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Abstract

Model misspecification affects the classical test statistics used to assess the fit of the
Item Response Theory (IRT) models. Robust tests have been derived under model
misspecification, as the Generalized Lagrange Multiplier and Hausman tests, but
their use has not been largely explored in the IRT framework.

In the first part of the thesis, we introduce the Generalized Lagrange Multiplier
test to detect differential item response functioning in IRT models for binary data un-
der model misspecification. By means of a simulation study and a real data analysis,
we compare its performance with the classical Lagrange Multiplier test, computed
using the Hessian and the cross-product matrix, and the Generalized Jackknife Score
test. The power of these tests is computed empirically and asymptotically. The mis-
specifications considered are local dependence among items and non-normal distri-
bution of the latent variable. The results highlight that, under mild model misspec-
ification, all tests have good performance while, under strong model misspecifica-
tion, the performance of the tests deteriorates. None of the tests considered show an
overall superior performance than the others.

In the second part of the thesis, we extend the Generalized Hausman test to de-
tect non-normality of the latent variable distribution. To build the test, we consider
a seminonparametric-IRT model, that assumes a more flexible latent variable dis-
tribution. By means of a simulation study and two real applications, we compare
the performance of the Generalized Hausman test with the M, limited information
goodness-of-fit test and the Likelihood-Ratio test. Additionally, the information cri-
teria are computed. The Generalized Hausman test has a better performance than
the Likelihood-Ratio test in terms of Type I error rates and the M, test in terms of
power. The performance of the Generalized Hausman test and the information cri-

teria deteriorates when the sample size is small and with a few items.
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Chapter 1

Introduction

In many fields of research, when multivariate data are analyzed, the variables of
interest can be theoretical constructs, such as intelligence, quality of life, business
confidence, that cannot be observed and measured directly. Latent variable mod-
els are statistical models that, through the analysis of the association or correlation
among the observed variables, extract information about the constructs of interest,
represented in the model by the latent variables. The latent and manifest variables
can be either continuous or discrete. Latent trait or, equivalently, Item Response
Theory (IRT) models correspond to the case of binary or polytomous outcomes and
continuous latent variables (Bartholomew et al., 2011). Binary outcomes are very
common in the fields of social, psychological and educational sciences, where IRT
models are used to measure fundamental attitudes or abilities.

For these models, the tests commonly used for hypothesis testing are the stan-
dard Likelihood-Ratio, Wald, and Lagrange Multiplier or score test statistics (Cox
and Hinkley, 1979). The latter has been widely used to detect different types of
IRT model violations (Glas, 1998, Fox and Glas, 2005, Glas, 1999, Glas and Falcén,
2003, Kim et al., 2011, Liu and Thissen, 2012, Liu and Maydeu-Olivares, 2013, Liu
and Thissen, 2014, van der Linden and Glas, 2010, Oberski et al., 2013, Ranger and
Kuhn, 2012) and can be preferred to the Likelihood-Ratio and Wald test because it is
computationally less intensive.

The overall goodness-of-fit of an IRT model is usually assessed through the Pear-

son’s chi-square and the Likelihood-Ratio test (Agresti, 2002). However, these tests



2 Chapter 1. Introduction

can be affected by the problem of sparse data (Koehler and Larntz, 1980), that oc-
cur very frequently with binary items. To overcome this problem, Maydeu-Olivares
and Joe (2005) propose the limited information test statistic My, that is based on a
quadratic form in marginal residuals of order one and two.

However, under model misspecification, the IRT model fit is an open issue. When
hypothesis testing is performed on a misspecified model, the Likelihood-Ratio, the
Wald, and the Lagrange Multiplier tests do not have the expected distribution under
the null hypothesis. Also the overall goodness-of-fit tests may be affected by model
misspecification. For example, the M, test lacks of power to reject the fitted model
when the item characteristic curve is misspecified on some items (Ranger and Much,
2020).

White (1982) studied the problem of model misspecification when maximum-
likelihood based techniques are used. He developed the generalized Wald, Likelihood-
Ratio and Lagrange Multiplier test statistics, which allow to draw robust inference
when the model is misspecified. He derived also a generalized version of the Haus-
man test (Hausman, 1978), that is a specification test that compares two types of
estimators, the first one that is consistent only under correct model specification, the
second one under both correct and misspecified models.

In the IRT context, as far as we know, only the Generalized Lagrange Multi-
plier test has been studied by Falk and Monroe (2018), to test a single omitted cross-
loading under model misspecification.

The first objective of the thesis is to evaluate the performance of the Generalized
Lagrange Multiplier test considering a more general framework than Falk and Mon-
roe (2018). In more details, we propose to use the Generalized Lagrange Multiplier
test to detect differential item functioning under violations of two fundamental IRT
model assumptions, that is local dependence and non-normality of the latent vari-
able distribution. By means of a simulation study and in a real data application, we
compare the classical Lagrange Multiplier test, computed using the Hessian and the
cross-product matrix, with the Generalized Lagrange Multiplier test. For the latter
also a second version is considered, the Generalized Jackknife Score test (J. Rao et

al., 1998), where the covariance matrix of the score is computed with the Jackknife
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method. We also provide two procedures to compute the power of the tests using
their asymptotic distribution under the alternative hypothesis.

Motivated by the simulation results that highlight that as the misspecification
increases the performance of all the tests analyzed deteriorates, we then focus on
the case of misspecification of the latent variable distribution. We consider the semi-
nonparametric (SNP) distribution for the latent variable, introduced by Gallant and
Tauchen (1989), and studied in the IRT framework by Woods and Lin (2009). This
approach allows for a more flexible smooth density of the latent variable.

The second objective of the thesis is to extend the Generalized Hausman test to
detect non-normality of the latent variable distribution using the SNP-IRT model.
To build the test, we compare the estimators resulting from the classic IRT model
that assumes the normality of the latent variable with those resulting from the SNP-
IRT model, that better captures the non-normality of the latent variable distribution.
Similarly to Ranger and Much (2020), who compare the performance of the classical
Hausman test with the M, test to detect local dependence and an incorrect specifica-
tion of the item characteristic curve, we compare the Generalized Hausman test with
the M test to detect non-normality of the latent variable distribution, by means of a
simulation study and in real data applications. Since the classic IRT and the SNP-IRT
models are nested, we also compare the performance of the Generalized Hausman
test with the Likelihood-Ratio test.

The thesis is organized as follows. Chapter 2 describes the IRT model for binary
data, with a covariate included in the model. We present the different versions of
the Lagrange Multiplier test and the Generalized Lagrange Multiplier test, with the
related procedures to compute the asymptotic power of tests. Chapter 2 provides
also a wide simulation study, that allows to evaluate the performance of the tests
considered under model misspecification, in terms of false positive rates, empiri-
cal and asymptotic power. The simulation schemes are designed to study the tests
performance under different levels of model misspecification, from a mild to a high
level, and to test single and multiple parameter for measurement invariance. A real
data application is included in this Chapter. The contents of Chapter 2 have been
published in Guastadisegni et al. (2021) and Guastadisegni et al. (2022). In Chapter
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3 we first provide the description of the SNP-IRT model for binary data. Then we
review the M, test and information criteria and we present the Generalized Haus-
man test to detect non-normality of the latent variable distribution. A simulation
study is carried out to evaluate the performance of the Generalized Hausman test in
terms of Type I error rates and power to detect non-normality of the latent variable
distribution. We compare it with the M, and the Likelihood-Ratio tests. Information
criteria are also computed in all the simulation scenarios. To conclude, the use of the

Generalized Hausman test is illustrated in two real data examples.



Chapter 2

Use of the Lagrange Multiplier test
for assessing measurement
invariance under model

misspecification

2.1 Introduction

Item Response Theory (IRT) models are used in psychological and educational re-
search for measuring unobserved constructs, also known as factors or latent vari-
ables, from associated observed variables/items. The main assumptions and fea-
tures of an IRT model are i) local independence among items conditional on the
latent variable(s), ii) a correct specification of the parametric model for the probabil-
ity of responding ‘correctly /positively’ to an item given the latent variable(s) also
known as response category probability and item characteristic curve (ICC) and iii)
normal distribution for the latent variable(s) (Bartholomew et al., 2011). As with any
statistical model, some of the above assumptions may be violated. The Likelihood-
Ratio, the Wald, and the Lagrange Multiplier or score (LM) test statistics (Cox and
Hinkley, 1979) are typically used for hypothesis testing and they are asymptotically
equivalent. Differently from the Likelihood-Ratio and the Wald test, the LM test
only requires the computation of the restricted estimator (model under the null hy-

pothesis). The LM test can be very convenient in IRT models, where multiple model
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violations (e.g. local dependence, non-normality of latent distribution, etc.) can oc-
cur (Fox and Glas, 2005). The LM test does not need the estimation of an alternative
model for each one of these violations. Moreover, there is model violation, such
as differential item functioning (DIF), that requires testing items sequentially (Glas,
1998). The LM test does not require new parameter estimates for every tested item,
making it computationally less intensive, especially in long tests. For these reasons,
the LM test is used in IRT to detect DIF (Glas, 1998, Fox and Glas, 2005), local depen-
dence (LD) (Glas, 1999, Glas and Falcén, 2003, Fox and Glas, 2005, Kim et al., 2011,
Liu and Thissen, 2012, Liu and Maydeu-Olivares, 2013, Liu and Thissen, 2014, van
der Linden and Glas, 2010, Oberski et al., 2013) and deviation from the parametric
model (i.e. ICC) (Glas, 1999, Glas and Falcén, 2003, Ranger and Kuhn, 2012).

The LM test depends on the Fisher information matrix. Different approxima-
tions of this matrix lead to different test performances. Accurate results for the LM
test can be obtained by considering the expected Hessian and cross-product matrix,
as shown in Liu and Maydeu-Olivares (2013), but they are unfeasible with many
items. For this reason, the observed versions of these matrices are preferred for the
computation of the LM test. Some authors (Glas, 1998, Oberski et al., 2013) use the
observed Hessian matrix, that we denote with LM(H), and others (Liu and Maydeu-
Olivares, 2013, Liu and Thissen, 2012, 2014) the observed cross-product matrix, that
we denote with LM(CP). Falk and Monroe (2018) compare both approaches. The
LM(CP) test shows more inflated Type I error rates than the LM(H) test, especially
with many items and small sample size, but it is fast to compute (Liu and Thissen,
2012, Liu and Maydeu-Olivares, 2013, Liu and Thissen, 2014, Falk and Monroe,
2018). In some works, the LM test statistic is applied in the case of model misspecifi-
cation under the null and the alternative hypotheses, showing a good performance
when the amount of model misspecification is overall small (Glas and Falcén, 2003,
Falk and Monroe, 2018). Different versions of the LM test are also derived under
model misspecification. White (1982) proposes the Generalized Lagrange Multiplier
(LM(S)) test, whose expression involves the sandwich variance and covariance ma-
trix. Similarly Boos (1992) derives a Generalized Score (GS) test for least squares,

robust M-estimation, and quasi-likelihood estimation methods that is equivalent to



2.1. Introduction 7

the LM(S) test when maximum likelihood (ML)-based methods are used. The Gen-
eralized Jackknife Score (GS(])) test is a version of the GS test, derived under model
misspecification, where the covariance matrix of the score is computed using the
Jackknife estimates (J. Rao et al., 1998). The GS(J) test has not been studied in the IRT
context.

As far as we know, the LM(S) test is studied only by Falk and Monroe (2018). Falk
and Monroe (2018) compare the performance of the LM(S), LM(CP), and LM(H) tests
for a single omitted cross-loading. In this thesis, we assess measurement invariance
considering a more general framework, where the model misspecification is due to
local dependence among items and different non-normal latent variable distribu-
tions.

In the case of a one factor model, an item is measurement invariant if the con-
ditional distribution of the item given the latent variable is independent of group
membership identified by an external group variable (e.g. sex, age, country) (Mel-
lenbergh, 1982,1983). An item is measurement non-invariant (also known as DIF),
if it measures different abilities for different group memberships. In this case, the
expected score of the item differs in the subgroups for the same level of the latent
variable. Measurement invariance can be studied either in a multiple-group analy-
sis setup (Joreskog, 1971) or with the Multiple Indicator Multiple Causes (MIMIC)
model (Joreskog and Goldberger, 1975). The latter allows direct and indirect effects
of a binary group covariate on the probability of giving a "correct/positive’ response
to an item and on the latent variable respectively.

The contribution of this Chapter is twofold. First, we assess item measurement
invariance under model misspecification, using four versions of the LM test. The
four versions differ in the form of the covariance matrix of the estimators. Mainly,
the Hessian estimator (LM(H)), the cross-product estimator (LM(CP)), the sandwich
estimator (LM(S)), and the Jackknife estimator (GS(J)) are discussed and studied
here. Second, we compute the power of the LM(H), LM(CP), and LM(S) tests in two
ways, empirically through Monte Carlo simulation methods and asymptotically us-

ing the distribution of each test under the alternative hypothesis, which depends on
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anon-centrality parameter often difficult to compute (Gudicha et al., 2017). The non-
centrality parameter is approximated using the procedure derived by Gudicha et al.
(2017) for the Wald and Likelihood-Ratio tests. We extend this method to the LM
tests and under model misspecification. Moreover, we propose a second procedure
to compute the asymptotic power of the LM tests.

Through some extensive simulation studies, we compare the performance of the
different versions of the LM tests in terms of Type I error rate, false positive rate,
empirical and asymptotic power, varying the type and the misspecification level
and considering single and multiple parameter hypotheses tests for measurement
invariance. Moreover, we illustrate the use of these tests to a real data set.

The Chapter is organized as follows. First, we present the MIMIC model with
covariate effects. Second, we describe the four versions of the LM tests and the
procedures to estimate the asymptotic power for the LM(H), LM(CP), and LM(S)
tests. Next, we present some Monte Carlo simulation studies and the results from the

real data analysis. Finally, some concluding remarks are presented and discussed.

2.2 The MIMIC model for binary data

Let us denote by v, ...,y a set of observed binary variables/items, by z the latent
variable, and by x a binary variable such as sex, country, or any other group variable.
Given n individuals, the i-th subject belongs to either the focal or the reference group
when x; = 1 or x; = 0 respectively. To test for item(s)’ measurement invariance,
we consider the MIMIC model with the group variable x affecting both the item(s) y
and the latent variable z. Group differences can be present only on the item intercept
(uniform-DIF) or simultaneously on the item intercept and slope (non-uniform DIF)
(Glas, 1998, Fox and Glas, 2005). The response probability for the i-th individual
to the j-th item is modelled using a logistic model (measurement model) where the
model for the latent variable is a linear model (structural model) defined by:

_exp (apj + a1z + y1j%i + V2XizZi)
1+exp (txo]' + &1z + 71X + 'mjxizi) @.1)

P(yij = 1|z, xi) = 7ij(zi, xi)

z; = Bx; + € e~ N(0,1)
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wherei = 1,..,nand j = 1,..., p. Under non-uniform DIF, the intercept and factor
loading parameters are («oj, #17) and (ag; + y1j, &1 + Y2j) for the reference and focal
groups respectively (Glas, 1998). The parameter  allows the mean of the latent vari-
able z to be different in the two groups, although it is set to N(0, 1) in the reference
group for identification purposes. For a random sample of size n the log-likelihood

is:

I(y,0) = ilnf(yi, 0) = iln/lﬁ[ 707 (24, %)Y (1 — 70325, %)) V(2 | x7)dz;,
i=1 i=1 j=1 02
where 0 is the vector of the unknown parameters and the model assumes condi-
tional/local independence among the items. Equation (2.2) is maximized using
either an expectation-maximization (EM) algorithm (Bock and Aitkin, 1981) or a
direct maximization, such as the Newton-Raphson algorithm (Skrondal and Rabe-
Hesketh, 2004).

Uniform and non-uniform DIF for an item y; is assessed by testing the statistical
significance of the parameters 7y1; and (71j,72;) respectively. We consider situations
where the parameters 1; or (71j,72;) are fixed to zero and to constants different
from zero under the null hypothesis. Moreover, the performance of the LM tests is
assessed under violations of local independence and normality distribution of the

latent variable.

2.3 Lagrange Multiplier tests

2.3.1 The classical Lagrange Multiplier test

The LM test (C. R. Rao, 1948) evaluates the statistical significance of imposed restric-
tions on model parameters. We consider a sample yi, ..., y, from a model f(y,0).
The true parameter vector is denoted by 6. Let 8y be divided into two sub-vectors
0y = (641,60,). 601 includes the intercept parameters (ag;,j = 1...,p) and factor
regression coefficients (a1;,j = 1..., p). When uniform-DIF is assessed, 6, includes

the parameters 71; and when non-uniform DIF is assessed, 6, includes 7;; and 72,
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where j = 1..., p. The hypotheses Hy and H; can be formalized as follows:
Ho:0),=c w©vs Hi:0p#c, (2.3)

where c is a vector of constants. Commonly, in real data analysis, ¢ is the null vector
and rejecting the null hypothesis reveals the presence of DIF on the intercept or
intercept and slope of one or more items. For this reason, in sections 2.4, 2.6 and
2.7, we consider null hypothesis where c¢ is the null vector. However, to assess the
performance of the LM test under different conditions, in section 2.5, for the power
analysis we consider scenarios where c is a vector of constants different from 0 and
DIF is not present in the data generating models.

The LM statistic is (C. R. Rao, 1948):
LM = S(8)'A,(8)715(8), (2.4)

where 8’ = (93, c¢) denotes the restricted maximum likelihood estimates of the pa-

rameters 0, S(0) = al%yée) is the vector of score functions evaluated at 8, and A, (0) =

2 ~
—E [aalégé?)} is the Fisher information matrix evaluated at 8. Given that the part of

the score vector evaluated in 8; is 0, the LM statistic given in (2.4) is reduced to
LM = 5,(8) A7} (8)'S2(8), (2.5)

where S,(8) is a subset of S() that corresponds to the parameters 0y, evaluated at
0 and A2?(0) is a block of the partitioned Fisher information matrix computed as

(Engle, 1984)

A2 = Ay — A AL Ann, (2.6)

and evaluated at 8. The partition of A, into A2, An1, Ani1, A1z is derived from the
partition of 6 into (6{;, 6(;)-
Two different versions of the LM test are studied here depending on which ma-

trix is used for estimating A, (). The Hessian approach (LM(H)), uses the observed
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Hessian matrix given by
A n azl (Y1 ’ 6)

An(0) = (2.7)
= 9000’

whereas the cross-product approach (LM(CP)), uses the observed cross-product ma-

trix

N " dl(y.,0)dl(y,0
A @)

Under correct model specification, A,,(8) = B,,(8) (White, 1982) and the LM(H) and
LM(CP) tests are equivalent.

Under a correctly specified likelihood and under Hy, the LM test statistic, com-
puted with the Hessian and cross-product approaches, is asymptotically distributed
as a x2, with degrees of freedom () equal to the dimension of 8.

To compute the local asymptotic power of the LM test, a standard approach is
to consider a set of local alternatives close to the null value for large n, Hy : 8y, =
c+ %, where ¢ is an arbitrary vector with the same dimension of 6y, (Boos and
Stefanski, 2013). When the model defined under H; is true, the LM test is asymp-
totically distributed as a non-central chi-square that depends on two parameters,
namely the degrees of freedom (equal to the dimension of 8;), and a non-centrality

parameter A given by (Cox and Hinkley, 1979)
1
A= AT(60)¢ (29)
The asymptotic power is computed as P(x2(A) > x2(1 — a)).

Approximation procedures for the asymptotic power

The asymptotic distribution of the LM test under the alternative hypothesis as a
non-central chi-square with non-centrality parameter (2.9) holds when the model
defined under the set of local alternatives is true, i.e. when the model under the
null hypothesis is barely incorrect for large n (see Agresti, 2002, Reiser, 2008). In
practice, it is often reasonable to adopt an alternative hypothesis for fixed and finite

n (Agresti, 2002), as Hy : 8pp = ¢+ ¢, or to use hypotheses as (2.3) (Gudicha et al,,
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2017). We present here two different approximation procedures for the computation
of the non-centrality parameter.

The first method extends the approximation procedure for the asymptotic power
derived by Gudicha et al. (2017) for the Likelihood-Ratio and the Wald tests to the
LM(H)/LM(CP) test. It can be summarized in the following steps:

1. From the model defined under the alternative hypothesis, create a large data

data set (e.g. N = 10000 observations).
2. Fit the model under Hj to the data.

3. Take the value of the LM(H)/LM(CP) statistic as the estimate of the non-centrality

parameter A (Satorra, 1989, Bollen, 1989).

4. Compute the non-centrality parameter for a sample of size 1 equal to A1 = £.

5. The non-centrality parameter for a sample of size nis A, = nA;.

The asymptotic power of the LM(H)/LM(CP) test can be determined by comparing
the A, obtained in step 5 with the tabled values of the non-central chi-square with d f
corresponding to the number of parameters constrained under Hy and significance
level « (Bollen, 1989).

