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Abstract

Several decision and control tasks involve networks of cyber-physical systems that
need to be coordinated and controlled according to a fully-distributed paradigm in-
volving only local communications without any central unit. This thesis focuses on
distributed optimization and games over networks from a system theoretical perspective.
In the addressed frameworks, we consider agents communicating only with neighbors
and running distributed algorithms with optimization-oriented goals. The distinctive
feature of this thesis is to interpret these algorithms as dynamical systems and, thus,
to resort to powerful system theoretical tools for both their analysis and design. We
first address the so-called consensus optimization setup. In this context, we provide
an original system theoretical analysis of the well-known Gradient Tracking algorithm
in the general case of nonconvex objective functions. Then, inspired by this method,
we provide and study a series of extensions to improve the performance and to deal
with more challenging settings like, e.g., the derivative-free framework or the online
one. Subsequently, we tackle the recently emerged framework named distributed ag-
gregative optimization. For this setup, we develop and analyze novel schemes to handle
(i) online instances of the problem, (ii) “personalized” optimization frameworks, and
(iii) feedback optimization settings. Finally, we adopt a system theoretical approach
to address aggregative games over networks both in the presence or absence of linear
coupling constraints among the decision variables of the players. In this context, we
design and inspect novel fully-distributed algorithms, based on tracking mechanisms,

that outperform state-of-the-art methods in finding the Nash equilibrium of the game.

Keywords: Distributed Optimization, Consensus Optimization, Online Optimization,
Derivative-Free Optimization, Distributed Aggregative Optimization, Personalized Op-
timization, Distributed Feedback Optimization, Aggregative Games, Distributed Equi-

librium Seeking, Singular Perturbations.
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Introduction

Motivation and Challenges

In recent years, the increasing amount of interconnected and embedded engineering sys-
tems poses significant challenges for their development [157]. Indeed, several domains
have seen an impressive increase in the employment of devices with communication
and computation capabilities [101] such as intelligent transportation systems [215],
and autonomous mobile robots [4]. For several application tasks, they are organized
and controlled as interconnected, complex systems that interact with each other to
realize the full potential of the aggregated knowledge and computational power of
the entire network. Popular examples can be found in the context of smart grids [49],
smart cities [71], or Industry 5.0 [121]. In all these domains, controlling these networks
through a centralized entity would require a central node that knows some global in-
formation, takes all the decisions, and communicates them to all the single entities (or
agents) that belong to the network. Such an aspect may be undesirable because, e.g.,
it may represent a barrier to scalability [198], privacy concerns [18], or the develop-
ment of efficient and flexible swarming systems [44]. For this reason, it is dramatically
increasing the attention for approaches relying on the so-called distributed paradigm.
These approaches take advantage of inter-agent peer-to-peer communication protocols
to spread critical information across the entire system and, thus, control the whole
network without any centralized unit. In this context, a relevant goal is to formulate a
mathematical framework to take decisions that optimize a given performance metric.
The network agents can cooperate with the aim of optimizing a common performance
index, giving rise to distributed optimization scenarios, or can compete with each other
with the aim of optimizing individual objective functions, leading to the context of games
over networks. Indeed, optimization can be used to formalize several challenges stem-
ming from different domains such as, e.g., estimation in sensor networks, cooperative
model predictive control, learning in machine learning applications, control of energy
networks, and control of networks of mobile robots. Specifically, as for distributed opti-
mization, we focus on two different scenarios, namely distributed consensus optimization

and distributed aggregative optimization. Instead, as regards games, we concentrate on
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network aggregative games. Along this thesis, according to the distributed paradigm
introduced above, the key assumption is that each agent works with partial information
about the problem. In particular, each agent is only aware of its own local information
(e.g., an associated objective function) and can exchange data according to a sparse
communication graph, i.e., only with a subset of the entire set of agents.

The expression distributed consensus (or cost-coupled) optimization refers to opti-
mization problems over networks where the cost is the sum of local functions depending
on a common decision variable. Typical tasks that can be posed as consensus opti-
mization problems can be found, e.g., in the context of robust estimation in statistics,
support vector machine in machine learning, and signal processing. We refer the reader
to the recent surveys [73,135,142,202] for a comprehensive overview of the possible
applications of this setting and the existing methods to address it. The complex features
of consensus optimization problems arising in, e.g., data analytics and deep learning
motivated our interest in addressing (i) nonconvex objective functions, (ii) asynchronous
communication, (iii) derivative-free scenarios, and (iv) time-varying settings.

Distributed aggregative optimization, on the other hand, refers to a recently emerged
framework in which agents in a network aim to minimize the sum of local objective
functions which depend both on local decision variables and a common aggregative
variable that couples the decisions of all the agents. This challenging setting has been
introduced by the pioneering work [104] and suitably models many tasks in the context
of cooperative robotics such as, e.g., multi-robot surveillance scenarios.

Instead, in the context of network aggregative games, we still have objective functions
both depending on local and aggregative variables but each agent aims at minimizing
only its own cost. Many tasks arising in several domains such as smart grids management,
economic market analysis, cooperative control of robots, electric vehicles charging,
network congestion control, can be formulated as aggregative games. See, e.g., the
surveys [12,87,152] for a detailed examination. In this context, the goal is to design
distributed equilibrium seeking algorithms, i.e., fully-distributed methods able to find a
so-called Generalized Nash Equilibrium (GNE) of the considered game.

Recent years have also seen a growing interest in the exploitation of concepts and
ideas from system theory in the context of optimization. Such an interest is due to
the wide set of well-established tools and concepts provided by system theory that can
be leveraged to analyze and design effective optimization methods. Motivated by this,
throughout the whole thesis, we take a system theoretical perspective in which our

distributed algorithms are interpreted as dynamical systems.



Summary of the Contributions

This thesis contributes to the fields of distributed consensus optimization, distributed
aggregative optimization, network aggregative games. In detail, we contribute to all
these frameworks by proposing novel schemes under different problem settings and
assumptions. A distinctive feature of the thesis is the exploitation of a system theoretical
framework both for the analysis and design. The interpretation of the algorithms as
dynamical systems allows for a deeper understanding of existing schemes and for the
design of novel ones. We resort to Lypaunov-based tools as, e.g., LaSalle’s invariance
principle, time-scale separation, and averaging theory, to understand and recognize key
properties of the algorithms and, thus, to enhance their capabilities. Moreover, a system
theoretical perspective naturally leads to a unified description and design of distributed
algorithms in different frameworks.

As for distributed consensus optimization, we take into account different prob-
lem settings and, in this context, we study and extend the existing Gradient Tracking
algorithm. The latter is a popular distributed optimization algorithm for consensus
optimization whose main feature consists of combining the gradient descent idea with
the so-called trackers, i.e., a set of auxiliary variables that locally compensate for the lack
of knowledge of the agents about the gradient of the global objective function. First, we
consider the case of nonconvex objective function and analyze the convergence proper-
ties of the Gradient Tracking scheme through an elegant system theoretical dissertation.
Afterward, we restrict to quadratic programs and propose a control-oriented design
to enhance the convergence properties of Gradient Tracking. Subsequently, we derive
Continuous Gradient Tracking, i.e., the continuous-time counterpart of Gradient Track-
ing. Moreover, since such a scheme requires continuous-time communication among
the network agents, we also derive two extensions implementing synchronous and
asynchronous discrete-time communication, respectively. Then, we tackle a derivative-
free scenario, namely the case in which the agents cannot access the gradients of their
associated cost functions. To overcome this lack of knowledge, we modify a forward
Euler discretization of Continuous Gradient Tracking by taking advantage of a gradient
estimation technique based on extremum-seeking concepts. Finally, we consider an
online setting, i.e., a scenario in which the objective functions vary over time. In this
framework, we propose a novel distributed scheme obtained by combining Gradient
Tracking with Adam, i.e., a popular centralized algorithm for stochastic optimization.
The effectiveness of the considered algorithms is tested with numerical simulations
about typical problems arising in data-analytics and source estimation.

As for the distributed aggregative framework, we start by proposing a novel dis-
tributed scheme for constrained online instances of the problem which improves the
convergence properties of similar existing schemes. Then, we extend this algorithm
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to address the so-called personalized framework, i.e., the one in which each objective
function has an unknown part that can be accessed by the related agent only in terms of
noisy user feedbacks. Specifically, we interlace the standard algorithm with a Recursive
Least Squares (RLS) scheme devoted to estimating the unknown part of the cost using
the collected user feedbacks. Further, we design a distributed feedback optimization
law for the aggregative framework. In particular, we consider a set of systems with
continuous-time nonlinear dynamics and aim to design a distributed control law able to
steer the network to a steady-state configuration corresponding to a stationary point of
an associated aggregative optimization problem with nonconvex cost functions. Notably,
in this setting, the agents do not know the objective functions of the problem and can
only measure the gradients evaluated in their current configuration. The theoretical
results of the chapter are corroborated by numerical simulations involving tasks arising
in multi-robot scenarios and opinion dynamics.

As for network aggregative games, the contribution consists of novel distributed
equilibrium seeking algorithms for two scenarios, i.e., the one with only local constraints
and the one in which also linear coupling constraints are present. The first scenario is
tackled through a projected pseudo-gradient scheme combined with a tracking mecha-
nism due to reconstruct the unavailable aggregative variable. As for the second scenario,
we adapt a recent augmented primal-dual method for this setting and combine it with
average consensus and tracking techniques. Both theoretical and numerical results are
provided to show that our schemes outperform the other state-of-the-art distributed
methods in terms of convergence rate.

Finally, this thesis contributes with two novel results about the so-called discrete-
time singularly perturbed systems. These results extend the existing ones with (i)
convergence in a LaSalle sense, and (ii) global exponential convergence. Although
we explicitly use them to prove the convergence features of some of the algorithms
described above, they represent per se results that can be useful for the analysis of

generic dynamical systems.

Organization and Chapter Contributions

The thesis organization follows the contribution scheme outlined in the previous section.
We first provide a chapter to formalize the three frameworks addressed in the thesis.
Then, for each one of these frameworks, we provide a related chapter containing both
the theoretical findings and the numerical simulations that confirm them.

In Chapter 1, we formalize the distributed consensus optimization framework, the
distributed aggregative optimization scenario, and the network aggregative games
setting.

In Chapter 2, we deeply investigate and extend the existing Gradient Tracking al-



gorithm. First, we provide a clean, elegant system theoretical perspective based on a
LaSalle and singular perturbations analysis to study the Gradient Tracking convergence
properties in the case of nonconvex objective functions. In particular, we perform
suitable changes of variables to reformulate the Gradient Tracking algorithm as a singu-
larly perturbed system, namely the interconnection between a slow subsystem, which
mimics the gradient descent method, and a fast one describing the dynamics of the
consensus error among both the solution estimates and the trackers. We separately
study the system theoretical properties of two auxiliary schemes associated to these
subsystems and, then, by merging these results through a specific theorem, we assess
the asymptotic convergence of the whole interconnection to the set of stationary points
of the problem. Afterward, we demonstrate the effectiveness of the system theoretical
tools by designing modified Gradient Tracking schemes with sparse matrix gains (rather
than the diagonal ones of the standard scheme) for quadratic programs. We numerically
show the enhancement in terms of convergence rates by comparing the two versions of
the algorithm. Subsequently, by taking inspiration from a branch of research studying
the continuous-time counterpart of existing discrete-time optimization algorithms, we
develop the continuous-time version of the Gradient Tracking algorithm. Moreover, to
avoid the unrealistic implementation of continuous-time inter-agent communication,
we also design two additional extensions leveraging synchronous and asynchronous
discrete-time communication, respectively. In particular, the asynchronous scheme
relies on local triggering conditions that the agents independently check to choose the
instants of time in which their own variables must be sent to their neighbors. For all
the obtained schemes, we take advantage of a Lyapunov-based analysis to show the
exponential convergence to the solution of strongly convex problems. We also show that
the asynchronous scheme avoids the so-called Zeno effect, i.e., an infinite number of
communications in a finite interval of time. Then, we consider the case in which the
agents cannot access the gradients of the objective functions. To overcome this issue,
we propose Extremum Tracking Descent, i.e., a novel distributed algorithm obtained
by modifying a forward Euler discretization of the Continuous Gradient Tracking pol-
icy by replacing the unavailable gradients through a suitable mechanism based on an
extremum-seeking technique. The obtained scheme is analyzed by resorting to tools
from discrete-time averaging theory. Specifically, we study the average system asso-
ciated to the original one. For this system, by means of a Lyapunov-based analysis,
we find an arbitrarilry small set with semi-global practical stability guarantees. Then,
with a suitable choice of the algorithm parameters, we impose the closeness betweeen
the original and the average scheme. In this way, we guarantee that, in the case of
strongly convex costs, the obtained scheme asymptotically converges to an arbitrarily
small neighborhood of the problem solution. Notably, we show that the accuracy can

be arbitrarily improved through the amplitude of the so-called dither signals used to
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estimate the gradients. Finally, we take into consideration the online case, i.e., the one in
which the objective functions vary over time. In this setting, we propose GTAdam, i.e., a
novel distributed algorithm obtained by combining the Gradient Tracking algorithm
with Adam, namely a popular centralized method for stochastic optimization. In detail,
inspired by Adam, GTAdam computes the descent direction of each agent through the
estimates of the first- and second-order momenta of the trackers. In the case of strongly
convex problems, we theoretically (i) provide an upper bound for the dynamic regret
achieved by GTAdam and (ii) prove its linear convergence to the optimal solution for
the static case. By performing detailed numerical simulations, we show that GTAdam
outperforms existing state-of-the-art distributed methods. The results of this chapter
are based on [25,28,31,33,130].

In Chapter 3, we investigate the distributed aggregative optimization framework.
In this context, we consider a constrained online version of the problem where cost
functions, aggregation rules, and constraints vary over time. To address such a problem,
we propose Projected Aggregative Tracking, namely a novel distributed algorithm for
constrained online aggregative optimization. Projected Aggregative Tracking combines
in each agent a distributed implementation of the gradient descent with two tracking
mechanisms devoted to reconstructing, in a distributed manner, both the aggregative
variable and the related gradient of the global objective function. Further, we include a
convex combination step which turns out to be crucial in improving the existing theoret-
ical results. Indeed, we demonstrate that Projected Aggregative Tracking (i) achieves a
dynamic regret with an improved upper bound with respect to the existing one, and (ii)
linearly converges to the optimal solution in case of static problems. Then, we consider a
personalized scenario, i.e., a setting in which the considered optimization tasks directly
involve human end-users. As a consequence, users’ dissatisfaction needs to be taken
into account together with engineering-oriented goals but, due to the complexity and
subjectivity of human preferences, personalization may suit better than the exploitation
of synthetic models. For this reason, we address this framework assuming that part
of each local objective function is unknown and can be accessed only through noisy
user feedback of the cost. To overcome this lack of knowledge, we equip each agent
with an RLS scheme that, interlaced with Projected Aggregative Tracking, leads to a
novel distributed algorithm named RLS Projected Aggregative Tracking. Starting from
the existing analysis, we theoretically provide an upper bound for the dynamic regret
achieved by RLS Projected Aggregative Tracking. Subsequently, we investigate a feed-
back optimization setting for the aggregative framework. In this context the challenge is
twofold: (i) we investigate the feedback optimization paradigm for nonlinear systems
in a distributed framework, and (ii) we consider the aggregative optimization set-up
in a nonconvex scenario. Specifically, we propose Aggregative Tracking Feedback, i.e.,

a novel continuous-time distributed feedback optimization law for aggregative opti-



mization problems. The aim is to steer, in a fully-distributed manner, a network of
dynamic agents to a steady-state configuration which is a stationary point of a given
aggregative optimization problem with (possibly) nonconvex objective function. Ag-
gregative Tracking Feedback implements a two-step procedure: (i) moves the network
along an estimated descent direction of the cost, and (ii) reconstructs in each agent
the global information needed for step (i). Step (i) is performed through a distributed
implementation of a closed-loop gradient flow. As per step (ii), a consensus-based
dynamics is implemented in which two auxiliary states asymptotically compensate for
the mismatches between the part of information locally available and the global one.
It is worth highlighting that Aggregative Tracking Feedback is a distributed feedback
strategy handling at the same time-scale the control and the optimization of a net-
work of nonlinear systems. By resorting to tools from system theory, we guarantee the
asymptotic convergence of the network to a steady-state configuration being a stationary
point of the optimization problem. Further, we take into account the case with single
integrator dynamics and strongly convex objective function. In this case, we adapt
Aggregative Tracking Feedback to get a closed loop system that exponentially converges
to a configuration corresponding to the optimal solution of the problem. The results of
this chapter are based on [26, 29,30, 32].

Finally, in Chapter 4, we design novel distributed equilibrium seeking algorithms
for aggregative games with both local and linear coupling constraints. First, we tackle
the case with only local constraints by proposing a scheme that combines a projected
pseudo-gradient method with a tracking mechanism. Then, to deal also with coupling
constraints, we take inspiration by an existing continuous-time augmented primal-dual
scheme for centralized optimization. In detail, we combine a distributed augmented
primal-dual scheme with (i) an average consensus step to force agreement among the
agents’ multipliers and (ii) a tracking-based mechanism to reconstruct in each agent
the aggregative variable and the coupling constraint. Both the proposed schemes are
analyzed trough the following system theoretical strategy. We reformulate the original
scheme as a singularly perturbed system, i.e., as the interconnection between a slow
subsystem and a fast one. Then, we provide two Lyapunov functions for two distinct
auxiliary schemes related to these two subsystems. Subsequently, by properly merging
these two results, we show that our methods linearly converge to the GNE of the
problem. Both the theoretical guarantees and the numerical results show that our
methods outperform the state-of-the-art distributed algorithms in terms of convergence
rate. The results of this chapter are based on [27].

As a complementary part of the thesis, we include Appendix A providing some basic
concepts on optimization, Appendix B reporting some auxiliary results that turn out to
be useful to prove some intermediate results of the thesis, and Appendix C containing

our novel, custom results about singularly perturbed systems.






Notation

The symbols R and N denote the set of real and natural numbers, respectively. A matrix
M € R™ " is Schur if all its eigenvalues lie in the open unit disc, while is Hurwitz if

R™*™ ig I, while

all its eigenvalues have negative real part. The identity matrix in
O, is the all-zero matrix in R™*™. The vector of N ones is denoted by 1y, while
1yq = 1ny ® I; with ® being the Kronecker product. Dimensions are omitted whenever
clear from the context. Given two vectors vi,vy € R”, their Hadamard product is
denoted as v; ® vy. Given a function of two variables f : R™ x R™ — R, we denote
as Vi f € R™ the gradient of f with respect to its first argument and as Vyf € R
the gradient of f with respect to the second one. The vertical concatenation of column
vectors v1R™ ... oy € R™ is coL(vy,...,vN) € R i, R identifies the positive
orthant in R"™. We denote with diag(v1, ..., v,) the diagonal matrix whose i-th diagonal
element is given by v;, and with blkdiag(M, ..., My) the block diagonal matrix whose
i-th block is M; € R™*", Given a vector v € R" and a set § C R", Psx denotes
the projection of v on S, i.e., Ps[v] := argminx € S||v — z||, while we use dist(v, S) to
denote its distance from the set, namely dist(v, S) = mingeg ||v — z||. For a finite set
S, we denote by |S| its cardinality. Given v € R", we use [v]" to denote max{0, v}
in a component-wise sense. Given a square matrix M € R™*", aset S C R" is said
to be M-invariant if for all v € S it holds Mv € S. Given v € R" and a symmetric,
positive definite matrix M € R™ ", ||v||,; = VoT Mv. As for the euclidean norm, we
omit the subscript, namely ||v|| = VvTv. Let M € R" ", then we denote as pmax(M)
its spectral radius. Given a vector v and a matrix M, we denote as [v]; and [M]; the
j-th component of v and the j-th row of M, respectively. Given ¢ € R, b € R", and
M € R™", let v := cor(c,b,[M]1,...,[M],) € R then we define the operator
UNPACK(v) so that (M, b,c) = uneack(v). Given a function f : R" — R, we define
ker{f(-)} := {z € R" | f(z) = 0}. Given ¢ > 0, we use the symbol B. to denote the
sphere with radius ¢, namely B, := {v € R"| ||v|| < ¢}.






Chapter 1

Distributed Optimization and
Aggregative Games over Networks

In this chapter, we introduce the frameworks addressed in this thesis. We first review
some basic concepts of graph theory and introduce the distributed computation model.
Then, we formalize the three frameworks studied throughout the thesis and, for each of

them, we present a practical application.

1.1 Graph Theory and Distributed Communication Model

In a distributed context, there are /N units, called agents or players, that have both
communication and computation capabilities. We assume that the agents can exchange
information with each other by sending and receiving packets of information.

This communication model is formalized by resorting to graph theory. Formally,
we define a graph G as the ordered pair (V, &), where V = {1,...,N}and £ CV x V.
We call nodes (or vertices) the elements in V, while we call edges the ones in £ which
are of the type (i, j) with ¢, 7 € V. The nodes represent the set of agents of the network,
while the edges represent the communication links among them. If the edges are not
oriented, i.e., (i,7) € £ iff (j,47) € &, we say that the graph is undirected, otherwise we
call it directed. An example of a directed and of an undirected graph is depicted in

Figure 1.1.
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Figure 1.1: A directed (left) and an undirected (right) graph of N = 6 nodes.

®

Further, we also associate to the graph G a weighted adjacency matrix Wg € RV*N

matching the graph sparsity in the sense that its (7, j)-th entry w;; > 01if (j,i) € £ and 0
otherwise. Given an edge (7, j) € &, i is called in-neighbor of j and j is an out-neighbor
of i. For each agent i, we define the in-neighbor set as \; = {j € V: (j,4) € £} and the
out-neighbor set as N?" = {j € V : (¢,7) € £}. If the graph is undirected, we simply
say that ¢ is a neighbor of j (and viceversa), and denote N; (wich coincides with ™)
as the neighbor set. Analogously, we define the weighted in-degree of the agent i as
din = > jen; Wij and its out-degree as d*' := ZjeMput wj;. If it holds di* = dUt for all
i € {1,..., N}, we say that the graph is weight-balanced. In this connection, we define
the in-degree matrix D' € RV*Y and the out-degree matrix D°'* € RV*¥ that are the
diagonal matrices whose i-th blocks are given by d;“ and d?ut, respectively. Also, we

RNXN

define the Laplacian matrix L € , where each entry (i, ) is equal to

din ifi=j

Lij: (1-1)

— Wiy if ¢ 7& ]

Thus, it can be equivalently written £ = D" — Wy.

In a distributed computation context, each agent in the network is associated to
a fixed identifier i € V from the set of nodes, while, if the edge (i, j) belongs to the
communication graph, then agent i can send information to agent j. In this context,
each agent typically maintains some local states that change according to the specific
algorithm in execution. In particular, if each agent uses only information received by
its in-neighbors, then we refer the algorithm as distributed. As one may expect, the
connectivity among the agents plays a key role in determining the effectiveness of the
algorithm. In detail, most distributed algorithms need to be executed over strongly

connected graphs which are the ones satisfying the following connectivity property.

Definition 1.1 (Connectivity [21]). A directed graph G is said to be strongly connected if
for every pair of nodes (i, j) there exists a path of directed edges that goes from i to j. If G is
undirected, we say that G is connected. AN

12



1.2. ConNseNSUS OPTIMIZATION

In this setting, it is customary to employ suitable weighted adjacency matrices

matching the following definition.
Definition 1.2 (Stochastic matrices [21]). The matrix A € RN*N is said to be row stochas-
tic if it holds
Aly = 1n.
Analogously, A is said to be column stochastic if it holds
1LA=1}%.

If A'is both row and column stochastic, then it is said to be doubly stochastic. A

1.2 Consensus Optimization

In this section, we formalize the distributed consensus optimization setup and present a
related application example. This framework is widely investigated in Chapter 2 with

different problem settings and assumptions.

1.2.1 Problem Description

We deal with a network of N € N agents that must solve a consensus (or cost-coupled)

optimization problem, which can be stated as

N
min izlfi(x)’ (1.2)
where x € R" is the (common) decision variable of the objective functions f; : R® — R,
and X C R" is the feasible set. In our distributed context, each agenti € {1,..., N} is
only aware of its own associated function f; and maintains a local estimate about the
solution of problem (1.2). In this connection, we term such a problem as “consensus
optimization” because the agents aim to asymptotically reach a consensus among their
estimates in a point that coincides with a solution of (1.2). Indeed, if the decision variable
had not been common, then the problem would split into /V independent problems of

the form

i i\Xi), ) 1,...,N.
min fi(zi), i€ }
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1.2.2 Application Example: Classification using Logistic Regression

Consider a network of agents that want to cooperatively train a linear classifier for a
set of points in a given feature space. Each agent ¢ is equipped with m; € N points
Pils---,Dim, € RY"! with binary labels I;, € {—1,1} for all ¢ € {1,...,m;}. The
problem consists of building a linear classification model from the given points, also
called training samples. In particular, we look for a pair (w,b) € R" x R defining a
separating hyperplane described by {p € R"~! | w'p + b = 0}. The aim is to find the
ideal hyperplane (w,, b.) that separates all points with /; , = —1 from all the ones with
lig = 1, namely to find (w*, b,) so that

wlpig+be>0 V(i,q) suchthat li,=1
w,) pig+be <0 V(i,q) suchthat [;,=—1.

Figure 1.2 depicts the scenario described above. We use different colors to denote the
points belonging to different agents, while we distinguish among the two possible class
of points by using circles and triangles to label them. Figure 1.2 clearly highlights that
a single agent may have only points belonging to the same class and, therefore, would

have no way to build classifier without cooperation with other agents in the network.

Figure 1.2: Illustration of the classification in a network of 4 agents. Each agent has private
points with two possible labels, i.e., circles or triangles. The black, dotted line perfectly separates
the two classes of points.

The classification problem can be posed as a minimization problem described by

N m;
min Z Zlog (1 + e_li*Q(pri’q+b)> + % (lwl* + %), (1.3)

R7—1 peR
we be =1 q=1

where C' > 0 is the so-called regularization parameter. The optimization problem
formalized in (1.3) is an unconstrained instance of (1.2), i.e., X = R". Indeed, the

(common) decision variable is z = cor(w, b), while the local objective function of agent
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i is given by

— b wT C
fi(coL(w, b)) = ;log (1 + el p’*qub)) + N ([w])® + v*) .

1.3 Distributed Aggregative Optimization

This section is devoted to formalize the distributed aggregative optimization setup and
present a related application example. In Chapter 3, we address this kind of problems

and related variants.

1.3.1 Problem Description

We consider an optimization problem written in the form

N
min Z fi(x;, 0(x)), (1.4)
i=1

(@1,2N)EX =
in which z := cor(zy,...,xn) € R" is the global decision vector, with each z; € R™ and
n = Zf\il n;. The global decision vector is constrained to belong to a set X C R" that

can be written as X = sz\il X;, where each X; C R™. The functions f; : R x R —» R

represent the local objective functions, while the aggregative variable o(z) has the form

Zz']il i(zi)

T (1.5)

o(x) =
where each ¢ : R™ — R? is the i-th contribution to the aggregative variable. We
compactly denote the cost function of problem (1.4) through f : R” x R? — R defined as
f(z,o(x)) = Zf\il fi(zi,o(x)). Each agent of the network has only partial information
about problem (1.4). In particular, each agent i € {1,..., N} can only privately access
fi» Xi, and ¢; and, thus, needs to exchange information with the other agents of the
network to find the i-th component of an optimal solution of problem (1.4). Here, the
coupling among the agents is due to the fact that each objective function f; depends on

the aggregative variable o(x).

1.3.2 Application Example: Multi-Robot Surveillance

Consider a network of N mobile robots, whose position is x; € R?, that aim to protect a
common target, located at b € R?, from a collection of N intruders, see Figure 1.3. In
particular, each robot ¢ of the surveillance team is associated to an intruder located at

p; € R2. Therefore, the protection strategy of the team consists of a trade-off between two
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competing objectives: (i) each robot tries to stay close to the intruder, (ii) the surveillance
team tries to keep its barycenter close to the target.

The scenario described above can be suitably captured by means of the distributed
aggregative optimization framework described in the previous section. Specifically, in

problem (1.4) we can set

filaino@) = 3 e = mll + 5 o) — b (1.6)

with 7 > 0, and aggregative variable denoting the weighted center of mass of the

defending team

LN
o(x) = NZ&J%, (1.7)
i=1

for some weights 3; > 0. We notice that if 5; = 1 foralli € {1,..., N}, then the standard
center of mass is recovered. An illustrative concept of this framework is provided in

Figure 1.3, where an initial configuration and the (unique) optimal one are shown.

Robot O/
.......... ‘o (1) L
A ~Robot
N o (x) .
K “ORobot| | . &
@ \4)( U/O Robot X
Target Target
(a) Initial configuration. (b) Optimal configuration.

Figure 1.3: Multi-robot surveillance scenario.

1.4 Distributed Equilibrium Seeking in Aggregative Games

In this section, we introduce aggregative games over networks and present a related
application example. As we will see in the sequel, this framework has many similarities
with the distributed aggregative optimization setup presented in Section 1.3. However,
the key difference is that, here, the goal is to compute a (generalized) Nash equilib-
rium rather than an optimal solution cooperatively. Chapter 4 is devoted to providing

distributed algorithms able to find such an equilibrium.
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1.4.1 Problem Description
We consider a population of N € N agents who, given all other agents’ strategies, aim at
finding a local strategy solving the optimization problem:

min Ji(xi, 0(x))

Vie{l,...,N}: N N
s.t. Aj.%'j < Z bj,

j=1 j=1
where X; C R™, A; € R™*", and b; € R™ model the feasible strategy set for agent
i, while the cost function J; : R x R? — R depends on the i-th individual strategy
r; € R™, as well as on the aggregative variable o(z) € R?, with z := cor(z1,...,zy) €
R", n = Z@]L n;. We consider m < n. As in Section 1.3, the aggregative variable o(-)

formally reads as

1 N
ow) =+ > i), (1.9)
i=1

where each aggregation rule ¢; : R — R? models the contribution of the corresponding
strategy z; to the aggregate o(z). We define the constraint functions ¢; : R — R™,
c—; : R ™ 5 R™ and c¢: R™® — R™ as follows:

ci(x;) = Ajz; — by, (1.10a)
C,Z'(fL',i) = Z (Ajl’j - b]’), (110b)
JE{l ,NI\{i}
c(x) = ci(zi) + c—i(r—;) = Az — b, (1.10c¢)
where x_; := coL(x1, ..., -1, Tit1,...,xN) € R"", A= [A; ... Ay] € R™*", and
b = YN bi. Then, the collective vector of strategies = belongs to the feasible set

C={xe X |c(xr) <0} CR" where X = HfilX,- CR™

We refer to any equilibrium solution to the collection of inter-dependent optimiza-
tion problems (1.8) as aggregative Generalized Nash Equilibrium (GNE) [59] (or simply
GNE), and to the problem of finding such an equilibrium as GNE problem (GNEP) in
aggregative form — as opposed to a Nahs Equilibrium problem (NEP) which is character-
ized by local constraints only. We will design distributed algorithms to find aggregative

GNEs, which formally correspond to the following definition:

Definition 1.3 (Generalized Nash Equilibrium [59]). A collective vector of strategies x* € C
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is a GNE of (4.1) if, forall i € {1,..., N}, we have:

Jiwho(at) < min J; (z hilws) + o a(@",))

aZ»LECZ(:Ei,L)
with Cij(x—;) = {x; € X; | Ajx; < b; —c_i(x_;)}. A

We note that the definition of Nash Equilibrium (NE) follows directly from the above
by replacing C;(z* ;) simply with X;.
An equivalent definition of GNE requires one to find a fixed-point of the best response

mapping x; p, : R"7" — R™ of each agent, which is formally defined as:

Tipr (i) € argmin  J; (z,0(x))

xiGCi(a:,i)
= argmin J; (a:i, %q&l(xl) + o_i(x_i)) ,
xiec’i(x,i)
In fact, a collective vector of strategies z* is a GNE if, for all i € {1,...,N}, x} =

i br (7).

Also in this setting, we want to develop methods that work in a distributed fashion.
Similarly to the distributed aggregative optimization setup (see Section 1.3), we assume
that agent ¢ only knows J;, ¢;, X;, A;, and b;. Hence, also in this setting the local lack of
knowledge must be compensated by leveraging inter-agents communication.

1.4.2 Application Example: Nash-Cournot Game

In this section, we show a case study from [11] that can be formalized as an instance
of problem (1.8), i.e., a Nash-Cournot game. In this connection, consider N firms that
compete over n,, markets. In particular, for each market 7 € M = {1,...,n,,}, firmiis
characterized by a production g; ; > 0 and sales s; > 0. For each i € {1,..., N} and
T € M, the cost of production amounts to

fir(Gin) = 497 + CirGir-

The revenue of firm i at market 7 is modelled as (d. — 5;)s; r, where d. > 0 is the
total demand for location 7, and 57 ==} ;c(; N3 Si,- Tepresents the aggregate sales at
location 7. For all firms ¢ € {1,..., N} and markets 7 € M, we assume a production
limitation w; . Moreover, in each market 7, the total production Zie {1,..,N} 9i,r must
cover the demand d, without exceeding a maximum capacity r,. We can thus cast
this setting as an instance of the GNEP in (1.8) with each strategy vector given by

X; = COL(Gi 1y s Gimms Sids - Siny,) € RZ"m, and cost function
Ji(zi, 0(x)) = ] Qimi + 4] z; + (Ao () ",
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where we introduce the symbols Q; := diag(gi 1, --,Gin,,0,...,0) € RZmx2nm g .—

COL(City -y Cimpy,—di1, .-, —dp,) € R?", A = blkdiag(0,,,, NI, ), and set the ag-
gregation rule as ¢;(z;) = z; for all i € {1,...,N}. As for the constraints, for all
i €{1,...,N}, we have the local constraint set

Y= {me R | 1], 1], |5 <0,0 < g Swin 0< i =10}

while the coupling constraints are defined by

Ai =

_I;:m 8::], b; 3:%[7”1 cee Ty, —di ... —dnm}T,
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Chapter 2

Gradient Tracking Algorithms:
System Theoretical Perspective and
Algorithm Extensions for
Asynchronous, Derivative-Free, and

Online Scenarios

In this chapter, we focus on the Gradient Tracking algorithm, i.e., a distributed method
widely employed to solve over a network of N agents distributed consensus optimization

problems (see Section 1.2) in the form

N
min ;ﬁ(w), (2.1)

with each function f; : R” — R known to agent ¢ only. In Section 2.2, we begin by pro-
viding a system theoretical analysis to study the convergence properties of the Gradient
Tracking in the case of nonconvex objective functions. The analysis takes on a singular
perturbation perspective and LaSalle-based arguments. Afterward, In Section 2.3, we
focus on quadratic programs and perform a control-based approach to design a sparse
gain matrix enhancing the convergence properties of the standard Gradient Tracking.
Subsequently, in Section 2.4, we devise the continuous-time counterpart of the Gradient
Tracking and two additional versions implementing synchronous and asynchronous
inter-agent communication, respectively. A Lyapunov-based analysis assesses that all
these schemes exponentially converge to the optimal solution of the problem. Then,
in Section 2.5, by extending the forward Euler discretization of the continuous-time

scheme introduced in Section 2.4, we develop a distributed algorithm for derivative-free

21
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scenarios, i.e., the ones in which the agents cannot access the gradients of their cost func-
tions. We perform a system theoretical analysis to guarantee that the scheme converges
to a neighborhood of the solution. Finally, in Section 2.6, we focus on the time-varying
setting and we address it by proposing GTAdam, i.e., a novel distributed method ob-
tained by combining the Gradient Tracking method with Adam. In this connection, we
provide an upper bound for the dynamic regret achieved by the proposed method. The
results of this chapter are based on [25,28,31,33,130].

2.1 Literature Review

In distributed consensus optimization, a network of agents wants to minimize the sum
of local functions depending on the same decision variable. Early attempts to address
this kind of problem consist in combining the gradient method with average consensus
steps to enforce agreement [88,137,138]. When constant step-sizes are employed, these
methods exhibit fast convergence rates but cannot achieve the exact solution due to the
partial knowledge of the gradient of the global objective function. Exact convergence
is guaranteed by the so-called Gradient Tracking algorithm. This feature is achieved by
resorting to a “tracking action” based on dynamic average consensus (see [93,216]) to
reconstruct the gradient of the global objective function gradient in each agent. The
convergence properties of Gradient Tracking have been studied under different problem
assumptions, see [54,136,158,168,186,196,199,200]. In [50], the authors analyze the
Gradient Tracking in the case of nonconvex objective function over digraphs, while, still
in this framework, the authors of [181] study the perturbed push-sum algorithm with
diminishing step-size. The first part of this chapter investigates this nonconvex setting
but, differently from [50,181], takes on a system theoretical perspective. Other works
have shown the advantages of system theoretical tools for distributed optimization in
the convex case as, e.g., [16,37,79,102,177,189,190]. Inspired by these works, we
focus on quadratic programs and modify the Gradient Tracking from a control-oriented
perspective by designing sparse gain matrices. We mention existing approaches to
sparse gain design for dynamical systems because distributed solutions are associated to
sparse system matrices. In [112], a Lyapunov-based technique for optimal sparse state-
feedback design is proposed leveraging the Alternating Direction Method of Multipliers
(ADMM). A similar problem is considered in [111] in which, instead an augmented
Lagrangian approach is employed while in [62] the authors used sequential convex
programming to accomplish sparse design. In [6], an algorithm for a sparse gain
synthesis based on ADMM and regularization is proposed. In [100] a unified design
strategy for decentralized linear quadratic state-feedback controllers is proposed to
account also for delays. A strategy based on the so-called Projection Lemma is proposed

in [67] for the design of structured stabilizers for linear systems.
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Continuous-time counterpart of discrete-time algorithms

In this section, we develop the continuous-time counterpart of the Gradient Track-
ing algorithm. Indeed, numerous applications falling within different domains can
be addressed through continuous-time optimization algorithms. In this context, the
work [72] proposes a distributed continuous-time optimization algorithm to solve a
consensus convex optimization problem over a directed network. A constrained convex
problem is solved in [115] for a network of agents having local, second-order dynamics.
In [210], a distributed continuous-time projected algorithm is proposed to tackle nons-
mooth convex optimization problems with local constraints. Authors in [113] consider
continuous-time multi-agent systems with single-integrator dynamics to solve a dis-
tributed optimization problem. A proportional-integral protocol is designed in [201] to
solve distributed problems with equality and inequality constraints. In [108], an adap-
tive continuous-time method based is designed to deal with distributed optimization
problems with nonconvex objective functions. In [79], the convergence of distributed
continuous-time schemes is ensured through passivity-based arguments for both uncon-
strained and constrained scenarios, also in presence of communication delays. Authors
in [103] assess the exponential convergence of their algorithm by decomposing it as a set
of interacting input feed-forward passive systems. Paper [133] proposes a continuous-
time optimization algorithm inspired by the existing discrete-time algorithm named
Newton-Raphson method. Indeed, a branch of research is recently trying to study the
convergence properties of dynamic systems representing the continuous counterparts
of existing iterative optimization schemes. This line of research starts in [176], where
the authors analyze a second-order differential equation associated to the Nesterov’s
accelerated gradient method. The authors of [193] establish a systematic way to develop
discrete-time accelerated algorithms starting from continuous-time differential equa-
tions generated by a Lagrangian functional. In [194], the so-called estimating sequence
analysis (typically adopted for algorithms with momenta) is connected with a Lyapunov
approach to analyze accelerated optimization methods. In [170], the continuous-time
counterpart of the Nesterov algorithm and heavy ball algorithm are studied by means of
high-resolution ordinary differential equations. Paper [55] studies the first-order mirror
descent algorithm by deriving ordinary differential equations from duality gaps.
Distributed continuous-time schemes rely on continuous-time communication among
the network agents. In order to avoid the (not implementable) continuous-time commu-
nication required by distributed continuous-time schemes, the design of continuous-time
distributed algorithms with discrete-time communication has gained attention. In this
regard, [92] addresses a consensus optimization problem by proposing a continuous-
time optimization algorithm and two related variants characterized by periodic and

event-triggered communication among the agents of the network. The same setting
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is tackled in [116], where a distributed event-triggered scheme based on is proposed
to deal also with quantized communication. Authors in [52] leverage internal model
concepts to extend the event-triggered scheme by [92] to reject external disturbances.
Paper [89] combines an event-triggered communication policy and a distributed sub-
gradient method. In [207] a continuous-time distributed optimization algorithm with
second order dynamics both with continuous communication and event-triggered com-
munication between agents is proposed. A quadratic problem is considered in [213] and
a continuous-time algorithm with event-triggered communication is proposed to solve
it. An event-triggered implementation of the distributed gradient descent is given in [1]

to deal with nonconvex optimization problems.

Derivative-free distributed optimization

Recent years have seen increasing attention in derivative-free scenarios, namely in the
case in which neither gradients nor other derivatives of the objective functions are
available to agents in the network, see [43] for an overview.

In this context, the key idea consists of the approximation of the local gradi-
ents through a finite set of (possibly random) evaluations of the cost functions. The
work [179] modifies the distributed gradient method by approximating the gradients
through a two-point estimator. Authors in [119] propose a continuous-time gradient-
free algorithm based on a distributed gradient algorithm. The work [114] proposes the
discrete-time version of the algorithm given in [119]. In [209], random gradient-free
oracles are used within a continuous-time distributed algorithm. This kind of estimation
technique is used also in [149] and [41]. In [56], a distributed gradient-free algorithm is
designed to deal also with quantized inter-agent communication.

The work in [148] instead develops a “directed-distributed projected pseudo-gradient”
descent method for directed graphs. In[187], the gradient-free strategy of [209] has
been combined with a saddle-point algorithm. Authors in [191] address an online
constrained optimization problem by proposing a distributed algorithm relying on the
Kiefer-Wolfowitz method to approximate the gradients. In [15], the estimation of the
gradient is performed by combining a “simultaneous perturbation stochastic approxi-
mation” technique with the so-called matrix exponential learning optimization method.
Authors in [162] propose distributed algorithms based on a Frank-Wolfe update.

In this section, the derivative-free setting is addressed through a scheme whose
algorithmic structure is inspired by Gradient Tracking, and the unavailable gradients
are replaced by resorting to an equilibrium seeking mechanism. In [154], an extremum
seeking control, based on classical evolutionary game-theory ideas, is designed to per-
form distributed real-time resource allocation. The work [155] proposes a distributed
continuous-time extremum-seeking scheme using sign-based consensus. An equilibrium

seeking technique is used in [127] in a quadratic distributed consensus optimization
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framework. Authors in [203] propose a continuous-time distributed equilibrium seeking
algorithm based on saddle point dynamics. A distributed proportional-integral equilib-
rium seeking design technique is proposed in [77]. In [57], a network of agents combines
a distributed consensus method with an equilibrium seeking technique. In [164], a dis-
tributed optimization method based on sliding mode and extremum seeking is proposed.
More recently, [109] tackles in a distributed fashion a stochastic source localization
problem by using a method based on equilibrium seeking. Authors in [76] propose a
distributed method that is inspired by the Newton method and uses equilibrium seeking
to approximate both the gradients and hessian functions. As for constraint-couopled
setting, in [129], a Lie bracket approximation technique is exploited to implement the
extremum seeking strategy for problems with linear constraints. In [188], resource
allocation problems are addressed by an extremum seeking algorithm which is shown
to be semi-globally practically stable.

It is worth mentioning that our scheme, together with the ones in [99,185], is the only
distributed extremum-seeking scheme proposed in discrete-time with the following
distinctive features. The work [185] (i) does not address a consensus optimization
problem and (ii) relies on consensus dynamics estimating the global cost, while ours
estimates the global gradient. Instead, in [99], (i) the addressed consensus optimization
problems have scalar decision variables and (ii) an extremum-seeking technique is

combined with a distributed gradient algorithm, i.e., without a tracking mechanism.

Distributed Online Consensus Optimization

Since stationary optimization problems are of limited use in a multitude of practical
applications in dynamic environments, online optimization is gaining increasing popu-
larity, see, e.g., [65,174] where, in a centralized setting, the authors consider problems
with time-varying costs. As for distributed online optimization, see the recent sur-
vey [105] for an overview of the algorithms and the applications arising in this context.
An online distributed subgradient scheme is proposed in [34]. Variations over time
of both the cost and constraint functions are handled in [184] in a distributed fashion
by using an adaptive diffusive algorithm. In [122], a class of coordination algorithms
that generalize distributed online subgradient descent and saddle-point dynamics is
proposed to tackle online problems. Authors in [2] combine a subgradient flow with
a push-sum consensus for online settings in which also the graph varies over time.
A distributed algorithm based on dual subgradient averaging is proposed in [86] to
address cost uncertainties and switching communication topologies. A distributed
online algorithm inspired by the mirror descent algorithm is proposed in [169]. In [3],
it is proposed a distributed online scheme based on the alternating direction method
of multipliers, while [206] takes into account also time-varying inequality constraints.

Online optimization is strictly related to stochastic optimization, see [64,156,161] for
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distributed approaches to this kind of problem. As for the Gradient Tracking scheme,
in [211], it is used for online optimization problems, while, in [140], it is combined with a
recursive least squares scheme to address in a distributed way the so-called personalized

optimization framework (see [171] that introduces this problem in a centralized setting).

