust
(unbiased) against such discrepancy in events occurrence. Although the above balancing
options are described by considering the mass hypotheses as a physics parameter, these can
be extended to general parameters,P.

Physics-inspired preprocessing. Raw collider data are rarely fed as input to a ML
model, as these are often both high-dimensional and noisy making learning harder. Suppose
an event is described at most byN constituents, i.e., a list of four vectors. These are
unordered, and often we want to select only the topK of them because we need �xed-size
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inputs, or transform them into images. How these are sorted would a�ect the model's
performance [83], therefore the knowledge about the problem can be exploited to design
a better sorting criterion, which can also be learned [84]. Particle constituents are often
preferred to raw images of collisions, which are usually very sparse (i.e., most pixels are
zero) and large in resolution. Nevertheless, if we want to exploit the power of computer
vision we need to convert the four-vectors to an image of �xed size. The pixelization process
can occur directly from the constituents but would yield quite non-homogeneous images.
A popular preprocessing [85, 86] that normalizes the appearance of the images, is about
�rst centering the constituents, then rotating them along a common axis, next 
ipping
the image, and �nally cropping the region of interest. Notice that this preprocessing kind
assumes knowing the type of physics objects (e.g., a jet) the data describes. Often, this
would make the model's performance depend on the speci�c preprocessing [87].

Data augmentation. In section 2.2.3 data augmentation was introduced to mitigate
over-�tting by generating new samples. It can also be employed to indirectly make the
model learn that its output should be invariant to a given transformation [83, 88]: this
happens without enforcing any additional loss term. Given an operationg, a neural network
is invariant to it if its output is the same regardless of the application of the operation on the
inputs: i.e., if f � (x) = f �

�
g(x)

�
holds, then f � is invariant to g. For example, Dillon et al [89]

employed both physical and anomaly augmentations to enrich the representation of events
learned by a neural network by modifying the kinematics of the events. In particular, the
model should be invariant to physical augmentations, which leaves the underlying physics
unchanged by introducing symmetries in the physics system or mimicking the resolution
e�ects of the detector. Instead, their anomaly augmentations(e.g., high-multiplicity, large
missing energy, or transverse momentum) transform the original event to break physics
invariance on purpose. Furthermore, in [88] physics-driven augmentations (e.g., rotations
in the detector's coordinate system) are directly applied to raw collision images to encode
detector symmetries. Note that a more comprehensive discussion about anomaly detection
in HEP will be provided in the next part of this thesis.

Explicit parameterization. In some cases (e.g., E�ective Field Theory's Wilson co-
e�cients [90], and the parameterization of nuisance parameters in [91]), the dependence
between the physics parameter and the function to learn is known or it can be approxi-
mated (e.g., with a polynomial). For example, let's consider the following function [90]:

f (x; � ) =
�
1 + �� (x)

� 2 +
�
�� (x)

� 2; (2.3.11)

where � (x) and � (x) are two real functions (for which we can collect data samples) of the
input features, x. The overall function, f (x; � ), is parameterized by � on which it depends
explicitly, in this case encoding a quadratic form on the parameter; this can be true for
both classi�cation and regression problems. If the target task admits an analytical (e.g.,
quadratic) form of the parameter or we want to ensure human interpretability, a regular
pNN does not allow us to enforce an explicit dependency on the parameter since it would
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learn the reliance between the features and the parameter automatically, in its hidden layers.
Nonetheless, even if the pNN learned a quadratic relationship it would be hard for us to
�gure it out. Therefore, if the dependency is known in advance or it can be assumed, we can
exploit this knowledge to simplify the learning task by directly encoding such assumption
in the model. For example:

f̂ (x; � ) =
1

1 +
�
1 + �f � (x)

� 2 +
�
�f � (x)

� 2 ; (2.3.12)

wheref̂ (x; � ) 2 (0; 1) is a continuous-output classi�er, and f � and f � are two standard neural
networks that approximate � (x) and � (x), respectively. As we can see from the equation,
the parameter is not experienced by any neural network (hence, there is no learning) but
only plugged in the functional form to agree with our domain knowledge. The model
described in equation 2.3.12 is suitable for classi�cation tasks, in which the dependency
on the parameter is known (e.g., told by the underlying theory). Instead, for regression
problems, we can opt for a polynomial approximation (e.g., similarly to [91]) in case the
mathematical form of the dependency is not known:

f̂ (x; � ) = exp
h
�� 1(x) +

1
2

� 2� 2(x) + � � �
i
; (2.3.13)

where each function� i (x) should be suitably approximated by a neural network. To avoid
incurring training to many models, one can, for example, truncate the expansion to the
second order and only �t a pair of neural nets.

In a similar spirit, physics-informed neural networks (PINNs) [92] embed physics knowl-
edge in terms of a known partial di�erential equation (PDE) to �nd an optimal numerical
solution from a limited number of samples. A PINN is de�ned as

f (t; x) = ut + N [u]; (2.3.14)

where the (unknown) PDE solution ut is approximated by a neural net u(t; x), and the
non-linear di�erential operator, N [�], is a problem-speci�c PDE providing the physics
knowledge about the target task. Given initial and boundary measurement training data,
f (tu ; xu ; u) i g

Nu
i =1 , and collocation (or residual) points f (t f ; xf ) j g

N f
j =1 , the shared parameters

between the networksu(t; x) and f (t; x) are learned by minimizing the following loss:

L =
1

Nu

NuX

i =1

�
u

�
t (i )
u ; x(i )

u

�
� u(i )

� 2
+

1
N f

N fX

j =1

�
�
� f

�
t (j )
f ; x(j )

f

� �
�
�
2
: (2.3.15)

In this way, PINNs can integrate information from measurements and PDEs, where PDEs
provide a learning bias [93] as an additional loss term (i.e., the second term in the above
equation). Hence, PINNs can overcome the limitations of numerical methods while satisfy-
ing physical invariants, and being data e�cient. In addition, PINNs can be seen as pNNs
that integrate the physics knowledge via a PDE-based loss term rather than an architectural
conditioning mechanism, although limited to regressing PDE solutions.
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Incorporating constraints. Neural networks are a capable class of data-driven models
that often achieve high performance on the target learning task. Despite the attractive
performance, NNs may violate fundamental constraints because these are unlikely to be
learned while solving the underlying task. Constraints are usually driven by our domain
knowledge or common sense, like constraints that ensure safety. This domain knowledge is
quite improbable to be encoded in the problem we wish to solve, nor the provided dataset,
therefore we should provide such information to the model separately. Considering a general
constraint, C(x; y; z) = 0, that relies on input, x, output, y, and, eventually, auxiliary
variables, z, there are two main approaches to enforce them [83]:soft constraints can
be introduced by adding a penalty term, sayC, to the loss function whose importance is
controlled by a hyperparameter, � ; and hard constraints can be enforced at the architecture-
level by introducing custom layers encoding the knowledge about the constraint function
[94]. In general, if the constraints are di�erentiable these can be easily introduced directly,
although the target application must allow for some degree of violation. Instead, hard
constraints, which are always fully satis�ed so never violated, can be way more di�cult to
enforce especially if these cannot be written in closed form. For example, Beucler et al.
[94] consider enforcing linear analytic constraints, described by a linear system of rankn.
Their approach consists of augmenting a neural network architecture with�xed-parameters
constraints layers, which take as input the input features along the output of the NN, able to
solve the system of equations describing the constraints such that the �nal output respects
them.

