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Quando si parte il gioco de la zara,
colui che perde si riman dolente,
repetendo le volte, e tristo impara;

con laltro se ne va tutta la gente;
qual va dinanzi, e qual di dietro il prende,
e qual dallato li si reca a mente;

el non s’arresta, e questo e quello intende;
a cui porge la man, pit non fa pressa;
e cosl da la calca si difende.

Tal era io in quella turba spessa,

volgendo a loro, e qua e la, la faccia,
e promettendo mi sciogliea da essa.

[D. Alighieri, Purgatorio - Canto VI, vv. 1—12]






Abstract

Signal analysis, in all its forms, has proven to be effective in addressing chal-
lenges across modern branches of applied sciences, engineering, data analysis,
medicine, and imaging. A prototypical example is Magnetic Resonance Imaging
(MRI), which exploits electromagnetism to produce anatomical and functional
images safely and without radiation. The numerous Nobel Prizes awarded to
MRI research since its introduction forty years ago underscore its ongoing signif-
icance. However, despite our complete understanding of its mechanisms, medical
advances require refining of the current techniques, improvement of image quality
and reduction of the patient’s scanning time. The modern challenges in this field
are primarily twofold, both stemming from the physical nature of MRI, discussed
in Chapter 1:

e Undersampling below the Nyquist threshold: to reduce acquisition time,
MRI signals are often sampled below the Nyquist rate, necessitating the use
of denoising and artifact removal techniques. Since MRI signals are highly
compressible, Compressed Sensing (CS) techniques enable the reconstruc-
tion of missing information by solving a minimization problem known as the
generalized LASSO. This process involves three parameters, selected based
on mathematical and empirical criteria: the measurement matrix, which
incorporates the sampling trajectory; regularization, which encodes signal
sparsity; and a tuning parameter that balances fidelity and regularization.

e Motion sensitivity: MRI requires the patient to remain motionless during
scanning, complicating the imaging of organs with involuntary and unavoid-
able movements, such as the heart and lungs. These movements also affect
the imaging of nearby organs. Modern techniques introduce separate hard-
ware to track these movements, allowing for the acquisition of data that
can be divided to produce a dynamic sequence following the various phases
of motion.

In this thesis, we explore two prominent aspects of the mathematics involved in
MRI signal analysis. In Chapters 3 and 4, we focus on CS-MRI, and we intro-
duce an iterative algorithm inspired by convex analysis that efficiently determines
the tuning parameter for Total Variation (TV) regularized LASSO (TV-LASSO).
The selection of the tuning parameter is crucial for minimizing noise and arti-
facts in the reconstructed image, and this choice is often made manually, which
is time-consuming. Many of the techniques introduced in recent years suffer from
two flaws: some are overly specific and not easily adaptable, while others involve
learning algorithms that require extensive datasets, which are often unavailable.
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Although tested on TV-LASSO with Cartesian acquisition, our algorithm can be
easily extended to other regularizations and sampling strategies, always converg-
ing within a reasonable number of iterations.

In Chapters 5, 6 and 7, we discuss new time-frequency representations, which
allow for the analysis of time-evolving signals, such as the MRI signal. Despite
this, the application of these techniques to the analysis of time-varying signals
is currently limited to a few examples in the literature, and it remains unclear
how they can be effectively applied to MRI post-processing. However, we believe
that the MRI signal of moving organs can be effectively processed through time-
frequency representations with the appropriate properties. Our work involves the
generalization of the most well-known and widely used time-frequency represen-
tations, the short-time Fourier transform and the Wigner distribution, through
the so-called metaplectic operators. This generalization enables us to explain
the properties of what we called metaplectic Wigner distributions in terms of
the symplectic group, to which they are closely related. Thanks to these tech-
niques it is possible to construct metaplectic Wigner distributions with the right
properties, according to the applications.

In conclusion, we introduce ALMA, a novel algorithm to compute well per-
forming tuning parameters for TV-LASSO problem, and use it to reconstruct
images in a MRI framework. The results show near-optimality of our recon-
structions in terms of multiscale structural similarity, peak signal-to-noise ratio
and coefficient of joint variation. We introduce metaplectic Wigner distributions
as natural generalizations of the most popular time-frequency representations,
through metaplectic operators, and we study their main properties, relating them
to the structure of the related symplectic matrices.



Résumé

L’analyse du signal, sous toutes ses formes, s’est avérée efficace pour relever
des défis dans les branches modernes des sciences appliquées, de 'ingénierie, de
I’analyse de données, de la médecine et de I'imagerie. Un exemple prototypique
est 'Imagerie par Résonance Magnétique (IRM), qui exploite I’électromagnétisme
pour produire des images anatomiques et fonctionnelles de maniére siire et sans
rayonnement. Les nombreux Prix Nobel attribués a la recherche sur 'TRM depuis
son introduction il y a quarante ans soulignent son importance continue. Cepen-
dant, malgré notre compréhension compléte de ses mécanismes, les avancées médi-
cales nécessitent un raffinement des techniques actuelles, une amélioration de la
qualité des images et une réduction du temps de scan pour le patient. Les défis
modernes dans ce domaine sont principalement de deux ordres, découlant tous
deux de la nature physique de 'IRM, discutée au Chapitre 1:

e Sous-échantillonnage en dessous du seuil de Nyquist : Pour réduire le temps
d’acquisition, les signaux IRM sont souvent échantillonnés en dessous de
la fréquence de Nyquist, ce qui nécessite 1'utilisation de techniques de
débruitage et de suppression des artefacts. Etant donné que les signaux
IRM sont hautement compressibles, les techniques de Compressed Sensing
(CS) permettent de reconstruire les informations manquantes en résolvant
un probléme de minimisation connu sous le nom de LASSO généralisé. Ce
processus implique trois paramétres, sélectionnés en fonction de critéres
mathématiques et empiriques : la matrice de mesure, qui incorpore la tra-
jectoire d’échantillonnage ; la régularisation, qui encode la parcimonie du
signal ; et un paramétre de réglage qui équilibre la fidélité et la régularisa-
tion.

e Sensibilité au mouvement : L’IRM nécessite que le patient reste immo-
bile pendant le scan, ce qui complique I'imagerie des organes soumis a des
mouvements involontaires et inévitables, comme le coeur et les poumons.
Ces mouvements affectent également 1'imagerie des organes adjacents. Les
techniques modernes introduisent du matériel séparé pour suivre ces mou-
vements, permettant ’acquisition de données qui peuvent étre divisées pour
produire une séquence dynamique suivant les différentes phases du mouve-
ment.

Dans cette thése, nous explorons deux aspects importants des mathématiques
impliquées dans ’analyse des signaux IRM. Aux Chapitres 3 et 4, nous nous con-
centrons sur le CS-IRM et introduisons un algorithme itératif inspiré par 'analyse
convexe qui détermine efficacement le paramétre de réglage pour le LASSO régu-
larisé par Variation Totale (TV-LASSO). La sélection du paramétre de réglage
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est cruciale pour minimiser le bruit et les artefacts dans 'image reconstruite, et
ce choix est souvent fait manuellement, ce qui est chronophage. Beaucoup des
techniques introduites ces derniéres années souffrent de deux défauts : certaines
sont trop spécifiques et difficilement adaptables, tandis que d’autres impliquent
des algorithmes d’apprentissage nécessitant de vastes ensembles de données, qui
sont souvent indisponibles. Bien que testé sur le TV-LASSO avec acquisition
cartésienne, notre algorithme peut étre facilement étendu a d’autres régularisa-
tions et stratégies d’échantillonnage, tout en convergeant toujours en un nombre
raisonnable d’itérations.

Aux Chapitres 5, 6 et 7, nous discutons de nouvelles représentations temps-
fréquence, qui permettent ’analyse des signaux évoluant dans le temps, tels que
le signal IRM. Malgré cela, I’application de ces techniques a I'analyse des signaux
variant dans le temps est actuellement limitée & quelques exemples dans la lit-
térature, et il reste incertain comment elles peuvent étre appliquées efficacement
au post-traitement des signaux IRM. Cependant, nous croyons que le signal IRM
d’organes en mouvement peut étre traité efficacement a ’aide de représentations
temps-fréquence ayant les propriétés appropriées. Notre travail consiste en la
généralisation des représentations temps-fréquence les plus connues et les plus
largement utilisées, la transformation de Fourier a court terme et la distribu-
tion de Wigner, & travers les opérateurs métraplectiques. Cette généralisation
nous permet d’expliquer les propriétés de ce que nous avons appelé les distri-
butions de Wigner métraplectiques en termes du groupe symplectique, auquel
elles sont étroitement liées. Gréace a ces techniques, il est possible de construire
des distributions de Wigner métraplectiques avec les bonnes propriétés, selon les
applications.

En conclusion, nous introduisons ALMA, un nouvel algorithme pour calculer
des paramétres de réglage performants pour le probléme TV-LASSO, et 'utilisons
pour reconstruire des images dans un cadre IRM. Les résultats montrent la quasi-
optimalité de nos reconstructions en termes de similarité structurelle multiscale,
de rapport signal-sur-bruit de créte et de coefficient de variation conjointe. Nous
introduisons les distributions de Wigner métaplectiques comme des généralisa-
tions naturelles des représentations temps-fréquence les plus populaires, via les
opérateurs métaplectiques, et nous étudions leurs principales propriétés, en les
reliant & la structure des matrices symplectiques associées.
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CHAPTER 1

Introduction

1.1 History of MRI

Magnetic Resonance Imaging (MRI) has emerged as a seminal technology in the
realm of neuroscience, fundamentally transforming our capacity to non-invasively
probe the intricacies of the human brain’s structure, function, and connectivity.
By leveraging the principles of nuclear magnetic resonance (NMR), MRI offers a
non-ionizing radiation method to generate high-resolution images of soft tissues,
particularly the brain.

The inception of MRI can be traced back to the pioneering work in the late
1930s and 1940s. In 1939, Rabi, Millman, Kusch, and Zacharias laid the ground-
work for NMR with their investigations into molecular beams [106]. Their in-
novative work provided the theoretical framework that underpins MRI’s ability
to detect and differentiate between various tissue types based on their magnetic
properties. Recognizing the significance of their contributions, they were awarded
the Nobel Prize in Physics in 1944.

Building on this foundation, 1946 marked another pivotal year with the paral-
lel research efforts of Bloch, Hansen, Packard, Purcell, Torrey, and Pound. Their
studies elucidated the behavior of spins in liquids and solids when subjected to
magnetic fields, paving the way for the development of MRI as a viable imaging
technique |7, 97, 105|. Bloch and Purcell’s seminal contributions were recognized
with the Nobel Prize in Physics in 1952.

The true breakthrough in MRI came in the early 1970s with the work of
Lauterbur. In 1973, Lauterbur demonstrated the feasibility of MRI by producing
the first two-dimensional MR image of water-filled tubes [81]. This ground-
breaking achievement laid the groundwork for the development of modern MRI
techniques. In his subsequent work in 1974, Lauterbur introduced the term zeug-
matograms to describe images obtained through NMR, which later evolved into
the commonly used term MRI. Moreover, he expanded the scope of MRI by
capturing the first MR images of living organisms, including a small Venus mer-
cenaria and the thoracic cavity of a live mouse. For his pioneering contributions
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to the field of MRI, Lauterbur was awarded the Nobel Prize in Physiology or
Medicine in 2003, underscoring the transformative impact of his work on both
scientific research and clinical practice. Today, MRI has evolved into a multi-
faceted imaging modality, encompassing a range of techniques such as functional
MRI (fMRI), diffusion MRI (dMRI), magnetic resonance spectroscopy (MRS),
and magnetic resonance elastography (MRE), each offering unique insights into
the structure and function of the human brain and body.

Despite being such a powerful technique, MRI poses formidable challenges to
modern research, related to both acquisition and processing of the MRI signal.
As explained in the following, the MRI signal is acquired below its Nyquist fre-
quency to reduce the dimensionality of the MRI data, which consists indeed of
a high-dimensional complex vector. To retrieve the missing information due to
undersampling, compressed sensing techniques, such LASSO inverse problems,
are widely used. Another challenge that modern research faces involves the dy-
namic nature of MRI acquisition, particularly when imaging moving organs. The
motion of a patient in the scanner causes artifacts, yielding to blurred regions in
the reconstruction. MRI signal is actually a concrete example of time-evolving
signal, therefore necessitating of robust methodologies to capture and interpret
temporal variations accurately. Time-frequency analysis addresses time-varying
signals by localizing and decomposing them into their frequency content over
time allowing, in principle, to extract local features of time-evolving signals.
Precisely, time-frequency analysis is a branch of Fourier analysis that studies the
phase-space concentration of signals, with applications to operator theory, signal
analysis, engineering, medical sciences, where it is deployed in the processing
of echocardiographic signals, electroencephalograms, evoked potentials and MR
spectroscopy, [6], in fMRI to study the correlation between coupled time-series
functions by their frequencies and phases, [62|. Time-frequency analysis was also
applied to MRI of moving organs, where the frequency information varies in time
as a consequence of motion by M. Sushma et al. in [115]. To build upon the
strengths of time-frequency analysis, a closely related method—wavelet analysis
on graphs—has recently been employed to analyze brain fMRI signals, as demon-
strated by I. M. Bulai and S. Saliani in [13|. Keeping the increasing interest of
researchers in the applications of time-frequency analysis to concrete problems in
MRI, part of this thesis work consists of generalizing classical time-frequency rep-
resentations, such as the short-time Fourier transform (STFT) and the Wigner
distribution, to enable a broader perspective on their properties and limitations,
shedding new light on the nature of these representation and their construction,
according to the necessity.

With this historical context in mind and motivated by the impact that we
believe time-frequency analysis technique may have in MRI, we will now delve into
the fundamental physics that govern MRI and introduce compressed sensing (CS)
as a fundamental tool to processing of MRI signals, both at the acquisition level,
where it deals with designing measurement matrices, and to the reconstruction
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level, where it provides techniques to retrieve partially sampled, noisy and sparse
data.

1.2 The MRI signal

In order to introduce the acquisition process of the MRI signal, understanding
the theoretical principles and physics behind MRI is crucial. This acquisition is
indeed modelled as a sampling operator applied to the MRI signal, which is as a
function in C*°(R3), as detailed below.

MR scanners utilize coils made primarily of superconducting materials, such
as niobium-titanium or niobium-tin alloys, which are cooled to extremely low
temperatures (close to absolute zero) to achieve superconductivity. This su-
perconducting state allows the coils to conduct electricity without resistance,
generating a powerful and uniform magnetic field, denoted by By, essential for
high-quality MRI images !. Before illustrating the physical nature of the MRI
signal, let us synthesize how the MRI signal is generated.

1. The patient is placed within the strong static magnetic field of the MRI
machine. This causes the magnetic moments of atomic nuclei (typically
protons) in the body to align with the magnetic field.

2. Additional magnetic field gradients are applied, which encode spatial infor-
mation into the detected signal, allowing the MRI system to determine the
location of the signal origin within the body.

3. A radiofrequency (RF) pulse is applied perpendicular to the static magnetic
field. This pulse perturbs the aligned magnetic moments, causing them to
precess (or spin) around the direction of the magnetic field.

4. The protons absorb energy from the RF pulse, causing them to transition
from a low-energy state to a higher-energy state. This energy is typically
in the radiofrequency range.

5. After the RF pulse is turned off, the protons gradually return to their
original alignment with the magnetic field.

6. During the relaxation processes, the protons release the absorbed RF energy
as they return to their equilibrium states. This emitted energy consists of
RF waves, which induce a weak alternating current in receiver coils of the
MRI scanner.

!The notation employed in MRI physics utilizes bold lettering to signify vectors. The bold
notation will be discontinued shortly to avoid confusion and maintain consistency.
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Loosely speaking, the MRI signal is related to the electromotor force (emf) in-
duced by the variation of a magnetic field B passing though receiving coils. Con-
sider a sample located in a region V' C R3, with magnetization M. The magnetic
field due to to M is given by:

B(r) =rot(Var(r)),
where the curl is computed with respect to the spatial variables r = (z,y, 2),

po [ JIm(r') ;o Idl
= -_— d = —
Va(r) 47T/V lr — /| dr | |r — 7|

is the potential of the associated to the effective current density Jas = rot(M),
and [ is the intensity of the current generated in the coils. Here, py denotes the
vacuum permeability constant. The flux generated by the variation of B is given
by:
on(t) = [ BO) M tyar,
R3
where B is the magnetic field per unit of current produced by the coil:

B(r') = rot(VMI(T/)) = B(Ir’).

The MRI signal is proportional to the emf induced by ®ps:

5(t) o —% 9 (Bm(r’)Mx(r’,t) + By (r') M, (v, t) + Bz(r’)Mz(r’,t))dr’, (1.1)
(the non-bold symbols denote the corresponding components of B and M). Each
tissue of interest has signature relazation times T7 and T5. In physics terms, T}
is the time it takes for the protons to re-align with the magnetic field By after
the RF pulse is turned off, while 75 is the time it takes for the protons to lose
the energy gained from the RF pulse. T} is usually longer than T5. The Bloch
equations relate relaxation times to the magnetization:

e = woM, — 3=,

aan M

dty = —(,dolwx - Tﬂ:, (12)
dM, _ My—M,

dt Ty )

where wyg is the Larmor frequency, and My is the equilibrium value of the mag-
netization before the application of the RF pulse. The solution M of (1.2) is
explicitly given by:

M, (t) = e=t/T2 (M (0) cos(wot) + M, (0) sin(wot)),

My (t) = e "2 (M, (0) cos(wot) + M, (0) sin(wot)),
M, (t) = M,(0)e /Tt + My(1 — e ¥/™).
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To see how Fourier analysis comes into play in the MRI framework, the expression
(1.1) of § undergoes further manipulations and approximations. For simplicity of
exposition, consider the case in which the scanner magnetic field By is directed
along the z-axis. In this case, it is useful to decompose the magnetization M
along its longitudinal and orthogonal components, M, = M,e, and M, =
M.e, + Mye,, where e,, e, and e, are the unit vectors of the coordinate axes.
Under this notation, the orthogonal component of the solution M (r,t) of (1.2)
can be represented as a complex vector M 4 (7,t):

M+(r, t) — eft/TgefiwotJri(bo('r')ML(r? O),

where ¢g and M | (7,0) are determined by the initial conditions on the RF pulse.
The next step is differentiating (1.1) and neglecting the exponentials e tTi and
e t/T2 This can be done because in the applications woTi,woT> =~ 10%. The
obtained approximated signal is:

5(t) o< wo /]R3 e*t/TQMl(r,O)[Bx(r)sin(wot—¢o(r))+8y(r)cos(wot—¢o(r))]dr.
Writing B, = B, cos(¥p) and B, = B, sin(d¥p),
5(t) o< wo /}R3 e VN (r,0)BL(7) sin(wy 4+ 95(r) — do(r))dr. (1.3)

In 3D MRI, the application of a gradient changes the direction of the scanner
magnetic field By. In this cae, (1.3) must be modified accordingly, by replacing
wo with w(r) = wp + Aw(r), and the rapid oscillations due to wp are removed
using rotating frames (demodulation). For suitable constant A and introducing
a demodulation frequency = wg + dw, the resulting demodulated signal is:

5(t) = Awp /R M (7, 0)B ()l 05V gy (1)
Assuming that ¥p and ¢¢ to be independent on r, (1.4) becomes:
5(t) = wol /R3 By (r)M (r,0)e!+emD) gy (1.5)
where:

S(r ) = — /0 w(r, t)dt! (1.6)

is the accumulated phase. Applying a 7/2 RF pulse, the function B, (r)M, (r,0)
becomes proportional to the density of proton spins p(r). Ignoring this propor-
tionality constant, (1.5) becomes the relation between the density of proton spins
and the MRI signal:

s(t) = / p(r)e! o) g, (1.7)
R3
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The key observation is that the application of a gradient to modify the direction
and the intensity of B, allows to control accumulated phase as follows. Consider
a vector G € R3, which we call gradient and perturb the static magnetic field:
B(r,t) = Bo+G. By choosing w(r,t) = wo+7-G in (1.6), and by demodulating
with frequency €2 = wp in (1.7), we get:

s(t)=C [ p(r)e 2™C" gy, (1.8)
R3
where the constant C' > 0 is chosen properly for 27 to appear in the phase factor.
Neglecting C, (1.8) tells that the signal at time ¢ is equal to the Fourier transform
of the density of proton spins:

s(t) = p(tG).

Observe that the proton density function p vanishes outside a cube of length
L > 0. Therefore, s is a finite-energy signal, i.e., s € L?(R?) and since p € L' (R?),
we also have that s € Co(R?), i.e., s is continuous and goes to 0 at infinity. The
function of one real variable s is a function on R? undercover. This can be stressed
by defining £(t) := tG € R? and writing:

s(t) = s(&(1)) = p(£(1)) (1.9)

(the caret denoting the Fourier transform). Assuming that s € L'(R®), the
Fourier transform in (1.9) can be inverted:

plr) = [ s(e)eeimeag, (1.10)

Equation (1.10) is the fundamental relation between the MRI signal s and the
proton density p, which outlines the anatomical image. This justifies the abuse
of language:

the MR image of an organ of interest is
the inverse Fourier transform of the MR signal.

1.3 Compressed Sensing MRI

In order to digitally process and reconstruct these anatomical images, the contin-
uous MRI signal must be discretized through a process known as sampling. This
transition from continuous to discrete data through sampling is fundamental, as
computers are unable to process analog signals directly, and it is guided by a
classic principle of signal analysis, which dictates the necessary conditions for
retrieving the analog signal in its digital form.
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Figure 1.1: Full salmpling of 3D MRI signal. (A) The proton density p is sup-
ported in a cube of sides Li, Lg and L3 of the image domain, i.e., the Fourier
transform of s is supported in [—L1/2, L1 /2] x[—La/2, Ly /2] x [—L3/2, L3 /2]. (B)
Every coordinate direction of the k-space is sampled at its Nyquist frequency.

Theorem 1.1

gShannon, Nyquist, Whittaker, Kotelnikov). Let f € L?(R) be
such that supp(f)

C[-A,A] (ie., f(§) =0 if |¢] > A) for some A > 0. Then,

t— kT

f)= > f(kT)sinc(

k=—o0

), t e R,

where sinc(z) = Snm2) nd T < Ty = 1/2A (T4 is called Nyquist frequency).

T

The 3D MRI signal s enjoys the property that its inverse Fourier transform
p is supported in a cube, as illustrated in Fig. 1.1 (A). Full sampling for the
MRI signal corresponds to sampling s across every direction of the k-space (the
domain of the Fourier transform) at the corresponding Nyquist frequency, see
Fig. 1.1 (B). Concretely, the sampling trajectory &(t) is controlled by means of
time and gradients, choosing &(t) = tG in (1.9), as in formula (1.8). The the-
oretical framework described so far is implemented by approximating the MRI
signals by sampling within a limited cubic neighborhood of the k-space center.
However, even when restricting the sampling to a neighborhood around the ori-
gin, the sampling of MRI signals is in general extremely time-consuming, due
to the large amount of points needed to reach good resolution reaching orders
of magnitude that make MRI post-processing computationally prohibitive. This
extensive data gathering process not only renders MRI signal acquisition eco-
nomically burdensome but also contributes to patient discomfort, necessitating
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prolonged periods of immobility during the procedure. Furthermore, for some pa-
tients with specific conditions, remaining still for even a brief period could even
be impossible. Given the burden posed by the large number of samples required
for conventional MRI post-processing, alternative approaches such as compressed
sensing (CS) have gained prominence. CS is a modern discipline that combines
mathematics, signal processing and computer science to extract essential infor-
mation from data that is sampled below the Nyquist frequency, thereby paving
the way for faster, more efficient, and more economical data acquisition. It finds
applications in image and video processing [9, 50, 41, 104, 100, 126], electrical
engineering [70, 15, 56, 71, 42|, geophysics [91, 80, 95|, remote sensing [57, 99],
machine learning [10, 84, 113, 98, 77| and medical imaging techniques, such as
computer tomography [67, 125] and, of course, MRI. Notably, the application of
compressed sensing to MRI is known as CS-MRI and it was firstly address in
the celebrated work by M. Lustig, et al., [87]. In CS-MRI, the sparsity or com-
pressibility of MRI signals with respect to several sparsity-promoting transforms
is exploited to enable significant undersampling (sampling below the Nyquist fre-
quency), thereby reducing the number of acquired samples while still allowing for
accurate signal reconstruction. By strategically acquiring a subset of samples in
k-space, CS techniques offer a promising avenue for accelerating MRI acquisition
and overcoming the limitations associated with conventional sampling trajecto-
ries.

Definition 1.2. A vector x € R? is m-sparse if ||z|jo := #{j : x; # 0} < m,
where #.S5 denotes the cardinality of a set S. When m is clear from the context
or irrelevant, we say that x is sparse.

Sparsity is related on constrained optimization by the following result, whose
proof is a slight modification of the proof of [49, Theorem 3.1].

Theorem 1.3. Let A € R™*™ be a measurement matriz and n > 0. If the
minimizer x¥ of the constrained LASSO:

minimize ||| subject to x € R", ||Azx —bll2 <n (1.11)

is unique, then x# is rank(A)-sparse, where rank(A) denotes the rank of A.

LASSO has many equivalent formulations, where the equivalence notion is
specified in [49, Proposition 3.2]. We limit ourselves to delineate the relationship
between the constrained LASSO (1.11) and its unconstrained counterpart:

1 A
minimize §||33||1+§||Ax—b||g (1.12)

Theorem 1.4. Let A € R™*" b € R™ and n > 0. Let 27 be a minimizer of
the constrained LASSO (1.11). Then, there exists N > 0 such that =¥ is also
a minimizer of (1.12) with A = X. Conversely, if ¥ is a minimizer of (1.12),

there exists ' > 0 such that 27 is also a minimizer of (1.11) with n =1’
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Consequently, solving (4.2) with the corresponding Lagrange multiplier pro-
vides a rank(A)-sparse solution. MRI images and MRI data, however, may not be
sparse themselves, but with respect to so-called sparsity-promoting transforms,
such as discrete Fourier transform, discrete cosine transform, wavelets [87]. That
is, ¢z is sparse, where ® denotes a sparsity-promoting transform. LASSO prob-
lem can be modified to encompass this a-priori information. Specifically, the
generalized LASSO (g-LASSO):

1 A
minimize iHAx — b3+ §||®Q:H1, (1.13)

allows for the retrieval of vectors that are compressible with respect to ®. The
rescaling by the factor 1/2 in (1.13) is needed for computational purposes, but it
is irrelevant to the analysis of (4.3). Also, for the purposes of our work, observe
that (1.13) with A # 0 is equivalent to:

1 A*
minimize §||(I>a:||1 —I—EHAac—bH%, (1.14)

where the equivalence follows by choosing A* = A7,

For the purpose of this introduction, let us focus on the unconstrained form of
g-LASSO expressed in (1.13), a more exhaustive treatment of CS is contained in
Chapter 3. In the MRI framework, the matrix A models the acquisition procedure
of the MRI signal, and it is called measurement matriz. Specifically,

A=UFC (1.15)

is the composition of three operators. U encodes the undersampling trajectory
that can be 2D, 3D, 4D, when time evolution is considered, and even 5D, when
respiratory phases are considered. [F' is the discrete Fourier transform, and C
is the so-called coil sensitivity. The coil sensitivity map corrects the intensity
inhomogeneity of the images across nCh channels, crucial to reconstruct high-
quality images from undersampled k-space data.

The second operator appearing in (1.15) is the discrete Fourier transform
(DFT), which we denoted by F'. Sampling the MRI signal over a finite sampling
set results in an approximation, which is effectively described by the DFT. Let
L > 0 play the role of a scale length and fix an integer n > 0, related to number
of samples. The DFT of a vector of 2 = (z_,...,z,_1)7 € C?" is the vector
Fz € C? with coordinates?:

n—1
—2omidk
Fx, = E zje n k=-n,...,n—1.

j==n

2For the sake of simplicity, we will omit the transposition superscript and denote with the
same symbols vectors and covectors. This shall not cause confusion.
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In our context, z is related to samples of the MRI signal, which is a function
over R?, as in our experiments, or in general on a real vector space. Let us
express this relation in dimension 1. Under the notation above, let s € L?(R)
with 2, = s(kAk), and define Ak :=1/L. Equation Fx reads as:

Fs(kAk) = Z s(jAx)e 2mRATAR k=-n,...,n—1,

j=—n
and the corresponding inversion formula is:

n—1
1 g
s(jAx) = o E Fs(k:Ak)eZm%, j=-n,...,n—1

=—n

The last operation appearing in (1.15) is represented by the undersampling op-
erator U. This sampling procedure is implemented by a discretization to fit the
reconstructed image to the pixels/voxels. Sampling the MRI signal can be mod-
elled in the framework of tempered distributions. For the sake of simplicity, we
put ourselves in the 1D setting. The sampling function is the distribution given
by:
oo
u=Ak Y djar € S'(R),
j=—o0

where d4, is the point mass measure in zy. By Poisson’s summation formula, it’s
inverse Fourier transform is

Flu=Ak Y 6ian (1.16)

k=—o00

Since § = p is compactly supported, s € C*(R) and it has moderate growth.
Infinite sampling can be modelled by u as the tempered distribution:

Soo =S U (1.17)

and the reconstructed image would be approximated by taking the inverse Fourier
transform, using (1.17) and (1.16), as:

foc(x) = Ak Y plz—j/Ak), xR (1.18)

j==o0

Since p is compactly supported, (1.18) shows that the infinitely-sampled approx-
imated image poo is the juxtaposition of infinitely many copies of p. Specifically,
it is a 1/Ak periodic function and the number 1/Ak is called Field Of View
(FOV). In the practice, sampling is limited to a cubic region around the origin
of the k-space, which is in turns automatically defined once the origin in the
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image domain is fixed. IN the 1D framework the truncation is modelled using
the characteristic function:

X[-1/2,1/2] €)=

1 if ¢ < 1/2,
0 if ¢] >1/2,

and the sampling distribution becomes:

Ak/2
U(é) :U(f)X[—l/zJ/z}(g; Ak/ ) Ak Z 5JAk

j=—n

where 2n indicates the number of sampled points. The undersampled signal is:

n—1
sm(&) = s(QU(E) = Ak Y s(jAK)S;ar(S),

j=—n
and the reconstructed spin density is:
n—1 N
plx) = F s, (z) = Ak Z s(jAk)e2miIAke x eR.
j=—n

The reconstruction in the image domain undergoes further discretization due to
the voxel resolution, which defines the smallest distinguishable unit of the 3D
space within the MRI scan, ultimately impacting the image’s clarity and detail.
This is modelled by means of the tempered distribution

v=Azr Z OkAz-

k=—o00
Emulating the preceding argument,
n—1
N ~ T+ Ax/2 .
(@) = @)1 2 (TaalZ) = 3 kADan(e), xR

=—n
(1.19)
is a truncated approximation of the MR image. The resolution of the recon-
structed image is related to n by Az = 2 , where L is the pizel/vozel size, and
2n is also the number of pixels/voxels along the considered direction.

The argument above extends naturally to the 3D framework, where sampling
along grids is referred to as Cartesian sampling (fig. 1.2 (A)). However, alterna-
tive patterns such as radial, spiral, or other sampling methods require distinct
approaches for assigning values to each pixel or voxel. In any case, it is a relevant
point in MRI reconstructions that in the case of non-Cartesian trajectories, the
samples are rearranged into a Cartesian grid before reconstruction. This by done
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by assigning a value to each point of the grid, usually obtained as a Gaussian-
weighted average of the sampled signal (the Gaussian centered on the considered
point of the Cartesian grid), mathematically speaking a discrete convolution with
a Gaussian weight. Moreover, according to CS theory, undersampling trajecto-
ries are designed to satisfy incoherence properties while sampling points in the
k-space below the Nyquist frequency, though we will not delve into the specifics
of this topic here, we refer to [49] as an exhaustive source in this direction.

In MRI, we can leverage the a-priori information that the Fourier transform
of the MRI signal is concentrated around the center of the k-space to optimize the
sampling strategy, thereby improving the reconstruction quality and efficiency.
Consequently, the most commonly implemented MRI sampling trajectories in-
volve sampling the center of the k-space, which captures the finer details of the
MR image, at the Nyquist frequency, while sampling the periphery of the k-space,
which captures the coarsest details, less densely. In Cartesian sampling, data is
collected along parallel lines in k-space, with undersampling achieved by selec-
tively omitting some of these lines, or segments. A specified portion of the sam-
pling lines covers a neighborhood of the k-space center at the Nyquist frequency,
while the remaining lines are randomly selected based on a normal distribution,
as depicted in fig. 1.2 (A). In contrast, radial sampling consists of acquiring data
along radial lines extending from the center of k-space outwards towards its pe-
riphery, ensuring wider coverage of the k-space center, while undersampling the
peripheral regions, see fig. 1.2 (B). 3D sampling strategies encompass various
methods, including 3D Cartesian sampling, which extends the principles of 2D
Cartesian sampling into three dimensions for volumetric data acquisition. Ad-
ditionally, spiral sampling, serving as a 3D counterpart to 2D radial sampling,
involves data acquisition along segments radiating from the center of k-space,
following a spiral phyllotaxis pattern. Notably, these spirals rotate by the golden
angle, a = (3 —+/5)m radians, robustly reducing motion artifacts, cf. [82, 61, 52|,
preserving a uniform readout distribution, which facilitates simple density com-
pensation, and reducing significantly the impact of eddy current, cf. [101]. In our
research, we only consider 2D Cartesian sampling and, therefore, do not discuss
the methodologies and complexities associated with these other sampling tech-
niques, which are still relevant in many application such as cardiac imaging, eye
imaging, and in general on MRI of moving organs, [47, 101, 12, 39, 88, 51].

1.4 Main contributions

In this work, we address both the two key challenges in modern MRI, reconstruc-
tion and motion correction, from specific perspectives. In Chapter 4, we present
an iterative algorithm designed to compute tuning parameters for the TV-LASSO
problem, that is problem (1.14), where @ is represented by the discrete gradient.
In Chapter 5, we introduce a new class of time-frequency representations with
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Figure 1.2: MRI 2D sampling trajectories. Cartesian sampling (A) and radial
sampling (B).

potential applications in MRI of moving organs. This section delves into the
specifics of these findings and explains their significance within the context of

1.4.1 Tuning parameters

of MRI data. When employing the generalized LASSO framework, this challenge
can be approached from three primary angles:

e Designing sampling patterns.
e Defining appropriate regularization functions.

e Automatically selecting optimal tuning parameters.

In this work, we focus on the third aspect.

The equivalence between (1.11) and (1.12) requires the a-priori knowledge
either of the upper-bound 7 or the Lagrange multiplier A. To have insights on
this relation, in Chapter 3, we studied it for a weighted LASSO problem, a case
where computations can be performed directly. This information is difficult to
obtain in the practice and these problems are usually interpreted as bi-criterion
optimization problems. Moreover, the question was still open whether Lagrange
multipliers yield to solutions of (1.13) presenting some degree of sparsity. Let us
delve into the bi-criterion interpretation of (1.13). For a given image vector z,
the generalized LASSO consists of minimizing the sum of two terms: the fidelity
|| Az — bl|2 quantifies the distance between the noisy undersampled measurements
b, acquired across channels, and the model Axz; and the regularization ||®z||;
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Figure 1.3: The choice of A in (1.13) affects the quality of the reconstructions.
When A\ < 1, the reconstructions are noisy and exhibit artifact bias. Conversely,
when A\ > 1, the reconstructions are overly smooth.

measures the sparsity of ®x. Images satisfying Az = b (i.e., ||[Az —b||, = 0)
tend to be noisy and corrupted by artifacts due to undersampling. Thus, the
fidelity term should be minimized but not to the extent of strictly adhering to the
measurements, to prevent biased reconstructions. Similarly, ||®x||, is minimized
when = € ker(®). For instance, if & = D represents the discrete gradient, then
|®z||; = 0 for any constant vector z. Therefore, the regularization term should
be small enough to promote sparsity, but not too small, to avoid overly smooth
or inaccurate reconstructions. The first main subject of this work involves the
choice of the parameter A > 0, which acts as a trade-off between fidelity and
regularization (see Fig. 1.3). Namely, when A is small,

1Az — bl + A || @all; ~ || Az —b]J3,

resulting in a noisy solution to (1.13). Conversely, when A is large, ||[®z|; must
be small to keep A ||®x||; small, leading to a reconstruction with poor resolution.

Therefore, the selection of the tuning parameter A significantly affects the
denoising and artifact removal effectiveness of (1.14). However, X is still chosen
manually, despite the extensive literature in this direction, since no effective,
automatic and general procedure has been proposed yet, lengthening the MRI
post-processing. In this work, we formulate ALMA (Algorithm for Lagrange
Multipliers Approximation), synthesised in Figure 1.4, an iterative algorithm to
approximate the Lagrange multipliers of TV-regularized LASSO and we prove
that the obtained approximate Lagrange multipliers can be used to retrieve MR
images.

We evaluate the quality of the retrieved images using three quantitative met-
rics. The multiscale structural similarity index (mSSIM) is employed to assess
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Step 1: initial guess and projection onto the solution set of

°ihe least square prob|em Step 2: the (l(,, [) set at iteration k e
The undersampled data b is used to retrieve a first . X . .
noisy image x(® corrupted by artifacts.  The At each iteration k, the set le of points satisfyng:
projection x* = argmin,||Ax — b||, is computed and u=1 "A (ax(‘tj)) — b” — ﬁ'
the convex combination x(z) = tx(® + (1 — D)x* is 12 2 2 q€[~max Tmax]s
sampled uniformly - {x(®, x(y), ..., x(T198), x*}. t=2TV (dx(fj)).
is computed and overlayed to the set at iteration k — 1.

Initial guess Projection and sampling
x©

o Step 4: reconstruction at iteration k

Step 3: Tuning parameter at iteration k

The reconstruction at iteration k>1 is

The tuning parameter at iteration k is computed as
computed using the ADMM algorithm as the

the opposite of the inverse of the slope of the

solution of!: w© numerical tangent at the boundardy of A inu = 0:
1 2 1
(k) = in, — —p|2+— X K)
x argmin, 2 |Ax — b||* + 2 TV (x) A R

The iteration is repeated replacing x(©) with x )
atstep 1.

