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ABSTRACT

The thesis deals with the problem of Model Selection (MS) motivated
by information and prediction theory. The focus is on parametric time
series models. The main contribution of the thesis is the extension
to the multivariate case of the Misspecification-Resistant Information
Criterion (MRIC), a criterion introduced recently that manages to solve
the original research problem posed by Akaike 50 years ago, which
led to the definition of the well known AIC. Since modern statistics,
MS is a fundamental task, both necessary and challenging in contem-
porary applications and in algorithmic solutions, e.g. big data, high-
dimensionality, nonlinearity, automation, and machine learning. The
importance of MS is witnessed by the huge amount of literature de-
voted to it and published in scientific journals of many different dis-
ciplines. Despite such a widespread treatment, the contributions that
adopt a mathematically rigorous approach are not so numerous and
one of the aim of the present project is to review and assess them.
Chapter 2 discusses methodological aspects of MS from the perspec-
tive of information theory. Common information criteria for the i.i.d.
setting are surveyed along with their main asymptotic properties. The
cases of small samples, misspecification, and further estimators are
examined. Chapter 3 surveys criteria for time series. Information and
prediction criteria for parametric univariate models (AR, ARMA) in
the time and frequency domain are considered. The settings of para-
metric multivariate (VARMA, VAR), nonparametric nonlinear (NAR),
and high-dimensional MS are also covered. As mentioned, the MRIC ap-
proach answers to the original question posed by Akaike on efficient
criteria, for possibly-misspecified univariate time series models, man-
aging multi-step prediction with high-dimensional data and nonlinear
models. Chapter 4 extends the MRIC to possibly-misspecified multi-
variate time series models for multi-step prediction and introduce the
Vectorial MRIC (VMRIC). We show that the VMRIC is an asymptotically
efficient MS method. To this aim, we prove the asymptotic decompo-
sition of the Mean-Squared Prediction Error (MSPE) matrix, and the
asymptotic consistency of its Method-of-Moments Estimator (MoME),
for the Least Squares (LS) multi-step prediction of multivariate time
series with an univariate regressor, for possibly-misspecified models.
Furthermore, Chapter 5 shows that the VMRIC is valid for the general
case of multiple regressors. To this aim, we prove that the MSPE matrix
decomposition holds, obtain asymptotic consistency for its MoME, and
proofs its asymptotic efficiency. The chapter concludes with a digres-
sion on the conditions for possibly-misspecified vector autoregressive
models with exogenous variables (VARX).
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MODEL SELECTION:
INFORMATION AND PREDICTION CRITERTA

1.1 OVERVIEW

This thesis extends the Misspecification-Resistant Information Crite-
rion (MRIC) proposed in [H.-L. Hsu, C.-K. Ing, H. Tong: On model se-
lection from a finite family of possibly misspecified time series models. The
Annals of Statistics. 47 (2), 1061-1087 (2019)] [153] to possibly- misspec-
ified multivariate time series models for h-step ahead prediction. The
MRIC tackles Akaike’s original research question on efficient Model Se-
lection (MS) for possibly- misspecified models that 50 years ago led to
the popular A Information Criterion (AIC).

The first contribution is a vast survey composed of two chapters.
These are two selective but broad surveys of the last fifty years to
study the impact of information and prediction theory on statistical
Ms, and how this connubium can be related to successive developments
in itself and alternative data-oriented strategies. Chapter 2 introduces
the statistical problem of MS via information and prediction criteria for
independent and identically distributed (i.i.d.) data. Departing from
Akaike’s seminal paper in 1973 [5], we follow his trail on the initial
heuristic derivation of the AIC and study its formal mathematical proof.
The asymptotic properties of criteria are taken into account, detailing
specific definitions connected with the different senses of optimality.
We expand our focus to include information and prediction criteria
from the Bayesian perspective, regression analysis, and resampling
techniques, given their relevance in successive development of the
field and their influence in contemporary solutions. The first survey
concludes with the study of practical situations that modify asymptotic
results: small sample, model misspecification, and alternative estima-
tors.

In Chapter 3, the second survey targets time series models. Depart-
ing from Akaike s seminal paper in 1969 [1], we briefly follow his
considerations to obtain the Final Prediction Error (FPE). Derived solu-
tions for MS in autoregressive (AR) models are considered, both in the
time and in the frequency domain, including a short introduction to
the MRIC. We move to general autoregressive moving-average (ARMA)
models, with special attention to the formal setting required for the
extension of criteria to these types of models. This led us to view the so-
lutions proposed from Rissanen’s Accumulated Prediction Error (APE)
and its stochastic regression extension with applications to time series.
Furthermore, the problem of Ms for multivariate time series models is

Contribution 1



Contribution 2

Contribution 3

MODEL SELECTION: INFORMATION AND PREDICTION CRITERIA

studied, to better ground our contributions in the successive chapters.
Issues and solutions for vector ARMA (VARMA) models are examined,
together with part of the literature for MS with vector AR (VAR) mod-
els. This survey concludes with the theoretical and methodological
framework behind the Asymptotic FPE (AFPE), i.e. the nonparamet-
ric counterpart of the FPE for nonlinear time series models, and some
notes on algorithmic approaches and modern solutions to Ms in high-
dimensional settings.

The second contribution presents the first extension of the MRIC
to multivariate time series with univariate regressor, in the form of
three theorems. Chapter 4 establishes the asymptotic decomposition
of the Mean-Squared Prediction Error (MSPE) matrix for h-steps ahead
least-squares predictor, the asymptotic consistency of the Method-of-
Moments estimator (MoME) for the related quantities, and the asymp-
totic efficiency of the VMRIC as a MS method. We showcase our theo-
retical derivation with an example where the misspecification is also
considered, including simulation studies to assess criterion’s perfor-
mance.

The third contribution shows the first full extension of the MRIC to
possibly-misspecified multivariate time series models with multiple
regressor for h-step ahead forecast. Chapter 5 proves three theorems es-
tablishing the asymptotic decomposition of the MSPE matrix for h-steps
ahead least-squares predictor with multiple regressor, the asymptotic
consistency of VMRIC’s MoMEs, and its asymptotic efficiency as Ms cri-
terion. A digression on the technical conditions required for dynamic
simultaneous equations models, also known as VAR model with ex-
ogenous regressor (VARX), to satisfy the assumptions required for the
VMRIC approach is advanced.



Part I1

CONTRIBUTIONS

Chapter 2 surveys information and prediction criteria for
independent and identically distributed data. Chapter 3 re-
views common solutions for model selection via informa-
tion and prediction criteria for time dependent data. Chap-
ter 4 presents the first extension of the Misspecification-
Resistant Information Criterion (MRIC) [153], with three
theorems and a technical lemma obtaining: the asymptotic
decomposition of the mean-squared prediction error for
weakly stationary h-step ahead possibly-misspecified mul-
tivariate time series models with univariate regressor, the
derivation of our VMRIC, the asymptotic consistency of the
method-of-moments estimator of the defined VMRIC, the
asymptotic efficiency of the criterion as a model selection
method, and one example with simulations. Chapter 5 com-
pletes the first full vectorial extension of the MRIC for the
case of multiple regressors, showing that the asymptotic
properties of the univariate regressor case still hold in the
multiple setting, and advances a digression for possibly-
misspecified vector autoregressive with exogenous regres-
sors (VARX), also known as dynamic simultaneous equa-
tions models.






MODEL SELECTION VIA INFORMATION AND
PREDICTION CRITERIA:
A SURVEY FOR THE I.I.D. CASE

ABSTRACT

Developments on entropy and information theory encountered fertile
ground when met the likelihood approach, multiple testing, regression
and multivariate analysis. A path is traced starting around 1974 with
Akaike’s AIC’s approach based on the Kullback-Leibler discrimination
information for independently, identically distributed data under cor-
rect specification. Further information criteria are discussed in relation
to both their asymptotic properties and common settings, e.g., small
samples, model misspecification, alternative estimators. This chapter
is intended as an introductory discussion on information criteria for
i.i.d. data, laying the basis for Chapter 3 discussing derived solutions
for time dependent data.

Keywords: model selection, information criteria, parametric models,
consistency, efficiency, misspecification, small sample, functional esti-
mators.

2.1 INTRODUCTION

Within statistical analysis, model selection (MS) deals with the problem
of selecting the best model according to a specified measure. Different
dimensions of the problem arise, since the goal of our analysis will in-
fluence our model selection’s understanding. First, following Schmueli
[279], we can differentiate between explanation, prediction, or descrip-
tion. Second, defining the “best” model will rely upon a particular
measure, which is of interest in itself from the mathematical statistics
standpoint and given its overall consequences. A third dimension of
the problem deals with the actual sample size, since a portion of avail-
able methods are valid asymptotically for large samples. A fourth level
relates to models’ correct specification or misspecification. Initial de-
velopments involved the case where the ‘true” model is among the set
of candidates models, i.e. correct specification. If the “true’ model does
not exists, or if it may not be postulated, we should pursue misspecifi-
cation robust strategies.

Among sundry selection techniques, information and prediction cri-
teria developed during the 1970’s still enjoy popularity after almost
fifty years. Information Criteria (IC) derive from information theory.
One of its pioneers, the Japanese statistician Hirogutu Akaike (1927-
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2009), proposed the popular A Information Criterion (AIC). Prediction
Criteria (PC) refer to selection methods derived from the one-step ahead
prediction error, e.g. Akaike’s Final Prediction Error (FPE). This chap-
ter focusses on the independent and identically distributed (i.i.d.) case.
The time series setting will be the topic discussed in Chapter 3.

The plethora of available information and prediction criteria are
used in vast areas of human knowledge. Studies for empirical and the-
oretical problems includes but are not limited to: high-dimensionality,
geostatistics, ecology, medicine, phylogenetics, robust estimation, ge-
netics, econometrics, demography, epidemiology, biology, sociology,
reaction-diffusion problems in mathematical biology, copula methods,
astrostatistics, astrophysics, regularization parameter selection, model
averaging, bootstrap variants for small sample mixed models, dynam-
ical systems. In a context of continuously increasing computational
capabilities, criteria are employed extensively and also in combination
with other algorithmic or data-oriented procedures. Sometimes the
presence of these criteria in canned software packages' may illude its ap-
plication is indeed straightforward to the point that no further analysis
is needed. That is not the case.

In Section 2.2 we expand on the motivation behind this survey, while
Section 2.4 discusses Akaike’ criterion, including instructions on its
rigorous use and some issues with hypothesis testing that justified its
introduction in the 1970’s. This discussion is continued in Section 2.3
with notes on the original derivation of the AIC and on its connec-
tion with recent research. Definitions of asymptotic consistency and
efficiency are considered in Section 2.5, together with that of point-
wise and uniform convergence. Several refinements over IC for small
sample, model misspecification, and further estimators are given in
Sections 2.6 and 2.7 respectively.

2.2 MOTIVATION

Concerns on the use of machine-learning algorithms dedicated to au-
tomated decision-making on individuals and data ethics are present
nowadays [34, 35, 84, 320, 336]. Real-world attempts to tackle the issue
are found, for instance, in the Art. 22 of the United Kingdom General
Data Protection Regulation (UK GDPR) on "Automated individual
decision-making, including profiling", or Art. 29 from the European
Union GDPR (EU GDPR) and related key provisions that reference
general profiling and automated decision-making.

Discussions on MS derive from diverse scientific communities, both
from theoretical and applied areas. The statistical community shares
concerns, as the plenary talk of Professor Candeés at the 2020 Bernoulli-
IMS symposium [63] showed, motivating the interest with examples
from sensitive applications such as facial-recognition scans, decision

1 Expression due to Kilian and Liitkepohl [169, p. 56].
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tree algorithms for classification in inmate- and jail-management sys-
tems, the use of artificial intelligence in human-resources activities
including recruiting, or medicine. Contemporary theoretical and em-
pirical considerations are also driven by this interest, aimed at improv-
ing current methods for selection, estimation, and prediction. Given
the increasing levels of complexity in our techniques and the diffi-
culties we face to obtain neutral comparison studies, we attempt to
‘back-to-basics” while underlining theoretical key-points, in terms of
assumptions and general settings for MS via IC.

We propose a broad selective survey of the last fifty years to study:
(a) the impact of information theory in statistical MS, and (b) how
this connubium can be related to successive developments in itself and
alternative data-oriented strategies. This since algorithmic culture [54]
experienced an important expansion in the last twenty years, thanks
to the more readily availability of vast quantity of data. Also given that
information theory and machine-learning algorithms are two faces of
the same coin [201]. A secondary objective is to give practitioners an
accessible guide of definitions, remarks and algorithms to consider in
empirical applications of MS methods.

MS is intertwined with the estimation process [57] and has strong
effects on inference [188]. We will focus in the necessary work after
obtaining parameters’ estimates with specific properties, although re-
cent methods incorporate the estimation step. As in many other fields,
we see a trend from stronger to weaker sets of assumptions. This, com-
bined with the exponential growth of our processors contributed to
the development of nonparametric and semiparametric literature. Re-
cent developments are scattered along the lines of (i) less restrictions
and more flexibility (e.g. conformal prediction, feature-matching, non-
linear modelling, stochastic regression, robust estimation, Bayesian ap-
proach, mixture models), (ii) ensemble of techniques, and (iii)) machine
learning algorithms.

We still have issues in selecting, ordering, or ranking models accord-
ing to a specific sense. The combination of different methodologies and
practices makes it relevant to understand the theoretical setting to im-
prove empirical works and develop further solutions. In that sense, we
stress the importance of theoretical and methodological considerations
to improve both theory and practice altogether.

We drive now the attention to Akaike’s seminal contributions [7, 16],
and we present comments on contemporary issues related to these.

2.3 HIROTUGU AKAIKE AND INFORMATION THEORY

The work by Kullback and Leibler [177] generalized the ideas of Shan-
non and Weaver [262, 263]. Let (X, S, 11;), ¢ = {1,2} be a probability
space such that ;1 and p» are mutually absolutely continuous. More-
over, define A to be any linear combination of j; and y2. By the Radon-
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Nikodym theorem [131, pp. 128-129], there exists a positive and finite
probability density functions f;(x), i = 1,2, unique (a part from a set
of measure zero in \) and A-measurable, such that:

i(E) = /Efi(x)d)\(q:), forall £ € S.

Our interest lies in evaluating the hypothesis H; that x comes from
a population with probability measure ;; against the hypothesis Ho
that  comes from a population with probability measure x,. For that
matter we define the information in z for discrimination between H;
and H, as the difference log f;gg . At this point, we are ready to define
the Kullback-Leibler Information (KLI),? I(1 : 2), that measures the
divergence between two probability distributions. Note that this rela-
tive entropy measure is a pseudo-distance (not a distance) since the
triangle inequality does not hold, i.e. it is not the same quantity from
f to g than from g to f.

Definition 1. The mean information for discriminating between Hy and Ho
is defined by:

fi(z)

fa(z)

= / f1(x)log
X

dp ()

fi(x)
f2(x)

Properties 1. The KLI I(1 : 2) features, among others, the following basic
properties:

1(1:2):11:2(X):/ng

dX\(z).

& fi(z) = fa(w),
p(E)
® 12(E)

, for \(E) >0, E €S,

Here and in the following, A 1 B reads “event A is independent of
event B”. For further details, refer to Kullback [175], and for alternative
measures of divergence, see Konishi and Kitagawa [174, p. 31]).% In
Akaike’s work [4, 5, 7] the KLI has been employed to address the prob-
lem of model identification. Let g(x) be the data generating probability
distribution and Fy = {f(z|0x),k = 1,..., L} be a probabilistic class

Kullback [176] preferred the term Discrimination Information.

These include, but are not restricted to: the X2-statistic, the Hellinger distance, the Gen-
eralized information, the Divergence, the L'-norm, the Lz-norm, the Jensen-Shannon
divergence, Jeffreys divergence, Chernoff’s a-divergence, the exponential divergence,
Kagan’s divergence, the (c, 3)-product divergence, the Battacharyya divergence. Fur-
ther notions can be found for instance in the field of information geometry. On the
topic, we indicate the recent volume of Rao, Rao, and Plastino on Information Geom-
etry [232]. This is an active and interesting line of research combining many of the
topics here presented in a unified manner.
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of models such that g(z) € Fy. The problem is defined in the following
terms.

Given the data x ~ g(z), we want to identify the member of Fy
that corresponds, or is the closest, to g(x). If 0, € R¥, the identification
problem reduces to select the true order of the model, k € {1,...,L}.
By assuming that g(xz) is absolutely continuous with respect to the
Lebesgue measure, the KLI between g(z) and any parametric family
f(z|0) € Fyis:

, _ log g(x)
1o (a19)) = [ o(o) sy )
Akaike’s consideration of the KLI as a separation measure between two
probability density functions in the context of the statistical problem
of model identification was novel. By doing so, he combined informa-
tion theory and its own extension of the Maximum Likelihood (ML)
principle. The latter is stated by Akaike [5] in the following manner:

Definition 2. Given a set of estimates O of the parameters’ vector 6 of a
probability distribution with density function f(x|6) we adopt as our final
estimate the one which will give the maximum of the expected log-likelihood,
Le.

£ [log (£(x19))] = [ #(a10)log (£(x19)) . @)

Akaike noticed that the ML principle was equivalent to maximize
minus E[I(f(z|0); f(x]))], i.e. minus:

E[log( 10 )] /f 2(6) 1o <EX:0;>dx 3)

His version of the ML principle, together with his definition of the loss
and risk functions (detailed in the following paragraphs), led Akaike
to avoid seeing both the estimation and testing theory as separated, but
rather as a single problem of statistical decision [16, p. 610]. This was
stated by Akaike given the use of both the ML principle and the LR test
statistic, connecting the concepts by means of loss and risk functions
from statistical decision theory, through the lenses of information the-
ory. Specifically, this single problem of statistical decision was faced as
a problem of MS: to select f(z|0y), k = {0,1,2,..., L}, based on the
observations of the random variable X.* Note that the parameter vec-
tor 6y, is restricted to the space where the {k 4+ 1,k + 2, ..., L} parameters
are set equal to zero, 0, € Oy, with O being the set of parameters’
space.

To proceed with the problem at hand of identifying model’s correct
order k, the use of Wald’s log-LR test [319] for composite hypothesis

4 Further details in Akaike [5, Section 4], Bozdogan [52, p. 351], and deLeeuw [361, p.
601].

11
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testing with hierarchical (nested) models was critically indicated by
Akaike [5] as a possible path for its solution, after some adaptations.
Akaike [5, 7] proposed an heuristic approach in the following terms.

Let{z,...,zN}bearandom sample of the random variable X, z; ~ X,
and let § be the maximum likelihood estimator (MLE) of 6, i.e.

= argmax L(z]6), 4)
0cO

where £(z]0) is the likelihood function on the random sample z, given
the parameter 6. In the context of statistical decision® define the loss
and risk® functions between the ‘true’ parameter and the estimated
parameter as stated below. Given that the loss function is minus two
times the KLI between the true parameter and some estimate of it, it
will feature its same properties defined previously after the proper
adaptations. This is stated in the following:

Definition 3. Define the loss function:

W /f 2(6) 1o ( EX:QDdx (5)

and its respective risk function as its expected value:

R(0,0) = E; [W(0,0)], (6)
where the expectation Ej [-] is computed with respect to the distribution of .”

Akaike advocated to estimate the loss function W (#,0) as minus
two times the sample mean of the log-likelihood ratio since it is the natural
estimator [7], in addition to being well known and extendedly used in
the literature. This is stated formally in the following definition:

Definition 4. Let f(x;|01) be the density function of the probability model
of reference, i.e. the one with ‘true’ set of parameters, and f(x;|0)) € Fy =
{f(x|0k),k =1,..., L}. Then the natural estimator of the loss function is:

Iz 0
Iz ]9 L)
If we multiply this estimator of the loss function by NV, we obtain the

usual Log-Likelihood Ratio (LR) test statistic:

Mk, = N X Wi, 1, (8)

which asymptotically behaves as a x7 _, distribution when 6 € 0.

5 See Cox and Hinkley [86, p. 429].

6 See Griinwald [127, p. 515].

7 See Konishi and Kitagawa [173, p. 877]) for an example of generalization to functional
estimators via the empirical distribution function. See also Kitagawa and Konishi
[171].
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Remark 1 (Akaike [16]). Defining the loss function between both the true
and the reduced parameter vector (to the k-th order) to be the infimun of those
obtained with different values of k, i.e.

W (8, 6;) = i&fW(e, k), )

then, it is expected that the sample estimate will converge to its population
value (i.e. strongly consistent estimator)

wi,, — W(0, ;) a.s. (10)

Akaike considered three situations for the convergence of the LR
statistic to the y? distribution (deLeeuw [361, p. 604], Akaike [16, p.
205]). If the true parameter 6 belongs to the reduced parameter space
Oy, (or the reduced parameter space 0, is a fair approximation of the
true parameter space ), i.e. § € @y, then we may see that:

i. If NW(0, 10) is much larger than L, the approximation of the
log-likelihood ratio test ;7, fails to converge to the x? distribution
since it would be larger than the chi-square approximation.

ii. If NW (0, 0) is much smaller than L, the approximation is appro-
priate, and we can proceed with the analysis using the LR statistic
as usual.

iii. If NW (6, 0) is close to L, a more precise analysis of the behaviour
of the LR test statistic is needed.

Given that the first case is not viable, and the second case is within
the LR theory, interest lays on the last one. For this third case, Akaike
considered asymptotic (e.g. Taylor expansion) and nonasymptotic ar-
guments to modify the loss function, by the use of the KLI in the
parametric case [177, p. 81]. This is related to study the discrepancy be-
tween two density functions, where the first is some density function
f(z,0) computed at 6, while the second is the same density function in
a neighbourhood of its parameter space, f(x,6 + Af). An additional
requirement for the modification of the loss function was the consis-
tency of the MLEs  and 8}, for both the full parameter space (f) and its
reduced version (6;) respectively. In general, it is required the asymp-
totic efficiency of the MLEs [7, p. 718].8 This will lead us to solve the
MS problem by considering the sample mean log-likelihood to be a proper
measure of fit of the model. Let us follow Akaike’s steps.

If 6 and 6}, are very near to each other, we are allowed to focus on
the second-order variations of W (0, 9).° In this case, the initial loss
function, which used the KLI, can be modified into:

L L
Wa(0, 0c) => > Bk — 61) (Brm — Om) Crim (6), (11)

I=1m=1

Akaike used MLE’s asymptotic consistency, efficiency and normality.

Kullback and Leibler [177, p. 81]), citing Doob [103, p. 774]), highlight how this argu-
ment depends on suitable assumptions on the density function. See also Sawa [254, p.
1274].

13
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where Cj ,,(6) is the (I, m)-th element of Fisher’s information matrix,
abbreviated in the following by C; ,, for simplicity. A version of this
modified loss function is:

Wa(0, ) = HékaZ, (12)

where [|0|| - is the norm in the space of ¢ defined as

L L
10l =D 66mCim-

I=1m=1
An estimate for the risk function of the modified loss function E[W2 (6,

0,)], when N is sufficiently large, and both L and k are relatively large
integers, is:

(9, 0x) = N~ (r + 2k — L). (13)

For MS through comparison of different models with different orders
k against the true one, note that the L value in the previous estimate of
the risk function is the same since it only depends on the dimension of
the true parameter space. For this reason it can be dropped from the
estimate of the modified risk function without influencing the result.

Before proceeding with the formal definition of the AIC present in
Section 2.4, we shall briefly highlight some points from the arguments
presented until now.

2.3.1 Discussion

This subsection collects brief thought stimulating comments and the re-
lation with current issues derived from Akaike’s seminal contributions
introduced in this section.

RESTRICTING PARAMETERS” SPACE  The strategy of restricting the pa-
rameters’ space was already present in the literature, e.g. subset re-
gression [147, 203, 204]; discriminant analysis [229], and can be seen
as connected with the broad successive developments on MS litera-
ture, e.g. subset selection, regularization, shrinkage [194, pp. 504-505],
stochastic complexity [245, p. 47], or dimension reduction [162, p. 203].

AUTOMATION OF SELECTION PROCEDURE In terms of the data vis-d-
vis algorithmic modeling cultures as in Breiman [54], recent develop-
ments were influenced by ideas from data-oriented procedures, which
allow for some type of automation of the selection procedure. Automa-
tion is intended in the sense of the implementation of procedures in
the MS phase which eliminate practitioner’s intervention. This step
is sometimes necessary, i.e. no alternatives given that alternatives
procedures fail. The objective of the analysis is pivotal: description-
identification, or prediction-selection. In this sense, automation is both
a debatable but important goal in contemporary applications.
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INFORMATION AND HYPOTHESIS TESTING  An additional early exam-
ple of information-theoretic quantities and hypothesis testing can be
found in Blahut [45]. Terasvirta and Mellin [293] studied the connec-
tion between the ordinary F test and IC when all models are linear and
we have to select the model from nested finite number of candidate
alternatives. Vuong [318] proposed a LR test approach using the KLI to
measure the divergence between non-nested, overlapping, and nested,
also for the case of one, or neither misspecified model.

wHY 'TIMEs TwWo’?  The use of the “magic number 2” (Stone [287, p.
32]) is a convention initially criticized as arbitrary, e.g. Rissanen [241],
deLeeuw [361, p. 602]. Theoretical and historical clarifications are given
in Akaike [15], Bozdogan [52, p. 356-357]), Burnham and Anderson [59,
p- 64]). Successive developments consider different types of penaliza-
tions as bias correction. For instance, see Kitagawa and Konishi [171]
for bias and variance reduction techniques with a generalization of
the AIC; Yanagihara et al. [345] for bias correction of AIC in logistic
regression models; and Davies et al. [90] for linear regression.

CONDITIONS AND CASEs In the literature, relaxing these assump-
tions will be dealt in successive generalizations of the AIC, e.g. small or
moderate samples, misspecified models, non-i.i.d. observations, alter-
native estimators (viz. conditional, penalized, composite, quasi likeli-
hood, robust, functional), nonparametric statistics, high-dimensionality.

EVALUATION OF THE PERFORMANCE OF IC The asymptotic perfor-
mance of IC depends on the problem upon which it is being applied. An
argument for this statement is Akaike’s entropy-maximization princi-
ple, which recites: “All statistical activities are directed to maximizing the
expected entropy of the predictive distribution in each particular application”
[15, p. 17]. Changing the problem, asymptotic properties behave dif-
ferently, e.g. under small or moderate samples. We underline it in the
light of broad literature in problem definition, decision theory and
loss functions. For example, on the loss function, Shibata [274, p. 417]
stated: “In our problem, the choice of the loss function is crucial for dis-
cussing the goodness of a selection procedure”. Partially, this perspective
was also present on Ragnar’s Frisch 1970 Nobel prize lecture on econo-
metrics [118]. Given that the goal of statistical analysis often is to obtain
reliable and precise predictions for decision-making, this connection
should guide us to follow methodologies in a precise manner, possibly
in a unified way.

INCREASING- AND FIXED-DIMENSIONALITY SETTINGS  Akaike’s per-
spective on the study of asymptotic properties enriched the field, i.e.
theoretical considerations of an empirical problem: to assess the prop-
erties of a MS criterion as n grows to infinity but keeping the ‘true’

15
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order k of the model fixed, i.e. Fixed Dimensionality (FD) setting. This
approach complements the case when k grows to infinity while also n
goes to infinity, i.e. Increasing Dimensionality (ID) setting. See the liter-
ature in Schorfheide [256] for indications on its multi-step (direct) loss
function based estimation. This distinction further modifies asymp-
totic properties of IC. See the discussion in Stone [286, p. 277], Leeb
and Potscher [187], and the distinction of cases for time series in Hsu
et al. [153, pp. 1061-1065]. Chapters 4 and 5 contribute to the literature
in the FD setting for multivariate time series MS.

2.4 MODEL SELECTION WITH INDEPENDENT AND IDENTICALLY DIS-
TRIBUTED DATA

The practicality of Akaike’s idea and its lean computation were two
drivers for its vast diffusion in statistical sciences and beyond. We ob-
serve an 1.i.d. sample of dimension n, {z1, z2, ..., z, }, taken from some
Data Generating Process (DGP). In general, approximate estimates of
information criteria are of the following form:

IC(k) = —21(6;) + Penalty, (14)

where [(-) denotes the log-likelihood of the estimated reduced model
with k parameters and the penalty will depend upon the particular
setting of the problem. Our focus is on mathematically-grounded IC.

A short disclaimer is in order. Supplementary paths for MS include,
among others, the minimum description length principle [141, 241, 244,
245]; the Bayesian perspective [83, 167, 234, 258, 321]; mathematical de-
cision theory [46]; sieves and approximation theory [29]; resampling
or data augmentation methods such as Cross-Validation (CV) [20, 24,
87, 264, 285], bootstrap [265] or shrinkage [65]; machine-learning pro-
cedures which also deliver feature selection such as bagging [210],
sparse boosting [58], lasso [357], nonconcave penalized likelihood via
smoothly clipped absolute deviation (SCAD) [109], neural networks
[23, 179], or random forests [92, 281]. Refer to [100, 164, 187, 192, 207,
236, 295, 296] for reviews and surveys.

We start by devoting the rest of this section to understand the theo-
retical framework behind the A Information Criteria (AIC).

2.4.1 A Information Criterion (AIC)

This subsection includes the assumptions, a proposition and formal
derivation of the AIC in Section 2.4.1.1. Previously, in Section 2.3 we
have followed partially the heuristic derivation of Akaike from his two
seminal papers [7, 16]. Here we focus on the formal proof presented
by Bozdogan [52]. This is similar to the steps traced until now, so its
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development should be eased. A slight theoretical difference is that
Bozdogan uses the Entropy Maximization Principle (EMP) [10], which
is equivalent to the minimization of the KLI quantity. As we have seen,
the latter is connected to Akaike’s ML principle. Alternative strategies
for the formal proof can be found in [59, 174]. As one reviewer under-
lined, the technique developed by Akaike is simple, but it is seminal
for many of the following contributions. Section 2.4.1.2 presents 15
points to keep in mind for the correct use of the AIC, and then briefly
discusses the connection between the AIC and the LR statistic.

2411 Assumptions, definition, and formal derivation

The AIC in Eq. (16) is an estimate of a measure fit of the model [7, p.
716] where the mean log-likelihood is taken as the preferred measure
of fit. First, we present the three assumptions in detail. Then, we follow
[52] in Proposition 1 which defines both the AIC and its natural sample
estimator, and its respective sketch of proof.

Assumptions 1. For Eq. (16) to hold the following assumptions are needed:

(i) {x1,22,...,x,} are n independent observations of a random variable
with density function g(x).

(ii) The maximum likelihood estimator (MLE) based on n observations, 8,,
of the 'true’ parameter vector @ is estimated under reqularity condi-
tions that deliver asymptotic efficiency and normality. The expected log-
likelihood is estimated by its natural estimator, i.e. the log-likelihood func-
tion evaluated at its supremum 0: n='1(8,,) = n=' 7, log f(x]0,,).

(iii) f(x|0) is a parametric family of density functions of the random variable
X, depending on the parameter vector @ which includes the true model,
ie. f(x|00) = g(x). In other words, the model is correctly specified:
g(x;0) € Fy.

Proposition 1 ([52]). Let a set of candidate models {7y, : k = 1,2,..., K},
with k the index of the competing models. Define the population AIC as twice
the expected KLI, or, equivalently, as minus twice the expected log-likelihood:

AIC (0;,) = 2E [ (0%, 61)] = —2E [log f (X|05)], (15)

which is minimized to choose a model [Jj, over the set of candidate models.
Then, its natural sample estimator'® is given by:

N
AIC (t%) = 2 log f(wi] By) + 2k, (16)
=1

where "N | log f (x| 8y,) is the log-likelihood evaluated at the ML estimated
parameter with reduced dimension k.

10 This is an unbiased estimator of its population value.
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Proof. We follow the geometrical derivation of Bozdogan [52, pp. 346-
356] based on [5, 7,9, 170]. Consider a DGP with g(z) = f(-|0), 8 € R¥,
from which all candidate models derive. Denote the ‘true’” parameter
vector by 6 = 0” ¢ R, with K the total number of parameters of the
"true’ full model.

Our goal is to select the model with probability density function
f(x|6;) based on n observations, with parameter vector 6, € R,
where £ is the number of free parameters, with £ < K. This re-
stricted parameter vector sets 011 = Oy12 = -+ = g = 0. Ob-
tain its MLE, 0, by the usual maximization of the likelihood func-
tion, L (0x|x) = [I;~; f(xi|0)), with respect to 8. Consider the log-
likelihood function divided by n, i.e. the mean log likelihood, n=11 (0}) =
n~1 3" | log f(x;|0)), which is a natural consistent estimator of the
expected log likelihood, E [log f(X|0))] = [log f(x|0%)f(x]|0x)dx. Fur-
thermore, take the KLI as the loss function:

1(6:6) = /10g l’;(ag))] £(x]0%)dx,

and its expected value as its associated risk function:

Ex |1(6%0)] = /1 (67:0) f(xl6")dx.
Now, the second-order expansion of I (6*; ) around 6*, delivers:
1
1(97:6" +40) = _[A0]7, (17)

where [|A6]% = |6 — 6|3 = (6 —6*)" J (0 — 6*), with J being the
positive definite (K x K) Fisher information matrix:
0_9*} '

In order to restrict 8* € O to the k-dimensional restricted parameter
space, O, with k < K, write the projection of " onto ®; and denote
it by 67, and its MLE by 8. In that case, we can write: 21 (6*,8;,) =
21 (0*, 9k). Seeing that (17) is similar to our case, by the Pythagorean
theorem:

T

J=E { {;0 log f(X|0)

0
S5 los 1(XI0)]

21 (67,6;) = ] 0 — 9’“Hi = 0" - 65115 + | 0 — 9’“”3

Therefore, for large n, the expectation of the KLI is a measure of the
average estimation error:

mE [I (0*,4%)] ~F [n 16" — 6% —l—n‘

LA 2
k_ekHJ

— 06— 0%+ E [n\ez—ékHi]. (18)
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Eq. (18) shows that this measure can be decomposed into the bias plus
the variance of (02 -6 k) , first and second term on the right-hand side
N2
respectively. For large n, in the second term we have n HG,’; — 0 ;=
A \2
nt/2 (0,’; - Gk) , which distributes asymptotically as a x7. Denot-
J

ing the non-random first component in the right-hand side with § =
n 0" — 635 , and computing the expectation of the x? random vari-
able, Eq. (18) becomes, for large n:

ME [I (9*, 9k)} ~ 54k, (19)

The non-random quantity § needs to be estimated in finite samples.

Since: (i) the mean log likelihood is a consistent estimate of / (0*, 9k> ;
and (ii) the LR statistic,

LR(X) = s = —2zlog ((jzz)) 20)

for the i.i.d. case under regularity conditions is asymptotically dis-
tributed as a noncentral x?(§) random variable, with v = K — k de-
grees of freedom and noncentrality parameter J; then the LR statistic

in Eq. (20) is employed to estimate / <0*, 9k).
Given that E [x2(6)] = § + vand ny, x = E [x2(8)], we can solve for
d obtaining § = ny, x — v = ., x — (K — k). Thus, Eq. (18) becomes:
2nE [1(0%,0x)| = s — (K — k) +k
= M + 2k — K. 1)
From these arguments, if the KLI between the true” and the esti-
mated parameter, I (0*, ék), is defined as the loss function in the MS

problem, with its associated risk function &/ [I (0*, 9k>} , from Eq. (21)
we can get an estimate of the risk function for large n, and both K, and
k relatively large integers, which is:

R [0*, ék] =n (g +2k—K). (22)

Given that our goal is to find the ;. that minimizes Eq. (22), or equiv-
alently, that minimizes Eq. (21), we can focus on minimizing over
k={1,2,..., K} the following quantity:

Sk = Mk + 2k = QZlog((xlok))mk. (23)
i=1 1|\ UK

For hierchical /nested models, where the constant terms are shared by
every model, the usual approximate estimate of the AIC is obtained:

AIC (k) = =2 fj log f (xilék) + 2k. (24)
=1

O]

19



20

MS VIA IC AND PC: A SURVEY FOR I.I.D. CASE

2.4.1.2 Discussion

CORRECT USE OF THE AIC  Akaike’s criterion allows to judge a partic-
ular model, or judge ignorance about the structure of the model [52, p.
351]. From Sakamoto, Ishiguro and Kitagawa [253, pp. 83-85] we learn
the following four points:

(i) The number of free parameters estimated from data should be
less than 2/n (§ upper bound). Otherwise, if the number of free
parameters is too large, the asymptotic normality of the MLE
might fail.

(ii) The actual values of the AIC do not matter. Instead, the differences
between the AIC obtained by one model versus the AIC of another
model matter for MS. If the difference in absolute value is larger
than 1 or 2, thenitis considered to be informative. If this difference
is much smaller than 1, then the goodness of fits of the model are
almost the same. Even if the AIC of two models are very similar,
if the distributions of the models are quite different, then it is
reasonable to consider that neither of the models is good.

(iii) If the AIC gradually decreases with increasing order and it may
not have a clear minimum, then it usually indicates that the
parametrization is not appropriate.

(iv) AIC is not a criterion to estimate the true order of the model.
Instead, it estimates the best fit model. The concept of true order
is meaningless in the context of estimating the true distribution
from a finite n.

From Burnham and Anderson [59, pp. 75, 80-89] we learn the following
eleven points:

(i) AIC is a step in the Minimum A Information Criteria Estimate
(MAICE) procedure [174, p. 69]. Later research considered also
Akaike’s weights and its relation to MS, which moves beyond the
MAICE approach.

(ii) AIC cannot be used to compare models of different data sets (data
must be fixed).

(iii) Order is not important in computing AIC values. This highlights
a difference with respect to step-up (forward) and step-down
(backward) hypotheses testing.

(iv) A common mistake is to mix response variables since all hypothe-
ses have to be modelled using the same response variables.

(v) The AIC requires that error structures of comparing regression
models to be the same.
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(vi) Inapplied literature itis a common mistake to mix null hypothesis
testing with information-theoretic criteria. Its is not adviced to
use words such as 'significant” or ‘rejected’. It is good practice to
complement with evidence ratios, analysis of residuals, adjusted
R?, and other model diagnostics or descriptive statistics.

(vii) Null hypothesis testing is still important in strict experiments, but
in observational studies it is not clear. Besides, often the hypothe-
ses are naive or trivial.

(viii) Information-theoretic criteria are not a “test”.
(ix) Remember always to perform exploratory data analysis.

(x) Ambivalence of data and multi-model inference. In relation to
this last point, see Burnham and Anderson [60].

(xi) IC can be applied to non-nested models.

For an updated informative review of the AIC, see Cavanaugh and
Neath [67].

THE AIC AND THE LR STATISTIC  AIC departed from considerations
on the Likelihood Ratio (LR) test statistic when the convergence to
the x2-distribution fails, from the Kullback-Leibler Information (KLI)
perspective. With hypothesis testing, a system of composite hypothe-
ses Hy and H; are considered. Under the null hypothesis, we use the
asymptotic distribution of a test statistic in order to specify a rejection
condition. Commonly used test statistics are Wilk’s LR [337], Wald’s
test [319], and Rao’s Lagrange-Multiplier (LM) test [233]. See Buse [61]
for a clear description of these methods. Issues have been pointed out
in the testing approach [32, 59, 93], which are connected with obser-
vational studies, and the difference between experiments and pseudo-
experiments. For instance, with nested (hierarchical) hypotheses, their
sequential order influences the result. Besides, there are issues with
the distributional convergence as the number of hypotheses to test
approaches sample’s dimension.

The latter becomes relevant when applying hypothesis testing in
the context of high-dimensional data. Benjamini and Hochberg [31]
pointed three issues with the classical approach to multiple testing,
which include that in practice test statistics are not multivariate normal
and that are not comparisons of multiple treatments. This problem
has been addressed in the literature departing from Bonferroni-types
corrections. They proposed to control for the False Discovery Rate
(FDR), i.e. the rate of type I error, instead of the Family Wise Error Rate
(FWER) in multiple testing. A similar motivation leading to a different
conclusion was advanced by Romano and Wolf [250] with a feasible
computational method to control generalized FWER.
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Discussions and extensions followed on asymptotic properties of
IC, their asymptotically equivalent counterparts, and alternative cri-
teria. We will briefly see two of these asymptotic properties, namely
consistency and efficiency. These concepts are differently defined with
respect to estimators, and play a central role in the study of MS via
IC. Chapters 4 and 5 show that our multivariate extension of the MRIC
displays asymptotic efficiency.

2.5 ASYMPTOTIC CONSISTENCY AND EFFICIENCY OF CRITERIA

Consider the set of candidate models 7;, with the generic model [,
I = {1,...,K}, where K is the total number of candidate models.
When the true model is among this candidates set (model’s correct
specification), if the criterion selects the true model with probability
tending to one, then the selection method is weakly consistent. If this
convergence is of the almost sure type, then it is said to be strongly
consistent. If we do not assume that the true model is among the can-
didates (model’s misspecification), then we can be interested in selecting
the model which minimizes a particular measure or divergence. This
leads us towards the concept of efficiency. In the MS literature, these two
asymptotic properties deal with the ability of the criterion to select the
‘true model’ (consistency), or, the model that minimizes a particular
measure (efficiency), as the sample size diverges.

Showing that this property is featured requires analytical proofs and
numerical studies. It is worth noticing that importance is given to select
a particular model over a set of candidate models. This is separated
from the asymptotic properties of parameters” estimators. Confusion
may arise, given that ultimately, MS can be deployed for both estimation
and identification. The focus in our case is the latter. For an overview
of these points, see Arlot and Celisse [24, pp. 46-48].

Besides, the setting of ID or FD also may deliver contrasting results.
For instance, the AIC is not consistent but it is efficient in the ID case,
while it is neither consistent nor efficient in the FD setting. Additionally,
consider that the Bayesian Information Criterion (BIC) (introduced in
Section 2.5.3.1) is consistent but it is not efficient in both the ID and FD
settings. An additional layer of uncertainty is include when there is no
information concerning the inclusion or exclusion of the "true’ model
in the set of candidate models. See Hsu et al. [153, Tables 1 and 2] for
a comparison of five criteria (AIC [7], BIC [258], Generalized AIC (GAIC)
[173], Generalized BIC (GBIC) [200], GBIC,[200], and their MRIC). The
MRIC and our vectorial extension, the VMRIC, were developed in this
last situation of possibly-misspecified models, i.e. no prior information
on whether the true” model is included or not in the candidates set.
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2.5.1 Consistency

Shao [266] developed an asymptotic theory for linear MS. Let y,, be an n-
dimensional vector of independent responses, X,, be an (n x p,,) matrix
of a p-dimensional regressor with n observations, and p,, = E [y|X,,]
the mean response. This is estimated by the model « from class A,,, via
the Ls estimator (LSE) f,,(«). Define &, as the selected model by an
information criterion, where the subscript n indicates its dependence
on the sample of n observations. Also, define aﬁ as the model which
minimizes the following quadratic error loss function:

Lo(@) =07 | pn — fin ()] (25)

where ||-|| is the Euclidean norm. Under i.i.d. observations and mis-
specification, he conveniently defined asymptotic consistency in terms
of the “best fitting” model:

Definition 5. An information criterion is asymptotically consistent if

: A _ L
Jim P {an - an} 1. (26)
Shao observed that this implied that the probability that both the
quadratic error loss functions are equal converges asymptotically to
one:
- AN L

Tim P { Ly (6n) = Lu(af)} > 1. 27)
These two situations are equivalent if L, («) has a unique minimum
for all large n.

Criteria’s asymptotic consistency, in some sense, depends on the
type of problem under consideration. In addition, the procedure for
its demonstration will depend on the types of loss and risk functions
[274], and on the sense of asymptotic consistency under consideration.

Now, a generalization of the AIC is introduced to state the regularity
conditions for the asymptotic consistency of a criterion.

Definition 6. A generalization of the approximate estimate of AIC [25, 41]
is given by:

AIC, = —21(8) + ap, (28)

where « refers in this case to the weight applied to the penalty p, the number
of estimated parameters in the model.

