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Multivariate information theoretic methods for the
analysis of neural network function

Gabriel Mat ı́as Lorenz

Abstract

To understand brain functions, it is necessary to characterize how neural systems en-
code, process, and transmit information. Information theory provides multivariate anal-
ysis tools to address these questions by analyzing activity recordings from real brains or
neural network models. These tools are model-independent and can be applied to any
recording modality and across different scales. In this thesis, we improved and used
information-theoretic tools to study the brain in several ways.

We developed the Multivariate Information in Neuroscience Toolbox (MINT), de-
signed for analyzing neural information. MINT includes tools such as Shannon entropy,
mutual information, transfer entropy, and Partial Information Decomposition (PID). It
enables researchers to quantify how neural populations encode and transmit behaviorally
relevant information across brain regions, enhancing investigations into neural compu-
tation. By integrating dimensionality reduction techniques and bias-correction methods,
MINT allows precise analysis of high-dimensional neural datasets.

A significant limitation in computing PID components from neural data is sampling
bias, particularly in synergy, which increases quadratically with the number of possi-
ble neural responses, leading to overestimations. To address this, we developed bias-
correction methods that enhance PID estimation accuracy. We applied these methods to
data from the auditory cortex, posterior parietal cortex, and hippocampus of mice engaged
in cognitive tasks, deriving accurate estimates of how synergy and redundancy vary across
regions.

Additionally, we used MINT to analyze simulated spiking neural network models to
explore contributions of different cortical interneurons to information encoding. Previous
models with a single interneuron type revealed redundant encoding in the gamma fre-
quency range. In contrast, our extended models showed distinct gamma frequencies carry
synergistic information about sensory inputs, suggesting interneuron diversity enhances
information encoding. Together, our methodological work and network model findings
highlight the potential of information theory for advancing understanding of neural en-
coding and information transmission.
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Chapter 1

Introduction

1.1 The brain as an information processing center

The brain is a complex organ responsible for an extraordinary array of tasks essential to
survival, cognition, and adaptation. It is made by a vast network of neural cells that en-
ables not only the regulation of basic bodily functions, such as breathing and heartbeat,
but also the execution of complex motor actions and the processing of sensory informa-
tion. Its incredible processing power allows the brain to react swiftly to external stimuli,
aiding in the avoidance of dangers and in the pursuit of basic needs, like food and shelter.
Beyond reacting to its environment, the brain can also learn from experiences, adapt based
on prior outcomes, and store information, forming memories that contribute to decision-
making and behavior regulation [1].

Sensory information from the surrounding environment reaches the brain through a
process of detection, encoding, and transmission. This process begins at specialized sen-
sory receptors located in the periphery—such as photoreceptors in the eyes and mechanore-
ceptors in the skin—which convert physical stimuli into electrochemical signals. Each
receptor encodes speci�c stimulus features through unique patterns of action potentials
[1]. These signals travel through the nervous system, reaching the brain stem and moving
up to the thalamus. The thalamus functions as a critical relay station, distributing this
sensory data to relevant sensory processing areas in the cerebral cortex, the outermost
layer of the brain and a primary site for advanced cognitive functions cortex, where sen-
sory information undergoes detailed processing to create coherent and actionable internal
representations of the external world. Through a coordinated interplay between sensory
and integrative cortical areas, the brain can synthesize input from multiple senses, al-
lowing it to interpret, remember, and learn from the incoming data. The formation of
these representations facilitates the brain's ability to predict and respond appropriately to
environmental stimuli.

When sensory information necessitates an immediate behavioral response, such as
�eeing from a threat or reaching for an object, the brain translates perception into action.
Decision-making centers within the cortex communicate the need for movement to motor
areas. This information is then relayed down through the brain stem and out to the spinal

1



2 CHAPTER 1. INTRODUCTION

cord, where it ultimately reaches the muscles, activating precise contractions that lead
to coordinated movement. From perception to behavior, the brain operates as a sophis-
ticated information-processing center that seamlessly integrates external stimuli, internal
representations, and motor responses.

1.2 Multiscale processes in the brain

The myriad of tasks managed by the brain would be impossible without the synchronized
actions of numerous processes occurring simultaneously across different levels of orga-
nization. These processes span from the activity of individual neurons to computations
carried out by large brain regions and occur on timescales ranging from milliseconds to
decades, re�ecting both rapid responses to immediate stimuli and the gradual adaptations
seen in long-term learning and memory formation [2].

At the most fundamental level, neurons serve as the primary information-processing
units of the brain. Each neuron is capable of encoding, transmitting, and even perform-
ing basic computations on incoming information. For example, neurons in the retina can
capture elementary visual features such as contrast, motion, and edges within speci�c
regions of the visual �eld, known as receptive �elds [3]. These neurons then relay this
information in the form of action potentials, enabling the brain to construct visual repre-
sentations from basic sensory input. Single neurons in the human medial temporal lobe
encode numerosity and abstract numerals [4] and neurons in the superior temporal gyrus
encode speech sound cues such as relative vocal pitch and onsets [5].

While single neurons are capable by themselves to encode and process information,
this does not give us an accurate description of how neuronal populations compute. Single
cell analysis is often done through trial averaging as a way to compensate neural variabil-
ity but the brain needs to process information from single events, which means interpret-
ing single cell variability in the context of the general population activity [6, 7]. When
neurons work as a population, they form interconnected circuits that can detect complex
patterns, support the integration of sensory information across modalities, and guide be-
havior [8]. The precise temporal correlation between neurons in the lateral geniculate
nucleus improve considerably the information that can be extracted about visual stimuli
[9]. The recording on the average electrical activity that is produced extracellularly, shows
the presence of electrical waves that participate in the encoding of information [10–12].

These neural populations often operate in parallel, performing distinct computations
within specialized areas, yet they are interconnected through networks that enable inte-
grated processing [2, 13]. Populations communicate through white matter allowing the
brain to merge separate streams of sensory information, integrate memory, and adjust
motor responses accordingly. This network connectivity is critical for creating a cohesive
experience and adapting behavior based on past knowledge, ongoing sensory input, and
future predictions.
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1.3 Recording techniques in the brain

As we have seen, the brain hosts a multitude of processes that operate across a wide range
of temporal and spatial scales. To better understand these intricate activities, researchers
have developed a variety of tools and techniques that enable us to inspect brain function
at different levels. These methods include both invasive techniques, which require the
implantation of instruments within the brain, and non-invasive approaches that allow for
observation from outside the body.

One of the most powerful techniques for examining localized neuronal activity is elec-
trophysiological recording. This method involves inserting microelectrodes into speci�c
areas of the brain, where they can detect extracellular currents and identify individual
neuronal spikes by �ltering out lower-frequency signals [14]. Recent advancements in
technology have made it possible to utilize multiple electrodes simultaneously, facilitat-
ing the recording of a larger number of neurons at once. This capability not only increases
the volume of data collected but also allows for the estimation of the spatial location of
neurons through triangulation methods, enhancing our understanding of their spatial or-
ganization.

In addition to capturing action potentials, electrophysiological recordings can also
measure extracellular activity across lower frequency ranges, which is crucial for under-
standing broader brain dynamics. The Local Field Potential (LFP) represents the lower
frequency component of the electrical signals recorded by the electrodes [10]. It provides
an indirect measure of the collective activity patterns of neuronal populations, re�ect-
ing the overall state of brain activity and synchronization among different brain regions.
Its analysis allows more information to be extracted from sensory populations [15, 16].
Despite their advantages, electrophysiological methods come with signi�cant drawbacks.
The insertion of electrodes into the brain inevitably causes tissue damage, which can af-
fect the health and functionality of the surrounding neural tissue. Furthermore, the number
of neurons that can be recorded is inherently limited by the number of electrodes used.
Increasing the number of electrodes to capture more neurons further compounds the risk
of additional damage, posing challenges for long-term studies of brain function.

Calcium imaging is a powerful non-invasive technique for recording the activity of
neuronal ensembles without directly disrupting brain tissue [17]. This method operates
by tracking changes in intracellular calcium concentration, utilizing �uorescent calcium
indicators that respond to �uctuations in calcium levels associated with neuronal activ-
ity. Calcium plays a vital role in numerous cellular processes, and elevated levels in the
soma can serve as indicators of action potential �ring. When combined with genetic tools,
�uorescent indicators can be targeted to speci�c neuronal populations, allowing for de-
tailed investigations of their activity. However, while calcium imaging is bene�cial for
observing large groups of neurons, it lacks the temporal precision of electrophysiological
recordings, meaning it cannot reliably capture every action potential within a population.

Even though calcium imaging minimizes direct interference with brain tissue, it still
requires the creation of an opening in the skull to allow the optical probe to access the
brain. Fortunately, there are also non-invasive methods that rely on the electromagnetic
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activity produced by the brain and can be measured externally. Techniques such as elec-
troencephalography (EEG) and magnetoencephalography (MEG) record brain activity by
detecting the electrical and magnetic �elds generated by the neuronal currents [2]. These
methods provide valuable insights into the brain's overall activity patterns without the
need for surgical intervention, making them particularly useful for studies involving hu-
man subjects or long-term monitoring of brain function [18–20].

Together, these diverse recording techniques offer complementary insights into the
brain's complex information processing and neural dynamics, advancing our understand-
ing of how the brain operates across different scales and contexts.

1.4 Information theory in Neuroscience

As we have seen, the concept of information is integral to understand the the functional
workings in the brain, regardless of which scale or section we are studying. Also, the
diverse range of recording types allows us to observe brain activity at different scopes.
Information theory offers a solid mathematical foundation to work quantitatively with the
processes of encoding, processing and transmission of information [21]. It can be applied
to any data type or combination of them, it can detect non-linear relationships between
the variables without the need to �rst build a model that relates the studied variables [22].
Below we will describe brie�y the key concepts in the �eld that will be discussed through
the whole work.

To understand what information means mathematically, we �rst need to establish a
precise de�nition. We can de�ne the level of uncertainty regarding an outcome through
the probabilities of each possible outcome, leading us to the de�nition of entropyH:

H(R) = � å
r2R

p(r ) log2(p(r )) : (1.1)

Here,H(R) quanti�es the uncertainty associated with a random variableR [23]. The core
idea is that the greater the uncertainty, the higher the entropy.

In relation to information, we can express the concept of mutual information between
two variables. The information gained about one variable after knowing the state of an-
other variable can be mathematically represented as:

I (R;S) = H(R) � H(RjS); (1.2)

whereH(RjS) is the conditional entropy, representing the remaining uncertainty about
the variableR given the knowledge ofS. This formulation allows us to quantify how
much uncertainty is reduced inR when we have additional information fromS.

In the context of brain dynamics, we can further extend these concepts to explore the
interactions between different regions. Transfer entropy (TE) is a measure that quanti�es
the amount of information that a `sender' variable provides about a `receiver' variable
that cannot be explained solely by the past activity of the receiver [24]. This measure al-
lows us to capture the directional in�uence one neural population may exert over another,
providing insights into the �ow of information within neural circuits.
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These two quantities—mutual information and transfer entropy—serve as powerful
tools to enhance our understanding of brain function. For instance, we can apply these
concepts to study the encoding performance of neural populations[6, 25–29].

How can we measure the gain in encoding ef�ciency that groups of neurons exhibit
compared to their individual contributions? Additionally, what role do interconnections
among neurons play in either enhancing or inhibiting this encoding? We may also explore
the extent to which various stimulus features are represented uniformly across different
neurons versus those that are uniquely encoded by speci�c cells.

One framework that addresses these questions is Partial Information Decomposition
(PID) [30, 31]. PID allows us to break down the total information of a collection of
sources into more elemental components, with each component representing the infor-
mation contributed by a speci�c combination of shared and unique information among
the sources. This method offers insights into the functional structure of a population's
encoding.

However, while PID is valuable for analyzing two sources, its interpretation can be-
come complex when dealing with multiple sources, often lacking direct mechanistic ex-
planations. Another useful framework for evaluating the encoding of neuron populations
is the Information Breakdown [32–34]. This framework expresses the total information a
population encodes about a stimulus as a sum of positive and negative components, repre-
senting encoding enhancements and inhibitions that arise from measured correlations in
neuronal activity.

It is possible that only a small portion, or even none, of the information encoded is
actually used to guide behavior. Intersection Information (II) measures how much of the
sensory information encoded in neural population activity is read out to inform behavior,
and is computed with PID as the component of neural information that is both about
stimulus and choice [35–37].

Measures like Feature-speci�c Information Transfer (FIT) provide a precise analysis
of information transmission between neural populations [38]. FIT quanti�es the fraction
of overall information transfer—essentially transfer entropy—attributable to the informa-
tion encoded by the sender population regarding a speci�c stimulusS. Since there can
be multiple pathways for information transmission to a receiver population, a conditional
variant of this measure, known as conditional FIT (cFIT) [38], can help clarify whether
the information about the stimulus is genuinely being transmitted from the sender popu-
lation or is instead coming from a third, confounding population.

By employing these advanced measures and frameworks, researchers can gain deeper
insights into the encoding mechanisms of neural populations and the dynamic interac-
tions that characterize information processing in the brain. This multifaceted approach
enhances our understanding of how neural circuits operate, revealing the complex in-
terplay between individual neurons, population dynamics, and information transmission
across the brain.

In chapter 2, we provide a toolbox with computational resources for information anal-
ysis. The toolbox contains functions to implement all the measures described above plus
preprocessing pipelines with binning and correction algorithms.
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1.5 Challenges of information analysis in neuroscience

Information theory serves as a powerful tool for neuroscientists seeking to understand the
functions of neural networks. However, while this analytical framework offers valuable
insights, it also comes with certain caveats that researchers must navigate. One signi�-
cant challenge is that these measures rely heavily on the accurate estimation of the joint
probability distribution of neural responses and the associated stimuli. Consequently, re-
searchers must provide datasets that truly re�ect these distributions, a task that becomes
increasingly daunting as the size of the neural population under investigation grows. This
is primarily due to the exponential increase in the number of potential response combina-
tions that must be sampled to achieve an accurate representation.

This challenge has a direct impact on the estimation of information. When the distri-
bution is undersampled, the resulting entropy estimation is overestimated [39, 40]. Specif-
ically, because the conditional entropy is typically the least sampled term in the mutual
information equation, underestimating this component leads to a positive bias in the esti-
mation of mutual information itself. As illustrated in equation 1.2, this bias can skew our
understanding of the true informational dynamics at play within neural populations.

The issue of undersampling is not new; it has been extensively studied within the
�eld. Various bias correction methods have been developed to mitigate the effects of
undersampling when it is impractical to increase the number of trials in a dataset [39–43].
Many of these techniques have been speci�cally designed to address the estimation of
mutual information, and have undergone testing to validate their effectiveness.

Another possible method is to reduce the impact of high-dimensionality is to apply a
dimensionality reduction technique on the recording of population [44] and later use the
reduced activity in the information analysis.

In addition to mutual information, efforts have also been made to apply bias correction
to the components of information breakdown. However, despite these advancements,
there has yet to be a systematic exploration of the biases affecting Partial Information
Decomposition (PID) measures. Current research in this area has primarily focused on
Gaussian variables [45], leaving a signi�cant gap in our understanding of how PID might
be in�uenced by undersampling in more complex or non-Gaussian distributions.

This highlights the need for further investigation into the systemic biases inherent in
PID measures and the development of appropriate correction methods. By addressing
these limitations, researchers can enhance the reliability of information-theoretic analy-
ses in neuroscience, leading to a more accurate understanding of neural encoding and
information processing in the brain. Ultimately, a robust framework for estimating infor-
mation content is essential for advancing our comprehension of neural network dynamics
and their implications for behavior and cognition.

In chapter 2, we provide tools of bias correction of all the information measures de-
scribed in the section above. We also show how the comparison of different dimension-
ality reduction techniques leads to conclusions on the nature of population coding. In
chapter 3, we perform a study on the bias produced by undersampling on the components
of a two-source PID analysis.
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1.6 Information theory in network modeling

So far, the methods discussed have primarily focused on analyzing recorded neural data
through the framework of information theory. However, while one of the main strengths
of information theory is the lack of necessity to assume a model, it also means that its
results do not give us an idea of the mechanisms behind the information encoding of
a system. Nevertheless, information-theoretic approaches can also be effectively com-
bined with modeling techniques. By representing the dynamics of observed measure-
ments through selected models that simplify the conditions of the studied system, we can
leverage the information values derived from these models to gain insights into the encod-
ing performance of the phenomena being modeled. This approach allows us to minimize
the interference of confounding processes that might occur in real neural systems.

For instance, if we consider that the activity of a neural population exhibits minimal
sensitivity to trial-to-trial �uctuations in the speci�c spike patterns generated by individ-
ual neurons, we can construct a model where each neuron's response is described by its
average �ring rate [3]. This �ring rate model simpli�es our understanding of how pop-
ulations of neurons encode information by focusing on the mean activity rather than the
details of spike timing.

However, while �ring rate models offer a straightforward framework for analysis,
they may not suf�ciently capture the dynamics of a real neural population under certain
conditions. For example, in networks that exhibit synchronous �ring, the precise timing
of spikes becomes crucial for understanding the underlying neural computations. In such
cases, relying solely on average �ring rates can obscure important information about the
temporal structure of neuronal activity.

To address these limitations, researchers often turn to spiking network models, which
are designed to capture the dynamics between individual neurons more accurately. These
models account for the detailed interactions among neurons and can represent the precise
timing of spikes, allowing for a more comprehensive understanding of network behavior
[3, 46]. The complexity of a spiking network model will depend on the sophistication of
the individual neuron model it employs.

For example, simpler representations can treat neurons as point objects, where the
model focuses exclusively on an average representation of the entire cell's dynamics. This
approach is often exempli�ed by models such as the integrate-and-�re model, which sim-
pli�es the neuron's behavior to key dynamics without delving into the biophysical details
[46]. Conversely, more complex models, like the Hodgkin-Huxley model, incorporate
detailed biophysical properties, including ion channel dynamics and membrane potential
changes, to simulate the realistic behavior of neurons [46].

