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Abstract

The main topic of this thesis is confounding in linear regression models. It arises when a relationship
between an observed process, the covariate, and an outcome process, the response, is influenced by
an unmeasured process, the confounder, associated with both. Consequently, the estimators for the
regression coefficients of the measured covariates might be severely biased, less efficient and characterized
by misleading interpretations. In fact, confounding is an issue when the primary target of the work
is estimation of the regression parameters. The central point of the dissertation is the evaluation of
the sampling properties of parameter estimators. This work aims to extend the spatial confounding
framework, widely addressed in the literature, to general structured settings and to understand the
behaviour of confounding as a function of the data generating process structure parameters in several
scenarios focusing on the joint covariate-confounder structure. In line with the spatial statistics literature,
our purpose is to quantify the sampling properties of the regression coefficient estimators and, in turn, to
identify the most prominent quantities depending on the generative mechanism impacting confounding.
Once the bias, variance and mean square error of the estimator conditionally on the covariate process
are derived as ratios of dependent quadratic forms in Gaussian random variables, we provide an analytic
expression of the marginal sampling properties of the estimator by means of Carlson’s R function. This
allows the computation of the target quantities without simulation studies. In addition, we propose a
representative scalar quantity for the extent of confounding as a proxy of the bias, its first order Laplace
approximation. To conclude, we work under several frameworks that consider spatial and temporal
data with specific assumptions regarding the covariance and cross-covariance functions used to generate
the processes involved. This study allows us to claim that the variability of the confounder-covariate
interaction and of the covariate plays the most relevant role in determining the principal marker of the
magnitude of confounding, the estimator bias, and the other estimator sampling properties.
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Chapter 1

Introduction

1.1 Overview

Usually, in linear regression models, there are unobserved variables that contribute to
explain some of the variability of the response. The lack of knowledge of the latent
processes, that influence the predictor of such models, leads to biased estimates of the
parameters of interest. To overcome this problem in the attempt to account for the
unmeasured variables, it is common practice to use a linear regression model in which
a specific type of error structure matrix is assumed to be known. Otherwise, random
effects are included in the model to account for the variation of the correlation among
observations according to some unknown pattern. Often, neither being aware of residual
covariance matrix nor modeling the random effect variations is sufficient to obtain reliable
estimates.

Confounding arises when a relationship between an observed process, the covariate, and
an outcome process, the response, is affected by an unmeasured process, the confounder,
associated with both (see Figure 1.1). As a result, the estimates for the regression coef-
ficients of the measured covariates can be severely biased, less efficient and characterized
by a misleading interpretation. Taking into account confounding effects in the parameter
estimation is a hard task. When the primary target is estimating the relationship between
the response and the covariates through regression coefficients, it is critical to be aware
of the consequences of confounding. The central point of this thesis is the evaluation of
the sampling properties of parameter estimators under several scenarios and in a simple
setup with one covariate.

Confounding may occur in a wide variety of research areas, such as epidemiology, en-
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vironmental sciences, public health and physics. Frequently spatial models are employed
in these fields because they are regression models that take into account the similarity of
spatially near observations. The existence of an unmeasured spatial variable introduces a
spatial structure into the residuals, which, in turn, requires inserting correlated random
effects into the model. This introduction acts as a local adjustment to the regression term
due to unmeasured covariates to avoid unobserved variable bias in the estimation of other
covariate effects. Unfortunately, as previously mentioned, this approach may not be able
to solve the bias issue. It does not fix the problem when the posited statistical model
tries to model data from a generative mechanism characterized by spatial confounding.

Response Covariate

Figure 1.1: Illustration of a confounded statistical relationship in a simple setup with one covariate.
The confounder influences, at the same time, the covariate and the response.

Over the past few decades, the statistical literature has dealt extensively with spatial
confounding. Clayton et al. (1993) is the first reference to the spatial confounding. They
point out that when "the pattern of variation of the covariate is similar to the disease risk,
the location may act as a confounder". Consequently, when a spatial effect is included in
the model, changes in the regression coefficient estimates are not surprising. In addition,
the authors highlight the critical issue calling "confounding by location" the situation
where the estimates of a regression coefficient associated with spatially structured covari-
ate are affected by the presence of a spatial random effect in the model. Bernardinelli
et al. (1995) give rise to the belief that adding a spatially correlated random effect adjusts
fixed effect estimates for spatially structured missing covariate. This idea is debunked in
presence of spatial confounding (Hodges and Reich, 2010). Reich et al. (2006) observe
that by introducing a spatially correlated random effect the change in the regression co-
efficient estimates can be owed to collinearity between fixed effects and spatial random
effects. Believing this changeover in the estimation was erroneous, Reich et al. (2006) and
Hodges and Reich (2010) propose, as a possible redress, a method called restricted spatial
regression (RSR). They conjecture that the spatial random effects mask the association
between response and covariate when there is spatial confounding. For this reason they
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retain in the model only the random effects lying in the orthogonal space of fixed effects.
In the same period, Paciorek (2010) notes that controlling for spatial confounders in clas-
sical spatial models, for example through kriging, cannot reduce bias if the correlation is
strong, because the insertion of random effects may confound the effect of the covariates.
In other words, including spatial random effects in the regression model as a proxy of
unobserved spatial confounders does not succeed addressing the confounding problem. In
fact, it will be shown along the work that even assuming a suitable correlation structure
for the residuals, the bias still exists.

In light of the discussion above, it is well-reported that spatial confounding arises in the

presence of multicollinearity between the covariates and the spatial random effect (Hanks
et al., 2015; Hefley et al., 2017; Thaden and Kneib, 2018; Prates et al., 2019; Guan et al.,
2022). Actually, in these models, spatial confounding takes place when, in addition to the
response, spatially varying covariates modeling the mean of the response are correlated
with spatial latent variables involved in the generative model. This notion is consistent
with the standard causal definition of confounding (Papadogeorgou et al., 2018; Schnell
and Papadogeorgou, 2020; Gilbert et al., 2021). In this regard, Khan and Berrett (2023)
identify that there are at least two distinct phenomena currently conflated with the term
spatial confounding: one about the multicollinearity characterizing the posited model and
one inherent the data from a generative mechanism featured by correlated observed co-
variates and unmeasured spatial variables.
From the econometric point of view, spatial confounding might be seen as a type of
endogeneity, with observed covariate the endogenous variable and the unmeasured com-
ponent, or some proxy of it, an exogenous variable. Thaden and Kneib (2018) and Khan
and Calder (2022) try to give a formal and strict definition of confounding and no con-
founding respectively, but still there is no unifying one in more general settings. At first
glance, it can be briefly defined as the impossibility of disengaging marginal covariate
effect from spatial random one when they are dependent. In this case estimation methods
can lead to misleading results.

Spatial confounding is a contentious and active spatial statistics’ area of research. The
relevant literature can be split into two strands. In the first one, the researchers try to
quantify, evaluate and understand the impact that spatial confounding has on regression
coefficients (Paciorek, 2010; Page et al., 2017; Nobre et al., 2021). In the second one,
methods capable of accounting for spatial confounding are developed in order to obtain
accurate estimates of the target parameters (Reich et al., 2006; Hodges and Reich, 2010;
Hughes and Haran, 2013; Hanks et al., 2015; Hefley et al., 2017; Thaden and Kneib,
2018; Papadogeorgou et al., 2018; Guan et al., 2022; Dupont et al., 2021; Yang, 2021;
Reich et al., 2021; Marques et al., 2022; Hui and Bondell, 2022). Our work contributes to
the vein of the literature focusing on understanding spatial confounding, whereas future
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researches may consider the development of new methodologies.

In the recent literature, studies concerning spatial confounding focus on the strength
of spatial association characterizing the covariate and confounder, in order to evaluate
its impact on the sampling properties of the regression coefficient estimators. To date,
what is evident from the previous studies is that the parameters influencing spatial auto-
correlation of the covariate and confounder are of major relevance. Moreover, the most
widespread idea is that a confounder smoother than the covariates leads to a lower bias,
e.g. less confounding (Paciorek, 2010). However, Page et al. (2017) note that this idea
cannot be pooled regardless the generative mechanism that drives the data.

The major aim of this dissertation is to extend the current literature on spatial con-
founding to general structured settings, e.g. to any generating process characterized
by autocorrelation structures. Besides, another goal of the work is understanding the
behavior of confounding as a function of the data generating process (DGP) structure
parameters in several scenarios depending on the possible different ways in which the
joint covariate-confounder structure can be built. After discussing the difference between
smoothness and variability characterizing a structured random process, here we point out
that the bias mostly depends on the ratio of interaction’s variability between confounder
and covariate, i.e. their expected sampling covariance, and the expected sampling vari-
ance of the covariate. Assuming a smoother confounder, in particular cases, leads to
smaller global variability and, thus, to lower bias.

1.2 Main contributions

We provide a clear statistical framework to understand confounding. Following the line
adopted by Paciorek (2010), Page et al. (2017) and Nobre et al. (2021), a stochastic gener-
ative model is assumed as data generating process along the thesis. This is useful because
allows us to obtain plausible values for the response, the covariate and the confounder
that may arise in real applications. In order to investigate in a more clear way the effects
of confounding in the estimation of regression coefficients, all data generating process
parameters are posited to be known throughout the thesis except for the regression co-
efficients. In line with the spatial statistics literature, we aim to quantify the sampling
properties of the regression coefficient estimators, and in turn, identify the most relevant
quantities depending on DGP impacting confounding.

Assuming that the data generating process characterized by confounding has a specific
behaviour, we study the sampling properties of the generalized least square estimator
in the linear regression model with omitted variables and on the maximum likelihood
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estimator in the linear mixed regression model. The former model simply omits the
confounding variable, while the second accounts for it by considering a random effect
that attempts to represent its correlation structure. First of all, the estimators’ sampling
properties, such as bias, variance and mean square error, conditionally on the covariate
process are derived. They are random variables giving rise to ratios of dependent quadratic
forms in Gaussian random variables (Provost and Mathai, 1992; Paolella, 2018). Using the
law of total expectation and variance and, following Sawa (1978) and Cressie (1993), it is
possible to obtain their expected value, providing an analytic expression of the marginal
sampling properties of the parameter estimator by means of the Carlson’s R function
(Carlson, 1963; Lauricella, 1893).

Starting from the straightforward case in which spherical Gaussian processes generate
the covariate and confounder (unstructured DGP), the conditional bias of the estimator is
deterministic. It is function of the confounder-covariate covariance and covariate variance
parameters. This result suggests that the bias depends on the intensity of the relation-
ship between the confounder and covariate, and on the variability of the covariate process.
However, moving on the assumption of structured DGP, complications rise because the
variability of a process does not match the variance parameter. To overcome this problem,
we propose some quantities that synthesize such variability. Indeed, to summarize that of
a structured process, we specify the expected sampling variance and to consider the vari-
ability explained by the interaction of the two processes, we define the expected sampling
covariance. As they are defined, such quantities allow us to note that the eigenvalues of
a covariance matrix are crucial to take into account the variability of a process in the
evaluation of the problem of confounding. Furthermore, given the literature’s interest in
the smoothness of a process considered, we show how both the variability and smoothness
are captured in the specification of a process. They can be quantified through the process
covariance and correlation structure, respectively.

Since the primary goal of this dissertation is to understand the key issues of confounding
and derive informative analytic results for a wider setting, we work under several frame-
works with specific assumptions regarding the covariance and cross-covariance functions
used to generate the processes involved in the generative mechanism. In particular, we
consider different scenarios in order to better understand how they affect the sampling
properties of the estimators. In a geostatistical framework, we consider an exponential
correlation function that depends on spatial range parameters to produce the covariate
and confounder processes. In an areal framework, we assume that the processes follow
a conditional autoregressive model depending on structure parameter and adjacency ma-
trix. In order to explore the temporal field, we assume that the covariate and confounder
follow an autoregressive process of order one. Then, in light of evidences supplied and
regarding the estimator bias as the principal marker for the magnitude of confounding, we
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point out that the confounder smoothness is not the most relevant measure in determin-
ing the bias. Rather, the covariate-confounder interaction and the variability of covariate,
play the most prominent role in determining the bias. Based on this fact, we propose a
representative scalar quantity for the confounding extent as a proxy of the marginal bias
of the estimator of the target parameter, its first order Laplace approximation.

The research reported in this dissertation contributes to the literature with an extensive
comprehension of confounding in linear regression models. Regarding future develop-
ments and work in progress we would examine the sources of confounding in more depth:
considering other kind of covariance and cross-covariance function for the design of the
data generating process, studying regression model with more than one covariate and
evaluating the predictions’ uncertainty in presence of confounding. In addiction, aware
about the important role of the matrices’ eigenvalues characterizing ratios of quadratic
forms that define the estimator sampling properties, we deem to supply boundaries for
them. Finally, it would be desirable finding a way to adjust for confounding in a Bayesian
framework.

The thesis is organized as follows: in Chapter 2 we define the data generating process and
the posited model for parameter estimation putting forward our comprehensive notation
used along the work. In Chapter 3 we present the main features of confounding in terms
of quadratic forms: the marginal sampling properties of the estimator and the quantities
used to evaluate the issue. In Chapter 4 we provide a brief review of the main results of
the statistic literature regarding the assessment of spatial confounding adding our own
consideration on the matter and we implement an application study aimed at creating
scenarios similar to what we get in practice looking at geostatistical, areal and temporal
data.



Chapter 2

Analytic framework

One of the objectives of statistical modeling is to figure out the influence of variables
(called covariates, regressors or independent variables) on a measure of interest (called
response or dependent variable). A general framework to perform this kind of analyses is
supplied by regression models. In particular, we focus on linear regression models.

The main topic of this thesis concerns the evaluation of the impact of unobserved rele-
vant information, related to the observed one, on the estimation of regression parameters,
an issue known in the literature as confounding. To provide a formal study of the sam-
pling properties of regression parameter estimators in presence of confounding, we start
by defining the Data Generating Process (Section 2.1) and a separate posited model for
parameter estimation (Section 2.2). This is intended to mimic the workflow of statisti-
cal analysis where data are interpreted as realizations of a random mechanism that the
researcher tries to infer toward statistical modeling. In this spirit, confounding is about
the bias affecting the regression coefficient estimates when the postulated model misses
some relevant feature of the DGP. Hypothesis underlying the posited model lead to dif-
ferent estimators of the regression coefficients such as Ordinary Least Squares (OLS, in
regression with spherical disturbances), Generalized Least Squares (GLS, in regression
with structured disturbances) and more generally Maximum Likelihood (ML) estimators
in mixed linear regression models. As we point out in Section 2.2, these estimators can
be cast as the same linear function of the data with appropriate weighting matrices (in
particular, this is achievable in mixed models after marginalization of the random effects):
this allows a unified treatment of the sampling distribution of all these estimators, which
is provided in Chapter 3.



2.1 The Data Generating Process 8

2.1 The Data Generating Process

To introduce the problem of confounding a stochastic generative model, i.e. the DGP,
is considered. Its specification starts by explicitly stating the linear dependence of the
response variable on the covariates:

Y = By~0(:cz)1n + Byx(z)X + Byz(x)Z + Eylx,z) Eylz,z ™ Nn(O, 2y\x,z)» (21)

where 1, is the n-dimensional vector of ones and X, . is the covariance matrix of the
error term that expresses the variability of the dependent variable Y not explained by the
regression on X and Z. Moreover, By .o(zz), By.o(z) and By..() are the partial regression
coefficients that determine the strength and direction of the corresponding covariate’s
influence. The notation on subscript of the partial regression coefficients is aimed at
pointing out that they quantify the relationship between the response (before the dot)
and the covariate which is referred to (after the dot), in the presence of another variable
(within the brackets) (for a schematic representation see Figure 2.2).

The treatment of X and Z as random processes has also been adopted by Paciorek
(2010) and Page et al. (2017). The stochastic approach allows for some analytic results
and is further justified in that the variation that an unmeasured Z induces in Y is
necessarily treated stochastically as a part of the residual.

In our setting, the response, the covariate, and the confounder are multivariate Gaussian
random variables characterized by the following joint distribution:

Y Hy Xy N Xy
X ~ Ngn Mz | Exy E:Jc Zmz s (2‘2)
Z - Zzy Yoo X

where ¥, 3,3, € St +1 are the positive definite marginal covariance matrices defined
as
3, =Cov(X,X)=E[(X -EX))(X —E[X])],

and X,., such that 3,, = X

.z 18 the cross-covariance matrix defines as

5. = Cov(X, Z) =E[(X ~ E[X])(Z ~ E[2))"].

Equation (2.1) can be expressed through the conditional distribution of the response

ILet S™ denote the vector space of n x n real symmetric matrices. Recall that by the spectral theorem any matrix
A € S" is diagonalizable in an orthonormal basis and has real eigenvalues. Let S}, (S}) denote the set of positive
(semi)definite matrices, i.e. the set of real symmetric matrices having strictly positive (non-negative) eigenvalues. For a
matrix A € ST, (A € §7) we will use the notation A ~ 0 (A = 0).
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process as follows:
Y|X7Z ML( yOa:z)]- +Bya:(z)X+Byzac Z7 Ey\x,z) . (23)

Recalling the results in Appendix B.2, valid joint distribution of (Y, X", Z")T may
be obtained assuming any combination of two conditional covariance matrices and one
marginal positive definite covariance matrix, e.g. X ,. = 0, 3. > 0 and X, > 0.
Otherwise, selecting all positive definite marginal covariance matrices and choosing valid
cross-covariance function leads to a valid joint distribution.

We are interested in the ensuing linear predictor, i.e. the mean of random vector
Y|X,Z R,
Ey[Y‘X, Z] = By.o(ggz)].n + By.m(z)X + By.Z(I)Z, (24)

obtained by integration on the domain of Y. A significant aspect of Equation (2.4), as
emphasized by the notation, is that the expectation has to be taken with respect to the
distribution of Y. The following proposition is aimed at clarifying the notation adopted
for the expected value when the random vector Y is expressed as a function of X and Z.

Proposition 2.1.1. Let X and Z be continuous random wvectors with joint probability
density function (pdf) fxz(x,z) and let’Y be a continuous random vector with pdf fy(y).
Considering the transformation h(-) such that

Y = h(X,2),

by a change of variables argument, it can be established that

EyY] = / yfy(y)dy

// (x,2)fxz(x, z)dedz

= Exz[h(X, Z)],

under the condition

// \h(z, z)|fx z(x, z) dedz < o0,
xJz

1s the expected value of the random vector Y with respect to the random vectors X and
Z on the product space X X Z.

To understand the consequences of lack of information concerning the variable Z on the
estimation of the regression coefficient of Y on the measured variable X, we will consider
the conditional distribution Y |X marginalized over Z:

Y‘X ~ ./\/;L<By.0(w)1n -+ Ay.ch, B;,Z(x)22|$ —+ Zy|1’72)7 (25)
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where

Ayo = EWE;l
= By.x(z)In + By.z(x)Az.x (2.6)

is the regression matriz of Y on X.

When A, ., is not a scalar matrix?, that is the most stimulating case, also the coefficients’
interpretation problem arises because they are not understandable as partial derivatives
anymore (LeSage, 2008; Golgher and Voss, 2015). This is an interesting topic that could
be the target of a future insights. More broadly, whether there were some relationships
between the multivariate components of the random vectors in a model, they certainly
would not want to be ignored. In that case, the regression matrices would no longer be
scalar but will have some sparse or full structure characterized by dependence they share.

Confounder

Figure 2.1: Formalization of the confounded simple regression model in (2.1) with scalar partial regres-
sion coefficients (red) and regression matrices (black).

Under such setting, if Y and Z are conditionally independent given X, i.e.
By..(zy =0
and, X and Z are independent, i.e
A,.,=0<=3%X,,=0,

the simple regression matrix of Y on X coincides with the corresponding scalar matrix
containing the partial regression coefficient related to X, i.e. Ay, = By.;(»)I,. It means
that there is no confounding in the model inasmuch as the presence of a latent process

2A scalar matrix is a diagonal matrix with equal diagonal entries.
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in DGP does not change the measurement of relationship between the response and the
covariate. Consequently, regression parameter estimates are unbiased.

2.1.1 Unstructured data generating process

We start considering an unstructured DGP. Assuming a scalar error covariance matrix
(assumed throughout the whole thesis), i.e.

Ey\x,z = Ina

2
Tylz,2
and treating the regressors as spherical® random variables, such that

X ~ N,(ps,021,) and  Z ~ N, (., 02L,),

the partial regression coefficients can be expressed in term of the simple regression coef-
ficients as:

B,.— B,.B..
Byat) = = - Bx.ZBZ.x
B,.— B,.B...

where B,,., is the simple regression coefficient of Y on X.

Thus, B,..(») can be interpreted as the regression coefficient of Y on X modified for the
presence of Z. Moreover, if the random variables X and Z are not correlated, one has
that B.., = B,.. = 0, and hence, By..;) = By.,. The same is valid for B,,..,) (Anderson,
1984; Allen, 1997). In this spherical setup, given the pair of random vectors (Y, X), the
i-th component of the vector Y, Y}, is affected exclusively by X, in a proportional way
through B,.., for all 7 = 1,...,n. Thereby, we have A, = B,.,1,,, and so, in this case, the
regression coefficient B,., can be expressed in terms of the partial regression coefficients
of the full model using the Equations in (2.7) as follows

By-a: = By-x(z) + By-z(m)Bz-x- (28)

Equation (2.8) shows that the estimation will be biased when By, # By.(.), that is
the case in which there is confounding in the model, which is when the covariate and
confounder processes are correlated and the response and the confounder are conditionally
dependent given the covariate. This intuition will be formalized for a broader context in
Section 2.1.3.

3Spherical distributions are considered an extension of the standard multivariate normal distribution characterized by
no unit marginal variance and mean not necessarily zero.
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Confounder

Figure 2.2: Formalization of the confounded simple regression model in (2.1) considering an unstruc-
tured DGP characterized the simple (black) and partial (red) regression coefficients quantifying the
relations between processes.

2.1.2 Structured data generating process

After tackling the most basic case, in this section we consider structured covariance and
cross-covariance matrices for the distributive assumption in (2.2). Subsequently, what has
been reported in Section 2.1.1 becomes more complex. In this regard we start by remarking
how the joint distribution for (2.2) can be expressed in dependence of regression matrices
since expressing the linear predictor in terms of partial regression coefficients, as in (2.4),
is no longer possible. Particular attention is devoted to conditions that have to be met in
order to obtain a valid joint covariance matrix.

