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Abstract

In this PhD thesis a new firm level conditional risk measure is developed. It is named Joint
Value at Risk (JVaR) and is defined as a quantile of a conditional distribution of interest, where
the conditioning event is a latent upper tail event. It addresses the problem of how risk changes
under extreme volatility scenarios. The properties of JVaR are studied based on a stochastic
volatility representation of the underlying process. We prove that JVaR is leverage consistent,
i.e. it is an increasing function of the dependence parameter in the stochastic representation.
A feasible class of nonparametric M-estimators is introduced by exploiting the elicitability of
quantiles and the stochastic ordering theory. Consistency and asymptotic normality of the two
stage M-estimator are derived, and a simulation study is reported to illustrate its finite-sample
properties. Parametric estimation methods are also discussed. The relation with the VaR is
exploited to introduce a volatility contribution measure, and a tail risk measure is also proposed.
The analysis of the dynamic JVaR is presented based on asymmetric stochastic volatility models.
Empirical results with S&P500 data show that accounting for extreme volatility levels is relevant
to better characterize the evolution of risk. The work is complemented by a review of the
literature, where we provide an overview on quantile risk measures, elicitable functionals and

several stochastic orderings.
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Chapter 1

Introduction

The Third Basel Accords (BCBS, 2016) renewed attention on the importance of risk measures
for assessing financial positions. In this context, Value at Risk (VaR) and Expected Shortfall
(ES) are official tools. Specifically, the VaR is defined as an extreme left quantile of the distri-
bution of financial returns (Jorion, 1996), while the ES is its average in the tail region below
the selected probability level, see Acerbi (2002).

However, since VaR and ES operate on the unconditional distribution of an asset return, they
turn out to be inadequate during stressful periods. The reason is twofold: first, as discussed in
Billio et al. (2012), they ignore the dependence among institutions, and in turn, the potential
propagation of shocks that can cause a state of distress of the system they belong to. Second,
they do not explicitely account for any stylised facts of asset returns (Cont, 2001), which instead
play a key role in financial markets. Such a deficiency has been also recognised by the Committee
on the Global Financial System (2018), that emphasized the necessity of “incorporating time-
varying volatility".

In the aftermath of the 2007-2008 financial crisis, risk managers as well as banking supervisors
and regulators became increasingly concerned with the need of accounting for the possible
occurence of adverse events (de Basilea, 2019). As a matter of fact, since the collapase of
Lehman Brother, the importance of systemic risk, that the European Central Bank describes
as “the risk that financial instability becomes so widespread that it impaires the functioning of
the financial system to the point where economic growth and welfare suffer materially" (ECB
(2009), p.134) has gained relevant attention, enouraging to develop suitable methods for the
analysis of co-movements (Acharya et al., 2010). To this end, Adrian and Brunnermeier (2016)
introduced the Conditional Value at Risk (CoVaR) to assess the vulnerability of the financial
system. CoVaR is a tail dependence risk measure defined as the VaR of the financial system
conditional to an institution being at its quantile. The objective is to quantify the increment in
systemic risk provided by a single institution using the delta CoVaR (ACoVaR), a contribution
measure obtained as the difference between CoVaR when the company is under distress and
when it is not, i.e. it is at the median state. Note that in the systemic risk measurement
framework, realizations from the conditional and conditioning variables are always observed.

Starting from Adrian and Brunnermeier (2011), many contributions have been devoted to
the study of risk based on the interdepence among institutions. Among others, early extensions
were provided by Girardi and Ergiin (2013) to allow for more severe distress events as well as to



facilitate backtesting, and by Brownlees and Engle (2017) with the introduction of the Marginal
Expected Shortfall (MES) in order to measure the expected loss of a company when the market
falls below a given threshold. Another interesting discussion is given in Mainik and Schaanning
(2012), where the specifications of CoVaR by Adrian and Brunnermeier (2016) and Girardi and
Ergiin (2013) have been compared with respect to the underlying dependence parameter using a
copula approach (Joe, 2014b). Most recently, great attention has been placed on the develope-
ment of semiparametric estimation methods for dynamic CoVaR and ACoVaR. For instance,
a two-stage Quasi Maximum Likelihood (Gourieroux et al., 1984) estimation procedure is pro-
posed by Cantin et al. (2022) using GARCH-type models (Bollerslev, 1986), whereas Dimitriadis
and Hoga (2022) developed a regression framework in the spirit of Engle and Manganelli (2004),

by exploiting the elicitability of systemic risk measures as discussed in Fissler and Hoga (2021).

In this thesis a new firm-level conditional risk measure is developed. It is named Joint Value
at Risk (JVaR) and is defined as a quantile of the distribution of an asset return conditional
to an upper tail event affecting its log-volatility. It extends the VaR to account for the co-
movements between a return and its volatility, and the CoVaR to assess the vulnerability of
individual companies based on a non-affine transformation of the underlying dependent random
variables, within a latent variable modelling framework. Therefore, JVaR complements the
existing literature on quantile risk measures by addressing the problem of how risk changes

under latent distress scenarios, based on the stochastic volatility model of Taylor (1986).

From a theoretical perspective, we provide results in several directions. First, we study the
properties of JVaR for varying dependence parameter and conditioning probability level. For
the former, we introduce the notion of leverage consistent risk measure and prove that JVaR
is leverage consistent, i.e. it is an increasing function of the underlying dependence parameter.
The result is made explicit for the class of scale mixture of normal distributions of West (1987)
via a suitable supermodularity condition (Yin, 2019). In doing so, we extend the results of
Mainik and Schaanning (2012) and obtain a relation of ordering between the quantities that
are affected by the dependence parameter. The latter fact suggests that we can be flexible
on the type of copula used to model the dependence, as well as on the marginals. Regarding
the conditioning probability level, we obtain an explicit relation with respect to the CoVaR of
Adrian and Brunnermeier (2016), that points out the decreasing behaviour of JVaR as long as

the conditioning event is most severe.

Second, parametric and nonparametric estimators are introduced. In particular, the para-
metric estimator is obtained from the implicit definition of JVaR by conditioning on the latent
variable and integrating against its density function, as it is typical for such type of models. On
the other hand, the nonparametric methodology amounts to M-estimation (Huber, 1964) and is
developed by studying the conditional elicitability of the JVaR quantile. Specifically, starting
from the work of Gneiting (2011) and the recent developments by Fissler and Ziegel (2016), we
derive a sufficient condition in terms of second order stochastic dominance (Miiller and Stoyan,
2002) between two suitable random variables, that allows us to introduce a new class of feasible
strictly consistent scoring functions, and hence, to solve the desired optimization problem. This
result is of great importance from a statistical and econometrics perspective because it opens
the way for implementing a backtesting procedure (Nolde and Ziegel, 2017), in order to com-
pare and rank different risk measures, like the VaR and the JVaR, based on the quality of their

predictions. The extension to the time series framework is obtained for a class of models that



satisfy an appropriate convexity property (Osband 1985, Laguel et al. 2021). Consistency and
asymptotic normality of the two-stage M-estimator have been derived using the theory of Newey
and McFadden (1994) and Weiss (1991), in the same spirit of Dimitriadis and Hoga (2022) for
CoVaR, and a simulation study is reported to illustrate its good performance in finite samples.

The relation with the VaR, that is the JVaR under all possible stress scenarios, and the fact
that larger values of the conditioning level correspond to a more extreme quantile, are exploited
to introduce the delta JVaR (AJVaR), a volatility contribution measure for monitoring risk.
Moreover, in order to have information on the tail of the conditional distribution below the
JVaR level, and in line with the relevant role played by the ES (BCBS, 2016) Joint Expected
Shortfall (JES) is also introduced. Excluding the asymptotic distribution of JES, which is quite
involved due to the presence of an expectation and a joint conditioning event, all the results
obtained for JVaR are extended to these new risk measures. For instance, the AJVaR can be
estimated as a by-product of the elicitability of the VaR and JVaR, whereas by analogy with
the ES (Fissler and Ziegel, 2016), we have the elicitability of JES jointly with JVaR.

Furthermore, we present results concerning the behaviour of JVaR according to the asym-
metric stochastic volatility models of Harvey and Shephard (1996) and Jacquier et al. (2004),
that differ for the timing of the correlation (Yu, 2005). We find that JVaR is leverage consistent
only for the unconditional model Jacquier et al. (2004), where the shocks are contemporaneously
correlated.

Lastly, the filtered JVaR, JES and AJVaR are calculated using daily log-returns from the
S&P500 index over the period January 2007 - December 2019, based on the model of Jacquier
et al. (2004). Estimation of the model parameters is performed via simulated maximum likeli-
hood inference (Gouriéroux and Monfort, 1991) using the continuous particle filter of Malik and
Pitt (2011). Empirical results show that, especially during periods of financial crises, accounting
for extreme volatility levels is relevant to better characterize the evolution of risk.

The remainder of the thesis is structured as follows. Chapter 2 is divided in three sections
and is intended as a state-of-the-art for the development of the JVaR methodology. In particu-
lar, the chapter provides a comprehensive overview on: quantile risk measures (2.1), elicitable
functionals (2.2) and stochastic ordering (2.3). More prescisely, Section 2.1 formalises nota-
tions, definitions and properties for risk measures in a general setting, and then for the VaR
and CoVaR, from which ES and Conditional-ES are derived. The main references are Jorion
(1996), McNeil et al. (2015) and Adrian and Brunnermeier (2016). We conclude the section
with a discussion about some possible estimation methods based on: i) the class of GARCH
(Bollerslev, 1986) and Score-Driven models (Creal et al., 2013 and Harvey, 2013); ii) dynamic
quantile models, starting from Engle and Manganelli (2004) up to the most recent develop-
ments, like the dynamic multiple quantile model of Catania and Luati (2022), the regression
framework of Dimitriadis and Hoga (2022) for CoVaR and the model by Patton et al. (2019) for
VaR and ES. Starting from the PhD thesis of Osband (1985) and the papers of Lambert et al.
(2008) and Gueiting (2011), Section 2.2 offers a technical review on elicitability with particular
attention to its applications in quantitative risk management. In particular, the concept of
indirect elicitation pioneered by Gneiting and Raftery (2007) is explained, and the notions of
joint and conditional elicitability (Gneiting, 2011) are introduced following Fissler and Ziegel
(2016). Finally, the connections between elicitability and: i) identifiability (Steinwart et al.,
2014), ii) M and Z-estimation (Huber, 1964 and Newey, 1993), iii) quantile regression (Koenker



and Bassett Jr, 1978), and iv) forecast evaluation (Giacomini and Komunjer, 2005 and Nolde
and Ziegel, 2017) are presented. Section 2.3, mainly based on the monograph of Miiller and
Stoyan (2002) concludes the review by formalising first and second order stochastic dominance,
as well as the supermodular and convex orders following Miiller and Scarsini (2000) and Cheung
et al. (2015), respectively. Chapter 3 is divided in seven sections and is devoted to the Joint
Value at Risk as discussed above. It is the contribution to the literature of this dissertation.
Chapter 4 contains a discussion about some possible extensions of the Joint Value at Risk and
concludes the thesis. Proofs and derivations for Chapter 3 are reported in Appendix A.



Chapter 2

Foundations of risk management

2.1 An overview on quantile risk measures

In this section several risk measures that are often employed for the evaluation of financial
risk are presented. The main references are Jorion (1996) and Adrian and Brunnermeier (2016).
Other references that provide a comprehensive treatment of the topic are McNeil et al. (2015)
and Engle and Manganelli (2004) and Gouriéroux and Jasiak (2008), especially for the discussion

given in 2.1.3.

2.1.1 Preliminaries

The objective of a risk measure is to assing a number to a random variable, which represents
its degree of riskiness. As such, it is convenient to start by providing a general definition of risk
and risk measure.

The Cambridge Dictionary defines risk as “the risk that something bad happens'. In finance
bad has a specific meaning: a decrease in the value of a security, a portfolio, a currency etc.
There exist a variety of financial risks that companies and portfolios are exposed to, and that

can be often classified into the categories listed below.

e Market risk describes the uncertainty about the future price of an asset due, for example,

to macroeconomics announcements.

e Credit risk, also known as default risk, refers to a situation where a counter party cannot
meet contractual obligations. For instance, holders of corporate bonds are exposed to
credit risk since the bond issuer may be unable to make the payment for previously agreed

terms.

e Liquidity risk complements market risk. It is the extra-cost of liquidating a financial

position due to a transaction pressure.

Hence, it is of primary importance to have suitable quantitative tools for dealing with all the
sources of risk mentioned above. Since in this thesis we focus on market risk, risk measures are

the quantities of interest.



Notation and basic definitions

Let (Q, F, P) be the probability space containing all the random variables considered through-
out the section, and LP (Q, F, P) for p > 1, the space of random variables having finite p-th mo-
ment. For convenience, we shorten notation and indicate LP (2, F, P) by LP. The cumulative dis-
tribution function of a random variable Y under the probability measure P is Fy-(y) = P(Y < y),
with corresponding density function denoted by fy (y). All expectations and density functions
are assumed to be well-defined whenever stated. A risk measure is now defined.

Definition 2.1. Let Y be the set of all functions Y : Q@ — R. Then, the map
v:y —R (2.1)

18 a risk measure.

The interpretation of v requires particular care and depends on whether the random variable
Y represents a potential loss or gain. In the latter case, it is favourable to have low values of v,
while the contrary is desired for the former.

An interesting aspect of the function v defined in 2.1 is that unless considering a specific
form of Y, like the one arising from the sets L? or LY, it does not require a probability measure
on (9, F). However, when the probability measure P is fixed, the class of law-invariant risk
measures is obtained. A distinguishing feature of this class is that the outcome of the risk
measure is only determined by the distribution of Y, meaning that the following identity is
satisfied: v (Fy) = v (Y). In other words, given X,Y € ) we say that v is a law-invariant risk
measure if Fiy = Fy implies v(X) = v(Y'). The advantage of using law-invariant risk measures is
to avoid unnecessary technical complications, and to allow for the use of statistical functionals
when describing the degree of riskiness of the underlying random variable. This fact is very
important and explains why financial institutions (Basel, 2008), as well as the majority of the
academic literature adopt this type of risk measures. We do the same throught the dissertation.

In order to facilitate a comparison among different risk measures, Artzner et al. (1999)

proposed an axiomatic framework, which yields the class of coherent risk measures.

Definition 2.2. Consider X,Y € Y and a risk measure v : Y — R. We say that § is coherent
if all the properties listed below are satisfied.

1. Monotonicity: if X <Y, then v(X) <v(Y).

2. Positive homogeneity: if X\ > 0, then v(AY) = Av(Y).

3. Translation invariance: if a € R, then v(a+Y) =v(Y) —a.
4. Subadditivity: v(X +Y) < v(X)+v(Y).

Despite coherent risk measures allow for an intuitive interpretation, not all risk measures are
coherent. We address this point in the following section, where quantile and quantile-based risk
measures are introduced, and some possible estimation methods discussed. Notably, there exists
an increasing strand of the literature in applied probability that, in line with the work of Pflug
(1999), characterises and studies the properties of risk measures using the stochastic ordering
theory. In chapter 3.3 we adopt this approach to analyse the behaviour of our risk measure. As

such, several stochastic orderings are discussed in the last section of this review.



2.1.2 Value at Risk and Conditional Value at Risk

Most of the time, in finance, one is interested in learning about the tails of the profit and
loss (P&L) distribution. Quantiles provide a natural solution to accomplish this task (Jorion,
1996). Valid examples are offered by the Value at Risk (VaR) and the Conditional Value at Risk
(CoVaR), which are the moniker used for the extreme quantiles of some specific distribution of
financial returns.

Following on from INCORPORATE (1996), a market agreement which imposed capital
requirements in order to cover financial risks, the use of the VaR in the finance industry for
monitoring daily risk exposure, as well as in academia, has been massive. One of the main

reason is that it is generally simple to compute and easy to understand.

General setting

The VaR and the CoVaR, along with their extensions, are now formally introduced. In doing
so, we adopt the sign convention that for a random variable Y denoting losses and gains, positive
values of Y refer to gains while negative values of Y represent losses.

Definition 2.3. Let Y be a random variable on (Q, F, P) and consider a probability level 8 €
(0,1). Then, the VaR of Y at the B level is defined as

VaR(B) =inf{y e R: Fy(y) > 5} (2.2)

which is equivalent to

VaR(8) = Fy ' () (2.3)

if the distribution of Y is continuous.

In practice, researchers and market practitioners usually work with Equation (2.2), meaning
that they consider the VaR just as a quantile of the distribution Y at some probability level
8. This is advantageous because it allows for a simple computation of the risk measure, yet
maintaining an intuitive interpretation. To better explain this fact, let us recall that according
to Definition 2.3 the VaR solves

P(Y <VaR) =5, (2.4)

where given our orientation of the random variable Y, the values of § that are of interest for
risk management applications are those close to zero, such as for example 0.01 or 0.05. At this
point, we can clearly see that the VaR is a bound on potential losses over a pre-specified time
horizon k, which is often one day or one week. Essentially, it puts a threshold such that the
probability of a loss exceeding the VaR over the horizon k is at most equal to 8. On the other
hand, it is also clear that this risk measure does not tell anything about what happens beyond
the threshold. Together with the fact that the VaR is in general not coherent in the sense of
Artzner et al. (1999) because not subadditive (Acerbi, 2002), the Expected Shortfall (ES) has
been introduced as a tail risk measure.

For the remainder of the section we assume that random variables have continuous distribu-

tions.



Definition 2.4. Let Y be a random variable on (Q, F,P) and B € (0,1) a probability level.
Then, the ES of Y at the B level is defined as

ES(P) = E[Y]Y <VaR(B)]. (2.5)

Hence, the ES is simply the mean of the distribution of Y given that we are in the tail region
below the VaR(f) level. From the definition above, it is evident that the aim of this risk measure
is to give insights about the left tail of the P&L distribution. An alternative formulation, which
further highlights its close relation with the VaR is given by the following expression:

B
ES(8) = % /O VaR(q)dg.

The definitions given so far however do not explicitely show the subadditivity property. This
can be formalised by recalling that the ES admits a representation in the form of a spectral risk
measure. As a matter of fact, it is known since Kusuoka (2001) and Jouini et al. (2006) that for
random variables in L?, this class nests the one of coherent risk measures. The next definition
is obtained following Kusuoka (2001).

Definition 2.5. Let w be a probability measure called spectral measure and let Y € Y be a

random variable with finite first moments. Then, the functional v, : Y — R defined as

va(Y) = / ES(B)w(dp) (2.6)

is the spectral risk measure associated with w.

Clearly, the ES is a special case of Equation (2.6). It corresponds to the case of w = g,
where ¢ is the Dirac function.

Before proceeding with the technical discussion, it is relevant to point out that: i) unless the
cumulative distribution function of Y is strictly increasing, the VaR is not unique because there
may be regions where Fy is flat, and ii) the integrability of the distribution of Y is required to
ensure that the finiteness of the ES as defined in 2.4.

One of the limitations of VaR and ES is related to the fact that they are defined over the
whole distribution of a single asset return. In other words, they are unable to capture and
describe how risk spreads across insitutions. Indeed, as noted by Acharya et al. (2010) VaR
and ES can only "evaluate risk in isolation". This was exactly the problem with the 2007-2008
financial crisis, when losses spread across institutions threating the financial system as a whole
(Adrian and Brunnermeier, 2016).

To overcome this issue a new class of risk measures, called systemic risk measures, has been

proposed.

The necessity of systemic risk measures

Ignoring the pervasive interconnectedeness among market participants can be catastrophic
for the evaluation of risk. The most prominent example is given by the last subprime crisis.
Indeed, the collapse of Lehman Brothers rapidly affected a large number of financial insitutions

with serious negative repercussions on the stability of the whole financial system, as never before



(Acharya (2009), Acharya et al. (2010)). This highlighted a urgent need for new tools, so to
measure risk by accounting for the propagation and spillover effects that occur during periods
of distress.

To this end, after a preliminary discussion in Adrian and Brunnermeier (2011), a systemic
risk measure, called Conditional Value at Risk (CoVaR), has been developed by Adrian and
Brunnermeier (2016) in order to capture the extreme co-movements between the financial system

and a given firm.

Definition 2.6. Let X and Y be random variables on (Q, F, P) denoting the losses of a firm
and the financial system, and consider the probability levels o, 5 € (0,1). Then, the CoVaR is
defined as

CoVaR™ (o, ) = F;‘IX:F;(Q)(B). (2.7)

CoVaR is just the VaR of the financial system given that a firm is under distress, and more
precisely at its o quantile, as emphasized by the notation CoVaR~=. In particular, given the
orientation for losses it is interesting to calculate this risk measure for large values of « and (3,
with the latter close to one especially during financial crises.

The final goal of the CoVaR approach is to detect how the distress of a given firm increases
the risk of the financial system. By comparing the CoVaR when the firm is under distress and
when is not, i.e. it is at the median state (o = 0.5), the delta CoVaR (ACoVaR) defined as

ACoVaR(a, ) = CoVaR(a, 8) — CoVaR(0.5,5) (2.8)

clearly provides insights in this direction. As a matter of fact, it is a tail dependence risk measure
that allows us to quantify the contribution of a firm to the risk of the financial system. In this
sense, it is remarkable that, by rescaling for the company size, the ACoVaR can be used for
ranking institutions according to their systemic importance.

Obviously, the CoVaR of Adrian and Brunnermeier (2016) is not the only systemic risk
measure available in the literature. Another CoVaR has been immediately proposed by Girardi
and Ergiin (2013). Compared to the original specification, the conditioning company here is
assumed to be at least at its VaR. So, this new risk measure writes as

CoVaR(a,8) = Fyly s ) (8) (2.9)
with corresponding contribution measure given by
ACoVaR(a, f) CoVaR(a, 3) — CoVaR(0.5, ) (2.10)

CoVaR(0.5,0)

The advantages arising from the specification of the measure in Equation (2.9) are related
to the fact that: i) it allows to consider a range of distress events, while also avoiding the
problem of a zero probability of the event {X = Fy'(a)}, and ii) it facilitates the comparisons
among CoVaR forecasts, i.e. the implementation of backtesting procedures (Kupiec et al. 1995,
Christoffersen 1998). However, one drawback is that by considering a range of possible distress
events, it generally requires more sophisticated estimation methodologies, relying for example
on numerical integration.

From a theoretical standpoint, the implications of the different conditioning event have been



investigated by Mainik and Schaanning (2012) using a parametric approach based on copula
functions (Joe, 2014b). The central point of their study is to analyse the behaviour of the
different CoVaRs with respect to the underlying dependence parameter p. Specifically, their
findings show that only the measure of Girardi and Ergiin (2013) is an increasing function of p.
This is due to the fact that the quantile of Girardi and Ergtin (2013) preserves the concordance
order given by the supermodularity of the copula used for modelling the dependence between X
and Y. The result holds either in the Elliptical (Burtschell et al., 2005) and in the Archimedean
case (Wei and Hu, 2002), provided that the marginals are equal. As a consequence of the fact that
CoVaR~ fails to capture the impact of dependence when this is most pronounced, e.g. during
financial crises, it follows that it cannot provide an ordering of financial institutions or systems
(Pflug (1999) and Dhaene et al. (2018)). This result is very important and partly explains why
in the financial econometrics literature there is a tendency to prefer the specification of Girardi
and Ergiin (2013). Note that the ordering of the copula plays a key role also for the Joint Value
at Risk, see Section 3.3. For a discussion about the role of the stochastic ordering theory in

quantitative risk management, we refer the reader to 2.3.

For the question of subadditivity as well as to have information about the tail of the condi-
tional distribution, the Conditional Expected Shortfall (CoES) has been introduced as the ES
counterpart of the CoVaR. In Adrian and Brunnermeier 2016 it is defined as

CoES™(a,8) =E[Y|Y <CoVaR™ («a,),X = VaR(a)], (2.11)

whereas by revisiting the distress event that affects the institution, from a point to a tail event,

a more meaningful specification is given by Girardi and Ergiin (2013) as follows:

B
CoES(a,8) = %/0 CoVaR(a,q)dq (2.12)

Once again, only CoES by Girardi and Ergiin (2013) is monotone with respect to the underlying

dependence parameter, see Corollary 3.10 of Mainik and Schaanning (2012).

Based on the CoVaR, risk indicators and other systemic risk measures have been introduced.
For instance, the Marginal Expected Shortfall (MES) of Brownlees and Engle (2017) allows to
detect the impact of the a distress in the financial system on a firm, similarly to the Systemic
Expected Shortfall of Acharya et al. (2010). Essentially, MES can be regarded as a generalisation
of the CoVaR in two directions. The first reason is because it is based on a reversed conditionin
approach, and second one is because it amounts to the mean instead of the quantile, as we can

see from the following definition:
MES(o, B) = E [X4|Y; > Fy ' (a)] .

Therefore, MES is just a limiting case of CoES - in the stochastic representation - where we

allow for all possible distress scenarios affecting the random variable X, i.e.
MES(a, ) = lim B [X|Y; > Fy!(a), X¢ < Fx(8)]
—

Given this direct connection, it is clear that many of the estimation methods proposed for the



CoVaR of Girardi and Ergiin (2013) are also suited for this risk measure.

To conclude, it is also worth mentioning the systemic indicators of Billio et al. (2012) and
Zhou (2009), that at the core of the discussion about the “Too bug to fail" phenomenon discussed
in Acharya and Yorulmazer (2007). In particular, Billio et al. (2012) proposes measures of
interconnectedness to detect the level of interrelations and systemic risk for financial institutions
and insurance company based on principal component analysis and Granger causality tests.
While Zhou (2009) introduced an index to study the relation between the size of a firm and its

systemic importance via extreme value theory.