Shibata [278] argued that the following conditions are required for
consistency using the above initial generalization of the AIC. For strong
consistency he derived these results from the Law of Iterated Loga-
rithms (LIL). See Hannan and Quinn [137].
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Assumptions 2. Under general reqularity conditions requested for comput-
ing criteria, necessary and sufficient conditions for strong consistency of IC
are found in setting oo = ov, in AIC,, Eq. (28), such that:

Qnp

lim inf,, >1,  limsup, 2 =0, (29)
n

2loglogn

while for weak consistency such that:
L . Qn
lim inf, o, = oo, lim sup,, — = 0. (30)
n

These conditions are often seen in the assumptions preceeding the
definition of IC. For instance, [153] requires that the penalty weight
satisfies condition from Eq. (30), while the problem of its empirical
determination is assessed in [154, Section S5]. In Chapters 4 and 5, our
derivation of the vectorial version of the MRIC requests this condition
for asymptotic results, viz. Eq. (242).

2.5.2 Efficiency

If the true model is not included in the set of candidate models, e.g. the
parameter space has infinite dimension, then the concept of asymptotic
consistency would be misleading. For this reason, asymptotic efficiency
is defined as the convergence of the selected model to the one that
minimizes the KLI or other specified loss function. Occasionally, this
property is also defined as optimality in the efficiency sense,'! e.g. [68,
189, 273-275], i.e. the selected model achieving the minimum value of
the loss function (in probability). According to Claeskens and Hjort
[83], a MS criterion is efficient if the ratio of the expected loss function
computed at the selected model and the expected loss function at
its theoretical minimizer converges in probability to one. Let us give
further details.

As in Section 2.5.1, define &, as the selected model by a criterion
with a sample of size n, and o the model which minimizes the loss
function L,,(«) from Eq. (25). Shao [266], similarly to the definition of
Li[189, p. 961] and in comparison to consistency, considered a weaker
condition in which the selected model “&,, is asymptotically as efficient
as ok in terms of the loss L,(a)”. In that sense, it can be seen as the
minimum requirement in terms of consistency:

Definition 7. A criterion is asymptotically loss efficient if the ratio between
the losses of models &, and ok converges in probability to 1, i.e.

Ln(dn) p
m = 1. (31)

Often appears that the concept of optimality is used locally or considering a very re-
strictive sense, which may appear confusing if we take into consideration its meaning.
It is adviced to check the specific sense of optimality to avoid confusions.
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Shibata proposed both definitions of asymptotic mean efficiency
[273] and approximate efficiency [275, p. 43]. Focus on the former and
consider the £2 Hilbert space of sequences of real numbers. See Def-
inition 32 for details. Denote the inner product < a,b >= a'b, with
a,bc L% Letx" = (x1,22,...),x € L2, be the infinite dimensional re-
gressors’ vector composed by control variables; and Bl = (81, B2y---),
B € L2, be the parameters’ vector. The observational equation is
Y =< x,8 > +¢, where ¢ is a Gaussian error with zero mean and
spherical error variance o > 0. Consider a sample of n independent ob-
servations for Y, Y = (Y ... y(™), at (x(V),... x("). In this case,
we can estimate at most n parameters. Denote model j = (j1, - . -, jx(j))
having regression function f(x, j) =< x, 3(5) >, where:

ﬂ(])T: (0,...,@-1,0,...,5j2,0,...,6k(j),0,...),

is the restricted infinite dimensional parameter vector in the V(j)
subspace, with ji < ja < --+ < ji(), k(j) > 1. Its LSE is B(j) =
{ Bi (), 7Bjk(j> ¥] )} defined as the solution to the system:

M, ()B(5) = X(j) Ty, where y is an n-dimensional column vector of
observations,

X(3) = {wij,1 >i>n,1>1>k(j)}

is an (n x k(j)) design matrix generated by vectors x()7 = (z; 1, 2,2,
), withi = {1,...,n},and M, (5) = X(3) " X(j) isa (k(j) x k(j))
variance-covariance matrix. The corresponding LS predictor of a future
observation at (%) is: V; =< x(9), B(5) >, withi = {1,...,n}.

Now, write the Residual Sum of Squares (RSS) as:

ne?(4) = |y - X@)BG)|

)

N2
where ||-|| is the Euclidean norm, and define F {Zf_l (YZ — Yl) ‘x(’)} ,

with i = {1,...,n}, as the expectation of the sum of squared errors of
the prediction conditional on future observations, which is then equal
to:

n N2 . 2
E [Z (vi - %) a:(“] =no? + [8G) -8, . (32)
i=1 "

where M, = (311 % 1Zim, 1 > I,m < 00) is an infinite dimensional
matrix and ||a||,; =< Mpya,a >'?is a seminorm for any a € £>.

Definition 8. A MS criterion is asymptotically optimal in the mean efficiency
sense if it attains a lower bound for Eq. (32) when n tends to infinity.

Recently, a definition of efficiency was proposed by Hsu et al. [153]
via sequential data-driven methodology in the context of time series.'?

We slightly deviate from the strong focus on the i.i.d. case to present an interesting
recent definition on asymptotic efficiency of a model selection criterion. This choice
is motivated by the intertwining of statistical advances in both settings, which traces
back to early statistical analysis.
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Let {y:} and {x;} be two weakly stationary demeaned stochastic pro-
cesses of dimensions 1 and m respectively. Let .., = 85X} + €11 be
the D.G.P for h-step ahead prediction, n be the sample size with

t={1,2,....,NN+1,...,.N+h=n}

, an h-step ahead possibly-misspecified forecasting model of the type:

(h)

Yn+h = BpXn +€n ', where pseudo-true parameters’ vector is given by

(en ==
(h)

and ey, ' be the possibly-misspecified error for h-step ahead forecasting.
The dependence of x; on h exists, but it is suppressed for notational
convenience, so the consideration of a specific regressor also depends

B; = argmin F
CeR™

. : . . AT
on the forecast horizon h. The LS estimator delivers ¢, = 3,, (h)xn,

where

N
B = <Z XtXtT> thyt-‘rh
t=1 t=1

is the LS estimator of 3,, for h-step ahead regression based on the sam-
ple of n observations. As measure of interest take the h-step ahead
Mean-Squared Prediction Error (MSPE), which is derived from the dif-
ference between the observed and the estimated values, i.e. MSPE;, =
E [(th - Qt+h)2}- Theorem 2.1 in Hsu et al. [153] allows for the de-
composition of the MSPE in two parts. The first one being the Misspeci-
fication Index (MI), which is linked to the goodness-of-fit of the model
and is equal to the variance of the h-step ahead prediction error, i.e.
MI, = E [sih}. The second component is the Variability Index (VI),
which depends upon the variance of the h-step ahead predictor 7,1,
and which is also connected to the estimation error of /3,,(h):

h—1
= = -1 -1 .
VI, = Ly = tr {R™'Cpp} +2 ;:1: tr{R71Cy .}

Here, R = F {xlxﬂ is the (non-singular) variance-covariance matrix

of the regressors, whereas Cj, ; = {XIXLSSL}IEHS’hl‘ represents the
cross-covariance matrix between the regressors and the h-step ahead
prediction error. The approach proposed by Hsu et al. [153] selects
the model that minimises the h-step ahead MSPE),. The minimization
occurs by selecting the model with the smallest VI, among those with
the smallest MI;,, sequentially. We introduce here the main statement
of the property. For further details, see Chapter 3 - Section 3.2.2.3, and
Chapters 4 and 5.

Consider the set of candidate models 7, with generic model &,
k= {1,...,K} and K the total number of candidate models. Define
[ to be the selected model by a criterion in a data-driven fashion for
h-step ahead prediction.
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Definition 9. If the MS criterion selects model [ such that it is the model
with the smallest VI among those with the smallest MI, i.e.

lim P (z € MQ) =1, (33)
where
My — {k . ke My, VIy(k) = min vzh(z)}, (34)
le M,
M, = {k: 1<k <K, MI(k) = in MIh(l)} , (35)

then it is asymptotically efficient.

2.5.3 BIC, Cp, alternative criteria, and cross-validation

Akaike’s extension of the ML principle in relation to information-
theoretic quantities for the solution of the model identification problem
brought increasing interest. See Table 8 in Appendix A.1 for a list of
proposed IC. It includes some IC and PC not discussed in detail here.
These are:

i. Allen’s Prediction Sum of Squares (Pss) [19];
ii. Amemiya’s criterion [21];

iii. Bozdogan’s Consistent AIC (CAIC), CAIC with Fisher information
(CAICF), and Kashyap’s Criterion (KC) [52] (the latter was originally
proposed in Kashyap [168]);

iv. Rao and Wu's generalization D,, (k) [235];

v. The Risk Inflation Criterion (RIC) by Foster and George [116];
vi. The Generalized BIC (GBIC) by Konishi and Kitagawa [173];
vii. The criterion proposed by Yang and Barron [349];

viii. The Generalized AIC (GAIC) and Generalized BIC (GBIC) of Lv and
Liu [200];

ix. The Deviance Information Criterion (DIC) of Spiegelhalter et. al.
[282, 283];

x. The criterion for elliptically symmetric distributions proposed by
Boisbunon et al. [48];

xi. Watanabe’s Widely Applicable Information Criterion (WAIC) and
Widely applicable Bayesian Information Criterion (WBIC) [324-
326].
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Other criteria, such as the Focused Information Criterion (FIC) by
Claeskens and Hjort [82] from the literature of model averaging, were
not included, given that would go beyond the scope of the present
chapter. Brief notes are included in Chapter 3, Section 3.2.4, in the
context of ARMA models. We will give brief details on Schwarz’s BIC,
Mallows” C,, (Cp), and the general Cross-Validation (CV) procedure,
given their importance in applied literature and their strong connec-
tion with IC here presented. We introduce Nishii’s generalization of
the BIC since it is useful for the discussion in Section 2.5.4 between
point-wise and uniform convergence for MS criteria. Also, we intro-
duce Shao’s Generalized Information Criterion (GIC), since it will be
useful in the discussion related to the CV method.

2.5.3.1 The Bayesian approach

The Bayesian approach to MS includes the seminal works of Kashyap
[167], Akaike [10, 14], and Schwarz [258]. The latter defined the fa-
mous Bayesian Information Criterion (BIC), often named Schwarz’s In-
formation Criterion (SIC) in the econometric literature, asymptotically
equivalent to Wei’s Predictive Least Squares (PLS) [328] criterion.

Definition 10. Schwarz’s BIC(k) [258] approximate estimate is defined as:
BIC(k) = —21(0y,) + klog(n), (36)
where k is model’s dimension and n is the sample size.

The BIC is asymptotically consistent under correct specification in time
series and regression models [214, 235, 328]. Under misspecification,
the BIC is not asymptotically efficient [266, 271]. In the context of time
series, for useful distinctions see Choi [79, pp. 58-66], or de Gooijer
et al. [125, pp. 318-323]. Pericchi [221] proposed an introduction to
the basics and reviewed different available methodologies. The rest of
Pericchi’s issue on the Handbook of Statistics is devoted to the Bayesian
perspective. Further generalizations of the BIC include Nishii [214],
Konishi and Kitagawa [173], Lv and Liu [200], and Watanabe [325],
among others.

2532 Mallows’ C,

In the context regression analysis with independent observations, Mal-
lows [204] presented the famous Cp. This criterion may be consid-
ered a PC, since it is related to control model’s errors. Let a sample
of n observations on k fixed design variables and a single response
variable, denoted by zp = 1, x = (zo,1,...,2%) a (1 x k) vector,
y = (y1,---,9n) " a (n x 1) vector. Write X = (z,,;) the (n x (k+ 1))
regressor matrix of rank k + 1. Write the observational equation of
the model y, = n(xy) + ey, with u = {1,2,...,n}, where n(x,) =
Bo + Zle Bizu; = xuB, and the residuals {e,} being independent
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random variables with zero mean and unknown spherical variance
% > 0. The goal is to estimate B = SBO, ceey Bk) in order to obtain a
good estimate of function 7 evaluated at any point x in a neighbour-
hood of our data, n(x): 9 (x) = fo + F_, Bixi. Specifically, we aim
at a subset LS estimate of 3 where some of its components are set to
zero, while the rest are estimated via LS. Define the subset P of the full
set of indices K™ = {0,1,2,...,k}, and Q the subset complementary
to P. Assume the number of elements in each set P, () are respetively
|P| = p, |Q| = p, with p 4+ ¢ = k + 1. Denote by Bp = Xpy the LS
estimated vector of coefficients in P, while the rest are set to zero,
where X, is the Moore-Penrose generalized inverse of X p, with Xp
is X setting the columns in () to zeroes. Its associated residual sum of
squares (RSS):

n

RSSp = (vu—xuBp) 37)

u=1

Definition 11. Let 62 be an estimate of 0. The approximate estimate of the
Cp statistic for the selection of regression variables is defined as:

Gy = (67) " (RSSp) —n+2p. (38)

In the same article [204, pp. 662-663], Mallows proposed a version
for multivariate response data of dimension w. Define £ as an estimate
of the (w x w) residual covariance matrix. In this case the scalar RSS
becomes the (w x w) matrix

n
RSSp=Y" (v~ Bpws) (v, — Bpa) . (39)
u=1

where y,, is a (w x 1) multivariate response vector, x,, is an (m x 1)
regressors’ vector, both observed attimesu = {1,2,...,n}, Bp the (w x
m) matrix of estimated coefficients in P, and an (w x w) identity matrix
I. To obtain the size of C), the trace operator, its largest eigenvalue, or
any other suitable norm, was suggested.

Definition 12. The approximate estimate of the Cp statistic for the selection
of regression variables with multivariate response data is defined as:

C,=%""RSSp— (n—2p)I. (40)

2.5.3.3 Nishii’s and Shao’s Generalized IC

Ni1HII's gic  Nishii [214] studied the asymptotic distribution of var-
ious IC and PC. Let y be an (n x 1) observed vector, X a (n x K)
design matrix, 8 = (f1,...,0 K)T a vector of unknown parameters,
and e a (n x 1) error vector assumed i.i.d. Gaussian with zero-vector
mean and spherical error variance 0?1y, N(0,02Iy). Focus on MS
for prediction. We denote a general model j = {ji,...,Jx}, with
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(1<ji < - <jp<K) if and only if 3;, # 0,...,5; # 0 while
the remaining elements of 3 are set to zero. In this case, there are
k(j) = k + 1 unknown parameters. Define D, as a (K x k) matrix
of zeros and ones such XD; only includes columns ji, ..., j; of X.
For model j, the multiple regression model is: y = X3(j) + e, where
B(5) = DijTB =D, (Bj,--- ,Bjk)T. Nishii assumed:

1. model’s correct specification,
2. invertibility of X "X,

3. and the existence and invertibility of M = lim N~!XTX of the

. . N=o00
sample variance-covariance.

In the following definition, if any = 2, a version of the AIC is recovered,
while if ay = log N, the BIC.

Definition 13. Let ay > 0is a sequence such that Eq. (30) is satisfied. Then
Nishii’s generalization of the approximate estimate of BIC, the Generalized
Information Criterion (GIC), is defined as:

GIC = Nlogé? + ank. (41)

sHAO’s GICc  As in Subsection 2.5.1, let y,, = (y1, ..., yn)T be an n-
T

dimensional vector of independent responses, X,, = (xlT, LX) ) be

an (n X py,) matrix of a p,-dimensional regressor with n observations
(the i-th row, x;, is a p,-dimensional vector of explanatory variables
associated with y;), and p,, = E [y|X,,] the mean response. The sub-
script n indicates dependence on the sample of n observations. Let
« indicate a model from class A,,. Define e,, = y, — u,, as model’s
residual, with e,, = {ei,...,e,} assumed i.i.d. with conditional vari-
ance V [e,|X,] = o%I,, with I,, the n-dimensional identity matrix.
Denote with ||-|| the Euclidean norm. Further technical assumptions
are defined in [266, p. 224]. Now, let S, () = ||yn — i, (a)||2, 52 be
an estimator of 02, and {)\,} a sequence of non-random such that
{A\n} > 2and \,/n — 0. Shao [266, p. 226] shows the criteria covered

by the following generalization:13

Definition 14. The approximate estimate of Shao’s Generalized Information
Criterion (GIC) is given by:

T, () = nflSn(a) + nilégpn(a). (42)
2.5.3.4 MS and Cross-validation

CV is an established resampling (or data augmentation) method with
applications to model selection, popular among the algorithmic and
statistical community. Given the centrality of CV in MS, we present

13 See the concluding paragraph of Subsubsection 2.5.3.5.
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its definition and how it relates to IC. For details see [24, 143], and
the references therein. First, we follow [24], given that its framework
allows to “include most statistical frameworks” [24, p. 43]. Then, [143, Ch.
7] is followed to understand the connection between IC and CV on the
use of in-sample errors.

Denote the i.i.d. random variables &1, . . ., &, € E with shared distri-
bution P. Let s € S be a target feature to be estimated of the unknown
distribution P, and denote with ¢ € S its approximation. The loss func-
tion £(t) : S — R is minimal for ¢ = s. As we have seen, many of these
loss functions are defined in the form of Lp(t) = Eep [y (t;£)], where
the subscript in the expectation operator denotes over the domain of
the random variable &, and v : S x & — [0, 00| is a contrast function.
We can interpret E¢.p [y (t;£)] as an average measure of discrepancy
between t and a new observation ¢ with distribution P. Given a loss
function Lp(t), denote with I(s,t) = Lp(t) — Lp(s) > 0, and with
E¢, .. .ennp [U(5,8(&1,...,&n))], respectively the excess loss and the risk
of an estimator 3 (&1, .. ., &, ) of the target s.

Now, define a statistical algorithm .4 as any measurable mapping
A UpenE™ = S. If we denote with D), = (&), € E" a sample of
size n, then the output of the statistical algorithm A is an estimator
of s: A(Dy) = (§A(Dn)) € S. To asses the quality of the statistical

algorithm A, we use Lp (éA(Dn)) and aim at its minimization. De-
note with (3),., a family of candidate statistical algorithms, so that
the algorithm selection problem can be phrased as choosing algorithm
A(D,) € A using data D,,. The final estimator of s is denoted by
§5\(Dn)(Dn)-

Consider the training set I®) : {1,...,n}, such that both 1Y) and
its complement (I (t)>c are non-empty. Define L0 (A; Dp; I (t)) as the

hold-out estimator of the risk of A (Dg)) with training set I(*),

LHO (A D3 10) =t 3 7 (A(DY):6) (43)
ieDW)
where DY) = (&);es is the training sample of size n, = Card(I")),

D,(Lv) = (fi)iel(w is the validation sample of size n, = n —n¢, and @)
the validation set.

Geisser [121] described CV as averaging several hold-out estimators
of the risk for different data splits. Let {I 1(t), o1 g)} be a sequence of

subsets of the training set I (t), with B > 1.

Definition 15. The CV estimator of the risk A (D,,), with different training
(t) s dofi .
sets (I- )1§j§B is defined as:

J

o>
Q
<
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=
)
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—
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All common CV estimators are of the same form as Eq. (44), varying
only in the particular definition of the splitting scheme. It is called
"CV with averaging", since the estimates of the risk are averaged. An
alternative definition is called "CV with voting" [346, 347]. See [143, Ch.
7], or [24, Sections 4-10] for further details.

2.5.3.5 IC, CV and in-sample errors

According to Hastie et al. [143, Ch. 7], the study of the performance of
learning methods (a set of various statistical techniques) is related to
its predictive capabilities. We follow them in the following paragraphs.

Let Y be a target variable , X be a vector of inputs, and f (X) be a
forecasting model estimated from a training set T, i.e. an independent
test sample. Typical loss functions to measure the error between the
observed Y and the predicted f (X) are, for instance:

L (y7 f(X)) _ (Y - f(X)>2 (squared error),
‘Y -/ (x) ‘ (absolute error).

To evaluate model’s performance, Hastie et al. underline that two mea-
sures are usually used, one conditional and the other unconditional:

(a) Test Error:
Erry = E [L (Y, 7 (X)) m , (45)

where X and Y are randomly drawn from the joint distribution in
the population; T is fixed; and the Test Error refers to the specific
training set 7.

(b) Expected Prediction Error (or Expected Test Error):
Brr = E[L (Y, f(X))] = B[Brer], (46)
where the expectation averages over all the randomness.

They indicate that, ideally, the goal is to estimate the Test Error, but
that usually the Expected Prediction Error have efficient estimators. Its
sample analogue, the Training Error, is defined as the average loss over
the training sample:

ot = N—liL (6: f (1)) - (47)
=1

The goal is to study the Expected Test Error of the estimated model. As
model’s complexity increases (i.e. the number of parameters), it also
increases the use of the training data and allows for a better fit to more
complicated structures. In other words, it creates a decrease in bias by
increasing the variance. Let us see more in details this point, given that
it is pivotal in much of the present work, e.g. Section 3.3.1 in Chapter
3; Theorem 1 in Chapter 4; Theorem 4 in Chapter 5.
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Remark 2 ([143]). In the context of regression, consider amodel Y = f(X) +
¢, where E [e] = 0, and Var [e] = o2. If the squared-error loss is employed,
the Expected Prediction Error of a prediction f(X) at X = xq is:

Err (z9) = F [(Y — f(xo))2 ‘X = wo} (48)

= 02 4 Bias® (f(xo)) + Var (f(:co)) , (49)

where the first is the Irreducible Error, i.e. the variance of the target around its
true mean f(x); the second is the squared bias:

Bias® (f(x0)) = (B [f(20)] ~ £(0) " (50)

and the third is the variance, i.e. the expected squared deviation of f from the
mean:

Var (f(ﬂfo)) =E {(f(ﬂfo) —-FE {f(on)})?] : (51)

A correct level of complexity should deliver the minimum Expected
Test Error (Err). But there is an issue with the Training Error (ert):
it decreases with model’s complexity. The updated goal becomes to
estimated correctly model’s Expected Test Error (Err). Again, the main
goal of the analysis is relevant:

e Model selection: choose the best model by studying the perfor-
mance of different models;

e Model assessment: after selecting a final model, estimate its Pre-
diction Error (Generalization Error) on new data.

In an ideal situation, we would have enough data to split the sample
into:

(i) a Training set (for model fitting);
(ii) a Validation set (to estimated prediction error for Ms);

(iii) a Testing set (to study the Generalization Error).

Generally, in a practical situation there is not enough data for this divi-
sion. It is in these practical cases where analytical methods for Model
Validation are deployed, such as information or prediction criteria, or
those derived from the Minimum Description Length (MDL) literature.
Another strategy is to use efficient sample re-use (as CV and bootstrap).

For the first strategy, consider the following quantities:
(i) In-sample error:
N ~
Erryy = N~UY Eyo [L (Y2, f (@) 17], (52)
i=1

and YV indicating that at each training point x;, ¢ = {1,2,..., N},
we observe new response values.
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(ii) Optimism:
op = Erry, — erT. (53)

(iii) Average optimism:
w = Ey(op) (54)
where the expectation Fj, is over the training sets.

To estimate in-sample Prediction Error, the first strategy (information
and prediction criteria) estimates the optimism and adds the training
error err, i.e.

with @ estimating the average optimism. In particular, the AIC uses the
log likelihood function as loss function.

If we have a set of models f,(x) indexed by «, then denote with
ert(«) and d(«) both the training error and the number of parameters
for each model «. Let 2 be an estimate of the noise variance computed
from the mean-squared error of a low-bias model (e.g. LS). Then we find
model alpha by minimization of AIC(«), and select model f alpha (%),
where:

Definition 16. The function AIC(«) estimates the test error curve:

d(«)

AIC(a) =err(a) + 27&3. (56)

Cv directly estimates the expected out-of-sample error:
Err = E [L(Y, f(X))], (57)

the average Generalization Error when method f(X) is used on an
independent test sample from the joint distribution of (Y, X).

For K-fold CV, consider a data splitinto K parts. For the k-th part, we
estimate the model using the remaining K — 1 parts of data, and com-
pute its prediction error. This procedure is repeated for k = 1,2, ..., K,
and then we combine the K estimates of the prediction error. Let
k:{l,...,N} — {1,...,K} be an indexing function indicating to
which partition belongs observation i by the randomization, and let
f7*(x) be the estimated function computed leaving the k-th part out.
Then:

Definition 17. The K-fold Cross-Validation (CV) estimate of the prediction
error is given by:

N

CV(f) = N3 L (v f7H0). (58)

=1



2.5 ASYMPTOTIC CONSISTENCY AND EFFICIENCY OF CRITERIA

If we have a set of models f(x),a indexed by «, then denote with
f7*(x,a) the a-th model fitted removing the k-th part of the data.
Then we find model alpha by minimization of CV (f, «), specified in
the following:

Definition 18. The function CV (f, ) estimates the test error curve:
CV(f,a) = NT'Y L (3, f O (xi,0) ). (59)

Then we select model f(x, alﬁha), which will be then fitted to the
full data.

From Arlot and Celisse [24], and as it is clear from the previous para-
graphs, resampling-based techniques are a solution for the asymptotic
nature of criteria, e.g. AIC, or for the dependence on data’s assump-
tions, e.g. Cp. However, both strategies aim at a correct estimation
of model’s Expected Test Error. The first via in-sample errors, while
the second generating artificial out-of-sample errors. The trade-off be-
tween these two solutions depends on the specific problem at hand.
CV enjoys quasi-universality if data are effectively i.i.d., but can be less
accurate with respect to procedures with information or prediction
criteria designed to be optimal if the assumptions hold (e.g. AIC, Cp
are efficient and satisfy oracle inequalities), and its computational bur-
den is higher. Furthermore, the connection between CV with both IC
and PC has been studied [105], as well as their asymptotically equiva-
lence, e.g. [264, 278, 286]. In particular, Stone [286] showed asymptotic
equivalence between AIC and leave-one out CV, leading to understand
the minimization of the AIC equivalent to minimize CV values. Shao
[266, Theorem 4] showed the criteria inside each class share the same
asymptotic behaviour:

(i) GICy, Cp, AIC, leave-one out CV, and generalized CV: useful for
the case when no fixed-dimension correct model exist,

(il) GIC),, with A, — oo, and leave-d out CV with d/n — 1: useful
for the case when fixed-dimension correct model exist,

(iii) GIC) with fixed A > 2, and leave-d out CV withd/n — 7 € (0,1):
useful compromise between classes (i) and (ii).,

where GICy, GIC),,, GIC), refer to specific settings of I'y, »,, ().

Appendix A.2.3 summarizes some results of CV and IC for nonlinear
time series models and nonparametric regression. In time series, it is
sometimes called split-sample validation [220]. See [24] for a compre-
hensive survey.
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2.5.4 Discussion

ENTROPY AND INFORMATION  Rissanen [241] citing Watanabe [323]
noticed that both KLI and Shannon’s theorem are corollaries of Gibbs’
theorem, and that the AIC derives from those considerations. The BIC
[258], which departed from an asymptotic expansion of the posterior
probability, is a special case of Rissanen’s MDL criterion, which consid-
ered Gibbs’ theorem and coding theory. Josiah W. Gibbs (1839-1903)
was influenced by Rudolf Clausius (1822-1888) ideas [172, p. 128], fact
which positions this line of research as derived from the early thermo-
dynamics and entropy studies. This field is still very active. For recent
developments, see the workshop “Recent Advances in Info-Metrics
Research” [313] and Chen et al. [73].

ON CONSISTENCY VERsUS EFFICIENCY  While it is logical to find ar-
guments in favour of the central role of obtaining asymptotically con-
sistent estimators of model’s dimension, it is important to remind the
philosophical issue it highlights, i.e. the existence of a ‘true” model
when ‘all models are wrong’. For early discussions (1989-2007), viz.
[278, p. 229], [52, p. 357], [59], and [245, p. 1-2]. Consistency remains
a desired property in contemporary applications, e.g. Markov models,
Bayesian Networks. For instance see respectively the consistency of the
BIC in Markov order estimation and partition Markov models [88, 89,
120], and the use of BIC and MDL as scoring functions for structure
learning balancing precision and complexity of the model in Bayesian
Networks [289]. Efficient approaches are preferred for empirical data
in biology, social sciences, and medicine, while consistent approaches
are preferred in the physical sciences and engineering [59, 269].

POINT-WISE AND UNIFORM CONVERGENCE Leeb, Potscher and Ewald
[188] discussed on asymptotic issues and implications for inference in
relation to the difference between point-wise and uniform convergence
in MS techniques by post-model-selection. The following definitions
are due to Moise [209, Ch. 9], where further arguments on continu-
ity and integrability of functions are treated. Let fi, f2,... and f be
functions f : A — R, where A C R.

Definition 19. If for each x € A we have:

i fu(2) = f(), (60)
then the sequence f1, fa,... convergences point-wise to f.

Definition 20. If for every e > 0 there is an n. € Z such that
reAn>n=|fulx)— f(z) <e, (61)

then the sequence fi, fa, ... convergences uniformly to f.



2.6 SMALL SAMPLES

POINT-WISE AND UNIFORM RESULTS IN IC  To go beyond point-wise
results, study of the asymptotic distribution of IC is needed. Nishi [214]
obtained asymptotic distributions of the selected model by various
criteria including: AIC, FPE [4], Cp [204], Pss [19], BIC [258], and its own
GIC, and their quadratic risk functions, for regression problems. For
further examples, cf. [79, 270, 344, 348]. In particular, Section 2.2 in
Yang [348] for a discussion of point-wise consistency, efficiency, and
the AIC-BIC dilemma. Possible proposed solutions to this quandary
are found in adaptive MS, i.e. combining properties from both sides

as in Wu [341], Hansen and Yu [140], Van Erven et al. [314], Ding et al.

[99], where the former does it under the framework of Rissanen’s MDL
principle while the latter refers to autoregression in time series.

2.6 SMALL SAMPLES

The AIC and most IC were developed with the attempt to eliminate
the asymptotic bias of the maximum likelihood for large samples with
related asymptotic arguments.

Sugiura [290] proposed finite sample corrections by considering the
exact bias for different situations. Consider a set of random samples
indexed by i = {1, ..., k}, with k the total number of samples. The i-th

random sample denoted by {mgl) , :cg), . ,xg )} (where xgi) is the first

observation from the i-th sample, while n; being its sample size) comes

from a Gaussian distribution A/ (u(i) , 02> ,where 1(V) refers to the mean

of the i-th sample, and > > 0. Define parameters’ vector as 8 =

(1, - -, g, 0%), and the total sample size n equals the sum of all sample
sizes: n = Zi-“:l n;. In problems of data with different means, we are
interested in testing multiple null-hypotheses with unknown common
variance o2. Define ¢ the total number of means we are interested in

testing, with 1 < ¢ < k, to determine which samples have equal means.

Denote by {j1,...,j.} the set of indexes for the test, e.g. p;, refers to
the first mean we are interested in testing, ..., ;. to the c-th mean we
want to test, with 1 < j; < --- < j. < k, i.e. we can consider testing up
to k means. In this case, we write the general multiple null-hypothesis
as:

H(g]lv-"»]c) ==
for all possible values of c. Following similar mathematical arguments
as in Section 2.3, developed originally by Akaike, Sugiura proposed
the following definition, where the subscript ¢; stands for Criterion 1.

Definition 21. The finite- and multi-sample correction for the approximate
estimate of the AIC is:

2n(k —c+2)

AIC,, (k,¢) = —21(0 .
Ce (I, ) (9>+n—k+c—3

(62)

37



38

MS VIA IC AND PC: A SURVEY FOR I.I.D. CASE

Then we compute the AIC,, (k,c) for different combinations of hy-
potheses, and select the one with the smallest value.

Sugiura also considered small-sample correction and the exact bias
for regression models with an almost identical result. Let X € R” an
n-dimensional Gaussian vector, X ~ N (A6,02I) , with A an (n x k)
known matrix with rank &, @ a (k x 1) parameters’ vector, and I an
(n x n) unitary diagonal matrix. The null hypothesis is

Ho:B6 =0,

with B a known (b x k) matrix of rank b, where b is the number
of parameters set to zero (restrictions). The subscript ¢y, stands for
Criterion 2, case a (univariate).

Definition 22. The small-sample correction for regression models of the
approximate estimate of the AIC is given by:

on(k—b+1)

AIC,, = —21(0)+ Y

(63)

This result can be extended to the multivariate case. Consider an
(n x p) matrix X, with each row having a p-variate independent normal
distribution , and X ~ AN'(A0, L), where the mean has an (n x k)
matrix A of rank k, 6 is a (k x p) parameters’ matrix, Z is a (p x p)
covariance matrix, and the hypothesis to study is again similarly Hy :
BO = 0, with B a known (b x k) matrix of rank b. The subscript ¢,
stands for Criterion 2, case b (multivariate).

Definition 23. The small-sample correction for multivariate regression of
the approximate estimate of the AIC is given by:

2n(k—b+ (p+ 1)/2)p'

AIC,,, = —21(0) + O S

(64)

For the case of normal populations with different variances, con-
sider a sample {ajgi), . ,x%)} where the generic random variable
X ~ N (ui,0?), with i = {1,...,k}, and p; unknown. The hypoth-
esis in this case is defined by:

col = = g2
Hy: o} = =0j,,

where the set of indexes is defined as in the second paragraph of this
section. The subscript c3, stands for Criterion 3, case a (univariate).

Definition 24. The corrected approximate estimate AIC for normal popula-
tions with different variances is:

(C+ 1) . Zizl 4

i=17j; — €2

+{2 f: ”3_3}] (65)

i=ct1 Vi

AIC,,, = —21(0) +2
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Its extension to the multivariate case considers the sample taken
from a p-variate N (p;, X;), with p; an (n x p) matrix, and Z; a (p X p)
matrix. Here the hypothesis to consider with unknown g;:

Hoizjlz---:ch,

where again the set of indexes is as previously explained. The subscript
in the following approximate criterion, c3,, stands for Criterion 3, case
b (multivariate).

Definition 25. The approximate estimate of the AIC for multivariate response
with normal populations with different variances is:

AIC,,, =

—21(0) +2p

<C+ D+ 1) _ i1 3,
2 i:l(nji_c_p_l)

k
+{p"§3 Yo }] (66)

i=c+1 Nji =P — 2

Extending Sugiura’s work, Hurvich and Tsai [157] proposed a second-
order bias adjustment for regression models, which includes nonlinear
regression and autoregressive time series models.!* It is efficient if the
true parameter space is infinite dimensional. In this situation, the con-
cept of approximating family is employed analogously to candidate
models. Consider a DGP y = u + ¢, with y, u, and € of dimension n,
where &; %4 N (0,02). The candidate family of modelsis y = h(0) + u,
where 6 is an m-dimensional parameter vector, both w and h(0) are
n-dimensional vectors, h is a twice continuously differentiable func-
tion in 6, and u; 2 N (0,0?). In the following definition, the subscript
c stands for "corrected". Further, following [273] it can be shown that
AIC, is asymptotically efficient if approximating models are linear.

Definition 26. If the approximating family of models includes the DGP, it
can be shown that:

14+m/n

_ A2
AIC, =nlogé —|—n1_ (m+2)/n

(67)

is an approximately unbiased estimator of the expected KLI of the fitted model.

Bedrick and Tsai [30] extended this small sample correction to mul-
tiresponse regression models. Consider a collection of p variables with
n observations, Y, an (n x p) matrix. Let X be an (n x m) known
matrix of regressors, B an (m x p) matrix of unknown parameters,
and U an (n x p) matrix with i.i.d. errors with U; ~ N (0,,X). Con-
sider the multivariate regression model Y = X B 4 U, and the DGP

14 See also Section 3.2.
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Y = XoBo + Uy, where X is (n x mg), By is (mg x p), and Uy has
Uy, ~ N (0p,Z). To obtain the following definition, the arguments
are similar to Section 2.3. Note that this criterion is an exact unbiased
estimator of the expected value, under correct specification, of the KLI
between the true and fitted models, using the MLE.

Definition 27. The small sample correction for multivariate regression with
correct specification of the approximate estimate of the AIC is equal to:

AICo = nlog‘ﬁ‘ +dp(n+m), (68)
whered =n/ (n—(m+p+1)).

Seghouane and Bekara [261] proposed the Corrected Kullback In-
formation Criterion (KICc), a bias corrected version of the Kullback
Information Criterion (KIC) by Cavanaugh [66], which is an asymp-
totically unbiased estimator of Jeffrey’s J-divergence. Following argu-
ments similar to Hurvich and Tsai, their focus was on linear regression
models under correct specification or overfitting. Let

y = XBy +e¢, ENN(()?U(Q)ITL)v

y = X8, + €, e~N(0,0i1,),
be the DGP and the k-th candidate, where y is an n-dimensional vector
of observations, X is an (n x k) design matrix of rank k, B, and 3, are

k-dimensional parameters’ vector, and both € and e are n-dimensional
noise vectors. In this case, the full parameters’ vector is denoted by

.
0, = 61 o7
Definition 28. The approximate estimate of the KICc is given by:

n—k
2

KICc = —21(0) + p it Dn nap (

n
- )+nln2, (69)

where () is the psi (digamma) function.

Leeb [186] studied the out-of-sample predictive performance of dif-
ferent IC and PC (including AIC and AIC.) when the sample size is
small relative to data’s complexity. Two situations were considered on
the latter:

(i) the number of parameter and sample size are of the same order;
and

(ii) the number of candidate models is larger than sample size.

The setting is that of random design regression with an infinite-dimensional
model, and focusses on prediction of new observations given unob-
served regressor. Let y be a scalar response variable, related to a se-
quence of explanatory variables x = (z;)?2; such that:

y=> B +u, (70)

=1
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with the 3 parameters such that 8 = (;)52,, the error term u with
E[u] =0, E[u?] = 02 > 0, the random sequence of explanatory mul-
tiple regressor x with E[x] = 0, and variance-covariance net & =
[E[z;24]]); j>1 such that (70) converges in £2. Furthermore, it is assumed
that F [z, u] = 0, for each k > 1, and for integers j; < jo < -+ < jp.
Consider a sample (Y, X) from (70), with Y = (y(), ...,y T an n-
dimensional vector, X = (x()T ... x(™T)T an (n x co0)-dimensional
net, and (y,x()) iid. copies of (y,x). Parameters’ vector 3 is es-
timated via the restricted least-squares (RLS) estimator considering
submodels of (70). Define B(m) the RLS estimator referred to model
m, of dimension |m|. The goal is to select the model with "best” out-of-
sample prediction. Consider a new set of observations (y/), x(/)) inde-
pendent of the sample (Y, X' ). Let model m of dimension |m| < n —1,
its RLS estimator 3(m), and the predictor z(/)T B(m). The evaluation
of predictor’s performance is based on the conditional Mean-Squared
Prediction Error (MSPE):

MSPEq(m) = E (y(f) _ ﬂf(f)T,B(m))2

Y,X},

where the expectation depends on n, 3,0, and X, and the subscript
C stands for "conditional". Let RSS(m) denote the Residual Sum of
Squares (RSS) for model m.

Definition 29. As approximate estimates for the MSPE (m), Leeb consid-
ered the Generalized CV [87], GMV(m), the S,(m) criterion [312], and an
auxiliary criterion p?(m). Their approximate estimates are:

GOV(m) = B8 n (71)
n—|m| n—|m|

__ RSS(m) n-1

 n—|m|n—1—|m|’

__ RSS(m) n+1

n—|m|n+1—|m|’

Sp(m)

p*(m)

Via theoretical and simulation results, Leeb showed that GCV(m),
Sp(m), and p?(m) perform better than the AIC and AIC, in terms of
approximating the MSPE¢(m) in this setting.

(72)

(73)

2.6.1 Discussion

GOODNESS-OF-FIT IN TERMS OF THE LIKELIHOOD FUNCTION OR THE
RESIDUAL SUM-OF-sQUARES  IC were developed considering the con-
nection between entropy and the MLE. Further adaptations included
approximate/conditional [12], penalized [173, 278, 280], or partial /
composite [315] likelihood functions. When the estimation of param-
eters was related to regression problems, the Ordinary least squares
(OLS) method was considered. It is well known in this type of prob-
lems, with Gaussian errors, the OLS estimator and MLE coincide un-
der spherical errors. See Berkson [33] for a discussion. When working
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directly with the likelihood function, IC are written in terms of the
log-likelihood function, [(-). For regression problems, the RSS is used
instead.

MLE, ROBUST ESTIMATION, IC AND REGULARIZATION MLEs are a
special case of robust estimation [156], and can be thought as as an £,
or L, regularization problem where the penalty parameter, A, is set to
zero. For details, Schmidt [255]. The link between IC and regularization
is explored by Dixon and Ward [102], while it is taken as departing
point in the machine learning literature, e.g. Xu et al. [342], Giraud
[124, Ch. 2].

2.7 MISSPECIFICATION AND FURTHER ESTIMATORS

The AIC was developed under model’s correct specification. To obtain
asymptotic consistency, efficiency and normality properties of MLEs
for misspecified probabilistic models, we need to modify the classical
regularity conditions, as in Huber [155] or White [330]. We follow
Konishi and Kitagawa [174, pp. 47-50] for these relaxed conditions.

Assumptions 3. To obtain the asymptotic distribution of parameters under
misspecification, assume the following for the probability density function

f(z ‘ 0):
(i) log f (1:‘0) is three times continuously differentiable with respect to the

T . . . .
parameters’ vector @ = (01, ...,0,) , ie. these derivatives are continu-
ous functions;

(ii) There exist integrable functions Fy (x), F5(z) € R, and function H(x),
usually referred to as envelope functions, such that:'>

/QH(x)f(x;B)dx < 00, (74)

i.e. the expected value of function H (x) with respect to the postulated
law f(-) is finite; and

!W < Fi(z),i={1,...,p}, VO €O, (75)

9% log f(z;6) -

— a, | <F ={1,... 7
26,00, |~ 5(2), 4,5 ={1,...,p}, V0 €O, (76)

0°log f(;6) -

oo | < H E=11,... 0 - (77
00,00,06;, | (), 4,5,k ={1,....p}, VO € O®; (77)

(iii) For some @ € ©, 1,5 ={1,...,p}:

0 < /*00 dlog f(z;0) dlog f(x;0)

. 20, 20, f(x;0)dz < +o0, (78)

15 This condition may be further relaxed, without the second and higher derivates of the

likelihood function [155].
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i.e. the expected Fisher information on 6 of a single generic observation is
assumed to be positive and finite for a p-dimensional parametric model,
0 < I (0) < 400, where:

_ [ 9log f(x;8) dlog f(x;0)

_ . [0log f(x;0) dlog f(x;0)]

= Fe { 00 007 ’ (80)
(iv) Denote dy, = {x1,...,zn} an ii.d. random sample extracted from an

unknown model characterized by a probability density function g(x; )
which is not necessarily equal to the probability density function

f(z;0);

(v) Denote with 0 the solution to the set of equations:

/ wg(gﬁ)dx:o, i=A{1,...,p}, (81)
o) 00;

where the order of differentiation and integration may be interchanged if
we are in a ‘regular estimation problem’, which would allow us to view
the left-hand side as the Expected Value, with respect to the probability
density function g(-), of the first partial derivative of the logarithm of the
probability density function f(-) with respect to the parameters’ vector
0:

dlog f(z;0)
E 24N 7
“ { 06
i.e. 8y € Q allows to maximize the Expected Log Likelihood, or equiv-

alently, minimize the KLI of the model characterized by f(z;8), with
respect to the model characterized by g(x; 0).

| = e log f(@:0)] 52)

Let 6y and 8,, be a p-dimensional parameters’ vector, and its MLE
computed with a sample of dimension n, respectively, and I (6p) and
J (60) be (p x p) matrices, respectively the squared gradient and minus
the Hessian, computed at & = 6, equal to:

16)= / Eﬂogge(x\e) alogaggxla)g(x)d$?
J(0) = —/Wg(w)d:c.

The following proposition states that the the MLE ,,, using a sample of
dimension n, is a weakly consistent estimator of 8, and that the proba-

bility distribution of (9n - 00) converges to a p-dimensional Gaussian

distribution with a zero-valued mean vector and (p x p) asymptotic
variance-covariance matrix computed at 6.

Proposition 2. Under assumptions 3, it can be shown that asymptotically:

N

0, —, 60, (83)
Vi (8, — 00) —a N (0, [T~ (80)] 1(80) [T (00)}T> . (84)
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TYPES OF MISSPECIFICATION  There are different types of model mis-
specification. For instance, local misspecification as in Schorfheide
[256]. The properties of predictors in misspecified AR time series mod-
els have been studied by Kunitomo and Yamamoto [178], the conse-
quence of misspecified models on parameter estimation in Long [196],
a general definition of model misspecification was considered by Hsu
et al. [153] for parametric time series, and the consequences of mis-
specified models in the quasi ML (QML) estimation framework for
common time series models by Bardet et al. [28].