2.3.5 Interpolation and extrapolation

In principle, a parameterized model can smoothlyinterpolate intermediate values of the
physics parameter that were not seen during training. Taking as an example the signal mass
hypothesesM , if we take any two adjacent pairs (mi ; mi +1 ) such that mi 2 M ; 8i < jMj� 1,
e.g., (750; 1000) GeV, the pNN is expected to interpolate, i.e., correctly predict, interme-
diate points of this mass interval like its mean, i.e., (mi + mi +1 )=2, for example. Such
a mass point was never experienced during training, therefore its interpolation implies a
generalization capability able to relate the novel parameter value to the input features.
Thus, the model's ability to generalize should betwofold: the pNN is requested to perform
well on novel samples belonging to the known parameter values and to predict new events
that belong to unseen parameter values correctly. This means that a pNN capable of good
interpolation should provide more accurate outcomes compared to the ones that would be
obtained by (linearly) interpolating the results of jMj individual models, instead. Fur-
thermore, parameterized models can, to some degree, handle parameters whose values fall
outside the range experienced during training: in such a case, we talk aboutextrapolation
capability.

Interpolation is an important property for parameterized networks, allowing them to
e�ectively replace a set of individual classi�ers each trained on a speci�c parameter value.
In principle, the pNNs can generalize on the entire continuous range of parameter values
enabling this class of models to be moredata e�cient . This ability has another important
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implication, especially for the HEP domain: generating signal events for the various mass
hypotheses through accurate Monte Carlo simulations is costly, therefore the number of
mass points to consider is often limited to a few hypotheses hence making the search of
the new particle more coarse. Interpolation in pNNs can either help reduce the number of
signal hypotheses, speeding up the event generation phase, since the model would interpolate
them, or make the new physics search more �ne-grained by generating fewer signal events
at novel intermediate mass points. Indeed, the data should be simulated at suitable mass
points to probe the potential new physics.

2.3.6 Handling continuous and multiple parameters

In section 2.3.4 we discussed multiple ways in which a single discrete physics parameter,� ,
can be assigned to our parameterized network,f � . For equation 2.3.10 to hold, we assumed
an in�nite number of training iterations to cover all possible combinations of the parameter
value and background events. If we consider the simplest case of one discrete parameter,
i.e., � 2 P , the equation can be rewritten as

ŷb = E� � � (P )
�
f � (xb; � )

�
=

1
jPj

X

� 2P

f � (xb; � ); (2.3.16)

where the predicted class ^yb for the background event xb can be obtained by averaging
the predictions of the model over all possible values,P, of the parameter. Since discrete,
we assumed a discrete distribution over the parameter, i.e.,p(� j y = 0) = � (P), but, in
principle, this can be further generalized to arbitrary distributions which can also cover the
case of a singlecontinuous parameter:

ŷb = E� � p(�j y=0)
�
f � (xb; � )

�
=

Z 1

�1
f � (xb; � ) � p(� j y = 0) d �; (2.3.17)

which involves an intractable integration over the value range of the parameter. Hence, we
incur a large computational cost if the discrete set,P, is very large or if � is continuous.
To avoid that we can resort to a Monte Carlo approximation of both equations, in which
we sample onlyM values of the parameter such that

ŷb �
1

M

X

� � p(�j y=0)

f � (xb; � ): (2.3.18)

In this way, during training, we incur a computational cost to predict a background sample
that is independent of the size of the physics parameter space although it is stillO(M ),
where M < jPj . Therefore, by tuning M we can trade accuracy for training speed. It is
worth noticing that the assignment strategy discussed in section 2.3.4, corresponds to a
special case of the above equation which can be recovered by settingM = 1. Moreover,
this formulation also explains why those assignment strategies [78, 75] work at all. Lastly,
these equations only tell us to modify the prediction step of background events during the
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training phase, since the parameter is already assigned for the signal. A simple practical
solution is replicating the background events of a mini-batchM times, associating them
with di�erent parameter values, and then computing the loss and gradient descent step as
usual.

The above idea can be extended to a setting where we want to condition our model on
multiple physics parameters. Let's start by considering the case ofK discrete parameters,
� 1; : : : ; � K 2 P 1 � � � � � P K , in which each parameter,� i 2 P i (where i 2 1; :::; K ), has its
own set of values. Hence, the equation 2.3.16 now writes as

ŷb =
1

jP1j � � � � � jP K j

X

� 12P 1

� � �
X

� K 2P K

f � (xb; � 1; : : : ; � K ); (2.3.19)

where we need to average on each single parameter space with a computational cost of
O(jP1j � � � � � jP K j) for the enumeration, which can easily become infeasible. Similarly, for
the continuous case, we would need to computeK integrals which is excessive. Hence, as
done in equation 2.3.18 we can use a Monte Carlo average but, in this case, we need to at
least sample a value for each parameter, thus:M = �K , where � 2 N is a positive integer.
Since a continuous parameter is governed by a probability distribution, we may consider
multivariate distributions over the parameters that can also capture relations between them.
In this way we are not saving up computation but rather making the estimate more e�cient
since by sampling the parameters in regions where these are more representative (compared
to a uniform sampling), we can expect the training to converge to an equally good minimum
but with a smaller value of M . In general, this idea can also be applied to the previous
cases (single, multiple, discrete parameters) by changing the sampling strategy from uniform
to an informed one: to make the sampling informed we can consider the density of the
parameter(s) induced by our dataset and, also, the inclusion of domain knowledge from the
underlying theory.

From the above perspective, we may consider the sampling (i.e., assignment) of the
parameter(s) for the background events as a sort ofclass-speci�c data augmentation, since
only one class is augmented, which may be interpreted as providing the network with the
same events, multiple times, but associated with di�erent parameter values as if to inform
the model about the physical plausibility of the given feature-parameter pair. If so, there
would be pairs (xb; � ) that are more physically relevant and others that are less. Therefore,
these pairs may enable the pNN to learn the physics that relates both the features and class
labels with a given parameter value.

2.3.7 Relation to multi-task learning

Recall that our parameterized model is trained on a dataset of the form:D =
�

(x; y; � ) i
	 N

i =1 ,
in which each pair (x(i ) ; y(i ) ) is assigned a (discrete) value of the physics parameter,� (i ) 2 P .
If we were \slicing" the dataset, D, by selecting all the features and targets associated with
each unique parameter value, we would get a set ofjPj datasets:

T =
n

D� i =
�

(x; y; � ) j : � i = � j
	 N

j =1 : � i 2 P
o

; (2.3.20)
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in which each dataset slice,D� i , is associated to a parameter value,� i . The above equation
represents the set of all tasks,T , in which each Ti = D� i de�nes a singletask we wish our
model to solve: notice that these tasks are also related to each other. Since we want our
pNN to solve all the tasks in T jointly , we refer to this learning scenario asMulti-Task
Learning (MTL) [95].

MTL is a learning paradigm aiming at leveraging the knowledge contained in a task
to learn from multiple related tasks simultaneously by a shared model [96, 97], which is
our parameterized network: precisely, the pNN solves a multi-task supervised classi�cation
problem. Instead, learning a classi�er on a singleD� i is considered as single-task learning
(STL). Compared to STL, MTL can leverage more data since learning from all tasks,T ,
obtaining a more accurate learner for each task which also improves generalization: utilizing
the data from all tasks can be seen as a form of data augmentation. In particular, we are
in the case in which the di�erent tasks lie in the same feature space, therefore the setting
is called homogeneous-featureMTL [97]. Moreover, the parameterized neural network can
be seen as an instance ofhard parameter sharing, in which the model's weights are shared
among all the tasks minimizing a common loss function: there is a single model that learns
from all the Ti at the same time. Instead, in soft parameter sharing di�erent tasks have
individual task-speci�c models with distinct weights, which can share a common backbone,
plus a term added to the loss function that penalizes the distance between the model
parameters of di�erent tasks [96].