2.1.2.1 Joint distribution of Gaussian vectors through regression matrices

Consider a bivariate random vector (X7, Z")T ~ No,(pts, X, ), where p, . = (,u;r, ;J,ZT)T
and

(2.9)

Ex,z — |:EZ' E$2:| .

sz EZ
From standard multivariate normal theory (see Appendix B), this distribution can be

obtained starting from the marginal distribution of Z, N, (u.,X.), and the conditional
distribution X |Z ~ N, (py2, Xy)-) which has moments:

Mz|z = Mo + szzgl(z — )
Y. =2 - ALLE AL (2.10)
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By analogy, it is possible to do the same with the variables X and Z|X. Thus, the joint
distribution of X and Z can be expressed as follows:

X /fl':r\z - Ax-z<z - /fl‘z) Ex|z + szEzA;ng ACL‘-ZEZ
(Z> NQ” (( 22 ’ (Ax‘zzz)—r Z]z . (211)

According to Harville (1997) and Zhang (2005), conditions ensuring the property of the
covariance matrix in (2.11) are X, > 0 and X, > 0. Hence, one needs to specify the
matrices 3, > 0 and X, = 0 to get a valid covariance matrix, while no conditions need
to be met by the regression matrix A,.,.

Considering the trivariate random vector (Y7, X7, Z")T in a similar manner as previ-
ously done in Equation (2.6), we define the regression matrix A, € R"*?" that expresses
the structure of the regression of Y on X and Z, as

Ao =305, (2.12)

The conditional distribution Y |[(X 7, Z7)" ~ N, (fyjz,s, Byjr,»-) is characterized by the
following moments:

T — W,
Hylz: = My + Ay ( ) )

zZ— U,
Ey\%z = 2y - Ay-xzzx,zA;xZ- (2.13)

As for the bivariate case, we express the joint covariance matrix ¥, , . as a function of
the regression matrices introduced above:

Hyl|z,z — Aymz ( | z—p
l"l’y,fE,Z B IJ’:L‘\Z - sz(z - lJ'z)
1
_Ey\z,z + Ay'ngf’?yzA;—-:vz AyCEEI Ayzzz
DI Az, Yo+ ALSAL ALY, (2.14)
L A.Zyzy Azxzx 22:

According to Theorem B.2.1, the sufficient conditions that ensure the property of 3, , .
are 3, . = 0 and X, . = 0. Hence, regression matrices A, Ay, A;., Ay,. do not
impact positive definiteness of 33, , ..

Furthermore, from Equation (2.12) it is possible to identify the sub-matrices A, .,.) €
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R™™ and Ay € R™*", called partial regression matrices, such that:
Ay.mz = [Ay.x(z) : Ay.z(x)] 3 (2.15)

where A,y is the matrix that describes the relationship between the variable Y and
X, holding Z constant. Matrices A,.., A,., and A,., are referred to as simple regression
matrices in what follows when we need to distinguish them from the partial ones.

2.1.2.2 Relationship between partial and simple regression matrices
In the following we focus on how simple and partial regression matrices are related to
each other (see Figure 2.1).

Proposition 2.1.2. The simple regression matrices that link'Y to X and Z can be
expressed as a function of the partial regression matrices A ..z, Ay..(x) and the simple
regression matrices between X and Z as follows:

(i)
Ay-x = Ayz(a:)Aza: + Ay-x(z)a (216)

(#)
Ay = Aya)Av: + Ay (2.17)

Proof. From (2.11), (2.12) and (2.15), one gets:

Ey-zz - Aymzzx,z
hI A,.Y,
(Aa:-zzz)T DI

=[Ayae) 1 Ayew)

Then, recalling how X,.,, is built from (B.2) brings to (i) and (i1). O

Proposition 2.1.3. The partial regression matrices can be expressed as a function of
the simple regression matrices of every possible pair of random vectors Y, X and Z, as
follows.

(i)
Apiwy = (Ay. — Ay, Ay) (I, — AL ALL) (2.18)

(ii)
Ayaiy = (Aye — AyoAsy) (I — A Asy) (2.19)
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Proof. Concerning statement (7), starting from (2.17) and then using (2.16), one gets:

Ay = Ay — AyunAs
=A,.— (A, — Ay.Z(I)AZ.JC)Ax.Z
Ayom) = Aya)AsaAr. = Ay — Ay Ay
ApoyIn —ALAL) = Ay — Ay A,
Aoy = (A — Ay ALL) (L —ALLA,L) .

Tz

Alternatively, we can provide the evidence of the statement (i) making use of the Schur-
Barachiewicz inverse formula (A.4) through the Schur complement 3, , /3,

Ay-xz = [Ay:c(z) : Ayz(x)}

-1
Ea: EIZ

[E 2 ] 2;1+2;12x2(2m,z/21>_122x2;1 _Egjlzxz<2x,z/zz)_l
a o yZ _(Ez,z/zm)_lgsz;I (Ez,z/zm)_l

. nyzx_lExz<2x,z/zx)_lzzngjl . _Eynglzxz(z]x,z/zx)_l"i_
B +ny2$_1 - Eyz(ELZ/EI)_lzsz;l ' +29Z(EI7Z/EI)_1

According to the definitions of regression matrices and considering that
(E%Z/Ez)_l = Ez_l(In - Az~:ch~z)_1,
we get

Ay~an:~z(In - Azancz)ilAzx_*_ . _Aya:sz(In - Aza:sz)il'f—

Ay.m - +Ay.x - Ayz(In - Az:cA;rz)ilAzac . +Ay'2(:[n - AZ'QCA”C'Z)il

and then, the expected result
Ayz(a}) - (Ayz - AyzAajz)<In - Az:cA:cz)_l
In order to proof (ii) one can simply repeat the process above using (A.7) instead. ]

It is immediate to see that these last propositions are multivariate generalizations of
Formulas (2.7) and (2.8) expressing the relations between the simple and partial regression
coefficients under unstructured DGP. In fact, when in the conditional mean the partial
regression matrices A, ..y and A, ,) are scalar matrices, such that
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Ayas) = Byaln  and Ay = Byowla.

we get the base-line conditional mean in (2.4).

2.1.3 Defining confounding

The mean of the Gaussian random vector (Y7, X", Z")T can be expressed as a function
of the regression matrices A..(z), Ay..z) and A, as follows

Boyle,z T Aya(e e + Ay s = Ay = Ay(n) 2
Hyzz = Hz|z + A:p-z“z - A:r-zz
M

The conditional mean of the random vector Y| X, Z con be expressed as:

xr
Ey[Y‘X, Z] = My — Ay.z(z)[,l,x — Ay.z(x)/lzz + Ay.zz (z>
= &y.0(zz) T Ay.w(z)w + Ay.z(m)z (2.20)

where a,.o(,») is the intercept vector. In line with Paciorek (2010) and Page et al. (2017),
from now on we suppose p, = ., = 0 because g, = 0 is a common assumption in
random effects models and p, = 0 is analogous to centering the covariate, without loss
of generality. Applying Propositions 2.1.2 and 2.1.3, and recalling our goal to understand
the consequences of an unmeasured confounder, we show the conditional mean in (2.20)
marginalized with respect to Z:

Ey[Y|X] = ay.0(z) T (Ay.x(z) + Ay.z(z)Az.x) x. <2.21>

Analogously to Section 2.1.1, it appears that confounding occurs when A, ..y # A, ..
Indeed, the conditional mean in Equation (2.21) shows how the product matrix A,..;)A..,
contributes to influence the magnitude of confounding.

After the complete presentation of our overarching notation, hereunder the definition
of confounding is formalized. The representation of the regression matrix A,., in Equa-
tion (2.21) and Proposition 2.1.2 suggest our proposal. The definition of confounding is
coherent with the one proposed by Thaden and Kneib (2018), with adapted notation.

Definition 2.1.1. Let Y be the response, X be the covariate and Z be the confounder
processes of a linear regression model characterized by the joint distribution expressed in
(2.2). Then, the regression of Y on X is defined confounded by Z if both the following
conditions are verified:
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(i) Y and Z are conditionally dependent given X (Y [ Z|X), i.e.

Ev[Y|X =x,Z =2] #Ey[Y[|X =] = Ay.) #0;

(ii) X and Z are dependent (X [ Z), i.e.

Ex[X|Z = 2] #Ex[X] = A,.. # 0.

An alternative and equivalent way to define confounding, explicitly related to the joint
covariance matrix of the distribution of Y, X and Z follows.

Definition 2.1.2. Let Y be the response, X be the covariate and Z be the confounder
processes of a linear regression model characterized by the joint distribution expressed in
(2.2). The regression of Y on X is confounded by Z if both ¥,, # 0 and X,, # 0.

Confounder

.-" Ay'z A,
:
Response Covariate
Y - A, X
Ay'-l‘(~)

Figure 2.3: Formalization of the confounded simple regression model in (2.20) considering a structured
DGP characterized the simple (black) and partial (red) regression matrices.

In other words, confounding occurs, if the unobserved variable is related with both the
response and the covariate. As shown in Figure 2.3, the confounder Z influences the
response and covariate simultaneously via A,..,) and A, respectively. In an attempt
to define confounding in a spatial setting, Thaden and Kneib (2018) describe the sepa-
ration of direct and indirect covariate effects via path analysis in case of discrete spatial
information (Weiber and Miihlhaus, 2014, Chapter 3). The overall spatial information is
written as a composition of the direct and indirect spatial effect. In the same spirit, we
highlight that the overall effect of the confounder can be expressed trough the regression
matrix A, stated in Equation (2.17). The so called indirect effects is linked to the sim-
ple regression matrix A.,.., while the direct one is linked to the partial regression matrix
A

yz(z)-
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In addition, the covariance matrix of Y| X in function of the other conditional ones and
the partial regression matrices is reported for future use along the thesis. It also justifies
the form of the error covariance matrix of the marginalized DGP in (2.5).

Proposition 2.1.4. Considering the random vector Y | X, Z ~ Nn(ay.o(m) + Ay +
A2, Eylff@) and marginalizing it over Z, the covariance matriz of Y| X is:

Bye = Syl + Ayr(o) Do Ay () (2.22)

Proof. From Equation (2.13) we express 3, as shown below:

Ayt
y-x(z
Yy =Yye. + [Ayw(Z) : Aw(m)] P [ T ]

y-z()

T T AT T
—= Ey|x,z + Ay.m(z) ExA‘y:L‘(Z) + 2A‘yz($)EZAxZAyI(Z) + Ayz(x)zszZ(m)
Then, using Equation (2.10) and basic algebraic manipulations we get the result as follows

Sy =5y — Ay TA L
T T T T
- Ey\x,z + Ayx(z)ExA ) + 2Ayz(a:)EZszAy:E(z) + Ayz(x)EZAyz(:r)—i_

y-a(z
= Sy T 280 B A LA L+ Ay (B — AL AL DA+
— 27, AL A ]

yx(2)

T
= Ey\z,z + Ayz(x)zzkcAyz(z)

2.2 The statistical models and estimators

In practice, confounding is a problem because only the realizations y and @ are observed
from the data generating process in (2.3), ignoring the presence of Z. Given a phenomenon
of interest, different specifications of the model can be proposed. The model specified by
researchers, is based on their assumptions: in what follows we revise estimators of the
regression coefficient of y on x arising from standard linear regression models and linear
mixed effect models noting that these estimators can be seen as the same linear function of
the data for an appropriate choice of the error covariance matrix. The marginal sampling
properties of such estimators will be studied in Chapter 3.
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2.2.1 Linear regression model

The simple linear regression model can be cast as
Y:501n+ﬂzX+ua uNNn(O7V)7

where u is the zero-mean normal error term characterized by the error covariance matrix
V. This is equivalent to the following distributional assumption

Y[X =~ N, (boln + fo, V). (2.23)

Comparing different structures for V is useful to understand the dynamics of confound-
ing, given that the data generating process marginalized with respect to Z (2.5) has a
covariance matrix, X, ,, whose structure also depends on X, (see Proposition 2.1.4).

Regression parameters are estimated via generalized least squares estimators, with the
special case of ordinary least squares when V = ¢2I,,. A number of assumptions about
the regressors, the response variables and their relationships characterize this model.
Essentially, the following are the most relevant:

1. linearity (*),(**);

2. no perfect multicollinearity (*),(**), i.e. rank[1, : X] =2,
3. exogeneity (*),(**), i.e. Cov(X,u)=0;

4. homoschedasticity and no autocorrelation (*), i.e. V = o2L,.

When the assumptions for OLS (*) or GLS (**) are met, both least square estimators are
the best linear unbiased ones (BLUE) (Hayashi, 2000; Wooldridge, 2019). If assumptions
are violated, the estimator will no longer be BLUE. In general, the dependent variable is
endogenous by definition because other variables in the model are assumed to explain its
variability. The least squares (LS) estimator of regression coefficients 3 = (8, B,) " is

BLs = (X' v1X)IX 'vly, (2.24)

where X = [1, : X] is the design matrix. Since the parameter of interest is J3,, our
focal point in this thesis will be the studying of the sampling properties of the second
component of estimator vector in (2.24).

2.2.2 Linear mixed regression model

Mixed models are applied in many disciplines where multiple correlated measurements
are made on each unit of interest. This correlation characterizing the data are modeled
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through the random effects considered in the models. For detailed treatment of the topic
see Jiang and Nguyen (2021). In some cases the random effects themselves are of interest,
such as in small area estimation (e.g. Rao and Molina (2015)). In some other cases,
such as in the analysis of longitudinal data (e.g. Diggle et al. (2002), Pusponegoro et al.
(2017)), the random effects are mostly used to model the correlation among the data in
order to get correct measure of uncertainty. Sometimes, such as in genetic studies (e.g.
Yang et al. (2010), Dandine-Roulland and Perdry (2019)), the variances of random effects
are of major importance. In some cases, random effects are included with the aim of
capturing the effect of unobserved covariates. This is our case of interest.

A linear mixed model can be expressed as
Y =XB+Hy+e (2.25)

where X € R™P is the covariate matrix (in our case p = 2), B € RP is a vector of
unknown regression coefficients which are called fixed effects, H € R"*? is the random
effects design matrix, v € R? is a vector of random effects, and € is the error term. Note
that both € and ~ are not observable. Compared with the linear regression model in
Section 2.2.1, it is assumed that some of the model’s coefficients are random. Moreover,
as previously mentioned, such introduction of random effects comes from the need to
accommodate more complex error structures such as those arising in hierarchical models
in order to take into account that observations are correlated. The random part, H-~,
may take many different forms, giving rise to a rich class of models characterized by some
assumptions. The staple ones for (2.25) are that the error vector and the random effects
are uncorrelated, mean zero and marked by finite variance. There are different types
of linear mixed models, depending on how these models are classified. Here we assume
both random effects and error in (2.25) to be normally distributed, v ~ N,(0,3%,) and
e ~ N,(0,X.). Moreover, from the random effects viewpoint, when confounding occurs
a mistake is made by assuming that the random effect are independent of the covariate,
violating one of the basic assumptions of mixed models (Breslow and Clayton, 1993). This
leads to biased estimate of fixed effect on which our attention is concerned.

A standard method of estimation of fixed effects in (Gaussian mixed models is the max-
imum likelihood brought in this framework by Hartley and Rao (1967). Marginalizing
with respect to the random effects, a mixed model can be expressed as

Y ~ N, (Xﬁ, V) with V=HS H' +3.. (2.26)

By differentiating its log-likelihood function with respect to the unknown fixed effects and
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using the standard procedure of finding the ML estimator we get:

~ ~ ~\ -1 -
ML = <XTV*1X> X' vly. (2.27)

2.3 Conditional sampling properties of the estimator

Since estimators (2.24) and (2.27) share the same functional form, the sampling properties
of the estimators of the regression coefficients can be studied independently on the posited
model by defining the following general estimator:

~

B=1JY, (2.28)

where
ST 1S -1 .7 1
1= (X's7X) X's (2.29)

in which the weighting matrix S varies with the assumed model. For example, S =1,
delivers the OLS estimator.

Investigating the effect of confounding on the estimation of B,.,(.), namely the partial
effect of X on Y, means studying the sampling properties of the estimators Bx, under the
models described above. In this task, the effect of Z on X and Y is crucial. In line with
the works of Paciorek (2010) and Page et al. (2017), we start presenting the sampling
distribution of the estimator (2.28) conditionally on X, and then, in the next chapter, we
will treat the obtained properties as random variables in order to obtain their expected
value.

As a first step, the following proposition introduces a well known result, i.e. the dis-
tribution of B|X, that is re-written under our notation and as a function of quantities
useful for further developments.

Proposition 2.3.1. The estimator B in (2.28) conditional on X has the following sam-
pling distribution:

BIX ~ No (J(Byoe)In + Ayu X), TSy J ") . (2.30)

Proof. Using the main properties of normal distribution, the moments of Z|X can be
obtained from Equation (2.10) and due to the result in Proposition 2.1.4, the following
conditional sampling properties of estimator 3 defined in (2.28) are obtained as

Ey [81X| = Ey BY|X]
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= JEz: [Byowa)ln + Bya X + Byz)Z + €| X |

— J [Byoes) 1n + By Z)X + BBz [Z]X] + Eeleyn-]]
=T [Byows)1n + (Bya(s) + By Aza) X |
= J[Byo@ln + AyxX]

Vy |B1X| = vy 3Y|X]

=J(B}.. VZ Z|X]+ V. [ey..1X]) T
=J (B2 = BB, B + 0y, 1) T
= JEWJT

O

Since our target parameter is B,.,.), we are particularly interested in the sampling
properties of the second element of 3, that is 5,. From the result in Proposition 2.3.1, it
immediately follows that:

Biasy [BZ|X} = Byoin T2 D2 551X (2.31)

and
Vy WX] 50N i (2.32)

where Jo, indicates the second row of the matrix J. We emphasize that the adopted
notation is aimed at stressing that we are evaluating moments in the sampling space with
respect to the response process Y, whereas we still consider X as a random variable.
Furthermore, a crucial aspect of these results is that they confirm that when the response
and confounder are correlated given the covariate and the assumption of independence or
exogeneity in Item 3 is not met, i.e. 3., # 0, the estimator B, is biased, as previously
formalized in Section 2.1.3.

As anticipated, similar results are well-known in the widely studied spatial framework
and regarding particular assumptions about the cross-correlation structure between co-
variate and confounder (see Paciorek (2010), Page et al. (2017), Nobre et al. (2021),
Marques et al. (2022)). Due to the fact that our primary scope is evaluating the impact
of confounding of regression coefficients more in depth and within general framework,
i.e. reporting results as unconstrained as possible from the restrictions coming from the
building assumptions regarding the structure of covariance matrices made in the DGP
(2.3), we consider Proposition 2.3.1 and considerations already present in literature to be
the starting point of this dissertation.



Chapter 3

Main features of confounding in terms
of quadratic forms

After the presentation of theoretical framework underlying this thesis, in this chapter we
provide exact formulas for the marginal sampling properties of the estimator defined in
(2.28). Using the law of total expectation and the law of total variance, these quantities
can be found noting that the conditional sampling properties reported in Section 2.3
can be expressed as ratios of dependent quadratic forms in GGaussian random variables.
In Section 3.1 some key concepts about quadratic forms in Gaussian variables are briefly
outlined. In Section 3.2 we obtain the marginal sampling properties of the estimator of the
parameter of interest. In Section 3.3 some remarks on estimator variance and mean square
error are exhibited. In particular, we bring out how these quantities may be decomposed
onto a part confounding-dependent and the remaining unrelated with it. In Section 3.4
we focus on the unstructured DGP providing the exact marginal distribution of the OLS
estimator. Finally, in Section 3.5, some relevant features of structured DGPs in terms
of covariance and cross-covariance matrix’s eigenvalues are described. In particular, we
study two relevant random variables, the sampling variance and the inverse smoothness
of a random vector, whose expected values quantify the variability and the inverse of the
smoothing level of a random process. The behaviour of these quantities when varying the
structure parameters characterizing the processes is also shown, assuming three different
covariance functions. In this way, the fundamental role played by the eigenvalues of the
chosen covariance matrix is emphasized. Section 3.6 proposes some measures aimed at
quantifying confounding. Specifically, we put forward a proxy for the estimator bias, its
first order Laplace approximation, as a representative scalar quantity for the magnitude
of confounding.
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As a starting point, we proof that the sampling properties of BIIX reported in Propo-
sition 2.3.1 may be expressed in terms of QFs. Indeed, they are random variables giving
rise to ratios of dependent quadratic forms in Gaussian random variables. This fact is
formalized in the following Lemma.

Lemma 3.0.1. Considering the data generating process in (2.3) and the model in (2.23),
where X and Z are jointly distributed as is (2.11):

(i)

) A XTAA, . X
BlaSy |:6J:|X] = By.z(x)w, (31)
(ii)
A XTAY, ,AX
w [ix] - TAZubX. 52
L St 87 . . o . .
where A = 8§ — —————— 1is the weighted centering matrixz in which S is the covari-
17811,

ance matrixz depending upon the posited model.

Proof. We can rewrite the term J defined in Equation (2.29) as follows:

1's™'1, 1's'x]1 " .
= X St
X's™11, XTs™'x

17s'x 17"
1 o
1 1,571, STy
= 1T 11 X5
1,571, | XTs™'1, X'S'X
1)s7'1, 1/s7'1,

Defining 6 = 1/s7'1, = > 1 0ij where d;; is one element of the matrix S™!, we get
XTs'Xx 187X
1 (XTslx XTs1 1T51X>‘1 1,87'1,  1,87'1,| |1,87"
J - = - non
4]

0 52 X's 1, XTs!
1871,

X's7'x1/stt—1/s7'xXTS™!
1 0
X's'1,1s7' X Tyl X's'1,1/s7!
0 o

XTS'X —
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X's!'x1/s !t -17s!xXTs™!

1 o
CoxT (s—l _ %) X T (s—l sl1n1;sl)
0
The second row of J, denoted as Jo,, is
X7 (3—1 B S—11n1;S—1>
Joe = —1 é —1
XT (Sfl . S I"SI"S > X
B XA
- XTAX'
Plugging it into (2.31), we get
- X'A
BiasY [ﬁm‘X:| = By.z(z)mzznglX,

which proofs point (7). In addition, since A = AT, from (2.32) it is trivial to prove
(i4)- O

Regarding the weighted centering matrix, it is significant to highlight that it is the
product of a symmetric and an idempotent matrices. In fact, through the following
representation

1,1's71 -
A=s" (‘n - 1s—1) =s"A

it is possible to verify the idempotent condition for A:

o ]-n 1Ts—11n lTs—l 1 1Ts—1 1 1Ts—1 5
AA=1, ¢ il )5 2 =L S = A
(1,87'1,) 1,571, 18711,

An idempotent matrix has one zero eigenvalue: this means that Al, = 0 and since
the rank of a matrix does not change when we multiply it by a full-rank matrix, then,
assuming S > 0, rank A = rank A = n— 1, with the minimum eigenvalue of the weighted
centering matrix equal to zero.