2.2 Nonconvex Distributed Optimization via LaSalle and Sin-

gular Perturbations

In this section, we analyze the Gradient Tracking algorithm in the case of nonconvex
objective functions. In particular, we provide a system theoretical analysis based singular
perturbation and LaSalle argument to assess that the solution estimates asymptotically
converge to a stationary point of the problem in a consensual manner.

As formalized in the next assumption, we do not require the convexity of f;, thus
making this work attractive for complex settings as, e.g., the ones involving big-data

and deep learning (where nonconvex cost functions are often used).

Assumption 2.1 (Objective function). Foralli € {1,...,N}, fi : R® — R is of class C*
and has L-Lipschitz continuous gradient, for some (3 > 0. Moreover, f(x) := Zfil fi(z)is
radially unbounded. A

In this context, we model the inter-agent communication through a graph G and an
associated adjacency matrix Vg (see Section 1.1 for further details). The next assumption

formalizes the class of networks considered in this section.

Assumption 2.2 (Network). The directed graph G is strongly connected and the associated
weighted adjacency matrix Wg is doubly stochastic. A

The Gradient Tracking algorithm is a popular distributed method to solve instances
of problem (2.1). We provide as follows the idea besides the design of this method. An
effective strategy to solve problem (2.1) is the gradient descent method. The latter is the
iterative procedure in which each agenti € {1,..., N}, at each iteration & € N, maintains
an estimate x¥ € R™ of a solution of problem (2.1) and updates such an estimate by
using the gradient of the objective function. Indeed, when applied to problem (2.1), the

gradient descent update of agent i reads as
I =X =V (), (2.2)

where v > 0 is a step-size. However, in our distributed setting, agent ¢ can only access
its local gradient V f;(x¥) and, thus, the global gradient V f(x¥) = Z;VZI V£;(x¥) is not

locally available. To overcome this issue, the Gradient Tracking algorithm uses (i) an
k

auxiliary state sf € R" called tracker, and (ii) an average consensus step to enforce
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consensus among the local solution estimates x¥ of the agents. Thus, update (2.2) is

modified as

k’+1
§ wz] i’

JEN;

where each w;; > 0is the (i, j)-th entry of the adjacency matrix WWg. The goal of the track-
ers s¥ is to reconstruct, in each agent i € {1,..., N}, the global vector Z i—1 V15 k). To

k

this end, each agent updates s; according to the following perturbed average consensus

scheme

st =) wysh + VAT = VD).
JEN;

Thus, the whole update of the Gradient Tracking scheme from the local perspective of
agent i reads as

=) wyx (2.3a)
JEN;

st =) wish + VAT = V(). (2.3b)
JEN;

The initialization s? = V f;(x?) is required for all i € {1,..., N}. We notice that (2.3b) is
not causal in the sense that 5?“ depends on XfH.
In order to recover a causal (still distributed) version of (2.3), following [16], we

define z¥ = v(s¥ — V f;(x¥)) and accordingly rewrite the scheme dynamics as

it = wipx — 2f Vi) (2.4a)
JEN;

2 =" wigah — V) 9 ) w V(). (2.4b)
JEN; JEN;

In an aggregate form Algorithm (2.4) reads as

o wxk — 2k G (b (2.5a)
=Wk — y(Inn = W)G(Y), (2.5b)
where W := Wg ® I,, and
x} 7y Vfi(x1)
xF = , zF= , GEF) =
x 2 Vin(xy)
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As shown in [16], in these new coordinates, the initialization of the auxiliary state reads

T .0 _
as 1N7nz =0.

2.2.1 Gradient Tracking as a Singularly Perturbed System

Here, we provide an equivalent reformulation of the Gradient Tracking which take
advantages on the properties of the doubly stochastic matrix WVg to give insights on the
dynamics of the scheme. Let R € RN7X(N=1n be such that RTR = I and RTle =0,
and define

k 13 —k 13
X —F Z
L | = Nk L | = Nk (2.6)
X1 RT Al RT
Thus, we can rewrite (2.5) as
Sanl I D SO L 0 =h
T _ |0 RTWR 0 —In—yn| X
Zh 1 0 0 I, 0 z*
Zh 0 0 R'Win, R'WR| |2}
m
~N
-R" _k k
+ G(AnnX" + Rx'). (2.7)
RT(W — Inn)
0

The initialization 1}, ,z° = 0 guarantees that z* = 0 for all k > 0 so that we can neglect

the dynamics of z and study

gl = gk %ﬂmc <1N,n>—<k + Rx’i) (2.8a)
k+1 k

X X B

[ Lol =4 +Ba <1N7nxk + Rx'j) , (2.8b)

Z] a

with
R™WR —In_11n —RT
A= |BW (N=D)n| g . (2.9)
0 R'WR RTOW — Iny)

System (2.8) fits the class of singularly perturbed systems (see, e.g., [19]) given by the
interconnection between a slow dynamics, which in our case is (2.8a), and a fast one
represented by (2.8b) (see Figure 2.1 for a schematic representation). Appendix C is

devoted to providing results for this kind of systems. We point out that, numerically, it
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clearly appears that the convergence of subsystem (2.8b) is faster than the one of (2.8a).

k

<k
Jgkt+tl — gk YT =k k X
> X =X NlN,dG(lNW«X —|-RXJ_)

Xk+1 Xk; . L
A omo e |

Figure 2.1: Schematic representation of system (2.8).

Now, we provide some notation of singularly perturbed systems that will be used in
the analysis. We denote boundary layer system the one obtained by “freezing” x € R"
within (2.8b). As we will see later, such a system exhibits an equilibrium parametrized
in X, say h(X,y). We denote as reduced system the one obtained by considering (2.8a)
with cor(x* ,z% ) = h(x*,~) for any k > 0.

Once the Gradient Tracking has been posed in the singularly perturbed form (2.8),
we can separately study two auxiliary schemes associated to the subsystems (2.8a)
and (2.8b). The boundary layer system is obtained by freezing the state of the slow
dynamics in the fast one (2.8b). Notice that

h(ia ’Y) =7

0 B ] (2.10)
—RTG(]_me)

is an equilibrium of system (2.8b) for any “frozen” X. Now, we introduce the error
coordinates of the fast dynamics with respect to h(%,7). Let ¢* := cor(x% ,z% ) — h(x,7),
we can write the boundary layer system associated to (2.8a) as

PP = AYF + yBufy (%), (2.11)
where
(%) = G (L% + Ravh) = G (1y%) (2.12)

Remark 2.1. From Assumption 2.2 the matrix W has 1 as an eigenvalue with multiplicity
d, while all the remaining ones lie within the open unit circle. The left and right
eigenvectors associated to 1 belong to the span of 1;,11 and 1y, respectively. Thus,
RTWR is Schur. Then, the matrix A, being up-triangular with two Schur matrices on

the diagonal blocks, is Schur too. See [16] for a detailed discussion. A
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Exponential stability of (2.11) uniformly in X is given now.

Lemma 2.1. Consider system (2.11). Let m := 2(N — 1)n. Then, there exists 71 > 0 and a
Lyapunov function W : R™ — R such that, for any v € (0,7%1), it holds

bi 9[> < W) < bo [|9]? (2.13a)
W (AY + yufi (%)) — W () < —bs [[¢]]? (2.13b)
W (3p1) — W (3h2)| < ba |01 — o] (]| + [|2]), (2.13c¢)

for any 1, 1,19 € R™, x € R", and some by, b, b3, by > 0.

Proof. Pick any Q € R™*™, Q = Q" > 0. Being A Schur (see Remark 2.1), there exists
P=PT" > 0so that

ATPA-P=-Q. (2.14)
Pick such P to define W : R™ — R as
W (") = (%) PyF,
which clearly satisfies (2.13a) and (2.13c). Further, along (2.11), AW (¢*) := W (y*+1) —
W (y*) is given by

AW (%) = (F)T(ATPA - P)yy* + 2y(v*) TATPBuf (%) + 7% (ufy (%)) T BT PBufy (%)

(a)

< - Qv+ |laTes] o] Jubico] + o 7] ||

)

(2.15)

where in (a) we have used the result (2.14) and the Cauchy-Schwarz inequality. Being
each V f; Lipschitz continuous (cf. Assumption 2.1), we bound u’gl (X) (defined in (2.12))

as

Hubl( )H < LRl Hwk (2.16)
for any x € R™. Thus, we can use (2.16) to bound (2.15) as
2
W) < —(g =01 = 72er) || * (2.17)

where ¢ is the (positive) smallest eigenvalue of ), while ¢; := 2L HATPBH IR1||, c2 ==
I’ |BTPB]| |R1||?. Thus, there exists ; > 0 such that ¢ — y¢; — 72¢o > 0 for any
v € (0,%1) so that (2.13b) holds and the proof follows. [ |

Now, we consider cor(x* ,z%) = h(x*,7) for all k > 0 within (2.8a) obtaining the
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so-called reduced system as

kL _ gk %lva,nG <1N7n)—<k + ’th<)_(k’fy)> , (2.18)

By exploiting A (cf. (2.10)) and G, we write system (2.18) as

gt =k — %Vf()‘(k). (2.19)

It is worth noting that the reduced system has recovered the desired update (2.2), i.e., the
one given by applying the (centralized) gradient descent method to solve problem (2.1).
The next lemma uses the radially unbounded (see Definition A.2 in Appendix A) function
f to show the convergence of system (2.19) to the set X* := {x € R" | Vf(X) = 0} of
stationary points of (2.1).

Lemma 2.2. Consider system (2.19) Then, there exists 2 > 0 such that, for any v € (0,72),
it holds

f (3= 2VIE) = F5) < =9 [V (2.20a)

fx1+x2) = f(xa +x3) S do [V ()| fIx2 — x3]| + d3 <||X2H2 + HX3||2) , (2.20b)

for any x,x1,x2,x3 € R", and some dy,dg, d3 > 0.

Proof. In light of Assumption 2.1, f has Lipschitz continuous gradient. Thus, we apply
the Descent Lemma (cf. [14, Proposition 6.1.2]) to write

=602 Gl el e
Choose any d; € (0,1/N). Then, for any v € (0,7%2) with 42 := w > 0, the
inequality (2.21) ensures that (2.20a) is satisfied. With same arguments, also the in-
equality (2.20b) with do = 1 and d3 = % can be shown. [

Once these preliminary results have been provided, we can use them in the next the-

orem to state the convergence properties of the Gradient Tracking distributed algorithm.

Theorem 2.1. Consider the Gradient Tracking given in (2.5). Let Assumptions 2.1 and 2.2
hold. Then, for any initial condition (x°,2°) € R*N™ such that 15,2 = 0, there exists 5 > 0
such that, for any v € (0,%), it holds

lim inf
k—oo £€X*

xf—guzo, vie{l,...,N}.

Proof. The proof relies on Theorem C.1 in Appendix C. Indeed, Lemma 2.1 and
Lemma 2.2 provide the functions W and U = f satisfying conditions (C.4) and (C.5),
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respectively. Further, Assumption 2.1 guarantees the radial unboundedness of U and
the regularity properties required for ¢, g, and h. Hence, by Theorem C.1, there exists
4 > 0 such that, for any v € (0,7), any trajectory of system (2.8) satisfies

ik
lim inf || (x} —[ ¢ ] : (2.22)
e | IR Gk

where M’ C ker{V f(-)} C R" denotes the largest invariant set for system (2.19) con-
tained within ker{V f(-)}. The proof follows by noting that M’ = ker{V f(-)} = X*.
|

2.2.2 Numerical Simulations

This section validates our theoretical findings with a numerical simulation about the
target localization problem given in [54, Section IV.A]. A network of N = 10 agents aims
to locate a common target through some distance measurements. Each agent i is located
at w; € R™ and has a noisy measurement ¢; > 0 of the target squared distance. The
target position is estimated by solving the nonconvex distributed consensus optimization

problem

N
. 2\ 2
min (gbz — |lz — wil| ) .
zeR"” 4
i=1

We set n = 3 and consider an Erd&s-Rényi directed graph with parameter 0.6. We
uniformly randomly set each component of the target location within the interval [0, 1].
As for the parameters ¢;, we generate them adding Gaussian noise to the target location.
We uniformly randomly generate the parameters w; within the interval [0, 1] for all
i € {1,..., N}. We randomly generate the initial conditions x{ choosing them according
to 3-dimensional Gaussian distributions with unitary variance centered in the target
location. The step-size parameter is empirically tuned as v = 0.01 to guarantee the
algorithm effectiveness. Figure 2.2 separately shows the convergence of the fast and

slow subsystems identified in (2.8) and graphically highlights their different rates.
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Figure 2.2: Convergence of the fast and slow subsystem.

2.3 Revisited Gradient Tracking Algorithms for Distributed

Quadratic Optimization via Sparse Gain Design

In this section, we consider a quadratic instance of problem (2.1), i.e., the optimization

problem described by
N

min Y fi(x), (2.23)
i=1

:L'ER"
in which, for eachi € {1,..., N}, f; : R — R has the following quadratic form
1
filz) = 5 (@~ T'i00) " Ci(x — T'i60), (2.24)

with C; € R™*" symmetric and positive definite, I'; € R"*?, and 6y € RP. It is easy to

show that (2.23) admits a unique optimal solution z* € R" given by

= 290, (2.25)
with

N 1N

' i=1

Since problem (2.23) has quadratic costs (cf. (2.24)), each gradient V f; has the linear

form
V fi(x;) = Ciwg + Qibo, (2.26)

in which @Q; = —C;I';. As before, also in this section we want to solve problem (2.23) over
a strongly connected graph. Further, we assume that the agents can communicate using
the weighted adjacency matrices Wg € RV*YN and Wy € RV*N which respectively are a
row and a column stochastic matrix matching the graph G. Indeed, we want to solve
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problem (2.23) by using a slightly modified version of the Gradient Tracking algorithm
as we (cf. (2.5)). First, we use W for the average consensus step of the solution estimates,
and W for the one of the auxiliary variables. Hence, by exploiting the linearity of the
gradients (cf. (2.26)), we get a linear time invariant system described by

RS
Zlc—i—l
in which x*, z¥ € RV" have the same meaning as in (2.5) and we introduced

FW::[VY_’YC _YI], Gwz[ ~_7Q ]7
W-DC W W -1DQ

where W := Wg ® I,, and W := Wg ® I,,, and

Xk
=F, || +Gsbo, (2.27)

G Q1
CQ QQ
C:= . ) Q = .

Cn QN
If v = 0, the state matrix F’, has an eigenvalue at 1 with multiplicity 2n and, therefore, it
is not Schur. For v positive and sufficiently small, instead, the eigenvalues of F;, move
inside the unit circle, and F, becomes Schur, see [16]. In this sense, the term —y(z + y)
can be interpreted as a stabilizing output-feedback control action, conferring asymptotic
stability on (2.27) with §y = 0. The main idea of this section is that we may substitute the
“control gain” —vI with a general matrix K € RN"*N" in this way obtaining a variation

of the Gradient Tracking algorithm that we denote as Revisited Gradient Tracking and

is described by
S «F
s =Fg b + G kb, (2.28)
in which
W+ KC K KQ
K = ~ ~ 1, GK = ~ .
w-nc w WwW-0NQ

By following [16], we introduce some definitions to formally establish sufficient con-
ditions to solve problem 2.23. Define m := 2Nn and, with m, < m, consider an
m,-dimensional subspace V of R, and let ' € R™*™ be an orthonormal matrix of the
form T' = [T1, T»], with Ty € R"™*" and T, € R (m—my) satisfying

Im(Ty) =V , Im(Ty) =V
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Then, V is F-invariant if and only if

F, F,
Fg

T'FT =

)

for some F; € R™wxmv [, ¢ Rmwx(m=mv) and Fp e Rm—mv)x(m—my)

Definition 2.1 (Internal stability and external anti-stability [16]). The subspace V is said
to be:

o internally stable if Fr is Schur;
* externally anti-stable if Fp has no eigenvalues inside the open unit disc. A

Let O be an affine subspace of R™ of the form
O :=V+Uby, (2.29)

for some linear subspace V of R™ of dimension m,, and for some matrix U € R(m~7w)xp
satisfying Im(U) C V*.

Definition 2.2 (Admissible initialization [16]). Consider system (2.28). A set O of the
form (2.29) is said to be an admissible initialization set if V is Fi-invariant and externally
anti-stable. A

With the above definitions at reach, the results of [16] are summarized within the

following theorem.

Theorem 2.2. Consider system (2.28) and suppose that ((0),z(0)) € O, in which O is an
admissible initialization set of the form (2.29). If

» Vis internally stable;

o U =TTy o) ') I, with Tl = cor(1y %, —Cln % — Q),

then it holds

lim ka — 1n,0%],

k—ro0
namely all the estimates x¥, ..., x% asymptotically converge to the optimal solution of (2.23).
A

Theorem 2.2 suggests that the matrix Fi in (2.28) needs to be designed to possess
an internally stable subspace that we can use to define an admissible initialization
set. We underline, however, that not every subspace fits our purposes. In fact, if the

matrix U in (2.29) is not zero, then the admissible initialization of the algorithm would
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depend on the unknown variable 6y and, as such, it would not be implementable. In the
following, we construct a matrix K ensuring that the corresponding matrix F possesses
an invariant subspace V with the desired properties, whose corresponding matrix U
is zero. The search of such K is approached as a stabilization problem. Consider the

transformation matrix 7" := [T}, T»] with

0
1
T2 VN lan] ’

I 0
0 R

1:=

in which R € RV4xN(d-1) jg such that RR" = I'and R"I,, = 0. Then, itholds -1 =TT,

and T transforms F'x to

F F
TTFKT — Ky Ky ,
0 Fk,
in which
W+ KC KR ) X (m—n
Feo=\prov - ne rhe| Rl
Kly _ (2.30)
— 1 i (m—n)x
FKJ \/N RTW]_N R )

FKE =1 ¢ R™",

The structure of the matrix 7T FxT implies that there exists an (m — n)-dimensional
subspace V that is Fx-invariant. This subspace is given by vectors w € R™ such that
Tw = cor(wy,0), with w; € R™™". Equivalently we can say that V = {coL(z,z) €
R™|z == (21;20;. . .; 2n) € RV SN 20 = 0}. We point out that, using the definition in
Theorem 2.2, the choice for T implies that U = 0. We stress that, according to (2.29),
having U = 0 ensures that the algorithm can be properly initialized without relying on

0 is arbitrary, while z° is only constrained to have

any unknown quantity (in this case x
a zero mean). We also remark that this is consistent with (and actually slightly milder
than) the usual initialization of gradient tracking algorithms (see [16]). It remains to
show that K can be chosen to guarantee that V is also internally stable, in this way
completing the design in view of Theorem 2.2. According to Definition 2.1, we have
that V is internally stable if and only if F, is Schur. Moreover, the matrix Ff, can be
further decomposed as

FK[ == FK[Q +BIOKH7

Bro=|"
) 10 -— Oa

with H := [C, R]. The design of a matrix K such that F, is Schur, on the other hand,

in which
w 0

F = - -
Ko I RTOW - )¢ RTWR
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can be cast as the stabilization of the following linear system

wf = Fro1 + Brouo, (2.31a)

ug = KHxy. (2.31b)

From (2.31), it can be seen that the matrix F, is the closed-loop matrix obtained
by choosing a feedback control law. This shows that the design of the gradient tracking
algorithm can be posed as a feedback stabilization problem. Notice that, however, in
order to preserve the distributed nature of the optimization algorithm, we need to add
an additional sparsity requirement on the gain, which will be discussed in the following

section.

2.3.1 Revisited Gradient Tracking: Sparse Gain Design

In this section we present our algorithmic strategy to design a sparse gain K for (2.28)
in order to solve problem (2.23).

To this end, we derive a Linear Matrix Inequality (LMI) to obtain a stabilizing gain K
for system (2.31). The approach relies on a discrete-time version of the Lyapunov-based
approach presented in [20] for continuous-time systems. We consider the closed-loop
system obtained by substituting the feedback control (2.31b) in (2.31a)

x§ = (Fr,, + BroK H)xY. (2.32)
For the sake of readability, from now on, we drop the subscripts in (2.32) and write
x¥ = (F + BKH)x"*. (2.33)

The linear time-invariant system (2.33) is asymptotically stable if and only if there exist
Q=Q" € Rmv*mv and K € RV™N" satisfying

Q>0

(2.34)
Q- (F+BKH)'Q(F + BKH) > 0.

Notice that (2.34) is not linear in the unknown (Q, K'). However, it can be equivalently

written as
Q>0

(2.35)
Q- (Q(F + BKH))"Q Y(Q(F + BKH)) > 0.
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Using the Schur complement lemma (cf. [20]), we can write (2.35) as

Q Q(F + BKH)

Qrskmy’ o |7 (230

that is still meant to be solved in the unknowns @ and K.
Let P := Q. Since @ is symmetric, then also P is symmetric. By pre- and post-

multiplying (2.36) by the following symmetric and positive definite matrix

P 0
0P|’
we obtain the equivalent inequality
P F+BKH)P
(F+ ) >0, (2.37)
P(F+BKH)T P

which is still not linear, because of the product between the unknowns P and K. We
thus introduce a further matrix L € RV"*2N" defined as L := K H P, and rewrite (2.37)

as

P FP+BL .
>

PFT +L"BT P (2.38)

L—KHP =0.

Although (2.38) is linear in both the unknowns P and L, it is still not sufficient to
provide a distributed solution, since the feedback control law (2.31b) would not be
implementable by a network of agents. In fact, the resulting matrix K obtained from
(2.38) need not be sparse (and typically it will not), as no sparsity constraints are imposed
in (2.38). In the next subsection we show how sparsity constraints in K can be included
in the solution of (2.38), and we develop an algorithmic procedure to solve the resulting

problem.

Encoding Sparsity of the Gain Matrix

In this subsection we add a set of constraints imposing a sparsity pattern to the gain K
in order to match the network topology. Formally, K € RV"*N" must be such that its
(i,7)-th is zero whenever (i,7) ¢ £.

For each pair (i, ) € &, let MY € RVN"*N7 be the matrix having zeros everywhere
except for the (7, j)-entry which is equal to 1. Then, a matrix K satisfying the sparsity

constraint of the network can be expressed as a linear combination of the matrices

38



2.3. RevISITED GRADIENT TRACKING ALGORITHMS FOR DISTRIBUTED QUADRATIC OPTIMIZATION VIA
SpArsE GAIN DEsIGN

MY ®1,,i.e.,
K=Y kjMI®I,), (2.39)
(i,5)€€
with k;; € R for all (i,5) € €. For notational convenience, we let k € RI¢l collect
all the coefficients k;; in a single vector with an arbitrary ordering of the edges. The
expansion (2.39) can be used to encode in (2.38) the desired sparsity constraints. In
particular, by substituting (2.39) into the second condition of (2.38), we obtain the

following constraints

P FP+BL
>0

PFT +L'BT P (2.40)
L =3 jyee kiyMYHP =0,

in the unknowns P, L and k.

We stress that including the sparsity constraints (2.39) makes (2.40) a nonlinear
problem because of the product between P and k in the second condition of (2.40).
Unfortunately, no general procedure exists to solve nonlinear problems of this form.
Therefore, in the following we propose an iterative procedure to tackle such nonlinear
problem.

In the proposed procedure, at each iteration 7, an approximate version of (2.40)
is solved, in which the decision variable P in the equality constraint of the second
condition is substituted with a fixed value, denoted by ]37, which coincides with the
solution found in the previous iteration. In this way, at each iteration 7, we obtain a

linear matrix inequality in the variables P, L and k, given by

P FP+ BL

PFT 4 LTET p >0 (2.41)
L— Y kyM7HP, =0, (2.42)
(4,5)€E

which can be efficiently solved using numerical routines. Once a solution (P, L., k)
to (2.41) is obtained, the matrix P, serves as new value for ﬁTH in the next iteration
7 + 1. The procedure starts with an arbitrary initialization Py and is repeated until some
convergence criterion is satisfied, e.g., until || P41 — P;|| falls below a given threshold
e > 0. Notice that the described procedure has no theoretical convergence guarantees.
However, in Section 2.3.2 we show the effectiveness of the proposed scheme (2.41) for

the design of sparse feedback through simulations.

Remark 2.2. We underline that (2.41) is a feasibility problem. Then, once its constraints
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are fulfilled, we can also include an optimality criterion in its selection. For this reason,
in our numerical experiments we also add a cost function in order to optimize the

convergence rate of the resulting optimization algorithm. A

The following Algorithm 1 summarizes the described iterative procedure.

Algorithm 1 Iterative Procedure for Sparse Gain Design

given tolerance € > 0
initialize 180
fort=0,1,2,... do
obtain (Pr, Lr, k) as a solution to (2.41)
if |P; — P;|| < e then
set k* =k,
break
else
ﬁT—‘rl =P
end if
end for
retrieve the sparse gain K* = Z(z’,j)eg k:Z*JM”

2.3.2 Numerical Simulations

In this section we propose a numerical study to show the effectiveness of the proposed
design strategy. In particular, we compare the convergence behavior of the gradient
tracking including the sparse (possibly non-diagonal) gain K (cf. (2.28)) with its basic
version with diagonal gains (cf. (2.27)).

As mentioned in Remark 2.2, we include in the solution of each problem (2.41) the

minimization of the objective

)

|F + BKH| + 8 HP '

in which 8 > 0 represents a trade-off parameter in the following sense. Minimizing
the term ||F' + BK H|| reflects in maximizing the convergence rate of the resulting
distributed optimization algorithm. Indeed, ||F' + BK H]|| is directly related to the
maximum singular value of the closed-loop matrix F' + BKH. The term ||P — P
is, instead, a “regularization” introduced to foster the convergence of the iterative
procedure in Algorithm 1. The design parameter 3 can be thus chosen to privilege one
of the two terms as desired.

We term “Basic GT” the standard Gradient Tracking with diagonal gains, while we
term “Rev. GT” the algorithm that implements the sparse gain K designed using our

procedure described in Section 2.3.1. In order to to choose the step-size y in the Basic
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GT, we resort to Algorithm 1. Indeed, the case of diagonal K is a special case obtained
by imposing a graph structure with only self-loops.

In the following, we present simulations obtained for different numbers of agents N
and for different “graph density” d 4 := |£|/N2. We set Py = I and 3 = 1. In the figures
below we plot the norm of the difference between the mean vector and the optimal

N _k *

solution of (2.23), namely H}‘(k’ — x*H = H% Yo X —x

In Figure 2.3, three networks with respectively 5, 10 and 15 agents are considered

for comparison. In all the cases we consider d = 2 and d4 = 0.7.

10! —— Rev.GT: N =5[]
--- BasicGT: N=5

Rev. GT: N =10

=101 Basic GT: N =10 ||
T —— Rev. GT: N =15
%, - - - Basic GT: N =15

L 3 SOy R S U

10—14 T T T T
0 200 400 600 800 1000
k

Figure 2.3: Evolution of the optimality error for different values of V.

Figure 2.3 shows that in all cases the Rev. GT has a faster convergence rate than the
Basic GT. The converge rate enhances as the number of agents increases. This behavior
can be explained by noticing that a larger number of agents implies a “larger space” in
which the sparse matrix K is searched.

In Figure 2.4, four networks with density d4 equal to 0.3, 0.6, 0.75, and 0.9 are

considered. In all the cases we consider n = 2 and N = 10.

. —— Rev. GT: d4 =0.30
10 - - - Basic GT: d4 = 0.30
—— Rev. GT: d4 = 0.60
- - - Basic GT: d4 = 0.60

Rev. GT:d4 = 0.75

Basic GT: d4 =0.75
—— Rev. GT: d4 = 0.90
- - - Basic GT: d4 = 0.90

%% — @

10-6

lo—l()

1014 | | | |
0 200 400 k 600 800 1000

Figure 2.4: Evolution of the optimality error for different values of d 4.

Figure 2.4 shows that only in one case the Basic GT is faster than the Rev. GT.
Specifically, it occurs when graph density is really low, namely dyy = 0.3. This confirms
our interpretation that the Basic GT is actually obtained by limiting the gain structure

choice to diagonal matrices. We point out that, although the Basic GT is faster, both gains
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are associated to the same cost value ||F + BK H||5+ 3| P — P;||2. This is reasonable since
the cost function does not encode directly an information related to the convergence
rate of the closed-loop system. Moreover, also the regularization term plays a role in the
optimization procedure. Consistently to the previous case, we observe that the algorithm

performance enhances as the graph density d 4 increases.

2.4 Asynchronous Distributed Consensus Optimization

In this section, we devise the continuous-time version of the Gradient Tracking algorithm
and, then, two additional versions replacing continuous-time inter-agent communication
with discrete-time synchronous and asynchronous communication, respectively. Along

this section, these schemes will be analyzed under the following assumptions.

Assumption 2.3. For all i, the function f; : R" — R is strongly convex with coefficient
w >0, A

Assumption 2.4. For all i, the function f; : R™ — R has Lipschitz continuous gradient with
constant L > 0. A

We recall that Assumption 2.3 ensures that problem (2.1) has a unique optimal

solution, denoted by z* € R" (cf. Proposition A.2 in Appendix A).

Assumption 2.5. G is undirected and connected. Moreover, the associated weighted adjacency
matrix Wg is symmetric. A
From Discrete to Continuous

In this section, we will derive the continuous-time counterpart of the Gradient Tracking

algorithm. For the sake of readability, we recall its local causal form (2.4)

X§+1 = Z win? - Z? - ’nyi(Xi-C) (2.43a)
JEN;

zf“ = Z wijzé? — ’vai(X?) +v Z wiijj(Xf)a (2.43b)
JEN; JEN;

and its aggregate formulation (2.5)

XML = wxk — & — 4G (xY) (2.44a)
M= Wik — (I, — W)G(xH), (2.44b)
Following the arguments proposed in [176] for a centralized optimization algorithm,

we interpret the sequences x* and z;, of (2.44) as sampled versions of two continuous-

time signals z(¢) and z(t). These signals are assumed to be smooth. According to this
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interpretation, the step-size v > 0 can be then seen as the sampling time character-
izing a discretization procedure. Figure 2.5 shows a graphical representation of the

discretization of the continuous signal z(t) resulting in the discrete sequence xy.

x(t)

A

Xk Xk+1

> 1

k~y (k+ 1)y

- Y —>

Figure 2.5: x;, as sampled version of z(¢).

Informally, we start from the intuition

xp &~ z(t) 7 ~ 2(t)

t:k’y7 t:k’y’

in which the iteration index k is obtained by setting k := ¢/ with ¢ being the continuous
time. For any fixed ¢, by choosing an arbitrarily small step-size -, we can consider the

following approximations

I'(t) R Xt /)y = Xk, x(t—i—fy) R X(tty) fy = Xk+1-

The same clearly holds also for the sequence z;. With these approximations in mind, we

can write the following Taylor expansions

+ 'y:i:(t)‘ +o(7) (2.45a)

Xyl = x(t)‘ - x(t)‘ t=k~y

t=(k+1)~y t=k-~y
+ ’yé(t)‘ + o(v), (2.45b)

Zirl = z(t)‘ = z(t)] -

t=(k+1)y t=kvy

where o(7) collects the higher order terms of the expansions. As 7y goes to zero, the

higher order terms in (2.45) can be neglected, leading to

() = ~s41 = xx) = —"a(t) = 2(t) = Gla(t)
£8) = o — 2) = T Ea(1) - G (a(t),
which can be rewritten as
&(t) = —Lyz(t) — 2(t) — G(z(t)) (2.46a)
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2(t) = —Lyz(t) — LyG(x(t)). (2.46b)
where L, := (Inp, — W) /7.

2.4.1 Continuous Gradient Tracking: Algorithm Description and Analysis

The Ordinary Differential Equation (ODE) in (2.46) involves matrices whose structure
depends on the preceding derivation. However, one may consider any weighted Lapla-

cian matrix £ associated to G. Therefore, we define the Continuous Gradient Tracking

—L —Inyn| |2(t)
0 —L | |z(t)
where L € RN™ N7 jg given by L := L ® I,,.
It is useful to also provide a local view of algorithm (2.47), i.e., from the perspective

as

INn

. G(z(t)), (2.47)

of a generic agent i. The i-th block-components of z(¢) and z(t) corresponds, respectively,
to the local states x;(t) and z;(t) of agent i. The state z;(t) represents the local estimate
at time ¢ of the optimal solution of problem (2.1) while z;(¢) € R" is an auxiliary state.
Set Wg := D — L (with D being the degree matrix of G) and let w;; be its (4, j)-th entry.
Exploiting the sparsity in Wg, the i-th block-components of (2.47) can be then written

as
Bi(t) = = > wig(wi(t) — z;(t)) — 2(t) = V filwi(t)) (2.48a)
JEN;
g(t) ==Y wig(z:(t) — 2(0) = > wig (Vilwi(t)) = V;(25(t))- (2.48b)
JEN; JEN;

In the next, we will analyze Continuous Gradient Tracking through a Lyapunov

approach relying on the feedback structure of (2.47) as represented in Figure 2.6.

=) = [0 ) (6] + i w0

A

u(t) = —G(x(t))

Figure 2.6: Block diagram representation of system (2.47).

Specifically, noticing that corL(1y 2%, —G(1n,2*)) is the unique equilibrium point
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for system (2.47) and by exploiting the initialization, it is possible to perform a se-
quence of coordinate changes to obtain an equivalent, reduced system formulation. The
equivalent system is characterized by a (marginally stable) linear part, associated to the
consensus mechanism, which is perturbed by a nonlinear (feedback) term depending on
the gradient G. The next theorem proves the exponential stability of the equilibrium by
designing a quadratic Lyapunov function based on the linear part only and bounding
the nonlinear gradient term using the strong convexity and the Lipschitz continuity. We
point out that the initialization 1]\—[771,2(0) = 0 can be obtained in a fully distributed way
by simply setting each z;(0) =0, for alli € {1,...,N}.

Theorem 2.3. Consider the Continuous Gradient Tracking distributed algorithm described
by (2.47). Let Assumptions 2.3, 2.4, 2.5 hold and pick any cor(x(0), z(0)) such that
1}7712(0) = 0. Then, there exist a; > 0 and ay > 0 such that

|zi(t) — 2*|| < a1 exp(—agt), Vie{l,...,N}. A

Proof. We first observe that, in light of Assumption 2.4, the ODE in (2.47) is well
posed for any ¢ > 0 and admits a unique solution, see [91, Theorem 3.2]. By inspecting

system (2.47), we can assert that it has a unique equilibrium point at

Xeq| ]-N,nx*
T )
Zeq —G(1N7nx*)
which represents the situation in which the NV agents have a consensual solution estimate

equal to the optimal solution 2* of the optimization problem (2.1). In order to use a

Lyapunov approach, we put the system in error coordinates. Let

-0k

Then, system (2.47) can be rewritten as

-1 2L

where the role played by the “input” term u(Z) := G(1n,2*) — G(Z 4+ 1y ,2") has been

IS

IS

1
L

K

N

] u(i), (2.50)

highlighted. Indeed, it can be interpreted as a nonlinear feedback of the output y =z
and suggests to introduce a further change of coordinates given by

o

45

I 0
L —I

N

IS

T



CHAPTER 2. GRADIENT TRACKING ALGORITHMS: SYSTEM THEORETICAL PERSPECTIVE AND ALGORITHM
EXTENSIONS FOR ASYNCHRONOUS, DERIVATIVE-FREE, AND ONLINE SCENARIOS

Since T is an involutory matrix (i.e., it coincides with its inverse), the change of coordi-

nates (2.51) transforms (2.50) in
[?] + [I] u(y). (2.52)
7 0

-

Before studying the stability of the origin for (2.52), the effect of the initialization

1;’712(0) = 0 in the new coordinates (7, 7) is investigated. We observe that the subspace
S:= {7, | 1y = 0}
is invariant for (2.52). In light of (2.51), it holds
0=18,7=1x,(L&—2) =13,z

where the last equality holds in light of (2.49) and since ]-L,nG(]-N,nx*) = 0and lev,nL =
0 (cf. Assumption 2.5). Therefore the initialization of z(0) guarantees that 77(0) € S.
Hence, we can perform a final change of coordinates to isolate the invariant state to

further restrict the dynamics. Let

i J i
H — |l d | =Y, (2.53)
i )
Navg
in which
_ | T Lo _ 14T
Ty = . Ty | = [o TN1N,H}, (2.54)

with R € RVN?»*(N=1n such that RTR = I, R"1x,, = 0 and ||R|| = 1. The following

useful relations holds true

1
RR" =1 — NlM”lfTVv"' (2.55)

It is easy to check that T2_1 =T/, thus (2.52) can be rewritten as

3 In.n ~

yL —-2L R i y{ I

v | =|-R"L> 0 0 ¥ |+ 0] u(g). (2.56)
Tavg 0 0 0] [fvg]l [0

In light of the invariance of S, it holds 7j,y4(¢f) = 0. Then we can consider only ¢ :=
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coL(f,1) € R?, with d := (2N — 1)n. The dynamics (2.56) can be written as

¢ = AC + Bu(p), (2.57a)
with
—2L R I
=| o ol B := H . (2.58)

Next, consider a quadratic, candidate Lyapunov function V : R? — R given by
V(¢) =P, (2.59)
with P € R%*? such that P = PT > 0 and arranged in blocks as

P P
P} Pj

: (2.60)

where P, € RN»>xNn p, ¢ RNnxn and py ¢ RINn—n)x(Nn—n) Next, it is shown how to
choose P in order to prove global exponential stability of the origin of (2.57). Let m > 0
and set

Pi=mI, P,=-R, P3=mR'(L*)R, (2.61)

where (-)T denotes the Moore-Penrose pseudoinverse. By the Schur complement lemma,

P > 0 imposes that m must satisfy

mil >0 1
= m > - . (2.62)
mRT(L2)'R — %[ >0 vmin{o(RT(L?)IR)}
The time-derivative of V' along trajectories of (2.57) is
V() =¢"(ATP+ PA)¢+2¢" PBu. (2.63)
-Q
The choices (2.61) yield to
4mL —2L* 2LR ml
_ , PB= 2.64
@ 2R'L 21 —-RT (2.64)

We separately study the quadratic term —¢ " Q¢ and the cross term 2¢ " PBu as a function
of m to show that V(¢) can be made negative definite for a sufficiently large m.

As for the first term in (2.63), we observe that () is a solution to a Lyapunov equation
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associated to a marginally stable matrix. Therefore, it can only be positive semidefinite.
Indeed, the upper-left block within the expression (2.64) has the kernel spanned by 1y,

for any choice of m. By the Schur complement lemma, imposing () > 0 is equivalent to
4mL — 2L? —2LRR'L > 0. (2.65)

In light of (2.55) and since L1y, = 0, condition (2.65) reduces to 4mL — 4L? > 0. Since
L and L? have the same kernel, the latter condition is fulfilled by any m such that

S max{c(L?)}
~ min{o(L)\ {0}}
Moreover, L positive semidefinite, condition (2.66) can be satisfied with m > 0.

Next, the second term in (2.63) is considered to show V < 0. In light of (2.64), it
holds

(2.66)

- (a) -
2 "PBu=2mj u—20 R'u < —2mpu||j||> — 20 "R u, (2.67)

where in (a) we use the strong convexity of the cost functions (cf. Assumption 2.3).

Using the Cauchy-Schwarz inequality, condition (2.67) can be manipulated as

2T PBu < —2mpe |51 + 2 |1R] ]|
)

—
S

< —2mu 7 + 2L || 13
() R TR
< —2mplgl1* + < 131 + Ze |

—
8}
~

o [( — 2+ %)I 0], (2.6

0 Lel

N~

Qo

where in (a) we use the Lipschitz continuity of the gradient of the cost functions
(cf. Assumption 2.4) and the fact that || R|| = 1, while in (b) we use the Young’s inequality
with € > 0, and in (¢) we introduce the matrix . Indeed, we want to show that the
zero eigenvalues of () can be moved inside the open left-half plane through Q. Thus,
by plugging (2.68) in (2.63), it holds

V() < —¢TQ¢, (2.69)
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where Q := Q — Qy, i.e., it holds

— [amL —212 + <2mu - Z)I 2LR
Q= ¢ _ . (2.70)
2RTL (2—Le)l
By the Schur complement lemma, Q > 0 is equivalent to
2—Le>0
amL 2 (72 +1) 124 2Ly >,
which is verified for every € < % and
(1 + %> max{c(L?*)} T
m > max 2-Le (2.71)

2min{o(L) \ {0}} " 2pue

Therefore, we can conclude that V(¢) < —min{c(Q)} ||¢||* which implies that the origin
is globally exponentially stable for system (2.57) (cf. [91, Theorem 4.10]). Specifically,
there exist a7, as > 0 such that

ICOI < a7 [|C(0)]| exp(—azt), (2.72)

for any ¢(0) € R”. By noticing that [lo;(t) — 2*|| < [l2(t) — Inaa*[| = [y(®)] < K@),
the proof follows by (2.72) by setting a; = a7 ||((0)]]. [

We underline that both a; and a3 in Theorem 2.3 depend on (i) the distance between
the initial conditions and the system equilibrium and (ii) the problem properties as,
e.g., the network connectivity, the strong convexity parameter of the cost and the
Lipschitz constants of the cost gradients. The same observation consistently applies to

the subsequent results.

Remark 2.3. The expression of the discrete-time dynamics as in (2.44) turns out to be

crucial in the derivation of its continuous-time version. In fact, one can check that

G(xp1) =G (I(t) t(k+1)v>

e (x(t)
e (x@

e, T, o)

t:ky) +VG <l‘(t)’t:k7> it(t)’t:]w + o(y).

Thus, the arguments presented to derive (2.47) applied to the algorithm in its original

t=k~y

~
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coordinates (2.3) results in

a(t)| _
5]
where s5(t) is the continuous counterpart of s, := cor(s},...,s%) while VG(xz(t)) :=

blkdiag(V2fi(z1(t)),..., V2 fn(zn(t))) € RY"™Nn Notice that these coordinates in-

volve the second-order matrix VG(-) which usually requires a non-negligible computa-

~L, —Inn ] [m(t]
~VG(z(t))Ly —(Ly+VG(x(t)] |st)]

tional complexity and, in certain applications, is not even known. A

2.4.2 Triggered Gradient Tracking: Algorithms Description and Analysis

The Continuous Gradient Tracking would require communication among agents at
all ¢ > 0. Clearly, this prevents its practical implementation on real devices that
require time-slotted communication. This issue is addressed next by proposing two
alternative schemes in which inter-agent communication is triggered synchronously and
asynchronously, respectively.

Let {tfi}kieN, be the sequence of time instants at which agent ¢ sends its states (z;, 2;)
and V f; to its neighbors j € N;. Consistently, at time t?j, agent ¢ receives the updated
variables from its neighbor j € Aj. Let {#*};>0 be the ordered sequence of all the
triggering times that occurred in the network. Then, given any ¢ € [f*,#**+1), let us
introduce, for all 7 € {1,..., N}, the shorthands

~k
C o= x;(t )
Z; x’l( ) t:kiinefN{tfisz}
~k L )
Z; = Zz(t)‘t: inf tfizgk;} (273)
ks N

Vi =Vt ‘ .
= VO,
k;EN

Quantities in (2.73) represent the most updated values in the network within the con-

sidered time interval. Under the described communication paradigm, we propose to

modify the local dynamics in (2.48) as follows

wit) = = 3wy (2 = %) = 2(0) - Vi(i(0) (2.74a)
JEN;

5(t) = = 3wy (3= 25) = S wy (V- Vi) (2.74b)
JEN; JEN;

for all ¢ € [f*,#¥*1). Within the k-th period, the variable z; behaves as an integrator. As
for the variable z;, it is a local gradient flow compensated with an integral action z;

and a constant consensus-error-like term. Agent i does not use its own variables x;(t),
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zi(t), and V f;i(z;(t)) in the consensus mixing terms, but it rather uses their sampled
version. This fact allows one to preserve the theoretical consensus properties of the
original scheme (2.48).

As one can expect, the specific rule to choose the triggering time tfi will play a

crucial role in the convergence properties of the resulting algorithms.

Synchronous Triggered Gradient Tracking

We start by presenting Synchronous Triggered Gradient Tracking, obtained by imposing
a synchronous communication among agents. Specifically, in this protocol each agent
i € {1,...,N} sends its local variables to its neighbors at common instants of time

chosen according to
it =k A (2.75)

for some common A > 0 and with t% = ¢ for alli € {1,..., N}. Intuitively, the greater
A, the more inter-agent communication reduces. On the other hand, the greater A, the
more the triggered algorithmic evolution moves away from the behavior of Continuous
Gradient Tracking.

For all ¢ € [tF,#F+1), the aggregate form of (2.74) reads as

~k
&
c(t t
Qf() _ | + B1G(x(t)) + By | 3% |, (2.76)
0] ™ |z L
where 2% := cor(2F, ..., &%), 2% := coL(2},.. ., 2%), GF == coL(V fF,...,V (), and

s B2 =

0 —I -1
H = 5 Bl =
b o) el

The convergence properties of (2.76) can be shown by reformulating it as a perturbed

L 0 0
0 -L —-L|

instance of the Continuous Gradient Tracking system (2.47). In particular, it is possible
to show that the periodic triggering law (2.75) gives rise to a perturbation term that
vanishes at the equilibrium point (see, e.g., [91, Chapter 9] for the notion of vanishing
perturbation) and that can be arbitrarily bounded through the parameter A. Based on
this observation, the next thereom considers the same Lyapunov function V used in
the proof of Theorem 2.3 and shows that, with a sufficiently small A, the perturbation
does not alter the sign of the derivative of V and, hence, the exponential convergence is

preserved. The next theorem formalizes this result.