By employing these spiking network models, researchers can better capture phenom-
ena such as synchronous �ring and oscillatory patterns, which are critical for understand-
ing various cognitive processes and behaviors. These models allow for an investigation
of how the timing of spikes contributes to information processing and encoding within
neural circuits. Ultimately, the integration of information theory with sophisticated mod-
eling techniques enriches our understanding of neural dynamics and enhances our ability
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to analyze the encoding performance of neuronal populations in a more nuanced manner.
As an example, to study the generation and role of gamma oscillation oscillations

(40–100Hz) in the cortical network measured through LFP [15, 16]. Previous theoretical
and computational studies of gamma oscillations typically included excitatory neurons
and a single type of inhibitory neurons [11, 47–51]. The model of this inhibitory neu-
ron did not specify or differentiate the type of inhibitory being modeled, but that was
loosely matched to the properties of fast-spiking parvalbumin neurons, the most common
inhibitory neuron in many cortical regions. These models could explain the generation of
gamma oscillations exhibiting realistic spectral features, and could also explain the privi-
leged encoding of information from the sensory periphery by the power of activity in the
gamma band.

In chapters 2 and 3, we use rate models to provide ground truth dynamics that we
use to test the reliability of the information measures and the bias corrections. In chapter
4, we model the local �eld potential activity of a cortical network by using a recurrent
spiking network that outputs an aggregate measure of electrical activity. The activity
simulated from this network is later analyzed with information theoretic tools to analyze
the presence of synergy across frequency bands.

1.7 Overview of the chapters

In this work, we will work on the development and application of information-theoretic
tools designed to improve the research on multivariate neural activity.

In chapter 2, we present a computational toolbox built with many long-standing and
state-of-the-art information measures. We also provide preprocessing pipelines that are
suited to any data type, and tools for afterward processing and analysis. We showcase
the toolbox capabilities by applying not only to simulated scenarios to verify the analyses
coincide with the designed ground-truth, but we also apply to real datasets from different
experimental setups to showcase its usefulness and versatility.

In chapter 3, we focus on the problem of the limited sampling bias in partial informa-
tion decomposition. We conduct an explorative analysis to characterize the bias in�uence
in different scenarios. We apply on these terms correction procedures that were designed
originally for mutual information and we test their ef�cacy. We then apply these validated
procedures onto the analysis of real neuron pairs from different published experiments
and we showcase the impact of these corrections on the correct interpretation of the PID
results.

In chapter 4, we apply some of the tools developed on the toolbox for an analysis
through simulated models. We implement a model of a recurrent cortical population that
accounts for the cellular diversity in inhibitory neurons and we analyze how these results
compare with previous models with no inhibitory neuron diversity.



Chapter 2

MINT: a toolbox for multivariate neural
data analysis

The content of this chapter was submitted for publication, and is currently under submis-
sion and being revised [52]. The analyses presented here correspond to those presented
in the �rst submitted version of the paper prior to being revised.

2.1 Introduction

Brain functions are based on the ability of groups of neurons or brain areas to encode,
process and transmit information [53, 54]. Consequently, information theory [21], the
mathematical theory of communication, has deeply in�uenced the conceptualization of
brain operations. It has become a method of choice to analyze neural activity because of
its many advantages [6, 25–28]. It provides single-trial measures of how neural activity
encodes variables important for cognitive functions such as sensory stimuli, and it is thus
more relevant for single-trial behavior than trial-averaged measures. It captures contribu-
tions of both linear and non-linear interactions between variables at all orders, and thus
allows hypotheses-free measures of information encoding that place upper bounds to the
performance of any decoder. Because of its generality, it can be applied to any type of
brain activity recordings. Also, it facilitates direct comparisons between the predictions
of normative neural theories and real neural data [26, 29].

Earlier work using information theory to analyze empirical neural data has focused on
low-dimensional measures of neural activity such as single neurons, small neural popula-
tions or aggregate measures (LFPs, M/EEG, fMRI). These studies have considered only
how information is encoded in neural activity, regardless of how it may be used down-
stream. Such seminal studies have demonstrated e.g. how the temporal structure of neural
activity (from single-neuron spike timing to network oscillations [55–61]) contributes to
sensory encoding, or how neural mechanisms such as adaptation contribute to brain in-
formation processing [28, 62].

9
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Figure 2.1: Overview of MINT. A: A: List of main MINT functions. B: MINT provides mul-
tivariate information theoretic functions to quantify the amount of information that single neu-
rons or neural populations carry about task-relevant variables (e.g. sensory stimuli or behavioral
choices). These methods are based on either direct-method calculation of information from the
discretized probabilities (ideal for small neural populations but not scalable with population size),
estimation through other techniques such as Kernel-based methods that can operate on real-valued
data, or by using supervised or unsupervised dimensionality-reductions techniques to approximate
high-dimensional neural population response probabilities with probabilities in lower-dimensional
spaces (scalable with population size). It also provides tools to quantify how much of the infor-
mation encoded by neural activity is used to inform behavior.C: MINT has multiple functions to
compute, in small or large populations, how interactions between the activity of different neurons
shape information encoding and create synergy or redundancy.D: MINT has tools to compute
transfer of information from one neural population or brain region to another. It can compute both
the total or stimulus-speci�c information transmitted between two nodes, with the option of con-
ditioning over the activity of other nodes.E: MINT has tools to correct for the limited-sampling
bias, an essential tool for analysis of empirical neuroscience data.F: MINT has a set of hierar-
chical permutation algorithms that provide null hypothesis testing for signi�cance of information
encoding and information transmission and for the impact of correlations across neurons or time.
Mouse sketch is modi�ed fromdoi.org/10.5281/zenodo.3925917 and brain sketch is modi-
�ed from doi.org/10.5281/zenodo.3925989 .

Over the last decade, neuroscience has seen major progress in the ability to record si-
multaneously the activity of many neurons and/or brain areas. These advances have driven
the development of novel information theoretic analytical tools to investigate how infor-
mation processing emerges from the interaction and communication among neurons or
areas. Studies have provided multivariate information tools to individuate when synergy
and redundancy arise in small populations, or to understand the mechanisms for generat-
ing redundancy and synergy, for example to characterize how correlations between the ac-
tivity of different neurons shape information processing[32–34, 53, 63, 64]. Recent work
has also coupled information theory with dimensionality-reduction techniques to study
how information is encoded in populations of tens to hundreds of cells[35, 65–72]. Other
studies have developed multivariate information theory to quantify transmission, rather
than encoding, of information across neurons or areas [24, 38, 73–81]. These methods
measure the overall or stimulus-speci�c information exchanged between simultaneously
recorded neurons and areas and determine whether transmission relies on synergistic in-
tegration of information across nodes. Another major direction of progress has been in
recording neural activity during behavior [82]. To support the growing interest on how
neural computations shape behavior, information theory has produced tools to charac-
terize the multivariate simultaneous relationship between sensory stimuli, neural activity
and behavioral output to enable quantifying the impact on behavior of the information
encoded in a certain area or population [35–37, 83].

While the use and dissemination of information theoretic algorithms has been aided
by software toolboxes [22, 84–101], no toolbox yet provides a comprehensive imple-
mentation of tools to compute both information encoding and transmission, to break
down information into components re�ecting the effect of interactions and to quantify
behavioral or downstream relevance of the encoded information (see Table A.1). To �ll
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these gaps and address the need to collect organically these tools in a format that al-
lows immediately multiple analyses, here we introduce a new Multivariate Information in
Neuroscience Toolbox (MINT). MINT provides a comprehensive set of information theo-
retic functions (including Shannon Entropy and Mutual Information, directed information
transmission measures, information decompositions) and estimators (binned probability
estimators, limited-sampling bias corrections). The implemented information-theoretic
functions are detailed in A. What they compute, and how they can be used in neuro-
science is summarized in Table 1. The accuracy and applicability of these algorithms has
been validated and demonstrated extensively with both discrete neural variables, such as
spikes in electrophysiological recordings [28, 58, 59, 102, 103], and continuous neural
variables, e.g. LFP, M/EEG, fMRI and calcium traces [35, 72, 104–106].

Importantly, as we demonstrate with examples, combining these multivariate tools en-
ables addressing questions that cannot be addressed with a single tool. For example, com-
bining tools to identify the speci�c contribution of correlations to population encoding or
the amount of encoded information that informs behavior with dimensionality-reduction
techniques allows understanding how large neural populations in�uence behaviors. Com-
bining information encoding tools with content-speci�c information transmission tools
can reverse engineer information �ow in neural networks with unprecedented understand-
ing. We thus anticipate that MINT will lead to uncover numerous new insights into neural
information processing.

2.2 Design and Implementation

MINT is written in MATLAB (version 2018b or newer) and depends on the Statistics and
Machine Learning, Optimization, Parallel Computing and Signal Processing Toolboxes.
MINT takes as input neural data (array of neural activity recorded in each trial) and task
variables (sensory stimuli or behavioral responses presented or produced in each trial).
It outputs information values and their null-hypothesis values for computing statistical
signi�cance. A.1 illustrates MINT functions, options, and core routines.

MINT computes Entropy (H.m), which measures neural variability; Mutual Informa-
tion (MI.m), which measures information encoding (Fig. 2.1B). It computes the Informa-
tion Breakdown of Shannon Information into contributions due to correlations between
neurons [32, 33, 63, 107, 108]. It also computes Partial Information Decompositions
(PID) [30, 109] of the information about a target variable carried by two or more source
variables into unique, synergistic and redundant information (Fig. 2.1C). Computation of
PID requires specifying a redundancy measure, which can be selected by the user among
options [30, 31, 91, 110] with complementary advantages [110, 111]. (Redundancy of
[91] requires either a MATLAB-compatible C compiler or pre-compiled �les made avail-
able by us for Windows 11, macOS, and Linux Debian). MINT computes additional
functions of neuroscienti�c value: Intersection Information (II, function II.m; Fig. 2.1B
see [37]), the amount of stimulus information in neural activity that is used to inform be-
havior; Transfer Entropy (TE, see [112]) and Feature-Speci�c Information Transfer (FIT,
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Function What is Computed What it is Used for
Entropy (H) Variability of random variable X Assess variability of neural activity

Mutual Information (MI)
How well an ideal observer can predict X
from single-trial observations of Y

How well activity of population of neurons
encodes info about task variables
(e.g. stimuli)

Information Breakdown

MI about X carried by a multivariate Y,
broken down into contributions arising
from correlations between different
dimensions of Y

How correlations between multivariate neural
activity (e.g. activity of populations of neurons)
contribute to population-level encoding
of task variables (e.g. sensory stimuli)

Partial Information
Decomposition (PID)

Decomposes MI carried by a multivariate Y
about X into unique info about X carried by
each element of Y, synergistic info found
only in the interactions between elements
of Y, and redundant info shared
among elements of Y

Whether groups of neurons or brain areas
carry synergistic or redundant info
about task variables (e.g. stimuli) or about
activity of other neurons or brain areas

Redundancy-Synergy
Index (RSI)

Quanti�es whether the effect on encoding
info about X of interactions between
different variables within a multidim. Y
is predominantly redundant or synergistic

Whether groups of neurons or brain areas carry
predominantly synergistic or redundant info

Intersection Information
(II)

Info about X carried by Y which is
used to inform Z about X

How much of the info about a task variable
(e.g. sensory stimulus) encoded in neural
activity is used to inform behavioral
reports (e.g. choices)

Transfer Entropy (TE)
MI about the past activity of sender X
found in present activity of receiver Y,
conditioned on past activity of Y

Measures overall transmission of info
between nodes of a neural network

Feature Speci�c
Information Transfer
(FIT)

MI about feature S presently encoded by
Y redundant with MI about S previously
encoded by X and unique with respect to
MI about S previously encoded by Y

Measures transmission between nodes of
a neural network of info about a speci�c
feature of task variables (e.g. sensory stimuli)

Conditional TE (cTE)
and Conditional FIT
(cFIT)

Versions of TE and FIT with info �ow
conditioned or unique with respect
to another variable

Measure overall or feature speci�c transmission
of info between network nodes discounting
info possibly passing through other nodes

Supervised dimensionality
reduction (decoding)

Project data onto lower-dimensional space
using labeled data to optimize decoding

Intermediate step for info calculations
with large neural populations

Unsupervised
dimensionality
reduction

Project data onto lower-dimensional space
using unlabeled data to optimize data
explainability

Intermediate step for info calculations
with large neural populations

Limited-sampling
bias correction

Produces unbiased info estimates
unaffected by the limited-sampling bias

Needed to obtain more accurate info
estimates in all practical situations

Hierarchical Data
shuf�ing

Random permutations of data used to
create null distribution for statistical
testing for assessing the role of certain
data features in info encoding

Needed for statistical testing in all applications.
Useful to assess the role of spike timing or
correlation between neurons by comparing
info values obtained with these features
preserved or shuf�ed

Table 2.1: Glossary of Main Information Theoretic Functions. This table reports a short expla-
nation of what the implemented information theoretic quantities compute and for what type of
applications they may be used. X, Y, Z denote random variables.
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see [38]), which measure overall and stimulus-feature-speci�c information transmission
between nodes of neural networks (TE.m, FIT.m and cFIT.m; Fig. 2.1D).

The information quantities depend on the probabilities of task variables (e.g. pre-
sented sensory stimuli) and neural responses. MINT implements the direct method [41,
59] estimator based on discretizing neural responses and task variable values and com-
puting the empirical occurrences across experimental trials of the discrete or binned re-
sponses. These estimators have been widely used in neuroscience information theoretic
studies, because neural spiking activity is intrinsically discrete and is usually quanti-
�ed as the number of spikes emitted in one- or multiple-time windows of interest [41,
59]. The direct method captures the information carried by spike counts very precisely
(Fig. A.3 in A). Because they are simple and do not make assumptions about the probabil-
ity distributions, discretized estimators have been used to compute information also from
continuous-valued aggregate measures of neural activity such as LFP, M/EEG, fMRI [56,
104, 105, 113] or continuous-valued behavioral variables [114]. If the scienti�c question
at hand needs PID in addition to Shannon information and the data are not Gaussian, then
discrete or discretized approaches are advised (as non-discrete non-parametric estimators
are available only for Shannon information and entropy). MINT provides binning func-
tions to discretize analogue data (equi-spaced or equi-populated binning, binning with
user-de�ned bin edges, and possibly automated determination of bin numbers [115, 116]).

Any real experiment only yields a �nite number of trials from which probabilities must
be estimated. Finite sampling when using direct methods leads to a systematic error (bias)
in information estimates (Fig. 2.1E), which can be as big as the true information values.
Thus, bias corrections methods are essential for practical neuroscience applications, and
six such well-established methods are included in MINT [39, 40, 42, 43, 117, 118]. These
methods, along with binning, parallelization options and other features are user-speci�ed
in an input structure (opts). Information (functionMI.m) is computed by default with the
direct method, as it preserves all information available in the discretized neural activity.
We recommend its use for small-dimensional (up toN = 3 or 3) neural response (e.g.
responses of populations of up to 2-3 neurons) as its estimates from datasets of realistic
sizes can be still effectively corrected for the limited-sampling bias (Fig. A.3 in A).

Alternatively, probability estimators suited for real-valued data [119–121], such as
nearest-neighbors or kernel methods, can be used to estimate information and are avail-
able in MINT by speci�cation in the input structure (opts ). These methods also work
well for low-dimensional data.

Neither these estimators nor the direct method, however, work on their own when
considering high-dimensional neuronal responses (such as the activity of populations of
many neurons), as the curse of dimensionality prevents the direct sampling of the joint
response probabilities from high dimensional data (Fig. A.3 in A). We thus provide ad-
ditional pipelines, recommended for high-dimensional neural responses such as the ac-
tivity of large neural populations, that compute information from the empirical neural
response probabilities but after reducing the dimensionality of neural population activ-
ity [35]. These dimensionality-reduction pipelines include supervised methods (Support
Vector Machines, SVMs and Generalized Linear Models, GLMs) which reduce the di-
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mensionality by providing decoding or posterior probabilities of the task variables given
the single-trial neural population activity (Fig. 2.1A) and allow reliable estimations with
small datasets (Fig. A.3 in A). We also provide unsupervised methods (Non-negative
Matrix Factorization, NMF [122]; Principal Component Analysis, PCA) which reduce
dimensionality individuating small numbers of dimensions with the highest explanation
power of neural activity. Supervised dimensionality-reduction algorithms that individuate
the directions in neural activity space with most discriminability of the task variable (e.g.
SVM) may be in general better suited than unsupervised algorithms individuating dimen-
sions that target best reconstruction of the spike trains (e.g. PCA, NMF) when the most
information is not encoded in the direction with most variations in neural activity space
(Fig. A.3 in A).

MINT provides all these dimensionality-reduction techniques with native MATLAB
functions, but it also allows easy interfacing with external libraries (e.g.libsvm [123]
andglmnet [124]) (Fig. A.2 in A). Importantly, these dimensionality-reduction tools can
be coupled with MINT's Hierarchical Shuf�ing tool (hShuffle.m ) which can disrupt, by
trial shuf�ing, speci�c features of population activity (such as response timing or correla-
tions between neurons) to probe their contribution to information processing [35, 125].

When deciding which estimator to apply to a given dataset, we recommend users to
test different algorithms on synthetic data that match essential features of the experiments
(e.g. discrete spike counts or continuous signals, number of trials and data dimensional-
ity, information levels) and chose what suits best. MINT provides a simulator of neural
population spike train activity (Poisson/non-Poisson both correlated or uncorrelated) that
can be used for this purpose.

2.3 Results

We illustrate how to use MINT to address highly topical neuroscienti�c questions, em-
phasizing the utility of using synergistically multiple algorithms, allowed by MINT. In all
examples, we use the limited-sampling bias corrections and hierarchical data shuf�es of
MINT, as they are essential for empirical data analyses.

2.3.1 Computing the role of interactions between neurons in
information encoding

An important question in neuroscience is whether and how the functional interactions
(measured as activity correlations) between neurons enhance or limit information encod-
ing in neural populations [8, 53]. Several information theoretic methods have been de-
veloped to address complementary aspects of this question [30, 32–34, 63, 64, 107, 125,
126]. Here we illustrate what we gain from their combined use enabled by MINT.

We consider how a population ofN neurons encodes information about a stimulus
variableS. For neuron pairs (N = 2), we computed the population information (Mutual
Information between stimulus and the joint neural population response) with the direct
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method that estimates information directly form the empirical discretized response prob-
abilities (see Design and implementation). The overall effect of interactions between
neurons is expressed by the Redundancy-Synergy Index (RSI), the difference between the
population information and the sum of single-neuron stimulus information [64, 127]. Pos-
itive (negative) RSI indicates predominantly synergistic (redundant) interactions. Contri-
butions of synergy and redundancy can be separated using PID [109, 128]. The Infor-
mation Breakdown [32–34] shows how RSI arises from interactions between neurons, by
breaking down RSI into componentsIsig-sim (contribution of the similarity across neu-
rons of trial-averaged responses to different stimuli, see also [64]),Icor-ind (contribution
of the interplay between the signs of signal similarity and of noise correlations, de�ned
as correlations between neurons in trials to the same stimulus), and ofIcor-dep(quantify-
ing information added by the stimulus-modulation of noise correlations, or, equivalently,
bounding the information lost when using decoders trained without considering correla-
tions [63, 108]).