The marginal moments of Bx can be retrieved using the law of iterated expectation and
the law of the total variance (Billingsley, 1995, Chapter 6). As noted by Aronow and Miller
(2019), these laws are relevant because of their ability to express unconditional expectation
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and variance in term of conditional ones, allowing us to make some calculations more
tractable. Indeed, we seek the following quantities:

Eyx [Bmi| =Ex [EY [BHX” ; (3.3)
Vyx [B:c:| =Ex [VY [Bx|XH +Vx []EY [BHX” : (3.4)

The developments in what follows will be based on the theory of QF: some basic concepts
on the topic are reported in the next section.

3.1 Quadratic forms in Gaussian random variables

Considering the random process X ~ N,(0,3X,), it is possible to define the quadratic
form (QF, see Provost and Mathai, 1992, for a comprehensive overview of the topic)
associated to a symmetric matrix A € S™ as:

Qa(X)=XTAX.

We remark that considering A as symmetric does not imply a loss of generality. Indeed,
if A is not symmetric, the quadratic form Q4(X) is equivalent to the quadratic form
Qs (X) where A® = A+TAT € 8" is the symmetric part of A. In fact, A can be written

as:
A+A" A-AT
A= + ,
2 2
and XT(A — A")X = 0, getting Q4(X) = Q4:(X). Then, there is one-to-one corre-

spondence between quadratic forms and symmetric matrices that determine them.

Decomposing the covariance matrix as follows 3, = 251/22;/2, we note that Q4(X) can
be expressed as a function of a standard multivariate normal vector v = X, 12X such
that:

Qa(X) = X" V2ulPAT 212 X T
—v'Av
= QA(”)»
where A = Zi/zAEi/Q.

Many properties of Q4(X), such as moments and distribution function, are strictly
related to the eigenvalues of the matrix A. We indicate them with

A(R) = (A(A),,... A(A),)



3.1 Quadratic forms in Gaussian random variables 27

such that A(A)l > )\(A) - > )\(A)n Indeed, the expected value is

5 2 -
x[Qa(X)] = Z MAX,), = Z A(A), =tr(A), (3.5)

and the moment generating function is

n

ba.x)(t) = Ex [*940] = T, —20a3, 2 =] (1 - Zt)\(A)i>_1/2>

=1

where | - | denotes the determinant. Furthermore, if A is symmetric and idempotent,
Q4(X) has a Chi-square distribution with tr(A) degree of freedom indicated with x? (4)
tr

When A=M=1, — %, where M is the centering matrix, Q(v) ~ x2_;.

Once QFs are defined, our attention moves to ratios of powers of dependent QFs. Let us
consider a further positive semidefinite matrix B € R"*", then we introduce the following
ratio of QFs

(XTAX)

- (XTBX)¢

(VT AP
B

R (X)

— R%(v), (3.6)

where p > 0, ¢ > 0 are integer and B = Ei/QBEim.

Computing the expectation of such random variable is of primary interest for the de-
velopments in the chapter. It represents a well known problem of numerical probability
and it is faced in several works, such as Magnus (1986), Roberts (1995) and Bao and
Kan (2013). The latter provides an up-to-date review and includes most of the exploited
results. Firstly, E x [R’X?B(X)} exists if and only if rankB > 2q, and it can be numerically
evaluated as

Ex [Ry%(X)] = _/ a1 W(b(tl,@) dt, (3.7)
0 tl t1=0,to=—1t

where ¢(t,t) = |I, — 2t;A — 2t,B|~1/2 is the joint moment generating function (jmgf)

of XTAX and X "BX (Sawa, 1978).

Since many statistical quantities can be written as ratios of quadratic forms, the compu-
tation of the expected value has been of great interest to statisticians and econometricians.
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Bao and Kan (2013) remind us that there are two approaches for evaluating it: the first is
by integration and it starts with Sawa (1978). This method is by far the most popular one
in the literature and Xiao-Li (2005) provides a very good review of the literature on the
subject. The second approach relies on some infinite series expansion of the ratio involv-
ing the invariant polynomials of matrix argument (Smith, 1989). We are concerned about
obtaining computationally efficient expression of the expectation of the ratio of dependent
QFs defined in (3.6) using the first approach. Relatively straightforward expressions are
available for moments of a QF in normal variables in the case in which the variable is
spherical. These moments appear as simple integrals which can be evaluated numerically
in a straightforward manner. The most popular method for its numerical evaluation is to
make use of the results in Sawa (1978) and Cressie et al. (1981).

3.2 DMarginal sampling properties of Bx in terms of quadratic
forms

Concerning the expected bias of Bw, note that Equation (3.1) can be cast in the form of
Equation (3.6) by posing A = AA, ., and B = A:

XTAA,. X
1,1 - z-x
RinX)="%7Ax
(=2 x) s A, 2o A (s X))
(=2 x)TEY ASYA (22 X)

vTsAx, s Py
B VTE}E/2A2;15/2I/

where A = E}/ZAEME;UQ and B = 3Y2AXY2 The joint moment generating function
of the numerator v Av and the denominator v'Bv in (3.8) is given by

o(t,ts) = I, — 26, BY2AD, B V2 — 21, B2 ARY2|71/2,
Let consider the following spectral decomposition
B =X/2A%Y2 = PAP',

where

A = diag (A) = diag (A1, ..., \n) (3.9)
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contains the eigenvalues of B and P is the orthogonal eigenvectors matrix such that
PP =P'P =1,. As a result, the jmgf takes the following form

o(t,t) = |[PP|7V2|I, — 2, B2 AR, 212 — 21, B2 ARL/2 712
= |1, - 2t,PTZ2AS, 2 12P — 2t,P T2 ARL/2P|71/2
= |In - 2t101 - 2t2A|71/2
= [F|?

in which
C, =PTAP
—P'x2A®, 2 V2P,

with (4, j)-th element ¢; ;;. The expected value of (3.8) is now obtainable using Equation
(3.7) withp=¢g=1:

dt. (3.10)

t1=0,to0=—t1

> 9
Ex [Ri{,lB(X)] :/0 8t1¢(t1>t2)

O F =_-2C,, forp=1

Since, z;-

0 1 0
- — _Z|FI32 [ = |F
ot t) = ~5IF (IR
= |F|72tr (F'Cy)
and

= |L, + 2tA| "t [(I, + 2tA) ' Cy]

t1=0,to0=—t

0
3_h¢(t1’ tQ)

n

(1+2x¢) /2" i
H * Z 1425t
=1 ,]:1
From Equation (3.3), the marginal expectation of the estimator Bx is
Evix [B] = Ex [Ev [51X]]

= Bya(z) + Bz / L, + 2tA\—1/ tr [(I, + 2tA)~"C] dt

1
—-1/2

J
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= Byas) + Biasy.x [@I} , (3.11)
in which the estimator marginal bias is highlighted.
Concerning the sampling variance, it is possible to re-write Equation (3.4) as
Vyx [B:c} =Ex |Vy [Bx\X” +Vy [BiaSY [B:JXH
—Ex |Vy [Bz|XH +Ey [Biaszy [Bx|XH — Bias? [54 (3.12)
(XTAY,,AX
=FEyx
L (XTAX)?
XTAA, X\’ _ )
in which using the Formula (3.7) with p = 1 and ¢ = 2 allows to determine
Ex |Vy|3IX|] -E X AD,AX
n o0 n 1
= i t 14200 YV2——dt 3.14

=1

where ¢y ;; is the(Z, j)-th element of the matrix Cy = PTEi/ZAEymAZi/QP.

The computation of the quantity E x [BiasQY [B,,JXH requires p = 2 in Formula (3.7).

Following the line of Paolella (2018) and using the properties of the trace reported in

Theorem A.0.1, we first observe that

OF| 0 B
= — (=2|F|tz(F
O(=2[F) 0 1
= U (R —2|F|=— (tz(F
o tr(F~Cy) | ‘8151 (tr(F~'Cy))
oC, OF!
_ 2 /-1 . -1Y+1

= 4[F| (0*(F7'Cy) — tr(F~'Cy)?)

and

o2 0 (1. sp0lF]
a—ﬁﬁb(tlatz)—a—tl(—jm 8_151)
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2
— §|F|—5/2 8|F’ _1|F|—3/282|F’
4 ot 2 o

3 _ 1 _ _
:Z|F|‘5/2 (4F P tr*(F'Cy)) —§|F| SP4F| [*(F'Cy) — tr(F'Cy)?
= |F|2(tr*(F'Cy) + 2tr(F7'Cy)?).

Thus,

n n

C1,iiC1,55 + 201 i
(1 4+ 2)t)7 Y2 A
t1=0,to=—t Z]I 121 le 1+ 2)\ t 1 + 2)\Jt)

92
_Qb t 7t
o2 (f1,12)

Next, using the Formula (3.7) with p = ¢ = 2, we obtain

Ex [BiasQY [BI|XH =Bl > > (cricyy + 261 ;)

i=1 j=1

e’} n 1
: t1T+200)712 dt. 1
/0 H( +2Xit) (14 208)(1 + 2)1) (3.15)

=1

Finally, from Equation (3.13) we get the expression for the marginal variance of the
estimator (3, as:

) n o) n 1
\Y [ 4 = / t I W R —
Y,X /6 jZlCQJ] o 7/Hl( + ) 1 +2)\]t +

B 2 D (enucry; + 26 )

i=1 j=1

0 n 1
: t1 T +2)00712 dt
/0 E( P g U

2
n co M 1
— s . T+208)2——— | . 1
(By ();Cluj/o E( + ) 1+ 2\t ) (3 6)

The next statement formalizes what has been exposed so far regarding the expected value

and variance of the estimator Bx expressed in terms of integrals. The mean square error
(MSE) is also obtained.

Theorem 3.2.1. The estimator 3, defined in (2.28) has expected value and variance
provided in (3.11) and (3.16), respectively. Additionally, its mean square error may be
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expressed as:

MSExy [5} —Eyx [Vy [B$|X” YEx [BiasQY [BAX” (3.17)

Proof. The main results are derived along the section. Equation (3.17) is achieved follow-
ing the definition of mean square error and (3.12) as follows:

MSE x v [Bw] =Ex [VY [B:JXH +Ex [BiaSQY [BHXH
= Vxy 5 _Vy [Ey [Bx\XH YEy [Biasgy [BI\XH
—Vyy 5 _Vy [BiasY [BAXH LR [Biaszy [B,EyXH
2

~

= VX,Y Bz | + BiaSX,Y [Baci|

O

Results obtained so far on the marginal properties of Bx need further explorations in
order to deliver customary computational tools for evaluating the involved integrals. To
this aim, we find it convenient to represent them in terms of an hypergeometric function:
the Carlson’s R function, R(a;b, z) (see Carlson (1963) for more details). It is a natural
outcome of a procedure for generalizing the Gauss hypergeometric function. Moreover,
on m complex variables zq,..., 2, and m + 1 complex parameters a, b, ..., b, it is the
same as Lauricella’s Fpp (Lauricella, 1893) except for small important modification. The
Carlson’s R function is defined as follows

R(a;byy ... bms 21y ooy zm) = Fp(a; by, oo b by + o0 obps 1 — 21,000, 1 — 2).

with |[1—2;]| < 1,fori =1,...,m. The R function is often used to make unified statement
of a property of several integrals (Olver et al., 2010). Its extensive use is justified by two
distinctive properties, symmetry and homogeneity. The former means that it is invariant
under permutation of the subscript 1,...,m and the latter implies:

R(a;by, ..., bp;sz1, ... 82m) =8 “R(a;by, ..o by 2155 Zm)-
For our purpose we deem the particular case in which
00 m
/ gt H(l + s52;t) Y dt = s7*Bla,d )R(a; by, ... by 21,y 2m)
0 i=1

= B(a,ad")R(a; b, s2), (3.18)
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where B(a,d’) =T'(a)['(a')/T'(a+a’) is the beta function, I'(+) is the gamma function and
a’ is defined by

at+a =b=>) becQ\{0}.
=1

Let consider the n-dimensional vector of eigenvalues A defined in (3.9). Assuming sz =
2\, b, = % Vi=1,...,m, and posing:

a=q

;N

a —2+p q
m =n+ 2p,

the right-hand side of Equation (3.18) can be re-written as follows:

00 n+2p
1
/ =t (1 +2xt) 72 dt = B (q, S p- q) R (q; 51ntap, 2>\>
0 i=1 2 ’
= IPI(N), (3.19)

where I”9(\) denotes the integral characterized by the powers of the QFs’ ratio, p and g,
and the n-dimensional vector of denominator matrix eigenvalues.

Carlson (1963) states that the R function reduces to another function of the same type
with one less variable if one of its variables z; vanishes. Because of the symmetry property
of R and if Re(a’ —b_1.) > 0 with b_1.;, = bgyq1 + - -+ + by, We have:

B(a,d YR(a;by,...,bm; 21,y 2k,00_,,) = B(a,a’ — b_y1x)R(a; by, ... bk 21, .., 2k).

In this way, defining A, = diag (A, ), the vector of positive eigenvalues, the Formula in
(3.19) may be express as:

) n+2p
1 1
e T+ 208 2dt =B (g, = +p—q—=h) R (g =Lngapn, 2\
/0 H(+ ) G5 +tP—a-5 ¢ 5L+ 204
— PN,
where h is the number of zero eigenvalues in A.
Based on this, we can use the Carlson’s R function for the evaluation of integrals in

(3.11), (3.14), (3.15) in order to use efficient available algorithms to compute the marginal
sampling properties of estimator (3.
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Regarding Equation (3.11) in which p = ¢ = 1 and exploiting the symmetric property
of R, for all j =1,...,n we define

A; = d1ag (/\17 ceey )‘m )‘j7 /\J) = dlag (A;>

and observe that

oo N 1 n 1 1 /
[[(1+2xt) P ———dt =B (1,5 — h; | Rj ( 1; =1niop,. 2
=1 (") : (3.20)

where h; = 1for j =1,...,n — 1 and h,, = 3. Similarly, referring to Equation (3.14) in
which p =1, ¢=2, and for all j =1,...,n we get:

© 7~ 1 n 1 1 ,
—1/2 .
/0 t JJ+2x07Y o =B (2, 31— §hj> R; (2, 51n+2,,_hj,2>\j7+)
=1
=1,° (A) :

J
Finally, concerning Equation (3.15) in which p = ¢ = 2 and, for all 4,5 = 1,...,n we
define the following diagonal matrix

Al = diag (M, - Ay Ajy Mgy Ay M) = diag (A;’])

and observe that

n

0 ].+2)\t) 1/2 n 1 1 7"
¢ dt =B (2,2 — Zh ) Rii (2: 2100y 52X
/0 g L+ 2X0t)( 1+2)\jt) 2 2 J o iy ot

where
1 4,5=1,...,n—1,
hij=<3 i=n,j=1,....n—land j=n,i=1,...,n—1, (3.21)
5 1=7=n.
The next statement collects and formalizes the aboye analytical results enabling to
compute the marginal sampling properties of estimator S, with no use of simulation study.

In practice, the computation of these quantities exploits a function from the R-package
QF (Gardini et al., 2022).

Theorem 3.2.2. The expected value and variance of the estimator defined in (2.28) may
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be expressed in terms of Carlson’s R function as follows:

Eyx [54 = Bya(z) + By O crjily! (’\) (3.22)
j=1
Vyx [Bz:| = Z Cg,jjfi;z (X) + Bz,z(x) Z Z(Cl,iiCLj]‘ + 20?,@‘)[55 ()\N> +
j=1 i=1 j=1

" 2
_ (By.z(z) 3 el (A)) . (3.23)
j=1
where hj =1 for j=1,....,n—1 and h, =3 and h;; as in (3.21).

Proof. The proof derives from the discussion along this section. O]

Afterwards, we discuss the results provided in the current section.

3.3 Some remarks on the variance and mean square error

Unlike the bias, the conditional variance of Bx (3.2) depends on the structure of all pro-
cesses included in the DGP. About it we highlight two results. Firstly, from Proposition
2.1.4, Equation (3.2) can be re-written as

XTAY,, . AX , XTAX,AX
(XTAX)? + By (XTAX)?

Vy [Bx\X] - + (3.24)

Vy (821X, By.s(2)=0, Az.o=0]

N J/
-

Vy [ﬁz\X,Az.z:o]
XA (AZ_xExAZx) AX
(XTAX)?

- B (3.25)

The first line (3.24) expresses the conditional variance when the covariate and the con-
founder are independent, that is indicated with Vy [BHX,AW = 0]|. It includes the

conditional variance Vy [BIIX,By.Z(I) =0,A,, = O} when X 1Z and Y 1Z|X. Sec-
ondly, next theorem shows that, regardless the choice of relationship characterizing the
joint distribution in (2.11), the conditional variance is always bigger compared to the case
in which X and Z are independent.

Theorem 3.3.1. The conditional variance of the estimator Bm assumes the mazimum
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value when X and Z are independent. In other words:

Vy [Bulx] > vy [B1X, 4., = 0], (3.26)

Proof. From Equation (3.25), we have

Vy |:Bx|X:| = Vy [BAX,AZ.QC _ 0] B Biz(x)XTA (&fig?){x) AX

Both QFSs’ ratios on the right-side are positive valued random variables since 3, ., 3, and
3., are positive definite (see (A.9)). Hence, Vy [@;\X] —Vy [BI\X, A, = 0} >0. O

This result implies that the conditional variance under the assumption of dependence
between X and Z, i.e. A,., # 0, is always inflated. Theorem 3.3.1 shows that greater
strength of dependence between X and Z leads to less variance. A similar result has been
already shown from Paciorek (2010) and Page et al. (2017) for some specific type of de-
pendence structure for the joint distribution of (X7, Z")T. Therefore, the crucial aspect
of Theorems 3.0.1 and 3.3.1 is that the absence of confounding carries out the maximum
value for the variance and the minimum absolute bias. As the dependences characterizing
the confounding expressed via A,.. and B,..(,) increases, the variance decreases and the
bias increases. These considerations made on conditionals sampling properties remain
valid marginally.

Regarding the marginal variance, Equation (3.12) can be re-written as

Vyx |:Bx:| =Ex [VY [BﬂX,Az.x = OH +

VY,X [B;‘TAZ(L‘:O:I
9 XTAAMEIALAX
- By-Z(:v)EX (XTAX)?

} +Ex [Bias}, [4,1]] - Binst, [].
Hence, the part of estimator variance that changes when confounding occurs is
VCYd,X [Bl’} = VY,X |:/8$:| - VY,X [Bz’Azx = 0} ’ (327)

where the superscript cd stays for confounding-dependent. The same rationale applies to
the the marginal mean square error: the confounding-dependent part is

MSEC}%X [Bx] = MSEy x [Bx] - Vyx [Bz|Az-x = 0]
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— Vyx [ﬁ] ~Vyx [5}|Am - 0] + Bias? [5} L (3.28)

Next result provides a condition on how structure of S need to be in order to minimize
the estimator variance. In fact, in the following statement we show that the estimator
conditionally on X has a lowest sampling variance if the errors in linear regression model
have the structure of the covariance matrix of the marginalized DGP in (2.5), X,,.

Theorem 3.3.2. Assuming a generic non-singular error covariance matriz S for the

estimator in (2.28) such that S = X,,, the estimator’s conditional variance is minimal.

ylzs

Proof. Let us consider a generic non-singular covariance matrix as a sum of two matrices,
S=23,,+C, Cec S8 If we suppose that the covariance matrix in the estimator is X,
i.e. C is null matrix, then we can define the estimator JyY , otherwise, from Equation
(2.28) we specify it by JcY.

Below we express the matrix Jo in dependence of Jy. The following computations use
matrix inversion rules reported in (A.1) and (A.2):
-1

o= X =+ %] X (2 +0)
[ < ylx y\x (E?AI + C)_l) X] B X (231\; - 2yliﬂc (Ey\x + C)_l)

~ 1 ~\"1 .7
(X' =X - X' 51C (B + €)' X)X 3yl

ylz

- i ~ T 1Nt o7 _
- (X' Epx X'z le (B, + €)' X) X' E e (T +0)7

— g+ (X > |iX> 1552—10 (B, +C) ' X [~T (2 + C) 1X]
~1-1 .
ylx [ Yiyle + C)_l X} XTE;IiC (Eylm + C) 1
~ ~ ~ ~1—1
—Jy+ (x =0%) X (B0 - (B +0) X [X (B4 0) K]

1

X'pt - X (ze+0) X x7 - (Ep+0) 7
i

-1

~ ~1—1 . -
—Jo+ X' (B + ©) ' X| X (Zype + C)

Then, we get Jo = Jy + D such that DX = 0 and Biasy [JoY | X]| = By..()(JoA.. X +
DA..X).

The covariance matrix of the estimator JoY is

ylz ylz

Vy[JoY|X] = [(XTE‘1X> X's x+D] Syle {(XTE—lx)l X' 5! +D]T
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~ ~\ —1 ~ ~\ —1 ~ ~\ —1
- (X'z X))+ (X3 X)) (DX)T+ DX (X'%,X) 4+ Dx,DT
ylz

- ~\ —1
- (x'3,1X)  + D30

Since DEWDT is positive semidefinite, the variance of Bm is minimal if C = 0, and

consequently D = 0. O
Corollary 3.3.3. If S =3,

Ex [VY [BHXH = I"'(N). (3.29)

Proof. If 8 = 3, following Provost and Mathai (1992), one has:

Ex { (XTAX)? (XTAX)?

XTAEWAX} [XTs—lAzws—lAX]
= LX
=Ex[(X'AX)™] :/ [T+ 25872 at.
0 =1

Thus, from plugging p = 0 and ¢ = 1 in (3.19), we obtain the result

Eyx [Vy [BI|XH — B (1, o > 3) R (1; %1n_1,2)\1, o ,2)\n_1)

=I"'(N).

3.4 Marginal distribution of Bx under spherical DGP

In the next chapter we seek to describe confounding under several choices of data gen-
erating process focusing on the case in which all the covariance matrices of the random
processes are structured, but now we examine the basic case of an unstructured data
generating process.

Considering unstructured DGP means assuming 3, . = USI&? I, and

021,  pu.0.0.1,
Em,z - 5 (3 30)
pr20.0.1, o2,

where 02 and o2 are the marginal variances of the spherical processes X and Z, respec-
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tively, and p,, (along this section also simply denoted p) is the correlation parameter used
to quantify the strength of association between the covariate and confounder.

In line with Definition 2.1.1, if both B,..(,) and p,. are not null the regression of Y on
X is confounded by Z. For any choice of S, the variance of Bx|X is always stochastic,
instead the bias is deterministic, since it does not depend on X. The next result follows
immediately from Lemma 3.0.1.