Stopping criterions:

o 200 = 2k-1) o

* the number of iterations reaches a
maximum threshold.

Figure 1.4: A schematic representation of ALMA.

reconstruction quality across various scales, approximating human visual percep-
tion [122, 38]. The peak Signal-to-Noise Ratio (pSNR) quantifies noise corruption
in compressed images, independent of human visual quality [1]. Finally, the Coef-
ficient of Joint Variation (CJV) measures the presence of intensity non-uniformity
(INU) artifacts in MRI images (83, 55].

ALMA was tested using the Shepp-Logan brain phantom, (see figure 1.5 be-
low), with its discrete Fourier transform corrupted by artificial noise and sampled
below the Nyquist frequency. For comparison, Figure 1.6 displays an example
of reconstruction using the tuning parameter approximated by ALMA, that we
called Approximate Lagrange Multipliers (ALM), alongside the reconstruction
using the parameter determined by the classical L-curve method. The perfor-
mance of the ALM is comparable to that of the L-curve method. However, the
L-curve method is not iterative and requires reconstructions for numerous tuning
parameters, unlike ALMA.

1.4.2 Time-frequency analysis

As detailed above, motion during MRI acquisition causes artifacts. The main
sources of motion in MRI are gathered into two groups. Bulk motion, consisting
of rototranslations of the organ that is being imaged, and is mostly caused by
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Figure 1.5: The Shepp-Logan brain phantom.

patient movement, and organ motion, such as cardiac, respiratory and eye motion,
[118]. These movements cannot be always modeled as linear transformations and
consequently corrected exploiting the well-known intertwining relation between
the Fourier transform and rescalings.

Consequently, strategies are needed to address time-evolving signals for both
time-wise analysis of MRI signals and correction of motion artifacts. Time-
frequency analysis provides a robust framework for addressing these challenges
by offering tools that can simultaneously represent the temporal and spectral
characteristics of signals. As a branch of Fourier analysis, it stands at the in-
tersection between harmonic analysis, engineering, (audio, video, radar) signal
processing, and medical imaging [8, 96].

The global nature of the Fourier transform limits its ability to localize signals
in time, making it poorly suited for such time-wise analysis of distributions.
Specifically, the inversion formula of the Fourier transform:

f@) = | JOemerds,  fes®Y,

tells that (almost) every frequency of f is needed to retrieve the value of the
signal f at time x. This loss of local information highlights the inadequacy of
this operator to describe the evolution of time-varying signals. In fact, the con-
cept of local frequencies remains ambiguous, and the Fourier transform alone is
insufficient for defining what local frequencies should be. This fact is mathemat-
ically quantified by the so-called uncertainty principles, which emerge whenever
a meaningful definition of localization is given. The idea of an instantaneous
frequency, essentially the frequency of a signal at a specific point in time, poses
therefore significant challenges. The uncertainty principles highlight a critical



1. INTRODUCTION 17

A=,

mSSIM 0.9882 mSSIM 0.9874
pSNR 38.3753 pSNR 38.0796
ClvV 0.0525 ClvV 0.0544
N VAN J

Figure 1.6: An example of reconstruction with the approximate Lagrange multi-
plier returned by ALMA, Aara and with the L-curve parameter Ay, the quality
of each reconstruction is assessed by means of the mSSIM, the pSNR and the
CJV, and the measurements are reported below the reconstructions.

point: attempting to define or measure instantaneous frequencies without con-
sidering the context of time localization is fundamentally flawed. This is because
the uncertainty principles quantify the inherent trade-offs between the precision
of time and frequency localizations and reveal how it is essential first to localize
the signal in time to gain meaningful insights into the local frequency content
of a signal. This localization allows us to analyze the frequency components
over short intervals, rather than at an instantaneous point, thereby respecting
the constraints imposed by the uncertainty principles. This is the idea behind
the definition of the short-time Fourier transform, hereafter shortened as STFT.
Consider a window function g € L?(R%)\ {0}, such as a cut-off function centered
at the origin, and a signal f € L?(R%). To localize f around a specific time
z € R, we translate ¢ around = and multiply f by T,g, the translation of the
complex conjugate of g, see fig. 1.7. The use of the complex conjugate has an
analytical justification. The resulting function f -7T,.g represents a localization of
f around . By taking the Fourier transform F(f-7,g), we obtain the frequency
content of the localization of f. This allows us to interpret these frequencies as
the local frequency components of f at the point x.

Specifically, the STFT of f € L?*(R?) with respect to g € L?(R?) is the
function:

Vof(z,8) = » F(6)g(t —x)e >t dt, & € R™ (1.20)

The operators g — 7(x,&)g(t) = 2™ tg(t — x) are called time-frequency shift.
Denoting by (-, -) the unique extension of the sesquilinear inner product of L?(R?)
to a duality pairing &’ x S (antilinear in the second component), (1.20) extends
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Figure 1.7: The localization of the signal f by means of the window ¢ around
the time .

to (f,g) € S'(RY) x S(R?) as:

Vof(2,8) = (f,m(2,8g), x,¢€R™ (1.21)

The main properties of the STFT can be found in any time-frequency analysis
standard reference book, see e.g., [65, 29].

The short-time Fourier transform can be used to measure the local time-
frequency content of signals, i.e., the local LP integrability of f, the local L?
integrability of f and their growth - or decay - in the phase space. For fixed
0 <pgq< oo, ge SR\ {0} and v-moderate weight m € M, (R??) 3| the
weighted mixed Lebesgue (quasi-)norm of V f:

IVaSllga = |y = ImC)Va s Cow)l,|

q )
define (quasi-)norms on subspaces of S'(R%), called modulation spaces, see fig.
1.8. Namely,

MEIRY) = {f € SR || fllygo = Vofll g < o0}

If p = g, we write MP = MPP and if m = 1 we write MP? = MP%.

Different windows g define equivalent (quasi-)norms. Modulation spaces were
first introduced by Feichtinger in [44] for 1 < p, ¢ < oo and later extended to the
quasi-Banach setting by Galperin and Samarah in [54]. A large part of this work
involves metaplectic operators. In time-frequency analysis, metaplectic operators
play a crucial role as they are unitary operators on the Hilbert space L?(R?) that
generalize the Fourier transform and preserve the structure of modulation spaces.

3A weight function v : R*® — [0, 4-00) is submultiplicative if v(z + y) < v(x)v(y) for every
r,y € R*. A weight function m : R** — [0, +00) is v-moderate, and we write m € M, (R*?)
if m(z +y) < v(x)m(y). We refer to [64] as an exhaustive source about weight functions and
their deployment in time-frequency analysis.
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Figure 1.8: Using weighted mixed-norm Lebesgue spaces to measure local time-
frequency content of signals. The local LP integrability of f and the local L4
integrability of f is measured by the global L integrability of V, f, the weight
m measures the growth, or decay, of V, f.

These operators are closely related to the symplectic group Sp(2n,R), which
consists of matrices S € R?¥*24 with block decompositions

§— (A B), A, B.C,D e R

C D
satisfying:
ATC =CTA,
BTD = D"B,

ATD — CTB = Ijxq.

We write S € Sp(d,R). For a given symplectic matrix S € Sp(d,R) there exists
a unitary operator S : L?(R%) — L?(R9) such that:

S7(x,§)87! = csm(S(x,£)),  z,E€RY

for cg € C, |cg| = 1. The matrix S does not determine the metaplectic operator
S uniquely, however {S : S € Sp(d,R)} has a subgroup, denoted by Mp(d,R),
containing precisely two such operators for every S € Sp(d,R). The projection
7MP(§) := S is a group homomorphism with kernel ker(7™P) = {+1I;.} and the
symplectic projection of certain metaplectic operators is known, see table 1.9.

The restrictions of metaplectic operators to S (Rd) are homeomorphisms of
S(R%), and the extension of any S € Mp(d,R) to S'(R%), given by

(Sf,9)=(f.S'g),  f.geSRY,
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Metaplectic operator Associated symplectic projection
Fourier transform, F = i*d/z(-)/\ J = < Odxd Idxd)
—laxd Odxd
Chirp-products, pg f(t) = e f(t), QT = Q Vo = <Idxd ded)
Q  lixd
-1
Rescalings, Tp f(t) = ™| det(L)|"/2f(Lt), L € GL(d,R) D, = ((l); OZ?Fd>
dxd
Multipliers, mp f = .7-'_1(6107”3“"%2)7 rPr=p Up=VE = <Id><d P >
Odxd  laxd

Figure 1.9: The symplectic projections of certain metaplectic operators. Ob-
serve that the projection of the Fourier transform is the matrix of the canonical
symplectic form of C¢.

defines a homeomorphism of S’(R%).

Formulas (1.20) and (1.21) can be further generalized by means of metaplectic
operators to allow f,g € S'(R?). Let us consider the partial Fourier transform
with respect to the frequency variables:

FoF(e,€) = / Fla,y)e ™™dy,  F e SEM),
Rd

where

LST:<Od><d Idxd>
—laxa lixa)’

and the rescaling T,

st?

then:
ng = ‘F2‘-£Lst (f & g)’ fv.g € S,(Rd)

is the unique extension of the STFT to S'(R%) x S’(R?). Since F3 is a metaplectic
operator in Sp(2d, R) with projection:

Iixa  Oixa  Odxd Odxd
Odxd  Odxd Odxd Ldxd
Odxd  Odxa  lixa Odxa
Odxd —lixd Odxd Odxd

Arre =

Fo¥ g, is a metaplectic operator in Mp(2d, R) with symplectic projection having
d x d block decomposition:

Iixa —1lixa Odaxa Odxd
Odxd  Odxd  lixd  laxa
Odxa  Odxd  Odxda —ldxd
—laxd  Odxd  Odaxd  Odxd

Ast =
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Along the STFT, other time-frequency representations can be found in the liter-
ature. The (cross-)7-Wigner distributions, defined for 7 € R as

W.(f,9) = Fo31.(f®7), f,geSRY,

L. — <Id><d Tlixd ) 7

where

Iixg —(1—1)Igxa

generalize both the classical (cross-) Wigner distribution, given for f, g € L?(R%)
by:

W(J.9)(e.8) = Wiallo)(w€) = [ o+ /2l =70 €, (122

z,& € R and the (cross-)Rihacek distribution, defined for f,g € S(R?) by:

Wo(f,9)(x,€) = f(2)g( e ™", =z, €RY,

corresponding to the cases 7 = 1/2 and 7 = 0 respectively. The associated
projections define a one-parameter family of symplectic matrices:

(1 =7)Iaxa Tlixd Odxa Odxd

A = Odxd Odxa  Tlixa —(1—7)lgxa
Odxd Odxa  Laxd Iixaq
—laxa Iixa  Odxa Odxd

The idea of employ metaplectic operators in the generalization of time-frequency
representations such as the STFT and the Wigner distribution stemmed in 2012.
In [3], the authors propose to replace the factor e =27 in (1.22) with the kernel
of metaplectic operators with free symplectic projections. A wider generalization
was obtained in [128]. Parallel to these works, matrix Wigner distributions (that
in this work are called totally Wigner-decomposable metaplectic Wigner distribu-
tions) were defined in [32]. Carried to extremes, a possible generalization of all
of these distributions can be defined by means of metaplectic operators:

Definition 1.5. Let A € Mp(2d,R). The metaplectic Wigner distribution asso-
ciated to A is the time-frequency representation:

Wa(f.9) =A(f®3), f.geL*RY.

A fascinating question that arises naturally when defining a time-frequency
representations W 4 by letting the metapletic operator A act on tensor products
is how the properties of W4 are related to the symplectic projection

A A Az Ay
Ay Az Azz Aoy
Azr Az Azz Asg ]’
Ay Agp Agz Ay

A= A €RT G j=1,....4. (1.23)
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In our works, we studied which metaplectic Wigner distributions can be used
to measure local time-frequency content and which are generalized spectrograms.
Modulation spaces are classically defined using the STFT, but every 7-Wigner
distribution (7 # 0,1) satisfies:

||WT<f7g)HL£n’q = HfHMﬁiq ) f € MT%q(Rd)7

for g € S(R?) \ {0} fixed. For 7 = 0,1 this property fails, for instance:

IWo(f, ), = ILF1, 1191, A 1LF | ar -

The question arises which metaplectic Wigner distributions can be used to mea-
sure local time-frequency concentration of signals or, stated differently, which
metaplectic Wigner distributions satisfy:

IWa(f )l pa =< N fllpgpa s f € MEARY). (1.24)

The following inequalities, that can be found in [31, Theorem 2.22|, tell that
if 4 € GL(d,R), then:

1 laee S NIWaCF, 91) * Walgy, g2)(=Ea-)lll, < IWalf, gu)ll, [[Walgr, g2)ll; -
That is,
1 Iare S IWAC, 90l 5
one of the two inequalities of the equivalence || f||, < [[Wa(f, g1)l],-
Therefore, Cordero and Rodino conjecture that the condition E4 € GL(d,R)
is fundamental in describing modulation spaces by means of metaplectic Wigner
distributions, and they formulate the definition of shift-invertibility.

Definition 1.6. A metaplectic Wigner distribution W4 is shift-invertible if the

submatrix: p p
Ea= ("1 13) 1.25
A <A21 Ao (1.25)

is invertible.

With an abuse of notation, we say that A or A are shift-invertible if W4 is
shift-invertible.

Theorem 1.7. Let 0 < p,q < oo, W4 be a metaplectic Wigner distribution. Wy
is shift-invertible if and only if there exist E € GL(2d,R), C' € Sym(2d,R) and
0 € Mp(d,R) so that:

Wa(f,9)(2) = |det(E)|"/2e ™ CE=2 v, f(Bz), 2 e R*, (1.26)

for every f,g € L2(R?). Moreover, E = E;‘l.
Consequently,
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(1) If W4 is shift-invertible, Aay = Ogxq and m < mo E 4, then (1.24) holds for
every 0 < p,q < co. If p=q the condition on A1 can be dropped.
(11) If W4 is not shift-invertible, then:

MP(RY) £ {f € SR IWaf,9)l, < o0}
for every 0 < p < oo, p # 2.

In this thesis, we trace the story of Theorem 1.7, that was proved between
2022 and 2023 in a series of works with Cordero and Rodino. Namely, Chapter 5
contains [23|, where we started considering the particular case of what we called
metaplectic Wigner distributions of the classic type. These distributions are in
the form:

Walf.g) = RSc(f®g),  fgeLl’RY,
for some L € GL(2d,R).

Thanks to the rsults in [53], where the boundedness of linear rescalings f —
f oL on LhY is characterized by means of a block-diagonality condition on E,
we were able to prove Theorem 1.7 without knowing (1.26), in the Banach case
1 <p,q < o0, as outlined in Chapter 6, which contains [19].

Incidentally, while studying metaplectic Gabor frames in [20], we ran into the
characterization of shift-invertible metaplectic Wigner distributions by means of
the STFT, which yield to a straighforward proof of Theorem 1.7 covering the
entire quasi-Banach setting 0 < p, ¢ < 0o, see Chapter 7 for the details.

Theorem 1.7 can be interpreted as a relation between the property of being
shift-invertible, related to the blocks (1.23) of the projection A, and the property
of measuring local time-frequency content. Similar statements can be formulated
in a similar fashion for covariance, for the Cohen’s class and for the class of
generalized spectrograms, as pointed out in [30, 31, 22].

1.5 Thesis outline

The remainder of this thesis is organized as follows. We gathered in Chapter 2 the
main notation and prerequisites. Chapter 3 is dedicated to the theoretical study
of tuning parameters for LASSO problems. We use convex analysis techniques
to gain insights into the relationship between these parameters and concrete
estimates, such as noise energy estimates. Specifically, we examine the framework
of the weighted LASSO, where explicit computations can be performed. However,
when more general regularizations are considered, numerical methods are required
to determine the tuning parameters explicitly. While asymptotic estimates of
tuning parameters are available for cases involving significant noise corruption,
this is not the situation in MRI, where the contaminating noise is only a small
fraction of the total energy content.
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In Chapter 4, we study our algorithm designed to approximate tuning param-
eters in a MRI framework. We test it on TV-LASSO, retrieving the 2D Shepp-
Logan brain phantom, which is piecewise constant and, therefore, sparse with
respect to total variation. We retrace the creation of the dataset, obtained by
adding artificial white noise to the undersampled Fourier transform of the phan-
tom. We assess the performance of ALMA quantitatively via mSSIM, pSNR and
CJV and draw our conclusions. In particular, we observe that ALMA has the
potential to be applied to different sampling patterns, such as radial, spiral, and
higher noise levels.

The following chapters retrace the history of the research on shift-invertibility.
In Chapter 5 we study decomposable metaplectic Wigner distribution, character-
izing which of these representations is suited for measuring local time-frequency
content of signals, this chapter is immersed in the framework of Wigner analysis
of operators, a topic that we developed in subsequent works with Cordero, Pucci,
Rodino and Valenzano. In Chapter 6, we use standard analysis to prove that
shift-invertible distributions do characterize modulation spaces (and some Wiener
amalgam space) in the Banach framework, and provide concrete non-trivial exam-
ples of metaplectic Wigner distributions having this property. Finally, in Chapter
7, we characterize definitively all the metaplectic Wigner distributions that de-
fine modulation spaces, from two different aspects: the form of the corresponding
symplectic projection and the form of the distribution itself, which is revealed
to be a rescaled short-time Fourier transform. Metaplectic Gabor frames are
analyzed and the discrete representation of modulation spaces is retrieved.

Finally, we draw the conclusions and discuss further research directions in
Chapter 8.






CHAPTER 2

Prerequisites and notation

In this chapter, we introduce the main notation that will be used throughout this
work. Minor notation will be introduced across each chapter. The content of this
chapter can be found in [5, 44, 43, 65, 54, 79, 49, 11, 112, 45, 107|.

2.1 Linear algebra

2.1.1 Vector notation

We denote by R the real vector space of dimension d, endowed with the canonical
basis e1, ..., eq, unless stated otherwise.If z,y € RY, z -y = (2,9) = Z?Zl x;Y;
denotes the inner product between z and y. If L C R? is a linear subspace of
R?, Lt denotes its orthogonal complement. Moreover, we write z < y if zj <y
for every j = 1,...,d. The symbol > is used similarly. If 2 € R, we denote by
z; (j =1,...,d) the j-th coordinate of z. Also, x is the positive part of z, i.e.,
the vector with coordinates (z7); = max{0,z;}. We denote with My the family
of all the signature matrices, that are the diagonal matrices

AM ... O
s=|: -
0 ... M\
with [A;| = 1 for every j = 1,...,d. Moreover, sgn(z) = {S € My : Sz = 0}.
Observe that if S € My, then S? = I;54, and consequently S~ = S.

For 0 < p < o0,

1/p

d
Izl == | Dl | . weR
j=1
is the p-norm of x. Moreover,
2] = max |a|
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Similar notation will be used for the d-dimensional complex space C%, with
standard inner product zw = Z?Zl zjwj, the bar denoting the complex conjuga-
tion.

2.1.2 Matrix notation

We denote by R™*? the space of r x d matrices with real entries. I xq and 0,xq
denote the d x d identity matrix and the r x d matrix with all zero entries,
respectively.

If M € R4 M7 denotes its conjugate, ker(M) denotes its kernel, (M)
denotes its range, and rank(M) denotes its rank. If M € R¥*? det(M) denotes
the determinant of M.

We denote by GL(d,R) the space of d x d invertible matrices. We denote by
Sym(d, R) the space of d x d symmetric matrices, i.e., M € Sym(d,R) if MT = M.

If M € R2¥*2d has block decomposition:
A B
v=(& 1),

A, B,C,D € R¥? we say that M is upper block triangular if C' = 04x4, lower
block triangular if B = 04«4, and block diagonal if B = C' = 04x4.

2.1.3 Topological notation

We always consider the Euclidean topology on R, If Q C R, Q) denotes the set
of the interior points of €2, whereas 92 denotes its boundary.

2.1.4 Multi-indices

For o € N? and z € R?, 2 = H?Zl 1‘;)” We denote by |a] = Z;l:l aj. If
f:R* = C,
Hlal

D%f(z) = 9251 ... 0200 (z).

2.2 Function and distribution spaces

We always consider measurable (with respect to the Lebesgue measure) complex-
valued functions on R?. If g is a function and € is a subset of its domain, g|q
denotes the restriction of g to 2. Finally, if Q C R", xo denotes the character-
istic function of 2. We denote by Cg° (RY) the space of complex-valued smooth
functions on R?. If f, g are functions on RY, the notation f < g means that there
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exists C' > 0 such that f(z) < Cg(z) for every x € R? whereas f < g means
that C1 f < g < Cyf for some Cp,Csy > 0.

2.2.1 Lebesgue spaces

We always consider the Lebesgue measure on R%, and if f : R? — C is measurable,

and 0 < p < o0,
1/p
I, = ( [ 1)

were dz denotes the Lebesgue measure on R¢, and

[flloe = esssup[f(z)].

xCcRd

We denote by LP(R?) the space of p-integrable functions. We denote by
()= [ f@al@de.  fge PR

the sesquilinear inner product of L?(R?).

2.2.2 Test functions and distributions

We denote by S(R?) the Schwartz space of rapidly decreasing functions, and its
topological dual S’(R?) is the space of tempered distributions. We endow S(R%)
with the initial topology associated to the seminorms

Pa,(f) = sup [z*DP f(x)|,
zER4

whereas S'(R%) is endowed with the weak-* topology.

The inner product (-, -) of L?(R?) defined above extends uniquely to a duality
pairing S’ x S, antilinear in its second component: if f € S’(R%),

(fLo)=f(®), ¢eSRY.

We have:
S(RY) — LP(RY) — S'(RY)

for every 0 < p < oo, and the inclusions are dense if p # co.

For t € R?%, we denote by d; the Dirac delta distribution centered in ¢, i.e.,

(0. 0) = ot), ¢ eSRY.
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2.2.3 Tensor products

If f, g are complex-valued Lebesgue-measurable functions on R%, we denote with
f ® g the function

(f®9)(z,y) = f(2)g(y), =yeR"
We have that span{f ® g : f,g € S(R?)} is dense in S(R??), and span{f ® g :
f,g € LP(RY} is dense in LP(RY), 1 < p < oo.

If f,g € S'(RY), f® g is defined as the tempered distribution on R?? such
that

(f©9,9) = (f.(g,9%)) = (9. (£, ")), P €SRY)
where ®* = ®(z,-), z € R? and ®Y = ®(-,y), y € R? are the sections of .
Again, span{f ® g : f,g € S'(R%)} is dense in S'(R??).

2.2.4 Weights

In this work, v is a continuous, positive, submultiplicative weight function on
RY ie., v(z1 + 22) < v(z1)v(22), for all 21,20 € RL A weight function m is
in M, (R?) if m is a positive, continuous weight function on R? and it is v-
moderate: m(z1 + z2) S v(z1)m(z2). This notation means that there exists a
universal constant C' > 0 such that the inequality m(z; + z2) < Cv(z1)m(z2)
holds for all 21, 2o € RY.

In the following, we will work with weights on R?¢ of the type
vs(2) = (2)° = (1 + |2)?)*/?, 2z e R
For s <0, vs is vj,-moderate.
In particular, we shall use the weight functions on R*¢:
(vs @ 1)(z,0) = (1+ 2%, (1@v)(z,0) = 1+[¢*)*? = (eR™

Two weights mj,mg are equivalent if m; =< mgy. For example, vs(z) =< (1 +
|z|2)%/2. We refer to [64] for a comprehensive source about weight functions in
time-frequency analysis.

2.2.5 Weighted mixed norm spaces

If m € My(R?*%), 0 < p,q < ocoand f:R?*® — C measurable, we set

1/q
171 = ( L[, |f<x,y>|Pm<x,y>p)q/pdy> =}y = 15w,

with the obvious adjustments when min{p,q} = oo. The space of measurable
functions f having ”fHLf,fl < oo is denoted by Lfﬁq(RQd), If m e Mv(de) and
1 < p,q < oo, then LI (R24) « L1 (R21) — LPI(R?).
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2.3 Fourier transforms

The Fourier transform of a function f € S(R?) is
fO = [ f@)e™%dn,  ¢eR
Rd

The operator (also called Fourier transform) F : f € S(RY) — f € S(RY) is a
homeomorphism, and it extends to a unitary operator on L?(R?), meaning that
it is surjective and

(f.9)=(f9),  fgeL’ R
The Fourier transform of f € S’(R?) is the tempered distribution f defined by
its action on S(R?) by

(f.o)=(f,.F o), peSRY.

The operator F : f € S'(R?) — S'(R?) is a homeomorphism.

If 1 < j <d, the partial Fourier transform with respect to the jth coordinate
is defined as

oo
-ij(tlv"'vtjflafjatj+l-"7td) :/ f(tla'--7td)€_27”tj£jdtja feLl(Rd)‘
—0

(2.1)
Analogously, the definition is transported on S’(R?) in terms of antilinear duality
pairing: for all f € &'(R%),

(Fif.0) = (f£.F0),  ©eSRY.
Observe that F;F, = FiF; for all 1 < j, k < d. In particular,
]: - ‘Fa(l) o...0 Fa(d)

holds that for all permutation o : {1,...,d} — {1,...,d}. Finally, for all 1 <
J<d,
]-?f(ml, N ,:L'd) = f(xl, N ,:L'j_l, —xj,xj_H, ceey xd).

Moreover, for F' € S(R??), the partial Fourier transform with respect to the
frequency variables is

FoF(z,€) = / F(x,t)e 2™ tqt, ¢ e R
Rd

The choice of denoting with the symbol F5 both the partial Fourier transform

with respect to the second variable and the partial Fourier transform with respect

to the frequency variables shall not cause confusion in this work.
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2.4 Tools from time-frequency analysis

For z,¢ € R? we denote with T}, and M, the translation and the modulation
operators respectively, i.e., the unitary operators on L?*(R%) defined as

Tog(t) = gt —x), Meg(t) = ™g(t), g€ L*(RY).
These operators extend to S’(R?) by setting for f € S'(R%),
(Tof,g) = (f, T-zg), and (Mcf,g)=(f, M_¢g), g€ SR?.
If z = (x,€) € R??, the operator
R, €F(1) = MTLf(1) = #(t— ), feP®Y) (22
is called time-frequency shift. Observe that:
m(2)m(w) = e (2 + w),

and ‘
m(2)7t = w(2)* = e T En(—2). (2.3)

for every z = (x,€),w = (y,n) € R??.

2.4.1 The short-time Fourier transform

For a fixed g € S(RY) \ {0}, the short-time Fourier transform (STFT) of f €
L?(R%) is defined as

Vof(e.€) = [ f(0g(E—2)e""dt, x.€ <R,

The definition of STFT can be extended to all tempered distributions: fixed
g € S(RH)\ {0}, f € S'(RY)

Vof(x,8) = {f,m(z,£)g).

Defined as above, the STFT is a uniformly continuous function on R?? that grows
at most polynomially. In particular V, f € S’(R??). Finally, it is easy to see that
if

TropF(x,t) = F(t,t —x), FeSR*), xtecR?

then,
%f = fQZLST(f(@g)a

defines a tempered distribution, which extends the STFT to (f,g) € S'(RY) x
S'(R%). Here, T, of a tempered distribution f is defined as

Trsefs9) = (£.F0L 9), g€ SRY).
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Similar notation will be used in the up-coming sections.
We will use the fundamental identity of time-frequency analysis: for f €
S'(RY) and g € S(RY),

Vof(x,€) = e 2™V, f(¢,~2), a6 €RL (2.4)

Moreover, if f € L?(R%), and g,v € L*(R?) are such that (vy,g) # 0, the
following inversion formula holds:

1
f =Ty o Vol (@ E)m( €y,

where the integral must be interpreted in the weak sense of distributions.

2.4.2 Other time-frequency representations

We will also consider the (cross-)Wigner distribution, which is defined as

W(f,g)(x,£)=/Rdf<x+;>g<x—;>dt, f,g € L*(RY).

If f=g, wewrite Wf =W(f, f), the Wigner distribution of f. Similarly, for
7 € R, we will consider the (cross-)7-Wigner distribution

WAfa)@§) = [ fatrtglo—(=nnd  fgeP®R).  (25)
In particular, we retrieve for 7 = 0 the (cross-)RIhacek distribution

Wo(f,9)(w,€) = f(2)3()e >™*,  f.ge SR, w,¢eR, (2.6)

and for 7 = 1 the (cross-)conjugate Rlhacek distribution

Wi(f,9)(x.&) = f(©g(x)e*™*,  fgeSRY), =z eRL  (27)
If f =g, we write W,f = W.(f, f), the —-Wigner distribution of f. Observe
that the case 7 = 1/2 corresponds to the Wigner distribution.

Similarly to the STFT, the 7-Wigner distributions extend to (f, g) € S'(R%) x
S'(R%) by setting:
W’T(f? g) = ‘FQ(ZL-,—(f ® g)?

where

S F(z,t)=F(x+ 71tz — (1 —71)t), Fe SR, zteRL
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2.4.3 Modulation spaces

Fix 0 < p,q < 00, m € M,(R??), and g € S(RY) \ {0}. The modulation space
MPEA(RY) is classically defined as the space of tempered distributions f € S’(R?)
such that
[ lazza = Vo fllppe < oo

If p = q, we write MLP = MPE,, and if m = 1, we write M5 = MP49. The space
M" is known as Feichtinger’s algebra, and the spaces Mﬁ%’i are known as Sj0s-
trand classes. If min{p, ¢} > 1, the quantity ||-|| /e, defines a norm, otherwise a
quasi-norm. Different windows give rise to equivalent (quasi-)norms. Modulation
spaces are (quasi-)Banach spaces and the following continuous inclusions hold: if
0<pr <p2<00,0<q <qo<ooand my,mg € M,(R%) satisfy my < my:

d , d , d d
S(RY) — Mﬁ;lql(R ) — Mf,f;”(R ) = S'(RY).

In particular, M} (RY) < MY (R?) whenever m € M,(R??) and min{p, ¢} > 1.
We will also use the inclusion M}, (R*?) < L} (R?¥). We denote with M5;7(R?)
the closure of S(R?) in M};%(R?), which coincides with the latter whenever p, q <
00. Moreover, if 1 < p,q < oo, (MEY(RY)) = Mf};?; (RY), where p’ and ¢’ denote
the Lebesgue conjugate exponents of p and ¢ respectively. Finally, if mq1 =< mo,
then MET(RY) = MEI(R?) for all p, q.

2.4.4 Wiener amalgam spaces

For 0 < p,q < oo, and my,my € M,(R?*?), W(FLh,,, LL,)(R?) is the space
of tempered distributions f € S’(R?) such that for some (hence, all) window
g € S(RY)\ {0},

17wz, £, = |2 = ma@) Vo ymll, | < oo

f

Using (2.4), we have that ||f||W(]—‘L£’n1,L%12) = ypa 050 that

mi1®mg

FMPI o (RY =W(FLP LY )(RY).

mi1@ms
Also, for p =g,
W(‘FLgnl ? Lg’lQ ) (Rd) = Mf’u@mg (Rd) ° (28)

2.4.5 Gabor frames

For a fixed A C R?? and g € L*(R%), the system G(g, A) = {m(\)g}rea is a Gabor
frame if there exist A, B > 0 such that

Allflz < D KfHmNgl? < BIIfll;,  f € LP(RY).

AEA
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Theorem 2.1. If G(g,A), with g € S(R?), is a Gabor frame, there exists vy €
S(RY) such that for every f € MhI(RY),

£ =S (gm0,
AEA

where the series is unconditionally convergent in the M quasi-norm if p, ¢ # oo,
and weak-+ convergent otherwise. If p,q > 1, the window can be taken in M} (R9).

Proof. See [46]. O

2.5 Symplectic group and metaplectic operators

2.5.1 The Lie group of symplectic matrices

We denote by
J— < Odxd Idxd) (2.9)

—Igxqd Odxd

the matrix that defines the standard symplectic form of C?. Consider a matrix
S € R2*24 with block decomposition:

— A B dxd
S_<C D)’ A, B,C,D € R
We say that S is symplectic, and we write S € Sp(d, R) if one of these equivalent
conditions holds:

(1) S satisfies

STJS =,
(2) The blocks of S satisfy
ATC =CT A,
BTD = DTB, (2.10)

ATD — CTB = I v,
(3) The inverse of S has block decomposition
(% )
—\-cTt AT )¢

(4) The blocks of S satisfy
DCT = DT,

ABT = BAT,
DAT —CBT = I,,,.

The Lie algebra of Sp(d,R) is denoted by sp(d, R).
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Example 2.2. (i) The matrix J is trivially symplectic. Observe that J ! = —.J.
(ii) The matrices

lixa ded) <L1 0d><d>
Vo = and Dy = , 2.11
¢ < C  lixa L Oaxa LT (2.11)

for C' € Sym(d,R) and L € GL(d,R) are symplectic. Observe that VCTI =V_¢o
and D;' =Dy
(iii) If S € Sp(d,R), also ST € Sp(d,R), and in particular every

Uc = Vg = lixa  C , C € Sym(d,R),
Odxd Laxa

is symplectic. Also, S~! is symplectic.
(iv) For a subset of indices J C {1,...,d}, consider I 7 the diagonal matrix with

diagonal entries
1 ifjeJ,
(L7)i5 = {

0 otherwise.
If 7 = {j}, we write Il7 = II;. Observe that [, II; = J. The matrix
HJZ<IdXd_Ij Ij >
—1g Igxa — 17
is symplectic. In particular,
Iixq  Odaxd | Odaxa Odxa
Odxd  Odxd | Odaxa laxd (2.12)

Odxd  Odxd | Laxa Odxd
Odxa —1axd | Odxa Odxa

Apro =

is symplectic.

Definition 2.3. A symplectic matrix S with block decomposition (7.3) is free if
B € GL(d,R).

Lemma 2.4. Let S € Sp(d,R). There exist S1,S2 free such that S = S155.
Proof. See |35, Theorem 60). O

For the next result we refer the reader to [48, Proposition 4.10].

Proposition 2.5. The symplectic group is generated by J, and by matrices of the
form Vi and Dy, for C € Sym(d,R) and L € GL(d,R).
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2.5.2 Metaplectic operators

Let p be the Schrodinger representation of the Heisenberg group, that is
p(w,&7) = MTe T (2, €),

for all z,& € R? 7 € R. We will use the following tensor product property: for
all f,g € L*(RY), z = (21, 22), w = (w1, wz) € R*,

2miT

p(z; 1) f @ p(w;T)g = €™ p(z1, w1, 22, w2; T)(f @ g).

For all S € Sp(d,R), ps(z,&;7) := p(S(z,€); 7) defines another representation of
the Heisenberg group that is equivalent to p, i.e., there exists a unitary operator
S L*(RY) — L2(RY) such that

S’p(x,ﬁ; S~ = p(S(z,€);1), z,é eR? T eR. (2.13)

This operator is not unique, but if $’ is another unitary operator satisfying (2.13),
then S’ = ¢S, for some constant ¢ € C, |¢| = 1. The set {S : S € Sp(d,R)} is
a group under composition and it admits a subgroup that contains exactly two
operators for each S € Sp(d,R). This subgroup is called metaplectic group,
denoted by Mp(d,R). It is a realization of the two-fold cover of Sp(d,R) and the
projection
wMP . Mp(d,R) — Sp(d,R)
is a group homomorphism with kernel ker(7MP) = {—id2,id2}.

Throughout this work, if 5 € Mp(d, R), the matrix S (without the caret) will
always be the unique symplectic matrix such that 7?(S) = S. The next result
is proved in |48, Proposition 4.27|.

Proposition 2.6. Every operator S € Mp(d,R) maps S(R?%) homeomorphically to
S(RY). Moreover, for every f € §'(R?), the tempered distribution Sf € &'(R%)
defined by

<‘§fag>:<fa‘§_lg>v gES(Rd>
is the unique extension of S to an operator on S’ (R9), which is a homeomorphism
of S’(RY).

Example 2.7. (i) The Fourier transform is a metaplectic operator, and
MP(F) = J.
(ii) For every L € GL(d,R), the rescaling operator
TLf() = |det(D)[2f(Lt), | € LXRY),
is a metaplectic operator, and

MP(Z,) =Dy,
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(iii) For every C € Sym(d,R), the corresponding chirp function is
do(t) = O, e R (2.14)
The product operator
pof(t) = c(t)f(t),  feL*RY (2.15)
is a metaplectic operator with projection
P (pe) = Ve.
(iv) For every C' € Sym(d,R), the operator
mef =F H(®@cf) =F '@cxf,  feL*RY (2.16)
is metaplectic, with
™P(me) = Ue = V4.
Observe that, if C € GL(d,R),
Fl®c = |det(C)|®_o-1,
and consequently,
mof =|det(C)|®_c—1 % f,  feL*RY.

(v) Let F;, 1 < j < d, be the partial Fourier transform with respect to the jth
coordinate defined in (2.1). Then

Fip(x, &) F; ' = p(l(x,€),7), =6 €RY 7R
In fact, take any f € L'(RY) and compute Fip(x, &, T)f]-_lf as follows:
Fipla, & 1) (b, . ta)e2mimeine

= 2T Lkt S / 6727th4j627rmj5jfj_lf(t1 — 21,0, — T, .., tg — xq) A
R

R

— eZﬂ'i Zkz;ﬁj tk-ﬁk627ritj(—acj)627ria:]-§j / E_Qﬂ—u‘j(sj_é‘j)
R
X .7-"]-_1f(t1—xl,...,uj,...,td—md)duj

= e_2ﬂi76iﬁx'§p(ﬂj (2,8),7)f(t1, ... ta)-

Consequently, F; is a metaplectic operator, and aMp (F;) = 1I;. More generally,
it 7 = {j1,.-.,5r} € {1,...,d}, the partial Fourier transform with respect to
the variables indexed by J is

Fg=Fjo...0oF;.
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We have
mMP(Fg) =14

In particular, the partial Fourier transform with respect to the frequency variables
JFo is a metaplectic operator and

7rMp<.7:2) = Aprs.

Remark 2.8. With an abuse of notation, if Sisa metaplectic operator on L2(Rd),
we write S € Mp(d,R). Stated otherwise, we write S € Mp(d,R) if there exists
¢ € C with |¢| = 1 so that ¢S € Mp(d,R). The reason is that all the properties
treated in this work are independent on c.

