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Abstract

In this Thesis we focus on non-standard signatures from CMB polarisation,
which might hint at the existence of new phenomena beyond the standard
models for Cosmology (ΛCDM) and Particle physics. With the Planck ESA
mission, CMB temperature anisotropies have been observed at the cosmic
variance limit, but polarisation remains to be further investigated. CMB
polarisation data are important not only because they contribute to provide
tighter constraints of cosmological parameters but also because they allow the
investigation of physical processes that would be precluded if just the CMB
temperature maps were considered. We take polarisation data into account
to assess the statistical significance of the anomalies currently observed only
in the CMB temperature map and to constrain the Cosmic Birefringence
(CB) effect, which is expected in parity-violating extensions of the standard
electromagnetism.

We propose a new one-dimensional estimator for the lack of power anomaly
capable of taking both temperature and polarisation into account jointly. By
employing this estimator on Planck 2015 low-` data, we find that the prob-
ability that a random ΛCDM realisation is statistically accepted decreases
by a factor of two when the polarisation is taken into account. Moreover,
we forecast that for future experiments, such as the LiteBIRD satellite, the
contribution coming from the polarisation can increase by of factor 6.

With the aim of studying the power spectrum of the CB effect we develop
and perform two different and complementary methods. In the first one using
the "localisation" of the so-calledD-estimators, a class of harmonic estimators
for the isotropic birefringence, we build maps of the birefringence angle,
evaluating the CB spectrum on angular scales larger than ∼ 7 degrees. In
the second approach we derive a novel class of linear and quadratic harmonic-
based estimators which are able to directly evaluate the power spectrum of
the CB from the EE, BB and EB observed angular power spectra of the CMB
anisotropies. By employing these two methodologies on Planck 2018 Release
(PR3) we provide new constraints on the CB spectrum with Planck data.

The measure of CMB polarisation represents a technological challenge,
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since the polarised signal is much fainter than the signal in temperature and
to make accurate estimates in polarisation, one has to keep an exquisite con-
trol of the systematic effects. In order to investigate the impact of spurious
signal in forthcoming CMB polarisation experiments, we study the interplay
between half-wave plates (HWP) non-idealities and the beams. We extend
the capabilities of the publicly available beamconv code to produce the first
time-domain simulations that include both HWP non-idealities and realistic
full-sky beam convolution. Our analysis suggests that certain HWP configu-
rations, depending on the complexity of Galactic foregrounds and the beam
models, significantly impacts the B-mode reconstruction fidelity and could
limit the capabilities of next-generation CMB experiments. We provide also
a first study of the impact of non-ideal HWPs on CB, both isotropic and
anisotropic.
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Chapter 1

Executive summary

The Cosmic Microwave Background (CMB), discovered by Penzias and Wil-
son in 1965 [1], provides one of the most fundamental probes for the standard
cosmological model, i.e. the ΛCDM model. The CMB originated in the early
stages of Big Bang model and preserves the imprints of various physical early
Universe processes. One of the most important scientific evidences achieved
by the analysis of the CMB observations is the overall agreement of its sta-
tistical properties with the predictions of homogeneity and isotropy of the
Universe made by the cosmic inflation.

In the past 30 years continually more sophisticated experimental tech-
niques have been developed for the measurement of the CMB, using ground-
based antennae, rockets, balloons and satellites. In May 2009 it was launched
the Planck satellite (ESA), which had a combination of sensitivity, angular
resolution and frequency coverage never achieved before. With the Planck
ESA mission, CMB temperature anisotropies have been observed at the cos-
mic variance limit, but polarisation remains to be further investigated: in
particular, information in the E modes have not been fully extracted yet and
the primordial B modes have not been detected and only upper limits are
provided. There have been four major data releases of Planck products avail-
able on the Planck Legacy Archive (PLA)1: PR1 in 2013 [2], PR2 in 2015
[3], PR3 in 2018 [4] e PR4 (NPIPE) in 2020 [5]. Fig 1.1 shows the CMB
temperature and polarisation anisotropy maps as observed by Planck 2018
[4].

The CMB radiation possesses a near-perfect black-body spectrum, which
is an evidence that the Big Bang model is correct: its near-perfect black-body
spectrum means that when the CMB was produced matter and radiation
were in thermal equilibrium. According to the standard cosmology, after the

1https://www.cosmos.esa.int/web/planck/pla
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2 CHAPTER 1. EXECUTIVE SUMMARY

Figure 1.1: CMB maps obtained with the smica component-separation algorithm.
Upper panel: map of the CMB temperature anisotropies. The grey line outlines
the masked and inpainted regions where residuals from galactic and extra-galactic
foreground emission are expected to be substantial. Lower panel: large-scale map
of the CMB polarisation anisotropies. The polarisation field, described by vectors
of varying length, is superimposed on the CMB temperature map (upper panel),
both smoothed on a scale of 5°. Image credits: The Planck Collaboration (ESA) [4].
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recombination of electrons and protons into neutral hydrogen, the Universe
becomes transparent for CMB photons and they move along geodesics of the
perturbed Friedman geometry. This corresponds to the so-called surface of
last-scattering at a redshift of about zls ' 1100, when the Universe had an
age of about 380000yr. From the epoch of last-scattering onwards, photons
free-stream and reach us basically untouched. Detecting primordial photons
is therefore equivalent to take a picture of the early Universe when the CMB
photons was generated. A fundamental characteristic of the CMB are the
fluctuations of the temperature observed in its pattern. These anisotropies
are smaller than about one part over 105 and are usually expressed in terms
of the quantity:

∆T (θ, ϕ)
T0

= T (θ, ϕ)− T0

T0
' 10−5 , (1.1)

which gives the temperature fluctuation as a fraction of the mean temper-
ature T0 and as a function of the angular position on the sky (θ, ϕ). The
primary anisotropies are believed to have been generated from quantum fluc-
tuations in the very early Universe by a nearly scale-invariant mechanism.
The most prominent context is cosmological inflation. If inflation lasts long
enough, the spatial geometry of the Universe is generally predicted to be in-
distinguishable from Euclidean, and the topology of the observable Universe
is expected to be trivial (simply connected). The COBE [6, 7] discovery re-
vealed the long-expected temperature anisotropies and confirmed that they
are consistent with an almost scale-invariant power spectrum of temperature
fluctuations.

Thomson scattering of temperature anisotropies on the last scattering
surface produces a linear polarisation pattern on the sky that can be simply
read off from their quadrupole moments (see e.g. [8] and references therein).
If the temperature anisotropies are indeed the result of primordial fluctua-
tions, their presence at last scattering would polarise the CMB anisotropies
themselves. Therefore the polarisation of the CMB represents a fundamen-
tal check on our basic assumptions about the behavior of fluctuations in the
Universe.

The polarisation power spectrum provides information complementary to
the temperature one. The former can be used not only to provide tighter
constraints of cosmological parameters but also to investigate physical pro-
cesses that would be precluded if just the CMB temperature maps were
considered. In particular, my research has been focusing on non-standard
signatures from CMB polarisation, which might hint at the existence of new
phenomena beyond the ΛCDM cosmological model and the standard model
of particle physics (SM). In this Thesis, I took polarisation data into account
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to assess the statistical significance of the anomalies currently observed only
in the CMB temperature map and to constrain the Cosmic Birefringence
(CB) effect, which is expected in parity-violating extensions of the standard
electromagnetism. Anyway, the measure of CMB polarisation represents a
technological challenge, since the polarised signal is much fainter than the
signal in temperature, and to make accurate estimates of this signal, one has
to keep an exquisite control of the systematic effects. One of the latter that
I have investigated, in collaboration with Dr A. J. Duivenvoorden and the
CMB group led by Dr J. E. Gudmundsson at the Stockholm University, is
the interplay between half-wave plates (HWP) non-idealities and the beams
for forthcoming CMB experiments.

The CMB observations have greatly contributed to build the ΛCDM cos-
mological model. However several unexpected features have been observed
in the CMB anisotropy temperature maps at large angular scales, both by
WMAP and by Planck. In Chapter 3, one of them: the lack of power anomaly
is introduced and investigated. This anomaly consists in a missing of power
at large scales with respect to what foreseen by the cosmological ΛCDM
model. This effect has been studied with the variance estimator in WMAP
data [9, 10, 11] and in Planck 2013 [12] and Planck 2015 [13] data, measur-
ing a lower-tail-probability of the order of few per cent. WMAP and Planck
agree well on this feature, so it is very hard, albeit not impossible, to at-
tribute this anomaly to instrumental effects. Moreover it is also difficult to
believe that a lack of power could be generated by residuals of astrophysi-
cal emission, since the latter is not expected to be correlated with the CMB
and therefore an astrophysical residual should increase the total power rather
than decreasing it. Hence, it appears natural to accept this as a real feature
present in the CMB pattern. An early fast-roll phase of the inflaton could
naturally explain such missing power, see e.g. [14, 15, 16, 17, 18]: therefore
this anomaly might witness a new cosmological phase before the standard
inflationary era (see e.g. [19, 20, 21] and references therein). However, with
only the observations based on the temperature map, this anomaly has not
the statistical significance needed to be considered the imprint of new physics
beyond the standard cosmological model and is conservatively interpreted as
a simple statistical fluke of the ΛCDM. In Chapter 3 we present our work
[22], where we revisit the former statement by also considering polarisation
data. To this aim, we propose a new one-dimensional estimator (defined in
section 3.30, Eq. 3.2.1) capable to take jointly into account both tempera-
ture and polarisation. Once validated, this estimator has been applied on
Planck 2015 low-` dataset, following a frequentist approach, in the har-
monic range 2 ≤ ` ≤ 30, with ` being the multipole moment. We find that
considering the Planck 2015 data in the harmonic range mentioned above,
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noise dominated polarisation provides an information content at the level of
4% to this estimator which, even though small, has a non-negligible impact
on the analysis, the lower-tail-probability shifting downward from 7.22% (ob-
tained considering only temperature data) to 3.68% C.L. (obtained consider-
ing jointly temperature and polarisation data), see Figure 3.7. Moreover, we
have forecasted that future CMB polarised measurements, as those expected
by the LiteBIRD satellite, can increase the polarisation contribution up to 6
times further, see Figure 3.8. We argue that the large-scale E-mode polari-
sation may play an important role in analysing CMB temperature anomalies
with future mission.

Cosmic Birefringence, the in vacuum rotation of the linear polarisation
direction of a photon during propagation, is a tracer for new parity-violating
physics beyond the standard model of particle physics [23, 24]. Different
models for dark matter and dark energy introduce scalar fields φ, which
can couple to the photons through a Chern-Simons term, adding new par-
ity violating terms to the Lagrangian of standard electromagnetism. Such a
phenomenon, naturally measured with an angle α, might signal the presence
of new interactions beyond the standard electrodynamics and to provide con-
straints on different theoretical models for dark energy, dark matter, axions
and axion-like particles. Moreover, it is important to constrain the CB be-
cause this effect produces B-modes which can screen the primordial signal.
The detection of the latter is fundamental to probe primordial gravitational
waves and other properties of inflation, as its energy scale. Several astro-
physical sources of linearly polarised photons can be used to investigate this
phenomenon [24, 25, 26, 27, 28, 29, 30]. CMB is linearly polarised due to
Thomson scattering (see section 2.3.1) and therefore it represents a good can-
didate to perform these investigations. CB is dubbed isotropic if the rotation
angle does not depend on the direction of observation. CB is instead called
anisotropic if the rotation is a function of the direction of observations. The
isotropic CB is expected when the pseudo-scalar field φ, that sources CB, is
spatially independent, instead a spatially-varying φ produces the anisotropic
effect. In Chapter 4, after having recovered the main equations relating the
birefringence effect to the observed CMB angular power spectra, we focus
on evaluating the birefringence power spectrum. In our analysis we develop
a novel class of linear and quadratic harmonic-based estimators which are
able to directly evaluate the power spectrum of Cosmic Birefringence rota-
tion angle starting from the EE, BB and EB observed angular power spectra
of the CMB anisotropies [31]. We have employed these estimators on Planck
2018 data (PR3) [32] with the configuration reported in tables 4.1 and 4.2,
evaluating the CB spectrum in the harmonic range L ∈ [1, 1000]. Consider-
ing the more constraining estimator, the linear one based on the BB power
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spectrum see Eq. 4.175, we find a compatibility with the null effect better
than 0.009 deg2 for L>400. The level of the uncertainties presented here is
worse than previous analyses, but we have been able to explore a much wider
harmonic range of Cα

B with the Planck data [33]. The region from L=700 to
L=1000 was not cover before. In addition, in collaboration with Dr Marco
Bortolami, Prof Luca Pagano and Prof Paolo Natoli, within the Cosmology
group of the University of Ferrara, we developed a complementary method-
ology. In this approach we use the localisation of the so-called D-estimators
(see section 4.2.2) to build maps of the birefringence angle evaluating CB
spectrum on angular scales larger than ∼ 7 degrees. This analysis extends
the paper [34], along various directions, in particular providing the cross-
correlation between polarised CMB and CB [35]. In particular in this Thesis
we focus on constraining the CB auto-spectrum from the Planck 2018 data
(PR3) in the harmonic range L ∈ [1 − 24], finding a compatibility with the
null effect with a precision better than 0.01 deg2, see Figure 4.8.

In Chapter 5 we investigate the interplay between half-wave plates (HWP)
non-idealities and the beams for forthcoming CMB experiments and provide
a first estimate of the impact of non-ideal HWPs on constraining the Cosmic
Birefringence (CB), both isotropic and anisotropic. Half-wave plates (HWP)
is a polarisation modulator which is currently used in various CMB exper-
iments, such as SPIDER [36], MAXIPOL [37], POLARBEAR [38, 39], and
may be employed in several forthcoming CMB missions as LiteBIRD satellite
[40, 41], Simon Observatory [42] and CMB-S4 project [43]. An ideal rotating
HWP only modulates the linearly polarised sky signal and therefore allows
one to cleanly separate this desired signal from unpolarised sky signal. Non-
ideal HWPs impede perfectly controlled modulation and indirectly cause spu-
rious polarised signal of their own. The merit of a HWP has to be carefully
weighed against the downsides. There exists a rich literature that describes
the impact of HWPs and their associated non-idealities on the signal that
they are supposed to modulate (see e.g. [44, 45, 46, 43, 47, 48, 49, 50]).
In the first part of this chapter we report the outcome of this collaboration
with Dr A. J. Duivenvoorden, Dr A. E. Adler, Dr. N. Dachlythra, Dr J. E.
Gudmundsson at the Stockholm University, published in [51]. We study how
different HWP configurations optimised for detectors sensitive to both 95 and
150 GHz impact our ability to reconstruct primordial B-mode polarisation in
the CMB, paying particular attention to possible biases arising from the inter-
action of frequency dependent HWP non-idealities with polarised Galactic
dust emission and the interaction between the HWP and the instrumen-
tal beam. In order to do this we extended the capabilities of the publicly
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available beamconv code2 [52]. To our knowledge, we produced the first
time-domain simulations that include both HWP non-idealities and realistic
full-sky beam convolution. With the upgraded version of beamconv, we have
been able to estimate the contamination of the BB power spectrum due to the
interplay between dust modelling, beam and HWP non-idealities. Our analy-
sis suggests that certain HWP configurations, depending on the complexity of
Galactic foregrounds and the beam models, significantly impact the B-mode
reconstruction fidelity and could limit the capabilities of next-generation
CMB experiments. We conclude this chapter providing an interesting ap-
plication of the realistic CMB simulations produced with beamconv. We
use the latter to investigate instrumental contamination which could specif-
ically bias the measure of the CB effect in view of future and present CMB
missions. Such an analysis, which is not fully covered in literature to our
knowledge, in future could allow us to provide more robust constraints on
different theoretical models which makes predictions for this phenomenon. In
order to obtain the level of systematics that impact on the birefringence angle
and spectra, we apply the statistical estimators for CB effect, described in
Chapter 4, taking as an input the residual power spectra in Figure 5.11, ob-
tained considering a co-polar polarised and azimuthally symmetric Gaussian
beam model and observing the CMB (without foreground) in the 150 GHz
band with the HWP configurations in table 4.2. Such a preliminary analysis
shows that for this setup, all the HWPs configurations do not impact the
evaluation of both the CB isotropic angle and its power spectrum.

Included papers
• Paper 1

M. Billi, A. Gruppuso, N. Mandolesi, L. Moscardini, P. Natoli.

"Polarisation as a tracer of CMB anomalies: Planck results and future
forecasts",

Phys. Dark Univ. 26 (2019) 00327;

arXiv:1901.04762, doi:10.1016/j.dark.2019.100327

I have been the main contributor to this project. Under the guidance of
my collaborators, I developed the code and the formalism of the new one-
dimensional estimator, presented in this paper, capable to take jointly
into account both temperature and polarisation in constraining the lack

2https://github.com/AdriJD/beamconv
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of power anomaly. I have written the majority of the paper, my collab-
orators helped me by providing comments to the manuscript.

• Paper 2
A. J. Duivenvoorden, A. E. Adler, M. Billi, N. Dachlythra, J. E. Gud-
mundsson.
Probing frequency-dependent half-wave plate systematics for CMB ex-
periments with full-sky beam convolution simulations,
Mon.Not.Roy.Astron.Soc. 502 (3) (2021) 4526-4539.
arXiv:2012.10437, doi:10.1093/mnras/stab317.
I contributed to the modeling and optimisation of HWP in Mueller
matrix formalism, and assisted at the employment of the latter in the
beamconv algorithm. I contributed to the analysis pipeline that calls the
upgrated version of beamconv code to calculate the residuals of HWPs
systematics for the satellite test case. I collaborated to the writing of
the paper presenting the outcome of this analysis.

• Paper 3
M. Billi, M. Bortolami, A. Gruppuso, P. Natoli, L. Pagano.
"New estimators for anisotropic birefringence from CMB observations:
the formalism and the application to Planck 2018 data."
To be submitted.
I have been the main contributor to this project. Starting from the initial
idea provided by my supervisor, I formulated the statistical framework
of the linear and quadratic estimators aiming at the evaluation of CB
spectrum. I developed the python implementations of the latter helped by
my collaborators. I assisted in the production of the CMB power spectra
from Planck 2018 data, on which are applied the developed estimators.
My collaborators assisted me in the writing of the paper by providing
comments to drafts of the manuscript.

• Paper 4
M. Bortolami, M. Billi, A. Gruppuso, P. Natoli, L. Pagano.
"Constraints on anisotropic birefringence and its cross-correlation with
CMB temperature and polarization fields."
To be submitted.
I assisted to the analysis pipeline used to derive the constrain on the
anistropic CB presented in this paper, focusing in particular on the
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evalution of the CB auto-spectrum. I have contributed to the writing of
the paper by providing comments to drafts of the manuscript.
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Chapter 2

Cosmic Microwave Background

The Cosmic Microwave Background (CMB), discovered by Penzias and Wil-
son in 1965 [1], provides one of the most fundamental proofs for the standard
cosmological model, i.e. the ΛCDM model. The CMB did originate in the
early stages of Big Bang model and preserves the imprints of various early
Universe physical processes. One of the most important scientific evidences
achieved by the analysis of the CMB observations is the overall agreement
of its statistical properties with the predictions of homogeneity and isotropy
of the Universe made by the cosmic inflation. In this chapter we general
describe the Hot Big-Bang model, the Inflationary Universe and the CMB,
introducing the concept and the mathematical formalism of its polarised
component.

2.1 Standard Cosmological Model

The evolution of our Universe is described by the Hot Big Bang model [53,
54, 55, 56]. This model is based on the so-called Cosmological Principle: the
Universe is, on large scales, homogeneous and isotropic. The best evidence
for the isotropy is the uniformity of the temperature of the Cosmic Microwave
Background (CMB) radiation: intrinsic temperature anisotropies are smaller
than 10−5. Other recent probes confirm that at scale larger than (∼ 100h−1

Mpc) the Universe is well compatible with the cosmological principle [57].
The most generic metric that satisfies the condition of homogeneity and

isotropy on large scales is the Friedmann-Lemaitre-Robertson-Walker (FLRW)

11
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metric:

ds2 =
3∑

µ,ν=0
gµνdx

µdxν

= c2dt2 − a2(t)
[

dr2

1− kr2 + r2dθ2 + r2 sin2 θdφ2
]
, (2.1)

where gµν is the metric tensor, (t, r, θ, φ) are coomoving coordinates, a(t) is
the cosmic scale factor and k can be chosen to be +1,−1, or 0 for closed, open
or flat spaces, respectively. The coordinate r is taken to be dimensionless and
a(t) has dimensions of length. The time coordinate is the proper time mea-
sured by an observer at rest in the comoving frame, i.e. (r, θ, φ) = constant.
Instead of the cosmic time it is customary to use the redshift z which is the
shift of spectral lines to longer wavelengths caused by the recession of Galax-
ies from our Galaxy in the uniform expansion of the Universe. The redshift
is defined to be:

z ≡ λ0 − λe
λe

, (2.2)

where λe is the wavelengths of the line as emitted and λ0 the observed wave-
length. It follows directly from the FLRW metric that the redshift z is
directly related to the scalar factor a(t) through the relation:

1 + z = a0

a(t) , (2.3)

where a0 is the scale factor at the present-day. The redshift determines the
scale factor a(t) (or the cosmic time once the function a(t) is known) of the
Universe when the light was emitted from distant sources.

2.1.1 Friedmann Equations
The FLRW models are relativistic models, based on the solutions of the field
equations of Einstein General Relativity [56]:

Rµν −
1
2gµνR = 8πG

c4 Tµν − Λgµν , (2.4)

where Rµν is the Ricci tensor, R is the Ricci scalar, Tµν is the stress-energy
tensor for all the fields present in the Universe, G is the Newton constant
of gravitation and c is the speed of light. We have included the presence
of a cosmological constant Λ. In standard cosmology Tµν is taken to be the
energy-momentum tensor of a perfect fluid:

Tµν = −Pgµν +
(
P + ρc2

)
uµuν , (2.5)
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where P and ρ are respectively the pressure and the density of the fluid and
the four-vector uµ is the velocity field of the fluid. To solve the Einstein
equations it is necessary to introduce a relationship between the pressure
and the density of the cosmic fluid which, in the standard models, is linear
and parameterised through the parameter w:

P = wρc2. (2.6)

In general for physical matter one requires ρ > 0, i.e. positive energy, and
also P > 0, implying that w > 0. In particular, the non-relativistic particles
(m), usually called dust, are assumed to have a negligible pressure:

wm = 0, Pm = 0. (2.7)

Relativistic particles (r), e.g. radiation, have the following equation of state:

wr = 1
3 , Pr = 1

3ρc
2. (2.8)

A cosmological constant, instead, corresponds to a contribution with:

wΛ = −1, PΛ = −ρc2. (2.9)

In standard cosmology it is assumed that the expansion of the Universe
is adiabatic1:

d(ρc2a3) = −Pda3. (2.10)
From this equation we can obtain the relation:

ρwa
3(1+w) = ρ0,wa

3(1+w)
0 = const , (2.11)

where ρ0,w is the density at the present time of the component having equa-
tion of state parameter w. Under this assumption the matter, radiation and
cosmological constant have different behaviour with the redshift:

ρm = ρ0,m

(
a0

a

)3
= ρ0,m (1 + z)3 , (2.12)

ρr = ρ0,r

(
a0

a

)4
= ρ0,r (1 + z)4 , (2.13)

ρΛ = ρ0,Λ, (2.14)
1The adiabatic expansion is a consequence of the equation of continuity, condition

satisfied by the Einstein field equations with a perfect fluid as source.
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and contribute differently during the evolution of the Universe. The early
Universe was radiation dominated, the “adolescent” Universe was matter
dominated and the present-day Universe is dominated by the cosmological
constant.

Because the isotropy and homogeneity only the diagonal components sur-
vive and all the "spatial " equations give the same one. From these two
equations we obtain the so-called I and the II Friedmann equations:

ä = −4πG
3

(
ρ+ 3P

c2

)
a+ Λc2

3 a, (2.15)

ȧ2 + kc2 = 8πG
3 ρa2 + Λc2

3 a2; (2.16)

given the equation of state P = P (ρ), Eqs. (2.15), (2.16) can be solved for
a(t), which describes the evolution of the expansion factor of the Universe.

The Friedmann equations can be recast in terms of the Hubble parameter
H(t) and the critical density parameter Ω:

H(t) ≡ ȧ

a
; (2.17)

Ω ≡ ρ

ρc
, ρc ≡

3H2

8πG. (2.18)

The Hubble parameter is not a constant and its value at the present time it
is called the Hubble constant:

H0 = ȧ0

a0
. (2.19)

The geometry of the Universe can be expressed in terms of Ω, or Ωk ≡ 1−Ω:

• Ω > 1 → Ωk < 0: Closed Universe;

• Ω = 1 → Ωk = 0: Flat Universe;

• Ω < 1 → Ωk > 0: Open Universe.

For a multi-components fluid model Universe we have:

Ω =
∑

Ωi. (2.20)

The II equation of Friedmann becomes:

H2(t) = H2
0

(
a0

a

)2
[
1−

∑
i

Ω0,i +
∑
i

Ω0,i

(
a0

a

)1+3ωi
]

; (2.21)
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or as a function of the redshift:

H2(t) = H2
0 (1 + z)2

[
1−

∑
i

Ω0,i +
∑
i

Ω0,i (1 + z)1+3ωi
]

=

= H2
0E

2(z). (2.22)
For the Universe at the present time the component of radiation is neg-

ligible so we can consider a Universe composed only by the components of
matter and cosmological constant. The evolution of the Hubble parameter
is described by:

H2(z) = H2
0

[
Ω0,m(1 + z)3 + Ω0,k(1 + z)2 + Ω0,Λ

]
. (2.23)

Through independent observations, measures of luminosity distance by means
SNIa, surveys of clusters of Galaxies and CMB radiation, it was possible to
put constraints on the cosmological parameters Ω0,m and Ω0,Λ, see Figure 2.1.
In table 2.1 it is reported the values of Ω0,m and Ω0,k obtained from the CMB
as measured by the Planck satellite [59] and from the observations of SNIa
Supernovae made by Cosmology Project SCP 2011[58]. So the Universe at

Ω0,m Ω0,k

Planck Mission 0.315±+0.007 0.040+0.038
−0.041

SCP 2011 0.282+0.015
−0.014 −0.004+0.006

−0.006

Table 2.1: Cosmological parameters as measured by Planck and by the observations
of SNIa.

the present time is compatible with a flat geometry and is composed by
matter for about 30% and by dark energy for about 70%.

Anyway, the Hot Big Bang Model presents some shortcomings, as the
Horizon and the flatness problem that can be solved by introducing the In-
flationary Paradigm.

2.1.2 Inflationary Paradigm
The inflationary paradigm is based upon the idea that during an early era, the
so-called Inflation, before the era of primordial nucleosynthesis, the expansion
of the Universe was accelerated. In this epoch the vacuum energy of a scalar
quantum field, called inflaton φ, dominates over other forms of energy, hence
giving rise to a quasi-exponential expansion. This phase of rapid acceleration
of the Universe can solve the flatness, the horizon and the monopole problems
of the Hot Big Bang model. For more details, see e.g. [60, 61] and references
therein.
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Figure 2.1: Confidence levels for the cosmological parameters, obtained from obser-
vations of SNIa (blue), CMB (orange) and BAO (green). Image credits: Supernova
Cosmology Project [58].
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2.1.2.1 Inflationary solution at the horizon and at the flatness
problems

The Horizon Problem is a problem of causality. The Universe appears ex-
tremely smooth over very large distance scales, even though, according to
the Hot Big Bang model, such distant regions had not been able to establish
mutual correlation by exchanging any causal signal. A direct proof of this
problem comes from the observations of the CMB maps: the surface of the
last scattering, which is much larger than the Hubble radius (rH(t) = c/H(t))
at the time of last scattering, is homogeneous and isotropic. To explain the
Inflationary solution to this problem we introduce the comoving Hubble ra-
dius:

r̃H(t) = c

ȧ
, (2.24)

which sets the effective comoving scale of causal connection. In a Universe
dominated by a perfect fluid with w > −1/3, r̃H(t) grows with time, therefore
larger and larger scales get in causal connection with increasing time as soon
as they enter the horizon, i.e. cross the Hubble radius. According to the
inflationary paradigm, in the early Universe r̃H(t) had decreased for some
time, thus those scales which enters the horizon now may have actually been
in causal contact in the past. A decrease of the Hubble radius with time:

˙̃rH(t) < 0, (2.25)

corresponds to:
ä > 0 (2.26)

i.e. an acceleration. This is the main characteristic which defines the infla-
tionary paradigm.

Another shortcoming of the Hot Big Bang Model is the so-called flatness
problem, that is a fine-tuning problem. In order to get the observed value at
the present time of (Ω0−1) ∼ 0, the value of (Ω−1) at the early Universe has
to be fine-tuned to values amazingly close to zero (∼ 10−64). The solution of
the horizon problem also solves the flatness one. Since r̃H decreases because
of the accelerated expansion, at the end of the Inflation, |Ω− 1| gains such a
tiny value that it can easily accommodate for the present observation of an
almost flat Universe.

2.1.2.2 Slow-Roll dynamics of the inflaton field

The standard model of Inflation is the so-called slow-roll scenario, associated
to a single scalar field. During the Inflation one can consider a homogeneous
and isotropic Universe described by the FLRW metric (see Eq. 2.1). One
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takes the Universe dominated by the vacuum energy of a scalar field, therefore
the Friedmann equations become (in this section we use units such that
c = h = kB = G = 1):

ä = −4πG
3 (ρ+ 3P ) a, (2.27)

ȧ2 + k = 8πG
3 ρa2, (2.28)

where ρ and P are the density and pressure of the scalar field. Eq. (2.27)
implies that a period of accelerated expansion, ä > 0, takes place only if:

P < −1
3ρ. (2.29)

The condition (2.29) can be satisfied by a homogeneous scalar field, the
inflaton φ, which behaves like a perfect fluid with energy density and pressure
given by:

Pφ = φ̇2

2 − V (φ), (2.30)

ρφ = φ̇2

2 + V (φ), (2.31)

where V (φ) specifies the scalar field potential. Hence if we require the so-
called slow-roll condition:

V (φ) >> φ̇2, (2.32)

we obtain:
Pφ ' −ρφ. (2.33)

Thus, we realize that a scalar field whose energy is dominant in the Universe
and whose potential energy dominates over the kinetic term gives inflation.
The equation of motion of the scalar field φ is:

φ̈+ 3Hφ̇+ ∂V (φ)
∂φ

= 0, (2.34)

where 3Hφ̇ is the friction term of a scalar field rolling down its potential due
to the expansion of the Universe. The condition (2.32) requires the scalar
field slowly rolls down its potential. Such a slow-roll period can be achieved
if the inflaton field φ is in a region where the potential is sufficiently flat.
The flatness condition of the potential could be parametrised in terms of the
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so-called slow-roll parameters:

ε ≡ 1
16π

(
V ′

V

)2

, (2.35)

η ≡ 1
8π

(
V ′′

V

)
. (2.36)

Achieving a successful period of inflation requires the slow-roll parameters to
be ε, |η| << 1; when this condition fails, inflation ends.

It has been proposed a really large number of inflationary models, differing
for the underlying particle physics theory and for the kind of potential. These
models could be classified into three broad groups as “small field”, “large
field” and “hybrid” type, according to the region occupied in the space (ε−η)
by a given inflationary potential. The Planck dataset allowed to extract the
parameters necessary for distinguishing among single-field inflation models
[62].

The period of accelerated expansion of the Universe must last enough
to solve the horizon and flatness problems. It is customary to measure the
duration of inflation in terms of the number of e-foldings, defined as:

N = ln
(
af
ai

)
, (2.37)

where af and ai are respectively the scale factors at the beginning and at the
end of the inflation. It is requested that:

N >> Nmin, (2.38)

where Nmin ∼ 60 is the number of e-foldings before the end of inflation
when the present Hubble radius leaves the horizon. When the inflaton field
starts to roll fast along its potential, Inflation ends. When inflation ends, the
inflaton φ oscillates about the minimum of its potential V (φ) and decays,
thereby reheating the Universe. After this phase the Universe is repopulated
by a hot radiation fluid.

2.1.3 Inflation and cosmological perturbations
The Inflation generates also the primordial fluctuations. According to the
inflationary paradigm, primordial density and gravitational-waves perturba-
tions where generated from quantum fluctuations redshifted out of the Hub-
ble radius, were they remain “frozen”: quantum vacuum oscillations of the
inflaton give rise to classical fluctuations in the energy density, which pro-
vide the seeds for CMB radiation temperature anisotropies and polarisation,
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as well as for the formation of Large Scale Structures (LSS) in the present
Universe.

The generation of gravity-wave fluctuations is a generic prediction of an
accelerated expansion of the Universe whatever mechanism for the genera-
tion of cosmological perturbations is operative. Gravitational waves, whose
possible observation might come from the detection of the B-mode of polar-
isation in the CMB anisotropy (which are explained in chapter 3) may be
viewed as ripples of space-time around the background metric.

2.2 Introduction to CMB
The CMB radiation, discovered by Penzias and Wilson in 1965 [1], pro-
vides one of the most important pieces of evidence for the Hot Big Bang
model. Penzias and Wilson, which were radio engineers, investigating the
properties of the atmospheric noise in connection with the Telstar commu-
nication satellite project, found an apparently uniform background signal at
microwave frequencies which could not be explained by instrumental noise
or by any known radio sources. They admitted the possibility that they had
discovered a thermal radiation background left as a relic of the primordial
fireball phase. A group of theorists at Princeton University, including Dicke
and Peebles, soon gave the interpretation of the background “hiss” as relic
radiation [63].

The CMB is a source of enormous observational and theoretical interest:
the CMB actually did originate in the early stages of a Big Bang, thus it
conserves the imprints of various physical early Universe processes.

In the past 30 years continually more sophisticated experimental tech-
niques have been directed at the measurement of the CMB, using ground-
based antennae, rockets, balloons and satellites. The first satellite was COBE
(USA) [6, 7], launched in the 1989. It had an enormous advantage over pre-
vious experiments: it was able to avoid atmospheric absorption, which is an
important systematic effect for ground-based experiments at microwave and
submillimetric frequencies. The CMB spectrum observed by COBE reveals
just how close to an ideal black body the radiation background is, with a
mean the temperature of 2.726±0.005K [7]. In the 2001 it was launched the
satellite WMAP (USA) [64] which had a resolution really better than COBE.
Finally 14 May 2009 it was launched the Planck satellite (ESA) [2, 3, 4, 5]
which had a combination of sensitivity, angular resolution, and frequency
coverage never achieved before. Planck carried an array of 74 detectors sen-
sitive to a range of frequencies between ∼25 and ∼1000 GHz, which scanned
the sky simultaneously and continuously with an angular resolution varying
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between ∼5 arcmin at the highest frequencies and ∼30 arcmin at the lowest.
The array was arranged into two instruments: the Low Frequency Instru-
ment (LFI), which covered three bands (centred at 30, 44, and 70 GHz) and
the High Frequency Instrument (HFI) which covered six bands (centred at
100, 143, 217, 353, 545 and 857 GHz).