2.1.3 Estimation and forecasting

The literature about the estimation of the VaR is now voluminous and many methods have
been also proposed for the CoVaR. Here we provide a brief discussion about some possible
parametric and semi-parametric approaches that will be similarly considered for the Joint Value
at Risk in sections 3.4 and 3.7.1.

In particular, we distinguish between two cases. On one hand, we focus on situations where
the quantile of interest is obtained as a by-product of the distribution of financial returns based
on a suitable volatility model'. On the other hand, we consider methods where one directly
operates on the quantile via a dynamic quantile model in the spirit of Engle and Manganelli
(2004), based on the regression framework of Koenker and Bassett Jr (1978). A technical
discussion about quantile regression is given in Section 2.2.3, and we refer the reader there for
details.

For the remainder of the section, we assume that on the probability space (€2, F, P) endowed
with the filtration F = {F;;t € N} there exists a stochastic process {Y;},. that describes the
evolution of the losses of an asset and satisfies

iid
Yi=p+oyaee e~ Fe(0,1) (2.13)
for p € R, & error term, and o4;_; conditional volatility term that can be estimated using

econometric models. In particular, we consider the case where o; follows some GARCH-type

(Bollerslev, 1986) recursion, meaning that the transition equation for o; has the form:
0t = ¢ (0t—s,—s35 > 0) (2.14)

with 7;_s € F; for all s > 0 so that the time-varying parameters are modelled as functions of
lagged observables. Roughly speaking, we give a coincise discussion about the estimation of the
VaR and CoVaR based on the class of observation-driven models (Cox et al., 1981). This will
be not the case for JVaR. Here we refer to the distribution of Y; given the information set F;_1

as the predictive or the conditional distribution of Y;.

1A detailed analysis of conditional volatility models goes beyond the purpose of this work and is taken for
granted.



Value at Risk

Parametric estimation of the VaR can be carried out by making a parametric assumption on
the distribution of the innovations. For example, in the basic GARCH(1,1) model we have that

of =T+ dyr_y +7074 (2.15)

for F. ~ N(0,1), 7 > 0, and 0 < ¢y < 1, ¢ + v < 1 which ensure stationarity and finiteness
of £ [Ytz] Hence, once estimated the model parameters via maximum likelihood, the VaR is

simply obtained as
VaRy(8) = p+ 6:971(B) (2.16)

where ®~1(3) is the quantile of the standard normal distribution at the 3 probability level.
Essentially, the VaR forecast is proportional to the estimated volatility. The corresponding ES
forecasts can be obtained either by integrating the VaR, and by calculating the expected value
of Y;|Fi—1 in the tail region below the estimated VaR threshold.

In a similar fashion, it is possible to compute the VaR using the class of Score-Driven models
recently introduced in Creal et al. (2013) under the name “Generalised Autoregressive Score
models", and in Harvey (2013) as “Dynamic Conditional Score models". This is a class of
models for time-varying parameters, where the one-step ahead predictive distribution of Y; is
assumed to be heavy-tailed. The simplest formulation considers a Student-t distribution for
Y;|Fi—1. For instance, in the Beta-t-EGARCH(1, 1) model one has

Y;ﬁ|}—t71 ~ tg(,u70t2|t_1),

with o2

Ht—1 = €XD ()\t|t,1) so that

)\t =w+ ¢1(Tt_1 + k'l’ll,t_l (217)

where w > 0, ¢1 > 0 and k > 0. The key feature is that compared to the GARCH (see Equation
2.15), the recursion equation specified for the time-varying parameter is revised in such a way
that the new martingale difference sequence u;, that drives the dynamics of the conditional
variance, is proportional to the score of the conditional log-likelihood taken with respect to oy,
ie.

0
up X ai)wp(ytu:tfl),

and robust with respect to possible extreme observations. Since it is well-known that most
financial time series exhibit heavy-tails and are not normally distributed, it is obvious that
score-driven models turn out to be very appealing for financial applications. As a matter of
fact, they are now widely employed in the financial econometric literature as a competitor of the
GARCH for a variety of purposes, see www.gasmodel.com for more details. Therefore, estimates
of the one step-ahead predictive VaR and ES under a score-driven modelling framework can be
obtained analogously to GARCH based on Equation (2.15).

The identity between density and VaR (and in turn ES) forecasting from observation-driven
models generally breaks down for multi-step ahead predictions. Indeed, while h-steps ahead

volatility forecasts for GARCH and SD models are available in closed form and can be obtained



using the properties of the conditional expectation, this is generally not the case for the h-step
ahead predictive density of Y;, which is unkwnon and needs to be approximated via Monte
Carlo methods. An interesting exception is discussed in Abadir et al. (2022) where analytic
expressions for the h-step ahead density of a GARCH(1, 1) with Gaussian innovations, and a
possibly asymmetric news impact curve, are derived, thus allowing for an exact computation of
VaR and ES forecasts.

Alternatively, with the second approach the VaR is obtained by directly modelling the quan-
tile of the distribution of Y;|F;_1, i.e. Ftﬁlfl(ﬁ) for g € (0,1). The leading example is given by
the Conditional Autoregressive Value-at-Risk (CaViaR) model of Engle and Manganelli (2004),
which specifies an autoregressive model for F) tTt1—1 (8) and where the unknown model parameters
are estimated based on the quantile regression framework of Koenker and Bassett Jr (1978) (see

Section 2.2.3 for details).

Formally, a generic CaViaR model specifies the §-quantile at time ¢, notation ¢.(0;8) =
Fl(B), as
qt(0; 8) = w + B1gt—1(0; B) + a1ve—1 (2.18)

where we have that 8 € © C R" is the vector of unknown parameters, w is a constant and v;_1
is a shock that may take various forms, like for example being a function of lagged observations
as recommended in Engle and Manganelli (2004). Turning to the estimation, a key role is played

by the check-loss function

p(a:(0:8), Y1) = (Lvi<aosp)y — B) (Y — ae(65 B)). (2.19)

As a matter of fact, given a time series (y1,ya, ..., yr), the unknown parameters of the quantile

regression model are estimated via

T

~ . 1
Or = argmmgeef Z p(q:(6;8),Y7) (2.20)
t=1

so that the VaR in the CaViaR framework is just equal to

VaRy(B) = q:(0r; ). (2.21)

Therefore, it is clear that the model, and hence the estimation approach of the VaR, are semi-
parametric because a parametric structure is only assumed for the dynamics of the quantile but
not for the conditional distribution of Y;. Despite the nontrivial estimation procedure due to
the fact that the objective function p (¢:(0; ), Y:) may be non-differentiable, the main drawback
of this model is related to the fact that it may produce out-of-order quantiles, e.g. VaR;(0.05)
greater than VaR;(0.1). An interesting solution to this problem has been recently proposed
by Catania and Luati (2022), with the introduction of the Dynamic Multiple Quantile (DMQ)
model. Specifically, the DMQ is a dynamic semiparametric model for multiple quantiles that,
at each point in time, allows us to compute all the 0.01, ...,0.99 quantiles of the conditional dis-
tribution of Y;. Since the quantiles are monotonic with respect to the probability level, it turns
out that the methodology enables to recover the whole underlying conditional distribution of Y;.

The key insight for monotonicity comes from modelling spacings with respect to the a reference



quantile, e.g. the median, rather than all the quantiles. Another powerful aspect of the DMQ is
that by exploiting the equivalence between quantile regression and maximum likelihood based
on the asymmetric Laplace distribution (Koenker and Machado 1999, Komunjer 2005), it turns
out that the recursion equation for the quantiles is specified so as to generalise the score-driven
methodology from the location-scale setting to the quantile framework. As a matter of fact, the
m.d.s. that drives the dynamics of the quantile is proportional to the score of the conditional
log-likelihood of the asymmetric Laplace distribution, see also Section 2.2.3 for details. There-
fore, estimated the parameters via a two-stage quasi maximum likelihood procedure, the VaR
at the desired probability level is simply obtained based on the identity in 2.21.

Differently from the VaR, the Expected Shortfall cannot be computed from models only
focusing on this functional (Gneiting, 2011). This is because it does not possess a loss function
analogue to the check-loss of Equation (2.18), see Section 2.2 and Example 2.29 for technical
details. A partial remedy is given in Fissler and Ziegel (2016), where a new class of loss functions
that enables the joint estimation of VaR and ES, and in turn regression, has been introduced.
Starting from that, Patton et al. (2019) developed dynamic factor semiparametric models for
the joint estimation of VaR and ES based on the score-driven framework of Creal et al. (2013)
and Harvey (2013), which is the time-varying extension the regression model of Dimitriadis and
Bayer (2019). Joint estimation of VaR and ES is also considered in Catania and Luati (2021). In
particular, by exploiting the relation between the check-loss function used in quantile estimation
and the ES discussed in Bassett Jr et al. (2004), a quasi-maximum likelihood estimator of VaR
and ES is obtained and related to the M-estimator arising from the loss of Fissler and Ziegel
(2016) based on the fact that estimation of the VaR using the quantile loss is equivalent to
maximum likelihood using the asymmetric laplace (AL) density function (Koenker and Machado,
1999).

Conditional Value at Risk

The key point for an accurate estimation of systemic risk measures comes from the ability
to accurately describe the dependence of the pair system-company. With this regards, a natural
extension of the univariate GARCH approach is given by the Dynamic Conditional Correlation
(DCC) model of Engle (2002). The DCC is very appealing because it maintains the key features
of a GARCH model and provides accurate forecasts of the variance-covariance matrix. Girardi
and Ergitin (2013) have applied the DCC to estimate the CoVaR, and in turn, CoES. In partic-
ular, they first estimate the VaR of each institution via a GARCH(1, 1) model under Gaussian
innovations, then use the DCC model to estimate the variance-covariance matrix of the pair
system-company, by modelling the marginal variances using again a standard GARCH(1, 1),
and finally, once estimated the joint density function, they numerically solve for CoVaR (2.9)

according to the following expression

CoVaR(a,B8) p+oo
/ / f(y,)dady = B(1 — ), (2.22)

—o0 VaR(a)



where f(-,-) is the joint density function associated with the pair (system, firm). As above, Y;
refers to the financial system? and X;® to a given company.

In a similar fashion, by exploiting the score-driven framework, Oh and Patton (2018) pro-
posed a dynamic factor copula model for high-dimensional conditional distributions and apply
it to estimate the CoVaR. While in Cantin et al. (2022) inferential tools for the CoVaR and
ACoVaR are developed for the corresponding quasi-maximum likelihood estimators obtained
from residuals of semiparametric GARCH models. Generally speaking, in line with the variety
of volatility models available in the literature, many parametric, semiparametric and Bayesian
methods have been adopted for the estimation of systemic risk measures.

On the other hand, Adrian and Brunnermeier (2016) implement a simple quantile regression
model using a parsimonious set of lagged state variables to estimate their CoVaR as the VaR
of a conditional Gaussian distribution. An extension is given for example in Bonaccolto et al.
(2019), where a dynamic weighted quantile regression model is constructed in order to capture
the impact of the conditioning event in the whole estimation process. Moreover, inspired by
Engle and Manganelli (2004) and Patton et al. (2019), a semiparametric model for the pair
(VaR, CoVaR) based on GARCH dynamics has been recently introduced in Dimitriadis and
Hoga (2022) by exploiting the consistent loss function proposed by Fissler and Hoga (2022)
(see Equation 3), and its empirical performance compared with a standard DCC in the spirit of
Girardi and Ergiin (2013). Note that based on such recent advances, the dynamic semiparametric
modelling of systemic risk measures is now one of the most active reseach topic in quantitative

risk management.

2.2 Elicitability

In recent years there was an active debate in academia (Emmer et al., 2013), as well as in
regulatory institutions (BCBS 2016 and de Basilea 2019), about which risk measure is most
appropriate in practice. With this regards, elicitability has been recognised as an important re-
quirement for comparative backtesting (Nolde and Ziegel, 2017) because, as discussed in Gneiting
(2011), it provides a framework for comparing and ranking different risk measures based on the
quality of their predictions, see also 2.2.3.

Despite the opportunity of comparing forecasts, the property of elicitability, which dates back
to Savage (1971) and Osband (1985), is crucial in statistics because it allows for M-estimation
(Huber, 1964). The leading example in the quantile framework is the seminal paper of Koenker
and Bassett Jr (1978), which has been extended to a time series context by Engle and Manganelli
(2004) and most recently by Patton et al. (2019), Catania and Luati (2021) and Dimitriadis
and Hoga (2022) as previously discussed. A comprehensive discussion on the relation between
elicitability and quantile regression is reported in 2.2.3 and 2.1.

Other interesting works building on elicitable properties have recently appeared in machine
learning (?frongillo2021elicitation), where algorithms - such as support vector machines (SVMs),

boosting and logistic regression - usually involve the optimization of convex loss functions

2The financial system is represented by aggregating all publicly traded financial stocks in a given market. The
US market is typically adopted as a proxy, see for example Adrian and Brunnermeier (2016), Girardi and Ergiin
(2013) and all the other papers on systemic risk mentioned in this thesis).

3We tacitely assume that the random variable X; admits the same stochastic representation of Yz, see Equation
(2.13).



(Bartlett et al. 2006 and Ramaswamy and Agarwal 2016). Contributions here are mainly in
the field of statistical learning (Hastie et al., 2009) via so-called emipirical risk minimization
algorithms, either in a regression and in a classification setting (Arora et al. 1997 and Agarwal
and Agarwal 2015), see also Brownlees and Llorens-Terrazas (2021) for a time series approach.
However, a technical discussion with a machine learning perspective goes beyond the purpose
of the present dissertation.

Therefore, this section provides a concise technical background, by collecting well-known
structural results on scoring functions and elicitable functionals that are useful for the analysis
of Section 3.4.2.

2.2.1 Technical framework

In order to introduce the notion of elicitability in the spirit of Osband (1985) and Lambert
et al. (2008), we follow Gneiting (2011) and fix the notation using a decision-theoretic framework.
To this end, we consider a random variable Y, taking values in some observation domain O C R,
which is equipped with the Borel og-algebra B, and let G be a family of probability distributions
on (O, 0), reflecting the possible distributions of Y. Whenever it is convenient we identify
probability distributions with their cumulative distribution functions (cdfs), F : O — [0,1]
defined as F(y) = P((—o0,y] N O) for y € R. The action domain is denoted by A C R and
refers to the set of palusible forecasts on which the decision maker can act.

A functional is a mapping representing a certain statistical property of the distributions in
G. In general, functionals are set-valued, like for example the prediction region of a random
variable at a certain level, and given by T : G — P(A), where P(A) = 24 is the power set
of A. The set T(F) C A corresponds to that of all correct forecasts if F' € G is true. When
T(F) attains singletons only, we identify its unique element with ¢t € A for all ' € G. Hence,
T : G — A is point-valued. Clearly, all results for set-valued functionals hold for the simpler
case, while the reverse implication is not true in general. As a consequence here, similarly to
Fissler et al. (2021), the selective notion of forecasts is adopted, so that one aims at correctly
specifying a single element ¢ € T(F) C A, rather than the entire set T(F). The importance
of identifying the value of T'(F) with its unique element is that set-valued functionals can be
treated as point-valued functionals, without loss of generality.

Note that in order to facilitate the presentation, we only focus on univariate functionals.
Considerations for the multivariate case will be provided whenever convenient.

A function h: A x O — R is called G-integrable if for all »r € A and F € G, it holds that

[ )iy ) < o

If the function h is G-integrable, for all r € A and F' € G, we introduce

Ep [h(r,Y)] = /O h(r.y)dFy ()

to denote the expected value of h(-, F) : A — R when Y has distribution F' € G. Therefore, a

scoring function is formally defined below.

Definition 2.7. A G-integrable map S : A x O — R is a scoring function.



Now, it is straightforward to match the concepts of statistical functionals and scoring func-
tions with elicitability, and in turn, identifiability.

Definition 2.8. A scoring function S : Ax O — R is consistent for the functional T : G — A
relative to the class G if
Ep[S(t,Y)] < Ep[S(r,Y)] (2.23)

forallF € G, t € T(F) andr € A. In addition, S is strictly G-consistent for T, if Er [S(t,Y)] =
Ep [S(r,Y)] impliesr =T(F), for all F € G and r € A.

The function S(¢,Y) can be regarded as a penalty for estimating y € Y with ¢t € T(F).
Therefore, smaller values are preferred. From a technical perspective, it is interesting to em-
phasize that when S(¢,Y) is non-negative, its expectation always exists, although it may be not
finite. In the latter setting, S(¢,Y) is usually called loss function.

Having defined a consistent scoring function (2.8), we can now turn to elicitable functionals.

Definition 2.9. A functional T : G — A is elicitable if there exists a scoring function S :
A x O — R that is strictly consistent for T relative to G.

The formulation given in Definition 2.9 evidences that when starting with a functional, we
need to look for comsistent scoring functions in order to conclude about its elicitability. In
practice, using the terminology of Murphy and Daan (1985), if S is a strictly G-consistent
scoring function for T, for all F' € G, we have T(F) as the unique minimizer of the expected
value of the underlying scoring function, that is

T(F) = argmin,cg Er [S(r,Y)]. (2.24)

Hence, given a consistent scoring function, Equation (2.24) can be used to define a property,
namely a functional that assigns a real number to a probability distribution (Steinwart et al.,
2014), if the associated optimization problem admits a unique solution. Such approach can be
regarded as a counterpart of the definition of elicitable functionals given in 2.8, and it also turns
out to be of great importance for the results that will be discussed in Section 3.4.2.

A practical implication of Equation (2.24), which has been extensively discussed in Gneiting
and Raftery (2007) (Theorem 1), is that the underlying class of consistent scoring functions is
identical to that under which the functional is an optimal point forecast. This fact sheds light
on the role of elicitability for forecast evaluation, and in turn, for backtesting as discussed in
Nolde and Ziegel (2017), Fissler and Ziegel (2016), and here in 2.2.3.

Ezample 1. (Quantiles). Let O = A = R. For a € [0,1], the a-quantile of YV is g, =
inf{y € R: Fy(y) > a}Using characterization results from Thomson (1978) and Saerens (2000),
we have that ¢, is elicitable relative to the class of probability measures with finite first moment.

The corresponding class of strictly consistent scoring functions is given by

S(Ta y) = (1{y§r} - a) (k(T) - k(y)) ’ (225)

for k : R — R strictly increasing and G-integrable. If k(r) = r, Equation (2.25) is the so-
called pinball loss function, which is commonly employed in quantile regression (Koenker and
Bassett Jr, 1978) under the moniker check-loss function.



Connection with identifiability

Closely related to the notion of elicitability is that of identifiability, which is discussed in detail
in Steinwart et al. (2014), following from Gneiting (2011). Indeed, under suitable regularity
conditions on the class of distributions G, mainly concerning with the application of Fubini’s
theorem, the minimum of the expected value of a consistent scoring function (Equation 2.24)
can be obtained by finding the zero of the derivative. The key point for this approach relies
on the existence of a one-to-one relation between a (strictly) consistent scoring function and an

identification function for T' via differentiation and integration. To better explain, if

B [S(,Y)] = Br [8'(1, V)],

with S’(¢,Y) denoting the derivative of S(¢,Y) with respect to the the functional, then for
t = T(F), consistency of S(¢,Y), as given in Equation (2.24), implies

Ep[S'(t,Y)] = 0.

Upon this, an identification function (2.10) and the notion of identifiability (2.11) are introduced

in a rigorous way.

Definition 2.10. Let T : G — A be a functional. A G-integrable map V : A x O — R is an
identification function for T if
Er[V(t,Y)] =0 (2.26)

for all F € G. Furthermore, V is a strict G-identitification function for T if
Er[V(t,Y)=0 < t=T(F) (2.27)

forall F€G andt e A.
Similarly to elicitability (2.9), identifiability is now formalised.

Definition 2.11. A functional T : G — A is identifiable if there exists a strict G-identification
function for T.

In particular, if S(¢,Y") is smooth in its first argument, one can write

%S(t,Y) = g()V(t,Y), (2.28)
with 9;S(¢,Y)/V (¢,Y) independent from Y, for all F' € G. Since the function g(-) is not unique,
the strictness of the underlying identification requires additional care and in general does not
hold. On the other hand, Osband’s principle (Osband 1985, Lambert et al. 2008 and Gneiting
2011) yields that - under suitable regularity conditions - given an identification for T, for any
consistent loss S(¢,Y") there is a real valued function g such that Equation (2.28) is valid. Hence,
to obtain a strictly consistent scoring function, it is necessary to start with an oriented strict
identification function, which means that its expectation changes sign only once, multiply it by
a positive function g(-), and finally integrate it.

As it will be discussed in sections 2.2.3 and 3.4.2 the connection between elicitability and

identifiability is particularly relevant for inferential purposes in the standard setting of robust



statistics in the sense of Huber (1964). Indeed, the identification condition expressed in (2.27)
is often known as moment condition, and hence, it akin to Z-estimation, or more geenrally,

generalised method of moment (Hansen 1982, Newey 1993).

The importance of convex level sets (CxLS)

A necessary condition for the existence of a strictly consistent scoring function is that the level
sets of the functional of interest are convex. This idea was already present in the Ph.D. thesis
of Osband (1985), where it is claimed that probability distributions with the same functional
value must have a convex shape.

To exemplify, let us consider two distributions, say Fj and F}. The central point here consists
in verifying that the expected score when predicting ¢ under any mixture of Fy and F} is equal

to the mixture of the expected scores when predicting separately Fy and F) separately, namely
Ey ar+-nr [S(EY)] = AER, [S(,Y)] + (1 = M) ER, [S(£,Y)].

This fact is formalised in the following.

Proposition 1. Let T : G — A be an elicitable functional. If Fy,Fy € G and A € (0,1) are
such that Fx = AFo+ (1 = A\)Fy € G, then T(Fo) NT(Fy) CT(F)).

Another interesting formulation of the statement in 1, which also shows in a better way
the link between convex level sets and elicitable functionals, is given by Steinwart et al. (2014)
(Theorem 2). We report his finding below.

Theorem 2.2.1. (Steinwart et al., 201/). Let G be convex and T : G — A an elicitable
functional. Then, for any t € R, the level set {T =t} is convex.

In general, convex level sets are not sufficient for elicitability. A leading example is given by
the mode, which has CxLS but it is not elicitable (Heinrich, 2014). However, a special case is
obtained when considering distributions with finite sets (Lambert et al., 2008), or distributions
having continuous densities on metric spaces (Steinwart et al., 2014), because in that situation
convex level sets provide a sufficient condition for elicitability.

Following from 1 and 2.2.1, it is intuitive that the simplest way to check for the elicitability
of a functional is to study its values for convex combinations of distributions. In this direction
characterization results for the class of coherent law-invariant risk measures (Artzner et al., 1999)
are given in Weber (2006), and most recently in Ziegel (2016). The key point of their analysis
is that if a functional is not elicitable with respect to a class of probability distributions, say
Go, then it cannot be elicitable for any larger class G O Gy. On the other hand, Gneiting (2011)
and Fissler and Hoga (2021) put this approach into practice showing that Expected Shortfall
(ES) and Conditional-VaR (CoVaR) do not possess convex level sets, thus being nor elicitable
neither identifiable. Specifically, in Theorem 11 Gneiting (2011) states that Expected Shortfall
(ES) is not elicitable on any class of distributions G C R that contains measures with finite
support or finite mixture of absolutely continuous distributions with compact support, whereas
for CoVaR Fissler and Hoga (2021) show in Lemma 4.1 that it fails to satisfy the CxLS property
also with resepect to any class of bivariate distributions belonging to the family of scale mixture
of normals of West (1987).



Motivated by this fact, important progresses have been recently attained in order to deter-
mine which properties are elicitable (Fissler and Ziegel 2016, Dimitriadis et al. 2020, Frongillo
and Kash 2021 and Dimitriadis and Hoga 2022). A very meaningful approach was already pro-
posed in the pioneering work of Gueiting and Raftery (2007). In particular, they pointed out
that although not all functionals possess CxLS, it is possible to make them elicitable if one can
first elicit the entire distribution using a consistent scoring function. Statistical functionals of
this type are known as indirect elicitable.

The next section presents possible methods for indirect elicitation.

2.2.2 Joint and conditional elicitability

The issue of non-elicitability can be often overcome by increasing the amount of available
information. For instance, a non-elicitable functional can be paired with an elicitable one, so
that the resulting vector becomes elicitable. The notion of joint elicitability follows directly
from this consideration, which is in line with the insight in Gneiting and Raftery (2007), and in
practice can regarded as a formalisation of the revelation principle of Osband (1985).

Technically, for joint elicitability, there must be a bijection between the pair of functionals

of interest and its components in the following sense.
Proposition 2. (Revelation principle).

(i) Let A, A’ be some sets and h: A — A’ a bijection with inverse h=t. Let T : G — A and
Th: G — A, defined by T, (Fy) := h(T(Fy)), be functionals. Then, T is elicitable if and
only if Ty, is elicitable.

(i) A function S : A x O — R is a strictly G-consistent scoring function for T if and only
if Sp: A x O — R, (r,y) = Sp(r,y) == S (h™1(r),y) is a strictly G-consistent scoring
function for Ty,.

Proposition 2 evidences that a functional T' can be jointly elicitable, meaning that there exists
a functional T), : G — A’ such that the pair (T, T}) becomes elicitable. With this regards, T
and h play a key role, and are referred to as intermediate functional and link function (Frongillo
and Kash, 2021), respectively. Therefore, the basic idea underlying joint elicitability is to first
elicit an intermediate functional and then use its value to compute the one of interest.

The two examples below formalise the elicitability of the ES and CoVaR jointly with the
VaR.

