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where the Pearson correlation can be replaced by the mean of the product, as both
the mean and standard deviation terms no longer have an in uence.
Notably, the de nition of HGR allows to derive three important properties:

HGR(A;B) 2 [0; 1]
HGR(A;B)=1 (9 figjP(f(A)=9gB))=1 (3.3)
HGR(A;B)=0 ( A? B

That is, the domain of HGR is bounded between 0 and 1. This makes it di erent
from other known correlation metrics that are de ned in [ 1;1] as it is unable
to determine the direction of the correlations, hence limiting to its strength in
absolute value. Within this domain, higher values denote a stronger degree of
dependence, while lower values re ect weaker dependence. In particular, HGR
reaches its maximum value only when there exist two deterministic functiorfs
and g making the random variables identical, while it reaches its minimum value
only when A and B are independent. This last property is especially signi cant, as
other measures of sample correlation do not guarantee it; for example, two variables
might be dependent on each other even if their Pearson's correlation is zero, as
their relationship might be exclusively non-linear.

3.1.1 The Issue of Uncomputability

As previously discussed, HGR is an e ective tool for measuring the dependence
between two variables. However, its calculation poses di culties, as it requires to
optimize over an in nite set of in nite-dimensional elements { that is, all potential

f and g functions. Among the well-founded methods proposed to estimate this
coe cient, one notable approach is by Witsenhausenitsenhausen, 1975 which
uses the second singular value, of a carefully selected matrix:

_ . PAB)
TP Em T RE)

(3.4)

where P (A; B) represents the joint distribution and P(A); P(B) the marginal
distributions, respectively.
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Figure 3.1: Example of over tting in the computation of sample HGR.

It should be mentioned, however, that the exact value of,(Q) is theoretically
uncomputable. An approximation for the lower bound based on the? value has
been suggested byMary et al., 2019. Nonetheless, in addition to the fundamental
theoretical error, their method also requires to estimate the distributions oA and
B from the available samples, thereby introducing a further layer of inaccuracy to
the whole process.

3.1.2 Distribution vs. Samples

In principle, a sample version of HGR can be readily derived by substituting the
theoretical value of the Pearson correlation in Equation (3.2) with its sample-based
counterpart. The two copula transformationsf and g need to be rede ned to act
on vectors as well, speci cally:

f(a)= ff(a)gL, g(b) = fg(h)gl, (3.5)

However, this characteristic makes the indicator prone to over tting on any given
sample @;b P(A;B), where the pairs can be seen as deterministic speci cations
of eitheraa 7! borb7! a. For instance, consider the dataset presented in Figure 3.1,
where thea points are equidistant and theb points are sampled randomly from a
uniform distribution. Since it is possible to de ne the new transformationg and
g based only on their values at the sampled points, an unrestricted model could
return two copula transformations such ag :a 7! b andg: Q 7! by, resulting
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in @ maximal correlationHGR(a;B = (f (a);9(b) = (fhg., ;fhg.,) =1, even
though bis generated from a distribution independent oA.

In Figure 3.1, we show how this task can be easily accomplished using a piecewise-
linear function that precisely ts the data, but we underline that this concept
applies to any model capable of exact interpolation on a dataset, ranging from
piecewise-constant to polynomial or spline interpolations. In real-world scenarios,
tackling these issues requires the use of suboptimal computational methods that
can balance the trade-o between bias and variance.

3.2 Computational Methods for HGR

In this section, we will present several algorithms that have been suggested for
approximating HGR using samples. Various theoretical relaxations, computational
approximations, and semantic modi cations have been introduced for this task.
The common thread in this comprehensive body of work is the combination of the
expressive power provided by non-linear kernel methods with the well-established
theoretical and practical bene ts of linear algebra.

The major di erence between these algorithms lies in their ability to provide
gradient information at the end of the procedure. Although this feature is often not
essential for applications where correlation measurement is su cient, it becomes
highly bene cial whenever such correlation must be constrained up to certain
values using regularization-based methods { see Section 2.1.3 for a more thorough
examination of this subject.

3.2.1 Gradient-Free Algorithms

The rst approach proposed to estimate HGR was the Alternating Conditional
Expectations (ACE) algorithm [Breiman and Friedman, 1985 Although it can
be generally used as a method for nding optimal transformations between the
target and input variables in regression tasks, in the context of bivariate datasets
it grounds to the computation of HGR. The aim of the algorithm is to identify the
best pair of zero-centered transformations and g which minimize the fraction of
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Figure 3.2: Pipeline of the Randomized Dependence Coe cient.
From: The Randomized Dependence Coe cient [Lopez-Paz et al., 2013]

unexplained variance, i.e.:

_ E[f(A B))®
argmin [F( )2 9(B)] (3.6)
f:A7! Rig:B7!R E[9%(B)]
E[f (A)]= Elg(B)]=0
This process involves alternately xingf and g while iteratively resolving the
following subproblems until the fraction of unexplained variance converges within
a speci ed tolerance:

g(B) = E[f (A) ] B] (3.7)
f(A)= E[g(B) ] Al (3.8)

Similar to other algorithms, ACE necessitates access to distributiori3(A), P(B),
and P (A; B), which further restricts its applicability in practical scenarios.

Other interesting gradient-free techniques for the computation of a generalized
correlation coe cient have been suggested over time. Noteworthy examples include
the Distance and Brownian Correlation $zkely and Rizzo, 200p Kernel Indepen-
dent Component Analysis Bach and Jordan, 200B Kernel Canonical Correlation
Analysis [Hardoon and Shawe-Taylor, 2008 and Hilbert-Schmidt Independence
Criterion [Gretton et al., 2005, Roczos et al., 2012].

As a nal mention, we reference the Randomized Dependence Coe cient
(RDC) [Lopez-Paz et al., 2013 The RDC estimates HGR by choosing the pair
which yields the highest correlation among randomly-calibrated sinusoidal projec-
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tions of the input variables. Speci cally, as displayed in Figure 3.2, the algorithm
utilizes k di erent sinusoidal functions obtained using a random scaling terrh, and
eventually employs Canonical Correlation Analysis (CCA) to identify the pair with
maximal correlation. This method is similar to ours but has two main shortcomings:
(1) it relies on random projections, which limits its robustness and interpretability,
and (i ) its procedure does not provide gradient information, making it unsuitable
for enforcement scenarios. Nonetheless, due to these similarities, we opted to use it
as a baseline in some of our experiments.

3.2.2 Kernel-Density Estimation

[Mary et al., 2019 was the rst paper to devise a novel computational approach for
HGR that ensures di erentiability. In their approach, the authors use Kernel Density
Estimation (KDE) techniques to approximate the input and output distributions,
later using them to compute the 2-divergence, which they prove to be a reliable
upper bound of the Witsenhausen's characterization of HGRAlitsenhausen, 197p
Given that the ?-divergence provides a smooth approximation, it can be e ectively
used as a loss regularizer during the neural network training process. Remarkably,
the paper also empirically demonstrates how this approach is e ective when applied
to mini-batches, making it suitable for deployment in deep learning frameworks.

Despite its distinct advantages, the proposedHGR-KDE method also has
several limitations. Firstly, akin to our previous discussion on Mutual Information,
correlation metrics based on kernel-density estimation methods tend to be largely
uninterpretable, as they model distributions but o er no substantial insight into
the structure of the copula transformations. Secondly, although the authors assert
their approach is non-parametric, we acknowledge that KDE algorithms require a
con guration that can signi cantly in uence the quality of the resulting solution.
Furthermore, this con guration is often opaque and challenging to determine a
priori, as it lacks a direct correlation with observable outcomes.
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3.2.3 Neural Networks

Another gradient-based method to calculate HGR is proposed iG[ari et al., 2020Q.
This is achieved through an adversarial framework where two neural networks are
used to estimate copula transformations. A primary modelf() attempts to predict
the protected variable mapping while a secondary ong)(predicts the output target
one. Eventually, the system is trained to maximize the resulting correlation.

Compared to the KDE method, thisHGR-NN approach is slower but signi -
cantly more e ective. Moreover, the neural-based copula transformations o er a
greater level of interpretability compared to kernel-density ones, as they enable vi-
sualization of the response function by scanning the input space, although this level
of interpretability cannot be framed in closed-form due to the inherent complexity
of neural networks. When it comes to con gurability, neural networks require as
well the de nition of certain speci cations, such as the hyperparameters of the
layers and the optimizer. Nevertheless, the e ects of these speci cations are more
predictable in advance since they are more directly correlated with the trade-o
between bias and variance, hence allowing for a more straightforward calibration.
A major drawback of neural networks is their intrinsic non-determinism, which
can be particularly problematic in fairness applications where speci ¢ guarantees
might be necessary. Finally, we mention that this method has been shown as well
to work properly with mini-batches, and in particular it can be more e cient when
applied to data sampled from the same process, as it is possible to apply ne-tuning
techniques to the pre-trained transformations.

3.3 Kernel-Based HGR

The core idea of our approach is to represeifit and g by means of nite-degree
polynomials. Formally, let us consider two vectorsa; b sampled from the joint
distribution of A and B. Our nite variance models are expressed as weighted
polynomial expansionsP¢ !, wherex refers to the input vector, d denotes the
degree of the polynomial kernel, andl is a d-dimensional vector of coe cients
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assigned to each polynomial degree. Speci cally:

2 3 2 3
X; x2 :iooxd8 Iy
Xo X2 i x4 !
Pd =§.2 ‘0 % gé (3.9)
Xn X2 xd I g

Accordingly, our kernel-based HGR variant is de ned as:
HGR-KB(a;bh;k)=max (P} ; P§ ) (3.10)

where the copula transformationg (a) and g(b) are replaced withPf  and P{
respectively. Here,h and k are two positive integers that represent the order
of polynomial expansions for both variables. As their speci cation is designated
to the user, these hyperparameters provide a way to adjust the exibility of the
indicator, balancing both the trade-o between bias and variance as well as its
expressiveness against computational complexity. The remainder of this section
addresses the technical aspects concerning the calculation of the indicator, followed
by a discussion on its properties and practical advantages.

3.3.1 Optimization Problem Formulation

Addressing Equation (3.10) poses a challenge due to the presence of several non-
linearities in the de nition of Pearson's coe cient. Nevertheless, we can observe
that the sample Pearson correlation (a; b can be obtained as follows by nding

the unique solution of an unconstrained least-square optimization problem:

1 a (a) b (b ?
argrmmﬁ T r o, (3.11)

where and denote the mean and standard deviation operators, respectively {
see proof in Appendix B.1. By substituting this into Equation (3.1), we get to the
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subsequent bi-level optimization problem:

f@ (@)  gb (90) ’

@) oy , P

nfw;slxargrmin%
Given that the copula transformations exhibit nite and strictly positive variance,
this represents an alternative yet equivalent sample version of HGR, from which the
correlation coe cient can be obtained as the optimal value , which is guaranteed
unique thanks to the strict convexity of the underlying problem.

Nonetheless, having a bi-level optimization problem is cumbersome to handle
from a computational viewpoint. Therefore, in Appendix B.2 we prove that the
objectives of the outer and inner optimization problems are aligned, thus making
it possible to simplify the formulation to:

2
wgminl 1@ (@) ob (g0 3.13)

fgr N (f () (9(0)

3.3.2 Plugging Polynomial Kernels

Let us substitute our polynomial models in Equation (3.13). What we get is:

Pl (Ph ) . Pk Pk ) °
arf;];rmln P ) r P ) , (3.14)

where the scaling factor £n can be omitted without altering the solution.

Looking at this equation, we can notice that the () terms may be easily
removed since the mean operator is invariant to translation. Consequently, we can
precompute the zero-centered the polynomial kernel and P{ and use them in
place of the numerators, leading to:

h ﬁk

CIENC =)

argmin
il a

The same reasoning cannot be applied to the standard deviation operator,
as its value is more complex to compute. Nonetheless, sincappears as the
multiplicative factor of a scale-invariant term, we can eliminate the denominator
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(P" ) by incorporating it into the coe cient vector along with r as follows:

e= ——— r (3.16)
(P )
Finally, the only method to eliminate (PX ) is to impose a constraint that
sets its value to 1, resulting in the following optimization problem:

2
argmin P! e P{ s.t. (PK =1 (3.17)
e 2
Speci cally, we impose the constraint on the variance instead of the standard
deviation and replaceP{ with its zero-centered counterpartP¥. This approach
retains the same solution, but simpli es its computational modeling by eliminating
the need to calculate square-root terms and allowing the use of a single matrix.