2.2.1 CMB Black Body Spectrum

The CMB radiation possesses a near-perfect black-body spectrum, which is a
good evidence that the Big Bang model is correct: its near-perfect black-body
spectrum means that when the CMB was produced matter and radiation
were at the thermal equilibrium. According to the standard cosmology, after
recombination of electrons and protons into neutral hydrogen, the Universe
becomes transparent for CMB photons and they move along geodesics of the
perturbed Friedman geometry. This corresponds to the so-called surface of
last-scattering at a redshift of about zls ' 1100 and an age of about 380000yr.
From the epoch of last-scattering onwards, photons free-stream and reach us
basically untouched. Detecting primordial photons is therefore equivalent to
take a picture of the early Universe when the CMB photons were generated.
Assuming thermal equilibrium, the intensity of the radiation is given by a
black-body spectrum:

I(Ti, ν) = 4π~ν3

c

[
e

(
hν
kBTi

)
− 1

]−1

, (2.39)

where ~ is the Planck constant, ν is the radiation frequency, c is the speed
of light, kB is the Boltzmann constant and Ti is the temperature of the
radiation. During the expansion of the Universe the form of the spectrum
I(T, ν) remains the same (because both T and ν have the same dependence
on the redshift) with the replacement of Ti by:

T = Ti
a(ti)
a(t) . (2.40)

Figure 2.2 shows the results obtained by the FIRAS instrument on the
COBE satellite [65], together with the results in different wavelength regions
obtained by other experiments. The quality of the fit of the observed CMB
spectrum to a black-body curve provides clear evidence of the Big Bang
scenario.

The black-body spectrum of the CMB has the peak at the wavelength
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Figure 2.2: CMB spectrum as measured by the FIRAS instrument aboard COBE
satellite. FIRAS determined the CMB temperature to be 2.726 ± 0.005 K, with
deviations from a perfect blackbody limited to less than 5 ·10−5 in intensity. Image
credtis: COBE collaboration [65].
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λ = 0.2 mm, which corresponds to the temperature of 2:

T0,CMB = 2.726± 0.005K. (2.41)

The observation of an isotropic CMB provides strong support for the
cosmological principle, which states that the Universe is statistically isotropic
and homogeneous at large scales.

2.2.2 CMB temperature anisotropies
A fundamental characteristic of the CMB are the fluctuations of the temper-
ature observed in its pattern. These anisotropies are smaller than about one
part in 105 and are usually expressed in terms of the quantity:

∆T (θ, ϕ)
T0

' 10−5 , (2.42)

which gives the temperature fluctuation as a fraction of the mean tempera-
ture T0 and as a function of angular position (θ, ϕ) on the sky. Figure 2.3
shows the CMB temperature anisotropy maps as observed by the third Planck
Data Release (PR3) [4].

These anisotropies are classified in two main categories: primary and
secondary. The first ones are all those anisotropies produced at the redshift
of the last-scattering (zLS) and the second ones are the fluctuations generated
by the interactions that the CMB made in the space-time path from zLS and
z0 (z0 ≡ 0). The primary anisotropies are believed to have been produced
during the Inflation by a nearly scale-invariant mechanism. The inflationary
theory predicts that the CMB temperature fluctuations should be:

• statistically isotropic,

• almost Gaussian,

• almost scale invariant,

• coherent in phase,

• dominated by the adiabatic mode,

Furthermore, it is expected:

• the non-existence of rotational modes at large scales,
2For a black-body spectrum the wavelength of the peak and the temperature of the

radiation are connected by the law: λpeak · T = b, with b = 2.8977685 · 10−3m ·K.
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Figure 2.3: CMB temperature anisotropy map from smica component-separation
algorithm. The grey line outlines the region of the Galactic plane filled in by a
constrained realisation that has the same statistical properties as the rest of the
sky. Image credits: The Planck Collaboration (ESA) [4].

• a detectable stochastic background of gravitational waves.
The CMB temperature anisotropies depend on the direction of the observa-
tions, hence they are defined on a sphere. We can expand them in terms of
the spherical harmonic functions Y`m(n̂) [55]:

∆T
T

(n̂) = T (n̂) ≡
∞∑
`=0

m=+`∑
m=−`

aT,`mY`m(n̂) , (2.43)

where the unit-vector n̂ is the direction on the sky3, a`m are the coefficients
of the spherical harmonic Y`m. Here the index ` represents the multipole and
corresponds to the inverse of the angular distance between two point on the
sky. By inverting Eq. (2.43), one can find the expression of the harmonic
coefficients:

aT,`m =
∫
dΩY ∗`m(n̂)T (n̂) . (2.44)

For statistically isotropic fluctuations the harmonic coefficients are or-
thogonal, therefore:

〈aT,`m(aT,`′m′)∗〉 = CTT
` δ``′δmm′ , (2.45)

3The unit-vector n̂ in spherical coordinates is: n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ)
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the average is taken over an ensemble of realisations. The quantity CTT
` is

the angular power spectrum, which can be estimated by

ĈTT
` = 1

2`+ 1

m=+`∑
m=−`

aT,`m(aT,`m)∗. (2.46)

The estimation of the angular power spectrum CTT
` , for statistically isotropic

and Gaussian skies, is limited by the fact that we can only observe one
particular realisation of the Universe. For full sky observations, Ĉ` is unbiased
(〈ĈTT

` 〉 = CTT
` ) and minimises the variance4:

var(ĈTT
` ) = 2

2`+ 1(CTT
` )2. (2.47)

Eq. (2.47) represents the sample variance, the so-called cosmic variance. It
is an irreducible lower bound, especially for low multipoles, on the error in
the measurements of the angular power spectrum coming from the fact that
we observe fluctuations in only one Universe.

Usually the angular power spectrum is written in the form of the angular
band power, defined as:

DTT
` = `(`+ 1)

2π CTT
` , (2.48)

because for almost-scale-invariant fluctuations the angular band power spec-
trum DTT

` is almost-constant for low multipole. Figure 2.4 shows the band
power spectrum for temperature, as published by Planck 2018 Release (PR3)
[66].

If the distribution of fluctuations is almost-Gaussian (as predicted by
inflation and as current data suggest [67]) then only the even order correlation
functions are non-zero and all of them can be directly expressed through the
two-point correlation function C(φ)5, which, considering Eq.(2.45) can be
written as:

C(φ) = 〈T (n̂)T (n̂′)〉 =

=
∑
`

2`+ 1
4π CTT

` P`(n̂ · n̂′), (2.49)

4For ` = 1 the cosmic variance does not apply if the CMB dipole is caused by the
proper-motion of the Solar System.

5Therefore the three-point correlation function, also known as the bispectrum, is a
sensitive test for a non-Gaussian contribution to the fluctuation spectrum since it would
be precisely zero in the Gaussian limit.
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Figure 2.4: Angular band power (upper panel) and residual with respect to the
model (lower panel) of the CMB temperature anisotropies as presented in the
Planck 2018 release [66]. The blue line in the upper panel is ΛCDM theoretical
spectrum best fit to the Planck likelihoods. The error bars show ±1σ diagonal
uncertainties, including cosmic variance, the latter being the dominant source of
uncertainty at large angular scales (small `). Note that the vertical scale changes
at ` = 30, where the horizontal axis switches from logarithmic to linear. Image
credits: Planck ESA Collaboration [66].
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where n̂ · n̂′ = cosφ and P`(n̂ · n̂′) are the Legendre Polynomials:

P`(n̂ · n̂′) = 4π
2`+ 1

+∑̀
m=−`

Y`m(n̂)Y ∗`m(n̂′). (2.50)

If we consider the same direction on the sky, i.e. n̂ · n̂′ = 1, the two-point
correlation function becomes the variance in the space of pixels:

VTT = C2(0) =
∑
l

2l + 1
4π CTT

l . (2.51)

We list now all the sources of anisotropy. First, on a scale of ` = 1 there
is the dipole anisotropy. The dipole, which is at the level of ∼3mK, is one of
the most important calibrators in modern cosmology. In fact, it is interpreted
as the effect of Doppler shift and aberration due to the proper motion of the
Solar System with respect to a cosmological rest frame fixed using the CMB.
The amplitude of the dipole anisotropy is around ∆TD/T0 = 10−3 = v/c,
where v is the velocity of the observer. After subtracting the Earth’s motion
around the Sun, and the Sun’s motion around the galactic centre, one can
determine the velocity of our Galaxy with respect to this cosmological rest
frame, which is of v ≈ 600 kms−1 in the direction of the constellations of
Hydra-Centaurus.

On smaller scales, from the quadrupole (` = 2), there are the following
sources of primary anisotropies:

• Sachs-Wolfe effect [68]: inhomogeneities in the distribution of matter on
the surface of last scattering can generate anisotropies by the redshift
or blueshift of photons from regions of different gravitational potential;

• Doppler effect: material moving on the last scattering induces temper-
ature fluctuations by the Doppler effect;

• density contribution: the coupling between matter and radiation at
last scattering means that overdense regions are intrinsically hotter
than underdense regions if we assume adiabatic fluctuations;

and secondary ones:

• Sunyaev-Zel’dovich effect [69]: anisotropy produced by inverse Comp-
ton scattering of CMB photons by free electrons in a hot intergalactic
plasma, between the observer and the last scattering surface;

• Integrated Sachs-Wolfe (ISW) effect [70]: photons passing through a
time-varying gravitational potential field along the line of sight also
suffer an effect similar to the Sachs-Wolfe effect.
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On scales that are super-horizon at recombination the Sachs-Wolfe and
the late-time Integrated Sachs-Wolfe (ISW) dominate the photon redshifting
effects. On sub-horizon scales overdensities recombine later and are red-
shifted less and hence appear hot. At around ` ∼ 60 the anisotropies are
dominated by Doppler signals from velocities at last-scattering because the
density contribution cancels with the Sachs-Wolfe. As shown in Figure 2.5
there is no scale on which the Sachs-Wolfe limit is accurate, and only at
` � 60 are Doppler effects negligible. In the region 10 ≤ ` ≤ 100 the signal
has contributions from Doppler, Sachs-Wolfe and density perturbations of
comparable magnitudes, as well as a significant early Sachs-Wolfe contribu-
tion.

2.3 CMB polarisation
The CMB is also weakly linearly polarised. Thomson scattering of tempera-
ture anisotropies on the last scattering surface produces a linear polarisation
pattern on the sky that can be simply read off from their quadrupole mo-
ments (see e.g. [8] and references therein). Figure 2.6 shows the polarisation
anisotropy field as measured by the Planck Satellite [4].

The gravitational instability paradigm predicts that the CMB anisotropies
are polarised. According to this paradigm, small fluctuations in the early
Universe grow into the large scale structure we observe in the present day
Universe. If the temperature anisotropies are indeed the result of primor-
dial fluctuations, their presence at last scattering would polarise the CMB
anisotropies themselves. Therefore the polarisation of the CMB represents a
fundamental check of our basic assumptions about the behavior of fluctua-
tions in the Universe. The polarisation power spectrum provides information
complementary to the temperature power spectrum. The former can be used
not only to provide tighter constraints of cosmological parameters but also to
investigate physical processes that hat would be precluded if just the CMB
temperature map were considered. Unfortunately, the polarised signal is re-
ally fainter than the signal in temperature: it is at the 10−6 level, representing
a significant experimental challenge.

2.3.1 Thomson Scattering
The Thomson scattering cross section depends on polarisation as (see e.g.
[72]):

dσT
dΩ ∝ |ε̂ · ε̂

′|, (2.52)
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Figure 2.5: Power spectrum of the contributions to the total CMB temperature
anisotropy DTT

` . At the small-scale, the density ∆̄γ (red solid line) is the main
contribution from the comoving temperature perturbations at last-scattering. Φ/3
(blue solid line) is the net large-scale contribution from photons climbing out of
potential wells (Sachs-Wolf and ISW). Φ/3 and ∆̄γ source terms have opposite
sign, thus their total contribution to the power spectrum is nearly zero at ` ∼ 60,
where the total signal is then dominated by the Doppler term (green solid line).
The magenta ISW contributions come from the late-time change in the potentials
when dark energy becomes important at low redshift (magenta solid line), and the
early contribution (magenta dash-dotted line) from time-varying potentials soon
after recombination as the Universe became fully matter rather than radiation
dominated. Image credits: [71].
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Figure 2.6: Large-scale map of the CMB polarisation anisotropies. The polarisa-
tion field, described by vectors of varying length, is superimposed on the CMB
temperature map (upper panel), both smoothed to 5°. Image credits: The Planck
Collaboration (ESA) [4].

where ε̂ (ε̂′) are the incident (scattered) polarisation directions. The inci-
dent light sets up oscillations of the target electron in the direction of the
electric field vector ~E. Thus, the scattered radiation intensity peaks in the
direction normal to, with polarisation parallel to, the incident polarisation.
More formally, the polarisation dependence of the cross section is dictated
by electromagnetic gauge invariance.

If the incoming radiation field were isotropic, orthogonal polarisation
states from incident directions separated by π/2 would balance so that the
outgoing radiation would remain unpolarised. Conversely, if the incident ra-
diation field possesses a quadrupolar variation in intensity or temperature
(which possesses intensity peaks at π/2 separations), the result is a linear
polarisation of the scattered radiation. If Thomson scattering is rapid, then
the randomisation of photon directions that results destroys any quadrupole
anisotropy and polarisation. The problem of understanding the polarisation
pattern of the CMB thus reduces to understanding the quadrupolar temper-
ature fluctuations at last scattering.
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2.3.2 Polarisation E and B modes
The CMB linear polarisation can be described using the Stokes parameters
Q and U (whereas the Stokes parameter V defines the circular polarisation
state) or in terms of the E- and B-mode scalar field. The Stokes Q and U
parameters, typically used to express measurements, are defined with respect
to a fixed coordinate system in the sky. In such a coordinate system it is
not possible to define a rotationally invariant orthogonal basis on a sphere,
so it results to be well defined over a small patch in the sky, but becomes
ambiguous once the whole sky is considered. Therefore, in order to formu-
late cosmological predictions are commonly used two rotationally invariant
quantities: the electric and magnetic-type parity fields E and B, which can
be derived from the usual Q and U Stokes parameters [73].

The CMB radiation field is characterised by a 2 × 2 intensity tensor Iij.
The Stokes parameters Q and U are defined as:

Q = (I11 − I22)
4 , (2.53)

U = I12

2 , (2.54)

while the temperature anisotropy is given by:

T = (I11 + I22)
4 . (2.55)

While the temperature is invariant under a right-handed rotation in the plane
perpendicular to direction n̂, Q and U transform under rotation by an angle
φ as:

Q′ = Q cos 2φ+ U sin 2φ,
U ′ = −Q sin 2φ+ U cos 2φ, (2.56)

where ê′1 = ê1 cosφ + ê2 sinφ and ê′2 = −ê1 sinφ + ê2 cosφ. This means we
can construct two quantities from the Stokes Q and U parameters that have
spin-2:

(Q± iU)′(n̂) = e∓2iφ(Q± iU)(n̂). (2.57)

We may therefore expand each of the quantities in the appropriate spin-
weighted basis:

(Q± iU)(n̂) =
∑
`m

a±2,`m ±2Y`m(n̂) , (2.58)
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where ±2Y`m(n̂) are the spin-2 spherical harmonic functions. By inverting
Eq. (2.58) one finds the expression for the harmonic coefficients:

a2,`m =
∫
dΩ 2Y

∗
`m(n̂)(Q+ iU)(n̂),

a−2,`m =
∫
dΩ −2Y

∗
`m(n̂)(Q− iU)(n̂),

. (2.59)

Linearly combining the quantities a2,`m and a−2,`m, we can introduce the
E- and B- harmonic coefficients:

aE,`m = −1
2(a2,`m + a−2,`m) , (2.60)

aB,`m = − 1
2i(a2,`m − a−2,`m) . (2.61)

These two combinations behave differently under parity transformation: while
E remains unchanged, B changes the sign, in analogy with the electric and
magnetic fields. From Eqs. (2.60) and (2.61), one may define the E- and
B-mode scalar fields:

E(n̂) =
∑
`m

aE,`m Y`m(n̂) , (2.62)

B(n̂) =
∑
`m

aB,`m Y`m(n̂) . (2.63)

Figure 2.7 shows a schematic description of the E- and B-mode patterns.
While E-mode is characterised by polarisation vectors radial around cold
spots and tangential around hot spots on the sky, B-polarisation is a curl-
mode and its vectors have vorticity around any given point on the sky.

The E- and B-mode power spectra can be estimated by:

ĈEE
` ≡ 1

2`+ 1

m=+`∑
m=−`

aE,`m(aE,`m)∗ , (2.64)

ĈBB
` ≡ 1

2`+ 1

m=+`∑
m=−`

aB,`m(aB,`m)∗ , (2.65)

while the the cross-correlation of E-modes with the temperature by:

ĈTE
` ≡ 1

2`+ 1

m=+`∑
m=−`

aT,`m(aE,`m)∗ . (2.66)

Note that the other cross-correlations, i.e. TB and EB, vanish if parity is
conserved. Figure 2.8 shows the spectra DTE

` and DEE
` as measured by

Planck 2018 Release (PR3) [66].
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Figure 2.7: . Schematic description of E- and B-mode polarisation pattern. Image
credits: [74].

2.3.3 Observations
While the theoretical case for observing polarisation is strong, it is a difficult
experimental task to observe its signals. Given that the amplitude of the po-
larisation is so small the question of foregrounds is even more important than
for the temperature anisotropy. Moreover, the level and structure of the vari-
ous foreground polarisation in the CMB frequency bands is currently not well
known. Atmospheric emission is believed to be negligibly polarised, leaving
the main astrophysical foregrounds: dust, free-free 6, point source emissions
and synchrotron, which is the most important polarisation foreground (see
e.g. [12, 13, 75]).

At the large angular scales the observations in temperature, as measured
by Planck, are limited by the cosmic variance whereas for the polarisation
the instrumental noise is several times bigger than the level of the cosmic
variance. Polarisation remains to be further investigated: in particular, in-
formation in the E modes have not been fully extracted yet and the primordial
B modes have not been detected and only upper limits are provided. For this
reason the future CMB missions, like the satellite Litebird [76], are so im-

6Bremsstrahlung emission is intrinsically unpolarised but can be partially polarised by
Thomson scattering within the HII regions. This is a small effect which is expected to
polarise the emission by less than 10%.
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Figure 2.8: Frequency-averaged EE (upper panel) and TE (lower panel) band
power. Blue lines in upper boxes represent the TE and EE theoretical spectra
computed from the best-fit model of Fig 2.4. Residuals with respect to this theo-
retical model are shown in the lower boxes. The error bars show ±1σ uncertainties.
The blue lines in the lower boxes show the best-fit temperature-to-polarisation
(T → P )leakage model, fitted separately to the TE and EE spectra. Image cred-
its: Planck ESA Collaboration [66].
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portant for the observation of the CMB polarisation. In these experiments,
aimed at detecting the primordial B-modes, the focus is on the best tech-
nologies that allow the minimization of both instrumental and astrophysical
systematics.
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Chapter 3

CMB anomalies: lack of power
anomaly

The so-called CMB anomalies are unexpected features observed at large an-
gular scale in the CMB maps (above a few degrees), as observed by the
COBE, WMAP and Planck satellites, that deviate from the cosmological
model ΛCDM with a statistical significance typically around 2-3 σ C.L..
These anomalies are not all independent and a certain degree of correlation
exists. In particular, the maps of temperature anisotropies exhibit low vari-
ance, a lack of correlation on the largest angular scales [77], a preference for
odd parity modes [78], a hemispherical power asymmetry [79], an alignment
between various low multipole moments [80], an alignment between those low
multipole moments and the motion and geometry of the Solar System [81],
and an unexpectedly large cold spot in the Southern hemisphere [82]. Histor-
ically, the first observed anomalous feature, already within the COBE data,
was the smallness of the quadrupole moment. It confirmed to be low when
WMAP released its data [64]. However it was also shown that cosmic vari-
ance allows for such a small value. Another rediscovery in the first release of
WMAP [64] was that the angular two-point correlation function, at angular
scales larger than 60 degrees is unexpectedly close to zero, where a non-zero
correlation signal was expected. This feature had already been observed by
COBE [83], and was rediscovered by WMAP. Detailed further investigations
of the lack of angular correlation have been presented in [81, 84, 85].

The possibility that these large-scale CMB features are due to instrumen-
tal systematics is quite low since independent experiments, COBE, WMAP
and Planck, agree on these features. Better understanding of the anoma-
lies will be driven in the future by observations of new quantities on very
large spatial scales, such as lensing [86] and CMB polarisation [87], as well
as large-scale structure of the Universe[88].

37
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3.1 Introduction
In this chapter we focus on the lack of power anomaly, an intriguing feature
that seems to be correlated with a low quadrupole, although it cannot be
explained by a lack of quadrupole power alone. This anomaly consists in a
missing of power with respect to what foreseen by ΛCDM model. This effect
has been studied with the variance estimator in WMAP data [9, 10, 11]
and in Planck 2013 [12] and Planck 2015 [13] data, measuring a lower-tail-
probability of the order of few per cent. Such a percentage can become even
smaller, below 1%, once only regions at high Galactic latitude are taken into
account [11].

WMAP and Planck agree well on this feature, so it is very hard, albeit
not impossible, to attribute this anomaly to instrumental effects. Moreover it
is also difficult to believe that a lack of power could be generated by residuals
of astrophysical emission, since the latter is not expected to be correlated1

with the CMB and therefore an astrophysical residual should increase the
total power rather than decreasing it. Hence, it appears natural to accept
this as a real feature present in the CMB pattern.

An early fast-roll phase of the inflaton could naturally explain such a lack
of power, see e.g. [14, 15, 16, 17, 18]: this anomaly might then witness a new
cosmological phase before the standard inflationary era (see e.g. [19, 20, 21]).

However, with only the observations based on the temperature map, this
anomaly is not statistically significant enough to be used to claim new physics
beyond the standard cosmological model. Therefore, it is legitimate to con-
servatively interpret it as a statistical fluke of the ΛCDM concordance model.

We revisit here the former statement by also considering the counter-
part in polarisation of this anomaly. In this chapter we propose a new one-
dimensional estimator which combines information from the CMB TT, EE
and TE angular power spectra at the largest angular scales, i.e. 2 ≤ ` ≤ 30,
with ` being the multipole moment. We anticipate that the outcomes of this
analysis show that considering Planck 2015 data in the harmonic range
mentioned above, noise dominated polarisation provides an information con-
tent at the level of 4% to this estimator which, even though small, has a non-
negligible impact on the analysis, the lower-tail-probability shifting down-
ward from 7.22% (obtained considering only temperature data) to 3.68%
C.L. (obtained considering jointly temperature and polarisation data). Fur-
thermore, we forecast that for future CMB observations, polarisation at the
largest angular scales can weight as much as ∼ 23% of the total information
entering our estimator.

1In particular they should be anti-correlated to produce a decrease of the total power.
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We argue that the inclusion of large-scale E-mode polarisation could
crucially help in changing the interpretation from a simple statistical fluke
into the detection of a new physical phenomenon. Therefore, future CMB
large-scale polarised observations, which are typically aimed at primordial B-
modes, might provide signals of new physics also through the other polarised
CMB mode, i.e. the E-mode.

The chapter is organised as follows: in Section 3.2 we introduce the al-
gebra needed to build the new estimator which condensates all the TT, EE
and TE information into a 1-D object and in Section 3.2.1 we elaborate on
its optimised (i.e. minimum variance) version; Section 3.3 is devoted to the
description of the dataset used and of the simulations employed; in Section
3.4 we present the results on Planck data and provide estimates of the
improvement expected with future CMB polarised observations, as the Lite-
BIRD satellite [76]; conclusions and outlooks are drawn in Section 3.5 and
3.6 respectively.

3.2 A new one-dimensional joint estimator

The idea of this joint estimator starts from the usual equations employed to
simulate temperature and E-mode CMB maps, see e.g. [89]:

aT,`m =
√
CTT,th
` ξ1

`m , (3.1)

aE,`m = CTE,th
`√
CTT,th
`

ξ1
`m +

√√√√CEE,th
` − (CTE,th

` )2

CTT,th
`

ξ2
`m , (3.2)

where aT,E`m are the coefficients of the Spherical Harmonics (with `,m being
integers numbers so that ` ∈ {0, 1, 2, 3...} and −` ≤ m ≤ `), CTT,th

` , CEE,th
`

and CTE,th
` are the theoretical angular power spectra (APS) for TT , EE and

TE and with ξ1,2
`m being Gaussian random variables, uncorrelated, with zero

mean and unit variance:

〈ξ1
`m〉 = 0 , (3.3)
〈ξ2
`m〉 = 0 , (3.4)

〈ξ1
`mξ

2
`′m′〉 = 0 , (3.5)

〈ξ1
`mξ

1
`′m′〉 = 〈ξ2

`mξ
2
`′m′〉 = δ``′ δmm′ . (3.6)
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From equations (3.1),(3.2) one can compute the corresponding APS, defined
as:

CTT,sim
` = 1

2`+ 1
∑̀
m=−`

aT,`m(aT,`m)? , (3.7)

CTE,sim
` = 1

2`+ 1
∑̀
m=−`

aT,`m(aE,`m)? , (3.8)

CEE,sim
` = 1

2`+ 1
∑̀
m=−`

aE,`m(aE,`m)? , (3.9)

where the label sim stands for “simulated”, i.e. realised randomly from the
theoretical spectra CTT,th

` , CEE,th
` and CTE,th

` , finding the following expres-
sions,

CTT,sim
` = CTT,th

`

|~ξ(1)
` |2

2`+ 1 , (3.10)

CEE,sim
` = (CTE,th

` )2

CTT,th
`

 |~ξ(1)
` |2

2`+ 1 −
|~ξ(2)
` |2

2`+ 1

+ CEE,th
`

|~ξ(2)
` |2

2`+ 1

+2a`
CTE,th
`

CTT,th
`

~ξ
(1)
` · ~ξ

(2)
`

2`+ 1 , (3.11)

CTE,sim
` = CTE,th

`

|~ξ(1)
` |2

2`+ 1 + a`
~ξ

(1)
` · ~ξ

(2)
`

2`+ 1 , (3.12)

where ~ξ(1/2)
` are vectors with 2`+ 1 components, i.e.

~ξ
(1/2)
` =

(
ξ

(1/2)
−` , ξ

(1/2)
−`+1, ..., ξ

(1/2)
0 , ...ξ

(1/2)
`−1 , ξ

(1/2)
`

)
, (3.13)

and a` is defined as:

a` ≡
√
CEE,th
` CTT,th

` − (CTE,th
` )2 . (3.14)

It is easy to check that taking the ensemble average of equations (3.10),(3.11)
and (3.12) yields to:

〈CTT,sim
` 〉 = CTT,th

` , (3.15)
〈CEE,sim

` 〉 = CEE,th
` , (3.16)

〈CTE,sim
` 〉 = CTE,th

` , (3.17)
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since for each `, as a consequence of equations (3.5),(3.6),

〈 |
~ξ

(1)
` |2

2`+ 1〉 = 1 , (3.18)

〈 |
~ξ

(2)
` |2

2`+ 1〉 = 1 , (3.19)

〈~ξ(1)
` · ~ξ

(2)
` 〉 = 0 . (3.20)

Equations (3.10),(3.11) and (3.12) can be inverted, giving the following
set of equations:

|~ξ(1)
` |2

2`+ 1 = CTT
`

CTT,th
`

, (3.21)

|~ξ(2)
` |2

2`+ 1 = CEE
`

a2
`

CTT,th
` − CTT,th

`

a2
`

(
CTE,th
`

CTT,th
`

)2

CTT
`

−2C
TE,th
`

a2
`

[
CTE
` − CTE,th

`

CTT,th
`

CTT
`

]
, (3.22)

~ξ
(1)
` · ~ξ

(2)
`

2`+ 1 = 1
a`

[
CTE
` − CTE,th

`

CTT,th
`

CTT
`

]
, (3.23)

where we have dropped out the label “sim” for sake of simplicity. Now, we
can interpret CTT

` , CEE
` and CTE

` as the CMB APS recovered by a CMB
experiment under realistic circumstances, i.e. including noise residuals, in-
complete sky fraction, finite angular resolution and also residuals of system-
atic effects. Once the model is chosen, i.e. once the spectra CTT,th

` , CEE,th
`

and CTE,th
` are fixed, for example to ΛCDM model, one can compute the

following objects:

x
(1)
` ≡ |~ξ(1)

` |2

2`+ 1 , (3.24)

x
(2)
` ≡ |~ξ(2)

` |2

2`+ 1 , (3.25)

x
(3)
` ≡

~ξ
(1)
` · ~ξ

(2)
`

2`+ 1 , (3.26)

for the observations and/or for the corresponding realistic simulations.
In the following we will call the variables x(1)

` , x(2)
` and x

(3)
` as APS of

the normal random variables or normalised APS (henceforth NAPS). The
advantage of using NAPS, instead of the standard APS, is that they are
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dimensionless and similar amplitude numbers. For these reasons they can be
easily combined to define a 1-D estimator in harmonic space, which depends
on temperature, E-mode polarisation and their cross-correlation. A natural
definition of this 1-D estimator, called P , is the following:

P = 1
(`max − 1)

`max∑
`=2

(
x

(1)
` + x

(2)
`

)
. (3.27)

The estimator P could be interpreted as a dimensionless normalised mean
power, which jointly combines the temperature and polarisation data. The
expectation value of P is:

〈P 〉 = 2 , (3.28)
regardless of the value of `max. Note that a definition of the following type:

S = 1
(`max − 1)

`max∑
`=2

(x(1)
` + x

(2)
` + x

(3)
` ) , (3.29)

is expected to have less signal-to-noise ratio with respect to P because while
S and P have the same expectation value, the intrinsic variance of P is in
general smaller than the one of S.

We will see in the following that Eq. (3.27) is noise-limited for Planck
data due to x(2)

` (its polarisation part) and in practice can be employed only
up to `max = 6. An optimised version of this estimator, given in next Section
3.2.1, does not suffer from this issue and can be employed up to the maximum
multipole considered in this analysis, i.e. `max = 30.

3.2.1 Optimised estimator
In equation (3.27) the NAPS x(1)

` and x(2)
` are combined with equal weights.

However the signal-to-noise ratios of the two NAPS are different even in
the cosmic variance limit case: therefore one might wonder which are the
best weights that we can use in the definition of the joint estimator in order
to make it optimal, i.e. with minimum variance. We define the optimised
estimator P̃ as:

P̃ ≡ 1
(`max − 1)

`max∑
`=2

(α`x(1)
` + β`x

(2)
` ) . (3.30)

We use the method of the Lagrange multipliers to minimise the variance of
P̃ , i.e. var(P̃ ), keeping fixed the expected value of P̃ . This can be achieved
by requiring that

α` + β` = const = 2 , (3.31)
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for each multipole `. The choice of the value for the constant is totally
arbitrary, setting const = 2 allows to make the comparison between P and
P̃ more easily. Replacing the definition of P̃ , see equation (3.30), in the
expression of var(P̃ ), one obtains:

var(P̃ ) ≡ 〈(P̃ − 〈P̃ 〉)2〉 = 〈(P̃ )2〉 − 〈P̃ 〉2 =
=

∑
`

var(P̃`) , (3.32)

where the cross-terms among different multipoles go exactly to zero in the
full sky case, and with var(P̃`) defined as:

var(P̃`) = ᾱ2
`var(x

(1)
` ) + β̄2

` var(x
(2)
` ) + 2ᾱ`β̄`cov(x(1)

` , x
(2)
` ) , (3.33)

where the barred quantities are defined as ȳ = y/(`max − 1) and where
var(x(1)

` ) and var(x(2)
` ) are the variance of x(1)

` and x
(2)
` respectively, and

cov(x(1)
` , x

(2)
` ) is their covariance

cov(x(1)
` , x

(2)
` ) = 〈(x(1)

` − 〈x
(1)
` 〉)(x

(2)
` − 〈x

(2)
` 〉)〉. (3.34)

Because of Eq. (3.32), the minimisation of var(P̃ ) is equivalent to the min-
imisation of each var(P̃`). As it is customary in the Lagrange multiplier
method, for each multipole ` we introduce a new variable λ̄`, known as the
Lagrange multiplier, and minimise the function F (ᾱ`, β̄`, λ̄`) which is defined
as:

F (ᾱ`, β̄`, λ̄`) = var(P̃`) + λ̄`

(
ᾱ` + β̄` −

2
(`max − 1)

)
. (3.35)

This is equivalent to minimise the variance of P̃` on the constrain given by
equation (3.31) (multiplied by 1/(`max − 1)). Therefore we compute the
partial derivatives with respect to the coefficients ᾱ`, β̄` and λ̄` and set them
to be zero:

∂F (ᾱ`, β̄`, λ̄`)
∂ᾱ`

= 2ᾱ` var(x(1)
` ) + 2β̄` cov(x(1)

` , x
(2)
` ) + λ̄` = 0, (3.36)

∂F (ᾱ`, β̄`, λ̄`)
∂β̄`

= 2β̄` var(x(2)
` ) + 2ᾱ` cov(x(1)

` , x
(2)
` ) + λ̄` = 0, (3.37)

∂F (ᾱ`, β̄`, λ̄`)
∂λ̄`

= ᾱ` + β̄` −
2

(`max − 1) = 0 . (3.38)
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This set of equations is solved by equations:

α` = 2 var(x(2)
` )− cov(x(1)

` , x
(2)
` )

var(x(1)
` ) + var(x(2)

` )− 2cov(x(1)
` , x

(2)
` )

, (3.39)

β` = 2 var(x(1)
` )− cov(x(1)

` , x
(2)
` )

var(x(1)
` ) + var(x(2)

` )− 2cov(x(1)
` , x

(2)
` )

, (3.40)

λ` = −2
cov(x(1)

` , x
(2)
` )+

+
var(x(1)

` )var(x(2)
` )− cov(x(1)

` , x
(2)
` )

(
var(x(1)

` ) + var(x(2)
` )

)
var(x(1)

` ) + var(x(2)
` )− 2cov(x(1)

` , x
(2)
` )

 ,(3.41)

where we return to α`, β` and λ` by multiplying the barred quantities to
(`max − 1) factor.

These coefficients, namely α` and β` as defined in Eqs.(3.39 and (3.40),
will be actually used to build the P̃ estimator. Note that as done for P ,
P̃ , which depends on `max, has been normalised such that 〈P̃ 〉 = 2 for any
value of `max. Note also, that P̃ can be employed up to `max = 30 both for
Planck and LiteBIRD-like simulated data: what changes between the two
cases is the set of the coefficients α` and β`, or, in other words, the relative
contribution of the temperature and polarisation data.

3.3 Dataset and simulations
We use the public Planck 2015 2 data release (PR2). 3 In temperature we con-
sider the Planck 2015 Commander map with its standard mask (fTsky = 93.6)
entering the temperature sector of the low-` Planck, whereas in polarisa-
tion we employ a noise-weighted combination of WMAP9 and Planck data
as done in [90]. This allows to gain some signal-to-noise ratio and to deal
with a larger sky fraction in polarisation (fPsky = 73.9). Temperature and
polarisation maps are sampled at HEALPix4 [91] resolution Nside = 16. For
sake of simplicity we will refer to this data set as the Planck-WMAP low-`
data set.

In order to build the estimators P and P̃ , as defined in equations (3.27)
and (3.30), we estimate the six CMB APS from 10000 simulated CMB-plus-
noise maps over the observed sky fraction, with the optimal angular power

2http://www.cosmos.esa.int/web/planck/pla.
3At the moment of this analysis the corresponding Planck 2018 (PR3) likelihood code

and corresponding data set was not publicly available.
4http://healpix.sourceforge.net/.
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spectrum estimator BolPol [92]. The signal is extracted from the Planck
fiducial ΛCDM model defined by the following parameters

Ωbh
2 = 0.02224

Ωch
2 = 0.1187

100 θ = 1.04101
τ = 0.065

log[1010As] = 3.060
ns = 0.9673

being Ωb the baryon density parameter, Ωc the cold dark matter density
parameter, θ the angle subtended by the sound horizon at recombination, τ
the re-ionization optical depth, As the amplitude and ns the spectral index
of primordial scalar perturbation power spectrum. This set of parameters is
obtained confronting data and models through the likelihood function defined
as the sum of the three following likelihoods (see [93, 90] for further details):

• a pixel based low-` likelihood, 2 ≤ ` ≤ 29, where the Planck 2015
Commander map enters the temperature sector and a noise-weighted
combination of WMAP9 and Planck data enters the polarisation sec-
tor of this likelihood5;

• a high-` Planck TT likelihood based on APS of Planck data in the
range 30 ≤ ` ≤ 2500;

• the Planck lensing likelihood, based on the range 40 ≤ ` ≤ 400 of the
four-point correlation function of the temperature anisotropies.