Ezample 2. (VaR, ES) based on Fissler and Ziegel (2016). Let G C G be the class of all
distributions F with finite first moments and let Ay : {(v,e) € R? : e < v}. The following class
of scoring functions S : Ag x R — R is strictly Gi-consistent for the pair (VaR, ES):

1
S((v,e),Y) = (Lyy<vy — @) Hi(v)—1gy<wy H1(y)+Ha(e) (e —v+ al{ygv} (v— y)) —Ha(e)+a(y)
(2.29)
where Hi, Hy,Hs,a : R — R, ’H/Q = Hs, a is G;-integrable and lyy<vi Ha (y) is H;-integrable for

all v € R and H; increasing and #Hs is strictly increasing and strictly convex.



As studied in Fissler and Hoga (2022), the elicitability of systemic risk measures is more
complicated since there is not a one-to-one relation between the classes of identification and
scoring functions. However, based on the framework of Holzmann and Eulert (2014) where
scoring functions are sensitive to increasing information sets, by exploiting the tower property
of the conditional expectation is possible to establish the joint elicitability of the CoVaR with
the VaR, when R? is equipped with the lexicographic order <,*.

Ezample 3. (VaR, CoVaR) based on Fissler and Hoga (2022). Let (Y, X) € R? with Fy x C G.
For o, € (0,1) the CoVaR is defined as CoVaR(a,8) = VaRs(Y|X > Fyx'(a)) so that
the pair Fy x ~ (VaR,CoVaR) is multi-objective elicitable with respect to (R?, <;,). The

multi-objective scoring function

VaR V. T
g(VaR.CoVaR) ((v,¢), (z,y)) = ( SCOVfR((v( 07) ()55 Y)) >

where

SV (v, ), (2,9) = Lpeovy [(Lyy<ey — B) H(e) = 1<) H(y) + a(y)] +a“°VE(y,z), (2.30)

with H : R — R strictly increasing and S°V%((v, ¢), (x,y)) that is G-integrable for all v € R.

Under the same framework, in analogy with the ES, the triplet (VaR,CoVaR,CoES) is
elicitable.

Ezample 4. (VaR, CoVaR, CoES) based on Fissler and Hoga (2022).
Let (Y,X) € R? with Fyx C G. For a,8 € (0,1), CoES is defined as CoES(a,f) =
E[Y|Y > CoVaR(a,3), X > F;l(a)] so that the following multi-objective scoring function

SVaR(U J})
S(VaR.CoVaRCoBS) (¢ o) (z,y)) = 7
SCoVaRaCOES((C, e), (z,y))

where

SOVaRCBS (¢ ), (2,9)) = 1on) [(1{ygc} —B) H(c) — 1{y§c}H(y)¢,(e) (e - ﬁ(yl{y>c} +c(lyy<ey — 5))) —
(2.31)

with H : R — R strictly increasing, ¢ : R — R strictly convex with ¢ < 0 and SC°VE((v, ¢), (2,y))

that is G-integrable for all v € R.

Another way for the indirect elicitation of a statistical functional is given by conditional
elicitability, which has been introduced in Ehm et al. (2016) for backtesting ES forecasts, see
Section 2.2.3 for more details. The definition below follows the slighted adapted version of
Fissler and Ziegel (2016) (see Lemma 2.5).

Definition 2.12. Let T : G — A and T : G — A’ be functionals and let T’ be elicitable. For
any y € A define the set
G, ={FegIT'(F)=y}.

4Given two real-valued random variables X and Y, it holds that (z1,%2) <z (y1,y2) if 1 < y1 or if
(z1 =y1,22 < y2)



Then, the functional T' is called conditionally elicitable given T' if for any y € A’ its restriction

to the class G, 1is elicitable.

We anticipate that the property of conditional elicitability plays a key role for the Joint
Value at Risk with respect to the class of nonparametric estimators developed in Section 3.4.2.

A common aspect of joint and conditional elicitability, that somehow complicates in making
a clear distinction, is that they both require another elicitable functional accompayning the one
of interest. As such, these kind of functionals are also known as second-order elicitable. In
terms of relation between the two, as discussed in Fissler and Ziegel (2016), it is unclear under
which conditions a conditionally elicitable functional is jointly elicitable, while on the other
hand if a functional T is jointly elicitable with 7", and T"” is elicitable, then it is conditionally
elicitable with T’. However, it is well-known that neither joint nor conditional elicitability imply
elicitability.

Analogously to 2.2.1, it is straightforward to introduce the notions of joint and conditional
identifiability. Again, our presentation follows Fissler and Ziegel (2016) (Section 6).

Definition 2.13. Consider the functionals T : G — A and T' : G — A’. Then, T' is
conditionally identifiable with T on G' if T is identifiable on G and T’ is identifiable on g; =
{Feg :reT(F)} forallr € A.

In turn, given 2.13, we can write the following proposition.

Proposition 3. (Fissler and Ziegel, 2016)If T' is conditionally identifiable with T on G', then
the pair (T,T") is identifiable on G'.

Before concluding the section, in order to distinguish between joint (2) and conditional
elicitability (2.12), as well as to address how properties are elicitable, the notion of elicitation
complezity proposed by Lambert et al. (2008), and further developed in Frongillo and Kash
(2021) with a machine learning perspective is discussed. Loosely speaking, it provides an answer
to the question of how complex is to elicit a functional. In general, a functional T" has elicitation
complexity at most m if there is an elicitable functional 7" : G — A’ C R™ such that T' = h(T").
Similarly to 2.2.2, any h and T satisfying this identity are called link function and intermediate
functional, respectively. The following definition is taken from Brehmer (2017).

Definition 2.14. Given any set of distribution functions G, the corresponding set of R™-real
valued elicitable functionals is denoted by &,,(G). For a functional T : G — A C R and
Cim € Em(G), the elicitation complexity of T with respect to (Cp),,cy 5

elic(T) =min{m € N: 31" € C,,,, T, = ho T forh : T'(G) — A}. (2.32)

The elicitation complexity of T is infinite, that is elic(T) = oo, when the minimum in Equation
(2.32) is not attained.

Therefore, the elicitation complexity of a property is the minimum dimension m such that
this is elicitable. The key point in evaluating Equation (2.32) is to choose a convenient sub-
class C,, of intermediate functionals (Dearborn and Frongillo, 2020). Using the terminology of
mathematical-statistic, joint elicitability 2.2.2 can be viewed as a version of elicitation complex-
ity where the link function is the orthogonal projection on the first component (Frongillo and
Kash, 2021).



Interestingly, Frongillo and Kash (2021) show that the elicitation complexity of spectral risk
measures of support m is at most (m -+ 1). Since non-elicitable spectral risk measures have low
elicitation complexity, feasible regression and backtesting procedures can be implemented and
indeed have been developed (Rockafellar and Royset (2018)). Section 2.2.3 follows directly from

this consideration.

2.2.3 Applications

After the theoretical framework of 2.2.1 and 2.2.2, we conclude with a discussion on M-

estimation, regression and backtesting.

M-estimation and regression

M-estimators (Huber, 1964) are directly related to elicitable functionals. As a matter of fact,
given a sample of observations (yi, ..., y,) from the random variables Y;, that have cumulative
distribution functions Fy, € G C R for i = 1, ..., n, the M-estimator 6,, of the true parameter of

interest, say 6, has the following form

. 1 —
0, = argmingegﬁ Zp (Y3;0) (2.33)

i=1

where the loss function p : G x R — R is strictly consistent for 6. Typically, when p(-)
is differentiable and convex one can use the influence function ¥ (Y;0) = %p(Y;G) to solve
Equation (2.33), which yields to

iizn;z/) (}g;é) -0 (2.34)

with 6 estimator of 6 defined via the following population moment condition

+00
Efy (Y;0)] = ¥ (Y;0)dFy (y) = 0. (2.35)
—o0
Following from 2.2.1, it is evident that ¢(-) in Equation (2.35) plays the role of an identification
function, and as such it amounts to Z-estimation in the context of robust statistics Newey and
McFadden (1994).

The drawback with this approach is that in practice it may be computationally demand-
ing, if not infeasible, to solve Equation (2.33) because the optimization needs to be performed
over a collection of all closed upper sets. With this regards, the extension of M-estimation to
regression provided by Huber (1973) is very advantageous because according to that setting,
the optimization problem in Equation (2.33) can be carried out over a subset © C R, which is
usually compact (Amemiya 1985, Huber 1973 and Ronchetti and Huber 2009).

Generally, in the regression framework one is interested in modelling a specific property
of the distribution of ¥ given some regressors, denoted by the p-dimensional vector X,,, that
usually vary depending on the field of application. In quantitative risk management problems,
conditional volatility (Bollerslev, 1986) and extreme quantiles (Jorion, 1996) in the spirit of
Engle and Manganelli (2004) and Koenker and Xiao (2006) are often employed, see Section 2.1

for a comprehensive discussion.



To formalise, in regression, the objective is to study the relation between a random variable
Y and some regressors, say X, by specifying a model m (X, ) , for some parameter § € © C R.
Assuming that the model is correctly specified, namely that there exists a unique 6y € ©, and
that T is the functional of interest of the distribution of Y| X, we have

T(Fyx) = m(X,0). (2.36)

Since in Equation (2.36) a parametric assumption is made for the functional but not for Y| X,
the approach is semiparametric. The empirical M-estimator associated with the specification

given in Equation (2.36) is

. , 1 &
Ou = argmingco T 3 p (¥im(X,.0)), (2.37)

that for possibly time-varying p(-), it directly connects to the class of dynamic semiparametric
for quantiles (and tail expectations) in the spirit of Engle and Manganelli (2004), see Section
2.1 for a comprehensive discussion. Therefore, in general, it is clear that M-type regression
estimates for different functionals can be usually obtained by choosing a suitable loss function.

As shown in Dimitriadis et al. (2020), a necessary condition for consistent estimation of the
semiparametric model specified in Equation (2.36) is strict consistency of the underlying loss
function. Together with some standard regularity conditions, like integrability assumptions (and
mixing conditions in the time series setting as recommended by White (2014), see also 2.1), it
allows for valid statistical inference using one of a variety of the uniform laws of large numbers
(ULLN) discussed for example in Andrews (1987), so that the empirical estimator in Equation
(2.37) is strongly consistent for 6y (Huber (1973), Van der Vaart (2000)).

The appealing quantile regression model of Koenker and Bassett Jr (1978) arises as a special

case of the model specified in Equation (2.36), using the following loss function
p(Y,q(X,0)) = (Y — q(X,0)) (Lv<ax.0)) — @) (2.38)
for o € (0,1) and with the quantile of the distribution of Y| X that satisfies
PY <q(X,0) =a,

which is equivalent to the moment restriction: E [1iy<q(x,6)} — @] = 0. The symbol 1y is used
to denote the indicator function.

In line with the Treat of the Basel Committee (BCBS 2016, de Basilea 2019) and the ne-
cessity of validating risk models, such quantile regression framework is extensively exploited by
financial institutions, as discussed in Section 2.1.

Forecast evaluation

Elicitable functionals are also very important because they provide a method for the evalu-
ation of probabilistic forecasts, as explained in Dawid (1984) and Gneiting (2008). As a matter

of fact, given a consistent scoring function (2.7), it is possible to construct a proper scoring rule



to measure the quality of the corresponding probabilistic forecasts that take the the form of
predictive distributions. In particular, this approach where the scoring function, and in turn
the scoring rule, play the role of performance criterions (Gneiting, 2011) lies at the heart of
statistical decision theory based on information measures, in the spirit of Bregman (1967). The
definition below emphasizes the distinction between scoring rules and scoring functions, which

is occasionally not appreciated in the literature.

Definition 2.15. Let S be a consistent scoring function for the functional T relative to the
class G, and let t € T(F) for any F € G. Then, the map

R:GxO—R, (Fy) — R(Fy) =S(Y) (2.39)

is a proper scoring rule.

It is evident that any consistent scoring function induces a proper scoring rule. From a
techincal perspective, the difference between scoring functions and scoring rules is due to their
domains. Indeed, the former acts on the domain A x O, which is simpler compared to the latter
(2.15) because it is often equivalent to R x R. So, both scoring functions and scoring rules offer
a solution to the closely related problems of finding an optimal point forecast and of evaluating
point predictions. However, specifying a scoring rule for density forecasts is not in general an
easy task. On the other hand, modelling and characterising predictive quantiles so to recover
the full predictive distribution is often convenient. For instance, the dynamic multiple quantile
model of Catania and Luati (2022), that does not suffer the quantile crossing problem offers a

valid approach, see Section 2.1.3 for details.

Backtesting In quantitative finance, the method for evaluating the accuracy of risk measure
forecasts is referred to as backtesting. To make a parallel, it is clear that in statistics backtesting
amounts to perform hypothesis testing (Lehmann, 1993).

Standard backtesting procedures, as recommended in Basel (2008), aim at determining the
performance of a risk measure by comparing its forecasts with the realized financial losses. In
other words, the objective is to validate an estimation procedure based on historical data. For
simplicity, and without loss of generality in terms of approach, let us focus our discussion on
the VaR.

Essentially, by implementing a traditional backtesting (Nolde and Ziegel, 2017) procedure,
we want to decide whether an ez-ante estimation method is acceptable or not by means of a
Binomial test conducted for the number of realized violations with respect to a specific VaR
threshold. To this end, the check-loss function of Equation (2.25) plays a key role again. As a
matter of fact, by definition the VaR at the 5 € (0,1) probability level - here denoted by ¢ -
satisfies

P(Y<t)=8

which is equivalent to the moment restriction
E [1iy<y — B8] =0, (2.40)

with the quantity (1{y§t} — ﬁ) that is equal to the derivative of the check-loss function taken
with respect to the VaR. The key insight is that Equation (2.40) corresponds exactly to the



null hypothesis of a standard backtesting procedure in the spirit of Kupiec et al. (1995) and
Christoffersen (1998). In plain words, it says that if the VaR model is correctly specified, then
the number of VaR exceedances - on average - is equal to 3. Hence, it is evident that with
this procedure the accuracy of a risk measure is evaluated in a global sense. Although requiring
a more involved technical procedure, eesults for the ES, the CoVaR and other systemic risk
measures can be obtained in a similar fashion, just by considering the appropriate loss functions.
Among others, interesing discussions for the ES are given in Acerbi (2002) and Bassett Jr et al.
(2004), while in Bonaccolto et al. (2019) for the CoVaR.

On the other hand, following on from the work of Nolde and Ziegel (2017) the approach
of comparative backtesting has recently gained increasing attention. In this case the goal is to
compare and rank different risk measure estimates via ez-post realizations, based on the quality
of the predictions. Hence, comparative backtesting assesses whether a method outperforms
another one.

Specifically, here a consistent scoring function is used to test whether any method has greater
predictive ability than another one, with the latter that plays the role of the benchmark. It
is indeed a method akin to model selection rather than model validation. With this regards,
Diebold-Mariano tests (Diebold and Mariano, 2002) on differences of expected scores are usually
constructed. Moreover, it is also interesting to note that differently from traditional backtesting,
this approach is advantageous because in a conditional setting it is sensitive to the available
information set, thus properly accounting for a possible increasing information, as discussed in
Holzmann and Eulert (2014).

To formalise, let us consider two sequences of competing forecasts {r;;i =1,...,n,} and
{rf;i=1,..,n,}, with the latter that is used for the benchmark. Then, as in Giacomini and
White 2006 in order to evaluate which forecast sequence is superior under the loss function S,

the following quantity is considered

n

Z(S(TMY;) _S(Trvy;))v (241)

=1

dy =

3=

so that one-sided and two-sided tests can be constructed. From a regulatory perspective
(de Basilea, 2019), the one-sided case, that writes as

Ho:E[d,] <0 (2.42)

is generally preferable and in practice it evaluates that the accuracy of the benchmark forecasts

is not inferior to the other model. In contrast, a two-sided null is given by

Hy:E[d,] =0 (2.43)
indicating, on average, equal forecasting performance of the two methods.

Tests for Hy and HE) based on a suitable rescaling of d,, are known as Diebold-Mariano type
tests (Diebold and Mariano, 2002) and under suitable regularity conditions asymptotic results
can be obtained as in Giacomini and White (2006).

Thus in practice, by exploiting available results on consistent loss functions, the accuracy of

quantile and quantile-based risk measure forecasts can be immediately evaluated. Fissler and



Hoga 2022.

2.3 Stochastic ordering theory

The stochastic ordering theory offers several methods for comparing random variables and
vectors, and is now employed in many fields, such as statistics and applied mathematics (Miiller
and Scarsini 2006 and Yin 2019), actuarial science (Yaari 1987, Denuit et al. 2006 and Béauerle
and Bayraktar 2014) and risk management (Biuerle and Miller 2006, Barrieu and Scandolo
2015, Cheung et al. 2015). In particular, following from the 2007-2009 financial crisis, which
was characterized by pronounced spillover effects (Gray and Jobst 2009, Acharya et al. 2010 and
Billio et al. 2012) that led to many joint default events and simoultaneous downside evolution of
financial prices, the interest for stochastic orders increased a lot in the area of risk management.
As discussed in Cebrian et al. (2004), the key insight behind this fact is that an ordering of
financial positions and institutions is helpful to assess financial risk, with particularly relevant
implications in the construction of optimal portfolios, see Mcnamara (1998). In line with such
increased attention, Dhaene et al. (2018) developed the so-called “language of stochastic orders
for systemic risk" to establish an ordering of financial institutions or of financial systems in the
context of interconnectedness that characterises financial markets.

Here we consider some stochastic orderings that will be useful to derive and interpret some
of the results obtained in Chapter 3. The main reference, which essentially provides a compre-
hensive overview about the stochastic ordering theory, is the monograph of Miiller and Stoyan
(2002). Another interesting and accessible paper that we follow in the exposition is the one of
Yin (2019).

2.3.1 Some relevant stochastic orderings

For the purpose of this dissertation it is sufficient to provide conditions and definitions of
the stochastic orderings of interest. Hence, a good starting point is to fix the notation. Again,

whenever stated expectations and integrals are assumed to be well-defined.

For a function f: R — R, the difference operator A® is defined as

A f(z) = f(z+e) = fla),

with z € R. A function f : R — R is said to be increasing if and only if, for x € R and € > 0,
A f(x) > 0. Alternatively, if for f : R — R we have that « <y implies f(z) < f(y), then the
function f is increasing. Using second differences, we can now define a supermodular function.
A function f: R — R is said to be supermodular if

AN f(z) >0

forx € Rand e,§ > 0.

Let F be a class of measurable functions f : R — R. For X and Y random wvariables in R, we
have that X <z Y if E[f(X)] < E[f(Y)] holds for all f € F.



First order stochastic dominance

The notion of first order stochastic dominance, which has been examined and characterised
for example by Fishburn and Vickson (1978), Stoyan and Daley (1983) and Mosler and Scarsini
(1991), is one of the most important in this context. For instance, it is widely used in economics
and decision theory under determinisitic preferecens, via utility functions (see Reich 1985 and
Biithlmann 2007). Often, with an abuse of notation, first order stochastic dominance is simply
referred to as “stochastic dominance".

Definition 2.16. Two random variables X and Y in R are ordered in the stochastic dominance
sense, notation X <4 Y, if
Ef(X)] < E[f(Y)] (2.44)

for all increasing functions f : R — R.

Definition 2.16 has a simple interpretation in economics. Indeed, under the Von Neumann
and Morgenstern theory (Von Neumann and Morgenstern, 1947), where individuals are assumed
to possess a utility function, e.g. f(-) in this case, Equation (2.44) suggests that one prefers
Y over X. Another definition of stochastic dominance, which facilitates a clear statistical

interpretation, can be given in terms of laws of random variables.

Definition 2.17. Two random variables X and Y in R, with cdfs Fx and Fy, are ordered in

the stochastic dominance sense, notation X <4 Y, if and only if
Fx(z) > Fy(x) (2.45)

for all x € R.

Equation (2.45) indicates that the distribution Fy stochastically dominates F'x in the first
order. Moment inequalities are a direct implication of random variables ordered in the stochastic
dominance sense. Specifically, if Fy first-order dominates Fx then Y necessarily has a larger
expectation, meaning that X < Y implies ordered means, i.e. E[X] < E[Y].

The notion of stochastic dominance can be formulated in a simple way, following Davidov
and Peddada (2013), by considering for example the class of elliptical distributions in the sense
of Cambanis et al. (1981). as follows (Davidov and Peddada, 2013).

Definition 2.18. Let the random variables X and Y be elliptically distributed, i.e. X ~
Eulltp,02,0) and Y ~ Ey(uy,ai,@, with both p, and p, in R, 04,04 > 0 and characteris-
tic generator ¢ satisfying $(0) = 1. Then, X < Y if and only if

Ha <y and Oy = 0y

Similarly to all the other orders that will be discussed throughout the section, this very
simple definition in terms of distributions remains valid also when dealing with random vectors.
Essentially, Definition 2.18 is a generalisation of the well-known result of Miiller (2001), where

the univariate Gaussian case was considered.



The notion of stochastic dominance is strong and the behaviour of the cumulative distribution
functions emphasises this fact. Therefore, in an attempt to weaken this condition, the notion of

higher-order stochastic dominance has been proposed.

Second order stochastic dominance

The notion of second order stochastic dominance is an extension of the usual stochastic
dominance (see 2.3.1). Specifically, it compares integrals of cumulative distribution functions
(see Definition 2.20), and hence, can be regarded as a relation of stochastic dominance in mean.

In line with Section 2.3.1, below we provide various definitions in order to highlight the

differences with the previous case and make the framework clear.

Definition 2.19. Let X and Y be two random variables in R. We say that they are ordered in

second degree stochastic dominance, denoted by X <sst Y, if
Elu(X)] < E[u(Y)) (2.46)

for all increasing and concave functions u.

Unfortunately, in most practical situations, the definition above cannot be used because
there exist many convex functions u(-), thus making difficult, if not impossible, to check for
the validity of Equation (2.46). However, an attractive and practically relevant feature of the
second order stochastic dominance is that it allows for a crossing behaviour of the cumulative

distribution functions. This fact can be noted in the definition below.

Definition 2.20. Two random variables X and Y in R, with cdfs Fx and Fy, are in second-

order stochastic dominance, notation X <4 Y, if and only if

/ " Fy(2)de > / " R(o)de (2.47)

— 00 —0o0

for all c € R.

Obviously, the stochastic dominance of the first order implies stochastic dominance of the
second-order. Given Definition 2.20, we can now report the sufficient conditions that make the

crossing argument previously mentioned explicit.

Proposition 4. Let X and Y be random variables in R with cdfs Fx and Fy, and c € R. If

Fx(y) > Fy(y), VYy<c
Fx(y) < Fy(y), Yy >c¢

and
EX]<E[Y]

then
X Ssst Y.

In particular, the fact that the behaviour of the cumulative distribution functions are allowed
to switch increases substantially the possibility of applying this ordering for characterisation

purposes.



Note that by integrating a cumulative distribution function, the second order dominance
gives a measure of the lower tail of the underlying random varibles. As a matter of fact, it can
be proven that for a random variable X, the lower tail at level K, denoted by Ax(z), satisfies

K
Ax(z) = / Fx(z)dz,
— 00
with the function Ax (z) known as the lower tail transform and being such that its right deriva-
tive, XX (z7T), is exactly equal to the cumulative distribution function of X, i.e. Fx(z). In this
sense, the lower tail transform, and in turn the second order stochastic dominance, provide a

characterisation of corresponding distribution (Miiller, 1996).

Supermodular order

The supermodular order (Topkis 1969, Topkis 1978) plays a key role for JVaR in Theorem
3.3.1 and Theorem 3.4.1 (see Appendix A for details), and in general is one of the most important
relations for the comparisons of risks, as discussed in Meyer and Strulovici (2013). Particularly
relevant are the connections with: i) the concordance order, as shown in Joe (1990); and ii) the
stop-loss order (Miiller, 1997).

Despite this ordering has originally been of great interest in applied probability (Shaked
and Shanthikumar 1994, Bauerle 1997, and Miiller and Scarsini 2000), in recent years it is
also considered for optimization purposes and quantitative risk management applications (Yin,
2019).

In line with the previous setting, we now report the definition of supermodular ordered

random variables.

Definition 2.21. Two random variables X andY in R are ordered in the supermodular sense,
notation X <sm Y, if
Elf(X)] <E[f(Y)] (2.48)

for all supermodular functions f : R — R.

Hence, as previously mentioned (see 2.3.1), a necessary and sufficient condition for Equation
(2.48) is that #;wjf(w) >0forzeR"andall1 <i<j<n.

Generally speaking, the supermodular is another strong order and implies other orderings,
like for example the stop-loss order (Miiller, 1997) and the concordance order (Joe, 1990). For
instance, in the bivariate case, it is known from Tchen (1980) that the concepts of supermodular
and concordance order are equivalent, suggesting that also the former is an ordering of depen-
dence (Miiller and Scarsini, 2000). Given its practical importance, in order to better explain this
fact, we now briefly restrict attention on some aspects of the concordance order. In a similar
direction it is also remarkable that the supermodular order fulfills the axioms of multivariate

positive dependence order derived by Joe (1997).

Concordance order The concordance order, which has been originally studied in the bivari-
ate case by Yanagimoto and Okamoto (1969), Tchen (1980) and Joe (1990), and then extended
to the multivariate setting in Joe (1997), is a mathematical relation indicating that the underly-

ing random variables tend to be all small or all large together. As a consequence, it is clear that



this order is important, and in some sense affects risk measures and asset allocation, generalising
the mean-variance approach for the comparison of riskiness.
We now formally define the concordance order.

Definition 2.22. Let F and G be n-dimensional cdfs with associated survival functions denoted
by F and G. Then, G is more concordant than F, denoted by F <. G if

Fly)<G(y) and  F(y) <Gly), (2.49)

for all y € R™.