In the context of HEP, another conceivable MTL architecture is what we call the set
of individual networks, in which each classi�er is trained on a speci�c task, Ti , hence this
architecture can be seen and motivated as a soft parameter sharing alternative to the pNN,
in which there is no shared part (i.e., the backbone) among the networks. Compared to
pNNs, the individual classi�ers may achieve similar classi�cation performance but at the
expense of using more training data and losing the interpolation capability, since there is
no shared information among the tasks.

(a) Task embedding network. Figure from [98] (b) Baldi's pNN [53].

Figure 2.17: The parameterized neural network introduced by Baldi et al., which concate-
nates the parameter with the features, can be seen as an instance of the task embedding
network, which is a MTL architecture.

Following the MTL paradigm, the idea of concatenating the task embedding(i.e., learning
a dense vector that encodes an integer identifying the current task) with the input fea-
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tures takes the name oftask embedding network[98], which were mostly used for regression
problems: we can notice how such network architecture resembles the Baldi's pNN for-
mulation [53], except for the employed embedding layer; the �gure 2.17 compares the two
architectures. In another example, Oeltz et al. study parameterized models for regression
problems in �nance [99], proving that as the number of tasks increases the complexity of a
parameterized network decreases, resulting in lower over�tting compared to a STL model.
Increasing the number of tasks can also be bene�cial for interpolation, since it can induce
the network to better �t the missing tasks (or physics parameters, in the case of HEP).

2.4 Experimental results

This section presents and discusses the results of our experiments [78, 75] about applying
parameterized neural network variants on theHEPMASS-IMBdataset [79] (a more challenging
version of HEPMASS), which is introduced in the next section.

2.4.1 The HEPMASS imbalanced dataset

The HEPMASS-IMBdataset is derived by imbalancing (i.e., removing data samples to create
a discrepancy between examples belonging to the same group or class) theHEPMASSdataset
[100], which was used to design the original pNN [53]. In particular, we purposely make
the learning problem associated with the dataset harder by creating a double imbalance, in
which both the class label and mass feature (the physics parameter,mX ) are uneven as we
can see in �gure 2.18: the dataset is now less ideal, being closer to the real world.

(a) Resulting distribution of the reconstructed
mass after having imbalanced HEPMASS. The
background has been weighted by 1=5, for vi-
sualization purposes.

(b) Imbalance of all the signal mass hypothe-
ses: log-scale. We can see that the imbalance
ratio grows as mX increases, for a maximum
di�erence of a few orders of magnitude.

Figure 2.18: Overall class and mass imbalance ofHEPMASS-IMB.
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Figure 2.19: The Feynman diagrams depicting the production and decay of the hypothetical
particle, X ! t �t, and SM background process of top quark pair production [53]. In both
cases, thet �t pair decays to a single lepton,̀ , a neutrino, � , and quarks, q and b.

The original HEPMASSdataset depicts the search of a hypothetical particleX with an
unknown mass. Since the particle's mass is not known, �ve signal mass hypotheses (in
GeV) were assumed: M = mX = f 500; 750; 1000; 1250; 1500g, meaning that the signal
events were generated according to these �ve mass points. The particleX decays into
a t �t pair, and the �nal state consists in the most probable decay product: X ! t �t !
W + bW� �b ! qq0bl� �b. The dominant background considered for this speci�c signal is the
Standard Model t �t production, identical in the �nal state but di�erent in kinematics due
to the absence of theX resonance: i.e.,t �t ! W + bW� �b ! qq0bl� �b. The Feynman diagrams
showing the signal and background processes are presented in 2.19. Then, a comparison
between HEPMASSand HEPMASS-IMBis provided in table 2.1, in which we can observe the
ideal nature of the former one.

Characteristic
Dataset

HEPMASS[100] HEPMASS-IMB[79]

Number of samples 7M (+ 3.5M test) 4M (+ 3.5M test)

Class imbalance (%) None 13 (signal) / 87 (bkg)

Signal imbalance None up to 166�

Mass hypotheses 5 (equally spaced) //

Number of variables 27 //

Background distribution discrete //

Table 2.1: Datasets comparison. We made theHEPMASSdataset more di�cult by removing
signal events from the training set to induce a double imbalance, mimicking more typical
HEP scenarios where the signal is increasingly scarce.
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Figure 2.20: Distribution of selected training features of HEPMASS-IMB. For visualization
purposes, the background contribution is weighted by 1=5.

The dataset contains 27 features (excluding the mass feature, m), which are normal-
ized to have zero-mean and unitary variance, depicting low-level kinematic variables (i.e.,
the four-vectors of the reconstructed events which include the magnitude and angle of the
missing transverse momentum) along with high-level features obtained by combining the
low-level ones to approximate the invariant masses of the intermediate physics objects of
the decay. In �gure 2.20 we can observe that the distribution of the signal at 500 GeV is the
closest to the background, revealing that these events are the most di�cult to classify which
is con�rmed by our evaluation of classi�cation performance: see section 2.4.4. Moreover, as
we can see in �gure 2.21 there are some strong linear correlations among the features (from
f0 to f25 ), the reconstructed mass (f26 ), and the mass feature (mX ; i.e., the masscolumn
in HEPMASS). This can mean that the mass features can be (partially) determined from the
reconstructed mass and that it can also provide some additional information during train-
ing. Finally, there are only weak correlations w.r.t. the class label.

The main reason for making theHEPMASSdataset harder is that it is more suited for demon-
stration than for benchmarking purposes since the classi�cation performance already satu-
rates to a high value even for simple, almost shallow, neural networks. Instead, real-world
datasets are way more challenging: 1) having tens of mass hypotheses, which are often
unevenly distributed; 2) multiple background processes, each contributing di�erently; and
3) the distribution of the events shows a long-tail shape, meaning that these can be quite
numerous either at low or high mass points whereas, at the opposite side, there can be
(very) few samples. In this regard, research about parameterized neural networks needs
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(a) Reconstructed mass (b) Mass hypotheses (c) Class label

Figure 2.21: Linear (Pearson) correlations of some training variables ofHEPMASS-IMB. Most
features that do not correlate with the target variable are omitted for visualization purposes.

more complex and comprehensive datasets with various data modalities (e.g., images), mul-
tiple background processes and mass hypotheses, di�erent physics parameters on which the
conditioning can happen, but also describe real scenarios su�ciently either for classi�cation,
regression, and interpolation.

2.4.2 Evaluation metrics

The conducted experiments were evaluated through common classi�cation metrics, such as
the AUROC (Area Under the Receiving Operating Characteristic curve), and AUPR (Area
Under the Precision-Recall curve). Moreover, to quantify the excess of classi�ed signal
over the background we designed a variant of the popular approximate median signi�cance
(AMS) formula [101, 44], called thesigni�cance ratio , which retains the same scale over the
mass hypotheses.