CONSEQUENCES OF MISSPECIFICATION FORIC  Model’s misspecifica-
tion modifies IC’s evaluation with respect to the correctly specified case.
If we are not sure whether the model is correctly nor misspecified (i.e.
possibly-misspecified setting), our conclusions on asymptotic proper-
ties of IC are further modified. Related considerations from statistical
decision theory include the admissibility of the selection procedure
[284, 291] and the unbiasedness of the estimator of the loss function

(e.g. [48]).

2.7.1 TIC and RIC

To the best of our knowledge, the first generalization considering the
bias of the estimation of the expected log likelihood in the possibly-
misspecified case was the Takeuchi Information Criterion (TIC) [292].
This work was written in Japanese, but Shibata [278] latter proposed
an extension of the TIC, Shibata’s Regularized Information Criterion
(SRIC), where he also discussed the TIC with examples. Both criteria
were latter presented in Burnham and Anderson [59], and were further
extended .

For model comparison and under four regularity assumptions simi-
lar to those above, Shibata [278] writes the expected KLI, between the
unknown g(+) and the f(-) at the estimated parameter:

E [1(g; f(2]6x))] =

/g(:p)logg(m)dx—i—E [—1(01)] + tx {1(60).7(60) '}

+o(1).
Given that the first component does not depend on any model, it is
considered as a constant and omitted. This decomposes the expected
KLI as minus the expected log likelihood at the estimated parameter

plus a bias term. Different estimates of the bias term tr {1(6).J(60) '}
deliver different criteria. If g(-) is equal to f(-), the AIC is obtained.
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Let y,, be a vector of n independent observations, and write the joint
likelihood as:

1(6) = log f; (1:;6) (85)
i=1

and define ; (9) = log f; (yi; 9). In the following definition, notice

that the estimator of the bias, tr {f J _1}, coincides with the LM test
statistic [151], where

I:Z TRTI (86)

(87)

are consistent estimators of 7(0y) and J(60)) respectively. Then the
approximate estimate of the TIC is given by minus two times the log
maximum likelihood, plus twice the LM test statistic:

Definition 30. The TIC is defined as a generalization of the AIC robust to
model misspecification:

TIC = 2E [1(g; f(2|04))] (88)
=2(B [-1(85)] +tr {1(80).7(80)7'}) (89)

and its approximate estimate is given by:
TIC(k) = —21(8;) + 260 { L]} (90)

To obtain SRIC, Shibata considers the Maximum Penalized Likeli-
hood (MPL) function,

Ix(y;0) = log f(y;0) + Ak(8),

(5 0) = 3 {log £ (31: 0) + Aki(8)}
i=1

for a single observation and the whole sample respectively, with £(0) <
0 a twice differentiable penalty function which may depend on n, and
A > 0 a weight controlling the amount of penalty. The MPL estimate
(MPLE), H()), is obtained by maximizing the MPL with respect to 6.
Similarly to Condition v in Assumptions 3, it is assumed here that #(\)
converges to 8*(\) defined as the unique solution to the following set
of equations:

E [;zx(y; 6)| —o.

i.e. 0*()) is a point in the parameters’ space that allows to maximize
the expected penalized log-likelihood (equivalent to minimized the
KLI).
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Let 1(8;()\)) be the MPL estimator for a model of dimension &, and

1) = X { 50000 o w60}
JO) = 21 00),

be the estimates of both the squared gradient and minus the Hessian
matrix respectively, evaluated at the MPLE in both cases, but avoided
in the notation for simplicity. Extending the TIC as a regularization
criterion, Shibata [278] obtained:

Definition 31. The approximate estimate of SRIC is given by:
RIC = =21(B;(N)) + 2tr {I(0).J(\) 71} (91)

In this case, with A = 0 we obtain again the TIC. The advice is to choose
A as to minimize SRIC for each model, and then compare the minimized
value SRIC between the models.

2.7.2  GIC and GAIC for functional estimators

The following definitions deliver some preliminary concepts needed to
continue the study of IC under model’s misspecification for functional
estimators.

Definition 32 (Banach space, Hilbert space, and Functional). A normed
vector space V with the property that each Cauchy sequence {vj,}32, in V
converges toward some v € V, is called a Banach space. A vector space with
an inner product (-,-), which is a Banach space with respect to the norm in
inner product space, i.e.

o[l = /{vv),v €V,

is a Hilbert space. Now, let H be a Hilbert space. A linear operator ® : H — C
is called a functional [81, p. 70].

Definition 33 (Functional estimator [174]). Assume that the parameter 6
is defined as a real-valued function of the distribution G, i.e. the functional
T(G), with T(G) a real-valued function defined on the set of all distributions
on the sample space and does not depend on the sample size n. Then, given
the observations {x1,...,x,}, the estimator 0 of 0 is a functional estimator:

0=0(x1,...,2,) =T(G)

with G is the Empirical Distribution Function, G(z) = 15" | I(x;2,),

where I(x; x4) is the indicator function equal to 1 if & > x4, 0if x < x4.

Definition 34 (Fisher Consistency [156] ). Let (z1,...,xy) be a sample
of n observations, F,, = n~13" 6., be the empirical measure with §, = 1 at
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z, To(x1,...,2,) = T(F,) be some functional T defined on the space of
empirical measures,'® and F the true underlying common distribution of the
observations. Then, if the functional T satisfies:

T(F) = lim T(F,), (92)

n—oo

then it is called Fisher consistent at F.

Cox and Hinkley [86] note for instance that with discrete random vari-
ables, Fisher consistency coincides with requiring that, if all sample
proportions are equal to the corresponding probabilities, then the esti-
mate is exactly correct.

Let X,, be a random sample size n from an unknown distribution
G(z) with density function g(z). We estimate using a parametric fam-
ily of density functions, {f(z|0);0 € ©®)}, possibly misspecified, with
0 a p-dimensional vector of unknown parameters. Konishi and Kita-
gawa [173] considered the bias correction of the log likelihood when 0
for functional estimators and misspecified models under the assump-
tion of Fisher consistency. This delivered the Generalized Information
Criterion (GIC). In this case, the expected log likelihood is:

1% G) = [ (=108 (:16) dz = [ 105 £(:10) dG(2)

and its estimator uses the empirical distribution of G, i.e.

n(Xn; G) ——Zlogf (X,|0).

a=1

Theorem 2.1 [173] shows that if the functional T'() is second-order
compact differentiable at the distribution G, i.e. suitably defined p-
dimensional regular functional, then the asymptotic bias of the log
likelihood in the estimation of the expected log likelihood can be writ-
ten as:

Bo (X, €) ~n(X,:G)} = T0a(G) +o( 1)

where

810gf(Z|9)
71 dG(z) ¢,
=[] o}

and

16 Or over the full space of all probability measures on the sample space.
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is the influence function!'” of a p-dimensional functional T'(G) at the
distribution G.

In the following definition, the first part is related to the estimate
of the expected log likelihood and the second part to the bias esti-
mate b1 (G) obtained by replacing the unknown distribution G by its
empirical counterpart G. Let

A A AN T
TW (25, Q) = (Tl(l)(wi; G),... ,Té”(xi; G))

be the p-dimensional empirical influence function, then:

Definition 35. For a functional estimator, the approximate estimate of the
GIC is defined as:

GIC(Xp;G) = =2 log f(il0)
=1

2 A Olog f(z;]0)
2 W) (... 2208 J\Zi|b)
+ - ;tr {T (zs; G) 20T

} . (93)
b

If a nonfunctional estimator is employed (e.g. the MLE), then the
GIC reduces to the TIC as a generalization of the AIC, the Generalized
AIC (GAIC). Let 8,1 be the MLE, and write 8y, = Ty, (G), with T' g,
being the p-dimensional functional that solves the "implicit equation":

Qlogf(zye)‘T dG(z) =0 (94)

00 mL(G)

In the following definition, the bias estimate is obtained as in Eq. 86,
Definition 30, Section 2.7.1, for the TIC:

dlog f(2]0) dlog f(2|6)
I(G) = dG(2), (95)
/ 00 00" Trin(G)
0% log f(z]0)
JG)=— [ ——+—+ dG(z), (96)
/ 50007 Tars(©)

but via the empirical distribution function G'.

Definition 36. The approximate estimate of the GAIC is given by :

GAIC (Xn; G) =9 zn: log f (XQ‘QML) 19ty {I(G)J(é)—l} . (97)
a=1

In nonparametric regression problems, the influence function is used to approximate
the standard error of a plug-in estimator, and is connected with the Gateaux derivative
(i.e. directionally differentiable at a point in the sense of Gateaux, equivalent to the
definition of weakly directionally differentiable at a point as in Shapiro [268, p. 478]).
See Wasserman [322, p. 18], Konishi and Kitagawa [174], and Huber and Ronchetti
[156, Section 2.5] for further indications.
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Now consider the case of the robust M-estimator as in Huber and
Ronchetti [156], where 8, is defined as the solution for the following
implicit equation:

Zn:q,z),- (Xar00r) =0, i ={1,....p},
a=1

with function ¢(X,0) = %p(X 0)|r,, (), defined over the domain
X x ©, with p an arbitrary function (if p(X ,0) = —log f(X,0) the
ordinary ML estimate is obtained - see [156, p. 50] for further assump-
tions on (+)), X the sample space, and ® C RR?, where p is the total
number of equations (parameters). The estimate 8,; = T'5/(G) is such
that:

/wi[z,TM(G)]dG(z) —0,i={1,...,p}.
In this case, the influence function becomes:
T\ (2:G) = M (1, G) "' 9[2, T (G)],

with ¢ = (¢4, ... ,wp)T, and M (¢, G) a nonsingular (p x p) matrix
such that:

M(ﬂ,’(;)T — /W

50 dG(z).

Ty (G)

For the following definition, let bg\? (@) be the bias estimate of:

by (@) =
810g f(=16)
tr{ /1/) —ooT TM(G)dG(z)} .

Definition 37. The approximate estimate of the GIC for the robust M-estimator
is given by:

GICR(Xp; Q) = —2 Z log f (XalBar) + 205 (). (98)

a=1

An analogous version of SRIC for functional estimators is defined.
Write:

A( @ _1Z¢< )8logf(X «l6)

50T : (99)

A ( X \0 (100)

I(r(E) =t 3 PO

Definition 38. If the M-estimator is employed under the penalized likelihood
procedure, then the approximate estimate of the GIC is given by:

o\

GIC)\(X,; () =

—2 Z log f(Xal0x) + 2tr { (T (G)) S, (T(G)) } (101)

a=1
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2.7.3 TIC and Composite Maximum Likelihood

Varin and Vidoni [315, p. 523] also generalized the TIC for the Com-
posite Maximum Likelihood Estimator (CMLE). The CMLE is a class
of pseudolikelihood estimators which includes the full likelihood as a
special case.

Let {f(y;0),y = (y1,...,yn) € Y C R",0 € O} be a parametric
statistical model, with Y C R”, ® C R%, n > 1, and d > 1. Consider
a set of events {A; : A; C F,i € I}, where I C N, and F is some o-
algebra on Y. Then:

Definition 39. A composite likelihood is defined as:

Le(65y) =[] f(y € Ai;0)"",

il

where f(y € Ai;0) = f{y; € V:y; € Ai};0), withy = (y1,...,Yn),
while {w;, i € 1} is a set of suitable weights.

Define its associated composite log likelihood as:
le (0;y) = log L. (6:y) , (102)

and its sample counterpart:
le (Beriy) =Y log £ (Y € Aisbor) wy, (103)
i€l

i.e. the maximised composite log likelihood.
LetZ = (Z,...,Z,) be arandom variable with probability density
g(z), and denote:

Le(g:2) = [[9(Z € A", (104)
el

L. (hZ) = [[n(Z € A;)™:. (105)
el

the composite likelihood functions of g(z) and h(z). Then we can define
the KLI via the CMLE as a linear combination of the KLI in the MLE
case:

Definition 40. The KLI of a probability density h(z) with respect to g(z) is
given by:

Io(9:h) = Ey(z) {log {m}]

=Y By [{logg(Z € A;) —logh(Z € A;)}wi]  (106)

el

For a first-order unbiased selection criterion, the following regularity
conditions are required for robustness to misspecification:
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Assumptions 4. The reqularity conditions for inference and model selection
with composite log likelihood are the following:

(i) @ is a compact subset of R%, d > 1,andV'y € Y, Lc (8;y) is twice
continuously differentiable with respect to 6;

(ii) The composite likelihood estimator, 90 1., solves the composite likelihood
equation and there exists * € int (©):

Eg(y) [Vic (6%Y)] =0, (107)

exactly or asymptotically for diverging n, where Y = (Y1,...,Y,) is
the sample of size n, and g(y) the true distribution that may or may not
be included in the the family { f(y;0),y € ¥,0 € O};

(iii) @cr, is a consistent estimator of 8* and asymptotically Gaussian.

Varin and Vidoni developed a first-order unbiased selection statis-
tic similarly to Takeuchi [292]. Let I. and J. be consistent, first-order
unbiased estimators respectively of:

J(0%) = Vary, [V1.(6"Y)],
H(0") = By, [V71:(0%Y)]

with E ) and V) respectively the expected value and the variance
with respect to g(y). Then:

Definition 41. The TIC via CML is defined as:
By [le {0cr (V)}] =
* 1 * *\ —
Ey(y) [1e {67 YY) = St {7(67) (H) ™'} +o(1), (108)
and its approximate estimate given by:

TICqr, = —2I, (éCL; y) 1 2tr {fc Agl} . (109)
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MODEL SELECTION VIA INFORMATION AND
PREDICTION CRITERIA:
A SURVEY FOR TIME SERIES MODELS

ABSTRACT

For dependent data, information’s perspective met prediction and
stochastic processes theory. We discuss common solutions to lag se-
lection for univariate and multivariate parametric time series models.
A selective overview of nonparametric techniques for nonlinear time
series models follows, focussing on the nonparametric asymptotic final
prediction error. We indicate recent developments, theoretical works,
and other surveys of methods for high-dimensional settings.

Keywords: model selection, information criteria, time series, paramet-
ric, nonparametric, high-dimensional.

3.1 INTRODUCTION

Temporal dependence arises when moving from random variables to
stochastic processes and modifies problem’s setting by considering
a nonzero autocovariance function, which modifies assumptions and
strategies for its handling. Another way of seing it is that, if the obser-
vations are taken from a process not displaying the i.i.d. feature, but
instead exhibiting some type of persistence, we position inside time
series analysis.

The formal definition of a stochastic process,! requires an abstract
probability space (Q), A,P), a measurable space (5, B), and any non-
empty set T that will serve to index the process, i.e. the set of times. A
stochastic process {X;}, t € (—00,00), is a family of random variables
X; = {X; : t € T}. The random variable X; is said measurable if
X;'(B) € A, VB € B,and such that X; : w — S,Vt € T,w € Q.
The state-space of the process, S, is the arrival space of the random
variable X;.? For instance, S a Polish space with B its Borel o-algebra,
or the measurable space (S,B) = (R, B(R)). Note that the random
variable X; is function of the two variables ¢t and w. For clarity, we
write that: X; = X (¢t,w) V (t,w) € T x Q). We observe the sequence of
random variables indexed by the subscript of time, i.e. the series {x:},
t ={1,2,...,n}. Our goal is to select the appropriate dimension of the
model. Sometimes it translates into choosing the lag delivering best
prediction in some sense, i.e. under some definition of divergence.

1 See [50, 55, 240].
2 In this sense, () can be thought of as a ‘departure’ space.
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The work is organized as follows. Section 3.2 will introduce MS via
IC and Prediction Criteria (PC) in autoregressive (AR) models. PC refer
to selection methods derived from the one-step ahead prediction error,
e.g. Akaike’s Final Prediction Error (FPE). Subsection 3.2.2 focusses on
the FPE for AR models, Subsection 3.2.3 on criteria for analysis in the fre-
quency domain setting, Subsection 3.2.4 on criteria for ARMA models,
and Subsection 3.2.5 on criteria for VARMA and VAR models. Section
3.3 proposes a path for nonparametric analysis of nonlinear time series
models, focusing on the methodology behind the nonparametric ana-
logue of Akaike’s FPE. Brief indications on recent high-dimensional
works discussing MS are included in Section 3.4. One conclusive re-
mark is shared in Section 3.5, and short bibliographic notes are in-
cluded in Appendix A.2.

3.2 TIME SERIES AND MODEL SELECTION

Our goals is to select the appropriate dimension of the model, which
in some applications coincides with the order p. Results on MS for
time series initially assumed some type of mixing conditions or strict
stationarity, followed by results for weak stationarity conditions. See
Brockwell etal. [56, Ch. 1] on stationarity, and Doukhan [104] on mixing
conditions. Since concepts of these conditions are usually employed on
their formal derivations, short notes are presented in Appendix A.2.4
together with further bibliographic notes.

3.2.1 Information criteria in time series

Initial solutions for MS came from the hypothesis testing literature
applied specifically to time series, e.g. Quenouille [229], Wold [339],
Whittle [331], Hannan [132], and from multivariate regression as in
Mallows [203, 204]. Akaike [7] underlined how the AIC and the min-
imum theoretical information criterion estimate (MAICE) procedure
were preceded by the FPE, i.e. a PC based on the MSPE advanced in the
context of AR models of finite order. Since the beginning, the devel-
opment on IC have been associated with those in time series analysis
and control, viz. Akaike [7, p. 717]; Rissanen [241]; the conditions for
asymptotic consistency in Hannan and Quinn [137] from time series;
and Bozdogan [52, p. 347]. See Table 9 in Appendix A.2 for examples
of IC and PC in time series. These include:

i. the FPE, [2] of Akaike;
ii. the FPE? [41] of Bhansali and Downham;
iii. the HQ [137] of Hannan and Quinn;

iv. the AIC4r [217] of Ogata;
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v. the FPE, (k) [275] of Shibata;
vi. the APE [243] of Rissanen;
vii. the I(k, C),) [356] of Zhao et al.;
viii. the AIC, [157] of Hurvich and Tsai;
ix. the GIC 4 [227] and GIC g [227] of Potscher;
x. the FIC [328] of Wej;
xi. the QAIC [183] and QAIC,. [183] of Lebreton et al;
xii. the ODQ [354] of Zhang and Wang;
xiii. the FIC (k) [180] of Lai and Lee;
xiv. the WIC [341] of Wu and Sepulveda;
xv. the RIC [269] of Shi and Tsai;

xvi. the EIC [43] of Billah et al.;

CONSISTENCY, EFFICIENCY, AND PARSIMONY  Besides asymtotic con-
sistency and efficiency for MS, in time series analysis and control, the
property of parsimony is relevant. Box et al. [51] citing Tukey [311]
defined parsimony as: “the smallest possible number of parameters for
adequate representations”. Bozdogan [53] connects this property with
Occam'’s Razor: “the desirability of selecting, among the accurate models
of reality, those which are most parsimonious”. On the subject, see the
counterexamples to parsimony in Findley [114].

Tong [301] pursued the AIC approach to determine the order k of a
Markov chain. Consider the sequence of observations S = {z1,...,z,}
from an ergodic and stationary Markov chain. Each observation may
assume {1,2,...,t} states. It is necessary to verify for the smallest
integer k > 0 that the conditional probability:

P{z,|zpn_1,2n—2,...} = P{xp|rn_1,Tn-2, . . Tn_k} (110)
for all n, given the sequence of observations S. To proceed, let:
N £ (XilOx
kL = —2Y  log (A) ; (111)
i=1 f (XZWL)

be minus two times the logarithm of the LR statistic, where 0; is
the unrestricted MLE of 6, and ;. is its restricted version. Denote
(vtL“ - vtk“) as the degrees of freedom of ;7;, which is asymptot-

ically a chi-squared random variable, with 7t/ =t/ — /71 j > 1.
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Definition 42. Following arguments as in Section 2.3, Tong showed that to
satisfy (110) one can minimize the approximate estimate of the AIC for Markov
chains:

R(k) = g, =2 (vt = gttt (112)

AUTOREGRESSIVE MODELS  An autoregressive (AR) model of order
p, AR(p), is defined as:

xp = Po+ froi—1+ -+ Bpxi—p + €4, (113)

where x; are observations from the X; process, {¢;} are white noise
innovations with Cov (z,€¢) = 0, where [ = {1,...,n}.

Results for AR models are numerous. For instance, Shibata [270]
studied the problem of the selection of the order of an AR models by
AIC, obtained the asymptotic distribution of the selected order, and
evaluated the asymptotic risks functions of parameters’ estimates for
the order selected by AIC. This work showed that the AIC is not consis-
tent for finite dimensional models. Findley [113] extended rigorously
results on bias correction also present in Ogata [217] in misspecified
Markov models or AR models, stressing the importance of the bias
correction. Wong and Li [340] studied the AICc for self-exciting thresh-
old autoregressive (SETAR) models via the conditional LSE in small
samples. Ng and Perron [213] studied theoretically and by simulation
the sensitivity of the AIC and the BIC to:

(i) the effective numbers of observations;
(ii) the degrees of freedom adjustment of the estimated variance; and
(iii) the penalty for overfitting in relation to sample size.

They conclude that these are relevant issues for valid model compari-
son.

The next subsection will present Akaike’s FPE [1, 2] for AR models
in detail, focussing in some hints for its computation. Additional PC
derived from the FPE, the Hannan-Quinn Information Criterion (HQ),
and the MRIC are overviewed in Sections 3.2.2.2 and 3.2.2.3.

3.2.2 Akaike’s Final Prediction Error and univariate time series models

The FPE is defined for time series and for general regression problems.
Given that AR is a particular type of regression, there is interest in
studying its residual, é; = ; — x4, and to develop a measure from this
quantity. The MSPE , or some transform of it, has been used frequently
as such measure:

MSPE = E [ (# — 2,)?] (114)
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The FPE isnotan IC, in the sense that it does not derive from information-
theoretic considerations. Instead, it is a technique based on the MSPE,
a measure depending on the prediction errors. Therefore, a PC.

PENALTIES Transformations of the MSPE include £, L2 penaliza-
tions, or their combination. See respectively ridge regression as in
Hoerl and Kennard [148], Tibshirani’s lasso [299], elastic net of Zou
and Hastie [359], or Xu et al. [342] with L, /5 penalty. See also different
measures of forecast accuracy for univariate time series forecasts as in
Hyndman and Koehler [159] or in Pefia and Séanchez [220].

The following paragraphs present different penalties and their as-
sociated approximate estimates, where distinct settings and sets of
assumptions modify the building and development of IC and PC.

3.2.2.1 The FPE for AR models

A detailed description of the procedure to compute the FPE for an
AR process was later given in Akaike [2], overviewed in the following
paragraphs. It relies on the asymptotic theory from [22, 96].

Let a stationary process { X (n)}, and its predictor X (n). Assuming
that the dependence between the past history of X (n), used to ob-
tain X (n), and recent values of X (n) is vanishing, we consider that
prediction is made with process {Y (n)}, different from {X (n)}, but
sharing the same statistical properties. Define the FPE as the MSPE of
the one-step ahead predictor X (n):

FPE[X (n)] = MSPE,; [X (n)] = E[(X(n) - X(n))Q],

with the subscript highlighting that it refers to the h = 1-step ahead
forecast. When { X (n)} is stationary and the predictor Y'(n) of {Y'(n)}
is linear, write the predictor Y (n):

~ M
Y(n)= ap(m)Y (n—m)+ an(0), (115)

m=1

where the estimated parameter ay;(m) is a function of the observed
{X (n)}. The FPE of the general predictor will be

FPE[Y (n)] = (M) +Y_ > E[Aan()Aarr(m)] Vargr(l,m), (116)
=0 m=0

where
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i.e. apsr(m) delivers the best linear predictor in the mean square sense,
Aap (1) = ap(l) — apr(l) is the difference between the estimated and
the true parameter referred to the [-lag, and

Vi1 (L,m) = E[Y (n—1)(n—m)], (118)

with [,m = {1,2,..., M} is the autocovariance of order {{ — m} for
the univariate process Y. For MS, we will select the model with the
smallest FPE.

Assume that X (n) is a stationary process with a DGP of the type:

M
X(n)= > a(m)X(n—m)+a(0)+z(n),

m=1

forl,m = {1,2,..., M}, with (n) i.i.d., with zero mean E [¢(n)] = 0,
and positive variance

E |(e(n))*] = 0* > 0. (119)

Let{X(n):n=-M+1,—M+2,..., N} be our sample, and ays(m)
be the LS estimate of a(m). Then, for the AR(M), the FPE of predictor
Y (n) using the Ordinary least squares (OLS) estimate is given by:

M M
FPE [Y'(n)] = o0+ > E[Aan(m)Aan ()] Rxx (1 —m)
=1 m=1

+FE

M 2

<AX0 -Y a M(m)AXm> ] ., (120)
m=1

where AX; = X; — E [X (n)] is the difference between the sample mean

and its population counterpart, and

Rxx(l—m)=E[X(n—1)X(n—m)] - (E[(X(n)])*  (121)

is the population autocovariance matrix of lag { — m. This is obtained
in the case of correct specification, using the independence property
and variables in deviations from their unconditional means.

For the asymptotic evaluation of the FPE for predictor Y (n), con-
sider the expectation conditioned on X of the squared difference

(Y(n) —Y(n))? Ex[(Y(n) — Y (n))?], instead of the unconditional ex-
pectation as in Equation (120). The resulting expression is equal to:
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Finally, to give the approximate estimate of the FPE, after the appli-
cation of the results from [22, 96], write a consistent estimate of o as:

S(M) = Caa(0,0) ~ 3 a0s (Do 0,1, (122)

where:

n=1
M
Cra(0,0) = N7 37 (X(n) = Xo) (X(n) = Xo) (124)
n=1
with
N
Xn=N""1> X(n—m), m={0,1,2,..., M}, (125)
n=1

and ays(m) the LS estimate solving:

M

> Cuw(m, Dans(m) = Cpa(0,1), 1 ={1,2,..., M}. (126)

m=1
The following Definition 43 follows from both Theorem 1 and Lemma
1 in Akaike [2], derived using the asymptotic results in [22, 96], and
delivers both the FPE for the predictor of an AR and its approximate
estimate. Let (1 — N~Y(M +1))~1S(M) be an estimate of o2, useful to
estimate the FPE given the ergodicity of X and the OLS estimate of
the parameters, M be the order of the model under consideration, N
the sample size, and S(M) a consistent estimate of o2, then:

Definition 43. The definition of (FPE),, as an asymptotic evaluation of the
FPE [Y (n)| is:

FPEy [¥'(n)] = (1 + M 1> o2, (127)

and is estimated by (FPE) (M):
M+1

(FPE) (M) = (1 + Y1 = N"YM+1))"tS(M).  (128)

To summarize, the algorithm’s pseudo-code to compute the FPE
[1] for an AR process is presented in Listing 1. Define L to be the
upper limit large enough to avoid excluding the efficient model. Notice
that L can be smaller than the maximum lag usually considered to
estimate the power spectrum in the frequency domain. Define the
sample autocovariances for lags [ = {0,1,..., L}, and denote these
by "S_ACF(l)". Define AR(L) the AR model of order L and estimate
it. Recall that to fit by OLS an AR model of order M, with M =
{1,2,..., L}, requires to:
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Listing 1: FPE algorithm’s pseudo-code

Center variables to their sample means
Set L

Consider an AR(L) to fit model to data
Compute S_ACF (1)

Fit AR(M), M= {1,2,...,L}, by OLS
Estimate the FPE of order M

Compute its relative value wrt FPE(OQ)
Select order M that minimizes FPE

(i) minimize the Mean Square of Residuals with respect to parame-
ters of the restricted regression;

(ii) solve the normal equations; and
(iii) obtain the estimates for each order M.

Then, denote with "FPE(M)" the estimate of FPE of order M, with FPE(0)
the FPE of order 0.

3.2.2.2  Further PC from the FPE

Given that the original FPE is not a consistent estimator of the order,
Akaike in the same article proposed the (FPE)* which allows to
consistently estimate K of a finite AR process. The required quantities
have been already defined for Definition 43.

Definition 44. The approximate estimate of the consistent estimator of K for
a finire AR process is given by:

(FPE)*(M) = (14+N"*(M+1))(1-N"YM+1))"1S(M), (129)
with o € (0, 1) a penalty weight.

Since (FPE)*(M) adds a tendency to underestimate M (too small
values), Bhansali and Downham [41] further generalized the FPE.
Define 3 as a positive and fixed constant, the sample variance as

1
T

SN

Z (Xt +ap1 X1+ ... +@k:,k:Xt—k>2> (130)
=1

2 _
P =

with ay (v = 1,..., k) the OLS estimates of the estimated AR(k) model,
k the lag number under examination, and 7" the total number of obser-
vations. Then the following definition follows:

Definition 45. The approximate estimate of the FPE to avoid underestimation
is:

FPEs(k) = 62(1+ Bk/T). (131)
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Shibata [273] showed that AIC, FPE, and Mallow’s Cp, are asymptot-
ically mean efficient point-wise. Shibata [275] also proposed a further
generalization of the previous criterion for regression problems, while
suggesting a procedure for the choice of the fixed constant that weights
the penalty term. Consider a regression model y = X3(k) + €, where
y' = (y1,...,Yyn) is an n-dimensional column vector observations,
X is an (n x K) design matrix, 8" (k) = (B1,...,B,0,...,0) is the
parameters’ vector, and €' = (e1,...,€,) is an i.id. vector of zero-
mean Gaussian random variables with spherical variance E [¢;] =

o2 > 0. Define BT(k:) = (31, e Jék) as the solution to the system:

XT(k)X(k)B(k) = X' (k)y, with X(k) is a (n x k) submatrix with
the first & column vectors of X. Let k be the specific dimension being
evaluated, K the maximum dimension considered, the Residual Sum
of Squares (RSS) for model of dimension k:

2

n? (k) = [y — X8|, (132)
and denote with

74 (K) = [n/ (n— K)]6*(K) (133)
an unbiased estimate of o2.
Definition 46. The approximate estimate of the FPE given by [275] is:

FPE, (k) = n6?(k) + vk5*(K), (134)

with ~y the penalty term.

Notice that if we set v = 2, we obtain the usual AIC; v = log n Schwarz’s
BIC; or v = cloglogn the HQ criterion of Hannan and Quinn, intro-
duced below.

3.2.2.3 The HQ and the MRIC

Hannan and Quinn [137] proposed a strongly consistent MS criterion,
included in many statistical software, the popular Hannan-Quinn In-
formation Criterion (HQ) criterion. For its development, they used the
Law of Iterated Logarithms (LIL),> explaining its resemblance to the
BIC, for finite ergodic stationary AR models under correct specification
and estimated via the consistent Yule-Walker estimator in the identi-
cally distributed setting. Consider an AR(k) demeaned model:

k
> a(j) {z(n—j) — u} = e(n), (135)
j=0

with E [z(n)] = p, ap = 1, {z(n)} an ergodic stationary sequence with
mean 4 and finite variance. The linear innovations €(n) are such that

3 For the LIL in stationary ergodic martingale difference sequences, see [288].
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Z?:o a(j)z2 #0, |2| <1, E[e(m)e(n)] = dmno?, and to apply the
limit theory is only necessary to assume:

E [e(n)|Faa] =0, (136)
E[é(n)|Foa] = 0%, (137)
E |e'(n)] < +o0, (138)

where the o-algebra generated by z(m) isdenoted by o {x(m)} = F,,—1,
m < n, (or equivalently, by e(m), m < n). Let k be the considered order
of the regression, c a positive constant greater than 1, and n the sample
size. Then:

Definition 47. The approximate estimate of the HQ is given by:

HQ(k) = —21(0) + 2kcloglog(n). (139)

“Let {y;} and {x;} be two weakly stationary demeaned stochastic
processes of dimensions 1 and m respectively. Let y..,, = Brx; + €144
be the D.G.P for h-step ahead prediction, and consider a sample of

n={1,2,...,NN+1,... N+h=n}

observations, an h-step ahead possibly-misspecified forecasting model
of the type: y, 41, = Bpx, + el where pseudo-true parameters’ vector
is given by

2
B), = argmin £ [(yt+h - CTXt) } .
CeR™

(h)

and ey, ’ is the possibly-misspecified error for h-step ahead forecasting.
The dependence of x; on h exists, but it is suppressed for notational
convenience, so the consideration of a specific regressor also depends
on the forecast horizon h. The LS estimator delivers ¢, = BZ (h)xp,

where

N
Bn = (Z XtXtT> thyt+h
t=1 t=1

is the LS estimator of 3,, for h-step ahead regression based on the sam-
ple of n observations. As measure of interest take the h-step ahead
Mean-Squared Prediction Error (MSPE), which is derived from the dif-
ference between the observed and the estimated values, i.e. MSPE;, =
E [(th - yjt+h)2] Theorem 2.1 in Hsu et al. [153] allows for the de-
composition of the MSPE in two parts. The first one being the Misspeci-
fication Index (MI), which is linked to the goodness-of-fit of the model
and is equal to the variance of the h-step ahead prediction error, i.e.

MI, = E [e%h}. The second component is the Variability Index (VI),

The following paragraphs are similar to those in Section 2.5.2, included for conve-
nience.
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which depends upon the variance of the h-step ahead predictor g, n,
and which is also connected to the estimation error of 3,,(h):

h—1
7, — -1 -1 .
VI, = L, = tr {R Ch,o} +2 S;tr {R Ch,s}

Here, R = F {xlxﬂ is the (non-singular) variance-covariance matrix

of the regressors, whereas Cj, ; = E/ {X1X1T+351,h51+s,hl represents the
cross-covariance matrix between the regressors and the h-step ahead
prediction error. The approach proposed by Hsu et al. [153] selects
the model that minimises the h-step ahead MSPE),. The minimization
occurs by selecting the model with the smallest VI, among those with
the smallest MI},, sequentially.

The asymptotic decomposition of the MSPE for the h-steps ahead
prediction is derived in the univariate time series case:

MSPE;, = MI, +n~ (VI + o(1)), (140)

and their method of moments estimator® for both MI;, and VI, are:

N
A 2
MI, = N1 (é§h)) , (141)
t=1
A A A h_l A A
VI, = tr {R‘ICW} +23 {R—lch,s} : (142)
s=1
where
. N
R=N"1>"xx/, (143)
t=1
R N-—s
Chs = (N—5)"" S xpx, eMell) | (144)
t=1
20— — B (B 145
&t Yt+h ﬁn( )Xta ( )

with ét(h) defined as the estimated forecast error.

Definition 48. Based upon such asymptotic decomposition of the MSPE it
is possible to derive the estimated MRIC as follows:

MRIC;, = M, + %vlh, (146)
where

Ozn/nl/2 — 400, on/n — 0. (147)

We refer to the method of moments as in [153], sometimes called "empirical method
of moments’, "analog method’, or “empirical method’. Hall [129, p. 5-7] recalled that
Pearson proposed the estimation of parameters’ vector "by the value implied by the
corresponding sample moments” [129, p. 6]. And that he “called this approach the "Method
of Moments’” [129, p. 7], where to estimate some parameters, it is requested to satisfy
the analogous sample moment condition with specified sample size.
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The asymptotic efficiency of the MRIC is proved in Hsu et al. [153],
Theorem 3.1. The MRIC approach selects the model that minimises the
MSPE, by selecting the model with the smallest VI;, among those with
the smallest MI},, sequentially. The MRIC is asymptotically efficient in
the sense of Definition 9, and has interesting applications in combina-
tion to other variable selection and dimension reduction techniques in
the high-dimensional setting. For indication on the determination of
the penalty weight, see Remark 5 in Chapter 4.

3.2.3 The frequency domain

Time series can be studied from both the time and frequency domain.
The Criterion autoregressive transfer function (CAT) [39, 219, 302],
which appeared for the first time in the same 1974 issue of Akaike’s
[7], is a nonparametric criterion developed in the setting of an infi-
nite dimensional AR process for lag selection via transfer function. See
Brockwell and Davis [56, p. 123] or Box et al. [51, p. 8] for time series
analysis by transfer functions.

Following Bhansali [39], consider {x;}, t = {0,£1,+£2,...}, a zero-
mean stationary process with covariance function:

Y(p) = E [ziw4-p) (148)

and spectral density function:
F) = 5= 32 (p)exp™, (149)
t=—o0

which is the Fourier transform of the autocovariance function at fre-
quency X € (—m, 7). Under absolute summability of the covariance func-
tion and non-vanishing spectral density, the AR(co) representation

of process {z:} exists, Yo ajri—j = e, with ap = 1, and {e:} a
sequence of random errors with E[e;] = 0, E[e}] = 0 < oo, and
Cov (Et,zftfj) = O,] 75 t.

Now, let sample {z1,...,27} from the AR(co) process be modelled

with an AR(p), where p is the optimal finite order approximation to the
infinite process. Obtain the LSEs a,(j) by minimizing

T

(T - P)fl Z («Tt +cxp—1+---+ prt—p)2 )
t=p+1

with minimum estimated variance 63, where the optimization is with
respect to parameters’ vector ¢ = (ci,...,¢,), and each ¢; = a(j),
j=A{1,...,p} are AR(p) parameters.
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Write the transfer functions:

M]3

A() =Y alj) exp(—ijA), (150)
=1

A, (N) =) ap(j) exp(—ijA), (151)
j=1

<

of both the AR parameters and its estimates respectively, where A
denotes the frequency, and i = /—1. For lag selection, define the
penalty function as

10 =5 [

Focus on estimators of E [J(p)]. Define the nonparametric estimate of

o? as:

N
62 = 2mexp { [Nl > log I(T)()\S)] + e} : (152)
s=1

A0 = AW am) |2 ax.

with N = [$(T —1)], -] the largest integer, e the Euler-Mascheroni
constant, A\, = 27+ the s-th frequency, and the periodogram function
as:

2

T
> aiexp(—it))

t=1

I (\) = (22T) (153)

Parzen [219] estimated order p so that A,()\) is near A()). For that
matter, he introduced the CAT. Write o7 the MSPE predicting one-step
ahead with memory p. Since it is unknown, let

52 =T(T—p) "6, (154)

be a consistent estimator of o2, where &7 is the sample variance for the
AR(p) model, i.e.

p
57 = > ap(§)Rer (), (155)
7=0

with Rp(j) = T7! ZtT;lj x4+ ; the sample covariance function; or
alternative, its unbiased estimator,

R
p T*p

52, (156)

Definition 49. The CAT was proposed as an estimator of E [J(p)]. Its
approximate estimate is given by:

A2 p
CAT(p) =1- =24 = (157)

=2
ot T
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To cope with lacunae while deriving C'AT'(p), Bhansali [39] pro-
posed to modify the penalty function in a general manner.

Definition 50. The approximate estimate of the modification of the C AT (p)
is given by:

CAT,(p) =1— N (158)
gz T

where a = o + 1.

If o = 2, the asymptotic distribution of the estimate of p is equivalent
to that of the FPE and AIC. If o varies, then it is the same of the
FPE;.

3.2.4 ARMA models

Direct extensions of IC and PC to general ARMA models were initially
related to developments in the likelihood approach to time series mod-
els. These included modified likelihood functions or computational
approaches. The detailed survey of MS for ARMA models, proposed
in 1985 by de Gooijer et al. [125], departed from the theory of statis-
tical hypothesis testing. Then, it was followed by methods from de-
terministic or stochastic realization theory which do not require prior
model fitting, such as those using inverse autocorrelation and partial
autocorrelation functions. They also surveyed techniques based on the
one-step ahead prediction, e.g FPE, CV, CAT, further IC, and Bayesian
methods. These included:

(i) Schwarz’s BIC criterion [258];
(i) Akaike’s [10, 11, 13] and Rissanen’s [241] BIC criterion; and

(iii) the Bayesian Estimation Criterion of Geweke and Meese [123], or
the HQ criterion [137].

In 1992, Choi [79] published a monograph further updating the overview
of ARMA model identification. In the following, we will introduce IC
and PC for ARMA models developed under different settings.

An autoregressive moving-average of order (p,q), ARMA(p,q), is de-
fined as linear combination of an AR(¢) with a moving-average MA(q):
= B1ax—1 + oy o+ + BpTip
+aig—1 + g2+ gEr—q €,
with {;} awhite noise process, i.e. E [g;] = 0, F [¢?] = 0%, E [x2] =0,
for t # j, where the zero-mean i.i.d innovations and finite variance is a
special case. Let 3(B) and a(B) be the p'" and ¢'" degree polynomials:
B(B) = 1—Biz—- = By2F,
a(B) =1+aiz+ -+ gz,
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where B is defined as the backward shift operator: B/z; = z;_;, with
j=1{0,+1,42,...}.

Definition 51 (Causality and invertibility [56]). An ARMA(p, g) process,
witht ={0+1,...},

B(B)x; = a(B)et

is said to be a causal function of the process {e;} if there exists {¢;} such
that 3772 |¢5] < oo, and:

00
Ty = Z ¢j5tfj'
7=0

The process is said to be invertible if there exists {m;} such that 3772 |m;| <
0o, and:

oo
&t = Z TjTt—j-
J=0

Equivalently, we say that the process {x;} is causal if it is derived from
the application of a causal linear filter to {e; }. Note that both causality
and invertibility involve both processes {z;} and {e;}.

Following Hannan [135], let the stationary, ergodic, zero-mean with
finite variance o> > ( process {z;} be generated by:

p q
> Bim—j =Y aje—j, Bo=ag=1, with (159)
j=0 j=0
g(z) =Y B2 #0, 2] < 1, (160)
j=0
h(z) =) a;z) #0, 2] < 1; (161)
7=0

where ¢(z) and h(z) are co-prime. Notice that Eq.s (160) and (161)
ensure causality and invertibility of the process. See [56, Theorems
3.1.1 and 3.1.2]. Let 62, be the maximum likelihood estimate of o2,
computed when lags p and g are being considered. Then:

Definition 52. The approximate estimate of the AIC for an ARMA(p, q) model
is given by:

AIC(p,q) = nlog 62 +2(p+q). (162)

Note that, since the AIC is inconsistent for AR models, this also trans-
fers to ARMA models. Specifically, it tends to overestimate the true
orders pg and ¢ [135].

In his seminal contribution, Rissanen [241] obtained the BIC for
ARMA (p, g) models following the MDL principle. Following Hannan

[134] and letting &qu be defined as before:
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Definition 53. The approximate estimate of the BIC for ARMA(p,q) models
is given by:

. logn
BIC(p, ¢) = log 62, + (p+q) fL : (163)

Fan and Yao [110], building upon the bias correction from Hurvich
and Tsay [157], seen in Section 2.6, considered the Corrected A Infor-
mation Criterion (AICC) for ARMA models with Gaussian likelihood
under correct specification. The AIC tends to overestimate orders p
and ¢, while the AICC [157] favours parsimony with a larger penalty
for large values. Define 8 = (51, ... ,Bp)T, a = (a,... ,aq)T, and
o? as the parameters of a causal and invertible Gaussian ARMA(p, q)
process, and obtain its MLE:

(3,&,6’2> = argmin L(B,a,0?), (164)
(B,a)€B,02>0
where
B={(B,a):b(z)a(z) #0V|z| <1}, (165)

i.e. causal and invertible. Denote with

T
S(B,a) =14 Y (w5 —#5)%, (166)

Jj=1

the sum of squares of the predictive errors (x; — ;) regularized by
r; = %, where {v;} is the variance of the predictive error (which can
be computed recursively). Let 62 = M be the MLE estimate of o2,
S(B, &) be the S(B, a) computed at the MLE parameters (3, &), and

T the sample size. Then, a part from a constant:

Definition 54. The approximate estimate for the corrected AIC for ARMA(p, q)
model is given by:

2(p+q+1)T

AICC, . = —2log {L (B,d,S(B,d)/T)} L (167)

Hannan [134] considered a stationary process {z:} generated by an
ARMA (p, q) such that:

p q
> B =Y e,
J=0 Jj=0

with E[e;] = 0, Eletes] = 6:50%, and By = ap = 1. Stationarity is
implied by the required causality of the process {x:}, i.e. the AR and
MA polynomials are such that g(z) = 3F_, 8,27 # 0, and h(z) =
Z?:o ajz! # 0, with |z| < 1, and both g(-), h(-) with no common
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zero. See [56, p. 82-83] for technical details. This delivers the MA(o0)
representation:

Ty = Z Kj€t—js (168)
=0
with its polynomial k(z) = Y32 k;27 = g~ '(h(z)), where £; geo-

metrically decreases to zero, and ¢; are linear innovations. The goal is
to estimate the true order (po, qo). The estimated parameters ( Bj, a;)
are obtained via MLE without the normality assumption. Define the
o-algebra 7; = o(¢j), j < t, and assume the following technical condi-
tions:

() Elei|Fi—1] =0, E[e?|Fi_1] = 02, Ele}] < oc;
(i) po < P,qo < @, with P, Q known a priori.