We can immediately see from Definition 2.22 that the order of concordance really is a notion
of stochastic dominance, see Section 2.3.1. In particular, the left hand side of Equation (2.49)
coincides with the lower orthant order, whereas the right one with the upper orthant order.
Hence, as previously mentioned, the inequalities just above mean that small and large values
will tend to be more associated under G rather than F. From Definition 2.24 it can be also noted
that the concordance order is obtained via comparisons under equal marginals, thus opening
the way for a copula characterisation. To this end, we recall the definition of a copula function
via Sklar’s theorem (Sklar 1959, Manro et al. 2014). For details on copulas, we refer the reader
to Cherubini et al. (2004) and Joe (2014a).

Definition 2.23. Let F' be an n-dimensional cdf with Fy, Fs, ..., F, marginals. Then, there
exists a copula C : [0,1]" — [0,1] such that

F(y) :C(Fl(yl)aF2(y2)a~'-~7Fn(yn))7 Vy € R™. (250)

On the other hand, given a copula C and marginal cdfs Fy, ..., Fy,, we have that F as in Equa-

tion(2.50), is an n-dimensional cumulative distribution function.

Note that when the marginals are all continuous, the copula is unique.

Essentially, a copula is a joint cumulative distribution function with unit marginals, that
provides a way for describing the dependence among the underlying random variables, rather
than only the correlation.

In addition, Definition 2.23 implies that for any u € [0, 1]"

C’(u) = F (Fl(ul), FQ(U2)7 ...,Fn(un)) s

meaning that the dependence structure captured by the copula can be recovered through the
joint cfd F' and the corresponding marginals.
We are now ready to formalise the definition of concordance order using copulas, which gives

an analogue of Definition 2.22.

Definition 2.24. Let C be a copula, C the corresponding survival copula, and F and G cdfs.

If the marginals F' and G are equal, we say that G is more concordant than F if

Cr(u) < Cg(u) and Cr(u) < Cg(u) (2.51)

for all w € [0,1]™.



Theorem 3.4 of Mainik and Schaanning (2012) for the dependence monotonicity of the
Conditional-VaR (see Section 2.1.2 for details) builds on the concordance ordering of copulas.
Definition 2.24 is of key importance also for JVaR as will be explained in Section 3.3.1.

We conclude this part of the review by considering the convex order.

Convex order

The convex ordering lies at the core of the nonparametric estimation methodology developed
for JVaR in Section 3.4.2, see in particular Theorem 3.4.1 and the discussion in Appendix A.1.
In general, in risk management, it plays a key role by providing a characterisation of tail risk
measures (Cheung et al., 2015). We shall see this later.

As for the previous cases, we state some definitions and facts about this ordering, which
turn out to be helpful in the forthcoming discussion (Chapter 3). The following definition is
extracted from Yin (2019).

Definition 2.25. Two random variables X andY in R are ordered in the convex sense, notation
X < Y, if
E[f(X)] <E[f(Y)] (2.52)

for all convex functions f : R — R.

From the convex order, other binary relations can be derived as special cases. Well-known
examples, that we do not disuss here but can be found in Yin (2019), are the notions of increasing
convex order, linear convexr order, componentwise convexr order and directionally convex order.
Moreover, it is interesting that this ordering is closely related to several others, like for example
the supermodular order and the second order stochastic dominance. Specifically, it is implied by
the former (Cheung et al., 2015), thus suggesting for an interpretation as a dependence ordering,
while the connection with the latter can be exploited to formulate an alternative definition, which

is indeed given below.

Definition 2.26. Consider two random variables X and Y taking values in R. We have that
X <2 Y if and only if
E[X] = E[Y] and Y <ot X. (2.53)

Hence, convex ordering means equal expectations of the underlying random variables, a fact
that turns out to be crucial for deriving Theorem 3.4.1. On the other hand, it is also known that
X =ep Y implies V(X) < V(Y), where V(-) stands for the variance. In light of the discussion
given in Section 2.3.1, the connection just described implies that the notion of convex order has
a nice interpretation in terms of tails (Denuit et al., 2006). Specifically, if X <., Y then it
follows that that the random variables Y has heavier lower tail than X, thus providing insight
about possible quantile, and hence, risk management applications.

From a technical perspective, Pan et al. 2016 found that an intuitive definition can be

formulated based on the class of Elliptical distributions.

Definition 2.27. Let X andY be elliptically distributed random variables, i.e. X ~ E, (g, 02, d)
andY ~ gy(uwag, @), with both py and py in R, 04,0, > 0 and characteristic generator ¢ sat-
isfying ¢(0) = 1. Then, X < Y if and only if

Ha = [y and or <oy



Concerning possible financial applications, it is worth mentioning the result established by
Cheung et al. (2015) for the Expected Shortfall. Specifically, in Theorem 8 they show, as an
auxiliary result, that two convex ordered random variables with finite expectations have equal
Expected Shortfalls. The key step behind such finding is a representation of the risk measure in
terms of distorted expectation, see their Lemma 2 and also Denuit et al. (2006). The implication

of equal Expected Shortfalls discussed in Lemma 2 of Cheung et al. (2015) is now formalised.

Proposition 5. Consider two random variables X and Y taking values in R, with continuous
cdfs and finite expectations. If X <. Y, then for 8 € (0,1) we have that

ESs(X) = ESs(Y), (2.54)

with ESs(X) = E[X|X < F;'(X)].

Using Equation (2.54) we are able to extend in a straightforward way the results obtained
(via Theorem 3.4.1) for the JVaR quantile to the corresponding tail expectation, see Section
3.5.2 for a discussion. Given Proposition 5 we now report a slightly modified version of Theorem
8 of Cheung et al. (2015).

Proposition 6. Consider two random variables X and Y with X <. Y and equal tail expec-
tation for 8 € (0,1). Then, we have that

4

X<y (2.55)

where the symbol 2 Jenotes equality in distribution.

Equation (2.55) follows by virtue of the relation between the convex order and the second-
degree stochastic dominance (see 2.26), since the latter it is known to provide a characterisation
of the underlying distribution via the lower tail, see Section 2.3.1 for details.

An equivalent expression of the equality in distribution given in Equation (2.55) can be

obtained by considering convex ordered random variables and their variances, as follows ().

Proposition 7. Consider two random variables X and 'Y in R. Then,
X =Y and V(X)=V(Y) (2.56)

is equivalent to

4

x2vy. (2.57)

It is obvious that within the estimation framework, Equation (2.56) plays a key role for
example when considering the concept of efficiency, for interesting discussions in the quantile
context see Komunjer and Vuong (2010) and Dimitriadis et al. (2020), and specifically Section
3.4.2 for the Joint Value at Risk.



Chapter 3

Joint Value at Risk

3.1 DMotivation

Characterising the dynamic evolution of risk in a financial system based on the tail inter-
dependence among institutions does not provide a full insight about the risk of a given firm.
As a matter of fact, similarly to standard risk measures such as VaR and ES, the systemic
risk measures do not explicitely incorporate any stylised facts of asset returns. In other words,
the problem is that they ignore the potentially negative impact of risk factors - like volatility
clusterings and leverage - that are intrinsically related to asset prices, and hence, market risk.
Therefore, it is evident that the approach of measuring and assessing risk based on the analysis

of extreme tail co-movements must now be extended to other contexts.

As highlighted in BCBS (2016), the last subprime crisis has awakened the attention of many,
especially regulators, on the necessity of new approaches, based on the inclusion of time-varying
volatility, for implementing more reliable stress testing procedures. The topic is still now an
open problem in the financial econometrics literature. In this PhD thesis we address this issue
and develop a new risk measure based on stochastic models, in order to capture the extreme
tail co-movements between volatility and financial returns. Such a change of perspective to the
evaluation of risk is supported by the fact that “[...] the stochastic process governing market
prices is very different during times of stress compared to normal times. We need different
models during crisis and non-crisis and need to be careful in drawing conclusions from non-crisis

data about what happens in crises and vice versa” (Danielsson, 2011).
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Figure 3.1: Empirical densities of the S&P500 index with and without (black line) distress
scenarios in the Hmins realized volatility measure.

The importance of accounting for possible extreme adverse events in volatility can be appre-
ciated by looking at Figure 3.1. It shows how the shape of the empirical density function of the
S&P 500 index changes given that the corresponding five minutes realised volatility measure is
larger than its a-quantile. The blue line is the density function of the S&P 500 index under an
80% distress in realised volatility, the red line corresponds to a 50% distress scenario, whereas
the black line is the unconditional density function, i.e. no distress in realised volatility. These
preliminary results are very encouraging and emphasize that the analysis of the concordance
behaviour between extreme volatility scenarios and returns cannot be neglected. As a matter
of fact, we can see that as long as increasing the level of distress, the tails - especially the left
tail - become fatter suggesting that extreme adverse events are likely to occur. A weaker effect
can be also noted by looking the moments of the corresponding distributions. For instance, as
« increases the mean decreases, the variance increases and the underlying distribution becomes
more negatively skewed.

In the remainder of the chapter we introduce and develop the methodology that provides a

characterisation of such conditional quantile interest.

3.2 A novel risk measure

Let (€2, A, P) be a probability space and consider the stochastic processes { X;},.y stationary

and ergodic, and {Zt}teN a martingale difference sequence. The random variables X; and Z;



take values in R, and we let their cumulative distribution functions (cdfs) F'x, and Fy, to be
continuous, stricly increasing and with Radon-Nikodym derivatives, fx, and fz,, with respect
to the Lebesgue measure. Further, assume that C% , : [0, 1> — [0,1] is a unique copula for
the vector (X;, Z;) with p € R dependence parameter, and let

Yi=u+ée™Z, (3.1)

with ¢ € R and £ > 0, be a stochastic representation of Y; so that F; = o ({Y;—s; s > 0}) is the
o-algebra generated by {Y;}, s <t. In finance, the random variable Y; can be interpreted as an
asset return, X; as its log-volatility and Z; as an unpredictable shock. We adopt this convention
throughout the thesis.

For risk evaluation procedures, it is important to analyze the left tail of the distribution
of interest, Y;. Indeed, the Value at Risk (VaR), the most used risk measure in banking and
insurance, is obtained as the inverse cumulative distribution function of Y; for probability levels
of 5% or below, see Section 2.1 for an overview. With a similar approach, we now define the
Joint Value at Risk (JVaR).

Definition 3.1. Let Equation (5.1) hold. Then, for all a, 5 € (0,1), the JVaR is uniquely
defined as

JVaR(a,B) = F}Z‘IXQF; (o (B)- (3.2)

At any point in time, JVaR is a function of « and 8 that gives the unique S-quantile of
the distribution of Y;|X; > F );tl (). Specifically, the value of a determines the severity of the
volatility stress scenario and tends to be high and close to one during financial crises, whereas
as it is typical for VaR-type applications, our interest is for values of 8 close to zero. From a
technical perspective, JVaR is a conditional quantile that captures the tail dependence between
X; and Y;. A distinguishing feature of the specification is that the random variable X, is latent,
meaning that we only assume to observe realizations from the random variable Y;. Note that
this is not the case of systemic risk measures, where realizations from both the conditional and
the conditioning variable are always observed. It is also worth to point out that since the cdfs
Fx, and Fyz, are strictly increasing, the JVaR is unique by construction.

The advantage of this approach arises from the fact that, at any probability level, the
methodology exploits the structure of the model to increase the information in the left tail
of the distribution of the financial return, which is usually limited. In doing so, JVaR allows
us to complement the existing literature on quantile risk measures. As a matter of fact, the
idea is to have a conditional risk measure built upon the stochastic volatility model of Taylor
(1986), where the dependent random variables X; and Z; in Equation correspond to the shocks
to the log-volatility and the financial return, respectively. In other words, compared to other
risk measures like the systemic risk measure that are based on the whole distribution of different
asset returns, JVaR is designed over the law of one asset return because the concern is with the

interdependence between volatility and asset prices.

Relation with the VaR

By letting the distribution of the financial return to adapt to extreme volatility scenarios,
JVaR puts a probability threshold on the possible losses of a firm given that this may experience



a state of distress, and hence, is a direct competitor of the VaR. Indeed, the VaR can be recovered

as a limiting case of the JVaR
lin}) JVaR(a, B) = VaR(p). (3.3)
a—

for all 8 € (0,1). Hence, by conditioning on all possible values taken by the random variable X,
the JVaR is just equivalent to the VaR. In other words, the VaR is the JVaR under no distress;
or alternatively, the JVaR is the VaR under arbitrary level of distress. Indeed, when « goes to
zero, the distribution of Y|X > Fy !(a) reduces to the unconditional distribution of ¥;. Once
again, this emphasizes that “the VaR evaluates risk in isolation” (Acharya et al., 2010) because
it ignores any potential distress in volatility, and therefore, it does not allow for a joint analysis
of the tails of X; and Y;. Mathematically, this is due to the fact that under Equation (3.3),
the tail event associated with the conditioning variable X; becomes a support of the probability
measure P (Billingsley, 1979).

Having defined the risk measure, in the next section we study its structural properties.

3.3 Properties

The aim of this section is to analyse the monotonic behaviour of JVaR. We present our
findings in two sub-sections (3.3.1 and 3.3.2). In particular, based on the framework of Section
2.3, structural results using various stochastic orderings are discussed and derived in Section
3.3.1, together with the introduction of the notion of leverage consistency. On the other hand,

Section 3.3.2 focuses on the role of the conditioning probability level.

3.3.1 Dependence monotonicity

We show that the measure is an increasing function of the dependence parameter. In practice,
the fact that JVaR monotonically accounts for the amount of dependence underlying its law
allows us to provide an ordering of quantiles with a clear financial interpretation, see also
Section 2.3. Generally speaking, deriving such structural result about the behaviour of the JVaR
quantile is important because for most applied problems, especially in finance, the assumption
of independence between X; and Z; is far too unrealistic.

As mentioned in Section 2.1.2, a similar approach is adopted by Mainik and Schaanning
(2012) to introduce the concept of dependent consistent risk measure. In particular, they
compare the specifications of CoVaR by Adrian and Brunnermeier (2016) and Girardi and
Ergiin (2013), that in our notation can be regarded as the quantiles of the distributions of
Z Xy = F)}tl(a) and of Z;| X; > F);tl () respectively, and find that only the measure of Girardi
and Ergiin (2013) is monotone with respect to p, and call it dependent consistent.

Based on Equation (3.1), we now introduce the notion of leverage consistent risk measure.
In particular, the use of the term leverage stems from the financial theory and allows us to
emphasize the connection with the class of stochastic volatility models, as well as to distinguish
from the work of Mainik and Schaanning (2012), either from a structural perspective and in terms
of financial interpretation. Indeed, our notion refers to the empirical asymmetric relationship

between current volatility and the sign of past returns, as discussed for example in Nelson



(1991) and Engle and Ng (1993) (see also Black and Scholes 1973, Black 1976 and Chirstie
1982). Specifically, the intuition with Y; is that the negative dependence between X; and Z;
corresponds to the leverage effect in the class of stochastic volatility models. (Harvey and
Shephard (1996) and Jacquier et al. (2004)). Note that a discussion about the behaviour of
JVaR based on two stochastic volatility models will be given in Section 3.7.
A leverage consistent risk measure is defined below.

Definition 3.2. Let Y; be as in Equation (3.1) and A € o ({Xi_s;5 > 0}). Fy,|a is the c.d.f.
of Yi|A, with corresponding quantile given by A\ = F;tllA(B), for all B € (0,1). Then, the map

At [0,1] — R U {£o00} is a leverage consistent risk measure if

oM > 0. (3.4)
dp

It is clear that leverage consistency determines a stochastic property for a class of quantiles.
In practice, it indicates that when the amount of dependence between X; and Z; increases, the
quantile of interest, here denoted by A; moves to the right of the corresponding distribution.
According to the sign convention used for Y;, one can think of Equation (3.4) as adapting
the asymmetric relationship between returns and volatility to the risk management framework.
With this regards, leverage consistency indicates that a riskier financial position is associated
with smaller values of p.

An important aspect of Definition 3.2 is that the conditioning event associated with the
quantile \; can be specified in several ways. For risk management applications, it is particularly
interesting to consider the case of adverse events. Therefore a natural choice, which is also
in line with the literature on systemic risk measures, is to assume that some extreme event
expressed in terms of the quantile function is affecting the random variable X;. As such, the
following specifications can be adopted: {Xt = thl (oz)} which is in the spirit of Adrian and
Brunnermeier (2016), {X; > F)}tl (o)} which gives rise to the JVaR and finally {X; < thl(a)}.

From a technical standpoint, the main challenge for leverage consistency arises from the
fact that \; involves a non-affine transform of dependent random variables. Indeed, the fact
that Y; is defined according to the product between X; and Z; poses difficulties by ruling
out the opportunity of characterising the tail behaviour of Y;|A directly from the one of the
copula CYx,, z,. Few results are available in the literature to determine the tail behaviour of a
product of dependent random variable. For instance, a discussion is given by Jiang and Tang
2011. We recall the main finding of their study using our notation. Essentially, by assuming
that the random variables X and Z follow a bivariate Fairlie-Gumbel-Morgesten distribution
(Morgenstern 1956, Farlie 1960 and Gumbel 1960), they quantify the impact of their dependence
in the tail behaviour of XZ. To do so, they consider the vector (X*, Z*) as the independent
version of (X, Z), meaning that the former has the same marginal distribution of the latter but

with independent components, and obtain an explicit expression for the limit

: P(XZ > 1)
lim ——————,
z—o0 P(X*Z* > x)

based on Breiman’s theorem (Breiman, 1965), when X is regularly varying or rapidly vary-
ing tailed (Bingham et al., 1989). Similarly, Yang and Wang (2013) derive results when the



vector (X, Z) follows a Sarmanov (Sarmanov, 1966), rather than a Fairlie-Gumbel-Morgesten
distribution.

In contrast, our treatment of the topic exploits the supermodular order to establish results for
A¢ when X, is in its right tail. As we have discussed in Section 2.3.1, this is a natural relation
to chacharacterize the dependence ordering of random variables, especially in the bivariate
case (Tchen 1980, Joe 1990, Bauerle 1997 and Miiller and Scarsini 2000). From a technical
perspective, the main advantages arising from this approach are that: i) we are not limited to
the asymptotic case, and ii) we can consider a variety of dependence structures without necessity
of specifying the marginal distributions. The result is formalised below, where we also address
the importance of the direction of conditioning. To this end, we draw from the previous chapter

and use the symbol < to denote a generic relation of ordering.

Theorem 3.3.1. Let Fquation (3.2) hold. Then, for all p < p' and «, 8 € (0,1), we have
JVaR, ,(a, ) < JVaRy y(a, B) (3.5)
or equivalently
P (Y, < JVaRy(a, B)| Xy > F);j(oz))p > P (Y, < JVaR(a, B)|X; > thl(a))p/ . (3.6)

Equation (3.5) and Equation (3.6) indicate that JVaR is leverage consistent, for all the
probability levels o and 3. The result is obtained by characterising the ordering of the random
variable Y;. As a matter of fact, the following identity

FYt|Xt>F;t1(a)(y):P(Ytﬁy)_P(Yt <y, Xi <) r,y €R

suggests that the leverage consistency of the VaR of Y;, namely

0
— FA
o5 y(y) <0,

is sufficient for that of JVaR. Technically, the key aspect for the concordance behaviour of Y;
with respect to the underlying dependence parameter p is related to fact that its distribution

is determined by the product between eXt/2

, which is both supermodular and increasing, and
Zy. As such, the random variable Y; preserves the ordering given by the copula Cf(h Z, (-, ) (Wei

and Hu 2002 and Burtschell et al. 2005). Specifically, this yields the following supermodular

ordering
VY Sam Y (3.7)
which ensures
FL (y) > FY. () (3.8)

for all p < p/, and therefore the leverage consistency of JVaR as stated in equations (3.5) and
(3.6).

In the next example, we specify a scale mixture of normals distribution (West, 1987) for the
vector (X¢, Z;) and show in an explicit way the leverage consistency of JVaR via supermodular
ordering. Since the family of scale mixture of normals is a wide class of continuous, unimodal and

symmetric distributions, which also includes the exponential and the stable ones, this example



is quite general.

Ezample 5. Let (Qg, Wy) : (2, F) — (R?,B(R?)) be a Gaussian random vector with positive

definite covariance matrix and p € (—1,1). Define a scale mixture of normal as
d
(Xe.Z0) S w0+ V(@ W) (39)

for w € R? and V; continuous and independent random variable on R*, and let Equation (3.1)
hold. Then, for all p < p’ and «, 8 € (0, 1),

JVaR.,(a, ) < JVaRyy(a,B). (3.10)

The calculations are reported in Appendix A. Specifically, we show the supermodularity of
Y; through its characteristic function, that is well-known from the inversion theorem to be in a
one-to-one relationship with Fy,, which is sufficient for determining the leverage consistency of
JVaR. In doing so, particular care is required when dealing with the Student distribution becase
its charactetistic function is not of exponential-type (Gaunt, 2021), as it is for the class of
Stable distributions. Hence, in this case the result is obtained by noting that - in the stochastic
representation - the Student distribution is equivalent to the Normal scaled by a positive random
variable, that as such, does not alterate the monotonic behaviour of the JVaR quantiles. Finally,
it is interesting to highlight that when the vector (X, Z;) is Normally distributed, the leverage
consistency of JVaR can be obtained just as an application of Slepian’s inequality (Miiller and
Scarsini, 2000).

By combining Theorem 3.3.1 and Example 5 it is possible to order the JVaR quantiles in
terms of tails, as reported below. For readibility, we remove the time index ¢ from the notation
of JVaR.

Corollary 1. Assume that (Xy, Z;) follows a Student-t, or a vy-Stable distribution, with degrees
of freedom v > 0 and stability index v € (0,2), respectively. Then, for all p € (=1,1) and
a,f € (0,1),

JVaR, (o, B) < JVaR, ,+1(c, ) (3.11)

and
JVaR, (o, B) < JVaR, yik(a, B) (3.12)

with k > 0 such that (v + k) € (0, 2].

Corollary 1 suggests that for any value of the correlation coefficient p, when comparing the
leverage consistency of JVaR under a scale mixture normal distribution of the vector (X, Z;), the
JVaR associated with the Normal specification is the upper bound of the class of scale mixture
of normals. In other words, the leverage consistency of the JVaR quantiles arising from the class
of scale mixture normal distributions is driven by the underlying Normal distribution. Using
the terminology of Artzner et al. (1999), this can be regarded as the homogeneity of the leverage
consistency of JVaR with respect to the class of scale mixture of normal distributions. Given
the definition of leverage consistent risk measure given in (3.2), we believe that is important
to evaluate whether the quantile \; is monotone in p if different types of extreme conditioning
events are considered. The next corollary formalises the result and can be interpreted as a

counterexample of Theorem 3.3.1.



Corollary 2. Consider Equation (3.1), and for all o, € (0,1), define the quantiles JVaR™
and JVaR= as follows:

- _ -1 = |
TVaRy (0,6) = Frly cpar(B) and  JVaRT(,f) = Fily oo (B (313)

Then, JVaR™ and JVaR= fail to be leverage consistent.

The calculations that show the leverage inconsistency of JVaR™ and JVaR= are reported
in Appendix A. A remarkable aspect of JVaR= is that it can be expressed in closed form in
terms of the quantile of the distribution of Z;|X; = F)}tl(a). This immediately suggests an
analytic relation between JVaR~ and the CoVaR of Adrian and Brunnermeier 2016, in the
stochastic representation. Thus in practice, it is possible to characterize the behaviour of the
former quantile using results available for the latter, and viceversa because for all «, 8 € (0, 1),
JVaR= o CoVaR=. Corollary 2 provides an example of this fact: similarly to the CoVaR of
Adrian and Brunnermeier 2016, JVaR= is not a monotone function of the underlying dependence
parameter. To give an interpretation based on the stochastic ordering theory, it means that the
conditional copula C’gt‘ X, () describing the dependence behaviour of JVaR= and CoVaR= does
not preserve the concordance ordering given by Cf(t’ Zt(’v ). As such, it is evident that the
supermodular ordering of copulas is not closed under differentiation.

Figure 3.2 shows JVaR, JVaR™ and JVaR™ as functions of the correlation coefficient p, when
X; and Z; follow a bivariate standard Normal distribution. Note that the use of a Gaussian
model can be justified with Corollary 1.

(a) JVaR(a,0.05) (b) JVaR™ («, 0.05) (c) JVaR= (e, 0.05)

Figure 3.2: leverage consistent (left panel) and leverage inconsistent risk measures, for varying
conditioning probability levels o and a common probability level 3 equal to 0.05.
The copula C%, , (Fx,, Fz,) is Gaussian with Fx, and Fyz, standard normal cdfs
and p € (=1, 1) correlation coefficient.

As expected from Theorem 3.3.1 and Corollary 2, Figure 3.2 shows that only JVaR is leverage
consistent. By comparing the leverage consistency of JVaR across different as, we can observe
that for large values of p the quantiles are out-of-order. A proper discussion about this fact will
be given in the next section. However, it is important to remark that in financial applications
where the distribution of the financial return Y; can be represented as in Equation (3.1), it is

unlikely to have such large and positive values of p.




We conclude the analysis by characterizing, the copula C’{’/t’ x, that arises from the joint
distribution of Y; and X; upon which the Joint Value at Risk is defined.

On the ordering of the copula

The leverage consistency of JVaR obtained by characterising the ordering of the random
variable Y; does not mean that, by construction, we have captured and described the whole
dependence of the pair (Y3, X;) underlying the distribution of Y;|X; > F)}tl(oz). To this end,
we derive structural results for the copula C’Sp/t x, in order to evaluate if this is in a one-to-
one relationship with C)p(h z,- This also allows us to explicitely relate the properties of JVaR
to the one of the copula C’f,t x,- Necessary conditions for the concordance, or equivalently,
supermodular ordering of the copula C{lt x, are given in Theorem 3.3.2. We use the symbol <.
to denote the concordance order.