3.3.3 Solution of the Problem

Although the quadratic objective may appear straightforward, nding the optimal
solutionse and  of Equation (3.17) is challenging due to the equality constraint
imposed on the quadratic function (Pf{ )2. This prevents from the application
of the Quadratically Constrained Quadratic Program (QCQP) framework, as it can
only handle negative inequalities when dealing with positive-semide nite problems
like ours. However, in Appendix B.3 we show that the problem admits a convex
formulation, thus ensuring the existence of a globally optimal solution. This allows
the application of any global optimization method despite the lack of a closed-
form solution and, speci cally, we rely on the implementation of the Trust Region
Method from [Conn et al., 2000] provided by thescipy.optimize  package.

We underline that e does not ensure a unitary standard deviation for the
copula transformation, as it inherently embeds the termr and the standard
deviation (P! ). This prevents us from directly employing the product mean as
in Equation (3.2) to compute the nal correlation. However, in Appendix B.4 we
demonstrate that the standard deviation off? e corresponds exactly the optimal
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correlation r , thus allowing us to determine the value of HGR-KB as:
HGR-KB(a;kh;k)= (Ph e) (3.18)

once the optimization problem has been solved. Otherwise, an alternative approach
would be to directly compute the Pearson correlation. Given its invariance to both
translation and scaling, additional transformations are unnecessary and we get:

HGR-KB(a;bh;k)= (Ph e ;P{ ) (3.19)

3.4 Single-Kernel HGR

Suppose that we only aim to measure a type of functional dependency as described
inaV b, rather than allowing the algorithm to consider codependencies. In order
to achieve this, it is su cient to eliminate the copula transformation g, which in
our scenario means selecting a rst-order polynomial for the second kernel.

Our formulation simpli es to:

argmin P! e (b (b) 2 S.t. (b)?=1 (3.20)
€

where the constraint fully determines the value of , making it equal to 1= (b).
Therefore, we can rewrite Equation (3.20) as:

. b (b 2
argmin P e
% ®

which allows for more e cient solutions based on a wide range of ad-hoc algorithms
as it represents an unconstrained least-squares problem.

(3.21)

3.4.1 A Further Approximation

Despite this setup being limited to quantifying correlations in functional form,
its computational bene ts are signi cant enough that we decided to use it as the
basis for a simpli ed version of our indicator, which we called Single-Kernel HGR.
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Figure 3.3: Time required to computeHGR-SK using Least-Square vs. Global
Optimization algorithms.

HGR-SK is obtained by evaluatingHGR-KB with orders (d;1) and (1, d), then
selecting the maximal outcome:

HGR-SK(a; b d) = max fHGR-KB(a;lrd;1); HGR-KB(a; g 1;d)g (3.22)

In this variation, d controls the degree of both polynomial expansions, allowing the
indicator to capture functional dependencies only, although in both directions.

In particular, we can address the optimization problems using Equation (3.21),
and eventually compute the optimal value using the de nition of Pearson's coe cient
as in Equation (3.19), leading to:

n 0
HGR-SK(a;kxd) =max (PY e ;b); (a;Pd ©)
g b (b ?
e 2 argemln P e ® (3.23)
a (8 °

€ 2argmin P} € — 7
e

(@
or, alternatively, using Equation (3.18) instead of Pearson's correlation.

3.4.2 Advantages and Disadvantages

The primary strength of the Single-Kernel formulation lies in its speed. Solving
an unconstrained least-square problem is a well-understood task in linear algebra,
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with highly-optimized computational routines available. Figure 3.3 demonstrates
that employing least-square solvers o ers an improvement of nearly two orders of
magnitude over global optimization using trust region methods. Similar conclusions
can be drawn from the experiments shown in Section 3.6. Furthermore, while
one might argue that solving a least-square problem does not scale e ciently as
data size increases, it must be considered that constraint enforcement through
regularization techniques could be e ective on mini-batches as well, hence the
dimensionality of the data can be arbitrarily chosen to balance speed and accuracy
during training.

Another interesting feature of HGR-SK is that its procedure is completely
di erentiable. Notably, automatic di erentiation frameworks support a di er-
entiable least-squares operator, such dklinalg.Istsq in TensorFlow and
torch.linalg.Istsq in PyTorch. Consequently, the Single-Kernel variant has a
well-de ned gradient and, in addition to that, it can potentially allow for precise
constraints on individual elements of the coe cient vectorse and € { refer to
Section 4.3.3 for a more detailed discussion on ne-grained constraints within the
context of Generalized Disparate Impact.

In terms of limitations, the primary issue with HGR-SK stems from its inability
to detect strong non-linear dependencies between the two vectors. An empirical
example of this is presented in Section 3.6, particularly in the circular dataset which
features a quadratic relationship between both vectors. However, experiments on
real-world data shown in Section 4.1 indicate that this limitation has minimal
e ects on highly complex data.

3.5 Properties of Kernel-Based Methods

We claim that our indicator HGR-KB, along with its Single-Kernel variant, has
several properties that make it signi cantly more suitable for practical implementa-
tions than other options. Table 3.1 provides a summarization of these properties,
which are further examined in the following subsections.
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Method \ HGR-KB HGR-SK HGR-NN HGR-KDE RDC
Expressivity f,g forg f, g f, g (distributions) f, g
Interpretability X X visualization only X
Con gurability X X architecture only
Di erentiability X X X X
Determinism X X X

Table 3.1: Properties ofHGR-KB and HGR-SK compared to three alternative
techniques for computing HGR.

3.5.1 Expressivity

Regarding expressivity, both our method and the adversarial approach can be
considered universal approximators. Theoretically, polynomial expansions are
known for their higher numerical instability compared to Neural Networks; however,

in practice, extremely expressive models may lead to over tting, as demonstrated
by our experiments, hence low degrees are usually more reliable and preferable.
Conversely, the kernel-density estimation method depends on a bound, complicating
the expressivity analysis, whereas the Randomized Dependence Coe cient makes
use of a single sinusoidal function, thus being inherently limited in expressivity.

3.5.2 Interpretability

The use of polynomial kernels guarantees an easier interpretability of our method,
on par with the Randomized Dependency Coe cient. Figure 3.4 shows an example
of how the optimized kernels can be both displayed and analytically examined based
on their interpretable coe cients. The original data, shown on the left, exhibit
almost no (linear) correlation; in the central gures, we plot the learned copula
transformations along with the corresponding coe cients for the polynomial terms;
nally, the projected data on the right demonstrate a much stronger correlation.
Notably, our method correlates the magnitude of each component with its respective
degree, allowing in fact a mathematical examination of the outcome on top of the
visual one. For instance, in the depicted scenario, the quadratic relationship between
variables is made evident by the stronger magnitude of the second coe cient with
respect to the rst one, both in and in . This characteristic is missing in the
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Figure 3.4: Example of kernel computation using HGR-KB.

KDE approach, while the adversarial methodHGR-NN can only o er visualization
due to the inherent sub-symbolic nature of Neural Networks.

3.5.3 Con gurability

A speci ¢ property which results from the de nition of our method, is that HGR-KB
increases monotonically with respect to the degrees of the kernel; i.e.:

HGR-KB(a;lip;0) HGR-KB(a;kih;k);8p h;q k (3.24)

This property, which is proven in Appendix B.5, improves the understand-
ing of the balance between bias and variance and between expressiveness and
computational costs by analyzing the potential improvements brought by higher
degrees. An empirical analysis of this property is presented in Figure 3.5, where
the correlation between a protected attribute ¢) and the target (y) is measured
across three di erent benchmark datasets. Speci cally, we us&2015 US Census
Communities & Crimes and Adult Census Income with the protected attributes
and targets mentioned in Appendix A.2. In the gure, darker shades represent a
higher correlation, thereby demonstrating the monotonically increasing trend of
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(a) 2015 US Census (b) Communities & Crimes (c) Adult Census Income

Figure 3.5: Computation of HGR-KB (a; Iy h; k) with varying h and k on three
benchmark datasets.

the results in both directions, as the color becomes darker towards higher degrees
{ i.e., the upper right corner. Interestingly, we also observe that the correlation
computed in the Adult Census Incomedataset remains stable with respect to the
increments in thek degree, since the target variable is binary and, therefore, not
a ected by polynomial expansions.

The possibility of selecting the degrees of the kernel o ers a clear and well-
understood mathematical approach to manage the bias-variance trade-o , which is
essential for the robustness of the method. Speci cally, considering the mentioned
monotonicity property, it is evident that lower degrees are often adequate to capture
most non-linear correlations, and that in general we could locate the \optimal”
con guration ( h; k) using a procedure similar to the eloow method. For example, by
visually inspecting the three grids in Figure 3.5, the points (3), (3;2), and (2 1)
emerge as those beyond which there is little or no improvement in the obtained
correlation value for each respective dataset. This conclusion is drawn from the
observation that the colors no longer darken after those coordinates, indicating
that greater degrees fail to capture more signi cant dependencfesin contrast, the
e ects of the KDE parameters are less predictable, while only loose guidance can
be provided to the RDC coe cient due to its inherent randomness. Conversely,

2|n this context, we must also underline that the optimal value for measurement might not
be the same when enforcing. In fact, when using any HGR measure to enforce a constraint at
training time, the model might learn to move the correlations in a space where the algorithm
cannot detect them rather than actually cancelling them. In our case, this corresponds to moving
the correlations to higher degrees; for this reason we will usé = k = 5 throughout all our
experiments at the cost of introducing a slight computational overload.
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the adversarial approach o ers substantial control, but through a less transparent
mechanism because of the complexity of neural networks.

3.5.4 Di erentiability

As mentioned in Section 2.1.3, several approaches for imposing constraints in
machine learning leverage loss regularizers. In particular, in our scenario we
would like to compute the correlation between a protected attribute vector and

a prediction vector §( ), which can be naturally di erentiated with respect to
the parameter vector of the selected machine learning model. Eventually, this
correlation should be limited within a speci c threshold , i.e.:

HGR(z;¥( )) (3.25)

When used in conjunction with Gradient Descent, this constraint can be incor-
porated into the task objective, resulting in the following custom loss:

L(y;9( )+ maxtO;HGR(z;¢()) g (3.26)

whereL represents the task lossy denotes the ground truths, and is a Lagrangian
multiplier that can be either set to a xed value or adjusted automatically.

However, this method requires the constraint to be di erentiable in order to
work properly. Unfortunately, for HGR-KB we cannot fully ensure this, since the
derivation of e and  from Equation (3.17) depends on a numerical optimization
process, which inherently provides no gradient information. Nevertheless, both
Equation (3.18) and Equation (3.19) are di erentiable, thus we can use them to
obtain a valid subgradient ofHGR-KB (z;$( ); h; k). In the real-world experiments
described in Section 4.1, we empirically demonstrate that this subgradient is useful
and can e ectively guide the learning process towards regions where the constraint
is met. Moreover, as mentioned in Section 3.4.2, the computation procedure for
HGR-SK(a; b d) is based on an unconstrained least-square problem, therefore it
has a well-de ned gradient since automatic di erentiation frameworks support a
di erentiable least-squares operator.

Regarding alternative approacheddGR-KDE is based on an inherently di er-
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(a) HGR-KB (b) HGR-NN (c) RDC

Figure 3.6: E ects of algorithm stochasticity in three di erent techniques to
estimate HGR.

entiable process, which allows for a straightforward regularizatiotHGR-NN relies
instead on a subgradient, although empirical evaluations byGfari et al., 202Q
have demonstrated its e cacy. In contrast, the computational method ofRDC
does not provide any gradient information.