Hannan considers the estimates of pg and g9 based on the maximiza-
tion of the Gaussian likelihood for the conditional error variance o2,
namely 62 , without maintaining the Gaussian assumptions and only
requiring conditions (i) and (ii) above. The following result was ob-

tained again by using the Law of Iterated Logarithms (LIL).

Definition 55. To estimate (po, qo), Hannan [134] proposed the minimization
of the following approximate estimate of the criterion:

) 1
é(p,q) = log 0'12)’(] +(p+ q)cﬁ loglog N, ¢ > 2. (169)

If the disturbances {¢;} are independent, then this criterion is strongly
consistent, while if the last term in ¢(p, ¢) is replaced by (p + ¢)Cn/N,
Cn — oo then it is weakly consistent. Hannan and Rissanen [138] lat-
ter modified this criterion by the substitution of the MLE of 7, by
an alternative estimator from a series of autoregressions proposing a
recursive estimation procedure of (pg, go) in three steps for efficient
computation. Poskitt [223] further proposed a modification of this pro-
cedure to avoid the bias created by the BIC used in the second step,
by the use of the Model Determination Criterion [224] obtained by
Bayesian arguments.

Stressing the issues of identifiability of ARMA models, Zhang and
Wang [354] proposed the order determination quantity (ODQ). Define
the backwards operator B*y, = y,_j, and consider the ARMA model:
®(B)yi = ¥(B)er, with B(B) = 1 - Y72, 6,8, ¥(B) = Y1, B,
{e:} the unobservable random errors sequence, (po, ¢o) the unknown
true order such that both ¢, and v, are notnull, and {y; } the sequence
of observations. The following assumptions are required:

(i) ®(B)and ¥(B) have no common factor so that both polynomials
are unique;
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(ii) e is a martingale difference sequence F;-measurable with:
Ele|Fi1] =0 as,Vt>1,

i.e. {e;} is a martingale difference sequence with respect to an
increasing sequence of o-fields { F;};

(iii) y; is Fy-measurable for every ¢t > 0 a.s.;

(iv) (p*,q*) fixed upper limit known a priori;

(v) thereis a random constant a,, s.t. almost surely we have:
an/n — 0, an/(logn)ﬁ — 00,

e.g. ap = n5,5 € (0,1), with 8 = 1 for AR models and 3 > 1 for
general ARMA models.

Let n be the sample size, 52 (p, q) be the estimated variance of the er-
ror term &; computed at both (p, ¢), and 62 (p*, ¢*) be the the estimated
variance computed at (p*, ¢*). Then:

Definition 56. To determine the order of an ARMA(p,q), Zhang and Wang
[354] defined the approximate estimate of ODQ as:

ODQ,, = né2(p,q) —né2(p*,q*) — an. (170)

The ODQ is consistent for unstable autoregressive models, i.e. ARMA
(p,0) where all the roots of the characteristic polynomial are either on
or inside the unit circle.

This area of research proposed further generalizations. For instance,
Pefia and Sanchez [220] proposed a validation procedure for h-step
ahead forecast. By the use of a filtered version of the in-sample predic-
tion errors, they showed that the procedure is equivalent to an efficient
MS method. Recently, Diop and Kengne [101] studied inference and
model selection in a general class of causal processes with exogenous
covariates, including ARMA-GARCH, APARCH, ARMAX, GARCH-X
and APARCH-X. By the use of Lipschitz-type conditions, they showed
the existence of a stationary solution, studied consistency of the QML
estimator (QMLE) of the parameters, established its asymptotic distri-
bution, Wald-type tests for significance (also for non-stationary cases),
and proposed a penalized criterion and conditions for weak and strong
consistency, showing that the HQ with a specific regularization param-
eter is strongly consistent in large samples.

The following paragraphs will detail Rissanen’s APE and its exten-
sions in stochastic regression, given its applications to ARMA models.
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3.2.4.1 APE in stochastic regression and ARMA models

Rissanen [243] proposed the APE, a one-step ahead prediction-error-
based consistent cumulated measure to estimate the order of ARMA
processes for both large and small samples.® This criterion is also called
Predictive Least Squares (PLS) and has theoretical groundings on Ris-
sanen’s Minimum Description Length (MDL) principle [241].

Let x = {z1,...,2,} be an observed sample. At every time t =
{0,1,..., n — 1} we have the past sequence x' = {zgz1 - -- 2}, setting
zo = 0.Interestlays on forecasting z;, ateachinstant ¢, given sequence
x!. Consider to model x; as a zero-mean stationary ARMA(p,q),

P q
Ty = Z ajTe—j + E bjet—s + &t,
j=1 s=1

where {e;} is a zero-mean uncorrelated process, such that the first
two moments of process {z;} are defined by the k(= p + ¢) param-
eters composing 0 = (a1,...,ap, b1,...,b,), and E[e] = o Con-
sider a linear predictor, with prediction error ;41 = %41 — T¢4+1
given by ;11 = 441, determined by both the k parameters 6(¢) =
(a1t apt,bit,...,bee) and the data in the following manner:

P q
Ti= Y ajioj+ Y bspeist+ €,
j=1 s=1

where i = {0, ...,t + 1}, setting both z; and e; ; equal to zero for i < 0.
The parameter vector 6(t) is obtained by minimizing:

-1
S2t)=t"') el
0

Definition 57. Rissanen [243] consistently estimated the order of an ARMA
(p.,q) model by minimizing the following criterion:

n—1

APE(k,z) =n™ 'Y (241 — #141)°, (171)
t=0

where 2,41 is a prediction at time t based on the past sequence x".

Wei [328] provided an interpretation of the APE in terms of goodness-
of-fit plus penalization for model’s complexity, as in IC and PC, for
stochastic regression. The latter includes as special cases: multiple re-
gression, time series models, dynamic input-output systems, adaptive
stochastic approximation schemes, and stochastic control. Consider
model M with design vector x;, defined by:

yi = B'x; + ¢,

6 For its strong consistency for finite AR processes, see Hemerly and Davis [146].
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where ¢; are i.i.d. with g; ~ N(0,0?), x; such thatitis o (e1,...,8;_1)-
measurable, and conditional Fisher information matrix for 3 equal to:

n
o2 Z Xix;-r,
i=1

so det|o 2 Yo xixiT | can be interpreted as the amount of information
about parameters’ vector 3. Let 62 = n~= ! 31" | £2, be the estimated
sample variance from the sample of dimension n with model M, be 52

the estimated sample variance based on the full model. Then:

Definition 58. In the context of stochastic regression, Wei [328] proposed the
Fisher information criterion (FIC), with its approximate estimate given by:

n

i=1

FIC(M) = né2 + 52 log det (172)

Eq. (172) is based on the Fisher information matrix and departs
from considerations on the APE for stochastic regression, allowing
the penalty term to be proportional to the logarithm of the statistical
information contained in a model M with design vector x;. The con-
nection between PLS (APE) and F'IC(M) can be seen noting that, by
[80], Theorem 2.1 [328, p. 4], and model’s correct specification:

n
> wal

=1

PLS ~ né2 + 0% log det , (173)

thus, if we substitute o with 2, we obtain the FIC. Under model’s
misspecification, the PLS has an extra penalty, at a cost of issues re-
garding computation, tendency to select models with fewer variables
for small sample, and dependency on data’s order. Instead, the FIC
is permutation invariant, solves some problems present with the PLS,
and features strong consistency.

Lai and Lee [180] further extended the APE and FIC to consider
general stochastic regression models, a broad class which includes
both ARMA models and nonlinear AR models with exogenous regressors,
and showed their strong consistency regularity conditions. Consider
observation y; and modelitas y; = ¢; (0) + £, where 0 is the unknown
parameters’ vector, and g¢; (6) is a twice continuously differentiable
Fi_1-measurable function.

Assumptions 5. To define the asymptotic estimate of the APE, assume the
following:

(i) 8 € ©® C R", with ® compact set;

(ii) {e.} is a martingale difference sequence with respect to an increasing
sequence of o-fields F; such that:

sup E [|e¢]" | Fio1] < o0 as., 7> 2; (174)
t
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(iii) the dimension of 0 is unknown and a family
{96(N) 1k <kt > 1\ € O}

of regression functions such that g, ,(\) is Fy—1 measurable V X € O,
with Oy, not necessarily subvectors of @1 (not nested / hierarchical);

(iv) O € R4k 1 < k < i, with d(k) positive integers;

(v) Ik : 0 € O such that:

(a) if 0 is a subvector of some %) ¢ @, then 0% ¢ @I and
916(0™)) = g1.(6);

(b) if 0 is not a subvector of any \ € O, then g,k (\) # g1.(0), ¥V
A€ Gk;

(vi) if d(k) = d(k), k # K, then 0 is not a subvector of any A € Oy;
(vii) K* is a known number such that @ is a subvector of 0'5") € @ -

(viii) aprior distribution on o? exists, with technical conditions on the density
function.

Also, obtain the not necessarily unique LSE, i.e.

k

9,5'“) = argminz (yi — gZ-JC()\))z , 0 € @,. (175)
€Oy, i=1
Now, define function S,,(A\) = > (y; — gi,k()\))Q, with minimum at

A= 99 equal to 67217 .- Its first and second derivative are then equal to

VSn(A) = =2 Z (i — 9ik (M) V gik (V)

=1
and
V2 Sn(A)/2
= (Vi (V) (Vi ( = (Wi — 91k (N) V2 gik (A)
=1 =1

where g, 1 (\) and 7%g; 1 (\) are the gradient vector and Hessian
matrix of g(-) at parameter \.

Lai and Lee [180] considered a natural extension of the APE for gen-
eral stochastic regression models. Let m be the fixed initial sample size.
To estimate the correct order s, minimize over all candidates models
k, ie. R, = argmin,.,.; APE(k), which may not be unique. Fur-
ther regularity conditions are necessary for its uniqueness and strong
consistency. See Theorem 1 and its Corollary in [180].

Definition 59. If 0 is a subvector of ), then the APE for model k is:

APE(k Xn:{ g1k< ““)}2, (176)

=m
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2
Now, let 672% =n"1)0", [yl — ik (9%))} be the estimated vari-

ance of ¢; for model &, &fh x~ be the estimated variance of ¢; for model
K*, and notice that the argument of the logarithm is the sum over all
observations of the square of gradient vector of g(-) evaluated at the

LSE, i.e. Vg <9ff)):

Definition 60. Lai and Lee [180] extended the FIC for general stochastic
regression models:

FIC(k) =

né; i+ 67 g log (177)

5 om0 (o 1) |

See Lai and Yuan [181] for a very recent review of stochastic approx-
imation, field that includes many of the developments in stochastic
regression.

3.2.5 Multivariate time series models

Multivariate time series arise naturally when considering multiple si-
multaneous univariate time series, often equally separated in time.
The works of Whittle [332], Hannan [133], Reinsel [238], and Liitke-
pohl [197] are solid grounds for its study. Initial tools derived from
extensions of univariate time series, multivariate regression problems,
and multivariate prediction and probability theory. For instance on
the former, Akaike [3] extended the FPE to multidimensional vector
of input and output variables, in the context of vector AR fitting for
control, which he called the MFPE. For multivariate regression prob-
lems, Mallows [204] considered the C), also for cases with multiple
responses dependent variable in terms of ridge regression, taking a
suitable norm or trace as measure of the dimension of the matrix. The
first works on the latter trace back to Wiener and Masani [206, 334, 335],
and Helson and Lowdenslager [145]. We follow Brockwell et al. [56],
Reinsel [238], Liitkepohl [197], and Tsay [306] in the successive para-
graphs. We introduce these concepts given the example in Chapter 5,
Section 5.4, and the current research work in proximity of the main
topic.

Let {y:} € R" be a stochastic column vector process with mean
vector E [y;| = p,, € R", j-th lag cross-covariance matrix:

Bl (ve ) (ves =) | =B e R a7

with j = {0, 1, ... }. If the mean vector and the cross-covariance at lag
j,ie p, and X,(j) respectively, are independent of time ¢, then the
vector process y; is said covariance or weakly stationary.
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A VECTOR AUTOREGRESSIVE MOVING-AVERAGE MODEL  of orders p
and ¢, denoted VARMA (p, q) or MARMA (p, g), is the multivariate
version of the ARMA(p, ¢), where the response variable is multivariate.
Its standard representation is:

P q
Yyt =@+ Z D;yi—jt+e— Z 0jei—j,
j=1 j=1

with p, ¢ non-negative integers, ¢, a w-dimensional constant vector,
¢; and 6; constant (w x w) matrices, {€;} a sequence of i.i.d zero-
mean random w-dimensional column vectors with positive-definite
covariance matrix X.. With the backshift operator (Bly; = yi_ i, =
0,1,...),its compact form is:

¢ (B)y: = ¢y +60(B)ey,

with ¢ (B) = I, — ?:1 ¢ij, and 6 (B) = I, — ;1:1 0;B7,and I,
a w-dimensional unitary matrix.

Assumptions 6. To obtain the VARMA(p,q) in final equation form, assume
that:

1. {y:} has constant zero-mean, i.e. o, = 0;

2. ¢ (B) and 6 (B) are left-coprime (without common factors in matrix
setting); and

3. ¢(B) = a(B)I,, witha(B) =1-Y"_ a;B € R, ay, # 0.

The structural form and the echelon form are also considered in the
literature. The former is a generalization of the VARMA model in
compact form, setting ¢ (B) = >f_,¢;B7, and 0 (B) = Yi_, 60,57
The latter is a useful representation of the VARMA in structural form,
sometimes indicated as VARMA g, where both the vector AR and MA
polynomials, ¢ (B) and 0 (B) are such that ¢ (B) = [¢;:(B)], and
0 (B) = [0;(B)], with j,i = 1,..., W are left-coprime and with the
following form:

P
¢j(B) =1~ Z¢jj,sBs, forj=1,...,w;
s=1

Py
¢ji(B) = — Z ¢jisB®, for j # i

s=pj—pji+1

Pj
0;:(B) = Zeji,sB87 forj,i=1,...,w,
s=0

with ¢y = 0, the row degrees (pi,...,pw) the Kronecker indices,
and 77" | p; the McMillan degree. There is abundant literature also
for integrated or cointegrated VARMA models, e.g. Poskitt [225, 226],
Kascha and Trenkle [166].
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MS IN GENERAL VARMA MODELS requires the solution of non-trivial
statistical aspects for inference, e.g. stability/causality, invertibility, identi-
fiability. If y, is a zero-mean stable (or causal) process, i.e. det (|¢ (2) |)
# 0,V z € C:|z| <1, then its infinite vector moving-average rep-
resentation follows, VMA(x), i.e. y; = Z?‘;O P jui—j, where the new
w-dimensional error vector is u; = g; — 23:1 0je;_;, and the (w x w)
matrices 9, are such that, for [|z]| < 1, ¥(z) = [¢ (2)] 71 0 (2). If the
zero-mean process y; is invertible, i.e. det (|6 (z)|) # 0,V z € C :
|lz|| < 1, then its infinite vector AR representation follows, VAR(c0), i.e.
et = > ;20 Ajyi—j, where the (w x w) matrices A; are such that, for
2]l <1, A(z) = [8 ()] ¢ (2). For details on multivariate time series
models, cf. Hannan and Deistler [136], Brockwell and Davis [56, Ch.
11], Reinsel [238], Liitkepohl [197], Tsay [306], and Wei [329].

If ¢ (B) and 6 (B) are uniquely identified by the weight matrices
in its VMA(o0) representation, then identifiability of the VARMA(p,q)
model follows. Sufficient conditions for identifiability (i.e block identi-
fiability) [197] require that:

i. ¢ (B) and 0 (B) are left-coprime;

ii. the order ¢ is as small as possible while the p order is as small as
possible for that ¢; and

iii. rank ([¢p, BQD = w, with p, ¢ > 0, where [A, B] refers to the joint
matrix composed by matrices A and B.

For technical details on structural identifiability of the more general
VARMA with exogenous regressors, VARMAX(p, g, ), where r is the
maximum lag of the exogenous part, see Hannan and Deistler [136],
Section 2.7.

ESTIMATION OF VARMA  To estimate VARMA(p, ¢) parameters, quasi,
conditional or exact likelihood methods can be employed. The max-
imization of the log likelihood function with respect to parameters’s
vector usually involves approximations or ad-hoc algorithms which are
usually employed given that no closed forms are available (with some
exceptions) or are under development, and that identifiability is an
issue. For this reason it is still a non-trivial problem. Recent interest-
ing results to solve these issues include exact likelihood estimation of
time-dependent models [18] (where the parameters ¢, (B), and 6; (B)
are dependent on time ¢), estimation of causal and invertible VARMA
models by constrained estimation [251], semiparametric estimation for
VARMA models via R-estimation (therefore expanding further than
QMLE) [130], identification and estimation in large-scale settings with
VARMA [338], and asymptotic properties of quasi MLE for causal, in-
vertible and identifiable for time-dependent models [208].

We will briefly introduce two perspectives for VARMA model spec-
ification and selection, before introducing VAR model selection via IC.
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These sections will serve as an overview previous to Section 5.4 in
Chapter 5.

3.2.5.1 Structural specification and model selection in VARMA models

Structural specification is related to MS particularly for VARMA mod-
els. Drawing from the sedimented literature prior to 2005, Liitkepohl
[197] indicated in his monograph that both the echelon form and the
final form ensure its identifiability (among the class of those represen-
tations), relying on the proofs from Hannan and Deistler contributions,
condensed in their re-published monograph [136]. Numerous proce-
dures for structural specification are indicated in Liitkepohl’s work, not
as widespread as the Box-Jenkins approach [51] for univariate ARMA
models. He divided it into two groups: those using the final form, and
those using the echelon form.

MS IN FINAL FORM VARMA  Zellner and Palm [353] proposed a two-
steps procedure for VARMA models in final form. In the first, a uni-
variate model is specified for each component y;+, i = 1,...,w. The
suggestion is to employ Box-Jenkins strategy [51], LR tests, Bayesian
posterior odds, or automatic procedures with IC as in Hannan and
Rissanen [138] or its extension by Poskitt [223]. In the second stage, a
common AR polynomial for the vector response has to be selected as
the product of each components” polynomial. Then, select the corre-
sponding MA polynomial for each of the w components. Finally, select
the order ¢ which is the maximum order obtained over all the compo-
nents. If there are common factor, both for the AR and MA polynomials,
the polynomial degree may be further reduced.

MsS IN ECHELON FORM VARMA This strategy involves the estimation
of large numbers of parameters. For this reason, Liitkepohl argued that
it is not popular in practice even if it is relatively simple. It becomes
a major problem when the dimensionality increases. For these cases,
model specification of VARMA in echelon form are more appealing.
Tsay’s 2013 monograph [306, Ch. 4] coincides with this strategy, indi-
cating two approaches for structural specification of VARMA models.
Both were presented in his 1991’s article [305]. The first draws from
the Kronecker indexes and MacMillan polynomial degrees literature from
control systems in the engineering literature, applied to the model in
echelon form. The second is considered as a refinement over the first,
involving canonical correlation analysis (viz. Hotelling [152], Akaike
[9]), presented in Tsay’s 1989’s article [297].

The recent contribution by Bhansali [40] combined these approaches.
After proposing the first definition of an h-step ahead state-space rep-
resentation (extending the results in Akaike [17] for h = 0, and Cooper
and Wood [85] for h = 1), to estimate the Kronecker indexes, Bhansali
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modified the Difference Information Criterion (DIC) originally pre-
sented by Akaike [9]. For the latter, let vectors u € R® and v € R", and
define the model v = Awu + w, where A is the regression coefficient
matrix of v on u, with rank(A) = ¢, and w has null-correlation with
u. The number of free parameters, F'(¢q) is the sum of the free param-
eters within the covariance matrices of u and v, and within matrix A.
Assuming s > r, these are respectively s(s+1)/2, r(r +1)/2, and
q(s+r —¢q).Consider N observations from two Gaussian random vec-
tors v = (v1,v2,... ,vs)T and u = (u,ug, ... ,us)T, and assume that
there are ¢ non-null canonical correlation coefficients.

In the context of canonical correlation analysis, Akaike [9] proposed
the DIC as the difference between the model under consideration with
rank(A) = ¢ and the unconstrained model r (without restrictions on
matrix A).

Definition 61. The approximate estimate of the DIC(q) is given by:
DIC(q) = AIC(q) — AIC(r), (179)

with

q
AIC(q) = Nlog [T (1 - &)? +2F(q), (180)
i=1
where c; the i-th largest canonical correlation coefficient. Therefore, it is ob-
tained:

DIC(q) = -Nlog [ (1-c)®—2(r—q)(s—q). (181)
1=q+1

Bhansali [40] proposed a modification of the DIC in the sense of
Bhansali and Downham [41]. Let w be the dimension of the dependent
multivariate response time series, pj, (v + 1), v > 0be the next canonical
correlation between the vectors of past variables,

T

n,(h, M) = [yT(t— h),...,yT<t—M)] , (182)
and the vector of future variables
.
0u(h M) = [y (0),...y (t+ M=) . (183)

truncated up to a large integer M, with h € [—H, H|, where both
M, H are carefully subjectively selected, and let (M — h + 1) be the
dimension of the n,(h, M), and v € {1,..., M}. Then:

Definition 62. The resulting approximate estimate of the DIC(q) is given
by:

DIChy(v) =

—Tlog {1~ [pa(v+ 1)’} —a{(M—h+1)w—uv}. (184)
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IC AND VARMA MODELS In the last twenty years, the literature has
tackled different issues for VARMA models related to IC. For instance
on cointegration, Kapetanios [165] reviewed the formal grounds for
the application of IC to MS for selecting the cointegration rank of coin-
tegrated VARMA models. He underlined that necessary and sufficient
conditions for weak consistency of criteria are also valid to determine
the cointegration rank. They derived the asymptotic distribution of the
estimated cointegration rank when selected via the AIC, and showed
that it has an upward bias also for large samples. The advice was for
the use of the BIC or the Posterior Information Criterion by Phillips
[222] instead. This criterion is Bayesian in its spirit and, among other
features, is valid for order selection of cointegrating rank, lag length,
and trend degree in VAR models. Boubacar Mainassara [49] studied
selection of weak VARMA models by a modified AIC using the QMLE.
Weak VARMA models are cases where the error vector is a weak white
noise, i.e. stationary sequence of zero-mean and uncorrelated processes
with invertible variance matrix, whereas strong VARMA are defined
with strong white noise error vector, i.e. i.i.d.. More recently, Chan
et al. [69] developed a Bayesian approach for inference in VARMAs
ensuring identification and parsimony in the context of an efficient
Markov chain Monte Carlo algorithm, with application to macroeco-
nomics. Fasen and Kimmig [112] proposed a criterion for continuous
time VARMA processes, studying the QMLE in the context of mis-
specification, and deriving regularity conditions for strong and weak
consistency of a general IC, with AIC and BIC as special cases.

3.2.5.2 VAR models

Historically, because of the identifiability problem, VARMA models
not enjoyed vast popularity in applied fields. This paved the way for
models which setted ¢ = 0, obtaining a vector autoregressive model
of order p, VAR(p), which can be written as y| = z,/ 8 + ¢/, where the

row vector z| = (1,y,_;,...,y/,) € R“P*D and the ((wp+ 1) x w)
coefficients matrix 8 = [¢, Py, - - -, q')p]T. In this way, and using 7' — p
observations from a sample of size T, we can rewrite it as

Y =78 +E,

with Y € RT=P)*% the response matrix observed from time ¢ =

{p+1,...,T},Z ¢ RT-P)*x(p+1) the design matrix,and E € R(T—P)xw

the error matrix. The generalized least squares estimator (GLSE) of
VAR(p) parameters can be obtained as:

. —1

vee(B) =vec|(2'2)  (2'Y)

, (185)

delivering

. T -1 T
B= [Z ztzZ} [Z ztyZ], (186)

t=p+1 t=p+1
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which is identical to the Ordinary least squares (OLS) estimator. If we
further assume that the vector error €; is multivariate Gaussian, via the
conditional likelihood function it can be shown that it also coincides
with the MLE. If we further let {x;} € R™ be a column vector of
exogenous variables or leading indicators, with F [x;] = p, € R™,
and V [x;] = Z; € R™*™, then a VAR with exogeneous variables of
order (p, s), VARX(p, s) is equal to:

p s
yi = ¢o+ Z P;yi—j+ Z oXi—j + €, (187)
=1 =0

where s is a non-negative integer, & a (w x m) constant matrices.

Quinn [230] extended results from scalar (AR) to multivariate (VAR)
models assuming: E [e¢|F;—1] = 0, E [ststT |]-}_1] =X, F {82{4 < 00,
withi =1,...,w, where F;_1 = 0 (4-1,€¢-2,...). Letdet ]f‘.ek\ be the
determinant of the MLE of X, for a VAR(k), i.e.

1

T
A . AT o AT
Z‘E,kj = mE FE = m Z Et€y (188)
where T’ is the total number of observations, k is the number of lags, w
the dimension of the dependent vector variable, and &, is the residual
vector. Then:

Definition 63. Quinn [230] indicated one version of the AIC and showed
that the HQ with multivariate response is strongly consistent for VAR models:

A 1

AIC(K) = log (det [£4]) + 2w’ (189)
A 1

o(k) = log (det p:s,k\) + 2k’ loglog T (190)

Let{y1,...,yn} begenerated by a w-dimensional zero-mean VAR(p,)
process: y; = g-'ozlytT_jquT +¢e/, witht = {1,...,n} and y/ =
(Yits - s Ywit), quT is a (w x w) coefficients” matrix, and &, are zero-
mean Gaussian i.i.d. with covariance matrix Xg. We write the true
AR(po) model for the full sample as: Y = X3, + € in matrix terms.
The following representation from Egs. (7) and (8) in Hurvich and Tsai
[158] highlights the correction obtained by avoiding the first-order Tay-
lor series approximation:

Denote with b = n= {n — (pw + w + 1)} a scale factor for the com-
plexity penalty term, n is the sample size, and

£=nt(Y- xfa)T (Y - xB) (191)
with
B= (XTX)A (x"Y), (192)

the conditional LSEs of Ly and 3 respectively. Then:
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Definition 64. Hurvich and Tsai [158] proposed the approximate estimates
for both the AIC and its corrected version for VAR model selection:

AIC(p) = n (log (det ]):D +w) +2{pw® +w(w+1)/2}, (193)
AIC(p) = n (log (det ]):D +w) +2b {pw? +w(w+1)/2}. (194)

Also in this case, interest has been sustained lately. Qu and Perron
[228] proposed a modified AIC for Johansen’s cointegration tests and
showed that, if applied, these have the same distribution as when the
order is finite and known. Ren and Zhang [239] proposed a compu-
tationally efficient algorithm, the adaptive lasso, for subset selection
and estimation in VAR models. For tuning parameter’s selection the
consistent BIC was adopted. They also showed that their method sat-
isfies the oracle property, i.e. no prior knowledge is required on the
sparsity to obtain an optimal asymptotic convergence rate.” They also
highlighted that the elastic net as in Zou and Zhang [360] might be a
better candidate for subset selection. Bingham [44] reviewed multivari-
ate prediction theory and matrix orthogonal polynomials on the unit
circle from a probabilistic standpoint. Liitkepohl and NetSunajev [199]
proposed a review of structural VAR models with heteroskedasticity
or conditional heteroskedasticity. They found that for lag selection the
AIC is a common strategy, but indicated how it may be problematic
given that no full likelihood optimization is performed. Recenlty, the
FIC for locally misspecified VAR models was extended by Lohmeyer et
al. [195].

We now shift our attention to MS in the case of nonparametric re-
gression with nonlinear time series models. Short bibliographic notes
are included in Appendix A.2.4, including a selected sequence of de-
velopments in modelling nonlinear time series.

3.3 NONPARAMETRIC ANALYSIS OF NONLINEAR TIME SERIES MODELS

Let us consider the 1997’s review of MS methods for nonparametric
time series by Hérdle et al. [142]. Let a specific class of mean functions
w(+), such that, the specified candidate function be obtained from finite
and fixed number of parameters. In that case, the parametric method
to estimate the conditional mean function of a time series requires the
formulation of a parametric model for the mean function ().

There are successful cases where there are parsimonious models
capturing linearities and nonlinearities of the process under analysis,
e.g. Tong’s Threshold Autoregressive (TAR) [303], Exponential Autore-
gressive (EXPAR) [128]; Self-Exciting Threshold Autoregressive (SE-
TAR) [70, 126]. See [304] for further details. The nonparametric anal-
ysis of time series instead "leaves data speak for itself", avoiding the

7 See Fan and Li [109, p. 1353], Theorem 2.
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subjectivity of choosing a specific parametric model before observing
data. But there were costs in terms of the increased complexity of the
mathematical arguments involved, issues with their interpretability,
initial difficulties in practical applications, e.g. bandwidth selection
(i.e. smoothing parameter selection), the curse of dimensionality, and
computational costs. See Breiman [54], Wasserman [322], Hastie et al.
[143], and James et al. [162] for discussions and coverage of these types
of methods.

3.3.1 Asymptotic Final Prediction Error

The ideas introduced in Auestad and Tjostheim [26] aimed at identi-
fying nonlinear time series with nonparametric estimates of the condi-
tional mean and the conditional variance. They noted that most of non-
linear models satisfy the assumptions necessary to apply the nonpara-
metric asymptotic theory (see also Robinzonov et al. [249]). Through
simulations, they adjusted the conditional quantities, while also using
asymptotic arguments for an AR(1) process. By way of further reason-
ing on the estimates of the conditional mean and conditional variance,
they dealt with the problem of identification, obtaining a MS criterion
heuristically that is able to manage distortion and misspecification.

Continuing along this line, Tjostheim and Auestad [300] presented
a nonparametric procedure for lag selection of general nonlinear sta-
tionary time series. The original derivation was based on S-mixing
properties with an exponentially decreasing mixing rate®, smoothness,
and bandwidth rate assumptions. The objective was to select lags that
give a “good description” of the conditional mean and conditional vari-
ance structure, where the goodness of approximation was measured
by the MSPE.” In that sense, it is a nonparametric analogue version of
Akaike’s FPE criterion [1, 2]. Vieu [317] followed a similar path with
a nonparametric approach to estimate autoregression order without
restriction on the parametric class of processes. They proposed a tech-
nique based on the minimization of some prediction error, similar to
the AIC criterion. Under homoskedasticity, they showed consistency
of the CV approach, a similar result which was also obtained by Yao
and Tong [350]. More recently, Manzan [205] studied the finite-sample
performance of MS criteria for local linear regression by simulation,
showing that the AIC and FPE perform very poorly because they tend
to over fit (use too many parameters compared to optimal).

We will follow Tschernig and Yang [310] and Tschernig [309], focus-
ing on the use of the nonparametric FPE in MS to obtain their Asymp-
totic FPE (AFPE). By asymptotic analysis, they showed asymptotic con-
sistency in their nonparametric FPE allowing for heteroskedasticity,

8 See Appendix A.2.4 for details.
9 See Remark 3.2.2.
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and showed that overfitting is more likely than underfitting, suggest-
ing a correction of the nonparametric FPE to reduce overfitting in
favour of correct fitting. This strategy was further explained in Tsch-
ernig [309]. The result is a nonparametric estimation of univariate
nonlinear time series models, covering conditionally heteroskedastic
errors and seasonal features. These two works will be summarized
with a focus on the methodology for obtaining the desired asymptotic
properties. The similarity of their approach to those presented before
should be evident to the reader. It is worth noticing that in the formal
derivation, Tschernig and Yang studied a different and independent
vector of observations than the original, {f; } independent of {y;}, but
with the same stochastic properties, a strategy that is common in the lit-
erature. Appendix A.2.5 shares some notes on the two nonparametric
estimators employed.

Consider a nonlinear conditionally heteroskedastic autoregressive
(NAR) model generating a univariate stochastic process {Y; }+>o:

Ve = p(Xe) + 0 (Xp)& (195)
Assumptions 7. The following technical conditions are required:
(i) X; = (Yiiy,Yioip,...,Ysi,) ", areall the correct lagged values, with
1 < <y,
(ii) {&} is sequence of i.i.d. random variables, with E[&;] = 0, E[€2] = 1;
(iii) Lett = {im,im + 1,...} be the set of times;

(iv) Let pu(-) be the conditional mean function and o(-) the conditional
volatility.

Assumptions 8. The AFPE is defined under the following assumptions:

(I) Allthelags indicated by the indexes {i1, . . ., iy, } are necessary to model
the conditional mean function (- ), but these are not the same necessary
to model the conditional volatility function o (-).

(II) The process Xprp = (Yio1,..., Yioar)T is strictly stationary and
B-mixing,'0 with B(n) < con=**+970,§ > 0, and ¢y > 0. Where
(i) M > iy, M integer
(i) B(n) = Elsup{|P(A|F};) — P(A)]: A€ F5}]
(ii) ]-"tt/ is the o-algebra generated by Xy 4, Xari415-- > Xmp

(III) The stationary distribution of the process X nr + has continuous density
fM(acM), Ty € ]RM.

(IV) (a) The conditional mean function u(-) is twice continuously differen-
tiable; (b) The conditional volatility function o(-) is continuous and
positive on the support of f(-).

10 See Appendix A.2.4.
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(V) The random variables {&; }+>,, have a finite fourth moment my.

(VI) For the weight function w(-), w : RM — R, assume that it:
(i) is continuous;
(ii) is nonnegative;
(iii) weights the density f(xpr) > 0, with s in the support of (w);

(iv) has compact support with nonempty interior.

(VII) The kernel function K : R —s R is a symmetric probability density
(kernel) and h = hr is a positive number (bandwidth), with

Thm
— oo, (196)

h — 0,

as’ T’ —» oo.

ON AssUMPTIONS Tshernig and Yang refer, to Tweedie’s results in
Doukhan’s lectures’” notes [104] (among others) for technical condi-
tions guaranteeing (I) and (II). Specially, Theorem 7 and Remark 7 [104,
pp- 102-103]. Condition (I1I) delivers that f(-) denotes both f(-) and
all of its marginal densities. If the Nadaraya-Watson (NW) estimator is
used, then fj/(+) has to be continuously differentiable. In their Monte
Carlo study, linear processes following AR(1), AR(2), AR(3), and non-
linear processes NLAR(1), NLAR(2), NLAR(3) satisfy conditions (I-IV).
Instead, the nonlinear process NLAR(4) with triangular errors violates
smoothness condition (II) (V f (z) does not exist at some points). Condi-
tion (V) ensures consistency for lag selection. At the same time, under
assumptions (I-V), it is no longer necessary to generate the process
{V;} to compute the FPE. Furthermore, using a single weight func-
tion defined for the largest lag vector X, allows for the treatment
of both bounded and unbounded time series. There are other authors
showing consistency results only for bounded time series. An excep-
tion is Vieu [317], which is a special case in the setting of Tschernig
and Yang [310]. Condition (VI) ensures that the asymptotic distribu-
tion does not: (a) collapses to a point, or (b) have an asympotic bias
increasing infinitely large. Please refer to Appendix A.2.5 for details
on the employed Nadaraya-Watson and Local Linear estimators.

Ms ALGORITHM In Tschernig and Yang [310] and Tschernig [309],
the algorithm for MS requires to define a priori a set of possible lag
vectors S, to choose the maximal lag M, and to define the full lag
vector zyp = (Y1, Yt—2, - - - ,yt,M)T (denote by X, but depending
on time ¢ and on lag M). It is specified in the simple pseudo-code in
Listing 2. As optimality criterion for the elimination of redundant lags,
the authors used the MSPE, i.e FPE.

The following definition requires to consider process {Y;} with ex-
actly the same distribution as {Y;}, but independent of it:
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Listing 2: MS algorithm’s pseudo-code

Define S
Select M
Define X
Eliminate redundant lags from X

Definition 65. For a given bandwidth h, and lag vector {if, ... i .}, define
the FPE of an estimate [i of j as the functional:

FPE(h,if,...,i}.) = B[{5 — p(#, b)Y w(3, M)]
-/ [ J45= " W) Yu() 15.5) d@d@M]

Xf(yl,...,yT) dyldyT:FPE(ﬁ) (197)

The outer integral averages over all possible realizations of the estima-
tor i(z*, h), and it depends on a given #*, bandwidth h, and sample
realizations {yi,...,yr}.

LINEAR AND NON LINEAR AR PROCESSEs The FPE measures the
discrepancy between /i and the true functional relation between §; and
Zy, and:

(i) If: (a) the process {§:} is a stationary linear AR process, and (b) /1
is a linear regressor; then the usual (linear) FPE follows ([1, 2]).

(ii) If the process {7;} is a stationary nonlinear AR process and /i is
a nonparametric estimator, then we obtain the Nonparametric FPE
(Auestad and Tjestheim [26], Tjostheim and Auestad [300]).

If the FPE(h,if,...,i ) would be observable, then we may se-
lect the lag vector and corresponding bandwidth which minimizes
the FPE across all lag combinations considered. Since usually the
FPE(h,i{,...,i ) is not observable, it is necessary to estimate it.
Possible solutions are given by the CV method (as in Vieu [316] or Yao
and Tong [350]), or the one pursued here: to find asymptotic expres-
sions of the FPE(-) as in Auestad and Tjestheim [26], Tjostheim and
Auestad [300], and Tschernig and Yang [310]. By Theorem 2.1 [310, p.
461], the definition and decomposition of the nonparametric AFPE is
obtained as in the following definition.

First, write the FPE as in Eq. 197, and let a = {1, 2}, where a = 1 refers
to the NW estimator, and a = 2 refers to the Local Linear Estimator

(LLE). Then:
Definition 66. Under assumptions (I-VI), for a = {1,2} ,as T — oo,

FPE,(hyi1,... im)
= AFPE,(hi1, ... im) +o(h* + (T — i) th™™), (198)
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in which the Asymptotic FPEs are given by:
AFPEq(h,i1,...,im) = A+b(h)B + c(h)Cy, (199)

To help with the interpretation, write Eq. (199) as:
AFPE,(h,correct lags) = LV.+E.VE. + S.B.E. (200)

where the initials stand for 'Integrated Variance’, "Expected Variance
of the Estimator’, and "Squared Bias of the Estimator” respectively .

Definition 67. The Integrated Variance is equal to the FPE of the true
function pu(-):
A= /02(35) w(war) f(xar) dem = E [0 (@) w(zea)].  (201)

Given that b(h) B and ¢(h)C,, tend to zero as the sample size diverges,
both the FPE and AFPE tend asymptotically to the integrated variance.
The b(h) quantity depends on bandwidth and kernel constants:

b(h) = ||K[|5™(T —im)~th™™, (202)
with b(h) B vanishing asymptotically.

Definition 68. The Expected Variance of Estimation is equal to:

B = /02($) w(zar) faar) f(lx)dxm
B 02 @)
_E[ ( t) f(xt) ] (203)

Definition 69. The integrated SBE, in the LLE case (a=2) is equal to:
Pu(x) )
Cyey = / <tr{ oW w(zy) flaar) deyy (204)

2, (x 2
:El(tr{%58($,)}> w(xM)]

where c¢(h) depends on the bandwidth and on the kernel constant:

c(h) = O'}l(]jf (205)

with ¢(h)Cy=2 vanishing asymptotically.

Two cases may be distinguished. In the first, all correct lags are
included, plus some additional ones. In this case, all corresponding
variables can can be indexed with a "+" sign and the modified FPE
expansion can be obtained, delivering Theorem 3.3 in Tschernig and
Yang [310, p. 464]. In the second case, the relevant lag is left out and
we are in an underfitting situation. In this case, the AFPE(-) of the
underfitted and the correct model differ by a contant (independent of
the bandwidth and sample size). Theorem 3.4 in Tschernig and Yang
[310, p. 465] refers to this case.
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3.3.2 Alternative methodologies for nonlinear time series models

Robinzonov et al. [249] presented the use of boosting techniques'! in the
context of time series. By considering a broad class of nonlinear time
series, the class of nonlinear additive autoregressive model (NAAR), they
obtained estimates of the lags of the time series as flexible functions to
detect non-monotone relationships between current and past observa-
tions. A component-wise boosting algorithm is applied for simultane-
ous model fitting, variable selection, and model choice, delivering lag
selection and dealing with nonlinearity. Its forecasting potential is ex-
emplified with for German industrial production data with additional
exogenous variables. Their work assesses the issues of high dimen-
sionality in models: using Exogenous NAAR (NAARX) models they
noted how their boosting technique can cope with large models with
the number of explanatory variables much larger than the number of
observations.

In Zhang and Wu [355], for a general class of nonparametric time
series regression model with time-dependent regression function, the
authors established an asymptotic theory for estimates of the time-
varying regression functions. This work also proposed an information
criterion and proved its asymptotic consistency. The empirical part is
an application to the U.S. treasury interest rate data.

To face the problem of dimensionality, an example of recent devel-
opment in this sense is given by Chen et al. [72] with the use of model
averaging, where semiparametric methods (i.e. a combination of both
parametric and nonparametric techniques) for dimensionality reduc-
tion of the possible regressors is proposed, delivering good results in
terms of forecast of the dependent variable, and for:

(a) cases when the number of variables is much larger than the sample
dimension, k£ >> n, and

(b) factor models.

For an updated introduction to nonlinear time series analysis, see the
recent monograph of Tsay and Chen on nonlinear time series analysis
[308]. It offers several applications with the open-source R software. In
Chapter 3, nonparametric modelling of univariate time series include
methods and techniques such as: kernel smoothing, local polynomial,
B-splines, smoothing splines; wavelets and thresholding; index mod-
els; and sliced inverse regression. All of these, and many others, are in-
cluded to explore nonlinearity in a time series and to introduce NAAR
models. Their work showed how to increase flexibility in modelling
the nonlinearity embedded in the data.

11 For details, see Hastie et al. [143].
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For a recent exploration on the limits of distribution-free conditional
predictive inference and open questions, see Foygel et al. [117].

3.4 HIGH-DIMENSIONAL AND ALGORITHMIC APPROACHES

For a recent systematic review of MS in high-dimensional regression
(least squares, logistic, and quantile regression models), see Lee et
al. [184]. For a history of subset selection, see Chen et al. [76]. Two
key moments are worth mentioning. In 1994, Chen and Donoho [74]
defined the goals of Adaptive Representation . These are:

i. speed (computational time in order O(n) or O(nlogn));
ii. sparsity (similar to parsimony, fewer coefficients);
iii. perfect separation (clear decomposition of the representation);

iv. stability (resistance to small perturbations).

In 1996, Tibshirani [298] proposed the famous least absolute shrinkage
and selection operator (lasso) for regression and generalized regres-
sions. The idea behind it is to define a shrinking operation to produce
coefficients equal to zero, and it was exemplified while competing with
subset selection and ridge regression.

To conclude, we indicate 17 works from 2013 to 2021 of algorithmic
approaches applied to high-dimensional settings:

(i) Leeand Bjornstad [185] rephrased the testing problem in the large-
scale setting as a problem of prediction of latent class indicator
variables. Through the data, parameters, and unobservables, they
extended the likelihood approach to study the unobservable la-
tent indicator. This method delivered oracle tests with an efficient
extended LR test, and efficient FDR-control. They used hierarchi-
cal random-effect models to test the null hypothesis. Three exam-
ples were based in two-sample cases for the analysis of prostate
cancer and leukaemia data.