Proposition 2.9. The operators F, pc and T generate the group of metaplectic
operators.

Proof. 1t is a straightforward restatement of Proposition 2.5, together with the

fact that 7P is a homomorphism. O
For the next result is contained in [48, Theorems 4.51 and 4.53].

Lemma 2.10. If S € Mp(d,R) and S = «MP(S) is free, then for every f €

S(RY),

$(a) = |det(B) 20 _ppa(e) [ fO) e gy
Rd

and, if § € Mp(d, R) and S = 7(8) has A € GL(d,R), then
Sf(x) = | det(A)| 2@ 41 (2) /R B up©F O g

for every f € S(RY).

2.6 Metaplectic Wigner distributions

Let A € Mp(2d,R).

Definition 2.11. The metaplectic Wigner distribution associated to A is
defined for all f, g € L?(R?) as

Wa(f.g) = A(f ® 7).

The most popular time-frequency representations are metaplectic Wigner dis-
tributions. Namely, V,f = Agr(f ® g) and W, (f,g9) = A-(f ® g), where:

Iixa  —Ilixa Oaxd  Odxd
Odxd  Oaxd  Laxa Laxd

2.17
Odxd  Odaxd Odxd —Tlaxd (2.17)
—Igxd  Odxd  Odxd Odxd

Ast =
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and
(1 —=7)Igxa Tlaxa Odxa Odxd
Odxd Odxd  Tlixa —(1—7)Iixa
A og = : 9.18
724 Odxd Odaxd  lixd Iixd (2.18)
—Igxa Iixa  Odxa Odxd

when d is clear from the context, we limit to write A,.

We recall the following continuity properties.

Proposition 2.12. Let W4 be a metaplectic Wigner distribution. Then,
(i) Wy : L2(R%) x L?(R%) — L?(R??) is continuous;

(ii) W4 : S(RY) x S(R?) — S(R?9) is continuous;

(iii) Wy : S'(R?) x §'(R?) — S'(R??) is continuous.

Proof. See 31, Proposition 2.3]. O]

Lemma 2.13. For every fi, f2, 91,92 € L*(R%),

(Walfr, f2), Walgr, 92)) = (f1,91)(f2, 92)- (2.19)

Proof. See [31, Proposition 2.9]. O

The projection of a metaplectic operator Ae Mp(2d,R) is a symplectic ma-
trix A € Sp(2d,R) with block decomposition

A A Az Au
A1 Axy Asz Ay
A3z Aszy Aszz A
Ay Agp Agz Ay

(2.20)

For a 4d x 4d symplectic matrix with block decomposition (2.20), relations (2.10)
read as:

=

[u—

Q
&

AT A + AL Ay = AL Aqy + AT Aoy,
AT Agg + AL Ayp = AL Ayg + AT Ago,

AfgAgs + Al Ayz = Al Ay + Al As,
Al Agy + AL Auy = A3 A + A3 A,
ATy Agy + AT Ayy = AT Avy + AT} Aoy,
AT Ass + AL Ay — (AL Ays + AT Ags) = Tyva,
AT Agy + AT Ayy = AT Avy + AT Aoy,
AfyAsg + AL Ayz = Af Ars + Al Ags,
Al Agy + AL Ayy — (A3 Arg + AL Asy) = Tica.

X I I
N = =
RIS

=
&

/\AA/-\‘A/-\A ~—~~ ~~
oy ey =
LW W [\}
> Q >
~— ~— S~—

=y
g

oy
w
QL
&
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We identify four 2d x 2d submatrices of 4d x 4d symplectic matrices. Namely, if
A € Sp(2d,R) has block decomposition (2.20), we set:

A11 Alg) <A31 A33>
Eq= Py = , 2.21
A (A21 A ) ATy Ay (221)
Al A14> (Asz A34>
Ea4= . Fa= . 9.9
A <A22 A24 A A42 A44 ( )

A simple comparison shows that relationships (Rla) — (R3d) read, in terms of
these four submatrices, as

and

ENF,—FiE =/,
ELFA—FLéa=1J, (2.23)
Eﬁ}_A — FZ{EA = Ogxd-

We will also consider

Ais $laxd — An)
By = 2 . 2.24
A (%Idxd - A{l _A21 ( )

Finally, the following matrices will appear ubiquitously throughout this work:

Odxd Id><d> <0d><d Idxd)
L= and P = . 2.25
(Idxd Odxd Odxd  Odxd (225)

In this work, we often denote by L also a general invertible matrix. However,
this shall not cause confusion.

Lemma 2.14. Let A € Sp(2d,R) have block decomposition (2.20) and E 4, F4,
Ea, and F 4 be defined as in (2.21) and (2.22). Let L be defined as in (2.25).
If E4 € GL(2d,R), then,

(i) Fa=ETFLEq;

(ii) the matriz G 4 := LE;GEA s symplectic;

(iii) E4 € GL(2d,R) and det(E4) = (—1)% det(E4).

If E4 € GL(2d,R), then,

(Z"U) FA = g;lTFZ;EA;

(v) the matriz & 4 = Lé';llEA is symplectic;

(vi) E4 € GL(2d,R) and det(E4) = (—1)?det(£4).

In particular, E 4 is invertible if and only if €4 is invertible.

Proof. Relation (i) follows directly from the third equation in (2.23), using the
invertibility of E 4.
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Item (7i) is a consequence of (2.23) and (i). For, observe that LJL = —J, so
that:
GLIGA = (LE' €A J(LE'€4) = E4ELT(LIL)E ' Ea
= —EQEIE ' A= ELE (FREA — EZFA)E €4
= ENELFY — FAENEA = ER(ELTFLEA) — (ELFAE L )EA
=V F - FLEs=J.

Finally, (#i7) follows directly from (7). Items (iv)-(vi) are proved analogously. [

Definition 2.15. We say that W4 or, by extension, .4 and /l, is shift-invertible
if 4 € GL(d,R).



CHAPTER 3

Tuning parameters for LASSO
problems

In Section 3.1, we establish the notation we use in this work. In Section 3.2 we
compute the deterministic relationships between the parameters A;’s and the 7;’s
in order for problems

minimize || Az — b3, zelR", |z <7, j=1,...,n (3.1)

and .
minimize | Az — b3 + Z Ajlz;l, (3.2)

j=1

to be equivalent, under the following specific assumptions: e.g., A is a subsam-
pling matrix (i.e., the k-th row of A, ay . is either the k-th vector of the canonical
basis of R™, or the null vector), A is the matrix of the discrete Fourier transform,
or simply the identity matrix. In those cases A is such that AT A is diagonal, and
the Lagrange multipliers are explicitly given by:

o ([(b; ax )|
A?& = 2|Jax3 ( = TJ’)X (b, )| (75), (3.3)
a1 e
G5 ‘2
where a, ; denotes the j-th column of A and X[ ba ,>|} is the characteristic
1k, g
) 2
[lo<ll
function on [0, w] , 7 =1,...,n. We also provide deterministic results under
*57112

assumptions on the sign of the gradient of ||Az — b||§ Specifically, we provide
the explicit expression of the Lagrange multipliers when a%j(HAm —b])3) <0, for

every j=1,....,nin {|z;| <7 :j=1,...,n}.
We point out that our result is interesting for two main reasons: to the best
of our knowledge, the analytic dependence that we investigate was never fully

understood, neither computed. Formula (3.3) can be applied directly for de-
noising in some transform domain, i.e., if A is orthogonal or the identity itself.

42
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Furthermore, if A is the matrix of an undersampling pattern, AT A is diagonal
and (3.3) can be exploited to control the Lagrange multipliers of the weighted
LASSO problem (3.2) in terms of voxel-wise estimates. We presume that such
estimates are relatively easy to obtain. For example, one may first reconstruct
a highly undersampled image, apply filters using convolution techniques and es-
timate the tuning parameters A\ from the filtered image, therefore obtaining a
denoised image.

This chapter is part of an article published in Applied Mathematics and Op-
timization in 2024, cf. [60].

3.1 Convex analysis of LASSO problems

3.1.1 Lagrange duality

Consider a constrained optimization problem in the form
minimize Fy(z), Ve =y, Fix)<b,l=1,...,M, (3.4)

where U € R™*" y € R™ and Fy, F1,..., Fy i R — (—00, 400] are convex. We
always assume that a minimizer of (3.4) exists.

A point z € R™ is called feasible if it belongs to the constraints, that is if:
reK = {(GR” L WC =y and F(¢) < by, lzl,...,M}

and K is called the set of feasible points. To avoid triviality, we always assume
K # 0, in which case problem (3.4) is called feasible. In view of the definition of
K, problem (3.4) can be implicitly written as:

minimize Fy(zx), re K.

Convex problems such as (1.11) and (3.1) can be approached by considering
their Lagrange formulation, see Subsection 3.1.3 below. The Lagrange function
related to (3.4) is the function L : R® x R™ x [0, +00)™ — (—o0, +00] defined
as:

L(x,& 7)== Fo(a) + (&, Yz —y +ZAZFZ ) = by).
Observe that for all £, A and z € K:

M
L(z,&,A) = Fo(x) + (&, Ve —y) + Y N (Fi(x) —b) < Fo(a),

—_—— T~ ——
=0 =1 > <0
so that:
inf L(xz,&\) < 1nf L(z,&, M) < 1nf Fo(z). (3.5)

zeR™
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Definition 3.1. The function H : R™ x [0, +00)™ — [~o00, +-00] defined as:

(&N aclen'” (x,&,N)
is called Lagrange dual function.

Inequalities (3.5) read as:

H(EN) < inf Fo(a) (3.6)

for all £ € R™ and all A € [0, +00)™. Stating (3.6) differently, we have the weak
duality inequality:

sup H (¢, A) < inf Fy(z). (3.7)
£ERM rzeK
A-0

We point out that (3.7) is equivalent to:

supinf L(z,&,\) < infsup L(z,&, \) (3.8)
Ex T TogA

(see [11, Subsection 5.4.1]).

We are interested in computing the parameters (£, A) such that (3.7) is an
equality, in which case (3.7) becomes:

sup H(&,\) = inf Fy(x), (3.9)
£ER™ zeK
A=0

so that strong duality (3.9) holds for problem (3.4).

3.1.2 Subdifferential

Definition 3.2 (Subdifferential). Let 2 C R™ be open and g : 2 — R. Let
xg € Q. The subdifferential of g at zq is the set:

dg(zo) := {v €R™ : g(x) > g(wo) + v (x — x0) Yz € Q}.
We refer to any v € dg(zp) as a subgradient of g at xg.

We will use the following standard result of convex analysis.

Proposition 3.3. Let  C R™ be open and convex, and ¢ : £ — R be convex and
continuous on Q. Let zg € Q. Then, dg(zo) # 0.

Proof. See e.g. [110, Theorem 23.4]. O
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3.1.3 Lagrange formulation of constrained problems

Under the notation above, let F(z) := (Fi(x),..., Far(x)). In the convex frame-
work, if the constraint F'(z) < b does not reduce to F(x) = b, namely if for all
l=1,..., M the inequality F;(z) < b; holds for some z € R", then strong duality
holds.

Theorem 3.4 (Cf. [11], Section 5.3.2). Assume that Fy, Fy, ..., Fyr are convex
functions defined on R™. Let 7 be such that Fo(x™) = infyepn Fo(z). If:

(i) there exists & € R™ such that Y& =y and F(Z) < b or,

(ii) in absence of inequality constraints, if K # 0 (i.e., if there exists & € R"

such that V& =y),

then, there exists (£7,\%) € R™ x [0, +00)M such that

H(E# \¥) =sup H(E, )
£

and H (%, \#) = Fy(a?).

The proof of Theorem 3.4 contains the fundamental construction we will use
in the next sections and we report it for this reason. We refer to [11, Subsection
5.3.2] for the complete proof. First, we need a result from functional analysis,
which is well-known as (geometrical) Hahn-Banach theorem.

Definition 3.5 (Separating hyperplane). Consider two subsets A,B C R". A
hyperplane T' := {x € R" : (£, x) = «} satisfying:

(§2) <a < (&), reA, yeB, (3.10)

is a separating hyperplane between A and B.

Theorem 3.6 (Cf. [112] Theorem 3.4). Let A, B C R"™ be two convex and disjoint
subsets. If B is open, there exists £ € R™ and o € R such that (3.10) holds for
allz € A and oll y € B.

Idea of the proof of Theorem 3.4. First, one assumes that A has full row-rank.
Moreover, one reduces to consider the situation in which p* := inf,cx Fy(z) >
—00, otherwise the assertion is trivial.

Consider the set:

G = { (F(x) ~ b, Wz —y, Fo(x) € RM xR" xR : z € R"},
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where, with an abuse of notation, ¥z — y denotes the row vector with the same
(ordered) entries of ¥z — y, and A be defined as the epigraph:

A=G+ ((RZQ)M x R™ x Rzo)
:“%uﬂeRMmexR:uzF@%w,

v=Vx —y, t > Fy(z) for some z € R"}.

It is easy to verify that if Fy, F1, ..., Fas are convex, than A is convex. Then,
consider the set:

B = {(o,o,s) ERM xR™ xR : 8<p*}.

A and B are clearly disjoint, B (which is an open half-line) being trivially con-
vex and open. Therefore, the assumptions of Theorem 3.6 are satisfied and we
conclude that there exists a triple of parameters (A, &, 1) # 0 and a € R such
that:

(w,v,t) € A = Xu+ (£, 0) +put > a, (3.11)
(w,v,t) €B = Mu+ (£ v) +put <o (3.12)

It is easy to see that the definition of A, together with (3.11), imply that N >0
forall il =1,...,M and p > 0. Also, applying the definition of B to (3.12), one
finds that ut < « for all t < p*, which implies that up* < «. Therefore, for all
r € R,

M
> N(Ei(z) = b) + (5, Yz — y) + pFy(x) > o > pp™. (3.13)
=1

If 1 > 0, then (3.13) gives that L(x,&/u, A/p) > p* for all z € R™, which
implies that H(&/u, A/p) > p*. Since the other inequality holds trivially by the
weak duality inequality, we conclude that H (5 /1t 5\/ w) = p*. Finally, using the
assumptions on the rank of ¥ and on the existence of a point satisfying the strict
inequality constraint, one proves by contradiction that it must be p > 0. O

Definition 3.7 (Lagrange Multipliers). We refer to a couple (£7,\#) € R™ x
[0, +00)M as to Lagrange multipliers for the problem (3.4) if (£#, \#) attend the
supremum in (3.9).

As a consequence of Theorem 3.4, we have the following result, which relates
the minimizers of (3.4) and those of the dual problem max¢ y H(&, A), providing
also the Lagrange multipliers, that may not be unique.

Corollary 3.8 (Cf. [49] Theorem B.28). Let Fy : R" — [0,400) and ¢ :
[0, +00) — R be such that ¢ is monotonically increasing and ¢ o Fy is convez. Let
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7, >00G=1,...,M)and ¢ :R* =R (j=1,...,M) be convex functions such
that 1/){1([0, 7)) # 0 for allj =1,..., M. Let 2% be a minimizer of the problem:

minimize Fy(z), xeR" ¢(x) <7, (3.14)

where 7 = (11,...,7am). Then, there exist \; >0 (j =1,..., M) such that z¥ is
a minimizer of:

M
minimize ¢(Fp(x)) + Z Aji(z).
j=1

Proof. Since ¢ is monotonically increasing, (3.14) is obviously equivalent to:
minimize ¢(Fy(x)), z e R" ¢;(z) < 13,

(j =1,..., M) whose Lagrangian is given by:

M
L(w,\) = ¢(Fo(@)) + > \j((x) — ). (3.15)
j=1

By the assumption, ¢ o Fy and each 1); are convex and the inequalities ¥;(Z) < 7;
are satisfied by some & € R™ (observe that here we need 7; > 0), so we can apply
Theorem 3.4 to get H(\*) = ¢(Fy(x7)) for some A* € [0, +00)™. By (3.8), for
all x € R™

L(z™, A7) < L(z, \¥),

so that ## is also a minimizer of the function € R™ ~ L(z,A\¥). Since the
constant terms —A;7; in (3.15) do not affect the set of minimizers, we have that
x# is a minimizer of:

M

minimize ¢(Fy(x)) + Z )\?&(%’ (x) — 1), x € R"™.
j=1

Remark 3.9. Theorem 3.6 has a complex version that holds with R(z,w) =
R (Z?Zl zjwj) (R denotes the real part of a complex number) instead of (-, ). In

particular, the entire theory presented in this work is applicable in the complex
framework as well. This extension involves replacing the canonical real inner
product of R™ with the real inner product on C™ defined above. Therefore, we
do not need to study the complex case separately, as only the structure of C" as
a real vector space is involved.

Remark 3.10. To sum up, Theorem 3.4 and Corollary 3.8 together tell that, up
to the sign, the coefficients of any hyperplane separating the two sets:

A= {(u,t) eRMHL .y F(z) — b, t > Fy(x) for:veR"}
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and

B= {(O,t) e RMFL .t < ing(Fo(a:)}

define Lagrange multipliers for problem (3.4), in absence of equality constraints,
ie,if y=0and ¥ =0 in (3.4). This is the geometric idea that we will apply in
the following sections to the weighted LASSO.

3.1.4 Existence of solutions for LASSO problems

Since we did not find a direct proof in the existing literature, we provide a formal
proof of the existence of the minimizer of the generalized LASSO problem:

arg min || Az — b3 + | @] (3.16)

where b € R™, A € R™*" and ® € RV*",

We state the result in the general framework of finite-dimensional vector
spaces: we denote by X, Y, Z three finite-dimension real vector spaces. We denote
by (-,-)x an inner product on X and with ||-||x the induced norm. Analogous
notation will be used for Y, whereas we set:

dim(2) 1/p
l=ll,={ > 1P, zez
j=1
for 0 < p < co. Recall that ||-|| is a Banach quasi-norm (meaning that there

exists C, > 1 such that ||z + yl|, < Cp([|z]|, + [|lyll,,) for all z,y € Z) replaces the
triangular inequality for 0 < p < 1, and it is a norm for 1 < p < co.

Then, for given A >0,b€Y, A: X - Y and & : X — Z linear, we define
forallz € X,
f(x) = [|Az = blf5 + A [ @], -

Theorem 3.11. For all 0 < p < 0o, A > 0 there exists x € X such that

inf f(z) = f(z¥).

zeX

In particular, the generalized LASSO problem (3.16) has at least one solution.

Proof. Clearly, the function f(z) = ||b||3- + A | @], attains its minimum in o7 =
0. Hence, we may assume that

3(4) # {0}



3. TUNING PARAMETERS FOR LASSO PROBLEMS 49

Since (A) is a vector subspace of Y, for all b € Y there exists a unique y# € I(A)
such that infy ey ||y — bH%, = Hy# — bHi By definition, y# = Az# for some
z# € X. Hence,

inf Az — b3 = inf |y —bl|} =min |y b|3 = HAx#—bH2
2€X Y yes(a) Y ey 2 Y

and the assertion follows also for the case in which A = 0 or ¥(B) = {0}. We
will thereby assume that J(A4) # {0}, (B) # {0} and A > 0. Let L :=
ker(A) Nker(B) = {x € X : Az =0, Px = 0} and denote the closed ball of X of
center 0 and radius r > 0 by Bx(0,7) = {x € X : ||z||x < r}. The rest of the
proof is devided into three graded steps.

Step 1. We prove that if L = {0}, then lim,|, 100 f(2) = +00.

By convexity of |||y,

2 2 2
2l < 2(llyr = wally + ll2lly)

for all y1,y2 € Y. Therefore,
1
2 2 2
Az —bll; = 5 [lAzlly = [Iblly,

so that: )
|Az — b + A || @], > B | Az|[3 + || @[l — (1] -
Let
Sx =={x e X :|z|y=1}

denote the unit sphere of X and set n := minges, 5 |Az|3 + X | ®zl],. Ifn =0,
then,

1 2
i LA ol —
win [ Asly -+ @], = 0
together with the assumptions on (A), S(B) and A, yields to the existence of
2 i
% € Sy such that %HAZI}#HY + A H(I)l‘#Hp = 0. But |||y and [|-[|, are (quasi-
)norms, so % = 0 ¢ Sx. This is a contradiction. Hence, n > 0.

Next, for ||z]|y > 1, we have:

2

1 2 2 1 2 X X 2
IMﬂI+AMMIMH==IMH‘A +AWHH¢ 1|
2 4zl p I8l = 3 el A, + A Il | ], — 1o
1 T 2 x
> e W» +WF e
a1l TP ) 1P

2
> 1 [zl x = 1blly -
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Therefore, for all z € X such that ||z| ¢y > 1,
f(@) = ||Az — b3 + X[ @zl > n 2|y + [b]3

and the assertion follows, since n > 0 implies that the right hand-side goes to
+o00 as ||lz]| y — +oo.

Step 2. We prove the assertion for L = {0}.

Let m := inf,cx f(z). By Step 1, there exist R > 0 such that f(x) >
m + 1 for ||z]|y > R. Bx(0,R) is compact and convex, and inf,cx f(z) =
inf,ep,(0,r) f(7) by definition of R. Let (z;); € Bx(0,R) be a minimizing
sequence. By compactness, it admits a converging subsequence and, without loss
of generality, we may assume that lim; | z; = x7 € Bx (0, R). By continuity,
f@#) =limj o0 f(z;) = m.

Step 3. We prove the assertion for L # {0}.

Recall that X = L @ L+, where the orthogonality is defined with respect to
the inner product (-,-)x. By definition of direct sum, for all x € X there exist
unique x1 € L and a9 € L+ such that = 21 + x2. Observe that since 1 € L,

f(x) = | Azz = blly + A || a2, = f(x2).
In particular,
inf = inf .
Jnf f(x) = inf f(x)

The restrictions of A and ® to L+ are linear mappings between vector spaces.
We denote them with A|, L+ — Y and ®|,. : Lt — Z respectively and set
flpr : LY = Y as the restriction of f to L*. Obviously,

flpe(@) = Al = b5 + A @[ ezl = f(x)
for all x € L, so that:

inf f(z) = inf f() = inf Sl ().

Obviously,
Lt :=ker(A|; 1) Nker(®|; 1) = ker(A) Nker(B) N L+ = LN L+ = {0}.
Therefore, by Step 2, it follows that there exists 2# € L1 such that:

inf ] (2) = fl: (a*).
z€eL

This implies that:
inf f(z) = flp (%) = f(a7),

rzeX
since % € L+, OJ
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3.2 The weighted LASSO

Let A€ R™" be R™ and 7q,...,7, > 0. We denote with a, ; the j-th column
of Aand set b = (by,...,by). We consider the constrained minimization problem:

minimize || Az —b|)3, reR", |z;| <75, j=1,...,n. (3.17)

We also assume that 7; # 0 for all j = 1,...,n. In fact, if 7; = 0 for some
j =1,...,n, then the solution x = (x1,...,2,) has z; = 0. In this case, problem
(3.17) reduces to

2
. yeR", |y, | <7y, j=1,...,n—r,

minimize Hfly — b‘

where 7 = card{j : 7; =0} <m, J ={1<i1 < ... <ipp <n}:={j: 7 #0}
and A = (a*,j)jEJ c RTTLX(TZ—"')'

Let K denote the set of the feasible points of problem (3.17), that is:
K={zeR" : |z;|] <7 Vj=1,...,n}
and consider the Lagrange function associated to (3.17), i.e.
n
L@, Aoy ha) = [[Az = BlI3 4+ Y Aj(Ja] = 7).
j=1

We are interested in a vector of Lagrange multipliers A# > 0 for (3.17). Based on
the proofs of Theorem 3.4 and Corollary 3.8, A\# can be chosen as the direction
of any hyperplane separating the sets:

A:{(u,t)eR”x]R cw>lml-m(l=1,...,n),
(3.18)
t>||Az — b||§ for some z € R"}

and
B:{(O,t)eR”x]R : t<p*} (3.19)

where p* := inf ek || Az — b||3.

3.2.1 The scalar case

To clarify the general procedure, we focus on the simple case m = n =1 first, in
which (3.17) becomes:

minimize (Ax —b)?, r eR, |z| <7, (3.20)
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where A € R\ {0} and b € R. To find the Lagrange multipliers, we consider the
set G of points (u,t) € R? that satisfy:

u=|z|—T,

t = (Az —b)?,
which give a curve of the half-plane U = {(u,t) € R* : u > —7, t > 0}
parametrized by x € R. More precisely:

o if x>0,

r=u-+T,
t=(A(u+7)—b)? = (Au+ (At —b))?,
which is a branch of parabola in U with vertex in (% —,0).

o [f2 <0
r=-u-—r,

t=(—A(u+7)—b)° = (Au+ (AT + b)),
which is, again, a branch of parabola in U, having its vertex in (—% —7,0).

Proposition 3.12. Let 7 > 0, A € R\ {0}, b € R. A Lagrange multiplier for (3.20)
is given by:

= 24%(|bJA| —1)*.
0 if 7> |b/A| (Ib/4] =)

M {2A2(yb/A| —7) if0<T<|b/Al
Namely, if 7 is a minimizer of (3.20), then it is also a minimizer for the problem:

minimize (Ax —b)? + \|z|, z €R.

3.2.2 Properties of A
Consider A € R™*"™ and b = (b1, ..., by,) € R™, with:

aill o Q1np
A =

aml --. Amn

We consider the problem (3.17) and the associated Lagrange function:

L(w,\) = Az — b]l5 + > A2 — ).
j=1
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Recall that p* was defined as p* := mingcf ||Az — b3, being K the set of the
points = € R™ such that |z;| < 7; for all j =1,...,n. It is not difficult to verify
that:

p*:inf{tE]R (ut) €G, u; <0 ijl,...,n}. (3.21)

Let M,, be the set of the n-dimensional signature matrices, that are the
diagonal matrices S = (si;);;_; € R"™" such that |s;;| =1 forall j =1,...,n.
Observe that if S € M,,, then S? = I,,,,, where I,,»,, denotes the identity matrix
in R™ " in particular S is invertible with S™!' = S. If z € R" and S € M,, is
such that Sz € [[7_,[0, +00), we write S € sgn(x).

Lemma 3.13. Let A€ R™*", be R™ and7; >0 forj=1,...,n. Let S € M,,.
There exists u € H?Zl[—Tj,O] such that ASu + AST — b = 0 if and only if
S e sgn(x) for some x € R such that Ax =b and |z;| < 75.

Proof. Assume that there exists u € [[7_;[—7;,0] such that ASu+ AST—b=0
and let z := S(u + 7). Then, Sz = u+ 71 € [[;_[0,75], so that S € sgn(z),
|zj| < 7jforall j=1,...,n and

0=AS(u+7)—b=Ax —b.

Vice versa, assume that Az = b for some = € [[}_,[0,7;]. Let S € sgn(z) and
u:= Sz — 7. Then, u € [[/_;[~7;,0] and

0=Azx —b=A(Su+7)—b=ASu+ AST —b.

O

Recall the definitions of the two sets A and B given in (3.18) and (3.19)
respectively. First, if G is the set of the points (u,t) € R"*! such that:

uj =zl -1 j=1,...,n,
b= Az — b2 (3.22)
29

for some x € R", then
A = g + [O, +OO)n+1,

that is, (u,t) € A if and only if

wj >zl —71  j=1,...,n,
AN A (3.23)
t > |[Az — b3,

for some x € R". Finally, (u,t) € B if and only if ¢ < p* = ming, <, [|[Az — b3

We will prove that the equations (3.22) defining G can be written in terms of
M.
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Lemma 3.14. Let 11,...,7, > 0 and let G be the set of points satisfying (3.22).
Then,

(i) G is closed.

(it) (u,p*) € G for some u € R™ such that —1; < u; <0 forall j =1,...,n.
Moreover, p* :min{t eR : (y,t)eg, u; <0 Vj= 1,...,n}.

(11i) For every (u,t) € G there exists S € M,, such that
t = ||ASu + (AST —b)|5.

Vice versa, if t = ||ASu + (AST — b)Hg for some u € R™ such that uj > —7;
and some S € My, then (u,t) € G.

Proof. We prove that G is closed. For, let (u*,t*) € G converge to (u,t) € R+
We prove that (u,t) € G. Let ¥ € R™ be such that (3.22) is satisfied for (u*, t¥).
Then, |x§| = uf —7; < uj +1—7; for j sufficiently large. In particular, the
sequence {z*}; is bounded and, thus, it converges up to subsequences. Without
loss of generality, we may assume that (") converges to x := limy_, oo " in

R™. Then, for all j =1,...,n,
: k : k
zi|= lim |z7|= lim w; 4+ 7 =u; + 7
| ]‘ k%+oo’ J‘ k——+o0 ‘7+ J J+ J
and, by continuity,

2 _ [ |
|Az —b||5 = lim HA:E —bH = lim t" =t.
k—+o00 2 k—+o00

This proves that (u,t) € G and, thus, that G is closed. (ii) follows by (i) and
(3.21).

It remains to check (iii). If (u,t) € G, there exists z € R" satisfying (3.22).
Let S € M, be such that |z| = Sz, where |z| := (|x1],. .., |zn|). Then, using the
fact that S~ = 9,

lz)=u+7 = Szr=(u+717) = z=Su+r7).
By the last equation of (3.22), we have:
t = | Az —b|3 = |ASu + (AST —b)||3.
Viceversa, assume that t = ||ASu + (AST — b)||5 for some S € M,, and u € R”
is such that v = —7. Let x := S(u+ 7), then |z;| = |u; + 7| = u; + 75 for all

j=1,...,nand t = ||Az — b||3. This proves that (u,t) € G and the proof of (iii)
is concluded. O
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Lemma 3.15. Let u € H?Zl[—Tj, +00),

= min ||A AST — b||? 24
he(u) = min [[ASu+ AST — b, (3.24)
and
u) := min s.
96 (u) (u,sﬁeg

Then, ha(u) = ga(u).
Proof. By Lemma 3.14 (iii), if (u, s) € G, then s = || ASou + ASo7 — b||3 for some
So € M,,. Hence,

ha(u) = SE}\? |ASu + AST — b||5 < || ASou + ASoT — b||5 = s

for all s such that (u,s) € G. Taking the minimum, we get hg(u) < gg(u). On
the other hand, (u,hg(u)) € G by Lemma 3.14 (iii). Therefore, gg(u) < hg(u)
by definition of gg. O

Lemma 3.16. Let G be the set of points satisfying (3.22) and A be the set of
points satisfying (3.23). Then,

(i) G CA;
(ii) A is closed.
Proof. (i) is obvious. We prove (i1).
Let (u*,t*) € A be a sequence such that (u*, %) ﬁ (u,t) in R*1. We
—+o0

need to prove that (u,t) € A. For all k, let ¥ € R™ be such that:

ulf > ‘xlﬂ — 71,

ufz: > ‘ZL’ZZ’ — Tn,

> || Azt — b2
The sequence {z*}, is bounded, in fact for all j =1,...,n, |x§| < ué“ + 75 <
uj + 1475 for k sufficiently large. Therefore, up to subsequences, we can assume
2F —— gz inR™ Forall j=1,...,n,

k——+o0
lzj| = i El <« 1 k oy )
ril = lim |zf| < lim ] + 75 = uj + 75
k——+oco k——+oco
Moreover, by continuity,

2 _ E_ll? < pn gk
|Az —b||5 = lim HA:E —bH < lim t¥ =t.
k—+o00 2 k—+o00
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Lemma 3.17. Let A be the set of points satisfying (3.23).

(i) A is the epigraph of a convex non-negative function function
n
g: H[—Tj,+00) —R
j=1

which is continuous in [[7_, (—7j, +00);
(ii) 9g(0) # 0;
(11i) g(u) =0 if and only if (u,t) € A for all t > 0.

Proof. First, observe that A C {(u,t) : t >0} since t > || Az — b||5 > 0 for some
x € R"™ whenever (u,t) € A.

For the sake of completeness, we check that A is the epigraph of the function:

= mi , € —Ti, , 3.25
g(w) = min s lt];[%+w) (3.25)

which is well defined by Lemma 3.16.
By the observation at the beginning of the proof, g(u) > 0. Let

epi(g) = {(u,t) : t>g(u)}

be the epigraph of g. If (u,t) € A, then t > min(, 4ecas = g(u), this means
that (u,t) € epi(g). On the other hand, if (u,t) € epi(g), then t > s for some
(u,s) € A But, if t > s (and (u,s) € A), then (u,t) € A as well, since
A contains the vertical upper half-lines having their origins in (u, s), namely
(u, s) + ({0} x [0, +00)).

This proves that A is an epigraph. Moreover, g is convex because A is convex
(see [111] Proposition 2.4). The continuity of g on [];(—7;,+0o0) follows from
[110], Theorem 10.1. This proves (7).

Moreover, since 7; > 0 for all j = 1,...,n, 0 € R" is an interior point of
[I;[=7j,+0o0). Since g is continuous and convex in [[,(—7;, +00), the subdiffer-
ential of ¢ in 0 is non-empty and (ii) follows.

To prove (4ii), assume that g(u) = 0. Then, min(, 4c 4 s = 0 implies (u,0) €
A. Since for all ¢ > 0, (u,0) 4+ ({0} x [0,4+00)) € A, we have that (u,t) € A for
all t > 0. For the converse, assume that (u,t) € A for all ¢ > 0. Then, (u,0) € A,
so that (by the non-negativity of g) 0 < g(u) < 0. This proves the equivalence
in (4ii). O

Remark 3.18. As we observed in the general theory situation, (0,s) € A if and
only if s > p*. This tells that g(0) = p* and (0,p*) € A.
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We want to prove formally that g(u) defines the boundary 0A of A in a
neighborhood of uw = 0 and, then, find an explicit formula for g(u). Observe that,
A=0AU .,éi, where A denotes the topologic interior of A. Since A is closed and
convex in R"™, A coincides with the algebraic interior of A, which is defined as
follows:

Definition 3.19. Let X be a vector space and A C X be a subset. The algebraic
interior of A is defined as:

a-int(A):={a€A : Ve X e, >0st.a+tx € AVt € (—e4,64)}.
Lemma 3.20. Let A be as in Lemma 3.16. Then,

OA={(u,t) e A : t=g(u), uyj > -1 Vj=1,...,n}U

3.26
U{(u,t) € A : uj=—1; for some j=1,...,n} (3.26)

and the union is disjoint. Moreover,
{(u,t) e A :35=1,...,n, uj = —71;} ={(u,t) € 0A: (u,t+a) € 0A Va > 0}.
Proof. Observe that the union in (3.26) is clearly disjoint. We first prove (3.26).

(2) None of the sets on the RHS of (3.26) is contained in A. In fact,

e the definition of g(u) implies that for all € > 0, —¢ < t<e, (u,t) € A
if and only if ¢ > 0, so that (u,g(u)) ¢ a-int(A) = A. This proves
that the graph of g in J[;(—7;, +-00) is a subset of 0.A.

e Analogously, assume that u; = —7; for some j = 1,...,n, and for
all € > 0 consider the point (ue,t), where (u.); = wu; for all [ # j
and (uc); = —7; — €. But g is defined on [];[—7;,+oc) and A is its
epigraph, hence all the points of A must be in the form (u, g(u) 4+ «)
for some u € [[;[-7j,+00), t = g(u) + a (o > 0), hence (u.,t) ¢ A
and this proves that (u,t) ¢ a-int(.A).

The fact that A = A\ A proves the first inclusion.

(C) We prove that the complementary of the RHS of (3.26) in R"*! is contained
in A. Let (u,t) be such that u > —; for all j and t > g(u) (as it is easy to
check, these are the conditions for (u,t) to belong to the complementary of
the union of the two set at the LHS of (3.26)).

Let d :=t — g(u) > 0. Since g is continuous on [[;(—7;, +00), there exists
0 > 0 such that |g(u) — g(v)] < d/4 for all v € Bs(u) :== {w € R"
lw —u| < 6}, In particular, for all v € Bs(u), g(v) < t — 2d < t. Then,
Bs(u) x (t — 3d,400) is all contained in A (because A is the epigraph of
g) and it is an open neighborhood of (u,t). Hence, (u,t) € A= A\ dA.
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Next, we check the second part of the lemma:

(€) assume (u,t) € A is such that u; = —7; for some j. Then, by the first part
of this Lemma, (u,t+ a) € A for all & > 0, since (3.26) is a partition of
0A.

(D) Assume that (u,t+ «) € A for all & > 0. Then, (u,t) € JA. Assume by
contradiction that u; > —7; for all j. Then, since (3.26) is a partition of
0A, g(u) =t+ « for all @ > 0, which cannot be the case.

O

The function g, defined in Lemma 3.17, is expressed in terms of the function
hg, as shown in the following result.

Theorem 3.21. Let A be the set of points satisfying (3.23), hg and g be the
functions defined in (3.24) and (3.25), respectively. For u € [[}_;[—j, +00),
u=(u1,...,un), let Q(u) := [[i_;[~7j,u;] and

h(u) = min AS(v+7) —b||2 = min ha(v). 3.27
(u) sen UEQ(U)H ( ) — b3 i a(v) (3.27)

Then, h(u) = g(u) for all u € [[;[~7;,+00).

Proof. We first prove that g(u) < h(u). For, it is enough to prove that (u, h(u)) €
A, so that g(u) < h(u) would follow by the definition of g. By definition of h,
there exist Sy € M,, and v € Q(u) so that:

h(u) = ||ASov + ASoT — b||3.
By Lemma 3.14 (iii), (v, h(u)) € G. Since u; > v; for all j = 1,...,n, it follows
that (u, h(u)) € A by definition of A.

For the converse, since (u, g(u)) € A, there exists (¢/,t) € G such that v} < u;
forall j =1,...,n and g(u) > t. In particular, v' € Q(u). By Lemma 3.14 (iii),
t =|AS1v' + AST — bH; for some S; € M,,. Therefore,

g(u) > ||AS1v' + AS17 —b||5 > senin |ASv + AST — b2 = h(u).
This concludes the proof.