AUROC. The Receiver Operating Characteristics (ROC) curve [102] is useful for visu-
alizing and comparing the performance of classi�ers. The ROC is a two-dimensional graph
showing the trade-o� between the true positive rate (TPR or recall) and the false positive
rate (FPR), which can be interpreted as bene�ts against costs. The TPR is the ratio of
true positives (TP, i.e., all the positive instances classi�ed as positive, or as a signal in our
case), i.e.,TPR = T P

P . Whereas, the FPR is the ratio of the negative instances,FP , (e.g.,
background events)incorrectly classi�ed as positive, i.e.,FPR = F P

N : P and N denote, re-
spectively, the total number of positive and negative samples. Regarding the HEP domain,
the ROC can be interpreted as thesignal e�ciency (y-axis) against the background e�-
ciency (x-axis) in terms of how much signal is retained when considering a certain fraction
of the background. Otherwise, we can consider thebackground rejection (i.e., = 1 � FPR;
also calledspeci�city ): how much signal is retained at a certain discard of background. An
example ROC curve can be seen in �gure 2.22a, where the following can be noticed.

ˆ The point at the lower left corner (0; 0) represents the classi�cation strategy of never
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predicting a positive class: regardless of the input example, the class will always be
negative;

ˆ The opposite strategy of unconditionally issuing a positive class happens at the upper
right coordinate (1; 1), instead;

ˆ The point at (0 ; 1) represents perfect classi�cation performance since all the positive
samples would be correctly classi�ed while making no mistakes about the negative
ones.

Therefore, we aim to achieve ROC curves that approach the northwest corner, i.e., (0; 1),
as closely as possible. Moreover, the diagonal line (depicted in the �gure by a dashed gray
line) represents the strategy of randomly guessing a class label: even if we move along the
line such that to increase the TPR, its FPR will increase as well because this classi�er has
no information about the class. Finally, any point of the curve that appears in the lower
right triangle represents a classi�er that performs worse than random since it mismatches
the positive class for the negative; by negating it, the curve is 
ipped to the upper left
triangle.

(a) ROC curve (b) PR curve

Figure 2.22: ROC and PR curves evaluated atmX = 500 GeV on HEPMASS-IMB, in which
a pNN (uniform ) is compared to an A�nePNN ( discrete ). The words uniform and
discrete denote the parameter assignment strategy: refer to section 2.3.4; the two models
are de�ned in the appendix tables A.1 and A.2. As we can see, the A�nePNN is always
superior to the pNN for all classi�cation thresholds. Moreover, the dots on the respective
curves denote the threshold that maximizes the signi�cance ratio: de�ned in the next
paragraph. Hence, the thresholds (0:929 and 0:182) determine the working points of the
respective models that best classify the signal according to the signi�cance ratio metric.
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A ROC can be built from either discrete or continuous classi�ers. A discrete classi�er has
a binary output that represents the class label, instead a continuous one can either output
probability or scores. In the latter case, the ROC is built by thresholding the continuous
output varying it from �1 to 1 , thus tracing a smooth line. In any case, the ROC is built
from a �nite number of data samples, therefore it is a step function that gets smoother and
smoother as the number of examples approaches in�nity.

Comparing two classi�ers through their ROC curves can be di�cult when these are
interleaved (unlike �gure 2.22a, in which the blue one is always smaller than the orange
curve), i.e., neither of the two completely dominates the other. Hence, it would be quite
handy to compare a single scalar representing the expected performance: such value is the
Area Under the Curve (AUC) of the ROC, also abbreviated to AUROC. The AUC represents
the portion of the area of a unit square, therefore its value is between zero and one, where
an AUC of one is associated with perfect classi�cation performance. Furthermore, the
AUC can be interpreted as the expected probability that the classi�er will score a randomly
chosen positive instance higher than a random negative sample [102, 103].

Lastly, ROC curves are insensitive to changes in class distribution, meaning that if the
proportion of positive to negative instances changes (e.g., in the test set), the ROC will not
change. This is a useful property, especially in HEP, since the class distribution for a mass
point is likely to be diverse from the others.

AUPR. The Precision-Recall curve (�gure 2.22b) compares the signal e�ciency (recall)
with what we call the purity (or precision): the fraction of examples predicted as positive
that truly belong to the positive class, which, in the HEP domain, can be interpreted as the
number of the true signal divided by the number of events classi�ed as signal (which also
contains misclassi�cation of the background). In PR space better curves tend to the upper-
right corner. According to [104], the PR curve is preferred over the ROC for classi�cation
tasks characterized by a large skew in the class distribution. For example, if the negative
samples greatly exceed the positive ones, a large change in false positives will occur, which
can lead to a small change in FPR. Therefore, the ROC slightly changes, whereas the
precision can still capture such di�erence: in HEP this can happen when a background
process is signi�cantly more numerous than a signal one. Hence, inspecting the PR curve
can provide us with di�erences among models that were not obvious in the ROC curve.
Moreover, the ROC and PR curves are related to each other. For example, a curve dominates
in ROC space if and only if it also dominates in PR space. Moreover, models trained to
optimize the AUROC are not guaranteed to maximize the area under the PR curve (called
AUPR ). Finally, a point on the ROC can be mapped on the PR curve as well, therefore it is
possible to translate a curve in ROC space to PR space and vice-versa: this can be observed
in �gure 2.22, in which the classi�ers obtained at the optimal threshold is mapped on both
ROC and PR curves, allowing to understand the achieved TPR, FPR, and precision. As we
can see, if we change the working point of the A�ne pNN such that to have the same signal
or background e�ciency of the pNN (i.e., by moving it along the x-axis, or the y-axis),
the a�ne model can always achieve a superior background rejection or signal e�ciency,
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meaning that the classi�ed data sample will be more pure.

Signi�cance ratio. Unlike a discrete binary classi�er, which directly outputs a class label,
a continuous-output one needs to be thresholded to determine the predicted class: usually,
scores or probabilities larger than the threshold represent the positive class. According
to both the domain and problem requirements, one way to determine the threshold is by
�xing a target value of either TPR, FPR, or precision, and then tracing the point on the
respective curve (ROC or PR) to determine the achieved rate on the other axis: taking the
ROC in �gure 2.22a as example, for our classi�er we may set a target TPR of about 90%
therefore we have �xed they-axis, discovering that at that value the model achieves a FPR
of about 60%. If this satis�es us, we can compute the score used when tracing the ROC to
determine the classi�cation threshold. This method is simple and may work well if we have
a target value of either signal e�ciency or background rejection to match.

In signal-background classi�cation, though, we often care about maximizing the excess of
the signal hypothesis over the background. This is quanti�ed by computing theapproximate
median signi�cance (AMS) [101, 44] as follows:

AMS (t) =
stp

st + bt
; (2.4.1)

in which st and bt are the (weighted8) number of true signal and true background events,
respectively, that passed the classi�cation threshold t: i.e., st = ws �

�
� f f �

�
x(i ) ; m(i )

�
>

t ^ y(i ) = 1gN
i =1

�
� and bt = wb �

�
� f f �

�
x(i ) ; m(i )

�
< t ^ y(i ) = 0gN

i =1

�
� , where ws and wb are class

or per-sample weights. By running this formula over all possible threshold values, we can
�nd the optimal classi�cation threshold that determines the positive (signal) class, which in
jargon is called the best cut: t? = arg max t f AMS (t)g. The AMS if correctly weighted can
represent a statistically signi�cant measure, whose value still depends on the total number
of signal and background events present in our dataset. Hence, without any per-event
weighting, the scale of the AMS will be di�erent for each mass hypothesis (since each mass
point is as if selecting a portion of the dataset with a di�erent number of samples), making
the per-mass AMS di�cult to compare to each others preventing to fully understand the
behavior of the parameterized model on the various mass points.