The noise of the simulated maps is generated through Cholesky decomposi-
tion of the total noise covariance matrix, i.e. N, defined over the observed
pixels. In particular, it is possible to generate a noise map, mn, statistically
compatible with N, through the following expression:

mn = Ly , (3.42)

where L is the lower triangular matrix of the Cholesky decomposition [94]
such that:

N = LLt , (3.43)
5Note that the low-` data-set used to perform the analysis is exactly the same as the

one entering the low-` likelihood. This makes the whole investigation self-consistent.
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and y is a vector with the same dimension as mn and whose entries are
randomly extracted from a normal distribution. In this way mn turns out to
be statistically compatible with N since:

〈(mn)(mn)t〉 = 〈(Ly)(Ly)t〉 = L〈yyt〉Lt = LILt = N , (3.44)
where I is the identity matrix and 〈...〉 stands for ensemble average.

Monte Carlo simulations for the Planck-WMAP low-` data set are val-
idated in Figure 3.1, where the average of the NAPS (x(1)

` , x(2)
` and x(3)

` ) are
shown respectively in the upper, middle and lower panels along with their
uncertainties of the means (σµ). Each panel displays also a lower box where
for each ` it is shown the distance of mean in units of standard deviation of
the mean itself. Figure 3.2 shows the low-` estimates of x(1)

` , x(2)
` and x

(3)
`

of the Planck-WMAP low-` data set (red dots), with the contours at one,
two and three σ as estimated from simulations (blue regions).

The choice of the `max parameter, which enters the definition of P , see
Eq.(3.27), is dictated by the signal-to-noise ratio of x(2)

` since x(1)
` is always

signal dominated in the whole range considered. The total signal-to-noise
ratio (S/N)2 contained in x(1)

` or x(2)
` up to a maximum harmonic scale `max,

is defined by summing up (S/N)2
l over the multipoles ` from 2 to `max as:(

S

N

)2
=

`max∑
l=2

(
S

N

)2

l
(3.45)

where (
S

N

)2

l
= 〈x(i)

` 〉2

〈
(
x

(i)
` − 〈x

(i)
` 〉
)2
〉

= 1
〈
(
x

(i)
` − 1

)2
〉
, (3.46)

since 〈x(i)
` 〉 = 1, for i = 1, 2. In Figure 3.3 we display the signal-to-noise ratio

of the NAPS for the Planck-WMAP low-` data set (see solid lines). While
for x(1)

` such a ratio grows monotonically (red line), for x(2)
` (solid blue line)

it saturates around `max ∼ 6. Consequently we will employ the estimator P
with `max = 6 for the Planck-WMAP low-` data set.

Simulations for a LiteBIRD-like noise level [95] are obtained following the
same procedure as described above but dividing the polarisation part of the
noise covariance matrix by a factor of 100. The signal-to-noise ratio of x(2)

`

for the LiteBIRD-like noise level is instead shown in Figure 3.3 as a dashed
blue line. Since such a ratio grows monotonically, in this case we can choose
the maximum `max available in our simulations, i.e. `max = 30.

Note that this limitation in the choice of `max does not apply to P̃ . In this
case the coefficients α` and β` adjust themselves automatically (depending
on the signal-to-noise ratio) such that noise-dominated multipoles do not
contribute to the estimator, see also Section 3.2.1 and 3.4.2.
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Figure 3.1: Averages of x(1)
` (upper panel), x(2)

` (middle panel) and x
(3)
` (lower

panel) as a function of ` obtained from Monte Carlo simulations corresponding to
the Planck-WMAP low-` data. Error bars represent the uncertainties associated
to the averages. Each panel displays also a lower box where for each ` it is shown
the distance of mean in units of standard deviation of the mean itself. Dashed
horizontal lines represent what theoretically expected for the averages of x(1)

` , x(2)
`

and x(3)
` , see equations (3.18),(3.19) and (3.20). Figure taken from:[22]
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Figure 3.2: Red dots represent x(1)
` (upper panel), x(2)

` (middle panel) and x
(3)
`

(lower panel) as a function of ` obtained from the Planck-WMAP low-` data set.
Error bars (blue regions) represent the uncertainties associated to the estimates.
Dashed horizontal lines represent what theoretically expected for the averages of
x

(1)
` , x(2)

` and x(3)
` , see equations (3.18),(3.19) and (3.20). Each panel displays also

a lower box where for each ` it is shown the distance of the estimates in units of
standard deviation of the estimate itself. Figure taken from:[22]
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Figure 3.3: Signal-to-noise ratio of x(1)
` (red curve) and x(2)

` as a function of `max
for the Planck-WMAP low-` data set (solid blue line) and for the LiteBIRD-like
noise level (dashed blue line). While the signal contained in x(1)

` grows monotoni-
cally in the considered range, x(2)

` saturates at `max ∼ 6 for the Planck-WMAP.
Instead the signal-to-noise ratio of x(2)

` for the LiteBIRD-like noise level grows
monotonically, and therefore, in this case, we can choose the maximum `max avail-
able in our simulations, i.e. `max = 30. Figure taken from:[22]

3.4 Results of the analyses

3.4.1 Results for P
In Figure 3.4 we plot the empirical distribution expected in ΛCDM model for
P with `max = 6 considering the Planck-WMAP low-` characteristics. The
red vertical line stands for the observed value of the Planck-WMAP low-`
data set. The lower-tail probability (LTP) of the observed value of P is 3.63%.
Such a value is smaller than the corresponding LTP of P when, still with
`max = 6, we neglect the contribution of x(2)

` in eq. (3.27). In that case the
LTP we obtain is 17.63%. Similarly for the same maximum multipole, when
we neglect the contribution of x(1)

` in P , we get a LTP of 6.71%. In short,
the combination of temperature and polarisation data provides a LTP smaller
than what obtained with only temperature or only polarisation, although our
findings cannot be considered as statistically anomalous.

In Figure 3.5 we plot the empirical distribution of P expected in ΛCDM
model with `max = 30 for the Planck-WMAP low-` data set and for the
LiteBIRD-like noise level. In order to evaluate the improvement of the latter
with respect to the former, we build the ratios between the widths of the
empirical distributions of P , corresponding to the level of 68.3%, for the
LiteBIRD-like noise level (σLB) and for the Planck-WMAP low-` noise
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Figure 3.4: Empirical distribution of the P estimator, see eq. (3.27), for `max = 6.
The red and the black vertical lines represent the values of the Planck data and of
the ΛCDM model respectively. The black, red and green dashed lines indicate the
boundaries of the 68.3%, 95.5% and 99.7% confidence regions respectively. Figure
taken from:[22]
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Figure 3.6: The behaviour of the coefficients α` (blue line) and β` (red line),
see Eqs. (3.30),(3.39) and (3.40) for their definitions, as a function of ` for the
Planck-WMAP low-` data set (solid lines) and for the LiteBIRD-like noise level
(dashed lines). Figure taken from:[22]

level (σPlanck).
We find that the width of the estimator P in the LiteBIRD case can be

even 30 times smaller with respect to what obtained in the Planck-WMAP
low-` case, if `max & 20.

3.4.2 Results for P̃
In Figure 3.6 we plot α` and β` (see equations (3.39) and (3.40)) as a function
of ` for the Planck-WMAP low-` data set (solid lines). Note how β` for
` > 7 go to zero (and consequently α` → 2 for same multipoles) because of
the noise level in polarisation. For `max = 6, even though the distribution of
P̃ is ∼ 32% narrower with respect to P shown in Figure 3.4, Planck-WMAP
low-` data shift a little so that the LTP is increased to 8.33%. However P̃ ,
as already mentioned, is not limited in the choice of `max and still for the
Planck-WMAP low-` data at `max = 30 we obtain a LTP at the level of
3.68%. In Figure 3.7 we give the LTP for P̃ at each `max, displayed in black,
compared to a naive estimator defined only with temperature data as

PT = 1
(`max − 1)

`max∑
`=2

x
(1)
` ,

shown in blue. It is interesting to note how the inclusion of the subdominant
polarisation part impacts on the analysis making the LTP of P̃ smaller than
PT for the whole `−range considered. In particular for PT at `max = 30 we
obtain that the LTP is 7.22%.
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Figure 3.7: LTP of P̃ (in black) and of PT (in blue) as a function of `max for the
Planck-WMAP low-` data. Figure taken from:[22]

Still in Figure 3.6 we plot α` and β` as a function of ` for the LiteBIRD-
like noise level (see dashed lines). Note that for this case none of the β` go
to zero and therefore polarisation data provide a contribution for each of the
multipoles considered at large scale. Correspondently temperature data will
not saturate the information entering P̃ for any considered multipoles.

In order to evaluate the impact of polarisation and temperature data on
P̃ we define the following weights

wx(1)(`max) = 1
2(`max − 1)

`max∑
`=2

α` , (3.47)

wx(2)(`max) = 1
2(`max − 1)

`max∑
`=2

β` , (3.48)

such that wx(1)(`max) + wx(2)(`max) = 1 for every `max. For `max = 6 we find
that polarised Planck-WMAP low-` data contribute at the level of 21.4%
to the building of P̃ . This value increases to 47.9% for future LiteBIRD-like
polarised data at the same maximum multipole. At `max = 30 we forecast
that future LiteBIRD-like polarised data will weight as the 23.1% compared
to the 3.8% obtained with Planck-WMAP low-` data, therefore providing
an increasing factor ∼ 6. The behaviour of wx(1) and wx(2) for each `max is
given in Figure 3.8.

We end this Section showing in Figure 3.9 how the standard deviation σ
of P̃ shrinks for each `max from current Planck data (solid blue) to future
LiteBIRD-like data (dashed blue). We compute that at low-` future data
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will allow to build P̃ with a statistical uncertainty that will be around 20%
smaller with respect to current Planck data.

3.5 Conclusions
In this chapter we studied how to analise the power deficit anomaly present
at large angular scale of the CMB anisotropies pattern considering both
temperature and polarisation data. We have proposed a new one-dimensional
estimator, i.e. P and its optimised version P̃ , see equations (3.27) and (3.30),
which is able to jointly test the lack of power in TT, TE and EE. The main
outcomes of this analysis are listed below.

1. Considering Planck-WMAP low-` data it is interesting to note that
the inclusion of polarisation information through our new one-dimensional
estimator, either P or P̃ , provides estimates which are less likely ac-
cepted in a ΛCDM model than the corresponding only-temperature
version of the same estimator. In other words, polarisation though
subdominant in terms of signal-to-noise ratio with respect to tempera-
ture, plays a non-negligible role in the evaluation of the compatibility
between data and the standard model. See for instance Figure 3.7:
even though the weight of polarisation data is only around 4% of the
total information budget, the LTP probability of P̃ is always smaller
than its corresponding temperature-only version PT . In particular, at
the maximun multipole considered, i.e. `max = 30, we find that the
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Figure 3.9: Upper panel: Standard deviation σ of P̃ versus `max for Planck-
WMAP low-` data set (solid line) and the LiteBIRD-like case (dashed line). Figure
taken from:[22]

probability that a random ΛCDM realisation is statistically accepted
decreases by a factor of two when the polarisation is taken into account.
However the LTP values obtained are at the level of few per cent and
therefore still compatible with a statistical fluke.

2. E-modes at large angular scale still contain information which might be
capable to probe new physics beyond the standard cosmological model.

• We forecast that future CMB polarised measurements à la Lite-
BIRD can tight the empirical distribution of P up to a factor of
∼ 30, as displayed in Fig. 3.5.

• Considering the optimised version of the proposed estimator, i.e.
P̃ , we evaluate that future LiteBIRD-like measurements can shrink
the statistical uncertainty by 23 − 17% (see Fig 3.9) and at the
same time increasing the contribution of the polarisation part by
a factor ranging from ∼ 2 to ∼ 6 (see Fig 3.8).

Future all-sky CMB experiments aimed at detecting primordial B-modes
(which in turn are related to the energy scale of inflation) are designed to
observe CMB polarisation with exquisite accuracy and precision. In order
to make this possible, residual systematic effects both of instrumental and
astrophysical origin have to be carefully measured or, at least, kept under
control. In this chapter we supposed that this is the case and that the statis-
tical noise is the dominant source of uncertainty. Under these circumstances,
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E-modes will be in practice known at the cosmic variance limit at large an-
gular scales. This is a great opportunity, since E-mode polarisation might
contain important information about the lack of power anomaly currently
observed only in the temperature map, which could be tracing new physical
phenomena beyond the standard cosmological model in the early universe.

3.6 Outlooks

3.6.1 Application to PR3 and PR4 data set
A natural outlook for this work is the employment of the above mentioned
estimators, i.e. P (Eq. 3.27) and its optimised version P̃ (Eq. 3.30), to
the last Planck data, both PR3 and PR4 datasets, which were respectively
released in 2018 and 2020. Up to now lack of power has never been studied
with PR4 dataset. More in general, [75] and [85] are the only studies which
investigate the CMB anomalies with the PR3 dataset.

In order to develop this project a new collaboration with the Observa-
tional Cosmology and Instrumentation group6 at the Instituto de Fisica de
Cantabria (IFCA)7, Santander (Spain) started. The members of the IFCA
group will provide guidance in the use of the PR3 and PR4 data set for this
application. As described in [5], compared to the previous release, the PR3
but in particular the PR4 data better describe the polarisation component
of CMB: in fact PR3 and PR4 show reduced levels of noise and systematics
at all angular scales and an improved consistency across frequencies, particu-
larly in polarisation. For this reason, we expect to obtain stricter constraints
than in the analyses carried out with the (PR2) datasets.

3.6.2 Lack of correlation anomaly with the NAPS
Another interesting use of the NAPS, Eq (3.24) and (3.25), can be done to
study the lack of correlation anomaly, an interestingly feature that seems to
be correlated with the lack of power described in the previous sections. This
signature, observed in the temperature CMB anisotropies pattern firstly by
COBE [83] and then confirmed by WMAP [64] and Planck [13], consists of
a suppression of the CMB two-point correlation function at large angular
scales larger than 60 degrees with respect to what expected in the ΛCDM
model. Fig. 3.10 shows the two-point correlation function as observed with
Planck [13].

6https://ifca.unican.es/en-us/research/observational-cosmology-and-instrumentation
7https://ifca.unican.es/en-us
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Figure 3.10: Angular two-point correlation function as observed by Planck [13].
The full black line and the shaded regions are the expectation from 1000 SMICA
simulations based on the ΛCDM model and the 68% and 95% confidence regions.
The plot also shows four colored lines that fall on top of each other and represent
the results of the Planck analysis of the Commander, SEVEM, NILC and SMICA
maps at resolution Nside = 64. While the measured two-point correlation is never
outside the 95% confidence region, the surprising feature is that we observe essen-
tially no correlations at 70◦ < θ < 170◦ and a significant lack of correlations at
θ > 60◦. Figure taken from:[77].
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In this section we will show briefly the formalism of a possible one-
dimensional estimator able to constrain this feature, taking jointly into ac-
count the information in the TT, EE and TE CMB power spectra. We leave
for future works its validation and application to real data.

Starting from Eq. (3.24) and (3.25) we define a scalar field in the harmonic
space with the form:

X` = α`x
(1)
` + β`x

(2)
` , (3.49)

where α` Eq. (3.39) and β` (Eq. 3.40) minimise the variance of X` for each
`. The field X` can be interpreted as a dimensionless normalised power and
its expectation value is 〈X`〉 = 2 for any value of `.

In pixel space the fluctuations of the field X`, i.e. δx, can be expanded
on the sky through the spherical harmonic functions on a sphere Y`m(n̂):

δx =
∑
`m

ax`mY`m(n̂) (3.50)

with the unit-vector (n̂) representing the direction of observation. The 2-
point correlation function of the field X` will be:

CX`
2 (φ) = 〈δx(n̂)δx(n̂′)〉 =

=
∑
`m

∑
`′m′
〈ax`m(ax`′m′)∗〉Y`m(n̂)Y ∗`′m′(n̂′) =

=
∑
`

2`+ 1
4π X` P`(n̂ · n̂′) , (3.51)

where n̂ · n̂′ = cosφ.
In order to evaluate the lack of correlation we focus on an estimator

originally suggested by the WMAP team, called S1/2 [96]. The idea is to
measure the distance between the correlation function and zero over a chosen
range of angles [97]. We formally define the S1/2 statistic for the X` field in
this way:

SX`1/2 =
∫ cosφ1

cosφ2
[CX`

2 (φ)]2dcos(φ) . (3.52)

In theory, such as estimator for cosφ1 = 1/2 and cosφ2 = −1 could be used
to quantify the lack of correlation at scales larger than 60 degrees. The
advantage of using X`, instead of the standard APS, comes directly from the
nature of the NAPS. The latter, as we have shown, are dimensionless and
similar amplitude numbers which can be easily combined to define a scalar
field in harmonic space, which depends on temperature, E-mode polarisation
and their cross-correlation.
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Chapter 4

Cosmic Birefringence

Cosmic Birefringence (CB) is a tracer for new parity-violating physics be-
yond the standard model of particle physics [23]. Different models for dark
matter and dark energy introduce scalar fields φ, which can couple to the
photons through a Chern-Simons term, adding new parity violating terms
to the Lagrangian of standard electromagnetism. The breaking of this sym-
metry produces an in-vacuum rotation of the linear polarisation plane of
photons during propagation, i.e. the Cosmic Birefringence effect [24]. Such
a rotation, naturally measured with an angle α, might signal the presence
of new interactions beyond the standard electrodynamics and provide con-
straints on different theoretical models for dark energy, dark matter, axions
and axion-like particles.

Several astrophysical sources of linearly polarised photons can be used to
investigate this phenomenon [24, 25, 26, 27, 28, 29, 30]. Among these sources,
in this Thesis we focus on the oldest and farthest one of the Universe, i.e.
the CMB radiation, which is linearly polarised because of Thomson scat-
tering (as described in detail in section 2.3.1) and therefore it represents a
good candidate to perform these investigations. This rotation mixes the Q
and U Stokes parameters and consequently the E- and B-modes polarisation,
producing spurious B-modes which can screen the primordial signal. There-
fore, for a robust detection of these primary B-modes, which is fundamental
to probe primordial gravitational waves and other properties of inflation, in
addition to an exquisite control of systematics (both of astrophysical and
instrumental origin), one needs to exclude other possible new mechanisms
able to create B-modes just as the birefringence effect [98].

Cosmic Birefringence is dubbed isotropic if α(n̂) = α0, with α0 being a
constant, which means that the rotation angle does not depend on the direc-
tion of observation n̂. Cosmic Birefringence is instead called anisotropic if the
rotation α(n̂) is a function of the direction of observations. The isotropic CB

59
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is expected when the scalar field φ, that sources CB, is spatially independent,
instead a spatially-varying φ produces the anisotropic effect. When expanded
in spherical harmonics, the isotropic angle is mapped into the monopole term,
i.e. L = 0, while the anisotropic angle can in principle be described through
all the other multipoles, i.e. L > 0 [99, 100]1.

Current estimates for both isotropic and anisotropic birefringence, see
e.g. [101] and [34] whose main results are summarised in section 4.1, are
compatible with null effect. However, very interestingly, recent analyses on
Planck 2018 data [102] and on Planck 2020 data [103, 104], which employ
the technique presented in [105], provide a hint of detection for the isotropic
birefringence at the level of 2.4σ and 2.7σ respectively. Future CMB exper-
iments, designed to detect the primary B-mode component, i.e. the signa-
ture that primordial gravitational waves have left on the CMB polarisation
anisotropy pattern, will certainly constrain Cosmic Birefringence with a sen-
sitivity which will be from one to few orders of magnitude better with respect
to present measurements [106, 107].

In this chapter, after having recovered the main equations relating the
birefringence effect to the observed CMB angular, we focus on evaluating
the birefringence power spectrum. In literature there are several methods
used to constrain this effect:

• The Mode Coupling approach [100, 108], where the map of α(n̂) is
built exploiting the fact that, when expanded in spherical harmonics,
each of its multipole-modes is coupled to all the CMB multipoles. Note
that this is the same property which is used to evaluate/reconstruct the
weak-lensing effect from CMB maps [109].

• The localisation of estimators aimed at isotropic birefringence, where
the building of the map of α(n̂) is possible applying estimators for
isotropic birefringence to patches of the sky. This was performed with
the Stacking approach [33] and the so-called D-estimators [34].

• The Likelihood approach [110], where the anisotropic birefringence
spectra are treated as additional parameters whose statistical distribu-
tions are sampled over through Monte Carlo Markov Chain (MCMC)
techniques, once the relation between the CMB observed spectra and
the phenomenon under investigation is inserted in the CMB likelihood
function. See also [98, 111, 112] where a χ2-approach has been em-
ployed only on the BB observed spectrum.

1By convention, we use capital letter (L,L1, L2, ...) to indicate multipoles of the spher-
ical harmonics transform of birefringence anisotropies.
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In our analysis we develop and apply to Planck 2018 data two different and
complementary methodologies. The first approach [35], developed in collab-
oration with the Cosmology group of the University of Ferrara, employs the
localisation of the so-called D-estimators to build maps of the birefringence
angle evaluating CB spectrum on angular scales larger than ∼ 7 degrees. In
the second approach [31], we develop a novel class of linear and quadratic
fully harmonic-based estimators which are able to directly evaluate the power
spectrum of Cosmic Birefringence rotation angle starting from the EE, BB
and EB observed angular power spectra of the CMB anisotropies. As it will
be discussed in more detail below, the algebra of the quadratic estimators is
similar to the one of the Quadratic Maximum Likelihood (QML) technique
for the APS of CMB anisotropies [113], with the difference that the new
estimator takes the CMB spectra as an input instead of the CMB maps (in
pixel space).

The chapter is organised as follows. In section 4.1 we introduce in detail
the Cosmic Birefringence effect and recover the algebraic equations which re-
late the observed CMB spectra with isotropic and anisotropic birefringence
effect writing down explicitly also the primordial parity conserving spectra
(namely EB and TB), which were not previously reported in literature but
are needed here to build the new quadratic estimators. In section 4.2 we
introduce the formalism of the so called D-estimators [114, 115], i.e. two
linear combinations of the observed CMB spectra, and of the new linear and
quadratic estimators, along with a description of their main features and
properties. In section 4.3 we describe the Planck 2018 Release (PR3). In
sections 4.4 we apply the localisation approach on Planck data and in sec-
tion 4.5, after having shown the validation of linear and quadratic estimators
considering "vanilla" (i.e. systematics-free) simulations, we employing them
on Planck data. Finally, in section 4.6 we draw our conclusions on these
results.
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4.1 Introduction

4.1.1 Physical origin of Cosmic Birefringence
Linearly polarised light can be written as the superposition of a right-handed
and left-handed circular polarisation state. Parity-violating effect induces a
difference between the effective refractive indexes for the right-handed and
left-handed circular polarisation states of light. As result we have a change
in phase during propagation of light, which produces an in-vacuum rotation
in the linear polarisation angle. This phenomenon is known as CB. In or-
der to investigate the latter, one needs linearly polarised sources for which
the orientation of the polarisation plane at the emission is known and can
therefore be compared with the one observed on earth, making it possible to
check if it has been changed during its path.

Several astrophysical polarised sources, such as Pulsars, Supernovae, Ra-
dio Galaxies, Quasars and also the Crab Nebula (see e.g. [24, 25, 26, 27, 28,
29, 30]), have been used to investigate this phenomenon. In this Thesis we
focused on CMB obervations, since approximately 10% of the CMB photons
are linearly polarised due to Thomson scattering (see Section 2.3.1). CB
effect, naturally parametrised by an angle, results in a mixing between Q
and U Stokes parameters that produces non-null CMB cross correlations be-
tween T and B-mode polarisation, and between E- and B-mode polarisation,
which are expected to be null under the parity conserving assumption (that
is beneath the standard cosmological model).

Physically, this rotation is a consequence of the coupling of a scalar field
φ to the electromagnetic Chern-Simoms term such that the CB angle α is
proportional to the total change ∆φ along the photon’s path. The CMB is
the first light emitted in the Universe, which means the farthest one, there-
fore it represents the ideal candidate to investigate the CB. Different models
for dark matter and dark energy introduce scalar fields φ, such as the axion
[116], which can couple to the photons through a Chern-Simons term. An
example of such a scalar field is the Pseudo-Nambu-Goldstone-Boson field
(PNGB), which is a natural candidate for quintessence, since it can drive the
evolution of the Universe through epochs of accelerated expansion [24]. Mod-
els with a weakly broken global U(1) symmetry provide a natural mechanism
for producing a shallow potential for the PNGB field. The parity-violating
extension of the standard electromagnetism Lagrangian can be written as:

L = −1
4FµνF̃µν −

β

2MφFµνF̃µν , (4.1)

where Fµν is the electromagnetic field tensor and F̃µν = 1
2ε
µνδγFδγ is its dual,
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(with εµνδγ the Levi-Civita tensor), β is a dimensionless coupling constant and
M is a parameter with dimensions of mass. It is possible to compute that the
new parity-violating term in the extended Lagrangian, Eq. (4.1), produces
the different effective refractive indexes for the left-handed and right-handed
photon polarisations [23]. Therefore the direction of polarisation plane is
rotated by an amount [98]:

α(n̂) = β

M

∫
dτ

(
∂

∂τ
+ n̂ · ∇

)
φ(τ, n̂)

= β

M
∆φ(n̂) . (4.2)

with is τ the conformal time and the unit-vector n̂ the direction of observa-
tion. Here the integration is along the space-time path of the photon and ∆φ
represents the variation of the scalar field along that trajectory. Due to the
value of the mass M which can be of the order of the Planck mass, the CB
effect is expected to be very small. In order for the angle α to be measurable,
the variation ∆φ must also be large and this might happen at cosmological
scales. This is the reason to use cosmological observations to search for this
phenomenon.

The birefringence angle α(n̂), which is a function of the direction of the
observation, can be separated in an isotropic α0 and in an anisotropic term
δα(n̂) as:

α(n̂) = α0 + δα(n̂) , (4.3)

where:
〈δα(n̂)〉 = 0 . (4.4)

The monopole term α0 is obtained taken the average of 〈α(n̂)〉 such that
Eq. (4.4) is got by construction.

The isotropic CB is characterised by a rotation uniform across the sky, i.e.
α(n̂) = α0. This phenomenon is expected when the scalar field φ, that sources
CB, does not depend on space. Instead a spatially-varying φ produces the
anisotropic effect and the rotation α(n̂) becomes a function of the direction
of observations. The fluctuations δα(n̂) can be expanded on the sky through
the spherical harmonics Y`m(n̂) [99]:

δα(n̂) =
∑
LM

aα,LM YLM(n̂) , (4.5)

and the expression for the harmonic coefficients is:

aα,LM =
∫
dΩ δα(n̂)Y ?

LM(n̂) . (4.6)
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Figure 4.1: Constraints on Cosmic Birefringence re-printed from [101, 34]. The left
panel shows the costraints on isotropic CB coming from several CMB experiment
(grey points) as reviewed in [118] compared with the Planck 2016 Intermediate
Results (in blue) [101]. For each experiment the left error bars are the 68% C.L.,
while right error bars (when displayed) are obtained by summing linearly the sta-
tistical and systematic uncertainties. The error bar of BOOM03 already contains
a contribution from systematic effects. The right panel shows the scale invariant
spectrum of the anisotropic birefringence angle from several CMB experiments
with uncertainty at 95% C.L.[34].

Assuming statistical isotropy of aα,LM , we define the angular power spectrum
of the birefringence angle:

〈aα,LM aα,L1M1〉α = Cα
L δLL1δMM1 . (4.7)

with 〈〉α being the ensemble average of the fluctuations of the CB angle2. For
a scalar field φ which does not obtain a mass during the inflationary epoch,
the power spectrum of this fluctuation at large scale, typically L < 100, will
be scale invariant and it can be expressed in term of a constant amplitude
Kα [117]:

Kα = Cα
L

[L(L+ 1)]
2π . (4.8)

Note however that the aim of this work is to derive a model-independent
constraint on the angular power spectra of CB without restricting our self to
any particular physical model.

Many CMB experiments have already constrained both isotropic and ani-
sotropic birefringence. Figure 4.1 (taken from [101] and [34]) shows the cur-
rent measurements of the CB rotation angle. For the isotropic CB the best

2By convention in section 4.1, we use the symbol 〈〉 without subscript to indicate the
ensemble average of the CMB fluctuations, the symbol 〈〉α to indicate the one of CB angle
fluctuation and the symbol 〈〉CMB,α to indicate the case where both are considered.
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constraint on α0 comes from the Planck experiment whose 68% confidence
limit is α0 = 0.31◦±0.05◦(stat)±0.28◦(syst) [101]. Instead, for the anisotro-
pic CB, a recent ACTPol analysis finds Kα < 0.033 deg2 at a 95% confidence
level (C.L.) [119]. These estimates for both isotropic and anisotropic CB are
compatible with a null effect. However, it is important to mention that ex-
ists a degeneracy between the instrument polarisation angle and the isotropic
CB angle that limits the evaluation of the latter. Note that in the Planck
CB constraint the value of α0 is dominated by the systematic uncertainties
introduced by the instrument polarisation angle.

Interestingly, recent re-analyses of the Planck 2018 data (PR3) [102] and
of the Planck 2020 data (PR4) [103, 104], which employ the technique pre-
sented in [105], provide a hint of detection for the isotropic birefringence at
the level of 2.4σ and larger than 2.7σ respectively. According to the theory,
the CB effect is proportional to the distance travelled by photons. In these
analysis the authors consider the astrophysical foreground near enough to as-
sume that the physical effect is not relevant. Therefore, using the information
of the foregrounds, it is possible to disentangle a primordial rotation from the
one induced by the instrument polarisation angle. Moreover, in [103, 104] is
deeply investigated the impact of the foreground polarisation, considering dif-
ferent models which describe it [103], and employing a frequency-dependent
analysis [104].

Future CMB experiments, designed to detect the signature that primor-
dial gravitational waves have left on the CMB polarisation anisotropy pat-
tern, i.e. the primordial B-modes component, as a byproduct will constrain
also Cosmic Birefringence with a sensitivity which will be from one to few
orders of magnitude better with respect to present measurements [106, 107].

4.1.2 CB impact on CMB
The effects of the Cosmic Birefringence on the CMB angular power spectra
are predicted to be small, therefore they can be treated perturbatively. As
we have seen in sections 2.2, 2.3, the temperature and polarisation CMB
anisotropies can be expanded in spin-weighted spherical harmonic functions
Y`m(n̂) and Y±2,`m(n̂):

T (n̂) =
∑
`m

aT,`m Y`m(n̂) , (4.9)

(Q+ iU) (n̂) =
∑
`m

a±2,`m Y±2,`m(n̂) , (4.10)

where T , Q and U are the primordial Stokes parameters and the unit-vector
n̂ represents the direction of observation. Inverting Eqs. (4.9) and (4.10) we
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find the expressions for the harmonic coefficients:

aT,`m =
∫
dΩY ∗`m(n̂)T (n̂) , (4.11)

a±2,`m =
∫
dΩY ∗±2,`m(n̂) (Q+ iU) (n̂) , (4.12)

In presence of CB, the polarisation field acquires a phase factor which de-
pends on n̂ while the temperature field is not modified:

T obs(n̂) = T (n̂) , (4.13)
(Q+ iU)obs (n̂) = e±2iα(n̂) (Q+ iU) (n̂) . (4.14)

where the label obs at the left-hand side stands for observed, while the Stokes
parameters T , Q and U in the right-hand side are the primordial quantities,
i.e. those that are observed when CB is absent. Hence, the Chern-Simons
term, which appears in the modified electromagnetism Lagrangian, Eq. (4.1),
produces a rotation of the polarisation component given by the factor e±2iα(n̂).
Thus, the expressions for the observed harmonic coefficients become:

aobsT,`m =
∫
dΩY ∗`m(n̂)T obs(n̂) , (4.15)

aobs±2,`m =
∫
dΩY ∗±2,`m(n̂) (Q+ iU)obs (n̂) . (4.16)

Replacing Eqs. (4.14) and (4.3) in Eq. (4.16), we find [99]:

aobs±2,`m =
∫
dΩY ∗±2,`m(n̂) (Q+ iU) (n̂)e±2iα(n̂)

= e±2iα0
∑
`1m1

a±2,`1m1

∫
dΩY ∗±2,`m(n̂)e±2iδα(n̂)Y±2,`1m1(n̂) ,(4.17)

and defining the object F±`m`1m1 as:

F±`m`1m1 =
∫
dΩY ∗±2,`m(n̂)e±2iδα(n̂)Y±2,`1m1(n̂) , (4.18)

we find that the expression for the harmonic coefficients of spin 2 and −2 is:

aobs±2,`m = e±2iα0
∑
`1m1

a±2,`1m1F
±
`m`1m1 . (4.19)

Considering the definition of the E- and B-mode harmonic coefficients, see
Eqs. (2.60) and (2.60) in section 2.3, the observed quantities are:

aobsE,`m = −1
2
(
aobs2,`m + aobs−2,`m

)
, (4.20)

aobsB,`m = + i

2
(
aobs2,`m − aobs−2,`m

)
, (4.21)
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and replacing Eq. (4.19) in Eqs. (4.20) and (4.21):

aobsE,`m = −1
2

e2iα0
∑
`1m1

a2,`1m1F
+
`m`1m1 + e−2iα0

∑
`1m1

a−2,`1m1F
−
`m`1m1

 ,

(4.22)

aobsB,`m = i

2

e2iα0
∑
`1m1

a2,`1m1F
+
`m`1m1 − e−2iα0

∑
`1m1

a−2,`1m1F
−
`m`1m1

 .

(4.23)

Now we define the following G-functions as:

G
(1)
`m`1m1 = e2iα0F+

`m`1m1 + e−2iα0F−`m`1m1 , (4.24)
G

(2)
`m`1m1 = e2iα0F+

`m`1m1 − e−2iα0F−`m`1m1 , (4.25)

and replacing in Eqs. (4.22),(4.23), we finally get the observed harmonic
coefficients for the T, E and B CMB fields:

aobsT,`m = aT,`m , (4.26)

aobsE,`m = 1
2
∑
`1m1

(
G

(1)
`m`1m1aE,`1m1 + i G

(2)
`m`1m1aB,`1m1

)
, (4.27)

aobsB,`m = 1
2
∑
`1m1

(
−i G(2)

`m`1m1aE,`1m1 + G
(2)
`m`1m1aB,`1m1

)
, (4.28)

in agreement with [99].
Now, starting from the definition of the angular power spectra, given

in sections 2.2 and 2.3, and considering Eqs. (4.26), (4.27) and (4.28) we
compute all the six observed CMB spectra when the CB effect is present.
We do that by taking into account the following two hypotheses:

• primordial CMB anisotropies do not correlate with α,

• δα is small (we keep these terms up to second order, which is the leading
one).