3.5.5 Determinism

We also remark that the use of exact optimization techniques ensures that our
indicator remains completely deterministic once the kernel degrees are xed. This
characteristic is common with the KDE method but not with the RDC and NN
methods, which rely on inherently random operations and/or local optimization
mechanisms, such as random sinusoidal functions and Stochastic Gradient Descent.
Figure 3.6 reports the impact of algorithmic stochasticity across three distinct
HGR computation techniques, where the blue dashed lines represent single runs
while the black solid line is the average. As we can observe, our method produces
consistent results for each of the 30 seeds tested, whereas the outcomésGiR-NN
exhibit strong uctuations while those of RDC exhibit few irregular peaks along with
constant minor uctuations. We reinforce that non-determinism can be a signi cant
disadvantage in real-world applications, as it may either lead to confusion among
decision-makers or require multiple evaluations to achieve a reliable measurement,
thus impacting the computational complexity.



3.6. EMPIRICAL EVALUATION 46

3.6 Empirical Evaluation

In this section, we will compare our method with the alternative approaches
mentioned above in order to highlight its advantages and shortcomings when
used to measure correlations. For these experiments, we will use synthetic data
generated from known deterministic functions, optionally complemented with
additive Gaussian noise. We denote our methods &5R-KB and HGR-SK, with
their respective hyperparameters set tth = k =5 and d = 5 unless otherwise
indicated. The comparative baselines include the adversarial techniqud GR-NN),
the kernel density approach HGR-KDE), the Randomized Dependence Coe cient
(RDC), and the linear Pearson's correlation PEARS). Further speci cs regarding
the implementation of both our approach and the baseline methods are available in
Appendix A.4, while details about our hardware and software setup can be found
in Appendix A.1.

3.6.1 Synthetic Data Generation

All datasets were synthetically generated based on a deterministic functidn
Whenever the relationship is a function of one variable, we select 1001 equally
spaced points from the interval [ 1; 1] and assign them to the independent variable.
Subsequently, we determine the respective values of the dependent variable accord-
ing to f . We consider six polynomial relationships along with ve other non-linear
functional forms. The polynomial functions includey = x, y = x2, y = x5, x = y?,

x = y3, and x?+ y? = 1 { this last one is also referred to as thesircular relationship.

In terms of the others, instead, we tesy = max(0; x), y = sign(x), y = tanh(x),

y = sin(x), and y = sin(x?).

In all scenarios, noise is drawn from a Gaussian distributiod (0; ?) and added
solely to the dependent variable after adjusting it proportionally to its standard
deviation in order to ensure consistent results across datasets. For example, for
the relationship f : x 7! x?, we computey = f(x)+ (f(x)) N (O; ?), where

() represents the standard deviation operator and is the noise level shown in
Figures 3.7 and 3.8. We emphasize that, in the relationships= y? and x = y3,
the independent variable isy, thus the noise is added tox. The only exception to
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this process regards the circular relationship, where the variables are co-dependent.
More speci cally, we draw 501 samples of from the standard interval [ 1;1],
after which we duplicate the sample size to 1002 data points. The vectgris then
calculated asy = P 1 x2, applying a positive sign to the rst half of the dataset
and a negative sign to its duplicated counterpart. Given the absence of functional
dependency between the two variables, proportional noise is incorporated iriioth
variables. We assert that this distinct method of managing noise is what contributes
more to the faster decline in computed correlation compared to other functions.

3.6.2 Measurement Experiments

As an initial experiment, we compute correlations using each discussed indicator,
along with an ORACLE approach representing the Pearson correlation determined
using optimal copula transformations { e.g.f (a) = a? and g(b) = b? for circular
data. For each deterministic relationship, we test sixteen distinct noise levels
ranging linearly from QO to 3:0 in increments of 2. Next, we create ten di erent
datasets by sampling the noise vector with a respective noise seex] and we
perform the evaluation ten times using di erent algorithm seedss to account
for stochasticity in both the method and the data. The total number of runs is
123200 = 6+1 (indicators) 11 (functions) 16 (noise levels) 10 (noise seeds)

10 (algorithm seeds).

The results are presented in Figure 3.7. The shaded bands around each line plot
represent the standard deviation of the outcomes, stemming from both randomness
in noise sampling and, only foHGR-NN and RDC, stochasticity in the solving
process. Average execution times across all datasets, noises, and seeds are reported
in the upper-left subplot, accompanied by a bar indicating the standard deviation.

The rst thing we can observe is thatHGR-SK is the fastest approach, although
it fails to provide a good estimate of the correlation for certain relationships due to
its inherent limitations to functional dependencies, especially in the circular dataset
as it features a strong non-linear co-dependency of the variables. ConcernRIgC,
its results are comparable ttHGR-KB and HGR-NN, with execution times that are
one to two orders of magnitude lower. However, as previously shown, this approach
exhibits signi cantly higher variability due to the presence of random kernels. In
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Figure 3.7: Execution times and correlations calculated using various HGR indica-
tors across di erent deterministic relationships.
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conclusion, we observe thaHGR-KDE consistently yields lower correlation values
even without noise, whileHGR-NN, on the contrary, tends to generate higher
estimates, sometimes even outperforming tH@eRACLE solution as in the case of
circular relationships. We suggest that this is due to over tting in the adversarial
training procedure and support our hypothesis with additional experiments.

3.6.3 Test Distribution Experiments

To further examine the impact of over tting in HGR-NN, we conduct an additional
experiment using test distributions. Speci cally, we initially collect the learned
copula transformations from previous \training” runs and later create nine unique
\test" datasets by sampling points from the same relationship with di erent noise

\training" data. Finally, we calculate the correlation on these \test" datasets by
applying the gathered copula transformations without undergoing further train-
ing. During this process, we excludéiGR-KDE and RDC as they either lack
accessible transformations or do not allow easy access, thus obtaining a total of
792000 = 4+ 1 (indicators) 11 (functions) 16 (noise levels) 10 (noise seeds)

10 (algorithm seeds) 9 (test seeds) test cases.

The results of this experiment are reported in Figure 3.8. Its goal is to emphasize
that the ability of HGR-NN to capture higher correlations in training data is likely
a consequence of over tting, since the outcomes on test distributions are similar
to the other indicators, with the exception ofy = sin(x?) where it still provides a
better estimate although in a smaller proportion with respect to \training" data.

To further support this claim, Figure 3.9 shows that the mappings produced
by HGR-NN are signi cantly more unstable than those generated by our kernel-
based methods. More speci cally, we consider the circular dependency with noise

= 1:0 and examine the copula transformations generated byi)(our method
HGR-KB with default hyperparametersh = k =5, (ii) a variant of our method
HGR-KB (2) with hyperparametersh = k = 2, and (iii ) the adversarial method
HGR-NN. Looking at the left (f ) and right (g) plots, we observe how the neural
transformations signi cantly over t in certain regions, whereas our method tends
to produce instability almost only at the borders. Additionally, since our method
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Figure 3.8: Test correlations computed for HGR indicators providing explicit access
to the copula transformations.
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Figure 3.9: Kernel inspection of three HGR indicators on circular dataset.

allows to reduce the complexity of the transformations based on domain knowledge
or experimental analysis, we could nd that polynomial kernels of order 2 yield an
even more stable result for this particular dataset, something that aligns in fact
with the underlying deterministic relationship. The e ects of this instability are
also evident in the computed \test" correlation, shown in the central plot. Here,
we can see that the seemingly optimal performance BIGR-NN in the training
data does not translate to optimal performances in the test split, where all the
methods provide similar results.

3.6.4 Scalability Experiments

As our last experiment, we examine the computational e ciency of each estimation
algorithm. We have already assessed in Figure 3.3 the advantages of a least-
square formulation compared to a global optimization strategy, which is accordingly
re ected in the gap between the execution times of our kernel-based and single-
kernel methods, as reported in Figure 3.7. Here, we aim at expanding such
comparison by measuring the runtime of all the algorithms that we previously
tested, respectively to a progressive increment in the input cardinalities. For each
indicator, we compute the correlation on two distinct datasets across three noise
levels { 00, 10, and 30, as shown in Figures 3.10(a) to 3.10(c). Each computation
is repeated ve times using di erent noise seeds, and timed over 11 data sizes
ranging geometrically from 11 to 1000001, for a total of @ndicators) 11 (sizes)

2 (functions) 3 (noise levels) 5 (noise seeds) = 1980 runs.
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(a) Noise Level: =0:0
(b) Noise Level: =1:0
(c) Noise Level: =3:0

Figure 3.10: Average time required to estimate HGR using di erent algorithms in
two synthetic datasets with growing cardinalities.
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Figure 3.10 reports execution times averaged over the ve seeds. We decided
not to include variances in order to favor the interpretability of the plots, but these
results are su cient to support the partial observations obtained in Figures 3.3
and 3.7. HGR-NN con rms itself as the slowest approach, while the Randomized
Dependence Coe cient is the quickest, following closely after Pearson's correlation
straightforward calculation. Notably, HGR-KDE is the most a ected by the growth
in data size, becoming slower thatiGR-KB in certain scenarios, but there is a
general tendency of all the baselines to start demanding increased computational
resources between 1000 and 10000 samples. Among all, our two methods are the
least regular regarding execution times; this can be attributed to their reliance on
optimization processes, which are highly sensitive to the structures of the input
data. Speci cally, sinceHGR-KB is based on iterative global optimization routines,
it is able to converge faster when the relationship is directly representable by the
kernel and relatively una ected by noise. This also explains the greater variance in
the times reported in Figure 3.7 foHGR-KB and HGR-SK, which is a consequence
of their ability to respond more rapidly in simpler situations.

3.7 Final Discussion

In this chapter, we introduced a novel methodology for calculating the Hirschfeld-
Gebelein-Renyi (HGR) correlation coe cient using two polynomial kernels as
copula transformations. In addition to that, we also presented a less expressive but
signi cantly faster approximation that is fully-di erentiable and relies on the more
established and well-studied least-square problem. Our technique o ers distinct
advantages in terms of robustness, explainability, and determinism, making it a
more viable choice for real-world scenarios compared to existing techniques. We
validated our claims using synthetic data generated from known deterministic
functions, which demonstrated these bene ts and highlighted the strengths of
our approach. The ndings validated our theoretical analysis of the indicator's
properties, demonstrating its enhanced robustness against under- and over tting.
Additionally, it proved that our approximation is signi cantly more e cient, being

two orders of magnitude faster than the most competitive baseline.



Chapter 4

Fairness with Continuous
Protected Attributes

In this chapter, we will explore the application of fairness measures in learning
tasks involving continuous protected attributes, where all traditional indicators
are inapplicable. We start by introducing in Section 4.1 the use of HGR as a
fairness metric, a concept that has already been examined in the literature, and
conduct an empirical evaluation to show the advantages provided by our two
implementations, HGR-KB and HGR-SK. Subsequently, in Section 4.2, we outline
some limitations that may render HGR unsuitable as a fairness metric in certain
contexts. We then propose a remedy in Section 4.3, presenting a novel indicator
named Generalized Disparate Impact (GeDI) which extends the concept of Disparate
Impact to continuous attributes, accompanied by our experimental analysis in
Section 4.4 where this indicator is applied as a fairness constraint. In Section 4.5, we
demonstrate a practical application of GeDI within an algorithm aimed at ensuring
long-term fairness in ranking applications, and eventually conclude this chapter
with a discussion about similarities and di erences between GeDI and HGR in
Section 4.6 which culminates into the de nition of a uni ed formulation applicable

to all non-linear correlation indicators. As for the previous chapter, all the proofs,
results, and discussions reported here are adapted fro@idliani et al., 2023,
[Giuliani et al., 2024, and from another research paper currently under review
at a prestigious Arti cial Intelligence journal. Some content has been altered or
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expanded to guarantee a more straightforward exposition in this thesis, but this
does not modify the conclusions we obtained.

4.1 HGR as a Fairness Measure

As highlighted in Section 3.2, Mary et al., 2019 was the rst to propose the intro-
duction of HGR as a measure of fairness, particularly with their estimation method
HGR-KDE. Further advances in this domain were made byGrari et al., 2020,
who suggested thdHGR-NN indicator for a similar purpose. In our work detailed
in Chapter 3, our focus was restricted to evaluating correlation using our methods
HGR-KB and HGR-SK and benchmarking them against the existing standards.
Nevertheless, we did not explore neither theoretical nor experimental implications
of employing them either as constraints or as fairness metrics.