Theorem 2.4. Consider the algorithm in (2.74) with the synchronous communication protocol
given by (2.75). Let Assumptions 2.3, 2.4, 2.5 hold and pick any cor(x(0), z(0)) such that
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lﬁ,nz(O) = 0. Then, there exist A* > 0, ag > 0, and a4 > 0 such that for any A € (0, A*), it
holds

sz(t) - LU*H < ag exp(—a4t), Vi e {17 s 7N} A

Proof. The dynamics (2.74) of Synchronous Triggered Gradient Tracking can be reformu-
lated as a perturbed instance of the nominal dynamics of Continuous Gradient Tracking
described by (2.47). Clearly, the perturbation expresses the impact of the triggering
mechanism on the algorithmic evolution. Thus, by adding and subtracting the term
Bycor(z(t), 2(t), G(x(t))) in the dynamics (2.76), we get

-1 L

where e has the same meaning as in (2.114). By performing the same changes of
coordinates defined in (2.49), (2.51), and (2.53), the dynamics (2.77) can be equivalently
reformulated as the following (restricted) dynamics

G(z) + Bae, (2.77)

(= AC + Bu+ Ee¢ v, (2.78)

where the vectors ¢ € R?, u € RY" and the matrices A € R¥*? and B € R¥N™ are as

in (2.57), while the quantities associated to the perturbation are

L 0 0
E =T T'BT\T; = , 2.79a
g oLt “RTLR R'L (2.79a)
ey = coL(y — §,9 — P, ey) = co(y — §, % — , G* — G(§ + ¥)) (2.79b)

with 71 and Tj defined in (2.51) and (2.54), respectively. Let us consider a quadratic,
candidate Lyapunov function V(¢) = ¢ P¢ as in (2.59) with the blocks of P set as
in (2.61). The time-derivative of V' along the trajectories of (2.77) satisfies

V() = ¢(T(ATP + PA) +2(" PBu+2(" PEecy
< —('Q¢C+2(" PEey, (2.80)

where @ is as in (2.70) so that the inequality holds in light the previous proof of
Theorem 2.3 (cf. (2.69)). By using the Young’s inequality with ¢ > 0, we can further
upper bound (2.80) as

V()< —C"Q¢+eCTPPC + %eszTEer

“ - 1
@ T (Q - dﬂ)g +—elgE Becy, (2.81)
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where in (a) the terms in ¢ have been grouped. In light of the sufficient condition

in (2.71) to get a positive definite ), we can always take ¢ such that

min{o(Q)}

0 << max{o(P?)}

in order to impose also Q — ¢ P2 positive definite. Thus, by denoting as ¢ > 0 the smallest
eigenvalue of the matrix Q — eP? and by applying the Cauchy-Schwarz inequality to the
quadratic term in e; v of (2.81), we bound (2.81) as

. 1
V() < —qllcI? + = | ETE|| lee.v
)

—
S

1
~allSI” + < | ETE| (lecl® + llew 1)

(b) ]. —2 || 2 - 2

< ~alicl® + - ||ETE| (lecl® + 25— ]| )

(o) 1 -2

< —qllcl® + < ||ETE| 1+ ) el (2.82)

Cc1

where in (a) we introduce e; := cor(y — 7,9 — 1) to write |[ec v || = |lec|* + |lev ||, in (b)
we use the Lipschitz continuity of the gradients of the cost functions (cf. Assumption 2.4)

to bound ||ev|* < ZQHﬁ — §|1?, and in (¢) we rely on the fact that ¢ — § is a component of

€¢.
The proof continues by deriving an upper bound for HGCHQ in (2.82). We start by
defining
p o el (2.83)
<1l

Moreover, recall that in each interval [#F,#5+1), the error e, is set to zero at £* and grows
until ##7! when it is reset again to zero. Hence, the goal is to establish a lower bound on
the needed time for r(t) to reach /¢/ci. By computing the time derivative of (2.83), it
follows
T, :
el lecli¢¢

P = ) 2.84
N P ITT (284

Using the Cauchy-Schwarz inequality, we bound 7 as

i < Necllllecl Tl lICHicl

S Telicl T el

@1 Necl Il @ I

< 2l e 2 (] — 2.85
1t e - K (2.85)
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where in (a) we use the identity ¢, = —( while in (b) we exploit the definition of
in (2.83). Then, in light of the dynamics of ¢ in (2.78), it holds

. AC-F Bu + Fe v
F< sl I |
(a) Al S|+ el + (| E] el + 1 E]|| |le

where in (a) we use the triangle and the Cauchy-Schwarz inequalities combined with
|Bu|| = |lul|. Next, by using the Lipschitz continuity of the gradients of the cost
functions (cf. Assumption 2.4), we have |lu|| < L||¢|| and |ley|| < L |le¢||. Thus, (2.86)

becomes

(LA + L) ISl + (1 + L) [[E]| Hlec |

P [
@ (1+T)LH%\+(1+T)HAH HCH+(1H;rHL) IE flec]
(:)L(1+T)+(1+T)02HCH||JZ||CQ lecll
DT +7) + (1472, (2.87)

where in (a) we simply rearrange the terms, in (b) we introduce ¢y := max{||4], (1 +
L)||E||}, and in (c) we use the definition of 7 in (2.83).

Using the Comparison Lemma (see [91, Lemma 3.4]) the bound (2.87) translates in
the following inequality

r(t, r(t%)) < 7(t, 7(1%)), (2.88)

where r(t,7(#*)) denotes the solution of (2.84) with initial condition at ¢ = t; given by
r(t,) while 7(t,7(£*)) denotes the solution of

F(t) = L(1 4 7(t)) + ca(1 + 7(¢))2, (2.89)

for some initial condition initial condition at ¢ = ¢* given by 7(¢¥) such that r(f*) < 7 ().
Recalling that the protocol (2.75) imposes r(t*) = 0 at the beginning of each time
interval [t¥,#¥+1), then we select 7#(£*) = 0. The solution of (2.89) can be shown to be
(cf. [92])

(L + co)(exp(L(t — %)) — 1)
—coexp(L(t —t*) + L+ co

7(t,0) = (2.90)

Notice that 7(t, 0) starts from 0 at £ = £* and monotonically increases within the interval
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c2
7(A*,0) = y/q/c1. Hence, by choosing any A € (0, A*) in (2.75), the inequality (2.88)

ensures

[O, t; +1n (@> /f) Thus, we can always find a triggering value t = A* > 0 such that

lr(t)] =7r(t) < ,/—, (2.91)

for all ¢t € [tF,#*+1), where the equality holds because r is always positive, see its
definition in (2.83). With this result in mind, the inequality (2.82) can be rewritten as

v <~ (o= ) e,

which allows us to use (2.91) to conclude that the origin is globally exponentially stable
for system (2.78) (cf. [91, Th. 4.10]). Specifically, there exist a4, ag > 0 such that

IC@)| < ag [IC0)]| exp(—aat), (2.92)

for any ¢(0) € R”. By noticing that [l;(t) — 2*|| < [la(t) — Inaz*[| = [y(@®)] < K@),
the proof follows by (2.92) by setting as = ag ||¢(0)]|. [

Asynchronous Triggered Gradient Tracking

We now investigate the case in which the agents choose their triggering time tfi in a fully
asynchronous way giving rise to an algorithm termed Asynchronous Triggered Gradient
Tracking. This scheme is motivated by the fact that the synchronous communication
executed according to (2.75) is rather conservative with a consequent non-efficient usage
of the available resources. An asynchronous communication protocol allows agents to
exchange information only when really needed. This requires a modification of the
synchronous scheme. In particular, each agent has to check a local triggering condition
and to maintain an additional auxiliary variable. The latter is important to take into
account the so-called Zeno behavior. Specifically, an infinite number of triggerings over
a finite interval of time must be avoided. Indeed, for agent i, a triggering law suffers

from the Zeno effect if

oo
lim ¢ = E (7 =t7) =7,
ki—o0 h—0

=

for some (finite) t7° > 0 termed the Zeno time.

The local dynamics is again described by (2.74). But, in order to perform commu-
ki+1

%

nication only when needed, each agent i chooses the next triggering time instant ¢
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according to a locally verifiable condition. A possible choice for such a condition may be

= inf {Jlei(t)l] > ARa(8)]]} (2.93)
t>t;

with e;(t) := cov(w;(t) — 2F, 2;(t) — 2F, V fi(2i(t)) — VfF), hi(t) := 2:(t) + V fi(2i(t)), and
A > 0 a constant to be properly specified later. The rationale for the triggering mecha-
nism is to (i) keep the triggered scheme close to the original dynamics (2.47), and (ii)
avoid the Zeno behavior. To this end, the right-hand side of the inequality within (2.93)
must be asymptotically vanishing when the algorithm approaches a steady state. This,
in turn, gives rise to a vanishing quantity on the left term of the inequality. Indeed,
looking also to the discrete-time version (2.3), the (local) quantity z;(¢) + V fi(z;(t)) can
be seen as a proxy for Zf\il V fi(x;i(t)), i.e., a quantity that vanishes at a consensual
optimal solution. However, ||h;(t)|| vanishes not only when the algorithm approaches the
equilibrium, but also if (z;(t), 2i(t)) € S; := {(wi,2;) € R*™ | 2; = =V f;(2;)}, possibly
giving rise to the Zeno behavior. Thus, in order to exclude this situation, the triggering
condition (2.93) is further modified as

thitl = inf { les ()| > M |hs(2)] + \@(t)y}, (2.94)

where §; € R is a local, auxiliary variable maintained by each agent i evolving as

&i(t) = —v&(t), (2.95)

where v > 0 is a parameter ruling the decay of &;(¢).

As formally shown next, if the ¢; are initialized to nonzero values, then algo-
rithm (2.74) with triggering law (2.94) does not incur in the Zeno behavior.

As in Theorem 2.4, also the convergence properties of Asynchronous Triggered
Gradient Tracking can be shown by properly reformulating its aggregate form (which
is still given by (2.76)) as a perturbed instance of the Continuous Gradient Tracking
dynamics (2.47) with a vanishing perturbation. For this asynchronous triggering law,
(2.94), an upper bound on the perturbation magnitude is provided. It is proportional
to (i) the term A ||z(¢) + G(x(t))||, which, as already stated, represents a surrogate for
the distance from the equilibrium point cor(1y ,2*, —G(1n,2*)), and (ii) to the expo-
nentially decaying term ||¢||. Thus, considering a Lyapunov function derived from the
one used in Theorem 2.3, it is possible to show that, by picking suitable A and v, the
perturbation does not affect the sign of the Lyapunov derivative. The next theorem

formalizes these concepts.

Theorem 2.5. Consider the algorithm described by (2.74) with the asynchronous com-
munication protocol given by (2.94). Let Assumptions 2.3, 2.4, 2.5 hold and pick any
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cor(z(0),2(0),£(0)) such that 1%,712(0) = 0 and with £(0) = cor(&1(0),...,&n(0)) # 0.
Then, there exist \* > 0, v* > 0, a5 > 0, and ag > 0 such that for any A € (0, \*) in (2.94)
and any v > v*, it holds

|2i(t) — 2*|| < asexp(—aet), Vie{l,...,N}.

Moreover, system (2.74) does not exhibit the Zeno behavior. A

Proof.

The proof of Theorem 2.5 traces the same initial steps of the proof of Theorem 2.4.
Specifically, we reformulate the Asynchronous Triggered Gradient Tracking as a per-
turbed, extended version of Continuous Gradient Tracking in which the perturbation is
due to the event-triggered communication. By exploiting the steps leading to (2.78), the
aggregate form of (2.74) and (2.95) reads

¢ = AC + Bu + De (2.96a)
€= —u¢, (2.96b)

where the vectors ¢ € R%, v € RV and the matrices A € R?*% and B € R¥N" are
as in (2.57), e € R?®N™ has the same meaning as in (2.114), £ := cor(¢y,...,&én) € RY,
while the matrix D is given by

—L 0 0

— T —
Pl = g grromTL|

(2.97)
where the matrices 71, T and By are as in (2.51), (2.54), and (2.76), respectively. We
underline that the dynamics of ¢ and £ are decoupled while both quantities affect the
triggering law (2.94).

Next, we show how to properly choose the value for v in (2.95) and for A in the
triggering law (2.94) to guarantee that the perturbation term De and the auxiliary
variable ¢ do not alter the stability property associated the nominal system ¢ = A¢ 4+ Bu
(cf. Theorem 2.3). To this end, an upper bound for ||Del|, proportional to ||¢|| and ||£]], is
derived. We start by using the Cauchy-Schwarz inequality to write || Del|| < || D]| |le|| <
c3 3N | |leill, with ¢z := || D||. In light of the triggering law (2.94), the latter inequality
can be upper bounded as

N N
IDell < Aea Y llzi + V filwi)ll +¢3 ) I€il

=1 =1

AcsVN ||z + G(2)]| + esVN €]

INE

—
S
=

Acg |2+ G(T + Inpne”) — G(Annz™) | + ca €]
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) _
< Aeg ||Z]| + AeaL ||Z| 4 ca 1€ (2.98)

where in (a) we apply the basic algebraic relation 32 | [|6;]] < v/N ||6]| for a vector
0 = cor(fy,...,0y), in (b) we perform the change of coordinates given in (2.49) and
introduce the constant ¢4 := c3v/N, and in (c) we use the triangle inequality and
the Lipschitz continuity of the gradients of the cost functions (cf. Assumption 2.4).
According to (2.51) and (2.53), it holds

|

where we use the fact that the initialization z(0) leads to 7jayg(t) = 0. We rearrange the

N

=TT, NC =NT) C, (2.99)
Navg 0

IS N

inequality (2.98) to reconstruct the term ||coL(z, Z)|| as

IDell < Aea max{1, L}v2|lcor(@, 2)|| + ca [|€]]

(a)
< Acs Kl + ea [I€]] (2.100)

where in (a) we combine (2.99) with the Cauchy-Schwarz inequality and set ¢; :=
cymax{1l, L}v/2 HTlTQT H Given the linear bound in (2.100), we can pursue a Lyapunov
approach to conclude the global exponential stability of the origin. Let us consider
a quadratic, candidate Lyapunov function f/((, £) = (TP + %ET@ derived from the
one considered in (2.59) with the blocks of P set as in (2.61). Using similar arguments
leading to (2.82), the time-derivative of 1% along trajectories of (2.96) can be upper
bounded as .

V(¢,€) < —=qlI¢I* +2¢" PDe —vj¢]*. (2.101)

By using the Cauchy-Schwarz inequality, we can plug (2.100) in (2.101) to obtain

=G lICI* + 2 ¢ P [ Del
< =@ lICH® +2ea PN ICHIEN — v N1EN* (2.102)

V(€

IN

A

where we introduce ¢y := (¢ — 2Acs ||P||). Then, for any A < ;L | P|| =: A%, it holds

2cs
gx > 0. Setting cg := ¢4 || P||, the inequality (2.102) can be arranged in a matrix form as

.
: I [an e Jlict
V(&) < — . 2.103
(€ [ngu] [—cﬁ u”nsn] (2109

U

Being U € R?*? symmetric, by the Sylvester criterion U > 0 if and only if g\v >

2
cZ. Therefore, by taking any v > v* := %, the matrix U is positive definite. Thus
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the inequality (2.103) guarantees that the origin is globally exponentially stable for
system (2.96) (cf. [91, Lemma 4.10]). Specifically, there exist ag, ag > 0 such that

[lcor(¢(2), £(1))]| < ag llcor(¢(0),£(0))] exp(—agt), (2.104)

as

for any cor(¢(0),£(0)) € RN+, By noticing that

i (8) = 2| < [l2(t) = Innz™|| = ly(O)] < lleor(¢(#), EENI

the proof of the first part of the theorem follows by (2.104).
Next, we prove by contradiction that (2.74) does not exhibit the Zeno behavior.

Suppose, without loss of generality, that an agent ¢ exhibits the Zeno behavior, namely

lim t L= (2.105)
k; —o0
For any k£ > 0, we have
d eTe
— e = o < H éit)
dt lei(t )H

= HCOL x;i(t), (), V2 filx(t H
© HCOL(@(@, Zi(t), V2 fi(#:(t) + x*)g‘c,-(t))u : (2.106)
where in (a) we use the Cauchy-Schwarz inequality, in (b) we use the definition of ¢;(¢),

and in (c¢) we locally perform the change of variables given in (2.49). Combining the
latter change of variables with (2.74), it holds

= wi (2 — 2K = Zi(t) + (i (2)) (2.107a)
JEN;

= > wy (B =) = > wi (V= Vi), (2.107b)
JEN; JEN;

where we use u;(Z;(t)) := (Vfi(Z;(t) + 2*) — Vfi(z*)) and the local components of
the shorthands given in (2.73). By (2.104), the variables Z;(¢) and Z;(¢) are bounded
foralli € {1,...,N} and & > 0. Then, by defining ¢; := max;; ||Z;(¢)| and cg :=

max; ¢ ||Z;(¢)||, (2.107a) and the triangle inequality can be combined to get

. (a) _
Hfz(t)H < Z wij2c7 + g + ||ui(Z(t))]| < (2¢9 + L)cr + cs,
JEN;

where in (a) we introduce ¢ := ;. \; w;; and we use the Lipschitz continuity of the

gradients of the cost functions (cf. Assumption 2.4). Using again the boundedness of the
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quantities, and by adding and subtracting V f;(x*) within the second sum of (2.107b), it
holds

1Z:(8)|| < 2co(cs + Lez).

Moreover, the Lipschitz continuity of the gradients of the cost functions (cf. Assump-
tion 2.4) also ensures that ||V?fi(v)|| < L, forallv € R*and all i € {1,...,N}. By
combining the latter with the two previous equations, the inequality (2.106) can be

upper bounded as
— llea®)|l < co, (2.108)

with ¢g 1= (1 + Z)(QCQ + Z)C7 + csg + 209(08 + ZC7).
Since the protocol (2.94) imposes ¢;(t) = 0 at the beginning of each time interval

R

), then by also using (2.108), we can write

k
. d||e; .
€i(t) = ei(tf’) + /tkz WdT < Clo(t — t?z). (2.109)

K3

By (2.95), it holds &;(t) = &(0) exp(—vt) for all k£ > 0. Thus, being A ||h;(¢)|| > 0 for any
k > 0, the bound in (2.109) imposes, as a necessary condition to satisfy the triggering
in (2.94), that

cro(tf it — #8) > |€,(0)| exp(—wthith) (2.110)

From (2.105), for all € > 0 there exists k; . € N such that

e[t — e 1), Vi > ki (2.111)
Set
€= S10) exp(—vt), (2.112)
2c10

and suppose that the k; .-th triggering time of agent ¢, namely tfi’e, has occurred. Let

tfi’EH be the next triggering time determined by (2.94). Then, using the necessary

condition (2.110) we can write

k15+1
t." -t

ki,e
% %

b
exp(—vt®) = 2e, (2.113)

|£z(0)’ exp(—l/tk >

C10 €10

>
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i,5+1

where in (a) we use t5° > tf , while in (b) we use (2.112). However (2.113) implies

ki e ki et+1
t," <t —2e < £5° — 2¢,

which contradicts (2.111) and concludes the proof. [

Robustness Against Inexact Computation

This section considers a more general scenario in which agents can access only inexact
evaluations of their local state (z;, 2;) and/or of the local gradients V f;. Let v; v (t) € R”
represents the mismatch between the exact value of V f;(z;(t)) and the one available
to agent ¢ for the local updates. The presence of this mismatch may be due to several
reasons as, e.g., quantization errors of the computing unit, measurement errors in the
sensor providing V f;(z;(t)), or model uncertainties affecting the available gradient.
Similarly, also mismatches affecting the states z; and z; can be considered. Thus, we
consistently introduce v; »(t) € R"” and v; () € R" to model such uncertainties. This

framework can be formalized by writing

(t)| _|-L I |z(t)]

;) o =L| |2
where e(t) := cor(2* — z(t), 2% — 2(t),G*¥ — G(x(t))) collects (possible) mismatches
due to discrete-time communication and v(t) := cor(vy(t),v,(t),v;(t)) collects the

ieuwwwmww+3w@, (2.114)

mentioned local mismatches between the gradients, the solution estimates and the
auxiliary variables, the matrix By has the same meaning as in (2.76), and Bs is defined

as

-L -1 I

By =
s 0 —-L —L

(2.115)

Finally, 6; is equal to 0 for Continuous Gradient Tracking and equal to 1 for both the
SyncHrONOUS and AsYNCHRONOUS TRIGGERED GRADIENT TRACKING. Similarly, we denote
as 9y is equal to O for both Continuous Gradient Tracking and SyNcHRONOUS TRIGGERED
GrADIENT TRACKING and equal to 1 for AsyNcHRONOUS TRIGGERED GRADIENT TRACKING.
Next, the robustness of the algorithm in terms of input-to-state stability is studied.
Specifically, we guarantee that within the framework modeled by (2.114), the proposed
algorithms behave as input-to-state stable systems. Therefore, in presence of mismatches
on variables and gradients, the distance between the solution of problem (2.1) and the

computed estimates stay bounded according to the error magnitude.

Proposition 2.1. Consider the algorithm described by (2.114). Let Assumptions 2.3, 2.4, 2.5
hold and pick any cor(z(0), z(0)) such that 1L7nz(0) = 0. Then, there exist a KL function
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g1(-) and a Ko function go(-) such that for any x(0) € RN™ it holds |lz(t) — 1y n2*|| <

|
g1(IxO) [, 1) + g2(llv()ll o), with x(0) := cor(x(0) — 1y nz*, 2(0) + G(1nnz*), 026(0))
and for any v(-) € L3N A

Proof.
The proof of Proposition 2.1 traces the same initial steps of the proof of Theorem 2.4
and 2.5. Using the change of coordinates in (2.49), (2.51), (2.53), system (2.114) can be

recast as
{ = AC+ Bu+61Ee¢y + T Ti Bsv.v, (2.116)

with ¢ € R%, u € RNV?, where A € R™4 and B € RN are as in (2.57), F and ec,v
are as in (2.79a) and (2.79b), Bs, Tj;, and T} are as in (2.115), (2.51), and (2.54), while
Vzzv = COL(Vz, vz, vv). We remark that e, v changes according to the implemented
communication protocol. Moreover, when Asynchronous Triggered Gradient Tracking
is considered, also dynamics (2.95) has to be taken into account. However, when

Uy = Uy, = 0, then v,,v = 0 and system (2.116) reduces to
(= AC+ Bu+ 6 Eecv. (2.117)

Theorems 2.3, 2.4, and 2.5 ensure that the origin is globally exponentially stable
for (2.117) for both 61, d2 € {0, 1} and for both communication protocols (2.75) and (2.94).
In light of [91, Lemma 4.6], this condition is sufficient to assert that system (2.116) is
input-to-state stable and the proof follows (cf. [175, Section 2.9]). |

2.4.3 Numerical Simulations

We next present numerical simulations to confirm and support the theoretical findings.
The simulations are done using Matlab with its numerical solver “ode45” to integrate
the Continuous Gradient Tracking.

We consider a network of agents that want to cooperatively solve the data analytics
problem presented in Section 1.2.2. We briefly recall the problem as follows. The
agents want to train a linear classifier and each agent ¢ is equipped with m; € N points
Dils---sDim; € R™ with binary labels [; , € {—1,1} for all ¢ € {1,...,m;}. To this end,

we consider a logistic regression problem given by

N m; 9 5
. C +b
min E E log (1 + eXp(_li’q(prLq + b))) + (HwH2)’
A —

where the optimization variables w € R"~! and b € R define the separating hyperplane,

'See [91, Chapter 4] for the function classes’ definitions.
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while C' > 0 is the so-called regularization parameter. Notice that the presence of the
regularization makes the cost function strongly convex. In our simulations, we pick
n=3,m;=10foralli e {1,...,N},and C = 0.1.

Continuous Gradient Tracking

In this subsection, the effectiveness of Continuous Gradient Tracking is shown on a
network of NV = 50 agents communicating according to an undirected and connected
Erdés-Rényi graph with parameter 0.4. In Figure 2.7 the convergence performances
of Continuous Gradient Tracking algorithm are shown. Specifically, the distance of
the local estimates z(t) := corL(zi(t),...,zn(t)) from the optimum ||z(t) — 1y ,2*],

converges to zero exponentially fast as expected from Theorem 2.3.

10%

1070 - .

() — 1a*|

—14 | | | | |
W21 6 8 10 1

t

| |
2 14 16 18

Figure 2.7: Evolution of the distance from the optimum of local estimates generated by Continu-
ous Gradient Tracking.

Synchronous and Asynchronous Triggered Gradient Tracking

In this subsection, the effectiveness of the triggered algorithms is shown for a network of
N = 10 agents communicating according to an undirected and connected Erd&s-Rényi
graph with parameter 0.4. We tested Synchronous Triggered Gradient Tracking and
Asynchronous Triggered Gradient Tracking for different values of their key parameters
A and ), respectively. Moreover, we experimentally tuned the step-size for the discrete
Gradient Tracking as v = 0.1 in order to optimize its convergence rate. Finally, we set
v = 5 for the dynamics of §; in (2.95). For the simulation of Asynchronous Triggered
Gradient Tracking, the triggering condition (cf. (2.94)) is checked every 0.001 seconds.
Figure 2.8 compares the evolution of the optimality error obtained with different A
and ), for Synchronous Triggered Gradient Tracking, Asynchronous Triggered Gradient
Tracking, and the discrete Gradient Tracking algorithm. Specifically, the comparison
is done in terms of communication rounds. The plot considers the performances of
the most efficient agent, say i,, that performs the smallest number of neighboring

communications in Asynchronous Triggered Gradient Tracking. As for the discrete
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Gradient Tracking algorithm, we denote, with a slight abuse of notation, z;, (tf:*) = XZ,
with the sequence {x¥ },>¢ generated by (2.44). As Figure 2.8 clearly highlights, the
communication rounds decrease as ) increases. The same applies to A. In particular,
we underline that Asynchronous Triggered Gradient Tracking results more efficient
in finding the optimal solution with respect to both Synchronous Triggered Gradient

Tracking and discrete gradient tracking.

10!

x
8
| 10~4 .
/«\ DGT
<.z s ATGT, A = 1
-~
S~— —— STGT, A =0.1
N 1079 [| s ATGT, A = 0.5 —
8
e STGT, A = 0.05
—— ATGT, A = 0.1
w—— STGT, A = 0.025
1074 ‘ ‘ w
0 20 40 60 80 100

Communication rounds k;

Figure 2.8: Comparison among Asynchronous Triggered Gradient Tracking (ATGT), Synchronous
Triggered Gradient Tracking (STGT) and the discrete gradient tracking (DGT) in terms of
evolution of the optimality error.

Finally, in Figure 2.9 each cross represents when the triggering condition occurred
for each agent while running the Asynchronous Triggered Gradient Tracking with
A = 0.1. The plots demonstrate how event-triggered communication effectively reduces

inter-agents communication.

10 ¢

9 X X

8 X X X
L7 X
= 6 F
g 5 X
< 4 XX XXX X X X X

3k

2 X X X

1 X X X

0 0.02 0.04 0.06 0.08 0.1

Figure 2.9: Occurrence of the triggering conditions in the Asynchronous Triggered Gradient
Tracking.

2.5 Derivative-Free Distributed Consensus Optimization

In this section, we address problem (2.1) in a derivative-free manner, i.e., by assum-
ing that the agents cannot access the gradients (or other derivatives) of the objective

functions. In this setup, we propose Extremum Tracking Descent, i.e., a distributed
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method whose algorithmic structure is inspired by the Gradient Tracking algorithm and
that uses an equilibrium seeking technique to replace the unavailable gradients. In this

section, we enforce the following assumptions.
Assumption 2.6. Graph G is connected and the adjacency matrix Wg €™V >V is symmetric./\

Assumption 2.7. Foralli € {1,..., N}, the function f; is L-strongly convex for some L > 0.
A

Assumption 2.8. Each function f; is (at least) C3 and has L;-Lipschitz continuous gradients,
namely there exists a constant L; > 0 such that for all i € {1,..., N} it holds

IV fi(z1) = Vfi(z)|| < Li |1 — 2],

for any z1, T3 € R™. We denote L = max{L1,...,Lx}. A

Before the description of our derivative-free algortihm, we introduce the forward
Euler discretization of Continuous Gradient Tracking (cf. (2.48)), namely the discrete-

time scheme described by

A ok S gk (Zg i Vfi(x§)> (2.118a)
JEN;

SARSEET N (z;“ n ij(x;?)) 7 (2.118b)
JEN;

where v > 0 represents the time step and ¢;; the (4, j)-entry of the Laplacian matrix
L associated to the graph G. In this algorithm, agents exchange with their neighbors
the information cor(x¥, z¥ + V f;(x¥)) involving 2n components. The main idea consists
of estimating V f;(x¥), supposed non-measurable, via an extremum-seeking algorithm.
It is worth noting how system (2.118) is in the so-called averaging standard form for
discrete-time systems [165], which will be useful in the analysis of the extremum seeking

version of this protocol.

2.5.1 Extremum Tracking Descent: Algorithm Description and Analysis

The proposed algorithm is inspired by (2.118), which is redesigned via extremum
seeking by replacing local gradients with a proper estimation based on the local cost

function values and suitable dithering signals defined as

27k 27k
d¥ = coL (sin( u +¢i1>,...,sin< u +¢in)>, (2.119)
Ti1 Tin
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where 7;, € Nand ¢;, € R such that, given p,q,r € {1,...,n}, p #q, q # r, q # r, it
holds

Z sin (2“]“ + (th) = (2.120a)
Zsin (% n @p) sin (W n @q) - ; (2.120b)
Z sin (2”k + QSZp) sin (2” + ¢1P>Sm<2”k + (bzr) =0, (2.120c¢)
fori e {1,...,N}. Here, 7 € Nis the least common multiple of all periods 7;,.Extremum

Tracking Descent is described in Algorithm 2 from the perspective of agent i. In the
table, the parameter §; > 0 represents the amplitude of the dither signal d!. Notice that,
as in (2.118), agents communicate to neighbors a total of 2n components.

Algorithm 2 Extremum Tracking Descent (agent 7)

initialization: ¥ € R” and 2 = 0
fort=0,1,... do

2fi K
R DI filxi —géd Ddi (2.121a)
JEN; !
2t =2F —’yz i (Z;C + 155 5 44 (2.121b)
JEN; J

end for

The convergence properties of Extremum Tracking Descent are formalized in the

next theorem.

Theorem 2.6. Consider (2.121) and let Assumptions 2.6, 2.7, and 2.8 hold. Then, for any
r,p > 0, there exist v*, 0%, k1 > 0, € < p, and kg > (p — €) such that, for any v € (0,~*),
x%29) € R? | ||x; —2*|| < 7,2 =0}, 6; € (0,6%),i € {1,...,N}, the
trajectories of (2.121) are bounded and for each i € {1,... , N}

coL(x;,z;) € {corL(

‘ xp —a*| < p, (2.122)
for all k > k*, where k* := 7k1 In((p — €)/ke), i.e., the convergence to the set {x; € R" |
fo - 3:*” < p} is linear. A

The proof of Theorem 2.6 is provided in Section 2.5.1. It is worth noting that
Theorem 2.6 provides a semi-global, practical exponential-stability result on the discrete-

time dynamics described by Extremum Tracking Descent. Indeed, the parameters *
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and ¢* depend on both r and p.

We first rewrite the local updates in (2.121) in an aggregate form as

xFHl =ik (ka +2F + fa(xF + 5dk)) (2.123a)
gk oy (sz 4Lk + 5dk)> , (2.123b)
where we introduced L := £ ® I,, x* := cor(x¥, ... afﬂcv)» 2" :=coL(z},. .., Z]fv), fa(xb +

5dk> = COL(Qfl(le + 51d’f)dlf/(51, ... ,QfN(X?V + 5Nd]fv)d§€v/5]\[), dk .= COL(dk, e d?\;),
and ¢ := diag(I,,...,I,) ® I,. We point out that, see also Fig. 2.10, system (2.123) can
be conceived as an extremum seeking scheme with output map f(x + §d*).

s = fa(w")
<+ k| xF = (I —yL)x" —~ (zk + Sﬁ) sk ><>
: 2"t = (I — yL)2" — yLsh :
4@ d*

Figure 2.10: Block scheme of the proposed Extremum Tracking Descent algorithm in the (x, z)
coordinates.

We now give an overview of the main steps of the stability analysis carried out to
prove Theorem 2.6:

(i) We perform a first change of variables to describe the dynamics (2.123) in terms
of the mean value (over the agents) z of z and the orthogonal part z, associated
to the consensus error. Then, by relying on averaging theory [165], we introduce
a so-called average system obtained by averaging the dithering signals over a
common period. This system is shown to be driven by the local function gradients

with additive estimation errors.

(ii) When neglecting these errors, the average system corresponds to an equivalent
form of (2.118). Based on this observation, we rely on existing stability properties
of the continuous gradient tracking to demonstrate that the trajectories of the
average system exponentially converge to an arbitrarily small neighborhood of

€q

cor(1z*,Z") for some z°! arising from the analysis.

(iii) Finally, we prove Theorem 2.6 by exploiting the steps above and by using averaging
theory to show the closeness between the trajectories of (2.123) and those of its

average system.
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We start by introducing a change of coordinates to highlight the error dynamics. To
this end, let G : RN" — RM" be

G(x") i=coL(Vfi(x)),. .., VIn(xK))-

Then, let the error coordinates %*,7¥ € RN" be

= xF —1yat, 7P =24 GAnar?), (2.124)

and let us introduce ¢y, : N x RNV™ « RN R2Nn 54

—Lsk — 78 — fa(ZF + Ly + 0d%) + G(1yna*)

wa(t,%5,77) =
Pl ST L~ Dl o+ T+ 608) + GlLy )

Y

Then, by using the new coordinates, we rewrite (2.123) as

ik+1
Zk+1

where we have used the property L1y, = 0. As in the previous sections, we take

)~(k

| A s (8, 5,7, (2.125)
Z

advantage of the initialization z0 = 0 for all i € {1,..., N} by defining

~I 1;@ ~k
S L A S (2.126)
z5 RT z

where we introduced the matrix R € RV**(N=17n gych that RTlN,n =0,R"R =1I. Then,
since lva,nL = 0 in light of Assumption 2.6 and IX,,HG(IN,H:B*) = Zfil Vfi(x*) =0

(since z* is the minimizer of problem (2.1)), system (2.125) reads as

EFH = ¢F 4 yge(k, coL(RF, 1n 7" + RZ*)) (2.127a)
Zhtl =7k, (2.127b)

where we introduced ¢¢ : N x R?2V? — REN=1n defined as

I 0

(k. X, 7).
o | elinzd)

de(k,coL(X,2)) =

The equation (2.127b) allows us to claim that z* = 2° for all £ > 0. Moreover, we recall
that (i) z) = 0 for alli € {1,..., N}, and (ii) 1y,,G(1n,2*) = 0. Hence, it holds z° = 0

which allows us to ignore (2.127b) and rewrite (2.127) according to the equivalent,
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reduced system

e = &b 4 yg(t, €M), (2.128)

where ¢(k, &%) == ¢¢(k, coL(X¥, RZ% )),with £F = coL(%F, Z").
We define the average system associated to (2.128) as

M= yga(El), =6 (2.129)

with ¢, (&) = ! Z];LZH #(q, €¥). We need the following result to detail ¢, (¢F).

T

Lemma 2.3 (Gradient estimation). Forall i € {1,..., N}, there exists {; : R™ — R" such
that
9 k+T1
E Z fz(l'z + (L'dg)dg = Vfl($z> + 5i2€i($i),
Y g=k+1

for all x; € R™ and all k > 0. Moreover, given any compact set S; C R", if §; € (0, 1], there
exists L; s, > 0 such that

14i(xi)|| < Lis;, (2.130)
foranyx; € S;andalli e {1,...,N}. A
Proof. Given o« = cor(ay,...,ap) € N, y = coL(y1,...,yn) € R”, and a smooth
function f : R™ — R, we define
ali=aq!. !, Yy =yt oy,

g 9o

f), laf == a1+ + an.

Being each function f; smooth (cf. Assumption 2.8), we can apply Taylor’s expansion
(cf. [68, Theorem 2]) and write

2
filmi + 6:dF) = fiz) + 5z'dfTVf¢($i) + %dfTVin(fUi)df + 83 Ry o(xi, 0:d¥),  (2.131)

where the remainder R; 2(x;, 5idf) is given by

3O‘fi (xl + C(Sid?)

~ (6:d5)", (2.132)

R@Q(in, (5de) = Z

|o|=3
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for some ¢ € (0,1). Then, we can use (2.131) to write

9 7 asy 2 2 T
5r 2 dfilwi+od]) = =) (anarT) | Vi)
Tkt g=k+1 g=ht1

5 k+1 - k+7

Zt q44 2£ (.

T Z (didi )V fizi)d] i.2(i, 0:d7).
q=k+1 q k41
(2.133)

Since the frequencies of d satisfy (2.120), we get

k+T1

> a0
q=k+1
k+T1

“ T
qzk—:’—l (dqdq ) I,
k+T1

> (€0alT) V3 fiwaal <o,

q=k-+1
which combined with (2.133), allows us to write

k+1
2
fz(:c@ + (5id?) = Vf,(x,) + 57 Z ng@z(l’i, 5Z‘dg).
i q=k+1
2
The proof follows by setting ¢;(z;) = Z’;J“,;_l d!R; o(;,6;d7)/63. Finally, given a
T
compact set S; C R”, let us bound ||¢;(x;)|| for any z; € S;. Note that Héldﬂ < di/n
for all £ > 0 and let S, C R™ be a compact set such that (i) S; C S/ C R”, and (ii)

T + (5df € §' forany z; € S;, §; € (0,1], and all & > 0. Thus, we can write

Ri Q(SCZ', (Squ) (a) 1 o¢ fz (1'2)
sup || ———2|| < sup ||= 8;d?
2, €S; 513 ;€S 513 04223 al ( *
Qs | - fl(”“"’)(dQ) — L, (2.134)
xiGSZ{ |a|:3 O[.

where in (a) we use the expression (2.132) of R; »(;, 6;d}), the definition of S/, and the
fact that &; € (0,1], while in (b) we drop out the term §7 from (8;d?)“. We underline that,
since the set S/ is compact and f; is smooth, L; s, exists and is finite. The bound of ¢;(z;)
follows by defining L; s, := 2L; 5,1/ and combining the result (2.134) with the bound

about the norm of the dither signal, i.e., ||d; H < /nforallk > 0. |
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Now, let
((x*) = coL (61(xlf), . ,EN(X?V)) .

Then, averaging (2.128) over 7 samples and using Lemma 2.3 leads to ¢, (£¥) = ¢par(€F)+
BM;su(€k), where M; = diag(6?,...,0%) ® I, &F := coL(X* éia), and

a’

¢ (gk) N i _L}N(]; - Rzlj_,a - G(}N(k + 1N,nx*) + G(]-N,nx*)
el | —RTLz§ — RTL(G(E" + 1y 52%) — G(1ypna*))

w(&h) =L + 1y ")
-

B = .
—~R'L

Remark 2.4. It is worth highlighting the main distinctive features of our method. First,
the finite differences methods are characterized by estimation errors involving second-
order terms of the local cost function expansion, while our estimation policy allows for
estimation errors involving third-order terms and, thus, an higher precision. Second,
the estimation of the gradients is performed according to a single-point estimator and,
thus, the objective functions queries and, possibly, communications are reduced. Also,
in some application scenarios, it may be not possible to have multiple samples of the
cost function, but the user/agent/robot should decide just one. Third and final, the
estimation policy is purely deterministic and, thus, the convergence guarantees are

deterministic too. AN

Average System Analysis

In this subsection, we analyze the average system (2.129). We study (2.129) as the system

W =&l 4 vpcar(€)), (2.135)

perturbed by yBMsu(¢¥). The next lemma proves the global exponential stability of the
origin for (2.135).

Lemma 2.4. There exist PgsT = PETST € REGN=-Dnx@N=1)n g, g5 ¢1 > 0, and Yo > 0 such
that, for any v € (0, o), along the trajectories of (2.135) it holds

a1[ < PEST < CLQI (21363)
T T
B Pesté T — €8 Pestél < —var ||€all?, (2.136b)
for any €F € RZN-1)n, A
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Proof. Theorem 2.3 (cf. Section 2.4) proves that, under the Assumptions 2.6, 2.7, and 2.8,
the point &* = (1z*,27%), with {1 := —RTG(12*), is a globally exponentially stable

equilibrium for the continuous-time system

&(t) = dear(é(t),

which is equivalent to (2.57), i.e., the system written according to the coordinate ¢ :=
cor(y,7n) (cf. (2.51)). In detail, Theorem 2.3 (cf. Section 2.4) introduces the matrix
P = PT c R(?N—l)nx@N—l)n given by

ml —R

P =
—RT mRT(L*»'R

)

and proves that there exist m, my, ma, m3 > 0 such that, for any m > m, it holds

mil < P <mol (2.137a)
¢"PTocer(T~1¢) < —ms|[C]?, (2.137b)

for any ¢ € REN-Dn where we used a tranformation matrix TREN-Dnx@N-1)n o

describe the transformation from & to (. Based on this observation, we guarantee that
there exists PgsT = PETST € REN-1nx(2N-1)n gyych that

a1l < Pgst < agl (2.138a)
€] Pestécer(8a) < —as ||&al?, (2.138b)

for any &, € REN-1n_ Then, we use Prsr to introduce the candidate Lyapunov function
V : R@N=Dn _y R considered in Theorem 2.3 defined as With this result at hand, we
can bound AV (¢F) := V(¢k+1) — V(¢F) along the trajectories of (2.135) as

AV(Eh) < —y2as i + 72 pcar(€h) T Pestdcar(€D). (2.139)

fk

Moreover, by using the Lipschitz continuity of the gradients of the objective functions
(cf. Assumption 2.8) and the definition of ¢cgr, there exists as > 0 such that

¢k (2.140)

H dcar(€)

‘§a4

Finally, for any ¢ € (0,2a3), let v := (2a3 — ¢)/(aza?) and the proof follows by us-
ing (2.139) and (2.140). |

Remark 2.5. Notice that Lemma 2.4 proves the algorithm (2.118) linearly converges to

the minimizer of (2.1), since (2.135) is an equivalent formulation of (2.118). A
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Now, we analyze the impact of u(-) on (2.129).

Lemma 2.5. Assume that there exist a1, az,c1 > 0 and Pgsy = Py € RGN=Dnx@N=1n _,
R such that conditions (2.136) hold. Then, for any r¢ > 0,¢} € (0,¢1), and p € (0,7¢), there
exist cg > 0 and 0* € (0, 1] such that, for any v € (0,1], §; € (0,0%), i € {1,...,N}, and
H{gH < re, it holds

) ¢k
(i) & € erg forall k > 0, and
(i1)

IEX]] < V/az/a1 exp (—kvyes) [|€0]], (2.141)

for any HéﬁH > p. A

Proof. The proof relies on (i) the matrix P satisfying (2.136), and (ii) the fact that
the norm of the perturbation term yBMjsu(¢¥) can be arbitrarily reduced through
the parameters §; as long as £¥ lies into a compact set. First of all, without loss of
generality, we assume p < r¢. Indeed, we will use the parameter 7¢ to define a (compact)
ball and arbitrarily bound the norm of the perturbation term vBMjzu(£¥) through the
parameters §; as long as £¥ lies into this ball. Hence, we can always use the more
conservative condition. In detail, we define V' (§,) := g,XPESTfa and €2, := {5’((12]\7_1)" |
V(&) < agrg} c R@N=Dn_ Then, from (2.136a), we derive B;, C Q,, C Bré: where
re 1= V/az/aire. Thus, it holds &F € Q.. Now, under the assumption ¢k e B, (later
verified by a proper selection of the algorithm parameters), we use (2.139), the Cauchy-
Schwarz inequality, the result (2.140), and the parameter & := max{d, ..., Sy}, to bound
AV (EF) .= V(¢k1) — V(€F) along the trajectories of (2.129) as

+0%y*2a4 || Pest B

AV(Eh) < —rer|€h)2 + 632 || Pest BI| Ik | [|u(eh) &

2

Juted)

(2.142)

+ 5442 HBTPESTBH Hu(ff)

Now, let us define the compact set S; := {z; € R" | |lz; —2*|| < r{ } C R" and note
that £, := (Za,214) € O, = & € S C RV, where § := 8§ x --- X Sy. Then,
we apply result (2.130) to claim that, for all i € {1,..., N}, it holds ¢;(x;) < L; s, for
any z; € S;. Thus, by defining Ls := max;{L1s,,...,Lnsy} and using the definition
u(&r) = 0(xF + 1 ,2%), we get

Hu(éﬁf) <VNLs. (2.143)

Hence, if v € (0,1] and ¢ € (0, 1], we can bound (2.142) as

AV(ED) < —verllEh]? + 7 (b |k

+ bQ) , (2.144)
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where we introduced

b1 := 2| PestB| VN Lo, + 2a4 || PestB| VN Lo,

by = HBTPESTBH NI}, .