Our computation extends the work done in [99] since we do not set to zero
the primordial EB and TB CMB power spectra. As it was already clear from
Eqs. (4.13) and (4.26), the CB does not impact on the CMB temperature
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power spectrum:

〈CTT,obs
` 〉 = 1

2`+ 1

+∑̀
m=−`

〈aobsT,`m (aobsT,`m)∗〉

= 1
2`+ 1

+∑̀
m=−`

〈aT,`m (aT,`m)∗〉

= CTT
` . (4.29)

Now we calculate the observed correlation between the temperature and the
polarisation, i.e. CTE,obs

` and CTB,obs
` . Therefore:

〈CTE,obs
` 〉CMB,α = 1

2`+ 1

+∑̀
m=−`

〈aobsT,`m (aobsE,`m)∗〉CMB,α

= 1
2

1
2`+ 1

∑
m

∑
`1m1

〈aT,`m
[(
e2iα0F+

`m`1m1 + e−2iα0F−`m`1m1

)∗
(aE,`1m1)∗ + (i)∗

(
e2iα0F+

`m`1m1 − e−2iα0F−`m`1m1

)∗
(aB,`1m1)∗] 〉CMB,α. (4.30)

Since primordial CMB anisotropies do not correlate with α, we have:

〈CTE,obs
` 〉CMB,α = 1

2
1

2`+ 1
∑
m

∑
`1m1

[
〈aT,`m(aE,`1m1)∗〉

(
e2iα0〈F+

`m`1m1〉α+

+ e−2iα0〈F−`m`1m1〉α
)∗

+ (i)∗〈aT,`m(aB,`1m1)∗〉(
e2iα0〈F+

`m`1m1〉α − e−2iα0〈F−`m`1m1〉α
)∗]

. (4.31)

Hence we need to calculate the following two quantities 〈F±`m`1m1〉α. Up
to the quadratic order of δα, we have:

〈F±`m`1m1〉α =
∫
dΩY ∗±2,`m(n̂)Y±2,`1m1(n̂) 〈e±2iδα(n̂)〉α

=
∫
dΩY ∗±2,`m(n̂)Y±2,`1m1(n̂) 〈1± 2 i δα(n̂)− 2δα2〉α(4.32)

The term 〈δα2〉α turns out not be dependent on the direction and it represents
the variance of α, i.e. Vα:

〈δα2〉α = 〈δα(n̂) δα(n̂)〉α

=
∑
L

2L+ 1
4π PL(n̂ · n̂)Cα

L

=
∑
L

2L+ 1
4π Cα

L = Vα . (4.33)
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By construction 〈δα(n̂)〉α = 0, see Eq. (4.4), and therefore:

〈F±`m`1m1〉α = 〈1− 2δα2〉α
∫
dΩY ∗±2,`m(n̂)Y±2,`1m1(n̂)

=
(
1− 2〈δα2〉α

)
δ``1 δmm1 . (4.34)

Replacing Eq. (4.34) in Eq. (4.31) we finally get:

CTE,obs
` =

(
1− 2〈δα2〉α

) [
CTE
` cos (2α0)− CTB

` sin (2α0)
]
. (4.35)

In analogous way we obtain the TB observed power spectrum:
CTB,obs
` =

(
1− 2〈δα2〉α

) [
CTE
` sin (2α0) + CTB

` cos (2α0)
]
. (4.36)

We now derive the expression for the observed EE, BB, EB. Let us starting
with CEB,obs

` :

〈CEB,obs
` 〉CMB,α = 1

2`+ 1

+∑̀
m=−`

〈aobsE`m (aobsB,`m)∗〉CMB,α

= 1
4

1
2`+ 1

∑
m

∑
`1m1

〈
[(
e2iα0F+

`m`1m1 + e−2iα0F−`m`1m1

)
aE,`1m1 + i

(
e2iα0F+

`m`1m1 − e−2iα0F−`m`1m1

)
aB,`1m1 ]

[
(−i)∗

(
e2iα0F+

`m`1m1 − e2iα0F−`m`1m1

)∗
(aE,`1m1)∗ +

(
e2iα0F+

`m`1m1 + e−2iα0F−`m`1m1

)∗
(aB,`1m1)∗] 〉CMB,α. (4.37)

Thus we need to calculate the four correlations: ∑`1m1 C
XY
`1 〈F

±
`m`1m1F

±∗
`m`1m1〉α

and ∑`1 m1 C
XY
`1 〈F

±
`m`1m1F

∓∗
`m`1m1〉α. Up to the second order in δα, we get:∑

`1 m1

CXY
`1 〈F

+
`m`1m1F

+ ∗
`m`1m1〉α =

∑
`1 m1

CXY
`1 〈

∫
dΩdΩ′ Y ∗+2,`m(n̂)Y+2,`1m1(n̂) e2iδα(n̂)

Y+2,`m(n̂′)Y ∗+2,`1m1(n̂′) e2iδα(n̂′)〉α

=
(
1− 4〈δα2〉α

)
CXY
` + 4

∑
`1 m1

∑
L,M

CXY
`1 Cα

L

∫
dΩdΩ′ Y ∗+2,`m(n̂)Y+2,`1m1(n̂)

Y+2,`m(n̂′)Y ∗+2,`1m1(n̂′)Y ∗+2,LM(n̂′)Y+2,LM(n̂) . (4.38)
Using the Wigner 3j symbol (see e.g. [120]), the last term can be expressed
as: ∑

`1 m1

∑
L,M

CXY
`1 Cα

L

∫
dΩdΩ′ Y ∗+2,`m(n̂)Y+2,`1m1(n̂)Y+2,`m(n̂′)

Y ∗+2,`1m1(n̂′)Y ∗+2,LM(n̂′)Y+2,LM(n̂)

=
∑
`1 L

CXY
`1 Cα

L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

, (4.39)
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thus: ∑
`1 m1

CXY
`1 〈F

+
`m`1m1F

+ ∗
`m`1m1〉α =

(
1− 4〈δα2〉α

)
CXY
` +

+
∑
`1 L

CXY
`1 Cα

L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

. (4.40)

Similarly, it is possible to compute that:∑
`1 m1

CXY
`1 〈F

+
`m`1m1F

+ ∗
`m`1m1〉α =

∑
`1 m1

CXY
`1 〈F

−
`m`1m1F

−∗
`m`1m1〉α , (4.41)

and:∑
`1 m1

CXY
`1 〈F

+
`m`1m1F

−∗
`m`1m1〉α =

∑
`1 m1

CXY
`1 〈F

+
`m`1m1F

−∗
`m`1m1〉α =

=
(
1− 4〈δα2〉α

)
CXY
` +

∑
`1 L

(−1)λ+1CXY
`1 Cα

L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

(4.42)

with λ = `+ `1 + L. By replacing Eqs. (4.40)-(4.42) in Eq. (4.37) we get:

CEB,obs
` = (1− 4〈δα2〉α)

[1
2
(
CEE
` − CBB

`

)
sin(4α0) + CEB

` cos(4α0)
]

+

+
∑
`1L

[1
2
(
CEE
`1 − C

BB
`1

)
sin(4α0) + CEB

`1 cos(4α0)
]

(−1)λ+1Cα
L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

(4.43)

In analogous way we find the expressions for EE and BB observed power
spectrum:

CEE,obs
` = (1− 4〈δα2〉α)

[
CEE
` cos2(2α0) + CBB

` sin2(2α0)− CEB
` sin(4α0)

]
+ ,

+1
2
∑
`1L

[
CEE
`1

(
1− (−1)λ cos(4α0)

)
+ CBB

`1

(
1 + (−1)λ cos(4α0)

)
+

− 2CEB
`1 (−1)λ+1 sin(4α0)

]
Cα
L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

(4.44)

CBB,obs
` = (1− 4〈δα2〉α)

[
CEE
` sin2(2α0) + CBB

` cos2(2α0) + CEB
` sin(4α0)

]
+ ,

+1
2
∑
`1L

[
CEE
`1

(
1 + (−1)λ cos(4α0)

)
+ CBB

`1

(
1− (−1)λ cos(4α0)

)
+

+ 2CEB
`1 (−1)λ+1 sin(4α0)

]
Cα
L

(2`1 + 1)(2L+ 1)
π

(
` `1 L
2 −2 0

)2

.(4.45)
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All the six CMB observed power spectra we have computed are reported
here dropping out the operator 〈〉CMB,α for sake of simplicity:

CTT,obs
` = CTT

` (4.46)
CTE,obs
` = (1− 2Vα)

[
CTE
` cos(2α0)− CTB

` sin(2α0)
]
, (4.47)

CTB,obs
` = (1− 2Vα)

[
CTE
` sin (2α0) + CTB

` cos (2α0)
]
, (4.48)

CEE,obs
` = (1− 4Vα)

[
CEE
` cos2(2α0) + CBB

` sin2(2α0)− CEB
` sin(4α0)

]
+ ,

+1
2
∑
`1L

[
CEE
`1

(
1− (−1)λ cos(4α0)

)
+ CBB

`1

(
1 + (−1)λ cos(4α0)

)
+

− 2CEB
`1 (−1)λ+1 sin(4α0)

]
ML

``1C
α
L , (4.49)

CBB,obs
` = (1− 4Vα)

[
CEE
` sin2(2α0) + CBB

` cos2(2α0) + CEB
` sin(4α0)

]
+ ,

+1
2
∑
`1L

[
CEE
`1

(
1 + (−1)λ cos(4α0)

)
+ CBB

`1

(
1− (−1)λ cos(4α0)

)
+

+ 2CEB
`1 (−1)λ+1 sin(4α0)

]
ML

``1C
α
L , (4.50)

CEB,obs
` = (1− 4Vα)

[1
2
(
CEE
` − CBB

`

)
sin(4α0) + CEB

` cos(4α0)
]

+

+
∑
`1L

[1
2
(
CEE
`1 − C

BB
`1

)
sin(4α0) + CEB

`1 cos(4α0)
]

(−1)λ+1ML
``1C

α
L ,

(4.51)

where the matrix with three indexes, ML
``1 , is defined as:

ML
``1 = (2`1 + 1)(2L+ 1)

π

(
` `1 L
2 −2 0

)2

. (4.52)

Eqs. (4.46)-(4.51) recover the findings of [99] when the primordial parity-
sensitive spectra are set to zero, i.e. CTB

` = CEB
` = 0. As it will be more clear

in Section 4.2, the primordial EB power spectrum is needed here in order to
build the quadratic estimator for Cα

L based on the observed EB spectrum
(in which enters the covariance of primordial EB). In fact in for the ΛCDM
model the CEB

` possesses a null mean value but a covariance different from
zero.

It interesting to note that the spectra which involve the CMB temperature
field, i.e. CTE,obs

` and CTB,obs
` , are modified by an anisotropic birefringence

effect just with a factor in front, proportional to the variance of the birefrin-
gence effect, see Eqs. (4.47), (4.48). Instead, the pure polarised CMB spectra,
i.e. CEE,obs

` , CBB,obs
` and CEB,obs

` , in addition to the effect just described for



72 CHAPTER 4. COSMIC BIREFRINGENCE

CTE,obs
` and CTB,obs

` , get modified also through the terms which involve the
matrix ML

``1 , coupling different multipoles, see Eqs. (4.49), (4.50) and (4.51).
When we switch-off the anisotropic contribution in Eqs. (4.46)-(4.51), we

find the expressions of the CMB power spectra modified only by the isotropic
CB (see e.g. [30], [121]):

CTT,obs
` = CTT

` (4.53)
CTE,obs
` = CTE

` cos(2α0)− CTB
` sin(2α0) , (4.54)

CTB,obs
` = CTE

` sin (2α0) + CTB
` cos (2α0) , (4.55)

CEE,obs
` = CEE

` cos2(2α0) + CBB
` sin2(2α0)− CEB

` sin(4α0) , (4.56)
CBB,obs
` = CEE

` sin2(2α0) + CBB
` cos2(2α0) + CEB

` sin(4α0) , (4.57)

CEB,obs
` = 1

2
(
CEE
` − CBB

`

)
sin(4α0) + CEB

` cos(4α0) . (4.58)

4.2 Formalism for the estimators
In our analysis we develop and perform two different and complementary
methodologies to study in details the anisotropic birefringence effect. The
first one is based on the localisation of the so-called D-estimators, a class
of harmonic estimators for the isotropic birefringence. In section 4.2.1 we
recall the formalism of the D-estimators and in section 4.2.2 we describe the
employment of their localisation. The idea is to apply the D-estimators to
patches of the sky in order to build maps of the birefringence angle, evaluating
the CB spectrum on angular scales larger than ∼ 7 degrees. This analysis
[35] extends the paper [34] providing constraints for the CB spectrum on a
wider multipoles range. Finally in section 4.2.3, we develop a novel class
of linear and quadratic fully harmonic-based estimators which are able to
directly evaluate the power spectrum of CB rotation angle starting from the
EE, BB and EB observed angular power spectra of the CMB anisotropies [31].

4.2.1 D-estimators
The so-called D-estimators are harmonic-based estimators able to evaluate
the isotropic birefringence angle, namely α0. They are defined through a
linear combination of the CMB spectra by the following equations [114, 115]:

DTB,obs
` (β) = CTB,obs

` cos(2β)− CTE,obs
` sin(2β) , (4.59)

DEB,obs
` (β) = CEB,obs

` cos(4β)− 1
2
(
CEE,obs
` − CBB,obs

`

)
sin(4β) , (4.60)

where β is the estimator for the isotropic angle, α0. One of their most
important features is that they depend explicitly on the multipole `. This
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makes them also suitable to search for scale dependence of the isotropic
birefringence effect.

Replacing Eqs. (4.54)-(4.58) in the ensemble average of Eqs. (4.59) and
(4.60) we find:

〈DTB,obs
` (β)〉 = sin(2(α0 − β))CTE

` + cos(2(α0 − β))CTB
` , (4.61)

〈DEB,obs
` (β)〉 = sin(4(α0 − β)) 1

2
(
CEE
` − CBB

`

)
+ (4.62)

+ cos(4(α0 − β))CEB
` ,

which are formally equal to Eq. (4.55) and Eq. (4.58) respectively with the
replacement: α0 → α0 − β. Moreover, for β = α0 we obtain

〈DTB,obs
` (β = α0)〉 = CTB

` , (4.63)
〈DEB,obs

` (β = α0)〉 = CEB
` . (4.64)

Eq. (4.63) and Eq. (4.64) tell us that if the primordial parity sensitive spectra
are zero, i.e. CTB

` = CEB
` = 0, then the D-estimators vanish for β = α0,

〈DTB,obs
` (β = α0)〉 = 0 , (4.65)

〈DEB,obs
` (β = α0)〉 = 0 , (4.66)

whatever the value of α0 is. Therefore, looking for β that nulls the expecta-
tion values of the D-estimators is equivalent to looking for the birefringence
angle α that has rotated the primordial CMB spectra. Such an estimate of
β can be obtained with a standard χ2-technique by minimising the following
quantity:

χ2
XY =

∑
`,`′
DXY,obs
`

(
CXY
``′

)−1
DXY,obs
`′ , (4.67)

where XY stands for TB or EB, DXY,obs
` is the respective D-estimator and(

CXY
``′

)−1
is the inverse of the matrix CXY

``′ = 〈DXY,obs
` DXY,obs

`′ 〉. In the present
work we employ the D-estimators following a frequentist approach: a specific
model is chosen and the matrices CXY

``′ are built for a reference model in which
α = 0, therefore the object CXY

``′ simply reduces to the XY covariance matrix.
The idea is then to test whether the observed value of α is compatible with
the null effect.

One can also minimise the combination [115]:

χ2
(TB+EB) =

∑
`,`′

(
DTB,obs
` , DEB,obs

`

)
M``′

(
DTB,obs
` , DEB,obs

`

)
, (4.68)
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where:

(M``′)−1 =
(
〈DTB,obs

` DTB,obs
`′ 〉 〈DTB,obs

` DEB,obs
`′ 〉

〈DEB,obs
` DTB,obs

`′ 〉 〈DEB,obs
` DEB,obs

`′ 〉

)
. (4.69)

In Section 4.2.2 we will show the localisation approach of the DEB
` es-

timator to build maps of birefringence angle. Moreover, in Chapter 5, we
employ the DEB

` estimator to investigate the impact of HWP non-idealities
in measuring the isotropic CB angle.

4.2.1.1 D-estimators and anisotropic CB

It is possible to show that the formalism and the properties of the D-estimators
continue to hold even in the more general framework which involves both
isotropic and anisotropic CB. An useful relation for the computation of
the D−estimators can be obtained by taking the half difference between
Eq. (4.49) and (4.50):

1
2
(
CEE,obs
` − CBB,obs

`

)
= (1− 4Vα)

[1
2
(
CEE
` − CBB

`

)
cos(4α0)+

−CEB
` sin(4α0)

]
+
∑
`1L

[1
2
(
CEE
`1 − C

BB
`1

)
cos(4α0)+

−CEB
`1 sin(4α0)

]
(−1)λ+1ML

``1C
α
L . (4.70)

Therefore replacing Eqs. (4.47), (4.48) in Eq. (4.59) and Eqs. (4.51), (4.70)
in Eq. (4.51) we obtain:

DTB,obs
` (β) = (1− 2Vα)

[
sin(2(α0 − β))CTE

` + cos(2(α0 − β))CTB
`

]
, (4.71)

DEB,obs
` (β) = (1− 4Vα)

[
sin(4(α0 − β)) 1

2
(
CEE
` − CBB

`

)
+ cos(4(α0 − β))CEB

`

]
+

+
∑
`1L

[
sin(4(α0 − β)) 1

2
(
CEE
`1 − C

BB
`1

)
+ cos(4(α0 − β))CEB

`1

]
·

· (−1)λ+1ML
``1C

α
L , (4.72)

which are formally equal to Eq. (4.48) and Eq. (4.51) respectively with the
replacement: α0 → α0 − β. Analogously to the isotropic case, for β = α0 we
find:

DTB,obs
` (β = α0) = (1− 2Vα)CTB

` , (4.73)
DEB,obs
` (β = α0) = (1− 4Vα)CEB

` +
∑
`1L

CEB
`1 (−1)λ+1ML

``1C
α
L . (4.74)
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Eq. (4.73) and Eq. (4.74) tell us that the main property of the D-estimators
still holds also when birefringence anisotropies are present: if the primordial
parity sensitive spectra are zero, i.e. CTB

` = CEB
` = 0, then the D-estimators

are null for β = α0, whatever the value of α0 is. In other words the D-
estimators are suitable to search for the isotropic birefringence angle even
when an anisotropic effect is present.

4.2.2 Localisation approach with the D-estimators

This approach follows the methodology described in [34]. From the CMB
T, Q and U maps at high resolution we build maps of the birefringence
angle α(n̂) at low resolution, which allow us to evaluate the CB spectrum
on angular scales larger than ∼ 7 degrees. We divided the CMB sky in
small regions of equal area, henceforth “patches”, following the Healpy3 [91]
pixelization scheme at Nside = 8. The sky fraction covered by one single
patch is fsky,patch = 0.13% and the total number of patches is 768.

In each of these regions we have applied the D-estimators to extract the
birefringence angle, which is assumed constant in that given region. Finally,
from the values of the CB angle in each patch, the CB auto-correlation
spectrum is evaluated through the use of a Quadratic Maximum Likelihood
(QML) method. In [35] are also provided the cross-correlation of the CB
spectrum with the T, E and B CMB fields.

The D-estimator based on the EB CMB spectra, Eq. (4.60), has more
constraining power than the one based on TB spectrum, since the latter has
a lower signal to noise ratio for the dataset we consider. Therefore we decide
to estimate α in each patch only through the minimisation of the χ2

EB:

χ2
EB =

∑
`,`′
DEB,obs
l

(
CEB
``′

)−1
DEB,obs
`′ , (4.75)

where DEB,obs
` is the D-estimator obtained with the CMB spectra extracted

in that specific patch and
(
CEB
``′

)−1
is the inverse of CEB

``′ = 〈DEB,obs
`′ DEB,obs

l 〉.
Since we employ this minimisation following a frequentist approach with the
specific model in which α0 = 0, the object CEB

``′ simply reduces to the EB
covariance matrix computed for each patch.

At the end of this process we have a map for the CB angles, from which
using a QML estimator [122], we evaluate the CB spectrum Cα

L .

3http://healpix.sourceforge.net
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4.2.3 Cα
L estimators

In this section we assume that the monopole of CB is null, and we focus
on deriving estimators able to constrain anisotropic birefringence from CMB
observed power spectra. This choice is consistent with all the current esti-
mates of α. However, in case the monopole is different from zero, it is always
possible to de-rotate the CMB spectra and remove the contribution of this
term, for example by applying the D-estimators (see section 4.2.1).

We are going to use Eq. (4.49), Eq. (4.50) and Eq. (4.51) with α0 = 0 to
develop five estimators which can be divided in two classes, the first one is
linear and the second one is quadratic in the CMB spectra. It is useful rewrite
these equations in a slightly more compact form. We start considering Eq.
4.49, that can be re-written as:

CEE,obs
` = (1− 4Vα)CEE

` +
∑
L`′

[
HL
``′,oddC

EE
`′ +HL

``′,ev C
BB
`′

]
Cα
L , (4.76)

where the matrix HL
``′,odd is defined as:

HL
``′,odd = 1− (−1)λ

2 ML
``′

=


(2`′+1)(2L+1)

π

(
` `′ L
2 −2 0

)2

(λ odd)

0 (λ even)
(4.77)

and the matrix HL
``′,ev as:

HL
``′,ev = 1 + (−1)λ

2 ML
``′ =

=


(2`′+1)(2L+1)

π

(
` `′ L
2 −2 0

)2

(λ even)

0 (λ odd)
(4.78)

Replacing the definition of Vα, i.e.

Vα =
∑
L

2L+ 1
4π Cα

L , (4.79)

we obtain:

CEE,obs
` = CEE

` +
∑
L`′

[
(−1)2L+ 1

π
CEE
`′ δ``′ +HL

``′,oddC
EE
`′ +HL

``′,ev C
BB
`′

]
Cα
L

= CEE
` +

∑
L`′

[
H̃L
``′ C

EE
`′ +HL

``′,ev C
BB
`′

]
Cα
L , (4.80)
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where the matrix H̃L
``′ is:

H̃L
``′ = HL

``′,odd −
2L+ 1
π

δ``′ . (4.81)

Thus, its final form becomes:
CEE,obs
` = CEE

` +
[
H̃L
``′ C

EE
`′ +HL

``′,ev C
BB
`′

]
Cα
L , (4.82)

where the sum over repeated indexes is understood. In an analogous way,
starting from Eq. (4.50) and Eq. (4.51), we obtain respectively:

CBB,obs
` = CBB

` +
[
H̃L
``′ C

BB
`′ +HL

``′,ev C
EE
`′

]
Cα
L , (4.83)

CEB,obs
` = CEB

` + K̃L
``′ C

EB
`′ C

α
L , (4.84)

where the KL
``′ matrix is defined as:

K̃L
``′ = (−1)λ+1ML

``′ −
2L+ 1
π

δ``′ . (4.85)

Eqs.(4.82), (4.83) and (4.84) represent the starting point from which we
derive the estimators for Cα

L . In the following section we build two linear
estimators based on EE and BB CMB power spectra, and three quadratic
estimator based on EE, BB and EB CMB power spectra. It is not possible
to develop a linear estimator based on Eq.(4.84) because CEB,obs

` vanishes
in absence of isotropic CB under the hypothesis of a null primordial EB
spectrum (as expected in the standard ΛCDM cosmological model). In order
to find expressions involving the CEB,obs

` which are sensitive to anisotropic
birefringence we have to consider higher-order statistics. In particular, we
are going to build an estimator which is quadratic in CEB,obs

` .

4.2.3.1 Linear estimators

The idea is to look for estimators EL linear in the CMB observed spectra:
EL = EL

` C
obs
` , (4.86)

where the sum over repeated indexes is understood, such that their expecta-
tion value is the spectrum of birefringence

〈EL〉 = Cα
L . (4.87)

Hence the goal is to find the two-indices object EL
` which satisfies the condi-

tion given by Eq. (4.87) and that it is also minimum variance.
Due to the (symmetry and) similarity between the EE and BB CMB

observed power spectra, see Eqs. (4.82) and (4.83), the development of es-
timators based on these spectra follows the same algebraic steps. Therefore
we show in detail the building of the linear estimator based on the EE CMB
power spectra and just provide the result from the one based on BB.
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EE-based estimator
Replacing Eq. (4.82) in Eq. (4.86) and neglecting terms beyond the linear
order in Cα

L , we find:

EL
(EE) = EL

` C
EE,obs
`

= EL
` C

EE
` + EL

`

[
H̃L′

``′ C
EE
`′ +HL′

``′,ev C
BB
`′

]
Cα
L′ . (4.88)

We take now the ensemble average of Eq. (4.88) over the CMB realisations:

〈EL
(EE)〉 = EL

` 〈CEE
` 〉+ EL

` W
L′

` C
α
L′ , (4.89)

where WL′
` is defined as:

WL′

` =
[
H̃L′

``′ 〈CEE
`′ 〉+HL′

``′,ev 〈CBB
`′ 〉

]
. (4.90)

We note that 〈EL
(EE)〉 in Eq. (4.89) is different from zero even if we switch

off the anisotropic birefringence effect. But, of course, we wish to build an
estimator whose expectation value is different from zero only if a birefringence
effect is in action. Therefore we redefine EL

(EE) as:

EL
(EE) → EL

(EE) − EL
` 〈CEE

` 〉 , (4.91)

such that the estimator becomes:

EL
(EE) = EL

` C
EE,obs
` − EL

` 〈CEE
` 〉 , (4.92)

and its expectation value reads:

〈EL
(EE)〉 = EL

` W
L′

` C
α
L′ , (4.93)

which, as desired, is now different from zero only if there is anisotropic CB
in action. Note that the term EL

` 〈CEE
` 〉 represents the contribution we have

in the standard ΛCDM model. For this reason in the following we call it
ΛCDM-noise. It is now natural to require that:

EL
` W

L′

` = δLL
′
, (4.94)

in order to have:
〈EL

(EE)〉 = Cα
L . (4.95)

This equation is exactly our initial goal, i.e. Eq. (4.87).
We now require that the estimator is not only unbiased, as given by

Eq. (4.94), but also minimum variance. Hence we apply the method of the
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Lagrange multipliers for a given L, and minimise the Lagrange function, L ,
defined as:

L (EL
` , κ) = V LL − κ

(
EL
` W

L
` − 1

)
, (4.96)

where κ is a constant, called Lagrange multiplier, which multiplies the con-
straint given by Eq. (4.94) for L = L′ and V LL is the variance of the estimator
EL

(EE), i.e.

V LL′ = 〈
(
EL − 〈EL〉

) (
EL′ − 〈EL′〉

)
〉 , (4.97)

computed for L = L′. No sum over L is understood in Eq. (4.96).
Replacing Eq. (4.92) in Eq. (4.97) and using the Wick theorem, under the

approximation that CEE,obs
` statistically behaves as a Gaussian distribution4,

it is possible to compute the covariance of the estimator, i.e. V LL′ :

V LL′ = EL
` C

EE,obs
``′ EL′

`′ , (4.98)

where the sum over ` is understood and CEE,obs
``′ is the covariance matrix of

the rotated power spectra 5, i.e.

CEE,obs
``′ = 〈

(
CEE,obs
` − 〈CEE,obs

` 〉
) (
CEE,obs
`′ − 〈CEE,obs

`′ 〉
)
〉 . (4.99)

The minimisation of Eq. (4.96) is performed through the computation of
the following derivatives:

∂L (EL
` , κ)

∂EL
`

= 0 , (4.100)

∂L (EL
` , κ)

∂κ
= 0 , (4.101)

which can be rewritten as:

2EL
`′ C

EE,obs
``′ = κWL

` , (4.102)
EL
` W

L
` = 1 . (4.103)

No sum over L is understood. The solution of Eqs. (4.102) and (4.103) reads

EL
` = κ

2 W
L
`′

(
CEE,obs
`′`

)−1
, (4.104)

4This is not true of course, but we will see that in practice this is a fairly good approx-
imation.

5Note that, when the label obs is applied on the covariance matrix it means that such
matrix contains the birefringence effect.
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where the constant, κ, is given by

κ = 2
WL
`′

(
CEE,obs
`′`

)−1
WL
`

. (4.105)

Now we can find the explicit expression for the estimator. Replacing
Eq. (4.104) in Eq. (4.92), we obtain:

EL
(EE) = κ

2 W
L
`′

(
CEE,obs
`′`

)−1 [
CEE,obs
` − 〈CEE

` 〉
]
, (4.106)

and taking the ensemble average of Eq. (4.106) we compute:

〈EL
(EE)〉 = κ

2 W
L
`′

(
CEE,obs
`′`

)−1 [
〈CEE,obs

` 〉 − 〈CEE
` 〉

]
= κ

2 W
L
`′

(
CEE,obs
`′`

)−1 [
〈CEE

` 〉+WL′

` Cα
L′ − 〈CEE

` 〉
]

= κ

2 W
L
`′

(
CEE,obs
`′`

)−1
WL′

` Cα
L′

= FLL′ Cα
L′ , (4.107)

where:
FLL′ = κ

2 W
L
`′

(
CEE,obs
`′`

)−1
WL′

` . (4.108)

We find the expectation value of Eq. (4.95) only for L = L′ and neglecting
all the off-diagonal terms6. However we wish to find Eq. (4.95) even when all
the off-diagonal terms of FLL′ are present. Hence, we define a new estimator,
i.e. ÊL, as:

ÊL
(EE) =

(
FLL′

)−1
EL′

(EE) , (4.109)

such that:

ÊL
(EE) =

(
FLL′

)−1 [
EL′

` C
EE,obs
` − EL′

` 〈CEE
` 〉

]
, (4.110)

and its expectation value reads:

〈ÊL
(EE)〉 = Cα

L . (4.111)

Eq. (4.110) represents the final algebraic expression of the linear EE-based
estimator for anisotropic birefringence.

6This should not appear as a surprise since we have obtained our solution right under
the condition L = L′.
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Note that κ drops out in Eq. (4.110). This means that we have the
freedom to choose the value of κ we like more. It is possible to show that by
replacing Eq. (4.110) in Eq. (4.97), the covariance of the estimates is:

V LL′ = 〈
(
ÊL − 〈ÊL〉)(ÊL′ − 〈ÊL′〉

)
〉

=
[
WL
`′

(
CEE,obs
`′`

)−1
WL′

`

]−1
. (4.112)

Therefore it is natural to set κ = 2 so that the inverse of the F matrix
represents the covariance of the estimates:(

FLL′
)−1

= V LL′ . (4.113)

It will be shown in Section 4.5 that the implementation of Eq. (4.110) satisfies
with a good approximation Eq. (4.113), therefore the inverse of F matrix can
be used to make forecast for future CMB experiments without the need of
producing a large set of CMB simulations.

Under the assumptions made above, the final expressions 7 of the objects
used to build the estimator become:

EL
` = WL

`′

(
CEE,obs
`′`

)−1
, (4.114)

FLL′ = WL
`′

(
CEE,obs
`′`

)−1
WL′

` , (4.115)

WL′

` =
[
H̃L′

``′ 〈CEE
`′ 〉+HL′

``′,ev 〈CBB
`′ 〉

]
. (4.116)

It is possible to show that the expectation value of the estimator, Eq. (4.111),
does not depend on the model used to build CEE,obs

`′` . In other words, the es-
timator is still unbiased, i.e. Eq. (4.111), whatever the choice of CEE,obs

`′` used
to compute the EL

` and FLL′ in Eqs (4.115) and 4.116. Obviously, the latter
have the statistical and physical meaning described above only if CEE,obs

`′` is
a description of the statistical behaviour of the simulations and data which
enter in Eq.(4.110).

BB-based estimator
Replacing Eq. (4.83) in Eq. (4.86) and following similar steps as done in the
previous section, we can build an estimator which is linear in the CBB,obs

`

power spectrum:

ÊL
(BB) =

(
FLL′

)−1 [
EL′

` C
BB,obs
` − EL′

` 〈CBB
` 〉

]
, (4.117)

7We report here for completeness also the expression for the objectWL
` , see Eq. (4.90),

even if it does not depend on the κ parameter
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and its expectation value reads:

〈ÊL
(BB)〉 = Cα

L . (4.118)

The statistical objects that enter in this second estimator (Eq 4.117),
under the choice of κ = 2, are

EL
` = WL

`′

(
CBB,obs
`′`

)−1
, (4.119)

FLL′ = WL
`′

(
CBB,obs
`′`

)−1
WL′

` , (4.120)

WL′

` =
[
H̃L′

``′ 〈CBB
`′ 〉+HL′

``′,ev 〈CEE
`′ 〉

]
. (4.121)

Also for the BB-based estimator:

• we re-find the useful relation Eq. (4.113) between the inverse of the F
matrix and the covariance of the estimates;

• its expectation value does not depend on the choice of covariance matrix
CBB,obs
`′` which enters in Eqs (4.120) and 4.121.

Summarising, starting from the expressions of the EE and BB observed
CMB power spectra, see Eqs. (4.82) and (4.83), we have developed two
new unbiased and nearly-minimum variance8 estimators for the birefringence
spectrum under the assumption that we can write their covariance as given
in Eq. (4.112).

4.2.3.2 Quadratic estimators

Now we search for estimators EL quadratic in the CMB observed spectra:

EL = Cobs
`1 E

L
`1`2C

obs
`2 , (4.122)

where the sum over repeated indexes is understood, whose expectation value
is the spectrum of birefringence:

〈EL〉 = Cα
L . (4.123)

As done for the linear estimators, we wish to compute the expression of the
three-indices object EL

`1`2 that satisfies the condition given by Eq. (4.123)
and is also minimum variance.

8The estimators are minimum variance as long as CEE` and CBB` statistically behave
as Gaussian distributions: the APS are χ2-distributed, but for ` >> 1 their distributions
tend to be Gaussian.
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The EE,BB and EB CMB observed power spectra, (Eqs. 4.82,4.83 and
4.84), have an analogous functional form, so also in this case the development
of estimators based on these spectra follow the same algebraic steps. As done
for the linear estimators, we are going to show in detail the building of the
quadratic estimator based on the EE CMB power spectra, while we will give
only the results for the other ones.

EE-based estimator
Replacing Eq. (4.82) in Eq. (4.122) and neglecting terms beyond the linear
order in Cα

L , we find:

EL
(EE2) = CEE,obs

`1 EL
`1`2C

EE,obs
`2

= CEE
`1 EL

`1`2C
EE
`2 + EL

`1`2

[
H̃L′

`2`′2
CEE
`′2
CEE
`1 +HL′

`2`′2,ev
CBB
`′2
CEE
`1

+ H̃L′

`1`′1
CEE
`′1
CEE
`2 +HL′

`1`′1,ev
CBB
`′1
CEE
`2

]
Cα
L′ . (4.124)

The ensemble average of Eq. (4.124) over the CMB realisations reads:

〈EL
(EE2)〉 = EL

`1`2C
EE,EE
`2`1 + EL

`1`2

[
H̃L′

`2`′2
CEE,EE
`′2`1

+HL′

`2`′2,ev
CBB,EE
`′2`1

+ H̃L′

`1`′1
CEE,EE
`′1`2

+HL′

`1`′1,ev
CBB,EE
`′1`2

]
Cα
L′ , (4.125)

where we have set CEE,EE
`1`2 = 〈CEE

`1 CEE
`2 〉 and C

BB,EE
`1`2 = 〈CBB

`1 CEE
`2 〉

9. Defin-
ing the symmetric statistical object WL1

`1`2 as:

WL′

`1`2 =
[
H̃L′

`2`′2
CEE,EE
`′2`1

+HL′

`2`′2,ev
CBB,EE
`′2`1

+

+ H̃L′

`1`′1
CEE,EE
`′1`2

+HL′

`1`′1,ev
CBB,EE
`′1`2

]
, (4.126)

we can rewrite Eq. (4.125) in a slightly more compact form:

〈EL
(EE2)〉 = Tr

[
ELCEE,EE

]
+ Tr

[
ELWL′

]
Cα
L′ (4.127)

where the trace operator, Tr [...], is acting on the CMB multipoles, which
are therefore omitted. Note that in the linear estimator, at fixed L, the
objects EL

` andWL
` are vectors in the CMB multipoles, while in the quadratic

formalism they become symmetric matrices. In fact EL
`1`2 is symmetric when

exchanging of the lower indexes, i.e. the CMB multipoles, by construction
9By convention, to indicate the covariance of the spectra of the CXX`1

we use the symbol
CXX`1`2

= 〈CXX`1
CXX`2

〉 − 〈CXX`1
〉 〈CXX`2

〉, meanwhile the symbol CXX,XX`1`2
reads CXX,XX`1`2

=
〈CXX`1

CXX`2
〉
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and consistently in Eq. (4.127) it is contracted only with symmetric objects
in the same lower indexes, as CEE,EE

`1`2 and WL′
`1`2 .