(ii) Lv and Liu [200] contributed to MS in misspecified models under
the Bayesian and the KLI principle. Via asymptotic expansions
they obtained the GBIC and GBIC,,, then expanded in [94]. Consider
a situation as for the MRIC approach in Section 3.2.2.3. Let n be
the sample size, k be the cardinality of the assessed model, and
consider the three estimates 6}72, R, Ch,O/ as defined in Eq.s
(141), (143), and (144). Then approximate estimates of GBIC and
GBIC,, are obtained as:

klogn log det(H},)
n
klogn n tr {Hh} B log det(H},)
n n n

GBIC = log 67 + (206)

GBIC, = log 67 +

(207)



(iii)

(iv)

v)

(vi)

(vii)
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with H}, = 6,:21?_1@;170, consistent estimator of afR_lC’ 1,0, for
generalized linear models. These two criteria offer advantages
for both the correctly and misspecified case. In Hsu et al. [154,
Section S5] is presented a comparison for possibly-misspecified
time series models between these, including the AIC, BIC, Konishi
and Kitagawa’s GAIC [173], and the MRIC. The comparison was
performed for linear, nonlinear, and high-dimensional models.
It showed the superiority of the MRIC in different challenging
settings.

Bogdan et al. [47] proposed the Sorted L-One Penalized Estima-
tion (SLOPE), a method based on considering the problem as a
convex program with computational complexity similar to that
of procedures such as the lasso [298], dealing also with high-
dimensional cases, in a way similar to Benjamini and Hockberg
[31].

Candes et al. [64] showed feature selection in high-dimensional
nonlinear models. Considering a general conditional model, for
i.i.d. observations, acceptable in high dimensional applications in
genetics, or client behavioural models, and assuming no knowl-
edge about the conditional distribution. When the distribution
of the covariates is known, they obtained powerful procedures
to control the FDR in finite samples, by extending the results in
Barber and Candeés [27].

Owrang and Jansson [218] assessed MS when the number of
measurements is much smaller than dimension of the parameter
space, and proposed the Extended Fisher Information Criterion
(EFIC) for high-dimensional linear regression in the 7.i.d. context.
They also showed its consistency with probability one, and built
a computationally affordable algorithm for its implementations.
An additional feature is that it also determines implicitly the
regularization parameter in the lasso estimator.

Section IV in Ding et al. [100] devoted to an overview of high-
dimensional variable selection techniques.

Hsu et al. [153] addressed a serious lacuna in realistic applica-
tions: MS in the fixed-dimensionality setting (as n diverges but
keeping the ‘true” order k of the model fixed), with possibly mis-
specified time series models, for multi-step prediction, and the
high-dimensional setting. They proposed the MRIC used after
sequential procedure. In the first step, the Orthogonal-Greedy-
Algorithm (OGA) of Ing and Lai [161] is employed, which is
a stepwise regression method that performs variable selection
sequentially for regression models where k& >> n through Resid-
ual Sum of Squares (RSS) minimization. In the second step, the
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High-Dimensional Criterion (HDIC), which allows to trim even-
tual redundant indices corresponding to parameters that should
be zero. They called this procedure "OGA+HDICj,+Trim", and
showed selection consistency in high-dimensional misspecified
time series.

Xue and Hu [343] proposed an extension of the TIC to the on-
line updating setting, with normal linear regressions models and
the Cumulative Updated Estimating Equation (CUEE). They also
showed that the BIC and their consistent RIC have more stable
performance than the AIC and standard RIC for a fixed block
size.

In the context of Causal Network Discovery, Runge et al. [252]
considered the use of the AIC for hyperparameter choice in the
condition selection stage. They also indicated that in the Mo-
mentary Conditional Independence test, CV, BIC, or AIC can be
employed for selection of the regularization parameter.

Demirkaya et al. [94] focussed on ultra-high dimensional MS, with
model misspecification, where the dimesionality of the model can
grow nonpolynomially with sample size n. Using generalized
linear models, they followed Lv and Liu [200] and investigated
the asymptotic expansion of the posterior model probability via
QMLE [330].

Ying et al. [352] proposed an automated MS solution for anomaly
detection in time series to ensure quality of online service. Their
work proposed an automated selection mechanism for the choice
of the best anomaly detection model and its hyper-parameters,
showing that it can reduce the time-cost of improving unsatisfied
detection.

Narisetty [212] overviewed Bayesian MS for high-dimensional
data.

Liu and Chen [193] formally introduced a threshold factor model
where the dynamic of the time series is assumed to switch be-
tween regimes, depending on the value of the threshold variable.
They proposed the estimation of the loading spaces and of the
number of factor, via eigen-analysis of the cross moment matrices.
They also developed an objective function to identify the thresh-
old value, and showed that even in the case of over-estimation of
the number of factors, the estimators kept consistency.

Chiou et al. [78] assessed MS in the high-dimensional with het-
eroskedastic and serially correlated errors, also contemporarily.
Via a two-part selection procedure, called Twohit, they proved its
consistency in selection of regression and dispersion variables
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for errors with short-memory, long-memory, or conditionally
heteroskedastic component, and showed its finite sample perfor-
mance.

Hastie et al. [144], extending Bertsimas et al. [36], studied the rela-

tive merit of £y, £1, and forward stepwise selection with different
Signal to Noise Ratio (SNR). They found that:

(I) stepwise and best subset perform similarly;

(I) best subset often loses to the LASSO, except if there is high
SNR;

(IIT) the relaxed LASSO performs as the best method in almost
every scenario.

Bertsimas et al. [37] provided a unified perspective for feature
selection, focusing on five methods: the NP-hard cardinality- con-
strained formulation, its Boolean relaxation, £;-regularized es-
timators (lasso and elastic-net) and two non-convex penalties
(smoothly clipped absolute deviation (SCAD) and minimax con-
cave penalty (MCP)). The comparison of the methods was in
terms of accuracy and False Discovery Rate (FDR). They high-
lighted how most of the literature has focussed on the accuracy.
They noticed the differences in terms of accuracy between con-
vex and non-convex penalties. According to them, it mimics the
distinction between robustness (i.e. good out-of-sample predic-
tive performance even in noisy settings) and sparsity. Convex
penalties delivers robust estimators, but non-convex regulariza-
tion are theoretically more appealing given their less stringent
assumptions. The best approaches are those combining convex
with non-convex components.

Lai and Yuan [181] proposed a review of stochastic approxima-
tion showing the evolution its introduction in 1951, and its con-
nection with developments in time series and sequential analysis.
In relation to our survey, variable selection with the Pure Greedy
Algorithm, the OGA and similar works were discussed.

CONCLUSIVE REMARK

“The better approach will be to isolate for critical discussion the
separate aspects entering into the final decision; what is con-
tributed by the data? what are the assumed utilities and what
is the basis for their calculation? Most importantly, have all the
possible decisions been looked at? The contribution of statistical
ideas to major decision making is more likely to be in the clarifi-
cation of these separate elements than in the provision of a final
optimum decision rule.”

Cox and Hinkley, 1979 [86, p. 416]
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The evolution of methods and techniques of innovative MS brought
us to a current situation were there is increasing interest in: proposing
novel solutions; combining alternative approaches; recovering classi-
cal solutions to be implemented in novel algorithms; or in refining
current methods. See Gelman and Vehtari [122] for a path on the most
important statistical ideas of past 50 years and their connections.

MS is still an open problem, with various potential approaches de-
pending strongly on the objective of the analysis or prediction. We
advice researchers and practitioners to keep in mind this vast multi-
plicity of approaches to select the most suitable for their studies.
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A FIRST MULTIVARIATE EXTENSION OF THE MRIC:
MULTIVARIATE RESPONSE AND SINGLE
PREDICTOR

ABSTRACT

The Misspecification-Resistant Information Criterion (MRIC) proposed
in [H.-L. Hsu, C.-K. Ing, H. Tong: On model selection from a finite fam-
ily of possibly misspecified time series models. The Annals of Statistics. 47
(2), 1061-1087 (2019)] is a model selection criterion for univariate para-
metric time series that enjoys both the property of consistency and
asymptotic efficiency. In this article we extend the MRIC to the case
where the response is a multivariate time series and the predictor is
univariate. The extension requires novel derivations based upon ma-
trix theory. We obtain an asymptotic expression for the mean squared
prediction error matrix, the vectorial MRIC and prove the consistency
of its method-of-moments estimator. Moreover, we prove its asymp-
totic efficiency. Finally, we show with an example that, in presence
of misspecification, the vectorial MRIC identifies the best predictive
model whereas traditional information criteria like AIC or BIC fail to
achieve the task.!

Keywords: multivariate time series, MSPE matrix, information criteria,
vectorial MRIC, asymptotic efficiency, model selection.
2020 MSC: Primary 62H12, Secondary 62F12

41 INTRODUCTION

The appealing properties of the MRIC make it an ideal tool for omnibus
time series model selection but, to date, only the univariate response
case has been studied [153]. In this work we extend the MRIC to mul-
tivariate time series with a single regressor as to obtain the vectorial
MRIC (hereafter VMRIC). As it will be clear, such an extension does
not easily derive from the univariate case since it requires dealing with
the dependence structure within the components of the vector of fore-
casting error and hence relies upon matrix theory. Such multivariate
extension can be used in all those models where many time series de-
pend upon a single regressor, like for instance, in econometrics, where
many interest rates depend upon a single macroeconomic indicator,

This chapter is an updated version of Diaz Rubio, Giannerini and Goracci [98], and the
results from Theorem 1 have been presented in Diaz Rubio, Giannerini and Goracci
[97].
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such as inflation. Other possible applications include dimension re-
duction and hedging, which is intimately connected to the problem of
model selection [38].

The rest of the chapter is organized as follows: in Section 4.2 we intro-
duce the notation and in Section 4.2.1 summarize the available results
for the univariate case; in Section 4.3 we extend the MRIC approach
to multivariate time series with a single regressor. In particular, in Sec-
tion 4.3.1 we obtain the asymptotic decomposition of the Mean Squared
Prediction Error (hereafter MSPE) matrix into two parts: the first one is
linked to the goodness of fit of the model and the second one depends
upon the prediction variance. In Section 4.3.2 we present the VMRIC
and derive a consistent estimator for it, whereas in Section 4.3.3, we
prove the asymptotic efficiency of the VMRIC. Section 4.4 presents an
example to assess the effect of misspecification in the VMRIC frame-
work. All the proofs are detailed in Section 4.5. Appendix B.1 contains
an auxiliary technical lemma valid for the multivariate regressor set-
ting.

4.2 NOTATION AND PRELIMINARIES

For each t, let {x;} and {y;}, with x;, = (z41,...,2¢m)" and y; =
(Yt.1,-- -, Ytw) ', be two weakly stationary stochastic processes defined
over the probability space (Q), F,IP). Whenm = 1 (w = 1, respectively)
we write x; (y;). Given a vector v and a matrix M, we use ||v|| and ||M]||
to refer to the L vectorial norm and the matrix norm induced by
the Euclidean norm, respectively. We write o(1) (o,(1)) to indicate a
sequence that converges (in probability) to zero and O(1) (O,(1)) to
indicate a sequence that is bounded (in probability). Moreover, let {c,, }
be a sequence of scalar random variables whereas {v,,} and {M,,}
are sequences of random vectors and random matrices, respectively.
We adopt the following notation: v,, = op(cy) if ||Vl /e = 0p(1);
Vi = Op(cn), if [Vall /en = Op(1), Mn = op(cn) if [|[ M| /en = 0p(1);
M, = Op(c,) if |[M,|| /¢, = Op(1). For further details on matrix
algebra see [150, 216, 260], for multivariate time series see [198, 237,
307], and for asymptotic tools for vector and matrices, see [163].

Let {(x¢,y¢),t € {1,...,n}} be the observed sample, and divide the
interval {1,2,...,n} into the training set {1,2,..., N} and the test set
{N +1,...,N + h}, with h being the forecasting horizon. Note that
x; can contain both endogenous and exogenous variables, therefore,
Model (208) encompasses many different models including, inter alia,
VAR and VARX models. Without loss of generality assume E[x;| =
Ely:] = 0. In order to forecast y,+n, h > 1, we adopt the following
h-step ahead forecasting Model:

Yitn = Bpxg + Egh); (208)
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where Bj, isa (w x m) matrix parameters’ matrix defined as the pseudo-
true parameter for the possibly-misspecified model

By = arg(min) E [(Yt+h —Cx¢) (Yitn — CXt)T} ; (209)
CER w X m

and e,gh) is the vector containing the w h-step ahead forecast errors; as

(h).

before, if w = 1 we write ¢,

Remark 3. This general definition of the model includes: (i) the setting of
multi-step forecasting with h < 1; (ii) exogenous and endogenous variables
in x; and (iii) cases where the prediction error vector sgh) can be serially
correlated, but also correlated with xs, s # t. Moreover, the multivariate
framework differs from [153] in different key aspects. For instance, (a) the

components of the error vector can be cross-correlated, and (b) xtsgh) and

xke,(ch), for t # k, can also be both serially and cross correlated. Besides, as in
the original MRIC, x may vary also with h, but for notational simplicity, it is
avoided.

Define

A

N
R=N"'Y"xx/ and R=E[xx/] (210)
t=1

Then, the ordinary least squares estimator (hereafter OLS) of By, results:

N
B,(h) =R (N—l thyj+h> . (211)
t=1

When m = 1, R and B become R and S, respectively. The prediction
of yn4n, h > 1,1s given by

A

Vnt+n = Bn(h)xy (212)
and the corresponding Mean Squared Prediction Error matrix is
MSPE;, = E [ (Y — Fnsn) Ynin — Fnin) | (213)

421 The MRIC for parametric univariate time series models

In [153], the authors focused on the case w = 1 and m > 1. Under
appropriate conditions, they obtained the following asymptotic de-
composition of MSPE:

MSPE), = B (4 — Gnin)?] = MIy + 07 (VI +0(1)), (214)
with

MI, = E [(eﬁf”ﬂ ,
h—1

VI, = tr {R—lch,o} +2> tr {R‘ICh,s} ;

s=1
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n) _(h . . .
where Cp, ; = E {xlxﬂssg ) 5§ Jr)s] , s > 0, is the cross-covariance matrix

between the regressors and the h-step ahead prediction error at lag s.

Remark 4. The first part of Eq. (214) is the Misspecification Index (MI),
linked to the goodness-of-fit of the model and coincides with the h-step ahead
prediction error variance. The second component is the Variability Index
(V1), which depends upon the variance of the h-step ahead predictor, §y,+p =

B,TL (h)xy, and is also linked to the bias of the estimator of (3;,.

Based upon the above decomposition, the MRIC is defined as follows:
MRIC;, = MI,, + %‘\?Ih, (215)

with MI,, and VI, being the estimators of MI;, and VI, respectively,
ie.

N 9 . h—1
I3 (EY) Vh=u{f G 2> e {RTEC),
t=1 s=1
where Gy, = (N =)™ S5 xox ] 2" el and 6" = g — B, ()%

is the estimated forecast error; «, is a penalization term sequence such
that, as n increases:

‘L\/’% 400 and % 0. (216)

It is shown that MI;, and VI, are consistent estimators of MI; and
VI, moreover the asymptotic efficiency of the MRIC is proved. By
minimizing this criterion, the model which minimizes VI among those
with minimum MI is selected. Among other features, the MRIC is
particularly helpful in situations where competing models present the
same goodness-of-fit and the same number of parameters.

Remark 5. Hsuetal. [154, Section 6] indicated the required steps to determine
a in the penalty weight of the type o, = n®, which satisfies Eq. (216). Let
{St}, 1 < t < n, be the possibly stationary series of interest; |nd| with

= 0.3 be the latest sample’s portion of {S;} retained for model evaluation;
Sy 1, be the predictor of Sy, selected by a criterion and estimated via LS using
observations up to time t; and the empirical MSPE, i.e. EMSPE:

n—|nd|]—h
1 A 2
EMSPE = —— > (Spn—Sua) - (217)
Ln J t=n—2|nd|—h+1

In a real data analysis, « is chosen as the minimizer of the in-sample empirical
MSPE:

1 n—|nd|—h

N 2
— Y Seen— 80 (218)
[nd] t=n—2|nd|—h+1 ( )
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over a € {0.1,...,0.8}, where S’t(_‘z;l is Sy, with order selected by MRIC set-
ting the penalty of o, = n®. Hyndman and Koehler [159] surveyed measures
of forecast accuracy including scale-dependent measures, measures based on
percentage errors, on relative errors, or relative measures. They proposed the
Mean Absolute Scaled Error, useful also for multi-step forecast in univariate
time series and displaying positive features for the comparison of different
methods. The choice of « could benefit from these considerations.

Remark 6. The type of penalty considered in [153] is similar to that used in
[277, p. 2301 for the correctly specified case.

4.3 A MULTIVARIATE EXTENSION OF THE MRIC FRAMEWORK

In this section we extend the MRIC approach to the case where the

response is a multivariate time series (w > 2) and the predictor is uni-

variate (m = 1), for a generic h-step ahead forecast. Hence, Model (208)
(h)

reduces to y;y, = Bz +€; ', namely:

h
Yirh1 = Brire + E,E,l)
h)

Yt+h2 = Bh2Tt + 5:5,2 (219)

(h)

Yt+hw — ﬁh,th + Etw-

4.3.1 Asymptotic decomposition of the MSPE matrix

We extend the asymptotic representation of the MSPE,, defined in
(214) which is the key step to derive the VMRIC in this multivariate
framework. We rely upon the following assumptions, which are the
natural multivariate extensions of those in [153].
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Assumptions 9.

(C1)

(C5)
(C6)

dq1 >5,0< Ky <oo: foranyl <nj <ng <n,

- @
(ng —ny 4+1)712 > 2 —E [x%} ] < Kj.

t=n1

T
1. Ch,s = E |:€§h).%'t <€§-’|1-)sxt+s)

E

1t

2. E {xlxnegﬁ)sgﬂ = o(n V) Vi,je{l,...,w}

1. sup E [|xt\10} < 00,
—oo<t<oo

6
2. sup E [Hegh)H } < o0.
—oo<t<oo
J0< Ky <oo: forl <mj <mng <mn,
5
—1 N> ()
(ng—np+1)"2 Z g, 1y

t=n1

E < Ks.

Forany ¢ > 0, E HR_lm =0(1).

1 Fy C F, Fi an increasing sequence of o-fields such that:

1. x; is Fy-measurable,

2. sup E UE (2 | Fi] —Rﬂ = o(1), as k — oo,

—oo<t<oo

3. sup E U’E [egh)xt | ]:t—k} ‘ﬂ = o(1), as k — .

—oo<t<oo

Theorem 1. Under the regularity conditions (C1) — (C6), the asymptotic
expression of the MSPE}, defined in (213) results

N {E [(YnJrh - ynJrh) (YnJrh - ynJrh)T —E [egl)sghf” }

=R 'E

—I—RlE[

(Egh).%j) ({:‘gh)aﬁl)—r

h—1

s=1

+o(1).

(220)

5 {(ee) (o) () ()}

Remark 7. For interpretations and details on Assumptions 9 and on the
following Assumptions 10, please refer to Remark 14, Remark 16, and Section
5.4 in Chapter 5.

4.3.2 VMRIC and its consistent estimation

In this section we introduce the VMRIC. Let {«,, } be the penalization
term sequence defined as in Eq. (216).

VMRIC), = ML, || + HOZLVI;L

(221)
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where

M1, = 1 [(=0e7)]

VI, = R (Ch,o + hi:l (Ch,s + C;,s)) ;
s=1

Cns =E [(aztsgh)> (mtsgh))T .

The VMRIC can be estimated via the method-of-moments as to
obtain:

VMRIC), = M1, | + HO‘”VIh ,
n

(222)

where
N
MI, =N 'Y (ététT ) :
t=1

h—1
Vi, €0+ 52 (G L)

s=1
and €, = (N —8) ' SN w848/, with & =y — B (R)2:
the estimated forecast error vector.
In Theorem 2 we prove that MI,, and VI, are consistent estimators
of MI;, and VI, respectively. Theorem 2 relies upon the following
assumptions, that are less restrictive with respect to (C1) — (C6). For

further discussions on the assumptions see [153, Remark 1-3, p. 1073].

Assumptions 10. For each 0 < s < h — 1, we assume the following:
(A1) 03 (ePT) = B[] + 0, (n2)
t=1
(42) ! i (e (xt+ssg¢>s)T — Cha +0y(1),
(A3) _1/22xt€t = O,(1).

(A4) nt th R+ 0p(1),

(A5

~—

sup E [Het H } + sup E [thﬂﬂ < 0.
—oo<t<oo —oo<t<oo

Theorem 2. If Assumptions (A1) — (A5) hold, then for the case w > 2, and
m = 1 we obtain:

MI), = MI}, + Oy(n'/?),

VI, = VI;, + 0,(1).
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4.3.3 Asymptotic efficiency

In this section we prove the asymptotic efficiency of the VMRIC in
the fixed dimensionality framework. To this end, let M be the set of K
candidate models; each model is indicated eitherby forx,1 < ¢,k < K.
Define the subsets M; and M5 as follows:

M= {H 1<k <K ML) = min HMIh(e)H} L (e3)

My = {5 € M1, VI ()] = i [VEL(O)]}. (224)

In short, for a given forecast horizon h, M; contains the models with
the minimum MI; whereas in M, we are minimizing VI, among
the candidates models in M;. The definition of efficiency used in our
framework is the same as that of [153]:

Definition 70. Given a sample of size n, a model selection criterion is said
to be asymptotically efficient if it selects the model £y, such that

Tim_ Pr (éh c MQ) =1

Remark 8. Alternative definitions of asymptotic efficiency for model selection
are available. For instance, in the framework of linear stationary processes,
[272] defines the Mean Efficiency when a criterion attains asymptotically a
lower bound for the sum of squared prediction errors. Also, the notion of
Approximate Efficiency is given in [276]. In [190], a criterion that depends
upon the ratio between loss functions is introduced. This latter definition is
similar to the Loss Efficiency proposed in [267]. See Section 2.5.2 for a detailed
discussion.

The VMRIC selects the model with the smallest variability index
among those that achieve the best goodness of fit. Hence, the selected
model 7, is such that:

VMRIC, (£,) = min HMIh(e)H + min

%\?lh(z) H . (225)

In the next Theorem we show that the VMRIC is an asymptotic efficient
model selection criterion in the sense of Definition 70.

Theorem 3. Assume that for each 1 < ¢ < K,0 < s < h — 1, Theorem 2
holds and let 7}, be the model selected by the VMRIC. Then we have that:

lim Pr (fh € Mg) =1,

n—oo

namely, the VMRIC is asymptotically efficient in the sense of Definition 70.
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44 EXAMPLE: A MISSPECIFIED BIVARIATE AR(2) MODELS

The aim of this section is twofold. First, we assess the goodness of the
theoretical derivations and the finite sample behaviour of the Method-
of-Moments Estimator (MoME) for the VMRIC. Second, we show that
in presence of misspecification the VMRIC leads to selecting the best
predictive model (i.e. is asymptotically efficient) whereas both the AIC
and the BIC fail to do so. In order to achieve the goals we consider a
bivariate AR(2) DGP and use two misspecified predictive models for
it: in Model 1 there is one omitted lagged predictor, whereas Model
2 uses only one non-informative predictor. We derive theoretically
the Mean Square Prediction Error matrix and the VMRIC for both
models and these show that Model 1 is a better predictive model over
Model 2. Based on this, we assess the ability of the VMRIC, and of
the multivariate versions of the AIC and BIC to select the best model
(Model 1) in finite samples and for different parameterizations.

We start by providing the definition of misspecification as in [153,
p. 1084]. Consider an increasing sequence of o-fields, {G;} such that
o(xs,8 <t) C G, C F, where {x;} is an m-dimensional weakly sta-
tionary process defined over the probability space (Q2, F,P).

Definition 71. The h-step ahead forecasting model:

Virn = Bhxi + €£h)7 (226)

is correctly specified with respect to an increasing sequence of o-fields, {G;}

if
Elyin| G =Bix as,V —oo<t<oo. (227)
Otherwise, it is misspecified.

Remark 9. For correctly specified models we have E [sgh)xt,j =0,7>0,
i.e. both simultaneous and lagged correlations are null vectors. A possible

consequence of misspecification is that it may occur that E [e§h)ms} # 0,

for s # t, while still have E [sgh)xt} = 0, i.e. to have null simultaneous
correlation and non-null cross- serial- correlation between the forecasting
error vector and the regressor, e.g. Remark 12. Null simultaneous correlation
depends on the definition of the pseudo-true parameter [3;,.

Remark 10. Hansen [139, p. 268] details the consequences for a constrained
estimator 3 when the constraint is incorrect, indicating that it generalizes
the analysis of ‘omitted variable bias’. Estimators’ bias is unavoidable, but the
distributions centred at the pseudo-true projections (instead of being at the true
parameter [3) maintain the conventional covariance estimator. An alternative
approach delivering the same explanation is that of local misspecification, i.e.
when the misspecification decreases with sample size n, convenient for other
purposes.
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Remark 11. In the univariate case of [153, p. 1067], references to 'single-
step” model selection procedures robust to model misspecification are indicated,
some of which partially reviewed in Chapter 2 and Chapter 3: TIC [292], GIC
[173], GBIC, and GBIC, [200]. Hsu et al. note that it is difficult to justify
their asymptotic efficiency in the Fixed Dimensionality (FD) setting, as it is
shown in [154, S5]. The MRIC instead achieves this property without the help
of further criteria. In particular, the TIC, from the i.i.d. setting, has a similar
term to V11 for h = 1 in the univariate case of [153], i.e. the variability index
for one-step ahead forecast. It was obtained as a bias correction as shown in
Section 2.7.1. The focus is on independent observations, excluding the case of
time series. The APE as shown in [328] considers this case, but focusses on the
one-step prediction case, not applicable to the MSPE or multi-step prediction.
A comparison against the TIC remains an interesting empirical task that will
be included in successive works.

Consider the following DGP :
Yi+1 = QW + €441, (228)

where a # 0, {e;} is a sequence of independent and identically dis-
tributed (hereafter i.i.d.) bivariate random vectors with F [e;] = O,
E [61 sﬂ > 0 and wy is the following scalar AR(2) process:

wy = Q1wi—1 + Gawi_2 + 0y, (229)

where ¢1¢2 # 0,{d;} asequence of i.i.d. random variables independent
of {&;} such that

E[5]=0 and B |6 :1—¢§—{¢

Hence, we obtain E [w?] = 7,(0) = 1, where v,(j) = E [wywesj] is
the j-th lag autocovariance of w.
We consider the correctly specified 2-step ahead forecasting model:

Yi+2 = @wir1 + €412, which leads to
Yitr2 = aprws + agowi_1 + 6:(2), (230)
where ¢, (2) _ €1+2 + adii1. It canbe easily proved that £ {s: (2)wt_j] =

0forj > 0.
Now, consider the following misspecified model, Model 1:

(2 E [y iow] ( $16 )
= +¢g;7/, with = = + .
iz = Bur t p V [wr] a\h 1—¢o
The forecasting error results:
2) _ _«(2) $1
e, =¢ " —ap2 Wy — We_1| - (231)
1= ¢
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Remark 12. We show that in our case, in presence of misspecification we
have E [s,@wt} = 0, whereas E[s?) wt,j] # 0 for j # O:

FE {s§2)wt_j} = _al i%% {p E [wtwt_j] — (1 — ¢2) E [wt_lwt_j]}
- _alz {w(+1) =7(-1)}, (232)
2

which is zero if j = 0, otherwise this is generally not the case.

We compute the theoretical value of the VMRIC by using Eq. (221).
After some routine algebra, we get:

MI=FE [67(12)8%2)1—} =o’+aa’ [03 + ¢3 (1 — fyi(l))} ,  (233)

which highlights how the variance-covariance matrix of the 2-step
ahead forecast vector is equal to the DGP’s variance-covariance plus a
bias term that depends upon the misspecification considered.

Now we focus on the variability index VI. We get

Coo = 02+ aa” {0} + 63 (7w (1)2E [w}] (234)
a0 [t ] + B[t )}
and
Ca1 = aa'y,(1) (blE (Wi ywis)] + bo B [y rw} s ] (235)
+ bsE [w?flwgfﬁ )
where
b =2010270(1) — 62, b2 = —¢3,
by = 62 (627(1) — 261 + (1) ")

Following Eq. (221), the results from Eq. (233), (234), and (235), deliver
the VMRIC for this case.
Now we consider a second misspecified model, Model 2:
Yi+2 = Pzt + 1 (236)
where z; is a weakly stationary linear AR(1) process independent of
We-

2 = Y121 + vy (237)

with ¢; € (—1,1), and {v;} is a sequence of ii.d. random variables
independent of both the error terms {d;} and {e;} such that E[v;] = 0
and E[v?] = 1 — %, delivering E[z] = 0 and E[2?] = 1. Thus, 2 is
uncorrelated with both w; and y,, therefore p = 0. The forecasting error
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Table 1: Parameters’ combinations for the DGP of Eq. (228), (229), and (237).
Case ¢ b2 ai as (0}
1 04 -075 150 -2.00 0.80

2 -04 -045 -075 125 -0.65
3 03 -0.80 100 050 -0.75

in this case results 77£2) = awiy1 + €¢42. Following similar arguments

as above we obtain MI and VI for Model 2:

MI =o02+aa’ (238)
VI =02 +aa' (14 2¢17,(1)) (239)

As mentioned above, Model 1 is misspecified since it omits the
lagged predictor w;_1, while Model 2 only includes the non-informative
predictor z;.

4.4.1 Large and finite sample performance

First, we compare the above theoretical derivations with their sample
counterpart. We consider three different parameterizations, presented
in Table 1. Also, a,, = n® with a = 0.85. Note that, in order for
Eq. (216) to hold, a must range in (0.5, 1). Further experiments showed
that results are fairly robust if reasonable values of « are selected. For
an empirical method to determine it, see [154, Section 5]. We take the
following variance/covariance matrix for the innovations:

We compute both the VMRIC for Model 1 and Model 2, and estimate
the VMRIC and VMRIC on a large sample of n = 10° observations. The
results are shown in Table 2 for the two models, where the theoretical
VMRIC (rows 1 and 3) is compared with the estimated one (rows 2 and
4). The results seem to confirm the consistency of the estimator shown
in Eq. (222). Clearly, the VMRIC of Model 1 is consistently smaller
than that of Model 2 and indicates its superior predictive capability.
The finite sample behaviour of the method of moments estimator of
the VMRIC can be further appreciated in Table 3 where we show their
bias and Mean Squared Error (MSE), computed as follows:

Bias = HE [(MI - MI) + % (\71 - VI)}

) (240)

MSE = HE H (M1 — M) + ”—: (VI-wvr) }21

‘ . (241)
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Table 2: Theoretical and estimated VMRIC of Models 1 and 2, for the three
parametrizations of Table 1, computed on a data set of n = 10°
observations.

Model 1 Model 2

Case VMRIC VMRIC VMRIC VMRIC

1 6.671 6.636 7.914 7.902
2 2.777 2.768 3.164 3.168
3 2.801 2.784 2.994 2.993

Table 3: Bias and Mean-Squared Error (MSE) for the (method of moments)
estimator of the VMRIC for the three parametrizations, o = 0.85 and
different sample size n. The results are based upon 1000 Monte Carlo
replications.

Case 1 Case 2 Case 3

n Bias MSE Bias MSE Bias MSE

100 0.227 1.137 0.063 0.306 0.030 0.182
250 0.117 0.455 0.022 0.107 0.032 0.076
500 0.061 0.225 0.015 0.048 0.004 0.032
1000 0.019 0.109 0.010 0.023 0.002 0.015
2500 0.008 0.044 0.001 0.009 0.001 0.006
5000 0.009 0.023 0.001 0.004 0.003 0.003
10000 0.001 0.012 0.003 0.002 0.001 0.002
15000 0.004 0.008 0.001 0.001 0.002 0.001
30000 0.002 0.004 0.001 0.001 0.001 0.001

The results are based upon 1000 Monte Carlo replications and seem to
indicate a rate of convergence of the order of n=1.

In Table 4, we show the percentages of correct model selection by
the VMRIC, compared with the multivariate version of the AIC and
BIC for the three parameterizations of Table 1. For a sample size of
n = 100, both the AIC and BIC select the best predictive model in
about 50% of the cases and relying upon them is tantamount to tossing
a fair coin. In such a case, the VMRIC selects the correct model in about
80% of the cases and reaches 100% for n = 1000. On the contrary, for
Case 3, both the AIC and BIC cannot go above 64% for a sample size
as large as n = 10000 observations and this is a general indication of
their lack of asymptotic efficiency. At the end of this chapter, Figure 1
presents the box-plots and empirical distribution of the method of mo-
ments estimators, while Tables 5, 6, and 7 present results for additional
parametrizations.
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Table 4: Percentages of correctly selected models by the three information
criteria for the three parametrizations and varying sample size n.

Case 1 Case 2 Case 3

n  VMRIC AIC BIC VMRIC AIC BIC VMRIC AIC BIC

100 85.9 525 525 84.6 56.2  56.2 72.1 49.0 49.0
1000 99.9 65.6 65.6 99.9 737 737 97.0 56.8 56.8
10000 100 88.0 88.0 100 97.8 97.8 100 63.8 63.8

4.5 PROOFsS

In this section we detail the proofs of the three theorems. Hereafter all

the derivations hold for any fixed h > 1; for the sake of presentation

we write &; instead of sgh). Remember that {/,, } indicates an increasing

sequence of positive integers such that:
Ly, — 00, — =o0(1) (242)

and definea =n—-1,—handb=n—-1, —h+ 1.

4.5.1 Proof of Theorem 1

The proof of Theorem 1 relies upon four propositions.

Proposition 3. Under assumptions of Theorem 1, it holds that:

N(I) = (IIT) 4 o(1), (243)
where

(I)=-E [a:nl%*l (25; + sn)’:T)} :

() = —E [5,R " (£4e) +eafs)]
with £ = (N*1 >N, a:tet) and £,4 = YN | ey,
Proof. Let Ay = "N, (e424) €, and note that

|(@) = ()| = ||B [z, (B = R7) (A1 + 4T )]||- (244)

By using standard properties of the norm, (243) follows upon proving
that

HE 2 (B'=R7) A]] H = o(1). (245)
Let
R=(n- zn)*lnin 2. (246)
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- T
By adding and subtracting €,z (R‘l [Zivzl (E:ta:t)] ), we have
E [azn (R—l - R—l) Aﬂ = (247)

E lsn:ﬁn (R_l _ R—1> iv:s;rxt]
+E [r—:nazn (R—l _ R—1> iijtl

which is equal to

[ N
B |enan (R - R7) (Z etazt> (248)
t=1
- N T:
+E |enan (R—l - R—l) (Z stxt> (249)
t=b
- " T:
+E |enan (R*l - R*l) (Z st:ct> . (250)
t=1

We show below that the norms of (248), (249) and (250) are asymp-
totically negligible. Focus on the first one: by combining conditions
(C3), (C4), Lemma 1, and Holder’s inequality, it follows that ||(248)|| is
bounded by

el ) () ] <2ttt

1
373
N n
[R [HNzN 2Z€txt :0<W),

which converges to zero due to the definition of /,, in (242). Similarly,
we have that ||(249)]| is bounded by

E [Jlea] g 2] g UR-l _ R—ﬂ

1
373

T

W=

T
1 1

‘((N_b+1)2 N b+1 22815.%})

x E

whichisan O (n_l/ 2ln) thereby vanishing asymptotically. Lastly, Con-
dition (C6), Lemma 1, and Holder’s inequality imply that ||(249)]| is
bounded by

E {”E [ers | ]:t*ln]”ﬂ 5 E UR—l B R_l‘:s}é

373
] =o0(1)

a
11
aza” 2 Zijt
t=1
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and this completes the proof. O

Proposition 4. Under assumptions of Theorem 1, it holds that:
N(II) = (IV) + o(1), (251)
where
(1) = B[R Eaz, 2 BTV, (1V) = B[£5R7'Ey),
with ¥ being defined in Proposition 3 and £p = N~ 2 SN e
Proof. Let M| = x,, (R‘l — R ) 5 and My = 2, R £ 5. Since
N1 =E [(M1 + M) (M + MQ)T]
=B |[MM[|+E|M,Mj|+E|[MM;|
+E[MoM] |

the proof of (251) reduces to show that the following conditions hold:

HE {MlMl}H =0(1) (252)
e ]| ot =
o [poaeg] -] - e

Conditions (252) and (253) readily follow from Assumptions (C3) and
(C4), Lemma 1, the non singularity of R and Holder’s inequality:

e [Jaranet ] =

< (& i)

2 (R - R) £pE

( [asrai
< (B \ZBH) o(1);
B[l (B~ RO EsEs
< (& [Jonl Dé( 7 - RQ\D
(e (B[l ]) =00

As concerns (254), decompose the vector £ 5 as follows:

(S

B [[[pu0a3]|

w\»—t

N
Z EtTt = U+ W,
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withu = N~2 3% e;zand w = N7z YN, e42. Hence, we have that
B [M,M;| - (IV)
=B [uR w2, R 'u" |~ B [uR'RR™'u]
+E[uR 22, R w0 | — B [uR ' RR ™' |

+E[wR™ 2z, R u"| — B [wR™ RR ™ u |

+E[wR™ 22, R w0 | B [wR™ RR w7

The law of iterated expectations implies that:

B [pr2paf] - av)]

< b o (221 5] ) T =
t+|B[ur™ (B2 | ] - B) B0T]| (256)
+|B[wr™ (B[22 | Fo0] - B) BT (257)
+ HE [wR™ (B[22 | Ft| - R) R ‘ (258)

By using arguments previously developed, it is easy to see that, un-
der Assumptions (C4) and (C6), (255) — (258) asymptotically vanish.
Therefore, conditions (252) — (254) are fulfilled and the proof is com-
pleted. O

Proposition 5. Under assumptions of Theorem 1, it holds that:
(III) = —=(D) +o(1), (259)

where

(D)=E |R!

N—-1
> {(51371) (en1m541) | + (€512541) (Elm)T}”
j=h

Proof. The result readily follows upon noting that, under Assumption
(C2) and the weakly stationarity of the process {z;}, it holds that:

N
(1) = =SB [R™ {(e120) (enz0) " + (en0) (€120) " }]

= E {R_l {(51561) (~€j+196j+1)T + (gj412541) (€1$1)TH

N-1
R ( >~ {(e1m1) (j1wj00) T + (417141 <slx1>T})]
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Proposition 6. Under assumptions of Theorem 1, it holds that:
(V) = (1) + (@) + (D) +o(1), (260)

where

h—1
(Q)=E [R_l [ {(51561) (Est12s1) | + (€s117e41) (Elfxl)T}H

N-1
(D) =E |R™ {(511'1) (€j+17541) " + (€j117541) (€1$1)T}”
j=h
Proof. Let
N—-1 N
(2)=N"'E Rl{ Y (ejz)) (Skxk)TH ;
j=1 k=j+1

and note that (IV) — (1) = (2) + (2) ". Moreover

N-1
(2)=N"'E|R" { (N =) (e121) (€j+1ffj+1)T}]
j=1
N-1
=E R_l { (612121) (€j+1:L'j+1)T}] (261)
j=1
N-1
— ]\f_1 E R_l { Z ] (€1$1) (€j+1$j+1)—r}] . (262)
j=1

Assumptions (C2) implies that (262) is o(1). Since (261) can be written
as

h—1
E lR_l {Z (e171) (€s+1l‘s+1)TH

s=1

N-1
R7! { Z (e121) (€j+193j+1)TH )

j=h

+E

then (261) + (261) " = (Q) + (D) and this completes the proof. O

Proof of Theorem 1

We prove that:

N{E [Fach = Fatn) (Fnsn —Fuin) | —E [0 ]]]
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is equal to

RE| (o) (1)

h=1 T T
Z {(egh)l’l) (Ei@ﬁsﬂ) + (€£T1$s+l) <€§h)x1> H

s=1
(264)

(263)

+R‘1E[

+o(1).

Since

N N
(B - ﬂ) =R (N_l thytJrh) -B=Rr" (N_l ;xtst) ;

t=1

routine algebra implies that:
E (v ih— Fnin) Fnen—Inen) || — B [ensy| = (1) + (1). (265)
By applying Propositions 3 — Propositions 6, we have:

N {E [(Yn-i-h - yn+h) (Yn-i-h - S’n-ﬁ-h)—r —FE [E%h)eslh)—rﬂ }
= M)+ N(ID) = (1) + (IV) +o(1) = (1) +(Q) +o(1).

The proof is completed upon noting that (1) = (263) and (Q) = (264).

4.5.2  Proof of Theorem 2

We start proving that
MI;, = MI,, + O, (n"1/2). (266)
Note that

T

N N N
MI, = N} (Z ststT> — (Nl thet> Rt <N1 Z ycscss)
t=1 t=1 s=1
hence, it holds that MI;, — MI,, equals

N1 {i (s6) - [slsﬂ)} (267)
t=1
.

N N
- <N_12xtst> R (N—l thst> : (268)
t=1 t=1

Assumption (A1) implies that (334) = O,(n~!/2) whereas, by com-
bining Assumptions (A3) and (A4) with the non-singularity of R and
Holder’s inequality, it can be shown that (335) = O,(n~!) and hence
the proof of (266) is complete.
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Next, we prove that

VI, = VI, +0,(1).
It suffices to show that

Chs = Chs + 0p(1). (269)
It holds that C h,s is equal to

(NS () (ensel) @70)

—(N=s5)"" > fares (Bu(h) = Br) el (271)
SN =Y wad e (Balh) - 8) (272)

V=) Y adal, (Bu(h) — B,) (Bu(h) —8,) . @73)

H
I
—

We prove that (271) is 0,(1) componentwise. To this end consider:

N-—s
E [(N — )7 ||| Z w?xtJrsEtJrs,i] ,

t=1

with €;4,; being the i-th component of the vector ;. The triangular
inequality and Holder’s inequality imply that:

N-—s
E [(N —s) MY x%$t+s<€t+s,z’]
t=1
N
N-—s

A E ) (B [Ilaeen])

t=1

s

B[4 ozsrsetrs,)

~
—_

Since B,(h) — B, = R~} ( I wjey, h), by combining Assump-
tions (A3), (A4) and (A5) with Chebyshev s inequality we obtain that
(271) is o0p(1). Similarly, we can verify that (272) and (273) are op(1).
Lastly, Condition (A2) implies that (270) = Cj, 5 + 0,(1), hence (269)
is verified and the whole proof is complete.

4.5.3 Proof of Theorem 3
By Theorem 2 the VMRIC), defined in (225) can be written as:
VMRIC), () =

min_[MIL, + 0,(n~"/?)| + min
1<I<K teMy

VI, + o, (O‘”) H . (74)
n n
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Therefore,

Jim VMRIC;, () = min M1, (275)

and hence

lim Pr (zh € Ml) = 1. (276)

n—+0o

Now, consider two models /1 and /> in the candidates set Jy, , Jy, € M;
such that VI, (¢1) # VI, (¢2). We show that

lim Pr |sign {VMRIC)(£1) — VMRIC),(¢2)}

= sign{|[ VI, (61)[| — ||VIh(£2)||}:| =1 (277)

By defining MI}, to be the minimum value of MI}, over the family of
candidate models, we have:

VMRIC, (61) = [MI; + 0,(n~"/2) H+

I VIL(6) + o, (O‘”>

VIh(Eg +op( >H

VMRIC, (£5) = HMI;; +op(n—1/2)H I

Therefore, for sufficiently large n, it holds that:

VMRIC) (1) — VMRIC, (¢2) = || %2 | (IVIA(82) ] - VL ()]

Thus
sign {VMRICh(El) — VMRICh(@)} = s1gn{HVIh(€1) H — HVIh (62) H} s
and (352) is verified and implies that

lim Pr (éh € Mg) = 1. (278)

n—oo

This completes the proof.
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Figure 1: Consistency of the VMRIC, for Model 1 for three different combina-
tions of parameters. The red dot indicates the population VMRICs.
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Table 5: Additional parameters’ combinations for the DGP of Eq. (228), (229),
and (237).

Case o1 2 ax az U
4 04 -0.75 15 -2 -0.25

5 -04 -045 -0.75 -1.25 0.65
6 -0.33 -0.66 1 05 -08

Table 6: Additional theoretical and estimated VMRIC of Models 1 and 2, for
the three parameterizations of Table 5, computed on a data set of
n = 10% observations.

Model 1 Model 2

Case VMRIC VMRIC VMRIC VMRIC

4 6.671 6.636 7.537 7.530
5 3.682 3.667 3.941 3.935
6 2.814 2.805 3.081 3.084

Table 7: Percentages of correctly selected models by the three information
criteria for the three additional parametrizations and varying sample
size n.