Therefore, for any p € (0,7¢) and ¢} € (0,¢1), we define

0= min{\/(cl —c’l)pQ/(blré-i-bg),l}. (2.145)

Consequently, by combining (2.144) and (2.145), we claim that, if §; € (0,6*) for all
i€ {1,..., N}, then, for any &* € Qré such that ||¢¥|| > p, it holds

2

AV(ER) < —ei ||€h (2.146)

Thus, the inequality (2.146) ensures that the set (2, is invariant for system (2.129).
Hence, if we pick ¢0 € B, we prove that ¢k e Q. for all k > 0. Consequently, the
bound (2.143) holds for all £ > 0 and, in turn, also the inequality (2.146) is verified
for all k£ > 0, namely we proved that the trajectories of system (2.129) enter the ball 3,
exponentially fast. The result (2.141) follows from the inequality (2.146) and (2.136a)
by setting c3 := ¢} /(2a2). |

Proof of Theorem 2.6

Since Assumptions 2.6, 2.7, and 2.8 hold, we apply Lemma 2.4 to claim that there
exists P : RGN-Dnx@N=1n o, 4y ¢) > 0 such that, if v € (0,7), the conditions (2.136)
are satisfied. Now, we evaluate the distance with respect to the origin of the initial
conditions of system (2.128) and (2.129), i.e., ||¢%|| = ||£2||- By using the definition of ,
the changes of variables (2.124) and (2.126), and the triangle inequality, we get

€0 < 1~ L + | BT + G| +

1y
PR

(a)
< VN +[|B|| |G(Lnpa")

where in (a) we combine the initialization HX? - x*” <randz) =0foralli € {1,...,N}
with the fact that 15 G(1y,2%) = SN | fi(z*) = 0. Hence, by defining r¢ := rv/N +
|R|| |G(1nn2*)|, we claim that ||¢°|| = }|§3H < r¢. Once the initial distance from the
origin has been evaluated, we choose any 5 > 0, set ¢ := y/az/a1, and choose any ¢ €
(0, p(1+c2)). Then, we pick p € (0, (p—(14+c2)€)/ca), ) € (0,c1), and use the matrix Pgst
satisfying (2.136) to apply Lemma 2.5. Specifically, we claim that there exist c3 > 0, and
5* € (0,1] such that, for any §; € (0,0*) forall 7 € {1,..., N} and v € (0, 1], it holds (i)
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3= Beyr, forall k > 0, and (ii) the inequality H{fjH < coexp(—k~cs) Hﬁa ¥ such
that Hég” > p. Now, in order to bound ||¢¥ — &¥|, let v(k, &,) == Zk Lo(q, &) — dal&a))

and write

v(k+ 1,6 — vk, &8) = ¢k, &) — @a(€fF) + o(k, &) —0(k, €5). (2.147)

Then, let 7“’5 := cor¢ and define A := 5v/Nn. Under the assumption of ¢* ¢ BTéJre for
all £ > 0 (later verified by a proper selection of ), we claim that the arguments of the
functions f; and their derivatives (embedded into the definitions of ¢(k,-) and ¢,(-) and
their derivatives) lie into the compact set B’r‘é-l—e—i—A' Thus, since the functions f; and its
derivatives are continuous (cf. Assumption 2.8) and the functions ¢(-,-) and v(-,-) are

periodic in the first argument, we define

0 (k 0dq 0 k:
Lo= sw ool lou@l | 225 || 2% € 20
e T te
kE[Og,T]
Consequently, it holds
lu(k,€)|| < 2LgT (2.148a)
(k&) — o(k, &) < Loll€ = €|l (2.148b)
[6a(§) — ¢a(E)]l < Loll€ = €|l (2.148c¢)
[v(k, &) — vk, &) < 2LyT]I€ = €| (2.148d)
[¢a (O] < Lg, (2.148e)

for any £, ¢ € Bré+e and k > 0. Let % := ¥ + yu(k, £F) and write
& -t = (€ =) — ("t =),

add and subtract ~y Zlg;(l) (0(q,€9) + ¢(q,£2)), and use (2.147) to get

k—1 k-1

&=t =7 (60,6 — d(a.n") +7 > _($(a,n?) — p(q.£2))

q=0 q=0
k—1 k—1

— Y (D(q,68) = 3(a, D) + 7 Y (¢al&8T) — ¢alD)
q=0 q=0
k—1

— Y (0(g, &) — v(g, £0)).

q=0

75



CHAPTER 2. GRADIENT TRACKING ALGORITHMS: SYSTEM THEORETICAL PERSPECTIVE AND ALGORITHM
EXTENSIONS FOR ASYNCHRONOUS, DERIVATIVE-FREE, AND ONLINE SCENARIOS

Use (2.128), (2.129), and (2.148) to bound

k—1

€% — 1|l < vLg S I1ET — 9l +A2L22 (1 + 27) .
q=0

Apply the discrete Gronwall inequality (see [84,153]) and

k—1 0o

Y vLoqexp (—vLga) < Y yLggexp (—yLgq) = 1
q=0 q=0

to get
1€ — 0"l <APL32 (1 + 27) k + yLy2 (1 + 27) exp (yLyk) ,

from which
||§k — nk|| < 72L?¢2 (1+27)k +vLe2 (1 4 27) exp (yLgk) + v2L4T.
Then, set * € N such that

* 1 (ﬁ_e)/CQ
0 > —gln (> . (2.149)

027"{

3 3 3 .
Let 72 = ml V3 = 2L¢(1+2:)/exp(L¢6*)"74 = ;57) M= mln{72a73>’747 1}; and

k* := 0*/~. Then, for any v € (0,71), it holds

eF - ek

<e, (2.150)

for all k € [0, k*]. As a consequence, since &¥ € Bré for all k£ > 0, it holds ¢ BTéﬂ for
all k € [0, k*], i.e., we have verified that the bounds (2.148) can be used into the interval
[0, k*]. Moreover, the exponential law (2.141) and the expression of 6* (cf. (2.149)) ensure
that it holds

€8] < (p—€)/ca, (2.151)
for all £ > k*. Now, by using the triangle inequality, we write
k* k* k* * (a) _
1E5 T < NIE" =& [+ lIga | < p/eca, (2.152)
where in (a) we combined (2.150) and (2.151). The inequality (2.152) guarantees that
£ ¢ Bj,.,, hence we proved that the trajectories of (2.129) enters into By,

rate. Next, in order to show that fk € B; for any k > k*, we divide the set of natural
numbers in intervals as N = [0, k*] U[k*, 2k*]U. ... Define 1, (q + k*, £¥") as the solution

with linear
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to (2.129) for £2 = ¢*" and ¢ € [0, k*]. Thus, at the beginning of the time interval [k*, 2k*],
the initial condition of the trajectory of (2.129) (i) coincides with the one of v, (¢+k*, £*"),
and (ii) lies into B; C B,,. Thus, we apply the same arguments above to guarantee that,
for any v € (0,~*), it holds (i) ‘ ETHRT o (q + k>, EF) } < ¢, for all g € [0, k*], and (ii)

Va(2k*,EF7) € B(5—e)/c,- Moreover, using the arguments of Lemma 2.5, we guarantee

that system (2.129) cannot escape from the set B;_., namely ¥ € B;_, for all k > k*.
Thus, we get £¥ € B; for all k € [k*, 2k*]. The proof follows by recursively applying the
same arguments above for each time interval [j&*, (j + 1)k*] with j = 2,3,..., and by
using the trivial inequality ||x¥ — 2*|| < ||¢¥|| foralli € {1,..., N} and k > 0.

2.5.2 Numerical Simulations

To corroborate the theoretical analysis, in this section we provide numerical computa-
tions for the proposed distributed algorithm on a personalized optimization framework.

In several engineering applications, a problem of interest consists of optimizing a
performance metric while keeping into account user discomfort terms [146,203]. In
these scenarios, the user discomfort term is usually not known in advance but can be only
accessed by measurements. Specifically, we associate to each agenti € {1,..., N} a cost
function in the form fi(w) = w'Qw + ]/ w + log(> "), aiebet) with Q; = Q] €™,
r; €" and a;p, by, forall ¢ € {1,...,n}. Foralli € {1,...,N}and ¢ € {1,...,n}, we
uniformly randomly choose the eigenvalues of Q; from the interval [1073,5 - 1073], the
components of 7; within the interval [~1072,3 - 1072], and the parameters a;¢, by within
the interval [0,1073]. Agents communicate according to Erdés-Rényi random graphs
with edge probabilities equal to 0.2. We choose the parameters 7;, and ¢;, as follows.
Define Q3 as the set of odd umbers greater than 3. Then, for alli € {1,..., N}, we take
6 =02, 61, = 7 (
|(n 4+ 1)/2] elements of Q3. Simulations are performed using DISROPT [63], a Python

package based on MPI which provides libraries to encode and simulate distributed

1+ (=1)P) forall p=1,...,n, while 7;, have been chosen as the first

optimization algorithms.

In the first set of runs, we consider for the number of agents the values N =
5,10, 20, 30. For each value of N, we generate 50 random instances. We generate com-
munication graphs with a diameter d such that the ratio NV/d is constant while varying
N. Results are depicted in Fig. 2.11, where for each problem instance, we evaluated the
relative errors | 3, f;(x%) — f(2*)|/|f(2*)| and ||x* — 2*||/||2*||, where X* := & SN Xk
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Figure 2.11: Cost error (left) and optimization variable error (right) in Monte Carlo simulations
for varying number of agents.

Then, we perform numerical simulations over a larger network made of N = 250
agents. We consider different optimization variable sizes, namely n = 10, 20. For each
value of N, we generate 20 random instances. Part of these performances has been run
on the Marconil00 HPC Cluster of the Italian Cineca. We used 10 nodes of the cluster
and, for each node, we used 25 cores and 4 GPUs. The code has been adapted in order to

perform part of the computation directly on GPUs. The results are shown in Fig. 2.12.

= 10° ——n=10 —n=10
é 10! 1 n=20 —~ 102 4 ——n=20
T = 1004
%I 107
d o102
1073 —
10—4 —

AVG( | Zz f

. 2 .
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Figure 2.12: Cost error (left) and optimization variable error (right) in Monte Carlo simulations
for different problem size and 250 agents.

To conclude, we perform a numerical comparison against with the zero-order dis-
tributed scheme Algorithm 1 in [179]. At each communication round, this algorithm
estimates the gradient with two queries of the objective function, which is similar to the
one-query estimation in our proposed algorithm. We run Algorithm 1 in [179] on the
same set of simulations with n = 10 and N = 10. We used the same communication
graphs, cost functions and initial conditions. Results are in Fig. 2.13. As it can be seen,

our scheme performs better.
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Figure 2.13: Cost error (left) and optimization variable error (right) comparison between the
proposed algorithm and a zero order scheme.

In detail, increasing the number of agents increases the Lipschitz constant of the
system to be averaged. Moreover, a larger domain of initial conditions also implies a
potentially larger L, constant (cf. Section 2.5.1). This implies smaller +*, which, fixed
the other parameters, makes the convergence slower. The decision variable dimension
instead impacts the selection of the dither signal. A larger number of states implies a
larger number of frequencies. This, in turn, means a longer time to estimate the gradient
(cf. Lemma 2.3). Notice that, however, the accuracy of the final estimate is guaranteed
by design. Indeed, since § and y are designed on p, the trajectories of (5) converge to a
ball of radius p independently of the dimensions of the optimization problem.

2.6 Distributed Online Consensus Optimization

In this section, we address online instances of (2.1), namely optimization problems in
the form
min Y ff(z), k>0, (2.153)
i=1
where each fF : R"” — R is a local function revealed only to agent i at iteration k. In the
following, we let f*(z) := Z,fil fE ().
We address the distributed solution of the online optimization problem (2.153) in
terms of dynamic regret (see, e.g., [105]). In particular, let x¥ be the solution estimate
of the problem at time ¢ maintained by agent i, and let 2¥ be a minimizer of > | f%.

Then, the agents want to minimize the dynamic regret defined as

(2.154)

=
S
1
&H
El
a
\_5‘
|
x5
i Mﬂ
Il
&H
Eal
8
=

for a finite value 7' > 1 with ¥ := - SN Xk

Another possible performance metric is the so-called static regret (see, e.g., [105]).
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The dynamic regret (2.154) is known to be more challenging than the static one [105]
and, for this reason, consistently with the majority of the recent papers in literature,
this work focuses on the dynamic regret (2.154). As it is customary in the distributed
—T| 2

)

. . . N
setting, we also complement these measures with the consensus metric ) ;" , HX;‘F -
quantifying how far from consensus the local decisions are.

Along this section, we enforce the following assumptions.

Assumption 2.9 (Lipschitz continuous gradients). The functions f¥ have L-Lipschitz
continuous gradients for all i € {1,...,N} and k > 0. A

Assumption 2.10 (Strong convexity). The functions fF are yu-strongly convex for all i €
{1,...,N}and k > 0. A

Finally, the following characterizes the communication structure.

Assumption 2.11 (Network Structure). The weighted graph G is connected with doubly

stochastic matrix YWg stochastic. A

We point out that, in light of Assumption 2.10, the minimizer z* is unique for all

kE > 0 (cf. Proposition A.2 in Appendix A).

In order to address in a distributed fashion problem (2.153), we propose GTAdam,
i.e., a novel method taking inspiration both from the Gradient Tracking (see Section 2.2)
distributed algorithm and Adam.

Adam centralized algorithm

Adam [94] is an optimization algorithm that solves problems in the form (2.153) in a
centralized computation framework. It is an iterative gradient-like procedure in which,
at each iteration k, a solution estimate x* is updated by means of a descent direction
which is enhanced by a proper use of the gradient history, i.e., through estimates
of their first- and second-order momenta. Specifically, the (time-varying) gradient
g¥ = V f*(x*) of the function drives two exponential moving average estimators. The
two estimates, denoted by m* and v*, represent, respectively, mean and variance (1%
and 2" momentum) of the gradient sequence and are nonlinearly combined to build
the descent direction. A pseudo-code of Adam algorithm is reported in Algorithm 3
in which v > 0 is the step-size, the constant 0 < ¢ < 1 is introduced to guarantee
numerical robustness of the scheme, while the hyper-parameters 1, 52 € (0, 1) control

the exponential-decay rate of the moving average dynamics.
mk+1
vht+lpe
Typical choices for the algorithmic parameters are 31 = 0.9, 52 = 0.999, and € = 1075.

We point out that in the algorithm above the ratio is meant element-wise.
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Algorithm 3 Adam
initialization: x" € R?, m® = v = 0, g’ = Vf9(x%)
fork=1,2... do
mFt! = BimF + (1 — By)g”
VAT = Bovk 4+ (1 — Bo)gh o gF
k+1 VI-B2 mkt!
=B \/yFriie
gk+1 — ka+1(xk+l)
end for

X =xF—~

2.6.1 GTAdam: Algorithm Description and Analysis

In this section, we present GTAdam. Along the evolution of the algorithm, each agent ¢

maintains four local states:

(i) alocal estimate x¥ of the current optimal solution z¥;

(ii) an auxiliary variable s whose role is to track the gradient of the whole cost

function;
(iii) an estimate m¥ of the 15/ momentum of s%;
(iv) an estimate v¥ of the 2" momentum of s/.

The momentum estimates of sf are initialized as m? = V? = 0, while the tracker of the
gradient is initialized as s = V f2(x)).
The algorithm works as follows. At each iteration k, each agent ¢ performs the

following operations
(i) it updates the moving averages m; and v/;

(ii) it computes a weighted average of the solution estimates of its neighbors and,
k+1
starting from this point, it uses the update direction H:T to compute the new
v, te

i
k+1

solution estimate x; " °;

(iii) it updates the local gradient tracker s¥ via a “dynamic consensus” mechanism.

A pseudo-code of GTAdam is reported in Algorithm 4.

Some remarks are in order. The algorithm proposed in this paper is different
from [134]. In fact, although they both use a similar strategy involving first- and
second-order momenta, in that work only local gradients are considered, without re-
sorting to any tracking mechanism. Note that a saturation term G > 0 is introduced
in the update of v¥, where the min operator is to be intended element-wise. The value

of G guarantees a bound for the scaling factor that multiplies the descent direction.
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Algorithm 4 GTAdam (for agent ¢)
initialization: x? € R", s) = g9 = Vf?(x?), m{ = v¥ = 0
fork=1,...,T do
m = 8 mf + (1 - Br)s}
Vf“ = mm{ﬁgv +(1- ﬂg)s osk G}

k+1 m-

Kkt = z w; om
¢ ]6 i U \/V?Jrl-i-e
k+1 _ k+1 k+1

Z wusj + g gi
JEN;
end for

Such a bound will turn out to be important for analysis purposes. We suggest to take it

proportional to the initial estimates v}.

In order to analyze GTAdam, we rewrite it into an aggregate form. We define

k k

x¥ ;= cor(x},...,x% ) and their average as X
k

=% Ziv | XF. Similar definitions apply to
the quantities m*, v¥, d* g¥ s* and their averages m*, ¥* d*,s*. With these definitions

at hand, GTAdam can be rephrased from a global perspective as

mF ! = gm* + (1 — By)sk (2.155a)
vhtl — min{ﬁgvl’C + (1 - Bg)sk o sk, 1n,G} (2.155b)
dFHl = (VEHD )~/ 2phtl (2.155¢)
= WxF — ydF*! (2.155d)
= Wsk 4 ghtl — gF (2.155€)

where we set W := W® I,,, V¥ := diag(v¥), and V¥ := diag(¥¥). Moreover, the averaged
quantities of (2.155) satisfy

! = gm” + (1 — 6p)s" (2.156a)
F* = min{Bov* + (1 — Bo)5*F @ 5%, G} (2.156b)
- 1
drFt = Nl},nd’““ (2.156¢)
gl =gk — 7&’““ (2.156d)
_ k+1 _ k
=5+ — N Z (2.156e)

Our analysis is based on studying the aggregate dynamical evolution of the following;:
average first momentum ||m”||, average tracking momentum difference |s* — m*||, first
momentum error | m* — 1y ,m¥||, gradient tracking error ||s* — 1y,,5||, consensus error

[|x* — 15,%*|| and solution error ||x* — z¥||. Let y* be the vector stacking the above
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quantities at iterations k

[yl

I5* — m"|
k —k
m" —1y,m
vk = | Lo I (2.157)
Is" = 18"

I — 1%

I — 2|

Notice that, due to the distributed context and no assumptions on the boundedness of
the gradients, we need to take into account all these quantities to study the convergence.
Let us introduce two useful variables that will be used to provide the main result of the

paper, namely

1" :=sup sup |V (z) — VF@)],
. xER" (2158)
¢F = ||t — 2f.

We now give a sequence of intermediate results, providing proper bounds on the compo-
nents of y* (defined in (2.157)), that are then used as building blocks for proving the
main result regarding GTAdam, i.e., an upper bound for the dynamic regret.

Preparatory Lemmas

Lemma 2.6 (Average first momentum magnitude). Let Assumption 2.9 holds. Then, for
all k > 1, it holds

o] <] LA e -] - e <

VN

Proof. By using the update (2.156a), we can write

0] = v+ (- 0| < 1 ]+ - ) [

, (2.159)

in which we use the triangle inequality. Regarding the term Hék , we use the relation
sh= % Zf\il V fF(xF), and we add + Zf\il V f#(x*) = 0, thus obtaining

N N —
4= |2 S vt - LS vk € LS - ok
- N — 7 ) N — ) * — N — 1 *
® T k K ©Q Lok Ell L Fllek ok
< — |IX° = 1nnzy|| < —= HX — 1y X H +LH5{ -z, (2.160)
vl e Ry St

where in (a) we exploit the Lipschitz continuity of the gradients of the cost functions
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(cf. Assumptions 2.9), in (b) we use the basic algebraic property S_~ | [|6;]| < V/N|6]| for

a generic vector  := cor(fy,...,0x), and in (c) we add and subtract the term 1, ,%*

and apply the triangle inequality. The proof follows by combining the bounds (2.159)
and (2.160). |

Lemma 2.7 (First momentum error). For all k > 1, it holds
41— L) < o — Lo 1 — 1) [ — 2]

The proof of Lemma 2.7 follows by combining (2.155a) and (2.156a) with the triangle

inequality.

Lemma 2.8 (Input signal error). For all k > 0, it holds

- VN Sl (1-p1)
i B L B Ty [ =<
| N, | < e m”| + e m Ny || + e s —8
1-p1)L 1- LVN
T L T Ay PO
Ve ’ Ve
Proof. By using (2.155c¢) and (2.156c¢), one has
k+1 k41 Innly, k+1 1/2. k+1
Hd*—led*H: [— SRR ) (VR )T b
(Z) ‘(sz-i-l +d)_1/2” Hmk+1H (2) b mk+1H
- BRG
© 1 N
< 7 mFtt — 1N,nrh’“+1H + \g ’n‘ak‘H , (2.161)
T
where in (a) we apply the Cauchy-Schwarz inequality combined with HI - 1N”}\}N’” <1,

in (b) we use the bound || (VA*! + eI)_I/QH < ﬁ (justified by the fact that v¥ > 0 for all

k+1 and apply the triangle

k > 0), in (c) we add and subtract within the norm 1y ,m
inequality and an algebraic property. The proof follows by using Lemma 2.6 and 2.7

in (2.161). |

Lemma 2.9 (Tracking error). Let Assumptions 2.9, 2.10, and 2.11 hold. Then, for all k > 0,
it holds

2(1 — L
HSk+1 _ 1N,n§k+1H S <A + 7(\/§l)> Hsk _ 1N,n§kH

VL o 22 [ -1t
+ (i =+ 2R |
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(1- 81+ p)LVN
Ve

+ H}‘ck—xlj +\/N77k.

.
where A € (0,1) is the spectral radius of VW — 1]\]”% and n* has been defined in (2.158).

Proof.
By combining (2.155e) and (2.156e) one has

N
1
8" — 1y 8" | = HWs’f +g - — 1N, (é’“ + 5 e - gf)) H
=1

1nnly 1,1y
<W _ ?VN”L) (Sk _ 1N,n§k) (I _ # (gk—i-l _ gk)

(:b)AHs’“—1N,n§kH +Hg’f+1—gk), (2.162)

(a)

< +

-
where (a) uses 1y, € ker (W - mj\:,lN") and the triangle inequality, and (b) combines
. . . 1N nlgn 1N,7L1Ln
the Cauchy-Schwarz inequality with the bounds |W — —F~"| < Aand ||[I — —F{"| <
1. Let " := cor(VfFtl(a}),..., Vit (zk)) and manipulate the term |ghtt — ng
in (2.162) as
g — gl < llg"*" — ¥l + & - &

@ ok ok ek 2 k1 _ K k

< LI = x4+ gk - g¥) < D||x - x| + Vg

O LIwsk — dm = <K + VN, (2.163)

where in (a) we use the Lipschitz continuity of the gradients of the cost functions (cf.
Assumption 2.9), (b) uses the variable 1* (cf (2.158)), and (c) uses the update (2.155d)
of x**1, Let us manipulate the first term on the right-hand side of (2.163):

wak —db X’fH @ H(w — D — 1y xk) — ydE ! H

(v) . .
W = I|[[I%* = 1y ¥ + A A5 = 1y pd® | + v 1npd™ ),
(2.164)

where (a) uses the fact that ker W — I) = span(1y,,) and in (b) we add and subtract the
term 1y,d**! within the norm and we apply the triangle inequality and the Cauchy-
Schwarz inequality. Regarding ||1x,,d**1||, we use (2.155¢) and (2.156¢) to write

-
1N7”1N7ndk+1

N

1N7n1L,TL
N

— (Vk+1 + 61’)—1/2n,1k’—i-]_

[1xnd ] = ‘
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(a) VN
< me’““H Hm —1Nnrﬁ’““H +—Hm’““ . (2.165)
Ve Ve Ve
.
where in (a) we apply the Cauchy-Schwarz inequality and the bounds INnlNn <1

and |(VEH! +€)71/2|| < \k, in (b) we add and subtract within the norm the term

k+1

1y,m""", apply the triangle inequality, and use an algebraic property. By combin-

ing (2.164) and (2.165), we bound (2.163) as

g+ = g"Il < ZIW = Il[[Ix* — 1% || +ALId* ! — 1yv,nd®H

\[HmHl "““H +7L‘F Hm’f“H + VN7t (2.166)

Now, by using the bound (2.166) within (2.164), we get
[ = 1nast | < A 85 = 1|+ TIW = T~ 15t
_ - L
+ A Ll|dR ! — 1y, dE Y + 7% Hmk+1 _ 1N,nﬁ1k+1H

ﬂLﬁ [t + VA, (2.167)

The proof follows by using Lemma 2.6, 2.7 and 2.8 to bound ||m** ||, [|m**! — 1, ,m**|,
and ||dF*! — 1y ,,d" . |

Lemma 2.10 (Consensus error). Let Assumptions 2.9, and 2.11 hold. Then, for all k > 1, it
holds

1-5)L VN
e (A # 9P ok 1t 0 2
\[
N
1-— L
+,y( B1)BiLVN Hik_
€
Proof.
By combining (2.155d) and (2.156d), we have
5 — 1, 2 = [ WF — yd™ T — 1y o =F Ly dE

(a) -
< Wt — 1w x |+ ] = 1y d Y|

() .
< Allx® = x| + A5 = 1y d T,
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1N,n1E_’n

v | < A

where in (a) we apply the triangle inequality and (b) follows by HW -

The proof follows by Lemma 2.8.

Lemma 2.11 (Tracking momentum difference magnitude). Let Assumptions 2.9, 2.10,
and 2.11 hold. Then, for all k > 0, it holds

5441 T < o 2L ]+ }Bﬁumk—lw,nmkn
+<Aﬁ+}+ ) -]
A P
Proof. From the updates of ¥+ and m**! (cf. (2.156e), (2.156a)), we get
IS5 — mF Y| = [l 4+ — vak+1 k1 vak Bm* — (1 — )5

(a)
< Bu|s" — m"|| +

vak-i-l k1) va@ X

)

where (a) uses the triangle inequality By adding and subtracting within the second
norm ZZ | VL (k1) and 4 ~ ZZ L V1 (xF), we use the triangle inequality to
obtain

e e A S

N Z ka-i—l k+1 N Z ka-i-l k‘+l)

=1

1 & 1 &
N Z V() - ~ Z VIEF)
Z vkarl k—i—l Z va z

(@ L ~ 1
< /BIHSk - mkH + ﬁ”xk—H o lN,nXk+1|| +— k

N
L

+ = |Ix* — 1y, 2, (2.168)

Vi

where in (a) we use the Lipschitz continuity of the gradients of the cost functions (cf.

Assumptions 2.9) for the second and the third norm, and we use n* (cf. (2.158)). Now,
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we replace X¥*1 with its update (2.156d) within the last term of (2.168) obtaining

L L
Hsk—i—l k+1|| < /31||§k o ﬁlk” + ﬁHXk—H - 1N k—HH + = \/7 k
+ ﬁ“lN,nik - f}/]-N,nakJrl - Xk”
(a) L L L
< §k_ﬁ1k‘ —|-7Xk+1—1 )—(k—i-l +7k+ X—]_ Xk
L L
i et = ot o e, (2.169)

where in (a) we use (2.165) to bound || 1x,,d**||. The proof follows by using Lemma 2.10, 2.6,
and 2.7 to bound ka+l — lN,nik“H, HﬁlkHH, and HmkH —1y,m

Lemma 2.12 (Solution error). Let Assumptions 2.9, 2.10, and 2.11 hold. Then, for all k > 0,
it holds

IR — 2 < (1= 0) =" —wkll+v\5}\s k||+7\[ffllxk—1zv,nxkll
R AR Rt el Rl RTS

where (¥ is defined in (2.158) and & := min{ £ L}

Proof. By using (2.156d), one has

_ (a) _
R R ] e I

where in (a) we add and subtract within the norm z¥, use the triangle inequality, and use

T k+1 “1/2
¢* (cf. (2.158)). Now, we add and subtract within the norm vtV ]J\F;I) L V £k (xF)

and we use the triangle inequality to write

15, (VF e 21y,
N2
10, (VR +e) ™21y,
N2

IR+ — ) < VHER) —af

+ VEER) — dF | + ¢k (2.170)

Consider the second term of (2.170) and use (2.156c¢) to write

13, (VR eD) 7121y, v k(K
N

~ _ gkt
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1y, (VEF + el) V2 1y, v ik(xR) 1y, (VA 4+ el)~1/2

_ B E+1

= 7‘ N N N o

(2) y 1y, (VEH D)™ PNy (Y (xR _ gkt

- N N
17 n(vk—l—l + EI)_1/2

by |22 . (m* 1 — 1y, mFt)

(2) A ka(fck) _rhk:-i-l Hmk—i-l mk-‘rl‘ 7 (2_171)

N ff

1T (Vk+tlpen-—1/21 "

N,n( —; ) N, Iﬁk+1
and we apply the triangle inequality, in (b) we apply the Cauchy-Schwarz inequality
10, (VA eD) =121y, 1], (VE! per)=1/2

N N

where in (a) we add and subtract within the norm the term

1
< %and

\[\F Now, we add and subtract the term ZZ | V£F(x¥) and then we use the triangle

combined with the bounds

inequality to rewrite the first term of the second member of (2.171) as

1
Te

v\}g)’;évff(xi ”““H +y—

k(zk
Vf]\;X ) e+l

L——Zka

@ 11 ka

(a) k(oky _ 3k B B K
2y lw ;lewl ) = Bim® — (1 - B1)s H+7 § v £k (x ‘
(b) ﬁl k Z k -k

< - 1y 50, 2.172
< 5 ORI = 1~ L (2172

where in (a) we use (2.156a), (b) uses the relation s* = % Zl L VfF(x¥), and the Lips-
chitz continuity of the gradients of the cost functions (cf. Assumption 2.9) combined

with val Vik(xr) = val Vfik(’ ). Next, in order to bound the right-hand side

Vk+lier)—-1/21 " .
of (2.170), first notice that \/@ < L t\, ), < \% Moreover, being f*

p-strongly convex for all k > 0 (cf. Assumption 2.10) and having L-Lipschitz continuous
gradients (cf. Assumption 2.9), we apply Lemma B.2 (in Appendix B) to write

where ¢ = max{‘l— ;G 1—%1‘}. If we take v < min{‘/i, ‘Lf} then it

holds ¢ =1 — 9, where 0 is defined in the statement of Theorem 2.7. By combining the

) 15, (VEH 4 eD)= 21y, )
gk — = N VR -

Sd)H)_(k_xli )

(2.173)
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latter with (2.172) and (2.173), it is possible to upper bound (2.170) as

51 — 25 < (1= o) — 2]+ DL s — )+

" = |

N
Ve VevN

HX — 1y H+g’f. (2.174)

\F

The proof follows by invoking Lemma 2.7 to bound Hmk+1 — mkt! H within (2.174). B

Dynamic Regret

Once the necessary preparatory results have been provided, the main result of this paper

is stated as follows.

Theorem 2.7. Consider GTAdam as given in Algorithm 4. Let Assumptions 2.9, 2.10,
and 2.11 hold. Then, for a sufficiently small step-size v > 0, there exists a constant 0 < p < 1,
such that

Z}\2 0|2
Ry < =~ (l‘y_ U;Q +21)y°|| Sr + QT) , (2.175)

where Ry is defined in (2.154), the constant X is defined in the proof (cf. (2.185)) and
Sy :zT:kz_:lﬁkJrq <N—i—1 H k—7— 1” i HCk T— 1H) (2.176a)
e N+1 i
o3 (S (R bl e o)) e
=0

k=1

where 0¥, (¥ are defined in (2.158) and we assume that are finite. Moreover, it holds

lim ZHX —7TH maX{N +1 n* + Ck} (2.177)

T—o00 k N

Proof. By recalling the definition of yk givenin (2.157) and combining Lemma 2.6, 2.7, 2.8, 2.9, 2.10,
2.11, 2.12, it is possible to write

v < A(y)y* + WP, (2.178)
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where v* := coL (0, \/Lﬁnk, 0,V NnF,0, §k>. The matrix A(v) can be decomposed in
A(7y) := Ag + vE, with

-61 0 0 0 5161 (1 — /Bl)f-
0 51 0 0 ACl + 0
0 0 B 1-5 0 0
Ay =
0 0 O A c 0
0O 0 O 0 A 0
|0 0 O 0 0 1 |
and
[0 0 0 0 0 0 T
BiL 0 2p1c1 1 (-l (1-B1)L°
Ve Ve Ve Ve Ve
. 0 0 0 0 0 0
= 261\Lﬁ\/ﬁ 0 2?/1; 2(17?)L o o ,
51\/@ 0 \% 1\—[51 0 s
0 B B1 0 (1-p1) -5
L Ve  VeVN Vev'N _

where we used the following shorthands

L —2
o= = TIW=I) s Wﬂfﬂm
o =B B)IVN (1= p)BLIVN
4 = \/E , = \/E '

Being Ay triangular, it is easy to see that its spectral radius is 1 since both /5; and A are
in (0, 1). We want to study how the perturbation matrix vE affects the simple eigenvalue
1 of Ap. Hence, we denote by x() such eigenvalue of A(~y) as a function of v. Call w and
v respectively the left and right eigenvectors of Aj associated to the eigenvalue 1, then
w = cor(0,0,0,0,0,1) and v = coL (Z,0,0,0,0, 1). Since the eigenvalue 1 is simple,
from Theorem B.1 (in Appendix B) it holds

dx () B w! Ev

= =-5<0.
e <0

[

Then, by continuity of eigenvalues with respect to the matrix entries, x(7) is strictly
less than 1 for sufficiently small v > 0. Then, it is always possible to choose v > 0
so as the remaining eigenvalues stay in the unit circle. Therefore, the spectral radius

is p(A(7)) < 1. Moreover, since A() and u* have only non-negative entries, one can
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use (2.178) to write

vE < A(y +ZA =l (2.179)

From [85, Lemma 5.6.10], we have that for any ¢ > 0, there exists a matrix norm, say
II-ll,, such that

AMI, < p(A()) + ¢ (2.180)

Let us pick ¢ € (0,1 — p(A(v))) and define p := p(A(y)) + ¢. Then, in light of (2.180)
it holds [|A(y)||, < p < 1. Moreover, by applying [85, Theorem 5.7.13], there exists a
vector norm || - ||, such that | Mv||, < [|M]],||v]|, for any matrix M € R®*® and v € RS.
Hence, we can manipulate (2.179) taking the norm and using the triangle inequality to

write

+

L

k—1
Z A(’}/)k_l_TUT

) < HA(V)kyO (2181

k—1
< ﬁk HYOHL 4 Zﬁk Huk‘—l—’r
=0

L

which shows that first term decreases linearly with rate p < 1 while the second one is
bounded. By using the Lipschitz continuity of the gradients of f* (cf. Assumption 2.9),

we have
P = b < Dt -t € D (2,182

where in (a) we use the fact that H}’ck - :ple represents a component of y* leading to
the trivial bound H)‘(k - x’jH < Hka Recalling that all norms are equivalent on finite-

dimensional vector spaces, there always exist A\; > 0 and A2 > 0 such that

[ < AL (2.183a)
-, < A2 [ - (2.183b)

Thus, by applying (2.183a), we bound (2.182) as

FRER) = fH(ad) <

)

e

L

which, combined with the definition of Ry (cf. (2.154)) and the result (2.181), leads to

)

kl‘r kl‘r

e < B (St o 2, 5 o] 43 (S

k=1 k=171=0
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))

(2.184)

k—l—T uk—l—T

(@) TA2AZ [ ||y :
2208 (1 ooy Son

T [k-1
+> ( 5
k=1 \7=0

where in (a) we use the geometric series property and the relation (2.183b). The proof
follows by using the definitions of Ur and Q7 (cf. (2.176)) and by setting

A= )\1)\2. (2.185)

Finally, in order to prove (2.177), we notice that Zfil HX;‘F - _TH2 < HyTH2 <\
in which we apply (2.183a). By applying the bound (2.181) for k = T, we get

Il < 2l + D2 7 [l

The first term of the latter inequality vanishes as 7" — oo, while the second one can be

bounded by relying on geometric series property and maxg{ Huk HZ} By exploiting these
arguments, we can write
) N\?

Tlggozux —x7|* < maX{H } u_p)max{u H} (2.186)

where in (a) we apply (2.183b) and the definition (2.185) of A. The result (2.177) follows
by noting that

(

S)

IN

2 N2 +1
k o k’ k
e { | = e B0+ ),

There is evidence in the literature, see, e.g., [48,105,107,132,140,169], that the
bound on the dynamic regret cannot be sublinear with respect to 7. As stated, e.g.,
in [105], when the objective functions are strongly convex and have bounded gradi-
ents, the bound on dynamic regret is O(1 + 7*). Our work does not assume gradient
boundedness and, thus, our bound has additional terms due to variations over time of
the gradients. Specifically, Theorem 2.7 shows that Ry is upper bounded by a constant
depending on the initial conditions and by other two terms. The latters involve S and
(7, which capture the time-varying nature of the problem itself. Indeed, suppose that
the problem varies linearly, i.e., there exists C' > 0 so that nk, Ck < (C for all kK > 0. Then,
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being p € (0, 1), we can exploit the geometric series properties to write the following

(N +VN+1)(p -1 - p)C
VN(1 - p)? ’

In this case, (2.175) ensures that the average regret Rr/T" asymptotically approaches a

(N + VN +1)%(1— )202T'

<
or = N(— P

Qr <

constant when 7" — oo, specifically

im BT~ LNY(N + VN +1)2C?
Tsoo T IN(1— )2

The key point of the proof consists in showing that the error vector y* (see (2.157))
evolves according to a linear system with state matrix A(y) (whose entries depend
on the problem parameters such, e.g., the strong convexity function or the network
connectivity) which is perturbed by an input u* related to the variations of the problem
over time (see (2.178)). Notice that the parameter p is related to the spectral radius of
A(7) and, thus, depends also on the network topology.

Agent Regret

We may also consider a regret for each agent ¢ defined as Ry, := Z;{:l Rk —

St FF ).

Corollary 2.1. Under the same assumptions of Theorem 2.7, for all i € {1,..., N}, it holds

[v°||”

Rr; < 2L\? (‘ 7 +2HyOHST+QT>

where N\, p, S, and Qr are defined as in Theorem 2.7.

Proof. We add and subtract f*(x*) to f¥(x¥) — f*(2%), obtaining

PHb) - PRk = PG — P+ ) - )
< ) ) + e = ot
)

<Vf'f( ) (x’f—xk)+§‘

2
X, —X H + = H k—az’f

. (2.187)

where in (a) we apply (2.182) and in (b) we use the Lipschitz continuity of the gradients
of the cost functions (cf. Assumption 2.9). Being V f*(2¥) = 0, we rewrite (2.187) as

PR = fR@l) < (VFRER) = VR ) T - =5)

2

T e e
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2
. (2.188)

*

(a) _
<L H)’(k —

<

where in (a) we use the Cauchy-Schwarz inequality and the Lipschitz continuity of the
A
*

“|+3]

R

gradients of the cost functions (cf. Assumption 2.9). Now, we notice that both H}’ck -
and fo - )‘(kH represent a component of the vector y* defined in (2.157), and thus, can

be both upper bounded by Hy’“” Hence, the inequality (2.188) can be elaborated as

FEE) = R ) < 2ny’“H2- (2.189)

By summing over k the inequality in (2.189), we bound R ; as

2
Ml (2.190)
L

_Z 200 _ L
Rp; <2y Hka < 9L\
k=1 =

where in (a) we apply (2.183a). As done above to prove (2.175), the proof follows by
combining (2.190), (2.181), and (2.183b). |

Static setup

We provide an additional corollary of Theorem 2.7 asserting theoretical guarantees in
a static scenario. Specifically, for this special case the GTAdam distributed algorithm
converges to the optimal solution with a linear rate.

Corollary 2.2 (Static setup). Under the same assumptions of Theorem 2.7, if additionally
holds f* = f for all k > 0, then, for a sufficiently small step-size -y > 0, there exists a constant

0 < p < 1 such that

FE) - f(ah) < ﬁ%m

where the constant \ is defined in (2.185).

(2.191)

Proof. Using the same arguments of Theorem 2.7 we start from (2.181). Differently
from the dynamic case, in the static setup we have Vf¥(z) = Vf;(z) for all k and 1,
leading to x’j = x, for all k. Thus, we can combine (2.181) with u* =0, the Lipschitz
continuity of the gradient of the cost function (cf. Assumption 2.9) and (2.183a), to
write f(xF) — f(zF) < p*F=3 L)‘ HyOH pHEAie L)‘ZAQ 2 ||v° ?, in which we use (2.183b). The
proof follows by using the deﬁnltlon (2.185) of A [

2.6.2 Numerical Simulations

In this section we consider three multi-agent distributed learning problems to show the
effectiveness of GTAdam. The first scenario regards the computation of a linear classifier

via a regularized logistic regression function for a set of points that change over time.
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The second scenario involves the localization of a moving target. The third example is a
stochastic optimization problem arising in a distributed image classification task. In all
the examples, the parameters of GTAdam are chosen as 5; = 0.9, 2 = 0.999, and € =
10~8. Moreover, we compare GTAdam with the Gradient Tracking distributed algorithm
(GT) (cf. (2.5) in Section 2.2), the distributed gradient descent (DGD) (see [137]), and
the distributed Adam (DAdam) (see [134]) described by

mf T = gimf + (1 - BV fF(D)
VI = Bovk o (1 = Bo) VfE () @ W (xETT

(2 K3

fff“ = ﬂgfff + (1 —ps) maux{{f’-C V’-H—l}

R

mk+1
k+1 _ Lk kY
X; = g WX + 7y A
JEN; Vi

foralli € {1,...,N}. As suggested in [134], we set 51 = 3 = 0.9, S2 = 0.999, and a
diminishing step-size Y = (%)_1/2, for some v > 0.

Distributed classification via logistic regression

Here, we consider an online instance of the distributed classification problem already
presented in Section 1.2.2 and addressed in Section 2.4.3. In particular, we consider a
network of agents that want to cooperatively train a linear classifier for a set of (moving)
points in a given feature space. At time k£ > 0, each agent i is equipped with m; € N
points pfil, e ,pf;mz_ € R™ with binary labels [;, € {—1,1} for all k € {1,...,m;}. The
problem consists of building a linear classification model from the given points, also
called training samples. In particular, we look for a separating hyperplane described
by a pair (w,b) € R" x R given by {p € R? | w'p + b = 0}. This online classification

problem can be posed at each time k£ > 0, as a minimization problem described by

N m;
: —li,q(wTpk +b c 2, 32
mwll? E g log (1 + e tialw Pl )> + 3 ([Jw]]* +v7) , (2.192)

=1 g=1

where C > 0 is the so-called regularization parameter. Each point pﬁq € R? moves along
a circle of radius r = 1 according to the following law

cos(k/lOO)]

k c
S =1 47T
Pia = Pig Lin(k/loo)

where pf € R? represents the randomly generated center of the considered circle. We
consider a network of N = 50 agents and pick m; = 5 (for all 7). We performed an

experimental tuning to optimize the step-sizes to enhance the convergence properties of
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each algorithm. In particular, we selected v = 0.1 for GTAdam, v = 0.05 for Gradient
Tracking, v = 0.1 for DGD, and v = 0.1 for DAdam. We performed Monte Carlo
simulations consisting of 100 trials, in which we alternatively consider an undirected,
connected Erd6s-Rényi graph with connectivity parameter 0.5, and a ring graph. In
Figure 2.14, we plot the average across the trials of the relative cost error, namely

%, with ¥ being the minimum of f* for all k.

—— DAdam
—— GTAdam

Figure 2.14: Distributed classification via logistic regression. Mean of the relative cost errors
and 1-standard deviation band obtained with Monte Carlo simulations consisting of 100 trials in
which each of the N = 50 agents is equipped with m = 5 points.

The plot highlights that GTAdam exhibits a faster convergence compared to the
other algorithms, and achieves a smaller tracking error.

Finally, we consider a static instance of problem (2.192), i.e., with fixed objective
function f¥ = fi forall k > 0and i € {1,..., N}. We consider a network of N = 50
agents in a ring topology. We take v = 0.001 for GTAdam, v = 0.01 for GT, v = 0.1 for
DGD, and v = 0.5 for DAdam. In Figure 2.15, we plot the error H)‘ck - x*” achieved by
the considered methods, where 2* € R” is the (fixed) optimal solution of the problem.
Figure 2.15 clearly shows the benefit of the tracking mechanism, which allows GTAdam
and GT to achieve the exact problem solution. The plot also shows that GTAdam is
faster than Gradient Tracking.