As done for the linear estimator, in order to build an estimator whose
expectation value is different from zero only if a birefringence effect is in
action, we redefine EL

(EE2) as:

EL
(EE2) → EL

(EE2) − Tr
[
ELCEE,EE

]
. (4.128)

Hence the estimator becomes:

EL
(EE2) = CEE,obs

`1 EL
`1`2C

EE,obs
`2 − Tr

[
ELCEE,EE

]
, (4.129)

and its expectation value reads

〈EL
(EE2)〉 = Tr

[
ELWL′

]
Cα
L′ (4.130)

which, as desired, is non-null only if there is a birefringence effect. We require
that:

Tr
[
ELWL′

]
= δLL′ (4.131)

such that the expectation value becomes exactly the birefringence power
spectrum, Eq. (4.123), and therefore the estimator is unbiased.

As done before with the linear estimators, we now require that the esti-
mator is also minimum variance, hence we apply the method of the Lagrange
multipliers for a given L, and minimise the Lagrange function, L , defined
as:

L (EL, κ) = V LL − 2κTr
[
ELWL − 1

]
, (4.132)

where the constant κ is the Lagrange multiplier which multiplies the con-
straint given by Eq. (4.131) for L = L′ and V LL is the variance of the
estimator EL

(EE2). No sum over L is understood in Eq. (4.132).
Replacing Eq. (4.129) in Eq. (4.97) and using the Wick theorem, under the

approximation that CEE,obs
` statistically behaves as a Gaussian distribution10,

it is possible to compute the covariance of the estimator, i.e. V LL′ :

V LL′ = 2Tr
[
ELDE,EEL′DE,E

]
, (4.133)

where we have set DE,E ≡ CEE,EE ,obs
`1`2 = 〈CEE,obs

`1 CEE,obs
`2 〉 to make the nota-

tion lighter.
10This is not true of course, but we will see that in practice this is a fairly good approx-

imation.
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Through the computation of the following derivatives we minimise Eq. (4.132):

∂L(EL, κ)
∂EL

= Tr
[
2(DE,EELDE,E)− κWL

]
= 0 , (4.134)

∂L(EL, κ)
∂κ

= Tr
[
ELWL − 1

]
= 0 . (4.135)

The solution of Eqs. (4.134) and (4.135) reads

EL = κ

2
(
DE,E
`1`′1

)−1
WL
`′1`
′
2

(
DE,E
`′2`2

)−1
, (4.136)

with the constant κ:

κ = 1
Tr

[
(DE,E)−1WL (DE,E)−1WL

] . (4.137)

Therefore replacing Eq. (4.136) in Eq. (4.129) gives:

EL
(EE2) = κ

2

[
CEE,obs
`1

(
DE,E
`1`′1

)−1
WL
`′1`
′
2

(
DE,E
`′2`2

)−1
CEE,obs
`2 −

−Tr
[(
DE,E

)−1
WL

(
DE,E

)−1
CEE,EE

]]
. (4.138)

The ensemble average of Eq. (4.138) reads:

〈EL
(EE2)〉 = κ

2Tr
[(
DE,E

)−1
WL

(
DE,E

)−1 (
DE,E − CEE,EE

)]
. (4.139)

Since it is possible to show that:

DE,E
`2`1 = CEE,EE

`2`1 +WL′

`2`1C
α
L′ , (4.140)

we get:

〈EL
(EE2)〉 = κ

2Tr
[(
DE,E

)−1
WL

(
DE,E

)−1
WL′

]
Cα
L′

= FLL′Cα
L′ , (4.141)

where the matrix FLL′ is defined as:

FLL′ = κ

2Tr
[(
DE,E

)−1
WL

(
DE,E

)−1
WL′

]
. (4.142)

In order to find Eq. (4.123) when all the off-diagonal terms of FLL′ are
considered, we define a new estimator, ÊL

(EE2), as:

ÊL
(EE2) =

(
FLL′

)−1
EL′

(EE2) , (4.143)
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such that:

ÊL
(EE2) =

(
FLL′

)−1 [
CEE,obs
`1 EL

`1`2C
EE,obs
`2 − Tr

[
ELCEE,EE

]]
, (4.144)

and its expectation value reads as Eq. (4.123):

〈ÊL
(EE2)〉 = Cα

L . (4.145)

Replacing Eq. (4.144) in Eq. (4.97) it is possible to compute the covariance
of the estimates:

V LL′

(EE2) =
(1

2Tr
[(
DE,E

)−1
WL

(
DE,E

)−1
WL′

])−1
. (4.146)

Eq. (4.144) represents the final algebraic expression of the EE−based qua-
dratic estimator for anisotropic birefringence. The analogy with the QML
for the angular power spectrum of CMB anisotropies, as presented in [113],
is striking: in practice they are formally the same with WL

`1`2 , as defined in
Eq. (4.126), playing the role of the Legendre polynomials, P`(ı · ) of the
standard QML method [113], with the additional difference that the P`(ı · )
are matrices labeled by ` and defined in pixel space whereas here the WL

`1`2

are matrices labeled by L and defined in the (CMB) harmonic space.
Note that, as for linear case, since κ drops out in the final expression of

the estimator (Eq. 4.144), it is possible to choose the value of κ we like more.
Since Eq. (4.146) is properly the inverse of the F matrix with κ = 1:

(
FLL′

)−1
|κ=1 = V LL′ , (4.147)

it is convenient to make this choice. The final expressions 11 of the objects
used to build the estimator choosing κ = 1 are:

EL = 1
2
(
DE,E
`1`′1

)−1
WL
`′1`
′
2

(
DE,E
`′2`2

)−1
, (4.148)

FLL′ = 1
2Tr

[(
DE,E

)−1
WL

(
DE,E

)−1
WL′

]
, (4.149)

WL′

`1`2 =
[
H̃L′

`2`′2
CEE,EE
`′2`1

+HL′

`2`′2,ev
CBB,EE
`′2`1

+

+ H̃L′

`1`′1
CEE,EE
`′1`2

+HL′

`1`′1,ev
CBB,EE
`′1`2

]
. (4.150)

11We report here for completeness also the expression for the object WL
`1`2

(Eq. 4.126)
even if it does not depend on the κ parameter
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BB-based estimator
Replacing Eq. (4.83) in Eq. (4.122) and following similar steps as done for
the EE−based, we can build an estimator which is quadratic in the CBB,obs

`

power spectrum:

ÊL
(BB2) =

(
FLL′

)−1 [
CBB,obs
`1 EL

`1`2C
BB,obs
`2 − Tr

[
ELCBB,BB

]]
, (4.151)

such that its expectation reads:

〈ÊL
(BB2)〉 = Cα

L , (4.152)

and the covariance of the estimates is:

V LL′

(BB2) =
(
FLL′

)−1
. (4.153)

The objects that enter in this estimator, Eq. (4.151), under the choice of
κ = 1, are:

EL = 1
2
(
DB,B
`1`′1

)−1
WL
`′1`
′
2

(
DB,B
`′2`2

)−1
, (4.154)

FLL′ = 1
2Tr

[(
DB,B

)−1
WL

(
DB,B

)−1
WL′

]
, (4.155)

WL′

`1`2 =
[
H̃L′

`2`′2
CBB,BB
`′2`1

+HL′

`2`′2,ev
CEE,BB
`′2`1

+

+ H̃L′

`1`′1
CBB,BB
`′1`2

+HL′

`1`′1,ev
CEE,BB
`′1`2

]
. (4.156)

EB-based estimator
Following similar steps as done in the previous section, we can build an
estimator which is quadratic in CEB,obs

` , Eq.(4.84):

ÊL
(EB2) =

(
FLL′

)−1 [
CEB,obs
`1 EL

`1`2C
EB,obs
`2 − Tr

[
ELCEB,EB

]]
, (4.157)

such that expectation value reads:

〈ÊL
(EB2)〉 = Cα

L , (4.158)

and the covariance of the estimates is:

V LL′

(EB2) =
(1

2Tr
[(
DEB

)−1
WL

(
DEB

)−1
WL′

])−1
, (4.159)

where:

DEB
`1`2 = 〈CEB,obs

`1 CEB,obs
`2 〉 , (4.160)

CEB,EB
`1`2 = 〈CEB

`1 C
EB)
`2 〉 . (4.161)
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Note that in this case, since the primordial EB spectrum is null, Eq. (4.161)
coincides with the covariance matrix of the C(EB)

` spectrum.
Moreover, under the choice of κ = 1:

EL = 1
2
(
DEB
`1`′1

)−1
WL
`′1`
′
2

(
DEB
`′2`2

)−1
, (4.162)

FLL′ = 1
2Tr

[(
DEB

)−1
WL

(
DEB

)−1
WL′

]
, (4.163)

WL′

`1`2 =
[
K̃L′

`1`′1
CEB,EB
`′1`2

+ K̃L′

`2`′2
CEB,EB
`′2`1

]
. (4.164)

It is important to note that, also for this estimator the following relation
holds: (

FLL′
)−1

= V LL′

(EB2). (4.165)
Analogously to the linear estimators, it is possible to show that the ex-

pectation values of the quadratic estimators, Eqs (4.145),(4.152) and (4.158),
do not depend on the choice of matrix DX,Y

`1`2
12 used to compute the respec-

tive EL and FLL′ objects. Obviously, the latter have the statistical meaning
described above only if DX,Y

`1`2 is a description of the statistical behaviour of
the spectra on which the estimators are applied.

4.3 Planck 2018 dataset (PR3)
In this Thesis we make use of the CMB-cleaned maps provided by the four
component separation algorithms employed in Planck, namely commander,
nilc, smica and sevem [32]. These maps, available from the Planck Legacy
Archive13 (PLA), are provided at HEALPix14 [91] resolution Nside = 2048,
with a Gaussian beam with FWHM = 5′.

In addition, we employ Monte Carlo (MC) simulations, also publicly avail-
able from the PLA, which are an updated version of the full focal plane sim-
ulations described in [123], referred as FFP10, see e.g. [75]. The FFP10 set
contains the most realistic simulations the Planck collaboration provides
to characterise its 2018 data. They consist of 1000 CMB maps extracted
from the current ΛCDM best-fit model (see section 4.5.2), which are beam
smeared and contain residuals of beam leakage [123]. These maps are com-
plemented by 300 instrumental noise simulations for the full mission and

12where (X,Y ) stand for (E,E), (B,B) and(EB) in the EE-based, BB-based and EB-
based estimator, respectively.

13Thesis is based on observations obtained with Planck (http://www.esa.int/Planck), an
ESA science mission with instruments and contributions directly funded by ESA Member
States, NASA, and Canada.

14http://healpix.sourceforge.net
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for each of the two half-mission (HM) data splits. These noise simulations,
which are provided for each frequency channel, also include residual system-
atic effects as beam leakage again, ADC non linearities, thermal fluctuations
(dubbed 4K fluctuations), band-pass mismatch and others [124]. The latter
are processed through the component separation algorithms assuming the
same weights adopted for the data.

4.4 Data analysis: localisation approach with
PR3

In this section we show the CB spectrum obtained by applying the method-
ologies described in section 4.2.2 to the Planck 2018 data for all the four
component separation algorithms employed in Planck. For this analysis
we use the half-mission (HM) version for both data and FFP10 simulations
describe in section 4.3. We have combined the first 300 CMB realisations
with the two different HM splits of 300 noise maps so to effectively have two
MC set of 300 signal and noise simulations which do contain also residuals of
known systematic effects. For each of these two MC dataset we divided the
CMB maps in the 768 patches following the Healpy15 [91] pixelization scheme
at Nside = 8. Anyway, we decided to analyse only those patches which have
at least 50% pixels left un-maksed by the the PR3 polarisation mask shown
in Figure 4.2. Figure 4.3 shows the 571 active patches on which we perform
our analysis.

As first step, in each of these regions we evaluate the EE, BB and EB
CMB power spectra in the harmonic range ` ∈ [2 − 1500] with a binning of
∆` = 60 in the multipoles. To do that we use NaMaster 16, cross-correlating
the two split maps for the data maps and for each pair of simulation maps.
Such approach is preferable for the auto-spectra since it reduces residuals
of systematic effects and noise mismatches. Figure 4.4 shows the EE, BB
and EB power spectra evaluated in three patches for commander pipeline.
The three patches, with indices 1 (blue), 207 (orange) and 542 (green) in
the Healpix RING ordering scheme, have 100%, 74.5% and 51.1% of active
pixels, respectively. The dots represent the average of the MC simulations
with the error bars the σ of the mean of the MC distribution. In the upper
panels the mean values from the MC are compared with the fiducial power
spectrum (black solid line)17. The middle plots shows the fluctuation of the

15http://healpix.sourceforge.net
16https://github.com/LSSTDESC/NaMaster
17Note that we extract the CMB power spectra not de-convolving for the beam, and
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Polarization mask - PR3

0 1

Figure 4.2: PR3 polarisation masks used to select the patches.

% of patch active pixels - PR3

50 100

Figure 4.3: Percentage of active pixels in each patch. The grey patches are not
used in the analysis.
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Figure 4.4: Upper panels: EE, BB and EB power spectra evaluated in three patches
for commander pipeline. The three patches, with indices 1 (blue), 207 (orange) and
542 (green) in the Healpix RING ordering scheme, have 100%, 74.5% and 51.1%
of active pixels, respectively. The dots points stands for the average of the MC
with the error bars the standard deviation of the mean. The average of the MC
are compared with the fiducial power spectrum (black solid line). Middle plots:
the fluctuation of the mean with respect to the expected value. Lower panels:
standard deviation of the MC.

mean with respect to the expected value: we can see how the impact of the
residuals of systematics on the FFP10 MC does not impact significantly for
the setup adopted. The lower panels show the standard deviation of the MC.

With the CMB spectra in hands we can apply in each patch the D-
estimators based on the EB CMB spectra, Eq. (4.60). By minimising the
χ2
EB in Eq. 4.75 we estimate the CB isotropic angle α0 in each patch, for the

MC simulations and data. Note that, given the low number of simulations, to
compute the covariance matrix CEB

``′ used in the χ2
EB-minimisation, we em-

ployed a NaMaster18[125] routine to estimate the gaussian covariance matrix
for the EB CMB power spectra. Figure 4.5 shows in the left column the CB
angle maps obtained from the PR3 data and the right column the maps of
standard deviation obtained from the FFP10 MC for the four Planck com-
ponent separation methods. From this figure it is evident how the structures

therefore here we convolve the fiducial power spectrum for the beam.
18https://github.com/LSSTDESC/NaMaster
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: data PR3 commander

-9 9deg

: sim. st. dev. PR3 commander

0 7deg

: data PR3 nilc

-9 9deg

: sim. st. dev. PR3 nilc

0 7deg

: data PR3 sevem

-9 9deg

: sim. st. dev. PR3 sevem

0 7deg

: data PR3 smica

-9 9deg

: sim. st. dev. PR3 smica

0 7deg

Figure 4.5: Left column: CB isotropic angle maps obtained from the PR3 2018
data for the commander, nilc, sevem and smica component separation algorithm
(from the upper to the lower panel). Right column: maps of the standard deviation
obtained from the FFP10 MC.
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Figure 4.6: CB spectrum expressed in term of band power, i.e. Dα
L = CαL

L(L+1)
2π

in the harmonic range L ∈ [1 − 24] obtained from the FFP10 MC for the four
Planck pipeline. Error bars represents the standard deviation of the mean.

present in the maps are similar for all the 4 component separation methods,
meaning that the impact of the foregrounds is negligible.

Finally, from the CB angle maps we extract the auto-correlation spec-
tra Cα

L using a Quadratic Maximum Likelihood (QML) estimator, described
in [122]. In [35] are also provide the cross-spectra between the CB and
CMB temperature and polarisation power spectra, considering also the PR4
dataset. With the aim of reduce the foreground contamination, we use only
fsky ≈ 74% of the sky, masking the the CB angles maps with a combination
of the mask in Figure 4.2, used at the beginning to exclude the patches with
less than 50% of active pixels, and the Planck temperature mask reduced
from Nside = 2048 to Nside = 8. Since the in the FFP10 MC the expected
signal is null, we consider a diagonal matrix obtained by the variance of the
simulations in the right column of Figure 4.5 to describe the covariance of the
CB angle maps in the QML-methods. Note that we have also marginalised
on the monopole to avoid spurious effect due to leaks induces by the mask.

The mean values of CB power spectrum in the harmonic range L ∈ [1−24]
obtained from the FFP10 MC for the four Planck pipeline are shown in
Figure 4.6. Here the CB spectrum is expressed in term of band power, i.e.
Dα
L = Cα

L
L(L+1)

2π
19. From this figures it is possible to note the FFP10 MC are

19We decide to show the band power also to have a direct comparison for the first 12
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Figure 4.7: CB data spectrum expressed in term of band power, i.e. Dα
L =

CαL
L(L+1)

2π in the harmonic range L ∈ [1− 24] for the four Planck pipeline. Error
bars represents the standard deviation the MC distribution.
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Figure 4.8: Solid line represents the standard deviation of CB spectrum as function
of the CB multipoles obtained from the FFP10 MC for the nilc pipeline.
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compatible within 3σ C.L. with the null effect, meaning that the impact of
the residual contained in the MC is negligible.

Figure 4.7 represents the main result of this section: the CB spectrum
obtained from PR3 data, expressed in term of band power in the harmonic
range L ∈ [1 − 24] for the four Planck pipeline. From this figure we can
note that:

• the four Planck component separation algorithm provide well-compatible
results;

• we extend the previous work [34] evaluating the CB spectrum until the
multipole 12;

• we find a compatibility with the null effect better than 0.01deg2 on the
whole harmonic range considered. In particular, from Figure 4.8, which
displays the standard deviation of CB spectrum as function of the CB
multipoles obtained from the FFP10 MC for the nilc pipeline, we can
see that the level of uncertainties goes from 0.01 to 0.004deg2.

4.5 Data analysis: Cα
` estimators

4.5.1 Implemented formalism
The final expressions of the linear and quadratic estimators, given in Eqs. (4.110),
(4.117), (4.144), (4.151) and (4.157), were obtained starting from primordial
and observed CMB power spectra at single-` and without applying any bin-
ning on the birefringence spectrum. However, an implementation of such
expressions would be computationally too heavy and could produce numer-
ically unstable results. Moreover, to reduce the errors and the correlations
between the power spectrum at different multipoles induced by the cut-sky,
the CMB observed spectra are typically provided with a binning on the mul-
tipoles. In order to make easier the application of such estimators on real
data sets and to have a solid implementation some changes need to be made.
In particular, we have chosen:

• to use the band power instead of the CMB power spectra;

• to bin both CMB and CB multipoles.

We opportunely modified the expressions of the observed CMB power spectra
Eqs.(4.82), (4.83) and (4.84) and then used the modified versions of the latter
to re-compute the expressions of the estimators.
multipoles with the results shown in [34]
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The introduction of the band power in Eqs.(4.82), (4.83) and (4.84) can
be taken into account with the following transformations:

C
(prim/obs)
` → C

(prim/obs)
`

(
`(`+ 1)

2π

)
, (4.166)

H̃L
``′ → H̃L

``′

(
`(`+ 1)
`′(`′ + 1)

)
, (4.167)

HL
``′,ev → HL

``′,ev

(
`(`+ 1)
`′(`′ + 1)

)
, (4.168)

K̃L
``′ → K̃L

``′

(
`(`+ 1)
`′(`′ + 1)

)
. (4.169)

No sum over ` and `′ is understood in Eqs. (4.167),(4.168) and (4.169).
We use two operators, P and Q [126], to bin the CMB band power and

the CB power spectra in Eqs.(4.82), (4.83), (4.84). For a set of nbins bins,
indexed by b, with respective boundaries `(b)

low < `
(b)
high < `

(b+1)
low , one can define

the binning operator P as follows:

Pb` =


1

`
(b+1)
low

−`(b)
low

, (if `min ≤ `
(b)
low ≤ ` < `

(b+1)
low )

0 , (otherwise)
(4.170)

and the reciprocal operator Q reads:

Q`b =


1 , (if `min ≤ `

(b)
low ≤ ` < `

(b+1)
low )

0 , (otherwise)
(4.171)

where `min stands for the minimum multipole considered, for the CMB it
is typically `min = 2 while for the CB it is Lmin = 1. Given the different
structure of the linear and the quadratic estimators, it is convenient to apply
a different binning scheme on the CMB multipoles. In the follow we use the
label b to indicate the bins on the CMB multipoles and B the ones on the
CB multipoles.

4.5.1.1 Linear estimators binned

For the linear estimator we apply the operator Pb` on the CMB multipoles
and the the operator QP , namely the row-by-column product between the
Q and the P operators, on the CB spectrum:

CEE,obs
b = CEE

b + Pb`
[
H̃L
``′ C

EE
`′ +HL

``′,ev C
BB
`′

]
QLBPBL′Cα

L′ (4.172)

CBB,obs
b = CBB

b + Pb`
[
H̃L
``′ C

BB
`′ +HL

``′,ev C
EE
`′

]
QLBPBL′Cα

L′ (4.173)
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where the sum over the indices are understood and the band powers C(prim/obs)
b

are obtained as C(prim/obs)
b = Pb`C

(prim/obs)
` . Replacing Eq. (4.172) and (4.173)

in Eq. (4.86) and following similar steps as done in the previous section,
we can build the binning version of the two estimators Eq. (4.110) and
Eq. (4.117). Thus:

ÊB
(EE) =

(
FBB′

)−1 [
EB′

b C
EE,obs
b − EB′

b 〈CEE
b 〉

]
, (4.174)

ÊB
(BB) =

(
FBB′

)−1 [
EB′

b C
BB,obs
b − EB′

b 〈CBB
b 〉

]
, (4.175)

and their expectation values read:

〈ÊB
(EE)〉 = Cα

B , (4.176)
〈ÊB

(BB)〉 = Cα
B, (4.177)

where Cα
B = PBL′Cα

L′ is the binned CB spectrum.
We can interpret CEE,obs

b and CBB,obs
b in Eqs. (4.174) and Eqs. (4.175)

as the CMB band power recovered by a CMB experiment under realistic
circumstances, i.e. including noise residuals, incomplete sky fraction, finite
angular resolution and also residuals of systematic effects. Once the model
is chosen, i.e. once the spectra CEE

b and CBB
b are fixed, for example to

ΛCDM model, one can employ the estimators Eqs. (4.174) and Eqs. (4.175)
to compute the Cα

B for the observations and/or for the corresponding realistic
simulations.

For these two estimators the covariance of the estimates are:

V BB′ =
(
FBB′

)−1
. (4.178)

The expressions of their statistical objects, under the choice of κ = 2, will
be:

EB
b = WB

b′

(
CXX,obs
b′b

)−1
, (4.179)

FBB′ = WB
b′

(
CXX,obs
b′b

)−1
WB′

b , (4.180)

where for the EE-based estimator:

CXX,obs
b′b = Pb′`′C

EE,obs
`′` (P`b)T , (4.181)

WB′

b = Pb`
[
H̃L′

``′ 〈CEE
`′ 〉+HL′

``′,ev 〈CBB
`′ 〉

]
QL′B′ =

= Pb`
[
WL′

`

]
QL′B′ , (4.182)
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with the symbol ()T representing the transpose of the matrix. While for the
BB-based estimator we have:

CXX,obs
b′b = Pb′`′C

BB,obs
`′` (P`b)T , (4.183)

WB′

b = Pb`
[
H̃L′

``′ 〈CBB
`′ 〉+HL′

``′,ev 〈CEE
`′ 〉

]
QL′B′

= Pb`
[
WL′

`

]
QL′B′ . (4.184)

4.5.1.2 Quadratic estimators binned

In the quadratic estimators it is more suitable to introduce the binning, using
the QP operator, also for the CMB dummy indexes of H̃L

``′ , HL
``′,ev and K̃L

``′

in Eqs.(4.82), (4.83), (4.84). In this way we can use the binned covariance
matrix to compute the WB

bb′ object:

CEE,obs
b = CEE

b + Pb`
[
H̃L
``′ Q`′b′Pb′`′′ C

EE
`′′ +

+HL
``′,evQ`′b′Pb′`′′ C

BB
`′′

]
QLBPBL′Cα

L′ , (4.185)

CBB,obs
b = CBB

b + Pb`
[
H̃L
``′ Q`′b′Pb′`′′ C

BB
`′′ +

+HL
``′,evQ`′b′Pb′`′′ C

EE
`′′

]
QLBPBL′Cα

L′ , (4.186)

CEB,obs
b = CEB

b + Pb`
[
K̃L
``′ Q`′b′Pb′`′′ C

EB
`′′

]
QLBPBL′Cα

L′ . (4.187)

Now replacing Eq. (4.185),(4.186) and (4.187) in Eq. (4.122) and following
similar steps as done in the previous section, we build the binning version of
the three quadratic estimators Eq. (4.144), (4.151) and (4.157):

ÊB
(EE2) =

(
FBB′

)−1 [
CEE,obs
b1 EB

b1b2C
EE,obs
b2 − Tr

[
EBCEE,EE

]]
, (4.188)

ÊB
(BB2) =

(
FBB′

)−1 [
CBB,obs
b1 EB

b1b2C
BB,obs
b2 − Tr

[
EBCBB,BB

]]
, (4.189)

ÊB
(EB2) =

(
FBB′

)−1 [
CEB,obs
b1 EB

b1b2C
EB,obs
b2 − Tr

[
EBCEB,EB

]]
, (4.190)

such that their expectation values read:

〈ÊB
(EE2)〉 = Cα

B , (4.191)
〈ÊB

(BB2)〉 = Cα
B , (4.192)

〈ÊB
(EB2)〉 = Cα

B , (4.193)

and the covariance of the estimates is:

V BB′ =
(
FBB′

)−1
. (4.194)
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As in the linear case, we can interpret CEE,obs
b , CBB,obs

b and CBB,obs
b in

Eqs. (4.188), (4.189) and (4.190) as the CMB band power recovered by a
CMB experiment under realistic circumstances. Once the model is chosen,
one can compute the matrices CEE,EE, CBB,BB and CEB,EB and employ the
quadratic estimators, Eqs. (4.188), (4.189) and (4.190), to evaluate the Cα

B

for the observations and/or for the corresponding realistic simulations.
The objects that enter in these estimators, under the choice of κ = 1, are:

EB
b1b2 = 1

2
(
DX,X
b1b′1

)−1
WB
b′1b
′
2

(
DX,X
b′2b2

)−1
, (4.195)

FBB′ = 1
2Tr

[(
DX,X

)−1
WB

(
DX,X

)−1
WB′

]
. (4.196)

Note that in Eq. (4.196) DX,X and WB are binned in the CMB indexes. For
the EE-based estimator DX,X = 〈CEE,obs

b1 CEE,obs
b2 〉 and:

WB′

b1b2 =
[
Pb2`2H̃

L′

`2`′2
Q`′2b

′
2
Pb′2`′′2C

EE,EE
`′′2 `1

(P`1b1)T +

+Pb2`2H
L′

`2`′2,ev
Q`′2b

′
2
Pb′2`′′2C

BB,EE
`′′2 `1

(P`1b1)T +

+Pb1`1H̃
L′

`1`′1
Q`′1b

′
1
Pb′1`′′1 C

EE,EE
`′′1 `2

(P`2b2)T +

+Pb1`1H
L′

`1`′1,ev
Q`′1b

′
1
Pb′1`′′1 C

BB,EE
`′′1 `2

(P`2b2)T
]
QL′B′ =

=
[
H̃B′

b2b′2
CEE,EE
b′2b1

+HB′

b2b′2,ev
CBB,EE
b′2b1

+

+ H̃B′

b1b′1
CEE,EE
b′1b2

+HB′

b1b′1,ev
CBB,EE
b′1b2

]
. (4.197)

For the BB-based estimator DX,X = 〈CBB,obs
b1 CBB,obs

b2 〉 and:

WB′

b1b2 =
[
Pb2`2H̃

L′

`2`′2
Q`′2b

′
2
Pb′2`′′2C

BB,BB
`′′2 `1

(P`1b1)T +

+Pb2`2H
L′

`2`′2,ev
Q`′2b

′
2
Pb′2`′′2C

EE,BB
`′′2 `1

(P`1b1)T +

+Pb1`1H̃
L′

`1`′1
Q`′1b

′
1
Pb′1`′′1 C

BB,BB
`′′1 `2

(P`2b2)T +

+Pb1`1H
L′

`1`′1,ev
Q`′1b

′
1
Pb′1`′′1 C

EE,BB
`′′1 `2

(P`2b2)T
]
QL′B′ =

=
[
H̃B′

b2b′2
CBB,BB
b′2b1

+HB′

b2b′2,ev
CEE,BB
b′2b1

+

+ H̃B′

b1b′1
CBB,BB
b′1b2

+HB′

b1b′1,ev
CEE,BB
b′1b2

]
. (4.198)

Analogously, for the EB-based estimator DX,X = 〈CEB,obs
b1 CEB,obs

b2 〉 and:

WB′

b1b2 =
[
Pb1`1K̃

L′

`1`′1
Q`′1b

′
1
Pb′1`′′1 C

EB,EB
`′′1 `2

(P`2b2)T +

+Pb2`2K̃
L′

`2`′2
Q`′2b

′
2
Pb′2`′′2C

EB,EB
`′′2 `1

(P`1b1)T
]
QL′B′ =

=
[
K̃B′

b1b′1
CEB,EB
b′1b2

+ K̃B′

b2b′2
CEB,EB
b′2b1

]
. (4.199)
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Note that:

• in our implementation we evaluate the Cα
L spectrum considering differ-

ent binning in the CMB multipoles checking that its impact in evalu-
ating the CB spectrum is reasonable negligible, as expected from the
formalism of estimators;

• we find a relation between the binning in the `-multipoles and the one
in the L-multipoles: the latter must be more aggressive than the first
one, i.e. ∆L > ∆`, otherwise the objects W , E and F would lose their
properties becoming numerically unstable objects.

4.5.2 Validation in a nearly-ideal case
We have implemented Eqs. (4.174), (4.175), (4.188), (4.189) and (4.190) in a
Python code. They have been validated with 1000 Monte Carlo simulations,
generated at Nside = 2048, where Nside is an HEALPix20 parameter which is
related to the total number of pixels, Npix, through Npix = 12N2

side. We
produced two different sets of 1000 simulated maps, given by:

set1 = S +N1 ,

set2 = S +N2 , (4.200)

where S stands for 1000 CMB signal maps and N1, N2 are two different sets
of 1000 white noise maps with variance in temperature and polarisation maps
respectively given by

σT = 1.00 µKarcmin , (4.201)
σP = 1.41 µKarcmin . (4.202)

The 1000 CMB signal maps were extracted from the Planck 2018 fiducial
spectrum [75], defined by the following parameters

Ωbh
2 = 0.022166

Ωch
2 = 0.12029

Ωνh
2 = 0.000645

ΩΛ = 0.68139
h = 0.67019
τ = 0.06018
As = 2.1196 10−9

ns = 0.96369
20https://healpix.sourceforge.io
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where h = H0/100 kms−1Mpc−1. We estimated 1000 realisations of the six
CMB angular power spectra without any binning in multipole space in the
harmonic range ` ∈ [2, 4000] employing NaMaster21[125] in cross-mode on
these two sets of maps. Such approach allows us to remove the noise bias
for the auto-spectra. Hence, the obtained CMB spectra have been validated.
Since these spectra do not contain any residual of systematics we also refer
to them as “vanilla” simulations. Note that this set of simulations do not
contain any birefringence affect.

In Figures 4.9 and 4.10 we show the validation of the linear and qua-
dratic estimators from L = 1 to L = 3000, with a binning of ∆L = 100,
obtained considering the CMB band power estimated in the multipole range
` ∈ [2, 4000] with a binning of ∆` = 5. In the five plots, given in Figures 4.9
and 4.10, one for each estimator, the upper panel displays the mean of the
Cα
B with the error bar of the mean. The error bar of the mean, σµ, is com-

puted as σµ = σMC/
√
Nsims where σMC is the standard deviation of the MC

simulations. Note that the scale on the y-axis is not equal for all the plots.
The lower panel shows the fluctuations from the expected signal (null in this
case) of the mean in units of σµ. Since the lower panels of Figures 4.9 and
4.10 provide fluctuations well within 3σ C.L. we conclude that the code is
validated.

Figure 4.11 shows the comparison in terms of the statistical uncertainties
at level of 1σMC C.L. as a function of CB multipoles, for all the estimators.
From this figure it is possible to note that:

i. the linear and quadratic estimators which are based on the same spectra
have nearly the same statistical uncertainties on the whole considered
harmonic range;

ii. for each estimator the level of uncertainties on the CB spectrum de-
creases when decreases when the birefringence multipoles L increase;

iii. the BB-based linear, Eq. (4.175), and quadratic, Eq. (4.189), estimators
are those which perform better: on the harmonic range L ∈ [1− 3000]
the 1σMC C.L. goes from ∼ 4 · 10−5deg2 to ∼ 4 · 10−7deg2. While the
quadratic EB-based estimator, Eq. (4.190), is the one with the largest
uncertainties, reaching a difference of few order of magnitude from the
others.

Finally, in Figure 4.12 we verify that the uncertainties given by inverse
of the F matrix, i.e.

√
(FBB)−1, are in agreement with what obtained from

21https://github.com/LSSTDESC/NaMaster
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Figure 4.9: Averages of ÊB(EE) (upper panel) and ÊB(BB) (lower panel) as a function
of CB multipoles, obtained from “vanilla” Monte Carlo simulations. Error bars
represent the uncertainties associated to the averages. Each panel displays also a
lower box where it is shown the distance of mean in units of standard deviation of
the mean itself. Dashed horizontal lines represent what theoretically expected for
the averages of ÊB(EE) and ÊB(BB) which are zero since in the “vanilla” MonteCarlo
simulations the CB effect is absent by construction. Note that the y-scale of upper
boxes are different for each panel.
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Figure 4.10: The same of Figure 4.9 but for the quadratic estimators ÊB(EE2) (upper
panel), ÊB(BB2) (middle panel) and ÊB(EB2) (lower panel)
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Figure 4.11: Solid lines represent the level at 1σMC C.L., i.e. the standard devi-
ation of the MC simulations, as a function of CB multipoles, obtained for all the
estimators ÊB(EE), ÊB(BB), ÊB(EE2), ÊB(BB2) and ÊB(EB2).
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Figure 4.12: Solid lines represent the ratio between the standard deviation of the
MC simulations and

√
(FBB)−1 as a function of CB multipoles. The variance of

quadratic estimators is well approximated by the inverse of the F matrix, while
for the linear estimator it tends to underestimate the MC variance.
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Monte Carlo simulations. In other words we check the relation:(
FLL

)−1
= V LL , (4.203)

which ultimately provides a justification of the approximation made upon
the statistical behaviour of CEE

` , CBB
` and CEB

` . For the quadratic estima-
tors Eq. 4.203 holds with a very good approximation. While for the linear
estimators the inverse of the F matrix tends to underestimate the variance
of MC simulations. In particular, in the harmonic range L < 2000 for the
EE-based estimator

√
(FBB)−1 is ∼ 20− 25% smaller than the standard de-

viation and for the BB-based estimator only after L > 1000 Eq. (4.203) is
satisfied with a fairly-good approximation (∼ 10%).