Biasy x [54 = Biasy [Bx\X]

= By.2(2) Paz— (3.31)
x

As expected, there is no bias when either p,. or B,,..(,) are null. From the previous formula
and as illustrated in Figure 3.1, it is evident that the correlation and variability of the
covariate and confounder contribute to the intensity of the bias. Such estimator bias
rises as the correlation parameter or the confounder marginal variance increases. Small
o, and p,, means that the confounder slightly disturbs the relationship between Y and
X. Here, the estimator expected value is simply the regression coefficient, B,,.,;, of Y on
X. Equation (3.31) is a baseline well-known result found also by Paciorek (2010) and
Page et al. (2017) but for different setting. In order to obtain (3.31), the authors do
not consider an unstructured DGP but assume specific choices of cross-covariance and
covariance function that lead to a scalar A,.,. In both works, (3.31) is derived assuming
the same covariance function and structure parameters for the processes.

According to the bias formula in Theorem 3.0.1, it is clear that such simplification of the
regression matrix is the key point that enables the deterministic bias in (3.31). However,
as it will be shown later, even assuming a structured data generating mechanism may
get (3.31). In the remaining cases, when such simplification does not occur, it is not
immediate to measure the sources of confounding. Certainly the kind of marginal and
cross structure that binds the two covariates plays a principal role.

In this trivial setting, assuming an OLS estimator Bx, i.e. taking S = I,, or more in
general a scalar matrix S, we provide the marginal sampling distribution of estimator Bw in
closed-form. It follows a non-centered and scaled Student-t obtained as a normal-inverse
gamma mixture.

Theorem 3.4.1. Under an unstructured data generating process as in (3.30), the marginal
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Figure 3.1: Under the model assumption S = 3, different behaviour of sampling distributions of
estimator bias as the correlation parameter (bottom) and confounder marginal variance parameter (top)

vary.

sampling distribution of the OLS estimator is

2
Oz Tyl

0. (n—1)o2

Br ~tn1 Byz(z) + By~z(z)pxz

Proof. Under spherical DGP, from Proposition 2.1.4 one gets

X = Ey|x,z + Ay-z(x)zz\xAT

y-z(x)
= [0§|m,z + Biz(m)(l - piz)aﬂ In = 0-3|a:1n’

ylz

(3.32)

(3.33)

since X, = (1 — p2,)o?l, and Ay.u) = By, Moreover, the weighted centering



3.4 Marginal distribution of ,Bbb under spherical DGP 41

matrix A coincides with the centering matrix M. This leads to the following estimator’s
conditional sampling variance

Vy[B|X] = (XTMX) ™

0.2
100 (),

- 9
UCE

where v is distributed as a standard multivariate normal. As introduced in Section 3.1,
Qu(v) follows a Chi-square distribution with n — 1 degree of freedom. Hence, for the
properties of Gamma distributions, W = Vy[Bx‘X | is distributed as an Inverse Gamma
with shape o = (n — 1)/2 and scale § = o2, /(203).

Defining
A A o,
m=Ey |:/8£B|X:| = IE‘4X,Y [ﬁz} = Bya:(z) + Byz(m)pzzg_7

T

and having

Bu|W ~ N (m, W),
W ~ZG(a, B),

the marginal distribution of Bx is obtained as

£ (0) = /W Fi () fr () do

L e (52 ()
~ i e (<05 Rt 2) wes i)

_ 1 Tt

- TV (b —mp/2 4 g

Recalling that the Student-t distribution with & > 0 degree of freedom, location param-
eter [ and scale parameter s of a generic random variable X has the following density

' _ 1 (x —1)? 2
fx(z; kJ’S)_—\/EB(g,%) (1+ s ) ,
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the above marginal density can be expressed as

1 1 T(a+1 b—m)?] 2
f,@’ (b):— ( 2) |:1+( m):| )
’ vT28  T(a) 28
This is a Student-t distribution with ¥k =2a=n— 1,1 =m and s = g = (niyl‘fgz. O

Summarizing the main points of this section are that, under a spherical DGP:

e the bias is deterministic (i.e. it does not depend on X)), and it is an increasing func-
tion of B,..(,) and the covariance o,.: it is important to note that the variance of the
confounder og and the correlation parameter p,, contribute to the covariance through
their product, so that their effect cannot be identified separately. In our opinion, a
customary procedure aimed at understanding the marginal sampling properties of 3,
consists in keeping o2 and o2 fixed and letting o, vary in the interval (—o,0,;0,0.,):
by doing this, we are actually varying the strength of the correlation between X and
Z in a controlled setting that clearly separate the marginal variances of the covariate
and confounder from the relationship between them:;

e the variance depends on X (i.e. it is a random variable) and its marginal expected
value is an increasing function of B,..(,), 0. and a decreasing function of p,.: thus,
in this case, the effect of o, and p,, can be identified separately.

All the considerations above are based on the interpretation of parameters o2 and o2 as
marginal variances. This is a clear-cut interpretation of these parameters only under a
spherical DGP. To see this, we introduce the random variable

X™MX 1 .
V, = = X; — X)? 3.34
T (331

i.e. the sampling variance of X. V, is a quadratic form in Gaussian random variables
whose expected value, that we dub the expected sampling variance, is

EV, = Ex[V,]

1

= D AME,); = Aus,

i=1

=02\ (MR,), (3.35)

where A (MR,) is the mean of positive eigenvalues of matrix MR,. The matrix R,
reflects the covariance structure of the random vector X, while the term o2 acts as scaler
of the marginal variability of the process. When R, = I,, i.e. when the process is
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spherical, A\, (MR,) = 1 and Ex[V,] = 02. When R, # I,, Ex[V,] # o2: this must
be taken into account when studying the effect of confounding under non-spherical (or
structured) DGPs.

Moreover, the same logic holds for the covariance between two processes X and Z,

trough the expected value of their sampling covariance, that we call also co-variability,
defined as:

Ev;:z = E‘/zx

XMz
~ExalVel =Bz | 220 |

1

= — D AMME..); = Ay
=1

= 0.2 (MR,.). (3.36)

This expected value equals o,, only when R,, = I,,. These definitions allow us to note
that the eigenvalues of a covariance matrix are decisive to take into account the variability
of a processes in the evaluation of confounding.

In addition, the relevance of these QFs can be emphasized by noting that, in a linear
regression model, the variability of the response variable Y is decomposed as follows:

Y MY
EV,=Ey | ———
ey
_g, |BrsX 4 ByewZ + Eyjo] MIByai X + Byow)Z + €y
n—1
1

— (Bi,x(z)EX (X™™MX) + B, Ex (Z'MZ) +

+2By.0() By Ex.z (X TMZ) ) T
In the next section, we outline some relevant features of structured DGPs in terms of

covariance matrix eigenvalues, while Section 3.6 proposes some measures aimed at quan-
tifying confounding.
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3.5 Marginal variability and smoothness of a structured DGP

Another distinctive property of a random vector is its smoothness. It is important to
remark that the relation between smoothness and marginal variability needs to be taken
into account in order to avoid misleading conclusion about confounding. Smoothness of
a random process depends upon the correlation structure of the covariance matrix. For
this reason, we recall that the correlation matrix C, of a process X is obtained from the
covariance or the structure matrix as follows:

C, = diag (2,)/* 5, diag (2,)/*
x diag (R,) "/* R, diag (R,)"/*.

To inspect the smoothness of a random process X, we define the random vector s =
diag (2,)""* X and the random variable

-
M
ISx:S s

) 3.37
— (3.37)
i.e. the sampling inverse smoothness of X. It is a quadratic form in Gaussian random
variables too and accordingly with the previous lines, we provide its expected value as
the mean of the positive eigenvalues of the matrix MC,. That means

1 Ao, — T smoothness.

To illustrate how the marginal variability and the smoothness of a random process change
with respect to the choice of the covariance function, we consider three representative type
of functions generating the covariance matrices of the covariate and confounder processes
in (2.3): in a spatial framework, we consider the Matérn covariance function, widely used
in geostatistical data analysis and the conditional autoregressive process, widely used in
areal data analysis. The autoregressive process of order 1 is presented as a relevant
example in time series analysis.

3.5.1 Matérn covariance function

For the spatial setup, we adopt a class of isotropic covariance functions, the Matérn family
(MF) (Matérn, 1986; Guttorp and Gneiting, 2006), which specifies the covariance function
for 3 as 0 - M, (d;r), where 02 > 0 is the marginal variance and

M(8) = M, (d;r) = il(y) <2d;/;>le,, (erﬁ) (3.38)
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is the spatial correlation at Euclidean distance d between two locations. In this case, by
construction, the structure matrix corresponds to the correlation matrix, namely

Y =0’R = 0*C = oM, (d; ).

In addition, @ = (v,r)" is the vector of structure parameters with v > 0 defining the
order of differentiability of the function, r being the range parameter, and IC,(-) is the
modified Bessel function of the second kind of order v. As a special case, if v equals 0.5
the exponential function arises. We denote with dy the distance at which the correlation
is negligible, conventionally taken as having dropped to only 0,05 (Banerjee et al., 2014).
It is obtained setting exp(—dy/r) = 0.05, getting dy ~ 3r, since log(0.05) ~ —3. Thus,
this remark will be used in Chapter 4 for the choice of r’s range on a unit square grid.

1.00-
0.75

o
S 0.50- - gﬁ
< 1
2

0.25/

Ix

Figure 3.2: Decay of variability /inverse smoothness trend of X generated as Gaussian process with
Matérn spatial correlation function M, (d,,r,), as a function of r,.

Considering a random vector X, a space in the form of regular square grid and v €
{0.2,0.5,1,2} in (3.38), Figure 3.2 shows that the range parameter r, is inversely propor-
tional to the mean of the positive eigenvalues of the matrix MR,. Hence, for different
value of v it is shown the decay (monotonic behaviour) of sampling variability as r,
increase. This means that the smoothness of the process grows with the range parameter.

The curves’” monotonicity displayed in Figure 3.2 may be demonstrated by determining
that the sign of the first derivative of the sampling variance function with respect to the
range parameter remains unchanged. The following theorem states that in the case of
exponential correlation function there is a decreasing monotony shown by the negativity
of the first derivative over the entire domain of the range parameter.

Theorem 3.5.1. Considering a n-dimensional Gaussian process generated with exponen-
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tial covartance function, the sampling variance of the process is strictly decreasing function
of the range parameter r.

Proof. Let denote with 3 the covariance matrix characterizing the process. From some
properties of the trace reported in Theorem A.0.1, we may observe that

dAus(r) 1 dtr(MX(r))

dr n—1 dr

- niltr (def(T))

_ 1 1tr (MdE(r))

() ()

where A5 (r) = Avs. This notation is used to stress the dependence of the value on 7.

In addition,
Ax y ,
dr ij r | r?

is always zero when i = j because the Euclidean distance d;; is zero. Thus, we obtain:

dtr(MX(r)) 1 117 dX(r)
dr  on— 1tr < )

n dr
LS e { -, <o v
= exp ——= ¢ d;; , T.
n(n — 1)r2 &= 4 P o
i=1 j=1
O
Generally, regarding MF class, the larger v, the smoother the process (Gneiting et al.,
2010). Moreover, we bring to mind that the MF covariance function provides a marginally
specified distribution of the process. In this case, the marginal variance o does not depend
upon the parameters involved in the function. As being so, the equality
Az = Auc

is verified. For this reason Figure 3.2 shows simultaneously the trend of the variability
and the inverse smoothness of the stochastic vector leading to the following scheme:

Tr — J variability — 1 smoothness.
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3.5.2 First order autoregressive process

For the temporal setup, we consider a random vector X to be a zero-mean autoregressive
process of order one (AR1) (See appendix C for more details about the process and for a
new proposal of good approximation of eigenvalues of its precision matrix) with normal
errors that can be expressed in conditional form

Xy X1, X ~ N(6 X1, 0%), (3.39)

where the index ¢ € {1,...,n} represents time, o2 is the conditional variance and ¢, the
autocorrelation, is the structure parameter. This requires |¢| < 1 for stationary to hold.
The covariance matrix of an AR1 process is characterized by the following entries

Zij = O'ZRZ']'
1
g 1_¢2

1
1— ¢?

where C;; = ¢/"=9 is the correlation function of the process and the remaining part is
the marginal variance expressed in function of the conditional and structure parameters.
For different values of n € {5,50,100,300}, Figure 3.3 shows the different trend of the
process’ sampling variance (bottom) and inverse smoothness (top).

_ il Z 52 Ci; Vij=1...,n,  (3.40)

The covariance function in (3.40) arises from a conditionally specified model (see equa-
tion (3.39)). As a result, the marginal variance varies with structure parameter. This is
the reason why, in Figure 3.3, trends of curves regarding variability and smoothness are
different, unlike in the Matérn case. Indeed, for different values of n, Figure 3.3 (bottom)
shows that the variability increases when the absolute value of ¢, increases. Actually, the
trend of the sampling variance varies not only with the autocorrelation parameter but also
with n. In the limiting case of n — 0o, considering the covariance matrix characterizing
an AR(1) process reported in (C.2) and in order to find out the trend of the sampling
variance, we compute the following derivative of tr(MX) with respect to the ¢:

dS\ME<¢> L azi 1
do n—1 d¢pl— ¢?

no 5 20
Tn—10 1-)2

This demonstrates the result illustrated for large n in Figure 3.3 (bottom): the sampling
variance of the process in function of ¢ is increasing for positive values of ¢, decreasing
otherwise.

With regard to the smoothness of the AR(1) process, it can be shown that the inverse
smoothness characterizing such process is strictly decreasing function of the autocorre-



3.5  Marginal variability and smoothness of a structured DGP 48

1.25

Amc,

0.501

0.25:

Ny = 5 =50 = 100 - 300

20

MR,

< 10

0.0
Ox
Figure 3.3: Decay of inverse smoothness (top) and variability (bottom) trends of X generated as
Gaussian process with AR(1) covariance function, as the autocorrelation parameter increases.

lation parameter ¢. Indeed, as highlighted in Figure 3.3, for an AR(1) process only the
previous term in the process and the noise term contribute to the realization. Increasing ¢
from 0 toward 1 makes the process smoother because the output gets a larger contribution
from the previous term relative to the noise. This results in a "smoothing" of the output
(Siegel and Wagner, 2022). If ¢ is close to 0, then the process still looks like white noise,
but as ¢ approaches —1 from 0, process is more jagged than a white noise process.

3.5.3 Conditional autoregressive process

The case of AR1 shows that when the marginal variance depends on the structure pa-
rameters, the variability and smoothness of the process have different patterns. It is
interesting to show what happens to the trends of the variability and smoothness of the
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process when considering another type of covariance function that provide a marginal
variance depending upon the structure parameters, in particular in the spatial domain.

For this purpose, we assume X follows a conditionally specified process in the spatial
setup, the conditional autoregressive (CAR) process. It is defined by a full set of site
specific univariate Gaussian conditionals (Besag, 1974; Rue and Held, 2005) with mean

n
E[XJX—@'] = Z KW, Xp = Z Kwik Xk,
k=1 ki
where X_; is the (n — 1)-vector such that X _; = (X1,..., X;_1, Xiy1,...,X,) | and k is
the structure parameter that can also be interpreted as a spatial smoothness parameter
(local interaction) because its value determines the spatial smoothness of the process (see
Figure 3.4 (top)). The above expression defines a unique joint multivariate Gaussian
distribution with zero mean and covariance matrix

Y =01, - kW)!
such that

Here, a spatial lattice structure is accompanied by the n X n adjacency or neighborhood
matrix W, with elements w;; = 0, w;, = 1 if the site k is neighbor to site ¢ (denoted k ~ i
hereafter) and w;; = 0 otherwise. The sufficient condition ensuring positive definiteness
of the covariance matrix is & € (Kmin, Fmax ), Where kg = A(W)-1 and ke = A(W)[ L
Moreover, k is a direct measure of (conditional) spatial autocorrelation.

We now explore two geographical regions: the first contains the boundaries of Missouri’s
115 counties and the second comprises the borders of Texas” 255 counties. To guarantee
that both covariance matrices are positive definite, we restrict x to be in the interval
(—0.3467,0.1702) and (—0.3169,0.1503), respectively. Figure 3.4 (bottom) confirms, as
for the AR1 case, a decreasing trend of the sampling variance as k,, varies from K, to 0,
and an increasing trend of the sampling variance when x, varies from 0 to k.. Moreover,
Figure 3.4 exhibits a monotonic decreasing trend of sampling inverse smoothness as a
function of the structure parameter, less steep for negative values ok x, and rapidly
descending otherwise. This highlights that smoothness is an increasing function of &,.
The differences observed for Missouri and Texas show that smoothness and variability are
influenced by the spatial layout of the lattice.
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Figure 3.4: Decay of inverse smoothness (top) and variability (bottom) trends of X generated as
Gaussian CAR spatial process as function of the structure parameter.

3.6 Quantification of confounding

In this section we provide some measures aimed at approximating the expected bias and at
highlighting how the structure of the DGP impacts the regression of Y on the covariates.
The latter point deserves some investigation: the structure of the DGP impacts the
variance explained by the covariates in a non-trivial way, but the theory concerning the
distribution of Gaussian QFSs is exploited to give some useful insights about this topic.

3.6.1 Laplace approximation

Although in Theorem (3.2.2) we provided the exact formula for calculating the estimator
bias, in this section we suggest an approximation in order to underline how the structure



3.6  Quantification of confounding 51

of the DGP impacts the regression of Y on the covariates.

The Laplace method for approximating integrals is applied to give a general approximation
for the first moment of a ratio of quadratic forms in random variables (Lieberman, 1994).
This simple approximation, which only entails basic algebraic operations, has evident
practical appeal for the evaluation of confounding. Actually, it is a Taylor approxima-
tion at the point (tr (AX,,),tr (AX,)). Then, the Laplace expansion up to O (n?) for

Ex [Ri4. . A(X)] is:

Ex [Rau , A(X)] =EL+e1+0(n™?), (3.41)
where
Ex[XTAA,, X A )
Jo [ | _o(AZ)  Aax. (3.42)
]EX [XTAX] tr (AEI) AAE.’):
Ex [XTAA,,X]
_ X'AX
‘= TR xTAax] X [ I+
Cov x (XTAAMX, XTAX)
E2 [XTAX]
[t (AX.,)tr (AX,) —tr (AX., - AX,)
B tr? (AX,)
=0(n™).

In some special case, the approximate mean collapses to the exact formula. The sufficient

conditions to achieve it are established in Lieberman (1994). Indeed, in the case of
spherical DGP, E} is the exact value for the bias. Moreover it happens also when a
spherical process is assumed only for the covariate.
When a OLS model is posited, i.e. when A = M, the approximation of the marginal
expectation of the estimator bias depends upon the cross-covariance between X and Z
and the covariance matrix of the covariate. This shows that the estimator bias is larger
when the variability of the expected sampling covariance of confounder and the covariate,
the co-variability E'V,., is large with respect to the variability of the covariate, i.e.

> Bias — s, > Ars,,

while the marginal variability of the confounder, Ay, has no direct impact on bias, with
the only caveat that ¥, must satisfy the conditions that guarantee positive definiteness
of the DGP joint covariance matrix.
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3.6.2 Portion of explained variability

In line with Paciorek (2010), the magnitude of confounding also depends on two further
quantities suggested by Definition 2.1.1 and Lemma 3.0.1: the portion of covariate and
response variability explained by the confounder process. To capture these contributions,
we introduce the random variables denoted by PV,.) and PV, respectively. These
quantities are a sort of coefficient of determination.

In order to determine PV, .y, we consider the following regression model:
X =ag00) AL Z + ey, (3.43)

where the normally distributed error term, €., is characterized by the covariance matrix
3. introduced in Equation (2.10). The sampling variance of the covariate X can be
re-written as follows:

-

Vm:X MX
n—1
1

— - (ZTA].MA,..Z + ¢ . Me,. + 2, .MA,.Z)
n —_—

1 Z \ [AIMA,. Al M|/ z
T n—-1\X|Z MA, . M X|Z)

The expected value is:

_tr(MX,)
- on-—1

Thus, posing

.
A [AMMACC.Z 0}

Al MA,. Al M
0 0 and B = { } ,

MA,.. M

the portion of the covariate variability explained by the confounder process PV, is
defined by the following ratio of quadratic forms in Gaussian random variables

Z \'[AIMA,. 0|/ z
X|z 0 o| \ x|z

Z \' [A.MA,. Al M] [ Z
X|z MA,.. M | \X|z

=Ry ((Z7,(X12)1)7).

PV, =

We obtain the matrix Ei/jz > 0 such that the block diagonal covariance matrix of the two
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independent processes Z and X|Z, 3. ,. € 5_2[;, can be decomposed as Ziﬁzit/jz =

X, 2)2» 80 that PV,(.) can be written as a function of a standard normal vector v, that is
1,1
PVI(Z) = RA,BO/)’

where A = Eif‘zAEif‘z and B = ©'/? BEi/jz. With the aim to provide the expected

z,x|2

PV, (), let us consider the following spectral decomposition
B = PAP' = Pdiag(A\) P,

and define C, = PTAP. From Equations (3.10) and (3.20), we obtain the expected value
of PV,(;) in term of Carlson’s R function

2n 2n
S 1
_ ) VI S
Ex [PVy()] ;:1: Ca jj /0 i|:|1(1+2M) o

2n

1 1 '
= Z C:E,jjB (1, n — §hj) R] (1, §l2n+27h]~7 2Aj,+>
j=1
=1 ()\) , (3.44)

where X, = (A1,..., Aan, Ay A;) and h; = rankdefB' for j = 1,...,rankB and h; =

J
rankdef B + 2 for j=1,...,n.

Applying Theorem 3.3.1, the variance is supposed to assume the maximum value when
PV,(.) approaches 0 and the minimum when it is close to 1. It is immediate to see that the
quantity in (3.44) is a sort of multivariate version of a linear coefficient of determination
R? of the regression of X on Z, that is the proportion of the variation of the dependent
variable X explained by Z. In our opinion, this is a possible alternative to R2-like
measure of association proposed in the literature. For example, Rencher (2002), in order
to reflect the amount of association between the variables, proposes the largest squared
canonical correlation, i..e. the maximum eigenvalue of the matrix A, A,.. Another
alternative measure proposed in this framework is the RV coefficient suggested by Robert

and Escoufier (1976):
tr(X,.)