10° P |
Y
7107
~
T

1076

—— GTAdam
10—9 | | |
0 0.2 0.4 0.6 0.8 1

k 104

Figure 2.15: Distributed classification via logistic regression. Static setup in which each of the
N = 50 agents is equipped with m = 5 points.
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Distributed source localization in smart sensor networks

The estimation of the exact position of a source is a key task in several applications in
multi-agent distributed estimation and learning. Here, we consider an online version
of the static localization problem considered in [160, Section 4.2]. An acoustic source
is positioned at an unknown and time-varying location Gfarget € R%. A network of N
sensors is capable to measure an isotropic signal related to such location and aims at
cooperatively estimating Gfarget. Each sensor is placed at a fixed location ¢; € R? and

takes, at each time instant, a noisy measurement according to an isotropic propagation

A

- Hetlfarget_c’i”w

model wf : —I—ef, where A > 0, w > 1 describes the attenuation characteristics

of the medium through which the signal propagates, and ¢ is a zero-mean Gaussian
noise with variance o2. With this data, each node i at each time k& > 0 addresses a

nonlinear least-squares online problem

=NV A \?
min Z(“ B ||X_ci||w) '
=1

We consider a network of NV = 50 agents randomly located according to a two-dimensional
Gaussian distribution with zero mean and variance a?l> = 100I5. The agents want to
track the location of a moving target which starts at a random location Gthrget € R?
generated according to the same distribution of the agents. The target moves along a

circle of radius = 0.5 according to the following law

cos(k/QOO)]

OF roet = Ocenter + 7
target - Teente Lm(k;/mo)

where fcenter € R? represents the randomly generated circle center. We pick w = 1,
A = 100 and a noise variance o = 0.001. We take v = 0.05 for GTAdam, v = 0.02 for
GT, v = 0.05 for DGD, and v = 0.0725 for DAdam. The agents communicate according
to a ring graph. In Figure 2.16a we compare the algorithm performance in terms of the
(instantaneous) cost function evolution. Figure 2.16b shows that the best performance
in terms of average dynamic regret is obtained by GTAdam. GTAdam seems to achieve a
smaller error with respect to the other algorithms. We make these comparisons by using
Hfarget as the optimal estimate associated to the iteration %, but we note that the actual
optimal solution may be slightly different since the noise ¥ affects the measurement of

each agent.
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10°
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k k
(a) Relative cost error. (b) Average dynamic regret.

Figure 2.16: Distributed source localization over a network of N = 50 agents.

Distributed image classification via neural networks

In this example, we consider an image classification problem in which N nodes have
to cooperatively learn how to correctly classify images. We pick the Fashion-MNIST
dataset [197] consisting of black-and-white 28 x 28-pixels images of clothes belonging to
10 different classes. Each agent i has a local dataset D; = {(piq, Yi,¢) }4=; consisting of m;

images p; o € R?8X28

and their associated labels y; , € {1,...,10}. The goal of the agents
is to learn the parameters x, of a function h(p;x,) so that h(p; 4;x,) gives the correct

label for p; 4. The resulting optimization problem is

N m;

. Z 1 Z
I’Ilmln E V(yi,qa h(pi,qvx)) + C"$‘|27

i=1 " " q=1

where V(+) is the categorical cross-entropy loss, and C' > 0 is a regularization parameter.
The local cost function is

il | D) 1= B [(a)] = = > Vi hlpig:2)) + elel
1 g=1

We represent h(-) by a neural network with one hidden layer (with 300 units with ReLU
activation function) and an output layer with 10 units. Moreover, we pick N = 16 agents
and associate each of them m; = 3750 labeled images for all i. We performed Monte
Carlo simulations consisting of 100 trials and each trial lasts 10 epochs over the local
datasets. The results are reported In Figure 2.17a and Figure 2.17b in terms of the
global training loss f({Xep, D1,...,Dn}) := Zf\;l [i(Xep | D), with Xep = % ZZ]L Xi eps
and the average training accuracy ¥ ({X¢p, D1, ..., Dn}) = & Zf\il Yi(Xep | Di), where
1i(Xep | D;) is the accuracy achieved with X, on the local dataset of the agent i at the
end of epoch ep. We take v = 0.001 for GTAdam, and v = 0.1 for DGD, GT, and DAdam.
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As it can be appreciated from Figure 2.17a and Figure 2.17b, in both cases GTAdam

outperforms the other algorithms.

15 1
~ ——DGD .
z, —— DAdam '-;
8 0 —— GTAdam Q
: —GT .
) g
= =
0 \ \ \ T 0 \ \ T T
0 ) 4 6 8 10 0 2 4 6 8 10
Epochs (ep) Epochs (ep)
(a) Training loss. (b) Training accuracy.

Figure 2.17: Distributed image classification. Mean and 3—standard deviation band of the
training loss and the training accuracy.
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Chapter 3

Tracking-Based Algorithms for
Distributed Aggregative

Optimization

In this chapter, we focus on distributed aggregative optimization problems, i.e., on
the optimization scenario (already introduced in Section 1.3) in which a network of N

agents aim to cooperatively solve problems in the form

N
min (x4, 0(2)), -

(z1,e.wN)EX ; fi(zi,o(x)) (3.1)
where each f; : R™ — R is the cost function known to agent i only, and the so-called

aggregative variable o(z) € R? is given by

| X
o(x) = ~ Z¢i(xi)7 (3.2)
i=1

where each aggregation rule ¢; : R — R? is a function modeling the contribution of
the i-th agent to the aggregative variable.

In Section 3.2, we start by addressing the online version of problem (3.1), namely
the one in which all the cost functions, aggregation rules, and feasible sets vary over
time. In this context, we propose Projected Aggregative Tracking, i.e., a distributed
optimization algorithm that optimizes the overall cost function by combining (i) a dis-
tributed implementation of the projected gradient descent, and (ii) dynamic consensus
techniques to reconstruct the global information that are not locally available. The
algorithm generalizes an already existing method by allowing for more general online
setups and for the use of constant step-sizes. Thanks to refined steps in the algorithm

evolution, we improve the existing performance results. In detail, we provide tight
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bounds for the dynamic regret and linear convergence in case of time-invariant opti-
mization problems. Then, in Section 3.3, we consider a “personalized” setup in which
each local function is given by the sum of a known term and an unknown one capturing
the user’s dissatisfaction. In this setting, we interlace the previous algorithm with a
Recursive Least Squares (RLS) scheme to take advantage of users’ noisy feedback to learn
the parameters of the unknown function concurrently with the optimization steps. We
prove an upper bound for the dynamic regret related to (i) the initial conditions, (ii) the
temporal variations of the objective functions, and (iii) the learning errors. Moreover, by
considering the average dynamic regret, we prove that both initial conditions and learn-
ing errors do not affect the asymptotic performance of the algorithm. Subsequently, in
Section 3.4, we present Aggregative Tracking Feedback, i.e., a novel distributed feedback
optimization law to steer network systems to a steady-state minimizing an aggregative
optimization problem with (possibly) nonconvex objective function. The key feature of
Aggregative Tracking Feedback is that it directly implements an optimization algorithm
in closed-loop with a set of physical systems with nonlinear dynamics. We perform
a system theoretical analysis to show that Aggregative Tracking Feedback steers the
network to a stationary point of the optimization problem. Finally, we consider the case
with single integrator dynamics and strongly convex objective function. In this case,
we adapt Aggregative Tracking Feedback to get a closed loop system that exponentially
converges to a configuration corresponding to the optimal solution of the problem. The
results of this chapter are based on [26,29,30,32].

3.1 Literature Review

Distributed aggregative optimization is a recently emerged framework in which a
network of agents must cooperatively minimize the sum of local cost functions that
depend both on a local optimization variable and on a global variable obtained by
performing some kind of aggregation of all the local variables (as, e.g., the mean). This
framework stems from distributed aggregative games (see Chapter 4) where however the
objective is to compute a (generalized) Nash equilibrium rather than an optimal solution
cooperatively. Some analogies can be also found with the so-called constraint-coupled
framework. Indeed, the latter is a cooperative optimization framework where each local
cost function depends on a local decision variable, but all the variables are coupled
through separable coupling constraints [22-24,38,60,61,110,123,139,173,212].
Distributed aggregative optimization has been introduced in the pioneering work [104],

where a static, unconstrained instance of (3.1) is tackled. Constrained, online version of
the problem is investigated in [106], where the performance of the proposed algorithm is
analyzed in terms of dynamic regret. The authors of [42] design a distributed algorithm

for this setting to also handle communication with finite bits. In [192], the aggregative
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framework is addressed through a distributed algorithm based on the Franke-Wolfe

update to reduce the computational effort.

Personalized Optimization

In several domains there are devices with computation and communication capabilities
directly involving end-users. For this reason, users’ dissatisfaction needs to be taken into
account together with engineering-oriented goals in many tasks. Human preferences
are taken into account, e.g., for demand response tasks in the electric field [39, 145],
to design robot trajectories [98, 120, 214], or for rehabilitation robots [126]. In this
context, while engineering goals can be assessed by using well-known metrics, users’
dissatisfaction is usually described through synthetic models. However, the complexity
of human preferences leads to scarce and biased optimization outcomes for this kind
of models. Hence, personalized strategies relying on users’ feedback may improve the
outcome. Firsts attempts in this direction are given in [146,172], while recently users’

feedback has been used in the context of distributed optimization [141].

Feedback Optimization

Feedback optimization techniques represent an emerging class of control laws aiming at
steering dynamic systems toward steady-states while minimizing an associated optimiza-
tion problem, see the recent surveys [80,96] for an overview. The key feature of feedback
optimization controllers is that they only rely on real-time gradient measurements,
thus avoiding the knowledge of the objective function of the optimization problem.
Applications for such a control paradigm can be found in several fields ranging from
real-time optimal power flow in electrical networks, see [47,180], to congestion control
in communication networks, [118]. First attempts for the design of these controllers
leverage the so-called extremum seeking techniques. In this context, the estimate of
the gradient of an unknown objective function is obtained and used to steer the system
toward its minimizer, [5,97,178,182,195]. In [128], a feedback optimization law has
been designed and applied to a power system setup. In [78,81,83] feedback optimiza-
tion has been used to implement model-free optimization algorithms with constraint
handling. In [144], algebraic systems are controlled by relying on gradient information
affected by random errors modelled as Sub-Weibull distributions. In [45], a feedback
optimization technique is designed for linear time-invariant systems. The approach
is based on gradient flow dynamics augmented with learning methods to estimate the
cost function based on infrequent and possibly noisy data. A distributed feedback
optimization law has been proposed in [183] to address a partition-based optimization

scenario over a network of communicating systems.
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3.2 Distributed Online Aggregative Optimization

In this section, we address online instances of problem (3.1)

N
min fo(xi,ak(x)), k>0 (3.3)
i=1

(z1,...,en)EXF

in which = := cor(z1,...,zy) € R" is the global decision vector, with each z; € R™ and
n = vaz 1 ni. The global decision vector at iteration index k is constrained to belong to a
set X* C R” that can be written as X* = (XF x ... x X% ), where each X} C R". The
functions f¥ : R x R — R represent the local objective functions at iteration k, while

the aggregation function o*(z) has the form

oy O (s
of(z) = 2i 1]\72( ), (3.4)
where each ¢F : R" — R? is the i-th contribution to the aggregative variable at iter-
ation k. We compactly denote the cost function of problem (3.3) as f*(z,o*(z)) :=
Zi]\il f¥(zi,0%(z)). In problem (3.3), f*(-,%(-)) is not known to any agent: each of
them can only privately access f¥, X¥, and ¢F. We remark that each agent i accesses its
private information f¥, and ¢¥ only once its estimate x¥ has been computed.

The goal is to design distributed algorithms to seek a minimum for problem (3.3).
Next, we will denote as Vi f¥(-,-) and as Vaf¥(-,-) the gradient of fF with respect to
respectively the first argument and the second argument. Moreover, we also introduce
GF : R™ x RV? — R™ defined as G¥(x, s) := G¥(z,s) + ngﬁ(x)lNT’d SN fF(xi, s5), where
r = coL(zy,...,xn) € R?, s := coL(sy,...,sy) € RV? with each z; € R™, 5; € R?
foralli € {1,...,N}, G¥(z,s) := cor(Vifii(z1,51),..., Vifni(zn,sn)), and Ve(z) =
blkdiag(V¢i(z1), ..., Von(zy)) € RN,

Let x¥ be the solution estimate of the problem at iteration k& maintained by agent i,
and let z¥ be the (unique) minimizer of f*(x,o*(z)) over the set X*. Indeed, as we will
formalize within Assumption 3.2, strong convexity of f*(x, 0¥ (x)) guarantees existence
(and uniqueness) of z¥ (cf. Proposition A.2 in Appendix A). As in Section 2.6, given a
finite value T' > 1, the agents want to minimize the dynamic regret:

T T
Rp =) (" o"(M) =) ol ot (@d)). (3.5)
t=1

t=1

Another popular metric is the so-called static regret [86]. However, as done in most of

the literature, we focus on (3.5), which is more challenging to handle.
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3.2.1 Projected Aggregative Tracking: Algorithm Description and Analysis

In this section, we propose and analyze Projected Aggregative Tracking, i.e., a novel
distributed algorithm to address problem (3.3). Each agent ¢ maintains for iteration
k an estimate x¥ of the component i of a minimum z* of problem (3 3). In order to

reconstruct the descent direction and use it to update the estimate x¥, agent i needs

to reconstruct the global information SN | ( ) and SN Vafk ( N % (;”)>,

j=1
which are not locally available. To overcome this lack of information, agent ¢« maintains
auxiliary variables s¥ and y* and iteratively updates them according to a perturbed
consensus mechanism. A pseudo-code of the Projected Aggregative Tracking algorithm
is reported in Algorithm 5 from the perspective of agent 7, in which « is a positive
constant step-size, § € (0, 1) is a constant algorithm parameter, and each element w;;

represents the (7, j) entry of the weighted adjacency matrix g of the network.

Algorithm 5 Projected Aggregative Tracking (Agent ¢)

initialization:
X,?EXZ‘O, S?=¢?(X?)7 v2fz( X z)
for k =0,1,... do
& = Py [xf — (Vi fE (<, sF) + Vo (<F)yh)]
Xf+1 = Xi + 6( )
N
S = D w4 o) - ol )
j—l
k+1 ZwZJYJ +v2fk+l( ]:H_l k+1) v fz ( X 7,)
7=1

end for

In order to analyze the convergence properties of the proposed scheme, we rewrite

Algorithm 5 in a stacked vector form as

gk = Py xF — W(Vlfk(xk,sk) + ngk(xk)yk) (3.6a)
XM= xb 5 (xF — xb) (3.6b)
= Wk 4 L (P — oF(xF) (3.6¢)
Y = Wk 4 GEFI (M P — G (xF,sP), (3.6d)

105



CHAPTER 3. TRACKING-BASED QLGORITHMS FOR DISTRIBUTED AGGREGATIVE OPTIMIZATION

where we introduced the symbols W := W; ® I; and

k k k(k ok
x¥ 51 Y1 Vo fT(x1,81)
k._ k._ . k._ . ki k kY ._ .
xXPe=], sCe= ], yre= |, G3(xF,8Y) = :
k k k k (k ok
XN SN YN Vafy(xy,sy)
In order to perform the convergence analysis, we derive bounds for the quantities

T e R R

L3N yFands* := L 3oV s denote the mean vectors of y* and s*, respectively. Let

, in which §* :=

z* be the vector staking the above quantities

I = 2]
2= | ||sh = 1y ast] | - (37)
[v* = 1n,a5"]|

Moreover, also the following variables will be useful to provide the main result of the

paper, namely

= sup G5t (z,2) — G’;(:r,z)H (3.8a)
zER™ zeRNd

Wk = sup || (x) — qﬁk(x)H (3.8b)
zeR”

Oék = sup diSt($7Xk+1) - diSt(vak)‘ (38C)
z€R™

¢h =l = 2, (3.8)

where we recall that ¥ is the optimal solution of f*(-,o"(-)). Next, we state the assump-

tions of our framework.

Assumption 3.1 (Communication graph). The graph G is undirected and connected and
Wy is doubly stochastic. A

Assumption 3.2 (Convexity). Foralli € {1,...,N}andall k > 0, XF C R™ is nonempty,

closed and convex, while the global objective function f*(x, 0% (x)) is u-strongly convex. /A

Assumption 3.3 (Function Regularity). For all k > 0, the function f*(x,c*(x)) is dif-
ferentiable with Ly-Lipschitz continuous gradients, and G*(z,s), G&(z,s) are Lipschitz
continuous with constants Ly, Ly > 0, respectively. For alli € {1,..., N} and k > 0, the
aggregation function ¢¥(x;) is differentiable and Ls-Lipschitz continuous, and n* and w* are
finite. A
We start by noting that
134
§k+1 — gk + ]V: (¢k+1(xk+1) _ ¢k(xk)) (3.9&)
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13,4
P =g LG ) - R SY). (3.9b)

Then, if we initialize o and y as 6% := ¢°(x?) and 3 := G9(2°, s°), from (3.9a) and (3.9b),
it holds forall k > 0

N

st = ;; ok (xF) = ok (xh) (3.10a)
1 N

7' = 5 D Vel s, (3.10b)
=1

Now, we present four preparatory Lemmas that we need to prove the main result of this
section, i.e., Theorem 3.1. For brevity, we will use d* to denote the descent direction
used within the update (3.41a), i.e.,

d¥ .= Vi R (P, sF) 4+ vk (xF)yF. (3.11)
Lemma 3.1. Let Assumptions 3.1, 3.2, and 3.3 hold. If v < %, then
1

ka+1 _ xl:ﬂ” <(1- o) ka gk

+ 5731 Hsk — 1N,d§kH + 5’733 Hyk — 1N,d}_’kH + Ck
Proof. We begin by using (3.41b), which leads to

ka+1 _ xl*cﬂH _ ka 4o - <) - foH

(a)
<

*

‘Xk + 0(xF —xF) — xle + Hxljﬂ —zk

(®)
< ka—i—é(ik o (3.12)

where in (a) we add and subtract the term x* and use the triangle inequality, and
in (b) we use ¢* (cf (3.8d)). Being z* the minimizer of f* over X%, then it holds
Py [2F — v f¥ (2%, 0% (2¥))] = 2¥. Then, we add the null term

6 (Pr ok =4V fH(ak, oF(ah))] - ob)
in the first norm of (3.12) and we apply the triangle inequality and (3.6a) to write

et

it o )|
+¢*

<1 [ - 2t

48|t = = (= VA oM ) | +
(3.13)
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where (a) uses the non-expansiveness of the projection, see [14]. Add and subtract within

the second norm 7V f*(x*, 0¥ (x*)) and apply the triangle inequality to rewrite (3.13) as
ka+1 _ xl:+1H <(1-9) ka g
8| = TR o () = (k= ek (@) |

+ oy Hdk — VR F, ak(xk))H +¢*

¢ (1= o) HX’“ —

3y [|t = TR R )+ ¢,

where (a) uses [104, Lemma 3]. Add and subtract into the second norm the term
Vo* (x")1nax Zf\il VafF(xF s¥), and rearrange as

b4 a1 < = ) [ -

+ o HGk(xk,sk) V(i ak(xk))H

N
+ 67 | Vo* (") (yk - 1N,d% > szf(XﬁS?)) + ¢
i=1
D (1= ayu) [ — k]| + oy [[GF Ot ) — TR o) |
+ 6y |[Vor ) (v - 1was®) H + ¢k, (3.14)

where in (a) we use (3.10b). Consider the term ||GF(x*,s*) — Vf*(x*, o (x*))|. The
definition of G¥ and (3.10a) gives

HGk(xk,sk) - ka(xk,ak(xk))H — Hak(x’f, sh) — ka(xk,ék)‘ Yz, Hsk — 1y

)

(3.15)

where (a) uses the Lipschitz continuity of G* (cf. Assumption 3.3). The proof follows
by (3.14), (3.15), and ||V¢"*(z)|| < Ls for all € R" (which is derived from Assump-
tion 3.3). |

Lemma 3.2. Let Assumptions 3.1, 3.2, and 3.3 hold. Then

kaH — XkH <6(2+~vLy +yL1L3) ka —zF

+ 5’7/11 Hsk — 1N,d§kH + (5713 Hyk — 1N,dka .

Proof. We can use (3.6b) to write

(@)

ka'H —XkH = ka +5(xF —xF) —XkH =4 Hf{k —Xk’ =9 HPXk[Xk — ydF] — xk

9

where in (a) we have used the update (3.41a). By adding the null quantity
(P k [mk — AV Rk Jk($k))} —xk>
X x *9 * *

108



3.2. DisTRIBUTED ONLINE AGGREGATIVE OPTIMIZATION

within the norm and applying the triangle inequality, we get

kaH - ka <0 prk[xk — yd¥] — Py {x’j - *nyk(a:’j,ak(xf))} H +9 ka

< a5t - 2t

I

- VfH (ko b))

where in (a) we use a projection property and the triangle inequality. We add and sub-
tract within the norm the term V*(x*)1x 4 Zl | VafF(xF sF) and use the expression
of d¥* and G* and the triangle inequality to write

kaH H < 26 Hx — :1:

Gk k k) ka( (k)H

+ oy

w’“(x’“)(y —1Ndzvzf’“ H

=1

@ 20 ka —

+ 37|68t = ek ot )|

+6vLs ‘ (3.16)

where in (a) we use (3.10b) and HV@Z)’“ (x) H < Ls. The definition of G* and its Lipschitz
continuity (cf. Assumption 3.3) imply

|Gt et s = Gt of@h))| < T [ — 2| + T 38 - twact )] 317)
By combining (3.16) with (3.17), we get
Hx’“‘l - XkH <62+ L1) ka —aF sk — ledak(a:lf) L Hyk — 1N,d}_’kH
(@) - kL k k k
< 62+ vLy) HX — ‘s —1n48 H
+ 670 HlN,cﬁk — Iy q0"(af)| + 613 ’ (3.18)

where in (a) we add and subtract 1y 45° and we apply the triangle inequality. Now,
consider the term H 1N7d§k - 1N,d0k(a:lj) H By using the definition of o* and the Lipschitz
continuity of ¢¥ (cf. Assumption 3.3), it can be seen that (see also [104]),

K (3.19)

H].Nds —1Nd0'k(.’L‘) HX — Ty

By combining the results (3.18) and (3.19), the proof is given. |

Lemma 3.3. Let Assumptions 3.1, 3.2, and 3.3 hold. Then

HSkJrl - 1N,d§k+1H <A Hsk — 1N,d§kH +0vL1Ls Hsk - ]—N,dékH
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+ 5(2Z3 + ’}/Lng + ’}/LlL%) ka — {L‘f

—9 _
+0vL; Hyk - 1N,dka + w”,

. . . . 1n,aly
where A is the maximum eigenvalue of the matrix W — —54,

Proof.
By applying (3.6¢) and (3.9a), we can write

HSkH — 1N,d§k+1H = HASk — Iy st + I(¢" () — ¢k(Xk))H
(a) 1yq41% 3
< (A—Nﬁf”>(f—1Mﬁﬂ [T = gk )
- T
where (a) applies the triangle inequality, introduces [ := I — lN’rﬁN’d, and uses the fact

1y.ql}) -
that 1 4 € ker <W — N’j\,N“i> . Now, we add and subtract within the second norm the

term ¢**!(x*) and we apply the triangle inequality obtaining

Inaly g
A AoNd (k_1 k)
( N 5T NS

[T ) = )| [T ) - )|

Hsk+1 _ 1N,d§k+1H <

(a) _
<A Hsk — 1N,d§kH + L3 HXkH — XkH —i—wk,

-
where in (a) we use the maximum eigenvalue A of the matrix W — lN’c]l;N’d, Assump-
tion 3.3, w¥ (cf (3.8b)), and Hfu = 1. By using Lemma 3.2 to bound ka“ —x*||, the
proof follows. [

Lemma 3.4. Let Assumptions 3.1, 3.2, and 3.3 hold. Then

Hka — 1N,d}_’k+1H <A Hyk - 1N,d}_’kH + 6vL3(La + LoLs) Hyk — 1N,d}_’kH

+6(2+ Ly +~L1)(La + LoL3) ka — xlj

+ 6vL1 (Lo + Lo Ls) HSk - 1N,d§kH + 2L,

’Sk — ]-N,dng —I—Zgwk + 77k,

T
lN,dIN,d

where A is the maximum eigenvalue of the matrix W — —

Proof. We use (3.6d) and (3.9b) to write

HykJrl _ 1N,dyk+1H < Hwyk _ ka
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l

_l’_

1N,d1;d
<I—N ) (G (1, 5) — G, 5))

1N,d1—]\r[’d k —k
W - R (¢~ 1)

(a)
<

-

n <I _ 1N,i]l\:rlN,d> (G§+1(Xk+1, Sk-i—l) _ GIQH—I(Xk, Sk:)) ‘
1y g1k

+ (I - vaf“> (G5 () — Gh () ) ,

.
where (a) uses 1 4 € ker(W — 1N"£N’d) and applies the triangle inequality after adding

. 1n,4ly s . .
and subtracting (I — W)GSH(X’“, s*) within the norm. By using the maximum

T
eigenvalue A of W — lN’CJI\}N’d, Assumption 3.3, and ¥ (cf. (3.8a)), we get

Hyk+1 1y dkaH <A Hyk _ 1N7dka 4T, ka+1 _ XkH 4T, Hsk+1 _ SkH 4k,
Now, we can use (3.6d) to get
| <] ]
+L2H (W — D)s® + g1 (P — oF (xF H +

L P A T

+L2H¢k+1 k+1) ¢k H+77’

N
We add and subtract within the norm the term ¢**+1(x*) and apply the triangle inequality,
obtaining

.
where in (a) we apply the triangle inequality and the fact that 1y 4 € ker <W - 1Nd1Nd> .

Hyk+1 — ]_N’d}_/'k—i_lH S A yk — 1N7dyk —|— L2 Xk+1 — Xk —|—Z2 (W I)(S — ]-NdS )
4T, “¢k+1(xk+1) _ ¢k+1(xk)H 4T, qukJrl(Xk) _ ¢k(xk)H I nk

(a) _ _

<p yk—lN,dyk + Lo ||[XF — xF|| 4+ I W — I)(s —1Ndsk)

+ LoLg HXk+1 - XkH +Z2Wk + ﬁk7

where (a) uses Assumption 3.3 and w* (cf. (3.8b)). The proof follows by [|[W — I|| < 2,
and by applying Lemma 3.2. [

Now, we state the main theoretical results of the section. Next theorem provides
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a bound on the dynamic regret of the iterates generated by the Projected Aggregative
Tracking distributed algorithm in the general, online setup (3.3).

Theorem 3.1. Consider Projected Aggregative Tracking as given in Algorithm 5. Let As-
sumptions 3.1, 3.2, and 3.3 hold. Then, there exists \,6 > 0 and p € (0, 1) so that, if v < %1
and § € (0,9), it holds

Lyi\?

Ry < 2 HZ H 5+ 220 Wy 3.20
TS 2| Wr + Qr (3.20)

where Ry is defined as in (3.5) and

=ZT:kZ:1 ’”q<HC’“ 1| 2 |l at |+ (14 T [t 1H> (3.21a)
k=1 q=0
2
:zT: kz:l q(Ckiq*l+277k7q71+(1+32)wk7q71> . (3.21b)
k=1 \ ¢=0

Moreover, if o (cf. (3.8¢c)) is finite for all k > 0, then the constraint violation is bounded by

T k-1
1
ot (K Yk 0 k—q—1
Zdlst(x ,X ) S mdlst X X =+ ZZ 1 — 6 qa q— (3.22)
Proof. Let us introduce u* to denote u* := cor(¢¥,n*,w*). Then, by combining

Lemma 3.1, 3.3, and 3.4, we bound the evolution of z* (defined in (3.7)) through the

following dynamical system

Zk+1 < M(&)Zk + Buk7 (3'23)
in which
1 0 0
M(@§):=My+déE, B:=1[0 1 1],
0 1 Ly
where
1 0 0 —wy  vLr L3
My:=|0 A 0|, E:=|Ey ~LiLy vI:|,
0 2L, A FEs Es E33

with Foy := 2L3 +yL1 Ly +~vL1L3, Es1 := (2+~L1 +~L1)(La + LaLs), B3y := vL1(Ly +
LoL3), and Es3 := yL3(La + LoL3). Being M triangular, its spectral radius is 1 since
A € (0,1) as implied by Assumption 3.1. Denote by x(9) the eigenvalues of M () as a
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function of . Call v and w respectively the right and left eigenvectors of M associated
T T
to 1. Then, v = [1 0 0} , W = [1 0 0} . Being 1 a simple eigenvalue of M (0), from

Theorem B.1 (in Appendix B) it holds
_ w' Ev

= T = —puy <0.

x=1,6=0 w

Then, by continuity of eigenvalues with respect to the matrix entries, there exists § > 0
so that pmax(M(8)) < 1 for any 6 € (0,0). From now on we will omit the dependency
of M and its eigenvalues from §. Since z¥ > 0 for all k, and M and Bu* have only

non-negative entries, one can use (3.23) to write

k—1
2F < MF2"+) " MIBu. (3.24)
q=0

Pick 0 € (0,1 — pmax(M)) and define p := pmax(M) + 0. Then, by [85, Lemma 5.6.10],
there exists a matrix norm!, which we denote as || - ||,, such that || M|, < pmax(M)+60 < 1.
Moreover, by applying [85, Theorem 5.7.13], there exists a vector norm, which we
denote by || - ||,, which is compatible with the corresponding matrix norm, i.e., such that
|Mol|, < ||M|.||v||, for any matrix M € R3*3 and v € R3. Using this fact, we use the
norm || - ||, on both sides of (3.24) and we apply the triangle inequality to get

Zk

<o

k—1
+ M9ByF—1-1

L

k—1
<), + 05 | Bute (3.25)
q=0 ’
Being V f* Lipschitz continuous (cf. Assumption 3.3), it holds
L (@) L
R a6 = R o)) < IRt el < S (3.26)

where in (a) uses the fact that ka — a:]jH is a component of z". Recalling that all norms
are equivalent on finite-dimensional vector spaces, there always exist A\; > 0 and Ay > 0
such that [|-|| < Ai]|-]|, and ||||, < A2||:|. Thus, by exploiting the square norm and
combining the results (3.25) with the equivalence of the norms, we can bound (3.26) as

PR o () = (ad, oM (2]))

'An expression of || - ||, can be found in the proof of [85, Lemma 5.6.10).
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fl/\% 2k 11012 ~k 1.0 k_1~ k—q—1 k_1~ k—g—1 2
< ZEL RO 20 0, D 0 | ket DD |t
q=0 q=0

L

which, combined with the definitions of Ry (cf. (3.5)), Wr, and Qr (cf. (3.21)), and the

equivalence of the norms, leads to

fl)‘Q d ~2k 0 0
R < P (57 5 0 2| W+ n

k=1

@ A2 [ 2°]°
: (HHﬂ—I—2HZOHWT—i—QT : (3.27)
1—-p
where A = A1 A2 and (a) uses the geometric series property.
As regards the result (3.22), we use (3.13) to write

dist(xFH) XFH) = dist(x + 5(x% — xF), X*1)
(a)

dist(x* + 5(xF — x*), X*) 4 of, (3.28)

where in (a) we add and subtract the term dist(x* 4 §(%¥* — x*), X*) and we introduce
o¥ (cf. (3.8¢)). Now, we recall that

dist(x* + §(x* — x*), X*) = min
yeXFk

xP 4 6(xF — xF) - yH :

Thus, by adding and subtracting within the norm the term (1 — §)v* with v* € X* so
that |

min to get

xk — ka = dist(x¥, X*), we can use the triangle inequality and the definition of

dist(x* 4+ 6(xF — x¥), X*) < (1 - 9) ka - vk‘ + min
yeXxk

oF 4+ 5(xF —ok) — yH
= (1 — &)dist(x®, X*) + dist(vF + 5(&F — 0¥, X¥),
which allows us to rewrite (3.28) as
dist(xFH) XY < (1 — 6)dist(x", X*) + dist(v; + 0(XF — oF), X*) +oF. (3.29)

Notice that v*,%¥ € X* and 0 < § < 1, then v; + §(%* — v*) € X* and the second term
of (3.29) is null and (3.29) becomes

dist (xF+1, XFH1) < (1 — 6)dist(xF, X*) + oF. (3.30)

114



3.2. DisTRIBUTED ONLINE AGGREGATIVE OPTIMIZATION

Both members of (3.30) are always positive, then (3.30) leads to

k—
dist(x*, X*) < (1 - 6)"dist(z0, Xo) + agha-1,
q:O

,_.

By summing the latter for £ = 1 up to k£ = 7" and using the geometric series property

the proof follows. [

Operatively, in order to choose an appropriate value of the parameter J, it is necessary
to first estimate the upper bound J. As it emerges from the proof of Theorem 3.1, this
can be done as follows: (i) compute a matrix M (6) (cf. (3.23)), which depends on the
various problem constants and on 4, (ii) compute § as the maximum value of § such that
all the eigenvalues of M (¢) are strictly in the unit circle. We observe that Theorem 3.1
improves the dynamic regret bound provided in [106], which demonstrates a bound
of the type O(T) + O(V/TVr) (where V7 is a term capturing variations of the problem).
The authors also show that there exists a particular, constant step-size that allows to
tighten the first term to O(v/T'). However, the choice of the the step-size requires a prior
knowledge of T and V7. In both cases, we improve the first term, which is replaced by

the constant Ll)‘ ||1 |~|2 , while in our terms Wy and Q7 (cf. (3.21)) the variations of the

problem are scaled by p", i.e., an exponentially decaying quantity since p € (0,1). A

Remark 3.1 (Average Regret). Let us consider the case in which the problem variations
are bounded by a constant, i.e., suppose there exists C' > 0 so that (¥, n* w¥ < C for all
t > 0. In this case, by using the definitions of Wr and Q7 (cf. (3.21)) and recalling that

€ (0,1), we can use the geometric series property to get

Wy < (4+ ZQ)C

(4+ Lo)?C*T
= 1 . ﬁT I .

and Qr < -

In this case, the average regret approaches a constant value,

TiN2(4 + To)2C2

A
2(1 - p?)?

T—o00

Remark 3.2 (Inequality constraints). Consider the case in which X¥ can be expressed in
terms of inequality constraints, namely

with h¥ : R™ — R™i for all i € {1,...,N} and k > 0. In this case, in place of
the distance function dist(z, X¥), one can use ||[h*(x)]*|| as a metric to characterize

the constraint violation, where h*(z) := cor(h¥(z1), ..., h% (zn)). By repeating similar
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arguments as in the proof of Theorem 3.1, one obtains similarly that >>1_, ||[h* (z%)] "] <
gy IR (o) Pl + ks 2og=o (1 — 8) g1 A

In the following corollary, we assess that in the static case the Projected Aggregative
Tracking distributed algorithm converges to the (fixed) optimal solution 2* with a linear

rate.

Corollary 3.1 (Static setup). Under the same assumptions of Theorem 3.1, if it holds f* = f,
OF = ¢, and XF =X, foralli € {1,...,N}and all k > 0, then there exists \,0 > 0 and
p € (0,1) so that, if v < %1 and § € (0,9), it holds

2
I°]]"

ko (ok o ooy < sk LN
Fk,0(5) - fla*, 0(a)) < P
Proof. Here, for all £ > 0, it holds «* = 0 and ¥ = z*. By the same arguments
of Theorem 3.1, we use the Lipschitz continuity of Vf* (cf. Assumption 3.3), (3.25)
with ©* = 0, and the equivalence of the norms to get f(x* o(x*)) — f(z*,o(z*)) <
q g
T.1)\2
ﬁQkLlT/\l HZOH?. The proof follows by using again the equivalence of the norms and
setting A\ := A1 Aa. [ |

3.2.2 Numerical Simulations

In this section we show the effectiveness of Projected Aggregative Tracking on an online

version of the multi-robot surveillance scenario already presented in Section 1.3.2.

Online setup

Let us consider a network of cooperating robots that aim to protect a target with location

b* € R? at iteration k from some intruders. The optimization variables x¥ € R? represent
k+1

the position of robots at each iteration k and each robot i is able to move from x¥ to x;
using a local controller. We associate to each robot i an intruder located at p¥ € R? at
iteration k. The dynamic protection strategy applied by each robot consists of staying
simultaneously close to the protected target and to the associated intruder. Meanwhile,
the whole team of robots tries to keep its weighted center of mass rotating close to the

target. A concept of this scenario is given in Figure (3.1).
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L

iy

Figure 3.1: Multi- robot surveillance scenario - Robot icons denote agents, devil icons denote
intruders, while the flag is the target to be protected.

This strategy is obtained by solving problem (3.3) with the cost functions fF(z;, o*(z))
1 k1|2 a k(|2 o k k
2 llzi =il + 3 flai = 0" + 3 [lo"(2) — ]
tion rules qﬁf(xz) = Bjz; + a¥, where 3; > 0 and a; € R? represents a time-varying offset
which follows the law a* = rcor(cos(k/(277)),sin(k/(277))) for some r, 7 > 0. In this

? with a; = 1, &y = 10 and the aggrega-

way, the center of mass % Zf\il ¥ is forced to rotate around the target position b;.
We address a scenario with N = 50 agents and intruders. As regards the constraints,

we consider a common time-varying box X¥ = {z € R? | 0 < z < 2% .} for all i,
k

k € R? starts from |20, 20] and linearly increases at each iteration. In this way,

where z
the agents initially stay closer to the target and then they move toward the associated
intruders. Each intruder i moves along a circle of radius r = 1 according to the law p} =
pi.c + rcor(cos(k/100),sin(k/100)), where p; . € R? is randomly generated. The target
b* and the offset a* follow similar laws. In this setup, being the sinusoidal functions
bounded, the constants * and w* introduced in (3.8) can be uniformly bounded as
77"C < asV/Nr and w* < v/Nr for all k > 0. Moreover, the vector xfmx defining the box
XF changes linearly with respect time and, thus, also the constant o (cf. (3.8c)) can be
uniformly bounded. As regards the algorithm parameters, we set v = 1 and 6 = 0.5.
We performed 100 Monte Carlo trials that differ in the problem parameters and agents’
initial conditions. Figure 3.2 shows that the behavior of the algorithm does not depend
on the generated instances. Indeed, the achieved average dynamic regret, as predicted

in Remark 3.1, converges asymptotically to a constant.
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Figure 3.2: Online case — Mean of the average Dynamic regret and 1-standard deviation band
over 100 Monte Carlo trials.

Static setup

Now we address a static instance of the problem. Namely, we fix X* and the positions
of the intruders and of the target. We perform a Monte Carlo simulation consisting of
100 trials on the same network of NV = 50 agents with the same algorithm parameters.

||

As predicted by Corollary 3.1, Figure 3.3 shows an exponential decay of il N

107" 1
i 1073 |- + std. dev |
~
:* — Imean
5
I 1075 |
k3
1077 5
| | |
0 20 40 60

k

Figure 3.3: Static case — Mean of the relative error and 1-standard deviation band obtained with
100 Monte Carlo trials.

3.3 Distributed Personalized Aggregative Optimization

In this section, we consider “personalized” instances of problem (3.3), i..e, an optimiza-

tion framework described by

Vi(zi,0 + Ui(wi, 0% (2)), 3.31

o Z (21, 0"(2)) + Ui(ai, 0" (2)) (3.31)
fk(mlvo-k(x))

in which z := cor(z1,...,xx) € R™ is the global decision vector, with each z; € R™ and

n = Zf\i 1 ni. Each agent ¢ is equipped with the known time-varying engineering cost
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Vik : R™ x R% — R and with the unknown user’s dissatisfaction function U; : R x R? —

R. For each agent i, these two contributions define the local cost function
FECa () = VEC o () + Uil a8 ().

The global decision vector is constrained to belong to the set X C R"” given by X :=
X1 x---x Xy, with each X; C R™. The aggregation function o*(z) still has the form (3.2).
As in Section 3.2, we denote the cost function of problem (3.31) more compactly as
f¥(x,0%(x)), where f¥ : R” x R? — R is defined as f*(z,w) := EfL f¥(z;,w) with
x; € R", w € R% The same reasoning applies also for the functions V¥(x,w) :=
Zé\il VF(z;,w) and U(z,w) := Zfil Ui(zi,w). Further, given z := cor(z1,...,2N) €
R™ and w := cor(wy, ..., wy) € RN with ; € R™, w; € R for all € {1,..., N}, we
will use the symbols

¢ (1) ViV (1, wr) VoV (w1, wr)
o (x) = ,Glfvv(a:,w) = ,Gévv(aﬁ,w) =

ok (xn) ViVE(zN, wy) VaVE(zn, yn)

and

N
1
k ik Kk E(o. o
Gy (z,w) := G y(v,w) + V¢ (a:)lMdN El Vo Vi (2, w;).

The idea is to solve problem (3.31) in a distributed way over a network of IV agents
communicating according to an undirected graph G := ({1,..., N}, &). The features of

problem (3.31) are summarized within the next assumptions.

Assumption 3.4 (Unknown Function). The function U; has a quadratic structure

X; xX;
Ui(zi,85) = [:C,TSZT] P; Z +q; Z + 74, (3.32)

Si Si

where z; € R, s; € RY, P, = P € ROwtdxX(itd) s eigenvalues in [uy, Ly| with
Ly > py > 0, ¢ € R and r; € R forall i € {1,...,N}. The parameters of each
function are unknown, but each agent i can access the noisy measurement z; € R defined as

z; = Ui(z4, 85) + €,

with €; a generic scalar zero-mean noise with finite variance.
Assumption 3.5 (Set). The set X is closed and convex. A
Assumption 3.6 (Engineering Function). The global engineering function V*(z,o"(z)) is

p-strongly convex for all k > 0 and Hx’f” is bounded, where ¥ € R™ denotes its minimizer

119



CHAPTER 3. TRACKING-BASED QLGORITHMS FOR DISTRIBUTED AGGREGATIVE OPTIMIZATION

at time k > 0 over the set X. Further, it is differentiable with Ly y-Lipschitz continuous
gradient. Moreover, the function G¥, s Ly y-Lipschitz, namely it holds

HG@(:U, w) — G@(z’,w')H < Ly |cor(z — o', w — w')

)

forall z, 2’ € R™ and w,w’ € RN and k > 0. In addition, the functions Gg,v(x, y) and ¢%(.)
are Lo y-Lipschitz and Ls-continuous, respectively, for all k > 0 and i € {1,...,N}. A

Assumption 3.7 (Communication graph). G is connected. Moreover, the adjacency matrix
Wy is doubly stochastic. A

Assumptions 3.4 and 3.6 imply that, for all £ > 0, the gradients V f* and V; f* are
Lipschitz continuous functions with parameter Ly + Ly v, while the Lipschitz parameter
of G§(x,y) := cor(Vaff(z1,1), ..., Vafk(zn,yn)) is Ly + Loy

We assume that each agent i can only privately access V¥, ¢¥, X;, and a noisy user
feedback zF = U;(x¥, s¥) + €F where x¥ and s? are its local estimates of the solution and
the aggregative variable at iteration k, respectively, and €’ is a noise term. It is important
to remark that each agent i accesses its private information only once the estimate x¥ of
the i-th component of the minimizer of problem (3.31) has been computed. We denote
the minimizer of f*(z, 0% (x)) over X as 2* (which is unique in light of Assumption 3.5,
cf. Proposition A.2 in Appendix A). We will present RLS Projected Aggregative Tracking,
i.e., a distributed scheme to address problem (3.31) and, as in Section 3.2, we will

evaluate its performance in terms of dynamic regret that recall as follows

T

T
Ry =) (" 0"(M) =) ol ot (@l)), (3.33)
k=1

k=1

given a finite value 7" > 1, Next, we provide a preliminary section to the present Recur-
sive Least Squares scheme, used within the learning part of RLS Projected Aggregative
Tracking.

Recursive Least Squares

The distributed algorithm proposed in this paper relies on a learning part driven by
users’ feedback. Specifically, at each ¢ > 0, let agent ¢ have some local states x] € R™

and s{ € R, and suppose it can measure

2 = Uj(x],s?) + €l (3.34)

R 7
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to learn the parameters of the unknown function U; by using a Least Squares (LS)

method. That is, it computes
k 2
ok . T
& = argmin Zl( X —z?) , (3.35)

in which, forall ¢ € {1,..., k}, the regressor vector X? € R™s, nyg := 14+n;+d+ (n; +d)?,

] 1 [x7] [xe 1 [x g
X! = coL (1, [X;] = [X;] [X;] = [X;] [X;D . (3.36)
st 2 s 1 LSi 2 |s; notd LS

(3

is given by

The asymptotic properties of the LS scheme are summarized in the next lemma, which

requires the following assumption on persistent excitation of data.

Assumption 3.8 (Persistent Excitation). Foranyi € {1,..., N} and k > 0, let the sequence
{x?,s}o<q<k be such that

1771

o {(x}.2])}Yo<q<k in (3.34) and (3.36) is a realization of a jointly stationary ergodic
process;

o the matrix ¥ := E[x!(x?) "] is non-singular;

o the sequence {x} €] }o<q<k is a martingale difference sequence with finite second mo-
ments (cf. [82, Assumption 2.5]). A

Lemma 3.5 (Estimation error). Let Assumption 3.8 holds and, for anyi € {1,..., N}, let
& = cor(1,q;, [Pl1, ..., [Pln,). Then, denoting S :=E [x?¢! (x1¢1) ], it holds

lim VEEF — ¢k ) B N0, 57 ss ), (3.37)
k—ro0 ’
where the notation > stands for convergence in distribution. Moreover, the estimated UF (z, s)
is bounded for any finite x and s, for alli € {1,..., N}, and k > 0. Further, for any v € (0, 1]
and € > 1, there exists a finite k > 0, for which the estimated P} is symmetric and it has

eigenvalues in the set [0, eLy| with probability 1 — v, i.e., it holds
eLylyina > PF = (PF)T > 0. (3.38)

The result (3.37) can be derived from, e.g., [117, Chapters 8, 9, 11] and [82, Proposi-
tion 2.1]. As regards the result (3.38), see [141, Appendix A.3].
Recursive Least Squares (RLS) (see, e.g., [117, Chapter 11]) is an efficient scheme

to iteratively solve (3.35) as soon as new data arrive. Asymptotic properties of RLS
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coincide with the ones of non-recursive LS, thus in our scheme we will use RLS and

require Assumption 3.8.