These small-population direct information calculations have the advantage of not
making assumptions about decoding mechanisms, but do not scale up to large popula-
tions because of the curse of dimensionality [40]. Population information can be obtained
by estimating probabilities in the reduced space of the stimuli decoded from single-trial
neural activity. These estimates scale well with population size and can be computed
robustly with small datasets (Fig. A.3 in A). However, speci�c decoders may severely
underestimate total information in neural activity (see Fig. A.3 in A), especially when the
decoder does not operate on the features of neural activity that carry most information.
We illustrate below how MINT allows determining the role of correlations in population
coding by comparing decoders that do or do not use information in correlated activity
and by leaving intact or removing information in correlated activity using hierarchical
shuf�ing tools [35, 53, 125].

We illustrate these methods �rst by simulating the activity ofN = 20 neurons re-
sponding to two stimuli. In the �rst simulated scenario (Fig. 2.2A), only correlations
between activity of different neurons, but not the single-neuron activities, are stimulus-
modulated and thus encode stimulus information. The single cell information is zero, but
the pairwise population information is not. Positive RSI arises because of large synergy
with negligible redundancy. The Information Breakdown reveals that all the synergistic
information is due to stimulus-dependent correlations. Population decoding with SVM
of theN = 20 neurons reveals that large-population information can be accessed exclu-
sively with a non-linear decoder, and that shuf�ing correlations destroys all information,
con�rming it is exclusively encoded by correlations.

In the second simulated scenario (Fig. 2.2B), information is encoded by single cells,
correlations are only weakly stimulus-modulated, all neurons have equal stimulus tun-
ing (responding more strongly to stimulus 2), and noise correlations are positive. In this
con�guration, redundancy is created (all neurons have the same trial-averaged response
pro�les to the stimuli) and correlations reduce information (they are elongated along the
axis separating the mean �ring rates of individual neurons and thus increase the overlap
between the stimulus-speci�c distributions of neural activity) [32]. Negative RSI arises
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because of larger redundancy (created by so called signal similarity expressing the sim-
ilarity of tuning to stimuli of individual neurons) than synergy (created by the small but
present stimulus-modulation of correlations). Information Breakdown analysis reveals
that indeed information is more redundant because the signal-noise similarity (captured
by Isig-sim andIcor-ind) is larger than the small stimulus-dependent correlationsIcor-dep. In
the largeN = 20 population most information can be accessed with a linear SVM, with
the non-linear SVM adding relatively little, and noise correlations reduce information
(shuf�ing them away increases information).
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Figure 2.2: Assessing the role of correlations among neurons in neural population encoding. In
each column, we consider analysis of a different dataset.A: simulated population ofN = 20
neurons which carry information only by stimulus-dependent correlations, with no stimulus in-
formation provided by single-neuron �ring rate modulation.B: simulated population ofN = 20
neurons which carry information by single neuron �ring modulations and which have information-
reducing correlations.C: CA1 recordings ofN = 43� 104 neurons overn = 11 sessions during
spatial navigation of a linear track in virtual reality.D: A1 recordings ofN = 20 neurons over
n = 12 sessions during tone presentation. In each row, we plot from top to bottom: direct calcu-
lation of information for neuron pairs and of sum of single neuron information; direct calculation
of redundancy-synergy index (RSI), of synergy and redundancy separately and of the Informa-
tion Breakdown components for neuron pairs; calculation of encoded information of the whole
population using the information in the confusion matrix of an SVM decoder (linear or RBF),
computed either on the real population responses (which contain correlations between neurons) or
pseudo-population “shuf�ed” response obtained collecting randomly permuted trials to the same
stimulus (shuf�ing removes correlations at �xed stimulus). In columns A-B we compute Shannon
Information between neural activity and the identity of the two simulated stimuli. In column C-D
we compute Shannon Information between neural activity and the identity of the presented tone
(S= 2 different tones) or the spatial location of the mouse (binning locations intoS= 12 equi-
distant spatial bins), respectively. In column C, direct measures of pairwise information were ob-
tained withR= 2 equi-populated bins (appropriate for this dataset consisting of non-deconvolved
calcium �uorescent traces). In column D, direct measures of pairwise information were obtained
with R = 3 bins, done by capping to 2 spike counts (appropriate for this dataset consisting of
calcium signals deconvolved to estimate �ring rates and activity counted in short windows). In
each panel we plot mean and SEM (for simulated data in panel A-B: overn = 190 neural pairs
andn = 10 simulation repetitions for the direct information calculations; over n=5 different data
folds andn = 10 simulation repeats for the decoding information values; for CA1 data in Panel C:
overn = 10750 simultaneously recorded neuron pairs for the direct information calculations, and
overn = 11 recording sessions andn = 5 trial folds for the decoding information values; for A1
data in Panel D: overn = 2280 simultaneously recorded neuron pairs for the direct information
calculations, and overn = 12 recording sessions andn = 2 trial folds for the decoding information
values). Symbols *, **, *** denote two-tailedp < 0:05, p < 0:01, p < 0:001 respectively, com-
puted with paired t-tests. See A.6.1, A.7.2 and A.7.3 in A for details of simulations and real data
analysis. Mouse sketch in Panel D is modi�ed fromdoi.org/10.5281/zenodo.3925985 .

We then applied the same analyses to two real neural datasets. We �rst analyze encod-
ing of the mouse position (within a linear track) by populations of 43-104 simultaneously
recorded neurons from the CA1 region of the mouse hippocampus [69] (Fig. 2.2C). With
the pairwise analysis, PID shows that both synergy and redundancy are present, but syn-
ergy is larger and the Information Breakdown shows that this is due to modulation of the
noise correlations strength with the position (Icor-dep� 10% of the pairwise information).
Using a nonlinear decoder of the whole population increases information by� 80% over
what could be achieved with linear decoders, and shuf�ing data to destroy correlations
decreases the nonlinearly decoded information by� 80%, revealing a large effect of hip-
pocampal noise correlations in position encoding by large neural populations, whose size
could not be inferred by neuron pairs analysis.

We then analyzed encoding of sound intensity by populations of 20 neurons simultane-
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ously recorded from the mouse auditory cortex (A1) during pure-tone sound presentation
(Fig. 2.2D). These networks were selected, among all recorded neurons, based on their
encoding of task-relevant information in [129]. With the pairwise analysis, PID shows
that both synergy and redundancy are present, but redundancy is larger. Information
Breakdown analysis shows that this is due to negativeIsig-sim (neuron pairs have simi-
lar tuning to the stimuli) andIcor-ind (most neural pairs have also positive correlations),
with Icor-depcontributing much less. Decoding whole-population activity with a nonlinear
SVM did not increase the information decoded with a linear SVM (stimulus-dependent
correlations were weak), and shuf�ing away noise correlations increases information sub-
stantially (thus correlations strongly reduced information).

Together, these results illustrate the power of combining MINT tools to understand
deeply how interaction between neurons shape neural population coding.

2.3.2 Computing the Impact of Stimulus Information in Neural
Activity for Behavioral Discrimination

Traditional approaches to neural information encoding of sensory stimuli have focused
solely, as in the above examples, on how neurons or populations encode information about
these stimuli. However, it could be that little or none of the information they encoded is
actually utilized to inform behavior. It is thus important to have instruments to understand
how much information in neural activity contributes to behavior.
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Figure 2.3: Stimulus, choice, and Intersection information coding in populations of cortical au-
ditory neurons during a tone discrimination task.A: Stimulus information and Intersection Infor-
mation encoded in neural activity recorded during a sound tone discrimination task. Left: single
cell estimates using the direct method. Right: estimates of the information quantities using a RBF
SVM (2-fold cross validation) as function of the population size. We plot the mean and SEM over
all n = 12 Field of Views and over all folds and over all subpopulations used. For population sizes
N = 1� 18, more than 100 independent subpopulations can be obtained, we shortened computa-
tion time using onlyn = 100 randomly sampled subpopulations. For population sizeN = 1 and
19, we used all then = 20 different subpopulations available. For the direct information calcula-
tion, we used 3 bins for 0 spikes, 1 spike and any value above 1. For all information analyses, we
used the shuf�e subtraction to correct for the limited-sampling bias. The dashed horizontal line
plots the averaged information needed to explain behavioral discrimination accuracy (computed
as the information between stimulus and choice). Full lines show log-polynomial �ts to the de-
pendence of stimulus and intersection information on population size. The population size with
information suf�cient to explain behavioral discrimination accuracy is thex-axis intercept of the
point at which the �t lines cross.B: Schematic of the behavioral task in mice used when recording
the data analyzed in this �gure.C: Stimulus and choice boundary computed with MINT in the
space of paired neural activity for one example neural pair in the dataset. The value of the angle
between the two axes is reported in the inset. Right: distribution of the absolute value of the angle
between the stimulus and choice boundaries for then = 2280 neural pairs in this dataset. See
A.6.1 and A.7.3in A for details of simulations and real data analysis. Mouse sketch is modi�ed
from doi.org/10.5281/zenodo.3925985 .

Intersection Information (II) measures how much of the sensory information encoded
in neural population activity is read out to inform behavior (Fig. 2.3A), and is com-
puted with PID (using the tri-variate probabilities of stimuli, neural activity and behav-
ioral choices) as the component of neural information that is both about stimulus and
choice [35–37]. To demonstrate its use, we applied it to analyze the activity of popu-
lations of neurons recorded with 2-photon calcium imaging in mice in auditory cortex
during pure-tone perceptual discrimination [129] (Fig. 2.3B).

We �rst considered information encoded by single neurons, computed with the direct
method. If the readout of the stimulus information in neural activity was optimal (respec-
tively, completely suboptimal), II would equal the stimulus information, (respectively, be
zero). We found that for single neurons, II was� 90% of the total single-neuron stimulus
information, showing that information encoded by these neurons is not read out optimally
but still ef�ciently.

For sampling reasons explained above, the direct calculation of II can be done for
small (N = 1� 3), but not for large populations. How can we use II to address how infor-
mation relevant to behavior scales with population size? Speci�cally, how large must a
population be to account for perceptual discrimination ability? To answer this, in MINT
we combined II with dimensionality-reduction techniques. In this application, we used
an SVM to compress neural activity (usingsvmwrapper.m beforeII.m ). This compres-
sion loses some information (the information values obtained with the direct method are
� 20% higher than the single cell values obtained with SVM decoders; Fig. 2.3A). How-
ever, II population information computed with SVM decoders are scalable and data-robust
(Fig. A.3 in A). Computing how information scales with population size (Fig. 2.3A) shows
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that as population size increases, the gap between stimulus information and II widened.
This means that behaviorally-relevant information is more redundant across neurons com-
pared to information that is not used to inform behavior, con�rming the usefulness of
redundancy for behavioral readout [130]. Had we considered only stimulus information,
we would have incorrectly concluded that� 23 such neurons are suf�cient to account for
the mouse discrimination performance (Fig. 2.3A). However, taking intersection informa-
tion into account reveals that� 34 such neurons are instead needed to fully account for
the perceptual discrimination ability, as not all stimulus information encoded in neural
populations is read out (Fig. 2.3A).

We endowed MINT with instruments to characterize neural mechanisms of readout.
Suboptimality may arise because of a misalignment between how information is encoded
and how the brain reads it out to inform choices [36]. MINT returns the axes in neural
activity space trained to discriminate between stimuli and the axes trained to discriminate
different choices (usingsvmwrapper.m, see Fig. A.4 in A for examples on simulated
data). Computing decoding angles of pairs of A1 neurons (Fig. 2.3C) shows that most
pairs had a small but non-zero mis-alignment between stimulus and choice decoders,
which explains the ef�cient but sub-optimal readout.

In sum, combining Intersection Information and dimensionality reduction can give
precise insights about the behavioral relevance of information encoded by neural popula-
tions.

2.3.3 Mapping Content-Speci�c Encoding and Transmission of
Information Within a Network
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Figure 2.4: Reverse engineering information �ow using stimulus-encoding and stimulus-transfer
estimation algorithms. Panels A-D test MINT on simulated network data.A: Schematic of the
simulation. The network comprises four neural nodes (black circles)X1; : : : ;X4, each containing
two subpopulations (ellipses within the circles) encoding two independent binary stimulus fea-
turesS1;S2. The ground-truth stimulus speci�c information communication is plotted in Panel
A, with grey color used to indicate no stimulus selectivity, and green and brown colors used
to indicate information selectivity toS1 andS2 respectively.B: Maximum Mutual Information
across time between each neural populationXi and the stimuliS1 andS2. C: Transfer entropy
(TE) between nodes.D: FIT aboutS1 andS2 between nodes. In panels C-D, only signi�cant
(p < 0:01, permutation test) links are plotted, with thickness proportional to the computed value.
In each panel we plot the average information values acrossn = 10 simulation repeats. Panels
E-F test MINT on real human EEG data.E: Schematic of the putative information �ow inter-
hemispheric information �ow. LOT (ROT) denote Left (Right) occipito-temporal regions. LE
(respectively RE) denote the Left (respectively Right) Eye face visibility feature.F: Maximum
Mutual Information across time about the left or right eye visibility present in left of right OT
region. G: Signi�cant transfer entropy between LOT and ROT brain regions.H: Signi�cant
FIT between LOT and ROT brain regions. In panels G-H, only signi�cant (p < 0:01, permu-
tation test) links are plotted, with thickness proportional to the computed value. In each panel
we plot the average information values acrossn = 15 experimental subjects. See A.6.3 and
A.7.1 in A for details of simulations and real data analysis. Human face sketch is modi�ed from
svgrepo.com/svg/493087/men-in-their-20s-and-30s-face and brain sketch is modi�ed
from svgrepo.com/svg/83465/brain .

MINT provides both algorithms to study information encoding in individual network
nodes and information transmission across nodes. We here illustrate how to combine them
for reverse-engineering the information �ow within neural networks.

We �rst simulated a network with four nodesX1; : : : ;X4 each modeling the aggre-
gate activity of a brain area (as e.g. measured by aggregate neural signals such as LFPs,
M/EEG or fMRI, see SM 6.3 in A). This network has a well-de�ned ground-truth �ow of
information about two independent stimulus featuresS1 andS2 (Fig. 2.4A). Information
aboutS1 is received from the outside by nodesX1 andX4 in a short time window (3-12 ms
from simulation start forX1 and 15-24 ms forX4), and is then sent fromX1 to X2 andX3
with a 5 ms delay. Information aboutS2 is received (in the 3-12 ms window) from the
outside byX2 which then sends it toX1 with a 5 ms delay. NodesX3 andX4 exchange
information (also with a 5 ms delay) which is not aboutS1 or S2. To disentangle the
information �ow, we computed (using the direct method) information encoded or trans-
mitted at each time (in Fig. 2.4 we plot for each node and link the maximal information
values over time, but we show in Fig. A.5 in A that time-resolved analysis reconstructs
correctly the ground-truth information encoding windows and communication delays),
and we used MINT's non-parametric permutations tests to identify signi�cant encoding
or transmission. Using Mutual Information between individual stimulus features and in-
dividual node activity reveals correctly that all nodes have information aboutS1 and that
only X1 andX2 have information aboutS2 (Fig. 2.4B). To study how this information is
exchanged within the network, we �rst computed overall information transfer with Trans-
fer Entropy, �nding correctly signi�cant transfer fromX1 to X2 andX3, from X2 to X1, and
from X3 to X4 (Fig. 2.4C). To reveal the information content of this exchange we com-
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puted Feature Speci�c Information Transfer (FIT), revealing correctly that the informa-
tion transferred fromX1 is aboutS1 but not aboutS2, and that the information transferred
from X2 is aboutS2 (Fig. 2.4D). FIT �nds no information transfer fromX3 to X4 about
S1 or S2, thus determining correctly that the overall information transfer fromX3 to X4
detected with TE is not about any of the two stimulus features. Finally, the �nding thatX1
andX4 encode information aboutS1 while they do not receive it from other network nodes
implies thatX1 andX4 receive externalS1 information. Similarly, becauseX2 encodes in-
formation aboutS2 while not receiving within-networkS2 information demonstrates that
X2 receive externalS2 information. Thus, combining encoding with transmission analyses
could correctly reverse engineer the within-network speci�c information �ow.

We next tested how MINT reverse-engineers information �ow in real brain networks
by applying it to an existing EEG dataset recorded from human participants detecting
the presence of either a face or a random texture from images covered by random bub-
ble masks [131]. Prior work [38, 131, 132] revealed that the visibility of the eye region
(proportion of visible pixels in the eye area) is critical for successful face discrimination
and that the Occipito-Temporal (OT) EEG electrodes are those encoding most Mutual
Information about both left and right eye visibility (Fig. 2.4E,F). To understand if some
of this information was exchanged across the OT regions in different hemispheres, we
used TE and FIT to analyze transmission of left or right eye visibility information across
OTs. TE across hemispheres was found in both directions (right-to-left and left-right),
suggesting a bi-directional inter-hemispheric communication (Fig. 2.4G). However, spe-
ci�c information transfer was precisely directional: FIT about the left eye was only from
right-to-left and FIT about the right eye was only from left-to-right (Fig. 2.4H). Thus, us-
ing MINT allowed establishing encoding and directional transfer of different eye features
across hemispheres with high speci�city. These analyses could also temporally localize
both encoding and inter-hemispheric transfer (Fig. A.6 in A).

Together, these results illustrate the power of combining MINT tools to reverse-engineer
encoding and �ow of speci�c information across brain networks.

2.4 Availability and Future Directions

MINT is downloadable in source code (github.com/panzerilab/MINT with DOI 10.
5281/zenodo.13998526), including a Docker�le, and is licensed under GNU GPLv3.
It contains documentation on using it and on building and installing it from source, unit
tests, use examples, and replication of paper �gures (github.com/panzerilab/MINT_
figures ).