We propose a second method, that is also is also based on some of the steps of
the procedure proposed by Gudicha et al. (2017), but the non-centrality parameter is

computed according to formula (2.9). The procedure can be summarized as follows:

1. From the model defined under the alternative hypothesis, create a large data

data set (e.g. N = 10000 observations).
2. Fit the model under Hj to the data.

3. Compute { = VN(6p2 — ¢) , where 0, is the vector of the data generating
values (values under H;) of the constrained parameters and c is the vector of

constants under the null hypothesis (Reiser, 2008).

4. Compute the non-centrality parameter of the LM(H)/LM(CP) test according to
formula (2.9) where A??(8°) can be consistently estimated by the correspond-

ing matrix A2?/B2?, evaluated at .
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5. Compute the non-centrality parameter for a sample of size 1 as A1 = £.

6. The non centrality parameter for a sample of size nis A, = nA;

The asymptotic power of the LM(H)/LM(CP) test is computed as in the first proce-

dure, but using the non-centrality parameter computed at point 6.

2.3.2 The Generalized Lagrange Multiplier test

Consider a sample yj, ..., y, from a model with true density g(y), that assumes
either local dependence among the items or a non-normal distribution of the la-
tent variable. The model with density f(y;0), which assumes both local indepen-
dence among the items and a normal distribution of the latent variable, is erro-
neously assumed to be the true model for the data and it is used for ML analysis.
If the assumptions A1-A6 (pp: 2-6, White, 1982), that ensure the existence, consis-
tency, asymptotic normality, and identifiability of the Quasi-ML estimator, are ful-
filled, the parameter vector 6,,, which maximizes the log-likelihood function based
on model f(y;0), converges in probability to 6., the parameter vector that min-
imizes the Kullback-Leibler information criterion. Moreover, the covariance ma-
trix of 0,, based on n observations, is the so-called sandwich estimator given by
Cn(8,) = A;1(0,)B,(0,)A;1(8,), where the matrix A, and B, are the observed
Hessian matrix and the observed cross-product matrix defined in formulas (2.7) and
(2.8) respectively and evaluated at 8.

Under model misspecification, the null and the alternative hypotheses are now
specified in terms of 0... Let 0, be divided in two sub-vectors 0, = (0, 0.,,). To test
for uniform and non-uniform DIF, the parameters 6, 6, are grouped as in section

2.3.1. The hypotheses in (2.3) can be formalized as follows
Hy:0,,=c ©vs H;:0,#c¢c (2.10)

where c is a vector of constants.

The Generalized Lagrange Multiplier test is defined as (White, 1982, Engle, 1984)

LM(S) = ,5‘2(@”)’14%2(9”)71an2(§”) A%(én)ilSZ(én)/ (2-11)
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where A?(8,) is computed as in (2.6) replacing A, with A,, evaluated at 8, and
Ci22(8,) is the part of the matrix C, corresponding to 8.,, evaluated at 8,. Under
Hy, LM(S) is distributed as a x2, with degrees of freedom r equal to the dimension
of 6,,. If the model is correctly specified, the statistic LM(S) is equal to the LM test,
computed both with the Hessian or the cross-product approach (White, 1982).

As before, the local asymptotic power of the LM(S) test is obtained by consider-
ing a set of local alternatives given by H; : 0,2 = ¢ + %, where ¢ is an arbitrary
vector of dimension 0.,. Under Hy, LM(S) converges in distribution to a x2(A), with
degrees of freedom r equal to the dimension of 6., and A is the non-centrality pa-

rameter given by (Bera et al., 2020)

A= %C/A%ZI(anz — A A Buz = Buin Ay Ao + A Ay Ban Ay Anma) T ARG,

(2.12)
where A,11, Ani2, Auz1 are the blocks of the expected Fisher information matrix A,
and By11, Bu12, Buo1, Buzo of the expected cross-product matrix B, derived from the
partition of 8/, into (0.,0.,). A%? is computed as in (2.6). All matrices in formula

(2.12) are evaluated at 0..

Estimation procedure for the non-centrality parameter

The estimation methods described in section 2.3.1 to compute the asymptotic power
are used here to estimate the asymptotic power for the LM(S) test, with some differ-
ences.

In step 3 of the first method, the LM(S) statistic is taken as the estimate of the
non-centrality parameter (the proof of this result can be found in Satorra, 1989).

In step 4 of the second method, the non-centrality parameter is computed accord-
ing to formula (2.12), where the matrices A(0*) and B(6*) are consistently estimated
by A and B, evaluated at 0,,.

Moreover, for both methods, the model fitted under Hj at step 2 is assumed to be
misspecified. Under correct model specification the LM(S) and the LM(H)/LM(CP)
test have the same non-centrality parameter and, consequently, the same asymptotic

power.
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2.3.3 The Jackknife Generalized Score test

When ML-based methods are used, the LM(S) test derived by White (1982) is equiv-
alent to the GS test derived by Boos (1992) under model misspecification and valid
under different types of estimation methods, such as least squares, quasi-ML, and
robust M-estimation. The Generalized Score test for the hypothesis testing given in
(2.10) is

GS = 5,(8)'V, (8)S2(6), (2.13)

where S,(8) and  are defined similarly as section 2.3.2, but S, does not necessarily
come from the derivative of a log-likelihood because it depends on the estimation
method chosen. Vi, (0) is the covariance matrix of S, evaluated at 8.

When likelihood-based methods are used, V;, (8) is equal to A22(8)C,2,(8) AZ*(8)
and formulas (2.13) and (2.11) are equivalent. Under Hy, the GS test is distributed as
a x2, where r are the df equal to the dimension of 0,,.

J. Rao et al. (1998) proposed a version of the Generalized Score test in a general
estimating equations framework (Godambe and Thompson, 1986) for a stratified
multistage sampling design, based on a consistent Jackknife estimator of Vs, (). We
use the test proposed by J. Rao et al. (1998), for independent and identically dis-
tributed (i.i.d.) observations and maximum likelihood estimation methods and we
refer to this test as the Jackknife Generalized Score (GS(J)) test. The GS(J) test is given

in formula (2.13), where Vs, () is estimated with the delete-1 Jackknife method as:

N ~ n
Vsz(gn) =

p— (Sa(i) = 52)(S201) — S2)"- (2.14)
i=1

Sy(;) is the score function computed by removing the i-th observation and evaluated
at (:)n(i), (i.e. the ML estimate obtained by maximizing the score function without
the i-th observation), and S, is the score function of the original sample evaluated
at 8,. Shao (1992) proved the consistency of the Jackknife method for a parameter
estimator 6 for i.i.d. responses, while ]. Rao et al. (1998) gave a sketch of the proof of

the consistency of the Jackknife score variance estimator for basic survey weights.
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2.4 Simulation study 1: The asymptotic power

The aim of this section is to compare the different procedures to estimate the asymp-
totic power of the LM tests, described in sections 2.3.1 and 2.3.2, by means of a
small simulation study. We compare these procedures with the empirical power
to study uniform DIF, considering only the LM(H) and LM(S) tests and the cases of
correct model specification and misspecification of the latent variable distribution.
The method that better estimates the asymptotic power will be applied in section 2.5
in other conditions of the study:.

Both under correct and model misspecification, we consider a binary group vari-
able x because we study measurement non-invariance only in two subgroups of pop-
ulation. Given n individuals and p items, under correct model specification, data are
generated from the following model, where uniform DIF is introduced on the inter-

cept of the last item p through the parameter 7y and the group variable x:

logit(7tij) = ao; + a1z i=1,..,n j=1,.,p—-1
logit(mip) = top + @1pzi + V1 (2.15)
z ~ N(0,1)

Under misspecification of the latent variable distribution data are generated from

the following model, where uniform DIF is specified as before:

logit(m]-) = aoj + a1jZ; i=1,..,n j=1,.,p—1
logit(rtiy) = top + a1p2i + 11%i (2.16)
z ~ SN(k)

In this case, the latent variable z is generated from a skew-normal (SN) with skew-

ness parameter x, with the following probability density function (Azzalini, 1985):

p(e;x) = 2¢(e)D(€; k)
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where ¢ and @ are the standard normal density and distribution function, respec-
tively. The parameter x can takes values from —oo to +oc0: when it is equal to 0, the
skew-normal reduces to a standard normal distribution. In the simulations, we con-
sider two values of x, 3 and 5. When ¥ = 3 the mean and the variance of the latent
variable are 0.76 and 0.43, respectively, and when x = 5, the mean and the variance
of the latent variable are 0.78 and 0.39, respectively. In both models (2.15) and (2.16)
we consider two possible effect sizes, equal to 0.2 and 0.5, for the parameter 7.
Moreover, in both cases, the values xs are generated from a Bernoulli distribution
with success probability 0.7, the intercepts from a normal distribution with 0 mean
and Standard Deviation (SD) 0.1 and the slopes from a normal distribution with 0
mean and SD 0.5.

The following set of hypotheses is being tested:
Hy:7 =0 wvs H;y:71#0 (2.17)

Always the last item is tested for uniform DIF. Model (2.15) is fitted to the data with
71 fixed to 0. When data are generated from model (2.16) we are working under
model misspecification. The following simulation conditions are considered: num-
ber of items (p = 10) x sample size (n = 200,500, 1000, 5000, 10000) x Test statistic
(LM(H),LM(S)). Due to the time complexity, the empirical power is computed
only for n = 200,500, 1000. 200 replications are considered for each condition of

the study. The empirical power p is computed as p = Zlszl IU;{EC), where N, is

the number of valid statistics out of the number of replications, I is the indicator
function, T; is the value of the test statistic evaluated in the I-th replication and ¢
is the theoretical asymptotic critical value corresponding to the 95-th percentile of
the x3 £ distribution, with df equal to the number of constrained parameter under
Hy. If non-valid statistics occur, they are excluded from the analysis. The asymp-
totic power is computed through methods 1 and 2 described in sections 2.3.1 and
2.3.2. The nominal level « is equal to 0.05 in all simulations. ML estimates of the
parameters are obtained with direct maximization of the likelihood function using

21 Gauss-Hermite quadrature points. Numerical derivatives are used to compute
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the Hessian and cross-product matrices. Table 2.1 shows the results for the LM(H)
and LM(S) tests computed under correct model specification when 7y, is equal to 0.2
and 0.5 in the data generating model, p = 10, n = 200, 500, 1000, 5000, 10000, for the

system of hypothesis (2.17).

TABLE 2.1: Asymptotic and empirical power of the LM(H) and LM(S)
tests under correct model specification, y; = 02,05, p = 10, n =
200, 500, 1000, 5000, 10000.

Method 1 Method 2 Empirical
Pom n LMMH) LM(@) LMH) LM(GS) LMH) LM(®S)
10 02 200 0.086 0.085 0.080 0.079 0.08 0.06
500 0.144 0.140 0.126 0.122 0.185 0.17
1000 0.241 0.234 0.204 0.198 0.26 0.25
5000 0.802 0.785 0.714 0.696 - -
10000  0.978 0.973 0.947 0.938 - -

10 05 200 0.240 0.222 0.229 0.211 0.285 0.235

500 0.508 0.468 0.484 0.445 0.54 0.5
1000 0.799 0.758 0.775 0.732 0.8 0.78
5000 1 1 1 1 - -

10000 1 1 1 1 - -

We can notice that, in general, the differences between the asymptotic and em-
pirical power are small and method 1 is slightly closer to the empirical power than
method 2. For what concerns the power to detect measurement non-invariance, the
LM(H) test has a slightly higher power compared to the LM(S) tests under all con-
ditions, with the exception of the case v; = 0.5 and for large sample sizes (n =
5000,10000), where the two tests reach the same power, as expected from the the-
ory. Table 2.2 shows the results for the LM(H) and LM(S) tests computed under
misspecification of the latent variable distribution when -; is equal to 0.2 and 0.5 in
the data generating model, p = 10, n = 200, 500, 1000, 5000, 10000, for the system of
hypothesis (2.17).
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TABLE 2.2: Asymptotic and empirical power of the LM(H) and LM(S)
tests under incorrect distribution of the latent variable, v = 0.2,0.5,
p = 10, n = 200, 500, 1000, 5000, 10000.

Method 1 Method 2 Empirical

p ES «a n LMH) LM(GS) LMH) LM@GS) LMH) LM(S)
10 02 3 200 0.066 0.065 0.071 0.070 0.085 0.04
500 0.091 0.089 0.104 0.101 0.11 0.075

1000 0.133 0.129 0.159 0.154 0.185 0.14

5000 0.464 0.447 0.569 0.550 - -

10000  0.753 0.734 0.854 0.839 - -

5 200 0.069 0.068 0.071 0.070 0.07 0.055
500 0.010 0.097 0.102 0.010 0.135 0.085
1000 0.151 0.146 0.157 0.151 0.145 0.135
5000 0.538 0.517 0.561 0.540 - -
10000 0.828 0.809 0.848 0.829 - -

10 05 3 200 0.158 0.145 0.170 0.155 0.202 0.13
500 0.325 0.292 0.353 0.317 0.41 0.34
1000 0.567 0.514 0.609 0.555 0.625 0.585
5000 0.997 0.994 0.998 0.997 - -
10000 1 1 1 1 - -

5 200 0.163 0.148 0.168 0.153 0.21 0.15
500 0.337 0.301 0.347 0.310 0.425 0.345
1000 0.585 0.529 0.601 0.544 0.61 0.57
5000 0.998 0.995 0.999 0.996 - -
10000 1 1 1 1 - -

Also in this case the differences between the asymptotic and empirical power are
small. For what concerns the power to detect measurement non-invariance under
model misspecification, despite the fact that the LM(S) test is derived under model
misspecification, the LM(H) test has the highest power under all conditions. The
two tests reach the same power only when 7 = 0.5 and n = 10000. In both Tables
and for both tests, the power increases with the sample size and the effect size of the
parameter 7; and decreases when the model is misspecified.

Overall, the simulation study highlighted that the asymptotic power, computed
through the two different approximation methods for the non-centrality parameter,
is very close to the empirical power, also under model misspecification. Although
the two procedures to compute the asymptotic power give similar results, we prefer
the first method because it only requires the values of the LM test statistics to com-
pute the non-centrality parameter. The second method requires additional quantities
that may not be available from standard software. For these reasons, we consider the

first method to compute the asymptotic power in section 2.5.
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2.5 Simulation study 2: The LM tests

In this section we extensively study the performance of the LM(H), LM(CP), LM(S)
test statistics under no misspecification and misspecification either due to local de-
pendence or in the latent variable distribution. Since the main focus of this work
is the case of model misspecification, the results under correct model specification
are reported in the Appendix A.3. Under a correct model specification, data are
generated from the two-Parameter Logistic (2-PL) model (Birnbaum, 1968) with a
linear structural model. When the model is correctly specified, we find results in
line with the literature. In particular, the LM(CP) test shows inflated Type I error
rates whereas the LM(H) and LM(S) tests have simulated Type I error rates quite
close to the nominal level a and similar power. Moreover, the power of the tests
increases with the sample size and the number of items. Similar results are found
by Liu and Maydeu-Olivares (2013), Liu and Thissen (2014), and Falk and Monroe
(2018).

In sections 2.5.1 and 2.5.2, uniform and non-uniform DIF are studied in the sim-
ulation as well as single and multiple parameter hypotheses. We consider the fol-
lowing simulation conditions: number of items (p = 10,20) x sample size (n =
200,500, 1000) x test statistic (LM (H), LM(CP), LM(S)). To evaluate the asymptotic
behaviour of the tests, in some of the cases, n = 5000 is considered. In some cases,
the asymptotic power computed with the first procedure is reported in addition to
the empirical power. Direct maximization through the Newton-Raphson method is
used to obtain the ML-estimates under the null hypothesis and numerical deriva-
tives are used to compute the Hessian and cross-product matrices.

The optimization is conducted in R with the function “optim”, and numerical
derivatives are obtained with the “NumDeriv” R package. In all the simulation sce-
narios, R = 500 replications are considered and the nominal level « is fixed to 0.05.
Only for the results under correct model specification, and reported in the Appendix
A, do we consider R = 200.

Under model misspecification, in hypothesis testing we should account for the

true data generating value 6y and for the parameter value 6, as follows:
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e when Hj : 0, = ¢, provided that 6y = ¢ and 0, = c, the Type I error rate is
obtained. The null hypothesis is true under model misspecification and the

parameter is correctly fixed to its data generating value.

e when Hj : 0, = ¢, provided that 6y = c and 6, # c, the false positive rate is ob-
tained. The null hypothesis is not true under model misspecification, but the
parameter is correctly fixed to its data generating value. Some authors, such
as Green et al. (1998), consider the rejections of parameter fixed to its data gen-
erating value as Type I error instead of false positive rate, even under model
misspecification. For this reason, we expect the tests to have false positive rates

close to the nominal level « if they have good performance.

* when Hj : 0, = ¢, provided that 6y # c and 6, # c, the power is obtained. The
null hypothesis is not true under model misspecification and the parameter is

not fixed to its data generating value.

* the case Hy : 0, # ¢, provided that 6y # c and 6. = ¢, is not examined in this

study.

To estimate the unknown parameters 0., we fit the unconstrained model under hy-
pothesis H; to a sample of 5000 observations generated from the true model. Un-
der model misspecification we always study the false positive rates instead of the
Type I error rates (8y # 6.). Non-valid statistics, for example negative statistics,
are excluded from the analysis. The Type I error, false positive, and power rates are

computed as p = Zfi”l I(%fc), where N, is the number of valid statistics out of the

number of replications, I is an indicator function, T is the value of the test statistic
evaluated in the /-th replication and c is the theoretical asymptotic critical value cor-
responding to the 95th percentile of the x3 ¢ distribution, with degrees of freedom
equal to the number of constrained parameter(s) under Hy. The confidence interval

.. R 0.05(1—0.05
(CI) of each rate p is computed as p +1.96 T)
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2.5.1 Violation of local independence

Conditional dependence among certain items is introduced in the data generating
model via a common individual specific random variables u in the logistic measure-

ment model. Data are generated from the following model:

logit(7i;) = woj + &1jzi, i=1,.,n j=1,.,d1<d<p
logit(my) = aoy + jzi + uj, J=d+1,..,p u~ N(0,02) (2.18)
zi = Bx; + €; e~ N(0,1)

Both for p = 10 and for p = 20, the intercept parameters are generated from a
log-normal distribution with mean 0 and standard deviation (SD) 0.1, the slope pa-
rameters are generated from a log-normal distribution with mean 0 and SD 0.5, the
values of the covariate x are generated from a Bernoulli distribution with success
probability equal to 0.7, and the residuals € are generated from a standard normal
distribution. The parameter B is fixed to 0.9. The random effects 1 induce the local
dependence among the items y;.1, ..., ¥. The percentages of local dependent items
considered in the simulations are 20% and 50%. For example, when LD = 20% and
p = 10, two items are local dependent. Also, 02 influences the amount of misspec-
ification in the simulation study. The random effects are generated from a normal
distribution with mean 0 and three different values of 02, 0.25, 1, and 2.25. In the
data generating model there is absence of uniform and non-uniform DIF.

To test for non-uniform DIF under model misspecification, we consider the fol-

lowing unconstrained model:

logit(7tij) = woj + aqjz;, i=1,.,n j=12,..k 1<k<p
lOgit(ﬂij) = Koj —+ K1;Z; + Y1 Xi + V2iXiZi, ] =k+1,.. p (219)

z; = Bx; +€;, e~ N(0,1),

where items (k 41, ..., p) are tested for measurement invariance. In the case of uni-

form DIF, equation (2.19) does not include the parameter y; on the items k + 1, ..., p.
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In our simulations, the model fitted to the data is given in (2.19) with parame-
ters y1; and 7,; fixed to constant values. The false positive rates are studied using
hypotheses A, B, and C and the empirical power using hypotheses D, E, and F. The

asymptotic power is studied for scenario D.
A Hp:7jx=0 s Hy:mje #0,
This implies that one item is tested for uniform DIF.
B Hy:v}, =0 vs Hy: v}, #0,
where 7],,is a5 x 1 vector (i.e. five items are tested for uniform DIF).
C Ho: (71j+,72jx) =0 vs Hi : (10, 12j%) # 0,
One item is tested for non-uniform DIF.
D Ho: 71 =07 vS Hy:mje #07,
One item is tested for uniform DIF.
E Hy: v}, =c vs H, : v}, # ¢, where ¢ = (0.7,0.7,0.7,0.7,0.7),
Five items are tested for uniform DIF.

F Ho: (71js 72j+) = € vs Hy : (71jx,72j+) # ¢, where ¢ = (0.7,1),

One item is tested for non-uniform DIF.