Vir(E)(E,)

In a similar manner we provide the expression for PV, ;). Considering the DGP defined
in (2.3), the covariate X and the residual structure expressd via the latent variable Z

participate to explicate the variability of the outcome (Waller and Gotway, 2004). Because

LA matrix is said to be rank-deficient if it does not have full rank. The rank deficiency of a matrix A, denoted by
rankdef A, is the difference between the lesser of the number of rows and columns, and the rank.
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of this, now let us consider the sampling variance of Y decomposed as follows:

L, YMY
Y on—1
B VX MX + B2 ZTMZ + 2B, By X 'MZ
n—1 +
. e, Meyjo: + 2Byu) X TMe o + 28,02 TMeyo,.
n—1
] X \'[ BuoM  BuwB, z(m)M BywyM X
= — z Bya)ByswM Bl M By.myM z |,
Y|X,Z ByaxyM By(yM Y|X,Z

(3.45)

in which we call B the matrix characterizing the quadratic form expressed in the last line.
The expected value of V, is

tr(M>X
EV, = —I"(n ~ 1y)
_ tr(M [By.x(Z)In . By.z(x)In} Zw,z [By.x(z)In . By~z(x)InD 4 tl‘(MZymz)
n—1 n—1

= BzI(Z)S\MEz + Bzz(x)j\MEz + QBy-x(z)By-z(z)j\MEu + O—§|w7z-

Because of the covariates dependence we need to take into account also the bilinear
term X "MZ, that is proportional to the sampling covariance of the covariate and the
confounder. It depends on the regression coefficients, the variance parameters and the
structure matrices R, and R, through their respective eigenvalues: different structure
matrices lead to different expected values of V.

Let
0 By Byz@yM 0
A= By-z(z)By-z(x)M Bgz(m)M 0 5
0 0 0

the portion of the response variability explained by confounder process, PV, ., can be
expressed as the following ratio of quadratic forms in Gaussian random variables

PVyoy = Ryp (X7, Z27,(Y|X,2)1)7T). (3.46)
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Along the line that leads to the Formula (3.44), the expected value of PV .y is

3n
3n 1 1 ’ 1,1 ’
Ey [va(z)} = ZCijB (1, 7 - §h3) Rj <1, 513n+2—h]-; 2Aj,+> = Ihj ()\) R
j=1
where )\; = (A1,..., Agn, Aj, Aj) contains the eigenvalues of B = Ei/jy‘x ZBEi/im“ =
P AP in which X, 2 yle,- 1 the block diagonal covariance matrix of the two independent
vectors (X7, Z")T and Y|X,Z. In addition, C, = P"AP and h; = rankdefB for
j=1,...,rankB and h; = rankdefB +2 for j =1,...,n.
In the next chapter we will provide a discussion of the effect of the portion of explained

variability on confounding, taking also into account the variability and smoothness of X
and Z.



Chapter 4

Applications

In this chapter we present a brief review of the main results of the spatial statistics litera-
ture regarding the evaluation of spatial confounding. Subsequently, we study the marginal
sampling properties of 5, for DGPs employed in geostatistical , areal and temporal frame-
works.

In the following we indicate how all scenarios of data generating process posited in the
study will be specified. We undertake several type of covariance functions to construct
valid covariance matrices of the underlying processes & ~ N, (0, X¢) and ¥ ~ N, (0, %)
in order to depict different dependence structures of the random vector (X, Z")". The
three kinds of covariance function used along the dissertation have been presented in
Section 3.5, and these are the Matérn correlation function (geostatistical data, Section
3.5.1), the conditional autoregressive covariance function (areal data, Section 3.5.3) and
the autoregressive of order one covariance function (temporal data, Section 3.5.2).

A critical step is to identify a suitable dependence structure not only within each variable,
but between variables as well. In the multivariate literature, several different approaches
have been developed for modeling cross-covariance among the variables of interest, such
as the linear coregionalization model (LMC) (Matheron, 1982; Goulard and Voltz, 1992;
Grzebyk and Wackernagel, 1994; Wackernagel, 2003) and its generalization, the modeling
techniques based on the latent dimensions, the convolution methods and the copula-based
model. Tt is difficult to specify non-trivial, valid parametric models for cross-covariance
functions, because of the notorious requirement of positive definiteness. In this work,
we use the linear model of coregionalization, where each component is represented as
a linear combination of a set of independent underlying variables, & and 1), because
under a certain condition it guarantees a valid joint covariance matrix for the vector of
main processes, (X', Z")". Gelfand et al. (2004) propose to construct a multivariate
process by linear transformation of independent processes, giving rise to the most basic
coregionalization model. In order to express a complete joint distribution for the vector
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of main processes, we need to model not only the dependence of measurements across
units but also the dependence of the two variables at each unit. The latter is modeled by
the coregionalization matrix T = FF' which needs to be positive definite to guarantee
validity of joint covariance matrix. Aware of it, we consider

2
T |7, (11)
Oy¢ OQZJ

where 07 > 0 and ¢}, > 0 are the marginal variance of the variables on subscript and

Ogy = poy0¢ 1s the covariance that can be expressed also in term of correlation parameter
p, subject to |p| < 1, describing the strength of dependence between variables. Then, the

LMC takes the following form:
X\ £
(z)-em(5)

where £&* ~ N,(0,R¢) and ¥* ~ N, (0,R,) are independent processes specified by some
covariance function and ® denotes the Kronecker product. We indicate with R the
structure matrix that reflects the structure of the random vector & such that 3, = UER{.
If £ and ) are identically distributed with covariance matrix 3 = 3, = ¥, one obtains
a separable cross-covariance function that allows to express the joint covariance matrix as

Y. =T®. (4.2)

A more general LMC for stationary processes arises when the underlying variables are
independent but not identically distributed, giving rise to the following joint covariance
matrix

Y,.=0f @3 +6f, @3y

where f;, indicates the k-th column vector of F, with k = {1, 2}.

The LCM implies symmetric cross-covariances by construction. We consider a further

approach able to build valid asymmetric cross-covariance structures that we define "

vised" linear model of coregionalization (rLMC) represented as

1% e s, 1 er) ()

-
where Ré/Z is such that ¥, = R/ <R1/2> . In particular, when Ré/Q is the lower

re-

3 3
triangular matrix obtained through the Cholesky decomposition, we denote it by L¢. The

rLMC has been employed by Page et al. (2017) for the first time, and later by Nobre et al.
(2021) and Marques et al. (2022). Additionally, p,, is the correlation parameter such that



4.1 Main literature results in our perspective 58

|pe-| < 1 and vy, vy are standard multivariate Gaussian processes. Then, the covariance
matrix that characterizes the joint distribution of (X7, Z")T is always positive definite
by construction and it is

T
Eg ,OmZUgO'wRé/Q (R}/Q)
Ex,z = 1/2 1/2 T (43)
pxzagawa <R§ ) Ew

Under the tLMC X, = 3¢ and 3, = 3.

4.1 Main literature results in our perspective

Throughout the thesis, several references have already been made to the three papers
that most inspired and led this work: Paciorek (2010), Page et al. (2017) and Nobre et al.
(2021). In this section we provide a brief review of these papers set out in our notation,
in which we will point out the assumptions made, the aims and the conclusions deduced
by authors adding our own considerations.

In each work the authors suppose a stochastic data generative mechanism and study the
properties of the estimator defined in (2.28) for the parameters of interest. By proposing
their application settings we wish to corroborate our thesis, i.e. that the bias is closely
related to the variability of the covariate and the co-variability between the covariate and
the confounder rather than to the smoothness of these main processes.

4.1.1 Paciorek (2010)

Paciorek (2010) aims to investigate how the "spatial scales", what may be called smooth-
ness in a broader scope of application, of the residual and the covariate affects inference.
Consequently, a smaller (or local) spatial scale is associated to less smoothness character-
izing a process.

The analytic and simulation results of Paciorek (2010) illustrate how the bias depends on
the structure parameters characterizing the covariate and residual processes. The Matérn
correlation function introduced in (3.38) is adopted. It is characterized by the fact that
correlation parameters are directly related to the smoothness of the processes. As it will
be discussed later, this can lead to a misleading link between the processes smoothness
and the bias of the estimator.

The starting result concerns the situation where the covariate and the unmeasured con-
founder are characterized by the same level of smoothness. Tt means assuming that they
share the same structure parameters, i.e. 8 = 8, = 0., for the construction of the marginal
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covariance matrices, ¥, and X,. In turn, a single structure matrix R(0) = R(8,) = R(6.)
is obtained. In order to get a valid joint distribution for the bivariate vector of covariate
and confounder, a separable LMC as defined in (4.2) is considered. It brings the joint
covariance matrix

¥,..=ToR()

0.2

—| T P g R,

In this setting, the bias for the estimator Bw conditionally on X reported in Equation
(5) of the paper is the same deterministic value we have presented in Section 3.4 under
the unstructured DGP assumption in Equation (3.31). Thus, whenever a separable cross-
correlation model is assumed, this is equivalent to posit the same structure parameters,
leading to a deterministic conditional bias of f, that is function of marginal variance and
covariance parameters. Another setup that leads to the same result consists in assuming
a linear model of coregionalization in which the F matrix in (4.1) is a lower Cholesky
triangle with the following structure

F — |: O'g 0 :|
Pzz0y - p%zUT/J 7

such that the joint covariance matrix of (X', Z )" is obtained as follows

T [pas0e0yBe 03,008 + (1 - pl)oi Xy

Thereby, in order to explore the situation in which the covariate varies "at two scales",
meaning the covariate and the confounder has two different covariance structure where
the covariate one is partially characterized by the confounder one, Paciorek (2010) uses
a sort of LMC with F upper triangle Cholesky of T matrix in (4.1). He considers two
underlying processes, & ~ N,(0,07R(6)) and 9 ~ N,(0,07R(6,)), such that X =
Y + £ is decomposed into a component, ), that has the same structure parameters of the
confounder Z, and a component &, which is independent of @ and Z. Specifically, this
leads to the following joint covariance matrix

Upr(ew) + UER(‘%) Pz20y0-R(6y)

Ho:= | oo R(6,)  o?R(6,)

(4.4)

According with Lemma 3.0.1, we reproduce Equation (6) of the paper expressed in our
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notation:

X"AR(6,) (3R(8,) + 0ZR(6;)) ' X

IE:Y [B:t’X:| = Bym(z) + By~z(z)pxzaw0z

XTAX
2 -1
s . XA (1. + ZROIRO,)) X )
= RPy-z(z) y-z(z)pxz oy XTAX s .

where the QF is denoted by the author with k£(X), that is what he calls "bias modification
term". Besides, Paciorek (2010) focuses the attention on the following ratios detectable
within the bias Formula (4.5) via trivial algebra and matrix manipulation

2
De = %7
Ty + O¢
_ Bl
PR ot

where p, should be the portion of the residual variation being the contribution of the
confounder and p. should quantify the magnitude of the confounded component of X
relative to its total variation. This interpretation is legitimate only when X and Z
are spherical. In this regard, in Section 3.6, the two quantities that succeed in this
respect were presented considering the structure of the processes, PV, and PV, ),
respectively. About that, Figure 4.2 shows the relation between the expected value of the
bias modification term and the two aforementioned portions.

Under the same structure parameters setting, i.e. for ¢ = 6,,, Ex [k(X)] = p. and the
resulting bias is equal to the previous case, that is

0.0y o

= Pyz(x)” 5
o3+ 0f o2

By-z(m)p:t:z

In the figures reported in what follows, the values relative to the marginal sampling
properties of estimator Bw are computed using the formulas expressed in Theorem 3.2.2.
Values reported in these figures match with the ones obtained through the simulation
study implemented by Paciorek (2010).

For a regular grid of n = 100 locations on the unit square and using an exponential
correlation function for the processes, i.e. @ = (0.5,7)7, Figure 4.1 shows the expected
value of k(X). Since it is proportional to the bias, it is possible to deduce that when
re << 1y there is less bias than under the same structure parameter setting. Above the
diagonal, for r¢ >> ry, there is more bias. The patterns in Figure 4.1 are similar regardless
of the values of p. and p,. For larger values of p. the bias is larger, while for larger values
of p, the effects of the structure parameters are weaker.
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Figure 4.1: The expected value of the bias modification term as a function of the structure parameters
of two underlying processes generating the covariate and confounder structure for a selection of values of
pe and p.. Regarding the model assumption, it is posited S = 3, |,..

From the above, Paciorek (2010) concludes that the inclusion of the spatial residual term
in the model accounts for spatial correlation reducing the bias from spatial confounder
only "when there is unconfounded variability in the exposure at a scale smaller than the
scale of confounding". It means that there is less confounding when the confounder is
smoother than the covariate.

As mentioned in Section 3.5, the expected inverse smoothness of a process, and so the
smoothness, is related to the eigenvalues of the correlation matrix of a process. In particu-
lar as in this case, when one posits a covariance function that actually is also a correlation
function, e.g. the Matérn function, it can be ensured that the estimator bias depends
upon them and consequently on the smoothness of processes involved. More broadly, it is
function of the covariance matrix eigenvalues. In fact, our theoretical explanation to what
is illustrated in Figures 4.1 is linked to that. Using the first order Laplace approximation
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for the bias defined in Equation (3.42), we state that a lower bias occurs when
Aus,. << Az,

that is

PmUzUw/_\MRw < O’?S\MR& + Ji/_\M%

(pIzO'ZO'w — Ji)j\MRw << UEE\MR,;-' (46)

Hence, holding constant all the variance and correlation parameters in (4.6) and since
Paciorek (2010) uses the Matérn correlation function characterized by the following rela-

tion
re K Ty <= Aur, << AR,

(see Figure 3.2), our idea coincides with what has been gathered by the author.
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Figure 4.2: On the right (left) the expected value of the bias modification term as a function of the
portion of the response (covariate) variability explained by the confounder processes is shown with respect
to ry. Regarding the model assumption, it is posited 8 = 3.

In our view, the estimator bias in Formula (3.22) may not be regulated only by what
Paciorek (2010), Page et al. (2017) and Guan et al. (2022) call the "spatial scale" expressed
through the range parameter but it depends on the variability of processes involved. In
this regard it will be interesting to study the effect that different choices of covariance

functions has on confounding.
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4.1.2 Page et al. (2017)

This paper provides a more detailed study of regression coefficient estimation from spatial
models when covariate X and unmeasured confounder Z are correlated and, in addition,
it contains a formal study regarding spatial prediction.

The data generating process is specified as X ~ N,,(0,02R.(0,)) and Z ~ N, (0,5’R.(6.))
jointly normal with cross-covariance structure determined from rLMC (see Equation
(4.3)). The authors derive the analytic formulas of conditional expected value of bias,
variance and mean square error of the estimator defined in (2.28) in which it is assumed

S = X,». Hence, denoting 2 = az‘wln + 3, yields to the following sampling properties:

@

Ey [81X] = (By.om)) + oo ZIL.L, X, (4.7)

By-:ﬁ(z) T
Vy [B|X} S T RN D500 yes >IN

- ~N\ —1
- <XTQ’1X> — o2 JR.I, (4.8)

2
MSEy [ﬂ|X} — 2. Ztr (JLL' XX 'L, TL]IT)
g

T

- N1
+ 02, .t (XTQ*1X> — o2 tr (JR.IT). (4.9)
They are a particular case of the result in Proposition 2.3.1, where
Az-m = pwsznglu
Oy
me = a;lx,zln + 0'3(1 - 10926Z>RZ

Moreover, regarding the coefficient related to the covariate, the previous assumptions
allows the matching also with the result in Lemma 3.0.1.

In this paper two kind of data are employed: point-referenced or geostatistical data using
the exponential correlation function belonging to MF class and areal data using a condi-
tional autoregressive covariance function to model X and Z. The values relative to the
marginal sampling properties of estimator BE are computed using the formulas expressed
in Theorem 3.2.2. The values match with the ones obtained through the simulation study
implemented by Page et al. (2017).

Regarding the geostatistical data, Figure 4.3 shows that increasing p,, impacts the all
sampling properties of .. As expected by theoretical result in (3.25) and as noted by
the authors, the influence that r, and r, have on the estimator bias does not vary when
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Figure 4.3: Bias, variance and MSE values associated with BAQC They are evaluated for values of range
parameter r, = r, € (0,2). Additionally, p € {0.5,0.9} while all other variance components are fixed at

lew,z =02 = 02 = 1. Regarding the model assumption, it is posited S = X,,.
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pz. increases, while that for the variance, and consequently for MSE, seems to change.
That because the correlation parameter is proportional to the bias, unlike the others.
The explanation for the patterns its the crucial point. In our opinion, there is no reason
to bind it to the range parameters of X and Z, but rather on their variability and co-
variability. It seems that it may depend upon the portion of the response or covariate
variability explained by the confounder.

Kky=—0.3 kx=0 Ky =0.165

= 0.003
= 003
== 03

2
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0.003
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Figure 4.4: Estimator bias evaluated for values of the structure parameters k,,x, € {—0.3,0,0.165}
and p,. € {0,0.5,0.9}. Regarding the model assumption, it is posited S = X ,.

However, what is apparent when considering the results obtained by Paciorek (2010)
and Page et al. (2017) for the same geostatistical setting in which the only difference is
the assumption regarding the cross-covariance function that gives 33, , is that it possible
to identify a similar pattern for the estimator bias but the explanation cannot be related
to the smoothness of the processes for both cases. That because also the co-variability of
the main processes plays an important role.

Concerning the areal data, Figure 4.4 shows the same result illustrated by the authors
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and the consequent difficulty in interpreting the results concerning the estimator bias as
the structure parameters vary. What is clear is the relationship between p,, and the bias.

4.1.3 Nobre et al. (2021)

The authors investigate the effects of spatial confounding in hierarchical spatial models
(Gelfand et al., 2007). In particular, in a random intercept model considering unit and
cluster-level covariates, respectively X; = X, + Ck and X, = CW, where C is a
n X m matrix of 0’s and 1’s connecting the cluster with each of its units and X, is the
part of X; assumed to be known. They define locations as clusters and observations
within clusters as units. Observations are accessible over m spatial locations, and at
each location 7 = 1,..., m, n; units are observed. Indicating with Z = Cuv the spatially
structured latent process, the study considers the following data generating process

Y = By~0(a:1xgz) 1n + By~a:1(z)Xl + By~x2(z)X2 + Z + €, I Nn(O, Ey\xl,xg,z)a

where Y is the n-dimensional response process, with n = >~ n;. Here the two target
parameters are By, (») and By.,,(»). Then, the conditional distribution marginalized with
respect to Z is given by

Y|X17 X2 ~ Nn (By~0(a:1x2)1n + Ay-xle + Ay-x2X2a B;Z( 22|x1,x2 + Ey|x1,x2,z)-

z1x2)

Regarding the statistical model assumed, the authors consider the estimator defined in
(2.28) in which S = X,|,. To settle the formalization of DGP, they assume further that
(v", kT, WT)T and consequently (Z, X, , X, )T, follows a LMC such that:

v fu 0 0 w1
K |=1/f1 fo O ws |,
w fs1 fs2 fa3 w3
and so
Z 0 fir 0 0 Cuw;
Xi| =X+ | fa foo O Cwy |,
X 0 Jar fa2 fa3 Cws

where wy, k = 1,2, 3, are independent, each following a zero mean Gaussian process with
unit marginal variance and covariance matrix Ry. This leads to the following covariance
matrix

AR fufaRy fufsiRy
Yew = | fufaRi Yo 2R 7 fafsiRa
fi1faiRy 2?:1 foifsiRi Z?:1 f3R;
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In order to express the sampling distribution of the estimator B reported in Proposition 1
of the paper in our notation and following the Formula (2.12), we compute the conditional
mean .|y, 5, as:

X
X2> - Az-zl(xg)Xl*

= Az-xl(zg)c’(‘" + Az-wg(:pl)CW
-1
by 3 Ck
- Eza: : sz o x1$2:| ( >
I e R e
¢’ ol[ce.cT oz, C'l[C 0]/«
0 C'||czy.Cct eyt 0 Ccl\w)-

IEZ [Z’Xh XQ] = Az-ml T2 (

— (S, zyw}{

Considering that there is at least one observation per location (n > m), the pseudo

(W)

inverse! of the diagonal block matrices allows to get the simplification:

-1 T T T -1
Ey[Z|X;, X5] = C [C 0] {CEKC CE C ] [C 0]

0 C cyy.Ct ocxypc’l o Cf

K

= CAV'HW (W

) — CE, [vlr, W]

Thus, the mean and the variance of the estimator conditionally on X; and X, are:

. Byﬂ(xla:zz)
Ey [ﬁ|X17 X2:| y = By~x1(z) + Cl’l’VlliW

. - N\ -1
Vy [mxl,xg] _ (XTQ—lx) SR @) 05 Yt 16 > [ o1 L
where Q =3, + a§|x17x2721n.
Unfortunately, working with two covariates setting does not allow to compute the
marginal sampling properties of the estimator with the expressions provided in Theo-
rem 3.2.1. This may be a natural extension for a future work.

4.2 Several scenarios for structured DGP

After a brief review of the literature, we focus on the main aim of the thesis: the evaluation
of confounding under different kind of structured generative mechanism. To this end,

'Let a matrix A € R™X™ be any matrix with rank n < m, the generalized inverse is A~ € R"*™ such that A~ =
(ATA)"TAT,
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we fix the variance parameters o, and o,, and we let the structure vector parameter 6
setting up the covariance matrices and the correlation parameter p,, differ. We focus on
the study of the sampling properties of the ordinary least square estimator obtained by
setting S = I, in (2.28). We have also employed the generalized least square implementing
the optimal choice S = X, ;. Since this did not lead to substantially different results, they
were not reported.

Let us build up the structured DGP. Fixing the inferential target parameter By.,;) = 1
and X, . = O-;|1’,z:[n with U;u,z = 1, we address situations in which confounding takes
place. Thus, we assume B,..(;) = 1 and non-null cross-covariance between the covariate
and confounder, i.e. 3, # 0 (see Definition 2.1.2). To explore how the choice concerning
DGP changes the impact that confounding has on inference, we consider the following
three cases which differ from each other by the type of joint covariance matrix 3, ,

expressing the correlation structure of the main processes.