Theorem 3.3.2. Consider Equation (3.1). If

a%Fyt (y) <0 (3.14)
and 5
a—ngtlxt(-) > 0. (3.15)
Then, for all p < p , ,
CR,z, e C%, 2z, = C% x, S C%, x, (3.16)
or analogously
Ch. 5 < C%, 5 = %E {%xt} >0 (3.17)
for Fy,(-) cdf of Y and Cgtht(') conditional copula associated with (X, Zy).

The conditions given in equations (3.14) and (3.15) are required to extend the concordance
ordering of the copula C)p(tht to the pair (Y, X¢), and can be related to Theorem 3.4 of Mainik
and Schaanning (2012) where the monotonicity of CoVaR is characterised by the ordering of
Cf;(t, 7,- As a matter of fact, the dependence structure of (Y, X¢) can be decomposed into a two-
step comparison that provides insights about the concordance ordering of C’{;ﬁ x, and the leverage
consistency of JVaR. In particular, Equation (3.14) emphasizes that the leverage consistency of
JVaR is necessary but not sufficient a concordance ordering of the copula CQ x,» as it Is instead
in for CoVaR (Mainik and Schaanning, 2012). This means that the leverage consistency of
JVaR is not in a one-to-one relation with the concordance ordering of the copula. On the other
hand, since Equation (3.15) refers to the monotonicity of the cumulative distribution function
of Z;| Xy, i.e. the CoVaR of Adrian and Brunnermeier 2016, then in practice, it is difficult to
apply Theorem 3.3.2. The conditions given in Theorem 3.3.2 and the relations of ordering (with

respect to p) discussed so far,allow us to compare Fy. and C7, |  (-). The statement is formalised

Zt|Xt
below, where the symbol <, refers to the supermodular order.

Corollary 3. Let Equation (3.1) hold. Then, for p € R and a € (0, 1)

Fy,/ <sm CZt‘Xt:F};l(a) (318)



Essentially, Equation (3.18) supports ex-post why in Theorem 3.3.1 we are agnostic about
copula and the marginal distributions of X; and Z;.

We now turn to analyse the monotonic behaviour of JVaR with respect to the conditioning
probability level a.

3.3.2 Distress monotonicity

The obejctive here is to understand how the distress scenario affects the monotonic behaviour
of JVaR. With this regards, the notion of distress monotonicity conveys the idea of JVaR as a de-
cresing function of the conditioning probability level a. Proposition 8 formalises this behaviour.

The corresponding calculations are reported in Appendix A.

Proposition 8. Let Equation (3.1) hold. Then, for o, € (0,1)

0
aJVaRt(a,B) <0 (3.19)
is equivalent to
JVaR(a, ) < JVaR™ (a, B). (3.20)

Equation (3.19) suggests that for varying o we have a decreasing sequence of independent
quantiles from the distribution of Y;|X; > F );tl (). Therefore, it means that as long as the value
of «a increases, the JVaR moves to the left of the underlying distribution. For risk management
applications, the notion of distress monotonicity indicates that larger values of «, i. e. a more
severe stress scenario, correspond to possible higher losses.

Essentially, the notion of distress monotonicity (see Equation 3.19) rules out the possibility
of any switchings between the JVaR quantiles over different values of a. However, as we can see
from Figure 3.2 (a), in theory there may be situations in which such switchings occur, and this
is mainly related to the role of the dependence parameter p. We explain this fact below.

For instance, as a by-product of Theorem 3.3.1, it is easy to see that

% (i)JVaRt(a,ﬂ)> > 0. (3.21)
In practice, Equation (3.21) indicates that the leverage consistency of JVaR is more accentuated
as long as « increases. On the other hand however, the derivative of Equation (3.19) taken with
respect to the dependence parameter p is not necessarily decreasing. This is because JVaR=,
whose stochastic reprensentation is proportional to that of CoVaR=, is not a monotone function
of p. Indeed, Figure 3.2 (a) shows that for large values of p JVaR is not a decreasing function
of the conditioning probability level a. As argued in Mainik and Schaanning (2012), this region
is exactly the one where CoVaR~ is decreasing in p. Hence, the notion of distress monotonicity
emphasises again the key role played by p for the behaviour of JVaR. Despite such technical
discussion, in practice, for the values of p and § that we are interested in, e.g. 8 close to zero
and p negative or close to zero, Equation (3.19) is satisfied.

The distress monotonicity of JVaR is illustrated below for different copula models, when the

random variables X; and Z; have standard Normal cumulative distribution functions.
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Figure 3.3: Distress monotonicity of JVaR(«,0.05) using different types of copulas: (a) Ellip-
tical, (b) Frank and (c) Clayton, with Fx, and Fy, standard Normal cumulative
distribution functions.

Figure 3.3 shows the JVaR quantiles as decreasing functions of .. In line with Theorem 3.3.1,
in each panel, the ordering of the lines indicates that lower values of the quantile correspond
to smaller values of p. It can be also noted the asymmetry between the parameters a and p.
As a matter of fact, the range of the risk measure is wider when the former increases and the
latter decreases. Regarding the different types of copula models, the left panel shows the effect
of tail dependence within the Elliptical framework. As expected from Corollary 1, the JVaR
based on a Student copula with four degrees of freedom stays below, i.e. it is more left extreme,
than under a corresponding Gaussian specification. Obviously, this type of behaviour can be
appreciated for all v < +o0.

The property of distress monotonicity will be exploited to derive a contribution measure
called delta JVaR, see Section 3.5.1.

3.4 Estimation

The aim of this section is to provide different estimation methodologies for the calculation
of JVaR in an unconditional modelling framework. To this end, our attention will be restricted

to the class of parametric and nonparametric estimators.

3.4.1 Parametric approach

The parametric estimator of JVaR arises naturally from the correct specification of the risk
measure, and as such it allows us to calculate the true JVaR. Indeed, it is simply obtained
by expressing the JVaR, as defined in Equation (3.2), in implicit form (see Equation 3.22)
and applying what is a standard practice in latent variable models, namely conditioning and
integrating out with respect to the density function of the unobserved variable. As a consequence,
such estimator cannot be specified in closed-form, and hence, the JVaR is calculated numerically,
see Equation (9). Note that it is a parametric estimator because it requires the specification of
the joint distribution of X; and Z;.



To formalise the result, it is convenient to write down the implicit definition of JVaR. Specif-

ically, for all a, 8 € (0,1), this is is given by
P (Y; < JVaRy(o, )| X; > Fxl(a)) = 8. (3.22)
Accordingly, we can now report the general computational formula of interest.

Proposition 9. Let Equation (3.1) hold. Then, for all o, € (0,1), Equation (3.22) is equiv-
alent to the following:

e (th (‘]V“Rf(o"ﬁ) - “)) dFyx, () = B(1 - a), (3.23)

k(o) fexp (%)

for Cz,x,(-) conditional copula associated with (Xy, Zt), Fz,(-) cdf of Z;, dFx, Radon-Nikodym
derivative of Fx, and k(-) = Fgfl( ).

Hence, given the distributions of X; and Z; and the type of copula Cf(h 7, for all probability
levels o and (3, JVaR can be obtained as the numerical solution of Equation (3.23). Note
that when « goes to zero, the integration domain of Equation (3.23) is (—oo, +00) so that the
corresponding quantile is given by the VaR.

The most obvious limitation of the approach just described is its tight parametrisation.
As a matter of fact, it is well-known that a departure of the assumed distribution from the
true one can have dramatic consequences in practice. Therefore, to overcome this deficiency a

nonparametric estimator is proposed in the following section.

We conclude with two examples where we use the regression lemma and obtain very simple
expressions for the semi-closed formula of Equation (3.23). This emphasizes the mathematical
tractability of such estimator. In the first case we treat the conditional distribution Z;|X; in
the spirit of Tong (2012), while in the second case we follow Ding (2016).

Ezample 6. Let Cf(t’ 7, (Fx,, Fz,) be a Gaussian copula with standard normal cdfs, and assume
@ =0and £ =1. Then, for all o, 8 € (0,1), Equation (3.23) is equivalent to

[VE]

IVaRi@,B) -5 »
/km)q)( V1—p? \/1_7>de¢ x) = B(1 - a) (3.24)

for k() = ®~1(-) and ®(-) standard normal cdf.

The JVaR quantiles of Figure 1 (a) have been obtained as the numerical solution of Equation
(3.24).

Ezample 7. Let C’)pgtl” 2,(Fx,, Fiz,) be a Student copula with degrees of freedom v and standard
Student-t, cdfs. Let p = 0 and £ = 1. Then, for all , 8 € (0,1), Equation (3.23) is equivalent
to

|

+oo
T ( v+1 JVaR(a,f) B(1—a) (3.25)

F
v+ 22 T2 e T— )d X, (T) =

for k() = 7,71(-) and T, (-) cdf of a standard Student-t, distribution.

k(a)



3.4.2 Nonparametric approach

This section introduces a theoretical framework for the nonparametric estimation of JVaR
using scoring functions, following Osband (1985) and Gnueiting (2011). The idea is closely re-
lated to the fact that, as discussed in section 2.2.3, in quantitative risk management is of crucial
importance to have a valid backtesting procedure. With this regards, our choice of investigat-
ing and characterising the elicitability of the JVaR is in line with the recent developments of
Nolde and Ziegel (2017) in the context of forecast evaluation, and more precisely, in the field of

comparative backtesting (Diebold and Mariano, 2002).

The remainder of the section formalises the notation and the methodology by highlighting
the main novel and unconventional aspects. Once the estimator is introduced and the case of
dynamic linear models discussed, its properties are investigated. In particular, consistency and
asymptotic normality of the two-stage M-estimator (Huber, 1964) are derived by using the theory
of Newey and McFadden (1994) and Weiss (1991), similarly to Dimitriadis and Hoga (2022) for
the CoVaR. The performance of the proposed estimator is in finite samples is illustrated with a
simulation study reported in Section 3.6. Note that since the methodology discussed below relies
on the notion of elicitability and various stochastic orders, it also justifies ex-post the technical

discussions given in the previous chapter, namely Section 2.2 and Section 2.3.

Notation and basic results on elicitability

Before entering into the details of JVaR, we fix the notation and recall some basic results
about the elicitability of quantiles. Specifically, we draw from Section 2.2 and adopt the decision
theoretical terminology of Gneiting (2011).

We exploit the fact that in our formulation (see Section 3.2) the VaR and JVaR risk measures
are law-determined, and naturally interpret them as the parameters of interest. For instance,
the symbol 6 will be used to denote a quantile, and hence the VaR, of the distribution of Y;.
Therefore, we have that the pinball-loss function originally characterised in Thomson (1978) and
Saerens (2000), and given by

S(0".Y:) = (Liv,<on — B) (0" = Y2) (3.26)

is strictly F-consistent for the quantiles, and hence the VaR of the distribution of Y; at any
probability level 5. In particular, the strictness property of the scoring function S(6”,Y;) comes
from the assumption of strict increasiness of the cumulative distribution functions of Z; and
X¢, which imply that of Fy,, see Equation (3.1) for details. This aspect is important because it
allows us to define 6” in terms of the underlying statistical functional. Indeed, for the functional
T :F — A C R with strictly F-consistent scoring function S(6",Y;), we have that T(Fy,)
only attains singletons, and can be therefore identified with its unique element 6 so that the
following identity
T(Fy,) = VaRg(Fy,) =0

is satisfied, for all Fy, € F and #” € A C R. We will proceed in a similar way for JVaR.



Conditional elicitability

Analysing the elicitability of JVaR represents a key step for the development of the desired
nonparametric estimation procedure. Indeed, as observed by Gueiting (2011), an elicitable
functional ensures the existence of a scoring function that allows for consistent M-estimation
(Huber, 1964). Specifically here, we build on the notion of indirect elicitation pioneered by
Gneiting and Raftery (2007), and study the conditional elicitability of JVaR.

The next statement, which is formulated in Lemma 5 of Fissler and Ziegel (2016), provides
necessary and sufficient conditions for conditional elicitability, and is crucial to understand the
setting of our analysis, as well as many of the forthcoming results. Using our notation and

without loss of generality, their result is formulated below for the case of univariate functionals.

Lemma 1. (Fissler and Ziegel, 2016).
Let T : F — A be a functional with a strictly F-consistent scoring function S : A x O — R.

Then the following two assertions hold:

i) Let ' C F and T\F: be the restriction of T to F'. Then, S is also a strictly F'-consistent
scoring function for Tz .

i) Let A C A" such that T(F) C A" and S|4 xo be the restriction of S to A" x O. Then,

S|arxo 18 also a strictly G-consistent scoring function for T'.

Coming to our context, the VaR plays the role of the functional 7', whereas T|g/ corresponds
to the JVaR. It is evident that Lemma 1 lies at the core of the conditional elicitability of JVaR,
and indeed this relation will be explained in detail and characterised throughout the section.
To formalise, the JVaR functional is a mapping of the form 7" : 7/ — R, with T” being the
restriction of T' to F' C F, and where

JVaRgo(Fy, x,) = VaRg (FYth,,>VaR(,(FXt)) =0, (3.27)

for all Fy,|x,>vaRr,(Fx,) € F' ' CF,0eRanda,B € (0,1). Again, the rightmost identity follows
from the uniqueness of JVaR and emphasises that we use 6 to identify the unique element of
T'(Fy, x,). Note that the use of the symbol 6 is consistent with the previous notation, as well
as with the statistical literature on point estimation. Considerations in terms of the probability
levels a and (3, that are intentionally removed from the notation, will be made whenever we
believe this is useful.

Now, it is immediate to introduce the strictly consistent loss function of JVaR.

Proposition 10. Let Equation (3.1) hold. Then, for all o, 8 € (0,1) and F' C F,
5(0,(Ye, X)) = 1{Xt>F;t1(a)} (1{Yt§0} - 5) (0 —Y1) (3.28)

is a strictly F'-consistent scoring function for 6.

In light of the discussion above, we can see that the consistency of S (0, (Y, X)) is obtained
based on the notion of conditional elicitability, following Fissler and Ziegel (2016). Specifically,
Equation (3.28) suggests that the consistent scoring function of the JVaR quantile is a member
of the class of functions that elicit the VaR. Indeed, the model specified in Equation (3.1), with



the o-algebra of Y; generated by a non-affine transformation of the random variables X; and
Z; emphasises that with JVaR we are considering the strictly F-consistent scoring function of
the VaR (of Y;) in a restriction of its domain. To the best of our knowledge, JVaR is the first
example of quantile risk measure conditionally elicitable, by construction.

Turning to estimation, the scoring function defined in Equation (3.28) yields that, at any

point in time, the unique minimiser of its expected score, i.e.

00 = ar%%}inE(Yt,Xt) [S (97 (Y;aXt))] ’ (329)
€

corresponds to the true unconditional JVaR at time ¢.

As emphasised by the notation, the solution to the optimisation problem of Equation (3.29)
requires to take the expectation with respect to (Y, X;), e.g. the joint distribution of Y; and
X;. However, this is problematic. This point will be explained in detail below. For ease of

exposition and readibility, the following more compact notation will be used:
Qo(8) = E(v,,x,) [S (0, (Ye, X1))] - (3.30)

The problem

Although the population function Qo(#) introduced in Equation (3.30) is well-defined, in
practice, it has an important drawback: its empirical counterpart given by

T
1
Qr(0) = T ; 1{xt>F;t1(a)} (1{YtS9} - 5) (6 —Y) (3.31)

is intractable. As a matter of fact, since the stochastic process {X;} is latent (see Equation
3.1), realizations from the random variable X;, as well as its a-quantiles, are never observed.
This means that the estimation of the true unknown JVaR parameter via the scoring function
S (0, (Y, Xt)), as stated in Equation (3.31), is infeasible.

At a first glance, the most natural and intuitive approach to overcome this issue is to ex-
press the consistent scoring function by means of an integral, using the well-known approach of
integrating against the density of the latent variable. However, following this idea, we find that

the solution to

arg min/ E [1{Xt>F;1(a)} (Lovecoy — B) (6 — Yt)} dFx, (z:) (3.32)
6crR  JR ¢
yields a biased estimator of y. An interesting exception is obtained when specifying a parametric
distribution for the vector (X, Z;), but this is akin to the parametric estimator discussed in
3.4.1, and thus not satisfactory for our purpose here.
Therefore, the solution proposed below consists in introducing a new scoring function that

is strictly consistent for 0, yet only depending on the random variable Y;.

A new class of consistent scoring functions

This section contains the main theoretical findings for the nonparametric nonparametric

estimation of JVaR. Specifically, we use the stochastic ordering theory to define a new class of



consistent scoring functions, and hence, solve the desired optimisation problem (see Equation
3.29). The case of dynamic linear models (see Section 3.4.2) that preserve the convexity of level

sets of the underlying scoring function (Osband, 1985) is also considered.

For the sake of clarity let us begin by re-writing our reference model. In order to simplify

the estimation procedure, and without loss of generality, we consider
Xy
}/t = g@ 2 Zt7 (333)

where the latent variable X; comes from a stationary stationary and ergodic stochastic process,
2

x)

and has finite first moments, with in particular zero mean and variance o3, whereas Z; is a
martingale difference sequence admitting a scale representation with mean 1, and unit variance.
Moreover, as before, we have that the copula C?(F¥,, Fz,) models the dependence between
X and Z; with the cumulative distribution functions Fx, and F, continuous and strictly

increasing.

Although the model above differs slightly from that in Equation (3.1), it is in practice very
advantageous. As a matter of fact, by letting the location parameter p equal to zero we avoid
a preliminary estimation step concerning with the scale parameter &, and p itself, and directly
calculate the JVaR. Hence, the only additional assumption compared to the original model is that
in order to identify £, here the martingale difference sequence Z; admits a scale-representation

and has unit variance.

Given the model in Equation (3.33), our strategy for the estimation of JVaR using scoring
functions is to derive a sufficient condition such that the conditioning event defined by the latent

variable X; can be expressed in terms of Y;. To this end, we note that
X; =log(V;?) — 2log(¢) — 2log | Z|

and hence, establish a condition such that there exists a new loss function, say S (9, (g(Y;z), Yt)),

for g : RT + R continuous and non-decreasing and with

Qo(0) = E[S (8, (9(Y2),V3))]

that satisfies

Qo () = Qo(0) (3.34)
at the true parameter value, namely for § = 6y. The identity between the population functions
Qo(#) and Qo(6), which is a necessary condition for the consistency of S (9, (g(Yf), Yt)), the
new scoring function, is formalised below (see Theorem 3.4.1) based on the notion of convex
ordered random variables (Cheung et al., 2015). As a matter of fact, we know from Section 2.3.1
that the convex ordering provides a natural approach to charaterize the the scoring functions
S(0,(X:,Yy)) and S (0, (9(Y;?),Y:)) such that they yield the same expectation, meaning that
Equation (3.34) is satisfied.

Differently from S (6, (X;,Y;)), by expressing the conditioning event in terms of Y2, we
introduce information coming from the copula model, see Equation (3.33). Hence, it is obvious
that our condition needs to implicitely distinguish between positive and negative values of the

dependence parameter p, so that the underlying objective functions are properly characterised.



A new class of feasible scoring functions, that is strictly consistent for JVaR is formalised
below. It is the main finding of the section as it opens the way for the nonparametric estima-
tion of JVaR. Similarly to Section (2.3.1), the symbol <, denotes a relation of second-order
stochastic dominance.

Theorem 3.4.1. Let Equation (3.53) hold and assume log(Y;?) <sst X¢. Then, given o € (0,1)
and B, = {0 <f<f<1:B=Fy ( g1 (Fg_(}l,i,)(a)>> }, the scoring function

2 —1
g(Yt >F v ()

S0, (9(v2),v1)) = 1{ } (Lpv.<oy — B) (0 — Y1) (3.35)

with g : RT — RT continuous and non-decreasing, is strictly consistent for 0.

Theorem 3.4.1 provides an effective solution for the nonparametric M-estimation of JVaR.
Indeed, the real-valued scoring function S (0, (g(Ytz), Y})) depends only on variables that are
in F;, i.e. our information set, and is such that its expected value is equal to that of the
original loss at the true JVaR parameter, namely Qq(6y) = QO(HO). The proof of Theorem 3.4.1
is in Appendix A.1 and shows how we have obtained the identity between Qq(6) and Qq(8).
Essentially, Theorem 3.4.1 indicates that by exploiting the dependence between X; and Z; we
can consider the a-quantile exceedances in g(Y;?), rather than X, in order to study the left tail
of the distribution of V;|X; > F );tl (o), for arbitrary values of «. In particular, the fact that
we exploit the copula model to increase the information in the left tail of the distribution of
Yi|g(Y?) > Fg_(ll/tz) (a), also explains why the stochastic ordering condition is usually satisfied for
values of the dependence parameter p that corresponds to a negative correlation. Moreover, the
use of the function g(-) in the conditioning event emphasises that with S (6, (9(Y),Y;)) we have
an entire class of feasible strictly consistent scoring functions for JVaR. This type of flexibility is
obtained by invoking the property of invariance of the quantile under suitable transformations,
e.g. the function g(-), as explained in Koenker and Bassett Jr (1978), and further investigated
by Hosseini (2010).

Another crucial aspect of Theorem 3.4.1 is related to the class of probability levels B,.
In particular, the upper bound 3 allows us to identify the largest value of 3 such that, for all
a € (0,1), we can estimate the true JVaR by employing the distribution of Y;|g(Y;?) > Fg_(ll/f) ().
Note that since the random variable Y; is continuous and ¢(-) is continuous and non-decreasing,

the value of 3 does not depend on the choice of g(-) because

(=il (@) = (—yfom (o (520@) ) = 3 (- R @).

Technically, the upper bound § has been obtained based on Lemma 2.5 of Fissler and Ziegel 2016

- here reported in 1 - and conveys the idea that our approach provides a local equivalent char-
acterization, i.e. the left tail, of the distributions of Y;|g(V;?) > Fg_(il/tg)(a) and }’t|Xt > F)?}(a).
To put into practice, B, ensures that for any a € (0,1), the scoring function S (6, (9(¥;),Y:))
is well-defined for the conditional elicitability of the JVaR functional as defined in Equation
(3.27).

The next corollary makes the role of Theorem 3.4.1 explicit for M-estimation.



Corollary 4. Let the assumptions of Theorem 3.4.1 hold. Then, for all 8 € © C R,

0= aragelginE [S(0, (9(Y?2), Y2))] (3.36)

satisfies

S
Il
>

o

(3.37)

almost surely.

Equation (3.37) plays a key role because it suggests that

Brtovprsry by @0 =5, (338)
which corresponds to the correct specification of the S-quantile of the distribution of Y;|X; >
F);tl (o). As a matter of fact, by combining Equation (3.38) with Equation (3.22), one gets

FYt|g(Yt2)>F;(;2)(a)(9) = met>F;t1(a)(90)
t
where the term on the right hand side is the implicit definition of JVaR as given in Equation
(3.22). Therefore, Equation (3.38) defines a moment restriction that identifies the conditional
quantile parameter 6y. Using the terminology of Komunjer (2005), 0 can be regarded as the

pseudo-true JVaR parameter from M-estimation.

Remark 1. As a special case of S(6, (Y;,g(Y;))) with g(¥;) = /Y2, under the assumptions of
Theorem 3.4.1, it is possible to estimate the JVaR by using Y; for the VaR conditioning event,

see Apeendix . In particular, Equation (3.36) becomes

0= aregen@nnE 1{Yt§FY;1(17Q)} (l{ytgg} - ﬁ) (9 - }/t)

To conclude, the connection with the identification function is discussed.

On the identification function Having defined a class of strictly consistent scoring func-
tions, we now provide a simple formula for the calculation of JVaR. To this end, an appropriate
moment condition is obtained by exploiting the link between (strictly) consistent scoring func-
tions and identification functions discussed in Section 2.2.1. In particular, since Y; is continuos,
we can apply Fubini’s theorem and calculate the true JVaR as the zero of the derivative of the
class of strictly consistent scoring functions introduced above (see Theorem 3.4.1), i.e. based on
the identification function. The next statement formalises the strictly consistent identification
function of JVaR.

Proposition 11. Let the assumptions of Theorem 8.4.1 hold. Then,

VOB =1 s, ) (s =) )
(v

is a strictly consistent identification function for 6.



It is clear that Equation (3.39) yields the following moment condition

E } (Lyvi<oy — B) | =0, (3.40)

1
{eor>F 1, @

which can be used for the computation of the true JVaR. Proposition 12 addresses this point.

Without loss of generality, in order to facilitate the calculations, we consider the identifiction

function of Equation for g (Y;Q) = Y2

Proposition 12. Let the assumptions of Theorem 3.4.1 hold and assume 0y < —, [ Fy2 ().
Then, 0y is the unique solution of

P (Y, <6y) - B {1 .y (Yt <, /F;tzl(a)) +P (Yt < - F;t;(a))} = 0. (3.41)

Since for VaR-type applications the interest lies in the left tail of the distribution of interest
for probability level of 5% or below, the assumption of §y < 0 in practice is not restrictive. On
the contrary, it is crucial to achieve P (Y; < 6, Y;? > F;fgl (a)) = P (Y;: < 6p) for all « € (0,1),
and therefore, the final formula of Equation (3.41).

In light of the discussion given in 2.2.3, it is clear that the consistent scoring function
S (6, (9(Y;?),Y:)) and the associated identification function V (6, (g(¥;?),Y;)) as defined above
are very important also for other purposes. For intance, they are ready to be used for the im-
plementation of backtesting procedures in the spirit of Diebold and Mariano 2002 and Kupiec
et al. 1995.