O

Even if ¢ = h, in what follows we still distinguish h and g when we want to
stress the explicit definitions of both. Namely, we write g(u) when we refer to
min, g)ec4 s and h(u) when we refer to (3.27).
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Corollary 3.22. Under the same notation as above,

= i Av — b3,
glw)=_ min = fAv—b];

Proof. Using the second expression in (3.27),

g(u) = min véan(n |AS (v +7) = b3

But,
fs(v) = [ AS(v+7) = b]l3 = f(S(v+ 7)),

for f(v) = ||Av — b||§, that gives:

min = min f(S(v+71))= min Av—bQ,
—r=v=u fS( ) vEQ(u) f( ( )) vES(Q(u)+7) H H2
so that:
min min v) = min Av — b||?
SEMy —T=v=u fs(v) = Usem,, S(Q(uw)+7) | I

and the assertion follows by observing that

U SQu)+7)={veR": —u—7 v =u+71}
SeMy

3.2.3 A result under conditions on the gradient of the fidelity

In general, the geometry of A is so complicated that expressing g explicitly may
turn into a tough task. Nevertheless, it is obvious that if u is itself one of the
minimizers of (3.27), then g(u) = he(u) = mingen, ||ASu + AST — blf3.

under further assumptions on V(|| ASu — b||3) granting the equality g(u) = ha(u)
holds in a neighborhood of 0, we can compute explicitly the Lagrange multipliers.

Theorem 3.23. Let f(v) = ||Av — b||3 and assume that for all k =1,...,n the
condition:

Zuj Ay jy Qo) < (b, Ay k) (-7 =Xu=T1) (3.28)

holds. Then, g(u) = f(u+7) for all u € Q(0) and \¥ = AT(b— A7) is a set of
Lagrange multipliers for problem (5.17).

Proof. The set of conditions (3.28) is equivalent to (Au — b)T A < 0 for all —7 <
u =X 7, that is Vf(u) < 0 for —7 < u < 7. We prove that, under this further
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condition, g(u) = f(u+ 1) for all u € Q(0). Let v € Q(0) and n > 0 be a unit
vector. For all ¢ € R, define:

fat) == fu+7+1tn) = |A(u+ 7 + tn) — 0|3
= ||An||5% + 2(A(u +7) — b, An)t + |A(u+ 1) — b||3,

which is the restriction of f to the line {u+tn: ¢t € R}. If n € ker(A), then f, =0
and it has a global minimum in ¢ = 0. Assume n ¢ ker(A). The intersection of
this line with {—7 < v < 7} is contained in (—o0,0]. If we prove that, for all
n > 0, f, has a constrained minimum in ¢ = 0, we get the first assertion. For,
it’s enough to observe that

f0) =V f(u+7)-n<0,

because if u € Q(0), then {—u —7 <= v <u+ 7} C {—7 < v =< 7}. This proves
that g(u) = f(u+ 1) for all u € Q(0). In particular,

—Vg(0) =-Vf(r)=(b-Ar)"A=0
is a set of Lagrange multipliers for (3.17). O

Remark 3.24. Tt is not difficult to generalize Theorem 3.23 a bit further. If the
hyperparallelogram {—7 < u < 7} is all contained in the region {u € R"
SV f(u) < 0} for some S € M,, then g(u) = f(S(u+ 7)) for all u € Q(0) and

M= —Vg(0) = —SVF(S(u+7)T
defines a vector of Lagrange multipliers for (3.17). The proof goes exactly as in

Theorem 3.23.

3.2.4 Decoupling the variables

In this subsection, we focus on the situation in which A” A is a diagonal matrix.
Since:

||a*,1||§ <a*,1>a*,2> ce <a*,1aa*,n>
ATA . <a*72; a*,1> Ha*,ng s <a*,2; a*,n>
(@ems @1) (Gums ) oo el

and the rank of AT A is equal to that of A, it follows that in this case:
ATA = diag(lasa ]y - asall3). (3.29)

Remark 3.25. If m < n and AT A is diagonal, n —m of the norms in (3.29) above
vanish. In this case, we assume that a1 = ... = a4, = 0, so that A can be
written in terms of its columns as:

A= (A/‘Omx(nfm)) )
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where A" = (ay1]...|axm) € GL(m,R). Observe that:
Az — b3 = |42’ = b]f;.

where 2’ = (11, ..., 2,)7, so that 2% is a mimizer of (3.17) if and only if (z%#)" =

(xfé, ... ,xﬁ) is a minimizer of the problem:
minimize HA’y — bH;,y eR™, |yj| <715, j=1,...,m, (3.30)

under the further condition that the remaining coordinates of x vanish.
For this reason, for the rest of this subsection, we focus on (3.30), both for
the cases n < m and m < n, and provide the Lagrange multipliers.

Remark 3.26. We point out that in this situation the Lagrange multipliers can
be computed directly from Proposition 3.12. Indeed, under the orthogonality
assumption on A, the target function in problem (3.30) becomes:
m
> (llawsll v7 = 2y(an, n)y;) + [IB]I3 -
j=1

Since the variables of all the addenda are decoupled, and the addenda are non-
negative,

2 2
597 — 2y{as ;. n)y;) + 1|65

m
min' " (ax,
J=1
mo 2 101l
=" "

and a minimizer of (3.30) is also a minimizer of the problem:

b3
minimize . |32 ~ 2p{as s n)y; + D2y <

forall j = 1,...,m. In other words, it is enough to treat (3.30) as m 1-dimensional
constrained minimization problems. However, our interest is testing the tools
presented in the previous section, computing the function g and the separating
hyperplane.

To exhibit a vector of Lagrange multipliers, we start by the set
. 2
G:={(u,t) ER™ : e R™ wj=ly;| -7, =1,...,m), t = HA’y - b||2}.

By Lemma 3.14 (iii), (u,t) € G if and only if u = —7 and t = ||A’S(u + 7) — b||3
for some S € M,,. Let fs(u) = ||A'S(u+71)— b||§ and observe that:

Fs(u) = llasjlly (ug +75)% = 2> 555(b, au ) (uj + 75) + [[B]]3 -
j=1 j=1



3. TUNING PARAMETERS FOR LASSO PROBLEMS 62

The functions fg are the equivalent of the parabolas in the 1-dimensional case
and they describe elliptic paraboloids. As it clear by Subsection 3.2.1, we need
to understand what is hg(u) := mingen,, fs(u). Observe that for all S € M,

Z |a*,J”2 Uj +TJ - ZZ‘ (0, axj)|(uj +75) + Hb”Q fsy(u),

7=1

Bym

where Sg = (s}

)j 1 € My, is a diagonal matrix such that s <b ayj) > 0.

Lemma 3.27. Under the notation and the assumptions of this subsection,

m

ha(u) = fsq(u Z”a*,]Hz (g +73)" =2 (b axj)|(uj +75) + Bll3

=1

hg defines an elliptic paraboloid whose vertex V = (c,0) € R™*! is characterized
both by ¢ = —1 + Sz(A")~'b and

b .
C]:—TJ+’< ’a*7j2>|
a5l

(j=1,...,m). Moreover,
m
2
=3 llaegll (ug — ;).
i=1

Proof. We already proved the first part of the Lemma. We only need to compute
the vertex of fg,. For, observe that the minimum of fg, is (c,0), where c satisfies
fs(c) = 0. This equation is satisfied if and only if ¢ = —7+S3(A4’)~1b. Moreover,
the minimum of fs, is also characterized by V fs,(c) = 0, that is:

b a.
¢+ — Woramill
a5
(j =1,...,m). Finally, using the first characterization of c,

ha(u) = ||ASs(u +7) — b||§ = ||ASs(u — ¢) + ASg(c+ 1) — b||;

= | ASs(u — )l = Z a5 (u — ;).
This concludes the proof. O

In order to compute the Lagrange multipliers for the decoupled problem, we
observe that A + [0, +00)™"! is the epigraph of the function g(u) whose first
properties are proved in Lemma 3.17. Hence, this function describes the lower
boundary of A, that is the part of A we need to compute a separating hyperplane.

By (3.27), g(u) = minyequ) ha(v), where Q(u) = [T51,[=7), u;].
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Theorem 3.28. Under the notation and the assumptions of this subsection,
g(u) = ha(Pu),

where P : [[L[~7j, +00) — Q(c) is the projection defined by

wi if =1 <wuj <cj
(PU)J:{ J f T] —= 7] == :mln{cjvuj}’ j:17“‘7m7

¢ if uj > ¢

u € H?Zl[—Tj, +00). Explicitly, under the assumptions of this subsection,
m
2
g(uw) = llawjll3 () — ;)X (=ry ;) (15)- (3.31)
j=1

In particular, g € CI(H? 1 (=74, 400)) with:

Jg

87%,(“) = 2|la.;

15 (5 — €)X [y (1) (3.32)
for all u € []}_; (=75, +00).

Proof. Obviously, P is a projection of H?Zl[—Tj,—i—oo) onto Q(c). For all j =
1,...,m,

u; if -7 <wuy < ¢y,

. 2 2
argmin_ ., <. ||Qx.; Vi —¢i)T = = (Pu);.
g T <vj<u; [ *JHQ( J i) {cj otherwise (Pu);
Hence,
m
u) = min hg(v) = min as il (vi — )2 =
g9(u) e (u) a(v) P <y [lawsll3 (v — ¢)

= llawilly (Pu)j — ¢j)* = ha(Pu).
j=1

The explicit definition of Pu gives (3.31) and (3.32). The differentiability and
formula (3.32) are obvious by the expression (3.31) of g. O

Remark 3.29. As a consequence of Theorem 3.28,

(b, a*,j>|>2

2
5 <*73'+ 2
llax 3

p* = g(O) == Z ||a*,j X[—Tj,Cj](0>'
7=1

Then, observe that:
LG R [ X%

-7 <0< =75 + 2 <7< 7
llas,;ll5 las,;ll5

(3.33)
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so that:

m

Z JHQ ( Tj + W)2X[O,<b’a*’j>] (7).

j=1 @ s 2
”“*an

Theorem 3.30. Under the notation of this subsection, the vector \* € [0, +00)™
given by

A#—2H

b, ax +

O<GJH_U)
la 113

defines a vector of Lagrange multipliers for (3.30).

Proof. We apply (3.32) to u = 0 and use (3.33). Namely,

t :p* + (Vg(O),u)

is the tangent hyperplane of g in u = 0, which is also the hyperplane that
separates A and B. The direction of this hyperplane is (Vg(0), —1), so that:

i.e., the assertion. O

Remark 3.31. As far as the original problem (3.17) with m < n is concerned,
we get the Lagrange multipliers for free by Theorem 3.30 simply observing that
if A= (as1|...|asm|0]...|0) € R™*" A" = (as]...|awm) and xz = (2/,2") €
R™ x R®™™ then

min ||Az — bH2 + Z)\j(]a;j] — 7j) = min HA’QU’ — bH; + Z)\](\x;\ — 7))+

z€R™ x’eR™ X
7j=1
n
+ o min Y0 Al - )
j=m+1

== Z?:m+1 AjTj
so that, if A* € R™ defines a vector of Lagrange multipliers for (3.30), then
(A*]0) € R™ x R™™™ defines a vector of Lagrange multipliers for (3.17).
3.2.5 Explicit solution

The conditions |z;| < 7; are equivalent to :c]2 < Tj2. Under this point of view,
(3.17) can be restated as:

minimize || Az — b||3, x? < Tj2, (3.34)
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that can be interpreted as a weighted Tikhonov problem. Assume that \# is
a vector of Lagrange multipliers for (3.17) or, equivalently, for (3.34). We are
interested in computing

o = argn%rinL(x, A),

where L is the Lagrange function associated to (3.34), i.e.

L(z M) = Az = b3+ > A (22 — 77).

j=1
Since L € C*®(R"™) and it is convex, they satisfy VL(x, \¥) = 0, that is:
(ATA + Ay)x = ATp,
where Ay = diag()\fﬁ, - )\#) Hence, z# satisfies:
(ATA + Az = ATp, (3.35)

that is, 27 € (ATA + A,)~1ATb.

Remark 3.32. Another way to compute the Lagrange multipliers associated to
(3.17), or equivalently to (3.34), can be by means of strong duality condition,
namely using:
M = arg max min L(x, ).
A0 =z

However, we stress that the explicit value of min, L(x, ) is still hard to compute
since the implicit relation (3.35) satisfied by 2# cannot be made explicit by means
of Dini’s theorem.

3.3 Applications

Despite the apparently heavy assumptions on A, Theorem 3.30 has itself inter-
esting applications. For instance, it can be applied to denoising problems, where
A = I,«n, i.e., problems in the form:

minimize ||z —b|3, zeR", |z;| <7, j=1,...,n. (3.36)

By Theorem 3.30, \# = ()\}#)?:1 is a vector of Lagrange multipliers for (3.36),
where:

X = 2(Jbj| — )" (3.37)

We can also apply Theorem 3.30 to the discrete Fourier transform, i.e., given
a noisy fully-sampled signal b € C", we want to find a vector z € C" such that
|®2 — b||3 is minimized under the constrains |z;| < 7j, where ® € C™*" denotes



3. TUNING PARAMETERS FOR LASSO PROBLEMS 66

the (complex) DFT matrix. Since ®*® = I,,x,,, we can apply Theorem 3.30 to
deduce that a set of Lagrange multipliers for this problem is:

N =2(10,60) — 75)

(j=1,...,n), being ¢, ; the j-th column of ®.

The question that naturally arises in the applications is whether the depen-
dence of A\1,..., A\, on 7q,...,7, can be a critical issue in the applicability of the
theory. Indeed, 7i,...,7, are upper bounds for |xi|, ..., |z,| respectively, which
are not available in the practice. However, whenever it is possible to estimate
these local upper bounds, our result may lead to high-quality imaging perfo-
mances. For instance, for denoising, (3.37) may be approximated by replacing
T1,...,Tn With the voxel values obtained by applying a Gaussian filter (or other
types of filtering) to the noisy image. This opens the question of which filtering
technique could lead to optimal approximations of the 7q,...,7, depending on
the field of research in which (3.17) can be implemented. We intend to investigate
this topic in the immediate future.






CHAPTER 4

An iterative algorithm to
compute tuning parameters

In Section 4.1, we discuss the theoretical model underlying the approximation of
Lagrange multipliers, outline the main challenges, and describe the MRI model
used in our experiments. In Section 4.2, we present our experiment and ALMA,
detailing the metrics employed for data analysis. Section 4.3 presents the results,
while Section 4.4 provides a comprehensive discussion.

This chapter has been published on arXiv in 2024, cf. [59].

4.1 Theoretical model

4.1.1 Mathematical rationale

Within the domain of MRI, Lustig and colleagues [87, 86, 34, 120, 119| pioneered
the applications of both LASSO and g-LASSO. The purpose of this section is
to motivate our conjecture that Lagrange multipliers could be used as effective
tuning parameters for imaging reconstruction with g-LASSO.

As we discussed in Chapter 3, the constrained LASSO problem
minimize |z]|1 subject to z € R", ||Az —b|l2 < (4.1)

has many equivalent formulations, where the equivalence notion is specified in
[49, Proposition 3.2]. We limit ourselves to delineate the relationship between
the constrained LASSO (4.1) and its unconstrained counterpart:

1 A
minimaize §HwH1 + §HAQU —b|)3. (4.2)

Theorem 4.1. Let A € R™*" b € R™ and n > 0. Let 27 be a minimizer of
the constrained LASSO (4.1). Then, there exists X' > 0 such that ¥ is also a
minimizer of (4.2) with A = X'. Conversely, if x™ is a minimizer of (4.2), there
exists ' > 0 such that x™ is also a minimizer of (4.1) withn =1'.

68
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Consequently, solving (4.2) with the corresponding Lagrange multiplier pro-
vides a rank(A)-sparse solution. Theorem 4.1 holds also for g-LASSO:

1 A
minimize §]|Ax — 0|13 + §||<I>m||1, (4.3)
the rescaling by the factor 1/2 is needed for computational purposes, but it is

irrelevant to the analysis of (4.3). Also, observe that (4.3) with A # 0 is equivalent
to:

1 A
minimize §||¢x||1 + §||Aa: —b||3, (4.4)

where the equivalence follows by choosing A* = A7,

4.1.2 Construction of Lagrange multipliers

The construction of a Lagrange multiplier is detailed in the proof of [11, Theorem
4.8], which uses Hahn-Banach theorem to find a hyperplane that separates two

convex sets, which for (4.4) read as: the epigraph A = {(u,t) e R?:u >

2|Az — b||3 — U;, t > 1|®z|1 for some z € R"} and the lower half-line B =

{(O,t) ER?:t< p*}, where p* = min{[|®z||; : || Az — bll < 1} (see fig. 4.1).

6000
5000
+~ 4000
3000

2000

1000

Figure 4.1: A graphic representation of the sets A and B, and the separating
hyperplane (dashed line). Observe that A is an epigraph and B is an open lower
half-line. The closure of B intersects the boundary of A.
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In the particular case of g-LASSO, separating hyperplanes are lines, and if
t = mu + q is any separating line, then a Lagrange multiplier can be chosen
as A* = —m or, equivalently, A = —1/m. Let us observe that set B serves no
essential purpose in determining a separating line, as it merely constitutes a lower
half-line intersecting A at its boundary. Additionally, when the lower boundary
of A is C! regular in a neighborhood of u = 0, a numerical approach enables the
identification of a separating line by delineating A and computing the tangent at
0 along the graph of its boundary.

4.1.3 Main challenges

A direct application of the theory described so far for deriving tuning parameters
poses three main challenges.

e Necessity of numerical methods: in the vast majority of convex opti-
mization problems, the expression of the dependence A = A(z*) or even
A = A(n), is a challenging task. We refer to [60] for examples of weighted
LASSO problems where this relation is instead explicit. Hence, finding a
Lagrange multiplier with the construction in [11] requires a separating line
to be found numerically.

e Unknown constraints: theoretically, the numerical machinery described
above necessitates prior knowledge of n = |Az# — b||2, where x7 is the
solution of g-LASSO. Consequently, the cylinder 'y, = {x : || Az — b||2 < 1}
is not only unknown, but it depends heavily on the outcome of g-LLASSO.

e Dimensionality: outlining A or its boundary necessitates plotting oo™
points in R?, rendering it an impractical endeavor.

While acknowledging the necessity of numerical analysis, we may resort to
an escamotage to overcome the two remaining challenges. However, this entails
abandoning the pursuit of exact Lagrange multipliers in favor of approximations.
The constraint bound 7 depends intrinsically on the solution z# of g-LASSO,
which in general differs from the ground truth f which, in the case of our exper-
imental setting, consists of the Shepp-Logan phantom (see fig. 4.3 (A)).

Defining a constrained bound 7 induces a solution z# and reversely, a given
solution z# sets the constraint bound 7. In practice the solution z# is of course
unknown and it is a subtle task to choose 1 appropriately so that the solution 27
is, hopefully, as close as possible to the ground truth. Choosing n is equivalent
to choosing the allowed amount of error on the raw data. It follows that n must
be at least as large as the noise amplitude. Other sources of error can also add
to the noise so that in general  may be larger than the noise amplitude. This
being said, in the present study, we chose to set 1 to be equal to the norm of the
added noise
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n=I[Af = bll2 = [lelz-

This situation is still far from concrete, since ||¢||2 is not known in the practice.
However, we note that the purpose of the present study is to present an ideal
situation to test if it is possible to use approximations of Lagrange multipliers as
well-performing tuning parameters for generalized LASSO problems, shifting the
focus from selecting the tuning parameter to estimating the noise energy.

Consequently, the tuning parameter returned by ALMA serves as an approz-
imate Lagrange multiplier, rather than the exact one. Achieving this approxi-
mation involves outlining the corresponding epigraph A. The essence of ALMA
lies in a technicality allowing for the approximation of A by sketching infinitely
many of its points simultaneously, as outlined below.

4.1.4 The MRI model

For the sake of concreteness, we simulate the reconstruction of a MR signal. Let
us spend a few words about how g-LASSO is used, and why the correct choice
of A\ is fundamental, in the context of MRI. Roughly speaking, the (inverse)
spatial Fourier transform of the MR signal is the anatomical image of a tissue,
which is supported in a cube [-L,/2,L,/2] x [-L,/2,L,/2] x [-L,/2,L./2].
By Shannon’s theorem full Cartesian (uniform) sampling consists of sampling n,
points in the k; direction, n, points along the k, direction and n. points along
the k, direction of the k-space, where:

L L L
Ar=" Ay=—"Y Az=",
Ty ny ny
and
1 1 1
Aky = —, Aky = —, Ak, = —
T va Yy Ly? z Lz7

we mention [90] as reference therein.

For various reasons, sampling the MRI signal at its Nyquist frequency poses
several challenges, necessitating techniques that can accurately reconstruct the
MRI signal from samples taken below the Nyquist frequency. First, in our 2D
experiments the dimensionality of the problem is of the order of n = ngn, =
3842 ~ 10°. For a 3D image, it increases to n = NgNyN, ~ 108, making the
processing of the MRI signal extremely time-consuming and computationally
expensive. Secondly, MRI requires patients to remain still throughout the entire
acquisition process, making it challenging to image moving organs and to perform
scans on patients with conditions such as movement disorders. Furthermore, MRI



4. AN ITERATIVE ALGORITHM TO COMPUTE TUNING PARAMETERS 72

is extremely expensive, and reducing the amount of information to be acquired
can lead to significant cost savings.

In light of these reasons, CS offers a valuable solution for reducing both ac-
quisition time and computational costs. However, there are situations where CS
transcends being merely advantageous: it becomes imperative. Take, for exam-
ple, 3D-CINE MRI, where sampling a full-Cartesian grid would be excessively
time-consuming to the extent that achieving full sampling becomes practically
infeasible. The application of CS to MRI is called CS-MRI. Since the MR signal
is known to be sparse with respect to the DFT, DWT, and other sparsity pro-
moting transforms, cf. [87], g-LASSO is used for the purpose. In this work, we
use the Shepp-Logan phantom and corrupt the data with artificial noise. The
Shepp-Logan phantom is piecewise constant and, therefore, its gradient is sparse.
For this reason, we use the discrete gradient as sparsity promoting transform:

-1 1 0 ... 0 O
0o -1 1 ... 0 O
D=1| . S A
0o o0 0 ... =11
and we set TV (x) = || Dx||; (discrete anisotropic spatial total variation).

4.2 Experimental design

The experiments were conducted using MATLAB R2023b. The Monalisa tool-
box was used for MRI reconstructions.

4.2.1 The simulated MR signal

To simulate the acquisition of an MR signal, we considered the Shepp-Logan brain
phantom f € R384%38 gimulate coil sensitivity, undersampling, and Gaussian
noise. MR data is sampled by a certain number nCh of coils simultaneously
(parallel imaging). Let us delve into a detailed exposition of the data simulation,
briefly summarized in the previous lines.

1. Channel extension and acquisition across coils: by juxtaposition, f
is replicated nC'h = 8 times and each replica f; € R384x384 5 — 1 . nCh,
is pointwise multiplied by a simulated coil sensitivity matrix C; € (C384x 384,

k=1,....,nCh,i,j=1,...,384 (fig. 4.2).

2. Fourier transform: the spatial discrete Fourier transform of each f; is
computed (see fig. 9B).
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Channel extension: f € R384X384xnCh | ( Coil sensitivity: C384x384xnCh

h £ facn G G Cnch

<t
X
e\\,
S

——

Figure 4.2: Simulated channel extension and acquisition across coils.

3. Undersampling: full Cartesian sampling consists of sampling nLines =
384 lines evenly spaced, whereas undersampling entails sampling only a
certain fraction of these 384 lines, which we denote by URgy,. In our study,
we tested undersampling rates of 10%, 15% and 20%, that is URy, €
{10/100,15/100,20/100}. For a fixed U R, the sampling trajectory com-
prises n(URy,) = [nLines - UPg] lines. The 30% of the n(U Ry) lines are
used to sample the center of the k-space at the Nyquist frequency. Specif-
ically, [n(URy,) - 30/100] lines sample the center of the k-space, while the
remaining lines sample the periphery of the k-space following a normal
distribution N(u,0?) with u = nLines/2 + 1 and 0 = nLines - URy,
(see fig. 9C). The Fourier transform of each coil-image is sampled accord-
ing to the Cartesian undersampled trajectory established before. Conse-

quently, the resulting simulated MR, data consists of a tensor y € Y =
(C(nLines-n(UR%))XnC’h (see ﬁg 9D)

4. Noise corruption: we tested ALMA under three distinct noise levels.
Specifically, the simulated MR data is given by: b = y + &, where € €
Y and R(g; ), S(gi;) ~ N(0,0%) (i = 1,...,nLines - n(URy) and j =
1,...,nCh). We refer to 0% as to noise level, which is computed as o2 =
l|lyll - N L, where in our experiments NLg € {3/100,5/100,7/100}. For
instance, the terminology 3% noise means that we are considering N Lo, =

3/100.



4. AN ITERATIVE ALGORITHM TO COMPUTE TUNING PARAMETERS 74

4.2.2 ALMA

ALMA is synthesised in fig. 1.4 and schematized in Algorithm 1, here we limit to
comment how ALMA computes an ALM. Note that the scalar product a”b, a,b €
R"™, must be replaced with %(a’b) when a,b € C*. Moreover, for non-Cartesian
MRI trajectories, the scalar product that shall be considered is (a, b) = R(a” Hb),
with H Hermitian positive-definite matrix encoding the non-Cartesian gridding
of the k-space.

In the previous paragraphs we observed that finding an ALM is a matter of
tracing the tangent line in 0 to the epigraph A = {(u,t) € R? : u > ||Az —
bl3/2 — n?/2, t > TV (x)/2 for some v € R"}, where n = ||Af — b||2, being
f € R384x384 the 384 x 384 Shepp-Logan phantom. We pointed out that outlining
A is technically difficult due to the unfeasible dimensionality: in principle, for
every x € R" (n = 3842%), once the point (u,t) = (u(x),t(x)) = 1/2- (]| Az —b||3 -
n?, TV (x)) is computed, one has that all the points of the first quadrant centered
in (u(z),t(x)) belong to A. Clearly, it would be enough to compute (u(z),t(x))
only for x € R" such that (u(x),t(z)) belongs to the boundary 0.A of A, but
we do not have access to those points. On top of that, computing (u(z),t(x))
for a fixed = is computationally expensive, because of the measurement operator
A. However, a meaningful family of points (u(z),t(x)) that would be enough to
approximate the tangent line in 0 to its boundary can be found as follows:

1. Choose = € R™ so that the corresponding (u(x),t(x)) is as far to the left
of A as possible. Clearly, this task is accomplished by any minimizer of
¢(z) = ||Az — b||3, which consists of iterative reconstructions. Let us call
this point z#.

2. Choose another point, for instance, the reconstructed image obtained by
the gridded reconstruction of the noisy undersampled data, b. Let us call
this point z(®.

3. Consider the segment that joins 2# to (9 in the image domain and sample
it at a rate decided a priori, e.g. 201 uniformly spaced samples.

4. Let x be one of this samples. Compute || Az||3, b Az and TV (z).

5. The curve 7, parametrized by a € R as:
1
T(a) = (u(a), taw)) = 5 (ol Av|} - 206" Aw + 6] = 1, [o| TV (2))

consists of a couple of branches of parabolas. The parameters oy and as
such that ~,(a1) and v, (ag) are the vertices of these parabolas can be
computed explicitly by the expression of v, («).

6. Let qupgr = max{|ay|,|az|}. Compute and plot v, () for ame, < a <
Qmaz- Since ||Az||3, bT Az and TV (x) have been computed in 4., the com-
putational cost of this operation is low.
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Algorithm 1 ALMA

Require: : maximal number of iterations: n,qz.

Require: : A € C™*" and b € C™.

Require: : 27 ground-truth and set n = ||Az™ — b||s.

Require: : z(¥) = arg mingccn || Az — b
while n < n,,4, do
1. Project (") onto the solution set of the least-square problem, call x
the projection.

2. Consider the convex combination 3:(7”) = rg(n—1) —I—(l—T);r}(J;,;jl) 0<7<1).

3. Consider a partition 71 = 0,...,7200 = 1 of [0, 1] and the related x(ﬁ).

(n—1)
proj

while 1 < j < 200 do Plot the set A of points (u,t) € C? in the form

n 2
u= 3llAop) —bl3 - %,
t= %TV(akm(T?)),

where oy € [—Qmaz, ¥maz] 18 an equally spaced sequence (k= 1,..., kmaz),
\bTA;U(T’.l)|
Omaxr = — 1~ -
[RESSIT
end while

4. Compute the slope m(™ of the tangent to the lower boundary of A, in u = 0.
Set AW = —1/m(™),
5. Solve

arg min S Az — b3+ TV ()
re iy 5o - 0l + 5TV (@

with the ADMM algorithm. Call 2(™) the solution.

if n>1and A\ = X"~ then Break
end if
end while
Result: z,,; = a;(’"), where r is the number of iterations at the end of while.




4. AN ITERATIVE ALGORITHM TO COMPUTE TUNING PARAMETERS 76

7. Repeat the procedure for every z belonging to the segment that joins 27
to (0.

8. Since A is known to be convex, compute the convex hull of the outlined
points.

The convex hull at the end of 8. is the approximation of A at iteration 1.

9. Choose AV = —1/m(1), where m™) is the slope of the tangent and recon-
struct an image using A(!) as tuning parameter for TV-LASSO. Call this
image (),

Indicatively, (! has the advantage of being more regular than z(®, that is

TV (W) <1V (),

10. Repeat steps 1-9. replacing 2(©) with (1), to outline points of A that are
narrower with respect to the points outlined in steps 1)-7). Overlaying these
new points to the ones already outlined in 7), improves the approximation

of A.

11. Compute the slope m(? of the new tangent in 0 to the convex boundary of
A and define \®) = —1/m®.

4.2.3 Image quality metrics

We measured quantitatively the quality of the output of ALMA by means of
three metrics: the mSSIM, the pSNR and the CJV.

e The mSSIM is an extension of the structural similarity index, designed to
assess the quality of reconstructions across various scales in a manner that
approximates human perception, cf. [122, 38|. It compares the brightness,
contrast, and structural details of reconstructions with ground truth im-
ages, assigning values on a scale from 0 to 1, where a score of 1 indicates
optimal similarity. Good quality reconstructions typically correspond to
mSSIM values of > 0.9. In the present work, the mSSIM is computed via
the command multissim(I,Iref), where Iref is the reference image (the
Shepp-Logan brain phantom) and I is the image to be assessed.

e The pSNR quantifies noise corruption of compressed images, independently
on the quality as perceived by human vision and good visual quality requires
pSNR to be at least 30dB, cf. [1].

e CJV measures the presence of intensity non-uniformity (INU) artifacts in
MRI, cf. [83, 55]. In the current paper, we use it as a measure of artifact
bias in reconstructions. Lower values of CJV indicate better quality of



4. AN ITERATIVE ALGORITHM TO COMPUTE TUNING PARAMETERS 7

B
Figure 4.3: Grey matter (A) and white matter (B) masks for CJV computation.

MR images in terms of artifacts. CJV is defined based on the intensity
difference between grey and white matter. Fig. 4.3 illustrates the masks
corresponding to grey matter (A) and white matter (B) in the Shepp-Logan
phantom, used for the computation of the CJV, as inspired by [75].

The notation mSSIM(\) stands for the mSSIM of the reconstruction ob-

tained by solving:
arg;g(icrrll %HA$ —b|j3 + %TV(IE).

Analogous notations for pSNR(A) and CJV(A). The mSSIM takes values in
[0,1] and optimality corresponds to mSSIM(A) = 1 (maximum). The pSNR
and the CJV take values in [0, +00) and are optimized in correspondence of their
maxima and their minima respectively. Good quality with respect to mSSIM
corresponds to mSSIM > 0.9, good quality with respect to pSNR corresponds
to pSNR > 30dB. Assessing good quality for CJV is harder, since, differently
from the mSSIM and the pSNR, the CJV is optimized in correspondence of its
minima arg min(C'JV (X)), whereas max(CJV (\)) potentially grows to infinity.
For these reasons, we considered good quality with respect to CJV as:

max(CJV) —min(CJV)

CJV(AN) <min(CJV) 4+ 10

= 0.0493 =~ 0.05,

where

max(CJV) = max{CJV(\) : A > 0}

and
min(CJV) = min{CJV(A) : A > 0},
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analogous notations are used for the minima and the maxima of mSSIM and
pSNR.

4.2.4 Data analysis

The mSSIM, pSNR, and CJV, along with their respective relative versions, serve
as quantitative measures for assessing the quality of reconstructions. Addition-
ally, the (unique, in our experiments) tuning parameters A,ssrav, A\psnvr and
Acyv which optimize each metric can be considered. Specifically, A\,ssrmr =
argmax{mSSIM(X) : A > 0}, \psnr = argmax{pSNR(X) : A > 0} and
Acgy = argmin{CJV(\) : A > 0}. The ratios \pss70/AALM, /\pSNR/AALM
and Acgv/Aara express the distance between optimal tuning parameters (with
respect to the metrics) and ALM in terms of the orders of magnitude of the
corresponding ratios. We term the ratio A,ssrar/A the magnitude ratio cor-
responding to A (with respect to mSSIM), and similar notations are reserved
for the other metrics. For every pair (URy, N Lg) and every reconstruction,
we calculate the mSSIM, pSNR and CJV, alongside their corresponding mag-
nitude rations. Within each fixed pair (URy, N Ly,), we employ violin plots to
illustrate the distributions of mSSIM, pSNR and CJV across the 50 runs, for
analysis. Additionally, shaded error bars for the functions mSSIM (A/Aarnr),
PSNR(A/Aarm) and CJV (A/Aarnr) are incorporated to evaluate the optimality
of ALM as tuning parameters. A value of A\,,s5707/Aapa = 1 signifies that Aazas
is the optimal tuning parameter with respect to mSSIM. Similar interpretations
apply for the other magnitude ratios. For a comparison, we compute the L-curve
tuning parameter Ay, and execute reconstructions using TV-LASSO with this
parameter. Subsequently, we compute mSSIM (A1), pSNR(Ar) and CJV (ML),
along with the corresponding magnitude ratios pertaining to Ay with respect to
these three metrics.

4.2.5 The dataset

The dataset is obtained reconstructing an image for a fixed pair (URg,, N Lo)
50 times (number of runs), to ensure statistical robustness with respect to the
sampling randomisation. The dataset consists of 3 x 3 x 50 reconstructions.

4.3 Results

4.3.1 Analysis of convergence

For fixed noise level and undersampling rate, ALMA approximates an ALM by
conducting reconstructions, updating the ALM approximation at each iteration.
We have selected two stopping criteria:
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T = 80
[ 10% undersampling
[ 15% undersampling
[__120% undersampling | -

T
[C13% noise
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[C—17% noise

15 20 25 B 5 10 15 20

Figure 4.5: Convergence analysis. Histograms of the number of iterations needed
for ALMA’s convergence across undersampling rates (A) and noise levels (B).
The number of bins for each histogram is the ceiling of the square root of the
number of points, i.e., [v/150] = 13. Observe that the number of iterations for
ALMA to stop is mostly concentrated in the interval [0, 10] independently of the
noise level and the undersampling rate, while the standard deviations increase
with the undersampling rate and the noise percentage. This demonstrates that
the number of iterations required for ALMA to converge is relatively low even
when processing larger amounts of information (20% undersampling) and higher
noise percentages (7% noise).

e The number of iterations k reaches a predefined maximum (set to ke =
100).

o At iteration ko + 1, Akot1) = (ko) in which case A(¥) = \k0) for every
k> k.

Note that the second criterion serves as a convergence criterion for ALMA. This
means that if it is satisfied, ALMA not only stops but actually converges (i.e.,
the sequence (A®)); of ALM at step k converges). Observe that in all of our
experiments, the sequence of the ALM is eventually constant. Therefore, in what
follows, the term convergence will refer to ALMA stopping due to the fulfillment
of the second stopping criterion.

Through empirical analysis, we investigated the convergence of ALMA across
various noise levels and undersampling rates. As aforementioned, ALMA con-
verges in a finite time for every undersampling rate and noise level.

The histograms in fig. 4.5 (A) illustrates the number of iterations required for
the convergence of ALMA across different noise levels and undersampling rates.
Both histograms follow Gaussian distributions that become less concentrated

25
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around 0 as the undersampling rate increases (fig. 4.5 (A)) or as the noise level
rises (fig. 4.5 (B)). In both scenarios, the increase in the number of iterations can
be attributed to the amount of information processed by ALMA, which grows
with the number of sampling points and the noise level. Let us delve deeper into
these cases. On average, ALMA stops after 7.2089 4 2.9773 iterations (see fig.
4.9). For the 10% sampling rate, both the average number of iterations and the
standard deviation increase with the noise level. A similar trend is observed for
the 15% undersampling rate, as detailed in fig. 4.9. However, the 20% sampling
rate exhibits a distinct pattern: the average number of iterations increases from
3% to 5% noise levels and reaches its minimum at a noise level of 7%.

4.3.2 Performance of ALMA with respect to mSSIM

mSSIM as a function of AIAALM
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Figure 4.6: Shaded error bars of the mSSIM, the shades representing the corre-
sponding standard deviations. The values 1 on the horizontal axes correspond
to A = Aarm. Observe that the corresponding mSSIM values lie on the plateau
of the mSSIM graph, just to the right of the maximum. This indicates that the
ALM performs nearly optimally with respect to the mSSIM metric.

Images reconstructed utilizing the ALM computed by ALMA consistently
exhibit an average mSSIM > 0.99, irrespective of the noise level or the under-
sampling rate (see fig. 4.9). The violin plots for the mSSIM are displayed in
figure 4.4 (color yellow).

Across noise levels and undersampling rates, the tuning parameter that opti-
mizes the mSSIM (A, ss7ar) is around half of the ALM (Aazar), i.e., Amssiv =
0.52-Aarar (see fig. 4.9). However, even if A 475 does not maximize the mSSIM,
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the points (1, mSSIM(1)), which correspond to the mSSIM of the reconstruc-
tions obtained with ALM, always lie on the plateau of the graph of the function
mSSIM(N/Aapa), indicating that Aapas is in the range of tuning parameters
corresponding to almost-optimal mSSIM values (see fig. 4.6).

4.3.3 Performance of ALMA with respect to pSNR
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Figure 4.7: Shaded error bars of the pSNR, the shades representing the corre-
sponding standard deviations. The values 1 on the horizontal axes correspond
to A = Aarm. Observe that the corresponding mSSIM values lie on the plateau
of the mSSIM graph, just to the right of the maximum. This indicates that the
ALM performs nearly optimally with respect to the mSSIM metric.