Our next experiment aims to Il this gap by examining the e ectiveness of our
HGR estimation techniques in addressing unfair penalization under continuous
protected attributes. For this analysis, we replicate the experimental procedure
of both [Mary et al., 2019 and [Grari et al., 202Q, thus performing evaluations on
three widely-recognized benchmark datasets, namely the US 2015 Cen<iisnsug,
Communities & Crimes Communities), and Adult Census Income Adult). We
restrict our fairness regularizers to the methodslGR-KB, HGR-SK, and HGR-NN,
and adopt the Lagrangian dual approach fromHioretto et al., 2021 to ensure that
the measured correlation remains below a custom thresholdwhich we de ne for
each dataset. More details on the datasets, on the learning algorithms we use, and
on our implementation can be found in Appendix A.

4.1.1 Identifying Protected Attributes

Before starting our learning experiments, we identify one continuous protected
attribute in each of our benchmark datasets. To achieve this, we u$tGR-KB to
measure the level of correlation between the target variabieand all the input
variables in the dataset. As a result, we pinpoint the protected attributez as the
most correlated continuous feature that can be considered a potential source of
unfairness. For theCensusdataset, this attribute is Income for Communities it
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is pctWhite ; and for Adult, it is age.

The left column of Figure 4.1 reports the outcomes of this feature importance
step. Speci cally, the x-axis denotes the level of correlation, while thg-axis lists
the feature names. The selected feature is not always at the top either because
it does not represent any sensitive information or because it is not continuous.
For example, the attribute pctKids2Par in the Communities dataset denotes
the proportion of children in family housing with two parents, which we did not
classify as sensitive information. Conversely, thlarried-civ-spouse attribute
in the Adult dataset is binary, hence it was deemed not useful for our experimental
analysis, despite its potential for discriminatory implications. Nonetheless, we can
notice that measuring correlations can suggest potential unfair causes as expected,
since income, ethnicity, and age { together with gender, which also appears in the
analysis of theAdult dataset { are typically identi ed as the primary sources of
discrimination in these benchmarks.

Subsequently, we repeat the procedure to assess the correlation between the
protected attribute and each remaining input variable, again usingdGR-KB as a
metric. Our goal is to identify a surrogate protected attributes that: (i) shows a
high correlation with the continuous protected attribute z, (ii ) represents di erent
sensitive information, and (ii ) is binary. This strategy allows us to pair the
continuous protected attribute with a binary surrogate to observe how constraints
on the former a ect the latter. More speci cally, since HGR is not widely studied
as a fairness metric, our objective is to investigate whether the decrease in the
correlation between the targety and the protected attribute z is mirrored in the
surrogates. The surrogate is deliberately chosen to be binary to enable the use of a
more established fairness metric such as the Disparate Impact Discrimination Index
(DIDI'). The results of this second feature importance analysis are illustrated in the
right column of Figure 4.1. The identi ed surrogate attributes areUnemployment
for the Censusdataset, race for the Communities one, andNever-married for
Adult. Once again, the chosen surrogates might not be the most correlated since

1The Censusdataset contains continuous attributes only, so we rst identied Unemployment
as the most correlated surrogate and then binarized it using its mean value as a threshold. The
binarization process results in some loss of information, which explains why th&Vhite feature,
though unselected, ranks slightly higher.
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(a) Census{ ChildPoverty (b) Census{ Income
(c) Communities { violentPerPop (d) Communities { pctWhite
(e) Adult { income (f) Adult { age

Figure 4.1: Top 10 highly correlated features with respect to output target (left) and
continuous protected attribute (right) computed on the three benchmark datasets
using HGR-KB.
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they do not respect our experimental criteria; however, it is evident that both the
continuous protected attribute and the surrogate are interlinked not only from a
statistical but also from a semantic viewpoint, as they represent similar categories
and discriminated features.

4.1.2 Training Details

With our salient features selected, we can now proceed to de ne our training task.
In particular, we want to solve the following learning problem:

argminL (y;9( )) s.t. HGR(z;%()) ; 2 R* (4.1)

where§( ) denotes the model's predictionsy stands for the ground truths,z is
the continuous protected attribute, L represents the original task loss, and is
a non-negative threshold which serves as an upper bound for our desired level of
correlation. Speci cally, we employ Mean-Squared Error (MSE) as loss for regression
tasks and Binary Crossentropy (BCE) for classi cation tasks. Furthermore, we
link each dataset to a corresponding score function, i.e., tie? score and the Area
Under Curve (AUC), respectively for regression and classi cation tasks.
Theoretically, one can address Equation (4.1) employing either declarative
projection methods or loss regularization techniques. However, the constraints
required for computingHGR-KB and HGR-SK make it infeasible to process the
computation in a reasonable time frame, while alternative methods for HGR
estimation lack any declarative structure. For this reason, our experiments will be
conducted using a custom training loss de ned as:

L(y;9( )+ maxfOHGR(z;¥()) ¢ (4.2)

In order to enhance e ciency and o er a more fair comparison of results,
we decided to take advantage of the Lagrangian dual framework proposed
in [Fioretto et al., 2027 to satisfy the regularization term included in Equa-
tion (4.2), as it dynamically adjusts the multiplier 2 R* through a gradient
ascent step. This removes the need for a separate tuning phase fothus allowing
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Dataset I Census | Communities | Adult
Output Target ChildPoverty | violentPerPop income

Protected Attribute Income pctWhite age

Surrogate Attribute || Unemployement race Never-married

Loss Function MSE MSE BCE

Score Function R? R? AUC
Hidden Units [32] [256 256] [32 32]
Batch Size 2048 Full-Batch 2048

Steps 500 500 500

I 0:4 0:3 0:2

Table 4.1: Description of salient input and output features, along with network
hyperparameters and penalty threshold for the three benchmarks.

our training mechanism to penalize any correlation that exceeds a prede ned
threshold without the need to specify further hyperparameters { for additional
details, see Appendix A.4.2. We manually select a custom threshold for each
benchmark, based on the initial correlation levels between and z as reported

in Figure 4.1. Having di erent thresholds also serves the dual purpose of testing
di erent experimental setups and emulating real-world scenarios where fairness
constraints might need to be adjusted based on external requirements or con icts
with predictive accuracy. Finally, concerning our neural model architectures, we
undergo a hyperparameter tuning phase which is further detailed in Appendix A.3.
We report the optimal con guration of the learning models for each dataset in
Table 4.1, paired with a summary of the key input and output features along with
the selected thresholds .

4.1.3 Experimental Results

We conduct our experiments by splitting each dataset into 5 folds. For each of
them, we train a neural network with the con guration discussed above and use
HGR-KB, HGR-SK, and HGR-NN methods to calculate the correlation between
the predictions§( ) and the protected attribute z as described in Equation (4.2).
Furthermore, we train an unconstrained model, denoted d$ , where we ignore the
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(@) Census{ =04

(b) Communities { =0:3

(c) Adult { =0:2

Figure 4.2: Training histories on all the benchmark datasets for neural networks
with HGR-based loss regularizers.
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Regularizer Score ( 107 Constraint,( 107) DIDI¢( 10) Time (s)
train val train val train val
CENSUS ( = 40)
1 70+ 00 69+ 00 I I 19+ 00 19+ 00 32+ 00

HGR-KB 21+ 03 20+ 02 36+ 03 36+ 03 10+ 01 10+ 01 70+ 03
HGR-SK 23+ 02 22+ 01 36+ 02 36+ 02 11+ 00 11+ 01 38+ 00
HGR-NN 19+ 04 19+ 04 35+ 05 35+ 04 10+ 01 10+ 01 88+ 00

COMMUNITIES ( =30)

1 100+ 00 52+ 02 1 1 26+ 01 26+ 03 06 = 00
HGR-KB 74+ 04 27+ 05 28+ 03 37+ 07 10+ 01 08+ 02 39+ 04
HGR-SK 74+ 05 27+ 06 29+ 02 36% 10 10+ 02 08+ 04 12+ 00
HGR-NN 72+ 05 28+ 07 30+ 03 46+ 07 10+ 02 08+ 04 60+ 01

ADULT (= 20)

1 92+ 00 91=% 00 I 1 29+ 01 29=x01 15+ 00
HGR-KB 88+ 00 88+ 01 19+ 01 19+ 01 23+ 01 23+ 01 57+ 01
HGR-SK 88+ 00 87+ 01 20+ 01 20+ 01 23+ 01 23+ 01 22+ 00
HGR-NN 88+ 00 88+ 00 19+ 00 20+ 00 23+ 00 23+ 01 73+ 01

Table 4.2: Results of HGR learning experiments conducted on the three benchmarks.

regularizer result, thus addressing only the task loss.

The entire training history is depicted in Figure 4.2. For each combination of
model and regularizer, we present the score at each training step alongside the
correlation computed on the full split. We useHGR-SK(z;¥( );5) as the correlation
measure for every combination, since calculating botHGR-KB and HGR-NN
from scratch and without using mini-batches for each training step would introduce
a strong computational overhead. Furthermore, we report th®IDI score between
the predictionsy( ) and the surrogates { we use the subscriptz and s to underline
that the metric is computed with respect to the continuous protected attribute
z; or with respect to the binary surrogates. Moreover, we show the evolution of
the multiplier  as it gets automatically calibrated throughout the training steps.
As we can see, its increment works as expected until the constraint is adequately
satis ed, thus validating our algorithm choice, especially given that the thresholds
are mostly satis ed across all training instances.

In addition to the training history, Table 4.2 shows the nal results of our training
procedures. Here, under the Constraint,” column, we report the correlation
measure as calculated by the same indicator tested; that is, if the regularizer is
based on the semantics diGR-KB, then the correlation for the entire batch of
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predictions is also calculated usingiGR-KB. Again, the z subscript highlights the
fact that we are computing the correlation with respect to the continuous protected
attribute. We also underline that, since constraint satisfaction is assessed using
the selected regularizer, a direct comparison between methods is not possible. In
fact, to have a such comparison, we would need an oracle that can provide the
true correlation between the continuous protected input and the output target and
which is not available due to the limitations of HGR.

Nonetheless, we can assess the extent to which each indicator o ers informative
gradient information by examining the nal constraint value and checking if it
respects our threshold. We report the respective threshold multiplied by 4 @or
easier comparison alongside each dataset, and we can see that on average the
constraints are always satis ed in the training data. The values that are closer to
threshold level occur in theAdult dataset, which could be due to either the strictest
threshold assigned to the task or to potential inherent issues with classi cation
tasks. Indeed, when computing inference-time correlation, we can easily transition
from predicted probabilitiesy 2 [0; 1] to predicted classeg 2 f 0; 1g; however, this
is not feasible during training, as binarizing continuous values by rounding results
in null gradients, rendering the regularization term ine ective. We emphasize that
this problem is intrinsic to the task and the learning methodology itself, and will
thus be present in any HGR-based indicator. However, a reduction in unfairness is
consistently observed in the validation data in all cases, with minimal increases
due to generalization issues.

We also report theR? or AUC values in the \Score" column, while the DIDI ¢"
column contains the absolute value of the disparate impact calculated on the
surrogate binary attribute s. For better visualization, values are multiplied by 100,
and the rst row of each dataset is highlighted for comparison, as it represents
the unconstrained model. We can notice that the accuracies are consistent across
all tested regularizers, withHGR-NN slightly underperforming, possibly due to
its tendency to overestimate the true correlation, wheread GR-KB shows greater
stability, as indicated by the lowest standard deviations in the measured correlations
across both training and validation data. Finally, the \Time" column displays the
overall training time in seconds, highlightingHGR-SK as the fastest among the
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(a) Non-functional Dependencies (b) Invariance to Scale

Figure 4.3: Two examples of potential limitations of HGR when used as a fairness
measure.

regularizers, with minimal computational overhead introduced in comparison to
the unconstrained model.

On a conclusive note, we emphasize that the reduction in correlation between
the continuous protected attribute z and the predictions{( ) consistently results
in lower unfairness with respect to the binary protected surrogate, as measured
by the Disparate Impact Discrimination Index. This happens for all the tested
regularizers, thereby supporting the application of HGR as a fairness metric, as
demonstrated by its link to a more established indicator.

4.2 Limitation of HGR Semantics

The HGR indicator has several notable properties and, as demonstrated in the
preceding section, it can serve as a well-de ned measure of fairness. However, there
could be cases where its inherent semantics entails some undesired characteristics.
Before presenting our solution, we highlight two such instances.