Extension for dynamic models

The extension of the methodology proposed above to the time-series framework is straight-
forward by considering a specific class of dynamic models. The key point is that since the
distribution of Y; is continuous, it is well-known from Steinwart et al. (2014) that the convex
level sets property of the JVaR functional provides a sufficient condition for its elicitability.
With this regards, our approach is to consider linear dynamic models so that the scoring func-
tion S(8, (g(Y;?),Y})) is strictly consistent for JVaR. To this end, we only need to introduce more
structure on {X;}, which is now assumed to follow a general ARMA model.

Assumption (A1): Xy =372 thym—; with ¢ =1, 3772, Y7 < oo and 1, ~ WN(0,07).
Assumption (A1) ensures that the dynamic marginal JVaR can be estimated via the scoring
function S(, (Yz, X¢)) defined in Equation (3.35). This is because, as recommended in Osband
(1985) and Laguel et al. (2021), the convexity of the set generated by X; allows us to preserve
the property of convex level sets of the JVaR functional, and in turn, the consistency of the
underlying scoring function.

The next statement formalises this discussion.

Corollary 5. Let the assumptions of Theorem 3.4.1 and (A1) hold. Then, for 6 € © C R,

Bl 1ive<oy — B) (6 — Y
{g(v§)>F—1 )(a)} (Live<oy = B) ( t)

2
g(Y{



is minimised by the true JVaR.

Based on Corollary 5, it is also possible to obtain the consistency of the identification function
originally defined in Equation (3.39).

Now, we turn to analyse the properties of the proposed M-estimator.

Properties of the two-stage M-estimator

Consistency and asymptotic normality of the JVaR M-estimator defined in Equation (3.36)
are established below. Therefore, here we are concerned with providing conditions under which
the estimator exhibit the desired behaviour. The key point for consistency is to apply a suitable
law of large numbers so that an average converges to its expectation. An interesting discussion
about this topic is given in Andrews (1987). On the other hand, asymptotic normality is based
on central limit theorems and amounts to statistical inference, which cannot be performed with
consistency alone. Good references in this case are the seminal papers of Weiss 1991 and White
1994, and Huber 1973 specifically for M-estimators.

Since JVaR is defined as an extreme left quantile of a conditional distribution where the
conditioning event is a tail event, its estimation requires a two-stage procedure. Indeed, we

first need to estimate the VaR parameter associated with the indicator 1
g(Y3)>Fg’(i2)(a)
restricts our analysis to the observations with such exceedances, and then obtain the true JVaR

} that

parameter, e.g. 5. Note that a similar approach is adopted by Dimitriadis and Hoga 2022 to

introduce an M-estimator of the CoVaR in a dynamic quantile regression framework.

Consistency and asymptotic normality Let (y1,ys, ..., y7) be an observed time series, and
let the VaR and JVaR parameters ¥ and 6 be such that ¥ € ©¥ C R and § € © C R. Estimators
of 6§ and 6y are introduced below based on the following bivariate real-valued scoring function:

s*< (9”> (g(Yf)> >:< o 8(0m9() )
0 ) Y S((6°,0), (9(Y?), 1))
:< (Taoverzoy =) (67 = 9(v)) )

Ligovzysor (Lvezoy — B) (0 = Yy)

(3.42)

Equation (3.42) emphasizes in a clear way the conditional elicitability of JVaR with the VaR.
As a matter of fact, in the first component we have the check-loss function related to the VaR
exceedances in volatility, whereas in the second component we have the feasible JVaR, scoring
function defined in Equation (3.35).

Therefore, under the model setup of Equation (3.33), where the shock Z; is a martingale

difference sequence with unit variance, the VaR parameter (first-stage) is estimated as

!

Hv 1 v
0% = a(gvgenglinf ; <l{g(y3)§9v} - 04) (0" — g(y7)) (3.43)



so that the two-stage JVaR estimator is defined as

T
. 1
Or = argmin Y Lgorysiny (Livsoy = B) (0 —w0) (3.44)
6O t—1
The consistency of the JVaR M-estimator defined by Equation (3.44) is formalised below.
In particular, we first list the assumptions and then report the statement in Theorem 3.4.2.

Assumptions (A2)
i) {Yi},cy is a stationary and ergodic stochastic process on (£, A, P).
ii) ®©=0" x © is a compact parameter space on R2.
iii) 6p is an interior point of O.

Theorem 3.4.2. Let the assumptions of Theorem 3.4.1 and A1, A2 hold. Then, as T — 400,
Or is strongly consistent for 6.

The proof of Theorem 3.4.2 is based on Theorem 2.1 of Newey and McFadden (1994) and
reported in Appendix A.3. Obviously, a key role is played by Theorem 3.4.1 with the consistency
of the scoring function that allows us to identify the true parameter. Regarding the assumptions
given in A1, we have that i), ii) and iv) are all standard conditions for parameter estimation in a
time series framework (Andrews 1987 and White 1994), and refer to the data generating process,
the parameter space and the identifiability of the parameter of interest, respectively. Moreover,
since the objective function S ((0”, 0), (g(Ytz), Yt)) is convex in at the true JVaR parameter, it
follows from Pollard (1991) that the convergence of the estimator f7 is uniform on ©.

Another interesting aspect that arises from Theorem 3.4.1 is that the class of probability

levels B, which allows us to characterize the consistency of the estimator O as follows.

Corollary 6. Let the assumptions of Theorem 3.4.2 hold. Then for all 8’ < 8, as T — +oo,
Or is strongly consistent for 6.

Corollary 6 suggests that if fr is a consistent estimator of the true JVaR at the [ probability
level, then this is preserved as long as estimating the JVaR quantiles further in the left tail, i.e.
considering smaller values of 3, e.g. [’. Essentially, the result is an implication of Lemma 2.5
of Fissler and Ziegel (2016), which ensures that Theorem 3.4.2 applies.

Finally, we derive the asymptotic distribution of O following Dimitriadis and Hoga (2022).
Compared to consistency, the following additional assumptions are required. Note that since we
do not consider any dynamic regression model, our conditions are less technical than those of
Dimitriadis and Hoga (2022).

Assumptions (A3)

i) fv, () is Lipschitz continous on its domain and bounded from above.

ii) The density of g(V;?) is fovz) () and satisfies fyy2)(65) > 0.

iii) The function g : R™ — R¥ is continuous and non-decreasing.

)
)
)
iv) The quantities (fyt(ﬁo) — agFg(yf)’yt(gg, 00)> and (fg(yf)(ﬁg) — 61Fg(yt2),yt(98790)) are
strictly positive.



Theorem 3.4.3. Let the assumptions of Theorem 3.4.2 and A3 hold. Then, as T — +oo,

VT (05— v0) =5 N (0,4, VA )

. " (65, 9(y7)
237 |8 ((05.60) (9(5), ) ) | - N (0, Jo) (3.45)
=t S (é%700)’ (g(th ayt)

for
(V0o [ all-a) 0
Ay =FE {fg()m)(eo)} Jo = < 0o J ) ( 0 5(1 _ ﬂ)(l _ a) )
and
Ao = (A7 A AL =AG))
with

Ao =B [f.(00) = 0:Fyv2y v, (05,00)]  Auy = B [Blyv2)(08) = 01 Fyrv v, (63, 00)] -

The result is obtained based on Lemma A.1 of Weiss (1991), and as usual, involves a mean value
expansion. Since the identification function defined in Equation (3.39) is equal to the derivative,
taken with respect to 6, of the underlying strictly consistent scroring function S ((0”, o), (9(v?), yt)),
the M-estimator has an equivalent Z-estimator, with also the same asymptotic distributions
(Dimitriadis et al., 2020). In terms of efficiency, it means that the M-estimator is able to attain
the efficiency bound of the corresponding Z-estimator. However, it is not clear which choice of
g(+) corresponds to the most relative efficient estimator.

A simulation study in Section 3.6 illustrates the good performance of the proposed estimator.

3.5 Related risk measures

Based on JVaR and inspired by the work of Adrian and Brunnermeier 2016, in this section we
introduce and collect results for two tail dependence risk measures called delta JVaR (AJVaR)
and Joint Expected Shortfall (JES).

3.5.1 A Joint Value at Risk

The purpose of AJVaR is to monitor risk. Indeed, at each point in time, this new risk
measure quantifies the additional information provided by the quantile of the distribution of Y;
when the random variable X} is in its right tail, compared to when is not. This means that for all
probability levels «, we isolate the impact of the conditioning event that affects the S-quantile
of the distribution of Y;|X; > thl(a). Hence, the idea of the AJVaR is similar to the ACoVaR
of Adrian and Brunnermeier (2016), see Section 2.1.2 for details.



Definition 3.3. Let Equation (3.2) and Equation (3.3) hold. Then, for all o, € (0,1),
AJVaR(a, ) is uniquely defined as

AJVaR(a, B) = JVaR(a, B) — VaR(f). (3.46)

For any o and a given 3, AJVaR measures the distance between the JVaR and VaR quantiles,
where the latter plays the role of the benchmark. So, it is evident that this new risk measure
builds on the monotonic behaviour of JVaR, as discussed in Section 3.3.2. Indeed, it captures
how different volatility stress scenarios affect the extremeness of the quantiles of the return
distribution Y;, thus reflecting the corresponding increment in financial risk.

In practice, in line with the recommendations of the Basel Committee (BCBS, 2016), AJVaR
offers a framework for the implementation of a stress testing procedure in order to rank com-
panies based on the impact of extreme volatility. Notably, since JVaR is defined at firm level,
the AJVaR can be used for comparative analyses without necessity of rescaling for the company
size, as it is required by the ACoVaR (Adrian and Brunnermeier 2016, Girardi and Ergiin 2013)

and more generally by sistemic risk measures.

Leverage consistency Concerning the monotonic behaviour of the risk measure with respect
to the dependence parameter, we find that similarly to the JVaR, the AJVaR is leverage consis-
tent. This is because the latter is defined as a linear combination of leverage consistent quantiles
based on Equation (3.21). Again, when a scale mixture of normals distribution is specified for
the vector (X¢, Z;), an explicit result can be obtained through the characteristic function based
on the supermodular order, see Example 5. The leverage consistency of AJVaR is formalised in

the next corollary and illustrated in Figure 3.4.
Corollary 7. Let Equation (3.46) hold. Then for all p < p’ and o, 8 € (0,1)

AJVaR; (o, f) < AJVaRy (v, ) (3.47)

Figure 3.4 shows the leverage consistency of the AJVaR. As expected from Equation (3.21),
the range of the risk measure as a function of p is wider for higher values of a. This means that

for all p the distance between the the JVaR and the VaR is larger as long as « increases.

Estimation

The parametric and nonparametric approaches introduced for JVaR can be applied to com-
pute the AJVaR. Indeed, the parametric AJVaR can be calculated just by taking the difference
between the JVaR and the VaR obtained as the numerical solutions of Equation (3.23). Similarly
for the nonparametric case, where the AJVaR can be obtained from the individual M-estimators
of the VaR and JVaR quantiles, see equations (3.26) and (3.35). Moreover, given the results
available for JVaR, consistency and asymptotic normality of the nonparametric estimator of the
AJVaR will follow by applying Slutsky’s Theorem and the Delta Method.

At this point, we consider another exceedance risk measure called Joint Expected Shortfall.
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Figure 3.4: leverage consistency of AJVaR;(«,0.05), when the vector (X¢, Z;) follows a bivariate
Gaussian distribution with zero mean, unit variance and correlation coefficient p €
(=1,1). The probability level 3 is equal to 0.05, while the values of « vary from 0.1
to 0.9.

3.5.2 Joint Expected Shortfall

Joint Expected Shortfall, denoted by the acronym JES, combines aspects of JVaR with
additional information about its underlying distribution in the tail. One of the main reasons
behind the introduction of JES comes from the fact that similarly to the VaR, the JVaR is neither
subadditive in the sense of Artzner et al. (1999), nor able to inform about the whole left-tail
region of the distribution of Y| X > Fy'(a), see also Section 2.1 for more details. Moreover,in
light of the increasing attention placed on the ES in the Basel III accords (BCBS 2016 and
de Basilea 2019), we believe that this extension of JVaR can be also important for regulatory
purposes.

In the definition below it is evident that the purpose of JES is to measure the expected loss

of a firm under possible volatility distress scenarios.

Definition 3.4. Let Equation (3.2) hold. Then, for all o, 8 € (0,1), JES is uniquely defined as

B
JESi (o, B) = %/0 JVaR:(«, q)dg. (3.48)

Joint Expected Shortfall is equal to the mean of JVaR over all ¢ that are lower or equal to
(. This relation is analogue to those of ES and CoES with the VaR and CoVaR respectively,
see Section 2.1.2. As a matter of fact, JES is the expected value of the distribution of Y; given
that the volatility is in its right tail and the JVaR threshold has been exceeded. Hence, for all
a, B € (0,1), JES can be alternatively defined as

JESi(a, B) = E [Y4|Y; < JVaR(a, B), Xy > Fx ! (a)] . (3.49)

From the definition of JES it is immediate to see that, analogously to the VaR, the ES can be
recovered as a limiting case of JES by applying Fubini’s theorem. Hence, for all 5 € (0,1) we



have that
lim JESi(a, ) = ESy(8), (3.50)
o—r

which corresponds to the tail expectation of the distribution of Y; at the £ probability level.

Properties

Differently from JVaR, JES does not suffer the lack of subadditivity. Indeed, Equation (3.48)
suggests that it can be represented as a spectral risk measure in the sense of Kusuoka 2001 and
Acerbi (2002), see Section 2.1.2 for technical details.

Concerning the monotonicity properties, JES inherits both leverage consistency and distress
monotonicity from JVaR. As a matter of fact, by integrating the JVaR quantile with respect to
the probability level 3, the probabilistic structure of the underlying conditional distribution is
not alterated. Formally, Theorem 3.3.1 yields the next corollary.

Corollary 8. Let Equation (3.48) hold and assume E [|Y;| X, > F);tl(a),yt < JVaR(a, B)|] <
oo. Then, for all a, € (0,1) and p < p/

JES,(a, ) < JES, (e, B). (3.51)
Analogously to the VaR, the A-risk measure associated with JES is defined as
AJES (o, B) = JESi(a, B) — ES(B) (3.52)

and quantifies the expected increment in financial risk due to volatility distress. Clearly, what
is of central importance here is the monotonic behaviour of JES with respect to «, in line with
Equation (3.21). By resorting to the notion of distress monotonicity given in Section 3.3.2, we

have that for «, 8 € (0,1)

0
S ESila, ) <0

is equivalent to

JES (o, B) < %/0 JVaR™ («, q)dg, (3.53)

where the term in the right hand side of the inequality is proportional to the expected value
of the quantile of Z; given that X; is greater than its o quantile and Z; is below the JVaR~=
quantile. Again, since CoES™ is not monotone in p, it follows from Section 3.3.2 that the ES
may be lower that JES especially for values of p that correspond to a positive large value of the
correlation coefficient, see Figure 3.5 for a graphical example. Despite such theoretical result,
we remark again that for financial applications, it is unlikely that the ES is more left extreme
than its JES counterpart.

The monotonic behaviour of JES is illustrated in Figure 3.5. In particular, the left panel
of the figure shows the leverage consistency of JES and ES compared to JVaR and VaR, for «
equal to 0.5 and 8 equal to 0.05, whereas the right panel shows the decreasing behaviour with
respect to «, for negative values of p. As expected from the definition of the risk measure given
in 3.4, keeping the values of the parameters fixed, JES is always below the corresponding JVaR.

As previously discussed, the crossing behaviour between the JES and ES lines, indicate that for
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Figure 3.5: Monotonicity properties of JES;(«,0.05) and JVaR;(«,0.05), dashed lines, when
the vector (X, Z;) follows a bivariate Gaussian distribution with zero mean, unit
variance and p € (—1,1) correlation coefficient.

large positive values of the correlation coefficient, neither JVaR nor JES are decreasing functions

of a.

Estimation

In line with the AJVaR, either the parametric and the nonparametric methodology developed
for JVaR can be adopted for the estimation of JES. By definition, in the parametric case, JES
can be obtained as the solution of a double integral. Specifically, we first need to obtain the
JVaR based on Equation (3.23), and in turn, calculate JES according to the defining equation
reported in 3.48. Consequently, all parametric assumptions will concern with the calculation of
JVaR, as discussed in Proposition 9.

On the other hand, if the assumptions of Theorem 3.4.1 are satisfied, it is immediate to
estimate JES nonparametrically. This is because for all a € (0,1), the upper bound 3 defined
in Theorem 3.4.1 ensures that the left tails of the conditional distributions of Y| X; > F)}tl(a)
and Y;|g(Y?) > Fg_(}l;;)(a) are almost surely equal up to such probability level 3. Accordingly,
we can now formalise the next statement which allows for a nonparametric estimation of JES.

Corollary 9. Let Theorem the assumptions of 3.4.1 hold. Then, for all o € (0,1)
E[YilY: £0,X > Fgl ()] = E [YilYi < 0,72 > Fyl(0)] (3.54)

provided that E [|Yy| X, > Fx'(a),Y; < 0] < o0 and E [|Vy|X; > F!(0),Y; < 0]] < o0,

Corollary 9 generalises the nonparametric methodology developed for JVaR from the quantile
case to the corresponding tail expectation. In this way we are able to make a further step and
contribute to the existing literature in the context of functionals that are jointly elicitable with
quantiles (Fissler and Ziegel 2016, Dimitriadis et al. 2020 and Dimitriadis and Hoga 2022)



Alternatively, the identity in Equation (3.54) can be also obtained by combining Theorem 3.4.1
with the results derived by Cheung et al. (2015) in the context of convex ordered random
variables, see 5. Specifically, in order to apply their result, it is crucial to express JES in terms
of a distorted expectation and consider the following relation of convex ordering

Vil Se Yillgoaoe @) (3.55)
which has been derived for the consistency of the JVaR loss S(6, (9(Y;?),Y:)).

From a structural perspective, in order to highlight the innovative aspect of this approach,
it is important to emphasise the setting of the joint elicitability of JES, with respect to the
ES (Fissler and Ziegel, 2016) and CoES (Fissler and Hoga, 2022). Indeed, the elicitability
(identifiability) of the pair (JVaR, JES) relies on the conditional elicitability (identifiability) of
the quantile component, which is slightly different from that of CoES because in the triplet
(VaR, CoVaR, CoES) the conditional quantile, i.e. CoVaR, and the related tail expectation are
nested in a framework of joint elicitability. With this regards, the elicitability of JES is closer
in spirit to the ES, which is jointly elicitable with its quantile counterpart.

Adopting a notation similar to the previous sections, hereafter the JES parameter is denoted
with 8* and the associated true value with 6§. Therefore, the next statement formalises the
elicitability of JES.

Proposition 13. Let the assumptions of Thoerem 3.4.1 hold and assume E [|Y;]| X; > F)}tl (@),Y; <0]] <
o0. Then the scoring function S ((6,6%), (Y1, Y2)) defined as

1

S((0.07), (Y2, Y1) = Livasr-2ayy | (Levizoy = B) H(O) = Livo<oy H(Y) ¢/ (607) (9* +3

2
Yt

(Yilgvo<oy) +0(Lpv,<oy — ﬂ))
(3.56)

where g : R — R is increasing, ¢ : R — R is strictly convex with (;5/ <0, and S ((97 6%), (Yf, Yt))

is integrable for all FY:ZI (o), is strictly consistent for 6*.

In order to avoid unnecessary technicalities, below we discuss the nonparametric estimation
of JES with JVaR in terms of the identification function, by exploiting the equivalence with
the derivative of the strictly consistent scoring function, see Section 2.2.1 and Dimitriadis et al.
(2020) for details. In other words, we are implicitely characterising the JES M-estimator via the

equivalent Z-estimator.

Corollary 10. Let the assumptions of Thoerem 3.4.1 hold, and assume
E [V} X, > F);tl(a),Yt < 0|] < co. Then the function V ((0,6*), (9(Y?),Y:)) defined as

~ 1{g(\?§>>F‘(;2)(a)} (Lpve<oy — B)
V (6.6, (9(¥2) ) = D -
Lvesrtan {9 + 5 (Vilgve<oy) + 0(1gv.<oy —ﬂ)}

is a strictly consistent identification function for the pair (6, 6%).

In practice, since JES depends on JVaR, a three-stage procedure is required for its nonpara-
metric estimation. As a matter of fact, given the JVaR M-estimator 61, JES is obtained using
the plug-in method in the second component of the function V ((0,0%), (9(Y2,Y1))), so that 0z



is obtained as the solution of the following first-order condition

T

1 L1 A

72 Lvesan [9 ~ 5 (Mlviciny) 0 (Lpvi<on _ﬂ)} =0 (3.58)
t=1

where 6* is a Z-estimator with an equivalent M-estimator, and arises from the moment condition

below )
E {1{v3>FY;<a>} <9* — 5(Milvezoy) +0(Lgvezoy — 5)>] =0.

The properties of 6* can be studied via the identification function V ((6,6%), (9(Y2,12)))
based on the results available for JVaR.

Corollary 11. Let the assumptions of Theroem 3.4.2 hold. Then, as T — 400, QA} N 5.

Corollary 11 is an implication of Theroem 3.4.1, and more precisely of Corollary 6. As a
matter of fact, the consistency of JES is intrinsically related to the one of JVaR via Corollary
6. The only additional assumption compared to the consistency of the JVaR M-estimator is the
integrability of the left tail of the underlying distribution, which is however a standard require-
ment for such tail expectation to be finite. The performance of this estimator is investigated
in the simulation study reported in the next section, together with the JVaR. Note that the
development of suitable tools to conduct statistical inference requires particular care and is still
an open problem. The main difficulty is related to the fact that JES involves an expectation
under a joint conditional event.

Therefore, given the structural results on elicitability and identifiability, following Nolde and
Ziegel (2017) it is possible to evaluate the JES forecasts, and hence to implement backtesting

procedures that are in general nontrivial (McNeil et al., 2015).

3.6 Monte Carlo

In this section we perform a simulation analysis to study the finite-sample properties of the

nonparametric estimators of JVaR (A7) and JES (63).

3.6.1 Description of the simulation study

Based on the consistency of the feasible scoring function S(6, (g(Y;?),Y:)) characterised in
Section 3.4.2, the dynamic marginal JVaR and JES are estimated by considering the following
data generating process (DGP):

Xt
Y, =€ 7, X;=6Xi1+ 1. (3.59)

In particular we consider: X; Gaussian with zero mean and variance 02 = 72 /(1 —¢?), for 7 > 0
and |¢| < 1, Z; " N(pz,1) and i N(0,1). Moreover, the dependence between 7, and X
is described using a copula Cg(t,m (Fx,, Fy,), with p € R. Similarly to the previous setting, the
cdfs Fx, and F), are strictly increasing and continuous. Therefore, we compare results for two

different copulas:

M) a Gaussian copula



T = 1000 T = 2000 T = 5000 T = 10000 T = 50000
o Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE
0.50 | 0.014  0.442 | 0.006 0.312 | 0.002 0.197 | 0.001 0.139 | 0.000 0.062
0.55 | 0.016  0.480 | 0.007 0.339 | 0.002 0.214 | 0.001 0.151 | 0.000  0.067
0.60 | 0.021  0.529 | 0.009 0.373 | 0.003 0.236 | 0.002 0.166 | 0.000 0.074
0.65 | 0.026  0.586 | 0.011 0.414 | 0.004 0.262 | 0.002 0.185 | 0.000  0.082
0.70 | 0.034  0.662 | 0.015 0.467 | 0.005 0.296 | 0.003  0.209 | 0.001  0.093
0.75 | 0.044 0.759 | 0.020 0.536 | 0.007 0.339 | 0.004 0.240 | 0.001  0.107
0.80 | 0.062  0.900 | 0.028 0.634 | 0.011 0.401 | 0.006 0.284 | 0.001 0.126
0.85 | 0.089 1.112 | 0.042 0.786 | 0.016 0.496 | 0.009 0.351 | 0.002 0.157
0.90 | 0.162  1.494 | 0.074 1.057 | 0.028 0.667 | 0.015 0.472 | 0.003  0.210

Table 3.1: Bias and root mean square error (RMSE) between the JVaR(«,0.05) estimates and
their true values in the M7 model for g = 0.05.

Ms) a Student copula with v = 3 degrees of freedom

and in both cases we set the parameters (¢, 7, p) = (0.9,0.85,—0.7). On the other hand, for p,
and & we choose (p,&) = (0.11,0.37) in the Gaussian case (M;) and (p,§) = (0.10,0.35) in
the Student case (Ms). In practice, such values of the parameters correspond to the following

moment conditions:

E[Y;] =0
Vv =1

Essentially, this means that we are identifying the scale parameter £, that in our model can be
regarded as the standard deviation of a new random variable, say Z;, defined as Z, = £Z;, by a

restriction on the variance of Yy, i.e. V[¥;] = 1.