The modularity of MINT allows it to be used alongside any other MATLAB function
or toolbox. As exempli�ed above, we already provide pipelines for interfacing with de-
coding toolboxes. We plan to add plugins to generate neural and behavioral data from data
acquisition and preprocessing toolboxes (e.g. [133]) with MINT's input-data format re-
quirements, and to generate MINT's outputs suitable to be fed directly into toolboxes for
further advanced analyses, e.g. for network analysis of information-transfer outputs [134].
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We plan to further extend the range of information-theoretic methodology imple-
mented in MINT. MINT's current version emphasizes discretized maximum likelihood
estimators. However, we provide only a handful of data-discretization techniques that go
with it. We plan to endow them with optimal discretization algorithms based on model
selection techniques (Akaike and Bayesian information criterions). While MINT already
implements a number of probability estimators for real-valued data we plan to extended
them to include other binless and kernel-based estimators [135, 136], and parametric prob-
ability models (Gaussian, Poisson) proposed in the neuroscience literature. Although we
provide several tools for assessing the role of correlated activity, we plan to implement
currently missing Maximum Entropy estimators [103]. Finally, the derivation of new
neuroscience-related information quantities with PID is highly active [109, 137] and the
open source and modularity of MINT will allow rapid integration of new developments.

A limitation that may restrict MINT's usage is that it is developed only in MATLAB
at this stage. We are thus developing a translated python version of MINT to widen usage.
However, we veri�ed that MINT is usable from Python using the MATLAB Engine API
for Python and we provide instructions in A.2 in A.



Chapter 3

Sampling bias corrections on
redundant, unique, and synergistic
information

The content of this chapter was submitted for publication, and is currently under submis-
sion and being revised [138]. The analyses presented here correspond to those presented
in the �rst submitted version of the paper prior to being revised.

3.1 Introduction

It is widely believed that the brain is a complex system and that behavior emerges from the
organized pattern of the interactions between the brain's computing elements - the neurons
[139]. Because of this, the study of how interactions between neurons shape information
processing has fascinated computational and empirical neuroscientists for decades [8, 53,
64, 107, 140]. Information theory has been a prominent tool in this research as it is
uniquely positioned and is a natural choice for investigating neural information processing
[6, 25, 26]. Shannon information captures all ways in which systems carry information,
it is highly general and applicable regardless of the type of noise and statistics, and is
thus equally applicable across species and recording modalities and to real data and in
silico models. While earlier work has concentrated on understanding whether correlations
between the activity of different neurons increase or decrease information [9, 33, 64,
107], recent advances in information theory based on Partial Information Decomposition
(PID) [30] have enabled neuroscientists to formulate more precise questions [137] about
the unique information carried by each individual neuron, the synergistic information
generated by neural interactions (that is, new information that emerges speci�cally from
and is found only in the interactions between neurons) or redundant information present
when different neurons share the same information.

Earlier applications of Information Theory to neuroscience have recognized that Shan-
non Information measures from neural activity suffer from a prominent limited sampling
bias [42, 43, 121]. This bias does not only affect the precision of the estimate, but can
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also skew comparisons between the information carried by simpler (less biased) and more
complex (more biased) neural representations. The information theoretic neuroscience lit-
erature has provided effective tools for correcting for the Shannon information sampling
bias [40]. However, to date the problem of whether synergy, redundancy and unique
information components of PID are biased has not been studied systematically. To our
knowledge, only one study investigated PID sampling bias [45]. This method was valid
only for Gaussian distributions, which do not apply easily to the discrete spiking activity
of neurons. Here, we study the sampling bias of discrete PID estimators suitable to study
the spiking activity of neurons. We found that the PID components are unevenly biased,
with synergy far more biased than any other component. We study and provide an under-
standing of the origin and properties of the bias, and based on this we provide methods
to reduce this problem effectively that provide more accurate measures than the state of
the art. Finally, we test and apply our method to 53117 pairs of neurons simultaneously
recorded from the mouse cortex and the hippocampus.

3.2 Background: short introduction to PID

For completeness, we �rst summarize the concepts of PID that we use. PID decomposes
the information jointly carried by a set of source variables (for us, a set of simultaneously
recorded neurons) about a target S (for us, a sensory stimulus) into non-negative compo-
nents that capture information about the target that is either redundantly encoded across
sources, uniquely encoded by a single source or synergistically encoded by the combina-
tion of sources. In this paper, we will focus on the case of two source variables, which has
received the most attention in the PID literature and in real data applications, and which
has the most established theoretical foundations [31, 45, 78, 110, 129, 141, 142]. We
focus our presentation on the information about sensory stimuli carried by neurons, but
this framework straightforwardly extends to information carried by neurons about other
quantities, such as cognitive or motor variables or the activity of other neurons. We con-
sider the Shannon informationI(S;R1;R2) about an external stimulusS carried jointly
by the neural spiking activityR1 and R2 of two simultaneously recorded neurons and
the Shannon informationI(S;Ri) that each of the two neurons (i = 1;2) carries aboutS.
I (S;R1;R2) andI(S;Ri) are computed from the probability distributionsp(S;R1;R2) and
p(S;Ri) (i = 1;2) [21, 143], as follows:

I (S;Ri) = å
s2S;r i2Ri

p(s; r i) log
p(s; r i)

p(s)p(r i)
(3.1)

I (S;R1;R2) = å
s2S;r12R1;r22R2

p(s; r1; r2) log
p(s; r1; r2)

p(s)p(r1; r2)
(3.2)

PID decomposes the joint and single-neuron information into four non-negative compo-
nents that satisfy the following linear relationships [30]:

I (S;R1;R2) = RI(S: R1;R2) + UI(S: R1 nR2) + UI(S: R2 nR1) + SI(S: R1;R2) (3.3)
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I(S;R1) = RI(S: R1;R2) + UI(S: R1 nR2) (3.4)

I (S;R2) = RI(S: R1;R2) + UI(S: R2 nR1) (3.5)

where in the above equationsRI(S: R1;R2) is the redundant (or shared) information that
both R1 andR2 encode aboutS; UI(S: R1 nR2) andUI(S: R2 nR1) are the unique in-
formation aboutSprovided by one neuron but not by the other; andSI(S: R1;R2) is the
synergistic information aboutSencoded by the combination ofR1 andR2. (We will some-
times shorthand these components asRI, UIR1, UIR2, andSI.) Eq. (3.3-3.5) mean that all
4 components contribute to the joint information, whereas only the information that a
source carries uniquely and the information that is redundantly carried by both contribute
to single-neuron information. Because the 4 PID components satisfy 3 linear constraints
(Eqs. 3.3-3.5), determining one component is suf�cient to compute the other three. We
provide explicit equations of all components as function of synergy in Eqs (B.5).

Several de�nitions of PID components have been proposed [144, 145], satisfying de-
sired properties including non-negativity of each component and symmetry ofRI andSI
under permutation ofR1;R2. We will mostly use the BROJA de�nition [31], as it satis�es
many desirable properties including additivity ofRI, SI, andUI for independent systems
of sources and targets [111, 145] and has been extensively applied to neural data [77,
129, 142, 146]. The BROJA de�nes the Union information, that is the target information
in the joint source space that cannot be possibly attributed to synergistic interactions, or
equivalently the total target information that can be extracted from a single source, as:

Union(S: R1;R2) = min
q2DP

Iq(S;R1;R2) (3.6)

whereDP is the set of all joint probability distributionsq(S;R1;R2) that have the same
pairwise marginalsq(S;R1) = p(S;R1) and q(S;R2) = p(S;R2) as the original distri-
bution p(S;R1;R2), andIq(S;R1;R2) is the joint information computed for distribution
q(S;R1;R2). Then, the synergy is de�ned as the difference between the joint and the
union information:

SI(S: R1;R2) = I (S;R1;R2) � Union(S: R1;R2) (3.7)

Other PID de�nitions, which were also successfully applied to neuroscience [38, 76, 78]
but do not satisfy additivity include the originally proposedImin [30] and the minimum
mutual informationIMMI [110]. Imin quanti�esRI as the similarity betweenR1 andR2 in
discriminating individual values ofS, while IMMI quanti�esRI as the minimum between
the mutual information individually carried byR1 andR2, thus capturing only the amount
but not the content of information carried by each neuron [145].

3.3 Background: discrete estimators of information and
PID in neuroscience

Neural spiking activity is an intrinsically discrete variable. Thus, in most information
theoretic studies of neural spiking activity, the responses have been treated as discrete
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variables. When focusing on spike count codes, the neural response is described by the
number of spikes emitted by the neuron in the time window of interest [102, 103, 126,
147–150]. When investigating if the timing of spikes encodes additional information
above and beyond that present in the spike counts, then the most established approach
[41, 55, 59, 151, 152] is to discretize the neural response time window of interest into a
number of small time bins and then turn the spike train into a binary word. Importantly,
often neural responses are sparse and information is encoded by relatively low spike num-
bers [61, 148]. In such cases, as we show in Fig. B.12, the Gaussian approximation to the
information is highly inaccurate. Because it is simple and does not require assumptions on
the probability distributions, discretization of neural responses for computing information
has been used to compute information also from continuous-valued non-spiking aggregate
measures of neural activity such as LFP, EEG, or fMRI [56, 57, 104, 105]. In addition,
often only a discrete number of different stimulus conditions is presented in an experi-
ment, and thus the stimulusSis typically a discrete variable. Under such conditions, the
information theoretic quantities can be computed by simply estimating the probabilities
by the empirical occurrences across experimental trials (maximum likelihood estimators)
and plugging them into the information equations. This discrete information approach,
which we call the plugin approach, has been extensively used in neuroscience for both
Shannon information [34, 35, 41, 59, 69, 77, 102, 103, 107, 126, 149–151, 153, 154] and
PID [35, 38, 57, 76–78, 129, 146, 155–158]. This discrete PID approach has also been
used extensively across �elds of biology and applied sciences [159–162].

3.4 Numerical investigation of the bias of individual PID
components for discrete estimators

Calculation of information requires accurate estimation of the stimulus-response proba-
bilities. With an in�nite amount of data, the true stimulus-response probabilities could be
measured exactly. However, any real experiment only yields a �nite number of trials from
which probabilities must be estimated. The estimated probabilities have �nite sampling
�uctuations around their true values (Fig. B.2) which lead to both systematic error (bias)
and statistical error (variance) in estimates of information (Fig. B.2 and Supplemental
Material, SM Section B.3). While variance can be reduced by averaging (e.g. across
experimental subjects or groups of neurons), the bias cannot.

The sampling bias properties of discrete estimators have been extensively studied for
Shannon information [40, 42, 43], but not to our knowledge for discrete PID estimators.
To document them for PID, we simulated spike count responses of a pair of individual
neurons in response to a set ofS= 4 different stimuli. We studied how the estimate of
each PID component depends on the number of available trials. We focus the presentation
on the BROJA PID decomposition [31], but we con�rm in Fig. B.6, B.7, B.10, B.11 that
similar results apply toImin and minimum mutual informationIMMI .

We developed three different scenarios with varying degrees of synergy and redun-
dancy. In each case, the spike countr i (i = 1;2) of each of the two simulated neurons
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for each stimulus was the sum of two Poisson processes. One Poisson process, that was
independently drawn for each neuron, expressed the variability of responses ”private” to
each neuron. Another Poisson process was shared between the two neurons and gave
rise to across-neuron correlations. Within each scenario, we also varied the overall level
of information, because previous studies showed that the bias of Shannon information
depends on it [40]. In our simulations, the parameterB expressed the baseline level of
activity; parametera regulated the strength of stimulus tuning of each neuron (increasing
a increased single-neuron information); parameterb regulated the dissimilarity of tuning
between neurons (smallerb meaning more independent tuning); a parameterg regulated
the strength of the shared process. The overall information level was increased by in-
creasinga or g or reducingB. Redundancy was increased by increasingb. Synergy was
increased by increasingg.

In Fig. 3.1 we plot the values of the plugin estimates of joint information and of
the PID terms as function of the simulated number of trials per stimulus, averaged over
all n = 96 repetitions of the simulations with the considered number of trials. In these
simulations we discretized the spike counts of each neuron into 4 equipopulated bins
(leading to 16 possible discrete joint responses).

The limited sampling bias in the information estimates can be visualized by comparing
the average value of information obtained with a given number of trials with the asymp-
totic value obtained with the largest number of trials. In all scenarios, the plugin estimate
of the joint Shannon information was biased upward and the bias decreased with the num-
ber of trials, as reported previously [40, 41]. Here, we focus on the bias of the estimates
of the PID quantities. We found several highly consistent and important results. First, as
for Shannon joint information, PID quantities were biased upward, with the bias decreas-
ing smoothly with the number of trials. Second, for the tens of trials usually available
in real experiments, the bias could be as large, or even larger, than the target informa-
tion quantities, meaning that the bias must be corrected for real data analyses. Third, and
unlike what was assumed in previous studies [45], the bias is highly uneven across PID
components. The synergy was by far the PID component with the largest upward bias. Its
bias was lower than but comparable to that of the joint information. Unique information
was also biased upward, albeit much less so than the synergy. Redundancy was almost
unbiased. This is important because it shows that conclusions taken from limited em-
pirical data without considering the bias will produce estimates arti�cially biased toward
synergy. For example, in simulations with ground-truth values of redundancy larger than
synergy, we would have incorrectly estimated synergy larger than redundancy for lower
number of trials due to the sampling bias. Fourth, the bias was larger, both proportionally
and in absolute terms, for lower information levels.

In SM Section B.8 we report analytical approximations to the sampling bias that allow
an intuitive understanding and support the generality of these �ndings. The main take-
home message from these calculations is as follows. For large enough numbers of trials,
the bias can be expanded in inverse powers of the number of trialsN, accounting for the
smoothly decreasing bias with the number of simulated trials. The spurious levels (up-
ward bias) of information is due to the fact that random �uctuations in probabilities make



30 CHAPTER 3. SAMPLING BIAS CORRECTIONS ON:: :

Figure 3.1: Joint information and PID quantities as a function of the number of simulated trials
used to compute them. Top, central and bottom rows plot the simulated scenarios with no interac-
tion, high redundancy and high synergy, respectively (see SM Section B.5). Left, center and right
columns represent simulations with higher information (a = 10), lower information (a = 7) and
with shuf�ed low-information data. “Syn”: synergy. “Red”: redundancy. “U1+U2”: sum of the
two unique information of each neuron. Here we used the plugin method without bias corrections.
We usedR= 4 discretization bins for each neuron (Table B.1). Each panel plots mean ± 2 SEM
overn = 96 simulations.

the probabilities more different across stimuli than they actually are. At �xed numbers
of trials, the bias induced by these �uctuations depends only on the number of possible
responses and the bias is larger for larger number of discretized possible responses. The
main term for the synergy bias is due, like for the joint information, to �uctuations in the
joint probabilityP(r1; r2;s), which is more undersampled than the marginal probabilities.
The main bias term for the unique information originates from and is explained by �uctu-
ations in the marginal probabilities, which are smaller because the marginal probabilities
are de�ned in a smaller single-neuron space and are easier to sample. As a result, the
bias of the joint information and of the synergy increases quadratically with the number
of single-neuron discrete responses, whereas the bias of the unique and redundant in-
formation increase linearly or sublinearly (as found numerically, compare Fig. 3.1, B.4,
B.5). Low information levels typically correspond to stimulus-speci�c distributions with
a larger number of possible responses.
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3.5 Correcting for the PID limited-sampling bias

Having documented and understood the properties of the bias of the PID, we now use this
knowledge to propose and evaluate methods for bias correction.

Because the PID bias decreases smoothly with the number of trials, and because ana-
lytical calculations show that when the number of trials is suf�ciently large, the bias de-
pends polynomially on the inverse of the number of trials 1=N, we extend the Quadratic
Extrapolation (QE) procedure originally proposed in Ref [41] for Shannon information to
correct for the bias of each PID term. We recomputed plugin PID terms using half and a
quarter of the available data, we �tted these information values to a polynomial in 1=N and
we used the best-�t coef�cient to estimate and remove the bias. The QE bias correction
substantially improved the estimates of all PID quantities. While plugin bias-uncorrected
estimates of synergy needed large numbers of trials per stimulus (Ns � 512� 1024 trials
for 16 joint response bins (Fig. 3.1), corresponding to 32-64 trials per stimulus and joint
response bin whenR is varied, (Fig. B.4, B.5)), the QE reached accurate estimates with
small residual bias with almost an order of magnitude less trials (Ns � 64� 128 trials
for 16 joint response bins, corresponding to 4-8 trials per stimulus and joint response bin
(Fig. 3.2, 3.3, B.8, B.9)). The QE-corrected PID values are relatively accurate but not
conservative because they have an upward residual bias (because information bias terms
of higher order in 1=N, not �tted in the QE, are all positive [163]).

We then introduced a second PID bias correction (“shuf�e-subtraction” bias correc-
tion) that subtracts from the plugin value of each term the value of the same term obtained
after randomly shuf�ing the stimulus-response association. In the shuf�ed data, all infor-
mation about the target (the stimulus) is destroyed. Thus, the plugin shuf�ed PID values
can be taken as a bias estimate because they should be zero for in�nite trials. Using this
correction also increased the precision of the estimates compared to the plugin values
(Fig. 3.2, B.8). Importantly, and as supported by the analytical bias expansion (B.8),
because lower information levels have larger upward bias, we observed a higher bias in
the shuf�ed data than in the corresponding unshuf�ed data (Fig. 3.1). Thus, the shuf�e-
subtraction correction provides conservative estimates and can be used to lower-bound
the PID estimates.

Given that the QE and shuf�e-subtraction provide positive and negative residual PID
bias respectively, we introduced a third bias correction procedure (“QE with shuf�e-
subtraction”) which combines the two operations. This procedure gave highly accurate
results over the entire range of trials tested. Because the shuf�e-subtraction provides con-
servative estimates, this third procedure was more conservative than the pure QE and it
gave most often (though not always) negative residual bias.

Importantly, when there were enough trials for the bias corrections to work well
(Ns � 64� 128 trials for a joint distribution for 16 response bins, corresponding to 4-
8 trials per stimulus and joint response bin whenR is varied, see Fig. 3.2, 3.3, B.8, B.9),
the QE and the QE with shuf�e-subtraction gave nearly identical estimates and the pure
shuf�e-subtraction gave only slightly conservative and accurate estimates, suggesting that
comparing on real data several bias correction methods on the same data may be bene�cial
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for gaining con�dence on the accuracy of the estimates.

Figure 3.2: Performance of bias corrections with 4 discretization bins for each neuron. Joint in-
formation and PID quantities as a function of the number of simulated trials used to compute them.
Top, central and bottom rows plot the simulated scenario with no interaction, high redundancy and
high synergy, respectively (see SM Section B.5). Left to right columns report results of the QE,
shuf�e-subtraction, QE with shuf�e-subtraction, and Venkatesh procedures, respectively. In each
panel we plot the mean ± 2 SEM overn = 96 simulations.