4.2.1 Support for Non-Functional Dependencies

Firstly, the use of unrestricted copula transformations allows HGR to capture very
broad forms of dependency betweemand b. This includes scenarios like the one
shown in Figure 4.3(a), where divergent target values can be intercepted by the
great expressivity of HGR. Nonetheless, there are instances where discrimination
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arises only when theexpectedvalue of the target is altered, meaning it relates to the
strength of the functional dependencye[bj a]. For example, in the case depicted,
the divergence might be caused by a third confounding variable correlated with

In such a case, the confounder might not pose an ethical concern, but the HGR
metric would not be able to exclusively measure the functional dependency.

4.2.2 Invariance to Scale

Secondly, the HGR indicator satis es all the Renyi properties [Renyi, 1959] as it
uses the Pearson's correlation coe cient. However, this entails the inability of
the method to consider scale e ects on fairness. For instance, assume that the
target values are linearly correlated with the continuous protected attributes. In
some practical scenarios, an a ne transformation applied to the targets could
reduce discrimination in a similar way as illustrated in Figure 4.3(b). Still, the
HGR indicator fails to capture this e ect due to the scale-invariance of Pearson's
correlation, hence reporting an identical level of unfairness.

4.3 Generalized Disparate Impact

Motivated by the limitations mentioned above, this section introduces a new
fairness indicator along with an explanation of its semantics. The objective here is
to enhance, rather than replace, the HGR approach by o ering additional options
for continuous protected attributes. To achieve this, we designed the new indicator,
named Generalized Disparate Impact, so that it behaves in a manner that is
similar to and, under speci ¢ circumstances, identical to the Disparate Impact
Discrimination Index (DIDI) [Aghaei et al., 2019].

4.3.1 De nition of GeDI

Let us recall the de nition of HGR using polynomial models as for Equation (3.14):

Pl (Ph ) Pk (P ) °
ey Px )2,

argmin (4.3)
af
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Its main insight is that the HGR computation can be seen as a process akin
to least-square tting. Building on this concept, we formulate the GeDI indicator
with two signi cant modi cations aimed at addressing the limitations discussed in
Section 4.2. Firstly, we remove the copula transformation on thevariable {i.e., the
g function. This ensures that our indicators can exclusively measure the strength of
the functional dependencyE[bj a], thus considering situations like the one depicted
in Figure 4.3(a) completely fair. Secondly, we eliminate the standardization terms
in the denominators. This prevents the indicators from ful lling certain Renyi
properties, which are applicable only to scale-invariant measures, but allows to
e ectively yield lower values of unfairness when the target data is scaled as in
Figure 4.3(b). The optimization problem presented in Equation (4.3) is therefore
reformulated as follows:

arg min (P3 Py Nr v o, st (P )= (@ @44

where the constraint on (P ) is necessary to prevent unbounded solutions that
could arise due to the scale-independence of GeDI.

Eventually, we de ne the indicator as the absolute value of the solution , and
demonstrate in Appendix C.1 that it can be expressed in the following closed form:

covlP? ;Db

GeDl(a;gh) = jr j = var(Ph )

(4.5)

with being the optimal coe cient obtained from Equation (4.4).

We recall that the GeDI indicator is not intended to replace HGR, but rather to
enhance and expand the existing range of options. In doing so, our aim is to correlate
its value with the established DIDI metric; for this reason, we demonstrate in
Appendix C.2 that, for any binary input vector a 2 f 0; 19", the DIDI for regression
problems can be calculated as follows:

cov(@a; b

DIDI(a;b = var(a)

(4.6)

and that a proportional value, multiplied by a factor of 2, is yielded in binary
classi cation scenarios wherd 2 f 0; 19" as well. In this regard, the constraint on
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(P ) is speci cally designed to match (a) in order to ensure that GeDI yields
the exact DIDI value when handling binary vectors. In fact, when using a degree
h =1, our indicator reduces to:

_ _cov( ab _ covi@b _ _
GeDl(a;h 1) = a8 - va@ - DIDI( a; b 4.7
where =1 is implied by the constraint ( a)= (a). Moreover, since the

polynomial expansion of a binary value merely equals the value itself, this result
can be extended to any degreb 2 N, proving that the GeDI indicator can be
viewed as a generalization of the (binary) DIDI to continuous protected attributes.

Reworked Formulation

Before detailing the procedure to calculate the GeDlI indicator, it is worth highlight-
ing that the de nition provided in Equation (4.4) slightly di ers from the original
one proposed inGiuliani et al., 2023. Speci cally, in that version we imposed a
constraint k k; = 1 instead of the one on the standard deviation (PY ). Both
conditions allow to equate the DIDI value for binary vectors, as both require the
optimal value ~ to be 1 in case of unitary degree. Nonetheless, while the constraint
on the norm-1 appears somewhat arbitrary and implementation-speci ¢, that on
the standard deviation grants three important advantages:

1. It can be seen as a mechanism for adjusting the distribution of data points
without altering their sparsity. Although this aspect has no e ect in HGR
due to the irrelevance of the scale, limiting the sparsity of projected data is
crucial in GeDI to prevent solutions from being unbounded. A constraint on
the standard deviation therefore o ers a clearer and more comprehensible
approach to addressing this need.

2. It is applied to the data rather than the model parameters, hence having the
potential to be generalized to other learning approaches. For instance, using
the constraint on norm-1 it would not be possible to apply the GeDI semantics
while using a neural-based copula transformation, while no problems would
arise in case of the constraint on the standard deviation.
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3. It allows to replace the denominator in Equation (4.12) with the constant
term var(a). Consequently, the indicator would grow solely based on the
numerator cov(P! ;b), thereby assuring monotonicity with respect to
the degreeh, akin to HGR. With the norm-1 constraint, this property is
compromised, as the denominator may vary and potentially make the optimal
solution for GeDI(a; i h% lower than that for GeDI(a; kg h) even with h°> h .

For a deeper examination of why the reworked formulation enables to extend the
semantics of GeDI to other computational algorithm, and how it allows to correlate
the values of HGR and GeDI up to a data-dependent scaling factor, we refer the
reader to Section 4.6.2.

4.3.2 Computation of GeDI

Here, we discuss how to derive an unconstrained version of the GeDI formulation
using substitutions analogous to those applied in Section 3.3.2. More speci cally,
starting from the following substitutions:

Pi=P2 (PD g=y (¥ e= (4.8)

a

we can reduce Equation (4.4) to a classical minimal Least Squares formulation:
argminkP? e gk’ (4.9)
e

The substitutions involve no loss of generality, as we can pre-calculate the
zero-centered polynomial kerneP? and vectorg, and the combination ofr and
into a single variable admits a solution for any~ 2 R". Once the optimal vector of
coe cients e is obtained as the solution of an unconstrained least-square problem,
we can rely on its de nition from Equation (4.8) to derive the actual value of
GeDI. Particularly, by multiplying both sides with P4 and calculating the standard
deviation, we have:

(Phe)= (P 1) (4.10)
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which simpli es to:
(P e)=r (P )=r (3 (4.11)

given the constraint on the standard deviation outlined in Equation (4.4).
Eventually, since we de ned GeDI agr j in Equation (4.5), we can derive a
closed-form expression as:

(P3 e)

GeDl(a; b h) = @

(4.12)
without the need of using the absolute value, as the standard deviation operator is
inherently non-negative.

4.3.3 Enforcing GeDI

Beyond assessing fairness, GeDI indicators can be used to enforce constraints
on a protected attribute z. In this framework, the purpose would be to adjust
the predictions ¥ either to steer the training of a machine learning model or to
modify the data itself when using pre- or post-processing constraint enforcement
algorithms. Similar to our discussion in Section 4.1.2, we strive to address the
following problem:

argminL(y;¥) s.t. GeDI(z;¢;h) 2 R" (4.13)
y

where, again, is a non-negative threshold that acts as an upper bound for the
permitted level of unfairness)L represent the original task loss; an¢, y, and z
denote the predicted outcomes, the vector of ground truths, and the continuous
protected attribute, respectively.

Similar to the approach used for HGR, a straightforward solution to the problem
involves the use of a Lagrangian term (i.e., a regularizer) expressed as:

maxf 0; GeDlI(z;¥; h) g (4.14)

where 2 R* represent the weight of the regularizer. Using the value of GeDI as
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speci ed in Equation (4.12), this expression can be recast as:

(P; e)
(2)

Nevertheless, di erently from bothHGR-KB and HGR-SK, the de nition of the
GeDl indicator exclusively contains linear constraints. Speci cally, the least-square
problem outlined in Equation (4.9) can be expressed using a set of piecewise linear
relations as follows:

maxf O, (4.15)

Pl P, e=P] ¢ (4.16)

where we removed the superscripts and from P, and e and the hat from ¥ to
enhance readability. Furthermore, the constraint described in Equation (4.13) can
be reformulated as:

(P, € (20 ) var(P, e) wvar(z) 2 (4.17)

with both sides squared in order to eliminate the need for calculating the square
root within the standard deviation operator.
By combining these two equations together, we arrive at:

Pl P, e=P] ¢

z

e P P, e % g e 2 (4-18)
where we replacediar(P, e) and var(z) with their respective dot-product expres-
sions using zero-centered matrices/vectors. This problem involves a set of linear
equalities featuring a positive semi-de nite matrixP! P, on their left-hand side,
along with a single lower-than-equal constraint involving squared terms. Conse-
quently, if paired with an objective function that is no more complex than quadratic,
this formulation ts in the Quadratically Constrained Quadratic Program (QCQP)
framework, allowing it to be solved in a potentially e cient manner.

As a demonstration of this, we implement an optimization problem that satis es
Equation (4.18) and yields the optimal projectionsf by minimizing the Mean
Squared Error relative to the original targetsy { i.e., we project the targets using
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(a) No Constraint (b) GeDI(z;9;1)=0 (c) GeDIl(z;9;2)=0 (d) GeDI(z;¢;3)=0

Figure 4.4: Example of GeDI enforcement using the declarative formulation with
increasing degrees.

the Euclidean distance into a region of the space where these constraints are
ful lled. Figure 4.4 shows how the projections vary as we apply the constraint
GeDI(z;¢;h) 0 with increasing degrees, exhibiting how higher values lofrespond

to distinct dependencies and therefore perform di erent adjustments in order to
remove unfairness. In particular, Figure 4.4(a) displays the original data sampled
fromy = f(z) =4sin(z)+ z2+ ,where N (0;1.5) anda U ( ; ). This
reveals a linear correlation, as no constraint is imposed, which is promptly removed
in Figure 4.4(b) where we apply the constraint using a degréde= 1. Nonetheless,
GeDl(z;¥¢; 1) fails to capture most correlations due to the absence of linear terms,
so it merely rotates the data to eliminate linear correlations without signi cantly
altering the structure. In contrast, by employing a degreén = 2, the data in
Figure 4.4(c) gets successfully deprived of the squared termfiiiz), retaining only
the sinusoidal component. Finally, Figure 4.4(d) illustrates how the use of degree
h = 3 e ectively removes almost all dependencies, since the sinusoidal function
can be approximated ag %23 according to the Taylor expansion and therefore
only o(z®) plus noise is left. Overall, together with the analysis of the monotonic
behavior of the indicator, this serves as an additional pre-processing step to help
in selecting a degree that avoids both over tting and numerical issues.

4.3.4 Fine-Grained Constraint Formulation

Within our polynomial expansion model, each column of the kernel matrix captures
di erent functional dependencies and is associated with a coe cieng; indicating
the strength of that dependency. By setting a threshold = 0 as shown in Figure 4.4,
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all coe cients are naturally constrained to zero; nonetheless, using less restrictive
thresholds enables the algorithm to redistribute dependencies between columns by
altering the values ofe, thereby meeting the overall constraint requirements.