Case 4 Case 5 Case 6

n  VMRIC AIC BIC VMRIC AIC BIC VMRIC AIC BIC

100 74.5 51.6 51.6 71.8 58.7 58.7 77.9 51.1 511
1000 97.6 65.5 655 93.2 69.6 69.6 99.5 59.7 59.7
10000 100 88.0 88.0 100 954 954 100 72.7 727
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THE FULL MULTIVARIATE EXTENSION OF THE
MRIC: MULTIVARIATE RESPONSE AND
MULTIVARIATE PREDICTOR

ABSTRACT

We extend the Vectorial MRIC (VMRIC) proposed in Chapter 4 to the
case where the response is a multivariate time series with multiple
predictor. We obtain an asymptotic expression for the Mean-Squared
Prediction Error (MSPE) matrix which allows us to define the VMRIC,
derive its Method-of-Moments Estimator (MoME), prove its asymptotic
consistency, and show that the VMRIC is an asymptotically efficient cri-
terion for h-step ahead possibly-misspecified vector time series models
with multiple regressor. Remarks on the type of models satisfying the
technical conditions are advanced for vector autoregressive models
with exogenous variables (VARX), also known as dynamic simultane-
ous equations models.

Keywords: multivariate time series, multiple regressor, MSPE matrix,
information criteria, vectorial MRIC, VARX
2020 MSC: Primary 62H12, Secondary 62F12

5.1 INTRODUCTION

The model selection step is a fundamental task in statistical modelling
and its implementation typically depends upon the objective of the
exercise. In the time series framework the focus is on either forecasting
future values or describing/controlling the process that has generated
the data (DGP). A good model selection criterion must feature a good
ability to identify the model with the “best” fit to future values, in a
specified sense. In particular, in the parametric time series framework,
we can identify two main properties. The first one is consistency, i.e.,
the ability to select the true DGP with probability one as the sample
size diverges. This assumes that a true model exists and that itisamong
the set of candidate models. If either the set of candidate models does
not contain the true DGP, or, for some reason, a true model cannot
be postulated, then a selection criterion should be asymptotically ef-
ficient, for instance, in the mean square sense, i.e. it minimizes the
mean squared prediction error as the sample size diverges. Starting
from the seminal work of Akaike, [6] a plethora of model selection cri-
teria has been proposed. These include Akaike’s AIC [6, 8], Schwarz’s
Bayesian Information Criterion (BIC) [258], and Rissanen’s Minimum
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Description Length (MDL) [242]. Such criteria paved the way for var-
ious extensions dealing with different unsolved issues. For instance,
the AIC is efficient but not consistent (i.e. it leads to select overfitting
models), whereas the BIC is consistent but not efficient, see [153] for a
discussion.

A recent development for model selection in possibly misspecified
parametric time series models in the fixed-dimensionality setting is
given by the Misspecification-Resistant Information Criterion (here-
after MRIC) [153]. Fixed-dimensionality means that the number of ob-
servations increases to infinity while the number of ‘true’ parameters
is finite. In this respect, the MRIC provides a solution to the original
research question of Akaike: it enjoys both consistency, in case the true
model is included as a candidate, and asymptotic efficiency when a
true model either cannot be assumed or is not included. Moreover,
when the number of variables in the model grows with the sample
size, the MRIC can achieve asymptotic efficiency, without the need for
additional criteria. Finally, in the high-dimensional setting, the MRIC
can be used together with appropriate model selection criteria to iden-
tify the best predictive models. The MRIC is based upon the additive
decomposition of the mean squared prediction error in a term that
depends upon the misspecification level and a term that measures the
sampling variability of the predictor. The idea is to select the model
with smallest variability among those that minimize the misspecifica-
tion index.

After showing in Chapter 4 that the multivariate extension of the
MRIC with a univariate regressor is viable, the present chapter shows
the first full extension of the MRIC, the VMRIC, to possibly-misspecified
multivariate time models with multiple regressor in h-step ahead pre-
diction. Only a few conditions had to be adapted in order to obtain
the asymptotic decomposition of the MSPE, which follows similarly
the structure as in the univariate case, but displays the presence of
quadratic forms for the Variability Index (VI) matrix. This is detailed
in the proof of Theorem 4, and in the second part of the proof of
Theorem 5 for the asymptotic consistency of the method-of-moments
(MoM) estimator. All the proofs are however reported for readability.

The rest of the chapter is organized as follows: in Section 5.2 we recall
and update the notation; in Section 5.3 we extend the MRIC approach
to multivariate time series with multiple regressor. In particular, in Sec-
tion 5.3.1 we obtain the general asymptotic decomposition of the MSPE
matrix into two parts, as before: the first one is linked to the goodness
of fit of the model and the second one depends upon the prediction
variance. In Section 5.3.2 we present the VMRIC and derive a consis-
tent estimator for it, whereas in Section 5.3.3, we prove the asymptotic
efficiency of the VMRIC as in the univariate case. Section 5.4 presents
a digression on the conditions for possibly-misspecified vector autore-
gressive models with exogenous variables (VARX), or dynamic simul-
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taneous equations models. All the proofs are detailed in Section 5.5.
Appendix B.1 contains the auxiliary technical lemma.

5.2 NOTATION AND PRELIMINARIES

Let us consider two weakly stationary stochastic processes {y;} € R"
and {x;} € R™, with w,m € INT, defined in the probability space
(Q, F,IP). We observe the sample ({yi,...,yn},{x1,...,%Xn}), with
t={1,2,...,N,N+1,...,N + h = n}. Define the sample means y =
n~ 3" yi,and & = n~ ! Y} | x;. Wereplace the unconditional expec-
tations, E [y:+1] and E [x¢|, with their respective sample counterparts,
considering the complete set of n observations for efficiency. This be-
cause the differences (2) between (y;+1 — F [yi+1]) and (y+4+1 — ¥); and
(b) between (x; — E [x;]) and (x; — %), vanish asymptotically. Without
lack of generality, assume E[y;] = 0, and FE [x;] = 0. In order to
forecast y,+n, h > 1, we adopt the following h-step ahead forecasting
model:

Yern = Bpxi + e, (279)

where 3}, is a (w x m) matrix parameters’ matrix defined as the pseudo-
true parameter for the possibly-misspecified model

By = arg(min) E [(Yt+h —Cx¢) (Yeh — CXt)T} ) (280)
CER w X m

and egh) is the w-length vector containing the h-step ahead forecasting

(h)

errors. The prediction error vector €; ’ can be both serially and cross-
correlated, and also correlated with x,, s # t.!

Remark 13. This general definition of the model includes: (i) the setting of

multi-step forecasting with h < 1; (ii) exogenous and endogenous variables

in x; and (iii) cases where the prediction error vector sgh) can be serially

correlated, but also correlated with x,, s # t. Moreover, the multivariate

framework differs from [153] in different key aspects. For instance, (a) the
(h)

components of the error vector can be cross-correlated, and (b) x,e, ' and

xke,(gh), fort # k, can also be both serially and cross correlated. Besides, as in
the original MRIC, x may vary also with h, but for notational simplicity, it is
avoided.

Define
. N
R=N"1>"xx/ and R = E[x1x] |. (281)
t=1

Then, the Ordinary least squares (OLS) estimator of 3;, results:

N
Bn(h) =R (N - ZXtth> : (282)
t=1

1 The following Remark 13 is the same as Remark 3, included here for convenience.
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The prediction of y,p, h > 1, is given by
Fnin = B (h)xn (283)
and the corresponding Mean Squared Prediction Error matrix is

MSPE;, = E [(yasn = Inen) Ynsn = Inin) || - (284)

5.3 THE FULL MULTIVARIATE EXTENSION OF THE MRIC FRAMEWORK

In this section we extend the MRIC approach to the case where the
response is a multivariate time series (w > 2) and multiple predictor
(m > 1), for a generic h-step ahead forecast, h > 1. Hence, Model (279)
can be written in extensive form as:

Yi+h,1 = 5%?1)55},1 + 5@%,2 +- 5%{173133t,m + 6&?

h h h h
v = B w1+ B e - B o + el (285)

Yt+hw = 51(”]2%,1 + 51(:?%3%,2 +oet 5&7zni€t,m + 5%,

5.3.1 Asymptotic decomposition of the MSPE matrix

In this section we further extend the asymptotic version of the MSPE,,
derived in Eq. (220) which allows us to write the VMRIC}, for multi-
variate time series responses and multiple regressor. Let

B{" = x,e™" (286)

and consider the following regularity conditions:
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Assumptions 11.

(Cll) dg1 >5,0<(Cy <0

forany 1 <nj <ng <n,andany 1 <i,5 <m,
o a
FE (ng —ny+ 1)_1/2 Z TtiTt5 — FE [xm:nt,j]

t=n1
(C2) 1.Dps=F {th)TBgi)s} =F [(stsﬁf) tr {xtxtTH A1t
2.Vi, g ={1,2,...,w}, Yk I1I={1,2,...,m},

E {65{?57(1}2%,;6:%71} = o(n1).

< (.

(C3) 1. sup B ||xl'] <o,

—oo<t<oo
6
2. sup E Hsgh)H < 0.
—oo<t<oo
(C4) 30<Cy<oo: forl <mg <mng<n,
5

n2
) (TLQ —ni+ 1)_% Z Xt.’i'gh)T

t=n1

< Cs.

(C5') Foranyq >0, E {Hﬁ_lm =0(1).

(C6") 3 F C F,F an increasing sequence of o-fields :
(1) x4 is F;-measurable

(2) sup E {HE {XtXtTU:tfk} —R‘ﬂ = o(1),

(3) s B ME [Bih)lft_k} —Om = o(1),

as k diverges.

Remark 14. To aid with the qualitative interpretation of Assumptions 11,
note the following. For further details, see Section 5.4.

(i) Condition (C1') requires the finiteness of the q,-th moment, with ¢, >

(ii)

5, of the difference between the sample and population second-order
moment of the covariance between x; ; and x; ;, i.e. component-wise. This
condition depends on the square-summability of the processes composing
both the dependent multivariate response and the multiple regressor. For
this reason, it appears to be attainable also for vector time series under
general condition. Besides, it also relies on the First Moment Bound
Theorem of Findley and Wei [115], which has been proved for vector
time series. For these reasons, we expect this condition to hold also in
the multivariate setting. We are currently completing the proof.

The first part of Condition (C2") involves the s-lag cross-(auto)covariance
matrix, between the h-steps ahead forecast error and the regressor and
requires it to be independent of time t. Note that the symbol L reads
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(iii)

(iv)

(v)

(vi)

THE FULL MULTIVARIATE EXTENSION OF THE MRIC

in this case "is independent of". The first part should be ensured for
processes admitting linear vectorial representation, in particular, satis-
fying Wold’s multivariate representation theorem. Given that this is a
fairly general condition, it should not present a major problem, specially
if it is further assumed finite fourth-order moments of the white noise
processes or martingale-difference vector sequences, considering these

type of processes the building blocks of {y.},{x:}, {sgh) }

The second part states that this s-lag cross-(auto)covariance matrix
vanishes asymptotically, component-wise, for the maximum lag n, for
sufficiently large sample size. In other words, it suggests that the depen-
dence between xtez p and xselh vanishes sufficiently quickly as |t — s|
diverges. This condition is fundamental to prove Propositions 1 and 5
in both univariate and multiple regressor scenario.

Condition (C3') states uniform integrability of both the regressor and
the h-steps ahead forecast error. This can be easily obtain for instance
for possibly-misspecified VARX models with processes satisfying the
conditions for Wold’s representation theorem in the multivariate case
(i.e. under conditions of convergence of the vector processes) and fourth-
order finiteness of the white noise that compose these. This condition has
been shown in Section 5.4.

Condition (C4') requires the sample covariance between the regressor
and the misspecified forecast error to be in the L space. In particular,
it states that for a finite costant Cy, and for any time index ny and no
we have boundedness of the fifth-order moment of the sample covariance
vector between the multiple regressor and the multivariate forecast error.
For the same reasons exposed for Condition (C1'), it is expected to hold.

Condition (C5') says that for any positive order q, boundedness of q-
moments of the inverse of regressors’ sample variance is satisfied. In
other words, it requires the inverse of the sample variance-covariance
matrix to be in the LP space, with p > 0. In the scalar case m = 1, it
is shown in view of Theorem 2.1 in Chan and Ing [71] for univariate
(nonlinear) stochastic regression models with applications to time series.
It remains open to show that this is the case for the multivariate case, e.g.
in a VARX(p, q) model where the regressor is composed by both processes
{st—i}t, {yi—;}, withi = {1,2,...,q},7 ={0,1,...,p}, as in Section
5.4.

Condition (C6") requires:
(1) Fi-measurability of x;, and

(II) uniform convergence of regressors’ conditional variance to their
population values, and

(III) uniform convergence of the conditional covariance between the
h-steps ahead forecast error and the regressor to its population
value.
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In Section 5.4 we show that under general assumptions on the underlying
processes, it holds for possibly-misspecified VARX(p,q) model, where we
may have p = oo

Current research is devoted to complete the proofs connected with
the statements in the previous Remark 14. We are seeing promising
results for a general class of multivariate time series models to satisfy
these conditions. We have shown for the general case that Conditions
(C3') and (C6') hold for vector autoregressive with exogenous vari-
ables models with infinite AR part and finite ¢ lags for the exogenous
part, i.e. VARX(o0, ¢), under very general conditions. Further details
are included in the Section 5.4.

Remark 15. Our natural full vectorial extension only modified conditions
(C2), the second point in (C3), (C4), and the third point in (C6). The rest are
the same as in the VMRIC), with univariate regressor.

Theorem 4. Under the regularity conditions (C1’) — (C6’), the asymptotic
expression of the MSPE), defined in (284), for the general case w > 2 and
m > 2, results

N {E {(yn+h — Yn+n) (Yntn — f’n—&-h)—r} -k [Ensglh)w} -

BB RBY]+ Z{ BMRTBL

+E{(B§h)TR‘1B§ +L)T }

+o(1) (287)
where E [B{" "R B\| = E [V e} tr {@1a] R}

5.3.2 VMRIC and its consistent estimation

In this section we introduce the VMRIC. Let {«,, } be the penalization
term sequence defined as in Eq. (311).

VMRIC), = ML, ]| + HO;:‘VIh

(288)

where
MI, =E [(e?k?”)} ,

h—1
VIh = R_l (Chp + Z (Ch,s + C}Is)) )

s=1
Cre =B |(isf")T) (xeael) ]

The VMRIC can be estimated via the method of moments as to
obtain:

VMRIC,, = HMIhH 4 HCZLVI;L : (289)
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where
N
MI, = N1y (ététT) :
t=1

h—1
Vi, €+ 52 (G )|

s=1
and Cj, s = (N — )" SN wpayy 848, with & = yion — By (h)ay
the estimated forecast error vector.
In Theorem 5 below we prove that MI,, and VI, are consistent estima-
tors of MI}, and VI, respectively. Theorem 5 relies upon the following
assumptions, that are less restrictive with respect to (C1") — (C6’). For
further discussions on the assumptions see [153, Remark 1-3, p. 1073].

Assumptions 12. For each 0 < s < h — 1, we assume the following:

(Egh)egh)T> _B [Egh)sghﬁ} 10, (n_1/2) ’

NE

(A1) n7!
1

-
Il

(42) 1Y (xiel ) (xsseT) | = s+ 0,(1),

WE

~+~
Il
—

(A3) 023 xelT = 0,(1),
t=1

n

(A4") nilzxtxtT:R—l—op(l),

t=1
(A5) sup E [Het(h)m + sup E [HXtHB} < 0.
—00o<t<oo —0o<t<00

Theorem 5. If Assumptions (A1) — (A5) hold, then for the case w > 2, and
m = 1 we obtain:

MI;, = MI}, + O,(n"/?),
VI}, = VI, + 0,(1).

Remark 16. Consider the following for a qualitative aid to interpret Condi-
tions 12:

(i) Assumption (A1’) refers to the convergence in probability of the sample
variance-covariance matrix of the misspecified forecasting error to its
population value, since O,(n=/2) = O,(0(1)) = 0,(1).? In the orig-
inal univariate case in [153], Theorem 4.3, it is required for asymptotic
efficiency across several high-dimensional time series models. Further-
more, from Remark S.2 in [154], we know that it has a similar condition
for the nonlinear regression case. It has consequences on the convergence

2 The motivation behind this choice, and I conjecture also behind the original derivation
in the scalar case, is because it considers also cases of boundedness in probability with
specific rates, i.e. where the bounding quantity is such that itself converges to zero at

a rate slower than n~1.
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ofMIh to M1y, as shown in Section 5.5.2. In our multivariate setting, it
should follow from the consequences of Assumptions 13 for VARX(p, q)
models, i.e. Wold’s multivariate representation theorem, and from using
the First Moment Bound Theorem of Findley and Wei [115], applicable
to vector time series. See Section 5.4. It is the focus of current research.

(ii) Assumption (A2’) is related to Condition (iii) in Assumptions 13, and
to the consequence of Wold'’s representation theorem.

(iii) In[153], the scalar counterparts of Assumptions (A3’), (A4’), and (A5’),
are ensured by Conditions (C4’), (C1°), and (C3’).

Now, we are able to define the approximate estimate of the VMRIC
for h-step ahead prediction. As we can see, it keeps the same general
structure as the case with univariate regressor, but with a different
composition.

Definition 72. By Theorem 4, the VMRIC, quantifying the model’s perfor-
mance is estimated using the MoMEs:

VMRIC, = ML + HCZLVI;L : (290)
with
. N
MI, = N1y e, (291)
t=1
A X =1 =
VI, = Dyo+ ) {Dh75 + Dh,s} ) (292)
s=1
where
N (T a1 Alh
Dr,=N-5"'"Y BM B, (293)
t=1
B = g™, (294)

5.3.3 Asymptotic efficiency

In this section we prove the asymptotic efficiency of the VMRIC in
the fixed dimensionality framework. To this end, let M be the set of K
candidate models; each modelis indicated eitherby forx,1 < /,xk < K.

Define the subsets M7 and M5 as follows:

— 1< < = i
My = {1 <0< K ML) = min ML)}, @95)

M, = {m 1€ My, ||VIy(x)] = min yv1h<z)|y}. (296)
le M,
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In short, for a given forecast horizon h, M; contains the models with
the minimum MI;, whereas in M; we are minimizing VI, among
the candidates models in M;. The definition of efficiency used in our
framework is the same as that of [153]:

Definition 73. Given a sample of size n, a model selection criterion is said
to be asymptotically efficient if it selects the model £, such that

lim Pr (éh € MQ) =1.

n—oo

Remark 17. Please refer to Section 2.5.2 in Chapter 2, and Remark 8 in
Chapter 4 for a detailed discussion.

The VMRIC selects the model with the smallest variability index
among those that achieve the best goodness of fit. Hence, the selected
model 7}, is such that:

VMRIC;, () = min IMLL(0)| + min

M1, (0) H . 97)
n

In the next Theorem we show that the VMRIC is an asymptotic efficient
model selection criterion in the sense of Definition 73.

Theorem 6. Assume that for each 1 < ¢ < K,0 < s < h — 1, Theorem 5
holds and let 7}, be the model selected by the VMRIC. Then we have that:

lim Pr (éh € MQ) -1,

n—oo

namely, the VMRIC is asymptotically efficient in the sense of Definition 73.

5.4 EXAMPLE: A POSSIBLY-MISSPECIFIED VECTOR AUTOREGRESSIVE
WITH MULTIPLE EXOGENOUS REGRESSOR MODEL, VARX(P,Q)

We follow Liitkepohl [197], Reinsel [238], and Hansen [139] in the
theoretical structure of this example.

Consider as DGP the general vector autoregressive model of order
p = oo with exogenous multiple regressor with autoregressive part of
order ¢, in structural form:

Ay = Alyi1 + Adyro+ - +mpse + -+ mySt—q + €, (298)

for a w-dimensional multivariate dependent vector y; of endogenous
variables, an m/-dimensional multiple exogenous regressor vector s;
of exogenous variables, with matrix A of dimension (w x w) repre-
senting the instantaneous relation between the endogenous variables,
coefficients’ matrices A}, n; of dimensions (w x w) and (w x m’), with
i ={0,1,...} and j = {1,...,¢q} respectively, and a w-dimensional
error vector ;.



5.4 EXAMPLE: POSSIBLY-MISSPECIFIED VARX(P,Q) MODEL

If {€;} is a White Noise vector process, i.e. E e/ = 0, E {ete? ] =

L. nonsingular, and E [eteﬂ = 0 for s # t, then it is defined as
a VARX(o0, q) model or dynamic simultaneous equations model. Notice
that s; may contain both stochastic and nonstochastic components. Let
A = I,,and n§ = 0, so we can write the reduced form version, usually
employed for forecasting, multiplier analysis or control:

yt = A1y + -+ nese +mise—1+ o+ NgSi—g + (299)

where matrices A; = A™'AY, i = {1,2,...}, and n; = A‘ln;‘»,j =
{0,1,...q}, are usually nonlinear functions of the reduced parameters,
u; = A~ ¢ the transformed errors. Notice that the reduced form as-
sumes that A~! exists, which is guaranteed by A = I, in this example.
Its reduced form with the lag operator becomes:

A(B)y: = n(B)st + €, (300)

where A(B) = I, - A1B—AyB*—-.- = Y% A;B/, and n(B) =
no+mB+---+n,BI =37, n;B’,withn, = 0, thelag polynomials
for the endogenous and exogenous vector variables respectively, where
B is the backshift operator: By; = y;—1 .

Assume that the exogenous vector variable has VMA(oo) model
representation: s; = > 7%, ¥;0;—;, with ¥; (m’ x m’) real matrices,
{6:} = {[(517t, e 6m/7t]T} White Noise random vectors, i.e. E [d;] = 0,

and E {5&; } = X, its (m’ x m’) nonsingular variance-covariance
matrix independent of time ¢. Further, let {€;} be independent of {d;}.

Remark 18. In order to obtain the vector moving-average of infinite order
representation, VMA(oo), of a stationary vector autoregressive of order p. For
simplicity, let HAH?J = tr {ATA} be the Frobenious matrix norm. Since

|A| < ||Allz, where ||A|| denotes the spectral norm as before, this does
not impact any of our results. Consider a purely nondeterministic weakly
stationary process {y:} € RY , with costant mean E [y;] = p. Then, it
follows that {y; — p} is the output of a causal linear filter with white noise
input {e.}, hence, delivering our VMA(oo) representation:

yi=p+> ®jej, (301)
=0

with ® = I, where ®; are such that:
(o]
2
o l®;l7 < oo (302)
j=0

Assumptions 13. In order for Conditions (C3’) and (C6’) to hold, consider
the following assumptions:
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(i) Let the DGP be a VARX(c0, q) defined by:

A*(B)y: =n"(B)s: + e, (303)
where A71(2) = 0(2) = Y2200;27 and C; = Y _ [¥1,® 0;_4]
are:

> 116517 < oo, (304)

=0

> IG5 < oo (305)

=0

(ii) There exist two constants c; > 0, and r > 3/4 such that:

16l <a(i+1)7", (306)
1l FICllp < er(G+1)7" (307)

(iii) The fourth moments of
Vi = €1t €t Onseeny O] | (308)

a (m' x 1)-dimensional error vector, with m = w + m’ and

E [vtvtT } —p|F 0|4 (309)
0 X5
are independent of t, and that:
sup FE [H’UHG} < 400, 6 > 10. (310)

—oo<t<oo

Theorem 7. If Assumptions 13 hold, then Conditions (C3’) and (C6’) follow.

Remark 19. Assumptions 13 allow for the VMA(oco) representation of the
involved processes, i.e. to write each in its Wold representation version. See
Subsection 5.5.4 for further details.

55 PROOFS

In this section we detail the proofs of the three theorems for the mul-
tiple regressor case, and one of the VARX(c0, g) model example. As in
the previous chapter, hereafter all the derivations hold for any fixed
h > 1; for the sake of presentation we write &; instead of egh). Remem-
ber that {/,,} indicates an increasing sequence of positive integers such

that:
Iy, — 00, — =o0(1) (311)

and definea=n—1, —handb=n—1,, — h+ 1.



5.5 PROOFS

5.5.1  Proof of Theorem 4

We follow the same structure as in the previous chapter. Hereafter all

the derivations hold for any fixed 2 > 1; for the sake of presentation we

will write e; instead of sgh) .Remember that {/,,} indicates an increasing

sequence of positive integers such that:

Ly, — o0, — =o0(1) (312)
and definea =n—1{,—handb=n—-10, —h+1.
Proposition 7. Under assumptions of Theorem 4, it holds that

(I) = (III) 4+ o(1), (313)
with

M =-{EE'R14]+E[ATRE[},

() = —{E[2'R'A| + E[ATR'E]},
where A = x,e) and £ = YN | xe/.
Proof. We need to show that:

I(1) = (D] = o(1). (314)
Note that the left hand side is equal to:

{efe" (R -r)af+elaT (R -RE}] @15)

By using standard properties of the norm, we show that Eq. 313 follows
after noticing that:

E[£" (R -R7") 4] =o1). (316)

R'=(n—1,)" Z xix, (317)
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Now, add and substract ﬁTRflxnsI from the left hand side of Eq. 316
to obtain:

B2 (R R )4l

t=1
B[S (wel) (R R x] @19)
t=1 "
+FE [i (a: ET)T (R_l - R_l) x sT] (319)
tet n<n
t=b
+E [za: (wtstT )T (R‘l - R—l) Xne,! ] (320)

We proceed to show that the norms of (318), (319), (320) vanish asymp-
totically. Let us consider the first one. By combining conditions (C3’),
(C4’), Lemma 1, and Holder’s Inequality, it follows that ||(318)] is
bounded by

2| (o) (8B
<p||(& -8 F’E leal]? 2 [llenl?]?
)] -0

1 1 T
NaN"2Y (aef
ity )
which vanishes asymptotically due to the definition of /,, in (312). In
the same manner, we have that ||(319)| is bounded by

B fleatf]? £ o] £ [| (7 - =)

3r

which is an O(n~'/21,,) thus vanishing in the limit. Finally, conditions
(C4"), (C6’), Lemma 1, and Holder’s Inequality imply that ||(320)]| is
bounded by

x B

N

—b+1) %Z<mt€t)

t=b

N|=

||(N—b+1)

E ME (2ol 17,

completing the proof. O
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Proposition 8. Under assumptions of Theorem 4, it holds that:

(I1) = (IV) + o(1) (321)
where

(1) = E[£" R %, RE]

(IV) = B [£5R7'E,)]
with L. defined in Proposition 7 and £p = N 3 SN (xtetT>.
Proof. Let My = ):“.g (Rfl — R_l) x, and My = ﬁgR_lwn. Since

N (IT) = E [(M1 + Mj) (M1 + M) |

= B |[MM/{| + E[M>;Mj] |+ E|[M\M] | + E [M,M] |

the proof of (321) reduces to show that the following conditions hold:

HE [MlMlT] H =0(1), (322)
|E MM =o0(1), (323)
|B[M2MI] ~ (V)| =0 (1). (324)

Conditions (322) and (323) readily follow from Assumptions (C3’) and
(C4’), Lemma 1, the non singularity of R and Holder’s Inequality:

)]

< (e [II%HIOD% (2E [HR_l _R_1H5D§
( [HZBHS ) =o(1)

EH\MleT!H H\ZB SRR |

E [l "] ( [HR R 5Dé
< [HR— ) ([l ])" = o

In relation to Eq. (324), partition matrix £ as:

£ [anaet]] = £|gs (87 - B o (B

ﬁB:N_éi(:ctet) Uu+w
t=1
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withU = N72 50, (me] ) and W = N2 52, (we] ). Therefore,
we have that £ [ M> M7 | — (IV) is equal to:
E[U'R'z,a R"'U| - E[U"R'RR'U]
+E|[W'R 'z,a] R"'U| - E[W"R'RR'U]
+E[UTR 'z,  R"'W| - E[U"R'RR™'W|
+E|[W'R 'z,a ) R'W| - E[W'R'RR™'W]|
The law of iterated expectations implies that:

|£ [a:043] - ()

<||E[U"R (E [2na]|Fosr | - R) R7'U|| (325)
+|E[UTRT (B[22l Fo] - R) RTW)| (326)
+ B [W'R (B [z.2]| 70| - R) RO | (327)
+| B [WTR™ (B [w2l| 7] - BR) RTW])| (328)

By using previously developed arguments, it is easy to see that, under
Assumptions (C4’) and (C6’), (325) — (328) are negligible. Therefore,
conditions (322) — (324) hold completing the proof. O

Proposition 9. Under assumptions of Theorem 4, it holds that:
(III) = — (D) +0(1), (329)

where

(D) =E

N-1

T -1 T T el T
Z(ENHR T14j€14; T €140 R C'3161)]
j=h

Proof. The result readily follows upon noting that, under Assumption
(C2’) and the weakly stationarity of the process {x.}, it holds that (IIT)

is equal to:
N
T
=->Y E {(wtstT) R 'zl + e, xl R 1ael
t=1
= T -1 T 7 L Hho1 T
= — FE |:(m1€1> R <ZB1+]‘€1+]~) + (w1+j51+j> R (mlsl ):|
j:
N-1
=_-F (Elx{R_l.’,BHjEi_j + €1+j33{+jR_1$1€{> + 0(1).
j=h

O]
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Proposition 10. Under assumptions of Theorem 4, it holds that:
(V) = (1) + (@) + (D) +o(1), (330)
where

=

(1) =

o

> (ot = el

t=1

h—1
Tp-1 T T p-1. .T
(Q)=FE l (elml R xys€1, st 11521, R 18] )] ,
S

N-1
(D) =E (12l B '@yl + 51+j$1T+jR_1331€1T)] :
j=h
Proof. Let
N-1 N T
(2) =N"'F Z (:lije?) R! (:BkEZ) ,
=1 k=j+1

N-1 T
(2) =N"'E (N =) (zel) R (mlﬂ-sﬂj)]
=1
N-1 ’ T
=F (mlef) R! (a:HjslTﬂ-)] (331)
=1
’ N—-1 T
_N'E j (a:lslT) R! (mlﬂ-s{ﬂ)] . (332)
j=1

Assumptions (C2’) implies that (332) is o(1). Since (331) can be written
as

h—1
T p—1 T T -1 T
FE [Z (elazl R "z 581, st e115T R 18] )]
s=1
1

+E

Nf

T p—1 T T —1 T
> (51931R Tiyj€14j T 14T ;R 217161)],
j:

>

then (331) + (331) T = (Q) + (D) and this completes the proof. O

5.5.2  Proof of Theorem 5

We start proving that
MI;, = MI;, + O, (n"1/?). (333)
Note that

N N N
MI, = N ! (Z stetT> - (Nl waj) R™! (Nl Z XSEST>
t=1 t=1 s=1

T
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hence, it holds that MI;, — MI,, equals

N! {i (se/ —E [elsﬂ)} (334)
t=1
.

N N
- <N—1thsj ) R (N—l > xie] > : (335)
t=1 t=1

Assumption (A1’) implies that (334) = O,(n~'/?) whereas, by com-
bining Assumptions (A3’) and (A4’) with the non-singularity of R and
Hoélder’s inequality, it can be shown that (335) = O,(n~!) and hence
the proof of (333) is complete.

Next, we prove that

VI, = VI, +0,(1). (336)

Focus on vector vec [VI;,] and its MoME:

h—1
vec [VI;] = [Ah,o + Z {Hp s + Ch7s}] vec (R_1> , (337)
s=1
vec {Vlh} = [Ah,o + Z {Hh,s + C;w}] vec (R_l) , (338)
s=1
where
I T
Apo=E (B§h) ®B§h)) : (339)
. T
H,, = E (B, oB") |, (340)
_ T
Cr.=E|(B" 2B, |, (341)
. Ny T
Ao=N"1Y BV eB] (342)
t=1
A 1= 180 a7
fy, = (N-s5)" Y B eB"] (343)
t=1
- R = INOBNSE
Cus=(N-s)"' 3 BV e B (344)
t=1

with th) defined as in Eq. (294). It is easy to see for the estimated
matrices Ah,o, IA{h,s and Ch,s that:

3" @ B{" = [B{" B[] + ol + o} +af, (345)
B}, @ 8" = [B{, @ B{"] + oi” + @}’ + o, (346)
th) ® Bﬁ@s = {th) ® Bgﬁ)s} + a§3) + a§3) + ag?’), (347)
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where for A}, o the o matrices are:

all) = [lgh) @ lgh)} ’
all) = — [lgh) ®B£h)} ’

agl) _ {th) © 1§h)} ;

for ﬂh,s these are:

o = 1 017),

o) =~ 1 o],
o) =~ B2 017];

and for Chysz

with 1t(h) = xyx; (B n—>D0 h) — xtsgh) T Hence, we need to prove that:

N T
NS eV +al + ol =0,(1), (348)
=1
N-—s T
-t {al + a2 ) ag)} = 0p(1), (349)

~+

t=

—_

for ¢ = {2,3}. By usual matrix norm properties, the mixed-product
property for Kronecker product [149, Lemma 4.2.10], Holder’s inequal-
ity, Theorem 8 in Lancaster and Farahat [182, p. 412], and Conditions
(A4’) and (A5’), Eq. (348) vanishes in probability, since:

E

T4 1/4

IN
&5
/
1=
I
=
N—————
®
—//
8
]
vs)
N———
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(N—1/2§:B§h)) (1

e
1/4

X (E U’ [(xtxtT) ® (Im)}T 41) < op(1),

(1) (1)

and given that a3’ shares the same asymptotic behaviour as a; .
Similarly, we obtain that Eq. (349) with 7 = 2 vanishes in probability

T T4y V4

E

olhs e

since:
N-—s T
E H(N —s)! {a?)} ]
t=1
1/4
N TII*
<|E N‘l/QZBg-h) ® 1/2ZB
7=1

e

Ns

2|
( ey )®
(efliemr )

x ( [H (rerondis) @ (1)

1/4

<|FE

1) : < 0p<1)7

and, again, given that 0‘:(32) shares the same asymptotic behaviour than

aéz). The case i = 3 follows since ﬂ;hS = C;’S. These results plus
Condition (A4’) complete the proof.

5.5.3  Proof of Theorem 6

The proof is the same as in Section 4.5.3. It is reported for completeness.
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Proof. By Theorem 5 the VMRIC}, defined in (297) can be written as:
VMRIC), () =

min HMIh + Op(n_l/z)‘ + min
1<U<K le My

%Vlh —I—Op (an> H .

n n
Therefore,

Jim VMRIC), (@h) = min[MI| (350)
and hence

lim Pr (éh € Ml) = 1. (351)

n— -+o0o

Now, consider two models ¢; and ¢, in the candidates set Jy, , Js, € M
such that VI, (¢1) # VI, (¢3). We show that

nll—{go Pr Sigl’l {VMRICh (51) — VMRICh (62)}

= sign {||[VIL,(41)] - ||V1h(52)\|}] =1 (352)

By defining MIj, to be the minimum value of MI,, over the family of
candidate models, we have:

)

VMRIC},(¢1) = HMIZ + OP(”AM)H + ‘

%Vlh(gl) + o0, (O‘”>

n

(679 Qp
— VI, (¢ — .
n h(2)+0p(n>H

VMRIC), (£2) = HMI;; + op(n—1/2)H + ‘

Therefore, for sufficiently large n, it holds that:

VMRIC, (f;) — VMRIC),(£) = \ (IVIL(e1)] — [VIL(E)])

(879
n

Thus
sign {VMRICh(El) — VMRICh(KQ)} = Sigl’l { HVIh(gl) H — HVIh (fg) H} s
and (352) is verified and implies that
Tim Pr(f, € M) = 1. (353)

This completes the proof. O
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5.5.4  Proof of Theorem 7

5.5.4.1 Proof of Condition (C3’)

Proof. Assumptions (i), (ii), (iii) ensure that the processes involved in
a possibly-misspecified h-step ahead forecasting model have VMA (o)

representation:
Yt = ij,yvt—ja (354)

j=0
St = ijysvt—ﬁ (355)

j=0
el =S Wiovien (356)

j=0

with W; ,, W, ,,, W, g nonrandom matrices such that:

Wiyl <c"(G+1)7", (357)
[Wisl <e"(G+1)7", (358)
Wl <c(G+1)7". (359)

A consequence of Proposition 11, detailed below, is that:

oo
Z WkayAW]—fr+h+(l1,0 = O’ ap = {05 ]-a ... } 3 (360)
k=0
o0
> We AW, 10, 0=0, a2 ={1,2,...q}. (361)
k=0

Thus, since:

5
5 p q
B (=)’ = (Znym_jnuz|st+h_ku2) . (362
j=1 k=1

then it suffices to show that:

sup B |[yal|'] + sup E [[s:]'°] = o(1), (363)

—oo<t<oo —

which holds given Eq. (357), (358), (359), and Assumption (iii). Since
same path can be employed to show the second part of (C3’), the proof
is hence completed. O

Proposition 11. Under Assumptions 13 we have:
E [yt_alsﬁh”} =0,a;={0,1,...}, and (364)
E [Stfazsgh)—r} = 0) az = {17 27 R Q} : (365)
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Proof. To proof Eq. (364) is the same as showing:

E {yt_aly;:_h} =F [yt_alxﬂ R 'E {xty;:_h} . (366)

After basic algebraic manipulations, this reduces to show that:

E {Xt_hsgh)—r} =F {Xt_hxﬂ R 'E [XtEEh)T} , (367)
FE [E&)hs&)}ﬂ =F {ei@hxﬂ R 'E [xteﬁh”] . (368)

Since (a) x, R7'E {xtegh)T] is the best linear predictor in the projec-
tor’s sense and the conditional expectation function is the best linear
predictor, i.e.

P (e i) =x/R7E [xie" ] = B¢l T|x] ; (369)

and (b) given that o (x;_p) C o0 (x¢); then by the law of iterated ex-
pectation, we get that Eq. (367) hold. Eq. (368) and Eq. (365) follow
identically. For details, see Hansen [139, Ch. 2-3]. O

5.5.4.2  Proof of Condition (C6’)

Proof. For the first part, process {x; } has to be adapted to the filtration
o (x¢) C F V t. It holds since in our case F; = o (v, Vi_1,...).
Then, the argument inside the matrix norm of

|| o7t -]

is a (2 x 2)-block matrix of the type:

E [xtxf ‘]—"t_k} _r=| A ©. (370)
CcC' B
with A, B and C block Toeplitz matrices:

Ay A - A
Al Ay - AL

A= T = (371)
I AlT AzT—1 Ay
By, B, --- B
B, By, --- B_

B=| ' 0 U (372)
B/ B/, By
Cy C; C
D/ C, --- C_

c=| ' 0 S (373)
L Dl Dl—l Co

139
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where in this case we set | = p — 1, with:

Ao =E [ywy] |Fo| - B [yiy] ], (374)
By = E [ststT \ft,k] 5 [stsj } , (375)
Co=E [yis] |For| — B [yis/] (376)
and
A; = E|yyl | Fis] = E [yl ], (377)
B; = B [sis]_;|Fik] - B [sis/] (378)
Cj=E [yl j|Fo] — B |yis/] (379)
D; = E [siy_;|Fik] = B [siyl,] (380)
for j = {1,2,...,1}. Since the operator norm ||-| is a Shatten-p norm

with p = oo, we can deploy Theorem 1 of Bhatia and Kittaneh [42] for
partioned operators:

2
A C

- < JA|* +|IBJ* +2|lC]*, (381)
C' B

therefore obtaining;:
B |2 [xol [ 7] - R[] < B| (141 + 181+ 201c12)
< B[lal*] + E[IB]'] + 45 [|c|]
22| [BI?] +4E [|AJ1? [CI]
+4E [|BJ* || (382)

Applying again [42] to each block Toeplitz matrix and the triangle
inequality we get, for instance:

B (11 = E[(1a12)°] <Ti+ T2+ T (383)
where:

I,=E [p2 HE [Ytyg—‘]:t—k} - B {ytyﬂ Hﬂ

B 2
I, =4F {lz% zl: HE {Yt—z‘yg—_j‘}—tfk} —F {Yt—iyg——j} HQ} ] .
i=0 j=i+1
I's =4pE HE [Yty:‘]:t—k] - F [}’thT] H27

S5 et -beor |

1=0 j=i+1
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Focussing on showing that matrices I'y, I'y, and I's are o(1), see that:
I < p°B | (IMa] +2Mo])*]

where in this case we define:

My =Y Wi {vivl, - A} W], (384)
j=k

M2 = Z Z Wi,yvt,iv:_jW;y. (385)
i=k j=i+1

It suffices to show that E [\|M1||4} and E |:HM2||4:| vanish asymp-
totically. By the properties of the Frobenius norm and the Cauchy-
Schwartz inequality, for the former we obtain:

E[|My]'] < B (e {M:})"] (386)

which by Assumption (iii) and Eq. (357) is a o(1) for k — occ. Likewise,
it can be shown that F |:||M2H4:| = o(1). The proofs for I'; and T3,
and also for matrices B and C in Equations ((372), and (373), follow
identically. The third part of Condition (C6") follows similarly, thus
completing the proof. O

Remark 20. To show that (C5") holds for VARX models, a possible path seems
to study the consequences of Wold’s representation and extending Theorem
2.1 in [71] to multivariate time series models.

5.6 CURRENT AND FUTURE RESEARCH

Current research work focusses in extending Theorem 7 to show that
general possibly-misspecified VARX(p, ¢) models, with p = oo, satisfy
the set of conditions (C1-C6") and (A1-A%’). Promising results are
being obtained in this sense, and interesting questions are arising, e.g.
the possible extension of Chan and Ing [71] to multivariate time series
models. Future research will include further simulations for different
candidate models in the multiple regressor case, the extension to other
common possibly-misspecified multivariate time series models, and to
the high-dimensionality setting.
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APPENDIX A

Al CHAPTER 1 - TABLE OF IC FOR THE I.I.D. CASE

Table 8: Examples of sample estimators of criteria in the i.i.d. setting, in chrono-
logical order

Reference IC

[19] PSS =yT {In — QU)HIN — AG)} *{IN - QU)}y
[204] Cp = 5 RSSp —n+2p

[204] Cp = 75RSSL —n+2+2tr {XL}

[5,71 AIC = —21(0) + 2k

[292] TIC = —21(0x) +2tr {1J-1}

[241,259]  BIC = —21(fy) + klog(n)

[290] AIC,, = —21(f) 4 2lb—ct?)

[290] AIC.,, = —21(f) + 2ttt

(
( ) 2n(k—b+(p+1)/2)p
n—k+b—p—1

[290] AlICcsq = —21(9) +2 |:(c+ 1) 2271] + {2 Z’? U] }}

[290] AIC,,, = —2

n; c—2 i=c+1 nji_S

i=1

[290] AIC.y, = —21(0) +2p | (e + 251) % + {% S nji"f;,Q }]
i1 (M

[21] PC = 42 *(1+K1)

[214] GIC = Nlogé? +ank

[52] CAIC = —21(,) + k(log(n) + 1)

[52] CAIFC = —21(;,) + k(log(n) + 2) + log |1(dy)|

[52] KC = —21(0)) —log f(0%) + klog(n) + log | B(0x)]

[278] RIC = =21(0x(N)) + 2tr { I(N) (V)1 }

[235] Dy (k) = —21(0y) + 2C»,

[235] GIC = S + k6:mCh

[116] RIC = RS55y + 7162 5(2logp)

[173] GIC = —21(8) +2b1(B)

[173] GICR = —21(By) +26)(&)

[173] GAIC = —21(B),) + 2tr { 1(G)J (G *1}

[173] GICy = —21(B(N)) + 2tr {I>\(T }

[173] GBIC = —2I(h(z,n)) + 2tr {T 1> c';' 61°%§(TX'9> }

[266] GICy, = S"TEC” Andgpn(a)

[349] IC==3"" log fk(XZ,G( N+ Apmy

[283] DIC = D(0) + 2pp

[315] TICoL = 2o (0F) +2tr {forJoy }

[324,326]  WAIC(n) = BiL(n) + 2V (n)

[200] GAIC = =2ln(y, Bn) +2tr { A, }

[200] GBIC = —21n(y, Bn) +log(n)| M| + tr { Ap } —log |y

[325] WBIC = nLyn(wo) + Alogn
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A.2.1 Table of IC and PC for time series models

Table 9: Examples of approximate estimates of IC and PC in parametric time
series, in chronological order

Reference IC

[2] FPEq = (1+ N~*(M +1))(1 = N~Y(M +1))~1S(M)
[41] FPES = 62(1+ Bk/T)
[137] HQ = —21(8y,) + 2kclog log(n)
[217] AICsp =nlogd2 +2(p+1)
[275] FPE, (k) = né?(k) + vk52(K)
[243] APE =0~ 1370 2y — d441)°
[356] I(k,Cpn) = —=21(8)) + kCp
[157) AIC. = nlogé2 + n%
[227] GIC4 = log62.(M) + size(M)C(T)/T
[227] GICp = 62.(M) + size(M)C(T)/T
[328] FIC = né2 +A&31 log |Zj:1 z;al
[183] QAIC = —2Y% 42K
[183] QAIC, = QAIC + 2kl
[354] ODQ = né2(p,q) —néZ(p*,q*) —an
T
[180] FIC (k) = né2 , +62 1. log 'Z?_l (vgi,k (en’”)) (vgi,k (95[”))
_ A2 (2n(p+1)/(n—p—2))*(plog(n))?
[341] WIC = nlOg (U ) + 2n(p+1)/(n—p—2)+plog(n)
[269] RIC = (n — k) log(52) + log |W| + klog(n) — k + n—i—Q

[43] EIC = —2I(0) + 2kqq
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A.2.2  From parametric to nonparametric regression

If the parameter space is of infinite dimension, then a parametric model
considering a finite parameter space would lead to model misspecifi-
cation and further issues. The Generalized Likelihood Ratio (GLR) test
[111] allows to compare a parametric versus a nonparametric speci-
fication, and exhibits the Wilks” phenomenon, i.e. its distribution is
independent of nuisance parameters, also in nonparametric regres-
sion. It is a generalization of the types of Kolmogorov-Smirnov and
the Cramér-von Mises statistics. See Fan and Jiang [108] for further
details.