The only bias correction which was proposed so far for PID was the one we term
Venkatesh correction proposed in Ref [45]. It assumes that the Union information has the
same bias as the joint information. Then it rescales all PID accordingly and implements
post-hoc recti�cations to make sure the PID terms are non-negative and still respect the
PID properties of Eq. (3.3-3.5). Because, as we demonstrated above, the union infor-
mation is much less biased upward than the joint information, this procedure leads to a
major underestimation of union information, which then leads to major overestimations
of synergy and redundancy that are present also for relatively large numbers of trials. We
thus do not consider this correction further.

There are other bias corrections in the neural literature of discrete estimation of Shan-
non information [42, 43, 121, 164]. We did not consider them here because their deriva-
tion has not been extended to PID and because they performed worse than or equal to the
QE with discrete estimators of Shannon information when tested on realistic simulations
of neural population activity [40].

Although in the above we simulatedS as a sensory stimulus, in many neuroscience
applicationsS is the activity of other neurons. Our asymptotic expansions and consider-
ations are valid as long asS is a discrete variable. In SM Section B.11 and Fig. B.13



3.6. EVALUATION OF BIAS CORRECTION PROCEDURES ON REAL NEURAL
DATA 33

we show that the bias exists also when the target variableS is the discretized activity of
another neuron and we show that the bias corrections are effective also in that case.

Figure 3.3: Performance of bias corrections usingNs = 64 trials per stimulus with 4 discretization
bins for each neuron. In each panel we plot (rather than the information component value itself)
the information component bias (computed as the information component estimated with the con-
sidered number of simulated trials minus the asymptotic information component estimated using
the largest available number of simulated trials, that is 2048 trials per stimulus) as a function of the
parametera increasing single-neuron information in the simulated data. Top, central and bottom
rows plot the simulated scenario with no interaction, high redundancy and high synergy, respec-
tively (see SM Section B.5). Left to right columns report results with plugin estimators and with
the QE, shuf�e-subtraction, QE with shuf�e-subtraction, and Venkatesh procedures, respectively.
In each panel we plot mean ± 2 SEM overn = 96 simulations.

3.6 Evaluation of bias correction procedures on real
neural data

We evaluated the utility of the PID bias correction using 3 datasets from previously pub-
lished studies recording simultaneously with two-photon calcium imaging the activity of
many neurons from the brain of mice performing cognitive tasks.

The �rst dataset consisted ofn = 6209 pairs of neurons simultaneously recorded from
auditory cortex during a sound intensity discrimination task [129]. We computed the
information that the neurons carry about the sound intensity (a binaryS= 2 stimulus
set consisting of high vs low tone intensity). The activity of each neuron was �rst de-
convolved to estimate the time-localized spiking activity from the calcium �uorescence
signal imaged from each neuron. To compute the neural response variablesr1 andr2 that
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enter the information calculations, for each neuron we summed the deconvolved activity
within a 333-ms time window centered around the time of maximal information, and we
discretized this signal intoR= 3 bins (see SM Section B.10 for full details).

The second dataset [35] consisted ofn = 10750 pairs of neurons simultaneously
recorded from posterior parietal cortex (PPC) during a sound localization task in which
mice reported perceptual decisions about the location (left or right of the midline) of an
auditory stimulus while navigating through a visual virtual reality T-maze (Fig. 3.4B).
Because PPC is an area involved in converting sensory information into perceptual deci-
sions, we computed the information that the neurons carry about whether the sound came
from left or right of the midline (S= 2 stimuli), corresponding to the sound location cate-
gorization that the mouse had to perform to turn toward the reward location. To compute
the neural response variablesr1 andr2 used for information calculations, for each neu-
ron we summed the deconvolved activity within 320 ms time windows centered around
the time of maximal information and we discretized this signal intoR= 3 bins (see SM
Section B.10).

The third dataset consisted ofn = 36158 pairs of neurons simultaneously recorded
from the CA1 region of the hippocampus [69] while mice navigated a linear track in vir-
tual reality (Fig. 3.4B). Because the hippocampus encodes position in space, we computed
the information that the neurons carry about the spatial location along the linear track (the
location was discretized inS= 12 spatial bins). The neural response variablesr1 andr2
used to compute information were the activity of the neurons in one imaging frame (333
ms) when the mouse was in a given position. As the slow kinetics of the calcium indicator
and the slower imaging frame rate made it dif�cult to deconvolve the calcium �uorescence
traces to estimate spiking activity, following Ref. [69] we discretized thedF=F calcium
traces intoR= 2 equipopulated bins (low and high activity) (see SM Section B.10).

We computed the joint information between the above-de�ned activityr1; r2 of simul-
taneously recorded pairs of neurons and the above de�ned stimuluss. We broke up this
information into PID components using BROJA PID [31, 91]. We computed all 4 PID
terms in Eq. (3.3). However, we focus the analysis and the neuroscienti�c interpreta-
tion on the differences between synergy and redundancy, to understand how these two
emergent properties shape neural population coding in different brain regions. To test
and exemplify the use of the bias-corrected PID algorithms, we compared (Fig. 3.4) the
plugin estimates of PID with those obtained after applying the 3 bias corrections that we
developed.

As shown by the reduced values obtained after applying the bias corrections, the plu-
gin joint information and synergy were biased upward (consistent with simulations and
theory). Despite the good number of trials available in these experiments, the synergy
bias was substantial. Using the uncorrected plugin estimator would have led to a consid-
erable overestimation of the bias and to a qualitative change of results in two datasets. In
the auditory dataset (Fig. 3.4A), because of the large synergy bias, the uncorrected plu-
gin estimator could not detect a signi�cant difference between synergy and redundancy,
whereas all 3 bias-corrected estimates consistently detected with high signi�cance that
redundancy was higher than synergy. In the hippocampal dataset (Fig. 3.4B), both the
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plugin and the 3 bias-corrected estimates reported a higher level of synergy than redun-
dancy. However, the use of the plugin bias-uncorrected method would have overestimated
by 211% the amount of synergy with respect to what was consistently found with the bias
corrections. The PPC data (Fig. 3.4B) gave consistent values of higher redundancy than
synergy with all methods.

Another important result is that, reassuringly, we found highly consistent estimates
of both redundancy and synergy across bias correction methods. Redundancy was essen-
tially identical across methods for each dataset. Synergy estimates obtained with QE and
QE with shuf�e subtraction were within 3% of each other in each dataset, suggesting that
these estimates on real data are precise and unbiased.

The more conservative shuf�e subtraction underestimated (only slightly for the au-
ditory and hippocampal dataset, and a little more for the PPC dataset) the less conser-
vative synergy values obtained with QE or QE with shuf�e subtraction. However, and
importantly, the fact that the synergy obtained with the conservative shuf�e subtraction is
positive proves that there is genuine synergy that cannot be due to �nite sampling artifacts.

Figure 3.4: PID bias corrections on real neural data. Each panel plots mean ± 2 SEM over all
analyzed simultaneously recorded neural pairs (n = 6209;10750;36158 for auditory cortex (top
row), posterior parietal cortex (middle) and hippocampus (bottom) of joint information, synergy
and Redundancy . Mean numberNs of available trials per stimulus per dataset was 70, 100, and
72, respectively. Columns from left to right plot: schematic of each task; results with plugin, QE,
shuf�e-subtraction, QE with shuf�e subtraction respectively. Comparisons between synergy and
redundancy were performed with a two-tailed paired t-test (��� : p < 0:001, n.s.:p > 0:05).
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3.7 Discussion

We found that PID components suffer from a considerably limited sampling bias. Un-
der simulated conditions relevant to neuroscience experiments, the bias was as large as
the information quantities to be estimated, and thus cannot be neglected in neuroscience
applications. Importantly, our work highlights and explains the presence of a major and
previously neglected difference across PID terms in the sampling bias, which in�ates syn-
ergy disproportionately. Neural synergy has been widely reported in recent years and has
led neuroscientists to rethink how the brain integrates information. Our discovery calls
for a careful re-evaluation of these reports with bias-corrected estimator.

We provided an analytical understanding of the properties and origin of the bias in
terms of simple properties of experimental design (number of trials) and of analysis set-
ting (number of discrete or discretized responses). Thus, our work helps informing exper-
imental design.

Importantly, we provide generally applicable algorithms that correct for the bias and
greatly improve information estimates with respect to state-of-the-art neural measures,
which either neglected the bias problem (using uncorrected estimators) or correct for the
bias using the incorrect assumptions that the bias is even across components. Importantly,
the algorithms we develop not only improve in a major way the estimates, but some
of these algorithms present positive and some other present negative residual estimation
errors, allowing to empirically bound estimates with reasonable con�dence.

From the neuroscienti�c point of view, applications of our method to simultaneous
recordings with cellular resolution, con�rmed the usefulness of the method to obtain re-
liable conclusions, highlight a widespread presence at the cellular level of synergy and
redundancy in neuron-to-neuron interactions, and of region-to-region variations of the re-
lationship between synergy and redundancy which were previously reported only at the
level of aggregate signals without cellular resolution [76, 137].

We tested the bias of BROJA,Imin andIMMI PID de�nitions. It would be important
to test others. The bias correction procedures are heuristic, although we con�rm and sup-
port them by providing an analytical expansion of the bias derived in the largeN limit.
However, our derivation is partly heuristic and we did not provide theoretical guarantees
of sign of residual errors of different bias correction procedures. We tested information
between pairs of neurons and stimuli but we have not tested large populations. The direct
calculation of information is very precise for small populations and is largely assumption-
free but it does not scale up well with population size unless dimensionality reduction
methods are used with it. However, neuroscience literature has consistently shown the
power and value of considering pairwise or small-group interactions between larger net-
works to get insights into whole networks [76, 137]. We support the feasibility of this
approach simulating discovery of interactions from pairwise-source to single-neuron tar-
gets within a 6-neuron network using bias corrections (Fig. B.13). We show that using
out bias corrections allows discovering the true pairs of neurons that transmit synergisti-
cally information even with small numbers of trials, whereas PID without bias corrections
would �nd widespread arti�cial synergy due to bias.



Chapter 4

Contribution of interneuron diversity to
recurrent network oscillation
generation and information coding

The content of this chapter was published at the 15th International Conference on Brain
Informatics, held in Hoboken and New Jersey, USA, in August 1-3 2023 [165].

4.1 Introduction

Oscillations are a ubiquitous feature of neural activity, which are thought to serve several
important brain functions [10, 12, 16, 49, 166]. One of the functions that have been im-
puted to oscillations is the participation in the encoding of information from the sensory
environment. Several experimental studies have demonstrated that cortical oscillations,
especially in sensory areas, encode sensory information by modulating their power as a
function of the sensory stimuli [15, 16, 56, 167]. Especially in visual cortices, the most in-
formation is carried by the power of gamma-band (40–100Hz) oscillations. Experimen-
tal evidence [168] shows that the generation of these oscillations within recurrent circuits
mainly relies on fast-spiking parvalbumin-expressing (PV) inhibitory neurons and their
interaction with excitatory pyramidal neurons. Previous theoretical and computational
studies of gamma oscillations typically included excitatory neurons and a single type of
inhibitory neurons. The model of this inhibitory neuron did not specify or differentiate
the type of interneuron being modeled, but that was loosely matched to the properties of
fast-spiking PV neurons. These models could explain the generation of gamma oscilla-
tions exhibiting realistic spectral features, and could also explain the privileged encoding
of information from the sensory periphery by the power of activity in the gamma band
[11, 47–51].

Despite its success, recurrent network modeling based on a single undifferentiated
interneuron type ignores the contribution of individual interneuron cell types to corti-
cal oscillations and information coding. Besides the fast-spiking PV neurons considered
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above, these interneuron types include somatostatin-expressing (SOM) and vasoinstesti-
nal peptide-expressing (VIP) neurons [169].

In this work, we address these questions about the role of different interneuron types
in network-level oscillatory information coding by extending previous modeling work on
information encoding by recurrent networks [51, 170]. Speci�cally, we develop a re-
current network model containing excitatory neurons and SOM and VIP, as well as PV
interneurons. We then analyze the behavior of this model to understand how the interac-
tion between these types of neurons affects oscillations and their encoding of information.
Using a conductance-based spiking neural network model adapted from [171], we com-
puted the local �eld potential (LFP) and measured the mutual information between the
external stimuli and the power generated by the network at each frequency.

Figure 4.1: The network is composed of 500 neurons (400 excitatory neurons, 50 PV neurons,
25 SOM neurons, and 25 VIP neurons). There are two types of input that we change across
simulations: a feed-forward excitatory input to E and PV neurons and a lateral one only targeting
SOM neurons. There is also a background input that is kept constant across simulations

4.2 Methods

4.2.1 Network model

We implemented a spiking network of a recurrent cortical circuit that follows the char-
acteristics of mouse visual cortex V1 [171, 172]. Besides the excitatory pyramidal pop-
ulation (E), we included three distinct inhibitory neurons. Parvalbumin-expressing neu-
rons (PV) have strong recurrent connections within themselves and excitatory neurons.
Somatostatin-expressing (SOM) neurons inhibit all neuron types except themselves, are
preferentially excited by horizontal cortical connections [173] and have a causal role
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in feedback- and horizontal-mediated suppression [173–176]. Vasointestinal peptide-
expressing (VIP) neurons form the third largest population of inhibitory cell subtypes
and preferentially inhibit SOM neurons.

Besides the inputs from recurrent connectivity, neurons in the network receive also an
external stimulus signalS mimicking the effect of feedforward sensory inputs from the
thalamus that targets E and PV neurons. We also include a lateral input rate that only tar-
gets SOM neurons [172, 173]. Both the stimulus and the lateral input were implemented
as a Poisson process (240 Poisson sources) with a time-independent rate. The spike rate
of the feed-forward input varied from 2 to 8Hz=cell with steps of 2Hz=cell and the lateral
input was set to either to 2 or 4Hz=cell.

The neurons were simulated using an adaptive exponential integrate-and-�re (aEIF)
neuron model. This model is a relatively simple one, yet it reproduces the experimental
qualitative properties of gamma oscillations and the different �ring patterns of cortical dy-
namics [48, 177]. The following equation de�nes the evolution of the membrane potential
V:

C
dV
dt

= I(t) � w(t) � gL � (V(t) � EL) + gL � DT � e
V(t)� Vth

DT : (4.1)

We took the parameter values from [171, 177]. The resting membrane potentialEL was
set to� 60mV. The membrane capacitanceC was set to 180pF in excitatory neurons
and 80pF in inhibitory neurons. The leak conductancegL is set as 6:25nS in excitatory
neurons and 5nS in inhibitory neurons. The slope parameterDT was set to 0:25mV for PV
neurons and 1mV otherwise. The threshold potentialVth was set to� 45mV in excitatory
neurons and� 40mV in all three types of inhibitory neurons.

The adaptation variablew(t) evolved according to the following equation

t w
dw
dt

= a(V(t) � EL) � w(t); (4.2)

wheret w was set to 150ms, anda to 4nS [177]. Whenever the membrane potential
reached 20mV, a spike event was detected, the membrane potential was set to the reset
voltageVreset= � 70mV and the neuron did not spike for a refractory period oftre f = 2ms.
The spike event also increasesw by an amountb= 80pA [177]. In the case of PV neurons,
the adaptationw is set to zero [178].

The synaptic currents were modeled asIsyn= gsyn(t) � (V(t) � Esyn), wheregsyn(t) is
the synaptic conductance andEsyn is the reversal potential. The conductancegsyn(t) was
modeled as a double exponential (beta synapses) [179]:

g(t) =
g0

t d � t r

�
e�

t� t l
t d � e�

t� t l
t r

�
; (4.3)

wheret l is the latency time, set to 1ms. The time constantst r andt d are the rise and decay
times of the post-synaptic conductance. For connections from pyramidal and PV neurons,
t r is set to 0:5ms, and 1ms otherwise. The decay timet d was set to 2ms for connections
from pyramidal neurons, 3ms for PV neurons, and 4ms otherwise. The values ofg0 were
chosen to match the post-synaptic current amplitudes in the visual cortex [171, 172] and
are reported in Table 4.1.
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Table 4.1: Table of the conductance values for each connection between two populations. The
values are set in nS and the columns indicate the population of the presynaptic neuron and the
rows, the post-synaptic one.

E PV SOM VIP
E 1.66 136.4 68.2 0

PV 5.0 136.4 45.5 0
SOM 0.83 0 0 136.4
VIP 1.66 27.3 113.6 0

Table 4.2: Table of the connection probability for any pair of neurons between two populations.
The columns indicate the population of the presynaptic neuron and the rows, the post-synaptic
one.

E PV SOM VIP
E 0.1 0.6 0.6 0

PV 0.6 0.6 0.6 0
SOM 0.6 0 0 0.4
VIP 0.6 0.1 0.6 0

The network model was adapted from [171], removing for simplicity the orientation
tuning and synaptic plasticity. It comprises 500 neurons: 400 pyramidal, 50 PV neurons,
25 SOM neurons, and 25 VIP neurons. The probability of connection between neurons
belonging to different population classes is shown in Table 4.2, chosen in accordance with
connectivity measurements in visual cortex [171, 172].

The neurons in the network receive a third type of input that we named background
input. The background input targets all neurons in the network model and sets the network
in a regime of minimal spiking and gamma band oscillations, made by a constant input
rate plus noise. The constant input rates are set as
(r0E; r0P; r0S; r0V) = ( 2:0;0:33;0:66;0:25) Hz=cell. The noise was set as a slow-varying
Ornstein-Uhlenbeck process, whose power spectrum is constant until 10Hz, after which
it decays.

For all three types of inputs, the random Poisson sources generating the stochastic in-
put made excitatory synapses to the network's neurons with the same synaptic parameters
that we used for the excitatory recurrent synapses.

For each combination of feed-forward and lateral stimulus values, we generated 50
simulations of 2:5s with a time step of 0:1ms using the NEST simulator module in Python
[180]. The �rst half second of the simulations was discarded to ensure stationary dynam-
ics.

Cortical oscillations are usually measured with Local Field Potentials (LFPs) [50].
However, LFPs are generated mostly by dendrosomatic dipoles whose computation can-
not be obtained by our point-like neurons because generating these dipoles would require
spatially extended neurons. However, we have demonstrated in previous work that the
LFP generated by a network can be approximated simply and with high accuracy (ap-
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proximately 90% of variance) by the sum of the absolute values of the synaptic current
of all types of neurons, both excitatory and inhibitory [51, 166]. This proxy is based
on the geometrical arrangement of the pyramidal neurons in the cortex [10, 11, 51, 166,
181]. We thus computed LFPs from our simulated network of point-like neurons using
this proxy.