3.6.2 Results

The results of the simulations for 5 = 0.05 and a = (0.5, 0.55, 0.6, 0.65,0.7,0.75,0.8,0.85,0.9)
are reported below. For both of the models, at any probability level a and 3, we calculate 1 and
é; by minimising the corresponding strictly consistent scoring functions introduced in sections
3.4.2 and 3.5.2, using five different sample sizes, namely 7' = {1000, 2000, 5000, 10’000, 50’000, 100’000} .
For each sample size, the simulation scheme is repeated N = 100’000 times and the accuracy of
the proposed nonparametric estimators is evaluated by calculating the empirical measures of bias
and root mean square error (RMSE). Specifically, these two quantities over the N replications

are calculated as

N N
Bias(f) = % 3 (én - 90) RMSE(f) = % 3 (én . 90)2 (3.60)
n=1 n=1

for the JVaR parameter and the same for its JES counterpart.
The results at the 8 = 0.05 probability level are shown in tables 3.1-3.4. Fach table is
subdivided in five panels according to the length of the serie (T'), and they are all composed of



T = 1000 T = 2000 T = 5000 T =10'000 T = 50'000
o Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE
0.50 | 0.092 1117 | 0.043 0.803 | 0.017 0.513 | 0.009 0.365 | 0.002  0.164
0.55 | 0.145 1187 | 0.049 0.864 | 0.028 0.551 | 0.010 0.393 | 0.002  0.176
0.60 | 0.117  1.301 | 0.056 0.938 | 0.028 0.600 | 0.011 0.427 | 0.003  0.192
0.65 | 0.193  1.403 | 0.065 1.028 | 0.038 0.656 | 0.013  0.469 | 0.003  0.210
0.70 | 0.160 1577 | 0.077 1.143 | 0.030 0.732 | 0.016 0.522 | 0.004  0.234
0.75 | 0.281  1.746 | 0.094 1.293 | 0.056 0.827 | 0.019 0.592 | 0.005  0.266
0.80 | 0.247 2,057 | 0.120 1.502 | 0.048 0.967 | 0.025 0.690 | 0.006 0.311
0.85 | 0.493 2402 | 0.164 1.819 | 0.102 1.168 | 0.034 0.840 | 0.008 0.379
0.90 | 0.513 3.171 | 0.256 2.371 | 0.104 1.545 | 0.053 1.107 | 0.012  0.501

Table 3.2: Bias and root mean square error (RMSE) between the JES(a,0.05) estimates and
their true values in the M7 model for 8 = 0.05.

T = 1000 T = 2000 T = 5000 T = 10000 T = 50000
o Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE
0.50 | 0.009  0.431 | 0.003 0.305 | 0.000 0.192 | 0.000 0.135 | 0.000  0.060
0.55 | 0.011  0.470 | 0.004 0.333 | 0.000 0.209 | 0.000 0.148 | 0.000  0.066
0.60 | 0.014 0.518 | 0.005 0.366 | 0.001 0.231 | 0.001 0.163 | 0.000 0.072
0.65 | 0.019 0.575 | 0.08 0.408 | 0.002 0.257 | 0.001 0.181 | 0.000  0.081
0.70 | 0.026  0.653 | 0.011  0.460 | 0.003 0.290 | 0.002 0.204 | 0.000  0.091
0.75 ] 0.035  0.752 | 0.015 0.531 | 0.005 0.334 | 0.003 0.235 | 0.001  0.105
0.80 | 0.052 0.899 | 0.024 0.632 | 0.008 0.397 | 0.004 0.280 | 0.001  0.125
0.85 | 0.076 1.116 | 0.038 0.786 | 0.013 0.494 | 0.007 0.348 | 0.001  0.156
0.90 | 0.144 1516 | 0.070 1.066 | 0.025 0.671 | 0.013 0.472 | 0.003  0.211

Table 3.3: Bias and root mean square error (RMSE) between the JVaR(«,0.05) estimates and
their true values in the My model for g = 0.05.



T = 1000 T = 2000 T = 5000 T = 10000 T = 50000
o Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE ‘ Bias RMSE
0.50 | 0.079 1145 | 0.037 0.817 | 0.014 0.519 | 0.007 0.368 | 0.002  0.165
0.55 | 0.131 1.218 | 0.042 0.881 | 0.024 0.558 | 0.008 0.397 | 0.002  0.178
0.60 | 0.102 1.339 | 0.049 0.957 | 0.018 0.608 | 0.010 0.432 | 0.002  0.193
0.65 | 0.178  1.447 | 0.058 1.051 | 0.034 0.666 | 0.011 0.475 | 0.003 0.213
0.70 | 0.143  1.634 | 0.069 1.170 | 0.026 0.745 | 0.014  0.530 | 0.003  0.237
0.75 | 0.264 1.812 | 0.86  1.328 | 0.052 0.843 | 0.017 0.602 | 0.004 0.270
0.80 | 0.225 2148 | 0.111  1.548 | 0.043 0.990 | 0.022 0.705 | 0.005 0.316
0.85 | 0.474 2516 | 0.154 1.882 | 0.098 1.200 | 0.031 0.862 | 0.007  0.387
0.90 | 0.485 3.358 | 0.243 2467 | 0.096 1.596 | 0.049 1.142 | 0.011  0.513

Table 3.4: Bias and root mean square error (RMSE) between the JES(«, 0.05) estimates and
their true values in the My model for g = 0.05.

two columns and nine rows corresponding to the empirical bias and RMSE, and the different

values of the conditioning probability level a.

We can immediately see from the columns that the empirical Bias and RMSE confirm the
consistency of the estimators 61 and é} In particular, two aspects emerge and refer to the fact
that when considering a longer times serie and/or a lower value of « the empirical Bias and
RMSE reduce sharply. For example, by comparing results for JVaR and JES we can observe
that the bias with 7" = 1000 is almost 2 times larger than with 7" = 2000, and the pattern
is generally the similar for larger values of T'. Given the consistency of the estimators derived
in Theorem 3.4.2 and Corollary 11, this result is not surprising. Concerning the behaviour of
01 and é}with respect to the values of «, this is again somewhat expected. Indeed, as long
as we consider a more severe distress scenario the effective sample size reduces, thus making
the estimation problem more challeging. Another aspect is that the decreasing bias pattern of
JVaR is most pronounced compared to JES. This is in line with the fact that the latter, which is
further in the tail of the conditional distribution of Y;|X; > F' );1 (c), is obtained as a by-product
of the former, and hence it necessarily has a larger estimation uncertainty. A similar behaviour
can be noticed at any probability level and for all the considered sample sizes by comparing
results for the full Gaussian model, i.e. M1, and the model with a Student copula, namely M.
With this regards, it is interesting that at any « and for all the different sample sizes, the Bias
and RMSE are smaller when considering a Student copula (Ms) than a full Gaussian model
(M3). This suggests that the information in the tail of the distribution of Y;|X; > F)}tl(a)
increases when considering a copula model with some tail dependence. Overall, the proposed
nonparametric estimators perform well and satisfactory results for JVaR are attained already
with T = 2’000, which is around to eight years in trading days. More data, as expected, are
needed for JES.

Now, we consider an econometric analysis based on stochastic volatility models. The setting

will be also adopted in the empirical analysis of Section 3.8.



3.7 FEconometric framework

The objective of this section is to characterize the behaviour of JVaR using stochastic volatil-
ity models. In particular, we study the dynamics of the risk measure based on the models of
Harvey and Shephard (1996) and Jacquier et al. (2004), that in the econometrics literature are
referred to as ASV1 and ASV2 models, and differ for the specification of the leverage effect (Yu,
2005). The model of Harvey and Shephard (1996) assumes that the correlation between the
measurement and transition errors is intertemporal, while the model of Jacquier et al. (2004)

assumes that is contemporaneous.

Note that the choice of stochastic volatility models arises naturally from the definition of
JVaR because the conditioning random variable X} is latent. With this regards, the following
analysis can be regarded as a counterpart of that in 2.1.3, where the focus was on the estimation
of the dynamic VaR and the CoVaR quantiles via observation-driven models, like GARCH
(Bollerslev, 1986) and DCS (Creal et al. 2013, Harvey 2013). The difference will be further
emphasised in the empirical analysis of Section 3.8, where the JVaR and JES risk measures are
estimated using approximation methods based on particle filtering, as recommended in Creal
2012.

3.7.1 The stochastic volatility model

The starting point of the analysis is the specification of the stochastic volatility model.

Throughout the section we let the real-valued stochastic process {Y; }ien, with 7z = o{Y;_s; s > 0}

Py
Py

and natural filtration F = {F;;t € N}, to denote the log-returns, computed as Y; = log
where P, is the price (level) of the stock (index) at time ¢.

We assume that the process is generated according to the following stochastic volatility model
hy
Y, =¢exp 5 ([t hi = ¢hi—1 + N1 (3.61)

for ¢, i N(0,1) and n; ud N(0,1).

The model given in Equation (3.61) is the stochastic volatility model of Taylor (1986) where
the autoregressive recursion is specified for h;, the conditional log-volatility. In particular,
the parameter £ > 0 refers to the level of the conditional volatility, 7 > 0 to the conditional
volatility of volatility and ¢ to the persistence of the conditional volatility process. In order
to have stationarity for h; we assume that |¢| < 1, which also ensures that the unconditional
variance of h; is finite. Differently from the class of observation-driven models (see Section
2.1.3), here n,_s ¢ F; for at least one s > 0, meaning that the parameters vary over time as

dynamic processes driven by idiosyncratic innovations.

A distinguishing feature of the class of stochastic volatility models is that the leverage effect
is simply induced by the correlation between the innovations of the measurement and transition

equations. Indeed, the specification of Harvey and Shephard (1996) assumes that

p= Eleimi—1], (3.62)



while the specification of Jacquier et al. (2004) assumes that
p = Elesm]. (3.63)

Our purpose is to understand how the quantities in Equation (3.62) and Equation (3.63) affect

the dynamic of the risk measure.

3.7.2 DMarginal and predictive JVaR

We now study the marginal and predictive JVaR under the asymmetric stochastic volatility
models of Harvey and Shephard (1996) and Jacquier et al. (2004).

Let us first consider the model of Harvey and Shephard (1996) where we have intertemporal
leverage (Equation 3.62). Since the innovations &; and 7, are independent and h; is a Gaussian
stationary process, with zero mean and unconditional variance equal to 72/(1 — ¢?), we find

that the conditional distribution of Y;|h; is given by
Yilhy ~ N (0, €% exp(hy)) (3.64)

and does not depend of the correlation coefficient p. Consequently, the marginal JVaR, that for
all a, § € (0,1) is generally defined as

TVaRy(a, B) = Fy oo (8), (3.65)

is not leverage consistent for the model of Harvey and Shephard 1996.
Based on the parametric estimator introduced in Section 3.4.1 (see Equation 3.23), for all
a, B € (0,1), the marginal JVaR under the model of Harvey and Shephard (1996) can be obtained

numerically as the solution of the following expression:

/+OO o (We_h;) 4 <l_¢2ht> = B(1—-a) (3.66)
k(o) T

for ®(-) standard Normal cdf and k() = ®~1(-).
On the other hand, under the model of Jacquier et al. (2004), where leverage is contem-
poraneous (see Equation 3.63), the distribution of Y;|h; is obtained as a by-product of that of

€¢|nt, hy and depends of the correlation coefficient, as follows
p he
Yilh ~ N (;ght(l — e, €2 (1 — p2(1 — ng))) . (3.67)

In particular, similarly to Section (5), since the random variable Y;|h; is supermodular in p, it
follows that the corresponding marginal JVaR is leverage consistent. In this case, the estimator

is given by

/*“’@( JVaRi(@f) -y _p_ (- ¢ )d(I) (V“”%) — 51— a) (369)
k T

(@) 5\/1—p2(1—¢2)e T L —p*(1—¢?)

for ®(-) standard Normal cdf, k() = ®7!(-) and «, 8 € (0,1). We can see that when the shocks
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Figure 3.6: Marginal JVaR(«a,0.05) in the ASV1 (dashed lines) and ASV2 models as a function
of the conditioning probability level a. The values of the model parameters are:
¢=095¢6=1,p=—-05and 7=0.3

of the measurement and transition equation are uncorrelated, the estimator in Equation (3.68)
is equivalent to the one in Equation (3.66).

Using the relations discussed in the previous chapters, the VaR, the AJVaR and as well as
the corresponding tail expectations can be always defined, and they will inherit the structural
properties of the underlying quantile. Therefore, such risk measures are leverage consistent only
under the marginal model of Jacquier et al. (2004).

The timing of the correlation also plays a role with respect to the monotonic behaviour of
JVaR in «. For instance, when p < 0, for all « € (0,1), 7,£ > 0, |¢| < 1 and 8 € (0,0.5), we
have

JVaR(V(a, B) < JVaRV (o, B) (3.69)

and in turn, by exploiting the property of distress monotonicity that

d d
50 Val(a, B)ASVZ < 50 Val(a, B4V <0 (3.70)

which emphasises the most pronounced effect of a distress in volatility, in the left tail of the
(conditional) distribution of Yi|h, > F) '(a), when the shocks are contemporaneously corre-
lated. Figure 3.13 shows the monotonic behaviour of the marginal JVaR quantiles for varying
a, either for the model of Harvey and Shephard (1996) and Jacquier et al. (2004). As expected
from Equation (3.70), we can observe that the risk measure is more reactive with a more ev-
ident effect of extreme volatility for the model of Jacquier et al. (2004), i.e. when leverage is
contemporaneous.
Coming to the predictive case, we have that the conditional distribution of interest is given
by
Yilhe > Fy, Ha); Foa (3.71)

T
1.0




for o € (0,1), and with F;_; denoting the information-set available for the calculation of the
one-step ahead predictive JVaR at time ¢. It is interesting that although the one-step ahead
predictive distribution of h; is unknown and must be approximated by simulation techniques
(Creal 2012 and Durbin and Koopman 2012), since the log-volatility process is Markovian, one
gets that

P (Y; < JVaRy(, B)|hy > Fy, N(a); Feor) = B

is equivalent to

+oo hy
[ (FRD e ) 4B (k) = 01 - ), (3.72)

in the model of Harvey and Shephard (1996), whereas for the model of Jacquier et al. (2004)

we have that

/*“q,( JVaRp(a,8)  _ne p_ h(l-¢?)
o) \&V1I—p?(1—¢?) TV1=p*(1—-¢?)

with ®(-) standard Normal cdf, dFy, 7,_, (-) one step-ahead predictive density of h; and k(-) =

F s |1]_.t71 (+). Differently from the marginal case, the predictive JVaR lose the property of leverage

consistency also for the model of Jacquier et al. (2004). We think this is related to the key role

) dFy, 7,_,(ht) = B(1 —a)  (3.73)

played by the predictive density of h;r,_,, which is unknown.
The next section contains an empirical analysis based on stochastic volatility models.

3.8 Empirical analysis

In this section we perform an empirical analysis that shows the importance of accounting for
possible volatility distress scenarios in risk management applications.

Following from Section 3.7.2, we consider the stochastic volatility model of Jacquier et al.
(2004), that is given by

h
}/t = fexp{;}at, ht = ¢ht_1 + TN (374)
where F; = o{Y;_s;5 > 0}, & i N(0,1), n; id N(0,1), and with p = Elegne], € > 0, 7 > 0
and |¢| < 1. Hence, the filtered JVaR, JES and A-risk measures are calculated using daily
close-to-close log-returns of the S&P500 index for the period 01/01/2007 - 31/12/2020. As it is
common for financial time series, the empirical values of the skewness and excess kurtosis, equal

to —0.37 and 10.9 respectively, evidence the non-normality of our data.

3.8.1 Estimation

The estimation procedure for the computation of the filtered risk measures of interest is
divided in two steps: we first estimate the parameters of the stochastic volatility model, and
then - at each point in time - we recover the filtered volatility, and numerically calculate the
time-varying JVaR, JES and corresponding A-risk measures, as a by-product of the filtered
distribution of Y;|h; > Fh_tl(oz).



In particular, since we are in a dynamic latent modelling framework the estimation procedure
is quite cumbersome becase the likelihood function, which in the form of an high-dimensional in-
tegral, is intractable analytically. With this regards, different methodologies have been proposed
in order to estimate the parameters of stochastic volatility models, and the work of Broto and
Ruiz (2004) provides a comprehensive review of the available approaches. For instance, Harvey
and Shephard (1996) implement a Quasi Maximum Likelihood (QML) procedure and estimate
the parameters of the ASV1 model using the Kalman Filter, by maximizing the quasi likeli-
hood function associated with the linearized squared observations. On the other hand Jacquier
et al. (2004), and Yu (2005) adopt a Bayesian approach based on Monte Carlo Markov Chains
(MCMC).

In contrast, we estimate the parameters of the ASV2 model in Equation (3.74) via Simulated
Maximum Likelihood (SML) inference (Gouriéroux and Monfort, 1991) based on the Continuous
Particle Filter proposed by Malik and Pitt (2011). Specifically, the latter is the Bootstrap Parti-
cle Filter of Gordon et al. (1993) with a continuous resampling step, that ensures the continuity
of the likelihood as a function of the parameters. This is a crucial aspect of the continuos sam-
pling importance resampling (CSIR) algorithm because it allows for a direct maximisation of the
approximated log-likelihood function. As such, the SML estimator (Gouriéroux and Monfort,
1991) is given by

03ML = arg max log Ly 7(6), (3.75)

6ce

where log L ~,7(0) is the estimator of the log-likelihood function obtained as a by-product of the
continuos particle filter. For the notation, the subscripts are used to emphasise that that the
estimation depends either on the size of the series T, and on the number of particles N used for
the simulation. Note that the equivalence between the SML estimator of Equation (3.75) to the
maximum likelihood one is ensured by a central limit theorem, when 7" — +oco and /T /N — 0.
Once we have estimated the vector of model parameters, we employ again the particle fitler
of Malik and Pitt (2011) in order to recover the latent time-varying volatility, so that we can
obtain the quantities of interest from the distribution of Y;|h; > F}~ Ya).

3.8.2 Results

The results reported below are obtained based on daily log-returns of the S&P500 serie,
which consists of 3260 observations and refers to the period January 2007-December 2019. For
the estimation of the model parameters we perform simulated maximum likelihood inference by
applying the continuous sampling importance resampling (CSIR) algorithm with N = 10’000
particles. In particular, we fix the initial values of p and ¢ equal to 0 and 0.95 respectively, and
obtain £ = 0.39 and 7 = 0.83 via the method of moments. Concerning the log-volatility, we
assume that the related stochastic process started in the infinite past, and therefore, initialise
hy to its unconditional distribution, namely ho ~ N (0,72/(1 — ¢*)). Accordingly, the vector of
estimated parameter is

oML — (03 =0.983,& = 1.203,p = —0.699, 7 = 0-225) :

In order to have empirical evidence on the impact of volatility scenarios in the extreme left tail

of the conditional distribution of financial returns, we compare the JVaR quantiles with the



VaR, as well as with the corresponding tail expectations, and then also calculate the associated
A risk measures. Specifically, we consider § = 0.05 and different values of the conditioning

probability level a.

T T T T T T T
2008 2010 2012 2014 2016 2018 2020

Figure 3.7: Filtered JVaR(«, 0.05) and VaR(0.05) in the ASV2 model, for the daily log-returns
of the S&P500 index between January 1, 2007 and December 31, 2019. The risk
measures are calculated for different values of a and at the 8 = 0.05 probability
level.

Figure 3.14 shows the filtered VaR(0.05) and JVaR(«,0.05) quantiles, for values of a equal
to 0.5 (red) and 0.9 (black). We observe that when accounting for a state of distress in volatility,
the magnitude of possible financial losses is most pronounced. As a matter of fact, the JVaRs
are a decreasing function of a, meaning that we are further in the tail of the distribution of
Yi|he > F hy Y(a); F;. We can also see that the impact of extreme volatility scenarios is more
evident for larger values of o, and during periods of financial distress, like the subprime (2008-
2009) and the European sovereign debt (2010-2011) crises. Similar results are obtained for the

tail expectations and are shown in the next graph.
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Figure 3.8: Filtered JVaR(«,0.05) and JES(«, 0.05) for the ASV2 model, based on the daily
returns of the S&P500 index between January 1, 2007 and December 31, 2019. The
probability level 3 is equal to 0.05 and « varies as indicated.

From the comparison between the filtered JVaR and JES in Figure 3.15, we can see that for
the same values of the probability levels « and 3, the the quantile stays above the corresponding
tail expectation, and they are all ordered in . With this regards, we also have that the distance
between a quantile and the corresponding tail expectation icreases with larger values of . Again,
this means that the impact of a distress in volatility is most pronounced when we go further in
the tail of the distribution of Y;|h; > thl(a).

The second application is a stress testing procedure, and can be also interpreted as a com-
parison between the JVaR and its natural competitor, the VaR. The results are illustrated
below.
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Figure 3.9: Filtered AJVaR(«,0.05) for the ASV2 model, based on the daily returns of the
S&P500 index between January 1, 2007 and December 31, 2019. The coverage level
B is equal to 0.05, while the values of a vary as indicated.

Figure 3.16 displays the contribution of volatility to the possible financial losses of the
S&P500 index, for different values of o and with probability level 5 equal to 0.05.

As expected, we can see that the magnitude of the AJVaR(«,0.05) differences is a monotone
increasing function of «, thus pointing out the amplified effect of volatility distress. For in-
stance, at any point in time, the value of « equal to 0.9 provides the most relevant contribution
to financial risk. As previously mentioned, the increment in risk accentuates during unsta-
ble circumnstances. Indeed, the distances between the AJVaR(«, 0.05) risk measures increase
substantially under financial crises.

Overall, the empirical analysis shows that, similarly to the class of systemic risk measures,
by distinguishing between the severity of a possible financial loss during tranquil and unstable
periods, JVaR provides a solution for a more meaningful description of the dynamics of risk.



Chapter 4

Concluding remarks

The thesis introduces the JVaR as a new firm level conditional risk measure based on la-
tent volatility distress scenarios, that can be used for assessing the vulnerability of financial
institutions. To this end, several theoretical results have been established. First of all, the
stochastic properties of the conditional quantile have been derived for varying dependence pa-
rameter and conditioning probability level. In the first case, we have introduced the notion of
leverage consistency and obtained structural results based on the stochastic ordering theory.
As such, we have established the concordance of the conditional quantile with respect to the
underlying dependence parameter, and related such behaviour to the properties of the copula.
Concerning the monotonicity of JVaR with respect to the conditioning probability level, we
have found an explict relation with the CoVaR in the stochastic representation. Parametric
and nonparametric estimation methods have been proposed. For the nonparametric approach
a new class of consistent scoring functions has been introduced and characterised. Consistency
and asymptotic normality of the corresponding M-estimator are established, and a Monte Carlo
study is reported to show its good properties in finite samples. Moreover, by taking advantage
of the results available for JVaR, two tail risk measures are proposed. With this regards, the
asymptotic distribution of JES remains an open problem. For the dynamic case with stochastic
volatility models, we found that the marginal JVaR, JES and the A-risk measures are leverage
consistent only under the specification of Jacquier et al. (2004). An empirical illustration with
S&P500 data shows the relevance of accounting for volatility stress scenarios in order to have a
more comprehensive description of the evolution of risk, especially during financial crises.

There are still several open problems, that may be considered for future research. The notion
of leverage consistency, and the properties of the copula, may be extended to other stochastic
representations. For instance, we have found that this stochastic property is preserved when
Y; = X Z;. Relevant progresses can be attained for the nonparametric estimator. It could be
interesting to derive the efficiency bound of the M-estimators, as well as to weaken or improve the
sufficient condition in terms of second-order stochastic dominance that ensures the consistency
of the feasible JVaR scoring function. A composite nonparametric quantile estimator in the
spirit of Zou and Yuan (2008) may represent a challenging extension in order to increase the
flexibility of the risk measure with respect to the extreme conditioning event. A preliminary
analysis reveals the consistency of such estimator but a complete formal characterisation is still
uncovered. Finally, a bivariate extension which amounts to a multiple asset approach is desirable
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and opens the way for a unifying framework with the class of systemic risk measures.



Appendix A

Proofs of Chapter 3

A.1 Monotonicity properties

Proof. of Theorem 3.3.1

The key point for the leverage consistency of JVaR is to note that for p < p’ and Fx, = Fy,
t
Fz, = F, the copula CY, z, is in supermodular - or equivalently in concordance - order in p, see
t

Wei and Hu (2002), Burtschell et al. (2005) and Definition 3.8.1 of Miiller and Stoyan (2002).
Indeed, since Y; is defined based on the product between Z;, where for varying p the marginals
are equal, and exp (X;/2), which is a supermodular and increasing function with Fx, = Fy for

p < p/, it follows that the ordering between Ff,t and F{i; is given by the copula CY, z,, which
means that
Y/ Ssm Y

and therefore we have

0
—F 0 R
ap Y (y) <0, ye
which implies for all «, 5 € (0,1)

0
a—pJVaR(oz7 B8) >0

as desired.

When considering a scale mixture of normal distribution for (X3, Z;) as in Example 5, we can
study the behaviour of Fy, via the characteristic function of Y;| Xy, which is again distributed

as a a scale mixture of normal, based on the following identity:
oy, (u) = B [B [e"|X]],

where u € R and i2 = —1. Now the claim for leverage consistency is that

82
92 Y (u) 2 0. (A1)

(0]



To this end, it is sufficient to consider the Gaussian case, that is
Vil X, ~ N (pret2,e7(1 = p?)) (A2)

because Stable distributions have a characteristic function of the same type of the one associated
with the distribution in Equation (A.2), that is

v () = exp {iulpaer’?) = g1 - )} (A3)

so that

s & . z/2 1 T 2
a—pngyt‘Xt(u) x 87p2 wu(pxe™ ) — 56 (1—p9)

0 1 A
_ Y, x/2 _ S/ T ( 4)
= {zupe 2( 2p)e ]

=e” > 0.

Hence, Equation (A.1) is verified as desired.

The approach based on the characteristic function can be also used to show that JVaR in
the marginal model of Jacquier et al. (2004) is leverage consistent. We can do this by using the

regression lemma. Indeed, starting from

el ~ N (pme, (1 - p?))
we get
ol e ~ N (Ehe(1 = 6%), 0207 + 1= %) (A.5)

so that by rescaling for the measurement equation of the stochastic volatility model (see Equa-
tion 3.61) we obtain the distribution of Y;|h; which is Gaussianand hence we obtain the result
based on Equation (A.4).