To avoid this issue, we designed a new metric called the signi�cance ratio [78],� ratio , that
is normalized in [0; 1] thanks to a per-mass normalization constant, being easy to interpret
and compare. The signi�cance ratio for a given mass hypothesis is de�ned as the ratio
between the best (maximum) AMS by the largest possible signi�cance, thus:

� ratio (m) =
AMS m (t?)
sm

max=
p

sm
max

; (2.4.2)

whereAMS m considers only events associated with a given mass hypothesis, by adding the
condition m(i ) = m to determine st and bt ; notice that this term is computed at the best

8To keep things general, the weighting refers to balancing the class distribution rather than introducing
cross-section weights.
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threshold, t?. The ratio sm
max=

p
sm

max represents theideal signi�cance for hypothesis m, in
which perfect classi�cation is assumed since all the background is rejected (i.e.,bt = 0),
and all the signal at massm is correctly predicted. Dividing by the constant enables each
� ratio (m) to have the same numerical scale for all mass points,m 2 M , allowing them to be
comparable against each other. Moreover, the best models should approach a signi�cance
ratio of one.

Figure 2.23: Comparison of the distribution of the predicted class label probability for two
models: a pNN (uniform ) against an a�nePNN ( discrete ); the same models as in �gure
2.22. Both models are evaluated at the mass point,mX = 500 GeV on HEPMASS-IMB. The
background contribution is weighted by 1

jMj = 1
5 . The histograms represent the predicted

class distribution, the solid green curve is the signi�cance ratio computed over various
thresholds, and the vertical dashed line is the best cut (at 0:9293 and 0:1818), where� ratio

is at its maximum: i.e., 0:7314 and 0:7471.

In �gure 2.23 we can observe how the two models try to separate the signal from the
background. The former struggles at identifying the signal, therefore the histograms are
mostly overlapping, and, more importantly, the best cut is quite high (almost 0:93) ap-
proaching one. The latter model, instead, separates the two distributions almost well: we
can see that the two peaks are at opposite sides and that the signi�cance ratio decreases
as we increase the threshold since more signal would be wasted, and that the classi�cation
threshold approaches the point in which the two distributions intersect; this model is closer
to an ideal classi�er.

It should be noted that the signi�cance ratio is meant to be an additional metric to
judge the classi�cation performance of a discrete classi�er, i.e., at a given threshold, and
not a proper measure of statistical signi�cance.
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2.4.3 Model implementation and training

All the models considered for evaluation and comparison are built using TensorFlow 2 [73]
along with the Keras [105] library for Python [106], having the same architecture consisting
of four hidden layers each with 300, 150, 100 and 50 units, resulting in about 70k learnable
parameters, with ReLU [57] activation and Dropout [66] regularization with a rate of 25%:
the details of the two architectures (i.e., the pNN and a�ne pNN) employed for comparison
can be found in the appendix A.3. The minimization of the binary cross-entropy (BCE)
loss [37] was performed by the Adaptive moments (Adam) optimizer [107], with a learning
rate of 5 � 10� 4, on a mini-batch size of 1024 data samples. The model's parameters are
initialized following the he uniform initialization [22], which are further regularized by an
l2-penalty (i.e., equation 2.2.8) with strength of 10� 5 and 10� 6 for weights and biases,
respectively.

Binary cross-entropy. The BCE loss is used as a cost function to learn neural network
classi�ers when the problem to solve involves discriminating two exclusive classes: a positive
class, usually labeled with one, and a negative one associated with label zero. The conven-
tion about which class should be the positive or the negative is purely a design choice, in
fact in classical ML these used to be associated with +1 and� 1 labels, respectively. The
BCE loss, for one data sample, is formulated as follows:

L (y; ŷ) = � y log ŷ + (1 � y) log(1 � ŷ); (2.4.3)

wherey is the target class label and ^y = f � (x) the predicted class. The loss is designed such
that, according to the ground truth, either log ŷ or log(1� ŷ) is active: if the predicted class
is completely wrong (e.g.,ŷ � 0 but y = 1), the loss tends to plus in�nity, which indicates
the largest possible classi�cation penalty; otherwise, if the label is completely right (i.e.,
ŷ � 1 and y = 1), the error would approach zero since there is no misclassi�cation.

Adam optimizer. Compared to SGD, the Adam optimizer [107] enhances the update
rule (i.e., equation 2.2.6) with estimated second-order information of the gradient:

� (t )  � (t � 1) �
� (t )v̂(t )

p
ŝ(t ) + �

; (2.4.4)

where v̂(t ) and ŝ(t ) are the de-biasedestimates of the �rst, v (t ) , and second moment, s(t ) ,
respectively, of the gradient g(t ) , which is computed by back-propagation as in equation
2.2.5. De-biasing is necessary since, initially, the estimates of the moments are initialized to
zero: i.e., v(t ) = s (t ) = 0. Therefore, to avoid initial small values of the moments regardless
of the gradient we need to perform the following bias correction:

v̂(t ) =
v(t )

1 � � t
1

and ŝ(t ) =
s(t )

1 � � t
2
; (2.4.5)
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in which � 1 and � 2 are non-negative hyperparameters for the moving averages of the mo-
ments. Finally, the moments (mean and variance) are updated considering the history of
the gradients:

v(t )  � 1v(t � 1) + (1 � � 1)g(t ) ;

s(t )  � 2s(t � 1) + (1 � � 2)(g2)(t ) :
(2.4.6)

The second-order information allows Adam to adapt (i.e., reduce or enlarge) the learning
rate but on a per-parameter basis, e�ectively accelerating learning when the direction of
the gradient is aligned with the direction of improvement9 and, at the same time, slowing
down if the gradient's direction is inconsistent also avoiding oscillations. These features
make Adam a common default choice for optimizing neural networks, which also requires
little tuning of the learning rate.

2.4.4 Classi�cation results

To �rst assess the advantages brought by pNNs we should compare them to their \non-
parameterized" (i.e., models that do not depend on a physics parameter) counterparts,
namely single and individual neural networks: these two kind of models will represent our
baselines. A single NN is just a neural network trained without the mass feature, m, as input
but on all mass hypotheses simultaneously. Instead, the individual neural networks are a
set of jMj single models, sayf � i , each of them trained to target a speci�c signal hypothesis:
i.e., f � i is trained on events associated to mass hypothesismi . Since eachf � i is optimized
in isolation on one mass point against the whole background, the individual networks are
expected to beat the single network, which should face a harder learning problem: there
is no additional variable that provides information about the physics parameter, whereas
for the individual networks knowledge about the parameter is implicit although there is
no parameter sharing, i.e., there is no reuse of the learned weights to make learning more
e�cient since the networks are each learned separately.

As we can see in table 2.2, the single-NN is largely outperformed by all models whereas
the individual networks is a strong baseline, as expected, capable of beating most of the
pNNs trained with a uniform distribution of the mass parameter. For the parameter-
ized models the best results are achieved by class-balanced training (see section 2.3.4) and
discrete assignment of the parameter: class balancing helps to de-bias the model against
disproportions of the class labels, whereas the discrete distribution of the mass feature al-
lows for more robust learning. Furthermore, the a�ne architecture, which employs the
a�ne conditioning at each hidden layer, can further boost the classi�cation performance
compared to a pNN that only concatenates the mass feature at the input level, hinting to
us that stronger conditioning is e�ectively bene�cial for the task to solve.