Remark 3.3. Among the possibilities, we exploited an RLS scheme to estimate a
quadratic unknown function. However, especially in the case of more general func-
tions instead of the quadratic ones, other strategies may be investigated such as the

exploitation of, e.g., Gaussian processes [145,146,172] or neural networks [46]. A

3.3.1 RLS Projected Aggregative Tracking: Algorithm Description and Anal-
ysis

In this section, we present RLS Projected Aggregative Tracking, namely a distributed
algorithm extending Algorithm 5 to address problem (3.31). RLS Projected Aggregative
Tracking includes a Recursive Least Squares mechanism (see, e.g., [82,117,163]) driven
by noisy user feedback z¥ and providing estimates f¥ of the local objective function f¥.

Each agent i, at each iteration £ > 0, maintains an estimate Xf € R" of the compo-
nent i of the minimizer x¥ of problem (3.31), and two auxiliary variables s¥, y* € R
The estimate x¥ is updated by manipulating the learned f¥ and the variables s* and

y¥. A pseudo-code of the RLS Projected Aggregative Tracking algorithm is reported
0

in Algorithm 6 from the perspective of agent 7, in which r; > 0 is an initialization
parameter, v > 0 is a step-size, J € (0, 1) represents a convex combination constant, and
each element w;; represents the (4, j)-entry of the weighted adjacency matrix Wy of the

network communication graph.
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Algorithm 6 RLS Projected Aggregative Tracking (Agent ¢)
INITIALIZATION: Set RY = 101, , €9 =0,x0 € X;, 87 = ¢2(20), y0 = Vo (2, s)
for k=0,1,... do

OPTIMIZATION

& = Py, [xE =y (Vi fF Ok sb) + Vot (dyh)

=X O - x))

N
k 1 k+1/_k+1 ki k
+ szjsj +¢+( +) ¢1(Xz)
7=1
MEASUREMENT
k+1 k+1 _k+1 k+1
zi+ = Ui(xz-+ ,SZ»J'_ )—l—ei"'
LEARNING
k. k+1
¢k+1 Rixi

1_|_( k+1)TRk k+1
RF1 — RF _ ( ( k+1)TRk k+1)wk+1(¢k+1)'l'
(] 1 K3 (2
Etl = gk 4 (b1 ()T hrl )bl
7 K3 K3 1 (2
(PkH, qu+1 Fik+1) = UNPACK(éZkJrl)

Pik+1 — (Pik-i-l + (jf)zk+l)T)/2

vitl= szyyg+v2fk+1( BEL Ry, fR(xE, o)
7=1

end for

In Algorithm 6, in order to move xf toward the minimizer of problem (3.31), as in

Algorithm 5, each agent ¢ employs two trackers to reconstruct the unavailable global
k(xk k(xk
quantities Vy f¥ (xi-“, Zjvzl ¢jJ(V])> and £ Vb (xk) SN | Vo fF (xf, Zé\le ¢'71(v])>‘ More-

over, as for the not completely known local function f¥, here each agent i needs to

replace it by the estimate ff provided by the learning part of the scheme. Indeed, in
Algorithm 6, the optimization steps (inspired by Algorithm 5) are interlaced with a RLS
performed by using the measurements z]~C+1 By relying on this outcome, agent 7 can

manipulate the updated estimated cost function ka In fact, once x¥, s¥*1 and ka
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have been computed, it can access

= ]. A~ X'If‘,+1
k1 k1l k4+1y . k+1 k k+1 AbINT k41
U (x s ) = 3 (Xi+ )T (Si—H)T} P! LZH + (g™ SlZchl +7,
i i
(3.39)

where the estimates ]51-“1, cjf“, and ff“ are extracted from the vector éf“ through the

UNPACK operator (see Notation paragraph). The estimate (3.39) can be combined with
the known part VikJrl to get the whole local function estimate ff“ as

FREL(RHL bty o PR (L Ly L A (b bty (3.40)
Such an estimate is used to compute the update directions used in the optimization
steps.

We specify that, in Algorithm 6, V; fik and Vy ff denote the gradients of ff computed
by the agent i using its currently available estimates of the U; parameters, namely
(Pt %),

In order to derive an upper bound for the dynamic regret that RLS Projected Ag-
gregative Tracking can achieve, let us rewrite all the agents” updates of Algorithm 6 in a
stacked vector form as

£ = Py[x" — (G (", 5% + Vo )y (3-41a)
P = xF 4 5(xF — x) (3.41Db)
st = Wik 4 ¢k+1(xk+1) - Qbk(xk) (3.41c)
s SR VN Gg“(xkﬂ,sk“) _ @ls(xk’sk)’ (3.41d)

in which we have collected all the local quantities through the symbols x¥, s¥, y*, ¢(x*)

with same meaning as in (3.6) and

Vi ff (et sh) Va fF (s, sh)
é]f(xk7sk) = ’ Gg(xkvsk) =

Vifi (ko sh) Vaff (< sk)

We prove the performance properties of RLS Projected Aggregative Tracking by properly
defining an error vector and using Lemmas 3.1, 3.2, 3.3, and 3.4 suitably adapted for
the setting of this section. Indeed, we notice that, according to the result (3.38), for
any v € (0, 1], there exists k& > 0 such that, for any k > k, with probability 1 — v, the
function f*(-,0(-)) :== SN, f¥(-,0%(-)) is u-strongly convex. Hence, for any k > k,
with probability 1 — v, the cost f*(-,0%(-)) over X has a unique minimizer % € R™ (cf.
Proposition A.2 in Appendix A). Further, V f* and G*% are I, -Lipschitz continuous with
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Li:=¢ely + fl,v, and é’§ is Lo-Lipschitz continuous with Ly := eLy + nyv. Thus, by
suitably replacing f* and z* with the estimated f* and its minimizer Z* over X, we can
state the useful bounds relying on the same arguments of Lemmas 3.1, 3.2, 3.3, and 3.4.

To this end, we introduce four useful variables defined as

BF:=sup sup Ui(z,z) — UF(x, Z)H (3.42a)
i {L’EX,L',ZGRd
nk = sup G’g“(az7 z) — G’g(:c, Z)H (3.42b)
z€X,2cRNd
Wk = sup ||pFH (z) — gbk(q:)H (3.42¢)
zeX
k= || gkt — gk ‘ . (3.42d)

Lemma 3.6. Let Assumptions 3.4, 3.5, 3.6, 3.7, and 3.8 hold. If v <
v € (0,1], 3k > 0 such that, for all k > k, it holds

1
7o then, for any

ka+1 _ jli-&-lH <(1- o) ka gk

+ 0vL1 Hsk - 1N,d§kH + 6vL3 Hyk - 1N,d}_’kH + ¢k

Lemma 3.7. Let Assumptions 3.4, 3.5, 3.6, 3.7, and 3.8 hold. Then, for any v € (0, 1],
3k > 0 such that, for all k > k, it holds

HXkJrl — XkH < (5(2 + ’yzl + ’yLng) ka — i‘li

+ 0Ly Hsk - 1N,d§kH + 0vL3 Hyk - 1N,dYkH -

Lemma 3.8. Let Assumptions 3.4, 3.5, 3.6, 3.7, and 3.8 hold. Then, for any v € (0,1],
3k > 0 such that, forall k > k, it holds

HSICJrl — 1N,d§k+1H <A Hsk — 1N,d§kH 4+ 0vL1L3 HSk — 1N,d§kH

4 8(2L5 + 7Ly Ly + vL1 L2) ka gk

-2 _
+ 5’}/L3 Hyk — 1N,dka +wk,

. . . . 1n,al}
where A is the maximum eigenvalue of the matrix W — —5"24.

Lemma 3.9. Let Assumptions 3.4, 3.5, 3.6, 3.7, and 3.8 hold. Then, for any v € (0, 1],
3k > 0 such that, for all k > k, it holds

Hka — 1N,d}_’k+lH <A Hyk - 1N,d}_’kH + 6vL3(La + LoL3) Hyk — 1N,d3_’kH

+ 5(2 + vfl + ’yfl)(fg + L2L3) ka — i‘f

+ 2L HSk — 1N,d§kH

+ 6vL1(La + LoLs) Hsk - 1N,d§kH + LoV Nwk + 1,

T
lN,le,d

where A is the maximum eigenvalue of the matrix W — ——
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Now, we are ready to state the main theoretical results of the paper. Indeed, the next
theorem provides a bound on the dynamic regret of the estimates generated by the RLS
Projected Aggregative Tracking. To this end, we will use Lemma 3.6, 3.7, 3.8, and 3.9 to
bound the components of the vector e* defined as

I<* — 2]
ek = Hs —lNdskH (3.43)
[v" = 1na5"|

Theorem 3.2. Consider RLS Projected Aggregative Tracking as given in Algorithm 6. Let
Assumptions 3 4, 3.5, 3.6, 3.7, and 3.8 hold and assume that n* and w* are finite for any
k> 0. Ify < =, then, for any v € (0,1}, there exist C, A, k>0, and 5 € (0,1) such that, for
any § € (0,9), there exists p € (0,1) such that, with probability 1 — v, it holds

2
Rr < Ll; J‘_H || wr +Qr | +Br, (3.44)
where Ry has been defined in (3.5) and
T k—
—Y Y (c’“ 01 el (14 L2>w’“‘q‘1> (3.452)
k=k q=Fk
T k 2
=Y (Z (c’“‘q‘l + 2ok (14 Lg)wk_q_l)> (3.45b)
=k
T
Z + Ck, (3.45¢)
=k

where C*, 0¥, Wk, and B* are defined in (3.42).

Proof. The first steps of the proof of Theorem 3.2 mimics the ones of the proof of
Theorem 3.1. Indeed, by relying on Lemma 3.6, 3.7, 3.8, and 3.9, for any v € (0, 1) there
exists k& > 0 so that, for any k > k, the evolution of ¥ (cf. (3.43)) is governed by the same

system given in (3.23), namely
Mt < M(6)e* + BuF,

where u* := cor(¢¥, ¥, w") (cf. (3.42)) is the input variable, and the matrices M (J) €
R3*3, B € R3*3 have the same meaning as in (3.23). Thus, as we already proved in
the proof of Theorem 3.1, there exist § > 0, p € (0,1), and a norm ||-||,, so that, for any
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§ € (0,6), it holds

k—1
H“WSﬁW*W+Z¥ﬂ@“ﬂ”W- (3.46)

Keep this result in mind and recall the definition of dynamic regret given in (3.33)

write

+ 37 R ot () — 3T ek, oF (), (3.47)

where in (a) we isolate the terms of the sum until k& = k. We notice that, in light of
Assumptions 3.4 and 3.6, the function f* is bounded in the case of bounded arguments

Thus, we can introduce some positive constant C' > 0 to write

k—1
FHal, oM (2h)) < Ck,

which allows us to upper bound (3.47) as

T T
Ry =Ck+ > fF(F, ok () = 3 ek, ob(ah))
k=k k=
@ . d
< C’k+ka Xk ok Xk)) — ka(xl:70k($lj))
k=k k=k

HERCINE (3.48)

T N
ZZ( )) _Uik(XwU
k=Fk i=1

where (a) uses the definition of fk given in (3.40) to keep apart the learning errors

terms Zl LU (xF, oF(xF)) — UF(x¥, 0% (xF))). Next, we handle f*(z%, % (2*)). Indeed,
by adding and subtracting f*(i¥ o

o*(@})) and f¥(af, 0" (2})), we get
Lot (@) = fE(E) ot (3)

FEaf, ot @) = fR @k ot (@) + fF(al
o*(2})). (3.49)

+ Rl ot () — fk(
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Since #¥ is the unique minimizer of f¥, then
FE(al, ot (@) = (@, o"(30)) > 0. (3.50)
Moreover, the definitions of f* and f* lead to

P, ot @) - Pk ot (@) = 3 (Uitah ot (@) - UF ek, o* o))

Therefore, by combining the latter with the results (3.49) and (3.50), we can upper
bound (3.48) as

T T
Ry < Ck+ Y (5 0" (xh) = 37 f*(ak, ot (ak))
k=1 k=1
T N
=303 (Uit ot (ah)) - UF ek, o ah)
—ki=1
kT N )
30 (Uik, o (b)) = OF ek oF (1))
=k i=1
(a) = T T T
< Ch+ > fFeh o) = > fFak ot @h) + 28 )6, (3.51)
k=k k=k k=k

where in (a) we use (3.42a) to bound the two sums related to the learning errors. Now,
we notice that, in light of Lemma 3.5, V f* is T;-Lipschitz continuous with probability
1 — v for all k > k. Thus, by applying the Descent Lemma (cf.[14, Proposition 6.1.2]) on
the right-hand side of the inequality (3.51), we have that, with probability 1 — v, it holds

fl T 9 T
7. k ~k k
RTngH—?ZHX -z —I—ZNZE
k=k k=k
(a) _ Zl d k 2 d k
< Ck+2’;He H +2N];5 , (3.52)

‘2 < Hek’H2 which follows by the definition of
¥ given in (3.43). Recalling that all norms are equivalent on finite-dimensional vector
spaces, there always exist A\; > 0 and Ay > 0 such that [|-|| < Ay [|-||, and [|-]|, < A2 [|-]|-

where in (a) we use the bound ka’ — gk

Thus, the inequality (3.52) can be upper bounded as

Ry < Ck Lt S 4| NT k
r<Ch+ = %“e HL+2 ’;5. (3.53)
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By combining the results (3.46) and (3.53), we can write

T.\2
Ry < L12)\1 (Zﬁzk k) Hek

k-1

e

L

Ea

»Q

k—q—1

+Z< 5 >>+C’k+2NZﬁ’“
=k q=k ’ k=1

(@) T2 H .
= iop +2ef| ’f’”qHB’“q1 (Zp ||Bukq1\>
" k=F q—Fk
T
+Ck+2NY gk
k=1
® T2 H H s
= A T (So )
k=k k=k
T
+Ck+2N) B,
k=1

where in (a) we use the geometric series property, and in (b) we use the relation ||-||, <
A2 ||-|| and set A := Aj 2. The proof follows by using the triangle inequality to bound the
terms HBuk_‘f’_1 H and by invoking the definitions of Wr, Q7 and Br (cf. (3.45)). |

In the next, we employ Theorem 3.2 to characterize the asymptotic performance of
RLS Projected Aggregative Tracking in terms of dynamic average regret. In particular,
the next corollary guarantees that, if the variations of the problem over time are bounded

by a constant, then the average dynamic regret asymptotically converges to a constant.

Corollary 3.2 (Average Dynamic Regret). Consider the same assumptions of Theorem 3.2
and assume that the problem variations over time are bounded by a constant, i.e., that there
exists D > 0 such that n*,w* (¥ < D for any k > 0. Then, for any v € (0,1], there exists
Mk > 0andé € (0,1) such that, for any § € (0,0), there exists p € (0,1) such that, with
probability 1 — v, it holds

Rr ZlA2(4+Zg)2D2

lim L <
The T = 2(1—p)

Proof. The result follows by taking the limit of the bound (3.44) and combining it with
the result (3.37) of Lemma 3.5 and the properties of the geometric series with p € (0, 1).
[ |
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3.3.2 Numerical Simulations

We consider a network of IV = 10 agents that want to optimize their opinions about d
different topics. In particular, given a time-varying prejudice p¥ € R? for all k > 0, each
agent i wants that its opinion x; € R? stays as close as possible to this prejudice. Further,

each agent i, would also follow the weighted average opinion o*(x) := & Zf\;l akx;.
k

Each weight a7 > 0 represents the social influence of the agent ¢ at time k. This

framework can be captured by local engineering functions V} of the form

_|_i

2
2 |

2
xi— ")

1
V(i 0% () 1= 5 [xi =k

where a > 0. Further, we assume that each agent ¢ takes into account the evaluation of
a personalized expert. Indeed, given the opinion x¥ of the agent i at iteration k and its
estimate s¥ about the weighted average opinion o* of the network, the expert provides
a noisy evaluation zF = U;(x¥,sF) + €F expressing its disagreement with both x¥ and
s¥ according to a quadratic function as in (3.32). In addition, we include the sets
X, :=[0,100] x - -+ x [0,100] to bound the opinions. The agents communicate according
to an undirected, connected Erdés-Rényi graph with connectivity parameter 0.5. We fix
d = 2, and choose piecewise linear laws for the weights a¥, while we pick prejudices p/
that vary as p¥ = p; . + rcor(cos(k/100),sin(k/100)), where r = 1 and p; . € [0,100]? is
a randomly generated center. Further, we randomly choose each P;, ¢;, and r; of (3.32)
and consider a measurement noise ¥ ~ A/(0,1). We select each component of x? and
p¥ from the interval [0, 100] with a uniform random distribution. As for the algorithm
parameters, we set 7"(1) = .. = 7"9\, = 50, v = 0.5, and 6 = 0.1. We perform 20 Monte

Carlo trials whose results are provided in Figure 3.4a in terms of average dynamic regret
" —=%]

f

Ry /T. Finally, in Figure 3.4b, we show the achieved relative error

10° [ ‘ E 100 ‘
+ std. dev [ E + std. dev [
—— mean i o —— mean i
i = i
- 2 -
= 10t | = 107t} |
~ B 1 5 B §
I ] | 5 ]
i 1 % ]
103 | - 1072 =
- b b b i = E [ [ [ i .|
0 200 400 600 800 1,000 0 200 400 600 800 1,0

k k
(a) Mean of the average dynamic regret. (b) Mean of the relative solution error.

Figure 3.4: Numerical results with 1-standard deviation band over 20 Monte Carlo trials.
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3.4 Distributed Feedback Aggregative Optimization

In this section, we present and address the distributed feedback aggregative optimization
framework. We consider a system of N € N agents. The dynamics of the i-th agent is
described by

Ty = pi(wg, ), (3.54)

where p; : R™ x R™ — R™, and z; € R™, u; € R™ denote the state and the control of
the i-th agent.

The following assumption is customary in the literature.
Assumption 3.9 (Steady-State map). Foralli € {1,..., N} and for any u; € R™, there
exists h; : R™ — R™ such that h;(u;) € R™ represents a unique globally exponentially
stable equilibrium point for (3.54). Moreover, there exist Ly, L, > 0 such that

1P (ui) = hi(ui) || < L ljui — uill

lps (s, ws) — piag, w) | < Lypllcor(wi, ui) — cor(af, uj)ll,

(22t

for any z;, z; € R™, u;,u, € R™, and all i € {1,..., N}. Furthermore, ker(Vh;(u;)) = 0
for any u; € R™. A

The agents cooperate with the aim of reaching a configuration which represents a

stationary point with respect to an unconstrained instance of (1.4), i.e., the optimization

problem described by
N
gﬁg;ﬁ(wm(w)), (3.55)
in which z := cor(z1,...,zy) € R" is the global decision vector with each z; € R™ with

n:= 21]11 ni,and o : R* — R is the aggregation function defined as

S i)

olw) = Z=ELOAT,

(3.56)

where ¢; : R™ — R< be the i-th contribution. In the following, we will also use the
shorthand

N
F(z,0(x) =) fi(zi,0(x)), (3.57)
i=1
and the operator G : R" x R? — R" defined as
Gl2) = VF(0,0(0)) o -
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According to the distributed computation paradigm, we assume that the global infor-
mation o(z) and F'(z,0(x)) are not locally available for the single agent i. Further, we
also satisfy the feedback optimization paradigm in the following sense. The analytic
expression of the local objective functions and aggregation rules are not available for
the agents, they can be only measured according to current local variables. In particular,
each agent ¢ can only access Vi fi(x, i), Vafi(xi, si), ¢i(zi), and V¢;(x;), where x; is its
current state, while s; € R? is its local estimate of the aggregative variable.

Assumption 3.10 (Function Regularity). The global objective function F(x) is radially
unbounded and differentiable. Moreover, there exist Lo, L1, L2 > 0 such that

IG(2) = G| < Loflz — &
Yi—Y ] ‘

for any z,2' € R", y,9/ € RN, x; o) € RY, y;,9 € R, and all i € {1,..., N}. Further,

Hvlfi(:vi,yi) - Vlfz(mgvy;)H <L

Ty —

Yi—Y

Vo fi(wi,yi) — Vafi(z),v))|| < Lo

/
7
/
1
/
1
/ Y
1

the aggregation functions ¢; are differentiable and there exists L3 > 0 such that

i (i) — pi(x)|| < La ||xi — 2

for any x;, x;, € R™ and all i € {1,...,N}. A

The communication among the agents is performed according to a directed graph
G=({1,...,N}LE) with & C {1,...,N} x{1,..., N} being the edge set. If an edge
(7,1) belongs to &, then agent i can receive information from agent j, otherwise not.
The set of (in-)neighbors of agent i is defined as N; := {j € {1,...,N} | (4,i) € &}

RV*N whose entries

We associate to the graph G a weighted adjacency matrix A €
satisfy a;; > 0 whenever (j,7) € £ and a;; = 0 otherwise. The weighted in-degree and
out-degree of agent i are defined as d = > jen; @ij and d¥t =37\ aj;, respectively.
Finally, we associate to G the so-called Laplacian matrix defined as £ := D™ — A, where

Din .= diag(d", ..., d1) € RVXYV,

Assumption 3.11 (Communication graph). The graph G is strongly connected and weight-
balanced, namely di* = do* for alli € {1,...,N}. A

Let X := {z € R" | VF(z,0(x)) = 0} be the set of stationary points of prob-
lem (3.55). Then, the aim of the paper is to design a distributed feedback optimization law

u:= cor(uy,...,u,) steering ||z||x to zero.
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3.4.1 Aggregative Tracking Feedback: Distributed Control Law Description
and Analysis

Now, we introduce Aggregative Tracking Feedback, i.e., a distributed feedback optimiza-
tion law designed to steer the agents’ states, whose local dynamics are given in (3.54), to
a configuration corresponding to a stationary point of problem (3.55).

To introduce the proposed law, given any u; € R™, let us study the optimiza-
tion problem when z; = h;(u;) for all i € {1,..., N}, i.e., when each agent has al-
ready reached its steady-state configuration (see Assumption 3.9). Let us define u :=
coL(uy,...,uy) € R™, with m := Zf\il m;, and h(u) := cor(hi(uy),...,hn(un)) € R™.

Then the optimization problem (3.55) becomes

u€ER™ 4

N
min > f;(hi(us), o(h(w))). (3.58)
1=1
It is well-known that (3.58) can be addressed by adopting the continuous-time gradient
method (see, e.g., [17]), which, forall ¢ € {1,..., N}, reads as

0
ou;

F(h(u),o(h(u)))

i =

= hu(u) | Vafilhit), o) + L) - Valilhti): (i)

(3.59)

However, agent ¢ does not analytically know the functions appearing in (3.59). It can
only accesses related measurements evaluated in its current state z;, thus (3.59) needs
to be modified as

N
ﬂi = —Vhl(ul) Vlfi(a;i, O'(:E)) + vgb]l\f.xl) Z szj(xj, U(iU)) . (3-60)
j=1

In turn, the control law in (3.60) cannot be implemented in a distributed fashion
because o(x) and Zjvzl Vafij(xzj,0(x)) need a centralized information. To overcome this

limitation, let
' (x) == —¢i(z;) + o(z)

N
77 (x) = =Vafi(wi,0(x)) + Y Vafi(xs,0(x))/N,

J=1
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and modify (3.60) as

Ui = =Vhi(ui) (Vifi(zs, 7 (x) + ¢i(w:)) + Vi(xi)w7 (x))

The strategy is that of designing estimations for 7 and 77, namely w;, z; € RY, such that

Jim i (t) — " (z(8) || = 0

Jim [|z(t) — 3 (x(t))[] = 0,

forall i € {1,..., N}. To this end, inspired by the continuous-time compensation dy-
namics of the auxiliary variables in (2.47), we embed two consensus-based mechanisms
giving rise to the distributed feedback optimization law termed Aggregative Tracking
Feedback and resumed in Algorithm 7. The parameters a;,as > 0 tune the system
dynamics. The role of the initialization w;(0) = z;(0) = 0 for all i € {1,..., N} will be
detailed in the analysis of the scheme. Fig. 3.5 describes the closed-loop system (3.62)

in terms of block-diagrams.

Algorithm 7 Aggregative Tracking Feedback
Agent i perspective
initialization: z;(0),;(0) € R™, w;(0) = 2;(0) =0

T; = pi(i, u;) (3.62a)
u; = —on Vhi(ug) (Vfi(we, wi + ¢i(z:) + V(i) (2 + Vafi(zs, wi + ¢i(x))))
(3.62b)
Wi = —% aij (Wi + ¢i(z;) — wj — ¢;(x;5)) (3.62c)
2 JEN;
Z = *% aij (zi + Vafi(wi, wi + ¢i(xi)) — zj — Vafj(zj, w; + ¢5(x5))) (3.62d)
JEN;
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[ @i = pi(wi, ui) ‘

iy = —on Vhi(ug) (Vafi(@i, ¢i(xi) +wi) + V(i) (Vafi(ws, ¢i(w:) +wi) + z))
o ai;j (w; + ¢i(z:) — wj — ¢;(z;5))

JEN; |e—-

5 1
= D i (2 + Vafilw, wi + ¢i(@:) — 2 — Vafy (@), w5 + 6;(x;)))
JEN;

w; =
Qaz

inter-agents communication: information from j € N;

Figure 3.5: Block diagram describing (3.62).

Theorem 3.3. Consider the closed-loop system (3.62) and let Assumptions 3.9, 3.10, and 3.11
hold. Then, there exist &y > 0 and &g > 0 such that, for any oy € (0,a1), as € (0,a2) and
cor(z;(0),u;(0),w;(0), 2;(0)) € R¥+mi+2d sych that z; = w; = 0 foralli € {1,...,N}, it
holds

Tim [la(t)] = 0.

The proof of Theorem 3.3 will be carried out in the next after some preparatory
results. Theorem 3.3 guarantees that Aggregative Tracking Feedback asymptotically
steers the network state x(¢) into the set z of stationary points of problem (3.55).

We now give an overview of the steps needed to prove Theorem 3.3:

(i) We reformulate (3.62) as the interconnection of three dynamic subsystems describ-
ing the evolution of all the states, the control inputs, and (a suitable transformation

of) the auxiliary variables.

(ii) Within three separate lemmas we give suitable properties of the time-derivative
of three different Lyapunov-like functions. Specifically, each one of these lemmas
assesses the convergence of one of the three subsystems identified within step (i)

when the convergence of the other subsystems has already occurred.

(iii) To conclude, we define a candidate Lyapunov function for the whole system and,
relying on the lemmas of step (ii) and LaSalle arguments, we study its time-

derivative to prove Theorem 3.3.

According to step (i), we reformulate (3.62) by leveraging the initialization of w and
z and the consensus properties of their dynamics. To this end, we start by defining

L=L®I;w=coL(wi,...,wN), 2 =coL(zy,...,2n), and by introducing the operators
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G1:R" x RNY + R™ and G5 : R" x RV? — R" given by

Vifi(zi,s1) Vafi(z1,s1)
: ,GQ(JI,S) == )

Vifn(zn,sy) Vaofn(zn,sn)

Gi(z,s8) =

where we used the decomposition z = cor(z1,...,xy) and s = cor(sy,...,sy) with
z; € R% and's; € R for all i € {1,..., N}. Then, the stacked column form of (3.62)
reads as

= p(z,u) (3.63a)
= -1 Vh(u)Gi(z,w + ¢(x)) — a1 Vh(u)Vo(x) (2 + Ga(z, w + ¢(x))) (3.63b)
W = —Z—;L (w+ ¢(x)) (3.63¢)
= —Z—;L(2+G2(x,w+qﬁ(x))). (3.63d)

Next, we rewrite (3.63) in order to highlight the average dynamics of w and z and their
orthogonal ones. To this end, we investigate the effect of the initialization w;(0) =
zi(0)=0foralli € {1,...,N}. Let

S := {cor(z,u,w, z) € RMTMT2Nd | 1}\}7dw =0, 11@,d2 =0},

and note that S is invariant for (3.63) because 1}7dL = 0 (cf. Assumption 3.11). Hence,
we can exploit a change of coordinates to take advantage from this property. To this end,
let us introduce Ry € RV*(N-1)d gych that RIR;=1,R)1Ny4=0,and ||Ry| =1and
the matrix 7' € R?V4x2Nd defined as

R
13.4/N

The matrix T is invertible and we define ), ¢ € RW-1d Navgs Gavg € R? as

[ " =Tw ! ¢
Navg ’

=Tz (3.64)
Cavg
Then, by using (3.63¢)-(3.63d), we note that

7.7an =0, C.avg = 0.

Therefore the initialization w(0) = z(0) = 0 guarantees that 7,,4(t) = Cavg(t) =
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0, V't > 0. Thus, combining this result with (3.64) it follows
w=Rygn, z=RyC(. (3.65)

As a consequence, defining ¢ := cor(7, () and using (3.64)-(3.65) we can restrict the
dynamics (3.63c)-(3.63d) to

jo ~RJ LRy S ~RJL 0 ¢(x)
ag 0 —R] LRy Qg 0 ~R]L| |Ga(x, [Rd 0] b+ o(z))|
(3.66)
Note that
I R;lr 0 o(x)
ie) = 0 R,| |Gaz, 1N,d0(9€))] (367

represents an equilibrium for (3.66) for any x € R". Based on this observation, let us

introduce the error coordinate ¢ € RZN-14 defined as
¢ =1 — §(a). (3.68)
As a consequence, using (3.65), the definition of v, (3.67), and (3.68), we have

w = [Rd o} € — R4R) 6(z) (3.69)

2= [0 Ra|€— RaR]Galw, 1n00(2)). (3.69b)
Let use introduce the selection matrices Ry, Ry € RVN*2(N-1)d defined as
Ry = [R 0} Ry = [0 R} . (3.70)

Then, by exploiting (3.56), (3.66), (3.68), (3.69), (3.70),and I — RqRj = 1naly 4/N, we
rewrite (3.63) as the equivalent, restricted dynamics

& = p(z, u) (3.71a)
. Inalyg
U= —a1Vh(u) <G1(x,7€1§ +1nq40(x)) + Vgﬁ(x)T’Gg(x, lN,da(az))>
— a1 Vh(u) (Ge(z, R1§+ 1nq0(x)) — Ga(z, Inq0(x)) + Vo(z)R26) (3.71b)
o1 |—Rj LRy 0 o 0
(e%) 0 —R] LRy a2 |R) L(Ga(z, R1€ + 1y 40(x)) — Go(x, 1y 40(2)))
— Vi (z) p(x, u). (3.71c¢)
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With (3.71) at hand, we provide three preparatory results needed to prove Theo-
rem 3.3.

Lemma 3.10. There exists a function W : R™ x R™ — R such that, along the trajectories
of (3.71a) and (3.71Db), it holds

c1 |l — h(w)|]* < W(z,u) < ez ||z — h(w)|? (3.72a)
W(z,u) < —(c3 — a1ca) |z — h(w)||* + a1cs ||z — h(w)|| | VR(w) G (h(u))]]
+ aresce ||z — h(u)|| €], (3.72b)

for some cy, c2, c3, ¢4, c5,c6 > 0.

Proof. By using the Converse Lyapunov Theorem (cf. [166, Theorem 5.17]), the expo-
nential stability of 2(u), and the Lipschitz continuity of & (cf. Assumption 3.9), there
exists W : R™ x R™ — R such that

e [l = h(u)||* < Wz, u) < ez ||z — h(w)|? (3.73a)
VAW (2, u) p(z,u) < —cs ||z — h(u)|? (3.73b)
VoW (z,u) < c5 ||z — h(u)|l, (3.73¢)

for some positive constant ¢; > 0, c2 > 0, c3 > 0, and ¢5 > 0. In light of (3.73a), we need
only to show (3.72b). To this end, we evaluate V (z, u, &) along the trajectories of (3.71a)
and (3.71b), thus obtaining

W(fc,u) = ViW(z,u)p(z,u) + VoW (2, u)d
(a)
< —cz ||z — h(w)|* + VoW (2, )i

(b) .
< —es [l — h(w)|* + 5 llz — h(w)]| 1]l (3.74)

where in (a) we use (3.73b), and in (b) we use the Cauchy-Schwartz inequality with
condition (3.73c). Note that

T
1N,d1N,d

G(z) = Gi(z,1y40(z)) + Vo(x) N

Ga(z, 1y q0(x)).
Then, by adding and subtracting oy Vh(u)G1(x, 1y 40(z)) into (3.71b), we get

= —oqVh(u)G(z) — an Vh(u) (Gi(z, Ri& + 1n40(z)) — Gi(z, 1y 40(x)))
— a1 VR(u)Ve(z) (Ga(z, Ri§ + 1n,a0(2)) — G2z, 1na0(x)) + R2E) . (3.75)

Moreover, by using the Lipschitz continuity properties given in Assumption 3.10, we

138



3.4. DisTRIBUTED FEEDBACK AGGREGATIVE OPTIMIZATION

can write

1G1(z, R1i€ + 1y ao(x)) — Gi(@, In,a0(@))]| < La|€]] (3.76a)
1G2(2, R1€ + 1y a0 (x)) — Ga(@, 1n,a0(x))]| < La|€]] (3.76b)
V()| < Ls, (3.76¢)

Further, by exploiting Assumption 3.9, it holds
IVA(u)|| < L. (3.76d)

Then, we combine (3.75), the Cauchy-Schwartz inequality, and the bounds (3.76) to
obtain

[a]| < on [[VA(u)G(2)]| + o1 Ln(Ly 4 (1 + L2)Ls) £ ]|

2 o1 [ VA G ()] + o [VA)GE() — Vh()G(h(w)]
+ o Ly (L1 + (14 L) L3) €]

(b)
% a7 HVh(U)G(h(U))H + OéthLO ||33 — h(u)H + Oéth(Ll + (1 + LQ)Lg)HfH, (3.77)

where in (a) we add and subtract within the norm VAi(u)G(h(u)) and use the triangle
inequality, in (b) use the Lipschitz continuity of » and G (cf. Assumptions 3.9 and 3.10),
Finally, we use (3.77) to bound (3.74). The proof follows by setting c4 = L, Ly and
cg = Lp(L1 + (1 + La)L3). [

We note that, by choosing a; < c3/cy, the conditions (3.72) in Lemma 3.10 guar-
entees that, for any u € R™, the point h(u) is globally exponentially stable for the
subsystem (3.71a) when Vh(u)G(h(u)) = 0 (cf. [91, Theorem 4.10]).

Lemma 3.11. There exists a radially unbounded function S : R™ — R such that, along the
trajectories of (3.71b), it holds

S(u) < —a1 | Vh(u)G(h(w) ]| + ards [ VA(w)G (h(w))| ||z — h(w)]|
+ auds [ VA(u)G(h(w))] €]}, (3.78)

for some dy,dy > 0.

Proof. Let us consider
S(u) := F(h(u),o(h(u))), (3.79)

where F'(-,-) has been defined in (3.57). We remark that, in light of Assumption 3.10, S
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is radially unbounded (see Definition A.2 in Appendix A). We point out that
VF(h(u),o(h(u))) = Vh(u)G(h(u)). (3.80)
Thus, to evaluate S(u) along the trajectories of (3.71b), we exploit (3.80) obtaining
S(u) = (Vh(u)G(h(u))) .

Qo a (VAWG(h(w) T (Vh()G () + ards [VAG ()] €]

O 1 VR G(h(w)
— a1(Vh(u)G(h(u) )T( h(uw)VF(z,0(x)) — Vh(u)VFE (h(u), a(h(u))))

NI
(h(u))

+ardy [|VA(u)G(h(u)]] [[€]]
)
(u

—

[

(u)G(
= —a1[[Vh(u)G(h(
+ aqdo ||Vh(u)G(h

~

w)|? + a1 L Lo | Vh(u)G(h(w)]| [l = h(u)]

DIHIEN

where in (a) we use the results (3.75) and the bounds (3.76) setting do = L, (L1 + (1 +
Ls9)L3), in (b) we add and subtract the term Vh(u)G(h(u),o(h(u))) within the brackets,
and in (c) we use the Lipschitz continuity of h and VF(-,0(-)) (cf. Assumptions 3.9

and 3.10) and the Cauchy-Schwarz inequality. The proof follows by setting d; = Ly, Lo.
|

For £ = 0 and = = h(u) the condition (3.78) allows us to use LaSalle arguments to

claim the asymptotic convergence of u to the set {u € R™ | Vi(u)G(h(u)) = 0}.

Lemma 3.12. There exists a function U : R*N=D4 _ R such that, along the trajectories
of (3.71c¢), it holds

bullEl? < UE) < ba |l€] (3.81a)

Oélbg

U(€) < ———|I&lI* + ballé]l |z — h(w)], (3.81b)

for some by, by, bs, by > 0.

Proof. In light of Assumption 3.11, the matrix —R" LR is Hurwitz. Thus, there exist
Py, Py € RW-Ddx(N=1)d gyych that P, = P >0, P, = P, >0, and

—PIR"TLR—(R"LR)"P, = —-Q, (3.82a)
—PR"LR— (R'TLR)" P, = —Q, (3.82b)

for any Qq, Qo € RW-Ndx(N=1)d sych that Q; = Q] > 0and Q2 = QJ > 0. Then, let us
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consider

U(¢) == ¢ PE.

Then, the conditions (3.81a) are satisfied by denoting b; > 0 and b2 > 0 the smallest and
largest eigenvalue of P, respectively. In order to show (3.81b), let &, & € RV—14 be
such that £ = cor(&1,&2). Then, by using (3.71c) and (3.82), we can write

20&1

() = —j—;si Q161 — & Qoo + 6] PLRTL(Ga(x, &1 + 1,40 (x)) — Ga(z, 1y 40(x)))

— 26" PVY(2) plx, u). (3.83)

a2

Moreover, by using the Lipschitz continuity of Va f; (cf. Assumption 3.10), we can write
1G2(z, &1 + 1,40 (x)) — Ga(z, Iy a0 (x))]| < Lo [|&0 ],
that, combined with the application of the Cauchy-Schwarz, leads to
& PR L(Ga(w, &1 + 1n00(2)) = Ga(w, a0 (@) < Lo || RTL|| 2l ] (3.84)

Then, given Q2 > 0, we compute P, such that (3.82b), and define k1(Q2) := Lo ||, RTL||.

Now, let us denote with ¢, g2 the smallest eigenvalues of ()1 and 2, and define

Om [ q —/ﬁ(Q2)] .

—k1(Q2) g2
Then, by using (3.84), we can write
- &IQI{I - §JQ2§2 + 2§;P2RTL<G2($, Rfl + 1N,d0($)) — GQ(SE, 1N,d0(x)))
<=[lal lel] @eortial, lel)- (3.85)

Let us choose b3 € (0, ¢2) and Q1 > 0 such that ¢; > (b3qa + k1(Q2)?)/(g2 — b3). The, it
holds @ > bsI which, combined with (3.85), allows to bound (3.83) as

0(€) < =212 e + 26T PYG(a) play ). (3.8

Since p(h(u),u) = 0 (see Assumption 3.9), it holds

£TPVY(x) p(w,u) = TP VP(x) (p(x,u) — p(h(w), u)).
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Recall that, thanks to Assumption 3.9, it holds
[p(z,u) — p(h(u), u)|| < Ly|jz — h(u)]].

On the other hand, by using the Cauchy-Schwarz inequality, Assumption 3.10, ||R| = 1,
and ||1x1, | = V/Nn, we can write the bound

_ RT 0 Vo(zx)
IV (@)l < T
0 R VGQ(J:, 1N,d0'(l'))
< (L2\/ Nn + Lg)

Thus, we can bound (3.86) as

. a1b

U(©) < == 2 Iell* +baflz = hwll,
with by 1= Lp||PH(L22\/m+L3) and the proof is given. [

We highlight that Lemma 3.12 proves that, if = h(u), then the origin is a globally
exponentially stable equilibrium point for (3.71c) (cf. [91, Theorem 4.10]).

Proof of Theorem 3.3

By using the functions W, S, and U provided by Lemma 3.10, 3.11, and 3.12, respectively,

we define
V(z,u,§) =U(§) + W(z,u) + S(u).
Moreover, let us introduce

y(u) == Vh(u)G(h(u))

d
ko 1= S} _2‘_ 05,
C3 — (X1C4 *051]{32
Hl(al) = .
—qu‘g a1

Then, by evaluating V (z, u, £) along the trajectories of (3.71) and by using (3.72b), (3.78),
and (3.81b), we get

Vi w€) < = [le = h| )] o) ["x,,;(zgﬁ)’ +ands [y €]
- 0212’3 IEIP + (ba + aresee) |€]| |z — h(w)] - (3.87)
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By Sylvester Criterion, we know that the matrix Hi(a1) = Hi(a1)" € R? is positive
definite if and only if the following conditions are satisfied

{ C3 > (X1C4 (3 88)

czon > a2(k2 + cy).

Let @1 := max {03/04, cs/ (k3 + 04)}. Then, with any a; € (0, @;), both conditions (3.88)
are satisfied allowing us to claim the positive definiteness of Hj(«1). Let h1 > 0 be the
smallest eigenvalue of the matrix H;(«a1). Then, for any a; € (0,a1), the right-hand
member of (3.87) can be bounded by

) )
V(z,u,6) < —hi([le = h(w)|” + [ly(w)[*) + arda [ly(w)]| €] - 0273 €)1
+ (b + aacses) €] [z — h(w)]]- (3.89)
Let us introduce
e(w,u) = cor(w — h(u), y(u))
da + by + aicscg
ks = 5
| h ks
HQ(OQ) = [—k;g Z;bg)] .
Then, we can bound (3.89) as
-
Vi€ < - [”e(xg’ “)”] Hy(as) [”ei’ “”’] . (3.90)

By Sylvester Criterion, we know that for any as € (0, az), with as = 541b3h1/k:§, the
matrix Ha (o) = Ha(az)T € R? is positive definite. Let hy > 0 be the smallest eigenvalue
of Ha(az). Then, the inequality (3.90) leads to

V(z,u,€) < —hallcor(lle(z, w)ll, [I€]1)]*. (3.91)
Let us study the set in which the right-hand side of (3.91) is zero. To this end, let
U :={ueR"|Vh(u)G(h(u)) =0},
and

E:={(z,u,§) e R"? |z = h(u),u € U, = 0}. (3.92)
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Then V(z,u,€&) = 0 for any (z,u,&) € E. By studying system (3.71) restricted to the
subset E/, we get

&) pugyer =0 (3.93a)
Wy ueyer =0 (3.93b)
&l pmeres =0 (3.93¢)

Hence, by (3.93) we guarantee that the largest invariant set contained within E for the
dynamics (3.71) coincides with E. Therefore, by using the LaSalle’s invariance principle
(cf. [91, Theorem 4.4]), it holds

x(t)
Jim | u(t) ||| =0, (3.94)
]l

We remark that Assumption 3.9 guarantees that ker(Vh(u)) = 0 for any u € R™. As a

consequence, U can be rewritten as
U= {uecR™|G(h(u) = 0},

which, in turn, allows us to claim that (z,u,§) € E = G(x) = 0. The proof follows by
using (3.94) and noting that G(z) = VF(z,0(x)).

3.4.2 Aggregative Tracking Feedback with Single Integrator Dynamics

In this section, we adapt Aggregative Tracking Feedback for the case in which sys-
tem (3.54) is replaced by single integrator dynamics. Thus, we now consider IV systems

whose evolution is governed by
T; = Uys, (3.95)

foralli € {1,...,N}. Indeed, despite the fact that single integrator dynamics may be
simpler than the more generic one (3.54), we point out that system (3.95) does not have a
steady-state configuration associated to each input u; and, thus, violates Assumption 3.9.

Moreover, in this setting, we enforce the following condition about problem (3.55).

Assumption 3.12 (Convexity). The global objective function f(x,o(x)) is p-strongly convex.
A

Assumption 3.12 implies the existence of a unique optimal solution z* (cf. Proposi-

tion A.2 in Appendix A). Hence, now the distributed feedback optimization law should
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steer the network to a steady-state configuration corresponding to the optimal solution
*
x*.

In this setting, we choose each input u; according to the algebraic law
u; = =V fi(zi, wi + ¢i(x:)) — Vi(wi)zi, (3.96)

with w; and z; with same role and same dynamics as in Algorithm 7. Hence, the
input law (3.96), plugged into the single integrator dynamics (3.95) and combined with
dynamics of the auxiliary variables w; (cf. (3.62¢)) and z; (cf. (3.62d)), leads to the whole
closed loop system described by

i =-Vif(r,w+¢(x)) = Vé(z)z — Vo(x))Vaf (2, w + ¢(z)) (3.97a)
W= —éLw - éLqﬁ(m) (3.97b)
P —éLz _ éLVQf(x,w + é(x)), (3.970)

where z, w, z, Vi f, Vaf, ¢, and L have the same meaning as in (3.97), while o« > 0 is a
control parameter.