Table 2.3 presents the false positive rates for the LM(H), LM(CP), and LM(S) tests

under local dependence for scenarios A, B and C.
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TABLE 2.3: False positive rates of the LM(H), LM(CP), and LM(S)
tests under scenarios A, B and C, p = 10, n = 200, 500, 1000, 5000
02 =025 02 = 02 =225

SC p LD n T LM(H) LM(CP) LM(@S) LM(H) LM(CP) LM(S) LM(H) LM(CP) LM@O)
A 10 20% 200 0.05 0.066 0.052 0.044 0.066 0.034 0.044 0.082 0.052
500  0.072 0.08 0.074  0.072 0.084  0.078  0.086 0.104 0.088
1000  0.064 0.076 0.07 0.05 0.054  0.052 0.09 0.112 0.104
5000  0.046 0.05 0.048  0.092 0.098  0.094 0.23 0.246 0.246
50% 200 0.042 0.078 0.044 0.044 0.08 0.052 0.092 0.168 0.112
500  0.072 0.082 0074  0.116 0148 0134  0.256 0.298 0.282
1000  0.076 0.08 0.072  0.152 0.184 017 0412 0.458 0.446
20 20% 200 0.04 0.094 0.05 0.056 0.09 0.056 0.06 0.118 0.068
500  0.044 0.06 0.048  0.058 0.078 0.07  0.092 0.108 0.096
1000 0.046 0.054 0052  0.076 0.088  0.078  0.152 0.174 0.162
50% 200  0.052 0.11 0.06 0.074 0.13 0.088 0.15 0.242 0.178
500  0.052 0.076 0058  0.132 0.168  0.148  0.334 0.388 0.358
1000 0.054 0.07 0.064  0.188 0224 0212 0.58 0.622 0.604
B 10 20% 200 0.1 0122 0052  0.092 0.106  0.036  0.074 0.112 0.044
500 0.062 0.07 0.042 0.066 0.082 0.054 0.076 0.088 0.058
1000 0.064 0.064 0048  0.046 0.066 0.05 0.094 0.094 0.086
50% 200 0.062 0124  0.036 0.11 0190  0.078  0.394 0.386 0.148
500 0.05 0.092 0044  0.236 0.298 0.226  0.796 0.71 0.61
1000  0.068 0.096 0.08 0.492 0456 0426 0978 0.954 0.942
20 20% 200 0.03 0.162 0.032 0.06 0.194 0.05 0.082 0.208 0.068
500  0.048 0.074  0.048 0.06 0.09 0.056  0.144 0.114 0.08
1000 0.04 0.054 0.046 0.082 0.084 0.066 0.246 0.16 0.132
50% 200  0.036 0.178 0.04 0.11 0.26 0.098  0.288 0.442 0.214
500  0.058 0.096 0066  0.206 0.244 0.18 0.648 0.608 0.518
1000 0.064 0.096 0.072 0418 0.384 034  0.946 0.916 0.886
C 10 20% 200 0.06 0.104 0.04 0.058 0.094  0.046  0.066 0.112 0.046
500 0.068 0.092 0.068 0.056 0.08 0.054 0.06 0.118 0.08
1000 0.064 0.068 0056  0.042 0.06 0.052  0.086 0.128 0.112
50% 200 0.062 0102 0036  0.056 0.122 0.05 0.094 0.214 0.086
500  0.062 0.086 0062  0.084 0.14 0.098 0.2 0.278 0.22
1000  0.058 0.08 0.068 0.11 0154  0.142 0.34 0.398 0.364
20 20% 200 0.056 0.156 0.052 0.056 0.138 0.06 0.062 0.172 0.066
500  0.072 0.092 0.07 0.05 0.098 0074  0.06 0.11 0.07
1000 0.048 0.068 0.052 0.06 0.09 0.072 0.122 0.17 0.146
50% 200 0.064 0.16 0.058 0.052 0.17 0.068 0.124 0.286 0.146
500 0.064 0.086 0062  0.112 0172 0112 0256 0.36 0.284
1000  0.064 0.078 0.07  0.132 0172 0156  0.494 0.538 0.52

Note 1: Values in boldface indicate that the nominal level « is not included in their confidence interval

In the majority of cases, we can see that when the variance of the random effect

is low (02 = 0.25), the false positive rates of the LM(H) and LM(S) tests are quite

close to the nominal level « = 5%, while the LM(CP) test rejects more often than

expected. With the increase of model misspecification (62 = 1 and LD = 50%,

02 =2.25and LD = 20%, 50%) the false positive rates increase with the sample size

and there are no significant differences in tests behaviour between 10 and 20 items. It



2.5. Simulation study 2: The LM tests

25

is evident that the false positive rates are dramatically affected by the variance of the

random effect and the number of items that are conditionally dependent. Moreover,

the LM(CP) test has the most inflated false positive rates under all conditions of the

study, while no improvement has been found when using the LM(S) test. Both LM(S)

and LM(H) show a very similar behaviour under all scenarios.

Table 2.4 presents the empirical and asymptotic power for the LM(H), LM(CP),

and LM(S) tests under local dependence for scenario D.

TABLE 2.4: Empirical power (EP) and asymptotic power (AP) of the
LM(H), LM(CP), and LM(S) tests under scenario D, p = 10,20, n =

200, 500, 1000, 5000

0z =025 oz =1 02 =225
sC p LD n LM(H) LM(CP) LM(S) LM(H) LM(CP) LM(@S) LM(H) LM(CP) LM(S)
D 10 20% 200 EP 0308 0.398 0.32 0.38 0452 0388 0484 0.55 0.494
AP 0459 0.506 0485 0473 0514 0493 0543 0584  0.562
500 EP  0.702 0.724 0.71 0.776 0.806 0798  0.864 0.878 0.872
AP 0.836 0.877 0859  0.849 0.884 0867  0.905 0.930 0.917
1000 EP  0.936 0.942 0.938 0.97 0974 0974 0994 0994  0.994
AP 0985 0.993 0990  0.988 0994 0991  0.9% 0.998 0.997
5000 EP 1 1 1 1 1 1 1 1 1
AP 1 1 1 1 1 1 1 1 1
50% 200 EP 0324 0.44 0.356 0.49 0.57 0.516  0.637 0.706 0.624
AP 0497 0.552 0527  0.586 0.649 0.621 0723 0777 0.739
500 EP  0.752 0.774 0758  0.888 0.898 0.89 0.956 0.96 0.956
AP 0870 0.911 0893  0.931 0.959 0.948 0981 0.990 0.984
1000 EP 0952 0.956 0952 0992 0994 0992 1 1 1
AP 0992 0.997 0995  0.998 0.999 0.999 1 1 1
20 20% 200 EP 0382 0.528 0392 0484 0.606 0484 0574 0.66 0.582
AP 0473 0.506 0492 0523 0557 0542 0570 0.603 0.588
500 EP  0.824 0.858 0.83 0.886 0910  0.889 0.94 0.946 0.936
AP 0.849 0.877 0866  0.891 0914 0904 0922 0.939 0.932
1000 EP 0982 0.986 0982  0.994 0994  0.99% 1 1 1
AP 0988 0.993 0.991  0.995 0.997  09% 0997 0.998 0.998
50% 200 EP 0416 0.558 0.42 0.59 0.68 0.592 0.74 0.832 0.742
AP 0497 0.531 0517  0.624 0.668  0.649 0752 0794 0772
500 EP  0.844 0.866 0.846  0.962 0.97 0.964  0.992 0994 0992
AP 0870 0.896 0.886  0.949 0966 0959  0.986 0.992 0.989
1000 EP  0.992 0.994 0.994 1 1 1 1 1 1
AP 0992 0.995 0994 0999 1 0.999 1 1 1

Overall, there are some numerical differences between the asymptotic and em-

pirical power that decrease with the increase in the number of items and the sample
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size. It is worth noting that the behaviour of the empirical and asymptotic power is
the same. Indeed, according to both methods, LM(CP) has the highest power and
LM(H) and LM(S) have a very similar power under all conditions. The empirical
and asymptotic power increases with both the sample size and the number of items.
Since there are no substantial differences between the two procedures, only the em-
pirical power is computed for scenarios E and F. Table 2.5 presents the empirical
power for the LM(H), LM(CP), and LM(S) tests under local dependence for scenar-
ios E and F.

TABLE 2.5: Empirical power of the LM(H), LM(CP), and LM(S) tests
under scenarios E and F, p = 10,20, n = 200, 500, 1000, 5000

02 =025 o2 =1 02 =225
SsC p LD n LM(H) LM(CP) LM@GS) LM(H) LM(CP) LM(G) LM(H) LM(CP) LM®O)
E 10 20% 200 0.449 0.58 0.37 0.502 0.606 0412 0538 0.624 0.432
500 0.9 0.926 0.902 0.934 0.948 0928  0.966 0.974 0.958
1000  0.998 1 1 0.996 0.998 0998  0.998 1 0.998
50% 200 0.518 0.606 0.364 0.730 0.716 0372  0.858 0.779 0.3
500 0.948 0.954 0.926 0.994 0.984 0968  0.998 0.998 0.978
1000 1 1 0.998 1 1 1 1 1 1
20 20% 200 0.742 0.876 0.722 0.802 0.856 0.692  0.834 0.866 0.722
500 0.994 0.996 0.994 1 0.998 0.994 1 1 0.994
1000 1 1 1 1 1 1 1 1 1
50% 200 0.814 0.906 0.966 0.9 0.934 0.818  0.966 0.962 0.894
500 1 1 0.998 1 1 1 1 1 1
1000 1 1 1 1 1 1 1 1 1
F 10 20% 200 0.660 0.632 0.416 0.674 0.662 0486  0.743 0.758 0.598
500 0.957 0.946 0.898 0.978 0.976 0944  0.992 0.99 0.98
1000  0.998 0.998 0.998 1 1 1 1 1 1
50% 200 0.637 0.61 0.388 0.641 0.636 0398  0.662 0.617 0.381
500 0.945 0.932 0.902 0.951 0.94 091 0.940 0.926 0.894
1000  0.998 0.998 0.996 1 0.998 0.998 1 1 1
20 20% 200 0.807 0.848 0.666 0.860 0.888 0.756  0.896 0.91 0.802
500 0.992 0.996 0.982 0.996 0.996 0.996 1 1 0.998
1000 1 1 1 1 1 1 1 1 1
50% 200 0.803 0.844 0.664 0.852 0.872 0.696  0.823 0.862 0.682
500 0.992 0.996 0.984 0.996 0.996 0992  0.991 0.996 0.99
1000 1 1 1 1 1 1 1 1 1

Under the multiple parameters scenarios (E and F) and small sample sizes (n =
200), the LM(S) test has the lowest power. Moreover, under all scenarios and for
small sample size, LM(H) and LM(CP) have similar power whereas, in the majority
of cases for large sample sizes, all tests reach the same power. Thus, the power seems

less affected by the degree of local dependence compared to the the false positive rate
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and it increases with both the sample size and the number of items. Moreover, in
terms of power, LM(CP) has the best performance because it has the highest power
under most simulation conditions and it produces valid results for all replications. It
is worth noting that, under scenarios E and F, in some cases the LM(H) test produces
non-valid results, ranging from 0.2% to 22.4% of the replications, where the highest

percentages correspond to small sample sizes, ¢ = 2.25 and LD = 50%.

2.5.2 Misspecification of the latent variable distribution

The data are generated from the following model:

logit(ﬂij) = Koj + X1;Z; (2.20)

z; = Bx; + €, i=1,..,n ji=12,..,p
Three different distributions are assumed for the latent variable. Namely, the er-
ror term is generated from a mixture of normals as € ~ f(e) = 0.3N(—1.5,0.2) +
0.7N(1,0.4) and also from a skew-normal distribution with parameter « = 1, 3. The
mixture of normals considered does not represent a case of extreme outliers in the
latent variable distributions.

Intercepts (ao;), factor coefficients (1), regression coefficient (), and group vari-
able x are generated as in section 2.5.1. Similarly here, we consider the model in
equation (2.19) as the unconstrained model. The simulation scenarios of section 2.5.1
are considered here to study the false positive rates and the empirical power of the
tests. As before, the asymptotic power is studied for scenario D.

Table 2.6 reports the false positive rates for the LM(H), LM(CP), and LM(S) tests

under misspecification of the latent variable distribution for scenarios A,B, and C.



Chapter 2. Use of the Lagrange Multiplier test for assessing measurement

28
invariance under model misspecification
TABLE 2.6: False positive rates of the LM(H), LM(CP), and LM(S)
tests under scenarios A, B and C, p = 10,20, n = 200, 500, 1000
€ ~03N(—15,02) + 0.7N(1,04) | e~ SN(1) €~ SN(3)

SC p n TIM(H) LM(CD) M(S) IM(H) LM(CP) LM(S) LM(H) LM(CP) LM(@S)
A 10 200 0.048 0.066 0.042 0.046 0.076 0.024 0.089 0.132 0.008
500 0.046 0.052 0.04 0.05 0.066 0.042 0.076 0.07 0.022
1000 0.048 0.052 0.05 0.06 0.062 0.056 0.06 0.058 0.042
20 200 0.054 0.082 0.056 0.054 0.116 0.044 0.06 0.112 0.026
500 0.05 0.058 0.05 0.054 0.066 0.058 0.056 0.07 0.044
1000 0.042 0.04 0.038 0.052 0.07 0.066 0.054 0.06 0.054
B 10 200 0.6 0.10 0.046 0.134 0.156  0.016  0.198 0242  0.002
500 0.058 0.066 0.048 0.112 0.09 0.032 0.195 0.082 0.004
1000 0.066 0.066 0.058 0.086 0.06 0.042 0.196 0.066 0.002
20 200 0.058 0.140 0.042 0.066 0.222 0.04 0.119 0.293 0.002
500 0.044 0.064 0.034 0.056 0.102 0.044 0.066 0.114 0.016
1000 0.064 0.076 0.054 0.042 0.064 0.05 0.072 0.09 0.042
C 10 200 007 0.118 0.048 0.065 0.164  0.026  0.133 0216  0.012
500 0.066 0.072 0.036 0.05 0.078 0.042 0.075 0.092 0.032
1000 0.062 0.068 0.056 0.066 0.068 0.052 0.076 0.084 0.026
20 200  0.076 0.154 0.046 0.062 0.218 0042  0.087 0.235 0.02
500 0.05 0.094 0.044 0.044 0.084 0.046 0.046 0.09 0.03
1000 0.068 0.084 0.056 0.044 0.064 0.042 0.07 0.098 0.048

Note 1: Values in boldface indicate that the nominal level « is not included in their confidence interval

The misspecification of the latent variable distribution in the case of a mixture
of normals does not affect the false positive rates of the LM(H) and LM(S) tests,
whereas the LM(CP) test has inflated false positive rates, especially under scenarios
B and C. When € ~ SN(1), only the LM(S) test never shows inflated false positive
rates, even if it rejects less than it should for small sample sizes and 10 items. The
performance of the tests deteriorates with the increase of skewness from x = 1 to
x = 3. For some of our simulation scenarios, the LM(H) and the LM(CP) tests have
inflated false positive rates and the LM(S) test rejects less than expected. When € is
distributed as a skew-normal under all scenarios, the LM(H) test produces a consid-
erable number of non-valid results, ranging from 0.2% to 43.4% of the replications.
The number of non-valid LM(H) statistics increases with the skewness of the latent
variable distribution and for small sample sizes.

Table 2.7 presents the empirical and asymptotic power for LM(H), LM(CP), and

LM(S) tests under misspecification of the latent variable distribution for scenario D.
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TABLE 2.7: Empirical power (EP) and asymptotic power (AP) of the
LM(H), LM(CP), and LM(S) tests under scenario D, p = 10,20, n =

200,500, 1000

€ ~03N(—15,02) + 0.7N(1,04) | €~ SN(1) [ €~ SN(3)
sC p =n IM()  LM(CP) LM(©S) IM() LM(CP) LM(@O) LM LM(CP) LM©)
D 10 200 EP 0316 0.396 0.324 0.195 0.28 015 0129 0.186 0.03
AP 0425 0.459 0.443 0307 0326 0301  0.226 0208 0170
500 EP  0.684 0.71 07 0424 0462 0406 0235 0244  0.094
AP 0772 0.799 0.835 0632 0664 0623 0480 0440  0.354
1000 EP 095 0.958 0.952 0748  0.762 075  0.406 0402 0328
AP 0977 0986 0.982 0902 0921 0895 0771 0725 0611
20 200 EP 038 0.488 0.382 0292 0414 0282 0197 0299  0.092
AP 0385 0.400 0.392 0397 0421 0391 0232 0237 0218
500 EP 076 0.804 0.768 0.596 0.64 0586  0.406 0464  0.354
AP 0751 0.770 0.759 0766 0794 0759 0492 0502 0461
1000 EP 098 0.98 0.978 0902 0906  0.898  0.662 0692  0.644
AP 0961 0.968 0.965 0967 0976 0964  0.783 0794 0749

Overall, the numerical differences between the asymptotic and empirical power
are small. As in the case of local dependence, the empirical and asymptotic power
give the same information. For scenario D and large sample sizes, the power of all
tests is not affected by the latent variable having a mixture of normal distributions.
When € ~ SN(1), LM(CP) has the highest power while LM(H) and LM(S) have a
very similar power. When € ~ SN(3), the power is lower for all tests, especially
for LM(S) and small sample sizes, and LM(H) produces a considerable number of
non-valid results for small sample size (11.6% of the replications). Since there are
no substantial differences between the two procedures, only the empirical power is
computed for scenarios E and F.

Table 2.8 presents the power for LM(H), LM(CP), and LM(S) tests under misspec-

ification of the latent variable distribution for scenarios E and F.
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TABLE 2.8: Empirical power of the LM(H), LM(CP), and LM(S) tests
under scenarios E and F, p = 10,20, n = 200, 500, 1000
€~ 03N(-15,02) + 0.7N(1,04) | e~ SN(1) [ €~ SN(3)
SC p n TIM(H) LM({CP) M(S) IM(H) LM(CP) LM(S) LM(H) LM(CP) LM(@S)
E 10 200 0516 0.614 0.402 0.218 0446 0124  0.100 0.313 0.02
500 0.926 0.93 0.91 0.627 0.756 0.632 0.347 0.408 0.09
1000  0.998 0.998 0.998 0.946 0972 0962  0.642 0.7 0.312
20 200 0.674 0.853 0.646 0.524 0.782 0.456 0.385 0.642 0.076
500  0.992 0.996 0.99 0.946 0968 0946  0.739 0.81 0.488
1000 1 1 1 1 1 1 0.974 0.98 0.954
F 10 200 0588 0.547 0.318 0.356 0484 0188 0223 0462  0.158
500 0.916 0.89 0.838 0.834 0.844 0.722 0.585 0.772 0.532
1000  0.99 0.988 0.988 0.974 0982 0972 0.867 0966  0.882
20 200 0.449 0.48 0.174 0.713 0.787 052  0.608 0783 0434
500  0.826 0.784 07 0.988 0.986 097 0921 0984 0952
1000 0.978 0.97 0.952 1 1 1 0.958 1 1

Similarly to the false positive rates study, the power of all tests studied here is
not affected by the latent variable having a mixture of normal distributions and it is
lower for small sample sizes. Interestingly, when € ~ SN(1), the LM(CP) test has
the highest power whereas, when € ~ SN(3), the power is lower for all tests, par-
ticularly for LM(S) in the case of small sample sizes. However, the power, even for
k = 3, increases with the increase of sample size and number of items. When € is dis-
tributed as a skew-normal, the LM(H) test produces non-valid results in some of the
simulation scenarios, ranging from 0.2% to 30.2% of the replications and, as in the
previous setting, the number of non-valid LM(H) statistics increases with the skew-

ness of the latent variable distribution and decreases as the sample size increases.

2.6 Simulation study 3: The GS(J) test

In this section we study the performance of the GS(J) test. The GS(J) test is com-
putationally expensive compared to the other tests. Indeed, in each replication of
a sample of size n, the Jackknife score covariance matrix given in (2.14) requires
n times the ML-estimates of the parameters. To reduce the time complexity for
this method, a faster model estimation is obtained by using the “Itm” R package,
which uses a combination of the E-M algorithm and direct maximization. As before,

numerical derivatives for the Hessian and cross-product matrix are obtained with
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the “NumDeriv” R package. We conduct a small-scale simulation to compare the
performance of the LM(H), LM(CP), and LM(S) tests with the GS(J) test under no
misspecification, misspecification due to local dependence, and misspecification of
the latent variable distribution. All models considered here will only have a mea-
surement model and no structural model. We consider the following simulation
conditions: number of items (p = 10) x sample size (n = 200,500,1000) X test
statistic (LM(H), LM(CP),LM(S),GS(J)) and 500 replications for each scenario. To
study the Type I error/false positive rates, we consider three data generating mod-
els (DGM): i) under a correct model specification, data are generated from the 2-PL
model (Birnbaum, 1968), ii) under local dependence from the model given in equa-
tion (2.18), and iii) under misspecification of the latent variable distribution from the
model given in equation (2.20). To study the power, we set the parameter 'y;; equal
to 0.5 and 2, on the last item of the three data generating models (2-PL, (2.18), (2.20)).
For all of them, the covariate x does not affect the latent variable (=0) and inter-
cepts, factor loadings, and the values of the group variable x are generated as in sec-
tion 2.5.1. When data are generated from (2.18), we consider 02 = 1 and LD = 20%.
For data generated from (2.20), we assume € ~ SN(3). We consider the model in
equation (2.19), without the structural model, as the unconstrained model. Under
scenario A of section 2.5.1, 7 is fixed to 0 under the null hypothesis. Scenario A
is used to study the Type I error/false positive rate, because all items in the data
generating models are measurement invariant, and to study the power, because a
uniform-DIF parameter is introduced on the last item of all data generating models.
Table 2.9 reports the Type I error/false positive rates of the GS(J), LM(H), LM(CP),
and LM(S) tests under correct model specification, local dependence, and misspeci-

fication of the latent variable distribution, for scenario A.
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TABLE 2.9: Type I error/ false positive rates of the GS(J), LM(H),
LM(CP), and LM(S) tests under scenario A, p = 10, n = 200, 500, 1000

Data generating model SC  p n GS(J) LMH) LM(CP) LM(S)

2-PL A 10 200 0.042 0.048 0.064 0.046
500 0.06 0.06 0.072 0.06
1000  0.062 0.062 0.062 0.062

(2.18) A 10 200 0.034 0.042 0.054 0.034
500  0.056 0.058 0.064 0.056
1000  0.056 0.058 0.064 0.058

(2.20) A 10 200 0.036 0.044 0.072 0.036
500  0.044 0.048 0.058 0.044
1000  0.048 0.052 0.056 0.048

Note 1: Values in boldface indicate that the nominal level « is not included in their confidence interval

The GS(J) test and the LM(S) test perform similarly under all conditions. In gen-
eral, all tests have good performance and only the LM(CP) test shows inflated false
positive rates under some conditions.