Suppose, instead, that we would like to impose limitations on certain terms
of the copula transformation. In practice, this involves replacing the aggregate
constraint on GeDI with h separate constraints on the absolute values of the
e coe cients. Each constraint can be paired with a user-determined threshold
i 2 R*, so that:

j€ei] i; 812fl:::;hg _ (4.19)

By utilizing vector notation, with = ;; :::; |, 2 R*" we can modify

Equation (4.18) to incorporate these ne-grained constraints as follows:

Pl P, e=P] ¢

e

(4.20)

where the absolute value has been recast into a pair of linear inequalities.
Given the vector of thresholds , it is also possible to determine in advance the
upper bound of GeDIg;¥; h). Speci cally, we observe that:

P P o
Pre)_ Clae z)_ My lae o cov@id)
@ @ ) (*.21)
thus, using Equation (4.12), we get:
(P} e) Pih=1pjh=1 i Joov(@'; 2)]
GeDl(z;¢;h) = @ @ (4.22)

Optimized Fine-Grained Formulation

An interesting use of this feature is to enable a single, easily explainable dependency
while explicitly prohibiting others. Speci cally, when referring to the \Fine-Grained
Formulation™ in our experiments, we will restrict any higher-order dependencies,
hence limiting all permissible unfairness to the linear form. This enforcement can
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be alternatively seen as:
GeDlI(z;¢; h) = GeDI( z;¥; 1) (4.23)
where 2 R" is a positive scalar.

Starting from the declarative formulation described in Equation (4.20), the
problem can be rewritten as:

2 3
0
p'zl' P, E % ﬁT |5
: (4.24)

where the two known terms in the linear system from Equation (4.24) evaluate to:

var(z) cov(z;z%) ::: cov(z;Z")
T P, = gcov(.zz;z) varfzz) s cov(zlz;zh) (4.25)
2Cov(zh ;z) cov(z";z?) i var(z")
cov(z; 9)
@ = gcov(zz 9 (4.26)

cov(z"; 9

given that both P, and ¢ are zero-centered.
The outcome is the following system ok equations under a single variable;:

var(z) e; =cov(z;¥) (4.27)
cov(z';z) e;=cov(Z;¥); 8i2f2::::hg (4.28)
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From Equation (4.27), we obtain the solution:

_ cov(z;y)

7 var(z) (4.29)

whose result is in line with the value ofGeDI(z;¥; 1). As regards the remaining
h 1 equations outlined in Equation (4.28), they represent constraints that must
be satis ed by the projection vectory. Speci cally, by substituting the value of e,
we can obtain a closed-form expression:

cov(z;y)

cov(z'; 2) var(a)

=cov(Z';¥) (4.30)
Eventually, we can move the denominators of both the de nition oe; and

the additional constraints to the right-hand side. This leads us to the following

optimized formulation, where we bypass the need to solve any least-square problem:

var(z) cov(z;¥) var(z) (4.31)
cov(z';z) cov(z;9) =cov(Z;¥) var(z); 8i2f2:::;hg '

4.4 Experimental Analysis

After presenting the formulation of the GeDI indicator, we conduct two experimental
analyses aimed at comparing the advantages and shortcomings of its di erent
implementations and establishing its applicability in practical scenarios. In the rst
experiment, we evaluate the di erences between the coarse- and the ne-grained
formulation, and what is their link with the DIDI metric. Instead, the second
experiment involves the use of various machine learning models and constraint
enforcement algorithms to determine whether GeDI can serve as a constraint in
either its declarative or regularizer form. Both experiments use the same datasets
previously discussed in Section 4.1, speci cally, the US 2015 Cens@eiisug,
Communities & Crimes Communities), and Adult Census Income Adult). Further
information on datasets and algorithms is available in Appendix A.
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4.4.1 Projections Experiments

In this experiment, we employ the declarative formulations of GeDI to directly
project the target data into the feasible region, without any training involved. In
practice, we tackle a version of Equation (4.13) which is modi ed as follows:

argminL(y;¥) s.t. GeDI(z;¥;h) w GeDI(z;y;1); ¢ 2][0;1] (4.32)
y

The di erence lies in the application of a relative constraint with a threshold of
%, Indicating our intention to limit the GeDI(z;¥; h) value to a percentage of the

unfairness calculated on the original dataset. This approach yields results that are
more easily comparable across di erent datasets since, unlike HGR, GeDI lacks a
theoretical upper limit. Furthermore, we evaluate the reference unfairness using
the indicator with unitary degree GeDI(z;y; 1); again, this favors more comparable
results across di erent kernel degreeks.

To solve the problem outlined in Equation (4.32), we use the APIs provided
by the gurobipy package. For the coarse-grained constraint, we implement the
formulation from Equation (4.18), whereas for the ne-grained we adopt the
optimized strategy detailed in Equation (4.31). In both scenarios, we employ Mean
Squared Error { i.e., Euclidean Distance { as the loss functioh for regression tasks
(Censusand Communities) and Hamming Distance for classi cation onesAdult).
Upon obtaining the projectionsy, we compute a binned version of the DIDI metric
by employing a quantile-based discretization inta bins prior to calculating the
indicator. Speci cally, given the continuous protected attributez, we initially split
it into n equally-sized bins, and subsequently compute the DIDI metric on the
resulting vector z,. Eventually, we report the percentage of unfairness relative to
the original targets, i.e.:

DIDI( z,; ¥

Figure 4.5 presents the results on the three datasets using a relative threshold of

% = 0:2. The plots on the left are obtained using the coarse-grained formulation,
while the central ones leverage the ne-grained approach. On theaxis we denote
the number of binsn for the %DIDI,, metric, whose value is eventually reported on
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(a) Census

(b) Communities

(c) Adult

Figure 4.5: Percentage Binned DIDI %DIDI ,) computed on the target projections
of the three benchmark datasets using both the Coarse-Grained and Fine-Grained
GeDI formulation with varying degreesh and relative threshold o = 0:2.
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the y-axis. For every setup, we apply ve varying polynomial degreds, indicated
by di erent colors, to enforce the constraint on GeDIg;¥; h).

Given that this process does not involve training any machine learning model,
and that GeDI constraints are inherently satis ed as we use an exact solver,
variations in behavior are solely due to changes in the semantics determined
by the chosen degred&. Notably, no consistent di erences appear between the
coarse- and ne-grained approaches, as both methods yield comparable values of
disparate impact across all discretizations. Nonetheless, we observe that increasing
the polynomial degree e ectively diminishes the disparate impact across all the
numbers of bins in both formulations and, in certain instances, we also notice
that the relative threshold for applying GeDI is maintained when evaluating the
Binned DIDI { this is particularly evident in the Communities dataset and also
noticeable in the Censusdataset, provided that h is adequately high. These
observations reinforce the insight that a higher kernel order enhances the ability of
our indicator to assess more complex dependencies, as well as strengthening the
connection between the two metrics { despite it being important to emphasize that
the equivalence discussed in Section 4.3.2 does not strictly apply to the datasets
examined, as the protected attribute is not inherently categorical here. Additionally,
in the few cases wheré&oDIDI; and %DIDIs worsen with increasing polynomial
degrees, we can hypothesize that this is a result of how the bin boundaries \cut"
the shapes introduced by the polynomial kernel, hence indicating discretization
noise as a possible cause.

Lastly, in the plots on the right, we present the time required to solve the
optimization problem in Equation (4.32) by each formulation for each degree.
Overall, there is a minimal di erence in the time needed by the coarse-grained
versus the ne-grained formulation, with the former generally being somewhat
more e cient because of fewer constraints. Still, the ne-grained approach might
be favored in certain applications in order to have more interpretable outcomes or
for excluding speci ¢ undesired dependencies.
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4.4.2 Learning Experiments

This second experiment mirrors the structure of that in Section 4.1, with the main
di erence of using several learning models. Indeed, in addition to Neural Networks
(NN), we test Linear/Logistic Regression Models (LM), Random Forests (RF), and
Gradient Boosting (GB). For each of them, in order to evaluate the e ectiveness of
the declarative formulation of GeDI, we enforce both the coarse- and ne-grained
constraints using Moving Targets; moreover, we also test the regularizer form using
the Lagrangian Dual framework when employing Neural Networks.

The experiments are conducted using a 5-fold cross-validation procedure on
the entire dataset. In line with previous HGR experiments, we selett = 5 for
the polynomial degree when calculating and enforcing the GeDI indicator, as it
o ers a balanced compromise between computational demands and generalization
potential. For each dataset, we determine an absolute threshold which is de ned
as 20% of the GeDI value calculated on the entire data using a unitary polynomial
degree. This yields the following thresholds:

census = 0:025 communities = 0:017 adut = 0:021

The protected, target, and surrogate binary attributes are identical to those
outlined in Table 4.1, with the neural models con gured using the same hyper-
parameters described. Similarly to what is shown in Table 4.2, we also report
the DIDI metric computed on the surrogate binary attribute to reinforce the
relationship between GeDI and DIDI. For a complete list of our hardware and
software setup, refer to Appendix A.1l; instead, for an expanded explanation of
the implementation details related to both the learning models and the constraint
enforcement algorithms, see Appendix A.4.2.

Table 4.3 reports the outcomes of these experiments. We provide average values
and standard deviations for the train and validation splits concerning the \Score"
metric, the \GeDI" computed on the continuous protected attribute z, and the
\DIDI" calculated on the surrogate binary attribute s; additionally, the last column
lists training times. Unlike in Table 4.2, where the comparisons on the constraints
were not entirely fair due to di erences in the semantics of the indicators, here all
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Algorithm Score ( 107 GeDl,( 10°) DIDI¢( 10) Time (s)
train val train val train val
CENSUS ( =25)

LM 62+ 00 62+00|135+ 01 135+ 00| 19+ 00 19+ 00 98 + 000
+MT Fine 21+ 00 21+ 00 25+ 00 25+ 00 | 04+ 00 04+ 00 154+ 008
+MT Coarse 24+ 00 24+ 00 25+ 00 25+ 00 | 06+ 00 06+ 00 182+ 008

RF 96+ 00 70x00|153+ 01 153+ 01| 18+ 00 18 + 00 281 + 001
+MT Fine 31+ 00 21+ 00 25+ 00 25+ 00 | 05+ 00 05+ 00 | 1701+ 040
+MT Coarse 35+ 00 25+ 00 25+ 00 26+ 01 | 05+ 00 05+ 00 | 1941+ 382

GB 72+ 00 71+00|153+ 01 153+ 01| 19+ 00 19+ 00 34 + 000
+MT Fine 20+ 00 20+ 00 25+ 00 25+ 00 | 05+ 00 05+ 00 400+ 003
+MT Coarse 24+ 00 24+ 00 25+ 00 25+ 00 | 05+ 00 05+ 00 406+ 007

NN 70+ 00 69+00|152+ 01 152+ 01| 19+ 00 19+ 00 24 + 000
+MT Fine 24+ 00 22+ 00 25+ 01 25+ 01 | 05 00 05+ 00 117+ 029
+MT Coarse 28+ 00 26+ 00 25+ 01 25+ 01 | 06+ 00 06+ 00 172+ 008
+LD Fine 25+ 02 24+ 01 38+ 01 38+ 02 | 06+ 00 06+ 00 112+ 000
+LD Coarse 29+ 04 28+ 04 31+ 06 31+ 06 | 06+ 01 06+ 01 140+ 000

COMMUNITIES ( =17)

LM 68+ 02 57+07| 86+02 86+07| 27+01L 25+ 02 | 00z 000
+MT Fine 38+ 02 28+ 08| 17+ 00 20+ 08 | 08+ 01 07+ 02 | 02+ 000
+MT Coarse | 38+ 02 28+ 09 | 17+ 00 20+ 07 | 07+ 01 06+ 02 | 02+ 000

RF 95+ 00 63+ 02| 85+ 02 83+05| 27+0L 27+02 | 072 000
+MT Fine 46+ 01 34+ 05| 18+ 00 20+ 05 | 08+ 00 08+ 02 | 78% 001
+MT Coarse | 46+ 0L 33+ 05 | 18+ 00 20+ 05 | 08+ 00 08+ 02 | 78+ 001

GB 87+ 01 63+02| 85+02 83+05|27+ 01 27+ 02 | 04 000
+MT Fine 44+ 01 34+ 06 | 17+ 00 19+ 06 | 08+ 00 08+ 02 | 37+ 000
+MT Coarse | 44+ 01 34+ 07 | 17+ 00 19+ 06 | 08+ 00 08+ 02 | 37+ 000