Case A: The following joint covariance matrix of X and Z is assumed:

RO"E {EZRGCEZ
o [ ®O) R

= , (4.10)

which is positive definite when R(0,) — p2. R(0..)R(0.)'R(0,.) = 0. From
a consequence of Definition A.0.1, this is equivalent to requiring

v'R(0,)v 5
>
vTR(6,,)R(6.)R(0.,)v — /= Vo 70
=T -1 -1 ~
8"R(0..) "R(0,)R(0:,) "R(0:)5 _ 2 ez

0o

where @ = R(6.) "/?R(0.,)v. Since the left-hand term in the last inequality
is a Rayleigh quotient, it can be observed that

0 ' R(0,.) 'R(0,)R(0.,) 'R(0,)v
)\min (R(Om)‘IR(Om)R(Gm)‘lR(GZ)) S v ( xz) (?;—2,6 ( zx) ( z)v'
Hence, the sufficient condition to ensure the positive definiteness of (4.10) is

Amin (R(6.:)"'R(6,)R(6.,) 'R(0.)) > p2.. (4.11)

In this case, the cross-covariance matrix is parameterized independently on
the parameters characterizing the marginal covariance matrices of X and Z.
This construction is intended to show that, as expected form Theorem 3.0.1,
the bias relies on the structure of Z only when the cross-covariance matrix is
obtained as function of 3, by construction. Under this setting, we obtain a
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Case B:

Case C:

deterministic conditional bias as in (3.31), when 6, = 0.,

In order to explore the situation in which the covariate varies with two different
structure parameters, let X = £+ be decomposed into a component, 1, that
has the same structure parameters of the confounder Z, and a component with
different structure, &, which is independent from @ and Z. In this way, using
a LMC, we consider the setting implemented by Paciorek (2010) expressed in
(4.4) in which 07 = 07 = 07 /2. This leads to the joint covariance matrix:

R(0,) + R(6;) PR (0,)

R V2 (4.12)
\;%R(@w) R(60y)
€ (-1

which is positive definite Vp,. ,1). In this setup, the regression matrix

| A, = /\)g [R(6:)R(0,) " + In]*l‘

Note that also in this case a deterministic conditional bias expressed as in
(3.31) is provided when 6; = 6, (in agreement with Paciorek (2010)).

(4.13)

This case refers to the revised LMC in which 02 = 02 = 1, that can generate
asymmetric cross-covariance. The joint covariance matrix is

R(eﬂﬁ) psz(ex)1/2 (R<0Z)1/2)T (4 14)
pr:R(6.)/2 (R(6,)/2) R(6.) | |
and regression matrix A, = p,.R(6,)/>R(6,)"'/2. The matrix R/? is the
lower triangle from Cholesky decomposition, thus R'/? can be indicated with
L. For future studies it might be interesting to use RY? = UAY?2 provided by
the spectral decomposition ¥ = UAU'. This assumption allows to relate the
eigenvalues of 3 and R!/? simplifying, for example, the computation of bias
bounds planned for future research work. Besides, according to Page et al.
(2017), we get the deterministic bias expressed in (3.31) when the structure
parameters of the main processes are the same.

We remark that in each case all R marginal covariance matrices in the 3, , are derived
under the same covariance function. Next, for Case A-C, we build marginal matrices
adopting the Matérn covariance function, the first order autoregressive process and the
conditional autoregressive process. In every framework and for each combination of pa-
rameters 0¢, 0, p,., we compute the marginal sampling properties of the estimator Bm

using the fundamental analytic results obtained in Chapter 3.
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4.2.1 Matérn covariance function

The point-referenced analysis is carried out by considering a regular grid of 100 spatial
units that are located on the unit square. We employ the Matérn covariance function
introduced in Section 3.5.1 with v = 0.5 i.e. the exponential correlation function charac-
terized by the structure vector parameter @ = (0.5,7)". We adopt a sequence of values
r € (0,1) for both underlying processes, € and ), that contributes to construct 3, . (see
Section 2.1.2.1).

Case A: Let X = £ and Z = 1 be the main processes in DGP. Free from restriction due
to the choice of cross-covariance function depending on the structure param-
eters of the main processes, we adopt a cross-covariance matrix deriving from
exponential function with structure parameter r.,. As already anticipated, this
case can generate non-positive definite X, . if inequality (4.11) does not hold.

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
rlZX rZX
r.X r-Z
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 4.5: Marginal bias of Bz decay as the range parameter of the cross-covariance matrix r,, increases
respect to r, (left) and r, (right) (geostatistical data, case A).

Figure 4.5 (left) shows that increasing the range parameter of the cross-covariance
matrix while holding the one of X constant produces a reduction in the bias.
In particular, the decrease becomes steeper for higher r, values. It seems to
be the consequence of the product matrix characterizing the quadratic form
of conditional bias in Theorem 3.0.1, ¥,, 3. According to the theory, the
bias increases when the expected sampling covariance of X and Z raises or the
variability (smoothness) of the covariate decreases (increases). Indeed, consid-
ering the first order of Laplace approximation of the estimator bias E;, defined
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Figure 4.6: Linear relationship between the Laplace approximation of the estimator bias Ej and its
exact value respect to r, € (0,1) and r,, € {0,0.5,1}. The green line is the intercept used to underline
the strong relation between quantities.
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Figure 4.7: Marginal variance trends of 3, under positive definite conditions for X, and for p,, €
{0.1,0.5}.
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<.

MSEKY[

in (3.42) a meaningful proxy of the bias, Figure 4.6 illustrates the linear rela-
tionship between it and the exact bias as 7., and r, vary. In addition, it is
interesting to underline that the confounding appears to depend upon the co-
variate smoothness and not that of confounder. Indeed, as it is evident from
Figure 4.5 (right), it is crucial to highlight that the structure of confounder does
not affect the bias. To our knowledge, it is a result that is in contrast with what
has been claimed in the literature. These misguided conclusions are caused by
the fact that to date the cross-covariance function usually has been assumed
in dependence of the structure parameters defining the main processes in the
DGP.

1.00
0.75

0.50
‘ 0.25
0.00

0.94

0.61

031 A

000 025 050 0.75

100000 025 050 075 1.00000 025 050 0.75 1.00

Figure 4.8: Marginal mean square error of BI under positive definite conditions for 3, ., and p,, €

{0.1,0.5}.

On the other hand, as expected from Formula (3.24), the estimator variance
and mean square error are also influenced by the confounder structure. Figures
4.7 and 4.8 show the estimator variance and MSE considering only the range
parameter values that lead to positive definite joint covariance of the covariate
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and confounder when p,, € {0.1,0.5}. It is no surprising that as the correla-
tion parameter increases there are less combinations of range parameters that
produce valid X, ,. The red curve in Figure 4.7 (4.8) represents the trend of
Ex |:Vy [BIIX, By.z)=0A., = 0”, i.e. the estimator variance (MSE) when
there is no omitted variable Z in the model, denoted in (3.24) and exclusively
dependent on the covariate process. Additionally, as axpected from (3.24), Fig-
ure 4.7 highlights that the variance is always inflated when there is an omitted
variable correlated with the observed one. How it rises is mainly related to the
type and strength of correlation (r,, and p,.) that links the main processes.
Furthermore, it might seems that the magnitude of the variance and the MSE
increases as p,. decreases but in a different way to the variation of r.,. About
the variance in Figure 4.7, we note that as p,, decreases r,, loses its relevance.
Instead, the bias is proportional to the correlation parameter, thus it increases
as pg, increases regardless of other parameters (not shown because it follows
by Formula (3.1)). Moreover, fixing r, whose changing seems minor matter,
Figure 4.9 compares the part of the estimator sampling properties that are
confounding-dependent (see Equations (3.27) and (3.28)) showing their trend
as the other range parameters increase. It comes into view that for all quanti-
ties the values rise considerably faster when the main processes’ co-variability

is higher.
) A cd (A ’ cd (R
Biasx v (By) MSEZ’ v (By) Vary (B
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Figure 4.9: Comparison of the part of marginal bias, mean square error and variance varying when
confounding occurs in geostatistical setting, case A. Note that the whole bias is confounding-dependent.

Finally, Table 4.1 emphasizes that the estimator sampling properties change
also in dependence of the expected variability of all processes, Y, X and Z (see
Section 3.5). In particular, since the process variability is inversely proportional
to the level of smoothness in the MF case, such investigated quantities depend
also on the processes smoothness. To date this fact has not been taken into
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account, but we would like to study the behavior of the target quantities, for
example, fixing the sampling variance of the response process.

ot 1 | Basvx 8] Vvx |8 MSEvx|4]|BV. BV. BV,
0 0 0 0.10 0.03 0.04 1.00 1.00 5.00
05 0 0 0.18 0.06 0.10 0.61 1.00 4.61
1 0 0 0.30 0.11 0.20 0.39 1.00 4.39
0 05 O 0.10 0.03 0.04 1.00 0.61 4.61
05 05 0 0.18 0.12 0.15 0.61 0.61 4.22
1 05 0 0.30 0.21 0.31 0.39 0.61 4.00
0 1 0 0.10 0.02 0.03 1.00 0.39 4.39
05 1 0 0.18 0.09 0.13 0.61 039 4.00
1 1 0 0.30 0.18 0.27 0.39 039 3.78
0 0 05 0.06 0.03 0.04 1.00 1.00 4.22
05 0 05 0.10 0.06 0.07 0.61 1.00 3.83
1 0 05 0.16 0.10 0.12 039 1.00 3.61
0 05 05 0.06 0.03 0.03 1.00 0.61 3.83
0.5 05 0.5 0.10 0.11 0.12 0.61 0.61 3.44
1 05 05 0.16 0.20 0.23 0.39 0.61 3.22
0 1 05 0.06 0.02 0.03 1.00 039 3.61
05 1 05 0.10 0.09 0.10 0.61 039 3.22
1 1 05 0.16 0.16 0.19 0.39 039 3.00
0 0 1 0.04 0.03 0.03 1.00 1.00 3.78
05 0 1 0.06 0.06 0.06 0.61 1.00 3.39
1 0 1 0.10 0.10 0.11 0.39 1.00 3.18
0 05 1 0.04 0.03 0.03 1.00 0.61 3.39
05 05 1 0.06 0.11 0.12 0.61 0.61 3.00
1 05 1 0.10 0.20 0.21 0.39 0.61 2.78
0 1 1 0.04 0.02 0.02 1.00 039 3.18
05 1 1 0.06 0.09 0.09 0.61 039 2.78
1 1 1 0.10 0.16 0.17 039 039 2.57

Table 4.1: Marginal sampling properties of Bm and variability of processes Y, X and Z for a subset of
scenarios in which r,,r., 7., € {0,0.5,1} and p,, = 0.1 (geostatistical data, case A).

Case B: Since in this case the covariate process is the sum of two underlying processes,

& and 1), it is interesting to note how the expected sampling variance of X,

EV,, varies with respect to the range parameters r¢ and ry. In this regard,

Figure 4.10 (left panel) displays how the covariate variability depends on both

structure parameters of the underlying processes: it decreases as both increase.

In this case, the expected sampling covariance, EV,,, is equivalent to the

confounder variability that is function of the sole r, whose distinctive trend is

shown in Figure 3.2. Since we are using an OLS estimator, these two quanti-

ties identify the Laplace approximation of the bias Ej, presented in Figure 4.10
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Figure 4.10: On the left it is shown the decay of the covariate variability, E'V,,, as a function of the range
parameter r¢ and ry and, on the right, the relationship between the first order Laplace approximation of
the estimator bias and its exact value with respect to confounder range parameter (geostatistical data,

case B).
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Figure 4.11: Estimator bias from two different perspectives as the range parameter r¢ and ry vary.

which confirms to be a good proxy. Furthermore, Figures 4.11 and 4.12 show
the pattern of the estimator bias and variance, respectively, from two different
perspectives. In particular, from both plots in Figure 4.11 it is evident that the
bias increases as 7¢ increases and r, decreases. According to Paciorek (2010),
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Figure 4.12: Estimator variance from two different perspectives as the range parameter r¢ and ry, vary.
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Figure 4.13: Comparison of the part of mean square error and variance varying when confounding
occurs in geostatistical setting, case B.

when 7y, << 7¢ do we see more bias than in the case in which ry, = r¢ (deter-

ministic bias (3.31)).

In this case of MF covariance function it is equivalent

to request EVy << EV, as seen in (4.6). In turn, it means EV, << EV,,.
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Case C:

Additionally, Figure 4.12 allows to notice that the estimator variance increases
when both range parameters increase. Then, concerning the part of sampling
properties that depends on confounding, Figure 4.13 shows how the variance is
negligible but still has its decreasing pattern as both range parameters increase
and the MSE, increases as p,. increases regardless of other parameters values.

In line with Page et al. (2017), plots in Figure 4.14 show from two different
point of view that the bias increases as the covariate range parameter increases
and the confounder range parameter decreases.
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Figure 4.14: Estimator bias from two different perspectives as the range parameter r, and r, vary .

As above, an explanation for this might be related the regression matrix A, .,
employed in DGP featured the case (4.14). Indeed, it supports our idea about
the fact that the estimator bias is very closely related to the eigenvalues of 3.,
and ¥,. Hence, it is linked to the spectrum of triangle matrices obtained
by Cholesky decomposition used to achieve matrix defined in (4.14). In Figure
4.15 it is shown the relation between the approximated bias E and its exact
value that takes into account the eigenvalues of the matrices in A,... This
time, the match is less noticeable, especially for smaller value of confounder
parameter. Lastly, Figure 4.16 displays how the MSE and variance depending
on confounding change over p,, € {0.1,0.5,0.9}.
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4.2.2 Conditional Autoregressive process

In an areal spatial framework, to see how different neighborhood structures might influ-
ence the estimator sampling properties, we examine also the areal data modeling setup
introduced in Section 3.5.3 and used by Page et al. (2017) and Nobre et al. (2021). We
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assume that the underlying processes & and v follow a conditional autoregressive model.
Our geographical region contains the boundaries of Missouri’s 115 counties. To ensure
that the covariance matrices are positive definite we restrict the structure parameter
Kk € [—0.34,0.16] where W is the neighbouring matrix of Missouri. Also this time, the
results are presented divided for cases listed at the beginning of the current section.

Case A: Figure 4.17 presents the trend of the estimator bias of Bm as the correlation
parameter of the cross-covariance matrix ., increases respect to the range of
k. from two perspectives. The 3D version, on the right side, clarify the bias
pattern on the left. Here the curves are justified by the variability trend that
characterizes the CAR process (see Figure 3.4) used to build the main processes.
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Figure 4.17: Marginal bias of 3, as the range parameter of the cross-covariance matrix «,, increases
respect to k, from two perspectives in areal setting, case A.
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Figure 4.18: Laplace approximation of the estimator bias vs its exact value respect to x, and k., €
{-0.34,0,0.16}.
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Figure 4.19: Marginal estimator variance under positive definite conditions for 3, . and p,, € {0.1,0.5}.
The red curve indicates the variance when there is no omitted variable Z in the model.

Case B:

By looking at Figure 4.18, it emerges the accuracy of first order Laplace ap-
proximation to the bias. It confirms what ensured above, the trend that can be
seen in Figure 4.17 relies on the expected sampling covariance of the covariate
and confounder modified for the effect of covariate variability. With respect to
the estimator variance, it seems that s, and x, produce large changes. As p,.
decreases the impact of x,, on the variance decreases, instead for higher p,. the
variance seems to reduce drastically (Figure 4.19). Regarding the mean square
error (not shown), it is dominated by the bias, especially for high values of the
correlation parameter.

From Figure 4.20 we can see how the estimator bias depends on both structure
parameters of the underlying processes however it is not so clear how the be-
haviour of X and Z influences the confounding if we focus on such structure
parameters. For this reason, we display Figure 4.21. Through the bias approx-
imation Fy, it illustrates that the co-variability of the main processes and the
variability of the covariate are the most relevant quantities that allow to explain
confounding.
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Figure 4.20: Estimator bias from two different perspectives as the range parameter x¢ and x vary.
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Figure 4.21: The accuracy of first order Laplace approximation to the bias respect to confounder range
parameter.

Case C: Plots in Figure 4.22 illustrate the bias trend as the range parameters x, and
K, vary. It appears to be smaller when the variability of X is higher (namely
to the extremes of the k, range) and the one of Z is lower. This is affine with
what it is shown in Figure 4.23 via bias approximation E7. In the regard of
a generic case C independently from the kind of covariance function used, it is
important to emphasize that the confounder structure parameter influences the
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Figure 4.23: The accuracy of first order Laplace approximation to the bias respect to .

bias just because, in this specific case, it contributes to the construction of the
cross-covariance matrix of X and Z. In addition, Figure 4.24 displays how the
MSE and variance depending on confounding changes over p,. € {0.1,0.5,0.9}.
Regarding the mean square error, it increases with the correlation parameter,
instead the variance decreases. In particular, as p,. increases both quantities
are more affected by the variation of «,.
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4.2.3 Autoregressive process of order 1

The previous two sections have revealed that it is possible to get an overall insight about
confounding focusing on the variability and co-variability characterizing the main pro-
cesses even facing with different kind of data in the spatial field. Now, having in mind the
idea that the confounding issue it is not related just to the spatial setting but it can be gen-
eralized to every field, we discuss a case relevant to temporal data. Hence, we consider the
case where the processes building up the DGP are temporally auto-correlated (see Section
3.5.2) assuming that the underlying random vectors & and ) are autoregressive processes
of order one. Fixing n = 50, we consider the structure parameter ¢ € [—0.98,0.98] for all
processes.

Case A: Figure 4.25 presents the trend of the estimator bias of Bx as the autocorrelation
parameter of the cross-covariance matrix ¢, increases with respect to ¢,. As
for the previous application, it appears to follow the co-variability of X and Z
amended for the effect of the covariate variability (see Figure 3.3).

In this regard, Figure 4.26 shows the relation between the exact estimator bias
and its Laplace approximation up to the first order. It is not a linear association,
however it is impressive how the values are close to the bisector (green line).
Additionally, the division into the different values of ¢., highlights that the bias
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Figure 4.25: Marginal bias of Bm as the autocorrelation parameter of the cross-covariance matrix ¢,
increases respect to ¢, from two perspectives under temporal framework (case A).
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Figure 4.26: The accuracy of first order Laplace approximation to the bias respect to ¢, and ¢, €
{-0.99,0,0.99}.

takes the minimum values when the cross-correlation structure is simplified to
be the identity matrix and it confirms that as the cross-covariance structure
gets more complex (or stronger) the bias increases. Concerning the estimator
variance and mean square error (see Figure 4.27,), it seems that ¢, and ¢,
produce notable changes. While p,, and ¢, have little significant influence on
the variance (except for the positive definiteness condition), as opposed to what
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happens for MSE in Figure 4.28. In addition, the values of ¢, change drastically
their pattern, in particular for ¢, ~ 0 the variance is quite stable.
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Figure 4.27: Marginal variance trends of B, when 3, > 0and p,. € {0.1,0.5}. The red curve stands
for the estimator variance when there is no omitted variable Z in the model.

Case B:

Case C:

From Figure 4.29 (left) it is evident how EV, is the sum of the underlying
processes variability. The plot on the right shows also in this case that E is an
accurate approximation of the bias. In order to see the variation bias in function
of the structure parameters we present Figure 4.29. It reveals higher bias
when EV; << EVy, namely |¢¢| << |¢y, confirming the strong relationship that
the estimator bias has with the variability quantities. Eventually, Figure 4.31
shows how the confounding-dependent part of MSE and variance changes over
Pz € {0.1,0.5,0.9}. Regarding the mean square error, its magnitude increases
with the correlation parameter, instead the variance decreases. In particular,
as pg. increases both quantities are more affected by the variation of ¢,.

Panels in Figure 4.32 present the bias trend as the range parameters ¢, and
¢. vary. As for the areal data case, the bias appears to be smaller when the
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Figure 4.28: Marginal mean square error trends of Bm when 3, . > 0 and p,. € {0.1,0.5}. The red
curve stands for the estimator MSE when there is no omitted variable Z in the model (case A).
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Figure 4.31: Comparison of the part of mean square error and variance varying when confounding
occurs as the correlation parameter p,. € {0.1,0.5,0.9} changes (case B).

covariate variability is higher (on the edge of the ¢, range) and the one of con-
founder is lower. This is in line with what it is shown in Figure 4.33 exhibiting



4.2 Several scenarios for structured DGP 88

1.0
1.5]
0.5
_1
= | N
N < 1.0 /\\
& oo >
%
[72]
O
[aa]
05 0.51
1.0
0.01
1.0 0.5 ((I))-O 05 1.0 10 05 0.0 05 10
X Ox
Bi ﬁ | [ .
Iangy[ XJ
04 08 12 16 ¢z 05 00 05

Figure 4.32: Estimator bias from two different perspectives as the range parameter ¢, and ¢, vary

(case C).

1.51
— >,
<
;1 1.0 . 05
@ 0.0
foa) -0.5
0.51
0.01

Figure 4.33: The accuracy of first order Laplace approximation to the bias respect to confounder

parameter (case C).

an association between Ej and estimator bias next to the linearity. Further-
more, Figure 4.34 displays how the MSE and variance depend on confounding.
With respect to the mean square error, its scale increases with the correlation
parameter. In particular, as p,. increases, the variation of ¢, has more impact
on the confounding-dependent part of the estimator sampling properties.
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Figure 4.34: Comparison of the part of mean square error and variance varying when confounding
occurs as the correlation parameter p,. € {0.1,0.5,0.9} changes.

Finally, extending the spatial confounding framework to general structured setting char-
acterized by specific auto-correlation structures allow us to reach interesting conclusions.
Indeed, through the results achieved in this section we have shown how the issue of con-
founding does not depend upon the application field of the linear regression model in which
it occurs and not even by the structural parameters that characterize the data generating
process, at least not directly. Focusing on the estimator bias as the principal marker of
confounding, it is evident how the relationship between the structure parameters of the
DGP and the bias changes upon the kind of covariance and cross-covariance function used
to build up the generative mechanism. This makes it difficult to outline a global picture
that correctly understands and explains the relationships influencing the confounding.
What remains unchanged is the connection that the ratio of the confounder-covariate
co-variability and the covariate variability, i.e. Ayx,./Aars,, has with the estimator bias.
It has been suggested by the first order Laplace approximation of such estimator sam-
pling property. Despite the literature asserts that the level of covariate and confounder
processes’ smoothness is strictly linked to the estimator bias, in our opinion such sam-
pling property is directly connected with the variability of the covariate process and the
expected sampling covariance of the covariate and confounder processes. The link with

the smoothness arise only when the cross-correlation function depends on the parameter
of the marginal distribution of Z.
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In particular, the results show that the Laplace approximation of the estimator bias up
to the first order £} is accurate under the different scenarios. When an OLS estimator
is posited, this approximation matches with the ratio Ayss,./Ays,. Moreover, with the
objective to understand confounding, another relevant insight concerns the fact that, as
expected from theory developed in Chapter 3, the confounder structure does not affect
the distortion of the estimator Bx, rather it influences its further sampling properties, the
variance and mean square error, that depends on it because the confounder is an omitted
variable by definition. Of course, if one assumes a data generative mechanism in which
the cross-covariance of confounder and covariate is function of the confounder structure
(e.g. cases B and C), unavoidably all sampling properties are depending on it.



Conclusions

Summary and conclusion

In this thesis, the problem of confounding in linear regression models is addressed. In
particular, we study, through the evaluation of estimator sampling properties, how con-
founding affects the estimate of the inferential target, i.e. the regression parameter of the
covariate on the outcome.