4.5.2.1 Correlation effect in the validation plots

The lower boxes of the validation plots for the estimators ÊB
(EE), ÊB

(BB),
ÊB

(EE2), ÊB
(BB2) point out a correlation effects which characterised the fluctu-

ations from the expected signal. It is possible to find an explanation for this
behaviour displaying the covariance matrix of the estimate V BB′ built with
the MC simulations and the inverse of the F matrix, i.e. (FBB′)−1.

Now, for simplicity, let us just take the BB-based linear estimator as an
example22. Figure 4.13 shows the elements of the covariance matrix V BB′

(upper panel) and the elements of (FBB′)−1 (lower panel) for the BB-based
linear estimator encoded with a color-map. From this figure we can note:

• the covariance of the estimate V BB′ exhibits a checkerboard pattern of
positive and negative elements which is the responsible for the corre-
lation effect in the fluctuations from the expected signal, displayed in
the lower boxes of the validation plots in Figures 4.9;

• that (FBB′)−1 matrix maps very well the pattern of the covariance
of estimates even if the amplitudes of the elements could be different
(see Figure 4.12, in particular only 52 elements over 900 (less than
6%) differ in terms of sign. Therefore Eq. (4.178) still holds also in
this regime and (FBB′)−1 well describes the covariance of the estimate,
or in other words, the statistical behaviour of the estimator. Note
that such a matrix is obtained by inverting the FBB′ matrix shown in
Figure 4.1423.

22The ÊB(EE), ÊB(BB), ÊB(EE2), ÊB(BB2) estimators show the same behaviour, see ap-
pendix A.1 for more details.

23We have checked that the inversion of the F matrix is numerically stable for each
estimator and for each setup used.
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Figure 4.13: Upper panel: elements of the covariance matrix built with the simu-
lations for the BB-based linear estimator encoded with a color-map . The checker-
board pattern of positive and negative elements produces the correlation effect we
see in the fluctuations from the expected signal (displayed in the lower boxes of the
validation plots in Figures 4.9 and 4.10). Lower Panel: elements of the (FBB′)−1

matrix of the BB-based linear estimator encoded with the same color-map. Note
that the (FBB′)−1 matrix maps very well the pattern of the covariance of estimates
even if the amplitudes of the elements could differ (see Figure 4.12, which displays
the ratio between the main-diagonal elements of the covariance matrix and the
ones of the (FBB)−1 matrix).
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Figure 4.14: elements of the FBB′ matrix of the BB-based linear estimator encoded
with a color-map. Note that value of elements increases almost monotonically
along any row from the left to the right and along any column from the top to the
bottom.
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Figure 4.15: The same of Figure 4.13 but for the EB-based estimator. Note that
here the matrices exhibit a much lower correlation pattern than in the case with
the BB-based linear estimator.
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Instead the ÊB
(EB2) estimator exhibits a much lower correlation pattern in

the fluctuations from the expected signal than the other estimators, see the
lower panel of Figure 4.10. We re-find this behaviour in the elements of the
covariance matrix V BB′ (upper panel) and the one of the (FBB′)−1 matrix
(lower panel) shown in Figure 4.15. Note that while the amplitude of the
V BB′ and (FBB′)−1 elements is pretty the same (see Figure 4.12 in which it
is compared the square root of the elements of the main diagonal), these two
matrices have 180 elements over 900 (20%) with an opposite sign. Anyway
the pattern of the covariance of the estimates is still well recognisable also
in (FBB′)−1, and therefore we can consider that Eq. (4.178) still holds with
a good approximation.

We can try to explain the correlation pattern which characterised the
EE-based and BB-based estimators (both linear and quadratic) by invoking
the fact that the latter are built starting from H̃L

``′ and HL
``′,ev, which are

objects with a checkerboard pattern of null and non-null elements for a fixed
L, while the EB-based estimator is computed from the K̃L

``′ matrix, which
for a fixed L has a full pattern.

In appendix A.1 are reported, for completeness, the covariance matrix
V BB′ and (FBB′)−1 for all the other estimators.

4.5.2.2 Dependence on the the maximum CMB multipole consid-
ered

We conclude the characterisation of our estimators checking what happens
when we change the maximum CMB multipole considered to compute the
CB spectrum. As done in the previous section, let us just take the BB-
based linear estimator as an example. We computed Cα

B from L = 1 to
L = 2000, with a binning of ∆L = 100, considering four different CMB
harmonic ranges:[2 − 2500], [2 − 3000],[2 − 3500] and [2 − 4000]. Upper
panel of Figure 4.16 shows the 1σ uncertainties as a function of the CB
multipoles considering the four different cases mentioned above. Note that
if we consider only the first 2500 multipoles in CMB to evaluate the CB in
the harmonic range L ∈ [1, 2000] we lose information. In fact, from the lower
panel of Figure 4.16 we can see that the uncertainties on CB increase by a
factor ∼ 1.5. The reason of this behaviour is given in Figure 4.17, which
displays WB

b as function of the CMB multipoles from B = 0 (corresponding
to L = 1 − 100) to B = 20 (corresponding to L = 1991 − 2000). We can
interpret the objects WB

b as a sort of window function which selects the
contribute of the different CMB multipoles to the birefringence multipoles.
From Figure 4.17 it is clear that if we want to evaluate Cα

B from L = 1 to
L = 2000, in CMB we need to go beyond the ` ∼ 2500 otherwise we cut off
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Figure 4.16: In the upper panel it is shown the comparison of the 1σ C.L. of
CαB from L = 1 to L = 2000, obtained considering four different CMB harmonic
ranges:[2 − 2500] (blue line), [2 − 3000] (orange line), [2 − 3500] (green line) and
[2− 4000] (violet line). In the lower panel it is displayed the ratio with respect to
the best one, i.e. the [2− 4000] case.
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Figure 4.17: WB
b for the BB-based linear estimator as a function of CMB multi-

poles, computed from B = 0 (corresponding to L = 1 − 100) to B = 20 (corre-
sponding to L = 1991−2000). Note that, for a fixed multipole in CMB, the slopes
of WB

b increase along the y-axis at the increasing of the CB multipole considered

a relevant contribute to curve of WB
b with B > 10.

4.5.3 Application to Planck Data
As in the analysis performed with the localisation approach, we use the half-
mission (HM) version for both data and FFP10 simulations released with
PR3 dataset and describe in section 4.3. Combining the first 300 CMB
realisations with the two different HM splits of 300 noise maps we build two
MC set of 300 signal and noise simulations which do contain also residuals of
known systematic effects. From these maps we estimate the six CMB spectra
in cross-mode, at the aim of reducing the residuals of systematic effects and
noise mismatchesin in the auto-spectra. This is done for the four component
separation methods, namely commander, nilc, smica and sevem. To test
the robustness of our analysis we perform our estimators, see Eqs. (4.174),
Eq. (4.175), Eq. (4.188), Eq. (4.189) and Eq. (4.190), on each Planck pipeline
obtaining well compatible results.

4.5.3.1 Impact of residual of systematics

As described above, the CMB signal component in the HM simulations
dataset also contains residuals of known instrumental, beam related, non-
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idealities. However, PLA does not provide a version of such systematic com-
ponent tailored to the HM splits, but only the one computed assuming the
full mission (FM) set. As a consequence the cross-mode APS estimation can-
not reduce these systematic residuals in the simulations as, instead, it would
expect to happen for real data. This issue might lead to an over-estimation
of residuals in the simulations with respect to data. In particular, we note
that for the CEE

` and CBB
` the more significant impact of systematic effects

is at large angular scales, around for ` < 100.
The FFP10 simulations do not contain any birefringence effect therefore

the average of the Cα
B obtained from this MC set should be compatible with

zero. If this does not happen then there are some residuals of systematic
effects in the FFP10 simulations which dominate the evaluation CB power
spectrum. In order to estimate the impact of these systematics, we take into
account the distance of the average of the MC with respect to the expected
signal and compared it with the statistical uncertainties in term of percent-
age. If that percentage is larger than a certain threshold, which is around
the 20% 24, than the systematic effects in the FFP10 simulations dominate
and the mean values of Cα

B of the MC are not compatible with the null effect.
We find that to minimise the systematic effects in the FFP10 simulations we
have to exclude from the analysis the first CMB multipoles, in this way the
systematic uncertainties decrease under the threshold and the MC average
fall in the 3σµ confidence region.

As done in the previous section, let us just take the BB-based linear
estimator as an example. Considering the commander pipeline, we compute
Cα
B from L = 1 to L = 1000, with a binning of ∆L = 100, taking the CMB

band power in the multipole range ` ∈ [2, 1500] with a binning of ∆` = 5. The
upper panel of Figure 4.18 shows a plot analogous to the ones of Figure 4.9.
The upper box displays the mean of Cα

B with σµ = σMC/
√
Nsims as error bar

of the mean, while the lower box shows the fluctuations from the expected
signal of the mean in units of σµ. For this configuration we get that, in the
first half of the considered CB harmonic range, the FFP10 simulations are
not compatible with the null effect. We can visualise that also from the lower
panel of Figure 4.18, which shows how the systematic error on Cα

B in terms
of percentage of the 1σMC uncertainties as a function of the CB multipoles
exceeds the 20% threshold for L < 500. Now if we re-computed Cα

B taking
the CMB spectra in the multipole range ` ∈ [102, 1500], i.e. excluding the

24This percentage depends on the number of the simulations considered. We are asking
that: |µ|σµ < 3, where |µ| is the distance of the average of the MC with respect to the
expected signal and σMC is the standard deviation of the mean. This is equivalent to ask
that: |µ|

σMC
< 3
√
Nsims. Since Nsims = 300, we get that the threshold is around ∼ 0.2 (or

in percentage ∼ 20%).
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Figure 4.18: CαB from L = 1 to L = 1000, with a binning of ∆L = 100. We apply
the BB-based linear estimator, ÊB(BB) , on the commander FFP10 simulations,
considering the CMB spectra estimated in the range ` ∈ [2, 1500] with a binning
of ∆` = 5. Upper panel shows the averages of CαB as a function of CB multipoles.
Error bars represent the uncertainties associated to the averages. Upper panel
displays also a lower box where for each bin of the CB multipoles it is shown
the distance of mean in units of standard deviation of the mean itself. Dashed
horizontal lines represent the expected value for the averages of CαB, which are
zero since in the FFP10 MC simulations the CB effect is absent by construction.
In the lower panel it is displayed the distance of the average of the MC from zero
and compared it with the 1σMC uncertainties in terms of percentage.
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Estimator `
(CMB)
min `(CMB)

max ∆`(CMB) L
(α)
min L(α)

max ∆L(α)

ÊB
(EE) 152 1500 5 1 1000 100

ÊB
(BB) 102 1500 5 1 1000 100

Table 4.1: Setup adopted for the analyses on the FFP10 simulations and data
presented in section 4.5.3.2. CαB is evaluated from L = 1 to L = 1000, with a
binning of ∆L = 100. We apply the EE- and BB-based linear estimators taking
the CMB spectra with a binning of ∆` = 5 in the range ` ∈ [152, 1500] and
` ∈ [102, 1500], respectively.

first 100 multipoles, we reduce the impact of systematic effects and the MC
simulations become compatible with the expected signal, see Figure 4.19.

Therefore we test different configurations, varying the minimum CMB
multipole considered in the analysis, in order to find the best setup which
minimises the systematic effects and makes the FFP10 simulations compat-
ible with the null effect.

4.5.3.2 CB spectrum with Linear Estimator

In this section we show and discuss the CB power spectrum obtained employ-
ing the EE- and the BB-based linear estimators, see Eqs. (4.174) and (4.175),
on the FFP10 dataset, both simulations and data, adopting the configura-
tions reported in table 4.1. Figures 4.20 and 4.21, one for each estimator,
characterise the distributions of Cα

B obtained by applying ÊB
(EE) and ÊB

(BB)
on the four Planck pipelines of the FFP10 MC. In the upper panels of these
figures, the upper box shows the mean of Cα

B with σµ = σMC/
√
Nsims as er-

ror bar of the mean, while the lower box displays the fluctuations from the
expected signal of the mean in units of σµ. In the lower panels it is shown
the statistical uncertainties at level of 1σ C.L. as a function of CB multi-
poles. See appendix A.2 for the ratio between

√
(FBB)−1 and the standard

deviations. From these figures it is possible to note that:

• adopting the configuration and in particular taking into account the
CMB band power from the minimum multipoles shown in table 4.1, the
impact of the residual of systematics in FFP10 is kept under control in
the evaluation of Cα

B ;

• the BB-based linear estimator, Eq. (4.175), is the one which performs
better: on the harmonic range L ∈ [1 − 1000] the 1σMC C.L. goes
from ∼ 1 · 10−2deg2 to ∼ 4 · 10−3deg2, reaching also a difference of
one order of magnitude from the EE-based estimators, see Figure 4.22
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Figure 4.19: The same of Figure 4.18 but here ÊB(BB) is applied considering the
CMB spectra estimated in the range ` ∈ [102, 1500], i.e. excluding the first 100
multipoles.
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Figure 4.20: CB power spectrum estimates obtained by applying the ÊB(EE) es-
timator, Eq. (4.174), on the FFP10 simulations with the configuration shown in
table 4.1. Upper panel shows the averages of CαB as a function of CB multipoles.
Error bars represent the uncertainties associated to the mean. Upper panel dis-
plays also a lower box where for each B it is shown the distance of mean in units
of standard deviation of the mean itself. Dashed lines represent what theoreti-
cally expected for the averages of CαB. In the lower panel it is displayed the 1σ
uncertainties for the four pipelines as function of the CB multipoles.
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Figure 4.21: The same of Figure 4.20 but for the ÊB(BB) estimator, Eq. (4.175),
applied to on the FFP10 simulations considering the setup in table 4.1.
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Figure 4.22: Comparisons between the ÊB(BB) (orange line) and ÊB(EE) (blue line)
estimators applied to the FFP10 Planck 2018 for the nilc pipeline in terms of 1σ
C.L. as a function of CB multipoles.

which displays the 1σ uncertainties as a function of CB multipoles for
EE-based (blue solid line) and for the BB-based (orange solid line)
estimator applied on the nilc pipeline25.

Note that in this analysis, we did not apply any de-lensing procedure on
the FFP10 dataset, therefore we aspect that subtracting the contribute of
the weak lensing on the CMB power spectra the constraining power of the
BB-based estimator will improve.

Finally Figure 4.23 shows the CB power spectrum obtained by applying
ÊB

(EE) and ÊB
(BB) to the Planck 2018 data with the setup in table 4.1. It is

important to note:

• considering the more constraining BB-based estimator we find a com-
patibility with the null effect better than 0.009 deg2 for L>400;

• the level of the uncertainties presented here is worse than previous
analyses, but we have been able to explore a much wider harmonic
range of Cα

B with Planck data [33]. The region from L=700 to L=1000
was not cover before;

25Since the estimates of CB obtained with the four Planck pipelines are well-
compatible, we can choose one pipeline to compare the uncertainties of these two esti-
mators.
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Figure 4.23: CαB estimates obtained by applying ÊB(EE) (upper panel) and ÊB(BB)
(lower panel), see Eqs. 4.174 and 4.175, to the FFP10 Planck 2018 data considering
the setup in table 4.1. For each panel, upper boxes show the averages of CαB as
a function of CB multipoles. Error bars represent the standard deviation of the
distribution. Note that in the upper panel the vertical dashed red line stands for
a change in the y-scale: the points of the left-side of the red bar are referred to
the scale on the left, while the points on the right-side are referred to the y-scale
on the right. In the lower boxes for each binning in the CB multipoles it is shown
the distance of data in units of standard deviation from zero which is the value
theoretically expected in the ΛCDM standard model (dashed horizontal lines) for
CB spectrum.
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Figure 4.24: Compatibility between the CB spectrum evaluated by applying ÊB(BB)
and ÊB(EE), see Eqs. (4.175) and (4.174), to the Planck FFP10 data for the nilc
pipeline. Each point represents the difference between the estimates of CαB obtained
with the two estimators in terms of sum of uncertainties.

• since the treatment of the foregrounds is different for each pipeline,
their high-compatibility in terms of CB spectrum tells us that the im-
pact of foreground residuals is negligible;

• the estimates of Cα
B obtained by applying ÊB

(EE) and ÊB
(BB) are very

compatible between them. In Figure 4.24 it is shown the compatibility
in units of the difference of the estimates over the sum of the square of
1σ C.L. for each binning in the CB multipoles.

4.5.3.3 CB spectrum with Quadratic Estimator

In this section we discuss the CB power spectrum obtained by applying the
EE-,BB- and EB-based quadratic estimators, see Eqs. (4.188), (4.189) and
(4.190), on the FFP10 dataset, both simulations and data, adopting the con-
figurations reported in table 4.2. We kept these results separate from the
outcomes of the analysis conducted in the previous section because in this
case the minimisation of the systematics introduced by the CMB spectra
turned out to be not completely stable yet. For the EB-based estimator
there is no need to exclude any multipole of the CMB in the analysis. In-
stead, for the EE- and the BB-based quadratic estimators, the systematics
become subdominant by excluding the first multipoles up to ` = 202 for both
the estimators, but contrary to what is expected, if further multipoles are
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Estimator `
(CMB)
min `(CMB)

max ∆`(CMB) L
(α)
min L(α)

max ∆L(α)

ÊB
(EE2) 202 1500 5 1 1000 100

ÊB
(BB2) 202 1500 5 1 1000 100

ÊB
(EB2) 2 1500 5 1 1000 100

Table 4.2: Setup adopted for the analyses on the FFP10 simulations and data
presented in section 4.5.3.3. CαB is evaluated from L = 1 to L = 1000, with a
binning of ∆L = 100. Note that for the EE- and BB-based estimators we exclude
the first CMB multipoles until `(CMB)

min = 202, while for the EB-based estimator,
we consider the whole harmonic range, i.e. ` ∈ [2, 1500].

excluded, the systematics begin to impact on the estimation of the birefrin-
gence spectrum. In order to better understand this behaviour we need to
produce a set of "vanilla" simulation, i.e. without systematic effects, with a
Planck-like noise level and repeat the analysis. This analysis is left for future
works.

Figures 4.25, 4.26 and 4.27, for the ÊB
(BB2), ÊB

(EE2) and ÊB
(EB2) respectively,

are the analogues of Figures 4.20 and 4.21 shown in the previous section. In
the upper panels of these figures, the upper box shows the mean of Cα

B with
σµ = σMC/

√
Nsims as error bar of the mean, while the lower box displays

the fluctuations from the expected signal of the mean in units of σµ. In the
lower panels it is displayed the statistical uncertainties at level of 1σ C.L. as
a function of CB multipoles. In the appendix A.2 it is displayed the ratio
between

√
(FBB)−1 and the standard deviations.

From these figures it is possible to note that the BB-based quadratic
estimator, Eq. (4.189), is the one which performs better for the quadratic
ones. Anyway the corresponding linear estimators are still more constraining.
Figure 4.28 shows the comparison in terms of the 1σ C.L. as a function of
CB multipoles for all the estimators considering the nilc pipeline. This plot
says us that:

• unlike in the "Vanilla" case, see Figure 4.11, here the linear and qua-
dratic estimators based on the same spectra do not have the same per-
formance in terms of uncertainties of the CB spectrum, this because
here the information does not saturate;

• the BB-based linear estimator remains the one with more constraining
power on the whole harmonic range considered.

Figure 4.29 shows the CB power spectrum obtained by applying ÊB
(EE2),

ÊB
(BB2) and ÊB

(EB2) to the Planck 2018 data with the setup in table 4.2. As
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Figure 4.25: CB power spectrum estimates obtained by applying the ÊB(EE2) es-
timator, Eq. (4.188), on the FFP10 simulations with the configuration shown in
table 4.2. Upper panel shows the averages of CαB as a function of CB multipoles.
Error bars represent the uncertainties associated to the mean. Upper panel dis-
plays also a lower box where for each B it is shown the distance of the mean in
units of standard deviations of the mean itself. Dashed lines represent what theo-
retically expected for the averages of CαB. In the lower panel it is displayed the 1σ
uncertainties for the four pipelines as a function of the CB multipoles.
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Figure 4.26: The same of Figure 4.25 but for the ÊB(BB2) estimator, Eq. (4.189),
employed on the FFP10 simulations considering the setup in table 4.2.
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Figure 4.27: The same of Figure 4.25 but for the ÊB(EB2) estimator, Eq. (4.190),
employed on the FFP10 simulations considering the setup in table 4.2.
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Figure 4.28: Here the comparison of the 1σ uncertainties as a function of CB
multipoles for all the estimators developed in this analysis, namely ÊB(BB) (solid
orange line), ÊB(EE) (solid blue line), ÊB(BB2) (dashed orange line), ÊB(EE2) (dashed
blue line) and ÊB(EB2) (dashed green line), see Eqs. (4.175), (4.174), (4.189), (4.188)
and (4.190), when employed on the FFP10 dataset for the nilc pipeline.

for the estimates obtained with the linear estimators:

• we find a compatibility with null effect;

• the high-compatibility of the CB spectrum evaluated from different
pipelines tells us that the impact of foreground residuals is negligible.

Note that, before to employ ÊB
(EB2) on the Planck 2018 data we have applied

a de-rotation of the CMB EB data spectrum to remove the contribution of
the monopole of CB. We consider an angle of α0 = 0.27 deg, which is the
value of CB isotropic angle provided by the PR3 [75].

4.6 Conclusions
In this chapter we use CMB polarisation observations to constrain the ani-
sotropic CB effect. We propose two complementary approaches aiming at
evaluating the CB power spectrum.

1. In the first approach, based on the methodology described in [34], we
use the localisation of the so-called D-estimators to built maps of the
birefringence angle and thus constraining the CB spectrum on angular
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Figure 4.29: The same of Figure 4.23 but for the quadratic estimators: CαB es-
timates obtained by employing ÊB(EE2) (upper panel) and ÊB(BB2) (middle panel)
and ÊB(EB2) (lower panel), see Eqs. 4.174 and 4.175, on the FFP10 Planck 2018
data considering the setup in table 4.2. Note that the red dashed bar in the upper
panel, as in Figure 4.23, stands for a change in the y-scale.
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scales larger than ∼ 7 degrees. Considering the Planck PR3 dataset
(see section 4.3) we evaluate the CB spectrum for each multipole L in
the harmonic range L ∈ [1− 24] (see Figure 4.7), obtaining a compat-
ibility with the null effect with a precision better than 0.01 deg2 (see
Figure 4.8).

2. In the second approach we develop a novel class of linear and quadra-
tic harmonic-based estimators which are able to directly evaluate the
power spectrum of CB rotation angle starting from the EE, BB and
EB observed angular power spectra of the CMB anisotropies.

• We use 1000 Monte Carlo ’vanilla’ simulations to validate and
assess the performances of the Python implementation of these
estimators, see Eqs. (4.174), (4.175), (4.188), (4.189) and (4.190).
We evaluate the CB effect in the harmonic range L ∈ [1 − 3000]
with a binning of ∆L = 100 on the CB multipoles. We show
that the BB-based linear and quadratic estimators are those which
perform better: the standard deviations of the MC distribution
spaces from ∼ 4 · 10−5deg2 to ∼ 4 · 10−7deg2 on the considered
harmonic range (see Figure 4.11).

• We have employed these estimators on Planck 2018 Release (PR3)
both data and FFP10 MC simulations. While for the EE- and
BB-based linear estimator we found stable configurations (see
table 4.1) to minimise the residuals of systematics contained in
the FFP10 MC, for the quadratic estimators the configurations
adopted (table 4.2) turned out to be not completely stable yet
and they need further investigations. Considering the most con-
straining estimator, i.e. the linear one based on the BB power
spectrum, we evaluate the CB spectrum of Planck 2018 data on
the harmonic region L ∈ [1 − 1000] with a binning of ∆L = 100
(Figure 4.23). We find a compatibility with the null effect better
than 0.009 deg2 for L>400: in particular the standard deviation of
the distribution goes from ∼ 1 · 10−2deg2 to ∼ 4 · 10−3deg2 (4.21).
Even if the level of the uncertainties presented here is worse than
previous analyses, we have been able to explore a much wider har-
monic range of Cα

B with Planck data [33], since the region from
L=700 to L=1000 was not covered before. Anyway, a detailed
comparison with other techniques is left for future works.

In this analysis, we have not applied any de-lensing procedure on both
the FFP10 dataset and the ’vanilla’ MC simulations (which are built
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from the Planck fiducial). We expect that subtracting the contribute
of the weak lensing on the CMB power spectra the constraining power
of the BB-based estimators will improve.



Chapter 5

Half-wave plate non-idealities

5.1 Introduction

The CMB temperature observations have greatly contributed to build the
ΛCDM cosmological model. With the Planck ESA mission, CMB tempera-
ture anisotropies have been observed at the cosmic variance limit, but po-
larisation remains to be further investigated: in particular, informations in
the E-modes have not been fully extracted yet and the primordial B−mode,
essential to detect the primordial gravitational waves [127, 73], have not
been detected and only the upper limits are provided. The measure of CMB
polarisation represents a technological challenge, since the polarised signal
is much fainter than the signal in temperature. Future CMB experiments
aimed at detecting primordial B-mode are designed to observe CMB polari-
sation with exquisite accuracy and precision. In order to make this possible,
residual of instrumental systematics has to be carefully measured. Unfortu-
nately, the lack of suitable astrophysical calibration sources in the microwave
frequency band makes optical systematics, i.e. spurious signals due to im-
perfect telescopes, a concern for CMB polarisation observation.

An attractive approach to minimise spurious polarisation in order to mea-
sure the weak CMB polarisation, is the use of a half-wave plate (HWP). The
latter is a birefringent optical element that shifts the polarisation angle of
linearly polarised light that passes through. The shift depends on the orien-
tation of the plate, which allows modulation of the polarised sky signal by
rotation of the HWP. This class of modulators is currently used in various
CMB experiments, such as MAXIPOL [37], POLARBEAR [38, 39], ABS [45],
SPIDER [36], PILOT [128], BLAST [129], EBEX [130]. In addition, several
upcoming B-mode experiments are planning to use HWPs; see e.g. the Si-
mons Observatory small-aperture telescopes [42] and the proposed LiteBIRD

129
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satellite [40, 41].
An ideal rotating HWP only modulates the linearly polarised sky signal

and therefore allows one to cleanly separate this desired signal from unpo-
larised sky signal. Non-ideal HWPs impede perfectly controlled modulation
and indirectly cause spurious polarised signal of their own. Consequently,
there exists a rich body of literature describing the optical impact of HWPs,
including descriptions of various HWP non-idealities [44, 45, 46, 43] and miti-
gation strategies [47, 48, 49, 50]. In order to efficiently modulate polarisation
over a wide frequency range, necessary to separate astrophysical foregrounds
from the CMB signal, an achromatic half-wave plate (AHWP) is likely re-
quired [39, 131]. The latter consist in a combinations of layers of birefrin-
gent materials that, unlike the single-layer HWPs, can behave in an almost
achromatic manner. In fact, the modulation efficiency of single birefringent
crystals is constant over a relatively small frequency range and the plate will
cause loss in linear polarisation for signals outside that frequency range. AH-
WPs largely remove the frequency-dependent loss in polarisation modulation
efficiency, but they can also rotate the polarisation angle of linearly polarised
light by a frequency-dependent angle. This angle offset, which can be sig-
nificant for certain AHWP configurations, is potentially troublesome. When
present, an observer needs prior knowledge of the spatial and spectral energy
distribution of various astrophysical sources in order to correctly interpret
the modulated sky signal. For instance, a sky region dominated by polarised
dust requires a different angle correction compared to the one dominated by
the polarised CMB [47, 132].

In section 5.2 we study how different (A)HWP configurations, see ta-
ble 5.1, optimised for detectors sensitive to both 95 and 150 GHz impact our
ability to reconstruct primordial B-mode polarisation in the CMB, paying
particular attention to possible biases arising from the interaction of fre-
quency dependent HWP non-idealities with polarised Galactic dust emission
and the interaction between the HWP and the instrumental beam. This
analysis is the outcome of the collaboration with Dr A. J. Duivenvoorden,
Dr A. E. Adler, Dr. N. Dachlythra, Dr J. E. Gudmundsson at the Stockholm
University [51]. To produce these simulations, we extended the capabilities of
the publicly available beamconv1 code, first described in [52]. To our knowl-
edge, we produced the first time-domain simulations that include both HWP
non-idealities and realistic full-sky beam convolution. With the upgraded
version of beamconv, we have been able to estimate the contamination of the
BB power spectrum due to the interplay between dust modelling, beam and
HWP non-idealities.

1https://github.com/AdriJD/beamconv

https://github.com/AdriJD/beamconv


5.2. HWPS SYSTEMATICS WITH BEAMCONV 131

We conclude the chapter presenting in section 5.3 a preliminary applica-
tion of the realistic CMB simulations produced with beamconv. We use the
latter to investigate instrumental contamination which could specifically bias
the measure of the CB effect in view of future and present CMB missions.

5.2 HWPs systematics with beamconv

In this analysis, through the extended version of beamconv code, we simu-
late the interaction between the HWP non-idealities and a realistic polarised
beam and point out the importance of this potential systematic. In sec-
tion 5.2.1 we introduce the mathematical framework and the data model
used for the simulations. After a brief introduction on the Mueller matrix
description of an HWP (see e.g. [133, 134, 135, 136, 137]), we derive a data
model for a typical CMB polarisation experiment (see section 5.2.1.2) which
considers the effects of a non-ideal HWP combined with beam convolution
on the time-ordered data (TOD). We generalize the one presented in [44]
to the case of multi-layer HWPs and arbitrary shaped and non-trivially po-
larised beams. In section 5.2.2 the description of our fiducial instrument, the
HWP properties, the proposed scanning strategy and the input sky models
are presented. Results are given in section 5.2.3: we provide the residual
power spectra obtained from the HWP configurations in table 5.1, consider-
ing firstly a symmetric gaussian beam and then realistic beam models with
non-negligible cross-polarization and sidelobes. We show also how certain
AHWP configurations produce significant systematic polarisation angle off-
sets that vary for sky components with different frequency dependence.

Throughout this section we make use of the Einstein summation conven-
tion: pairs of upper and lower indices are implicitly summed over. We use
θ and φ to denote the polar and azimuthal angles of the standard spherical
coordinate system. The metric of the sphere is given by gij = diag(1, sin2 θ)
in these coordinates.

5.2.1 Mathematical Framework

In beamconv code [52] it is considered the case where the time-ordered data
(TOD), i.e. the raw data, depends linearly on the sky signal in the pixel
space, i.e. the map. In this approach it is possible to write a generic data
model of a CMB experiment in matrix notation as:

d = As + n , (5.1)
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where d is the n-dimensional time-ordered data, s is the sky signal, A is the
linear transformation which relates d to s and n represents the additive noise
in the time-domain. After the data d are measured, in order to produce an
estimate ŝ of the sky signal in the pixel space, one need to solve the inverse
problem d 7→ ŝ:

ŝ =
(
ATN−1A

)−1
ATN−1d, (5.2)

with N−1 matrix stands for the inverse of the noise autocorrelation matrix
in the time-domain. The process described in Eq. (5.2) is called map-making
[138]. Without loss of generality, we can take a gaussian noise n with zero
mean, so the N−1 matrix is N = 〈nnT 〉. Under this assumption, the noise of
the sky estimate ŝ is described as a mean zero random gaussian field with a
noise covariance matrix CN in the pixel basis defined as:

CN =
(
ATN−1A

)−1
. (5.3)

Inside the matrix A is encoded the modeling of the optics of the instru-
ment which describes how the latter transforms the sky signal s before it is
absorbed by the detectors of the instrument. In map-making procedure op-
tical systematics are then caused by an incomplete description of A during
the process. Uncertainties in optical calibration and numerical limitations
generally force CMB analyses to employ rather crude descriptions of their
instrument’s optical response. Simplified versions of A are thus generally
used to calculate Eq. (5.2) and Eq. (5.3).

In order to evaluate the resulting bias in the sky signal and the derived
power spectra, the approach employed in beamconv is to simulate the forward
process s 7→ d as realistically as possible while using the standard simplified
map-making techniques to perform d 7→ ŝ. Therefore the aim becomes to
find the more realistic model which describes the time-ordered data. In the
updated version of beamconv code [51] the implemented data model considers
the interaction between all-sky beam convolution with asymmetric beams and
non-ideal HWPs.

5.2.1.1 Half-wave plate Mueller Matrix

We start by describing the polarised sky signal incident from direction n̂ and
at frequency ν as a Stokes vector:

Ssky(n̂, ν) =


I
Q
U
V

 (n̂, ν) . (5.4)
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Figure 5.1: Sketch of the telescope model used for this study. Light coming in
from the left interacts with an HWP before hitting the primary lens. Light from
the primary lens then gets further focused by the secondary lens before hitting the
focal plane (on the right). The edge pixel has a beam centroid of 14° relative to
boresight (see ray-bundle emitted from top right corner). Figure taken from: [51]

Here, I represents the total intensity of the radiation, while Q and U describe
the linearly polarised part of the radiation and V describes the circularly
polarised component. Stokes vectors have real elements that obey

I ≥
√
Q2 + U2 + V 2 . (5.5)

The above inequality is saturated for completely polarised light, while the
right hand side of the equality goes to zero for unpolarised light.

Mueller matrices describe the set of linear transformations that trans-
form Stokes vectors to other valid Stokes vectors. Linear optical media such
as HWPs are described by Mueller matrices. Multiplying a Stokes vector
by such a Mueller matrix describes how the HWP alters the polarisation
properties of the radiation described by the Stokes vector.

Half-wave plates are optical elements used to change the polarisation state
of an incident wave, by inducing a predetermined phase difference between
two perpendicular polarisation components. A traditional HWP design in-
volves a single layer of birefringent crystal cut to a thickness such that the
phase shift incurred from a particular wavelength at normal incidence is
exactly half a period. In other words, incoming linear polarisation is de-
composed into two orthogonal linear polarisations along the crystal axes of
the sapphire, i.e. ordinary and extraordinary axes. These two waves travel
at different speeds. The sapphire thickness is chosen to produce a π phase
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shift between these two waves, which reflects the incoming polarisation along
the extraordinary axis of the crystal. As a result, the polarisation rotates
by an angle of 2αt, where the angle between the fast axis and the incoming
polarisation is αt (see Figure 2 of [45]). Rotating the HWP thus results in
a controlled modulation of the incoming linear polarisation. There are two
different regimes of modulation speed: one that is much slower, i.e. stepped
rotation, and the other much faster, i.e. continuous rotation.

In the Mueller formalism, an HWP comprised of a single layer of birefrin-
gent material and any number of layers of isotropic dielectric materials can
be represented through a matrix characterized by four parameters:

MHWP(ν) =


T ρ 0 0
ρ T 0 0
0 0 c −s
0 0 s c

 (ν) (single layer) , (5.6)

where T can be interpreted as the total transmission, ρ as the difference in
transmission between the fast and the slow axes, c as the linear polarisation
response and, s as the coupling to circular polarisation. The values of these
parameters can be directly linked to the Fresnel coefficients for reflection
and transmission. For an ideal HWP, we note that T = 1 = −c and ρ =
s = 0. For a real single-layer HWP these elements are instead variable
and dependent on the frequency and the incidence angle of the incoming
radiation. Figure 5.1 shows how the angle of incidence made by light hitting
the HWP changes significantly as one moves across the focal plane. For wide
field-of-view telescopes, this incidence angle can be as large as 17° [42].