4.2.2 Information-theoretic and spectral analysis of simulated
network activity

For each simulation, we computed the power spectral density (PSD) of the LFP signal
with the multitaper method using the Chronux package [182].

We used mutual information [21, 23] to measure the information about the stimulus
carried by the LFP power at each frequencyf . Mutual information between a stimulus
feature S and the LFP power at a given frequencyRf is de�ned as follows:

I (S;Rf ) = å
s
å
r f

P(r f ;s) log2
P(r f ;s)

P(r f )P(s)
: (4.4)

whereP(r f ;s) is the joint probability of presenting stimulussand observing responser f ,
andP(r f ), P(s) are the marginal probabilities. For the numerical evaluation, following
our previous work [166], we binned computed probabilities by binning the responses in 3
equi-populated bins [85], and by using a Panzeri-Treves bias correction [40, 42] to remove
the sampling bias. To study how different frequency bands complemented each other for
information coding, we also computed (in similar ways) the informationI(S;Rf1;Rf2)
that was jointly encoded by the observation of the power at two different frequenciesf1
and f2. To understand if power at different bands carried similar or different information
about the stimulus, we also calculated their information synergy, de�ned as the difference
between the information jointly carried by two frequencies and the sum of the information
carried by the different frequencies, as follows [32, 33, 64]:

Syn(Rf1;Rf2) = I (S;Rf1;Rf2) � I (S;Rf1) � I (S;Rf2): (4.5)

Note that this quantity is also termed Co-Information [30, 31]. Unlike more sophisticated
quantities based on the Partial Information Decomposition [30, 31], it computes the total
effect or synergy vs redundancy without further tearing apart the two. IfSyn(Rf1;Rf2) is
negative, then the responses at frequenciesf1 and f2 are carrying predominantly redun-
dant information. If insteadSyn(Rf1;Rf2) is positive, the information carried by the two
frequencies is predominantly synergistic and it would mean that the frequency pair has a
fraction of information on the stimulus that cannot be accessed by each frequency value
separately. Both the joint and synergistic information were computed with the shuf�ing
technique from [40] which provides a conservative estimation of synergy.
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Figure 4.2: LFP spectra for different values of the feed-forward (S) input rates. Left: Spectra
computed with a lateral input value of 2Hz=cell. Right: Spectra computed with a lateral input
value of 4Hz=cell.

4.3 Results

As an intuitive demonstration of how the network responds to the feed-forward stimulus,
Figure 4.2 shows the power spectrum of the local �eld potential (LFP) changes for differ-
ent values of the feed-forward (S) input rates. All spectra show two local peaks. The �rst
peak is at approximately 30Hz (in the high-beta/low-gamma frequency band), and the
second peak lies between 60 and 80Hz in the gamma frequency band. The feed-forward
input strength modulates mostly the frequencies in the gamma range. The power in the
gamma range appeared to be more consistently modulated by the feedforward stimulus
than the beta band power, across different values of the lateral input. This suggests that
power in the gamma range may carry information about the feed-forward stimulus, as
found in real data in visual cortices [15] and in earlier models with just one inhibitory
class [51]. Importantly, the power at frequencies below the gamma peak frequency was
modulated in different ways than the power of the frequencies above the gamma peak fre-
quency. This suggests that power at different frequencies in the gamma range may carry
some complementary information about the feed-forward stimulus.

To quantify this intuition in rigorous terms, we next computed and determined the
mutual information carried by the LFP about the feed-forward stimulus. We express this
as a function of frequency by calculating the mutual informationI(S;Rf ) between the
feed-forwardSstimulus rates and the powerRf at the frequencyf of the LFP spectrum.
Information was higher in the gamma frequency range. The information had two peaks,
one at approximately 55Hz, just below the peak of the gamma power, and one at approx-
imately 90Hz, just above the peak of the gamma power. This is different from earlier
recurrent network models, which had only one peak of gamma information which was lo-
cated in approximate correspondence with the peak of the gamma power [51, 170, 181].
The values of the information peaks were slightly modulated by the strength of the lateral
input, but similar structures were observed across changes in the lateral input (Figure 4.3).

The presence of two information peaks at different frequencies and the fact that the
feed-forward stimulus modulates differently the LFP power above and below the peak
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Figure 4.3: The mutual informationI(S;Rf ) that the power of the LFP carries about the strength
Sof the feed-forward stimulus. Left: values ofI (S;Rf ) when using as the value of the lateral input
rate 2Hz=cell. Right: values ofI (S;Rf ) when the lateral input has a rate of 4Hz=cell.

Figure 4.4: The joint informationI(S;Rf1;Rf2) that the LFP power of each pair of frequencies
carries about the feed-forward stimulusS. Left: values ofI (S;Rf1;Rf2) when the lateral input rate
has strength 2Hz=cell. Right, the values ofI (S;Rf1;Rf2) when the lateral input rate has a value of
4Hz=cell.

power frequency prompted us to study how much information could be gained by ob-
serving simultaneously in the same trial the power at two different frequencies. To in-
vestigate this, in Figure 4.4 we report for each pair of frequenciesf1, f2 the joint in-
formationI(S;Rf1;Rf2) that they carry about the feed-forward stimulusS. Interestingly,
we found that the highest joint information value was reached when considering one fre-
quency around the �rst gamma-band information peak and a frequency around the second
gamma-band information peak. This suggests that the power of frequencies above or
below the frequency with the highest gamma power carries complementary information
about the stimuli.

To quantify this, in Figure 4.5 we report for each pair of frequenciesf1, f2 the synergy
Syn(Rf1;Rf2) of the information of the two frequencies about the feed-forward stimulus.
We found that, while the pairs of frequencies around the same information peak car-
ried largely redundant information (negative values of synergy), pairs with one frequency
around one information peak and one frequency around the other information peak car-



44 CHAPTER 4. CONTRIBUTION OF INTERNEURON DIVERSITY TO:: :

Figure 4.5: The amount of synergistic informationSyn(Rf1;Rf2) that each pair of LFP powers
at different frequenciesf1 and f2 carries about the feed-forward stimulusS. Left: values of
Syn(Rf1;Rf2) when using a lateral input rate of 2Hz=cell. Right: values of synergy when us-
ing a lateral input rate of 4Hz=cell.

ried synergistic information (positive synergy values; joint information larger than the
sum of the two information values). The two regions with high redundancy along the di-
agonal have different sizes as expected from the different widths of the information peaks
at the single frequency level, see Figure 4.3. Importantly, these patterns of synergy were
not found in earlier modeling work with just one class of interneurons [51], in which we
found only redundant information shared across frequencies in the gamma range.

4.4 Discussion

We used computer simulations of the dynamics of recurrent networks of spiking neurons
to study if interneuron diversity affects network-level information coding. Several previ-
ous studies investigated how different interneuron subpopulations affect network dynam-
ics [171, 175, 176]. However, none of these studies examined the effect of interneuron
types on information encoding in single frequencies or in multiple frequencies. While a
straightforward prediction would be that adding cell diversity may enrich the information
processing capabilities of the network, it would be more dif�cult to predict from intuition
only without the support of systematic simulations exactly how information coding at
each frequency is affected, and how the patterns of information synergy and redundancy
across bands are affected. Our main result was that a network with diverse types of in-
terneurons has different and richer information encoding dynamics than a network with
only one interneuron type, with patterns of synergy of encoding across frequencies that
were not observed in less diverse networks.

One main result that we con�rmed from previous studies of simpler networks is that
we found was that, as reported in some previous experimental studies [16], the frequencies
with the highest power were not necessarily those with the highest information or input
modulation. Indeed, the frequencies that had the highest information were those above or
below the frequency of the peak of the gamma power.
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However, the main difference with respect to previous models was that oscillations in
different frequency ranges (below or above the frequency with the peak gamma power)
within the gamma band were differentially modulated by the strength of the feed-forward
input to the network. In the model of [51] that includes only one un-differentiated in-
terneuron type, the spectrum of network oscillations is modulated redundantly by the
feedforward input at frequencies above 40Hz, with no combination of frequencies in the
power spectrum contributing synergistically to encode the input �ring rate. This com-
parison leads us to attribute the formation of across-frequency synergistic information
patterns to interneuron diversity.

In future work, it will be interesting to analyze datasets with �eld potential responses
to different kinds of stimuli and see the extent to which the synergy of information across
frequencies is realized, and which behavioral function it may serve. The differential
and synergistic modulation by the feed-forward input of different frequencies within the
gamma range suggests that different types of interactions between interneuron types con-
trol and modulate each part of the spectrum. Another relevant direction is to further study
systematically in our model how each type of interaction between neuron classes regu-
lates each part of the oscillation spectrum. Also, since the co-information expresses a net
effect of synergy/redundancy, examining information encoding with partial information
decompositions [30] would help us characterize whether overall redundancy or synergy
of information encoding across two speci�c frequencies results from the simultaneous
presence of different degrees of redundancy and synergy, or whether it results exclusively
from the presence of synergy or redundancy.





Chapter 5

Conclusions

5.1 A new resource for neural information analysis

We showed here the Multivariate Information in Neuroscience Toolbox (MINT), a toolbox
designed to provide a uni�ed suite of information-theoretic tools for neural data analysis.
Unlike previous toolboxes, which often focused solely on either information encoding or
transmission, MINT integrates a comprehensive range of functions, including Shannon
entropy, mutual information, directed transmission measures, and information decom-
positions. MINT also incorporates tools, such as limited sampling bias corrections and
dimensionality reduction pipelines, that enhance accuracy for high-dimensional neural
data.

MINT's utility is demonstrated on both real and simulated datasets, where it enables
complex multivariate analyses that go beyond single-tool applications. Additionally, in-
tegrating encoding and transmission tools helps decode neural network information �ow,
offering a more detailed understanding of neural computation. This capability positions
MINT as a resource for advancing discoveries in neuroscience.

5.2 Better estimates of PID

We examined and addressed sampling bias in Partial Information Decomposition (PID)
under realistic experimental conditions relevant to neuroscience. We found that this bias
can reach magnitudes comparable to the actual information quantities, particularly in�at-
ing synergy, a component critical to understanding how the brain integrates information.
This in�ation suggests that reports of neural synergy may need careful re-evaluation with
bias-corrected methods.

To address this, we developed and validated algorithms to correct for the bias, provid-
ing signi�cant improvements over current neural measures that either overlook or incor-
rectly assume uniform bias across PID components. Our algorithms not only yield more
accurate estimates but also present bounded errors, offering a more reliable way to inter-
pret information decomposition results. Additionally, our analysis reveals that PID bias
is tied to basic properties of experimental design, such as trial numbers and the number
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of discrete responses, which can inform more precise experimental planning. Applying
these bias-corrected methods to real, high-resolution neuronal recordings, we con�rmed
the value of these corrections.

While promising, our work has limitations. We focused on speci�c PID de�nitions
(BROJA, Imin, and IMMI ) and have yet to test other formulations. Our bias-correction
procedures are heuristic and lack full theoretical guarantees, particularly regarding error
signs. Although we validated PID on neuron pairs, scaling up to large populations remains
challenging without dimensionality reduction, as direct computation becomes inef�cient.
Nonetheless, evidence from smaller network models supports the utility of pairwise anal-
ysis in revealing network-level interactions.

5.3 Interneuron diversity and encoding

We used simulations of recurrent spiking neuron networks to investigate how interneuron
diversity in�uences network-level information coding, focusing on encoding dynamics
across different frequency bands. While previous studies examined interneuron diversity's
impact on network dynamics, they did not address its role in information encoding at
single or multiple frequencies. Our �ndings reveal that networks with diverse interneuron
types show richer information encoding patterns than those with only one interneuron
type, displaying unique synergy across frequency bands.

In line with past studies, we observed that the highest-power frequencies do not always
carry the most information; in our simulations, frequencies above or below the gamma
power peak encoded more input information. However, unlike previous models that as-
sume a single interneuron type, our model shows that oscillations in different gamma
sub-bands respond uniquely to feed-forward input strength, suggesting that interneuron
diversity enables synergistic encoding patterns across frequencies.

This work suggests that interneuron diversity may create nuanced modulation within
the gamma band, with distinct neuron interactions controlling speci�c spectral parts. Fu-
ture work could explore real neural data to con�rm these synergy patterns across fre-
quencies and assess their behavioral relevance. Additionally, further analysis with partial
information decomposition may clarify whether the observed synergy across frequencies
results from a balance of redundancy and synergy or from purely synergistic encoding.
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14. Buzśaki, G. Large-scale recording of neuronal ensembles.Nature Neuroscience7,
446–451 (2004).

15. Henrie, J. A. & Shapley, R. LFP Power Spectra in V1 Cortex: The Graded Effect
of Stimulus Contrast.Journal of Neurophysiology94,479–490 (2005).

16. Belitski, A., Panzeri, S., Magri, C., Logothetis, N. K. & Kayser, C. Sensory infor-
mation in local �eld potentials and spikes from visual and auditory cortices: time
scales and frequency bands.Journal of Computational Neuroscience29,533–545
(2010).

17. Grienberger, C., Giovannucci, A., Zeiger, W. & Portera-Cailliau, C. Two-photon
calcium imaging of neuronal activity.Nature Reviews Methods Primers2,67 (2022).

18. Johnson, E. L.et al. A rapid theta network mechanism for �exible information
encoding.Nature Communications14,2872 (2023).

19. Coffey, E. B. J., Herholz, S. C., Chepesiuk, A. M. P., Baillet, S. & Zatorre, R. J.
Cortical contributions to the auditory frequency-following response revealed by
MEG. Nature Communications7, 11070 (2016).

20. Albouy, P., Mattout, J., Sanchez, G., Tillmann, B. & Caclin, A. Altered retrieval of
melodic information in congenital amusia: insights from dynamic causal modeling
of MEG data.Frontiers in Human Neuroscience9, 20 (2015).

21. Shannon, C. A mathematical theory of communication.The Bell System Technical
Journal27,379–423 (1948).

22. Timme, N. M. & Lapish, C. A tutorial for information theory in neuroscience.
eNeuro5 (2018).

23. Cover, T. M. & Thomas, J. A. Information theory and statistics.Elements of infor-
mation theory1, 279–335 (1991).

24. Wibral, M., Vicente, R. & Lizier, J. T.Directed information measures in neuro-
science(Springer, 2014).

25. Borst, A. & Theunissen, F. E. Information theory and neural coding.Nature Neu-
roscience2, 947–957 (1999).

26. Fairhall, A., Shea-Brown, E. & Barreiro, A. Information theoretic approaches to
understanding circuit function.Current Opinion in Neurobiology22,653–659 (2012).

27. Azeredo da Silveira, R. & Rieke, F. The geometry of information coding in corre-
lated neural populations.Annual Review of Neuroscience44,403–424 (2021).

28. Fairhall, A. L., Lewen, G. D., Bialek, W. & de Ruyter van Steveninck, R. R. Ef�-
ciency and ambiguity in an adaptive neural code.Nature412,787–792 (2001).

29. Atick, J. J. & Redlich, A. N. Towards a theory of early visual processing.Neural
Computation2, 308–320 (1990).

30. Williams, P. L. & Beer, R. D. Nonnegative decomposition of multivariate informa-
tion. arXiv:1004.2515(2010).



BIBLIOGRAPHY 51

31. Bertschinger, N., Rauh, J., Olbrich, E., Jost, J. & Ay, N. Quantifying unique in-
formation.Entropy. An International and Interdisciplinary Journal of Entropy and
Information Studies16,2161–2183 (2014).

32. Panzeri, S., Schultz, S. R., Treves, A. & Rolls, E. T. Correlations and the encoding
of information in the nervous system.Proceedings of the Royal Society of London
Series B: Biological Sciences266,1001–1012 (1999).

33. Pola, G, Thiele, A, Hoffmann, K. & Panzeri, S. An exact method to quantify the
information transmitted by different mechanisms of correlational coding.Network:
Computation in Neural Systems14,35–60 (2003).

34. Nigam, S., Pojoga, S. & Dragoi, V. Synergistic coding of visual information in
columnar networks.Neuron104,402–411 (2019).

35. Runyan, C. A., Piasini, E., Panzeri, S. & Harvey, C. D. Distinct timescales of pop-
ulation coding across cortex.Nature548,92–96 (2017).

36. Panzeri, S., Harvey, C. D., Piasini, E., Latham, P. E. & Fellin, T. Cracking the
Neural Code for Sensory Perception by Combining Statistics, Intervention, and
Behavior.Neuron93,491–507 (2017).

37. Pica, G.et al. Quantifying how much sensory information in a neural code is rele-
vant for behaviorin Advances in neural information processing systems 30(2017),
3686–3696.

38. Celotto, M.et al. An information-theoretic quanti�cation of the content of com-
munication between brain regionsin Advances in neural information processing
systems36 (2023), 64213–64265.

39. Optican, L. M., Gawne, T. J., Richmond, B. J. & Joseph, P. J. Unbiased measures
of transmitted information and channel capacity from multivariate neuronal data.
Biological Cybernetics65,305–310 (1991).

40. Panzeri, S., Senatore, R., Montemurro, M. A. & Petersen, R. S. Correcting for the
sampling bias problem in spike train information measures.Journal of Neurophys-
iology98,1064–1072 (2007).

41. Strong, S. P., Koberle, R., De Ruyter Van Steveninck, R. & Bialek, W. Entropy and
information in neural spike trains.Physical Review Letters80,197 (1998).

42. Panzeri, S. & Treves, A. Analytical estimates of limited sampling biases in different
information measures.Network: Computation in Neural Systems7, 87 (1996).

43. Paninski, L. Estimation of entropy and mutual information.Neural Computation
15,1191–1253 (2003).

44. Cunningham, J. P. & Yu, B. M. Dimensionality reduction for large-scale neural
recordings.Nature Neuroscience17,1500–1509 (2014).

45. Venkatesh, P.et al. Gaussian partial information decomposition: Bias correction
and application to high-dimensional datain Advances in neural information pro-
cessing systems36 (2023), 74602–74635.



52 BIBLIOGRAPHY

46. Gerstner, W., Kistler, W. M., Naud, R. & Paninski, L.Neuronal dynamics: From
single neurons to networks and models of cognition(Cambridge University Press,
2014).

47. Barbieri, F., Mazzoni, A., Logothetis, N. K., Panzeri, S. & Brunel, N. Stimulus
Dependence of Local Field Potential Spectra: Experiment versus Theory.Journal
of Neuroscience34,14589–14605 (2014).