The spatial literature has extensively dealt with this issue. To assess the impact of con-
founding on the sampling properties of the regression coefficient estimators, the research
focused on the strength of the auto-correlation characterizing covariate and confounder,
both spatially varying. To date, what is clear from the previous studies is that the param-
eters influencing the spatial auto-correlation of the covariate and confounder processes are
undoubtedly of great importance. This consideration remains true also for a wide range
of applications. Since extending the spatial confounding framework to general structured
settings is one of the objectives of the thesis, we consider what has been asserted by the
spatial literature as our starting point in order to move towards broader settings.

We provide more awareness regarding the effect of confounding on coefficient estimates
by generalizing the theory initialized by Paciorek (2010). According to him and Page et al.
(2017), our main references along the dissertation, the increasingly accepted idea is that
the smoothness of covariate and confounder processes is an important factor that produces
relevant changes in estimator sampling properties. In particular, Paciorek (2010) affirms
that a confounder smoother than the covariate leads to a lower bias, and subsequently to
less confounding. Actually, one may agree only in specific situations, when the parameters
governing the confounder covariance matrix contribute to the cross-covariance matrix,
e.g. assuming a Matérn correlation function and an LMC or rLMC model for the cross-
covariance structure. Besides, moving away from particular cases, the connection to
smoothness would not hold. In this regard, we introduce the expected sampling variance
and covariance, expressing the variability of a process and the variability of the interaction
between two processes. In situations other than those just described, the smoothness and
the variability of a random vector do not match. For example, when an autoregressive
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of order one or a conditional autoregressive process is posited for the data generating
process.

Being in the one-covariate setting allows us to compute the marginal sampling properties
of the estimator without carrying out any simulation study. This is possible because bias,
variance and mean square error conditionally on the covariate process are derived as
ratios of dependent quadratic forms in Gaussian random variables. It is then achievable
to provide marginal analytic results by means of Carlson’s R function. This development
enables us to work nimbly under several workflows that consider spatial and temporal
data with specific assumptions regarding the covariance and cross-covariance functions
used in the generative mechanism.

To conclude, in our opinion and in light of the evidence coming from the application
study, the estimator sampling properties depend upon the aforementioned variability
quantities and on the portion of the response and covariate variability expressed by the
confounder. Considering the estimator bias as the principal marker of confounding, we
point out that the confounder smoothness is not the most relevant measure determining
bias. Indeed, the cross-covariance matrix characterizing the covariate-confounder inter-
action plays the most prominent role in detecting it. Specifically, the bias mainly hinges
on the covariate variability and on the expected sampling covariance of covariate and
confounder. Based on this fact, we propose a representative quantity for the extent
of confounding as a proxy of the estimator bias, its first order Laplace approximation
E, defined as the ratio of the expected sampling covariance and the expected sampling
variance of the covariate. Moreover, we show theoretically and empirically that the con-
founder structure does not affect the estimator bias, rather it influences the variance of
the estimator.

Future developments

The research reported in this thesis contributes to the literature with a wider under-
standing of confounding in linear regression models. In particular, it allows to manage
several framework featured by different fields of application and all kinds of data generat-
ing mechanisms based on the stochastic relation between the response, the covariate and
the confounder. Future studies may consider other workflows to examine the sources and
consequences of confounding in more depth.

Regarding our application study in Chapter 4, it has been developed under the model
assumption S = I,,, namely by considering Bw to be the OLS estimator. Nonetheless, such
analysis has been reproduced also positing S = 3, ,. That choice corresponds to the best
option concerning the error covariance matrix, because in this way we suppose to know
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the variance structure that characterizes the latent part of the phenomenon. However, as
remarked along the dissertation, this assumption yields the minimum variance estimator,
but does not remove the bias. In fact, the results are not included since they were not so
different from the ones gathered under the OLS assumption.

Additionally, it is recommended to put the attention also to the response variability. We
could go back over our analysis, fix the response variability in each scenario and look into
the relationship between the estimator sampling properties and the portion of response
and covariate variability explained by the confounder processes.

In our work, we present the first order Laplace approximation E, as a significant proxy
for the bias of BI Besides, one of the future goals of the research is to investigate more
deeply the key aspects of all estimator sampling properties. Starting with the estimator
bias and aware about the important role of the eigenvalues of the matrices appearing in
the ratio of quadratic forms that defines it, we supply boundaries for the bias.

It is possible to revise the estimator bias conditionally on X as follows

T < XTATAALLX
Bias [/31|X} = By A

namely in dependence of an upper bound A, such that

XTATAA, X

1.
XTAX

To find out such bound, we observe that

XTAA,, X
Pr (—Z

.
XTAY < t) =Pr(X'A(A.,—1I,) X <0) (4.15)

implies that ¢ = t* is an upper bound if (4.15) is equal to 1. Letting Formula (4.15)
take the value 1 means that the QF X TA (A, —tI,) X <0 for all X # 0, i.e. that is
negative definite. Then,

AA (Asy — L)) < AA) maxA (A — 1)

max °

Since it is guaranteed that A(A)pax > 0 and that
A(A., — 1) = A(A.,) — t1,

we get
AA(A., —tL)], <0  Vi=1,...,n,
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if an only if ¢ > A(A,:)max- Consequently, t* = A (A...)max is an upper bound of
Bias [BAX} that enables us to denote By..(z)A(A..2)max as an upper bound for the bias.

A similar direction could also be pursued for the estimator variance and mean square error.

Moreover, when the final objective is to obtain a point prediction for the response, it
may be sufficient to just estimate the model, since the potential bias in estimating the
target parameter will be compensated by estimating random effects (Page et al., 2017).
This does not hold for the quantification of prediction uncertainty. It could be interesting
to focus our study on predictions, although it could be considered a second order problem.

In this dissertation, the assessment of the impact that confounding has on regression
coefficients is faced but, regarding spatial framework, the statistics literature dealt also
with the development of methods to account for spatial confounding. As possible future
outgrowth, it would be desirable finding a way to adjust for confounding in a Bayesian
framework. A brief review of this topic follows.

First of all, Reich et al. (2006) and Hodges and Reich (2010) propose a method called
restricted spatial regression (RSR). It provides fitting a model in which the random effects
are constrained to a subspace orthogonal to the column space of the fixed effects design
matrix heeding the spatial correlation without changing the estimates of the fixed effects.
Its target is deconfounding the two types of effects reducing the variance rise and improv-
ing the inference of the fixed effect. One of the weakness is that this solution assigns all
the variability explained by measured and unmeasured covariates to the observed ones.
Hefty discussion about the worthiness of restricted spatial regression has been produced
since it was first proposed, and several alternatives to the original idea have been reported
(Hughes and Haran, 2013; Hanks et al., 2015; Hughes, 2017; Guan and Haran, 2018; Prates
et al., 2019; Dupont et al., 2021; Adin et al., 2021). In this regard, Khan and Calder (2022)
and Zimmerman and Hoef (2021) debunk the RSR approach in the two statistical con-
text, Bayesian and frequentist, respectively. Then, several alternatives to it have been
brought forward but other methods for avoiding the problem in object are limited, and
with theoretical bases often intractable since methodology tends to rely on simulations
alone. In the causal inference font there are some interesting results (Osama et al., 2019;
Davis et al., 2019, 2021). Papadogeorgou et al. (2018) and Schnell and Papadogeorgou
(2020) consider a joint model for response and covariate based on Gaussian Markov ran-
dom field developing a new method, termed distance adjusted propensity score matching
(DAPSm) that incorporates informations on proximity of spatial units into a propensity
score matching procedure (Rosenbaum and Rubin, 1983). In addition, Thaden and Kneib
(2018) propose a geoadditive structural equation model (gSEM) consists of three stages
to regress away the spatial structure from both the response and the covariate leading to
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unbiased estimates provided by simulation study. It not so clear how this method work
and it seems unpreferable to eliminate all spatial information from the model. Aware of
this limit, Dupont et al. (2021) suggest a novel approach, the Spatial+ model, that is a
simple modification of the spatial model where the covariates are replaced by their resid-
uals after spatial dependence has been regressed away using a thin spline formulation. A
practical advantage over gSEM is that, as the response variable is unchanged from the
spatial model, standard model selection criteria can be used for comparisons with the
spatial and no spatial models.

Therefore, proper adjustment for spatial confounding is a important and open issue as
evidenced by many context in which it is being tackled (Lee and Sarran, 2015; Bradley
et al., 2015; Murakami and Griffith, 2015; Hefley et al., 2017; Pereira et al., 2020; Azevedo
et al., 2020; Reich et al., 2021; Azevedo et al., 2022; Hui and Bondell, 2022). Donegan
et al. (2020) propose a Bayesian method for spatial regression using eigenvector spatial
filtering and regularized horseshoe prior. Likewise Paciorek (2010), Page et al. (2017) and
Keller and Szpiro (2020), Guan et al. (2022) address the importance of spatial scale of the
treatments and missing confounder variable developing a model in the spectral domain
and studying their correlations at different scales. They show that the optimal adjust-
ment for confounding is not possible without further assumption, and so they assume
that the correlation at different spatial scales dissipates at high frequencies of spectral
domain. Recently, Marques et al. (2022) develop a new prior structure able to deal with
spatial confounding managing to increase computational efficiency of it by exploring the
sparsity of GMRF’s in SPDE approach (Lindgren et al., 2011). They also extend the
prior structure to the case of multiple covariates being correlated with the spatial random
effect.

In conclusion, facing the issue of confounding from a Bayesian point of view means won-
dering what conjectures about the confounder (latent) variable must be done in order
to learn about the target parameter By...) and, in turn, also about bias, starting from
the knowledge of Y and X (Eberly and Carlin, 2000). That means finding out a reli-
able posterior distribution of the parameter. The shortcoming lies in the fact that one
cannot learn about the bias without observing Z. Nonetheless, it would be desirable to
develop a Bayesian framework capable to adjust the biased estimates due to confounding
in Gaussian models and to elaborate a novel prior structure to deal with such problem.
Allocating informative priors to the observed confounder-response association may reduce
the bias in that parameter.
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Linear algebra tools

In this appendix we include a few algebra tools that are used to provide some results of
the thesis. Most of them can be read in Gentle (2007), Banerjee and Roy (2014) and Horn
and Johnson (2013).

The trace of square matrix A € R"*" of dimension n is defined as tr(A) =>_" | A;. In
the ensuing theorem we report its main properties (Searle and Khuri, 2017)[Chapter 12.

Theorem A.0.1. Let A, B € R"*". Then, the following holds:
(i) tr(A) = 32 Ai(A);

(ii) tr(A) =tr(AT);

(i1i) tr(AB) = tr(BA);

(iv) If A is a square matriz whose diagonal elements are differentiable functions of z,

then ou(4) (8A)

“or \or

ox

)

(v) If A and B are matrices whose elements are differentiable functions of x and such
that the product AB is defined, then
0B

0AB 0A
0r s BTG

(vi) If A is a symmetric matriz whose elements are differentiable functions of x, then

O|A(z)| _,0A
Ox = |4l 4 Ox
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and

8A_1(x)_ ., (0A 1
o A (%)A -

Given that a covariance matrix to be valid needs to be symmetric and positive definite,
we discuss the definiteness of a matrix and some of its properties.

Definition A.0.1. Let A € R™™. Then A is positive definite i.e. T Az > 0 (positive
semidefinite i.e 7 Az > 0) for all non-zero = € R™ if and only if every eigenvalue of A is
positive (non-negative).

Regarding the inverse of the sum of two matrices, Henderson and Searle (1981) report
an interesting result. Considering a non-singular matrix A and U, B and V that may be
rectangular. It is known that

(A+UBV)'=A"7"-AT'UB '+ VAT'U)'VA, (A1)
=A'-A'UI+BVAT'U)'BVATL (A.2)

The identity (A.1) is called Woodbury matriz identity and the (A.2) is its simple form.

The authors also discuss about the inverse of a generic block matrix ensuring further
versions. A square matrix A that can be partitioned as

All AlQ}
A = A3
|:A21 Ay ( )

where A1; is non-singular, has interesting properties that depend on the matrix
A/Ay = Ay — AyAl Ay,
which is called the Schur complement of A1 in A.

Proposition A.0.2 (Schur-Barachiewicz inverse formula). Suppose A is non-singular
and can be partitioned as above with Ay, non-singular. The inverse of A is given by

Al AL+ AT A(A/AN) T An AT A A(A)AN) T (Ad)

—(A/A;) Ay AT (A/An)™

and if Ay is also square, the determinant of A is the product of the determinant of the
principal submatriz and the determinant of its Schur complement:

|A| = |A11] - |Ag — A21A1_11A12\



Appendix 98

and for the properties of the determinant we have that:
|A| = |Agp| |A — A AL Ay (A.5)
Moreover, if Ags is non-singular the Schur complement of Ao in A s
A/Ay = A — A As) Ay (A.6)

the wnverse is given by

P (A/Ay)™! —(A/An) A AY | (A7)
—Ay Ay (A)An)" Ay + Ay Ax(A)Ax) A AL

The Schur complement arises when performing a block Gaussian elimination on matrix
A that leads to lower-upper decomposition. If A;; is invertible, then it is possible to use
the Schur complement A /A1; to obtain the following factorization of A:

Ay Al I 0] [A; O I A'Ap,
Ay Ay |AyAG I]| 0 A/AL||O I ‘
This factorization gives us useful ways to express positive semidefiniteness of matrices

with a block structure (Horn and Johnson, 2013). Moreover, if we assume that A is
symmetric, so that Ay, Ay are symmetric and Ay = AlT27 then we can express A as

A Ap B [ I O} {AH 0 ] lI A111A12:|
Al, A, AyAl I|| 0 A/A,||O I
[ 1 o][A;, O 1 o]
T lAA I 0 A/AL| [AQAG T

All A12 . I A12A2_21 A./A.22 0 I A12A2_21 ’
Al, An|l |0 I 0 Ayl |0 I

and also,

(A.8)

which shows that A is similar to a block-diagonal matrix, and so, they have the same
spectrum, i.e. the same eigenvalues. As a consequence, we have the following version of
"Schur’s trick" to check if a symmetric matrix A is positive definite (Zhang, 2005):

Theorem A.0.3. For any symmetric matric A € 8™ that has the form as in (A.3), if
Aoy is invertible then the coming properties hold:

(1)) A >0 <= Ay >0 and A/ Ay > 0.
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(ZZ) ]f Ay >~ 0, then A = 0 <— A/A22 = 0.
Instead, if Ass is invertible then the following properties hold:

(i) A>=0<= Ay >0 and A/Ay; >~ 0.

As intermediate consequence of Definition A.0.1 we have that
A >0<= BAB' >0, (A.9)

for any given non-singular B € R™*". Another implication is that a block diagonal matrix
is positive (semi)definite if and only if each of its diagonal blocks is positive (semi)definite.

From Theorem A.0.3 and its consequence (A.9), it is possible to state that every positive
(semi)definite symmetric matrix A € 8™ can be represented as

(a3 10
B (A/A22 + ApAL Ay, A12>
N A A
_ (A/AQQ + ApAL A AL An AL Ay A12A2_21A22> (A11)
(A12Az Ag)T Ay . '

Defining Ay, = A12A2_21, the matrix can be expressed as

(A.12)

A/Ag + AI-QAQQAI.Q Ai9Ay
(A12Ag)" Ay 7

where Agy > 0 (A = 0) and A/Ag > 0 (A/Ag = 0). Furthermore if Agy > 0
(A22 t O) and A/A22 =0 (A/A22 t 0), then A >0 (A t O)

The positive definiteness of the matrices on the principal diagonal is not a sufficient
condition for the positive definiteness of the matrix. For this reason we are interested to
find some additional conditions to achieve it. For that purpose, first of all let us introduce
the Gershgorin’s Theorem, useful to figure out what range the eigenvalues of a certain
matrix would be in (Horn and Johnson, 2013):

Theorem A.0.4. Let A € C”" and let d; =3, ,; |Aijl, i=1,...,n. The set D; ={z €
C: |z — Au| < d;} is called an Gershgorin disk of the matriz A and the union of disks
G(A) = UL, D; is called Gershgorin domain. FEuvery eigenvalue Ay of matriz A belongs
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to G(A) and satisfies:
Furthermore the following properties hold:

(1) If A is strictly row diagonally dominant, that is

n
‘Aii|>Z’Ai]", fOTiZl,...,n,
JF

then A is inwvertible.

(11) If A is strictly row diagonally dominant and Ay > 0 for i = 1,...,n, then every
etgenvalue of A has a strictly positive real part.

In particular, Theorem A.0.4 implies the following statements:

Corollary A.0.5. A matric A € 8" is called (strictly) diagonally dominat if
[Aiil = > Ay >0 (> 0) foriorje{l,... ,n}. (A.14)
1#j
If A is (strictly) diagonally dominant with all diagonal entries positive , then A € St
(AeSy,)

Being interested to the positive definiteness of difference between two matrices we state
what follows

Theorem A.0.6. Given A, B € 8", a sufficient condition for the difference matric B— A
to be positive (semi)definite is that

Bm>Am+Z‘BZJ_Az]‘ <B”ZA”—|—Z’BU—AZ]’> s forizl,...,n.
1#] i#]

Proof. In analyzing the theorem A.0.4 we see that every eigenvalues of a matrix lies
within one of its Gershgorin disk. Thus, if we consider the symmetric difference matrix
C =B — A, each disk is centered at Cj;; = B;; — A;; and the eigenvalues of C' lies in the

disk
(Oiia Z |Cz]|) = (Bu — Aii7 Z ’BZJ — Ai]l) fOI‘ 7 = 1, .o, N

i#] i#]
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From (A.13), we can say that each eigenvalue A\¢ of the matrix C verify the following
inequality:
C“_Z|C”|§/\C§C“+Z|C”| forizl,...,n
i#]j i
and, thus, if we want to request the matrix C to be positive (semi)definite it is sufficient
to require A\¢ > 0 (> 0), i.e.:

1#]
that is
BZZ>A’L’L+Z|B’L]_A’LJ| (BZZZA11+Z|B1]_A’L]|> s fOI‘izl,...,TL.
i#] i#j

Equation (A.15) is the definition of diagonally dominant with positive diagonal entries for
matrix C € 8", and so, as a result of Corollary A.0.5, B-AcS}, (B-AcS}). O



Appendix B

Properties of multivariate normal
distribution

In the initial part of this appendix we report the main properties of the multivariate
normal distribution. For a review on the topic see Rencher (2002) and Rencher and
Schaalje (2007). Afterwards, we report some remarkable results that allow to specify
valid covariance matrices through the specification of simpler conditional and marginal
forms.

B.1 Multivariate normal distributions

The density of a normal random vector X = (Xi,...,X,)" with mean g € R" and

covariance matrix ¥ € 8}, is

1
fe(e) = a2 o { - S@ - WS - )}
Here, i = ]E[XZ], Ei]’ = OOU(XZ'7X]'), Z” = V(ZT(Xl) and CO”I”I"(XZ',XJ') = Eij/(Eiiij)_l/Q.

This is analogous to write X ~ N, (u, X). We now divide the vector X into three parts,
X =(X},X5,X/)T, and split g and ¥ accordingly:

Ba a4 Xap Yac
B=| KB and = |X¥pa XYp Xpc
7% Yoa Yep e

Then for one of the main property of the normal distribution we have:

XA ~ NHA(IJ’A7EA>7 XB N'/\/-TLB(IJ’szB) and XC ~ Nnc<ﬂf0720>‘
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We can consider three normal random vectors Y € R™, X € R™ and Z € R™ such
that Y ~ N, (1y, 2y), X ~ No, (pe, 32), Z ~ N, (p, X.) and, we assume that the
random vector (Y, X", Z")" is normally distributed such that

(YT7 XTJ ZT>T ~ Nny+nz+nz (M’y,%?«" Ey@,z) )

where

Hy Yy Yy Xy
Pyzz= | Ko and Sper=|2s X2 X ]. (BI)
K Z3Zy Ezw Ez

Positing that also every couple of random vector is characterized by the Gaussian dis-
tributions

(YT7 XT)T ~ Mly“l‘”m (l’l'y7x7 Ey@) ?
(XT, ZT)T ~ Nnr—l—nz (ux,za Ea:,z) 5
(YT7 ZT)T ~ Nnernz (Ny,u Ey,z) P

we specify some vectors and matrices that are the moments of them:

I
My (/J':Jc ) Mo, L ) My~ i ;

— Ey Zyx o EZ‘ Exz . Ey Eyz
Ey,w - (Exy Em ) 9 E(E,Z - (sz Ez ) 9 Ey}z — (Ezy EZ .
Furthermore, we define the following matrices:

2y-acz = <Ey:v Eyz) 5 2m-yz = (Eacy E.Z’Z) s 2Z-ym = (Ezy Ezac) (BQ)

and, in general, ¥,.., = E;jm. According to this notation, we want to recall how to find
the conditional distributions of the different combinations of the random vectors Y, X

and Z.

Using some notion of normal distribution theory stated in Casella and Berger (2002) we
show the following known results using the notation adopted for the thesis.

Proposition B.1.1. Let (YT, X")" € R™*" be a normally distributed random vec-
tor, YT, X")" ~ Npyin, (Bya Xyz), then the conditional random vector Y| X is also
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normal,
Y (X ~ Ny, (Byles Syl (B.3)

where

Hyle = oy + 32 (@ — )

Y=3,—-3,5'%,
Proof.