9Notice that here we consider the gradient estimated on a mini-batch of samples, which is noisy and
potentially non-representative of the true gradient. Therefore, such a noisy gradient can point in a non-
optimal direction.
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Model Mass (GeV) Average (%)

Kind Mass Distribution 500 750 1000 1250 1500 AUC � ratio

Single NN None 72.62 86.56 92.68 93.83 94.06 87.95

73.52 79.51 85.59 86.85 86.86 82.47

Individual NNs None 76.81 92.28 96.98 98.44 98.93 92.69

74.43 85.91 91.75 92.07 90.04 86.84

pNN discrete 76.71 92.46 97.35 98.80 99.35 92.93

74.46 86.17 92.43 95.09 93.94 88.42

pNN (class) discrete 76.93 92.56 97.41 98.85 99.39 93.03

74.67 86.34 92.55 95.32 96.64 89.11

pNN (full) discrete 76.29 92.33 97.33 98.79 99.34 92.82

74.31 86.14 92.44 95.17 96.47 88.91

A�ne discrete 77.19 92.62 97.43 98.86 99.40 93.10

74.70 86.30 92.52 95.31 95.61 88.89

A�ne (class) discrete 77.19 92.64 97.46 98.88 99.42 93.12

74.76 86.38 92.62 95.37 96.77 89.18

A�ne (full) discrete 76.45 92.46 97.38 98.78 99.31 92.88

74.42 86.24 92.50 95.07 95.07 88.66

pNN uniform 76.67 92.41 97.33 98.79 99.34 92.91

74.48 86.15 92.39 95.15 94.70 88.57

pNN (class) uniform 71.00 91.56 97.14 98.75 99.32 91.55

72.71 85.64 92.22 95.09 96.45 88.42

pNN (full) uniform 72.19 91.41 97.11 98.70 99.25 91.73

73.06 85.42 92.16 94.93 96.23 88.36

A�ne uniform 77.26 92.62 97.43 98.86 99.41 93.11

74.73 86.31 92.52 95.25 94.65 88.69

A�ne (class) uniform 77.29 92.68 97.47 98.89 99.43 93.15

74.82 86.42 92.64 95.40 96.80 89.22

A�ne (full) uniform 66.67 91.15 97.08 98.70 99.30 90.58

70.75 85.46 92.05 94.88 96.34 87.90

Table 2.2: Comparison of baselines, model architecture, parameter distribution for the back-
ground, and (balanced) training procedure onHEPMASS-IMB. Performances are evaluated in
terms of AUROC and signi�cance ratio. The top two best results are shown in boldface.
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2.4.5 Interpolation and extrapolation capability

Ideally, to evaluate the ability of a parameterized model to interpolate and extrapolate inter-
mediate and boundary parameters, respectively, we would need a speci�c test dataset, say
D0 = f (x; y; � ) i gN 0

i =1 of sizeN 0 with � (i ) =2 P , in which new events are associated to unseen
parameter values. Since collecting or building such a dataset can be costly, especially in
HEP, we can \edit" our training dataset such that to remove all the signal events associated
with some parameter values: a new model will be trained considering the missing parameter
values, meaning that some signal is missing, and the background events cannot be assigned
the removed parameters. In this way, we can perform various interpolation and extrap-
olation tests by either removing single parameter values, a whole range of intermediate
parameters, or even learning only from a single parameter forcing the model to extrapolate
the entire parameter space. In the following paragraphs, these tests are demonstrated on
the HEPMASS-IMBdataset considering the mass feature as the parameter to interpolate or
extrapolate.

Single-mass interpolation and extrapolation. The simplest test we can perform is
to remove the value of a single parameter, train a parameterized model, and evaluate it
against the complete dataset. In this way, we can assess how di�cult it is to interpolate
or extrapolate that single parameter value, which, in this case, is about estimating the
impact of a mass hypothesis on classi�cation. By reusing the notation introduced in section
2.3.7, i.e., Dm = f (x (i ) ; y(i ) ; m)gN

i =1 , we indicate a slice of the full dataset,D, in which we
select all the features and labels associated to a given parameter, i.e.,� = m with m 2 M :
indeed, we need to choose the whole background. Doing so allows to either train on a single
parameter value (like done in this section) or training on a subset of the parameters, e.g.,
by joining multiple dataset slices: Dm i ;m j = Dm i [ D m j . By inspecting the results in �gure
2.24 we can say that each signal mass hypothesis has a di�erent impact on generalization
performance. In particular, we record a non-negligible loss in classi�cation accuracy for low
mass values as 500 and 750 GeV, especially formX = 500 GeV. This result con�rms that
low mass signal hypotheses are more overlapped with the background, as shown in �gure
2.18a. Moreover, for high parameter values (e.g., 1000, 1250, and 1500 GeV) predicting
the missing data points is almost trivial, entailing that the underlying learning task is
easier than low mass parameters. Therefore, this kind of test can enable us to understand
which parameter values (and potentially, their surroundings) are more di�cult to predict,
interpolate, or extrapolate.

Interpolating intermediate hypotheses. When targeting real applications, we wish
to test our parameterized model onintermediate values of the physics parameter used to
condition it. For simplicity, let's consider the discrete case in which given two close training
parameters, i.e., mi ; mi +1 2 M with i 2 f 1; jMj � 1g, we wish our model to interpolate
whatever novel parameter,m0, belongs to the (continuous) rangem0 2 (mi ; mi +1 ). As seen
for the previous single-mass test, removing a single parameter value can yield a too-simple
interpolation task, which may not re
ect real interpolation performance making it di�cult
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(a) Interpolate mX = 1000
GeV

(b) Interpolate mX = 1250
GeV

(c) Extrapolate mX = 1500
GeV

(d) Extrapolate mX = 500 GeV (e) Interpolate mX = 750 GeV

Figure 2.24: Single-parameter interpolation and extrapolation test onHEPMASS-IMB, com-
paring an a�ne pNN against a regular pNN. The baseline pNN is trained on all mass
hypotheses. The red squares (i.e., ) denote the mass hypotheses that were discarded
during training, meaning that the respective signal events were unused. The notation �M
indicates the mass hypotheses (and corresponding events) not used during training.

to compare and rank models. Therefore, to better assess such capability, we removed all the
intermediate mass hypotheses, i.e., 750, 1000, and 1250 GeV, to build a harder interpolation
task. The results of this benchmark are shown in �gure 2.25, in which we can see that the
pNN model weakly generalizes on the 750 GeV hypothesis while the loss in performance for
the a�ne architecture is way more limited but still large, hinting us that there is still room
for improvement to design an even better architecture, training procedure, or parameter
assignment strategy that could close this gap.

Extrapolating the entire mass range. To quantify the robustness of a parameterized
architecture against novel parameter values, we can perform a sort of \extreme" test in
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Figure 2.25: Interpolation on HEPMASS-IMBof the 750; 1000, and 1250 GeV mass hypotheses,
showing the per-mass AUROC (left) and AUPR (right).

which we train our model on a single mass point and, then, evaluate how well the model can
extrapolate both lower and higher mass values: in general, we can expect the performance
of the model to degrade as the parameter values depart from the training ones. The result
of such a test is summarized in �gure 2.26, concluding that:

ˆ The a�ne architecture is neatly more robust than a pNN that concatenates the pa-
rameter at the input layer, especially for low mass values (e.g., 500 and 750 GeV)
implying that the a�ne conditioning better modulates the learned hidden features by
the provided physics parameter, which results in wider generalization.