Reconstructions obtained using ALMA exhibit high pSNR for every noise level
and undersampling rate. As expected the pSNR decreases across noise levels. On
average, the pSNR is > 40dB for reconstructions of images corresponding to 15%
and 20% undersampling rates, whereas the average pSNR of reconstructions with
10% undersampling rate is at least 35dB (see fig. 4.9). Other than demonstrat-
ing the quality of reconstructions obtained via ALMA in terms of pSNR, this
reflects the fact that solving TV-LASSO with ALM as tuning parameters tend
to produce highly regularized images. Again, across noise levels and undersam-
pling rates, the tuning parameter that optimizes the pSNR (A,snr) tends to
be approximately 0.47 times the corresponding ALM, i.e., Apsnr ~ 0.47 - Aarnmr
(see fig. 4.9). Compared to the graphs mSSIM (A/Aarnr), the plateau of the
functions pSNR(A/A\,snR) near their maxima is less pronounced, and the points
(1,pSNR(1)), corresponding to the pSNR of reconstructions obtained with ALM,
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are shifted to the right of their peaks (see fig. 4.7). In conclusion, ALM perform
almost-optimally with respect to pSNR.

4.3.4 Performance of ALMA with respect to CJV

CJV as a function of AIAALM

CJVv

Figure 4.8: Shaded error bars of the CJV, the shades representing the corre-
sponding standard deviations. The values 1 on the horizontal axes correspond
to A = Aarm. Observe that the corresponding mSSIM values lie on the plateau
of the mSSIM graph, just to the right of the maximum. This indicates that the
ALM performs nearly optimally with respect to the mSSIM metric.

Except for the worst-case scenario U Ry, = 10%, N Loy, = 7%, the reconstruc-
tions obtained by ALMA display CJV values no larger than 0.05, showing that
ALMA performs well with respect to CJV as well (see fig. 4.9). The tuning pa-
rameter that minimizes the CJV (Acyv) is on average 0.45 times the correspond-
ing ALM, i.e., Acyy = 0.45 - Aapn (see fig. 4.9). However, ALM still perform
almost optimally with respect to CJV, and the points (1,CJV (1)), correspond-
ing to the CJV of reconstructions obtained with ALM, are shifted to the right
of their minima, in accordance with the behavior of the graphs pSNR(A/Acyv)
(see fig. 4.8).

4.3.5 Comparison with the L-curve parameter

For a comparison, we report on the quantitative measurement regarding the re-
constructions obtained utilizing the parameter A, computed by L—curve. These
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Figure 4.9: Means and standard deviations of the number of iterations, the three
metrics, and the magnitude ratios across undersampling rate and noise level, for
the reconstructions obtained using the ALM. Observe that the average number
of iterations is 7, and the three metrics exhibit average values of approximately
0.9951, 42.2401 dB, and 0.0367, respectively, indicating optimal performance of
ALMA.

raconstructions exhibit an average mSSIM > 0.99, across noise levels and un-
dersampling rates (see fig. 4.11), they also exhibit an average pSNR of 42.6351
and an average CJV of 0.035. Therefore, they perform well regarding the metrics
criterion. Moreover, the tuning parameter that minimizes the mSSIM (A,s5701)
is on average 0.6 times the corresponding Ay, i.e., A\ussrar = 0.6 - Ar, while the
tuning parameters optimizing the pSNR and the CJV (A\psnr and Acyy, resp.)
are on average 0.5 times Ay, (see fig. 4.11). All these data together show that the
performance of the L-curve parameter is slightly better compared to the perfor-
mance of the ALM. However, the difference is marginal and amounts to only a
matter of decimals. Moreover, ALMA is an iterative procedure to compute tuning
parameters and, consequently, solving TV-LASSO, whereas the L-curve method
is heuristic and does not involve an iterative process. Despite yielding similar re-
sults, ALMA’s iterative nature ensures a more robust and accurate determination
of tuning parameters for solving TV-LASSO, offering a superior alternative to
the heuristic approach of the L-curve method. Therefore, both methods perform
similarly overall, indicating that the ALM is a reliable parameter, performing on
par with the well-established L-curve method.
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4.4 Discussion

We introduced ALMA for TV-LASSO, which demonstrated promising results
in reconstructing undersampled and noisy MRI phantom data, achieving high-
quality reconstructions without extensive manual tuning. We assessed the quality
of the reconstructions quantitatively by means of mSSIM, pSNR and CJV.

As illustrated in fig. 4.10, the reconstruction quality using ALMA, even in
the worst case scenario (URy, = 10% and N Ly, = 7%), is notably superior when
compared to parameter choices as powers of ten (see fig. 4.10). The reconstructed
image via ALMA exhibits finer structural details and improved contrast, which
are crucial for accurate diagnosis and analysis in clinical radiology.

To further validate ALMA’s robustness, we compared its reconstructions to
those obtained using parameters optimized for the three metrics (mSSIM, pSNR,
and CJV). Figure 4.9 encapsulates this comparison, while fig. 4.10 provides a
visual example of the reconstructions. The results indicate that ALMA’s per-
formance is nearly optimal, matching closely with the parameters that optimize
each metric.

We also compared the performance of ALMA against the well-established L-
curve method. As presented in fig. 4.9 and 4.11, and exemplified in fig. 4.10,
both methods show comparable performance across the metrics. However, ALMA
stands out as the first iterative algorithm to compute the parameter dynamically
during reconstruction. This active, iterative approach grants ALMA significant
advantages in computational efficiency and ease of implementation, which are
particularly beneficial in clinical settings where a rapid and optimized recon-
struction is essential.

Qualitatively, ALMA-reconstructed images maintain the anatomical integrity
and structural fidelity necessary for clinical interpretation. This is evident in
fig. 4.10, where even under severe noise and undersampling, the critical features
are preserved. Quantitatively, ALMA achieves high mSSIM, pSNR, and low
CJV values, closely approximating the optimal values for these metrics obtained
through extensive parameter optimization.
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3= Amsstu = Apsun

mSSIM = 0.9882 mSSIM = 0.9874 mSSIM = 0.9964 mSSIM = 0.9952
pSNR = 38.3753 pSNR = 38.0796 pSNR = 41.5552 pSNR = 41.2745
C]V = 0.0525 CJV = 0.0544 CJV = 0.0386 CJV = 0.0375

0000

mSSIM = 0.7091 mSSIM = 0.9422 mSSIM = 0.9865 mSSIM = 0.9038
pSNR = 20.0032 pSNR = 29.4250 pSNR = 37.7847 pSNR = 23.1956
CJV = 0.3037 CJV = 0.1261 CJV = 0.0554 CJV = 02113

Figure 4.10: Example of reconstruction of simulated MRI data (N Ly, = 7/100,
URy, = 10/100) with different tuning parameters: the ALM and the tuning
parameter computed with the L-curve method, the tuning parameters that opti-
mize each metric and tuning parameters that are powers of 10. The corresponding
quantitative quality assessments are reported below each reconstruction. Observe
that the quality of the reconstructions obtained using the ALM and the L-curve
parameter are nearly indistinguishable, and close to the quality of the images
reconstructed with the tuning parameters that optimize the metrics.
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metrics, and the magnitude ratios across undersampling rate and noise level, for
the reconstructions obtained using Ay, the tuning parameter of the L-curve.



CHAPTER 5

Wigner analysis and metaplectic
Wigner distributions

We open this chapter with Section 5.1, where we provide the main definitions and
discuss Wigner analysis of Schrodinger equations, the reason that yield Cordero
and Rodino in defining metaplectic Wigner distributions. In Section 5.2 we
present the main properties of metaplectic Wigner distributions and introduce
their related pseudodifferential operators. Different symplectic matrices give rise
to different quantizations: we show the link between different quantizations and
generalize the equality in (5.1) to any metaplectic Wigner distribution and meta-
plectic pseudodifferential operator. This is a valuable result of its own, we believe
it could be useful in the framework of operator theory and quantum mechanics.
Section 5.3 is devoted to study subclasses of metaplectic Wigner distributions
and pseudodifferential operators: covariant, totally Wigner-decomposable and
Wigner-decomposable. The last ones provide a new characterization of modula-
tion spaces. Next, we show that covariant matrices belong to the Cohen class
and compute the related kernel. As for the Wigner case, we are able to give an
explicit expression of the metaplectic Wigner when A is covariant. Section 5.4
contains a deep study of metaplectic pseudodifferential operators on modulation
spaces, which will be used in the applications to Schrodinger equations (Section
5.6). Section 5.5 introduces new algebras of generalized metaplectic operators
and their main properties. Finally, Sections 5.6 and 5.7 exhibit some applica-
tion of the theory developed so far to Schrédinger equations and wavefront sets,
respectively.

This chapter is part of an article published in Communications in Mathemat-
ical Physics in 2024, cf. [23].

5.1 Schrodinger equations and Wigner analysis

Cauchy problems for Schrodinger equations have been studied by a variety of au-
thors in many different frameworks. Limiting attention to the microlocal analysis

88



5. WIGNER ANALYSIS AND METAPLECTIC WIGNER DISTRIBUTIONS 89

context, let us mention as a partial list of contributions [2, 33, 69, 73, 74, 93, 94,
109, 124].

As more recent issues, under the influence of the new time-frequency methods,
we may refer to [5, 14, 25, 27, 28, 30, 29, 31, 40, 35, 37, 78, 103, 102, 121].

In this chapter, we propose a new approach, in terms of phase-space con-
centration of suitable time-frequency distributions. The basic idea in terms of
Wigner distribution is not new, though. It goes back to Wigner 1932 [123] (later
developed by Cohen and many other authors, see e.g. [16, 17]). For a given
linear operator P acting on L?(R?) (or a more general functional space), Wigner
considered an operator K on L?(R??) such that

W(Pf)=KWf (5.1)

and its kernel k

WPHG.&) = [ k& pn)W f(y.n) dyd, 6.2

We continue the development of a theory started in the Part I [30], addressed
to P pseudodifferential operators with W replaced by the more general 7-Wigner
distributions. Here the main concern is the study of Cauchy propagators for
linear Schrodinger equations

Ou
28t+HU—0 (5.3)
u(0, ) = uo(z),

with + € R and the initial condition ug € S(R?) (Schwartz class) or in some
modulation space as explained below. The Hamiltonian has the form

H= Opw(a) + Opw(a)7 (5'4)

where Opy,(a) is the Weyl quantization of a real homogeneous quadratic poly-
nomial on R?? and Op, (o) is a pseudodifferential operator with a symbol ¢ in
suitable modulation spaces, namely o € Mﬁ;’gs (R24), 5> 0,0 < g <1 (see Sec-
tion 2.2 below for the definitions) which guarantee that Op, (o) is bounded on
L?*(R%) (and in more general spaces). This implies that the operator H in (5.4)
is a bounded perturbation of the generator Hy = Opy,(a) of a unitary group (cf.
[108] for details).

As special instances of the Hamiltonian above we find the Schrédinger equa-
tion H = A — V(z) and the perturbation of the harmonic oscillator H =
A — |z|?> — V(x) with a potential V € M°4(R%). Observe that V is bounded,
but not necessarily smooth.
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The unperturbed case o = 0, was already considered in [31]

Ou
i + Opy(a)u =0

u(0,z) = ug(z).

The solution is given by the metaplectic operators u = Xiug, for a suitable sym-
plectic matrix yy, see for example the textbooks [48, 35|. Precisely, if a(z,&) =
%l‘AiL’ +&Bx+ %50{ , with A, C' symmetric and B invertible, we can consider the
classical evolution, given by the linear Hamiltonian system

21z = Vga = Ba:+C§
onf = —Vya = —Az — BT¢

(5.5)

(the factor 27 is due to our normalization of the Fourier transform) with Hamil-

tonian matrix D := <_BA _%T> € sp(d,R). Then we have x; = e'® € Sp(d,R).
The solution to (5.5) is the Schrédinger propagator
u(t, z) = P Wy (z) = Yo, (5.6)

and the Wigner transform with respect to the space variable x is given by
W’LL(t, Z) = WUU(X;12)7 = (SU,E),

as already observed in the works of Wigner [123| and Moyal-Bartlett [92|. Hence
(5.2) reads in this case

W (0P (@) ) () = /R Kt 2 w)Woo(w) du, (5.7)

with k(t, z,w) given by the delta density d,—,-

The aim of [31] was to reconsider (5.6) and (5.7) in the functional frame
of the modulation spaces, in terms of the general metaplectic Wigner transform
introduced in [30]|. The propagator of the perturbed problem (5.3) is a generalized
metaplectic operator, as already exhibited in Theorem 4.1 [25] for symbols in the
Sjostrand class.

Here, to deal with further non-smooth potentials Op,, (o) in (5.4), where we
consider o € Mﬁ%’gs (R24), and we expand the class of generalized metaplectic
operators, including quasi-algebras of operators, which allow faster decay at in-
finity than the original Sjostrand class. To quantify the decay we use the Wiener
amalgam spaces W (C, L}, )(IR??), which consist of the continuous functions F' on

R24 guch that

1FllwcLey = | D ( sup [F(z+k))Pus(k)? | < oo (5.8)
kEZ2d 26[0,1]2‘1

(obvious changes for p = o), where vy(k) = (1 + |k[?)Y/2.
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Definition 5.1. Given x € Sp(d,R), g € S(R?), 0 < ¢ < 1, we say that a linear
operator T : S(R?) — S'(RY) is a generalized metaplectic operator in the class
FIO(x, q,vs) if there exists a function H € W (C, L{,)(R??), such that the kernel
of T' with respect to time-frequency shifts satisfies the decay condition

(Tm(z)g,m(w)g)| < H(w — xz), Yw, z € R (5.9)
(where the time-frequency shifts 7(z), m(w) are defined in Subsection 2.2).

We infer boundedness, quasi-algebras and spectral properties of the previ-
ous operators, see Section 6 below. Moreover, we shall show that they can be
represented as

T = Opy(o1)x or T = xOpy(o1),

that is, they can be viewed as composition of metaplectic operators with Weyl

operators with symbols in the modulation spaces M- loé’i (R24),

The solution e ug to (5.3) is a generalized metaplectic operator of this type
for every t € R, so that it enjoys the phase-space concentration of this class.

The main work of this paper relies in preparing all the instruments we need
to study the Wigner kernel of ¥ namely k(t, z,w), w, z € R??, such that

W (e ug)(z) = /k(t,z,w)Wuo(w) dw

and possible generalizations to metaplectic Wigner distributions, defined as fol-
lows.

We shall focus on A shift-invertible, covariant symplectic matrices, see Defi-
nitions 4.5 and Subsection 4.1 and 4.2 below for definitions and properties. Fur-
thermore we limit to A shift-invertible, covariant symplectic matrices such that
the related metaplectic Wigner distribution W4 is in the Cohen class @Jx;, namely
it can be written as

Walf,9) =W(f,9) *Xa
where the kernel ¥ 4 is related to A by (5.43), (5.41) below.

Let us define ¥ 4¢+(2) = Y 4(x¢(2)) and denote by A; the covariant matrix
such that
WAt - Wf k ZAt,t'

Then from the results of [31] we have from the unperturbed equation (5.5), as
counterpart of (5.7)

WA(eitOpw(a)uo)(z) = 0=y (Wa,uo) (w) dw.
RQd

So we keep the action of the classical Hamiltonian flow according to the original
idea of Wigner [123], provided the matrix A; is defined as before.
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We prove that the result does not change so much for the perturbed equation.
Namely, under the stronger assumption o € 5870(R2d), we prove (see Proposition
5.50 below)

Woa(e™ o) (=) = /R At 2, w)(Wa o) () du
where, for every N > 0,

kalt, 2, w){z = xe(w))*"
is the kernel of an operator bounded on L?(R%).

Starting from this, we may obtain the propagation result for the Wigner wave
front set ‘
WFs(e™ug) = xeWF qu0),

see Definition 5.52 in the sequel. In particular, for Wy, = W = W, defining as
in [30, 31] 29 ¢ WFF, 20 # 0, if there exists a conic neighbourhood T',, C R?? of
zo such that for all N > 0,

/ (MW () dz < oo,

I,
we obtain

WEF (e ug) = xs(WFug).

5.2 Metaplectic analysis of pseudodifferential opera-
tors

In this section we study several properties of metaplectic pseudodifferential oper-
ators in the context of time-frequency analysis. Integrals that must be intended
in the weak sense are clear by the context.

First, we recall their definition, cf. |30, Section 4].
If A € Sp(2d,R) is a general symplectic matrix, we can write explicitly
Wa(f,g) as a FIO of type II, using Lemma 2.10.

Proposition 5.2. Let A € Sp(2d,R) have factorization A = A; Ay with A;, j =
1,2, free with block decomposition

A; Bj
A — ( j ]> '
7N\G D
Then, up to a unitary factor, for every F' € S(R??),

1/2
—DlBl_l(x’ 5)

A~

AF(J/‘,S) _ det(Bl)

det(Bg)

x | F(z,Q)e?malzbym =@y (2, ¢, y, n)dzd¢dydn,
R4d

(5.10)
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where the phase is given by

1, _ _
q)A(Za vaan) = §[B2 1A2(27 () : (Za C) + Bl(Bl 1A1 + DQBQ 1)B;1r(y777) : (ya 77)]
and the symbol is given by the tempered distribution

Ta(z, Gy, ) = 2Bz Bl (w)-(2.0)

In particular, for every f,g € S(R?),

det(By) |1/
Walf. )06 = [Seiipy | ®opupr (0.8
R4d

(5.11)

Proof. Let .,/4\1, ;l\g € Mp(2d,R) having free projections be such that A= .//4\1.21\2
We can write, for every F' € S(R??), and up to a unitary factor,

AF(2,8) = A Ay F(2,¢).
For the rest of the proof, we write

X =(2,8), Y=mn), Z=(z0

while dY = dydn and dZ = dzd(.

Applying Lemma 2.10 and changing variables, up to a unitary constant,
AF(X) = |det(By)| 712D B XX / (AxF)(Z)e2miIBr XY =3B A Yl gy
R2d

= |det(BlB2)|_1/26_”DlBl1X'X/ o~ imD2By Y'Y
R2d

X / F(Z)GQM[B2_1Y'Z_%BZ_IA2Z'Z]dZSQM[Ble'Y—%BflA1Y~Y]dY
R2d

det(By) |2
d (X
det(BQ) —D1By 1( )

. -1 -1 —1 cH—1
/ F(Z)eQWZ[—%(Bl(Bl Av+DaBy )BYY Y +By Ay Z-Z)+ XY 2miBy BYY Z gy a7
R4d

This proves (5.10) and (5.11) follows plugging F' = f ® g in (5.10). O]

Moreover, we also have explicit integral formulas for metaplectic Wigner dis-
tributions in terms of their factorization via free symplectic matrices.
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Corollary 5.3. Under the same notation of Lemma 5.2, up to a unitary factor
and for every f,g € S(RY),

WalF,0)(2.€) = | det(BBa) 720 _p, () [ S0P, 0
X -7:71(q’f(B;IAﬁDZB;I))(Bl_l(%f) + By " (y,m))dydn

= | det(B1B2)| 720 _py poi(2,€)

< (FODP_g10,) * (FO_ 500,y © (B3 "] (~BE BT (a6,

where the chirp ® is defined in (2.14). In particular, if Bl_lAl + DQBQ_I is
invertible, then, up to a phase factor,

Wa(f,9)(2,€) = | det(B1Ba)|~"/?| det(By ' A1 + DBy )| '@ _py, ot (2,€)

X oaa TOII® 4, (0, M® (gt 4,1 pypy -1 (BL (@,€) + By (y,m))dydn.

Proof. Using (5.10), we can write, for every F € S(R??), and up to a unitary
factor,

AF(2,€) = ALA F (2, €).
Applying Lemma 2.10, up to a unitary constant,

AF(z,€) = | det(By By)| /2~ P1By @8)-(@.6) / F(y,n)e"™Bz  A2(y:m)-(ym)
R2d

" / 2B (@) (20 =3 BT A1 (2,020 =3 D2 By () (2:0)+B5 () W g 4 dy
R2d

- |det(BlB2)‘_1/2q>—Dlel(:E’g) /RMF(@M)‘P_BZ1,42 (y,m)

X/ e2mil(By (@& 4B; T (vm) (=) =3 (By At D2By (=050 g
R2d

(5.12)

The inner integral is worked out as

/ 2mil(Br @)+ By " (ym)-(5:0) =5 (B Ai=D2By (0] g5 ¢
R2d

_ 2mi[ By N (2,6)+B5 T (y,n)]-(2.€ 5.13
_/de@_(BllAl_DQB2l)(Z,C)€ B @ O+B T ) 0 gpge (513)
= -7:_1(¢_(B;1A1+D2351))(Bf1($,f) + BET(y,n))~

Observe that if B LA+ DyB, Lis invertible, then

1
—1 o
F e (prray+pa;) = |det(B; T Ay + DQB;1)|CI)(BI1A1+DzB;1)—1'

Plugging (5.13) into (5.11) with F' = f ® g the assertion follows. O
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The integral expression of W4 provided by Corollary 5.3 is useful to establish
continuity properties for W4 (f,g). In practice an explicit factorization of A via
free matrices may be unknown.

Definition 5.4. Let a € S'(R??). The metaplectic pseudodifferential operator
with symbol a and symplectic matrix A is the operator Op4(a) : S(R%) — &'(R%)
such that

<OpA(a>f7g> - <a7 WA(Q'} f)>7 g€ S(Rd)

Observe that this operator is well defined by Proposition 2.12; item (ii7).
Moreover, when the context requires to stress the matrix A that defines Op 4, we
refer to Op 4 to as the metaplectic pseudodifferential operator with symbol a.

Remark 5.5. In principle, the full generality of metaplectic framework provides a
wide variety of unexplored time-frequency representations that fit many different
contexts. Namely, in Definition 5.4, the symplectic matrix A plays the role of
a quantization and the quantization of a pseudodifferential operator is typically
chosen depending on the the properties that must be satisfied in a given setting.

Example 5.6. Definition 5.4 in the case of Aj;/324 € Sp(2d,R) in (2.18), pro-
vides the well-known Weyl quantization for pseudodifferential operators, that we
denote with Opy,24(a), i.e., for a € S(R??),

Opu2a(a) f (z) = /

. (m -y 5) J) e Saydg, | e SR,

2 )
When d is clear from the context or irrelevant, we write Op,, instead of Opy, 24.

In the following result, we see how the symbols of metaplectic pseudodiffer-
ential operators change when we modify the symplectic matrix.

Lemma 5.7. Consider A,B € Sp(2d,R) and a,b € S'(R*?). Then,
Opala) = Ops(b) < b=DBA(a). (5.14)
Proof. Let f,g € S(RY). Then,

(Opa(a)f,g) = (0, A(f © 7)) = (A~la, f ® g),
(Ops(®)f,9) = (0, B(f ® g)) = (B~1b, f ® g).

Since the span of S(RY) @ S(R?) is dense in S(R??), we deduce that the equality
between the two lines holds if and only if

which is the same as (5.14). O
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As a direct consequence of Lemma 5.7 we get two corollaries. The first one
provides the distributional kernel of Op 4.

Corollary 5.8. Consider A € Sp(2d,R), a € S'(R*)). Then, for all f,g €
S(RY),

(Opala)f,g) = (kala), g @ f), (5.15)

—_

where the kernel is given by ka(a) = A 1a.
Proof. Plug B = I44x44 into (5.14) to get (5.15). O

Corollary 5.9 is a generalization of (5.1) for metaplectic Wigner distributions
and pseudodifferential operators. For its statement, we introduce the following
notation: if a € S'(R??), a ® 1 denotes the tempered distribution of S'(R*?)
defined via tensor product as

(a®1)(r,y,p,n) :=a(r,p), ry,p,n R (5.16)
Corollary 5.9. Consider A € Sp(4d,R), B € Sp(2d,R) and a € S'(R??). Then,
for all By € Sp(4d,R), f,g € S(R?),
Wa(Ops(a)f,g) = Opsg, (BoAf/lgAd((«41/2,2d371a) ®1)o A_l)x
x  Walf.9)

(5.17)

In particular,
(i) if Bo = Ai /2,44, then

WA(Ops(a)f,9) = Opusa((Ar/22aB~1a) @ 1) 0 A YWa(fog);  (5.18)
(’Ll} ’lf B() = ./41/274(1 and B = A1/2,2d; then

Wa(Opuw,2d(a) f,9) = Opwaa((a ©1) 0 A~ YW A(f, g). (5.19)

Proof. By [30, Lemma 4.1], for all f,g € S(R%) and a € S'(R%9),

(Opw24(a)f) ® g = Opyaa(o)(f @ g). (5.20)
Moreover, for all A € Sp(4d, R),
AOpu,4a(0) A™" = Opy ad(o 0 A7) (5.21)

Therefore, using Lemma 5.7, (5.20) and (5.21) respectively,

Wa(Ops(a)f, 9) = A(Ops(a)f © §) = A(Opua(Arjp 2B~ a)f © )
le(010w4d((«41/226115’ la) ® 1)(f ®9))

= Opy (((-Al/Q 2iBB7la) ®1) 0 AT A(f ® g)
O w4d(((A1/22dB la) @ 1) o A~YWa(f, g).
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Then, by Lemma 5.7,

Wa(Ops(a)f,g) = OPBO(BOA;/lgAd((Al/ZZdB_la) ®1) o A YWu(f,9)
and we are done. O

Remark 5.10. Formula (5.17) will be used in the form of (5.19) to deduce bound-
edness properties on modulation spaces for metaplectic pseudodifferential oper-
ators. However, the strength of Corollary 5.9 relies on its generality: the matrix
By in (5.17) can be chosen in Sp(4d, R) arbitrarily, depending on the context.

5.3 Decomposability and covariance

In this section, we focus on metaplectic Wigner distributions that are defined in
terms of symplectic matrices that satisfy decomposability and covariance prop-
erties. Explicit expressions for W4 and Opy are derived from A in terms of its
blocks.

5.3.1 Decomposability and shift-invertibility

We define decomposable metaplectic Wigner distributions directly in terms of
their factorization, as follows. Let A be a symplectic matrix that factorizes as

A= AproDy,, (5.22)
where Dy, is defined in (2.11) and

Iixa  Odaxd  Odxd Odxa
Odxd  Odxd  Odxd lixd

. 5.23
Odxa  Odxa  Iaxd Odxa (5.23)
0d><d _Id><d ded 0d><d

Arre =

Up to a phase factor, -
Arr2 = Fo.

Definition 5.11. We say that A4 € Sp(2d,R) is a totally Wigner-decomposable
(symplectic) matrix if (5.22) holds for some L € GL(2d,R). If A is totally
Wigner-decomposable, we say that W4 is of the classic type.

Example 5.12. The matrices (2.18) and (2.17) are totally Wigner-decomposable

with
I <Id><d Tlixd )
’ Iixa —(1—7)laxd

Loy — < Odxa Idxd>
—Igxqa laxa

and

respectively.
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Wigner distributions of classic type are immediate generalizations of the clas-
sical time-frequency representations, such as the (cross)-Wigner distribution W

and the STFT.

The following result characterizes totally Wigner-decomposable symplectic

matrices in terms of their block decomposition.

Proposition 5.13. Let A € Sp(2d,R) be a totally Wigner-decomposable matrix

having block decomposition

Ay Ap Az Ap
Ao A Az Aoy
Azr Aszp Aszz Az |’
Ay Ay Ay Ay

A=

with A;; € R4 (4,5 =1,...,4). Then,
(i) A has the block decomposition

Air Az Ogxa Ogxa
A= |Oaxd Odxa Azs Az
Odxd Odxda Aszz  Asg
Ay Asz Ogxa Odxd

(ii) L and its inverse are related to A by:

I— <A§3 Ag:z) -1 ( A A >
AL AL —An —Asw)

L1 Lo -1 Ly, L
L= and L™ =
<L21 LQQ) Ly Ly

Proof. Let

be the block decompositions of L and L~! respectively, where L;j, L;j

(1,7 = 1,2). Then, the identity (5.22) reads as

A A Az Au LYy Ly 0Odxa Odxa
Asy Az Aoz Ass | | Oaxa Oaxa L1y L3,
Asi Asy Asg Aga | | Ogxa Oaxa LY, LY
Ay Ay Agz Ay —Ly —L5 Ogxqd Odxd

Thus the expressions for the matrices in (i) and (i7) easily follow.

(5.24)

(5.25)

(5.26)

(5.27)

c Rdxd

O

Remark 5.14. Under the hypothesis of Proposition 5.13, it is easy to check that
the identities LL™' = L™'L = I5;594 read in terms of the blocks of L and L~}

as
AT A — AL Ay = Tyg, A AL + A1 AL = Tyva,
AL Ay = AT Ayo, and Ap AL = — A AT,
AL Ay = AT Ay, Apn AL = —Ap AT,

AT Ay — AL Ayo = Ty Ap AL + Ap AT, = — 1444

(5.28)
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These are exactly the block relations that A and

ALy Ogxa Ogxa —AZ
AL Ogxa Oaxa —AL
Ouxa —AL AL Odxd
Ouxa —Aly AL Ouxa

A =D AL, = (5.29)

satisfy as symplectic matrices.

As pointed out in [31], shift-invertibility of symplectic matrices appears to be
the fundamental property that a metaplectic Wigner distribution shall satisfy in
order for W4(+, g) to replace the STFT in the definition of modulation spaces.

Lemma 5.15. Let A € Sp(2d,R) be a totally Wigner-decomposable as in (5.22)
and (5.24). The following statements are equivalent:
(i) L is right-reqular;
(ii) the matriz
Ay 0d><d>
Eyq:= 5.30
A <0d><d Ao (5:30)

18 1nvertible;
(1ii) W 4 is shift-invertible with E 4 given as in (5.50).

Proof. The equivalence between (i7) and (iii) is proved in [31]. We prove that
(7) and (ii) are equivalent.
(1) = (i7). Assume that L is right-regular. We have to prove that both As3

and Ajp are invertible. The right-regularity of L is equivalent to the invertibility
of Aoz and Asy, hence it remains to check that A; is invertible.

It is easy to verify that L is right-regular if and only if L= is left-regular.

By Proposition 5.13 (ii),
L*T — <A§_‘l _Agl)
Afy —Ap

so that LT i left-regular if and only if Aj; and Ajs are invertible, which gives
the invertibility of Aq7.

(1) < (i1). If E4 is invertible, then A;; and Az are invertible. By the
identity A11A2T3 = —A12Ag4 in (5.28), we also have the invertibility of A;2 and
Aoy, Hence, Aoz and Aoy are invertible. O

Corollary 5.16. Let A satisfy (5.22) with block decomposition as in (5.25). The
following statements are equivalent:

(i) L is right-reqular;

(ii) A1y, Ar2, Aas and Aay are invertible.

Moreover, if L is right-reqular,

(117) Ass is invertible if and only if Ao is invertible;

(iv) Asy is invertible if and only if A4y is invertible.
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Proof. The equivalence between (i) and (i4) is just a restatement of Lemma 5.15.
(797) and (iv) follow directly from (i¢) and the equalities in (5.28). O

Remark 5.17. Assume that L is right-regular with block decomposition as in
(5.27). Since L is also invertible by its definition, all the assumptions of Theorem
2.1 (ii) and Theorem 2.2 (i) of [85] are verified. Thus, we can write a Wigner-
decomposable matrix A, with L right-regular, explicitly in terms of the blocks of

L both as
Ain Az Ogxa Ogxa

Oaxda Oaxa LY, LI,
Oaxa Oaxa LT, L3,
Ayt Ago Ogxd Ogxa

with
Ay = (L1 — Li2Lyy Lot) 7,
A1y = —(L11 — L1aL3y Lo1) ' L1a L3y,
Ay = L3y Loy (L1 — LiaLyy Loy) ™,
Ay = —Lyy — Loy Lo1(L11 — LiaLyy Lot) ' L1aLys;

or, equivalently, as

A1 Az Odxd Odxd
Oaxda Oaxa L1, LI,
ded ded Lﬂ L%} ’
Ayr Ase Ogxa Ogxa

where

A1 = — (Lot — LooLiy L11) ' Lo Ly,

Ap = (Loy — Loa Ly L11) ™Y,

Ay = —Lyy — Ly Li(Lay — LooLiy Lu1) ™' Lao Ly
Agp = —Liy L11(La1 — Lo L1y L11) "' Lao L5

Theorem 5.18. Let L be right-reqular and A be as in (5.25). Then, for all
f,g € L2(R?) and for all z,& € RY,

Wa(f,9)(x,€) = /[ det(L)[| det(Ags)| €242 €AGTVE f(c(w), d(€)),  (5.31)
where

G(t) := g(AJ A1), clz) = (Afy — AL Ay AL e and d(§) = A3 €. (5.32)

Observe that all the inverses that appear in (5.31) exist if L is right-regular
by Corollary 5.16 (i) and Theorem 2.1 (i7) of [85].
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Proof. The proof is a straightforward consequence of [32, Theorem 3.8]. O

Theorem 5.19. Let 0 < p,q < 0o, L be right-regular and A be as in (5.25). Let
m € M, be such that

m((Azs — A3, A24TA 1) A23 ) =m(,). (5.33)
Then, for all g € S(RY),
feMARY) = Walf,g) € Ly1(R™). (5.34)
Moreover, if 1 < p,q < oo and there exist 0 < Cy(L) < Ca(L) such that

Ci(L)v(,€) < v((Az3(A2) "7, Agy Ana) < Co(L)o(x, ), (w,8) € R,
(5.35)
then g can be chosen in the larger class ML(RY).

Proof. The proof is a straightforward consequence of Theorem 5.18. In fact, for
g € S(R?) and L right-regular, the function g defined as in (5.32) is in S(R?)
and by (5.31),

1 Fllamge = Vg fllze = Wa(f, 9)(Ads — AZ3(A30) ™ A50) ™", Azs)| paye

m m

= |[Walfs 9)llpee,
by assumption (5.33).
Assume that ¢ € S(R?). Then,

Vog(a,&) = /Rdg t)e 2t o(t — z)dt
/ g(s)e= 27T LG (5 — C))d
]Rd
= cpg(B 5))

where
T (€ Ogxa) _
C = A 1Ass B = <0d><d CT> = IDA2—4TIDA5“3

and @(t) = ¢(C~'t). Condition (5.35) implies that g € M} if and only if g € M}:
19llaez = IVeogllLy = [Vag(B-)v()| 11
= [Vag()o(B™ ) = Vg ()o()llpr = llgllag-

Hence, for 1 < p,q < 0o, we can choose g in M} (R%). O

Next, we generalize the metaplectic Wigner distributions associated to Wigner
-decomposable matrices in order to include multiplications by chirps. These
Wigner distributions, along with the right-regularity condition on L, characterize
modulation spaces.
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Definition 5.20. We say that a matrix A € Sp(d,R) is Wigner-decomposable if
A = Vo ApreDy, for some C € R? symmetric and L € GL(d, R).

Theorem 5.21. Let A € Sp(2d,R) be a Wigner-decomposable matriz with de-
composition A = Vo AppeDy, (where Vo, Apro, Dy, are defined in (2.11), (5.23),

and (2.11), respectively)
Cn Cm)
C =
<C£ 022a
Cl, = Cy1 and CL, = Cas. Then, for all f,g € L*(R?), up to a phase factor,

WA(f7 g)(:’vaf) = &)C(x7§) /Rd f(x + (IdXd - All)y)g(x - Ally)€_2ﬂ—i£.ydyv
(5.36)
with B .
o(z,§) = 62mcl2z'£q>c11(x)q>022 ()
and the chirp functions ®cy,,, ®c,, are defined in (2.14). If the matriz L is

right-regular,

WA(fa g)(xa §) = |det(Id><d - All)‘_lg)lo(-xa 5)‘/9f(‘41_11x7 (I - Aélrl)_lf)v (537)

where B » )
q),C'(waf) = dcy, (2)Pcy, (g)e2m(012+(1—A11) )a:f)

and g(t) = g(_All(Idxd — All)_lt).

Proof. Formula (5.36) is proved using the explicit definitions of the operators
associated to Vo, Apre and Dy,. In fact, up to a phase factor,

Apr2Di(f © 9)(z,€) = FaTo(f © g)(x.€) = / (f o)Lz, y)e vy

=/ flx + (Iaxa — An)y)g(z — Any)e” 2™ Vdy.
R

For z = (z,£) and V¢ as in the statement, we have by (2.15)
f/EF(Z) = QT”CZ'ZF(Z) = eiﬂ[(ollz+012£)'$+(CEI+022£)'£]F(z)’ F e L*(R?).

Furthermore, formula (5.31) applied to the symplectic matrix AppeDy (L as in
the statement, see [31, Theorem 2.27|, where the formula was obtained in this
particular case) tells that, up to a unitary constant,

WA(f, 9)(2) = €7(C2) 2| det(Igyq — Agy)| 2T (Uixa=AT)T )@
x Vs f(A e, (Igxa — AT)) 726,

for f,g € L?>(R%) and § being as in the statement. O
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As a consequence, we extend [31, Theorem 2.28| to all Wigner-decomposable
matrices.

Corollary 5.22. Under the notation of Theorem 5.25, the following statements
are equivalent:

(i) A= Vo ApraDy, is shift-invertible,

(ii)) A = AppaDy, is shift-invertible,

(11i) L is right-reqular.

Proof. The equivalence (i) < (ii) is proved in Corollary 5.16. The equivalence
(79) < (i7i) follows from Theorem 5.21, which gives:

Wa(f, g)(w,€) = em(OnetCoOetChetnt -y, p (f,9)(,8),

so that:
(Walf, 9)(@, &) = [Wapr,p, (f, 9) (2, )] (5.38)
This gives
(Walm(w)f, 9)| = [Waprp, (7(w) f, )],  Vw € R*,
which proves the claim. O

Corollary 5.23. Let A € Sp(2d,R) be Wigner-decomposable, with matriz L
right-reqular. Then, for any g € S(R?), 0 < p,q < o0,

feMPIRY) = Walf.g) € LI(R™).
For 1 <p,q < oo, the window g can be chosen in Mz}s (R9).

Proof. With the same notations as Theorem 5.21, write A = Vo AproDyr,, with
L is right-invertible. By (5.38),

Wa(f,g) € LPAR*) <= W, (f.9) € LEI(R™).