In [139] it is shown that there exists combinations of layers of birefringent
materials that, unlike the single-layer HWPs, can behave in an almost achro-
matic manner. The resulting achromatic half-wave plates (AHWPs) have
a low frequency dependence in polarisation modulation efficiency across a
broad frequency range. This is achieved by introducing a relative rotation
angle for one or several of the birefringent layers such that not all of the fast
optical axes are aligned. The setup is discussed in detail in [140]. A compli-
cation of AHWPs is their effective frequency-dependent rotation angle offset.
We will come back to this issue in section 5.2.2.4.

The Mueller matrix of an AHWP, being composed of more than one
birefringent layer, cannot be adequately described by the four parameters
in Eq. (5.6). Instead, the transfer matrix method (TMM) can be used to
generate an appropriate Mueller matrix. The TMM formalism captures the
response of materials that are composed of any collection of dielectric and
birefringent media. For the work presented here, we use the publicly available
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code described in [134] to calculate the Mueller matrices of the HWPs that
we study.2

5.2.1.2 Data model

We model the TOD of a single incoherent detector of a CMB polarimeter as
follows:

dt =
∫

dν F (ν)
∫

dΩ(n̂) I(t)
tot(n̂, ν) + nt . (5.7)

Since a incoherent detector is only sensitive to total intensity, the signal
incident on the detector I(t)

tot depends on the Stokes vector of the sky Ssky,
but it is a scalar quantity. The signal is time-varying, the index t runs
over the number of recorded time samples. The frequency passband of the
detector and the additive noise are denoted by F (ν) and nt respectively.

To describe how the polarisation of the sky couples to the instrument, we
express I(t)

tot in terms of the trace of the product of two density matrices: one
that describes the polarisation state of the sky Wsky and one time-varying
density matrix W(t)

instr that describes the instrumental response on the sky
[141, 142, 143]:

I
(t)
tot(n̂, ν) = 2 Tr

(
W(t)

instrWsky
)

(n̂, ν) . (5.8)

The density matrices are rank 2 tensor fields defined on the sphere that
contain the same polarisation state information as the Stokes vectors. In
fact, it is possible to express a density matrix W in terms of a Stokes vector
Sµ = {I,Q, U, V } using

W(n̂, ν) = Sµ(n̂, ν)σµ(n̂) , (5.9)

where σµ is given by the identity matrix and the (permuted) Pauli matrices
defined on the sphere: σµ = {σ0,σ3,σ1,σ2}, with:

(σ0)ij =
(

1 0
0 sin2 θ

)
, (5.10)

(σ3)ij =
(

1 0
0 − sin2 θ

)
, (5.11)

(σ1)ij =
(

0 sin θ
sin θ 0

)
, (5.12)

(σ2)ij =
(

0 −i sin θ
i sin θ 0

)
. (5.13)

2https://github.com/tomessingerhileman/birefringent_transfer_matrix

 https://github.com/tomessingerhileman/birefringent_transfer_matrix
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The additional factors of sin θ compared to the standard Pauli matrices are
a consequence of the metric of the assumed spherical coordinates: gij =
diag(1, sin2 θ). The tensor nature of the polarisation state is explicit in the
density matrix formulation, it is implicit in the Stokes vector formulation.
Using the standard spherical coordinate system, the elements of the sky
density matrix are given by(

Wsky
)
ij

(n̂, ν) = 1
2

(
I +Q (U − iV ) sin θ

(U + iV ) sin θ (I −Q) sin2 θ

)
(n̂, ν) . (5.14)

While the time-dependent instrumental density matrix is similarly expressed
as (

W
(t)
instr

)
ij

(n̂, ν) =

1
2

 Ĩ
(t)
i + Q̃

(t)
i

(
Ũ

(t)
i − iṼ (t)

i

)
sin θ(

Ũ
(t)

i + iṼ (t)
i

)
sin θ

(
Ĩ

(t)
i − Q̃

(t)
i

)
sin2 θ

(n̂, ν) ,
(5.15)

where we have used a tilde to distinguish these Stokes parameters from those
of the sky. The t and i indices denote that the parameters are time dependent
and correspond to the instrument (i.e. the combination of beam and HWP),
respectively.

Both density matrices in Eq. (5.8) are defined with respect to the same
coordinate basis that is fixed relative to the sky. As a result, the instrumental
density matrix W(t)

instr is time dependent due to the continuous rotation of the
instrument with respect to the sky (another time dependence is due to the
HWP rotation, which is kept implicit for now). This time dependence can be
factored out by considering the instrumental density matrix in a coordinate
system fixed relative to the instrument. Let us denote the density matrix
in the instrument frame by W(0)

instr. The two frames are connected by a 3D
rotation Rt that we define as the rotation that would align the instrument
frame to the frame fixed relative to the sky. We can thus perform an active
rotation of the W(0)

instr tensor by Rt to get back W(t)
instr:(

W
(0)
instr

)
ij

(n̂, ν) 7→
(
W

(t)
instr

)
ij

(n̂, ν)

= Λ k
i (Rt)Λ l

j (Rt)
(
W

(0)
instr

)
kl

(R−1
t n̂, ν) .

(5.16)

The Λ matrices are matrix representations of the 3D rotation Rt that rotates
the vector n̂ from the instrument frame to the frame fixed on the sky [144].

The 3D rotation from the instrument frame to the sky frame can be
parameterized using 3 time-dependent Euler angles:

Rt = R(ψt, θt, φt) . (5.17)
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The ψt, θt, and φt angles quantify right-handed rotation around the three
axes of 3D Cartesian coordinate frame, namely X, Y, and Z. Note that in
such frame the Z axis point towards the centre of the instrumental response,
i.e. the beam centre. The 3D rotation is then achieved by a sequence of 3
right-handed rotations.

Under the rotation Rt the W(0)
instr tensor transforms as Eq. (5.16). While

it is possible to evaluate the transformation directly, we follow [144, 145] and
perform it in the spherical harmonic domain instead. In order to derive the
harmonic-domain version of the data model, we start expressing the data
model in terms of the Stokes parameters of the instrument and the sky by
inserting Eq. (5.8) in Eq. (5.7):

dt =
∫

dν F (ν)
∫

dΩ(n̂)
(
IĨ

(t)
i +QQ̃

(t)
i

+ UŨ
(t)

i + V Ṽ
(t)

i

)
(n̂, ν) .

(5.18)

Note that we omit the noise term for brevity. The instrumental Stokes pa-
rameters in the above equation are defined in a basis fixed to the sky and thus
change continuously as the telescope scans over the sky. In this derivation
we will however first express the data model in the harmonic domain before
performing the transformation between sky and instrument coordinate frame
is given by Eq. (5.16)

By working in the harmonic domain we can make use of the fact that
a generic set of spin-weighted spherical harmonic (SWSH) coefficients f (0)

`m

defined with respect to the coordinate basis fixed to the instrument transform
as follows:

f
(0)
`m 7→ f

(t)
`m =

√
4π

2`+ 1
∑̀
s=−`

f
(0)
`s sY`−m(θt, φt)e−isψt , (5.19)

when we instead define the coefficients with respect to the coordinate frame
fixed relative to the sky. Here sY`m is a spin-s spherical harmonic [146, 147].

In a manner similar to [148], we do not directly work with the Q and U
Stokes parameters. We find it more convenient to work with the complex
field P ≡ Q + iU and its complex conjugate, as these quantities transform
under the spin-weighted representations of the rotation group (see e.g. [73]).

To make use of Eq. (5.19) it is necessary to know the SWSH coefficients
for each of the different Stokes parameters in Eq. (5.18). Using the transfor-
mation rule for the density matrix in Eq. (5.16), we may illustrate why Ĩ (t)

i ,
and Ṽ (t)

i should be expanded into regular (spin-0) spherical harmonics and
why

P̃
(t)

i = Q̃
(t)
i + iŨ (t)

i , (5.20)
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ought to be expanded in spin-2 spherical harmonics. We note that the Λ
matrices in Eq. (5.16) generally depend on the ψt, θt, and φt angles that
describe Rt but that in the case where Rt describes a right-handed rotation
around n̂ by an angle ψt the matrices are simply given by

Λ j
i (Rn̂(ψt)) =

(
cosψt sinψt
− sinψt cosψt

)
. (5.21)

It is straightforward to check that when this specific rotation is applied
to W(t)

instr, the Ĩ
(t)
i and Ṽ (t)

i elements remain invariant, while the elements of
the symmetric trace-free part, Q̃ (t)

i and Ũ (t)
i , transform as a spin-2 field:(

Q̃
(t)
i ± iŨ (t)

i

)
(n̂) 7→ e∓2iψt

(
Q̃

(t)
i ± iŨ (t)

i

)
(n̂) . (5.22)

We now expand the instrumental Stokes parameters into the appropriate
spin-weighted spherical harmonics:

Ĩ
(t)

i (n̂, ν, αt) =
`max∑
`=0

∑̀
m=−`

b
Ĩ

(t)
i
`m (ν, αt)Y`m(n̂) , (5.23)

P̃
(t)

i (n̂, ν, αt) =
`max∑
`=2

∑̀
m=−`

2b
P̃

(t)
i
`m (ν, αt)2Y`m(n̂) , (5.24)

Ṽ
(t)

i (n̂, ν, αt) =
`max∑
`=0

∑̀
m=−`

b
Ṽ

(t)
i
`m (ν, αt)Y`m(n̂) . (5.25)

The Stokes parameters of the sky are expanded in a similar manner:

I(n̂, ν) =
`max∑
`=0

∑̀
m=−`

aI`m(ν)Y`m(n̂) , (5.26)

P (n̂, ν) =
`max∑
`=2

∑̀
m=−`

2a
P
`m(ν)2Y`m(n̂) , (5.27)

V (n̂, ν) =
`max∑
`=0

∑̀
m=−`

aV`m(ν)Y`m(n̂) , (5.28)

The different b coefficients are spin-weighted spherical harmonic (SWSH)
coefficients that describe W(0)

instr, while the different a SWSH coefficients cor-
respond to Wsky. The sum over ` runs from 0 to the harmonic band-limit of
the beams: `max, while the sums over m run from −` to `.

We insert Eqs. (5.23)-(5.28) into Eq. (5.18) to produce the following ver-
sion of the data model:

dt =
∫

dνF (ν)
`max∑
`=0

∑̀
m=−`

{[
b
Ĩ

(t)
i
`m (ν, αt)

]∗
aI`m(ν)

+ Re
([

2b
P̃

(t)
i
`m (ν, αt)

]∗
2a
P
`m(ν)

)
+
[
b
Ṽ

(t)
i
`m (ν, αt)

]∗
aV`m(ν)

}
.

(5.29)
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To obtain this expression, we have made use of the orthogonality of the
spin-weighted spherical harmonics:∫

S2
dΩ(n̂)sY`m(n̂)sY ∗`′m′(n̂) = δ`,`′δm,m′ . (5.30)

Note that the bĨ
(t)
i
`m , 2b

P̃
(t)
i
`m , and bṼ

(t)
i
`m coefficients in Eq. (5.29) are still defined

on the basis fixed to the sky, so they are time dependent (they change as
the telescope scans over the sky). We may now use Eq. (5.19) to relate these
time-varying coefficients to those defined with respect to the coordinate frame
fixed to the instrument. Under the rotation Rt the following relationships
hold:

b
Ĩ

(0)
i
`m (αt) 7→ b

Ĩ
(t)

i
`m (αt)

= q`
∑̀
s=−`

b
Ĩ

(0)
i
`s (αt) sY`−m(θt, φt)e−isψt ,

(5.31)

2b
P̃

(0)
i
`m (αt) 7→ 2b

P̃
(t)

i
`m (αt)

= q`
∑̀
s=−`

2b
P̃

(0)
i
`s (αt) sY`−m(θt, φt)e−isψt ,

(5.32)

b
Ṽ

(0)
i
`m (αt) 7→ b

Ṽ
(t)

i
`m (αt)

= q`
∑̀
s=−`

b
Ṽ

(0)
i
`s (αt) sY`−m(θt, φt)e−isψt ,

(5.33)

where we have defined the shorthand:

q` ≡
√

4π
2`+ 1 . (5.34)

Inserting the above equation into Eq. (5.29) yields the final expression for
the data model in the harmonic domain:

dt =
∫

dνF (ν)
∑
`,m,s

{
b
Ĩ

(0)
i
`s (ν, αt)aI`m(ν) + b

Ṽ
(0)

i
`s (ν, αt)aV`m(ν)

+ 1
2

[
−2b

P̃
(0)
i
`s (ν, αt)2a

P
`m(ν) + 2b

P̃
(0)
i
`s (ν, αt)−2a

P
`m(ν)

]}

×
√

4π
2`+ 1e−isψt

sY`m(θt, φt) + nt ,

(5.35)

where the sum over ` runs from 0 to the harmonic band-limit of the beams
`max, while the sums over m and s run from −` to `. It should be noted that
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the sum over s can be truncated drastically for an approximately symmetric
instrumental response. For perfectly symmetric beams only s = 0 and s = ±2
are needed for the Ĩ (0)

i , Ṽ (0)
i ; and P̃ (0)

i coefficients, respectively [144, 143]. The
expression matches that of a general CMB polarimeter derived in [144], but
is generalized to have an explicit dependency on frequency and on the HWP
rotation angle αt.

The b harmonic coefficients that describe the instrument in Eq. (5.35)
are given by combinations of the Stokes parameters of the beam, denoted in
the following with the subscript b, and the elements of the HWP Mueller
matrix. To derive their expressions, we have assumed that the instrumental
Stokes vector, which is related to W(0)

instr by Eq. (5.9), can be factorised into
a Stokes vector describing the beam and a Mueller matrix describing the
skywards HWP:

S(0)T
instr(n̂, ν, αt, ϑinc) = S(0)T

beam(n̂, ν) MHWP(ν, αt, ϑinc) . (5.36)

The Stokes vector describing the beam has an angular dependence that de-
scribes the finite resolution of the experiment, but it is constant with time.
On the other hand, the Mueller matrix of the HWP depends on the time-
varying HWP angle αt but it is assumed to have no angular dependence. Note
that the Mueller matrix varies between detectors based on their position on
the focal plane (see Figure 5.1). This dependence on detector incidence angle
is captured by the ϑinc parameter and it will be kept implicit in the following.
The factorisation of the beam and HWP response in Eq. (5.36) is an approxi-
mation, valid when the radiation in between the HWP and the beam-forming
optical elements is described by plane waves propagating along n̂. We expect
that our approximation describes the interaction between the HWP and the
beam sufficiently well for our aims.

We start by rewriting Eq. (5.36) as follows:

S(0)T
instr(n̂, ν, αt)T† = S(0)T

beam(n̂, ν)T†TMHWP(ν, αt)T† , (5.37)

where we have introduced the following complex transformation matrix:

T =


1 0 0 0
0 1√

2
i√
2 0

0 1√
2

−i√
2 0

0 0 0 1

 , (5.38)

that should be understood as transforming the real Stokes parameter basis
to a complex basis spanned by I, (Q + iU)/

√
2, (Q − iU)/

√
2 and V . Note
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Figure 5.2: Power spectral densities (PSDs) corresponding to a typical two-hour
segment of noiseless time-ordered data for a single detector. The curves labelled
I (P) correspond to scans over an I-only ((Q, U)-only) simulated CMB sky. The
curves labelled HWP include HWP modulation using the three-layer BR3 HWP
configuration (to be discussed in section 5.2.2) spinning at a frequency να of 1 Hz.
The curve labelled P, w/o const. (overlapping with P, HWP but it slightly different
below ∼ 2 Hz) incorporates the same HWP modulation, but does not include the
HWP systematic that is constant with HWP angle α, see Eq. (5.53). The curves
labelled w/o HWP do not include HWP modulation. The simulated data are
recorded at a monochromatic frequency of 90 GHz using a gaussian beam with a
FWHM of 32.2′. Each curve is the average of ten PSDs corresponding to successive
two-hour scans. The scan strategy is described in section 5.2.2.1. Figure taken
from: [51]
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that T is unitary, i.e. T†T = TT† = 1 . Next, we factor the rotated HWP
Mueller matrix into the unrotated matrix and two Mueller rotation matrices:

MHWP(α) = MT
αMHWPMα , (5.39)

with:

Mα =


1 0 0 0
0 cos 2α sin 2α 0
0 − sin 2α cos 2α 0
0 0 0 1

 . (5.40)

Note that the T matrix diagonalizes the rotation matrix:

TMαT† =


1 0 0 0
0 e−2iα 0 0
0 0 e2iα 0
0 0 0 1

 . (5.41)

Putting everything together yields:

S(0)T
instr(n̂, ν, αt)T† = S(0)T

beam(n̂, ν)T†TMT
αT†TMHWP(ν)T†TMαT† . (5.42)

Evaluating this expression provides us with the instrumental Stokes param-
eters in terms of the beam Stokes parameters and the HWP:

Ĩ
(0)

i (n̂, αt, ν) = Ĩ
(0)
b (n̂, ν)CIV (ν) + Ṽ

(0)
b (n̂, ν)CV V (ν)

+
√

2Re
(
P̃

(0)
b (n̂, ν)CP ∗V (ν)e−2iα

)
,

(5.43)

P̃
(0)
i (n̂, α, ν) = Ĩ

(0)
b (n̂, ν)CIP (ν)

√
2 e−2iα

+ Ṽ
(0)

b (n̂, ν)CV P (ν)
√

2e−2iα

+ P̃
(0)
b (n̂, ν)CP ∗P (ν)e−4iα

+ P̃
(0)∗
b (n̂, ν)CPP (ν) ,

(5.44)

Ṽ
(0)

i (n̂, α, ν) = Ĩ
(0)
b (n̂, ν)CIV (ν) + Ṽ

(0)
b (n̂, ν)CV V (ν)

+
√

2Re
(
P̃

(0)
b (n̂, ν)CP ∗V (ν)e−2iα

)
,

(5.45)

where:

P̃
(0)

i = Q̃
(0)
i + iŨ (0)

i , (5.46)
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Note that in Eqs. (5.43)-(5.45) we have used the following shorthand for the
unrotated HWP Mueller matrix expressed in the complex basis:

C = TMHWPT† , (5.47)

that, in terms of the original HWP Mueller matrix elements, is given by:

C =


MII

MIQ−iMIU√
2

MQI+iMUI√
2

MQQ+MUU−i(MQU−MUQ)
2

MQI−iMUI√
2

MQQ−MUU−i(MQU+MUQ)
2

MV I
MV Q−iMV U√

2
MIQ+iMIU√

2 MIV

MQQ−MUU+i(MQU+MUQ)
2

MQV +iMUV√
2

MQQ+MUU+i(MQU−MUQ)
2

MQV −iMUV√
2

(MV Q+iMV U )√
2 MV V

 .

(5.48)

Finally, we plug the instrumental Stokes parameters in Eqs. (5.43)-(5.45) into
the transformations below:

b
Ĩ

(0)
i
`m (ν) =

∫
S2

dΩ(n̂)Ĩ (0)
i (n̂, αt, ν)Y ∗`m(n̂) , (5.49)

2b
P̃

(0)
i
`m (ν) =

∫
S2

dΩ(n̂)P̃ (0)
i (n̂, αt, ν)2Y

∗
`m(n̂) , (5.50)

b
Ṽ

(0)
i
`m (ν) =

∫
S2

dΩ(n̂)Ṽ (0)
i (n̂, αt, ν)Y ∗`m , (5.51)

to obtain the harmonic coefficients that describe the instrumental response
in Eq. (5.35). We find that:

b
Ĩ

(0)
i
`s (ν, α) =

∫
S2

dΩ(n̂)
[
Ĩ

(0)
b (n̂, ν)CII(ν)

+ Ṽ
(0)

b (n̂, ν)CV I(ν)

+
√

2Re
(
P̃

(0)
b (n̂, ν)CP ∗I(ν)e−2iα

)]
Y ∗`s(n̂) ,

(5.52)

2b
P̃

(0)
i
`s (ν, α) =

∫
S2

dΩ(n̂)
[
Ĩ

(0)
b (n̂, ν)CIP (ν)

√
2 e−2iα

+ Ṽ
(0)

b (n̂, ν)CV P (ν)
√

2e−2iα

+ P̃
(0)
b (n̂, ν)CP ∗P (ν)e−4iα

+ P̃
(0)∗
b (n̂, ν)CPP (ν)

]
2Y
∗
`s(n̂) ,

(5.53)



144 CHAPTER 5. HALF-WAVE PLATE NON-IDEALITIES

b
Ṽ

(0)
i
`s (ν, α) =

∫
S2

dΩ(n̂)
[
Ĩ

(0)
b (n̂, ν)CIV (ν)

+ Ṽ
(0)

b (n̂, ν)CV V (ν)

+
√

2Re
(
P̃

(0)
b (n̂, ν)CP ∗V (ν)e−2iα

)]
Y ∗`s(n̂) .

(5.54)

The elements of the C HWP matrix are given in Eq. (5.48). Note that the
−2b`s coefficients can be obtained using the following symmetry relation:

−2b
P̃

(0)
i
`s (α) =

[
2b
P̃

(0)
i
`−s (α)

]∗
(−1)s . (5.55)

The harmonic coefficients that represent the Stokes parameters of the sky in
Eq. (5.35) are given by

aI`m(ν) =
∫
S2

dΩ(n̂)I(n̂, ν)Y ∗`m(n̂) , (5.56)

±2a
P
`m(ν) =

∫
S2

dΩ(n̂)(Q± iU)(n̂, ν)±2Y
∗
`m(n̂) , (5.57)

aV`m(ν) =
∫
S2

dΩ(n̂)V (n̂, ν)Y ∗`m(n̂) . (5.58)

Figure 5.2 helps to qualify the rather verbose expressions for the above
harmonic coefficients. It illustrates the effect of a non-ideal HWP on the time-
ordered data by comparing the corresponding power spectrum densities for
two cases: without an HWP and with a non-ideal HWP (see section 5.2.2.3).
Recall that ideal HWP modulation will only modulate the Q and U sky
signal, which it will do at a modulation frequency 4να, where να is the HWP
rotation frequency. It can be seen that the non-ideal HWP introduces an
additional spurious 2να modulation of the I sky (second line of Eq. (5.52)),
a 2να modulation of the Q and U skies (first and second lines of Eq. (5.53))
and a 2να modulation of the V sky (second line of Eq. (5.54), not shown in
the figure). Finally, the non-ideal HWP also introduces a spurious constant
0να modulation of the Q and U skies (fourth line of Eq. (5.53)). Note that
Figure 5.2 omits the case of an input V sky. The να dependence of the
V -input case will be the same, qualitatively, as the Stokes I-input case.

The dependence on HWP angle α of the different terms in the data model
is relevant because this dependence is used by the subsequent map-making
procedure to distinguish between I, Q, U , (and possibly V ) sky signals.
Leakage between the Stokes parameters will occur when the data model
used by the map-maker does not capture the full α modulation of the time-
ordered data. For the experimental configuration considered in this work, see
section 5.2.2, we find that the I → (Q,U) leakage that is caused by ignoring
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the 2να terms during map-making is subdominant to the Q ↔ U leakage
that is caused by ignoring non-idealities in the 4να term.

The data model described by Eqs. (5.35)-(5.58) is now implemented in
the beamconv library. The frequency dependence of the model is handled by
approximating the integral over the instrumental frequency band with a small
number (nν = 7 for the results in section 5.2.3) of monochromatic input skies,
beams and HWP Mueller matrices. The memory costs and computational
scaling of the algorithm have thus gained a linear scaling with nν compared to
the algorithm in [52] but they are unchanged otherwise. The algorithm allows
for efficient time-domain simulations that include all-sky beam convolution
with asymmetric beams and non-ideal HWPs.

5.2.2 Simulation setup
We consider a telescope similar to the one described in [52], but with a HWP
in front of the primary lens. Incoming radiation passes through the HWP
followed by a pair of lenses before being absorbed by the detectors on the
focal plane (see Figure 5.1). A beam profile for a typical 150-GHz detector
used in this analysis is shown in Figure 5.3. We model 50 dichroic detectors
sensitive to two 30-GHz-wide frequency windows centred at 95 and 150 GHz.
The detectors are evenly distributed on a square grid of a focal plane fed by
a 30-cm aperture telescope. The field of view of this square grid is only 7°
compared to the 28° that can be supported by this telescope; the detectors
therefore only cover a fraction of the focal plane. The spectral response of
the detectors is assumed to be represented by a top-hat function within each
band. In order to test frequency-dependent effects, we run simulations at 7
sub-frequencies within a band. These sub-frequencies are 80, 85, 90, 95, 100,
105, and 110 GHz for the 95-GHz band and 135, 140, 145, 150, 155, 160, and
165 GHz for the 150-GHz band (see hatched regions in Figure 5.4).

5.2.2.1 Simulated scanning

Using the updated version of beamconv, we simulate one year of satellite
scanning for 50 detectors. We use a similar scan strategy as in [52], which
is based on [150, 151]. The satellite spins around its principal axis with a
period of 600 seconds. It precesses about the boresight axis with a period of
90 minutes. The two axes are separated by 50°. We set the HWP rotation
frequency να to 1 Hz (angular frequency of 2π rad/s) and sample the data
at 12.01 Hz. Although the sampling frequency is likely an order of magni-
tude below that of a real experiment, we find that this rate suffices for our
noiseless simulations. The resulting angular coverage is excellent and allows
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Figure 5.3: Azimuthally averaged beam profiles (dBi units) for a representative
detector of one of the 50 used in this analysis. Shown are the Stokes Q̃ and Ũ
beam components. For this figure, we have defined the Stokes parameters with
respect to the Ludwig-3 basis [149]. This basis is approximately Cartesian around
the beam centre and has been aligned with the polarised element of the detector.
As a result, the ±Ũ profile quantifies the amount of non-aligned (or “cross-polar”)
polarised sensitivity of the beam. It can be seen that |Ũ | is subdominant close to
the centre of the beam (see inset) while having a relatively large contribution at
large opening angles. Figure taken from: [51]
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for simultaneous per-pixel recovery of I, Q, and U over the full sky. Even
without a continuously-spinning HWP, the average condition number of the
per-pixel (I,Q, U) covariance matrix, which is inverted as part of the solu-
tion [52], is approximately 2.9 for a Nside = 256 map. In comparison, the
condition number approaches 2.0 (the minimum value) for all pixels when
the HWP is spun with a 1-Hz rotation frequency.

5.2.2.2 Input maps

We generate statistically isotropic random gaussian Stokes I, Q, and U
CMB maps (with a vanishing B-mode component) using the synfast utility
in HEALPix’s [91] Python implementation, healpy34 and the best-fit 2018
Planck power spectra [59]. To probe how frequency-dependent HWP sys-
tematics interact with the different components of the microwave sky, we
also simulate polarised Galactic dust using the Python Sky Model (PySM)
code [152]. Other foreground sources, including synchrotron radiation, are
subdominant in our 95 and 150 GHz frequency bands. PySM provides differ-
ent templates for dust emission, all based on the high-frequency Planck data
[153].5 We use six different PySM dust models: d0 to d5. The first four models
are directly based on a modified black body distribution. In units of CMB
brightness temperature these models all follow the same parametrization:(

Q
U

)
(n̂, ν) =

(
AQ
AU

)
(n̂)×

(
ν

ν0

)β(n̂)+1 ehν0/kBT (n̂) − 1
ehν/kBT (n̂) − 1 , (5.59)

There are four parameters: the spectral index β, the dust temperature T
and the AQ/U amplitudes at the reference frequency ν0 = 353 GHz. A brief
description of each model follows, see [152] for more details.

• d0 model uses a fixed spectral index (β = 1.54), a fixed temperature
(T = 20 K) and the Commander dust template from [154] for AQ/U .

• d1 model extends the d0 model with spatially varying spectral index
and temperature that are both given by the Commander templates from
[154].

• d2 model modifies the d1 model with a spectra index that varies ran-
domly on degree scales, following a gaussian distribution: β ∼ N (µ =
1.59, σ2 = 0.04).

3http://healpix.sf.net
4https://github.com/healpy/healpy
5https://pysm3.readthedocs.io/en/latest/

http://healpix.sf.net
https://github.com/healpy/healpy
https://pysm3.readthedocs.io/en/latest/
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Model Orientation Phase 95 GHz Phase 150 GHz
CMB/Dust CMB/Dust

BR1 0° 0°/0° 0°/0°
BR3 {0°, 54°, 0°} 30.75° / 31.16° 32.51° / 32.30°
BR5 {22.9°,−50°, 0°

50°,−22.9°} 0°/0° 0°/0°

Table 5.1: HWP configurations adopted for the analysis presented in this chapter.
Orientation angles are those of the fast axis of the birefringent layers relative to
the plane of incoming vertically polarised radiation. The rotation angle offset is
given in each band following Eq. (5.60), for CMB and dust weights as defined in
Eq. (5.61).

• d3 model is the same as d2 except that β ∼ N (µ = 1.59, σ2 = 0.09).

• d4 model models two dust populations as two modified black bodies
with different but spatially constant spectral indices and two different
spatially varying temperatures and dust amplitudes [155].

• d5 model is a more physically motivated model based on the physical
properties of two populations of dust grains (silicate and carbonaceous)
[156, 157].

The inclusion of these six models in our analysis serves to roughly bracket the
current uncertainty in dust modelling. We note that the d3 model is designed
to match the largest variation in spectral index allowed by the Planck data.
We study the interplay between the HWP non-idealities and these different
foreground models in section 5.2.3.3.

5.2.2.3 Selection of HWPs

A wide range of HWP designs have been described and studied in the lit-
erature [38, 39, 130, 44, 131]. HWP design involves a complex optimization
problem where absorptive and reflective losses from materials with high in-
dex of refraction need to be balanced against the desire for unity polarisation
efficiency across a wide band. We choose to study three HWP configurations,
which are loosely based on [44] as a model of a one layer HWP, [39] for the
3-layer HWP, and a 5-layer HWP model taken from [158]. Some key proper-
ties of these three HWP configurations, which we denote as BR1, BR3, and
BR5, are shown in Table 5.1.

We adopt a fixed thickness, d = 3.75 mm, for the individual sapphire
plate layers for all three polarisation modulators. This thickness was found
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Figure 5.4: HWPMueller matrix elements as a function of frequency in the normal
incidence case (solid lines) and for an incidence angle ϑinc of 18° (dashed lines,
virtually indistinguishable from solid lines) simulated using the transfer matrix
method. The three HWP configurations described in Table 5.1 are shown. A 31.4°
HWP rotation angle offset is applied to the 3-layer BR3 model. The black dashed
line represents the ideal HWP (T = −c = 1, ρ = s = 0 in Eq. (5.6)). The grey
hatched bands illustrate the two instrumental frequency bands used in this work.
Figure taken from: [51]
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Figure 5.5: Mueller matrix elements for the three HWP models described in
Table 5.1, integrated over the instrumental frequency bands (95: solid lines, 80 GHz
to 110 GHz; 150: dashed lines, 135 GHz to 165 GHz) as a function of the HWP
rotation angle. The dashed black lines represent the behaviour of the ideal HWP
(T = −c = 1, ρ = s = 0 in Eq. (5.6)). It can be seen that the BR3 configuration
(orange lines) is out of phase with the other HWP configurations. Figure taken
from: [51]
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using the traditional formula for half wave plates made of a single layer of
birefringent material d = c/ [2ν(ne − no)], where no and ne correspond to
the index of refraction for the ordinary and extraordinary axes, respectively.
The selected thickness is optimal for ν = 126 GHz, near the average of our
two band centres. We adopt an anti-reflection (AR) coating similar to the
one described in [159] that is optimized for 75–170 GHz. We settle on three
AR layers with thicknesses dAR = 0.5, 0.31, 0.257 mm and individual indices
nAR = (1.268, 1.979, 2.855). The above parameters are used as input to the
TMM formalism to calculate the Mueller matrices of the HWPs. We produce
a unique set of Mueller matrices for each unique HWP incidence angle ϑinc.

Figure 5.4 shows the Mueller matrix elements for our three HWP config-
urations as function of frequency. It can be seen that the additional layers of
the BR3 and BR5 HWPs improve the frequency uniformity of the polarisa-
tion efficiency (see the UU elements) compared to the BR1 case. Describing
the efficiency loss for the different Stokes parameters is a rather complicated
task. Although the efficiency loss of Stokes I is easy to understand, as the II
elements decrease in value with additional layers, the same is not true for the
polarisation efficiency.6 Because of these complications, we do not directly
use the HWP Mueller matrix elements to correct our results for the efficiency
loss. As will be detailed in section 5.2.3, we settle for a more robust and sim-
pler power-spectrum based calibration method. Such an approach will likely
also be taken by a real experiment. Finally, we note that the Mueller matrix
models that we use do not include systematic effects caused by non-ideal
manufacturing or material non-uniformity, which are likely to exist at some
non-negligible level even in next-generation experiments.

5.2.2.4 Determining the AHWP induced rotation offset

Achromatic HWPs, such as the three- and five-layer configurations discussed
in this section, tend to have higher polarisation efficiency over a given fre-
quency range compared to a single-layer HWP. However, they also intro-
duce an undesirable frequency-dependent phase between the in-going and
out-going electric field that manifests itself as a frequency-dependent HWP
rotation angle offset. Figure 5.5 shows our HWPMueller matrices, integrated
over the two frequency bands, as a function of the half-wave plate angle α.
From the inner two-by-two set of panels it is clear that the 3-layer HWP has

6The amplitude of incoming linear polarisation
√
Q2 + U2 will be changed based on

the QQ, QU , UQ, UU submatrices. The change in amplitude will be bounded by the
singular values of this matrix. Note that the amplitude change will generally be different
per pixel and frequency. Furthermore, the input I and V signal will also alter the linear
polarisation amplitude due to leakage caused by the QI, UI, QV and UV terms.
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Figure 5.6: Distribution of optimal BR3 HWP rotation angle offset ϕ in the 95
(solid lines) and 150 GHz (dashed lines) bands for the PySM Galactic dust models
based on their per-pixel spectral energy distribution at Nside = 512. The distribu-
tions are given for the 40 per cent sky mask used in our analysis. The abscissa is
expressed as the difference between the rotation angle offset ϕ and the reference
angle ϕd0 corresponding to a modified blackbody with T = 20 K and β = 1.54 as
in Table 5.1. Figure taken from: [51]
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a relatively large rotation angle offset. It turns out that the offset angle of
the 3-layer model also displays the largest variation with frequency. While
the average value of this offset angle can be simply calibrated out, this large
variation with frequency poses a difficulty: sky components with different
frequency characteristics will require different offset angles after integration
over the instrumental frequency band.

We can determine an optimal rotation angle offset for a specific sky com-
ponent as the HWP rotation angle, αmin, that minimises the difference be-
tween the QQ, QU , UQ, UU submatrices of the Mueller matrices of the
HWP and the ideal HWP. The αmin angle is found by minimising

R(α) =
∑

i,j∈{Q,U}

[
nν∑
k=1

w(νk)MHWP,ij(νk)−Dij(α)
]2

, (5.60)

where MHWP(νk) is the same as in Eq. (5.36) with normally incident light
and D(α) is the Mueller matrix of the ideal HWP rotated by an angle α.
The quantities νk are a set of sub-frequencies within the band, and w(νk)
are weights applied to model the SED. Because we work in units of CMB
brightness temperature, we use uniform weighting for the CMB. If we assume
that Galactic dust follows a modified blackbody distribution with a fixed
temperature and spectral index across the sky, the weights can be derived
from Eq. (5.59):

w(νk) =
(
nν∑
i=1

νβ+1
i

ehνi/kBT − 1

)−1
νβ+1
k

ehνk/kBT − 1 . (5.61)

However, note that these assumptions about the dust SED are only valid for
the d0 PySM model (with T = 20 K and β = 1.54). The optimal offset angles
for the CMB and the above dust weights are given in Table 5.1. The 3-layer
configuration shows a significantly different optimal offset angle for the CMB
versus dust.