Jrx(z,y
frix(yle) = Frx(@.y)

fx(x)

-
1\t 1 1 (Y — Hy 1 (Y — Hy
()" mlm e {—5 (2} = (2 }

(T) e o {5 (@ = 1) TE (@ - )y
5

Using the Schur’s formula (A.5) for the determinant of ¥, ., the Schur-Barachiewicz
inverse formula (A.7) we get:

<2y,x/zz)_1 _(Ey,w/zx)_lzywzzl
_Zglzwy<2y,m/zr>_l 2;1 + Zglzry(zy,w/zm)_lzywzgl

y?x

where the Schur complement (A.6) is ¥, /¥, = X, — ¥,,3. '3, symmetric, then we
get:

ostule) = (=) ] - |- w0 Bm0 - e - )

: Eglzxy(zy,x/zx)ilzyngl(w - .ux)"“
oy ) (BB 8,5 uxﬂ }
scoxp { = 30— )T (B0/B0) - )t
oy — 1) (80/5) S 5 m] }
X exp { - % {(y — MKy — Eyngl(w - ﬂw))—r(zy,w/zz)_l(y — My — Eyzxgl'

(@ 1) — (@ — 1) TS S (5 a/B) S B m] }
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o exp { - % {(y — y = B30 (@ ) (B /)T

: (y - ”’y - Eyaczx_l(m - IJ’.Z‘)):| }
This is the kernel of a multivariate Gaussian distribution of mean

Fyle = Ky + 2.2 (@ — p,)
and covariance matrix
Zy\m = Ey,w/zxa
and so, the conditional distribution fy|x(y|x) is N, (By(z, Zyje)- O
Consequently,
X|Y ~ Nm: (ll'x + Emyzgjl<y - ll’y)a Ey,m/zx)
with the covariance matrix X, = X, ,/3, = X, — X, X '3,

Proposition B.1.2. Let (YT, X", Z")T € Rwtnetn= be g normally distributed random
vector, (Y, X", Z")T ~ Naysnosn. (Byez Byz.z), then the conditional random vectors
Y(XT,Z")" and (X7,Z")"|Y are also Gaussian:

(i) Y(XT,Z")T ~ Ny, (Bylezr Syo,z ), where
— £r — Mm

Hy|z,z = My + Ey-xzzz; (Z _ Uz) )

Syl = By — By, 15

Y- x2)

(ii) (X7, ZT)T Y ~ Ny, i, (u%z‘y, E%Z‘y), where

Kz -
Mo 2|y = <[J, ) + zlxzzyl(y - Ny)7

z

_ T —1
Em,z\y - Ez,z - Ey.xzz)y Ey-xz'

Proof. (i)

frix.z(yle, z) = fygyzz(aa;,)z)
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T
—1

< v 27T> ‘Eyvzyz‘l/Q eXp _5 L l’I’I Ey,m,z T — “I

z— W, z— W,

netn AN T —p
1 v 1 1 — Mz _ - Mz
<\/_277"> |2, 2]1/2 exp {_5 (Z - Hz) EI; (Z — /'l’z) }

Using the Schur’s formula (A.5) for the determinant of ¥, , , and the Schur-Barachiewicz
inverse formula (A.7) we gain:

E_l . (Eyvxzz/zxyz)_l _(Ey:ffyz/zzvz)_lzy'fﬁzz‘;,i
Y,r,z - _ _ _ _ _ _
_Ex,izg—l/—-xz(zyﬁﬁ,z/zx,z) ! Emé + Ex,izg—l/—-xz(zy#%z/zxﬂ) lzy'lﬁzzx,i

where 3, /%, , =3, — Zy.mE;’iE;m is the Schur component of the block ¥, .,
like in (A.6), we obtain:

1 \™ 1 1 _
fY|X7Z(y‘w7 Z) = (\/%) |E /2 ’ €xp { - 5 |:(y - “y)—r<2y,x7z/2%2) 1<y - Uy)+
Y, T,2 T,z

T
LT — My —15T -1 -1 (L~ Hz
DINED > DISID ST I DS )
+ (Z i Hz) T,z y~:cz( Y,z, / s ) ) X,z (Z . NZ) +

_ -1 (%L~ Mz
~2( = 1) (BB BB (S0 ]

 exp { - % {(y — ) (B /B0 z) " (Y — )+

2[0S B/ Ty — )] (w - ”x) } }

zZ— W,

Now, using 3, ,./%, = 3, . — Z;LZE;lEy.r,Z, the Schur component of the block
3, and recalling the Woodbury matrix identity in (A.1l), we just keep the part
depending on y:

1 _ _ _ _
fY|X,Z(y‘w7 Z) = €Xp { N |:(y — My — (Ey ! + Ey 12y-xz<2y,z,z/2y) 12;@6223/ 1)

2
r—p '
. 2;12y-12(2y7x’z/2y)71 (Z - l"l’j) ) .

SIDIPRED S N6 > D 1 R 0 > £

y.x7z

) <y — Ky — (E;1 + E;Eywz(Ey,x,Z/Ey)_lzg—;mEgjl)

-1

-1
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B (B /Ey) (azc - Zj) ﬂ }

— _ _ 111w — _
(2 4 3, 0 (B /) T 0 2 T B s (B /By) T =

In addition, noting that

YTz
= (Ey - Ey-:v,zz;:ézg—/r-x» Eyilzy-xxzy,rz/zy)il
= Ey-x,z(zy,m,z/zy)_l - Zywzzgizgjz,zzglzywz(Ey,x,Z/Ey)_l

= 2y-a:z (Iny - E;éET Eglzy-xZ) (Ey,x,Z/Ey)il

YTz

= Ey-wzza:; (Er,z - E;ixzzgjlzym) (Ey,w,Z/Ey)_l
= EWZE;;,

the conditional distribution takes the following form:

1 (T — ’
fY|X,Z(y‘337z) X exp{ D) {(y — My — Ey-xzzxé (Z _Z ) ) [Ey+

— Ey-mzzg,izz—;r-zz} B (y ~ My Zy'mz‘;’i <j : I-IZ) )] }7

that is the kernel of multivariate normal distribution of mean
L (x—p

and covariance matrix
_ 1T
Ey\x,z - Ey - Eywzzx,zz

YTz
and so, the conditional distribution fy|x z(y|, z) is Ny, (yje,2: Dyjz,2)-
(ii) through a similar manner, it is possible to proof also this point.

]

Accordingly, it can be expressed the distributions of the remaining combinations of
conditional vectors:

— Tr — ua} —
Z|(_X-T7 YT>T ~ an (MZ + Zz.xyExé (y o [J/y) ’ Ez - EzmyEx,;E;my) ’

X|(Y,Z2) ~ N, (ux + 5,500 (y - “y) 2, - 5,5 l%] ) :

xr-Yyz
zZ— M, Y
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Y, XNNZ ~ N,y in, ((“y) +3l SNz - pw), 2, - 2] zglzz.yw) :

zyr<z zYyx
x

Y, Z)'|X ~Nyyin. <(Zy) +3 .5z - 1), 2, — 2, lezx.yz> :

Tyz TYz
z

B.2 Conditions for positive definiteness of a covariance matrix

It is often difficult specifying a valid joint covariance matrix for multivariate random
vectors. To avoid this difficulty, we introduce an approach in which we directly specify
the joint distribution for a process through the specification of simpler conditional and
marginals forms. Having in mind the essential features of the normal distribution from the
Section B.1, the novel notation introduced in the thesis allows to clearly express valid joint
distribution of a random vector consisting of two and three normal sub-vectors depending
on the regression, marginal covariance and conditional covariance matrices.

In this section, we are interested to find the conditions for which the matrix 3, , . €
R33" defined in (2.14) is a variance matrix, i.e. symmetric and positive definite, and

s0 X,,. € 8. We state the ensuing Theorem to achieve the positive definiteness of
covariance matrix of joint normal distribution of the vector (YT, X", ZT)T € R3",

Theorem B.2.1. Let X, ,. € 8% expressed as in (2.14). If 3, = 0, ;. > 0 and
Yyjz,z = 0, then, for all possible simple regression matrices A,.., Ay, A,..,

2y7x72 ~ 0'

Proof. Considering the covariance matrix 3, ., 3,), is the Schur complement of the block
X... Hence, according to Theorem A.0.3, 3, ., > 0.
Now, considering the matrix ¥, , , as the form suggested in (A.12), we get

Ey Eyﬂ:z _ Ey|x,z+Ay-szz,zA;$z Eyﬂ:z
NI Y > Yo )

YTz YTz

and, given that X, ., that is the Schur complement of 3, ., is positive definite, in the
light of the aforementioned theorem, ¥, , . > 0. O

From what has been said so far, if we have a matrix A € 8™ expressed in block form
like in (A.10) in which Ay > 0 and Ay, > 0, it is not obvious that it is positive definite
unless the Schur complement is. However, assuming the principal block matrices positive
definite, thanks to the Gershgorin’s Theorem (A.13) and Theorem A.0.6, it is sufficient to
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require additionally the condition of strictly diagonally dominant for symmetric matrices
in (A.14) verified for the Schur complement A /A1, or A/As.

As a result, we propose a further theorem that yields to obtain the positive definite-
ness of covariance matrix characterizing the joint Gaussian distribution of the vector

(YT,XT,Z7)T.

Theorem B.2.2. Let 3, , . € 8 expressed as in (2.14). If X, = 0, X, > 0 and 2, = 0,
then, for all possible simple regression matrices Ag.., Aye, Ay.s,

Ey,x,z >_ 07

iof the following conditions are verified:
, T
(Z) (El“)zz > (AIZEZA:L‘Z)“ + Ez;ﬁ]

(“) (Ey)u > (Ay-zzzx,zA;xz)ii + Zi;ﬁj

(B, — A,.3.4,) .

Vi=1,...,n
ij

.
(2, - Ay A]L),

YTz

Vi=1,...,n.

Proof. Given that for hypothesis 3, > 0, from Theorem B.2.1 ¥, . . will be positive
definite if 3, > 0 and X, . = 0. Writing the matrix X, in the following form

¥, — A, AL

x-z)

we can see that both matrices are symmetric and positive definite, the first one by as-
sumption and the second because of the result in Equation (A.9). In turn, according to
Theorem A.0.6, if condition (7) is true, then X, > 0. In the same way is possible to show
that verify condition (7i) in the theorem’s setting is equivalent to assume %, . >~ 0. [

By using an alternative representation of joint covariance matrix expressed on the form
(B.1), we can provide the following corollary:

Corollary B.2.3. Let X,,. € S*" expressed as in (2.14). If ¥, = 0, X, = 0 and
3. = 0, then, for all possible cross-covariance matrices ., 3,. and X,

Yo >0,
iof the following conditions are verified
(i) T, — 2..2;12] =0,

(it) By — B3, %7 . > 0.

Yz

Proof. The results follow from Theorem B.2.1 and Theorem A.0.3. O]
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Afterwards, the next lemma gives a tool to build a valid joint covariance matrix of
(Y",XT,Z")" assuming scalar cross-correlation matrix of X and Z.

Lemma B.2.4. Let A, B be two positive definite matrices, i.e. A, B € S%. Every
eigenvalue of A — B is contained in the interval

(A(A)r = A(B)n, A(A)n = A(B)ul,

where A\(A)y is the minimum eigenvalue of the matrix A and A(B), is the mazimum
eigenvalue of the matrix B.

Proof. Recalling one of the Weyl Inequalities (Weyl, 1912):
AMA)i + A(B)j—it1 < A(A+B); < AMA)i + A(B)j—4n;
for every integer 1 < i < 7 < k < n. A conseguence of this inequalities is the following:
AMA); + AB); < A(A+B); < A(A), + A(B), for j=1,...,n.

Thanks to the positive definiteness of the matrices, if we consider the sum of A and —B,
the expected result arises:

AMA) = AA), S AMA -B); < AMA), — A(B) forj=1,...n.
[

Corollary B.2.5. Let 3, ,, € S8 expressed as in (2.14). If ¥, = 0, X, = 0 and
Y2,z = 0, then, for all possible cross-covariance matrices 3., 3,. and

E:pz = pszn7

Yya: =0, 4f

—y/min (A(S,) 0 A(R.)) < o < y/min (A(E,) 0 A(S.),

where o represents the Hadamard product.

Proof. According to Theorem B.2.1 3, ,. > 0 if 3, , > 0. From Theorem A.0.3, it is
positive definite if X, > 0. In this setting, X, = X, — p2. X", From Lemma B.2.4 we
gain:

/\(Ex)l - piz)‘(zz_l)n < )‘(Ea‘\z}j < )‘(Em)n - piz)‘(zz—l)l‘

L Also known as the element-wise product.
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Hence, 3, . = 0if \(2,)1 — p2, A2 1), > 0, that is:
P < AMEA(Zo)s,

and then it emerges that

— /\(Zx)l)\(Ez)l < Pzz </ /\(Zx)lA(Ez)l

Considering that min (A(X,) o A(X.)) = A(Zx)1A(X.)1, we get the statement. O

In order to consider different kind of structured cross-covariance matrices, in the fol-
lowing theorem we provide a sufficient condition to build a valid joint covariance matrix
Yy 2~ by fixing the ones of the marginal random vectors, ¥,, 3, and X, and using the
Cholesky decomposed matrices to construct the cross-correlation matrices.

Theorem B.2.6. Let X, X, 3. € ST be the covariance matrices of the random vectors
Y. X and Z and let pys, py. and p,. the simple correlations parameters.

Fizing pys, pz- € (—1,1) and considering the Cholesky factorization of the marginal
covariance malrices such that X = LL". The cross-covariance matrices Sy, . and
.. are build as follows

S = plyly, . =p.L,Ll and %, =p.LL].
Then
s = 0,
if
pyz € (pyxpxz - \/(1 = 02) (1= P0)s Pyapuz + \/(1 = pz.) (1~ pix)) (B.-4)

Proof. Given that, for assumption 3, ¥,, X, are positive definite, they have unique
Cholesky decompositions as follow:

»,=L,L,, ¥, =LJL; and X,=L,JL].

We obtain that the last two conditions in Corollary B.2.3 are verified if p,, € (—1,1)
(for assumption) and (B.4) holds:

(i) 3, — szzz?lz; =3 — piZLxL;—LZ_TLZ_ILzLI =(1- piz)zx = 0;

(ii) Noting that (1 — p2,)%, is the Schur complement of the block X, of the matrix X, .,
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we verify the second condition.

DIMESD YD 30 NN

Y-z
1- pzzz 1 _17,)3 DA YRS Dk ),
=2y [Ey“ Eyz} 1 1 -1 1 1 1 T
T1- 2 EZCUE 2z 1— 2 szz E:vzz Eyz
pz‘z p
=3, - [pymL L, : p.LL]
[ | P e — e LT LI LTI
1 pzz 1 pzz
_IP;:; L TL lL LTL TL 1 L;TL;1—|— 15?2 L;TL;1LZLIL;TLgleLZL;TLgl
[ T
pyzLiz L,
| py-L:L,
T 1 __Pxz -T 1
T T 1- pa:zL L 1- pzzL L pyzLxL;
=3y = [prelyLy : Ly ~Ty -1 P ~Ty ~1 T
—i Ll Lo (1*‘Tﬁ%:>1% L' [py-L:Ly

— - — P xLxLT
=3, - [(%) L,L," (pyz + %) L,L: 1] [ v y]

py-L.Ly,

1_pzz 1_pzz

2 2 2
_ Pyxz —PyzPyzPxz T 2 PyzPzz—PyzPyzPzz T
=3, | (Bt ) L LY + (2, + Setitytete ) L

_L Py = Pyulrs Pow = 20yzPyzPaz + Py Prs 5
B B 1- pgz - 1- p920z Y

2
Pyz — PyzPxz
i (s e

1_pxz

Hence, Sy = 3y — 8,0 5,18, - 0 [1— (7, + Loty | 5 o that is:

yrz 17pzz

Prw = 2PyaPyzPrz + Pr
1 - pmz
Py = 2DysPyzPoz + Py < 1 — P2,

PyzPxz — \/(1 - p%z)(l - p?;x) < Pyz < PyzPxz + \/(1 - pzz)(l - pg%x)

>0

Pyjaz - 0 =1 —
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Moreover, it is trivial to proof that

pue € (Pyrpes = /(1= P2 = p20), puapes + /(L= p2)(1 = ) € (~1,1).

In fact, it is sufficient to show that the inequality py.p0,. — \/(1 —p2)(1—=p2,) >0

is always true:

VA= 2) (0= 02,) <1+ praps
(1= p2)(1 = p2y) S 1+ 2pypaz + poypis
(pym + pr)Q > 0.

Among the assumptions of the theorem there is the requirement that the definition interval
of py, is open to avoid degenerate covariance matrices. O]

A more simplified version of this theorem as a way to build a valid cross covariance matrix
is used for the fist time by Page et al. (2017) in spatial literature regarding confounding, in
order to work in a solid set up to study the problem. That is what we have indicated with
rLMC model. Moreover, it is interesting to note that, in a regression model as in (2.1),
the quantity pgz + % is the coefficient of determination R? of a linear regression
model with regressors X and Z. It can be express trough the semipartial correlation py,,:

(Pyz - pyacpﬂcz)z
1— p?vz

(pyx - pyzpmz)Q
1— p%z

R* = py. +

=po +

Thus, requesting the positive definiteness of 3, is equivalent to ask for R* € [0, 1] and
this means that p?, + pzz‘x € [0,1].

Remark B.2.1. If 3, , . is positive definite, then equivalently EA]W,Z = HTEW’ZH is pos-
itive definite for II being a permutation matrix. Therefore, according to the chosen
permutation, everything we said for the sub-matrices X,,3,, and 3, . can be modified
for other sub-matrix combinations.
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Eigenvalue of autoregressive process of
first order

In this appendix, according to the work of Yueh (2005), an alternative proposal to Stroeker
(1983) for the approximation of precision matrix eigenvalues of an autoregressive of order
one process are provided.

A zero-mean autoregressive process of order one with normal errors can be expressed as

Xt = ¢Xt,1 + &¢ Et %N(O, 0'2), (Cl)
where the index ¢ € {1,...,n} represents time. We consider the zero-mean AR1 process

here because a mean term can be added in any time. With these assumptions, the
distribution of the process is normal with mean 0 and variance o*/(1 — ¢?), where o2 is
the conditional variance and ¢ the autocorrelation. This implies the importance of ¢ to
be less than 1 (in absolute value) in order that the process be stable (Siegel and Wagner,
2022). We can express (C.1) in the direct conditional form

Xyl Xy, Xy ~ N(¢Xt—1702)

for t € {2,...,n}. As shown in Lindsey (2004) and Rue and Held (2005), if stationarity
is assumed, an alternative specification of an AR1 can also be used: direct construction
of a multivariate Gaussian distribution. The joint distribution of X = (X,...,X,)” has
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zero mean and a covariance matrix given by

B 1 ¢ o ¢n—2 ¢n—1'

) ¢ 1 o ¢n—3 ¢n—2

g
E=rE | e (C.2)
¢n—2 <bn—3 o 1 ¢
_¢n—1 ¢n—2 ¢ 1 |
It is a dense matrix with entries
2
o i

ZZ] = 1— §b2 ¢‘ ]|7

where ¢l"=7! is the correlation function of the AR1 process. The precision matrix has a
special form, with zeros everywhere except on the main and first minor diagonals:

1 —¢ ... 0 0

) —p 14+¢* ... 0 0
= P : (C.3)

0 0 ... 1+¢* —¢

0 0 ... —¢ 1]

The tridiagonal form is due to the fact that X, and X, with 1 < s < t < n are conditionally
independent given { X, 1,..., Xy 1} if [t—s| > 1 (Rue and Held, 2005). The autoregressive
process of order 1 is a special case of a Gaussian Markov random field in which, in general,
it is possible notice the relationship between conditional independence and the sparse
structure of the precision matrix.

Aware about the important role of covariate matrix eigenvalues in the evaluation of
confounding, it might be useful to have information on the eigenvalues of X! in (C.3)
in explicit form. This matrix is "nearly" a tridiagonal Toeplitz matrix for which the
eigenvalues and eigenvectors are known in closed form (Grenander and Szego, 1958). In
fact, considering 7! = X! + ¢?E,, where E, = diag (1,0,...,0,1) is a n x n diagonal
matrix, X! is a Toeplitz matrix of finite order and then, by Stroeker (1983) and Yang
(2021), we obtain an explicit form for the entire set of eigenvalues

~ km
Ak(2*1)21+¢2—2¢003 (n——l—l) kzl,...,n,

and the corresponding normalized eigenvector @y = (g, - - -, Unk) 18

. 2 kg k=1
Ui = — S1n = ..,
Jk n+1 n+1 Js ) 9
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The above expression is for ¢ > 0, and when ¢ < 0, the eigenstructure has the same
expressions but is arranged in the reverse order.

For example, the precision matrix of a Random Walk process of order one, i.e. autore-
gressive process of order 1 with ¢ = 1, is a Toeplitz matrix with 2 and -1 on main and
first minor diagonals, respectively. Consequently, and as also previously demonstrated by
Elliott (1953) and Gregory and Karney (1969), its eigenvalues are

km
A =2-2
k ¢cos(n+1)

k=1,...,n.

Moreover Stroeker (1983) gives certain approximations of eigenvalues of 371, which are
expecially useful for large n, that are:

km 4¢* km
S H=14+¢>-2 — in
A(ET) = 1+¢7 —2pcos (n—i—l) 1o <n+1)

The following error bounds for each A

4 . km
———sin
n+1 n+1

show that for increasing n the approximations improve.

e = ¢

k=1,....n

In order to find more precise approximations for such eigenvalues, we follow Yueh (2005)
deriving the eigenvalues of a generic tridiagonal matrix of the form

[—a+b ¢ .. 0 0
a b 0 0
0 a c 0
M —
0 a b c
| 0 0 0 a —-B+0]

The author determines them by the method of symbolic calculus in Cheng (2003), pro-
viding the necessary condition to obtain them. In this article the author deal with the
eigenvalue problem Mwu = Au, where a, b, c and «, § are number in C, instead, we con-
sider the real domain in which @ = ¢ = —¢, b = ¢* + 1 and o = 3 = ¢?, in order to work
on the precision matrix of AR1 process (C.3).

Theorem C.0.1. Considering an autoregressive process of the first order, a good approx-
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imation of each precision matriz X1 eigenvalues and 0® = 1 is:

k
Me(Z7) =14 ¢* + 2¢ cos (%) k=1,...,n.

ol

Proof. According to Yueh (2005), we consider the quantity

—(b—X) £/(b—\)? —4ac
2a '

T+ =

Let v = p 4+ iq where p,q € C and ¢ # 0. It becomes

(0* +1 =2 £ /(¢ +1 - N)? - 4¢?

’Yiz_

—2¢
AP HD) | V(@ +1-A) —4¢?
Y ! 2 '
Since, 74 +7- =2p = [A — (¢* + 1)]/(—¢) and
V- ="+ ¢
_ (A—<¢2+1>)2+ <N<¢2+1—A>2—4¢2)2: e
—2¢ 20 a
we may write
Y+ = /P? + ¢*(cosf £ isinb)
where )
cosf = b A= (9 +1) 6 e R. (C.4)

VrR+e o 200
Given that v, # 7_, using the Chebyshev polynomials of the second kind for 6, it is
achieved the necessary condition to gain the eigenvalues of the precision matrix:

¢*sin [(n + 1)8] + 2¢° sin (nf) + ¢* sin [(n — 1)0] = 0.

Using the arbitrary phase shift for more than two sinusoids from the Harmonic Addition
Theorem (Oo and Gan, 2012) yields to the following equality

V14202 + ¢t + 20[p cos O — 2(1 + ¢2?)cosb] sin (n@ +tan ! ((1 —T-Hglbf)(io_sg)z 2¢>) = 0.
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Assuming ¢ # 0, since on the contrary case is easy, the last becomes

_ _ sin (1 — ¢?) B
sin (n9+tan ! ((1+¢2)0030—|—2¢)> =0

Through the Maclaurin series of tan™'(-) up to the second order, we find the solution

solving the coming equation

Then, by (C.4) we have the formula for the k-th eigenvalue:

Me =14 %+ 2¢cosb 0 # mm, m € Z.
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