By Corollary 5.22, AppoDy, is a covariant (see Subsection 5.3.2 below), shift-
invertible matrix. Then the claim follows from [31, Theorem 2.28]. O

5.3.2 Covariance

According to [31, Proposition 2.10], for a given symplectic matrix A, the meta-
plectic Wigner distribution W 4 satisfies

WA(”T(Z)LW(Z)Q) = TzWA(fag)a (fag S S(Rd))> z € Rd: (5'39)
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if and only if A has block decomposition

At Taxa — A A1z Ais

A Ag —Ay Lixa — AT, —AT 7 (5.40)
Odxd Odxd Iixa Iixa
—Igxa Lixa Odxd Odxd

with A3 = A and Ay = AL, We refer to such matrices as to covariant
matrices and to property (5.39) as to the covariance property of Wy. It was
proved in [31] that a covariant matrix with block decomposition (5.40) is totally
Wigner-decomposable if and only if As; = A3 = Ogxq. Moreover, if

Ars 3gwa — A11>
By = 2 , 5.41
A <%Id><d —A2 (541)

and W is the classical Wigner distribution, the following result holds:

Theorem 5.24. Let A € Sp(2d,R) be a covariant matriz in the form (5.40).
Then,

Wa(f,9) =W(f,9)*Sa, f.g€SR, (5.42)
where

Yy = F H(emeBAC) € §'(RM), (5.43)
and By defined as in (5.41).

Recalling our chirp function in (2.14), the equality in (5.43) can be rewritten
as
Yu=F 10 _p,. (5.44)

If a time-frequency representation Q(f, g) satisfies

Qf,9)=W(f,9) 3, fgeSRY,
for some ¥ € S’(R??), we say that @ belongs to the Cohen class.

Theorem 5.24 sheds light on the importance of covariant matrices in the
context of time-frequency analysis, stating that A € Sp(2d, R) is covariant if and
only if W4 belongs to the Cohen class. The following result shows that covariant
matrices are exactly those that decompose as the product of symplectic matrices
Vg, Apre and Dy, for some d x d symmetric matrix C' and L € GL(2d, R?).

Theorem 5.25. Let A € Sp(2d,R) be covariant with block decomposition (5.40).
Then,
A= VCTr.AFTQDL, (5.45)

A1z Ogxd ) <Id><d Tixa — An)
C = d L= . 5.46
<0d><d —Ag o Igxq —An (5.46)

where
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As a consequence, up to a phase factor, for all f,g € S(R?),
WA(f, g)(a?, 5) - /Rd ['F((I)—Aw) * (f X g)(L(’ 77))](95)‘1>A21 (77)6727Ti§.nd77' (5'47)
In particular, if A13 = Ogxq, then

Walf,9)(z,8) = /Rd f@+ (Laxa — A11)n)g(x — A1n)®a,, (n)e” > dn. (5.48)

Proof. Equality (5.45) is a straightforward computation. Then,

Wa(f,9)(@,€) = A(f @ 9)(w,€) = VEArrDL(f @ 9)(w,€)
= F(@-c) s ([ (@@ Eem)e ) o)

— / (/ efirr[Algu-quglv-v}6727Ti[(x7y)-u+(§7w)-v] dudv)
R2d R2d
([ (0 aLlme >y dyd
Observe that
/ eiﬂ’Aglv-vefZM'f-ve%riw-(vfr])dvdw — eﬂ'iA21’I7-’l76727T’i§-777
R2d
so that

Wa(f,9)(@,€)
= / (/ e—iﬁA13U'ue27riu'(£E—y)(f ® g)(L(y, n))dudy) em‘Agm.ne_Qm‘g.ndn.
Rd R2d

Next, we apply

/2d o1 (u)pa(y)e?™ e Y dudy = /
R

» ( /R ) soz(y)e‘%i“'yd@ o1 (u)e”™ " du

= [ el et = 7 i) a)
= (FHp1) * p2)(2)
to the inner integral, to get (5.47). O

Remark 5.26. Theorem 5.25 states that the class of covariant symplectic matrices
is invariant with respect to left-multiplication by matrices Vg . Equivalently,
the class of metaplectic Wigner distributions associated to covariant matrices is
invariant with respect to convolutions by kernels in the form ®¢, C' d x d real
symmetric matrix.
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Remark 5.27. Theorem 5.25 clarifies the roles that the blocks A3 and As; have
in Wigner metaplectic operators associated to covariant matrices. The block
A13 appears in the convolution factor F(®_4,,)(+) and acts on (f ® g) o L(,n),
whereas As; produces the phase factor ®4,,.

As we pointed out, covariant matrices play a key part in the theory of pseu-
dodifferential operators, as they belong to the Cohen class. In the following result
we prove an explicit integral formula for metaplectic pseudodifferential operators
associated to covariant matrices.

Proposition 5.28. Let A € Sp(2d,R) be a covariant matrix with decomposition
in (5.45). Then, for every f € S(R?) and a € S(R??), up to a phase factor,

Opa@)f(@) = [ (F(®e) #a)(Ana + (Tixa = Ay 7 ()" Dy,
(5.49)

where the chirp function ®¢ is defined in (2.14).

Proof. We use the expression of W4 and Theorem 5.25. Namely, for every f, g €
S(RY), a € S'(R?*), up to a unitary factor,

(Opa(a)f.g) = (a, Walg, f)) = (a, (VE Arr2DL) (g ® f))
= (T Fy 'Vl a, g f),

—

—~ %
where we used V' = V7. Since |det(L)| = 1, we can write

Opataf.a) = [ F VoL (@,)a(@) (v)dady
= /Rd ( » le;c\Ta(L_l(w’y))f(y)dy> g(z)dz
([ 7V ).

where the integrals must be interpreted in the weak sense. Hence,

Opaf(a) = [ (F Ve )L @) ). (550)

Using

A 1, - A
-1 __ 11 dxd 11
L= (Idxd —Igxa ) ’ (5:51)
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we compute

Opaf(z) = /

(/ (;c_\TaxAnm + (Igxa — A11)y, 5)62m§'(m_y)d§) f(y)dy
Rd Rd

= [ VT @) A+ (T = An)y, e f(y)dyde

= /R?d (F(®c) *a)(Anz + (Iixd — All)y;§)€2Tri£.(x7y)f(y)dyd€

—

where in the last step we used the expression of Vi T computed in (2.16). O

Remark 5.29. As in Remark 5.27, we stress that (5.49) sheds light on the role of
the matrix Vg , in the decomposition of a covariant matrix A, on the pseudodif-
ferential operator with quantization given by A. Basically, it produces the chirp
F®c which acts on the symbol a via convolution.

To study the solution u = u(x,t) to the Schrodinger equation in (5.5) we need
to know information about his projection x; in (5.6).

Lemma 5.30. Consider a covariant matriz A € Sp(2d,R) having block decom-
position (5.40) and related matriz B4 in (5.41). For x¢, t € R, in (5.6), assume
that its inverse Xt_l € Sp(d,R), has the d x d block decomposition

1 (X Y
Xt Wt Zt .

Set By, = X;TBAX;I and let Ay € Sp(2d,R) be the symplectic matriz associated
to Ba,. Then, A; is the covariant matriz having block decomposition

At Lixa — Avin At 13 At 13

At _ At,21 —At,zl Idxd - Azn _Az:n ’ (5.52)
Odxd Odxd Iixa Iixa
—Igxa Iiva Odxd Odxd

with

Apn = WY, — X[ [AsY; — AnZy) + WEAT Y + An Z4],
A1z = X[ W, + XT A Xy — AWy — WEAT Xy 4+ Ay W),
Ao = —ZI'Y = VT [AsY, — AnZy) + ZI[AT Y + An Z4).

Proof. Plugging B4, = X;TBAX;l into the block decomposition (5.41) for B4
and using the symplectic properties

WX, = X{ Wy,

zZtY, =Y Z,

Z{ X = YWy = Laxa
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of x; L we get

B At13 $laxqd — Avn
BAt B (%Idxd - Agn _At,21 ’ (5.53)

where Ay 11, Ay 13 and Ay 21 are defined as in the assertion. Since the covariance
of A is inherited by A;, we have that these blocks are exactly the ones defining
the block decomposition of A; as a covariant matrix. O

We can now express the phase-space concentration of the solution u(x,t) to
the free particle equation in terms of metaplectic Wigner distribution.

Example 5.31 (The free particle). We shall prove the formula originally an-
nounced in Part I, see Example 4.9 in [30], formula (126) therein (see also formula
(108) in [31]).

In Example 4.9 in [30] we computed the 7-Wigner of the solution u(t, x) to
the Cauchy problem of the free particle equation:

0, Au=0
10w+ Au =0, (5.54)
u(0, ) = uo(x),
with (t,2) € R x R% d > 1. Namely, we obtained that
Wt @, €) = Wa, ug(x — 47, €), (5.55)
where the representation W4_, is of Cohen class:
Wa. . f=W[FfxE4, (5.56)
with kernel
Eri(w,§) = X (z + 4mtg, §),
where, for 7 # 1/2, the 7-kernel is given by
5 (5,6) = o rinee
R |27 — 1|4 ’
where p(7) = 525. The matrix Ba, in (5.41) cab be computed as
Odxd (7 = $)laxa )
Ba, = 2 , 5.57
Ar ( (1 — $)Lixa Odxd (5:57)

and by (5.53) (see also Proposition 4.4 in [31]),

B B 0 (=3I
7 1 dxd 2/dxd

The representation (5.56) can be equivalently written as (cf. (5.44))

Wa f=Wf«F 104,
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Hence, the A;;-Wigner representation computed in (5.48) with
A1z =0axd, A1 =1 —7)Igxa, Aror = —(dnt)(1 — 27)1axd

becomes

Wa..(f,9)(x,§) = / flx+7mn)g(z —(1— T)n)e_gm(f'"*?”(l—?T)nQ)dn,
Rd

as desired.

5.4 Continuity on modulation spaces

For many quantizations, Op 4 is an integral superposition of time-frequency shifts.
Stated differently, these fundamental operators of time-frequency analysis repre-
sent the building blocks of pseudodifferential operators. Concretely, the Weyl
quantization of a pseudodifferential operator with symbol a € S'(R?9) is given
by

Opula) = [ aln.~2)e” ™ n(zmdzd
]RQd

On the other hand, if f € ME? for some m € M,, and 0 < p,q < oo, then
7(z,n)f € ME? for all z,n € R%. This turns out to be one of the main reasons
why modulation spaces appear in the theory of pseudodifferential operators.

In this section, we use the results in the first part of this paper to inves-
tigate the continuity properties of metaplectic pseudodifferential operators on
modulation spaces. Since weighted modulation spaces measure the phase-space
concentration of signals, as well as their decay properties, an investigation of
their continuity on these spaces reveals how the time-frequency concentration of
signals changes when a pseudodifferential operator is applied.

The first result we present involves the explicit expression of the symbol
b:=(a®1)o AL, as in the equality (5.19) above, when A is totally Wigner-
decomposable or covariant.

Proposition 5.32. Consider A € Sp(2d,R), a € S'(R?>?) and b = 0 0o A™!, with
0 =a® 1 as defined in (5.16). For every z, &, u,v € R? we can state:

(i) if A is totally Wigner-decomposable with block decomposition as in Proposi-
tion 5.13, then

b(x, &, u,v) = a(Afgr — Afgv, —AL € + Afju); (5.58)
(ii) if A is covariant with block decomposition as in (5.40), then

b(x, & u,v) = alx — Ajgu+ (A1n — v, &+ Ariplu + Agv). (5.59)
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Proof. The proof follows by the straightforward calculation of
A7z, € u,0)T. (5.60)

Namely, to get (5.58) one applies (5.60) with A~! as in (5.29), whereas (5.59) is
obtained applying (5.60) with

LIixa Ogxa —Ai3 A1 — Lgxa
A= Iixg  Ogxd —As3 An
Odxa  Iaxd AL Agi
Oaxda —laxa lixa — AT —Ay
O
For a € S(R??), define 0 :== a® 1 as in (5.16), and
a(r,y, psm) = 1(rp) @ aly, —n).
For A € Sp(2d,R) we set
b(z,&,u,v) = (oo )(a:,f,u,v), (5.61)
bz, € u,v) = (5®A Y (x, & u,v), (5.62)
c(z, & u,v) = bz, & u,v)b(z, &, u,v). (5.63)

The following result extends Lemma 5.1 in [30] to general symplectic matrices.

Lemma 5.33. Let A € Sp(2d,R), a € M) (]R2d) 0<qg<ooands>0. Let

b,b and ¢ be defined as in (5.61), (5.62) and (5.6’3), respectively. Then b, b, ¢ are
n M1®’g (R4).

Proof. The proof that b and b are in Md (R2d) is analogous to that of [30,
Lemma 5.1]. In fact, observe 1(, .y is in Mg (R24) for every 0 < q < oo and
s > 0. For ¢ = bb, if ¢ > 1 we use the product properties for modulation spaces in
[29, Proposition 2.4.23], the quasi-Banach case 0 < ¢ < 1 is contained in [68]. O

Recall the following boundedness result for Weyl quantization, see [65, The-
orem 14.5.6], [116] and [117, Theorem 3.1].

Proposition 5.34. Assume that 0 < p,q,r < oo with » = min{l,p,q}, s € R,

and o € Mﬁ%;l l(RZd). Then, Opy(o) : S(R?) — S’ (RY) extends to a bounded

operator on Mp?(R%).
We generalize Proposition 5.34 to metaplectic pseudodifferential operators:

Theorem 5.35. Let A € Sp(2d,R) be covariant and such that B in (5.41) is
invertible. For 0 < p,q < oo, set r = min{l,p,q}. Ifa € Mloé’; (R?%), s > 0,
then Opa(a) : S(RY) — S'(R?) extends to a bounded operator on M5 (RY).
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Proof. By [31, Proposition 3.3], F 1&g, € My %, for every s >0, 0 < r < oo,
Since W4 belongs to the Cohen class, for every f,g € S(RY),

<OpA<a)f7 g) = <CL, W.A(ga f)> = <CL, W(g7 f) * fﬁl(I)—BA>
= (a, F(W (g, [))e™ T PAC) = (ae'™ A<, F(W (g, f)))
= (ax F'®p,,W(g,f)) = (Opuwla* F'®p,)f,g).

By [4, Proposition 3.1]

lla* f_lq)B.A | aroor

-1
cor S lallareer IF @yl -

The assertion follows from [117, Theorem 3.1]. O

We conclude this section by showing the validity of relations (5.18) on mod-
ulation spaces.
Theorem 5.36. Consider A € Sp(2d,R), 0 < p < 00, a € My, (R24), s >0,
r = min{l,p}, and b, b, ¢ defined as in (5.61), (5.62) and (5.63), respectively.
For f,g € ML, (RY), the following identities hold in My, (R?):

W A(Opuw2a(a) f,9) = Opuaa(b)Wa(f, ), (5.64)
WA(f,Opw2a(a)g) = Opyaa(b)Wa(f, 9), (5.65)
WA(Opw,24(a)f) = Opuwaa(c)Wa(f). (5.66)

Proof. 1f f € M%_ (R?), then Op,(a)f € My (R?) by [117, Theorem 3.1]. Hence,
[31, Theorem 2.15] says that the distributions WA (f), Wa(f,g), Wa(Opw(a)f,g),
WA(f, Opw(a)g), Wa(Opy(a)f) belong to My, (R??). Similarly, by Lemma 5.33,

the symbols b,b and ¢ are in Mﬁ%’gs (R*) and the right-hand sides of formulas

(5.64), (5.65) and (5.66) are in M¥_(R2?). The equalities (5.64), (5.65) and (5.66)
are obtained by using the same pattern as in the proof of [30, Theorem 5.1],
namely replacing the symplectic matrix A, with a general A4 € Sp(2d, R). O

Remark 5.37. Observe that the previous result extends [30, Theorem 5.1] to the
quasi-Banach setting 0 < p < 1.

5.5 Algebras of generalized metaplectic operators

In this section we introduce (quasi-)algebras of FIOs which extend the ones in
[24, 25].

Given a Gabor frame G(g,A), the Gabor matriz of a linear continuous oper-
ator T from S(R?) to S'(RY) is

(Tr(2)g,m(u)g), =z uecR¥, (5.67)
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Our goal: controlling the Gabor matrix of a metaplectic operator T' (or more
general one) related to the symplectic matrix x € Sp(d,R) by

h(//J - X)‘)v )\hu € A7

where h is a sequence leaving in a suitable (quasi-)algebra with respect to con-
volution.

The algebras already studied in [24, 25] where ¢}(A) and £2(A), s > 2d.
Here we extend to the quasi-algebras £7 (A), 0 < ¢ < 1, s > 0, enjoying the
convolution property:

Eq

Vs

(A)* £2 (A) = £2.(A), 0<q<1.

Recall that the Wiener amalgam spaces W (C, Lb,)(R??) is defined in (5.8)
and the class FIO(x, g, vs) is defined in Definition 5.1.

The union

FIO(Sp(d7 R)7Q7v5) - U FIO<X7q7US)
XESp(d,R)

is called the class of generalized metaplectic operators. Similarly to [25, Proposi-
tion 3.1] one can show:

Proposition 5.38. The definition of the class FIO(x, ¢, vs) is independent of the
window function g € S(R%).

Remark 5.39. (i) For ¢ = 1 the original definition of FIO(x,vs) in [25] was
formulated in terms of a function H € L})S (R2) instead of the more restrictive
condition H € W(C, L} )(R??). Though, it turns out that the two definitions are
equivalent, see [25, Proposition 3.1].
(ii) Similarly to ¢ = 1, one could consider the algebra of FIO(y, 00, vs), s > 2d
such that

(Tr(2)g,m(w)g)| < (w—xz)" %, Vw, z € R, (5.68)
We shall not treat this case explicitly, but we remark that it enjoys similar prop-

erties to those we are going to establish for the cases above.

Theorem 5.40. Consider T a continuous linear operator S(R?) — S'(RY), x €
Sp(d,R), 0 < ¢ <1, s>0. Let G(g,A) be a Gabor frame with g € S(RY). Then
the following properties are equivalent:

(i) there exists a function H € W(C, Li,)(R??), such that the kernel of T with
respect to time-frequency shifts satisfies the decay condition (5.9);

(ii) there exists a sequence h € €3 (M), such that

(Tr(N)g, m(p)g)l < h(p—x(A),  YApeA (5.69)
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Proof. 1t is a straightforward modification of the proof |24, Theorem 3.1]. O

We list a series of issues which follow by easy modifications of the earlier
results contained in [24, 25|, for a detailed proof we refer to [18|.

Theorem 5.41. (i) Boundedness. Fiz x € Sp(d,R), 0 <qg<1,s>0, me& M,,
and let T' be generalized metaplectic operator in F1O(x, q,vs). Then T is bounded
from ME,(R?) to Mfmx_l(Rd); q<p<co.

(i1) Algebra property. Let x; € Sp(d,R), s >0 and T; € FIO(xi,q,vs), i = 1,2.
Then Th'Ty € FIO(x1X2,q,Vs)-

For the invertibility property, the algebra cases corresponding to the spaces
of sequences £} where treated in [63] and [66] (see also earlier references therein).
We extend those arguments to the quasi-Banach setting as follows.

Definition 5.42. Consider B = £} (A), 0 < ¢ <1, s > 0. Let A be a matrix on
A with entries ay ,, for A\, € A, and let d4 be the sequence with entries d4(u)
defined by

da(p) = sup [ax a—pl- (5.70)
AEA

We say that the matrix A belongs to Cg if d4 belongs to 5. The (quasi-)norm in
Cp is given by
[Alles = [Id]5-

The value d4(u) is the supremum of the entries in the p — th diagonal of A,
thus the Cg-norm describes a form of the off-diagonal decay of a matrix.

Theorem 5.43. Consider the (quasi-)algebra B above. Then the following are
equivalent:

(i) B is inverse-closed in B((?).

(ii) Cp is inverse-closed in B(£?).

(iii) The spectrum B ~ T¢.

Proof. The algebra case is already proved in [66]. The quasi-algebra case follows
by a similar pattern, since, for 0 < g < 1, it is easy to check that £7_(A) is a solid
convolution quasi-algebra of sequences. O

As a consequence, we can state:

Theorem 5.44. The class of Weyl operators with symbols in Mﬁ%’q (R24), 0 <

Vs
q < 1, is inverse-closed in B(L*(R?)). In other words, if o € My? (R*?)
and Opy (o) is invertible on L2(R?), then (Opy(0))™" = Opy(b) for some b €
M (R
Proof. Tt follows the pattern of Theorem 5.5 in [66], using Theorem 5.43 in place

of the corresponding Theorem 3.5 in the above-mentioned paper. OJ
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Theorem 5.45 (Invertibility in the class FIO(x, q,vs)). Let T € FIO(x,q,vs)
be invertible on L2(R?), then T~! € FIO(x™', q,vs).

Proof. The pattern is similar to Theorem 3.7 in [24]. We detail the differences.
We first show that the adjoint operator T* belongs to the class FIO(x ™!, q,vs).
By Definition 5.1:

(T 7(2)g, m(w)g)] = |(m(2)g, T(r(w)g))| = |(T(m(w)g, 7(2)g))]
< H(z = x(w)) = Z(H o x)(w — x2).

It is easy to check that Z(Hox) € W(C, L{,) for H € W(C, L{,), since vsox ! =
vs, and the claim follows. Hence, by Theorem 5.41 (i7), the operator P := T*T
is in FIO(Id, ¢, vs) and satisfies the estimate (5.69), that is:

‘<P7T(A)g>ﬂ—(ﬂ)g>‘ < h()‘ - M)? V)‘vlu € A7

and a suitable sequence h € £} (A). The characterization for pseudodifferential
operators in Theorem 3.2 [4] says that P is a Weyl operator P = Op,,(0) with a
symbol o in Mgy (R24). Since T and therefore T* are invertible on L2(R9), P
is also invertible on L?(R?%). Now we apply Theorem 5.44 and conclude that the
inverse P~! = Opy(7) is a Weyl operator with symbol in 7 € M7g! (R*?). Hence
P~ lisin FIO(Id, q,vs). Eventually, using the algebra property of Theorem 5.41
(ii), we obtain that T—! = P~1T* is in FIO(x7', q, vs). O

Theorem 5.46. Fiz 0 < q < 1, x € Sp(d,R). A linear continuous operator
T : S(RY) — S'(RY) is in FIO(x, q,vs) if and only if there exist symbols 01,09 €

Mg (R*), such that

T = Opu(o1)% and T = 3Opy(0s). (5.71)
The symbols o1 and o9 are related by

09 = 01 0X. (5.72)

Proof. Tt follows the same pattern of the proof of |25, Theorem 3.8|. The main
tool is the characterization in Theorem 3.2 of [4] which extends Theorem 4.6 in
[66] to the case 0 < ¢ < 1. We recall the main steps for the benefit of the reader.

Assume T € FIO(x, q,vs) and fix g € S(RY). We first prove the factorization
T = o{’x. For every x € Sp(d,R), the kernel of x with respect to time-frequency
shifts can be written as

(X7 (2)g, m(w)g)| = [Vg(xg) (w — x2)|.

Since both g € S(RY) and xg € S(RY), we have V,(g) € S(R??) (see e.g., [29]).
Consequently, we have found a function H = [V, (xg)| € S(R*!) ¢ W(C, L))
such that

(R ()9, m(w)g)| < H(w - x2) w,z € R¥. (5.73)
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Since y~! = )?—\1 is in FIO(x ™!, q,vs) by Theorem 5.45, the algebra property of
Theorem 5.41 (i7) implies that T)?_\l € FIO(1d, ¢,vs). Now Theorem 3.2 in [4]
implies the existence of a symbol o1 € Mgl (R??), such that T{ ™ = Opy(01),
as claimed. The rest goes exactly as in |25, Theorem 3.8]. O

5.6 Applications to Schrodinger Equations

The theory developed in the previous sections finds a natural application in quan-
tum mechanics. In particular, we focus on the Cauchy problems for Schrodinger
equations announced in the introduction, cf. (5.3), with Hamiltonian of the form
(5.4):

H = Opw(a) + Opw(U),

where Op,(a) is the Weyl quantization of a real homogeneous quadratic poly-
nomial on R?? and Op,(c) is a pseudodifferential operator with a symbol o €
Mlo(ggs (R2d).

Proposition 5.34 (see also Theorem 5.41 (i) with x = Id or [117, Theorem
3.1]) gives

Corollary 5.47. Ifo € Mg (R2%), s >0, 0 < ¢ < 1, then the operator Op, (o)
is bounded on all modulation spaces My (RY), for ¢ < p < oco. In particular,

Opw(0) is bounded on L*(R?).

This implies that the operator H in (5.4) is a bounded perturbation of the
generator Hy = Opy,(a) of a unitary group (cf. [108]), and H is the generator of
a well-defined (semi-)group.

Theorem 5.48. Let H be the Hamiltonian in (5.4) with homogeneous polynomial
a and o € Mgl (R*), 0 <q<1,s>0. Let U(t) = e be the corresponding
propagator. Then U(t) is a generalized metaplectic operator for each t € R.
Namely, the solution of the homogenous problem iu; + Opy(a)u = 0 is given by

a metaplectic operator x; in (5.6), and e is of the from
eitH = )aOpw(bt)

for some symbol by € Mg (R2d).

Proof. The proof of the above result was shown for ¢ = 1 in [25] and it easily
extends to any 0 < ¢ < 1. In fact, the main ingredients to use are the invariance
of Mﬁ;’i (R24) under metaplectic operators, plus the properties of that symbol
class: the boundedness on modulation spaces and the algebra property of the

corresponding Weyl operators. O
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Corollary 5.49. Assume o € My, (R2), 0 < q<1,58>0, me M,,. If the
initial condition ug is in ME,(R?), with ¢ < p < oo, then u(t,-) € Mf:wx (R
for every t € R. In particular, if mo x~! < m for every x € Sp(d,R) (as for vs)
the time evolution leaves Mp,(RY) invariant: the Schridinger evolution preserves
the phase space concentration of the initial condition.

Proof of Corollary 5.49. It follows from Theorem 5.48 and the representation in
Theorem 5.46 that e € FI O(x, q,vs), so that the claim is direct consequence
of Theorem 5.41 (7). O

We can now study the Wigner kernel of e namely k(z,w), w,z € R?4,
such that

W (e ug)(z) = /k(t,z,w)Wuo(w) dw,
and possible generalizations to A-Wigner transforms.

For sake of clarity, we start with a symbol ¢ in the Hérmander class 5870(R2d),
that is 0 € C>°(R??) such that for every a € N¢ there exists a Cy, > 0 for which
0% (2)| < Ca, Vz € R
We recall that Sg}O(RQd) can be viewed as the intersection of modulation spaces

[4]
Soo(R*) = () Migl (R*), 0<q< o
s>0
Let A be a covariant, shift-invertible matrix. Actually, when working in the L2

setting, the assumption of shift-invertibility will be not essential in the sequel.
We may argue in terms of the Cohen class @Oy, in Theorem 5.24:

Walf) =W(f) «X =Qx(f)
where ¥ is related to A by (5.43), (5.41).

Let us define ¥¢(z) = X(x¢(#)) and denote by A; the corresponding covariant
matrix, such that Wy, = Qy,, see Proposition 4.4 in [31] for details. Note that
in the case of the standard Wigner transform we have W = W4 = W 4, for every
t, since ¥ = 4.

The following proposition is the Wigner counterpart for e of the almost-

diagonalization in Definition 5.1.

Proposition 5.50. Under the assumptions above, for z € R*, t € R,

WWWW@—/kM%MWMMmm (5.74)
RQd
where for every N > 0,

kalt, 2, w){w —x; ' (2))*Y

is the kernel of an operator bounded on L?(R?%).
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We need the following preliminary result, cf. Proposition 4.1, formula (96) in
[31]. To benefit the reader, we report here the proof.

Lemma 5.51. Under the assumptions above,
WA )(2) = Wa f(x; =)
Proof. From [29, Proposition 1.3.7] we have
W(xif)(2) =W '2), feSR,
so that for any ¥ € S(R?*), f € S(R?),

Qu(Xef)(z) = [Z =W (e )(2)
= W(xef)(w)X(z — u) du

RZd
= Jpoa W F O ') S0 2 — xi ) du
~ Jrea WS (xe(xg 'z =€) d¢

= (Wf*Ze)(xi '2) = Qs f(xq ' 2)-

For ¥ € S'(R??) we may use standard approximation arguments. Since in our

case Qs(Xif) = Wa(xef) and Qs, f(x; ' 2) = Wa, f(x; '2), this concludes the
proof. O

Proof of Proposition 5.50. From Theorem 5.48 we have
Wa(e"Mug) = WA(X:Opuw(be)uo).

In view of Lemma 5.51

Wa(e™ug)(2) = Wa, (Opw (br)uo) (x; *2)-
We now apply formula (5.66) to obtain

W4, (Opw(br)uo) = Opu(ct)(Woa,uo)

where the symbol ¢; € 5870(R4d) is given by (5.63). Summing up

Wa(e"uo)(2) = Opu(cr)(Wa,uo) (x; '2). (5.75)

Writing h(t, z,w) for the kernel of Opy,(c),

Wa(e™ o) (2) = / Bt X1 (2), w) (Woa,u0) (w) o,
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that is
ka(t, z,w) = h(t,x 'z, w).

Now, observe that for every N > 0,
hN(tv 2y w) = <Z - ’11}>2Nh(2:, ’LU)

is the kernel of bounded operator on L2(R%), see [30, Lemma 5.3]. Hence the
operator with kernel

ka(t, z,w)(x ' (2) —w)*™ = hy(t, x'(2), w)
is bounded as well. O

Definition 5.52. Fix A € Sp(2d,R) covariant and shift-invertible. For f &€
L*(R?) we define WF4(f), the metaplectic Wigner wave front set of f, as fol-
lows. A point zp = (z9,&) # 0 is not in WF4(f) if there exists a conic open
neighbourhood T',, C R?¢ of z such that for every integer N > 0

[ @I pi: < .

Tz,

In the case of the standard Wigner transform W, = W, we write for short
WFA(f) = WF(f). Note that WF4(f) is a closed cone in R?¢\ {0}. We
have WF4(f) = 0 if and only if f € S(R?), cf. Proposition 4.7 in [31] and the
arguments in the sequel.

First, we shall give the following extension of Theorem 1.6 in [30] concerning
the 7-Wigner case.

Theorem 5.53. Consider a € Sg,O(RQd). Then, for every f € L*(RY),

WF4(Opw(a)f) C WFA(S).

Proof. Arguing exactly as in the proof of Theorem 1.6 in [30] and replacing 7-
Wigner with metaplectic Wigner distributions, we apply the identity

WA(Opw(a)f) = Opw(C)WAf

with the symbol ¢ as in (5.63) and using (5.66) in Theorem 5.36 we obtain the
inclusion. O

Theorem 5.54. For ug € L?(RY) we have

WEFA(e"™ug) = xe(WF.4,(u0))-

The proof follows the lines of the corresponding one in Theorem 1.6 [30],
basing on the preceding Proposition 5.50, in particular on the identity in (5.75),
see the sketch below. For the Wigner distribution the previous result reads as
follows:
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Corollary 5.55. For ug € L*>(R%),
WF (e ug) = xe(WF (up)).

Proof of Theorem 5.54. Fixt € R, zy € R??\ {0}, T',, small conic neighbourhood
of 20, ¢o = xt(20), A¢y = x¢(I'z,) corresponding conic neighbourhood of (.
Assume (o ¢ WF 4, (up), that is, for every N > 0,

/ ()N W a,u0(¢)Pd¢ < oo.
A¢o
We want to prove that zg ¢ WF4(e?Huy), that is, for every N > 0,

= /F (92N W a(e ug) (2)2d < oo,

20

By applying the basic identity (5.75) in the proof of Proposition 5.50 we obtain

I= [ &P |OpuledWaualx )P
I

20

and after the change of variables z = x;(, observing that (x:() < ({):
I= [ (0™10pufen Woauol .
o

We are therefore reduced to the pseudodifferential case, cf. the preceding The-
orem 5.53. Arguing again as in the proof of Theorem 1.6 in [30] and using the
assumption, we obtain WF 4 (e ug) C xi(WFa,(up)). Similarly, one can prove
the opposite inclusion. O

5.7 Comparison with the Hormander wave front set

Corollary 5.55 is similar to other results in the literature, concerning propagation
of micro-singularities for the Schrodinger equation, cf. [14, 24, 25, 27, 28, 29, 33,
69, 73, 74, 89, 93, 94, 109, 103, 102, 121, 124]. They mainly concern the global
wave front set WFqa(f) of Hormander [72]. It is interesting to compare the
different microlocal contents of WF 4(f) and WFq(f). We recall the definition
of WFa(f), following the notation and the equivalent time-frequency setting in
[29].

Definition 5.56. Consider f € L?(R%) and zy € R??\ {0}. We say that z ¢
WZFq(f) if there exists a conic neighbourhood T',, € R?? of g such that for every
integer N >0

/ NV, £(2)[2 dz < o, (5.76)

Iz

where we fix g € S(R?) \ {0} in the definition of the STFT V, f.
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As before, we assume A € Sp(2d,R) covariant and shift-invertible, then:

Theorem 5.57. For all f € L?(R%) we have

WFa(f) C WFA(f). (5.77)

The proof requires the following preliminary issue.

Lemma 5.58. Fiz g € S(R?) \ {0} and consider A € Sp(2d,R) covariant and
shift-invertible. There exists U4 € S(R??), depending on A and g such that for
every f € L*(R?)

Vaf [P = Wax Waf. (5.78)

Proof. We start with the well-known identity
VofP=IWg+xWF, (5.79)

where ZWg(z) = Wg(—=z), see for example (156) in [30]. If A is covariant, we
have from (5.42)
Waf=oaxWf (5.80)

with o4 given by (5.43) o.4(2) = F~1(e™-BAC), If we define
Ta(z) = Fl(emBaC)
we then have, for all h € L?(R2?),
TA*Ooqxh=h,
hence from (5.79)
VofP=IWgsTaxaaxWf=U,%WF,

with Uy =ZWg*74.

To prove that ¥4 € S(R??), we observe ZWg € S(R??), in view of the
regularity property of the Wigner distribution, and 7+ : S(R??) — S(R??), since
for every h € S(R??) we have

e™eBACH(() € S(R?).
This concludes the proof. O

Proof of Theorem 5.57. The pattern is similar to the the proof of Theorem 5.5
in [30], after replacing Lemma 5.4 in [30] with our present Lemma 5.58. O

Corollary 5.59. Let A € Sp(2d,R) as before and f € L*(R?). We have f €
SR if and only if WFA(f) = 0.
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Proof. 1f f € S(R?), then W4(f) € S(R??) in view of Proposition 2.12 (ii). The
estimates in Definition 5.52 are obviously satisfied for any zo € R24\ {0}, hence
WFA(f) = 0. In the opposite direction, assume WF4(f) = 0. Theorem 5.57
yields WFq(f) = 0 and this implies f € S(R?), cf. [29]. Alternatively, one can
follow the pattern of Theorem 5.4 in [30], using again Lemma 5.58. O

Comparing now WFq(f) and WF4(f), we first observe that the definition of
WZFa(f) can be extended to f € S’(R?) , cf. [29], whereas Definition 5.52 refers
to f € L*(R?). With some more technicalities the definition of WF4(f) can
be extended to f € S'(RY) as well. The substantial difference between WFg(f)
and WF 4(f) is that the inclusion in (5.77) is strict in general, since WF 4(f)
includes a ghost part depending on A, as already observed in [30].

To better understand this issue, we will use the Shubin class of symbols H™,
m € R, defined by the estimates

|0%(2)| < calz)™, 2= (z,6) € R¥, (5.81)
Further, assume a € H}', that is a(z) has the homogeneous principal part a,,(2):

am(Az) = AN"am(2), A >0,

such that, cutting off a,,(z) for small |z|, we have for some € > 0, a—a,, € H™ €.

Define the characteristic manifold
Y ={ze R a,(z) =0,z #0}.

Theorem 5.60. Assume that a € HJJ' is globally elliptic, i.e., ¥ = (. Then for
all f € L?(RY),
WFa(Opuw(a)f) = WFa(]).

Proof. The inclusion WFA(Opy(a)f) C WF(f) follows from the easy variant
of Theorem 5.53 for the class H™. To obtain the opposite inclusion under the
assumption of global ellipticity, we construct as in [114] a parametrix of Opy,(a).
Namely, there exists a b € H_"™ such that

Opw(b)opw(a) =1+ Opw(r)7

where [ is the identity operator and the symbol r is in S(R??), hence Op,,(r) :
S'(R?) — S(RY) is a regularizing operator. Therefore,

f = Opu(b)Opu(a)f = Opu(r)f, Vf e L*RY),
with Op,(r)f € S(RY). Invoking Theorem 5.53
WFa(f) = WFa(Opuw(b)Opw(a)f) € WFa(Opw(a)f).

This completes the proof. O
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Theorem 5.60 shows a similarity of WF4(f) with WFg(f). Though, in the
non-elliptic case the classical microlocal inclusion

WFe(u) CWFa(Opy(a)u) UX, u € S'(Rd),

fails for WF 4(u). Consider for simplicity the case v = Op,(a)u € S(R?), so that
for the solutions of Op,,(a)u = v we have

WFg(u) C % (5.82)

and test the same inclusion for WF 4(u), u € L?(R%), as follows. For simplicity,
we will consider only the Wigner wave front W (u) and consider in dimension
d = 1 the operator

Pu = zD?*zu = Opy(a)u

where the homogeneous principal part of a € Hfl is given by
as(x,€) = a?¢?
so that X is the union of the x and £ axes
Y ={(z,8) e R:,z=00r& =0, (z,€) # (0,0)}. (5.83)

We now address to the example at the end of [30], where f, g € L?(R?) are defined
such that

Df =i —if (5.84)
xg = —1i —ih, (5.85)
with f' € S(R), h € S(R) and
WFf=WFaf={(z,€) e R*,z =0, #0},

WFg=WFag ={(x,£) €R* £ =0,z # 0}.

By using (5.84), (5.85), a simple calculation shows that Pf € S(R), Pg € S(R)
and therefore for u = f + g we have Pu € S(R). Then for ¥ as in (5.83) we
obtain WFgu = ¥ as expected from (5.82). Instead, the non-linearity of the
Wigner transform (see [30]) gives

WFu =R?\ {0}.