Table 2.10 presents the empirical power for the GS(J), LM(H), LM(CP), and LM(S)
tests under correct model specification, local dependence, and incorrect distribution
of the latent variable, for scenario A.

TABLE 2.10: Empirical power of the GS(J), LM(H), LM(CP), and
LM(S) tests under scenario A, p = 10, n = 200, 500, 1000

Data generating model SC  p 73 n GS(J) LM(H) LM(CP) LM(S)
2-PL A 10 05 200 0.23 0.292 0.296 0.238

500 0.488 0.53 0.52 0.494

1000 0.754 0.778 0.772 0.758

2 200  0.962 0.98 0.982 0.962

500 1 1 1 1
1000 1 1 1 1
(2.18) A 10 05 200 0.176 0.236 0.234 0.186

500  0.394 0.434 0.422 0.396
1000  0.67 0.686 0.676 0.67

2 200  0.956 0.978 0.978 0.962

500 1 1 1 1
1000 1 1 1 1
(2.20) A 10 05 200 0.11 0.200 0.196 0.13

500  0.344 0.414 0.392 0.344
1000  0.62 0.678 0.634 0.622

2 200  0.634 0.893 0.903 0.732
500  0.996 1 0.998 0.996
1000 1 1 1 1

Under all conditions for small sample size, the power of the GS(J) test is always

equal to or lower than the one of the LM(S) test. When the sample size increases,
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the two tests reach the same power. Similarly to the Type I error/false positive rate
study, the performance of the GS(J) test is never superior to that of the other tests.
For this reason, and for its high computational cost, we do not use the GS(]) test in

the real data analysis.

2.7 Application to a real data set

In this section we assess measurement invariance under model misspecification through
the LM(H), LM(CP), and LM(S) tests on a real data set, taken from Miller et al. (1984).
We select the same sample of observations and items analysed by Duncan (1979). In
1953, in the Detroit Area, the following questions regarding sex role expectations
were asked to a sample of 257 women: “Here are some things that might be done
by a boy or a girl. As I read each of these to you, I would like you to tell me if it
should be done as a regular task by a boy, by a girl, or by both: (1) Shoveling walks,
(2) Washing the car, (3) Dusting furniture, (4) Making beds”. Responses of “boy” to
items 1 and 2 and “girl” to items 3 and 4 are coded as “0” and refer to traditional
answers. Responses of “both” for all items are coded as “1” and refer to “egali-
tarian” answers. For the same sample of women, in addition to the four binary
items, we consider a group variable, that we call “Work”, taken from the original
data set (Miller et al., 1984). The following question was asked to the sample of
mothers “What is your occupation? What kind of business is that in?” The possi-
ble responses were the following: “Professional, technical, and kindred workers”,
“Managers, officials and proprietors, except farm”, “Clerical and kindred workers”,

s 7 A

“Sales workers”, “Operatives and kindred workers”, “Private household workers,

service workers”, “Laborers, except farm and mine”, and “Not in labor force”. We

group these responses into two classes:

¢ Class coded as “0”, which includes only answers “Not in labor force”. This

class includes the group of non-working women (19 = 199).

¢ Class coded as “1”, which includes all the other responses. This class includes

the group of working women (17 = 58).
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The percentages of “egalitarian” answers among the group of non-working women
are 31%, 31%, 29% and 42% to items 1-4, respectively. The percentages of “egalitar-
ian” answers among the group of working women are 43%, 29%, 50% and 55% to
items 1-4, respectively. Women in the working group give more “egalitarian” an-
swers than women in the non-working group, especially to items 3 and 4. The data
set is analysed by Mavridis and Moustaki (2009) and Irincheeva (2011). They show
that the classical unidimensional IRT model with the latent variable distributed as a
standard normal has a poor fit on this data set. Irincheeva (2011) estimates a semi-
nonparametric (SNP) unidimensional IRT model to the data, that allows for more
flexibility in the shape of the latent variable distribution, and gives a better fit of the
proposed model to the data compared with the classic unidimensional IRT model.
Moreover, the results found by Irincheeva (2011) suggest that the shape of the true
latent variable is right skewed or even more complex.

Starting from these results, in this study we consider a unidimensional IRT model
for binary data based on the assumption of standard normal latent variable distri-
bution under the null hypothesis, that we know to be misspecified. Measurement in-
variance on the intercept of each item is tested through Hj : Y1+ =0 vs Hy:y1js #£0,
where 71, is the effect of the group variable “Work” on the item intercept.

Measurement invariance on the item slope of each item is tested through

Hy : Vojs = 0 vs Hi: 725« # 0, where 7,j, is the effect of the group variable “Work”
on the item slope. Rejecting the null hypothesis implies that the item intercept, or
slope, is measurement non-invariant. Due to the small sample size and low number
of items, we avoid considering multiple parameter hypothesis testing. The p-values
of the tests are computed in two ways, using the asymptotic distribution of the tests
under the null hypothesis and bootstrap hypothesis testing (Efron and Tibshirani,
1994). As observed in section 2.5.2, under high misspecification of the latent variable
distribution, the LM tests do not match their theoretical distributions under the null
hypothesis. In particular, the LM(H) and LM(S) tests have the worst performance in
terms of power under small sample sizes. The bootstrap hypothesis testing does not
depend on the asymptotic distribution of the test statistic under the null hypothesis

and can be a good alternative under model misspecification (Lu and Young, 2012).
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The first step of the bootstrap hypothesis testing procedure is to generate B boot-
strap samples, or simulated data sets, indexed by #, that should satisfy the null hy-
pothesis (Efron and Tibshirani, 1994). We consider a parametric bootstrap, where the
bootstrap samples are generated from a classical unidimensional IRT model with the
latent variable distributed as a standard normal and parameter estimates obtained
fitting the same model to the original sample of observations. Under the null hy-
pothesis, the group variable “Work” has no effect on the intercept and slope of each
item. For this reason, the values of the group variable in each bootstrap sample
are randomly drawn from a Bernoulli variable with success probability estimated
on the original sample of observations. The parametric bootstrap can be used even
when the model under the null hypothesis is misspecified (Lu and Young, 2012).
The bootstrap hypothesis testing is composed using the following steps (Efron and
Tibshirani, 1994):

1. Calculate the statistic T (the LM(H), LM(CP) and LM(S) tests) in the original

sample of observations.
2. Calculate the statistic T in each bootstrap sample, called 77 .

3. Compute the bootstrap p-value as p*(£) = L Yp_; I(tj >1), where I is the in-

dicator function.
4. Reject the null hypothesis if p* (1) < a.

When 7 is pivotal, that is its distribution does not depend on unknown parameters,
and the number of bootstrap samples B is such that «(B + 1) is an integer, the boot-
strap hypothesis testing procedure can yield exact test (Dwass, 1957). We choose
B =999, which is usually a good choice for the number of bootstrap samples to be
used in hypothesis testing (MacKinnon, 2002).

Table 2.11 presents the p-values for the LM(H), LM(CP), and LM(S) tests based
on their theoretical distributions (TD) under the null hypothesis and on bootstrap

hypothesis testing (BH) for measurement invariance on the item intercept and slope.
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TABLE 2.11: Theoretical distributions (TD) and bootstrap hypothe-
sis testing (BH) p-values of the LM(H), LM(CP), and LM(S) tests for
measurement invariance on the item intercept and slope

Parameter tested Item Method LM(H) LM(CP) LM(S)

Y1) 1 TD 0.387 0.390 0.391
BH 0.397 0.404 0.398

2 TD 0.107 0.082 0.097

BH 0.114 0.102 0.105

3 TD - 0.014 0.059

BH - 0.023 0.020

4 TD 0.78 0.795 0.801

BH 0.800 0.811 0.811

Yaj 1 TD 0.399 0.351 0.353
BH 0.393 0.346 0.337

2 TD 0.116 0.112 0.131

BH 0.124 0.118 0.114

3 TD 0.048 0.038 0.098

BH 0.101 0.049 0.031

4 TD 0.050 0.118 0.223

BH 0.083 0.163 0.172

Note 1: Values in boldface indicate p-values less than the nominal level «

For all tests, TD and BH do not reject the null hypothesis of intercept and slope
invariance for items 1, 2, and 4. This is consistent with the simulation results, in
which the false positive rates are less affected than the power of the tests by the
misspecification of the latent variable distribution. However, BH and TD disagree
for item 3. Interestingly, only the LM(CP) test produces similar results to the BH
p-values of the LM(S) test, rejecting the null hypothesis of measurement invariance
on the intercept and slope. This is consistent with the simulation results, where the
LM(CP) test has the highest power for small sample sizes under misspecification of
the latent variable distribution. The bootstrap hypothesis testing procedure for the
LM(S) and LM(CP) tests turns out to be a good instrument to make a clearer deci-
sion on the acceptance or rejection of the null hypothesis, especially when these tests
show contradictory results. By contrast, the LM(H) test gives negative statistics in
the real data set and in a large number of bootstrap replications, as in some simu-
lation scenarios under high misspecification of the latent variable distribution and
small sample size. This makes it difficult to interpret results and worsens the per-

formance of the bootstrap hypothesis testing procedure. Indeed, for measurement
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invariance on the intercept of item 3, the TD and BH p-values of the LM(H) test
cannot be computed because the statistic calculated in the real data set is negative.
Moreover, in the measurement invariance testing of the slope of item 3, the result of
the BH p-value of LM(H) test is not stable because in 11.5% of the bootstrap repli-
cations we obtain non-valid statistics that have been excluded from the BH p-value

computation.

2.8 Discussion

In this work, we evaluated the performance of the LM(H), LM(CP), LM(S), and GS(J)
tests to assess measurement invariance under both correct model specification and
different types of model misspecification by means of various simulation studies
and in a real data analysis. Moreover, we computed the empirical and asymptotic
power of the LM(H), LM(CP), and LM(S) tests, using for the latter the asymptotic
distributions of the statistics under the alternative hypothesis.

Under model misspecification, there are some differences between the three tests
due to the type and the strength of the model misspecification. Under low local
dependence, and when the latent variable is generated from a mixture of normals
or from a moderate skew-normal, all tests have good performance in terms of false
positive rates and power for large sample sizes. Only the LM(CP) test shows inflated
false positive rates in some cases. For this reason, under mild model misspecifica-
tion, we discourage the use of the LM(CP) test due to its inflated false positive rates.
When the misspecification is high, the tests performance deteriorates. Indeed under
high local dependence the false positive rates for all tests are seriously inflated while,
when the latent variable is highly skewed, with 10 items and for small sample sizes,
the LM(H) and LM(S) tests have very low power. Under high model misspecifica-
tion, the LM(CP) test has the highest power for small sample sizes. It is worth noting
that the LM(S) test, although derived under model misspecification, does not have
better performance than the LM(H) test, particularly in terms of power but it always
produces valid statistics. Under all types of misspecification considered, we do not

find significant differences in the tests’ behaviour between the case of measurement
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invariance on the intercept and that on the intercept and slope, both in single and
multiple parameter hypothesis testing. It should be mentioned that considering a
mixture of normals that represents the case of extreme outliers, as the one in Ma and
Genton (2010), could give similar results in terms of tests performance as the ones
obtained when the true latent variable is highly skewed.

The simulation studies highlight that there are small numerical differences be-
tween the asymptotic power, computed through the two different approximation
methods for the non-centrality parameter, and the empirical power. However, the
results given by the two procedures are coherent and the asymptotic power can be
a valid alternative to obtain the power of a test, since it allows us to reduced the
time complexity compared to the empirical power. Among the two procedures to
compute the asymptotic power we prefer the first method because it only requires
the value of the test statistic to compute the non-centrality parameter. Although not
shown here, the asymptotic power can be used also to find sample sizes necessary
to reach a certain power (Boos and Stefanski, 2013, Gudicha et al., 2017).

Concerning the GS(J) test, it is never superior to the other tests and, due to its
high computational cost, we do not recommend the use of this test to assess mea-
surement invariance under model misspecification.

Consistently with the simulation results, in the real data analysis the LM(CP)
test has the highest power to detect item measurement non-invariance under high
misspecification of the latent variable distribution. The bootstrap hypothesis testing
procedure turns out to be a good instrument under model misspecification. Indeed,
it helps to make a clearer decision on the acceptance or rejection of the null hypoth-
esis when the asymptotic tests provide contradictory results.

For further studies on the performance of the LM tests under model misspeci-
fication, different types of estimation methods could be considered. Moreover, we
found that when data are generated assuming a skew-normal distribution for the
latent variable, parameter estimates are seriously biased with respect to the true
parameters’ values. Further research should be devoted to exploring misspecified
models where the parameter estimates are consistent with respect to the true pa-

rameter values. In these cases, the LM tests should have a better performance.
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Chapter 3

The Generalized Hausman test to
detect non-normality of the latent

variable distribution

3.1 Introduction

One of the typical assumptions of latent variable models is the normal distribution
of the latent variable(s). As shown in Ma and Genton (2010), this assumption is not
always appropriate and misspecifying the form of the latent variable by assuming
normality can result in large biases in parameter estimates. Moreover, as shown in
Chapter 2, an incorrect distribution of the latent variable can lead to incorrect infer-
ence when performing hypothesis testing. Assuming a different form for the latent
variable is not new in the literature of the generalized linear latent variable mod-
els (GLLVM) and IRT models. For example Montanari and Viroli (2010) introduce
a skew-normal latent variable in the factor model, while Cagnone and Viroli (2012)
present a latent trait model where the factors are distributed as a finite mixture of
multivariate gaussians. Ma and Genton (2010) propose a semiparametric method
for GLLVM, consistent for various types of manifest variables under different distri-
butions of the latent variables. Irincheeva et al. (2012) consider the seminonparamet-
ric (SNP) approach, introduced by Gallant and Nychka (1987), within the GLLVM
framework. This approach allows for more flexible smooth densities of the latent

variables. In IRT different methods have been proposed to deal with non-normal
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latent variable(s). For example, for binary responses, Knott and Tzamourani (2007)
use the empirical histogram method combined with the bootstrap, estimating the
prior distribution of the latent variable from the data instead of assuming standard
normality. Woods (2006) proposes the so-called Ramsey curve IRT model, where
the latent variables are splines based densities, that are linear combination of poly-
nomial functions joint together at knots. This method implies a modification of the
standard E-M algorithm. The SNP method has been used in unidimensional IRT
model by Woods and Lin (2009) and in multidimensional IRT model by Monroe
(2014).

Different methods have been proposed to detect non-normality of the latent vari-
ables. For example, with continuous manifest variables, Ma and Genton (2010)
perform the Kolmogorov-Smirnov test on the normality of the latent variable by
inspecting the continuous responses. Commonly information criteria are used to
choose between a model where the latent variables are normally distributed and a
model where the latent variables have a more complex shape (Woods and Lin, 2009,
Irincheeva et al., 2012, Monroe, 2014).

Hausman (1978) proposes a specification test to detect failure of the orthogonal-
ity assumption of the regression model. The Hausman test can be applied also in
other contexts, to detect different types of model misspecification, and it can be used
as an alternative to the classic information criteria (Bartolucci et al., 2017). The idea
of the test is simple. It compares two different estimators that are consistent when
the model is correctly specified and one is also efficient. However, in the presence
of model misspecification, only the inefficient estimator is consistent. The efficiency
assumption simplifies the computation of the covariance matrix of the difference of
the two estimators. However, this covariance matrix can fail to be positive definite
in presence of model misspecification. Moreover, sometimes none of the two esti-
mators considered are fully efficient.

For these reasons, we consider a generalized version of the Hausman test, pro-
posed by White (1982), and we refer to this test as Generalized Hausman (GH) test.

To build the GH test none of the two estimators need to be fully efficient and the
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covariance matrix of the difference of the two estimators is robust and always posi-
tive definite. This test compares a classic maximum-likelihood (ML) estimator, that
is inconsistent under model misspecification, with a Quasi-ML estimator, consistent
under correct and model misspecification for a particular set of parameters.

In the IRT context, as far as we know, the classic Hausman test has been used
only by Ranger and Much (2020) to detect misspecification of the item characteristic
functions and local dependencies among items. They implement two versions of
the test, one for the local and one for the global fit of the model. For the global fit,
they compare the classic Hausman test with the M test. They highlight that the M,
test has always good performance in terms of Type I error rates, while the Hausman
test only for large sample sizes. The Hausman test has lower power to detect local
dependence than the M, test. The latter, however, has very low or no power when
the misspecification is in the form of an upper boundary item characteristic func-
tion. The M; and Hausman tests have the same power when the misspecification is
caused by a non-monotone item characteristic function.

In generalized linear mixed models (GLMM) for clustered data, a robust version
of the Hausman test, similar to the one by White (1982), has been proposed by Bar-
tolucci et al. (2017) when a discrete distribution for the random effects is assumed.
The test can be also used to detect the possible correlation between random effects
and cluster-specific covariates. With respect to the information criteria, they found
that the robust Hausman test prefers more parsimonious models, under a true con-
tinuous distribution of the random effects and a correct specification of the depen-
dence between the random effects and the covariates, and it can detect the presence
of endogeneity, ignored by information criteria.

The objective of this Chapter is to extend the GH test to detect non-normality
of the latent variable distribution in unidimensional IRT models for binary data. In
order to apply the test, we consider the estimators of two different models. The
first one is the ML estimator that maximizes the likelihood of a classic unidimen-
sional IRT model for binary data based on the normality assumption of the latent
variable. This estimator is consistent under the null hypothesis of normality of the

latent variable but produces biased parameter estimates when the latent variable is
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not normally distributed (Ma and Genton, 2010). The second one is the quasi-ML
estimator of the unidimensional SNP-IRT model for binary data (Woods and Lin,
2009, Irincheeva, 2011), consistent under the normality and under different distri-
bution assumptions of the latent variable (Gallant and Tauchen, 1989, Irincheeva et
al., 2012). Once the non-normality of the latent variable distribution is identified,
hypothesis testing should be carried out with the correct estimation method.

We carry out a simulation study to evaluate the performance of the GH test to
detect non-normality of the latent variable in unidimensional IRT model for binary
data, in terms of Type I error rates and empirical power, varying the distribution
assumptions of the latent variable. Similarly to Ranger and Much (2020), the per-
formance of the GH test is compared with the M, test. Since the SNP-IRT model
and the classic IRT model for binary data are nested, also the Likelihood-Ratio (LR)
test is considered in the simulations and, in addition, some information criteria are
computed. Two applications to real data are also presented.

The Chapter is organized as follows. First, we present the unidimensional SNP-
IRT model for binary data. Second, we review the information criteria and the M,
test. Third, we introduce the GH test to detect non-normality of the latent variable
distribution. Next, we present a Monte Carlo simulation study and the results from

two real data analysis. Finally, we present some concluding remarks.

3.2 The SNP-IRT model

3.2.1 The model

As in Chapter 2, let us denote by y1, ...,y a set of observed binary variables/items,
by z the latent variable. The response probability for the i-th individual to the j-
th item is modelled using a logistic model (measurement model) where the latent
variable has a SNP parametrization:

. exp (0(0]' + 061]'21')
1+exp ((X()j + 1X1]'Zi)

P(yij = 1|z;) = mij(zi)
3.1)
h(zi) = P7(zi)¢(z) Pu(z)= Y azi

0<I<L
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ap...ar, are the real coefficients of the polynomial P; (z;), L is the polynomial degree
and ¢(z;) is the density of a standard normal. The case L = 0 corresponds to Z ~
N(0,1).