The optimal HWP rotation angle correction will vary across the sky for
foregrounds models that include spatial SED variations. We can determine
an optimal per-pixel correction for a given foreground component by ap-
plying Eq. (5.60) on a pixel-by-pixel basis. In Figure 5.6 we compare the
distribution of the optimal HWP rotation offset angles for the d1-d5 PySM
dust models to the d0 value given by Eq. (5.61). We only show results for
BR3 in Figure 5.6. The BR1 and BR5 configurations have a near-constant
rotation angle offset over the range of frequencies that we consider and show
no appreciable deviation from an isotropic angle offset. Calculating the dis-
tributions in Figure 5.6 requires knowledge on the per-pixel SED weights
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w(νk) in Eq. (5.60). Although we lack a closed-form expression for all of the
SEDs of our dust models, we can make use of the PySM predictions at each
subfrequency νk to determine the SED weights using

w(n̂, νk) =
 nν∑
j=1
|P (n̂, νj)|

−1

|P (n̂, νk)| , (5.62)

where |P (n̂, νk)| is the amplitude of linear polarisation at subfrequency νk in
direction n̂.

5.2.3 Analysis Results
To test the capabilities of the updated beamconv code, we run a number of
simulations that probe the different HWP configurations, sky models and
instrumental beams. Each simulation batch is based on seven sub-frequency
maps per frequency band that are combined assuming a top-hat passband.
Seven sub-frequencies represent the lowest adequate sampling of the fre-
quency variation of the HWP Mueller matrices. The simulated time-ordered
data are binned on the sphere using the standard map-making scheme that
ignores the instrumental beam and assumes the following data model for each
detector:

dt = I(n̂t) +Q(n̂t) cos
[
2(ψt + γ) + 4(αt + ϕ)

]
+U(n̂t) sin

[
2(ψt + γ) + 4(αt + ϕ)

]
+ nt .

(5.63)

Here, n̂t, ψt and αt describe the instrumental pointing and HWP rotation
angle at time-sample t while γ and ϕ describe the detector polarisation angle
and HWP rotation angle offset, respectively. The map-maker solves for I, Q
and U per pixel, uses uniform weighting of the time-ordered data and does
not explicitly use detector pair differencing, see e.g. [52].

For every simulated systematic effect, the same simulation is performed
using an ideal HWP (T = −c = 1, ρ = s = 0 in Eq. (5.6)). With ideal
and non-ideal maps in hand, we can calculate difference maps that quantify
signal residuals due to HWP-related systematics. The resulting difference
maps cover the entire sky, but we use a 40 per cent sky mask (gal040) [154]
before calculating power spectra using PolSpice [160].

5.2.3.1 Calibration

To correct for the non-ideal polarisation efficiency of each HWP model, we
calibrate each map on a map obtained by scanning with an ideal HWP. This
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Figure 5.7: Residual B-mode power spectra obtained by observing the CMB with
the BR3 configurations presented in Table 5.1 (including the rotation angle offset
optimized for the CMB). The beams are gaussian. We omit the BR1 and BR5
HWP configurations since their residuals fall below the limits on the vertical axis.
The no-HWP case is also shown (orange curves). Figure taken from: [51]
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is performed using the EE angular power spectrum at degree angular scales,
50 ≤ ` ≤ 200. The choice of angular scales roughly coincides with the peak
in the expected primordial gravitational wave power spectrum. Note that the
calibration procedure could instead be performed using lab measurements or
simulated HWP (and other optical component) material properties [161, 44,
133, 39]. The EE calibration approach uses the following factor:

g = 1
151

200∑
`=50

CEE,ideal
`

CEE
`

, (5.64)

where the denominator (numerator) is the E-mode power spectrum estimated
from the output maps created with a non-ideal (ideal) HWP. The final differ-
ence maps are formed by subtracting the calibrated output of the non-ideal
simulation from the ideal output simulation :(

Q
U

)
diff

=
(
Q
U

)
ideal
−√g

(
Q
U

)
. (5.65)

The residual B-mode power spectrum caused by the non-ideal HWP is then
estimated from these calibrated difference maps.

Finally, we divide out a beam window function to correct the power spec-
trum for the azimuthally symmetric part of the beam. This allows us to
directly compare the residual to theory spectra. For each simulation we use
a window function that corresponds to the averaged symmetric part of the
input detector beams.

5.2.3.2 Scanning with an ideal gaussian beam

We start by exploring effects that are purely caused by non-ideal HWPs. This
is achieved by choosing a co-polar polarised and azimuthally symmetric gaus-
sian beam model, see e.g. [52]. Using this beam, we scan the CMB with the
different HWP configurations; we summarize our results in Figure 5.7. We
find that only the BR3 configuration shows an appreciable B-mode residual in
this case. All three HWP configurations outperform the case without HWP
modulation, which shows a relatively large white-noise spectrum caused by
small conditioning problems in the map-making solution that are approx-
imately uncorrelated between pixels. It is instructive to determine which
terms of the data model in Eqs. (5.52)-(5.54) are causing the BR3 residual.
It turns out that this spurious signal is due to E → B leakage from the 4να
terms, i.e. non-idealities in the inner two-by-two part of the HWP Mueller
matrix. We have checked that the residual is not caused by I → (Q,U)
leakage due to the 2να term in Eq. (5.52) that couples the linearly polarised
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beam to the I sky signal: we obtain virtually identical residuals when the
input Stokes I signal is artificially set to zero. The insignificance of the 2να
term can be attributed to the smallness of the IQ and IU elements in the
HWP Mueller matrices (see Figure 5.5), the lack of a strong atmospheric
I signal and, most importantly, the rather good conditioning of the map-
making solution. Even without modification, the map-maker corresponding
to Eq. (5.63) accurately distinguishes between time-ordered signal that is
modulated at 2να and 4να.

Using the same setup, we then explore the addition of a foreground com-
ponent. Specifically, we simulate what happens when a map-maker that uses
an HWP angle offset ϕ (see Eq. (5.63)) that is optimized for the CMB en-
counters polarised signal from Galactic dust. Figure 5.8 shows the B-mode
residual for this hypothetical situation as well as for the opposite case in
which the CMB is observed with ϕ optimized for the SED of dust. We again
only show the BR3 HWP configuration. The error in ϕ causes E → B leak-
age: the residual clearly traces the shape of the input E-mode spectrum.
The effect is identical to that of a systematic polarisation angle calibration
error. It can be seen that for both cases the residual is larger for 95 GHz than
for 150 GHz. This is due to the fact that the optimal BR3 offset angle for
dust in the 95 GHz band differs from the optimal angle offset for the CMB
by about 0.4° while the difference at 150 GHz is only half that.

From this section it becomes clear that in the presence of multiple sky
components a single HWP offset angle ϕ will not effectively reduce B-mode
residual caused by HWP non-idealities. The remaining spurious signal for
the BR3 HWP configuration is at a level that would be unacceptable for
upcoming B-mode experiments. A correction angle per sky component seems
to be necessary. We further explore this point in the next section.

5.2.3.3 Foreground dependence

To investigate how the HWP-induced systematics depend on foreground
emission, we scan the different PySM Galactic dust models (d0-d5) with gaus-
sian beams (using the same setup as in the previous section). Data from the
Planck satellite have provided a wealth of information on Galactic dust emis-
sion, but there remains considerable uncertainty regarding both its frequency
scaling and spatial variation [162]. It is therefore natural to ask whether this
uncertainty is large enough to impact the modelling of HWP systematics.
We are particularly interested in checking if spatial variation in the effective
spectral index invalidates the use of a single HWP rotation angle offset. Re-
call that in Figure 5.6 the offset angles for the various PySM dust models are
compared to the offset angle determined for the simplest modified black-body
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Figure 5.8: Residual B-mode power spectra generated when the CMB is observed
using the BR3 HWP with a rotation angle offset optimized for the PySM Galactic
dust model d1 (solid curves) and vice versa (dashed curves). Figure taken from: [51]
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Figure 5.9: Residual B-mode power spectra for the different PySM Galactic dust
models in the 150 GHz frequency band scanned using the BR3 HWP configuration.
The solid lines use a value of the HWP angle offset that is tailored to each dust
model (the median of the distributions shown in Figure 5.6). The dashed colored
lines use the median of the rotation angle offsets calculated for the case of a SED
given by the combination of CMB and dust. Figure taken from: [51]
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Figure 5.10: Left: Residual B-mode power spectra at 95 GHz (solid lines) and
150 GHz (dashed lines) derived from the band-averaged difference maps obtained
by observing the PySM d1 dust model using all of the HWP configurations presented
in Table 5.1 for scans with a physical optics beam truncated at 3°. Right: The
same, but when observing the sky with a physical optics beam that extends to 30°
and therefore includes a higher contribution from sidelobes (see Figure 5.3). Note
that the BR1 curves are almost completely hidden behind the BR5 curves. Figure
taken from: [51]

model d0. The offset angle distributions of the more involved dust models
are both biased from the d0 value and show a dispersion. The model with
the greatest dispersion (d3) predicts that a significant number of sky pixels
will have an optimal offset angle that is more than 0.1° away from the mean
value for the BR3 HWP configuration.

Figure 5.9 shows the effect of ignoring the spatial SED variations of the
various PySM models. We scan the dust models using the BR3 HWP and
correct for the HWP-induced rotation offset using an angle that corresponds
to the mean of each distribution in Figure 5.6. As expected, we see that
the d2 and d3 models, which both have a relatively large spread in spectral
index over the sky, give the largest residuals. However, the amplitude of the
spurious signal is still well below any detectable B-mode power spectrum
amplitude. It thus seems that any realistic spatial variation in the dust SED
can be safely ignored when determining the optimal HWP rotation angle
correction for the dust component.

Similar to the previous section, we also explore the case in which a single
angle calculated for the SED of the combination of CMB and dust is used to
correct for the HWP-induced rotation angle. These residuals are given by the
dashed lines in Figure 5.9. We again see that this choice of correction angle
would produce significant residual and we see that this results is insensitive
to the choice of dust model.
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5.2.3.4 Scanning with a non-ideal beam

The simulation framework presented in this section enables studies of the
complicated interplay between non-ideal HWPs and non-ideal beams. For
this purpose, we can use physical optics (PO) simulations that include ex-
tended beam sidelobes with non-negligible cross-polar response; features that
could be present in an optical configuration shown in Figure 5.1. The az-
imuthally averaged beam profiles for the Stokes Q and U beams of a rep-
resentative beam used in this analysis are shown in Figure 5.3. We study
two cases, one where we apodize the beam maps at 3° away from the beam
centre (no far-sidelobes) and one where we extend our beam maps out to 30°
(with far-sidelobes). In order to focus on effects from the interplay between
the beam and the HWP, we calculate difference maps by subtracting a map
generated using the same beam model but with an ideal HWP.

Figure 5.10 shows the resultant B-mode residuals; the input sky is the d1
dust model, the amplitude of the curves should be compared to the solid d1
curve in Figure 5.9. The effect of the more complex beam model is twofold.
The increased solid angle of the beam, i.e. the sidelobe, brings in E-mode dust
signal from behind the Galactic mask. Given that we use a correction for the
HWP rotation angle offset ϕ that has been calculated for unmasked pixels,
the correction that we apply is not quite appropriate for this extra signal.
The result is E → B leakage close to the edges of the mask. The second,
more significant, effect is due to the cross-polar beam. This is especially
obvious in the right panel of Figure 5.10 that was made with the beam
model that extends out to 30° and includes a relatively large cross-polar
component. The impact of the cross-polar beam can be understood as an
`-dependent polarisation rotation that, given the shape of the cross-polar
component in Figure 5.3, is larger at lower `. One might wonder why the
resulting E → B leakage is not cancelled in our setup when we subtract the
ideal-HWP maps that were created using the same cross-polar beam. The
reason is that the dominant HWP non-ideality couples directly to the cross-
polar beam component: the two effects are not additive but multiplicative.
This can be seen in the third line of Eq. (5.53): the dominant 4να term of
the data model contains a term proportional to Ũ (0)

b CP ∗P , i.e. the product of
the cross-polar beam and the P ∗P component of the HWP Mueller matrix
in Eq. (5.48). Roughly speaking, the difference maps used to create the
spectra in Figure (5.10) are thus proportional to the cross-polar beam times
(1−CP ∗P ), the deviation from the ideal HWP Mueller element. The outcome
is E → B leakage from the HWP non-ideality that is modulated by the cross-
polar beam, resulting in the leaking of a redder version of the original E-mode
dust spectrum to the B-mode spectrum, as can be observed in the right panel
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of Figure (5.10).

5.2.3.5 Polarisation sensitivity

Given the results that we have discussed so far, there does not seem to be
large differences between the BR1 and BR5 performances. Both outperform
the BR3 HWP configuration in all the tests we presented and in Fig. 5.10
the BR1 and BR5 curves overlap almost perfectly. However, the calibration
process that we described in section 5.2.3.1 masks the fact that the BR5
configuration has much greater polarisation modulation efficiency than the
BR1 configuration. For example, in the case when we scan the CMB with a
gaussian beam (see section 5.2.3.2, Fig. 5.7), we find that the calibration co-
efficients based on the E-mode power spectrum are 1.44, 1.10, 1.09, and 1.00
for the BR1, BR3, BR5, and no HWP configurations, respectively. In com-
parison, the calibration procedure that uses the temperature power spectrum
gives 1.04, 1.05, 1.08, and 1.00, for the BR1, BR3, BR5, and no-HWP config-
urations, respectively. This shows that even though the BR5 configuration
has lower optical efficiency because of the larger number of optical elements,
and therefore a greater number of both loss and reflection mechanisms, its
polarisation modulation efficiency, and therefore sensitivity, is approximately
15 per cent higher than that of the BR1 configuration when integrated over
the 95-GHz band.

5.3 Impact of HWPs non-idealities on Cos-
mic Birefringence

An interesting study that can be performed with the realistic CMB simu-
lations produced with beamconv, which do also contain beam convolution
and HWP non-idealities, is to investigate instrumental contamination which
could bias the measure of the CB effect in view of present and future CMB
missions.

In this section we compute a first estimate of the impact of non-ideal
HWPs on CB, both isotropic and anisotropic. We want to explore the effects
that are purely caused by non-ideal HWPs, therefore we take into account the
HWPs residual spectra produced with the setup described in Section 5.2.3.2.
In particular we consider a co-polar polarised and azimuthally symmetric
gaussian beam model and we observe only the CMB, without foreground, in
the 150 GHz band. Figure 5.11 shows the residual BB (upper panel), EE
(middle panel) and EB (lower panel) power spectra obtained by observing
the CMB with the BR1, BR3 BR5 configurations presented in Table 5.1,
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Figure 5.11: Residual BB (upper panel), EE (middle panel) and EB (lower panel)
power spectra obtained by observing the CMB with the BR1, BR3 BR5 config-
urations presented in Table 5.1, including the rotation angle offset optimized for
the CMB, and "No-HWP" in the harmonic range ` ∈ [5 − 500]. The beams are
gaussian.
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including the rotation angle offset optimized for the CMB, and "No-HWP"
in the harmonic range ` ∈ [5− 500]. All three HWP configurations, also for
the EE and EB power spectra, outperform the case without HWP modu-
lation, always because the small conditioning problems in the map-making
solution, that are approximately uncorrelated between pixels, produce a rel-
atively large white-noise spectrum.

In order to obtain the level of systematics that impact on the birefrin-
gence angle and spectra, we apply the statistical estimators for CB effect,
described in Chapter 4, taking as an input the sum of the residual power
spectra, shown in Figure 5.11, and the Planck 2018 fiducial spectrum [75].
Those level of systematics are then compared with the results obtained em-
ploying the same estimators on 1000 only-signal CMB simulated maps with
the same characteristics of the input map used in the beamconv analysis. In
particular the latter are been extracted from Planck 2018 fiducial spectrum
[75], considering Nside = 256, where Nside is an HEALPix7 parameter which
is related to the total number of pixels, Npix, through Npix = 12N2

side, and a
symmetric gaussian beam with FWHM = 18.85′. Finally we mask the sim-
ulated maps with the Planck mask gal040 (which leaves unmasked the 40%
of the sky) and extract the power spectra using NaMaster8[125]. In this way
we are able to evaluate an eventual bias in terms of σMC , i.e. the standard
deviation of the Monte Carlo simulations.

5.3.1 Isotropic birefringence
Let us start considering the isotropic birefringence. The map-maker cor-
responding to Eq. 5.63 shows that the HWP rotation angle αt, relative at
time-sample t, and the HWP rotation angle offset ϕ enters in the expression
of the map-maker in the same way of detector polarisation angle γ, which
it is known to be degenerate with the isotropic CB angle α0. So we would
expect some effects on constraining the CB angle by using HWP.

With the aim of evaluating a possible bias we apply in the harmonic range
` ∈ [5 − 500] the D-estimator based on the EB power spectra, i.e. DEB,obs

`

Eq. (4.60), on the 1000 only-signal CMB simulations and on the residual
power spectra plus the Planck fiducial9. In the latter case, looking for β that
nulls the expectation values of the D-estimators, is equivalent to looking for a
systematic angle that has rotated the observed CMB spectra and not for the

7https://healpix.sourceforge.io
8https://github.com/LSSTDESC/NaMaster
9Note that we consider the sum of the residual spectra with a CMB fiducial spectra,

and not only the residual one, because we minise the D-estimator using the covariance
matrix of the MC simulation which does contain the CMB signal
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Figure 5.12: The histogram represents the distribution of the β angle, obtained
with a standard χ2-technique by minimising DEB,obs

` Eq. (4.60) when applied on
the 1000 only-signal CMB simulations. Vertical dashel lines, virtually indistin-
guishable from the zero, represent the β angles for the BR1, BR3 BR5 configura-
tions presented in Table 5.1 and "No-HWP"

CB angle that has rotated the primordial CMB spectra. Such an estimate
of β is obtained with a standard χ2-technique by minimising the quantity
in Eq. (4.67), see section 4.2.1. Figure 5.12 shows the distribution of the β
for the CMB simulations with the vertical lines representing the ones for the
residual spectra. From this figure those lines are virtually indistinguishable
from the zero value. Such analysis shows that the impacts of HWP configu-
rations in Table 5.1, when it is considered a symmetric gaussian beam, does
not impacts in a relevant way on the constraints for the CB angle. Anyway,
it is important to note that here we are ignoring the complicated interplay
between non-ideal HWPs and non-ideal beams, which as show in Figure 5.10
produce a significant impact on the the B-mode spectrum.

5.3.2 Anisotropic birefringence

In order to estimate whether the HWP modulation impacts on the evaluation
of the anisotropic birefringence, we employ the BB-based linear estimator
ÊB

(BB) Eq. 4.175, which turned out to be the one with the best constraining
power for estimating the CB spectrum, see section 4.5. We apply such esti-
mator on the 1000 only-signal CMB simulated spectra and on the residual



166 CHAPTER 5. HALF-WAVE PLATE NON-IDEALITIES

Estimator `
(CMB)
min `(CMB)

max ∆`(CMB) L
(α)
min L(α)

max ∆L(α)

ÊB
(BB) 5 500 1 1 400 50

Table 5.2: Setup adopted for the analyses on the 1000 only-signal CMB simulated
spectra and on the residual power spectra obtained with BR1, BR3 BR5 config-
urations presented in Table 5.1 and "No-HWP". CαB is evaluated from L = 1 to
L = 400, with a binning of ∆L = 50.

power spectra plus the Planck fiducial10. In such analysis we consider the
CMB harmonic range ` ∈ [2, 500] without any binning and the birefringence
harmonic range L ∈ [1, 400] with a a binning of ∆L = 50, see table 5.2. Note
that when the estimator is applied on the residual spectra what we get is not
an estimate of the birefringence spectrum but the level of bias produced by
the HWP modulation that impacts on that bin.

Results are shown in Figure 5.13. The upper panel shows the level of bias
produced by different HWP modulations for each bin. Error bars represent
the standard deviation of the mean obtained applying the estimator on the
MC simulations. The lower panel provides the fluctuations from the expected
signal (null in this case) of this bias in units of σµ. In Figure 5.14 we plot the
absolute value of the fluctuation in the lower panel of Figure 5.13 against the
1σmu C.L. obtained from the MC simulation as a function of CB multipoles.
From Figures 5.13 and 5.14 we can see that all the HWP configurations
considered do not produce any relevant bias in terms of CB power spectrum.
However, it is important to note that here we have considered the residual
spectra obtained neglecting some complications, as for instance the interplay
between HWPs, PO beams and foreground components.

5.4 Conclusions
In this chapter we have presented the upgrated version of the beam convo-
lution algorithm beamcov capable now to take into accounts also systematic
effects produce by non-ideal HWPs [51]. The extended algorithm allows to
produce time-domain simulations which include spurious signal from non-
ideal HWPs and realistic full-sky beam convolution.

In the first part of the chapter we use beamconv code to simulate a CMB
satellite experiment that employs a spinning HWP as polarisation modula-

10We sum a CMB fiducial spectra to the residual ones, because, by construction, the
ÊB(BB) estimator subtracts the contribute due to the ΛCDM model. This subtraction
makes the estimator unbiased when applyed on CMB spectra but would produce a bias if
the estimator would directly employed on the residual spectra.
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Figure 5.13: ÊB(BB), Eq. (4.175), employed on the residual power spectra plus
Planck CMB fiducial for BR1, BR3, BR5 (table 5.1) and "No-HWP" configurations.
For such analysis we consider the configuration in table 5.2. The upper panel shows
the level of bias produced by different HWP modulations for each bin. Error bars
represent the standard deviation of the mean obtained applying the estimator on
1000 only-signal CMB simulated spectra. The lower panel shows the fluctuations
from the expected signal (null in this case) of this bias in units of σµ. We can note
that all the configurations analysed are virtually indistinguishable from the zero.

0 50 100 150 200 250 300 350 400
L( )

10 10

10 9

10 8

10 7

10 6

10 5

10 4

10 3

(d
eg

2 )

1 
No HWP bias level
BR1 bias level
BR3 bias level
BR5 bias level

Figure 5.14: This figure shows the absolute value of the fluctuation in the lower
panel of Figure 5.13 against the 1σµ C.L. obtained from the MC simulation as
a functions of CB multipoles. We can note that all the configuration analysed
produce bias few order of magnitude lower than the level of 1σµ C.L..
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tor. We use those simulations to characterised the HWP systematics coming
from three different HWP configurations: a 1-, 3-, and 5-layer model. We find
that the choice of HWP configuration could significantly impacts our ability
to reconstruct primordial B-mode. In particular, the 3-layer HWP exhibits a
significant frequency dependent rotation angle offset, which, if not corrected
for, produces E-mode to B-mode leakage which could screen primordial B
signal obtained with a tensor-to-scalar ratio r to a level of r < 0.003, see
Figure 5.8. In order to correct this rotation offset in necessary introduce an
HWP angle offset ϕ, which depends on the SED of the observed signal. Such
an angle ϕ changes significantly between the CMB signal and the Galac-
tic foreground. This could represents a problem for the standard paradigm
adopted in CMB data analysis. In fact the map-making process transforms
the measured time-ordered data in sky maps losing the information relating
to the contribution of each component of the sky to the TOD. As result, it
is possible to evaluate a single ϕ angle, which it represents the combination
of the optimal ϕ of each of the sky components, producing a bias in the
sky map. A possible solution could be to introduce ϕ as a sky component
parameter in the parametric component separation algorithms, which start
from a prior on the SEDs of the various sky components. Since EB power
spectrum for both dust and the CMB has not been observed yet [162], such
methods might evaluate the optimal ϕ angles for each component of the sky
comparing the observed value of EB signal with the expected null one. We
also investigated if realistic spatial variation in the dust SED could impact
on the the BB power spectrum. Considering six different models for galactic
dust, we find that the amplitude of the spurious signal is still well below
any detectable B-mode power spectrum amplitude, see Figure 5.9. In sec-
tion 5.2.3.4 we explore the full potential of the upgrated version of beamconv
code by simulating data using non-ideal HWPs and physical optics beams.
We find that the interplay between the cross-polar component of the beam
and HWP non-idealities produces significant B-mode residual for all three
HWP configurations, see Figure 5.10, exploiting the importance of modelling
HWP non-idealities in future CMB experiments.

Finally in section 5.3 we provide preliminary results on the impact of
HWP modulation on constraining CB effect. Such an analysis explores the
effects purely caused by non-ideal HWPs modulations showing that all the
HWP configurations considered do not produce any relevant bias in terms
of CB angle and power spectrum, see Figures 5.12 and 5.14. However, it is
important to note that here we have considered the residual power spectra
got observing the CMB signal considering a symmetric gaussian beam, and
without foreground component. Considering the interest in CB effect and the
recent push towards HWPs in CMB experiments, an extended analysis, which
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takes into account a more complete characterisation of systematic effects,
introducing for instance PO beams and foreground, is important and left for
future investigations.
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Chapter 6

Conclusions and outlook

This Thesis has been focusing on non-standard signatures from CMB po-
larisation, which might hint at the existence of new phenomena beyond the
ΛCDM cosmological model and the standard model of particle physics. CMB
polarisation data are important not only because they contribute to provide
tighter constraints of cosmological parameters but also because they allow
the investigation of physical processes that would be precluded if just the
CMB temperature map were considered. We took polarisation data into
account in Chapter 3 to assess the statistical significance of the anomalies
currently observed only in the CMB temperature map and in Chapter 4 to
constrain the Cosmic Birefringence (CB) effect, which is expected in parity-
violating extensions of the standard electromagnetism. Unfortunately, the
measure of CMB polarisation represents a technological challenge, since the
polarised signal is much fainter than the signal in temperature, and to make
accurate estimates in polarisation, one has to keep an exquisite control of the
systematic effects. In order to study the impact of spurious signals in forth-
coming CMB polarisation experiments, in Chapter 5 we have investigated
the interplay between half-wave plates (HWP) non-idealities and the beams.
In the following we summarise the main outcomes of our analysis.

1. Lack of power anomaly: in order to analyse this feature, observed
at large angular scale in the CMB anisotropies pattern, we proposed
a new one-dimensional estimator which is able to jointly test the lack
of power in TT, TE and EE. Considering Planck-WMAP 2015 low-`
data in the harmonic range 2 ≤ ` ≤ 30 we have assessed that po-
larisation though subdominant in terms of signal-to-noise ratio with
respect to temperature, can play a non-negligible role in the evaluation
of compatibility between data and the standard model. Even though
the weight of Planck polarisation data is only around 4% of the total
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information budget, the probability that a random ΛCDM realisation
is statistically accepted decreases by a factor of two when the polari-
sation is taken into account. In particular, at the maximum multipole
considered, we found that the lower-tail-probability (LTP) value shifts
downward from 7.22% to 3.68%, which however is still compatible with
a statistical fluke. Moreover, we have forecasted that for future experi-
ments, such as the LiteBIRD satellite, the polarisation contribution can
increase by of factor of 6. Therefore we guess that E-modes at large
angular scale still contain information which might be capable to probe
new physics beyond the standard cosmological model. In this analysis
we supposed that the statistical noise is the dominant source of uncer-
tainty, leaving for future work the study of the impact of instrumental
and astrophysical effects.

2. Anisotropic CB: we have developed and performed two complemen-
tary methods aiming at evaluating the CB power spectrum. By employ-
ing them on Planck 2018 Release (PR3) we provided new constraints
on the CB spectrum with Planck data. In the first approach using the
"localisation" of the so-called D-estimator, a class of harmonic estima-
tors for the isotropic birefringence, we built maps of the birefringence
angle, and evaluated the CB spectrum on angular scales larger than ∼ 7
degrees. We found a compatibility with the null effect with a precision
better than 0.01 deg2. In the second approach we developed a novel
class of linear and quadratic harmonic-based estimators which are able
to evaluate the power spectrum of CB angle from the EE, BB and EB
observed angular power spectra of the CMB anisotropies. By employ-
ing these estimators on Planck 2018 Release (PR3), we evaluated the
CB spectrum of Planck 2018 data on the harmonic region L ∈ [1−1000]
with a binning of ∆L = 100. Considering the most constraining esti-
mator, i.e. the linear one based on the BB power spectrum, we found
a compatibility with the null effect better than 0.009 deg2 for L>400.
Even if the level of the uncertainties presented here is worse than pre-
vious analyses, we have been able to explore this effect in a much
wider harmonic range with Planck data, since the region from L=700
to L=1000 was not covered before. Anyway, a detailed comparison
with other techniques is left for future work. Moreover, we have not
investigated how a de-lensing procedure, prior to the application of our
estimators, might improve the given constraints, especially for those
based on BB. Also this is left for future investigations.

3. HWPs non-idealities: we have presented the upgrated version of the
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beam convolution algorithm beamcov capable now to take into accounts
also systematic effects produced by non-ideal HWPs. The extended al-
gorithm allows one to produce time-domain simulations which include
spurious signal from non-ideal HWPs and realistic full-sky beam con-
volution. We have used the beamconv code to simulate a CMB satellite
experiment that employs a spinning HWP as polarisation modulator.
Through those simulations we have characterised the HWP systemat-
ics coming from three different HWP configurations: a 1-, 3-, and 5-
layer model. Our analysis has shown that certain HWP configurations,
depending on the complexity of Galactic foregrounds and the beam
models, significantly impact on the B-mode reconstruction fidelity and
could limit the capabilities of next-generation CMB experiments. In
particular, also considering a symmetric gaussian beam, the 3-layer
HWP exhibits a significant frequency dependent rotation angle offset,
which, if not corrected for, produces E-mode to B-mode leakage which
could screen primordial B signal obtained with a tensor-to-scalar ratio
r to a level of r < 0.003. Furthermore, we found that the interplay be-
tween the cross-polar component of the beam and HWP non-idealities
produces significant B-mode residuals for all three HWP configura-
tions, exploiting the importance of modelling HWP non-idealities in
future CMB experiments. Finally we provided preliminary results on
the impact of HWP modulation on constraining the CB effect. Such an
analysis has explored the systematic effects purely caused by non-ideal
HWPs modulations showing that all the HWP configurations do not
produce any relevant bias in terms of CB angle and power spectrum.
However, it is important to note that here we have take into account
the residual power spectra got observing the CMB signal considering a
symmetric gaussian beam and without foreground components. Con-
sidering the interest in CB effect and the recent push towards HWPs
in CMB experiments, an extended analysis, which takes into account
a more complete characterisation of systematic effects, introducing for
instance Physical Optics beams and foreground, is important and left
for future investigations.
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Appendix A

Appendix

A.1 Correlation between CB multipoles for
the "vanilla" case

This appendix completes the section 4.5.2.1 reporting the covariance matrix
V BB′ built from the MC simulation and the (FBB′)−1 matrix for the ÊB

(EE),
ÊB

(BB), ÊB
(EE2), ÊB

(BB2) estimators when employed on the "vanilla" MC sim-
ulations. Figures A.1,A.2,A.3 show for each estimator the elements of the
covariance matrix V BB′ (upper panel) and the elements of (FBB′)−1 (lower
panel) encoded with a color-map. From these figures we can note:

• all the covariance matrices V BB′ exhibit the same checkerboard pat-
tern of positive and negative elements shown by the one the BB-based
estimator discussed in section 4.5.2.1;

• that (FBB′)−1 matrix maps very well the pattern of the covariance of
estimates for each estimator even if the amplitudes of the elements
could be different (see Figure 4.12.

In the following we display also the triangular plot for all the estimators
when employed on the "vanilla" MC simulations. This type of graph rep-
resents a different way to show the correlation between different multipoles
of the CB power spectrum. In each sub-panel of the triangular plot it is
shown the contour corresponded to 1σ C.L. for at the 2D-distribution of two
multipoles: the narrower the region, the greater the correlation between the
two considered bins. Given the large number of bins considered, it is difficult
to read the numerical values shown in the graphs, however, the main point
is the pattern that displays the graph as a whole. In these graphs we re-find
the behavior shown by the covariance matrices V BB′ .
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Figure A.1: Upper panel: elements of the covariance matrix built with the simu-
lations for the EE-based linear estimator encoded with a color-map. Lower Panel:
elements of the (FBB′)−1 matrix of the EE-based linear estimator encoded with
the same color-map. Note that the (FBB′)−1 matrix maps very well the pattern
of the covariance of estimates even if the amplitudes of the elements could differ
(see Figure 4.12.
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Figure A.2: The same of Figure A.1 but for the EE-based quadratic estimator.
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Figure A.3: The same of Figure A.1 but for the BB-based quadratic estimator.
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Figure A.4: Triangular Plot for the EE-based linear estimator.
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Figure A.5: Triangular Plot for the BB-based linear estimator.
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Figure A.6: Triangular Plot for the EE-based quadratic estimator.
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Figure A.7: Triangular Plot for the BB-based quadratic estimator.
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Figure A.8: Triangular Plot for the EB-based quadratic estimator.
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A.2 Correlation between F-matrix and un-
certainties in the FFP10 analysis

In this appendix we show the ratio between
√

(FBB)−1 and the standard
deviations for all the Cα

B estimators, see Eqs. 4.174, 4.175, 4.144, 4.151 and
4.157, when employed on the FFP10 simulation adopting the setup reported
in table 4.1, section 4.5.3. Figure A.9 displays the results for the linear
estimators while figure A.10 the behaviour of the quadratic estimators. From
those figures one can note that the uncertainties of all the estimators are
underestimated by the inverse of the F matrix, in particular;

• the uncertainties of the EE-based estimators by round 10%;

• the uncertainties of the EB-based estimator by round 10-15%;

• the uncertainties of the BB-based estimators are the ones which are
largely underestimated, the linear by a factor 15-25% and the quadratic
estimator by 50-60%;

All these estimators, by constructions, are sensible to the covariance ma-
trix1 used to build their objects. In our analysis, in order to have stable
implementations, we employ the NaMaster2[125] routine to estimate the gaus-
sian covariance matrix for the CMB band power. However, the latter is an
approximation of the covariance matrix of the C` estimate and that is what
it produces such impact on the amplitude of the elements of the F matrix.
Anyway, all these results are in reasonable agreement with the behaviour
of the estimators characterised with the Vanilla nearly-ideal MC, see sec-
tion 4.5. The only one that deviates significantly from the expected one is
the quadratic BB estimator. As mentioned in the section4.5.3.3, the treat-
ment of systematics for quadratic estimators is not completely stable yet,
and this could impact on the uncertainty of the estimates. In order to better
understand this behaviour we need to produce a set of "vanilla" simulation,
i.e. without systematic effects, with a Planck-like noise level and repeat the
analysis. This analysis is left for future works.

1To be precise, in the quadratic estimators we use the matrix DX,Y
``′ = 〈CX` CY`′ 〉, see

Eqs.4.144, 4.151 and 4.157
2https://github.com/LSSTDESC/NaMaster
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Figure A.9: Ratio between
√

(FBB)−1 and the standard deviations for the EE-
based (upper panel) and BB-based (lower panel) linear estimators, see Eqs. (4.174)
and (4.175), when employed on the FFP10 simulations adopting the setup reported
in table 4.1. Note that the uncertainties of the EE- and BB-based estimators
are underestimated by the inverse of the F matrix by round 10% and 15-251%
respectively.
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Figure A.10: The same of figure A.9 but for the quadratic estimators, i.e. ÊB(EE2)
(upper pnale), ÊB(BB2) (middel panel) and ÊB(EB2) (lower panel) when applied on
the FFP10 simulations with the setup described in table 4.2.
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