ˆ Instead, for high mass values for which theHEPMASS-IMBdataset has more statistics
the performance between the two architectures is comparable. This also entails that
the a�ne pNN tends to be more data-e�cient than a regular pNN.

ˆ Lastly, this kind of test also allows us to understand the impact of each mass hypothe-
sis. For our dataset, we can conclude that the 500 GeV hypothesis is the most di�cult
to learn as depicted in �gure 2.18a. Therefore, we can expect lower interpolation and
extrapolation performance if we remove the hardest hypotheses (or parameter values,
in general) from the training and, instead, foresee good interpolation and extrapo-
lation performance on the easiest hypotheses. This test can also be performed to
get an initial idea about the complexity of our dataset, hence understanding which
parameter values are better to interpolate (so, avoiding generating them) and which
others should be simulated since expected to be di�cult to learn.
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(a) Trained on D750 (b) Trained on D1000 (c) Trained on D1250

(d) Trained on D500 (e) Trained on D1500

Figure 2.26: Extrapolation on HEPMASS-IMB, comparing an a�ne parameterized network
against a regular pNN. The baseline pNN is trained on all mass hypotheses.

2.4.6 Evaluation of conditioning mechanisms

When designing pNNs the choice of the conditioning mechanism is an important one. In
particular, we evaluated the type (concatenation, biasing, scaling, and a�ne conditioning)
and the position, i.e., the place where the conditioning happens, such as: right after the
input layer ( begin ), placed after every non-linearity (all ), and just before the output layer
(end). Table 2.3 shows the results for two tasks: classi�cation, and interpolation [75]. The
�rst thing to notice is that the conditioning method mostly a�ects the interpolation rather
than the classi�cation performance of the model: the di�erence between the best and worst
model can be around 20% for interpolation, while the loss in performance is way less large
for classi�cation that is around 5% at most. This is an expected important fact since the
conditioning mechanism enables the model to learn the dependency between the parameter
and the features. Therefore, better conditioning implies better interpolation.
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Conditioning Classi�cation (%) Interpolation (%)

Type Position AUROC AUPR � ratio AUROC AUPR � ratio

Concat begin 93.09 92.20 88.84 89.20 88.13 85.67

Concat all 90.19 88.67 87.10 84.37 83.81 83.58

Concat end 88.45 87.58 83.40 70.93 72.57 71.90

Biasing begin 92.98 92.08 88.80 87.25 86.07 84.58

Biasing all 93.12 92.23 88.95 91.44 90.36 86.99

Biasing end 88.57 87.68 83.69 69.89 72.36 71.86

Scaling begin 93.01 92.10 88.74 85.42 85.53 82.35

Scaling all 92.93 91.99 88.73 87.95 86.80 84.81

Scaling end 92.03 90.76 87.64 87.12 86.84 83.84

A�ne begin 92.41 91.54 88.14 90.34 88.98 86.21

A�ne all 93.05 92.14 88.92 91.50 90.33 87.61

A�ne end 91.98 90.79 87.45 86.78 86.40 83.97

Table 2.3: Impact of conditioning mechanisms onHEPMASS-IMB. For interpolation, the
missing signal mass hypotheses are�M = f 750; 1000; 1250g. The best results are shown in
boldface.

As depicted by table 2.3, conditioning at the end usually leads to the worst performance.
In contrast, biasing and a�ne conditioning perform the best in both scenarios: the latter
being more robust regardless of the position at which it occurs. Finally, concatenation (at
begin ) attains competitive results.

2.5 Application of parameterized models in a real-world HEP
analysis

In this section, the advancements proposed and discussed in the previous sections are demon-
strated by the application of a parameterized network: the a�ne pNN, which is employed
to solve the signal-background classi�cation part of a study10 of the decay of BSM neutral
Higgs bosons to a� + � � pair [108, 109].

10 This analysis is still part of an ongoing work that uses data, simulations, and software from the CMS
collaboration.
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2.5.1 Introduction

In this analysis, the BSM Higgs can be described by two parameters:mA , i.e., the mass of
such particle, and tan� , a parameter given by the theoretical model under consideration.
The search for the BSM Higgs bosons is conducted considering proton-proton collisions at
a center-of-mass energy of 13 TeV, with the 2016 Run 2 data.

The searched signal. The dominant production mechanism for the neutral BSM Higgs
bosons is thegluon fusion (or, gg), which is relevant for small and medium values of tan� .
Instead, at large values, i.e., tan� > 30, the b-associated production (bb) becomes increas-
ingly dominant. The searched signal is hypothesized to exist within a mass range between
130 and 1500 GeV. Moreover, the presence of a signal, whose production is described by the
diagrams in �gure 2.27, would be characterized by an excess of events over the background
in the dimuon invariant mass (i.e., the mass of the� + � � �nal state), which would then
correspond to the mass of the boson.

Figure 2.27: Feynman diagrams depicting the searched BSM production of the neutral Higgs
bosons,h and H : gluon fusion, on the left, and b-associated production, on the center and
right. Figure from [108].

Background sources. The main source of background for the Higgs bosons is the Drell-
Yan (DY) process. Another relevant background source comes from opposite-sign dimuon
pairs produced in the semi-leptonic decay of the top quark int �t and single top events. Lastly,
less relevant contributions come from the diboson production processes, namelyW � W � ,
W � Z , and ZZ . In particular, these events contribute very little to the dimuon invariant
mass for masses larger than 130 GeV, where the Higgs signal is searched.

Signal samples. In general, the analysis adopts a data-driven approach for the back-
ground estimation relying on the Monte Carlo simulation only for the signal modeling, in
which the MC samples are generated for collisions at

p
s = 13 TeV. For the signal, the sam-

ples have been produced according to the values ofmA = [130; 150; 170; 200; 250; 300; 350;
400; 450; 500; 600; 700; 800; 1000; 1200; 1500] and tan� = [2 ; 5; 10; 15; 20; 25; 30; 40; 50; 60] pa-
rameters. Consequently, for each (mA ; tan � ) pair, the BSM Higgs bosons produced via
gluon fusion (i.e., gg) and in association with b-quarks (i.e., bb) have been generated.
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2.5.2 Analysis strategy

The events selected for the BSM Higgs to� + � � analysis are pre-selected by the CMS trigger
system, requiring a muon candidate within the pseudo-rapidity range of j� j < 2:4 and
pT > 24 GeV. Then, since events containingb-jet candidates provide the highest sensitivity
for the b-associated production channel, and events that do not compriseb-tagged jets
provide the best sensitivity for the gluon fusion production channel, these have been split
into two, exclusivecategories: theb-tag category (cat1 ), which includes events with at least
one b-tagged11 jet, and the no b-tag category (cat2 ), containing events without b-tagged
jets. This theory-driven pre-categorization of the events yields a better sensitivity to the
signal than discriminating on both categories simultaneously.

Figure 2.28: On the left, the transverse missing energy in the event forb-tagged events
(cat1 ), while on the right the same quantity for non b-tagged events (cat2 ). The quantities
refer to events with dimuon invariant mass larger than 130 GeV. The plots are stacked
histograms with each color representing a background process. Figure from [109].