In order for (z) to be a density, the coefficients a, ..., a; of P (z) should be cho-
sen such that [f(z)dz = 1. For this purpose, Gallant and Tauchen (1989) use a
proportionality constant 1/ [ Pr(z)?*¢(z)dz and fix the constant term of the polyno-
mial equal to 1. Alternatively, Irincheeva et al. (2012) and Woods and Lin (2009) use

the parametrization proposed by Zhang and Davidian (2001), that imposes
1= / P2(2)¢(2)dz = E{PX(w)} = ' E(&@')a = a' Aa (3.2)
R

with w ~ N(0,1), P(w) = a'®, @ = (1,w,w? ..., wl). The matrix A is positive
definite by definition and A = B’B, where B is a positive definite matrix.

If ¢ = Ba, equation (3.2) becomes ¢’c = 1 and ¢ = (cy,...,c1+1)". The elements
of ¢ can be represented using a polar coordinate transformation as c; = sin ¢, =
COS @1 Sin @y, ...,CL = COS @1...COS P _1 SIN PL,C[ 41 = COS Q1 COS @P2...COS P _1 COS P,
with —7t/2 < ¢y < 7/2,t =1,..., L. The density of the latent variable in (3.1) can be

expressed as
hzlg, L) = (a'2)°9(2), (33)

1

where a can be obtained from casa = B~!c,z = (1,z,2%,...,z1) and @ = (@1, ..., 1)’

When L = 2, Pi(z) = ap + a1z + a2z, ap = sing; — %cos (1COS @2, A1 =
cos @1 singy and ay = % cos @1 cos 2. If we set 9o = 7, we get the coefficients

for L =1, Pr(z) = ag + a1z, ap = sin ¢q, a1 = cos ¢1. When L = 0 the model in (3.1)
reduces to the classic IRT model for binary data with a standard normal distributed
latent variable. In the following sections we indicate with SN P, the model for L = 2,
with SNP; for L = 1 and with SNP, for L = 0.

For a random sample of size n the log-likelihood is:

I(y,0) =) Inf(y;6) =
i=1

n , (3:4)

=L JTT 7z = g (z0)) ¥ PR () exp ( - 2Z§zi>dzi,

j=1
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where 6 is the vector of the unknown parameters that includes item intercepts,
slopes and ¢ parameter. The integral in the log-likelihood I(y, 0) is approximated
with the Gauss-Hermite quadrature, as in Woods and Lin (2009). The degree of
the polynomial L is fixed and is not estimated by maximum likelihood. The log-
likelihood function is maximized with respect to the unknown vector of parameter
0 as follows

0" = (ag, a7, ¢9") = argmaxel(y, 0) (3.5)

The final estimator is obtained rescaling 0" for identifiability reasons, as described

in the next section.

3.2.2 The identifiability problem

The standard argument for obtaining the final form of the estimators &g and & relies
on the concept of indeterminacy of the scale of the latent variable (Lord, 1980, van
der Linden and Barrett, 2016). Indeed, in latent variable models, it is possible to
change the scale of the latent variable z changing the parametrization accordingly
and obtain the same joint density function of the observed variables. For this reason,
we cannot expect that the latent variable in the SNP-IRT model has the same mean
and variance of the true latent variable, but we expect that it has the same shape.
The latent variable z has density h(z|@*, L) with estimated mean E(Z) and variance
V(Z) that can be different from the true mean and variance of the latent variable. In
order to compare the classic IRT model with the SNP-IRT model, we fix the mean
and the variance of the latent variable of the SNP-IRT model to 0 and 1, respectively.

After the optimization process, we can express
E(logit(7tj(z)) = ag; + aj;z ji=1..p (3.6)

and
z=1\/V(Z)z1 + E(Z) (3.7)

where E(Z) and V(Z) are found given ¢* and the SNP density of z. z; has the same

distribution of z, with mean 0 and variance 1.
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If we substitute (3.7) in (3.6) we get
E(logit(mj(z)) = ap; + aj; V(Z)z1 + ijE(Z) ji=1..p (3.8)
From equation (3.8) we get the form of the final estimators (Irincheeva et al., 2012):

Roj = ag; + a3;E(Z) j=1..p (3.9)

fj = aij\/V(2) i=1,..,p (3.10)

E(Z) and V(Z) can be computed analytically, given the values of ¢*, as shown in
the Appendix B. The standard errors of &g and &, are based on the observed Hessian
and cross-product matrix and they can be obtained with the Delta method (Cramér,
1946). In the simulations, if the mean of the true latent variable is different from 0 and
the variance from 1, to compute the parameter bias, the true &y and a1 parameters are
rescaled accordingly to formula (3.9) and (3.10), replacing ag; with the true intercept,
a; with the true slope and E(Z) and V(Z) with the mean and the variance of the true
latent variable. In this way, the parameter bias is due only to the misspecification of
the shape of the latent variable, and not to the misspecification of the moments. A
similar procedure to compute parameter bias has been adopted also by Irincheeva
(2011).

If more than one latent variable is considered in the SNP-IRT model, other pa-

rameter constraints are needed for model identifiability (see Irincheeva, 2011).

3.2.3 Model selection criteria

The Akaike information criterion (AIC), the Bayesian information criterion (BIC) and
the Hannan—-Quinn criterion (HQ) can be used to choose the degree of the polyno-
mial L of the SNP-IRT model (Davidian and Gallant, 1993, Woods and Lin, 2009,
Irincheeva et al., 2012, Monroe, 2014).

The AIC is (Akaike, 1974):

AIC = —21(y, 0%) + 2k, (3.11)



Chapter 3. The Generalized Hausman test to detect non-normality of the latent
46
variable distribution

where [(y, 0") is the log-likelihood defined in (3.4) and evaluated at 0" and k is the
number of parameter of the model.

The BIC is (Schwarz, 1978):

BIC = —2i(y, 6*) + kInn, (3.12)

where 7 is the sample size.

The HQ is (Hannan and Quinn, 1979):

HQ = —2I(y,0") + 2kInlnn (3.13)

Usually L = 1 or L = 2 are enough to detect a departure from normality and to
approximate different shapes of latent variable distributions. Selecting higher order

of the polynomial could result in overfitting (Irincheeva, 2011).

3.3 The M, test

In the case of normality of the latent variable, the overall goodness-of-fit of the
SNPy model is usually assessed through the classic Pearson’s chi-square test and
Likelihood-Ratio test (Bartholomew et al., 2011). However, these test are affected by
the problem of sparse data. Indeed, the number of empty cells in a frequency table
increases with the number of binary items. In this case, the distribution of these clas-
sical statistics is not well approximated by the chi-square distribution. To overcome
this problem, Maydeu-Olivares and Joe (2005) propose a family of test statistics M,,
based on the residuals up to order . The most popular statistic is M», that uses
the univariate and bivariate marginal information. As data sparseness increases, the
empirical Type I error rates of the M, test remain accurate (Maydeu-Olivares and
Joe, 2005, 2006). As before, let’s consider p items and a sample size n. Under the null
hypothesis we test that the SNPy model holds. The hypotheses Hy and H; can be

formalized as follows:

Hy:m=m(0) wvs Hp:m# (), (3.14)
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where 6, as usual, includes the item intercepts and slopes and 7(0) indicates the
response patterns probabilities.

The statistic M is (Maydeu-Olivares and Joe, 2005):
M, = né)U,é,. (3.15)
The vector & includes the univariate and bivariate residuals and is computed as
& = (p, — m2(0)), (3.16)

where 775(8)" = (7r1(8)’, 712(8)"). 771(8) includes the p estimated first-order marginal
probabilities of correctly responding to each single item and 7t»(8) includes the
@ estimated second-order marginal probabilities of correctly responding to each
item pair.  is the vector of ML parameter estimates under the SN Py model. It is pos-

sible to compute 7r5(8) as:

(8) = Tomr(0), (3.17)

where T5 is a transformation matrix of 1s and Os of dimension @ x 2P, where
w is the number of univariate and bivariate residuals (for more details on this
matrix see Maydeu-Olivares and Joe, 2005) and 7t(8) is the matrix of the estimated
probabilities of the observed response patterns. Similarly to 7r2(8), p, includes the
observed cell proportions of 1 for each single item and each pair of items.

(p+1) (p+1)
2

The matrix U> in (3.15) has dimension BH— X and it is computed as:

where &, = TZETZ’ and & = diag(7t()). The matrix A, is computed as Ay = THA,
where A is the Jacobian matrix of derivatives of the cell probabilities with respect to
the items intercept and slope parameter.
Under Hy, the statistic M, is asymptotically distributed as a x2,, with degrees of
plp+1)

freedom m = =5— — 2p, that is the number of univariate and bivariate residuals

minus the number of estimated parameters of the SNPy model.
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In the simulations, we evaluate the performance of the M, test also under non-
normality of the latent variable, expecting the test to reject the null hypothesis that
the SN Py model holds.

3.4 The Generalized Hausman test

In this section we present the GH test, derived by White (1982), applied to detect
non-normality of the latent variable using the SNP-IRT model.

Let’s denote by # the sub-vector of 8’ = («(, a},¢’) that includes the item inter-
cepts wg and slopes «a;. 7 has dimension 2p x 1, where p is the number of items.

Let’s consider the ML-estimator 95Np0 = flsnp, that maximizes the likelihood
function of a classic IRT model where the latent variable is normally distributed,
that is the SNPy model. Under normality of the latent variable fj5yp, LN 1o, Where
1] includes the true item intercepts and slopes. Under non-normality of the latent
variable, ﬁSNP() LN 1., where 7, is the vector that minimizes the Kullback-Leibler
information criterion.

Let’s also consider a Quasi-ML estimator QISNPL = (#'snp,, @), that maximizes
the likelihood function of a SNP-IRT model with L > 0, where the sub-vector of
parameter @* has dimension L x 1 and so 8syp, has dimension (2p + L) x 1. Un-
der normality and different distributional assumptions of the latent variables and
if the regularity conditions A2-A6 of White (1982) are satisfied, Osnp, 2, 6y., where
00, = (11, ¢+') and @ is the value of ¢ that minimizes the Kullback-Leibler informa-
tion criterion (White, 1982, Gallant and Tauchen, 1989, Irincheeva et al., 2012). This
assumption ensures that 75y p, is a consistent estimator for the true set of parameter
values 7, that include the true item intercepts and slopes, even under non-normality
of the latent variable.

Following White (1982), under normality of the latent variable

. . d
\/ﬁ(”SNPL — fisnp,) — N(0,S(1, 60))- (3.19)
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An estimator of S(#1,, 6o+ ) is:
S(itsnpy Osnp,) = A (Bsnp,) "' B(Bsnp, ) A™ (Bsnp,) ™" + Alfisnp,) " B(Bsnp,) Alfsnp,) " —
- IZW‘D(@SNPL)71R(’751\1PyéSNPL),I‘i(’A?sz\IpO)71 - A(’?SNPO)AR(’AISNPW Bsnp, ) A™ (Bsnp,) ",
(3.20)
where the matrices A (g p,) and B(iisy p,) are the observed Hessian and cross-product
matrix of dimension 2p x 2p for the model SNP) evaluated at fyp, and A(Bsnp,)
and B(Bsyp, ) are the observed Hessian and cross-product matrix of dimension (2p +
L) x (2p + L) for the model SNP, evaluated at 8syp,. The matrix A7 (Bsyp, )" is
obtained deleting the last L row from the matrix A(@SNPL)_l and has dimension

2p x (2p + L). The matrix R(ﬁSNPO, Osnp, ) has dimension 2p x (2p + L) and can be

computed as:

n

. dlsnp, (y;, 1) dlsnp, (y;,0)
R(n1snp, Osnp,) = Z 511 l BLB’ —
i=1

(3.21)

where Isnp, (y;, 1) is the log-likelihood for the individual i under the model SNP,
and Isnp, (y;,0) is the log-likelihood for the individual i under the model SNP;. The
matrix in (3.21) is evaluated at (f1gyp , Bsnp, )-

Given the theoretical result in (3.19), the GH test to detect non-normality of the

latent variable is:

GH = (fisnp, — fisnp,)"S (snmy Osne,) ™ (fisnp, — fisnp,) (3.22)

Under normality of the latent variable, the GH test is asymptotically distributed as

a X%p, where 2p are the degrees of freedom.

3.4.1 Approximation to the distribution of a quadratic form

The matrix $(#jqy Py Bsxnp, ) in (3.22) can be often close to singularity and its inversion
can be numerically unstable.

Given the theoretical result in (3.19) and the quadratic form (f1sxp, — fisnp,) (fIsnp, —
fls NPO), we consider the following test statistic (Yuan and Bentler, 2010, Ranger and

Much, 2020):
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GHr = (f1snp, — snp,) (Tsnp, — fisnp,) (3.23)
Under normality of the latent variable
d
GHr ~ Y_ Az, z; ~ N(0,1). (3.24)

I=1

It is possible to approximate the distribution in (3.24) with (Welch, 1938,Yuan and
Bentler, 2004):
GHr ~ ax3. (3.25)

The quantity a and b are defined as:

Zd: /\2
a= 2%11 All (3.26)
and
y_ (B )’ (327)
Y A

where d is the rank of S(#,,680.) and Ay, ..., A4 are its non-zero eigenvalues. Since
S(#,,00+) can be consistently estimated by S (ﬁSNPO,észL) defined in (3.20), a in

(3.26) and b in (3.27) can be consistently estimated with

d 32
4 = g’;l /;l (3.28)
1=1"M
and
b= M (3.29)
L A7

where d is rank of S(7 NPy Bsnp,) and Ap, ..., Ay are its non-zero eigenvalues.

3.5 Simulation study: The GHr test

3.5.1 Design

In this section we study the performance of the GHry test to assess non-normality of

the latent variable distribution and we compare its performance with the M, and LR
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tests. Moreover, for all simulation scenarios, the BIC, AIC and HQ criteria are com-
puted. The estimation of the SNP-IRT model is computationally expensive. More-
over, as the degree of the polynomial L increases (L > 1), the SNP;, model becomes
more sensitive to the choice of the initial values for all model parameters and the
estimation results can be less reliable. Furthermore, we consider non-normal distri-
bution for the latent variable in the data generating models, such as different mix-
tures of two normals, that can be well approximated with L = 1, as highlighted in
the results on the parameter bias in Irincheeva et al. (2012). For these reasons, to
implement the GHr test, we consider the SNPy model and the SNP; model. We also
consider skew-normal distributions in the data generating models, even if the SNP
method approximates better the shape of a latent variable distributed as a mixture
of normals (Monroe, 2014).

The optimization is achieved in R with direct maximization via the function
“nlminb”, that uses the analytically computed gradient and Hessian matrix reported
in the Appendix B. For the SNP; model, the initial values of the parameters &y and
«1 used in the optimization process are the parameter estimates obtained with the
SNPy model. In each data replication, for the ¢; parameter, we sample 10 initial
values from a sequence of values, equally spaced by 0.1 in the interval [—7; 7], i.e.
the domain of ¢;. Among the estimated SNP; models in each data replication, the
optimal one corresponds to the maximum value of the log-likelihood function. The
Hessian and cross-product matrices involved in the GHr test are computed analiti-
cally with the derivatives reported in the Appendix B and using the Delta method.
The matrix in formula (3.21) is computed numerically with the “NumDeriv” R pack-
age. The My test in each data replication is computed using the "M2" function of the
R package "mirt".

We consider the following simulation conditions: number of items (p = 4, 10, 20)
x sample size (n = 200,500, 1000)x test statistics (GHt, M, LR) x information cri-
terion (AIC, BIC, HQ). In all the simulation scenarios, R = 500 replications are con-
sidered and two nominal levels of « are considered, that is « = 0.05,0.01. Non-valid

statistics, for example negative statistics, are excluded from the analysis. The Type I

I(T;>c)

error rates and power of the GHr, M, and LR tests are computed as p = Zfi”l —
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where N is the number of valid statistics out of the number of replications, I is an
indicator function, T; is the value of the test statistic evaluated in the /-th replication.
c is the theoretical asymptotic critical value corresponding to the (1 — «)th percentile
of the d X% distribution for the GHr test, where 4 and b are computed as in (3.28) and
(3.29) and of the sz for the M, test, where m is equal to w — 2p. Since the SNP,
model has one more parameter than the SNPy model, for the LR test c is the theo-
retical asymptotic critical value corresponding to the (1 — a)th percentile of the x7.
The confidence interval (CI) of each rate p is computed as p +z(;_4) ““T_D'X) The
percentages of times the AIC, BIC and HQ criteria select the SNP; model instead of

. 1(1C IC
the SNPy model are computed as P = Efi”l %ﬁsw

100, where IC indicates
the AIC, BIC and HQ criterion.
To evaluate the performance of the GHr, M, and LR tests, we consider three sce-

narios (SC), corresponding to three different distribution assumptions for the latent

variable z in the data generating models. The general model is

logit(ti;) = aoj + &1z i=1,.,n i=12,..,p
z~ f(2)

(3.30)

Item intercepts are randomly chosen from the interval [-0.8; 1.12] while the item
slopes from the interval [0.5; 1.5].
To study the Type I error rates of the GHr, M, and LR tests we consider the

following scenario:
Al z ~ N(0,1)

To study the power of the GHr, M> and LR tests we consider the following two

scenarios:
B1 z ~ 0.1N(-2,0.25) + 0.9N(2,1),

where z has an overall mean equal to 1.6 and variance equal to 2.365.

C1 z ~ 0.7N(—15,0.6) + 0.3N(1.5,0.5),

where z has an overall mean equal to -0.6 and variance equal to 2.217.
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D1 Z ~ SN(1.27),

where z has mean 0.6 and variance 3.864.

El Z ~ SN(—1.58),

where z has mean —0.46 and variance 4.63.

The mixture of normals in the scenario C1 wider departs from the normal distribu-

tion than the one in B1. The distribution reported in scenario D1 is right-skewed,

while the one in scenario E1 is left-skewed. Moreover, the distribution in scenario

E1 largely departs from the normal one compared with the distribution in scenario

D1.

3.5.2 Results

Table 3.1 reports the Type I error rates of the GHr, M, and LR tests for scenario Al.

TABLE 3.1: Type I error rates of the GHt, M; and LR tests for scenario

Al, p =4,10,20, n = 200,500, 1000

« = 0.05 | « = 0.01
p n GHr7 My LR GH7 My LR
4 200 0.012 0.056 0.05 0.008 0.012 0.004
500 0 0.04 0.092 0 0.014 0.016
1000 0.046 0.048 0.103 0.006 0.006 0.012
10 200 0.054 0.036 0.161 0.020 0.006 0.03
500 0.043 0.066 0.068 0.020 0.012 0.018
1000 0.034 0.046 0.021 0.02 0.01 0.004
20 200 0.048 0.06 0.158 0.02 0.008 0.065
500 0.04 0.036 0.078 0.017 0.01 0.023
1000 0.046 0.048 0.046 0.036 0.01 0.006

Note 1: Values in boldface indicate that the nominal level « is not included in their confidence interval

Overall, the GHr test has good performance in terms of Type I error rates for

the different levels of & considered. Indeed, for «

0.05, GHr rejects less than

expected only with 4 items, small and medium sample sizes. For « = 0.01, it has

a slightly inflated Type I error rate only with 20 items and large sample size. The

M, has good performance in terms of Type I error rates for all values of a, number

of items and sample sizes. Among the three tests considered, the LR test has the
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worst performance. For « = 0.05, LR has inflated Type I error rates with 4 items and
large sample sizes and with 10 and 20 items and small sample sizes. It also rejects
less than expected in the case of 10 items and large sample size. For a = 0.01, it
has inflated Type I error rates with 10 items, small sample size and with 20 items,
small and medium sample sizes. It is worth noting that, in some cases, the GHr test
produces non-valid results, ranging from 0.8% to 4.2% of the replications, where the
highest percentage corresponds to 10 items and medium sample size. Also the LR
test produces non-valid results, ranging from 0.8% to 5.2% of the replications, where
the highest percentages correspond to 10 and 20 items and large sample sizes.

Table 3.2 shows the percentages of times AIC, BIC and HQ select SNP; instead
of SN Py for scenario Al.

TABLE 3.2: Percentages of times AIC, BIC and HQ select SNP; in-
stead of SNP, for scenario Al, p = 4,10,20, n = 200, 500, 1000

p n AIC  BIC HQ

4 200 252% 1.8% 8%
500 274% 1.8% 10.2%
1000 28.6% 1% 10%

10 200 31.8% 8.6% 18.2%
500 17%  24% 7.6%
1000 154% 04% 2%

20 200 15% 12% 6.4 %
500  6.8% 0% 1.6%
1000 4% 0%  0.2%

Among the three information criteria considered, the AIC has the worst perfor-
mance. This is evident especially with 4 and 10 items and all sample sizes and with
20 items and small sample size. In these cases, the AIC selects the SNP; model from
15% to 30% of times. The HQ has good performance for 10 and 20 items and large
sample sizes, while with 4 items it selects the SNP; model around 10% of times for
all sample sizes. The BIC has the best performance and only with 10 items and small

sample size it selects the SNP; model around 9% of times.
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Table 3.3 presents the empirical power of the GHt, M; and LR tests for scenarios B1,

C1, D1 and E1.