NN 100+ 01 52+ 02| 85+ 04 84+07| 26+ 0L 25+ 04 | 04+ 000
+MT Fine 70+ 01 26+ 05| 17+ 00 20+ 08 | 07+ 01 05+ 01 | 32 000
+MT Coarse | 70+ 01 26+ 04 | 17+ 00 19+ 08 | 06+ O1 05+ 02 | 33+ 000
+LD Fine 76+ 02 38+ 05| 40+ 04 35+ 10 | 18+ 01 16+ 04 | 07+ 000
+LD Coarse | 70+ 05 25+ 05 | 18+ 05  21* 10 | 07+ 02 06+ 0L | 08+ 000

ADULT ( =21)

LM 91+ 00 90+ 00| 117+ 01 117+ 03| 28+ 00 28+ 01 | 02+ 000
+MT Fine 77+ 01 77+ O1 | 44+ 05 44+ 03 | 10+ 02 10+ O1 | 437 055
+MT Coarse | 76+ 01 76+ 01 | 34+ 04 34x 03 | 09+ 01 09+ O1 | 28+ 002

RF 100+ 00 90+ 00 | 139+ 00 134+ 02 | 30+ 00 28+ 01 | 11 000
+MT Fine 92+ 00 83+ 01 | 21+ 00 30+ 02 | 12+ 00 09+ 02 | 70+ 010
+MT Coarse | 93+ 00 83+ O1 | 21+ 00 31 02 | 13+ 00 09+ 02 | 55z 001

GB 92+ 00 92+ 00|125+ 01 125+ 04 | 26+ 00 26+ O1 | 19+ 000
+MT Fine 80+ 01 79+ 00 | 21+ 02 24+ 04 | 12+ 01 12+ O1 | 293+ 095
+MT Coarse | 77+ 04 77+ 03 | 34+ 04 37+ 06 | 14% 02  14% 02 | 73+ 009

NN 92+ 00 91+ 00| 141+ 03 140+ 06 | 29+ 01 29+ 02 | 48+ 002
+MT Fine 72+ 01 71+ 02 | 36+ 06 36+ 08 | 19+ 01 19+ 01 | 495+ 046
+MT Coarse | 72+ 01 71+ 01 | 37+ 06 39+ 07 | 19+ 01 19+ 02 | 133 004
+LD Fine 90+ 00 89+ 00 | 81+ 06 83+ 05| 23+ 02 23+ 01 | 97+ 000

+LD Coarse 91+ 00 91+ 00 | 101+ 02 101+ 03 | 25+ 01 25+ 00 109+ 000

Table 4.3: Results of GeDlI learning experiments conducted on the three benchmarks.
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models use the same constraint, thus a fair comparison is ensured. Nonetheless, the
objective of this experiment is not to determine which model performs best, but
rather to con rm that any combination of constraint enforcement algorithm and
indicator implementation yields accurate results, and that the availability of various
combinations is a bene cial aspect of the GeDI indicator which is, in contrast,
absent in any HGR implementation. For this reason, we simply emphasize the
unconstrained models using bold fonts to favor a comparison against them.

Overall, it appears that both accuracy and constraint satisfaction exhibit fairly
consistent behaviors, as re ected by the low standard deviations across nearly all
approaches. Threshold levels are generally met in most constrained approaches,
except for the classi cation task in theAdult dataset where many models fail to
meet the desired bound even in the training split. Additionally, constraints enforced
through the regularizer form often fall short of the required threshold. This might
be attributed to less informative gradients provided by the GeDI indicator, or it
may suggest that a greater number of steps is necessary for convergence.

In all cases, a reduction of the unfairness on the continuous protected attribute
correlates with a decrease in the DIDI respective to the binary surrogate, thereby
restating the alignment between our indicator and the well-established metric.
Concerning execution times, instead, Moving Targets consistently demands a
notably higher computational e ort compared to the Lagrangian Dual framework,
particularly when handling ne-grained constraints. Nonetheless, it remains a
viable choice as it 0 ers the exibility to use various learning models, thus enabling
the user to nd a balance between the necessary computational time, the degree of
constraint satisfaction, and the accuracy relative to the task score.

4.5 Long-Term Fairness in Ranking

Before concluding this chapter, we present a practical application of our GeDI
indicator that we introduced in [Giuliani et al., 2024. In this study, we leveraged

real-world sociodemographic data collected by the Canarian Agency for Quality
Assessment and Accreditatiohfrom students over four academic years (2015-2019),

2The original dataset can be accessed athttps://zenodo.org/records/11171863
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and ultimately used it to rank students based on their predicted academic score in
mathematics in order to foresee potential risks of dropout.

The given dataset contains multiple sensitive information; for this reason, we
selected the ESCS indicatorAvvisati, 2020 as our protected attribute, given
that it aggregates various Economic, Social, and Cultural factors into a single
variable. Furthermore, in order to achieve high accuracy and fairness while avoiding
detrimental e ects on the academic development of students, we opted for the
FAIRDAS [Misino et al., 2023 framework to enforce constraints. This choice was
based on its ability to model long-term fairness as a dynamic system, as it focuses
on keeping fairness and task metrics stable under user-de ned limits in ranking
tasks over time rather than in individual batches. FAIRDAS falls into the class of
post-processing methods for fairness enforcement, and requires the grounding of its
three core components in order to be applied to a speci c use case, namely:

1. the chosen metrics for fairness and task score, with their respective thresholds;

2. aset of actions aimed at adjusting predictions to optimize the balance between
fairness and score;

3. a distance function and an optimization method to solve the dynamic system
governing the progression of the algorithm.

In our research, we explored two distinct groundings of FAIRDAS. The rst one,
inspired by Misino et al., 2023, implements a set of discrete actions that require
the discretization of the protected attribute; conversely, the second instance relies
on continuous actions, thus eliminating the need for discretization. Nonetheless, itis
important to note that the discretization is solely related to the actions, hence we use
the GeDl indicator as a fairness measure in both cases since the protected attribute
is still continuous at that stage. Moreover, we underline that the discussed paper
was authored before the preparation of this dissertation; therefore, the formulation
of GeDI used in the numerical experiments aligns wittdiuliani et al., 2023 rather
than incorporating the di erences outlined in Section 4.3.1.

Figure 4.6 illustrates the action vectors produced by FAIRDAS for both the
discrete and the continuous grounding over 100 consecutive batches using thresholds
f0:2;0:2g9. In the discrete grounding, each part of the action vectors impacts students
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(a) Discrete Grounding (b) Continuous Grounding

Figure 4.6: Actions returned by FAIRDAS using thresholdsf(0:2; 0:2g).

From: Long-Term Fairness Strategies in Ranking with Continuous Sensitive Attributes [Giuliani et al., 2024]

from the respective ESCS bin, from lower () to upper levels ( ;). Higher values
are represented by lighter colors and signify greater penalization, which might in
turn a ect the ranking of the student; values closer to zero, instead, indicate that
the student's score remains una ected. We can observe that FAIRDAS displays a
moderate and balanced behavior, with the action vectors evolving smoothly during
the experiment, as indicated by the gradual color shifts along the x-axis, and similar
penalties applied across groups, as indicated by uniform color along the y-axis.
Similarly, within the continuous grounding, we use a learnable polynomial function
to represent the penalty of each student based on the value of their ESCS across
its domain [G; 1]. Here, each vertical line in the plot represents the penalty function
obtained for a given batch, and FAIRDAS shows again a moderated and balanced
approach, with polynomial functions transitioning smoothly across the batches and
a more steady penalization across varying ESCS values.

4.6 GeDIl and HGR Comparison

When we presented the GeDI indicator, we highlighted that it is designed to
complement HGR instead of replacing it. In fact, both indicators share common
features, starting from the non-linear copula transformations and going through
the lower-level details of their implementation. However, they also have signi cant
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(a) Census (b) Communities (c) Adult

Figure 4.7: Comparison between computed values of GeDI and HGR-KB during
the learning experiments on the three benchmark datasets.

di erences that partially change their semantics and the yielded results.

Using the results obtained from the learning experiment discussed in the previous
section, Figure 4.7 empirically examines the relationship between the GeDI and
HGR indicators. For each vector of predictiong( ) yielded by both constrained
and unconstrained models across the three datasets, we compGeDI(z;$( );5)
and HGR-KB (z;¥( );5;5) and report their values on thex and y axes, respectively.
As expected, unconstrained models typically exhibit a higher disparate impact
than constrained models, but more interestingly this aspect is correlated with an
increase in the HGR value. The black line in the gure shows the amount of the
(linear) correlation between the values returned by the indicators; as we can see, the
tting is not perfect but rather shows some irregularity, particularly in the datasets
related to regression tasks. This emphasizes that both GeDI and HGR can serve as
valid fairness metrics; they correlate with one another, yet each captures distinct
aspects depending on to their ability to capture non-functional dependencies and
to address scaling e ects, from which the noisy behavior shown in Figure 4.7 stems.
Since fairness measures are strongly application-speci c, neither indicator is better,
but rather their utility is tied to the unique scenario taken into consideration.

4.6.1 A Broader Spectrum of Indicators

In Table 4.4, we report the main similarities and di erences between GeDI and
(Kernel-Based) HGR. This serves to illustrate that both indicators could be part
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GeDl HGR-KB HGR-SK

Transformations f f and g forg
Dependencies
Functional X X X
Non-Functional X X
Scale-Dependent X X X

Scale-Independent X

Constraints

Regularizer X X X
Declarative X
Coarse-Grained X X X
Fine-Grained X
Properties
Con gurability X X X
Determinism X X X
Monotonicity X X X
Least-Square X X

Table 4.4: Characteristics of the GeDI indicator when compared to HGR.

of a broader spectrum, with additional metrics Iling the gap between these two.
For instance, although both declarative and ne-grained models are theoretically
feasible even for HGR indicators, their practical implementation is hindered by
computational constraints, which make them impractical due to prohibitive com-
putational times. As a solution to that, we could introduce a functional form of

HGR, expressed as:

cov(P! ;b)
Ph )

This formulation aligns more closely with the current functional de nition of
GeDl, enabling the application of similar methods for achieving both declarative and

HGR-FN(a; by h) = max (4.34)

ne-grained constraints. Likewise, despite having de ned GeDI to account solely
for functional dependencies, we could relax this condition by applying a copula
transformation to the target vector and imposing a standard deviation constraint
similar to that of the input. This would lead to an intermediate indicator, which
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is sensitive to scale uctuations but can account for non-functional dependencies.
Formally, it would be de ned as:
covPh ; PY )

var(Ph ) (4.35)
st. (Py )= (@; (P5 )= (b

GeDI-KB(a; b h; k) = max

and can be seen as a generalization of our original GeDI de nition fdr > 1.
Moreover, by employing the same approximations used iHGR-SK, we could
build a respectiveGeDI-SK indicator, hence closing both the semantic and the
computational distance between the two metrics.

4.6.2 Unied Formulation for Non-Linear Indicators

The theoretical contribution of narrowing the semantic gap between GeDI and
HGR should not be limited to our kernel-based methodology only. As discussed in
Section 4.3.1, the reworked formulation of GeDI could allow its estimation even
with alternative algorithmic approaches that do not rely on mixing coe cients. Let
us take Equation (4.35) into account; by replacing our kernel-based transformations
with more general functionsf and g, we get:

GeDl(a;b = max M

i var(a) st. (fa= (@ (W= () (4.36)

wheref, and g, are aliases of (a) and g(b), and var(f,) has been replaced by
var(a) in line with the respective constraint on the standard deviation.