In the next, we provide a sketch of the analysis needed to prove that system (3.97)
exponentially converges to a configuration in which z corresponds to the optimal
solution z* of problem (3.55).

This analysis consists of the following main steps.

(i) We introduce a suitable error dynamics with respect to the minimum of prob-
lem (3.55). The obtained dyanmics is a singularly perturbed system, i.e, the inter-

connection of a slow subsystem with a fast one.

(ii) By “freezing” the slow system state within the fast one, we find a parametrized
equilibrium that depends on this frozen state. We use this equilibrium to build the
so-called boundary-layer system. Then, we provide a suitable Lyapunov function
(independent of the slow state), showing the global exponential stability of the
origin for the boundary layer system.

(iii) We consider the fast state lying on the steady state of the boundary layer system
introduced in (ii) to build the so called reduced system. We show that the origin is

a globally exponentially stable equilibrium point for the obtained system.

(iv) Finally, the stability results of steps (ii) and (iii) are exploited to demonstrate the
global exponential stability of the origin for the whole interconnected system by
proving that the agents’ states reach the optimal solution of problem (3.55) with a

linear rate.
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Lemma 3.13. Consider system (3.97) and denote & := x — x*. Then, there exist two changes

of variables
z z .
x _ ~ z
— |w]| , w| s
wz . - (0
z z

such that (3.63) is equivalent to

& = h(&,) (3.98a)
ath = g(&,1), (3.98b)

where & € R, 2,w € RNV ¢ € R2ZN=9) gp4

h(Z,4) == —Vif <x + [Rd o} b+ Ad(F) + 1N,da(x*))
= Vo +a)Vaf (742 [Ra 0| ¥+ Ad(E) + Ly ao(a"))
+ Vo(Z + 2*)Vaf (2%, 1n40(z*))

1nal}
Y f (@, nvao (@) = V(e +a%) [0 Ra v,

— Vo(z + x¥) N

where the matrix Ry has the same meaning as in (3.64), and

. |-RJLRq 0 0
9(&,v) = 0 ~RJLRy v+ R} LN f (z*, 1N7da(x*))]
R} LA¢(%)
RILV,f (#+3% [Ry 0¥+ A0(@) + Lyao(a)]’
with Ap(Z) = ¢(& + z*) — ¢(z*). A

System (3.98) has a structure known in the literature as continuous-time singularly
perturbed system (see [91, Chapter 11]), i.e., the continuous-time counterpart of the
discret-time systems investigated in Appendix C. In particular, as in the discret-time
case, we denote the subsystem (3.98a) as the slow system, and (3.98b) as the fast one.

See Figure 3.6 for a schematic representation of (3.98).
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z = h(Z,¢)

Y

A

arp = g(Z, )

Figure 3.6: Singularly perturbed system (3.98).

The next step consists in “freezing” the slow state z within the fast system (3.98b).
After this operation, the boundary layer system associated to the interconnection (3.98)

can be built and studied as follows.

Lemma 3.14. Consider system (3.98b) and let = € R" be fixed. Consider

1;(:%) _ _R}A¢(i')
R} (Vaf (#*,1n40(2%)) — Vaf (Z + 2*, 1y ,a0(Z + 2%)))

Then, for any & € R™, 1(%) is an equilibrium for (3.98b). Let & := 1) —1)(Z) and write (3.98b)
as the boundary layer system

£ = g(7,& + (7). (3.99)

Then, there exists a function U : R™ — R so that

billél* < UE) < b2 1€ (3.100a)
PO 0, + () < b3 €] (3.100b)
1252 < bt (3.1000
8U(~§) =0, (3.100d)
oz
for all £ € R™ and for some constants by, by, bz, by > 0. A

Remark 3.4. In view of Assumption 3.11, it is possible to show that the matrix —R) LRy
is Hurwitz. Then, by explicitly combining the definitions of g and 1, system (3.99) reads

as a stable linear system perturbed with a vanishing perturbation. A

Once v(¥) has been found, we can use it to build the reduced system and study the

stability of its origin.
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Lemma 3.15. Consider the reduced system defined as

T = h(z,9()). (3.101)

Then, the origin is a globally exponentially stable equilibrium point for system (3.101). A

Remark 3.5. By explicitly combining the definitions of /4 and v, the dynamics (3.101)
reads as the gradient flow related to problem (3.55) in error coordinates with respect to
x*. Hence, the proof follows from Assumption 3.12. A

Once the global exponential stability of the origin for both the boundary layer
and reduced system has been proved, we can establish the convergence properties of
system (3.97)

Theorem 3.4. Consider system (3.97). Let Assumptions 3.10, 3.11, and 3.12 hold and pick
intial conditons (z(0),w(0), 2(0)) such that 1} ;w(0) = 1} 42(0) = 0. Then, there exist
a>0,a; >0, and ay > 0 such that, for all o € (0, @), it holds

|zi — 27| < a1 exp(—aat),

foralli e {1,...,N}, where ¥ € R™ is the i-th block of the optimal solution x* € R™ of
problem (3.55).

Proof. By performing the change of variables introduced in Lemma 3.13, we equivalently

rewrite system (3.63) as

T = h(&, 1)), (3.102a)
ath = g(&,1)), (3.102b)

with w, ¢, h, and g with same meaning as in Lemma 3.13. Lemma 3.14 and Lemma 3.15
respectively ensures the global exponential stability of the origin for the boundary layer
system and for the reduced system associated to (3.102). Moreover, Assumption 3.10
ensures that functions , g, and 1 are Lipschitz continuous. Hence, with the arguments
of [91, Theorem 11.4], we claim that there exists @ > 0 such that for all & € (0, @) the
origin is a globally exponentially stable equilibrium point for system (3.102), i.e., it
holds

leor(Z, )| < a3 [[cor(2(0),4(0))]| exp(—axt),

for some ag, ag > 0. The proof follows by the trivial fact ||z; — z}|| < [|Z| < ||cor(Z, )|
and by setting a; = a3 ||cor(z(0), (0))]. u

We point out that [91, Theorem 11.4] only provides semi-global exponential stability.
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However, it can be shown that the additional condition (3.100d) can be used to prove

the global exponential stability.

3.4.3 Numerical Simulations

In this section, we employ our Aggregative Tracking Feedback to address a multi-robot
surveillance scenario. We consider a network of N mobile robots, whose planar position
is z; € R?, that aim to surveil a collection of N intruders. In particular, each robot
i of the surveillance team is associated to an intruder located at 35 € R?. Given the

orientation 6; € R of the robot i, we describe its dynamics through the unicycle model

B = [C?S(Hi)] v (3.103a)
sin(6;)
0, = w;, (3.103b)

where v;,w; € R are the low-level inputs denoting the linear and the angular speed,
respectively. Let u; € R? be a reference position, then [183] proposes the following

low-level controller

Vi (w4, 07, u;) = ki ||2i — ug| cos(0; err (24, 0;)) (3.104a)
wi(xs, 05, u;) = H:Jciliiuill cos(0; err (i, 0;)) sin(0; err (4, 6;))
+ Hmlk_iluzn sin(0; err (i, 0:)), (3.104b)

with k; > 0and 6; ere (24, 0;) = atan2(z; 1, z;2)—6;, where x; ; and z; » are the components

of x;, i.e., we write z; := coL(z; 1, z;2). Thus, the overall closed-loop dynamics reads as

0;

ﬂ"ji: COS( ) vi(:z:i,Qi,ui) (3105a)
Siﬂ(ﬁi)

éi = wi(xi,ﬁi,ui). (3.105]2))

As shown in [183, Lemma 2.1], for any reference u; € R?, the point cor(u;, 0) is an almost
globally asymptotically stable equilibrium point for (3.105). Moreover, the trajectories
of (3.105) exponentially converge to u; (cf. [183, Lemma 2.1]). Thus, system (3.105)
satisfies Assumption 3.9, namely it has a steady-state map h;(u;) = u; with exponential
convergence guarantees.

As for the environment, we consider a non convex scenario in which altitude changes
and n. € N crevasses are present. Let coL({1, {2) be the planar coordinates describing
a given location. Then, we model the altitude profile of the environment through a

function z,;; : R> — R given by the sum of a sinusoidal term and a series of gaussian
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functions modeling the crevasses, namely

Zalt (01, £2) = —ay cos(ply) sin(pla)

Ne o 2 _ 2
=S aegexp <_(€1 f1g,1)° + (b2 — pig,2) ) | (3.106)
g=1

Sg

where aj,p > 0 are respectively the amplitude and the frequency of the sinusoidal
term, while a1, ..., acn,,S1,...,5,, > 0 are the parameters characterizing the gaussian
functions whose respective centers are located in (p1,1, ¢41,2), - - -, (fne,1, fne,2)- It is worth
noting that this environment profile as well as the nonlinear dynamics give rise to a
nonconvex optimization problem.

The surveillance strategy of the team consists of a trade-off between the following
competing objectives: each robot (i) tries to stay close to the intruder, (ii) tries to
occupy locations with higher altitudes, and (iii) tries to stay close to the weighted center
of mass. This scenario falls into the distributed aggregative feedback optimization
framework. Specifically, in problem (3.55), we choose the objective function f; of each
agenti € {1,...,N}as

filzi,o(x)) = % |2 — il — zaw (i1, zi2)
n % |z — o(@)||2, (3.107)

where 71,2 > 0, while the term —z,);(z;) increases the cost according to the altitude of
the location z; (cf. (3.106)). Further, we choose our aggregative variable as the weighted

center of mass of the defending team

LN
olz) =+ > B, (3.108)
=1

for some weights 3; > 0. In particular, we set N =6,y =1, 72 = 0.3, n. = 5, and
we randomly generate the weights 31, ..., By within the interval (0, 1), the amplitudes
Qc1, - - -, acp, Within the interval [0, 5], the terms s1, ..., s, within the interval (5, 10),
and the locations p; = coL(f1,1,11,2); - - - fne = COL(fn, 15 Hne,2)s Y, --, YN, and b
within the interval [0,100]?. As regards the sinusoidal terms, we choose a; = 10 and
p = 0.02, while, as for the algorithm parameters, we set a; = 0.75, ap = 0.01, while the
initial conditions z;(0) and u;(0) are randomly selected. As predicted by Theorem 3.3,
Fig. 3.7 shows that the optimality error ||VF(z(t),o(x(t)))| asymptotically converges to
0.
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Figure 3.7: Optimality error evolution.

Considering the same simulation, Fig. 3.8 provides the initial and final configuration
of the team. Each robot icon denotes an agent of the surveillance team, while each devil
icon denotes an intruder. The color of the background represents the altitude: blue
background denotes the lowest locations, while yellow background denotes the highest

ones.
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Z 1 Zl
(a) Initial configuration. (b) Final configuration.

Figure 3.8: Multi-robot surveillance: nonconvex scenario.

Fig. 3.8 highlights the role played by the altitude in determining the final configura-
tion achieved by the agents. Indeed, some of the robots remain far from their associated
intruders because closer locations would have lower altitudes. In order to emphasize
this aspect, we perform the same simulations without taking into account the altitude
2,1t in the cost, i.e., by considering the problem in which each objective function reads as

it 72
fi(mi,o(x) = & [lwi — vl > + 5 llzi = a(x))?, (3.109)
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foralli € {1,..., N}. Fig. 3.9 provides the initial and final team configuration of such
a simulation. In Fig. 3.9, differently from the case inspected in Fig. 3.8, the robots go

closer to their associated intruders thus occupying locations with low altitudes.

(a) Initial configuration. (b) Final configuration.

Figure 3.9: Multi-robot surveillance: strongly convex scenario.

Finally, we note that in both cases the robots arrange themselves inside the polygon
whose vertices coincide with the positions occupied by the intruder. In fact, the outer
configurations at the same (i) distance from the invaders and (ii) altitude suffer from a
higher cost due to the presence of the aggregative term ||z; — o (x)||.

Finally, we address the same strongly convex problem with objective functions (3.109)
for the case with single integrator dynamics (3.95) to test the effectiveness of (3.97).
We choose the parameters of the problem as above and set « = 0.1. As predicted by
Theorem 3.3, Figure 3.7 shows an exponential decay of the optimality error ||z(t) — z*||,

where 2* is the minimizer of the problem computed by a centralized solver.
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Figure 3.10: Optimality error evolution.
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Chapter 4

Tracking-Based Distributed
Equilibrium Seeking Algorithms for
Aggregative Games

In this chapter, we focus on the development of fully-distributed algorithm for Nash
equilibrium seeking in aggregative games over networks, i.e., the scenario already
introduced in Section 1.4.

In particular, we first consider the case where only local constraints are present and
we design an algorithm combining, for each agent, (i) the projected pseudo-gradient
descent and (ii) a tracking mechanism to locally reconstruct the aggregative variable.
To handle coupling constraints arising in generalized settings, we propose another dis-
tributed algorithm based on (i) a recently emerged augmented primal-dual scheme and
(ii) two tracking mechanisms to reconstruct, for each agent, both the aggregative variable
and the coupling constraint satisfaction. Leveraging tools from singular perturbations
analysis, we prove linear convergence to the Nash equilibrium for both schemes. The

results of this chapter are based on [27].

4.1 Literature Review

Recent years have seen an increasing attention to the computation of (generalized) Nash
equilibria in games over networks [59,125,167]. Indeed, numerous applications falling
within different domains such as smart grids management [8,131], economic market
analysis [143], cooperative control of robots [58], electric vehicles charging [36,53, 66],
network congestion control [7], and synchronization of coupled oscillators in power
grids [208] can be modelled as networks of selfish agents — aiming at optimizing their
strategy according to an associated individual cost function — that compete with each

other over shared resources.
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Among these examples, one can often find instances modelled as an aggregative
game, where the strategies of all the agents in the network are coupled through the
so-called aggregative variable (expressing, e.g., the mean strategy), upon which each
agent’s cost function depends; see, e.g., [12, 87, 152] for a comprehensive overview.
This chapter investigates such a framework proposing novel distributed algorithms for
generalized Nash equilibrium (GNE) seeking under partial information, i.e., assuming
that each agent is only aware of its own local information (e.g., its strategy set and cost
function) and can communicate only with few agents in the network. This restriction
naturally calls for the design of fully-distributed mechanisms for GNE seeking.

We recall the difference with respect to the distributed aggregative optimization
framework, where agents in a network collaborate to minimize the sum of individual
objective functions depending both on local decision variables and an aggregative
variable, see Chapter 3.

In the context of NE problems in aggregative form, first attempts to design equi-
librium seeking algorithms involve semi-decentralized approaches in which a central
entity gathers and shares global quantities (such as the aggregative variable and/or a
dual multiplier) with all the agents [9,10,51,74,75,90,147,205].

To relax the communication requirements, [95] proposes a gradient-based algorithm
for non-generalized games with diminishing step-size that relies on dynamic average
consensus to reconstruct the aggregative variable in each agent. Such a method has
been refined in [204] to deal with privacy issues and, as a consequence, only guarantee-
ing approximate equilibrium computations. In [151], the distributed computation of
an approximate Nash equilibrium is guaranteed through a best-response-based algo-
rithm requiring multiple communication exchanges per iteration. In [35], instead, an
asynchronous distributed algorithm based on proximal dynamics is proposed.

Looking at GNE problems where the agents’ strategies are coupled also by means of
constraints, in [150] the distributed computation of an approximate NE is guaranteed
through an algorithm requiring, however, several communication exchanges per itera-
tion. Exact convergence is instead guaranteed in [11], where a distributed algorithm with
diminishing step-size is proposed, combining dynamic tracking mechanisms, mono-
tone operator splitting, and the Krasnosel’skii-Mann fixed-point iteration. An exactly
convergent distributed equilibrium-seeking algorithm with constant step-size is given
in [69], where the authors propose a distributed method based on a forward-backward
splitting of two preconditioned operators requiring a double communication exchange

per iteration.
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4.2 Distributed Aggregative Games over Networks

We recall as follows the formalization of the aggregative games over networks already
given in Section 1.4.

We consider a population of NV € N agents who, given all other agents’ strategies,
aim at finding a local strategy solving the optimization problem:

min Ji(xi, 0(x))

st Az + Z Aja; < Z b, (4.1)

GE{1, NI\ {3} i€{l,...,.N}

Vie{l,...,N}:

where X; C R", A4, € R™*™, and b; € R™ model the feasible strategy set for agent
i, while the cost function J; : R x R — R depends on the i-th individual strategy
r; € R™, as well as on the aggregative variable o(x) € RY, with x := cor(z1,...,2x) € R",
n = Zfil n;. We consider m < n. As in Chapter 3, the aggregative variable is given by
o(z)% ZZ\LI ¢i(z;), where each aggregation rule ¢; : R™ — R¢ models the contribution
of the corresponding strategy z; to the aggregate o(z). We recall the constraint functions

(see (1.10)) ¢; : R™ — R™, c_; : R"™™ — R™, and ¢ : R™ — R™ as follows

ci(zi) = Aiz; — by, (4.2a)
C_Z‘(l'_i) = Z (ijj - bj), (42b)
Je{L,...N)\{i}
c(x) = ¢i(x;) + c—i(x—;) = Az — b, (4.2¢)
where z_; = COL(JJl, ey L1, Ty e e ,xN) c R" ", A = [Al . AN] € R™*" and
b = Zi\il b;. Then, the collective vector of strategies = belongs to the feasible set

C:={xe X |c(x) <0} CR" where X := HfilXZ- C R™.
The goal of this chapter is to develop fully-distributed schemes to compute the GNE
of (4.1), see Section 1.4 for further details about the mathematical definition of a GNE.
Next, we formalize customary assumptions that establish the regularity of some local

quantities in (4.1).

Assumption 4.1 (Local feasible sets and cost functions). Foralli € {1,..., N}, we have
that:

(i) The feasible set X; is nonempty, closed, and convex;

(ii) The function J;(-, ¢i(-)/N + o_i(x_;)) is of class C1, i.e., its derivative exists and is
continuous, for all x_; € R"~™, A

A key device in this game-theoretic framework is the so-called pseudo-gradient
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mapping F': R™ — R™:
F(z) == coL(Vg Ji(z1,0(2)),..., VayIn(zN,o(x))). (4.3)

With this regard, we also make the following assumption.

Assumption 4.2 (Strong monotonicity and Lipschitz continuity). F'is p-strongly mono-

tone, i.e., there exists p > 0 such that
(F(z) = F(y) " (x —y) = nllz -yl

for any x,y € R™. Moreover, given any x;,x; € R" and y,y’ € R"™™, foralli e {1,...,N},

we assume that

IV, Ji(wi, @) /N + y) =V Ji(ai, ¢i(27) /N + 3|
<L HCOL zi,y) — cor(zh, )|,
HVlJZ-(a:“ y) — Vidi(x H < Ly ||cor(zi, y) — cor(zj, )|,
HVgJi(xz, y) — Vadi(x H < Ly HCOL (xi,y) — cor(xh, )|,
6i(@:) = @i(a))|| < L ||las — 7] - A

While assumptions on strong monotonicity and Lipschitz continuity of the game
mapping are quite standard in the literature [12,147,205], in the second part of As-
sumption 4.2 we further specialize the Lipschitz properties of the gradients of the cost
functions in both the local and aggregate variables, as well as of each single aggregation
rule ¢;(+).

Note that we assume partial information, i.e., each agent i is only aware of its own lo-
cal information x;, J;, ¢;, X, A;, and b;. Moreover, each agent can exchange information
with a subset of {1,..., N} only. Specifically, we consider a network of agents whose
communication is performed according to a directed graph G = ({1,..., N}, &), with
& C {1,...,N}?. The following assumption characterizes the communication graphs

considered:

Assumption 4.3 (Network). The graph G is strongly connected and the matrix Wg is doubly
stochastic. A

4.2.1 Primal TRADES: Algorithm Description and Analysis

In this section we introduce and analyze Primal TRacking-based Aggregative Distributed
Equilibrium Seeking (TRADES), a fully-distributed iterative NE seeking algorithm for
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aggregative games given by (4.1) without coupling constraints, i.e.,

Vie{l,...,N}: min J;j(z;,0(x)). (4.4)
z,€X;
Our distributed algorithm is then able to steer the strategies of the network to a NE
of the game.
The proposed scheme is iterative with k denoting the iteration index. Let x¥ € R™
be the strategy chosen by each agent 7 at iteration k > 0. Taking its convex combination
with a projected pseudo-gradient step may be an effective way to steer each agent’s

strategy to the best response z; 1, (0_;(x",)). When applied to problem (4.4), it reads as
< = x40 (P, [ = (Va0 ()| = ) (4.5)

where § € (0,1) is a constant performing the combination and v > 0 plays the role
of the gradient step-size. We point out that the chain rule and the definition of o (x*)
(cf. (1.9)) lead to V,, Ji(xF,o(xF)) = ViJi(xF, o(xF)) + %(XBVQL(X?,U(X]“)). In our
distributed setting, however, agent i cannot access the global aggregate variable o(x").
To compensate this lack of information, we rely on the locally available ¢;(x¥) and
the auxiliary variable z¥ € R?. Thus, for alli € {1,..., N}, we introduce the operator
F, : R™ x R? — R" defined as

Fi(zi,8) == ViJi(z;,s) + Véf)]z\gxl)

VQ J’L (l’i, 8)7
and, in accordance, we modify the update (4.5) as
X;H—l =xF4+6 (PXi {Xf — ~F; <Xf, bi(xF) + Zf)} — Xf) ) (4.6)

which can be directly implemented without violating the distributed nature of the
algorithm. In case
2 = —6i(x) + o (x"), (47)

then the implementable law (4.6) coincides with the desired one given in (4.5). Note
that z¥ encodes the estimate of o(x¥) — ¢;(x¥), i.e., the aggregate of all other agents’
strategies except for the i-th one. For this reason, we update each auxiliary variable z/
according to the following causal version of the perturbed average consensus scheme
(see (2.4), where it has been used to locally compensate the missing knowledge of the

global gradient in the distributed consensus optimization setting):

2t = Z wijzy + Z wij by (x) — ¢i(x). (4.8)
JEN; JEN;

This is implementable in a fully-distributed fashion since it only requires communi-
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cation with neighboring agents j € N;. We report the whole algorithmic structure in
Algorithm 8 and, from now on, we will refer to it as Primal TRacking-based Aggregative
Equilibrium Seeking (TRADES)

Algorithm 8 Primal TRADES (Agent )
Initialization: X,? € X;, z? = 0.
fork=1,2,... do

Xt =xk 45 (PXZ- [Xf —F, (Xfﬂ $i(x}) + Zf)} - Xf) (4.9a)
A= S w3 w9 - i) (450)
JEN; JEN;

end for

We note that Algorithm 8 requires the initialization z¥ = 0 for all i € {1,..., N}; we
will discuss in the sequel the interpretation of this particular initialization. The local
update (4.9) leads to the stacked vector form of Primal TRADES, namely

XM=k 4 (5<PX [Xk —oF (sz’ ¢(x*) + Zk) ] - Xk>7 (4.10a)

= War + Wy — Do(xY), (4.10b)

with Wy = Wg ® I; € RN, 7% == coL(z1 4, . . ., 2n k), H(xF) = cor (a1 (xF), ..., on(xK)),
and F(xF, ¢(xF)+2¥) := coL(Fy (xF, 1 (xF)+25), ..., En (<K, o (xK) +2%)). We establish
next the properties of Primal TRADES in computing the NE of problem (4.4).

Theorem 4.1. Consider the dynamics in (4.10). There exist constants 8,7, a1, as > 0 such
that, for any & € (0,0), v € (0,7) and (x°,2°) € R"*N? such that 1y ;2° = 0, it holds

ka — ac*” < ay exp(—agk). A

The proof of Theorem 4.1 relies on a singular perturbation analysis of system (4.10),

and will be given in the next subsection.

Proof of Theorem 4.1

We build the framework to prove Theorem 4.1 by analyzing (4.10) under a singular
perturbations lens. We therefore establish the related proof in five steps:
1. Bringing (4.10) in the form of (C.18): We leverage the initialization z° so that
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1} dzo = 0 to introduce coordinates z € R% and z; € RW-14 defined as:

)

where Ry € RN>*(N=Dd with || Ry| = 1 is such that

T
1y,
N

-
Rd

Z —> ZZlN,dz+RdZLa (4.11)

T
1N,d1N,d

R4R) =1 — and Rj1yg4=0. (4.12)

Then, by using the definition of Z given in (4.11), the associated dynamics reads as

—k+1 1yd k+1 (@) ILdW k 1Na W — I k
2 = = S Wart + == (Wa = Do (x7)
T T
® Ing 1 © Ina _ (d)
N = N <1N’dzk + Rdz’i) =7, (4.13)

where in (a) we exploit the update (4.10), in (b) we use the facts that, in view of
Assumption 4.3, (i) lded = 1;,61 and (ii) 1]1\—77d(Wd —1I) = 0, in (c) we rewrite z*
according to (4.11), and in (d) we use the fact that 1&de = 0. Thus, (4.13) leads
to zZ8*1 = 20 = 0 for all k > 0, where the last equality follows by the initialization
1}7dzO = 0 and the definition of z (cf. (4.11)). We are thus entitled to ignore the null

dynamics of z* and, according to (4.11), we equivalently rewrite (4.10) as

S =k 5 (P 55— AP (05 + Rark)] — ) (4.14a)

2" = RyWaRazh + R) Wy — Do (xF). (4.14b)

For any k£ > 0, the interconnected system (4.14) can be seen as singularly perturbed

system in the generic form of (C.18) (in Appendix C) by setting

wh = z]j_,
FOEwE) = Py [ = y P, 6(x5) + Rawh)| =, (4.15)

g(wh <) == RIW4Raw" + R) Wy — 1) (xF).

In particular, we refer to the subsystem (4.14a) as the slow system, while we refer
to (4.14b) as the fast one.

2. Equilibrium function h : For any x* € R", under the expression for B4R in (4.12)
and since Wy is doubly stochastic (cf. Assumption 4.3) notice that for any x* = x € R,

71 = h(x) = =R $(x) (4.16)
constitutes an equilibrium of (4.14b). Since R;—Wde is Schur in view of Assumption 4.3,
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we interpret (4.14b) as a strictly stable linear system with nonlinear input R} (W, —
I)$(x*) parametrizing the equilibrium of the subsystem. The role of 1 is to slow down
the variation of x* so that the stability of h(x*) for (4.14b) is preserved.

3. Boundary layer system and satisfaction of (C.21): The so-called boundary layer
system associated to (4.14) can be constructed by fixing x* = 2 for all £ > 0, for
some arbitrary x € R" in (4.14b), and rewriting it according to the error coordinates
7% .= z& — h(x*). Using (4.12), we obtain that

M = RIW RZ:. (4.17)

Notice that the latter is in the form of (C.20) (in Appendix C) with ¢ = ¥, and g(z +
h(x),x) — h(x) = R] WyR4z". The next lemma provides a Lyapunov function for (4.17).

d

Lemma 4.1. Consider system (4.17). Then, there exists a continuous function U : RNV-1d _y

R satisfying (C.21) (in Appendix C) with z in place of 1.

Proof. System (4.17) is a linear autonomous system whose state matrix R;—Wde €
RN=Ddx(N=1)d j5 Schur. Hence, there exists P € RN-1Ddx(N=1)d ' p — pT - ( for the

candidate Lyapunov function U(7*) = (z*)T P7*, solving the Lyapunov equation
(RyW4Ry)"PRIWyRy — P = —Q. (4.18)

for any @ € RN-Ddx(N-1)d 3 — QT > 0. Condition (C.21a) follows then from
the fact that U is quadratic with P > 0 so b; and b2 can be chosen to be its mini-
mum and maximum eigenvalue, respectively. The left-hand side of (C.21b) becomes
(7)) T ((RyWaRa) " PR]WyR, — P)7* = —(7*) T Q7F, where the equality is due to (4.18).
Hence, (C.21b) is satisfied by taking b3 to be the smallest eigenvalue of ). To see (C.21c)

notice that

|t -vah)| =

()T Pk — (#) " P7b|
71)

< ||(@) " Pz} - (@) Pz

+ @) TP - 5T P

< |IPIl||21 — 25| |[21]| + Pl ||21 — 25| ||25 (4.19)

where the first inequality follows from adding and subtracting (7¥) " P75 and using the
triangle inequality, while the second one from the Cauchy-Schwarz inequality. The
bound in (C.21c) follows then from (4.19) by taking b4 to be the largest eigenvalue of P

(recall it is symmetric). [ |

4. Reduced system and satisfaction of (C.22): The so-called reduced system can be
obtained by plugging into (4.14a) the fast state at its steady state equilibrium, i.e., we
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consider zF = h(x*) for any k > 0. We thus have
XMl =xk 45 (PX {xk — yF(xF, p(xF) + Rdh(xk))] — xk) . (4.20)

Due to (4.12) we have that F'(x*, ¢(x*) + Rgh(x*)) = F(x*, 1y 40(x*)) = F(x*), so (4.20)
is equivalent to
X =xF 4§ (PX [Xk - ’)/F(Xk):| — Xk> . (4.21)

The next lemma provides a Lyapunov function for (4.20).

Lemma 4.2. Consider system (4.20). Let z* € R™ be such that f(x*, h(z*)) = 0 with f
defined as in (4.15). Then, there exist a continuous function W : R* — R, 5 > 0 and d3 > 0
such that, for any v € (0,%) and any § € (0,52), W satisfies (C.22).

Proof. Pick the function W : R” — R defined as

Since W is a quadratic function, conditions (C.22a) and (C.22c¢) (in Appendix C) are
satisfied. To show (C.22b) we evaluate AW (x¥) :== W (x**1) — W (x¥) along (4.21). We
then have

AW (x) 2”1—5x+5( [k—’yF(xk)D—x* ’

(g) (1-9)2 ka
- 2

F(6—82) ka—x

e

2

2
*

X—.ZU

gl
[ = 9P ()| = P o = v ()]

|
+ 2oy [ = P 68)] - Pl = aF ()|

®) (1 —06)2 2 1
R L

2

+ (6 — 6%) ka—x*

ka —AF(xF) — o* 4+ yF(a)

2

2 Hx — yF(xF) — 2" +yF ()|, (4.22)

where in (a) we introduce the quantity 6(z* — Px [x* — vF'(z*)]) within the first norm,
as this is zero due to the definition of z*, expand the square, and use the Cauchy-
Schwarz inequality. Inequality (b) follows by the fact that for any a, b, we have that
| Px [a] — Px [b]|| < |la — b||, since the projection operator is nonexpansive.

Since F is pu-strongly monotone and L; Lipschitz continuous (cf. Assumption 4.2),
set ¥ = 2u/(L1)? and choose v € (0,7). Applying Lemma B.3 yields

ka — Y F(x") — 2* + yF(a*)

<(1-7) ka—x*

: (4.23)
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with i =1 — \/1 —v(2 — v(L1)?) € (0,1]. Thus, by using the inequality in (4.23), we
can bound (4.22) as follows

(1—9)?
2
0*(1 - j)? [+~

k_$*

AW (xF) <

e e -

2
T

= o <1 - 5;‘) ka 2

where the equality is obtained by rearranging the right-hand side of the inequality.
Thus, for any § € (0,d2) with 0y := 2/fi, dji(1 — 6ji/2) > 0 in (4.24), thus establishing
condition (C.22b) and concluding the proof. [

2
(4.24)

5. Lipschitz continuity of f, g and h: As we will be invoking Theorem C.2 (in Ap-
pendix C), we need to ensure that the Lipschitz continuity assumptions required by
the theorem are satisfied. In particular, we require f and ¢ in (4.15) to be Lipschitz
continuous with respect to both arguments, and & in (4.16) to be Lipschitz continuous
with respect to x.

Lipschitz continuity of f follows by the fact that VJ; is Lipschitz continuous due
to Assumption 4.2. To show Lipschitz continuity of ¢g in (4.15) notice that for any
w,w’ € RV=D and any z, 2’ € R",

| REWaRa(w = w!) + REOVa = 1)(6(2) = () | < |[RIWaRal| 10—
+ Ly [ RE OV = D o = ]|,

where the inequality is due to triangle inequality and the fact that by Assumption 4.2, ¢
is Lipschitz continuous with Lipschitz constant L3. To show Lipschitz continuity of h,

notice that for any z, 2’ € R",

Hh(m) - h(x')” < L3|| R4 Hx - :c'H =1L3 Hm —a

)

where the inequality follows from (4.16) and Lipschitz continuity of ¢, while the equality
from the fact that || Ry|| = 1.

By combining Lemma 4.1 and 4.2 with the Lipschitz conditions expressed above,
Theorem C.2 can therefore be applied. Thus, there exists § € (0, d2) so that (z*, h(x*)) is
an exponentially stable equilibrium for (4.14). O

4.2.2 Primal-Dual TRADES: Algorithm Description and Analysis

In this section we introduce the Primal-Dual TRADES algorithm, i.e., a distributed

iterative methodology to find a GNE in aggregative games with local and linear coupling
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constraints as formalized in (4.1).
In addition to the assumptions made in Section 4.2, we need some further conditions

for our mathematical developments.

Assumption 4.4 (Feasibility). The set C # () and, for all i € {1,...,N}, for any x_; €
R, (1) Ci(emi(z—i)) # 0 and (ii) Ji(@ipr(v—i), $i(ipr(2—i)) /N + 3254 ¢5(25)/N) >
_w. A

Consider the following variational inequality, defined by the mapping F in (4.3) and
the domain C:
F(z*) (z —2*) >0, forallz € C. (4.25)

It is known that every point z* € C for which (4.25) holds is a GNE of the game (4.1) and,
specifically, a variational GNE (v-GNE) (cf. [59, Th. 2.1]). The converse, however, does
not hold in general due to the presence of the coupling constraints. Since F is strongly
monotone (cf. Assumption 4.2) and C nonempty, closed and convex (cf. Assumption 4.4),
a v-GNE is guaranteed to exist and it is also unique by [167, Th. 3].

We will devise an iterative algorithm that will asymptotically return the (unique)
v-GNE of (4.1). Inspired by [159], where an augmented primal-dual scheme was used
for continuous-time, centralized optimization, we require the following additional

condition on the matrix A of the coupling constraints (cf. (4.1)):

Assumption 4.5 (Full-row rank). Matrix A satisfies rank(A) = m, and there exist k1, ko >
0 such that k11,, < AAT < kol,,. AN

Following [159], for all ¢ € {1,..., N} we consider the augmented Lagrangian
function L; : R™ x R™ — R defined as

m

Li(x,A) = Ji(xs, 0(x)) + Y Hy([Ax — ble, [N]o), (4.26)
/=1

=:H(Ax—b,\)
where

[Ax — ble[Ale + §([Ax = 0]e)* if p([Ax — be) + [N > 0

Hy([Ax = e, M) =4 |
— L[\ if p([Ax — bly) + [\e <0,

with A € R™ being the multiplier associated to the coupling constraints, and p > 0 a
constant. We therefore address the v-GNE seeking problem by obtaining a saddle point
of (4.26) through the discrete-time dynamics:

N 6<Pxi [xf — YV Ji(xF, o (xF)) — AV, H(Ax® — b, )\k)] — x§> (4.27a)
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ML — 2 L 5V H (AXF — b, AF), (4.27b)

where x¥, §, and y have the same meaning as in (4.5), \¥ € R™ is the multiplier at k > 0,
and the explicit form of the gradients V, H(Ax* — b, \¥) and V\ H (Ax* — b, \¥) reads as

Vi H(Ax = b, ") = Emj Vi He([Ax" = ble, [\*]0)

=1
= i max {P([Axk = blo) + [A¥]e, 0} [Ail/ (4.28a)
=1
VaH(AxF — b, \F) = i VaH([AxF — b]y, [M*]0)
=1
= i ;ez(max {p([Axk —ble) + [AF]e, o} — [\¥), (4.28b)
=1
where e, € R™ is the (-th vector of the canonical basis of R™, ¢ € {1,...,m}. The

stacked-column form of (4.27) is

K = x4 a(PX [ = VP (x) = 7V H (Ax" — b, 00)] - x’“>, (4.29)
M= A 4 5y VA H (AxE — b, \Y), (4.296)

where V, H(AxF — b, \F) := cor(V,, H(AX* — b, \F), ... V. H(AxF — b, \F).

However, since agent i does not have access neither to o(x*) nor to Ax*—b, the scheme
in (4.27) cannot be directly implemented. Moreover, dynamics (4.27) requires a central
unit that can compute the global quantity Ax* — b and communicate the multiplier \*
to all the agents. For this reason, in Algorithm 9 we introduce for alli € {1,..., N} (i)
two additional variables z; € R? and y; € R™ to compensate the local unavailability
of o(x*) and Ax* — b, respectively, (ii) a copy A\; € R™ of the multiplier )\, and (iii)
an additional average consensus step to enforce agreement among the multipliers \;,
(cf. (4.31b)-(4.31d)). We choose causal perturbed consensus dynamics to update z; and
yi. Forall i € {1,..., N}, we then introduce operators Gx; : R™ x R™ — R™ and
Gy R™ xR™ — R™ as

Gxi(s1,82) = Z max{p([s1]e) + [s2]e, O}[Ai]/
=1 (4.30)

m

G)\z 81,82 *Z max{p 81 [82]4,0} — [82]4) €Ey.
=1

b}—‘

In Algorithm 9, these operators encode the component of the gradients in (4.28) available

to agent i at iteration k, plus the auxiliary variable y* that is used to track Ax* — b (see
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Algorithm 9 Primal-Dual TRADES (Agent 7)

Initialization: X € Xz,)\i€ € ]RJF,ZZ = O,yl = 0.
fork=0,1,... do

xﬁ%mﬁéﬁxkfvéwwmﬁ+ﬁ>v@AM&ﬁ w+mAﬂ f)

(4.31a)
AT =) wiAS + 0y G (N (Aixt — bi) + yF, ) (4.31b)
JEN;
2= wyrf + Y wid (<) — dilxd) (4.310)
JEN; JEN;
i = Z wisyy + Z wii N —bj) — N(AxF —b;), (4.31d)
JEN; JEN;
end for

(4.31a) and (4.31b) in Algorithm 9). The main steps of the proposed method are hence
summarized in Algorithm 9 from the perspective of agent ¢, which is then referred as
Primal-Dual TRADES. Note that all the quantities involved in the agent’s calculations
are purely local, thus making Algorithm 9 fully distributed.

Differently from customary primal-dual schemes, (4.31b) does not need the pro-
jection over the positive orthant R due to the chosen augmented Lagrangian func-
tions L; (see (4.26)). We only need to initialize A} > 0 for all i € {1,...,N}, and
choose parameters 4, v, and p appropriately so that we avoid situations where A¥ > 0
implies \F™ < 0. To see this notice first that if \f = 0, then it is easy to check
Gri(N(AixE = b;) +yF, AF) > 0 and, thus, \¥™! > 0. The critical scenario for agent i oc-
curs when all the multipliers of its neighbors are zero, namely )\? = 0forany j € N;, and
when max{p([N (AxF — b; +y¥]s) + [\¥];,0} = 0 for at least one £ € {1,...,m}. Indeed,
specializing (4.31b) for this case leads to the following update of that /-th component of
A

1 — (= 90 ) 1k
[Ai ]e—( i p)[Mz. (4.32)

From (4.32), we conclude that [\¥™!], remains non-negative if [\¥], is non-negative, thus
alleviating the need for a projection, as long as ¢, v, and p satisfy w;; > §v/p.

As in the case without coupling constraints, the purpose of the initialization step will
become clear in the next subsection. The steps of Algorithm 9 in (4.31) can be compactly

written as:

P = xF 5 fx (x5, AR 2R R, (4.33a)
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ML — W AR 467G (N (AxFE — b) + y%, \F), (4.33b)
2P = Wb + Wy — Do (xb), (4.33c¢)
v = Wy + W, — )N (AxF —b). (4.33d)

where fyx : R?* x RN™ x RN x RN™ _ R” is defined as
fx(x A 2,y) = Px |2 = 1F (x,6(x) +2) = 7Gx(N(Ax = b) +y. )] =,

and, similarly to (4.10), A : coL(Ay, ..., An), Wy = Wo®1I g, Wi, = W @1, G (N (AxF—
b) + ", AF) = cor(Gy 1 (N(Aix} — b1) + ¥, A1), ., G n(N(Anxly — by) + vk, M),
and G\ (N (AxF —b) + v, \F) := cor(Ga1 (N (A1xF —by) +v8, N5, ... Gy n(N(Anxk, —
o) + ¥ AN))-

The next theorem establishes the convergence properties of Primal-Dual TRADES in
computing the v-GNE of (4.1).

Theorem 4.2. Consider 4.33 and Assumptions 4.4, 4.5. Let (x,\°,20,y%) € X x RY™ x
RN x RN™ satisfy 1}7dz0 = 0and 1}7my0 = 0. Then, there exist constants 5,7, a1, az > 0
such that, for any § € (0,9), v € (0,7), with w;; > ‘%for alli € {1,..., N}, it holds

ka — x*” < ay exp(—agk). YAN

Note that the additional condition w;; > d-/p needs to be satisfied by ¢ and , given
p, to ensure the dual variables remain non-negative, as discussed below (4.32). As in the
case of NE seeking without coupling constraints, the proof of Theorem 4.2 relies on a

singular perturbations analysis of system (4.33). We provide this in the next subsection.

Proof of Theorem 4.2

As with the proof of Theorem 4.1, we show that the setting of Theorem 4.2 fits the
framework of Theorem C.2 (in Appendix C), and organize its proof in five steps.
1. Bringing (4.33) in the form of (C.18): We introduce the change of coordinates

1l 1l 1l

Zk; ~N,d ykf N,m j\k N,m
k T k TV |k T ) ’

where Ry € RN>X(N=Dd e RNmx(N=1)m | R/ =1, |R,|| = 1, and

T
1N7d1N,d

1N7m1L,m
N .

T
.
Rde N

, RuR) =1— (4.35)

As in the proof of Theorem 4.2, we use the initialization 15 ;2 = 0 and 15,y = 0

to ensure that zZ* = 0 and §* = 0 for all & > 0. In view of (4.34), we can therefore
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rewrite (4.33) by ignoring the dynamics of z* and ¥*, thus obtaining the system

X = xF 8O wh), (4.36a)
Wit = 5wk + K (8, 7)u(x"). (4.36b)
in which
k
[k AT
Xk; = el wh = Z’i ) (4.37a)
L y]j;_
XF 1y A + R AY | Ryzk | R,,v*
FOE W) = g1 Ix( R b L y1) , (4.37b)
(R} Wi Ron 0 0
5= 0 RjWaRq 0 , (4.37¢)
. 0 0 RIWnR.n
[6yR, 0 0
K@= 0 RJWs—1) 0 , (4.37d)
L 0 0 R! Wy, — 1)
[GA(N (A% —b) + Ry, 1nmAF + R AE)
u(x*) = $(x") : (4.37e)
L N(AxF —b)

where We view (4.36) as a singularly perturbed system, namely the interconnection
between the slow dynamics (4.36a) and the fast one (4.36b). Indeed, system (4.36) can
be obtained from (C.18) by considering x* as the state of (C.18a) and setting

g wh, 6) i= SwF + K(6,7)u(x"). (4.38)

2. Equilibrium function h: Under the double stochasticity condition of Wg due to
Assumption 4.3 and using (4.35), for any x* = ¥,

0
oo = | —Rio ([ o]x) (4.39)
“RIN (A I, 0 Xfé)

constitutes an equilibrium of (4.36b) (parametrized by x).
3. Boundary layer system and satisfaction of (C.21): The so-called boundary layer
system associated to (4.36) can be constructed by fixing x* = x = cor(x, \) for some

arbitrary (x,\) € R™ x R™, and rewriting it according to the error coordinates w :=
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corL(\1,%1,71) = w — h(x). Using (4.35), we then obtain that
WhL = SWF + Gy, W), (4.40)
where

RIG, <1N7m(AX — ) + B3, Lnvmh + Rm;\’j>
(x, Wk =
0

The next lemma provides a Lyapunov function for (4.40).

Lemma 4.3. Consider system (4.40). Then, there exists a continuous function U : RIN=1(@m+d) _,
R and &, > 0 such that for any 6 € (0,61) and any v > 0, U satisfies (C.21) with ¥ in place
of .