TABLE 3.3: Empirical power of the of the GHt, M, and LR tests for

scenarios B1, C1, D1 and E1, p = 4,10, 20, n = 200, 500, 1000

x = 0.05 [ a = 0.01

SC p =n GHf M, LR GHr M, LR
Bl 4 200 0079 0032 04 0060 0 0206
500 0377 0.028 0.662 0.136 0.004 0.572

1000 0.698 0.036 0.814 0.612 0.008 0.784

10 200 0321 0.006 0736 0.142 0.002 0.673
500 0708 001 095 0.636 0.002 0.808

1000 077 0006 1 0764 0 0992

20 200 0272 0.002 0878 0.132 0.002 0.808
500 069 0 0992 055 0 0922

1000 0794 0 1 0776 0 1

Cl 4 200 0044 0028 0438 002 0.006 0.199
500 0.644 0.044 0772 0352 001 0.566

1000 0.894 0.044 0926 0.826 0.006 0.868

10 200 0448 0012 094 0.124 0.002 0.928
500 0968 0.016 0964 096 0.002 0.964

1000 0966 0.01 0984 0966 0.002 0.984

20 200 0343 0.002 0976 0.134 0 0968
500 083 0 0976 0612 0 097

1000 0976 0 0978 0956 0 0978

D1 4 200 0018 0062 0160 0.006 0016 0.03
500 0.18 0.08 0288 0.06 0008 0.115

1000 0336 0.07 0418 0258 0.014 0.231

10 200 0.448 0086 0546 0338 0.026 0.372
500 0.696 0.108 0.805 0.648 0.026 0.653

1000 0.788 0.092 0945 0.778 0.024 0.851

20 200 0382 0208 0734 021 0076 0.652
500 0748 0172 09  0.664 0.034 0.848

1000 0.834 0.168 0926 0.806 0.052 0.904

El 4 200 003 0046 0274 001 001 0.097
500 0.154 006 05 0044 0016 0.257

1000 0.286 0.046 0595 0.8 0.012 0458

10 200 045 0064 0788 0256 0.012 0.676
500 0.798 0.076 0.962 0.702 0.018 0.932

1000 0926 0064 1  0.888 0.014 0994

20 200 0328 0214 0894 0.164 0.076 0.804
500 0.786 0.18 098 0.68 007 0.908

1000 0.878 023 0998 0.868 0.082 0.992
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Overall, the power of the GHr test is high when the sample size is large, with 10
and 20 items and in particular when the true latent variable distribution largely de-
parts from the normal one, that is under scenarios C1 and E1. On the other hand, the
power of the GHr test is low with small sample sizes for all levels of x considered.
With 4 items, the power of the GHr test is low for all sample sizes when the true
latent variable is distributed as a skew-normal, that is under scenarios D1 and E1.
Under all scenarios, especially for small sample sizes, the power of the GHr test is
higher considering a level of & = 0.05 and is lower for « = 0.01. For what concerns
the M test, it has very low or no power to detect the non-normality of the latent
variable distribution under all scenarios, number of items, sample size and values of
« considered. Among the three tests considered, the LR test has the highest power
under all scenarios, especially with small sample sizes. However, as showed in Table
3.1, it has the worst performance in terms of Type I error rates. As observed for the
GHr test, with 4 items and all sample sizes, the power of the LR test is higher when
the true latent variable is distributed as a mixture of normals than as a skew-normal.
Under scenarios C1 and E1, with many items and as the sample size increases, GHT
and LR have very similar power.

Table 3.4 shows the percentages of times AIC, BIC and HQ select SNP; instead
of SN Py for scenarios B1, C1, D1 and E1.
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TABLE 3.4: Percentages of times AIC, BIC and HQ select SNP; in-
stead of SNPy for scenarios B1, C1, D1 and E1, p = 4,10,20, n =
200,500, 1000

SC p n AIC BIC HQ

Bl 4 200 625% 325% 48.7%
500 749% 584% 67.2%
1000  92% 77.8%  81.4%

10 200 86.3% 699% 77.2%
500 100%  82%  96.2%
1000 100% 99% 100%

20 200 96.7%  82.5%  91%
500  100% 94%  99.6%
1000 100%  100%  100%

Cl 4 200 693% 314% 51.4%
500 872%  59% 78%
1000 95.6% 854%  92.6%

10 200 95%  93.8%  94.2%
500 96.6% 96.4%  96.4%
1000 98.4%  984%  98.4%

20 200 98.6%  97% 98%
500 98% 97%  97.6%
1000  98%  97.8%  97.8%

D1 4 200 408% 82% 222%
500 50% 124 % 30.6 %
1000 57.6% 21.6% 41.4%

10 200 69% 452 % 57.8%
500 91.8% 672%  81%
1000 96.2% 84%  94.4%

20 200 80.2%  69.6% 75.4%
500 95%  854%  91%
1000 95.8% 89.8%  92.6%

El1 4 200 51% 17.8% 33.2%
500 614% 302% 50.8%
1000  67%  444% 59.2%

10 200 882% 73% 804 %
500 994% 93.6% 96.4%
1000 100%  99.4%  100%

20 200 97.8% 832% 91.6%
500 99.8% 91.8% 98.2%
1000 100%  992%  99.8%
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In the majority of cases, among the three criteria, the AIC has the best perfor-
mance and it has the highest percentages of selections as the SNP; model. This is
evident especially for small sample sizes. However, the AIC selects the SNP; model
instead of the SNPy model in a lot of cases also under scenario Al, as showed in
Table 3.2. Under all scenarios, the BIC has the worst performance with small sample
size especially with 4 items, where it selects the SNP; models only between 8% to
30% of times, depending on the scenario considered. The performance of the HQ
to select the SNP; model under all scenarios for small sample size is in between
the performance of the AIC and BIC criteria. As the sample size increases and with
many items, the three criteria have the same behaviour and select the more com-
plex model in almost the totality of cases. With 4 items, all criteria select the SNP;
model in a higher percentage of cases when the true latent variable is distributed as
a mixture of normals than as a skew-normal. Overall, from the results in Table 3.2
and Table 3.4, it is not possible to identify the criteria that has the best performance
under normality and non-normality of the latent variable.

Even if not reported in Table 3.3 and Table 3.4, only in a few cases, the SNP;
model does not reach the convergence in the optimization process, ranging from
0.2 % to 4% of the replications, where the highest percentages correspond to small

sample sizes, 4 items under scenario B1.

3.6 Real data applications

3.6.1 American students exposure to school and neighbourhood violence

In this section we evaluate the performance of the GHt, M», LR tests and the AIC,
BIC and HQ criteria to detect non-normality of the the latent variable distribution on
a real data set that is part of the National Longitudinal Survey of Freshman (NLSF)
(for details, see http:/ /nlsf.princeton.edu). The aim of the NLSF is to collect data
to explain the minority underachievement in higher education. Data have been col-
lected from 1999 to 2003, in four waves, to capture emergent psychological processes,
measuring the degree of social integration and intellectual engagement. The survey

included equal-sized samples of white, black, Asian, and Latino freshmen entering
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selective colleges and universities. We analyze only a part of the questionnaire that
refers to the year 1999. In particular we select 9 binary items that measure violence

in the neighbourhood. The items are the following:

TABLE 3.5: NLSF data: item description

Item Question

1 Inyour neighborhood, before you were ten
do you remember seeing homeless people on the street?
Prostitutes on street?
Gang members hanging out on the street?
Drug paraphernalia on the street?
People selling illegal drugs in public?
People using illegal drugs in public?
People drinking or drunk in public?
Physical violence in public?
Hearing the sound of gunshots?

O 0O N ONUl kWi

The original sample of observations is composed by 3924 observations . Possible
responses are “no”, “yes”, “don’t know” and “refused”. Individuals that have re-
sponded “don’t know” or “refused” are excluded from the analysis, while responses
“no” are coded as 0 and “yes” as 1. The data set is finally composed by 3891 obser-
vations. A sub-sample of 400 observations and a larger number of items of the ques-
tionnaire that refers to the year 1999 has been analyzed also by Cagnone and Viroli
(2012), that fitted a latent trait models with two factors distributed as a mixture of
normals. They found that the item reported in Table 3.5 are highly loaded only on
one factor, distributed as a mixture of normals. Some preliminary descriptive anal-
ysis reported in this section and goodness-of-fit measures for the SNPy model are

performed with the “Itm” R package.

Table 3.6 reports the proportion of “0” (no) and “1” (yes) responses in each item.
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TABLE 3.6: NLSF data: proportion of “0” (no) and “1” (yes) responses
in each item

Item 0 1

1 0.76 0.23
2 096 0.04
3 0.85 0.15
4 0.89 0.11
5 092 0.08
6 093 0.06
7 069 031
8 0.75 0.25
9 0.85 0.15

In all the items the proportion of “0” responses is higher than “1” and, even if
not reported in the table results, all the items are significantly associated among each
other. The first step of the analysis is to fit the SN Py model to the data.

Table 3.7 reports the value of the Pearson’s chi-square X? test and the associated

p-value for the SNPy model.

TABLE 3.7: NLSF data: Pearson’s chi-square test and associated p-
value for the SNP model

X? statistic Degrees of freedom  p-value
682.30 212 0

According to the Pearson’s chi-square test, the SN Py model does not have a good
fit to the data. Since the data are sparse and 174 observed response patterns out of
the total 231 observed response patterns have expected frequencies less than 5, we
should inspect the residuals calculated from marginal frequencies (Bartholomew et
al., 2011).

Table 3.8 reports the chi-squared residuals calculated from the two-way margins

for the SN Py model.
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TABLE 3.8: NLSF data: two-way margins residuals for the SNP,
model

Response Itemi Itemj Obs Exp (O—E)?/E

(0,0) 7 8 2405 2370.88 0.49
1 2 2949 2921.59 0.26
1 8 2483 2506.78 0.23
(1,0) 4 7 74 5853 4,09 ***
5 7 36 2652 3.39
6 7 17 2636 3.32
0,1) 1 2 16 4319 1712
1 5 91 7222 4.88 ***
1 6 79 62.19 4.54 %
(1,1) 1 2 144 11784 581 %
2 6 66 7856 2.01
4 5 239 21846 1.93

Note 1:"***” denotes a chi-squared residual greater than 4

We consider the rule of thumb that residuals greater than 4 are indicators of bad
fit of the correspondent pair of items. On these data, the SNPy model does not have
a good fit for some pairs of items.

Table 3.9 reports the chi-squared residuals calculated from the three-way margins

for the SN Py model.
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TABLE 3.9: NLSF data: three-way margins residuals for the SNP

model
Response Itemi Itemj Itemk Obs Exp (O—E)?/E

(0,0,0) 6 7 8 2396 2358.91 0.58

1 2 3 2757 2718.45 0.55

1 8 9 2332 2366.54 0.50
(1,0,0) 4 7 8 47 27.51 13.81 ***

5 7 8 20 9.59 11.31 ***

4 6 7 68 50.59 5.99 ***
(0,1,0) 1 2 4 4 27.34 19.92 ***

1 2 5 9 31.04 15.65 ***

1 2 6 11 33.63 15.23 ***
(1,1,0) 1 2 6 83 48.85 23.88 ***

1 2 4 54 29.30 20.83 ***

1 2 5 64 36.54 20.64 ***
(0,0,1) 1 3 6 47 29.50 10.38 ***

1 2 5 84 60.07 9.53 ***

1 2 6 74 52.63 8.68 ***
(1,0,1) 4 5 8 116  143.56 5.29 ***

1 4 5 44 61.96 5.21 ***

4 5 7 144 173.83 5.12 ***
0,1,1) 3 6 7 84 56.48 13.47 ***

1 4 5 58 37.34 11.42 ***

1 2 8 9 25.07 10.30 ***
(1,1,1) 1 2 7 128  108.87 3.36

2 6 9 48 61.38 291

2 3 6 55 69.18 291

Note 1:"***” denotes a chi-squared residual greater than 4

According to the same rule on the residuals, the SNPy model does not have a

good fit also for some triplets of items.

It is worth computing the M, test statistic of Maydeu-Olivares and Joe (2005)

that, as described in section 3.3, is not affect by the problem of sparse data.

Table 3.10 reports the value of the M, test statistic and the associated p-value for

the SN Py model.
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TABLE 3.10: NLSF data: M; test and associated p-value for the SNP,

model

M, statistic Degrees of freedom p-value

182.33

27

0

Also according to the M test, the SN Py model does not have a good fit to the data

for &« = 0.05. However, the M, test does not reveal the source of misfit. It could be

the non-normality of the latent variable even if, as showed in the simulation study,

the M, test has a very low power to detect this type of model misspecification, or

other types of model misspecification.

In order to evaluate if the misfit of the SNPy model is due to the non-normality

of the distribution of the latent variable, we estimate the SN P; model.

Table 3.11 reports parameter estimates and related standard errors based on the

SNP, and SNP; models.

TABLE 3.11: NLSF data: SNPy and SNP; parameter estimates and

related standard errors

Parameter (SD) SNPO SNP1
o1 -1.85(0.07) -2.61(0.18)
002 -5.21 (0.25) -6.56 (0.38)
o3 -3.43(0.14) -4.88 (0.26)
004 -5.05 (0.26) -7.49 (0.46)
X0s5 -6.85 (0.47) -9.43 (0.60)
X06 -5.75 (0.31) -7.76 (0.45)
o7 -1.61 (0.09) -2.78 (0.24)
x08 -1.99 (0.08) -2.99 (0.21)
X09 -2.76 (0.10) -3.68 (0.19)
a1 1.94 (0.09) 2.93(0.20)
a1p 2.39 (0.17)  4.09 (0.32)
&1 2.84(0.15)  4.64(0.27)
K14 3.77 (0.23)  6.71 (0.46)
a1 4.56 (0.36) 7.75(0.55)
K16 3.38(0.23) 5.83(0.39)
a1 2.77 (0.14)  4.16 (0.30)
a1 2.32(0.11) 3.58(0.24)
K19 2.00 (0.10)  3.19(0.20)
P1 - 0.23(0.04)

Parameter estimates are quite different among the two methods. Since the SNP,
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and the SNP; models differ only in the ¢; parameter, we compute the LR test for
nested models (Table 3.12).

TABLE 3.12: NLSF data: the LR test and the associated p-value

LR statistic Degrees of freedom p-value
7.65 1 0.006

According to the LR test, the SNP; model has a better fit to the data. However,
as showed in the simulation study, with many items the performance of the LR test
is not very good in terms of Type I error rates, also for large sample sizes. For this
reason, it is also worth computing the information criteria and the GHr test.

Table 3.13 reports the values of the AIC, BIC and HQ criteria for the SNPy and
SNP; models.

TABLE 3.13: NLSF data: Information criteria for the SNPy and SNP;
models

AIC BIC HQ
SNP, 21309.32 21422.12 21349.36
SNP, 21303.67 21422.73 2134593

The AIC and HQ criteria select the SNP; model, while the BIC criterion the
SNPy model. These results do not give a clear indication on the normality or non-
normality of the latent variable.

Table 3.14 reports the value of the GHr test statistic and the associated p-value.

TABLE 3.14: NLSF data: the GHr test and the associated p-value

GHr statistic Degrees of freedom  p-value
245.68 3.45 0

Since the p-value associated to the GHry test is less than the nominal level & =
0.05, we reject the null hypothesis that the latent variable is normally distributed.
This result is coherent with the simulation results, where the GHr test shows good
performance in terms of power to detect non-normality of the latent variable distri-

bution with many items and large sample sizes. Moreover, since in the simulation
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study the test GHr has good performance in terms of Type I error rates with many
items, we could be confident in rejecting the null hypothesis of normality of the
latent variable. In this analysis, the GHr turns out to be very useful to detect non-
normality of the latent variable distribution because the information criteria show

contradictory results.

3.6.2 Data set on sex role expectations

In this section we evaluate the performance of the GHr, M>, LR tests and the AIC,
BIC and HQ criteria to detect non-normality of the the latent variable distribution
on the real data set on sex role expectations analyzed in section 2.7. The data set is
composed by 257 observations and 4 items and the detailed data description can be
found in section 2.7. Also in this example we report some preliminary descriptive
analysis.

Table 3.15 reports the proportion of “0” (no) and “1” (yes) responses in each item.

TABLE 3.15: Data on sex role expectations: proportion of “0” (no) and
“1” (yes) responses in each item

Item 0 1

1 0.66 0.34
2 070 030
3 067 033
4 055 045

We can notice that the proportion of “0” is higher than “1” in all the items. Even
if not reported in the table results, there is a significant association among all items.
We first fit the SN Py model to the data.

Table 3.16 reports the value of the Pearson’s chi-square X test and the associated

p-value for the SN Py model.

TABLE 3.16: Data on sex role expectations: Pearson’s chi-square test
and associated p-value for the SNPy model

X? statistic Degrees of freedom  p-value
23.29 7 0
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Given that the p-value of the X test is less than 0.05, we reject the null hypothesis
that the SNPy model holds. However, also in this case the data are sparse and some
of the expected cells frequencies are small. Thus, as in the previous example, we
consider the chi-squared marginal residuals.

Table 3.17 reports the chi-squared residuals calculated from the two-way margins

for the SN Py model.

TABLE 3.17: Data on sex role expectations: two-way margins residu-
als for the SN Py model

Response Itemi Itemj Obs Exp (O—E)?/E

(0,0) 1 2 138 130.54 0.43
3 4 126 123.54 0.05
2 4 115 117.24 0.04
(1,0) 1 2 41 4793 1.00
2 4 26 2276 0.46
1 3 41  38.29 0.19
0,1) 1 2 32 3913 1.30
2 4 64 61.24 0.12
1 3 40  38.87 0.03
(1,1) 1 2 46  39.40 1.11
2 4 52 55.76 0.25
1 3 46  49.04 0.19

All the residuals are small, meaning that the SNPy model has a good fit for all
pair of items. However, it is advisable to inspect also higher order residuals (Table

3.18).
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TABLE 3.18: Data on sex role expectations: three-way margins resid-
uals for the SN Py model

Response Itemi Itemj Itemk Obs Exp (O—E)?/E

(0,0,0) 1 3 4 98 100.12 0.04
2 3 4 106 107.61 0.02
1 2 3 110 11137 0.02
(1,0,0) 2 3 4 20 1594 1.04
1 3 4 28 2342 0.89
1 2 3 32 29.28 0.25
(0,1,0) 1 3 4 11 925 0.33
2 3 4 9 964 0.04
1 2 4 16 1522 0.04
(1,1,0) 1 3 4 4 721 143
1 2 4 10 7.54 0.80
2 3 4 6  6.83 0.10
(0,0,1) 1 2 3 28 1917  4.07**
1 2 4 45 3640 2.03
2 3 4 36 33.05 0.26
(1,0,1) 1 2 3 9 1865  4.99**
1 2 4 19  24.84 1.37
2 3 4 9 1250 0.98
0,1,1) 1 2 3 12 19.70 3.01
1 2 4 16 23.90 2.61
1 3 4 29 2961 0.01
1,1,1) 1 2 3 37 3039 1.44
1 2 4 36 3186 0.54
2 3 4 43 4326 0.00

Note 1:"*** denotes a chi-squared residual greater than 4

According to the three-way margins residuals, the SN Py model does not have a
good fit for the triplet of items 1, 2 and 3.
Table 3.19 reports the M, test statistic and the associated p-value for the SNP,

model.
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TABLE 3.19: Data on sex role expectations: M, test statistic and asso-
ciated p-value for the SNPy model

M, statistic Degrees of freedom p-value
8.59 2 0.01

The M) test rejects the null hypothesis that the SNPy model holds for « = 0.05
but it does not give any information on the type of model misspecification. As in
the previous example, it could be the non-normality of the latent variable or others
sources of misfit as, for example, the presence of some aberrant responses for the
SNPy model (found on these data by Mavridis and Moustaki, 2009).

To assess the non-normality of the distribution of the latent variable, we consider
the SN P; model.

Table 3.20 reports parameter estimates and related standard errors based on the

SNPy and SNP; models.

TABLE 3.20: Data on sex role expectations: SNPy and SNP; parame-
ter estimates and related standard errors

Parameter SNP0 SNP1
®01 -0.82 (0.17) -0.75(0.16)
02 -1.15(0.21) -0.99 (0.19)
03 -1.93 (0.75) -0.98 (0.64)
X4 -0.32 (0.22) 0.11 (0.25)
®11 1.09 (0.23)  1.21 (0.28)
12 1.51 (0.30) 1.62(0.39)
13 4.36 (1.71)  6.46 (5.23)
14 2.27 (0.50)  3.00 (0.91)
1 - -0.54 (0.07)

Note 1: Standard errors in round brackets

Differences among parameter estimates computed with the two models are ev-
ident especially for the intercepts and slopes of the items 3 and 4. The slope of the
item 3 has a very large standard error, especially under the SNP; model.

As in the previous data example, we inspect the value of the LR test statistic and

the associated p-value, reported in Table 3.21.
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TABLE 3.21: Data on sex role expectations: the LR test and the asso-
ciated p-value

LR statistic Degrees of freedom p-value
10.55 1 0.001

According to the LR test, we reject the null hypothesis of normality of the latent
variable distribution. In the simulation study, the LR test has the highest power to
detect non-normality of the latent variable distribution with few items and small
sample sizes. However, with 4 items, the LR test has also seriously inflated false
positive rates under some sample sizes. For this reason, we cannot rely on the result
of this test.