Recalling the original de nition of Kernel-Based HGR, and given the scale
invariance of the metric, we can impose constraints on the standard deviation of
the projected vectors without a ecting the optimal solution. Speci cally, rather
than constraining unitary standard deviations as in Equation (3.2), we reformulate
it in its sample variation using the same constraints of Equation (4.36), i.e.:

HeR@ D =max =B s )= @ @)= B @37

(@ (b

accordingly substituting (f5) with (a) and (g,) with (b) in the denominator.
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Equations (4.36) and (4.37) illustrate how discovering a uni ed framework
between HGR and GeDl is straightforward and does not rely on the choice of the
estimation algorithm. Notably, with constant denominators in both equations, and
since the numerators are the same, we deduce that the optimal copula transfor-
mations for both scenarios are identical and that the two measures are equivalent
except for a scaling factor, or rather:

GeDl(a;b = HGR( a; b ﬂ (4.38)

Q)

Within this dissertation, we decided not to evaluate these alternative indicators,
as they merely represent variations of the two primary ones, lacking any additional
insights. Nonetheless, for practical use, some indicators may be more appropriate
than others. To address this, we developed a Python package nammadxcorr,
which implements both GeDI and HGR semantics, allowing for the use of two
di erent copula transformations to address non-functional dependencies or a single
transformation to focus solely on functional dependencies. Additionally, we included
a third semantics, called Non-Linear Covariance (NLC), which simply extends the
covariance operator into the non-linear domain as follows:

NLC(a;b =max cov(fa;gh) st (fa)= (@); ()= (b
i (4.39)
=HGR(a;h (a) (b

We remark that such formulations o er the advantage of being algorithm-
independent. For this reason, the package includes six distinct computational
algorithms: (i) our Kernel-Based formulation; (i ) our Single-Kernel approximation;
(iii ) the Neural-Based algorithm from Grari et al., 202QJ and (iv) a variation of it
using Lattice Models instead of Neural Networks;\) the Kernel-Density approach
by [Mary et al., 2019; and (vi) the Randomized Dependence Coe cient described
in [Lopez-Paz et al., 2013 The source code ofmaxcorr is publicly available under
MIT License and can be accessed attps://github.com/giuluck/maxcorr , or
it may be installed via any Python package manager.
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4.7 Final Discussion

We started this chapter by showing that our HGR formulations can be applied to
the task of fair learning, proving that their computation is di erentiable and yields
informative gradients that can guide the learning procedure towards fair regions of
the space. Following this, we explored certain drawbacks of the HGR coe cient
when used as a fairness metric: we highlighted that its semantics could pose issues
due to its measurement of non-functional dependencies and its invariance to scale
and, in order to address this, we introduced a new indicator, termed Generalized
Disparate Impact (GeDIl), which slightly alters the semantics of HGR to align more
closely with the legal notion of disparate impact even in the presence of continuous
protected attributes. We further elaborated on the de nition of GeDI and the
method to compute it, as well as discussing several strategies to constraint its
value below a certain threshold by means of di erent interpretations and solution
approaches. Subsequently, we conducted an empirical evaluation that con rmed
the connection between GeDI and disparate impact, as measured by the more
conventional DIDI indicator which is only applicable to categorical data, and
demonstrated the versatility of GeDI in the context of fairness enforcement. In
conclusion, we examined another study where we applied GeDI to a real-world
scenario about fair ranking of student performances, and nally discussed the
similarities and di erences between HGR and GeDI. Speci cally, we noted that a
spectrum of other indicators could potentially bridge the gap between the two, and
thereby introduced a uni ed formulation for all the non-linear correlation indicators,
showing how they are all equivalent except for a data-dependent scaling factor.



Chapter 5
Future Directions

Before proceeding with our concluding remarks, we will brie y outline some research
paths that we are interested in exploring or have begun examining without de nite
conclusions yet. Speci cally, Section 5.1 will discuss the use of di erent kernels to
compute HGR in a more e cient and e ective manner. Section 5.2 will investigate
potential methods to extend the de nition of HGR to encompass multivariate
correlations, along with scenarios where this can be of interest. Lastly, in Section 5.3,
we will present a proof of concept on the use of HGR to remove biases from datasets
based on a causal, rather than statistical, de nition of fairness.

5.1 Dierent Kernel Expansions

For both our HGR and GeDI indicators, we used polynomial expansions to compute
correlations. This is just one approach among many, as various other types of kernel
can be employed. Let us consider two functiors : R 7! R" and G : R 7! RX, we
could formulate the HGR indicator as:

HGR-KB(a; g F;G) =max (F(a) ;G (b ) (5.1

h [ h [
whereF(a) = Fi(a) ::: Fn(a) and G(b) = Gy(b) ::: Gk(b , and eachF;
and G; represents an independent and univariate mapping function.
With respect to Equation (5.1), the indicator discussed in Chapter 3 is just one

87
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of its possible instances where we sEt(a) = P and G(b) = P{. Nonetheless, if
certain background knowledge or system requirement can be expressed through a
particular relationship, this could easily be incorporated into the kernel as one of
the mapping functions. Conversely, if we lack prior information and we wish to
preserve the exibility of polynomials, alternative universal approximations can
be employed. Of these, sinusoidal functions and one-hot encoding are noteworthy
options for modeling continuous and categorical variables, respectively.

Sinusoidal Kernels

One signi cant drawRack of polynomials is that their computations rely on the
Vandermonde matrix x x2 ::: x" , which is known for its numerical instability.
Although our experiments con rmed that low kernel degrees are often su cient
to identify the majority of patterns in the data, having a more stable alternative
could be advantageous in certain scenarios. Sinusoidal functions may provide such
an option, as they o er greater stability and are less prone to numerical errors.
Furthermore, while polynomial kernels can approximate any dependency through
their association with the Taylor series, sinusoidal functions are closely linked
with Fourier expansions, thereby o ering the same capability. Selecting which
sinusoidal component to incorporate into the kernel is a challenge, nevertheless. The
Randomized Dependence Coe cient employs randomly selected scaling coe cients
I', but we have already demonstrated that this approach is problematic due to the
intrinsic lack of determinism, therefore a more reliable solution would be preferable.
Additionally, it is worth noting that polynomials are generally more interpretable for
human evaluators compared to sinusoidal functions, as the latter require reasoning
within the frequency domain to understand the outcomes.

One-Hot Kernels

An additional challenge with polynomial kernels is that they are ine ective or
ill-de ned when applied to categorical data. Indeed, binary variables are invariant
to polynomial expansions, while multi-class ones can benet from projections
into higher dimensions, although in a scarcely interpretable way. A potential
remedy could be to use one-hot encoding for categorical variables. Given a variable
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(a) All Columns (b) Column 1 Removed (c) Column 4 Removed

Figure 5.1: Coe cients of the one-hot kernel on a categorical variable, with three
distinct ways to handle overspeci cation.

az2fl;:::;c", the generated kernel takes the form:
2I(alzl) l(az=2) ::: I(a;=¢)
F (a) = I (a2 .= 1) I(a .= 2) o I(a .= C) (5.2)
I(an.:l) I(an.:2) ::-: I(aﬂ.z C)

An issue with this type of kernel is the intrinsic lack of linear independence
among columns, as any columf; can be represented as 1 4, Fj. Figure 5.1(a)
illustrates this problem on a synthetic dataset by reporting the coe cients of the
one-hot kernel applied to a variablea 2 f 1;2; 3;4g". To build the dataset, we
uniformly sampled 1000 values foa and constructed a target variableb as follows:

8
% 0 ifa=1
1 ifa=2
h = & + (5.3)
§ 1 ifa=3
- 5 ifag=4

with N (0; 1) representing additive Gaussian noise. For thievariable, we apply
a linear kernel, hence the coe cientse related to the kernelF (a) can be obtained
by solving a least-square problem. We can notice that the coe cients illustrated in
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Figure 5.1(a) do not match the weights de ned in Equation (5.3); this is because
the least-square method nds one of the many possible equivalently valid solutions.
In contrast, Figure 5.1(b) does not su er from this issue because we removed the
rst column from the kernel, thus ensuring linearly independentcolumns. Here,
the returned coe cients are proportional to the original weights 0 1 1 5,
but we underline that this is just a coincidence, as the choice of which column to
omit is arbitrary; indeed, excluding the fourth column instead of the rst results in
entirely di erent coe cients, as depicted in Figure 5.1(c). We also highlight that
the correlation reported is identical in all three scenarios, indicating that this is
strictly an interpretability problem and not an evaluation one.

5.2 Multi-Variate & Conditional Correlation

The indicators discussed in Chapters 3 and 4 are limited to computing correlations
on bivariate datasets only. However, the possibility to take multiple variables into
account is not only advantageous, but also essential for a broad array of tasks that
require assessing correlations. Among all, we mention two interesting scenarios: in
the rst, the objective is to evaluate the correlation between multiple protected
input attributes and the output target in order to evaluate or enforce intersectional
fairness; in the second, conditional correlation between two variables has to be
measured in order to extract causal knowledge from data.

Intersectional Fairness

The concept of \intersectionality” was rst introduced in [Crenshaw, 201Bto
identify unfair policies that result in discrimination against individuals who are part
of multiple disadvantage groups. Crenshaw referred to tHeeGra enreid v. General
Motors! American court case as an example, where African-American women
claimed to be systematically excluded from employment due to discrimination.
However, the court did not nd any discriminatory practice in this case, as the
company met its quotas for black and female workers by exclusively hiring black
men for warehouse roles and white women for secretarial positions.

Ihttps://supreme.justia.com/cases/federal/us/401/424/
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in [Gohar and Cheng, 2023 most approaches for achieving intersectional fairness
in machine learning simply create a joint protected attributeZ = Z;
Z, including every possible combination of values from eadh. This method,
however, is highly impractical as the combinatorial explosion could potentially
result in subgroups too small to yield meaningful results. Furthermore, if continuous
attributes need to be involved as well, the complexity would increase dramatically,
making it even more challenging to e ectively bin the data.

A potential solution to this could be to broaden the de nition of HGR (and
similarly, GeDI) in order to incorporate multiple input variables. Practically, this
involves applying a copula transformatiorf : R™ ! R, resulting in:

HGR(z1;:::;zZm; ) = max (f (z1;::152m); 9(%) (5.4)

We underline that our polynomial expansion method may be impractical here, as
the number of columns would signi cantly increase to account for all multiplicative

e ects among input variables; similarly, using one-hot kernels for categorical
variables would lead to the same combinatorial complexity described above. Instead,
neural models may o er a better capability to synthesize information in this scenario,
or even lattice models could be considered as an alternative, given that they are
less susceptible to over tting due to their higher smoothness.

Causal Discovery

The task of discovering causal relationships among variables is gaining prominence
in the literature, as evident from the increasing number of surveys on the sub-
ject [Nogueira et al., 202 The connection between statistical dependence and
causality can be summarized by Reichenbach's Principle of the Common Cause,
stating that if two variables X and Y are statistically dependent, then there must
be a variableZ that accounts for the entire dependency by causally a ecting
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both. In particular, Z might be either identical to X or Y { thus indicating a

direct causal link between the two { or it can be a third variable, referred to
as \confounder”, which leads to the causal structureX Z! Y and implies
conditional independence betweeR andY given Z [Schelkopf et al., 2021].

Several algorithms for causal discovery have been developed in the past decades.
Among them, the most famous is the PC Algorithm $pirtes and Glymour, 1991
Starting from a dense graph containing connections between all variables, the
algorithm employs conditional independence tests to determine if two variables

in Section 3.1, a signi cant advantage of HGR over other correlation metrics is
its su ciency to guarantee independence, which makes it a good candidate for
independence tests. However, its semantics do not inherently account for the
conditioning set, thus requiring ad hoc modi cations. TheHGR-KDE technique
from [Mary et al., 2019 is already equipped for this, as it estimates probability
distributions; speci cally, when experimenting with HGR as a proxy for Equalized
Odds, the authors use the formulatiorHGR-KDE(Z j Y = y;¥ j Y = y), which
requires conditional independence with respect to the ground truthé. Nevertheless,
extending this concept to functional approaches such as ours or the neural-based
one presents additional challenges.

We also claim that HGR o ers another notable advantage in the realm of
causal discovery. Besides graph representations, causal structures can be also
expressed in terms of functions: this implies that if there exists a causal link
X 7' Y, then there must be a functionf such thatY = f (X;:::), where the
ellipsis suggests the presence of potential additional factors. With its dual copula
transformations, HGR facilitates the estimation of these functional e ects while
testing for causal dependencies. Speci cally, for a given kernel deggave can
evaluate the di erence betweerHGR(X;Y ;d;1) and HGR(X; Y ;1;d) and assess
which variable more e ectively predicts the other through a non-linear transforma-
tion. Furthermore, we can compare these metrics to both linear (Pearson's) and
non-linear (HGR) correlations to determine how much the discrepancy between the
functional dependencies can be attributed to the variables themselves or to external
confounders. Figure 5.2 provides an example of this approach, where we analyze the
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