48. Brunel, N. & Wang, X.-J. What Determines the Frequency of Fast Network Os-
cillations With Irregular Neural Discharges? I. Synaptic Dynamics and Excitation-
Inhibition Balance.Journal of Neurophysiology90,415–430 (2003).
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166. Mart́�nez-Cãnada, P., Noei, S. & Panzeri, S. Methods for inferring neural circuit
interactions and neuromodulation from local �eld potential and electroencephalo-
gram measures.Brain Informatics8, 27 (2021).

167. Kayser, C. & K̈onig, P. Stimulus locking and feature selectivity prevail in comple-
mentary frequency ranges of V1 local �eld potentials.European Journal of Neuro-
science19,485–489 (2004).

168. Cardin, J. A.et al.Driving fast-spiking cells induces gamma rhythm and controls
sensory responses.Nature459,663–667 (2009).

169. DeFelipe, J.et al.New insights into the classi�cation and nomenclature of cortical
GABAergic interneurons.Nature Reviews Neuroscience14,202–216 (2013).

170. Cavallari, S., Panzeri, S. & Mazzoni, A. Comparison of the dynamics of neural
interactions between current-based and conductance-based integrate-and-�re re-
current networks.Frontiers in Neural Circuits8 (2014).

171. Litwin-Kumar, A., Rosenbaum, R. & Doiron, B. Inhibitory stabilization and visual
coding in cortical circuits with multiple interneuron subtypes.Journal of Neuro-
physiology115,1399–1409 (2016).

172. Pfeffer, C. K., Xue, M., He, M., Huang, Z. J. & Scanziani, M. Inhibition of in-
hibition in visual cortex: the logic of connections between molecularly distinct
interneurons.Nature Neuroscience16,1068–1076 (2013).

173. Adesnik, H., Bruns, W., Taniguchi, H., Huang, Z. J. & Scanziani, M. A neural
circuit for spatial summation in visual cortex.Nature490,226–231 (2012).

174. Angelucci, A.et al. Circuits and Mechanisms for Surround Modulation in Visual
Cortex.Annual Review of Neuroscience40,425–451 (2017).

175. Urban-Ciecko, J. & Barth, A. L. Somatostatin-expressing neurons in cortical net-
works.Nature Reviews Neuroscience17,401–409 (2016).

176. Veit, J., Hakim, R., Jadi, M. P., Sejnowski, T. J. & Adesnik, H. Cortical gamma
band synchronization through somatostatin interneurons.Nature Neuroscience20,
951–959 (2017).

177. Brette, R. & Gerstner, W. Adaptive Exponential Integrate-and-Fire Model as an
Effective Description of Neuronal Activity.Journal of Neurophysiology94,3637–
3642 (2005).

178. Descalzo, V. F., Nowak, L. G., Brumberg, J. C., McCormick, D. A. & Sanchez-
Vives, M. V. Slow Adaptation in Fast-Spiking Neurons of Visual Cortex.Journal
of Neurophysiology93,1111–1118 (2005).

179. Roth, A. & van Rossum, M. C. W. inComputational Modeling Methods for Neu-
roscientists(ed De Schutter, E.) (The MIT Press, 2009).



BIBLIOGRAPHY 61

180. Gewaltig, M.-O. & Diesmann, M. NEST (NEural simulation tool).Scholarpedia
2, 1430 (2007).
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Appendix A

Supplementary information of Chapter
2

The analyses presented here correspond to those presented as supplementary information
in the second submitted version of the paper [52] while in a peer-review process.

A.1 Comparison with Other Toolboxes

Table A.2 provides a synthetic comparison of main features of different currently available
toolboxes.

A.2 Description of installation and testing of MINT, and
of information theoretic tools implemented in MINT

MINT can be downloaded at the public repositorygithub.com/panzerilab/MINT .
Documentation on building and installing the software from source is provided as a

README �le that speci�es the installation requirements, as well as a build �le (buildMINT.m)
designed to automate the software's compilation process. Instructions on how a user can
test the software on supplied simulated test data are provided in a folderHowto use MINT
in MINT's public repository, containing detailed instructions for testing it on simulated
data. We also provide an additional repositorygithub.com/panzerilab/MINT_figures
containing the code that replicates all analyses in all �gures, on both real neural data and
simulated data. The dataset with CA1 neural data is provided as an attachment in Sup-
plemental Material, and the dataset with A1 neural data is provided by the public link
doi.org/10.13016/m2yt-mfxk .
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For users who prefer conducting their analysis work�ows in Python, it is possible to
use MINT by setting up the MATLAB Engine API for Python. This requires installing the
MATLAB engine library via pip (a package manager for Python), ensuring that the library
version matches the installed version of MATLAB on the system. Detailed installation
instructions can be found on the MathWorks website:mathworks.com/help/matlab/
matlab_external/install-the-matlab-engine-for-python.html . To prepare in-
put data, the user can convert Numpy arrays to MATLAB-compatible format using the
matlab.double conversion function. Optional arguments can be structured as Python
dictionaries and used directly. Additionally, theHowto use MINTfolder includes exam-
ple Python scripts demonstrating how to initialize the MATLAB engine, format input data
and organize the options structure in Python.

MINT provides information theoretic tools to give quantitative answers to questions
about information processing when applied to single neurons, population of neurons, or to
aggregate neural signals recorded across multiple areas (including LFPs, M/EEG, fMRI).
The information processed by the considered neural activity can be about a speci�c task
variable, such as a sensory stimulus, a behavioral output, or about the activity of other
neurons or neural populations.

All the information theoretic quantities are functions of the joint probability, sampled
across experimental trials, of observing a given value for a set of task variables (e.g. sen-
sory stimuli, movement parameters, behavioral choices)s 2 S and of neural responses
(r1; : : : ; rN) 2 R1;:::;RN. Each of the variables is indicated with bold font because it can be
a multidimensional vector. Importantly, each dimension in the task and neural response
variables is assumed to have discrete values, so that the probabilities can be estimated by
empirical occurrences. In many cases, neural data will be already discrete in nature (for
example, spike counts) and the same applies to some categories of task variables like be-
havioral choices or identity of the presented stimulus (which experimentally usually fall
into a number of discrete categories). In other cases, either task variables or neural re-
sponses will be continuous data (e.g. LFPs, etc.). These input data will be automatically
discretized by MINT to perform the information calculations by specifying discretized
into a �nite number of bins by de�ning the number of binsnbins (by default, 3 bins) and
the binning strategy binmethod (including equi-spaced binning, equi-populated binning,
and binning with user-de�ned bin edges; by default, no binning) as �elds within the op-
tions input structureopts . MINT allows the use of these discretization procedures for
all its information theoretic measures, and direct probability distribution sampling after
discretization was used for all results in the paper. In addition to binning, MINT offers
the option to compress the multi-dimensional neural activity space(r1; : : : ; rN) 2 R1;:::;RN

into a dimensionality reduced representation, obtained with either supervised decoding
methods or unsupervised data reduction methods, which can also be discretized and used
for information calculations with the direct probability distribution sampling (see Sec-
tion A.5, Fig. A.2).

The functions to compute the information quantities in MINT follow a consistent
structure (Fig. A.1). The �rst input is the data in the form of a cell array. Optionally,
the user can input a cell array of strings specifying the requested (called outputs in our
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examples in the tutorials) quantities to compute, as well as a structureopts that contains
optional arguments for the computation. The inputs are organized with the following
format: f A, B, C, . . .g. Outputs are speci�ed as functions of these input variables.

The outputs of the functions are also implemented in a consistent structure. The
�rst output variable contains cells with the requested information quantities given in the
outputs cell array (in the same order as speci�ed). The second output variable contains
cells with the plugin information quantities (i.e., no limited-sampling bias correction)
and the last output variable contains the null distribution for each speci�ed information
quantity, if theopts �eld computeNulldist is set to true. For instance, to compute the
limited-sampling bias corrected and the plugin Mutual Information between two popula-
tionsX1andX2(two-dimensional arrays with neurons in the �rst dimension and trials in
the second dimension), the MI function is called as follows: :

[MI_corr, MI_plugin}] = MI({X1, X2}, {`I(A;B)'}, opts)

Figure A.1: The �owchart illustrates the structure and work�ow of the MI module of the Toolbox,
highlighting the steps involved in computing information values.
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If the input data forH.m, MI.m, cMI.m, PID.mor II.m is given as a time series (three-
dimensional array, with neuron or brain area ID in the �rst dimension, time points in
the second dimension, and trials in the third dimension), these functions compute the
information quantities for each time point and output them as time series.

In the following, we list and synthetically describe the information quantities imple-
mented in MINT.

A.2.1 Shannon Information

The MI.m function computes Shannon mutual information between a population ofN
neuronsf R1; : : : ;RNg and a task variableS (such as a sensory stimulus). It is a non-
parametric measure that quanti�es the full single-trial relationship betweenf R1; : : : ;RNg
andS. It is de�ned as [21]:

MI (S;R1; : : : ;RN) = å
s;r1;:::;rN

p(s; r1; : : : ; rN) log2

�
p(s; r1; : : : ; rN)

p(s) p(r1; : : : ; rN)

�
(A.1)

wherep(s; r1; : : : ; rN) is the joint probability, sampled across experimental trials, of
observing stimulus values2 Sand the neural responses(r1; : : : ; rN) 2 f R1; : : : ;RNg, and
p(s) andp(r1; : : : ; rN) are the marginal probabilities of observings and(r1; : : : ; rN), re-
spectively. The sum in Eq. (1) spans all possible events.MI (S;R1; : : : ;RN) is non-
negative and is zero if and only iff R1; : : : ;RNg and S are independent. To compute
the Shannon Mutual Information of two variables, the string to put in the outputs cell
array is `I(A;B)'. Moreover, MINT also allows to compute the mutual information be-
tweenSandf R1; : : : ;RNg conditioned on the activity of another population ofM neurons
f R0

1; : : : ;R0
Mg or another stimulus featureS0(functioncMI.m).

Figure A.2: Example �owchart of the pipeline module used with the MI and II functions.
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A.2.2 Information Breakdown

The MI.m function can also compute measures that quantify how interactions between
neurons contribute to the encoding ofS. The desired quantities can be passed to the func-
tion as speci�c strings within the outputs cell array input. These quantities include the
co-information coI, the difference between the population information and the sum of
single-neuron stimulus information quantifying the overall contribution of interactions to
population encoding. Additionally, the function can return information breakdown terms
[33] quantifying how pairwise correlations contribute to redundancy-synergy index [132].
These terms can also be speci�ed in outputs and include the signal-similarityIsig� sim (out-
put namè Iss(A)' ) (contribution of the similarity across neurons of trial-averaged re-
sponses to different stimuli), the stimulus-independent correlationsIcor� ind (contribution
of the interplay between the signs of signal similarity and of noise correlations, output
name`Ici(A;B)' ), and the stimulus-dependent correlationsIcor� dep (quantifying how
much information is gained by the stimulus-modulation of noise correlations, output name
`Icd(A;B)' ).

A.2.3 Partial Information Decomposition (PID)

ThePID.mfunction computes PID components. PID decomposes the information jointly
carried by a set of source variables (for us, a set of simultaneously recorded neurons; the
�rst N variables in the inputs cell array) about a targetS (for us, a sensory stimulus or
a behavioral choice; the last variable in the inputs cell array) into non-negative compo-
nents that capture information about the target that is either redundantly encoded across
sources, uniquely encoded by a single source, or synergistically encoded by the combina-
tion of sources. For more than two source variables, such components can also represent
combinations of redundancy, synergy, and unique information.

In the case of two source variables, once the individual Mutual Information between
the target and each source, the joint Mutual Information between the target and the two
sources, and one of the PID components (e.g., redundancy) are all computed, algebraic
linear relationships (derived from PID “lattices”) allow for the computation of all re-
maining PID components. Thus, a PID with two sources is de�ned by the choice of a
speci�c redundancy measure. The desired PID components can be passed to the function
as strings within the outputs cell array input (`Red' for redundancy, `Syn' for synergy,
`Unq1' and `Unq2' for the unique information carried by the �rst or the second input
source, respectively).

For more than two variables, de�ning a redundancy measure is enough to compute
each PID component as a linear combination of redundancy terms (the output name
`PID atoms' provides all PID components). Therefore, different methods to decompose
information differ and are de�ned by the measure of redundancy they use (which can be
speci�ed as theredundancy measure�eld in the opts structure). In MINT, we imple-
mented three possible measures of PID redundancy, which are very popular and respect
the so-called pairwise marginal property (redundancy is invariant for distributions pre-
serving the pairwise marginals between each source and the target)[145].
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A.2.3.1 Imin

We implemented Williams and Beer's PID original redundancy measure calledImin. This
measure quanti�es the information redundantly encoded aboutSacrossN source variables
f R1; : : : ;RNg as:

Red(S: R1;R2; : : : ;RN) = Imin(S: R1;R2; : : : ;RN) = å
s2S

p(s) min
Ri2f R1;R2;:::;RNg

MI (S= s;Ri)

(2)
whereI (S= s;Ri) represents the speci�c information that source variableRi provides
about a speci�c valuesof the target variableS. Imin captures redundancy as the similarity
across the source variablesRi in distinguishing individual values ofS.

A.2.3.2 Minimum Mutual Information ( IMMI )

MINT also implements the PID based on the redundancy measure introduced in [110],
calledIMMI . This measure quanti�es the information redundantly encoded aboutSacross
N source variablesf R1; : : : ;RNg as:

Red(S: R1;R2; : : : ;RN) = IMMI (S: R1;R2; : : : ;RN) = min
Ri2f R1;R2;:::;RNg

MI (S;Ri) (3)

Therefore,IMMI captures redundancy as the minimum amount of information encoded
aboutSby any of the source variables.

A.2.3.3 BROJA

Finally, MINT implements the PID based on the redundancy measure termed BROJA
[31], which de�nes redundancy aboutS between two source variablesR1 andR2 as the
result of a constrained optimization problem:

Red(S: R1;R2) = IBROJA(S: R1;R2) = MI (S;R1)+ MI (S;R2) � min
q2DP

�
MIq (S;R1;R2)

�

(A.2)
whereDP is the space of distributions preserving pairwise marginals between indi-

vidual source variables and the target variable. BROJA's advantage is that it is additive
for independent systems of sources and targets [111], however it is only de�ned for two
source variables. The numerical calculation of Eq. A.2 is performed by MINT through
the conic optimization Embedded Conic Solver (ECOS) algorithm. The use of ECOS re-
quires the installation of a C library, which can be implemented by either compiling the C
source code with a MATLAB-compatible C Compiler (using MINT'sBuildAndTest.m
function) or copying locally the precompiled binaries that MINT provides for Linux, Win-
dows, and macOS.



A.2. DESCRIPTION OF INSTALLATION AND TESTING OF MINT . . . 71

A.2.4 Information Transmission Measures

MINT provides a number of measures to quantify the overall or feature-speci�c directed
information transmitted from a putative sender regionX to a receiver regionY from which
neural activity was simultaneously recorded. These measures are all based on the Wiener-
Granger causality principle, which states that a regionX causally in�uences a regionY if
the past state ofX predicts the present state ofY at timet beyond what can be predicted
by the past state ofY.

A.2.5 Transfer Entropy (TE)

Transfer Entropy fromX to Y, denoted asTE(X ! Y)[112], measures the overall in-
formation transmitted from regionX to regionY and can be computed using theTE.m
function in the toolbox.TE(X ! Y) is de�ned as the conditional Mutual Information
between the past activity of the sender regionXpastand the present activity of the receiver
regionYpres given the past of the receiverYpast. Moreover, MINT also allows for the
computation ofTE from X to Y conditioned on the activity of a third nodeZ (function
cTE.m; Z can, in principle, also be the multivariate activity of a set of regions).

Although in the example computations ofTE provided in Figs. 2.4, A.5, and A.6 we
computed the present ofY at a single time pointt and the past ofX and ofY at individual
time points lagged by a delayDt, MINT also allows for computing information transfer
measures for present and/or past activity as multidimensional variables, potentially span-
ning several time points. The past-time embedding is speci�ed by the parameters opts
(( `tpres')) and opts( `tau'). The parameter( `tpres') speci�es the present timepoint in the
calculation. The parameter( `tau') de�nes the delay (or an arbitrary set of delay numbers
if more past points are to be considered) relative to( `tpres'), expressed as an integer num-
ber indicating how many timepoints back the past timepoint is set. These parameters can
be speci�ed individually for X and Y, allowing the function to use different timepoints
for the present and past for each of X and Y. This allows easy implementation of various
embedding techniques such as those described in [73]. Because of the problem of data
dimensionality (the bias can be corrected well if the product of the number of bins for the
past of X and the present of X and Y is several times smaller than the number of time
samples), many studies (e.g. [75]) use only one time point compute the past of X and Y.
Some studies [73, 81] have proposed to use a delay of one time-step for the past of the
putative receiver Y, to be as conservative as possible when conditioning away the infor-
mation of the putative receiver Y. Our own recommendation is to consider and plot a wide
range of delays, as we do in our analyses (see e.g. Fig. F panel B), to get a better feeling
of the robustness of the results as a function of these parameters.

The string to de�ne in reqOutputs to compute Transfer Entropy from the data in the
�rst to the data in the second element of the input cell is`TE(A->B)' . In addition, a
second output can be requested with`TE(B->A)' , in order to reduce computational effort
and explore data more ef�ciently by calculating both directions of Transfer Entropy with
a single function call.
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A.2.6 Feature-speci�c information transfer (FIT)

Feature-speci�c information transfer fromX to Y about a stimulus featureS, denoted
asFIT (S! X ! Y), measures the information transmitted fromX to Y about a speci�c
featureSand can be computed using theFIT.m function in the toolbox.FIT (S! X ! Y)
is de�ned as the minimum between two PID terms with similar but slightly different in-
terpretations. The �rst term is the information aboutS that is redundant betweenXpast
andYpres, and is unique to any information encoded byYpast. The second term is the in-
formation about the present activity of the receiverYpres that is redundant betweenXpast
andS, and is unique to any information encoded byYpast.

To guarantee the nonnegativity ofFIT , both terms are computed using theImin mea-
sure. Minimizing between the two terms ensures keyFIT properties, including that it is
upper bounded by the feature information encoded by the past of regionX, I

�
S;Xpast

�
,

the information encoded by the present of regionY, I
�
S;Ypres

�
, and by the overall

information transmitted fromX to Y, TE(X ! Y). Moreover, MINT allows for the
computation of conditionalFIT (cFIT, using thecFIT.m function), to remove from
FIT (S! X ! Y) the component potentially routed through the past activity of a third
recorded regionZ (whereZ can, in principle, also be the multivariate activity of a set of
regions).cFIT (S! X ! YjZ) is de�ned asFIT (S! X ! Y) minus a term capturing
feature information transmitted fromX to Y that is also redundantly encoded by the past
of Z[38].