THE GENERALIZED LR TEST According to Fan and Yao [110, p. 406],
the idea in the GLR test of Fan et al. [111] (developed for independent
observations), can be extended to dependent data, although acknowl-
edging that (at their time) there were very few developments on model
validation with dependent data for nonparametric regression. They ex-
pected that under some mixing conditions! the results for dependent
data will hold. See Zhou [358] for an analysis of the GLR for time vary-
ing coefficient models with cross-correlated non-stationary regressors
and errors, and Niu et al. [215] for a bias reduction proposal and an
enhancement including dimension reduction adaptive to the model to
improve power performance.

PARAMETRIC OR NONPARAMETRIC?  The debate between parametric
versus nonparametric has reappeared many times in literature, without
a definitive result, i.e. it depends on whether the object of study has a
parametric form or not, and on its objective (description-identification;
prediction-selection). As recalled in the introduction, an important fact
is that we continue to experience exponential growth of our processors
[95], which allows us to implement algorithms that five or ten years
before were not feasible in terms of computational times. From the
theoretical and applied works in the involved fields, we can see combi-
nation of methods to solve the specific problems. These solutions are
coherent to principles such as Akaike’s entropy-maximization, Rissa-
nen’s minimum description length, or parsimony. Nevertheless, cau-
tion is advised whenever a new problem is being assessed and MS is
needed. We need to understand the specific application and assump-
tions where the automated criterion is being employed, and need of
critical understanding if a specific criterion needs of adaptations or
even if it fits our practical purpose. This mainly in the light of possible
automated-bias (as in the cases presented in the the previous chapter,
Section 2.1). Further interesting considerations can be found respec-
tively in Wiener [333], Bynum [62], and in the introductory chapter of
Machol and Gray [202].

1 See Appendix A.2.4.
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In his monograph, Wasserman [322] acknowledged that the defini-
tion of nonparametric inference is problematic in itself. He defined that
nonparametric inference is a set of modern statistical methods to solve
real-world statistical problems that aim to keep the number of underly-
ing assumptions as weak as possible. CV is an example of this method
[20, 24, 87, 264, 285]. For instance, to perform bandwidth selection in
nonparametric regression, CV or Mallow’s C,, can be employed.

DIMENSION REDUCTION AND VARIABLE SELECTION Further exam-
ples include variable selection with decision trees, adaptive band-
width selection (Fan and Gijbels [107]). Principal Components Anal-
ysis (PCA), independent component analysis, or projection pursuit. It
should be clear that the nonparametric approach offers less constraints
to the researcher. See Fan [106] for a review of nonparametric methods
in financial econometrics, Wasserman [322] for an introduction to non-
parametric statistics, Li [191] for the study of nonparametric methods
in econometrics, Robinson [248] for asymptotic theory of nonparamet-
ric regression with spatial data, and Racine et al. [231] for applied
nonparametric econometrics and statistics.

A2.3 A sequence of developments in modelling nonlinear time series

The beginning of spectral analysis is sometimes attributed to the work
of Schuster [257], where the periodogram was used to study hidden
periodicities in meteorological phenomena. Almost one hundred year
later, Robinson [247] presented kernel estimators for the multivariate
probability density and for regression, applied to strictly stationary
univariate time series. For MS with nonlinear models, Pefia Sdnchez
de Rivera [246] proposed a procedure based on Fisher’s Efficient Score
principle [233] for classes of nonlinear models, known in the econo-
metric literature as LM test. The author analysed IBM time series and
discussed operational aspects of their implementation in the context
of diagnostic analysis for an integrated autoregressive moving-average
(ARIMA) model.

To the best of our knowledge, Cheng and Tong [77] established the
first rigorous work on the theory of nonparametric regression for time
series, where the asymptotic consistency of a CV method as MS tech-
nique is proven. Their approach connected deterministic chaos and
stochastic time series models, starting from the consideration that in
any systematic study of chaos it is natural to determine the embedding
dimension in a noisy environment first. The setting is of stochastic
modelling within the framework of nonlinear regression. They intro-
duced a generalized partial autocorrelation statistic and estimated the
embedding dimension relying on order determination of an unknown
nonlinear regression via CV, and proved its consistency as MS method
under global boundedness. At the same time, they showed how this
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method served as theoretical justification of the FPE approach from
Auestad and Tjesthein [26], an extension of which will be explained in
the following subsection 3.3.1.

Yao and Tong [350] used a CV method based on the kernel estimate
of the conditional mean for subset selection of stochastic regressors
within the framework of nonlinear stochastic regression. The assump-
tions include strict stationarity and absolutely regular processes. They
showed that the CV selection method is asymptotically consistent. Two
kinds of asymptotic efficiency of the selected model are proved, and
the results are illustrated with simulations and real data.

Yao and Tong [351] also studied the determination of bandwidth
in kernel regression through a generalized CV method. They proved
asymptotic optimality under the assumption that observations are
strictly stationary and p-mixing (see Appendix A.2.4). Their simula-
tions compared the performance of various CV bandwidth selector for
dependent data. These show that the ordinary CV method is quite
stable in regression estimation with random design, even if data are
highly correlated.

Imoto and Konishi [160] derived IC (a type of GIC) for evaluating
B-spline nonparametric regression models estimated by PMLE, in the
context of misspecification, and for Generalized Linear Models. Their
proposed a criterion that was later applied to select the optimal value
of the smoothing parameter and the number of knots. See Fan and Yao
[110], Gao [119], and Terasvirta [294] for monographs from 2003-2010
summarizing various results in this area.
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A24  Mixing conditions in stochastic processes

Doukhan [104] treated meticulously different notions of mixing related
to underlying measures of dependence between o-fields of processes,
stronger than ergodicity.

Let (), F,P) be a probability space, and A and C two sub o-algebras
of F. Then, define the following measures of dependence between A
and C as:

a(A,C) =sup{|P(A)P(C)—P(ANC)|,Ae A C e},
B(A,C) = E[ess sup {|P(C|A) — P(C)|,C € C}],

6(A,C) :sup{‘P(C)—P(;l(Z)C) JAe A P(A) #O,CGC},
(A, C) :sup{‘l—m ,Ae A, P(A) #£0,C e,
0%0},

p(A,C) = sup { |Corr(X,Y)|, X € L2(A),Y € L2(C)A € A,
P(A) £0,C €C,C # o},

In particular, coefficient 5(A,C) is called absolute regularity or (-
mixing coefficient, and it may be also written as:

I
B(A,C) ISUP{;ZZ|P(A1')P(CJ')P(Amcjﬂ}

The supremum is taken over all the partitions (4;), (C;) of O, with
A; € A, C; € C. A more recent use of the 3-mixing definition to study
time dependence is followed by Chen et al. [75], citing Davydov [91]:

Definition 74. The process {x;} is -mixing if

Jlim 5y =0 (387)
and [-mixing with exponential decay rate if

By < yexp(—dt) (388)

for some 6 > 0 and ~ > 0.
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A.2.5 Local estimation: linear and polynomial

Let us follow [309, Ch. 7]. Local estimation aims at obtaining an esti-
mate of p(x) by estimating it separately for each (m x 1) vector. Since
p(z) is not observable, a first-order Taylor expansion of u(z;) at x is
considered:

0
p(xe) = p(z) + gg(;) (xt — x) + R(z4, 7).
We can substitute in:
op(z)

Y, = p(z) -1+ (vt — ) + R(zt, ) + €,

8 /
where ¢, is the stochastic error term. Note that if R(z¢,z) = 0 then the
usual OLS is obtained. In this case the usual estimated function value
f(x) at x, and the estimated vector 8(,) of first partial derivatives
at x, follow. But if the conditional mean function, u(x;), is nonlinear
then R(x¢,x) # 0, thus the OLS with biased estimates is required. In
nonparametric estimation, kernel estimation requires a kernel function

K (u) such that it is:

(i) symmetric;
(ii) compactly supported;
(iii) nonnegative;
(iv) univariate probability density s.t. [ K (u)du = 1.

Furthermore, a bandwidth & has to be defined. This will help to adjust
aneighbourhood around z, and can be thought as a smoothing param-
eter, since higher h is associated with smoother function estimates. For

a scalar z, this would be of the form: } K (£-2). If we are in the vec-
tor setting, with m > 1, and = = (x1,...,2,,) ', then we use Product
Kernel, e.g.:
n(ze — ) ﬁi (T Ty, (389)
Ll 5m h

The particular choice of the kernel function influences the asymptotic
behaviour of the Local Linear Estimator via:

1. the Kernel variance: 0% = [4?K (u)du, and
2. the Kernel constant: || K||3 := [ K (u)?du.

The strategy proposed in [309], is to consider estimation as a weighted
LS problem:

{&,61,... tm} =
m

T
argmin Y {y—c— Y ci(wy —2)}? Kp(w — ). (390)

GCLyesCm oy 4] i=1
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In this way, the Local Linear function estimate at point x is given by
p(x, h) =eé.

Summarizing: the local linear estimator uses a first-order Taylor ap-
proximation, useful in the situation of nonparametric analysis. Finally,
note that estimating 4(-) on complete support would imply to perform
infinitely many estimations. For this reason, the estimation is usually
performed on a specified grid or at specific values.

In this context, the NW estimator [211, 327] is a local constant func-
tion estimator:

pnw (2, h) = {ZywW (2, ) Zyw} ' Ziw W (2, h)Y
_ Z;F:im+1 Kh(% - x)yt

(391)
ZtT:imH Ky (v — )
T
with Zyw = (1,..., 1)1T><(T—z‘m)' W(z,h) = diag{Kh(mTI)} ,
t=im+1
andY = (Yi,.\,...,Yr) .
The LLE can be seen as a Generalized LS estimator:
iz, h) = e{Z" ()W (z,h)Z(z)} 27 (x)W (x, h)Y, (392)
whereY = (Y;,,.\,- -, Yr)T, e = (1,014m) ",
1 17
2o [ - 1 |
Lip+1 —L ... T —X
T
and W(z,h) = diag{K h(xt;x)} . If regularity conditions are
t=im+1

satisfied, then it can be shown that the LLE has asymptotic Gaussian
distribution:

VTR {p(a,h) — p(z) — b(a)h?} ~L N(0,v(x)), (393)

where the asymptotic bias is defined as:

b(z) = Jj{tr { gj;%(}) } , (394)

and the asymptotic variance is equal to:
o ()| K13

f(z)
The LLE is preferred for its asymptotic properties, since as h increases

it can increase the asymptotic bias, while reducing h allows to decrease
the asymptotic variance.

o(z) = (395)

153






APPENDIX B

B.l TECHNICAL LEMMA

The following lemma is a general result that holds for the multivariate

predictor case (i.e., m > 1). It relies upon Assumption (C1) of [153,

p- 1068] when w = 1,m > 1, identical to Assumption (C1’) when
w > 1m > 2, which reduces to Assumption (C1) of Chapter 4.

Lemma 1. Let R and R be defined in (210) and R, be the multivariate version
of Eq. (246). Then, for 0 < v < 5, it holds that:

Ewﬁfy_ﬁ;wq::o[<ﬁ)q, (396)
e8] o] o
S ) oo

with 1, being defined in (242).

Proof. Triangle inequality implies that
e
e < - ]
m= —7 < R R -] ]

Since R is invertible we have that |[R™!|| = O(1); under Assump-

tion (C5’), Hf{_l H = O(1). Moreover, it can be easily proved that also

[R7Y| = O(1). Therefore, by deploying Hélder’s inequality, the re-

sults will be verified if we prove the following three conditions:

E [HR ~ Rm -0 (l;) : (399)
B J - wf] =0 (n7). a0
E[JR-R[] =0 (n"1/?). (401)

Leta =n—1, and b = a + 1. As for (399) note that

1 1L 4
J o2y g

H(zlv -2) g}"t"?

~0 (ln) _
n
Conditions (400) and (401) readily derive from Assumption (C1) and
hence the proof is completed. O

o Ji ] <

155

B






BIBLIOGRAPHY

(1]

(4]

[5]

[9]

[10]

[11]

[12]

Hirotugu Akaike. “Fitting autoregressive models for predic-
tion.” In: Annals of the Institute of Statistical Mathematics 21.1
(1969), pp. 243-247.

Hirotugu Akaike. “Statistical predictor identification.” In: An-
nals of the Institute of Statistical Mathematics 22.1 (1970), pp. 203—
217.

Hirotugu Akaike. “ Autoregressive model fitting for control.” In:
Annals of the Institute of Statistical Mathematics 23 (1971), 163—
180.

Hirotugu Akaike. Determination of the Number of Factors by an Ex-
tended Maximum Likelihood Principle. Research memorandums /
Institute of Statistical Mathematics. Tokyo. Institute of Statisti-
cal Mathematics, 1971.

Hirotugu Akaike. “Information Theory and an Extension of
the Maximum Likelihood Principle.” In: Proceeding of the Second
International Symposium on Information Theory (1973). Ed. by B.
Petrov and F. Caski.

Hirotugu Akaike. “Information theory and an extension of the
maximum likelihood principle.” In: Second International Sympo-
sium on Information Theory (Tsahkadsor, 1971). 1973, pp. 267-281.

Hirotugu Akaike. “A new look at the statistical model identi-
fication.” In: IEEE Transactions on Automatic Control 19.6 (1974),
pp. 716-723.

Hirotugu Akaike. “A new look at the statistical model identifi-
cation.” In: IEEE Transactions on Automatic Control AC-19 (1974),
pp. 716-723. 1ssn: 0018-9286. por: 10.1109/tac.1974.1100705.

Hirotugu Akaike. “Canonical correlation analysis of time series
and the use of an information criterion.” In: Mathematics in
Science and Engineering. Vol. 126. Elsevier, 1976, pp. 27-96.

Hirotugu Akaike. “On entropy maximization principle, Ap-
plications of Statistics.” In: Proceedings of the Symposium held
at Wright State University. North-Holland Publishing Company.
1977, pp. 27-41.

Hirotugu Akaike. “A new look at the Bayes procedure.” In:
Biometrika 65.1 (1978), pp. 53-59.

Hirotugu Akaike. “On the likelihood of a time series model.”
In: Journal of the Royal Statistical Society: Series D (The Statistician)
27.3-4 (1978), pp. 217-235.

157


https://doi.org/10.1109/tac.1974.1100705

158

BIBLIOGRAPHY

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Hirotugu Akaike. “A Bayesian extension of the minimum AIC
procedure of autoregressive model fitting.” In: Biometrika 66.2
(1979), pp. 237-242.

Hirotugu Akaike. “Likelihood and the Bayes procedure.” In:
Bayesian Statistics. Proceedings of the First International Meeting
held in Valencia (Spain), May 28 to June 2. University Press (Va-
lencia, Spain), 1980, pp. 115-149.

Hirotugu Akaike. “Prediction and entropy.” In: A Celebration of
Statistics: The ISI Centenary Volume. Ed. by Anthony Atkinson
and Stephen Fienberg. Springer, 1985, pp. 1-24.

Hirotugu Akaike. “Information Theory and an Extension of the
Maximum Likelihood Principle.” In: Breakthroughs in Statistics:
foundations and basic theory. Ed. by Samuel Kotz and Norman
Lloyd Johnson. Springer, 1992, pp. 610-624.

Hirotugu Akaike. “Markovian representation of stochastic pro-
cesses and its application to the analysis of autoregressive mov-
ing average processes.” In: Selected Papers of Hirotugu Akaike.
Springer, 1998, pp. 223-247.

Abdelkamel Alj, Kristjan Jénasson, and Guy Mélard. “The ex-
act Gaussian likelihood estimation of time-dependent VARMA
models.” In: Computational Statistics & Data Analysis 100 (2016),
pp- 633-644.

David Allen. “The prediction sum of squares as a criterion for
selecting predictor variables.” In: Technical Report 23 (1971).

David Allen. “The relationship between variable selection and
data agumentation and a method for prediction.” In: Technomet-
rics 16.1 (1974), pp. 125-127.

Takeshi Amemiya. “Selection of regressors.” In: International
Economic Review (1980), pp. 331-354.

Theodore Anderson and AM Walker. “On the asymptotic distri-
bution of the autocorrelations of a sample from a linear stochas-
tic process.” In: The Annals of Mathematical Statistics 35.3 (1964),
pp- 1296-1303.

Serkan Aras and Ipek Deveci Kocakog. “A new model selec-
tion strategy in time series forecasting with artificial neural
networks: IHTS.” In: Neurocomputing 174 (2016), pp. 974-987.

Sylvain Arlot and Alain Celisse. “A survey of cross-validation
procedures for model selection.” In: Statistics Surveys 4 (2010),
pp- 40-79.

Anthony Atkinson. “A note on the generalized information cri-
terion for choice of a model.” In: Biometrika 67.2 (1980), pp. 413—
418.



[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

BIBLIOGRAPHY

Bjorn Auestad and Dag Tjestheim. “Identification of nonlinear
time series: first order characterization and order determina-
tion.” In: Biometrika 77.4 (1990), pp. 669-687.

Rina Foygel Barber and Emmanuel Candés. “Controlling the
false discovery rate via knockoffs.” In: The Annals of Statistics
43.5 (2015), pp. 2055-2085.

Jean-Marc Bardet, Kare Kamila, and William Kengne. “Consis-
tent model selection criteria and goodness-of-fit test for com-
mon time series models.” In: Electronic Journal of Statistics 14.1
(2020), pp. 2009-2052.

Andrew Barron, Lucien Birgé, and Pascal Massart. “Risk bounds
for model selection via penalization.” In: Probability Theory and
Related Fields 113.3 (1999), pp. 301-413.

Edward Bedrick and Chih-Ling Tsai. “Model selection for mul-
tivariate regression in small samples.” In: Biometrics (1994),
pp- 226-231.

Yoav Benjamini and Yosef Hochberg. “Controlling the false dis-
covery rate: a practical and powerful approach to multiple test-
ing.” In: Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 57.1 (1995), pp. 289-300.

Joseph Berkson. “Some difficulties of interpretation encoun-
tered in the application of the chi-square test.” In: Journal of
the American Statistical Association 33.203 (1938), pp. 526-536.

Joseph Berkson. “Estimation by least squares and by maximum
likelihood.” In: Proceedings of the Third Berkeley Symposium on
Mathematical Statistics and Probability. Vol. 1. University of Cali-
fornia Press, Berkeley. 1956, pp. 1-11.

Emily Berman. “A government of laws and not of machines.”
In: Boston University Law Review 98.5 (2018), pp. 1277-1356.

Emily Berman. “Individualized Suspicion in the Age of Big
Data.” In: Iowa Law Review 105 (2019), p. 463.

Dimitris Bertsimas, Angela King, and Rahul Mazumder. “Best
subset selection via a modern optimization lens.” In: The Annals
of Statistics 44.2 (2016), pp. 813-852.

Dimitris Bertsimas, Jean Pauphilet, and Bart Van Parys. “Sparse
regression: Scalable algorithms and empirical performance.” In:
Statistical Science 35.4 (2020), pp. 555-578.

Wolfgang Bessler, Alexander Leonhardt, and Dominik Wolff.
“Analyzing hedging strategies for fixed income portfolios: A
Bayesian approach for model selection.” In: International Review
of Financial Analysis 46 (2016), pp. 239-256. 1ssn: 1057-5219. por:
https://doi.org/10.1016/j.irfa.2015.11.013. URL:

159


https://doi.org/https://doi.org/10.1016/j.irfa.2015.11.013

160

BIBLIOGRAPHY

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

https://www.sciencedirect.com/science/article/pii/
S1057521915002100.

Rajendra Bhansali. “The criterion autoregressive transfer func-
tion of Parzen.” In: Journal of Time Series Analysis 7.2 (1986),
pp- 79-104.

Rajendra Bhansali. “Model specification and selection for multi-
variate time series.” In: Journal of Multivariate Analysis 175 (2020),
p- 104539.

Rajendra Bhansali and David Downham. “Some properties of
the order of an autoregressive model selected by a general-
ization of Akaike’s EPF criterion.” In: Biometrika 64.3 (1977),
pp. 547-551.

Rajendra Bhatia and Fuad Kittaneh. “Norm inequalities for par-
titioned operators and an application.” In: Mathematische An-
nalen 287 (1990), pp. 719-726. por: 10.1007/BF01446925.

Baki Billah, Rob Hyndman, and Anne Koehler. “Empirical in-
formation criteria for time series forecasting model selection.”
In: Journal of Statistical Computation and Simulation 75.10 (2005),
pp- 831-840.

Nicholas Bingham. “Multivariate prediction and matrix Szego
theory.” In: Probability Surveys 9 (2012), pp. 325-339.

Richard Blahut. “Hypothesis testing and information theory.”
In: IEEE Transactions on Information Theory 20.4 (1974), pp. 405—
417.

Arnoud den Boer and Dirk Sierag. “Decision-based model se-
lection.” In: European Journal of Operational Research 290.2 (2021),
pp- 671-686.

Matgorzata Bogdan, Ewout Van Den Berg, Chiara Sabatti, Wei-
jie Su, and Emmanuel Candés. “SLOPE—adaptive variable se-
lection via convex optimization.” In: The Annals of Applied Statis-
tics 9.3 (2015), p. 1103.

Aurélie Boisbunon, Stéphane Canu, Dominique Fourdrinier,
William Strawderman, and Martin Wells. “Akaike’s informa-
tion criterion, Cp and estimators of loss for elliptically symmet-
ric distributions.” In: International Statistical Review 82.3 (2014),
pp- 422-439.

Yacouba Boubacar Mainassara. “Selection of weak VARMA
models by modified Akaike’s information criteria.” In: Journal
of Time Series Analysis 33.1 (2012), pp. 121-130.

Anton Bovier. “Stochastic processes 1.” Online. Sommer 2009,
Universitit Bonn. Bonn, 2011. urL: https: //wt . iam. uni -
bonn.de/bovier/lecture-notes.


https://www.sciencedirect.com/science/article/pii/S1057521915002100
https://www.sciencedirect.com/science/article/pii/S1057521915002100
https://doi.org/10.1007/BF01446925
https://wt.iam.uni-bonn.de/bovier/lecture-notes
https://wt.iam.uni-bonn.de/bovier/lecture-notes

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

BIBLIOGRAPHY

George Box, Gwilym Jenkins, Gregory Reinsel, and Greta Ljung.
Time Series Analysis: Forecasting and Control. 2016.

Hamparsum Bozdogan. “Model selection and Akaike’s infor-
mation criterion (AIC): the general theory and its analytical
extensions.” In: Psychometrika 52.3 (1987), pp. 345-370.

Hamparsum Bozdogan. “On the information-based measure of
covariance complexity and its application to the evaluation of
multivariate linear models.” In: Communications in Statistics —
Theory and Methods 19.1 (1990), pp. 221-278.

Leo Breiman. “Statistical modeling: The two cultures (with com-
ments and a rejoinder by the author).” In: Statistical Science 16.3
(2001), pp. 199-231.

Heinz-Peter Breuer and Francesco Petruccione. The theory of
open quantum systems. Oxford Academic, 2002.

Peter Brockwell, Richard Davis, and Stephen Fienberg. Time
series: theory and methods. Springer Science & Business Media,
1991.

Steven Buckland, Kenneth Burnham, and Nicole Augustin. “Model

selection : an integral part of inference.” In: Biometrics 53 (21997),
pp- 603 -618.

Peter Bithlmann, Bin Yu, Yoram Singer, and Larry Wasserman.
“Sparse Boosting.” In: Journal of Machine Learning Research 7.6
(2006).

Kenneth Burnham and David Anderson. Model selection and mul-
timodel inference: a practical information- theoretic approach. 2nd ed.
Springer, New York, 2002.

Kenneth Burnham and David Anderson. “Multimodel infer-
ence: understanding AIC and BIC in model selection.” In: Soci-
ological Methods & Research 33.2 (2004), pp. 261-304.

Adolf Buse. “The likelihood ratio, Wald, and Lagrange mul-
tiplier tests: An expository note.” In: The American Statistician
36.3a (1982), pp. 153-157.

Terrell Ward Bynum. “Norbert Wiener’s Vision: the Impact of
the ‘Automatic Age” on our Moral Lives.” In: The impact of the In-
ternet on our moral lives. Ed. by Robert Cavalier. State University
of New York Press, 2005, pp. 11-25.

Emmanuel Candes. “Conformal prediction in 2020.” Bernoulli-

IMS One World Symposium 2020. 2020. urL: https : //www .

worldsymposium2020.org/program/live-plenary-talks.

Emmanuel Candes, Yingying Fan, Lucas Janson, and Jinchi Lv.
“Panning for gold:‘model-X" knockoffs for high dimensional
controlled variable selection.” In: Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 80.3 (2018), pp. 551-577.

161


https://www.worldsymposium2020.org/program/live-plenary-talks
https://www.worldsymposium2020.org/program/live-plenary-talks

162

BIBLIOGRAPHY

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

Mehmet Caner and Marcelo Medeiros. “Model Selection and
Shrinkage: An Overview.” In: Econometric Reviews 35.8-10 (2016),
pp- 1343-1346.

Joseph Cavanaugh. “A large-sample model selection criterion
based on Kullback’s symmetric divergence.” In: Statistics &
Probability Letters 42.4 (1999), pp. 333-343. 1ssn: 0167-7152. por:
https://doi.org/10.1016/S0167-7152(98) 00200-4. URL:
https://www.sciencedirect.com/science/article/pii/
S0167715298002004.

Joseph Cavanaugh and Andrew Neath. “The Akaike Informa-
tion Criterion: background, derivation, properties, application,
interpretation, and refinements.” In: Wiley Interdisciplinary Re-
views: Computational Statistics 11.3 (2019), €1460.

Arijit Chakrabarti and Jayanta Ghosh. “Optimality of AIC in
inference about Brownian motion.” In: Annals of the Institute of
Statistical Mathematics 58.1 (2006), pp. 1-20.

Joshua Chan, Eric Eisenstat, and Gary Koop. “Large Bayesian
VARMASs.” In: Journal of Econometrics 192.2 (2016), pp. 374-390.

Kung Sik Chan and Howell Tong. “On estimating thresholds
in autoregressive models.” In: Journal of Time Series Analysis 7.3
(1986), pp. 179-190.

Ngai Hang Chan and Ching-Kang Ing. “Uniform momentbounds
of Fisher’s Information with applications to time series.” In: The
Annals of Statistics 39.3 (2011), pp. 1526-1550. 1ssn: 00905364,
21688966. URL: http://www. jstor.org/stable/23033606.

Jia Chen, Degui Li, Oliver Linton, and Zudi Lu. “Semipara-
metric ultra-high dimensional model averaging of nonlinear
dynamic time series.” In: Journal of the American Statistical Asso-
ciation 113.522 (2018), pp. 919-932.

Min Chen, Michael Dunn, Amos Golan, and Aman Ullah. Ad-
vances in Info-metrics: Information and Information Processing Across
Disciplines. Oxford University Press, 2020.

Shaobing Chen and David Donoho. “Basis pursuit.” In: Pro-
ceedings of 1994 28th Asilomar Conference on Signals, Systems and
Computers. Vol. 1. IEEE. 1994, pp. 41-44.

Xiaohong Chen, Lars Peter Hansen, and Marine Carrasco. “Non-
linearity and temporal dependence.” In: Journal of Econometrics
155.2 (2010), pp. 155-169.

Yuansi Chen, Armeen Taeb, and Peter Bithlmann. “A Look at
Robustness and Stability of 1; versu l>-Regularization: Discus-
sion of Papers by Bertsimas et al. and Hastie et al.” In: Statistical
Science 35.4 (2020), pp. 614-622.


https://doi.org/https://doi.org/10.1016/S0167-7152(98)00200-4
https://www.sciencedirect.com/science/article/pii/S0167715298002004
https://www.sciencedirect.com/science/article/pii/S0167715298002004
http://www.jstor.org/stable/23033606

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

BIBLIOGRAPHY

Bing Cheng and Howell Tong. “On consistent nonparametric
order determination and chaos.” In: Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 54.2 (1992), pp. 427-449.

Hai-Tang Chiou, Meihui Guo, and Ching-Kang Ing. “Variable
selection for high-dimensional regression models with time se-
ries and heteroscedastic errors.” In: Journal of Econometrics 216.1
(2020), pp. 118-136.

ByoungSeon Choi. ARMA model identification. Springer Science
& Business Media, 1992.

Yuan Chow. “Local convergence of martingales and the law
of large numbers.” In: The Annals of Mathematical Statistics 36.2
(1965), pp. 552-558.

Ole Christensen. Functions, spaces, and expansions: mathematical
tools in physics and engineering. Springer Science & Business Me-
dia, 2010.

Gerda Claeskens and Nils Lid Hjort. “The focused information
criterion.” In: Journal of the American Statistical Association 98.464
(2003), pp. 900-916.

Gerda Claeskens and Nils Lid Hjort. Cambridge Books. Cam-
bridge University Press, 2008.

Jennifer Cobbe. “Administrative law and the machines of gov-
ernment: judicial review of automated public-sector decision-
making.” In: Legal Studies 39.4 (2019), pp. 636—655.

David Cooper and Eric Wood. “Identifying multivariate time se-
riesmodels.” In: Journal of Time Series Analysis 3.3 (1982), pp. 153—
164.

David Roxbee Cox and David Victor Hinkley. Theoretical statis-
tics. 2017 edition. CRC Press, 1979.

Peter Craven and Grace Wahba. “Smoothing noisy data with
spline functions.” In: Numerische Mathematik 31.4 (1978), pp. 377—
403.

Imre Csiszér and Paul Shields. “The consistency of the BIC
Markov order estimator.” In: The Annals of Statistics 28.6 (2000),
pp. 1601-1619.

Imre Csiszar and Zsolt Talata. “Context tree estimation for not
necessarily finite memory processes, via BIC and MDL.” In:
IEEE Transactions on Information Theory 52.3 (2006), pp. 1007-
1016.

Simon Davies, Andrew Neath, and Joseph Cavanaugh. “Estima-
tion optimality of corrected AIC and modified Cp in linear re-
gression.” In: International Statistical Review 74.2 (2006), pp. 161—
168.

163



164

BIBLIOGRAPHY

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

Yu Davydov. “Mixing conditions for Markov chains.” In: Theory
of Probability & Its Applications 18.2 (1973), pp. 312-328.

Frauke Degenhardt, Stephan Seifert, and Silke Szymczak. “Eval-
uation of variable selection methods for random forests and
omics data sets.” In: Briefings in Bioinformatics 20.2 (2019), pp. 492-
503.

Edwards Deming. “On probability as a basis for action.” In: The
American Statistician 29.4 (1975), pp. 146-152.

Emre Demirkaya, Yang Feng, Pallavi Basu, and Jinchi Lv. “Large-
scale model selection in misspecified generalized linear mod-
els.” In: Biometrika (2020), pp. 1-21.

Peter Denning and Ted Lewis. “Exponential Laws of Comput-
ing Growth.” In: Communications of the ACM 60.1 (2017), pp. 54—
65.

PH Diananda and Maurice Bartlett. “Some probability limit the-
orems with statistical applications.” In: Mathematical Proceedings
of the Cambridge Philosophical Society. Vol. 49. 2. Cambridge Uni-
versity Press. 1953, pp. 239-246.

Gery Andrés Diaz Rubio, Simone Giannerini, and Greta Goracci.
“On the asymptotic mean-squared prediction error for multi-
variate time series.” In: Book of Short Papers SIS 2021. Ed. by
Cira Perna, Nicola Salvati, and Francesco Schirripa Spagnolo.
Pearson, 2021, pp. 1599 -1604.

Gery Andrés Diaz Rubio, Simone Giannerini, and Greta Goracci.
“A multivariate extension of the Misspecification-Resistant In-
formation Criterion.” In: arXiv preprint (2022). urL: https://
arxiv.org/abs/2202.09225.

Jie Ding, Vahid Tarokh, and Yuhong Yang. “Bridging AIC and
BIC: a new criterion for autoregression.” In: IEEE Transactions
on Information Theory 64.6 (2017), pp. 4024—4043.

Jie Ding, Vahid Tarokh, and Yuhong Yang. “Model selection
techniques: An overview.” In: IEEE Signal Processing Magazine
35.6 (2018), pp. 16-34.

Mamadou Lamine Diop and William Kengne. “Inference and
model selection in general causal time series with exogenous
covariates.” In: Electronic Journal of Statistics 16.1 (2022), pp. 116—
157.

Matthew Dixon and Tyler Ward. “Takeuchi’s Information Cri-
teria as a form of Regularization.” In: arXiv preprint (2018). por:
10.48550/arXiv.1803.04947.

Joseph Doob. “Probability and statistics.” In: Transactions of the
American Mathematical Society 36.4 (1934), pp. 759-775.


https://arxiv.org/abs/2202.09225
https://arxiv.org/abs/2202.09225
https://doi.org/10.48550/arXiv.1803.04947

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

BIBLIOGRAPHY

Paul Doukhan. Mixing: Properties and Examples. Lecture Notes
in Statistics. Springer, 1994.

Bradley Efron. “The estimation of prediction error: covariance
penalties and cross-validation.” In: Journal of the American Sta-
tistical Association 99.467 (2004), pp. 619-632.

Jianging Fan. “A selective overview of nonparametric methods
in financial econometrics.” In: Statistical Science (2005), pp. 317-
337.

Jianqing Fan and Irene Gijbels. “Data-driven bandwidth selec-
tion in local polynomial fitting: variable bandwidth and spatial
adaptation.” In: Journal of the Royal Statistical Society: Series B
(Statistical Methodology) 57.2 (1995), pp. 371-394.

Jianging Fan and Jiancheng Jiang. “Nonparametric inference
with generalized likelihood ratio tests.” In: Test 16.3 (2007),
pp- 409-444.

Jianging Fan and Runze Li. “Variable selection via nonconcave
penalized likelihood and its oracle properties.” In: Journal of the
American Statistical Association 96.456 (2001), pp. 1348-1360.

Jianging Fan and Qiwei Yao. Nonlinear time series: nonparamet-
ric and parametric methods. Springer Series in Statistics (SSS).
Springer-Verlag, New York, 2003.

Jianging Fan, Chunming Zhang, and Jian Zhang. “Generalized
likelihood ratio statistics and Wilks phenomenon.” In: The An-
nals of Statistics (2001), pp. 153-193.

Vicky Fasen and Sebastian Kimmig. “Information criteria for
multivariate CARMA processes.” In: Bernoulli 23.4 (A 2017),
pp- 2860 —2886.

David Findley. “On the unbiasedness property of AIC for ex-
act or approximating linear stochastic time series models.” In:
Journal of Time Series Analysis 6.4 (1985), pp. 229-252.

David Findley. “Counterexamples to parsimony and BIC.” In:
Annals of the Institute of Statistical Mathematics 43.3 (1991), pp. 505—
514.

David Findley and Ching-Zong Wei. “Moment bounds for de-
riving time series CLT’s and model selection procedures.” In:
Statistica Sinica 3 (1993), pp. 453—480.

Dean Foster and Edward George. “The risk inflation criterion
for multiple regression.” In: The Annals of Statistics (1994), pp. 1947
-1975.

Rina Foygel Barber, Emmanuel Candeés, Aaditya Ramdas, and
Ryan Tibshirani. “The limits of distribution-free conditional pre-
dictive inference.” In: Information and Inference: A Journal of the
IMA 10.2 (2021), pp. 455-482.

165



166

BIBLIOGRAPHY

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]
[133]
[134]

Racnar Frisch. “From Utopian Theory to Practical Applications:
The Case of Econometrics.” In: Nobel Memorial Lecture, in: (Nobel
Lectures, Economic Sciences, 1969-1980, Assar Lindbeck ed.) Singa-
pore, World Scientific (1992).

Jiti Gao. Nonlinear time series: semiparametric and nonparametric
methods. CRC Press, 2007.

Jests Garcia and Verénica Gonzalez-Lépez. “Consistent esti-
mation of partition Markov models.” In: Entropy 19.4 (2017),
p- 160.

Seymour Geisser. “The predictive sample reuse method with
applications.” In: Journal of the American Statistical Association
70.350 (1975), pp. 320-328.

Andrew Gelman and Aki Vehtari. “What are the most impor-
tant statistical ideas of the past 50 years?” In: Journal of the
American Statistical Association 116.536 (2021), pp. 2087-2097.

John Geweke and Richard Meese. “Estimating regression mod-
els of finite but unknown order.” In: International Economic Re-
view (1981), pp. 55-70.

Christophe Giraud. Introduction to high dimensional statistics. Vol. 138.
CRC Press, 2014.

Jan de Gooijer, Bovas Abraham, Ann Gould, and Lecily Robin-
son. “Methods for determining the order of an autoregressive-
moving average process: A survey.” In: International Statistical
Review/Revue Internationale de Statistique (1985), pp. 301-329.

Clive Granger and Timo Terdsvirta. “Modelling non-linear eco-
nomic relationships.” In: OUP Catalogue (1993).

Peter Griinwald. The minimum description length principle. MIT
Press, 2007.

Valérie Haggan and Tohru Ozaki. “Modelling nonlinear ran-
dom vibrations using an amplitude-dependent autoregressive
time series model.” In: Biometrika 68.1 (1981), pp. 189-196.

Alastair Hall. Generalized method of moments. Oxford University
Press, 2005.

MarcHallin, Davide La Vecchia, and Hang Liu. “Center-outward
R-estimation for semiparametric VARMA models.” In: Journal
of the American Statistical Association (2020), pp. 1-14.

Paul Richard Halmos. Measure Theory. Vol. 18. Graduate Texts
in Mathematics. 1974.

Edward Hannan. Time series analysis. 1960.
Edward Hannan. Multiple time series. John Wiley & Sons, 1970.

Edward Hannan. “The estimation of the order of an ARMA
process.” In: The Annals of Statistics (1980), pp. 1071-1081.



[135]

[136]

[137]

[138]

[139]
[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

BIBLIOGRAPHY

Edward Hannan. “Testing for autocorrelation and Akaike’s cri-
terion.” In: Journal of Applied Probability 19.A (1982), pp. 403—
412.

Edward Hannan and Manfred Deistler. The statistical theory of
linear systems. SIAM, 2012.

Edward Hannan and Barry Quinn. “The determination of the
order of an autoregression.” In: Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 41.2 (1979), pp. 190-195.

Edward Hannan and Jorma Rissanen. “Recursive estimation
of mixed autoregressive-moving average order.” In: Biometrika
69.1 (1982), pp. 81-94.

Bruce Hansen. Econometrics. Online version (unpublished), 2020.

Mark Hansen and Bin Yu. “Bridging AIC and BIC: an MDL
model selection criterion.” In: Proceedings of IEEE Information
Theory Workshop on Detection, Estimation, Classification and Imag-
ing. Vol. 63. IEEE Information Theory Society, Santa Fe. 1999.

Mark Hansen and Bin Yu. “Model selection and the principle
of minimum description length.” In: Journal of the American Sta-
tistical Association 96.454 (2001), pp. 746-774.

Wolfgang Hérdle, Helmut Liitkepohl, and Rong Chen. “A re-
view of nonparametric time series analysis.” In: International
Statistical Review 65.1 (1997), pp. 49-72.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman. The
elements of statistical learning: data mining, inference, and prediction.
Springer Science & Business Media, 2009.

Trevor Hastie, Robert Tibshirani, and Ryan Tibshirani. “Best
Subset, Forward Stepwise or Lasso? Analysis and Recommen-
dations Based on Extensive Comparisons.” In: Statistical Science
35.4 (2020), pp. 579-592.

Henry Helson and David Lowdenslager. “Vector-valued pro-
cesses.” In: Proc. 4th Berkeley Sympos. Math. Statist. and Prob., Vol.
1. 1961, pp. 203-212.

EM Hemerly and MHA Davis. “Strong consistency of the PLS
criterion for order determination of autoregressive processes.”
In: The Annals of Statistics (1989), pp. 941-946.

Ronald Hocking. “Criteria for selection of a subset regression:
which one should be used?” In: Technometrics 14.4 (1972), pp. 967
976.

Arthur Hoerl and Robert Kennard. “Ridge regression: Biased
estimation for nonorthogonal problems.” In: Technometrics 12.1
(1970), pp. 55-67.

Roger Horn and Charles Johnson. Topics in matrix analysis. Cam-
bridge University Presss, Cambridge, 1991.

167



168

BIBLIOGRAPHY

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

Roger Horn and Charles Johnson. Matrix analysis. 2nd ed. Cam-
bridge University Press, Cambridge, 2013. 1sBN: 978-0-521-54823-
6.

Jonathan Hosking. “Lagrange-multiplier tests of time-series
models.” In: Journal of the Royal Statistical Society: Series B (Statis-
tical Methodology) 42.2 (1980), pp. 170-181.

Harold Hotelling. “Relations Between Two Sets of Variates.” In:
Biometrika 28.3/4 (1936), pp. 321-377. 1ssn: 00063444. URL: http:
//www.jstor.org/stable/2333955 (visited on 04/26/2022).

Hsiang-Ling Hsu, Ching-Kang Ing, and Howell Tong. “On
model selection from a finite family of possibly misspecified
time series models.” In: The Annals of Statistics 47.2 (2019), pp. 1061-
1087. 1ssn: 0090-5364. por: 10.1214/18-A0S1706.

Hsiang-Ling Hsu, Ching-Kang Ing, and Howell Tong. “Supple-
ment to "On model selection from a finite family of possibly
misspecified time series models".” In: The Annals of Statistics
47.2 (2019), pp. 1061-1087.

Peter Huber. “The behavior of maximum likelihood estimates
under nonstandard conditions.” In: Proceedings of the Fifth Berke-
ley Symposium on Mathematical Statistics and Probability. Vol. 1. 1.
University of California Press. 1967, pp. 221-233.

Peter Huber and Elvezio Ronchetti. Robust Statistics. Wiley Se-
ries in Probability and Statistics. John Wiley & Sons, 2009.

Clifford Hurvich and Chih-Ling Tsai. “Regression and time
series model selection in small samples.” In: Biometrika 76.2
(1989), pp. 297-307.

Clifford Hurvich and Chih-Ling Tsai. “A corrected Akaike in-
formation criterion for vector autoregressive model selection.”
In: Journal of Time Series Analysis 14.3 (1993), pp. 271-279.

Rob Hyndman and Anne Koehler. “Another look at measures
of forecast accuracy.” In: International Journal of Forecasting 22.4
(2006), pp. 679-688.

Seiya Imoto and Sadanori Konishi. “Selection of smoothing pa-
rameters in B-spline nonparametric regression models using
information criteria.” In: Annals of the Institute of Statistical Math-
ematics 55.4 (2003), pp. 671-687.

Ching-Kang Ing and Tze Leung Lai. “A stepwise regression
method and consistent model selection for high-dimensional
sparse linear models.” In: Statistica Sinica (2011), pp. 1473-1513.