Table 3.22 reports the values of the AIC, BIC and HQ criteria for the SNP, and
SNP; models.

TABLE 3.22: Data on sex role expectations: Information criteria for
the SNPy and SN P; models

AIC BIC HQ
SNP, 1188.14 121654 1199.55
SNP, 1179.59 121153 1192.43

According to all criteria, the SNP; model has a better fit to the data than the
SNPy; model. However, in the simulation results, the information criteria do not
show good performance with small sample size and a few items. In particular the
AIC and HQ select the more complex model in a lot of cases under normality of
the latent variable and the BIC has low power to select the SNP; model under non-
normality of the latent variable. For these reasons, we cannot rely completely on the
results given by the information criteria.

Table 3.23 reports the values of the GHr test and the associated p-value.

TABLE 3.23: Data on sex role expectations: the GHr test and the as-
sociated p-value

GHr statistic Degrees of freedom p-value
0.57 1.03 0.46
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Since the p-value associated to the GHr test is greater than the nominal levels
« = 0.05, we do not reject the null hypothesis that the latent variable is normally
distributed. In the simulation, as observed for the information criteria, the GHr test
does not have good performance for small sample size and a few items, especially
in terms of power. Moreover, the large variance of the slope of the item 3 negatively
affects the performance of the GHr test. We cannot neither rely on the result of the
GHr test.

For this small data set, it can be useful to inspect the chi-squared residuals for
the SN P; model.

Table 3.24 reports the chi-squared residuals calculated from the two-way margins

for the SNP; model.

TABLE 3.24: Data on sex role expectations: two-way margins residu-
als for the SN P; model

Response Itemi Itemj Obs Exp (O —E)*/E

(0,0) 1 2 138 133.72 0.14
2 4 115 118.55 0.11
1 3 130 133.26 0.08
(1,0) 2 4 26 2229 0.62
1 3 41  37.18 0.39
1 2 41 4513 0.38
0,1) 1 2 32 36.21 0.49
1 3 40  36.66 0.30
2 4 64 60.30 0.23
(1,1) 1 2 46 4194 0.39
1 3 46  49.88 0.30
2 4 52 55.87 0.27

As observed for the SNPy model, the SNP; model has a good fit for all pairs of
items. As before, we inspect also higher order residuals.
Table 3.25 reports the chi-squared residuals calculated from the three-way mar-

gins for the SNP; model.
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TABLE 3.25: Data on sex role expectations: three-way margins resid-
uals for the SNP; model

Response Itemi Itemj Itemk Obs Exp (O —E)?/E

(0,0,0) 1 3 4 98 100.86 0.08
1 2 3 110 11294 0.08
1 2 4 93 94.783 0.03
(1,0,0) 1 3 4 28 24.02 0.66
3 3 4 20 17.02 0.52
1 2 3 32 29.66 0.18
(0,1,0) 2 3 4 9  10.69 0.27
1 3 4 11 10.10 0.08
1 2 3 20 2032 0.00
(1,1,0) 1 2 4 10 611 2.47
1 3 4 4 585 0.58
1 2 3 9 752 0.29
(0,0,1) 1 2 3 28 2078 2,51
1 2 4 45 3894 0.94
2 3 4 36 3474 0.04
(1,0,1) 1 2 3 9 1547 2.70
2 3 4 9 1082 0.31
1 2 4 19  21.36 0.26
0,1,1) 1 2 3 12 1588 0.95
1 2 4 16 20.03 0.81
2 3 4 28 2556 0.24
1,1,1) 1 2 3 37 3442 0.19
1 3 4 42 4403 0.09
2 3 4 43 45.04 0.09

All residuals are less than 4, indicating that the SNP; model has good fit for all
triplets of items. Compared to the SNP) model, the SNP; model has a better local
fit to the data. However, assessing the normality and the non-normality of the latent

variable on small data sets remains an open issue.
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3.7 Discussion

In this work, we extended the use of the Generalized Hausman test to detect non-
normality of the latent variable distribution by considering the SNP-IRT model. We
evaluated the performance of the GHr test by means of a simulation study and in
real data analysis and we compared it with the M; and the LR tests. Moreover, we
computed the classic AIC, BIC and HQ criteria.

The simulation study highlights that, when the latent variable is normally dis-
tributed, the GHr test has good performance in terms of Type I error rates with many
items and in general for large sample sizes. For what concerns the power, the GHr
test has good performance to detect non-normality of the latent variable especially
when the true latent variable largely departs from a normal distribution, with many
items and large sample sizes. However, the power of the GHr test is dramatically
affected by small sample sizes and a few number of items. The M, test has good
performance in terms of Type I error rates but it has very low or no power to detect
the non-normality of the latent variable. On the contrary, the LR test has the highest
power especially for small sample sizes but, among the three test considered, it has
the worst performance in terms of Type I error rates. From the simulation results it
is not possible to identify the best information criterion under normality and non-
normality of the latent variable. Indeed, the AIC tends to select the more complex
model in the highest percentages of cases under non-normality and normality of the
latent variable. The BIC has the best performance under normality of the latent vari-
able but the worst under non-normality for small sample sizes. The performance of
the HQ criterion is in between the one of the AIC and BIC. In general, all criteria
worsen their performance with a few items and small sample sizes, both under nor-
mality and non-normality of the latent variable. In the example on the NLSF data
set, the GHr test turns out to be very useful to detect the non-normality of the latent
variable because the information criteria show contradictory results. In the applica-
tion on the small data set on sex role expectations, none of the methods considered
are useful to assess the normality and non-normality of the latent variable. In this

case, chi-squared marginal residuals may help to assess the local fit of the models
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considered. However, detecting non-normality of the latent variable on small data
sets remains an open issue and, for further research, different methods to overcome
the limits of the GHr test and the information criteria could be explored.

Moreover, for further studies on the performance of the Generalized Hausman
test in the IRT context, other types of model violations could be considered, as local
dependence or violation of the item characteristic function, as it has been done by
Ranger and Much (2020) for the classic Hausman test. In these cases, other types of
estimation methods consistent under model misspecification should be considered
in order to apply the test.

Another possible extension for further research could be to explore the perfor-
mance of the GH and GH7 tests to select the number of classes in latent class models
for binary data. Something similar has been done by Bartolucci et al. (2017), who
derived a robust version of the Hausman test for GLMM, where a discrete distri-
bution for the random effects is assumed. A latent class model can be seen as a
GLMM based on finite-mixture formulation, that is a discrete distribution for the
random effects/ latent variables, without the inclusion of covariates. Analogies and
differences among the two formulations can be found in Bartolucci et al. (2017). To
implement the GH and GHr tests, the Conditional Maximum Likelihood (CML) es-
timation method (Tchetgen and Coull, 2006) could be considered because it gives
consistent estimates of the fixed covariate effects in the GLMM formulation and of
the difficulty parameters in IRT models even under incorrect assumptions of the
distribution of the random effects/latent variables (Bartolucci et al., 2017). The GH
and GHr tests should be based on the difference between the difficulty parameters
obtained with the CML method and those obtained with the classic Marginal Max-
imum Likelihood estimation method, where each time a different number of latent
classes is assumed in the model. As suggested by Bartolucci et al. (2017), a sequen-
tial strategy consisting in increasing the number of latent classes could be adopted:
the correct number of classes is identified as the first one for which the test does not
reject the null hypothesis. The performance of the GH and GHr tests could be com-
pared with the classic information criteria, that are usually adopted in latent class

models to select the number of classes.
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Chapter 4

Conclusions

This thesis covered the problem of assessing the fit of unidimensional IRT models
for binary data under different types of model misspecification. We considered some
robust tests derived by White (1982), the generalized Lagrange Multiplier (LM(S))
test for the local fit and the generalized Hausman (GH) test for the global fit of the
model, in the IRT context.

In particular, we assessed measurement invariance through the LM(S) test, whose
expression involves the sandwich covariance matrix of the score function, under
two types of IRT model misspecification, local dependence among items and non-
normality of the latent variable distribution. We considered in the simulations and
in the real data analysis the so-called Multiple Indicator Multiple Causes model,
where a binary group covariate affected both the item(s) and the latent variable. The
performance of the LM(S) test was compared with other versions of the Lagrange
Multiplier test, that differ in the form of the covariance matrix of the score function.
They are the classical Hessian (LM(H)) and cross-product (LM(CP)) Lagrange Multi-
plier tests and the Jackknife score (GS(J)) test, derived under model misspecification.
The power of the LM(S), LM(H) and LM(CP) tests was computed empirically and
asymptotically.

The following Table summarizes some of the most important results of Chap-
ter 2, reported in section 2.5. This Table shows the test(s) that has (have) the best
performance for each model misspecification, scenario (SC), number of items p and
sample size n. The scenarios A,B,C were considered to study the false positive rates

and D,EF the power of the tests. Different levels of local dependence in the data
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generating models were given by the percentage of local dependent items (% of LD)
and the variance of the random effects u (¢2). Non-normality of the latent variable
distribution was introduced in the data generating models by considering a mixture

of normals and different skew-normal (SN) distributions for the latent variable €.

TABLE 4.1: Summary results of Chapter 2

Misspecification SC p n Test
20,50% of LD, 07 = 0.25 AB,C 10,20 200,500,1000,5000 LM(H),LM(S)
20,50% of LD, 02 = 1,2.25 AB,C 10,20 200,500,1000,5000 None
20,50% of LD, 0y, = 0.25,1,2.25 DEF 10,20 200 LM(CP),LM(H)
DEF 10,20 500,1000,5000 LM(CP),LM(H),LM(S)
€ ~03N(-15,02)+0.7N(1,04) AB,C 10,20 200,500,1000 LM(S),LM(H)
D,EF 10,20 200,500,1000 LM(CP),LM(H),LM(S)
€~ SN(1) AB,C 10,20 200,500,1000 LM(S),LM(H)
D,EF 10,20 200,500,1000 LM(CP)
€ ~SN(3) AB,C 10,20 200,500,1000 None
D,EF 10,20 200 LM(CP)
DEF 10,20 500,1000 LM(H),LM(CP)

From Table 4.1 it is evident that none of the tests has overall superior perfor-
mance compared with others. In general, when the misspecification is low, all tests
have good performance in terms of false positive rates and power for large sample
sizes. When the misspecification is high, the test performance deteriorates. In par-
ticular, the LM(CP) test has the lowest performance in terms of false positive rates
under all kinds of misspecification. The power of the LM(H) and LM(S) tests is af-
fected by the non-normality of the latent variable distribution, especially for small
sample sizes. This is evident also in the real data example on sex role expectations.

As regards the asymptotic power, between the two methods used to compute
it, described in sections 2.3.1 and 2.3.2, we recommend the first one for the simpler
calculation of the non-centrality parameter. In general the asymptotic power of the
tests computed with the two methods turns out to be very close to the empirical
one. Finally, the GS(J) test has never a better performance than the LM(S) test and it
is computationally intense.

We then focused on the non-normality of the latent variable distribution and we
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extended the GH test to detect this type of model misspecification. The GH test
was obtained as the difference of the estimators of the classic IRT model for binary
data and the seminonparametric (SNP)-IRT model, that allows for a more flexible
shape of the latent variable distribution. To avoid the inversion of the covariance
matrix of the difference of the parameter estimates, we considered an alternative
form of this test, that we called GHry test, both in the simulations and in the real
data analysis. The performance of the GHr test was compared with two overall
goodness-of fit tests, the M, test, a limited information statistic not affected by the
problem of sparse data, and the classic Likelihood-Ratio (LR) test for nested models.
Information criteria (IC) were also computed. The next Table summarizes the main
results obtained in Chapter 3. This Table reports the test(s) that has (have) the best
performance in terms of Type I error rates and power for each scenario (SC), number
of items p and sample size n. The scenario A1l was considered to study the Type I
error rates of the tests. As for the power analysis, we considered different degrees of
mixture of two normals (scenarios B1,C1) and skew-normals (scenarios D1 and E1)
as the true distribution of the latent variable. Table 4.2 shows also the information
criterion (criteria) that has (have) the best performance to select the correct model,

in percentages of times, under the different simulation conditions.

TABLE 4.2: Summary results of Chapter 3

SC p n Test/IC
Al 4 200,500 M, /BIC
4 1000 M,,GHy/BIC
10,20  200,500,1000 M,,GHt/BIC
B1,C1,D1,E1 4,10,20 200 LR/AIC
B1,D1 4,10,20 500,1000 LR/AICHQ
C1 4,10,20 500,1000 LR,GHr/AICHQ,BIC
El 4 500,1000 LR/AICHQ

10,20 500,1000 LR,GHr/AICHQ,BIC

Considering the Type I error rates and power simulation results and the analysis
on the NLSF dataset, the GHr test has the best performance for many items and in

general for large sample sizes. The M, test has the worst performance in terms of
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power and the LR test in terms of Type I error rates. It is not possible to identify
the IC that has the best performance both under normality and non-normality of the
latent variable distribution.

A line of future research can be to assess the fit of IRT models for polytomous
data under model misspecification. Polytomous items include more than two cat-
egories that can be ordered or unordered. The principal IRT models used to ana-
lyze these data are the Nominal Response model (Bock, 1972), the Graded Response
model (Samejima, 1969) and the Partial Credit model (Masters, 1982). Polytomous
items provide more information than binary items concerning the level of the la-
tent trait (Samejima, 1969, Donoghue, 1994). This can result in more accurate pa-
rameter estimates and related standard errors. Moreover, in general test statistics,
as the limited information ones, are more powerful for polytomous than binary
items (Maydeu-Olivares, 2013). The performance of the LM(S) test could be stud-
ied for this types of items, under the different types of model violations considered
in Chapter 2. Moreover, the GH and GHTr tests presented in Chapter 3 could be
applied to IRT models for polytomous data, assuming the SNP representation of
the latent variable distribution, to detect non-normality of the latent variable distri-
bution. Since these models involve a higher number of parameters, the additional
issue, compared to binary data, could be the computational cost of the estimation
process (Bartholomew et al., 2011). With polytomous items we expect an improve-
ment in the performance of the LM(S), GH and GHr tests, especially in terms of

power.
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A.1 Derivation of the Generalized Lagrange Multiplier Test

To derive the LM(S) test, we use the same procedure of Boos (1992) and Bera et al.
(2020). We consider the set of hypotheses (2.10) and the same notation of section
2.3.2.

Consider the Taylor expansion of S1(8,)

0= ViiSi(8,) = Vs (0) + Vit L (@ — 0.1) + Vi) (8, — 0.), (A1)
and S,(0,)
ViiSa(8y) = visa(0.) + vl 20 3 g )+ vn®20) G gy (a2

ae*l 89*2

where S1(0),) is the subset of S(8,) that corresponds to the parameters 8., evaluated
at 0,, and Sz(én) is defined as in section 2.3.2. 6; and 6, denote the subsets of 0,

corresponding to the parameter 0, and 0,,, respectively.

If Hy holds, 6, — 0., is 0 because 0., = ¢ and 6, = ¢. Now aasee: = —A(B*),
and replacing A (0.) with its asymptotically expected version A(8.) we obtain from
equation (A.1)

0= v/nS1(6.) — VnA11(6.) (81 — 6.1) (A.3)

that becomes

V(B — 0.1) = VnA11(6,)7151(6s) (A4)
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and from equation (A.2)

V152(8,) = /nS2(6.) — Az (8:)(81 — 6.4). (A.5)

Substituting (A.4) in (A.5) we obtain

VnSy(0,) = V/nSy(6.) — v/nAz(0.) A1 (0.) "' S1(6.)

(A.6)
= [, — Az (0.)A11(6.) '] Vs (6.) ,

Vn51(6.)

where I is the identity matrix of the same dimension of S,.
Under Hy the expected value of S>(8,) is 0 and the V(S2(8,,)) = E[S2(8,)S1 (8y)].

Therefore, the asymptotic covariance matrix of S»(0,) is (Boos, 1992)

V(52(0.)) = [Io, — A1 (0.) A11(8+) ' 1B(6:) 1o, — A1 (6.) Arr (6.) ]
= By (60:) — A21(0:) A (6:)B12(6s) — B (0.) AL (0.) A1 (0:)+ (A7)

+ Az1(0:) A7} (6.)B11 () (6.) Ay (8:) A1a(6.)

Through matrix manipulation it is possible to show that equation (A.7) is equiv-

alent to (Boos and Stefanski, 2013)
V(52(6.)) = A®(6:)C2(8.)A*(0.), (A.8)

where the matrix A?? is computed according to formula (2.6) and evaluated at 6..

The asymptotic distribution of S;(8) under Hy is
S2(8u) ~ N(0,V(52(6.))) (A9)
An estimator of (A.9) is its observed version of evaluated at 8,

V(S2(8,)) = A%(8,)C0(0,)A%(8,). (A.10)
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The LM(S) test statistic, constructed as S’V 1S (Boos, 1992), is
LM<S) = Sz(én>/A22(én)71622<én)_112122<én)7152(&1)- (A-ll)

Under Hy the statistics LM(S) is asymptotically distributed as a x* with degrees of

freedom equal to the number of constrained parameters under Hy.

A.2 Derivation of the non-centrality parameter of the Gener-

alized Lagrange Multiplier Test

To obtain the non-centrality parameter of the LM(S) test, let’s consider the distribu-
tion of the LM(S) test under a sequence of local alternative around Hy. The hypothe-

ses Hy and H; can be formalized as follows:

Hy:0,,=c wvs H;:0,=c+ i, (A.12)

Jn

where c is a vector of constants and ¢ is an arbitrary vector of dimension ..
If H; holds and we replace the matrix A with its asymptotic expected version A,

equation (A.1) becomes

0= Vi:(6.) ~ ViAn (@)@~ 0.) + Vi (e~ L) -
= /nS1(6.) — VA (6.) (81 — 0.1) + x/ﬁAlzw*)(jﬁ)
and we get

V(B — 0.1) = VnAn(6.)71S1(0.) — A1 (6.) " A1a(6.)8 (A.14)

and equation (A.2) becomes

952(6-) 5 952(0.) 5 g 1

=/182(0.) — VA (0.) (01 — 0.1) + Axn(6.)E.

\/ESZ(én) \FSZ(B*) + \F
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Substituting (A.14) in (A.15) we obtain

VNS2(0,) =v/nSy(0x) — VA (0:)A11(0:)1S1(0x) — A2 (0:)A11(0:) T A12(0.)E + A (0,)E

=1/nS2(0:) — V1A (0:)A11(0:) 1S1(0s) + [Ana(0) — A2 (0:)A11(8.) 1 A12(6,)]€E

=D, —A»(0,)A11(8,) 7] Vinsa(0.) + A2(9,)E.
V151(84)

(A.16)

Under Hj, the asymptotic expected value of S,(8) is equal to ﬁAZZ(G*){,‘ and the
asymptotic variance is the one in formulas (A.7) or (A.9).

Under H;

b

S2(0,) ~ N(\/ﬁ

AP(0.)§,Bx(6.) — Az1(6.) Apy (0.)B12(8s) — By (6:) A7y (6.) A1a(6.) +

+ A2 (0.) Ay (6.)B11(6.)(0.) Ay (64) A12(6.))
(A17)

and the LM(S) statistic is asymptotically distributed as x?(1A) with non-centrality

parameter given by the following formula (Bera et al., 2020)
A =Ex)V(x)'E(x). (A.18)
Substituting the asymptotic mean and variance of S,(8,,) in formula (A.18) we get
A= %glAzz/(Bzz — AnlA['Biy — Bai A Ana + An A Bii A Ar) AP,

where all matrices are evaluated at 8. It can be easily verified that, in the absence
of model misspecification, the non-centrality parameter of the LM(S) test reduces to

formula (2.9).
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A.3 Results of the simulation study under correct model spec-
ification

The same true parameter values, simulation conditions, unconstrained model and
hypotheses introduced in section 2.5.1 are used under correct model specification to
study the Type I error and power of the tests.

Table A.1 presents the Type I error rates of the LM(H), LM(CP), and LM(S) tests

under correct model specification for scenarios A,B and C.