To sum up, the appearance of ghost frequencies in the Wigner wave front is
natural in Quantum Mechanics, but it contradicts Hérmander’s result for micro-
ellipticity.



CHAPTER 6

Symplectic analysis of
time-frequency spaces

The main results are exposed in Section 6.1 whereas Section 6.2 exhibits the most
relevant examples. In the Appendix A we extend some of the results in [53] to
general invertible matrices and to the quasi-Banach setting. In the Appendix B
we compute the matrices associated to tensor products of metaplectic operators.

This chapter is part of an article published in Journal de Mathématiques Pures
et Appliquées in 2023, cf. [19].

6.1 Shift-invertibility and modulation spaces

In this section we present the features of metaplectic operators that guarantee
the representations of modulation and Wiener amalgam spaces by metaplectic
operators.

Corollary 6.1. Let A € Mp(2d,R). Consider g1 € S'(R%), go,93 € S(RY) with
(g1,92) #0. For any f € S'(RY),

1
<92791>

Vs f(w) = (Wa(f,91), Wa(r(w)gs, g2)),  weR™,

where (-,-) is the antilinear duality paring between S'(R?*?) and S(R?9).

Proof. It is a straightforward consequence of the definition and main properties
of metaplectic operators. Since go,g3 € S(RY), Wa(g2,93) € S(R??), whereas
Wa(f,g1) € S'(R??) since f, g1 € S'(RY). Consequently,

(Wa(f, 1), Walm(w)gs, g2)) = (A(f © 71), A(m (w) g3 © 72))
= (f@g1,m(w)gs @ g2)

= (f,m(w)gs){(g1, 92)-

123
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This concludes the proof.

O

If A € Mp(2d,R), with A € Sp(2d,R) having block decomposition (2.20)
then it was shown in [31] that

(Wa(r(w)f, 9)| = [m(Eaw, Faw)Wa(f,g)l, weR™ VfgeL*R?),

where the matrices E4 and F 4 are given as in (2.21).

We need the following representation formula.

Lemma 6.2. Let A € Mp(2d,R), v,9 € S(R?) be such that {y,g) # 0 and
f €S RY). Then,
1

W.A(fvg) = <’Ya9>

[ Vel @ Waw(wp gt
with equality in S'(R??), the integral being intended in the weak sense.

Proof. Take any ¢ € S(R??) and use the definition of vector-valued integral in a
weak sense which entails

(Walf.9)(2),0) = (f @3, A ")

= L w)|(m(w gldw, A~
— (= | Vel tl((w)) © gldw, A7)
- w)(|(m(w g, A1) dw
= [ () 95 Al
1 z _
— [ V)G 2 9), gl
1
= <,7’g> R2d vaf(w)<WA(7T(w)’7ag)(z)’90>dw'
Therefore,
1
Walh) = s [ Vol )Wa(e(w)y. o)
with equality in S'(R?9). O

Theorem 6.3. Let W4 be shift-invertible with E 4 upper-triangular. Fix a non-
zero window function g € S(RY). For m € M,(R??) with m =< m o E;tl, 1<
P, q < o0,

FeMEIRY) & Walf.g) € LyI(R*),

with equivalence of norms.
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Proof. =. Assume f € MEY(R?). For any v € S(R?) such that (v, g) # 0, the
inversion formula for the STFT (cf. Theorem 2.3.7 in [29]) reads

1
(7, 9)

f= /de Vo f (w)m(w)ydw.

Multiplying both sides of the above equality by g(z2), for any z = (21, 22) € R??,
we can write

Feae) = (P90 = o [ Vil © ().

Applying A to (f ® g) we obtain A(f ® g) = Wa(f,g) € S'(R?*?). Using Lemma
6.2, we get:

Walf0) = = | Vil @Wa(n(w)r.g)du,

with equality holding in &' (R?).
Now, if f € ME%(R?), the integral on the right-hand side is absolutely con-

vergent as we shall see presently. For any z € R??,

Walr0)()| < s [ Vo F@)Wal.0)(z = )l
_ | det(E4)| !

(7, 9)]
_ Jdet(E)[!

(7, 9)]

Since 7,9 € S(RY), Wa(vy,9) € S(R?*?) ¢ LL(R??). Moreover, by Theorem
6.14 and Theorem 6.15 both applied with § = E;ll, we have that V,f o E;l €
LEA(R?). Young’s convolution inequality applied to (6.1) entails

IWalf, Dl iz S Vol ppa IWaly, 9)llLy < oo

/RM Vaf (B w)[[Wa(y,9)(z — u)|du

Vo f o B3 % [Wa(v, 9)l(2). (6.1)

< . Assume that W4(f,g) € Ln?(R??). Using Corollary 6.1 with g3 = g1 = g,
go = 7, for any w € R%¢,

1
(7, 9)]

/de ‘WA(fa g)(u)HW_A(ﬂ'(w)g, fy)(u)‘du

VoS (w)] S

‘<WA(f7 g)v WA(’]T(UI)Q, 7)>|

A

< / WA, 9)(w)[|Walg, ) (u — Eaw)ldu
R2d

< / WA, 9) () W (g, ) (Bawo — w)|du
R2d

= [Walf, 9)l * [[Walg, VI | (Eaw). (6.2)
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Applying Theorem 6.14 and Theorem 6.15 with S = E 4, we obtain

1f Tagze =< WV fllpea S NWalf, g)| = [[Walg, VI ppe
SAIWalf; 9l pza IWalg, V)l Ly < oo,

since we considered an even submultiplicative weight v. O

Remark 6.4. Theorem 6.3 is sharp. Namely, if either E 4 is not shift-invertible
or E 4 is not upper triangular, W4 may not characterize modulation spaces. We
provide two counterexamples.

(a) If E 4 is not shift-invertible, then W4 may not characterize modulation spaces.
Let Wy be the (cross-)Ryhaczek distribution defined in (2.6). Obviously, for every
f € LP(R?) and g € S(RY), we obtain [|[Wo(f, 9)|l1re = I £1l, 1gll,- This means
that the LP9-norm of W) is not equivalent to the modulation norm in general.
Observe that the corresponding matrix F 4, is not shift-invertible. In fact,

Iixa ded)
Ea —
Ao (ded Odxd

is not invertible. Similarly, the (cross-)conjugate-Ryhaczek distribution Wi in
(2.7) is not shift-invertible and does not characterize modulation spaces [30, Re-
mark 3.7].

(b) If E4 is not upper-triangular, then W, may not characterize modulation
spaces. Let C' € R?4X24\ {0,5,54} be any symmetric matrix. Then, up to a sign,

Vo(Vof) = Ast(Vo f ® §) = AstVa(f @ §),

where
Iixa Odxd Odxd Odxd
Ve — Odxd Taxd Odaxa Odxa
¢ C Ogxa Ilixa Odxd
Odxd Odaxd Odxa Iixd

see formula (6.8) in the Appendix B. Let A := AgrVj It is easy to verify that
Lixd 0dxd>
Eq= ,
A < C  lixa
which is always invertible and lower-triangular. The metaplectic operator 1//'5 is
unbounded on MP4(R%), 1 < p,q < oo, p # q, cf. [26, Proposition 7.1]. Namely,
if f e MPIRY), Vof ¢ MPI(R?) for p # q and, consequently, A(f @ g) ¢

LP4(R%4). Observe that a similar result with different methods is obtained in
[53, Theorem 3.3].

As byproduct of the previous theorem we obtain new properties for shift-
invertible representations W 4, see ahead.
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Corollary 6.5. Let A € Mp(2d,R) with W 4 shift-invertible. Then, for all f,g €
LA(RY), we have Wa(f,g) € L=®(R?*?) and it is everywhere defined.

Proof. If f € L?(R?%) and g,v € S(R?), the inequality (6.1) holds pointwise (take
p=gq=2 m=1). Also, if g € L?(RY) the right hand-side of (6.1) is also well
defined for all z € R??, since W4 maps L?(RY) x L?(R%) to L2(R?%). By Young’s
inequality,

WA O e r2a) S [V f © B || poggaa IWa(r: )l 2 g2y
= 1/l lgll3 11l < oc.

Hence, W4(f,g) € L=®(R??) and WA(f, g)(2) is well defined for all z € R??. [

If we limit to the case p = ¢, then Tg : LP(R??) — LP(R??) is bounded for all
S € GL(2d,R), without any further assumption on its triangularity. In this case,
arguing as above, but using Theorem 6.13, we obtain the following result.

Theorem 6.6. Let Wy be shift-invertible and m € M,(R*®) with m < mo E;l.
For 1 <p< oo and g € S(RY)\ {0}, we have

1 1[azz, = IWalfs )L, -

Corollary 6.7. Under the assumptions of Theorem 6.3, assume that (v ® v) o
A~ < v ®w, then the window class can be enlarged to M}(R?).

Proof. By Theorem 6.6, if v € S(RY) and g € M}(R?), W4(g,7) € LL(R?*), so
that

1
(7, 9)]

(Wa(f,9)(2)| S | det(EA)| "V f o B4t % [Wa(v, 9)|(2) (6.3)

is well defined by (6.1) provided that W4(v,g) € LL(R?%).
By [31, Proposition 2.4,

Wa(y,9) = Wi(3,7) = ADL(g ® 7),
with A = AD;. Now, g ©~ € MY(RY) © S(RY) ¢ ML, (R2) and DL(§ ® ) =
v ® g, so that D, : Mg, (R??) — ML, (R*). Indeed,

Pr@e| =<1l gl

1
M'U®'u

On the other hand, A : M}, (R*) — M}, (R?*?) by [53, Theorem 3.2] and [53,
Corollary 4.5]. Moreover, Mo, (R*) — M}, (R??) — L!(R?*?), since

v(z) < v(z)v(w)
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for all z,w € R?¢. Hence,

SalPraen|,, =l Ml =as ol <o
vRv

Going back to (6.3), we obtain

IWalts9)llzea S Vol ll e IWaly, 9)lly <aqg 1 e -

Whence, if g € M}(R?) and f € MEY(R?), the metaplectic Wigner W4(f,g) is
in Ly (R*Y), with [[Wa(f,9) |l pze S [ fllagme-

Vice versa, we have shown that if g € M} (R%) and f € M5 (R?), the meta-
plectic Wigner W(f, g) is in L};(R??). By (6.2), for all w € R4,

Vo f ()| S IWaf, 9)| * [[Walg, )" |(Eaw),

and Young’s inequality gives
1l aze S IWaACSf, 9z -

In conclusion, ||f|lyma < [[Wa(f, 9)ll1p,e, with g € ML(RY). O

Another consequence of Theorem 6.3 is the characterization of Wiener amal-
gam spaces W (F L., , L, ) (RY).

Corollary 6.8. Let A € Mp(2d,R) be such that W4 is shift-invertible and 1 <
p,q < oo. Let my,ma € My(RY) be such that ma < Tms, being ITma(z) =
ma(—z), and A = 7P (A) having block decomposition in (2.20). Fiz g € S(R%)\
{0} and define

Eq=JEAJ. (6.4)

If mqy @ mg < (M1 ® ma) o EN’Z\l and E 4 is lower triangular, then

0w ri o= ([

Rd

( /R WA ) OPma(erde)ma(ayia)

with the analogous for max{p, ¢} = co.

Proof. Assume that max{p, q} < co. We use (2.4). Let f € S'(RY), g € S(R?)\
{0}. Then,

(L, (L watr.oe.eppm(erae) mawoyaz)

B </R </R Walf, 9)(J 7, —x>>|pm1<f>pd5> " m@)qdw)

1/q
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Now, [Wa(f,g) 0 J 7| = |D, 1 A(f ® )| = |Ao(f ® g)| = [Wa,(f, g)|, where

Agp Az Az Aoy
—An A —Aiz —Auy

Ay A Az Ay
—A31 —A3zp —Azz —Ay

Mp(Ag) = Ay := Dy A=

By [31, Proposition 2.7], [Wa,(f, 9)| = W4, (f,8)], where
—Agz A Az —Aa
A= Az —Au A A
0 —Asz A An —Ap
Azz  —Azy —Az; Az

Hence, using that Zmsy =< mso,

( /Rd </Rd (Walf, 9)(, O)Pma (f)pd5> q/pmz(:c)qu>

R a/p
LW g e —opmiera) m2<x>qux)

1/q

1/q

1/q

. a/p
/ W4, (f,9)(&, x)\pml(ﬁ)pa%) Imz(ﬂf)qdﬂf)
R4

Observe that E4 = E Ao Since F 4 is invertible and lower triangular the matrix

E4 in (6.4) is obviously invertible (and upper triangular). Hence, using the
assumption m; ® mg < (m; ® ma) o E;ll, we have
0

[WaF- 0 =gy =W, -
The same argument also proves the case max{p, q} = oo, simply replacing the

corresponding integrals with the essential supremums. O

Remark 6.9. Because of (2.8), Corollary 6.8 is significant only for p # ¢. For
p = ¢q we refer to Theorem 6.6 with m = mq ® mo.

6.2 Examples

We exhibit a manifold of new metaplectic Wigner distributions which may find
application in time-frequency analysis, signal processing, quantum mechanics and
pseudodifferential theory.
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Example 6.10. This example generalizes the STFT by applying a metaplectic
operator either on the window function g or on the function f as follows. First,

consider the matrix
I - < Odxd Id><d>
—Igxa  Laxd

which allows to rewrite the STFT V| f as composition of the metaplectic operators
(i) We may act on the window g by replacing g with Wg, A e Mp(d, R).
Namely, we consider the time-frequency representation

Uy f(x,€) = FaZ(f @ Ag)(x, ).

Denoting
A B
A = <C" D’) , (6.5)
by (6.8),
foAg=A"(f®g),
with

Iixda Odxd Odaxa Odxd
Odaxa A O4gxa B’

Odxd Odxd laxa Odxd
Odaxa C' Ogxa D’

A// —

so that U, f = Wa(f,g) with

Iixa —A" 0Ogxqg —B'
Odxa C" Ijxg D
Ogxa —C" 04xa —D"|’
—lixd Odxd Odxd Odxd

A:

which is always shift-invertible with E4 diagonal. This is not surprising, since
Ag € SRY) for g € S(RY) and different windows in S(R?) yield equivalent

norms.
(ii) A more interesting example comes out by applying /.A;, with A" € Sp(d, R)
having block decomposition in (6.5), to the function f. Namely, we consider

Uyf(,€) = FHIL(Af @ g)(x,€).

Then ﬁgf = Wal(f,g) with

A —Igxa B Ogxa
A | ¢ Oixa D' lixa

Odxd  Odxd  Odxa —Iaxd
—A" 0Ogxa —B" 0Odxd
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A B
E.A = -A, = (C/ D/> )

in (6.5). This W4 characterizes modulation spaces if and only if the symplectic
matrix A’ is upper triangular, since A’ : MP4(R%) — MP4(R?), p # q, if and
only if A’ is an upper block triangular matrix [53].

and

Observe that these time-frequency representations find applications in signal
processing, see Zhang et al. [127, 129].

Example 6.11. (i). For z = (r,&) € R??, the time-frequency shift 7(2) can be
written as follows: m(2)g(t) = ®7(¢,t)T,g(t), where I € R?¥2d js the symmetric

matrix
i (ded Idxd)
Taxd Odxd
Thus, we can define a generalized STFT replacing the time-frequency atoms

7(z)g with the more general atoms ¢(x, &) := ®c (£, )Ty, x,& € RY, where ®¢ is
the chirp function related to the symmetric matrix

Cnn Cr2
C =
<sz sz)
(hence Cf; = C11, CL, = Cs3). Namely, we may define the generalized STFT
Voof as

Vyof(x,6) = |det(Cra)| 2~ mOnEE [ £(4)g(t — x)eimCtte—2miChEt gy
Rd
= <f7 §(IL‘, 5)9),

f,g9 € L*(R?). Observe that, if C12 € GL(d,R), then V, of = Wa(f,g), with

Iixa —Igxa Odxd Odxd
A= —Cpy Ca Odxd Cry O’
Odxd Odxd Odxd —Igxa

—C12+ 01105 Cog Ogxg  —C1iCryt  —CniCrl

which is always shift-invertible, but unless Cao # Ogxq, F 4 is lower triangular.
(ii) For 7 € R consider the 7-Wigner distribution defined in (2.5) and replace
the Gabor atoms 7(x, &) with the more general chirp functions ®¢ as before to
obtain

Wro(f, 9)(x,€) = | det(Cha)|H/2emCnEE

% / f(iL‘ 4 Tt)me—iowt'te—QWng@tdt,
Rd
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frg9 € LA(RY). Again, if C12 € GL(d,R), then W, ¢ (f, 9) = Wa(f,g) with

(1 —7)1gxa Tlixd Odxd Odxd
Ao —Cpy Cao —Cr Cht —(1-1)Ch"
Odxd Odxd Iixa Iixa

C11C5  Cog — Crg C11 0 Cog — C1a —7C1 0" (1 — 7)1 05"

This matrix is shift-invertible if and only if 7 # 0,1, and in this case FE 4 is
upper-triangular if and only if Cos = 0gxq.

Example 6.12. Every A € Sp(2d,R) can be written as Il7 VoDV, where
L € GL(2d,R), the matrices Q, P € R?¥2? are symmetric and, if 1 < k <
2d, 1 < j1,...,Jr < 2d and J = {jly--~7jk}7 Iy = 1I;, ...1I;, is the matrix
associated to the partial Fourier transform Fy := Fj, ... Fj,, cf. Example 2.7
(v). Set

Q= <Q11 Q12> p_ <P11 P12> I_ <L11 L12)
QL Q) PL Py)’ Loy Loo
L= (Lill L:”) .
Ly Ly,
Ljn Lilz _Linplil — L:12P1;; —LiHPlz — L:12P2;;
Loy Ly —LoyPpy — Loy Py —Lgy Pro — Loy Py

M11 M12 N11 N12
M1 Moo Ny Nao

and
A direct computation shows
VQDLV,TP ==

In what follows the explicit expressions of My1,Mis,Ms1,Ms9,N11,N12,No1,Noo €
R4? are irrelevant. We consider the case J = {d + 1,...,2d}, i.e., Fy = Fo.
The effect of left-multiplying VQDLV_TP by Apry is to swap the second column
blocks of VQDLV_TP with the fourth, up to change the sign of the latter. Hence,
the matrix E 4 associated to

Wa(f,9) = Fo(Pq - (F'@p* (f®7)))
is / / T / T
pa= (7 T TR
Ly, =Ly Ppy — Ly Pry
This matrix is upper triangular if and only if L), = 0gxq or, equivalently, if and

only if L is upper triangular. In this case, we also can compute explicitly L=! in
terms of the blocks of L. Namely,

L L12> 1 <L1_11 —L1_11L12L2_21>
L= € GL(2d,R) = L~} = - .
<0d><d Lo ( ) Odxd Ly
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So, the corresponding E 4 is invertible if and only if L2_21P17; € GL(d,R), i.e., if
and only if Pjo € GL(d,R). In conclusion, any metaplectic Wigner distribution
of the form

Wa(f.9)(@,€) = F2(@q - (F~'®px (f ©7)))(2,6)

with P, Q € R2*24 symmetric, Pjs € GL(d,R), and L € GL(2d,R) upper trian-
gular, can be used to define modulation spaces.

6.3 Appendix A

In Appendix 6.3 we generalize the results in [53] to the quasi-Banach setting.
Also, we observe that [53, Corollary 4.2] holds for general invertible matrices.
For S € GL(2d,R), recall the definition of the metaplectic operator

Tof(2) = |det(S)|2 f(Sz), =€ R™,
defined in Example 2.7 (7).

Theorem 6.13. Let S € GL(2d,R) and 0 < p < oo. The mapping Tg :
LP(R??) — LP(R??) is everywhere defined and bounded with

1
P,

N

%5l oo = | det(S)]

We use the convention 1/oo = 0.
Proof. Trivially, if 0 < p < co and f € LP(R??),
11
15 fll o geay = I © Sllo ey = [det(S)[2 77 [ fl| Lo 2y -

Also, [T | oo (goay = | det(S) V2| oo e2a). -

Theorem 6.14. Consider A, D € GL(d,R), B € R¥*? and 0 < p,q < 0o. Define

A B
S = i
<Od><d D>

The mapping Tg : LP4(R??) — LP9(R21) is an isomorphism with bounded inverse
Tg-1.



6. SYMPLECTIC ANALYSIS OF TIME-FREQUENCY SPACES 134

Proof. Let f € LP4(R??). Then,
1Tl zoaquzey = [[€ = 1det(S)| /21 £(A - +BE, DE) | oaay

= [l& = 1aet(S) 1 1A D |, g
= [[& = 1act(s)12 aet () 15, DE) | oggay

= | det(S)[/?| det(A)| 77| det(D)| 1/ H£ = FC O Lo ray

La(R4)

La(R4)

La(R4)
11 11
= |det(A)|2 7 |det(D)|2 a HfHLP’Q(RQd)v

where 1/00 = 0. Observe that ‘Igl = T g-1. It remains to prove that Tg-1 is also
bounded. Since A (or, equivalently, D) is invertible, this follows by

g1_ (A —aBD
"~ \Odxd Dt

and by the first part of the statement. O

Theorem 6.15. Let m € M,(R??), S € GL(2d,R) and 0 < p,q < co. Consider
the operator

(T9)m : f € LPI(R?*) — |det(9)]/2f o S.

Ifmo S =m, then Tg : LPI(R>) — LPUR?) is bounded if and only if (Tg)m
Lo (R24) — LY(R?4) s bounded.

Proof. Observe that the condition m o S =< m is equivalent to m o S~ =< m.
Assume that Tg is bounded on LP4(R??) and consider f € L};?(R??). Then,
fm € LP9(R??) and

I8 Igacaay = NS F - mll agesay = [ T(F - (m© ST e
. moS1
S L [ L
moS™1
H f S AN oo zay -
L (R2d)

For the converse, assume that (Tg),, : Lﬁ;fl(RQd) N L%J(Rm) ‘s bounded and
take f € LP2(R*?). Then, f/m € Ly?(R*?) and
= ()
m

S /mllpge eay = 11l o ea) -
L (R21)

L e 2

mo S

(2

Lp’q(RQd) ’ Lp,q(RM)
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6.4 Appendix B

In this Appendix we study tensor products of metaplectic operators and refer
to |76] for the theory of tensor products of Hllbert spaces. We are interested in
proving the following result.

Theorem 6.16. Let A, B € Mp(d,R) with A = 7P(A) and B = 7P(B) having

block decompositions
A B E F
A—(C D),andB—<G H)

Then, the bilinear operator S : L?(R%) x L2(RY) — L2(R?%) defined for all f,g €
L*(R%Y) as R ~
S(f.9) = Af ® By

extends uniquely to a metaplectic opemtorCAE Mp(2d, R) with C = WMp(é\) having
block decomposition

A Ogxa B 0Ogxq
Oaxa E  Ogxa F

C  Ogxa D 0Ogxq
Odxa G Ogxqg H

C =

Proof. By |76, Proposition 2.6.6], there exists a unique linear mapping 7T :
L*(RY) ® L?(R?) = L?(R??) — L?(R??) satisfying

T(fog)=Af®@Bg,  f,geL*RY.

By [76, Proposition 2.6.12|, this extension is also bounded. Moreover, T is in-
vertible because A and B are. In particular, T' is surjective. To prove that T is a
metaplectic operator, it remains to check that 7" preserves the L? inner product
and that

Tp(z,7) = p(Cz,7)T, zeRY¥ reR. (6.6)

For all f,g, ¢, € L*(R%),

(T(f®9),T(p @) = (Af, Ap)(Bg, BY) = (f, ) {9, %)
=(f®g9,0®).

If & € L2(R?)), & = > 721 ¢jj ® by, with the sequence (c;); € C vanishing
definitely,

(T(f®g), TP) Ecg (f®@9),T(p; @v;)) = > &(f © 9,05 ® ;)
j
=<f®g, D).
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Now, consider ® € L?(R??) and (®;); C span{p ®@ ¢ : ¢, € L*(R%)} satisfy
limj i o ||P — (I)j||L2(IR2d) = 0. Then, by the continuity of 7" and of the inner
product,

(T(f ©9).T9) = (T(f ©.9). T( lim _®,)) = I (T(f©9).TP)

Jj—+oo

= lim (f®g,®;) =(f®g,?).

J—+oo

So, we proved that
(TF, T®) = (F,®) (6.7)

holds for all F = f® g, f,g € L?>(R?) and all ® € L?>(R??). The same argument
applied to the first component of the inner product shows that (6.7) holds for
all I’ € LQ(RQd) as well. So, T is surjective and preserves the inner product,
hence it is unitary. It remains to prove (6.6), which states that 7" is a metaplectic
operator with 7MP(T) = C.

For, consider f,g € L?(RY), 7 € R, z = (v1,22,£1,&) € R and 2; =
(z,&;) € R¥ (j = 1,2). First, observe that

p(z,T)(f@g) = 7 (zlv )f®p(22> )

and

T(C2)(f ® g) = m(Az) f @ T(Bz2)g,
so that

p(CZ, T)T(f ® g) _ eQTFiTe—iﬂ(Adfl+B§1)(CZ’1+D£1)e—i?T(E:U2+F§2)(GﬂC2+H§2)

x 7(C2)(Af ® Byg)

_ 2miT —in(Az1+B&)(Cor+DEr) p—im (Bwo+Fé2) (Goa+Hez)
x 1(Az)Af @ 7(Bz)Byg

= ¢ 2T p( Az, T)Af @ p(Bz2, T)Byg

= e 2T Ap(z1,7)f ® B\p(zg, T)g

= e 2T (p(21,7) f ® pl22,7)9)

=Tp(z,7)(f ®9)

and (6.6) follows for tensor products. Next, if F' = >°22, ¢;f; ® gj, (¢j); € C
definitely zero, fj,g; € L*RY) (j=1,2,...),

p(Cz, T)TF = p(Cz,7)T chfj®g] —pCzTch (fi ®g5)

= ZCJP (Cz,7)T(f; ®g;) = ZCjTP sz)(fj ® gj) = Tp(z,7)F,
J

and the assertion follows by a standard density argument. O
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Remark 6.17. Under the same notation as in Theorem 6.16, if A = I 4, then

feBg=Ci(f®g), (6.8)

where

Iixa Odaxd Odxd Ogxd
Oaxa E  Ogxq F
Odxd Odaxd Iixd Odxd
Oaxa G Ogxqg H

If B = 1;xq, we infer R R
Af®g=Ca(f®yg),

where

A Ogxa B Ogxa

c, — | Oaxa lixd Odxa Odxd
? C Oaxa D 0Ogxa

Odxd Oaxda Odxd Iaxd
Observe that C = C1Cy = Co(C5.



CHAPTER 7

Metaplectic Gabor frames

Section 7.1 is devoted to metaplectic atoms, defined implicitly as

(10 == [ Walh. ) Wale ) (71)
and to an equivalent of inversion formula of the STFT
1
f= oa) /RM Vof (2, &)m(x,&)ydads,  f € L*(RY), (7.2)

for metaplectic Wigner distributions. In Section 7.2, we characterize shift-invertible
Wigner distributions in terms of the STFT. We compute the metaplectic atoms
of the distributions which belong to the Cohen’s class in Section 7.3. In Section
7.4 we define metaplectic Gabor frames, characterizing those related to shift-
invertible distributions. In Section 7.5 we complete the characterization of mod-
ulation spaces and Wiener amalgams in terms of shift-invertibility. We devote the
Appendix to the proof of an intertwining formula between metaplectic operators
and complex conjugation, which is used to obtain the expression of the adjoint
of metaplectic atoms in Section 7.1.

This chapter is part of an article published in Applied and Computational
Harmonic Analysis in 2024, cf. [20].

7.1 Metaplectic atoms

We start by generalizing the definition of time-frequency shifts. Differently from
the classical theory, where time-frequency shifts are defined in terms of trans-
lations and modulations, and then used to define the STFT, we define them
implicitly from metaplectic Wigner distributions.

Definition 7.1. Let W4 be a metaplectic Wigner distribution and z € R??. The
metaplectic atom 7 4(z) is the operator defined by its action on all f € S(R?)
as

(p.ma(2)f) == Walp, /)(2), v eSRY.

138
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Observe that if f, o € S(RY), Wa(p, f)(z) is well-defined for all z € R?? by
Proposition 2.12.

Remark 7.2. Definition 7.1 says that metaplectic atoms play the game of time-
frequency shifts for the STFT.

Metaplectic atoms map S(R?) to S'(R%), see Proposition 7.8 below. We put
this detail aside and take it for granted in favour of some prior example.

Example 7.3. The metaplectic atoms associated to the STFT are the time-
frequency shifts. In fact, for all f, ¢ € S(RY) and all z € R??

(0 masr (2)f) = Vip(2) = (¢, m(2) f).

This implies that 744, (2)f and 7(z) f are tempered distributions with the same
action on S(RY), i.e., magp(2)f = m(2)f.

Example 7.4. For A > 0 and f,g € L?>(R?), we consider
h —d/2_h 2d
Vo f(x, &) = (f, (2nn)~ a2, €)9),  (2,€) R,

where 7 (x, €)g(t) := e'&=2¢/2/hg(t — x). These time-frequency representations
were considered by M. de Gosson in [36]. For all 4 > 0, up to a sign,

£

— i s
%hf($a€) — (27Th) d/2€2 47rh‘/gf <$, %

) , (3,9 €eR?,  fge L*(RY,

so that Vghf = Wa,(f,g), where

Iixq —ldxa Odxd Odxd
A, — Odxd Odxd 2rhlixag 2mhlgxq
R ) 0 17 Ly
dxd dxd 2tdxd —aoddxd
1 1
—gmilixda —pldxda  Odxd Odxd

In this case, we observe that

5, — (fixa  Odxa
AT \Oawa 20hlaa)”

The metaplectic atoms associated to V" are

i, g = 2ty e (05 g

— i€ _
= |det(Ea,)| e % n(EL (2,€))g,

(r,6) € R¥, g € S(RY).
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Example 7.5. We compute the metaplectic atoms associated to the 7-Wigner
distribution W, (0 < 7 < 1). For, let z = (z,&) € R?? and f, p € S(R?). Then,

We(p, f)(2,€) = /Rd oz + 1) flz — (1 — m)t)e 2mittqy

= 7'1d/Rd o(s)f (m -(1-7) (8 ; $>>6_2”i’5'(8r1)ds

:/Rdcp(s)f<a:— s)e T et —

T T T

= <90’7TA7— ($7€)f>3

where, if ¥, f(t) = (=202 f (—17),

1 _ w2 omit. & 1—71
R e (G
B 1
~ (1 _T)d/2e

><t_1iﬁ)>

M T e T, f(1).

Observe that —z——us = |det(E.)|"Y/2, so

7.a!/2|7.,1‘d/2

_ —omiZ€ 1 1
ma, (@, 6)f = [det(Ba,)| e 2w (e, —€) TS

— —2mi & -
= |det(E4, )|~V 275 n(B (2, €)) T, f.

Example 7.6. Consider the (cross)-Rihacek distribution Wy, defined for all
f,g € L*(RY) as

Wo(f,9)(x,€) = f(z)§()e 2™, (z,€) € R*.

Then, if z = (z,£) € R%, f,g € S(RY),

(0, a0 (2)f) = (@) (€)% = (g, f(£)e*™E T, 60).

Observe that m4,(x,&)f = f (€)e?™&2 T, 5y is a tempered distribution that does
not define a function.

Example 7.7. Let S € Sp(d,R) with S = #MP(S) having block decomposition

5 <§, g) (7.3)

and consider the metaplectic Wigner distribution defined in [19, Example 4.1 (ii)]
as

Uyf(2) = Vy(S1)(2) = Walf.9)(2) = (f,5 'm(2)g) = (f, (5~ '2)5g),
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f,g€ L2(RY), z,& € RY, where

A —Ijxg B Ogxa
C  0Oixa D Igxaq

Odxd  Odxd  Odxa —Iaxd
—A  Ogxa —B  0Ogxd

A:

Clearly, E4 = S and m4(2)g = W(Silz)é’*lg for all z € R2?,

As aforementioned, in the previous examples we took on trust that metaplec-
tic atoms map S(R?Y) to &'(R?). This technicality, along with the linearity of
metaplecitc atoms, is proved in the proposition that follows. Nevertheless, Ex-
ample 7.6 shows that in general m4(2)f, f € S(R?), is a tempered distribution
that is not induced by any locally integrable function.

Proposition 7.8. Let W4 be a metaplectic Wigner distribution. For all z € R?4,
7A(2) is a well-defined linear operator that maps S(RY) to S'(R9).

Proof. Let f € S(R?). By definition, for any ¢, € S(R?) and o € C,

A~ —

(o + 1, ma(2) f) = Walap + 9, f)(2) = A((ap + 1) @ f)(2)
=Alap® [+ ¢ @ f)(2) = aA(p @ f)(2) + Al @ f)(2)
= aWalp, f)(2) + Wa(®, f)(2)
= afp, ma(2)f) + (b, ma(2) ).

Then, we need to prove that m4(2)f : ¢ € S(R?) + (¢, 74(2)f) € C is continu-
ous. Using the boundedness of W : S(R%) x S(R%) — S(R?%),

(o ma(2) )| = Walep, £)(2)] < [Walep, )l oo m2ay = Po.0o(Walp, f))
N M N
S C Z Paj,ﬁj (()0) Z p’Yj5j (f) = ézpa]’,ﬂj (SO)
j=1 j=1 j=1

Thus, it remains to check the linearity of m4(z). For, let a € C, f,g € S(R?).
For every ¢ € S(R?),

(o, ma(2)(af +9)) = Walp,af + 9)(2) = Alp @ (af + 9))(2)
=aA(p® f)(z) + Alp ® 9)(2)
= aWalp, f)(z) + Walp, 9)(2)
= a{p, ma(2)f) + (¢, ma(2)g)
= (p,ara(2)f +ma(2)g).

This concludes the proof. O
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The first question that we address is the validity of an equivalent of the
inversion formula (7.2) for metaplectic Wigner distributions.

Theorem 7.9. Let W4 be a metaplectic Wigner distribution and f, g € L*(R%).
If v € S(RY) satisfies (v, g) # 0, then

1

=59

L Walfa)G)maonds (7.4

where the integral must be interpreted in the weak sense of vector-valued integra-
tion.

Proof. We use the definition of vector-valued integral. For ¢ € L%(R?), using
(2.19),

1 1
(a7 [ Walh. ) Gmahdag) = = [ Walh.)@)mal2phds
B <'y,19> /R Waf,9)(AWalp,7)(2)dz = (,Yfg> (Walf,9), Wale.7))
= F o lf e = (o)
This shows (7.4). 0

In what follows, we use the definitions of the submatrices E 4, F4, £4 and
F4 given in (2.21) and (2.22).

Lemma 7.10. Let W4 be a metaplectic Wigner distribution. Then, for z € R??,
f,g € L2(R?%), we have

W_A(TF(Z)f, g) - @—MA (Z)W(EA'Z’ FAZ)WA(fa 9)7

where, if A = a™P(A) has block decomposition (2.20), M4 is the symmetric
matrix

M= <A11A31 + AL A AL A + A4TlA23> (7.5)

AL A3 + A23A41 Af3As3 + A3 Ass

Proof. We use formula (41) in [19]. By definition of metaplectic operator, for all
TER, z = (x,8) € R,

Alp(z:7)f @ g) = Alp(2,0,£,0;7) f @ 7)
p(A(2,0,£,0);7)A(f  g)
p(Eaz, Faz; T)Walf,g)-
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The assertion follows using that 7(z, &) = ™€ p(z, £;0):

Wa(m(2,€) f, ) = Wal(e™p(x,&0)f, g)
= ™ Ep(Ea(z, &), Fa(z,£);0Wal(f, g)
= TR (B (0, €), Falw, €)Walf, 9)-

Using the definitions of E4 and Fy, as well as the matrix L in (2.25), so that we
rewrite the scalar product as

z-&= L(xag) ’ (IL’,f),

we infer
eiTra:fe—in?;FA(ac,f)~($,§) — e—iWMA(l’vf)'(%f)’

where

The relations (Rla), (R2a) and (R3a) imply that M4 is symmetric and it can
be written as in (7.5).

O

Remark 7.11. We stress that (7.5) introduces a new matrix associated to Wy.
Throughout this work, if F4 and F 4 are defined as in (2.21), whereas P is the
matrix given in (2.25), M4 denotes the symmetric 2d x 2d matrix defined as
My = ELFy - P.

Theorem 7.12. Let A € Mp(2d,R), A = 7™P(A) and W4 be the associated
metaplectic Wigner distribution. Consider the matriz A. € Sp(2d,R) defined in
(7.26) below. Then, for every z € R?,

(ma(2)f.9) = (f,ma.(2)g), ¥ [.g€SRY.
In particular, if w4(2) extends to a bounded operator on L*(R?), then
ma(2)* =7 (2), zeR™

Proof. 1t is an immediate consequence of Corollary 7.34 below. In fact, for all
f.g € SRY),

(ma(z)f,9) = Walg, f)(2) = Wa.(f,9)(2) = (ma.(2)g, f) = (f,74.(2)g).
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7.2 Shift-invertibility unmasked

Among all metaplectic Wigner distributions, shift-invertible Wigner distributions
are known to play a fundamental role in time-frequency analysis. It was proved in
[31, 19] that they can be used to replace the STFT in the definition of modulation
spaces ME4(RY), for 1 < p,q < oo and m € M, (R??) satisfying some inoffensive
symmetry condition. In [19] it is observed that shift-invertibility is necessary
for this characterization to hold, otherwise not even the MP(R?) spaces can be
defined in terms of shift-invertible Wigner distributions. In this section, we inves-
tigate the properties of metaplectic atoms related to shift-invertible metaplectic
Wigner distributions and characterize them in terms of the matrices E 4, Fiu, €4,
Fa and M 4 defined in (2.21), (2.22) and (7.5), respectively.

Take any metaplectic Wigner distribution W4, and 2z, w € R??. Then Lemma
7.10 entails the equality

Wa(r(w)f,9)(2) = D_ar (W) (Eaw, Eaw)Wa(f, 9)(2),  f,g € L*(R*),

so that [Wa(m(w)f,g)(2)| = [Wa(f,g)(z — Eaw)|.