Moreover, due to the above categorization, the dominant background process changes ac-
cording to the category as can be appreciated in �gure 2.28. In particular, the background
from t�t events is now much more relevant for theb-tag category, whereas for the nob-tag
category the dominant background is the DY production.

Physics parameter. As anticipated at the beginning of the section, the analysis is con-
ducted by training a parameterized classi�er, whose physics parameter is the mass hypoth-
esis of the BSM Higgs boson, i.e.,mA . Since the value of the parameter is only well de�ned
for the signal samples, we employ an assignment strategy (see section 2.3.4) for the back-
ground based onmass intervals. In particular, depending on the characteristic range in
the dimuon invariant mass, m� + � � , the respectivemA is assigned to the background events
included in that interval. The mass intervals with the respective assigned parameter values

11 The tagging (or classi�cation) of a jet from the b quark is performed by ML and, more recently, DL
algorithms, like DeepJet [110]. This tagging phase provides additional variables for subsequent methods.
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are listed below:

ˆ m� + � � = (115; 180) GeV ! mA = 130 GeV;

ˆ m� + � � = (115; 200) GeV ! mA = 150 GeV;

ˆ m� + � � = (120; 220) GeV ! mA = 170 GeV;

ˆ m� + � � = (150; 250) GeV ! mA = 200 GeV;

ˆ m� + � � = (200; 300) GeV ! mA = 250 GeV;

ˆ m� + � � = (225; 375) GeV ! mA = 300 GeV;

ˆ m� + � � = (275; 425) GeV ! mA = 350 GeV;

ˆ m� + � � = (300; 500) GeV ! mA = 400 GeV;

ˆ m� + � � = (350; 650) GeV ! mA = 500 GeV;

ˆ m� + � � = (400; 800) GeV ! mA = 600 GeV;

ˆ m� + � � = (500; 900) GeV ! mA = 700 GeV;

ˆ m� + � � = (600; 1000) GeV! mA = 800 GeV;

ˆ m� + � � = (700; 1800) GeV! mA = 1000 GeV;

ˆ m� + � � = (700; 1800) GeV! mA = 1200 GeV;

ˆ m� + � � = (700; 1800) GeV! mA = 1500 GeV.

There are a few things to notice. 1) the value of the intervals is determined by inspecting
the m� + � � distribution of background events: as can be seen in �gure 2.29, the local peaks
of the signal subsume a distribution that gets wider and wider; 2) the size of the intervals
is not constant but, instead, increases asmA increases: this is to account for the limited
statistics of the background samples available at high invariant mass; 3) lastly, for the
(700; 1800) intervals multiple values for the mA parameter are possible: therefore, we assign
either 1000; 1200 or 1500 GeV randomly, with uniform probability.

Model training. Two di�erent models, one for each category have been trained: their
architecture and hyperparameters are the same, but the input features are not. This is be-
cause event categorization allows us to select a relevant subset of features for each category,
making the classi�cation problem easier. In fact, by exploiting our domain knowledge, we
can make learning more e�cient by discarding irrelevant features, enabling us to study the
resulting classi�ers better while improving signal sensitivity. Moreover, half the data are

55



Chapter 2. Parameter-conditional Neural Networks

(a) b-tag category. (b) no b-tag category.

Figure 2.29: Comparison of the invariant mass distribution between categories. Stacked
colored histograms represent the weighted contribution of each background process. As we
can see, after about 350 GeV the imbalance between the two classes gets larger and larger.

used for training12 and the other half for the �nal testing: 25% of the training is reserved
for validation, which occurs by tracking the AUROC metric. Before training, the data is
normalized to have approximately unitary variance and zero mean by subtracting the mean
and dividing by the standard deviation of the features. Moreover, the input features were
limited in value to a more suitable range due to severe outliers, which are expected to occur
especially for high-mass events where the data is more scarce.

The chosen model for the analysis is the a�ne pNN (see appendix A.3), featuring four
fully-connected layers each with 300; 150; 100 and 50 units: the activation is ReLU; Dropout
[66] is also applied after each layer. To account for the discrepancy in statistics between
the signal and background classes, also considering the multiple background processes, the
full balanced training procedure (section 2.3.4) has been used to train the parameterized
network: at the mini-batch level, both classes are balanced, all themA are represented for
the signal, and all background processes (which are also imbalanced) have an equal num-
ber of events. Fully balanced mini-batches contain a mix of events whose chance is biased
compared to the original occurrence frequency of events in the unbalanced case: balancing
causes the model to experience less represented events more often, encouraging the network
to �t them equally well. In this case, the balancing technique resulted in overall better
performance.

12 For the two categories the training split is mixed as follows: cat1 has 8:8M background samples, and
about 1:4M b-associated and 150k gluon-fusion signal samples;cat2 , instead, presents 1:7M background
samples and 600k b-associated and 540k gluon-fusion signal samples. The same applies to the test set.
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2.5.3 Improvement over the cut-based approach

The previously described data-driven classi�er is compared to thecut-based discriminator
[109], i.e., a set of classi�cation rules designed by physics experts through careful inspection
of the available feature distributions. Since the data is divided into two categories, we have
two cut-based rules. For thecat1 , the criteria to select the signal is:

(Nb-jet = 1) ^ (N l -jet < 2) ^ (E T
miss < 40); (2.5.1)

where Nb-jet and N l -jet is, respectively, the number ofb quark jets and light quark jets, and
E T

miss the missing energy in the transverse plane. Instead, for thecat2 the selection is:

E T
miss < 80: (2.5.2)

The cut-based discriminator is �xed, meaning that, unlike a neural network, the classi�ca-
tion threshold cannot be tuned to trade o� the type I error (i.e., false positives) for thetype
II one (i.e., false negatives) or vice-versa, for example. To accomplish that, domain experts
should adapt the quantities associated with the respective features in a cut.

Figure 2.30 shows the classi�cation performance of the a�ne pNN compared to what a
cut-based approach can achieve. As we can see, the pNN always outperforms by a large
margin the traditional, not data-driven, cut-based approach for the evaluated signal mass
hypotheses. Moreover, even if we change the neural network's working point to match the
background rejection rate of the cut-based approach, we can notice (by moving along the
y-axis) that larger signal retention is still achieved. This means that after applying the pNN
as a selection cut, the resulting sample is more pure resulting in improved statistical signi�-
cance or upper limits. Furthermore, for the nob-tag category both signals are way harder to
separate from the background because, in this category, the DY process is dominant being
distributed quite similarly to the signal. Therefore, to preserve a relevant amount of signal
most of the background also passes the selection. Luckily, the pNN can still improve over
the cut-based approach in such a di�cult scenario. Lastly, compared to a more traditional
neural network approach (e.g., [52]), in which for each value ofmA a distinct classi�er would
be trained, our single pNN can tackle all the numerous signal-generating hypotheses at once
simplifying the whole work
ow.
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(a) b-tag category: b-associated signal. (b) no b-tag category: b-associated signal.

(c) b-tag category: gluon-fusion signal. (d) no b-tag category: gluon-fusion signal.

Figure 2.30: Performance of an a�ne pNN compared to the cut-based approach [109]: each
plot confronts the results for three values ofmA : 150; 500 and 1200 GeV. The ROC curves
can be computed only for the pNN. Conversely, the other approach yields a single point
on the ROC space denoted by colored triangles (, , and ). Colored circles ( , and )
depict the working point of the pNN, given by the threshold that maximizes the signi�cance
ratio ( � ratio ; de�ned in section 2.4.2).
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