TABLE A.1: Type I error rates of the LM(H), LM(CP), and LM(S) tests
under scenarios A, B and C, p = 10,20, n = 200, 500, 1000, 5000

SC p n IM(H) LM(CP) LM@)
A 10 200 004 0.055  0.055

500 0.04 0.06 0.05

1000 0.07 0.08 0.065

5000 0.075 0.07 0.07

20 200 0.04 0.125 0.055
500 0.055 0.07 0.055

1000 0.04 0.05 0.04

B 10 200 0.10 0.11 0.045
500 0.06 0.05 0.035

1000 0.075 0.08 0.06

20 200 0.05 0.185 0.055
500 0.06 0.09 0.06

1000 0.04 0.045 0.03

C 10 200 0.07 0.085 0.035
500 0.045 0.07 0.045
1000 0.08 0.115 0.085

5000 0.07 0.08 0.08

20 200 0.055 0.155 0.025
500 0.06 0.075 0.06
1000 0.045 0.06 0.05

Note 1: Values in boldface indicate that the nominal level « is not included in their confidence interval

Table A.2 presents the power of the LM(H), LM(CP), and LM(S) tests under cor-

rect model specification for scenarios D,E and F.
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TABLE A.2: Power of the LM(H), LM(CP), and LM(S) tests under sce-
narios D, E and F, p = 10,20, n = 200, 500, 1000, 5000

SC p n  LM(H) LM(CP) LM(@S)
D 10 200 0315 0.355 0.32
500  0.675 0705 0675
1000 0.925 0.94 0.93
5000 1 1 1

20 200 0.37 0.495 0.39
500 0.755 0.795 0.76
1000 0.97 0.97 0.97

E 10 200 0.39 0.525 0.355
500 0.905 0.915 0.895
1000 0.995 0.995 0.995

20 200 0.755 0.885 0.76

500 1 1 1
1000 1 1 1
F 10 200 0.61 0.61 0.38
500 0.935 0.92 0.9
1000 0.995 0.99 0.99

20 200 0.796 0.835 0.595
500 0.985 0.985 0.98
1000 1 1 1

A.4 Parameter bias under model misspecification

In this section some results on the mean bias for the ML estimates across replications
under model misspecification are reported. In each scenario considered, the mean

bias of each model parameter, generally named 6, is computed as:

: ity 0 — 6ol
Biasy = =/———,
iasy R
where 6 is the true parameter, §; is the ML estimate of the parameter 6 in the I-th
replication and R is the number of replications, equal to 500.

Table A.3 presents the parameters bias under local dependence (02 = 2.25 and

LD = 50%) for scenario C.
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TABLE A.3: Parameters bias under local dependence (¢2 = 2.25 and
LD = 50%), under scenario C, p = 20, n = 1000

0 Biasy
wi(j=1,..., 20) 015 013 014 014 012 011 015 014 0.09 013
027 017 037 041 019 034 033 018 034 035
aq; (j=1,.,200 057 017 046 045 024 013 046 032 010 042
048 050 048 049 048 047 048 049 048 048
B 0.14

Table A.4 presents the parameters bias under misspecification of the latent vari-

able distribution (¢ ~ SN (1), € ~ SN(3)) for scenario A.

TABLE A.4: Parameters bias under misspecification of the latent vari-
able distribution (¢ ~ SN(1), e ~ SN(3)), under scenario A, p = 20,

n = 1000
€~ 0 Biasy

SN(1) aoj(j =1,.,20) 119 061 106 105 074 049 1.04 087 035 1.04
060 094 038 026 08 045 050 0.88 044 040
alj(]' =1,.,20) 043 022 039 038 027 018 037 032 014 037
022 033 014 011 032 017 018 032 016 0.14

B 0.23
SN(3) IXO/(j =1,.,20) 155 079 137 135 096 063 134 113 046 134
078 122 049 034 110 059 066 114 057 052
oclj(j =1,.,20) 098 048 089 086 0.0 038 08 071 028 0.84
048 075 029 020 070 036 040 072 035 0.32

B 0.75
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B.1 The mean and the variance of SNP latent variable

To compute the final estimator &g in formula (3.9) and &; in (3.10), it is necessary to
compute E(Z) and V(Z) for the latent variable with density in (3.3). These quantities
can be derived analytically.

We consider L = 2. After the optimization process, P;(z) = a9 + a1z + ayz% and

h(zlgp*) = P*(z)¢(z), where ay = sing} — \%cosq){cosq);, Ay = cosQising;, ay =

1 * *
\ﬁCOS§01 CoS@P,.

From Zhang and Davidian (2001)
E(Z) =d M*a (B.1)

where the element in the i-th row and j-th column of M* is E(z/*/~!) and z ~ N(0, 1).
The matrix M* includes the moment of a standard normal distribution.

When L =2
z z2 73 010
M*=E|z2 22 2|=1[|10 3 (B.2)

23 4 2P 0 30
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and
0 1 0\ (sing;— %cosq)’l‘cosq);
E(z)= (sinq)i‘—%cosqo’{cosqoz cos@isings; %cosq)]*coscp;) 1 0 3 cos@isings;
0 3 0 %cos@cosq);
singy — %cosﬁcos@
= (cosq){sin(p; singy + %cosﬁcaap; 3cos<p1‘sin(p§) cos@ysing; =

L cosgicosgs
= 2singycos@ysing; + \4}5054’1 cos@asing;
(B.3)
To compute V(Z) we need also E(Z?). It can be computed as as a’ M**a, where
the element in the i-th row and j-th column of M** is E(z'*/),and z ~ N(0, 1) (Zhang
and Davidian, 2001). When L = 2

22 2 10 3
M™=E|z2 2 22| =10 3 0 (B4)
4 25 2° 3 0 15
and
1 0 3 sin(pi‘—%cosqﬁcosq);
E(ZZ)=<sin<pi‘—%cos¢’{cosg0§ cos@ysing; %cosﬁ‘caap;) 0 3 0 cos@ysing;
3 0 15 %cosq);‘cosgo;
sing] — \%cosq)fcosqu‘
:(sinq)i‘—i—\%cosqoi‘cosgo; Bcos@ising;  3sing] + \[cosq)lcos%) cos@isings;
\%coap{cosq);
= sin(p’lk2 \/Ecosgolszmplcos% +3cosq)1 sm(pz +5605q01 COS(p2
(B.5)

The variance of the latent variable with a SNP density is computed as V(Z) =
E(Z?) — E(Z)?, and we obtain

V(Z) = sin(pf2 ——C0SQSingicosy; —1—30054)1 sznqoz —|—5c05(p1 cosqoz —

V2

— (2singicos@ising; + \—@cosq)l COSQ3Sings;)
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To get the mean and the variance of the latent variable for the SNP; model, we

should set ¢; = 7 in equations (B.3) and (B.6).

B.2 Gradient computation: The SNP-IRT model

The function “nlminb” in R uses the analytically computed gradient. Following Ir-

incheeva (2011), we can rewrite the likelihood in (3.4) as

o) = ios [ { [T pricogtzoas] ®7

where
_exp(yijeoj + Yije1jzi)

- B.8
8= 7 + exp(aoj + 11j2;) (B.8)

The derivative of the ag; and a1; parameter (s = 1, .., p) can be obtained with the

following formula (Irincheeva et al., 2012):

065 i=1 fR{Hfﬂg]}Pz( )P(zi)dz;

3l(y, 0) ZIR{H] 145 8} (08s/005) PF (z; )4>(zz-)dzi, ©9)

where 05 = ag; or a1;. The gradient with respect to these two parameters is obtained

substituting the following two partial derivatives in (B.9):

ags eXp(“Os + ‘Xlszi)

= 1YjsQs — s B.10
g, V8 T T4 exp(aos + w1:71) (8.10)

ags exp(xos + ®1s2;) .
aﬂlls - yZSgSZl 1 _|_ exp(“os + (Xlszl‘)gszz (B.].l)

Hence, the gradient of the aps parameter is:
ex s 0152

al(y,0) Zy 3 ATy 8} poButet et P2 (2 p (21 dz o)

a"‘Os ' i= JrATTZ, 8} PP (zi)(zi)dz;
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The gradient of the a;; parameter is:

A(y,6) _ iy' JrATUZ, 873 PP (21)zigp(2:)dzi 5 JrATTZ, gj}%%(zi)z@(zi)dzi
dis  H7 [ ATl ¢} PRE)(z)dz S ST, 8} P (zi)¢(2:)dz;

(B.13)

Let’s consider L = 2. The analytical gradients for the ¢ parameter can be obtained

with the following formula (Irincheeva et al., 2012):

My.0) _ 3 JoATT, ¢} (20P1(21) /99) Pr(2)p (z:)dz

do = JrATTZ, 8} PP (20)(zi)dzi

) (B.14)

where ¢ = ¢ or ¢;. The gradient with respect to these two parameters is obtained

substituting the following two partial derivatives in (B.14):

aquEZi) = cosq1 + singicosga/ V2 — zisingising, — zjsingicosg2/ V2 (B.15)
1
aI;LqEZi) = C0s18inQ2/ V2 + z;cosp1cos Py — Z2cosP1singy/ V2 (B.16)
2

Hence, we obtain

o(y,0) & fR{]—I]"’:1 gj}2(cospy + singcos@y /2 — zjsingysingy — z2singicosa/v/2) Py (z)P(z)dz;

-¥

991 i1 fR{Hf:1 gj}P%(Zi)¢(Zi)dzi
(B.17)

Aly,8) & fR{H]’.’Zl gj}2(cosprsings /2 + zicos@rcosgr — z2cos@rsingy /v/2) Py (z)P(z)dz;

¥

92 i=1 fR{H;‘?:1 gj}PI%(Zi)‘P(Zi)dZi

(B.18)
We can obtain the gradient for L = 1 setting ¢o = 71/2 in all the formulas and

not computing aanlz'
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B.3 Hessian computation: The SNP-IRT model

B.3.1 Elements on the main diagonal of the Hessian matrix

The element on the main diagonal of the Hessian matrix corresponding to the pa-

rameters ags (s = 1, .., p) is:

o(y,0) o <8l(y,9)> 3 <ZJ/ ZIR{H}”1g]}1i§’xp”“f;(:_”ﬁ;;z))1’%(zi)¢(zi)dzi

aa%s a alXos awos 80605 i= i=1 fR{H]l';l g]}PI%( z) (Zi)dzi
(B.19)
Through algebraic operations we obtain:
exp (2005 +20152;
dl(y,0) _ Z (fR{Hf—l g} et i) PL(z)¢p(zi)dzi
dac, i=1 fR{H]r;lgj}Pz( z;)p(zi)dzi
Il g e e PR G 9 )z

JelTT1 8} PE G (zi)dz (20

2
(el 2R B2 g )
- (JoATTZ, 8} P2 (i) (zi)dzi)? )

The element on the main diagonal of the Hessian matrix correspond to the pa-

rameters a15 (s = 1,.., p) is:

dl(y,8) _ 3(dl(y,8)/dms) _ (Z( JRATT 8} PE(z0)zip (z0)dzi
a“%s alxls alxls i=1 v fR{H]p lg]}Pz( ) ( z)dZi
fR{H] 18]}%1)%(2) ¢(zi)dz )
fR{H]p 1 &3P (2i)¢(21)dz;

(B.21)

)
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Through algebraic operations we obtain:

al(y,ﬂ) —Z( fR{H]p 1g]}P2( ) ( )dzz fR{Hlegj}% ( )Z (P(Zz)dzz

1s +
Bzx%s v fR{Hf 13]}P2(Zz> (zi)dz fR{ijzlg]}Pz(Zl) $(zi)dz
_2%sz{11] 18} i P )2 (a)dz el TT) ) 87) e ey PR (20) 209 (2)
fR{H]p:1g]}P2( ) (zi)dz fR{Hf:lg]}Pz( z)¢ (z)dz
g (JRATT, 7} PP (zi)zigp (2:)dz;)? fR{I—[f 18&%%(21)2@(201&1)2
S eI 8 PG 9ar)dz )P (e (T 83 PR(z0)9(z)dz)?

fR{Hf 18;}PL(21) i9(zi)dz; fR{Hf 1 8&% (ZI)Z ¢(zi )dzi>
fR{H]p 1873 PE(zi)¢(21)dz;)?
(B.22)
The last elements on the main diagonal of the Hessian matrix are the second deriva-
tives of I(y, ) with respect to the parameters @1, ¢.

To obtain these elements we use the formula of the derivative of a quotient

, a[f(x)}:f’(X)g(X)—f(X)g’(X) f'(x) f(X)g’EX) (B.23)

where in our case

fi(x) _ i JrATT, 8;32((9(0PL (i) /9¢9) /99) PL(z:) + (9PL(z:) /09)?]p(zi)dz;
gx) = JRATT; 81} P (zi) ¢ (zi)dz;

(B.24)

Fg (x) o (JRATTL, 83 (20PL(2:) /09) Pr(zi)¢p(2i)dz)?
=) 2

(B.25)
(SelTTs ) PRz )

We need
9 <3PL (Zi)> = —sing; + cosQ1c0s@2/ V2 — zicossing, — zl-zcos<p1cos<p2/ﬂ
g1\ 991
(B.26)
az) (E)I;ngzﬂ) = C051005@2 /N2 — zicosisingy — z2cos@icos@a/ V2 (B.27)
2 2
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Finally we obtain

ol f (fR{Hfl 8j}2(cosy + singrcosga /N2 — zisingysing, — z2sing1c0s@y/V/2)?P(z;)dz; N
Ip {3 JRATTZ1 8} PP (z0)(zi)dz;
fR{H] 187 Y2(—singy 4 cosprcosga/ /2 — zicosysingy — zcos@icosy /V/2) PL(z)P(zi)dz;
ST 8} PE ) i)z )
(fR{l_[le gi}2(coser + sinq)lcosq)z/\f — z;singsing, — z%singmcosgoz/ﬁ)PL(zi)¢(zi)dzi)2>

(IR{H]I'le i} P (z;)¢(zi)dz;)?

(B.28)

and

2l Z (fR{ 13’]}2 coscplsnfl(pz/\f—kz /COSQ1C0SPp — 22 cos<plsm<p2/\f) ¢(z; <)dzl~jL

= AT, 87} P2 () (z1)dz;
fR{H] 1g]}2(cosqolcosq)2/\f—zcosgolsznq)z—z cos@1cos@y//2) Py (2)¢(z;)dz;
JoATT, 87} P2(z0)9(z:)dz; -
(fR{Hf:1 8j}2(cos@isingy /2 + zicospicosgy — z2cos@isinga //2) Py (zi)¢(z;)dzi)?
R fR{ 71 8P (zi)(2i)dz;)? )

(B.29)

B.3.2 Elements outside the main diagonal of the Hessian matrix

For all this section s,k =1,...p and s # k.

b+ S +
ol ( ol ): (fR{H] 187) Tromp ety Tt iy PR(zi) g (zi)dzi
a‘)‘Ok 80605 i=1 fR{Hleg]}Pz(zz) ( )de

AT 8 e ey PR i) g (zi)dz [y {TT) ﬁmﬁﬁmmgﬁ@mmm)
fR{H]P:1gj}P%( i) ( z)dzz)
(B.30)
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al<al> _ i( fR{H]p 18]}P2(21)Z P(zi)dz; B fR{H] 18&% %(Z,-)Z%(P(Zi)dzi_
dayy \ Oy = Yidis fR{leg]}Pz( zi)p(zi)dz; Yis

fR{Hleg]}P%(l ¢(zi)dz
_ykfR{n, | &} TR ) 2 (7,) 22 (2,)dz;

l fR{H;p 1 8} PE (zi)p(zi)dz;

L DT 1&};?;;?:;1%::53 TR ) P (zi) 2R (zi)dzi

fR{ 1g]}P2( zi)P(zi)dz;
- fR{H]p 1g]}P2(Zz) 14)(2,)(121)
ik
" URATT 873 P (20) ()22
j
fR{H] 1&}% PP (zi)zip(zi)dzi [RAT1}_, 8} P (2i)zi¢ (2i)dzi
(SR AT, 8} PP (21)p(zi)dz;)2

AT, g} p2Rle ) p2 (s,

“+exp(ags+aq5z;)

N 9(z)dzi [o AT &} PE(20)zi9 (z0)dzi
i (el IT 1g]-}PZ(,zz-) (2)d2)?

fR{H] 13]}%132( i)zi¢

+exp KQs+X15Z; )

zi)dz; fR{H] 1&}% f(zi)2i¢(zi)d2i>
fR{Hf:1g]}P[%( zi)¢ (zi)dz;)?

(B.31)

NEREE ST 81} 5 e oty PR (20) (1) dzi
dai \ 9ps = Yik fR{Hf_lg]}Pf( zi)$(zi)dz;
X s H0162;) xp (&gx+ i)
fR{ =1 g]} 1ie€(pagcobialzsz ) lie}ipa(%gkig;zi) P% (Zi)zi(P(Zi)dzi T
fR{H]p 1g]}P2(Zi) (Z')dzi
JoATUy 8} st 2 P2 () (z:)dz; [ {11 85} PP(20)zi6p ()4
T 8} P2 p(a e

JRATT ) rr o PR (i) g (z)dzi [ {TT) 1g]}1+”p—1>) %(z»z@(z,-)dzi)
fR{Hf:1g]}P%< i)P(zi)dz;)?

*+ Vik

(B.32)



B.3. Hessian computation: The SNP-IRT model 95

exp "‘Os‘i’“lsz) PZ

) _ i <—y fR{H] 18]}W 7 (zi)zip(zi)dz
i=1 ’ fR{Hp 18]}P2 z l)dzi
JelT1 87} oo ta ey PR ()i (zi) i
fR{Hf 18]}P2(Zz) (zi)dz;
(

p explagstarcz) _ p2
B JrATTZ 18]'}W 7 (zi)zig(zi ')dzii
ya

dl
al)qs aoéos

fR{H]p 18]}P2( )¢ (zi)dz;
o JeATTE 187}13%“%%1’ (20)¢(z0)dzi JoATT]_s &} PL(z) i (zi)dzi
(JoAIT] 1g]}P2< 2i)(zi)dz;)?
JRdIT 1g]}1i§;;°;%%( (20)dzi [ {TT, 8} ool 2 P2 z))z,(2,)dz;
(JRATT, &3P (i) p(zi)dzi )2 )

(B.33)

3l n fR{H]’.’Zl gj}z(cosgolsinqoz/\[ + zicosp1cosPy — Z2cos@1Singy /\/2)
84)1(84)2) E( Je AT 8} PR (20)¢ (21)dz; '

- (cos@y + singcospa/ V2 — zisingysingy — z2singicosgy /V2)P(z;)dzi+

N fR{]_[]’.’:1 gj}(—sin(plsingoz/ﬁ — z;singicos@y + z%singmsinrpz/ﬁ)ZPL(z,-)rp(zi)dzi -

(JRATTE, 873 P7 (zi)(zi)dz;
fR{H;’Zl g]-}Z(cos<plsin(p2/ﬁ + z;cos@1c0spy — z?cos<plsin<p2/ﬁ)PL(zi)qb(zi)dzi
- AT, 8P (z0)9(2:)dz; '
fR {]_[]’.]:1 gj}Z(cosq)l + sin(plcosgoz/ﬁ — z;Sin@singy — zizsingolcosq)z/\@)PL(zi)(p(zi)dzi
' fR{I—[le 8P (z;)¢(zi)dz; )

(B.34)

al [ al !
sor (o) =5
fR{H] 1 gﬁ% (cosy + singicosgy/\/2 — zisingsings — zizsingolcosqoz/ﬁ)PL (zi)¢(zi)dz;
JrATTZ, 8} PP (i) (zi)dz;
ST 1&}%#(4)4»(@)014
ST 8} PR )e Gz
fR{I—[].:1 gj}Z(cosgol + singicos@y /\/2 — zsingysingy — z?sin(plcosgog/ﬁ)gb(zi)PL (z;)dz;
. fR{H]r;l i) Y PL(zi)?¢(zi)dz; )

+

(B.35)
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oAy
aq)Z a""*05 N
—i( fR{H] 15@}% (cos@ising/ /2 + zicos@icospy — zcos@ysinga /v/2) Pr(zi)¢(z;)dz;
iz fR{Hlegj}Pf(ZiW(Zi)dzi
IR{H] 18]}%132( )‘P(zi)dzi.
fR{Hf:1g]}P%( z;)P(z;)dz;
' fR{H]I'le gj}Z(cosq)lsin(pz/\@ + zjcospicospy — zl-zcosgolsinqoz/ﬁ)cp(zi)PL (zi)dz,->
fR{H]P:1gj}PL(Zi)2¢(Zi)dZi

+

(B.36)

o (3)
o1 \ 0n1g
n JrATT_; 8jY2(cosgr +singrcosga/ V2 — zisingising, — z7singicosga/v/2) Py (2:)zip(2:)dz;
z; (yls fR{H]r'):1 i} P (zi)¢(zi)dz; -
fR{H] . g]}m% (cosy + singicosgy /2 — zisingysing, — z2singcosga/ V/2) Pr(z)zip(z;)dz;
fR{ P18} PE(zi)¢(zi)dzi B
JrATTZ, 87Y2(cosgr + singrcosga /2 — zisingsing, — z7singicosga/v/2) Py (z:)p(zi)dz;
Jo AT, 8} P2 (20)¢ (2:)dz; '

Yis
. S AT, 3j}P1%(Zi)Zi¢(Zi)dZi+
JoATT, 3 P (20)¢(2i) bz
N fR{H;?:1 g]-}Z(cosq)l + sing1cos@a /\/2 — zsingising, — zlzsimplcOS(pz/ﬁ)PL (zi)p(z;)dz;
ST, 8} P (zi)¢(2i)dzi
. JRATT gﬁ% %(Zi)ziq?(zi)dzi)
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(B.38)
We can obtain the Hessian matrix for L = 1 setting ¢, = 77/2 in all the formulas and

not computing the derivatives that involve the parameter ¢,.
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