Definition 7.13. A metaplectic Wigner distribution W4 is shift-invertible if
E . € GL(2d,R).

We shall need the following lifting-type result, proved in [19, Theorem B1]:
Lemma 7.14. Let 51,55 € Mp(d,R) have block decompositions
A; B
5= (4 2)
7\G D
(j =1,2). Then, the bilinear operator
T(f.g9) = S1f ® Sag
extends to a metaplectic operator Se Mp(2d,R), where
A1 Ogxa  Br Ogxd
A B
g— [Vixa A2 Oaxa Do | (7.6)

C1 Ogxa D1 Ogxq
Oaxa C2  Ogxa Do

If S e Mp(d,R) and T(f ®g) =f® Sg, we set
Lift(S) = #MP(T) e Sp(2d,R), (7.7)

the corresponding matrix in (7.6).
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Theorem 7.15. Let W4 be a shift-invertible metaplectic Wigner distribution and
Gag= LE;GSA be the matriz of Lemma 2.14, with L as in (2.25). Then,

A= DE;VMAVLT Lift(G 4),
where Lift(G 1) is defined in (7.7).
Proof. We use the matrix
Taxd Odxd Odxd Odxd
C o Odxd Odxa laxa Odxd

Odxd Iaxd Odaxd Odxd
Odxd Odaxa Odxd Iaxd

)

that permutes the central columns of 4d x 4d matrices. This yields the following

block decomposition of A:
_(E4q &Ea
A= (FA ]:A> K.

Since E4 € GL(2d,R), we can write

E4 02d><2d> (Izdxzd E15A> <12dx2d E15A>
A = - A ]C — D _ A ]C
<02dx2d E," J\ERFs ELF4 Ex \EZF4 ELF4

We proved in Lemma 7.10 that the matrix M4 = EﬂF ‘4 — P is symmetric, where
P is defined as in (2.25). Therefore, Vs, is a symplectic matrix and we have:

Igx2d  02ax2d\ [12dx2d E'Ea
=D, A K
A Byl < My Izgxad P ELYFi—MuE ‘€4

_p v, (T2ax2a E €A K
EMA P ENFA - MAEL'EA)

= A

The matrix A’ is symplectic, since A" = V_ps, Dg , A is the product of symplectic
matrices. Getting rid of X', we obtain

Id>< d A,12 Odxd A,14
Oaxa Ay Taxa Ay
ded Aég Idxd A§4 ’
Oaxa Ay Oaxa Al

A =

for suitable matrices A’

i 1=1,2,3,4, j=2,4. Observe that

A, A
B4 = ( 12 14) '
A Ay Ay
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The symplectic relations (R1b), (Rlc), (R2b), (R2c), (R3b), (R3c) and (R3d) for
A’ € Sp(2d,R) read respectively as

(S1) A3y = Oaxd;

(52) Al Ay + Ay Ay = Ay Al + Al Ay,

(53) 214, = /147

(54) A,14T 50+ A,24TA44 = A§4TA14 + A214TA24

(55) Aé4 = Odxd;

(56) ,12 = 212

(S7) A" 50+ Ay Al — (Ang La+ Al Asg) = Iyxg.

The others being trivially satisfied. This yields:

Id><d A/12 ded 14
A/ _ Odxd A/22 Id><d A/24
Odxd Odxda laxa Odxd
Odxd  Aly Ogxa Al

Observe that

Al22 Al24> -1
=LE 7, E4 =Gy,
(G ) e

which is symplectic by Lemma 2.14. A simple computation shows that A" =
VI Lift(G4), as desired. O

The characterization of shift-invertible Wigner distributions is straightfor-
ward.

Corollary 7.16. Let W4 be a metaplectic Wigner distribution. Then, W4 is
shift-invertible if and only if, up to a sign,

Wa(f.g) = Tpa@aerVi, f .9 € LR, (7.8)
where - ——
049 := FG4g, (7.9)

—

and G 4 is the metaplectic operator defined in Proposition 7.33 below. In partic-
ular, if W4 is shift-invertible then, up to a sign,

ma(z) = |det(B4)| V2@ _pp . (Ex'2)m(EZ 2)04, =€ R, (7.10)

and
(i) Ta(2) is a surjective quasi-isometry of L*(R?) with

lra(z)fll = | det(Ba) 72 (If . f € LP(RY);

(i1) w4(2) is a topological isomorphism on S(R?);
(iii) T4(2) is a topological isomorphism on S'(RY).
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Proof. By Theorem 7.15, A is shift-invertible if and only if
A= DE:VMAVLT Lift(G4).

Let Agr be the symplectic matrix associated to the STFT, cf. (2.17). Observe
that
Ast = V_LV{ Arra,

where Apps is the symplectic matrix associated to the partial Fourier transform
with respect to the second variable defined in (2.12). Then,

A =Dy Var, (Vi V- L)VE (ApraApry) Lift(G )
= DE;ll VMA-{-LASTA}_?’}’Q Lift(G 4).

Therefore, up to a sign,
Walf,9)(z) = Af @ 9)(2) = Dy 1 Var, VI Lift(Ga) (f © 9)(2)
= Dy VarepAst 7y i (GA)(f © 9)(2)
= | det(EA)| " 2@+ L(BE7 2) As(f © (FT'G49))(EL ).

Let G4 be the symplectic operator such that @;g = G 49, cf. Proposition 7.33.
Then,

FlGag = F 'Gag = FGag = oag.
Therefore,

Wa(f,9)(2) = [ det(Ba)| 2 ®rr, 0 (B 2) Vi f(EL'2),

which can also be restated as:

Wa(f:9)(2) = (f,ma(2)9),

where m4(2) is the operator in (7.10). Items (i) - (i79) are trivial consequences
of (7.10). O

The metaplectic operator defined in (7.9) plays a crucial role in the char-
acterization of metaplectic Gabor frames for shift-invertible metaplectic Wigner
distributions. For this reason, it is worth giving it a name, in the spirit of the
terminology used by M. de Gosson in [36]:

Definition 7.17. We call the metaplectic operator 5;\ in (7.9) the deformation
operator associated to W4.
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Example 7.18. 7-Wigner distributions can be rephrased as rescaled STFT, up

. . . —_r)a/
to chirps, as in (7.8). Precisely, for 0 < 7 < 1, set T,g(t) = %g(—l;—ﬁf) as

in Example 7.5. We proved in the same Example that

1—7'71

1 —omiZE x ‘5
W (f,9)(z,&) = <f» me T ( ») ‘379> (7.11)
for all f,g € L>(R?) and z,¢ € R Consequently, we retrieve the expression of
W, as a rescaled STFT:

1 .
W= (f,9)(x, &) = meﬁzévngf <1 f o f_) :

We proved that metaplectic atoms of shift-invertible Wigner distributions are
surjective isometries of L?(R%) and their adjoints are the atoms associated to
W4, , where A, is the matrix defined in the statement of the Theorem 7.12.

We conclude this section with the explicit computation of 7 4(2) ™! and 7 4(2)*
for shift-invertible Wigner distributions.

Theorem 7.19. Let W4 be a shift-invertible Wigner distribution and g;\ the
related deformation operator, cf. (7.9). Consider the matrices L and P defined
as in (2.25) and the following matrices:

0= <Id><d Od><d> — L

Odxa —1Laxd
op = —E;llg_AQ. (7.12)

Then, for every z € R??, up to a sign, the inverse m4(z)~" and the adjoint
ma(2)* operators can be explicitly computed as

—~1
Ta(z)"h = ’det(EA)|1/2‘1’MA+L/2(E;\12)@L/2(EZIZ)W(QQZIZ)CSA ;o (7.13)
and

7a(2)" = |det(Ba)| ralz) . (7.14)

Proof. We use the explicit expression of metaplectic Gabor atoms for shift-
invertible W 4 in (7.10), which yields

—~—1
TA(2) "t = [det(Ba) |2 ®n o n (B3 2)04 m(EL2)7h (7.15)
By (2.3), if E4'2 = (B '2)1, (E4'2)2),

W(E;llz)—l _ 6_27”(E;11z)1.(E212)27T(—E;‘12) _ CI)_L(E;llZ)W(—E;llZ).
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Also, by (2.13), for all z € R?? and 7 € R,

—~—=1 _ — _ _
oA p(—EAlz; T)0A = p(—5A1EAlz; 7).
Using the definition of p, for 7 = 0 this is equivalent to
-1 -1

g;l F(—E;lz) _ eiﬂ'(E;‘lz)l-(E;\lz)QefiTr((S;tlEj\lz)l-(6;\1E;‘12)27T(_521E;11Z)a :

where 6 ' E 2 = (6" E4"2)1, (6" E;"2)2). We compute explicitly the matrix
5;‘1E21. For, let us denote with
A B
= )

the block decomposition of the symplectic matrix G 4, so that
DT —BT —_ A -B
-1
GA = <—CT AT ) , Ga= <—C D)

AT —CT

By definition, 64 = WMp(g:\) = mMP(FG ), so that

and

o4 =JG4.
This, together with @JCT\T =Jand G4 = LE;IEA, yields to:
S B = (~Ga I)(LGAELY) = (—JCA VLG AELY),

where the invertibility of £4 is guaranteed by Lemma 2.14. We use the block
decompositions of the matrices at stake to get:

0 —1I AT T\ (0 I
5_1E_1 — ( dxd d><d> ( ) ( dxd d><d> G 5—1
A TA TIiva  Odxad -BT DT Iixa Odxa) 254
Odxd Idxd> 1
G 4E
( > (Idxd Odxa) ~AA
DT B
( cT AT )GAEA

IdXd Od><d> G;lGAgjl — _QS_Zl

Odxa  Iaxd

This proves (7.12). A simple computation shows that

(0 EL'2)1- (04 Ef'2)2 = (QEL' 2)1 - (QEL %) = —(E4'2)1 - (€11 2)2,



7. METAPLECTIC GABOR FRAMES 150

that entails
e mOLEL O L — €A ELN e — o (E712).

Plugging all the information in (7.15), we find
-1 1/2 -1 -1 -1 —1 501
TA(2)" = |det(Ea) [ Pnvn(Ey 2)Ppja(Ey 2)Pr 2(E4 2)m(QEL 2)04
This proves (i).

To prove (ii), we prove that m4(z)* is expressed by (7.15), up to the deter-
minant factor. For, let f, g € L?(R?%) and z € R??. By (7.10),

(ma(2)*f.g) = (f.7a(2)g)

Foldet(BQ)| 720y (B 2)m(EL'2)0ag)
[det(Ba)| ™2 ®ar, 10 (E'2)54 w(EZ'2) 7 f.g)
|det(EA)| " ma(z)"" £, )

{f;
=
=
(
and the assertion follows. O

7.3 Atoms of Covariant Metaplectic Wigner distribu-
tions

In this section we derive the expression of metaplectic atoms of covariant meta-
plectic Wigner distributions. We recall their definition, cf. [31]

Definition 7.20. A metaplectic Wigner distribution W4 is covariant if

Wa(n(z)f,m(2)g) = T-Wal(f,9)
holds for every z € R? and all f,g € L*(R%).

The following result summarizes [31, Proposition 2.10 and Theorem 2.11]
and states that covariance characterises the Cohen’s class of metaplectic Wigner
distributions.

Proposition 7.21. Let A e Mp(2d,R) and W4 be the associated metaplectic
Wigner distribution. The following statements are equivalent:

(i) W4 is covariant.

(ii) The matrix A = 7P (A) has block decomposition

A1 lgxqa — A A A
A— Aai —Ag Taxa — Ar{l 7A{1 , (7.16)
Odscd Odxd Tixa lixa

—Igxq Iixa Odxd Odxd
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with A13 = A’{S and A21 = Agl
(iii) W4 belongs to the Cohen’s class, namely

Walf.9) =SaxW(f,9),  f.g€ LR,
where ¥4 = F~1®_p,, with B4 defined as in (2.24).

Theorem 7.22. Let W4 be a covariant metaplectic Wigner distribution, A and
B be as in (7.16) and (2.24), respectively. Then,
(i) for every z € R%,

malz)g < 24 » Fop, (2 —w)®_op(w)r(2w)Igdw, (7.17)

where Zg(t) = g(—t) and the integral must be interpreted in the weak sense of
vector-valued integration.
(ii) If also B4 € GL(2d,R), then, for every z € R,

ra(2)g S 2 / B, i(z — Wb o (w)n(2w)Igdw, geSRY  (7.18)

R2d A

holds in the weak sense of vector-valued integration.
(111) If Ay is the matriz defined in (7.26), then W 4, is covariant with B4, = —B4
and, consequently,

—
ma(z)*g =24 o FO_p, (2 —w)P_or(w)m(2w)Lgdw,

for all g € S(RY) and every z € R*. If B4 is invertible, then
ma(z)'g g 2d/ @le (z = w)®_op (w)T(2w)Tgdw,
R2d
for every g € S(R?) and z € R??.

Proof. (i) By Proposition 7.21, for all ¢, g € S(R?) and all z € R??,

(p,ma(2)g) = Walp,9)(2)
= ZA * W(‘PaQ)(’z)

_ /R  Zalz = w)W(p,g)(w)dw

= | Fop,(z—w)p,ma,,(w)g)dw
R2d /

= <<p,/ f@BA(z—w)WA1/2(w)gdw>,
R2d
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where we used that ]-LICI)_BA = F®p,. Consequently,

mA(z)g = /R% Fop,(z— w)ﬂ'Al/z(w)gdw.

Plugging 7 = 1/2 in (7.11), we infer the explicit metaplectic atom of the Wigner
distribution: for w = (z,¢) € R%,

A, (@, €)g(t) = 2%~ (22, 26)Tg(t) = 2°@_sp (w)m(2w)Ty(1).
Expression (7.17) follows consequently.

(#1) If B4 is invertible, then F®p, = @7321, and (7.18) holds in the weak
sense of vector-valued integration.

(7i7) By (7.26) and (7.16), it follows that

Igxa— A An —Aiz —A13

A — — Ay Ay AL AT — Iy
: Odxd Odxa Laxa Lixaq
—Iixa  lixa Odaxd Odxd

Therefore, W4, is covariant by Proposition 7.21 (i), with

By = ( —As3 3Laxa — (Laxa — A11)>
. $laxd — (Iaxa — Ann)” Aoy
_ ( —Ai3 An — %hxd)
Al — axa Ay
— _B..
So, (ii7) follows by (7) and (7). O

7.4 Metaplectic Gabor frames

Definition 7.23. Let W4 be a metaplectic Wigner distribution such that every
7A(2) extends to a bounded operator on L?(R%) (z € R?9). Let g € L?(R%) and
A C R% be a discrete subset. We call the set

Galg, A) = {ma(N)g}rea

a metaplectic Gabor system. We call metaplectic Gabor frame of L? (Rd)
any metaplectic Gabor system G 4(g, A) such that the following property holds:
there exist A, B > 0 such that

AN <D IWalfs)NIP < Bl (7.19)
AEA

for all f € L2(R%).
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Remark 7.24. By Definition 7.1, (7.19) is equivalent to

AllfII; < Y 1K maNg) P < BIfl3,  Vf € LX(RY).
AEA

Stated differently, a metaplectic Gabor frame is a frame for L?(R?).

Example 7.25. In [36], M. de Gosson introduced hA-Gabor frames as follows.
Consider g € L?(R?) and A a discrete subset of R??. Under the same notation of
Example 7.4, a family G,(g, A) = {7"(\)g}aca is a h-Gabor frame if

ANFIE <D WAT" NP < BIfl;, Ve LA(RY),
AEA
for A, B > 0. The time-frequency representation z — (f, 7"(2)g) is, up to the
constant (27h)~%?2 (which is necessary to obtain a metaplectic operator in Ex-
ample 7.4), the metaplectic Wigner distribution V", as defined in Example 7.4.
Hence, metaplectic Gabor frames G 4, and h-Gabor frames are basically the same
objects. Namely, Gi(g,A) is a h-Gabor frame with frame bounds A, B if and

only if G4, (g, A) is a metaplectic Gabor frame with frame bounds (27h) %A and
(2mh)~4B.

Metaplectic Gabor frames associated to shift-invertible Wigner distributions
are completely characterized by the following consequence of Corollary 7.16.

Theorem 7.26. Let W4 be shift-invertible and g;\ be the corresponding defor-
mation operator (see Definition 7.17). Let g € L*(RY) and A C R?? be a discrete
subset. The following statements are equivalent:

(i) Ga(g, ) is a metaplectic Gabor frame with bounds A, B;

(1) g(ag,Ele) is a Gabor frame with bounds | det(E 4)|A, |det(E4)|B;

(iii) G(g, —QE L' A) is a Gabor frame with bounds | det(E)|A, |det(E4)|B.

Proof. Consider f € L?(R?). We use the representation of w4 in (7.10):
D I(fmaNg)? =D IF [ det (B~ 2x (B N)dag)

AEA AEA

=|det(EQ)™" Y [(f,7(1)dagl.
HEEL'A

This proves the equivalence (i) < (i7). Now, using (2.13), we can write

[det(E4)[ ™ S [ m()dagl = det(Ea) ™ Y [(f,0am(05 m)g)]?
HEE LA pEE LA

——1
=|det(Ba)| ™" D [0a fm(0a w)g)?
pEEL'A

—ldetEDI S 1G4 frw)g)

ves T ELA
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Observing that (5;\1E;11 = —Q&L1,

[det(BA)I™H Y [(fmmdagl® = [det(Ba)[T Y {05 fmw)g)

HEEL'A ve—QEL'A

Therefore, G4(g,A) is a metaplectic Gabor frame with frame bounds A and B if
and only if

ANfIE < ldet(BDT D0 0L frwe)? <BIIfI3.  f € LPRY).
HE—QEL'A
(7.20)

—~—1
Since 04  is a unitary operator on L?(RY), it follows that (7.20) holds for all
f € L?(RY) if and only if

[det(EQ)ANfI3 < Y. [ m(wg)* < |det(E)|B | fII3
He—QEL'A

holds for every f € L?(R?). This proves the equivalence (i) < (iii). O

Remark 7.27. For h-Gabor frames, Example 7.25 shows that Theorem 7.26 ap-
plied to the metaplectic Wigner distributions of Example 7.4 recovers |36, Propo-
sition 7).

We now introduce the metaplectic Gabor frame operator and related proper-
ties.

First, consider a lattice A C R?? and a metaplectic Gabor frame G (g, A) =
{mA(N) g} ren for L2(RY). We compute the expressions of coefficient, reconstruc-
tion and frame operators, see, e.g., [29, Definitions 3.1.8 and 3.1.13]. The coeffi-
cient (or analysis) operator C 4 : L2(R%) — £2(A) is given by

Caf = ({(f.maN)g)rea = Walf,9)(MN)ren, [ € L*R?).

Its adjoint D4 = C% : £2(A) — L*(R?) is called the reconstruction (or synthesis)
operator: for any sequence ¢ = (cy)xen € £2(A),

D yc = Z exma(N)g.
AEA

The frame operator is defined as Sy = D4C4 : L?(R?) — L?(R%):

Saf =D (fmaNg)maNg =D Walf, 9)(N)ma(N)g-

AEA AEA
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Let us compute 74(p) S ama(1), for 4 € A. We make use of the explicit
expression of the inverse and the adjoint of the metaplectic atom (7.10) in (7.13),
and (7.14), respectively. Observing that the phase factors cancel, we obtain

mal) ' Sama(u) f =D (ma(u) fmaN)g)malp) ' malN)g
NeA

=> (frmalp) maN)g)ma(p) ' ma(Ng

AEA

= |det(BEA)|™ > (fymalp) ' ma(Ng)ma(n) ' ma(N)g
AeA

— |det(E4)| P ST, 0a m(ER w) m(EZ \)dag)
AEA

—~—1 _ _ _ —
X 04 W(EAlu) 17T(EA1)\)5Ag

— |det(Ba)[ " S (04 m(ER A — 1)5ag)ia w(ER (A= 1)dag
AEA

_ ~1 i~~~
= |det(EA)|[" ) (f.64 m(EZ'N)oag)oa m(E;'N)dag
AeA

= S0 maNg)ia maN)g
AEA

—1
= " 0af. maNg)oa ma(Ng
AEA

—~1 —~
=04 Sa0af,

since §4 = g;\
The equality
TaA(p) " S = 04 Sadama(u)”!
yields
Sa'ma(n) = ma(u)oa 570
Hence the canonical dual frame of G4(g, A) is still a metaplectic Gabor frame

Ga(va, A) = {ma(MN)vatrea

with canonical dual window
—~—1_ =
Y4 =04 SA dAg. (7.21)

Consequently, if Ga(g,A) is a frame with bounds 0 < A < B, then every
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[ € L*(R?) possesses the expansions

f=2 (fmaNg)ma(N)ra (7.22)
AEA

= D _(f,ma\ra)ma(Ng (7.23)
AEA

with unconditional convergence in L?(RY). Besides, we have the norm equiva-
lences

AIFIB <D I maNg) P < BIIFIP

AEA

BTUAP <Y 1 ma)ra? < A7 FI3.

AEA

7.5 Characterization of Time-frequency spaces

A direct application of the theory developed so far is the whole characterization of
modulation spaces. Namely, the issue below generalizes Theorem 1.1 in [19] to the
quasi-Banach space setting, extending the indices p,q € [1,00] to 0 < p,q < .
Whenever p # ¢ we need the assumption E 4 upper-triangular, that is, the 2 x 1
block of E 4 in (2.21) satisfies Aa; = Ogxg. This requirement is needed for the
use of Theorem 6.15.

Theorem 7.28. Fix a non-zero window function g € S(Rd). Consider 0 < p,q <
00, W4 shift-invertible and a weight m € M, (R?*?) with m =< m o E;l. Then
(1) For 0 < p < oo and we have

feMEM®RY) & Wa(f,g) € LB,(R*),

with equivalence of norms.
(i) If we add the assumption that E 5 is upper-triangular, then

FeMEIRY) & Walf,g) € LpI(RY),
with equivalence of norms.
Proof. Take f € ME4(RY). From the equality (7.8) we infer
Wa(£.0)](2) = [T s ®ares Vi F1(2) = 1T Vi F1(2)
= [det(Ea)|"2Vi F1(E3').

Since 8.4 : S(R%) — S(R?), we can choose the window ag € S(RY) to compute
the modulation space norm so that

IWa(F.9)llage = Ve FER g

The conclusion follows from Theorem 6.15. OJ
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In what follows we generalize [19, Corollary 3.12| to the quasi-Banach space
setting 0 < p,q < oo.

Theorem 7.29. Fiz a non-zero window function g € S(RY). Consider 0 <
p,q < 00, W4 shift-invertible and my, my € My(R?) such that mo < Tms, with
Ima(z) = ma(—x). Fiz g € S(RY)\ {0} and define

EA= JE4J,

with the symplectic matriz J defined in (2.9). (Observe that E;l is lower trian-
gular if and only if E 4 is upper triangular). If mi @ mg < (m1 ® mgy) o E;l and
E 4 is lower triangular, then

e i = ([, ([, Watt.wrm(erae) mawpar) "

with the analogous for max{p,q} = oo.

Proof. As in the proof of Corollary 3.12 in [19], assuming me(—x) = ma(x), we
can write

i

LP:‘I

WA, 9) (&) P € ) o)) ' = w5 (F.9)
R N\ JRd

m1®mg
—Agz A Az —Aa
A, = Az —Au —An A
Ay A Ap —Ap
Azs  —Aszy —Az Az
so that E4 = F Ao The conclusion is due to Theorem 7.28 O

If p = ¢ the additional assumption E;tl lower triangular is not needed. Ob-
serve that in this case || flly (zrz, 12 ) =< [1fllar o+ and the norm equivalence
m2 ma®@my

mio

follows from Theorem 7.28 above. In fact, notice that
(m1 ® mg) o E;ll = (Ima®@mq) ® E‘;ll.
Consider a metaplectic Gabor frame G4(g, A) and assume
m=moE,', (7.24)

then, for any f € ME?(R?) we can use (7.10) to express the coefficient operator’s
entries

CafO] = (£, 74N g)| = | det(Ba)[~[(f, 7 (EZ' N\)dag)l.
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Observe that 49 € S(RY) for g € S(RY), by Theorem 7.26 (ii); further-
more, G(J Ag,EzlA) is a Gabor frame with coefficient operator C' satisfying
||CfHe€,;q(E;1A) S Ifllazze, so that the equivalence of weights in (7.24) gives

ICafllzacny = [ det( B2 IC [ maminy S I lams,
that is the boundedness of C4 : M5 (RY) — (1(A).

Using the relation between 74()\) and the time-frequency shift m(E;')\)
displayed in (7.10), and the equivalence of weights in (7.24), for any sequence
cx € R1(A), the sequence ¢, := cg,,Par (1) € E%Q(EEIA) so that

= Z é:ﬂr(E;l)\)éAg
ME(RY) HEE A

Z axma(A)g

AEA

HDAC/\HMﬁﬂ(Rd) =

ME(RY)

S H(CN;L)HZ{Z,;‘?(E;lA) = [lex)llezza (-

For the Banach space case p,q € [1,+oc], the window class can be extended
from S(R?) to M}(R?). In fact, under the assumption (7.24), the metaplectic
operator d4 and its inverse are bounded on ML(RY), cf. [53, Theorem 4.6].
Hence, g € M}(RY) = Sag € M} (RY) . Arguing as for the Schwartz class and
using the results for Gabor frames [65, Chapter 12| we infer that the coefficient
operator C4 is bounded from M5 (R%) to £7,%(A) and the other way round for

the reconstruction operator D 4.

The observations above, together with the characterization of modulation
spaces via Gabor frames (see, e.g., [29, Theorem 3.2.37| and [54]) yield an equiv-
alent discrete norm for modulation spaces in terms of metaplectic Gabor frames.
Namely,

Theorem 7.30. Consider GA(g,A) a metaplectic Gabor frame for L*(R?) with
bounds 0 < A < B, with g € S(R?) and canonical dual window v4 in (7.21).
Assume Wy shift-invertible and m € M, (R??), with m =< m o E;l. Then,

(i) For every 0 < p,q < 00, Cyq : MEYRY) — (53(A) and Dy : H1(A) —
MEYRY) continuously. If f € MEY(R?), then the expansions in (7.22) converge
unconditionally in ME? for 0 < p,q < oo, and weak*-Mlo;JU unconditionally if
p =00 or q=oo.

(i4) The following (quasi-)norms are equivalent on Mp*(R?)

Al flaza ray < 1 ma(N)g)aeallemaay < Bl fllaza ey,
B fllazaeay < N maN)va))reallmaay < A7l ama ray-
Remark 7.31. Assume g,v € M}(R?) with v satisfying (7.24) and such that
Sagy=DarCag=1I on L*R.

For p,q € [1,00], the statements of the previous theorem hold in the larger
window class M!(R?), with the canonical dual window -4 replaced by ~.
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7.6 Appendix C

In [31], the authors proved the following result, cf. [31, Proposition 2.6]:

Proposition 7.32. Let A € Mp(2d,R) and W4 be the corresponding metaplectic
Wigner distribution. Then, there exists A, € Mp(2d,R) such that for all f,g €
L*(RY),

Walg, f) =Wa.(f,9) (7.25)

up to a sign.

In what follows we shall improve Proposition 7.32, carrying over the explicit
expression of the projection A, in (7.25). First, we need to compute the inter-
twining relation between complex conjugation and metaplectic operators.

Proposition 7.33. Let Se Mp(d,R) be a metaplectic operator and S = WMP(S)
have block decomposition (7.3). Define

Then, for all f € L2(Rd),

Proof. Let T the operator defined by
Tf=5f, feL*RY),

Since S is a unitary operator on L2(R%), T is a unitary operator on L*(R%). We
have to prove that T" satisfies the intertwining relation in (2.13) for A = S. For,
let z = (r,&) € R?? and take 7 € R. Then,

Tp(=7)f = Sp(z7)]
= Splz,—& —71)f
= p(S(z,—€);—7)Sf
— o~ 2miro—in(As—BECo—DE) 1 (Ax — BE,Cx — DE)ST
= 2T —im(Av=BO(~Co+DE) n( Ay — BE —Cx + Dg)?f
= p(S(z,€);7)Tf,

as desired. m

Corollary 7.34. Under the assumptions of Proposition 7.32, we have

A* - X,DL
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with the matriz L defined in (2.25). Namely, if A has block decomposition (2.20),
A, is given by

A A A —Aug
Ao Ao —Ay —Ass
—Azx —As1 Asq Asg
—Ag —Ay Ay Ay

A, = (7.26)

Proof. Observe that Y/D\LF(x, y) = F(y,z), so that, for every f,g € L?(R?),

9® f(z,y) = f()g(z) = f @ g(y, ) = f @ g(Dr(x,y)) = Dr(f @ 9)(z,y).

By Proposition 7.33, it follows that, up to a sign,

——

Wa(f,9) = A(f2g) = A(F@ g) = A(f ® 9) = ADL(g @ f) = Wa. (9, )-

Assuming that A exhibits the block decomposition (2.20), a straightforward com-
putation yields (7.26). This concludes the proof. O

Remark 7.35. A straightforward computation shows that §' =57, In fact, if S
has block decomposition (7.3),

—T AT _CT
S = _BT DT )

T T _ T AT N
ST:<A C), so that ST:<A C):ST.

whereas

BT DT -BT DT



CHAPTER 8

Conclusions and future directions

8.1 Tuning parameters selection

We discussed the selection of tuning parameters for weighted and generalized
LASSO problems in Chapters 3 and 4.

8.1.1 The weighted LASSO

In Chapter 3 we studied the equivalent of Lagrange multipliers for minimization
problems with inequality constrains in the framework of weighted LASSO:

n
minimize || Az — b||3 + Z Ajlzjl, for z € R™.

j=1
The relation between Aq,..., A\, and the constraints of the corresponding con-
strained problem
minimize ||Az — b||3 subject to |z;| < 75, j =1,...,n

is computed in the following settings:

o AT A diagonal,

e the derivatives of | Az — b||3 have constant sign in [T =75 7],

with the purpose of getting insights about the relation A = A(7) in this particular
scenario, where A = (A1,..., \p) and 7 = (71,..., 7).

As long as AT A is not a diagonal matrix, the geometries of the sets G and
A of the points satisfying (3.22) and (3.23) respectively, become more involved,
along with the possible casuistry. However, the general case in which AT A is not
diagonal would be of great importance in applications. Indeed, as long as the
approximate Lagrange multipliers are proved to act as effective tuning parame-
ters, the behavior of approximate Lagrange multipliers for the weighted LASSO

161
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problem (3.4) in terms of voxel-wise estimates would provide a way to control
the tuning parameters via estimates of the 7;.

Another open problem is whether it is possible to apply the same procedure
to compute the Lagrange multipliers for (1.13). Clearly, the corresponding sets G
and A lie in R? so that the function describing the boundary of A, that we called
g, maps R to itself. Despite this simplifying fact, the set G is characterized by:

{u =s(x)Tx -,

9 for some x € R",
= [[Az —b]3

where s(z) € R™ is a vector such that diag(s(z);) € sgn(x) and, in this case,
u and z belong to different spaces and a closed form for ¢ = ¢(u) is even more
difficult to provide.

Finally, we stress that it would be important to generalize (3.17) up to con-
sider different inner products on R™. Namely, this is the situation that occurs
in MRI when the undersampling pattern is non-Cartesian. Problem (3.4) in this
case becomes:

3 2 . .
min | Az = by + 3 Al
J

where
el =2"WTWa  (x e R,

for a definite positive diagonal matrix W. Since this topic falls beyond the
purpose of this work, we limit ourselves to mention the very mathematical reason
why the weighted norm shall definitely replace the Euclidean norm over R when
sampling is not performed on a cartesian grid. Indeed, non-Cartesian sampling
patterns require appropriate discretizations of the Fourier transform integral.
Roughly speaking,

F€) =Y flay)e ™™ Ay = (£, )w,
J
where Ax; is the Lebesgue measure of an adequate neighborhood of z;, weighting
the contribution of the sample x;, and W is the diagonal matrix whose entries
are y/Az;. The inversion formula of the Fourier transform shall be modified
accordingly. For instance, if the sampling follows a radial/spiral trajectory, Az;

shall be bigger the further x; is from the origin, since this value serves as an
avarage of f on a portion of sphere that is larger as x; is far from the origin.

8.1.2 ALMA for tuning and reconstruction
In Chapter 4, we achieved our three main objectives:

o We defined an iterative procedure to approximate Lagrange multipliers.
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A B

Figure 8.1: Reconstructions of the Shepp-Logan brain phantom under radial
sampling, with NLy = 15/100 and URy = 15%. The reconstruction obtained
with the ALM is displayed on the left. The reconstruction obtained with the
parameter that maximizes the mSSIM is displayed on the right. Observe that
the two images are almost indistinguishable.

e We demonstrated the efficiency of ALM as tuning parameters for TV-
weighted g-LASSO in the context of MRI.

e We assessed the quality of the reconstructions using image quality metrics,

including mSSIM, pSNR, and CJV.

Our results show that ALMA performs almost optimally across varying levels
of noise and undersampling, consistently yielding high-quality reconstructions
in terms of image quality metrics. This iterative algorithm offers significant
advantages by actively computing the tuning parameter during reconstruction,
which enhances computational efficiency and ease of implementation.

The strength of ALMA, however, does not limit to TV based LASSO denois-
ing, or to Cartesian undersampling. For example, we repeated our experimental
framework in extreme conditions (NLg¢ = 15/100 and URy = 15%), but with
radial sampling. The quality of the reconstruction is undoubtedly comparable to
the best reconstruction in terms of mSSIM, as displayed in fig. 8.1.

Therefore, while our focus was on TV-LASSO, the principles underlying
ALMA can be adapted to other models, paving the way for broader applica-
tions. For practical MRI applications, however, accurate estimates of the norm
of the noise remain a fundamental challenge for the implementation of ALMA.
Indeed, to apply ALMA concretely to MRI, an efficient way to estimate the pa-
rameter 7, estimating HAac# — bH2 from above, where z# is the reconstruction
and b is the sampled data, has to be found. Moreover, it is still unclear whether
a small perturbations of 7 correspond to small variations of the estimated ALM.
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8.2 Metaplectic Wigner distributions

We proved that shift-invertibility is really the key property that metaplectic
Wigner distributions must satisfy to characterize modulation spaces quasi-norms.
Nevertheless, the research on metaplectic Wigner distributions does not limit to
the results detailed in the previous chapters. The question of whether

MEARY) = {f € S'(RY) : [Wa(f, 9)ll g0 < 00}

m

for some W 4 not shift-invertible, was not approached in this thesis. Nevertheless,
this was proved in [58]. To be precise, we proved that for every 0 < p < oo and
for every W4 not shift-invertible,

MP(R?) # {f € S'R?) : [Wa(f,9)llL» < o0}

Consequently, a metaplectic Wigner distribution W4 defines the quasi-norms of
(all) modulation spaces if and only if W 4 is shift-invertible, in addition to further
compatibility conditions on the submatrix E 4 of the projection A with respect
to the weight m. As far as other properties of metaplectic Wigner distributions
are concerned, it is easy to verify (sneak peek) that W f is a real-valued func-
tion if and only if W4 is a rescaled (classical) Wigner distribution. In [22], the
metaplectic Wigner distributions W 4 having the property that

Walf,9) = VefVpg,  f.g€SRY,

for some ¢, € S'(R?), are characterized. Time-frequency representations of
this form are called generalized spectrograms. Let us mention that to expand the
class of metaplectic generalized spectrograms, so that it encompasses Gaussians,
metaplectic Wigner distributions with complex symplectic projection are needed.
Indeed, the chirp e™¢** C symmetric and ¢t € R%, becomes a Gaussian when
C =ilgxgq.

After studying metaplectic Wigner distributions, along with Cordero, Rodino,
Pucci and Valenzano, we introduced Wigner analysis of operators. This analy-
sis was briefly introduced at the end of Chapter 5 and roughly speaking, it is
about providing an implicit way of representing globally Fourier integral opera-
tors (FIO), with suitable phases, avoiding the so-called caustics. Wigner analysis
and metaplectic Wigner distributions are not separate: let us mention that the
approach of metaplectic Wigner distributions allowed to prove the following result
in [21]:

kr € MP (R?*9) —  ky € MP (R,
when either m = 1®w, or m = v, (5 > 0, vy = (1+]-|?)*/?), for every 0 < p < oo,
where K7 is the Schwartz kernel of a linear operator T, and ky is its Wigner
kernel. To conclude, an open project with prof. Cordero and Rodino consists of
studying wavefront sets and Wigner kernels corresponding to metaplectic Wigner
distributions, other than the classical 7-Wigner distributions and the STFT. In
short, Wigner analysis of operators by means of metaplectic Wigner distributions.
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8.3 Conclusions

Despite being widely studied and seemingly well understood, tuning parameters
remain a challenging issue in practical applications. Numerous studies address
their approximation, yet their use in MRI frameworks remains limited. More
recently, machine learning approaches have been adopted to bypass traditional
parameter estimation methods. However, in medical imaging, the lack of available
data often limits the use of such learning algorithms. Compressed sensing, which
does not rely on extensive datasets, and LASSO problems are still widely used for
MRI reconstructions. Our work provides a solid foundation for further research
aimed at improving parameter estimation and advancing MRI reconstruction
techniques.

On the other hand, time-frequency analysis offers valuable tools to examine
local frequencies in signals that evolve over time, though its potential is still
poorly explored in the context of medical imaging. MRI of moving organs, such
as the heart and eyes, requires techniques to segment data in the k-space accord-
ing to motion phases, enabling the capture of clear images or footage. Current
methods rely heavily on specialized hardware during scans to track motion. In
principle, time-frequency analysis could automate the identification of motion
phases by selecting appropriate time-frequency representations. Representations
such as fractional Fourier transforms, Wigner distributions, and the ambiguity
function, as well as metaplectic generalized spectrograms, hold significant poten-
tial for application in MRI of moving organs.

Looking forward, time-frequency analysis on graphs, which is currently be-
ing developed in collaboration with Professors Bulai, Cordero, and Saliani, may
further advance this field. While there is still much work to be done, this ap-
proach could play a key role in realizing the full potential of MRI, setting us on
a promising path in the search for its Holy Grail.
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