Gareth James, Daniela Witten, Trevor Hastie, and Robert Tib-
shirani. An introduction to statistical learning. Vol. 112. Springer,
2013.


http://www.jstor.org/stable/2333955
http://www.jstor.org/stable/2333955
https://doi.org/10.1214/18-AOS1706

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

[177]

BIBLIOGRAPHY

Jiming Jiang. Large sample techniques for statistics. Springer Texts
in Statistics. Springer, New York, 2010. 1sBN: 978-1-4419-6826-
5. por: 10.1007/978-1-4419-6827- 2. URL: https://doi -
org.ezproxy.unibo.it/10.1007/978-1-4419-6827-2.

Joseph Kadane and Nicole Lazar. “Methods and criteria for
model selection.” In: Journal of the American Statistical Association
99.465 (2004), pp. 279-290.

George Kapetanios. “The asymptotic distribution of the cointe-
gration rank estimator under the Akaike information criterion.”
In: Econometric Theory (2004), pp. 735-742.

Christian Kascha and Carsten Trenkler. “Simple identification
and specification of cointegrated VARMA models.” In: Journal
of Applied Econometrics 30.4 (2015), pp. 675-702.

Rangasami Kashyap. “A Bayesian comparison of different classes
of dynamic models using empirical data.” In: IEEE Transactions
on Automatic Control 22.5 (1977), pp. 715-727.

Rangasami Kashyap. “Optimal choice of AR and MA parts in
autoregressive moving average models.” In: IEEE Transactions
on Pattern Analysis and Machine Intelligence 2 (1982), pp. 99-104.

Lutz Kilian and Helmut Litkepohl. Structural vector autoregres-
sive analysis. Cambridge University Press, 2017.

Genshiro Kitagawa. “On the use of AIC for the detection of
outliers.” In: Technometrics 21.2 (1979), pp. 193-199.

Genshiro Kitagawa and Sadanori Konishi. “Statistical Model
Evaluation by Generalized Information Criteria | Bias and Vari-
ance Reduction Techniques.” In: 52nd ISI Session. 1999.

Martin Klein. “Gibbs on Clausius.” In: Historical Studies in the
Physical Sciences 1 (1969), pp. 127-149.

Sadanori Konishi and Genshiro Kitagawa. “Generalised infor-
mation criteria in model selection.” In: Biometrika 83.4 (1996),
pp- 875-890.

Sadanori Konishi and Genshiro Kitagawa. Information criteria
and statistical modeling. Springer Science & Business Media, 2008.

Solomon Kullback. Information theory and statistics. Dover Books
on Mathematics. Dover Publications, 1978.

Solomon Kullback. “Letter to the editor: The Kullback-Leibler
distance.” In: American Statistician 41 (4 1987), pp. 338-341.

Solomon Kullback and Richard Leibler. “On Information and
Sufficiency.” In: Annals of Mathematical Statistics 22.1 (Mar. 1951),
pp. 79-86. por: 10.1214/aoms/1177729694. urL: https://doi.
org/10.1214/aoms/1177729694.

169


https://doi.org/10.1007/978-1-4419-6827-2
https://doi-org.ezproxy.unibo.it/10.1007/978-1-4419-6827-2
https://doi-org.ezproxy.unibo.it/10.1007/978-1-4419-6827-2
https://doi.org/10.1214/aoms/1177729694
https://doi.org/10.1214/aoms/1177729694
https://doi.org/10.1214/aoms/1177729694

170

BIBLIOGRAPHY

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

[188]

[189]

[190]

Naoto Kunitomo and Taku Yamamoto. “Properties of predictors
in misspecified autoregressive time series models.” In: Journal
of the American Statistical Association 80.392 (1985), pp. 941-950.

Michele La Rocca and Cira Perna. “Model selection for neu-
ral network models: a statistical perspective.” In: Computational
Network Theory: Theoretical Foundations and Applications (2015).

Tze Leung Lai and Chang Ping Lee. “Information and predic-
tion criteria for model selection in stochastic regression and
ARMA models.” In: Statistica Sinica (1997), pp. 285-309.

Tze Leung Lai and Hongsong Yuan. “Stochastic Approxima-
tion: From Statistical Origin to Big-Data, Multidisciplinary Ap-
plications.” In: Statistical Science 36.2 (2021), pp. 291-302.

Peter Lancaster and Hanafi Farahat. “Norms on direct sums and
tensor products.” In: Mathematics of Computation 26 (118 1972),
pp- 401-414.

Jean-Dominique Lebreton, Kenneth Burnham, Jean Clobert, and
David Anderson. “Modeling survival and testing biological hy-
potheses using marked animals: a unified approach with case
studies.” In: Ecological Monographs 62.1 (1992), pp. 67-118.

Eun Ryung Lee, Jinwoo Cho, and Kyusang Yu. “A systematic
review on model selection in high-dimensional regression.” In:
Journal of the Korean Statistical Society 48.1 (2019), pp. 1-12.

Youngjo Lee and Jan Bjernstad. “Extended likelihood approach
to large-scale multiple testing.” In: Journal of the Royal Statistical
Society: Series B (Statistical Methodology) (2013), pp. 553-575.

Hannes Leeb. “Evaluation and selection of models for out-of-
sample prediction when the sample size is small relative to the
complexity of the data-generating process.” In: Bernoulli 14.3
(2008), pp. 661-690.

Hannes Leeb and Benedikt Potscher. “Model selection.” In:
Handbook of Financial Time Series. Springer, 2009, pp. 889-925.

Hannes Leeb, Benedikt Potscher, and Karl Ewald. “On various
confidence intervals post-model-selection.” In: Statistical Science
30.2 (2015), pp. 216-227.

Ker-Chau Li. “Asymptotic optimality for Cp, CL, cross-validation
and generalized cross-validation: discrete index set.” In: The An-
nals of Statistics (1987), pp. 958-975.

Ker-Chau Li. “Asymptotic optimality for C,,, Cr, cross-validation
and generalized cross-validation: discrete index set.” In: Ann.

Statist. 15.3 (1987), pp. 958-975. 1ssn: 0090-5364. por: 10. 1214/

a0s/1176350486. UrL: https://doi-org.ezproxy.unibo.it/

10.1214/a0s/1176350486


https://doi.org/10.1214/aos/1176350486
https://doi.org/10.1214/aos/1176350486
https://doi-org.ezproxy.unibo.it/10.1214/aos/1176350486
https://doi-org.ezproxy.unibo.it/10.1214/aos/1176350486

[191]

[192]

[193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

[204]

[205]

[206]

BIBLIOGRAPHY

Qi Li and Jeffrey Scott Racine. Nonparametric econometric methods.
Emerald Group Publishing, 2009.

Heinz Linhart and Walter Zucchini. Model selection. John Wiley
& Sons, 1986.

Xialu Liu and Rong Chen. “Threshold factor models for high-
dimensional time series.” In: Journal of Econometrics 216.1 (2020),
pp- 53-70.

Lennart Ljung. System identification: Theory for the user. 2nd ed.
Prentice-Hall, Upper Saddle River, NJ, 1999.

Jan Lohmeyer, Franz Palm, Hanno Reuvers, and Jean-Pierre
Urbain. “Focused information criterion for locally misspeci-
fied vector autoregressive models.” In: Econometric Reviews 38.7
(2019), pp. 763-792.

James P Long. “A note on parameter estimation for misspecified
regression models with heteroskedastic errors.” In: Electronic
Journal of Statistics 11.1 (2017), pp. 1464-1490.

Helmut Liitkepohl. New introduction to multiple time series analy-
sis. Springer Science & Business Media, 2005.

Helmut Liitkepohl. New introduction to multiple time series anal-
ysis. Springer-Verlag, Berlin, 2005. 1sen: 3-540-40172-5. por: 10.
1007 /978-3-540-27752-1. urRL: https://doi-org.ezproxy.
unibo.it/10.1007/978-3-540-27752-1.

Helmut Liitkepohl and Aleksei NetSunajev. “Structural vector
autoregressions with heteroskedasticity: A review of different
volatility models.” In: Econometrics and Statistics 1 (2017), pp. 2—-
18.

Jinchi Lv and Jun Liu. “Model selection principles in misspec-
ified models.” In: Journal of the Royal Statistical Society: Series B:
Statistical Methodology (2014), pp. 141-167.

David MacKay. Information theory, inference and learning algo-
rithms. Cambridge University Press, 2003.

Robert Engel Machol and Paul Gray, eds. Recent developments in
information and decision processes. MacMillan, New York, 1962.

Colin Mallows. “Choosing a Subset Regression.” In: Unpublished
report (1967).

Colin Mallows. “Some remarks of Cp.” In: Technometrics 15
(1973), pp. 661-675.

Sebastiano Manzan. “Model selection for nonlinear time se-
ries.” In: Empirical Economics 29.4 (2004), pp. 901-920.

Pesi Masani and Norbert Wiener. “On bivariate stationary pro-
cesses and the factorization of matrix-valued functions.” In: The-
ory of Probability & Its Applications 4.3 (1959), pp. 300-308.

171


https://doi.org/10.1007/978-3-540-27752-1
https://doi.org/10.1007/978-3-540-27752-1
https://doi-org.ezproxy.unibo.it/10.1007/978-3-540-27752-1
https://doi-org.ezproxy.unibo.it/10.1007/978-3-540-27752-1

172

BIBLIOGRAPHY

[207]

[208]

[209]

[210]

[211]

[212]

[213]

[214]

[215]

[216]

[217]

[218]

[219]

[220]

Allan McQuarrie and Chih-Ling Tsai. Regression and time series
model selection. World Scientific, 1998.

Guy Mélard. “An indirect proof for the asymptotic properties
of VARMA model estimators.” In: Econometrics and Statistics 21
(2022), pp. 96-111.

Edwin Moise. Introductory Problem Courses in Analysis and Topol-
ogy. Springer-Verlag, New York, 1982.

Arthur Munson and Rich Caruana. “On feature selection, bias-
variance, and bagging.” In: Joint European Conference on Machine
Learning and Knowledge Discovery in Databases. Springer. 2009,
pp- 144-159.

Elizbar Nadaraya. “On estimating regression.” In: Theory of Prob-
ability & Its Applications 9.1 (1964), pp. 141-142.

Naveen Naidu Narisetty. “Bayesian model selection for high-
dimensional data.” In: Handbook of Statistics. Vol. 43. Elsevier,
2020, pp. 207-248.

Serena Ng and Pierre Perron. “A note on the selection of time
series models.” In: Oxford Bulletin of Economics and Statistics 67.1
(2005), pp. 115-134.

Ryuei Nishii. “Asymptotic properties of criteria for selection
of variables in multiple regression.” In: The Annals of Statistics
(1984), pp. 758-765.

Cuizhen Niu, Xu Guo, and Lixing Zhu. “Enhancements of Non-
parametric Generalized Likelihood Ratio Test: Bias Correction
and Dimension Reduction.” In: Scandinavian Journal of Statistics
45.2 (2018), pp. 217-254.

Tinsley Oden and Leszek Demkowicz. Applied functional anal-
ysis. Textbooks in Mathematics. Third edition of [MR1384069].
CRC Press, Boca Raton, FL, 2018. 1sBN: 978-1-4987-6114-7.

Yosihiko Ogata. “Maximum Likelihood Estimates of Incorrect
Markov Models for Time Series and the Derivation of AIC.”
In: Journal of Applied Probability 17.1 (1980), pp. 59-72. 1ssn:
00219002. urL: http://www. jstor.org/stable/3212924.

Arash Owrang and Magnus Jansson. “A model selection crite-
rion for high-dimensional linear regression.” In: IEEE Transac-
tions on Signal Processing 66.13 (2018), pp. 3436-3446.

Emanuel Parzen. “Some recent advances in time series mod-
eling.” In: IEEE Transactions on Automatic Control 19.6 (1974),
pp- 723-730.

Daniel Pefia and Ismael Sanchez. “Multifold predictive valida-
tion in ARMAX time series models.” In: Journal of the American
Statistical Association 100.469 (2005), pp. 135-146.


http://www.jstor.org/stable/3212924

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

[231]

[232]

[233]

[234]

BIBLIOGRAPHY

Luis Ratl Pericchi. “Model selection and hypothesis testing
based on objective probabilities and Bayes factors.” In: Hand-
book of Statistics. Vol. 25. Elsevier, 2005, pp. 115-149.

Peter Phillips. “Econometric model determination.” In: Econo-
metrica: Journal of the Econometric Society (1996), pp. 763-812.

Donald Poskitt. “A modified Hannan—Rissanen strategy for
mixed autoregressive-moving average order determination.” In:
Biometrika 74.4 (1987), pp. 781-790.

Donald Poskitt. “Precision, complexity and Bayesian model de-
termination.” In: Journal of the Royal Statistical Society: Series B
(Statistical Methodology) 49.2 (1987), pp. 199-208.

Donald Poskitt. “On the specification of cointegrated autore-
gressive moving-average forecasting systems.” In: International
Journal of Forecasting 19.3 (2003), pp. 503-519.

Donald Poskitt. “Vector autoregressive moving average identi-
fication for macroeconomic modeling: A new methodology.”
In: Journal of Econometrics 192.2 (2016), pp. 468—484.

Benedikt Potscher. “Model selection under nonstationarity: Au-
toregressive models and stochastic linear regression models.”
In: The Annals of Statistics (1989), pp. 1257-1274.

Zhongjun Qu and Pierre Perron. “A modified information cri-
terion for cointegration tests based on a VAR approximation.”
In: Econometric Theory 23.4 (2007), pp. 638—685.

Maurice Quenouille. “Note on the elimination of insignificant
variates in discriminatory analysis.” In: Annals of Eugenics 14.1
(1947), pp. 305-308.

Barry Quinn. “Order determination for a multivariate autore-
gression.” In: Journal of the Royal Statistical Society: Series B (Sta-
tistical Methodology) 42.2 (1980), pp. 182-185.

Jeffrey Racine, Liangjun Su, and Aman Ullah. The Oxford hand-
book of applied nonparametric and semiparametric econometrics and
statistics. Oxford University Press, 2013.

Arni Srinivasa Rao, Calyampudi Radhakrishna Rao, and An-
gelo Plastino, eds. Information Geometry. Vol. 45. Handbook of
Statistics. 2021.

Calyampudi Radhakrishna Rao. “Large sample tests of statisti-
cal hypotheses concerning several parameters with applications
to problems of estimation.” In: Mathematical Proceedings of the
Cambridge Philosophical Society. Vol. 44. 1. Cambridge University
Press. 1948, pp. 50-57.

Calyampudi Radhakrishna Rao, ed. Bayesian thinking, modeling
and computation. Vol. 25. Handbook of Statistics. 2005.

173



174

BIBLIOGRAPHY

[235]

[236]

[237]

[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]

[246]

[247]

[248]

[249]

Calyampudi Radhakrishna Rao and Yuehua Wu. “A strongly
consistent procedure for model selection in a regression prob-
lem.” In: Biometrika 76.2 (1989), pp. 369-374.

Calyampudi Radhakrishna Rao, Yuehua Wu, Sadanori Konishi,
and Rahul Mukerjee. “On model selection.” In: Institute of Math-
ematical Statistics, Lecture Notes - Monograph Series. Ed. by Partha
Lahiri. Institute of Mathematical Statistics, 2001, pp. 1-64.

Gregory Reinsel. Elements of multivariate time series analysis. Sprin-
ger Series in Statistics. Springer - Verlag, New York, 1993. 1sen:
0-387-94063-4. por: 10.1007/978-1-4684-0198-1.

Gregory Reinsel. Multivariate Time Series Analysis. John Wiley &
Sons New York, NY, 1993.

Yunwen Ren and Xinsheng Zhang. “Subset selection for vector
autoregressive processes via adaptive Lasso.” In: Statistics &
Probability Letters 80.23-24 (2010), pp. 1705-1712.

Pietro Rigo. “Basi probabilistiche dell’inferenza statistica.” Un-
published. PhD Lectures notes, University of Bologna. Bologna,
2020.

Jorma Rissanen. “Modeling by shortest data description.” In:
Automatica 14.5 (1978), pp. 465-471.

Jorma Rissanen. “Modeling by shortest data description.” In:
Automatica 14 (5 1978), pp. 465—471. 1ssn: 0005-1098. por: https:
//doi.org/10.1016/0005-1098(78)90005-5.

Jorma Rissanen. “Order estimation by accumulated prediction
errors.” In: Journal of Applied Probability (1986), pp. 55-61.

Jorma Rissanen. Stochastic complexity in statistical inquiry. Vol. 15.
World Scientific Series in Computer Science. World Scientific,
1989. 1sBN: 9971-50-859-1.

Jorma Rissanen. Information and complexity in statistical modeling.
Springer Science & Business Media, 2007.

Juan Pena Sanchez de Rivera. “Procedimientos de seleccion
para modelos no lineales de series temporales.” In: Estadistica
Espaiiola 107 (1985), pp. 39-53.

Peter Robinson. “Nonparametric estimators for time series.” In:
Journal of Time Series Analysis 4.3 (1983), pp. 185-207.

Peter Robinson. “Asymptotic theory for nonparametric regres-
sion with spatial data.” In: Journal of Econometrics 165.1 (2011),
pp- 5-19.

Nikolay Robinzonov, Gerhard Tutz, and Torsten Hothorn. “Boost-
ing techniques for nonlinear time series models.” In: AStA Ad-
vances in Statistical Analysis 96.1 (2012), pp. 99-122.


https://doi.org/10.1007/978-1-4684-0198-1
https://doi.org/https://doi.org/10.1016/0005-1098(78)90005-5
https://doi.org/https://doi.org/10.1016/0005-1098(78)90005-5

[250]

[251]

[252]

[253]

[254]

[255]

[256]

[257]

[258]

[259]

[260]

[261]

[262]

[263]

BIBLIOGRAPHY

Joseph Romano and Michael Wolf. “Balanced control of gener-
alized error rates.” In: The Annals of Statistics 38.1 (2010), pp. 598—
633.

Anindya Roy, Tucker McElroy, and Peter Linton. “Constrained
estimation of causal invertible VARMA.” In: Statistica Sinica 29.1
(2019), pp. 455-478.

Jakob Runge, Peer Nowack, Marlene Kretschmer, Seth Flaxman,
and Dino Sejdinovic. “Detecting and quantifying causal asso-
ciations in large nonlinear time series datasets.” In: Science Ad-
vances 5.11 (2019), eaau4996.

Yosiyuki Sakamoto, Makio Ishiguro, and Genshiro Kitagawa.
Akaike information criterion statistics. Vol. 81. Taylor & Francis,
Dordrecht, The Netherlands, 1986.

Takamitsu Sawa. “Information criteria for discriminating among
alternative regression models.” In: Econometrica: Journal of the
Econometric Society (1978), pp. 1273-1291.

Mark Schmidt. “Least squares optimization with L1-norm reg-
ularization.” In: CS542B Project Report 504 (2005), pp. 195-221.

Frank Schorfheide. “VAR forecasting under misspecification.”
In: Journal of Econometrics 128.1 (2005), pp. 99-136.

Arthur Schuster. “On the investigation of hidden periodicities
with application to a supposed 26 day period of meteorological
phenomena.” In: Terrestrial Magnetism 3.1 (1898), pp. 13-41.

Gideon Schwarz. “Estimating the dimension of a model.” In:
The Annals of Statistics 6 (2 1978), pp. 461-464. 1ssnx: 0090-5364.
URL: http://links. jstor.org. ezproxy.unibo.it/sici?
sici=0090-5364(197803)6:2<461: ETDOAM>2.0.C0;2-5&
origin=MSN.

Gideon Schwarz. “Estimating the dimension of a model.” In:
The Annals of Statistics 6.2 (1978), pp. 461-464.

George A. F. Seber. A matrix handbook for statisticians. Wiley Se-
ries in Probability and Statistics. Wiley-Interscience [John Wiley
& Sons], Hoboken, NJ, 2008. 1sBN: 978-0-471-74869-4.

Abd-Krim Seghouane and Maiza Bekara. “ A small sample model
selection criterion based on Kullback’s symmetric divergence.”
In: IEEE Transactions on Signal Processing 52.12 (2004), pp. 3314—
3323.

Claude Shannon. “A mathematical theory of communication.”
In: The Bell System Technical Journal 27.3 (1948), pp. 379-423.

Claude Shannon and Warren Weaver. The mathematical theory of
communication. University of Illinois Press, 1949.

175


http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(197803)6:2<461:ETDOAM>2.0.CO;2-5&origin=MSN
http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(197803)6:2<461:ETDOAM>2.0.CO;2-5&origin=MSN
http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(197803)6:2<461:ETDOAM>2.0.CO;2-5&origin=MSN

176

BIBLIOGRAPHY

[264]

[265]

[266]

[267]

[268]

[269]

[270]

[271]

[272]

[273]

[274]

[275]

[276]

Jun Shao. “Linear model selection by cross-validation.” In: Jour-
nal of the American Statistical Association 88.422 (1993), pp. 486—
494.

Jun Shao. “Bootstrap model selection.” In: Journal of the American
Statistical Association 91.434 (1996), pp. 655-665.

Jun Shao. “An asymptotic theory for linear model selection.”
In: Statistica Sinica (1997), pp. 221-242.

Jun Shao. “An asymptotic theory for linear model selection.”
In: Statistica Sinica 7 (2 1997). With comments and a rejoinder
by the author, pp. 221-264. 1ssn: 1017-0405.

Alexander Shapiro. “On concepts of directional differentiabil-
ity.” In: Journal of Optimization Theory and Applications 66.3 (1990),
pp- 477-487.

Peide Shi and Chih-Ling Tsai. “Regression model selection—a
residual likelihood approach.” In: Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 64.2 (2002), pp. 237-252.

Ritei Shibata. “Selection of the order of an autoregressive model
by Akaike’s Information Criterion.” In: Biometrika 63.1 (1976),
pp- 117-126.

Ritei Shibata. “Asymptotically efficient selection of the order
of the model for estimating parameters of a linear process.” In:
The Annals of Statistics (1980), pp. 147-164.

Ritei Shibata. “Asymptotically efficient selection of the order
of the model for estimating parameters of a linear process.”
In: The Annals of Statistics 8.1 (1980), pp. 147-164. 1ssn: 0090-
5364. urL: http://1links. jstor.org. ezproxy.unibo.it/
sici?sici=0090-5364(198001)8:1<147:AESOT0>2.0.C0;2-
N&origin=MSN.

Ritei Shibata. “An optimal selection of regression variables.” In:
Biometrika 68.1 (1981), pp. 45-54.

Ritei Shibata. “Asymptotic mean efficiency of a selection of re-
gression variables.” In: Annals of the Institute of Statistical Mathe-
matics 35.3 (1983), pp. 415-423.

Ritei Shibata. “ Approximate Efficiency of a Selection Procedure
for the Number of Regression Variables.” In: Biometrika 71.1
(1984), pp. 43—49. 1ssN: 00063444. UrL: http://www. jstor.org/
stable/2336395.

Ritei Shibata. “Approximate Efficiency of a Selection Procedure
for the Number of Regression Variables.” In: Biometrika 71.1
(1984), pp. 43—49. 1ssn: 00063444. UrL: http://www. jstor.org/
stable/2336395.


http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(198001)8:1<147:AESOTO>2.0.CO;2-N&origin=MSN
http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(198001)8:1<147:AESOTO>2.0.CO;2-N&origin=MSN
http://links.jstor.org.ezproxy.unibo.it/sici?sici=0090-5364(198001)8:1<147:AESOTO>2.0.CO;2-N&origin=MSN
http://www.jstor.org/stable/2336395
http://www.jstor.org/stable/2336395
http://www.jstor.org/stable/2336395
http://www.jstor.org/stable/2336395

[277]

[278]

[279]

[280]

[281]

[282]

[283]

[284]

[285]

[286]

[287]

[288]

[289]

BIBLIOGRAPHY

Ritei Shibata. “Statistical Aspects of Model Selection.” In: From
Data to Model. Ed. by Jan Willems. Berlin, Heidelberg: Springer
Berlin, Heidelberg, 1989, pp. 215-240. 1sen: 978-3-642-75007-6.
por: 10.1007/978-3-642-75007-6_5. UrRL: https://doi.org/
10.1007/978-3-642-75007-6_5.

Ritei Shibata. “Statistical aspects of model selection.” In: From
data to model. Ed. by Jan Willems. Springer, 1989, pp. 215-240.

Galit Shmueli. “To explain or to predict?” In: Statistical Science
25.3 (2010), pp. 289-310.

Chor-Yiu Sin and Halbert White. “Information criteria for se-
lecting possibly misspecified parametric models.” In: Journal of
Econometrics 71.1-2 (1996), pp. 207-225.

Jaime Lynn Speiser, Michael Miller, Janet Tooze, and Edward
Ip. “A comparison of random forest variable selection methods
for classification prediction modeling.” In: Expert Systems with
Applications 134 (2019), pp. 93-101.

David Spiegelhalter, Nicola Best, Bradley Carlin, and Angelika
Van der Linde. “The deviance information criterion: 12 years
on.” In: Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 76.3 (2014), pp. 485—493.

David Spiegelhalter, Nicola Best, Bradley Carlin, and Angelika
Van Der Linde. “Bayesian measures of model complexity and
fit.” In: Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 64.4 (2002), pp. 583-639.

Charles Stone. “Local asymptotic admissibility of a generaliza-
tion of Akaike’s model selection rule.” In: Annals of the Institute
of Statistical Mathematics 34.1 (1982), pp. 123-133.

Mervyn Stone. “Cross-validatory choice and assessment of sta-
tistical predictions.” In: Journal of the Royal Statistical Society:
Series B (Statistical Methodology) 36.2 (1974), pp. 111-133.

Mervyn Stone. “An asymptotic equivalence of choice of model
by cross-validation and Akaike’s criterion.” In: Journal of the
Royal Statistical Society: Series B (Statistical Methodology) 39.1
(1977), pp. 44-47.

Mervyn Stone. “Asymptotics for and against cross-validation.”
In: Biometrika (1977), pp. 29-35.

William Stout. “The Hartman-Wintner law of the iterated loga-
rithm for martingales.” In: The Annals of Mathematical Statistics
41.6 (1970), pp- 2158-2160.

Luis Enrique Sucar. Probabilistic graphical models. Advances in
Computer Vision and Pattern Recognition. Springer Nature
Switzerland, 2021.

177


https://doi.org/10.1007/978-3-642-75007-6_5
https://doi.org/10.1007/978-3-642-75007-6_5
https://doi.org/10.1007/978-3-642-75007-6_5

178

BIBLIOGRAPHY

[290]

[291]

[292]

[293]

[294]

[295]

[296]

[297]

[298]

[299]

[300]

[301]

[302]

Nariaki Sugiura. “Further analysis of the data by Akaike’s in-
formation criterion and the finite corrections: Further analysis
of the data by Akaike’s.” In: Communications in Statistics-Theory
and Methods 7.1 (1978), pp. 13-26.

Yoshikazu Takada. “Admissibility of some variable selection
rules in linear regression model.” In: Journal of the Japan Statisti-
cal Society, Japanese Issue 12.1 (1982), pp. 45—49.

Kei Takeuchi. “Distribution of information statistic and validity
criterion of models.” In: Mathematical Science 153 (1976), pp. 12—
18.

Timo Terdsvirta and Ilkka Mellin. “Model selection criteria and
model selection tests in regression models.” In: Scandinavian
Journal of Statistics (1986), pp. 159-171.

Timo Terdsvirta, Dag Tjestheim, and Clive Granger. Modelling
nonlinear economic time series. Oxford University Press, Oxford,
2010.

Mary Thompson. “Selection of variables in multiple regression:
Part I. A review and evaluation.” In: International Statistical Re-
view/Revue Internationale de Statistique (1978), pp. 1-19.

Mary Thompson. “Selection of variables in multiple regression:
Part II. Chosen procedures, computations and examples.” In:
International Statistical Review/Revue Internationale de Statistique
(1978), pp. 129-146.

George Tiao and Ruey Tsay. “Model specification in multivari-
ate time series.” In: Journal of the Royal Statistical Society: Series B
(Statistical Methodology) 51.2 (1989), pp. 157-195.

Robert Tibshirani. “Regression shrinkage and selection via the
lasso.” In: Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 58.1 (1996), pp. 267-288.

Robert Tibshirani. “Regression shrinkage and selection via the
lasso: a retrospective.” In: Journal of the Royal Statistical Society:
Series B (Statistical Methodology) 73.3 (2011), pp. 273-282.

Dag Tjostheim and Bjorn Auestad. “Nonparametric identifica-
tion of nonlinear time series: projections.” In: Journal of the Amer-
ican Statistical Association 89.428 (1994), pp. 1398-1409.

Howell Tong. “Determination of the order of a Markov chain by
Akaike’s information criterion.” In: Journal of Applied Probability
12.3 (1975), pp. 488—497.

Howell Tong. “A note on a local equivalence of two recent
approaches to autoregressive order determination.” In: Interna-
tional Journal of Control 29.3 (1979), pp. 441-446.



[303]

[304]

[305]

[306]

[307]

[308]

[309]

[310]

[311]

[312]

[313]

[314]

[315]

[316]

BIBLIOGRAPHY

Howell Tong. Threshold models in non-linear time series analysis.
Vol. 21. Lecture Notes in Statistics. Springer-Verlag New York,
1983.

Howell Tong. Non-linear time series: a dynamical system approach.
Oxford University Press, 1990.

Ruey Tsay. “Two canonical forms for vector ARMA processes.”
In: Statistica Sinica (1991), pp. 247-269.

Ruey Tsay. Multivariate time series analysis: with R and financial
applications. John Wiley & Sons, 2013.

Ruey Tsay. Multivariate time series analysis. Wiley Series in Prob-
ability and Statistics. With R and financial applications. John
Wiley & Sons, Hoboken, NJ, 2014. 1sBN: 978-1-118-61790-8.

Ruey Tsay and Rong Chen. Nonlinear time series analysis. Vol. 891.
John Wiley & Sons, 2019.

Rolf Tschernig. “Nonparametric time series modelling.” In: Ap-
plied Time Series Econometrics. Ed. by Helmut Liitkepohl, Markus
Kritzig, and Peter Phillips. Cambridge University Press, 2004,
pp- 243-288.

Rolf Tschernig and Lijian Yang. “Nonparametric lag selection
for time series.” In: Journal of Time Series Analysis 21.4 (2000),
pp. 457-487.

John Tukey. “Discussion, emphasizing the connection between
analysis of variance and spectrum analysis.” In: Technometrics
3.2 (1961), pp. 191-219.

John Tukey. “Discussion of “Topics in the investigation of linear

relations fitted by the method of least squares’ by F.J. Anscombe.”
In: Journal of the Royal Statistical Society: Series B (Statistical Method-
ology) 29 (1 1967-01), pp. 47-48. 1ssn: 00359246.

American University. Recent Advances in Info-Metrics Research.
2021. urL: https://www.american.edu/cas/economics/info-
metrics/workshop/.

Tim Van Erven, Peter Griinwald, and Steven De Rooij. “Catching
up faster by switching sooner: a predictive approach to adaptive
estimation with an application to the AIC-BIC dilemma [with
Discussion].” In: Journal of the Royal Statistical Society: Series B
(Statistical Methodology) (2012), pp. 361-417.

Cristiano Varin and Paolo Vidoni. “A note on composite likeli-
hood inference and model selection.” In: Biometrika 92.3 (2005),
pp- 519-528.

Philippe Vieu. “Choice of regressors in nonparametric estima-
tion.” In: Computational Statistics & Data Analysis 17.5 (1994),
pp- 575-5%4.

179


https://www.american.edu/cas/economics/info-metrics/workshop/
https://www.american.edu/cas/economics/info-metrics/workshop/

180

BIBLIOGRAPHY

[317]

[318]

[319]

[320]

[321]

[322]

[323]

[324]

[325]

[326]

[327]

[328]

[329]

[330]

[331]

[332]

Philippe Vieu. “Order choice in nonlinear autoregressive mod-
els.” In: Statistics: A Journal of Theoretical and Applied Statistics
26.4 (1995), pp. 307-328.

Quang Vuong. “Likelihood ratio tests for model selection and
non-nested hypotheses.” In: Econometrica: Journal of the Econo-
metric Society (1989), pp. 307-333.

Abraham Wald. “Tests of statistical hypotheses concerning sev-
eral parameters when the number of observations is large.”
In: Transactions of the American Mathematical Society 54.3 (1943),
pp- 426-482.

Ari Ezra Waldman. “Power, process, and automated decision-
making.” In: Fordham Law Review 88 (2019), p. 613.

Larry Wasserman. “Bayesian model selection and model aver-
aging.” In: Journal of Mathematical Psychology 44.1 (2000), pp. 92—
107.

Larry Wasserman. All of nonparametric statistics. Springer Sci-
ence & Business Media, 2006.

Satosi Watanabe. Knowing and Guessing a Quantitative Study of
Inference and Information. John Wiley & Sons, 1969.

Sumio Watanabe. Algebraic geometry and statistical learning theory.
25. Cambridge University Press, 2009.

Sumio Watanabe. “A widely applicable Bayesian information
criterion.” In: Journal of Machine Learning Research 14 (2013),
pp- 867-897.

Sumio Watanabe and Manfred Opper. “Asymptotic equiva-
lence of Bayes cross validation and widely applicable informa-
tion criterion in singular learning theory.” In: Journal of Machine
Learning Research 11.12 (2010).

Geoffrey Watson. “Smooth regression analysis.” In: Sankhya:
The Indian Journal of Statistics, Series A (1964), pp. 359-372.

Ching-Zong Wei. “On predictive least squares principles.” In:
The Annals of Statistics (1992), pp. 1-42.

William Wei. Multivariate time series analysis and applications.
John Wiley & Sons, 2018.

Halbert White. “Maximum likelihood estimation of misspeci-
fied models.” In: Econometrica: Journal of the Econometric Society
(1982), pp. 1-25.

Peter Whittle. Hypothesis testing in time series analysis. Vol. 4.
Almgqvist & Wiksells boktr., 1951.

Peter Whittle. “The analysis of multiple stationary time se-
ries.” In: Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 15.1 (1953), pp. 125-139.



[333]

[334]

[335]

[336]

[337]

[338]

[339]

[340]

[341]

[342]

[343]

[344]

BIBLIOGRAPHY

Norbert Wiener. “The mathematics of self-organising systems.”
In: Recent Developments in Information and Decision Processes. Ed.
by Robert E. Machol and Paul Gray. Macmillan, New York, 1962,
pp- 1-22.

Norbert Wiener and Pesi Masani. “The prediction theory of
multivariate stochastic processes.” In: Acta Mathematica 98.1-4
(1957), pp. 111-150.

Norbert Wiener and Pesi Masani. “The prediction theory of
multivariate stochastic processes, IL.” In: Acta Mathematica 99.1
(1958), pp. 93-137.

Elin Wihlborg, Hannu Larsson, and Karin Hedstrom. “" The
Computer Says No!"-A Case Study on Automated Decision-
Making in Public Authorities.” In: 2016 49th Hawaii International
Conference on System Sciences (HICSS). IEEE. 2016, pp. 2903—
2912.

Samuel Wilks. “The large-sample distribution of the likelihood
ratio for testing composite hypotheses.” In: The Annals of Math-
ematical Statistics 9.1 (1938), pp. 60-62.

Ines Wilms, Sumanta Basu, Jacob Bien, and David Matteson.
“Sparse identification and estimation of large-scale vector au-
toregressive moving averages.” In: Journal of the American Statis-
tical Association (2021), pp. 1-12.

Herman Wold. “A large-sample test for moving averages.” In:
Journal of the Royal Statistical Society: Series B (Statistical Method-
ology) 11.2 (1949), pp. 297-305.

Chun-Shan Wong and Wai Keung Li. “A note on the corrected
Akaike information criterion for threshold autoregressive mod-
els.” In: Journal of Time Series Analysis 19.1 (1998), pp. 113-124.

Tiee-Jian Wu and Alfred Sepulveda. “The weighted average
information criterion for order selection in time series and re-
gression models.” In: Statistics & Probability Letters 39.1 (1998),
pp- 1-10.

Zongben Xu, Hai Zhang, Yao Wang, XiangYu Chang, and Yong
Liang. “L; /2 regularization.” In: Science China Information Sci-
ences 53.6 (2010), pp. 1159-1169.

Yishu Xue and Guanyu Hu. “Online updating of information
based model selection in the big data setting.” In: Communica-
tions in Statistics — Simulation and Computation (2019), pp. 1-14.

Hirokazu Yanagihara and Chihiro Ohmoto. “On distribution
of AIC in linear regression models.” In: Journal of Statistical
Planning and Inference 133.2 (2005), pp. 417-433.

181



182

BIBLIOGRAPHY

[345]

[346]

[347]

[348]

[349]

[350]

[351]

[352]

[353]

[354]

[355]

[356]

[357]

[358]

Hirokazu Yanagihara, Risa Sekiguchi, and Yasunori Fujikoshi.

“Bias correction of AIC in logistic regression models.” In: Journal

of Statistical Planning and Inference 115.2 (2003), pp. 349-360.

Yuhong Yang. “Comparing learning methods for classification.”
In: Statistica Sinica (2006), pp. 635-657.

Yuhong Yang. “Consistency of cross validation for comparing
regression procedures.” In: The Annals of Statistics 35.6 (2007),
pp. 2450-2473.

Yuhong Yang. “Prediction/estimation with simple linear mod-
els: Is it really that simple?” In: Econometric Theory (2007), pp. 1-
36.

Yuhong Yang and Andrew Barron. “An asymptotic property
of model selection criteria.” In: IEEE Transactions on Information
Theory 44.1 (1998), pp. 95-116.

Qiwei Yao and Howell Tong. “On subset selection in non- para-
metric stochastic regression.” In: Statistica Sinica (1994), pp. 51—
70.

Qiwei Yao and Howell Tong. “Cross-validatory bandwidth se-
lections for regression estimation based on dependent data.” In:
Journal of Statistical Planning and Inference 68.2 (1998), pp. 387-
415.

Yuanxiang Ying, Juanyong Duan, Chunlei Wang, Yujing Wang,
Congrui Huang, and Bixiong Xu. “Automated Model Selec-
tion for Time-Series Anomaly Detection.” In: arXiv preprint
arXiv:2009.04395 (2020).

Arnold Zellner and Franz Palm. “Time series analysis and si-
multaneous equation econometric models.” In: Journal of Econo-
metrics 2.1 (1974), pp. 17-54.

Hu-Ming Zhang and Ping Wang. “ A new way to estimate orders
in time series.” In: Journal of Time Series Analysis 15.5 (1994),
pp- 545-559.

Ting Zhang and Wei Biao Wu. “Time-varying nonlinear regres-
sion models: nonparametric estimation and model selection.”
In: The Annals of Statistics 43.2 (2015), pp. 741-768.

Lin Cheng Zhao, Paruchuri Krishnaiah, and Zhidong Bai. “On
detection of the number of signals in presence of white noise.”
In: Journal of Multivariate Analysis 20.1 (1986), pp. 1-25.

Peng Zhao and Bin Yu. “On model selection consistency of
Lasso.” In: The Journal of Machine Learning Research 7 (2006),
pp- 2541-2563.

Zhou Zhou. “Nonparametric specification for non-stationary
time series regression.” In: Bernoulli 20.1 (2014), pp. 78-108.



[359]

[360]

[361]

BIBLIOGRAPHY

Hui Zou and Trevor Hastie. “Regularization and variable selec-
tion via the elastic net.” In: Journal of the Royal Statistical Society:
series B (statistical methodology) 67.2 (2005), pp. 301-320.

Hui Zou and Hao Helen Zhang. “On the adaptive elastic-net
with a diverging number of parameters.” In: The Annals of Statis-
tics 37.4 (2009), p. 1733.

Jan deLeeuw. “Introduction to Akaike (1973) Information The-
ory and an Extension of the Maximum Likelihood Principle.”
In: Breakthroughs in Statistics. Springer, 1992, pp. 599-609.

183






DECLARATION

I, Gery Andrés DIAZ RUBIO, declare that this thesis titled, “Model
Selection and the Vectorial Misspecification-Resistant Information Cri-
terion in Multivariate Time Series ” and the work presented in it are
my own. [ confirm that:

e This work was done wholly and mainly while in candidature for
a research degree at this University.

e No part of this thesis was previously been submitted for any
degree or any other qualification at this University or any other
institution.

e Where I have consulted the published work of others, this is
always clearly attributed.

e Where I have quoted from the work of others, the source is always
given. With the exception of such quotations, this thesis is entirely
my own work.

e [ have acknowledged all main sources of help.

Bologna, 30 September 2022

Gery Andrés Diaz Rubio






COLOPHON

This document was typeset using the typographical look-and-feel classicthesis
developed by André Miede. The style was inspired by Robert Bringhurst’s
seminal book on typography “The Elements of Typographic Style”. classicthesis
is available for both ITEX and LyX:

https://bitbucket.org/amiede/classicthesis/

Final Version as of September 30, 2022 (classicthesis).


https://bitbucket.org/amiede/classicthesis/

	Frontespizio
	Titlepage
	Dedication
	Abstract
	Publications
	Acknowledgements
	Contents
	List of Figures
	List of Figures

	List of Tables
	List of Tables

	Acronyms
	Acronyms

	Introduction
	1 Model selection: information and prediction criteria
	1.1 Overview


	Contributions
	2 MS via IC and PC: a survey for i.i.d. case
	2.1 Introduction
	2.2 Motivation
	2.3 Hirotugu Akaike and Information Theory
	2.3.1 Discussion

	2.4 Model selection with i.i.d. data
	2.4.1 A Information Criterion (AIC)

	2.5 Asymptotic consistency and efficiency of criteria
	2.5.1 Consistency
	2.5.2 Efficiency
	2.5.3 BIC, Cp, alternative criteria, and CV
	2.5.4 Discussion

	2.6 Small samples
	2.6.1 Discussion

	2.7 Misspecification and further estimators
	2.7.1 TIC and RIC
	2.7.2 GIC and GAIC for functional estimators
	2.7.3 TIC and Composite Maximum Likelihood


	3 MS via IC and PC: a survey for time series
	3.1 Introduction
	3.2 Time series and model selection
	3.2.1 IC in time series
	3.2.2 FPE in univariate time series models
	3.2.3 The frequency domain
	3.2.4 ARMA models
	3.2.5 Multivariate time series models

	3.3 Nonparametric analysis of nonlinear time series models
	3.3.1 Asymptotic FPE
	3.3.2 Alternative methodologies

	3.4 High-dimensional and algorithmic approaches
	3.5 Conclusive remark

	4 A multivariate extension of the MRIC
	4.1 Introduction
	4.2 Notation and preliminaries
	4.2.1 MRIC for parametric univarite TS models

	4.3 A multivariate extension of the MRIC framework
	4.3.1 Asymptotic decomposition of the MSPE matrix
	4.3.2 VMRIC and its consistent estimation
	4.3.3 Asymptotic efficiency

	4.4 Example: a misspecified bivariate AR(2) models
	4.4.1 Large and finite sample performance

	4.5 Proofs
	4.5.1 Proof of Theorem 1
	4.5.2 Proof of Theorem 2
	4.5.3 Proof of Theorem 3

	4.6 Figures and tables

	5 The full multivariate extension of the MRIC
	5.1 Introduction
	5.2 Notation and preliminaries
	5.3 The full multivariate extension of the MRIC framework
	5.3.1 Asymptotic decomposition of the MSPE matrix
	5.3.2 VMRIC and its consistent estimation
	5.3.3 Asymptotic efficiency

	5.4 Example: possibly-misspecified VARX(p,q) model
	5.5 Proofs
	5.5.1 Proof of Theorem 4
	5.5.2 Proof of Theorem 5
	5.5.3 Proof of Theorem 6
	5.5.4 Proof of Theorem 7

	5.6 Current and future research


	Appendix
	A Appendix A
	A.1 Chapter 2 - Table of IC for i.i.d. case
	A.2 Chapter 3 - Bibliographic notes
	A.2.1 Table of IC and PS for TS models
	A.2.2 From parametric to nonparametric regression
	A.2.3 Developments in nonlinear time series
	A.2.4 Mixing conditions in stochastic processes
	A.2.5 Local estimation: linear and polynomial


	B Appendix B
	B.1 Technical Lemma

	Bibliography
	Declaration
	Colophon