Proof. Since R;;l ~N,m = 0, we can write
R Gy (1N,m(Ax —b) + B3, L + Rmi’j)
=Ry, (GA (1N,m<Ax —b) + B3, I mA + Rmﬂ’i) — 1nmVaH (Ax — b, A))

= R:n (G)\ <1N7m(AX — b) + Rmylj_, 1N,m5\ + RmS\]j_> — G)\(].]\Lm(AX — b), 1N,m5\)) ,

(4.41)

where in the last equality we used 1y, VAH (Ax — b,A) = GA(Inm(Ax — b), 1nmA).
Following [159, Lemma 3], notice that, for any 1,7 € R, there exists €(r1,r2) € [0,1] so
that!

max{r1,0} — max{ry, 0} = €(ry1,7m2)(r1 — 72). (4.42)

Let us introduce

m

qgc = Z[Rmfflﬂu(i—l)mee

= (4.43)
pf = Z[ij‘]j_]ﬁ—k(i—l)mefv
=1
and use them to define
k k 3 k
i =pAx—b+q’) + A +p;
1, p( q;) p (4.44)

To; 1= p(AX — b) + 5\

max{ry,0} —max{rg,0}
T1—T2

, otherwise set e = 0.

f g # 1o, pick e =
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By the definition of @(y, W*) we have that its norm ||a(x, W")|| is equal to the norm of
the quantity in (4.41). As such, for any y € R"*™ and w* € RWV-1D@m+d) e use the
definition of G in (4.30), r’f’i and 72 ; in (4.44), and apply (4.42) for each component of
i(x, W¥) obtaining

N

mpCOL(Z 6([7“]{1']3, [7“2,1‘]6)([7“{6,2‘ - - p?]ﬁ — [ra; — 5‘]5)6€>

e 4] <

=1

m N
> (ks = A= pfle = [r2 — 5\]@)64)
=1

—~
=

2 RT

Cc

= | Ry R

—
=

, (4.45)

where in (a) we use the fact that 6([7'lf,i]fv [r2,ile) € [0,1] forall ¢ € {1,...,m}and i €

{1,..., N}, (b) uses the definitions in (4.44) to simplify the terms, (c) follows from (4.43),

and (d) uses R, R, = I and ijﬁ“ < Hx?ka that holds since §% is a component of w*.
Pick now U : RV-D@m+d) _ R defined as

U(W) = (W) " MW,
where M € RIV-1D@m+d)x(N=1)(2m+d) with M = M " > 0, such that
STMS—M=—1I. (4.46)

We remark that such a matrix M always exists because, in light of Assumption 4.3, both
R;—Wde and R;WmRm are Schur matrices and, thus, S is Schur as well. Under this
choice of U, conditions (C.21a) and (C.21c) are satisfied. To show (C.21b) we evaluate
AU (W) = U(w#*+1) — U(¥*) along the trajectories of (4.40), obtaining

AU (W*) = (SW* + sya(x, w%) T M(SW* + dvyi(x, w*)) — (%) T Mw*
2
— HWkH + 20y (W) T8T Ma(y, W) + 8242a(x, W) T Ma(y, #)
2

< —(1 = dypr — 6°7* o) HVV'“‘ (4.47)

where the second equality is due to (4.46), and the inequality is due to (4.45) and the
Cauchy-Schwarz inequality , with the constants p; = 2||S|| ||M|| and ug := ||M||. Thus,
there always exists 6; > 0 small enough so that (1 —&yu; —6%v2ug) > 0 for any 6 € (0, 61)
and v > 0, concluding the proof. [
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4. Reduced system and satisfaction of (C.22): The so-called reduced system can be
obtained by considering the fast dynamics in (4.36a) at steady state, i.e., w* = h(x*) for
any k > 0. We thus have

X = XF (O (xY)). (4.48)

Let us expand (4.48). Using (4.35), we obtain

P = ¢k 4 5<PX [Xk — ’yF <xk, lN’da(xk)) — ~vGy (1N7m(Axk —b), 1N7m;\k> ] — xk>,

(4.49a)
_ _ 1) _
Nt = 3k gy Ly (1nm(AxE = B), 1A (4.49b)
Notice that
F (Xa 1N,dU(X)) = F(X)7
G (Tnam(Ax" = 1), 1ymA*) = ViH(Ax* — b, 2F),
and also

T
1N,m
N

G (1N7m(Axk b, 1N,mxk) = VaH(AxF — b, 3F).

Therefore, (4.48) is identical to the original update (4.29). Given the unique v-GNE
x* of (4.1) (see Assumptions 4.4, 4.5) and the associated multiplier \* € R™, the next
lemma provides a Lyapunov function for (4.48), hence for (4.29).

Lemma 4.4. Consider system (4.48) and Assumptions 4.4, 4.5. Then, there exist a continuous
function W : R*™™ — R, § > 0, and 5 > 0 such that for any 6 € (0,6) and v € (0,7), W
satisfies (C.22) with x in place of x.

Proof. The proof is inspired by [159, Theorem 2, Lemma 3, Lemma 4], adapted to our
framework. Let F : R"™™ — R"*™ and H : R"™ — R"*™ be defined as

FOF) = 7 ([ 00} ) , (4.50a)
- [ V. H (A [I 0} Xk —b, [0 I} x’“)
H(\F) = B (A [1 0] o, [o 1} x"f) (4.50b)

Applying (4.42) to each of the components of H(x*) — H(x*), for any x* € R"*™ we
obtain

H(X") - H(X*Y) =

pATE(x®, x")A ATE(F, x*) k *
), 451
—E(F A S (BOFx) - I)] =) s
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where E(x*, x*) := diag(e1(x*, x*), . .., em(x*, x*)) and e,(x*, x*) € [0, 1] so that

max{p([Ax" — bl¢) + [X*]r, 0} — max{p([Az™ — bl¢) + [\"]¢, 0}
= eo(", X" (p([AX" = D] — [Aa™ — bl) + [N¥]e — [A]s),

for all £ € {1,...,m} and x*¥ = cor(x*, \¥) € R"*™. Moreover, for any x* € R", we

have
1
F(xF) = F(z*) = /0 VF((1 —v)z* + vxP)(x* — 2%)dv
@ {/1 VF((1—v)a* +vxF)dv| (x* — 2*)
0

B B(x*, z%)(xF — x¥). (4.52)

k — 2*) from the integral and in (b) we have

where in (a) we have extracted the term (x
introduced B(x*, z*) == fol VF((1—v)x* +vxF)dv. Since F is u-strongly monotone and
L;-Lipschitz continuous (cf. Assumption 4.2), we can uniformly bound the integrand
term of (4.52) as

pl < VE((1 —v)z* +vxb) g T,

which leads to . )
wl < / pldy < B(x*, %) < / TiIdv < Li1. (4.53)
0 0

Combining the definitions (4.50) with (4.51) and (4.52), we can write
—FOF) + F) = (HOF) = 7)) = DO ) (¢F = x), (4.54)
where D(x*, x*) € R(vtm)x(n+m) is given by

—B(xX*, x*) — pATE(X*, xA  —ATE(X*, ")

ko x\ .
D)= By 1) A L(B( ) - )

Consider now M € R(n+m)x(n+m) defined as

el AT
A ¢l

(4.55)

I

and notice that choosing ¢ such that ¢? > kg (cf. Assumption 4.5) ensures that M > 0
(see also [159, Theorem 1]). Now, let

Px [x] = Pxxrm [X]. (4.56)
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We can employ matrix M to show that ||Px [x* — vF(x*) — vH(x*)] — x*||,, enjoys cer-
tain contraction properties under the M-weighted norm. Note that Py [x" — vF(x*) — vH(x*)]
combines both the projected descent step for x**1 and the ascent step for \**! in (4.33);
this also justifies the opposite sign in the two block rows of H(x*) (cf. (4.50b)) and hence
also of D(x*, x*).
We then have that

2

P [xF =7 FOF) = vHOM| - X

M

—
S)
N

2

< |t =X = A FOE) = FO) = v(H6E) - HO) |
(b)
< X = x* +DOF ) =X L
Dk — jw +2 HD(X’“,X*)(X’“ - x*) jw
+ (= ) TDOF ) TM + MDOF X)) (X - x), (4.57)

where in (a) we use the relation x* = Px [x* — 7F(x*) — YH(x*)], and the non-expansiveness
property of the projection since X is closed and convex (cf. Assumption 4.1), in (b) we
use (4.54), and in (c) we expand ||-||3,. In light of (4.53), selecting

- 2 - 2
_ L 1 L
c=20L; <max{/m2,1}> (max{,1}> 2
I Lip K1
K

and 7 := 1, we can apply [159, Lemma 4] to D(x*, x*), obtaining

C
D(x*, x*)TM + MD(x*, x*) < =M. (4.58)

We then have that for any x* € R**™,

2 2

| PO 6 = x)

< L 4.59
<= (4.59)

_ 2
where p = (max {Ll + oA, %}) and the inequality follows by inspection of
D(x*, x*)(x* — x*) and using !!E(Xk, X*) H < 1. Thus, we bound the right-hand side of
(4.57) as

2

2 k *2
M§(1*77+7 m)Hx - X

Lo (460)

[P [ =270 = 0] = ¥

Setting 7 = -, for any v € (0,7), we have that 0 < 1 — 7 4+ 4?u1 < 1. Therefore,

HPX [Xk — 7 F(xF) —'y”H(X’“)] —X* (4.61)

ca-n -,
M_( ) |[x X\,
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where ji =1 — /1 —~y7 +~%u; € (0,1).

Consider now W : R**" — R defined as

W(x) = (x —x*) " M(x —x*), (4.62)

where M is as in (4.55). Since M > 0, W satisfies conditions (C.22a) and (C.22c). To
show (C.22b) we evaluate AW (x¥) :== W (x*+1) — W (x¥) along the trajectories of (4.48),

obtaining

AW (x") = Hx’“ +0f (" h(X®) = x* jw — Hx’“ —X* fw

g Hx’“ +0 (Px [Xk —F (") - ’yH(x'“)] —xF - x*) ’fw — Hx’“ —X* jw

(2(1—5)2HX’“—X* i —‘x’“—x* L
+2(6 - §°) ka =X, ‘7’;« [x'“ —F(F) - VH(X]C)} =X,
£8P [ () — 0] - x|

La-ar -l - w2 - - m|e v
+6%(1 — p)? ka - X" L

< sz o) [~ v} (4.63)

where (a) uses the definitions of f and Px (cf. (4.37b), (4.56)) to explicitly write the
update, in (b) we expand the squared norm, (c) follows by (4.61), while in (d) we
rearrange the terms. Setting 0 := 2//i, (4.63) ensures that for any ¢ € (0,0), W satisfies
(C.22b), and the proof follows. |

5. Lipschitz continuity of f, g and h: As we will be invoking Theorem C.2, we need to
ensure that the required Lipschitz continuity assumptions are satisfied. In particular, we
need to show that f, g in (4.37b) and (4.38), respectively, and h in (4.39) are Lipschitz
with respect to their arguments. This is guaranteed by the Lipschitz continuity of
the aggregation rules and the gradients of the cost functions (cf. Assumption 4.2),
the nonexpansiveness of the projection operator (since X is closed and convex, see
Assumption 4.1), and the Lipschitz continuity of G; and G (that appear in f and g),
which is ensured as shown in (4.42) within the proof of Lemma4.3.

By combining Lemmas 4.3 and 4.4 with the Lipschitz continuity properties expressed
above, Theorem C.2 can be applied. Then, there exists § € (0, min(d1,2)) so that, for any
§ € (0,0), coL(z*, \*, h(z*, \*)) is an exponentially stable equilibrium point for (4.36).

O
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4.2.3 Numerical Simulations

We demonstrate the efficacy of Primal TRADES and Primal-Dual TRADES, and compare
them with the most closely related distributed equilibrium seeking algorithms from the
literature. First, we consider the case with local constraints only, and then we focus also

on problems with coupling constraints.

Example without coupling constraints

In this subsection, we consider an instance of problem (4.4) and perform a numerical
simulations in which we compare Primal TRADES with Algorithm 2 proposed in [151].

We consider the multi-agent demand response problem considered in [151]. Consider
N loads whose electricity consumption x; := coL(z; 1, ..., Zi1) € RT with T € N has to
be chosen to solve

Vi€ {l,....N}: min pilz; - ail|* + (Ao(x) + po) ",

where 4; € RT denotes some nominal energy profile, p; > 0 is a constant weighting
parameter, the term Ao(z) + po with A\ € R, py € RT models the unit price which is
taken to be an affine increasing function of the aggregate (average) energy demand
o(x) = (1/N) N | ;. As for the local feasible set X; C R, forall i € {1,..., N}, we
pick

T T
X, = {ZL‘Z S RT |Si,7-+1(l'i) € S; and Tir € U; vt € {1, R ,T}, Zl’iﬂ- = Zﬂiﬂ-}’
=1 T=1

where U; C R, §; C R, and s; ;(x;) is the state of the i-th load at time 7 that, given the

parameters a;, b; € R, is computed according to the linear dynamics

where s;1 € S; is the initial condition of the state of the i-th load. To instantiate
the problem, we set ' = 24 and randomly generate values for 4;, p;, A, po, ai, bi, si1
and initial strategies x; 1 from uniform distributions. As for the sets if; and §;, we
pick the intervals [0, 1] and [0, 10], respectively. We consider a network with N = 10
players communicating according to an undirected, connected Erdés-Rényi graph with
parameter 0.3.

This setting satisfies our Assumptions. We compare our scheme, namely, Primal
TRADES with Algorithm 2 in [151]. We tune the latter with v; = v = 50 communication

rounds per iterate and update the auxiliary variable z* according to z*+! = (1 — \)z* +
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AAy, v, with A = 0.01 (the quantity A,, ., is a proxy for the unavailable aggregative
variable o(z), see [151] for more details.) As for the parameters of our scheme, we set

|/l

from the NE z* as the communication rounds (corresponding to iterations) progress. Our

0 =~ = 0.1. Figure 4.1 shows the evolution of the normalized distance ka —x*

algorithm exhibits faster convergence and achieves higher accuracy in the calculation of
the equilibrium z*. This was anticipated as the method in [151] is not guaranteed to

converge to the exact NE.

10°
Vk\
> T~
= .
=~ A
“x -2 RN N
10 S
| ..
e S
E ..
_ - - - Primal TRADES Tl
- = = Algorithm 2 in [138] S
10~ :
0 500 1,000 1,500 2,000

Communication rounds

Figure 4.1: Comparison in terms of the normalized distance of the iterates from the NE between
Primal TRADES (Algorithm 8) and the algorithm by [151], on a case study introduced in [151].

Example with coupling constraints

We address two Nash-Cournot games formulated as in (4.1) to compare our Primal-Dual
TRADES algorithm with the distributed methods proposed in [11] and [69]. For a fair
comparison we test the scheme by [11] with a constant step-size even if convergence
was theoretically proven only with a diminishing one; note that slower convergence is
expected by using a diminishing step-size.

We first compare the algorithms in [11] and [69] with Algorithm 9 on the case study
already presented in Section 1.4.2, i.e., the one from [11] that we recall as follwos.
Consider N firms that compete over n,, markets. In particular, for each market 7 €
M ={1,...,ny}, firm i is characterized by a production g, ; > 0 and sales s; ; > 0. For
eachi € {1,..., N} and 7 € M, the cost of production amounts to

fir(Giz) = GirGir + CirrGir-

The revenue of firm ¢ at market 7 is modelled as (d. — 5;)s; -, where d, > 0 is the
total demand for location 7, and 5 := }_;c(; Ny Si,- represents the aggregate sales at
location 7. For all firms ¢ € {1,..., N} and markets 7 € M, we assume a production
limitation ;. Moreover, in each market 7, the total production > ;c(;  n3 gi,r must
cover the demand d, without exceeding a maximum capacity 7,. We can thus cast

this setting as an instance of the GNEP in (4.1) with each strategy vector given by
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X; = COL(Gi 1y s Gimms Sids s Sinm) € RZ"m, and cost function
Ji(zi,0(2)) = 2] Qizi + £] zi + (Ao () "o,

where we introduce the symbols Q; = diag(g; 1, - -, qin,,0,...,0) € RZm>x2nm g, —

COL(City s Cimpy—di, .-, —dyn,) € R, A = blkdiag(0,,,, NI, ), and set the ag-
gregation rule as ¢;(z;) = z; for all i € {1,...,N}. As for the constraints, for all
i €{1,...,N}, we have the local constraint set

. 2nm _
Xi = {wz € R | [—12Tnm 1;%] 2; <0,0< g7 <uir,0< 55, 7=1,.. -,nm},

while the coupling constraints are defined by

I, O 1
m ] y bz . |:’r’1 ce. Ty

A; = S
‘ _Inm Onm N

m

—dy ... —dnmr.

Following [11], we choose N = 20, n,, = 10, an undirected and connected graph with
doubly stochastic weighted adjacency matrix chosen according to the Metropolis rule,
and we generate values for the parameters of the problem from uniform distributions.
Note that this game satisfies our Assumptions. In particular, for all i € {1,...,N}
and £ € M, we pick ¢, € [2,3], cip € [2,12], u;, € [50,100], d, € [90,100], and
ri € [dg,2dg]. We tune the algorithm as suggested in [11], i.e., with § = min(1,1/L),
7=1.05/(20),v=1,a; <0.95/(]|A; + 7||), and L; < 1/(||]A|| + 7) for alli € {1,...,N},
where L > 0 denotes the Lipschitz constant of the pseudo-gradient of the problem. To
instantiate the algorithm in [69], we choose ¢ = 4, kK = 1/200, 7 = 1/800, o = 1/120,
and v = 1/120, while we implement our scheme with § = 0.25, v = 0.01, and p = 0.1.
Figure 4.2 compares the performance of these algorithms with our proposed Algorithm 9
in terms of the normalized distance ||x* — 2*|| / [|#*|| from the GNE z*. We observe from
Figure 4.2 that Algorithm 9 outperforms the others in terms of accuracy and convergence
speed.
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10!
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Figure 4.2: Comparison in terms of the normalized distance of the iterates from the GNE
between Primal-Dual TRADES (Algorithm 9), and the algorithms by [11] and [69], on a case
study introduced in [11].
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Figure 4.3: Comparison in terms of the normalized distance of the iterates from the GNE

between Primal-Dual TRADES (Algorithm 9), and the algorithms by [11] and [69], on a case
study introduced in [69].

We now focus on the case study considered in [69]. Specifically, we consider a
Nash-Cournot game over a network for a single market with production constraints
and globally coupling capacity constraints, which can be formulated as an instance of
(4.1). In particular, we consider N = 20, X; = [0,10] foralli € {1,...,N}, A=[1...1],
b = 20, and the cost function

Ji(xi,o(z)) =1+2(—1)z; — (60 —o(z) — ;xz) .

Asin [69], we consider a graph with ring topology. To achieve a fair comparison with [69],
we follow the authors’ tuning and choose ¢ = 4, k = 1/200, 7 = 1/800, « = 1/120, and
v = 1/120, while we tune the scheme in [11] as above. As for the parameters of our
algorithm, we empirically tune them as § = v = p = 0.1. In Figure 4.3, we compare
the performance of the algorithms in [11] and [69] with Algorithm 9 in terms of the
normalized distance ka — a:*H / ||z*]| from the GNE z*. Also in this case the proposed

scheme exhibits faster convergence.
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Conclusions

In this thesis, we addressed several challenges arising in peer-to-peer networks of agents
with the aim of optimizing their local decision varlables with respect to a global cost
(distributed optimization) or a private one (games). This thesis proposed a system
theoretical point of view to design and analyze distributed algorithms to address this
kind of problems. In detail, we first considered the consensus optimization framework
and, in particular, we focused on the existing Gradient Tracking method. By resorting to
an original singular perturbations perspective, we provided theoretical guarantees about
its convergence in the case of nonconvex objective functions. Then, we extended the
standard scheme to improve its performance and to deal with more complex frameworks,
like, e.g., the case in which the gradients of the objective functions are not available
or the one in which the objective functions vary over time. Subsequently, we tackled
the recently emerged distributed aggregative optimization framework. In this field, we
designed and analyzed novel algorithms arising in the online setup, the “personalized”
optimization setting, and the feedback optimization framework. Finally, we considered
the so-called aggregative games over networks. In this regard, we designed two fully
distributed schemes to compute the Nash equilibrium of the game. In detail, the first
algorithm has been designed to deal only with local constraints, while the second one has
been tailored to deal also with linear coupling constraints among the decision variables
of the agents of the game. In both cases, system theoretical arguments are provided to
guarantee the effectiveness of the schemes.

Future research directions involve the extensions of the developed schemes and
methodologies to more general stochastic frameworks. In particular, it would be in-
teresting to generalize the investigated frameworks by allowing for uncertainties of
the problem parameters that require learning-oriented techniques for which we only
provided a first attempt. Such a contribution would definitely find applications for
big data and deep learning purposes. Further, it may be also interesting to give more
insights about the investigated feedback optimization setup, namely implementing
the emerged methods on physical devices (like, e.g., mobile robots or drones), i.e., in
closed-loop with their own dynamics. Moreover, it could be interesting to investigate

the extension of our algorithms to a more general non monotone game setting. Finally,
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the developed methodologies may also provide interesting contributions to the so-called
constraint-coupled setup, i.e., another distributed optimization framework which has

not been investigated in this thesis.
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Appendix A

Optimization Basics

In this appendix, we provide some basic concepts and results about optimization.

Definition A.1 (Local and Global Minimum [13]). Consider the function f : X C R™ — R.
Then, the point * € R"™ is said to be a (strict) local minimum of f over X if there exists € > 0
such that it holds

(<)
fl@*) < fa), (A1)

for any x € X satisfying ||x — x*|| < e. Moreover, if the inequality (A.1) holds for any x € X,
then x* is said to be the global minimum of f over X. A

Definition A.2 (Radially unboundedness [14]). Consider a closed function f : R™ — R.
Then, f is said to be radially unbounded if for any sequence {x*}pcn such that HXkH — 00
we have

lim f(x*) = cc. A

k—o0

Proposition A.1 ([14, Proposition 3.2.1]). Consider the function f : R™ — R. If f is

radially unbounded, then the set of local minima of f over R™ is nonempty and compact. A

Definition A.3 (Convexity [14]). Consider the function f : X CR"™ — R. Then, f is said
to be (strictly) convex if it holds

£@) S £ @)+ VI (- 2)+ 2 -yl
for any x,y € X. Moreover, given p > 0, f is said to be ji-strongly convex if it holds
@) = F) + Vi) (=) + 5 lle =yl
forany x,y € X. A
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Proposition A.2 ([14, Proposition 3.1.1]). If X C R" is a convex subset and f is a convex
function, then a local minimum of f over X is also a global minimum. If in addition f is

strictly convex, then there exists the global minmum x* € R" of f over X. JAN

Convergence rates

Let {Xk}keN be a sequence of vectors in R". Assume the sequence converges to some
z € R™. We say that the sequence converges linearly to z if there exists a number
n € (0,1) such that

If n = 0 we say that the sequence converges superlinearly. It is common to denote the
rate of convergence using the big-O notation. For instance, a sequence that goes to
zero as O(1/k) converges sublinearly, while a sequence that goes to zero as O(\F), with

A € (0,1), converges linearly.
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Appendix B

Auxiliary Results

In this appendix, we provide a series of auxiliary results that turn out to be useful in

deriving some of the intermediate results of this thesis.

Lemma B.1 ([85, Theorem 6.3.12]). Let My, E € R™*" and let X be a simple eigenvalue of
My. Let v and w be, respectively, the right and left eigenvectors of My corresponding to the
eigenvalue \. Then, for each € > 0, there exists a 0 > 0 such that, for all § € R with |6 < 6,
there is a unique eigenvalue X\(3) of Mo + 0E such that

wl Ev <15
U)H’U —| ‘67

AS) —A—§

in which w? denotes the Hermitian of w. Moreover \(0) is continuous at § = 0 and

lim A(6) = X.

Moreover \(9) is differentiable at 6 = 0 and it holds

d\(6) ~wlEv
ds |y wHov '

A

Lemma B.2. Let f(z) : R® — R be u-strongly convex and with L-Lipschitz continuous
gradient. Let x* € R™ its (unique) minimizer. Moreover, let D € R™ ™ be positive definite
diagonal matrix such that D;; € [e, M] foralli =1,...,nwith M > € > 0and M < co. Let
Ly = MLand pe = ep. Let xF+1 = x* —y DV f(x¥), with v € (0, %M] Then||x*+1 —2*|| <
max{(1 — ype), (1 — yLar) }x* — 2*]].

Proof. Let h(z) be a function such that Vi(z) = DV f(z) for all x. It can be easily shown
that h has Lj/-Lipschitz continuous gradients, in fact

IVh(z) = Vh(y)|l = [DV f(x) = DV f(y)]
<[IDIIVf(z) = Vil < IDI L]z =yl < ML|jz —yl|.

183



APPENDIX B. AUXILIARY RESULTS

Moreover h is pc-strongly convex, since V2h(z) = DV?f(z) = Dol > eol. Define
g(z) = h(z) — & ||z|?. Notice that, by definition, g is convex and with (L — p)-Lipschitz

continuous gradient. Thus, by definition we have

1

T IVale) - Vy(y)|*.

(Vg(z) — Vg(y),z —y) >

Now, by using the definition of g one has
(VA(x) = pew = VA(Y) + pey, « — y) = (Vh(@) = VA(y), z — y) — pellz =y
Moreover

IVg(z) = Vg)l* = [IVh(z) — nex — Vh(y) + peyll?

= |Vh(z) = VR(y)|® + pellz — ylI* — 2ue{Vh(z) — Vh(y),z —

By combining (B.1), (B.2), and (B.3) we get
(Vhia) ~ V(o). x— 1) > LD o g2+ () - Va)P
’ N He + Z1\/[ e + ZM
Now, by using the update rule, one has
[ — 2|2 = [k — 4DV S () — 22
= |Ix* = 2*||? = 29(DV f(x"), x" —2*) + 7| DV £ (x*)||*
= |)x* — 2*||* = 29(DV f(x") = DV f(a*),x" —a*)
+7°IDV f(x*) = DV f (™).
By using the result (B.4) with Vh(z) = DV f(x), we have
I — 2P < 5P = 2|2 + 42| DV f (") = DV f(2")]?

e L 2y
2 |xF — 2¥|]* - ————||DVf(x*) — DV f(2¥)]|?

L
= <1 — 27'u€M> ka — w*H2
te + Ly

2 k *\ (|2
4o (7_ /HLM) |IDV f(x*) — DV f(z*)|

(B.1)

(B.2)

Y)-
(B.3)

peLy =2 2u?
< (1 - 276) I — | + <7LM _ ) It — 22

He +ZM
2 T 2 k * 12
< max{(1 —ypue)”, (1 — L) X" —2™|".

Ne"‘fM
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The proof follows by taking the square root of both sides. [

Lemma B.3 (Contraction of strongly monotone operator). Let F': R" — R" be u-strongly
monotone and L-Lipschitz continuous. If v € (0, 2u/fz), then for any x,x’ € R™ it holds
that

o= 1F(@) =’ + 2@ < (1 - ) 2 - ']

where i =1 — \/1 —y(2u —~L7) € (0, 1]. 0
Proof. We have that

|2 =1F(2) =2 +4F ()" = ||z = '+ | F(2) - F(")

—2y(z — )T (F(z) - F(a'))
(%) Hm—x’HZ—7(2,u—'yf2) Hx—x'H2, (B.5)

where in (a) we use the strong monotonicity and the Lipschitz continuity of F. By
construction, i € (0,1] is equivalent to v(2u — fny) > 0 and v(2u — vL?) < 1. The
former holds since v € (0, 2,11/32). To see the latter, notice that, by definition of y-strong
monotonicity and L-Lipschitz continuity, we have

L H:L‘ —x’H2 < (F(z) = F@@)(z—2') < HF(l’) — F(2))]| H:L‘ —x’H < f“x —x/’ 2,

for any x, 2/, hence 1 < L. Thus, for any v, it holds that 1—2uy+~2L? > 1-2yL+~%L? =
(1-~L)? > 0. AN |
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Appendix C

Discrete-Time Singularly Perturbed
Systems

In this appendix, we consider the class of systems known in literature as singularly
perturbed systems, i.e., the interconnection between two schemes referred to as slow and
fast subsystem, respectively. A key feature of this class of systems is that the fast scheme
has an equilibrium parametrized in the slow state. In the following, we provide results
extending the ones existing in literature (see, e.g., [Proposition 9.1][19] for discrete-time
or [91] for continuous-time). Although we explicitly apply the theorems of this appendix
both in Chapter 2 and 4, they represent results that can be useful per se in the analysis
of generic schemes given by the interconnection of two subsystems.

In detail, the next theorem provides a LaSalle’s invariance principle for discrete-time
singularly perturbed systems. First, we provide the definition of invariant set which

turns out to be instrumental for such a theorem.

Definition C.1 (Invariant Set [124]). Consider M C R" and x*+1 = T'(x*), with T : R" —
R™ and x € R". Let T(M) := {y € R" | y = T(x) for some v € M}. M is invariant if
T(M) =M. A

Theorem C.1. Consider the system

R = =8+ y9(xF, ¢F) (C.1a)
¢HHt = g(¢* =), (C.1b)
withxF e R", (F e R™, ¢ : R* x R™ - R”, g : R™ x R" x R — R™, and v > 0. Assume
that ¢ and g are Lipschitz continuous in X and ¢ with parameters L1 > 0 and Ly(vy) > 0,

respectively, where L, is continuous. Assume that there exists h : R" x R — R™ such

that g(h(X,7v),X,v) = h(X,7) for any x € R"™ and that h is Lipschitz continuous in X with
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parameter Ly(~y) > 0, where Ly, is continuous. Let
S =55 4 (= h(=F, 7)) (C.2)
be the reduced system and
YE = 9" + h(x,7), %) — (%) (C.3)

be the boundary layer system with ¢* € R™. Assume that there exists 51 > 0 such that, for
any v € (0,71), there exists a Lyapunov function W : R™ — R such that

by [[9))? < W () < by |2 (C.4a)
W(g(4 + h(x,7),%,7)—h(%,7)) = W(¥) < —bs |[¢[]° (C.4b)
W (3p1) — W (3b2)| <ba |91 — ol (]| + ll2]), (C.4c)

for any i, 1,192 € R™, x € R", and some by, bz, b3, by > 0. Further, assume there exists
N2 > 0 and a radially unbounded function U : R™ — R such that

U +7¢(%,h(%,7) = U®) < —yer ¢ Az )| (C.5a)
Ux1 +52) = Uls1 + %) < ez o1, h(x1, M) 152 = %l + es (1% + 5511
(C.5b)

for any v € (0,%2), X,X1,X2,X3 € R", and some c1,ca2,c3 > 0. Then, there exists 7 €
(0, min{71, ¥2}) such that, for all v € (0,%), any trajectory of system (C.1) satisfies

<k B 3 B
H [hm)] H -0

where M C ker{¢(-,h(-,7))} C R™ denotes the largest invariant set for (C.2) contained
within ker{¢(-, h(-,7))}.

lim inf
t—o0 £EM

Proof. We start by defining h.(X) := h(X,7) and

Ly:= sup {Ly(7)}, Lz:= sup {Lu(7)},
v€[0,73] ~v€[0,73]

where 73 := max{91,72} and both Ly and L3 are finite in light of the continuity of g and
h, respectively. Thus, the global Lipschitz properties of g and h with parameters L,(7)
and Ly(7) lead to the Lipschitz property of g and h, with parameters Ly and L3 in the
interval [0, 73]. With this result at hand, define ¥* := ¢* — h,(%¥), and rewrite (C.1) as

= 2F 4y (=F, P + by (29)) (C.6a)
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PF = g(F + hoy(29), %5, y) — by (25T,

(C.6b)
Pick the function U satisfying (C.5). Thus, by evaluating AU (%¥) := U(xF*!) — U(zF)
along (C.6a), we get
AU(R) = U= + 70 (=*, % + by (3)) - U
LU+ 0, by () - UG
+ U+ 908,08 + hy(x9)) = UE" + 70", 7y (55)))
(0)
< —er o, my )|
+ U+ 908,08 + hy(x9)) = UE" + 70", 7y (55)))
k Ky |12
< o1 oy (s >>H
a0 By ()| [, 0 + iy (5)) = 6=, 1 ()|
+ 123 (H¢> R 4 Dy ( H + o b ()| ) (C.7)

where in (a) we add and subtract U (x* + y¢(%*, h,(%¥))), in (b) we use (C.5a) to bound

U(F + yo(xF, hy(xF))) — U()Ek), and in (c) we use (C.5b) to bound U (F + v (x*, y* +
hy ()‘(’“))) U(x + 7(;5( h-(%*))). Now, we add and subtract the term ¢(x*, h(%*)) into
H(b R+ Ry ( H and thus, the right-hand side of (C.7) becomes

AU() < —yer [0, hy )| +7ves [0 h ()| 604, 0% 4 Ay (£89) — 5G4,y (20
e [ B8, 98 4 i (2) = 6, By () + 6, e ()|

o

(a)
< —va

(x5 )|+ a0 || + a2 st o )
#2esT [t 22es2 o] ot ha24))

) (C.8)
where (a) exploits the square norm and the fact that ¢ is Lipschitz. Now, pick W
satisfying (C.4). By evaluating AW (/%) := W (*+1) — W (yF), we get
AW () = W(g(4" + hy (5,55, 7) = by (1)) = W (")
“w < (W + o (),
W (g(¥" + ha(x
W (g(* + hy (="

%*, ) = ha(=9)) = W(¥")
>fc’“ ) - h7< M)
), %5, v) = h
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<y [t W ), (€9)

where in (a) we add and subtract the term W (g(1/* + h.(%¥),%*,~v) — h,(xF)) and in (b)
we bound the term W (g(¢* + k., (%F),%%) — b (%¥)) — W (/%) by applying the result (C.4b)
(which holds for any « € (0,%1)) and introduce

W (0F,55) = W + o (), 55,9) = By (£51) = W (g0 + oy (55,5, 7) = By (1))
By using (C.4c), we bound the above term as
(5, 5) < b [y (41) = oy (59| | 0 oy (5,55, 7) = oy (41|
by ||y (1) = h,y@-(k)H o + by ), 55, ) = by 58|
2ot - st
+ba2 Hm x’““) = Iy ()| [ g* + B (55,24, 9) = iy (59)|
[ ) ) a2 [ ) — )| | g )|

(©)
< 0TR[] 20s2E T |, + e ) ]
(C.10)

where in (a) we add and subtract within the second norm h(X) and use the triangle
inequality, in (b) we add within the last norm g(h.(x*),%*,~v) — h(%*) = 0 and introduce
Ag(y* x5, ) i= g(F+hy (%F), 2%, 7)—g(hy (%F), %%, 7), and in( ) we exploit the Lipschitz
continuity of h, and g. Now, add and subtract qb(x h(x¥)) in H¢ LR+ o ( H

and [|¢(x*, " + hy (x9)) ],
bound (C.10) as

Wk, ) = /2045 L, HMHQ + 2L || o=, b (;2’“))”2
sy ot s
+ by 2L5Ls H¢ 2 ho ( H HwH (C.11)
Thus, we can use (C.11) to bound (C.9) as
e < o AT sz s |
o A | o 6 i v o]

4 7by2T5Tn H¢ (&, ho H Hw” (C.12)
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Now, define V : R" x R™ — R as
V(EF, ") = URE") + W ().

Thus, by evaluating AV (x* %) := V(ZFHL k) — V(xF %) = AURF) + AW (yF)

along the trajectories of (C.6), we can use the results (C.8) and (C.12) to write

qu(i'“vhw(i’“))H] TH [\W(ik’hv(ik))”] 7 (C.13)

1" Il

where H € R?*? denotes the symmetric matrix

Av(ikv¢k) S - [

g | 7T Yk =k —7k3
—vky — ks by — vka — ks |

in which the notation has been shortened through the constants

72 L1+b42T5L 3201+b42L1 L
k1 :=0byL3 + c32, ko = 22100422208 1+24 223 kg 1= —_— &

ky = b42€1f213, ks := 031? + b4f?f§

Being H = H', by Sylvester Criterion, H > 0 if and only if

{701 > p1(7) (C.14)

ye1bs > pa(7),

where we have introduced the polynomials

pi(y) = 721451

(C.15)
p2(7) := Y21 (ka + vks) + v2k1(bs — vka — ¥?ks) + (vka + 77k3)?.

We notice that lim_,q p1(7) /v = limy—0 p2(7) /7y = 0. Thus, there exists ¥ € (0, min{¥;,%2})
such that, for any v € (0,7), the conditions in (C.14) hold leading to the positiveness
of H. Hence (C.13) ensures that AV (%*,¢*) < 0 for any ¥ € R" and any ¢* € R™. In
particular, the right-hand side of (C.13) is null when ¥ € E', where E/ C R reads as

E = {(x,9) € R""™ | x € ker{o(:, hy(-))}, ¢ = 0}. (C.16)

Thus, we apply the LaSalle’s invariance principle (cf. [70, Theorem 3.7]) to conclude
that, for any v € (0, 7), any trajectory of system (C.6) approaches

%k ,
M -

lim inf

=0, (C.17)
t—o0 ¢'EM!
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where M’ C E’ denotes the largest invariant set for system (C.6) contained within the
subspace E defined in (C.16). The proof follows by noticing that (i) M’ = E’, and that
(ii), turning out to the coordinates (X, (), the result (C.17) implies that, for any v € (0,7),
any trajectory of (C.1) converges to M := {(x,¢) € R"*™ | x € ker{¢(-, h,(-))},¢ =
h (). .

We now provide an extension of Theorem C.1. In particular, given the existence of a
globally exponentially stable equilibrium point for the reduced system, we establish the
conditions to guarantee the global exponential stability of an equilibrium point for the

whole interconnected system.

Theorem C.2 (Global exponential stability for singularly perturbed systems). Consider
the system

= xk 5 f(xF, wh) (C.18a)

whtl = g(wk, xF.6), (C.18b)

withx* e DC R, wF e R™, f: DxR™ -5 R"?, g: R™ x R" x R — R™, § > 0. Assume
that f and g are Lipschitz continuous with respect to both arguments with Lipschitz constants
ff > 0 and fg > 0, respectively. Assume that there exists x* € R" and h : R" — R™ such
that for any x € R"

0=4f(z", h(z")),
h(X) = g(h(X), X, 5)7

with h being Lipschitz continuous with Lipschitz constant Ly, > 0. Let
XL = xP 4 5 F(xF, h(x)) (C.19)
be the reduced system and
PP = g(F + h(x),x,6) — h(x) (C.20)

be the boundary layer system with % € R™,
Assume that there exists a continuous function U : R™ — R and §; > 0 such that, for any
§ € (0,61) (cf. (C.18)), there exist by, ba, b, by > 0 such that for any 1, 11,19 € R™, x € R",

by |[o)? < U®W) < by 9| (C.21a)
U(g(y + h(z),2,8) — h(z)) — U() < —bs [|lv||” (C.21b)
U (1) = U(tpa)] < ba [y — ol [91]] + ballbr — ol 2]l . (C.21¢)

| /\
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Further, assume there exists a continuous function W : D — R and 53 > 0 such that, for any

§ € (0, 02), there exist cy, ¢, c3,cq > 0 such that for any x,x1, 22,23 € D

c1llz — 2*|* < W(z) < ez flz — ¥ (C.22a)

W(z+0f(z,h(z)) — W(z) < —dcs [l — 2*|| (C.22b)
[W(z1) = W(x2)| < eqllzr — 22l [|[21 — 27| + ca [Jo1 — 22| [Jz2 — 27

(C.22¢)

Then, there exist § € (0,min{d1,02}), a1 > 0, and az > 0 such that, for all § € (0,0), it

holds
xV — g*
wY — h(x%)

e—azt’

Xk — -
a
wh — h(xF) ||| ~ !

for any (x°,w®) € D x R™.

Proof.

Define W* := w* — h(x¥) and, in accordance, rewrite system (C.18) as

M =P 4 5 (8, W+ h(x)) (C.23a)
W = g(WF 4 h(xF), %", 6) — h(x*) + ARGFT <F), (C.23b)

where Ah(x**+1 x¥) := —h(x¥1) 4+ h(x*). Pick W as in (C.22). By evaluating AW (x*) :=
W (xF*1) — W (x*) along the trajectories of (C.23a), we obtain

AW (xF) = W(F + 6f(xF, & + h(xF))) — W(xF)

W (x4 51 (F, h(xF))) — W(F) + Wk + 5£(xF, & + h(xF)))

— W (xF 46 f(xF, h(x")))

—
=
=

—dcs ka —z*

IN

(xF 4+ 6 f(xF, WF + h(xF))) = W(x* + 5 f(x*, h(xF)))

—
)

)

IN

2 _
—dcs ka — ar*H + 20c4 Ly HVNVI“H ka

oo [ 16 5+ e

+8%c4L, HWkH Hf(xk, h)) ||, (C.24)

where in (a) we add and subtract the term W (x¥ 4§ f (x*, h(x¥))), in (b) we exploit (C.22b)
to bound the difference of the first two terms, in (c¢) we use (C.22c), the Lipschitz
continuity of f, and the triangle inequality. By recalling that f(2*, h(2*)) = 0 we can
thus write

G, WF ()| = || £t 5+ () = fla*, ha))|
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Y

(a) _
< Lf ka —a*

<L

+I; Hwk + h(x*) — h(z*)

Xk—.f*

< L;(1+In) , (C.25)

+ff H\;Vk

where in (a) we use the Lipschitz continuity of f and h, and in (b) we use the Lipschitz

continuity of h together with the triangle inequality. With similar arguments, we have

Hf(xk, h(xk))H <T;(1+Ip) ka —a. (C.26)
Using inequalities (C.25) and (C.26) we then bound (C.24) as
k k 2 7 k k 2 72 || k|
AW (x") < —des HX —m*H +20c4Ly Hﬁv H ’X — 2|+ 6%caly H\Xf H
=2 =\l
+ 26264Lf(1 + L) HwkH ka —z*
2 2
< —c3 ka — a;*H + 6%ks va’“H + (0k1 + 0%ks) Hw’“H ka —z*||,  (C.27)

where we introduce the constants
k1= 264Zf, ko == 264Z§(1 + fh): ks = C4Z3c.

We now pick U as in (C.21). By evaluating AU (W") := U(W**!) — U(w%*) along the

trajectories of (C.23b), we obtain

< b 5[ - U + ), 55,8 — )
+ U(g(wF + h(xF),x*,6) — h(x*) + AR(xF1, xF))
WkHQ + by HAh(xk“, Xk)H Hg(vv’f (Y, %P, 8) — R(xE) + Ah(xRHL xk)H

b, ‘Ah(xk“,xk)H Hg(vvk + (k) %, 8) — h(xk)H

(d)
< —b3 ‘

2 2
\7\ka 4 by “Ah(xk+1,xk)"

+2by HAh(ka,xk)H Hg(vvk +h(xb), %", 8) — h(xk)H , (C.28)

where in (a) we add and subtract U (g(#* +h(x*),x*, 6) — h(x*)), in (b) we exploit (C.21b)
to bound the first two terms, in (¢) we use (C.21c) to bound the the difference of the
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last two terms, and in (d) we use the triangle inequality. By exploiting the definition of
Ah(x**1 x*) and the Lipschitz continuity of h, we have that

HAh(Xk—H’Xk)H <y HXk+1 _ XkH
< 0T | £, 5 + )|
< 0T | 655 4 1)) = @ b))

() —

< 0LnL;(1+ In) ka _ x*( (C.29)

where in (a) we use the update (C.23a), in (b) we add the term f(x*, h(z*)) since this is
zero, and in (c¢) we use the triangle inequality and the Lipschitz continuity of f and h.

Moreover, since g(h(x"),x", §) = h(x*), we obtain

" + nxE),xE,8) = n(xh) | = (a5 + heeE), x4, 0) = g(hxh), x4, 6) | < T

(C.30)

where the inequality is due to the Lipschitz continuity of g. Using inequalities (C.29)
and (C.30), we then bound (C.28) as

AU () < —bs Hw H +20b4 Ly (1 + L) H
+20b4Tn Ly Ly Hw H + 02Ty L(1 + I)? ka g
2
+20%, L3 L7 (1 + L) Hx —— }w H +620,T, L Hw H
L 2
< (—bs + dke + (52k7) ks HX —z*
+ (ks + 0%ks) Hx — || ||%*|, (C.31)
where we introduce the constants
ky = 2b4LthLf(1 + Lh), ks = 2b4Lth(1 + Lh),
= = = —2-2
kﬁ = 2b4LthLf, k7 = b4Lth,

ks == by LpLy(1 + Ly)?.
We pick the following Lyapunov candidate V' : D x R™ — R:
V(xF, W) = W(xF) + Uw").

By evaluating AV (x¥, %") = V (x*1 & +1) —V (x*, &%) = AW (x*) + AU (W*) along the
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APPENDIX C. DiSCRETE-TIME SINGULARLY PERTURBED SYSTEMS

trajectories of (C.23), we can use the results (C.27) and (C.31) to write

koghy < _ ka—x*H ! ka_x*H
AV (x",w") < gl Q(9) | , (C.32)

iy
where we define the matrix Q(§) = Q(6)" € R? as

Sz — 6%ks q21(0)

0) =
Q0) q21(8) by — ke — 6% (ks + kr)

)

with ¢21(8) == —1(0(k1 + ka) + 6%(k2 + ks)). By relying on the Sylvester criterion [91],
we know that @) > 0 if and only if

desbs > p(9) (C.33)
where the polynomial p(9) is defined as
p(8) = qo1(0)* + 62czke + 03c3(k + ky) + 0%bsks — 63 keks — 6 ks(ks + k7). (C.34)

We note that p is a continuous function of ¢ and lims_,o p(d)/d = 0. Hence, there exists
some 0 € (0,min{dy,d2}) — recall that J; and J exist as U and W are taken to satisfy
(C.21) and (C.22) - so that (C.33) is satisfied for any & € (0,4). Under such a choice of 6,
and denoting by ¢ > 0 the smallest eigenvalue of Q(6), we can bound (C.32) as

[HXG‘;’“W*H]

which allows us to conclude, in view of [40, Theorem 13.2], that (z*,0) is an exponen-

2

)

AV (x* wF) < —¢

tially stable equilibrium point for system (C.23). The theorem’s conclusion follows then
by considering the definition of exponentially stable equilibrium point and by reverting

to the original coordinates (x*, w*). [ |
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