Corollary 2

Let us consider the implicit definition of JVaR= that is given by
P (Y < JVaR™(a, B)|X = Fx'(a)) = B (A.6)

without loss of generality, by letting 4 = 0 and £ = 1, we can exploit the copula representation

and write IVaR=(a.5)
aRy (o, _
P (Zt S e}(tt/z |Xt = Fth(a)> = ﬁ

P (F53<V> SRACTLLIR (a)) — 4



so that Equation (A.6) becomes

Fyiv=a (th <W>> (A7)

Frr(@)/2

and hence, by applying the chain rule, we get
= F);tl (@) —1 (-1
JVaR™(a,8) = exp | 5= | FZ! (Frh,_,(8))

Fx (@) o
:exp< 9 FZTIXt:F;?f(a)(m’

with JVaR™ that is not leverage consistent because as detailed in Mainik and Schaanning (2012),

9 -1

FpFZ|X:F;1(a)
On the other hand, the fact that JVaR™ is not leverage consistent is because the marginal

is not a monotone function of the dependence parameter p.

comulative distribution function of Y; evalauted at the JVaR™ quantile is not an upper bound for
P (Y, < JVaR™ (o, 8), Xy < F)Etl (). In particular, for u = F, (thl(a)) and v = Fy, (JVaR=(«, 8))
with u,v € [0,1]? we have that

k() _
P (¥ < IVaRy (0, 0), X < Fil) = [P (Zt < TVoR(@B) iy t) Fx.(a)dq

5o 564/2
ko) g JVaR;(a, B) —
= /_oo %Cxt,zt (Fxt(CI%Fth < ¢ gg;/gﬁ) M)) Ix.(q)dg

k(o) F1(y) —

which means that for the leverage consistency of JVaR ™, we need the following two conditions
to be satisfied

(A.9)

0 0
7FYt (y) <0 and %CZn\Xt=F§tl(a)(') > 0. (Alo)

Since the copula is not monotone in p, it follows that JVaR= is not leverage consistent.
Proof. of Theorem 3.3.2

Given Equation (A.10), the conditions derived in Theorem 3.3.2 are immediate. Just note that
P (Y; < JVaR™(a,B), X; < Fx!(a)) = Cy, x, (v, u)
for u = Fx, (F);tl(a)) and v = Fy,(JVaR™(a, B)) and u,v € [0,1]%. Corollary 8
By noting that JVaR solves
P (Y; < JVaR(a, B), Xi > Fi (@) = B(1 — a)

for %J VaR(apf) < 0 we can study the following

%P (V; < JVaR(a, B), Xy > F;tl(oz)) >0 (A.11)



where

+oo
P (V< aVar(0,8). X < Fil)) = [ Capimy (P (TR ) o)

Fil(a)

e JVaR,(a,
= /_1 )FV|U=Fxt(Q) (th (M))pxt(q)dq,

Fil(

(A.12)

so that by letting p = thl (1), we get

/;ia) Fyviu=rx, (th (W)) px, (p)dp = /;OO Fyiu—r (th (M)) dr

e JVaR(a, B)
- || F (th (mum))d

(A.13)
and finally, by taking the derivative with respect to «, Equation (A.12) becomes
JVaRt( ,B)
B>Fyiy=al| Fz, | —————+~— (A.14)
o exp(Fy, (a)/2)
and then we get exp (Fy!(a)/2) F 7 (Fv‘lU_ (6)) > JVaR(a, B) as desired.

A.1 A new class of consistent loss functions

Proof. of Theorem 3.4.1

We claim that log(Y;?) <.s X; is sufficient for the consistency of the scoring function S(6, (¢(Y;2), Yz))
as defined in Equation (3.35).

Let us define
S(u) = Ly sp () (Liveswy = B) (w=Y3)

and

S(u) = 1{ (Yt)>Fm(v)( )} (l{YtSU} — ﬂ) (u — Y;g) .

We want to derive a condition such that for some measurable function m : R — R
E[S(u")]=FE [S(u*)} (A.15)

for u* true JVaR. To this end, we provide a condition that is sufficient for

<o (A.16)

Lixsft @y Ser Limevo>ro, (@)

and show that, in turn, Equation (A.15) is satisfied.



With this regards, note that for our model (see Equation 3.33)
Xy = log(Yy?) — 2log(§) — 2log | Zy],
and consider m(Y;) = log(Y;?).

Lemma 2. Let Equation (3.33) hold and assume log(Y?) =<sst Xi. Then, for all o € (0,1)

Loy Ser Laogva)> 2, (@) (A-17)
Lemma A.17 suggests that if log(Y;?) <ss X, by applying the property of quantile invariance
(see Koenker and Bassett Jr 1978 and Hosseini 2010), Vg : RT — RT continuous and non-

decreasing

g(log(Y2))>F !
g(log( t))> g(log(vf))(a)

Lixsri}) (Live<oy — B) (0 = Y2) <o 1{ } (Live<oy — B) (0 —Y;) (A.18)

so that for g = g olog, Equation (A.18) can be re-written as

S0, (X, Y1) = 1{Xt>F;L1((¥)} (Live<oy — B) (0 = Y2) <ew 1{ } (Lpve<oy — B) (0 = Yy) = S(6, (X4, 9(Y)))

(A.19)

2 -1
g(Y? )>Fg(Yt2) (o)

which implies by definition of convex ordering (see Cheung et al. 2015)
B1S(0, (X0, Y2))] = B [S(0, (X0, 9(Y))] -

To conlude, we check that our scoring function the scoring function S (6, (9(¥;?),Y;)) satisfies
Lemma 2.5 of Fissler and Ziegel (2016) (see 1). In practice, we require that S (0, (g(fﬂ?), Yt)) is

consistent at for all a € (0,1). To formalise this statement, we can consider

B 1yeerrion (Liy, —ﬁ}:/
ovesrgan (Lvsoy = F) yg(\/?\/{y

Hence, under the assumption of second-order stochastic dominance, we conclude that S (9, (g(f’f), Yt))
is strictly consistent for 6 if, for any a € (0,1), VaRy, (8) < — F;r} ().
t
Proof. of Remark 1

Liv,<oy — B) dFy2(y). (A.20)

We show that under the assumptions of Theorem 3.4.1,
FYt\Xf,>F;1(a)(B> - FYf,\YtSF;I(l—a)(ﬂ)' (A.21>
Lemma 3. Let Equation (3.33) hold. Then, by symmetry, for all o, B € (0,1)
-1 R
FYtIXt>F;t1(a)(/6) B FK‘*XtSF:)l(t(lfa)(IB)' (A22)

Lemma 4. Let Equation (3.53) hold. Then, log(Y;?) =t Xy is equivalent to —log(V?) =q

—X;, where the symbol <4 indicates that the random wvariables are ordered in stop-loss, see



Miiller and Scarsini (2000) for details.
Lemma 3 and Lemma 4 yield the following result.

Proposition 14. Let the assumptions of Theorem 3.4.1 hold. Then,

-1 _ -1
Yt|Xt>F;j(a)(5) B FYt|g(112>>Fq;;2)<a) (8)
o (A.23)

-1

=k Ytl—g(ﬁ)SFjgl(yE)(a>(6

Based on Proposition 14, we show that Equation (A.21) is satisfied.
Let us consider —g(Y;?) = —/Y? = —|Y;]. Then, by applying the property of quantile
invariance we have that

-1 =1
mfngBF:gl(YE)(lfa)(6) B FYtlf\Yt\SF:,lylea)(ﬂ)

_ -1
- FYtHYt|>*F:|1Yt‘(17a) (B)

_ -1
=F )(5)

Yil[Vil>—(=Fyl (1—(1-a)

(A.24)

_ 1
- Fyt|\Yt|>F‘;il(a)(5)

where ¢(Y?) = /Y2 = |Y;|. On the other hand, for ¢(Y;) = |Y;|, we have ¢~ (—¢(V3)) =
—(=¢71¢(Y;)), which implies that the first line (right hand side) of Equation (A.24) becomes

-1 _ -1
Fm—m\SF:ﬁYtlu—a)(ﬁ) B Fmvf,SFglu—a)(ﬂ) (A.25)

which proves Equation (A.23) and in turn Equation (A.21).
Corollary 3.4.1

We show that under Assumption (A1), it is possible to estimate the dynamic marginal JVaR
via scoring functions.

Following from Osband (1985) and Laguel et al. (2021), given the consistency of the scoring
function S(6, (Y, X)), it is sufficient that for all « € (0,1), the set generated by 1{Xt>F;t1(a)} is
convex. Since the indicator function is convex and P (X; > F );tl (a)) = o, a sufficient condition
is that the set generated by X, is convex. To this end, note that under (A1), X; admits the

following representation
oo
Xt = Z Yint—i.
i=0

Hence, it is now immediate to see that the set X = {X; e R: X; = > "2 ¥;m—; } is convex. We
show this fact below by verifying that the set H satisfies the definition of convexity.

Let us consider xgl),xg) € X and define z = (1 — )\)xgl) + /\x,gz), with A € (0,1). The set X
is convex if z € X. By applying the definition of convexity we have that

= Pim—i(L=XN)+X> Pim—y
z ; Tt ; Tt (A.26)

= (]. - )\)l’t + )\$t = T¢.



As desired, z € X.

A.2 Derivations

B Parametric estimator

Proof. of Proposition 9

Consider the implicit definition of JVaR, for all o, 8 € (0, 1) we have that P (Y} < JVaR(a,B), X: > F;tl (a))
satisfies the following

k(o) _
P (Y < JVaRF (0, 8). X, > Fy)(0) = / P (zt < IVakile.f) =, o :t) dFx, (q)dg

oo §€Q/2
k) g JVaR(a,B) — 1
= /;Oo %mezt (FXt (q)vFth < g@q/Q >) dFXt, (Q)dq

(A.27)

with Cyz,|x,(-) conditional copula of (X, Z;) and dFx, Radon-Nikodym derivative of X;.
Hence, Equation (3.23) follows.

The parametric estimators of JVaR in the stochastic volatility modelling framework that are re-
ported in Section 3.7.2 are obtained from Equation (A.27) based on the conditional distributions
of Yi|h.

B First order condition of the M-estimator
Proof. of Proposition 12
In order to show Equation (3.41), let us consider the following first order condition:
E |:1{\7§>F921(a)} (1{YtS6} - ﬁ)} =0 (A.28)
which is equivalent to the following:
P(v, <072 > Fyl(a)) - BP (V2> F;t;(a)) =0

and with the solution taken with respect to 6 that corresponds to the true JVaR, i.e. 3. Now

we can write

P (Y, < 00) - P (¥ < 0.5 < Fyl(@)) =0 (A.29)

and if 6y < =&, [Fy2 () + p, we have that Equation (A.29) is equivalent to

P(Yi <00) = 8|1 - P (= /Fpl(a) < Vi <\ /RN (@)] =0

as desired.



A.3 Properties of the two-stage M-estimator

C Consistency

We first show that 6% — 6.

In particular, given the consistency of the VaR loss

v (6Y) i( Lgovir<o} a) 0 —Y?), (A.30)

t=1

which ensures that for each T' the function Q% (6V) defined as
1 X
Qr(9°) = Qr(9°) +ag > (A.31)
t=1

has the same minimum of Q%(#") and is uniquely minimized at " = 6§, the continuity of Fy,
which ensures the continuity of 0§ — Qg(6”) and the assumptions of stationarity and ergodicity
and compactness of the parameter space, we can apply a ULLN so that é% 5 0§ follows from
Theorem 2.1 of Newey and McFadden (1994). The fact that for each T', Equation (A.31) has
the same minimum of Equation (A.30) allows us to avoid the assumption of integrability of Y;
(Amemiya, 1985).

Given é% LN 0§, using similar arguments, we can obtain Or LA 0y based on assumption A1
(iv) which allows us to identify the second-step estimator and Theorem 3.4.1 which ensures that
the JVaR loss is uniquely minimizied at 6 = 6y. Hence, we can apply a ULLN to QT(Q) which
is defined as

A

T
1
Qr = T Z Ligova)son (Live<oy — @) (0= Y7)
t=1

so to conclude with 7 L 0.

C Asymptotic normality
VaR parameter

For the asymptotic normality of é% we follow Dimitriadis and Hoga (2022) where the result
is obtained based on Lemma A.1 of Weiss (1991). The claim is that if A7 and A2 hold, as
T — o0

1 T
= (G 9(YP) + o(1)

VT (05— o) = [ +o(0)] | - =

(A.32)

To this end, let us consider

vU (0", 9(Y7)) =

0
a0 (0", 9(Y7)
with

S (QU’g(Yf) = (1{g(Y§)§av} - a) (6" — g(¥?))



and
E[0"(0", 9(Y?)] = B |Fyv2)(0") o
with P
S B [0 (0" 9(Y2)] = B [£y)(6")]

that evaluated at the true parameter gives

No= B[00, 6(4?))] (4.33)

0v=0y

Note that the use of the smoothed expectation, E [¢*(6”, g(Y;?))], is required because 5355 (6", g(Y;?)

is not continuous with respect to 6.

Now, let us define

Np(6") =

Nl =

iE 6 (6%, g(V2)]

o 1 T 0 v 2
A (0°°) = T;va [ (6", 9(Y?))] L

with A, (68) = Ay
Equation (A.32) can be proved based on the following mean value expansion:

AR (B°) = N5 (08) + Ar o (07) (0% — 63)

2
-+
=
>
]
—
>
I
o
jr}

nder correct specification. Specifically, we need to show that

For i), since 6V* is between 6j and HA%, we have that 6, LA é% Therefore, under A1 and A2,
as T — oo, we have Ay, (6*) — Ar, because using A2(7) we have ||[Ar,(0%) — A1 (60)|| =
(1|6* = 8o]]), and then, by applying the continuous mapping theorem we get A}}U (0v*) — Ailv.

For ii) we need to show that
ii.a) conditions N1-N5 in the notation of Weiss (1991) are satisfied.

)
ii.b) = S, (05, 9(Y?2)) = o(1)
ii.c) 5. 5 0y
For ii.a) we have that N1 is immediate, N2 follows from Az, (6f) = 0, N4 follows from the fact
that (1{g(Yf)§98} - a) is bounded by one and N5 is due to A1(%), while ii.c) follows from The-
orem 3.4.2. Condition N3 is verified in Lemma V4-V6 of Dimitriadis and Hoga (2022). The key
step for N3(i) is to use A2(i) and obtain that |[Ap,(6%) — A,|| = O(]|0* — 6]|), N3(ii) requires
that, under A1 and A2,

E | sup |[9°(1) =92 (0)|]| <bdfor ||0—00||+d < dy with b,d, dy > 0 and a sufficiently large

[IT—0]I<d
T. The result is obtained by exploiting the boundedness and Lispchitzianity assumptions simi-




larly to Lemma V.5 of Dimitriadis and Hoga (2022). N3(iii) requires that E | sup ||(¢"(7) — ¢ (0))?]]
[Ir—ol|<d

for ||0 — 6p|| + d < do with a sufficiently large T' and some ¢,dy > 0, dyp > 0 and ¢ > 2, see
Lemma V.6 of Dimitriadis and Hoga (2022).

For condition ii.b), let us consider e as a standard basis in R and

St (a) = ET: (9T +ea, g Y2)) aeR

with Gr(a) right partial derivative of S%*"(a) such that

T T
ZZ( {g(Y?)<0y+ea} *0‘)~

t=1 t=1

a

Therefore, by taking the limit of G(§) for £ — 0 we have the right partial derivative of
1 Z
S'ua'r E guar (év7 }72 )
( \/T po T g( t )

and G(—¢€) for & — 0 is the left partial derivative. Hence, since S%%"(-) is minimized at .,
Gr(—=¢) <0 and Gp(£) > 0 it follows that

|G7(0)] = Gr(§) — Gr(—=§)

T
1
N> (Laovor<igsen — )
t=1
1 T
and by letting £ — 0 we obtain
T

|G (0 Z g(Y2)=0r}

with P (1{g(Yt2)=él|/_} # O) = 0. Hence, condition ii.b) holds.

Finally, under A1 and A2, as T — oo we have that

fzqw 0y, g(Y2)) = N(0,V). (A.34)

The result is obtained by applying a standard central limit theorem (White, 2014) under the
assumption of stationarity, boundedness of ((l{g(YzK%} - a) and E [M)(63,9(Y?))] = 0, for



A\ = 1. The variance of ¥(6, g(Y;2)) is equal to

V=E {(l{g(vg)«)z} B a)Q}

o 2
=E [1{g<Ys>s95} — 20l ve)<onp @ }
=a(l —a).

(A.35)

Hence, expansion given in Equation (A.32) holds, and in turn, by applying Slutsky theorem we

get
VT (é% - og) s N(0,ASVASY).

JVaR parameter

In order to obtain the asymptotic distribution of 8y, we want to show that

N —1 —1 1 a v (v -1 1 = 1)
VT (9T - 90) = A7 AA Y (ﬁ ;w (62) + 0(1)> +A5, <—ﬁ ;w (9T, 90) n 0(1)>
(A.36)

As before, we follow Dimitriadis and Hoga (2022) and refer to their paper for more details.

Let us consider the following quantites

6 ((6°,0), (9¥?). Y1) = 23 ((6°.0), (9(¥?), 7))

00
so that
0
Ajo = 558 [0 ((07,0), (9(¥7),Y2))] = E[f.(0) - agFtwvﬂﬂ\ 0" = 0y
0 =6y
0 . ~
Avj = a01).E [1/} ((9079)’ (Q(Yf);y;t))] =K [ﬂfg(f/tz)(e) - 61Ft(91)79):|‘ gv = 08
0 =6
and define
v 1 a v
Mr(06) = 3 B[ (°.0)
* 1 o a v 2
AT_]'U(Q ,9 ): TZ%E [7/}((9 79)7(9()/t )7th))j| 911:9’0*
= 6 = g7
Ao 070%) = 5o [0 (0°0). GOD D] o _ .



The asymptotic distribution of the JVaR M-estimator is obtained based on the following mean

value expansion

Ar(0%.,07) = Ar(0%,00) + A1 3 (05, 07) (O — 6o)
= A7 (0, 600) + Az (07, 00)(0% — 03) + Ar ju (B3, 6) (B — 6o) (A.37)
= Ag,0j (07, 00) (05 — 08) + Arjo (0%, 67) (07 — 600)

where in the last step we used Ar(63,600) = 0, so that Equation (A.37) becomes
VT (é _ 90) = MG L (05, 0T A (03, 00) + AgL (03, 0%) Ay (07, 0)VT (05 — 03)

T
— AU n* ) — AU n* *x 1 v (U
= A7, (05, 0T Ap (B, 0r) + AL, (0, 67 ) A (67, 60) ( D owr(08) + 0(1)>

for 0* and 60** on the segments between 6 and 6y, and 6* and 0§ respectively.
Therefore, the claim is established by showing that:
i) A7k, (02,0%) 5 AT} for any 0° — 0o and 03 — 0§
Agj (07,60) 25 A for any 6% — 6y
VI (5, 0r) =~ S0 (0%, 002) + 0(1).
In particular, the use of 6y 1 allows us to account for the first-step estimator, and is explained
below. On the other hand iii) can be proved - by applying Lemma A.1 of Weiss (1991) - by
showing that

iii.a) conditions N1-N5 of Weiss (1991) are satisfied
i) v ((07,0), (90v2), Y1) ) = o(1)
iii.c) A7 5 6,

For iii.a) we have that N1 and N5 are immediate, as well as N4 because 1{g(y§)>év} (1{Yt§90} - 6)

is bounded by one, whereas for N2 we need to show that 3 some 6y 1 € O such that Ar (6o, 1, HA%) =
0. To this end, let us fix T € N and recall that Ap(6p,63) = 0, then by applying the implicit
function theorem we have that on {||9% — 08 < eop with gg > 0 and % in a neighborhood of

0y, i.e. N'(63) with N'(y) C ©V of the interior point 6y, there exists 6y € © with
Ar(0o.7,0%) =0 (A.39)

and 0y — 6p. This means that the asymptotic normality of 6, is proved by working on
{1165 05 < eoll}.

Starting from ii) similarly to the VaR, we have that for any 6** in the segment between 6§
and 0%, under A7 and A2 we obtain ||Ar.; (6%, 60) — Ay;|| = O(]|6** — 8o||) with 6** — 63 so
that A7 j, — Aj,, and similarly for i), with

140 = Ao (0%, 09)|1 < 1A — Azju (00, 01| + [[A750 (B0, 07) — Az ju (67, 07)]]



where the first component on the right hand side is O(||#% — 6y||) and the second component is
O(||6* — 6o||). Therefore, for the consistency of the estimators we obtain Az j,(%,6%) = Ajy,
and hence, by applying the continuous mapping theorem we have A;}jv(éﬁjp, 0*) — Aj_vl.

For iii) again, we consider e as a standard basis in R and
‘ 1 &
$ (@) = == 38 (05,0 + ea), (9(¥2),Y)) . acR
VTS

with G (a) right partial derivative of $37*"(a) such that

1 T T
- VT Z Z 1{g(Y2)>9V (1{Yt§9}+ea} - 5) :

t=1 t=1

N

Therefore, by taking the limit of G(§) for £ — 0 we have the right partial derivative of

T
3 (6) = —= 387 (6, (a(v2). 1)
VT
t=1

and G(—¢€) for € — 0 is the left partial derivative. Hence, since S3°'(-) is minimized at 07,
Gr(—€) < 0 and Gr(€) > 0 it follows that
|Gr(0)] = Gr(§) — Gr(=¢)

) —
T
Z g(Y?) >0V} ( {Y;<Or+ea} ﬁ)

e
Z g(Y2)>6v} (1{Yt§é1—7ea} - 5)

IA

3\

and by letting £ — 0 we obtain

T
|G (0 Z g(\?f)>é¥}1{Yt=éT}

with P (1{Yt:9T} =+ 0) = 0 that gives the desired result. Hence, iii) holds.

Condition N3 (i) follows from the fact that for 6* in the line between 83 and 0%, A j, (6%, 0%.) —
Ajy, whereas N3(ii) requires

E| sup |l ((0",7), (9(Y?), Y2)) = ((60°,0), (9(Y2). Vo)) ||| <bd,  for  |[0—0o7||+d < do

[IT—0]|<d

with b,d,dp > 0 and large T, and follows from Assumption 2(i) and the fact that for all 6 €
N(Ory0),



N(Or,0) ={0 €0 : |0 —Or|| +d < do} with d > 0, we have

10 = Ool| = 116 — O7.0 + 61,0 — ol
<10 = 01,0 + Orol| + [|07,0 — Ool] (A.40)
< do + O(||05 — 03))
see Lemma C.5 in Dimitriadis and Hoga (2022) for details. Similarly for N3(iii) of Weiss -
that is given in Lemma C.6 of Dimitriadis and Hoga (2022) - and requires E [(0,d)?] < cd
for |10 — 0o || +d < do with ¢,dg > 0, d > 0, ¢ > 2 and large T, for p(0,d) defined as
po,d) = sup [ ((6",7), (9(¥2), ¥2)) —w (67,6, (9(¥), ¥2)) |l

[IT=0l<

Therefore, we claim that under A1 and A2, as T — oo,

T
% S0 (0%, 00r), (9072), %)) 5 N (0,) (A.41)
t=1

where J = (1 — 6)(1 — ).

The key point to show the validity of Equation (A.41) is that as T — oo

((0vo, o), (9(Y), Yf)) N(0,J)

HMH

with

J=F [1{g(vf)>eg} (Lpve<o) — ﬂ)]

=E [ {e(v2)>05.ve<0} T 521{g<¥3>>03} - 251{g(¥3)>9gyvtgeo} (A-42)
=B(1l-a)-F*1-a)=41-a)l-p),
and in particular, the result follows by noting that for
1 <« X
o1) = —= >~ | (65.00) —v (0" 007 |
t=1

_ 1 v v Nv nv A .43
= = (0 (08.00) ~ Bl (65,001} = {w (8%00) = B [ (0", 00] } (A.43)
e 0 (05.00) = E 0 (05001} = {0 (65.00.r) = E [0 65.00.1))

where 1 (-, ) stands for ¢ ((-,-), (9(¥}?),Y;)). In particular, in Equation (A.43) we have used
E[¢(0Y,00)] = 0 and Ap(03,600.7) = %Zf:lE {w (é},GO’T)]. Now, as in Lemma C.8 of
Dimitriadis and Hoga (2022), since v'T'||0p.1 — 6o]] = O(1) we can apply Lemma A.1 of Weiss
(1991), which implies that

Hﬁ {v (65.60) — E[¢ (65.60)]} — {¢ (65, 60,7) — E[¢ (65, 00,7)]} H
o(1) = sup -
1o—60.1/1<do L VTIE S Bl (05.0)])



and similarly for the first term so that

77 0(05.00) = E[ (05,001} =\ (6°.00) — B | (6760
o(l) = sup
1063 <o L+ VTIIF S Bl (8. 0))

Therefore, we can conclude with the asymptotic distribution of 6, as given in Equation (A.36).

In particular, as T — oo

T 91}7 2
fZ:( (eT,e()og o )>,yt>) ) SN 0. ()
with
E[(% (0 >21,E[ C w(eg,eo)] )
E (65, 00) v (68)], E[(¢ (68, 60))?]
where

ElY (05, 00) v(05)] = E [1{g<vs)>eg} (1{g(Y§)geg} - a) (Lrve<o0) — 5)}
= —aF [Ligvaysop (Livizan = B)| (A.45)
=—akb |:1{g(Yf)>05,Yt§6'o} - B(1— a)} =0.
Therefore, by rewriting Equation (A.36) as

A 7 2 ¥ (05, 9(v?)
V —0) = (A7 AAG) —A7! T N
T (0 =t0) = (A5 Austy, ) ( ;Tz?_lw((9%,9o>,<g<y§>7yt>))

we can conclude that

VT (07 — 00) -4 N (o, AOJOA;)

with Ao = (A7 A ALY — AL,

Jv
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