Similar to TE, the past-time embedding is speci�ed by the parameters opts( `tpres')
and opts( `tau') to specify the timepoints taken as present and past for the computation.
Our own recommendation is to consider and plot a wide range of delays, as we do in our
analyses (see e.g. Fig. F panel B), to get a better feeling of the robustness of the results
as a function of these parameters.

Similar to theTE function, theFIT function can compute bidirectional information
transfer about a target by specifying`FIT(A->B;S)' and`FIT(B->A;S)' in the outputs
cell array. The same applies tocFIT in cFit.m (specifying`cFIT(A->B;S|C)' and
`cFIT(B->A;S|C)' in the outputs cell array).

A.2.7 Intersection Information (II)

MINT implements also Intersection Information (II, computed using theII.m function),
a measure quantifying the amount of sensory information encoded by neural activity that
is used to inform behavioral choices. Intersection Information quanti�es the part of in-
formation in neural responses that is common to both stimulus and choice information.
Intersection Information is computed as the minimum between two PID terms with sim-
ilar but slightly different interpretations. The �rst term is the information about choiceC
redundant between stimulusSand neural responseR. The second term is the information
about stimulusS redundant between choiceC and neural responseR. By default, these
terms are computed using the BROJA redundancy measure. Minimizing between the two
terms ensures that Intersection Information satis�es key properties that would be expected
from a measure with this interpretation, including that independentSandR imply null in-
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tersection information, that II satis�es the data processing inequality, and that Intersection
Information is upper bounded by bothMI(R;S) andMI(R;C).

The name to put in the outputs cell array to compute Intersection Information is
`II(A,B,C)' , which computes the amount of information of inputA encoded in input
dataB and that is also present in input dataC.

A.3 Information estimators and limited-sampling bias
corrections

MINT implements several types of information estimations. Methods based on estimating
probabilities of discrete data or through data discretization include the plug-in method and
its bias corrections (Shuf�e, QE, Shuf�e QE, Panzeri-Treves, Ish and BUB). Methods
not requiring discretization of data to estimate probabilities include the NBS and KSG
methods.

MINT implements several limited-sampling bias corrections of information theoretic
quantities. For Shannon Entropy, Mutual Information, and for the Information Break-
down terms, bias-corrected estimates are computed separately for each quantity. For the
PID calculation, bias-corrected estimates can be obtained either by correcting each PID
atom individually, or alternatively by correcting for the bias �rst for the individual and
joint mutual information term and one of the PID terms (e.g., redundancy or synergy),
and then by correcting for the bias of the other PID components by using algebraic re-
lationships derived from PID “lattices” (see A.3.7). By default, no bias correction is
computed (uncorrected, or na�̈ve, information quantities).

A.3.1 Shuf�e Limited-sampling bias correction

When this bias correction option is called (setting the bias �eld in the options structure
opts to `shuffSub' ), the bias is estimated by computing the information values after
destroying all genuine stimulus information by randomly permuting the stimulus-neural
response association in each trial[39, 40], and then it is subtracted out from the original
estimate to provide the bias-corrected estimate. MINT allows subtracting these bias es-
timates from all implemented information theoretic quantities. A non-zero integer in the
�eld shuff of the options structureopts speci�es the number of shuf�es to be performed
and averaged over to obtain this estimate (by default, 20 shuf�es).

A.3.2 QE correction

The Quadratic Extrapolation (QE) procedure [40, 41] (setting the bias �eld in the options
structureopts to `qe' ) assumes that the estimation is performed in a regime with large
numbers of trials and approximates the bias of the information quantities as a second-
order expansion in the inverse of the number of available trials [42]. This procedure �rst
re-computes the information from fractions (halves and quarters) of the data available
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and then �ts the dependence of information estimates on the inverse number of trials
to a quadratic function. This quadratic �t is then used to estimate the bias-corrected
information value as the value that would be obtained with the quadratic scaling law
if an in�nite number of trials were available (i.e., the intercept term of the �t). MINT
allows the use of this bias correction with all its information theoretic measures. Field
xtrp in the options structureopts speci�es the number of repetitions of the extrapolation
procedure. The function performs the speci�ed number of extrapolations and calculates
the �nal corrected value as the mean of the estimates (by default, 10). Note that MINT
allows the option to perform a linear (rather than quadratic) extrapolation, which uses only
halves and not quarters of the data. This may be convenient when very small datasets are
available and the division into quarters is problematic.

A.3.3 Shuf�e-QE correction

MINT also implements a bias correction combining both Shuf�e and QE (setting the bias
�eld in the options structureopts to `qe shuffSub' ). This procedure �rst computes
both the original and the shuf�ed values, performs QE on both as explained above, and
then computes the unbiased estimate by subtracting the QE-corrected shuf�ed value from
the QE-corrected non-shuf�ed value. The parametersshuff andxtrp can be set in the
optionsopts structure as mentioned above.

A.3.4 Panzeri-Treves correction

This correction technique analytically approximates the linear term of the bias expansion
in the inverse of the number of available trials, which is then subtracted from the mea-
sured information to obtain bias-corrected information values [42]. The estimation of the
bias depends only on the number of response bins with a non-zero probability of being
observed, which is estimated using a Bayes approach. It is available only for Shannon
Entropy and Mutual Information (setting the bias �eld in the options structureopts to
`pt' ) but not for PID-based quantities.

A.3.5 Ish bias reduction procedure for multi-dimensional data

The Ish procedure is relevant for the reduction of the bias of the information about a
task variable (say stimulusS) carried by the joint observation of a multivariate neural
response with dimensionN (e.g., the activity ofN neurons). It adds and subtracts to the
de�nition of mutual information two entropy terms which have equal asymptotic value
(in the case of exact sampling of the probabilities with an asymptotically large number of
trials). For a limited number of trials, the difference between these two terms provides a
negative contribution to the mutual information bias. Thus, Ish has a considerably smaller
bias (though larger variance) than the direct estimate of mutual information from Eq.
(1). Another interesting property of Ish is that it typically has a negative bias, whereas
direct estimates of mutual information typically have a positive bias. Thus, the joint
calculation of mutual information from Eq. (1) andIsh allows the estimation of upper and
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lower bounds to the real information values. This procedure can be applied to the mutual
information and to the information breakdown (where it allows computation of upper
and lower bounds of some terms) (setting the bias �eld in the options structureopts to
`shuffCorr' ). It can be combined with the QE and the shuf�e-subtraction corrections.

A.3.6 Best Universal Bound procedure

This method developed by [43] expresses the information estimation as a polynomial
approximation problem, allowing the computation of `Best Universal Bounds' on the in-
formation bias and variance (setting the bias �eld in the options structureopts to `bub').
Its results depend on the selection of a parameterkmax(which is related to degrees of
freedom).

A.3.7 Options for PID bias

For QE, shuf�e subtraction, and shuf�e-QE subtraction applied to PID with two source
variables, two bias-correction options are available. The �rst option is to correct for the
bias, with the chosen bias correction procedure, each PID term individually. The second
option is to correct for the bias in a way that respects the linear relationships between the
PID terms and Shannon information quantities derived from the so-called PID lattices.
This is done by correcting for the bias of the individual and joint mutual information
term and one PID component of choice, and then correcting for the bias of the other
PID components by using the algebraic relationships derived from PID “lattices”. The
chosen PID atom can be speci�ed with the �eldchosen atom in the options structure
opts (by default, synergy). This option is implemented by default (setting theopts �eld
`pidConstrained` to true). If one chooses not to, each PID atom is corrected individually.

A.3.8 Estimators not requiring discrete or discretized data

SM 3.2.1 Kraskov-Sẗogbauer-Grassberger (KSG) estimator The KSG estimator uses the
Kozachenko-Leonenko kth-nearest-neighbor entropy estimator to �nd structures in the
underlying probability distribution [119]. The estimator is included in the toolbox using
scripts from the improved version of KSG implemented in [120], which was shown to
work very well for real-valued data with am most a handful of dimensions. By varying the
parameter k which determines the nearest-neighbor statistics scale, one can also change
the scale in which the algorithm looks for the underlying structure. The method can be
used by setting the bias �eld in the options structure opts to`ksg' and the parameter k
(by default, 6) can be changed by specifying thek ksg �eld of the opts structure.

SM 3.2.2 Nemenman-Shafee-Bialek (NSB) estimator The NSB estimator is a Bayesian
entropy estimator that is designed to work on prior distributions of the stimulus-response
distributions that are almost uniform in their expected entropies [121]. This means that
the entropy estimate is not strongly biased by the prior assumptions. The method does
not require free parameters to be inputted and can be used by setting the bias �eld in the
options structure opts to `nsb'.



76 APPENDIX A. SUPPLEMENTARY INFORMATION OF CHAPTER 2

A.4 Hierarchical Permutations for Statistical Testing

A.4.1 Data Shuf�ing

Shuf�ing neural data is a useful tool to test hypotheses and gain insights into the infor-
mation encoding structure of neural populations and how information is transferred. The
hShuffle.m function provides a range of hierarchical data shuf�ing methods, allowing
for the disruption of neural correlations, temporal patterns, or stimulus information. Each
data feature (a neural activity dimension or a task variable) can be shuf�ed either uncon-
ditionally on any other variable or conditionally on the values of other variables.

For example, neural responses can be shuf�ed unconditionally on any other variable
to destroy the information they carry about the stimulus (e.g., to shuf�e the �rst two
input variables across trials, the output name is `AB` and theopts �eld `dim shuf�e`
is set to `Trials`). Alternatively, neural responses of different neurons can be shuf�ed
conditionally on the stimulus values to provide surrogate data that preserve single-neuron
stimulus information but destroy noise correlations (correlations at �xed stimulus between
different neurons). Shuf�ing the neural responses across trials with the same stimulus
while keeping the position of each timepoint �xed provides surrogate data that retain
time-resolved stimulus information of single neurons but disrupt across-time correlations.
For example, to shuf�e the �rst input variable conditioned on the second and third input
variables, the outputs cell is `ABC` (the variable(s) to condition the shuf�ing on are
speci�ed after the underscore), and theopts �eld `dim shuf�e` is set to `Trials`.

Shuf�ed data are either used within a given function (e.g.,MI.mor FIT.m) to output
null hypothesis values or to be separately provided as input to any function in MINT
to construct user-de�ned non-parametric null distributions to empirically estimate the p-
value of measures computed from the original data.

Furthermore, MINT enables ef�cient computation of group-level averaged shuf�ed
quantities by recombining shuf�ed information values across experiment repetitions using
thecreate nullDist groupLevel function. This function accepts measures calculated
from M independent data shuf�es acrossN experiment repetitions and outputsK distinct
realizations of the permuted group average.

A.4.2 Cluster Permutation for Multiple Comparison Correction

It is often important to detect signi�cant information encoded or transmitted across data
points that are correlated due to physical proximity (e.g., in space and time, or time and
communication delay). MINT implements the rigorous detection of clusters of adjacent
signi�cant information values via cluster permutation tests [87, 183] (theclusterStatistics.m
function). TheclusterStatistics.m function takes as input a matrix of information
values computed from the original data across adjacent space and time points and a set
of M analogous matrices obtained from shuf�ed data. The function computes a cluster-
forming threshold as a speci�ed percentileclusterPercentilThreshold (provided as
input) of the shuf�ed information values. This threshold is calculated either by pooling
shuf�ed values across all samples (when the inputpool parameter is set to 1) or indepen-
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dently for each sample (whenpool is set to 0). The latter option provides less statistical
power but is recommended when shuf�ed information is non-stationary over space and
time.

The procedure then identi�es clusters in both the original and shuf�ed data by con-
necting adjacent information values that surpass the cluster-forming threshold and com-
putes the mass of each cluster as the sum of its information values. A cluster-level null
distribution is created by taking the maximum cluster mass from each shuf�ed dataset. Fi-
nally, clusters in the original dataset that exceed a speci�ed percentilesignificanceThreshold
(provided as input) of this null distribution are classed as signi�cant.

A.5 Interfacing with Dimensionality Reduction Methods

To allow information analysis on datasets with a high number of dimensions, we offer
several possibles wrappers that integrate tools or dimensionality reduction in a way that
permits the calculation of information measures on processed variables with less dimen-
sionality.

A.5.0.1 Interfacing Information Calculation with Supervised
Dimensionality-Reduction Method

Here we describe which supervised dimensionality reduction algorithm we implemented
in MINT and we interfaced then with the information theoretic algorithms.

Our routines take input data in the form of a cell array with neural responsesf r1; : : : ; rNg 2
RN across all trials in the �rst element and the task variabless2 S (e.g., sensory stimuli,
movement parameters, behavioral choices) across all trials in the second element. It re-
turns an array across all trials of dimensionality reduced representationbr of f r1; : : : ; rNg.
The dimensionality-reduced representationbR is computed by cross-validated decoding
of the behavioral variabless given the neural data, so that the representationbr for each
trial is computed from trials held out from the decoder's training process. The reduced
neural representation data are then fed as neural data input to the information calculation
routines.

The representationbR obtained through the supervised decoding method can be under-
stood as a representation of the neural activity data that is lower dimensional (typically,
one dimensional) but that still captures ef�ciently the information abouts provided by
the joint neural responses. The representationbR can take the form of the value of the
behavioral variable decoded as most likely from neural activity (which can be directly
fed to the information calculation routines, an approach that is equivalent to computing
information from the confusion matrix of the decoder [6]), or the posterior probability of
the task variable value given the considered neural activity (which can then be binned and
fed to the information calculation routines).

Supervised models implemented in MINT are:
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A.5.0.2 Support Vector Machines (SVM)

Support vector machines (SVM) are supervised machine learning methods that �nd the
optimal hyperplane(s) in the data space (in our case, neural dataf r1; : : : ; rNg) to classify
the labels (in our case,s). MINT provides a functionsvmwrapper.m that trains and
tests the SVM with either linear or RBF kernel, using eitherfitcsvm.m (Statistics and
Machine Learning Toolbox in MATLAB) or the libsvm toolbox [123] as the underlying
SVM implementation. The �rst element of the output cell array is the lower dimensional
representationbR as a list of the cross-validated predicted labels across trials. The second
element of the output cell array is the representationbR as a list of cross-validated posterior
probabilities ofsgiven the neural responses in that trial. The function can also output the
weights of the decoding model for the linear SVM (which can be used, e.g., to calculate
the angle between boundaries as in Fig. A.4) or the trained hyperparameters, in case they
were optimized.

A.5.0.3 Generalized Linear Model (GLM)

Generalized linear models are an extension of linear models that can incorporate non-
Gaussian-distributed data (including discrete data). In MINT, theglm wrapper.m func-
tion trains and tests GLM models using lasso, ridge, or elastic net regularization and either
lassoglm.m (Statistics and Machine Learning Toolbox in MATLAB) or the glmnet tool-
box [124]. This function allows for the training and testing of GLM models with optional
regularization methods, including lasso, ridge, or elastic net. It provides �exibility in
choosing regularization types and additional options for k-fold cross-validation. Depend-
ing on the output list option chosen, it outputs asbR a list (for each trial of the test set) of
the predicted labels, or the posterior probabilities ofs given the neural data in that trial.

A.5.0.4 Interfacing Information Calculation with Unsupervised
Dimensionality-Reduction Method

Unsupervised methods transform neural data into a lower dimensional outputbR that still
approximates the data well. Our routines take input data in the form of a list across all
trials of neural responsesf r1; : : : ; rNg 2 RN, as well as the desired dimensionality of the
reduced representation. It returns a list across test-set trials of dimensionality reduced
representationbr of f r1; : : : ; rNg. The reduced neural representation data are then fed as
neural data input to the information routines for information calculation. Unsupervised
models implemented in MINT are:

A.5.0.5 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a dimensionality reduction technique that projects
the data onto a lower dimensional space with maximal variance (REF). MINT's function
pca wrapper.m outputs in each trial the coef�cients of the data along the selected num-
ber of principal components. It offers the option to perform both cross-validated and
non-cross-validated principal component analysis.
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A.5.0.6 Non-negative Matrix Factorization (NMF)

Non-negative Matrix Factorization (NMF) is another technique of dimensionality reduc-
tion that projects the data onto a lower-dimensional space that still describes the data well.
Unlike PCA, it does not require different components to be orthogonal, but requires that
the decomposition is performed with nonnegative coef�cients and basis functions (which
is recommended for reducing the dimensionality of inherently nonnegative data, such as
spike counts). MINT's functionnmf wrapper.m outputs in each trial the non-negative
coef�cients of the data along the selected number of principal components. It offers the
option to perform both cross-validated and non-cross-validated principal component anal-
ysis.

A.6 Details of Simulations

A.6.1 Simulation of Neural Populations Information Encoding

This section presents a detailed description of the simulation and the analysis of informa-
tion encoding in neural populations presented in Fig. 2.2.

We simulated two scenarios which capture two main ways in which correlations have
been reported to in�uence population coding [53]. For each scenario, we simulated cor-
related spike trains of a neural population ofN = 20 neurons responding to two simulated
stimuli (200 trials per stimulus, 10 simulation repetitions).

The strength of correlations between neurons was modulated by generating responses
to each stimulus as the sum of an independent Poisson process (independent outcome for
each neuron) and a shared Poisson process (same outcome across neurons), adjusting the
pairwise Pearson noise correlation for each stimulus by varying the contribution of the
shared and independent processes to the spike trains. Thus, the spike count of neuroni
(i = 1;2) was generated as:

r i(s) = r i� individual(s)+ rshared(s) (6)

wherer i� individual(s) andrshared(s) are the output of 3 independent Poisson processes
for each stimulus, with mean count parameter indicated by the corresponding name.

The �rst scenario (Fig. 2.2A) was implemented with strong stimulus modulation of
the correlation strength, resulting in information-enhancing noise correlations (pairwise
Pearson noise correlation 1 for stimulus 1 and 0 for stimulus 2). The individual and
shared processes were created such that the resulting total �ring rate of each of the neu-
rons is constant across stimulus values, so only the �ring correlation is informative about
the stimulus. The parameters werer i� individual(s = 1) = 1 sp/s,rshared(s = 1) = 1 sp/s,
r i� individual(s= 2) = 2 sp/s,rshared(s= 2) = 0 sp/s.

For the second scenario (Fig. 2.2B), we simulated information-limiting noise correla-
tion. Namely, we simulated a population of neurons all with the same stimulus selectivity
(lower spiking rate to the �rst stimulus and a higher spiking rate to the second stimu-
lus, thus positive signal correlations) and with positive noise correlations that were only
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